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Abstract. In this note functional completeness for certain subsystems of in-
tuitionistic propositional logic, notably Lambek propositional logic and intuitionistic
linear propositional logic, is established w.r.t. a ‘sequential’ interpretation.

1 Introduction

In [13] Zucker and Tragesser present a solution to the adequacy problem for what
they call ‘inferential logic’. The label “inferential logic” here covers logical systems
“with an ‘intuitionistic’ natural deduction formalization, and an snferential inter-
pretation” ([13], p. 501 {.). An interpretation of a natural deduction formalization -

is snferential, if

(%)  the meaning of each logical operation c is given by its
set Ry(c) of introduction rules.

Zucker and Tragesser show that under certain assumptions inferential propositional
logic is functionally complete w.r.t. the set Sy = {3, A, V, L} of logical operations
and inferential predicate logic is functionally complete w.r.t. S; = Sy U {V, 3, =}.
Prawitz [8] proves functional completeness of Sy w.r.t. a semantics which slightly
differs from the inferential interpretation. A proof of the adequacy of Sy w.r.t.
Kripke’s semantics for intuitionistic propositional logic IPL can be found in [7)].
The adequacy of Sy w.r.t. an extended natural deduction framework that allows
for assumptions of arbitrary finite level has been proved by Schroeder-Heister [9].
This result is extended to Sy in [10]. In what follows, the adequacy problem for
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certain subsystems of IPL will be considered, starting from ‘Lambek proposition-
al logic’ alias intuitionistic ‘sequential’ propositional logic ISPL, i.e. intuitionistic
propositional logic without structural rules in a sequent calculus presentation. The
analysis is carried out in a semantical framework which may be called sequential
interpretation.

2 A few remarks on strategy

An intuitionistic system of natural deduction is formulated in terms of deductions
from finite premiss-sets, assuming monotonscity of inference:

(Cl) IECFAandTCI' then I'F A
Besides (C1), snferential logic is subject to the following conditions:

(C2)  For every logical constant c there is a set Ry(c) of introduction
rules (I-rules) for ¢, and a set Rg(c) of elimination rules (E-rules)
for c. There are no other inference rules.

(C3)  (explicitness) Every I-rule for ¢ contains (one occurrence of) ‘c’ in
the conclusion only. Every E-rule for ¢ contains (one occurrence of)
‘¢’ in the premisses only.

(C4)  (separation) The rules in R;(c), Rg(c) do not refer to any
constant other than c.

(C5)  Every connective is p-ary for some fixed p (0 < p < w).

Now, Zucker and Tragesser proceed as follows. They claim to present the most
general form, say F, of an (intuitionistic) I-rule for a propositional connective c.
By conditions (C3), (C4), instantiations of F are explicit and separated. From the
shape of F' and (C5), it can be concluded that for every connective c, the set Ry(c)
is finite. The core of the argument then consists in deriving from the shape of F' the
general syntactic form of the meaning of a propositional connective c. It turns out
that F itself calls for connectives of two kinds, a conjunctive and an implicational
connective. The need for a disjunctive connective and for absurdity L stems from
providing meanings by (finite) sets of rules.

Although (C1) is assumed, it is not explicitly used in Zucker and Tragesser’s
argument. Giving up (C1) will, however, affect F' and the derivation of the general



form of the meaning of a propositional connective c. In addressing the adequacy
problem for weaker formalizations than intuitionistic natural deduction, a basic
sequent calculus for ISPL comprising the ‘sequential’ conjunctive and implicational
connectives of Categorial Grammar will serve as a starting-point. From an interpre-
tational point of view, the shift from natural deductions to sequent calculi appears
not to be very dramatic: I-rules for ¢ do not essentially differ from (F c)-rules.
However, there is a point in distinguishing between E-rules for ¢ and (¢ F)-rules.
Moreover, sequent calculi are extremely perspicious. In a sequent format conditions
like (C1) take the form of structural rules. The addition of certain such structural
rules to our base logic will transform some connectives into different operations
and thereby guide the interpretation of the most general introduction-scheme (now
looked at as the most general ( c)-scheme) and the derivation of the general syntac-
tic form of a propositional connective’s meaning from this scheme. In the presence
of a structural rule of permutation e.g., the Categorial Grammar implications /, \
collaps into intuitionistic linear implication -0 (for the latter cf. e.g. [1]).

3 Lambek propositional logic

Our base logic will be Lambek propositional logic ISPL. A sequent-style presenta-
tion of ISPL in {t,L1,1,/,\,0,®,M} is:

axiomscheme: AR A;
operational rules:

CO e U9 Irg
XYFA
S U V2t
XAk B YA XBIFC
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AXFB YA XBZFC
V) XF(4\B)’ (\F) XY(A\B)ZFC'

(+ ) XAY O (nF) XFA XFB
XANBYFC' XFAQB '
XBYFC
XANBYFC'



b KEAYEB L XABYRC
XYF(AeB) X(AeB)YFC'

XFA XAY FC XBYFC
,— 1
o) ey @9 xuemyro
XA
XF(Bod)

structural rules:
YFA XAZFB

e XYZF B

The operations \, / are order-sensitive implications, ® is conjunction in the sense
of concatenation, and @ (in ISPL) is disjunction on lists. Note that t is definable
a8 e.g. (L/L). The correctness of this definition can be seen as follows:

i1
$1($1\.L)l".‘.

LF Gt o Mol Boemlinhee s} o) e L
zy...25LlF L
140 0 P LIL

The connectives o, @, and I are associative, ® and M are also commutative. o
distributes with @ as follows: Ae (B@ C) - (A e B) ® (A ¢ C) and, conversely,
(AeB)®(AeC)  Ae(B®C) are provable in ISPL. M and @ are semi-distributive
w.r.t. each other: A®@(BNC) F (A@B)N(A®C) and (ANB)®(ANC) F AN(B&C)
are provable in ISPL. The {/,\, o}-fragment of ISPL is known as the bidirectional,
associative Lambek Calculus of Categorial Grammar (cf. [5]). By reduction on the
complexity of (cut), it can be schown that (cut) is an admissible rule of ISPL,
L.e. applications of (cut) can be eliminated from derivations in ISPL (cf. e.g. 2],
5]). Since (cut) is eliminable and every operational rule is complexity-introducing,
bottom-up proof search constitutes a decision procedure for ISPL.

It should be emphasized that starting with a base logic does not imply advo-
cating a formalistic view of the nature of proofs, according to which the notion of



proof depends on a given logical calculus (this viewpoint is criticized in (8], p. 25).
There 18 a general notion of syntactic consequence underlying ISPL. At the level
of sequents, we have ‘intuitionistic’ deductions

r

o
v

where T is a finite (possibly empty) set of sequents, s is a sequent, and monotonicity
of inference is assumed. Actually, we are interested not in deducibslity over sequents,
but in provable sequents, i.e. in the relation F. This treatment, at the level of
formulas, will be considered in section 6.

4 Sequential interpretation

Why at all should one interpret logical constants in terms of operational rules in
a sequent calculus rather than in terms of (sets of) I-rules in a system of natural
deduction? The reason is that whereas (- c)-rules can directly be viewed as I-rules
for ¢ written into meta~-notation, there is in general no such correspondence between
(¢ F)-rules and E-rules for c. In particular, in the case of ISPL there simply are
no E-rules for @ and @ which correspond to (e F), (& F), respectively. To see this,
suppose that

XABY
C.
If one wants naturally to deduce C from X (A e B)Y, one must assume
(Ae B)
A B,
the latter being no single-conclusion inference. If

XAY XBY

; and ¢
C C,

in order naturally to derive C from X(A @ B)Y, one must either assume



(A® B) (A® B)
: or :
A B.
However, (A® B) A and (A@® B) B are obviously not provable in Lambek
propositional logic. The problem is that, since ISPL comprises none of the usual
structural rules of IPL apart from the (cut)-rule, one has to consider natural de-

ductions from sequences of premsss-occurrences. Therefore, also the following E-rule
for @, which takes its pattern from the E-rule for intuitionistic V, cannot capture

(®F):
Z X[AY [XBY]

A®@B C c
C.

These observations concerning @ and @ are rather important, because they prevent
one reformulating ISPL in the style of Schroeder-Heister’s analysis in [9].

To begin with, besides adopting (C5) the following assumptions concerning op-
erational rules in sequent calculi will be made:

(C6)  (explicitness) Every (I c)- rule contains (one occurence of) ‘¢’
on the right-hand side of ‘+’ in the conclusion only. Every (¢ F)-rule

contains (one occurence of) ‘c’ on the left-hand side of +’ in the
conclusion only.

(C7)  (separation) The (- c)-rules and (c F)-rules do not refer to any
constant other than c.

For the time being, let us also assume:
(C8)  There are no structural rules besides the (cut)-rule.

In analogy to the inferential interpretation (i.e. (x)), the basic assumption of
the sequential interpretation should be:

(%)  The meaning of every constant c is given by its set Ry .y of (- c)-rules.



The inferential approach to meaning is, however, not properly formulated. Given
that the meaning of a constant c is provided by Ry(c), (C2) implies that every con-
stant ¢ has a meaning (in the worst case, the empty set of I-rules for c). Whereas
Zucker and Trageser claim to deal with logical operations, i.e. interpreted constant
symbols, they in fact consider every constant as a logical operation. In particular,
even constants ¢ for which there are neither I-rules nor E-rules become meaning-
ful. Yet, if Zucker and Tragesser claimed that meanings are given by I-rules rather
than (finite) sets of I-rules, L would become void of meaning, since Ry(L) = 0.
Concerning sequent calculi, instead of (xx) we assume:

(x%%)  The meaning of every constant c is given by Ry ), if Ry oy # 0.
If By =0 and ¢t L is not provable, then c is meaningless.

Thus, a constant symbol ¢ without (F ¢)-rules is meaningful, only if ¢ and L are
interdeducible. (% x %) still needs some further elaboration, because so far nothing
has been said about the function of the (¢ I)-rules (if there are also (- c)-rules).

5 The role of the (¢ F)-rules

Intuitively the (¢ F)-rules do contribute to the meaning of c. If e.g. one premiss
in the (& F)-rule of ISPL is dropped, one would insist that the meaning of the
constant symbol ‘®’ has changed. (In fact, the ‘tonk-like’ situation arises that A+ B
is provable for arbitrary A, B.)

As far as E-rules in natural deduction are concerned, Zucker and Tragesser are
rather vague about the role played by those rules. According to them ([13], p. 506),
the E-rules:

“stabshize or delsmst the meaning of the logical constant concerned, by
saying, in effect, of the given I-rules: “These are the only ways sn which
this constant can be sntroduced”. Without such E-rules, one would have
the option (so to speak) of changing the meaning of a constant by adding
new [-rules for it ... . The E-rules prevent this (i.e., remove this option),
and it is in this sense that they stabilize the meaning.”

Zucker and Tragesser also approvingly cite Gentzen saying that the “introductions
represent, as it were, the ‘definitions’ of the symbols concerned, and the elimi-
nations are no more, in the final analysis, than the consequences of these definitions”
([4], p. 80). As Prawitz ([8], p. 37) describes it, the E-rules for c should be the
strongest rules whose correctness can be seen merely from the meaning of ¢, i.e.
from the (set of) I-rules for c. It is in this sense that E-rules delimit meanings.



Prawitz then claims that the E-rules for the intuitionistic connectives A, V, and D
are indeed the strongest such E-rules. There are E-rules corresponding to (\ F),
(/ F), respectively. Following Prawitz, these directional versions of modus ponens
obviously are the strongest E-rules for \,/. Prawitz’s specification reminds one of
Tennant’s Principle of Harmony for intuitionistic natural deduction ([11], p. 74),
which excludes connectives like Prior’s tonk. Let us define the proposition expressed
by Aas {B| AF B, B A are provable in ISPL}, and let us identify formulas
with the propositions they express. The strongest proposition which has property P
is the one proposition with property P from which every proposition with property
P is derivable. The weakest proposition with property P is the one proposition with
property P which is derivable from every proposition with this property. Tennant’s
principle can now be reformulated as follows:

Principle of Harmony:  If both Ry.oy and Rty are non-empty, the
(F c¢)-rules and (¢ F)-rules must be formulated so that a sentence A
with ¢ dominant expresses the strongest proposition such that X F A
i8 provable when the conditions for appying a (F c)-rule are satisfied;
while it expresses the weakest proposition such that X AY + B is prov-
able when the conditions for applying a (¢ F)-rule are satisfied.

In addition to the earlier constraints, we shall make the sequential interpretation
subject to the Principle of Harmony:

(C9) If Ry, and R,y are non-empty, the (- c)-rules and (¢ -)-rules harmonize.

It can easily be shown that the operational rules for 1, /, \,M,e, and & har-
monize:

(1): (i) 1 is the strongest proposition such that F 1 is provable,
(ii) 1 is the weakest proposition such that X1Y F A is provable
it XY F A is provable;
(/): (i) (BJA) is the strongest proposition such that X i (B/A) is provable
if XAF B is provable;
(ii) (B/A) is the weakest proposition such that Y(B/A)AZ FC
i8 provable if YBZ F C is provable;
(\): (i) (A\ B) is the strongest proposition such that X (A \ B) is provable
if AX F B is provable;
(i) (A\ B) is the weakest proposition such that YA(A\ B)Z FC
is provable if YBZ  C is provable;
(M): (i) (AN B) is the strongest proposition such that X - (AN B) is provable



it X+ Aand X F B are provable,
(i) (AT B) is the weakest proposition such that X(AM B)Y + C is provable
if XAY FC orif XBY F C is provable;

(#): (i) (Ao B) is the strongest proposition such that XY I (A e B) is provable
it X+ AandYF B are provable;
(ii) (A o B) is the weakest proposition such that X(A e B)Y F C is provable
if XABY F C is provable;

(®): (i) (A® B) is the strongest proposition such that X F (A & B) is provable
if X FAorif X+ Bis provable;
(ii) (A ® B) is the weakest proposition such that X(A@® B)Y + C
is provable if XAY F C and XBY I C are provable.

Here i8 a proof of (/): (i) Suppose that D is any proposition such that X + D
is provable if XA - B is provable. Since (B/A)A F B is provable, (B/A) F D is
provable by (/ F). (i) Suppose that D is any proposition such that if YBZ F C
18 provable, YDAZ F C is provable. Then, since B + B is provable, DA+ B is
provable, from which D + (B/A) is provable by (F /). The remaining cases are
similar.

6 Functional completeness of Lambek propositional
logic w.r.t. {/,\,,M,®,1, L}

In order to make use of something like Zucker and Tragesser's most general intro-
duction scheme for a propositional connective ¢, I shall recast ISPL as a system
which brings out (& c)-rules as introduction rules. The general notion of deduction
here is that of single conclusion inferences from sequences of premiss-occurrences,
without assuming monotonicity of inference (in one form or another). In [12], in
the context of a formalistic definition, inferences of this kind are called ‘relevant
quasi-deductions’. Let “D(II, A, X )" abbreviate “II is a relevant quasi-deduction of
A from the finite (possibly empty) sequence X of premiss-occurrences”. The notion
of relevant quasi-deduction in Lambek propositional logic is inductively defined as
follows.

1. D(A; A; A);

2. (t = raght) D(-)fr,t,X);
3. (L—left) D(%,4;L);
4. (1-mght) D(3,1,0);



on

(1-left) 1 D(XL A XY), then D(XL 4 X1Y);
- (] = rght) It D(22 B, X A), then D(Gﬁm,(B/A),X);

3

(/= left) 1 D(XBZ,C,YBZ), then D(XELAL ¢ v(BJA)AZ),
(\ = raght) It D(%", B, AX), then D(rz55,(4\ B), X);

o0 =

. (\ - left) If D(YEZ, ¢, Y BZ), then D(XAA\BE ¢y A4\ B)Z);
10. (M =right) If D(%, 4, X) and D(%, B, X), then D(25, AN B, X);

<O

11 (N~ left) 1f D(X4Y,C, X AY), then D(Z4ZEY. ¢ X(ANB)Y),
1f D(XBY. ¢, X BY), then D(X40EX. ¢ (AN B)Y);

12. (e = right) If D(X, A, X) and D(§, B,Y), then D((%,(AoB),XY);

(Y]

13. (o~ left) 1f D(X4EL ¢, X ABY), then D(X4EX ¢ X (A0 B)Y);

w

14. (& - right) I D(%, 4, X), then D(z555,(4® B), X),
If D(%, 4, X), then D( 557y, (B® A), X);
15. (@ - left) 1f D(24Y C\ X AY) and D(4EY,C, X BY), then
D(X48EY ¢ X(4® B)Y),
16. (cumulatwnty) I D(X, A,Y) and D(%4Z, B, X AZ), then D(2£2, B, XY Z);

17. relevant quasi-deductions in ISPL are obtained by 1. - 16. only.

We may now consider the most general form of a (c—right)-rule (i.e. ( c)-rule)
for a propositional connective ¢ (cf. [13], p. 504]):

(Fc)a
X [All "‘Alk]JXI[A1k1+] "'A1k1+m1] [Am "'Ankn]X”[A”kn+l "'Anku+mn]

By By

C(A1],-~-,A1k1+,,.1,---;An],---,Ank,._,.m,Bl,---,BmCl,---,Cm)-

10



Asin [13], c here is a p-ary connective, where p = n+ky+my+. . .+kn+mp+m. There
are n (> 0) occurrences By, ..., By, in this order from left to right. Each occurrence
B; (1 £ 1 £ n) is deducible from the sequence A;; ... Ai, Xidipy - Aipym, Of
assumption-occurrences. The A;;(0 < 5 < ki + m;) are discharged at this inference
8o that ¢(...) is deducible from ¥, where ¥ = X if n = 0, and where Y = X, ... X,
or Y = the result of deleting any repetitions of any X;’s (1 <+ < n) from X; ... X,
(‘identification of contexts’), if n > 0 (cf. e.g. (M — right)). The propositions C,
(0 € s < m) are extra ‘dummy’ arguments of c.

By conditions (C6), (C7), instantiations of (- c)g are explicit and separated.
From (C5) and the shape of ( ¢)g one can infer the finsteness condition

(Fin)  The set of (c - right)-rules (i.e. Ry ) is finite for each connective c.

Following Zucker and Tragesser’s strategy, one now has to derive from the shape
of (F c)g the general syntactic form of the meaning of ¢(... A;;... B;... Cy). We
may distinguish three cases.

CASE 1: The connective ¢ has just one (¢ — right)-rule.

Then the meaning of ¢(... A;;... B;...Cy) is expressed by f:

Ty w @\B) L (BifA)
_ . 1<1<k ki+1<r<ki+m; |
g =1
This notation is to be understood as follows. If 3 = 4, = 0 (for some 1), then

¢ (Aiz \ BS) (Bi/Air) y 2oR) _ )

1<1< X h+1<r< b+ mg reduces to ‘B;’. If n = 0, then ‘f’ reduces
to‘l"if X =0;if n=0and X #0,‘f reduces to “T’. If 4y > 0 or 3, > 0 (for some
1) and there is no identification of contexts, then ‘f’ is an n-fold e-conjunction and
is built up according to the following examples.

EXAMPLE 1.

(4 \ Bi) (Bil4i,) = (A \ B)).

Ifi=1and r=0, then 1<1<k X ki+1<r<ki+m

11



EXAMPLE 2:

_ _ (4q \ B;) (Bi/A;,) (B4,
Ifi=0and r=1, then <1<k, X b+1< 1< ki+ms = (B4 ).

EXAMPLE 3:

ALY (4 \ By) (BilAs,) B & TR
Ifl =r =1, then 1<I<k X AR ((Aiy \ B;)/Ai;). The

latter is equivalent to (4;, \ (Bi/A;,)).

If there occurs identification of contexts, for each such context Z involved there is a
leftmost occurrence of Z, say Xz, in Y. In order to obtain f, conjoin all conclusions
of deleted occurrences of Z with the conclusion of Xz by means of M. Thus, if e.g.
X1=X3=Xs,

X1 Xy
By Bs
C(Bl v s Bs),

and Y = XQX3X4X5, then f = Bg 0 (Bl n Bs) 0 B4 [ ] B5.
CASE 2: ¢ has more than one (¢ — right)-rule.

By (Fin), the (¢ — right)-rules can be arranged into a finite list. Suppose that ¢
has ¢ (> 1) (c — right)-rules. In CASE 1 syntactic forms f, ... f; were provided
corresponding to these (c — raght)-rules. The meaning of ¢(...) then becomes

i

@  fr
h=1
CASE 3: ¢ has no (¢ = right)-rule.

Since we deal with interpreted symbols, by (xx %), cis L.

Now, for 0 € {/,\, 9, ®,M} the meaning of (A ¢ B) is just (A ¢ B); the meaning
oft,1,L is t, 1, L, respectively. One simple example may suffice to illustrate that
the above interpretation of ¢(...) is adequate.

12



EXAMPLE 4: Suppose that
[A1]X1[Ay] [A2]Xa[A]
B B
C(Al) Al] y A?) A?] ) Bls B?)

and Y = X, X,. The appropriate instantiation of  f’ can be relevantly quasi-deduced
as follows:

[A1)X1[A1]  [Ao]Xa[As]

B, By

(A1 \ B1) (A2 \ B2)
((41\ Bi)/A1) ((42\ B2)/Az)

(((AL\ B1)/A1,) o (A2 \ B2)/As,))-

If X1 = X5 and identification of contexts occurs, then one obtains (((41\ Bi1)/Ay, )N
(42 \ B2)/Az,)) instaed of (((41\ B1)/Ay,) ¢ (A2 \ B)/Az,)).

Thus, we may conclude that, if Ry o) # 0, then ¢(...) and f have the same set of
introduction rules. According to (x*x), they therefore also have the same meaning.
Altogether, every sequentially meaningful connective is explicitly definable in terms

of {1,L1,/,\,0,M,&}.

REMARK. The above ‘most general’ (- c)-scheme apparently imposes an ad-
ditional restriction on the sequential interpretation: ‘infix-operators’ are to be ex-
cluded. However, allowing for infix-operators leads to a violation of (C8). Cf. e.g.
the following explicit, separated, and harmonic infix-operator ~:

XAY + B
XY F (A~ B)’

YBZFC YBZFC
YA(A~B)ZFC' Y(A~B)AZFC

(F~)

(mF)

It can easily be seen that in the presence of ~» permutation of premiss-occurrences
becomes derivable as a structural rule.

13



7 Functional completeness for systems intermediate

between ISPL and IPL

In the presence of the structural rule

permutation (P):
XABYFC

XBAYRC’

relevant quasi-deductions become lhinear deductions (cf. [1]), and our basic connec-
tives translate into connectives of intuitionistic linear propositional logic ILPL. As
already remarked, the implications /, \ collaps into intuitionistic linear (or undirec-
tional Categorial Grammar) implication -0. The connective o translates into ®; 1,
@, t, 1 and L are not affected in the sense that for the respective fragments the set
of provable sequents remains the same. '

Note that there are E-rules for ®, & corresponding to (® F), (@ F), respectively:

X [ABY X [AlY [BY]
(AéB) C (AEB:B)C:' o
C 4]

With P present, the most general scheme (I ¢)g receives a different interpreta-
tion. It can now be written as:

(l‘ C)G J
X [Ay .. Ay lX [Ap, .. Ay [ X

Bl B,

C<A11)"'1A1k];---;Am;-";Ankn;Bl)"-;Bmcla---acm)s

where p = n+ky + ...+ kn + m. In the case of exactly one (I c)-rule, the meaning
of (... Ai;... B;...Cq) becomes f"

n
X & ( (A;; —o(Ai; —0... —0(A;,, —0B;).. )) :
I =1

i qs

J

14



Due to the presence of P, the order of the A, ; 18 irrelevant. f' is equivalent to

n n i
T3 ] g=1
The remaining two cases call for disjunction & (look at the (finite) list of (- ¢)-
rules as a multi-set) and L; t is definable as (L —oL). Thus, sequentially interpreted
ILPL is functionally complete w.r.t. {1, ~0,®,®,M,L}.

Other structural rules that might be added to the earlier sequent-style presen-
tation of ISPL are:

contraction (C):
XAAYFB

XAYFB'
cancellation (C’):

XAYAZFB XAYAZF B
XAYZFB' XYAZFB'

expansion  (E):
XAYFB

XAAY b B’
duplication (E):
XAYZFB  XYAZFB
XAYAZFB' XAYAZF B'

monotonicity (M):
XYFA

XBYFA

In the presence of C, intuitionistic linear implication -0 becomes relevant implication
-o. The connectives @, M, t, 1, and L are not affected; ® becomes ‘fusion’ o. t can
be defined as (L —o.L). In strict analogy to the reasoning in the linear case, one
may now conclude that sequential propositional logic based on relevant implication
(IRPL) is functionally complete w.r.t. {1, -8,M,0,®, L}.} It should by now be clear,

"This does not, however, imply that Anderson and Belnap's propositional relevance logic R
(ct. e.g. [3]) is functionally complete w.r.t. {1, -s,M,0,@,L}. Although IRPL and R share the
same implicational fragment, namely Church's wesk theory of smplication, R's conjunction and
disjunction e.g. are not captured by M, .

15



how functional completeness w.r.t. the sequential interpretation can be established
for those extensions of Lambek propositional logic which are obtained by adding
combinations of the above structural rules to our stock of operational rules. In
each case the effects on the general scheme (- ¢)g and on the basic connectives of

Lambek propositional logic are to be considered. In particular, adding P, C, and
M to ISPL will corroborate the results in (7], [13], [8], and [9] concerning IPL.

ISPL ILPL IRPL IPL
® = ® =¥ ) - VvV
() - ® el 0 ~
A
M - M — M oo
\ S
-0 - -9 b )
/ Vel
1 - 1 - 1 S
T
t = t = t -
L = o4 - £ - L
8 Outlook

It turned out that, starting with intuitionistic sequential propositional logic as a
base logic, Zucker and Tragesser’s approach to the adequacy problem for inferential
propositional logic can be generalized so as to provide a uniform method to obtain
functional completeness results for a spectrum of sublogics of IPL. Moreover, these
results are themselves uniform: besides L and 1 they involve certain implicational,
conjunctive and disjunctive connectives.

What about the adequacy problem for sequential predicate logic? In [13] one can
find a quite general argument for the case of inferential predicate logic, now using
Martin-Lof’s intuitionistic type theory [6]. One might expect that suitable modifi-
cations of this argument could provide functional completeness results for certain
subsystems of intuitionistic predicate logic. Before this question can be tackled,
however, something like a ‘Lambek type theory’ must be developed. The latter is,
of course, in itself an interesting research task.
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