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Abstract

In this thesis we investigate the proof theory of the fragment X} UII} of the modal mu-calculus.
This fragment consists of formulas which have syntactic fixed point alternation depth of at
most one. X} UIIJ contains the building blocks for interesting concepts such as common
knowledge. Moreover, it is computationally important in view of applications in database
theory. We define a circular proof system and a circular tableaux system for X4 U II}' and
prove soundness and completeness. We then use these systems to establish key properties of
Y UILY, such as the finite model property and Craig interpolation. Furthermore, we define
infinitary proof systems for the whole modal mu-calculus and show that they are sound and
complete. The main contribution of the thesis is an axiomatization of X} UII{" as well as novel
proofs of the finite model property and Craig interpolation.
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Chapter 1

Introduction

The logical system investigated in this thesis is the modal mu-calculus, introduced by Kozen
in 1983 [12]. The modal mu-calculus is an extension of propositional modal logic with fixed
point operators, namely the least fixed point operator p and the greatest fixed point oper-
ator v. The resulting system is not only very expressive, but enjoys many desirable logical
properties and has important applications in computer science. An important concept in the
theory of the modal mu-calculus is the notion of fixed point alternation, which counts the
number of alternations of least and greatest fixed point operators in a formula. Fixed point
alternation substantially increases the expressive power of the modal mu-calculus but also
the difficulty of its mathematical theory [5]. Our interest concerns a specific fragment of the
modal mu-calculus which is called the first level of the alternation depth hierarchy, denoted
by Xf UTIY{. This fragment consists of formulas that contain syntactic fixed point alternation
of at most one. The interest in this fragment is motivated by two main reasons. First, the
fragment contains the building blocks of interesting concepts such as common knowledge, a
concept which is extensively used in epistemic logic. Moreover, ¥} U II} can be regarded
as the starting point for an investigation of the alternation free fragment of the modal mu-
calculus. Second, the mathematical theory of this fragment has not yet been studied and
little is known about its logical properties. We aim to contribute to the investigation of this
fragment by constructing circular proof systems for ¥§ UII} and use them to establish that
the fragment enjoys both the finite model property and Craig interpolation. While these re-
sults have already been established for the whole modal mu-calculus (see [17] and [7]), we
hope to provide much simpler proofs for the first level of the alternation depth hierarchy and
thereby deepen our understanding of it. Moreover, we study infinitary Gentzen style proof
systems and provide soundness and completeness results. These infinitary systems are used to
obtain circular proof systems for 3§ UII{ and build in that sense the basis of our investigations.

There are two standard approaches to infinitary Gentzen style proof systems for the modal
mu-calculus [18], that differ in the type of rules which are used for fixed point operators. The
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first approach is characterized by infinite unfolding of fixed point formulas, which results in
pre-proofs being finite branching trees containing infinite branches. Whether a pre-proof is a
proof is then decided by checking certain conditions imposed on infinite branches. The first
such system was proposed by Niwinski and Walukiewicz in 1996 [16] in form of a tableaux
system. The second type was developed by Jéger, Kretz and Studer [10] in 2008 and is char-
acterised by approximating fixed points. Instead of unfolding fixed point formulas infinitely
often, one derives infinitely many approximations of the fixed point and then uses a so-called
w-rule which takes all of the infinitely many approximations as premises and infers the fixed
point formula. This implies that proofs in this setting are infinite branching trees. As each
approximation is itself finite, every branch of such a proof-tree is finite. For an overview of the
connection between these two types of systems, we refer to [18]. The proof systems developed
in this thesis are of the first type and use fixed point unfolding rules. We construct in total
three different but closely related infinitary sequent calculi which are sound and complete.
The starting point of the construction is thereby the infinitary tableaux system developed by
Niwinski and Walukiewicz in [16], which we dualize in a first step into a Gentzen style sequent
calculus. This dualized proof system builds the foundation of the other two systems.

Circular proof systems for the modal mu-calculus were introduced by Jungteerapanich [11] in
2009 and more recently by Afshari and Leigh in [1]. Circular proofs have a close connection
to regular infinitary proofs. An infinitary proof in our setting is a finite branching tree that
contains infinite branches. Such a tree is called regular if it is the unfolding of a finite tree.
Given a finite tree that unfolds into a regular tree, this finite tree is turned into a circular
proof tree by adding loops to some of its leafs (hence the name ’circular’). That is, circular
proof trees are essentially finite trees that unfold into infinite regular trees over their loops.
In order to ensure that a circular proof system is sound, one imposes conditions on the finite
proof trees that ensure that their unravelling is indeed an infinite proof. Proving the existence
of circular proofs coincides with finding appropriate finite structures in infinite proof trees,
which can be unfolded into regular trees. In the presence of arbitrary fixed point alternation,
such a task is tricky, as the fixed point alternation makes it difficult to impose conditions on
circular proofs that ensure that the system is sound. In the presence of syntactic fixed point
alternation of at most one however, we show that finding appropriate finite structures is much
easier. That is, we show how to define sound and complete circular proof systems for the
fragment Xf UTI{. As derivations in a circular proof system are finite, we show how to use
such systems to establish both the finite model property and Craig interpolation.

1.1 Contributions

The main contribution of the thesis is the construction of a circular tableaux system and a
circular proof system for the fragment 3f UII{. With these systems we provide - as far as
we know - the first axiomatization of this fragment. Moreover, the systems are essential for
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establishing the finite model property and Craig interpolation. While these two properties are
already known for the whole modal mu-calculus, we provide novel proofs for X} UII}" which
are much simpler than the proofs for the whole calculus. In doing so we hope to provide
new insights into the fragment. Apart from circular systems, our second contribution is the
discussion of infinitary Gentzen style sequent calculi for the whole modal mu-calculus. The
infinitary systems presented are not essentially new (indeed other authors have used similar
systems, see for example [18]), but we do provide novel soundness and completeness proofs by
using the connection between the infinitary proof systems and the infinitary tableaux system
from [16]. These proofs also provide new insights into the connection between tableaux and
proof systems.

1.2 Outline of the thesis

The next two chapters lay the foundations for the rest of the thesis. They present standard
results and definitions of the modal mu-calculus. The remaining parts from chapter 4 on
consist of the research contributions of this thesis.

> Chapter 2 consists of a brief introduction to the modal mu-calculus. We introduce its
syntax and semantics and define the alternation depth hierarchy.

> Chaper 3 introduces the tableaux system T developed by Niwinski and Walukiewicz in
[16]. Moreover, model checking games are introduced and the soundness proof of T is
discussed.

> Chapter 4 introduces the circular tableaux system CT, establishes its soundness and
completeness with respect to X} UII} and derives as a corollary the finite model property
for X§ UTLY.

> Chapter 5 defines and discusses the three infinitary sequent calculi DT, DT’ and 2DT.
The chapter also consists of soundness and completeness proofs for all three systems.

> Chapter 6 introduces the circular sequent calculus C2DT, establishes its soundness
and completeness with respect to X} UII{ and then establishes the Craig interpolation
property for X' UII}. The last part of this chapter is devoted to discuss the optimization
of the constructed interpolant.

> Chapter 7 consists of a short discussion of the established results and poses several
remaining open questions which might be tackled in further research.



Chapter 2

The modal mu-calculus

2.1 Introduction

The propositional modal mu-calculus was introduced by Kozen in 1983 [12]. Tt is an extension
of propositional modal logic with a least and a greatest fixed point operator. This creates a
logical system that far exceeds the expressive power of modal logic. The modal operator [J
used in modal logic provides quantification over neighbours of the current state. The formula
P expresses that the condition P holds in every state which is reachable from the current
state over a single transition step. Adding fixed point operators introduces concepts such as
path-quantification. For instance, one can express the following statement:

“The condition P holds in every state reachable over an arbitrary number of transition steps.”

Here, the quantification is no longer local but ranges over every path through the transition
system starting in the current state. While path quantification is a much stronger form of
quantification than what is provided in modal logic, it is only a weak concept compared to
what is expressible in the modal mu-calculus. Apart from its expressive power, the modal
mu-calculus enjoys many desirable logical properties such as decidability [5], a property which
is lost in other expressive systems such as first-order logic. For a discussion why modal log-
ics in general and the modal mu-calculus in particular are robustly decidable, we refer to
[9]. Another interesting result states that the modal mu-calculus is the bisimulation invari-
ant fragment of second-order logic, similar to modal logic, which is the bisimulation invariant
fragment of first-order logic [5]. It is hence a system of considerable mathematical interest.
The main application of the mu-calculus is in computer science. In the past decades, fixed
point logics in general have gained a lot of attention in computer science, as they are used
to specify properties of programs in the field of software verification [5]. Famous fixed point
logics include Propositional Dynamic Logic (PDL), Linear Time Logic (LTL) and Computa-
tional Tree Logic (CTL), all of which are fragments of the modal mu-calculus. Indeed, many
fixed point logics turn out to be included in the modal mu-calculus [5], which makes it an
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interesting system to study as a meta-theory. The least and greatest fixed point operators of
the modal mu-calculus are not only responsible for the expressive power of the system, but also
substantially increase the difficulty of its theory. Moreover, due to these operators, formulas
of the modal mu-calculus are hard to grasp. In contrast to handier fixed point logics such
as LTL, one requires experience and good intuition to understand what property a formula
expresses. It is therefore important to obtain a good understanding of the modal mu-calculus
before delving into the theory presented later on. This chapter contributes to that aim by
introducing the modal mu-calculus formally. First and foremost, the syntax of the modal
mu-calculus is defined in section 2.2. The subsequent section 2.3 introduces the semantics of
the modal mu-calculus in terms of transition systems. The last section 2.4 of this chapter is
devoted to introduce and discuss the alternation depth hierarchy and to define the fragment
Sy UTLY.

For a more detailed introduction to the modal mu-calculus, we refer to the excellent overview
by Bradfield and Stirling in [5] and the detailed introduction by Demri, Goranko and Lange
in [8]. The presentation of this chapter closely follows the lecture notes of the course Logic,
Games and Automata [2] taught by Afshari at the University of Amsterdam in the spring
semester 2020.

2.2 Syntax

Defining the syntax of a logic starts by providing the language which is used. Throughout the
thesis, we denote the language of the modal mu-calculus by L.

Definition 2.2.1. The language L, of the modal mu-calculus consists of the following prim-
itive symbols:

> A countable set of afomic propositions Prop. Atoms in Prop are denoted by P and @,
possibly with sub- or superscript.

> A countable set of variables Var. Variables in Var are denoted by X,Y or Z, possibly
with sub- or superscript.

> The logical connectives — (negation), A (conjunction) and V (disjunction).
> The modal operators [J (boz) and ¢ (diamond).

> The fixed point operators v (called the greatest fized point operator) and pu (called the
least fized point operator).

When it comes to applications, it is standard to add a finite set of agent symbols A to the
language of the modal mu-calculus and, instead of having a single box and diamond operator,
there are modal operators for each agent a € A, usually written as [a] and (a). In this
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thesis, we deal with a single box and diamond operator, as we are interested in proof theoretic
aspects of the modal mu-calculus rather than applications. The set of literals is defined to be
PropU {=P|P € Prop} and is denoted by Lit.

Definition 2.2.2. L,-formulas are defined inductively as follows:
1. If P € Prop, then P and —P are L,-formulas.
2. If Z € Var, then Z and —Z are L,-formulas.
3. If ¢ and v are L,-formulas, then so are ¢ A1), ¢ V9, Op and Q.

4. If ¢ is a L,-formula, then vZ.¢ and puZ.@ are L,-formulas, provided that Z does not
occur negated in .

Observe that negation is only applied to atoms and variables. It is more standard to present
formulas of L, by allowing to apply negation to arbitrary formulas. Formulas as defined
here are sometimes called formulas in positive form |2]. It is a well-known result that every
formula of L, is equivalent to a formula in positive form, which justifies the definition presented
above. If every occurrence of the variable Z in a formula ¢ occurs non-negated, then Z is
called positive in . Given a formula of the form vZ.p, we call the occurrences of Z in ¢
bounded. Occurrences of variables which are not bounded are called free. It follows from the
definition of the semantics in the next section that if ¢ does not contain the variable Z, then
¢ is equivalent to 0 Z.¢ for o € {u,v}. We assume from now on that whenever we deal with a
formula of the form 0Z.¢, that Z occurs in ¢. We write ¢(Z) to denote that Z occurs freely
in p. Given a formula 0Z.¢(Z), the variable Z is called a u-variable if o = p and it is called
a v-variable if 0 = v. We stipulate that fixed point operators have higher precedence than
the Boolean connectives A and V which in turn have higher precedence than modal operators.
That is, the formula vY.Y A P is read as vY.(Y A P) and the formula OP Vv @ is read as
(OP) v Q.

Convention 2.2.3. Given a formula ¢(Z) with Z occurring freely in ¢ and a formula v, then
(1) denotes the formula ¢(Z) where each free occurrence of Z is substituted by .

In later chapters, we restrict our attention to L,-formulas that are closed and in guarded
normal form.

Definition 2.2.4. Let ¢ be a L,-formula.
> @ is closed if it contains no free variables.

> isin normal form if all variables occurring in ¢ that are bound by different occurrences
of fixed point operators are pairwise distinct.

> A variable Z is guarded in ¢ if every bound occurrence of Z in ¢ occurs in the scope of
a modal operator. A formula ¢ is guarded, if every variable in ¢ is guarded.
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Observe that every variable in a closed formula occurs positive.

Definition 2.2.5. Let ¢ be a L,-formula. The set of subformulas of ¢, written Sub(yp), is
defined by induction on ¢:

1. If ¢ = P for P € Prop, then Sub(y) := {P}.
2. If ¢ = P for P € Prop, then Sub(y) := {~P).
3. If o = Z for Z € Var, then Sub(y) := {Z}.
4. If ¢ = ~Z for Z € Var, then Sub(p) = {~Z}.
5. If ¢ = 1p1 o 4hg for o € {A, V}, then Sub(p) := Sub(11) U Sub(1p2) U {11 0 12 }.
6. If o = o) for o € {01, 0}, then Sub(ep) := Sub(y)) U {et}.
7. I ¢ = 0Z4p(Z) for o € {u, v}, then Sub(p) := Sub(¥(Z)) U {ocZ.4(Z)}.
If ¢ € Sub(y), then 4 is called a subformula of .

2.3 Semantics

Given a set S, its power set is denoted by P(S). Formulas of the modal mu-calculus are
evaluated in transition systems.

Definition 2.3.1. A transition system is a triple T' = (S, —, p) where
> S is a non-empty set; an element s € S is called a state
> —C S x S is a binary transition relation; we write s — t for (s,t) €—
> p: Prop — P(S) is a function that maps atomic propositions to subsets of S

Transition systems are also known as Kripke models. Given a transition system 7" = (S, —, p),
a function V' : Var — P(.5) that maps variables onto subsets of S is called a valuation. Given
a transition system 7" = (S, —, p) and a valuation V' : Var — P(.S), we assign to each formula
¢ a set of states [¢]L C S, called the truth set of ¢, with the intended meaning that ¢ holds
at every state in [¢]¥. The definition of the truth set for an atom coincides with the set of
states assigned to the atom by the function p. Similarly, the truth set of a variable coincides
with the set of states assigned to it by the valuation V. The definition of the truth sets for the
Boolean connectives and the modal operators are standard. For the definition of the truth sets
for fixed point formulas, suppose that some formula ¢(Z) contains a free variable Z. Then
©(Z) induces a function f, : P(S) — P(S) defined as follows:

fso(U) = [[SO(Z)Hg[ZHU]

7
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where V[Z — U] is defined by

Uit X =27

ViZ = Ul = {V(X) otherwise

We call a set U C S such that f,(U) = U a fized point of f,. Moreover, U is called the
greatest fived point of f,, if U is a fixed point and for every other fixed point V' of f, it
holds that V' C U. Similarly, U is called the least fized point of f,, if U is a fixed point and
for every other fixed point V' of f, it holds that U C V. If U C f,(U), then U is called a
post-fized point of f, and if f,(U) C U, then U is called a pre-fized point of fe. The least
and greatest fixed point operators are interpreted as the least and greatest fixed points of such
functions. That is, the truth set assigned to the formula vZ.p(Z) is the greatest fixed point
of the function f,. As f, is monotone in Z on P(S) due to the restriction that the variable
Z only occurs non-negated, the Knaster-Tarski-Theorem [19] establishes that f, has a fixed
point. Moreover, it is a well-known result that for such functions there exists a unique least
fixed point which coincides with the intersection over all the pre-fixed points of the function
and a unique greatest fixed point which coincides with the union over all its post-fixed points.

Definition 2.3.2. Let T' = (.S, —, p) be a transition system and V' : Var — P(S) a valuation.
The truth set [p]i; C S is defined by induction on ¢ as follows:

[Pl = p(P)
[-P]y, = S—p(P)
2]y, = V(2)
-2y, = S-V(2)
[ervly = el N[YIY
[e vl = [eli Uy
[[Dcp]]g = {seS|forallte S, if s—t, thente [@]]‘T/}
[[Qgp]]‘T/ = {s €S| there exists t € S with s — ¢t and ¢t € [[gpﬂ@}
WZADNE = UV CSIU S [A2)F )

WZp(DIE = U C SIe(Z)Y 5,0 € U}

If s € [p]{;, we say that ¢ holds or equivalently is true at the state s of the transition system
T = (V,—, p) under the valuation V and we call T a model for . We also write T, V, s = ¢
instead of s € [¢]].

Observe that the truth set of a greatest fixed point formula vZ.¢ is exactly the union over all
post-fixed points of the function induced by ¢ and the truth set of a least fixed point formula
is the intersection over all pre-fixed points.

Definition 2.3.3. Let ¢ be a formula of L,,.

> o is satisfiable if there exists a transition system T = (S, —, p), a valuation V : Var —
P(S) and a state s € S, such that s € [¢]{.
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> @ is unsatisfiable if it is not satisfiable.

> @ is valid if for every transition system T = (S, —,p) and every valuation V' it holds
that [¢]{ = S.

> Two L,-formulas ¢ and v are called equivalent - written ¢ = 1 - if for every transition
system T = (S, —, p) and every valuation V : Var —s P(S) it holds that [¢]L = [¢]%.

We finish this section by stating two well-known results about the modal mu-calculus which are
of importance for the thesis. The first result justifies the restriction towards guarded formulas
in normal form.

Proposition 2.3.4. Every L, -formula ¢ is equivalent to a guarded formula in normal form.

It is therefore safe to assume that whenever we consider an arbitrary L,-formula ¢, that ¢
is guarded and in normal form. The second result is a standard equivalence which is used
throughout the thesis without further mentioning.

Proposition 2.3.5. For a formula 0.X.¢(X) where o € {s, v} the following holds:
o X.p(X) = (0 X (X))

The proof is based on the definition of the truth set of 0X.¢(X) being a fixed point of the
function induced by . This equivalence is of importance for the proof systems we discuss
later on. Indeed it is this equivalence that motivates the rules for fixed point operators.

2.4 The alternation depth hierarchy

The expressive power of the modal mu-calculus mainly stems from fixed point alternation
[5]. This alternation is defined in terms of the alternation depth hierarchy, a strictly ordered
hierarchy of classes of formulas. The general idea to determine the alternation depth of a
formula is to count the alternations of least and greatest fixed point operators which are in
the scope of each other. However, the proper definition of fixed point alternation is a bit
more involved than simply counting syntactic fixed point alternation. To see why, consider
the formula always eventually versus the formula infinitely often (this example is from [5]).
The formula always eventually is given as follows:

vY.(uZ.PV OZ) ANQY

The syntactic fixed point alternation depth is 2. However, computing whether this formula
holds in a state of a given structure is not harder than computing two disjoint fixed points.
This is because the inner fixed point is independent from the outer one and for computing
the whole formula, one only has to compute the inner fixed point once. The formula infinitely
often is given by

vY.uZ.(PVOZ)NQY
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Computing this formula leads to much higher complexity, as the inner fixed point now depends
on the outer one.! Therefore, it does not suffice to simply count syntactic alternations of fixed
point operators. In this section, we present the fixed point alternation depth hierarchy in the
way Niwinski presented it in [15], which takes the above phenomena into account. For a more
detailed introduction to the fixed point alternation hierarchy and its relevance for the modal
mu-calculus, we refer to [15] and [5].

A L,-formula ¢ belongs to the class Xff = I if and only if it contains no fixed point operators.
The class ¥, is defined to be the closure of Xf; UII,, under the following rules:

L Ifg,p et |, then p A, oV, 0p,Op € 8.
2. If p € ¥ | and X occurs freely and positive in ¢, then pX.p € X7 .

3. If (X),v € X1, then ¢(1) € X7, provided that no free variable of ) becomes

bound by a fixed point operator in .
The class II/, , | is defined to be the closure of ¥ UII}; under the following rules:

L If @,¢p € II |, then p Adp, oV @b, O, Op € 1T,
2. If p €Il | and X occurs freely and positive in ¢, then vX.p € I ;.

3. If (X),v € I, then o(¢) € I, provided that no free variable of 1) becomes
bound by a fixed point operator in .

Definition 2.4.1. The alternation depth of a formula ¢ is the least natural number n such
that p € X0, NI 4.

The formula always eventually belongs to X4 NII5 and has therefore alternation depth 1. The
formula infinitely often belongs to X5 N II4, which implies that its alternation depth is 2.
The fragment X4 NII5 is called the alternation free fragment of the modal mu-calculus. The
alternation depth hierarchy consists of the classes SE and TI¥ for all n € w ordered by the
subset relation. The picture below shows the alternation depth hierarchy, where the arrows
represent the subset relation. For example ¥} — 34 encodes that %) C b,

!This becomes more clear when one considers what is called fixed point approximations. By computing the
fixed point approximation of the always eventually formula, one has to compute two independent fixed point
approximations, the inner and the outer one. In the infinitely often formula however, one has to compute the
inner approximations in each step of the outer approximations, resulting in much higher complexity. For an
introduction to fixed point approximations we refer to [5].

10
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= > > S — S
St =11}
Iy ~ 1Ty - 115 I, —— HZH

The alternation depth hierarchy is sometimes also called the Niwifiski hierarchy and was shown
to be strict by Bradfield in 1996 [4].

Theorem 2.4.2 (Bradfield 1996). For every natural number n > 0, there exists a formula
¢ € ¥h which is not equivalent to any formula in II%,.

As mentioned in the introduction, much of the later work is focused on the first level of the
alternation depth hierarchy.

Definition 2.4.3. The first level of the alternation depth hierarchy is defined to be ¥§ UTIY.

Observe that by definition ¥} U II} consists only of formulas that have syntactic fixed point
alternation depth of at most one, that is modal formulas as well as formulas that only contain
least fixed point operators or only contain greatest fixed point operators. The first level of the
alternation depth hierarchy is not identical with the alternation free fragment. The former is
Y UTI) and is strictly contained in the latter which is X5 N 1TI4 [14].

11



Chapter 3

Tableaux, proof systems and model
checking games

3.1 Introduction

The starting point of our proof theoretic investigation of the modal mu-calculus is the tableaux
system T, which was introduced by Niwiriski and Walukiewicz [16] in 1996.1 A tableaux
system is used to check whether formulas are satisfiable. It is called sound, if every formula
that has a derivation in the system is satisfiable and complete, if the converse holds, namely
if every formula which is satisfiable has a derivation. Derivations in a tableaux system are
called tableaux. A tableau is a tree where every node is labelled by a set of formulas. In
the tableaux system T, tableaux are in general finite branching trees which allow for infinite
branches. These infinite branches are generated by the unfolding and regenerating of fixed
point formulas. For example, for the greatest fixed point operator v, there are two rules:

Z__ ) p(2)
vZ.p(Z)

The rules are read bottom up. The left rule decomposes the fixed point formula vZ.p(Z) into
the variable Z. The right rule then allows a regeneration of the body ¢(Z) of the fixed point
formula. By applying rules for the Boolean connectives and the modal operators, we can then
decompose the formula ¢(Z) until we reach a node labelled by Z higher up in the tableau. At
this node we can regenerate the body again and so on. This leads to infinite branches. The
tableaux system T is the foundation of the Gentzen-style proof systems presented in chapter
5 and the circular tableaux system in chapter 4. We therefore devote this chapter to properly
introduce the system T and prove its soundness. Soundness and completeness of T was estab-
lished by Niwiniski and Walukiewicz [16] by using the close connection of tableaux and model

!The system that was introduced in [16] differs a bit in presentation from the tableaux system T in this
chapter. The two systems are however equivalent.
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Chapter 3. Tableaux, proof systems and model checking games

checking games. We follow their approach in proving soundness. We first introduce model
checking games in the next section 3.2 and afterwards the tableaux system T in section 3.3.
The last section 3.4 consists of a detailed discussion of the soundness proof.

The presentation of this chapter closely follows the lecture notes of the course Logic, Games
and Automata [2| as well as Niwiriski’s and Walukiewicz’s original paper [16].

3.2 Model checking games

From now on and for the rest of the thesis we assume formulas to be in guarded normal form.
In this section we introduce model checking games. These are infinitary two player games
which are used to answer the model checking problem.

The model checking problem: Given a transition system 7', a state s, a valuation V and
a L,-formula ¢, does s € [¢]{ hold?

Recall the definition of a directed graph.

Definition 3.2.1. A directed graph is a tuple (V, E) where V is a set of vertices and E C V xV
is an ordered set of vertices. Given u,v € V such that (u,v) € E, we say that there is an edge
from u to v, written u — v.

Let ¢ be a L,-formula and fix a transition system T' = (S, —, p), a state s € S and a valuation
V. The model checking game Gl (s, p) with respect to the system 7', valuation V, state s and
formula ¢ consists of two players:

> The Verifier, whose goal is to show that T, Vs |= ¢.
> The Refuter, whose goal is to show that T, V, s [~ ¢.

The game is played on a directed graph which is called the arena of Qg(s, ©).
> Vertices of the arena are pairs (¢,1) where t € S and ¢ € Sub(p);

> The existence of edges between vertices depends on the shape of the subformulas of the
vertices.

— Boolean subformulas: For each ¢t € S and each subformula of ¢ of the form 1 Ao
or 11 V 19 there are the following edges:

(t,¢1 A 1/]2) — (tﬂ/h’) (tv¢l \ ¢2) — (t’wi)
for i € {1,2}.

— Modal subformulas: For each ¢ € S and each v € S such that ¢ — u and each
subformula of ¢ of the form [y or (1) there are the following edges:

13



Chapter 3. Tableaux, proof systems and model checking games

t,0¢) — (w,¥)  (t,00) — (u,9)

— Fixed point subformulas: For each ¢ € S and each subformula of ¢ of the form
0Z.4) where o € {u,v} there are the following edges:

(t,oZAp) — (t,Z) (t,2) — (t,7)

Given a vertex (¢,1), there are no outgoing edges just if ©» = P or ¢ = =P for P € Prop
orif v = Z or ¢ = —~Z where Z € Var is a free variable in ¢. Every vertex of the arena
is labelled by either Verifier or Refuter. This labelling indicates to which player the vertex
belongs. If a vertex (t¢,%) is labelled by Verifier, then it is Verifier’s turn to play when the
game is in position (¢,1) and similarly if the vertex is labelled by Refuter, then it is Refuter’s
turn to play. Playing means choosing the next vertex: If the current position of the game
is (t,7), labelled by Player € {Verifier, Refuter} and there are vertices (ui, 1), ..., (ug, ¥r)
such that for all 1 < ¢ < k it holds that (¢,v) — (u;, 1), then Player plays by choosing to
move the game to the next vertex (u;,1;) where j € {1,...,k}. It is only allowed to choose
vertices which are connected by an edge from the current position. Such vertices are also
called successor vertices. In case there is only one successor vertex, Player has to choose that
one. In case there are no successor vertices, the game ends. Obviously, it is only important to
know whose turn it is in case the current vertex has out-degree larger than 1. For conciseness,
we only assign players to vertices where the out-degree is possibly larger than 1 and assume
that every other vertex with out-degree < 1 is labelled by some player (which one does not
matter). The tabular below indicates which (relevant) vertices belong to which player:

Verifier Refuter

(ta wl \ 1/}2) (tv ((/}1 A 1/}2)
(t, 0v) (t,0¢)

Definition 3.2.2. A play of GL(s,¢) is a sequence of vertices (so, o), (51,¢1), (52,92), ..
such that so = s, 9 = ¢ and the following two conditions hold for all ¢ € w:

1. If (s;, ;) has out-going edges, then (s;, i) — (Si+1, vi+1). Otherwise the play ends.

2. If (s;, ;) is labelled by Verifier (respectively Refuter), then Verifier (respectively Refuter)
chooses (Sit+1, @i+1)-

Let us consider an example.

Example 3.2.3. Let ¢ = vZ.PV{Z and consider the following transition system 7', consisting
of two states s and ¢ such that s — t and t — s where p(P) = {s}:

OH—)

The arena of the model model checking game g@T (s,¢) is depicted below.

14



Chapter 3. Tableaux, proof systems and model checking games

(t, 2)
l
(t,PV OZ)V

(t, P) (t,02)V

Observe that every relevant vertex of the arena is labelled by Verifier, abbreviated by V.
When a play reaches the node (s, PV {Z), Verifier gets to choose whether to move left or
right. In case he moves left, the game ends as (s, P) is a dead end. If he moves right, the
game continues. There is exactly one possible infinite play in this arena, namely when Verifier
decides at each relevant node with out-degree larger than one to always go right.

Next, we formulate winning conditions for both Verifier and Refuter for a given play, for which
we need the following concept.

Definition 3.2.4. Let ¢ be a L,-formula and let 01.X;.191 and 02X5.1)2 be two subformulas
of ¢. The variable X; subsumes X if and only if 09 X5.19 € Sub(o1X7.41).

As an example, in the formula (uZ.0(Z VvY.O(Q AY))) Vv X.OX the variable Z subsumes
Y while the variable X neither subsumes Z or Y nor Z or Y subsume X. The following
proposition is a standard result.

Proposition 3.2.5. If (sg, ©0), (51,%1), - - -(Sn, ¥n), - - - is an infinite play in the model checking
game g$ (s0,%0), then there is a unique variable X such that

1. X occurs infinitely often in the play and
2. if Y also occurs infinitely often, then X subsumes Y.

The variable X occurring infinitely often in a play means that there are infinitely many vertices
in the play whose second component is the variable X.

Definition 3.2.6. Let Q‘Y;(so, ©0) be the model checking game for some transition system 7,
state sg, valuation V and formula .

1. Verifier wins a play if
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(a) the play (so,®0),-..(Sn, @n) is finite and
i. ¢, = P and s, € p(P) or ¢, = —P and s,, € p(P)
ii. ¢, = Z for Z free in g and s, € V(Z) or ¢, = —Z for Z free in ¢y and
sn & V(Z)
iii. ¢, =01 and {t € S|s, =t} =10
(b) the play is infinite and the unique variable X that occurs infinitely often in the play
and subsumes all other infinitely often occurring variables is a v-variable.

2. Refuter wins a play if

(a) the play (so,©0),-..(Sn, @n) is finite and
i. op =P and s, & p(P) or ¢, =P and s, € p(P)
ii. ¢, = Z for Z free in ¢g and s, &€ V(Z) or ¢, = =Z for Z free in ¢y and
sp e V(2)
iii. ¢p, =0v and {t € S|s, =t} =10
(b) or the play is infinite and the unique variable X that occurs infinitely often in the
play and subsumes all other infinitely often occurring variables is a p-variable.

Notice that every play is won by exactly one player. If the play is finite, then the last position
(Sn,¢n) is such that ¢, is either a literal or a (possibly negated) free variable or a modal
formula where one of the players cannot extend the play. All six cases correspond to either
Verifier or Refuter winning. If the play is infinite, then by proposition 3.2.5 there exists a
unique variable that occurs infinitely often and subsumes every other variable that occurs
infinitely often. Thus if this unique variable is a v-variable, then Verifier wins and otherwise
Refuter wins. Having defined winning conditions on specific plays, let us now define strategies.
Intuitively, a strategy for a player is a set of rules that tells the player how to play in specific
positions. A strategy is called memoryless, if the rules only depend on the current position
of the game and not on previous moves and positions. Formally, memoryless strategies are
defined as follows:

Definition 3.2.7. Let GL(s0, p0) be a model checking game and let Player € {Verifier, Refuter}.
A memoryless strategy for Player is a function Str that maps every vertex (s, ) of G{-(s0, ¢o)
labelled by Player to one of its successor vertices or to a distinguished token L in case there
are no successor vertices.

Given a strategy Str for Player € {Verifier,Refuter}, we say that Player uses Str if whenever
the play is in a position (s, ¢) labelled by Player, he chooses to move to the vertex Str((s, ¢)),
that is, he plays according to the strategy.

Definition 3.2.8. A memoryless strategy Str for Player € {Verifier, Refuter} is winning, if
Player wins every play in which he uses Str.
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In case some player has a winning strategy, it follows from our previous observation that the
other player does not have a winning strategy. The following theorem shows that winning
strategies always exist.

Theorem 3.2.9. Given a model checking game G (so, ), exactly one of Verifier and Refuter
has a memoryless winning strategy.

The theorem is a corollary of Martin’s result in 1975 that every Borel game is determined
(which means that exactly one of the two players has a winning strategy) and the fact that
model checking games as defined here are Borel games. We skip the proof of this result and
refer the reader to Martin’s original paper, namely [13].

Example 3.2.10. Recall the model checking game from example 3.2.3. Verifier wins a play
in this game, if the play is finite and ends in node (s, P) or if the play is infinite (notice that
there is only a single infinite play), because the unique variable occurring in the infinite play
is a v-variable. Therefore, the strategy that tells Verifier to go left at node (s, PV ¢Z) is
winning. Moreover the strategy defined by

> At node (s, PV 0Z) go to (s,07)
> At node (¢, PV 0Z) go to (t,0%2)

is a winning strategy as well. Observe that both strategies are memoryless. Notice that
Refuter can win a play, namely if Verifier chooses to go to the left at node (¢, PV ¢Z) but he
does not have a winning strategy.

We finish this section by stating the Fundamental Semantic Theorem, which establishes the
connection between truth of a formula in a given state of a transition and the existence of
memoryless winning strategies for Verifier in the associated model checking game.

Theorem 3.2.11 (Fundamental Semantic Theorem; Streett and Emerson 1989). Let T =
(V,—, p) be a transition system, s € S a state, V' a valuation and ¢ a L,-formula.

T,V,s |= ¢ < Verifier has a memoryless winning strategy for Qa(s, ©)

For the proof we refer the reader to Streett and Emerson’s original paper [17].

3.3 The tableaux system T

This section introduces the tableaux system T. We already assumed formulas to be in guarded
normal form in the last section. From now on we also assume that every formula is closed.
The tableaux system T operates on sequents.

Definition 3.3.1. A sequent is a finite set of L,-formulas.

17



Chapter 3. Tableaux, proof systems and model checking games

Sequents are denoted by the capital Greek letters I'; A, X, 11, 2, @ and ©, where we add sub- or
superscripts when needed. Given a sequent I' = {1, ..., p, }, its interpretation Z(I") is defined
to be the conjunction over all formulas that belong to I':

I(T) = AT =1 Alpa A (o Apn)...)

We call a sequent I satisfiable, if Z(T") is satisfiable, that is if there exists a transition system
T = (S,—,p) and a state s € S, such that every formula ¢ € T is true in that state. Notice
that we do not need to consider valuations as every formula is assumed to be closed. A set
U C Lit of literals is called inconsistent, if P,—P € U for some P € Prop and consistent
otherwise. Given a sequent I', let OI' := {Op|p € I'} and let OI" := {Qyp|p € I'}. Moreover,
writing I', ¢ is short for ' U {p} and T', A for T'U A.

Table 3.1: The tableaux system T

F?@Oa@l FMPO F7<701
T (A 7 (v L oy
Tooongr Y Foover V0 Foover )
F’Z F7Z Fa@(Z)
raz.oz) W Tz V) rz ¢
Topr oo Thon
ar, Ov1, -, On, © (mod) (© C Lit consistent)

Definition 3.3.2. The tableaux system T consists of the following inference rules:
1. the Boolean rules (A), (V) and (V);
2. the modality rule (mod)
3. the fixed point rules (u), (v) and (Z)

and is depicted in table 3.1.

In the rule (Z) it is assumed that the variable Z identifies the formula ¢(Z) and that this
identification is unique.? In the rule (mod) the set T is allowed to be empty, but at least one
diamond formula is required to apply the rule. Also notice that the side sequent of literals
© is required to be consistent. Thus if © is inconsistent, the rule cannot be applied. Notice
that in such a situation no rule can be applied any more. The notion of a pre-tableau and
a tableau depends on the notion of a labelled tree. Recall that a partial order is a reflexive,

In the sense that in a given sequent every variable only identifies one formula. Thus 0 Z.¢(Z) # o'Y.¢'(Y)
implies that X # Y.
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transitive and antisymmetric binary relation and a linear order is a binary relation which is
transitive, antisymmetric and connex.

Definition 3.3.3. A {ree is a tuple (V,—) where V is a set and — is a partial order on V'
such that:

1. There exists an element « € V', which is called the root, such that forally e V:z —y
2. {yeV |y—1y'},—) is linearly ordered for all y/ € V
The following notation is used:
> Fach y € V is called a node.
> If y € V such that there exists no x € V with y — z and y # x, then y is called a leaf.

> A node z is a child of a parent node y if y # =, y — x and for all z such that z # y and
z # x,if y = z, then z 4 x.

A labelled tree (with respect to a set A) is a triple t = (V,—, \) where (V,—) is a tree and
AV — Ais a labelling function that assigns each node of ¢ an element in A.

Definition 3.3.4. A pre-tableau for a sequent I is a labelled tree t = (V, —, \) with respect
to P(I") generated by the tableaux rules of T such that

1. A(r¢) =T where r; denotes the root of ¢ and
2. every leaf of t is labelled by a sequent of the form OA, OII, © where ©® C Lit and either

-II=0or

- O is inconsistent

Pre-tableaux are read bottom-up. Every rule in T with the exception of (mod) operates on a
single formula. In the case of (A), this formula is a conjunction and the rule decomposes it into
the two conjuncts. In the case of (V)g this formula is a disjunction and the rule decomposes it
into the left disjunct and so on. We call these relevant formulas in the conclusion and premise
of a rule the distinguished formulas of the rule. In the (mod)-rule we consider every formula as
distinguished. For each rule the distinguished formula(s) in the lower sequent is (are) called
principal and the distinguished formula(s) in the upper sequent is (are) called residual. The
other formulas are called side-formulas. For example in the rule

F)@Oa@l
2T (A
T, 00 A o1 (")
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the formula ¢g A 1 is the principal formula and g and ¢; are the residual formulas, while
the formulas in I' are side-formulas.

The notion of pre-tableau fixes the kind of infinite trees which are considered. Observe that
a pre-tableau is a finite branching tree: Branching only occurs when a (mod)-rule is applied
and since there are only finitely many premises for each instance of (mod), the branching is
finite. The fixed point regeneration rule (Z) allows for infinite branches, as we can regenerate
the formula which is identified by the variable Z and then continue to apply other rules to
decompose that formula until we are back with the formula Z, which then can be regenerated
again and so on.

Example 3.3.5. Consider the formula ¢ = vZ.0(ZV(PA—P)). The following is a pre-tableau
for :

etc.
Z
ZV (P A—P) (V)o ;
0z (P APy med)
= (2)
(Vo
ZV (P A-P)
oz (P APy med)
i (2)

720z (P APy V)
The uppermost label etc. denotes that we keep extending the branch by choosing the variable
Z at the disjunction ZV (P A—=P). Therefore the pre-tableau is infinite. Notice that there are
several different pre-tableaux for . For example, the following is a finite pre-tableau:

pP,-P
PA-P (A)(\/)l

Z N (PN-P)
O(ZV (P A—P)) (
7 (
vZ.O(Z NV (P A—P))

2)
(v

By following the variable Z for finitely many steps and then ending the branch by going
through P A —P one obtains finite pre-tableaux for ¢ which are different to the one shown
above. Indeed it is easy to see that there are infinitely many finite pre-tableaux and exactly
one infinite pre-tableau for ¢.

The conditions imposed on a pre-tableau in order to be a tableau depend on the notion of a
trace trough a path. We start by defining the notion of a path through a pre-tableau.
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Definition 3.3.6. Let ¢t = (V,—,\) be a pre-tableau with root r;. A path through t is a
(possibly infinite) sequence of nodes P = P(0)P(1)P(2)... in V such that P(0) = r; and for all
i € w for which P(7) exists it holds that:

1. If P(7) is not a leaf, then P(i) — P(i + 1).
2. If P(4) is a leaf, then P = P(0)P(1)...IP(7) (that is, the path ends at P(7)).

Notice that finite paths have to end in a leaf. Given that the last node in a finite path is
P(n), we say that the length of P is n+ 1 (written [th(P) = n+ 1). The following proposition
is a well-known result about the connection of infinite paths to the (mod)-rule; the proof is
standard and omitted.

Proposition 3.3.7. Every infinite path in a pre-tableau passes through a (mod)-rule infinitely
often.

Given a sequence a = ag, a1, as, ... an initial segment of a is a finite sequence by, ..., by such
that for all 0 < i < k it holds that b; = a;.

Definition 3.3.8. Let t = (V, —, \) be a pre-tableau for some sequent I' and let P be a path
through t. A finite sequence of formulas g, @1, ..., @y is a finite trace through P, if

L. p; € M(P(7)) for all 0 <i <n and

2. if ¢; is not principal in the rule from P(7) to P(: 4+ 1), then ¢; = ¢;1+1 and otherwise ¢;4+1
is (one of) the residual subformula(s) of ;.

An infinite sequence of formulas g, ©1, ...¢n, ... is an infinite trace, if every initial segment of
the sequence is a finite trace.

Lemma 3.3.9. For every infinite trace there exists a unique variable that occurs infinitely
often and subsumes every other variable that occurs infinitely often.

The proof is standard and we omit it. An infinite trace is called a u-trace, if the unique
variable identified by the lemma is a p-variable and it is called a v-trace, if this variable is a
v-variable.

Definition 3.3.10. A tableau for T' is a pre-tableau t = (V, —, \) for I" such that
1. every leaf of ¢ is labelled by a sequent of the form [JA, © where © C Lit is consistent

2. every infinite trace is a v-trace.

Recall the two pre-tableaux displayed in example 3.3.5. The first pre-tableau is a tableau, as
there are no leafs and the only infinite trace is a v-trace. The second pre-tableau however is not
a tableau, as there is a leaf which is labelled by inconsistent literals. We draw two important
conclusions from that example. First, pre-tableaux (and also tableaux) are not unique. A
sequent can have several and even infinitely many different pre-tableaux. Second, a sequent
having a tableau does not imply that every pre-tableau for that sequent is a tableau. Indeed
in example 3.3.5, the formula ¢ has infinitely many pre-tableaux of which only a single one is
a tableau.
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3.4 Soundness of T

This section establishes the soundness of the tableaux system T. That is, we show that if a
sequent I" has a tableau, then I is satisfiable. As the proof technique for obtaining soundness is
used in later chapters, we provide a detailed proof in this section. Soundness and completeness
of T was proven by Niwiriski and Walukiewicz in [16]. Notice that the tableaux system used
by Niwinski and Walukiewicz differs in presentation. However, their approach can easily
be adjusted for our system. While we give a detailed soundness proof, we only state the
completeness result and refer for its proof to Niwinski and Walukiewicz original paper [16].

Theorem 3.4.1 (Completeness of T, Niwinski and Walukiewicz 1996). If a sequent I' is
satisfiable, then it has a tableau.

In order to prove that T is sound, we use the model checking games introduced in section
3.2. Given a tableau for I', we show how to build a transition system 7" = (S, —,p) and a
state s € S and then provide a memoryless winning strategy for Verifier in the model checking
game g@T (s,p) for any ¢ € I'. The winning strategy for Verifier is thereby based on the
close connection between tableaux and model checking games. We show that if Verifier plays
according to the provided strategy, every play corresponds to a trace in the tableau, from
which we deduce that Verifier wins every play. The Fundamental Semantic Theorem then
implies that every ¢ holds at state s in the system 7" which in turn implies that A T" holds at
state s and so that I is satisfiable. In order to show that Verifier wins finite plays, we require
the following lemma.

Lemma 3.4.2. Let t = (V,—, \) be a tableau and let v € V. For all P € Prop it holds that
{P,~P} Z A(v).

The proof of the lemma is based on the observation that the only rule which applies weakening
is (mod) and (mod) can only be applied when the side-sequent of literals is consistent. That is,
if a node was labelled by inconsistent literals, then neither at this node nor at any later node
the (mod)-rule could be applied, which implies that every path through that node is finite and
leads to a leaf labelled by inconsistent literals. Therefore no tableau can have a node labelled
by inconsistent literals.

Theorem 3.4.3 (Soundness of T, Niwinski and Walukiewicz 1996). If a sequent I' has a
tableau, then I' is satisfiable.

Proof. Suppose I' is a sequent and ¢t = (V, —4, A) is a tableau for I with root 7. We define a
transition system 7' = (S, —7,p) and a map 7 : V — S using the tableau ¢, such that the
following conditions hold:

> 7(ry) = s for s € S.
> Suppose u —¢ v. If the rule applied at u is (mod), then 7(u) # 7(v) and 7(u) =7 7(v),

otherwise 7(u) = 7(v).
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> s € p(P) if and only if there exists v € V such that 7(v) = s and P € A\(v).

Observe that T is a well-defined transition system: It consists of a non-empty set of states
S (non-empty because we stipulated that sy € S) and —7 is a binary relation defined on S.
Moreover p : Prop — P(S) is clearly well-defined. Notice that T is itself a tree where each
node corresponds to (several) nodes in ¢ and there is a transition between two nodes s; and s9
if and only if the uppermost corresponding vertex u of s; in ¢ has an edge to the lower-most
corresponding vertex v of sy and moreover the rule applied at u is (mod). The root of the tree
T is the distinguished state sg. We claim that T, (), sg = ¢ for all ¢ € T'. Let ¢ be an arbitrary
formula of I'" and consider the model checking game Q(DT (so0, ). We show that Verifier has a
memoryless winning strategy and in particular that every play corresponds to a trace through
t. Notice that every play starts in position (sg, @) where g = ¢. We only consider those
traces in t that start in . We say that the initial segment (sg, ¢g) of every play corresponds
to the initial segment g of every (relevant) trace. Now suppose we have an initial segment of

a play
(307 @0)7 (317 @1)7 "'(Snv SDTL)
which corresponds to the initial segment of a trace

P00y 43P0y Py o5 PLs oo P
such that ¢, &€ Lit. We show how the play and the trace can be extended:

Case 1: It is Verifier’s move. This implies that ¢, is either ¢y V 1 or Q1.

> Suppose ¢, = 1y V 1. Therefore Verifier can choose to move to (s,, %) or to (sp,11).
Suppose the lowermost associated node (by 7) to s, is v. Since ¢ is a tableau, there
exists a node u reachable from v at which the rule (V); is applied to ¢, for i € {0,1}
decomposing 1 V 91 into 1;. Suppose there are kK — 1 > 0 steps between v and u. Then
we extend the trace to

POy oy POy Py eeey PLyeeey Py ooy Py Pl
——

k—times

where ¢,11 = ¥;. We let Verifier extend the play to

(807 800)7 (817 Qol), "'(8n7 Spn)7 (5n+17 SOTH-l)
where sp11 = s, and pp41 = VU;.

> Suppose @, = Q1 and the lowermost associated node to s, is v. Since t is a tableau
there exists a node u reachable from v which is also labelled by (¢ and at which the rule
applied is (mod) splitting the branch into | branches where one immediate successor of
u, say w, is labelled by . Suppose there are kK — 1 > 0 vertices between v and u. Then
we can extend the trace to
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P05 -3 POy Py oeey PLyeeey Py ovey Py Pt
———

k—times

where ¢,+1 = 1. Notice that by construction of T each vertex between v and wu is
associated to s,. Moreover s, # 7(w) and s, =7 7(w). Thus in the game there exists
a position (7(w),v) which Verifier can choose. We let Verifier extend the play to

(807 900)7 (517 Sol)a -~~(5n7 Son)v (Sn+1> 90n+1>

where sp4+1 = w and @41 = V.

Case 2: It is Refuter’s move. This implies that ¢, is either g A 11 or . We show that no
matter what choice Refuter takes to extend the play, we can extend the trace accordingly.

> Suppose @, = g A 1. Thus Refuter can choose to extend the play by moving to
(Sn,10) or to (sp,t1). Suppose he chooses to move to (s, ;) for i € {0,1}. Let v be
the lowermost associated node of s,. By assumption v is labelled by 1y A ¢1. Since ¢ is
a tableau there exists a node u reachable from v in k — 1 > 0 steps which is labelled by
1o A 11 and the rule applied at u is (A) such that the successor of u, say w, is labelled
by %9,%1. Notice that each node between v and u as well as w are associated to s,.
Therefore we extend the trace to

P05 -5 POy PLy ooy Py o5 Py o0y Py Pt
—_———

k—times

where ¢,+1 = ;. Notice that since both iy and ; are present at w, whatever choice
Refuter takes we can choose the same formula to extend the trace. By construction the
extended trace and play are still corresponding.

> Suppose @, = [y and let v be the lowermost vertex that is associated to s,. So s, is
labelled by [i. We assume that Refuter can extend the play (otherwise Verifier wins).
Therefore there exists a vertex u reachable from v in k—1 steps such that the rule applied
at u is (mod) and there are [ > 1 children of u, say u1, ..., u;, which are all labelled by .
Notice that each of the vertices between v and u is associated by 7 to s,,. Moreover u is
associated to s, as well and s, has exactly [ successors, namely 7(u1), ..., 7(u;). Suppose
Refuter chooses to move to (7(u;),). Then the trace can be extended to

P05 +++5 POy PLy ooy Py o5 Py ooey Py Pt
———

k—times

where ¢,4+1 = 1 labels the node w;.
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Case 3: It is a neutral move. This implies that ¢, is either uZ.y(2), or vZ.4)(Z) or Z. Tt
follows immediately that in all three cases both the play and the trace can be extended. We
omit the details.

In case 1 we provided a strategy for Verifier by following the current trace through t. Notice
that the strategy provided is memoryless. Furthermore, we have shown that if Verifier plays
that strategy, then every play corresponds to some trace. This does not depend on how Re-
futer plays (indeed different choices by Refuter only impact which trace we follow). It remains
to show that the strategy for Verifier is winning. For that, first suppose that we have a finite
play (s0,0), (s1,9©1), ---(Sn, ¢n) where Verifier uses the described strategy. The formula ¢, is
thus either a literal or it is a boxed formula, where Refuter could not extend the play or it
is a diamond formula where Verifier could not extend the play. Let ¢, ..., ©g, ..., o be the
corresponding trace to the play and v the associated vertex of s,. We distinguish three cases:

1. Suppose ¢, € Lit. First suppose ¢, = P. Then P € A\(v) and since 7(v) = s,, we
have by definition that s, € p(P). Second suppose ¢, = —P. Again this implies that
—P € A(v) and so by lemma 3.4.2 it follows that P ¢ A(v). Suppose that s, € p(P).
Then there must exist a vertex w after v such that 7(u) = s, and P € A(u). But
T(u) = s, implies that there is no application of (mod) between v and u, which implies
that =P € A(u), thus contradicting lemma 3.4.2. Hence s,, € p(P). In both cases Verifier
wins.

2. Suppose ¢, = [ and Refuter could not extend the play. This directly implies that
Verifier wins.

3. Suppose ¢, = Qv and Verifier could not extend the play. If this was the case, the
corresponding trace ends in the formula ¢1. Now suppose it is possible to extend the
trace to 1. In that case Verifier could have extended the play according to the strategy,
as extending the trace implies that there exists a successor node of s, in the transition
system. Hence the trace cannot be extended, which implies that there is some leaf
labelled by 01, contradicting our assumption that ¢ is a tableau. Therefore this case
cannot occur.

Hence, Verifier wins every finite play. Now suppose we have an infinite play (so, ©o), (51, ¢1), ---
corresponding to the infinite trace o, ...0, ¢1, ---¢1, ... in t. Since t is a tableau every infinite
trace is a v-trace, which means that the variable that occurs infinitely often in the trace and
subsumes all other infinitely often occurring variables is a v-variable. This directly implies
that the variable that occurs infinitely often in the play and subsumes all other infinitely often
occurring variables is a v-variable as well. Therefore Verifier wins every infinite play. Together
we conclude that Verifier wins every play in ng (s0, ), if he plays according to the strategy.
Thus there is a memoryless winning strategy for Verifier. The Fundamental Semantic Theorem
implies that the formula ¢ is true at state sg of the transition system 7. As ¢ was an arbitrary
formula in I', we conclude that T, 0, so = AT and so that I' is satisfiable. O
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Chapter 4

Finite model property

4.1 Introduction

This chapter provides our first contribution towards investigating the mathematical theory of
the first level of the alternation hierarchy. We establish that the fragment ¥4 U II} enjoys
the finite model property. This property states that if a sequent I' is satisfiable, then it is
satisfiable in a finite model. Our proof strategy is based on the notion of a regular tableau.!

Definition 4.1.1. A tree is called regular if it contains only finitely many subtrees (up to
isomorphisms) or equivalently, if the tree is the unfolding of a finite tree.

We call a tableau regular, if the underlying tree of a tableau is regular. For instance, the infinite
tableau in example 3.3.5 is regular. It has only four distinct subtrees up to isomorphisms. We
can also view the tableau as the unfolding of the following finite tree,

Z

Zvn-p) o ;
O(ZV (P A—P)) (mod)
Z (Z<)v>

vZ.O(Z NV (P A—P))

where we identify the two nodes labelled by Z. To obtain the original infinite tableau, we
unfold the finite tree over the two identified nodes. Regular tableaux are extraordinary well-
behaved. Despite their infinite size they only carry a finite amount of information which is
memorized in the finite structure that unfolds into the tableau. Suppose we have a regular
tableau for some sequent I'. By following the construction of the model in the soundness proof
of T, we build a model for I', whose underlying frame is a tree. As the tableau is regular,

!Notice that the standard method to establish the finite model property for modal logics is the filtration
technique. Unfortunately, filtration does not work for the modal mu-calculus, see [5].
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the underlying frame is indeed a regular tree. Therefore we can prune the model at the leafs
of the finite tree that unravels into the model and add loops from the leaves to earlier states
to obtain an finite model for I". Therefore, the question whether the fragment X} U II{ has
the finite model property reduces to the question whether every satisfiable sequent in that
fragment has a regular tableau. We give a positive answer to that question by introducing
a circular tableaux system for X} UTIJ. A circular tableau is thereby a finite tree generated
by the tableaux rules of T, such that some leafs contain loops back to earlier nodes in the
tree. We show that such circular tableaux unfold into infinitary regular tableaux. That is,
the circular tableaux are exactly the finite trees in the definition of regular trees. By proving
soundness and completeness of the circular tableaux system we establish that every satisfiable
sequent in X} UII{ has a regular tableau. The finite model property follows directly from the
constructed model in the soundness proof.

The construction of the circular tableaux system depends on the lack of fixed point alternation
in the formulas of the fragment X' UTI}. As soon as we leave this fragment, our system is no
longer sound. The finite model property was established for the whole modal mu-calculus by
Emerson and Streett [17] in 1989. Their approach aims at showing that every satisfiable for-
mula has a regular tree model. As Emerson and Streett work in the whole modal mu-calculus
with arbitrary fixed point alternation, they use more sophisticated methods from advanced
automata theory to find regular structures.

Before we define the above mentioned circular tableaux system, we briefly discuss why the
fragment X enjoys the finite model property in section 4.2. This discussion sheds some light
onto the technical details of the definition of circular tableaux in section 4.3. Apart from the
definition of the system, section 4.3 also consists of a brief discussion why the restriction to
the first level of the alternation hierarchy is relevant for the soundness of the system. The last
section 4.4 establishes the soundness and completeness of the circular tableaux system and
thereby the finite model property of 3} U II{.

4.2 Finite model property for X}

This section establishes that the fragment X' enjoys the finite model property. X is the
class of formulas consisting of modal formulas and formulas containing only least fixed point
operators. This implies that every infinite trace that starts in %/-formula is by definition a
p-trace. Recall that in a tableau every infinite trace is a v-trace. Therefore, every trace in
a tableau for a sequent of ¥j-formulas is finite. We prove that this implies that every such
tableau is finite. For that we require Konig’s Lemma. A labelled tree t = (V, —, A) is infinite
if and only if the set V is infinite.

Theorem 4.2.1 (Koénig’s Lemma, K6nig 1936). Let ¢t = (V,—, A) be an infinite labelled tree
that is finite branching. Then t has an infinite path.

27



Chapter 4. Finite model property

Proof. Suppose t = (V,—, ) is an infinite labelled tree that is finite branching. First of all,
notice that every node in V belongs to some path. Suppose there are only finitely many paths
through t. Since t is infinite, this directly implies that there is an infinite path through t.
Next, suppose that there are infinitely many paths through ¢t. We show how to construct an
infinite path. Recall that — is reflexive and transitive. For u € V' let Up(u) := {v € V|u — v}
be the up-set of u. Let ug € V' be the lower-most node at which branching occurs and suppose
that ug has k > 1 children which we denote by U?, ...,v,g. Since ug is the first node at which
branching occurs, every path in ¢ passes through ug. That is, there are infinitely many paths
passing through ug. Since ug has only finitely many children, there exists a child v?o of ug for
1 < ip < k such that infinitely many paths in ¢ pass through v?o. Let u; be the lower-most
node of U p(v?o) at which branching occurs. Then since infinitely many paths pass through
U?O and u; is the first node above v?o where branching occurs, there are infinitely many paths
passing through u;. So by the same argument as before there exists a child vill of u; such
that infinitely many paths pass through vill. By iterating this argument we obtain an infinite
sequence of natural numbers (iy)nen such that for each n € w the following holds:

1o eV

n

n n+1
2. vy i

Therefore let P be the path which satisfies the property that for all n € w there exists j € w
such that P(j) = v} . By construction P is an infinite path through ¢. O

Corollary 4.2.2. Let t = (V,—, A) be an infinite tableau. Then ¢ has an infinite path.

Next, we prove a similar result that states that whenever there are infinitely many traces
through a path, then there exists an infinite trace through that path. Notice that this is not
a corollary of Konig’s Lemma, as the set of traces through a path is not a tree. Nevertheless,
the proof of the lemma is very similar.

Lemma 4.2.3. Let t = (V,—, \) be a tableau for I" and let P be a path through ¢. If there
are infinitely many traces through P, then there is an infinite trace through P.

Proof. Let t = (V,—, \) be a tableau for I and let P be a path through ¢ such that there are
infinitely many traces through P. Since every trace starts in a formula in I' and T' is finite,
there exists a formula ¢ € I' from which infinitely many traces through P start. Notice that
for any n € w there are only finitely many possibilities to build different traces through P
starting in ¢ in n steps. Therefore, there are infinitely many traces starting in ¢ whose length
is greater that n for any n € w. This implies that P is an infinite path. Given two traces
that are identical in the first n steps and longer than n, observe that the only case in which
these traces might differ from each other in the n 4 1-th step is when the n-th formula is of
the form 19 A1 and the rule applied is (A) such that the next node is labelled by 1y and ;.
Let T be the set of all traces through P that start in ¢. Suppose tr = tr(0)tr(1)tr(2)... is a
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trace in T. We call tr(0)¢tr(1)...tr(n) the n-th initial segment of ¢r (assuming that the length
of tr is greater than n). By assumption ¢r(0) = ¢ for all traces tr € T. Let iy be the least
natural number such that the ip-th initial segment of every trace in T" which is longer than g
is identical but some traces differ in the ig 4+ 1-th component. Thus the rule applied at the
node P(ig) is (A) which decomposes tr(ip) in two formulas, say in ¢9 and ¢}. Since there are
infinitely many traces starting in ¢ which are longer than g, there are infinitely many traces
tr in T which pass through ¢’ for jo € {0,1}. Let Tj be the set of all these traces. Now let
i1 > ig be the least natural number such that the ¢;-th initial segment of every trace in Ty
which is longer than ¢; is identical but some traces differ in the i; + 1-th component. By the
same argument we find a formula ] such that there are infinitely many traces tr in Ty which
are identical in the i; + 1-th initial segment and ¢r(i; + 1) = cpJf. By iterating this argument
we therefore obtain an infinite sequence of tuples

<ina (Pzzn >n€w
where (i,,)new is an infinite sequence of natural numbers such that i, < i, for all n € w and

(@7 )new 1s an infinite sequence of subformulas of ¢. Let tr be the trace which satisfies the
following properties:

L. tr(0)=¢
2. For all n € w it holds that tr(i, + 1) = @i
Observe that ¢r is a well-defined trace through P and infinite. O

As an immediate corollary of Kénig’s Lemma and its close cousin we obtain the following
result:

Proposition 4.2.4. Every tableau t = (V,—, \) for I' C X/ is finite.

Proof. Suppose t = (V,—, \) is a tableau for I' C %/ and let PP be a path through ¢. According
to our observation at the beginning of the section every trace through P is finite, as every trace
is starting in a ¥4-formula. So by lemma 4.2.3 there are only finitely many traces through P.
Since each of these traces is finite, the path P is finite as well. As P was arbitrary, we conclude
that every path through ¢ is finite. By Ko6nig’s Lemma the tableau ¢ is finite. O

Theorem 4.2.5 (Finite model property for 3}). If I' C 3 is satisfiable, then it is satisfiable
in a finite model.

Proof. Suppose I' C X/ is satisfiable. By Theorem 3.4.1 (stating that T is complete) I' has a
tableau t = (S, —, \) which is finite according to the previous proposition. Hence, by following
the construction of the model in the soundness proof for T, we obtain a finite tree model in
which every formula of T is satisfied at the root. Therefore I is satisfiable in a finite model. O
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4.3 Circular tableaux for X} U I}

From now on, sequents are assumed to be finite subsets of 3} UII{'. As mentioned in the intro-
duction, circular tableaux are finite labelled trees that unfold into infinitary regular tableaux.
These trees are generated by the rules of the system T. The main difference to tableaux is that
instead of building infinitary branches by unfolding fixed point formulas, we are allowed to
end such branches after finitely many steps when we reach a suitable repetition. A repetition
is thereby a pair of nodes (v, u) in the same branch such that v’ and u satisfy certain proper-
ties, that ensure that the unfolding of the tree is a tableaux. In this section we introduce the
circular tableaux system CT. Moreover, we consider some examples and discuss the relevance
of the restriction to X} UTI{ for the soundness of CT.

Table 4.1: The circular tableaux system CT

F?QDUWOl FaSDO Fasol
Tooonpr Y Foover (V0 Foover )
Iz Iz T, 0(2)
T, uZ.o(Z) (1) T,vZ.p(Z) ) | A (2)
Tipr oo Thon
ar, ¢e1, ..., Own, © (mod) (© C Lit consistent)

Definition 4.3.1. The circular tableaux system CT consists of the same rules as the tableaux
system T and is depicted in table 4.1.

Principal and residual formulas of a rule are defined as for tableaux, see section 3.3.

Definition 4.3.2. A circular pre-tableau for T C XJ UTIY is a finite tree t = (V,—, \) with
root r; which is generated by the rules in table 4.1 such that:

1. )\(Tt) =T

2. every leaf u € V is labelled either by a sequent of the form A, OA, © where © C Lit
and

(a) A=0or

(b) © is inconsistent

or by a sequent €2 such that there exists a distinguished node «' € V from which u is
reachable and A(u') = A(u). We call v’ the associated node of u.

30



Chapter 4. Finite model property

We call a leaf which is labelled by a sequent of the form LA, OA, © a leaf of type I and a leaf
which is not of type 1 a leaf of type 2.

Next, we define the notion of a path in such a way, that a path which reaches a leaf of type 2
can be continued at its associated node. This allows paths to be infinite, despite the finiteness
of a circular pre-tableau.

Definition 4.3.3. Let t = (V,—, \) be a circular pre-tableau with root r;. A path P through
t is a (possibly infinite) sequence of nodes P(0)P(1)P(2)... with P(0) = r; such that for all
1€ w:

1. If P(d) is not a leaf, then P(i) — P(i + 1).
2. If P(7) is a leaf of type 1, then the path ends at P(7).

3. If P(¢) is a leaf of type 2 and j < i such that P(j) is the associated node of P(¢), then
P(j) — P(i+1).

Definition 4.3.4. Let t = (V,—, \) be a circular pre-tableau for I' C ¥{ UTI{ and let P be a
path through ¢. A finite sequence of formulas g, @1, ..., o, is a finite trace through P if

1. ¢; € A(IP(7)) for each i < n

2. pir1 = p; if @; is not principal in the rule from P(i) to P(i + 1), otherwise ;41 is (one
of) the residual(s) of the rule.

An infinite sequence of formulas g, 1, ... is an infinite trace if every initial segment of the
sequence is a finite trace.

Notice that a formula labelling a leaf of type 2 can belong to several different traces, as there
might exist a node between the associated node of the leaf and the leaf at which the trace
splits. However, each trace to which the formula belongs to starts in the same formula at the
root.

Definition 4.3.5. A circular tableau for I' C ¥ UTI} is a circular pre-tableau ¢ = (V, —, \)
for I' where the following holds:

1. Every leaf of type 1 is labelled by A, © where © C Lit is consistent.
2. Every leaf u of type 2 has the following two properties:

(a) The leaf u is labelled by © where each 1 € 2 belongs to a trace starting in a
[I}-formula labelling the root.

(b) There is an application of the rule (mod) between u' and wu.
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Leafs of type 1 that are labelled by LA, © for © C Lit consistent are called axiomatic leafs and
leafs of type 2 which fulfil the requirements above are called non-aziomatic leafs. Notice that
if an infinite trace starts in a II}-formula, it is automatically a v-trace. A circular tableaux is
therefore a finite tree, where each leaf is either axiomatic or can be identified with an earlier
node in such a way, that every formula labelling the non-axiomatic leaf belongs to a v-trace
and the path passes through a (mod)-rule between the associated node and the leaf. The
requirement to pass through a (mod)-rule ensures that there is some progress between the two
repetitions (instead of just having a ’silly’ repetition). The requirement that every formula
that labels the non-axiomatic leaf belongs to a v-trace ensures that when unfolding the circular
tableaux into an infinitary pre-tableau, every infinite trace is a v-trace.

Example 4.3.6. The following is a circular tableau for the formula vY.QY A O(P V Q):

P
Y PvQ
OY, O(PV Q)
OY ANO(PV Q)

Y
VY. OY AO(PV Q)

(V)o
(mod)
()
(Y)
()

The left leaf labelled by Y is non-axiomatic with its associated node being the second node
from the bottom upwards. Notice that there is an application of (mod) between the associated
node and the leaf. The right leaf is axiomatic, as it is labelled by consistent literals only. By
unfolding the circular tableau over the non-axiomatic leaf we obtain the following infinite
pre-tableau:

etc. P
Y ,PVQEWZ)
OY,0(PV Q) g)
OYAMPVQ)Gq —iL*Wh
Y PVQ o
OYOPVQ)
oY AO(PV Q)
VO ()
Yov AoV W

Observe that this is a tableaux. There are infinitely many leafs which are all labelled by
consistent literals. Furthermore, there is a single infinite path that contains a single infinite
trace which passes through the v-variable Y infinitely often. As there are no other variables
present, the infinite trace is a v-trace. The example illustrates the idea of unfolding circular
tableaux into infinitary tableaux. Notice also that the underlying tree of this infinitary tableau
is regular.
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Observe that it is not required to choose the first suitable repetition in a branch to be identi-
fied as non-axiomatic leaf and associated node. For instance, if we take the infinite tableau in
the example above and prune it at the third occurrence of Y (directly below etc.), we obtain
a different circular tableaux. This implies that a sequent can have infinitely many different
circular pre-tableaux.

We finish this section with a brief discussion why the the restriction to X} U I} is relevant.
The main reason concerns the unfolding of circular tableaux. We require formulas which
label non-axiomatic leafs to belong to traces starting in IT}-formulas. This implies that in the
unravelled tree, every infinite trace is a v-trace. When we have fixed point alternation however,
such an easy characterization of non-axiomatic leafs is not possible. The main problem is best
illustrated by the following example. Consider the formula ¢ = vY.uZ.Q0Y vV $Z. Below is a
tableaux for ¢:

In this tableau we keep alternating between unfolding and regenerating the least fixed point
variable Z and the greatest fixed point variable Y. That is, the only infinite trace passes
through both Y and Z infinitely often. Since Y subsumes Z, the trace is a v-trace and the
pre-tableau a tableau. If we want to turn this tableau into a circular tableau, we have to choose
at which repetition we prune the branch. Previously, it did not matter which repetition we
choose as long as the distinguished node is only labelled by formulas belonging to traces that
start in IT}-formulas. Here, it does. If we decide to prune the tableau at the node labelled by
the second occurrence of Z, we create a circular pre-tableau which when unfolded turns into
an infinitary pre-tableau that contains an infinite p-trace. If we choose the second occurrence
of Y, then the circular pre-tableau which is generated is unfolded into the infinitary tableau
above. Thus, for formulas containing proper fixed point alternation, we require more refined
conditions when a repetition can be used as a non-axiomatic leaf. Afshari and Leigh solved this
problem by turning towards proof systems using annotated sequents [1]. As we only consider
the fragment X7 UTIY, our definition suffices.
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4.4 Finite model property for ¥} U TI/

In this section we establish the finite model property for the fragment X} U II{. We first
prove that the system CT is sound and complete with respect to ¥f UII}. For soundness
we proceed as in the soundness proof for T. From a circular tableau for I', we show how to
define a model and then prove, using model checking games, that I' is satisfiable in some state.
As the circular tableau is finite, we are able to define a finite model. Notice that we could
establish soundness as well by showing that every circular tableaux unravels into an infinitary
tableaux. This would be much easier, but we could not extract the finite model property out
of the proof. For completeness, we show how to prune an infinitary tableau into a circular
one. Completeness together with soundness then gives us the finite model property, as every
satisfiable sequent has a circular tableau by completeness, which then implies that it has a
finite model by soundness.

Theorem 4.4.1 (Soundness of CT with respect to ¥{ UII{). Suppose I' C ¥/ UII}. If T has
a circular tableau, then I' is satisfiable.

For the proof of the soundness theorem we require the following lemma.

Lemma 4.4.2. Suppose t = (V,—,\) is a circular tableau for I' C 3} UII} and v is a non-
axiomatic leaf with associated node u. Then each formula ¢ € A(u) which is not a literal or a
variable is decomposed in the steps between node u and v. Additionally, each literal in A\(u)
is eliminated and each variable in A(u) is regenerated at some step between u and wv.

Proof. (of the lemma) Suppose ¢ = (V,—, \) is a circular tableau for I' C ¥/ UTII} and v is a
non-axiomatic leaf with corresponding node u. By definition there is an application of (mod)
between the nodes v and v. Let ¢» € A(u) be a formula which is not a literal or a variable.
If v = Oty or v = Othy, then ¢ is decomposed when the rule (mod) is applied. In case
Y =1y V1 or ¥ =Yg Ay or P = oY for o € {u, v}, then there must be an application
of (V), (A) or (o) between u and v as otherwise the rule (mod) cannot be applied. Therefore
each formula is decomposed between u and v. With the same argument, if v is a literal, then
Y is eliminated when the rule (mod) is applied and if 1 is a variable Y, there must be an
application of the rule (Y') before the application of (mod) thus regenerating Y. O

Proof. (of the theorem) Let I' C ¥4 UTI} and let ¢ = (V,—4, \) be a circular tableau for T’
with root r;. We define a transition system 7 = (S, =7, p) and a map 7: V — S, such that
the following holds:

> 7(r¢) = s for sp € S.

> Suppose v —; u. If the rule applied at node v was (mod), then 7(v) # 7(u) and
7(v) =7 7(u), Otherwise, 7(v) = 7(u).

> If v is a non-axiomatic leaf and w is its corresponding node, then for all s € S, if
7(u) =7 s, then 7(v) =7 s.
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> s € p(P) if and only if there exists v € V, such that 7(v) = s and one of the following
holds:

— Pe\w)or

— v is a non-axiomatic leaf with associated node u, such that 7(u) € p(P)

The second requirement for the function p is necessary due to the fact that a path can loop
back from a non-axiomatic leaf to its associated node. When we define corresponding traces
and plays, it might therefore happen that the constructed trace has passed through a non-
axiomatic leaf and then ends before reaching the first application of (mod). In that case,
the current state of the play does not correspond to the current node in the tree. With the
additional requirement we ensure that finite plays of this form are still won by Verifier.

Observe that the function p is well-defined. That is, there exists no node s € S such that
both P and =P hold in s. Therefore, T is a well-defined transition system. Notice that since
the circular tableau ¢ is finite, the transition system T is finite as well. Let ¢ be an arbitrary
formula in I and consider the model checking game Qg (so0,p). We show that Verifier has a
memoryless winning strategy, which is defined by using information from ¢. In particular, we
show that every play in the game corresponds to a trace through the circular tableau. Recall
that every play of gg(so, ) starts in position (sg, pg) where ¢y = ¢. We restrict our attention
to traces that start in g = ¢. Then the initial segment (s, pg) of every play corresponds to
the initial segment g of every trace considered. Suppose we have an initial segment of a play

(507 900)7 (817 @1)7 weey (Sn7 SOTL)

which corresponds to the initial segment of a trace

900) cey (;OOa 9017 cey 9017 cey Son

such that ¢, € Lit. We show how to extend the play and the trace:

Case 1: It is Verifier’s move. This implies that ¢, is either ¢y V 11 or Q1.

> Suppose ¢, = ¥ V1 labels the node v. There are two cases: In the first case 7(v) = s,
while in the second 7(v) # s,. Let us consider the first case: Recall that by the
previous lemma every formula that labels a non-axiomatic leaf and its associated node is
decomposed in the steps in between. Therefore, since t is a circular tableau, the formula
Yo V 1 is either decomposed at some node after v or at some node before v (namely,
in case v belongs to a branch leading to a non-axiomatic leaf, such that there is no
application of (V); to ¢y V 9 after v). The first case is identical to the soundness proof
for tableaux. Therefore we only consider the second case. Suppose that there exists no
node after v at which g V 11 is decomposed. This implies that the path to which v
belongs leads to a non-axiomatic leaf w with associated node w’ occurring earlier than v
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such that 1o V 11 is decomposed at some node u between w’ and v where u’s child v’ is
labelled by ; for i € {0,1}. By definition of paths and traces through circular tableaux
we can therefore extend the trace to

POy -y PO PLyoeey Py oos Py oeey Py Pl
——

k—times

where k = [+ j + 1 where [ is the number of steps between v and w, j is the number of
steps between w’ and u and ¢, 11 = 1);. Meanwhile, the play can be extended to

(507 900)7 (817 901)7 ceey (Snv Spn)a (Sn+17 ‘pn—i-l)

where (Sp+1, @nt1) = (Sn, ;). Notice that in this case the node «’ which is labelled by
1; is not mapped to s,. Therefore, this is exactly the second case we have to consider:
If 7(v) # sp, then v occurs between the associated node w’ and the first application of
(mod) after w', where the trace has already passed through the non-axiomatic leaf w at
least once. But in that case we can still extend the trace and the play in the same way
as before. The only reason why we have to keep track of nodes and their corresponding
states with respect to 7 is when the current formula of the play is a diamond- or box-
formula: In that case one of the players has to choose the next position which requires
that the current state s, sees a successor. The existence of a successor is guaranteed by
the correspondence between the node in the tableau and the current state: If 7(v) = sy,
the current formula is (v and some steps later there is the node w at which the rule
(mod) is applied, then there exists a child node u’ labelled by v and the definition of
the transition system ensures that s,, = 7(u’) and so that Verifier can extend the play.
In the situation that 7(v) # sp, we know that s, = 7(w) where w is the non-axiomatic
leaf and v occurs between the associated node w’ and the first application of (mod)
above w’ at node u. So when (mod) is applied one of the players has to extend the
play. But by construction of the transition system, 7(w) = s, has a transition to every
state 7(w") = 7(u) has a transition to and so there exists a state which can be used to
extend the play. In the following case distinctions we omit this special case, as the same
argument as just given suffices.

Suppose p, = Q1 where ¢, labels node v which is mapped to s, by 7. We only consider
the case where there is no node after v at which the rule (mod) is applied. Since t is a
circular tableau, v therefore belongs to a path leading to a non-axiomatic leaf w with
associated node w’ occurring below v. Thus (1 labels every node between v and w as
well as w and w’ and is decomposed at some node u between w’ and v. This implies
that the rule applied at u is (mod) and there exists a child ' of u labelled by 1. By
definition of paths and traces we can therefore extend the trace to

P05 -5 POy PLy ooy Py o5 Py ooy Pns Pt
——

k—times
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where k = [+ j + 1 where [ is the number of steps between v and w, j is the number
of steps between w’ and u and ¢, 11 = ;. Notice that since there is no application of
(mod) between v and w, we have that 7(v) = 7(w) = s,. Moreover, there is also no
application of (mod) between w’ and u (as otherwise ¢¢) would be decomposed before
u) which implies that 7(w’) = 7(u). By construction we have that 7(u) =7 7(v') and so
also 7(w') —¢ 7(u’). But then by construction of the transition system T we also have
that 7(w) —7 7(u’) and so that s, =7 7(u'). We therefore extend the play to

(SO7 900)7 (817 901), ceey (Sn7 (Pn)v (3n+17 Qpn+1)

where (841, ons1) = (7(u)), ).

Case 2: It is Refuter’s move. Then ¢, is either ¥g A 11 or L. We show that no matter what
choices Refuter takes, the trace and play can be extended accordingly. As in case 1, in both
cases we have two distinguish whether the current node v is mapped to the current state sy,
and if so, whether the respective formula of the case is decomposed before reaching a leaf or
not. Once again we only consider the case where 7(v) = s, and the respective formula is not
decomposed above v.

> Suppose ¢, = ¥ A Y1 and suppose Refuter chooses to extend the play to

(807 SOO)a (817 901)7 cey (Sn, Son)a (Sn+17 §0n+1)

where (Sp41,¢n+1) = (8n, i) for i € {0,1}. Suppose that ¢, labels the node v which
is mapped to s, by 7 such that g A 1 is not decomposed in any node above v. This
implies that v belongs to a path leading to a non-axiomatic leaf w with associated node
w’, both labelled by 19 A1, and 19 A1y is decomposed at some node u between w’ and
v. Notice that the child u' of u is labelled by 1y and ;. Thus by definition of paths
and traces through circular tableaux we can extend the trace to

9007 ety 9007 @1, AR @1, AR SOTLv seey (pn, (pTH'l
N———
k—times

where k = [+ j 4+ 1 where [ is the number of steps between v and w, j is the number of
steps between w’ and u and @, 11 = ;.

> Suppose ¢, = Y and ¢, labels the node v which is mapped to s, by 7. Moreover
suppose that [y is not decomposed above v. We assume Refuter can extend the play
(otherwise Verifier trivially wins). So there exists a state s in the transition system T’
such that s, =7 s and Refuter chooses to extend the play to

(507 900)7 (817 901)7 ceey (Snv 9077,)7 (Sn+17 90n+1)

where ($p4+1, ©n+1) = (8,1). The construction of the transition system T implies that v
belongs to a path leading to a non-axiomatic leaf w with associated node w’ and (v is
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decomposed at some node u between w’ and v (otherwise Refuter could not extend the
play). The rule applied at w is therefore (mod) and every child of w is labelled by ).
In particular there exists a child u’ of u such that 7(u') = s. As «’ is labelled by ¢, we
extend the trace to

P05 -5 POy PLy ooy Py o5 Py ooy Py Pt
—_———
k—times

where k = [+ j 4+ 1 where [ is the number of steps between v and w, j is the number of
steps between w’ and v and @, 11 = 1.

Case 3: It is a neutral move. This implies that ¢, is either pZ.4p(2), vZ4(Z) or Z. In all
three cases it follows directly that both the play and the trace can be extended accordingly.

In case 1 we provided a memoryless strategy for Verifier by following some trace through
t. In case 2 we showed that no matter what choices Refuter takes to extend the play, the
trace can always be extended in such a way, that the play and the trace are corresponding.
Therefore, if Verifier plays according to the strategy specified in case 1, every play corresponds
to some trace through . We show that case 1 defines a winning strategy for Verifier. Suppose
we have a finite play (so, ¥0), --., (Sn, ¢n) where Verifier uses the above described strategy. Let
00, -, P05 ---5 (Pn, be the corresponding trace and v the node of the circular tableau labelled by
n at which the trace ends. By definition ¢, is either a literal, a boxed formula where Refuter
could not extend the play or a diamond formula where Verifier could not extend the play.

1. Suppose ¢, € Lit. We distinguish two cases. First, suppose that 7(v) = s,. If ¢, = P,
then P € A(v) and so s, € p(P). If ¢, = =P, then by lemma 3.4.2 it follows that
P ¢ X\(v), which in turn implies that s, ¢ p(P) (by a similar argument as in the
soundness proof for T). Second, suppose that 7(v) # s,. Then there exists a node u such
that 7(u) = s, which is a non-axiomatic leaf with associated node v’ and 7(u') = 7(v).
If o, = P, then P € A\(v) and since 7(u') = 7(v) it follows that 7(u’) € p(P). Therefore
by definition of the function p we have that s, € p(P). The case for ¢, = =P is similar.
We conclude that in all cases Verifier wins.

2. Suppose ¢, = [ and Refuter could not extend the play. This directly implies that
Verifier wins.

3. Suppose p, = Oy and Verifier could not extend the play. If this was the case, the
corresponding trace ends in the formula (. Now suppose it is possible to extend the
trace to 1. In that case Verifier could have extended the play according to the strategy,
as extending the trace implies that there exists a successor node of s, in the transition
system labelled by 1. Hence the trace cannot be extended, which implies that there
is some leaf of type 1 labelled by ¢, contradicting our assumption that ¢ is a circular
tableau. Therefore this case cannot occur.
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Thus whenever we have a finite play in ng (s0, ), Verifier wins. Now suppose we have an
infinite play (so, ¥0), (51,¢1), ... corresponding to the infinite trace tr = @, ..., PO, @1, cres P1, -
trough an infinite path P in ¢. Since ¢ is a finite tree, a path can only be infinite if it passes
through some non-axiomatic leafs infinitely often and every time loops back to its associated
node. Recall that we defined non-axiomatic leafs to be labelled by formulas belonging to
traces starting in IT{-formulas only. That is, every infinite trace has to start in a IT}-formula.
Therefore every infinite trace through ¢ is a v-trace and so in particular ¢r is a v-trace. Hence
the unique variable that occurs infinitely often in ¢r and which subsumes every other infinitely
often occurring variable is a v-variable. Since the trace corresponds to the play, we have that
unique variable occurring infinitely often in the play and subsuming every other infinitely often
occurring variable is a v-variable as well and so the play is won by Verifier. Hence Verifier
wins every infinite play as well. Together we conclude that the strategy provided in case 1 is
a memoryless winning strategy for Verifier. The Fundamental Semantic Theorem thus implies
that so € [g]j. As we chose ¢ to be an arbitrary formula in T', we have that so € [AT]j
and so that I' is satisfiable. We conclude that the circular system CT is sound with respect
to X4 UTLY. O

The next goal is to prove completeness of CT. Our proof strategy is to show how to prune
infinitary tableaux to obtain circular tableaux. For this, we first have to establish that every
infinite branch of a tableau contains a suitable repetition. We use the following notation. Let
t = (V,—, ) be a tableau and P = P(0)P(1)P(2)... a path through ¢. We say that the node
P(n) is labelled by a II{-formula if there exists a formula 1 € A(P(n)), such that 1 belongs
to a trace starting in t and ¢ € TI%.

Lemma 4.4.3. Let I' C X/ UTI{ and suppose that ¢t = (V,—, ) is a tableau for I'. Let
P =P(0)P(1)P(2)... be an infinite path through t. There exists n € w such that for all m > n
every formula labelling the node P(m) is a II{-formula.

Proof. First of all, if I' C II}, then the lemma is trivially true. Similarly, if ' C %/, then
by proposition 4.2.4, there are no infinite paths through the tableau t. So suppose I' =
{P15 s @y Y1, oy i} where @1, ..., 0 € 3 and ¢y, ...,¢ € I — Xf and suppose that ¢ =
(V,—, ) is a tableau for I'. Let P = P(0)P(1)P(2)... be an infinite path through ¢. Consider
w; € I'. Suppose there are infinitely many traces through P starting in ;. Then by lemma
4.2.3 there is an infinite trace starting in ;. As this trace is a u-trace we conclude that ¢ is
not a tableau, which is a contradiction. Therefore there are only finitely many traces starting
in @; for all 1 <4 < k. Since each of these traces is finite, there exists a longest trace, which
has length say n. Finally notice that every formula labelling some node of P belongs to a
trace. So since the longest trace starting from a X4-formula in T has length n, all nodes P(m)
for m > n are labelled by II}-formulas only. O

Lemma 4.4.4. Let t = (V,—, \) be a tableau for I' C ¥ UII} and P = P(0)P(1)... an infinite
path through ¢. Let n € w be an arbitrary natural number. There exist a pair (7, j) of natural
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numbers such that n < i < 7, A(P(¢)) = AM(P(j)) and there is an application of (mod) between
P(i) and P(j).

Proof. Let P = P(0)P(1)P(2)... be an infinite path through t = (V, —, \) where ¢ is a tableau
for T C ¥} UTI} and fix a natural number n. By proposition 3.3.7 every infinite path passes
through a (mod)-rule infinitely often. So there are infinitely many nodes P(iy), P(i1), ... where
the rule applied at P(4;) is (mod). In particular, there are infinitely many such nodes with
iy > n. Next, since the root of ¢ is labelled by I', each node P(m) in the path is labelled by
some finite set A C Sub(T'). Suppose |Sub(T')|= k. Then there are 2¥ different subsets of
Sub(I"). Hence there must be some A C Sub(I") that labels infinitely many nodes in the path
P. In particular, A labels infinitely many nodes P(7) with ¢ > n. Suppose P(4) is the first node
that is labelled by A such that ¢ > n. Then since there are infinitely many nodes P(i;) where
the (mod)-rule is applied, there exists [ € w such that ¢ < 4;. Since there are also infinitely
many nodes labelled by A, there exists j € w such that i; < j and A(P(j)) = A. Therefore
there exists a pair (4, j) of natural numbers such that n < i < j, A(P(i)) = A(P(j)) and there
is an application of (mod) between P(i) and P(5). O

Theorem 4.4.5 (Completeness of CT with respect to ¥j UTII}). Let ' C S/ UTI{. If [ is
satisfiable, then I' has a circular tableau.

Remark 4.4.6. Recall that we defined infinite paths and traces through a circular tableau,
by allowing a path which goes through a leaf of type 2 to be continued at its associated node.
In the following proof we understand paths and traces in the original sense, namely a path
ends in a leaf and there are no loops back to corresponding nodes.

Proof. Let I' C 3 UTI} be satisfiable. By theorem 3.4.1 (stating that the tableaux system
T is complete) I" has a tableau t = (V,—, ). We show how to turn ¢ into a circular tableau
t' = (V',=/,N). First of all, if ¢ is a finite tableau, then ¢ is also a circular tableau. Thus
suppose that t is infinite. This implies (by Koénig’s Lemma) that ¢ has an infinite path. By
lemma 4.4.3 for each infinite path P there exists a natural number n such that every node
after P(n) is labelled by IIf-formulas only. Lemma 4.4.4 implies that there exists a suitable
repetition in P above P(n). That is, there exist 7, j € w such that n <i < j, A(P(7)) = AMP(j))
and there is an application of (mod) between P(i) and P(j). As natural numbers are well-
founded, there exists a first such repetition. So given ¢, we prune every infinite path at its
first repetition of this form. This gives us a tree ¢’ which has only finite paths. We claim that
t" is a circular tableau for I":

1. Since t is a tableau, ' is generated by the rules from table 4.1.

2. By construction every path in ' is finite. Since t’ is finite branching, Kénig’s Lemma
implies that ¢’ is a finite tree.

3. The root of ¢ is labelled by T.
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4. Suppose u is a leaf of t'. There are two possibilities:

(a) The leaf u is also a leaf of ¢. Then since t is a tableau, u is labelled by A, © where
© C Lit is consistent.

(b) The leaf u was generated by pruning an infinite path. Then by construction there
exists an associated node u’ earlier in the path leading to u which is labelled by
the same sequent as uw and there is an application of the rule (mod) in between.
Moreover, u is only labelled by IT{-formulas.

Therefore, t' is a circular tableau. We conclude that every satisfiable sequent I' C X} U IIY
has a circular tableau, which implies that CT is complete. ]

As a corollary of the soundness and completeness theorem, we obtain the desired finite model
property for 3} UTIY.

Theorem 4.4.7 (Finite model property for X4 UTI{). If I' C ¥4 UTII{ is satisfiable, then it
satisfiable in a finite model.

Proof. Suppose I' C 3} UTIY is satisfiable. By the completeness theorem 4.4.5 I" has a circular
tableau t = (V, —, \). Following the proof of the soundness theorem 4.4.1 we construct a finite
transition system 7' = (5, —,p) and a state sgp € S such that I" holds at sg. Therefore I" is
satisfiable in a finite model. O
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Chapter 5

Infinitary proof systems for the modal
mu-calculus

5.1 Introduction

This chapter is devoted to introduce and discuss three different but closely related infinitary
proof systems for the modal mu-calculus. All three systems are Gentzen style sequent calculi,
where proofs are (possibly) infinite labelled trees that are finite branching. The first system
is a sequent calculus called DT which is a dualized version of the system T. The name DT
stands for Dualized Tableauz. The second proof system is a slight variation of DT and is called
DT'. Tt consists of the same axioms and rules as DT with the exception of the modality rule,
where the rather unusual modality rule of DT is replaced by a more standard rule which is
common to use in proof systems for the modal mu-calculus; see for example [18]. The third
proof system turns DT’ into a two-sided sequent calculus, which is a proof system that works
on two-sided sequents instead of the one-sided sequents considered so far. A two-sided sequent
is an ordered pair of finite sets of formulas, written I' = A. The change towards two-sided
sequents is motivated by the later goal to establish Craig interpolation, for which two-sided
sequents are more natural to work with. Apart from introducing these three proof systems,
this chapter also consists of soundness and completeness proofs for each of them. For the first
system DT, soundness and completeness is established by using the close connection to the
tableaux system T and the already established result of T’s soundness and completeness. No-
tice that T as a tableaux system is sound and complete with respect to satisfiability, meaning
that a sequent is satisfiable if and only if it has a tableau. Proof systems are sound and com-
plete with respect to validity, meaning that a sequent is valid if and only if it has a proof. The
soundness and completeness of the remaining two systems is then derived from the soundness
and completeness results established for DT.

The next two sections 5.2 and 5.3 are devoted to introduce the sequent calculus DT and
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establish its soundness and completeness. The sections 5.4 and 5.5 realize the same for DT’
and the sections 5.6 and 5.7 for 2DT.

5.2 The sequent calculus DT

We introduce the sequent calculus DT. This is a Gentzen style proof system for the modal
mu-calculus where proofs are finite branching infinite trees. The system operates on sequents.
As before, a sequent is a finite set of L,-formulas. Recall that the interpretation of a sequent
I' in the context of the tableaux system T is the conjunction over all formulas in I'. In the
presence of proof systems, the interpretation of sequent is the disjunction over its formulas.

Definition 5.2.1. The interpretation of a sequent I' is given by

I(T):=\/T

A sequent I' is called wvalid if and only if Z(T") is valid and invalid otherwise.

Table 5.1: The sequent calculus DT

FvQOO F,(Pl P,(PO,QOl
— (A 2T - (A _rhre
F7P7_'P ( ) F7§00/\801 ( ) F7S00\/S01
I,z r,z I, p(Z2)
ol ) ) (2)
WZ.p(Z) L,vZ.p(Z) r,Z
O, Uy, ..., Uy, © for © C Lit consistent

Definition 5.2.2. The proof system DT consists of
1. the axiom (A) and the rules
2. (M), (V),(D),(1),(v) and (Z)

and is depicted in table 5.1.

Similar to the modality rule in T the (O)-rule can only be applied when there is at least
one boxed formula in the sequent and © C Lt is consistent. The set I' however is allowed
to be empty. For the (Z)-rule it is once again assumed that Z identifies ¢(Z) and that this
identification is unique. The notions of principal and residual formulas are defined as before.
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Definition 5.2.3. A pre-proof for I' is a (possibly infinite) tree ¢t = (V,—, A) whose root is
labelled by I' and which is built according to the rules depicted in table 5.1, such that every
leaf is labelled by an axiom or by a sequent of the form QOA,© for © C Lit.

The condition on leafs ensures that pre-proofs are maximal. A path can only end when it
reaches an axiom or a node labelled by a sequent, for which no rule can be applied any more.
The definition of a path through a pre-proof and of a trace through a path are identical to
the definitions of path and trace for pre-tableaux. We refer to definition 3.3.6 and definition
3.3.8. Observe that branching in a pre-proof only occurs when the rule (A) is applied. This is
different to the tableaux system T where branching is caused by the (mod)-rule.

Definition 5.2.4. A proof for I' is a pre-proof t = (V,—,\) for I' such that every leaf is
labelled by an axiom and every infinite path contains an infinite v-trace.

We write DT F T if and only if there exists a proof for I'. Leafs which are labelled by axioms
are called aziomatic leafs.

5.3 Soundness and completeness of DT

This section establishes the soundness and completeness of DT. In doing so we also establish
the connection between DT and T which justifies thinking of DT as a dualized version of T.
The section consists of three subsections. In the first we establish some preliminaries needed
throughout the rest of the section. The last two subsections are then devoted to establish
soundness and completeness of DT.

5.3.1 Preliminaries

In order to connect the system DT with the tableaux system T, we require to reason about
negated formulas. As negation only occurs on propositional level, we introduce a translation
D which maps a formula ¢ onto the formula D(p), such that —¢ = D(yp).

Definition 5.3.1. Let ¢ be an L,-formula. The translation D is defined inductively as follows:

D(P) := ~—Pforall P€ Prop
D(—P) := P forall P € Prop
D(Z) = ~Zforall Z e Var
D(—2) = Zforall Z e Var
D(pAY) = Dlp)vD()
D(pvy) = Dip)AD)
D(0y) = 0D(y)

D(Op) = 0D(y)

D(uZp(2)) = vZ.D(p(~2))
DwZ.p(Z)) = pz.D(p(~2))
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Observe that the additional negation of the variable Z in the clauses for the fixed point
operators ensures that Z occurs positively in ¢.

Lemma 5.3.2. For any L,-formula ¢, any transition system T = (S, —, p) and any valuation
V:Var — P(S) it holds that [D(¢)]L — [¢]E.

Proof. Let T'= (S, —, p) be an arbitrary transition system and V' : Var — P(S) an arbitrary
valuation. We show that [D(¢)]% — [¢]% by induction on ¢.

> Base case:

— Suppose ¢ = P. Then [D(P)]% € [-P]L = S — [P]L. The case for ¢ = Z is
similar.

— Suppose ¢ = =P. Then [D(=P)]L = [P]L =5 — (S — [P]}) = S — [-P]L. The
case for ¢ = =7 is similar.

> Induction step:

— Suppose ¢ = Y1 A tpa. Then we have that

[D(¢1 Ab)[{ < [D(¥1) V D(eh)]F
= [D()]i U [D ()]
Z (S = [P U (S = [vl?)
— ([l N [ad?)
— 1 A o]t

The case for ¢ =11 V 15 is similar.
— Suppose ¢ = . Then we have that

[D(@)]T = [0DW)]T
={seSFeS(s—>trte[DW])}

L{seSPteS(s—tate(S—[v])}
={scS[FteSs—trtd[v]T)}
= {s € S|s & [DvlV)}

- [Ov]Y

The case for ¢ = Q1) is similar.
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— Suppose ¢ = uZ.4p(Z). Then we have that

s € [D(ZY( D), & s € vZ2.D(W(-2)]
s se| U CSIU S D) im0}
& 3U C [DW(~2)]V g0 and s € U
EWCS - W2V gy and s €U
&% 30" C S such that [¢(2))]{z.0m C U’ and s ¢ U’
S s g (WU CSIWE)Vizo0 CU'}
&5 ¢ Wz 2]
& s (S~ [z 2]V)

Notice that the induction hypothesis can be used as it ranges over arbitrary val-
uations. Moreover, the step also includes an application of the substitution prin-
ciple (which is needed as the induction hypothesis does technically not range over
(=Z)). For the equivalence labelled by * consider the set U’ = S — U where
U is the witness of the statement one line above. The case for ¢ = vZ.9y(Z) is
similar. O

In the rest of the subsection we define some useful notation which simplifies later proofs.

Definition 5.3.3. Let t = (V,—,\) be a pre-proof and P = P(0)P(1)P(2)... a (possibly
infinite) path through ¢. P is called a walid path if and only if one of the following two
conditions holds:

1. Pis a finite path and ends in a axiomatic leaf.
2. P is an infinite path and there is a v-trace through P.
A path which is not valid is called invalid.

Lemma 5.3.4. A pre-proof t = (V,—, ) is a proof if and only if every path through ¢ is
valid.

Proof. Trivial. O

Notice that the contraposition of this lemma states that a pre-proof ¢ is not a proof if and
only if there exists an invalid path through t.

Corollary 5.3.5. If I" is not D'T-provable, then every pre-proof for I" has an invalid path.

We introduce a corresponding notion of a satisfying path through a pre-tableau:
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Definition 5.3.6. Let ¢ = (V,—, \) be a pre-tableau and P = P(0)P(1)P(2)... a (possibly
infinite) path through ¢. P is called a satisfying path if and only if one of the following
conditions hold:

1. P is a finite path which ends in a leaf labelled by A, © where © C Lit is consistent.
2. P is an infinite path and every infinite trace through P is a v-trace.
A path which is not satisfying is called unsatisfying.

Lemma 5.3.7. A pre-tableau t = (V, —, ) is a tableau if and only if every path through ¢ is
satisfying.

Proof. Suppose t = (V,—, \) is a tableau and P an arbitrary path through ¢. First suppose
P is a finite path. Then since ¢ is a tableau, the path P ends in a leaf of ¢ which is labelled
by A, © for © C Lit consistent. This implies that P is satisfying. If IP is an infinite path,
then since every infinite trace is a v-trace, in particular every infinite trace through P is a
v-trace, which implies that P is satisfying. Therefore every path is satisfying. For the other
direction suppose t = (V, —, A) is a pre-tableau such that every path P through ¢ is satisfying.
Suppose u € V is a leaf. Then the path P starting at the root of ¢t and ending at w is finite
and therefore u is labelled by OA, © for © C Lit consistent. Suppose tr is an infinite trace in
t. As traces are defined relative to paths, tr is an infinite trace through some path P, which
implies that P is infinite. This in turn implies that tr is a v-trace. Together we conclude that
t is a tableau. O

The next concept introduced is that of corresponding paths which links paths through pre-
proofs with paths through pre-tableaux. We first need the following definition:

Definition 5.3.8. Let ¢ be an L,-formula. The formula ® is defined to be ¢ where each
negated occurrence of a fixed point variable =Y in ¢ is replaced by Y.

Given a sequent I' = {(1, ..., o } we denote by T the set {@1, ..., Pn}-

Definition 5.3.9. Let t = (V, —, \) be a pre-proof and ¢’ = (V/, =/, \') be a pre-tableau. Let
P be a path through ¢ and P’ a path through ¢'. We call P and P’ corresponding paths if and
only if the following two conditions hold:

1. Either both P and P’ are infinite paths or they are both finite and have the same length.

2. For any i € w such that P(i) and P’'(7) exist:

DA(P(i)) = X'(P'(i))

A few comments about this definition:
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> As we are only considering pre-proofs and pre-tableaux for closed formulas, notice that
the root of such a tree is labelled by I" such that T =T.

> The general intuition is that if two paths are corresponding, they are identical modulo
dualism. This means that if they are finite, they have the same length and whenever on
one path a rule (k) is applied to a formula ¢, then on the other path its dual tableaux
rule is applied to D(¢). The dual rules are thereby given according to the translation
D. That is, the dual tableaux rules of (A) are (V);, the dual rule of (V) is (A), the dual
rule of (OJ) is (mod) and so on.

> The additional translation given by the over-line that replaces negated variables by non-
negated variables is necessary due to the formulation of the fixed point rules. Given a
formula 0 Z.p(Z), after applying the fixed point rule (o), the variable Z occurs freely in
the rest of the prooftree and D would map Z onto its negation whenever it occurs as
a subformula. This is clearly not the intended meaning, as such variables should still
be considered to be bound and so we delete the negation in such occurrences. Another

solution would be to replace the fixed point rules by the following rule used for example
in [18]

I' (0 Z.¢(Z))
T,0Z.0(2)

(o)

where o € {u,v}. This rule combines our fixed point rule with our variable rule. Using
this rule implies that no free variables occur in the prooftree. The rule above and our
fixed point rules are equivalent.

Example 5.3.10. Let ¢ = vY.QY AO(=P V =Q) and D(yp) = pY.OY V (P A Q). The
following is a pre-proof for ¢:

-P,-Q
-PV-Q (\/8:‘)
QY O(=PV —Q) (n
QY AO(-P V —Q) v
Y
vY.QY AO(=P V —Q) (

—

T ~—

)

Below is a tableau for D(p):

O(PAQ) (m(z(vi))

OY VOPAQ) )
Y

Yoy voEag) W
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The pre-proof contains two finite branches both leading to a leaf which is not axiomatic. The
tableau has only a single finite branch. Notice that the right branch of the pre-proof and the
branch of the tableau are corresponding; they have the same length and whenever a node in
the right branch of the pre-proof is labelled by T', then its corresponding node in the tableau is
labelled by D(T"). If we choose the left disjunct Y at the rule (V) in the tableau, we obtain a
different tableau for D(p) whose only branch corresponds to the left branch of the pre-proof.

Lemma 5.3.11. Let t = (V,—, \) be a pre-proof for I' and ¢’ = (V', =/, \) a pre-tableau for
I. Let P be a path through ¢ and P’ a path through ¢’ such that P and P’ are corresponding.
Then P is invalid if and only if P’ is satisfying.

Proof. Suppose P is invalid. We distinguish two cases:

1. Suppose P = P(0)P(1)...P(n) is a finite path. Since P is invalid, the leaf P(n) is not
axiomatic, which implies that A(P(n)) = 0X,0 where © C Lit is consistent. Since P
and " are corresponding we have that P’ = P/(0)P'(1)...IP’(n) and

A(P'(n)) = D(A(P(n)) = OD(X), D(O)
Notice that since © C Lit is consistent also D(0) = D(©) C Lit is consistent. Therefore,
P'(n) is labelled by boxed formulas and consistent literals, which implies that P’ is
satisfying.

2. Suppose P is an infinite path. Then P’ is infinite as well. Since P is invalid, there is no
infinite v-trace through P. By Lemma 4.2.3 every infinite path contains an infinite trace.
Hence there exists an infinite trace through P and every such infinite trace through P
is a p-trace. By definition of the translation D(-) every infinite trace through P’ is a
therefore a v-trace, which implies that P’ is satisfying.

For the other direction suppose that P’ is satisfying. Again we distinguish two cases:

1. Suppose P = P(0)P'(1)...P'(n) is a finite path. Since P’ is satisfying, the leaf P’'(n) is
labelled by OD(A), D(©) where D(©) C Lit is consistent. Since P and P’ are corre-
sponding we have that P = P(0)P(1)...P(n) and

AP(n)) = 0A,0

where © C Lit is consistent. Therefore P(n) is not an axiomatic leaf, which implies that
[P is invalid.

2. Suppose P is an infinite path. Then P is infinite as well. Furthermore since P’ is satisfying
every infinite trace through P’ is a v-trace. This implies that every trace through P is a
p-trace and so that there is no infinite v-trace through P. Thus P is invalid. O
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5.3.2 Completeness of DT
For completeness of DT we establish the following connection between DT and T:
If a sequent I' does not have a DT-proof, then D(I") has a tableau. (5.1)

Completeness of DT is then derived from this result and soundness of T. In order to prove
(5.1), we show how to build a tableau for D(I") using only the information that I has no proof.
Starting from an arbitrary pre-proof for I', the tableau is built in such a way, that every path
corresponds to a path through the pre-proof. The only difficulty is the existence of the rule
(mod). Suppose we reach a node in the tableau labelled by

DD(@I)) st DD(‘Pn)a OD(¢1)7 ey <>D(wk:)a D(G)

for D(©) C Lit consistent. Applying the rule (mod) to such a node generates k children each
of them labelled by D(p1), ..., D(vn), D(1;) for some 1 < i < k. The corresponding node in
the pre-proof is labelled by

<>Q017 ceey <>Q0n7 DdJla (XS] Dd]k? @

where © C Lit is consistent. Applying the dual rule (OJ) only generates one child labelled by
D1, -y P, W for some 1 < ¢ < k as we have to choose which boxed formula survives. Hence,
only one of the k-paths generated by the application of (mod) corresponds to the path in
the pre-proof. Having only a single pre-proof at hand does therefore not suffice to build the
tableau. Luckily, since I" has no proof, we can use every possible pre-proof to build the tableau.
However, we are only interested in those pre-proofs that are identical to the chosen pre-proof
up to the node where the box-rule is applied.

Definition 5.3.12. Suppose t = (V,—, \) is a pre-proof and PP is a path through ¢ where for
some n € w the node P(n) is labelled by OA,Oyy, ..., Oy, © for © C Lit consistent, k > 2
and P(n + 1) is labelled by A, ;. A pre-proof t' = (V/, =/, X) is called quasi-identical to t
with respect to P, if t’ is everywhere identical to ¢ but in the subtree given by Up(P(n)).

That is, two pre-proofs are quasi-identical if they only differ in one path, where different boxed
formulas are chosen to survive a ((J)-rule. Notice that in the definition the pre-proof ¢ and
the path P are fixed, but not the specific node P(n). That is, if there are two suitable nodes
P(n) and P(m) for m # n, then there exist quasi-identical pre-proofs to ¢ with respect to P
which differ from ¢ at node P(n) and others which differ at node P(m). They are both counted
as quasi-identical. In case no suitable node in P exist, we say that ¢ has no quasi-identical
pre-proofs with respect to P. In order to build the tableau for D(T), it suffices to look at an
arbitrary pre-proof for I' and every quasi-identical pre-proof with respect to a specific path.
The specific path is required to be completely invalid.

Definition 5.3.13. Let t = (V,—, \) be a pre-proof for I" and P a path through ¢. The path
P is completely invalid if and only if P is invalid and if ¢ = (V/, =/, \') is a quasi-identical
pre-proof to ¢t with respect to P which differs at node P(n), then there exists a path P’ through
t’ such that P’(0)...P(n) = P(0)...P(n) and P’ is invalid.
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Notice that in case there are no quasi-identical pre-proofs to ¢ with respect to P, then P is
completely invalid if and only if P is invalid. We prove two lemmas about completely invalid
paths. First, we show that given a sequent which is not provable, every pre-proof for that
sequent contains a completely invalid path. Second, we show that the invalid path P’ through
the quasi-identical pre-proof is itself completely invalid.

Lemma 5.3.14. Let I' be a sequent and suppose that I' does not have a proof. Then every
pre-proof for I' has a completely invalid path.

Proof. Suppose that I" does not have a proof. By corollary 5.3.5 every pre-proof of I' has an
invalid path. Suppose towards a contradiction that there exists a pre-proof ¢t = (V,—,\) for
I' which does not have a completely invalid path. Thus for every invalid path P there is a
quasi-identical pre-proof ¢’ to t with respect to P which differs at node (say) P(n) such that
every path through ¢’ which is identical to P up to the node P(n) is valid. We then replace
the sub-tree of ¢ rooted in P(n) by the sub-tree of ¢’ rooted in P(n) (i.e. we turn ¢ into t')
and so eliminate the invalid path P without creating any new invalid paths. By iterating
the procedure we eliminate one by one every invalid path through ¢ until we are left with a
pre-proof t¥ for I' in which every path is valid. By lemma 5.3.4 this implies that ¢ is a proof
contradicting our agssumption that I' does not have a proof. We conclude that every pre-proof
for I' has a completely invalid path. O

Lemma 5.3.15. Suppose t = (V,—, A) is a pre-proof for I" and P is a completely invalid path
through ¢. Let ¢ = (V/, =/, X) be a quasi-identical pre-proof to ¢ with respect to P which
differs at P(n). There exists a completely invalid path in ¢ which passes through the node
P(n).

Proof. Suppose towards a contradiction that there is no completely invalid path in ¢’ which
passes through P(n). Let P’ be an invalid path in ¢’ passing through P(n). As P’ is not
completely invalid, there exists a quasi-identical pre-proof t” to ¢’ with respect to P’ which
differs at P’(m) such that every path in t” passing through P'(m) is valid. Notice that m > n
as otherwise it would contradict the assumption of P being completely invalid. We replace
the sub-tree of ¢’ rooted at P’(m) by the sub-tree of ¢’ rooted at P’(m) and so eliminate one
invalid path passing through P(n) without introducing new invalid paths. By iterating the
procedure we therefore replace step by step every invalid path in ¢’ passing through P(n) by
valid paths until we are left with a pre-proof ¢¥ which is a quasi-identical to ¢t with respect
to P and every path in t© passing through P(n) is valid, contradicting the assumption that
P is completely invalid. We conclude that there exists a completely invalid path in ¢ passing
through P(n). O

We are now ready to prove the main theorem of this subsection.

Theorem 5.3.16. Let I" be a sequent. If I" does not have a proof, then D(T") has a tableau.
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Proof. Suppose I' does not have a proof. Let t; = (Vi,—1, A1) be a pre-proof for I'. By lemma
5.3.14 t; has a completely invalid path P;. Let {¢;|i € I} be the collection of quasi-identical
pre-proofs to t1 with respect to P;. The set I is some index set which might be the singleton
{1} in case the completely invalid path of ¢; does not have any occurrences of the (O)-rule
with more than one boxed formula to be chosen. By lemma 5.3.15 each pre-proof ¢; for i € I
has a completely invalid path P; which is identical to P; up to some node P;(n;) where the
(O)-rule is applied.

We show how to construct a pre-tableau ¢t = (V, —, ) for D(I').

> Let the root r; of t be labelled by D(I'). Notice that P;(0) = i and P(0) = r; are
corresponding initial segments of paths for each i € I, where 7! is the root of the pre-
proof ;.

> Suppose we have constructed ¢ up to the node u where u = P(n) for some initial segment
of a path P and P(0)...P(n) corresponds to the initial segment P;(0)...P;(n) of some
completely invalid path P;. We show how to extend the pre-tableau ¢:

— Suppose P;(n) is labelled by A, ¢ where ¢ = ¢1 V 2 and the rule applied is (V)
which generates the node P;(n+1) labelled by A, @1, p2. As the two initial segments
are corresponding, P(n) is labelled by D(A), D(¢) where D(¢) = D(p1) A D(p2).
Therefore we apply the rule (A) to generate the node P(n + 1) which is labelled by
D(A), D(¢1), D(¢2). By construction the initial segments P(0)...P(n)P(n 4 1) and
P;(0)...P;(n)P;(n + 1) are corresponding.

— Suppose P;(n) is labelled by A, ¢ where ¢ = ¢1 A p2 and the rule applied is (A)
to generate the nodes v and w labelled by A, 1 and A, o respectively. Suppose
without loss of generality that P;(n + 1) = v. By assumption P(n) is labelled
by D(A), D(¢), where D(¢) = D(¢1) V D(¢2). Then we apply the rule (V) to
generate the node P(n + 1) labelled by D(A), D(p1). Observe that the initial
segments P(0)...P(n)P(n + 1) and P;(0)...P;(n)P;(n + 1) are corresponding.

— Suppose P;(n) is labelled by OA, Ops, ..., dpg, © where © C Lit is consistent, k > 1
and the rule applied is (O0) which generates the node P;(n + 1) which is labelled by
A, p; for some 1 < i < k. By assumption the node P(n) is labelled by

which is

OD(A), OD(¢1), ..., OD(¢k), D(O)

Notice that D(0©) = D(©) C Lit is consistent. Therefore we apply the rule (mod)
to generate nodes vy, ..., v labelled by D(A), D(p;) for 1 < i < k respectively.
First of all notice that the initial segments P(0)...P(n)v; and P;(0)...P;(n)P;(n + 1)
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are corresponding. Next let 7 # ¢. Consider a pre-proof ¢’ for I' which is quasi-
identical to t; with respect to IP; and differs above the node P;(n), where at the
application of () at node P;(n) the successor is labelled by the sequent A, ;. If
t; = t1, then ¢’ is quasi-identical to t; with respect to Py. If t; # t1, then since t;
is quasi-identical to t; with respect to Py the path P; is identical to Py in the first
m steps and m < n (otherwise ¢; can be considered to be ¢1). This implies that
the path through #' is also identical to the path Py in the first m steps and t’ is
therefore also quasi-identical to t; with respect to P;. Thus in both cases t’ = ¢
for some [ € I. Moreover, the sequence P;(0)...P;(n)v of nodes in ¢; where v is the
successor of P;(n) is an initial segment of the completely invalid path P;. Lastly,
P;(0)...IP;(n)P;(n + 1) corresponds to P(0)...P(n)v;. As j # i was arbitrary we have
that each of vy, ..., v extends a path corresponding to a completely invalid path.

Suppose P;(n) is labelled by A, uZ.o(Z) or A,vZ.o(Z) and the rule applied is (u) or
(v) respectively and generates the node P;(n+1) which is labelled by Z. By assump-
tion P(n) is labelled by D(A), D(uZ.o(Z)) where D(uZ.p(Z)) = vZ.D(p(—=Z)) or
by D(A),D(vZ.p(Z)) where D(vZ.p(Z)) = uZ.D(p(—Z)). Then we apply the
rule (v) or (u) respectively to generate the node P(n + 1) labelled by D(A), Z.
Notice that D(Z) = =Z and thus D(Z) = Z. Hence the initial segments of paths
P;(0)...P;(n)P;(n + 1) and P(0)...P(n)P(n + 1) are corresponding.

Suppose P;(n) is labelled by A, Z where Z identifies ¢(Z) and the rule applied
is (Z) generating the node P;(n + 1) labelled by A, p(Z). By assumption P(n) is
labelled by D(A), Z where Z identifies D(¢(Z)). Thus we apply the rule (Z) to
generate the node P(n+1) labelled by D(A), D(¢(Z)) and thus the initial segments
P;(0)...P;(n)P;(n + 1) and P(0)...P(n)P(n + 1) are corresponding.

This finishes the construction of the tree t. Notice that ¢ is a finite branching tree whose root
is labelled by D(T') and which is generated by the tableaux-rules. Moreover, by construction
every path in t corresponds to a completely invalid path in a pre-proof of I'. Since every
completely invalid path is also invalid, lemma 5.3.11 implies that every path through ¢ is
satisfying. Therefore lemma 5.3.7 implies that ¢ is a tableau for D(T"). O

Theorem 5.3.17 (Completeness of DT). If a sequent T is valid, then DT FT.

Proof. We proceed by contraposition. Suppose a sequent I' does not have a DT-proof. By
the previous theorem D(I") has a tableau. The soundness result for T implies that A D(T)
is satisfiable, which by basic propositional reasoning and lemma 5.3.2 implies that \/I" is not
valid. We conclude that DT is complete. O

We have therefore established that DT is complete. We move on to prove soundness.
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5.3.3 Soundness of DT

For establishing soundness of DT, we prove the converse of (5.1):
If D(T') has a tableau, then I' does not have a proof (5.2)

Soundness of DT is then derived from (5.2) and completeness of T. In order to prove (5.2),
we show that given a tableau for D(I"), every pre-proof of I" has an invalid path. For that, we
again use the notion of corresponding paths introduced in the previous subsection. It suffices
to show that every pre-proof of I' contains a path that is corresponding to some path in the
tableau for D(T"). Unfortunately, this is in general not true. There are simply too many
possibilities of pre-proofs for I', as that every single one of them has such a path. However, it
is true if we restrict to a specific form of tableaux and proofs, namely those in normal form.

Definition 5.3.18. Let I' be a sequent and let Sub(I") be the set of all subformulas of formulas
in I'. Suppose |Sub(I")| = k. Let e : Sub(I') — {1, ..., k} be an enumeration of Sub(T).

> A pre-tableau in normal form with respect to e for T' is a pre-tableau t = (V,—, \) for T’
such that whenever there is a node u € V labelled by A C Sub(I'), the rule (x) applied
at u is applied to the least formula ¢ € A in the enumeration for which a rule can be
applied. A tableau in normal form with respect to e is a tableau which is a pre-tableau
in normal form with respect to e.

> Let u be a node in a tableau and let ¢ be the least formula labelling u to which a rule can
be applied. If the rule (x) applied at u is not applied to ¢, then w is called a non-normal
node.

A formula to which no rule can be applied is either a literal or it is a box- or diamond-formula,
such that the sequent labelling the current node is not suitable for an application of (mod).
Pre-tableaux for I' in normal form are defined relative to an enumeration of the subformulas
of I'. The enumeration dictates exactly which rules have to be applied in what order to which
formulas. However, pre-tableaux in normal form with respect to an enumeration e are not
unique. Observe that applying a rule to a formula such as ¢ V @3 in a normal form tableau
does not imply that we have to choose the smaller one of ¢; and o with respect to e. Indeed
we are allowed to choose the larger formula as well, as long as the rule applied is always
applied to the least formula according to e to which a formula can be applied. That is, there
might exits different pre-tableaux in normal form with respect to e for a given sequent. In
case some node is labelled by O, O{p1, ..., on}, © for © C Lit consistent, the only rule that
can be applied is (mod) and (mod) is considered to be applied to every formula labelling the
node. Therefore such a node is trivially normal.

Lemma 5.3.19. Let I' be a sequent and e an arbitrary enumeration of Sub(I'). If I" has a
tableau, then I' has a tableau in normal form with respect to e.
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Using an arbitrary enumeration encodes the idea that it does not matter in what order rules
are applied to formulas in tableaux between two applications of (mod).

Proof. Suppose t = (V, —, A) is a tableau for I" which is not in normal form with respect to the
enumeration e. Let u be the lowermost non-normal node in ¢; that is, u € V is such that the
branch up to w is in normal form, but at w the rule applied is not applied to the least formula
according to the enumeration. Suppose that w is labelled by ¢1, ..., ¢, and without loss of
generality that e(¢1) < e(¢2) < ... < e(¢n). Moreover suppose without loss of generality that
a rule can be applied to ¢1. First of all notice that there exists a node v in the tableau above
u at which a rule is applied to ¢1, as otherwise ¢t would not be a tableau. We assume that v
is the first node after u at which a rule is applied to ¢1. Let ()1, ..., (*)x be the rules applied
between the nodes u and v to formulas other than ;. Notice that none of these rules can
be an instance of (mod), as this would contradict the assumption that the rule is not applied
to 1. Therefore there is no branching in the path between u and v. Furthermore, the rule
(x) applied at node v to generate its successor node w cannot be (mod) either, as this would
imply that either u was already labelled by diamond- and boxed-formulas and literals only,
contradicting the assumption that there was a rule applied at u to some other formula than
1, or it was not possible to apply a rule to (1 at node u, contradicting this exact assumption.
Therefore by first applying the rule (x) at node u to ¢; and then the rules ()1, ..., (¥)x we
obtain the same successor node w of v labelled by the same formulas as in the tableau t. Thus
we have demonstrated that we can eliminate the lowermost non-normal node in ¢ without
damaging t being a tableau. Therefore by working from the root of the tableau t upwards we
can one by one eliminate every non-normal node. Notice that while eliminating a non-normal
node might create a new non-normal node, this newly created non-normal node occurs higher
up in the tableau and is thus not problematic, as it will be eliminated just a few steps later.
Therefore we can turn ¢ into a tableau in normal form with respect to e. O

We introduce a similar notion for pre-proofs.

Definition 5.3.20. Let I' be a sequent and e an enumeration of Sub(I'). A pre-proof in
normal form with respect to e for I is a pre-proof t = (V, —, A) for I" such that whenever there
is a node u € V which is labelled by A C Sub(T"), the rule (%) applied at u is applied to the
least formula in A according to the enumeration e, for which a rule can be applied. A proof
in normal form with respect to e is a proof which is a pre-proof in normal form with respect
to e.

Lemma 5.3.21. Let I" be a sequent and e an arbitrary enumeration of Sub(I'). If " has a
proof, then I' has a proof in normal form with respect to e.

Proof. Suppose t = (V,—, A) is a proof for I which is not in normal form with respect to the
enumeration e. Let u be the lowermost non-normal node in a branch of t. That is, u € V' is
such that the branch up to w is in normal form, but the rule applied at node u is not applied
to the least formula labelling v according to e for which a rule could be applied. Suppose
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that u is labelled by @1, ..., ¢, and without loss of generality e(p1) < e(¢2) < ... < e(vn)-
Furthermore, suppose without loss of generality that a rule (%) can be applied to ¢;. We
distinguish two cases:

> Suppose no rule is applied to ¢; at any higher node than u. This implies that every
path going through w is finite (as an infinite path can only occur when the rule (O) is
applied as every formula is guarded, which implies that there is a node above u where a
rule is applied to 7). Since t is a proof, every path through u ends in an axiomatic leaf
labelled by ¥, P, =P for some P € Prop. Notice that ¢1 does not have a modal operator
as main connective, as this would contradict either the assumption that a rule can be
applied to @1 at u or the assumption that the rule applied at w is not applied to ;.
Therefore we can apply the rule (x) to ¢1 at node u and then apply the same rules to
the same formulas in the same order as before which implies that every path through u
still ends in an axiomatic leaf, now labelled by A, >, P,—~P where A C Sub(y1). Notice
that in case the main connective of ¢ is a conjunction and the rule applied is (A), every
path which previously passed through u splits into two paths which both lead into an
axiomatic leaf.

> Suppose there exists a later node where the rule (x) is applied to 1. By the previous
point we can assume without loss of generality that whenever ¢ branches above w in
each branch there occurs an application of (x) to 1 eventually. So suppose there exist
v1, ..., Uk above u such that in each of these nodes the rule (x) is applied to ¢; (notice
that there exists only one rule which can be applied to ¢1, namely the rule that works
on 1’s main connective). Once again the main connective of ¢; cannot be a modal
operator, as this contradicts either the assumption that a rule could be applied to ¢ at
u or the assumption that no rule is applied to 1 at u. Consequently there is no instance
of (OJ) among the rules applied in each branch between u and v;. Similarly, the rule (x)
applied to ¢1 at the nodes vy, ..., v is not (O). Therefore by first applying the rule (%)
at node w and then for each of the previous branches the same rules in the same order
leads to the successor nodes wq, ..., wy for k' > k of vy, ..., v, and each of the successor
nodes is labelled by the same formulas as previously in the proof. So we can once again
eliminate this non-normal node without damaging t of being a proof.

Hence by working from the root upwards we can one by one eliminate every non-normal node
in t. While eliminating a non-normal node might create a new non-normal node (or even
several), this newly created non-normal nodes occur higher up in the proof and are thus not
problematic, as they are eliminated just a few steps later. Therefore I' has a proof in normal
form with respect to e. O

Let I' be a sequent and let e be an enumeration of Sub(I"). Let é denote the enumeration for

56



Chapter 5. Infinitary proof systems for the modal mu-calculus

Sub(D(T))! such that for every ¢ € I':
e(p) =n < é(D(p)) =n

Let us now prove the property (5.2) restricted to tableaux and pre-proofs in normal form.

Theorem 5.3.22. Let I be a sequent and e an arbitrary enumeration of Sub(I"). If D(I") has
a tableau in normal form with respect to the enumeration é, then I' does not have a proof in
normal form with respect to e.

Proof. Let T be a sequent, e an arbitrary enumeration of Sub(I') and ¢’ = (V/, =, \') a tableau
for D(T') in normal form with respect to the enumeration é of Sub(D(T")). Let t = (V,—, \)
be an arbitrary pre-proof for I' in normal form with respect to e. We first show that there
exists a path P through ¢ and a path P’ through ¢’ which are corresponding, by simultaneously
constructing both P and .

> Let P(0) = r, and P’(0) = ;. Notice that these initial segments of paths are correspond-
ing.

> Suppose we have constructed P(0)P(1)...P(n) and P'(0)P'(1)...P'(n) which are corre-
sponding. We show how to extend both paths (assuming that they can be extended):

— Suppose P(n) is labelled by A where the least formula in A according to the enu-
meration e and for which a rule can be applied is ¢g V 1. Since t is a pre-proof
for I' in normal form the rule applied at P(n) is (V) which generates a new node u
labelled by

(A= {0V e1}), v, 1

By assumption P'(n) is labelled by D(A) and D(po V ¢1) = D(po) A D(¢1) is the
least formula with respect to é. So since ¢’ is a tableau in normal form the rule
applied at ’(n) is (A) which generates the node v’ labelled by

(D(A) = {D(¢o V ¢1)}), D(¢0), D(p1)

Therefore let P(n+1) = v and P'(n+ 1) = «/. By construction P(0)...P(n)P(n+1)
and P’(0)...P"(n)P'(n + 1) are corresponding.

— Suppose P(n) is labelled by A where the least formula in A according to e is ¢oAp1.
Then the rule applied at P(n) is (A) which generates two new nodes up and u
which are labelled by A’ @9 and A’, o1 respectively, where A" = A — {pg A ¢1}-
By assumption P'(n) is labelled by D(A) and the least formula according to é is
D(po A1) = D(¢o) V D(p1). The rule applied at P'(n) is therefore (V); and
generates a new node v« which is labelled by D(A’), D(p;) for i € {0,1}. TLet
P(n + 1) = u; and let P'(n + 1) = «/. By construction P(0)..P(n)P(n + 1) and
P’'(0)...P(n)P'(n + 1) are corresponding.

'Recall that by the definition of subformulas negated atoms are considered to be atomic, which means that
they do not have any other subformulas but themselves. Consequently [Sub(I")| = |Sub(D(T"))|.
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— Suppose P(n) is labelled by OA, Oy, ..., Opg, © where © C Lit is consistent and
k > 1. The rule applied at P(n) is () which generates a node u labelled by A, ¢; for
1 < i < k. By assumption P’(n) is labelled by D(OA), D(Ogy), ..., D(Opyg), D(O)
which is

Observe that D(©) C Lit is consistent. So the rule applied at P'(n) is (mod) which

generates k nodes u}, ..., uj, labelled by D(A), D(p;) for 1 < j < k respectively.
Let P(n + 1) = w and let P'(n + 1) = u}. By construction P(0)...P(n)P(n + 1) and

P'(0)...P'(n)P'(n + 1) are corresponding.

— Suppose P(n) is labelled by A where the least formula in A according to e to which
a rule can be applied is a fixed-point variable Z identifying the formula ¢(Z).
The rule applied at P(n) is therefore (Z) which generates a node wu labelled by
A p(Z) where A" = A — {Z}. By assumption ’(n) is labelled by D(A) and the
least formula in D(A) according to é to which a rule can be applied is Z where Z
identifies D(p(Z)). So the rule applied at P'(n) is (Z) which generates a node v’
labelled by D(A’), D(¢). Let P(n + 1) = w and P'(n + 1) = «’. By construction
P(0)...P(n)P(n + 1) and P'(0)...P(n)P'(n 4+ 1) are corresponding.

— Suppose P(n) is labelled by A where the least formula in A according to e to which
a rule can be applied is uZ.p(Z) or vZ.p(Z). The rule applied at P(n) is thus (u) or
(v) which generates a new node u labelled by A’ Z where A" = A —{uZ.¢o(Z)} (or
vZ.p(Z)). By assumption P’(n) is labelled by D(A) and the least formula in D(A)
according to é to which a rule can be applied is D(uZ.p(Z)) = vZ.D(p(—Z2))
or D(vZ.p(Z)) = uZ.D(e(—Z)). Thus the rule applied at P'(n) is (v) or (
respectively which generates the node u' labelled by D(A’),Z. Let P(n+ 1) =
and P’(n + 1) = /. By construction P(0)...P(n)P(n + 1) and P'(0)...P'(n)P'(n + 1
are corresponding.

Therefore the path P corresponds to the path P’. Since ¢ was an arbitrary pre-proof for T' (in
normal form) we conclude that every pre-proof for " in normal form with respect to e has a
path that corresponds to some path through ¢'. Recall that ¢’ is a tableau for D(T"). Thus by
lemma 5.3.7 every path - and in particular P’ - through ¢’ is satisfying. So by lemma 5.3.11
the path P is invalid. Hence every pre-proof for I' in normal form with respect to e has an
invalid path, which implies that I' does not have a proof in normal form with respect to e by
lemma 5.3.4. 0

Corollary 5.3.23. If D(T") has a tableau, then I" does not have a proof.

Proof. Suppose D(I') has a tableau. Let e be an arbitrary enumeration for Sub(I"). Then é is
an enumeration for D(I'). By lemma 5.3.19 D(I") has a tableau in normal form with respect
to é. So by the previous theorem I' does not have a proof in normal form with respect to e.
The contraposition of lemma 5.3.21 thus implies that I" does not have a proof. 0
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Theorem 5.3.24 (Soundness of DT). If ' is a sequent and DT + T, then I is valid.

Proof. We proceed by contraposition. Suppose I' is not valid. Thus D(T') is satisfiable. The
completeness theorem for T implies that D(I') has a tableau. By the previous corollary we
conclude that I' does not have a proof and so DT /T O

5.4 The sequent calculus DT’

In this section we introduce the sequent calculus DT which is a slight variation of DT. Recall
the modality rule of DT:

F>SO7;
O, Oy, ..., Opp, © ()

This rule essentially combines two rules into one:
1. A modality rule which given as premises a sequent I (possibly empty) and a formula ¢

introduces box-distribution: Formulas in I" are bound by a diamond operator and ¢ is
bound by a box operator.

Lo
OT, Oy

2. A weakening rule which given an arbitrary sequent I' introduces an arbitrary finite
number of boxed formulas as well as an arbitrary finite set of consistent literals:

T
F) D¢1) ey D¢na ©

While it is quite standard to combine modality rules with weakening rules, our version of
weakening is rather unusual. It is much more common to allow weakening with arbitrary
finite sets of formulas instead of weakening only with formulas of a very specific form. The
choice of this version of the ([J)-rule in DT was motivated by its close connection to the
(mod)-rule of the tableaux system T. In this section, we replace the rule () by a more
standard rule combining modality distribution with weakening by arbitrary side sequents. Let
(') be the following rule:

St ©)
OT, D, %5
where ¥ is a finite set of (arbitrary) L,-formulas. Clearly this rule is stronger than our previous

rule (O). Indeed (O) is a special case of (') where X consists of boxed formulas and consistent
literals only. Replacing (O) in DT by ([0') results in the sequent calculus DT,
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Table 5.2: The sequent calculus DT’

FNPO F,(Pl Fa‘POMPl
- A 2’ - (A __orwrs
P Y Toone Y Tover

r,z |/ L', o(Z)
() T (V) (2)
D, uZ.p(Z) D vZ.o(2) r,z
I /
O, Oy, X @)

Definition 5.4.1. The sequent calculus DT consists of the following axioms and rules:

1. The axiom (A) and the rules

2. (A), (V), (E), (w), (v) and (2)
and is depicted in table 5.2.

DT'-pre-proofs, paths, traces and D'T’-proofs are defined as for DT, see section 5.2. We write
DT’ + T if and only if T has a DT-proof.

5.5 Soundness and completeness of DT’

This section establishes the soundness and completeness of DT’ by using the soundness and
completeness results established for DT. As mentioned above, the rule (O) is a special case
of the rule ([0). Therefore every DT-derivation is also a DT’-derivation. This directly yields
that DT’ is complete.

Theorem 5.5.1 (Completeness of DT”). If T is valid, then DT - T

Soundness is established by showing that every sequent which is DT'-provable is also provable
in DT. To do so we use once again a suitable notion of corresponding paths in DT~ and
DT-proofs. The only tricky case occurs when the (0')-rule is applied. The first problem is
that the rule can be applied when a single box-formula is present at the sequent while for
the rule (O) every formula in the sequent has to be decomposed first until only formulas in
the scope of a modal operator and consistent literals remain. Thus when we have a node in
a DT’-proof where the box-rule is applied, we first have to decompose every formula in the
corresponding node in the DT-proof before we can apply the box-rule there. The second and
bigger problem is that we can eliminate diamond-formulas by applying (') while this is not
possible when applying (). Suppose some node where ([I') is applied is labelled by OT', Oy, 3
where X contains some formula ¢1. Thus in the corresponding proof, after decomposing every
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formula in ¥ and then applying () we are left with a sequent of the form T', , % instead of
just T', . Finally, we also have to take into account that it is possible to apply the rule (O0')
even when the current node is labelled by inconsistent literals, while in the corresponding
DT-proof the corresponding path has to end in that node. We start by introducing a refined
notion of corresponding paths.

Definition 5.5.2. Suppose t = (V,—, ) is a DT -pre-proof for T" and ¢ = (V/, =/, ) is a
DT-pre-proof for I.

> Let u € V and ' € V'. The nodes u and u’ are corresponding if A\(u) C N (u').

> Let P be a path through ¢ and P a path through ¢'. The paths P and P’ are corresponding,
if all of the following conditions hold:

1. Either both P and P’ are finite or both P and P’ are infinite.

2. For each i € w there exists j > i such that P(z) corresponds to () (assuming that
P(7) exists).

3. If P(¢) corresponds to ’(j) and P(n) corresponds to P'(m) where i < n, then j < m.

4. If P and P’ are finite and P ends in P(n) which corresponds to P’(m), then P’ ends
in P'(m).

Observe that if a path P in ¢ corresponds to a path P’ in #/, then we require that each node
in P corresponds to some node in P’. However, we do not require that the converse holds as
well. Thus it is possible that some nodes in P’ do not correspond to any nodes in P. Moreover,
point 3. ensures that the correspondence relation is monotone. Point 4. is strictly speaking
not necessary for the proof, as we define the corresponding paths in such a way that point 4.
is always fulfilled anyway. We add the restriction to the definition to prevent confusion.

Theorem 5.5.3. Let I" be a sequent. If DT/ - T", then DT + I

Proof. Suppose t = (V,—,\) is a DT’-proof of I'. We show how to construct a DT-proof
t'= V', =" N)of T.

> The root ry of ¢ is labelled by I'. Notice that r; corresponds to ry.

> Suppose we have constructed P'(0)...”(j) where P'(0) = ry which corresponds to the
initial segment P(0)...[P(¢) of some path P through ¢ where i < j. Moreover we assume
that P'(j) corresponds to P(i). We distinguish two cases:

— Suppose the rule applied at P(i) is (x) for x € {A,V,Z, u,v}. Then we apply
the same rule to the same formula labelling P'(j) to generate the node P'(j + 1)
which corresponds to P(i + 1). Notice that P'(0)...P'()P'(j + 1) corresponds to
P(0)...P())P(i + 1).
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— Suppose P(i) is labelled by OIT, Oy, ..., Opk, X where k£ > 1 and X is an arbitrary
sequent and the rule applied is (0') which generates the node P(i + 1) labelled by
IL, g for d < k:

I, ¢4 ’
OII, Oy, ..., oy, 2 ()

By assumption P(i) corresponds to P'(j), which implies that P'(j) is labelled by
OIL, O, ..., O, 35, Q where  is some side-sequent. We first apply rules to decom-
pose each formula in X, Q until we are left with boxed formulas, diamond formulas
and literals only. Notice that decomposing these formulas might split up the branch
in case we have to apply the rule (A). Thus after decomposing these formulas we
have constructed nodes uyq, ..., u, where u; for 1 <1 < n is labelled by

<>Ha D@la ceey Dsﬁk, <>Al7 @l

where A; C {90y € Sub(X) U Sub(Q2)} and ©; C Lit(X) U Lit(Q) where Lit(X) is
the set of all literals that occur as subformulas in ¥. Suppose that there are s; steps
between P’(j) and u;. Suppose without loss of generality that we have extended P’
for s;-steps such that P'(j + s;) = u; (the case where the path goes through another
node wy is identical). Then we distinguish two cases:

1. Suppose the literals in ©; are inconsistent. Then the path P’ ends in u; and we
call " a non-corresponding path.

2. Suppose the literals in ©; are consistent. Then apply the rule (O) to generate
the node P'(j + s; + 1) which is labelled by II, ¢4, A;. Notice that P(i + 1)
corresponds to P’(j+s;41) and moreover the initial segment P(0)...P(i)P(i+1)
corresponds to P'(0)..P(5)..P'(j + s))P'(5 + 51 + 1).

Therefore we have shown how to construct the tree t’. First of all, notice that ¢’ is generated
by the rules of DT and is therefore a finite branching tree. The root of ¢ is labelled by
I'. Furthermore, every path through ' is either non-corresponding or corresponds to a path
through ¢ (observe that several paths in ¢’ might correspond to the same path in ¢). We now
show that every path I’ through ¢’ is valid:

1. Suppose P’ is non-corresponding. Thus P’ is a finite path that ends in a leaf which is
labelled by inconsistent literals. This implies that the leaf is axiomatic. Therefore P’ is
valid.

2. Suppose P’ corresponds to a finite path P. Then P’ is finite itself and the leaf P(i) of P
corresponds to the leaf P'(j) of P'. Therefore A(P(¢)) C XN(P'(j)). Since ¢t is a proof we
have that P(¢) is labelled by inconsistent literals and thus so is P’(j), which implies that
P’(4) is an axiomatic leaf. Therefore P’ is valid.
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3. Suppose P’ corresponds to an infinite path P. Thus P’ is an infinite path itself. Since ¢
is a proof there exists an infinite v-trace through P and since P corresponds to P, for
each 7 there exists j > i such that \(P(z)) € M (P'(j)). Therefore there exists an infinite
v-trace through P’ as well, which implies that P’ is valid.

All together we conclude that ¢’ is a DT-proof of T'. O
Theorem 5.5.4 (Soundness of DT’). If DT' - T', then T is valid.

Proof. Suppose I' is a sequent and DT’ + I'. Theorem 5.5.3 implies that DT + I'. The
soundness theorem 5.3.24 for DT then implies that ' is valid. O

5.6 The two-sided sequent calculus 2DT

The last part of this chapter is devoted to introduce the system 2DT, a sequent calculus that
operates on two-sided sequents instead of the one-sided sequents considered so far.

Definition 5.6.1. A {wo-sided sequent is an ordered pair I' = A where I', A are finite sets of
L,-formulas.

The switch from one-sided sequents to two-sided sequents is motivated by the goal to establish
Craig-interpolation for 3§ UII{ in the next chapter, where two-sided sequents are a natural
framework to represent interpolation. For the rest of this chapter we refer to two-sided sequents
just as sequents. In a sequent I' = A it is allowed for I' or A to be empty. The interpretation
of a two-sided sequent is given in terms of classical implication — defined by

p—=1i=D(p) VY
Definition 5.6.2. The interpretation T of a sequent I' = A is given by:
IT=A):=AT—-\/A

where A0 := T and \/0 := L. We call a sequent I' = A walid if and only if Z(T' = A) is
valid.

Observe that the completely empty sequent = is unsatisfiable, as Z(=) = T — L = 1. By
definition of the translation D the following holds:

I'= Aisvalid & Z(I' = A) is valid
& AT =/ Ais valid
& \/D@) v/ Ais valid
The sequent calculus 2DT consists of left-side and right-side rules for each operator and

connective. Furthermore, it consists of a total of four axioms, where we consider a sequent

63



Chapter 5. Infinitary proof systems for the modal mu-calculus

to be an axiom if either P,—P occurs on the left or the right side for arbitrary P € Prop or
a literal occurs on both sides. It follows directly from the definition of the interpretation of
a sequent that all four axioms are valid. If P,—P occurs on the right, then the right side is
equivalent to T as it is interpreted as a disjunction. Since ¢ — T is valid for any ¢, the axiom
is valid. If P,—P occurs on the left side, then the left side is equivalent to L as it is interpreted
as a conjunction and L — ¢ is once again valid for any formula ¢. Finally, if a literal occurs
on both sides, then since P — P and =P — —P are both valid, so are the axioms. Apart
from adding more rules and axioms to deal with formulas on both sides of the sequent arrow,
we also formulate new requirements for infinite paths to be valid. The basic slogan is that
an infinite v-trace occurring on the right side is sufficient for a path to be valid and so is an
infinite p-trace on the left.

Table 5.3: The sequent calculus 2DT

[,P=PA (Ax)y = P -PA (Ax)s
T,-P = -PA (Ax)s T,P,-P = A (Ax)s
P7Q007901:>A (/\) F:>§007A P:>Q01,A(/\)
Tooo A = A VVF T = oo Apr, A R
[0 = A F7801=>A(v) I' = ¢o,01,A V)
T oo V1= A L =gV, A R
Fe=A = A
0,00, 0p = OA, % (O 0,00 = Op, 0A, T (O)r
rz=A () '=Z2ZA ()
T, uZ.p(2) = A ML T = uZ.gp(2),A HE
rz=A W) I'=ZA )
T,ovZ.p(Z)=A " I =vZ.oZ),A "
e(Z)= A I'= ¢(2),A
rz=A (Z)r '=2ZA (Z)r

Definition 5.6.3. The sequent calculus 2DT consists of the following axioms and rules:

1. The axioms (Azx)1, (Ax)2, (Az)s and (Ax)y
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2. Left and right side rules for the Boolean connectives A and V

3. Left and right side modality rules

4. Left and right side rules for fixed-point operators and fixed point variables
and is depicted in table 5.3.

As usual, every side-sequent occurring in a rule is allowed to be empty. Moreover, in the rule
(O) only the formula Q¢ on the left-side is required to apply the rule. Similarly, in the rule
(O)gr the only formula required is g occurring on the right. The side-sequents © and %
are arbitrary finite sets of L,-formulas in both rules. As before, every variable occurring in a
sequent is assumed to identify a unique formula.

Definition 5.6.4. A pre-proof for I' = A is a (possibly infinite) tree t = (V, —, ) whose root
is labelled by I' = A and which is built according to the rules depicted in table 5.3, such that
every leaf is labelled by an axiom or by a sequent of the form ©,001" = 0A, Y, where © C Lit
and X C Lit.

The requirement for leafs ensures that pre-proofs are maximal. Every finite path either ends
in an axiom or in a leaf where no more formula can be applied. Paths and traces are defined
as for DT; we refer to section 5.2. Notice that 2DT contains no rules that push formulas
from one side of the arrow to the other. That implies that a trace starting on one side of
the sequent arrow stays on that side. This simplifies the requirements that are put on infinite
paths in order to be valid, as we do not have to deal with infinite traces passing both through
the left and the right side. Observe that the (A)g-rule is dual to the (V)-rule in the sense
that they both generate branching of degree 2. Similarly, the (V)g-rule is dual to (A)r. The
modality rules introduce weakening on both sides as well as box distribution. Notice that it
is allowed to weaken with arbitrary side-sequents. The fixed point rules are straightforward
generalizations of the fixed point rules in DT’ on both sides.

Definition 5.6.5. A proof for I' = A is a pre-proof t = (V,—, A) for I' = A for which the
following holds:

1. Every leaf of t is labelled by an axiom.

2. Every infinite path through ¢ contains an infinite u-trace on the left or an infinite v-trace
on the right.

We write 2DT F I = A if and only if there exists a 2DT-proof for I' = A. For a L,-formula
, we say that ¢ is provable if and only if 2DT F = ¢. Similarly, a one-sided sequent I’
is said to be provable if and only if 2DT F= I'. As for tableaux, we introduce the notion
of principal and residual formulas. Each 2DT-rule which is not a modality rule works on a
single formula in the lower sequent which is decomposed or regenerated. We call these relevant
formulas in the premise and the conclusion the distinguished formulas of the rule. For every
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rule apart from the modality rules, the distinguished formula in the lower sequent is called
principal and the distinguished formula(s) in the upper sequent is (are) called residual. In
case of the rules () and (O)g, only the formulas in the lower sequent which survive the rule
are principal (that is, the formulas in OI', 0A and ey for ¢ € {{J,0}) and every formula in
the upper sequent is restdual. For example in the rule

F:>(p0,A F:>(p17A
F:>(PO/\(P17A

(MR

the principal formula is g A 1 and the residual formulas are g and @1 in the upper sequents.

5.7 Soundness and completeness of 2DT

In order to prove soundness and completeness of 2DT, we use the close connection between
2DT and DT’ as well as the already established result that DT’ is sound and complete. The
correspondence between 2DT and DT’ is given by the following theorem:

Theorem 5.7.1. A one-sided sequent I' is 2DT-provable if and only if I is DT -provable.

Proof. Recall that there exists no rule in 2DT which pushes a formula from one side of
the sequent arrow to the other and that a one-sided sequent I' is 2DT-provable means that
2DT = T. If there is a proof of = I', the only rules applied in this proof are therefore rules
for the right side of the sequent arrow and (Ax)s. Moreover, throughout the proof, the left-side
is always empty. Observe that if the left-side of a sequent is empty, then every right-side rule
in 2DT coincides with the same rule in DT’; that is, (A)g coincides with (A), (V)g coincides
with (V), (O)g coincides with (') and so on. Thus, given a 2DT-proof of = I', one obtains
a DT/ -proof of I by simply removing every sequent arrow in the tree. For the other direction,
given a DT-proof of T', one obtains a 2DT-proof for = I' by simply adding a sequent arrow
to the left of each sequent labelling a node in the proof tree. O

Observe that theorem 5.7.1, despite establishing a useful connection between 2DT and DT, is
not quite enough to prove soundness and completeness. Using theorem 5.7.1 and the soundness
and completeness of DT, we can deduce that = I' is 2DT-provable if and only if = T is
valid. Our goal, however, is to prove that I' = A is 2DT-provable if and only if I' = A is
valid. What we require is a bridge theorem that establishes that a sequent I' = A is provable
if and only if = D(T"), A is provable. We start by proving one direction.

Remark 5.7.2. Recall that @ denotes the formula ¢, where every negated formula =Z in ¢

is replaced by Z. For the remainder of this section we denote the set D(I") simply by D(I") in
order to obtain a more concise presentation.

Theorem 5.7.3. Let I' = A be a sequent. If 2DT = D(I"), A, then 2DT FT' = A.
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The main difficulty in proving the theorem is that there might be some formula ¢ € I' such that
D(y) € A. In that case there is some information lost in the sequent = D(I"), A compared to
' = A, as the formula ¢ occurs in I' = A on the left and its dual D(p) on the right, while in
= D(T"), A the formula D(¢) only occurs once. For solving this problem we introduce a new
notion of corresponding paths in 2DT-proofs.

Definition 5.7.4. Let t = (V,—, \) be a 2DT-pre-proof for I' = A and ¢’ = (V/, =/, X) a
2DT-pre-proof for = D(T'), A. Let u € V and v’ € V'. We say that v and v’ are corresponding
- written u «~ u’ - if and only if

Auw) = (I",IT = A') and N (/) = (= D(I"), A)

where II is an arbitrary finite set of formulas. We call two paths P through ¢ and P’ through
t' corresponding - written P «~ P’ - if and only if

1. both P and P’ are finite, have the same length and P(n) «w P'(n) for all n < lth(P) or
2. both P and P’ are infinite and P(n) «~ P'(n) for all n € w.

The general proof strategy is based on the slogan that if a formula ¢ occurs on the left and its
dual D(p) on the right, then only information from one of these two formulas is needed. We
decide to use in such cases only information from the right, ignoring the formula on the left.
That is, we show how to construct a proof ¢ for I' = A from the proof ¢’ for = D(T"), A, where
whenever a rule in ¢’ is applied to a formula D(¢p), such that on the corresponding node in ¢
the formula ¢ occurs on the left and D(p) on the right, then we only apply the corresponding
rule on the right, ignoring the formula ¢ on the left. Thus, in the next node we consider ¢ to
belong to II. We show that this procedure still leads to a proof for I' = A, despite ignoring
information on the left. From now on when given a sequent I' = A, we write this sequent as
I'1,Y = D(X),A; where we assume that D(I'1) N Ay = (. If there is no formula ¢ € T' such
that D(¢) € A, then the sets ¥ and D(X) are empty.

Proof. (of theorem 5.7.3) Let I', ¥ = D(X), A be a sequent where D(I') N A = (). Suppose
t' = (V',=',\) is a proof for = D(T'), D(X),A. We construct a proof t = (V,—, ) for
I''Y = D(X),A as follows:

> The root r; of ¢ is labelled by I', ¥ = D(X), A. Notice that r; «~ ry where ry is the
root of ¢'.

> Suppose we have constructed P(0)P(1)...P(n) which corresponds to the initial segment
of a path P’(0)P'(1)...P"(n) through ¢'. We show how to extend the path:

— Suppose P'(n) is labelled by = D(I"), D(X'), A’, ¢ V 1. The rule applied at P'(n)
is (V)r and P'(n+ 1) is labelled by = D(I"), D(X'), A’, p,1. We distinguish three

cases:
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1. Suppose ¢ V¢ € D(I"). Since P(n) «~ P'(n), the node P(n) is labelled by
I, D(p V), Y\ 1T = D(¥'), A" where D(I') N A’ = () and II is some set of
side-formulas. Notice that D(¢ V ¥) = D(¢) A D(¢). Apply the rule (A)z to
generate a new node u labelled by IV, D(¢), D(v), ¥, I = D(X'), A’ and let
P(n + 1) = u. Notice that P(n + 1) «~ P'(n + 1).

2. Suppose Vi € A’. Then P(n) is labelled by I, ¥/, T = D(X'), A’, o V. Ap-
ply the rule (V)g to generate the node u labelled by IV, ¥/ TI = D(X'), A’, ¢, v
and let P(n 4 1) = u. Notice that P(n + 1) e~ P'(n 4 1).

3. Suppose ¢ Vi € D(X'). Then P(n) is labelled by

I, %, D(p) A D), Il = D(X), o V1, A
Apply the rule (V)g to generate the node u labelled by
', D(p) A D), Il = D(X'), ¢, 1, A
and let P(n + 1) = u. Notice that P(n 4+ 1) e« P'(n + 1) as D(p) A D(v) is

now considered to belong to II.

— Suppose P'(n) is labelled by = D(I'), D(X'), A’, ¢ A1. The rule applied at P'(n) is
(A)g and P'(n + 1) is without loss of generality labelled by = D(IV), D(X'), A/, ¢.
Again we distinguish three cases:

1. Suppose ¢ A € D(I”). Then P(n) is labelled by

Apply the rule (V) to generate two new nodes u and v labelled by IV, D(p), >/, 11 =
D(¥),A" and IV, D(¢), ¥, 11 = D(X'), A’ respectively. Let P(n+1) = u. No-
tice that P(n + 1) e« P'(n + 1).

2. Suppose p A € A’. Then P(n) is labelled by

I, ¥ = DX, A oA
Apply the rule (A)g to generate two new nodes u and v labelled by IV, ¥/ I =
D(X), A" pand TV, ¥ 1T = D(X'), A’ 4 respectively. Let P(n+1) = u. Notice

that P(n + 1) e~ P'(n 4+ 1).
3. Suppose p A € D(X'). Therefore P(n) is labelled by

I, D(p) V D), I1 = D(E'), 0 A th, A
Apply the rule (A)g to generate two new nodes u and v which are labelled by

I, 3, D(p)vD(¥), 11 = D(¥), ¢, A"and I, &', D(p) VD (1)), Il = D(X'), 1, A’
respectively. Let P(n + 1) = u. Notice that P(n + 1) e~ P/(n + 1).
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— The cases where P'(n) is labelled by a formula 0Z.p(Z) for o € {u,v} or by Z
where Z identifies ¢(Z) are similar to the first case; depending on whether the
formulas are in D(I'), D(X) or A" we apply the corresponding rule on the left or
right and extend the path accordingly.

— Suppose P'(n) is labelled by = D(I"), D(X'), A’,O¢ where D(I") = OD(T'1), D(T'2),
DY) =0D(%1),D(X2) and A" = O A1, Ay. The rule applied is (0) g and P'(n+1)
is labelled by = D(I'1), D(X1), A1, . We distinguish three cases:

1. Suppose Oy € D(T"). This implies that Oy € D(T'2) and so P(n) is labelled by
DI‘l, FQ, <>D((p), DEl, ZQ, II = OD(Zl), D(Zg), <>A1> Ay

Apply the rule (O) 1, to generate the node u labelled by I'1, D(p), X1 = D(31), Ay
and let P(n 4 1) = u. Notice that P(n 4 1) e« P'(n + 1).
2. Suppose Oy € A. This implies that ¢ € Ag and so that P(n) is labelled by

05, T, 0%, X0, I = OD(X1), D(X2), 0A1, Az, Oy

Then apply the rule (O0) g to generate the node u labelled by I'1, 31 = D(X)1, A1, ¢
and let P(n 4+ 1) = u. Notice that P(n + 1) e~ P'(n + 1).

3. Suppose Oy € D(X). This implies that Oy € D(X3) and therefore P(n) is
labelled by

O, T, 0%, X2, 0D(¢), II = OD(321), D(X2), O, 0A1, Ay

Apply the rule (O)g to generate the node w labelled by I'1, X1 = D(X1),Aq, ¢
and let P(n 4+ 1) = u. Notice that P(n + 1) e~ P'(n 4+ 1).

We have shown how to construct the tree ¢ from ' such that every path in ¢ corresponds to a
path in ¢. Notice that the root of ¢ is labelled by I', ¥ = D(X), A and the tree is generated
by applying the rules of 2DT. Suppose u is a leaf of ¢t and P(0)...P(n) = w is the finite path
leading to u. Let P'(0)...P'(n) be its corresponding path. By definition of a corresponding
path we have that P'(n) is a leaf of ¢’. Moreover it is an axiomatic leaf as ¢’ is a proof. Hence
P'(n) is labelled by = D(I"), D(X'), A’, P,=P. Since P(n) «~ P'(n) this implies that P(n) is
an axiomatic leaf as well, namely either (Ax)i, (Az)s, (Az)3 or (Az)s depending on whether
P and =P belong to D(I) or to D(X) or to A’ or any combination of those. We conclude
that every leaf of ¢ is axiomatic, which implies further that ¢ is a pre-proof. Next suppose P
is an infinite path through t. Again there exists a corresponding path P’ through #'. Since
t' is a proof we have that P’ contains an infinite v-trace on the right. Since P e~ P’ this
infinite v-trace corresponds to an infinite v-trace on the right or an infinite p-trace on the left
through P. The only problematic case that might occur is when the infinite v-trace on the
right through P’ starts in a D(T')-formula but switches to a D(X)-formula after a couple of
steps. In this case we would start building the corresponding trace through P on the left but
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as soon as the trace switches to D(X) we would continue the trace on the right. However, such
a switch is only possible if the unravelled fixed point formula which originally belongs to D(I")
is a subformula of a formula in D(X) or A. Otherwise, there is no possibility to introduce it
on the right side. This implies that there is an infinite v-trace on the right. Therefore every
infinite branch of ¢ has an infinite p-trace on the left or an infinite v-trace on the right. We
conclude that ¢ is a proof for I', ¥ = D(X), A. O

We have established that whenever there is a proof for = D(T"), A, there is also a proof for
I' = A. For the converse direction we cannot proceed in the exact same way. Suppose we have
a proof t for I' = A and we want to construct a proof ¢’ for = D(I"), A. The main problem is
again that there might be some formula ¢ € I' such that D(¢) € A. As we consider the proof
t we must take care of situations where at some point in ¢ there is rule applied to ¢ on the
left and several steps later there is a rule applied to D(¢) on the right or vice versa. As the
formula D(¢) occurs in = D(I"), A only once, we have to decide whether we want to apply a
rule to D(¢) when the corresponding rule is applied to ¢ in t or when it is applied to D(y) in
t. We decide to always apply a rule to D(p) in ¢ when the first time a rule is applied to one
of ¢ or D(¢p) in t. The second time ignore the application of the rule and we do not not apply
any rule. However, for that we need a way to keep track whether for some formula its dual
formula on the other side has already been decomposed. Moreover, it can also happen that for
some subformula of a formula there is a dual formula on the other side of the sequent arrow.
Thus we also have to keep track of situations, where the subformula is freed and then has its
dual on the other side. We will do this by introducing a marking on proofs that keeps track of
these situations. Finally, we also have to slightly change the notion of a corresponding path,
as it is now possible that when there is a step in a path through ¢, that nothing happens on
its corresponding path through ¢'.

Definition 5.7.5. Let ¢ = (V,—,\) be a proof for I' = A. We define a marking on ¢ as
follows:

> The root ry of t which is labelled by I' = A has every formula in I' U A unmarked.

> Suppose P(0)...P(n) is an initial segment of a path P through ¢ and we have marked P
up to P(n). Moreover suppose A(P(n)) =T, = A,, and the rule applied at P(n) is (x)
where (x) is not (O)z, or (O)r. We assume that (x) is applied to the formula ¢ in Iy, or
A, and generates P(n+ 1), where (one of) the residual(s) is ¢*. Then we mark P(n+1)
in two steps:

1. Marking the residual formula and the dual of the principal formula:
— If ¢ is unmarked in P(n) and the dual D(¢) occurs on the other side of the
sequent arrow in P(n), then we mark D(p) in P(n + 1).

— If ¢ is marked in P(n), ¢* does not occur unmarked on the same side as ¢
in P(n) and D(¢*) does not occur unmarked on the other side of the sequent
arrow in P(n), then we mark ¢* in P(n + 1).
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2. Marking side-formulas:
— If ¢ occurs on the same side as ¢ such that ¥ # ¢* and v is marked, then we
mark the occurrence of ¥ in P(n + 1).

— If ¥ occurs on the other side as ¢ such that ¢ # D(y) and 1 is marked, then
we mark the occurrence of ¢ in P(n + 1).

> If the rule applied at P(n) is (O) 1, or () we do not mark any formula labelling P(n+1).
> No other formulas are marked.
We call such a proof a marked proof for I' = A.

Example 5.7.6. Consider the sequent PAQ, (RA—=P)V(RA—-Q) = —-RV P,—~RV Q. Below
is a proof for this sequent. We show how to step-wise mark the proof-tree. At the beginning,
we have an unmarked proof ¢:

P.Q,R,~P = —R,P,~RVQ N
PAQ,R,—P= —R,P,-RVQ (V)L P,Q,RA—-Q = —RV P,-R,Q
PAQ,R,~P= -RVP,-RVQ (Ai PAQ,RA-Q = -RV P,-R,Q (
PANQ,RAN-P=-RVP,-RVQ PAQ,RAN-Q = -RVP,-RVQ

PAQ,(RA-P)V(RA—=Q)= -RV P,-RVQ (

(AL
V)R
\/)L

In the first step we mark the root which implies that we do not add any marks to ¢. Let us
focus on the left branch P first. The principal formula in P(0) is (R A =P) V (R A =Q) which
is unmarked and its dual does not occur on the right. Thus we do not mark any formula in
P(1). Next, the principal formula of P(1) is R A =P which is unmarked, but its dual =RV P
occurs on the right. Hence we mark —R V P in P(2). Next, the principal formula of P(2) is
=R V P which is marked. Notice that for both residuals of the application of (V)g, namely
=R and P, their respective dual occurs unmarked on the left and so no formula is marked in
P(3). Finally, the last step does not introduce any markings. Afterwards we also mark the
right branch P'. Here, the formula R A =@ is marked in P’(2) and its marking is not removed
for the rest of the path. Thus we obtain the following marked proof:

P,Q,R,~P = —R,P,-RVQ N
PAQ,R,—P= —R,P,-RVQ (v§ P,Q,RA-Q= -RV P,—-R,Q
PAQ.R,-P= -RVP,-RvQ 2 PAQRA-Q=-RVP-R,Q
PAQ,RA—P= -RVP,-RVQ (M) PAQ,RA—Q= -RVP,-RVQ (

PAQ,(RAN-P)V(RA—=Q)= -RVP,-RVQ (

(AL
V)R
\/)L

Having defined marked proofs, we now move on to define corresponding paths. Afterwards we
give an example that illustrates what effect the marking has in building suitable proofs.
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Definition 5.7.7. Let t = (V,—, \) be a marked proof for I' = A and let ¢’ = (V', =/, \’) be
a pre-proof of = D(I"),A. Let u € V and v/ € V' be nodes such that A(u) = (X = II) and
N = (= Q). We call u and v’ corresponding - written u «~ u' - if and only if

D(¥ — {¢ € ¥|p is marked }) U (IT — {¢ € II|p is marked }) = Q

Let P be a path through ¢ and P’ a path through t. We call P and P’ corresponding - written
P e~ P’ - if and only if the following conditions hold:

1. Either both paths are finite or both paths are infinite.

2. Every node in P corresponds to exactly one node in P’ and conversely every node in P’
corresponds to at least one node in P.

3. If P(n) «~ P'(m), then n > m.
4. If P(n) e~ P'(m) and P(k) e~ P'(I) where n < k, then m <.

Example 5.7.8. Recall the marked proof for PAQ,(RA—-P)V (RA-Q)= -RV P,-RVQ
from the previous example. We use this proof to build a proof for

= D(PAQ),D((RA=P)V (RA=Q)),~RV P,~RV Q

where each path corresponds to a path in the marked proof above. We do this by applying the
same (or the dual) rules to the same (or the dual) formulas in the same order, where whenever
the principal formula is marked, we ignore that step. Thus we obtain the following prooftree:

= =P, ~Q,~R,P,-RV Q W) = =P, ~Q,~RV P,~R,Q

= PV -Q,-R,P,-RVQ (vf = -PV-Q,-RV P,—R,Q, (

= -PV-Q,-RVP,-RvQ ‘"B = -PV-Q,-RVP,-RVQ
= PV -Q,(wRVP)A(~RVQ),~-RV P,-RVQ (

Notice that the left path corresponds to the left path of the marked proof and the right
path corresponds to the right path of the marked proof. Moreover, notice that we can build
this prooftree entirely syntactical, given that we already have the marked proof. There is no
reasoning involved, but only applying an algorithm that tells us which rules to apply to which
formulas on the basis of the marked prooftree. This example can be generalized to arbitrary
prooftrees which establishes the converse of theorem 5.7.3.

(V)r
\/)R
)

N)R

Theorem 5.7.9. Let I' = A be a sequent. If 2DT FT' = A, then 2DT = D(I), A.

Proof. Let I' = A be a sequent and let t = (V, —, ) be a marked proof for I' = A. We show
how to construct a proof ¢’ = (V', =/, X) for = D(T), A.

> The root ry of t’ is labelled by = D(T"), A. Notice that ry «~ ry.
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> Suppose we have constructed the path P'(0)...IP(m) which corresponds to the initial
segment of the path P(0)...P(n) through ¢ where m < n. In particular we assume that
P(n) «~ P'(m). We show how to extend P":

— Suppose A(P(n)) = (T'y, oAb = A,,), the rule applied at P(n) is (A)r and P(n+1)
is labelled by 'y, 0,9 = A,,. We distinguish two cases:

1. Suppose p A1 is marked. So there has been an application of (V)g in an earlier
node of P to D(p A1) on the right, where ¢ A1 was already present on the left.
If ¢ occurs unmarked on the left in P(n + 1), then the formula D(y) occurs
unmarked on the right side of P(n) or ¢ occurs unmarked on the left side of
P(n). In both cases, since P(n) «~ P'(m), we have that D(p) labels the right
side of P’(m). The case where 1 is unmarked in P(n + 1) is identical. If ¢
occurs marked in P(n + 1), then either D(p) does not occur on the right side
of P(n) or D(¢) occurs marked on the right side of P(n) and ¢ does not occur
unmarked on the left side of P(n). Since P(n) «~ P'(m), the right side of ' (m)
is not labelled by D(¢p) and therefore P(n + 1) «~ P’(m). The case where v is
marked is identical. Thus in all cases P(n + 1) «~ P’(m) and we do not apply
any rules to P’(m). Notice that P(0)...P(n)P(n + 1) «~ P'(0)...P'(m).

2. Suppose ¢ A 1 is unmarked . Then both ¢ and 1 labelling P(n + 1) on the
left side are unmarked as well. Moreover D(¢) V D(1)) labels the right side of
P'(m). Apply the rule (V)g to generate a new node u labelled by D(¢) and by
D(%) on the right and let P'(m + 1) = u. Notice that P(n + 1) e P/(m + 1)
and P(0)..P(n)P(n + 1) e~ P'(0)...P (m)P'(m + 1).

— Suppose A(P(n)) = (T', = ¢ A, A,), the rule applied is (A)r which generates
two new nodes u and v labelled by I'), = ¢, A,, and I, = 9, A, respectively. We
distinguish two cases:

1. Suppose ¢ A 9 is marked. Then there has been an earlier application in P of
the (V)z-rule to D(¢) V D(%) on the left, where ¢ A ¢ was already present on
the right which split up the path in two. Suppose without loss of generality
that we chose D(y). Then we assume that P(n + 1) = u (if not, we simply
consider the path which goes through u and which is identical to P up to the
node P(n)). In case the occurrence of ¢ that labels the right side of P(n + 1)
is unmarked, we have that the formula D(p) occurs unmarked on the left side
of P(n) or ¢ occurs unmarked on the right side of P(n). In both cases, since
P(n) «~ P’(m), we have that ¢ occurs on the right of P'(m) and therefore
P(n 4 1) e~ P'(m). If ¢ is marked, then ¢ does not occur unmarked on the
right side of P(n) and D(p) does not occur unmarked on the left of P(n). Thus,
since P(n) «~ P'(m), we have that ¢ does not occur on the right side of P’(m)
and so P(n 4 1) «~ P’(m). Therefore we do not apply any rules to P’(m) and
we notice that P(0)...P(n)P(n + 1) «~ P'(0)...P"(m).

73



Chapter 5. Infinitary proof systems for the modal mu-calculus

2. Suppose ¢ A v is unmarked and without loss of generality P(n + 1) = w.
Then ¢ A 9 labels the right side of X(P'(m)) and we apply the rule (A)g to
generate two nodes u and v labelled on the right by ¢ and v respectively. Let
P'(m + 1) = u. Notice that P(n+1) «~ P'(m+ 1) and P(0)...P(n)P(n+ 1) e~
P'(0)...P"(m)P'(m + 1).

— Suppose \(P(n)) = (T'y, ¢ V¢ = A,) and the rule applied is (V) which generates
two nodes u and v labelled by T'y,, o = A,, and 'y, = A, respectively. This case
is symmetric to the previous one.

— Suppose A(P(n)) = (I', = ¢ V¢, A,), the rule applied is (V)r and P(n + 1) is
labelled by T',, = ¢, %, A,. This case is symmetric to the first one.

— Suppose A\(P(n)) = X,00,, 0p = O0A,, 2, the rule applied is (O)z and P(n+ 1) is
labelled by T'y, o = A,. We distinguish two cases:

1. Suppose some formula ¢ € OI', U {O¢} U OA,, is marked. This implies that
there has been an earlier node in the path which was labelled by both 1) on
one side and its dual D(%)) on the other side, and the rule applied to that
node decomposed D(v). But this rule can only have been (O)r, or () g, which
implies that also 1) has been decomposed in that step, which is a contradiction.
Therefore this case cannot happen.

2. Suppose every formula in O, U {Q¢} U OA,, is unmarked. Then

N(P'(m)) = (= 0D(I'n),OD(p), 0An, ©,D(P))

for some set of formulas © C  and some set of formulas ® C . We apply the
rule (O) g to generate a new node u which is labelled by = D(T'y,), D(¢), A, and
let P'(m+1) = u. Notice that P(n+1) «w P'(m+1) and P(0)..P(n)P(n+1) «~
P'(0)...P' (m)P' (m + 1).
— Suppose A(P(n)) = X,00, = Op, 0A,, Q, the rule applied is (0)r and P(n + 1)
is labelled by T';, = ¢, A,. This case is symmetric to the previous one.
— Suppose A(P(n)) = (Tn,0Z.9(Z) = A,) for 0 € {u,v}, the rule applied is (o)p,
and P(n + 1) is labelled by I'y,, Z = A,,. Again we distinguish two cases:
1. Suppose 0Z.p(Z) is marked. Then by similar reasoning as in the first step we
have that P(n 4+ 1) «~ P’(m) and we do not extend P’.

2. Suppose 0Z.¢(Z) is unmarked. Then D(cZ.¢(Z)) occurs on the right side of
the sequent which labels P’(m) and we apply the dual rule of (o)1 to extend
[P’. Notice that P(n + 1) «~ P'(m + 1).

— The cases where A(P(n)) is labelled by 0Z.¢(Z) on the right or by Z on the left or
on the right are similar to the case before.

We have now shown how to construct ¢'. First of all, notice that ¢’ is a finite branching tree
and its root is labelled by = D(I"), A. Moreover, the tree is generated by 2DT-rules. We have
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shown that each path through ¢’ corresponds to a path through ¢ (notice that the converse is
not true in general). Now suppose u is a leaf of . Let P’ = P/(0)...P"(m) = u be the finite
path that leads to uw. There exists a corresponding path P = P(0)...P(n) through t where
n > m and P(n) is a leaf as well. Moreover P(n) «~ P'(m). Since P(n) is a leaf and ¢ a
proof we have that P(n) is an axiomatic leaf. Finally notice that literals are always unmarked.
This directly implies that v is an axiomatic leaf as well. Now suppose that P’ is an infinite
path through ¢’ and let P be its corresponding infinite path through ¢. Since t is a proof we
have that P contains an infinite p-trace on the left or an infinite v-trace on the right which we
denote by tr. Let tr’ denote its corresponding v-trace on the right in . Suppose towards a
contradiction that ¢r’ is finite. This is only possible, if from some node on the trace tr in P is
always marked. Recall that every formula is guarded. Hence we have that every infinite path
passes through a box-rule infinitely often and we have already seen that the formulas surviving
a box-rule are always unmarked. Thus, as soon as we reach the node in P from where on r is
always marked, the trace tr will end at the next application of a box-rule, which contradicts
the assumption that ¢r is infinite. Therefore ¢r’ is infinite and so P’ has an infinite v-trace on
the right. We conclude that ¢’ is a proof for = D(T"), A. O

Combining theorem 5.7.3 and theorem 5.7.9 yields the following corollary:

Corollary 5.7.10. Let I' = A be a sequent. Then the following holds:
2DTHI'= A & 2DTH= D(I'),A

Theorem 5.7.11 (Soundness and completeness of 2DT). Let I' = A be a sequent. Then
the following holds:

2DT FTI = Aif and only if I' = A is valid.

Proof. Let I' = A be a sequent. Then we have that

2DTHI = A 2DT = D(I'),A
DT’ + D(I), A
D(T), A is valid
VDI) vV A is valid
AT — VA is valid

I' = A is valid

Corollary 5.7.10)

Theorem 5.7.1)

Theorem 5.5.4 and Theorem 5.5.1)
by definition)

by propositional reasoning)

by definition) O

teoe0e

SN TN TN TN N N
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Chapter 6

Craig interpolation

6.1 Introduction

A logic L is said to have Craig interpolation, if whenever an L-implication ¢ — 1) is valid, there
exists a formula v which uses only non-logical symbols that occur in both ¢ and ), such that
@ — v and v — ¥ are valid. The formula = is called an interpolant for ¢ — 1. Craig interpo-
lation was first stated and proved for classical first-order logic by Craig in 1957. Interpolation
results have been established for many different non-classical logical systems ever since. For a
concise overview we refer to [6] by D’Agostino. There are many reasons why it is interesting
to study Craig interpolation. As a start, Craig interpolation is used as a tool to prove results
in mathematical logic such as the Beth Theorem or the Los-Tarski-Theorem. Moreover, inter-
polation is applied to computer science in areas such as software design, database theory and
model checking. While many non-classical logics enjoy Craig interpolation, it is not a com-
mon property among fixed point logics. Famous systems such as LTL, CTL or CTL* all fail
to have interpolation [6]. However, interpolation results have been established for the modal
mu-calculus. Uniform interpolation was established by D’Agostino and Hollenberg in 2000
[7]. Most recently, Afshari and Leigh established Lyndon interpolation [3]. Both uniform and
Lyndon interpolation are stronger interpolation properties than Craig interpolation. As this
chapter deals with Craig interpolation, we mean by interpolation for the rest of the chapter
always Craig interpolation. There are different approaches for establishing that a logic enjoys
interpolation. Interpolation for intuitionistic logic for instance can be established using alge-
braic methods. Instead of proving Craig interpolation directly, one establishes it by proving
that the variety of Heyting algebras enjoys amalgamation, which is the algebraic counterpart
of interpolation. There are also model theoretic approaches which use Robinson’s consistency
theorem. Another approach uses methods from proof theory. Given a cut-free sequent calculus
and a derivation of ¢ — 1, one constructs an interpolant for ¢ — 1 by starting to interpolate
the leafs of the derivation tree. Afterwards, one shows how to construct interpolants for the
conclusion of a rule, given that interpolants for its premises have already been constructed.

76



Chapter 6. Craig interpolation

The proof theoretic approach therefore results in a constructive proof of Craig interpolation.
In this chapter we establish that the fragment ¥} UTI] enjoys interpolation, by following the
proof theoretic approach. That is, we show how to construct interpolants from given proofs.
The main problem is that every proof system for the modal mu-calculus which we have consid-
ered so far allows infinite proof trees. The proof theoretic approach however does not work on
an infinite tree, as it relies on starting the construction of the interpolant in the leafs. Afshari
and Leigh provided a solution to this problem by turning towards circular proof systems for
the modal mu-calculus [3]. As a circular proof is finite, one can build interpolants using the
standard proof-theoretic approach. We take a similar route and define a circular proof system
for X UTI. As we restrict to the first level of the alternation depth hierarchy, we do not
have to deal with syntactic fixed point alternation of degree higher than 1, which implies that
the circular calculus turns out to be much simpler than what is needed for the whole modal
mu-calculus. This is due to similar reasons as were explained in chapter 4 when we introduced
circular tableaux. The system we work with is obtained from the two-sided calculus 2DT by
pruning the infinitary proof trees at suitable nodes. The sequent arrow = is thereby a natural
candidate to interpret the implication — in the definition of Craig interpolation. After we
define this circular calculus and proof its soundness and completeness with respect to X} UTI
in section 6.2, we show how to use it to establish Craig interpolation. We first show that
the fragments X} and II} enjoy Craig interpolation in section 6.3. The constructed Craig
interpolant for these two fragments turns out to be optimal, in the sense that the interpolant
constructed in the proof for X belongs itself to X/, while the interpolant constructed for IT{
belongs to II§'. We then establish that ¥4 U IT} enjoys Craig interpolation by combining the
previous results in section 6.4. The constructed interpolant however does in general not lie in
Y1 UIIY, but has arbitrary fixed point alternation depth. We show in the last section 6.5 of
this chapter how and to what extent this result can be optimized.

6.2 The circular sequent calculus C2DT

This section introduces the circular and two-sided sequent calculus C2DT for 3} UTI}. Similar
to circular tableaux introduced in chapter 4, a circular proof is a finite tree with loops that
unravels into an infinitary and regular proof. As we consider two-sided sequents, the circular
proofs unravel into infinitary 2DT-proofs. We first define the circular sequent calculus C2DT.
Afterwards we prove its soundness and completeness with respect to the fragment X4 U ITY.
As for circular tableaux, the definition of a circular proof as presented here is not sound for
formulas which are in a higher level of the alternation hierarchy. Indeed, our definition relies
on the lack of fixed point alternation. From now on, given a sequent I' = A, we assume that
both I' and A are subsets of X4 UTI/.

Definition 6.2.1. The circular sequent calculus C2DT consists of the same axioms and rules
as the two-sided sequent calculus 2DT and is depicted in Table 6.1.
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Table 6.1: The circular sequent calculus C2DT

TP pa A TSP oPA A2
T,-P= -PA (Ax)s T,P,-P= A (Ax)s
F7@07¢1:>A (/\) F:>9007A F:>S017A(/\)
T,poApr = A V70 T'= ¢ Apr, A R
F?QOO :>A F7901 :>A (\/) F:>9007S017A \/)
T,00 V1= A L =g Ve,A R
e=A I'=sp A
O,0T, Oy = OA, % (O 0,00 = Oy, 0A, T (D)r
I,7= A ) I= Z,A )
T, uZ.0(2) = A HE U= uZ.p(2),0 HE
Iz=A W) I'=sZ A )
TovZ.p(Z)=A " 'F I'=vZoZ),A "
Lp(Z)= A I'=¢(2),A
[,Z=A (Z)r r=ZA (Z)r

Definition 6.2.2. A circular pre-proof for I' = A is a finite tree ¢t = (V,—, \) with root r,
which is generated by the rules of C2DT such that:

1. )\(’I”t) =I'=A

2. every leaf u € V is either labelled by an axiom or by a sequent of the form 6,00 = 0A, X
where © C Lit and X C Lit or by a sequent II = €2, such that there exists a distinguished
node v’ € V from which w is reachable and \(u’) = A(u). We call «’ the associated node
of u.

Observe that circular pre-proofs are finite trees. The second condition ensures that pre-proofs
are maximal. If u is a leaf, then there are three possibilities:

1. The leaf u is an axiom

2. The leaf u is a node where no more rules can be applied
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3. The leaf u has an associated node v’ that occurs earlier in the branch leading to u such
that u can be identified with u/.

As for circular tableaux, leafs in the third case are used to introduce loops into the prooftree.
Leafs in case one and two are called leafs of type 1 and leafs in case three are called leafs of
type 2. We define a path through a pre-proof as follows:

Definition 6.2.3. Let t = (V,—, A) be a circular pre-proof. A path P through t is a (possibly
infinite) sequence of nodes P(0)P(1)P(2)... with P(0) = r; such that for all i € w:

1. If P(q) is not a leaf, then P(i) — P(i + 1).
2. If P(4) is a leaf of type 1, then the path ends at P(4).

3. If P(4) is a leaf of type 2 and j < i such that P(j) is the associated node of P(i), then
P(5) = P(i +1).

Traces through a path are defined as in definition 3.3.8.

Definition 6.2.4. A circular proof for I' = A is a circular pre-proof t = (V, —,\) for ' = A,
such that every leaf of type 1 is labelled by an axiom and for every leaf u of type 2 labelled
by I = Q with associated node «’ the following holds:

1. between u’ and u there is an application of the rule (O)y, or (O)r and

2. there exists a formula ¢ € II which belongs to a trace that starts in a X{-formula or
there exists a formula ¢ €  which belongs to a trace that starts in a II{-formula. The
formula ¢ is called the distinguished formula of u.

We write C2DT ' = A if and only if there exists a C2DT-proof for I' = A. Leafs of type
1 which are labelled by an axiom are called aziomatic leafs. Leafs of type 2 that fulfil the two
conditions above are called non-aziomatic leafs.

Remark 6.2.5. We assume without loss of generality that the distinguished formula ¢ of a
non-axiomatic leaf u belongs to the same trace as the occurrence of ¢ in the associated node
u’. If this is not the case, then the occurrence of ¢ labelling u is a sub-formula of some formula
1, which labels both 4 and u and which is decomposed and regenerated between u' and u,
such that ¢ is freed in the process. However, this implies that both occurrences of ¢ belong to
the same trace. Moreover, since we only consider the fragment X4’ UII{ and ¢ is a subformula
of 1, the formula 1) belongs to a trace that starts in a ¥4-formula on the left or a II{-formula
on the right. Therefore we can simply choose the distinguished formula to be .

Observe that circular pre-proofs for a sequent are not unique. There are no restrictions on
which suitable repetition should be chosen to serve as non-axiomatic leaf. Therefore it is
possible for a sequent to have infinitely many different circular pre-proofs. Recall the discussion
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in chapter 4 about why the restriction to the fragment 3} U II}' matters for the soundness of
the circular tableaux system. Given a circular tableaux for a sequent that contains formulas
with a greater alternation depth, we noticed that we need more refined conditions for non-
axiomatic leafs to ensure that unfolding the circular tableau leads to a tableau. The same
goes for circular proofs. The restriction to the fragment X} UTI{ is essential for the system’s
soundness.

6.2.1 Soundness and completeness of C2DT

In order to establish that C2DT is sound and complete with respect to the fragment X} UTIY,
we use the soundness and completeness of 2DT. For soundness, we unravel a circular proof
into a 2DT-proof. For completeness, we first show that given a 2DT-proof ¢, every infinite
path through ¢ contains a repetition of a suitable form and then we show how to prune a
2DT-proof into a circular proof.

Theorem 6.2.6 (Soundness of C2DT with respect to X{ UII{). Let I' = A be a sequent
such that I') A C ET U H‘f. IfC2DTHFTI = A, then I' = A is valid.

Proof. Suppose that I') A C ¥4 U} and t = (V, —, \) is a circular proof of I' = A. First of
all, notice that if every leaf of ¢ is axiomatic, then t is also a 2DT-proof of I' = A. Soundness
of 2DT then implies that I = A is valid. Thus, suppose that there are n > 1 non-axiomatic
leafs in ¢t. The idea is to unravel ¢ over its non-axiomatic leafs into an infinite tree ¢’. That
is, we define t’ in stages, where ¢, = ¢ and t_ ; is | where for each leaf of t| corresponding to
a non-axiomatic leaf u of t we plug the sub-tree of ¢ rooted at the successor of u’s associated
node on top of it. The tree t’ is then defined to be the limit of this construction. Notice that
t' is an infinite tree generated by the rules of 2DT and whose root is labelled by I' = A.
By construction every leaf of ¢’ corresponds to an axiomatic leaf of ¢ and is thus axiomatic
itself. Moreover, every infinite path P’ through ' corresponds to an infinite path through t.
It therefore suffices to show that every infinite path through ¢ has an infinite u-trace on the
left or an infinite v-trace on the right. Every infinite path through t passes through some non-
axiomatic leaf u with associated node v’ infinitely often. Suppose without loss of generality
that the distinguished formula ¢ of u occurs on the left. By definition ¢ belongs to a trace
that starts in a X{-formula. Hence, there are infinitely many nodes of P that are labelled
by Xf-formulas on the left. This implies that every node of P is labelled by X4-formulas on
the left. If this was not the case, then there would exist n € w such that P(n) was labelled
by II{-formulas on the left only. But since we are working in the fragment ¥§' U I, there
is no way to reintroduce ¥4-formulas on the left. Therefore for each m > n, the node P(m)
would also be labelled by IT{-formulas on the left only. This contradicts the assumption that
there are infinitely many nodes labelled by ¢ on the left. Since P is infinite and each node
of P is labelled by X{-formulas on the left, there exists - by lemma 4.2.3 - an infinite trace
on the left, which is a p-trace. The case where the distinguished formula of u occurs on the
right is identical. Therefore, every infinite path through ¢ has an infinite p-trace on the left
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or an infinite v-trace on the right and so does every path through ¢ which implies that ¢’ is
a 2DT-proof of I' = A. Finally, since 2DT is sound, we conclude that I' = A is valid and
thus that C2DT is sound. O

For proving completeness, we use the completeness of 2DT. Suppose I' = A is valid. Then
it has a 2DT-proof t = (V, —, X). We search each infinite branch of ¢ for suitable repetitions
and prune it there to obtain a finite tree, which serves as the circular proof. For that we first
have to establish that suitable repetitions exist in each infinite branch, for which in turn we
require the following proposition:

Proposition 6.2.7. Every infinite path in a 2DT-proof passes through a modality rule in-
finitely often.

The proof is a easy generalization of the proof of proposition 3.3.7.

Lemma 6.2.8. Let t = (V,—, \) be a 2DT-proof for I' = A where I', A C 3{ UII} and let
P be an infinite path through ¢. There exist j < i such that A(P(j)) = A(P(4)), there is an
application of () or (O)r between P(j) and P(:) and there exists ¢ € A(P(7)) which either
occurs on the left and belongs to a trace starting in a X4'-formula or occurs on the right and
belongs to a trace starting in a II}-formula.

Proof. The root of t is by assumption labelled by I' = A. Therefore every sequent 1I = 2
labelling some node P(n) has the property that II C Sub(I') and 2 C Sub(A). Hence, there
are only finitely many different sequents that can label nodes in P. Since P is infinite, this
implies that there exists a sequent II = () that labels infinitely many nodes in P. Since P
passes through a modality rule infinitely often, there exists j < ¢, such that A(P(5)) = A\(P(4))
and there is an application of a modality rule in between. Finally, since ¢ is a proof we have
that P has an infinite v-trace on the right or an infinite p-trace on the left. So there exists a
formula ¢ labelling the left or the right side of P(7) which belongs to a u- or a v-trace. Since
we are only considering the fragment 3} U I}, this implies that ¢ belongs to a trace that
starts in a ¥f-formula or in a II}-formula. O

Theorem 6.2.9 (Completeness of C2DT with respect to X UTIY). Let I' = A be a sequent
such that I, A C Y UTI}. If T = A is valid, then C2DT + I = A.

Proof. Suppose I'y) A C 3} UTI{ such that ' = A is valid. By completeness of 2DT there
exists a proof t = (V,—,A) of I' = A. First of all notice that if ¢ is finite, then ¢ is also
a C2DT-proof. So suppose t is infinite and let P be an infinite path through ¢. By lemma
6.2.8 there exists j < 4, such that A(P(j)) = A(P(7)), there is an application of a modality
rule in between and there exists ¢ € A(IP(i)) which occurs on the left and belongs to a trace
starting in a X4-formula or which occurs on the right and belongs to a trace starting in a
[I}-formula. Prune the path P at this node. The pruned path is finite and P(¢) is by definition
a non-axiomatic leaf with associated node P(j). Thus, after pruning each infinite path of
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t at a suitable repetition, we are left with a tree ¢ = (V/, =/, X) consisting of finite paths
only. Konig’s Lemma implies that ¢’ is finite. Moreover each leaf is either axiomatic or non-
axiomatic. As the root of ¢ is labelled by I' = A and t’' is generated by C2DT-rules, we
conclude that ' is a C2DT-proof of I' = A. Therefore C2DT is complete with respect to
s UL O

6.3 Craig interpolation for X} and II/

This section establishes the Craig interpolation property for ¥4~ and II{-implications, using
the circular sequent calculus C2DT. Recall that Sub(y) is the set of all subformulas of the

formula ¢ and given a finite set of L,-formulas I', Sub(T') = e Sub(p). Let

At(T') := {P € Prop|P € Sub(T") or =P € Sub(T")}

Definition 6.3.1. Let I', A be finite sets of L,-formulas. The common language L(I') N L(A)
of I" and A is the sub-language of L, consisting of the same set of variables, the same logical
connectives and the same modal and fixed point operators as L, as well as the set of atomic
propositions At(I') N At(A) C Prop.

Formulas of L(I') N L(A) in guarded normal form are defined as for £,. Observe that every
L(T') N L(A)-formula is therefore a L,-formula. If At(I') N At(A) = ), we say that that the
common language of I and A is empty, written L(I') N L(A) = 0.

Theorem 6.3.2 (Craig interpolation for X/'). Let I A C ¥¥. If T = A is valid and £(I') N
L(A) # 0, then there exists an £(I') N L(A)-formula + such that I' = v and v = A are valid.

As mentioned in the introduction of this chapter, we follow the proof theoretic approach to
establish Craig interpolation, using the circular sequent calculus C2DT. Suppose I' = A is
valid and their common language non-empty. By theorem 6.2.9 there exists a circular proof
t = (V,—,\) of ' = A. The interpolant for I' = A is built by induction on ¢. In the base case
the leaves of t are interpolated. This is done by defining a formula vy for each leaf (axiomatic
and non-axiomatic) which belongs to the common language of I' and A and is called a pre-
wnterpolant. In the case of an axiomatic leaf u labelled by II = €2, the pre-interpolant 7 is
constructed in such a way, that

C2DT I II = 79 and C2DT I vy = 2 (6.1)

which implies that 7g is almost an interpolant for the leaf u, only the condition that ~g is
a L(II) N £(2)-formula might fail. Non-axiomatic leafs are interpolated by free variables,
which become bound as soon as the construction reaches the associated node of the leaf in
the induction step. In the induction step, the pre-interpolant for the conclusion of a rule is
built from the already constructed pre-interpolants for its premises. That is, we show how
to construct a pre-interpolant for the root of ¢ by starting at the leaves and step by step
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working through the proof tree. We then show that the constructed pre-interpolant is indeed
an interpolant for I' = A. Throughout the proof of the Craig interpolation theorem we write
FII= Q for C2DT - II = Q.

Proof. (of theorem 6.3.2) Suppose that I' = A is valid for I'; A C 3} and L(I') N L(A) # 0.
By theorem 6.2.9 there exists a circular proof ¢t = (V,—, ) for I' = A. We construct an
interpolant for I' = A by induction on t.

Base case: We show how to obtain pre-interpolants for the leafs of . We distinguish two
cases:

> Suppose u € V is an axiomatic leaf. Then we distinguish four cases:

1. Suppose w is labelled by II, P, =P = Q. Let @ € At(I') N At(A) (recall that this set
is non-empty by assumption) and define vy := @ A —Q. First of all notice that 7o
is a L(I') N L(A)-formula. Moreover, - II, P,-P = Q A =@ as this is an instance
of (Ax)s and F Q A =Q = Q as the following derivation shows:

Q. -Q=a %?4
QA-Q=0 VT
2. Suppose u is labelled by IT = P, =P, . Let Q € At(I') N At(A) and define 7o :=

QV —Q. Clearly, 7o is a L(T') N L(A)-formula and F I = @ V —Q as the following
derivation shows:

—(Au)
= Q,~Q
T=qQu-q

Finally, F Q V —=Q = P, =P, as this is an instance of (Ax)s.

3. Suppose u is labelled by II, P = P,Q. Notice that this implies that P € A¢(I') N
At(A), as each formula labelling some node of ¢ is a subformula of some formula
labelling the root of t. Hence let 7o := P. Again ~g is a L(I") N L(A)-formula and
FII,P = P and - P = P,Q as these are both instances of (Ax);.

4. Suppose u is labelled by II, P = =P, ). Then using the same argument as in the
previous case we define the pre-interpolant to be vy := = P.

> Suppose u € V is a non-axiomatic leaf with associated node u/. In case there exists
another non-axiomatic leaf v € V which has the same associated node u’ and we have
already constructed a pre-interpolant! ~o for v, we define the pre-interpolant for u to be
7o as well. Otherwise, let X be a fresh variable and define g := X .2

!We assume without loss of generality that if 4 and v are non-axiomatic leafs which have the same associated
node, then they also have the same distinguished formula.
>The variable X is fresh if and only if X ¢ Sub(T') U Sub(A).
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Induction step: Let v be a node in ¢t and assume that we have already constructed pre-
interpolants for v’s children. We show how to define a pre-interpolant v for v. For that we
distinguish the following cases:

1. Suppose v is labelled by I, pg A 1 = Q and the last rule applied was (A)r:

H?@Ou(plég
I, 00 A 1 =

(ML

By induction hypothesis we have a pre-interpolant ~g for the child of v. In case v is
not an associated node, let v := . Otherwise, v is the associated node of some non-
axiomatic leaf u which has pre-interpolant X. Notice that every non-axiomatic leaf
has its distinguished formula on the left, as we are only considering ¥4-formulas. Let

v = pX.0.

2. Suppose v is labelled by IT = g A @1, and the last rule applied was (A)g:

II = o, 2 = 1,0
IT = o A 1,82

(Mr

By induction hypothesis we have a pre-interpolant g for the left child of v and a pre-
interpolant ~; for the right child of v. In case v is not an associated node, let v := v A71.
Otherwise let v := puX.(7 A1) where X is the pre-interpolant of the leaf to which v is
associated.

3. Suppose v is labelled by II, pg V 1 =  and the last rule applied is (V)r:

II, g = Q I, 1 = Q
IL, o V 1 = Q

(ML

By induction hypothesis we have pre-interpolants vy and v, for the left and right child
of v respectively. In case v is not an associated node, let v := 79 V 71, otherwise let
v := puX.(7 V1) where X is the pre-interpolant of the leaf to which v is associated.

4. The cases where the last rule applied (V)g,(Z)r, (Z)r, (1)1 or (u)r are all identical to
the first case. That is, if v is not an associated node, then we let the pre-interpolant for
v be the same as for its child. Otherwise, we bind the pre-interpolant of the child by a
p-operator.

5. Suppose v is labelled by X, 0T, Q¢ = O, © and the last rule applied is (O):

L=
3,010, O = 00,0

(Or
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By induction hypothesis we have a pre-interpolant ~y for the child of v. In case v is
not an associated node, let v := (7. Otherwise, let v := puX.0v where X is the
pre-interpolant of the leaf to which v is associated.

6. Suppose v is labelled by X, OIT = g, 0N, © and the last rule applied is (O)g:

M= Q =
>, 00 = Oy, 00,0 /F

By induction hypothesis we have a pre-interpolant - for the child of v. In case v is
not an associated node, let v := Ovyy. Otherwise, let v := pX.Ovy where X is the
pre-interpolant of the leaf to which v is associated.

Following this construction we obtain a pre-interpolant « for the sequent I' = A labelling the
root. We show that « is indeed an interpolant for I' = A.

First of all, notice that all pre-interpolants for the leafs of ¢ are formulas in the common
language of I' and A. Therefore, the pre-interpolant  for the root is by construction a
L(T)N L(A)-formula. We show that I' = ~ is valid by constructing a circular proof for T' = ~
using t = (V,—,A). Given a circular pre-proof ¢’ = (V/, =/, X') for I' = 7 and nodes v € V
and v € V', we say that u and v’ are corresponding - written u «~ v’ - if u is labelled by
IT = Q and «/ by I = O, such that the pre-interpolant ~, which is assigned to u belongs to
©. Therefore, two nodes v and v’ are corresponding if they are labelled by the same formulas
on the left and the pre-interpolant of u labels the right side of u/. Recall that paths in circular
proofs are allowed to pass through non-axiomatic leafs and therefore be infinite. For this proof
we assume that paths are finite and end in axiomatic or non-axiomatic leafs. Given two such
finite paths P = P(0)...P(n) through ¢ and P’ = P’(0)...P’(m) through ¢, we say that P and
P’ are corresponding - written P «~ P’ - if for every 0 < ¢ < n there exists j < m such that
P(i) «~ P'(4) and if ¢ < 4’, then given that j and j' index the corresponding nodes of P(i) and
P(i"), we have that j < j'. Notice that we allow the case that several nodes in P correspond
to the same node in P’ and also that there are some nodes in ' which do not correspond to
any nodes in P. We now show how to construct ' = (V', =/, \):

> The root ry of ¢ is labelled by I' = ~. Notice that r; «~ 7.

> Suppose we have constructed P'(0)...”(m) where P'(0) = ry which corresponds to the
initial segment P(0)...P(n) of a path P through ¢, where P(n) is not a leaf. Moreover we
assume that P(n) «w P'(m). We show how to extend P':

— Suppose P(n) is labelled by II, ¢g A1 = Q and the rule applied is (A), to generate

the node P(n + 1) which is labelled by I, pg, p1 = . Since P(n) «~ P'(m) we
have that P’(m) is labelled by I, ¢g A 1 = Y5, © where 7, is the pre-interpolant
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assigned to P(n). If P(n) is not an associated node, apply the rule (A)r to generate
P'(m+1) which is labelled by II, g, p1 = Yn, ©. Notice that P(n+1) e~ P/(m+1)
as by construction the pre-interpolant of P(n + 1) is ,. If P(n) is an associated
node to the leaf u, then v, = puX.y,+1 where X is the pre-interpolant of v and
Yn+1 18 the pre-interpolant of P(n + 1). Apply the rule (u)g, then the rule (X)g
to decompose and regenerate the body of the fixed point formula v,+; and then
the rule (A)p to generate P'(m + 3) labelled by T, po, 01 = Yn+1,©. Notice that
P(n+1) e~ P'(m+3) and so also P(0)...P(n)P(n+1) «~ P(0)...P'(m)...P (m+3). In
the following paragraphs we do no longer mention that the paths are corresponding.
Suppose P(n) is labelled by IT = g A 1, and the rule applied is (A)g which
generates two nodes P(n + 1) and v where without loss of generality P(n + 1) is
labelled by IT = g, Q and v is labelled by IT = @1, . First assume that P(n) is not
an associated node. By assumption IP'(m) is labelled by II = ~,,, ©. Notice that by
construction 7, is of the form ~,+1 A, where 7,41 is the pre-interpolant of P(n+1)
and 7, is the pre-interpolant of v. Thus apply the rule (A)g to generate two nodes
u’ and v labelled by II = 7,41, and II = +,, © respectively. Let P'(m + 1) = «/
and notice that P(n + 1) «~ P'(m + 1). Second, assume that P(n) is an associated
node to the non-axiomatic leaf u. Then =, is of the form uX.vn41 Ay. Thus first
apply the rule (u)g, then (X)g and then (A)g to generate two new nodes v’ and v’
labelled as before and let P'(m—+3) = u/. Again we have that P(n+1) «~ P'(m+3).

Suppose P(n) is labelled by II, g V @1 = Q and the rule applied is (V)z which
generates two nodes P(n + 1) and v which are labelled without loss of generality
by II, o9 = Q and II, 1 = Q respectively. By assumption P'(m) is labelled by
IT, oo V 1 = 7, ©O. First suppose P(n) is not an associated node. Then =, is
by construction of the form 7,41 V v,. Thus first apply the rule (V)g to generate
the node P'(m + 1) labelled by I, g V ¢1 = Yn+1, T, © and then apply the rule
(V)L to generate two new nodes u’ and v labelled by II, 00 = Yn+1, Y0, © and
I, o1 = Yn+t1, Yo, © respectively. Let P/(m + 2) = /. Notice that P(n + 1) «w
P'(m +2). Second suppose that P(n) is an associated node. Then =, is of the form
uX Ant1 V vy and we first apply the rule (u)g, then (X)g, then (V)g and finally
(V)1 which generates two nodes u’ and v’ labelled as before. Then let P'(m+4) = u’
and notice that P(n + 1) e~ P'(m + 4).

Suppose P(n) is labelled by IT = oV ¢1,Q and the rule applied is (V) g to generate
the node P(n + 1) labelled by II = ¢, p1, 2. By assumption P’(m) is labelled by
I = 7,,0. If P(n) is not an associated node, then 7, = v,4+1 by definition and
so we do not apply any rule and observe that P(n + 1) «w P'(m). Otherwise,
Yn = pX.Yn+1 and we apply the rules (u)p and then (X)g to generate P'(m + 2)
and notice that P(n + 1) «~ P'(m + 2).

Suppose P(n) is labelled by 3,011, O = OQ, ¥ and the rule applied is (O)1 to
generate the node P(n + 1) labelled by II, ¢ = Q. By assumption P'(m) is labelled
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by ¥,010I,0p = 7,,0. If P(n) is not an associated node, then v, = Ovypt1.
Therefore apply the rule ()7, to generate the node P'(m + 1) which is labelled by
I, = Yp+1- Notice that P(n + 1) «~ P'(m + 1). Otherwise 7, is of the form
uX.Ovn+1 and we first apply (u)gr, (X)r and then (O)z to generate P'(m + 3)
labelled by II, ¢ = Y41 and P(n + 1) e~ P'(m + 3).

— Suppose P(n) is labelled by X, 001 = Oy, 0N, ¥ and the rule applied is (O)g to
generate the node P(n + 1) labelled by II = ¢, Q2. By assumption P'(m) is labelled
by 3,011 = 4, 0. If P(n) is not an associated node, then ~,, = Ov,,11. Apply the
rule (O)g to generate the node P'(m + 1) labelled by II = 7,41 and observe that
P(n + 1) e~ P'(m + 1). Otherwise v, = uX.Ovy,41 and we first apply (u)g, (X)r
and then (O)g to generate P'(m + 3), where P(n + 1) «~ P'(m + 3).

— Suppose P(n) is labelled by II, Z = € and the rule applied is (Z)r to generate
P(n + 1) labelled by II,p(Z) = Q. By assumption P'(m) is labelled by II, Z =
Yn, ©. If P(n) is not an associated node, then v, = v,+1 and so we apply the rule
(Z)r to generate the node P'(m + 1) labelled by II, ¢(Z) = 7,,© and notice that
P(n 4+ 1) «~ P(m + 1). Otherwise v, = uX.y,4+1 and we apply first (u)r, (X)r
and then (Z)r to generate P'(m + 3) labelled by II, p(Z) = ~,4+1,©. Notice that
P(n + 1) e« P'(m + 3).

— Suppose P(n) is labelled by II = Z,Q and the rule applied is (Z)r to generate
the node P(n + 1) labelled by IT = ¢(Z),Q. By assumption P'(m) is labelled by
I = 7,,0. If P(n) is not an associated node, then 7, = v,4+1. Therefore we
do not apply any rule as P(n + 1) «~ P'(m). Otherwise v, = puX.y,+1 and we
apply (u)r and (X)g to generate P'(m + 2) labelled by II = ~,41, 0. Notice that
P(n+1) e~ P'(m + 2).

— Suppose P(n) is labelled by I, uZ.p(Z) =  and the rule applied is ()1 to generate
the node P(n + 1) labelled by II,Z = Q. By assumption P’(m) is labelled by
I, uZ.p(Z) = ~v,,0. If P(n) is not an associated node, then v, = v,4+1. Thus
apply the rule (u)z to generate the node P'(m + 1) labelled by I, Z = ~,41,©
and notice that P(n + 1) «~ P/(m + 1). Otherwise v, = uX.7,+1 and we apply
()R , then (X)g and then ()7, to generate P'(m + 3) labelled by I, Z = 7,41, ©.
Observe that P(n + 1) «~ P'(m + 3).

— Suppose P(n) is labelled by Il = uZ.p(Z), 2 and the rule applied is (u) g to generate
the node P(n + 1) labelled by I = Z,Q. By assumption P’(m) is labelled by IT =
Yn, ©. If P(n) is not an associated node, then 7, = v,+1 and we do not apply any
rule as P(n+1) «~ P'(m). Otherwise, v, = uX.v,+1 and we apply (u)g and (X)g
to generate P'(m + 2) labelled by II = v,41, ©. Notice that P(n+1) e P'(m+2).

When the construction reaches the leaves of the circular proof ¢, we have built a finite tree ¢,
whose root is labelled by I' = « and which is built by the rules of C2DT. Furthermore it has
the property that every path through ¢{ corresponds to a path through ¢. However, ¢ is not
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yet a circular proof. Observe that leafs of ¢, which correspond to non-axiomatic leafs in ¢ are
not (in general) non-axiomatic themselves. This is because the first node after the associated
node might be labelled by a different side sequent on the right than the leaf. Moreover, leafs
corresponding to axiomatic leafs labelled by (Az)y are not yet axiomatic leafs either. We show
how to finish the construction and simultaneously prove that the constructed tree is a circular
proof. We do this in two steps:

1. Suppose v’ is a leaf of #{, which corresponds to an axiomatic leaf u of t. If u is labelled
by (Az)1, (Ax)s or (Ax)y, then v is labelled by (Az)i, (Ax)s or (Az)s as well. So in
all three cases v’ is an axiomatic leaf and we do not extend the tree. If u is labelled by
(Ax)q, namely IT = P,—P, <), then v is labelled by IT = Q V —Q,©. In that case we
extend the tree by applying the rule (V)g to the formula Q V —Q to generate u” which
is labelled by II = @Q, ~Q, © and which is therefore an axiomatic leaf.

2. Suppose ' is a leaf of ¢, which corresponds to a non-axiomatic leaf u of t. Let v be
the associated node of w and suppose that w is labelled by II,o =  where ¢ is the
distinguished formula. Since u and ' are corresponding we have that v is labelled by
IT,p = X,0 where the corresponding node of v, say v/, is labelled by II, ¢ = ~,,0’
where 7, = uX.v,+1 and v+ 1 is the successor of v. Notice that the successor node of v’
is labelled by II, o = X, ©’. This means that v’ is almost a non-axiomatic leaf with the
successor of v’ as its associated node. The only shortcoming is that the side sequents ©
and ©’ might be different. However, every rule applied between the successor of v' and
u’ is applied either to a formula on the left or to a pre-interpolant on the right. This
means that the side sequent ©' is irrelevant for building the steps between these two
nodes. We assume that there are n steps between the successor of v' and u’. Therefore,
we can continue to extend the branch that leads to u’ by applying the same rules in the
same order to the same formulas as between the successor of v' and u’. In doing so, we
find a repetition, say at node u” with associated node v”, in at most n steps. Notice
that the trace which passes through ¢ both at node v’ and v’ is extended up to the node
u”. Therefore the formula labelling u” on the left which belongs to that trace is the

distinguished formula of u”. Notice that this formula belongs to a trace that starts in a

YA-formula on the left. Hence, u” is a non-axiomatic leaf and we extend the branch up

to u”.

Therefore we can extend t{, into the finite tree ', such that each leaf of ¢’ is either axiomatic or
non-axiomatic. This implies that ¢’ is a circular proof for I' = v and therefore, by soundness
of C2DT, that I' = ~ is valid.

In order to show that v = € is valid, we build a prooftree in the same way as above, where
two nodes u and u’ are now called corresponding if and only if u is labelled by IT = Q and
v’ is labelled by ©,v, = €. Each step of the construction is symmetric to the construction
above. Notice that for non-axiomatic leafs, as the distinguished formula always occurs on the
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left, the constructed pre-interpolant serves as the distinguished formula. This gives us valid
non-axiomatic leafs, since we constructed the pre-interpolant using p-operators. We do not
provide details of that direction and simply conclude that - v = Q and therefore that v =
is valid. Together we conclude that v is indeed a Craig interpolant for I' = A. U

Observe that the constructed interpolant belongs itself to the fragment X4'. That is, we find
optimal interpolants belonging to the the same fragment as the formulas in the sequent.

Establishing Craig interpolation for I} is essentially the same argument as for ¥}'. The only
step that is changed is the binding of free variable in associated nodes. Previously, we bound
the variable by a p-operator, as every distinguished formula of a non-axiomatic leaf occurs
on the left. In circular proofs for II}-sequents it is the other way around. The distinguished
formula always occurs on the right and so we bind the variable by a v-operator. Apart from
this small change, the proof is completely symmetric. We therefore omit the details and simply
state the theorem.

Theorem 6.3.3 (Craig interpolation for II}). Let I, A CII}. If T = A is valid and £(T') N
L(A) # 0, then there exists v € L(I') N L(A) such that I' = v and v = A are valid.

Observe that the constructed interpolant for IT}-sequents belongs to IT}, which implies that
the construction is once again optimal.

6.4 Craig interpolation for %} UTI/

In this section we combine theorem 6.3.2 and theorem 6.3.3 into a result that the first level
of the alternation hierarchy X} U II} enjoys Craig interpolation. There is one problem: If
sequents contain formulas from both ¥§ and II}, then circular proofs for such sequents have
non-axiomatic leafs where the distinguished formula occurs on the left and others where it
occurs on the right. Whenever the distinguished formula occurs on the left, we bind the pre-
interpolant by a p-operator and whenever it occurs on the right, by a v-operator. Therefore,
we create an interpolant v which in general does not belong to the fragment X/ UTIIY, as it
might contain fixed point alternation. The alternation is introduced into the interpolant when
two non-axiomatic leafs with distinguished formulas on opposite sides have their associated
nodes in the same branch. We show in the next section, that the interpolant can be optimized
to a certain degree. Namely, we find interpolants that belong to the alternation-free fragment
¥4 NII5, by analysing the structure in which non-axiomatic leafs occur in a circular proof.
For now, we ignore this issue and construct interpolants with fixed point alternation. Another
problem that arises from having fixed point alternation in the interpolant, is that we can no
longer use the circular sequent calculus C2DT to show that I' = v and v = A is valid, as
C2DT is only sound with respect to X} UTI{. We solve this by turning towards the system
2DT for proving that I' = v and v = A are valid (while we still use the circular calculus to
construct the interpolant).
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Theorem 6.4.1 (Craig interpolation for X} UTII}). Let I'); A C Sf UL}, If T' = A is valid
and L(I') N L(A) # 0, then there exists a £(I') N L(A)-formula v such that I' = + is valid and
v = A is valid.

Proof. Suppose that I' = A is valid. This implies that there is a C2DT-proof t = (V, —, \)
of I' = A. We construct an interpolant for I' = A by induction on £.

Base case: The base case is identical to the base case of the construction of the interpolant
in theorem 6.3.2.

Induction step: Let v be anode in ¢t and suppose we have already constructed pre-interpolants
for v’s children. We then construct a pre-interpolant for v in the same way as in the induc-
tion step of the construction of the interpolant in theorem 6.3.2 and theorem 6.3.3 with the
following difference: If v is an associated node to the non-axiomatic leaf u, then we bind the
pre-interpolant for v by a p-operator just in case the distinguished formula of u occurs on the
left and by a v-operator otherwise.

Let v be the pre-interpolant for I' = A which is constructed in the above described way. We
show that «y is an interpolant. First of all, observe that « belongs to the common language of "
and A by construction. We show that I' = + is valid, by proving that ' = ~ is 2DT-derivable.
Recall that ¢ is the circular proof for I' = A. We build the finite tree t{, = (V{j, =, Ay) in the
same way as in the proof of theorem 6.3.2. So t; has the following properties:

1. The root of t{ is labelled by I = ~.
2. t;, is generated by the rules from C2DT (which are the rules of 2DT).

3. Every leaf of t{, either corresponds to an axiomatic leaf of ¢ or it corresponds to a non-
axiomatic leaf of ¢.

As we observed in the proof of Craig interpolation for XY, the tree ¢, is almost a circular proof
for I' = ~. The only shortcomings of ¢, were those leafs which correspond to non-axiomatic
leafs of t, as they were not yet non-axiomatic themselves, as well as those corresponding to
axiomatic leafs labelled by (Az),. However, we also observed that this is not an issue, as we
can extend the relevant branches to turn ¢; into a circular proof. Notice that each leaf of ¢,
which does not correspond to an axiomatic leaf is labelled by some fresh variable X on the
right side, where X is the pre-interpolant of the corresponding non-axiomatic leaf of . In
the following paragraph we call those leafs of ¢, which correspond to non-axiomatic leafs of ¢
non-axiomatic as well. Moreover, given a non-axiomatic leaf u of ¢, corresponding to v, we
call the node that corresponds to the associated node of v the associated node of u. We show
how to extend t{, into a suitable prooftree.
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First of all, if the constructed pre-interpolant v belongs to ¥4 U II{, then ¢ can be extended
into a circular proof ¢ for I' = v in the same way as in the proof of theorem 6.3.2. Therefore
suppose 7y does not belong to 3§ UTI{. We unravel ¢, over its non-axiomatic leafs and their
corresponding nodes into an infinitary 2DT-pre-proof  as described in the soundness proof
of C2DT. Notice that every leaf of # corresponds to an axiomatic leaf of ¢, which implies
that every leaf of # is itself axiomatic (or can be turned into an axiomatic leaf in one step).
Therefore we only have to show that every infinite path through ¢ contains an infinite trace of
the right form. So suppose P is an infinite path through ¢. Since  is the unravelling of #), the
path PP passes through some non-axiomatic leaf of ¢, infinitely often. Now given that t{ is a
finite tree and has therefore only finitely many non-axiomatic leafs, P passes through at most
finitely many non-axiomatic leafs vy, ..., vy infinitely often. Recall that each of these leafs is
labelled by some variable X1, ..., X}, on the right, where without loss of generality X; # X for
each 1 <i < j <k. Let ug, ..., ug be the associated nodes of vy, ..., vx. As P passes through all
these leafs infinitely often, there exists one leaf v; whose associated node u; occurs below every
associated node u; of v; for j # i. The construction of the interpolant v therefore implies that
the variable X; subsumes the variables X; for all j # ¢. From this it follows that IP contains an
infinite trace of the right form. We distinguishing two cases: First, suppose the distinguished
formula ¢ of the non-axiomatic leaf of ¢ which corresponds to v; occurs on the left. This
implies that v; is labelled by II, ¢ = X;, ©. By definition ¢ belongs to a trace that starts in
a X4-formula. Since P passes through v; infinitely often there exists an infinite trace tr that
passes through ¢ infinitely often, which implies that ¢r passes through a p-variable infinitely
often. Since the left side of each node is labelled by X4 U IT{-formulas only, the trace tr is a
p-trace and so P has an infinite p-trace on the left. Second, suppose that the distinguished
formula ¢ of the non-axiomatic leaf of ¢ which corresponds to v; occurs on the right. This
implies that X; is a v-variable. Consider the trace tr through P that starts on the right side
with the formula v and follows the pre-interpolants, passing through Xj; infinitely often. Every
variable that occurs infinitely often in ¢r is of the form X; for 1 < j < k. As X; subsumes
all these variables, we conclude that ¢r is an infinite v-trace. Therefore every infinite path of
¢ has an infinite p-trace on the left or an infinite v-trace on the right. This yields that £ is a
2DT-proof of I' = . From soundness of 2DT it follows that I' = ~ is valid.

As in the proof of theorem 6.3.2, we omit the argument that v = A is valid. The proof
strategy for it is identical to the proof strategy above and each step in the construction is
symmetric. We conclude that the constructed formula « is an interpolant for I' = A. O

6.5 Optimizing Craig interpolation

The interpolant constructed in the proof of Craig interpolation for ¥4 U II}' belongs to an
arbitrary high level of the fixed point alternation depth hierarchy, depending on the structure
of the specific circular proof which is used. In this section we discuss how to optimize the
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interpolant in terms of fixed point alternation.

Let us start by considering how fixed point alternation is introduced into the constructed
interpolant. Suppose we are given a circular proof t = (V,—, ) for some sequent I' = A.
The introduction of fixed point alternation into the interpolant for I' = A stems from non-
axiomatic leafs in the proof tree, such that the associated node of one non-axiomatic leaf occurs
below the associated nodes of the other non-axiomatic leafs. That is, fixed point alternation
stems from situations that look as follows:

A u

N

W
where v and u are non-axiomatic leafs and the associated node of v occurs above u’. Now
suppose that the distinguished formula of u occurs on the left and the distinguished formula of
v occurs on the right. When the construction of the interpolant reaches the node v, the pre-
interpolant constructed so far contains a v-operator which was introduced at the associated
node of v. Since v is the associated node of u, we have to bind the pre-interpolant by a u-
operator, which therefore introduces fixed point alternation into the interpolant. Observe that
we can reduce the fixed point alternation depth in the interpolant by choosing the distinguished
formulas of the non-axiomatic leafs more wisely. For example, if the leaf u is also labelled by a
IT}-formula on the right, we can redefine the distinguished formula of u, such that it occurs on
the right. When we build the interpolant, we then no longer introduce fixed point alternation
at u/. This observation raises the question whether it is possible to get rid of any fixed point
alternation by redefining the distinguished formulas in the non-axiomatic leafs? In order to
answer this question, let us take a closer look at the possible positions of the associated node
v of v.

1. Suppose v’ occurs in the branch between v’ and u. We are therefore in the following

situation:
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Suppose that the distinguished formula of u occurs on the left and the distinguished
formula of v occurs on the right, which implies that fixed point alternation is introduced
into the interpolant. However, observe that in this case the leaf u must be labelled by a
II}-formula on the right as well. If this was not the case, then «’ would not be labelled
by a II{-formula on the right either, which would imply that +' and thus also v is not
labelled by II}-formulas on the right, contradicting our assumption. Therefore we let
the distinguished formula of u be the said II{-formula on the right, which implies that
we do no longer introduce fixed point alternation of degree higher than 1 in this case.

2. Suppose v’ does not occur on the branch between v’ and . Hence, we are in the following
situation:

We can use a similar argument as in case 1. If the distinguished formula of u occurs
without loss of generality on the left and the distinguished formula of v on the right,
then again we find a suitable formula labelling u on the right. Unfortunately, problems
arise when there are (at least) two branches branching off the path leading to u, such
that both lead into non-axiomatic leafs whose associated nodes do not occur between v’
and wu:

Suppose the distinguished formula of v occurs on the left, the distinguished formula of v
on the right and the one of w on the left again. In case v and w are labelled by formulas
on both sides, we can iterate the previous argument. However, if both v and w are only
labelled by formulas on one side, it is no longer possible to build the interpolant without
introducing fixed point alternation, as the following example illustrates.

Example 6.5.1. We consider the following circular proof for the sequent

puX.O((pY.QY)VX)ANP)=PVvvZOZ AvV.OV)
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Notice that this sequent lies in ¥} UTIY{ and its common language is based on {P}.

Y =
ov = >V
v= Y (LY. OY)V X)AP = Z AvV.OV o) ~ oy BOr
V=7 D O((u0Y) VX) AP), P = O(Z AvV.OV) X v Wn -
Y,P= Z (Ve X, P =0z vvOv) e (WOY) VX, P=0V r
WYY, P =7 M XP=2 ., (Z)r (WY.OY)VX,P=V ( )f;
L V)R

(WY OY)VX,P=Z

(LY QYY) Vv X, P=vvV.OV E/\)
(WY-OY)V X, P = ZAvV.OV R

(o) v X) AP = Zawvay VE -
O(((nY-0Y)V X)AP) = P,O(Z AvV.OV) (X)L
X = P,O(ZAvvV.OV) (X
(X O((IV-0Y) v X) A P) = P,O(Z AoviOv) WL

pX.O(((WY.0Y)VX)ANP) = P, Z (Z2)r
HXO((WY-OY) Vv X) A P) = PvZD(Z AvV.EV) ((V&I)%
R

pX.O((nY-0Y)VX)AP)= PvvzO(ZAvVOV)

The prooftree consists of three branches which all lead to non-axiomatic leafs. The left-most
leaf has as its distinguished formula the p-variable Y on the left. The middle leaf has both a
Yi-formula on the left and a IT{-formula on the right. Finally, the right leaf has a v-variable
as its distinguished formula on the right. Notice that this is exactly the previously described
situation. In particular, both branches that branch off the middle path lead to non-axiomatic
leafs that are only labelled on one side and their associated nodes occur above the associated
node of the middle leaf. Now if we want to build an interpolant, we have to bind the variable
interpolating the left leaf by a p-operator and the variable interpolating the right leaf by a
v-operator. For the variable interpolating the middle leaf, we can choose whether we want to
bind it by a u- or a v-operator. However, since the associated node of the middle leaf appears
below the associated nodes of the outer leafs, the fixed point operator which we choose to bind
the variable interpolating the middle leaf has both fixed point operators for the outer leafs in
its scope. Thus no matter whether we choose to bind the variable interpolating the middle
leaf by a p-operator or a v-operator, we create fixed point alternation.

We have demonstrated that we cannot cannot construct an interpolant in the closure of X4 UIT{
under Boolean connectives for every circular proof. However, observe that there exist different
circular proofs for the sequent above, where the constructed interpolant does not have fixed
point alternation. For example, when first applying the rule (O)z, we could entirely delete
the right side, which results in a circular proof for which the constructed interpolant only
contains least fixed point operators. This raises the question whether every valid sequent has
a circular proof of such a form, that the constructed interpolant belongs to the closure of
¥4 UII} under Boolean connectives or whether there are sequents for which it is impossible
to build such optimal interpolants? This remains an open question which we hope to answer
in future research. For now, we content ourselves with the result that not every circular proof
gives raise to an optimal interpolant. However, we can still establish a solid upper bound of
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the alternation degree for interpolants constructed with respect to arbitrary circular proofs.

Theorem 6.5.2. If ', A C ¥/ UII}, T = A is valid and their common language non-empty,
then there exists an interpolant for I' = A that lies in X5 NI,

Proof. We first show that we find an interpolant for I' = A in 35 UII). Let ¢ = (V,—,\)
be a circular proof for I' = A where I' A C X} UTI} and the common language of I and A
is non-empty. We consider the two cases, where fixed point alternation is introduced into the
interpolant in the standard construction.

Case 1: Suppose u € V is a non-axiomatic leaf with associated node u’, such that there
is branching between u’ and w into non-axiomatic leafs vy, ..., vg, such that their associated
nodes vy, ..., v, occur in the branch between v’ and u. We show that the distinguished formulas
in all k£ non-axiomatic leafs can be chosen on the same side by induction on k.

> k = 1: There exists a non-axiomatic leaf v with associated node v’ such that v occurs
in the branch between v’ and u. We are therefore in the following situation:

v u

N

This case is already solved above.

> k ~» k+ 1 : Suppose there are k£ + 1 non-axiomatic leafs vy, ..., vx1+1 such that their
associated nodes v, ..., v} ; occur in the branch between v’ and w:

U1 u
Vk+1
/
it
\
/
Vk+1
u7
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Observe that in the tree above the associated nodes occur below the first branching point.
This is obviously not necessarily the case, but it is depicted like this for simplicity. It does
not matter for our argument in what order associated nodes and branching occurs. We
assume without loss of generality that v — vj_; — v}, = ... = v} = u. By induction
hypothesis the distinguished formulas of the non-axiomatic leafs u, vy, ..., vx all occur on
the same side, say without loss of generality on the left. Consider the last non-axiomatic
leaf vj41. Suppose towards a contradiction that vgiq is not labelled by a X{-formula
on the left. This implies that its associated node vjﬁ_l is not labelled by a X/-formula
on the left. Since v}, ; — v}, this implies that v}, is not labelled by a X{-formula on the
left and so neither is vy, contradicting the assumption. Therefore, vy is labelled by
a Y4-formula on the left, which we can choose to be the distinguished formula of vj1.
Hence, every non-axiomatic leaf has its distinguished formula on the same side.

Therefore, in this situation we can choose the distinguished formulas in such a way that in the
construction of the interpolant no fixed point alternation is introduced.

Case 2: Suppose u € V is a non-axiomatic leaf with associated node v/, such that there is
branching between v’ and u into non-axiomatic leafs vy, ..., vy, such that their associated nodes
v}, ...,v;, do not occur on the branch between ' and w or below v/. This is is the following
situation:

(%1 u
- \ /
. v, ‘
V41 w1
~
Uk+1 _ ‘
Wi+1
u7

If all leafs vy, ...v; are labelled by formulas on both sides, we can use a similar argument as
in case 1 to show that we can choose every distinguished formula to occur on the same side
and we therefore do not introduce fixed point alternation. Fixed point alternation is only
introduced when there are at least two nodes v; and v; which are labelled only on one side,
such that v; is labelled without loss of generality on the left and v; on the right. Let 0X;.v;
be the pre-interpolant for the associated node v} of such a non-axiomatic leaf v;. Observe that
0 X;.7; has syntactic alternation depth 1, as v; is only labelled on one side. Observe that the
associated nodes of v; and v; do not occur in the same branch. Thus, when the construction
of the interpolant has reached the node v/, it holds that 0X;.v; ¢ Sub(0X;.y;) and vice versa.
Therefore, when we bind the pre-interpolant at node v’ by a fixed point operator, we introduce
at most syntactic fixed point alternation of depth 2.
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Now suppose we have a mix of these two situations. That is, there exists a non-axiomatic leaf
u with associated node v’ such that between v’ and u there is both

> branching into non-axiomatic leafs v1, ..., v such that their associated nodes vf, ..., v},
occur in the branch between v/ and v and

> branching into non-axiomatic leafs wi, ..., w; such that their associated nodes wi, ..., w]
do not occur in the branch between v/ and u or below u'.

By case 1 we can first choose the distinguished formulas of u and vy, ..., vg in such a way that
they all occur on the same side. Let us assume they occur without loss of generality on the
left. Moreover, for every leaf of wq, ..., w; which is labelled on both sides we can also choose
the distinguished formula on the left side. Then when we build the interpolant, by case 2
every greatest fixed point operator occurs in the scope of a finite string of least fixed point
operators, which implies that we introduce syntactic fixed point alternation of at most depth
2. Therefore the interpolant belongs to the fragment X5 U IT4.

Let us now show that the constructed interpolant indeed lies in ¥4 NI15.> Let v be the
interpolant for I' = A and let 79 € Sub(y) be a subformula of v that contains syntactic
fixed point alternation of depth 2. Therefore vy stems from a subtree of ¢ of the form as in
case 2. As we observed, the subformulas of 49 which correspond to the non-axiomatic leafs
which are labelled on one side only, are of the form 0Z.p(Z) where o € {u,v}. Moreover,
0Z.p(Z) contains no syntactic fixed point alternation. Let 4, be the formula 7y where each
such subformula is replaced by a fresh variable Y. Notice that 7, € X4 or 7{, € II}. Therefore
v, € BHNIIL and contains s > 2 free variables. Moreover each subformula of the form o Z.¢(2)
which is replaced by a variable in 7{, belongs to ¥4 UII} as there is only syntactic fixed point
alternation of depth 1. Thus each of these formulas also belongs to ¥4 NII5. Together we
have that both 7{, and each 0Z.¢(Z) belongs to X4 and so

0(Y1/0Z1.01(21))...(Ys/0 Zs.05(Zs)) € B
By the same argument
’y[/)(Yl/UZl.gol(Zl))...(YS/UZS.tps(ZS) c Hg

and hence 79 € ¥4 NII5. As v is a Boolean combination of formulas like vy and formulas
that have no syntactic fixed point alternation, we conclude that v € ¥4 N II5. Therefore the
constructed interpolant lies in the alternation free fragment of the modal mu-calculus. O

3Notice that so far we talked about syntactic fixed point alternation depth, which is not the same as the
defined alternation depth in chapter 2. If a formula has syntactic fixed point alternation 2, it belongs to X5 UTIS
and can therefore also belong to X5 NII4. If a formula has alternation depth 2, then it belongs to X4 N IIf
and can therefore not belong to X4 N1II4, as the alternation depth hierarchy is strict.
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Chapter 7

Discussion and further research

This thesis contributes to our proof theoretic understanding of the modal mu-calculus, in
particular of the first level of the alternation depth hierarchy. The main contribution is the
construction of a circular tableaux and a circular proof system for X' U II}'. With these two
systems we do not only provide a proper axiomatization of ¥4 U I}, but we also establish
that this fragment enjoys both the finite model property and Craig interpolation. The circular
systems rely on the lack of proper fixed point alternation in formulas belonging to %4 U IT¥.
For sequents containing such formulas it is relatively straightforward to identify regular struc-
tures in infinitary proof trees or tableaux. For example, in order to identify non-axiomatic
leafs of a circular proof, it suffices to build a respective branch of a proof tree up to the first
repetition containing a IT}-formula on the right or a X{-formula on the left. The existence of
a circular proof system for the first level of the alternation hierarchy yields the question how
to extend our work to obtain circular systems for the alternation free fragment? We suspect
that this extension is relatively straightforward, as the alternation free fragment contains no
formulas with proper fixed point alternation. Closely related to this is the question how to
extend our work to obtain circular proof systems for modal logics with common knowledge?
Both questions remain open for now, but we hope to answer them in the near future.

The fact that the first level of the alternation depth hierarchy enjoys the finite model property
does not come as a surprise. Emerson and Streett [17] already established in 1989 that the
whole modal mu-calculus enjoys the finite model property. Our result is in that sense a
corollary of the general case. However, we do provide a novel proof of it using circular tableaux,
instead of the automata theoretic approach of Emerson and Streett. Moreover, our proof is
considerably easier than the proof for the whole mu-calculus and we hope that it provides
new insight into the fact that formulas from the fragment X} U II} which are satisfiable, do
have a finite model. Furthermore, our proof provides a relatively easy way to obtain such
a finite model. Given a satisfiable formula, we build a circular tableaux for it and directly
read of the finite model for the formula. The constructed circular tableaux system in chapter
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4 also provide us with a decision procedure for checking satisfiability. Let us quickly sketch
this procedure. A proper treatment is left for future research. Recall the definition of a
tableaux in normal form. This notion is easily adjusted to circular tableaux in normal form,
where we require to identify the first possible repetition to be an non-axiomatic leaf. Given a
formula ¢ € ¥ UII, a circular pre-tableau in normal form for ¢ with respect to an arbitrary
enumeration of the subformulas of ¢ is determined up to disjunctions. If ¢ does not contain a
disjunction, then there is only a single circular pre-tableau for ¢ which is normal with respect
to the enumeration. If ¢ contains n disjunction symbols, then there are at most 2" different
circular pre-tableaux in normal form. Moreover, recall that we require branches through
circular pre-tableaux in normal form to end as soon as they reach the first suitable repetition
for a non-axiomatic leaf. That is, every branch ends after at most 2/5“*(®)l_many nodes. Thus,
when building a circular pre-tableaux, we can stop the construction of each branch, if after
215ub(@)l_many nodes no suitable axiomatic or non-axiomatic leaf has been reached. Finally,
the result that a formula which has tableau, has a tableau in normal form with respect to an
arbitrary enumeration can be established for circular tableaux as well. Therefore, in order to
check whether ¢ is satisfiable, we can fix an arbitrary enumeration of the subformulas of ¢
and then algorithmically check every possible circular pre-tableaux for ¢ with respect to the
enumeration. As the number of such pre-tableaux is exponential in the number of disjunctions
occurring in ¢, this algorithm always terminates. This gives us the result that the satisfiability
problem for ¥§ U TIY

Given a closed formula ¢ € Xf UTIY, is it satisfiable?

is decidable. Unfortunately, the complexity of the algorithm is clearly atleast EXPTIME,
which is not a progress compared to the satisfiability problem for the whole modal mu-calculus,
which is EXPTIME-complete. An open question is therefore whether this upper bound can
be optimized and if yes, how to do so?

Similar to the finite model property, Craig interpolation has also already been established for
the whole modal mu-calculus by D’Agostino and Hollenberg [7] in 2000. Our main contri-
bution is a novel proof for the fragment ¥} U II} using a circular proof system. Particularly
interesting is the negative result, stating that given an arbitrary circular proof for a sequent
I' = A, the constructed Craig interpolant does in general belong to the alternation free frag-
ment of the modal mu-calculus and is therefore not optimal. This is caused by circular proof
trees that include branching into at least three branches such that two of them are only la-
belled by formulas on one side. Moreover, the labelled sides are opposite of each other. The
circular proof in example 6.5.1 shows such a case. However, we also noticed that the sequent
in example 6.5.1 has another circular proof for which the constructed interpolant belongs to
the closure of Xf UTIY{. This illustrates that the proof tree at hand has a crucial impact on
the complexity of the constructed interpolant. It remains an open question whether every
valid sequent has a circular proof, such that no syntactic fixed point alternation is introduced
into the interpolant. In case this question has a negative answer, it remains to show to what
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degree this phenomena would be caused by the specific proof system at hand? We leave these
questions for further research.

Apart from circular proof systems we also provide infinitary sequent calculi, of which the
calculus DT’ and the calculus 2DT are the most natural. The calculus DT’ is essentially
the sequent calculus 7}, discussed by Studer in [18]. The only difference are the fixed point
rules. The fixed point rules of 7% © is a combination of the rule (¢) where o € {u,v} and Z
of DT into the following rule:

T, 0(0Z.p(Z))
T,0Z.0(2)

()i

It is straightforward to show that replacing our fixed point rules with this rule results in an
equivalent sequent calculus. The rule (o)} enjoys the advantage that it generates no formulas
that contain free variables. Using the rules (o) and (Z) results in formulas that label the nodes
of a proof tree and do indeed have free variables. Clearly, these free variables are interpreted to
be bound, but technically they occur free. This causes problems for example in the soundness
proof of DT, where we have to replace every negated variable by a non-negated variable in
the translation D(-). The advantage of our rules is that they result in a nicer presentation
of proof trees. Given a long formula of the form ocZ.¢(Z), the formula p(cZ.¢(Z)) can be
become incredibly nasty. The infinitary sequent calculi discussed in this thesis are therefore
not essentially new. However, we do provide novel soundness and completeness proofs by
using the method of translation from the infinitary tableaux system T. The soundness and
completeness proof of DT moreover provides insight into the connections between tableaux
systems and proof systems.
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