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Chapter 1

Introdu
tion

Het leven is een toovertuin.

L.E.J. Brouwer

(uit een brief aan C.S. Adama van S
heltema)

In this thesis we wander through two di�erent lands
apes: intuitionisti
 proposi-

tional logi
 and intuitionisti
 provability logi
. Both theories are based on intu-

itionisti
 logi
, the logi
 of 
onstru
tive reasoning. Although 
onstru
tive tenden-


ies are as old as mathemati
s, they only be
ame expli
it at the beginning of the

twentieth 
entury through the work of the Dut
h mathemati
ian L. E. J. Brouwer.

Constru
tivism in itself is a 
on
eption of mathemati
al truth, but one 
an also


onsider it from the outside by studying the properties of 
onstru
tive theories.

This is the path we follow in this thesis. In parti
ular, we are interested in the

formal aspe
ts of 
onstru
tive theories. Thus we �nd ourselves in the realm of

mathemati
al logi
.

We 
onsider two aspe
ts of 
onstru
tive proofs, one in the 
ontext of propositional

logi
 and the other in the 
ontext of provability logi
. Although the results we

prove in the di�erent areas are related, we treat them independently in part I

and part II of the thesis. In the following we summarize what we have (and have

not) done in these �elds. More extensive and te
hni
al introdu
tions will follow

in Chapters 2 and 6.

Sin
e we are interested in what is true about 
onstru
tive theories, and not ne
es-

sarily in what is 
onstru
tively true about them, we 
onsider these theories from

the 
lassi
al point of view. However, we have some eviden
e that many of our

results are 
onstru
tively valid as well, and therefore, also the 
onstru
tivists will

probably �nd something to their taste in the following 
hapters.

11



12 Chapter 1. Introdu
tion

1.1 Intuitionisti
 provability logi


Ever sin
e G�odel (1931) we know that arithmeti
al theories 
an reason about

themselves, by en
oding properties about the theory in the theory itself. In par-

ti
ular, su
h theories T allow a formalization of `being provable in T ': one 
an

de�ne a predi
ate Proof

T

(x; y) in the language of T whi
h is a formalization of

the statement that y is the 
ode of a proof in T of the formula with 
ode x. If we

let p'q denote the 
ode

1

(G�odelnumber) of the formula ', then 9yProof

T

(p'q; y)

denotes the statement that ' is provable in T . We write

2

T

' for 9yProof

T

(p'q; y)

and 
all it the formalized provability predi
ate of T .

We 
an ensure that the proof predi
ate has natural properties like

for all n, for all ': NI j= Proof

T

(p'q; n) i� T ` Proof

T

(p'q; n):

However, G�odel's well-known se
ond in
ompleteness result shows that T 
annot

prove everything that is true about its provability predi
ate. Namely, if T is


onsistent, then T does not prove the formalized version of this statement, i.e. if

:

2

T

? holds in NI then we have T 6` :

2

T

? (

2

T

? is the formalization of `T derives

falsum', thus :

2

T

? expresses that T is 
onsistent). Given this di�eren
e, one 
an


ompare what NI and T say about

2

T

. This question be
omes more interesting

when one abstra
ts from parti
ular senten
es. For example, instead of asking if

T proves (

2

T

' ! ') for a spe
i�
 formula ', we want to know if T proves the

prin
iple (

2

T

' ! ') for all '. That is, whether it proves soundness (it does

not, as the previous example implies). Thus intuitively we want to ask questions

like, does T prove all substitution instan
es of (p!

2

T

p), where we repla
e p by

arithmeti
al senten
es.

This is how one arrives at provability logi
. Intuitively, the provability logi
 of

a theory 
onsists of the (propositional) s
hemes that the theory 
an prove about

its provability predi
ate. The idea behind provability logi
 
an be applied to any

predi
ate whi
h 
an be en
oded in arithmeti
al theories. We will see an example

of this below: the notion of preservativity.

Provability logi
s of 
lassi
al theories are well-investigated. One remarkable thing

is their stability; many theories, like for example Peano Arithmeti
 PA and set

theory ZF, have the same provability logi
, GL (Solovay 1976)(Visser 1984)(Bek-

lemishev 1990). Until re
ently, provability logi
s of intuitionisti
 theories have

hardly been 
onsidered. This is probably due to the fa
t that the logi
 on whi
h

these theories are based is already rather 
ompli
ated. On the 
lassi
al side, the

�rst theory studied in the 
ontext of provability logi
 was PA, for it is strong

enough to allow the formalization of provability notions in an easy way. For

the same reason the questions in intuitionisti
 provability logi
 fo
us on Heyting

Arithmeti
 HA, the intuitionisti
 
ounterpart of PA.

In Part I of the thesis we dis
uss what is known about the provability logi
 of HA

and present our own 
ontributions to the �eld. We will see that in 
ombination

1

We will not distinguish between a number and its numeral.
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with results by Visser (1994)(1998), these results lead to a fragment of the prov-

ability logi
 of HA whi
h 
aptures the main features of HA that are expressible

in provability logi
. When
e for the �rst time there is a reasonable 
onje
ture


on
erning the provability logi
 of HA, namely that it is equal to this fragment.

The rest of the se
tion is a summary of the results treated in part I.

It is not diÆ
ult to see that the axioms of the provability logi
 of PA are also part

of the provability logi
 of HA. In 
ontrast to the stability of 
lassi
al provability

logi
s mentioned above, one expe
ts more valid s
hemes in the 
ase of HA. This is

due to the fa
t that for some of its properties, the statement that says that HA has

this property is expressible in provability logi
. Consider for example Markov's

Rule, whi
h reads

Markov's Rule for all ' 2 �

1

: if HA ` ::', then HA ` '.

The prin
iple

2

::

2

A!

22

A partly expresses Markov's Rule, sin
e formulas of

the form

2

A are �

1

-formulas (as we will see in Chapter 2, more of Markov's Rule


an be expressed in provability logi
, but we do not want to 
ompli
ate matters

in this informal exposition). To des
ribe the provability logi
 of HA one has to

make sure whether HA proves this statement or not. If it does, then the prin
iple

belongs to the provability logi
 and otherwise it does not.

In general, for any su
h property of HA, similar questions have to be answered in

order to be able to des
ribe the provability logi
 of HA. There are three properties

involved: Markov's Rule, the

Disjun
tion Property if HA ` ' _  , then HA ` ' or HA `  ,

and the admissible rules of HA. The admissible rules of a theory are the rules

under whi
h the theory is 
losed. Visser (1982) showed that HA proves that it

has Markov's Rule, i.e. the statement that expresses Markov's Rule is part of the

provability logi
 of HA. The se
ond problem was settled by Friedman (1975) and

Leivant (1975): Friedman proved that although HA has the Disjun
tion Property,

the statement that expresses this fa
t is not 
ontained in the provability logi


of HA, and Leivant showed that a slightly weaker version does belong to the

provability logi
 of HA. As we will show in Chapter 2, the third problem is solved

through results in Chapter 7 and (Visser 1994)(1998). There we show that HA

re
ognizes its admissible rules, i.e. that for any admissible rule A=B, the prin
iple

(

2

A!

2

B) belongs to the provability logi
 of HA.

Visser (1994) proposed an extension of provability logi
 in whi
h many prin
iples

of the provability logi
 of HA have a more elegant formulation. This extension is


alled preservativity logi
 and is based on the the notion of �

1

-preservativity, whi
h

for 
lassi
al theories is equivalent to �

1

-
onservativity. In fa
t, �

1

-preservativity

is the 
onstru
tive analogue of interpretability. We will see (Chapter 2) that

preservativity logi
 
aptures the prin
iples of the interpretability logi
 of PA (and

more). Moreover, the fa
t that many of these axioms have a simple formulation

in preservativity logi
, implies that preservativity probably is the more natural
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approa
h of the two. For example, in Chapter 2 we show that there is a natural

strengthening of L�ob's Prin
iple (L�ob's Preservativity Prin
iple) that is dire
tly

expressible in preservativity logi
. The prin
iples of the preservativity logi
 of HA

given by Visser (1994) 
aptured all the prin
iples of the provability logi
 of HA

known at that time, as we will prove in this thesis (Se
tion 3.3).

However, the most important feature of this extension of provability logi
 is that

besides the 
hara
teristi
 axioms of the provability logi
 of PA it 
aptures exa
tly

the three main properties of HA that are expressible in provability logi
: the

Disjun
tion Property (the weaker version by Leivant), Markov's Rule and the

propositional admissible rules. Together with the fa
t that it does so in su
h a

natural way, this leads us to the 
onje
ture that it axiomatizes the preservativity

logi
 of HA. Clearly, if this would be true we have a 
hara
terization of the

provability logi
 of HA as well.

The �rst step in showing that a logi
 is the provability logi
 of some theory is

to prove that the provability logi
 is 
omplete with respe
t to a modal semanti
s.

Moreover, if this semanti
s is simple it 
an be used to determine in an easy manner

whether an expression belongs to the provability logi
 or not. In Chapter 5 we

prove su
h a 
ompleteness theorem for the 
onje
tured preservativity logi
 of HA.

This is the heart of part I of the thesis. In this proof we use the results of Chapter 4

where we 
onsider the prin
iples separately.

We also prove (Chapter 5) the 
ompleteness of the fragment of the provability logi


of HA obtained by omitting the prin
iples that 
orrespond to the propositional

admissible rules. This was the �rst known part of the provability logi
 of HA,

and therefore the �rst logi
 we worked on. In 
ontrast to the (preservativity

and provability) logi
 we know now, this logi
 still has the �nite model property.

However, its 
ompleteness proof is mu
h more 
ompli
ated than that of the former

logi
. This strengthens our expe
tation that the prin
iples we know now are a


omplete axiomatization of the preservativity and provability logi
 of HA.

Although our �rst aim was to prove the modal 
ompleteness of preservativity

and intuitionisti
 provability logi
, part I of the thesis 
ould also be viewed as a

study in intuitionisti
 modal logi
. The 
hara
terization of the prin
iples required

many te
hni
al tools from modal logi
. Moreover, these logi
s deviate 
onsiderably

from the logi
s that are regularly studied in intuitionisti
 modal logi
. Therefore,

some surprising properties and problems 
ome to light, and many proofs are quite

di�erent from the ones for the modal logi
s one usually en
ounters. Therefore,

also from the modal point of view these logi
s are interesting.

As explained above, the modal 
ompleteness of the preservativity logi
 
ould be

seen as a �rst step to prove that it is the preservativity logi
 of HA. Clearly, as long

as no proof has been provided, the question remains whether the preservativity

logi
 we know at the moment really axiomatizes all of the preservativity logi
 of

HA. However, we have gained some insight in the provability (and preservativity)

logi
 of HA during our journey.
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1.2 Intuitionisti
 propositional logi


One of the most salient di�eren
es between intuitionisti
 and 
lassi
al proposi-

tional logi
 is that the former has nonderivable admissible rules while the latter

has not. The admissible rules of a theory are the rules under whi
h the theory is


losed. Hen
e a des
ription of the admissible rules of intuitionisti
 propositional

logi
 IPC sheds light on the nature of 
onstru
tive (propositional) inferen
e.

It is often not very diÆ
ult to prove that some spe
i�
 rule is a nonderivable

admissible rule of intuitionisti
 propositional logi
, i.e. an admissible rule for whi
h

the 
orresponding impli
ation is 
onstru
tively invalid. The following is a well-

known example of su
h a rule:

if IPC ` (::A! A)! (A _ :A); then IPC ` ::A _ :A:

On the other hand, more general questions 
on
erning admissible rules are more

diÆ
ult to answer. One of the �rst things one would like to know is whether it

is de
idable if a rule is admissible or not and whether there exists a transparent

axiomatization of the admissible rules.

Rybakov (1992) gave an algorithm that de
ides whether a rule is admissible or not,

and that settled the �rst part of the problem. In this thesis we provide an answer

to the se
ond part. Namely, some ten years ago both de Jongh and Visser isolated

a simple 
omputably enumerable (
.e.) set of rules V whi
h they 
onje
tured to

be a basis for the admissible rules of IPC. This means that they 
onje
tured that

this set of rules generates all the admissible rules of intuitionisti
 propositional

logi
. In Chapter 7 we prove this 
onje
ture. This provides us with a perspi
uous

des
ription of the admissible rules of IPC, and that settles the se
ond part of the

question mentioned above. This result is the heart of Part II of the thesis.

We also de�ne a proof system for the admissible rules and 
hara
terize them in a

semanti
al way. The simpli
ity of V and the proof system make them very useful

for further resear
h on admissible rules. We will see that the basis V is in�nite.

This 
annot be improved, be
ause IPC does not have a �nite basis, as was shown

by Rybakov (1997).

This des
ription of the admissible rules of IPC also leads to a 
hara
terization of

IPC. Many intuitionisti
 theories, for example IPC, have the Disjun
tion Property,

whi
h says that

Disjun
tion Property if IPC ` ' _  , then IPC ` ' or IPC `  :

Kreisel and Putnam (1957) showed that IPC is not 
hara
terized by its Disjun
tion

Property. This means that there exist intermediate logi
s, i.e. logi
s between IPC

and 
lassi
al propositional logi
 CPC, whi
h are proper extensions of IPC that

have the Disjun
tion Property. It is easy to see that IPC is not 
hara
terized by

its admissible rules either. For example, all its admissible rules are admissible for

CPC, and CPC 
learly is an extension of IPC. However, in Chapter 8 we show that

IPC is 
hara
terized by the Disjun
tion Property plus its admissible rules: IPC is
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the only intermediate logi
 with the Disjun
tion Property for whi
h all admissible

rules of IPC are admissible. In the proof of this fa
t we use the mentioned result

that V is a basis for the admissible rules of IPC. We a
tually show that IPC is the

only intermediate logi
 with the Disjun
tion Property for whi
h all rules in V are

admissible.

Thus for any intermediate logi
 whi
h is a proper extension of IPC with the Dis-

jun
tion Property, there is a rule in V whi
h is not admissible. In Chapter 8 we

show that for the well-known intermediate logi
s with the Disjun
tion Property

from Gabbay and de Jongh (1974) we know whi
h rules in V are admissible and

whi
h not. Moreover, we prove that like IPC these logi
s are also 
hara
terized by

their admissible rules plus the Disjun
tion Property.

There even is a 
orresponden
e between the rules in V and the logi
s from (Gabbay

and de Jongh 1974). The logi
s and the rules in V 
an be enumerated in a natural

way. We will see that if a rule is admissible for a logi
 then so are all the rules

that pre
ede it in this enumeration. We will prove that for every rule there is a

logi
 for whi
h the rule is admissible and for whi
h the rule that follows it is not

admissible, and we will also prove the 
onverse: for every logi
 there is a rule su
h

that the next rule is not admissible while the rule itself is admissible for the logi
.

The 
hara
terization of the admissible rules of IPC mentioned above, also leads to

insights in the provability logi
 of Heyting Arithmeti
 HA. Namely, in 
ombination

with results by Visser (1994)(1998) they imply that HA re
ognizes its propositional

admissible rules, as was explained in the previous se
tion.

1.3 Overview

Part I of the thesis 
ontains the material dis
ussed in Se
tion 1.1: Chapter 2 is

the introdu
tion, Chapters 4 and 5 
ontain the results, and Chapter 3 
ontains

the tools for these results. Part II of the thesis 
ontains the material dis
ussed

in Se
tion 1.2: Chapter 6 is the introdu
tion and Chapters 7 and 8 
ontain the

results.

Chapters 4 and 5 are based on the arti
les (Iemho� 1998) and (Iemho� 2000b).

Chapter 7 is more or less equal to the arti
le (Iemho� 1999) and Chapter 8 to

(Iemho� 2000a).
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Intuitionisti
 Provability Logi
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Chapter 2

Con
epts

In this 
hapter we introdu
e the notions studied in part I of the thesis. Se
tions 2.1,

2.2 and 2.5 explain what provability, preservativity, and intuitionisti
 provability

logi
 are. We introdu
e preservativity and intuitionisti
 provability logi
 in more

detail than 
lassi
al provability logi
, for whi
h there are many ni
e overview

arti
les and books: (Boolos 1979)(Smory�nski 1985)(Boolos 1993)(Japardize and

de Jongh 1997) (Visser 1997). Se
tion 2.6 brie
y summarizes the literature on

intuitionisti
 modal logi
 and explains how in the 
ase of provability logi
 the

presented results deviate from the regular literature. Se
tion 2.8 gives an overview

of the next 
hapters of part I.

2.1 Provability logi


In Chapter 1 we explained the idea behind provability logi
. There we saw that

the provability logi
 of an arithmeti
al theory T 
onsists of all the propositional

s
hemes that T 
an prove about its provability predi
ate. In this se
tion we give

the formal de�nition of provability logi
. Re
all that

2

T

denotes the provability

predi
ate of T and that a senten
e

2

T

' expresses the statement that ' is provable

in T .

Let L

2

be the language of propositional logi
 extended with one modal operator

2

. The formulas in L

2

are 
alled modal formulas. Let T be an arithmeti
al

theory that is strong enough to allow the formalization of its provability predi
ate

1

.

An arithmeti
al realization of L

2

into the language of T is a mapping * from

the formulas of L

2

to senten
es in the language of T that 
ommutes with the

propositional 
onne
tives and su
h that (

2

A)

�

=

2

T

(pA

�

q). The provability logi


of T is the set of modal formulas A su
h that T proves A

�

for any arithmeti
al

realization *, i.e. the set fA j 8

�

T ` A

�

g. The truth provability logi
 of T is the

1

We will not dis
uss the minimal requirements that su
h a theory should satisfy, they 
an be

found in (Smory�nski 1985) or (H�ajek and Pudl�ak 1991).
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set of modal formulas A su
h that A

�

is valid in the standard model NI for any

arithmeti
al realization *, i.e. the set fA j 8

�

NI j= A

�

g.

Note that in general the provability logi
 of a theory T may depend on T as well

as on the 
hosen formalization of the proof predi
ate Proof

T

. We will be a bit

ambiguous in this respe
t. When talking about `the provability logi
' of a 
ertain

theory, we will always assume that a not-to-unusual proof predi
ate is �xed in

advan
e.

The famous arti
le by Solovay (1976) may well be seen as the starting point

of provability logi
. In this paper Solovay proves that the the provability logi


of Peano Arithmeti
 PA is the logi
 now known as L or GL, 
onsisting of the

prin
iples K ; 4 and L (Se
tion 2.5), the tautologies of 
lassi
al propositional logi


and the rules Ne
essitation (A=

2

A) and Modus Ponens. Moreover, the proof gives

a method to 
onstru
t for any formula A whi
h is not a prin
iple of the provability

logi
 of PA an a
tual 
ounterexample A

�

, that is, a realization su
h that PA does

not prove A

�

. The way A

�

is obtained employs a modal 
ompleteness result for GL.

First, it is shown that GL is 
omplete with respe
t to the 
lass of �nite, transitive,


onversely well-founded Kripke models. And se
ond, it is shown that for every

su
h Kripke model K there exists a realization

�

su
h that

for all nodes k of K (if K; k 6
 A, then :A

�

is 
onsistent with PA ):

This shows the usefulness of a semanti
al 
hara
terization of provability logi
s.

As mentioned before, provability logi
s of 
lassi
al theories are well-investigated.

One remarkable thing is their stability; many theories, like for example PA and

ZF, have the same provability logi
, GL (Solovay 1976)(Visser 1984)(Beklemishev

1990). Although for intuitionisti
 theories we know mu
h less, we do know that

there is in general no stability in going from a 
lassi
al theory to its intuitionisti



ounterpart, as 
an be seen in the 
omparison of HA and PA. This will be explained

in Se
tion 2.5 on intuitionisti
 provability logi
.

It is 
lear that the idea behind provability logi
 
an be applied to any predi
ate

whi
h 
an be en
oded in arithmeti
al theories. We will see examples of this in the

next se
tion.

2.2 Preservativity logi


In this se
tion we introdu
e the notion of �

1

-preservativity whi
h is an extension

of provability. This notion was invented by Visser (1994) and arose from the

study of the admissible rules of Heyting Arithmeti
 HA, the 
onstru
tive theory

of the natural numbers (a de�nition of HA 
an be found in (Troelstra and van

Dalen 1988)). It turns out that many prin
iples of the provability logi
 of Heyting

Arithmeti
 have an elegant formulation in this setting. Therefore, the questions

in provability logi
 
an better be studied in the 
ontext of preservativity.
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The de�nition of preservativity

Let �

i

and �

i

denote the well-known levels of the arithmeti
al hierar
hy (H�ajek

and Pudl�ak 1991). For an arithmeti
al theory T and senten
es ' and  in the

language of T , ' is said to �

1

-preserve  with respe
t to T , if for all �

1

-senten
es

� it holds that T ` (� ! ') implies T ` (� !  ). We denote this with '

�

T

 .

Sin
e we will not 
onsider any other forms of preservativity than �

1

-preservativity

we will, as in the title, always refer to preservativity instead.

On the modal side the notion of preservativity gives rise to a modal language

L

�

with one binary modal operator,

�

. Analogous to provability logi
 the

preservativity logi
 of T is de�ned as the 
olle
tion of L

�

-formulas A su
h that

T ` A

�

for any arithmeti
al realization

�

. In this 
ontext the de�nition of an

`arithmeti
al realization' is extended to 
over formulas in whi
h the preservativity

symbol

�

o

urs: an arithmeti
al realization

�

is a mapping from L

�

-formulas

to arithmeti
al formulas whi
h 
ommutes with the 
onne
tives and su
h that

(A

�

B)

�

= Pres

T

(pA

�

q; pB

�

q), where Pres

T

(x; y) is a formula in the language

of T that is the formalized version of the statement A

�

T

B. Like in the 
ase for

L

2

, the formulas in L

�

are 
alled modal formulas.

Clearly, preservativity is an extension of provability be
ause we have

2

T

' i� >

�

T

':

In Se
tion 2.5 we will return to this relation with provability logi
.

For 
lassi
al theories T the notion of preservativity is equivalent to the notion

of �

1

-
onservativity: we have that ' �

1

-preserves  if and only if :' is �

1

-


onservative over : . For many 
lassi
al theories, for example PA, the notion

of �

1

-
onservativity is again equivalent to the well-investigated notion of inter-

pretability. Therefore, for these theories the preservativity logi
 is known, although

the notion is not studied dire
tly but only via the equivalen
e with interpretability.

In Se
tion 2.4 we will dis
uss the 
onne
tion with interpretability logi
 in more

detail.

For 
onstru
tive theories like HA, the situation is 
ompletely di�erent. In the

next se
tion we will explain how in this setting the notion of preservativity arises

in a natural way from the admissible rules and that the admissible rules play a

prominent role in the provability and preservativity logi
 of HA. Moreover, we will

see that the notion of preservativity seems to give the right view on questions in

provability logi
 of 
onstru
tive theories.

On the 
lassi
al side, the �rst theory studied in the 
ontext of provability logi


was Peano Arithmeti
 PA (H�ajek and Pudl�ak 1991), the well-known theory of the

natural numbers, for it is strong enough to allow the formalization of provability

notions in an easy way. For the same reason the questions in intuitionisti
 prov-

ability logi
 fo
us on Heyting Arithmeti
 HA (Troelstra and van Dalen 1988), the

intuitionisti
 
ounterpart of PA. In this thesis we will only 
onsider preservativity

with respe
t to HA.
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2.3 Heyting Arithmeti


An (
.e.) axiomatization of the preservativity logi
 (or the provability logi
) of HA

is not known. However, Visser (1994) has given some prin
iples of the preservativ-

ity logi
 of HA, whi
h 
apture all prin
iples of the provability logi
 of HA known

before that time. In the following years the meaning of these prin
iples be
ame


lear (Visser 1999)(Iemho� 2000b) (Chapter 7). These insights in the system led

us to the 
onje
ture that it is the preservativity logi
 of HA. In this se
tion we

introdu
e the system, dis
uss its meaning and explain why we 
onje
ture it to be

the preservativity logi
 of HA.

To state the prin
iples of the preservativity logi
 of HA known so far, we need

the following notation. For formulas A;B

1

; : : : ; B

n

, the formula (A)(B

1

; : : : ; B

n

)

is indu
tively de�ned to be

(A)(B;C

1

; : : : ; C

n

) �

def

(A)(B) _ (A)(C

1

; : : : ; C

n

)

(A)(?) �

def

?

(A)(B ^B

0

) �

def

(A)(B) ^ (A)(B

0

)

(A)(

2

B) �

def

2

B

(A)(B) �

def

(A! B)

B not of the form ?, (C ^ C

0

) or

2

C.

Note that we have (A)(C

1

; : : : ; C

n

) = (A)(C

1

)_ : : :_ (A)(C

n

), and that (A)(>) =

(A! >), hen
e (A)(>)$ >.

The expression (�)(�) is an abbreviation and not an operator, be
ause applying it to

equivalent formulas does not give equivalent results. For example,

2

p is equivalent

to (> !

2

p), but (A)(> !

2

p) = (A ! (> !

2

p)) and (A)(

2

p) =

2

p. Hen
e

the formulas (A)(> !

2

p) and (A)(

2

p) are in general not equivalent.

In (Visser 1994) the following prin
iples of the preservativity logi
 of HA known

so far are given. In fa
t, we give here a slightly di�erent axiomatization then the

one used by Visser. In Chapter 3 we will see that Visser's system is equivalent

to the one introdu
ed here. We denote intuitionisti
 propositional logi
 with IPC

(Troelstra and van Dalen 1988). Re
all that ' is provable if and only if > preserves

'. This a

ounts for the de�nition of

2

in the system.
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Prin
iples of the preservativity logi
 of HA

2

A �

def

>

�

A

Taut all tautologies of IPC

P1 A

�

B ^B

�

C ! A

�

C

P2 C

�

A ^ C

�

B ! C

�

(A ^ B)

Dp A

�

C ^B

�

C ! (A _B)

�

C (Disjun
tive Prin
iple)

4p A

�

2

A

Lp (

2

A! A)

�

A (L�ob's Preservativity Prin
iple)

Mp A

�

B ! (

2

C ! A)

�

(

2

C ! B) (Montagna's Prin
iple)

Vp

n

(

V

n

i=1

(A

i

! B

i

)! A

n+1

_ A

n+2

)

�

(

V

n

i=1

A

i

! B

i

)(A

1

; : : : ; A

n+2

)

(Visser's Prin
iples)

Vp V p

1

; V p

2

; V p

3

; : : : (Visser's S
heme)

We use the name iPH for the logi
 given by these prin
iples and the rules Modus

Ponens and the

Preservation Rule if ` (A! B) then ` A

�

B:

In Se
tions 2.4 and 2.5 we dis
uss the relation between the logi
 iPH and inter-

pretability and provability logi
. In Se
tion 2.4 we will see that all prin
iples

ex
ept the Disjun
tive Prin
iple hold for PA as well. In Se
tion 2.7 we repeat the

proofs by Visser (1994) that these prin
iples and rules belong to the preservativity

logi
 of HA. Visser's S
heme is a spe
ial and 
ompli
ated s
heme. In Se
tion 3.2

we elaborate on the te
hni
al details of this s
heme and show that our formulation

of the s
heme is equivalent to the one used by Visser (1994).

Here we dis
uss the meaning of the given prin
iples. We will see that these prin-


iples form a natural fragment of the preservativity logi
 of HA. Namely, ea
h of

them 
orresponds to either a prin
iple of the provability logi
 of PA or to one of

the following 
hara
teristi
 properties of HA: its propositional admissible rules,

Markov's Rule and the Disjun
tion Property.

The de�nition of

2

and the �rst two prin
iples are easily seen to be prin
iples

of the preservativity logi
 of HA. The prin
iples 4p and Lp resemble the two


hara
teristi
 axioms for the provability logi
 of PA, whi
h are

4

2

A!

22

A

L

2

(

2

A! A)!

2

A:
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Sin
e A

�

B implies (

2

A !

2

B) in the system (Se
tion 3.1), the prin
iples 4p

and Lp imply their provability 
ounterparts 4 and L. The prin
iple 4 is derivable

from L, but usually it is still in
luded in the axioms. We will see that in the same

way 4p is derivable from Lp (Se
tion 4.3). The prin
iple Mp is baptized after its


lassi
al 
ounterpart in interpretability logi
, whi
h is dis
ussed below. It is easy

to see that it belongs to the preservativity logi
 of HA, using the fa
t that the

arithmeti
al realization of a formula

2

C is always �

1

(Se
tion 2.7).

The Disjun
tive Prin
iple and the Disjun
tion Property

The Disjun
tive Prin
iple Dp is related to the Disjun
tion Property of HA, whi
h

reads

(Disjun
tion Property) if HA ` ' _  , then HA ` ' or HA `  :

Friedman (1975) proved that HA does not prove its Disjun
tion Property, i.e. HA

does not derive the true formula

2

(' _  )! (

2

' _

2

 ). Leivant (1975) showed

that HA does prove the weaker version

HA `

2

(' _  )!

2

(' _

2

 ):

Hen
e the so-
alled Leivant Prin
iple

2

(A _ B) !

2

(A _

2

B) is part of the

provability logi
 of HA. In the preservativity logi
 of HA this prin
iple o

urs as a


onsequen
e of the two prin
iples 4p and Dp. Note that the fa
t that Dp and 4p

are in the preservativity logi
 of HA imply the following strengthening of Leivant's

Prin
iple:

HA ` (' _  )

�

(' _

2

 ):

The arithmeti
al validity of the Disjun
tive Prin
iple was shown by Visser (1994)

and will be treated in Se
tion 2.7.

Visser's S
heme and the admissible rules

The s
heme Vp is 
alled after A. Visser who proved its arithmeti
al validity (Visser

1994). Note that it is not a prin
iple but a 
olle
tion of in�nitely many prin
iples.

They des
ribe (some) admissible rules of HA. For propositional formulas A;B

we say that the rule A=B is a propositional admissible rule of HA if HA ` �A

implies HA ` �B, for all substitutions � whi
h repla
e the propositional variables

by arithmeti
al formulas. Observe that if (

2

A !

2

B) is in the provability logi


of HA this implies that A=B is an admissible rule of HA. Sin
e A

�

B implies

(

2

A!

2

B), it follows that if A

�

B is in the preservativity logi
 of HA, then A=B

is an admissible rule for HA. The two most meaningful instan
es of Vp des
ribe

the propositional admissible rules and Markov's Rule for HA. We will dis
uss them

brie
y.

If one restri
ts Visser's S
heme to pure propositional formulas, i.e. without

2

or

�

, it 
hara
terizes the propositional admissible rules of HA, as will be proved in
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Chapter 7. There we will see that if we let AR be the logi
 given by the prin
iples

Taut , P1, P2, Dp, Vp and the Preservation Rule, then we have

for propositional formulas A;B:

A=B is a propositional admissible rule of HA i� AR ` A

�

B:

This will be explained in more detail in Se
tion 2.3.1. Here we 
onsider one

example. It is well-known that

:A! B _ C=(:A! B) _ (:A! C)

is an admissible rule of HA (Harrop 1960). We show how we 
an derive the


orresponding statement

(:A! B _ C)

�

((:A! B) _ (:A! C))

in the system AR:

`

AR

(:A! B _ C)

�

(:A)(A;B;C) (Vp) (1)

(:A)(A;B;C)$ (:A! A) _ (:A! B) _ (:A! C) (2)

(:A! A)! ::A (Taut) (3)

::A! (:A! B) (Taut) (4)

(:A! A) _ (:A! B) _ (:A! C)!

(:A! B) _ (:A! C) (3)(4)(Taut) (5)

(:A! A) _ (:A! B) _ (:A! C)

�

(:A! B) _ (:A! C) (5)(PreservationRule) (6)

(:A! B _ C)

�

((:A! B) _ (:A! C)): (1)(2)(6)(P1)

This shows that the admissible rule given above is 
aptured by Visser's S
heme.

Markov's Rule, a well-known rule for HA, reads

(Markov's Rule) for all ' 2 �

2

: if HA ` ::'; then HA ` ':

To see how Markov's Rule is 
aptured by Visser's S
heme, observe that the fol-

lowing formula is one of the 
onsequen
es of Visser's S
heme,

::

2

A

�

2

A: (2.1)

Namely, ::

2

A is short for ((

2

A! ?)! ?), and by Visser's S
heme

((

2

A! ?)! ?)

�

(

2

A! ?)(

2

A;?) =

(

2

A! ?)(

2

A) _ (

2

A! ?)(?) = (

2

A _ ?)$

2

A:
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Now (2.1) implies that HA proves the arithmeti
al realizations of the formula

(

2

::

2

A !

22

A), whi
h is a partial formalization of Markov's Rule. Thus the

fa
t that (2.1) is in the preservativity logi
 of HA implies that HA proves Markov's

Rule: HA ` (

2

::

2

A!

22

A).

We saw that Visser's S
heme des
ribes admissible rules of HA and 
onsidered

various 
onsequen
es of it. In Se
tion 4.6 we will dis
uss more instan
es of Visser's

S
heme. We will return to the 
orresponden
e between preservativity logi
 and

admissible rules in Se
tion 2.3.1.

Summarizing we 
ould say that the preservativity logi
 presented by Visser (1994)

seems a very natural part (if not all) of the preservativity logi
 of HA. It 
on-

tains three basi
 prin
iples, P1, P2 and Montagna's Prin
iple, whi
h arithmeti
al

validity is trivial. It 
ontains the (preservativity form of the) two 
hara
teristi


prin
iples of the provability logi
 of PA, namely 4p and Lp. And it 
ontains two

axioms, the Disjun
tive Prin
iple and Visser's S
heme, whi
h are dire
tly related

to three well-known properties of HA: the Disjun
tion Property, Markov's Rule

and the propositional admissible rules.

2.3.1 Three fragments

Although the preservativity logi
 of HA is not known, for three of its fragments

there exists a de
ent axiomatization: for its propositional fragment, for the 
losed

fragment of the provability logi
 and for that part of the preservativity logi
 that

is 
onne
ted with the admissible rules of HA.

The 
hara
terization of the propositional fragment

Re
all that � ranges over substitutions whi
h repla
e propositional variables by

arithmeti
al formulas, and that IPC denotes intuitionisti
 propositional logi
. It

was shown by de Jongh (1982) that

for all propositional A: 8�(HA ` �A) i� IPC ` A:

Note that for propositional formulas, an arithmeti
al realization A

�

is nothing

more than a substitution instan
e �A, for some �. Therefore, we have

for all propositional A: A is in the provability logi
 of HA i� IPC ` A:

This means that the propositional fragment of the provability logi
 of HA is equiv-

alent to IPC.

The 
hara
terization of the 
losed fragment

Visser (1994) des
ribed the 
losed fragment of the provability logi
 of HA. This is

the fragment without propositional variables. He shows that for every formula '

in the 
losed fragment there exists a number n > 0 su
h that

HA `

2

'$

2

n

?:
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This resembles the situation for PA, where every formula in the 
losed fragment

is a boolean 
ombination of formulas

2

n

?, > and ?.

The 
hara
terization of the admissible rules

The other fragment of the preservativity logi
 of HA that is axiomatized des
ribes

its propositional admissible rules. As mentioned in Se
tion 2.2, if A

�

B is in the

provability logi
 of HA, then A=B is an admissible rule of HA. The 
ombination

of results by Visser (1994)(1998) and results in part II of this thesis imply that

the 
onverse holds too: for all propositional formulas A;B we have that

A=B is a propositional admissible rule of HA i�

A

�

B is in the preservativity logi
 of HA.

In part II (Chapter 7) of this thesis we give an axiomatization of the propositional

admissible rules of HA. In parti
ular, we 
onstru
t a perspi
uous preservativity

logi
 AR su
h that

A=B is a propositional admissible rule of HA i� AR ` A

�

B: (2.2)

This logi
 is axiomatized by the preservativity prin
iples (Se
tion 2.2) P1, P2, Dp

and all the instan
es A

�

B of Vp, where A and B are propositional formulas. In


ombination with Visser's (1994) result that states that all these prin
iples belong

to the preservativity logi
 of HA, we arrive at the following axiomatization:

for propositional A;B: (2.3)

A

�

B is in the preservativity logi
 of HA i� AR ` A

�

B.

This 
ompletes our dis
ussion on the three fragments of the preservativity logi
 of

HA for whi
h we have a 
.e. axiomatization.

There are two other aspe
ts of (2.2) worth noting. First, it shows that HA proves

the admissibility of every instan
e of its propositional admissible rules:

for propositional A;B:

8�(HA ` �A implies HA ` �B) i� (by de�nition)

A=B is an admissible rule of HA i� (by (2.3) (2.2))

(

2

A!

2

B) is in the provability logi
 of HA i� (by de�nition)

8�(HA `

2

�A!

2

�B):

And se
ond, from (2.2) it follows that

for propositional A;B: A

�

B is in the preservativity logi
 of HA i�

(

2

A!

2

B) is in the provability logi
 of HA.

In Se
tion 5.2 of part II we will see that this a
tually holds for all formulas (

2

A!

2

B) of whi
h we know that they are in the preservativity logi
 of HA. Observe

that for example for 
lassi
al provability prin
iples of the form (

2

A !

2

B), like

L�ob's Prin
iple

2

(

2

A! A)!

2

A, we already saw that the stronger A

�

B holds

as well. Of 
ourse, the rule does not hold for all arithmeti
al formulas, as we will

see in Se
tion 3.1.
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2.4 Interpretability logi


In this se
tion we explain the 
onne
tion between preservativity logi
 and in-

terpretability logi
. A theory T is �

1

-
onservative over T

0

if T

0

proves all the

�

1

-formulas that T proves. From the de�nition of �

1

-preservativity it follows

that for 
lassi
al theories �

1

-preservativity is equivalent to �

1

-
onservativity, in

the sense that '

�

T

 if and only if :' is �

1

-
onservative over : . For theories

that are 
lassi
al 
.e. extensions of PA, this again is equivalent to interpretability

(Orey 1961)(H�ajek 1971, H�ajek 1972). We will not de�ne interpretability here, but

remark only that intuitively, `' interprets  ' means that we 
an de�ne a model

for (a translation of) the theory T plus  in the theory T plus '. Thus for PA we

have (in PA) that '

�

PA

 if and only if PA plus : interprets PA plus :'.

In a similar manner as for preservativity one 
an de�ne the interpretability logi
 of

a theory. We denote `A interprets B' by A

�

i

B (in the literature this is denoted by

A

�

B). Interpretability logi
 has been extensively studied (Shavrukov 1988)(Be-

rardu

i 1990)(de Jongh and Veltman 1990)(Zambella 1992) (Visser 1997). The

interpretability logi
 of PA is known to be ILM (a de�nition follows below). Sin
e

for PA the notions of preservativity and interpretability are the same, it seems

natural to ask whi
h prin
iples of ILM are inherited by HA. That is, if we refor-

mulate ILM in terms of preservativity by repla
ing :A

�

i

:B by A

�

B, whi
h of

the prin
iples belong to the preservativity logi
 of HA?

As we will see, under this translation all axioms of ILM are provable in iPH. Here

follow the axioms of ILM. With every axiom we give its preservativity translation.

The diamond } denotes :

2

:.

L

2

(

2

A! A)!

2

A L

J1

2

(A! B)! A

�

i

B

2

(A! B)! A

�

B

J2 A

�

i

B ^B

�

i

C ! A

�

i

C P1

J3 A

�

i

C ^ B

�

i

C ! (A _B)

�

i

C P2

J4 A

�

i

B ! (}A! }B) A

�

B ! (

2

A!

2

B)

J5 }A

�

i

A 4p

M A

�

i

B ! (A ^

2

C)

�

i

(B ^

2

C) Mp

(The rules of ILM are Modus Ponens and Ne
essitation.) In Se
tion 3.1 we will see

that the translations of J1 and J4 belong to iPH. Therefore, 
learly all translations

of ILM belong to iPH.

The 
onverse, i.e. the statement that all translation of axioms of iPH belong to

ILM, does not hold. Namely, the translation of Dp, whi
h is C

�

i

A ^ C

�

i

B !

C

�

i

(A^B), is not valid for PA. It is easy to see that the translations of Vp

n

and

Lp are derivable in PA. Therefore, the only axiom in iPH whi
h does not hold for


lassi
al theories is the Disjun
tive Prin
iple.
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2.5 Intuitionisti
 provability logi


In this se
tion we explain what is known so far about intuitionisti
 provability

logi
 and summarize its history.

On the 
lassi
al side provability logi
s are well-investigated. On the intuitionisti


side we know mu
h less. As stated earlier, it is not known what the provability

logi
 of HA is. The �rst prin
iples known for this logi
 were

K

2

(A! B)! (

2

A!

2

B)

4

2

A!

22

A

L

2

(

2

A! A)!

2

A (L�ob's Prin
iple)

Le

2

(A _B)!

2

(A _

2

B) (Leivant's Prin
iple)

Ma

2

::(

2

A!

W

2

B

i

)!

2

(

2

A!

W

2

B

i

)

(Formalized Markov S
heme)

We use the name iH for the logi
 given by these prin
iples and the rules Modus

Ponens and the

Ne
essitation Rule if ` A then `

2

A:

In Se
tion 3.1 we show that all these prin
iples and rules are derivable in the

preservativity logi
 iPH dis
ussed in Se
tion 2.3, and that the latter 
ontains prin-


iples not 
aptured by iH. This disproves the 
onje
ture that iH is the provability

logi
 of HA.

The �rst three prin
iples axiomatize the provability logi
 GL of PA, dis
ussed

in Se
tion 2.1. Re
all (Se
tion 2.2) that Leivant's Prin
iple is related to the

Disjun
tion Property of whi
h the formalized version is not provable in HA.

For the Formalized Markov S
heme as su
h there is no proof in the literature of

its arithmeti
al validity. Visser (1981) showed that

2

::

2

A !

22

A belongs to

the provability logi
 of HA. From this proof it is not diÆ
ult to infer that then

also the Formalized Markov S
heme is in the provability logi
 of HA. This s
heme

is the partial formalization of Markov's Rule for HA:

for all ' 2 �

2

: if HA ` ::'; then HA ` ':

Clearly any arithmeti
al realization of formulas of the form (

2

A!

W

2

B

i

) is �

2

.

Arithmeti
al realizations of formulas (

W

2

A

i

!

W

2

B

i

) are �

2

too. Note that

2

::(

_

2

A

i

!

_

2

B

i

)!

2

(

_

2

A

i

!

_

2

B

i

)

is derivable from the Formalized Markov S
heme. As all formulas not equivalent

to a formula of the form (

W

2

A

i

!

W

2

B

i

) have arithmeti
al realizations that are
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not �

2

, the Formalized Markov S
heme is all we 
an 
apture of Markov's Rule in

provability logi
.

As long as we stay on the 
lassi
al side (truth) provability logi
s are very sta-

ble; many arithmeti
al theories have the same provability logi
, namely GL (Se
-

tion 2.1). However, there is in general no stability in going from a 
lassi
al theory

to its intuitionisti
 
ounterpart, as 
an be seen in the 
omparison of HA and PA.

For example, Leivant's Prin
iple

2

(A _ B) !

2

(A _

2

B) is not a provability

prin
iple of PA. This 
an be seen easily. If GL would derive the Leivant Prin
iple

it would also derive

2

(

2

?_

2

:

2

?), as it 
learly derives

2

(

2

?_:

2

?). But then

an appli
ation of L shows that it would derive

22

?. Hen
e the provability logi


of HA is not a part of GL. The 
onverse is not true either. The prin
iple (p_:p) is

a theorem of the provability logi
 of PA, but not of the 
orresponding logi
 of HA.

Note that this also shows that there is no monotoni
ity (
onverse monotoni
ity)

in provability logi
s; stronger theories do not ne
essarily have stronger (weaker)

provability logi
s.

In the 
ontext of intuitionisti
 logi
 the notion of intuitionisti
 truth provability

logi
 is less natural, be
ause the intuitionisti
 notion of truth is mu
h more 
om-

plex. Therefore, we will in the sequel only dis
uss provability logi
. But let us

note in passing that

2

(A_B)!

2

A_

2

B is an example of a prin
iple that is in

the truth provability logi
 of HA but not in the provability logi
 of HA.

History

The history of intuitionisti
 provability logi
 does not rea
h far ba
k. The �rst

results in this area 
ome from Friedman (1975) and Leivant (1975). As mentioned

above, Friedman showed that HA does not prove the formalized version of its

Disjun
tion Property, and Leivant showed that the slightly weaker version

2

(' _

 ) !

2

(' _

2

 ) is part of the provability logi
 of HA. Another related result

is from Gargov (1984). He has shown that if a 
.e. extension of HA has the

Disjun
tion Property then so does its provability logi
. Sambin (1976) proved a

�xed point theorem for the diagonalizable algebras of intuitionisti
 theories, whi
h

were also studied by Ursini (1979a).

Then there is some work on the algebrai
 and on the frame 
hara
terization of

the prin
iples K , 4 and L: Ursini (1979b) and Kirov (1984) both show the 
om-

pleteness and the �nite model property of iL, and so do Bo�zi�
 and D�osen (1984)

for iK, and Wolter and Zakharyas
hev (1999b) for iK4.

Of a more arithmeti
al nature is the paper by Visser (1982). Here he gives some

prin
iples of the provability logi
 of HA, among whi
h the one on the 
over of his

thesis (Visser 1981):

2

(::

2

A !

2

A) !

22

A. All the prin
iples mentioned

there are derivable from prin
iples he found later (Visser 1994); they belong to

the logi
 iPH.

The 
losed fragment of GL and of the provability logi
 of HA have also been studied.

Kirov (1990) shows that the 
losed fragment of GL is 
omplex in the sense that
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any free Heyting algebra with 
ountably many generators 
an be embedded in the

algebra of this fragment. An inspe
tion of the proof shows that this still holds for

iPH. As mentioned before, Visser (1994) 
hara
terizes the 
losed fragment of the

provability logi
 of HA by showing that for every formula ' in this fragment there

exists a number n > 0 su
h that

HA `

2

'$

2

n

?:

Finally, there is the introdu
tion to preservativity logi
 by Visser (1994)(1998)

dis
ussed in Se
tion 2.2 and Chapter 6. Related work has been done by de Jongh

and Visser (1996), who studied whi
h 
.e. Heyting algebras 
an be embedded in

the Heyting algebras of IPC or HA.

2.6 The main roads in intuitionisti
 modal logi


In this se
tion we introdu
e intuitionisti
 modal logi
 in an informal way, and refer

brie
y to the di�erent ways in whi
h it has been studied in the literature. The

a

ount here is only histori
al. In Se
tion 3.4 we introdu
e the modal logi
s used

in this thesis in more detail.

Intuitionisti
 modal logi
 is modal logi
 on an intuitionisti
 basis. This means

that an intuitionisti
 modal logi
 is a logi
 in the language of propositional logi


extended with modal operators, that 
ontains IPC. Thus the provability and

preservativity logi
s introdu
ed in the previous se
tions are modal logi
s. Intu-

itionisti
 polymodal logi
s have hardly been 
onsidered in the literature. Probably

this is due to the fa
t that in the presen
e of an intuitionisti
 basis a monomodal

logi
 is almost a bimodal logi
; 
ompare the G�odel translation of intuitionisti


logi
 into S4 (G�odel 1933). Most of the logi
s deal with

2

as well as

3

, whi
h in

general are not interde�nable in an intuitionisti
 setting. From the point of view

of provability logi
 it is still not 
lear what a natural interpretation of

3

should

be. Therefore, in our 
ase we only 
onsider

2

(and

�

).

In the literature on intuitionisti
 modal logi
 one often en
ounters logi
s of whi
h

it is 
laimed that they are the `true' intuitionisti
 
ounterparts of some 
lassi
al

modal logi
, for example L�ob's logi
. Of 
ourse, what one will a

ept as an intu-

itionisti
 
ounterpart of a given (
lassi
al) logi
, will depend on the interpretation

one has in mind for the modal operators, hen
e on the properties one wants it to

have. In this thesis we always have the provability/preservativity interpretation in

mind. A striking di�eren
e between this interpretation and most others is that it

is in itself of a mathemati
al nature. Thus veri�
ation of the validity of prin
iples


an be exe
uted in a formal rigorous way.

Di�erent interpretations of

2

lead to di�erent modal logi
s. In the literature

there have been three prominent perspe
tives. Prior (1957) �rst proposed an

axiomatization of a modal logi
 whi
h 
orresponds to the monadi
 fragment of

intuitionisti
 predi
ate logi
, by repla
ing

2

,

3

and p

i

by respe
tively 8x, 9x and
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P

i

(x) (Bull 1965)(Bull 1966)(Ono 1977)(Bezhanishvili 1998) (Bezhanishvili 1999).

Then there are many studies on intuitionisti
 modal logi
s whose modal axioms

are equivalent to that of a well-known 
lassi
al system, like K, L, S4 or S5. They


ontain various possible proof systems (Bierman, Mer�e and de Paiva 1997) (Simp-

son 1993), or di�erent possible semanti
s and 
ompleteness results (Fis
her-Servi

1977)(Ursini 1979b)(Vakarelov 1981)(Bo�zi�
 and D�osen 1984)(Sotirov 1984) (Simp-

son 1993)(Wolter and Zakharyas
hev 1997)(Wolter and Zakharyas
hev 1999b).

Fis
her-Servi (1977) and Wolter and Zakharyas
hev (1999a) also formulate 
rite-

ria for being the intuitionisti
 analogue of a 
lassi
al modal logi
. For example,

following the de�nition of Servi, it is not diÆ
ult to see that iL is the intuition-

isti
 
ounterpart of GL. Vakarelov (1981) also shows that above iK there are a


ontinuum of strongly intuitionisti
 modal logi
s, i.e. 
onsistent logi
s that are

in
ompatible with the law of ex
luded middle. Note that for proper intermediate

logi
s there are none (Rasiowa and Sikorski 1963). Observe that the logi
 axioma-

tized by L and Le over iK is only strongly intuitionisti
 in the weaker sense that it

derives

22

?, see Se
tion 2.5. Modal logi
s motivated by 
omputer s
ien
e often

turn out to be weaker than iK (Sotirov 1984)(Plotkin and Stirling 1986)(Wije-

sekera 1990), as do the logi
s in whi
h the modal operators are viewed as new

intuitionisti
 
onne
tives (Gabbay 1977).

As 
an be seen from this brief summary of the literature, prin
iples like Le or

Vp do not o

ur, be
ause they neither have a 
lassi
al 
ounterpart nor do they

arise in a natural way from the mentioned interpretations. Thus, looking through

the spe
ta
les of provability logi
 one �nds surprising intuitionisti
 modal logi
s.

Moreover, also on the semanti
al side 
ertain new possibilities be
ome visible.

Besides many other semanti
s, frame semanti
s o

urs in many of the arti
les

mentioned above. This semanti
s, de�ned in Se
tion 3.4.2, 
onsist of a 
ombi-

nation of the intuitionisti
 and the modal frame semanti
s. That is, frames are

sets with two relations: a partial order 4 (the intuitionisti
 relation) and a binary

relation R (the modal relation). In the presen
e of only the modal operator

2

the 
anoni
al frames (Se
tion 3.4.6) satisfy (R;4) � R. Thus it seems harmless

to demand this property for frames. However, as we will see in Proposition 4.4.2,

some prin
iples 
an have in
ompatible frame 
hara
terizations with respe
t to

the 
lasses of frames with or without this property. Here again we en
ounter a

deviation from the regular literature on intuitionisti
 modal logi
.

2.7 Arithmeti
al validity

In this se
tion we prove that the prin
iples and rules given in Se
tion 2.2 and

Se
tion 2.5 indeed belong to the preservativity logi
 of HA. Therefore, the latter

belong to the provability logi
 of HA as well. The main proofs are the one for the

Disjun
tive Prin
iple and the one for Visser's S
heme. For the prin
iples Taut ,

P1, P2 and Montagna's Prin
iple, these proofs are rather trivial. For the 
har-

a
teristi
 axioms and rules of the provability logi
 of PA, namely the prin
iples
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K , 4 and L�ob's Prin
iple and the Ne
essitation Rule, the proofs are analogous to

the 
orresponding proofs for PA. Therefore, we do not in
lude them but refer to

the literature instead. The proofs for 4p and L�ob's Preservativity Prin
iple follow

easily from the ones for 4 and L�ob's Prin
iple. Finally, we treat the prin
iples

that are related to the Disjun
tion Property and the admissible rules of HA (Se
-

tion 2.2), the Disjun
tive Prin
iple, Visser's S
heme and the Formalized Markov

S
heme. For the �rst two we repeat the proofs by Visser (1994). Then we show

that the proof for the last one follows from the fa
t that Montagna's Prin
iple and

Visser's S
heme belong to the preservativity logi
 of HA.

Note that the fa
t that a prin
iple belongs to the preservativity logi
 of HA implies

that it is arithmeti
ally valid, i.e. the prin
iple holds for HA. However, it shows

more, namely it shows that HA 
an also prove this fa
t.

In this se
tion, we write

2

for

2

HA

, and similarly for

�

and `. We will use various

properties of HA that hold for PA as well, for example the fa
t that HA proves

(� !

2

�) for every �

1

-formula �. We have not in
luded the proofs of these fa
ts,

but will refer to the similar proofs for PA in (H�ajek and Pudl�ak 1991) instead. We

write � `

m

' for a derivation, in HA, of ' from �, that uses the �nitely many

axioms of I�

0

+ EXP plus the axioms of HA whi
h G�odelnumber is smaller than

m. Similarly for

2

m

. The reason that we in
lude I�

0

+ EXP is that this system

is strong enough to allow all 
oding tri
ks explained in Se
tion 2.1.

2.7.1. Proposition.

(i) The prin
iples K , 4 and L�ob's Prin
iple belong to the provability logi
 of

HA (and hen
e to its preservativity logi
 as well).

(ii) Modus Ponens, the Ne
essitation Rule and the Preservation Rule are

rules of the preservativity logi
 of HA (and hen
e Modus Ponens and the

Ne
essitation Rule are rules of the provability logi
 of HA as well).

(iii) The prin
iples Taut , P1, P2 and Montagna's Prin
iple belong to the

preservativity logi
 of HA (and hen
e Taut belongs to its provability logi
 as

well).

Proof (i) The proofs that K , 4 and L�ob's Prin
iple belong to the provability logi


of HA are similar to the ones for PA, see for example (Smory�nski 1985).

(ii) It is trivial that Modus Ponens is a rule of the preservativity logi
 of HA,

be
ause it is a rule of the logi
 of HA. The proof that HA satis�es the Ne
essitation

Rule, if HA ` ' then HA `

2

', is similar to the one for PA, see (Smory�nski

1985). The fa
t that HA satis�es the Preservation Rule, if HA ` (' !  ) then

HA ` '

�

 , follows almost immediately. Suppose HA ` (' !  ). Hen
e by

Ne
essitation Rule we have HA `

2

(' !  ). It is easy to see that this implies

HA ` '

�

 . In the next 
hapter, Se
tion 3.1, we will see that there is an equivalent

formulation of preservativity logi
 for whi
h the Preservation Rule is repla
ed by

the Ne
essitation Rule.
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(iii) The statement that Taut belongs to the preservativity logi
 of HA is trivial,

sin
e the logi
 of HA is intuitionisti
 predi
ate logi
, whi
h 
ontains IPC. The

proofs for P1 and P2 are left to the reader. For Montagna's Prin
iple, 
onsider

formulas A;B;C and an arithmeti
al translation

�

. We have to show that

HA ` A

�

�

B

�

! (

2

C

�

! A

�

)

�

(

2

C

�

! B

�

):

Re
all that the arithmeti
al realization of

2

C is a �

1

-formula (Se
tion 2.1). There-

fore, it suÆ
es to show that for all arithmeti
al formulas ';  we have

for all �

1

-formulas �: HA ` '

�

 ! (� ! ')

�

(�!  ): (2.4)

In fa
t, HA even proves: for all �

1

-formulas �, '

�

 implies (� ! ')

�

(� !  ).

As we do not need this stronger statement, we prove the weaker (2.4) instead. We

use that if a formula is �

1

, then HA proves this fa
t, and that HA proves that

�

1

-formulas are 
losed under 
onjun
tion. These properties of HA are proved in

a similar way as for PA, see (H�ajek and Pudl�ak 1991).

The proof of (2.4) runs as follows. Let � be a �

1

-formula. Reason in HA. Suppose

'

�

 . We have to prove that for all �

1

-formulas �

0

, if ` (�

0

! (� ! ')) holds, then

` (�

0

! (� !  )) holds as well. Therefore, suppose ` (�

0

! (� ! ')), for some

�

1

-formula �

0

. Note that (�

0

! (� ! ')) is equivalent to (�

0

^ � ! '). Thus by

Ne
essitation Rule (ii) and the axiom K (i), we also have that ` (�

0

! (� ! '))

is equivalent to ` (�

0

^ � ! '). The 
onjun
tion of two �

1

-formulas is a �

1

-

formula, and when
e (�

0

^ �) is a �

1

-formula. Therefore, by '

�

 , ` (�

0

^ � ! ')

implies ` (�

0

^ � !  ). The latter is again equivalent to ` (�

0

! (� !  )), whi
h


ompletes the proof. �

2.7.2. Proposition. The prin
iple 4p and L�ob's Preservativity Prin
iple belong

to the preservativity logi
 of HA.

Proof In Se
tion 4.3 we show that L�ob's Preservativity Prin
iple derives the

prin
iple 4p. Therefore, it suÆ
es to show that L�ob's Preservativity Prin
iple is

a prin
iple of the preservativity logi
 of HA. We use the well-known fa
t that,

like PA, HA proves �

1

-
ompleteness i.e. HA proves that for every �

1

-formula � we

have HA ` (� !

2

�). A proof for PA, whi
h is analogous to the one for HA, 
an

be found in (H�ajek and Pudl�ak 1991).

Reason in HA. If for some � 2 �

1

we have ` (� ! (

2

' ! ')), then we also

have ` (

2

� !

2

(

2

' ! ')) by the Ne
essitation Rule and the axiom K (Propo-

sition 2.7.1). Sin
e (� !

2

�) by �

1

-
ompleteness, also ` (� !

2

(

2

' ! ')).

Applying L�ob's Prin
iple (Proposition 2.7.1) gives ` (� !

2

'). Thus by assump-

tion also ` (� ! '). �

The proofs (Visser 1994) that the Disjun
tive Prin
iple and Vissers's S
heme be-

long to the preservativity logi
 of HA are related but not similar. This di�eren
e
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is not surprising, as in 
ontrast to the Disjun
tive Prin
iple, Visser's S
heme is


lassi
ally valid, i.e. it belongs to the preservativity logi
 of PA (see Se
tion 2.3).

Before giving those proofs, we will brie
y sket
h the ideas behind them. They

both use a translation on formulas by D. de Jongh. Translations, like for example

realizability or the Friedman translation, are a mu
h used tool in meta proofs for


onstru
tive theories. In su
h proofs one often shows that if a formula is derivable

then the translation of that formula is also derivable. In our 
ase, we pro
eed

in a similar way. We 
onstru
t some kind of �

1

-approximations to the formulas

involved, and use the de Jongh translation to show that if the original formula is

derivable then these �

1

-approximations have the desired properties.

In the 
ase of the Disjun
tive Prin
iple we have to show, in HA, that if '

�

� and

 

�

� hold, then also (' _  )

�

�. Thus we have to prove, in HA, that for all �

1

-

formulas � with ` (� ! (' _  )), we have ` (� ! �). It suÆ
es to show that

for every �

1

-formula � with ` (� ! (' _  )), we 
an �nd �

1

-formulas �

i

, the

disjun
tion of whi
h is implied by �, and su
h that ` (�

1

! ') and ` (�

2

!  ).

Namely, in that 
ase '

�

� implies ` (�

1

! �) and similarly for  .

We will see that for some m, we 
an take the formulas

2

m

' and

2

m

 for �

i

:

(i) for �

1

-formula �: ` (� ! (' _  )) implies ` (� !

2

m

' _

2

m

 )

(ii) ` (

2

m

'! ') and ` (

2

m

 !  ).

Only one of these statements has to do with the 
onstru
tive properties of HA.

Namely, (ii) holds for PA as well, while (i) does not. For the latter, this is easy

to see. Consider the 
ase  = :' and � = >. Then (i) would show that for all

', PA derives

2

m

' _

2

m

:', a fa
t whi
h is not even true. However, we will see

that in the 
ontext of HA both properties hold and this will 
omplete the proof.

As mentioned before, Vissers's S
heme is 
lassi
ally valid, and we will see that

PA o

urs in the proof that Vissers's S
heme belongs to the preservativity logi


of HA. Namely, we use the well-known fa
t that PA is �

2

-
onservative over HA,

and that HA proves this fa
t (Friedman 1977). To explain the idea of this proof,


onsider the following instan
e of Visser's S
heme:

(('

1

!  )! '

2

)

�

(('

1

!  )('

1

) _ ('

1

!  )('

2

)):

We have to show, in HA, that for all �

1

-formulas � it holds that

` �! (('

1

!  )! '

2

)) implies ` � ! ('

1

!  )('

1

) _ ('

1

!  )('

2

):

We 
onsider only the 
ase that � = >. Therefore, suppose

` (('

1

!  )! '

2

)): (2.5)

We have to show that

` ('

1

!  )('

1

) _ ('

1

!  )('

2

): (2.6)
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Note that in the 
ase that the formulas '

i

are not of the form

2

'

0

, the fa
t that

(2.5) implies (2.6), expresses a well-known admissible rule of HA. Therefore, the

following proof sket
h shows that HA re
ognizes this admissible rule (
ompare the

part of Se
tion 2.2 on Visser's S
heme).

Sin
e HA is part of PA, the latter derives (2.5) too. By 
lassi
al reasoning it follows

that

PA ` ('

1

_ '

2

):

If ('

1

_ '

2

) is �

2

then by the mentioned �

2

-
onservativity of PA over HA, we


an 
on
lude that HA derives this formula. This already explains the instan
e of

Visser's S
heme for whi
h the formulas '

i

are of the form ' =

2

'

0

, and hen
e �

1

.

However, the formula ('

1

_ '

2

) is not �

2

in general. Therefore, we have to �nd

some kind of �

1

-approximation of '

i

, whi
h means a �

1

-formula '

0

i

su
h that

('

i

! '

0

i

) and ('

0

i

! ('

1

!  )('

i

)). Namely, in that 
ase (2.5) implies that

` (('

0

1

!  ) ! '

0

2

). And the same reasoning as above shows that PA derives

('

0

1

_ '

0

2

). Sin
e this is a �

2

-formula, by �

2

-
onservativity we 
an 
on
lude that

HA ` ('

0

1

_'

0

2

). Using the other property of '

0

i

we arrive at the desired 
on
lusion

(2.6).

As we will see, these formulas '

0

i

a
tually do not have the property ('

i

! '

0

i

).

However, using the de Jongh translation we 
an show that (2.5) implies that for

some  

0

, ` (('

0

1

!  

0

) ! '

0

2

) holds. Then we reason as before and get (2.6) as

well.

The properties of �

1

-formulas in the previous dis
ussion already hints at the spe-


ial treatment of formulas of the form

2

C, whi
h arithmeti
al translations are �

1

,

in Visser's S
heme.

Before giving the formal proofs of the two prin
iples dis
ussed above, we need

some de�nitions and lemmas. The translation on arithmeti
al formulas by D. de

Jongh, is given by the following indu
tive de�nition.

J�K

m

(') �

def

'; for atomi
 '

J�K

m

(�) 
ommutes with ^;_; 9

J�K

m

('!  ) �

def

(J�K

m

(')! J�K

m

( )) ^

2

m

(�! ('!  ))

J�K

m

(8x'x) �

def

8xJ�K

m

('x) ^

2

m

(�! 8x'x):

We write J�K

m

(�) for fJ�K

m

( ) j  2 �g. De�ne

(�)

m

(') �

def

'; for atomi
 '

(�)

m

(�) 
ommutes with ^;_; 9

(�)

m

('!  ) �

def

2

m

(�! ('!  ))

(�)

m

(8x'x) �

def

2

m

(�! 8x'x)
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2.7.3. Lemma. We have, veri�ably in HA, that

J�K

m

(')! (�)

m

('):

J�K

m

(')!

2

m

(�! '):

(�)

m

(') 2 �

1

:

for all � 2 �

1

: J�K

m

(�)$ � $ (�)

m

(�):

Proof Using indu
tion on ', the proofs of the �rst and the third statement are

straightforward. For the last equation, use the fa
t that HA derives the formula

8x � y

2

m

('x) !

2

m

8x � y('x) (a proof for PA 
an be found in (H�ajek and

Pudl�ak 1991)). This implies that HA ` J�K

m

(8x � y'x) $ 8x � yJ�K

m

('x),

and the rest of the statement follows easily. The proof of the se
ond statement

follows from the fa
t that, veri�ably in HA, I�

0

+ EXP proves �

1

-
ompleteness:

for �

1

-formulas � it holds that (� !

2

�). An analogous proof for PA 
an be found

in (H�ajek and Pudl�ak 1991). On
e this is known, the rest of the proof is easy. �

2.7.4. Lemma. For all formulas A,B in preservativity logi
, for all arithmeti
al

realizations

�

, and for all m, we have

HA ` (A

�

)

m

(B

�

)! (A

�

)(B

�

):

Proof First note that for all natural numbers m, HA proves

2

m

' ! '. The

proof is 
ompletely similar to the one for PA (H�ajek and Pudl�ak 1991). Re
all the

de�nition of (A)(B

1

; : : : ; B

n

) for the 
ase n = 1:

(A)(?) �

def

?

(A)(B ^B

0

) �

def

(A)(B) ^ (A)(B

0

)

(A)(

2

B) �

def

2

B

(A)(B) �

def

(A! B); for B not of the form ?, (C ^ C

0

) or

2

C.

For all these 
ases we have to prove that HA derives (A

�

)

m

(B

�

) ! (A

�

)(B

�

).

Reason in HA. From the de�nition of (�)

m

(') and Lemma 2.7.3 it follows that we

have,

(�)

m

(?) $ ?

(�)

m

(') $ '; if ' is a �

1

-formula.

We show that (A

�

)

m

(B

�

)! (A)(B)

�

holds with indu
tion to B. In the 
ase that

B = ? it is easy to see that (A

�

)

m

(B

�

)! (A)(B)

�

.

If B =

2

C, then B

�

is a �

1

-formula. Hen
e it holds that (A

�

)

m

(B

�

)$

2

C

�

, and

2

C

�

= (A

�

)(B

�

). If B = C

�

D, then B

�

is of the form 8x'x, be
ause C

�

�

D

�

says `for all x, if x is the 
ode of a �

1

-formula � and

2

(� ! C

�

) holds, then
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2

(� ! D

�

) holds as well'. Thus (A

�

)

m

(B

�

) =

2

m

(A

�

! B

�

). By the observation

above this implies that we have (A

�

! B

�

), whi
h is (A

�

)(B

�

).

If B = (C ^ D), then (A

�

)

m

(B

�

) = (A

�

)

m

(C

�

) ^ (A

�

)

m

(D

�

). By the indu
tion

hypothesis, (A

�

)

m

(C

�

) ^ (A

�

)

m

(D

�

) implies (A

�

)(C

�

) ^ (A

�

)(D

�

). By de�nition,

(A

�

)(C

�

) ^ (A

�

)(D

�

) = (A

�

)(C

�

^D

�

) = (A

�

)(B

�

).

If B = (C _ D), then (A

�

)

m

(B

�

) = (A

�

)

m

(C

�

) _ (A

�

)

m

(D

�

). By the indu
tion

hypothesis, (A

�

)

m

(C

�

)_ (A

�

)

m

(D

�

) implies (A

�

)(C

�

)_ (A

�

)(D

�

). It is easy to see

that (A

�

)(C

�

) _ (A

�

)(D

�

) implies (A

�

)(C

�

_D

�

) (Lemma 3.2.1 (i)).

If B = (C ! D), then (A

�

)

m

(B

�

) =

2

m

(A

�

! B

�

). By the observation above

this gives (A

�

! B

�

), whi
h is (A

�

)(B

�

). �

2.7.5. Lemma. (Visser 1994) Let ' =

V

n

i=1

('

i

!  

i

). We have, veri�ably in

HA,

J�K

m

(')$ (J�K

m

('

i

)! J�K

m

( 

i

)) ^

2

m

(�! ')

� `

m

 implies J�K

m

(�) ` J�K

m

( ):

Proof The proof of the �rst equation is left to the reader. For the se
ond statement

we use indu
tion to the length of the derivation � `

HA;m

'. We treat the two

diÆ
ult 
ases:

Case 1. � is empty and ' =  0 ^ 8x( x !  (x + 1)) ! 8x x, i.e. ' is an

indu
tion axiom. Sin
e `

2

m

', also

2

m

(�! '). It remains to show that we have

` J�K

m

( 0 ^ 8x( x!  (x + 1)))! J�K

m

(8x x), whi
h is equivalent to

J�K

m

( 0) ^ 8x(J�K

m

 x! J�K

m

 (x + 1))^

^

2

m

(�! 8x( x!  (x+ 1)))! 8xJ�K

m

( x) ^

2

m

(�! 8x x):

As we observed in Lemma 2.7.3, J�K

m

( 0) implies

2

m

(� !  0). Hen
e from

2

m

(�! ') it follows that

2

m

(�! 8x( x!  (x+1))) implies

2

m

(�! 8x x).

By indu
tion we have

J�K

m

( 0) ^ 8x(J�K

m

 x! J�K

m

 (x + 1))! 8xJ�K

m

( x):

And this 
on
ludes Case 1.

Case 2. Suppose ' = ( !  

0

) and the last step in the proof is �;  `

m

 

0

implies � `

m

( !  

0

). By the indu
tion hypothesis, �;  `

m

 

0

implies

J�K

m

(�); J�K

m

( ) `

HA

J�K

m

( 

0

). And thus

J�K

m

(�) ` J�K

m

( )! J�K

m

( 

0

):

Therefore, it remains to shows that

J�K

m

(�) `

2

m

(�! ( !  

0

)):

Clearly, we have �;  `

m

 

0

for some 
onjun
tion � of elements of a �nite subset

of �. Thus we have J�K

m

(�) `

2

m

(� ! �) and `

2

m

(� ! ( !  

0

)). And this

leads to the desired 
on
lusion. �
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2.7.6. Theorem. (Visser 1994) The Disjun
tive Prin
iple belongs to the preser-

vativity logi
 of HA.

Proof It is a well-known fa
t that, like PA, HA proves re
e
tion for its �nite

fragments, i.e. for every natural number n, HA proves (

2

n

' ! '). Moreover,

HA 
an prove this fa
t, that is, HA proves that for every x, ` (

2

x

' ! '). A

proof of this fa
t for PA, whi
h is similar to the one for HA, 
an be found in

(H�ajek and Pudl�ak 1991). The proof that the Disjun
tive Prin
iple belongs to the

preservativity logi
 of HA now runs as follows.

Reason in HA. Suppose that '

�

� and  

�

� hold. We have to show that ('_ )

�

�

holds, i.e. that for all �

1

-formulas �, ` (� ! ('_ )) implies ` (� ! �). Therefore,


onsider a �

1

-formula � and suppose ` (� ! (' _  )). Thus � `

m

(' _  ), for

some m. By Lemma 2.7.5 we have

J>K

m

(�) ` J>K

m

(') _ J>K

m

( ):

By Lemma 2.7.5 this implies

� `

2

m

' _

2

m

 : (2.7)

Note that

2

m

' and

2

m

 are �

1

-formulas. As observed above, we have that

` (

2

n

'! ') and ` (

2

n

 !  ). Therefore, from '

�

� and  

�

�, we 
on
lude

` (

2

m

'! �) ^ (

2

m

 ! �):

Together with (2.7) this gives

` (�! �):

This 
ompletes our proof. �

2.7.7. Theorem. (Visser 1994) Visser's S
heme belongs to the preservativity

logi
 of HA.

Proof We have to show that for all arithmeti
al formulae '

i

,  

i

, for all n, if

� =

V

n

i=1

('

i

!  

i

), then we have

HA ` (�! '

n+1

_ '

n+2

)

�

(

n+2

_

i=1

(�)

m

('

i

)): (2.8)

Clearly, this implies that for all formulas A

i

; B

i

in the language of preservativity

and for all arithmeti
al translations

�

, if A =

V

n

i=1

(A

i

! B

i

), then

HA ` (A

�

! A

�

n+1

_ A

�

n+2

)

�

HA

(

n+2

_

i=1

(A

�

)

m

(A

�

i

)):
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By Lemma 2.7.4, HA derives (A

�

)

m

(A

�

i

)! (A

�

)(A

�

i

). Thus by Preservation Rule

(Proposition 2.7.1), HA derives (A

�

)

m

(A

�

i

)

�

(A

�

)(A

�

i

). Applying the prin
iple P1

(Proposition 2.7.1) now gives

HA ` (A

�

! A

�

n+1

_ A

�

n+2

)

�

(

n+2

_

i=1

(A

�

)(A

�

i

)):

Using the fa
t that (

W

n+2

i=1

(A

�

)(A

�

i

)) = (A

�

)(A

�

1

; : : : ; A

�

n+2

), this implies Visser's

S
heme:

HA ` (A

�

! A

�

n+1

_ A

�

n+2

)

�

(A

�

)(A

�

1

; : : : ; A

�

n+2

):

Therefore, to show that Visser's S
heme belongs to the preservativity logi
 of HA

it suÆ
es to show that (2.8) holds, i.e. that HA derives that for all � 2 �

1

,

` (� ! (�! '

n+1

_ '

n+2

)) implies ` (�! (�)('

1

; : : : ; '

n+2

)).

Reason in HA. Let � 2 �

1

and assume ` (� ! (� ! '

n+1

_ '

n+2

)). Hen
e for

some m, we have � `

m

(� ! '

n+1

_ '

n+2

). From Lemma 2.7.5 it follows that

J�K

m

(�) ` J�K

m

(�! '

n+1

_ '

n+2

). Hen
e by the same lemma:

� `

n

^

i=1

(J�K

m

('

i

)! J�K

m

( 

i

)) ^

2

n

(�! �)! J�K

m

('

n+1

_ '

n+2

):

Thus 
learly,

� `

n

^

i=1

(J�K

m

('

i

)! J�K

m

( 

i

))! J�K

m

('

n+1

_ '

n+2

):

By Lemma 2.7.3 and elementary reasoning this implies that

� `

n

^

i=1

((�)

m

('

i

)! J�K

m

( 

i

))! (�)

m

('

n+1

) _ (�)

m

('

n+2

):

Hen
e

PA ` �! (

n

^

i=1

((�)

m

('

i

)! J�K

m

( 

i

))! (�)

m

('

n+1

) _ (�)

m

('

n+2

)):

Using 
lassi
al logi
 we 
an 
on
lude that PA ` �!

W

n+2

i=1

(�)

m

('

i

). By Lemma 2.7.3,

� !

W

n+2

i=1

(�)

m

('

i

) is a �

2

-formula. By the �

2

-
onservativity of PA over HA men-

tioned above, we have

` �!

n+2

_

i=1

(�)

m

('

i

):

This 
ompletes the proof of (2.8). �
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2.7.8. Corollary. The Formalized Markov S
heme belongs to the provability

logi
 of HA (and hen
e to its preservativity logi
).

Proof In Chapter 3 (Se
tion 3.3) we show that the Formalized Markov S
heme is

derivable from Visser's S
heme and Montagna's Prin
iple, using the rules Modus

Ponens and Ne
essitation. �

2.8 Overview of part I

Part I of this thesis is a modal study of the prin
iples of the preservativity logi
 of

HA known so far. In parti
ular, we prove the frame 
ompleteness of the 
onje
tured

preservativity logi
 iPH of HA, the main result of this part of the thesis (Chapter 5).

As explained in Se
tion 2.1 su
h a 
hara
terization is often the �rst step for �nding

embeddings of a provability logi
 in the 
orresponding arithmeti
al theory, i.e. for

showing that a system is the provability logi
 of some theory. We also show in

Chapter 5 that the system iPH 
ontains prin
iples of the provability logi
 of HA

that are not 
aptured by iH. This disproves the 
onje
ture that iH is the provability

logi
 of HA.

The proofs in Chapter 5 use the results of Chapter 4, where we study the prin
iples

separately. Here we also show that besides the prin
iples Vp

n

all prin
iples are

independent, as expe
ted. Moreover, there we will see that Visser's S
heme is

in�nite in an essential way: it is not equivalent to a �nite number of Visser's

Prin
iples.

As mentioned in the introdu
tion, the 
hara
terization of the prin
iples requires

many te
hni
al tools from modal logi
. Moreover, these logi
s deviate a lot from

the logi
s that are regularly studied in intuitionisti
 modal logi
. When
e some

surprising properties and problems be
ome visible, and many proofs are quite

di�erent from the ones for the modal logi
s one usually en
ounters. Therefore,

also from the modal point of view these logi
s are interesting.

Chapter 7 of part II of this thesis 
ould also be seen in the light of provability

logi
. This was explained in Se
tion 2.3.1 where we dis
ussed three parti
ular

fragments of the preservativity logi
 of HA.

In Chapter 3 we introdu
e the tools used in the following 
hapters of part I.

Se
tion 3.4 
ontains preliminaries. In Se
tion 3.3 we show how the prin
iples of

the provability logi
 of HA, i.e. of the logi
 iH, are 
aptured by its 
onje
tured

preservativity logi
 iPH.





Chapter 3

Tools and preliminaries

In this 
hapter we introdu
e the tools used in the following 
hapters of part I.

In Se
tion 3.1 we dis
uss some prin
iples that are derivable in preservativity and

provability logi
. In Se
tion 3.2 we dis
uss some basi
 properties of Visser's S
heme

and we prove that our formulation of the s
heme is equivalent to the one used by

Visser (1994). In Se
tion 3.3 we show that all prin
iples of the provability logi


we 
onsider are derivable in preservativity logi
, and that the 
onverse does not

hold. In Se
tion 3.4 we introdu
e a semanti
s for preservativity logi
, and we

de�ne various 
onstru
tions on the models given by this semanti
s.

3.1 Basi
 observations

In this se
tion we dis
uss some basi
 prin
iples derivable in preservativity logi
.

When we say that a prin
iple is arithmeti
ally valid we mean that all the arithmeti-


al realizations of the prin
iple hold. We let

�

range over arithmeti
al realizations.

Let iP

�

be the logi
 given by the axioms Taut , P1 P1, P2 and the rule Modus Po-

nens and the Preservation Rule, and let iK be the logi
 given by the axioms Taut ,

and K , and the rule Modus Ponens and the Ne
essitation Rule (Se
tion 3.4).

3.1.1. Lemma.

(i) for any logi
 iT 
ontaining iP

�

: `

iT

A implies `

iT

2

A.

(ii) `

iP

� 2

(A! B)! A

�

B and `

iP

�

A

�

B ! (

2

A!

2

B).

Proof (i) Observe that `

iT

(A ! B) implies `

iT

> ! (A ! B). Hen
e by the

Preservation Rule `

iT

>

�

(A! B), whi
h is equivalent to

2

(A! B).

(ii) The se
ond impli
ation follows immediately from P1, using the fa
t that

2

A

is de�ned as >

�

A. The following derivation proofs the �rst impli
ation.

43
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We have

`

iP

� 2

(A! B)$ >

�

(A! B) (1)

A

�

> (Preservation Rule) (2)

2

(A! B)! A

�

(A! B) (1)(P1) (3)

A

�

A (Preservation Rule) (4)

2

(A! B)! A

�

(A ^ (A! B)) (3)(4)(P2) (5)

(A ^ (A! B))

�

B (Preservation Rule) (6)

2

(A! B)! A

�

B: (5)(6)(P1)

This 
ompletes the proof. �

Neither A

�

B $

2

(A ! B) nor A

�

B $ (

2

A !

2

B) are arithmeti
ally valid.

For the �rst one, we show that if this prin
iple would hold, then so would

2

::

2

?.

This means that HA derives ::

2

?. By Markov's Rule it follows that then it

derives its own in
onsisten
y

2

?, quod non. The following derivation shows that

in the presen
e of A

�

B $

2

(A! B), also

2

::

2

? is arithmeti
ally valid.

:

2

?

�

2

:

2

? (4p)

2

(:

2

? !

2

:

2

?)

2

(:

2

? !

2

?) (L)

2

(::

2

?):

A 
ounterexample to the se
ond prin
iple is given by the Rosser senten
e; a 
on-

sistent �

1

-senten
e R su
h that (

2

R !

2

?). If R

�

? would hold, then by the

de�nition of

�

, we have

2

(' ! ?) for all �

1

-senten
es ' su
h that

2

(' ! R)

holds. Therefore, we would have

2

(R! ?), whi
h 
ontradi
ts the fa
t that R is


onsistent with HA.

The following lemma shows that there is an equivalent formulation of iP

�

whi
h,

like iK, 
ontains the Ne
essitation Rule instead of the Preservation Rule. This

system is the one that Visser (1994) introdu
ed as a basi
 system of preservativity.

3.1.2. Lemma.

(i) The logi
 iP

�

is equivalent to the logi
 
onsisting of the axioms P1, P2

and

2

(A! B)! A

�

B, and the rules Modus Ponens and Ne
essitation.

(ii) iP

�

is 
onservative over iK w.r.t. formulas in the language of provability

logi
.
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Proof (ii) follows from (i) and Lemma 3.1.1. The proof of (i) is straightforward,

using the same lemma. �

The following lemma states that

2

distributes over 
onjun
tion. This is a well-

known property of many modal logi
s.

3.1.3. Lemma. `

iP

�

(

2

A ^

2

B)$

2

(A ^ B).

Proof Sin
e (A^B ! A) en (A^B ! B) are derivable in IPC, the Preservation

Rule gives `

iP

�

(A ^ B)

�

A and `

iP

�

(A ^ B)

�

B. The impli
ation from right

to left now follows by Lemma 3.1.1. For the other dire
tion, observe (A! (B !

A ^ B)) is derivable in IPC. Thus by Lemma 3.1.1 (i) also `

iP

� 2

(A ! (B !

A ^ B)). Hen
e by (ii) of the same lemma, `

iP

� 2

A !

2

(B ! A ^ B)).

Applying the same step again gives `

iP

� 2

A! (

2

B !

2

(A^B)), whi
h implies

`

iP

�

(

2

A ^

2

B)!

2

(A ^ B). �

Equivalent formulas preserve the same formulas and are preserved by the same

formulas, as the following lemma shows.

3.1.4. Lemma. For any logi
 iT 
ontaining iP

�

we have:

if `

iT

A$ B; then `

iT

C

�

A$ C

�

B and `

iT

A

�

C $ B

�

C:

Proof It suÆ
es to show that if `

iT

(A! B), then also `

iT

(C

�

A! C

�

B) and

`

iT

(B

�

C ! A

�

C). The proof is given by the following derivation.

`

iT

(A! B) by Preservation Rule implies

`

iT

A

�

B by P1 implies

`

iT

(C

�

A! C

�

B)

`

iT

(B

�

C ! A

�

C):

�

In the next lemma we state a property of preservativity logi
 that we will often

use.

3.1.5. Lemma. `

iP

A

�

B ! (A _ C)

�

(B _ C) ^ (A ^ C)

�

(B ^ C).

Proof Left to the reader. �

We leave it to the reader to verify that the 
onverse of the previous lemma is also

valid: the logi
 given by adding the prin
iple

A

�

B ! (A _ C)

�

(B _ C)

to iP

�

derives Dp.

The next lemma 
ontains a useful 
onsequen
e of iP

�

.
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3.1.6. Lemma. `

iP

�

A

�

(B ! C)! (A ^ B)

�

C.

Proof The proof is given by the following derivation.

`

iP

�

(A ^B)

�

B ^ (A ^ B)

�

A (Preservation) (1)

A

�

(B ! C)! (A ^ B)

�

(B ! C) (1)(P1) (2)

A

�

(B ! C)! (A ^ B)

�

(B ^ (B ! C)) (1)(2)(P2) (3)

(B ^ (B ! C))

�

C (Preservation) (4)

A

�

(B ! C)! (A ^ B)

�

C: (3)(4)(P1)

�

The 
onverse of Lemma 3.1.6,

(A ^ B)

�

C ! A

�

(B ! C) (3.1)

is not arithmeti
ally valid. A 
ounterexample is given by A = >, B = :

2

? and

C =

2

?. By 4p we have :

2

?

�

2

:

2

?. And thus by Lp and P1 also :

2

?

�

2

?.

But

2

(:

2

? !

2

?) does not hold, sin
e this gives

2

::

2

?.

However, Montagna's prin
iple shows that if in (3.1) we restri
t C to boxed for-

mulas it be
omes derivable in the preservativity logi
 of HA (and hen
e is arith-

meti
ally valid):

3.1.7. Lemma. `

iPH

(A ^

2

C)

�

B ! A

�

(

2

C ! B).

Proof By Montagna's Prin
iple we have that

`

iPH

(A ^

2

C)

�

B ! (

2

C ! A ^

2

C)

�

(

2

C ! B):

By the Preservation Rule it follows that

`

iPH

A

�

(

2

C ! A ^

2

C):

Combining these two 
onsequen
es and applying P1 gives,

`

iPH

(A ^

2

C)

�

B ! A

�

(

2

C ! B):

This 
ompletes the proof. �

Together with (3.1.6) the last lemma shows that (substituting > for A)

`

iPH

2

C

�

B $

2

(

2

C ! B):

Observe that 4p and Lp 
an be repla
ed by equivalent prin
iples in whi
h only

�

o

urs. First note that

2

A implies B

�

A, for all B. Therefore, we 
an repla
e

2

A
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in 4p and Lp by B

�

A and still have arithmeti
ally valid prin
iples whi
h are also

derivable from our prin
iples:

`

iPH

A

�

(B

�

A) `

iPH

((B

�

A)! A)

�

A:

Observe that Montagna's Prin
iple derives for all formulas C =

W

i

V

j

2

D

ij

the

following formula

A

�

B ! (C ! A)

�

(C ! B): (3.2)

The arithmeti
al validity of this prin
iple is not surprising sin
e the arithmeti
al

realizations of su
h formulas C are �

1

. It is a well-known fa
t that HA proves


ompleteness (' !

2

'), for �

1

-formulas '. Hen
e

2

(C !

2

C) is in the prov-

ability logi
 of HA for the mentioned formulas C. This follows already from (3.2):

if for all A;B, (3.2) is in the preservativity logi
 of HA then also

(A ^ C)

�

B ! A

�

(C ! B): (3.3)

Thus in parti
ular,

2

(C !

2

C) is in the provability logi
: by 4p we have C

�

2

C,

and thus by (3.3) >

�

(C !

2

C), whi
h is

2

(C !

2

C).

Noteworthy 
onsequen
es

The logi
 iL, given by K and L�ob's Prin
iple

2

(

2

A! A)!

2

A, derives that `if

a theory is 
onsistent then it 
annot prove that a formula is unprovable' (a slight

generalization of G�odels se
ond in
ompleteness theorem):

3.1.8. Lemma. `

iL

2

:

2

A!

2

?.

Proof Observe that :

2

A implies (

2

A! A). By the Ne
essitation Rule we have

`

iL

2

(:

2

A ! A). When
e `

iL

2

:

2

A !

2

A by Lemma 3.1.2. In Se
tion 4.3

we show that iL derives the prin
iple 4. Therefore, we have `

iL

2

:

2

A !

22

A.

Applying Lemma 3.1.3 gives `

iL

2

:

2

A !

2

(:

2

A ^

2

A). Hen
e Lemmas 3.1.3

and 3.1.2 leads to `

iL

2

:

2

A!

2

?. �

The logi
 iLLe (the logi
 axiomatized by L and Le over iK, see Se
tion 3.4) derives

that `if there is a proof of either ' or the unprovability of  , then ' is provable'

(note that this implies the formula in iL mentioned above):

3.1.9. Lemma. Let

�

be short for (B ^

2

B). We have

(i) `

iLLe

2

(A _ :

2

B)!

2

A.

(ii) `

iLe

2

(A _B)!

2

(A _

�

B).
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Proof First we prove (ii):

`

iLe

2

(A _ B)!

2

(A _

2

B)

2

(A _ B)!

2

(A _B)

2

(A _ B)!

2

((A _ B) ^ (A _

2

B))

2

(A _ B)!

2

(A _

�

B):

Now the proof of (i) follows from (ii) and the fa
t that iL derives (

2

:

2

B !

2

B),

as was shown in the lemma above. �

There is a 
onsequen
e of the Formalized Markov S
heme that states that for

formulae (

W

2

A

i

!

W

2

B

i

) a stronger variant of L�ob's Prin
iple is derivable:

3.1.10. Lemma. For D = (

W

2

A

i

!

W

2

B

i

) we have

`

iLMa

2

(

2

D! ::D)!

2

D:

Proof This follows from the following derivation. Let D = (

W

2

A

i

!

W

2

B

i

).

`

iLMa

2

(

2

D! ::D) !

2

(

2

::D ! ::D)

!

2

::D

!

2

D:

�

This stronger version of L is not for arbitrary D a prin
iple of HA. For instan
e,

HA derives ::(

2

? _ :

2

?), thus also

2

(::(

2

? _ :

2

?)) by the Ne
essitation

Rule. Therefore, HA derives

2

(

2

(

2

? _ :

2

?) ! ::(

2

? _ :

2

?)). But it does

not derive

2

(

2

? _ :

2

?) as the dis
ussion of iLLe above shows.

3.2 Remarks on Visser's S
heme

In this thesis we use a slightly di�erent formulation of Visser's S
heme then the

one used by Visser (1994). The reason for this is that when we use our formulation,

the modal 
hara
terization of the s
heme runs smoother. In this se
tion we prove

that the two formulations are equivalent. We also explain that outside the modal


ontext Visser's formulation is to be preferred.

Re
all that Visser's S
heme 
onsists of the prin
iples

Vp

n

(

n

^

i=1

(A

i

! B

i

)! A

n+1

_ A

n+2

)

�

(

n

^

i=1

A

i

! B

i

)(A

1

; : : : ; A

n+2

):
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The notation (�)(�) is given by

(A)(B;C

1

; : : : ; C

n

) �

def

(A)(B) _ (A)(C

1

; : : : ; C

n

)

(A)(?) �

def

?

(A)(B ^B

0

) �

def

(A)(B) ^ (A)(B

0

)

(A)(

2

B) �

def

2

B

(A)(B) �

def

(A! B)

B not of the form ?, (C ^ C

0

) or

2

C.

An equivalent formulation of Visser's S
heme

The notation used in (Visser 1994) is the following

fAg(B;C

1

; : : : ; C

n

) �

def

fAg(B) _ fAg(C

1

; : : : ; C

n

)

fAg(B) �

def

(A)(B); for B no disjun
tion or 
onjun
tion

f�g(�) 
ommutes with ^ and _:

Note that the only di�eren
e between (�)(�) and f�g(�) lies in the treatment of

disjun
tions: we have (A)(B _ C) = (A ! B _ C) and fAg(B _ C) = fAg(B) _

fAg(C). If we repla
e (�)(�) by f�g(�) in Visser's Prin
iples, the result is the

following prin
iple

VR

n

(

n

^

i=1

(A

i

! B

i

)! A

n+1

)

�

f

n

^

i=1

A

i

! B

i

g(A

1

; : : : ; A

n+1

):

Let us 
all the s
heme that 
onsists of all the prin
iples VR

n

, Visser's Real S
heme

and denote it by VR. Visser (1994) has shown that Visser's Real S
heme belongs

to the preservativity logi
 of HA. In the next proposition we show that Visser's

S
heme and Visser's Real S
heme are interderivable. We need (ii) of the following

lemma. Part (i) of the lemma will be used in other 
hapters.

3.2.1. Lemma.

(i) (A)(B) implies (A! B), and (A)(B) _ (A)(C) implies (A)(B _ C).

(ii) For A = (

V

n

i=1

(A

i

! B

i

)), for all m, we have

`

iPV

(A! A

n+1

_ : : : _ A

n+m

)

�

(A)(A

1

; : : : ; A

n+m

):
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Proof (i) Left to the reader; for the �rst statement, use indu
tion on B, for the

se
ond statement, use the �rst one.

(ii) Use indu
tion on m. For m = 1, observe that (A ! A

n+1

) is equivalent

to (A ! A

n+1

_ ?). We leave the rest of this 
ase to the reader. For m = 2

the statement holds by the de�nition of Visser's S
heme. For m > 2, we let

C = A

n+2

_ : : : _ A

n+m

. It is 
lear that

`

iPV

(A! A

n+1

_ : : : _ A

n+m

)

�

(A! A

n+1

_ C):

By the de�nition of Visser's S
heme we have that

`

iPV

(A! A

n+1

_ C)

�

(A)(A

1

; : : : ; A

n+1

; C):

Note that be
ause C is a disjun
tion it holds that (A)(C) = (A ! C). By

indu
tion hypothesis we have

`

iPV

(A! C)

�

(A)(A

1

; : : : ; A

n

; A

n+2

; : : : ; A

n+m

):

We leave it to the reader to 
he
k that, using the Disjun
tive Prin
iple and P1,

all this leads to the desired result,

`

iPV

(A! A

n+1

_ : : : _ A

n+m

)

�

(A)(A

1

; : : : ; A

n+m

):

�

3.2.2. Proposition. Visser's S
heme derives Visser's Real S
heme and vi
e versa.

Proof We leave the proof that Visser's Real S
heme derives Visser's S
heme to

the reader (use the fa
t that fAg(B) implies (A)(B)). For the other part, 
onsider

a formula (A! A

n+1

), where A =

V

n

i=1

(A

i

! B

i

). We have to show that

`

iPV

(A! A

n+1

)

�

fAg(A

1

; : : : ; A

n+1

): (3.4)

It is easy to see that every A

i

is equivalent to a formula of the form

A

0

i

=

k

i

_

j=1

m

ij

^

h=1

(C

ijh

^

2

D

ijh

);

where every C

ijh

is a propositional variable, an impli
ation or a preservation that is

not a boxed formula, and su
h that for every E, fEg(A

i

) is equivalent to fEg(A

0

i

).

Namely, A

0

i


an be obtained by repla
ing, in A

i

, o

urren
es (B _ C) ^ D by

(B ^D) _ (C ^D).

Observe that A is equivalent to A

0

, where

A

0

=

n

^

i=1

(

k

i

^

j=1

(

^

h

(C

ijh

^

2

D

ijh

)! B

i

)):
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By Lemma 3.2.1 and the de�nition of (�)(�) we have

`

iPV

(A

0

! A

0

n+1

)

�

n+1

_

i=1

^

j

(

^

h

((A

0

! C

ijh

) ^

2

D

ijh

)):

Sin
e 
learly, fA

0

g(A

0

i

) =

V

j

(

V

h

((A

0

! C

ijh

) ^

2

D

ijh

)), this implies that

`

iPV

(A

0

! A

0

n+1

)

�

fA

0

g(A

0

1

; : : : ; A

0

n+1

):

As we just observed, fA

0

g(A

0

i

) is equivalent to fA

0

g(A

i

). Moreover, A is equivalent

to A

0

. Thus we 
an 
on
lude (3.4), and we are done. �

The logi
 given by Visser's S
heme

In 
ontrast to the other prin
iples of preservativity logi
, Visser's S
heme 
onsists

of in�nitely many prin
iples; in Se
tion 4.6.1 we will prove that it 
annot be re-

du
ed to one prin
iple. However, also in another respe
t Visser's S
heme deviates

from the other prin
iples of iPH. Namely, for all of these prin
iples it is trivial

to see that the set of all (substitution) instan
es of the prin
iple is 
losed under

substitution, and hen
e the logi
 given by the prin
iple is 
losed under substitu-

tion. For Visser's S
heme the latter holds but the former does not. Consider for

example the following two instan
es of Visser's S
heme:

((p

1

! q)! p

2

_ p

3

)

�

(((p

1

! q)! p

1

) _ ((p

1

! q)! p

2

) _

_ ((p

1

! q)! p

3

))) (3.5)

((

2

p

1

! q)!

2

p

2

_

2

p

3

)

�

(

2

p

1

_

2

p

2

_

2

p

3

): (3.6)

If we substitute

2

p

i

for p

i

in (3.5) we arrive at the formula

((

2

p

1

! q)!

2

p

2

_

2

p

3

)

�

(((

2

p

1

! q)!

2

p

1

) _ (3.7)

_ ((

2

p

1

! q)!

2

p

2

) _ ((

2

p

1

! q)!

2

p

3

))):

This formula is not an instan
e of Visser's S
heme, as (3.6) shows. However,

this formula is derivable in the system iPV: it is easy to see that it follows from

(3.6), using the fa
t that (

2

p

1

_

2

p

2

_

2

p

3

) implies the formula ((

2

p

1

! q) !

2

p

1

) _ (

2

p

1

! q) !

2

p

2

) _ ((

2

p

1

! q) !

2

p

3

)) by propositional logi
. Similar

reasoning shows that the logi
 iPV is 
losed under substitution. However, in


ontrast to the other prin
iples of iPH, this example shows that the 
olle
tion of

all instan
es of Visser's S
heme is not 
losed under substitution.

Visser's S
heme versus Visser's Real S
heme

Although Visser's Real S
heme and Visser's S
heme are interderivable, it is not

diÆ
ult to see that fAg(B) derives (A)(B), while in general the 
onverse does not
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hold. In this sense Visser's Real S
heme is more eÆ
ient than Visser's S
heme.

Let us also illustrate this with one example.

Let A

1

= (p

1

_ p

2

) and A

2

= ((p

3

_ p

4

) _ (p

5

^ p

6

)), and 
onsider the formula

A = ((A

1

! q)! A

2

). It is 
lear that

fAg(A

1

; A

2

) = (

4

_

i=1

(A! p

i

) _ ((A! p

5

) ^ (A! p

6

))):

Thus by Proposition 3.2.2 it follows that

`

iPV

A

�

(

4

_

i=1

(A! p

i

) _ ((A! p

5

) ^ (A! p

6

))):

However, while the derived formula is an instan
e (hen
e just one appli
ation)

of Visser's Real S
heme, this derivation in iPV uses many appli
ation of Visser's

S
heme. Namely, the appli
ation of Visser's S
heme to A is

A

�

((A! p

1

_ p

2

) _ (A! p

3

_ p

4

) _ ((A! p

5

) ^ (A! p

6

))):

Is is 
lear that (

W

4

i=1

(A

0

! p

i

) _ ((A

0

! p

5

) ^ (A

0

! p

6

))) derives the formula

((A! p

1

_ p

2

) _ (A! p

3

_ p

4

) _ ((A! p

5

) ^ (A! p

6

))), but not vi
e versa.

Note that if A

�

B is an instan
e of one of the s
hemes, then B derives A, while in

general the 
onverse does not hold. Thus A 
an be a stronger formula than A (see

the previous examples). For now, let us 
all a formula simple when either it is a

propositional variable, a preservation or it is an impli
ation for whi
h either the

ante
edent is not a 
onjun
t of impli
ations or the 
onsequent is a propositional

variable, an impli
ation or a preservation. Note that for simple formulas, the

appli
ation of Visser's Real S
heme or Visser's S
heme does not lead to stronger

formulas. We do not prove this fa
t, but the previous dis
ussion indi
ates that if

A

�

B is an instan
e of Visser's Real S
heme, then every subformula of B that is

not in the s
ope of an impli
ation is simple. Therefore, the appli
ation of Visser's

Real S
heme does no longer lead to stronger formulas. This does not hold for

Visser's S
heme, as the example above shows. Thus in this sense Visser's Real

S
heme is more eÆ
ient than Visser's S
heme. However, as mentioned before, for

the modal study of the logi
 given by the s
heme, we prefer to work with Vissers

S
heme instead of Visser's Real S
heme.

3.3 Preservativity versus provability

In this se
tion we explain that the logi
 iH is 
ontained in the system iPH, i.e.

the prin
iples of the provability logi
 of HA dis
ussed in Se
tion 2.5 are derivable

in iPH. Then we show that the 
onverse does not hold: iPH derives prin
iples

in the language of provability whi
h are not 
aptured by the system iH. These

two fa
ts show that iH is properly 
ontained in the L

2

-part of iPH. It would be
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interesting to know if one 
an obtain a de
ent axiomatization of the L

2

-part of

iPH. Although we did not �nd su
h an axiomatization yet, we 
onje
ture that it

exists.

First of all, the Ne
essitation Rule (A=

2

A) is an admissible rule for iPH: If ` A

then ` (> ! A). Hen
e by the Preservation Rule ` >

�

A, whi
h is `

2

A.

Lemma 3.1.1 shows that the axioms K , 4 and L belong to iPH. Leivant's Prin
iple


an be derived as follows.

`

iPH

A

�

A ^B

�

2

B

A

�

(A _

2

B) ^ B

�

(A _

2

B) (Lemma 3.1.4)(P1)

(A _ B)

�

(A _

2

B) (Dp)

2

(A _B)!

2

(A _

2

B): (Lemma 3.1.1)

Finally, we have to see that the Formalized Markov S
heme belongs to iPH. It is

easy to see that (::

W

i

2

B

i

)

�

(

W

i

2

B

i

) is derivable from Visser's S
heme:

`

iPH

(::

W

n

i=1

2

B

i

)$ :(

V

n

i=1

:

2

B

i

)

:(

V

n

i=1

:

2

B

i

)

�

(

V

n

i=1

:

2

B

i

)(?;

2

B

1

; : : : ;

2

B

n

)

(

V

n

i=1

:

2

B

i

)(?;

2

B

1

; : : : ;

2

B

n

) =

W

n

i=1

2

B

i

:

By Montagna's Prin
iple we then have (

2

A ! ::

W

i

2

B

i

)

�

(

2

A !

W

i

2

B

i

).

Sin
e ::(

2

A !

W

i

2

B

i

) implies, (

2

A ! ::

W

i

2

B

i

), this leads to the Formal-

ized Markov S
heme ::(

2

A!

W

i

2

B

i

)

�

(

2

A!

W

i

2

B

i

).

We show that iPH is not 
onservative over iH. Note that for all axioms of iH

of the form (

2

A !

2

B), iPH derives A

�

B. For example, (

2

A ! A)

�

A and

(::

2

B)

�

2

B belong to iPH. Using the Disjun
tive Prin
iple it follows that iPH

derives ((

2

A! A) _ ::

2

B)

�

(A _

2

B) as well. Therefore, by Lemma 3.1.1 also

2

((

2

A! A)_::

2

B)!

2

(A_

2

B) is derivable in iPH. In Se
tion 5.4 we show

that this formula does not belong to iH.

The observation above has some interesting 
onsequen
es. For example it shows

that

`

iPH

((

2

A! A) _ (

2

B ! B))

�

(A _ B):

And hen
e

2

((

2

A ! A) _ (

2

B ! B)) !

2

(A _ B) holds for HA, a prin
iple

whi
h does not hold for PA.

3.4 Preliminaries

In this se
tion we introdu
e a semanti
s for the preservativity and provability

operators, and we de�ne the 
anoni
al model and the 
onstru
tion method. These
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are all fairly standard de�nitions ex
ept for the way in whi
h the operator

�

is

interpreted in models. This semanti
s for

�

is an idea from Visser. We also

de�ne the `new' notion of an extendible property. In the proofs that this or that

logi
 is 
anoni
al we need extensions of given sets of formulas. These extensions

are all spe
ial instan
es of a `general' prin
iple of extension, whi
h gave rise to

the de�nition of an extendible property. First we introdu
e all these notions for

preservativity logi
. Most de�nitions are similar for provability logi
. The ones

that do di�er are dis
ussed in Se
tion 3.4.6.

3.4.1 De�nitions

The language L

�

of preservativity logi
 is that of propositional logi
 extended

with one binary modal operator,

�

. We assume ? (falsum) and > (true) to be

present as primitive symbols in our propositional language. Re
all that

2

A

is de�ned as >

�

A. A formula of the form A

�

B is 
alled a preservation and a

formula of the form

2

A is 
alled a boxed formula. We adhere to some reading


onventions and omit parentheses when possible. The negation binds stronger

than

�

whi
h binds stronger than ^ and _, whi
h in turn bind stronger than !.

We use a `sequent-
al
ulus' abbreviation: �

�

� is short for

V

�

�

W

�.

A logi
 is a theory 
losed under substitution. We 
all the logi
 in L

�

whi
h has as

axioms all tautologies of intuitionisti
 propositional logi
 IPC and the prin
iples

P1, P2 (and Dp) and as rules Modus Ponens and the Preservation Rule (Se
-

tion 2.2) the arithmeti
al (semanti
al) base preservativity logi
 and denote it with

iP

�

(iP). Following the notation of (Chagrov and Zakharyas
hev 1997) we de�ne

iP(A�B) to be the preservativity logi
 
onsisting of the axioms of iP plus A and

B, and the Preservation Rule and Modus Ponens. When X denotes the in�nite

set of prin
iples A

1

; A

2

; : : :, we also write iPX for iP(A

1

� A

2

� : : :). When Xp is

one of the prin
iples of the preservativity logi
 given above we write iPX for iPXp.

We write `

iT

A when A is derivable in iT. We write � `

iT

A when there is a

derivation of A in iT from � without use of the Preservation Rule, in other words,

when A is derivable by Modus Ponens from theorems of iT and formulae in �.

The name `semanti
al base preservativity logi
' for iP arises from the fa
t that it is

sound and 
omplete with respe
t to the frame semanti
s de�ned in Se
tion 3.4.2.

Thus, semanti
ally seen, it is a base preservativity logi
. On the other hand, the

only axioms of iP for whi
h it is trivial to see that HA derives all their arithmeti
al

realizations are Taut , P1 and P2, and this a

ounts for the name `arithmeti
al

base preservativity logi
' for iP

�

.

3.4.2 Semanti
s

A possible semanti
s for preservativity logi
 
an be produ
ed via frames: we just

add one extra 
lause for the interpretation of

�

. The frames we use o

ur already

in the literature (Se
tion 2.6). The semanti
s for

�


ame from Visser.
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First some notation. When R and S are two binary relations, (R;S) is the relation

de�ned via w(R;S)u � 9v(wRvSu):

A frame is a triple F = (W;4; R), where W is a nonempty set (the set of nodes),

4 is a partial ordering on W (the intuitionisti
 relation) and R a binary relation

on W (the modal relation) su
h that (4;R) � R.

A model is a quadruple M = (W;4; R; V ), where (W;4; R) is a frame and V

a valuation relation on pairs 
onsisting of nodes and propositional variables. We

demand that V is persistent, i.e.

(persisten
e) if w 4 v and wV p, then vV p.

We indu
tively de�ne what it means for a formula A to be for
ed (or valid) at a

node w of a model M (M; w 
 A):

M; w 
 p �

def

wV p

M; w 
 A ^B �

def

M; w 
 A and M; w 
 B

M; w 
 A _B �

def

M; w 
 A or M; w 
 B

M; w 
 A! B �

def

8v < w (M; v 
 A implies M; v 
 B)

M; w 
 A

�

B �

def

8v (if wRv and M; v 
 A then M; v 
 B)

M; w 


2

A �

def

8v (if wRv then M; v 
 A).

Note that the de�nition of for
ing for

2

A agrees with the fa
t that

2

A is de�ned

as >

�

A, and that

2

A gets the standard interpretation on frames. When M is


lear from the 
ontext we write w 
 A instead of M; w 
 A. The formula A is

valid or for
ed in M, notation M j= A, if A is for
ed in all nodes in M. The

formula A is valid in a frame F , notation F j= A, if A is valid in all models with

underlying frame F .

Note that w 
 A and w 4 v implies v 
 A, and that w 


2

A and wRv implies

v 
 A.

A node v in a frame is 
alled a su

essor of w if wRv, in whi
h 
ase w is 
alled a

prede
essor of v. We use an abbreviation for the relation (R;4):

~

R �

def

(R;4):

For a relation R we de�ne wR = fv j wRvg. For a set U , we write u 4 U if for

all x 2 U , u 4 x. We write `x 4 y

1

; : : : ; y

n

' for `x 4 y

1

^ x 4 y

2

^ : : : ^ x 4 y

n

'.

Similarly for other relations. A node v in a frame is above w if w 4 v. In this


ase w is 
alled below v. A node x is 
alled an (intuitionisti
) top node if there is

no element above it ex
ept the node itself. Top(F) is the set of all top nodes in a

frame F . We write Top instead of Top(F) if no 
onfusion is possible. When w is

a node, T (w) is the set of all top nodes above w.



56 Chapter 3. Tools and preliminaries

3.4.1. Remark. The 
ondition (4;R) � R, in
luded to guarantee persisten
e for

formulas A

�

B, may be weakened to

(4;R) � (R;4) (w 4 w

0

Rv

0

) 9u(wRu 4 v

0

)):

However we prefer to work with the simple 
ondition where possible. For more

dis
ussion on this topi
, see (Simpson 1993).

A property P on frames 
orresponds to a set T of formulas if for all frames F :

F j= T i� F has property P . Note that in this 
ase we have

if `

iT

A then A is valid on all frames with property P:

When a frame F has a property P we say that F is a P -frame. We 
all F a

P

1

: : : P

n

-frame when it has the properties P

1

: : : P

n

. If C is a 
lass of frames, a

logi
 iT is 
alled 
omplete with respe
t to C if

for all A: `

iT

A i� A valid on all frames in C:

The logi
 iT is 
alled 
omplete if C is the 
lass of frames to whi
h iT 
orresponds.

3.4.3 Canoni
ity

Canoni
al models are de�ned in a similar manner as in 
lassi
al modal logi
. To

de�ne the 
anoni
al (X)-model for a logi
 we have to introdu
e the notion of

an X-saturated set. A set of formulas X is 
alled adequate if it is 
losed under

subformulas and 
ontains > and ?. A set of formulas � is 
alled X-saturated with

respe
t to a logi
 T if it is a 
onsistent subset of X su
h that

� � `

T

A implies A 2 �, for all A 2 X,

� � `

T

A _B implies A 2 � or B 2 �, for all A _B 2 X.

If X is the set of all formulas, an X-saturated set is just 
alled saturated. It 
an

be easily seen that for any (�nite) adequate set X and for any A for whi
h 6` A,

there is an (�nite) X-saturated set � su
h that � 6` A. Note also that any � � X

for whi
h � 6` A, 
an be extended to an X-saturated � su
h that � 6` A.

For any logi
 T , for any adequate set X, the T -
anoni
al X-model is the model

(W;4; R; V ) de�ned as follows:

W 
onsists of the X-saturated sets (with respe
t to `

T

)

w 4 v �

def

w � v

wRv �

def

if A

1

; : : : ; A

n

; B 2 X;w `

T

A

1

; : : : ; A

n

�

B and

A

1

; : : : ; A

n

2 v; then B 2 v

w 
 p �

def

p 2 w; for propositional variables p 2 X:
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Re
all that A

1

; : : : ; A

n

�

B is short for (

V

A

i

)

�

B (Se
tion 3.4.1). Note that in the

de�nition of R we take formulas A

�

B into a

ount whi
h do not belong to X.

To see that this indeed de�nes a model, see the 
ompleteness proof for iP. This

proof shows another fa
t we will often use, namely that for any 
anoni
al X-model:

for all nodes w, for all A 2 X : w 
 A i� A 2 w:

When X is the set of all formulas, we 
all the 
anoni
al X-model the 
anoni
al

model of T . We 
all a logi
 iT 
anoni
al if the 
anoni
al model has the frame

property to whi
h the logi
 
orresponds. Note that 
anoni
al logi
s are always


omplete, namely with respe
t to the 
lass of frames to whi
h they 
orrespond.

Note that in the iT-
anoni
al frame in general (R;4) � R does not hold. On

the other hand, if we restri
t our language to

2

and the 
onne
tives, the 
anon-

i
al models do satisfy (R;4) � R, see Se
tion 3.4.6. That (R;4) � R is too

strong a requirement in the 
ontext of preservativity logi
 follows from the fa
t

that A

�

B !

2

(A ! B) is valid on su
h frames. This prin
iple is not in the

preservativity logi
 of HA as was explained in Se
tion 3.1.

3.4.4 Extendible properties

In this se
tion we introdu
e a general 
onstru
tion to make 
ertain extensions of

sets of formulas. In many proofs to 
ome we will extend 
ertain sets of formulas to

saturated sets with 
ertain properties. It turns out that the way these extensions

are made follow the same pattern. Therefore, we 
hoose to de�ne a general notion

of extension whi
h 
overs this.

Let iT be a preservativity logi
 and X an adequate set (Se
tion 3.4.3). A property

�(�) on sets of formulas su
h that we have both

for all A 2 X: if �(x) and x `

iT

A; then � (x [ fAg)

for all (A _ B) 2 X: if � (x [ fA _Bg); then

�(x [ fAg) or � (x [ fBg);

is 
alled an iT-extendible property (w.r.t. X). If in addition it holds that

for all A 2 X: if �(x) and y `

iT

x

�

A; then � (x [ fAg)

then it is 
alled an iT-extendible y-su

essor property. For a property � su
h

that �(�) holds, the �-extension of � is the union x =

S

x

i

of sets x

i

whi
h are


onstru
ted as follows. Given an enumeration B

0

; B

1

; : : : of all formulas in X, in
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whi
h every formula o

urs in�nitely often, we de�ne

x

0

= �

x

i+1

=

8

>

>

>

>

>

>

<

>

>

>

>

>

>

:

x

i

if not � (x

i

[ fB

i

g)

x

i

[ fB

i

g if �(x

i

[ fB

i

g); B

i

no disjun
tion

x

i

[ fB

i

; Eg if �(x

i

[ fB

i

g); B

i

= C _D;

E = C if � (x

i

[ fB

i

; Cg);

E = D otherwise:

Observe that x � � is X-saturated. Thus, x is a node in the 
anoni
al X-model,

and if � is a node in the 
anoni
al X-model as well, then � 4 x. If in addition �

is an iT-extendible y-su

essor property, then also yRx holds in the iT-
anoni
al

X-model.

3.4.2. Remark. Note that for an iT-extendible w-su

essor property, the �rst

requirement is redundant, be
ause it follows from the third one. Namely, if x ` A

holds we have `

iT

(x ! A), and hen
e by Preservation Rule `

iT

x

�

A. Thus


learly w `

iT

x

�

A.

In the 
ompleteness proofs in the next 
hapters we often use extendible properties

in the following way. Given a set � with a 
ertain property, we want to extend

it to a saturated set with this property, i.e. to a node in the 
anoni
al model

with this property. There are two parti
ular properties whi
h often o

ur in

this setting. The following lemma shows that these properties are extendible w-

su

essor properties.

3.4.3. Lemma. For any logi
 iT 
ontaining iP, for any formula C and for all

nodes w; v in the iT-
anoni
al model, the following two properties are extendible

w-su

essor properties:

�(x) w 6`

iT

x

�

C:

?(x) for all D: w `

iT

x

�

D implies D 2 v:

Proof We write ` for `

iT

. First we 
onsider the property �(�). We have to show

that

for all A 2 X: if w 6` x

�

C and x ` A; then w 6` x;A

�

C

for all (A _ B) 2 X: if w 6` x; (A _ B)

�

C; then w 6` x;A

�

C or

w 6` x;B

�

C

for all A 2 X: if w 6` x

�

C and w ` x

�

A; then w 6` x;A

�

C:
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Re
all that we write x;A

�

C for (

V

x ^ A)

�

C. By Remark 3.4.2 we know that if

the third requirement holds, so does the �rst. Therefore, it suÆ
es to show that

the last two requirements holds.

For the se
ond requirement, assume w ` x;A

�

C and w ` x;B

�

C. To show that

�(�) satis�es the se
ond requirement we have to prove that w ` x; (A _ B)

�

C.

This follows immediately from Dp.

For the third requirement assume w ` x

�

A and w ` x;A

�

C. We show that

w ` x

�

C, and this will show that �(�) satis�es the third requirement. By the

Preservation Rule we have ` x

�

V

x, whi
h is short for `

V

x

�

V

x. Therefore,

we 
ertainly have w ` x

�

V

x. Thus by P2 we have w ` x

�

(

V

x ^ A). Together

with w ` x;A

�

C and P1 this leads to w ` x

�

C.

Consider the property ?. To show that ? is an extendible w-su

essor property we

have to prove that

for all A 2 X: if ?(x) and x ` A; then

(for all D: w ` x;A

�

D implies D 2 v)

for all (A _ B) 2 X: if ? (x [ fA _Bg); then

(for all D: w ` x;A

�

D implies D 2 v) or

(for all D: w ` x;B

�

D implies D 2 v)

for all A 2 X: if ?(x) and w ` x

�

A; then

(for all D: w ` x;A

�

D implies D 2 v):

By Remark 3.4.2, it suÆ
es to show that the last two requirements holds.

For the se
ond requirement, assume that neither ?(x[fAg) nor ?(x[fBg) holds.

We prove that ?(x [ fA _ Bg) does not hold. By assumption there are formulas

C and D su
h that C 62 v and D 62 v, and both w ` x;A

�

C and w ` x;B

�

D.

Clearly, both C and D imply (C _ D). Hen
e by Preservation Rule we have

` C

�

(C _ D) and ` D

�

(C _ D). Applying P1 gives w ` x;A

�

(C _ D) and

w ` x;B

�

(C_D). Thus by Dp we have w ` x; (A_B)

�

(C_D). If ?(x[fA_Bg)

would hold, this would imply that (C _D) 2 v. Sin
e v is a node in the 
anoni
al

model it is a saturated set. Therefore, this would imply that C 2 v or D 2 v,

whi
h 
ontradi
ts our assumption.

We show that the third requirement holds. Assume that ?(x) and w ` x

�

A hold,

and that we have w ` x;A

�

D, for some D. We have to show that D 2 v. The

same reasoning as above for �(�), shows that we have w ` x

�

(

V

x^A). Therefore,

w ` x;A

�

D implies w ` x

�

D by P1. The fa
t that ?(x) holds, gives D 2 v. �
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3.4.5 The Constru
tion Method

We de�ne a method, the 
onstru
tion method, to obtain from a given model a new

one. This method is similar to the 
onstru
tion method in 
lassi
al model logi
.

The 
onstru
tion method is often used to obtain a 
ompleteness result with respe
t

to some 
lass of �nite frames. Let M = (W;4; R; V ) be some 
anoni
al model,

let X be an adequate set for whi
h A

�

B 2 X implies

2

B 2 X. The method

allows us to 
onstru
t for any w 2 W a model M

0

= (W

0

;4

0

; R

0

; V

0

) the domain

of whi
h 
onsists of (
opies of) nodes in W , whi
h intuitively is the minimal set

of nodes required to have w for
ing the same formulae in X in the modelsM and

M

0

. We will restri
t ourselves to a 
onstru
tion method for models that besides

iP also satisfy Lp and Mp.

The 
onstru
tion pro
eeds as follows. We 
hoose step by step, starting with w, a

subset of W whi
h will be the domain W

0

of our new model M

0

. Note that the

elements of W are sets of formulas. First, de�ne

w

X

�

= fA

�

B 2 X j A

�

B 2 wg

w

X

�

=

= fA

�

B 2 X j A

�

B 62 wg:

Similarly for !. We omit the supers
ript X when possible. Let � denote the


on
atenation fun
tion on strings:

hx

1

; : : : ; x

n

i � hy

1

; : : : ; y

m

i = hx

1

; : : : ; x

n

; y

1

; : : : ; y

m

i:

Put �

hi

= w. Suppose v = �

�

is de�ned. We 
hoose elements �

��hA!Bi

and

�

��hA

�

Bi

in W , for all elements (A! B) 2 �

!=

, A

�

B 2 �

�

=

.

The node �

��hA!Bi

is an element u 2 W su
h that v 4 u, A 2 u and B 62 u.

Note that su
h elements 
an always be found. The node �

��hA

�

Bi

is an element

u 2 W su
h that vRu, A 2 u, B 62 u and

2

B 2 v. Observe that u 
ontains more

boxed formulas than v, for in the presen
e of Lp, and hen
e of 4p and 4, vRu and

2

C 2 v implies that

2

C 2 u. To prove that su
h a node u exists it suÆ
es to

show that in any 
anoni
al model for a logi
 
ontaining iPLM, if A

�

B 62 v there

exists a v-su

essor extension of fA;

2

Bg omitting fBg. Thus we have to see that

v 6` A;

2

B

�

B. Suppose not. Then we have, using Lp and Mp:

v ` A;

2

B

�

B

(

2

B ! A ^

2

B)

�

(

2

B ! B)

A

�

(

2

B ! B)

A

�

B:

De�ne W

0

= f� j � is de�ned g, and V via

� 
 p �

def

�

�


 p; for p 2 X:
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We de�ne the intuitionisti
 and the modal relation su
h that

for all A 2 X; for all � 2 W

0

: �

�


 A i� � 
 A:

As the 
hoi
e of the relations will di�er from 
ase to 
ase we do not give any

spe
i�
 examples here besides the obvious one;

� 4

0

� �

def

�

�

4 �

�

�R

0

� �

def

�

�

R�

�

:

It is not diÆ
ult to see that this 
hoi
e gives a model with the desired property,

be it not always on a frame with the desired properties.

3.4.4. Remark. It is easy to see that W

0

is �nite if X is. First note that by


onstru
tion, a node (saturated set) � � hB

�

Ci 
ontains more boxed formulas

(formulas of the form

2

C) that belong to X than �. A node ��hB ! Ci 
ontains

more impli
ations that belong to X than �. Moreover, for a node � = ��hB ! Ci

we have that �

�

4 �

�

holds in the 
anoni
al model, i.e. �

�

� �

�

. Clearly, all the

impli
ations that have to be treated, i.e. all impli
ations for whi
h we possibly

have to add a new node in the 
onstru
tion, belong to X. And similarly for

boxed formulas and preservations. Therefore, in going from � to � � hB

�

Ci

or � � hB ! Ci either the number of boxed formulas that have to be treated

de
reases, or it stays the same and the number of impli
ations that have to be

treated de
reases. Finally, if there are no more boxed formulas to be treated this

means that for all

2

B 2 X, it holds that

2

B 2 �

�

. Hen
e for all B

�

C 2 X,

we have

2

C 2 �

�

and thus B

�

C 2 �

�

. Therefore, if there are no more boxed

formulas to be treated there are no formulas of the form B

�

C to be treated either.

Sin
e the preservations and impli
ations that belong to X are the only formulas

that have to be treated in the 
onstru
tion method, this shows that the method

is �nite if X is.

3.4.6 The language of provability logi


The language of provability logi
 L

2

is that of propositional logi
 extended with

one modal operator

2

. We write

�

A �

def

A ^

2

A:

The de�nition of w

2

=

is similar to w

6

�

.

For any prin
iples A and B, iK(A�B) is the logi
 in L

2


onsisting of all formulas

provable in intuitionisti
 propositional logi
 IPC and the axioms K plus A and B,

and the rules Modus Ponens and Ne
essitation (C=

2

C). As in 
lassi
al provability

logi
, we write iT for iKT, for any set of prin
iples T . We write `

iT

A when A

is derivable in iT. We write � `

iT

A when there is a derivation of A in iT from

� without use of Ne
essitation, in other words, when A is derivable by Modus

Ponens from theorems of iT and formulae in �.
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A (non)boxed formula is a formula (not) of the form

2

A.

The de�nition of a frame, a model and the notion of 
orresponden
e are inherited

from preservativity logi
, by reading >

�

A for

2

A. As observed before, in that

way

2

A gets the standard interpretation on frames.

Canoni
ity in provability logi


It is 
onvenient to 
hange the de�nition of a 
anoni
al model (Se
tion 3.4.3)

slightly in the 
ontext of provability logi
. For any logi
 T in L

2

and for any

adequate set X, the T -
anoni
al X-model is the model (W;4; R; V ) de�ned as

follows:

W 
onsists of the X-saturated sets (with respe
t to `

T

)

w 4 v �

def

w � v

wRv �

def

if

2

A 2 w then A 2 v

w 
 p �

def

p 2 w; for propositional variables p 2 X:

Given this de�nition, the de�nition of 
anoni
ity is similar to the one in preser-

vativity logi
. The di�eren
e between this de�nition on 
anoni
al model and the

one in the 
ontext of preservativity logi
 lies in the de�nition of R, whi
h for the

latter would read wRv i� for all A 2 X, if w `

2

A then A 2 v.

Brilliant frames

Re
all that in a frame we always have (4;R) � R. A frame is 
alled brilliant if in

addition it holds that

(brilliant)

~

R � R

where

~

R is de�ned as (R;4) (Se
tion 3.4.2). Note that in L

2

, 
anoni
al models

have brilliant frames. In L

�

they do not have this property. For example, A

�

B !

2

(A ! B) is valid on these frames, a prin
iple whi
h is not arithmeti
ally valid

(see Se
tion 3.1). However, we will see that if we restri
t ourselves to L

2

all

provability prin
iples 
onsidered are 
omplete with respe
t to some 
lass of brilliant

frames, even though they are sometimes also 
omplete with respe
t to some ni
e


lass of non-brilliant frames.

Extendible properties in provability logi


The de�nition of an extendible property (Se
tion 3.4.4) does not 
hange in the


ontext of L

2

.

3.4.5. Remark. Let � be a extendible property w.r.t. an adequate set X. Note

that if x is the �-extension of a set whi
h 
ontains fA j

2

A 2 yg, then x is a node

in the 
anoni
al X-model and in this model yRx holds.



Chapter 4

The prin
iples

In Chapter 2 we introdu
ed and dis
ussed the meaning of the prin
iples of the

preservativity logi
 of HA known so far. In this and the next 
hapter we 
onsider

these prin
iples from a modal point of view. In this 
hapter we study them sepa-

rately and in the next 
hapter together. Here we des
ribe to whi
h frame proper-

ties the prin
iples 
orrespond and prove that all prin
iples but L�ob's Preservativity

Prin
iple are 
anoni
al. Sin
e every 
anoni
al logi
 is 
omplete (Se
tion 3.4.3),

this implies that besides L�ob's Preservativity Prin
iple, all these prin
iples are


omplete with respe
t to a 
ertain 
lass of frames. Ex
ept for L�ob's Preservativity

Prin
iple and Visser's S
heme, we show that all these prin
iples have the �nite

model property as well, i.e. they are 
omplete with respe
t to a 
ertain 
lass of �-

nite frames. For the study of 
lassi
al modal logi
s via frame 
hara
terizations and

the like, we refer the reader to (van Benthem 1983)(van Benthem 1984)(Chagrov

and Zakharyas
hev 1997)(Bla
kburn, de Rijke and Venema 2001).

In Se
tion 4.4 we show that iLe is 
onservative over iP4 with respe
t to formulas

in L

2

. Thus in the absen
e of other prin
iples, the Disjun
tive Prin
iple does

not 
apture more of the Disjun
tion Property than Leivant's Prin
iple (
ompare

the dis
ussion on the Disjun
tive Prin
iple in Se
tion 2.3). However, in the next


hapter we will see that this no longer holds in the presen
e of prin
iples like the

Formalized Markov S
heme. Namely, in Se
tion 5.4, we show that iPH derives

2

((

2

A ! A) _ ::

2

B) !

2

(A _

2

B), while the logi
 iH does not derives this

prin
iple, although it 
ontains Leivant's Prin
iple and the Formalized Markov

S
heme.

We will see in Se
tion 4.7 that besides the prin
iples Vp

n

, none of the preservativity

prin
iples derive one another, and that the same holds for all provability prin
iples.

In Se
tion 4.6.1 we show that Vp

m

does not derive Vp

n

for n > m. However,

sometimes two prin
iples interfere in a di�erent way. For example, Montagna's

Prin
iple and Visser's S
heme are both 
anoni
al, i.e. their 
anoni
al models have

respe
tively the Ma- and the Vp

1

-property to whi
h these prin
iples 
orrespond.

But the 
anoni
al model for the logi
 iPMV given by both these prin
iples has

63



64 Chapter 4. The prin
iples

a stronger frame property than just these two properties, as will be shown in

Corollary 4.6.3.

The results that will be used in Chapter 5 in the 
ompleteness proof for the

logi
 iPH given by all prin
iples together, are the 
orresponden
e for the prin
i-

ple Lp (Lemma 4.3.1), the 
anoni
ity of the logi
s iP4 (Proposition 4.2.1) and

iPM (Proposition 4.2.1), and the mentioned 
ompleteness proof for the logi
 iPV

(Corollary 4.6.3). In Chapter 5 we also give a 
ompleteness proof for the logi
 iH

given by the �rst known prin
iples of the provability logi
 of HA. There we use

the following results from this 
hapter: the 
ompleteness proof for the logi
 iMa

(Proposition 4.6.7), and the 
ompleteness proof with respe
t to �nite frames for

the logi
 iLLe (Proposition 4.4.1).

In Se
tion 4.1 we show that the base logi
s iP and iK are 
omplete with respe
t

to their given frame semanti
s. The 
ompleteness proofs for iP, iP4 and iPL are

similar to the ones in 
lassi
al modal logi
. The proofs for iK, iK4 and iL o

ur

already in the literature (Bo�zi�
 and D�osen 1984)(Kirov 1984)(Ursini 1979b). We

treat a preservativity prin
iple and its 
orresponding 
ounterpart, like Lp and L,

in one Se
tion. The only ex
eption is Leivant's Prin
iple. Although it is derivable

from 4p we treat it in a separate se
tion be
ause in this way all `standard' proofs,

for iP; iK; 4p;Lp; 4; L, pre
ede the more interesting and non-standard proofs for

Le;Mp;Vp and Ma.

We re
all the known prin
iples of the preservativity logi
 of HA that were dis
ussed

in Se
tion 2.2.

2

A �

def

>

�

A

P1 A

�

B ^ B

�

C ! A

�

C

P2 C

�

A ^ C

�

B ! C

�

(A ^ B)

Dp A

�

C ^ B

�

C ! (A _B)

�

C (Disjun
tive Prin
iple)

4p A

�

2

A

Lp (

2

A! A)

�

A (L�ob's Preservativity Prin
iple)

Mp A

�

B ! (

2

C ! A)

�

(

2

C ! B) (Montagna's Prin
iple)

Vp

n

(

V

n

i=1

(A

i

! B

i

)! A

n+1

_ A

n+2

)

�

(

V

n

i=1

A

i

! B

i

)(A

1

; : : : ; A

n+2

)

Vp V p

1

; V p

2

; V p

3

; : : : (Visser's S
heme)

The fragment of the provability logi
 of HA treated in Se
tion 2.5 
onsists of the
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following prin
iples.

K

2

(A! B)! (

2

A!

2

B)

4

2

A!

22

A

L

2

(

2

A! A)!

2

A (L�ob's Prin
iple)

Le

2

(A _B)!

2

(A _

2

B) (Leivant's Prin
iple)

Ma

2

::(

2

A!

W

2

B

i

)!

2

(

2

A!

W

2

B

i

)

(Formalized Markov S
heme)

Preservativity logi
 has the rules Modus Ponens and the

Preservation Rule if ` (A! B); then ` A

�

B:

In the 
ase of provability logi
 the Preservation Rule is repla
ed by

Ne

esitation A=

2

A:

The logi
 iP is given by the axioms Taut , Dp, P1 and P2. The logi
 iK is given

by the axioms Taut and K .

4.1 The base of preservativity logi


In this se
tion we show that the frames de�ned in Se
tion 3.4.2 are exa
tly the

frames we need for the semanti
al base preservativity logi
 iP and for the base

logi
 iK of provability logi
.

4.1.1. Proposition. `

iP

A i� A is valid on all �nite frames.

ProofWe treat the dire
tion from right to left. Suppose iP 6` A. We have to show

that there is a model for iP whi
h does not for
e A. Let X be a �nite adequate

set 
ontaining A. We prove that the 
anoni
al X-model is su
h a model. Observe

that the 
anoni
al X-model is indeed a model, i.e. (4;R) � R, and that every

model satis�es the axioms of iP. It is easy to see that there is an X-saturated set

(hen
e a node in this model) whi
h does not 
ontain A. Therefore, to see that A

is not valid on this model it suÆ
es to show that

8B 2 X8w : B 2 w i� w 
 B:

This 
an be easily shown by formula indu
tion. We only treat impli
ation and

preservation for the dire
tion from right to left. Suppose B = (C ! D) and

B 62 w. If w [ fCg would derive D, then also w ` (C ! D). Thus w [ fCg 6` D.

This implies that w [ fCg is 
onsistent. Let v be an X-saturated extension of
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w [ fCg whi
h does not derive D. Then w 4 v, v 
 C and v 6
 D hold, hen
e

w 6
 (C ! D).

Now suppose B = C

�

D 62 w. It suÆ
es to 
onstru
t an X-saturated set v su
h

that wRv and C 2 v while D 62 v. Consider the property

�(x) w 6` x

�

D:

By Lemma 3.4.3, �(�) is an iP-extendible w-su

essor property. Note that �(C)

holds. Any �-extension of fCg 
an be taken for v. The fa
t that v does not


ontain D follows from the de�nition of a �-extension. �

4.1.1 The base of provability logi


The de�ned semanti
s is 
orre
t for the base logi
 iK of provability logi
:

4.1.2. Proposition. In L

2

: `

iK

A i� A is valid on all �nite brilliant frames.

Proof This proof is similar to the 
ompleteness proof for iP above. The only

di�eren
e is that one has to observe that the 
anoni
al X-model is brilliant in this


ase, see Se
tion 3.4.6. �

4.2 The prin
iple 4p

The logi
 iP4 is axiomatized over iP by

4p A

�

2

A:

We show that iP4 is 
omplete with respe
t to the 
lass of gathering frames. We


all a model or a frame gathering if it satis�es

(gathering) wRvRu! v 4 u:

We show that iK4 is 
omplete with respe
t to a di�erent 
lass of frames (Se
-

tion 4.2.1). Although the Leivant Prin
iple is derivable in iP4 we treat it in a

separate se
tion. The reason for this given at the beginning of this 
hapter.

4.2.1. Proposition.

(i) The prin
iple 4p 
orresponds to gatheringness.

(ii) The logi
 iP4 is 
anoni
al.

(iii) `

iP4

A i� A valid on all �nite gathering frames.

Proof The three statements are easy to prove. We leave (i), (ii) and the dire
tion

from left to right of (iii) to the reader. For the the dire
tion from right to left

of the last statement it suÆ
es to observe that for any �nite adequate set whi
h


ontains

2

B for any nonboxed B 2 X, the iP4-
anoni
al X-model is gathering. �
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4.2.1 The prin
iple 4

The logi
 iK4 is axiomatized over iK by

4

2

A!

22

A:

We show that iK4 is 
omplete with respe
t to �nite transitive frames; this is similar

to the situation in the 
lassi
al 
ase. We will see however that it 
orresponds to a

weaker property than transitivity (R;R � R) , namely

(semi-transitivity) (R;R) �

~

R:

As is explained in Se
tion 3.4.6 one 
annot have both gatheringness and brillian
y.

Here we see that for 4 we have brillian
y and for 4p we have gatheringness. Note

that in the same way as in the 
lassi
al 
ase it 
an be shown that `

iL

4 (see

Se
tion 4.3).

4.2.2. Proposition. In L

2

:

(i) 4 
orresponds to semi-transitivity.

(ii) iK4 is 
anoni
al.

(iii) `

iK4

A i� A is valid on all �nite transitive brilliant frames.

Proof The �rst two statements and the dire
tion from left to right of the third

statement are left to the reader. We treat the dire
tion from right to left of (iii).

Assume 6`

iK4

A. Let X be a �nite adequate set whi
h 
ontains A and let � be an

X-saturated set su
h that � 6`

iK4

A. Consider the model (W;4; R; V ) su
h that

W;4 and V are like in the iK-
anoni
al X-model and R is de�ned via

wRv �

def

8

2

B 2 w (B;

2

B 2 v):

It is 
lear that this frame is transitive. Therefore, to see that this model refutes A,

we only have to show that (w 
 B i� B 2 w) holds for all B 2 X. The only step

whi
h is di�erent from the 
ompleteness proof for iK, is the dire
tion from left to

right for the 
ase B =

2

C. Suppose

2

C 62 w. It is not diÆ
ult to see that the

following property is an iK4-extendible property w.r.t. X (
ompare Lemma 3.4.3),

�(x) x 6` C:

Observe that �(fD;

2

D j

2

D 2 wg) holds. It is easy to see that any �-extension

of the set fD;

2

D j

2

D 2 wg is an X-saturated set v su
h that C 62 v, and wRv.

This proves w 6


2

C. �
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4.3 L�ob's Preservativity Prin
iple

The logi
 iPL is axiomatized over iP by L�ob's Preservativity Prin
iple

Lp (

2

A! A)

�

A:

We show that Lp 
orresponds to the gathering 
onversely well-founded frames.

We 
all a frame 
onversely well-founded if the modal relation on the frame is


onversely well-founded. We do not know if iPL is also 
omplete with respe
t to

these frames. If we restri
t ourselves to the language L

2

, then L�ob's Prin
iple is


omplete with respe
t to the gathering 
onversely well-founded frames, whi
h is

shown in Se
tion 4.3.1. However, the `tri
k' used in this 
ompleteness proof for iL

breaks down for iPL in the absen
e of the prin
iple Mp. The 
ompleteness proof

for iL is similar to the one in 
lassi
al logi
. We have in
luded it for 
ompleteness'

sake.

Classi
ally we have, in L

2

, that iL ` 4. Here we also have

`

iPL

L and `

iPL

4p and `

iP(4p�L)

Lp:

The �rst dedu
tion is trivial. The se
ond one has a similar proof as the above

mentioned analogue in L

2

:

`

iPL

A! (

2

(

2

A ^ A)!

2

A ^ A))

A

�

(

2

(

2

A ^ A)!

2

A ^ A))

A

�

(

2

A ^ A)

A

�

2

A

The third derivation runs as follows.

`

iL

2

(

2

(

2

A! A)!

2

A)

`

iL

2

(

2

A! A)

�

2

A

`

iP4

(

2

A! A)

�

2

(

2

A! A) ^ (

2

A! A)

`

iP(4p�L)

(

2

A! A)

�

(

2

A ^ (

2

A! A))

`

iP(4p�L)

(

2

A! A)

�

A

4.3.1. Lemma. The prin
iple Lp 
orresponds to gatheringness plus 
onverse well-

foundedness of the modal relation.

Proof Left to the reader. �
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4.3.1 L�ob's Prin
iple

The logi
 iL is axiomatized over iK by L�ob's Prin
iple

L

2

(

2

A! A)!

2

A:

In a manner similar to the 
lassi
al 
ase, we show that iL is 
omplete with respe
t

to the �nite transitive 
onversely well-founded brilliant frames. We 
all these

frames L-frames. We saw that although the prin
iple 4 is 
omplete with respe
t

to transitive frames it 
orresponds to the weaker property of being semi-transitive.

A similar di�eren
e o

urs in the 
ase of L. This is not surprising, sin
e iL derives

the prin
iple 4 (the proof of this fa
t is similar to the one that Lp derives 4p

above).

4.3.2. Proposition. In L

2

:

(i) L 
orresponds to semi-transitivity plus 
onverse well-foundedness.

(ii) `

iL

A i� A is valid on all �nite transitive 
onversely well-founded brilliant

frames.

Proof (i) We only treat the dire
tion from left to right. First assume that F is

not semi-transitive; 
hoose w; v; u su
h that

wRvRu ^ 8v

0

(wRv

0

! v

0

64 u): (4.1)

Consider the model on F given by the valuation x 
 p �

def

(x 64 v ^ x 64 u).

We have to see that w 


2

(

2

p ! p). Therefore, take x; y with wRx, x 4 y and

y 


2

p. Be
ause u 6
 p, v 6


2

p and thus y 64 v. Also y 64 u by (4.1), hen
e y 
 p.

But 
learly w 6


2

p sin
e v 6
 p.

For the se
ond part, assume F is a semi-transitive but non 
onversely well-founded

frame. Let w

0

Rw

1

Rw

2

R : : : be a 
hain in F . De�ne a valuation on F via

x 
 p �

def

8i(x 64 w

i

):

In this model on F , if w

0

Rx and x 


2

p then x 64 w

i

, for all i, as x 4 w

i

implies

xRw

i+1

. Hen
e w 


2

(

2

p! p). But not w 


2

p.

(ii) The dire
tion from right to left. Let A be su
h that 6`

iL

A. Let X be a �nite

adequate set 
ontaining A, su
h that there is an X-saturated � for whi
h � 6`

iL

A.

We build a model (W;4; R; V ), whi
h does not make A valid. W is the set of

X-saturated sets. 4; V are de�ned in the same way as for the iL-
anoni
al model.

But de�ne

wRv �

def

8

2

B 2 w(

2

B;B 2 v) ^ 9

2

D 2 v(

2

D 62 w):

This makes W into a �nite, transitive, 
onversely well-founded brilliant frame. We

show that w 
 B i� B 2 w, for B 2 X. We only treat the left to right dire
tion

for the 
ase B =

2

C. Assume

2

C 62 w. Let � = fD;

2

D j

2

D 2 wg [ f

2

Cg.

From � ` C it would follow that w `

2

(

2

C ! C), and hen
e w `

2

C, whi
h is

false. Therefore, � 6` C. Let v be an X-saturated extension of � whi
h does not

derive C, then wRv, and therefore w 6


2

C. �
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4.4 Leivant's Prin
iple

The logi
 iLe is axiomatized over iK by Leivant's Prin
iple

Le

2

(A _B)!

2

(A _

2

B):

Although the Leivant Prin
iple is derivable in iP4 (Se
tion 3.3) we have not treated

it in the se
tion on the prin
iple 4p. The reason for this is given at the beginning

of this 
hapter. As was explained in Se
tions 2.2 and 2.5, Leivant's Prin
iple and

the Disjun
tive Prin
iple are related to the Disjun
tion Property. In Se
tion 4.4.1

we show that from the viewpoint of provability logi
 the Disjun
tive Prin
iple, in


ombination with the prin
iple 4p, does not 
apture more than Leivant's Prin
iple,

i.e. we show that the former is 
onservative over the latter.

In this se
tion we show that iLe is 
omplete with respe
t to �nite transitive frames

whi
h have the Le-property

(Le-property) wRv! 9x(wRx 4 v ^ 8u(vRu! x 4 u)):

This 
ompleteness proof will be the �rst non-standard proof so far. One 
annot use


lassi
al analogies, sin
e in the 
ontext of natural 
lassi
al modal logi
s Leivant's

prin
iple does not o

ur (Se
tion 2.2). We will see that Le 
orresponds to the

property

(Le

1

-property) wRvRu! 9x(wRx ^ x 4 v ^ x 4 u):

However, on �nite frames Le 
orresponds to the Le-property. The proof of this

fa
t will explain how this di�eren
e o

urs when no in�nite frames are allowed.

Finally we show that iLe is also 
omplete with respe
t to �nite gathering frames.

This implies that

for all A 2 L

2

: `

iP4

A i� `

iLe

A:

Note that one loses the brillian
y in this 
ase. One 
annot have both gatheringness

and brillian
y: in these frames

2

::

2

? is valid, whi
h 
learly is not arithmeti
ally

valid. A node x 4 v for whi
h 8u(vRu! wRx 4 u) holds is 
alled a leivant-node

for the pair (w; v).

We remind the reader of the following 
onsequen
e of iLe that we will often use

(it is proved in Se
tion 3.1):

`

iLe

2

(A _ B)!

2

(A _

�

B): (4.2)

Clearly iLe ` 4. Observe that this is re
e
ted in the 
orresponding frame proper-

ties; an Le

1

-frame is semi-transitive.

In Chapter 5 on the 
ompleteness of iH we will need the fa
t that iLLe is 
omplete

with respe
t to the �nite transitive 
onversely well-founded brilliant Le-frames.

(Re
all that iLLe is iKLLe. The prin
iple L is treated in the previous se
tion.)

Sin
e this proof is similar to the 
ompleteness proof for iLe we treat it at this

pla
e.
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4.4.1. Proposition. In L

2

:

(i) Le 
orresponds to the Le

1

-property.

(ii) On �nite frames Le 
orresponds to the Le-property.

(iii) iLe is 
anoni
al.

(iv) `

iLe

A i� A is valid on all �nite brilliant Le-frames.

(v) `

iLLe

A i� A is valid on all �nite transitive 
onversely well-founded bril-

liant Le-frames.

ProofWe only treat the dire
tion from left to right of (i) and (ii) and the dire
tion

from right to left of (v). The proof of (iv) is similar to the one of (v). The rest of

the statements are easy.

(i) Assume that a frame F does not have the Le

1

-property. Take wRvRu su
h

that

8x:(wRx ^ x 4 v ^ x 4 u): (4.3)

Now de�ne a model on F via

y 
 p �

def

9x 4 y(wRx ^ x 4 u)

y 
 q �

def

9x 4 y(wRx ^ x 64 u):

With this valuation 
learly w 


2

(p _ q). It is also easy to see that u 6
 q, hen
e

v 6


2

q. Moreover, v 6
 p. For, if v 
 p, then there is a node x 4 v su
h that

wRx ^ x 4 u. This 
ontradi
ts (4.3). Hen
e v 6
 p, thus v 6
 p _

2

q. Therefore,

w 6


2

(p _

2

q).

(ii) The dire
tion from left to right. It suÆ
es to show that a �nite Le

1

frame is

an Le-frame. Let F be a �nite Le

1

-frame. Consider wRv. We show that there

is a node x su
h that (wRx 4 v ^ 8u(vRu ! x 4 u)). Let n be the number of

su

essors of v. If n = 0, then we 
an take v = x, and we are done. Therefore,

assume n � 1. We show that there is an enumeration u

1

; : : : ; u

n

of the su

essors

of v su
h that there is a sequen
e x

1

< x

2

< : : : < x

n

of nodes, for whi
h

wRx

i

4 v ^ x

i

4 u

i

:

Clearly, x

n

has the desired properties, i.e. we 
an take x = x

n

, sin
e 8i(x

n

4 u

i

),

and wRx

n

4 v by 
onstru
tion.

We 
onstru
t these sequen
es as follows. Let u

1

be a su

essor of v. Sin
e wRvRu

1

,

by the Le

1

-property, there is a node x

1

su
h that wRx

1

4 v ^ x

1

4 u

1

. Assume

that for j 4 i, x

j

and u

j

are de�ned. Let u

i+1

be a su

essor of v distin
t from

u

1

; ::; u

i

. Sin
e wRx

i

4 vRu

i+1

holds, we also have wRx

i

Ru

i+1

. Hen
e by the

Le

1

-property there is a node x

i+1

su
h that

wRx

i+1

4 x

i

^ x

i+1

4 u

i+1

:
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Sin
e x

i+1

4 x

i

4 v, we also have x

i+1

4 v. Thus x

i+1

has the desired properties.

(v) The dire
tion from right to left. An adequate set X is 
alled Le-adequate if it is

the single 
losure under

2

of an adequate set whi
h is of the form f

W

Z j Z � X

0

g

for some set X

0

whi
h does not 
ontain formulas of the form A _ B. X

0

is 
alled

the base of X. If 6`

iLLe

A, there is a �nite Le-adequate set X whi
h 
ontains

A, and su
h that there is an X-saturated set � whi
h does not derive A. For the

base of X just take the set X

0

of all subformulas of A (and their negations) minus

the disjun
tive ones. Consider the model (W;4; R; V ), where W , 4 and V are

de�ned as on the iLe-
anoni
al X-model, and R is de�ned via

wRv �

def

8Z � X

0

(if

2

(

W

Z) 2 w then 9Z

i

2 Z(Z

i

;

2

Z

i

2 v)) ^

9

2

B 2 v (

2

B 62 w):

First, we show that

for all B 2 X: w 
 B i� B 2 w: (4.4)

And se
ond we show that the given frame is an Le-frame. This will 
omplete the

proof, be
ause is easy to see that it is a transitive 
onversely well-founded brilliant

frame. Just 
onsider singleton sets Z in the de�nition of R.

The proof of (4.4). We need some notation. Let � range over all fun
tions on

fZ j Z � X

0

^ Z 6= ;g for whi
h �Z 2 Z. For any set x, x

�

denotes the set

f�Z;

2

�Z j

2

(

W

Z) 2 xg. Note that if w and v are X-saturated, then

wRv i� 9�9

2

B 62 w (w

�

[ f

2

Bg � v): (4.5)

For the proof of (4.4) the only nontrivial step is the dire
tion from left to right in

the 
ase that B =

2

C. Assume

2

C 62 w. It is 
lear that the property

�(x) x 6` C

is an iLLe-extendible property w.r.t.X. We show that if for all � we have w

�

[

2

C `

C, then w `

2

C. Then we 
an 
on
lude that there is a � su
h that �(w

�

;

2

C).

Clearly, any �-extension of w

�

;

2

C is an X-saturated set v su
h that C 62 v and

wRv. This would show that w 6


2

C.

Arguing by 
ontradi
tion suppose that for all � we have w

�

;

2

C ` C. Let

Z

1

; : : : ; Z

n

be all the subsets Z of X

0

for whi
h

2

(

W

Z) 2 w.

8�(w

�

`

2

C ! C)

8�(

�

�Z

1

; : : : ;

�

�Z

n

`

2

C ! C)

8�8B 2 Z

1

(

�

B;

�

�Z

2

; : : : ;

�

�Z

n

`

2

C ! C)

8�(

W

B2Z

1

�

B;

�

�Z

2

; : : : ;

�

�Z

n

`

2

C ! C)

.

.

.

W

B2Z

1

�

B; : : : ;

W

B2Z

n

�

B `

2

C ! C

2

(

W

B2Z

1

�

B); : : : ;

2

(

W

B2Z

n

�

B) `

2

(

2

C ! C):
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As `

iLe

2

(

W

Z) !

2

(

W

B2Z

�

B), this implies that w `

2

(

2

C ! C). Hen
e by

L also w `

2

C, a 
ontradi
tion. This 
on
ludes the proof of (4.4).

To verify the Le-property, let wRv, vR = fu

1

; : : : ; u

n

g and u = v \ u

1

\ : : : \ u

n

.

We have to �nd a node x su
h that wRx and x � u. Let

E =

_

fD 2 X

0

j u 6`

�

Dg:

In order to �nd x, we will 
onstru
t w

�

and B su
h that

w

�

;

2

B 6` E; w

�

� v;

2

B 2 v \ w

2

=

: (4.6)

Assuming (4.6) to be satis�ed, we will show that there is a y su
h that

w

�

;

2

B � y � u; 8Z � X

0

(if y `

_

Z then 9Z

i

2 Z(Z

i

2 y)): (4.7)

Then x = fD 2 X j y ` Dg is X-saturated, x � u and by (4.5) also wRx. So it

meets our 
onditions. Therefore, it remains to prove (4.6) and (4.7).

Assuming (4.6) we show (4.7) as follows. Let Y

1

; Y

2

; : : : be an enumeration of all

the subsets of X

0

with in�nite repetition. We 
onstru
t sets x

n

, su
h that the

required y =

S

n

x

n

.

x

1

= w

�

[ f

2

Bg

x

i+1

=

8

<

:

x

i

if x

i

6`

W

Y

i

x

i

[ f

W

Y

i

; Dg if x

i

`

W

Y

i

; and D 2 Y

i

is su
h

that x

i

[ f

W

Y

i

; Dg 6` E:

Now all x

i

are subsets of u. The set x

1

is a subset of u sin
e

2

B 2 v. Also w

�

� u;

formulae in w

�


ome in pairs D;

2

D with D 2 X

0

. Suppose D;

2

D 2 w

�

and

either of D;

2

D 62 u. Then u 6`

�

D, so D ` E, and thus w

�

` E, whi
h is not

the 
ase. So D;

2

D 2 u. Assume we have already shown x

i

� u. If x

i

= x

i+1

it

is trivial; so let x

i+1

= x

i

[ f

W

Y

i

; Dg, and assume, arguing by 
ontradi
tion, that

x

i+1

6� u. Sin
e x

i

`

W

Y

i

, so u `

W

Y

i

, thus

W

Y

i

2 u, this implies that D 62 u.

Hen
e u 6` D; but then D ` E, and x

i+1

` E, a 
ontradi
tion.

Now we turn to the proof of (4.6). We have two 
ases.

Case

2

E 62 v. If

2

E 62 v, then for all

2

B 2 v, all w

�

� v we have w

�

;

2

B 6` E;

for otherwise we have

2

E 2 v, sin
e v `

2

(

V

w

�

^

2

B). Sin
e wRv by (4.5),

there is a w

�

� v and a

2

B 2 v \ w

2

=

, hen
e we are done.

Case

2

E 2 v. We show that there is a w

�

� v su
h that w

�

;

2

E 6` E. This would

prove (4.6) with

2

E for the

2

B, sin
e it is easy to see that

2

E 62 w. Arguing

by 
ontradi
tion, let us assume that for all w

�

� v we have w

�

;

2

E ` E; then we


an derive the in
orre
t statement w `

2

E, as follows. Again, let Z

1

; : : : Z

n

be all

subsets Z � X

0

for whi
h

2

(

W

Z) 2 w. First note that

Z

i

=

_

D2Z

i

\u

D _

_

D2Z

i

;D 62u

D:
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Hen
e also

Z

i

` E _

_

D2Z

i

\u

D:

And thus

w `

2

(E _

_

D2Z

i

\u

�

D):

Now we reason as follows.

8�( if w

�

� v; then w

�

;

2

E ` E)

8�( if w

�

� v; then

�

�Z

1

; : : : ;

�

�Z

n

;

2

E ` E)

8�( if w

�

� v; then

W

B2Z

1

\u

�

B;

�

�Z

2

; : : : ;

�

�Z

n

;

2

E ` E)

.

.

.

E _

W

D2Z

1

\u

�

D; : : : ; E _

W

D2Z

n

\u

�

D;

2

E ` E

2

(E _

W

D2Z

1

\u

�

D); : : : ;

2

(E _

W

D2Z

n

\u

�

D) `

2

(

2

E ! E)

w `

2

(

2

E ! E)

w `

2

E:

This 
ompletes the proof of (v). �

4.4.1 Conservativity

As promised, we show that iLe is also 
omplete with respe
t to �nite gathering

frames. This implies that iP4 is 
onservative over iLe with respe
t to formulas in

L

2

. (A theory T is 
alled 
onservative over T

0

with respe
t to formulas in L if T

0

derives every formula in L that T derives.) As was explained in Se
tion 4.4, we


annot have both gatheringness and brillian
y.

As explained before, the fa
t that iLe is 
onservative over iP4 with respe
t to

formulas in L

2

, shows that in the absen
e of other prin
iples, the Disjun
tive

Prin
iple does not 
apture more of the Disjun
tion Property than Leivant's Prin-


iple. In the next 
hapter we will see that this no longer holds in the presen
e of

prin
iples like the Formalized Markov S
heme: in Se
tion 5.4, we show that iPH

derives

2

((

2

A! A)_::

2

B)!

2

(A_

2

B), while the logi
 iH does not derives

this prin
iple, although it 
ontains Leivant's Prin
iple and the Formalized Markov

S
heme.

4.4.2. Proposition. `

iLe

A i� A is valid on all �nite gathering frames.

Proof Suppose 6`

iLe

A. Let M = (W;4; R; V ) be a �nite brilliant Le-model

whi
h does not validate A in some node b. We de�ne a new relation R

0

� R on W

su
h that the the model M

0

= (W;4; R

0

; V ) has a gathering frame and validates

the same formulas as M.
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Intuitively we `erase' those modal relationships R between elements whi
h violate

the gatheringness of the frame, i.e. between nodes w; v su
h that there is a vRu

with v 64 u. That is, we de�ne

wR

0

v �

def

wRv and 8u(vRu! v 4 u):

To prove that M; w 
 B i� M

0

; w 
 B; is straightforward on
e one knows

wRv ! w(R

0

;4)v:

We will show this last fa
t. Let S(x) be short for 8u 2 W (xRu! x 4 u). Now,

assume wRv. We show that there is a node v

0

with wR

0

v

0

4 v, that is, with

wRv

0

4 v and S(v

0

). The idea is as follows. By the Leivant property there is a

node x

1

below v and all its su

essors (in M), and su
h that wRx

1

. If x

1

= v,

we have wR

0

v and are done. If x

1

6= v we 
onsider a node x

2

below x

1

and all its

su

essors, and su
h that wRx

1

, whi
h again exists by the Leivant property. If

x

2

= x

1

, we 
an take v

0

= x

1

. If x

2

6= x

1

we 
onsider a node x

3

whi
h is below x

2

and all its su

essors , and su
h that wRx

3

, et
.

More formally, we 
onstru
t a sequen
e of elements v = x

1

< x

2

< : : : in W

su
h that for all i, it holds that wRx

i

. And su
h that if S(x

i

) does not hold,

then (x

i

6= x

i�1

). As M is �nite this implies we 
an �nd an element x

i

with the

desired properties. We show how to 
onstru
t x

n+1

from x

n

. If S(x

n

) holds, put

x

n+1

= x

n

. If S(x

n

) does not hold, x

n+1

is a node whi
h is below x

n

and its

su

essors, and moreover su
h that wRx

n+1

. �

4.4.3. Corollary. The logi
 iP4 is 
onservative over iLe with respe
t to formulas

in L

2

.

4.5 Montagna's Prin
iple

The logi
s iPM is axiomatized over iP by Montagna's Prin
iple

Mp A

�

B ! (

2

C ! A)

�

(

2

C ! B):

We show that Mp 
orresponds to the Mp-property de�ned as

(Mp-property) wRv 4 u! 9x(wRx ^ v 4 x 4 u ^ x

~

R � u

~

R):

Then we prove that iPM is 
anoni
al.

If a prin
iple 
orresponds to a frame property in whi
h expressions like x

~

R � y

~

R

o

ur, like Montagna's Prin
iple, then for a proof of its 
anoni
ity we need to

know what x

~

R � y

~

R means on the 
anoni
al model, i.e. in terms of saturated

sets. This is the 
ontent of the following lemma. Note the di�eren
e with the

language L

2

, in whi
h 
ase w

2

� v

2

i� vR � wR. The proof is similar to the

proof of the following lemma.
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4.5.1. Lemma. In any 
anoni
al model: v

~

R � w

~

R i� w

2

� v

2

.

Proof First the dire
tion from left to right. Suppose

2

A 2 w while

2

A 62 v. By

Lemma 3.4.3, the property

�(x) v 6` x

�

A;

is an extendible v-su

essor property. Note that �(f>g) holds, and let u be any

�-extension of f>g. Clearly, vRu, and A 62 u hen
e w(R;4)u 
annot hold.

For the other dire
tion, assume w

2

� v

2

and vRu. We have to 
onstru
t a node

u

0

su
h that wRu

0

� u. By Lemma 3.4.3, the property

�(x) for all A: w ` x

�

A implies A 2 u;

is an extendible w-su

essor property. Clearly, �(f>g) holds. Therefore, any

�-extension of f>g will do for u

0

. �

4.5.2. Proposition.

(i) The prin
iple Mp 
orresponds to the the Mp-property.

(ii) The logi
 iPM is 
anoni
al.

Proof We prove part (ii) of the proposition and leave (i) to the reader. Consider

wRv 4 u in the iPM-
anoni
al model. De�ne the property

*(x) for all A: w ` x

�

A implies A 2 u:

It is easy to see that �(�) is an iPM-extendible w-su

essor property. Thus if

�(v [ u

2

) holds, then any �-extension of v [ u

2

is a node x su
h that wRx

(Se
tion 3.4.4) and v 4 x 4 u and x

_

R � u

_

R hold (Lemma 4.5.1). Thus it remains

to show that �(v [ u

2

) holds. This follows from the fa
t that for all �nite subsets

� � v and � � u

2

, and for all B we have that w ` �;�

�

B implies B 2 u.

Therefore, suppose that for some su
h �;�; B it does hold that w ` �;�

�

B.

Repla
e � by the equivalent

2

A where A = (

V

fC j

2

C 2 �g). Then

w ` �;

2

A

�

B

(

2

A!

V

� ^

2

A)

�

(

2

A! B)

�

�

(

2

A! B):

This implies that (

2

A! B) 2 v, when
e that B 2 u. �
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4.6 Visser's S
heme

The logi
 iPV is axiomatized over iP by Visser's S
heme whi
h 
onsists of the

prin
iples V p

1

; V p

2

; : : :, where

Vp

n

(

n

^

i=1

(A

i

! B

i

)! A

n+1

_ A

n+2

)

�

(

n

^

i=1

A

i

! B

i

)(A

1

; : : : ; A

n+2

):

Re
all that (A)(B

1

; : : : ; B

n

) is de�ned as

(A)(B;C

1

; : : : ; C

n

) �

def

(A)(B) _ (A)(C

1

; : : : ; C

n

)

(A)(?) �

def

?

(A)(B ^B

0

) �

def

(A)(B) ^ (A)(B

0

)

(A)(

2

B) �

def

2

B

(A)(B) �

def

(A! B)

B not of the form ?, (C ^ C

0

) or

2

C.

In Se
tion 2.3 we dis
ussed the meaning of Visser's S
heme and its relation with

the admissible rules of HA. In Se
tion 3.2 we dis
ussed the workings of the s
heme.

In this se
tion we show that Visser's S
heme Vp 
orresponds to a 
ertain frame

property Vp

1

, and that the iPV-
anoni
al frame has a stronger frame property.

This proves that the logi
 iPV is 
omplete. We also prove that in 
ombination

with Mp the logi
 is 
omplete with respe
t to a 
lass of frames whi
h have a

more elegant property, whi
h will be 
alled the Vp-property. In Se
tion 4.6.1 we

show that iPV

n

does not derive V p

(n+1)

, a result whi
h does not play a role in the


ompleteness proof of iPH. Of 
ourse, this result shows that Visser's S
heme is an

essentially in�nite 
olle
tion of prin
iples. In Se
tion 4.6.2 we treat the Formalized

Markov S
heme, whi
h is derivable in iPMV.

For the frame 
hara
terization of Visser's S
heme we need the notion of a tight

prede
essor. We will �rst give the intuition behind it. Let �v; �u range over �nite

sets of nodes, and write e.g. x 4 �v for `for all v 2 �v(x 4 v)'. Consider two main

instan
es of Visser's S
heme (see also Se
tion 2.2):

(

n

^

i=1

(A

i

! B

i

)! A

n+1

_ A

n+2

)

�

(

n+2

_

j=1

(

n

^

i=1

(A

i

! B

i

)! A

j

)) (4.8)

(

n

_

i=1

::

2

A

i

)

�

(

n

_

i=1

2

A): (4.9)

The se
ond one is treated in Se
tion 3.3. The �rst one arises if we restri
t Visser's

S
heme to pure propositional variables, the se
ond one if we restri
t it to boxed
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formulas and ?. These two prin
iples are related to two parts of the frame 
hara
-

terization of Visser's S
heme. It is easy to see that (4.9) is valid on frames whi
h

satisfy

wRvR�u! 9x (v 4 x ^ x

~

R�u ^ :9y(x � y)): (4.10)

Formula (4.8) holds on frames whi
h satisfy

wRv 4 �v ! 9x(v 4 x 4 �v ^ 8y � x9z 2 �v(z 4 y)): (4.11)

We show this for n = 3. If for nodes wRv in su
h a frame we have v 
 ((p

1

!

q)! p

2

_ p

3

), and not v 
 (p

1

! q)! p

j

then there are nodes u

1

; u

2

; u

3

< v that

for
e (p

1

! q) and su
h that u

i

does not for
e p

i

. Let �v = fu

1

; u

2

; u

3

g and let x

be the node su
h that v 4 x 4 �v and su
h that for all y � x, it holds that u

i

4 y

for some i. Observe that x for
es (p

1

! q) but that it does not for
e (p

2

_ p

3

),


ontradi
ting the assumption that v for
es ((p

1

! q)! p

2

_ p

3

). For arbitrary n

the reasoning is the same.

The 
ombination of the two frame properties above leads to the frame property

with respe
t to whi
h Vp is 
omplete. However, Vp does 
orrespond to a weaker

property, whi
h will be 
alled the Vp

1

-property. This is best illustrated by the

dis
ussion on formula (4.8) above. Namely, one 
an weaken (4.11) by requiring

that all nodes y above x are either below all nodes in �v or above at least one node

in �v:

wRv 4 �v ! 9x(v 4 x 4 �v ^ 8y < x(y 4 �v _ 9z 2 �v(z 4 y))):

The same reasoning as above shows that Vp is still valid on frames with this

property.

Tight prede
essors (in modal logi
)

We say that a node x in K is a semi-tight prede
essor of �v holding �u, if

x 4 �v ^ x

~

R�u ^ 8y � x(9z 2 �v(z 4 y) _ (y 4 �v ^ y

~

R�u)):

It is 
alled a tight prede
essor of �v holding �u if in addition there holds the stronger

8y � x9z 2 �v(z 4 y):

If in addition we have

v

~

R � x

~

R ^ 8y � x9z 2 �v(z 4 y);

then x is 
alled a tight prede
essor of �v for v.

We 
all a frame (model) a Vp

1

-frame (model) if it has the Vp

1

-property:

(Vp

1

-property) for all �nite sets of nodes �v; �u: wRv ^ v 4 �v ^ vR�u!

9x < v(x is a semi-tight prede
essor of �v holding �u):
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An inspe
tion of the Vp

1

-property will 
onvin
e the reader that there are hardly

any �nite models that have this property.

Observe that if one reads tight for semi-tight in the Vp

1

-property, it expresses

(4.10) if �v is empty, and (4.11) if �u is empty. To show that iPV is 
omplete with

respe
t to V p

1

-frames we need the following lemma (
ompare Lemma 4.5.1 and

the dis
ussion just before it).

4.6.1. Lemma. In any 
anoni
al model: w

~

Rv i� for all

2

A 2 w, A 2 v.

Proof Only the dire
tion from right to left. Let �(�) be the property

�(y) for all A: w ` y

�

A implies A 2 v:

By Lemma 3.4.3, � is an extendible w-su

essor property. It is easy to see that

�(u

0

) holds, where u

0

= fA j

2

A 2 wg. Let u be the �-extension of u

0

. Clearly,

wRu 4 v holds. �

4.6.2. Proposition.

(i) Visser's S
heme 
orresponds to the Vp

1

-property.

(ii) The logi
 iPV is 
anoni
al.

(iii) The 
anoni
al model iPV satis�es the following property whi
h is stronger

than the Vp

1

-property:

for all �nite sets of nodes �v; �u: wRv ^ v 4 �v ^ vR�u!

9x < v(x is a tight prede
essor of �v holding �u):

ProofWe often use lemma 3.2.1 (i) without mentioning. (i) First we show that Vp

holds on a Vp

1

-frame. Suppose wRv and v 6
 (A)(D

1

; : : : ; D

n+2

) hold, for some

A =

V

n

i=1

(D

i

! E

i

), on some Vp

1

-frame. We show that v 6
 (A! D

n+1

_D

n+2

).

Assume D

i

= B

i

^

2

C

i

, where B

i

is not of the form

2

C. From the assumption

it follows that v 6
 (A ! B

i

) ^

2

C

i

, when
e either v 6


2

C

i

or v 6
 (A ! B

i

).

Therefore, there are �nite sets of nodes �v and �u su
h that for all i we have that

either there is a node x 2 �u with vRx and x 6
 C

i

or there is a node x 2 �v with

v 4 x, x 
 A and x 6
 B

i

. Let �v and �u be a smallest pair of sets with these

properties. Let u < v be a semi-tight prede
essor of �v holding �u. We show that

u 
 A and u 6
 (D

n+1

_D

n+2

). This will prove that v 6
 (A! D

n+1

_D

n+2

).

To see that that u 6
 (D

n+1

_D

n+2

), note that for i = n + 1; n + 2 we have that

either there is node x 2 �u with x 6
 C

i

or there is a node x 2 �v with x 
 A and

x 6
 B

i

. In the �rst 
ase we have that u

~

Rx, and hen
e u 6


2

C

i

. In the se
ond


ase we have that u 4 x and thus u 6
 (A ! B

i

). Hen
e in both 
ases we 
an


on
lude u 6
 D

i

. To see that u 
 A, 
onsider y < u. Then either y 4 �v and y

~

R�u,
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or z 4 y for some z 2 �v. In the last 
ase y for
es A be
ause all nodes in �v for
e A.

In the �rst 
ase, it suÆ
es to show that for all i � n, we have that y 6
 B

i

^

2

C

i

.

Note that for all i � n either there is node x 2 �u with x 6
 C

i

or there is a node

x 2 �v with x 
 A and x 6
 B

i

. In the �rst 
ase we have that y

~

Rx holds, and

when
e y 6


2

C

i

. In the se
ond 
ase we have y 4 x, and therefore y 6
 B

i

. Hen
e

in both 
ases we 
an 
on
lude y 6
 D

i

.

The other part of (i) follows from part (i) of Lemma 4.6.4; a frame whi
h does

not have the Vp

1

-property does not have the Vp

n

-property, for some n.

(ii) This follows from (iii).

(iii) Consider nodes wRv, v 4 v

1

; : : : ; v

m

and vRu

1

; : : : ; u

n

, in the iPV-
anoni
al

model. Let v̂; û denote v

1

\ : : :\ v

m

and u

1

\ : : :\ u

n

respe
tively. First note that

in general v̂ and û are not saturated. Therefore, they are not ne
essarily nodes in

the 
anoni
al model. Let

� = f(E ^

2

E

0

! F ) j F 2 v̂ ^ (E 62 v̂ _ E

0

62 û)g:

(Thus in parti
ular the impli
ations (E ! F ) and (

2

E ! F ), for whi
h F 2 v̂

and respe
tively E 62 v̂ and E 62 û, are in �.) Note that � � v̂. Let �(�) be the

property

�(x) x ` A

1

_ : : : _ A

m

_

2

B

1

_ : : : _

2

B

n

implies 9i (A

i

2 v̂ or B

i

2 û):

Clearly, �(�) is an extendible property (Se
tion 3.4.4). We show that �(v [ �)

holds. Let C = A

1

_ : : : _ A

m

_

2

B

1

_ : : : _

2

B

n

and suppose v [� ` C. This

implies that there is a 
onjun
t D =

V

k

i=1

(E

i

! F

i

) of impli
ations in �, su
h

that v ` (D! C). Thus (D! C) 2 v, be
ause v is saturated. Sin
e

(D! C)

�

(D)(E

1

; : : : E

k

; A

1

; : : : ; A

m

;

2

B

1

; : : : ;

2

B

n

);

also (D)(E

1

; : : : E

k

; A

1

; : : : ; A

m

;

2

B

1

; : : : ;

2

B

n

) 2 v. From the 
onstru
tion of � it

follows that v does not 
ontain any of (D! E)^

2

E

0

, for E

i

= E^

2

E

0

. Therefore

v 
ontains either (D! A

i

) or

2

B

i

for some i. This proofs that �(v[�) holds. Let

u be the �-extension of v [�. As des
ribed in Se
tion 3.4.4, u is saturated. We

show that u is a semi-tight prede
essor of �v holding �u. Clearly, v 4 u 4 v

1

; : : : ; v

n

holds, and by Lemma 4.6.1we have u

~

Ru

i

, for all i.

It remains to show that

8y � u9i(z`v

i

4 y):

Arguing by 
ontradi
tion, suppose u � u

0

for some saturated set u

0

and assume

that no v

i

is 
ontained in u

0

. For all i � m, we 
hoose a formula A

i

2 v

i

outside

u

0

. Then the formula (A

1

_ : : :_A

m

) is in v̂ but not in u

0

. From the 
onstru
tion

of u, and the fa
t that u

0

is a superset of u, it follows that there is a formula

(E ^

2

E

0

) 2 u

0

su
h that either E 62 v̂ or E

0

62 û. Now (E ^

2

E

0

! A

1

_ : : :_A

m

)

is an element of �, thus also of u. Hen
e (A

1

_ : : : _ A

n

) should be in u

0

, a


ontradi
tion. This proves that iPV is 
anoni
al. �
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We saw that Vp is 
omplete with respe
t to a stronger frame property than the

property to whi
h it 
orresponds. On frames for whi
h for every two nodes x 4 y

there is a node x 4 z 4 y su
h that there is no node z � z

0

� y, the two frame

properties 
oin
ide. Sin
e the 
anoni
al model has su
h a frame, (iii) follows in

fa
t from (ii).

In the presen
e of Montagna's prin
iple

Happily, in the presen
e of Montagna's Prin
iple, Visser's S
heme has a more


ompa
t 
hara
terization. It is given by the following property

(Vp-property) wRv 4 v

1

; : : : ; v

m

!

9x(v 4 x 4 v

1

; : : : ; v

m

^ v

~

R � x

~

R ^ 8y � x9i(v

i

4 y)):

Re
all that in this 
ase x is 
alled a tight prede
essor of v

1

; : : : ; v

n

for v. The

following 
orollary of the previous lemma plus the 
anoni
ity of Montagna's Prin-


iple (Proposition 4.5.2) shows that the logi
 iPMV is 
omplete with respe
t to

MpVp-frames.

4.6.3. Corollary. Any 
anoni
al model of a logi
 
ontaining the prin
iples Mp

and Vp has the Vp-property.

Proof The proof is analogous to the proof of the 
anoni
ity of iPV above. Consider

wRv 4 v

1

; : : : ; v

m

. The set � will now be

� = f(E ^

2

E

0

! F ) j F 2 v̂ ^ (E 62 v̂ _

2

E

0

62 v)g:

In the same way as in the proof of Proposition 4.6.2, de�ne a property

�(x) x ` A

1

_ : : : _ A

m

_

2

B

1

_ : : : _

2

B

n

implies 9i(A

i

2 v̂ or

2

B

i

2 v):

and 
onstru
t a node u via this property. This leads to a node u su
h that

v 4 u 4 v

1

; : : : ; v

m

and u

2

� v

2

. Applying Lemma 4.5.1 gives v

~

R � u

~

R.

Following the proof of Proposition 4.6.2 it is easy to see that u has the desired

properties. �

4.6.1 The independen
e of Visser's Prin
iples

In this se
tion we show that iPV

n

does not derive V p

(n+1)

. The proof is rather

unpleasant but we think that the result needs to be established. It implies that

Visser's S
heme is in�nite in an essential way. The result does not play a role in

the next 
hapter on the 
ompleteness of iPH.

This proof is based on the fa
t that iPV

n

is 
omplete with respe
t to frames whi
h

satisfy the Vp

n

-property:

(Vp

n

-property) for all �nite sets of nodes �v

+

= �v [ �v

�

; �u

+

= �u [ �u

�

su
h that j�vj+ j�uj � n, j�v

�

j+ j�u

�

j � 2: wRv ^ v 4 �v

+

^ vR�u

+

!

9x < v(x 4 �v

+

^ x

~

R�u

+

^ 8y � x(9z 2 �v

+

(z 4 y) _ (y 4 �v ^ y

~

R�u))):
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Note that in the formula above, if j�v

�

j+ j�u

�

j = 0, then x is just a tight prede
essor

of �v holding �u. Thus a frame whi
h satis�es all Vp

n

-properties has the Vp

1

-

property (Se
tion 4.6). This is what we expe
t, sin
e Visser's S
heme, whi
h


orresponds to the Vp

1

-property, 
onsists of all prin
iple Vp

n

.

Before we treat the 
ompleteness proof for Visser's Prin
iples we 
larify the di�er-

en
e between the Vp-property and the not very elegant Vp

n

-property. To make

the dis
ussion more transparent, we forget about the spe
ial treatment of boxed

formulas in these s
hemes. Therefore, 
onsider the following prin
iple whi
h is a

spe
ial instan
e of V p

1

:

((A

1

! B)! A

2

_ A

3

)

�

3

_

i=1

((A

1

! B)! A

i

):

If we look for the minimal requirement on frames for whi
h they validate this

prin
iple, we arrive at the following property

wRv 4 v

1

; v

2

; v

3

!

9x(v 4 x 4 v

1

; v

2

; v

3

^ 8y � x((v

2

4 y _ v

3

4 y) _ y 4 v

1

)):

(v

1

is �v and v

2

; v

3

is �v

�

in the de�nition of the Vp

n

-property above.) We do not

prove that the prin
iple 
orresponds to this property, but it is instru
tive to see

why the prin
iple is valid on these frames. Suppose v for
es ((A

1

! B)! A

2

_A

3

)

but not (A

1

! B) ! A

i

. Sele
t nodes v

i

< v su
h that v

i


 (A

1

! B) but

v

i

6
 A

i

. To derive a 
ontradi
tion, we use the existen
e of a node x su
h that

v 4 x 4 v

1

; v

2

; v

3

and for all y � x, we have ((v

2

4 y _ v

3

4 y)_ y 4 v

1

). Namely,

sin
e x 4 v

2

; v

3

, it follows that x 6
 (A

2

_ A

3

). We show that x 
 (A

1

! B), and

then we have a 
ontradi
tion with v 4 x be
ause v 
 ((A

1

! B) ! A

2

_ A

3

).

Therefore, 
onsider y < x and assume y 
 A

1

. From y < x it follows that y = x

or (y 4 v

1

_ v

2

4 y _ v

3

4 y). Thus (v

2

4 y _ v

3

4 y). But then y 
 (A

1

! B),

and when
e y 
 B.

The example above showed that the sets �v

�

and �u

�


orrespond to the formulas

A

n+1

and A

n+2

in the prin
iple Vp

n

. In the example it 
ould be that v

1

= v

2

,

in whi
h 
ase �v

�

= v

3

. This explains the requirement j�v

�

j + j�u

�

j � 2 in the

Vp

n

-property.

4.6.4. Lemma.

(i) The prin
iple Vp

n


orresponds to the Vp

n

-property.

(ii) The logi
 iPV

n

is 
anoni
al.

Proof (i) We only show that any frame whi
h does not have the Vp

n

-property

has a valuation whi
h refutes Vp

n

. Consider su
h a frame F . We leave it to the

reader to 
he
k that if, in the Vp

n

-property above, we 
hange the words `for all
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�nite sets of nodes �v

+

= �v[�v

�

; �u

+

= �u[ �u

�

su
h that j�vj+ j�uj � n, j�v

�

j+ j�u

�

j � 2'

to `for all �nite sets of nodes �v

+

= �v [ �v

�

; �u

+

= �u [ �u

�

su
h that

8x 2 �v

+

8y 2 �u

�

:(x

~

Ry) and 8x 2 �v8y 2 �u :(x

~

Ry) and (4.12)

8x; y 2 �v

+

(x 6= y ! (x 64 y ^ y 64 x)):

and j�vj+ j�uj � n, j�v

�

j+ j�u

�

j � 2' , we still have an equivalent property. Therefore,

we 
an 
on
lude that in F there are �nite sets of nodes �v

+

= �v [ �v

�

; �u

+

= �u [ �u

�

su
h that (4.12) holds and j�vj+ j�uj � n, j�v

�

j+ j�u

�

j � 2, for whi
h

wRv 4 �v

+

^ vR�u

+

^ 8u < v(u 64 �v

+

_ :(u

~

R�u

+

) _ (4.13)

9u

0

� u(8x 2 �v

+

(x 64 u

0

) ^ (u

0

64 �v _ :(u

0

~

R�u)))):

Observe that if both �v and �u are empty, (4.13) 
annot hold. For if so, then there

exists a node u

0

� v su
h that u

0

64 �v or :(u

0

~

R�u) holds, quod non. We have to


onsider three 
ases: (a) �v

+

= fv

0

g, �u

+

is empty, (b) �u

+

= fu

0

g and �v

+

is empty,

(
) both �v

+

and �u

+


ontain at least one node or one of them 
ontains at least two

nodes.

(a) In this 
ase (4.13) 
annot hold (take u = v

0

).

(b) If �u is empty, (4.13) 
annot hold (take u = v). If �u = �u

+

, by (4.13), for all

x < v, if x

~

Ru

0

there exists x

0

< x su
h that x

0

~

Ru

0

does not hold. De�ne the

valuation

x 
 p �

def

x 64 u

0

:

Clearly, in this model v 6


2

p holds. We show that v 
 ::

2

p holds, and this

proves that V p

1

does not hold on the frame. To see that v 
 ::

2

p, 
onsider

x < y. We have to show that x 6
 :

2

p. By assumption there exists a node x

0

< x

su
h that x

0

~

Ru

0

does not hold. Hen
e x

0




2

p, and thus x 6
 :

2

p.

(
) To de�ne a valuation whi
h is going to refute Vp

n

on F , we want that either

�u

�


ontains at least one element or that �v

�


ontains two elements. First we show

how we 
an amend �v

�

and �u

�

in su
h a way that this holds, while keeping (4.13)

and (4.12) valid. If �u

�

and �v

�

are empty, we take x

1

; x

2

2 �v, y

1

; y

2

2 �u, and

rede�ne �v

�

= x

1

, �u

�

= y

1

or �u

�

= y

1

; y

2

or �v

�

= x

1

; x

2

(if x

1

6= x

2

). Let us see

that, depending on �v and �u, nodes 
an be 
hosen su
h that this 
an be done and

su
h that (4.13) and (4.12) hold for the new �v; �u. If �u

�

is empty and �v

�

= x there

are two possibilities. If �v 
ontains a node y 6= x we rede�ne �v

�

= x; y. If not,

�v = �v

�

= x. By assumption �u 
ontains at least one element y. If for all y 2 �u,

x

~

Ry, then (4.13) 
annot hold (take u = x). Take y 2 �u for whi
h x

~

Ry does not

hold and rede�ne �u

�

= y. This shows that from now on we 
an assume that �u

�


ontains at least one element or that �v

�


ontains two elements.

We only treat the 
ase that both �v

�

and �u

�


ontain one element, the other 
ases

are similar. Let �v = v

1

; : : : ; v

k

, �u = u

1

; : : : ; u

m

and �v

�

= v

k+1

, �u

�

= u

m+1

. De�ne

a model on the given frame via the following valuation:

x 
 p

i

�

def

x 64 v

i

x 
 q

i

�

def

v

i

4 x; for some i � k + 1

x 
 r

i

�

def

x 64 u

i

:
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Let

A =

k

^

i=1

(p

i

! q

i

) ^

m

^

i=1

:

2

r

i

:

We show that v 
 A ! p

k+1

_

2

r

m+1

, v 6
 (A)(p

1

; : : : ; p

k+1

;

2

r

1

; : : : ;

2

r

m+1

). To

see that the se
ond statement holds it suÆ
es to see that v

i


 A, v

i

6
 p

i

and

u

i

6
 r

i

, whi
h we leave to the reader. We prove that v 
 A ! p

k+1

_

2

r

m+1

.

Consider a node u < v su
h that u 
 A. Hen
e for all i � m, u

0

< u, u

0

~

R�u.

Furthermore, for all i � m, u

0

< u, if u

0

64 v

i

then u

0


 q

i

. In parti
ular,

8u

0

< u((u

0

4 �v ^ u

0

~

R�v) _ 9x 2 �v

+

(x 4 u

0

)):

By (4.12), 9x 2 �v

+

(x 4 u) implies that not u

~

Ru

m+1

. Therefore, we 
an 
on
lude

u 4 �v or not u

~

Ru

m+1

. All together this leads, by (4.13), to u 64 v

k+1

or not

u

~

Ru

m+1

. Hen
e u 
 p

k+1

_

2

r

m+1

; what we wanted to show.

(ii) Assume that in the iPV

n

-
anoni
al model we have wRv ^ v 4 v

1

; : : : ; v

k+i

and

vRu

1

; : : : ; u

m+j

, for some k;m; i; j su
h that k + m � n i + j = 2. The proof

that there is a node u whi
h is a tight prede
essor of v

1

; : : : ; v

k

holding u

1

; : : : ; u

m

and su
h that u 4 v

k+1

; : : : ; v

k+i

and uRu

m+1

; : : : ; u

m+j

, is similar to the proof of

Proposition 4.6.2. The only di�eren
e o

urs in the de�nition of the set �, whi
h

we de�ne in this 
ase as follows. Let v̂ = v

1

\ : : :\ v

k

and v

�

= v

1

\ : : :\ v

k+i

and

û = u

1

\ : : : u

m

and u

�

= u

1

\ : : : u

m+j

, and let

� = f(E ! F ) j F 2 v

�

^ E 62 v̂g [ f(

2

E ! F ) j F 2 v

�

^ E 62 ûg:

Let �(�) be the property

�(x) x ` A

1

_ : : : _ A

q

_

2

B

1

_ : : : _

2

B

r

implies 9h (A

h

2 v

�

or B

h

2 u

�

):

In a similar way as in Lemma 3.4.3 one 
an show that �(�) is an extendible property.

We show that �(v [ �) holds. Let C = A

1

_ : : : _ A

q

_

2

B

1

_ : : : _

2

B

r

and

suppose v [� ` C. This implies that there are 
onjun
ts D

1

=

V

l

1

h=1

(E

h

! F

h

)

and D

2

=

V

l

2

h=1

(

2

E

0

h

! F

0

h

), su
h that F

h

; F

0

h

2 v

�

and E

h

62 v̂ and E

0

h

62 û. Let F

be the 
onjun
tion of all F

h

; F

0

h

, and let H

p

= (

W

E

h

62v

p

E

h

) and H

0

p

= (

W

E

0

h

62u

p

E

0

h

).

Clearly, F 2 v

�

, H

p

62 v

p

and H

0

p

62 u

p

. De�ne a new 
onjun
t of formulas in �:

D =

k

^

p=1

(H

p

! F ) ^

m

^

p=1

(

2

H

0

p

! F ):

We have v ` (D! C) and thus (D ! C) 2 v. Sin
e

(D! C)

�

(D)(H

1

; : : : ; H

k

;

2

H

0

1

; : : : ;

2

H

0

m

; A

1

; : : : ; A

q

;

2

B

1

; : : : ;

2

B

r

)

and k +m � n, also

(D)(H

1

; : : : ; H

k

;

2

H

0

1

; : : : ;

2

H

0

m

; A

1

; : : : ; A

q

;

2

B

1

; : : : ;

2

B

r

) 2 v:
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From the 
onstru
tion of � it follows that v does not 
ontain any of (D! H

h

) or

2

H

0

h

. Therefore v 
ontains either (D! A

h

) or

2

B

h

for some h. This proves that

�(v[�) holds. Let u be the �-extension of v[�. The proof that u has the desired

properties is similar to the 
orresponding part in the proof of Proposition 4.6.2

and is therefore left to the reader. �

4.6.5. Corollary. For all 0 < m < n, 6`

iPV

m

Vp

n

.

4.6.2 The Formalized Markov S
heme

The logi
 iMa is axiomatized over iK by the Formalized Markov S
heme

Ma

2

::(

2

A!

_

2

B

i

)!

2

(

2

A!

_

2

B

i

):

Re
all that the Formalized Markov S
heme is the partial formalization of Markov's

Rule (Se
tion 2.5). In Se
tion 2.2 the relation between this rule and Visser's

S
heme was explained. In Se
tion 3.3 we saw that Ma is derivable in iPMV.

In this se
tion we show that iMa is 
omplete with respe
t to frames with the

property

(Ma-property) wRv! 9x 2 Top (w

~

Rx ^ v

~

R = x

~

R):

Re
all (Se
tion 3.4.2) that a node in Top, a top node, is a node x su
h that there

is no node y with x � y. Note the similarity between the frame property for

the Formalized Markov S
heme and property (4.10) dis
ussed in Se
tion 4.6 on

Visser's S
heme.

A top node x for whi
h w

~

Rx and v

~

R = x

~

R hold will be 
alled a markov-node for

the pair (w; v). On brilliant frames the Ma-property reads

wRv ! 9x 2 Top (wRx ^ vR = xR):

Note that the logi
 iMa 
annot be 
omplete with respe
t to gathering frames

whi
h satisfy this stronger property. Sin
e in su
h frames every top node whi
h is

a su

essor, satis�es

2

?, the formula

2

::

2

? holds on su
h frames.

Before we give the 
ompleteness proof for iMa we need a lemma.

4.6.6. Lemma. For the logi
 iMa we have that if � = fD j � `

2

Dg, for some set

�, and the set of formulas �;

2

A

1

; ::;

2

A

n

;:

2

B

1

; ::;:

2

B

m

is in
onsistent, then �

derives (

V

2

A

i

!

W

2

B

i

).

Proof The �rst derivation shows that from the in
onsisten
y of the formulas

�;

2

A

1

; ::;

2

A

n

;:

2

B

1

; ::;:

2

B

m

, it follows that � `

iMa

::(

2

V

A

i

!

W

2

B

i

).

�;

2

A

1

; ::;

2

A

n

;:

2

B

1

; ::;:

2

B

m

`

iMa

?

�;

2

V

A

i

;:

2

B

1

: : : ;:

2

B

m

`

iMa

?

� `

iMa

2

V

A

i

! ::

W

2

B

i

� `

iMa

::(

2

V

A

i

!

W

2

B

i

):
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The following derivation shows that � `

iMa

::(

2

V

A

i

!

W

2

B

i

) implies that

� `

iMa

(

V

2

A

i

!

W

2

B

i

).

� `

iMa

::(

2

V

A

i

!

W

2

B

i

)

� `

iMa

2

::(

2

V

A

i

!

W

2

B

i

)

� `

iMa

2

(

2

V

A

i

!

W

2

B

i

)

� `

iMa

2

V

A

i

!

W

2

B

i

� `

iMa

V

2

A

i

!

W

2

B

i

:

Note that the se
ond step of the last derivation is the only pla
e where the For-

malized Markov S
heme is used. The spe
ial form of � is used in the �rst and

the third step of the last derivation. �

4.6.7. Proposition. In L

2

:

(i) On �nite frames Ma 
orresponds to the Ma-property.

(ii) The iMa-
anoni
al model has the Ma-property.

Proof (i) Only the dire
tion from left to right. Let F be a �nite frame whi
h

does not have the Ma-property; there are w; v; u

1

; ::; u

n

with wRv and v

~

R =

fu

1

; : : : ; u

n

g and

8x 2 Top(w

~

Rx ^ x

~

R � v

~

R! v

~

R 6� x

~

R)):

Let T

i

= fy j w

~

Ry ^ y

~

R � v

~

R ^ :y

~

Ru

i

g. De�ne a valuation on F via

x 
 p �

def

v

~

Rx

x 
 q

i

�

def

9y 2 T

i

(y

~

Rx):

We show that with this valuation, w 


2

::(

2

p!

W

2

q

i

) and w 6
 (

2

p!

W

2

q

i

).

The last part is obvious, sin
e w

~

Rv and v 


2

p. That v 6


2

q

i

for all i, follows

from the fa
t that u

i

6
 q

i

, for all i. Therefore, 
onsider any top node y above

some su

essor z of w. It suÆ
es to show that y 


2

p !

W

2

q

i

, be
ause this

would imply z 
 ::(

2

p !

W

2

q

i

). Note that w

~

Ry. If y 


2

p, then y

~

R � v

~

R.

Hen
e, by assumption, :y

~

Ru

i

, for some i. Therefore, y 2 T

i

, and thus y 


2

q

i

.

(ii) Let (W;4; R; V ) be the iMa-
anoni
al model. Let w; v be two nodes su
h

that wRv. We show that there is a top node x su
h that wRx and vR = xR.

Let � = fD j

2

D 2 wg. It suÆ
es to show that the set �; v

2

; f:

2

E j

2

E 62

vg is 
onsistent, as any maximal 
onsistent extension of this set will have the

desired properties. If it is not 
onsistent, there are

2

E

1

;

2

E

2

; : : : ;

2

E

n

62 v and

2

B

1

; : : : ;

2

B

m

2 v su
h that �;

2

B

1

; : : : ;

2

B

m

;:

2

E

1

: : : ;:

2

E

n

is in
onsistent.

But then lemma 4:6:6 implies that � `

V

2

B

i

!

W

2

E

i

. Hen
e (

2

E

1

_ : : :_

2

E

n

)

is in v, and that 
annot be. �
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4.7 Independen
e

In this se
tion we explain why all prin
iples dis
ussed above are independent. We


all two prin
iples A and B independent if they do not derive one another. In

parti
ular, if A is a prin
iple of the preservativity logi
 then we say that B is

independent from A if iPA 6` B, i.e. if B is not derivable from A in the system

given by P1, P2 and Dp and the rules Modus Ponens and the Preservation Rule.

If A is a prin
iple of the provability logi
, we say that B is independent from A if

iA 6` B, i.e. if B is not derivable from A in the system given by K and the rules

Modus Ponens and the Ne
essitation Rule.

To show that B is independent from A it suÆ
es to show that there is a model for

A on whi
h B is not valid. If A is 
omplete with respe
t to some 
lass of frames,

this model 
an be obtained by giving a valuation on su
h a frame su
h that B is

not valid under this valuation. Using the results in this 
hapter it is easy to prove

the following proposition.

4.7.1. Proposition.

(i) The following prin
iples are independent: L�ob's Preservativity Prin
iple,

Montagna's Prin
iple and Visser's S
heme. L�ob's Preservativity Prin
iple

derives the prin
iple 4p.

(ii) For all n > m, the m-th Visser's Prin
iple V p

m

does not derive the n-th

Visser's Prin
iple V p

n

, and V p

n

derives V p

m

.

(iii) The following prin
iples are independent: L�ob's Prin
iple, Leivant's

Prin
iple and the Formalized Markov S
heme. L�ob's Prin
iple as well as

Leivant's Prin
iple derive the prin
iple 4.

(iv) L�ob's Preservativity Prin
iple derives L�ob's Prin
iple. The prin
iple 4p

derives the prin
iple 4 and Leivant's Prin
iple. Montagna's Prin
iple and

Visser's S
heme derive the Formalized Markov S
heme.

Proof (i) As explained above this follows easily from the 
ompleteness results in

the previous se
tions. That L�ob's Preservativity Prin
iple derives the prin
iple 4p

is shown in Se
tion 4.3.

(ii) This is Corollary 4.6.5.

(iii) As explained above this follows easily from the 
ompleteness results in the

previous se
tions. That L�ob's Prin
iple derives the prin
iple 4 is explained in

Se
tion 4.3.1.

(iv) These statements are proved in Se
tion 3.3. �





Chapter 5

Completeness

In this 
hapter we show that the logi
 iPH whi
h we 
onje
ture to be the preser-

vativity logi
 of HA is 
omplete with respe
t to the gathering 
onversely well-

founded MpVp-frames (Se
tion 5.1). In Se
tion 5.2 we use this result to prove

that some rules are admissible for iPH. These two se
tions are the heart of Part

I. In Se
tion 5.3 we return to the logi
 iH in the language L

2

. There we present

a 
ompleteness proof for iH with respe
t to the 
lass of �nite transitive irre
exive

brilliant LeMa-frames. In Se
tion 3.3 we showed that iH is 
ontained in iPH. In

Se
tion 5.4 we use the 
ompleteness proof for iH to show that iPH is not 
onser-

vative over iH with respe
t to L

2

. Thereby we disprove the 
onje
ture that iH is

the provability logi
 of HA.

5.1 Modal 
ompleteness of preservativity logi


First we sket
h the 
ompleteness proof for iPH.

Proof sket
h

For formulas A that are not derivable in iPH we have to show that there is a model

that refutes A and whi
h has a gathering 
onversely well-founded MpVp-frame.

To 
onstru
t su
h a model we use the 
onstru
tion method (Se
tion 3.4.5) with

respe
t to a 
ertain �nite adequate set X. As expe
ted, the resulting model will

in general be in�nite, sin
e most of the frames whi
h validate Visser's S
heme

are not �nite (Se
tion 4.6). We use four sub
onstru
tions �; Æ; �; �. Ea
h of them

expands a frame by adding nodes from the 
anoni
al model to it in an adequate

way. We will explain how they sele
t these nodes. To ensure that the new nodes

x have 
ertain properties we require that �

x

has the 
orresponding properties in

the 
anoni
al model. For example, if we demand x 4 �, then we 
hoose �

x

in

su
h a way that �

x

4 �

�

holds in the 
anoni
al model. If x

~

R � �

~

R is the desired

property, we demand that (�

�

)

2

� (�

x

)

2

. Note that by Lemma 4.5.1 this is

89



90 Chapter 5. Completeness

equivalent with �

x

~

R � �

�

~

R.

The 
onstru
tion � 
hoses nodes � � hB ! Ci and � � hB

�

Ci as is usual in the


onstru
tion method. In 
ombination with Æ, the 
onstru
tion � ensures that the

�nal frame has the Mp-property (Se
tion 4.5): for nodes �R� 4 �

0

it 
onstru
ts

a node a = � � hm; �; �

0

i su
h that in the �nal model �Ra and � 4 a 4 �

0

and

a

~

R � �

0

~

R hold.

In 
ombination with Æ, the 
onstru
tion � ensures that the �nal frame has the

Vp-property (Se
tion 4.6): for nodes �R� 4 �

1

; : : : ; �

n

it 
onstru
ts a node a =

� � hv; �

1

; : : : ; �

n

i su
h that in the �nal model v 4 a and a is a tight prede
essor

of �

1

; : : : ; �

n

for � .

The 
onstru
tion Æ is an addition to both � and �. If we want �

~

R � �

0

~

R to hold in

the �nal model and we add a node �

~

R�

00

, then Æ 
onstru
ts a node a = �

0

�hm; �

00

i

su
h that �

0

Ra 4 �

00

. Therefore, �

0

~

R�

00

will hold. The dis
ussion above shows that

we have to ensure that �

~

R � �

0

~

R holds in the following 
ases: � = � � hm; �; �

0

i

or � = � � hm; �

0

i or �

0

= � � hv; �

1

; : : : ; �

n

i.

The following tri
ks are used in the 
onstru
tion in order to guarantee that no

unne
essary nodes are sele
ted. The reader interested in the 
onstru
tion but not

in the 
ompli
ations whi
h arise from this attempt for eÆ
ien
y 
an skip these

details.

If we want to guarantee that �

~

R � �

0

~

R we do not have to add a node �

0

� hm; �

00

i

for all the nodes �

00

with �

~

R�

00

. For example, it 
ould be that �

0

~

R� already holds.

Therefore, we will de�ne a property �(�; �

0

; �

00

) that holds exa
tly when we want

�

~

R � �

0

~

R to hold, and �

~

R�

00

holds but not �

0

~

R�

00

. For a similar reason, we de�ne

properties ?(�; �; �

0

) and Æ(�; �

1

; : : : ; �

n

) whi
h holds exa
tly when we have to add

nodes � � hm; �; �

0

i or � � hv; �

1

; : : : ; �

n

i respe
tively. To re
ognize if � or ? hold

we use a fun
tion 
. If for example �R� 4 �

0

holds but � = � � hm; �

0

i, then

we do not have to add a node � � hm; �; �

0

i sin
e � itself will have the desired

properties. The same holds for instan
e in the 
ase that � = � � hm; �; �

0

i and

�

0

= �

0

� hm; �

0

i. We let the fun
tion 
 
over all these 
ases by de�ning 
(�)

indu
tively as: if � = �

00

� hm; �; �

0

i or � = �

00

� hm; �

0

i, then 
(�) = 
(�

0

), and


(�) = � otherwise.

We use one devi
e more to lower the number of nodes we have to 
onstru
t. We let

R and 4

00

be one-step relations: intuitively, we have �R� if there is no �R�

0

R� ,

and similarly for 4

00

. We let 4 be the transitive 
losure of 4

00

and de�ne R

�

and 4

�

as the minimal extensions of R and 4 for whi
h R

�

is gathering and 4

�

is a partial order and (4

�

;R

�

) � R

�

holds (Lemma 5.1.3). For example, when

�R�

0

(4

00

;R)� we put �R

�

�

0

R

�

� and �

0

4

�

� . The relations R

�

and 4

�

will be the

modal and intuitionisti
 relation in our �nal model. The use of R and 4

00

is best

illustrated by an example. Suppose we have to de�ne a node � � hm; �; �

0

i, and

�R

�

� holds and �R� does not hold. It follows from the de�nition of R

�

that there

is a node �

0

R� . We only 
onstru
t the node �

0

� hm; �; �

0

i and observe that also

�R

�

�

0

� hm; �; �

0

i. Hen
e �

0

� hm; �; �

0

i has the desired properties of � � hm; �; �

0

i

in the �nal model. Therefore, the latter node does not have to be 
onstru
ted.
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Finally, in 
onstru
tion Æ we sele
t the nodes a = �

0

� hm; �

00

i in su
h a way that

(�

�

00

)

2

= (�

a

)

2

. This allows us to ensure that �

00

~

R = a

~

R in the �nal model. And

that guarantees that for the situation �

0

Ra 4 �

00

, whi
h arises from the de�nition

of a, we do not again have to add a node �

0

� hm; a; �

00

i, sin
e the node a has

the same properties. Lemma 5.1.1 shows that we 
an 
hoose �

a

as desired. This


ompletes the informal dis
ussion of the 
ompleteness proof for iPH.

5.1.1. Lemma. In any 
anoni
al model of a logi
 
ontaining Mp it holds that

if w

2

� v

2

^ vRu then 9u

0

(wRu

0

4 u ^ u

0

2

= u

2

):

(By Lemma 4.5.1 this is equivalent with the property that if w

2

� v

2

and vRu,

then there exists a node u

0

su
h that wRu

0

4 u and u

0

~

R = u

~

R.)

Proof Let �(�) be the property

*(x) for all A: w ` x

�

A implies A 2 u:

In Lemma 3.4.3 we have shown that � is an extendible w-su

essor property (in

the lemma it is denoted with ?) and that �(u

2

) holds. Let u

0

be the �-extension

of u

2

. Clearly, u

0

has the desired properties. �

5.1.2. Remark. In any gathering model,

if w

0

Rw 4 v

1

Rv

2

4 v

3

Rv

4

4 : : : v

n

then, for all i, w 4 v

i

:

This 
an be easily seen, using the gatheringness and the fa
t that (4;R) � R.

The relations R

�

and 4

�

Let R and 4 respe
tively be a binary relation and a partial order on a �nite setW .

We de�ne relations 4

�

and R

�

whi
h are the minimal extensions of 4 and R su
h

that R

�

is gathering and (4

�

;R

�

) � R

�

holds. The idea behind these extensions

is given by Remark 5.1.2. We de�ne 4

�

and R

�

via

wR

�

v �

def

9x(w 4 xRv) _ 9x

1

: : : x

n

yy

0

(w 4 y 4 x

1

^

^y

0

Ry ^ w 4 x

1

Rx

2

4 x

3

: : : x

n

Rv)

w 4

�

v �

def

w 4 v _ 9xyzz

0

(w 4 z 4 x ^ z

0

Rz ^ w 4 xR

�

y 4 v):

We write

~

R

�

for (R

�

;4

�

). The �rst disjun
t in the de�nition of R

�

arises from

the fa
t that we want to have (4

�

;R

�

) � R

�

. The se
ond disjun
t arises from

the fa
t that we want R

�

to be gathering. Namely, by Remark 5.1.2, y

0

Ry and

y 4 x

1

Rx

2

4 x

3

: : : x

n

implies y 4

�

x

n

, sin
e we 
onstru
t 4

�

and R

�

in su
h a

way that R

�

is gathering. Thus we have w 4 y 4

�

x

n

Rv, hen
e w(4

�

;R)v. As

we want to have (4

�

;R

�

) � R

�

, we have to demand wR

�

v. Similar explanations

apply to the de�nition of 4

�

.
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5.1.3. Lemma. Let R and 4 respe
tively be a binary relation and a partial order

on a �nite set W . If both

wRv 4

�

u! 9x(wR

�

x ^ v 4

�

x 4

�

u ^ x(4;R) � u

~

R

�

)

wRv 4

�

u

1

; : : : ; u

n

! 9x(v 4

�

x 4

�

u

1

; : : : ; u

n

^

v(4;R) � x

~

R

�

^ 8y �

�

x(u

i

4

�

y; for some i))

then (W;R

�

;4

�

) is a gathering MpVp-frame.

Proof Although one have to 
he
k many 
ases, it is not diÆ
ult to see that

(W;R

�

;4

�

) is indeed a frame, (4

�

is a partial order and (4

�

;R

�

) � R

�

holds), and

that it is gathering. We show that

wR

�

v 4

�

u! 9x(wR

�

x ^ v 4

�

x 4

�

u ^ x

~

R

�

� u

~

R

�

)

wR

�

v 4

�

u

1

; : : : ; u

n

! 9x(v 4

�

x 4

�

u

1

; : : : ; u

n

^

x

~

R

�

� u

~

R

�

^ 8y �

�

x(u

i

4

�

y; for some i))

hold, that is, that (W;R

�

;4

�

) is an MpVp-frame. The following two Claims suÆ
e.

Claim 1 If wR

�

v then there exists a node w

0

su
h that w

0

Rv and for all w

0

R

�

v

0

,

also wR

�

v

0

.

Proof of Claim 1 Suppose wR

�

v. This implies that there are x

1

; y

1

; : : : x

n

; y

n

, su
h

that

w 4 x

1

Ry

1

4 x

2

R : : : 4 x

n

Ry

n

= v;

and either n = 1, so v = y

1

, or 9zz

0

(w 4 z 4 x

1

^ z

0

Rz). In both 
ases, w

0

= x

n

has the desired properties. This proves Claim 1.

Claim 2 If x(4;R) � u

~

R

�

, then x

~

R

�

� u

~

R

�

.

Proof of Claim 2 Suppose xR

�

a. This implies there are x 4 a

1

Ra

2

4 : : : Ra

su
h that either a

2

= a or 9bb

0

(x 4 b 4 a

1

^ b

0

Rb). By assumption u

~

R

�

a

2

, say

uR

�

u

0

4 a

2

. In the �rst 
ase, we 
learly have u

~

R

�

a. In the se
ond 
ase, sin
e

uR

�

u

0

there is u

00

Ru

0

, from whi
h it follows that u

0

4

�

a. Hen
e also u

~

R

�

a. This

proves Claim 2. �

5.1.4. Theorem. `

iPH

A i� A is valid on all gathering MpVp-frames for whi
h

the modal relation is 
onversely well-founded.

Proof

1

We only treat the dire
tion from right to left. Suppose 6`

iPH

A. We


onstru
t a gathering MpVp-model for whi
h the modal relation is 
onversely

well-founded by the 
onstru
tion method (see Subse
tion 3.4.5). Let X be a �nite

adequate set, 
ontaining A, su
h that B

�

C 2 X implies

2

C 2 X. Consider the

1

The port proof.
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iPH-
anoni
al model and let R

0

and 4

0

be the relations on this model. Let �

hi

be a node at whi
h A is not valid. With W

�

; R

�

;4

�

we denote respe
tively the

domain and the relations of the model M

�

we are going to 
onstru
t.

Using the 
onstru
tion method, we 
onstru
t binary relations R and 4

00

along

with a set W

�

. We denote the re
exive transitive 
losure of 4

00

by 4. Then we

de�ne R

�

and 4

�

as explained above, and show that in (W

�

;4

�

; R

�

),

�R� 4

�

�

0

! 9x(�R

�

x ^ � 4

�

x 4

�

�

0

^ x(4;R) � �

0

~

R

�

) (5.1)

�R� 4

�

�

1

; : : : ; �

n

! 9x(� 4

�

x 4

�

�

1

; : : : ; �

n

^ (5.2)

�(4;R) � x

~

R

�

^ 8y �

�

x(�

i

4

�

y; for some i))

and apply Lemma 5.1.3 to 
on
lude that (W

�

; R

�

;4

�

) is a gathering MpVp-frame.

Finally, we show that R

�

is 
onversely well-founded.

During the 
onstru
tion we guarantee that

if �R� respe
tively � 4 �; then �

�

R

0

�

�

respe
tively �

�

4

0

�

�

: (5.3)

We will often use (5.3) without mentioning it.

First some notations and 
onventions. We write � � A for � � hAi and �

2

for

(�

�

)

2

. For a sequen
e �, we de�ne 
(�) indu
tively via: if � = �

00

� hm; �; �

0

i or

� = �

00

� hm; �

0

i, then 
(�) = 
(�

0

), and 
(�) = � otherwise.

For B

�

C 2 Xn�

�

, the node �

��hB

�

Ci

is a node su
h that �

�

R

0

�

��hB

�

Ci

, and

B 2 �

��hB

�

Ci

while C 62 �

��hB

�

Ci

. For (B ! C) 2 Xn�

�

the node �

��hB!Ci

is a node for whi
h �

�

4

0

�

��hB!Ci

, and B 2 �

��hB!Ci

while C 62 �

��hB!Ci

(Se
tion 3.4.5).

For �R� 4

�

�

0

, the node �

a

, where a = � � hm; �; �

0

i, is a node with the fol-

lowing properties: �

�

R

0

�

a

, (�

a

)

2

= (�

�

0

)

2

and �

�

4

0

�

a

4

0

�

�

. Note that the

existen
e of �

a

is guaranteed by Proposition 4.5.2, using (5.3). Observe that, by

Lemma 4.5.1, (�

a

)

2

= (�

�

0

)

2

implies �

a

~

R

0

� �

�

0

~

R

0

(

~

R

0

= (R

0

;4

0

)).

For �R� 4

�

�

1

; : : : ; �

n

, the node �

a

, where a = � � hv; �

1

; : : : ; �

n

i, is a node

su
h that �

�

4

0

�

a

and �

a

is a tight prede
essor of �

�

1

; : : : ; �

�

n

for �

�

, that

is: �

a

4

0

�

�

1

; : : : ; �

�

n

, �

�

~

R

0

� �

a

~

R

0

and for all x �

0

�

a

, �

�

i

4

0

x for some i. Note

that su
h a node exists by Corollary 4.6.3.

If �

0

(4;R)�, and � is either 
(�

0

) or �

0

� hv; �

1

; : : : ; �

n

i, the node �

��hm;�i

is a node

su
h that �

�

R

0

�

��hm;�i

4

0

�

�

and (�

��hm;�i

)

2

= �

2

. Note that su
h nodes exist

by Lemma 5.1.1, using the fa
t that �

0

2

= �

2

.

We de�ne properties i(�); p(�) and �(�); Æ(�); ?(�) on respe
tively pairs of nodes and

formulas, and sequen
es of nodes:

i(�;B ! C) (B ! C) 2 Xn� ^ :9�

0

(� 4 �

0

^ B 2 �

0

^ C 62 �

0

)

p(�;B

�

C) B

�

C 2 Xn� ^ :9�

0

(�R

�

�

0

^B 2 �

0

^ C 62 �

0

)
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?(�; �; �

0

) �R� 4

�

�

0

^ 
(�) 6= 
(�

0

)

Æ(�; �

1

; : : : ; �

n

) 9�(�R�) ^ � 4

�

�

1

; : : : ; �

n

�(�; �

0

; �) �(4;R)� ^ :(�

0

(R

�

;4

�

)�)^

(�

0

= 
(�) _ �

0

= � � h�

1

; : : : ; �

n

i; for some �

i

):

Note that these properties 
an 
hange during the 
onstru
tion. For example, if

Y; Y

0

are two distin
t sets of 
onstru
ted nodes 
ontaining �; �

0

; � , �(�; �

0

; �) 
an

hold in Y but not in Y

0

.

The 
onstru
tion of (W

�

; R;4) uses four sub
onstru
tions, �; Æ; �; �, whi
h we will

apply in a 
ertain order. Every sub
onstru
tion 
onsists of making an extension

of the frame 
onstru
ted so far by 
onstru
ting some new nodes. The result,

�(Y ), of the appli
ation of � to a frame Y = (W

Y

;4

Y

; R

Y

) results in a frame

(W

�(Y )

;4

�(Y )

; R

�(Y )

). Similarly for Æ; � and �. When we say that for some nodes

�; �; �

0

in Y , ?(�; �; �

0

) does (not) hold in Y , we read 4

Y

for 4, and similarly for

the other relations. Similarly for the other properties. Again, 4

Y

is the transitive


losure of 4

00

Y

, thus to de�ne 4

Y

it suÆ
es to de�ne 4

00

Y

. The de�nitions of �; Æ; �; �

run as follows.

W

�(Y )

= W

y

[ f� � hB ! Ci j i(�;B ! C) holds in Y g [

f� � hB

�

Ci j p(�;B ! C) holds in Y g

4

00

�(Y )

= 4

00

Y

[f(�; � � hB ! Ci) j � � hB ! Ci 62 Y g

R

�(Y )

= R

Y

[ f(�; � � hB

�

Ci) j � � hB

�

Ci 62 Y g

W

�(Y )

= W

y

[ f� � hm; �; �

0

i j ?(�; �; �

0

) holds in Y g

4

00

�(Y )

= 4

00

Y

[

f(�; � � hm; �; �

0

i); (� � hm; �; �

0

i; �

0

) j � � hm; �; �

0

i 62 Y g

R

�(Y )

= R

Y

[ f(�; � � hm; �; �

0

i) j � � hm; �; �

0

i 62 Y

W

�(Y )

= W

y

[ f� � hv; �

1

; : : : ; �

n

i j Æ(�; �

1

; : : : ; �

n

) holds in Y g

4

00

�(Y )

= 4

00

Y

[f(�; � � hv; �

1

; : : : ; �

n

i); (� � hv; �

1

; : : : ; �

n

i; �

i

) j

� � hv; �

1

; : : : ; �

n

i 62 Y; i � ng

R

�(Y )

= R

Y

W

Æ(Y )

= W

y

[ f�

0

� hm; �i j �(�; �

0

; �) holds in Y g

4

00

Æ(Y )

= 4

00

Y

[f(�

0

� hm; �i; �) j �

0

� hm; �i 62 Y g

R

Æ(Y )

= R

Y

[ f(�

0

; �

0

� hm; �i) j �

0

� hm; �i 62 Y g:
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Let k = (jfB ! Cj(B ! C) 2 Xgj + 1) � jf

2

Bj

2

B 2 Xgj. We de�ne an

iterated version of �(Y ),

�

�(Y ), to be the frame (

S

k

i=0

W

Y

i

;

S

k

i=0

4

Y

i

;

S

k

i=0

R

Y

i

),

where Y

0

= Y and Y

i+1

= �(Y

i

). It is easy to see that i(�;B ! C) or p(�;B

�

C)


an never hold in

�

�(Y ).

Now de�ne frames Y

0

; Y

1

; : : : via: Y

0

= (W

Y

0

;4

Y

0

; R

Y

0

; ), where W

Y

0

= fhig, 4

Y

0

=

f(hi; hi)g and R

Y

0

is empty, and

Y

6n+1

=

�

�(Y

6n

) Y

6n+3

=

�

�(Y

6n+2

) Y

6n+5

=

�

�(Y

6n+4

)

Y

6n+2

= �(Y

6n+1

) Y

6n+4

= �(Y

6n+3

) Y

6n+6

= Æ(Y

6n+5

):

LetW

�

=

S

i

W

Y

i

, and let 4 be the transitive 
losure of

S

i

4

Y

i

, and let R =

S

R

Y

i

.

We show that (5:1) holds in W

�

: if �R� 4

�

�

0

and 
(�) 6= 
(�

0

) it is 
lear that

there will be a node x = � � hm; �; �

0

i su
h that �R

�

x and � 4

�

x 4

�

�

0

and

x(4;R) � �

0

~

R

�

. We show that also in the 
ase that �R� 4

�

�

0

but 
(�) = 
(�

0

),

there exists su
h a node x, namely x = � . It suÆ
es to show that �(4;R) � �

0

~

R

�

.

Therefore, assume �(4;R)�. Thus, by 
onstru
tion, 
(�

0

) = 
(�)

~

R

�

�. If 
(�) = �

0

this gives �

0

~

R

�

�. If 
(�

0

) 6= �

0

, there exists �

0

R�

0

. Be
ause also �

0

(4;

~

R

�

)�, sin
e

�

0

4 
(�

0

), we 
an again 
on
lude �

0

~

R

�

�.

To see that (5:2) also holds, �rst observe that the 
onstru
tion is su
h that if

�R� 4

�

�

1

; : : : ; �

n

, there exists a node x = � �hv; �

1

; : : : ; �

n

i su
h that � 4

�

x 4

�

�

i

and �(4;R) � x

~

R

�

. Let Y

m

be the �rst Y

i

in whi
h x o

urs. It is 
lear that in

Y

m

we have 8y �

�

x(�

i

4

�

y), for some i. We show that this remains the 
ase

during the 
onstru
tion. We show this by indu
tion on Y

n

. The 
ase Y

m

is done.

The 
ase (n > m). Assume x �

�

y holds in Y

n

but not in Y

n�1

. Without loss

of generality assume that there is no x �

�

y

0

�

�

y. First, observe that the


onstru
tion is su
h that �

0

R�

0

implies that �

0

= �

0

�D, for some D of the form

B

�

C; hm; �; �

0

i or hm; �i. Therefore, there is no x

0

with x

0

Rx. Hen
e x �

�

y

implies x � y. And sin
e there is no x �

�

y

0

�

�

y, x �

00

y. If Y

n

=

�

�(Y

n�1

),

this implies y = x � hB ! Ci. We show that this 
annot be, by showing that

i(x;B ! C) 
an never hold. It suÆ
es to show that i(x;B ! C) does not hold

in Y

m

. Note that all �

i

are already elements of some Y

j

with j < m. This implies

that i(�

i

; B ! C) does not hold in Y

m

. Consider (B ! C) 62 x. Either B 2 x

and C 62 x, in whi
h 
ase i(x;B ! C) does not hold, or B 62 x. In the last 
ase,

B ! C;B 62 �

x

. Sin
e �

x

is a tight prede
essor of �

�

1

; : : : ; �

�

n

in the 
anoni
al

model, this implies that (B ! C) 62 �

�

i

, for some i. Be
ause i(�

i

; B ! C) does

not hold in Y

m

, this implies that there exists �

0

su
h that �

i

4 �

0

and B 2 �

0

while

C 62 �

0

. Clearly, this implies that i(x;B ! C) does not hold in Y

m

. Now 
onsider

the 
ase in whi
h Y

n

= �(Y

n�1

). The fa
t that x �

00

y holds in Y

n

but not in Y

n�1

,

implies that x = � 4 �

0

� hm; �; �

0

i = y. Hen
e �

0

Rx. But we 
on
luded before

that there is no x

0

with x

0

Rx, a 
ontradi
tion. In the 
ase that Y

n

= �(Y

n�1

), we

have x 4 x � hv; �

0

1

; : : : ; �

0

m

i = y. But this implies that there exists x

0

with x

0

Rx,


ontradi
ting our previous observation that there is no x

0

with x

0

Rx. We leave
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the remaining 
ase, Y

n

= Æ(Y

n�1

), to the reader. This 
ompletes the proof that

(5:2) holds.

Sin
e (5:1) and (5:2) hold, we 
an apply Lemma 5.1.3 to 
on
lude that the frame

(W

�

; R

�

;4

�

) is a gathering MpVp-frame. To show that R

�

is 
onversely well-

founded, it suÆ
es to show that

�R

�

� implies jf

2

B 2 Xj

2

B 62 �gj < jf

2

B 2 Xj

2

B 62 �gj;

a proof whi
h we leave to the reader. The valuation

� 
 p �

def

�

�


 p; for p 2 X:

(see Subse
tion 3.4.5) makes the frame into a model on whi
h A is not valid, whi
h


ompletes our proof. �

5.2 Admissible rules of preservativity logi


In this se
tion we treat two admissible rules of iPH. If iPH would be the preserva-

tivity logi
 of HA it should 
ertainly satisfy the

Re
e
tion Rule

2

A=A;

as (the arithmeti
al version of)

2

A=A is an admissible rule of HA. The next lemma

shows that this is indeed the 
ase.

5.2.1. Lemma. The Re
e
tion Rule holds: if `

iPH

2

A then `

iPH

A.

Proof We transform a model M = (W;4; R; V ) for iPH in whi
h A is refuted to

a model M

0

for iPH in whi
h

2

A is refuted. We 
an assume that A is not valid

in the root w of M. The �rst idea would be to extend the model in su
h a way

that w

0

Rw for some new node w

0

. However, this is not always possible. Namely,

it 
an be the 
ase that wRv but not w 4 v, for some node v. If we add w

0

Rw

then we should also require w 4 v sin
e we have to 
onstru
t a gathering model.

Therefore, we 
annot guarantee that w for
es the same formulas in both models.

To over
ome this problem we extend M in su
h a way that w

0

Rw

00

4 w for some

new nodes w

0

; w

00

.

We do not spell out the 
onstru
tion but only sket
h the idea. We start with

W [ fw

0

; w

00

g and require w

0

Rw

00

4 w. Then in every even step we add, in the

notation of Theorem 5.1.4, nodes v � hm; u; u

0

i, v � hm; ui and v � hv; u

1

; : : : ; u

n

i

if respe
tively ?(v; u; u

0

), �(v

0

; v; u) or Æ(v; u

1

; : : : ; u

n

) holds. It is not diÆ
ult to

see that we will end up with a 
onversely well-founded, gathering MpVp-frame,

and that for all nodes v whi
h are not in M, there is no u in M su
h that u 4 v.

Therefore, we 
an extend the valuation of M to nodes in M

0

by not for
ing any

propositional variable in a new node. Nodes inM for
e the same formulas in both

models. Hen
e w

0

6


2

A. �
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Re
all that for all arithmeti
al realization

�

, HA proves A

�

�

B

�

for all its propo-

sitional admissible rules A=B (Se
tions 2.2 and 7.6). Hen
e for propositional

formulas A;B,

(

2

A!

2

B)=A

�

B

is an admissible rule of the preservativity logi
 of HA. This rule does no longer

hold when A;B range over arithmeti
al formulae. Consider for example the Rosser

senten
e R. Sin
e, in HA, (

2

R !

2

?) is derivable, this rule would imply R

�

?,

and thus by the de�nition of preservativity and the fa
t that R is a �

1

-formula,

2

(R ! ?) is derivable, quod non. However, (

2

A !

2

B)=A

�

B is an admissible

rule of iPH as the next lemma shows. Note that this is not in 
on
i
t with the

possibility of iPH being the preservativity logi
 of HA.

5.2.2. Lemma. `

iPH

A

�

B i� `

iPH

(

2

A!

2

B).

Proof It suÆ
es to show the following. For any model M with root w for whi
h

there is a node wRv su
h that v 
 A and v 6
 B, there is a submodel M

0

su
h

that nodes in M above v for
e the same formulas in both models, and su
h that

all nodes in M

0

are either equal to w of above v. Hen
e w

0

6


2

B and w 


2

A.

The proof is left to the reader.

�

It has been shown by Gargov (1984) that if a 
.e. extension of HA has the Dis-

jun
tion Property then so does its provability logi
. We have the following.

5.2.3. Lemma. The logi
s iPH and iH have the Disjun
tion Property.

Proof Using the 
ompleteness results in Theorem 5.1.4 and Proposition 5.3.6, this

is easy. �

5.3 Modal 
ompleteness of provability logi


Is this se
tion we show that in the language L

2

, the logi
 iH is 
omplete with

respe
t to the 
lass of �nite brilliant LLeMa-frames. Sin
e we know that the prin-


iple Vp spoils the �niteness of the frames, the logi
 iH is probably the strongest

logi
 among the 
onsidered logi
s in L

2

whi
h still is 
omplete with respe
t to

a 
lass of �nite frames. Its 
ompleteness proof is more 
ompli
ated then the


ompleteness proof for iPH and it looks less natural. But it has the following

interesting feature. We saw that the �nite model property for iLLe is obtained by

restri
ting the domain to X-saturated sets. We do not see how we 
an apply this

method to iMa. Therefore, when we want to guarantee that the �nal model has

the Ma-property, we use the 
onstru
tion method instead. In the 
ompleteness

proof for iH we will see how these two te
hniques 
an be 
ombined.
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Proof sket
h

In the 
ompleteness proof for iH we will 
onstru
t via the 
onstru
tion method, a

set of sequen
es W = f� j � is de�ned g by sele
ting nodes �

�

in the iH-
anoni
al

model M. This is done via three pro
edures. Intuitively, the �rst pro
edure (I)

extends a given frame to a frame that has the Ma-property: it adds markov-nodes

(Se
tion4.6.2) for pairs that do not already have one. The se
ond pro
edure (II)

extends it to a frame that has the Le-property: it adds leivant-nodes (Se
tion 4.4)

for pairs that do not already have one. And the third pro
edure (III) extends it

to a frame with domain W

0

that satis�es

8B 2 X; 8� 2 W

0

(� 
 B i� �

�


 B):

This is done in a similar way as in the 
onstru
tion method. The main tri
k to

ensure that the resulting model is �nite is that in II and III we not only take

the iH-
anoni
al model into a

ount but also the model N 
onstru
ted in the


ompleteness proof for iLLe, Proposition 4.4.1.

The nodes in our model will be sequen
es, the elements of whi
h will be formulas

2

B, (B ! C), and pairs (l; �), (m; �), where � is a sequen
e. In the resulting

model, � � h(l; �)i and � � h(m; �)i will be a leivant- and a markov-node for (�; �)

respe
tively.

We will de�ne (relevant pairs) when a pair (�; �) needs a leivant-or a markov-

node. When we have to add a leivant-node �

0

for su
h a pair, we guarantee that

�

0

is a so-
alled minimal leivant-node, i.e. it is a leivant node for (�; �) but also

8u(�

0

Ru ! �

0

4 u) holds. This is done to make W �nite: su
h a node �

0

is a

leivant-node for both (�; �) and (�; �

0

). Thus we do not have to add a leivant-node

for (�; �

0

) as well. In order to be able to make this extra requirement on leivant-

nodes, we show (Lemma 5.3.5) that in N it holds that if a pair has a leivant-node

it has a minimal leivant-node as well.

To make W �nite we also 
he
k if, when we add a leivant-node �

00

for a pair (�; �),

the node � is a markov-node. And if so, if it holds that �

00

2

= �

2

. In that 
ase

we do not also have to add a markov-node for (�; �

00

) sin
e � suÆ
es. To remind

us of this fa
t we use a fun
tion h and put h(�) = �

00

in this 
ase. During the


onstru
tion we then guarantee that indeed � will be a markov-node for (�; �

00

).

At every step in the 
onstru
tion we have a �nite set of sequen
esW

n

. We de�ne

_

4

and

_

R su
h that we get the desired intuitionisti
 and modal relations onW

n

. This

allows us to 
on
lude for whi
h pairs we still have to add markov- or leivant-nodes.

5.3.1 Notation and expli
ation

We 
annot avoid a lot of notation. Fix an Le-adequate set X. We will ta
itly take

all de�nitions in whi
h an adequate set o

urs relative to this parti
ular set X.

We will not give 
orresponding relations in distin
t models di�erent names. For

example, we say `w 4 v in K', if v is above w in the model K. Or we write `we
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work in K', to stress that in this 
ontext 4 and R refer to the intuitionisti
 and

modal relation of K respe
tively.

The models M and N

Let M be the iH-
anoni
al model. Let N be the model 
onstru
ted in the proof

for iLLe, proposition 4.4.1, with adequate set X. For any node w in the 
anoni
al

model M, that is, for any saturated set w, let [w℄ = w \ X. Note that [w℄ is a

node in N . We write [w℄R[v℄ instead of '[w℄R[v℄ in N ', and similar for 4.

5.3.1. Remark. Note that if for two nodes w; v in the 
anoni
al model M we

have wRv in M and w

2

� v

2

, i.e. there is a

2

B 2 v \ X su
h that

2

B 62 w,

then [w℄R[v℄ in N . On the other hand, if [w℄R[v℄ in N , then w

2

� v

2

. It also

follows from the de�nition of N that [w℄ 4 [v℄ in N i� w \X � v \X.

The relations �

!

and �

6!

on sequen
es

For sequen
es �; � , we write � � � when � = � � �

0

for some possibly empty

sequen
e �

0

. We write � �

!

� if �

0


onsists of impli
ations only or is empty, and

� �

6!

� otherwise.

Relevant pairs of sequen
es

Intuitively, the relevant leivant (markov) pairs are the only pairs whi
h we have

to give a leivant (markov)-node, in order to guarantee that all pairs of nodes have

a leivant-(markov-)node in the resulting model. Call a pair (x; y) relevant-leivant

in

_

W if y = x � hDi, where D is not an impli
ation and not of the form hl; zi, and

x is not of the form � � h(m; �)i, and (x; y) does not have a leivant-node in

_

W .

Call a pair (x; y) relevant-markov in

_

W if y = x � hDi � y

0

, where x � hDi �

!

y,

and D is not an impli
ation and not of the form hm; zi, and x is not of the form

� � h(m; �)i, and (x; y) does not have a markov-node in

_

W .

The relations

_

4 and

_

R of the model

_

W

For a given set of sequen
es W , the model

_

W is the model (W;

_

4

�W

;

_

R

�W

; V ),

where V is de�ned via

_

W;� 
 p �

def

M; �

�


 p; p a propositional variable in X:

The relations

_

4

�W

and

_

R

�W

are the restri
tions of respe
tively

_

4 and

_

R to W ,

where

_

4 and

_

R are de�ned as follows. An lm-
hain is a sequen
e (x

1

; ::; x

n

) of
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sequen
es, su
h that for all i, one of (a)-(e) is the 
ase:

(a) i = n

(b) x

i

= y � h(m; x

i+1

)i or x

i

= y � h(l; x

i+1

)i for some y

(
) x

i

� x

i+1

and x

i

6= x

i+1

(d) h(x

i

) = x

i+1

(e) h(x

i+1

) = x

i+2

and x

i+1

= y � h(m; x

i

)i for some y:

x

_

Ry �

def

there is an lm-
hain (x = x

1

; ::; x

n

) and x

n

�

6!

y

x

_

4y �

def

x �

!

y; or (x = x

0

� h(l; z)i and

(z �

!

y or z

_

Ry or x

_

Ry)):

5.3.2. Remark. Note that if x �

6!

y then x

_

Ry. And if x

0

_

Ry and for x there is

an lm-
hain (x = x

1

; ::; x

n

) su
h that x

n

� x

0

, then x

_

Ry.

Pro
edure I

Start with a set of sequen
es V

0

. Consider in step n all the relevant markov

pairs (�; �) of

_

V

n

, and 
hoose markov-nodes �

��h(m;�)i

for the 
orresponding pairs

(�

�

; �

�

) in the iH-
anoni
al 
anoni
al model M. Let V

n+1

be the union of V

n

and

these newly de�ned sequen
es, and go to step (n + 1).

The sequen
es in V

0

have to be su
h that these markov-nodes exist. In the 
ases

in whi
h we use this pro
edure, the set with whi
h we start will have the desired

properties, see Case (i) in Proposition 5.3.6.

Pro
edure II

Start with a set V

0

. Choose for every relevant leivant pair (�; �) of

_

V

0

, a node

�

��h(l;�)i

= x, su
h that �

�

Rx in M, and [x℄ is a minimal leivant-node for

([�

�

℄; [�

�

℄) in N . The de�nition of a minimal leivant-node 
an be found just before

Lemma 5.3.5. If � = � � h(m; �

0

)i, and x

2

= (�

�

)

2

, then put h(�) = � � h(l; �)i.

Let V be the union of V

0

and these new sequen
es.

5.3.3. Remark. Pro
edure II will be the only pro
edure in whi
h we assign an

h-image to some newly 
hosen sequen
es. Note that this implies that h(�) only

exists for some � whi
h are of the form � � h(m; �

0

)i and for whi
h (�; �) has been

on
e a relevant leivant pair. Note furthermore, that on
e a sequen
e � has been

part of a relevant leivant pair (�; �), after pro
edure II is performed it will never

for any sequen
e �

0

, be part of a relevant leivant pair (�

0

; �) anymore. This shows

that h is indeed a (partial) fun
tion.

5.3.4. Remark. We 
annot guarantee that for any leivant-node x for (w; v) in

M, w

2

� x

2

. Therefore, in 
ontrast to pro
edure I, in pro
edure II we 
annot
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just 
hoose �

��h(l;�)i

to be a leivant-node for (�

�

; �

�

) in M. For if we would do

this, it 
ould be that (�

�

)

2

= (�

��h(l;�)i

)

2

, and we would have no guarantee that

the pro
ess stops in a �nite number of steps, see Remark 3.4.4. Note that the way

in whi
h we 
hoose �

��h(l;�)i

in pro
edure II implies that (�

�

)

2

� (�

��h(l;�)i

)

2

, by

Remark 5.3.1.

Pro
edure III

Start with a set V

0

. Step n 
onsists of the following. If � 2 V

n

, and there is a

2

B 2 X,

2

B 62 �

�

, for whi
h there is no x 2 V

n

su
h that �

_

Rx and B 62 �

x

,

then 
hoose a node �

��h

2

Bi

whi
h is a node w su
h that �

�

Rw in M, w does not


ontain B, and [w℄ is a minimal leivant-node for ([�

�

℄; [w℄) in N . The de�nition of

a minimal leivant-node is just before Lemma 5.3.5. For (B ! C) 2 (�

�

)

6!

, if there

is no x 2 V

n

su
h that �

_

4x and B 2 x and C 62 x, 
hoose a node � � hB ! Ci as

is usual in the 
onstru
tion method. Let V

n+1

be the union of V

n

with the newly

de�ned sequen
es, and go to step (n+ 1).

5.3.2 The 
ompleteness proof

As said in the proof sket
h we need one additional lemma whi
h shows that on

�nite Le-frames the following stronger 
ondition holds: for every pair wRv in a

�nite Le-frame there is leivant-node x for (w; v) whi
h also is a leivant-node for

itself, namely for (w; x). Su
h a node x for whi
h

wRx 4 v ^ 8u(vRu! x 4 u) ^ 8u(xRu! x 4 u);

is 
alled a minimal leivant-node for (w; v).

5.3.5. Lemma. (i) A �nite Le-frame satis�es

wRv ! 9x(wRx 4 v ^ 8u(vRu! x 4 u) ^ 8u(xRu! x 4 u)):

(ii) If wRv holds in M and [w℄R[v℄ holds in N , there exists a node x su
h that

wRx in M, and [x℄ is a minimal leivant-node for ([w℄; [v℄) in N .

Proof (i) Let F be a �nite Le-frame. Then F satis�es

wRv ! 9x(wRx 4 v ^ 8u(vRu! x 4 u)): (5.4)

Consider wRv. We show that the pair (w; v) has a minimal leivant-node x. De�ne

�(y) via

�(y) 8u(yRu! y 4 u):

We 
onstru
t a sequen
e x

1

< x

2

< ::: of nodes, su
h that

wRx

i

4 v ^ 8u(vRu! x

i

4 u) ^ (x

i+1

= x

i

! �(x

i

)):
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Let us �rst see why we are done then. The �niteness of the frame implies that

x

i+1

= x

i

, for some i. Su
h a node x

i

has the desired properties, i.e. we 
an take

x = x

i

.

We show how to 
onstru
t the sequen
e x

1

< x

2

< ::: by indu
tion. By (5.4) there

is a node x

1

su
h that wRx

1

4 v ^ 8u(vRu ! x

1

4 u). Assume x

i

is already

de�ned. Thus

wRx

i

4 v ^ 8u(vRu! x

i

4 u):

By (5.4) there is node x

i+1

su
h that

wRx

i+1

4 x

i

^ 8u(x

i

Ru! x

i+1

4 u):

Observe that sin
e x

i+1

4 x

i

, we also have

wRx

i+1

4 v ^ 8u(vRu! x

i+1

4 u):

Further note that sin
e 8u(x

i

Ru ! x

i+1

4 u), if �(x

i

) does not hold, then x

i

6=

x

i+1

. Thus x

i+1

has the desired properties. This 
ompletes the 
onstru
tion of

the sequen
e.

(ii) The proof that there is a node x su
h that wRx and [x℄ is a leivant-node

for ([w℄; [v℄), is almost the same as the part of the 
ompleteness proof for iLLe,

proposition 4.4.1, in whi
h it is shown that the frame has the Le-property. Instead

of sets w

�


onsider sets fD j

2

D 2 wg [ w

�

. To 
on
lude from this that x 
an

be 
hosen in su
h a way that [x℄ is in fa
t a minimal leivant-node for ([w℄; [v℄), is

similar to the proof of (i). �

5.3.6. Proposition. `

iH

A i� A is valid on all �nite transitive 
onversely well-

founded brilliant LeMa-frames.

Proof Assume 6`

iH

A. Let b be a node in the iH-
anoni
al model M whi
h does

not for
e A. Let X be a �nite Le-adequate set whi
h 
ontains A. As des
ribed in

the sket
h of the proof we 
onstru
t a �nite model of the form

_

W (Se
tion 5.3.1)

in a similar way as in the 
onstru
tion method. We 
onstru
t the domain W of

_

W

stepwise: we de�ne W

n

= f� j � is de�ned in a step � ng and let W =

S

n

W

n

.

Step 0. Let W

0

be the result of pro
edure III, starting with V

0

= fbg.

Step 3n+ 1. Let W

3n+1

be the result of pro
edure I, starting with set V

0

= W

3n

.

Step 3n+2. LetW

3n+2

be the result of pro
edure II, starting with set V

0

= W

3n+1

.

Step 3n+3. The setW

3n+3

is the result of pro
edure III, starting with V

0

= W

3n+2

.

Unless stated otherwise,

_

4 and

_

R will be short for

_

4

�W

and

_

R

�W

. To see that

_

W exists, and that it is a �nite transitive 
onversely well-founded brilliant LeMa-

model, it suÆ
es to show the following 
laims.

(i) The 
onstru
tion is 
orre
t, i.e. the nodes we 
hoose in the 
onse
utive steps

do exist.
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(ii)

_

W is a model, i.e.

_

4 is a partial order, (

_

4;

_

R) �

_

R holds and for all propo-

sitional variables p 2 X, 8�; � 2 W (if �

_

4� and � 
 p then � 
 p). The

model

_

W has a transitive, 
onversely well-founded and brilliant frame.

(iii)

_

W has the Ma-property.

(iv)

_

W has the Le-property.

(v) 8B 2 X8� 2 W (

_

W;� 
 B i� M; �

�


 B).

(vi) The pro
ess stops in a �nite number of steps, i.e. there is some n su
h that

8m < n we have W

m

= W

n

. Sin
e 
learly every W

m

is �nite, this shows that

W is �nite.

We will omit the tedious but straightforward proofs of (ii) and (v) and only

prove (i); (iii); (iv) and (vi). Unless stated otherwise, �; �; x; y; z; a; b range over

sequen
es, B;C;D over elements of sequen
es. We remind the reader that w

2

denotes w

X

2

.

Claim (i). We show that the three pro
edures are 
orre
t. We will need the

following lemmas and remark.

5.3.7. Lemma. If � �

!

� and � 6= � , then �

�

4 �

�

in M.

If � �

!

� and � 6= � , then �

�

� �

�

.

If � �

!

� and � 6= � , then [�

�

℄ � [�

�

℄ in N .

Proof By examining pro
edure III (Se
tion 5.3.1) it is easy to 
on
lude the �rst

part. Sin
e by de�nition, 4=� on 
anoni
al models, the se
ond part follows

immediately from the �rst one. From the se
ond part and remark 5.3.1 the third

part follows. �

5.3.8. Remark. For any two nodes w; v in the iH-
anoni
al modelM the follow-

ing holds,

wR = vR i� w

2

= v

2

:

Hen
e if t is a markov-node for (w; v), then t

2

= v

2

holds.

5.3.9. Lemma. Assume that pro
edures I,II and III are well-de�ned till step

(n+ 1). Then for all pairs (�; �) in W

n

that are either a relevant leivant-pair or a

relevant markov-pair, we have that

�

�

R�

�

in M and [�

�

℄R[�

�

℄ in N :
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Proof Let (�; �) be any relevant-leivant or relevant-markov pair, in W

n

. By the

de�nition of relevant pairs (Se
tion 5.3.1), we have that � = � � hDi � �

0

, for some

D whi
h is no impli
ation, and �

0


onsists of impli
ations only. Hen
e D is of the

form

2

B , hl; �

0

i or hm; �

0

i. We show that in all these 
ases,

�

�

R�

��hDi

in M and [�

�

℄R[�

��hDi

℄ in N : (5.5)

Let us �rst see why we are done then. Sin
e � �hDi �

!

� �hDi��

0

= � , it follows

from lemma 5.3.7 that �

��hDi

4 �

�

in M and [�

��hDi

℄ 4 [�

�

℄ in N . As both M

and N are brilliant models, this gives the desired result;

�

�

R�

�

in M and [�

�

℄R[�

�

℄ in N :

Therefore, all we have to show is that for the three possibilities of D, (5.5) holds.

Case z = ��h

2

Bi. By examining pro
edure III (Se
tion 5.3.1) we see that �

�

R�

z

inM. Moreover, sin
e [�

z

℄ is a minimal-leivant node for ([�

�

℄; [�

z

℄), it follows that

[�

�

℄R[�

z

℄ in N , and we are done.

Case z = � �h(l; �

0

)i. By examining pro
edure II we see that �

�

R�

z

inM. More-

over, sin
e [�

z

℄ is a minimal-leivant node for ([�

�

℄; [�

�

0

℄), it follows that [�

�

℄R[�

z

℄

in N .

Case z = � �h(m; �

0

)i. By examining pro
edure I we see that �

z

is a markov-node

for (�

�

; �

�

0

) inM. Hen
e by the de�nition of markov-nodes, Se
tion 4.6.2, �

�

R�

z

in M. Thus we only have to show [�

�

℄R[�

z

℄. Sin
e �

�

R�

z

, by Remark 5.3.1 it

suÆ
es to show that

(�

�

)

2

� (�

z

)

2

: (5.6)

Note that the existen
e of �

��h(m;�

0

)i

implies that (�; �

0

) must have been a rele-

vant markov-pair in some W

m

. Thus, by the de�nition of a relevant markov-pair

(Se
tion 5.3.1), �

0

= � � hD

0

i � �

00

, where D

0

is no impli
ation and not of the form

hm; �

00

i, and �

00


onsists of impli
ations only. Hen
e D

0

is of the form

2

B or hl; �

00

i.

But for these two 
ases we just proved that [�

�

℄R[�

��hD

0

i

℄. Now it follows from

remark 5.3.1 that

(�

�

)

2

� (�

��hD

0

i

)

2

By lemma 5.3.7, it follows that �

��hD

0

i

� �

��hD

0

i��

00

= �

�

0

in M. Thus

(�

�

)

2

� (�

�

0

)

2

: (5.7)

Sin
e �

z

is a markov-node for (�

�

; �

�

0

) in M, we 
ertainly have �

z

R = �

�

0

R in

M. By Remark 5.3.8 this implies that (�

z

)

2

= (�

�

0

)

2

. From this and (5.7), (5.6)

follows. �

Now we are ready to show that pro
edure I is 
orre
t. With indu
tion to n we show

that for any relevant markov-pair (�; �) in W

n

, there is a node t in the 
anoni
al

modelM whi
h is a markov-node for (�

�

; �

�

) inM. From Lemma 5.3.9 we know
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that for any relevant markov-pair �

�

R�

�

holds in M. Therefore, it suÆ
es to

show that M has the Ma-property, i.e.

in M: if wRv then 9t 2 Top(wRt ^ tR = vR).

The proof thatM has the Ma-property is 
ompletely analogous to the proof that

the iMa-
anoni
al model has the Ma- property, Proposition 4.6.7.

To see that pro
edure II is 
orre
t, we show with indu
tion to n that for any

relevant leivant-pair (�; �) in W

n

, there is a node x 2 M su
h that �

�

Rx in M

and su
h that [x℄ is a minimal leivant-node for ([�

�

℄; [�

�

℄) inN . From Lemma 5.3.9

we know that �

�

R�

�

holds inM, and [�

�

℄R[�

�

℄ holds in N . Apply Lemma 5.3.5.

To see that pro
edure III is 
orre
t, 
onsider any W

n

. Let � 2 W

n

for whi
h

2

B 62 �

�

. We show that there is node w in the 
anoni
al model M su
h that

2

B 2 w, B 62 w and �

�

Rw in M, and moreover su
h that [w℄ is a minimal

leivant-node for ([�

�

℄; [w℄). This will prove that pro
edure III is 
orre
t. In the


anoni
al model there is a node v su
h that �

�

Rv,

2

B 2 v, and B 62 v. Hen
e

[�

�

℄R[v℄ by Remark 5.3.1. If [v℄ is a minimal leivant-node for ([�

�

℄; [v℄), let w

be this node v. If not, by Lemma 5.3.5 there is a node u su
h that �

�

Ru and

[u℄ is a minimal leivant-node for ([�

�

℄; [v℄). Sin
e [u℄ 4 [v℄ in N , it follows that

u \X � v \X by Remark 5.3.1. Sin
e B 2 X and B 62 v, B 62 u. So in this 
ase

we 
an 
hoose u for w.

Claim (iii). We show that

_

W has the Ma- property, i.e.

x

_

Ry ! 9z 2 Top(x

_

Rz ^ y

_

R = z

_

R):

First we need some lemmas and a remark.

5.3.10. Remark. By examining the steps in whi
h W is 
onstru
ted it is easy to

see that if x � h(m; y)i 2 W , then (x; y) must have been a relevant markov-pair in

some W

m

. By the de�nition of a relevant markov-pair, se
tion 5.3.1, this implies

that x and y are not of the form � � h(m; �)i. In a similar way one 
an see that

if x � h(l; y)i 2 W , then x is not of the form � � h(m; �)i and y is not of the form

� � h(l; �)i.

5.3.11. Lemma. For all n, the node x�h(m; y)i 2

_

W

n

is a markov-node for (x; y)

in

_

W . If z = x � h(m; z

0

)i and h(z) = y, then z is a markov-node for (x; y) in

_

W .

Proof It is 
onvenient to treat the last part �rst. Therefore, 
onsider z 2 W

n

su
h that h(z) = y and z = x � h(m; �)i for some � . We have to show that

z is a top node in

_

W and x

_

Rz and y

_

R = z

_

R.

First note that the fa
t that h(z) = y, gives y = x�h(l; z)i 2

_

W

n

, see Remark 5.3.3.

To see that z is a top node in

_

W

n

, observe that sin
e �

z

is a markov-node in M,

it is a top node in M. Therefore, it follows from pro
edure III that sequen
es
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of the form z � hB ! Ci will never be de�ned. Now from the de�nition of

_

4,

Se
tion 5.3.1, it follows that z is a top node in

_

W . From the de�nition of

_

R, it

follows immediately that x

_

Rz.

Thus it remains to show that y

_

R = z

_

R. Observe that (

_

4;

_

R;

_

4) =

_

R. By the

de�nition of

_

4, we have y

_

4z, it follows that z

_

R � y

_

R by the observation. To see

that y

_

R � z

_

R, assume y

_

Ra. Hen
e there is an lm-
hain (y = y

1

; ::; y

m

) su
h that

y

m

�

6!

a. As 
learly (z; y

1

; ::; y

m

) is an lm-
hain too, z

_

Ra.

We prove the �rst part of the lemma. Consider z = x � h(m; y)i 2

_

W

n

. Again, we

have to show that

z is a top node in

_

W and x

_

Rz and y

_

R = z

_

R.

To see that z is a top node in

_

W and that x

_

Rz is analogous to the 
ase above.

Therefore, it remains to show that y

_

R = z

_

R.

y

_

R � z

_

R: Assume y

_

Ra. Hen
e there is an lm-
hain (y = y

1

; ::; y

m

) su
h that

y

m

�

6!

a. As 
learly (z; y

1

; ::; y

m

) is an lm-
hain too, z

_

Ra.

z

_

R � y

_

R: Assume z

_

Ra. Let (z = z

1

; ::; z

m

) be an lm-
hain su
h that z

m

�

6!

a.

We have to show that y

_

Ra. By the de�nition of an lm-
hain, Se
tion 5.3.1, we

have for z = z

1

either

(a) z = z

m

hen
e z �

6!

a

(b) z = z

0

� h(m; z

2

)i or z = z

0

� h(l; z

2

)i for some z

0

(
) z � z

2

and z 6= z

2

(d) h(z) = z

2

(e) h(z

2

) = z

3

and z

2

= z

0

� h(m; z)i:

We show that the only 
ases that 
an o

ur are (b) or (d). Now observe that in


ase (b) z

2

= y, thus (y = z

2

; ::; z

n

) is an lm-
hain too. And in 
ase (d) (y; z

1

; ::; z

m

)

is an lm-
hain. Hen
e in both 
ases (b) and (d), y

_

Ra follows. Therefore, we are

done if we 
an show that only the 
ases (b) or (d) 
an o

ur.

Case (e) 
annot o

ur by remark 5.3.10. So, 
ase (a) and (
) remain. In both

these 
ase there is a D su
h that z � hDi 2 W . But this 
ontradi
ts the following

lemma. This 
ompletes the proof. �

5.3.12. Lemma. For any z = x � h(m; y)i 2 W , for any D, there is no element

z � hDi 2 W .

Proof Consider a sequen
e z = x � h(m; y)i 2 W . Arguing by 
ontradi
tion,

assume z � hDi 2 W is the �rst su
h element de�ned. Clearly, there are four

possibilities forD: (a)D = (B ! C), (b)D =

2

B, (
)D = (l; �), (d)D = (m; �).

We show that none of these 
ases 
an o

ur. First note, by examining pro
edure

I, Se
tion 5.3.1, that �

z

is a markov-node for (�

x

; �

y

) in M. Thus

�

z

R = �

y

R and �

z

is a top node in M.
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Hen
e by Remark 5.3.8

(�

z

)

2

= (�

y

)

2

and �

z

is a top node in M. (5.8)

For (a), observe that in this 
ase, z �

!

z�hDi. Hen
e by Lemma 5.3.7, �

z

< �

z�hDi

in M, whi
h 
ontradi
ts the fa
t that �

z

is a top node in M.

Case (
) and (d) 
annot o

ur be
ause z � hDi is the �rst su
h element de�ned.

Thus 
ase (b) remains. By examining pro
edure III we see that

2

B 62 (�

z

)

2

.

Hen
e by (5.8) also

2

B 62 (�

y

)

2

. We show that this implies that z � h

2

Bi 
annot

be de�ned. Assume y is de�ned in step m and z in step n. We show that

9y

0

2 W

n�1

(z

_

Ry

0

^ B 62 y

0

): (5.9)

By examining pro
edure III one easily 
on
lude that this implies that a sequen
e

z � h

2

Bi will never be de�ned. Hen
e we have established that 
ase (b) 
annot

o

ur either.

First, observe that by Lemma 5.3.11, y

_

R � z

_

R (note that for the part of the proof

of Lemma 5.3.11 where y

_

R � z

_

R is established, we do not need this lemma, so

there is no 
ir
le argument here). Therefore, to prove (5.9) it suÆ
es to show that

9y

0

2 W

n�1

(y

_

Ry

0

^B 62 y

0

): (5.10)

Clearly m 6 n, be
ause z = x � h(m; y)i. Note furthermore that n = 3k + 1, for

some k. Observe that by remark 5.3.10, y is not of the form � � h(m; �)i. Thus

m = 0 or m = 3k + 2 or m = 3k + 3, for some k. Hen
e if m = 0 or m = 3k + 3,

m < n. And if m = 3k+2, m+1 < n. Therefore, we 
an prove (5.10), by showing

(m = 0 _m = 3k + 3)! 9y

0

2 W

m

(y

_

Ry

0

^ B 62 y

0

); (5.11)

m = 3k + 2! 9y

0

2 W

m+1

(y

_

Ry

0

^ B 62 y

0

): (5.12)

We only show (5.12). One 
an prove (5.11) in a similar way. Assume m = 3k + 2

for some k. Note that sin
e y 2 W

m

= W

3k+2

, W

m+1

is the result of pro
edure

III starting with set V

0

= W

m

. By the de�nition of pro
edure III, Se
tion 5.3.1,

(5.12) follows immediately. �

Now we are ready to show that every pair x

_

Ry in

_

W has a markov-node. Consider

su
h a pair x

_

Ry. Let (x

1

; ::; x

n

) be an lm-
hain, x = x

n

�

6!

y. There are x

0

; y

0

; D

su
h that

x

n

� x

0

�

6!

x

0

� hDi = y

0

�

!

y:

The pair (x

0

; y) 
annot be a relevant markov pair in

_

W , otherwise W would not be

the union of all W

n

. By the de�nition of a relevant markov-pair this implies that

either (a) D is an impli
ation, (b) D = (m; �), for some � , (
) x

0

= � � h(m; �)i,

for some �; � , (d) the pair (x

0

; y) has a markov-node in

_

W . Sin
e x

0

�

6!

x

0

� hDi,

D 
annot be an impli
ation. Thus 
ase (a) 
annot o

ur. Sin
e x

0

� hDi 2 W , by
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Lemma 5.3.12, 
ase (
) 
annot o

ur either. Therefore, 
ase (b) and (d) remain.

First, we show that in both these 
ases the pair (x

0

; y) has a markov-node, i.e.

that

9z 2 W (x

0

_

Rz and z

_

R = y

_

R and z is a top node in

_

W ): (5.13)

And then we show that

8z 2 W (if z is a markov-node for (x

0

; y) it is one for (x; y) too). (5.14)

This will 
omplete the proof.

In showing (5.13), we may restri
t attention to 
ase (b), as it follows trivially for


ase (d). It suÆ
es to show that y is a markov-node for (x

0

; y), i.e. that

x

0

_

Ry and y

_

R = y

_

R and y is a top node in

_

W: (5.15)

Sin
e x

0

�

6!

y, we have x

0

_

Ry by Remark 5.3.2. By Lemma 5.3.11, y

0

is a markov-

node for (x

0

; �) in

_

W , and thus, by the de�nition of a markov-node, a top node

in

_

W . Sin
e, by Lemma 5.3.12,we have y = y

0

, we have shown (5.15) and hen
e

(5.13).

To show (5.14), 
onsider a markov-node z for (x

0

; y), i.e.

z is a top node in

_

W , x

0

_

Rz and z

_

R = y

_

R:

We have to show that z is a markov-node for (x; y), i.e.

z is a top node in

_

W , x

_

Rz and z

_

R = y

_

R.

Thus we only have to infer x

_

Rz. But this follows immediately from Remark 5.3.2

and the fa
t that (x = x

1

; ::; x

n

) is an lm-
hain and that x

n

� x

0

.

Claim (iv). One 
an show that any pair xRy in

_

W has a leivant-node in a 
om-

pletely similar way. Instead of (x

0

; y), 
onsider the pair (x

0

; y

0

). And instead of

lemma 5.3.11 for markov-nodes, use the following 
orresponding lemma for leivant-

nodes.

5.3.13. Lemma. For all n, x � h(l; y)i 2

_

W

n

is a leivant-node for (x; y) in

_

W

n

.

Proof Immediate from the de�nition of

_

W . �

Claim (vi). We show that 9n8m � n(W

n

= W

m

). First, we prove some lemmas.

Let l(x) be the length of the sequen
e x.

5.3.14. Lemma. 8x 2 W9n8(x � hDi) 2 W (if x � hDi 62 W

n

, then D is either of

the form h(l; �)i or h(m; �)i).

Proof By examining pro
edure III one 
an 
on
lude that if x is de�ned in step

n, no sequen
e of the form x � hB ! Ci or x � h

2

Bi will be de�ned after step

n + 3 anymore. �
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5.3.15. Lemma. 8x 2 W9n8x � y 2 W (if l(y) 6 1, then x � y 2 W

n

).

Proof Arguing by 
ontradi
tion, assume there is a sequen
e x 2 W su
h that

8n9y(x � y 2 W ^ l(y) 6 1 ^ x � y 62 W

n

):

This implies that

8n9m > n9y(l(y) 6 1 ^ x � y 62 W

n

^ x � y 2 W

m

): (5.16)

Let us start with three observations.

First, by (5.16) and Lemma 5.3.14 there is an in�nite sequen
e y

1

; y

2

; :: in W ,

where y

i

is de�ned in a step before the one in whi
h y

i+1

is de�ned, and y

i

is

either of the form � � h(l; �)i or � � h(m; �)i.

Se
ond, by examing the way in whi
h W is 
onstru
ted in 
onse
utive steps, it is

not diÆ
ult to see that if x � h(l; z)i or x � h(m; z)i is de�ned in step k, z must be

de�ned in step k

0

, for some k � 2 6 k

0

6 k.

Third, if x�h(l; z)i 2 W , (x; z) must have been relevant-leivant in some

_

W

k

. Hen
e

by the de�nition of relevant pairs (Se
tion 5.3.1), z is not of the form � � h(l; �)i.

Similar for x � h(m; z)i.

These observations imply that w.l.o.g. we 
an assume y

2i+1

= x � h(l; y

2i

)i and

y

2i+2

= x � h(m; y

2i+1

)i. Hen
e, by pro
edure I, the node �

y

2i+2

is a markov-node,

in M, for the pair (�

x

; �

y

2i+1

). Hen
e �

y

2i+2

R = �

y

2i+1

R. Remark 5.3.8 implies

that we have

(�

y

2i+2

)

2

= (�

y

2i+1

)

2

: (5.17)

From pro
edure II we 
on
lude that [�

y

2i+1

℄ is a leivant-node for ([�

x

℄; [�

y

2i

℄) in

N . Hen
e [�

y

2i+1

℄ 4 [�

y

2i

℄ in N . Thus by Remark 5.3.1,

(�

y

2i+1

)

2

� (�

y

2i

)

2

: (5.18)

Combining the equations (5.17) and (5.18) we arrive at the following 
hain of �

and =:

:: (�

y

2i+2

)

2

= (�

y

2i+1

)

2

� (�

y

2i

)

2

= ::

The �niteness of the sets (�

y

j

)

2

implies that

(�

y

2i+1

)

2

= (�

y

2i

)

2

, for some i.

Then we should have h(y

2i

) = y

2i+1

. Lemma 5.3.11 shows that y

2i

is a markov-node

for (x; y

2i+1

). Therefore, the pair (x; y

2i+1

) will never be a relevant-markov pair in

any W

k

, and that 
ontradi
ts the existen
e of the node y

2i+2

. This 
ompletes the

proof. �
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5.3.16. Lemma. 8x 2 W8m9n8x � y 2 W (if l(y) 6 m, then x � y 2 W

n

).

Proof By lemma 5.3.15 and the fa
t that every W

k

is 
learly �nite, for every n

there is a number, denoted with f(n), su
h that

8x 2 W

n

8x � y 2 W (if l(y) 6 1, then x � y 2 W

f(n)

):

In other words,

8x 2 W

n

8x � y 2 W (if x � y 62 W

f(n)

, then l(y) � 2):

We will show that

8x 2 W

n

8m8x � y 2 W (if x � y 62 W

f

m

(n)

, then l(y) � m+ 1):

This will prove the lemma.

Therefore, 
onsider some x 2 W

n

and x � y 2 W su
h that x � y 62 W

f

m

(n)

. Let

y = hD

1

; ::; D

k

i and assume k 6 m. We derive a 
ontradi
tion. Observe that for

any z � hDi 2 W , if z � hDi 62 W

m+1

f(n)

, then z 62 W

m

f(n)

. Hen
e x � hD

1

; ::; D

k�1

i 62

W

m�1

f(n)

. And again, x�hD

1

; ::; D

k�2

i 62 W

m�2

f(n)

, et
etera. When
e x 62 W

m�k

f(n)

� W

n

,

whi
h 
ontradi
ts the fa
t that x 2 W

n

. Thus k > m, and therefore l(y) � m+1.

This proves the lemma. �

Finally, we are ready to show that

9n8m � n(W

m

=W

n

):

First, observe by examining pro
edure III that if x �

!

y and x 6= y, then (�

y

)

6!

�

(�

x

)

6!

. And that if x �

6!

y, then (�

y

)

2

=

� (�

x

)

2

=

. Let n

0

be the number

of impli
ations in X, and let n

1

be the number of formulas in b

2

=

. From the

observation above it follows that no sequen
e x 2 W 
an 
ontain more than

n

0


onse
utive impli
ations, or more that n

1

elements whi
h are no impli
ation.

Hen
e l(x) 6 (n

0

+ 1):n

1

+ n

0

, for all x 2 W . Now apply Lemma 5.3.16 to

x = hi 2 W

0

and m = (n

0

+1):n

1

+n

0

; thus there exists a number n su
h that for

all y 2 W , if l(y) 6 m then y 2 W

n

. Hen
e W =W

n

. Thus the �niteness of W is

established. �

5.3.17. Corollary. iH is 
omplete with respe
t to the 
lass of �nite LLeMa-frames

in whi
h every node is either a top node or above a minimal leivant-node.

Proof By examining the way in whi
h the �nite model in the 
ompleteness proof

for iH above, is 
onstru
ted. �

We now show that also for iH we have a 
ompleteness proof with respe
t to gath-

ering frames; it is 
omplete with respe
t to the 
lass of �nite gathering LLeMa-

frames. We know already that we lose the brillian
y of the frames in this 
ase, see

Se
tion 3.4.6.
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5.3.18. Proposition. `

iH

A i� A is valid on all �nite gathering 
onversely well-

founded Ma-frames.

Proof Similar to the proof of the 
ompleteness of iLLe with respe
t to gathering

frames, proposition 4.4.2. In the notation of this proof; the property

wRv ! w(R

0

;4)v

is suÆ
ient to preserve the Ma-property of the frame. The model M has the

property

wRv ! 9t 2 Top(wRt ^ tR = vR);

And the model M

0

has the property

wRv ! 9t 2 Top(w(R

0

;4)t ^ 8u(t(R

0

;4)u$ v(R

0

;4)u));

thus 
ertainly

wR

0

v ! 9t 2 Top(w(R

0

;4)t ^ 8u(t(R

0

;4)u$ v(R

0

;4)u)):

�

Proposition 5.3.18 is not a strengthening of proposition 5.3.6, sin
e we loose the

brillian
y when we restri
t ourselves to gathering frames. This was already pointed

out in Se
tion 4.4.

But we do have a real strengthening of the 
ompleteness result in Proposition 5.3.6.

This is an immediate 
orollary of Lemma 5.3.5.

5.3.19. Corollary. iH is 
omplete with respe
t to the 
lass of �nite brilliant L-

frames whi
h have the Ma-property and satisfy

wRv ! 9x(wRx 4 v ^ 8u(vRu! x 4 u) ^ 8u(xRu! x 4 u)):

5.4 Non
onservativity

In Chapter 3 we showed that the logi
 iH is 
ontained in iPH. There we also

promised to show that iPH 
ontains stri
tly more, whi
h is the 
ontent of the

following lemma.

5.4.1. Proposition. The logi
 iH is 
ontained in iPH, and iPH is not 
onservative

(with respe
t to formulas in L

2

) over iH.

Proof The �rst part of the proposition is proved in Se
tion 3.3. For the se
ond

part, 
onsider the formula

2

(p _ ::

2

?)!

2

(p _

2

?): (5.19)
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It is not diÆ
ult to see that this formula is derivable in iPH, see Se
tion 3.3. We

show that this formula is not derivable in iH. Consider the following model.

w - v - u (p)

v

0

j

u

0

,

R

v

00

(p)

�

^

u

00

(p)

(The arrows denote the modal relation, the lines the intuitionisti
 relation. If

there is a line between x and y and x is below y, then this means that x 4 y, e.g.

u

00

4 v

00

and v

00

is a top node.)

We leave it to the reader to verify that the transitive brilliant 
losure of this model

is 
onversely well-founded and has the Le- and the Ma-property. Observe that

v 6
 p _

2

?, when
e w 6


2

(p _

2

?), and that w 


2

(p _ ::

2

?). This shows

that w does not for
e (5.19). By Proposition 5.3.6 this implies that iH does not

derive (5.19). �
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Chapter 6

Con
epts

In this 
hapter we introdu
e the notions studied in part II of the thesis. Se
-

tions 6.1 and 6.2 dis
uss admissible rules and intermediate logi
s, the main sub-

je
ts of the next 
hapters. Intermediate logi
s only o

ur in Chapter 8. Se
tion 6.3


ontains preliminaries.

6.1 Admissible rules

The admissible rules of a theory are the rules under whi
h the theory is 
losed.

It is well-known that, in 
ontrast to 
lassi
al propositional logi
, intuitionisti


propositional logi
 IPC, has admissible rules whi
h are not derivable. Probably

the �rst su
h rule known for this logi
 is the rule

:A! (B _ C)=(:A! B) _ (:A! C);

stated by Harrop (1960). Extensions of this rule whi
h are also admissible but

not derivable followed (Mints 1976) (Citkin 1977) but the question whether there

were other admissible rules for IPC than the ones known remained open.

In 1975 Friedman posed the problem whether it is de
idable if a rule is an admis-

sible rule for IPC or not. In (Rybakov 1997) this question was answered in the

aÆrmative. Moreover, Rybakov showed that the admissible rules of IPC do not

have a �nite basis. Informally speaking this means that there is no �nite set of

admissible rules whi
h in some sense `generates' all the admissible rules of IPC.

However, this does not ex
lude the possibility that there is a representation of the

admissible rules via a simple in�nite basis or in some other 
larifying way.

Some ten years ago both de Jongh and Visser isolated the same simple 
.e. set

of rules V whi
h they 
onje
tured to be a basis for the admissible rules of IPC.

In Chapter 7 we prove their 
onje
ture. This is the main result of Part II of the

thesis. In that 
hapter we also present a proof system for the admissible rules.

Furthermore, we give semanti
 
riteria for admissibility whi
h are similar to the

ones found by Rybakov (1997). Sin
e Visser (1999) proved that the admissible

115
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rules of IPC are the same as the propositional admissible rules of Heyting Arith-

meti
 HA this provides us with a proof system and a basis for the propositional

admissible rules of HA as well.

There also is another 
onne
tion with Heyting Arithmeti
. Namely, we will see

that our results plus 
ertain results by Visser (1999), imply that HA proves the ad-

missibility of its admissible rules. This means that for every propositional admissi-

ble rule A=B and for every substitution �, HA proves the statement `if HA ` �(A),

then HA ` �(B)'. In part I of the thesis (Chapter 2) it is explained what this

means for the provability logi
 of HA.

One of the results (Proposition 7.3.1) we use in our 
hara
terization of the admissi-

ble rules is almost a reformulation of results by Ghilardi. Therefore, we devote one

se
tion (Se
tion 7.3) to the re
apitulation of the theorems from (Ghilardi 1998)

that we use in this paper.

6.2 Intermediate logi
s

In 
ontrast to 
lassi
al propositional logi
 CPC, intermediate logi
s

1


an have

nonderivable admissible rules. For instan
e, in (Rybakov 1997) it is shown that

intuitionisti
 propositional logi
 IPC has 
ountably many nonderivable admissible

rules. There are several very natural questions 
on
erning intermediate logi
s and

their admissible rules whi
h be
ome trivial on
e all the admissible rules of the

logi
 are derivable, but whi
h appear to be rather 
ompli
ated otherwise. An

example of su
h a question is whi
h intermediate logi
s are maximal. This means

the following.

Let us 
all a logi
 T with the Disjun
tion Property maximal with respe
t to a set

of admissible rules R if all the rules in R are admissible for T and there is no

intermediate logi
 with the Disjun
tion Property whi
h is a proper extension of

T for whi
h all rules in R are admissible. If R is the set of all admissible rules of

T we just say that T is maximal. Clearly, if T is maximal with respe
t to some

set of admissible rules, it is maximal. A maximal logi
 T is 
hara
terized by its

admissible rules plus the Disjun
tion Property: the only logi
 with the Disjun
tion

Property that 
ontains T and for whi
h all admissible rules of T are admissible

is T itself. The requirement that the logi
 
ontains T is redundant, be
ause if all

the admissible rules of T are admissible then so are the rules >=A for all theorems

A of T , and when
e the logi
 
ontains T . Note that if all rules in R are derivable

in T then T is maximal with respe
t to R on
e it has no proper extensions with

the Disjun
tion Property. For in this 
ase any extension of T derives all rules in

R. We use the terms `
hara
terized by its admissible rules plus the Disjun
tion

Property' and `maximal' inter
hangeably.

1

The logi
s between IPC and CPC are also 
alled superintuitionisti
 logi
s, e.g. in (Chagrov

and Zakharyas
hev 1997)
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It may appear to the reader that a better de�nition of maximality (in this sense)

would be one without a restri
tion to logi
s with the Disjun
tion Property. How-

ever, this restri
tion is more an empiri
al than a natural one (or is empiri
ally

natural . . . ): the only interesting results we en
ountered on maximality with re-

spe
t to admissible rules, were in the sense of maximality as de�ned above and

not in the broader sense.

In Chapter 8 we will show that some well-known intermediate logi
s are maximal.

In parti
ular, we will see IPC is maximal. To show this, we use a result from

Chapter 7, namely that there exists a 
ertain 
ountable basis V for the admissible

rules of IPC. The logi
 IPC is not 
hara
terized by its admissible rules; for example

all admissible rules of IPC are admissible for CPC. Kreisel and Putnam (1957)

showed that neither is IPC 
hara
terized by the Disjun
tion Property. However,

the fa
t that IPC is maximal shows that IPC is 
hara
terized by the 
ombination

of the two properties.

We will see that the 
hara
terization of IPC is optimal. By optimal we mean that

there is no proper subset R of V su
h that IPC is already maximal with respe
t to

R. We show that for any �nite subset X of V there is a proper intermediate logi


for whi
h X is admissible. The logi
 in question is even maximal with respe
t to

X. For this we use the 
ountably many proper intermediate logi
s D

0

;D

1

;D

2

; : : :

with the Disjun
tion Property whi
h were 
onstru
ted in (Gabbay and de Jongh

1974). We show that there is a 
orresponden
e between �nite subsets of V and

these logi
s. Any su
h D

n

is maximal with respe
t to a �nite subset X of V and

for any �nite subset X of V there is a number n su
h that D

n

is maximal with

respe
t to X. Furthermore, it will turn out to be a trivial observation that any


o�nal subset of the basis is equivalent, in terms of the admissible rules whi
h are

derivable from it, to the basis itself. Therefore, there is no proper subset of V with

respe
t to whi
h IPC is maximal. Moreover, it shows that the Gabbay-de Jongh

logi
s are all maximal.

With the 
hara
terization of IPC we do not 
laim a 
ompletely new result sin
e a

similar result, a 
hara
terization of IPC in terms of the Kleene slash, was already

obtained by de Jongh (1970) (Se
tion 8.3). However, not only is the redu
tion

of the one 
hara
terization to the other not trivial, but the 
onne
tion with the

admissible rules is new and interesting. We show that these 
hara
terizations are

e�e
tively redu
ible to ea
h other. Hen
e the e�e
tiveness of the 
hara
teriza-

tion in terms of the Kleene slash (de Jongh 1970) implies the e�e
tiveness of the


hara
terization in terms of the admissible rules.

There are many interesting open questions 
on
erning maximality of logi
s. To

name a few: Are there any logi
s whi
h are not maximal with respe
t to their

admissible rules? If so, 
an any su
h logi
 be extended to an intermediate logi


whi
h is maximal with respe
t to its admissible rules? Given a set of rules R

whi
h are derivable in CPC there is, by de�nition, an intermediate logi
 for whi
h

all rules in R are admissible. But is there an intermediate logi
 whi
h is maximal

with respe
t to R?
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6.3 Preliminaries

In this se
tion we will de�ne what an admissible rule is and what a basis for

admissible rules is, and we will �x some notation 
on
erning Kripke models. In

Se
tion 6.3 we de�ne two spe
ials models needed in Chapter 8. Sin
e we will mostly

work in the 
ontext of intuitionisti
 propositional logi
 IPC we will not de�ne these

notions in full generality. For example, what we will 
all an admissible rule is in

fa
t a propositional admissible rule. For a general setting and for interesting

results about admissible rules in the 
ontext of other logi
s see (Rybakov 1997)

and (Visser 1999).

Unless stated otherwise, formulas are meant to be formulas in a (�xed) language

for intuitionisti
 propositional logi
. The letters A;B;C;D;E; F will always range

over formulas and p; q; r; s; t over propositional variables. We write ` for deriv-

ability in IPC.

An L-substitution � is a map whi
h assigns to every propositional variable a for-

mula in the language L. For a propositional formula A, we write �(A) for the result

of applying � to A, i.e. for the result of substituting �(p

i

) for p

i

in A. When L

is our �xed language of propositional logi
 mentioned above, we say `substitution'

instead of `L-substitution'.

An intermediate logi
 is a 
onsistent theory in the language of propositional logi
,


ontaining IPC, whi
h is 
losed under substitution. For intermediate logi
s T we

will write `

T

for derivations in T . If we only know that T is a theory we write

T ` instead.

A rule is an expression of the form

A

1

: : : A

n

B

:

We sometimes write A

1

; : : : ; A

n

=B for this expression. We say that an expression

A

0

1

: : : A

0

n

B

0

;

is a substitution instan
e of su
h a rule when there is a substitution � su
h that

�(A

i

) = A

0

i

and �(B) = B

0

. Let T be some theory in a language L . We say that

a rule A=B is an admissible rule of T , and write A

j

�

T

B, if

for all L-substitutions �: if T ` �(A) then T ` �(B).

In this 
ase we also say that A admissibly derives B in T . We write

j

�

for

j

�

IPC

.

Bases

For a set of rules R and a set of formulas A, we say that B is derivable in T

by the set of rules R from assumptions A when there is a sequen
e of formulas
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(B

1

; : : : ; B

n

), where B

n

= B, su
h that for every i � n either B

i

2 A or there are

B

i

1

; : : : ; B

i

m

with i

j

< i su
h that either

`

T

(B

i

1

^ : : : ^B

i

m

)! B;

or

B

i

1

: : : B

i

m

B

i

;

is a substitution instan
e of some rule in R.

We 
all a set of rules R a basis (in T ) for some other set of rules R

0

� R if

for every rule A

1

: : : A

n

=B in R

0

, B is derivable in T by the rules R from the

assumptions A

1

; : : : ; A

n

. Given T , we say that a set R of admissible rules of T is

a basis for the admissible rules of T when R is a basis for the set of admissible

rules of T .

Subbases

If a theory T has the Disjun
tion Property,

DP if T ` A _B then T ` A or T ` B,

then it follows that if A

j

�

T

B and C

j

�

T

D, then also A _ C

j

�

T

B _ D. However

the rule (A _ C)=(B _D) does not have to be derivable from the rules A=B and

C=D in T . Therefore, in the 
ontext of theories whi
h possess the Disjun
tion

Property, the notion of a basis for the admissible rules seems too restri
tive. This

a

ounts for the notion of a subbasis for the admissible rules, introdu
ed below.

That is, for theories with the Disjun
tion Property, we think that the right notion

of a basis (for the admissible rules), is in fa
t that what we will 
all a subbasis

here: a set R of admissible rules of T is a subbasis for the admissible rules of T if

the following is a basis for the admissible rules of T : the 
olle
tion of rules of the

form

A _ p

B _ p

where the rule A=B is in R and p does not o

ur in A or B.

6.3.1 Models

In this se
tion we �x some notation and terminology 
on
erning Kripke models.

Most of the notions we introdu
e are standard, the only ex
eption is the notion of

a tight prede
essor. In the last se
tion we de�ne what basi
 models and Jaskowski

models are.

A frame is a pair (W , 4), where W is a set and 4 is a partial order on W . A

(Kripke) model K is a triple (W;4;
), where (W , 4) is a frame and 
 is the
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so-
alled for
ing relation de�ned as usual (Se
tion 3.4.2). A formula A is valid

in a model K, K j= A, if it is valid in all nodes. If no 
onfusion is possible we use

the same notation 4 and 
 for the partial order and for
ing relation of di�erent

models.

For two nodes w; v we say that w is below v when w 4 v. In this 
ase we also

say that v is above w. We write w � v or w � v if w 6= v, and w 4 v or

w < v respe
tively. In 
ontrast to intuitionisti
 modal logi
 we now 
all a node

v a su

essor of w if w � v, in whi
h 
ase we also 
all w a prede
essor of v. A

node y is 
alled an immediate su

essor of x if x � y and there is no z for whi
h

x � z � y. A maximal node is a node whi
h has no nodes above it ex
ept itself.

We 
all a model rooted when it 
ontains a node whi
h is below all other nodes in

the model.

We say that K

0

= (W

0

;4

0

;


0

) is a submodel of K = (W;4;
) if W

0

is a subset of

W , and 4

0

; j=

0

are the restri
tions of the 
orresponding relations of K to W

0

. We

say that K

0

is a �nite submodel when W

0

is �nite. We write K

w

for K

0

if W

0

=

fx 2 W j w 4 xg. A submodel of the form K

w

is 
alled the submodel generated by

w. Note that submodels are 
ompletely 
hara
terized by their domain. Therefore,

we will from now on notationally 
onfuse a submodel with its domain.

For Kripke models K

1

; : : : ; K

n

, we let (

P

i

K

i

)

0

denote the Kripke model whi
h

is the result of atta
hing one new node at whi
h no propositional variables are

for
ed, below all nodes in K

1

; : : : ; K

n

(Smory�nski 1973).

The extension property

We repeat from (Ghilardi 1998) the following de�nitions. We say that two rooted

Kripke models are variants of ea
h other when they have the same domain and

partial order, and their for
ing relations only possibly di�er at the roots. A 
lass

of Kripke models is 
alled stable if for every model K in the 
lass and every node w

of K, K

w

is in the 
lass as well. A 
lass of rooted Kripke models has the extension

property when for every �nite set of Kripke models K

1

; : : : ; K

n

in this 
lass there

is a variant of (

P

i

K

i

)

0

whi
h is in this 
lass as well. A theory T has the extension

property up to n if for every family of at most n rooted models K

1

; : : : ; K

n

of T ,

there is a variant of (

P

i

K

i

)

0

whi
h is a model of T as well. A theory T has the

extension property if it has the extension property up to n, for all n.

When K is a 
lass of Kripke models we say that A is valid in K, notation K j= A,

when A is valid in every model of K.

Tight prede
essors (in propositional logi
)

Consider a Kripke model K = (W;4;
), some node u in K and a set U of nodes

in K. We say that u is a tight prede
essor of U , if

8x 2 U(u 4 x) ^ 8x � u9y 2 U(y 4 x):
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In the sequel we will a
tually only 
onsider tight prede
essors of �nite sets of nodes.

We often write `a tight prede
essor of u

1

; : : : ; u

n

' instead of `a tight prede
essor of

fu

1

; : : : ; u

n

g'.

Observe that a set does not ne
essarily have a tight prede
essor but that every

node in a Kripke model is a tight prede
essor of some set, namely, of the set of all

its su

essors. Note the similarity with the notion of a tight prede
essor in modal

logi
 (Se
tion 4.6).

Jaskowski models

A modi�ed Jaskowski frame (Smory�nski 1973) is one of the frames J

1

; J

2

; : : : de-

�ned via:

J

1


onsists of one node

J

n+1

is the result of atta
hing one node below (n + 1) 
opies of J

n

:

(In (Smory�nski 1973), J

i

is denoted with J

�

i

.) A Jaskowski model is a model based

on a modi�ed Jaskowski frame.

Basi
 models

A basi
 model is a model for whi
h the following holds:

� the only nodes that for
e propositional variables are maximal nodes,

� every maximal node for
es exa
tly one propositional variable and no two

maximal nodes for
e the same propositional variable.

For example, if 1; : : : ; n are the maximal nodes of a frame F , then the model given

by the valuation (x 
 p

i

i� x = i) is a basi
 model on F . A basi
 Jaskowski model

is a basi
 model based on a modi�ed Jaskowski frame. It is easy to see that the

following fa
t about basi
 models holds.

6.3.1. Fa
t. Let F be a frame in whi
h no two nodes have exa
tly the same

maximal nodes above them. Consider the basi
 model on F . There are formulas

A

x

su
h that y 
 A

x

i� x 4 y. Namely, if 1; : : : ; n are the maximal nodes above

x and i 
 p

i

, then the formula A

x

= ::(p

1

_ : : : _ p

n

) has the desired properties.





Chapter 7

The admissible rules of IPC

In this 
hapter we give a basis for the admissible rules of intuitionisti
 propositional

logi
. We pro
eed as follows. In the �rst se
tion we de�ne a proof system, 
alled

AR, whi
h derives expressions of the form A

�

B, where A and B are propositional

formulas. In Se
tion 7.4 we then show that AR is a proof system for the admissible

rules: AR derives A

�

B i� A

j

�

B. The proof of this fa
t has two main ingredients:

In Se
tion 7.2 we 
hara
terize AR in terms of Kripke models. We de�ne what

an AR-model is and show that AR derives A

�

B if and only if B is valid in all

AR-models on whi
h A is valid. Note that in the light of Se
tion 7.4 this is a

semanti
al 
hara
terization of the admissible rules. In Se
tion 7.3 we derive a

semanti
al 
hara
terization (in terms of 
lasses of �nite Kripke models) of the

admissible rules from results by Ghilardi (1998). In Se
tion 7.4 we show that

these two 
hara
terizations are `the same', whi
h leads to the result mentioned

above. Finally, in the last se
tion we show how this provides us with a basis for

the admissible rules.

7.1 A proof system

As explained above, we de�ne a system AR that is a proof system whi
h derives

expressions of the form A

�

B where A and B are propositional formulas. To keep

the de�nition of this system readable, we will use the following abbreviation,

(A)(B

1

; : : : ; B

n

) �

def

(A! B

1

) _ : : : _ (A! B

n

):

Furthermore, we adhere to the same reading 
onventions as in the 
ase of preser-

vativity logi
 (Se
tion 3.4).

123
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Axioms:

V ((A! B _ C) _D)

�

((A)(E

1

; : : : ; E

n

; B; C) _D);

for A =

V

n

i=1

(E

i

! F

i

)

I A

�

B; where IPC ` (A! B)

Rules:

Conj

C

�

A C

�

B

C

�

A ^ B

Cut

A

�

B B

�

C

A

�

C

Note that V is not an axiom in the stri
t sense. It 
onsists in fa
t of the in�nitely

many prin
iples V

n

whi
h are

V

n

((

n

^

i=1

(E

i

! F

i

)! B _ C) _D)

�

((

n

^

i=1

(E

i

! F

i

))(E

1

; : : : ; E

n

; B; C) _D):

De Jongh and Visser observed that the rules 
orresponding to V

n

(Se
tion 7.5) are

admissible and 
onje
tured them to be a basis.

As noted before, if A

j

�

C and B

j

�

C then also (A_B)

j

�

C. This property of the

admissible rules is not re
e
ted in the rules of AR. That is, there is no rule

Disj

A

�

C B

�

C

(A _ B)

�

C

However, it turns out that AR satis�es this rule. This is the next lemma, whi
h

we will need in the 
ompleteness proof for AR to 
ome.

7.1.1. Lemma. If AR ` A

�

C and AR ` B

�

C then AR ` (A _ B)

�

C.

Proof. It is easy to prove (with an indu
tion to the length of derivation) that

AR ` A

�

B implies AR ` (A _ C)

�

(B _ C). Hen
e AR ` A

�

B also implies

AR ` (C _ A)

�

(C _B).

Now assume AR ` A

�

C and AR ` B

�

C. From the previous observation it

follows that AR ` (A _ B)

�

(C _ B) and AR ` (C _ B)

�

(C _ C). Clearly, also

AR ` (C _ C)

�

C. Applying Cut (twi
e) gives the desired result. �

7.2 Completeness of the proof system

In this se
tion we 
hara
terize AR in terms of Kripke models. The Kripke models

we use have spe
ial properties, they are the so-
alled AR-models de�ned as follows.
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AR-models

We 
all a Kripke model K an AR-model when it is a rooted model in whi
h every

�nite set of nodes fu

1

; : : : ; u

n

g has a tight prede
essor u, i.e. a node u su
h that

u 4 u

1

; : : : ; u

n

^ 8u

0

� u (u

i

4 u

0

; for some i 2 f1; : : : ; ng).

(We write `x 4 y

1

; : : : ; y

n

' for `x 4 y

1

^ x 4 y

2

^ : : : ^ x 4 y

n

'.)

We will prove that AR derives A

�

B if and only if B is valid in every AR-model in

whi
h A is valid. The proof uses a lemma whi
h we present separately in advan
e.

Before stating it, let us remind the reader that a set of formulas x is 
alled IPC-

saturated if it is a 
onsistent set su
h that for all A and B, if x ` A _ B, then

A 2 x or B 2 x. In parti
ular, x is 
losed under dedu
tion in IPC.

7.2.1. Lemma. Let � be some set of formulae. Every IPC-saturated set x � �


an be extended to an IPC-saturated set y � � su
h that for no IPC-saturated set

y

0

it holds that y � y

0

� �.

Proof. Let x and � be as in the lemma. We 
onstru
t a sequen
e y

0

� y

1

� : : :,

su
h that for all i, �(y

i

) holds, where the property �(�) is de�ned as

�(z) for all n, for all A

1

; : : : ; A

n

: if z ` A

1

_ : : : _ A

n

,

then A

i

2 � for some i = 1; : : : ; n.

We 
onstru
t the sequen
e of sets as follows. Let C

0

; C

1

; : : : be an enumeration

of all formulae in whi
h every formula o

urs in�nitely often. We put y

0

= x.

Clearly �(y

0

) holds. Suppose y

i

is already de�ned. Then we put

y

i+1

�

def

8

<

:

y

i

[ fC

i

g if �(y

i

[ fC

i

g) does hold

y

i

if �(y

i

[ fC

i

g) does not hold.

Now we take y =

S

i

y

i

. First, we have to see that this is indeed an IPC-saturated

set. And se
ond we have to show that there are no proper supersets of y whi
h

are IPC-saturated and are 
ontained in �.

To see that y is IPC-saturated, suppose y ` A _ B. Hen
e y

i

` A _ B, for

some i. There are i � j � k su
h that C

j

= A and C

k

= B. If �(y

j

[ fC

j

g)

or �(y

k

[ fC

k

g) holds, then 
learly A or B is in y. We show that indeed one of

�(y

j

[fC

j

g) and �(y

k

[fC

k

g) has to hold. Arguing by 
ontradi
tion, assume this is

not the 
ase. Thus there are A

1

; : : : ; A

n

; B

1

; : : : ; B

m

su
h that y

j

; C

j

`

W

n

i=1

A

i

and

y

k

; C

k

`

W

m

i=1

B

i

but none of A

1

; : : : ; A

n

; B

1

; : : : ; B

m

is in �. Sin
e y

i

� y

j

� y

k

and y

i

` C

j

_ C

k

, this implies that y

k

`

W

n

i=1

A

i

_

W

m

i=1

B

i

, whi
h 
ontradi
ts the

fa
t that �(y

k

) holds.

To see that there are no IPC-saturated proper supersets of y whi
h are 
ontained

in �, 
onsider an IPC-saturated set y � y

0

� �. We show that y = y

0

. Consider a
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formula A 2 y

0

, and suppose C

i

= A. It is easy to see that sin
e y

i

� y

0

� � and

the fa
t that y

0

is saturated, �(y

i

[fC

i

g) holds. Hen
e A 2 y. Therefore y = y

0

. �

Now we are ready to prove the following lemma.

7.2.2. Proposition. AR ` A

�

B i� B is valid on all AR-models on whi
h A is

valid.

Proof. The dire
tion from left to right. We have to see that if AR ` A

�

B and A

is valid on an AR-model, then B is valid on this model as well. This 
an be shown

by indu
tion to the length of the derivation of A

�

B in AR.

The 
ase that A

�

B is an instan
e of the axiom s
heme I is easy. In the indu
tion

step we have to 
onsider the two rules. All of them are straightforward.

Therefore, we only 
onsider V . We have to show that for any 
onjun
t of im-

pli
ations A =

V

n

i=1

(E

i

! F

i

), if (A ! B _ C) _ D is valid on all AR-models,

then so is (A)(B;C;E

1

; : : : ; E

n

) _ D. Therefore, assume that indeed for su
h a

formula A, (A ! B _ C) _ D is valid on an AR-model K. Let v be the root

of K. We show that (A)(B;C;E

1

; : : : ; E

n

) _ D is valid in K at v, when
e that

(A)(B;C;E

1

; : : : ; E

n

) _D is valid in K.

Arguing by 
ontradi
tion, assume (A)(B;C;E

1

; : : : ; E

n

) _ D is not valid at v.

Hen
e (A! B_C) is valid at v. Moreover, :A is not valid at v. Therefore, there

is a nonempty set U of nodes, su
h that

8x(x 
 A i� for some u 2 U; u 4 x):

Sin
e (A)(B;C;E

1

; : : : ; E

n

) is not valid at v, there are, for some m � n+2, nodes

u

i

1

; : : : ; u

i

m

2 U su
h that

8D 2 fB;C;E

1

; : : : ; E

n

g9u 2 fu

i

1

; : : : ; u

i

m

g u 6
 D:

Sin
e we 
onsider an AR-model the set fu

i

1

; : : : ; u

i

m

g has a tight prede
essor. That

means that there is a node u su
h that

u 4 u

i

1

; : : : ; u

i

m

^ 8u

0

� u(u

i

j

4 u

0

; for some j � m):

If A is valid at u then B or C has to be valid at u, whi
h 
ontradi
ts the fa
t

that for both B and C there is a node in u

i

1

; : : : ; u

i

m

whi
h does not validate the

formula. On the other hand, if A is not valid at u, then sin
e A is valid at all

nodes u

0

� u, E

j

has to be valid at u, for some j. But this is a 
ontradi
tion as

well, sin
e for every j 2 f1; : : : ; ng there is a node in u

i

1

; : : : ; u

i

m

whi
h does not

validate E

j

.

The dire
tion from right to left. Assume AR 6` A

�

B. We 
onstru
t an AR-model

K in whi
h A is valid while B is not.

First we 
onstru
t an IPC-saturated set of formulas v in su
h a way that

A 2 v, B 62 v, for all C

�

D: if AR ` C

�

D and C 2 v, then D 2 v. (7.1)
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This v will be the root of the model K we are going to 
onstru
t. The existen
e

of v is proved in the following Claim.

Claim If AR 6` A

�

B, then there is an IPC-saturated set v su
h that A 2 v and

B 62 v, whi
h has the property that if for some C;D, AR ` C

�

D and C 2 v, then

D 2 v as well.

Proof of Claim. Assume AR 6` A

�

B. We 
onstru
t a sequen
e of �nite sets

fAg = x

0

� x

1

� : : : su
h that for all i, AR 6` (

V

x

i

)

�

B, and if AR ` (

V

x

i

)

�

C,

then C 2 x

j

for some j. The set v we look for will be the set

S

x

i

.

Let C

0

; C

1

; : : : be an enumeration of all formulas in whi
h every formula o

urs

in�nitely often. Given the set x

i

, we show how to 
onstru
t x

i+1

.

x

i+1

�

def

8

>

>

>

>

>

>

>

<

>

>

>

>

>

>

>

:

x

i

if AR 6` (

V

x

i

)

�

C

i

x

i

[ fC

i

g if AR ` (

V

x

i

)

�

C

i

, C

i

is not a disjun
tion

x

i

[ fD

j

; C

i

g if AR ` (

V

x

i

)

�

C

i

, C

i

= D

1

_D

2

, j = 1; 2

is the least su
h that AR 6` (

V

x

i

^D

j

)

�

B.

It is easy to see that ea
h of these sets x

i

has the desired properties, assuming it is

well-de�ned. Thus it remains to show that they are indeed well-de�ned, i.e. that

given x

i

, x

i+1

exists. Therefore, suppose AR ` (

V

x

i

)

�

C

i

and C

i

= (D

1

_D

2

). We

have to see that either AR 6` (

V

x

i

^D

1

)

�

B or AR 6` (

V

x

i

^D

2

)

�

B. Arguing by


ontradi
tion, assume this is not the 
ase. But then we 
an derive the 
ontradi
tion

that AR ` (

V

x

i

)

�

B in the following way (we do not state all the rules used, but

only the 
ru
ial ones).

AR ` (

V

x

i

^D

1

)

�

B

(

V

x

i

^D

2

)

�

B

(

V

x

i

^ (D

1

_D

2

))

�

B (Lemma 7.1.1)

(

V

x

i

)

�

(

V

x

i

^ (D

1

_D

2

)) (assumption on x

i

)

(

V

x

i

)

�

B: (Cut)

Now we take v =

S

i

x

i

. It is easy to see that v has the desired properties. This

proves the Claim.

Thus we know that there exists an IPC-saturated set v whi
h satis�es (7.1). Next

we 
onstru
t our model K as follows. Its domain 
onsists of all IPC-saturated sets

whi
h extend v. Its partial order 4 is the subset relation �. And the for
ing

relation is de�ned via

w 
 p i� p 2 w; for propositional variables p.
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It is easy to see that this indeed de�nes a Kripke model, that the model is rooted,

and that A is valid in this model but B is not. Thus it only remains to show that

K is an AR-model.

Therefore, 
onsider nodes u

1

; : : : ; u

n

2 K. We have to show that there is a node

u su
h that

u 4 u

1

; : : : ; u

n

^ 8u

0

� u(u

i

4 u

0

; for some i � n):

First note that u

1

\ : : : \ u

n

is not saturated in general. Therefore, although

u

1

\ : : : \ u

n


ontains v, it does not have to be a node in K. Let now

� = fE ! F j (E ! F ) 2 u

1

\ : : : \ u

n

^ E 62 u

1

\ : : : \ u

n

g:

Then we have

Claim The set fC j v [� ` Cg is IPC-saturated.

Proof of Claim. Suppose that v [ � ` C

1

_ C

2

holds. This implies that there

is a 
onjun
t D =

V

m

i=1

(E

i

! F

i

) of impli
ations in �, su
h that it holds that

v ` (D ! C

1

_ C

2

). Thus (D ! C

1

_ C

2

) 2 v, be
ause v is saturated. Sin
e the

expression (D! C

1

_C

2

)

�

(D)(C

1

; C

2

; E

1

; : : : ; E

m

) is derivable in AR, the way v

is 
onstru
ted implies that then also (D)(C

1

; C

2

; E

1

; : : : ; E

m

) 2 v. And thus one

of (D ! C

1

); (D ! C

2

); (D ! E

1

); : : : ; (D ! E

m

) is in v. Sin
e no E

i

is in

u

1

\ : : : \ u

n

, this implies that v does not 
ontain any of (D ! E

i

). Therefore

v 
ontains either (D ! C

1

) or (D ! C

2

). Hen
e v [ � derives either C

1

or C

2

.

This proves the Claim.

By the previous 
laim and the fa
t that v [ � � u

1

\ : : : \ u

n

, it follows from

Lemma 7.2.1 that fC j v [ � ` Cg 
an be extended to an IPC-saturated set

u � u

1

\: : :\u

n

su
h that there are no saturated sets u

0

with u � u

0

� u

1

\: : :\u

n

.

We show that this is the set we look for, i.e. if u

0

� u for some saturated set u

0

,

then u

i

4 u

0

, for some i 2 f1; : : : ; ng.

Suppose not, that is, let u � u

0

for some saturated set u

0

and assume that no u

i

is 
ontained in u

0

. We derive a 
ontradi
tion. For all i � n, we (
an) 
hoose a

formula A

i

2 u

i

outside u

0

. Then the formula A

1

_ : : :_A

n

is in u

1

\ : : :\ u

n

but

not in u

0

. From the 
onstru
tion of u, and the fa
t that u

0

is a superset of u, it

follows that u

0

is not 
ontained in u

1

\ : : : \ u

n

. Thus there is a formula E 2 u

0

whi
h is not in this interse
tion. Now (E ! A

1

_ : : : _ A

n

) is an element of �,

thus also of u. Hen
e A

1

_ : : : _ A

n

should be in u

0

, a 
ontradi
tion. This �nally

proves the proposition. �

7.3 Results by Ghilardi

In the proof of the 
hara
terization of the admissible rules in terms of

�

we will

use, besides the semanti
al 
ompleteness of AR (Se
tion 7.2), the following fa
t

whi
h follows from results proved by Ghilardi (1998).
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7.3.1. Proposition. If A

j

�

B, then B is valid in every stable 
lass of �nite rooted

Kripke models whi
h has the extension property (see Se
tion 6.3.1) and in whi
h

A is valid.

This se
tion is devoted to the re
apitulation of the results by Ghilardi whi
h lead

to the proposition above. First we have to introdu
e some terminology.

Terminology

Let �p be a sequen
e of propositional variables. We say that a formula A is a

formula in �p, when all the propositional variables in A are among the variables in

the sequen
e �p. We say that a Kripke model is a Kripke model over �p, when the

for
ing relation of the model is only de�ned for formulas in �p. If �p is the sequen
e

of all the propositional variables that o

ur in A, then Mod(A) denotes all �nite

models of A over �p.

Following Fine (Fine 1974) (Fine 1985), Ghilardi de�nes equivalen
e relations �

n

and preorders �

n

between rooted Kripke models. Let K;K

0

be two rooted Kripke

models with roots b and b

0

respe
tively.

K �

�p

0

K

0

�

def

b 
 p i� b

0


 p; for all atoms p in �p.

K �

�p

n+1

K

0

�

def

8k 2 K9k

0

2 K

0

((K)

k

�

n

(K

0

)

k

0

) and vi
e versa.

K �

�p

0

K

0

�

def

b

0


 p implies b 
 p; for all atoms p in �p.

K �

�p

n+1

K

0

�

def

8k 2 K9k

0

2 K

0

((K)

k

�

n

(K

0

)

k

0

):

When it is 
lear from the 
ontext to whi
h sequen
e of variables we refer we omit

this in the notation.

Moreover Ghilardi uses a measure of 
omplexity, 
(�), on propositional formulas

de�ned as follows. Put 
(A) = 0 if A is a propositional variable, 
(A Æ B) =

maxf
(A); 
(B)g, for Æ = ^;_, and 
(A! B) = 1 +maxf
(A); 
(B)g.

The proof of Proposition 7.3.1

In the proof of Proposition 7.3.1 we will use four results by Ghilardi whi
h we will

state below. The �rst three have to do with the relation �

n

.

7.3.2. Proposition. (Ghilardi 1998) For two �nite rooted Kripke models K and

K

0

over �p it holds that K �

n

K

0

i� for all formulas A in �p with 
(A) � n, K

0

j= A

implies K j= A.

7.3.3. Proposition. (Ghilardi 1998) Let K be a 
lass of �nite rooted Kripke

models over �p for whi
h there exists a number n su
h that for all Kripke models

K over �p it holds that

if there is a K

0

2 K with K �

n

K

0

; then K 2 K:

Then K=Mod(A) for some formula A in �p.
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7.3.4. Proposition. (Ghilardi 1998) If a stable 
lass K of �nite rooted Kripke

models over �p has the extension property then so does the 
lass of models

fK j K is a �nite rooted model over �p and 9K

0

2 K(K �

n

K

0

)g:

The heart of Proposition 7.3.1 is the following theorem.

7.3.5. Theorem. (Ghilardi 1998) Let A be a formula in �p. If Mod(A) has the

extension property then there is a substitution � su
h that ` �(A) and for all

formulas D in �p, A ` D $ �(D).

Now the proof of Proposition 7.3.1 runs as follows. Suppose A

j

�

B and let K be

a stable 
lass of �nite rooted Kripke models with the extension property in whi
h

A is valid. Assume that all the propositional variables in A and B are among �p.

Then let K

0

be the 
lass of all Kripke models of K, but then 
onsidered as Kripke

models over �p. Note that K

0

is again a stable 
lass of �nite rooted Kripke models

with the extension property in whi
h A is valid. Let n be some number su
h that


(A) � n, and let

K

00

= fK j K is a �nite rooted model over �p and 9K

0

2 K

0

(K �

n

K

0

)g:

By Proposition 7.3.2, A is valid in the 
lass K

00

be
ause it is valid in K

0

. And by

Proposition 7.3.3 we know that K

00

=Mod(C) for some formula C in �p. Sin
e, by

Proposition 7.3.4, we also know that K

00

has the extension property, we 
an apply

Theorem 7.3.5 to 
on
lude that there is a substitution � su
h that

IPC ` �(C) and C ` B $ �(B):

Clearly, the fa
t that A is valid in Mod(C) implies that C ` A. Hen
e IPC ` �(A).

But this implies that �(B) is derivable, be
ause A

j

�

B. Thus 
ertainly C ` �(B),

and when
e C ` B. Therefore, B is valid in Mod(C). It is easy to see that this

implies that B is valid in K as well. �

7.4 Chara
terizations of admissibility

We are now ready to give the promised 
hara
terizations of the admissible rules of

IPC. One is in terms of

�

, a proof system for the admissible rules. The other two

are in terms of Kripke models. Let us state them before we 
onsider their proofs.

7.4.1. Theorem. A

j

�

B i� AR ` A

�

B.

7.4.2. Corollary. A

j

�

B i� B is valid in every AR-model in whi
h A is valid.

7.4.3. Corollary. A

j

�

B i� B is valid in every stable 
lass of �nite rooted Kripke

models with the extension property in whi
h A is valid.
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The last 
orollary is Proposition 7.3.1. The se
ond 
hara
terization is a 
orollary of

the �rst one in 
ombination with Proposition 7.2.2 and Lemma 7.4.4. The latter is

also needed in the proof of the �rst 
hara
terization. Lemma 7.4.4 shows that there

is a natural 
orresponden
e between AR-models and stable 
lasses of �nite rooted

Kripke models with the extension property. Therefore, the two 
orollaries are in

some sense the same. We �rst treat this lemma and then we prove Theorem 7.4.1.

7.4.4. Lemma. For all n and all �nite sequen
es of propositional variables �p we

have the following 
orresponden
e:

(a) For every AR-model K there is a stable 
lass K of �nite rooted Kripke models

with the extension property su
h that

for all A in �p with 
(A) � n: K j= A i� K j= A.

(b) For every stable 
lass K of �nite rooted Kripke models with the extension

property there is an AR-model K su
h that

for all A: K j= A i� K j= A.

Proof. Let n be some number and let �p be some �nite sequen
e of propositional

variables. First of all, let A be the set of all formulas A in �p with 
(A) � n. This

set is, modulo provable equivalen
e, �nite.

To show part (a) of the lemma, suppose K is an AR-model. Let K be the 
lass

of all Kripke models K

0

su
h that K

0

is a �nite rooted submodel of K, and su
h

that

8A 2 A8x 2 K

0

(K

0

; x 
 A i� K; x 
 A): (7.2)

It is easy to see that K is stable. We show that K has the extension property.

Consider models K

1

; : : : ; K

n

in K, with roots u

1

; : : : ; u

n

respe
tively. Let u be a

tight prede
essor of u

1

; : : : ; u

n

in K. That means that

u 4 u

1

; : : : ; u

n

^ 8u

0

� u(u

i

4 u

0

; for some i 2 f1; : : : ; ng):

Let K

0

be the submodel the domain of whi
h is the union of fug and the domains

of K

1

; : : : ; K

n

. It is easy to see K

0

satis�es (7.2). Hen
e K

0

is in K. This shows

that K has the extension property.

It remains to show that

for all A 2 A: K j= A i� K j= A.

The dire
tion from left to right follows from the de�nition of K. The dire
tion

from right to left is shown by 
ontraposition, i.e. by showing that for all A 2 A it

holds that whenever K 6j= A there is a K

0

2 K su
h that K

0

6j= A (it suÆ
es to

show that K is not empty, but the proof is the same). This again follows from the

following standard result. We in
lude the proof for the sake of 
ompleteness.
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Claim For every Kripke model K, for every node w in K, there is a �nite rooted

submodel K

0

of K with root w, su
h that

8A 2 A8x 2 K

0

(K

0

; x 
 A i� K; x 
 A): (7.3)

Proof of Claim. Let A, K = (W;4;
) and w be as in the 
laim. Now we 
hoose

step by step, starting with w, a �nite subset of W a 
opy of whi
h will be the

domain W

w

of our new model K

0

= (W

w

;4

w

;


w

). Put �

hi

= w. Suppose �

�

is

de�ned. We 
hoose elements �

��hB!Ci

in W , for all elements (B ! C) 2 f(D !

E) 2 A j K;�

�

6
 D ! Eg. The node �

��hB!Ci

is an element v 2 W su
h that

�

�

4 v, K; v 
 B and K; v 6
 C. Note that su
h elements 
an always be found.

Now de�ne W

w

= f� j � is de�ned g, and de�ne the partial order and the for
ing

relation on K as

� 4

w

� �

def

�

�

4 �

�

:

� 


w

p �

def

�

�


 p; for p 2 �p:

Clearly, K

0

is �nite, as A is �nite too. It is also easy to infer that (7.3) is satis�ed.

This proves the 
laim, and thereby part (a) of the 
orresponden
e.

To show part (b) of the lemma, let K be a stable 
lass of �nite rooted Kripke

models with the extension property. The model K we are going to 
onstru
t will


onsist of equivalen
e 
lasses of nodes of models in K.

Repla
e every model in K by an isomorphi
 
opy, in su
h a way that the domains

of distin
t models are disjoint. Let us de�ne for nodes k 2 K and k

0

2 K

0

k

�

=

k

0

�

def

(K)

k

and (K

0

)

k

0

are isomorphi
.

(Remember that K

k

is the submodel of K generated by k, see Se
tion 6.3.1.) We

write k 
 A when A is valid at k in the unique model in K to whi
h k belongs.

Now we de�ne the domain of K as the set of all

�

=

-equivalen
e 
lasses [k℄ of nodes

k of models in K. The partial order and the for
ing relation on K are de�ned via

[k℄ 4 [k

0

℄ �

def

9l 2 [k℄ 9l

0

2 [k

0

℄ (l; l

0

are nodes in the same model

and l 4 l

0

holds in this model.)

[k℄ 
 p �

def

k 
 p:

Sin
e every two

�

=

-equivalent nodes for
e the same propositional variables the

notion of for
ing is well-de�ned. We have to see that K is in fa
t an AR-model

and that

for all A: K j= A i� K j= A. (7.4)

We show that K is an AR-model and leave the proof of (7.4) to the reader.

Consider nodes [k

1

℄; : : : ; [k

n

℄ in K. Assume k

i

is a node in the model K

i

2 K.

Sin
e K has the extension property there is (an isomorphi
 
opy of) a variant of

(

P

(K

i

)

k

i

)

0

in K. Let b be the root of this variant. It is easy to see that [b℄ is a

tight prede
essor of [k

1

℄; : : : ; [k

n

℄ in K. This proves part (b) of the lemma. �
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7.4.5. Corollary. The following are equivalent

(a) B is valid in every AR-model in whi
h A is valid.

(b) B is valid in every stable 
lass of �nite rooted Kripke models

with the extension property in whi
h A is valid.

Now we are ready to give the

Proof of Theorem 7.4.1. First the dire
tion from right to left. (De Jongh and

Visser) We have to show that for all instan
es A=B of V and I, A admissibly

derives B, and we have to see that the three rules of AR preserve admissibility.

That is, when reading

j

�

for

�

, if the assumptions of a rule are valid then so is

the 
on
lusion. For the two rules this is trivial. Therefore, it remains to treat the

axioms. For instan
es A=B of I it 
learly is the 
ase that A

j

�

B. Thus all we

have to show is that for every instan
e A=B of the s
heme V it holds that if A is

derivable in IPC then so is B.

Therefore, 
onsider su
h instan
e A=B of V . Let X =

V

n

i=1

(E

i

! F

i

) and let

A = X ! C _ D and B = (X)(C;D;E

i

; : : : ; E

n

). Arguing by 
ontradi
tion,

suppose A is derivable but B is not. This implies that none of the formulas

(X ! C); (X ! D); (X ! E

1

); : : : ; (X ! E

n

) is derivable. Thus there are Kripke

modelsK

1

; : : : ; K

n+2

at whi
hX is valid but at whi
h respe
tively C;D;E

1

; : : : ; E

n

are not valid. Consider the model (

P

K

i

)

0

and 
all its root b. Sin
e A is derivable

A is valid at b. Note furthermore that none of the formulas C;D;E

1

; : : : ; E

n


an

be valid at b. Therefore, the 
onjun
tion X 
annot be valid at b. But it 
annot

be not valid either. For if so, there is some i � n for whi
h there is a node above

b at whi
h E

i

is valid while F

i

is not valid. As X is valid at all nodes ex
ept b the

only possibility for this is the node b itself. Thus one of the formulas E

1

; : : : ; E

n

would be valid at b, whi
h 
annot be.

The dire
tion from left to right follows immediately from Proposition 7.3.1, Corol-

lary 7.4.5 and Proposition 7.2.2. �

7.5 A basis for the admissible rules

Let R

V

i

denote the rule 
orresponding to V

i

(see Se
tion 7.1), i.e. let

R

V

i

(

n

^

i=1

(E

i

! F

i

)! B _ C) _D=(

n

^

i=1

(E

i

! F

i

))(E

1

; : : : ; E

n

; B; C) _D:

Further, let

R

�

V

i

(

n

^

i=1

(E

i

! F

i

)! B _ C)=(

n

^

i=1

(E

i

! F

i

))(E

1

; : : : ; E

n

; B; C):



134 Chapter 7. The admissible rules of IPC

Let V be the set fR

V

1

; R

V

2

; : : :g and let V

�

be the set fR

�

V

1

; R

�

V

2

; : : :g. We need

one more lemma to establish that the sets of rules V and V

�

are respe
tively a

basis and a subbasis for the admissible rules of IPC.

7.5.1. Lemma. If AR ` A

�

B then the rule A=B is derivable in IPC from the set

of rules V.

Proof. We prove the proposition by indu
tion on the length n of the derivation

of A

�

B in AR. For n = 0 there is nothing to prove.

For n > 0, suppose the last rule applied in the derivation of A

�

B is the Conjun
-

tion rule. This implies that there are B

1

; B

2

su
h that B = B

1

^B

2

, and su
h that

A

�

B

1

and A

�

B

2

are derivable, and moreover have derivations of length smaller

than n. By the indu
tion hypothesis, A=B

1

and A=B

2

are derivable in IPC from

fR

V

1

; R

V

2

; : : :g. And thus A=B

1

^ B

2

is derivable in IPC from fR

V

1

; R

V

2

; : : :g as

well. The 
ase that the last rule applied in the derivation of A

�

B is the Cut Rule

is 
ompletely similar. �

7.5.2. Theorem. V is a basis for the admissible rules of IPC.

Proof. Immediate from Lemma 7.5.1 and Theorem 7.4.1. �

7.5.3. Corollary. V

�

is a subbasis for the admissible rules of IPC.

7.6 The 
onne
tion with Heyting Arithmeti


In this se
tion we explain what the results of this 
hapter mean for the provability

and preservativity logi
 of HA.

Visser (1999) showed that the admissible rules of IPC are the same as the propo-

sitional admissible rules of HA. Therefore, Corollaries 7.5.2 and 7.5.3 give us

7.6.1. Corollary. V and V

�

are respe
tively a basis and a subbasis for the propo-

sitional admissible rules of HA.

In Theorem 7.4.1 we saw that

A=B is a propositional admissible rule of IPC i� AR ` A

�

B:

In 
ombination with the result in (Visser 1999) that states that the propositional

admissible rules of HA and IPC are the same, this gives

A=B is a propositional admissible rule of HA i� AR ` A

�

B:

It is easy to see that the logi
 AR is equivalent to the logi
 axiomatized by the

preservativity prin
iples (Se
tion 2.2) P1, P2, Dp and all the instan
es A

�

B of

Vp, where A and B are propositional formulas, 
hara
terizes the admissible rules

of IPC (use Lemma 7.1.1).
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From the de�nition of preservativity it follows that if A

�

B is in the provability

logi
 of HA, then A=B is an admissible rule of HA (Chapter 2). Finally, in 
om-

bination with the fa
t that AR is part of the preservativity logi
 of HA (Visser

1994), this leads to

for propositional formulas A;B:

A=B is a propositional admissible rule of HA i�

A

�

B is in the preservativity logi
 of HA.

This shows that HA re
ognizes its propositional admissible rules.





Chapter 8

A 
hara
terization of IPC

In this 
hapter we show that IPC is 
hara
terized by its admissible rules: In

Chapter 7 we gave a 
ountable basis V for the admissible rules of IPC. Here we

show (Se
tion 8.1) that the only intermediate logi
 with the Disjun
tion Property

for whi
h all rules in this basis are admissible, is IPC. In Se
tion 8.2 we prove that

the 
hara
terization is optimal. We show that for any �nite subset X of V there

is a proper intermediate logi
 for whi
h X is admissible. In Se
tion 8.3 we show

that the 
hara
terization is e�e
tive.

8.1 The 
hara
terization

In Chapter 7 we gave a simple 
.e. des
ription of the admissible rules (Theo-

rem 7.5.2) whi
h implied (Corollary 7.5.3) that the set V is a subbasis for the

admissible rules of IPC. Let us re
all the de�nition of this subbasis (Se
tion 7.5):

V is the 
olle
tion of rules

R

V

n

(

n

^

i=1

(E

i

! F

i

)! B _ C) = (

n

^

i=1

(E

i

! F

i

))(B;C;E

1

; : : : ; E

n

):

where we use the abbreviation,

(A)(B

1

; : : : ; B

m

) �

def

(A! B

1

) _ : : : _ (A! B

m

):

The rest of this se
tion is devoted to the proof that these admissible rules together

with the Disjun
tion Property 
hara
terize IPC, i.e. we will show that for any

intermediate logi
 whi
h is not equal to IPC either the Disjun
tion Property does

not hold or one of the rules R

V

1

; R

V

2

; : : : is not admissible. It is 
onvenient to have

the Disjun
tion Property built-in into the admissible rules. Therefore, we need

the following de�nition.

137
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De�nition of the rules P

n

A theory T has the property P

n

if for all substitutions �,

if `

T

�(

V

n

i=1

(p

i

! q

i

)! r _ s) then

`

T

�(

V

n

i=1

(p

i

! q

i

)! r) or `

T

�(

V

n

i=1

(p

i

! q

i

)! s) or

`

T

�(

V

n

i=1

(p

i

! q

i

)! p

1

) or : : : or `

T

�(

V

n

i=1

(p

i

! q

i

)! p

n

):

We will show that an intermediate logi
 is equal to IPC i� it has the property P

n

,

for all n � 0. The 
hara
terization mentioned above is an immediate 
orollary of

this.

Note that a logi
 has P

0

if and only if it has the Disjun
tion Property. A logi
 has

P

n

for all n � 0 if and only if it has the Disjun
tion Property and for all n � 1

the rule V

n

is admissible.

We need the following fa
t by Smory�nski.

8.1.1. Fa
t. (Smory�nski 1973) IPC is 
omplete with respe
t to Jaskowski models.

8.1.2. Lemma. If an intermediate logi
 has the extension property it is the logi


IPC.

Proof The lemma follows from the following two 
laims.

Claim If T is an intermediate logi
 with the extension property, then every basi


Jaskowski model is a model of T .

Proof of the Claim Let T be an intermediate logi
 with the extension property

(Subse
tion 6.3). Let K be a basi
 Jaskowski model (Se
tion 6.3.1). We show

that K

x

is a model of T by indu
tion to the depth of the node x. The maximal

nodes of K 
learly are models of T sin
e every 
lassi
al model is a model of T .

Suppose x is another node in K and let x

1

; : : : ; x

n

be the immediate su

essors of

x, i.e. the nodes y su
h that x � y and su
h that there is no node x � z � y. By

the indu
tion hypothesis the models K

x

1

; : : : ; K

x

n

are models of T . Observe that

K

x

is the model (

P

K

x

i

)

0

(Se
tion 6.3.1). Be
ause every propositional variable

is valid at at most one node in K there is no other variant of (

P

K

x

i

)

0

then the

model itself. Sin
e T has the extension property this implies that K

x

is a model

of T . This proves the Claim.

Claim If T is an intermediate logi
 su
h that every basi
 Jaskowski model is a

model of T , then T = IPC.

Proof of the Claim We show that T � IPC by proving that if 6`

IPC

A holds, then

6`

T

A holds as well. If 6`

IPC

A then there is a Jaskowski model K in whi
h A is

not valid (Fa
t 8.1.1). Let K

0

be a basi
 model based on the frame of K. By

assumption K

0

is a model of T .

Now we de�ne a substitution � via �(p) =

W

K;x
p

A

x

, where the formulas A

x

are given by Fa
t 6.3.1. To see that �(A) is not valid at K

0

, observe that for
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every node x and for every formula B we have that K; x 
 B i� K

0

; x 
 �(B).

Therefore, 6`

T

�(A). Hen
e 6`

T

A. �

In the following lemma we need the notion of a saturated set. A T -saturated set x

is a set of formulas su
h that A 2 x or B 2 x whenever x `

T

A_B. In parti
ular,

a T -saturated set is 
losed under dedu
tion in T .

8.1.3. Lemma. If an intermediate logi
 has the property P

n

for every n � 0,

then it has the extension property.

Proof Let T be an intermediate logi
 with the Disjun
tion Property, for whi
h,

for all n, R

V

n

is admissible. Consider models K

1

; : : : ; K

n

of T with roots x

1

; : : : ; x

n

respe
tively. From now on we 
onfuse a node with the set of formulas it for
es.

Claim There exists a T -saturated set x � x

1

\ : : :\x

n

su
h that for all T -saturated

sets x � y there is some i � n su
h that x

i

� y.

Proof of the Claim Consider

� = f(E ! F ) j E 62 x

1

\ : : : \ x

n

and F 2 x

1

\ : : : \ x

n

g:

Clearly, � � x

1

\ : : :\x

n

. Observe that the set x

0

= fA j � `

T

Ag is T -saturated

be
ause for all m, the property P

m

holds. Now we 
onstru
t a sequen
e of sets

x

0

= z

0

� z

1

; : : : as follows. Let C

0

; C

1

; : : : enumerate all formulas, with in�nite

repetition. De�ne the property �(�) on sets via

�(y) for all m, for all A

1

; : : : ; A

m

: if y `

T

A

1

_ : : : _ A

m

,

then A

i

2 x

1

\ : : : \ x

n

, for some i = 1; : : : ; m:

Note that �(z

0

) holds. If �(z

i

[ fC

i

g) does not hold then put z

i+1

= z

i

. If

�(z

i

[ fC

i

g) holds do the following: if C

i

is no disjun
tion, put z

i+1

= z

i

[ fC

i

g; if

C

i

= D _E, let z

i+1

be z

i

[ fDg if �(z

i

[fDg) holds and z

i

[fEg otherwise. It is

easy to see that at least one of �(z

i

[fDg) and �(z

i

[fEg) has to hold. Therefore,

�(z

i

) holds for all i. Let x =

S

i

z

i

. Clearly, x is T -saturated and x � x

1

\ : : :\x

n

.

Finally, we have to see that for all T -saturated sets x � y there is some i � n for

whi
h x

i

� y. Arguing by 
ontradi
tion assume y � x and x

i

6� y for all i � n.

From the 
onstru
tion of x it is easy to see that y 6� x

1

\ : : : \ x

n

. Thus there

are formulas E 2 y, E 62 x

1

\ : : : \ x

n

and A

i

2 x

i

, A

i

62 y, for all i � n. Hen
e

(E ! A

1

_ : : : _ A

n

) 2 �. Thus A

1

_ : : : _ A

n

2 y, quod non. This proves the

Claim.

Now we de�ne a variant of (

P

K

i

)

0

by requiring (b 
 p i� p 2 x) at the root b of

(

P

K

i

)

0

, for propositional variables p.

Claim For all formulas B: b 
 B i� B 2 x.

Proof of the Claim We prove this by formula-indu
tion. The 
ase of the propo-

sitional variables and the 
onne
tives ^ and _ is trivial. Consider a formula

B = (C ! D). If (C ! D) 2 x then it is easy to see that indeed b 
 (C ! D).

We prove that x 
 B implies B 2 x by 
ontraposition. Therefore, assume
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(C ! D) 62 x. It is not diÆ
ult to see that this implies the existen
e of a T -

saturated set y � x su
h that C 2 y and D 62 y. From the 
onstru
tion of x it

follows that x = y or x

i

� y for some i = 1; : : : ; n. In the �rst 
ase the indu
tion

hypothesis gives b 
 C and b 6
 D, thus b 6
 (C ! D). In the other 
ase it follows

that for some i, x

i

6
 (C ! D). Thus again we 
an 
on
lude that b 6
 (C ! D).

This proves the 
laim.

By the last 
laim the de�ned extension is a model of T . This proves that T has

the extension property. �

These two lemmas lead to the following 
hara
terization of IPC:

8.1.4. Theorem. For any intermediate logi
 T it holds that T = IPC i� T has

the property P

n

for every n � 0 .

8.1.5. Corollary. For any intermediate logi
 T it holds that T = IPC i� T has the

Disjun
tion Property and all the rules R

V

n

are admissible. Thus IPC is maximal

with respe
t to V and hen
e maximal.

8.2 Optimality of the 
hara
terization

In the previous se
tion we saw that the properties P

1

; P

2

; : : : 
hara
terize IPC. In

this se
tion we show that no �nite subset of P

1

; P

2

; : : : 
hara
terizes IPC. This

proves that our 
hara
terization is optimal. Note that it is not interesting to


onsider in�nite subsets of P

0

; P

1

; P

1

; : : :, sin
e having the property P

m+1

implies

having the property P

m

.

We use logi
s D

n

(n � 1) given by Gabbay and de Jongh (1974). The logi
 D

n

is

axiomatized by

D

n

n+1

^

i=0

((A

i

!

_

j 6=i

A

j

)!

_

j 6=i

A

j

)!

n+1

_

i=0

A

i

:

We need the following theorem.

8.2.1. Theorem. (Gabbay and de Jongh 1974) The intermediate logi
 D

n

is a

proper extension of IPC with the Disjun
tion Property. D

n

is 
omplete with respe
t

to the 
lass of �nite trees in whi
h every point has at most (n + 1) immediate

su

essors.

Knowing this, it is easy to prove the following lemma.

8.2.2. Lemma. The logi
 D

n

has the property P

n+1

and it does not have the

property P

n+2

.
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Proof To see that D

n

has the property P

n+1

, suppose D

n

derives the formula

(A ! D _ E), where A =

V

n+1

i=1

(B

i

! C

i

). Suppose also that D

n

does not derive

(A)(B

1

; : : : ; B

n+1

; D; E). By the Disjun
tion Property and the 
ompleteness of

D

n

this implies that there are models K

i

, su
h that K

i

j= A and, for i � n + 1,

K

i

6j= B

i

and K

n+2

6j= D and K

n+3

6j= E. Furthermore, the frame of every K

i

is a �nite tree in whi
h every node does not have more than (n + 1) immediate

su

essors. Consider (((

P

n+1

i=1

K

i

)

0

+ K

n+2

)

0

+ K

n+3

)

0

. Clearly, the frame of this

model is again a �nite tree in whi
h every node does not have more than (n+ 1)

immediate su

essors. In this model A is valid while (D_E) is not, 
ontradi
ting

the assumption that D

n

derives (A! D _ E).

To see that D

n

does not have the property P

n+2

, 
onsider the axiomatization of

D

n

. It is easy to see, using the 
ompleteness of D

n

, that D

n

does not derive

(

n+1

^

i=0

((A

i

!

_

j 6=i

A

j

)!

_

j 6=i

A

j

))((A

0

!

_

j 6=0

A

j

); : : : ; (A

n+1

!

_

j 6=n+1

A

j

)):

This 
ompletes the proof of the lemma. �

8.2.3. Corollary. No �nite subset of P

1

; P

2

; : : : 
hara
terizes IPC.

In fa
t, D

n

is 
hara
terized by P

n+1

in the same way as IPC is 
hara
terized by

all the P

0

; P

1

; : : :, see Corollary 8.2.7. The proof of this proposition is analogous

to the one of Theorem 8.1.4: the next lemma is the analogue of Lemma 8.1.2 and

the following one is the analogue of Lemma 8.1.3.

8.2.4. Lemma. If an intermediate logi
 has the extension property up to (n+1),

then it is 
ontained in D

n

.

Proof Let T be an intermediate logi
 that has the extension property up to (n+1).

Suppose D

n

6` A. It easily follows from Theorem 8.2.1 that D

n

is 
omplete with

respe
t to the 
lass of the �nite trees in whi
h every point has at most (n + 1)

immediate su

essors, and in whi
h no two nodes have exa
tly the same maximal

nodes above them. To be pre
ise, the last property reads:

8x8y9z(x 6= y ! :9z

0

(z � z

0

) ^ ((x 4 z ^ y 64 z) _ (y 4 z ^ x 64 z))):

Let M be a model based on su
h a frame F in whi
h A is not valid. Let M

0

be a

basi
 model on F (see Se
tion 6.3.1). By the same reasoning as before it follows

that M

0

is a model of T . De�ne the substitution � via �(p) =

W

M;x
p

A

x

, where

the formulas A

x

are given by Fa
t 6.3.1. Clearly,

M;x 
 B i� M

0

; x 
 �(B):

Thus 6`

T

�(A). Hen
e 6`

T

A. This shows that the logi
 T is 
ontained in the logi


D

n

. �
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8.2.5. Lemma. If an intermediate logi
 has the property P

n

it has the extension

property up to n.

Proof Let T be an intermediate logi
 that has the property P

n

. The proof

that T has the extension property up to n is 
ompletely similar to the proof

of Lemma 8.1.3, ex
ept for one point, whi
h we will explain. The rest of the proof

we leave to the reader.

In the �rst Claim of Lemma 8.1.3 we de�ne a set � and observe that, in the

notation of this lemma, the set x

0

= fA j � `

T

Ag is T -saturated be
ause

for all m, P

m

holds. In this 
ase, having only P

n

, this is the only pla
e in the

proof where we have to be 
areful. Assume x

0

`

T

A _ B. Hen
e there are

E

1

; : : : ; E

m

62 x

1

\ : : : \ x

n

and F

1

; : : : ; F

m

2 x

1

\ : : : \ x

n

su
h that

`

T

m

^

i=1

(E

i

! F

i

)! A _B:

For i � n, let G

i

=

W

fE

j

j j � m;E

j

62 x

i

g and let F =

V

m

i=1

F

i

. Observe that

G

i

62 x

i

and that (G

i

! F ) 2 �. Clearly,

`

T

n

^

i=1

(G

i

! F )! A _B:

And thus, sin
e T has P

n

, we 
an 
on
lude

`

T

(

n

^

i=1

(G

i

! F ))(G

1

; : : : ; G

n

; A; B):

Sin
e

V

n

i=1

(G

i

! F ) 2 x

1

\ : : : \ x

n

while G

i

62 x

1

\ : : : \ x

n

, we have either

`

T

n

^

i=1

(G

i

! F )! A or `

T

n

^

i=1

(G

i

! F )! B:

And be
ause x

0

`

T

V

n

i=1

(G

i

! F ) either x

0

`

T

A or x

0

`

T

B. And this proves

that x

0

is T -saturated. �

8.2.6. Proposition. Any intermediate logi
 T whi
h has P

n+1

is 
ontained in D

n

.

8.2.7. Corollary. For any intermediate logi
 T � D

n

it holds that T = D

n

i� T

has P

n+1

. Thus D

n

is maximal with respe
t to R

V

n+1

and hen
e maximal.

Sin
e the union of the D

n

is equivalent to IPC, Theorem 8.1.4 follows from the pre-

vious proposition. However, we preferred to give a separate proof of the theorem

in advan
e.
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8.3 E�e
tiveness

In (de Jongh 1970) the following 
hara
terization of IPC in terms of the Kleene

slash j (Kleene 1962) is given: IPC is the only intermediate logi
 T satisfying

if A j

T

A and `

T

(A! B _ C), then `

T

(A! B) or `

T

(A! C):

We remind the reader that the Kleene slash is de�ned as follows. (We use the

abbreviation � 


T

A �

def

(�j

T

A and � `

T

A).)

� j

T

p �

def

� `

T

p for p a propositional variable or ?

� j

T

A ^B �

def

� j

T

A and � j

T

B

� j

T

A _B �

def

� 


T

A or � 


T

B

� j

T

A! B �

def

� 


T

A implies � j

T

B:

De Jongh (1970) also proved that the 
hara
terization in terms of the Kleene slash

is an e�e
tive one: given any intermediate logi
 T 6= IPC we 
an obtain formulae

A;B;C su
h that A j

T

A, `

T

(A ! B _ C) but 6`

T

(A ! B), 6`

T

(A ! C) in

an e�e
tive way. We show that the 
hara
terization in terms of the admissibles

rules treated in this 
hapter, is e�e
tive as well, by giving an e�e
tive redu
tion

from the 
hara
terization in terms of the Kleene slash to the one in terms of the

admissible rules.

Let us 
all a triple of formulas A;B;C a J-example or an I-example of T 6= IPC if

respe
tively

A j

T

A; `

T

(A! B _ C); 6`

T

(A! B); 6`

T

(A! C);

or for A =

V

(D

i

! E

i

),

`

T

(A! B _ C); 6`

T

(A! B); 6`

T

(A! C); 6`

T

(A! D

i

):

The following proposition shows that there exist e�e
tive redu
tions from one


hara
terization to the other.

8.3.1. Proposition. For any intermediate logi
 T 6= IPC there is an e�e
tive way

of 
reating an I-example from a J-example, and vi
e versa.

Proof During the proof `; j stand for `

T

; j

T

respe
tively. The se
ond part of

the proposition is easy: any I-example A =

V

(D

i

! E

i

); B; C of T 6= IPC is a

J-example be
ause 6` (A! D

i

) for all i, implies A j A.

For the other part, suppose A; F;G is an I-example of T 6= IPC. We are going

to 
onstru
t, in an indu
tive way, formulas A

1

; A

2

; : : : whi
h are all equivalent to

A in T . Every A

i

is a 
onjun
tion of propositional variables, disjun
tions and

impli
ations su
h that for the impli
ations (B ! C) either A

i

j (B ! C) or
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A

i

6` B, and for the disjun
tions B, A

i

j B. Note that A is su
h a formula. Let

A

1

= A. During the 
onstru
tion we will often use, without mentioning, the fa
t

that if E j F and ` E $ E

0

then E

0

j F .

If A

i

is a 
onjun
tion in whi
h one the 
onjun
ts is a disjun
tion (note that this


aptures the 
ase that A

i

is a disjun
tion), let (B _ C) be the �rst su
h reading

from left to right. Thus A

i

= D ^ (B _ C) ^ E for some D;E. By assumption

A

i

j (B _C). Hen
e A

i


 B or A

i


 C. In the �rst 
ase put A

i+1

= D^B ^E, in

the se
ond 
ase A

i+1

= D^C^E. Now 
onsider the 
ase that A

i

is a 
onjun
tion of

impli
ations and propositional variables. If every 
onjun
t either is a propositional

variable or an impli
ation (B ! C) su
h that A

i

6` B, put A

i+1

= A

i

. If not, let

(B ! C) be the �rst impli
ation, reading from left to right, su
h that A

i

` B.

Thus A

i

= D ^ (B ! C) ^ E for some D;E. By assumption A

i

j (B ! C). We

indu
tively de�ne A

i+1

.

? If B = p, put A

i+1

= D ^ C ^ E. Note that A

i+1

j C sin
e A

i

j C whi
h

again follows from A

i

j (B ! C) and A

i


 B.

? If B = B

1

^ B

2

observe that A

i

` B implies ` A

i

$ D ^ (B

j

! C) ^ E $

D ^ C ^ E. Hen
e D ^ (B

j

! C) ^ E ` B

j

. If for some j = 1; 2, D ^ (B

j

!

C) ^ E j (B

j

! C), let A

i+1

= D ^ (B

j

! C) ^ E. It 
annot be that for no j,

D ^ (B

j

! C) ^ E j (B

j

! C). For if so, then D ^ (B

j

! C) ^ E 
 B

j

. Hen
e

D ^ (B ! C)^E 
 B, and so D ^ (B ! C)^E j C. When
e D ^C ^E j C and

thus D ^ (B

j

! C) ^ E j (B

j

! C), a 
ontradi
tion.

? If B = B

1

_ B

2

observe that ` A

i

$ D ^ (B

1

! C) ^ (B

2

! C) ^ E and

that A

i

j (B

j

! C). Put A

i+1

= D ^ (B

1

! C) ^ (B

2

! C) ^ E.

? Finally B = (B

1

! B

2

). If A

i

6
 B

1

or A

i

j B

2

then A

i


 B and therefore

A

i

j C. Put A

i+1

= D ^ C ^ E. If A

i


 B

1

and not A

i

j B

2

then ` A

i

$

D ^ B

1

^ (B

2

! C) ^ E and 
learly A

i

j B

1

and A

i

j (B

2

! C). Put A

i+1

=

D ^ B

1

^ (B

2

! C) ^ E. This ends the 
onstru
tion of the A

i

.

It is easy to 
he
k that the A

i

have the desired properties. Moreover, the 
on-

stru
tion shows that eventually A

i

= A

i+1

. Hen
e A

i

is a 
onjun
tion of proposi-

tional variables and impli
ations

V

n

i=1

p

i

^

V

m

i=1

(B

i

! C

i

) su
h that A

i

6` B

i

. Let

A

0

=

V

m

i=1

(B

i

! C

i

) and let � be the substitution whi
h is the identity on all

variables ex
ept p

1

; : : : ; p

n

, on whi
h it is >. Hen
e �(A

i

) is equivalent to �(A

0

).

Sin
e A

i

is equivalent with A in T ,

` (A

i

! F _G); 6` (A

i

! F ); 6` (A

i

! G):

Clearly, we have

` (�(A

0

)! �(F ) _ �(G));

In general, nonderivability is not preserved under substitution but this parti
ular


hoi
e of � leads to

6` (�(A

0

)! �(F )); 6` (�(A

0

)! �(G)); 6` (�(A

0

)! �(B

i

)):

Hen
e �(A

0

); �(F ); �(G) is an I-example of T 6= IPC. �
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Samenvatting

Dit proefs
hrift bestaat uit twee delen. In het eerste deel wordt de intu��tionistis
he

bewijsbaarheids logi
a bestudeerd en in het tweede deel de intu��tionistis
he proposi-

tie logi
a. Hieronder s
hetsen we heel kort, in een notendop, waarover deze

gebieden gaan, waarbij we te
hnis
he termen zullen vermijden. Dit is bedoeld

voor niet-wiskundigen die een indruk willen krijgen van de betekenis van bovenge-

noemde termen. In de twee daarop volgende se
ties bespreken we, ook in het kort

maar op meer te
hnis
he wijze, de inhoud van dit proefs
hrift.

8.4 Een notendop

Intu��tionistis
he bewijsbaarheidslogi
a en intu��tionistis
he propositielogi
a zijn bei-

de gebaseerd op intu��tionistis
he logi
a. Intu��tionistis
he logi
a is een tegenhanger

van klassieke logi
a. Klassieke logi
a gaat over logis
he waarheden. Een uit-

drukking 9xA(x) betekent: er is een x zodat A(x) geldt (hierbij is A(x) een

bewering over x, bijvoorbeeld `x is een even getal dat niet de som is van twee

priemgetallen').

1

Nu is er, in de wiskunde, een nauw verband tussen waarheden

en 
onstru
ties; de waarheid van een bewering wordt aangetoond via een bewijs

van die bewering, en een bewijs is een 
onstru
tie. Het intu��tionisme sluit aan bij

deze verwants
hap. Hier betekent 9xA(x): we kunnen een obje
t x 
onstrueren

zodat A(x) geldt. Dus in intu��tionistis
he logi
a zeg je dat 9xA(x) geldt als

je daadwerkelijk een even getal hebt ge
onstrueerd dat niet de som is van twee

priemgetallen

2

, terwijl je om in klassieke logi
a te weten dat 9xA(x) geldt alleen

maar hoeft uit te sluiten dat �alle even getallen de som van twee priemgetallen zijn.

Het is een subtiel vers
hil, maar het is een vers
hil.

De overeenkomsten en vers
hillen tussen klassieke en intu��tionistis
he waarheden

vertellen je veel over de manier waarop de geldigheid van een bewering wordt in-

gezien. Sommige wiskundigen bes
houwen alleen die uitspraken als waar die waar

1

Een getal is even als het deelbaar is door 2; een priemgetal is alleen deelbaar door 1 en

zi
hzelf, bijvoorbeeld 3, 5, 7 en 11 zijn priem.

2

Het is een bekend open probleem in de wiskunde of zulke getallen bestaan of niet. Men

vermoedt van niet, dit vermoeden heet de Goldba
h Conje
ture.
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zijn volgens de intu��tionistis
he wijze van redeneren. Zo iemand was bijvoorbeeld

de nederlandse wiskundige L.E.J. Brouwer, de grondlegger van het zogenaamde

intu��tionisme. Voor anderen is het werken met deze vorm van redeneren een

manier om het idee era
hter, namelijk het 
onstru
tieve karakter van waarheden

beter te begrijpen.

De twee genoemde gebieden, intu��tionistis
he propositielogi
a en intu��tionistis
he

bewijsbaarheidslogi
a, zijn respe
tievelijk propositielogi
a en bewijsbaarheids log-

i
a gebaseerd op de intu��tionistis
he wijze van redeneren. Nu we een idee hebben

van die intu��tionistis
he basis bespreken we in het kort de gebieden zelf. Proposi-

tielogi
a bestudeert de meest simpele manier van redeneren. Het beperkt zi
h

tot eenvoudige uitdrukkingen, zoals (p ! q) (uit p volgt q), of (p ^ q) (p en q),

waarbij p en q voor beweringen staan. In intu��tionistis
he propositielogi
a wor-

den de eigens
happen van dit soort beweringen bestudeerd. Hoewel dit systeem

heel simpel is zijn er to
h allerlei interessante vragen over te stellen. Het beant-

woorden van die vragen is een van de manieren om inzi
ht te verkrijgen in de

intu��tionistis
he, 
onstru
tieve wijze van redeneren.

Bewijsbaarheidslogi
a gaat over ingewikkelder uitdrukkingen en 
omplexere syste-

men. In de wiskunde heb je formele systemen die bepaalde wiskundige stru
turen

bes
hrijven. Zo'n formeel systeem kan bijvoorbeeld over de natuurlijke getallen

0; 1; 2; 3; : : : gaan. De bekende wiskundige G�odel liet e
hter in 1931 zien dat die

systemen ook over zi
hzelf kunnen praten (zoals een s
hilderij zi
hzelf tot on-

derwerp kan hebben). Het kan beweringen als `dit systeem bewijst dit-en-dat'

bewijzen, en daarmee bewijst het iets over zi
hzelf. Het interessante is e
hter

dat ze sommige eigens
happen van zi
hzelf wel kunnen zien (kunnen bewijzen) en

andere niet. In de bewijsbaarheidslogi
a wordt bestudeerd wat zo'n systeem wel

en niet van zi
hzelf kan begrijpen. In intu��tionistis
he bewijsbaarheidslogi
a zijn

de systemen waarvoor deze vraag wordt bekeken gebaseerd op intu��tionistis
he

logi
a.

Sommige begrippen uit de wiskunde zijn pas goed te begrijpen wanneer zij pre
ies

zijn gede�ni�eerd. Dit komt doordat een informele uitleg de subtiliteit van een

notie vaak verdoezelt. Dit geldt zeker voor bewijsbaarheidslogi
a, en eigenlijk ook

voor logi
a in het algemeen. Desalniettemin geeft het bovenstaande welli
ht een

indruk van de gebieden waarover dit proefs
hrift gaat.

8.5 Eerste deel

Het eerste deel van het proefs
hrift is gewijd aan de bewijsbaarheidslogi
a van

Heyting Rekenkunde, HA. Er is nog geen axiomatisering bekend van deze logi
a.

De belangrijkste bijdragen van het proefs
hrift aan dit gebied zijn de volgende.

Zoals gezegd, bestaat de bewijsbaarheidslogi
a van een theorie uit de s
hema's die

de theorie over zijn bewijsbaarheidspredi
aat kan bewijzen. Wanneer een prin
ipe

in de logi
a zit is het dus zeker waar voor de theorie (mits de theorie gezond is).
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Dus geven zulke prin
ipes eigens
happen van de theorie weer die uitdrukbaar zijn

in de bewijsbaarheidslogi
a. Nu hebben 
onstru
tieve theorie�en vaak twee spe
iale

eigens
happen die uitdrukbaar zijn in bewijsbaarheidslogi
a, namelijk de Disjun
-

tie Eigens
hap en toelaatbare regels. Heyting Rekenkunde heeft die eigens
happen

ook. Wil men de bewijsbaarheidslogi
a van deze theorie bepalen dan is het dus

zeker nodig om vast te stellen of ze die eigens
happen van zi
hzelf bewijst of niet,

met andere woorden of de prin
ipes die met deze eigens
happen 
orresponderen

tot de logi
a behoren of niet.

Voor de Disjun
tie Eigens
hap is het antwoord op deze vraag sinds de zeventiger

jaren bekend; Friedman (1975) bewees dat HA zijn eigen Disjun
tie Eigens
hap

niet kan bewijzen. Bovendien bewees Leivant (1975) dat een zwakkere versie van

die eigens
hap, Leivant's Prin
ipe, wel een prin
ipe van de bewijsbaarheidslogi
a

is. Het antwoord met betrekking tot de toelaatbare regels wordt door resultaten

in Visser (1999) en Hoofdstuk 7 van het proefs
hrift gegeven. In Hoofdstuk 2 van

het proefs
hrift wordt uitgelegd dat genoemde resultaten impli
eren dat HA van

al zijn toelaatbare regels bewijst dat ze toelaatbaar zijn. Dit in tegenstelling tot

de hierboven bes
hreven situatie voor de Disjun
tie Eigens
hap, waarbij dit niet

het geval is.

Hiermee 
orresponderen de prin
ipes van de bewijsbaarheidslogi
a van HA die nu

bekend zijn met drie soorten eigens
happen van HA, namelijk

1. de karakteristieke eigens
happen van het bewijsbaarheidspredi
aat van

Peano Rekenkunde,

2. een verzwakte vorm van de Disjun
tie Eigens
hap,

3. de (propositionele) toelaatbare regels.

Zoals gezegd zijn de Disjun
tie Eigens
hap en het bestaan van niet a
eidbare toe-

laatbare regels pre
ies twee van de karakteristieke eigens
happen van 
onstru
tieve

theorie�en die uitdrukbaar zijn in de taal van de bewijsbaarheidslogi
a. Het feit

dat van de prin
ipes die 
orresponderen met deze eigens
happen nu duidelijk is

of ze wel of niet tot de logi
a behoren geeft aan dat, zo niet alles, dan to
h een

weloms
hreven deel van die logi
a in kaart is gebra
ht. Bovendien heeft de logi
a,

voorzover die nu bekend is, een transparante vorm. Punt 1. en 2. bestaan samen uit

een paar eenvoudige prin
ipes, maar voor punt 3. is dat niet op voorhand duidelijk.

In de afwezigheid van een bes
hrijving/axiomatisering van de toelaatbare regels

geeft 3. wel inzi
ht in de logi
a, maar het leidt niet tot bruikbare axioma's voor

de bewijsbaarheidslogi
a. Het zegt alleen dat alle prin
ipes die 
orresponderen

met een toelaatbare regel van HA tot de bewijsbaarheidslogi
a behoren, maar die


olle
tie zou heel wild kunnen zijn. In het tweede deel van het proefs
hrift wordt

e
hter een karakterisering van de toelaatbare regels gegeven, waaruit volgt dat er

een mooie axiomatisering van genoemde 
olle
tie is. Dit toont aan dat (het deel

van) de bewijsbaarheidslogi
a die we nu hebben een elegante vorm heeft.
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Omdat de logi
a die we nu hebben miss
hien de hele bewijsbaarheidslogi
a van

HA is leek het zinvol om de prin
ipes modaal te karakteriseren. Dit beslaat de

rest van het eerste deel van het proefs
hrift. Hier werken we voor het merendeel

in een extentie van bewijsbaarheidslogi
a van de hand van Visser (1994), preser-

vatielogi
a. Een van de redenen hiervoor is dat de meeste prin
ipes een elegantere

formulering hebben in deze logi
a. In plaats van de notie van bewijsbaarheid

staat daar het begrip preservatie 
entraal. Een formule A preserveert een for-

mule B, notatie A

�

B, als B volgt uit alle �

1

-zinnen waaruit A volgt. In het

bijzonder is B bewijsbaar pre
ies dan als > (waar) de formule B preserveert. Dit

laat zien dat preservatielogi
a inderdaad een extentie van bewijsbaarheidslogi
a

is. Voor uitbreidingen van Peano Rekenkunde is de preservatielogi
a gelijk aan

de interpreteerbaarheidslogi
a. Daarom kun je preservatielogi
a bes
houwen als

een 
onstru
tieve variant van interpreteerbaarheidslogi
a. In Hoofdstuk 5 van het

proefs
hrift wordt bewezen dat de logi
a bestaande uit alle nu bekende prin
ipes

volledig is met betrekking tot een zekere klasse van frames. We tonen aan dat

die frames noodzakelijkerwijs oneindig zijn. Verder worden de prin
ipes ook apart

gekarakteriseerd (Hoofdstuk 4), en wordt daaruit afgeleidt dat ze onafhankelijk

zijn. Doordat sommige van deze prin
ipes frame-eigens
happen hebben die onge-

bruikelijk zijn in modale logi
a, kunnen deze hoofdstukken ook gezien worden als

een studie in intu��tionistis
he modale logi
a. Hoofdstuk 3 van het eerst deel is een

introdu
tie in de preservatielogi
a.

8.6 Tweede deel

Het tweede deel van het proefs
hrift gaat over intu��tionistis
he propositielogi
a

IPC, met name over haar toelaatbare regels. In Hoofdstuk 7 wordt een hypothese

van Di
k de Jongh en Albert Visser uit de ta
htiger jaren bewezen, namelijk dat

een bepaalde verzameling V van regels een basis vormt voor de toelaatbare regels

van IPC.

In Hoofdstuk 8 wordt een verband gelegd tussen toelaatbare regels en intermedi-

aire logi
a's. Intu��tionistis
he propositielogi
a heeft twee e
ht 
onstru
tieve eigen-

s
happen, namelijk de Disjun
tie Eigens
hap en een bepaalde 
olle
tie toelaatbare

regels. Men kan zi
h afvragen in hoeverre deze eigens
happen de logi
a karakteris-

eren, dat wil zeggen of er e
hte intermediaire logi
a's met dezelfde eigens
happen

bestaan. Het is reeds lang bekend dat IPC niet gekarakteriseerd wordt door alleen

de Disjun
tie Eigens
hap. Evenmin wordt IPC gekarakteriseerd door haar toelaat-

bare regels. In Hoofdstuk 8 wordt e
hter bewezen dat ze wel door de 
ombinatie

van die twee eigens
happen gekarakteriseerd wordt: IPC is de enige intermedi-

aire logi
a met de Disjun
tie Eigens
hap waarvoor alle regels in V toelaatbaar

zijn. Verder wordt in genoemd hoofdstuk bewezen dat elke deel
olle
tie van V op

dezelfde wijze met een zekere intermediaire logi
a 
orrespondeert als V met IPC; de

intermediaire logi
a's uit (Gabbay and de Jongh 1974) worden elk gekarakteriseerd

door een deel van de verzameling V plus de Disjun
tie Eigens
hap.



Titles in the ILLC Dissertation Series:

ILLC DS-1996-01: Lex Hendriks

Computations in Propositional Logi


ILLC DS-1996-02: Angelo Montanari

Metri
 and Layered Temporal Logi
 for Time Granularity

ILLC DS-1996-03: Martin H. van den Berg

Some Aspe
ts of the Internal Stru
ture of Dis
ourse: the Dynami
s of Nominal

Anaphora

ILLC DS-1996-04: Jeroen Bruggeman

Formalizing Organizational E
ology

ILLC DS-1997-01: Ronald Cramer

Modular Design of Se
ure yet Pra
ti
al Cryptographi
 Proto
ols

ILLC DS-1997-02: Nata�sa Raki�


Common Sense Time and Spe
ial Relativity

ILLC DS-1997-03: Arthur Nieuwendijk

On Logi
. Inquiries into the Justi�
ation of Dedu
tion

ILLC DS-1997-04: Ato
ha Aliseda-LLera

Seeking Explanations: Abdu
tion in Logi
, Philosophy of S
ien
e and Arti�
ial

Intelligen
e

ILLC DS-1997-05: Harry Stein

The Fiber and the Fabri
: An Inquiry into Wittgenstein's Views on Rule-

Following and Linguisti
 Normativity

ILLC DS-1997-06: Leonie Bosveld - de Smet

On Mass and Plural Quanti�
ation. The Case of Fren
h `des'/`du'-NP's.

ILLC DS-1998-01: Sebastiaan A. Terwijn

Computability and Measure

ILLC DS-1998-02: Sjoerd D. Zwart

Approa
h to the Truth: Verisimilitude and Truthlikeness

ILLC DS-1998-03: Peter Grunwald

The Minimum Des
ription Length Prin
iple and Reasoning under Un
ertainty

ILLC DS-1998-04: Giovanna d'Agostino

Modal Logi
 and Non-Well-Founded Set Theory: Translation, Bisimulation,

Interpolation



ILLC DS-1998-05: Mehdi Dastani

Languages of Per
eption

ILLC DS-1999-01: Jelle Gerbrandy

Bisimulations on Planet Kripke

ILLC DS-1999-02: Khalil Sima'an

Learning eÆ
ient disambiguation

ILLC DS-1999-03: Jaap Maat

Philosophi
al Languages in the Seventeenth Century: Dalgarno, Wilkins, Leib-

niz

ILLC DS-1999-04: Barbara Terhal

Quantum Algorithms and Quantum Entanglement

ILLC DS-2000-01: Renata Wasserman

Resour
e Bounded Belief Revision

ILLC DS-2000-02: Jaap Kamps

A Logi
al Approa
h to Computational Theory Building (with appli
ations to

so
iology)

ILLC DS-2000-03: Mar
o Vervoort

Games, Walks and Grammars: Problems I've Worked On

ILLC DS-2000-04: Paul van Ulsen

E.W. Beth als logi
us

ILLC DS-2000-05: Carlos Are
es

Logi
 Engineering. The Case of Des
ription and Hybrid Logi
s

ILLC DS-2000-06: Hans van Ditmars
h

Knowledge Games

ILLC DS-2000-07: Egbert L.J. Fortuin

Polysemy or monosemy: Interpretation of the imperative and the dative-in�nitive


onstru
tion in Russian

ILLC DS-2001-01: Maria Aloni

Quanti�
ation under Con
eptual Covers

ILLC DS-2001-02: Alexander van den Bos
h

Rationality in Dis
overy - a study of Logi
, Cognition, Computation and Neu-

ropharma
ology.

ILLC DS-2001-03: Erik de Haas

Logi
s For OO Information Systems: a Semanti
 Study of Obje
t Orientation

from a Categorial Substru
tural Perspe
tive



ILLC DS-2001-04: Rosalie Iemho�

Provability Logi
 and Admissible Rules


