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Abstract

This thesis studies algebraic semantics for the inquisitive logic IngB and for the
related class of DNA-logics. DNA-logics were previously known in literature as negative
variants of intermediate logics and have been studied only in syntactic terms. In this
thesis, we show that there is a dual isomorphism between the lattice of DNA-logics
and the lattice of suitable classes of Heyting algebras that we call DNA-varieties. We
study several properties of DNA-logics and DNA-varieties and we prove a version of
Tarski and Birkhoff Theorems for DNA-varieties. A special attention is then paid to
introduce a notion of locally finiteness for this setting and to prove two key results
concerning this property, i.e. that the DNA-variety of all Heyting algebras is not
locally finite and that locally finite DNA-logics can be axiomatised by a version of
Jankov formulas. Finally, we apply the general theory of DNA-logics to the case of
inquisitive logic. We show that IngB is a DNA-logic and we use the method of Jankov
formulas to prove that the sublattice A(IngB) of the extensions of IngB is dually
isomorphic to w + 1.
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Chapter 1

Introduction

This thesis provides an algebraic study of the propositional system IngB of inquisitive
logic and of the wider class of DNA-logics. Inquisitive semantics was introduced one
decade ago by Ciardelli, Groenendijk and Roelofsen as a formal framework to analyse
questions. More specifically, inquisitive logic originates from the so-called “partition
semantics” of Groenendijk and Stokhof [29, 26] and was formally developed in [8, 15,
12, 28, 27]. The first systematic presentation of inquisitive semantics is Ciardelli’s
MSc Thesis [10], later reworked and published in [14]. Ciardelli’s PhD thesis [11]
and the recent textbook [13] give the state of the art in the field.

The usual approach in linguistics and philosophy of language has for long been
focused on the analysis of contents in terms of truth-conditions. For instance, this
was the methodology suggested by Davidson in his seminal paper [18] and has since
then become the standard view for the analysis of meaning. A consequence of this
attitude is that formal linguists focused mainly on sentences and paid little attention
to questions — in fact, questions were often considered in relation to pragmatics rather
than semantics. In contrast, inquisitive semantics treats questions as a proper part
of semantics and aims at representing questions in formal terms.

Since its first appearance ten years ago, inquisitive semantics has seen a rich
development, directed both towards various applications in linguistics and also to-
wards the refinement and development of its logical tools. In particular, inquisitive
propositional logic IngB has been investigated in [10, 14, 44, 43, 42, 22]. It is only
recently, however, that inquisitive logic is also being considered from an algebraic
perspective (however, see [45] for a different algebraic approach to inquisitive logic).
Bezhanishvili, Grilletti and Holliday have introduced in [3] an algebraic and topo-
logical semantics for IngB. In this thesis we aim at developing the work done in this
paper in a natural way and we present an algebraic semantics which applies both to
IngB and to the related family of DNA-logics. In fact, the introduction of algebraic
semantics has been of much importance for intermediate and modal logics [7] and
has also been subjected to abstract investigations per se [21]. The development of an
algebraic semantics for inquisitive logic can thus fill a gap in the current status of the
discipline and provide a better understanding of the mathematics behind inquisitive
semantics. For instance, the introduction of an algebraic semantics for IngB gives
new tools to study the relation between inquisitive logic and intermediate logics. In
this thesis we also show how this novel algebraic setting can be used to prove results



concerning the extensions of IngB.

While inquisitive logic is now widely known and recognized, the related class of
DNA-logics has not been object of many investigations. In this thesis we introduce
DNA-logics as negative variants of intermediate logics. A DNA-logic A is thus a set of
propositional formulas such that, for some intermediate logic L, ¢ € A if and only if
©[7P/p| € L. Thus the name DNA stands for double negation atoms, since every DNA-
logic A proves the formula ——p — p for every atomic formula p € AT. The relation
between IngB and negative variants of intermediate logics was already pointed out in
[10], but it has not led to an independent study of this class of logics. The first work
dealing with DNA-logics is [41], who also show several properties of these systems,
though from a different perspective from the one we take. In this thesis we study
in detail this novel class of logics and we investigate the corresponding classes of
Heyting algebras that we call DNA-varieties.

The original contributions of this thesis are therefore of two kinds. On the one
hand, we develop a general algebraic semantics for DNA-logics and we prove some
fundamental results concerning DNA-logics and DNA-varieties. On the other hand, we
apply this general algebraic setting to inquisitive logic: we study the sublattice of the
extensions of IngB and we give an axiomatisation of them by using Jankov formulas.
More generally, the algebraic setting that we have considered places inquisitive logic
in a new mathematical context and makes it possible to raise new questions about
it. We will consider some of these issues at the end of our work.

In Chapter 2, we introduce the reader to the mathematical tools and frameworks
which are needed to follow the rest of the thesis. First, we present some general
notions from universal algebra and we state some results which we will refer to later
on. Secondly, we outline the general theory of intermediate logics and we present
their algebraic semantics and their relation to varieties of Heyting algebras. Most
of the results can be found in classic textbooks [7, 17] and [6].

In Chapter 3, we introduce the class of DNA-logics as the class of negative vari-
ants of intermediate logics. Here we provide algebraic semantics for DNA-logics and
we introduce a corresponding notion of DNA-varieties, which are classes of Heyting
algebras closed under suitable operations. The key result of this chapter is a dual
isomorphism between the class of DNA-logics and the class of DNA-varieties. This
provides us with algebraic tools to study DNA-logics, which so far have only been
considered in syntactic terms.

In Chapter 4, we show some further results pertaining the theory of DNA-logics
and DNA-varieties. We study in some details the connection between DNA-logics and
intermediate logics, which has previously been considered in [10]. Moreover, we
extend to the framework of DNA-logics some theorems and methodologies usually
employed in the study of intermediate logics. The key results of these section are:
(i) every DNA-logic A determines a bounded sublattice of intermediate logics which
have A as their negative variant, (ii) every DNA-variety X is generated by its collection
Xrsr of regular subdirectly irreducible elements, (iii) the negative variant IPC™ of
IPC is not locally finite and (iv) locally finite DNA-varieties are axiomatisable by
Jankov formulas.

In Chapter 5, we apply the general setting and methodologies that we have
developed in the previous chapters to the study of inquisitive logic. Firstly, we



prove that IngB can be seen as a DNA-logic and we show that IngB is the negative
variant of any intermediate logic L such that ND C L C ML. Although this result
has already been proved in [10, 14], we provide an alternative algebraic proof which
in turn follows from [3]. This also provides the tools to show that the DNA-variety
of IngB is locally finite. Together with the method of Jankov formulas developed
in the previous chapter, this gives the key result of this section. We show that
the extensions of IngB form a countable descending chain with an extra bottom
element. Finally, we provide an axiomatisation of each of these logics and we show
that they coincide with the so-called inquisitive hierarchy considered in [10]. It thus
follows from our result that the inquisitive hierarchy comprises all the possible ways
in which IngB can be extended to other DNA-logics.



Chapter 2

Preliminaries

In this chapter we introduce the mathematical tools needed in the rest of the thesis.
In Section 2.1 we introduce the necessary concepts and definitions from universal
algebra: we provide the basic definitions of algebra, equational classes and varieties
and we recall some important results that we will use in this work. In Section 2.2 we
outline the general theory of intermediate logics: we define them as sets of formulas
which extend intuitionistic logic and are closed under modus ponens and uniform
substitution, we introduce in details their relational and algebraic semantics and we
recall several properties of such logics. In what follows we assume a basic familiarity
with the notions of sets, classes, relations and functions along with the basic theory
of ordinals and cardinals. For further reference the reader may refer to [35].

2.1 Universal Algebra

Universal algebra deals with the abstract notion of algebra and the properties that
follow in this general setting. To keep this work self-contained, we recall in this
section the definitions and results which we will later make use of. For the proofs
of these results and related details, the reader may refer to [6], whilst [19] provides
more information on Heyting algebras and [49] on Boolean algebras.

2.1.1 Basic Definitions

We introduce some very preliminary definitions. As a first step we define the notion
of algebraic language.

Definition 2.1 (Algebraic Language). An algebraic language (or similarity-type) L
is a set of function symbols f € L with an associated natural number n € N called
its arity and denoted by ar(f).

When ar(f) = 0 then we say that the function symbol f is a constant symbol.
If £ is a language, we then write £,, for the set of function symbols f € L such
that ar(f) = n. If a language £ is finite, we often write it as (fo,...fn), where
fo, ..., fn are its function symbols. In what follows, we use languages to talk about
algebras. Intuitively, an algebra can be thought of as a set provided with a suitable
interpretation for every function symbol of the language. Let X™ be the n-product



of X, then we say that f is an operation on X of arity n if f : X — X. When
f: X" = X has arity zero, then we also say that it is a constant. Algebras can be
thought of as sets supplemented with some operations.

Definition 2.2 (£-Algebra). Given an algebraic language £, an L-algebra or an
algebra of similarity-type L is a pair A = (A, F), where A is a set called the universe
of the algebra and F' is a set containing, for each function symbol f € L,, an
operation fq : A" — A.

In this thesis, we always work with finite similarity types, if not specified otherwise.
Also, when the context is clear, we usually refer to L-algebras simply as algebras and
we use capital letters as A both for the universe of an algebra and for the algebra
itself. A function f, is also called the interpretation of f in A. With a slight abuse
of notation, we generally drop the indices and write f both for function symbols and
functions. If £ is finite, we often write an L-algebra as A = (A, fo, ..., fn), where
A is the universe and fj..., f,, are the interpretations of the function symbols of its
language.

Universal algebra can be seen as a restricted version of model theory. In fact,
algebraic languages can be considered as first-order languages without relation sym-
bols and algebras can be seen as first-order-structures without relations. Similarly,
whilst in first-order logic we are generally interested in the satisfaction of formulas,
in universal algebra we are mostly interested in the validation of identities. We fix
some algebraic language L.

Definition 2.3 (£-Terms). Let X be a set of variables, then the set T'(X) of L-terms
over X is the smallest set such that:

(i) X ULy C T(X);
(i) if f € £, and z1,...,x,, € T(X), then f(x1,...,2y) € T(X).

When the context is clear, we usually refer to L-terms simply as terms. If ¢ is a
term, we then write ¢(T) or respectively t(xo, ..., z,,) to designate that the variables
of t are among those of T or respectively of xg,...,x,. We say that a term ¢ has
arity n if the number k of variables that it contains is k¥ < n. Given some L-algebra
A, every L-term t € T'(X) determines a corresponding term function t4 defined as
follows.

Definition 2.4 (Term Function). Let t(z1,...,x,) € T(X) be an n-ary L-term,
then we define its corresponding term function t4 : A™ — A over an L-algebra A as
follows.

(i) If ¢t(z1,...,xn) € T(X) is a variable x;, then t4 : (z1,...,z,) > x; is the iy,
projection function.

(ii) If t(z1,...,xy,) is of the form f(t(zy,...,xpn), ...,t"™ (21, ..., 7)), With f € Ly,
then:
tA(T1, e n) = fa(% (@1, oy zn)s oy (21, ey ).

We then define algebraic models as follows.



Definition 2.5 (Algebraic Model). An algebraic model of similarity-type £ over a
set of variables X is a pair M = (A, V), where A is an L-algebraand V : X — A a

valuation.

When the valuation V is clear from the context, then we use a capital letter A both
for the algebra and the model (A, V). Given an algebraic model (A, V) and a term
t(T), we say that t4(V (%)) is the interpretation of t in A and we also write it as
V(t). Given two L-terms p,q € T(X), an identity in L is an expression of the form
p =~ q. We define the notions of validation and truth in the following way.

Definition 2.6 (Validation). Let p ~ ¢ be an identity in £ over a set of variables
X and let (A,V) be an algebraic model of similarity-type £. Then we say that A
validates the identity p(z1, ..., zn) =~ q(Yo, ---, Yn) and we write A F p = ¢ if for every
valuation V' : X — A we have that V(p) = V(q).

If AE p~ g then we also say that p = q is true in A. If ¥ is a set of identities, then
we write A F X if AF p = ¢ for all identities p =~ g € X. If K is a class of L-algebras,
then we write K E p = ¢ if for all A € K we have that A E p =~ ¢. Similarly, we
write K F X, if for every A € K we have that A E 3. Given a class of algebras IC, we
denote by Idx(K) the class of identities over the set T'(X) of terms over X which
are true in K. Given a class ¥ of identities we denote by M (3) the class of algebras
which validate all the identities in 3. Now we define equational classes as follows.

Definition 2.7 (Equational Class). We say that a class of algebras K is an equational
class if there is some set of identities ¥ such that K = M (X).

2.1.2 Varieties

After establishing the general notion of algebra, we now turn to the study of maps
between algebras and to different ways to construct new algebras starting from
already given ones. In particular, we are interested in the notions of subalgebra,
homomorphic image and product, as they allow us to define the notion of variety.
First, we introduce some mappings between algebras of the same similarity type.

Definition 2.8 (Homomorphism). Let A and B be two L-algebras, then a function
h: A — B is a homomorphism if for every f € L we have that

h(fa(ao, -..,a;)) = fe(h(ao), ..., h(a;)).

If a homomorphism A : A — A is such that its domain and its codomain are the same
then we say it is an endomorphism. If a homomorphism h from A to B is injective
then we say it is an embedding. If a homomorphism h from A to B is surjective we
also write it as h : A — B. If a homomorphism h : A — B is both surjective and
injective then we say it is an isomorphism. If there is an isomorphism between two
L-algebras A and B then we say that they are isomorphic and we write A = B.

We now define the three key constructions that lead to the notion of variety, i.e.
subalgebras, homomorphic images and products.

Definition 2.9 (Subalgebra). Let A and B be two algebras of the same similarity
type. Then we say that A is a subalgebra of B and we write A < B if A C B and
for every f € L,, we have that f4 = fg [ A™.



Alternatively, we can also say that A is a subalgebra of B if the subset relation is
itself an embedding. If we have an embedding h : A — B, it then follows that h[A]
is a subalgebra of B. Homomorphic images are defined as follows.

Definition 2.10 (Homomorphic Image). Let A and B be two algebras of the same
similarity type. Then we say that A is a homomorphic image of B if there exists a
surjective homomorphism h : A — B.

Intuitively, a homomorphic image is obtained by collapsing together the elements
of an algebra in a way which is compatible with the algebra operations. This idea
will become more precise later when we introduce the notion of congruence of an
algebra. To introduce the product of a family of algebras, let us first recall that the
set-theoretic product of a family {X;},cs of sets is the set [[;c; X; defined as follows:

[[Xi={f:1—-JX::VielI(f(iec X))}

icl el
The product of a family {4;};c; of algebras is then defined as follows.
Definition 2.11 (Product). Let {4; }icr be a family of algebras of the same similarity-
type. Then the product [[;c; A; is an algebra whose universe is the set theoretic

product [[;c; A; and such that for every n-ary operation f € £, the result of its
application to some ay, ..., a, € [[;c; 4; is computed pointwise:

AL, 4,001 a0) (@) = fa,(@1(0), s an(i)):

If I is finite, we also write Ag x ... x A,, for the product [[;c; A;. For every i € I we
also have a projection function m; : [[;c; Ai = A; such that m; : o — a(i). It is easy
to show that every such projection function is a surjective homomorphism.

Now, we introduce the following closure maps.

Definition 2.12. Let K be a set of algebras of the same similarity-type, we then
define the following;:
AellK
AeSK
A e H(K) iff A is homomorphic image of some algebra in

~—

iff A is isomorphic to some algebra in K

~—

iff A is a subalgebra of some algebra in K

A€ P(K) iff A is product of a nonempty family of algebras in K.

The following proposition provides a characterisation of how the previous maps
interact with one another.

Proposition 2.13. Let K be an arbitrary class of algebras, we then have that
SH(K)C HS(K), PS(K) C SP(K) and PH(K) C HP(K). Moreover, the operators
I,S,H, P are all idempotent, i.e. I*(K) = I(K), S*(K) = S(K), H*(K) = H(K)
and P*(K) = P(K).

The notion of variety is then defined as follows.

Definition 2.14 (Variety). We say that a class of algebras V is a wvariety if it is
closed under subalgebras, homomorphic images and products.



If K is an arbitrary class of L-algebras, then we write V(K) for the variety generated
by I, i.e. for the smallest class of L-algebras containing K which is closed under
subalgebras, homomorphic images and products. Finally, we recall the following
important theorems, which turn out to be very useful in the study of varieties. The
first theorem, due to Tarski, characterizes the variety generated by a set of algebras
in terms of the closure maps defined above. The second theorem is an important
result by Birkhoff which establishes that varieties and equational classes actually
coincide. For a proof of these results see [6, Thm. 9.5, Thm. 11.9].

Theorem 2.15 (Tarski). Let K be a class of algebras of some similarity type, we
then have that V(K) = HSP(K).

Theorem 2.16 (Birkhoff). A class of algebras K is a variety iff it is an equational
class.

2.1.3 Orders and Lattices

We introduce here orders and lattices. We first define partial orders and recall some
order-theoretic concepts we will encounter down the line in in this thesis.

Definition 2.17 (Partial Order). A partial order, (or poset) is a set A equipped with
a relation < which is reflexive, transitive and antisymmetric, i.e. for all a, b, c € A:

Reflexivity: a < a;
Transitivity: a < b and b < ¢ implies a < ¢;
Antisymmetry: a < b and b < a implies a = b.

If the relation < is only reflexive and transitive then we say that (A, <) is a preorder.
If (A, <) is a poset and for all a,b € A we also have a < b or b < a, then we say that
A is a linear order or also a total order.

Definition 2.18. Let (A, <) be a poset and B C A an arbitrary subset, then given
some element a € A we say that:

a is an upper bound for B if Vo € B, x < a;

a is a lower bound for B if Vx € B,a < z;

a is the greatest element of B if a € B and Vx € B, x < a;
a is the least element of B if a € B and Vx € B, a < ;

a is the supremum of B if it is its least upper bound;

a is the infimum of B if it is its greatest lower bound.

A chain is a subset of a poset which is linearly ordered. If (A, <) is a poset and
X C A, we denote by inf(X) the infimum of X in A and by sup(X) the supremum
of X in A. If (A, <) is a poset, then we say that a subset X C A is an upset if
for all z,y € A such that z < y we have that if x € X then y € X. If (A4,<) is a
poset, then we say that a subset X C A is a downset if for all z,y € A such that
x < y we have that if y € X then x € X. Given a subset of a poset X C A we
defmet X ={rcA:JyeX(y<z)land | X ={r € A:Jy e X(z <y)}. Fora



singleton {z} we write simply 1 z or | x. If for an upset (or downset) X there is a
subset Y C X such that X =1Y (or X =] Y), then we say that Y generates X and
its elements are called the generators of X. Finally, if (A, <) is a poset, we denote
by Up(A) the set of all its upsets and Dw(A) the set of all its downsets.

Let X and Y be two posets. We say that a function f : X — Y is order preserving
if © <y entails f(x) < f(y) for all z,y € X. We say that a function f: X — Y is
order reversing if x < y entails f(y) < f(x) forall z,y € X. If f: X — Y is both
a bijection and order-preserving, then we say it is an isomorphism. If f : X — Y
is both a bijection and order-reversing, then we say it is an dual-isomorphism. If
X and Y are two posets and there is an isomorphism between them then we write
X 2Y, if there is a dual isomorphism between them then we write X =P Y.

Lattices are a key example both of orders and algebras and they also play an
important role in universal algebra. On the one hand, many objects in universal
algebra have a lattice structure, a common example being congruences or varieties.
On the other hand, lattices themselves are a prime example of algebras and they
also form the backbone of many other algebraic structures, such as Heyting and
Boolean algebras. A first definition of lattices can be given in order-theoretic terms.
For more on lattices we refer the reader to the classic textbooks [4] and [24].

Definition 2.19 (Lattice — Order-Theoretic Definition). Let (A, <) be a partial
order. We say that (A, <) is a lattice if for all a,b € A, there are elements inf{a, b}
and sup{a, b} in (A4, <).

Alternatively, lattices can be introduced as a prime example of algebras.

Definition 2.20 (Lattice — Algebraic Definition). An algebra (A, A, V) of universe
A and with two binary operations A, V respectively called meet and join is a lattice
if A satisfies the following set of equations:

Here lattices are introduced as a class of algebras satisfying the equations above.
Thus, it is immediate that lattices are an algebraic equational class and so by
Birkhoff Theorem 2.16 that they are also algebraic varieties. We denote by Lat the
variety of lattices. The order-theoretic and the algebraic definition of lattices can be
related as follows. If (A, <) is a poset such that every two elements a,b have both
an infimum and a supremum, then we can define the two operations a Ab = inf{a, b}
and aVb = sup{a, b} and verify they obey the laws (L1)-(L8) above. Similarly, given
an algebraic structure (A4, A, V) that validates the laws (L1)-(L8), we can define the
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corresponding poset (A, <) by fixing a < b < a Ab = a and verify that under this
order a A b = inf{a, b} and a V b = sup{a, b}.

We say that a lattice (A, <) is complete if every subset B C A has an infimum and
a supremum denoted respectively by A B and \/ B. A distributive lattice is a lattice
(A, A, V) which satisfies the equations aA(bVe) ~ (aAb)Vecand aV (bAc) = (aVb)Ac.
A bounded lattice is an algebra (A, A,V,0,1) where (A, A, V) is a lattice and 0, 1 are
two elements which satisfy the equations a A0 =~ 0 and a V1 = 1. Given a lattice A,
we say that A is its dual lattice if aVa4b=aAgor band a Ay b= a Vo b. Since
lattices are algebraic structures, the notions and the maps that we have defined
in the previous sections apply to lattices as special case. Now we introduce two
more definitions. A homomorphism h : A — B is an order-reversing homomorphism
if h(a Vab) = h(a) Ap h(b) and h(a Ag b) = h(a) Vp h(b). A lattice A is dually
isomorphic to a lattice B, written A =P B, if A = B°. It is then easy to see
that two lattices are (dually) isomorphic as algebras if and only if they are (dually)
isomorphic as order-structures.

Finally, we can define the notion of filter over a lattice. For more on filters and
related concepts the reader may refer to [17, §2].

Definition 2.21 (Filter). Given a lattice L, a filter F' is a subset F' C L such that:
(i) F#0;
(ii) if x,y € F then x Ay € F}

(iii) if z € F and z <y, then y € F.

We say that a filter F' is principal if there is some element x € L such that F =1 x.
We denote the set of filters over a lattice L as F'il(L). It can then be verified that
Fil(L) is itself a lattice ordered by the set-theoretic inclusion C.

2.1.4 Free Algebras and Subdirectly Irreducible Algebras

Given a variety of algebras, we are often interested in ways in which it can be
characterised in terms of a restricted class of generators. Here we provide two ways
to generate varieties which are often very useful: wvia free algebras and via subdirectly
irreducible algebras.

To study these two notions we first need to introduce congruences over an algebra.
Let us recall that a relation R C A? is called an equivalence relation if it is reflexive,
transitive and symmetric. The congruences of an algebra are then defined as follows.

Definition 2.22 (Congruence). Let A be an algebra of some similarity-type L,
then a relation § C A? is a congruence if it is an equivalence relation and it is
also compatible with the algebra operations: i.e. for every n-ary function sym-
bol f € L and elements ay,...,an,b1,..,b, € A, if a;0b; for all 0 < ¢ < n, then
fA(a(),...,an)HfA(bo,...,bn).

It is then easy to show that the diagonal-relation A = {(a,a) € A? : a € A} and
the universal-relation V = A% are both congruences over A. We denote by Con(A)
the set of all congruences of A. It is an important result that (Con(A4),U,N)) is a
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complete bounded lattice ordered by C with A as least element and V as greatest
element. Given a congruence 6 over an algebra A, we define the quotient algebra
A/0. We recall that if R C A2 is an equivalence relation and z € A then we say
that /R is the equivalence class of v and /R = {y € A : yRx}. The set-theoretic
quotient of a set under an equivalence relation R is then the set X/R of all its
equivalence classes.

Definition 2.23 (Quotient Algebra). Let A be an algebra of some similarity type
and 0 be a congruence over A, then the quotient algebra A/6 is the algebra whose
universe is the set theoretic quotient A/6 and for every function symbol f € £ we
have:

fA/9<a1/9, veey an/H) = fA(al, ceny an)/ﬁ

Given a congruence 6 over A and the quotient algebra A/6, the natural map ng : A —
A/0 which is defined as 1y : a — a/6 can be proved to be a surjective homomorphism
between A and A/6. Homomorphisms are related to congruences also as follows:
given a homomorphism h : A — B its kernel ker(h) = {(a1,a2) € A% : h(ay) =
h(az2)} is a congruence over A. The following correspondence theorem allows us to
relate the congruence lattice of an algebra and the congruence lattice of its quotient
algebra under some congruence. Given two elements a,b in a lattice L, we denote
by [a, b] its bounded sublattice with a = 0 and b = 1.

Theorem 2.24 (Correspondence Theorem). Let A be an algebra and § € Con(A),
then Con(A/0) = [0,V 4], where [0,V 4] is a sublattice of Con(A).

One way to characterize varieties is provided by free algebras. To introduce this
construction we first introduce term algebras.

Definition 2.25 (Term Algebra). A term algebra T'(X) of signature £ and over a
set of variables X is an algebra with universe the set of £-terms 7'(X) and such that
for every function symbol f € L,, the corresponding function fr(xy : T'(X)" — T(X)
is defined as fr(x) : (%o, ..., ¥n) = f(T0, .- Tn)-

Let I be a class of algebras and X a set of variables, then we define the following
set of congruences over the term algebra T'(X):

B (X) = {0 € Con(T(X)) : T(X)/0 € IS(K)}.

This allows us to find, for every such class I, a minimal congruence fx defined as
O (X) = NP (X). Let X = X/0xc(X), free algebras are then defined as follows.

Definition 2.26 (Free Algebra). Let K be a class of algebras, then the K-free algebra

is the algebra Fic(X) =T(X)/0x(X).
It is a result due to Birkhoff [6, Thm. 10.12] that for any variety V we have that

Fy(X) € V. So free algebras always exist for varieties. Free algebras play an
important role in characterizing their varieties, as they have the following universal

mapping property.

Theorem 2.27 (Universal Mapping Property). Let Fy(X) be the free-algebra of
the variety V, then for every A € V and every map h : X — A there is a unique
homomorphism h : F\y(X) — A which extends h.

12



For a proof of this theorem see [6, Thm. 10.10]. Finally, free algebras are also
interesting as they exactly satisfy the identities of the variety they belong to. Free
algebras are then a sort of “natural representatives” of a variety.

Theorem 2.28. Let X be any set of variables and let Y be an infinite set of vari-
ables, then for every variety V we have that Idy(X) = IdFV(?) (X).

A second method which is often used to characterize a variety is by generating
it starting from its subdirectly irreducible elements. We first recall the following
definitions. We say that an algebra A is a subdirect product of a family of algebras
{Aitier if A < [l;c; Ai and for every i € I we also have that m;(A) = A;. We say
that an embedding h : A — [[;c; A; is subdirect if h(A) is a subdirect product of
{A;}icr. We then introduce subdirectly irreducible algebras as follows.

Definition 2.29 (Subdirectly Irreducible Algebra). An algebra A is said to be
subdirectly irreducible if for every family of algebras {A;};c; and for every subdirect
embedding h : A — [[;c; Ai there is some ¢ € I such that m;oh : A — A; is an
isomorphism.

We use Vg to denote the collection of subdirectly irreducible algebras of a variety
V. The following result due to Birkhoff shows that subdirectly irreducible algebras
play an important role as generators of varieties. See [6, Theorem 9.6] for a proof of
this theorem.

Theorem 2.30 (Birkhoff). IfV is a variety, then every member of V is isomorphic
to a subdirect product of subdirectly irreducible members of V.

Corollary 2.31. Varieties are generated by their subdirectly irreducible members,
i.e. for every variety V, we have V =V (Vgr).

And finally, the following result shows how congruences can be used to characterize
subdirectly irreducible algebras.

Theorem 2.32. An algebra A is subdirectly irreducible iff A is trivial or there is a
minimum congruence in Con(A) \ {A}.

Where an algebra A is said to be trivial if its universe is a singleton, i.e. |A| = 1.

2.1.5 Heyting Algebras and Boolean Algebras

We introduce here the classes of Heyting and Boolean algebras, as they will play
a central role in this entire thesis. We define both Heyting and Boolean algebras
by specifying a set of equations ¥ which is valid in these algebras. Thus, it follows
that Heyting and Boolean algebras are both equational classes and varieties. We
denote by HA the variety/equational class of Heyting algebras and by BA the vari-
ety/equational class of Boolean algebras. We refer the reader to [19] and [49] for a
more detailed presentation of Heyting and Boolean algebras.

Definition 2.33 (Heyting Algebra). An algebra (A, A,V,—,0,1) is a Heyting al-
gebra if (A, A,V,0,1) is a bounded distributive lattice and in addition the binary
operation — called Heyting implication satisfies the following equations:

Hl)a »a=1
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alN(a—=b~aNbd
(H3) bA(a—b)~b
a— (bAc)=(a—b)A(a—c)

Similar to the case of lattices, we can also give an order-theoretic definition of
Heyting algebras. A bounded distributive lattice H is a Heyting algebra if for
every a,b € H there is some element a — b € A such that for all ¢ € A we have
that ¢ < a - b < c¢Aa < b. The underlying lattice of a Heyting algebra is
always distributive and its order can be also defined by letting, for every a,b € H,
a<b< a—b=1. Given an element a € H of a Heyting algebra, we define its
pseudocomplement —a as ~a = a — 0.

We recall some important results which turn out useful in the study of Heyting
algebras.

Proposition 2.34. Let H be an Heyting algebra and let a,b € H, then the element
a — b can be characterized as follows:

a—>b:\/{a:€H:x/\a§b}.

Proposition 2.35. Let I be an infinite set of indices. A complete lattice is a Heyting
algebra iff it satisfies the following infinite distributivity law:

a/\\/bi% \/(a/\bl)
el el

The method of congruences can be used to study the variety of Heyting algebras.
First, notice that in the context of Heyting algebras there is the following dual
correspondence between congruences and filters:

00— {xeH:(l,z)ecb}
F {(z,y) € H* :x <y € F}.
It can then be proven that Con(H) = Fil(H). Then by using this correspondence

and Theorem 2.32 above, one can prove the following characterisation of subdirectly
irreducible Heyting algebras.

Theorem 2.36. Let H be an Heyting algebra. Then H is subdirectly irreducible iff
H has a second greatest element sy .

Like Heyting algebras, also Boolean algebras are based on lattices.

Definition 2.37 (Boolean Algebra). An algebra (B,A,V,—,0,1) is a Boolean al-
gebra if (B, A\,V,0,1) is a bounded distributive lattice and — is an unary operation
called complementation which satisfies the following equations:

(Bl) aN—a=0

(B2) aV-ax1
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Given an element a € B of a Boolean algebra, the element —a is called its comple-
ment. We thus also say that a Boolean algebra is a bounded distributive lattice such
that every element has a complement. Boolean algebras can be also seen as Heyting
algebras by defining the Heyting implication as a — b < —a V b, for all a,b € B.
Similarly, given a Heyting algebra H we can define —a as the pseudocomplement
a — 0 of a. It then immediately follows from our definitions that a Boolean algebra
is a Heyting algebra where every pseudocomplement satisfies the two equations (B1)
and (B2) above. A power-set algebra is a Boolean algebra B = (p(X),U,N,\, 0, X),
where the universe is a power-set, the algebraic operations of join and meet are
the set-theoretic operations of union and intersection and complementation is the
set-theoretic complement. We recall the following representation theorem for finite
Boolean algebras. For a proof of this result see [17, §5].

Theorem 2.38. Let B be a finite Boolean algebra, then B is isomorphic to a power-
set algebra, i.e. B = p(X) for some finite set X.

Thus it follows that finite Boolean algebras are always equivalent up to isomorphism
to p(n) for some n € N. Therefore, it is easy to show that if n < m, then p(n) <
©(m). Then, by identifying every p(n) by 2", it follows that finite Boolean algebras
form an ordered chain of subalgebras:

20 <ol <92 <93 <94 <

We will use this result later in our study of inquisitive logic.

2.2 Intermediate Logics

Intermediate logics are a well-studied class of logics with many applications in math-
ematics and computer science. The classic text on intermediate logic is [7], to which
we refer the reader for the proofs of the results we recall in this section.

2.2.1 Syntactical Definitions

In this section we introduce the abstract notion of logic and outline the general
theory of intermediate logics. We always work at the propositional level. Firstly,
we fix a countable set AT of atomic propositional formulas, then we define the set of
propositional formulas £p inductively as follows.

Definition 2.39. The language Lp is defined as follows, where p is an arbitrary
element of AT:

eu=p|T|L|IYvAX[YVX|Y—=x

Negation can be defined as —¢ := ¢ — L. If ¢ is a formula, then we write ¢(7)
or ¢(xg,...,xn) to specify that the atomic formulas in ¢ are among those of T or
respectively of xg, ..., z,. A substitution is a function n : AT — Lp which naturally
lifts by induction to formulas by setting, for every connective ® the map (¥ ® x) —
n(Y) ®@ n(x). If ¢ is a formula and ¢ occurs in ¢, we write p[P/q] for the formula
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obtained by the substitution n : ¢ — p. Similarly, if § = qq, ..., ¢, are variables in ¢,
then we write ¢[P/q] for the formula obtained by the substitution 7 : ¢; — p; for all
1 <n.

Given a propositional language £p, we can then give a general definition of logic
as a set of formulas of Lp which satisfies some closure conditions.

Definition 2.40 (Abstract Propositional Logic). An abstract propositional logic (or
simply logic) is a non-empty set L of formulas in £p which satisfies the two following
conditions:

(i) L is closed under modus ponens: if ¢ € L and ¢ — ¢ € L, then ¢ € L.

(ii) L is closed under wniform substitution: if o(po,...,pn) € L then for every
Y0, .., Y € Lp we have that ¢(vy, ..., 1¥,) € L.

Now, we introduce two propositional logics which are of special interest for the rest
of our thesis. These are the intuitionistic propositional calculus IPC and the classical
propositional calculus CPC.

Definition 2.41 (Intuitionistic Logic). The intuitionistic propositional calculus IPC
(also intuitionistic logic) is the least set of formulas of Lp which contains the fol-
lowing axioms:

And, in addition, it is also closed under modus ponens and substitution, i.e. it is a
logic.

Definition 2.42 (Classical Logic). The classical propositional calculus CPC (also
classical logic) is the least set of formulas of £p which contains the axioms (Al)-
(A9) plus the following:

(A10) pV —p
In addition, CPC is closed under modus ponens and substitution, i.e. it is a logic.

In this study, we are particularly interested in those logics that lie between
intuitionistic and classical logic.

Definition 2.43 (Intermediate Logic). A superintuitionistic logic L is a proposi-
tional logic such that IPC C L. An intermediate logic is a superintuitionistic logic
L which is also consistent, namely | ¢ L.
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It can be proven that CPC is the maximal intermediate logic and that intermediate
logics are all the logics L such that IPC C L C CPC. We denote by L + ¢ the closure
under substitution and modus ponens of the set of formulas L U {¢} and by L +T'
the closure under substitution and modus ponens of the set of formulas L UT'. If
L is an intermediate logic and ¢ € L then we write k1 ¢ or L = ¢. Moreover, if ¢
can be obtained by closing the set L UT" under modus ponens, then we write I' -1, ¢
and we say that ¢ is derivable from I' in L. Intermediate logics satisfy the following
deduction theorem. See [7, p. 45] for a proof of this result.

Theorem 2.44 (Deduction Theorem). Let L be any intermediate logic, then if
LyobFp v thenU'lp o — ).

It is a well-know fact [7, ch. 4.1] that intermediate logics form a bounded lattice IL
with IPC = 1 and CPC = T and where meet and join are defined as follows

LoNLy=LogNI4
LoV ILi=Lo+ L.

This lattice was shown by Jankov in [34] to have the cardinality of the continuum
2%0_ We list here some intermediate logics that will be useful for us in this thesis:

KC =IPCH —pV ——p
KP =IPC+ (-p—qVr)— (-p—=q)V(-p—r)
ND; =IPC+ (—p— \/ ~a)— \/(-p = ~a)
i<k i<k

ND = | J NDy
k>2

Where each ND, is defined only for k& > 2. The logic ND was introduced by Maksimova
in [39]. The logic KP was introduced by Kreisel and Putnam in [38]. The logic KC is
also know as the logic of the weak excluded middle and was introduced by Jankov in
[32].

Finally, let us see how intermediate logics can be translated into equational
theories. We take the set of atomic propositions AT as underlying set of variables X
and we fix the signature-type (A,V,—, L, T). Then an intermediate logic L can be
seen as an equational theory X where its elements are identities ¢ ~ T, for every
@ € L. Notice that this translation allows us to consider logics in the context of
universal algebra and to apply for the case of intermediate logics the results that we
have developed in that context.

2.2.2 Relational Semantics

We introduce the relational semantics for intuitionistic logic. We refer the reader
to [7, Ch. 8] and [5] for a detailed presentation of relational semantics both for
intermediate and modal logics. An intuitionistic relational structure or intuitionistic
frame is simply a poset F = (X, <). We often call the elements of X worlds and the
relation < accessibility relation. An intuitionistic relational model is then defined as
follows.

17



Definition 2.45 (Intuitionistic Relational Model). An intuitionistic relational model
(also Kripke Model) is a triple M = (X, <, V) where (X, <) is an intuitionistic re-
lational structure and V' : AT — Up(X) is a function called valuation.

We then define, by induction, the following notion of truth in a world.

Definition 2.46 (Truth in a World). Let M = (X, <, V) be a relational model, ¢
a formula of Lp and z € X a world. Then we say that ¢ is true in x and we write
x I ¢ if the following condition holds:

zlFpiff x € V(p)

xlFTiffr e X

zlk Liffz €0
zlFpAyiff k@ and x Ik
zlFeVvyifzlFporxl-y
z Ik — Y iff Yy > z(y Ik ¢ then y IF ).

Relational models have the following persistence property.

Theorem 2.47 (Persistence). Let ¢ be a formula of Lp and M = (X,<,V). Then
for all x,y € X we have that if v <y and x I+ ¢ then y I .

We say that a formula ¢ is satisfiable in a model M = (X, <, V) if there is some
x € X such that x I+ ¢. We say that a formula ¢ is satisfiable in a structure
F = (X, <) if there is some valuation V' such that ¢ is satisfiable in (F,V). We
say that a formula ¢ is true in a model M = (X,<,V) and we write M |F ¢ if
for all worlds € X we have that z I ¢. We say that a formula ¢ is valid in a
relational structure F = (X, <) and we write F IF ¢ if for all valuation V' we have
that (F,V) IF ¢. If C is a class of relational structures, we say that a formula ¢ is
valid in C and we write C IF ¢ if ¢ is true in every relational structure 7 € C. We
say that a formula ¢ is intuitionistically valid and we write IF ¢ if it is valid for the
class of all relational structures.

We say that an intermediate logic L is Kripke complete if there is a class of rela-
tional structures C such that ¢ iff IF¢ . It was shown by Shehtman in [48] that
not every intermediate logic is Kripke complete. The following theorem establishes
the completeness of IPC with respect to the class of all relational structures.

Theorem 2.48 (Completeness of IPC). Let ¢ be any formula of Lp, then we have
that - ¢ iff I+ .

2.2.3 Algebraic Semantics

Along with relational semantics, intermediate logics also accommodate algebraic
semantics. In particular, Heyting algebras can be used to provide algebraic semantics
to intermediate logics.

Definition 2.49 (Algebraic Model). An algebraic model is a pair M = (H, V') where
H is n Heyting algebra and V : AT — H is a valuation of propositional atoms over
the elements of H.
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Given an algebraic model M = (H, V'), we define by induction the interpretation of
any formula ¢ € Lp.

Definition 2.50 (Interpretation of Arbitrary Formulas). Given an algebraic model
M and a formula ¢ € L, its interpretation [p]M is defined as follows:

1. For p € AT we have [p]M = V(p);

2. For p = T we have [T]M = 1y;

3. For o = 1 we have [L]M = 0y;

4. For ¢ =9 A x we have [ Ax]M = [¥]M Ag [X]M;
5. For o =9V x we have [¢ V X[ = [¢]M vy [x]Y;

6. For p =1 — x we have [¢ — x]M = [v]M —x [x]™.

When the valuation V is clear from the context, we simply write [¢]? for the
interpretation of ¢ in H under V. We say that a formula ¢ is true under V in H
or true in the model M = (H,V) and write M F ¢ if [¢]M = 1. We say that ¢ is
valid in H and write H F ¢ if ¢ is true in every algebraic model M = (H,V') over
H. Given a class of Heyting algebras C, we say that ¢ is valid in C and write C E ¢
if ¢ is valid in every Heyting algebra H € C. Finally, we say that ¢ is a validity if
@ is valid in any Heyting algebra H.

The previous algebraic semantics allows us to prove an important duality result
relating logics and algebras. Let HA be the lattice of Heyting algebras and IL the
lattice of intermediate logics, we then define the two maps Var : IL — HA and
Log : HA — 1L as follows:

Var:L—{HecHA :HFL}
Log:V—{peLp:VEp}

That the two former functions are well defined follows from Var(L) being a variety
of Heyting algebras and Log(}V) being an intermediate logic. Also, one can prove
that both these maps are order-reversing homomorphisms. Since we have already
seen that intermediate logics can be considered as equational theories, it is easy to
see that these two maps amount to special cases of the maps Idx(K) and M (%)
which we have defined above. We say that a variety of Heyting algebras V is defined
by a set of formulas I" if V = Var(I') and we say V is definable if there exists one
such I'. 'We then say that an intermediate logic L is algebraically complete with
respect to a class of Heyting algebras C if L = Log(C). The universal algebra tools
that we have introduced above give us the two following results.

Theorem 2.51 (Definability Theorem). FEvery variety of Heyting algebras V is
defined by its validities, i.e. for every Heyting algebra H,

HeV <& HE Log(V).
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Theorem 2.52 (Algebraic Completeness). Every intermediate logic L is complete
with respect to its corresponding variety of Heyting algebras, i.e. for every ¢ € Lp,

peLsVar(L)E .

The reader may refer to [7, Section 7] for a full proof of the aforementioned two
results and the related constructions. Here let us only remark that the first of
these two results is an immediate application of Birkhoff Theorem 2.16, once we
consider logics as equational theories. The second result relies essentially on the
free-algebra construction, namely on the Lindenbaum-Tarski algebra of intermediate
logics. These results together give us the following theorem.

Theorem 2.53 (Dual Isomorphism). The lattice of intermediate logics is dually
isomorphic to the lattice of varieties of Heyting algebras, i.e. IL =°P HA..

Here, the isomorphisms between IL and HA are the two maps Log and Var. We
sometimes refer to the previous theorem as a duality result concerning IL and HA.
Notice that we are implicitly excluding from the lattice HA the trivial variety gen-
erated by a singleton set, for it would dually correspond to the inconsistent logic
containing all the formulas of Lp.

2.2.4 Properties of Intermediate Logics

Here, we introduce some properties of intermediate logics and we characterize the
relations between them. We proceed to more complex varieties from simpler ones.

Definition 2.54 (Tabularity). An intermediate logic L is tabular if it is the logic
of a single finite algebra, i.e. Var(L) = V(H), where H is a finite Heyting algebra.

Tabular logics are thus exactly those intermediate logics which are complete with
respect to a matrix-semantics with a finite number of truth-values. If a logic is not
tabular, we can then enquire whether it has the following local tabularity property.

Definition 2.55 (Local Tabularity). Let L be an intermediate logic. Then L is
locally tabular, if, for any n € N, there are finitely many non-equivalent formulas in
L with at most n variables.

It is then possible to give an algebraic counterpart to the locally finiteness of a logic.
Let H be a Heyting algebra and X C H an arbitrary subset of it. Then we define
(X) as the least subalgebra of H such that X C (X) and we say that X generates
(X). We say that a Heyting algebra H is finitely generated if there is a finite set
of elements zy, ..., z, € H such that (zg,...,xz,) = H. We then define locally finite
logic in the following way.

Definition 2.56 (Local Finiteness). An intermediate logic L is locally finite if every
finitely generated H € Var(L) is also finite.

One can then show that a logic is locally finite if and only if it it is locally tabular.
Local finiteness thus provides us with a semantic way to check whether a logic is
locally tabular. Local finiteness is often useful as it allows us to work in a finite
setting. A related property which also allows us to work with finite algebras is the
finite model property.

20



Definition 2.57 (Finite Model Property). An intermediate logic L has the finite
model property (the FMP for short) if it is the logic of a class C of finite Heyting
algebras, i.e. Var(L) =V(C), where for all H € C we have that |H| < Y.

And, finally, we recall from the previous section the following notion of Kripke-
completeness.

Definition 2.58 (Kripke Completeness). An intermediate logic L is Kripke complete
if it is the logic of a class C of relational structures.

It is possible to prove the following relations between these properties:
Tabularity = Locally Finiteness = FMP = Kripke Completeness.

Finally, under the algebraic semantics defined above, we have that Var(IPC) =
HA and Var(CPC) = BA. By using algebraic methods, one can then show two
important results concerning intuitionistic and classical logic. First, the example
of the Rieger-Nishimura ladder shows that the intuitionistic logic IPC is not locally
tabular. On the other side of the spectrum, we have that CPC is tabular, since one
can show that the only subdirectly irreducible Boolean algebra is 2 and thus the
variety BA is equal to V(2). It follows by our previous considerations that CPC is
locally finite, that it has the finite model property and it is Kripke complete.
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Chapter 3

Algebraic Semantics for
DNA-Logics

This chapter contains the basics of the theory of DNA-logics and DNA-varieties. In
Section 3.1 we define DNA-logics as negative variants of intermediate logics and DNA-
varieties as negative closures of varieties of Heyting algebras. In Section 3.2 we
introduce a suitable algebraic semantics for DNA-logics and we prove several results
connecting standard validity and DNA-validity. Finally, in Section 3.3 we provide
two proofs of the dual isomorphism result between the lattice of DNA-logics and the
lattice of DNA-varieties. The first proof relies on the standard dual isomorphism
between intermediate logics and varieties of Heyting algebras, while the second one
follows a suitable construction of Lindenbaum-Tarski algebras for DNA-logics.

3.1 DNA-Logics and DNA-Varieties

3.1.1 DNA-Logics

We proceed by introducing the notion of negative variant of an intermediate logic.
Negative variants were first introduced by Miglioli et al. in [41] and later employed
by Ciardelli in [10]. If ¢ € Lp is an arbitrary formula, we often say that the formula
©[7P/p| obtained by replacing all the atomic letters in ¢ with their negation is its
negative variant.

Definition 3.1 (Negative Variant of a Logic). For every intermediate logic L, its
negative variant L™ is defined as follows:

L™ ={p€Lp:p[™P}p L}

A DNA-logic is then defined as the negative variant of some intermediate logic L.
The name DNA stands for double negation atoms, which refers to the fact that, as we
shall see, DNA-logics prove ——p — p for all atomic formulas p € AT. We will use the
notation L™ to refer to the negative variant of an intermediate logic L. If not specified
otherwise, we reserve uppercase greek letters as I' and A to denote arbitrary sets of
formulas and A and II to denote DNA-logics. The following proposition provides us
with an axiomatisation for every DNA-logic.

22



Proposition 3.2. Let A be a DNA-logic with A = L™, then A is the least set of
formulas such that:

1. LCA;
2. For all atomic propositional formulas p € AT we have that ——p — p € A;

8. A is closed under the modus ponens rule:

N el
%

Proof. Firstly we prove that L™ satisfies these three conditions, then we check that
it is the least such set. (1) Suppose ¢ € L, then since L is an intermediate logic
it is closed under substitution and thus ¢[7P/5| € L. By the definition of negative
variant, it follows that ¢ € L™ = A. (2) Since IPC C L and it is a theorem of
IPC that =——p — —p for every atomic letter p € AT, it follows by the definition of
negative variant that =——p — p € L™ = A. (3) Now, suppose ¢, — ¢ € L™, then it
follows by the definition of negative variant that ¢[7P/p|, (¢ — ¥)[7P/p] € L, and thus
©[P/5, ¢[7P/p] — ¥[P/p] € L. Then it follows, by the fact that L is closed under
modus ponens, that ¢[7P/p] € L and so ¢ € L™ = A.

It remains to be proven that A is the least such set. Suppose X also validates the
three conditions above, we need to show that A C X. Consider any ¢ € A = L™, then
by the definition of negative variant ¢[™P/p] € L. Therefore, by uniform substitution,
©[77P/p] € L and therefore since L C X also ¢[™P/5] € X. Finally, since for every
p € AT, =—p — p € X, it follows that ¢[7P/5] - ¢ € X and thus considering X is
closed under modus ponens ¢ € X. g

(MP)

We can now show that DNA-logics give rise to a lattice structure ordered by the
set-theoretic inclusion. The meet of two DNA-logics Ag, Ay is just their intersection
and their join is the closure of their union under modus ponens. We will thus write
ANAy = AgN Ay and Ag V Ay := (Ag U A)MP | where we denote by (I)MF the
closure under modus ponens of a set I' of formulas. If ¢ can be obtained by closing
the set I' of formulas under modus ponens, then we have I' - ¢, i.e. ¢ is derivable
from I'. We prove the following proposition.

Proposition 3.3. Let Ay and Ay be two DNA-logics, then: (i) Ag A Ay is a DNA-logic
and it is the infimum of Ao and Ay, (ii) AoV A1 is a DNA-logic and it is the supremum
of Ag and Ay.

Proof. (i) By definition Ag A A; = Ag N A;. We show this is a DNA-logic. Let us
suppose, without loss of generality, that Ag = Ly and Ay = L7, then since Ly C Ag
and L1 € Ay, we have LoN Ly € Ag N A;. For any propositional formula p € AT we
have -—p — p € Ag and ——p = p € A; so =—p — p € Ag N A;. Similarly, closure
under modus ponens follows from the fact that both Ag and A; are closed under
modus ponens. Therefore, it follows by Proposition 3.2 that Ag A A = (Lo A Ly)™
and so that it is a DNA-logic. Finally, since Ag A A1 = Ag N Ay, it is obvious that
Ao A A7 is the infimum of Ag and Aj.
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(ii) By definition Ag V A1 = (Ag U A))MP. Let us suppose, without loss of
generality, that Ao = Ly and Ay = L]. Since Ly € Ap and L; C A; we have
that Lo U Ly € Ag U Ay and therefore (Lo U L1)MP C (Ag U A1)MP | which means
that LoV L1 € Ag V Aq. Also, since =——p — p € Ag and =——p — p € A1 we have
——p = p € Ag V Aq. Closure by modus ponens follows by definition. Therefore, it
follows from Proposition 3.2 that AoV A1 = (Lo V L1)™ and hence it is a DNA-logic.
Finally, we show that Ag V Aj is the supremum of Ag and A;. Suppose there is
some DNA-logic IT such that Ag C IT and A; C II, we show that (Ag U A)MP C II.
Consider any ¢ € (AgUA1)MP then ¢ can be derived by modus ponens from some
formulas g, ..., ¥, € Ag U A1. But then g, ...,%, € II and since II is also closed
under modus ponens the same derivation entails that ¢ € II. g

We denote by DNAL the lattice of DNA-logics. Since intermediate logics also form a
lattice IL, we can then show that the map (=)™ : IL — DNAL which assigns each
intermediate logic to its negative variant is a lattice homomorphism.

Proposition 3.4. The map (—)" : IL — DNAL is a lattice homomorphism.

Proof. Obviously (=) sends Ly, to Lpnar and Ty, to TpNAL, S0 it suffices to
check that (=)~ preserves meet and join.
(i) Consider two intermediate logics Lo and Li, then it is straightforward that:

(LoA L) = (LoN Ly)”
={peLp:p[@hl € LonLi}
={p e Lp: o[ € Lo} N{p € Lp: ¢[P/] € L1}
= LyNLy
=Ly ALY

which shows that (—)™ preserves the meet operator.

(ii) Consider two intermediate logics Ly and L;. We have by definition that
(LoV L1)” = (Lo U L)MP)" and Ly Vv L7 = (Ly U LT)MP. Tt suffices to show
that ((Lo U L1)MP)™ = (Ly U L7)MP. (C) Suppose ¢ € ((Lo U L1)MF)7, then it
follows that ¢[™/5] € (Lo U L1)MF, hence for some formulas 1y, ..., %, € Lo U Ly
we have g, ..., F ¢[™P/p]. We immediately obtain that o[™P/p], ..., V¥n[7P/5]
©[77P/p]. So, since for every p € AT we have -—p — p € Ly, L7 it follows that
G0 5] u[ ] - and hence ¢ € (L7 ULT)MP. (2) Suppose ¢ € (LGULT)MP,
then it follows that for some formulas 4y, ..., ¥, € Ly U L] we have that ¢y, ..., ¥, -
¢. Therefore, for some formulas ¥o[™P/p, ..., ¥n[P/p] € Lo U L1 we have by the
same derivation ¥o[7P/p], ..., n[P/5] F ©[P/5], so @[P/s] € (Lo U L1)MP and finally
¢ € (Lo U L1)MP)™. So (—)™ also preserves the join operator and is thus a lattice
homomorphism. O

3.1.2 DNA-Varieties

We have introduced DNA-logics in purely syntactical terms, as negative variants of
intermediate logics. To provide DNA-logics with an algebraic semantics we first in-
troduce DNA-varieties. In particular, we define DNA-varieties as negative closures of
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varieties of Heyting algebras. Firstly, if H is an Heyting algebra, then we say that
an element x € H is regular if x = —-—z. For any Heyting algebra H we then denote
by H- the set:

H.={reH:x=-x}.

So H_ consists of all regular elements of the Heyting algebra H. Take note that
since in every Heyting algebras we have that —x = ———x, the set of regular elements
of H can also be specified as H- = {y € H : 3 € H(y = —x)}. We then define the
negative closure of a variety of Heyting algebras as follows.

Definition 3.5 (Negative Closure of a Variety). For every variety of Heyting alge-
bras V, its negative closure V1 is defined as follows:

VI = {H :3A € V such that A, = H_ and A < H}.

A DNA-variety is then defined as the negative closure of some variety VV of Heyting
algebras. We use the notation V' to refer to the negative variant of a variety V and
we generally write X for DNA-varieties. If not specified otherwise, we reserve C to
denote arbitrary classes of Heyting algebras, V or U to denote standard varieties
and X or Y to denote DNA-varieties.

We now want to show that DNA-varieties are also standard varieties, i.e. they are
closed under the usual operations of subalgebra, homomorphic image and product.
Moreover, we also show they are closed under the following condition.

Definition 3.6. We say that a Heyting algebra K is a core superalgebra of H if
H_=K_and H < K.

A core superalgebra K of a Heyting algebra H is thus an algebra of which H is sub-
algebra such that they share the same regular elements. The following proposition
provides us with a characterisation of DNA-varieties.

Proposition 3.7. A class of Heyting algebras C is a DNA-variety if and only if it is
closed under subalgebras, homomorphic images, products and core superalgebras.

Proof. (<) If a set of algebras C is closed under subalgebras, homomorphic images
and products then it is a variety. Moreover, since it is also closed under core su-
peralgebras, it is straightforward to see that C = CT, so that we can see C as the
negative variant of itself and thus as a DNA-variety.

(=) Consider now a DNA-variety X. By definition it is the negative variant of
some standard variety V, so we have X = VI. We need to check that V' is closed
under the above four operations.

(1) We check closure under subalgebras. Suppose H € V! and K < H. Then by
definition of DNA-variety it follows that there is some H' € V such that H', = H- and
H' < H. Now consider K’ = H'N K, since K’ is the intersection of two subalgebras
of H, it will also be closed under the Heyting algebra operations. Thus we have that
K’ is also a Heyting algebra and K’ < H' and K’ < K. Therefore, by the fact that
K €V and V is closed under subalgebras, it then follows that K’ € V. Moreover,
since H' = H_, D K_,, we have that K’ = H' N K_ = K_. Finally, we showed that
for K’ € V we have K’ < K and K’, = K_,, which entails K € VT.
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(2) We check closure under homomorphic images. Suppose H € V' and f :
H — K, then by the definition of DNA-variety we have that for some H' € V
that H' = H- and H' < H. Consider K’ = f[H'|. Since homomorphic images
preserve subalgebras, we have K’ < K and, by the closure of standard varieties under
homomorphic images we have K’ € V. Moreover, since by assumption H-, = H/,
and since homomorphisms preserve the algebra operations, we have K = f[H-] =
f[H'] = K'. Thus for K’ € V we have K’ < K and K’ = K_,, which yields K € VT,

(3) We check closure under products. We only consider binary products, but it
is easy to see that our proof immediately generalizes to arbitrary products. Suppose
HO H' € V', we need to check that also H? x H! € V!. By the definition of
DNA-variety it immediately follows that there are K°, K' € V such that H? = K9,
H! = K! and K° < H°, K' < H'. Then by the closure under products of V, we
have that K9 x K' € V. Since K° < HY and K' < H! it is straightforward to lift
these two embeddings to the product to get K° x K' < HY x H'. Similarly, from
the fact that H® = K° and H! = K! we then obtain, by the definition of products,
(H° x HY)., = (K° x K')_. It then follows from the definition of DNA-varieties and
the fact KO x K' € V, that H? x H! € V',

(4) We check closure under core superalgebras. Suppose H € VT and for some
K we have that H. = K- and H < K. By the definition of DNA-varieties we have
that there is some H' < H such that H' € V and H’ = H_.. Since H' < H and
H =< K we then have H' < K by the transitivity of subalgebra relation. Moreover,
since H, = H., = K- and H €V, it finally follows that K € V', O

As in the case of standard varieties, also DNA-varieties give rise to a lattice structure
ordered by the set-theoretic inclusion. As we have done for standard varieties,
we implicitly exclude from the lattice of DNA-varieties the trivial DNA-variety of one-
element algebras. The meet of two DNA-varieties Xy, X is then just their intersection
and their join is the smallest class containing their union and closed under the DNA-
variety operations. For any class C of Heyting algebras we define X (C) = V(C)T,
making X(C) the smallest DNA-variety containing C. We will thus define Xy A X} :=
XoN & and Xy V Ay := X (XpUA&7). We proceed to prove the following proposition.

Proposition 3.8. Let Xy and Xy be two DNA-varieties, then: (i) Xo A X1 is a DNA-
variety and it is the infimum of Xy and Xy; (ii) Xy V X1 is a DNA-variety and it is
the supremum of Xy and X.

Proof. (i) By definition Xy A X1 := Xy N X;. That this is a DNA-variety follows
immediately from the fact that, since both A and A} are closed under subalgebras,
homomorphic images, products and core superalgebras, then also their intersection
is closed under these operations. Moreover, since Xy A X7 := Xy N X4, it follows that
Xo A Xy is the infimum of Xy and Aj.

(i) By definition Xy Vv Xy = X (XU &) = V(X U 1), which is a DNA-variety.
Now suppose Y is also a DNA-variety and Xy UAX; C V. Then since Y is also a variety
it follows that V(XyU A7) C Y and since Y is also closed under core superalgebras it
follows that V(AXpUX;)T = X(ApUA;) C Y and in turn gives us X (XoUA) = AoV Ay
is the supremum of X and A7. O
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We denote the lattice of DNA-varieties by DNAV. As varieties of Heyting algebras
also form a lattice HA, one can then show that the map ()" : HA — DNAV
which assigns every variety of Heyting algebras to its negative closure is a lattice
homomorphism.

Proposition 3.9. The map (—)': HA — DNAV is a lattice homomorphism.

Proof. Obviously (—)! sends Lya to Lpnav and Tga to TpNav, so it suffices to
check that 1 preserves meet and join.
(i) Consider two standard varieties Vy and Vi, then we have:

Vo AV)T ={H :3A € VyNV; such that A, = H_ and A < H}
={H:3AeVy(Ao =H.,A<H)}n{H :3A e V(A = H.,A < H)}
=y AVl

which shows that (—)" preserves the meet operator.

(ii) Consider two standard varieties Vy and Vi, then we have by definition that
WVov V)T = WWeuV) and VIVY] = x(VIuV]) = VWUV Tt thus suffices
to show that V(Vy U V)T = V(W UV, (C) Let us suppose X € (V(Vo U W)t
which implies that there is some K € V(Vy U V) such that K, = H, and K <
H. Then clearly K € V(Vg UV]) and thus H € V(Vg UV (2) Suppose now
H e VW, UV, then for some K € V(V] UV]) we have that K-, = H_, and
K < H. Thus we can assume, without loss of generality, that K is generated by
some algebras A, ..., A" € Vg U VlT and that there are algebras B, ..., B € VUV,
such that for every i < n, B < A* and AL = B’. But then it follows immediately
that A, ..., A" € (V(Vo U V1)) and so since (V(Vo U V;)") is a variety, we have that
K € (W(VouW))'. Finally, since (V(Vo U V1)) is also a DNA-variety, we also have
that H € WV U W) O

In this section we have provided two parallel characterisations of DNA-logics and
DNA-varieties. On the one hand, we have introduced them in terms of negative vari-
ants of some intermediate logics or in terms of negative closure of some variety of
Heyting algebras. On the other hand, we have also given an independent char-
acterization of DNA-logics and DNA-varieties, as sets of formulas closed under some
conditions or as set of algebras closed under some operations. During the course of
this thesis we will alternate between the two perspectives, i.e. consider DNA-logics
and DNA-varieties in terms of negative variants or consider them as sets satisfying
some closure properties.

3.2 Algebraic Semantics for DNA-Logics

3.2.1 DNA-Models

We now introduce the algebraic semantics of DNA-logics. This semantics generalizes
the semantics for inquisitive logic IngB given in [3].

Definition 3.10 (DNA-Model). A DNA-model is a pair M = (H,V ™) where H is a
Heyting algebra and V™ : AT — H- is a valuation of propositional atoms over the
regular elements of H.
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Given a DNA-model M = (H, V™), we define by induction the interpretation of any
formula ¢ € Lp.

Definition 3.11 (Interpretation of Arbitrary Formulas). Given a DNA-model M and
a formula ¢ € Lp, its interpretation [p]* is defined as follows:

1. For p € AT we have [p]M = V™ (p);

2. For p = T we have [T]M = 1y;

3. For o = 1 we have [L]M = 0y;

4. For ¢ =9 A x we have [ A x]M = [¥]M Ag [X]™;
5. For o =9V x we have [¢ V X]" = [¢]M vy [x]Y;

6. For p =1 — x we have [¢ — x]M = [v]M —x [xX]™.

When the valuation V7 is clear from the context, we simply write [¢] for the
interpretation of ¢ in H under V™. From the former definitions it is straightforward
to adapt the usual definitions of truth at a model and validity. We say that a formula
@ is true under V™ in H or true in the model M = (H,V™) and write M E™ ¢ if
[¢]™ = 1. We say that ¢ is DNA-valid in H and write H E~ ¢ if ¢ is true in every
model M = (H,V™) over H. Given a class C of Heyting algebras, we say that ¢ is
DNA-valid in C and write C E™ ¢ if ¢ is DNA-valid in every Heyting algebra H € C. In
particular, given a DNA-variety X, we say that ¢ is DNA-valid in X if ¢ is DNA-valid
in every Heyting algebra H € X. Finally, we say that ¢ is a DNA-validity if ¢ is valid
in any Heyting algebra H. When the context is clear, we drop the qualification DNA
from the definitions above and talk simply of wvalidity.

Remark 3.12. It is a well-known fact that the subset of regular elements H- of
H is a Boolean algebra with respect to the operations Ag,—pg,1g,0yg and the
disjunction z Vpy = = (—z Ag —y). The resulting algebra (H-, Ap,Vp,—p5,1H1,05H)
is a Boolean algebra which is a subset of H and also accords with H with respect
to the operations of meet, negation and implication, while dissents with respect to
the join operator. One can then have a different look at the carrier of a DNA-model
by introducing DNA-structures as pairs (B, H) of a Boolean algebra and a Heyting
algebra such that B C H and B accords with H with respect to meet, negation and
implication. From this, it is easy to show that the greatest Boolean algebra which
satisfies these requirements is exactly the Boolean algebra of regular elements H-.
Based on this perspective, it is then possible to consider two different join operators
between any two formulas of a DNA-logic: the join operator V of the Heyting algebra
and the join operator Vp of the Boolean algebra of regular elements. As we shall
see later in the next chapter, these two algebraic operators correspond to the two
disjunction symbols one usually has in inquisitive logic. The reader may also refer
to [3].
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3.2.2 Connection between Validity and DNA-Validity

We now prove some important propositions which allow us to relate the usual alge-
braic semantics of intermediate logics to the DNA-semantics just defined. Firstly, let
us introduce the notion of negative variant of a valuation.

Definition 3.13 (Negative Variant of a Valuation). Let H be a Heyting algebra
and V an arbitrary valuation. Then we say that V™ is the negative variant of V if
for all p € AT we have that V™(p) = =V (p).

The following lemma shows that the set of DNA-valuations and the set of all negative
variants of standard valuations actually coincide.

Lemma 3.14. A wvaluation V™ is a DNA-valuation iff it is the negative variant of
some valuation V.

Proof. (=) Suppose V™ is a DNA-valuation, then since for every p € AT we have
V7(p) € H- it follows that V7 (p) = ==V 7 (p) and hence V™ is the negative variant
of its negative variant U : p — =V 7 (p). (<) Suppose V™ is the the negative variant
of some valuation U, then for all p € AT, V" (p) = —-U(p) so that for all p € AT,
V7(p) is regular and thus V™ is DNA. O

We can now prove the following important lemma.

Lemma 3.15. For every Heyting algebra H, for every valuation V and any formula
, we have

[e] Y = [e[FR]).
Proof. By induction on the complexity of .

1. For p € AT we have:

1Y) = Vo (p) =~V (p) = ~[p] V) = [-p] V).

2. For ¢ = ¢ A x we have:

[ A XTIV = )Y A [ YD
= [V A I Y
= [W[/ A X[/
= [ A X))V

3. For o =1V x we have:

[v v X]](H,Vﬁ) — [[w]](H,Vﬁ) v [[X]](H’Vﬁ)
= W]V v [x[Fm)] )
= [ v xR Y
= [ v 0[]
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4. For ¢ =1 — x we have:

[ — x]¥0Y ) = [V = g
= [ AY — =)
= W5l = X7l
= [ = 0)[7A]HY).

The cases for ¢ = T and ¢ = | are obvious. Then this establishes that [[go]](H Vo)
[V,

From this we can derive the following result.

Ol

Proposition 3.16. For any Heyting algebra H, H E™ ¢ iff H E ©[7P/p].

Proof. We prove both directions by contraposition. (=) Suppose H ¥ ¢[7P/p], then
for some valuation V we have that (H,V) ¥ ¢["/5] and hence [o[/p|](Y) +#
1. Then consider the negative variant V™~ of V. It follows by Lemma 3.15 that
[] V™) £ 1, which implies H 7 . (<) Suppose H ¥~ ¢, then for some negative
valuation V™ we have that (H,V ™) ¥~ ¢ and hence [¢] V") # 1. Now, by Lemma
3.14 from above, there is a valuation V7 such that V™ is the negative variant of
V™. It then follows by Lemma 3.15 that [o[72/5]](®>V ") # 1, which means that
H ¥ o[7P/5]. O

Thus we end up with the following proposition; if a Heyting algebra validates a logic,
then it validates also its negative variant.

Proposition 3.17. Let H be a Heyting algebra and L an intermediate logic. Then
we have that H E L entails H E™ L™

Proof. Suppose H F L, then for all ¢ € L™ we have that ¢[7P/p] € L and so H F
©[P/5]. By Proposition 3.16 above it follows that H F~ ¢ and hence H F~ L. [

Notice that the converse of the previous proposition does not hold in general, since
a formula can be true in a Heyting algebra under all DNA-valuations but not under
all valuations. However, the next proposition is a weaker version of it which we will
need later. Let (H-) be the subalgebra of H generated by H-. First we prove the
following lemma.

Lemma 3.18. For any Heyting algebra H we have that H ™ ¢ iff (H-) E™ ¢

Proof. Suppose (H-) is the subalgebra of H generated by H-, then it follows that
H_ = (H-)-. So we have that V™ is a DNA-valuation over H iff it is a DNA-valuation
over (H-). Then, since (H-) is a subalgebra of H, we have that for any formula 1 it
holds that [/](H1=)V) = [ V) hence (H, V™) E™ ¢ iff ((H-), V™) E” . Finally,
this entails H F™ ¢ iff (H-) ™ ¢. O

Now we prove the following proposition.

Proposition 3.19. Let H be a Heyting algebra and L an intermediate logic. Then
we have that H E™ L™ entails (H-) F L.
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Proof. Consider any Heyting algebra H, and suppose that (H_) ¥ L, then there is
some formula ¢ € L and some valuation V' such that ((H-),V) ¥ ¢. Now, since
(H-) is the subalgebra generated by H-, we can express every element z € (H-)
as a polynomial 0% of elements of H-. We thus have x = ¢%;(7), where for each
y; we have that y; € H.. By writing p = py, ..., p, for the variables contained in
¢ and 0% (y) for the polynomials of the elements z1 = V(p1),...,zn = V(pn), we
get that [o(@)](-1Y) = (6% (7)). Since all the elements 7 in the polynomials
0% are regular elements, we can define a DNA-valuation U™ : AT — H- such that
U™ : q; — y; for all i < n. Then it follows immediately that [¢[57@) /5|]((H~)V") =
@1 (0% (7). But then, since we also had [p(p)]“H-)"V) = ¢u (6% (7)), it follows
that [e[i@ /5] CH-1U") = [p@)] -1V, So since ((H-),V) ¥ ¢, we also get that
((H-),U™) ¥~ ¢[6@)/p]. So it then follows by Lemma 3.18 that (H,U™) ¥~ p[6=(a)/p],
hence H ¥~ ¢[6=(3)/p]. Now, since L is an intermediate logic, it admits free substi-
tution and so, since ¢ € L, we also get that ¢[6=(9)/s] € L and therefore as L C L™
also p[6=@)/p] € L. Finally, this means that H- ¥~ L™, thus proving our claim. [

3.2.3 The maps Log™ and Var™

Given the DNA-semantics defined in the previous section, there are two obvious ways
to relate formulas and algebras. We define the map Var™ sending sets of formulas to
the class of Heyting algebras in which they are DNA-valid and the map Log™ sending
classes of Heyting algebras to the set of their DNA-validities. We have:

Var":T'—{He HA: HE T},
Log :C—{p€eLp:CE" p}.

We then say that a DNA-variety of Heyting algebras X is DNA-defined by a set of
formulas I' if X = Var™(I'). We say that a class of Heyting algebras C is DNA-
definable if there is a set T' of formulas such that X = Var™(I"). When the context
is clear, we often drop the qualification DNA and talk simply of definability. We
say that a DNA-logic A is algebraically complete with respect to a class of Heyting
algebras C if A = Log(C). We shall prove in the next section a definability theorem
and an algebraic completeness theorem for DNA-logics. We shall then establish that
every DNA-variety is defined by its validities and that every DNA-logic is complete
with respect to its corresponding DNA-variety.

We will next show that Var™(I') is always a DNA-variety and Log~(C) is always
a DNA-logic. First we prove the following important lemma showing that the DNA-
validity of a formula is preserved by the key operations of a DNA-variety.

Lemma 3.20 (Preservation of DNA-Validity). The DNA-validity of a formula ¢ is
preserved by the operations of subalgebras, homomorphic images, products and core
superalgebras, i.e:

(i) if HE™ ¢ and K < H, then K E™ ¢;
(i) if HE™ ¢ and H — K, then K ™ ;

(iit) if A; E” ¢ for alli €I of a family {A;}icr of algebras, then [1;c; Ai E™ o5
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(iv) if HE™ ¢ and for some K such that K— = H— we have that H < K, then
KE™ .

Proof. We check that the DNA-validity of formulas is preserved by the operations of
subalgebras, homomorphic images, products and core superalgebras.

(i) We check preservation under subalgebras. Suppose by reductio that K < H
and K 7 ¢, then for some negative valuation V™ we have (K, V™) ¥~ ¢. Now, since
K =< H, we can then consider V" also as a valuation over H. It is straightforward to
see that for every formula ¢ we have [V =[]V and thus (H, V™) ¥ ¢
and H £~ .

(ii) We check preservation under homomorphic images. Suppose by reductio
f:H — K and K ¥~ ¢. Then by Proposition 3.16 it follows that K ¥ ¢[7P/p]. So
since validity is preserved by homomorphic images it follows that H ¥ ¢[™P/p] and
therefore by using Proposition 3.16 again we obtain that H ¥~ .

(iii) We check preservation under products. We prove this claim for binary prod-
ucts but it is easy to see how our proof generalizes to arbitrary products. Sup-
pose by reductio that H° x H' ¥~ ¢. Then we have that for some valuation
V7 it is the case that 1gowgs = (1go,1z1) # [@]E*HV7) . Then by defining
Voo i=mo V™ and V|7 := m o V7 as the two projections of V™ into the ele-
ments of the product and by the properties of the product construction we get
that either 10 # [[(p]](HO”TOOVﬁ) or lyo # [[cp]](Hl””OVﬁ), which means that either
(HO, mgo V) E™ @ or (H', 7 0 V") K™ ¢, which proves our claim.

(iv) Finally, we check preservation under core superalgebras. Suppose by reductio
K ¥ pand H, = K- and H < K. Then for some valuation V™ we have (K, V™) ™
w. Since H_, = K_, we can then immediately consider V' as a valuation over H and,
since H < K, we have that for every formula ) we have [i)]5V7) = []HV 7).
It thus follows that (H,V™) ™ ¢ and hence H ¥~ ¢, which finally proves our
claim. ]

It follows immediately that for every set of formulas I' the class of Heyting algebras
Var™(T") is a DNA-logic.

Proposition 3.21. The class of Heyting algebras Var™(I") is a DNA-variety.

Proof. Consider any set of formulas I', then by the previous Lemma 3.20 it follows
that the corresponding set Var™(I") is closed under the operations of subalgebra,
homomorphic image, product and core superalgebra. Therefore, it follows by Propo-
sition 3.7 that it is a DNA-variety. O

It is a straightforward consequence of the proposition above that every DNA-definable
class of Heyting algebras is also a DNA-variety. The next proposition shows that for
every class C of Heyting algebras its set of validities Log™(C) is a DNA-logic.

Proposition 3.22. The class of formulas Log™(C) is a DNA-logic.

Proof. We check that for any class C of Heyting algebras the corresponding set of
formulas Log™(C) is a DNA-logic. In particular we show that Log™(C) = Log(C)".
We have the following:

¢ ¢ Log™(C) & 3H € C such that H £~ ¢
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< JH € C such that H ¥ ¢[7P/p] (by Proposition 3.16)
< ¢[P/p] ¢ Log(C)
< ¢ ¢ Log(C).

Which shows that Log™(C) is the negative variant of Log(C). O

3.3 Duality between DNA-Logics and DNA-Varieties

In this section we provide two different proofs of the dual isomorphism between
DNA-Logics and DNA-Varieties. In Section 3.3.1 we prove that DNAL =°° DNAV
by relying on the standard result that IL = HA. In Section 3.3.2 we introduce
Lindenbaum-Tarski algebras for DNA-Logics and we use them to given an alternative
proof of the same result. We believe that these two different strategies give us
different insights and perspectives on this key result about DNA-Logics and DNA-
Varieties. We usually refer to the dual isomorphism DNAL =°° DNAV as DNA-
duality and to the dual isomorphism IL =°° HA as standard duality.

3.3.1 DNA-Duality by Standard Duality

So far, we have considered Var™ as a map defined over arbitrary classes of Heyting
algebras and Log™ as a map defined over arbitrary sets of propositional formulas.
Now we restrict our attention to the case in which the domain of Var™ is the lattice
of DNA-logics DNAL and the domain of Log™ is the lattice of DNA-varieties DNAV.
Since we have shown above that Var™(T') is always a DNA-variety and Log™(C) is
always a DNA-logic it follows that we have two maps:

Var™ : DNAL — DNAYV;
Log” : DNAV — DNAL.

In this section we provide a first proof that these two maps describe a dual isomor-
phism between the lattice of DNA-logics and the lattice of DNA-varieties. This proof
essentially relies on the standard isomorphism between the lattice of intermediate
logics and the lattice of varieties of Heyting algebras. Let us introduce the following
diagram:

IL - DNAL
~vop o>~op
HA T DNAV

Where the four objects in the diagram are the following;:

IL is the lattice of intermediate logics;
HA is the lattice of varieties of Heyting algebras;
DNAL is the lattice of DNA-logics;
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DNAYV is the lattice of DNA-varieties.

And the arrows are the following. Firstly, (—)” : IL — DNAL is the map we
introduced above that assigns to every intermediate logic L its negative variant L™.
Secondly, (—)T : HA — DNAYV is the map we introduced above that assigns to each
variety of Heyting algebras V its negative closure VI. The isomorphism IL = HA
is given by the standard duality for intermediate logics and varieties of Heyting
algebras. The two maps of this bijection are Log : HA — IL and Var : IL — HA,
which we have defined above in the preliminaries. By using the fact that IL =°° HA
we show in this section that also DNAL =° DNAYV holds. We proceed as follows.
First we show that the diagram that we have described commutes, then we show
that Var™ and Log™ are inverse maps of each other and finally we prove they are
order-reversing homomorphisms between DNAL and DINAV. Thus we will obtain
a dual isomorphism DNAL =°° DNAV.

Commutativity of the Diagram

We first prove the two following propositions, thereby establishing that our diagram
commutes.

Proposition 3.23. For every intermediate logic L, Var™(L™) = Var(L)".

IL - DNAL
Var Var™
HA T DNAV

Proof. (C) Consider any Heyting algebra H € Var™(L™). Then we have H ¥~ L™
and so by Proposition 3.19 it follows that (H-) F L. So we clearly have that
(H-) € Var(L) and since (H-)- = H- and (H-) = H also H € Var(L)!. (D)
Consider any Heyting algebra H € Var(L)", then there is some K € Var(L) such
that K < H and H-, = K_. Then we have that K F L, so by Lemma 3.17 above we
obtain that K ™ L™ which entails K € Var™(L™). Finally, since DNA-varieties are
closed under core superalgebra, it follows that H € Var™(L™). 0

Proposition 3.24. For every variety V of Heyting algebras Log” (V1) = Log(V)™.

IL - DNAL
Log Log™
HA T DNAV

Proof. We prove both directions by contraposition. (C) Suppose first ¢ ¢ Log(V)™,
then we have that ¢[7P/p] ¢ Log(V) and hence there is some Heyting algebra H € V
such that H ¥ ¢[™P/5]. By Proposition 3.16 this means that H ¥~ ¢ and so since
H €V C V' we also have ¢ ¢ Log” (V). (D) Suppose now that ¢ ¢ Log~(V').

34



It follows that there is some Heyting algebra H € V' such that H ¥~ ¢, hence
by Lemma 3.18 we have that (H-) ¥~ ¢. It thus follows by Proposition 3.16 that
(H-) ¥ ¢[/5]. Now, since H € V!, we have for some K € V that K < H and
K_ = H-. Thus, by the fact that (H-) is the algebra generated by H-, it follows
that (H-) < K and therefore (H-) € V. Finally, since (H-) ¥ ¢[™P/p] we get that
©[7P/5| ¢ Log(V) and hence ¢ ¢ Log(V)™. O

In particular, when V is itself a DNA-variety we obtain the following corollary.

Corollary 3.25. For every DNA-variety X we have Log™(X) = Log(X)™.

Definability Theorem and Algebraic Completeness

By relying on the commutativity result described above, we can now prove that the
two maps Var™ and Log™ are inverse of one another. It is then easy to see that
suitable versions of the definability theorem and algebraic completeness follow from
this result.

Proposition 3.26. Var™ o Log™ = 1pnav-

Proof. For any DNA-variety X we have:

Var™(Log™ (X)) = Var (Log(X)™) (by Corollary 3.25)
= Var(Log(Xx))" (by Proposition 3.23)
=1 (by standard duality)
=4X.
And thus Var™ o Log™ = lpNAV- ]

Theorem 3.27 (Definability Theorem). Ewvery DNA-variety X is defined by its DNA-
validities, i.e. for every Heyting algebra H,

He X & HE" Log(X).

We then have that every DNA-variety is DNA-definable. Moreover, by Proposition 3.21
we have that every DNA-definable class is also a DNA-variety, the following corollary
also follows.

Corollary 3.28 (Birkhoff Theorem for DNA-Varieties). A class of Heyting algebras
C is a DNA-variety if and only if it is DNA-definable by some set of formulas.

The algebraic completeness of DNA-logics is proved as follows.
Proposition 3.29. Log™ o Var™ = 1pNAL-
Proof. For any DNA-logic A such that A = L™ we have:
Log” (Var~(A)) = Log” (Var™(L™))

= Log” (Var(L)") (by Proposition 3.23)
= Log(Var(L))” (by Proposition 3.24)
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=L" (by standard duality)
=A.
And thus Log™ o Var™ = 1pNAL- O

Theorem 3.30 (Algebraic Completeness). Every DNA-logic A is complete with re-
spect to its corresponding DNA-variety, i.e. for every ¢ € Lp,

peANs Var (A)E .

Dual Isomorphism

Finally, by relying on the standard dual isomorphism HA =° IL and the com-
mutative square above, it is easy to show that Var™ and Log™ are order-reversing
homomorphisms that invert the lattice structure of DNAL and DNAV.

Proposition 3.31. Var™ is an order-reversing homomorphism.

Proof. Tt suffices to check that Var™ inverts meet and join. Let Ag, A1 be two
DNA-logics such that Ag = Ly and Ay = L7. The case for A is as follows:

Var (Ao AA1) =Var™(Ly ALY)

=Var ((LoAL1)") (by Proposition 3.4)
= Var(Lo A Ly)T (by Proposition 3.23)
= (Var(Lo) V Var(Ly))" (by standard duality)
= Var(Lo)' vV Var(L)" (by Proposition 3.9)
=Var ' (Ly) VvV Var (L7) (by Proposition 3.23)

=Var ' (Ag) VVar™(Ay).
The case for V is analogous. O

Proposition 3.32. Log™ is an order-reversing homomorphism.

Proof. It suffices to check that Log™ inverts meet and join. Let Xy, X7 be two DNA-
varieties such that Xy = Vg and X = VlT . The case for A is as follows:

Log™(Xo A Xo) = Log™ (V) AV])

= Log” (Vo A V)T (by Proposition 3.9)
= Log(Vo AN V)™ (by Proposition 3.24)
= (Log(Vo) V Log(V1))~ (by standard duality)
= Log(Vy)™ V Log(V1)~ (by Proposition 3.4)
= Log~ (V) v Log~(V]) (by Proposition 3.24)

= Log ' (Xp) V Log™

The case for V is analogous. g
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It is a consequence of the previous results that Var™ and Log™ are two order-
reversing homomorphism between DINAL and DNAV which are inverse of one
another. The following duality theorem follows.

Theorem 3.33 (Duality). The lattice of DNA-logics is dually isomorphic to the lattice
of DNA-varieties of Heyting algebras, i.e. DNAL =°° DNAV.

3.3.2 DNA-Duality by Lindenbaum-Tarski Algebras

In this section we provide a different proof of the duality result between DINAL
and DINAV shown above. Whilst the former proof relies in an essential way on the
diagram we have constructed, we now want to give a proof which is autonomous and
does not use the standard duality result between intermediate logics and varieties of
Heyting algebras. To this end, we introduce a suitable Lindenbaum-Tarski construc-
tion for DNA-logics. For a general introduction to Lindenbaum-Tarski constructions
we refer the reader to [7, §.7.2] and [21, Chp. 1]. By using the Lindenbaum-Tarski
method we then prove both a suitable version of the definability theorem and alge-
braic completeness of DNA-logics and we also show that Var™ and Log™ are order-
reversing homomorphisms. Finally, we obtain the result that DNAL and DNAV
are dually isomorphic.

Lindenbaum-Tarski Algebras

Firstly we introduce a suitable form of the Lindenbaum-Tarski construction. Let
‘P be a set of atomic propositional formulas and let Lp be the set of propositional
formulas over P. If not specified otherwise, we generally assume that the set P
has cardinality Ry and we denote it by AT. We can also consider Lp as the term
algebra 7 = T'(P) of all the terms over P in the signature (T, L, A,V,—). In the
case of an intermediate logic L, a Lindenbaum-Tarski algebra is obtained by taking
the quotient of the term algebra T by the equivalence =r, induced by the logic L.
We adopt a similar approach in the case of DNA-logics. First, we define for every
DNA-logic A the following equivalence relation:

Definition 3.34. For any DNA-logic A the equivalence relation =, is defined as
follows:

=AY e e eA

It is easy to check that this is indeed an equivalence relation. By the closure of
DNA-logics under modus ponens it is also easy to verify that =, is a congruence
over the term algebra 7. A Lindenbaum-Tarski algebra for A is thus obtained by
quotienting the term algebra 7 by the congruence relation =,.

Definition 3.35 (Lindenbaum-Tarski Algebra). The Lindenbaum-Tarski Algebra
F of a DNA-logic A is defined as Fp = T/ =x.

Since Fj is a quotient of the term-algebra 7, we can regard its elements as equiv-
alence classes of terms in 7. If ¢ € T is a term, then we denote the corresponding
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equivalence class in F) by [¢]. Moreover, since =, is a congruence, all the opera-
tions on the formulas in 7 immediately lift to the equivalence classes of formulas
of Fp. We now prove that for every DNA-logic A its Lindenbaum-Tarski algebra F
is always a A-algebra. As we shall need this fact in the proof, we introduce the
notion of negative substitution and show that DNA-logics are closed under negative
substitution. The proof of the following lemma was originally given by Ciardelli in
[10, p. 29-30], though the notion of negative substitution was first considered in [41].

Definition 3.36 (Negative Substitution). We say that a substitution (—)* is nega-
tive with respect to the logic A if for every atomic proposition p € AT we have that

(p)" =1~ == (p").
Lemma 3.37. FEvery DNA-logic is closed under negative substitution.

Proof. Let A be a DNA-logic and A = L™ without loss of generality. Suppose ¢ € A,
then we need to show that also (¢)* € A, where (—)* is a negative substitution.
We denote by (—)~ the negative substitution p — —p. Now, since p € A = L7, it
follows immediately by the definition of negative variant that ¢~ € L. By uniform
substitution we get that ™ 7*7 € L and thus by the definition of negative variant that
@ " € L. Then, by the fact that (—)* is negative, we have that (p)* =p- ——(p*)
and so ¢* =1~ ¢ *. Finally, this means that p* € L™ = A. O

We can now prove the following.
Proposition 3.38. For every DNA-logic A, we have that Fp € Var™(A).

Proof. Firstly, let us remark that for any DNA-logic A we have that IPC C A, which
means that =pcC=,. It then immediately follows from the fact that 7/ =1pc is the
Lindenbaum-Tarski algebra for IPC that also Fj is a Heyting algebra. The notion of
DNA-valuation and of DNA-validity are thus well-defined on F,. Then, to show that
Fa € Var™(A) we need to check for any formula ¢ € A that Fp F~ ¢. But this is
equivalent to showing that under any DNA-valuation V™ we have 17, = [¢] FaV7),
Let po, ..., pn be the atomic letters in ¢ and xg, ..., z, € F, their interpretation under
V7, then what we need to prove is the following:

1]'-A = ‘PFA(fUO, -~-7xn>7

where ¢ is a polynomial over the elements x, ..., x, of Fj. Now, since the elements
of Fp are equivalence classes of formulas, there are some formulas vy, ..., %, such
that o = [to],...,zn, = [¢n] where for every i < n we have V(p;) = x; = [¢].
We then have that ¢r, (2o, ...,2n) = @F, ([%0], ..., [n]). Then by the fact that =,
is a congruence it follows that we have ¢z, ([¢ol, ..., [¥n]) = [@(¥o, ..., ¥n)]. Notice
that, since V™ is a DNA-valuations, each of the elements [tp], ..., [¢)y] is regular.
So it follows from the fact that =, is a congruence together with the property of
regular elements that for each ; with i < n we have ¥; =5 ——;. This implies
that the substitution (p;)* = v; is negative and thus, since we assumed that ¢ € A,
it then follows by the previous lemma that ¢(vy,...,%,) € A. But this means
that T =5 ¢(vo, ..., ¥n) and therefore by the definition of the Lindenbaum-Tarski

algebra we have 17, = [@(o, ..., ¢¥n)] = @F, ([¥0], ..., [¥n]) = ¢x, (0, ..., Tpn), which
completes our proof. O
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For every DNA-logic A one can easily see that =, is the least congruence over Var™(A)
and thus the Lindenbaum-Tarski algebra Fj is exactly the free algebra in Var™(A)
over a given set P of generators. Thus it immediately follows that Lindenbaum-
Tarski algebras have the following universal mapping property.

Proposition 3.39 (Universal Mapping Property). Let Fp be the Lindenbaum-
Tarski algebra of A and H € Var™(A). Then for every (surjective) homomorphism
h : AT — H there is a unique (surjective) homomorphism h : Fn — H such that
h | AT = h.

To prove this proposition it suffices to extend h to arbitrary equivalence classes of
terms in F, by defining inductively & : [p ® 9] — h[p] ® h[)]. That this works is
then guaranteed by the properties of congruences. For more details on free algebras
and their properties we refer the reader to [6, Sec. 10]. Now notice that, if we
generate the Lindenbaum-Tarski algebra F, from a suitable set AT of atomic terms
of cardinality |AT| > |H|, we can take as homomorphism any surjection h : AT — H
so that we get the following result.

Proposition 3.40. Let Fy be the Lindenbaum-Tarski algebra of A and H € Var™(A)
then there is a surjective homomorphism h : Fp — H.

Namely every algebra in Var™(A) is homomorphic image of the Lindenbaum-Tarski
algebra Fj. It follows immediately from the proposition above that for every DNA-
logic A we have Var™(A) = Var™(Fy), namely that every Lindenbaum-Tarski alge-
bra Fj generates the variety Var™(A).

Remark 3.41. Here we have defined the Lindenbaum-Tarski algebra of a DNA-
logic L™ as the quotient algebra 7/ =,. However, it is also possible to introduce
Lindenbaum-Tarski algebras differently, by using the Lindenbaum-Tarski construc-
tion for intermediate logics exclusively. Let A be a DNA-logic such that A = L™,
then we construct its Lindenbaum-Tarski algebra as follows. Consider the two al-
gebras Fepe and Fr. We can show that the map h : Fepc — (Fr)- such that
h : [¢] — [-—¢] is an isomorphism. This also shows that h : Fepe — Fr is an
embedding with respect to the operations 1,0, A, —. Now let (Fepc) be the Heyting
algebra generated in Fr, by h|[Fcpc), i-e. (Fepc) = ((FL)-). One can then show that
(Fepe) = Fp. That these two algebras are indeed isomorphic follows immediately
from the fact that every element of (Fepc) is a polynomial over elements in h[Fcpc],
i.e. it is the equivalence class of a formula over Boolean atoms. The map between
(Feopc) and Fy is then defined by ¢[7P/p] — . This provides a way to construct
the Lindenbaum-Tarski algebra of A by just using the standard Lindenbaum-Tarski
construction for intermediate logics. We leave to the reader to check the details of
this construction.

Definability Theorem and Algebraic Completeness

We can now use Lindenbaum-Tarski algebras to prove our two results. We first
provide an alternative proof of the definability theorem for DNA-varieties. We copy
the statements of these results from the previous sections and give here an alternative
proofs of them.
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Theorem 3.27. Every DNA-variety X is defined by its DNA-validities, i.e. for every
Heyting algebra H,

HeX e HE" Log(X).

Proof. (=) Follows immediately by the definition of Log™. (<) Suppose now that
H E" Log™(X). Let Y = Var™(Log™ (X)), then H € ). From the definitions of
Var™ and Log™ it then follows that Log™(X) = Log™~()). From this latter fact, we
then immediately have that the Lindenbaum-Tarski algebras of these two logics are
equivalent, namely that Fr,-(x) = Frog-(y)- Since we already had that H € Y, it
then follows by the universal mapping property of Lindenbaum-Tarski algebras that
Frog~(y) = H and so Fp -y — H. Since varieties are closed under homomorphic
images, we finally have H € X. O

It is thus a consequence of the previous theorem that every DNA-variety is definable
by its validities. Moreover, since we have already established in Proposition 3.21 that
DNA-definable classes are DNA-varieties we immediately obtain the following corollary.

Corollary 3.28. A class of Heyting algebras C is a DNA-variety if and only if it is
DNA-definable by some set of formulas.

To prove the algebraic completeness of DNA-logics we first show that every logic
is the logic of a Lindenbaum-Tarski algebra.

Proposition 3.42. Let A be any DNA-logic, then we have that A = Log™(Fy).

Proof. (C) By Proposition 3.38 we have Fy € Var™(A) so Fp F~ A, which means
A C Log™(Fp). (2) Suppose by contraposition that ¢ ¢ A, thus ¢ #, T and
therefore 17, = [T] # [¢]. So Fa ¥~ ¢ and thus ¢ ¢ Log™ (Fyp). O

Lindenbaum-Tarski algebras are thus witnesses of the validity of formulas. The
algebraic completeness of every DNA-logic follows immediately.

Theorem 3.30. Every DNA-logic A is complete with respect to its corresponding
DNA-variety, i.e. for every ¢ € Lp:

peANs Var (A)E .

Proof. (=) Follows immediately by the definition of Var™. (<) Suppose by con-
traposition that ¢ ¢ A, then by Proposition 3.42 we have that ¢ ¢ Log™(F) and
then, since by Proposition 3.38 we have that Fj € Var~(A), it follows immediately
that Var™(A) B~ ¢. O

Dual Isomorphism

Finally, we give a proof that Var™ and Log™ are order-reversing homomorphisms
which does not use the standard duality but relies implicitly on the Lindenbaum-
Tarski construction introduced above.

Proposition 3.31. Var™ is an order-reversing homomorphism.
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Proof. (i) We first check the case for V. We notice that the following equali-
ties easily follow from the algebraic completeness of DNA-logics 3.30 and our
definitions:

Ao VA

=Log" (Var~(Ao))V Log™ (Var™(A7))

=({p e Lp:Var (ho) E" p}Ufp € Lp: Var (M) E phMF

={p € Lp:Var (Ao) ANVar (A1) E” ¢}

=Log ' [Var~(Ao) A Var™(A1)].
And so it follows by the previous observation and the Definability Theorem
3.27 that:

Var (Ao V A1) = Var™(Log” [Var™(Ag) A Var™(A1)])
= Var " (Ag) A Var™(Ay).

(ii) We now check the case for A. It follows immediately by our definitions that:
Var"(AgANAN) ={H : HE Ay AN A1}
={H:HE A}U{H:HEF A}
=Var™(Ag) VVar (Ay).
And so we have that Var™ sends the join of two logics to the meet of their varieties

and the meet of two logics to the join of their varieties. O

Proposition 3.32. Log™ is an order-reversing homomorphism.

Proof. (i) We first check the case for V. It follows by our definitions that:

LOgﬁ(Xo \Y Xl) = {QO eLp: XV X E” (p}
={pelp: XE p}n{pelp: X1E" ¢}
— Log™(Xo) A Log™ (1),

(i) We now check the case for A. We notice that the following equalities easily
follow from the definability theorem of DNA-varieties 3.27 and our definitions:

Xo AN Xo = Var (Log™ (X)) AN Var~(Log ™ (X1))
= {H:HE" Log (X))} N {H : HE" Log™(X1)}
={H:HF" Log ' (Xy)V Log™(X1)}
= Var~(Log™(Xo) V Log™ (X1).

And so it follows by the previous observation and the algebraic completeness
of DNA-logics that:

Log™ (Xo N Xp) = Log™ (Var™(Log™ (Xy) V Log~(X1)))
= Log™(Xp) V Log™ (&1)).

Which shows that Log™ sends the join of two DNA-varieties to the meet of their logics
and the meet of two DNA-varieties to the join of their logics. O
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Thus we have by our version of the Definability Theorem that X = Var™(Log™ (X))
and by the algebraic completeness of DNA-logics that A = Log™(Var™(A)). Therefore
the two maps Var™ and Log™ are inverse of one another and since they are also
order-reversing homomorphisms we then get that DNAL =° DNAYV. The duality
between DNAL and DINAYV is thus an immediate consequence of the results above.

Theorem 3.33. The lattice of DNA-logics is dually isomorphic to the lattice of DNA-
varieties, i.e. DNAL =°° DNAV.

We have seen how Lindenbaum-Tarski algebras also allows us to prove the existence
of a dual isomorphism DINAL =°° DNAV. We will see in the next chapter some
applications of this result.
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Chapter 4

Locally Finite DNA-Varieties and
Jankov Formulas

In this chapter we apply the dual isomorphism DNAL = DNAYV introduced in
the previous chapter to study properties of DNA-logics and DNA-varieties. In Section
4.1 we study the lattice Z(A) of intermediate logics which have the same DNA-logic A
as their negative variant and we provide a characterisation of its least and greatest
elements. In Section 4.2 we prove suitable versions of Tarski and Birkhoff theorems
for DNA-varieties and we also show that the DNA-variety of all Heyting algebras is
not locally finite. Finally, in Section 4.3 we adapt the method of Jankov formula
to the context of DNA-varieties and we show how Jankov formulas can be used to
axiomatise locally finite DNA-logics.

4.1 Connections to Intermediate Logics

In the previous sections we have introduced DNA-logics as negative variants of inter-
mediate logics under the map (—)” : IL — DINAL. In this section we investigate
the relation between intermediate logics and DNA-logics more in detail. In particular,
given a DNA-logic A, we will be interested in studying the lattice Z(A) of those in-
termediate logics that have A as their negative variant. In particular, we show that
this sublattices is always bounded and we provide a characterisation of its greatest
and least element. Whilst the former had already been considered in the literature,
see in particular [41] and [10], the latter follows from the algebraic perspective that
we are taking here.

4.1.1 The Sublattice Z(A)

We first want to show that the map (—)~ which sends every intermediate logic to its
negative variant is not injective. The following proposition was proved by Ciardelli
in [10, p. 75] and exemplifies how different intermediate logics can share the same
negative variant. We recall that KC is the logic of the weak excluded middle, i.e.
KC = IPC + —¢p V .

Lemma 4.1. Let L be any intermediate logic such that KC C L, then L™ = CPC.
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Proof. Suppose L is an intermediate logic such that KC C L, then one can show by
induction that for every formula ¢ we have ¢ V - € L™. Suppose for the base
case that p € AT, then since KC C L we have for all p € AT that -pV ——p € L and
therefore that p vV —p € L™. We leave it to the reader to verify the induction steps.
Finally, this shows that L™ = IPC + ¢ V - = CPC. 0

Therefore, for intermediate logics Lo, L1 such that KC C Ly, L1 and Ly # Ly we have
that Ly = L] = CPC and thus that (—)™ is not injective.

Proposition 4.2. The map (=) : IL — DNAL is not injective.

Therefore, since (—)™ is not injective, we have that every DNA-logic A determines
a subset of the lattice IL which consists of all those logics which have A as their
negative variant. Moreover, it is easy to see that this subset is also a sublattice, since
the map (=)~ is a homomorphism. Similarly, since also (=)' is a homomorphism,
we can also consider the sublattice Z(X') of all varieties V in HA whose negative
closure is X. We then define as follows the preimage of a DNA-logic and the preimage
of a DNA-variety.

Definition 4.3. Let A be a DNA-logic and X be a DNA-variety. The preimage of A
is the sublattice Z(A) of all intermediate logics L such that L™ = A. The preimage
of X is the sublattice Z(X) of all varieties V such that VI = X.

By the duality IL =°°? HA and the fact that the square introduced in Section 3.3.1
commutes, we then immediately have the following proposition.

Proposition 4.4. For every DNA-logic A and every DNA-variety X, we have that if
X =Var™(A) and A = Log™ (X) then Z(A) =P Z(X).

Where the isomorphism Z(A) = Z(X) is the restriction of the dual isomorphism
IL = HA. We use this duality to characterize the two lattices Z(A) and Z(X'). We
focus in the next sections the greatest and the least elements of these lattices.

4.1.2 Greatest Logic in Z(A)

In this section we prove that the preimage Z(A) of some DNA-logic A has a greatest
element and we provide a characterisation of it. First, we introduce a map which
associates to every DNA-logic A the maximal intermediate logic in Z(A). The following
notion of schematic fragment of a DNA-logic was first introduced under the name of
standardization in [41, p. 545] and later considered by Ciardelli in [10, p. 45]. That
this operation on DNA-logics provides us with a maximal intermediate logic in Z(A)
was first proved in [41].

Definition 4.5 (Schematic Fragment). Let A be a DNA-logic, then we define its
schematic fragment Schm(A) as:

Schm(A) = {p € A: YV € Lp,p[d/5]}.

So Schm(A) is the set of all schematic formulas in A, namely those formulas for
which A is closed under substitution. We show that Schm(A) is an intermediate
logic.
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Proposition 4.6. Schm(A) is an intermediate logic.

Proof. We check the conditions for intermediate logics. (i) First, we have that IPC C
A and so since every substitution instance of an intuitionistic validity is still in IPC,
we have that IPC C Schm(A). (ii) Obviously Schm(A) is closed under substitution,
by the definition of Schm. (iii) Finally, we check closure under modus ponens.
Suppose ¢ € Schm(A) and ¢ — ¢ € Schm(A) and consider any substitution
instance 1[X/p| of 1. Then by the fact that ¢ and ¢ — 9 are schematic, it follows
e[X/p] € A and (¢ — ¥)[X/p] = ¢[X/5] = ¥[X/5] € A. So by the closure of DNA-logics
under modus ponens it follows that ¢ [X/s| € A. Therefore, since this was an arbitrary
substitution instance, we then have that ¢» € Schm(A). O

The following two propositions show that Schm(A) is the maximal intermediate
logic whose negative variant is A.

Proposition 4.7. Let A be any DNA-logic. Then, for every intermediate logic L
such that L™ = A we have that L C Schm(A).

Proof. Suppose that ¢ € L. We denote by p = py, ..., p, the atomic letters in ¢.
We need to check that for any sequence of formulas X = x0(q), ..., xn(q) € Lp with
atomic letters g, it is the case that X = p[X/s] € A. Now, since ¢ € L, it follows
by uniform substitution that X € L. Then, again by uniform substitution, we have
that pX[74/q] € L and therefore pX € A, which means that ¢ € Schm(A) and thus
proves our claim. ]

Proposition 4.8. For every DNA-logic A, Schm(A)™ = A.

Proof. (C) If ¢ € Schm(A)™, then ¢[7Pfp] € Schm(A), so by uniform substitution
o[77P/p] € Schm(A). Then, since Schm(A) C A, it follows p[=P/5] € A and so since
p =x —p it follows that ¢ € A. (D) Suppose ¢ € A and without loss of generality
that A = L™. It follows that ¢[7P/s] € L. By Proposition 4.7 above, we have that
L C Schm(A), hence ¢[7P/p] € Schm(A) and thus ¢ € Schm(A)™. O

The following theorem immediately follows by the previous propositions.

Theorem 4.9. Let A be a DNA-logic. The schematic fragment Schm(A) is the
greatest intermediate logic whose negative variant is A.

Therefore, the preimage Z(A) of a DNA-logic A has always a greatest element. By The-
orem 3.33 we also obtain a dual characterisation of the corresponding DNA-varieties.
In fact, we have that Var(Schm(A)) is the least variety whose negative closure is
Var™(A). We define the map leasty : DNAV — HA as follows:

leasty : X — Var(Schm(Log™(X))).
The following proposition follows easily.

Proposition 4.10. The following diagram commutes in both directions, i.e. Var o
Schm = leasty o Var™ and Log o leasty = Schm o Log™.
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IL Schm DNAL

HA DNAV

leasty

Proof. By the definition of leasty and the dual isomorphism DNAL =°° DNAV
we have leasty oVar™ = VaroSchmoLog~oVar™ = VaroSchm and Logoleasty =
LogoVaroSchmo Log™ = Schm o Log™. O

Therefore for every DNA-logic A we have that Schm(A) is the greatest logic in Z(A)
and leasty (Var™(A)) is the least variety in Z(Var™(A)).

4.1.3 Smallest Logic in Z(A)

Similarly to what we have done above, we now want to show that the lattice Z(A)
has always a least element. That this holds follows directly from the fact that for
every DNA-variety X, there is a greatest variety whose negative closure is exactly X.

Proposition 4.11. For every DNA-variety X, there is a greatest variety V such that
Vh=x.

Proof. Firstly notice that by Proposition 3.7 we have that DNA-varieties are also
varieties. Moreover, by the closure under core superalgebra of DNA-varieties we also
have that for every DNA-variety X', XT = X. It is then obvious that for any variety
U such that UT = X , we have Y C X and hence X is the greatest variety V such
that V1 = X. O

The following theorem immediately follows by the previous propositions and DNA-
duality.

Theorem 4.12. Let X be a DNA-variety. The logic Log(X) is the least among the
intermediate logics whose negative variant is Log™ (X).

We thus define a map leasty, : DNAL — IL as follows:
leastr, : A+ Log(Var™(A)).
The following proposition follows easily.

Proposition 4.13. The following diagram commutes in both directions, i.e. Var o
least;, = ido Var™ and Log o id = leasty o Log™.

IL teasty DNAL
HA , DNAV

id
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Proof. By the definition of least; and the dual isomorphism DINAL =°° DNAV
we have Var oleast; = Var o Logo Var™ =1ido Var™ and least; o Log™ = Log o
Var™ o Log™ = Log o id. O

Therefore, it is the case that for every DNA-logic A we have that leasty(A) is the
smallest logic in Z(A) and Var™(A) is the greatest variety in Z(Var™(A)).

4.1.4 Further Characterisations

By the results above it thus follows that the sublattices Z(A) and Z(X) are bounded
sublattices of IL and HA. We introduce the following definitions.

Definition 4.14 (DNA-mazimality and DNA-minimality). Let L be an intermediate
logic. (i) We say that L is DNA-mazimal if it is the greatest logic in Z(L™). (ii) We
say that L is DNA-minimal if it is the least logic in Z(L™).

In [41, p. 546] and [10, §5.2] intermediate logics L such that L = Schm(L™) are
called stable. The following proposition thus establishes that a logic is DNA-maximal
iff it is stable. However, we will not use here this terminology, as the notion of stable
logic has been employed e.g. in [31] with a rather different meaning. The following
proposition is an immediate consequence of our definition and the previous results.

Proposition 4.15. Let L be an intermediate logic, then:
(i) L is DNA-mazimal iff L = Schm(L™);
(ii) L is DNA-minimal iff Var(L) = Var™(L™).

And so the lattice Z(A) looks as follows:

Schm(A)
\

A
/

Log(Var™(A))

Notice now that there is some kind of asymmetry in our characterisation of DNA-
maximal logics and DNA-minimal logics. In fact, we have a syntactic characterisation
of DNA-maximal logics and a semantical characterisation of DNA-minimal logics. We
know want to provide also a semantic criterion to establish whether an intermediate
logic is DNA-maximal. In [10, p. 65] a criterion for DNA-maximality was given in the
context of Kripke frames. We propose a criterion in terms of regular algebras.

Definition 4.16 (Regular Heyting Algebras). An Heyting algebra H is said to be
reqular if H = (H-).

These algebras have been introduced in [3] to provide an algebraic semantics to
propositional inquisitive logic. A regular Heyting algebra is an algebra generated by
its set H- of regular elements. For this reason we call regular Heyting algebras also
reqularly generated. The following theorem gives us a semantic criterion to determine
if a logic is DNA-maximal.
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Theorem 4.17. If an intermediate logic L is the logic of a class of reqularly gener-
ated Heyting algebras, then it is DNA-maximal.

Proof. By the previous proposition this is equivalent to the statement that if an
intermediate logic L is such that L = Log(C), where C is a class of regularly generated
Heyting algebras, then L = Schm(L™). So, suppose that C is a class of regularly
generated Heyting algebras, we need to show that Log(C) = Schm(Log(C)™). Since
Schm(Log(C)™) is DNA-maximal it follows that Log(C) C Schm(Log(C)™), so that we
only need to show that Schm(Log(C)™) C Log(C). Now suppose by contraposition
that ¢ ¢ Log(C), then we have that for some H € C and for some valuation V', we
have that (H, V') ¥ ¢. Now, since H is regularly generated, every element z; € H can
be written out as a polynomial 5Z(yf) of regular elements of H. Then we define the
DNA-valuation V7 : pf — ¢ so that we then get [[6i(pf)]](H’Vﬁ) = 0;(yF), so that we
have, for some appropriate choice of polynomials, that [] V) = [[go[m/q]]]w Vo,
We then immediately get that (H, V™) ¥ ¢[5,;r)/q] and, since H € C C C', it follows
@ls. )/l & Log™ (CT) = Log(C)~. Finally, since ¢ls,(pF)/a) is a substitution instance
of ¢, it follows that ¢ ¢ Schm(Log(C)™). O

4.2 Properties of DNA-Logic and DNA-Varieties

In this section we introduce several properties of DNA-logics and DNA-varieties and
we show their connection to their counterparts for intermediate logics and varieties
of Heyting algebras.

4.2.1 Universal Algebra of DNA-Varieties

We have already encountered in the previous sections the subalgebra (H-) generated
by the regular elements H_ of an Heyting algebra H. We shall now prove some
further results on this kind of regular Heyting algebras and show their central role
for the theory of DNA-logics and DNA-varieties. Already in Chapter 3 we have seen
two important properties of such regular algebras:

Lemma 3.18. H ™ ¢ iff (H-) E™ .
Proposition 3.19. If HE™ L™ then (H-) F L.

We now prove two further results showing that varieties V with the same negative
closure X have the same collection of regular Heyting algebras. We first show the
following proposition.

Proposition 4.18. Let H be a regqularly generated Heyting algebra such that for
some DNA-logic A we have that H ™ A. Then, for every intermediate logic L such
that L™ = A we have that H F L.

Proof. Suppose that H E™ A, then by Proposition 4.8 it follows that H E™ Schm/(A)™
and so by Proposition 3.19 H F Schm(A). Finally, by Proposition 4.7 we have that
L C Schm(A) and hence H F L. O

48



By the dual isomorphism DNAL =° DNAV, the following proposition follows
immediately.

Proposition 4.19. Let H be a reqular Heyting algebra. If H € X, then for every
variety V such that VI = X we have that H € V.

Proof. Suppose H € X, then H F~ Log~(X). Then, since VT = X, it follows by
Proposition 3.24 that Log(V)™ = Log™(X). So H E™ Log(V)™ and by the previous
Proposition 4.18, H F Log(V) which entails H € V. O

We thereby have that all standard varieties whose negative closure is the same DNA-
variety contain exactly the same regularly generated Heyting algebras. Interestingly,
the previous proposition also provides us with a test to check whether a regular
Heyting algebra validates a logic, as it now suffices to check whether it DNA-validates
its negative variant.

We now recall what it means for a class to generate a DNA-variety. Let X be
a DNA-variety, then we say that X is gemerated by the class C C X and we write
X = X(C) if X is the least class of Heyting algebras such that C C X and X is
closed under the operations of subalgebra, homomorphic image, product and core
superalgebra. It is easy to see that for any class C we have that X(C) = V(C)',
where V(C) is the least variety containing C. We first adapt Tarski’s theorem about
varieties to the case of DNA-varieties.

Theorem 4.20 (DNA-Tarski). Let C be a class of Heyting algebras, then we have
that X(C) = HSP(C)"

Proof. By definition we have that X'(C) = V(C)" and by Tarski’s theorem 2.15 we
have that V(C) = HSP(C). Therefore X(C) = HSP(C)". O

We then have the following theorem.

Theorem 4.21. Let X be a DNA-variety, then
X =X(C) < Log™(X) = Log ™ (C).

Proof. (=) Since C C X, the inclusion from right to left is straightforward. Suppose
now that X ¥~ ¢ then there is some Heyting algebra H € X such that H ™ ¢. Then
since X = X(C), it follow by Theorem 4.20 that H € HSP(C)". Hence, there are
Ao, ..., Ay, € C such that there is some subalgebra B < [],,, A; such that B — H.
Then, since DNA-validities are preserved under homomorphisms, subalgebras and
products it immediately follows that for some ¢ < n we have A; £~ .

(«=) Suppose now that Log™(X) = Log™(C). Then it follows by the Duality
Theorem 3.33 that Var™(Log™ (X)) = Var™(Log™(C)). Finally, this means exactly
that X = X(C). O

We now prove the following result stating that every DNA-variety X is generated by
its collection of regular Heyting algebras. If X’ is a DNA-variety, then we denote by
Xg its subclass of regular Heyting algebras.

Proposition 4.22. FEvery DNA-variety is generated by its collection of reqular ele-
ments, i.e. X = X(XR).
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Proof. Let X be a DNA-variety, then for any non-regular H € X we have that (H-) <
H and H-., = (H-)-. So since (H-) € X it follows H € X (XR). O

We thus have, by Birkhoff theorem, that every DNA-variety is generated by its
subdirectly irreducible elements and, by the previous proposition, that every DNA-
variety is generated by its regular elements. We now want to show that we actually
have something more, namely that DNA-varieties are generated by their regular,
subdirectly irreducible elements. Now if X is a DNA-variety, we denote by Xgrgy its
subset of regular subdirectly irreducible Heyting algebras. We thus want to show
that for every DNA-variety we have X = X(Xgrsr). We now prove some lemmas
which will turn out useful later. First we recall that if L is a lattice, then an ideal
is a nonempty subset I C L such that (i) for any =,y € I we have z Vy € I and
(ii) if x € T and y < x then y € I. Also, let us recall the statement of Zorn’s
Lemma, which we will use in the next proof. For Zorn’s Lemma and its equivalent
formulations we refer the reader to [17] and [35].

Zorn’s Lemma. Let P be a non-empty partially ordered set. Then if every nonempty
ordered chain in P has an upper bound then P has a mazximal element.

The following theorem is an important result about maximal filters which follows
from Zorn’s Lemma and which we will use in the proof of the next lemma. We refer
the reader to [36, p. 14] which proves a statement which is dual to the one we are
considering here.

Theorem 4.23. Let H be a Heyting algebra, I an ideal in L and F a filter in L
such that INF = (. Then there is a mazimal filter ' in L such that F C F' and
FNnI=0.

Proof. Consider the family P of all filters G such that ¥ C G and GN I = (. It is
straightforward to see that this family is a poset under the inclusion relation. Now
consider any nonempty chain C' = (G, : v < «), where « is the ordinal equal to
the length of C'. Then we have that for every every G, € C, G, C U,<, G, and
also that ,<, G is a filter, as it is easy to see that the union of a family of filters
is again a filter. Hence it follows that UU,<, G is an upper bound of the chain C.
Therefore, we have by Zorn’s lemma that the family of all filters G such that F C G
and G NI = () contains a maximal element, which means that there is a maximal
filter F’ in L such that F C F/ and F NI = 0. O

The next result is a well-known fact in the literature and was proved in [50]. The
proof of this lemma relies on the previous theorem.

Lemma 4.24. Let B € HA. Then if b # 1p there is a subdirectly irreducible algebra
C and a surjective homomorphism h : B — C' such that f(b) = sc, where s¢ is the
second greatest element of C.

Proof. Consider any Heyting algebra B and any element b € B such that b # 1p.
Consider now the ideal | b and the filter {1g}, it is obvious that | bN {1z} = 0.
Therefore, it follows immediately from Theorem 4.23 above that we can extend {15}
to a maximal filter F' in B such that FN | b = (. By the correspondence of filters
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and congruences, we consider now the quotient algebra C' = B/6, where 6 is the
congruence defined by F'. It is clear that C is a Heyting algebra and that the natural
map f = 7y is a surjective homomorphism. We then only need to show that C is
subdirectly irreducible and that f(b) = np(b) = s..

To prove that C' is subdirectly irreducible it suffices by Theorem 2.32 to show
that Con(C) \ A¢ has a least element. By Theorem 2.24 we have that Con(C) =
Con(B/6) = [6,Vg], hence Con(C) \ Ac = [0,Vp] \ 0. Therefore, by the corre-
spondence between filters and congruences, it suffices to prove that [, Vp]\ 0 =
[F,1 1] \ F has a least element. We now claim that the filter 1 b is the least filter
in [F,1 1]\ F. Consider any filter G € [F,1 1g] \ F, then we have that F' C G.
By assumption, we have that F' is the maximal filter which does not intersect | b,
therefore F' is the maximal filter which does not contain . But then, by the fact
that F C G, it follows immediately that b € G and therefore that T b C G. So 1 b
is the least filter in [F,1 1p] \ F, which immediately entails that C' is subdirectly
irreducible.

Finally, we also have that since 1 b is the least filter in [F,1 15|\ F', then 1 [b] is
the least non-trivial filter in Fil(C'). Hence we also have that [b] = np(b) = f(b) is
the second greatest element of C'. 0

The following two lemmas ensure that homomorphisms preserve regularity both for
elements and Heyting algebras.

Lemma 4.25. Suppose h : A — B is a homomorphism of Heyting algebras. If
a € A then h(a) € B-..

Proof. Since a € A-, is regular, we have that ¢ = —=—a and thus by the property of
homomorphisms h(a) = h(——a) = ——-h(a), which proves that h(a) is regular and
hence h(a) € B-. O

Lemma 4.26. The homomorphic image of a regular Heyting algebra is regular.

Proof. Let h : A — B be a surjective homomorphism, then if A is regular we have
that A = (A-). Therefore, since h is surjective, it follows that B = h[A] = h[(A-)].
But then, by the property of homomorphisms, B = h[(A-)] = (h[A-]). By Lemma
4.25 it follows that h[A-] C B-, and so that B = (B.), which shows that B is
regular. O

Finally, we can prove a DNA-version of Birkhoff theorem for DNA-varieties.

Theorem 4.27 (DNA-Birkhoff). Every DNA-variety is generated by its collection of
reqular subdirectly irreducible elements: X = X (Xrsr).

Proof. By the dual isomorphism between DNA-logics and DNA-varieties it suffices to
show that Log™(X) = Log (X(Xgrsr)), which is equivalent by Theorem 4.21 to
Log™(X) = Log~(Xgsr). The direction Log™(X) C Log~(Xgsr) follows immedi-
ately from the inclusion Xrs;y € X. It thus suffices to show that Log™(Xrsr) C
Log™(X).

Suppose by contraposition that ¢ ¢ Log™(&X'), then for some H € X and some
DNA-valuation V™, we have that (H,V ™) ¥~ ¢ and so by Proposition 3.16 that
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((H-),V™) E™ @. Then, since z = [] ¢7V") £ 1 it follows by Lemma 4.24 that
there is a subdirectly irreducible algebra C' such that there is surjective homomor-
phism h : (H) — C with h(z) = s¢. Then, consider the valuation U™ = ho V7,
then it follows by Lemma 4.25 that U™ is a DNA valuation. Now let pg, .., p, be the
variables in ¢, it follows by the properties of homomorphisms that:

[P0, -, )] CY ) = 0 [U” (o), -oes U (pn)]
= e[V (po)), s (V" (pn))]
= hp(po, -, pn)] EV )
= sc.

From which it immediately follows that (C,U™) ¥ ¢ and so that C' ¥ ¢. Now, since
H € X, we have that (H) € X and so since h : (H) — C also that C' € X'. Moreover,
we have that C' is subdirectly irreducible and by Lemma 4.26 also that C' is regular,
since it is homomorphic image of (H-). Finally, this means that C' € Xrgr and so
that ¢ ¢ Log™(XRgsr), which proves our claim. O

4.2.2 Locally Finite DNA-Logics and DNA-Varieties

The notion of local finiteness plays an important role in the theory of intermediate
logics, as we have already mention in Chapter 2. Here we introduce a suitable notion
of local finiteness for DNA-varieties and DNA-logics, which we will also later employ
in our study of inquisitive logic.

Locally Finiteness and Finite Model Property

We say that an Heyting algebra H is DNA-finitely generated if there are finitely many
elements x, ..., x, € H- such that (zg,...,z,) = H. We then define locally finite
DNA-varieties and locally finite DNA-logics.

Definition 4.28. An DNA-variety X is DNA-locally finite if every DNA-finitely gener-
ated H € X is also finite. A DNA-logic A is DNA-locally finite if its corresponding
DNA-variety Var™(A) is locally finite.

When the context make it clear we then drop the prefix DNA and talk simply of
locally finiteness. If not specified otherwise, every time we talk of locally finiteness
of a DNA-variety or a DNA-logic we actually refer to the property of DNA-local finiteness.
The following proposition follows straightforwardly and allows us to relate the local
finiteness of intermediate logics to the local finiteness of DNA-logics.

Proposition 4.29. Let L be any intermediate logic, then if L is locally finite, also
L™ is locally finite.

Proof. If L is locally finite, then every finitely generated H € Var(L) is also finite.
Now consider any H € Var™(L™) and suppose for some xzy,...,z, € H- we have
(xo,...,xn) = H. Then it follows that H = (H-) and so that H is regular. Then,
we have by Proposition 4.19 that H € Var(L) and so since H is finitely generated
by zg, ..., 5 it also follows that H is finite. This shows that L™ is locally finite. [
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A property of DNA-logics which is closely connected to the local finiteness is the finite
model property (also FMP). We introduce it as follows.

Definition 4.30 (Finite Model Property). A DNA-variety X’ has the DNA-finite model
property (FMP) if X = X(C) where C is a collection of finite Heyting algebras. A
DNA-logic A has the DNA-finite model property if if its corresponding DNA-variety
Var™(A) has the finite model property.

When the context make it clear we then drop the prefix DNA and talk simply of finite
model property. If not specified otherwise, every time we talk of the finite model
property of a DNA-variety or a DNA-logic we actually refer to the DNA-finite model
property. The finite model property allows, for every formula ¢ ¢ A, to find a finite
algebra H which validates A and refutes ¢. Similarly to what happens in the case of
local finiteness, the finite model property of an intermediate logic entails the finite
model property of its negative variant.

Proposition 4.31. Let L be any intermediate logic, then if L has the finite model
property also L™ has the finite model property.

Proof. Suppose L has the finite model property, then Var(L) = V(C) for some class
C of finite Heyting algebras. Then, we have that Var™ (L") = Var (L™ = V() =
X (C), which shows that L™ also has the finite model property. O

Now, if a DNA-variety has the finite model property we can then refine as follows
our version of Birkhoff theorem. We denote by Xrrgr the collection of finite, regular,
subdirectly irreducible elements in X.

Theorem 4.32. If a DNA-variety X has the finite model property, then it is generated
by its finite, reqular subdirectly irreducible elements, i.e. X, X = X(Xgpsr)-

Proof. By Theorem 4.21 it suffices to check that Log™ (Xrrsr) = Log™ (X (Xrrsr))-
The direction Log™(X) C Log~ (Xrrsr) is obvious, for if ¢ is true in every algebra
in X it is also true in Xrpgr. Now, consider the direction Log™ (Xgrprsr) C Log™(X).
First notice that if a DNA-variety X has the finite model property, then for some class
of finite Heyting algebras C, we have that X = X'(C). Suppose now by contradiction
that ¢ ¢ Log~(X), then by Theorem 4.21 there is some finite H € C such that
H ¥~ ¢. Therefore, it follows immediately by Lemma 3.16 that (H-) ¥~ ¢. Then,
by the same argument of the proof of DNA-Birkhoff Theorem 4.27, we obtain a regular
subdirectly irreducible algebra C such that h : (H-) — C and C ¥ ¢. Moreover, by
the fact that C is homomorphic image of (H-) it also follows that C' is finite. We
thus obtain that C' € Xrpgr and since C' ¥~ ¢ that ¢ ¢ Log™ (Xrrsr), which proves
our claim. U

Moreover, we can also show that if a DNA-variety X is locally finite, then it has the
finite model property. We denote by Xz the subcollection of finite Heyting algebras
in .

Theorem 4.33. Let X be a DNA-variety. If X is locally finite, then it has the finite
model property.
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Proof. By Theorem 4.21 it suffices to show that Log™(X) = Log™(XFp). The in-
clusion Log™(X) C Log™(XF) is obvious, so we show that Log~(Xr) C Log™(X).
Suppose ¢ ¢ Log~(X), then there is some H € X such that for some DNA-valuation
V™ we have that (H,V™) ¥~ ¢. Now let Let p be the variables in ¢ and V7(p) their
interpretation in H. Then, since X is locally finite we have that the generated sub-
algebra (V7 (p)) is also finite. Moreover, since (H, V™) ¥ ¢ and by the fact that the
interpretation of ¢ lies inside (V 7(p)), it immediately follows that ((V'(p)), V™) ¥ ¢.
So, since (V7 (p)) € X, it follows that ¢ ¢ Log™(XF), which proves our claim. [

Similarly to what happens in the case of intermediate logics, it is possible to find DNA-
logics which have the finite model property but are not locally finite. For instance,
it is an important result that IPC has the finite model property and it is not locally
finite. Now, since IPC has the finite model property, it follows immediately from
Proposition 4.31 that IPC™ has the finite model property as well. However, similarly
to the case of IPC, we can show that IPC™ is not locally finite. We do this in the
next section by adapting the method of the Rieger-Nishimura lattice to the context
of DNA-logics.

IPC™ is not Locally Finite

We now show that the locally finiteness of a DNA-variety of Heyting algebras is not a
trivial property. We do this by showing that the DNA-variety of all Heyting algebras
Var(IPC™) is not locally finite. Our argument consists in an adaptation of the
Rieger-Nishimura lattice construction. First, we prove the following lemma.

Lemma 4.34. There are infinitely many intuitionistic formulas p; over the nega-
tions of two wvariables p,q such that for every i,7 € N with i # j we have that
©i F ¢
Proof. We prove our claim by presenting a Kripke model showing that for every
i,7 € N with ¢ # j we have that ¢; # ¢;. Consider the adaptation of the Rieger-
Nishimura ladder in Figure 4.1. We call the points in the left column ag, a1, ...
starting from the top-most element, and the points in the right column Sy, 81, ...
starting from the top-most element. We call w the extra point to the left such that
a1 Swandaoﬁw.

Over this frame, we define the valuation V over the two propositional variables
p,q, such that V' : p — {ag} and V' : ¢ — {Bp}. Then under the valuation V' one
can see that:

(0, V) IFp = ——p;
(1, V) IFg = ==g;
(W, V) IF=(==p V ==q);
(Oéh ) IF—g;
(81, V) lF==(==p V =q).

Then, for every n > 2 we define two formulas:

On = Pp_1 — ((Pn—Q V 1/’71—2)
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folFq=-=q

[
arr B2 Ik 2 — (@1 V1)

az -1 = (o Vo) B3 IF o3 — (a2 V 1)

az ks — (p1 V)

Figure 4.1: DNA-Rieger-Nishimura Ladder

Yy 1= Pn — (Spnfl V wnfl)-

One can now show that the following claim holds.

Claim. Let n € N such that 2 < n, then:
(i) (w, V) IF pn iff an < w;
(i) (w, V) I- by iff By < w.

Proof. We prove (i) and (ii) simultaneously by induction on n > 2. The base
case for n = 2 follows immediately from the definition of the valuation V and the
interpretation of the formulas above. Now suppose n > 2, then we have:

(w, V) Ik on
< (w, V) IF Y1 = (pn—2 V p_2)
< Vy > w(y Ik p—1 then y IF op_o V 1b,_2)
& Vy > w(Br-1 <y then apo <yor B2 <y)
S an < w.

The induction step for (ii) follows analogously. O

Therefore, for 4, j, k,l € N we have that ¢;, ¢;, ¥, 1; are pairwise non-equivalent,
since each of these formulas is valid in a different upset of the Kripke frame that
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we are considering. Finally, it follows that there are infinitely many formulas in Lp
over the negation of two variables p, ¢ which are not equivalent modulo IPC. ]

From the former lemma it is easy to show that the DNA-variety of all Heyting algebras
is not locally finite.

Proposition 4.35. Var(IPC™) is not locally finite.

Proof. Consider the Rieger-Nishimura lattice generated by two elements, namely
the free Heyting algebras with two generators, and let this be denoted by RNZ.
Then it follows immediately by Lemma 4.34 that the finitely generated subalgebra
(==p, ~—q) of RN 2 is not finite, since there are countably many formulas over the
negations of the two variables p, ¢ which are not equivalent modulo IPC. Therefore,
since RN? € Var™(IPC™) it follows directly from our definition of locally finiteness
that Var™(IPC™) is not locally finite. O

4.3 Jankov Formulas for DNA-Models

Jankov formulas (or Jankov-de Jongh formulas) have played an important role in the
study of intermediate logics. These formulas are a sort of counterpart in algebraic
logic of what diagrams are in model theory: they are formulas which express in
syntactic terms some key semantic properties of the corresponding algebra. Jankov
introduced these formulas in [33, 34], where he used them to show that the lattice
of intermediate logic has the same cardinality of the continuum. Formulas having
similar properties have also been introduced in the same years by de Jongh [37] and
later by Fine in the context of modal logics [20]. We refer the interested reader to
[16, 1, 7] for more information on Jankov formulas and their history. In this section
we adapt Jankov formulas to the setting of DNA-logics and we show how they can be
used to axiomatise locally finite DNA-logics.

4.3.1 Jankov Theorem

In this section we introduce a version of Jankov formulas which suits our setting of
DNA-logics. We adapt the approach originally presented by Wronski in [50].

Let Xrpgr be the class of regular, finite, subdirectly irreducible algebras of a
DNA-variety X. First, we show how to decorate a Heyting algebra H € HARpsr
with what we will call Jankov representants. Consider any H € HAgrpgy, then
since H is regular we have that H = (H-) and since H is finite we have that H_, is
also finite. We can thus assume without loss of generality that H is generated by a
finite set of elements ay, ..., a, and that every element x € H can be expressed as a
polynomial dz(ao, ..., a,) over the regular elements of H. We then associate every
element = € H to a formula ¢, called its Jankov representant.

Definition 4.36 (Jankov Representant). Let H € HAgpsr and x € H, then the
Jankov Representant of x is a formula 1, defined as follows:

(i) If z € H-, then ¢, = p,, where p, € AT;

(ii) If x = dx(ag, ..., an) with ag, ..., an, € H-, then ¢y = §(pag, ---s Pan,)-

56



Notice that when we decorate an Heyting algebra H with Jankov representants we
are making a fundamental use of the fact that H is regular. Notice also that the
Jankov representant of an element x € H does not need to be unique, as there can
be different polynomials over regular elements characterizing the same non-regular
element of a regular Heyting algebra. The Jankov representant is thus the formulas
corresponding to any of those polynomials.

Once we have the notion of Jankov representant, we can define Jankov formulas
for the setting of DNA-logics as follows.

Definition 4.37 (Jankov DNA-Formula). Let H € HARpsy, let 0 be the least ele-
ment of H and s its second greatest element. Then the Jankov DNA-Formula x°"*(H)

is defined as follows:
XDNA(H) =a— .

Where « and § are the following formulas:

a= (o < L) A N{(a Ahp) > tans : a,b € HIN
N (Wa V) < Yavs - a,b € HIA
A0 — W) <+ Yasp 1 a,b € H)
B = s.

When its clear from the context that we are working with Jankov DNA-formulas and
not with the standard Jankov formulas, we drop the apex and write just x(H) for
the Jankov DNA-formula of H. We now prove a lemma which plays an important
role in the proof of out Jankov theorem.

Lemma 4.38. Let H € HARpsy, then H #™ x(H).

Proof. Suppose H € HAgpsy and x(H) is its DNA-Jankov formula. Then we define
the DNA-valuation V™ such that for all atomic Jankov representant we have that
V i pg — a, for all a € H-. Moreover, if an element x € H \ H- is described by
a polynomial 0z (ag,...,an) over regular element of H, it follows by the definition
of Jankov representant that [§(pa,...,pa)]""V ) = 6x(ag, ...,an). We then have
that for every element x € H it is the case that [¢,]V") = z. But then it
follows straightforwardly that for all a,b € H and for any connective ® we have
[Ya @ Up]HY™) = [haep] Y 7) so that the antecedent of the DNA-Jankov formula is
[o] #V7) = 14 and its consequent is [B]V7) = [, ]V = s.. Therefore, we
have that:

DX(N]YEY) = [ = A1V = [o V) = [BIUY) =14 = sa = 54 # La.
And, therefore, we have that (H,V ™) ™ x(H) and so that H ¥~ x(H). O

If A and B are two Heyting algebras, then we define A < B iff A € HS(B). It is
easy to show that this is indeed a partial order. We now prove a suitable version of
Jankov Theorem for our setting. We adapt to our setting a similar proof given in

[1].
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Theorem 4.39 (Jankov Theorem for DNA-Models). Let A € HAgpsr and B € HA
then:
BE™ x(A) iff A< B.

Proof. (=) Suppose that B ¥~ x(A), then for some DNA-valuation V'~ we have
[x(A)]PBYV") = b # 1. It follows from the previous Lemma 4.24 that there is a
subdirectly irreducible Heyting algebra C' such that there is a surjective homomor-
phism f : B — C such that f(b) = s¢. By the previous Lemma 4.25 we know that
f sends regular elements to regular elements so that we can define the DNA-valuation
U™ = foV™. It thus follows from the definition of our valuation that we have
[x(A]EV) = [a = 9]V = f(b) = s¢. Now, since [a — ]GV # 16 we
immediately have that ﬂws]}(C’Uﬁ) # 1¢ and so since s¢ is the second greatest element
of C' we also have that [,](“V7) < sc. Also, since s¢ < [ao = 1] (V7 it follows
that so A [a] GV < 1] ©V7) ) so that s¢ < [1hs] @Y7 and thus [¢,]( V) = sc.
Moreover, since 1o £ [a — 1s](@V7) it follows that 1o A [a] @V £ [aps] (V)
hence [a](©V7) £ sc and therefore [o](©V7) = 1¢.

We now prove that the map h : A — C such that h : z — [,](@V ) is an
embedding of A into C. First, we show that h is a homomorphism. Since [o](CV7) =
1c it follows immediately that [o <+ L](©Y") = 15 and for every connective ©
and every elements a,b € C, we have [(¢q ® 1) <> ¥aep]©V) = 1¢. From this we
immediately get that [¢o](©V") = 0¢ and [¢q ® ] V) = [aes] @Y. That h
is a homomorphism follows then immediately from the two following equalities.

h(04) =[] V) = 0¢;
h(a ®b) = [aep] V) = [t © Y] V) = [Wa] ) @ [1] V) = h(a) © h(b).

We show that h is also injective. Suppose that a # b, then we can assume
without loss of generality that a £ b which is equivalent to a — b # 14. To
show that h(a) # h(b) it then suffices to show h(a) — h(b) # 1lc. Now, since
a — b # 1y, it follows that a — b < s4, where s4 is the second greatest element
of A, and therefore that (a — b) — s4 = 14. Since h is a homomorphism we have
that h(14) = 1¢. Moreover, by the property of homomorphisms and the fact that

[[ws]](c’Uﬁ) = 8¢C:
h((a — b) — sa) = h(a — b) — h(sa)

= (h(a) = h(b)) = h(sa)
= (h(a) = (b)) = [ws]
= (h(a) = h(b)) = sc-

So that (h(a) — h(b)) — s¢ = 1¢ and therefore (h(a) — h(b)) < s¢ which means
(h(a) — h(b)) # 1¢ and so h(a) % h(b), thus proving the injectivity of h.

Therefore, we have that h is an embedding and thus h[A] < C, showing that
A is a subalgebra of C' up to isomorphism . Then since B — C it follows that
A € SH(B) and then since by Proposition 2.13 we have SH(B) C HS(B), we
obtain that A € HS(B) which proves A < B.

(<) Suppose that A < B, namely that A € HS(B), then we know there is
some subalgebra B’ < B such that there is a surjective homomorphism h : B — A.
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Moreover, by the previous Lemma 4.38 we have that A ¥~ y(A). Then, since
h : B — A it follows immediately by the fact that the DNA-validity of a formula
is preserved by homomorphic images that B’ ¥~ x(A). Moreover, since B’ < B it
follows by the preservation of DNA-validity under subalgebra that B ¥~ x(A), which
proves our claim. O

4.3.2 Axiomatisation of Locally-Finite DNA-logics by Jankov Formu-
las

Once we have shown that Jankov Theorem holds for our setting, we can use Jankov’s
machinery to characterize the lattice of subvarieties of locally finite DNA-varieties.
We denote by A7 (X) the lattice of subvarieties of some DNA-variety X and we first
prove the following useful proposition.

Definition 4.40 (Hereditary FMP). We say that a DNA-variety X has the heredi-
tary DNA-finite model property if every DNA-variety ) € A7(X) has the finite model

property.

As we always do, when the context is clear we drop the prefix DNA and talk simply
of the hereditary finite model property.

Proposition 4.41. If a DNA-variety X is locally finite, then X has the hereditary
finite model property.

Proof. Suppose that X is locally finite and consider any subvariety Y € A7(X).
Since X is locally finite we have that every DNA-finitely generated H € X is also
finite and thus since ) C X also that DNA-finitely generated H € Xggy is finite.
Hence we have that ) is locally finite and therefore, by Proposition 4.33 above, it
follows that ) also has the finite model property. O

We now prove the following theorem characterizing the sublattice of locally finite
DNA-varieties. We denote by Dw(Xgpsy) the downsets of Xppgy under the partial
order < defined above.

Theorem 4.42. Let X be a DNA-variety which is locally finite. Then the lattice of
negative subvarieties of X is isomorphic to the lattice of downsets over Xrpsy, i.€:

A™(X) = Dw(Xppsr).

Proof. Consider the map « : )V — Ygrpsr which sends every subvariety JJ C X
to its subclass of finite regular subdirectly irreducible elements. We claim that «
is welldefined and also it is an isomorphism between A™(V) and Dw(Xgpsr). (i)
First, we show that Yrrsr € Dw(Xrrsr). Suppose B € Yrrsr, A € HS(B) and
A € Xgpsr- As varieties are closed under homomorphic image and subalgebra,
we have that A € ) and so since A € Xrpgr also that A € Vrprgr. (ii) To show
injectivity, consider two subvarieties ), W € A(V) such that ) # W. By Proposition
4.41 we have that since X’ is DNA-locally finite then it has the hereditary finite model
property. Therefore, it follows from Theorem 4.32 that every subvariety of & is
generated by its finite regular subdirectly irreducible elements. So we have that
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Y = Yrrsr and W = Wgpgr and so it follows that Yrpsr # Wgrsy. (iii) For
surjectivity, consider any downset D € Dw(Xgrpsr). Then this defines a DNA-variety
Y = X(D). We now claim that D = Yrpgs. For the left-to-right inclusion suppose
A € D, then we also have that A € Xrpsr and A € X (D) = Y, which together
imply A € Ygrpgr. For the other direction, suppose that A € Ygrpgr, then we have
by Lemma 4.38 that A ¥~ x"(A). Then since A € Y = X (D) it follows that there
is some B € D such that B ¥~ x7(A). Finally, it follows by the Jankov Theorem
for DNA-varieties 4.39 that A < B and thus since D is a downset that A € D. O

Moreover, we can also show how one can use Jankov formulas to axiomatise
subvarieties of a DNA-variety X which is locally finite. To this end, we notice that for
every proper subvariety J € A7(&X') we have that Yrrgr is a downset and Xgpsr \
Yrrsr is a nonempty upset over Xprpsr. Now, since every algebra in H € Xrpgr \
Yrrsr is finite, we cannot have infinite descending chains of the form Hg > H; >
Hs..., for |Hy,| > |Hn41] and |H,| is finite. It follows that every set of the form
Xrrsr \ Yrrsr has some minimal element. We thus define the following notion of
minimal counterexamples of a subvariety of X.

Definition 4.43 (Minimal Counterexample). Let ) € A7(&X') be a subvariety of X
such that Y # X. A minimal counterexample to ) is a Heyting algebra H € X'\ )
such that for all K < H, if K 2 H then K € ).

For every Y € A™(X), we denote by min(X\ Y) its collection of minimal counterex-
amples in X'. It follows from our previous reasoning that this collection is always
nonempty when ) is a proper subvariety of X. We prove the following theorem.

Theorem 4.44. Let X be a locally finite DNA-variety, then for every subvariety
Y e A (X) such that Y # X we have that:

Y= X{H € Xppsr: HE™ X(A) for all A € min(XRFSI \ yRFS])}.

Proof. Tt suffices to show that Yrrpsr = {H € Xrpsr : H F~ x(A) for all A €
min(Xgrrsr \ Yrrs1)}- (C) Suppose H € YVgpsr, then since Xrpsr \ Vrrsr is
a nonempty upset it follows that min(Xrpsr \ YVrrsr) # 0. But then, for all
A € min(Xrpsr \ Yrrsr) we have that A £ H. Therefore, it follows by Jankov
theorem for DNA-varieties 4.39 that H F~ x(A) and so H € {H € Xgrpsr : H E”
X(A) for all A € min(Xgrpsr \ Yrrsr)}- (2) Suppose now that H € {H € Xrpsr :
HE" x(A) for all A € min(Xrpsr \ Vrrs1)}, then for all A € min(Xgrpsr \ Yrrsr)
it follows that H F™ x(A), hence by Jankov theorem for DNA-varieties 4.39 we have
that A £ H. But then, since min(Xgrsr \ Yrrsr) is the set of minimal elements in
XREST \ Yrrsi, it follows that H ¢ XREST \ Yrrsr and so since H € Xgpgr that
H € Vgrpsr. U

The previous theorem provides a set of formulas which axiomatise the subvarieties
of a locally finite variety. By the dual isomorphism DNAL =°° DNAV we can
extend the previous result to the corresponding DNA-logics. We say that a DNA-logic
IT is an extension of a DNA-logic A if A C II. Theorem 4.44 thus immediately allows
us to axiomatise the extensions of a logic A which is locally finite. We denote by
Vargpgr(A) the collection of finite, regular, subdirectly irreducible elements of the
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DNA-variety Var™(A) and by A + I' the closure under modus ponens of the set of
formulas AUT.

Corollary 4.45. Let A be a locally finite DNA-logic. Then every DNA-logic II such
that A CII can be axiomatised as follows:

II=A+{x(A) : Ae min(Vargps;(A) \ Vargps(I1)}.

Proof. Since A is locally finite we have that Var™(A) is locally finite. Moreover,
since A C II it follows by DNA-duality that Var™(II) C Var™(A). Let K = {H €
Vargpsr(A) : H E™ x(A) for all A € min(Vargpgr(A) \ Vargpgr(11))}, then by
Theorem 3.30 above it follows that Var™(II) = X' (K). Moreover, we have by Theo-
rem 4.21 that Log™ (X (K)) = Log™(K). By DNA-duality we then have:

Il = Log” (Var~(II)) = Log™ (X (K)) = Log™ (K).

Hence, since it is easy to see that Log™(K) = A+ {x(A4) : A € min(Vargpgr(A) \
Vargpg;(I)}, we finally obtain that II = A + {x(A4) : A € min(Vargpg;(A) \
Vargpgr (1)}, which proves our claim O
We will apply Corollary 4.45 and the method of Jankov formulas in next chapter to
axiomatise the extensions of the system IngB of inquisitive logic.
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Chapter 5
Applications to Inquisitive Logic

In this chapter we put to work the general theory of DNA-logics that we have de-
veloped in the previous chapter. We will show that the system IngB of inquisitive
logic is a DNA-logic and we will use the method of Jankov formulas to characterise its
lattice of extensions. In Section 5.1 we introduce inquisitive logic IngB in semantic
terms, as the set of formulas valid in all evaluation states. Also, we show in this
section that IngB can be expressed as a DNA-logic, by proving that IngB is the nega-
tive variant of all those intermediate logics L such that ND C L C ML. In Section 5.2
we then use the algebraic semantics of DNA-logics to show that IngB is locally finite
and that can therefore be studied by using the method of Jankov formulas. We thus
prove that the sublattice of DNA-logics which extend IngB is linearly ordered and
that it also coincides with the inquisitive hierarchy considered by Ciardelli in [10].

5.1 The Inquisitive Logic IngB

In this section we introduce inquisitive logic in its standard semantic formulation
and we prove IngB is the negative variant of all intermediate logics L such that
ND C L C ML. This result was already shown by Ciardelli in [10, Thm. 3.4.9]. Our
proof that IngB = ML™ is partially similar to Ciardelli’s though we do not introduce
negative saturated frames. Moreover, to prove that IngB = ND™ we proceed using
the approach of [3] and we reason in a more algebraic fashion. Finally, we shall see
how from these two results we obtain a syntactical axiomatisation of IngB which is
well-know in the literature.

5.1.1 Inquisitive Semantics

We recall inquisitive logic and its standard semantic formulation. We refer the
reader to Ciardelli’s original presentation in [10] and to [13] for more details about
inquisitive semantics and its applications in linguistics.

We formulate inquisitive logic IngB in the language Lp introduced in Section
2.2.1. We recall that the set of propositional formulas Lp is defined inductively as
follows:

eu=p|T|L|YAX|[YVX|Y—=x
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where p is an arbitrary element of a countable set AT of atomic propositional formu-
las. Negation can be defined as —p := o — L.

We shall see in this section that IngB is a DNA-logic and admits the algebraic
semantics defined in Chapter 3. As we have already mentioned in Remark 3.12,
the disjunction of inquisitive logic can be seen as the syntactic counterpart of the
join operator of a Heyting algebra. Moreover, since regular elements of a Heyting
algebra form a Boolean algebra, one can also introduce a further connective which
mirrors the join operator of this Boolean algebra. This fact is often employed in
inquisitive logic, where one can work both with an inquisitive disjunction and a
classical disjunction. Here however we will follow [10] and present IngB in the same
language Lp of intermediate logics.

Inquisitive logic in defined as the logic of all evaluation states. Given a set
of atomic formulas in Lp, a classical valuation (or simply valuation) is a function
w : AT — {0,1}. When the set AT is fixed, we refer to the set 2*T of all classical
valuations over AT as the evaluation space over AT. An evaluation state (or simply
state) is a set s of valuations s € p(24T). We introduce as follows the notion of
support in a state.

Definition 5.1 (Support at a State). Let ¢ be a formula of Lp and s € p(2'7) a
state. We say that s supports ¢ and we define s F ¢ inductively as follows:
sEpiff Vw € s(w(p) =1)
sE T iff s C 24T
sELiffs=10
sEyvAxiff sEy and sFE x
sEyVyiff sEY or sEx
sE1Y — xiff VE(if t C s and ¢ F 1 then t E x).
If p € AT is an atomic formula and s a state, we denote by [p]° the set [p]* = {w €

s:w(p) = 1} of classical valuations in s that make p true. Since - = ¢ — L, the
semantic clause of negation is then the following;:

skE o iff VE(if t C s then t ¥ ¢).
The system of inquisitive logic IngB is then defined semantically as follows.

Definition 5.2 (Inquisitive Logic). The valid formulas of inquisitive logic IngB are
the formulas ¢ € Lp which are supported in every evaluation state:

IngB = {p € Lp : Vs € p(2*T),s F p}.

Inquisitive logic can thus be seen as the logic of all evaluation states.

5.1.2 IngB =ML"

We have introduced the system IngB of inquisitive logic in semantic terms, as the
set of propositional formulas that are supported at all evaluation states. Now we
want to relate the system IngB to the setting of DNA-logics that we have studied
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in the previous chapter of this thesis. We show in this section that IngB is a DNA-
logic by proving that it is the negative variant of Medvedev logic ML. This fact was
originally shown in [10, pp. 45-46] in a slightly different way, by using so-called
negative saturated models.

Let us recall that ML is the logic of so-called Medvedev frames and it was in-
troduced by Medvedev in [40]. A relational structure F is a Medvedev frame if
F = (po(W),D), where W is a finite set and po(W) = {X C W : X # 0}. A
Medvedev model is then defined as a relational model over a Medvedev frame. Let C
be the class of all Medvedev frames, then we have that ML = {¢ € Lp : C I ¢}, i.e.
ML is the set of formulas valid in all Medvedev frames. We now prove two propo-
sitions relating state-structures and Medvedev models. On the one hand, we can
associate in the following way a finite state structure to a corresponding Medvedev
model. We proceed as follows.

Proposition 5.3. Let s € p(227T) be a finite non-empty state and (po(s), 2,V™") a
Medvedev model where V™ : AT — @o(s) is such that V™ : p — (po(s) \ wo([r]?)),
then for any formula ¢ € Lp we have that:

sEp s (s,V7)IF @[7P/.

Proof. By induction on the complexity of ¢. The cases for T and L are trivial and
we omit them.

(i) If ¢ = p with p € AT, then:

sEpe sCp)’
&Vt C st C [p]°)
S VtCs(t¢g V(p)
& Vit C s(t# p)
& (V) I —p.

(ii) If o = x A o, then:

sExANYy& skEyxyandsFo
< (s,V) IF x[7P/p] and (s, V) IF o[7P/5]
& (s, V) IEx[72/p] A o[7P/p]
< (s, V) IF (x No)[7P/p].

(iii) If ¢ = x V o, then:

sExVy & skEyxyorskEo
< (s, V) IF x[72/p| or (s,V) I o[7P/p|
< (s, V) IF x[72/p] V o [7P/p]
< (s, V) IF (x Vo)[P/.
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(iv) If ¢ = x — o, then:

sEx—oceViCs(tEx=1tFo)
& Vit C s,t - x[Pf] = t I o[7P/p))
& (5, V) IF x[P/5] — o[P/5)
< (s, V) IF(x = o)[P/p].

And this establishes our claim. O

Conversely, we can also relate a Medvedev model M to a corresponding state struc-
ture. Suppose M = (po(W),D,V) is a Medvedev model, then for every singleton
{z} € po(W) we define a corresponding classical valuation w, : AT — 2 such that
wg(p) =0 < {z} IF p. Then we say that X; is the negative Medvedev state of s if
X5 = {w, € 2'" : {z} € s}.

Proposition 5.4. Let M = (po(W),2,V) be a Medvedev model, then for any
formula ¢ € Lp and any s € po(W) we have that:

XsEFpe(s,V)IFo[Ph.

Proof. By induction on the complexity of ¢. The cases for T and L are trivial and
we omit them.

(i) If ¢ = p with p € AT, then:

X Fpe X, C[p]*
< Yw, € Xg(wz(p) =1)
& Vo e s({x} ¥ p)
&Vt CW(tW p)
< (s,V7) IF —p.

(ii) If p = x A o, then:

XsExNoe XsExand X,Fo
< (s, V) IF x[7P/5] and (s, V) IF o[7P/p]
(s, V) = X[P/p] A o[7P/5]
< (s, V) IF (x Ao)[7P/.

(iii) If ¢ = x V o, then:

XsExVYye XgExor XsFo
< (s, V) Ik x[TPfp] or (s,V) IF o[7P/5]
< (s,V) IEX[P/p] v o [P/5]
< (s, V) I (x Vo).
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(iv) If ¢ = x — o, then:

XsEx—2o0e VX  CX(XiFx= X Fo)
< Vi(t C s, tIF x[(Ph] = t I o[7P/p))
& (5, V) I X[P/p] = o[ 7))
< (s, V) IF (x = o)[P/p).

And this establishes our claim. O

The following proposition establishes a version of the finite model property for
IngB. We will need this result in the proof that IngB is the negative variant of ML.

Proposition 5.5 (Finite Model Property of IngB). Suppose ¢ ¢ IngB. Then there
is a finite state s € p(22T) such that s ¥ .

Proof. Suppose ¢ ¢ IngB then it follows that there is some evaluation state s such
that s ¥ . We now show by induction on the complexity of ¢ how we can obtain
a finite state s’ C s which also refutes ¢. The cases for T and L are trivial and we
omit them.

(i) If s ¥ p then there is some w € s such that w(p) = 0. Consider s’ = {w}, then
we clearly have that s’ is finite and s’ ¥ p.

(ii) If s ¥ 9 A x then s ¥ ¢ or s ¥ x. It follows by induction hypothesis that
for some finite evaluation state s’ C s we have s’ ¥ 1 or s’ ¥ x and therefore
s E A x.

(iii) If s # ¢V x then s ¥ ¢ and s ¥ x. It follows by induction hypothesis that for
some finite evaluation state s’,¢' C s we have s’ ¥ 1) and ¢ ¥ x and therefore
sSUt EVy.

(iv) If s ¥ 1» — x then for some ¢t C s we have that ¢ E ¢ and s ¥ x. It follows by
induction hypothesis that for some finite evaluation state ¢ C ¢ C ¢t we have
t' =1 and t' ¥ y and therefore t' ¥ ¢ — .

And this establishes our claim. O

Finally, the following theorem establishes that IngB is the negative variant of ML
and shows therefore that IngB is a DNA-logic.

Theorem 5.6. IngB = ML™.

Proof. (C) Suppose ¢ ¢ ML™, then by the definition of negative variant ¢[™P/p] ¢ ML.
Then, since ML is the logic of Medvedev frames, it follows that for some Medvedev
model (po(W), D, V) there is some s € po(W) such that (s, V') ¥ ¢[7P/5|. Therefore,
it follows by Proposition 5.4 that for the corresponding negative Medvedev state we
have (X5, V) ¥ ¢ and so since IngB is the logic of all evaluation states, we obtain
that ¢ ¢ IngB.

(2) Suppose ¢ ¢ IngB, then since IngB is the logic of all evaluation states there
is an s such that s ¥ . Moreover, by Proposition 5.5 we can assume without
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loss of generality that s is finite. Then by Proposition 5.3 it follows that for the
Medvedev Model (po(s), 2, V™) we have that (s, V™) ¥ ¢[7P/p]. Therefore, it follows
that ¢[™P/p] ¢ ML and so that ¢ ¢ ML™. O

We have thus shown that inquisitive logic IngB is a DNA-logic. This will later
allow us to employ the general theory of DNA-logics that we have developed in the
previous chapters to study inquisitive logic. Now we want to strengthen this result
and show that ML is exactly the schematic fragment of IngB. This was also originally
proved in [10] in a similar way, but employing saturated models.

Proposition 5.7. ML = Schm(IngB).

Proof. (C) It follows immediately from Proposition 4.7 and the fact that IngB = ML™.
(D) Suppose now ¢ ¢ ML, then for some Medvedev model (po(W), D, V) and some
s € po(W) we have (s,V) W ¢. Now, let po,...,p, be the variables contained
in ¢ and notice that by the definition of Medvedev frames we have that for any
p; we have V(p;) € po(W). Notice then that we can consider every V(p;) as a
union of singletons, namely V(p;) = U{{z¥} € po(W) : ¥ € V(p;)}. Now for
each of these singletons we introduce a new variable qf and we define a valuation
U : AT — (po(W), D) such that U : ¢F — {{y} € po(W) : {y} # {zF}}. Namely U
sends qf to the set containing all singletons over W besides for {xf} It is then easy
to check that [-¢F]®o(W):2.U) = {251 and therefore that:

V(ps) = J{{zF} € po(W) : 2} € V(pi)}
= J{[-gf] M2 € oo(W) : 2 € V(pi)}
=\/ ~U(g)).

k<n

Therefore we have:

Lo, -+ p)] )2V = [0\ =gf, oy \/ —ap)] 020
k<n k<n

and so since (s, V) ¥ ¢, it follows that (s, U) ¥ ©(Vg<n =G5, - Ve<pn —¢F), which by
Proposition 5.4 entails X5 ¥ ©(\Vpcpn @5, - Vieen @5)- _Now, since X_S is an evaluation
state, it follows that (V< a5, ...,_\/kgn ) ¢ _Ian and since ¢(V <, @, ..., Vi<n )
is a substitution instance of ¢ also that ¢ ¢ Schm(IngB), which finally proves our
claim. 0

By Proposition 4.15 it then follows that ML is DNA-maximal, namely that it is the
maximal intermediate logic to have IngB as its negative variant. In the next section
we identify also the least element in the lattice Z(IngB).

5.1.3 IngB =ND"

In this section, we show that IngB is the negative variant of the intermediate logic
ND and we also prove that ND is DNA-minimal, i.e. that it is the least intermediate
logic whose negative variant is IngB. Together with the previous results we obtain
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a characterization of the sublattice Z(IngB) of intermediate logics whose negative
variant is IngB. These results were originally proved by Ciardelli in [10, pp. 46-48].
Our proof however is different and adapts [3], which shows similar results for the
logic KP.

Firstly, let us recall that ND is the intermediate logic that contains, for all n € N,
the following axiom:

ND, = (—p— \/ -g;) — \/(ﬂp — ;).

i<n i<n

Whilst the converse of this axiom holds already in IPC. We now prove the following
result about the intermediate logics ND and ML.

Proposition 5.8. ND C ML

Proof. Suppose this is not the case, then for some Medvedev model (po(W),2,V)
we have that (po(W), D, V) ¥ ND, which means that for some n € N there is some
X C W such that:

(1) X (= )

2) XK\ (-p— aq).

i<n

By (1), it follows that for all Y C X, Y |- —p entails Y I \/,-,, 7¢;. By (2), it follows
that for all i < n there is some Z C X such that Z ¥ —p — —¢;. Therefore, there
is some K; C Z such that K; C W\ V(p) and K; NV (¢;) # (. Consider the union
K = U<, Ki, then we have K C W\ V(p) and for all j <n, KNV(g;) # 0. Then,
since K C X and K I —p we have K |- \/,-,, —¢; which yields that for some | < n,
K IF =g and so K NV (q) = (. But this contradicts our former claim that for all
Jj <n, K;NV(g;) # 0. Finally, this means that every Medvedev frame satisfies ND
and thus ND C ML. O

To show that ND™ = IngB we proceed by giving a characterization of the regularly
generated ND-Heyting algebras. The following results are proved in [3] for the logic
KP. We show here that they hold already for ND.

ND-extension of a Boolean Algebra

We introduce the ND-eztension of a Boolean algebra as done in [3]. Let B be any
Boolean algebra and consider the term algebra T'(B) over the signature (A, Vv, =, 1,0).
The algebra T'(B) thus consists of all propositional formulas built in this signature
from the set of atomic letters AT = B:

T(B) = {p(bg, ...,by) : b; € B and ¢ is a formula in (A, V, -, 1,0)}.

Then since T'(B) is a term algebra, we have that its algebraic operations are exactly
the signature operations, i.e. we have that ¢ Appy ¥ = oA etc. We now quotient
the term algebra T'(B) to obtain an ND-algebra. We define the congruence =§p.
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Definition 5.9. Let B be an arbitrary Boolean algebra, then the congruence =g,
is the least congruence containing =yp and such that for all p,q € B we have that:

1 =pp 1
0 =4 0
P AB q =p PAG
P —B q =yp P4

That = is a congruence follows immediately, since =yp is a congruence and since the
extra-clauses we added are compatible with the operations of B. The ND-extension
H™(B) of B is then defined as the quotient algebra T'(B)/ =§;. Hereafter we will
drop the apex and denote the ND-eztension of B just by H(B). Now notice that
since =1pcC=fp we have that H(B) validates all the validities of IPC and is thus a
Heyting algebra. We then prove the following universal mapping property.

Proposition 5.10 (Universal Mapping Property). Let B be a Boolean algebra and
H(B) its ND-extension, then for every Heyting algebra K such that K F ND and
K_ = B there is a unique homomorphism h : H(B) — K such that h | B = idp.
Moreover, if K is reqular then h is also surjective.

Proof. Let idp : B — K-, be the identity map, then we define its extension A :
H(B) — K as follows. Let z € H(B), then it follows by the definition of ND-
extension that every element of H(B) is an equivalence class of terms in T'(B)
under =§,. So we have that x = [0(ao, ..., an)] where for all i < n, a; € B. Define
for all [6(ao, ..., an)] € H(B) the map h : [§(ag, ..., an)] — dx(ag, ...,an). Since both
H(B) and K are ND-algebras, it follows that this map is well defined. Moreover, we
have by the property of congruences that h(d([1o], ..., [¥n)])) = A([6(o, ..., ¥Yn)]) =
0k (Yo, ..., ), implying that h is a homomorphism. Uniqueness follows immediately
by the fact that every element in H(B) is a polynomial over B.

Finally, we show that h is also surjective in case K is regular. Since K is regular,
every element x € K can be written as a polynomial over elements of K-, i.e.
r = 0k (Yo, ..., Yn) With every yo, ...,yn € K. Then, since K, = B and by the fact
that h is a homomorphism, it follows that h[d(yo, ..., yn)] = dx[h(v0), ..., h(yn)] and
therefore, as h [ B = idp, we obtain that dx[h(yo), .., h(yn)] = Ox (Y0, s Yn)- O

The following two propositions give us a description of the structure of the ND-
extension H(B) of a Boolean algebra B. In particular, we show that every element
of H(B) can be written in a unique way as a disjunction of elements of B. Following
[3] we say that every x € H(B) has a non-redundant representation. With a slight
abuse of notation we henceforth drop the square brackets and refer to elements of
H(B) as formulas rather than equivalence classes thereof. Also, since the algebra
operations of H(B) agree with the connectives in (A, V, =, 1, O), we drop the dots
and use the same symbols both for connectives and operations.

Proposition 5.11. For every x € H(B) we have that x = a; V ... V a, where
ai,...,an € B and a; % a; fori # j.

Proof. First, we show that every x € H(B) can be expressed as a disjunction z =
ap V...V a; with ay,...,a; € B. Since H(B) = T(B)/ =§p we proceed by induction
on the complexity of formulas in T'(B).
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(i) If z = a € B, then z is already in disjunctive form.

(ii) If z = p A g, then by induction p = \/,.,, a; and ¢ =V
distributivity law of Heyting algebras:

w:p/\q:\/ai/\ \/bj:\/ \/(ai/\bj).

i<n i<m i<nj<m

j<m bj, therefore by the

Where for every ¢, j we have that a;,b; € B and so that a; A bj € B.

(iii) If z = p V g, then by induction p = \/,.,,a; and ¢ =V
z=pVq=\Vi<paiVVcpybj.

j<mbj and therefore

(iv) If x = p — g, then by induction p =V,<,, a; and ¢ =V, b;, hence we have:

$:p—>q:\/ai—> \/bj

i<n Jj<m

= Nlai = \/ bj]
i<n i<m

= /\ [ﬂ—\ai — \/ _'_‘bj] (by ai,bj € B)
i<n i<m

= /\ [ \/ (—|—|ai — _'ﬁbj)] (by ND)
i<n j<m
i<n j<m

=V A (@i = b))

Filn]=[m] i<n

Where for every i, j we have that a;,b; € B. So since B agrees with H with respect
to conjunction and implication, it follows each A;c,(a; — b;) € B. Therefore
every € H(B) has a disjunctive representation = = \/;., a; with a; € B for all
i < n. Now let A = {ag,...,an}, then to obtain a non-redundant representation
of z it suffices to take the set I = {m < n : a,, is minimal in A}. Then clearly
z = Vi<pai = V,era; and by construction a; £ a; for 4,5 € I such that i # j.
Therefore every x € H(B) has also a non-redundant disjunctive representation. [J

Downsets Algebras

We introduce Heyting algebras of finitely generated downsets over Boolean alge-
bras and we show that every H(B) is isomorphic to the Heyting algebra of finitely
generated downsets of B. Recall that a downset D over a poset (P, <) is finitely
generated if there is a finite set of elements xo, ..., x, such that D =] {zg,...,z,}.
We say that {zo,...,z,} is the set of generators of D. A downset D over a poset
(P, <) is principal if it is generated by a singleton and we write D =| {z} or just
D =] z. Now let B be an arbitrary Boolean algebra, then we define:

Dwy(B) = {X C B: X is a finitely generated downset of B}.
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It is easy to see that (Dwyq(B),N, V) is a complete lattice which satisfies the infinite
distributivity law a A V,;c1bi = V;er(a A b;). So by Proposition 2.35 it follows that
(Dwyg(B),N, V) is also a Heyting algebra. We now want to prove that (Dwyg(B) is
also an ND-algebra. We first show the following lemma.

Lemma 5.12. For every D € Dwyy(B) we have that D =] {a, ...,an} with a; £ a;
fori# 7.

Proof. For any D € Dwyy(B) let D,, be its subset of maximal points. Then D,, is
clearly finite and D =] D,,. Moreover, it follows immediately by the definition of
maximal points that for any a;,a; € D,, we have that a; ﬁ aj. O

The following theorem provides a characterisation of the ND-extension H(B) of a
Boolean algebra B in terms of the algebra of finitely generated downsets of B.

Theorem 5.13. Let B be a Boolean algebra, then H(B) = Dwyq(B).

Proof. We define a function f : H(B) — Dwy4(B) and we show it is an isomorphism.
Consider any element x € H(B), then by Proposition 5.11 it has a unique nonredun-
dant disjunctive representation such that = = \/;<,, a;. Then we define f : H(B) —
Dwy,(B) by fixing f : (V;<nai) =4 {a1,...,an}. Now suppose x # y. Putting
them in disjunctive form: z = Vicnai and y =V, bj, so f(z) =| {a1,...,an} and
f(y) =4 {b1,....,b,}. But then we clearly have {a1,...,an} # {b1,...,bn} and so by
the uniqueness of the representation of Proposition 5.11 | {a1,...,an} #| {b1, ..., b}
which shows that f is injective. Now let D € Dwyy(B), then by Lemma 5.12,
D =|{a1,...,an} = f(V;<, ai) so that f is also surjective.

Finally, we show that f is also an homomorphism. Let p,q € H (B) and sup-
pose without loss of generality p = \,<,, a; and ¢ = V,<,, b;. Then notice that
by inspecting the proof of Proposition 5.11 we have the following translation in
disjunctive normal form:

pAg=\/V (aiAby)

i<nj<m

p\/q:\/ai\/ \/bj

i<n j<m

p—q= \/ [/\(az—>bf(l))]

fin]—=[m] i<n

It is important to notice that the disjunctive forms above are not necessarily non-
redundant. However, it follows immediately by the construction in Proposition 5.11
that the non-redundant representation consists in the disjunction of the minimal
elements among the disjuncts in the formulas above. It thus follows that the dis-
juncts of the non-redundant representation and those of the disjunctive forms above
determine the same downsets. We then prove that f is a homomorphism as follows:

fong) =f(\/ V (ainby)

1<nji<m
=l{a;ANbjeB:i<n,j <m}
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=l{a;€eB:i<niNn|{bjeB:j<m}
= f(p) A F(9);

fova)=f(\ av \/ b))

i<n  j<m
=l{aieB:i<n}ul{bje B:j<m}
=l{a;€B:i<njul{bjeB:j<m}
=fp)V f(a);

fo=a=rC V [NA@—=ba))

filn]=[m] i<n
=} {ai = bsi € B:i<nand f:[n] — [m]}
=l{zreB:xANa;<b;foralli <nand f:[n] — [m]}
={({aieB:i<n})—={{bjeB:j<m})
= f(p) = (@)

And so we have that H(B) = Dwyy(B). O

It follows by the previous theorem that every H(B) is well-connected, i.e. that for
any =,y € H(B) it is the case that zVy =1 entails z =1 or y = 1.

Corollary 5.14. For any Boolean algebra B, its ND-extension H (B) is well-connected.

Proof. By the previous Theorem 5.13 we have that H(B) = Dwg4(B), so it suffices
to show that Dwy,(B) is well-connected. Suppose by contraposition that D, and
D, are two finitely generated downset such that | 1z # D, and | 1g # D,. Then
it follows that 1, ¢ D, and 1, ¢ D,, so 1g ¢ D, UD, = D, V D, and thus
D, Vv D, #| 1p, which proves our claim. O

Finally, we show here also a connection between Medvedev frames and downset
algebras that we will use consequently. Let F = (po(W), D) be a Medvedev frames
and Dw(F) the set of downsets in (po(W), D). That this is a Heyting algebra follows
immediately from the fact that (Dw(F), C) is a finite bounded lattice which satisfies
the distributivity law. Now notice that for every p € AT we have that a valuation
over a Medvedev frame is such that V(p) € Up(po(W),2) = Dw(F) so that V is
a valuation over (po(W), D) iff it is a valuation over Dw(F). Let F = (po(W), D)
be a Medvedev frame and Dw(F) its corresponding algebra of downsets. We prove
the following lemma.

Lemma 5.15. For all ¢ € Lp, [¢]V"Y) = []Pw)V),

Proof. By induction on the complexity of formulas. The cases for ¢ = T and ¢ = L
are trivial and we omit them.

(i) For p € AT we have that [p]*Y) = V(p) = [p]P*)V),
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(ii) For ¢ = A x we have:
[ AX]PY) = 15 0 [
= [¢]P¥EIV) A [y]PwF)V)
= [ AX] PN,

(iii) For ¢ =1 V x we have:
[v v X)) = []PY) U )Y
= [p] PV [y PV
= [ v PO,

(iv) For ¢ =1 — x we have:

[ = ]V = {X € po(W) : VY € X(Y € [¥] 7Y = ¥ € [dV)}
={X € po(W) : VY C X(Y € [¢] PV =y e [y PrVI)
= J{X € Dw(F) : X 0[] P2V C [x] P RV)y
= []PEIV) o [PV

= [ = PO,

This establishes that[e]FV) = [¢](PwF)V), O
The following proposition follows quite directly.
Proposition 5.16. For every Medvedev frame we have that F I+ ¢ iff Dw(F) E ¢.

Proof. (=) Suppose Dw(F) ¥ ¢, so that for some valuation V we have that
(Dw(F),V) ¥ ¢ and thus since 1p,r) =} {W} also []PeleoW)V) L1 LW},
Then by Lemma 5.15 we have that [¢]7°Y) #| {W} and hence W ¢ [p]"V),
which implies that (W, V) ¥ ¢ and thus F ¥ ¢. (<) Suppose (po(W),2) ¥ ¢,
hence for some valuation V' and some X C W, we have (X,V) ¥ ¢. Therefore,
X ¢ [¢]¥Y) and so [¢]FY) #| {W}. Finally, since 1 puw(F) =+ {W}, it follows
that [ Pw(eo(W)V) £ Lpw(F) and so Dw(F) ¥ . O

It is a straightforward consequence of the propositions proved in this section that
the Heyting algebra Dwy,(B) is always ND-algebra and that when a relational frame
F is ML then the downset algebra Dw(F) is an ML-algebra, i.e. Dw(F) € Var(ML).
We will use these facts in the next section to show that IngB = ND.

Equivalence of ND™ and IngB

We prove in this section that IngB is the negative variant of ND. The next proposition
establishes that every regular ND-algebra is also an ML-algebra.

Proposition 5.17. Suppose H is a regular Heyting algebra such that H = ND, then
H EML.
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Proof. Let H be a regular Heyting algebra such that H F ND and let B = H-. Then
by Proposition 5.10 it follows that H(B) — H. By the fact that the validity of
formulas is preserved by homomorphic images, to show that H F ML it is sufficient
to prove that H(B) E ML. Suppose for the sake of a contradiction that this is not
the case, then for some ¢ € ML we have that for some valuation V', (H(B),V) ¥ .
Then let p = py, ..., pn, be the atomic variables in ¢ and V(p) = {V(p;) € H : i < n},
then we clearly have that ((V(p)), V) ¥ ¢. Moreover, since for every p; we have that
V(pi) € H(B), it follows that there is some polynomial §; such that &;(2?, ..., 2™) =
V(pi) and every z; € B. Then since polynomials have a finite number of variables,
it follows immediately that the set A = (J;,«,, {2 : i < n,k < m} is finite. Let B’ be
the Boolean algebra generated by A in B, then since Boolean algebras are locally
finite we have |B’| < Xg. Now consider the ND-eztension H(B') of B’. Since A C B,
it follows that (V(p)) < H(B') and thus H(B') ¥ ¢. Now, by Proposition 5.13 we
have that H(B') = Dwy4(B’) and by Proposition 2.38 that B’ = (W) for some
finite set W. Therefore, we have:

H(B') = Dwyy(B') = Dwyy(p(W)) = Dw(po(W)),

where the isomorphism Dwyy(p(W)) = Dw(po(WW)) holds by the fact that go(W)
is finite and so every non-empty downset over po(WW) is finitely generated. One
can then see that go(W) is by definition a Medvedev frame and thus po(W) IF
ML, which by Proposition 5.16 entails Dw(po(W)) £ ML. But then, from the fact
H(B') 2 Dw(po(W)) it follows that H(B') E ML, which contradicts our former
assumption that (H(B),V) ¥ ¢ for some ¢ € ML. Therefore it follows that H is an
ML-algebra. g

Using the proposition above we can finally show that IngB = ND.
Theorem 5.18. IngB = ND.

Proof. (C) Suppose ¢ ¢ ND, then by Proposition 4.22 there is some H € Var™(ND™)
such that H ¥~ ¢ and H is regular. Then, since H F~ ND™ and H is regular, we have
by Proposition 4.18 that H = ND and by Proposition 5.17 that H F ML. Therefore,
we have that H € Var(ML) C Var(ML)" = Var~(IngB). Finally, since H ¥~ ¢ it
follows that ¢ ¢ IngB. (2) By Proposition 5.8 we have that ND C ML, therefore by
the fact that (=) is a homomorphism it follows ND™ C ML™ and thus by Theorem
5.6 we obtain that ND™ C IngB. g

Moreover, we show that the variety of ND-algebras is actually a DNA-variety.
Proposition 5.19. Var(ND) is a DNA-variety.

Proof. Tt suffices to show that Var(ND) is closed under core superalgebra. Suppose
H € Var(ND), H < K and H-, = K-, we need to show that K € Var(ND). Suppose
by reductio that K ¥ ND, then there is some valuation V' and some n > 2 such that:

(K V)E (—p— \ ~a) = \/ (-p = ~aq).

i<n i<n
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Then by defining the valuation V77 such that V77 : z — —=V/(2) and by the fact
that for every & € K we have =z = ———z, we have that [-2] V) = [-——z] KV ) =
[-2]¥Y ") and therefore:

(K,ZVT)E (—p — \/ —qi) — \/ (=p = —q;).
i<n i<n
But V77 is clearly a DNA-valuation, i.e. V77 : AT — K_,. Therefore, since H_, = K,
and H < K it follows immediately that for any ¢ we have [o]V ™) = [op] V7).
Therefore,
(HV)E(—p— \/ —q;) — \/ (=p = —q;).

i<n i<n

Which contradicts the fact that H € Var(ND). So Var(ND) is a DNA-variety. O

Now we want to strengthen this result and show that ND is exactly the intermediate
logic defined by the class of IngB-algebras.

Proposition 5.20. ND = Log(Var~(IngB))

Proof. Since ND™ = IngBand Var(ND) is a DNA-variety we have ND = Log(Var(ND)) =
Log(1 Var(ND)) = Log(Var™(IngB)). O

By Proposition 4.15 it then follows that ND is DNA-minimal, namely that it is the
minimal intermediate logic to have IngB as its negative variant. This fact had already
been proved by Ciardelli in [10], but Proposition 5.20 gives us a novel algebraic
interpretation of why ND is DNA-minimal.

5.1.4 Axiomatisation of IngB

The results of the previous sections provide us with a characterisation of the greatest
and the least element in the sublattice Z(IngB). In fact, we have shown that ND
is the smallest logic whose negative variant is IngB and ML is the greatest whose
negative variant is IngB. This characterisation of Z(IngB) immediately gives us
an axiomatisation of IngB. For every intermediate logic L such that ND C L C
ML, we have that L™ = IngB and so by Proposition 3.2 we obtain the following
characterisation.

Proposition 5.21. Let L be an intermediate logic such that ND C L C ML, then
IngB is the least set of formulas such that:

1. L C IngB;
2. For all atomic propositional formulas p € AT we have that ——p — p € IngB;
3. IngB is closed under the modus ponens rule.

Now consider the intermediate logic KP = IPC+(—p — qVr) = (—p — ¢)V(—p = 7).
It is easy to show that ND C KP and, by adapting the proof of proposition 5.8, it
is also possible to prove that KP C ML. So we have that ND C KP C ML and we can
axiomatise IngB as follows.
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Theorem 5.22 (Axiomatisation of IngB). The following system of axioms and rules
aziomatises IngB:

Axioms IPC

(e =YV x) = (me = )V (me = X) forall 0,9, x € Lp
——p — p for all p € AT
Rule ¢, p — 1 = 1.

We thus get a fairly intuitive axiomatisation of IngB. This proof system is presented
in [3] and was first formulated in [10].

5.2 Extensions of IngB

In this section we use the fact that IngB is the negative variant of ND and ML and the
method of Jankov formulas introduced in Section 4.3 to characterise the sublattice
of extensions of IngB. First, we use the previous results concerning the ND-eztension
of a Boolean algebra to show that IngB is locally finite.

Theorem 5.23. IngB is locally finite.

Proof. We need to show that every DNA-finitely generated IngB-algebra is finite.
Consider any H € Var™(IngB) and suppose H is DNA-finitely generated, then there
are elements x,...,x, € H- such that (zg,...,x,) = H. So it immediately fol-
lows that H is regular. Moreover, by the fact that ND = Log(Var™(IngB)) we
also have that Var™(IngB) = Var(ND) and so H € Var(ND). Then, it follows by
Proposition 5.10 that f : H(H-) — (xq,...,Z,). Suppose now without loss of gen-
erality that yo,...,yn € H(H-) are such that f(yo) = xo,..., f(yn) = z, and thus
(0, ey n) = (f(Y0), -y f(yn)). Now consider the subalgebra (yo, ..., yn) of H(H-), it
follows by Proposition 5.11 that each element in (yo, ..., yn) has a unique disjunctive
representation, which means without loss of generality that each y; can be written
as i = V<, (ag-), where k; is the number of disjuncts in the disjunctive normal
form of y;, and every aé» € H-. Now let A be A = {af, ...,ago, <, Qs -y @y}, then
we clearly have that (yo,...,yn) = (A) and by the disjunctive normal form given in
Proposition 5.11 also that every x € (A) can be written as a disjunction of elements
which belong to the Boolean algebra B generated by A. Now, since the cardinality of
A is finite, it follows from the local finiteness of Boolean algebras that B is finite as
well. Also, since every elements in (A) can be written as a disjunctions of elements
of B, it follows that (A) < 2/Bl < Ry. Finally, we have that:

Therefore, it follows that H is finite and so that IngB is locally finite. 0

Since IngB is locally finite, we have by Theorem 4.32 that it is generated by
its collection of finite, regular, subdirectly irreducible elements. The next theorem
provides a characterisation of this class of IngB-algebras. Our proof adapts [3,
Theorem 4.2].
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Theorem 5.24. Let H be an Heyting algebra. Then H € Vargppq;(IngB) iff there
is some finite Boolean algebra B such that H = H(B).

Proof. (<) Suppose H = H(B) for some finite Boolean algebra B, then we need
to show that H is finite, regular and subdirectly irreducible. First, it follows
immediately by construction that H(B) is regular and so that H is regular as
well. By Theorem 5.13 we have that H(B) = Dwyys(B). Consider the downset
D := {x € B : x < 1p}, then since B is finite it follows that D; is finitely
generated. Moreover, it is easy to see that for any finitely generated downset
X # B, X C Dy and so D, is the second greatest element in Dwyy(B). Since
Dwyy(B) = H(B) it follows that H(B) has a second greatest element as well hence
by Theorem 2.36 it is subdirectly irreducible. Finally, since |B| < Xy, we have that
|H(B)| = |Dwysy(B)| < |p(B)] < Ng and hence H(B) is finite.

(=) Let H € Vargpg;(IngB), then since H is regular and Var™(IngB) =
Var(ND)', it follows by Proposition 4.19 that H € Var(ND). From the univer-
sal mapping property of Proposition 5.10 there is a surjective homomorphism h :
H(H-) - H, where H_, is clearly a finite Boolean algebra. We prove now that this
homomorphism is also injective. Consider x,y € H such that h(z) = h(y), then it fol-
lows Proposition 5.11 that we have non-redundant representations x = \/,;~,, a; and
Y = Vj<m bj. Since for all i <n, j < m we have a;,b; € H-, it follows by Proposition
4.25 that h | H-, = idy_ and so that h(a;) = a; and h(b;) = b;, which means that
h(a;),h(bj) € H-. Now, since h(z) = h(y), we have that h(V,<, ai) < h(V <, b))
and h(V <, bj) < M(V;<p, a;). From the former of these claims we have:

h(\/ ai) <h(\/ b))

= h(\_/ a;) = h(_\/ b;) =1

i<n j<m
= i\</n(h(ai)) - jym(h(bj)) =1 (since h is a homomorphism)
= /;\n [h(ai) — jgﬂ h(bj)] =1 (by IPC)
= ié\n[ﬁﬁh(ai) ejymh(bj)] =1 (by h(a;) € H-)
= /;\n jym[ﬂﬁh(ai); h(bj)] =1 (by KP)
= z-é\njl{n[h(ai) = h(b)] =1 (by h(a;) € H-)

=

=

=

Vi <n, we have \/ [h(a;) = h(b;)] =1

j<m

Vi <mn,3j < m such that h(a;) = h(b;) =1

Vi < mn,3j < m such that h(a;) < h(b;)

77

(by well-connectedness of H)



= Vi < n,3dj < m such that a; < b; (by h | H- =idp.)

= \/alg \/b]

i<n i<m
=z <uy.

Similarly, starting from h(V <, bj) < h(V,;<, a;) we then get that y < x and so that
x = y. Finally, this means that the surjective homomorphism h : H(H-) - H is
also injective and so that H = H(H-). O

From the former theorem it is then easy to prove the following important lemma.
We recall from Section 4.3 that if A an B are two Heyting algebras, the order
< between them is defined as A < B iff A € HS(B). The next lemma shows that
under this order the collection of regular, finite, subdirectly irreducible IngB-algebra
is isomorphic to w.

Lemma 5.25. Let Vargpg;(IngB) be the collection of finite, regular, subdirectly
irreducible IngB-algebras and < the order defined by A < B < A € HS(B). Then
(Vargpgr(IngB), <) = w.

Proof. We show that Vargppg;(IngB) is isomorphic to w under the order A <
B iff A € HS(B). First, consider any algebra H € Vargzpg;(IngB), then it follows
by Theorem 5.24 that there is some finite Boolean algebra B such that H = H(B).
We have already seen in Section 2.1.5 that the representation Theorem 2.38 of the
finite Boolean algebras entails that finite Boolean algebras form the following chain
of length w:

20 <ol <92 <93 <94 <

Now, we have by the definition of the ND-extension of a Boolean Algebra 2™ that
H(2") is regular and H(2") = (2"). Therefore, since we have that for all n € N, 2" <
271 it follows that H(2") < H(2"™!). Finally, since every H € Vargpg;(IngB) is
of the form H(2") for some n € N, it follows that:

H2Y<HEQYHY=<H(2®)<H@2) <H>2Y) =< ...

is a chain of length w ordered by A < B < A € HS(B) which contains every element
H € Vargpg;(IngB). Finally, this means that the poset (Vargpg;(IngB), <) is
isomorphic to w. O

Once we have the previous lemma, we can use use the method of Jankov formulas
for DNA-logics developed in Section 4.3 to show that the lattice of extensions of the
system of inquisitive logic IngB is linearly ordered and dually isomorphic to w + 1.

Theorem 5.26. Let A7 (IngB) be the lattice of extensions of IngB. Then there is a
dual isomorphism A™(IngB) =P w + 1.

Proof. By the dual isomorphism DNAL =° DNAV we immediately have that
A7 (IngB) = A7 (Var™(IngB)), where A7 (Var™(IngB)) is the lattice of subvari-
eties of Var™(IngB). Therefore, to show that A7(IngB) = w + 1 it suffices to
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show that A7 (Var™(IngB)) = w + 1. Now, by Proposition 5.23 we have that InqB
is locally finite and therefore it follows by Theorem 4.42 that A™(Var™(IngB)) =
Dw(Vargpg;(IngB)). But then, we have by Lemma 5.25 that Vargeq;(IngB) = w
and therefore that Dw(Vargpg;(IngB)) = Dw(w) = w + 1. To sum up, we have:

A7 (IngB) = A7 (Var ' (IngB)) = Dw(Vargpg;(IngB)) = Dw(w) = w + 1,
which proves our claim. O

The method of Jankov formulas allows us also to provide an axiomatisation for all the
extensions A of IngB. By DNA-duality and Theorem 4.42 we have that A7 (IngB) =
Dw(Vargpg(IngB)). Therefore we have that extensions A of IngB are uniquely
identified by specifying a downset of elements of Vargpg;(IngB). For any n € N,
we define by IngB,, the logic IngB, = Log™ (] H(2")). We now prove the following
proposition.

Proposition 5.27. Let A be a proper extension of IngB, i.e. A is a DNA-logic and
IngB C A. Then there is some n € N such that

A = IngB, = IngB + x(H(2"™)).

Proof. Suppose that A is a DNA-logic and IngB C A, then it follows by Theorem 4.42
that Var™(A) = X(D), where D € Dw(Vargpg;(IngB)). Now, since A # IngB, it
follows that D # Vargppg;(IngB). Therefore, it follows immediately from Lemma
5.25 that D =| H(2") for some n € N and hence A = IngB,. Moreover, it is
easy to see that the only minimal counterexample in Var™(IngB) \ Var™(IngB,,) is
H(2"*1). Therefore, we have by Theorem 4.45 that IngB,, is equivalent to IngB +
V(HE™)). 0

The previous result allows us to introduce in an alternative way the inquisitive
hierarchy originally introduced by Ciardelli [10, Ch. 4]. We define, for every n € N,
the system IngL, as follows:

IngL, = {@ € Lp : Vs € p(2'T), such that |s| < n,sF ¢}.

We can now show that the inquisitive hierarchy is exactly the sublattice of all the
proper extensions of IngB. Firstly, we say that a DNA-logic is tabular if it is the logic
of a finite regular Heyting algebra. Then, since for all H €| H(2") we have that
H < H(2"), it follows immediately that IngB, = Log (| H(2")) = Log~(H(2")),
i.e. IngB, is the logic of H(2") and is thus tabular. Then we obtain the following
theorem.

Theorem 5.28. For any n € N, we have that IngB,, = InqL,,.

Proof. For any n € N, we have the following equalities:

IngB,, = Log (| H(2"))
= Log " (H(2"))
= Log(H(2"))" (by Proposition 3.24)
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= Log(Dwy4(2"))" (by Theorem 5.13)

={p € Lp:po(n) - o[k} (by Proposition 5.16)
={p€eLp:nky} (by Proposition 5.4)
={p € Lp:Vs e p(2'T), such that |s| < n,sF @}
= InqL,,.

Which proves our claim. O

Therefore, by defining for every n € N the logic ML, as the set of formulas valid in
all Medvedev frames F whose cardinality is |F| < n, it follows from the previous
theorem that (ML,)” = IngB, = InqL,. The following corollary follows directly
from Theorem 5.26 and Theorem 5.28 and is an extension of [10, p. 4.1.6].

Corollary 5.29.

IngB = () IngB, = () InqgL, = (| (ML,) .
neN neN neN

The results in this section thus provide a characterisation of the extensions of IngB
and show that they coincide precisely with the inquisitive hierarchy already studied
in the literature. We take this as a key example of the fact that algebraic semantics
can be useful and play an important role in the study of inquisitive logic.
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Chapter 6

Conclusions and Future Work

In this thesis we developed algebraic semantics for DNA-logics and we applied this
general setting to inquisitive logic. This semantics allows to apply methods of uni-
versal algebra to study DNA-logics and inquisitive logic from a novel perspective. Let
us briefly summarize our main results. In Chapter 3 we introduced DNA-logics and
their algebraic semantics and we gave two different proofs of the dual isomorphism
DNAL = DNAYV between DNA-logics and DNA-varieties. In Chapter 4 we studied
closer the relation between DNA-logics and intermediate logics and we proved a suit-
able version of some classical results for the setting of DNA-varieties. In particular,
we showed that every DNA-variety is generated by its regular subdirectly irreducible
members and that the DNA-logic of all Heyitng algebras IPC™ is not locally finite. We
introduced a suitable version of Jankov formulas and we showed that this provides
an axiomatisation of locally finite DNA-varieties. Finally, in Chapter 5 we used the
algebraic semantics of DNA-logics to study the inquisitive logic IngB. In particular,
we showed that the sublattice of its extensions is dually isomorphic to w + 1 and
that it actually coincides with the inquisitive hierarchy studied in [10].

In addition to these results, we think that one of the main contributions of
this thesis is that it provides a new setting for the study of inquisitive logic. The
system IngB had so far been considered as the logic of the evaluation states or as
the negative variant of the logics between ND and ML — here we showed that one
can also consider IngB as the logic of a specific class of Heyting algebras, under
a suitable semantics. Most importantly, this new perspective at the propositional
system of inquisitive logic allows us to raise new questions and consider new issues.
We mention here some possible directions for future work, both concerning IngB
and the general theory of DNA-logics.

From Negative Variants to Propositional Variants In this thesis we in-
troduced DNA-logics as the negative variant of some intermediate logic L. Every
DNA-logic A is thus such that A = {¢ € Lp : p[7P/p] € L} for some intermediate
logic L. A possible direction of future work is to study what happens if, instead
of the negative substitution p — —p, we consider the substitution p — x(p)
for an arbitrary polynomial y € Lp. In fact, it seems possible to extend at
least part of the theory of DNA-logics to this extended framework. In the case
of negative variants we rely on the fact that in intuitionistic logic =——p = —p.
This property however is shared in a more general form by every polynomial
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X- Ruitenberg’s Theorem [46, 47, 23| states that for any polynomial y we
can find a number n € N such that xy” = x"*2. This allows to introduce the
x-variant of an intermediate logic L as LX = {¢ € Lp : p[x"()/p] € L} and to
generalize our study of DNA-logics to arbitrary y-variants. See for instance the
upcoming [25].

From Inquisitive Logic to Dependence Logic It was noticed recently that
there is a close relation between inquisitive logic and dependence logic. This
connection has been studied e.g. in [9, 11] and suggests further directions
of research. Similarly to inquisitive logic, the semantics of propositional de-
pendence logic [51] consists of a set of possible valuations instead of a single
valuation. Is it possible to adapt the algebraic semantics of DNA-logics to obtain
an algebraic semantics for propositional dependence logic? A related question
which is considered in [30] is what happens, both in inquisitive and dependence
logic, if instead of starting with classical valuations we start with intuitionistic
valuations. Is it possible to adapt the algebraic semantics developed in this
thesis to this alternative setting?

From Jankov Formulas to Canonical Formulas In Section 4.3 we in-
troduced Jankov formulas for DNA-models and we showed that locally finite
DNA-logics are axiomatised by these formulas. Is it possible to extend to the
setting of DNA-logics other applications of Jankov formulas? For example, can
we prove using Jankov formulas that the lattice of DNA-logic has the cardinality
of the continuum? Or can we extend Jankov formulas to subframe formulas,
and in general to canonical formulas, as it is the case both for intermediate
[1] and modal logics [2]? There are many ways in which one can use Jankov
formulas to study Heyting algebras and it seems natural to extend them to
the setting of DNA-logics.

From Algebraic to Topological Semantics It is a well-known fact [19]
that Heyting algebras are dual to order-topological spaces known as Esakia
spaces. This allows us to have both an algebraic and topological semantics
for intermediate logics. In this thesis we did not look at possible connections
to topology and we restricted our analysis to the algebraic setting. However,
already in [3] a topological semantics for IngB is provided via UV-spaces. Is it
possible to generalize this semantics to arbitrary DNA-logics? Similarly, can we
define a suitable class of topological models for DNA-logics to obtain a general
duality between DNA-models based on Heyting algebras and DNA-models based
on Esakia spaces? A related issue concerns the characterisation of finite regular
subdirectly irreducible Heyting algebras. We know by duality that a finite
subdirectly irreducible Heyting algebra is the upset algebra of a finite rooted
frame. Can we obtain a similar characterisation for regular finite subdirectly
irreducible Heyting algebras? What properties should a rooted frame satisfy
in order for its dual Heyting algebra to be regular?

From IngB to a Theory of DNA-Logics Finally, it is worth mentioning that
there are still many open questions concerning DNA-logics and their relations
to intermediate logics that one should look at. We will mention here some of
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them. First, in Section 4.1 we have studied the connections between DNA-logics
and intermediate logics which they are negative variants of. It is an important
result proved in [10] that IPC is a DNA-maximal logic. Therefore, since IPC
is obviously also a DNA-minimal logic it follows that it is both DNA-maximal
and DNA-minimal. Is IPC the only intermediate logic to be DNA-maximal and
DNA-minimal? Can we find other logics with this property? Secondly, we have
seen in Section 5.2 that the extensions of IngB are linearly ordered. Is this
a feature shared by other DNA-logics or is this a property which is specific for
IngB? Finally, the example of IngB also shows that a DNA-logic A can be locally
finite even if all the intermediate logics in Z(A) are not. The locally finiteness
and the finite model property of DNA-logics are thus interesting properties that
can be investigated further. For instance, one could try to define suitable
notions of filtrations for these logics and to introduce suitable classes of stable
logics [31]. We leave these and possibly other interesting questions for future
work.
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