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SynNopsis. We introduce r.e. prime powers as the least common multiple of the recursive
ultrapowers of IN from Hirschfeld [16] and the r.e. ultrapowers of IN from Hirschfeld &
Wheeler [18]. R.e. prime powers help us with establishing that r.e. ultrapowers admit
no non-identity self-embeddings, settling an issue raised by Hirschfeld & Wheeler. This
parallels an earlier theorem by McLaughlin [34] for recursive ultrapowers.

The road to solution takes us through a number of variants of recursive/online forest
colouring tasks. Along the way we also take a look at a Rudin—Keisler-like category of
prime filters in the lattice of r.e. sets and discover some r.e. prime powers that do admit
non-trivial self-embeddings.
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0. Introduction

Recursive ultrapowers of the natural numbers first saw the light of day at the hand of Hirschfeld [15]
and [16]. A recursive ultrapower (a.k.a. Nerode semiring) N[u] is formed by unary total recursive
functions reduced by agreement modulo u, a fixed non-principal ultrafilter in the algebra &2 of
recursive subsets of w. Hirschfeld & Wheeler [18, Chapter 9] supplemented this with r.e. ultra-
powers. Where p is a maximal (hence prime) non-principal filter in the lattice & of r.e. sets, an
r.e. ultrapower (a.k.a. simple model) N[p] is the collection of unary partial recursive functions
with domain in p reduced by agreement modulo p. R.e. ultrapowers are exactly those existentially
closed models of the true V3 arithmetic TA, which are finitely generated w.r.t. partial recursive
functions.

Hirschfeld & Wheeler [18, 9.6(iii)] show that each r.e. ultrapower N[u] is rigid, that is, the
only automorphism of IN[«] is the identity. McLaughlin [30, Theorem 3.7] observes that rigidity
also holds for recursive ultrapowers. On top of that, McLaughlin [34] establishes that, much like
most ultrapower-like consructions, recursive ultrapowers are fotally rigid, which means that they
admit no non-identity self-embeddings.

The aim of this paper is twofold.

First, we present and study r.e. prime powers, a class of restricted powers of the natural
numbers that straddles the divide between the recursive ultrapowers on the one hand and the
r.e. ultrapowers on the other. Both of the latter classes are included among r.e. prime powers.
Our definition of r.e. prime powers merely replaces the maximal non-principal filter p in the
Hirschfeld—Wheeler definition of r.e. ultrapowers by an arbitrary non-principal prime filter in € —
we call these filters (r.e.) primes following Shavrukov [43]. This results in structures isomorphic
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to cohesive powers of N from Dimitrov [7], who studies powers of arbitrary computable structures
without specific focus on powers of IN. Our interest in r.e. prime powers is in part motivated by
the general principle, confirmed in various earlier settings, that power structures can offer a useful
second perspective on properties of the underlying ultra-, or, in our case, prime filters.

Second, we address the question of total rigidity for r.e. prime powers. Non-trivial
self-embeddability, especially self-embeddability as a proper initial segment, is a well-studied
(Kaye [22, Chapter 12]) and almost ubiquitous (see e.g. Dimitracopoulos & Paris [6]) property in
countable models of arithmetic theories with stronger collection footing than TA;. While initial
self-embeddabiity for r.e. prime powers is out of the question (Corollary 2.12), the finitely gener-
ated aspect of power structures imparts a slightly different flavour to embeddability properties of
r.e. prime powers — the role of X; types of elements of the power becomes decisive (Lemma 2.15).
Each self-embedding ¢ is uniquely determined by the image of the power’s generator x. The ele-
ment ¢(x) is represented by some partial recursive function f, which, if ((x) # x, can be assumed
fixed-point-free. For such a function f to correspond to a self-embedding, it is necessary that the
graph of f evade (partial) recursive colourings with finitely many colours. Thus constructing a
recursive colouring of the graph of each candidate f will prove total rigidity. A popular approach
to recursive colourability consists in on-line colouring games where in each successive round the
Builder player adds new vertices and/or edges to the graph while the Painter player responds by
assigning colours to (some of the) recently added vertices.

We devise a recursive strategy for colouring a sufficiently large portion of the graph of any
sufficiently nice partial recursive function, which turns out to suffice for establishing the total
rigidity of each r.e. ultrapower (Corollary 6.2). On the other hand, a different set of rules leads
to Forester, a younger cousin of Builder, winning in a series of on-line forest colouring games,
and we use this to construct an r.e. prime power which does admit a non-identity self-embedding
(Theorem 3.1), revealing just how lucky the r.e. ultrapowers are in enjoying total rigidity.

0.A. Contents

Section 1 reviews recursive ultrapowers and McLaughlin’s theorem on their total rigidity.
We present an alternative argument for (a version of the graph colouring lemma involved in)
this theorem. Subsection 1.B points out the connection of McLaughlin’s theorem to a rigidity-like
property of the complements of r-maximal r.e. sets first observed by Lerman [27] — we show that
this property is a consequence of total rigidity.

In section 2 we present the definition and first properties of r.e. prime powers including a
restricted version of L.o§’ Lemma and criteria for embeddability and X;-elementary embeddability.

Section 3 witnesses the defeat of Painter in a forest colouring game where vertices only have
to be assigned a colour once they reach a fixed depth in the forest being constructed. We show how
this leads to the construction of a non-trivial self-embedding of an appropriate r.e. prime power.

The study of r.e. prime powers resumes in section 4 with the introduction of new tools such as
total recursive skies in models of TA;, a version of Rudin—Keisler ordering on primes where only
partial recursive reductions are allowed, and the corresponding category rky. We also detail the
connection between said reductions among r.e. primes and X types of elements in models of TA,
and explain how hinged primes, introduced in Shavrukov [43], relate to recursive ultrapowers.

In section 5 we focus on general properties of non-trivial self-embeddings of r.e. prime
powers linking them to non-identity rky-endomorphisms of primes and to inclusion-downward
morphisms in rky. This helps us force an arbitrary partial recursive function inducing a non-trivial
self-embedding to conform to a stringent standard, which sets the scene for the final section.
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A technical lemma on large diagonal intersections of uniformly r.e. families opens section 6.
For a class of r.e. prime powers that includes r.e. ultrapowers, that lemma helps to tilt the battlefield
in Painter’s favour, and we describe a colouring strategy under the new auspicious conditions. This
entails total rigidity for r.e. ultra- and some other prime powers.

0.B. Notation, terminology, conventions

For a function f, its restriction to a set X is denoted f|x, and f[X] = { f(x) | x € X }. The set of
fixed points of f is fix f. Superscripts to functional symbols denote iteration.

For X C w, the complement w — X is denoted X. Almost inclusion X C* Y means that ¥ — X
is finite, and X =" Y stands for almost inclusion in both directions.

An r.e. splitting of an r.e. set X is a partition of X in two r.e. pieces. When we say that the
finite set a(x) is a (partial) recursive function of x, we mean that the code of a(x) is recursive in x.

We consider the natural numbers IN as a 1st order structure in the language £ = (0, 1, +, X), so
that x < y is an abbreviation for 3z (x + z = y). We prefer a minimalist purely functional language
because it makes embeddability arguments shorter. Let /* denote the language / expanded by
a relation symbol *. The Ag formulas of L= are those in which each quantifier is bounded by an
L-term without occurrences of the quantified variable. The Ag formulas of L are translations into Z
of the A(f formulas. The classes Z,, and II,, of formulas have their usual definition. When you
start with the class of quantifier-free formulas instead of Ay ones, you get the classes 3, and V,
in place of X, and II,, respectively. V; formulas are the V, formulas of /*, and similarly for 3,,.
For a class I' of formulas, an embedding ¢ between structures is I'-elementary if I formulas are
absolute for t. A sentence is a formula without free variables.

The /-theory TA; is axiomatized by the Il, sentences true in IN. Hirschfeld [16, Corol-
lary 1.7.1] shows that its /<-variant TA = ThH2< IN also has a smaller axiom set consisting of
the true V5 sentences. Since < is definable in TAS by both an 3; and by a V; formula, every
V5 sentence is equivalent in TAS to a V, sentence. Hence ThV2< N is a definitional extension
of Thy, N in the sense of Hodges [19, subsection 2.6.2]. Therefore Hirschfeld’s conclusion implies
TA; = Thy, N.

A formula ¢(X) is A in TA; if ¢(X) is equivalent in TA, both to a X; and to a IT; formula —
Hirschfeld [16, 1.2] calls A; in TA, formulas recursive.

Under normal circumstances, the theories 1Ay and IAp+exp (see Gaifman & Dimitracopou-
los [12] or Hajek & Pudlék [14, V.1(a)]) speak the language Z=. We shall nevertheless treat these
theories as Z-theories with the understanding that they are axiomatized by the /-translations of
their usual Z= axioms. Just like with TA,, of which both 1Ay and IAg+exp are subtheories, the
traditional Z=-versions of the latter theories are definitional extensions of our Z-versions. All
homomorphisms between models of 1Ay are embeddings.

We fix a quaternary Z-formula ¢ : {e}(x) = y to represent a variant of Kleene’s T-predicate,
“t is the computation protocol witnessing that the eth computing device outputs y on input x”.
Smullyan [44, Theorem IV.9] shows that one can select a Ay formula with the properties of the
T-predicate, so we will assume that 7 : {e}(x) = y is Ag. Asusual, {e}(x) = yis It t: {e}(x) =y,
and {e}(x)] is Jy {e}(x) = y.

1. McLaughlin’s Theorem

Recursive ultrapowers were introduced by Hirschfeld [15] and [16]. A certain subclass of those
had been previously studied by Lerman [27] — we take a closer look at it in subsection 1.B.
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1.1. DEFINITION (Hirschfeld [16, section 2]). A recursive ultrafilter is a non-principal ultrafilter in
the Boolean algebra & of recursive subsets of w.

Let u be a recursive ultrafilter. For functions f,g : w — w, let f =, g stand for agreement on
some setin u. Then =, is a congruence on the semiring 7 of unary total recursive functions w — w
with pointwise addition and multiplication. Define the recursive ultrapower N[u] corresponding
touas7 /=,.

We denote by [ f] the =,-equivalence class of f and let x = [id].

1.2. Fact (Hirschfeld [16, Corollary 2.4]). For any recursive ultrafilter u one has N[u] E TA,.
In particular, N[u] E I1Ag+exp. "

1.3. ConVENTION. In (any model M of) TA,, we use the expressions f(x) = y and z € X, where f
is a (partial) recursive function and X is an r.e. set, as abbreviations for the £; formulas {e}(x) = y
and {d}(z)| respectively, where e is an index for f and d is an r.e. index for X. No matter which
index we choose for a given recursive function f, we end up with formulas which are equivalent
in TA,, for Vx,y ({e}(x) = y & {c}(x) = y) is a true II, sentence provided both e and ¢ are
recursive indices for f. Similarly for r.e. sets. This allows us to treat (partial) recursive functions
and r.e sets as virtual elements of the 1st order language.

The same understanding remains in force even when f or X are compound expressions such as
gohorg[Y]UZ. The next lemma will say that, in simpler situations, the distinction does not
really matter.

When we say that f is a (partial) recursive function, we always imply that, even though f may
operate in a non-standard model, f is standard, that is, it has a standard index. Similarly forr.e. sets.

1.4. LEMMA. Let M | TA,, let i € w be a standard number, X and Y r.e. sets, R a recursive one,
and f and g partial recursive functions. Then the following hold in M :

(@) Vx(f(g(x) = (f o g)(x));

b) Vx(x e X AxeY & x € XNY), and similarly for U;
(c) Vx(xe R x ¢ R);

(d) Vx(x =i o x € {i});

(€) Vx(f(x) € X & x € f[X]).

Proor. This follows at once from Fact 1.2, as each of the clauses is II, and true. [

The following fact completes an emergency kit of basic principles intended to last us through the
present section. Facts 1.2 and 1.5 will be (re-)established in section 2 in greater generality.

1.5. Fact (Hirschfeld [16]). Let u be a recursive ultrafilter. Then
(a) ([16, Lemma 2.5]) N[u] E f(x) = [f]for each total recursive f;
(b) ([16, Theorem 2.3]) For each recursive set R, N[u] Ex € Riff R € u. "

Clause (a) tells us, among other things, that each element of IN[u] is a total recursive value of x.

1.A. A proof of McLaughlin’s Theorem

In this subsection we present an alternative argument for
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1.6. MCLAUGHLIN’S THEOREM ([34]). Let u be a recursive ultrafiler.

(a) The generator x is the only element a of N[u] satisfying N[u] = x € R — a € R for
each recursive set R.

(b) N[u] is totally rigid.
Towards the proof of the theorem, we first fix some graph colouring terminology.

1.7. DEFINITION. Let I be a graph whose vertex set is (a subset of) w, and let k € w. The graph I
is highly recursive (Bean [1]) if it is locally finite and, given a vertex x € w, one can effectively
compute the finite set of all vertices I'-adjacent to x.

A T-colouring of a set X with k colours is a colour assignment y : X — k such that
x(x) # x(y) whenever x,y € X and a I'-edge between x and y is present. When I is the graph of
a function f, we speak of f-colourings.

We invoke a particular instance of a theorem by Schmerl [40] which bounds the recursive chromatic
number of a highly recursive graph in terms of its classical chromatic number:

1.8. Fact (Schmerl [40, Theorem 1, n = 2]). Suppose T is a highly recursive forest. Then there
exists a recursive I'-colouring (of w) with 3 colours. "

Schmerl also shows that one cannot generally do better than three colours.

The classical forebears of the following Lemma concerned the existence of f-colourings
of the whole of the graph of an arbitrary fixed-point-free function f with finitely many colours.
Katétov [21] shows that 3 colours generally suffice (see also Blass [2, proof of Theorem 1.5] or
Comfort & Negrepontis [5, Lemma 9.1]). Katétov’s theorem is a consequence of a more general
argument by De Bruijn & Erd8s [3, Theorem 3, & = 1]. Later studies subjected both f and
the f-colouring to topological restrictions — see e.g. Krawczyk & Steprans [25]. Applications
in the present paper follow McLaughlin [34] in considering recursive functions f and recursive
f-colourings.

1.9. LEMMA. For each total recursive function f there is a recursive f-colouring of fix f with
5 colours.

PROOF. We first partition fix f in two recursive pieces, D = {x € w | f(x) < x}and U = {x €
w | f(x) > x } (compare with the proof of III.A.3 in Rudin [39]).

We use two colours for elements of D. Assume that y has already been defined on D N
{0,...,x = 1}. For x € D, define y(x) # x(f(x)) if f(x) € D, or select y(x) arbitrarily in the
opposite case.

Observe next that the restriction of the graph of f to U is a highly recursive forest, for U cannot
contain any f-cycles, and each vertex in U adjacent to x € U is contained in the finite computable
set {0,...,x — 1} U {f(x)}. Therefore by Fact 1.8 there is a recursive f-colouring of U with just
the three remaining colours. "

McLaughlin [34] proves a stronger version of Lemma 1.9 that uses four rather than five colours.
His proof is longer and does not rely on Fact 1.8. It will be clear from the proof of Theorem 1.6 that
any finite number of colours would suffice for the intended application. McLaughlin [34] however
also claims that Lemma 1.9 holds true with just three colours at the cost of a more sophisticated
construction. Corollary 3.10 will confirm McLaughlin’s claim.
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A significant portion of the present paper will investigate variants — or failures thereof — of
Lemma 1.9 for partial recursive colourings of (parts of) the graph of a partial recursive function.

We recall one more external fact based on the provability in IAg+exp of instances of the
Matiyasevich—Robinson—-Davis—Putnam Theorem:

1.10. FAcT (Gaifman & Dimitracopoulos [12]). (a) ([12, Theorem 4.1]) Any Ag formula is equiv-
alent in IAg+exp to a 31 formula.

(b) ([12, Proposition 5.1]) Any embedding between models of 1Ag+exp is Ag-elementary.
Hence X\ formulas persist from sources to targets of such embeddings.

(c) ([12, Proposition 5.2, n = 0]) Any cofinal embedding between models of 1Ag+exp is
X -elementary. "

The remaining part of the proof reproduces McLaughlin’s argument:

1.11. PrROOF OF THEOREM 1.6 CONCLUDED. (a) Assume f is total recursive and f(x) satisfies
N[u] E x € R — f(x) € R for each recursive set R.

Suppose N[u] £ x(x) = i, where y is an f-colouring of fix f with 5 colours as in Lemma 1.9
and i < 5. Then N[u] = x(f(x)) =i by Lemma 1.4, for y~'[{i}] is a recursive set. On the other
hand, N[u] E Vx (x(x) =i — x(f(x)) # i), the r.h.s. being a true II, sentence by Lemma 1.9.
Therefore, in N[u], x is left uncoloured by y, hence N[u] | f(x) = x because the I1, sentence
Vx (x(x)l vV f(x) = x) is true.

(b) If ¢ is a self-embedding of IN[u] with «(x) = [ f] for some total recursive f, then N[u]
x € R — f(x) € R for each recursive set R by Facts 1.5(a) and 1.10(b). By clause (a),
N[u] E f(x) = x, thus «(x) = x.

For an arbitary recursive g, Fact 1.10(b) ensures

NIl Ve (300) = y = g (1)) = e(y) = 1(g(x)
because the formula g(x) = y is £; and ¢ is a self-embedding. Hence, in particular, N[u]

g(x) = g(u(x)) = «(g(x)). Since each element of N[u] is of the form g(x) for an appropriate total
recursive g (Fact 1.5(a)), the only self-embedding of IN[u«] is the identity. "

1.B. An application to r-maximal sets

Recall that an r.e. set A is r-maximal if A is infinite and r-cohesive, that is, no recursive set splits A
into two infinite pieces. The history of the following Proposition begins with Lerman [27, Proposi-
tion 2.1], with successive versions appearing in Kobzev [23, [Ipegnoxenue 2] and Omanadze [37,

Lemma 3.5].

1.12. PropoSITION (Lerman, Kobzev, and Omanadze). If A is an r-maximal r.e. set and f is a total
recursive function such that A N f[A] is infinite, then A C* fix f.

We shall see that Proposition 1.12 is a manifestation of a more general phenomenon:

1.13. LEMMA. Suppose u is a recursive ultrafilter and f is a total recursive function.
Then either there exists a recursive R € u such that RN f[R] = @, or fix f € u.
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ProoF. If there is a recursive set S such that N[u] | x € § 3 f(x), then N[u] | x € F7S]
(Lemma 1.4). Let R = SN f~![S]. Then R € u by Fact 1.5(b) and

ROfIRI=SnfSINnF[SnfSI €SN ' [SInfISINS = @.

If N[u] F x € S — f(x) € S for each recursive S, then N[u] E f(x) = x by Theorem 1.6(a).
Hence f =, id, sou > fix f. ]

1.14. LEmMA (Hirschfeld [16, 4.1]). Suppose A is an r-maximal r.e. set. Then
us = {recursive R | R 2* A}
is a recursive ultrafilter.

PROOF. It is clear that u4 is a filter. For each recursive set R, either R 2* A or R 2* A by the
r-cohesion of A. As A is infinite, u4 cannot be principal. "

The ultrafilter u,4 is essentially the same thing as the preference function for A from Lerman &
al. [28, Definition 1.1] (for an r-maximal set, the preference function is unique). Lerman [27]
investigates ultrapowers IN[u4 ] with -maximal A, defining the congruence =“ on 7 as agreement
a.e.on A. By Lemma 1.14, Lerman’s =4 coincides with =, "

1.15. PROOF OF PROPOSITION 1.12 cONCLUDED. If there existed a recursive R € us with R N
fIR] = @, then, as R 2* A, the intersection A N f[A] would be finite, contrary to assumption.
By Lemma 1.13 it follows that fix f € u4, hence fix f 2* A. ]

2. R.e. prime powers

2.1. DEFINITION. An (r.e.) prime p is a non-principal proper prime filter in the lattice € of r.e.
subsets of w (equivalently, p is a proper prime filter in £* = £ /=").

R.e. primes are to r.e. prime powers what ultrafilters are to ultrapowers.

Shavrukov [43] studies the collection of r.e. primes ordered by inclusion, which together with
an appropriate topology forms the dual space (€*)* of €. The following is an easy consequence
of the Reduction Pinciple for r.e. sets.

2.2. Fact (Shavrukov [43, Corollary 1.4]). The inclusion ordering on r.e. primes is forest-like:
ifqCpandr Cp,theng Crorr Cq. .

In this section, p stands for an arbitrary prime.

2.3. DEFINITION. Let P, be the collection of all unary partial recursive functions f : w — w with
dom f € p. For f,g € Py, write f =, g if f and g agree on a set in p. Clearly, =,,, agreement
modulo p, is an equivalence relation on P,. Furthermore, =, is a congruence for the pointwise +
and x on P, (where for (f - g)(x) to be defined one requires the convergence of both f(x) and g(x)).
We can therefore define the quotient r.e. prime power N[p] = (Pp,+,X,0,1)/=,.

We write [ ], (or just [ /] when confusion is unlikely) for the =,,-equivalence class of f € P,,.
Let us also fix the notation x = x, = [id],,.
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Our definition of r.e. prime powers is (equivalent to) a specialization of reduced r.e. powers
from Hirschfeld [17, 1.4]. The definition of IN[p] coincides with that of r.e. ultrapowers from
Hirschfeld & Wheeler [18, 9.4] when the prime p is required to be maximal (w.r.t. inclusion).
Lemma 2.6 will show that all recursive ultrapowers (Definition 1.1) are also contained among
r.e. prime powers. In this section we shall see that many properties of recursive and r.e. ultrapowers
generalise straightforwardly to r.e. prime powers.

2.4. REMARK. An infinite set C C w is cohesive if no r.e. set splits C into two infinite pieces. For a
cohesive set C, let Pc be the collection of partial recursive functions f with dom f 2* C, and let
=c stand for agreement a.e. on C among elements of Pc. Dimitrov [7] defines cohesive powers
(of arbitrary computable structures rather than just of IN) as P, /=c, with cohesive C and the usual
pointwise operations. Any cohesive set C determines an r.e. prime pc = {re. X | X 2* C}, and
it is easily seen that (P,.,=,.) is identical to (Pc,=c). Conversely, given an r.e. prime p, let C be
an infinite Hausdorff intersection of the (r.e.) sets in p together with the complements of all r.e. sets
outside p (see e.g. VanMill [35, Lemma 1.1.2]). Then C is cohesive, and =¢ coincides with =),
on P, = Pc. Thus r.e. prime powers are exactly the cohesive powers of N. A cohesive set may
however have further individual features that are not reflected in the corresponding r.e. prime nor
in the power structure, whereas the r.e. prime is essentially visible in the corresponding r.e. prime
power (Lemma 2.10(a)). This suggests that r.e. primes bear closer ties to the powers than cohesive
sets do.

2.A. Basic properties of r.e. prime powers

2.5. DEFINITION. Letu be arecursive ultrafilter, and let iz be the least filter in € with it 2 u. To see
that i1 is prime, let X and Y be r.e. sets such that X UY € ii. Thus there is a recursive R € u with
X UY 2 R. By the Reduction Principle there are recursive X’ C X and Y’ C Y that partition R.
Hence X’ € uorY’ € u. Therefore X € norY € i1, so i is prime. Primes of the form i are exactly
the primes which are minimal w.r.t. inclusion (Shavrukov [43, Lemma 1.9]).

In the opposite direction, for a prime p we denote by p° the recursive ultrafiler p N 2.
We clearly have u = i° and p 2 p°.

The following lemma justifies our using the same notation for recursive ultrapowers and r.e. prime
powers.

2.6. LEmMma (Hirschfeld [17, 1.5]). For any recursive ultrafilter u, the recursive ultrapower N[u]
is canonically isomorphic to the r.e. prime power N[it] via [ 1. = [fa-
The isomorphism is unique.

PrOOF. We show that ¢ : [f], — [f]a is an isomorphism. It is clearly correct and injective, for
f =4 g is equivalent to f =; g for total recursive f and g. Since the operations in both N[u«] and
IN[it] are pointwise, ¢ is a homomorphism.

To show that ¢ is onto, consider an arbitrary h € P;. There is a recursive R € u such
that R C dom h. Define the total recursive function A(x) = {g(x) 111:);2115 Then h =; h, so
«([h].) = [h)a = [h]a. Thus ¢ : N[u] — N[i] is an isomorphism.

The uniqueness of ¢ follows at once from McLaughlin’s Theorem 1.6. "

The following restricted version of Lo§” Lemma is due to Hirschfeld [16, 2.3] for recursive
ultrapowers, and to McLaughlin [31, Lemma 5.13] for r.e. ultrapowers. (Unlike our exposition, both
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Hirschfeld and McLaughlin include < among the primitive symbols.) Dimitrov [7, Theorem 2.1.2]
establishes L.o§” Lemma for 3; formulas in cohesive powers of arbitrary computable structures —
for us it is important to remember that £; formulas of /Z should not be confused with 3; ones
before Matiyasevich’s theorem is available in the target structures, but see Remark 2.9. See also
Hirschfeld [17, 1.4(g)], although Hirschfeld’s version of L.o§’ Lemma is not universally true in the
more general setting of reduced r.e. powers.

2.7.%1-LoS LEMMA. For each Xy formula o (xy,...,x,) and fi,..., fu € Py, one has

NIplE o (Ufik - lful) & {xe(),domf

NE (A, fux) | € p.

(Observe that the r.h.s. is not affected by adjunction of dummy variables to o (X).)

PrOOF. Say that a formula o (X) enjoys the oS property if o-(X) satisfies the statement of the
present Lemma.
Since operations in N[p] are pointwise, induction on the structure of the term #(y) yields:

CLamm 1. N[p] E t([f]) = [t(f)] holds for each L-term t(y) and each f € P,. Hence atomic
formulas, i.e. those of the form t(y) = s(¥), possess the Los property. @

The following claim is straightforward, using that p is a filter:

CLAM 2. Suppose ¢(¥) and y () are £y and enjoy the £.os property. Then so does o(¥) Ay ().

a4
The next claim is the only step in the proof that relies on the primality of p.
CLAIM 3. Suppose 6(¥) is A1 in TA, and possesses the £.os property. Then so does =6(y).

Proor. For f € P, we have

Nip] =617 & {xe (), domf

N E 6(f(x)) } ¢p (by assumption)

=3 {xeﬂidomﬁ ]NIz—ﬁ(f(x))} € p,

with the second equivalence holding because the two r.e. sets on the r.h.s. partition (); dom f; € p,
and p is prime. “

CLAM 4. Suppose the formula ¢(y,7) is X1 and has the LoS property. Then so does the
formula 3y ¢(y, 7).
Proor. With f € P,,

- -

Nlp] E 3y ¢(y.[f]) = Fg € P, Nip] F ¢((gl.[/]

& Jgep, {x € domg N ﬂi dom f; | N [E ¢(g(x), f(x)) } € p (by assumption)

& {xeﬂidomf,-‘]Ni:Elygo(y,f(x))} € p.

For the < direction of the last equivalence, note that y, when it exists, can be selected partial
recursively in x € (); dom f; because ¢(y,?) is Z;. r

According to our conventions, x < y is short for 3z (x + z = y). A direct consequence of Claims 1
and 4 is
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10 V. Yu. Shavrukov

CLAM 5. The LoS property holds for the formula x < y. @

CLAIM 6. Suppose ¢(y,7) is £y and has the tos property. Then so does the formula
Ay<t(Z) ¢(y,2), where t() is any L-term.

ProOF. Observe that Ay<#(7) ¢(y,7) rewrites as y (y < 1(Z) A ¢(y,7)), and use Claims 1, 5,
2, and 4 (in that order). “

To complete the proof, we use induction on the structure of o(x). Claim 1 takes care of atomic
formulas, Claims 2 and 3 account for Boolean connectives, and Claims 6 and 3 for (the /-
translations of) bounded quantifiers, so that Ag formulas are covered. Existential quantifiers are
strapped on with the help of Claim 4. "

Corollary 2.8 and Lemma 2.10 are straightforward generalisations of the corresponding items in
Hirschfeld [16] for recursive ultrapowers and in Hirschfeld & Wheeler [18] and McLaughlin [31]
for r.e. ultrapowers.

2.8. CorOLLARY. N[p] E TA,. In particular, IAyg+exp holds in N[p].

PrOOF. Suppose N E Vy o (y) where o(y) is ;. Take any fe P,. Then
{x e (), dom f; | N E o (F(x) } = (), dom f; € p.

By the X-Lo§ Lemma, this implies N[p] E o ([ f]). Since f € P, are arbitrary, we have
N[p] E Vy o (y) as required. .

2.9. REMARK. Just like Corollary 2.8 does, Dimitrov [7, Theorem 2.1.4] infers from his 3;-Lo0§
Lemma ([7, Theorem 2.1.2]) that the V, theory of an arbitrary computable structure is shared by
each of its cohesive (=r.e. prime) powers (Remark 2.4). Recall that TA; is axiomatized by Thy, N
to see that our Corollary 2.8 is a consequence of Dimitrov’s theorem. Furthermore, our X;-L.0$
Lemma 2.7 now follows from Dimitrov’s 3;-L.o§ Lemma, for the £; formulas of / are equivalent
in TA; (hence both in IN and in IN[p]) to 3; formulas (Fact 1.10(a)).

2.10. LEMMA. Let f be a partial recursive function, let X be r.e., and g € P),.
(@) N[p] E [g] € X iff g '[X] € p. In particular, N[p] £ x € X iff X € p.
(b) Nlp] E f([gD] iff dom f o g € p. In particular, N[p] k= f(x)| iff dom f € p;

(¢) If conditions from clause (b) hold, then N[p] E f([g]) = [f o g]. In particular, N[p] E
fx) =[]

PROOF. (a) By the X;-Los Lemma, N[p] E [g] € X iff p 3 {x e domg | g(x) € X} = g7'[X].

(b) By the X;-Los Lemma, N[p]  f([gD] iff p > {x € domg | f(g(x))| } = dom fog.
(c) also follows from X;-F.oS, for { x € domg | f(g(x))= fog(x)} =dom fog € p. "

2.B. The failure of X collection
The collection schema

Vx,w (Vz<x Juy(z,u; w) — It Vz<x Ju<t y(z,u; w))
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restricted to I formulas y(- - - ) is denoted BT'. According to Lemma 1.2.10 in Héjek & Pudlédk [14],
BZ; is equivalent to BAy modulo IA.

Basing on the argument in Hirschfeld & Wheeler [18, 9.8], McLaughlin [33, Theorems 1.1
and 1.4] shows that BX; fails in each recursive ultrapower and in each r.e. ultrapower. (See also
Paris & Kirby [38, proof of Proposition 7] for a similar technique.) The gist of the matter is
that finite generation is the nemesis of collection. Essentially the same reasoning extends to all
r.e. prime powers:

2.11. ProposiTION. IN[p] ¥ BX;.

PRrROOF. Recall that the formula u : {y}(x) = z is Ay according to our conventions. We are going
to show that IN[p] violates the following substitution instance of BAg:

(*) Vz<xJudy<x u: {y}x) =z — It Vz<x Ju<tIy<x u: {y}(x) = z.

To show that the antecedent of (*) holds, consider an arbitary element z of N[p]. Then z = [ f] for
some total recursive f with index y € w (in particular, y < x), and N[p] E {y}(x) = [f] = z by
Lemma 2.10(c). Hence there is some u in N[p] with u : {y}(x) = z.

Fix an arbitrary ¢. For any x and y, there is at most one z with Ju<t u : {y}(x) = z. This
consideration, being I1; and true, persists from IN to N[p] (Lemma 2.8). Thus the conclusion of (*)
says that y — z is a partial function (with the Ag graph Ju<t u : {y}(x) = z) from x onto x + 1.
Yet the (true) Pigeonhole Principle for Ag-definable partial functions

Vx,t (Vy<x V20, 21<x (6(y, 205 X, 1) A 6(y, 213 X,1) = 20 = 21) — Fz<xVy<x ﬂé(y,z;x,t))

is also II;, so it must hold in IN[p]. This contradiction shows that the conclusion of (*) fails
in N[p]. L]

Recall that an extension M 2 K between models of 1Ag is a (proper) end-extension if K is a
(proper) initial segment of M. An embedding ¢ is (properly) initial if the target model is a (proper)
end-extension of the range of ¢.

The following corollary extends Corollary 4.13(2) in McLaughlin [31].

2.12. CorOLLARY. IN[p] cannot be properly end-extended to any model of 1A,.
In particular, N[ p] admits no properly initial self-embeddings.

REFERENCE. Any model of IAy with a proper end-extension to a model of 1Ay must satisfy BX; —
see e.g. Hijek & Pudlék [14, Theorem IV.1.22, k = 0] or Kaye [22, Proposition 10.5] while
recalling that initial embeddings between 1Ap-models are Ag-elementary. n

2.C. X and A types and embeddability

2.13. DEFINITION. Let M be a model of TA; and a an element of M. We identify the X; type of a
with the collection of r.e. sets to which a belongs in M:

tpgaz{r.e.XQcﬂMI:an}.
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12 V. Yu. Shavrukov

The identification is correct because when i and j are indices of the same r.e. set, the sentence
Vx ({i}(x)| < {j}(x)]), being I1, and true, holds in M. Similarly,

tp%a:{recursiveng|M|:aeR}.

The following lemma is immediate:

2.14. LEMMA. If an element a of M = TA; is nonstandard, then tpg/{ a is a prime and tp% aisa
recursive ultrafilter.

If a is standard, then tpg/{ a is a maximal principal prime filter in €, and tpg’ll a is a principal
ultrafilter in R. "

Embeddability criteria for r.e. and recursive ultrapowers are implicit in papers by Hirschfeld and
McLaughlin. Here is the version for r.e. prime powers:

2.15. LEMMA. Suppose N < a € M = TA,.

(a) An embedding 1 : N[p] — M with «(x) = a exists if and only if p C tpg/f a, in which case
we have ([ f]) = f(a) for each f € P,, so that the condition ((x) = a uniquely determines t.

(b) If conditions from clause (a) are met, then t is Xi-elementary if and only if p = tpgdl a.
In this case ([IN[p]] is the smallest ¥1-elementary submodel of M containing a.

PROOF. (a) Assume ¢ exists. Suppose X € p, so that N[p] E x € X by Lemma 2.10(a). Then
M k= a € X by X persistence. Thus X € tpg’f a.

In the opposite direction, assume p C tpg’f a. Let us verify that ¢ : [f] — f(a) for f € P,
is an embedding. If f € P, then dom f € tpg{ a,so M E f(a)l. If [f] = [g], thatis, f and g
agreeonasetY e p,then M Ea e€Y,and M E f(a) = g(a) because Vxe¥ f(x) = g(x) is a true
I1, statement. Further, in M,

ulf1+1eD) = ulf + &) = (f +8)a) = fa) + gla) = «[f]) + ulg))

and similarly for 0, 1, and X.
Uniqueness holds because we have N[p] k= [f] = f(x) for f € P, by Lemma 2.10(c), and,
y = f(x) being a ¥; formula, we must have M E «([f]) = f(«(x)) = f(a).

(b) Suppose ¢ is Zj-elementary and M | a € X where X is r.e. By the X; elementarity of ¢
one has N[p] [r x € X, so X € p by Lemma 2.10(a). Thus tp’ a C p.

Conversely, suppose p = tpg’f a. With the pairing/projection functions available in both
IN[p] and M, it suffices to consider the single-parameter case. In view of the ¥{-FL.o$§ Lemma 2.7,
an arbitrary X formula with at most the variable x free is equivalent to a formula of the form x € Y
for an appropriate r.e. set Y. So let N[p]  [f] € Y with Y re. and f € P,. We then have
N[p] E [f] = f(x), so N[p] E x € f~'[Y] by Lemma 1.4(e), hence f~'[Y] € p. By our
assumption, M | a € f~'[Y], which implies M = «([f]) = f(a) € Y. Thus ¢ is X;-elementary.

If M E f(a)| with partial recursive f, then dom f € tpg’]’ a = p, and f(a) = «[f]) has to
belong to any X;-elementary submodel of M that contains a because the formula f(x) = y is X;.
Thus ([N[p]] € K. "

In view of Fact 1.10(c), we can draw the following
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R.e. prime powers and total rigidity 13

2.16. COROLLARY. If q C p are primes, then the inclusion P, C P, gives rise to an embedding
v : N[g] — N[p] with u(x,) = x4.
The embedding v is Z1-elementary if and only if v is cofinal if and only if p = q. "

The following corollary is implicit in McLaughlin [34].

2.17. COROLLARY. Suppose N < a € M = TAj,, and let u be a recursive ultrafilter. Then x +— a
extends to an embedding ¢ : N[u] — M if and only if u = tpﬁl1 a. The extension is unique.

PROOF. Suppose u = tp% a. Recall that i is the minimal prime containing u = tpi”1 ac tpg’{ a,
hence it C tpg/{ a. Lemma 2.6 says that N[u] is isomorphic to IN[if] with x,, corresponding to x,
and Lemma 2.15(a) supplies a unique embedding & : N[i] — M with e(xz) = a.

In the other direction, the embedding ¢ together with Lemmas 2.10(a), 2.6 and 2.15(a) entail

i = tpg[“] X, = tpg['z] xi C tpy! a, hence u = tpﬂA\]l[”] x, C tp) a. But then u = tpy’ a because
both are ultrafilters. ]

R.e. prime powers are fully representative of all finitely generated models of TA;:

2.18. PROPOSITION. Suppose M is a non-standard model of TA,.

(a) If M is finitely generated w.r.t. partial recursive functions, then M is isomorphic to an
r.e. prime power.

(b) If M is finitely generated w.r.t. total recursive functions, then M is isomorphic to a
recursive ultrapower.

ProOOF. In view of the TA,-availability of pairing/projection functions, it suffices to consider the
case when M is generated by a single non-standard element a.

(a) Let p = tpgf a. Lemma 2.15(a) provides an embedding ¢ : N[p] — M with «(x) = a.
If f is a partial recursive function and M [ f(a)|, then dom f € p, so f € P,, hence [f] is an
element of N[p], and «([ f]) = f(a) by Lemma 2.15(a). Thus ¢ is an isomorphism.

(b) is established analogously, using Corollary 2.17 to see that M is isomorphic to the recursive
ultrapower N[u], where u = tpg’f a. "

2.D. Rigidity

Rigidity (i.e., the absence of non-identity automorphisms) was shown by Hirschfeld & Wheeler [18,
9.6(iii)] for r.e. ultrapowers and by McLaughlin [30, Theorem 3.7] for recursive ones (see also
McLaughlin [31, Theorem 2.11]). All these arguments made use of

2.19. LEMMA. Suppose f is a one-to-one partial recursive function. Then there exists a partial
recursive f-colouring of dom f — fix f with 3 colours.

PrOOF. Let us first note that X = dom f — fix f is r.e. The situation where X is finite is straight-
forward, so assume that X is infinite. Let (x;);<., be an effective repetition-free listing of X.

We calculate y(x;) by recursion on i: Compute f(xg),. .., f(x;). Find out if there are j < i
and/or k < i such that f(x;) = x; and f(x;) = xx — there can be at most one of each since f is a
one-to-one function. Select y(x;) distinct from y(x;) and y(xi) if any of j, k are indeed present.
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14 V. Yu. Shavrukov

Clearly, the colouring y : X — 3 instantiates the conclusion of the lemma because f|x is
fixed-point-free. "

2.20. PROPOSITION. Each r.e. prime power N[p] is rigid.

ProOOF. Consider an arbitrary automorphism ¢ of N[p]. Let f € P, be such that «(x) = [f].
Since ¢ is an automorphism, [ f] generates IN[p] w.r.t. partially recursive functions. So there is a
partial recursive g with N[p] E g(f(x)) = g([f]) = x. By the X;-L.o§ Lemma, the set Z = {i €
domgo f | g(f(i)) =i} is an element of p. In N, f|z must be one-to-one. By Lemma 2.19, there
is a partial recursive f-colouring y of Z — fix f with 3 colours. Since p > Z is prime, either fix f
or one of the sets y~!(i) with i < 3 must be an element of p. Hence N[p] E f(x) # x — y(x)].

In N[p], assume f(x) # x. Then y(x) is defined. On the one hand, f(x) ¢ fix f, y(f(x))!,
and y(x) = y(f(x)) because the automorphism ¢ maps x to f(x). On the other hand, y(f(x)) #
x(x) by Lemmas 2.19 and 2.8, for Vx ({x, f(x)} € Z —fixf — x(f(x)) # x(x)) is a true
I1, statement.

The contradiction shows N[p] E x € fixf. Hence N[p] E x = f(x) = u(x). By
Lemma 2.15(a), ¢ is the identity automorphism. ]

3. A self-embeddable r.e. prime power

In this section we show that, in contrast to McLaughlin’s Theorem 1.6(b), self-embeddings of
r.e. prime powers can exist:

3.1. THEOREM. There is an r.e. prime p such that N[p] admits a non-identity self-embedding.

The partial recursive function f from the following proposition diguises a non-trivial self-
embedding of an appropriate r.e. prime power. The proposition can be seen as the failure of
a sequence of attempts to adapt Lemma 1.9 to partial recursive functions and colourings.

3.2. PROPOSITION. There exists a fixed-point-free partial recursive function f such that for no
integer € > 1 is there a recursive f-colouring of dom f¢ with finitely many colours.

3.A. From uncolourable functions to self-embeddings

Before constructing the function f of Proposition 3.2, let us see how it helps with procuring the
prime p of Theorem 3.1.

3.3. DEFINITION. Let f be a fixed-point-free partial recursive function. Anr.e. subset X C dom f
is chromatic (w.r.t. f)if for some € > 1 the set (Ny<;<, f [ X] admits a recursive f-colouring with
finitely many colours.

3.4. LEMMA. In the setup of Definition 3.3, the collection of chromatic r.e. subsets of dom f forms
an ideal in the lattice of r.e. subsets of dom f. This ideal contains all finite subsets.

PrOOF. It is clear that all finite subsets of dom f are chromatic, and that chromaticity is inherited
by subsets. The variables i and j below stand for non-negative integers.

Suppose that r.e. subsets X and Y of dom f are both chromatic. We aim to show the
chromaticity of X U Y. In view of the Reduction Principle, we may assume that X and Y are
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disjoint. There are £ > 1 and recursive f-colourings of (., f[X] and ;- f~*[Y] in finitely
many colours. Let us assume these use disjoint sets of colours. We are going to f-colour the set
Ni<¢ £ [X UY] while keeping the existing colourings of (;,., £ [X] and (,;~, f~'[Y] and using
2¢ — 2 fresh colours that are thought of as non-constant £-tuples of 0’s and 1s.

Since X and Y are disjoint, f~[ X UY] s the disjoint union of f~[X]and f~/[Y]. Anelement x

of the set
E=()fxur]- (ﬂ Fxv ﬂf‘i[Y])

i<t i<C i<t
of elements not yet coloured is assigned the colour (&, . . .,&¢_1) where
0 if fi(x) € X,
g = .
Tl iffix) evy.

Note that E is r.e., the colour assignment is recursive, and that all &; cannot coincide for a fixed x,
for in that case x € (<, f ' [X]U Ni< f'[Y], s0 x ¢ E. To see that this defines an f-colouring
of N;<, f7[X U Y], it suffices to show that the colours (g, . ..,&¢_1) and (&, . ..,0,_1) assigned
to x and f(x) respectively are distinct whenever x, f(x) € E. In this case we have &; = §;_; for
0 <i < €because fi(x) = f71(f(x)). Let j < € — 1 be such that &; # &;11. Then §; = ;41 # &,

so x and f(x) acquire distinct colours. "

3.5. DEFINITION. We say that a partial recursive function f € P, induces a self-embedding of
the r.e. prime power N[p] when x — f(x) extends to a self-embedding of N[p]. (Recall from
Lemma 2.15(a) that in this case the extension ¢ is unique.)

3.6. PROPOSITION. Let f be a fixed-point-free partial recursive function. Suppose F is a filter in €
with F > dom f but such that no chromatic subset of dom f belongs to F.
Then there exists a prime p 2 F such that f induces a non-identity self-embedding of N[p].

PrOOF. We construct a C-descending chain (X;);¢., of r.e. sets which is going to serve as a base
for the required prime p = {re.Y | dicw Y 2 X; }. Foreachi and each V € F, the set X; NV will
be achromatic w.r.t. f — we use this as inductive hypothesis.

Put Xo = dom f € F. By assumption, X is achromatic when intersected with any element
of F. Next proceed in stages.

At odd stages i, consider a next pair Y, Z of r.e. sets such that Y U Z 2 X; N W for some
W € F (we assume an exhaustive infinitely repetitive enumeration of all r.e. pairs). Suppose
there existed U,V € F such that both X; N Y N U and X; N Z NV were chromatic. Then
XinYNU)U(X;NZNV) 2 X;n(UNVNW) would also be chromatic by Lemma 3.4, contrary to
the inductive hypothesis. Thus at least one of the choices X;+; = X; NY or X;,; = X; N Z satisfies
the inductive hypothesis. Odd stages ensure that p is going to be a prime filter.

At even stages, we put X;1; = X; N f ‘I[Xi]. Suppose X;+1 NV were chromatic for some
V € F. Then for some ¢, the set ()., f ~/[X;41 N V] would admit a recursive f-colouring with
finitely many colours. But since

(/7 X 0 vi= (V7 [Xn X0 v] = (71X 0 vin 90

j<t j<t j<t

> (V7 Xnvin U X av) = () fXnv],

j<¢t j<t+1
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the set X; NV would then have to be chromatic as well contradicting the inductive assumption.
Since all elements of p are achromatic, the prime filter p is non-principal. If V € F, then at
some odd stage, our construction handles the pair V, @ resulting in V € p, so p 2 F. Even stages
ensure the property Y € p = f~![Y] € pforallre.Y.
Since p > dom f, we have N[p] E f(x)]. Furthermore, N[p] E f(x) # x because f is
fixed-point-free. Finally, for anr.e. Y,

N[plExeY @ Yep = f[Y]ep © N[plExe f[Y] & N[p] E f(x) €Y.

Thus tpg[p] x C tpﬂgl[p] f(x). By Lemma 2.15(a), there is then an embedding ¢ : N[p] — N[p]
with «(x) = [f] = f(x). Asx # f(x), one has ¢ # id. "

The converse to the argument of Proposition 3.6 is also clear: if, for some £, the set dom f¢ can be
recursively f-coloured in a finite number of colours, then x and f(x) have incomparable X types
in any r.e. prime power where f(x) converges — this is similar to applications of Katétov-like
lemmas as in, e.g., the proof of Theorem 1.6.

3.7. PROOF OF THEOREM 3.1 (modulo Proposition 3.2). Requisition the partial recursive function f
from Proposition 3.2, and note that f together with the principal filter determined by dom f satisfy
the premisses of Proposition 3.6. The latter Proposition then provides the required prime p such
that f induces a non-identity self-embedding of IN[p]. "

3.B. Three colours suffice

In this subsection we show that three colours always suffice for any chromatic subset of dom f.
The argument consists in a re-colouring technique which we borrow from Krawczyk &
Steprans [25]. While not a deal-breaker for our purposes, the sufficiency of three colours is
an interesting fact which will also help the rest of this section save a little space on subscripts.

3.8. LEMMA (after Krawczyk & Steprans [25, Lemma 2.1]). Let f be a partial recursive function,
let X C dom f be an r.e. set, k > 3 and € > 1. Suppose \o<i<¢ [~ [X] admits a partial recursive
f-colouring with k + 1 colours.

Then No<i<e+2 £ [X] admits a partial recursive f-colouring with k colours.

PROOF. Let y : No<i<¢ f'[X] — k + 1 be a partial recursive f-colouring with k + 1 colours.
Define a new colour assignment ¢ with k colours for x € No<;<z42 £ [X] by

R EC) if () < k.

min(k — {x(x), x(f> ()} if x(f(x)) = k.

Note that x, f(x), f2(x) € Mo<i<e £ [X], so x(x), x(f(x), x(f?(x)) are defined. The set k —
{x(x), x(f?(x))} is never empty because k > 3. The colouring  is partial recursive because y is.

Let us verify that ¢ is an f-colouring. Suppose f(x) € (No<ices2 S '[X], so that
x(x),..., x(f3(x)) are defined.

It cannot be the case that y(f(x)) = x(f?(x)) = k because y is an f-colouring.

If y(f(x))and y(f?(x)) are both smaller than k, then (x) = y(f(x)) # x(f2(x)) = Y (f(x)).

If x(f(x)) = k > x(f2(x)), then ¢(x) = min(k — {x(x), x(f*(x)}) # x(f*(x)) = Y(f(x)).

If ¥ (f(x)) < k = x(f*(x)), then y(x) = x(f(x)) # min(k = {x(f(x)), x (f>())}) = Y(f (x)).

February 25, 2019, 20:31 CET



R.e. prime powers and total rigidity 17

Thus i always assigns distinct colours to x and f(x). "

3.9. COROLLARY. If f is a partial recursive function and dom f¢ is f-colourable with finitely
many colours for some € > 1, then there is a k € w such that dom f* admits an f-colouring with
3 colours.

HINT. dom f*! = f~[dom f]. .
We can now strengthen both Lemma 3 in McLaughlin [34] and our Lemma 1.9:

3.10. CorROLLARY. For any total recursive f there is a recursive f-colouring of fix f with 3 colours.

Proor. If f[fix f] C fix f, then a single colour siffices to f-colour fix f. So suppose there is an
s € fix f with f(s) ¢ fix f. Define the function f : fix f — fix f by

» fx) if f(x) ¢ fix f,
f(X)={ ,
s if f(x) € fix f.

Observe that any f -colouring of fix f is also an f-colouring of fix f. Furthermore, fis fixed-point-
free because f(s) = f(s) # s. We have an f-colouring of fix f with 5 colours from Lemma 1.9,
hence there is also one with 3 colours by Corollary 3.9 as dom f* = fix f for each i > 0. "

3.C. Painter vs Forester

We now describe a game of the type that presumably first appeared in Bean [1, proof of Theorem 2]
and Gyarfas & Lehel [13, proof of Theorem 2.5]. In our case, we use the game as the lazy person’s
means to avoid the explicit description of a brute-force winning strategy for one of the players.

3.11. ConsTRUCTION. Let £ > 1. Consider a Gale-Stewart win/lose game G, between Player F
and Player P. A position p in Gy is a finite directed graph (no loops, no multiple edges) with some
vertices assigned one of 3 colours. Vertices of the position p graph that are incident on no outbound
edges are called (p-)open. The game starts with an empty graph.

In each round of G, Player F moves first, adding a single vertex to the graph, possibly together
with edges from some of the existing open vertices to the new vertex, thereby relieving the former
of their open status. Thus Player F’s move is determined by the choice of a subset of the currently
open vertices.

It is clear that each vertex can only ever be incident on at most one outbound edge, so after
each round we are left with a forest where each edge is directed away from leaves and towards one
of the roots, the roots being exacly the open vertices.

Player P has a palette of 3 colours, and Player P’s response move consists in colouring each
vertex v such that there is a directed path v = vy, . .., v¢ of length € (i.e., with £ many edges) starting
at v, provided v has not been assigned a colour in the course of one of the preceding rounds. For
each vertex v such a path, if it exists, is unique. Clearly, only the startpoints of directed length ¢
paths ending at the newly added vertex require attention, all the others having been coloured in one
of the previous rounds.

Any edge whose start- and endpoint are assigned the same colour signifies an immediate win
for Player F. Any infinite play (without monochromatic edges) is a win for Player P.

Player F’s win-set being open, one of the players must have a winning strategy. Also note
that the tree of legal positions is finitely branching, with any infinite branch corresponding to a win
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for Player P. In view of K&nig’s lemma, this means that any winning strategy for Player F ensures
victory in boundedly many rounds, so that strategy is described by a finite function. Given such a
finite candidate strategy, one can effectively determine whether it is a winning strategy for Player F
via exhaustive search through Player P’s legal moves. Thus there exists a recursive function which,
given ¢, will output a winning strategy for Player F in G, provided such a strategy exists.

The closest relative of the game G, in existing literature may be the task of 1-inductive on-line
graph colouring with lookahead as described by Irani [20, section 5]. 1-inductive means that all but
at most one edge connect any vertex v to vertices that appear earlier than v in a given enumeration.
The vertex v is always enumerated together with all edges connecting it to the vertices enumerated
earlier. This situation is parallelled in G,. On-line with lookahead ¢ means that we are allowed
to have a look at the next ¢ vertices to be enumerated before assigning a colour to v. In our
case, Player P waits for v to acquire a chain of ¢ successors — which may or may not eventually
happen — before deciding on a colour for v.

3.12. DEFINITION. We define an ¢-seedling to be a finite directed tree with edges oriented away
from the leaves towards the root where all leaves have depth € (i.e. the path from any leaf to the
root has length ¢). Furthermore, each leaf of an £-seedling is assigned one of the 3 colours.

Let vy be the graph corresponding to a position after some round in a play of G, and let v be
an open vertex of y. Suppose the subtree of y consisting of all vertices at edge-distance at most ¢
from v together with leaf colouring induced by that play forms an £-seedling. Then that £-seedling
is said to be associated with v. (Some open vertices may fail to have an associated seedling because
there may be leaves of y at a smaller distance from v, but this will not affect our arguments.)

Given an (€ + 1)-seedling s and a vertex u in s such that there is an edge from u to the root of s,
the immediate ({-)subseedling of s determined by u is the subtree of s consisting of vertices that
are startpoints of directed paths to u including the zero-length path. Leaf colouring is inherited
from s.

The strain of a 1-seedling s is the set of colours of the leaves of s. The strain of an (€ + 1)-
seedling ¢ is the set of strains of all immediate (£-)subseedlings of . An {-strain is the strain
of some ¢-seedling. Equivalently, a 1-strain is a non-empty subset of the 3 colours, while an
(€ + 1)-strain is a non-empty set of £-strains. Clearly, for each £ > 1 the number of distinct £-strains
is finite.

A homomorphism between directed graphs is a vertex mapping that preserves directed edge
presence from source to target. Any homomorphism between {-seedlings must map leaves to
leaves and root to root. Such a homomorphism is a chromomorphism if it preserves leaf colours.

3.13. LEMMA. For each £ > 1 and any {-seedlings s and t of the same strain, there is a chromo-
morphism ¢ : s — t.

Proor. This is clear enough for € = 1.

Suppose the statement holds for £ and consider (€ + 1)-seedlings s and ¢. Since the strains of
s and ¢ coincide, to each immediate subseedling s’ of s there corresponds at least one immediate
subseedling ¢’ of ¢ of the same {-strain as s’. Select one of those arbitrarily and use the induction
hypothesis to find a chromomorphism ¢y : s” — t’. Let ¢ map the root of s to that of ¢ and put
¢l = @y for each immediate subseedling s’ of s. "

The conclusion of Lemma 3.13 can be derived from assumptions weaker than equality of strains,
but its current form will already suffice for our purposes.
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The ¢ = 0 case of the following proposition would, if present, have some similarity to
Theorem 2.5 in Gyarfas & Lehel [13].

3.14. PROPOSITION. For each { > 1 Player F has a winning strategy for Gy.

PrROOF. We fix an £ > 1 and show that Player P cannot have a winning strategy for G,. Towards
contradiction, suppose m were such a winning strategy.

Call a set W of {-strains widespread if for each n > 0, there is a position p in a play of G,
in which Player P follows 7 such that for each element ¢ € W there are at least n many p-open
vertices with associated £-seedlings of strain ¢. To see that non-empty widespread sets exist, let
Player F progressively construct more and more disjoint single-leaf {-seedlings.

Now let Z be C-maximal among widespread sets. Suppose there are N many ¢-strains in
total (not just in Z).

Consider an n > 0. Since Z is widespread, there is a position p,, in a m-play of G, with, for
each ¢ € Z, atleast (N + 1) - n many open vertices with associted £-seedlings of strain ¢. Starting
from p,,, let Player F successively introduce N - n new vertices v with an edge to v from a p,,-open
vertex associated with an {-seedling of strain ¢, one for each ¢ € Z. This still leaves n many
p,,-open vertices for each element of Z which remain open in the new position:

N-n n

z Z Z Z
—T —T

Since Z # @, Player P’s m-responses associate £-seedlings to the N - n newly introduced vertices,
bringing the play to position q,,. By the Pigeonhole principle, there are n» many among the new
vertices with associated ¢-seedlings of the same strain f n-

Select an £-strain f such that f = fn for n from an infinite set / € w. Forn € I, in position q,,
there are n many open vertices with associated £-seedlings of strain ¢ for each ¢ € Z, as well as
n many open vertices with associated ¢-seedlings of strain f . Since 1 is infinite, the set Z U { f }
is widespread. By the maximality assumption on Z, we must have f € Z.

Thus for n € I, the partially coloured graph corresponding to position q,, has a subtree which
is an £-seedling s of strain f while one of the vertices of s adjacent to the root of s was in position p,,
associated with an £-seedling ¢ of the same strain.

Let ¢ : s — ¢ be the chromomorphism from Lemma 3.13. Let o be the mapping from the
set L of leaves of ¢ to the set of leaves of s defined by o-(u) = z if (&, z) is an edge in ¢. Note that
o is well-defined as all elements of L are located at depth ¢ in t.
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Let d be the edge-distance function (disregarding edge orientation). For all u,w € L we have

0 ifu=w,

d(u,w) = {

d(o(u),o(w)) +2 otherwise.

Furthermore, d(u,w) < 2¢ (down to the root of ¢ and back at worst). Hence d(u,w) — 2 <
% - d(u,w). Therefore

d(go(O'(u)),cp((T(w))) <d(ou),o(w)) = max{ 0,d(u,w) — 2} < % -d(u,w)

with the leftmost inequality holding because ¢ is a homomorphism. Thus ¢ oo : L — L is a
contraction mapping. Being finite, (L,d) is a complete metric space. By Banach’s contraction
principle, ¢ o o has a fixed point v = ¢(o(v)) € L. The colour of v = ¢(o(v)) coincides with
that of o (v) since ¢ preserves leaf colours. But v and o(v) are adjacent by definition. The
monochromatic edge (v,o(v)) contradicts the victoriousness of &, which brings the proof to its
conclusion. "

For the final stretch of the argument, we follow in the slipstream of the proof of Theorem 2 in
Bean [1].

3.15. PROOF OF PROPOSITION 3.2 CONCLUDED. Let ({¢)).c be a uniformly recursive indexing of
all partial recursive functions with values in {0, 1,2} — these are the three colours. Fix a uniformly
r.e. family (Ry.¢)¢>1,cc Of pairwise disjoint infinite sets. Ry, will be viewed as a playboard for
applying Player F’s winning strategy 7, for G, against {(¢). Recall that 7, exists for each £ > 1
by Proposition 3.14, and that 7, can be chosen recursively in ¢ as explained in Construction 3.11.
We describe an effective procedure for enumerating a directed graph I' whose vertex set is a subset
of U¢s1.eew Re,e» and such that the start- and endpoint of each edge belong to the same Ry .:

The graph I'y ., the restriction of the graph I' to Ry ., is to correspond to a play of G, where
Player F follows the winning strategy 7,. Each new vertex introduced by Player F is identified
with a fresh element of Ry . in some recursive manner. Player P’s moves are given by (e): before
moving on to the next round, Player F waits for (e)(x) to converge for all x € R, that, according
to the rules of G, need to acquire a color value in the current round — if this never happens,
this counts as Player P’s failure to make a move, so no further moves within R, . will be made by
Player F either.

The function f is defined by putting f(x) = y each time there is a I'-edge from x to y — recall
that each vertex is incident on at most one outbound edge. Note that f is partial recursive because
the enumeration procedure for the graph is effective, and f is fixed-point-free because Player F
never introduces loops.

Suppose for some £ > 1, the function (e) effected a recursive f-colouring of dom f¢ with
3 colours, and proceed towards contradiction. Let us focus on I'r.. If x € R, . and there is a
directed T-path of length ¢ starting at x, then x € dom f, so (e) assigns a colour to x. In other
words, (e) makes all the moves required of Player P by G,. On the other hand, since Player F
follows the winning strategy 7, for the construction of I'; ., there will be a monochromatic edge
between two vertices of I'z ., both of which lie in dom f¢. Hence (e) cannot represent a recursive
f-colouring of dom f*.

Thus dom f¢ cannot be recursively f-coloured with 3 colours for any £ > 1. By Corollary 3.9,
no finite number of colours suffices either. "
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3.16. REMARK. For each ¢, the strategy 7, sees Player F to victory in finitely, say n,, many rounds,
as explained in Construction 3.11. Hence we could have chosen each set Ry . in the proof of
Theorem 3.1 to contain n, rather than infinitely many elements. Player F, if desired, can choose
fresh vertices in Ry, in ascending or descending order. The two possibilities would lead to
x < f(x)or f(x) < x respectively for all x € dom f. For the self-embedding ¢ of Theorem 3.1 one
can therefore arrange for either one of N[p] E «(x) = f(x) > x and N[p] E «(x) = f(x) < x to
hold. In contrast to this, Proposition 5.12(b) will show that x must be much smaller than the time
it takes to compute f(x).

3.17. REMARK. A previously studied partial recursive function can take the place of the function f
constructed in the proof of Theorem 3.1. A partial recursive j is a unary universal function if there
exists a binary total recursive function s satisfying {d}(x) = j(s(d, x)) for all d and x. According
to e.g. Ershov [9, Lemma I1.10] or [10, Jlemma 2.5.9], the graph of any partial recursive function,
in particular, that of our f, can be effectively and faithfully embedded into the graph of j. In other
words, there exists a one-to-one total recursive e such that

f(x)=y & jle(x)) =e(y) forallx,y.

It follows that there exists a prime ¢ > ¢[dom f] such that j induces a non-identity self-embedding
of N[g].

4. 21 types, restricted RK, and hinged primes

In this section, p and ¢q are arbitrary r.e. primes on which individual lemmas may or may not place
additional assumptions.

4.A. An RK-like ordering of primes and X; types
4.1. DEFINITION. Let f be a partial recursive function with dom f € p. Put
fip)={re.Xcowl|f'[Xlep}
The following lemma is a miniaturization of Lemma 1(a) in Ng & Render [36].

4.2. LEMMA. If N < a € M E TA;, and f is partial recursive with dom f € p = tpg’{ a, then

fi(p) = tpg’f f(a@). In particular, f.(p) = tpg[p] f(x).
Thus f.(p) is a prime if M E f(a) > N, and f.(p) is a principal maximal filter in € if
M E f(a) € N.

HiNT. Lemmas 1.4(e) and 2.14. ]
4.3. LEMMA. Let f € P,. The following are equivalent:
() f(p) =4;

(i) tpy " fxp) = g;
(iii) x4 = f(x,) extends to a Xi-elementary embedding N[g] — N[p].
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PrOOF. (i)=(ii) is immediate from Lemma 4.2, and (ii)=(iii) follows from Lemma 2.15(b).

Niq] _
y, Ya T

tpy 7 f(xp) = fip). .

For (iii)=(i), use X; elementarity and Lemmas 2.10(a) and 4.2 to show ¢ = tp

4.4. DEFINITION (Shavrukov [43, Definition 5.8]).

qg<xpe3fepP, filp) =q.

We call a function f as above an (rk-)reduction. That < is a preorder among r.e. primes follows
e.g. from (i) (iii) of Corollary 4.5 to Lemma 4.3.

The definition of <y is obviously modelled on the classical Rudin—Keisler ordering of ultrafilters
on, say, w — see e.g. Rudin [39], Comfort & Negrepontis [5, § 9], or Ng & Render [36]. A definable
variant of Rudin—Keisler obtains by considering complete non-principal (1-)types of a theory such
as PA together with the ordering determined by (definable) Skolem term reductions between the
types — see Schmerl [41, Section 4], who explains how the classical setup can be subsumed as
a particular case, or Lascar [26] for an even more general setting where the ordering is defined
in terms of elementary embeddability of models. In our circumstances, the appropriate analogue
is X-elementary embeddability between r.e. prime powers. The classical vesion of the following
corollary is found in e.g. Cherlin & Hirschfeld [4, Theorem 2.6].

4.5. COROLLARY. The following are equivalent:
D g < p;
(ii) there is an element a of N|[p] with tpg[p la = q;

(iii) N[q] embeds X1-elementarily into N[p]. "

The r.e. primes underlying our version of <y represent a departure from the Boolean nature of
traditional variants of Rudin—Keisler in that now we have a meaningful inclusion ordering to
contend with. Lemma 4.7 lists the first simple facts about the interplay between reductions and
inclusion.

4.6. FACT. Suppose N < a € M | TA;, and the prime q satisfies g 2 tpg’{ a. Then M extends to a
TA,-model K such that tpg1 a=agq.

COMMENT. Proposition 2.13 in Shavrukov [43] establishes this with M and K being models of full
Ist order aritmetic TA. Its proof however holds verbatim with TA; in place of TA. (Alternatively,
observe that any model of TA; embeds X-elementarily into some model of TA.) n

4.7. LEMMA. (a) Suppose p C q and f € P, (so that f.(p) is defined). Then f.(q) is defined and
Jp) € fi(q).

(b) If (qi)ier is a chain of primes and f € Py, foralli € I, then f.(U;c; gi) = U;er f2(qi)

(c) Suppose f € P, is such that f.(p) € q. Then there exists a prime r 2 p satisfying
filr) =q.
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Proor. Clauses (a) and (b) are immediate from the definitions.
(c) Sinceq 2 fi(p) = tp][;l[p ] f(x) (Lemma 4.2), Fact 4.6 supplies a TA-extension K of N[p]

such that ¢ = tp§ f(x). Putr = tp§ x. Then r 2 tpg[p 'x = p because formulas of the form

x € X with X r.e. are ¥ and therefore persist from IN[p] to K. Finally, f.(r) = tp§1 f(x) =¢qby
Lemma 4.2. n

4.B. The category rky

4.8. DEFINITION. The small category rky has as objects all r.e. primes p € (€*)*. The arrows
p — q are represented by partial recursive functions f € P, such that f.(p) = g. Two such
functions f and g represent the same arrow when f =, g — this identification is easily seen to be
correct w.r.t. compositon. The relation of isomorphism in rky is denoted by ~.

Blass [2, § 2] studied a somewhat similar category of ultrafilters (in full powersets) with arrows
represented by arbitrary functions.

4.9. LEMMA. One has p ~« q if and only if N[p] = N|q].

Proor. Follows at once from (i) (iii) of Lemma 4.3. n

4.10. EXERCISE. Suppose the primes p and q are rKy-isomorphic. Then

@ if f:p— qandg:q — p are partial recursive functions witnessing the isomorphism
between p and q, then there are r.e. sets X € pandY € g with X C dom f and Y C dom g such
that f|x and gly are mutually inverse bijections between X and Y;

(b) the quotient lattices € [p and € |q are isomorphic. n

The classical analogue of Exercise 4.10(a) is found in Blass [2, Proposition 1.7] or Comfort &
Negrepontis [5, Theorem 9.2(b)], and an analogue for recursive ultrapowers in McLaughlin [30,
Lemma 3.2].

4.11. OBSERVATION. For each prime p, the identity is the only YKy -automorphism p — p.

ProoF. If f and g are partially recursive functions representing mutually inverse rky-arrows
p — p, then x, — f(x,) and x, — g(x,) induce mutually inverse self-embeddings (hence
automorphisms) of N[p] by Lemma 4.3. By Proposition 2.20, both automorphisms are the
identity, so f =, g =, id. ]

4.C. «, skies, and hinged primes

4.12. DEFINITION. In a model M of TA,, a < b means that f(a) < b for all total recursive f.
Accordingly, @ < b means that f(b) > a for some total recursive f. < is a total preorder.
The corresponding equivalence relation is denoted ~ and its classes are called (total recursive)
skies. Skies are convex subsets of M. The standard numbers IN form the lowermost sky in M.

Observe that a < b is absolute for embeddings between models of TA, because so are the
formulas f(b) > a.

4.13. ConVENTION. Recall that a (recursive) enumeration of anr.e. set X is an increasing recursive
sequence (X;); e, of finite sets such that X = | J,¢,, X; and max X; < ¢t whenever X, # @. We shall
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always silently assume that a recursive enumeration of each r.e. set we consider is chosen and stays
the same throughout an argument. The same accord extends to partial recursive functions f, where
(fi)rew is understood to recursively enumerate the graph of f, and one has fi(x) =y = x,y < t.

4.14. DEFINITION (Shavrukov [43, Definition 3.9 and Proposition 3.11]). For r.e. sets X and Y and
a total recursive function f, define the r.e. set

X\fY={xeY‘,ut[xeXt]Sf(ut[xeYt])}.

Note that X \ ;¥ € X NY and that X \ ; ¥ depends on the choice of individual enumerations of X
and Y rather than just on the sets X and Y.

A prime p is hinged on Y if Y € p and p is minimal among the primes containing Y.
Equivalently, Y € p and for each X € p there is a total recursive f with X \ ;Y € p. The set Y is
then called a hinge for Y. A prime is hinged if it has a hinge. For example, each inclusion-minimal
prime is hinged (on, say, w).

Given any Z € p, there is a prime g C p which hinges on Z (Shavrukov [43, Lemma 3.14]).
The prime ¢ C p with this property is unique by Fact 2.2, and ¢ = (\{primesr Cp | r > Z}.
We denote this g by p[ .

4.15. LEMMA. If f is total recursiveand X \;Y € p2 q3Y, then X \ ;Y € q.

Proor. Since { X \Y,Y — X\ Y }isanre. splitting of ¥ € g (see Shavrukov [43, Lemma 3.8]),
exactly one of its pieces must belong to g. As X \ /Y € p 2 g, one cannothave g2 Y - X\ Y. m

The next lemma tells us that, in a TA,-model, the sky witnessing the entrance of a given element
into a given r.e. set is uniquely determined.

4.16. LEMMA. Suppose M is a model of TAy and a € M = a € X where X is r.e. If (X;)rew and
(Xy)iew are two enumerations of X, then M = ut[a € X;] ~ ut [a € X;].

HINT. The function ¢ — us[X; C X;] is total recursive. ]

4.17. DEFINITION. For XY € p, write X <, Y if N[p]  ut[x € X;] < ut[x € Y;], and similarly
for <, and =,.
Observe that in view of Lemma 4.16, X <, Y does not depend on the choice of enumerations
for X and Y. Neither do the relations <, and ~,. Therefore <, is a (total) preordering on p.
Define the ordering S, as (p/~p, <) where, strictly speaking, <, stands in for <, /~,,.
(We shall also freely confuse individual elements X € p with the ~,-equivalence classes they
represent.)

The pre-ordering <, records a coarse chronology of x entering the r.e. sets that it belongs to
in N[p].

It should be noted that rks-isomorphism between primes p and g does not generally imply the
isomorphism between S, and S, except for the case when both directions of the rks-isomorphism
are effected by total recursive functions.

The following lemma holds for the same reason as Lemma 1.4.
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4.18. LEMMA. Suppose a € M = TA,, X and Y are r.e., and f is total recursive. Then

Mlzan\fY<—>,ut[a€Xt]sf(,ut[aeYt]). n

4.19. LEMMA. For X,Y € p, the following are equivalent:
() X x,7Y;
(ii) There is a total recursive f such that X \ ;Y € p;
(i) X € p[y.

ProoF. (i) (ii) Foratotalrecursive f,N[p] | pt[x € X;] < f(ut[x € X;])iff N[p] F x € X\ /Y
iff X\ ;Y € p by Lemmas 4.18 and 2.10(a).

(ii)=(iii) SinceY € p[y and X\ /Y € p 2 p[y, we mustby Lemma 4.15 have X \ ¥ € p[y,
hence X € p[y.

(iif)=(ii) Since Y is a hinge for p[y > X, X \ ;Y € p[y holds for some total recursive f. =
The equivalence (i)<(ii) of Lemma 4.19 allows us to rephrase Lemma 4.15 as

4.20. COROLLARY. If p2 g3Yand X £, Y, then X € gand X £, Y.
In particular, £ is the restriction of <, to q when q C p. "

421.LEMMA. (a) If p2 X C* Y, thenY £, X.
(b) If R € pis recursive, then R <, X forall X € p.
(© Y <, Xforall X e piff Y <p wiff Y € p° (Definition 2.5).
Hence p° is the ~,-equivalence class of w is the least element of S .
A If X, Yep thenXNY £, XorXNY £, Y.
(e) If XUY ep, thenX <, XUYorY <, XUY.

ProoF. Clause (a) is left to the reader.

(b) Since R € pisrecursive, we have g > R forall ¢ C p. In particular, R € p[x,s0 R <, X
for each X € p by Lemma 4.19.

(o IfY <, Xforall X € p,thenY <, w. Since w € p° C p, one has Y € p° by
Corollary 4.20.

In the opposite direction, ¥ € p° says that Y 2 R € p for some recursive R, hence Y <p
R <, X for each X € p by clauses (a) and (b).

(d) Since <, is total, we may assume X <, ¥ by symmetry. Then X € p[, by Lemma 4.19,
so N[p[y] E x € X Ax €Y. Therefore N[p[y] Ex € XNY, hence X NY € p[y, yielding
XNY x,7.

(e) AsN[p[xuyl Ex €e XUY,wehave N[p[x yl Ex € X Vx €Y. Assume N[p[x y] E
x € X by symmetry. Then X € p[xy,s0 X <, X UY by Lemma 4.19. "

4.22. PROPOSITION. The mapping q +— q/=, is an isomorphism of the inclusion ordering on

Lp = {primesq | g C p} to the collection of non-empty initial segments of S, with inclusion
ordering.
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Proor. By Corollary 4.20, ¢/, = q/=~4 is a (non-empty) initial segment of S, for each prime
g € p. Conversely, if / a non-empty initial segment of S,,, then Lemma 4.21 guarantees that
(U1 € pisaprime. Inclusion is clearly preserved in either direction.

Finally, g = U(q/~p) and I = ({J I)/~,, are straightforward. "

Observe that the isomorphism of Proposition 4.22 sends p°® = min | p to the singleton initial
segment {p°} of S p in view of Lemma 4.21(c).

4.23. LEMMA. The mapping X v ut[x € X;] is a cofinal order-embedding of S, into N[p]/=.

ProoF. Both correctness and the embedding property are clear from the definition of <, and
Lemma 4.16. The embedding is cofinal because, for an arbitrary element [ f] of N[p] where

f € P,and X = dom f, one has N[p] | ut[x € X;] = ut[f;(x)]] > f(x) = [f]. "

Under the order-embedding from Lemma 4.23, the image of the least element of S, is the sky of x.
The range of the embedding need not generally contain all of the non-standard skies of IN[p], nor
even all sufficietntly large ones.

Proposition 4.22 and Lemma 4.23 underscore the fact that, more than being an unstructured
collection of r.e. sets, an r.e. prime can be said to possess a semblance of historical memory.

4.D. Topmost skies and recursive ultrapowers

4.24. LEMMA. The prime p is minimal if and only if the generator x, belongs to the topmost sky
of N[p].

PRrROOE. (only if) If p is minimal, then p = i for the recursive ultrafilter u = p° (Definition 2.5).
The generator x,, belongs to the topmost sky of the recursive ultrapower IN[u] because each element
of N[u] is the value of some total recursive function at x,,. By Lemma 2.6, x,, — x, extends to
an isomorphism between IN[u] and IN[p].

(if) If p is not minimal, fix a prime ¢ & p. The embedding v : N[¢g] — IN[p] given by
X, = Xxp is not Xi-elementary by Corollary 2.16, hence v cannot be cofinal by Fact 1.10(c), so
any element ¢ € N[p] with v[IN[g]] < ¢ lies in a higher sky of N[p] than x, = v(x,) does. "

4.25. PROPOSITION. The following are equivalent:
(i) p is hinged;
(i) N[p] is isomorphic to a recursive ultrapower;
(iii) p is rky-isomorphic to a minimal prime;
(iv) N[p] possesses a topmost sky;

(v) The ordering S, possesses a largest element.
g§op P 8

PRrOOF. (i)=(ii) Suppose p hinges on X. Since X € p, we have N[p] E x € X (Lemma 2.10(a)).
Consider s = (x,ut[x € X;]), where (x,y) is any of the conventional pairing functions with
matching projections x = ({x,y))o and y = ({x,y));. We claim that s generates IN[p] w.r.t. total
recursive functions.

Let [g] be an arbitrary element of N[p]. Wehave Y = dom g € p. Since X is a hinge for p, one
hasY'\ ;X € p for some total recursive f. Then N[p] | x € Y'\ s X sothat N[p] | x € Yr(ur[xex,))-
Let k be a total recursive function with the I, property Vx,u(x € ¥;, — k(x,u) = g(x)). Then
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Nlpl E k(x, f(ut[x € X;])) = g(x) = [g]. Therefore N[p] k= k((s)o, f((s)1)) = [g]. so every
element [g] of N[p] is a total recursive value of s. By Proposition 2.18(b), N[p] is isomorphic to

a recursive ultrapower.

(ii)e(iii) holds thanks to Lemmas 2.6 and 4.9.

(ii))=(v) is clear — the sky containing the recursive ultrapower generator is topmost
(Lemma 4.24).

(iv)=(v) follows at once from Lemma 4.23.

(v)=() Let the re. set X € p represent the largest element of S,,. We argue that X is a
hinge for p. Indeed, for an arbitray ¥ € p we have Y <, X and hence Y\, r X € p for some total
recursive f by Lemma 4.19. "

From Lemma 4.9 and Proposition 4.25 we obtain
4.26. COROLLARY. rKs-isomorphisms between primes preserve the property of being hinged. =

4.27. COROLLARY. The mapping q — max(q/=,) is an isomorphism of the subordering of hinged
primesin | ptoS,.

PROOF. According to (i)&(v) of Lemma 4.25, the isomorphism ¢ — ¢/~ from Proposition 4.22
restricts to an isomorphism between the collection of hinged primes in | p and the collection of
initial segements of S, with a largest element, the latter collection being clearly isomorphic to S,.

|

The next corollary settles question Q3 from McLaughlin [32].

4.28. COROLLARY. Each r.e. prime power which embeds cofinally into a recursive ultrapower is
itself isomorphic to a recursive ultrapower.

ProoF. If ¢ is a cofinal embedding of an r.e. prime power IN[p] into a recursive ultrapower IN[u],
then any element of IN[p] taken by ¢ to the topmost sky of IN[u] must belong to the topmost
sky of IN[p] (this happens because formulas of the form f(x) < y with f total recursive, being
Ay in TA,, are absolute for embeddigs between TAj-models). By (iv)=(ii) of Proposition 4.25,
IN[p] is isomorphic to a recursive ultrapower. "

Shavrukov [43, Proposition 3.23] shows that each hinged maximal prime is, in fact, minimal.
It follows that r.e. ultrapowers IN[p] with a topmost sky are exactly those corresponding to minimax
primes p.

The following is immediate from (i)=(ii) of Proposition 4.25 and Theorem 1.6:

4.29. COROLLARY. If p is hinged, then N[p] is totally rigid. "

Proposition 4.25 tells us that each hinged prime p is rky-isomorphic to some minimal prime. All
minimal primes are hinged. Which minimal primes are isomorphic to some non-minimal (hinged)
prime?

Say that a non-standard model M [ TA; is single-sky if all the non-standard elements of M
belong to one and the same sky. In the opposite case, M is multi-sky. Both single- and multi-sky
recursive ultrapowers exist. Schmerl & Shavrukov [42] show that in each multi-sky model of TA,
the ordering of skies is dense.
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A prime p is single-sky if N[p] is. A single-sky prime must be minimal in view of
Lemma 4.24 — the r.e. prime powers corresponding to non-minimal primes p possess skies
higher than that of x,. For the same reason, no single-sky prime can be rks-isomorphic to any
non-minimal prime.

4.30. QUESTION. Must each multi-sky minimal prime be rky-isomorphic to a non-minimal one?

A negative answer would be equivalent to the existence of a multi-sky recursive ultrapower IN[u]
such that the initial segment / = {a € N[u] | N[u] F a < x, } (i.e., [ is N[u] with the topmost
sky removed) is Z;-elementary in IN[u].

5. Properties of non-trivial self-embeddings

In this section we analyse the structure of a non-identity self-embedding in order both to learn what
we can about existing self-embeddings and to grease the wheels for the proof of total rigidity in
the next section.

We keep the convention that p and g are arbitrary primes.

5.A. Self-embeddings and rky-endomorphisms

In the proof of Proposition 3.6, we had the function f induce a non-trivial self-embedding of IN[p]
by virtue of the inclusion tpﬂgl[p ] f(x) 2 tpﬂgl[p I'x. We now argue that these two X; types must,
in fact, coincide, for the application of any partial recursive function cannot properly inflate the
Y| type of an element.

5.1. PROPOSITION. If g 2 p, then N|q] is not embeddable into N[p].
(In view of Corollary 4.5, this is equivalent to q 2 p ruling out q <x p.)

PROOF. Suppose X € g —p andletr = g[x C ¢g. The prime r is hinged. Since X € r — p, we have
p & r by Fact 2.2.

Suppose we had ¢ : N[g] — N[p], and let v,, : N[r] — N[g] and v, : N[p] — N[r] be
the embeddings from Corollary 2.16. In view of Fact 1.10(c), the range of v, is bounded in IN[r],
hence the composition

Yrq Vpr

N[r] =% Nlg] — N[p] 2> N[r]

cannot be the identity. The prime r being hinged, we have reached a contradiction with Corol-
lary 4.29. This proves the non-existence of . "

5.2. COROLLARY. (a) For a self-embedding ¢ : N[p] — N[p], one has tpg[p | ux)=p.
In particular, any self-embedding is X -elementary.

(b) Suppose N < a € M = TA+ f(a)] where f is partial recursive. Then tpg’{ f(a) 2 tpg/{ a

cannot hold.

ProoF. (a) Since ¢ is an embedding, we have g = tpg[p | ((x) 2 pby Lemma 2.15(a). By the same
Lemma, there is an embedding IN[¢g] — N[p]. Now Proposition 5.1 tells us that ¢ = p, so ¢ is
X -elementary by Lemma 2.15(b).
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(b) According to Lemma 2.15(b), the smallest £; elementary submodel K > a of M is
isomorphic to N[tpg a]. If tpy! f(a) 2 tp}! a, then tp§ f(a) = tpd! f(a) 2 pY a = tp§ a, hence
a — f(a) extends to a self-embedding of K by Lemma 2.15(a). Therefore tp§4l f(a) = tpg’f a by
clause (a). ]

5.3. QuEesTION. Can a non-identity self-embedding of IN[p] be X,-elementary? Can a self-
embedding fail to be X,-elementary?

5.4. COROLLARY. (a) A partial recursive f € P, induces a non-identity self-embedding of N|p]
if and only if f represents a non-identity rks-arrow p — p.

(b) There exists a prime p with a non-identity rks-arrow p — p.

ProoF. (a) (if) Suppose f.(p) = p and f #, id. Then tpg[p | f(x) = p by Lemma 4.3. Hence
f induces a self-embedding ¢ of N[p] by Lemma 2.15(a), and ¢ # id because N[p] E f(x) # x
in view of Lemma 2.10(c).

(only if) If f induces a non-identity self-embedding of IN[p], then f.(p) = tpH;l[p I f(x)=p
by Lemma 4.3 and Corollary 5.2(a). As N[p] E f(x) # x, we cannot have f =, id.

(b) follows from Theorem 3.1 and clause (a). ]

As counterbalance to Corollary 5.4(b), Proposition 2.20 tells us that identities are the only rky-
automorphisms of r.e. primes.

Corollary 5.4(b) marks a notable difference between rky and the traditional Rudin—Keisler
variants where the only endomorphism of any object is the identity — see Blass [2, Theorem 1.5]
or Comfort & Negrepontis [5, Theorem 9.2(a)] for the classical version, and Ehrenfeucht [8],
Gaifman [11, Theorem 4.1], or Kossak & Schmerl [24, Theorem 1.7.2] for types over 1st order
arithmetic. McLaughlin’s Theorem 1.6 establishes the analogous property for the category of
recursive ultrafilters and total recursive reductions. Uniqueness of endomorphisms immediately
implies that, between any two objects, the presence of arrows in both directions entails isomorphism.
I do not know if this is the case in rky:

5.5. QUESTION. Does p <y g <x p always imply p ~ ¢ ?

5.B. The anatomy of a self-embedding

The following proposition, combined with Theorem 3.1, shows that, in contrast to Proposition 5.1,
pairs p & g of primes with p <k g do exist, and, furthermore, such pairs are indicative of proximity
to non-trivially self-embeddable powers.

5.6. PROPOSITION. (a) If f € P, induces a non-trivial self-embedding of N[p], then for any hinged
prime g C p with g > dom f one has f.(q) & q.

(b) If f € Py satisfies f.(q) & q, then there is a prime p 2 q such that f induces a non-trivial
self-embedding of N[p].

PrOOF. (a) We have f.(p) = p by Corollary 5.2(a), hence f.(¢) € p by Lemma 4.7(a). Note
that f =, id cannot hold, for that would imply N[g] F f(x) = x, and then N[p]  f(x) = x.
By Fact 2.2, f.(g) is comparable with ¢ w.r.t. C. We cannot have f.(q) 2 ¢, as that eventuality
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would have f induce a non-trivial self-embedding of N[g] via Lemma 2.15(a), contradicting
Corollary 4.29. Thus f.(¢) & g.

(b) Let go = fi(¢) and q; = g. Suppose we have constructed (¢;); <, satisfying gj+1 2 q; =
filgjs+1) for all j < n. Since f.(qn) = gn-1 S gn, Lemma 4.7(c) furnishes a prime g,+1 2 g, with
fi(gn+1) = gn. Let p = U,1ce gn- Then

0= U a)=r0vJa=r24

new new

because f. commutes with unions of chains by Lemma 4.7(b). By Lemma 2.15(a), f induces a
self-embedding ¢ of N[p]. Since f.(q) # ¢, one has f #, id, hence f %, id so ¢ cannot be trivial
by Corollary 5.4(a). "

5.7.REMARK. In the situation of Proposition 5.6(a) with f.(¢g) properly included in ¢ (as instantiated
by Theorem 3.1), we have by Lemma 2.15 that xz,) — f(x,) extends to a Xj-elementary
embedding N[ f.(¢)] — IN[g¢], whereas, according to Corollary 2.16, the generator-to-geneator
embedding v : x£(,) > X4 is not Xj-elementary.

5.8. LEMMA. Suppose M > a and K 2 M both model TA,, and X and Y are r.e. sets such that
MEaeXAa¢YwhileKEaeXnY.
Then K = utla € X;] < utla € Y;].

Proor. Towards contradiction, suppose K | uf[a € ¥;] < utla € X;]. Then K Fa €Y\, X for
an appropriate total recursive g. Now recall that {Y \, X,X —Y \, X } is an r.e. splitting of X.
The possibility M | a € Y\, X cannot materialize, for M Fa ¢Y. Hence M Fae X -Y \, X.
But since X — Y\, X is an r.e. set, this situation persists to K and contradicts K Fa €Y\, X. =

When f induces a non-trivial self-embedding of IN[p], we now show that the element f(x)
eventually falls behind x in the race to enter r.e. sets — remember that in N[p], x and f(x) are
elements of exactly the same r.e. sets (Corollary 5.2(a)).

5.9. LEMMA. Suppose f € P, induces a non-identity self-embedding ¢ of N[p], X € p, and
Nlp] E pt[fi(x)l] < pt[x € X;]. Then

(@) Nlp] E prlx € X;] < pt[f(x) € Xi] = l(ut[x € X;]);

(®) f(p[1x7) = plx. (Note that f~[X] € p because X € p = f.(p).)
ProOOF. (a) ut[f(x) € X;] = «(ut[x € X;]) follows at once from Lemma 2.15(a).

Next observe that N[p] E x € X, f.(p) = p (Corollary 5.4(a)), p[x is hinged, and dom f €
p[x because dom f'\, X € p for some total recursive g. Hence Proposition 5.6(a) yields fi(p[x) &
p[x. Therefore X ¢ f.(p[y), or, equivalently, N[p[x] £ x ¢ f~'[X]. Applying Lemma 5.8 with
K = N[p], M = N[p[y] embedded into K as in Corollary 2.16, a = x, and Y = f~![X], we obtain

N[p] E pt[x € X;] < ut[x € Y] ~ ut[x € f7'[X,]] because (f;"'[X;]);ew is an enumeration of
f~1[X] =Y. In N[p] one has

(1) g [x € f71X0] = max{ g [fiGo)L] e [£06) € X, f= pur [ £x) € X,

for ut[f;(x)]] < pt[x € X,] by assumption and ut[x € X,] < ut[x € f7'[X;]] as we have just
shown. All in all, N[p] E ut[x € X;] < ut[f(x) € X;] as promised.
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(b) For an arbitrary r.e. set Y, the following equvalences hold:

Yeply o V¥ £, X (by Lemma 4.19)
& Nlpl Fpr[x Y] < pr[x € Xi]
o Nipl E ut [f(x) € Yt] < ut [f(x) € Xt] (for f(x) = «(x) and ¢ is | elementary)
& NlplF ut [x € %] < pr [f(x) € X ]
(as ptlx € f7'[Y,]] = max{pr[ fi(x)]], e[ f(x) € Y1} while pt[ fy (x)1] < pt[ f(x) € X;] by (a))
& Nipl ot [x € f70]] < e [x € £7[X0]] (by (1))
e [ =, fX]
(since (f;7'[¥;])rew and (£ ![X;])seq are enumerations of f~![¥] and f~![X] resp.)
o Y] € pliix (by Lemma 4.19)

(=1 Ye‘ﬁk(pl-f—l[x]) L]
The next corollary strengthens Corollary 5.2(a).

5.10. COROLLARY. Each self-embedding of any r.e. prime power is cofinal.

ProoF. Let f induce a self-embedding ¢ of N[p] which we may assume to be non-trivial. Consider
an arbitrary element g(x) > ut[ f;(x)|] of N[p], and let X = dom g. Then by Lemma 5.9(a),

N[p] E g(x) < ut [g:(x)|] ~ pt [x € X,] < pt [f(x) € X;| = o(ut [x € X;]). "

Lemma 5.9(a) tells us that ¢«(a) > a for each a that belongs to a sufficiently large sky that witnesses
the entrance of x into some r.e. set — these are exactly the IN[p]-skies in the range of the embedding
of 5, from Lemma 4.23. This does not generally cover all sufficiently large elements of N[p].

5.11. QuEsTION. Suppose f induces a non-trivial self-embedding ¢ of N[p]. Must N[p] E «(a) >
a hold for all sufficiently large a € N[p] ?
5.12. PROPOSITION. Suppose f € P, induces a non-identity self-embedding of N|[p]. Then

(@) N[p] E f™(x)] foralln € w;

(b) N[p] E x < ut[fi(x)]]. Hence f cannot be total recursive;

(© Nip] E el fi(f* )] < e[ fi(f" ()] for all n € w;

(d) N[p] E ut[f;(f*(x)|] = ut[x € X;] for X = dom ! and all n € w;

(e) dom f" <, dom f"*! forall n > 0;
() f*(pl—domf””) = pl—domf" Jor all n > 0.

PrOOF. Let ¢ be the self-embedding induced by f.

(a) Assuming N[p] E f"(x)|, we have N[p] E f"(«(x))] by £, persistence. As t(x) = f(x),
the claim follows.
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(b) If N[p] E ut[f;(x)]] < x,then N[p] E f(x) = g(x) # x for some total recursive g, so g
also induces ¢. By Corollary 5.2(a) we have tp][;l[p] gx)=p= tp]gl[p Ix., Therefore, since g is total

recursive, tplgl[po] glx) = tp]gl[p ] g(x) = tplgl[p] X = tpg[p Tx (Definition 2.5). By Corollary 2.17,

g induces a self-embedding € of the recursive ultrapower IN[p°]. Since g(x) # x is absolute for
the natural embedding N[p°] — N[p] from Lemma 2.6 and Corollary 2.16, the embedding ¢ is
not trivial. But this contradicts Theorem 1.6.

(c) Apply Lemma 5.9(a) with X = dom f to see that
NIp] e [fiGo)L] ~ pelx € X,] < pur [£x) € X ] ~ e [ fi(F0)L].

Assuming N[p] E ut[£;(f"(x)]] < ut[f,(f"*'(x))]], the same must hold with «(x) = f(x) sub-
stituted for x since ¢ is a self-embedding. This yields N[p] & ut[ (f" 1 (x)]] < wt[f,(f2(x))]].

(d) is immediate for n = 0 by Lemma 4.16. With X;, = dom f”" for n > 0, it follows by
induction from clause (c) that

Nm#muenﬂJmm%muexdw4MﬂumH=u4ﬁﬂum]

(e) is a consequence of clauses (c¢) and (d).

(f) Let X = dom f™. In view of clause (c), one has N[p] E ut[f;(x)]] < ut[x € X;]. Hence
Lemma 5.9(b) yields f*(p|—d0mf"+‘) = f*(p|—f‘] [domf”]) = pl-domf” : "

5.13. COROLLARY. If f € P, induces a non-identity self-emdedding of N[p), then f also induces
a (non-identity) self-embedding of N[q], where g = U,1ce, Plaom f € P-

The sequence (ut[ f;(f™(x))|Dnew is cofinal in N[q]. The sequence (dom f"),~¢ is cofinal
in S, (Definition 4.17).

PRrROOF. Just as in the proof of Proposition 5.6(b), we have f.(g) = ¢ thanks to Proposition 5.12(f).
Hence f induces a self-embedding of N[g].

Cofinality of (ut[ f; (f"(x))|])new in N[g] follows from Proposition 5.12(c). This is equivalent
to the cofinality of (dom f"),~¢ in S, by Proposition 5.12(d). "
We do not know if the situation ¢ & p ever obtains in the setting of Corollary 5.13.

5.14. QuesTioN. Can there exist primes ¢ & p and an f € P, inducing non-identity self-
embeddings of both N[g] and IN[p] ?

Equivalently, is there a prime p and f € P, inducing a non-identity self-embedding of N[p]
such that (uz[ f; (f"™(x)){])neew is not cofinal in N[p] ?

A negative answer to Question 5.14 would imply a positive one to Question 5.11.

5.C. A normal form for self-embedding-inducing functions
5.15. NotATION. In this subsection, we write f(x)] < f(y)| for ut [fi(x)|] < pt [fr(¥)!].

From Proposition 5.12(a) and (c¢) one immediately has
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5.16. COROLLARY. Suppose f € P, induces a non-identity self-embedding of N|[p].
Then N[p] E f(f)L A f()L < f(F(x)I. .

With the following definition we aim to bring an arbitrary partial recursive function inducing
a non-identity self-embedding into a workable tamer form.

5.17. DEFINITION. Let f be any partial recursive function. Define the partial recursive function f
by

f)=y e f(x)=y & f)l & f(x)| < f)I.

Note that f C f and that the last condition implies x # y.

The following lemma, which follows immediately from Corollaries 5.16 and 2.8, says that f is
as good as f.

5.18. LEMMA. If f € P, induces a self-embedding of N[p], then N[p] F@) A f(x) = f(x),
i.e. f induces the same self-embedding of N[p] as f does. "

The next lemma explains why £ is better than f. Clause (b) is inspired by the notion of highly
recursive graph from Bean [1].

5.19. LEMMA. Let f be any partial recursive function. Then
(@) f has no fixed points nor other cycles;

(b) for each y € dom f Urng f, the set § = U, e, f "[{V}] is finite and computable in v,
as is the restriction of f toy — {y}.

PROOF. (a) A fixed point or other cycle f(x) = x (n > 0) leads to f(x)] < f(x)| according to
the definition of f.

(b) Observe that y € dom f U rng f implies f(y)] and that for x € y — {y} we must have
f(x)l < f(y)l, so there are at most finitely many such x (see Convention 4.13). All these x
together with the values of f can be found by bounded search below ut [ f;(y)l]. "

6. Relatively maximal r.e. prime powers are totally rigid

In this section we establish

6.1. THEOREM. Suppose P is r.e. and the prime q is maximal w.r.t. the property P ¢ q. Then N[q]
is totally rigid.

The r.e. prime powers N|[g] with ¢ satisfying the premiss of the theorem for some r.e. P are the
relatively maximal r.e. prime powers of the section title. With P = @, this includes r.e. ultrapowers
as a particular case:
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6.2. COROLLARY. All r.e. ultrapowers are totally rigid. "

The case of single-sky r.e. ultrapowers — these correspond to minimax primes g — is already
covered by McLaughlin’s Theorem 1.6, because these are isomorphic to recursive ultrapowers
(Lemma 2.6). The corollary fills in a blank pointed out by Hirschfeld & Wheeler [18, 9.6(iii)].

6.A. A large diagonal intersection

The following lemma presents a version of diagonal intersection of a uniformly r.e. family with a
largeness property (ii) resembling simplicity (of Z in the “meet” of all X; — P). The function [ is a
free by-product of the construction for Z, but its role in the proof of the key Proposition 6.7 below
will be rather crucial.

6.3. LEMMA. Let P be an r.e. set and (X;);c, a uniformly r.e. downward chain, i.e. X;+1 C X; for
all i. There exists an r.e. set Z such that

(i) foralli,Z - P C* X; — P, and
(ii) for each r.e. set U, U N Z — P is infinite if and only if U N X; — P is infinite for all i.
Furthermore, there is a recursive function I with dom I = Z such that
(iii) the restriction 1|z_p is one-to-one, and
(iv) if x € Z, then x € Xj(y).

ProoF. Fix a conventional uniformly r.e. family (W;); ¢, of all r.e. sets.

In the beginning, call each index i open. Simultaneously for all open i, look for the first (in a
fixed uniform enumeration) element in W; N X; which has not yet been enumerated into P. As soon
as such an element x is found, associate x to i, call the index i closed (i.e., not open), enumerate
x into Z, and, finally, put I(x) = i unless /(x) has been defined earlier. If the number x associated
to i is enumerated into P at some later stage, we dissociate x from i, and i becomes open again,
hungry for a fresh element of W; N X;.

The set Z is clearly r.e., and [ is one-to-one on Z — P because at most one number can stay
forever associated to a given index. The assignment /(x) = i is only possible when x € Xj, so
condition (iv) is also met. Each element x of Z — X; must satisfy I(x) < i, so by condition (iii)
there are at most i many elements in (Z — X;) — P — this takes care of condition (i).

As for condition (ii), supposing U N Z — P is infinite, U N X; — P must also be infinite for each i
by condition (i). Conversely, suppose U N Z — P is finite. Leti be suchthat W; = U—-(Z-P) =" U.
If W; N X; — P were non-empty, then one of its elements would have gone into Z, contradicting the
choice of i. Thus W; N X; — P = @, so U N X; — P is finite. [

The lemma above can be adapted to uniformly r.e. families (¥;);¢., that are not chains by putting
X; =Yy N ---NY,. In this latter form, Lemma 6.3 is an analogue of Theorem 4 in Lindstrom [29]
on I1j-conservative ¥ sentences. In fact, we can rephrase conditions (i) and (ii) of our lemma
as saying that the theory TA; + x >IN + x ¢ P + x € Z is a II;(x)-conservative extension of
TA; + x>N+ x¢P + {x €X;}ic,. Lemma 6.4 below underscores the similarity. In our context,
however, the proof of Lemma 6.3 is much less sophisticated than the one in [29].

6.4. LEMMA. Suppose P and (X;)ic. satisfy the assumptions of Lemma 6.3, Z is r.e., and the
prime q is maximal w.r.t. the property P ¢ q.
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(a) If Z satisfies condition (i) of Lemma 6.3, then Z € q implies X; € q for all i.
(b) If Z satisfies condition (ii) of Lemma 6.3 and X; € q for each i, then Z € q.

PrROOF. (a) If Z € g then X; € g as Z C* X; by condition (i) of Lemma 6.3.

(b) Conversely, suppose Z ¢ g. By the maximality property of g, there is U € g with
U N Z C P. Then by condition (ii) of Lemma 6.3, ¢ > U N X; C* P for some i. Therefore U ¢ q.
The contradiction shows Z € gq. ]

With P = @, Lemma 6.3 becomes

6.5. COROLLARY. Let (X;)icw be a uniformly r.e. downward chain. Then there exists an r.e. set Z
such that

(i) foralli, Z C* X;, and
(ii) for each r.e. set U, U N Z is infinite if and only if U N X; is infinite for all i. "

Our application of Lemma 6.3 will consist in acquiring a colouring target.

6.6. DEFINITION. Let A and B be sets and f a function. We say that an k-colour assignment
X : A — kisan f-colouring of A excepting B with k colours when for each a,b € A — B satisfying
f(a) = bone has y(a) # y(b). Observe that this coheres with Definition 1.7.

The proof of the following proposition is postponed until the next subsection. We are going to see
first how it helps with Theorem 6.1.

6.7. PROPOSITION. Suppose P is r.e. and g is a partial recursive function without fixed points or
other cycles with the property that for each y € dom g Urng g, the set y = U,;c, & "1{y}] is finite
and computable in y.

Then there exists an r.e. set Q such that

(i) U N Q — P is infinite whenever U is r.e. and U N dom g" — P is infinite for all n € w, and

(ii) There is a recursive g-colouring y of Q excepting P with 3 colours.

6.8. PROOF OF THEOREM 6.1 (modulo Proposition 6.7). Suppose f is a partial recursive function
inducing a non-identity self-embeddig of N[¢] with ¢ maximal w.r.t. P ¢ g. By Lemma 5.18, this
self-embedding is also induced by f. By Lemma 5.19 and Proposition 6.7, there is a recursive
f-colouring y of an re. set Q excepting P with 3 colours s.t. Q — P has infinite intersection
with each r.e. set which has infinite intersections with each of dom f* — P. For all n, we have
g 3 dom f™ by Proposition 5.12(a). By Lemma 6.4(b), Q € ¢, so N[q] E {x, f(x)} € Q — P by
Lemma 2.10(a). Since

Y,y € Q=P (f(x) =y = x()L A x(DLA x(x) 2 x(»)
is a true I, statement, in N[¢] the colour of x cannot coincide with the colour of f(x), so f cannot

give rise to a self-embedding in view of Corollary 5.2(a). By Lemma 5.18, neither can f. We have
therefore shown that no non-identity self-embeddings of IN[¢] exist. "
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6.B. Painter’s revanche

This subsection is devoted to a proof of Proposition 6.7. Our construction of the recursive colouring
can be seen as a (recursive) winning strategy for Painter in an approprite on-line game.

Assume that the partial recursive g satisfies the assumptions of that Proposition. We are going
to talk about the graph of g using directed graph terminology. Consider the graph I on w where
there is a directed edge from x to y just in case g(x) = y. As g is a function, each vertex is incident
on at most one outbound edge. Since g has no cycles, I is tree-like. Say that x lies upstream of y if
x € y. In the same situation, y lies downstream of x. The upstream closure X of a set X is defined
by X = Unew 8 "[X] where g° = id. Note that this coheres with the notation x. The finiteness of
x for each x enables downstream-inductive definitions and arguments by downstream induction.
We also note that since g is partial recursive and the finite set y is recursive in y € dom gUrng g, the
restriction of g to y — {y}, as well as that of I to y, must also be recursive in these y. All colourings
in this subsection are g-colourings (equivalently, I"-colourings) with 3 colours.

6.9. CONSTRUCTION. Lemma 6.3 applied to the uniformly r.e. downward chain (dom g'*"),,c.,
supplies us with the r.e. set Q satisfying condition (i) of Proposition 6.7 together with a recursive
function / with dom I = Q such that x € dom g'*/ ) for each x € Q, and [ is one-to-one on Q — P.

We fix effective enumerations (Q;)new and (Pp)new of Q and P respectively as increasing
chains of finite subsets satisfying the properties

(El) Qo=Po=2;
(E2) |Qn+1 — Onl + |Pus1 — Pnl < 1 foreachn € w;
(E3) I is one-to-one on Q,, — P, for each n € w.

Property (E3) is achieved by slowing down a given enumeration of Q as follows: When a number x
with the same value of I as some number y # x already present in Q, — P, wishes to enter Q,
we know that at least one of x and y is going to eventually enumerate into P because /|p-p is
one-to-one. So we wait for one of x and y to appear in P,, before enumerating x into Q for an
appropriate k > m. Any other candidates for membership in Q with the same value of I await their
turn in a first-in-first-out queue.

6.10. ConsTRUCTION. We define an increasing sequence (F;);e., of finite sets by

1
g OV UF, if{x}=0u1 - Qn

Fp=0 and F, 1= .
" {Fn if Qn+l = Qn-

The r.h.s. is always well-defined thanks to the properties of /. Induction on n shows that F,, is
upstream-closed. F,, is therefore a finite disjoint union of finite upstream-closed subtrees of I". Call
the roots of those subtrees F;,-sinks. In other words, F,,-sinks are the downstream-most elements
of F,,.

By the assumptions of Proposition 6.7 on g and since g'*/™)(x) € rngg, F, is a recursive
function of n, as is the restriction of I to F,.

Summarizing informally, the latest addition x to O, is decorated by a downstream tail of
edge-length 1 + I(x). The end of this tail is g'*/®)(x). All the structure upstream of the tail’s end
is recursive in n and goes into Fj; .

#
Note that Q,, C F,, for all n as x € g'*/™)(x).
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We now define a numerical characteristic which will aid further construction:

6.11. ConsTRUCTION. For X,Y C w and y € w, define the congestion grade c(y,X,Y) of X at y
excepting Y by downstream recursion:

0 ifyey,
c(y.X,Y)=11 ifyeX-v,
% * Dig(x)=y €(X, X,Y) otherwise.

The values of ¢ are always non-negative (induction). Note that c(y, X,Y), when restricted to y € F,
and finite X,Y, is a recursive function of n, y, X, and Y.

6.12. LEMMA. (@) c(, XU Z)Y) < c(y.X.Y) + c(3.Z,Y).
(b) c(y.X,Y)<c(y,X-Y,2).
© IfyNnX=yNZ, then c(y,X,Y) = c(y,Z,Y).
d) If y ¢ X, then ¢(y,X,Y) = c(y,X,Y).
@) If c(z,X,Y) = 1 forallz € Z, then c(y,X U Z,Y) < c(y,X,Y).

(f) If x € ¥, then c(y,{x},@) = 2-¥) where d is the number-of-edges distance.

ProoF. All clauses are established by straightforward (downstream) induction on y. We only
handle clause (e) by way of example:
IfyeY, thenc(y,XUZY)=c(y,X,Y)=0.
IfyeX-Y,thenc(y,XUZY)=c(y,X,Y)=1.
IfyeZ-Y,thenc(y,XUZ)Y)=1<c(y,X,Y) by the property of Z.
Finally, when y ¢ X U Z U Y, the induction hypothesis yields

1 1
c(nXUZY)= 5 > exXUZY) < 5 D e X.Y) = e, X,Y). "
g(x)=y g(x)=y

6.13. LEMMA. If w is an F,-sink, then

cw QP Y 2,

xewnQ,-Py,

PROOF. When x € wNQ,,, one has c(w, {x}, ) < 27171 by Lemma 6.12(f) because g'+/*) € i,
so d(x,w) > 1 + I(x). Therefore

cW,On, Pp) < c(w,0pn — Pn,2) (by Lemma 6.12(b))
=clw,wnNQ, - P,,0) (by Lemma 6.12(c))
< > cwixho) (by Lemma 6.12(a))
xewnQ,-Py,
< Z 2 1-1x), n
xewnQ,—-P,
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6.14. LEMMA. Suppose s is a g-colouring of an finite upstream-closed set X exceptingY, Z 2 X is
a finite upstream-closed set, and ¢(z, X,Y) < 1 for all z € Z — X. (Recall that all colourings only
use 3 colours.)

Then  extends to a g-colouring of Z excepting Y.

PROOF. We are going to show by downstream induction that for each y € Z— X there is an extension
vy of ¥ to a g-colouring of y U X excepting Y. To keep the induction going, we require a stronger
conclusion, namely,

There are two extensions of Y to g-colourings of yU X excepting Y, assigning distinct colours
toy.

As ¢(y,X,Y) < 1, either y € Y, in which case any of the three colours can be assigned to y, or
there is at most one z € X — Y with g(z) = y (so z € domy and c(z,X,Y) = 1). Assign to y
one of the colours distinct from ¥ (z) if such z is indeed present — note that this gives at least
two choices. By the induction hypothesis, for each u ¢ X with g(u«) = y there is a g-colouring of
i U X excepting Y extending ¢ which assigns to u a colour distinct from the one that we have just
assigned to y. Use it to patch together the extension v, of ¢ to y U X excepting Y.

If S is the set of downstream-most elements of Z, then |5 vx extends ¢ to a g-colouring
of Z excepting Y because the graph I' is tree-like. "

6.15. CoNSTRUCTION. We construct a recursive upward chain (y,)ne Where each y,, is a colour
assignment én — 3. The intention is to have the desired g-colouring of Q excepting P equal to the
restriction of | J,,¢,, ¥n to Q. We shall find it convenient to cultivate an auxiliary sequence (Vy,)new
where v, 2 y;, is a colour assignment F,, — 3. Accordingly, we maintain the inductive conditions

(I1(n)) xn is a g-colouring of én excepting P,
(I2(n)) xn 2 xmforallm < n;
(I13(n)) v, is a g-colouring of F,, excepting P,;

(I4(n)) vn 2 xn-

The role of v, will be both to ensure a measure of consistency in y; and to serve as a possible
sketch for (fragments of) y,.1. We do not require v, 2 v,.

Put yo = vp = @. Conditions (I11-4(0)) hold by virtue of (E1).

The construction of y,+; and v, distinguishes three cases:

Case 1: Qni1 = Op.
In this case we have F,,.; = F,,. We put y,+1 = ¥» and v,41 = v, and note that any colouring
excepting P, is also a colouring excepting P,+1 2 Py, so (I1-4(n + 1)) hold.

Case 2: Quni1 # Onand Fpq = F,.

Note that P,,1 = P, by (E2).

Put 41 = Unlén+l and v,41 = vy,

(I4(n + 1)) is clearly met. Further, y,+ extends y, because, according to (I4(n)), v, does —
this takes care of (I2(n + 1)). Conditions (I1(n + 1)) and (I3(n + 1)) follow at once from (I3(n)).
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Case 3: Qui1 — O, ={x}and F,.| # F,,.
In this case we also have P,.; = P, by (E2), there is a new F},,-sink w = gl” (")(x) which
is not an F,,-sink, and F,,,1 = w U F},.

upstream

downstream

w= g1+1(x)(x)

Put
Co={z€Fu|cOnP) 21} and yu=vilg 5 2 Xn-

Then ¥, is a g-colouring of C‘_n U Qn C F, excepting P, by (I13(n)).
Consider an arbitary u € F,4| — (én U én). Observe that

—

(1t C U Qs Pu) = ¢(u,Cp U Oy Py (by Lemma 6.12(d) as C, U 0, = C,, U O,)
< ¢(ty Qs Py) (by Lemma 6.12(¢))
= c(u,Qn, Pp) (by Lemma 6.12(d)).

IfuekF, - (C_n U Qn), then c(u, 0, Py) < lasu ¢ C,. If u € F,,1 — F,, then

1
C(I/l, Ql’l’Pl’l) S E Z (_C(v’ Qn’ Pn) S Z ‘_C(V, QVl’P}’l)
F,-sinks veu F,-sinks veu
< > e (by Lemma 6.13)
zeunQ,—Py,
<1 (by (E3)).

Thus c(u, C_n U Qn, P,) < lholdsforallu € F, — (En U én) To accomodate (I3(n + 1)), we may
therefore use Lemma 6.14 to produce the extension v, of ¢, (and hence of y;) to a g-colouring
of F,,4+1 excepting P41 = P,. We put y,+1 = U"+1|Qn+1 2 xa, Which takes care of (I1(n + 1)),
(I2(n + 1)), and (I4(n + 1)).

The construction is effective because the restriction of the graph of g to F,, as well as the
restriction of the function c to F;, and subsets of F},, are recursive uniformly in 7.

6.16. PROOF OF PROPOSITION 6.7 CONCLUDED. Since (X )new from Consruction 6.15 is a recursive
chaln of g-colourings of Qn excepting Py, itsunion ¥ = |J,,¢,, Xn iSarecursive 3- colour as51gnment
to Q and for all x,y € Q P with g(x) = y there is an m € w such that x,y € Qm - P, so
x(x) = xm(x) # xm(y) = x(y). Therefore the restriction y/|p is a g-colouring of Q excepting P
which establishes the remaining condition (ii) of Proposition 6.7. ]

We close with a couple of questions.

February 25, 2019, 20:31 CET



40 V. Yu. Shavrukov

6.17. QUESTION. Suppose the sequence (P;);e. is uniformly r.e. and the prime ¢ is maximal w.r.t.
the property P; ¢ g for all i. Must N[¢] be totally rigid?

¥ induction implies X; collection and therefore fails in each r.e. prime power (Proposition 2.11).
Hirschfeld & Wheeler [18, Theorem 8.30] show that r.e. ultrapowers IN[p] nevertheless satisfy
(parametric) X overspill for N: if o(x,y) is £ and a € N[p] E o(n,a) for each n € w, then
N[p] E o(c,a) for some non-standard ¢ € N[p]. X; overspill for IN also holds in N[g] with
relatively maximal g or even with primes g from Question 6.17.

6.18. QUESTION. Do r.e. prime powers satisfying £, overspill for IN have to be totally rigid?

In the opposite direction, it can be shown that each multi-sky recursive ultrapower, while totally
rigid by Theorem 1.6, violates X overspill for IN.

REFERENCES

[1] D.R.Bean. Effective coloration. The Journal of Symbolic Logic 41 (1976) 469—480.

[2] A.R.Blass. Orderings of ultrafilters. Thesis, Harvard University (1970).

[3] N.G.deBruijn, P. Erdos. A colour problem for infinite graphs and a problem in the theory of rela-
tions. Proceedings of the Section of Sciences. Series A: Mathematical Sciences 54 (1951) 371-373.
(Reprinted: Indagationes mathematicae 13 (1951) 371-373.)

[4] G.Cherlin, J. Hirschfeld. Ultrafilters and ultraproducts in non-standard analysis. Contributions to
Non-Standard Analysis. (W. A.J. Luxemburg, A. Robinson, eds.) North-Holland (1972) 261-279.

[5S] W.W.Comfort, S. Negrepontis. The Theory of Ultrafilters. Springer-Verlag (1974).

[6] C.Dimitracopoulos, J. Paris. A note on a theorem of H. Friedman. Zeitschrift fiir mathematische Logik
und Grundlagen der Mathematik 34 (1988) 13-17.

[7] R.Dimitrov. Cohesive powers of computable structures. Ioduwmnux na Coguiickus yHugepcumem
,, C8. Knumenm Oxpudcku . @axyamem no mamemamura u ungopmamuxa 99 (2009) 193-201.

[8] A.Ehrenfeucht. Discernible elements in models for Peano arithmetic. The Journal of Symbolic Logic
38 (1973) 291-292.

[9] Ju.L.ErSov. Theorie der Numerierungen II. Zeitschrift fiir mathematische Logik und Grundlagen der
Mathematik 21 (1975) 473-584.

[10] XO.JI. EpmoB. Teopus nymepayuii. Hayka (1977).

[11] H.Gaifman. Models and types of Peano’s arithmetic. Annals of Mathematical Logic 9 (1976) 223-306.

[12] H. Gaifman, C.Dimitracopoulos. Fragments of Peano’s arithmetic and the MRDP theorem. Logic
and Algorithmic: An International Symposium held in Honour of Ernst Specker. L' Enseignement
mathématique / Université de Geneve (1982) 187-206.

[13] A.Gyaérfas, J. Lehel. On-line and first fit colorings of graphs. Journal of Graph Theory 12 (1988)
217-227.

[14] P.Hdjek, P. Pudldk. Metamathematics of First-Order Arithmetic. Springer-Verlag (1993).

[15] J.Hirschfeld. Models of arithmetic and the semi-ring of recursive functions. Victoria Symposium on
Nonstandard Analysis. (A. Hurd, P. Loeb, eds.) Springer-Verlag (1974) 99-105.

[16] J.Hirschfeld. Models of arithmetic and recursive functions. Israel Journal of Mathematics 20 (1975)
111-126.

[17] J.Hirschfeld. Finite forcing and generic filters in arithmetic. Model Theory and Algebra: A Memorial
Tribute to Abraham Robinson. (D. H. Saracino, V. B. Weispfenning, eds.) Springer-Verlag (1975) 172—
199.

[18] J.Hirschfeld, W. H. Wheeler. Forcing, Arithmetic, Division Rings. Springer-Verlag (1975).

[19] W.Hodges. Model Theory. Cambridge University Press (1993).

February 25, 2019, 20:31 CET



R.e. prime powers and total rigidity 41

[20]
[21]

[22]
(23]

[24]
[25]

[26]

[27]

(28]

[29]

(30]

(31]

(32]

[33]

[34]
[35]

[36]

[37]

[38]

(39]

[40]
[41]

[42]
[43]

[44]

S.Irani. Coloring inductive graphs on-line. Algorithmica 11 (1994) 53-72.

M. Katétov. A theorem on mappings. Commentationes mathematicae Universitatis Carolinae 8 (1967)
431-433.

R.Kaye. Models of Peano Arithmetic. Clarendon Press (1991).

I'H.Ko63eB. O btt-ceomumoctu. Il. Anzebpa u nozuxa 12 (1973) 433-444. (English translation:
G. N. Kobzev. On brt-reducibilities. I1. Algebra and Logic 12 (1973) 242-248.)

R. Kossak, J. H. Schmerl. The Structure of Models of Peano Arithmetic. Clarendon Press (2006).

A. Krawczyk, J. Steprans. Continuous colourings of closed graphs. Topology and its Applications 51
(1993) 13-26.

D. Lascar. Généralisation de ’ordre de Rudin—Keisler aux types d’une théorie. Colloque international

de Logique, Clermont-Ferrand, 18-25 juillet 1975. Centre National de la Recherche Scientifique
(1977) 73-81.

M. Lerman. Recursive functions modulo co-r-maximal sets. Transactions of the American Mathemat-
ical Society 148 (1970) 429-444.

M. Lerman, R. A. Shore, R.1. Soare. r-maximal major subsets. Israel Journal of Mathematics 31
(1978) 1-18.

P. Lindstrom. On partially conservative sentences and interpretability. Proceedings of the American
Mathematical Society 91 (1984) 436-443.

T. G. McLaughlin. Some extension and rearrangement theorems for Nerode semirings. Zeitschrift fiir
mathematische Logik und Grundlagen der Mathematik 35 (1989) 197-209.

T. G. McLaughlin. Sub-arithmetical ultrapowers: a survey. Annals of Pure and Applied Logic 49 (1990)
143-191.

T. G. McLaughlin. Recursive ultrapowers, simple models, and cofinal extensions. Archive for Mathe-
matical Logic 31 (1992) 287-296.

T. McLaughlin. A note on effective ultrapowers: uniform failure of bounded collection. Mathematical
Logic Quarterly 39 (1993) 431-435.

T. G. McLaughlin. A ultrapowers are totally rigid. Archive for Mathematical Logic 46 (2007) 379-384.

J.van Mill. An introduction to Sw. Handbook of Set-Theoretic Topology. (K. Kunen, J. E. Vaughan,
eds.) North-Holland (1984) 503-567.

S.-A.Ng, H.Render. The Puritz order and its relationship to the Rudin—Keisler order. Reuniting
the Antipodes — Constructive and Nonstandard Views of the Continuum. (P.Schuster, U. Berger,
H. Osswald, eds.) Kluwer (2001) 157-166.

R. Sh. Omanadze. Some properties of r-maximal sets and Q n-reducibility. Archive for Mathematical
Logic 54 (2015) 941-959.

J.B. Paris, L. A. S. Kirby. Z,,-collection schemas in arithmetic. Logic Colloquium ’77. (A. Macintyre,
L. Pacholski, J. Paris, eds.) North-Holland (1978) 199-2009.

M. E. Rudin. Partial orders on the types in SN. Transactions of the American Mathematical Society
155 (1971) 353-362.

J. H. Schmerl. Recursive colorings of graphs. Canadian Journal of Mathematics 32 (1980) 821-830.

J.H.Schmerl. Diversity in substructures. Nonstandard Models of Arithmetic and Set Theory.
(A.Enayat, R. Kossak, eds.) American Mathematical Society (2004) 145-161.

J.H. Schmerl, V. Yu. Shavrukov. In preparation.

V. Yu. Shavrukov. Duality, non-standard elements, and dynamic properties of r.e. sets. Annals of Pure
and Applied Logic 167 (2016) 939-981.
R. M. Smullyan. Theory of Formal Systems. Princeton University Press (1961).

February 25, 2019, 20:31 CET



