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1.INTRODUCTTIOHN

The main motivation for the present paper has arisen as a
challenge to exbtend the extensional Lambek calculus
developed by van Benthem [27 to an intensional versiocon in a
natural way. Actually, three intensioconal deductive systens
are presented below distinguished with respect to the number
of structural rules they contain.

To continue with a brief ountline of this paper.

Its main Lopic is:

meta~properties of intensional Lambek calculli,

The immediate topic of application is:

an analysis of Montague s meaning postulates by a
Lambek-1ike mechanism in such a way as to show them
superfluous.

One of the most important aims is:

a4 better insight into phenomena of intensionalization.
Finally, let us state the main technical results of this
paper:

A cut elimination theorem for ELPCS is proved.

A decision procedure for ILPce is established, being also
valid for both weaker systems.

An smuxiliary one-sorted system AS is constructed.
Borrowing Gallin’'s idea [5] an AS ~typed semantics is
“translated” in such a way as to become a proper fragment
of Tyz.

A correspondence between AS and ILO is established.

A strategy for dynamically assigning an adeguate
interpretation to expressions of any given category is

proposed and verified.



2. INTENGSIONAL LAMBEEK CALCULI

2.3. Deduct ive g vstemwmns: ILP , IL

o8 L

ce’ C

We zhall start with a presentation of the deductive systenm
ILPce of seguents: Bys8o, . -s8, b where ai’aZ"""an’b
denote arbitrary two-sorted simple types inductively derined

ag follows:

DEFINITION (2.1.1.5:

Let e,t,s, be any distinct objects, none of which is an

ordered pair. The set of two-sorted simple types, called
Types, is the smallest set T satisfying:

(i) e, t,s, = T

(ii) 4if a,b ¢ T, then (a,b) T

PR

Remark:

In what follows the typeg defined by (i) and (i1} will be
referred to as basic types and functional types
respectively.

Next the forms of axioms and inference rules for the systenm
ILPCE are stated below:

a x 1 oms:
(15 8 )

operational y u l & s:

introduction of a functional type in the succedent of a

seguent
(2 a,T b (27 T,a_ b
T -+ {a,b) T - {a,b)

Iintroduction of a functicnal type in the antecedent of a

sequent

(3) T - = U,b,v -~ d (3" T . ' = U,b,V 4
Uu,T,{a,by,Vv - d U,¢a,by,T.Vv - d




5 trucectural rul e s:

permutation of antecedsnt types:

(4) U,a,b,V v d
U,b,a,V - d

(5 U,s,R,=,V 2 {5 U,s,R, s,V !
U,s,R,V - a U,R,s,V A

expansion restricied *to the basic tyvoe ¢
(G U,R,t,V ) (6°Y U,t,R,V -wv @
U,t,R, £,V ~+ =& U,t,R, £,V - =n

Adding finally the cut rule:
T -+ 3 U,a,V + b

In the above rules of inference U , V , T , R denote finite
seguences of types, with the restriction that T is

non-emnpty.

Remark:

By a distinct notation for the structural rules in IL?Oe
their full or restricted use within the system is indicated.
Further on, it will be seen that the restriction of
contraction and expansion to the basic types s and ¢
respectively calls for some specific tools when establishing
some of the system’ s meta-properties, filling the gap
between the well-known strategies for the weaker and the
stronger systems (i.e. L, LP and LPC@; intuiticnistic logic
respectively).

Next, some comments on the present exposition of the systenm
ILPCQ will be given. Clearly, the rules (2°), (37, (5°) and
(67) are superfluous. Namely, the corresponding svmmetric
variant of any specific inference rule above is easily
derivable by successive applications of the permutation rule
to the appropriate premise sequent or conclusion sequent.

Moreover, there are other possible equivalent formulations



of the systen ILPC@ depending on the degree of permutation
that is already built into a specific inference rule itself.
Thus, for example, the rules (5) and (8) could simply be

replaced by:

s,8,Y - A and £,V =2 a
s,¥ oA t,t,¥V - a

respectively. However, the reason for adopting and further
analvzing the ILPC@ version given above is closely related
to the section (8). There ILC, the present symmetric system
without permutation, expansion and cut, 1is applied to the
linguistic model proposed by Montague [12]. Furthermore, the
introduction of the rule of restricted expansion into our
system has been motivated by the aunthor’s conjecture that
the system ILCS, i.e. the above symmetric system lacking
permutation and cut, can be of use for simplifyving the
dvnamic intensional systems recently developped by
Groenendijk and Stokhof [7]. Thus the properties of the
systemn ILce will be inspected simultaneously with those of
ILC and ILPCB

Finally, the addition of the cut rule to the systen ILPce
will be justified in the next subsection by pointing out
that the number of ILPce theorems is not increased by making
use of the cut rule in any ILPO@ derivation. However, the
latter fact does not hold for the two symmetric systems ILce
and ILO; the lack of the permutation rule will fturn out to

be essential.



2.2. E1iminability o f Cut

First of all, a standard version of the cut-elimination
theorem [8] suitably adopted for the systenm ILPC@ will be
proven. For that purpose some additional prerequisites are
needed: in particular, the following notions of
Functionality degree of types, the grade of a8 cut and the
trace of a specified oeccurrence of a type within a given
proof tree.
DEFINITION (2.2.1.):
Let f: Types - I be a function, such that:

Fley = v, E(ty =, F(s) = © |

F((a,by) = f(a)y + £(b) + 1 , then

the f-image of any given type is precisely the functionality

degree of that tvpe.

DEFINITION (2.2.2
The grade of the cut : T - & J,a, ¥V -+ b
u,7,v -+ b

is f(a), where f is defined by (2.2.1.) and a is the active

type of the cut.

Finally, the trace of a specified type occurrence of a given
seguent within a particular cut-frees proof tree of the sanme
sequent is defined inductively on the size of that proof

tree (i.e. the number of sequents occurring in it).

DEFINITION (2.2.3.):

Let R E ey be an endsequent of a particular
cut-fres ILPne proof tree of size n, denoted by 4.

For any 1 {1,2,...,p} the trace of 8., tr&(ai>, within " is
determined as follows:

(I n = 1; S b oo by, then trﬁ<ai) = ", for a,
denoting either of occurrences of b in the axiom.

(ITI> n > 1; Here, several cases are to be congidered,

distinguished with respect to the last derivational step of

a



iy rule (2): 5 A/
b,Z2 — ¢ , then
Z s {b,c)

; u, if a, is the ind. occ. of {(b,c);

trﬂ(ai) = -
- . tr,.(a;)+1, otherwise;
iiy rule (3 N\ &7/ N0/
Z -+ b U,e,V == d , then
U,Z,(bgc),v "'d
i i, if B is the ind. occ. of (b,c);
trﬂ(ai) = trﬂ,(ai)+1, if au1 ocecurs in Z;
; tr,,,(ai)%l, otherwise;
1ii1) permutation rule: X A/
U,b,c,V -+ d , then
U,e,b, ¥V = d
trﬁ(ai} = tr,,(ai)+l , no matter which type cccurrence in
U,e,b,V v d is denoted by a. .

1

iv) contraction restricted to the basic type s:
\ S
U,s,R,a,V + b, then
U,s,R.,V - D

s

E it if a. is the ind. occ. of g;
c b . i -
! trﬁ,(ai)+1a otherwise;

v) expansion restricted to the basic type t:
\ i /
U,R,t.V =+ b , then
J,¢t,R,t,V -~ b




iy if ay is any of ind. occ. of t;

f

trv(ai} =
) tr\,(ai>+1, otherwise;
of b3
Remarks:
Here "ind. oce.” is & shortened form of "indicated
ceeurrence(s)". Note, morenver, that the trace of basic

types s and t can be blocked by contraction and expansion of

relevant types respectively.

Let us now present:

FPROPOSITION U (2.2.4.):
Any given ILPG@ proof tree of a seguent can be converted to

a cut-free ILPCB proof tree of the same sequent. The only

inference rules applied in it =mre the ones applied in the

given proof tree with additional applications of the

permutation rule in some cases.

P r oo f:

By induction on the number of aspplications of the cut rule
in the given proof tree, provided that the following lemma
ig proved first.

L EMMA(Z2.2.5 13:

For any given ILPpe cut-free proof trees of two sequents

having the form T a8 and U,a,¥V -+ b respectively an ILPO@
cut-free proof tree of the seguent U,T,V > b can be found.
The only inference rules applied in it are the ones applied
in the two given proof trees with additional applications of

the permutation rule in some cases.

P r oo f:
The esequents T w7 and U,a,¥Y -+ b with the cut-free ILPCe
proof trees 2 for the former and N for the latter seqguent
are given by the assumption of the lemma. Then the proof
tree of the sequent U,T,V - b exists with the single

application of the cut:
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() T . & U,a,V -+ b
U,T,V -4 b

as the final derivational step.

However, it will be shown that the same sequent also has a
cut-free ILPC@ proof tree.

The proof will be given by the following nested induction:

a course-of~-values induction on the grade of cut
(def.2.2.2), such that within each of its steps an 1nduction
on the trace of the active type of a cut with respect to a
given proof tree is used. In case of a proof tree having an
application of a cut as its final derivational step, and no
other cut over it, definition (2.2.3.) can be used for
“tracing" the active type within each specific proof tree of
the left and right cut-premise respectively. The trace of
the active tvpe a of a cut, denoted by Ctr{a), 1is thsen
sxpressible by the sum of the corresponding left and right
counterparts.

Hence, for the cut given above (), the following holds:

Ctr(a) = tr () + tr. {a).
1 T
Now, it only remains to show how this single application of

the cut can be shifted up the given proof tree and finally
becomes superfluocus.

Actually each of the conversion steps laid out below is
gither a basis or an induction step of the nested induction,
so that a verificatlion is made for the former and a proper
induction hypothesis is used for the latter one.

(I) grade of the given cut iz zero: f(a) = =, or

equivalently a is a basic lLype.

(1) Ctr(a) = . with respect to the given proof tree ().

Hence, tr (a) = tr (a) = . It suffices to see that by def.
1 r

(2.2.3.) “1 can only be: a a, and thus the spplication of

the cut is superfluous.
(2) Ctr(a) > [l with respect to the given procf tree ( ;.
Hence, the following two possibilities, splitting further

into specific subcases, are to be handled:



1
T , b1 bZsz ) (3
T"VCbi,b?),T’ a U,a,V e d {cut)
U,T”ﬁ(bl,bﬁ)T’,V - d
has to be converted into:
b, T~ & U,a,V . d
T o b1 U,bz,i ¥ o d
UJTr'}Krbj-xbg))T';V d
(iii) T ,e,d, T 7 v g {(P)
T ,d,e, T " D& U,a,V b (ecut)y

U,T’,dﬁC,TJ),V : b

has to be converted into:
T ,e,d, T~ g U,a,V « b (cut)
g, T ,¢,d,T"",¥ - b (P)

U, T ,d,e, T,V -+ b

s 5, T = (oontrg)
T ,s,R, T fa U,a,V - b (cut)

u,T,s,R, T,V b

18 to be converted into:

T ,8,R,s. T~ ! U,a,V r b {cut)
U, 7T ,s,R,s, T,V -+ b (contrs)

ig to be converted into:
T T &, T ! U,a,. ¥ - b {cut)
u, 7,77, 8,7,V b <BXQt>

u, T ,e, T ,8,T7,V -+ b

11
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Clearly the order of application of each of the above
treated ILPCG inference rules and cut has been reversed,
with the endseguent remaining the same while the trace of a
has been decreased by one.

Thus, the hypothesis of induction on the trace

of a with respect to a given proof tree can be used.

(B) tr, (a) > 1,
T
Here, the ca=zes where the last derivational step of

U,a,V -+ b has been an application of any of the rules (2)
to (B8), in such a way that the condition stated in (B) is
fulfilled, should be treated analogously as those of (A)
above. That is, the order of application of the last
inference rule in the derivation of U,a,V - b and cut with
T -+ @ is to be reversed.

However, the special case concerning the application of

permutation must still be worked out:

U,a,d,V -+ b (P
T coa U,d,a,V b

{cut)
U,d, 7T,V - b
iz to be converted into:
T ! J,a,d,V r b (cuty
g, 7,4,V -+ b (Hk)
U,d,T,¥V - b
where 't denotes k successive applications of the rule (P)

k
in case a sequence of k types is represented by T.

Again, by each of the proposed conversions the trace of a
has been decreased by one. And, thus the hypothesis of
induction on the trace of a becomes available.

(I1I) the grade of the given cut is greater than zero:

f(a) > 1, or eqguivalently a is a functional type..
(1) Ctr(a) = 2 with respect to the given proof tree (-).
Hence, tr (a) = tr.(a) = 1. Clearly the following

1 r

possibilities occur for the left and right proof tree in

questlon:
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. 1s either an axiom or an application of rule (2) or (27
is its final derivational step;

is either an axiom or a relevant application of rule (3)
or (37) is its final derivational step;

In case one of the derivations is an axiom the application
of the cut is superfluous. Hence, still four possibilities
of combining the last derivational step of 1 with the one
of Jr remain., However, only two of them will‘be handled
here. The cases with a symmetric variant of each inference
rule under consideration are to be treated analogously with

their symmetric counterpart given below:

(i) glzT B, (2) U’ - 84 U”’)az,v b (3

4

T (alﬁaz) U’{31’32>’V o b {cut)

with a = (a15a2> and U = U”",U0"

ig to be converted into:

gl,T a., U, = YV + b (cut,)
U ay U qdl,T,V b (cutl}
g,7.,v b
(ii) glLEM 8, (2D Voo a4 U,a., vV~ . b {375
T ' <ai’82> U,(ala2>;v LY -+ b {cut)
u,T7,v-,v’" - b

has to be converted into:

gl,T A, U,ag,V" b (cut,)
v’ a4 U,alsT,V" SR S (out1>
U,vo,T,v'" . b My 0

U,T,V',V"" -- b

where ”1 K denotes 1.k successive applications of the rule
(P) in case V' and T represent sequences of k types and

1 types respectively.

By each of the conversions proposed above the grade of the

cut has been decreased, since f(ai) < f((alﬁa?)) for
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i {1,23}. Thus, the hypothesis of induction on the grade of
cut can be applied to catz, since each of its premises by
assumption satisfies the condition of the lemma, its proof
tree 1z cut-free. Clearly after cutz has been eliminated the
same holds true for cutl and thus the above induction
hypothesis can be used for it as well.

(2) Ctr{a) > I with respect to the given proof tree ().
Further, (A) and (B) dealing with the subcases of

tr. (a) > " and tr {(a) > it are analyzed in the same way as
o _—
(1.2:A and B) above.

And that completes the proof of the lemma.
@.E.D.

Remarks:
Note that by def. (2.2.3.) the condition:

tr, (a) = v, stated in (I1.1.) sbove, allows the following
‘T
additional possibilities for lr besides its being an axiom:

{i% the last derivational step of Ar can also be contraction
of relevant s types;

{1iY the last derivational step in ﬂr can also be expansion
of a relevant L type;

However, the verification of (I.1) is not dependent on the
form of ;r’ as pointed out in the above proof.

Note also, that the cases demanding additional applications
of the permutation rule, treated above, indicate that cut
elimination in ILP@Q may increase the size of an initially
given proof. Actually, a rather rough polynomial estimate 1is

given below.

O b 5 e r vat lon(2.2.8.5:

3
If s(+)y = n for some n ' I, then s{( ") < n”,
with =(\) and s( ") denoting the size of any given ILPoe
proof tree .+ and its cut-free counterpart .~ respectively.
P roaof
Suppose s( ) = n. The central property to be used here is

introduced first. For that purpose let al’aZ""°’am o b
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denote an arbitrary sequent occurring in .. That the
inequality: m . n, holds can be proved by a course-of-values
induction on the size of . The estimation stated above is
now available as follows. Take any derivational step of

such that it has been furnished by some additional
applications of the permutation rule in the course of
converting .+ to .. . Using the above stated property, the

number of these additional applications within any
oy

conversion step is strictly less than n”. Finally, taking
the estimation for each derivational step of «+ the claim of

the observation is justified.

By the above result, ILPce again gets the position betwesn
the system L and intuitionistic logic. Namely, in the
process of cut elimination the size of the proofs within the
former system is not increased [9] while there may be an
exponential blow-up in size of the proofs within the latter
system [11]. S8till, there is an interesting fact to be
observed. If only the permutation rule of ILPCG would be
replaced by a permutation in its broader sense then the same
result as for L would hold for such a system.

In what follows, it will be shown that cut is not a
derivable rule in the system ELoe or ILO. To put it

differently, the rule cut can not be added to ELCP

and ILC
if the set of previously derivable theorems (that is without
cut) is to be preserved. That fact will be justified by the

following simple example:

e e t b (3D

S e,(e,t) t (35
g,{a,e),(e,t) I (25 s B T T (37
(s,e),(e,t) -+ (s,t) (s,t),s -» t (eut)

<gie>ﬁ(eﬁt>ﬁg e
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Clearly, the last sequent could not be derived without the
cut ruole in any of the asbove mentioned systems Jacking
perputation. That fact will fully be justifiasble in the next
subsection where the decision procedure for the relevant
systems is introduced. However, an interesting gquestion can
be raised here concerning the connection of the cut rule
with the permutation rule within the system ELPce" The

anawer is put forward by the following

b s ervat ioni(2.2.7. 73

The system IL?Oe is equivalent to the systen ELCS extended

by the cut rule.

P r oo f:
iy ¢ -
By lemma (2.2.5.) cut is a derivable rule of ILPC
(ii) (own)

To prove the converse, it only remains to be shown that the

e

permutation rule:

Byse: 3808 9008 T b (P>

is deducible from the IL@ inference rules using also cut.

a.,a. L., B « b iz a8 derivable sequent
2 19 1+1ﬂ 2 n q

within the svstem under consideration. Then so is the

Suppose By,

¢ [ ( ) )
sequent a4 \ai+13mv,aan,«aiﬂi,,7y(a25(aijb>,“,),ﬁq},
Take the latter as the left-hand side premise of the cut by
i LB c ‘ i.e. 1 i S € t
which aq B, 108 A b, i.e. the conclusion sequen

of the rule (P) above, can be inferred. Then the right-hand
side premise of cut may only be the seguent below:
aia“‘3aj"w1§ai>}r1}<ai+1;~u5<8«n,<8~i“1}o,;<a.13b>a->>"n>?ai+2;A
., 4a b,

n
which clearly is derivable within the given system.

And that completes the present proof.



2.3. Decidability

After the cut-eliminability question for ILPce has beesn
answered affirmatively, it becomes plausible to search for a
decison procedure for that sequential calculus. However,
neither of the already existing dsc.sion procedures for
stronge:r Gentzen s systems as compared to ILPCe can be
obviously adopted here. Following too faithfully a decision
procedure for the intuitionistic logic discovered by Gentzen
himself [7], would not be very useful, because it depends
essentially on the presence of all structural rules. The
same holds for the implicational fragment of relevance logic
introduced by Kripke [14], where the presence of full
contraction calls for such a strong tool as the well-known
Kripke s lemma [4]. Therefore, we propose a simpler method
designed especially for this case.

In the following discussion concerning the decidability of
ILPO@ an important lemma will be introduced playing the
central role in a decision procedure itself. Namely, any
path of & complete proof search tree of a given sequent is
to be stopped if the seguent obtained by one of the
vperational rules or s-type contraction, looked at in the
reverse order, does not satisfy the condition stated by the
lemma. Moreover, the same lemma guarantees that within each
path of a complete proof search tree only a finite number of
applications of s-type contraction, again looked at in the
reverse order, can be performed.

Further, since the cut rule was proved to be superfluous in
the system ILPCe cne can confine oneselfl to cut free
derivations without loss of generality. Thus the system
ILP_ without cut will be used through-out the subsequent

2

dis

o

o
ussion concerning the decision procedure.

Let us now present the lemma by which a necessary condition
for a seguent to cccur in an ILPCG proof tree of some
specified sequent is expressed.

For that purpose the following notation will be introduced.

Notation:

Suppose ' is any given sequent. Let then nb(V} and nf(V)
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denote the number of cccurrences of the basic type s in
and the number of occurrences of s in all functional types

of " respectively.

LEMMA(2.3.1.):

For every seqguent " that occcurs in an arbitrary ILPCP proof

tree of some specified sequent the following holds:

either nb{V) : nf(F), oy " iz the axiom s - - 8

Proof:

By course-of-values induction on the gize of a proof tree of

a given sequent.

1) The basis step is a verification whether the above stated
property holds for a single axiom proof tree:
either nb(a -wom) - ' or has the form s -, 8.

2y The induction step reduces to checking whether the same
property is preserved by each inference rule supposedly
being the last derivational step of a given proof tree:

(a) introduction of a functional type in the succedent of a

seguent: a,2 -+ b

Z + (a,b) i
Clearly nb(’;) Hb<1w> and nf( LY ﬂfk‘ 3.
Thus, using the induction hypothesis for the premises
the following ineguality holds:
S o . fre
ny G nb< 2 ne(h) ne(t ).

(b)Y introduction of a functional type in the antecedent of
a sequent: Z ! U,b,¥Y = d
U,Z,(a,by,V d

Here four possibilities are to be checked,
distinguished with respect to the fact that both, one
or none of the premises of the given inference rule are
instantiations of the axiom s =z. Az an example, one
of the possible cases is displayved below:
s g U,b,V -+ d Ve, b
U,s.(s,b),V d P
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(i) b is s and thus:
=y ty .l : ‘, ooy b
ﬂb( > ﬂb& ) ﬂf\ () < f1f< > + s 1f‘< y
or:

(i1} nb(’ o= mb("u) + 1, but also nf(‘ b

i
ju}
)
4
pte

etc. Clearly the induction hvpothesis mb(i;) : nf(i')

was used in (1) as well as in {(ii).

cy permutation of antecedent types:
Ua,b,V -~ d i
U,b,a,V v d

O

H

clearly nb<F1> = ﬂb<“0> . nf<ro>

;-

nf( 1)4

d) contraction restrictaed to the basic type s:
U,s,R,s,V ~: a a

o
U,s,R, ¥V -+ & “1

the induction hypothesis implies:

nb(”1) = nb( o> -1 nb(ﬁo) nf( O) . nfaf;).

N

g, expansion restricted toe the hasic tyvps t:
J,R, 2,V Ca v
o
U,t,R.t,V -« =& :1
with the same Justification as in {(c) above.
@, E. D.
Remark

Obviously the lemma is also valid for the cut-free svstenms
IL and IL .

Ieg= c
In what follows a complete ILPOe proof search tree of any
given sequent will play a central role. In order to show
that & special construction of such a tree is finite and

&
functionality degree of a seguent is presented below:

thus that ZLPO ig decidable a definition introducing the
DEFINITIONI(2.3.2.:

Let V" be any given seqguent of the form: BysBos. .8 b,
then F{(') = f(al> + f{ag) + .+ f{an} + (b)) , with f defined
by (2.2.1.), is the functionality degree of I,

G
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We shall continue with:

PROPOSTITTIOHNI (2.33.5:
The svyvstem ILPOe is decidable.

P r oo f:

Suppose that 7 is an arbitrary sequent. 4 procedure foir
consgtructing a complete proof search tree of +, such that
its finiteness can eagsily be seen, is determined below:

(1) all distinct permutations (") of the antecedent types of
V'owith the exception of identity are performed First;
{11) all possible applications of both operational rules and

s-type contraction supposedly being the last
derivational step of ' are done next. However, each of
the resulting successor nodes " must still be checked
out in the followlng way:

in case nb{ﬁ’) > ﬁf(V“)ﬂ while ' 1s not & - 5 ,

the path containing ' must be stopped. Clearly. by
lemma ¢2.53.1) that path has only been a failed attempt
to find a proof tree of

(iii) Ffimally, all possible applications of t-type expansion

looked at in the reverse order are performed.

However, @z permutation (') will in the present proof freely

be taken in its broader sense, thus collecting several

successive applications of the previously given ILPCe

permutation rule into a single derivational step.

The important thing in further construction of any path

within a complete proof search ftree is that swvccessive

applications of the permutation () are prohibited.

Consider the contrary case, where clearly several successive

steps of permutation result in another specific permutation

;e i

by which either one of the direct successors of © or |
itself is produced again.

Hence, two sorts of nodes must be distinguished within such
a tree as regards to their being obtained by permutation in
the last derivational step or by some other JLﬁce inference
rule looked at in the reverse order. As to the former nodes

one simply ignores part (1) of the strategy above, as to the
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latter ones (1) as well as (1i) and (i1ii) must be performed,
clearly both with respect to some specified node of a tree.
To concluode that the svsten ILPCE is decidable it only
remains to be seen that an ILPce complete proof search tree
of any given sequent constructed as prescribed above is
Finite. Thus by the well-known Knig's lemma it suffices to
verify that the following two properties are satisfied by
the proof tree under consideration:

{(a) finite fork property

Holds s“rivially.

(b)) finite branch (path) property
Suppose iaig an arbitrary node of a complete proof search

tree of 7 and let Va’ be any direct successor of By a

straightforward verification the following essential fesature

of such a tree becomes available:

¢+ F(?ﬁ’) : F{Vajq with P being defined by {(2.3.2.).

Moreover, the strict ineguality holds only in the case when

the connection of Ea with Ya' iz performed by one of the

cperational rules. And F(*& Joz ”{Vﬁ) otherwise.

(i) Haking use of () an upper bound for the number of
applications of operational rules within an entire proof
tree of U is F(L'). To put it differently, there mayv be
at most F(!') functional type eliminations from the
antecedent or from the succedent of sequents that occur
in any prool tree of '+ and hence a fortiori in each path
of a complete proof search tree of o

(1i) Obviously, only finitely many applications of t-type

expansion looked at in the reverse order can be
performed in in each path of a complete proof search
tree of 17,

(1ii) By the above construction of a complete proof search
tree of ! successive applications of permutation
within any of its paths are prohibited.

Finally, by the prescribed construction of the tree and (i),

(ii) and (iii) above it follows thait there are particular

nodes of the tree below which no aspplication of either

operational rules or Lt-typs expansion occurs within =
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relevant path. But then, due to the chosen tres construction

only the following two possibilities remain for such a path:

either all of its nodes are connected by s~type contraction
or by permutation and s-type contraction in succession.
However, by the condition of the lemma (2.3.1.) which has
been bullt into the procedure itself any such path wils be
stopped after finitely many steps. More precisely, leting
be such a node nf(Va)mnb(Va) ig the number of applications
of s~type contraction, looked at in the reverse order, for
the former as well as for the latter path.
Hence, every path ends up after a finite number of steps,
either by an axiom, or because none of the rules can or may
further be applied. And that completes the present proof.
Thus a decision procedure for the ELPce system has been
established.

§.5.D.

Bemark:
Obviously, the decidability of the systens ILCe ard ILO is

shown by the sbove proof as well.
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3. AUXILIARY SEQUENTTIAL
CALCULUS A%

In this section we shall introduce an auxiliary deductive
system AS of sequents: Bys e sB b where alS.A«.an,b
denote arbitrary elements of Types defined by (2.1.1.).
Actually, the basic type s itself nmever cccurs in an AS
derivable seguent due to the restriction for the AS axion
scheme given below. And Jjust by the latter fact a kind of
one-sorted construction of a given auxiliary system is
indicated, providing for a natural transition to Hontague
intensional systems [12], discussed in section (8).

In what follows a presentation of the deductive system AS

will be given:

ax i o m s:

(1 a +a , if a is not s;

ru l e s o f inference:
introduction of a functional type in the succedent
of a seguent

(2> a,T__ab_ (2°)  T,a b

introduction of a functional type in the antecedent
of a zseguent:
{(3) T - a U,b,vV --4d (37) T . . & U,b,V -~ d
u,T,{a,b),v -~ d U,{a,b), T,V ~» d

intensionalization of a type in the succedent of a
sequent:
(4> T - &

constrained intensicnalization of a type in the

antecedent of a sequent:



{57 U,a,V_ b
U,{s,a),V -+ b

provided that the occurrence of a type (s,a) produced by an
application of (&) is transmitted to the succedent of a
sequent by an application of either (2) or (2 ) within a
proel trese of a given seguent.

Iin the sbove infersnce rules U,V,T are any finite sequences

of types with the restriction that T is non-empty.

Remark:

Note that (1), (20 and (3) sbove actually have the same form
as their respective ILC counterparts. However, the
restriction in AS (1) is inherited also by the next two AS
inference rules. Thus no operation with a basic type s can
be performed within the auxiliary system. Still Juatensional
liftings of arbitrary types can be made by rule (4) above.
An analogy with the role of cap operator in Montague s
one-sorted approach can thus easily be seen. Finally, by AS
rule (5) a restricted effect of Hontague s cup operator is
achieved. That will become clear, further on, when the
corrvesponding translation rule will be stated. However, note
for example, that (s,2) - v e is not an AS derivable sequent

due to the constraint in (5) above.

b s e rvat ion (3.1

The deductive system AS is decidable.

P r oo f£:
For each AS inference rule the following holds:
F(VF) < F(‘C>, in case of one-premise inference rule and

B + ) . ” - "
F( p1> F( p2> < F
rule, with F as in definition (2.3.2) and ", ©_ , )
o Pl P?
denoting premise seguents and conclusion sequent

~

Y, in case of two-premise inference

3

and

reagpechtively.
Clearly, by each of the above inference rules, if looked at

in the reverse order, a special kind of Ffunctivnal type
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elimination is defined. But the number of all possible
functional type eliminations in any AS proocf tree of some
specified sequent ' is limited by F( ). And hence, using
some of the arguments given in the proof of the proposition
(Z2.3.3.) that are relevant for the system AS, it i= easy to
cee that a complete proof search bree of ig finite. And

that completes the present proof.
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4. LAHBDA-TYPETD SEHANTICES
4.1. G ener a l Framas

In what follows a semantic apparatus based on ~-typed terms
agzigning the meaning to any given AS or ILC derivation of a
gsequent will be introduced. Note that a change of

0

terminology is pregent above: 7 derivation will from now

t

on usually stand for proof tree 7, the latter term being
somewhat characteristic for purely syntactic contexts.
In this subsection a general Fframe of the lambda-typed

1

gemantics common to both systems will be given.

To start with the set of »-fyped terms + inductively

defined as follows:

DEFINITION (4.31.1.5:

(1) Firvstly the primitive symbols

determined:

D

ar
(i) For each a, element of Types, there is =z denumerable

list of variables: v _,v _, ...
a’ g
el

(1i) For each s, element of Tyvpes, there is a denumerable

list of constants: o ,c , ..
a’ Ta
{111y The improper symbols are: the abstractor and
parentheses (,).
(Z2) A recursive characterization of the set  of -typed

<

terms of an srbitrary a, elewent of Types, will be given

next:
Ciy x_o
a
{11 cy .
111y If R i : the . Ao
(iiiy If i(a$b> (5.b) and o gy then t{ajb><ta> N
IR 3 [ + : R
{(iv)y If tb . -hen Xatb (a.b)
{v) . 1S the smallest set satisfving clauses (i) to (iv);
(3) The set of all ~tvped teras C s U{ﬂq; a Types}.

Remark:
Thronghout (1), (2% and (3) above the set Types is given by
Z the following iantended

definition 1.1y with

P

interpretatlion:



Let D and I be any non-empty sets. The denotational domains
Da are defined by dinduction on a Types as follows:

D

- - I 1 = & = :
D Dy Dy= {0,1y , Dg= T and D, 3= Dy 7,

representing all set theoretic functions from Da to Db'

the latter

To continue with:

Notation:

(i Xoo Voo za.,ﬂdenote arbitrary variables of type a.
(31 C day eah,ndenote arbitrary constants of type a.
(izdd ta, t’a, t”a,.n. denote arbitrary terms of type a.
(iv) - denotes syntactic egquality between ' -typed terms.
{v) ta[xb::tb] and ta[cb::tb] dencte the substitution of =
~typed term tb for Xy and ) respectively in a given

~typed term ta’ where a and b are any elements of Types.

Moreover, the following convention will respected in
subsequent sections: -typed terms are considered to be
syntactically egual if they are convertible into each other
by means of w-conversion, as defined in Barendregt [17:

>

Convention (4.1.2.):

Let ¢ .. . Then t_+ t°_, provided that t _ results from t

a a a a a a
by a series of changes of bound variables in ta resulting
from the replacement of a part ‘tho of ta by

yb(to[xb::,b}), where 4% does not ocecur in to“

5o far, the main prereguisites for an exposition of the

lambda~typed semantics have been worked out.
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4.2. T v p e Driven Traneglsations

In

w i % h r® 8 D8 o b T o AS 8 n d ELC

this subsection a wmethod for assigning a type-driven

transiation to = particular AS oy ILCP derivation of sone

specified seguent will be presented. The construction of a

Final " —typed term of any type-driven translation is

obtained by spplyving a relevant transliation rule to each

inference rule of a given derivation in its turn.

Now, the translation rules are introduced inductively as

Follows:

I.

with respect to an AS derivation:
axioms
a - a , if a is not s;
are to be translated into:
o

a

rules of inference
introduction of a functional tvpe in the succeuent
of & sesguent:

a,T b (27 1I.a b

both are to be translated into:

X _t, [e =x ]; where x does not occour in the term ¢,
8 b a a 2 b

that corresponds to both: a.7 - b and T.a -~ b.

introduction of 2 functional tvpe in the antecedent
of a =sequent:

T - = U,b,V «d and (3 T ) U,b,V

d

U,T,(a,b),V oo U,{a,b), T,V

both are to be translsted into:

t e, e, E )] s where o, does not occour In
at " Ca,n)fald “la,b) ’
the terms KQ and éd which correspond to T a and
4 -

U, b,V + d respectively.

d



intensionalization of a type in the succedent of a
seqguent:

(45 T =&

is to be translated into:

ol

‘Xﬁia’ where ta corresponds to T -
constraint intensionalization of a type in the antecedent
of a sequent:

(5) U,a,¥ - b

U, (s,a),V b

is to be translated into:
t, e ze, {(x )] : where ¢, does not occur in the
bt a (s.al s (s,8)
term tb that corresponds to U,a,V - b.
Taking into account also the constraint on the AS rule (5)
the full impasct of the translation rule becomes the

following: inm the course of a given type-driven translation

the constant ¢  is substituted by x, {x ) ; the
a {s,a) 5
ccourrence of Xoo o being bound in the corresponding
( wﬂ ko

~-typed term.

Comments:

(i) The precise form of the translation rule (3) would be as
follows: td[cb;:‘X(a)bjx(aﬂb)(ta)(c(a}b))]ﬂ by which =a
slight modification of rule (2) above would also be caused.
Clearly, then constants within a final " -typed term of a
type-driven translation that corresponds to a given AS
derivation would occur in precisely the same order as
antecedent types of the endsequent under consideration.
However, we are not primarily interested in this special
feature but rather in a comparison of the systems AS and ILC
via their semantics. And in order to make it equivalent but
simgier the normal form of the above term must be taken for
the translation rule (3).

{ii) Bv the translation rule (4) empty abstractions over X,
can be performed.

(iii) The total of translation rule (5) provides for an
auxiliary occurrence of X within a bound variable of an

intensionally lifted type. In Montague s terminology an
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extensional operator restricted to the domain of bound

variables becomes available by (5).

Next, to better formulate the Tyz translation rule which is
obligatorily applied as the Jlast step of any AS type-driven
translation if its final "“~typed term is to be represented

in the Ty, form the following fact must be proved:

Foa o b (4.2 1.3

The final ~-typed term of & type-driven ftranslation that

corresponds bto an AS derivation with an endsequent 7, having
the form: 8y 80, . 8 b, is azlways of the type

prescribed by the succedent of  and, morecover it 1s
definable by means of distinct constants of each of the

types occurring in the sntecedent of

Hence, 1t can be denoted by: tb(o S c B I
a,’a

]
s

By induction on the size of an AS derivation and the

construction of AS translation rules.

Adctually an expanded version of the above fact could easily
be

to the one Just glven:

justified cowmprising also a kind of an inverse statement

Le

Zuppose t,.(c ,c ,...,c_ 3 is a final ~~typed term of a
bt Ta A, a
1 £ I
given type-driven translation that corresponds to an AS
derivation then the endseguent of the latter is up fto
permutation of sntecsdent types uniguely determined to be:

3

Bys8os .58 = b,
Remaxk:
Clearly, unigueness for the above cases respscting alsc the
order of antecedent types and constsnts in Bys8o, ..., 8y ¢ b
and b, {(c_ ,c_ ,...,c_ ) rvespectively would result from the

b 8y’ Ta, a_

preclse form for the translation rule (3) as given in

commant (1).



To continue with:

Ty e translation rule:

For each i-{1,2,...,n}, tb[cai:: O(s}ai)<xs)]‘ where
ttic , o ,...,C_ 3 is the final ..—typed term of an
J al a;, n

AS type-driven translation.

Remark:

Clearly, hy the above rule, also referred to as GFallination,
an Intensional setting for any AS typed-term is achieved. To
put 1t differently, an implicit reference to indices,
characteristic for a one-sorted approach, has thus become
explicit, imposed by the relsvant terms themselves,

Moreover, an additional postulate must be stated still:

Fostulate:
The rules (4),(5) as well as Ty, translation rule must refer
to the same distinguished variable X in the course of a

particular type-driven translation.

Remarks:
)

3 % s s 3

Clearly, in tb(c<S

C(S,an)(xs>) the

,a1><xs
distinguished variable X, may occur free or bound, depending
on a given AS derivation to which a type-driven translation
is effectively assigned. Furthermore, a vacuous binding over
X may still occcur within a given ~-typed term after the Tyz
translation rule has been applied to it. An example

illustrating the latter claim will be given in section (5).
Finally, we present the translation rules

IT. with respect to an ILC derivation;
however only the new cases, i.e. those involved with =2
variable Xy, are treated below, with the corrvesponding ILC

axioms and inference rules being 1lsft out as well:
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e

~
?-..a}
——

when a is 3: X

{2y snd (27) when a is s:
xﬂfb(x 2 ty, being the corresponding .-typed term
nts =, 7 - b and T,s5 ~ - b.

{3y and (3 ) when b is
& lx =z, {t 0] : where c. does not occur Iin
a7 s fa,s) " a (&8,=5)
the terms ég and ﬁd which correspond to T - a and
L2
U,b.V « d respectively.

(5)Y identification of the relevant occurrences of s-type

variables.

No vacuous binding can be produced by the lLC translation

rules. In short, the IL fragment can be viewed as the

L.

ordinary L-fragment with

L

one liberalization being =a

consequence of s-type contraction, namely:

by - -abstraction also more than one occurrence of x_ can be
D

bound simultaneously.

Finally, since the stronger systen ILPDS will not be used 1in
applications, later on, the intended translation rules for
permutatinon and t-type expansion will briefly be hinted at,
for the =make of gesnevality. By the former one a term,
assigned to the premise sequent of the permutation rule,
should simely be preserved. By the latter one, however, a
Ffree Boolean conjuction of specific t-type terms is
sntroduced into the +term that corresponds to the premilse

i
sequent of t-type expansion. More precisely:

u,2,t. v a
g,t,R, b,V a
iz to be translated into:

£ [fe,i= (d, e )]
at“t (Aol
where df and e, do not oceur in the term ¢, which

corresponds to U, R.c,V 2.



4.3. AS Semantiocas

in Tyz Perspective

As was shown above, to any AS derivation a type-driven
translation can be assigned. A final "~typed term of the
latter is due to the construction of AS translation rules a
well defined Ty9 term, provided that the Ty2 translation
rule has been p;rformed. In order to determine which
fragment of Ty, the AS -typed terms after Gallination live
in, Gallivn’'s igea of translating one-sorted 1L terms into
two-sorted ones is borrowed [5]. Therefore, his Translaticon

Scheme will be presented first:

for each IL term tb the translate of th’ denoted by [tb] .

15 defined as follows:

(i) [xgl = x; ;

(ii) [egd = oy ay(xg)

(ii1) [ty oy (] = [E e, 17 C0E, T 5
Civ) [ Katb]: - %Xa[tb] ;

(v) [ ‘taj" = orx L T

(vi) [ teg o] = Db oy1 () s
Remark:

The constants of [t ]Q are the constants o'
a (Sab>

that cg occurs 1in ta‘ Clearly, the main distinction between

(xg} such

the one-sorted and the two-sorted representation of IL terns
arises from the fact that a variable of the basic type s
becomes availlable in the latter case. Thus any application
of an intensional and an extensional operator is simply
reduced to a *-abstraction and a functional application over
x respectively. The essential translation step is actually
the substitution of any IL constant by its proper Tyz form
given inductively on the construction of IL terms as in (ii)
to (vi) above.

And that is precisely what the translation rule Tyz does
within a final s -typed term of a given type-driven

translation.
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Further analogies between Gallin s translation scheme and AS
r-typed terms in their intensional setting are pointed out
below.

Since AS rule (4) has the role of an intensional operator,
the form of its translation rule has been suggested by (v)
above. However, note that x_ K can not be a final -typed
term of any AS derivation.

icted

S b

Further, AS rule (5) has the role of a restr
extensional operator. The form of its translation rule is
thus determined by analogy with (vi) above, suitably

restricted to the domain of bound variables.



5. RELATIONS BETWETEH AS an d ILC
The wain aim of this section is to clarify = relationship
between the systems AS and ILC making use of thelr syntactic
as well as semantic features.

First of all note, that neither of them is a subsystem of
the other.

Clearly the ILC axiom s -+ s is not derivable in AS, while
the simple AS theorem e -+ (s,e) can not be deduced from ILC
rules. And that is a trivial consequence of the one-sorted
and the two-sorted construction of AS and ILC respectively.
However, a useful correspondence between the two systems can
be stated with respect to their semantic overlap. The latter
being available after the final Gallination, i.e. the Ty?
translation rule, has been performed for each AS & typedJ
term, obtained by the above translation procedure.

It is easy to see that neither the AS fragment is contained
in the ILG fragment nor viece versa. That fact is justified

by the following two counter examples:

1> AS: Ty, rule: 'Xao(s,((s,a>,b)><xs><Lxsxa>
((s,a),b) - (a.,b) “*a((s,a),b)" *s¥p)
a,{({(s,a),b) - b C((s,a},b)<ﬁxsca>
a cls,a) b -+ b wxsoa Cb
a4 ot a ]
a

since there is an irreducible vacuous binding over X within
the above »-typed term the latter can not belong to the ILC

fragment .

{2y IL
i ’ P e .’ {‘{'
] ({s,8),8) ‘X(S,a}xgs,a)*¥s>
<SJ8~))S A C(S;a)<XS)
= 5 a ) x c
[ a
obviously, a constant-free “~typed term can not belong to

the AS fragment, since such a term could only be assigned to
an endsequent with an empty antecedent, which is not AS

derivable.



Note also, that by the ILC apparatus a restricted
extensional operator can, in facit, be represented explicitly
by the above derived h-typed term: Ax{sﬂa}x(s,a)<xs>’
In what follows 2 more sophisticated comparison of both
systems will be achieved based on the intersection of the AD
fragment after Gallination and the ILC fragment. Briefiy, a
correspondence between those AS and ELC derivations that can
semantically be represented by the same -~typed term will be
stated. Formally speaking, a partial transformation fron
eguivalence classes of AS derivations to eguivalence classes
of JLO derivations will be introduced; the relevant
equivalence velations RA& and RIL defined on AS and ILC
derivations of sequents respectively being induced by the
squality of final ~typed terms assigned to any given A5 and
ILD derivations respectively.
The definitions of some of the above discussed notions will
be introduced below. To begin with the following
Anv AS or ILW derivation d being given ' (d) denotes a final
~Lyped termwim Ty? Fform of the type-driven translation

corresponding to 4.

DEFINITION (5.15:

leABdZ if f{dz) = ‘(d2}9 where for each 1 {1,273 di is &
given AS derivation di“
DEFINITION (5.2):

: s o / N e g - S N I 0 :
diglLdz if ‘di} = adz}p where for each 1 [1,27% di is a

given IL derivation.
[

Ldl

SAS

Rbg(d@f~ 5.1) snd RTL<defo 5.2) respectively.
2 4

and [d denote eguivalence classes corresponding to
iL
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DEFINITION (5.3):

T is a partial transformation with

domain: {AS derivations of sequents }/RAS and
codomain: {ILC derivations of Sequents}/RIL,
suppose d is an AS derivation of some specified sequent.
Then T([d]AS) = [d’]IL ., provided that:
(d Ty = o (dhy;
if there iz no such ILC derivation, then T is undefined in

(dlpg-

Clearly T is well-defined. Note also that by the

first counter-example above the partiality of T is Jjustified
while by the second one its non-surjectivity is pointed out.
Let us proceed with the following important proposition

adding a constructive part to the definition of T:

PROPOSITIONC(S5.4):

Let d be an AS derivation with the endsequent alj,,,,an"~ b.

Then T is defined in [d]AS if and only if precisely one of

the following sequents up to permutation of antecedent

types:

(1) (s,al),,,.,(s,an) b,

-y O e o B

(44} Sskﬁsal);‘*'n(u)an) b;

is the endseguent of an ILC derivation d°, such that:

t(d7) = (d);
with (1) applving in case no occurrence of X in (d) is

free and (2) otherwise.

P r oo f:

¢
Suppose T is defined in {d]AS. Then by definition (5.3.)
there is an ILC derivation d° such that v(d ) = u{(d).

Now, only the endsequent of d° remains to be checked, making
use of the fact (4.2.1.) together with the final Gallination
step '(d), and hence "(d’), can be rewritten as:

t (e >(XS}}, By the latter term, using
n

(S,a1><xs>"'"’oissa
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induction on the =size of an ELC derivation and the
construction of the KLC translation rules the succedent of
the endsequent is uniquely determined to be b, while its
antecedent is determined uniguely up to permutation of the
types (s?a1>9,u,,<$;an> and a&f most one basic type s.
Clearly, the latter being transmitted to a succedent when
all s-type variasbles occur bound in the final . -typed L.rm:

tb{a(g,a >(x5>,q,,)c<3}a ><xg>p On the other hand, any free

1 n
accurrence of s-type variable corresponds to an occurrence
of the basic type = in the antecedent of a relevant segquent.
in our case, however, contraction is obligatory as a direct
consequence of the FPostulate imposed on some AS translation
rules. Thus, more than one basic s type in the antecedent of
an endsequent would be in contradiction with the fact that
there is &8 single distinguished variable xgin Fb(d>. Hence,
depending on the behaviour of xS in ‘b<d} precisely one of
the =zequents stated in (1) and (Z) up to permutation of
antecedent types is the endsequent of d°. And that was to be
proved .
¢
Holds true by definition (5.3. ).

H.RE.D.

And finally, using the last proposition some more examples
establishing = corresponding ELO derivation, if it exists,

to a given AS derivation are displayed below:

(1Y an AS single axiom derivation =a a corresponds to the

following TLO derivation:

s,(s,8) ~~a__
8 = a © A
obviously having the same final -typed term in Ty7 form:
o (x .

(s,8)" '8

(2% the AS derivation: a__ - 3

corresponds to the IL_ derivation given below:
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again with the same final “-typed term in Tyz form:

x o, (x 3.
5 (g,2)" $>

(3) however, the AS derivation: a -..a

a - (s,(s8,a))

with its final -~tyvped term: !xshxsc(s,a)<xs>’
does not have a corresponding ILCderivation at all. The
reason being the vacuous binding over X_. in the final

~typed term sbove which can not be proéuoed by ILC
translation rules.
Let us conclude this part by a remark that a suitable
restriction of the transformation T (def. 5.3.) as well as a
restricted version of the last proposition will be used in

an application discusszed next.
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6. APPLICATION ¥ -
AGUE GRAMYAR

It is well-known that in PTQ Montague defined a recursive
correspondence between categories of English and IL-types.
Thus, all expressions of a given category are assigned the
same semantic type which uniguely determines the
corresponding denotational domsin. However, the proper
semantic description of elements of a given category 1is
ezsentially dependent on the degree of intensionality that a
certain expression might convey. Taking as an example the

category of transitive verbs one can easily distinguish

among basically extensional elements and non-basically
extensional ones such as "find” and "seek”. While the latter
can be interpreted "de ve” or "de dicte", only the first
interpretation is adeguate for the former verb. Thus a fine
structure concerning the intended dose of intensionality of
specific expressions is imposed on every category and has to
he taken into account in order to obtain an adeqguate
interpretation. Montague solved the problem by the
introduction of meaning postulstes into his semantic frame.
Since their use is somewhat round-about, an alternative
dynamic approach will be proposed here based on type
derivations and meanings assigned to them. Before going into

ils the general strategy to be pursued in this section

i

First of all., Montague s Mesning Postulates as well as sone
other relevant aspects of PTG [12] will be presented with
their proposed analysis in the system AS and its semantlcs
One of the main reasons for the auxiliary system to have
been constructed in s cone-sorted perspective is Just to
rrovide a natural transition to Montague s intensional
system.

Further on, it will be shown how the system 1L with its
sepantics can be applied to Montague CGrammar achleving the
same results as the auxiliary zvstem AS before. The last

zta ent will Formally be proved by making use of a

aim
spitahle restriction of the partisl transformation T
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{(def . 5.3.) as well as a restricted version of the
proposition (5.4.). Finally, some relevant examples analyzed
by the ILC apparatus will be displaved.

ned

g

Starting from PTG let any linguistlic category be assi
pesl
the typs produced by the well-known recursive

vorrespondenco:

DEFINITION (&5.13%
h: Cat - Types , =uch that
hie) = & , h(t) = t , h(B/A) = h B//A) = ({(s,h{A)),h(B))

We continuoe with an exposition of Montague s

Meaning postulates

MP 1 s {u o= -],
where ¢+ translates any entity expression;

MP 2: Bl () = Talx= ull,

where + translates any basically extensional member of BCN‘
MP 3: Mun o dxy ¢ MO %37,

where . translates any basically extensional member of BIV“
MP 4 Sux Pul “(x,P) v P{ ryS{'x, vii]1,

where - translates any basically extensional member of BTV‘
MP 5: SPOM e [o(x,P) o M{ %37,

where + translates any non- basically extensional member of

2
LTV'

MP B M ixe [ (x,p) 0 M{'x}1,

where + translates any menmber of BIV/t'
MP 7 IRIMwxa [ (%, RY -+ M{ %317,

where » translates anyv member of BIV//IV’

MP 8- BGHP Q@ ixu[w(PY(AY(x) - P{"ay[[[ GI( y)@X(x)1}],
where » translates any basically extensional member
of Brav,r-

Throughout the above exposition of the meaning postulates

the following convention is used:



M (s,(e,t))
= (s,(e,(e,L)))
P (s,((s,({s,e),t)), L))
o (s,t)

.

N

R {m,({(s,e3,03)

(s,(e, (s, ((s,e),t)),({(s,e),L)))
A (s,{(s,e),L))

N

4

'he brace convention "{...}" indicates an introduction of

immediately in front of the predicate to which the brace

convention has been appliled.

Remark:

Montague uses his meaning postulates to restrict the
universe of all wmodels to Jjust the admisszible ones, so that
the lexical itemzs of certain cstegories can be interpreted
in an adeguate way.

Clesrly s discrepanc etwern an intonded semantic domain of

s
v

o

o

a lexical i1tem and the one that 18 recursively assigned to
it avises from the definition (8.1, where a recursive
correspondence beiwesn linguistic categories and types 1is
defined so as to treat adeguately the wmost intensional
expressionsg T each category.

lready been mentioned the approach suggested here

will be a dynamic one. Our propesal 1s the following:

For an arbitrary hasic expression x of any category O listed

in the abnve-mentionsd postulates Lthere is an AS derivation

of the sequent: ptix) FOOY, in osuch a way that the
exteasion of the coirrespondingy final ~typed term 15

Identical with the proper extension of x. That - -typed term
s tu be tsken as the carrier of the proper oxtension of a
lexical item x appearing in the MNP under consideration.
Here "ptix)" denociss the proper type (determined by the

relsvant HF, except [for lexicval items of JTAV.T) that
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indicates the adeguate denctational domsin of a given

expression x and k is defined by (6.1).

Remark:
To be precise, the above mentioned ~typed term
is a final term of & type-driven translation that
corresponds to a given AS derivation. But for the sake of
brevity, the shortened form, as presented above, will be
used from now on. Moreover, note that the given proposal is
equally v~1id for obtaining an adesguate interpretation of
any other expression: not only the ones involved in the
above MP 3.
Let us add a further comment. Clearly the final ~-typed term
corresponding to an AS derivation, in this case to an
intensiocnal 1ifting pt(x) -=» h(Cy, is by fact (4.2.1.) of
the common cstsgorial type h(C} but is essentially definable
in terms of the basic constant of the type ptix), called the
initial carrier of x. Thus, the above mentioned "~ -typed term
becomes the carrier of an adeguate interpretation of x.
Hence, on the old base of a recursive correspondence between
categories and types the Flexibility of interpretation
within esach category is achieved by making use of the systenm
A5 and its semantic apparatus.
Before implementing the above proposal, note that a
particular intensional lifting pt(x) -+~ h{({) may have more
semantically distinct derivations. However, the number of
such possible distinect readings still remains to be
determined.
Now, two main kinds of extensionality of expressions will be
treated below, namely those two that the meaning postulates
are involved with
\.extensionality with respect to argument position in
general,

Z.extensional First-order definability (full or partial).

The necessity to define the former originates from the
uniform correspondence between categories and types

constructed in an intensional perspective. Thus an element
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of category B/A is translated into the corresponding 1L term
of tyvpe {({(s,h{AY),h(BY) which is fit to opesvate on the dual
of scme term of type h{(A). But this should only be the case
when the initial expression of categdory B/A creates an
opague context or else its extension has already an
intensional conceptual structure. Thus the remainder of the
elements of category B/A must actually be treated as being
of type (h{A>,h{(B)). Hontague solved thisg semantic
discrepancy by means of meaning postulates (3),(5),(8) and
(7)Y presented above.
In this case a final -itvped term assigned to a specific AS
derivation of the seguent:

(h(A),h(B)) - ((s,h(A)),h(B))
will be tasken as the carrier of the proper extension of any
expres=sion which shonld essentiglly have a semantilic type
(h{A),h(B)). In working o

ut the above case a more familiar
notation for types 1s used

, with a2 and b standing for h{A)
and h{B) respectively.

5 3

Starting with an AS derivation of the sequent:

(a,b) ({s,a),b)
(s,by,{z,a) b (2
(s,8) - b b {375

A
of
A
o
R

The corresponding type-driven translation becomes:

C®L c . colx adx, JUx o0
5,0 (s, (a,b) Fe/ s, a) s
% e (% XD
(s,a) {a,by (S,a¥< s’>
o e { 3
(a,by (s,a) s’
o NE. 5
(s.a)" 5’ b
o
a
Comment :
The ahove final - -typed term is clearly of common categorial
YE

type ({s,a).b) but iz essentially definable in terms of the
basic constant of type {(a,b). being already represented in
its Ty? orm. Thus extensionality of argument position is

f
preservead:
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: X . ( )
X<$‘a>c(s,<aab>)<xg><x(5;a)k”s>>[ yse(s;a>\ys)]

O<S}<ajb>>&xs><-yxc<sya><yg>axs)>

, st
(s,(a,b)) Fe? s, a) Xs )0

i
o]

What this shows is that the modally closed term of type

(s,a), namely v_c, a>(yg)> is clearly extensionalized
& 3 S

{=
after the second {‘~conversion has been carried out. Using
montagovian terminology: “down-up cancellation” of the

argument is performed. Clearly, an analogous reasoning can
ve used for any intensional constant of type (s,a) occurring
as the argument in the last example.

Next, observe, that 'X(s,e)c(s,(e,t))<xs><x(s,e)<xs)) is
Jjust a gpecial case of the above final ~-typed term, namely
the carvier of proper extensions of basically extensional
alements of the category 1IV.

Postulates (5),(8) and (7)) reguire the so-called subject
extensionality referring to non-basically extensional
elements of TV ss well as to arbitrary expressions of 1V/t
and IV//IV. Now, the general case which makes it possible to

avolid Lhe three postulates mentioned above will be derived

at length.
To begin with an AS derivation of the sequent:
(A, (e,t)) —» (A, ((s,8),t))
(A, (e, t)),A - ((s,e),t) (273
A - A (e, t) — ((s,e),t)) (37

(s,e),(e,t) -+ t (27

e,(e,t) =+ & (5)
e e ot (37

The corresponding type-driven translation is presented

helow:
KA ¥(s,e)%(s, (A, (e, t))) e (a0 g ey (Xg2)
AT (s, 000, (e, 1) KA s o) ()
Xis,e)C(A, (e, 1)) %0 (g, e) ¥
<

A s, e)%e, 1) Fs,e) X )
Cie,t><cisﬁe><xs>>
(e, )%

c c
e t
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Obviously the subject position in guestion is
extensionalirzsed. which was to be achisved.

Thus taking (s,{({(s.{({s,2,t3y,t3) , (=,t) and (s,{{s,2),1))
for A successively in the above final ~-typed term the
corresponding carriers for vproper extensionsg of basic

expressions listed in the three postulates are obtained.

The second kind of extensionality arises from so-called
extensicnal Ffirst-order reducibility. 1t involves
e¥xpressions of an intensional higher-order semantic type
recursively assigned to a giliven category but with an
intended interpretation that is Ffully or partially
extensional First order. In particular this holds for
extensional elements of the categories TV and 1AV/T
spectively. Thus the translation of such an expression is
definable in terms of:
(i) a fully extensionsgl First-prder &~ —~typed term

(11) a partially extensiocnalized " ~term of a reduced order,

the former and the latter bheing the initial csrrier of an
adeguate interpretation of an extensional TV and IAV/T
gxpression respechively.

Thus a fully extensional interpretation will be induced to
basically extensicnal TV elements by using our dynamic
strategy as follows

An AP derivation of the sequent determined by MP (4) is
given below:

(e, (e,

o

N
.

( (&, ¢ oty {e, (e,
((s,((s,e),t3).ty, (e, (e, t))  ({(s,e).t) (9
((s,({(s,e), by, t), (e, (e,t)), (s,e) t (275

e, (e, t)),(s,e) (g, ((s.e),t)) £t (37D
(e, (e, b)), (s,e) {((s,e).t) (4
{z,e),{e,fe, b)), (a,e) k (2
g,{e, (e, t)),(s,8) 1 (55
e,{e.(e,t)),e t (5
o ) (e,t),e ok {3

W
o]
e
o
o
[#y]
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The final ~-typed term corresponding to the above AS
derivation is the following:
o S . \
*a y(S,e‘)ka‘XS)Q *s X(S,e)c<s,(e;(e,t))>kxs><x(s;e><xs>’

; . ( 5 5
K‘y(S,@)\XS})/ >

where the type (s,((s,((s,e),t)),t) iz sbbreviated with a.

Comment

As expected, the above -term is of the prescribed
higher-order type common to the entire category TV. But on
the other hand it is constructed in terms of a fully
extensional first-order constant of the proper type
{(e,{e,t)), again being represented in its Tyg form.

Moreover, observe that the - -typed term of our proposal is

analogous to the Montagovian IL term: *P xP{ yS(+x,=vy)}

derived in accordance with postulate (4} by double
~abstrsction.

To sum up: & translation of any basically extensional
lexical item of category TV is always definable in terms of
a basic constant o,

(s,(e,(e,t)))
lexical item as the initial carrier of its fully extensional

(x_) assigned to a given
a2

intended interpretation.

To better grasp the above claim an exposition of the
determination of a particular Ty formula, the carrier of
the intended "de re” (referentizal) reading of the sentence
“John seeks a unicorn”, will be given next. Note thet in our
approach the quantification rule (T14) can simply be
replaced by the proper functional application rule. Here the

translation procedure is displaved:

a oot Q‘Pix£Q<xS><X> P<xs><X>]

unicorn o 'yc<s’(ejt>>(x5)(y(xs))

a unicorn -~ - %P*X£C(s,(e;t>><xg>(x<xs>>“P<xs>(X>3

seek - *R?yR<xS><ﬁxS~zc<sy<e,<8)t>>><x8><2(xs>><y<xs>>>

seek a unicorn
kyﬁx[c<8)(eat>>(xs>(x(xs))
| \ cis’<8}<8’t>>)<xs>(X<xs>><y(xS>>]
John - “@Q(xs>(=xsc<g}e>{xs)}
John seeks a unicorn - - Jx[cfs (e t>>(XS)(X(KS))

" Cls, (e, (e, b)) XA e (2 DD



P,Q,R,x,v,2 are variables of the types (s,((s,e),t)),

(s,((s,e),L), (s,((s,((s,e),t)).t)),

{s,e), (s,e) and {(s,2) respectively while o, (s.(e E)\(
E

e (A v are the initial carriers of 'unlcorn’ and

{(s,{e, (e, L))
and the "de re” version of "seek" respectively.

3 N’

Note that the above formula is logically equivalent to thes
Montagovian reduced translation of the same sentence |

name ly: éuﬁ{umioorn’(ue} Seekfiu Y3
@ .

Finally, the translation of "John” desarves some special
attention. It is well-known that Montsgue treated proper
names semantically in the same way as quantified expressions
[12]. Moreover, his first meaning postulate demands the
initial carrier of a specific proper name to have a constant
intension. Together with MP2, where an analogous condition

for basically exitensional items of B is expressed, that

CH
geems to be the only e2laim which have to remain postulated

i

in the present approach as well. However, =ee section (7)

for further directions as regards eventually dismissing the

Y]

firsl two postulates. Thus, o §<Xw) must have an
Vi i

(D

q
index-invariant extension 1n Yh —typed term:
M (x )0 x o (X D),

flﬁ&l ~typed b=rm that can be assigned to the

o
st

which 1s th

&)

following AS derivation of the sequent:

o (g, {{=s,e),t)),t)
(s,((s,e),L)),e f, (23
({s,e),L),e T {(5)
] {(s,e) t £ (37
& e {40

Remark:

Note that the above darived sequent is an instance of the
intensional version of the well-known “"Montague rule’

To continue with the second kind of extensionaslity in the
category 1AV, The proposal in the present paper 1is
alightly diffsrent from the montagovian one. Instead of the
type (e,{({s,{{(s,e),t)),{{(s,e),t))) prescribed by postulate

(8) hsre its less intensionzl rival,
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(e, ((s,((s,e),t)),{e,t))), is chosen to indicate the
adequate denotational domain of extensional prepositions.
Clearly the only difference results from the additicnal
demand for subject position of the latter to be extensional.
And that sounds quite reasonable since the same demand has
been proposed for other categories by Montague himself.

To begin with a specific AS derivation of the seqguent:

(e, (A, (e, t))) -+ (B,(A,((s,e),t)))
B,le, (A, (e, b))y (A, ({s,e),t)) (27
Bo(e,(A.(e,t))),A - ((s,e),t) (27
B,(e,(A,(e,t))),A,(s,e) -t (27)
((s,((s,e),t)),t),(e, (A, (e, t))),A,(s,e) ~+ t  (5)
(e, (A, (e, t))),A,(s,6) — (s,((s,6),t)) ot (30
(e, (A, (e,t))),A, (s,8) ((s,ed,t) (4
(s.e), (e, (A, (e,t))),A,(s,e) —a t (2)
e, (e, (A, (e, t))y,A, (s,ey -+t (5)
g,(e, (A, (e,t))),A,e -t (5)
= e (A, (e, t)),A e L (3
A A (e,t),e t (37)
@ e £ vt (37

where A and B denote (s,((s,e),t)) and (s,{{(s,{{s,e),t)),t))
respectively.

The final »-tvped term corresponding to AS derivation above
is the following:

xBlXA;X(S,e)XB(XS><”XS[y<398>8<8,<65<A,(e)t>))<x5>
(y<858)<XS>><XA><X<S}8><XS>°

Actually the latter is analogous to the one derived by

triple -abstraction of the formula

P{yID G1Cay) (Y (sx)]}.
which is up to extensionality of the subject position
identical to the one prescribed by the postulate (8).
Thus, by making use of our Lambek-like dynamic mechanism,
all but the first two meaning postulates are actually

superflous.
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In what follows it will be po

concarning Montague MP s can

inted out that

the same vesults

alsn be achileved by making use

of the corresponding 3L derivations. In order to sgee that,
the transformation T d@xu(o,an) restr ed to the domain:
{AS derivations of seguents of the Torm a * b}/RAS,

i.e. with a wsingle antecedent tyvpe modulo equality of finsl
L-typed terms assigned to them, will be used. Next, 1t will
be shown that. in this case, each eguivalence class in the
domain consists of derivations of precisely one such

sequent.

F g t(B.2. :

Fach element of the restric

84

ted

derivations of precisely one A

P roof

Suppose di and dz are sSome sSpe
seguents a b and d e res
Then by definition {5,1,> <di
specifically, by Tfact (4.2.1 .
rewritten as tbfca> = tﬁ(c4§.

& [

Both egualities: a = d and b =
that was to be proved.

By making use of the proposit
that the restriction of T, in
previously treated AS derivati
representative. Thus the corre
having the zsme final ~typed

embedded into the previocusly

Let us now start implementing
specific PTE examples

i

An
Ty n

E

derivation of the

ot

I
-

intensional setting is

given dynamic

sequant {

giv

domain of T consists of

S theoren.

of the

18Aﬂd

More

AS
tively and let d
(d > holds
bOJ@ squality nay be

cific derivations

pac 5

the

/

And

e Tollow immediately.

will be

defined in each

it shown

)

15

on, now taken as g

spronding IL  derivation,
o

term, can equally well be
proposal.

the above strategy on the
2),b) in the

{a,b) (s,

en below:



(s,(a,b)),s, c((s,a3,b)
(s,{a,b)y,s,s c{{s,2),b) (conty.)
s -8B {a,b),s {{s,a),b) (37)
(a,b),s,(s,a) b (2
s,{(s,a) ' a b o b (37
& Co8 A -a {3

with the corresponding type-driven translation:

XCS»a)c<S;(a,b>>&xs>kxisﬁa)<xs>>
. ) s . . 7 s 4 N \)
X&S;a>p<s,ka,b>)(y8>ax<s,a>gxsj‘
X, C ® (% )
(2,8 (a;b>< (S,a/( S>‘

C<a,b><c<s,a)<xs)>

G(S,a)<XS) “y

X c

) 2
Thus, the above ILC derivation has the same final ~-typed
term as the initially treated AS derivation.

To continue with an ILC derivation of the seguent

(A,(e,t))) - (A, ((s,e),t)) in the Ty, intensional setting:
s,(s,(A, (e, t))) -+ (A, ((s,e),t))
s,(s,(A, (e, t))),s - (8. ((s.e),t)) (contr.)
S s,(A,(e,t)) (A ((s,e),t))  (37)
s, (A, (e, t)),A -« ((s,e),t) (o)
A - A 5. (e,t) -+ ((s,e),t) (37
(s,e),s,(e,t) — t (2)
& e g a,{(e,t) Lt (3°)
e - e . . (3

with the corresponding final “-typed term:
AT (s, )%(s, (A, (e, 1)) R P a0 s oy (X600
Next ds an LCC derivation of the sequent

(e,(e,t))y - ((s,{{s,((s,e),t)),t)),({s,e),t)) in the Ty2

intensional setting:



1
[aN]

s,(s,(e,(e,t)})) = ((s.{(s,((s,e),t)),L)),({s,e),t))
(s,((s.((s,8),E)),t)),s,(s,(e,(e,t))),  ((s,e),t) (2)
((s,((s,e), L)), 8).(s.(e,(e,t))) - ((s,e).t) (37
(s, ((s.e),t)),t),(s,(2,(e,t))), (s, + t (27
(s,(e,(e,t))).(s,e) - (s,((s,8),t)) Lot (37)
s,{s,le, (e, t))),(s,e) -+ ({s,e),t) (27

6]
0

g,{(g,{e, {e,t))¥),8,(s,e) - {((s,2),t) {contr.)
5 Co5 s.(e,{(e,L)), (8,8  {{s,e),t) 37
{(s,2),8.(e,{(e,t)).(s,e) t (23
{(s,e),s. (e, {e,t)).s,(s,e) - % {contr.)
S s e,(e,(e,t)),s,(=,e) t (37)
] ] e,{e,{e,t)), s t {37
2] e {e,t)y,e b (37
e oo T t {37)
The -~typed term corresponding to the above ILC derivation
is azg follows:
Fa y{sﬁe)xa<xs>< Ao X(S,S}C(S,{85{e,t))}<x3><x(s,e>cxs>)
(y<838><x8>)> , where the type (s,((s,{{(s,e),t)),t) is

abbreviated with a.

To continue with an IL_ derivation of the sequent
¢

e C(s,({s,e),b3),0) in the Tyz intensional setting:
s,(a,e) - ((s,((s,e),t)),t)
(s,((s,e),t)),s,(s,e) t (2
5 5 fls,ed, by, {(s,e) ot {3
{3,8) < {s,e) . L {3
s,(s,e) & {2
s 2 e @ 3

with: - x % {KQ?<“X50 -ze\<xg>> where a denotes the tvpe
(z5,((s,e),L))

An IL derivation of the last sequent

(e, (A, (e, (B,(A.((s.,e’,t))) in the Ty, intensional

setting is given below:
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s,(s,(e, (A, (e, t)))) » (BL(A,((s,2),t) )
B,s,(s,(e, (A, {(e,t)))) - (A, ((s,e),t)) (2
B,s,(s,(e, (A, (e,t)))),A, ((s,8),t) (27
B.s,(s,(e.(A,{(e,t)))),A, (s,8) & (27
s -8 ((s,((s.,e),t)),t),(s,{e,(A,{e,t)))),A, (s5,8e) e (37
{(z,(a,(A,(e,L)))), A, (s,8) (s,((s,8),t)) t Ct (37
(s,(e,(A,(e,ti))),A, (s,e),s {((s,e).t) (29
(s,(e, (A, {e,ty)y),s,A, (s,e),s - ((s,e),L) (contr)
3 v S (e, (A, (e, t))), A, (s,e),3 - ((s,e),t) (37
{(s,e), (e, (A, (e, L)), A, (s8,8),s -t (2
(s,e),s5,(e,(A,(e,t))),A,(s,e),s =~ t (contr.)
3 o8 e,(e,(A,(e,t))), A, (s,8),8 -+ L (37D
5 &8 e,(e,(A,(e,t))),A,e (37)
© Ce (A, {e,t)),A, e “ob (3)
A v A (e,t),e - & (37
B Coe oot {37
The final “~tvped term assigned to the above ILC derivation
is given below:

Thus the

s, eV B XU RS Vg NSy (e (A, (e, t))) XS

<y(sﬂg><x8}>{x&><x

)<Xs>'

(s,e

application of the system ILC to Montague Grammar

has been worked out.
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Y. FURTHER DIRECTIONS

In what follows some further guestions and conjectures will

be hinted at.

(1) Clearly, lLPG@ iz a natural extension of an extensional
version of Lambek caleunlus [2] primarily furnishing the
latter by 8 proper Iinfensional setting. In order to

real intensional transitions an axiom scheme

achieve
a ~ {s,a) with an intended translstion rule of

the form *xgxa, should be added to the above given
calculus and its semantics. Thus also intensionsal
lowering of sequents likes ((s,a),b) c {a,b) becones
derivable within the system. By making use of a
prescribed translation procedure the fins ~typed term
would turn up to be the following: xac< @,a),b)< xsxa).
Obviously, by esach of the newly available ~typed terms
the conditions stated in MP1 and MPZ respectively are

now sxpressible with the aid of Lambek apparatus alone.

ey
AW
Mt

Given our discussion of ‘s, a general definition of
extensionality of expressions across categori.s 1s
desirable for possible Ffurther linguistic use
as well ag its dptrinsic logical interest.

(3) The point of view in this paper has been that structural
rules of a system need not always be delined for all
types bul only for certaln subclasses (e.g. basic tyes).

1is pussible restriction on structural rules provides

For finer distinetions in the usual Categorial

by Wansing [137.

{d) The systen ELFP seemns similar to the "Intensional

Lambek Caloulus” of Morrill {191 which explores a

connection with wodal logic. It remains to prove or

disprove the esguivalence of both svstenms.

Az already mentioned in =~ubsectiun

o
(@3]
ot

2.0, ILPCQ seems

£

L
also applicable to the recent "Dvnamic Montague Grammar

proposed in [77,
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These guestions all point toward a more general research
program, namely the Proof Theory and Model Theory of:

I nt en s i onal T v p e T h e ory
{for some further directions see Gallin [5], van Benthen

[(315.

o S
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