Algebraic characterizations of various Beth definability properties

Eva Hoogland^∗

ILLC, Universiteit van Amsterdam Plantage Muidergracht 24, 1018 TV Amsterdam, The Netherlands

ehooglan@wins.uva.nl

Abstract

In this paper it will be shown that the Beth definability property corresponds to surjectiveness of epimorphisms in abstract algebraic logic. This generalizes a result by I. Németi (cf. [HMT85, Theorem 5.6.10]). Moreover, an equally general characterization of the weak Beth property will be given. This gives a solution to Problem 14 in [Sai90]. Finally, the characterization of the projective Beth property for varieties of modal algebras by L. Maksimova (see [Mak97]) will be shown to hold for the larger class of semantically algebraizable logics.

1 Introduction

Abstract algebraic logic is typically concerned with equivalence theorems of the following kind,

Logic L has property P ⇐⇒ Alg(L) has property alg(P ),

where Alg(L) denotes the class of algebras associated to the logic L in some canonical way, on which we come to speak later. The main motivation for making these efforts is that it shows us that algebra and logic are, so to speak, nothing but two sides of the same coin; they study the same phenomena, some differences in form aside. Hence in attacking logical (resp. algebraic) problems, we now have two powerful machineries at our disposal, both logic and algebra, and we can live in the world best suited for the task at hand. This paper contributes to these investigations. More specifically, we will study equivalences between various Beth definability properties and surjectiveness of (certain kinds of) epimorphisms. A link between these two properties was first laid in [Ném84]. A similar result by I. Németi in terms of surjectiveness of so-called almost onto epis can be found in [HMT85, Theorem 5.6.10]. In Section 4 we generalize these accomplishments in the sense that we characterize a more general definability property. Subsequently it will be shown that the proof of this characterization is generally applicable in proving equivalences, mutatis mutandis, between all kinds of definability properties and surjectiveness of various

∗This research has been partially funded by the Netherlands Organization for Scientific Research (NWO) as part of the project #048.011.014, and by SIR 13-4196.

kinds of epimorphisms. This gives us for example equally general characterizations of the so-called weak Beth property, and projective Beth property. At this point we have to assure the reader that all the notions introduced so far will be explained in full detail in Section 2 and Section 3.

There is an extensive literature devoted to the study of the Beth property and surjectiveness of epimorphisms. Without having the illusion of being complete, let us in this connection just mention the following. For a comprehensive account on definability and interpolation in modal logics we refer to the work of L. Maksimova (cf. e.g. [Mak92a] and [Mak92b]). I. Sain has extensively studied definability properties via epimorphisms in polyadic, cylindric and relation algebras. See e.g. [Sai84] and [Sai90].

Acknowledgements The author wishes to express her sincere gratitude to István Németi, without whom this article would not have come into being. Not only did he suggest the topic of the Beth property in algebraic logic, but his approach to the subject and the many discussions we had served as an important source of inspiration. Moreover, I would like to thank all the members of the Logic Graduate School in Budapest for their hospitality during my visit, which was partially funded by the Netherlands Organization for Scientific Research (NWO). Finally, I am grateful to Dick de Jongh, Yde Venema and an unknown referee for their careful reading of the manuscript and useful comments.

2 Semantically algebraizable logic, general logic, algebraic counterpart of a logic

Notation 2.1 Throughout this paper we will use the notation of [AKNS94]. The one exception that affirms this rule is that for any homomorphism h : A −→ B, the homomorphic image of A along h will be denoted by h[A]. Furthermore, for clearness’ sake, let us mention the following. Algebras will be denoted by calligraphic letters like A, B, whereas the roman type A, B denote their respective universes. For any function f and subset X of the domain of f, f⌈X denotes the restriction of f to X, that is, f⌈X^{def}= {⟨x, f(x)⟩ : x ∈ X}. For any function f, the range of f is defined by Rg(f)^{def}= {f(x) : x in the domain of f}. For functions f : A −→ B, g : B −→ C, the composition g ∘ f : A −→ C is defined for all x ∈ A by (g ∘ f)(x)^{def}= g(f(x)). We would also like to point out that we will apply set-theoretical notation to classes. For instance, ⋃ C will denote the union of all members of C, also when C is a proper class. ◀

The results of this paper apply to so-called strongly nice general logics, cf. [AKNS94], which we will call semantically algebraizable general logics. For readers more familiar with the Blok-Pigozzi approach we observe that this is basically the same as an algebraizable logic, cf. e.g. [BP89].^1 In order to keep the present paper self-contained, we will start by briefly recapitulating these notions.

Let us recall from e.g. [AKNS94] or [NA94] that by a logic L we understand an ordered quadruple, consisting of

1For a detailed comparison between the two approaches, we refer to [FJ94].

1. A set F_L of formulas. These formulas are recursively defined from some set P of atomic formulas by means of some fixed set Cn(L) of logical connectives.

2. A class M_L of models. In general this will be a proper class.

3. A family {mng_M : M ∈ M_L} of functions with domain F_L. For every M ∈ M_L, mng_M is called the meaning function of M.

4. A relation |=_L (called the validity relation) between M_L and F_L. It should be emphasized that F_L^{def}= ⟨F_L, Cn(L)⟩ is the absolutely free algebra generated by P , using the logical connectives as algebraic operations. F_L is called the formula algebra of L.

Henceforth we will omit the subscript L from F_L, etc. when it causes no confusion. In explicitly stating the parameter P which occurs in the above definition, we obtain the notion of a general logic.

DEFINITION 2.2 (general logic) A general logic is a class L^{def}= ⟨L^P : P is a set⟩, where for every set P the quadruple L^{P def}= ⟨F^P , M^P , mng^P , |=^P ⟩ is a logic in the above sense with P as its set of atomic formulas. Every L^P ∈ L has the same set of logical connectives, which will be denoted by Cn(L). Moreover the following conditions hold.

1. For any sets P and Q, if there is a bijection f : P −→ Q then logic L^Q is an “isomorphic copy” of L^P . That is, there exists a bijection f^M : M^P −→ M^Q such that for all φ ∈ F^P and all M ∈ M^P , mng^P_M(φ) = mng^Q_{f M (M)}(f^F (φ)), and M |=^P φ ⇔ f^M (M) |=^Q f^F (φ).

Here f^F is the unique isomorphism from F^P onto F^Q extending f. 2. For all sets P ⊆ Q, {mng^P_M : M ∈ M^P } = {(mng^Q_M)⌈F^P : M ∈ M^Q}. ◀ Item 2.2.1 can be interpreted as saying that only the cardinality of the set of atomic formulas really matters, while item 2.2.2 says that L^P is the natural restriction of L^Q, whenever P is a subset of Q. Again we will omit superscriptions like P, Q, etc. if the reading is unambiguous.

DEFINITION 2.3 (semantically algebraizable-, equivalential-, structural logic) A general logic L is called semantically algebraizable if in addition the following conditions are met:

1. For every set P and every M ∈ M^P , the function mng^P_M is a homomorphism from F^P into some algebra.

2. For every set P , (∀M ∈ M^P )(∀h ∈ Hom(F^P , mng^P_M[F^P ]))(∃N ∈ M^P ) mng^P_N = h.

3. There is a derived binary connective^2 Δ of L such that for every set P (∀M ∈ M^P )(∀φ, ψ ∈ F^P )[mng^P_M(φ) = mng^P_M(ψ) ⇔ M |=^P φΔψ]. 4. There are derived unary connectives ε, δ such that for every set P (∀M ∈ M^P )(∀φ ∈ F^P )[M |=^P φ ⇔ M |=^P ε(φ)Δδ(φ)]. General logics satisfying condition 2.3.1 and 2.3.2 are called structural. Structural general logics satisfying condition 2.3.3 are called equivalential. ◀

Let us motivate the above definition. Condition 2.3.1 is one way of formulating the principle of compositionality of meaning. An equivalent way of putting the structurality condition 2.3.2 is to say that the class of meaning functions is closed under substitutions. Formally, for every set P , (∀M ∈ M^P )(∀σ ∈ Hom(F^P , F^P ))(∃N ∈ M^P ) mng^P_N = mng^P_M ∘σ. Clause 2.3.3 and 2.3.4 require the existence of derived connectives that intuitively play the same role as the biconditional ↔ and the constant T rue do in classical propositional logic. For example, the {∧, →}-fragment of this latter logic fulfills these clauses by setting φΔψ^{def}= (φ → ψ ∧ ψ → φ), δ(φ)^{def}= φ and ε(φ)^{def}= φ → φ.

In the literature one often finds a more general definition which takes into account logics in which the job here performed by Δ (or by ε, δ) is taken over by a (possibly infinite) set of connectives. For the sake of simplicity, we adhere to the above definition. However, the proofs of all our results will unproblematically carry over to this more general case.

We note that many of the well investigated sentential logics are semantically algebraizable. These include e.g. all fragments of classical (and intuitionistic) propositional logic containing either the connective ↔, or the pair ∧, →, and all kinds of (multi-) modal and temporal logics, provided the semantic consequence relation is defined globally (cf. Remark 3.3). Also some “approximations” of ordinary first order logic are semantically algebraizable. One such logic is L_n, i.e. first order logic restricted to n variables.

In the sequel the following fact will come in handy which immediately follows from the properties 2.3.3 and 2.3.4 of a semantically algebraizable logic. Here, for any set P and Σ ⊆ F^P , we denote by Mod^P (Σ) the class of models of Σ. That is, the class of those models in M^P in which every σ ∈ Σ is valid.

Fact 2.4 Let L be a semantically algebraizable general logic. For every set P , and every set of formulas Σ ⊆ F^P , Mod^P (Σ) = Mod^P (Σ^∗),

where Σ^{∗ def}= {φΔψ : φ, ψ ∈ F^P and (∀M ∈ Mod^P (Σ)) mng^P_M(φ) = mng^P_M(ψ)}. ◀

2By “derived” we mean that Δ is not necessarily a member of Cn(L). It might be built up from elements of Cn(L).

In the Introduction we already hinted at some general method for associating to a logic a certain class of algebras. Now we are able to make this precise.

DEFINITION 2.5 (algebraic counterpart of a logic) Let L be a structural general logic. For any set P , and any class K ⊆ M^P we define an equivalence relation ∼_K on the formula algebra F^P as follows : (∀φ, ψ ∈ F^P ) [φ ∼_K ψ^{def}⇐⇒ (∀M ∈ K) mng^P_M(φ) = mng^P_M(ψ)]. Note that {∼_K : K ⊆ M^P } is a set (i.e. not a proper class), since F^P is a set. By condition 2.3.1, ∼_K is a congruence relation. For K ⊆ M^P , let F^P /∼_K denote the the factor algebra of F^P factorized by ∼_K . Now define

Alg_{|=}(L^P )^{def}= I{F^P /∼_K : K ⊆ M^P }, Alg_m(L^P )^{def}= {mng^P_M[F^P ] : M ∈ M^P }, where I denotes the operation of taking isomorphic copies. The algebraic counterpart of the general logic L (notation: Alg_{|=}(L)), resp. the class of meaning algebras of L (notation: Alg_m(L)), consists of the union of all Alg_{|=}(L^P ) (resp. Alg_m(L^P )) over all sets P . ◀ The class Alg_{|=}(L) can be seen as an abstraction of the well-known Lindenbaum-Tarski algebra. It is an abstract class of algebras, as for example the class of n-dimensional cylindric algebras (=Alg_{|=}(L_n)). On the other hand, the class Alg_m(L) is a concrete class; it is the algebraic counterpart of the models of the logic L. As an example, note that the class of n-dimensional cylindric set algebras can be taken as Alg_m(L_n).

Let us mention the following two results from [AKNS94] that we will gratefully make use of later.

LEMMA 2.6 ([AKNS94], Claim 3.2.17.1) Let L be a structural general logic, A ∈ Alg_m(L) and h : F^P −→ A a homomorphism, for some set P . Then (∃N ∈ M^P ) mng^P_N = h. Note that this lemma extends Definition 2.3.2, according to which there exists such a model N in case A ∈ Alg_m(L^P ).

Now let us recall from e.g. [AKNS94] that for any class of similar algebras K,

SK^{def}= {M : M is a subalgebra of some N ∈ K}. PK^{def}= I{ ∏ i∈I A_i : I is a set, and (∀i ∈ I) A_i ∈ K}.

Note that by the above definition the class PK is closed under taking isomorphisms. Then the following equality holds.

THEOREM 2.7 ([AKNS94], Thm 3.2.17) For a structural general logic L, Alg_{|=}(L) = SPAlg_m(L).

3 Beth definability property and epimorphisms

Let L^{P ∪{r}} be a logic, and Σ ⊆ F^{P ∪{r}}. We say that Σ explicitly defines r in terms of P iff there exists a formula φ_r ∈ F^P which is equivalent to r in every model for Σ. As A. Padoa already noticed in 1900 (cf. [Pad00]), in order to show that such a formula does not exist it suffices to find a model for Σ in which it is possible to change only the interpretation of r while Σ remains true. In modern terminology we say that in this case Σ does not implicitly define r in terms of P . Half a century later E.W. Beth proved that in first order logic this condition is also necessary (cf. [Bet53]). In the framework of the present paper, these considerations give rise to the following definitions.

Below, by Σ^′ ⊆ F^{P ∪R′} we understand the set of formulas obtained from Σ by replacing each r ∈ R by the corresponding r^′ ∈ R^′.

DEFINITION 3.1 (implicit definition, explicit definition) Let L be a structural general logic. Let P, R, R^{′ def}= {r^′ : r ∈ R} be disjoint sets. We say that a set Σ ⊆ F^{P ∪R} implicitly defines R in terms of P iff (∀M ∈ Mod^{P ∪R∪R′} (Σ, Σ^′))(∀r ∈ R) mng_M(r) = mng_M(r^′). We say that Σ explicitly defines R in terms of P iff (∀r ∈ R)(∃φ_r ∈ F^P )(∀M ∈ Mod^{P ∪R}(Σ)) mng_M(r) = mng_M(φ_r). In this case we call the formula φ_r an explicit definition of r. ◀

Obviously, any Σ ⊆ F^{P ∪R} that explicitly defines R in terms of P also implicitly defines R in terms of P . The converse is called the Beth (definability) property. That is, a general logic is said to have the Beth (definability) property iff for all Σ, P and R as above,

Σ implicitly defines R in terms of P =⇒ Σ explicitly defines R in terms of P .

Logics which have the Beth property include classical (and intuitionistic) propositional logic, first order logic, but also numerous modal logics, like the minimal normal modal logic K or the well-known logics K4 and S5. Examples of logics which do not have this property are the implicational fragment of classical (and intuitionistic) propositional logic, or L_3, i.e. first order logic restricted to 3 variables.

Remark 3.2 Definition 3.1 is a little more general than the one that can be found in standard textbooks on this subject, like [CK90] or [BF85]. The difference is that we do not restrict ourselves to the case where the set R is a singleton; R can be an arbitrary finite (or even an infinite) set. These three possibilities for the cardinality of R induce three Beth properties which we will, with some ‘abus de language’, baptize as the singleton Beth property, the finite Beth property and the infinite Beth property. For the purposes of the present paper it makes sense to concentrate on infinite Beth; as we will shortly see, it allows for the most natural algebraic characterization from the proof of which characterizations for the other two Beth properties can easily be obtained. We will come back to this in Remark 4.5. For completeness’ sake let us anticipate Corollary 4.6 saying that in the present context we actually only need to distinguish two of the forementioned properties; a semantically algebraizable general logic has singleton Beth iff it has finite Beth. ◀

We note that in [AKNS94, Appendix B] a set Σ ⊆ F^{P ∪R} is called an implicit definition of R in terms of P if any two P ∪ R-models for Σ have the same meaning function as soon as their interpretation of formulas in F^P coincides. This alternative formulation is strictly stronger than Definition 3.1 and hence induces a strictly weaker Beth property. A characterization in the line of Theorem 1 for this alternative Beth property can only be given under the additional assumption that the logic has the so-called patchworkproperty (cf. [AKNS94, Appendix B]). Indeed, for logics with the patchwork-property the two quoted formulations of an implicit definition are equivalent.

Remark 3.3 It is important to note that the definition of the Beth property essentially depends upon the notion of logical consequence. This gives us some elbow-room in the formulation of this property. For example, in modal logics a finite set Σ ⊆ F^{P ∪R} can equally well be considered an implicit definition of R in terms of P if for every r ∈ R either one of the two conditions below hold: 1. Σ, Σ^′ |= r ↔ r^′, 2. |= ( ⋀ σ∈Σ σ ∧ ⋀ σ^′∈Σ^′ σ ′)→(r ↔ r^′). Similar formulations are possible for explicit definitions. As shown in e.g. [Mak92a], the resulting definability properties are very different. In Definition 3.1 we formulated the global version, in the same spirit as the first formulation above. The reason for this is twofold. First this places us in one line with the algebraic tradition where the global consequence relation is the usual paradigm. Second, a consideration more to the content, is that concerning the Beth property the global perspective seems to be more natural: defining a primitive notion is not something that happens locally, as is the case in the second formulation above. Note the striking contrast with the related Craig interpolation property, which is almost always studied in its local form. ◀

As we will shortly see, the algebraic equivalent of the Beth property is surjectiveness of epimorphisms. Here an epimorphism of a class of similar algebras K is a homomorphism f : A −→ B, where A, B ∈ K, such that for every C ∈ K and every pair of homomorphisms h, h^′ : B −→ C we have that (h ∘ f = h^′ ∘ f) ⇒ h = h^′.

An important example of epimorphisms are surjections, and for some classes K these are the only K-epimorphisms. Henceforth these classes are said to have the property ES. For example the class of Boolean Algebras has ES. So has the class of Heyting Algebras. On the other hand, for other classes K there exist non-surjective K-epimorphisms. Examples include the class of semi-groups, or the class of distributive lattices.

4 An algebraic characterization of the Beth property

This section is devoted to the proof of the main theorem of this paper.

THEOREM 1 (Algebraic characterization of the Beth property) Let L be a semantically algebraizable general logic. Then

L has the Beth definability property ⇐⇒ all the epimorphisms of Alg_{|=}(L) are surjective.

Some intuition The key idea underlying this theorem is that in some intuitive sense:

epimorphisms correspond to implicit definitions, surjections correspond to explicit definitions.

Let us ponder one minute about this. The fact that the homomorphism f : A −→ B is an epi(morphism) means that any homomorphism on B is determined by its restriction to the range of f. On the other hand, Σ being an implicit definition of R in terms of P means that every P ∪ R-model for Σ is determined by its interpretation of P . Both surjections and explicit definitions somehow make the above determinations explicit. The key steps in the proofs below will therefore be (dependent on whether we consider the direction ES ⇒ BP, or BP ⇒ ES) to transform an implicit definition (resp. epi) into an epi (resp. implicit definition) in such a way that the explicit description on the algebraic (resp. logical) side (which exists by ES, resp. BP) allows us to extract an explicit description on the logical (resp. algebraic) side, that is, gives us an explicit definition (resp. surjection). This will be made precise in the following proof.

Proof of Theorem 1: Let L be a semantically algebraizable general logic.

ES ⇒ BP:

Assume that all the epimorphisms of Alg_{|=}(L) are surjective. Let P, R, R^{′ def}= {r^′ : r ∈ R} be disjoint sets, and let Σ ⊆ F^{P ∪R} be an implicit definition of R in terms of P . As described above, the crucial point is to find an Alg_{|=}(L)-epimorphism f such that from the surjectiveness of f one can derive that Σ explicitly defines R. Hereto, let us consider the natural mapping g : F^{P ∪R} −→ F^{P ∪R}/ ∼_{Mod(Σ)}. Here, ∼_{Mod(Σ)} is the congruence relation as defined in Definition 2.5. That is, for all φ, ψ ∈ F^{P ∪R}, g(φ) = g(ψ) ⇔ (∀M ∈ Mod^{P ∪R}(Σ)) mng_M(φ) = mng_M(ψ). (1) For convenience, let us fix some notation. Let G^{def}= g[F^{P ∪R}], k^{def}= g⌈F^P and K^{def}= k[F^P ]. Let id be the identity from F^P into F^{P ∪R}, and let id_K be the identity from K into G. This situation is depicted in Figure 1.^3 Claim 4.2 and Claim 4.1 together show that id_K is an epimorphism of the kind we are looking for.

Claim 4.1 If id_K is surjective, then Σ defines R explicitly in terms of P .

3In the figures, the symbol ∗ indicates that the diagram commutes. The fact that these diagrams commute follows immediately from the definitions of the homomorphisms involved.

F^P F^{P ∪R} id

k g K G id_K A mng_N ⌈F^{P ∪R}

h^′ h π_i A_i ∗ ∗

F^{P ∪R′} mng_N ⌈F^{P ∪R′}

Figure 1: Ad ES ⇒ BP.

Proof of Claim 4.1:

Let r ∈ R. By surjectiveness of id_K , there exists some φ_r ∈ F^P such that g(r) = g(φ_r). By (1) this implies that φ_r is an explicit definition of r. ■

By assumption, it now suffices to prove the following claim.

Claim 4.2 id_K is an Alg_{|=}(L)-epimorphism.

Proof of Claim 4.2:

Let A ∈ Alg_{|=}(L) and let h, h^′ : G −→ A be two homomorphisms such that h ∘ id_K = h^′ ∘ id_K . Assume that h ≠ h^′. Note that for every p ∈ P

h(g(p)) = h^′(g(p)), (2)

hence there exists some r_0 ∈ R such that h(g(r_0)) ≠ h^′(g(r_0)). We will try to derive a contradiction out of this. By Theorem 2.7, A ∈ SPAlg_m(L). Hence there is some A_i ∈ Alg_m(L) and a homomorphism π_i : A −→ A_i such that π_i(h(g(r_0))) ≠ π_i(h^′(g(r_0))). Let us denote by χ the result of replacing in a formula χ^′ ∈ F^{P ∪R′} each occurrence of an atomic formula r^′ ∈ R^′ by the corresponding r ∈ R. In particular, for any χ^′ ∈ F^P we have χ = χ^′. Now let us consider the unique homomorphism α : FP ∪ R ∪ R^′ −→ A_i defined such that α(q) = π_i(h(g(q))), ∀q ∈ (P ∪R), and α(q^′) = π_i(h^′(g(q))), ∀q^′ ∈ P ∪R^′. By (2), α is well-defined and by Lemma 2.6 there exists some model N ∈ MP ∪ R ∪ R^′ such that α = mngP ∪ R ∪ R^′ N . We will show that N ∈ Mod(Σ, Σ^′). (3) Since Σ implicitly defines R in terms of P , it follows from (3) that for all r ∈ R, mng_N (r) = mng_N (r^′). Hence π_i(h(g(r_0))) = mng_N (r_0) = mng_N (r^′_0) = π_i(h^′(g(r_0))). A contradiction.

Now let us prove (3). Let φ, ψ ∈ F^{P ∪R} be such that (∀M ∈ Mod^{P ∪R}(Σ)) mng_M(φ) =

F^P F^{P ∪R} id ~id_B ⌈F P ~id_B P B id_P mng_M[FP ∪ R ∪ R^′ ] mng_M⌈F^{P ∪R}

g^′ g ∗ ∗

F^{P ∪R′} mng_M⌈F^{P ∪R′}

Figure 2: Ad BP ⇒ ES.

mng_M(ψ). Then g(φ) = g(ψ) and hence mng_N (φ) = mng_N (ψ). By condition 2.3.3 and Fact 2.4 this shows that N ∈ Mod(Σ). It remains to show that N ∈ Mod(Σ^′). Hereto consider φ^′, ψ^′ ∈ F^{P ∪R′} such that (∀M ∈ Mod^{P ∪R′} (Σ^′)) mng_M(φ^′) = mng_M(ψ^′). We will show that g(φ) = g(ψ). As before, this implies that mng_N (φ^′) = mng_N (ψ^′), and we are done. Therefore, let us pick an arbitrary M ∈ Mod^{P ∪R}(Σ). Since L is a general logic, there exists an “isomorphic copy” Miso ∈ M^{P ∪R′} in the sense of Definition 2.2. Then Miso ∈ Mod(Σ^′). We picked φ^′ and ψ^′ in such a way that this implies that mng_Miso(φ^′) = mng_Miso(ψ^′). By 2.2.1, then mng_M(φ) = mng_M(ψ). We conclude that g(φ) = g(ψ). Q.E.D. (Claim 4.2) Q.E.D. (ES ⇒ BP)

BP ⇒ ES:

Assume that L has the Beth definability property. Let f : A −→ B be an Alg_{|=}(L)- epimorphism. We have to show that Rg(f) = B.

Let us write P^{def}= f[A], and let id_P : P −→ B be the identity. Since Rg(f) = Rg(id_P ) it follows that id_P is an Alg_{|=}(L)-epimorphism.

From now on we will view the universe P (resp. B) of the algebra P (resp. B) as a set of atomic formulas, thus obtaining the logic L^P (resp. L^B). In order to be in accordance with previous notation, let R^{def}= B \ P , and let R^{′ def}= {r^′ : r ∈ R} be a set of fresh atomic formulas. As before, for any χ ∈ F^{P ∪R} we denote by χ^′ the result of substituting in χ every occurrence of an atomic formula r ∈ R by the corresponding r^′ ∈ R^′. Finally, let ~id_B be the usual extension of id_B to F^B ( = F^{P ∪R}). See also Figure 2, where one can safely ignore everything that has not been defined yet.

This time the crux is to find an implicit definition Σ such that from the fact that Σ is an explicit definition one can infer the surjectiveness of f. In Claim 4.3 and Claim 4.4 it will be proved that for this purpose we can take the set Σ ⊆ F^{P ∪R} defined by:

Σ^{def}= {φΔψ : φ, ψ ∈ F^{P ∪R} and ~id_B (φ) = ~id_B (ψ)}. (4)

Claim 4.3 Σ defines R implicitly in terms of P .

Proof of Claim 4.3:

Let M ∈ ModP ∪ R ∪ R^′ (Σ, Σ^′). We need to show that mng_M(r) = mng_M(r^′), for every r ∈ R. Hereto let us define the homomorphism g : B −→ mng_M[FP ∪ R ∪ R^′ ] as follows: (∀b ∈ B) g(b) = mng_M(φ_b), where φ_b ∈ F^{P ∪R} is such that ~id_B (φ_b) = b. Since ~id_B is surjective, we can always find such φ_b. Moreover, for every φ_b, ψ_b ∈ F^{P ∪R} such that ~id_B (φ_b) = ~id_B (ψ_b) it holds that mng_M(φ_b) = mng_M(ψ_b), since M ∈ Mod(Σ). We conclude that g is well-defined. Analogously we define the homomorphism g^′ : B −→ mng_M[FP ∪ R ∪ R^′ ] by setting (∀b ∈ B) g^′(b) = mng_M(φ^′_b), where φ^′_b ∈ F^{P ∪R′} is such that ~id_B(φ_b) = b. Since M ∈ Mod(Σ^′) also g^′ is well-defined. The situation described so far has been sketched in Figure 2. Note that for any b ∈ B, the formula b itself is one such φ_b that appears in the definition of g. Similarly, b^′ can be taken as the φ^′_b in the definition of g^′. This means that for every b ∈ B, g(b) = mng_M(b) and g^′(b) = mng_M(b^′). Recall that (∀p ∈ P ) p = p^′. Hence (∀p ∈ P ) g(p) = mng_M(p) = mng_M(p^′) = g^′(p). Since id_P is an Alg_{|=}(L)-epimorphism, it follows that g = g^′. Hence for every r ∈ R, mng_M(r) = g(r) = g^′(r) = mng_M(r^′). Q.E.D. (Claim 4.3)

Since L has the Beth property, it follows that Σ explicitly defines R in terms of P .

Claim 4.4 id_P is surjective.

Proof of Claim 4.4 :

Let r ∈ R. Since Σ defines R explicitly in terms of P , (∃φ_r ∈ F^P )(∀M ∈ Mod^{P ∪R}(Σ)) mng_M(r) = mng_M(φ_r). (5) We will show that r = ~id_B (φ_r). This implies that id_P is surjective.

Assume r ≠ ~id_B (φ_r). By Theorem 2.7, B ∈ SPAlg_m(L). Hence there exists a B_i ∈ Alg_m(L) and a homomorphism π_i : B −→ B_i such that π_i( ~id_B (r)) ≠ π_i( ~id_B (φ_r)). By Lemma 2.6, there exists some model N ∈ M^{P ∪R} such that mng_N = π_i ∘ ~id_B . Hence mng_N (φ_r) ≠ mng_N (r). By (5) it follows that N ∉ Mod^{P ∪R}(Σ). On the other hand, consider some φΔψ ∈ Σ. Then mng_N (φ) = π_i( ~id_B(φ)) = π_i( ~id_B (ψ)) = mng_N (ψ). Hence N ∈ Mod^{P ∪R}(Σ). Contradiction. ■

Since Rg(f) = Rg(id_P ), we can conclude that f is surjective.

Q.E.D. (BP ⇒ ES) Q.E.D. (Theorem 1)

Remark 4.5 After having seen the proof of Theorem 1, the result by I. Németi (cf. [HMT85, Theorem 5.6.10]) mentioned in the Introduction can be better understood. Besides the different framework, the main difference is that Németi characterizes a different definability property, namely the singleton Beth property (cf. Remark 3.2) which assures explicit definability of only those implicit definitions which define one single primitive notion r at a time. If we want to carry the proof of Theorem 1 over to this case, we will get stuck after Claim 4.3 when we apply the Beth property to infer the explicit definability of R, which need not be a singleton at all.

This is why I. Németi considered on the algebraic side so-called almost-onto epimorphisms. These are epis f : A −→ B such that B is generated by the range of f together with one extra element b_0 ∈ B. Theorem 5.6.10 in [HMT85] states the equivalence of singleton Beth to surjectiveness of these almost-onto epimorphisms. Let us briefly sketch how this follows as a special case from the proof of Theorem 1. For the direction BP ⇒ ES, note that if the epimorphism id_P : P −→ B is in addition almost-onto, then the formula algebra generated by the union of P and the one extra element b_0 can be mapped onto B. Similar to the proof of Claim 4.3 it can then be shown that the kernel of this homomorphism is an implicit definition of {b_0} in terms of P . Applying singleton Beth, and following the proof of Claim 4.4, we obtain that b_0 ∈ Rg(id_P ). As B is generated by {b_0} ∪ Rg(id_P ), surjectivity of id_P follows. Note that our proof for the other direction goes through in its original form, as the epimorphism id_K considered in Claim 4.2 will be almost-onto in case |R |= 1. ◀

Following the above heuristics, it turns out that the finite Beth property (cf. Remark 3.2) corresponds to surjectiveness of those epimorphisms f : A −→ B such that B is generated by the range of f together with some finite subset. It can easily be seen that this last property is equivalent to surjectiveness of almost-onto epimorphisms. Hence from the proof of Theorem 1 we obtain the following corollary.

Corollary 4.6 Let L be a semantically algebraizable general logic. Then

L has the finite Beth property ⇔ L has the singleton Beth property.

5 The weak Beth property

Historically the first definability property to be investigated was the Beth property that we have treated in this paper so far. However, with a growing interest in logics other than first order logic, other properties too float up the surface. Just as in the context of abstract model theory properties like countable compactness or Δ-interpolation are considered to be more natural than compactness or interpolation, it turned out that the so-called weak Beth property actually better captures our intuition concerning definability than the Beth property (cf. [Fri73]). The point is that the usual formal notion of an implicit definition is for some logics too weak. To make this precise, let us introduce some terminology. For sets P, R, and Σ ⊆ F^{P ∪R} we understand by Cons^P (Σ) the set of P -consequences of Σ. That is, Cons^P (Σ)^{def}= {φ ∈ F^P : (∀M ∈ M^{P ∪R})[M ∈ Mod(Σ) ⇒ M ∈ Mod(φ)]}.

Definition 3.1 can be rephrased as saying that a set Σ ⊆ F^{P ∪R} implicitly defines R in terms of P if every P -model for Cons^P (Σ) can be extended in at most one way to a P ∪ R-structure in which Σ holds. But what if some P -model for Cons^P (Σ) can not be extended at all in such a way? It can be argued that in this case Σ does not meet our intuitive expectations with regard to “being a definition”. This leads to the additional requirement that every P -structure in which Cons^P (Σ) holds, can be extended in at least one way to a P ∪ R-model for Σ. This results in the notion of a strong implicit definition. Now the weak Beth definability property assures the existence of an explicit definition for just these strong implicit definitions. For examples showing that the weak Beth property applies to a strictly larger class of logics than the Beth property, the reader is referred to [BF85, page 74].

DEFINITION 5.1 (strong implicit definition, weak Beth property) Let L be a structural general logic. Let P, R, R^{′ def}= {r^′ : r ∈ R} be disjoint sets. We call Σ ⊆ F^{P ∪R} a strong implicit definition of R in terms of P iff

Σ implicitly defines R in terms of P , and (∀M ∈ Mod^P (Cons^P (Σ)))(∃N ∈ Mod^{P ∪R}(Σ)) mng_N ⌈F^P = mng_M. (6) We say that L has the weak Beth definability property iff for all P, R, Σ as above,

Σ is a strong implicit definition of R in terms of P ⇒ ⇒ Σ explicitly defines R in terms of P. ◀

Since the weak Beth property requires only explicit definability of some special implicit definitions, a counterstep on the algebraic side would consist in demanding surjectivity of a suitable subclass of epimorphisms. A possible subclass is the following.

DEFINITION 5.2 (K_0-extensible) Let K_0 ⊆ K be two classes of similar algebras. Let A, B ∈ K and h : A −→ B be a homomorphism. h is said to be K_0-extensible iff for every algebra C ∈ K_0 and every surjection f : A −→ C there exists some D ∈ K_0 and g : B −→ D such that C ⊆ D and g ∘ h = f. ◀

For readers familiar with [AKNS94] we point out that in comparison with that paper, we made in Definition 5.2 the additional requirement for f to be onto.

Now we have the following equivalence.

THEOREM 2 (Algebraic characterization of the weak Beth property) Let L be a semantically algebraizable general logic. Then

L has the weak Beth definability property ⇐⇒ all the Alg_m(L)-extensible epimorphisms of Alg_{|=}(L) are surjective.

Proof of Theorem 2: Let L be a semantically algebraizable general logic. We will closely follow the proof of Theorem 1, making alterations where necessary.

C ⊆

K

F^P mng_N k id F^{P ∪R} mng_N ′ G g

h mng_N ′ [F^{P ∪R}] f id_K ∗

Figure 3: cf. Claim 5.3.

ExtES ⇒ WeakBP:

Assume that every Alg_m(L)-extensible epimorphism of Alg_{|=}(L) is surjective. Consider disjoint sets P, R, R^{′ def}= {r^′ : r ∈ R}, and let Σ ⊆ F^{P ∪R} be a strong implicit definition of R in terms of P . Our aim is to prove the following strengthening of Claim 4.2, where g, G, k, K and id_K are defined as before.

Claim 5.3 id_K is Alg_m(L)-extensible.

Reasoning as in the proof of Theorem 1, this enables us to conclude that Σ explicitly defines R in terms of P .

Proof of Claim 5.3:

Consider an arbitrary algebra C ∈ Alg_m(L), and a surjection f : K −→ C. By Lemma 2.6, there exists some N ∈ M^P such that f ∘ k = mng_N . See also Figure 3. Note that C = mng_N [F^P ], by surjectiveness of f. We claim that N ∈ Mod^P (Cons^P (Σ)). Hereto, consider φ, ψ ∈ F^P such that (∀M ∈ Mod^P (Cons^P (Σ))) mng_M(φ) = mng_M(ψ). (7) If k(φ) = k(ψ), then mng_N (φ) = f(k(φ)) = f(k(ψ)) = mng_N (ψ), and from Fact 2.4 it follows that N ∈ Mod^P (Cons^P (Σ)). In order to show that k(φ) = k(ψ), consider some M ∈ Mod^{P ∪R}(Σ). What needs to be established is that mng_M(φ) = mng_M(ψ). By 2.2.2 there exists some M^′ ∈ M^P such that mng_M⌈F^P = mng_M′ . By 2.3.3 and 2.3.4, this implies that M^′ ∈ Mod^P (Cons^P (Σ)), and hence from (7) it follows that mng_M′ (φ) = mng_M′ (ψ). We conclude that mng_M(φ) = mng_M′ (φ) = mng_M′ (ψ) = mng_M(ψ), and we are done.

Now that we know that N ∈ Mod^P (Cons^P (Σ)), it follows from the fact that Σ is a strong implicit definition of R that there exists some N^′ ∈ Mod^{P ∪R}(Σ) such that mng_M[F^P ] h P id_P B g D ⊆

F^B mng_M′ ~id_B

Figure 4: cf. Claim 5.4.

mng_N ′ ⌈F^P = mng_N . We define the homomorphism h : G −→ mng_N ′ [F^{P ∪R}] as follows: (∀x ∈ G) h(x) = mng_N ′ (φ_x), where φ_x ∈ F^{P ∪R} is such that g(φ_x) = x. Since g is surjective, there is always such φ_x. Furthermore, if g(φ_x) = g(ψ_x), for some φ_x, ψ_x ∈ F^{P ∪R}, then mng_N ′ (φ_x) = mng_N ′ (ψ_x), since N^′ ∈ Mod^{P ∪R}(Σ). Hence h is well-defined. Note that C = mng_N [F^P ] ⊆ mng_N ′ [F^{P ∪R}]. We will show that h ∘ id_K = f, hereby completing the proof of Claim 5.3. Let y ∈ K. Then y = k(φ_y), for some φ_y ∈ F^P , and f(y) = f(k(φ_y)) = mng_N (φ_y ) = mng_N ′ (φ_y) = h(g(φ_y )) = h(y) = h(id_K (y)). ■ Q.E.D. (ExtES ⇒ WeakBP)

WeakBP ⇒ ExtES:

Assume that L has the weak Beth property. Let f : A −→ B be an Alg_m(L)-extensible epimorphism of Alg_{|=}(L). As before, we write P^{def}= f[A], and R^{def}= B \P . The reader can easily verify that id_P : P −→ B is Alg_m(L)-extensible. We have to show that f is surjective. As an inspection of the proof of Theorem 1 shows, it suffices to prove the following strengthening of Claim 4.3, where P, R and Σ are defined as before (cf. (4)).

Claim 5.4 Σ defines R implicitly in terms of P in a strong sense.

Proof of Claim 5.4:

Let M ∈ Mod^P (Cons^P (Σ)). By Claim 4.3 it suffices to find an M^′ ∈ Mod^{P ∪R}(Σ) such that mng_M′ ⌈F^P = mng_M. Define the homomorphism h : P −→ mng_M[F^P ] by h(p) = mng_M(φ_p), where φ_p ∈ F^P is such that ~id_B (φ_p) = p. See Figure 4. Note that for p ∈ P , one such φ_p is the formula p itself. Hence (∀p ∈ P ) h(p) = mng_M(p). Since M ∈ Mod^P (Cons^P (Σ)) it follows that h is well-defined and onto. Now we use the fact that id_P is Alg_m(L)-extensible to infer the existence of some D ∈ Alg_m(L) and a homomorphism g : B −→ D such that mng_M[F^P ] ⊆ D and g ∘ id_P = h. By Lemma 2.6, there exists a model M^′ ∈ M^{P ∪R} such that g ∘ ~id_B = mng_M′ . We claim that M^′ is the desired model. For, (∀p ∈ P ) mng_M(p) = h(p) = g(id_P (p)) = g(p) = g( ~id_B (p)) = mng_M′ (p). Since mng_M′ and mng_M are homomorphisms we conclude that mng_M = mng_M′ ⌈F^P . Furthermore, let φ, ψ ∈ F^{P ∪R} such that ~id_B (φ) = ~id_B(ψ). Then mng_M′ (φ) = g( ~id_B(φ)) = g( ~id_B(ψ)) = mng_M′ (ψ). That is, M^′ ∈ Mod^{P ∪R}(Σ). ■ Q.E.D. (WeakBP ⇒ ExtES) Q.E.D. (Theorem 2)

Remark 5.5 Other characterizations of the weak Beth property due to J. Madarász, I. Németi and I. Sain can be found in [Sai97]. ◀

The results of this paper apply to semantically algebraizable general logics, i.e. structural general logics with derived connectives δ, ε, Δ that, in a sloppy way of speaking, play the role of the biconditional and the constant T rue in classical propositional logic. As the reader can verify, in the direction (weak)BP⇒(ext)ES, the connectives δ, ε have not been used. The purport of Theorem 4 below is that in the proofs of the other direction, both of Theorem 1 and Theorem 2, these connectives are really needed. Theorem 3 justifies our use of the special connective Δ in proving Theorem 1 and Theorem 2. These results were obtained in cooperation with J. Madarász. Proofs can be found in [Hoo96].

THEOREM 3 There exists a non-equivalential structural general logic L such that L has the Beth property, but not all the Alg_m(L)- extensible epimorphisms of Alg_{|=}(L) are surjective.

THEOREM 4 There exists an equivalential general logic L such that L does not have the weak Beth definability property, but all the epimorphisms of Alg_{|=}(L) are surjective.

6 The projective Beth property

Let us shift our attention to yet another definability property, and let us hereto focus on the role of the set of atomic formulas P in an implicit definition Σ of r in terms of P . Assuming the logic under consideration to have the Beth property, we can divide the set P into the set P_0 of atoms that occur in the explicit definition φ_r and the set P_1 of those atoms that do not. Note that this does not imply that the restriction of Σ to F^{P0∪{r}} is already an implicit definition of r in terms of P_0. The formulas in Σ in which atoms from P_1 occur may very well be necessary to cause Σ to be an implicit definition, but these formulas are somehow in the ‘background’: they do not occur in the explicit definition. In the following definition this distinction has been made explicit. For more information about this definability property the reader is referred to [BF85, page 75].

DEFINITION 6.1 (projective Beth property) Let L be a structural general logic. Let P, Q, R, Q^{′ def}= {q^′ : q ∈ Q}, R^{′ def}= {r^′ : r ∈ R} be disjoint sets. We call Σ ⊆ F^{P ∪Q∪R} a projective implicit definition of R in terms of P via Q iff (∀M ∈ Mod^{P ∪Q∪Q′∪R∪R′} (Σ, Σ^′))(∀r ∈ R) mng_M(r) = mng_M(r^′).

We say that Σ explicitly defines R in terms of P via Q iff (∀r ∈ R)(∃φ_r ∈ F^P )(∀M ∈ Mod^{P ∪Q∪R}(Σ)) mng_M(r) = mng_M(φ_r). L is said to have the projective Beth property (ProjBeth) iff for all P, Q, R and Σ as above

Σ is a projective implicit definition of R in terms of P via Q, =⇒ =⇒ Σ explicitly defines R in terms of P via Q. ◀

Obviously, the Beth property is an instance of projBP by taking Q = ∅. As L. Maksimova showed (see [Mak97, Theorem 4]), in varieties of modal algebras the projective Beth property corresponds to surjectiveness of what I propose to call weak epimorphisms.

DEFINITION 6.2 Let K be a class of similar algebras. By a weak epimorphism of K we understand a homomorphism f : A −→ B, where A, B ∈ K, such that either f is surjective, or there exists some x ∈ B\f[A] such that (∀C ∈ K)(∀h, h^′ ∈ Hom(B, C))[(h ∘ f = h^′ ∘ f) ⇒ h(x) = h^′(x)]. (8) In this case we call x a witness (of the fact that f is a weak epimorphism). We say that K has StrongES iff all weak epimorphisms of K are surjective. ◀

Note that for any epimorphism f, (8) holds for all x ∈ B\f[A]. Hence StrongES is indeed stronger than ES. Now we have the following generalization of the forementioned result by L. Maksimova.

THEOREM 5 (Algebraic characterization of projective Beth property) Let L be a semantically algebraizable general logic. Then

L has the projective Beth property ⇐⇒ Alg_{|=}(L) has StrongES.

Proof of Theorem 5: Let L be a semantically algebraizable general logic. We will follow the outline of the proof of Theorem 1, mutatis mutandis.

StrongES ⇒ ProjBP:

Assume that every weak epimorphism of Alg_{|=}(L) is surjective. Let P, Q, R be disjoint sets, and let Σ ⊆ F^{P ∪Q∪R} be a projective implicit definition of R in terms of P via Q. Let g be the natural mapping g : F^{P ∪Q∪R} −→ F^{P ∪Q∪R}/ ∼_{Mod(Σ)}. As before, set G^{def}= g[F^{P ∪Q∪R}], k^{def}= g⌈F^P , K^{def}= k[F^P ], and let id_K be the identity from K into G. As in the proof of Theorem 1 we see that Σ explicitly defines R in terms of P if id_K is surjective. Hence by assumption it suffices to show that id_K is a weak Alg_{|=}(L)-epimorphism.

Claim 6.3 For r ∈ R, g(r) witnesses the fact that id_K is a weak Alg_{|=}(L)-epimorphism.

Proof of Claim 6.3: Let r_0 ∈ R. Assume there exists some C ∈ Alg_{|=}(L) and homomorphisms h, h^′ : G −→ C such that h ∘ id_K = h^′ ∘ id_K , but h(g(r_0)) ≠ h^′(g(r_0)). Analogous to the proof of Claim 4.2 this leads to a contradiction. ■ Q.E.D. (StrongES ⇒ ProjBP)

ProjBP ⇒ StrongES:

Assume that L has the projective Beth property. Let f : A −→ B be a weak epimorphism of Alg_{|=}(L). Then id_P : P −→ B is a weak epimorphism of Alg_{|=}(L), where P^{def}= f[A]. Reasoning to contraposition, let us assume that id_P is not surjective. By Definition 6.2 this implies the existence of some r ∈ B\P for which (8) holds. Let Q^{def}= B\ (P ∪ {r}), and let Σ be defined as in Claim 4.3. That is, Σ^{def}= {φΔψ : φ, ψ ∈ F^B and ~id_B (φ) = ~id_B (ψ)}. We have the following analogue of Claim 4.3.

Claim 6.4 Σ is a projective implicit definition of {r} in terms of P via Q.

Proof of Claim 6.4: Let M ∈ Mod^{P ∪Q∪Q′∪{r,r′}}(Σ, Σ^′). We have to show that mng_M(r) = mng_M(r^′). Define the homomorphisms g, g^′ : B −→ mng_M[F^{P ∪Q∪Q′∪{r,r′}}] as in the proof of Claim 4.3. Following that proof, we see that g ∘ id_P = g^′ ∘ id_P . By (8), then g(r) = g^′(r). The definitions of g, g^′ imply that then mng_M(r) = mng_M(r^′). ■

Since L has ProjBP, it follows that {r} has some explicit definition φ_r ∈ F^P . As the proof of Claim 4.4 shows, this implies that r = ~id_B (φ_r), hence r ∈ Rg( ~id_B ⌈F^P ) = Rg(id_P ) = P . Quod non. This contradicts our assumption that id_P was not surjective, and leads to the conclusion that on the contrary id_P (and hence f) is surjective. Q.E.D. (ProjBP ⇒ StrongES) Q.E.D. (Theorem 5)

Let singleton projective Beth and infinite projective Beth denote the obvious variants w.r.t. the cardinality of R. The above proof shows that strongES implies the infinite projective Beth property defined in Definition 6.1, but is already implied by the singleton projective Beth (cf. Claim 6.4). This observation yields the following corollary.

Corollary 6.5 Let L be a semantically algebraizable general logic. Then

L has infinite projective Beth ⇔ L has singleton projective Beth.

Further work The results in this paper apply to semantically algebraizable general logics. Theorem 3 and Theorem 4 show that in various extensions of this class of logics the link between the Beth property and surjectiveness of epis of the corresponding class of algebras no longer holds. However, this does not yet mean that outside the boundaries of algebraizable logics the Beth property can not properly be studied via surjectiveness of epimorphisms. The keyword here is matrix-semantics. In e.g. [BP92] this notion is introduced as an algebra-like semantics that proves to be adequate for a much larger class of logics than the algebraizable ones. [CP96] is an extensive study of interpolation properties in this framework. Future work, on which some progress has been made by W. Blok and the present author, is to investigate the Beth property in this setting.

References

[AKNS94] H. Andréka, Á. Kurucz, I. Németi, and I. Sain. Methodology of applying algebraic logic to logic. In M. Nivat, C. Rattray, and T. Rus, editors, Algebraic Methodology and Software Technology (AMAST’93), Workshops in Computing, pages 7–28. Springer Verlag, 1994. Extended version appearded in the Proceedings of the Summer School of Algebraic Logic 1994.

[Bet53] E. W. Beth. On Padoa’s method in the theory of definition. Nederl. Akad.

Wetensch. Proc. Ser. A. 56 = Indagationes Math., 15:330–339, 1953.

[BF85] J. Barwise and S. Feferman, editors. Model-Theoretic Logics, New York, 1985.

Springer-Verlag.

[BP89] W. J. Blok and D. Pigozzi. Algebraizable logics. Memoirs of the American Mathematical Society, 77, 396:vi+78 pp., 1989.

[BP92] W. J. Blok and D. Pigozzi. Algebraic semantics for universal Horn logic without equality. In J. D. H. Smith and A. Romanowska, editors, Universal algebra and quasigroup theory (Proc. Conf. Jadwisin, Poland, May 23–28, 1989), volume 19 of Research and Exposition in Mathematics, pages 1–56, Berlin, 1992. Heldermann Verlag.

[CK90] C. Chang and H. Keisler. Model theory, volume 73 of Studies in Logic and the Foundations of Mathematics. North-Holland Publishing Co., Amsterdam, third edition, 1990.

[CP96] J. Czelakowski and D. Pigozzi. Amalgamation and interpolation in abstract algebraic logic. Preprint 343, Centre de Recerca Matemàtica, 1996.

[FJ94] J. M. Font and R. Jansana. On the sentential logics associated with strongly nice and semi-nice general logics. IGPL Newsletter, 2:5–67, 1994.

[Fri73] H. M. Friedman. Beth’s theorem in cardinality logics. Israel Journal of Mathematics, 14:205–212, 1973.

[HMT85] L. Henkin, J. D. Monk, and A. Tarski. Cylindric Algebras, Parts I & II. North– Holland, Amsterdam, 1971 & 1985.

[Hoo96] E. Hoogland. Algebraic characterizations of two Beth definability properties.

Master thesis, University of Amsterdam, 1996.

[Mak92a] L. Maksimova. The Beth properties, interpolation and amalgamability in varieties of modal algebras. Soviet Math. Dokl., 44(1):327–331, 1992.

[Mak92b] L. Maksimova. Definability and interpolation in classical modal logics. Contemporary Mathematics, 131(3):583–599, 1992.

[Mak97] L. Maksimova. On the Beth definability properties in varieties of modal algebras. In J. M. Font, R. Jansana, and D. Pigozzi, editors, Abstracts of talks at the Workshop on Abstract Algebraic Logic, pages 109–115, 1997. Appeared as núm 10 in the preprint series of the Centre de Recerca Matemàtica.

[NA94] I. Németi and H. Andréka. General algebraic logic: a perspective on “What is logic”. In D. M. Gabbay, editor, What Is a Logical System, pages 393–444. Clarendron Press, Oxford, 1994.

[Ném84] I. Németi. Beth definability is equivalent with surjectiveness of epis in general algebraic logic. Technical report, Math. Inst. Hungar. Acad. Sci., Budapest, 1984.

[Pad00] A. Padoa. Théorie algébrique des nombres entiers, précédé d’une introduction logique à une théorie déductive quelconque. In 1e Congrès International de Philosophie (1900 Paris), volume 3, pages 309–365, 1900.

[Sai84] I. Sain. Strong amalgamation and epimorphisms of cylindric algebras and Boolean algebras with operators. Preprint 17/1984, Math. Inst. Hungar. Acad. Sci., Budapest, 1984. To appear in Studia Logica.

[Sai90] I. Sain. Beth’s and Craig’s properties via epimorphisms and amalgamation in algebraic logic. In C. H. Bergman, R. D. Maddux, and D. Pigozzi, editors, Algebraic logic and universal algebra in computer science, volume 24 of Lecture Notes in Computer Science, pages 209–226. Springer Verlag, Berlin, Heidelberg, New York, 1990.

[Sai97] I. Sain. On characterizations of definability properties in abstract algebraic logic. In J. M. Font, R. Jansana, and D. Pigozzi, editors, Abstracts of talks at the Workshop on Abstract Algebraic Logic, pages 162–176, 1997. Appeared as núm 10 in the preprint series of the Centre de Recerca Matemàtica.