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Abstract

We propose a new perspective on logics of computation by combin-
ing instantial neighborhood logic INL with bisimulation safe operations
adapted from PDL. INL is a recently proposed modal logic, based on
a richer extension of neighborhood semantics which permits both uni-
versal and existential quantification over individual neighborhoods. This
language has a natural interpretation as a logic of computation in open
systems. Motivated by this interpretation, we show that a number of
familiar programs constructors can be adapted to the setting of instan-
tial neighborhood semantics to preserve invariance for instantial neigh-
borhood bisimulations, which give the appropriate bisimulation concept
for INL. We also prove that our extended logic IPDL is a conservative
extension of dual-free game logic, and its semantics generalizes the mono-
tone neighborhood semantics of game logic. Finally, we provide a sound
and complete system of axioms for IPDL, and establish its finite model
property and decidability.

1 Introduction

In this paper, we introduce a new modal logic of computation, in the style
of propositional dynamic logic, based on instantial neighborhood logic INL [6].
The logic INL is based on a recent variant of monotone neighborhood semantics
for modal logics, called instantial neighborhood semantics. In the standard
neighborhood semantics, the box operator has the interpretation: [p is true
at a point if there exists a neighborhood in which all the elements satisfy the
proposition p. So the box operator has a built-in fixed existential-universal
quantifier pattern. In instantial neighborhood logic, we allow both universal and
existential quantification over individual neighborhoods, so the basic modality
has the form O(p1,...,pn;¢). This formula is true at a point if there exists
a neighborhood N in which all the elements satisfy the proposition ¢, and
furthermore each of the propositions p1, ..., p, are satisfied by some elements of
N. INL is more expressive than monotone neighborhood logic, and comes with
a natural associated notion of bisimulation together with a Hennessy-Milner
theorem for finite models. It has a complete system of axioms, has the finite
model property, is decidable and PSpace-complete.



Formally, our proposal is to consider an extension of the base language INL
by bisimulation safe “program constructors”, as in the standard propositional
dynamic logic of sequential programs (PDL). The usual repertoire here consists
of choice, test, sequential composition and a Kleene star for program itera-
tion. Similar additions have already been studied extensively for the standard
(monotone) neighborhood semantics, where the constructors are interpreted as
methods of constructing complex games (this idea dates back to [18]). In the
neighborhood setting, some additional operations are available, including the
dual construction. This is a very powerful construction, and it is well known
that dynamic game logic is not contained in any fixed level of the p-calculus
alternation hierarchy [8].

We think of our extended logic, which we call instantial PDL (IPDL for
short), as a dynamic logic for a richer notion of computation than sequential
programs, which is sometimes referred to as open systems [2]. In open systems,
a computational process is viewed as an agent acting in an uncertain environ-
ment that affects the outcome of each action. That is, each action by the agent
is followed by a response from the environment, which is not uniquely deter-
mined. This is in contrast with reactive systems, where the behaviour of the
system is non-deterministic but completely determined by the actions of the
agent [1]. Many different logics for open systems have been proposed, perhaps
the most well known being the alternating-time temporal logic ATL of Alur et
al. Dynamic game logic can be interpreted in a similar way, thinking of pro-
cesses as “games against the environment”. Game logic is usually interpreted
with a neighborhood semantics, in which neighborhoods of “worlds” in a model
are taken to represent powers of some player, i.e. goals that can be enforced by
some action or strategy. Instantial neighborhood semantics introduces a more
fine-grained perspective to this setting, with a more expressive language and
a finer bisimulation concept than standard neighborhood bisimilarity, namely
the instantial neighborhood bisimulations of [6]. Since INL formulas allow ex-
istential quantification over individual neighborhoods, this language is suitable
to describe not only what conditions an agent can enforce by some action, but
allows more precise reasoning about exactly what possible outcomes may result
from some action. Concretely, we introduce formulas of the following kind:

<a>(¢1, ---awn; 50)

expressing the following property about the system/program a: “the agent can
act so as to ensure that ¢ holds, while allowing (for each i € {1,...,n}) the
possibility that the property 1; may hold”. In other words, instantial neighbor-
hood logic has a natural interpretation as a simple yet expressive modal logic
for computation in open systems.

However, given a computational interpretation, it is a standard wisdom that
one needs to extend the language to allow certain fixpoint constructions, since
most specifications of systems that turn up in practice — safety, liveness, fairness
etc. —involve fixpoints. There are many options available here, the most obvious
one being to simply add unrestricted fixpoint operators as in the full modal pu-
calculus. This route can already be claimed to be quite well understood: it was



noted in [6] that INL is a coalgebraic modal logic in a completely standard sense,
and so the p-calculus extension of INL is a coalgebraic modal p-calculus as in
[21, 14]. Such coalgebraic p-calculi have been quite extensively studied, with
generic results on decidability and complexity, [11] and completeness [12, 13].
But there are also other versions of modal fixpoint logics, often corresponding
to fragments of p-calculi. Most notably these include propositional dynamic
logics like PDL or game logic, and temporal logics like CTL or ATL. Thus an
obvious point on the agenda, for further exploration of INL as a modal logic
of computation, is to develop dynamic and temporal logic extensions of INL.
This paper deals with the former, and sets up a propositional dynamic logic
interpreted over instantial neighborhood semantics.

Overview of the paper

We first introduce syntax and semantics of instantial neighborhood logic, and
extensions of it leading up to the full language IPDL, provide sound and com-
plete systems of axioms, and establish bisimulation invariance and decidability.
The latter amounts to bisimulation safety for our program constructors. The
completeness proof for the language IPDL, including all the program construc-
tors that we consider, is based on the standard completeness proof for PDL (see
[9] for an exposition), but involves some non-trivial new features. In particu-
lar, the axiom system requires two distinct induction rules, corresponding to a
nested least fixpoint induction, and the model construction makes heavy use of
a normal form for INL-formulas established in [6]. Finally, we prove that our
logic is a conservative extension of the dual free fragment of dynamic game logic.

The paper is an extended version of a conference paper presented at LORI
VI 2017 [5].

2 Instantial neighborhood logic

2.1 Syntax and semantics

We start by reviewing the basic language for instantial neighborhood seman-
tics. The only difference with [6] is that we are interpreting the language over
labelled neighborhood structures, where the labels play the same role as “atomic
programs” in PDL.

The syntax of INL is given by the following grammar:

p:=peProploNepl|-pl(a)(¥;p)

where a ranges over a fixed set A of atomic labels, and ¥ ranges over finite
sets of formulas of INL. We have deviated a bit from the syntax of [6] here
in allowing ¥ to be a finite set rather than a tuple of formulas. We shall
sometimes write (a) (11, ..., ¥n; @) rather than (a)({t1,...,¥n}; ¥), in particular
we write (a)(1); p) rather than (a)({1}; »), and {a)p rather than {(a)(0;¢).
The modalities of INL a number of possible interpretations. In the present
setting, we interpret the formalism INL in terms of computation in open systems,



so that the formula (a)(¢1, ..., ¥n; ) is informally interpreted as saying: “in the
system a, the agent has an action to enforce the condition ¢ while simultaneously
allowing possible outcomes satisfying each of the conditions ;" .

Example 1. Consider the following example: three separate servers are shared
by a number of agents and protected by passwords available to the users. Each
server can only be accessed by one user at a time. Taking the perspective of one
of the agents, let A; stand for “the agent has access to server S;”, for i € {1, 2, 3},
and let O; stand for “server S; is occupied”. If we introduce a name o for the
system so described, then the following is true for each given user, in each given
state of the system o:

=(0)(—01; A1) A =(0)(—02; A2) A —=(0)(=03; A3)

This expresses that the user cannot log in to a server without blocking the other
users from having access to that server. The following also holds:

_‘03 — <0'>(_\01, _|02; Ag)

If server S5 is available then the agent can access it while leaving servers Sy
and Sy available to be occupied by other users. Note the distinction here: the
user cannot guarantee that the servers 51,5y will be available, they might be
occupied by other users, but she can allow them to remain available. Finally,
the following holds:

—(0) (A1, 7 A2 (O = A1) V (O — Ay))

This last example is perhaps less obvious: it says that the only way a user can
make sure that at least one of the servers S; or S will not be occupied by some
other user is to log in to at least one of them herself.

For the formally precise semantics, formulas in INL will be interpreted over
neighborhood structures.

Definition 1. A neighborhood frame is a structure (W, R) where W is a set and
R associates with each a € A a binary relation R, C W x PW. A neighborhood
model (W, R, V) is a neighborhood frame together with a valuation V : Prop —
PW.

Definition 2. We define the interpretations of all formulas in a neighborhood
model M = (W, R, V) as follows:



- u € [(a)(¢1, ..., ¥x; )] iff there is some Z C W such that:
(u, Z) € Ry and Z C ], Z N [th;] # 0 for i € {1,..., k}

We write M, v IF ¢ for v € [p], and we write IF ¢ and say that ¢ is valid
if, for every neighborhood model 9t and v € W, we have MM, v IF ¢. We allow
the notation [—],, to make explicit reference to the model in the background.

Neighborhood models come with a natural notion of bisimulation, introduced
in a more general setting in [6]. For this definition, the so called Egli-Milner
lifting of a binary relation will play an important role:

Definition 1. The Egli-Milner lifting of a binary relation R C X x Y, denoted
R, is a relation from PX to PY defined by: ZRZ' iff:

1. For all z € Z there is some 2’ € Z’ such that zRz’.
2. For all 2’ € Z' there is some z € Z such that zRz'.

We write R;S for the composition of relations R and S. It is well known
that the Egli-Milner lifting preserves relation composition:

R:S=R;S

Definition 2. Let M = (W, R, V) and MM’ = (W', R', V') be any neighborhood
models. The relation B € W x W’ is said to be an instantial neighborhood
bisimulation if for all uBu' and all atomic labels a we have:

Atomic For all p, u € V(p) iff ' € V'(p).
Forth For all Z such that uR,Z, there is some Z’ such that «'R!,Z" and ZBZ'.
Back For all Z’ such that v’ R/, Z’ there is some Z such that uR,Z and ZBZ'.

We say that pointed models 9, w and N, v are bisimilar, written 9, w < N, v,
if there is an instantial neighborhood bisimulation B between 9t and 91 such
that wBwv.

It is easy to check that all formulas of INL are invariant for instantial neigh-
borhood bisimilarity:

Proposition 1. If M, w < N, v then M, w I+ ¢ iff M, v |- ¢, for each formula
w of INL.

2.2 Axiomatization

We now turn to the task of axiomatizing the valid formulas of INL. Our system of
axioms is a gentle modification of the axiom system for instantial neighborhood
logic presented in [6].



INL axioms

Mon: (a)(¥1, ... ¥n; @) = (@) (1 V o1, ccs ¥ V ans 0 V 5)
Weak: (a)(¥;¢) — (a)(P';¢) for ¥ C W

Un: (a) (Y1, -, ¥ni ) = (@) (1 A g, thn A i)

Lem: (a)(¥;¢) = (a) (Y U{7};¢) V (a)(¥;0 A7)

Bot: —(a)(L;¢)

Rules
MP:
p=Y @
(G
RE:
poy 0
Ol /]
where 0[p /1] is the result of substituting some occurrences of the formula
1 by ¢ in 6.

We denote this system of axioms by Axl and write Ax1l - ¢ to say that the
formula ¢ is provable in this axiom system. We also write ¢ Fa,q ¢ for Ax1
o — 1, and say that ¢ provably entails 1.

Theorem 1. The system Ax1 is sound and complete for validity on neighborhood
models.

The proof of this result is essentially the same as in [6], and will not be
repeated here. Since the proof in [6] constructs a finite model for each consistent
formula, we also get:

Theorem 2. The logic INL has the finite model property and is decidable.
Example 2. Continuing from Example 1, we recall the formula:
~(0)(=0s; Ai)

expressing that a user cannot both log in to a server and leave it available to
other users. This reduces, of course, to the fact that the formula A; — O; is
true in every state: a server cannot be both accessed by a user and at the same
time not occupied. So we can take this formula instead as an extra assumption.
By replacing equivalent formulas we then get the implication:

<0’>(ﬁ0i; Al) — <0’>(ﬁ0i; A N Ol)
We can now apply the axiom (Un) to get the implication:

(0)(m0:; A A O;) = (0)(=0; A Ai A Oy Ai A O;)



Replacing equivalents again we get:
(0)(=0i; A A O;) = (o) (L; Ai A O5)
But as an instance of (Bot) we have the implication:
(o) (L;A;NO;) — L

So we get:
<0’>(—\Oi; Az) — L

i.e. =(o)(—=0;; A;) as required.

3 Basic program operations

3.1 Semantics and basic model theory

In what follows we shall extend the language INL with program operations,
corresponding to known operations from PDL. We also include the “dual choice”
constructor from dynamic game logic. Of course, there are design choices to
make here, and we need to set up some criteria for what counts as a correct
definition of each program operation. We shall follow these three criteria:

1. The constructions should be as simple as possible.

2. Each operation should be a natural adaptation of the corresponding op-
eration from PDL to the INL framework, with minimal modifications.

3. Most importantly: each operation should be bisimulation safe, i.e. the dy-
namic logic extending INL with all the program operations should remain
invariant for instantial neighborhood bisimulations.

We first extend the language INL with four basic PDL-style operations: test,
choice, parallel composition and sequential composition. The resulting language
will be called dynamic instantial neighborhood logic, or (DINL). The syntax of
DINL is defined by the following dual grammar.

p:=peProploAp| -] (m)(T;e)
Ti=a€A|lp?|mUT|TNT|Tom

The operation U is interpreted as non-deterministic choice between two pro-
grams for the agent: m; Umy means “either do 71 or do m”. The operation N is
intepreted as a choice between two programs for the environment: 7 N7 means
“do 7 and w9 in parallell”. Formally, the operation N is similar to the parallell
composition in concurrent PDL (see [16]). Finally, the operator o is interpreted
as sequential composition: 7 o o means “first do w1 then do ms”. We define
the formal interpretation [o] of each operation o € {U,N, o} in a neighborhood
model 907 as a binary map from pairs of neighborhood relations to neighborhood
relations, as follows:



- Rl[[U Ry =Ri UR,y

I
— Rl[[ﬂ]]Rg = {(w,Z1 U ZQ) ‘ (w, Zl) eERrR & (’UJ7Z2) S RQ}

— (w, Z) € Ry[o] Ry iff there is some set ¥ and some family of sets F' such
that (w,Y) € Ry, (Y,F) € Ry and Z =JF.

The interpretation [?] of the test operator will be a map [?] assigning a neigh-
borhood relation to each subset Z of W, defined by:

712 := {(u,{u}) v € Z}

We defer a more detailed discussion of the informal interpretation of the program
operations to Section 3.2. Note that [?] is monotone in the sense that Z C Z’
implies [?]Z C [?]Z’. Each operator o € {U, N, o} is also monotone, in the sense
that Ry[o]R2 C R}[o]R5 whenever R; C R} and Ry C R). For the sequential
composition operator, this uses the well known fact that the Egli-Milner lifting
is monotone, i.e. R C R’ whenever R C R'.

Definition 3. We define the semantic interpretations of all formulas, and the
neighborhood relations corresponding to all complex labels 7, by the following
mutual recursion:

- e ndl =Tl N Y-

- [=el = W [#].

- € [(m) (31, .., Y1; )] iff there is some Z C W such that:
(u,Z) € Ry and Z C [¢], Z N [v] # 0 for i € {1,....k}.

- Ri,omy = Ry, [0] Ry, for o € {U,N, 0}.

- R = [7][¢]

The definitions of the dynamic operations are tailored towards obtaining the
following result:

Proposition 2. All formulas of DINL are invariant for instantial neighborhood
bisimulations.

Proof. We first prove the following claim, expressing bisimulation safety of the
operations that we have introduced:



Claim 1. Let B be an instantial neighborhood bisimulation between models
M= (W,R,V) and M = (W', R, V'). Then for any complex label 7, such that
every term of the form ¢ appearing in 7 the formula ¢ is invariant for instantial
neighborhood bisimulations, and any v € W and «' € W’ such that uBu’, we
have:

Forth For all Z such that uR,Z, there is some Z’ such that 'R, Z' and ZBZ'.
Back For all Z’ such that u/ R, Z' there is some Z such that uR,Z and ZBZ'.

We prove the Claim by induction on the complexity of labels. For atomic
labels the result holds by definition. For the inductive steps, we only prove the
“Forth” clause since the “Back” clause can be proved by a symmetric argument.
For the test operator, the result follows immediately from the assumption that
every formula appearing in a sub-term of 7 is bisimulation invariant.

For choice, suppose (u,Z) € Rq,un,- Then (u,Z) € Ry, or (u,Z) € Ry,,
say that the first case holds. Then by the Forth clause for 7; there is some Z’
with (v/,Z") € R, such that ZBZ'. Since (v, Z") € R, ., also, we are done.

For dual choice, suppose (u, Z) € Rx,nn,. Then Z = Z3UZy where (u, Z1) €
R, and (u,Z3) € R.,. By the Forth condition for m; and 7y we find sets Z]
and Z} such that (v, Z]) € R, , (W, Z}) € R, and Z1BZ}, Z,BZ}. We leave
it to the reader to check that:

(Z1 U Zs, Z{ U Zé) S B.
Since (v', 21 U Z3) € R ,,, we are done.

Finally, for sequential composition, suppose there is a set X such that
(u, X) € Rrjony, witnessed by a set Y such that (u,Y) € R,, and a family
F C P(W) such that (Y, F) € R,, and X = |JF. By the Forth condition for
71 there is a set Y’ such that (v/,Y’) € R, and YBY'. We define a family
F' CP(W') as follows: set Z' € F' iff there is some v/ € Y/, some v € Y and
some Z € F such that: (v/,2Z') € R, (v,Z) € Ry, and ZBZ'.

First, we claim that (Y', F') € R/,: first, if Z' € F’ then it is immediate
from the definition that (v', Z’) € R, for some v' € Y'. Conversely, given v’ €
Y, since Y BY' there must be some v € Y with vBv’, and since (Y, F) € R,
there is some Z € F with (v,Z) € R,,. But then, by the Forth condition for
T there must be some Z’ with (v/,Z’) € R, and ZBZ'. We immediately get
7' € F', as required.

We now show that:

(JFR\JF)eB.
To see this, suppose first that w € |JF. Then w € Z for some Z € F. Since
(Y, F) € R,, there is some v € Y with (v, Z) € R,,. Since Y BY” there is some
v’ € Y’ such that vBv'. By the Forth condition for 7y there is some Z’ with
ZBZ' and (v',Z') € Rl,,. We get Z' € F’, and there must be some w' € Z’
with wBw’. But then w’ € | J F’, as required.



Conversely, suppose w’ € |JF'. Then w' € Z’ for some Z' € F'. By
definition of F’ there must be some Z € F with ZBZ’, and so there must be
some w € Z with wBw’. But then w € |J F as required, and the claim is proved.

The proposition now follows from the claim by a routine argument. O

3.2 Informal interpretation

The neighborhood relation R, associated with a program term 7 in a neighbor-
hood model M should be understood as follows: at each point w in a model,
there is a certain family of available actions of type 7 that the agent can per-
form. Each such action « corresponds to a neighborhood Z € R,[w], and Z
represents the possible outcomes of the action «a, as determined by the response
of the environment. The interpretations of choice U and dual choice N should
thus be clear: an action of type m; U s is simply an action of either type m; or
of type w2, and so the definition of [U] as union of neighborhood relations is the
natural one. For dual choice, an action « of type w1 N7y consists of an action 1
of type m; and an action (3, of type 7y, where the action actually performed is
determined by the environment. So a possible outcome of the action « is either
one of the possible outcomes of 5y or an outcome of B5. This directly leads to
the formal interpretation [N] of N as it has been defined. The interpretation of
the test operator is a straightforward adaption of the usual PDL-definition, and
motivated in the same manner.

The less straightforward case is the sequential composition operation. Intu-
itively it appears to be clear what an action of type 7 o7y is at a given state w:
it is simply an action 81 of type m; followed by an action 3 of type 7o performed
at each possible outcome state v of the action 51 at w. A possible outcome of
such an action a at w should then be an outcome of one of the actions 33,
where v is a possible outcome of the first action ;. With this interpretation,
one would expect the following definition, setting (w, Z) € Ry[o] Re iff there is
some set Y and a function S : Y — PW such that:

1. (’LU,Y) € Ry,
2. (v,Sy) € Ry for each v € Y, and
3. Z=Uyey Sv-

The conditions used in our actual definition of [o] are weaker than this, essen-
tially allowing the assigment S to be a relation rather than a function. The
reason for using the less strict version of the composition operation is due to
the fact that the “functional” version of the sequential composition operation
violates bisimulation safety! The example shown in Figure 1, displaying two
bisimilar rooted models, explains this.

10



Figure 1: Failure of bisimulation safety

In the diagram, points are represented by bullets, neighborhoods are repre-
sented by ellipses, the dashed lines represent the neighborhood relation R; and
the dotted lines represent Ry. In the model to the right, the root has a neigh-
borhood {a, b} according to the functional composition of Ry and Ra, but not in
the left model. Note that according to our “relational” definition of sequential
composition, {a, b} is a neighborhood in both models.

A possible response this would be to modify our notion of instantial neigh-
borhood bisimulations in order to recover bisimulation safety. However, this
route does not seem particularly attractive to us, as instantial neighborhood
bisimulations do provide the natural bisimulation concept for INL, which forms
the basis upon which our dynamic logic is built.

Rather, we suggest that our notion of sequential composition can be ex-
plained as follows: the behaviour of an agent interacting with a system may
depend not only on the state of the system itself, but also on the internal state
of the agent. For example, looking back to Example 1, the state of the system
itself specifies which of the three servers are occupied by which agent. The in-
ternal state of each agent — which in this particular example is a human user
— may for example involve the agent’s current state of knowledge, preferences,
intentions etc. So when the agent executes an action of some type 7, the system
and the agent both start in a given initial state which may change through the
course of the computation, and as the internal state of the agent changes this
may affect its later actions. In a computation corresponding to a composite
program term of the form m; o w5 executed at some state w, it then makes sense
that the action of the agent in the computation 75 at a later state v resulting
as the outcome of the computation 7m; might not be determined uniquely by
the state v of the system, since it may also depend on the internal state of the
agent, which may change during the execution of ;. This interpretation is thus
consistent with our formal semantics of the sequential composition operator, as
well as the other program operations.

11



3.3 Axiomatization

Our axiom system for DINL will take the sound and complete axioms for INL as
its foundation, and extend it with reduction axioms for the test, choice, parallel
composition and sequential composition operators. The axioms and rules are
listed below; note that the INL axioms and the axioms for frame constraints are
now stated for arbitrary complex labels 7 rather than just atoms a.

INL axioms:

(Mon), (Weak), (Un), (Lem) and (Bot)

Reduction axioms:

Test: (Y2)(T;0) o YAAT A

Ch: (m Umg)(V;9) < (m1)(V590) V (m2) (V5 0)

Pa: (m Nm)(V;9) < V{{m1)(O150) A (m2)(O2;0) | ¥ =01 UO}
Cmp: (m1 0 m2) (Y1, Yni ) ¢ (T1) ((T2) (Y15 9); -0y (M2) (¥ )3 (T2)0)

Rules:
(MP) and (RE)

We denote this system of axioms by Ax2 and write Ax2 ¢ to say that the
formula ¢ is provable in this axiom system. We also write ¢ Faxo ¥ for Ax2 +
@ — 1. We shall sometimes drop the reference to Ax2 to keep notation cleaner.

Proposition 3 (Soundness). If Ax2 - ¢, then ¢ is valid on all neighborhood
models.

Proof. We consider only soundness of the new reduction axioms. Soundness of
(Ch) is almost immediate from the definition of [U], so we focus on (Test), (Pa)
and (Cmp).

For (Test), suppose that 9, u I (v?)(¥;¢). Then (u,{u}) € R,7, which
means that 9, u I v, and {u} C [¢] and {u} N [¢)] # O for each ¢p € ¥, which
means that M, u - AU A @. So M, ul-~vA AT A p. The converse is similar.

For (Pa), suppose that 0, w |- (m N m2)(¥; ). Then there is some set Z
such that (w, Z) € Rrnr,, Z C [¢] and Z N [y] # 0 for all ¢ € U. Hence Z is
of the form Z; U Zy where (w, Z1) € Ry, and (w, Z3) € Ry,. Let ©1 = {¢p € U |
ZyN Y] # 0}, and let O3 = {¢p € U | Zy N [¢] # 0}. Then, since Z = Z; U Zy,
we have ¥ = ©; U ©5. Furthermore, we get

M, w k- (m1)(O150) A (m2)(O2; )

as required. The converse direction of (Pa) is proved in a similar manner.

12



Next, we consider the case of sequential composition. For one direction of
the equivalence, suppose that 0, w I (7w o m2)(¢1, ..., ¥n; ). Then there is
some set Z with (w, Z) € Rz, om,), Z C @] and Z N [1ps] # 0 for each v;. By
definition of the composition operator, we find a set Y with (w,Y) € R,, and
a family of sets F' such that (Y, F) € R,, and Z = |JF. So for each v € YV’
there is some Z € F with (v,Z) € Ry,, and we get Z C [¢] so M, v IF (m)ep.
Also, for each v; there is some Z € F with Z N [i;] # 0§, and there must
be some v € Y with (v,Z) € Ry,, hence M, v Ik (m2)(¢;; ). It follows that
M, w I (1) ((m2) (15.0), oo (m2) (s @); (2) ) as required.

Conversely, suppose that I, w I (7m1)((m2) (Y15 0), ..oy (T2) (Vn; 0); (T2) ).
Then there is some set Y such that (w,Y) € R, Y C [(m)¢] and Y N
[(m2) (15 )] # @ for each i € {1,...,n}. Let:

F={ZCW|ZCg] & (v,Z) € Ry, for somev €Y}

Since Y C [(ma)¢] it follows that (Y, F) € R,,, so (w,(JF) € Rr,on,. Fur-
thermore, since Y N [{m)(¢i; )] # O for each i € {1,...,n} it follows that
UFN[i] #0 for each i € {1,...,n}. We get M, w Ik (1 0 m2) (1, ..., Pn; @) as
required. O

By applying soundness of the reduction axioms, we can use a standard ar-
gument to obtain for every consistent formula ¢ of DINL a provably (and hence
semantically) equivalent formula ¢! in INL, which is then satisfiable by Theorem
1. For example, the formula (y?) (11, ..., ¥n; @)" is defined to be v AL ALLAL Ap.

We get:

Theorem 3 (Completeness). A formula ¢ of DINL is valid on all neighborhood
models iff Ax2 F .

Furthermore, the finite model property and decidability clearly carry over
from INL:

Theorem 4. The logic DINL has the finite model property and is decidable.

4 Program iteration and the language IPDL

We now introduce the final operation that we consider here, a Kleene star for
finite iteration. This operation will be set up to generalize the game iteration
operation from game logic. The corresponding language will be denoted by
IPDL, read “instantial PDL”, and is given by the following dual grammar:

p:=peProp oAy |-p]| (m)(¥;)
mi=acAl|lp?|mUr|mN7m|7mom | 7"

*

The operation (—)* is interpreted as finite iteration: 7* means “repeat m a
finite number of times”. More specifically, we think consider action of type m*
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to be a long term strategy of the agent, such that each possible execution of
this strategy consists of finitely many actions of type 7.

For the formal semantic interpretation of the Kleene star, it will be useful
to first define the relation skip by:

skip := {(w, {w}) | w € W}

Definition 4. We define a relation RE! for each ordinal ¢ by induction as
follows.

— ROl —¢
— RIEHT = skip[U] (R[] RI€))
— R* = .., REif  is a limit ordinal.

We define [*]R to be equal to R, where ¢ is the smallest ordinal satisfying
RE = RIEH],

It is easy to see that this is a standard least fixpoint construction, in partic-
ular we have:

Proposition 4. Let W be a finite set and R C W x P(W). Then:

IR = [ J R

new

Proposition 4 does not hold for arbitrary models, unlike the case for PDL
the closure ordinal of the least fixpoint corresponding to the Kleene star may
appear above w. Note that this does not contradict the reading of the Kleene
star as finite iteration. The situation is analogous to the case of the p-calculus
formula:

pa.x

which can be thought of as expressing that “all computations are finite”. It
is well known that the closure ordinal of the least fixpoint of this formula can
be higher than w, which just means the formula may be true although the
statement “all computations have length < k” is false for all k. Similarly, the
formula (7*)¢ expresses that the condition ¢ can be forced by an action that
only ever produces finitely many computations of type m, while there may be
no finite upper bound on the number of iterations of 7 required.

Definition 5. Semantics of IPDL-formulas in a neighborhood model 9t =
(W, R, V) are given as follows:
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- u € [{(m) (W1, ..., Yr; )] iff there is some Z C W such that:
(u,Z) € Ry and Z C [¢], Z N [thi] # 0 for i € {1,..., k}.
- Ra,omy = Ry, [0] Ry, for o € {U,N, 0}.

- Rer =[]l

- Ry = [¥]Rx.

Proposition 5. All formulas of IPDL are invariant for instantial neighborhood
bisimulations.

The proof of this rests on a bisimulation safety argument, and the step for
the Kleene star involves using the bisimulation safety of union and sequential
composition to prove the appropriate back-and-forth conditions for each approx-

imant R of the least fixpoint Ry = [¥] R=. We omit the details.

4.1 Axiomatization

Our axiomatization for IPDL is given below.

INL axioms:

(Mon), (Weak), (Un), (Lem) and (Bot).

Reduction axioms from DINL:

(Test), (Ch), (Pa) and (Cmp).

Basic rules:

(MP) and (RE).

Kleene star

Finally we add axioms and rules for iteration. The Kleene star is a least fixpoint
construction, and a standard approach to axiomatizing least fixpoints is to use
one fizpoint aziom and one induction rule (see [17]). The fixpoint axiom Fix is
stated as follows:

(T (T59) & (N T APV (mom™) (W5 )

We will actually need two induction rules:
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Ind1:
p—=y  (my—y
() —

Ind2:
WAp) =y (M {m)e) =y
(T) (5 0) =

Remark 1. The reason that we require two distinct induction rules can be seen
as follows: the reduction axioms for IPDL should be interpreted as encoding a
recursive translation of the language IPDL into the modal p-calculus (interpeted
on instantial neighborhood models). When we pass by formulas involving the
Kleene-star in this translation, the translation will not surprisingly involve least
fixpoint operators, and the induction rules then correspond to the Kozen-Park
induction rules for least fixpoint operators. This step of the translation is trickier
than the step for the Kleene star in a translation of PDL into the p-calculus (see
[10]), and requires use of nested least fixpoint variables.

Note also that the second induction axiom only involves a single instan-
tial formula . This is because we can “pre-process” an arbitrary formula
(m*Y(¢1, ..., ¥n; @) by applying the axiom Fix, and then applying the composi-
tion axiom (Cmp) to the formula (m o 7*) (41, ..., 9¥n; @) to obtain the formula:

(T (T (159, oo (1) (o 0); (7))

Here, each occurrence of the operator (7*) is followed by at most one instantial
formula.

We denote this axiom system as Ax3 and write ¢ Fax3 ¢ to say that Ax3 ¢ —
1. We will also sometimes drop the explicit reference to the system Ax3, simply
writing - ¢ or ¢ - 1.

Theorem 5. The aziom system Ax3 is sound and complete for validity over
neighborhood models.

We begin by checking soundness:

Proposition 6 (Soundness). If ¢ is provable in Ax3 then it is valid over all
neighborhood models.

Proof. We focus on proving soundness of the two induction rules. For the first
induction rule, suppose that the formulas ¢ — ~ and (7)y — v are valid.
Suppose that M, u I (7*)¢. Then there is some Z such that (u, Z) € R« and
Z C [¢]. By definition of R, it suffices to prove, by induction on an ordinal
&, that for all w,Z: if (u,Z) € R and 7z C [¢] then w € [y]. For £ =0
this is trivial, since R2 = (). For a successor ordinal & + 1, if (u,Z) € RET
then either Z = {u} or there is a set Y and a family of sets F such that
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(Y,F) e RE. (u,Y) € Ry and JF C [y¢]. In the first case we get M, u I ¢,
hence 9%, u IF ~y. In the second case it follows that there is, for each v € Y, some
Z, such that (v,Z,) € R and 7z, C UF C [¢]. By the induction hypothesis
we get Y C [y]. But then 9, u Ik (7)7, hence M, u IF v as required. Finally,
the induction step for limit ordinals is almost immediate, by the definition of
R as the union of all RY for p<E.

For the second induction rule, suppose that the formulas () A ¢) — v and
(m)(7y; ) — v are valid. Suppose that 9%, u I- (7*)(¢); ). Then there is some
Z such that (u,Z) € Ry« and Z C [¢], Z N [¢] # 0. By definition of R~ it
suffices to prove, by induction on an ordinal £, that for all u, Z: if (u, Z) € RE]
and Z C [¢], ZN[¢] # 0 then u € [y]. For £ = 0 this is trivial, since RY = ().
For a successor ordinal & + 1, if (u,Z) € RETY then either Z = {u} or there
is a set Y and a family of sets F' such that (Y, F) € R (u,Y) € Ry and
UF C [¢]. In the first case we get M, u IF ¥ A ¢, hence M, u Ik . In the
second case it follows that there is, for each v € Y, some Z, € F such that
(v,Z,) € R and z, C UF C [¢]. Furthermore, there is some set Z' € F

such that Z' N [y] #0, and Z' C|JF C [¢]. Since (Y, F) € R there must be
some w € Y with (w, Z') € RE}, and by the induction hypothesis we get w I- ~.
But then Y C [(7*)¢] (since R ¢ Rq«)and Y N[vy] # 0, so M, u I- () (7; .
Hence 9, u |- v as required. Finally, the induction step for limit ordinals is
again immediate, by the definition of R as the union of all RY for p<& 0O

For the completeness proof, we shall rely heavily on the following lemma,
which was proved (in a slightly different formulation) in [6]: fix a finite and
subformula closed set of formulas ¥. An atom over ¥ is a maximal consistent
subset of ¥, and we denote the set of atoms over ¥ by At(X). Given any atom

w € At(X), let @ be its conjunction, and let Z = {@ | w € Z} for a set of atoms
Z.

Lemma 1. Let (m)(¥; ) be any formula such that each formula in ¥ U {¢} is
a boolean combination of formulas in . Then (m)(V; ) is provably equivalent
to a disjunction of formulas of the form <7T>(2, \/2) for Z C At(X) being some
set of atoms with w = ¢ for each w € Z and for all v € U there is some v € Z
with v .

Proof. Very similar to [6]. O
We shall also need an adapted concept of Fischer-Ladner closure:

Definition 3. A set ¥ of formulas is said to be Fischer-Ladner closed if the
following clauses hold:

— If ¢ € 3, and the main connective of ¢ is not -, then the formula —¢p is
in 3.

— Any subformula of a formula in ¥ is in X.

17



— If (47)(T; ) is in ¥ then so is y A AU A .

- If <7T1207T2>(¢17 o P p) € 3, then (1) ((72) (V159), -, (T1) (Vn; ©); (T2) )
is in X too.

— If (m Um)(¥; ) € ¥ then (m1)(T;0) V (m2)(T; ) € X too.

— If (m Nm2)(¥; ) € ¥ then the formula:

VAT (O159) A (m2)(059) | ¥ = 1 U O}
is in ¥ too.
— If (7*)(T; ) € 3 then (AT Ap)V (mom™)(T; ) is in ¥ too.

Lemma 2. Every formula ¢ is a member of some finite Fischer-Ladner closed
set of formulas.

Proof. Standard, see for example [9]. O

Fix a finite and Fischer-Ladner closed set of formulas . An atom over X is a
maximal consistent subset of ¥, and we denote the set of atoms over 3 by At(X).
Given any atom w € At(X), let @ be its conjunction, and let Z = {@ | w € Z}
for a set of atoms Z.

Definition 4. Given any label 7, we define the relation S C At(X) x P(At(X))
by setting (w, Z) € ST iff WA(r)(Z;\/ Z) is consistent with respect to the system
Ax3.

The canonical neighborhood model over ¥ denoted €* is defined as the triple
(W%, R¥, V) where W is the set of atoms over ¥, R> = S for each atomic
label a, and V=(p) = {w € W* | p € w}.

The key lemma in the completeness proof, which is proved using the induc-
tion rules for the Kleene star, is the following:

Lemma 3. For each label 7, we have SZ. C [+](SZ).

Proof. Since the set of atoms is finite, we can make use of the characterization
of the Kleene star operation on finite models given by Proposition 4.

Suppose that (w, Z) € SZ., meaning that ¥ —(iw A (7*)(Z;\/ Z). Let v[Z]
be the disjunction of all formulas v for (v, Z) € [*](SZ). We want to show that
(m*)(Z;\| Z) b 4[Z]. Tt will then follow that @ A v[Z] is consistent, and clearly
since w is an atom this can only happen if @ is already a disjunct of v[Z] which
means that (w, Z) € [+](SZ) as desired.

More generally, for Z' C Z let y[Z’, Z] be the disjunction of all formulas ©
where v is an atom such that (v, Z”) € [¥](S¥) and Z’ C Z"” C Z for some
set Z”. We will show that (ﬂ*)(/Z\’,\/E) F v[Z',Z]. The special case for the
formula v[Z, Z] = v[Z] then yields the desired result.
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We first prove the claim for the case of Z/ = (). We have
(@B \ 2) = (=)(0;\) 2) = (=) \/ Z

So we want to show that (7*)\/ Z b 4[0, Z], and by the first induction rule it
suffices to prove that \/ Z b 4[0, Z] and (x)y[0), Z] - [0, Z]. Since [0, Z] is a
disjunction of conjunctions of atoms, it is routine to show that for any formula
6 we have 0 = [0, Z] if and only if every atom that is consistent with 6 is also
consistent with [0, Z].

So suppose first that w is consistent with \/ Z. Then w must be in Z , and
since (w,{w}) € skip C [*](S%) we get that w is consistent with [}, Z] as
required.

Next, suppose that w is consistent with (w)v[0), Z]. By Lemma 1 there must
be some set Z’ such that w is consistent with () (2\’, \/2\’) and u - [0, Z] for
each u € Z'. We get that (w,Z’) € SZ, and furthermore for each u € Z’ there

T

must be some Z,, C Z with (u, Z,) € [*](SZ). We get:

(Z'{Zu |ue Z'}) € [+](SF)
and hence we obtain:

(w, |J Zu) € STINIA(ST)) < [+1(S7)
uez’
and so since ) C (J,c, Zu € Z we see that w is consistent with [0, Z] as

required.
Next, we consider the case where Z’ C Z is a singleton {s}. We write y[s, Z|

rather than v[{s}, Z]. We want to show that (x*)(5;\/ Z)  7[s,Z]. By the
second inducton rule, it suffices to prove that

§/\\/2 F s, Z]

and
(T (s, Z]; (7Y \[ Z) A5, Z)

The first statement is similar to the proof that \/ Z [0, Z] so we leave it out.
For the second part, suppose that the atom w is consistent with the formula
(m)(v[s, Z]; (7*) \/ Z). By the previous argument we get

(7)\/ Z) F 10, 2]

so by (Mon) we find that w is consistent with (7)(vy[s, Z];y[0, Z]). By Lemma 1
there must be some set Y such that w is consistent with (7)(Y;\/ Y), u - ~[0, Z]
for each u € Y, and v - v[s, Z] for some v € Y. We get that (w,Y) € SZ.
Furthermore there is some set Z,, such that s € Z, C Z and (v, Z,) € [*](SZ),
and for each u # v in Y there is some Z,, C Z such that (u, Z,) € [«](SZ). If

we set:
F=A{Z,}U{Z,|uveY\{v}}
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then we get {s} C |JF C Z. Furthermore, we get

(Y, F) € [+](S7)
and hence we obtain:
(w, | JF) € SZ[e)([+1(SF)) < [+(S3)

as required.

Finally, let Z\’ C Z be an arbitrary non-empty set, and suppose w is consis-
tent with (7*)(Z';\/ Z), where Z’ = {s1, ..., s }. Then by the axiom (Fix), w is
consistent with the formula

(/\2\’/\\/2) \Y <7ro7r*>(2\’;\/2)
So it now suffices to prove that:

(NZ' N\ 2) 12, 2]
and
(mom )2\ Z) (7', Z]

Once again, the first claim follows by a familiar argument using skip C [+](SZ),
so we omit it. For the second claim, it suffices by the axiom (Cmp) to prove

that:
(T ()G Z), ooy (1) B3 ) 2)5 (7)) 2) F 912", 2]

But, using the previous arguments together with the axiom (Mon), we find that
it suffices to prove:

(m)(Y[s1; Z], ..., v[sns Z]5 (0, Z]) = ~[Z', Z]

We show that every atom consistent with the formula on the left-hand side
is also consistent with the formula on the right-hand side. Suppose that w is
consistent with the formula (7)(v[s1; Z], ..., Y[sn; Z];¥[0, Z]). By Lemma 1 there
must be some set Y such that w is consistent with (x)(Y;\/ Y), u b ~[0, Z] for
each u € Y, and for each i € {1,...,n} we have v; I 7[s;, Z] for some v; € Y.
We get that (w,Y) € S=. Furthermore for each i € {1,...,n} there is some set
S; such that s; € S; C Z and (v;, ;) € [#](SZ), and for each u ¢ {v1,...,v,},
u €Y, there is some Z, C Z such that (u, Z,) € [*](SZ). If we set:

F={S,.,5.}U{Z, |ueY\{v,...,un}}
then we get {s1,...,8,} C|JF C Z. Furthermore, we get
(Y, F) € [+](5F)
and hence we obtain:

(w,[JF) € STLNI(ST)) € [1(S7)

as required. O
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Lemma 3 is needed to prove Lemma 4 below, by induction on the complexity
of program terms. Say that a label 7 is safe if, for every formula ~ such that
the term +? appears in 7, we have v € ¥ and furthermore, v € w iff €* w IF v
for each w € At(X).

Lemma 4. For every safe label 7, we have S= C RZ.

Proof. By induction on the complexity of safe labels. For «7, the result follows
from the safety assumption and the observation that

S% = 2w | AL(E) | v € w)

This observation can be proved as follows: since 7 is safe we have v € X, so
DA (Y?)(Z,\] Z) is consistent WA A ZA\/ Z is consistent, iff y € w and Z = {w}
since w is an atom and Z a set of atoms. Hence S = {(w,{w}) | v € w} and
the result follows from the definition of [?].

For the Kleene star, by Lemma 3 we have SZ. C [«](SZ) for each label .
Similarly we may prove: S= C SZ [U]SE and SZ . C SZ [o ]] . We omit

T1Ume T10Ta
the easy argument for U. For N, suppose that WA (m Nm2)(Z;\/ Z) is consistent.
Then there are sets Zy, Zs such that Z = Z; U Z5 such that:

DA (m) (Z2:\) 2) A () (22:\] 2)

is consistent. Hence both WA (mq) (21; V 2) and WA (ma) (22; V 2) are consistent,
and using Lemma 1 we find sets Y7, Y2 C At(X) (corresponding to disjuncts of
the normal form) such that Z; CY; C Z and Z5 C Yo C Z and such that both
@ A (m) (Ve \/371) and @ A (m3)(Ya;\/ Ya) are consistent. Hence (w,Y;) € Sz
and (w,Y3) € SZ, hence (w, Y1 UY2) € SZ [N]SZ,. The result now follows since
clearly Yy UY; = Z R
For composition, suppose that w is consistent with the formula (mom)(Z;\/ Z),

where Z = {v1,...,v,}. Then w is consistent with the formula

<7T1>( ’/TQ ’Ul,\/Z 71'2 ’Un,\/Z 7T2 \/Z

by the axiom (Cmp). For each i € {1,...,m} let ¢; be the disjunction of the set
of all formulas @ such that u is an atom with (u,U) € SEQ for some set of atoms
U with v; € U and U C Z, and let 6 be the disjunction of all formulas & such
that v is an atom with (u, U) € SZ, for some U C Z. We first claim that:

<7T1>( ’/TQ ’Ul,\/Z 71'2 ’Un,\/Z 7T2 \/Z (517... (5 0)

To see this, let the maximum modal depth of formulas in ¥ be k, and let
F§+k be the set of all formulas of modal depth at most 2 + k, such that
only labels appearing appearing in formulas in ¥ may appear in formulas in
F§+k. Let an extended atom be a maximal consistent subset of F§+k. Since
there are only finitely many formulas in Fg‘”’“ up to provable equivalence, there
are at most finitely many extended atom, and for each extended atom e we
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can form the conjunction € of all formulas in e “up to logical equivalence”,
picking one conjunct from each logical equivalence class. Since both formu-

las (m1)(m2) (01 Z), ooy (m2) @3\ 2): (m2) \ Z) and (m1) (01, ..., 603 0) are of
modal depth < 2+ £, it suffices to prove that every extended atom e containing
the formula:

(1) ((m2) vl,\/Z () vn,\/Z T \/Z

also contains:

<7T1>((51, cory 611; 9)

So let e be an extended atom containing the first of these two formulas. Once
again, by a proof similar to that of Lemma 1, we can prove that the formula

(1) ((mr2) vl,\/Z () vn,\/Z T \/Z

is equivalent to a disjunction of formulas of the form <771>(E, \ E) where F is
a set of extended atoms such that (m)\/Z € NE and (m)(@;\ 2) € UE
for each i € {1,..,n}. So one of these disjuncts (m;)(E,\/ E) belongs to e
Furthermore, it is not hard to show that - ¢ — 0 for each ¢/ € E , and similarly
one can show that e’ — §; for each ¢’ € E such that (m)(v1;\/ Z) € €’ (since
€/ NY is an atom consistent with (m2)(vy1;\/ 2)) So we get:

(E.\/ E) - (m1)(1, ... 6,3 0)

by (Mon), hence (m1)(d1, ..., 0,;6) belongs to e as well.

So w is consistent with the formula (71)(d1, ..., 0p; 0), and by Lemma 1 there
is a set @ of atoms such that w is consistent with (m)(Q; V@), s k0 for each
s € Q and for each i € {1,...,n} there is t; € @ such that t; F §;. It follows from
this that for each s € Q there is some Uy C Z such that (s,U,) € SZ, and for
each i € {1,...,n} there is some P; C Z such that v; € P, and (¢;, P;) € sz. If
we set

F={Us|seQ}U{P |ie{l,. . ,n}}
then we get (Q, F)ESZ and so (w,JF) € S [0]SZ. But UF = Z, so we

get (w, Z) € SZ [0]SZ as required.

Finally, a stralghtforward induction now shows that S> C RZ for each safe
label 7, using monotonicity of each of the operations [U], [N], [o], [*]. For
atomic labels the claim holds by definition of RZ = S*. For the case of it-

eration, as an example, we have:

- C [H(S7)
< R
=R,

The other cases are similar. O
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Using Lemma 4 we can prove a truth lemma for the canonical model:

Lemma 5. For every atom w and any v € ¥, we have (€¥,w) IF ¢ if and only
if Y € w.

Proof. By induction on the complexity of ¢». Note that the induction hypothesis
for subformulas of ¥ guarantees that every label appearing in v is safe. The
only interesting cases are formulas of the form (m)(; ).

For right to left, suppose (m)(¥;¢) € w. By Lemma 1 we find a set Z
of atoms such that (r)(Z,\/ Z) is consistent with w, hence (w, Z) € S and
such that ¥ C |JZ and ¢ € ()Z. By Lemma 4 we get (w,Z) € RZ, and
the induction hypothesis applied to the formulas in ¥ U {¢} now readily yields
€= w - (m)(¥; p) as required.

For left to right, it suffices to show that for all formulas (7) (U; ¢) € 3, all sets
of atoms Z and all atoms w such that (w, Z) € RZ, ¢ € (1 Z and ¥ C |J Z, we
have (7)(¥;¢) € w. The required result then follows by applying the induction
hypothesis to ¥, p. We prove the claim by induction on the complexity of the
label 7, under the assumption that 7 is a safe label

If 7 is an atomic label a then we have R = S>. So if (w,Z) € RZ then
(w, Z) € 8%, so w is consistent with <a>(2; V 7). From this we can easily derive
that w is consistent with (a)(¥;¢) by an argument combining axioms (Mon)
and (Weak), given that ¢ € ((Z and ¥ C |JZ. Since (a)(¥;¢) € ¥ and w is
an atom it follows that (a)(¥;¢) € w as required.

The induction steps for test, choice, parallel composition and sequential
composition are easy, making use of Fischer-Ladner closure of ¥ at each step.

We now focus on the case of the Kleene star. Suppose that there is some Z
such that (w,Z) € RZ., ¢ € (1 Z and ¥ C |J Z. By Proposition 4 there is some
natural number n with (w, Z) € (RZ)I", so we reason by induction on n. That
is, we show that for all w, Z, ¥, ¢ and all n € w, if (w,Z) € (R>)M, p e NZ
and ¥ C |JZ, then (7*)(¥;¢) € w.

For n = 0 the result holds trivially since (R>)[" = (). Supposing that the
induction hypothesis holds for n, if (w, Z) € (RZ)["+1 then either (w, Z) € skip,
or:

(w, Z) € RY[o](RY)™
In the first case, we have Z = {w} so it immediately follows (using Fischer-
Ladner closure of ¥ and (7*)(¥; ¢) € £ ) that A U A € w. By the axiom (Fix)
we must have (7*)(¥; ) € w as required.

Otherwise, if (w, Z) € RZ[o](RZ)! then there is some set Y and a family
of sets F' such that (w,Y) € RZ, (Y, F) € (RZ)l"), p € (X for each X € F and
for each 9 € ¥ there exists some X, € F with ¢ € |JX,. By Fischer-Ladner
closure we get (m o 7*)(¥; ) € X and hence:

(M) ((T) (150, oos (T7) (Y5 )5 (7)) € X

where U = {41, ...,%,}. By applying the induction hypothesis to the label 7
and the “inner” induction hypothesis to n, we now find that:

(M () (W150) o5 (1) (U 0); (7)) € w0
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By applying the axiom (Cmp) we get (m o 7*)(¥;¢) € w, hence by the axiom
(Fix) we get (7*)(¥;¢) € w as required. O

Proof of Theorem 5. suppose the formula ¢ is not provable, so that -y is con-
sistent. By Lemma 2, =@ belongs to some finite Fischer-Ladner closed set X
and since - is consistent it belongs to some atom w. Hence ¢ ¢ w and by
Lemma 5 we have €, w I ¢. So ¢ is not valid. O

We note that as a corollary to the completeness proof, which produces a
finite model of effectively bounded size for a consistent formula, we get:

Theorem 6. IPDL has the finite model property and is decidable.

5 Comparison with game logic

We now show that IPDL can, in a precise sense, be viewed as a language exten-
sion of dual-free game logic. We shall denote this language simply by GL, for
“game logic”, although the full dynamic game logic also includes a dual con-
structor. Formally, formulas of GL and game terms are defined by the following
dual grammar:

p:=peProp|loAp|-¢l|(me
Ti=a€A|?|mom|nUn |7N7 |7

where Prop is a fixed set of propositional variables and A is a set of atomic
games, both assumed to be countably infinite. Note that GL is a syntactic
fragment of IPDL. Here, U is interpreted as “angelic choice” (choice for Player
I), N is interpreted as “demonic choice” (choice for Player II), o is sequential
game composition and * is finite game iteration (controlled by Player I).

Semantics of game logic formulas are given by neighborhood frames, with
the extra constraint that neighborhoods associated with a world are upwards
closed under subsethood:

Definition 5. A neighborhood frame (W, R) is said to be a monotonic power
frame if the following condition holds for each a € A:

(Monotonicity) For all w € W, if (u,Z) € R, and Z C Z' then (u,Z’) € R,.

A monotonic power model is a neighborhood model whose underlying frame
is a monotonic power frame.

In order to provide the semantic interpretations of formulas in a model, we
need to provide semantic interpretations of the game constructors. We shall use
double vertical lines ||—|| to refer to semantic interpretations of formulas in GL
and game constructors in monotonic neighborhood models, in order to distin-
guish it from the semantics given for PDL, where we use square brackets [—].
We follow the definitions in [3]. Formally, we define operations on the lattice
NW =P(W x P(W)) of neighborhood relations over W as follows:
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_R|U|R'=RUR
_R|N|R' =RNE

- (u, Z') € R|o|| R’ iff there is some Z C W with (u,Z) € R and (v, Z’) € R’ for
allve Z.

17 2) ={(w,Z2") e WxP(W) |lwe ZNZ'}

Finally, we define ||x||R to be the least fixpoint in the lattice N W of the mono-
tone map F' defined by:

FS = skip'[JU[|(R]lo]|5)

where skip” = {(w, Z) € W x P(W) | w € Z}. We can now set up the semantics
of GL. Fixing a monotonic power model 2, we define the interpretation of every
formula ¢ and the neighborhood relations R, corresponding to each game term
7 in the obvious way, so that in particular we have -Rr,ur, = R ||U||Rass
Rrinr, = Ry |N|| R, ete., and u € |[(m)ep]| iff (u,]||¢|]) € Rq. For a monotonic
power model M = (W, R,V) and v € W we shall also write M, u E ¢ for
u € ||¢]|. Since semantic interpretations are always defined relative to a model,
if necessary we shall use the notation ||—||; rather than ||—|| to make it clear
which model 9 is being referred to. We write F ¢ if MM, u E ¢ for every pointed
monotone power model (9, u). We get the following result, showing in what
sense IPDL indeed generalizes the semantics of GL:

Proposition 7. For any GL-formula ¢, and any monotonic power model N,
we have |||y =[]

Proof. The proof is an induction on the complexity of formulas, with the inter-
esting step being formulas of the form (m)p. We leave out the test operator in
this proof, leaving this as an easy exercise. We first prove the following claim,
and the rest of the proof is then easy:

Claim 2. Let R,S € NW be neighborhood relations that are both closed
upwards under subsethood, in the sense that (w,Z) € R and Z C Z’ implies
(w,Z") € R. Then:

1. R[U]S = R||U|IS
2. R[N]S = R|N||S
3. R[0]S = R||o||S
4. [}IR = |||

The rest of the proof is devoted to establishing this claim. Item (1) is
immediate from the definitions. For item (2), suppose first that (w, Z) € R[N]S.
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Then there are Z', Z" such that Z = Z' U Z" and (w,Z') € R, (w,Z") € S.
By closure under subsethood we have (w,Z) € R and (w,Z) € S, so (w,”Z) €
RNS = R||N||S. Conversely, if (w, Z) € R||N||S then (w, Z) € Rand (w, Z) € S.
So (w,ZU Z) = (w,Z) € R[N]S. Item (3) is proved in a fairly similar manner,
so we leave it as an exercise.

For item (4), we note that [*]R is the least fixpoint of the map:

AZ.skip[U] (R[] Z)

which is equal to the least fixpoint of AZ.skip||U||(R]|c||Z) by items (1) and (3)
(and noting that all the relations appearing in the approximating sequence for
the fixpoint are upwards closed under subsethood). But the latter fixpoint is
by definition equal to [|*|| R.

O

From this proposition, we get the following result:

Theorem 7. IPDL is a conservative extension of GL. That is, for every GL-
formula @, we have

Foif ke

Proof. For every neighborhood model 91, we define a monotonic power model
IMT as follows: let M = (W, R,V). We define the monotonic power model
Mt = (W,R,V) as follows: set (u,Z) € R, iff there is some Z’ C Z with
(u,Z') € R,.

We have the following result:

Claim 3. For any GL-formula ¢ and any neighborhood model 9, we have
lellonr = [lon-

Proof of Claim 3. The result follows easily once we have established the follow-
ing claim:

Claim 4. Given a neighborhood model 9T and a term 7, let R, denote the
neighborhood relation corresponding to 7 in 99t computed by applying the op-
erations 7], [U], [N], [], [¥], and let S denote the neighborhood relation corre-
sponding to m in M computed by applying the operations ||?]], ||U]l, [N, l|lo]l, [|*]|-
Then for all w, Z, we have (w, Z) € Sy iff there is some Z' C Z with (w, Z’) €
R..

We devote the rest of the proof to establishing this claim. The claim is
immediate for atomic games, and the step for the test operator follows trivially
from the definitions. The direction from right to left is easy in each case, so we
focus on the converse implication.

The induction step for U is entirely straightforward. For N, if (w, Z) € Sz, Anr,
then (w, Z) € Sy, and (w, Z) € Sr,. By the induction hypothesis, there are sets
Y, Y’ C Z such that (w,Y) € Ry, and (w,Y”’) € Ry,. So (w,YUY”’) € Ryr,nn,-
Since YUY’ C Z, we are done.
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For the sequential composition operator, suppose (w,Z) € Sy ,om,- Then
there exists a set Y such that (w,Y) € Sy, and (v, Z) € Sy, for each v € Y. By
the induction hypothesis, there are sets {Z] },ey with (v, Z) € R, and Z! C Z,
and there is Y/ C Y with (w,Y”) € Rr,. We get (w,|J{Z] |veY'}) € Rr,om,
and since | J{Z, |veY'} CU{Z] |ve Y} C Z, we are done.

Finally, we consider the case of game iteration. First, we recall that skip
denotes the neighborhood relation {(w, {w}) | w € W}, and skip" denotes the
relation {(w,Z) | w € Z}.

Suppose the induction hypothesis holds for R,. Let:

F = AZ.skip'[|U]|(Sx ||| Z)

so that S« is equal to the least fixpoint for F'. Alternatively, we can describe
Sy« as the least fixpoint of the map F' restricted to the complete sub-lattice of
NW given by {R € NW | skip’ C R}. The bottom element of this sub-lattice
is skipT, so we can write the approximating sequence for the least fixpoint as:

skip! C Fskip! C F?skip’ C F3skip! ... F“skip! C F“+lskip...

We denote the first two entries in the series as FOskip! and Flskip’. We show,
by transfinite induction, that (w,Z) € FfskipT iff there is some Z’ C Z such
that (w,Z’) € (R;)€l. The result then follows by considering & such that
R = (R;)¥! and 7 such that S,- = FY(}. Then, pick some p greater than
both v and €. The result then follows since R+ = Rgf] and S« = FP{.

To establish the claim, the case for £ = 0 is trivial since by definition
FoskipT = skipT and RL?] = skip. Successor ordinals £ + 1 are handled by unfold-
ing and comparing the definitions of REH] and F&¢tiskipT, applying the “inner”
induction hypothesis to F€skip, applying the “outer” induction hypothesis to
Sz, and then repeating and combining the previous arguments for U and o.
Finally, limit ordinals s are handled by simply noting that R — Ue <K(R7T)[5]

and Frskip" = ;. Fskip'. O

We can now prove Theorem 7 as follows. Suppose ¢ is a formula of GL
and I ¢. Then since every monotonic power frame is a neighborhood frame,
it follows by Proposition 7 that F ¢ as well. Conversely, suppose F ¢, so that
o is valid on every monotonic power frame. Then for any neighborhood model
I and every state w in W, we have MM, w E ¢, so M, w IF ¢ by Proposition 3.
Hence I ¢ as required. O

In other words: the formulas of IPDL that are valid on arbitrary neighbor-
hood frames form a conservative extension of the GL-formulas that are valid
over monotonic power frames.

6 Concluding remarks

In this paper, we have introduced a new propositional dynamic logic IPDL de-
fined over instantial neighborhood logic, as a tool for exploring a new open
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systems perspective on computation. We found program operations that re-
spect a natural notion of bisimulation in this setting, and we axiomatized the
complete logic, which presented some non-trivial and interesting deviations from
the usual proof format for PDL. Finally, we positioned our logic with respect
to related views of computation by completely clarifying its relation to current
game logics.

Our system fits in a broader technical context. Various extensions of our base
language would make sense, notably, the addition of least and greatest fixpoint
operators. Just as standard PDL can be translated into the modal p-calculus,
our logic IPDL can be translated into the extension of INL with fixpoints, a
translation that is implicit in our axiom system for IPDL. The fixpoint extension
of INL is very well behaved from a co-algebraic perspective. As shown in [6],
INL is a coalgebraic modal logic corresponding to a weak pullback preserving
functor - the double covariant powerset functor - that additionally preserves
finite sets. This means that the p-calculus extension of INL inherits a number
of properties that hold in much wider generality. In particular, it has the finite
model property and it is decidable [21], and a sound and complete system of
axioms is available [12]. However, as usual, such general results need not transfer
to natural fragments that zoom in more closely on computation. Examples are
Reynold’s highly non-trivial completeness proof for CTL* [20], or Parikh’s game
logic, which still lacks a complete system of axioms. A closer comparison for our
system would be coalgebraic PDL, [15], but there, unlike in INL, the coalgebraic
type functor is a monad. Still, there is more work to be done here. For instance,
our sequential program composition resembles the standard Kleisli composition
for the powerset function — but we leave these issues to future investigation.

These are not the only connections to be clarified. In follow-up work, we
intend to show that IPDL can also thow new light on other logical systems for
computation, such as concurrent PDL ([19, 7, 16]), and that it can contribute
to a more fine-structured analysis of game equivalence and powers of players,
linking up with game theory (see [4], for which an extended follow-up manuscript
is currently in preparation).
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