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INTRODUCTION

This thesis consists of five independent syntactic studies, treating of
various systems of typed and untyped A-calculus. They have been
arranged into five chapters in the reverse order in which they were
written. Each of these chapters has its own introduction, with all the
essential information, and its own references; so they can be read
independently of this general introduction.

This introduction is divided into two parts. First, in order to set the
scene, we make a few general remarks on the relation between
Church-Rosser and strong normalization results, and in particular on
the use of strong normalization in Church-Rosser proofs. Thereafter the
respective papers are briefly sketched and provided with some
additional comment.

For the discussion we need some terminology. Suppose we have a
set T of terms with a one step reduction relation — . Following Klop
[1980] the structure (T, =) may be called an Abstract Reduction
System. By —» we denote the reflexive transitive closure of —, and by
= the generated equivalence relation, called conversion. A finite or
infinite sequence of terms tg— t)y = t; = ... , is called a reduction
sequence (of ty). If there exist no infinite reduction sequences of t,
then t is called strongly normalizing (SN). If all terms are SN, then
the reduction relation — itself is called strongly normalizing too.
Finally, — is called Church-Rosser (CR) if

t»s&t>r= (At)(s>t &r—ot),
and weakly Church-Rosser (WCR) if
tos&tor= @t)(s—t &r—»t).

In syntactic work on the A-calculus, Church-Rosser and strong
normalization are the best known type of result. The original
Church-Rosser theorem was the first method to establish the
consistency of the ¢ype free A-calculus. As a matter of fact, it
remained essentially the only way to prove consistency for several
decades, until the discovery of the lattice-theoretic models by Scott.
For the ?yped systems there is a natural set-theoretic semantics and
therefore the consistency is a priori unproblematic. In this case the
importance of the Church-Rosser theorem lies rather in the fact that,
when combined with a strong normalization result, it yields a decision
method for testing the convertibility of two typed terms.



We now turn to the employment of SN in Church-Rosser proofs. Let
us start considering those systems for which SN is already established
(as it will be the case with most of the typed systems). In general
their Church-Rosser problem is trivial, since it can be reduced to weak
Church-Rosser by the implication

SN+WCR = CR.

And usually WCR can be straightforwardly verified. The proof of the
implication is easy and standard; it can be found e.g. in 3.1.8 of
capter 1 below.

Note by the way that without SN the Church-Rosser property does
not follow from WCR. The following simple counterexample is by

Staples [1975].
r 0‘—_@_—‘0 u

Maybe a little surprisingly, the implication SN+WCR = CR can be
exploited also for type free systems, where SN generally does not hold.
We describe the procedure in an abstract setting.

LICENSED REDUCTION

The main step is devising some sort of /Jcensing system that regulates
reduction. In effect, a license L attached to a term t has to contain
the information:
(a) which reduction steps are allowed from t;
(b) if the step t — s is allowed by £, which is the license

that s inherits.
If t—>sis allowed by £ and £' is the license that s inherits under the
indicated reduction step, we denote this by (t,2) = '(s4').
Furthermore we let —' denote the rzflexive transitive closure of —'
and define — 4 by the clause:

(i) t—gs & @)EL)((t, ) > (s.0)).
Note that by these definitions the fo.lowing implications are obvious.
(i) (t,2)—>'(s,0") =2t—os;
(iii) t—=ys =2 t—>s.
Now, In order that the licensing system be appropriate for the

purpose of proving Church-Rosser for the original system, it is
sufficient that the following additional requirements are met.

(iv) t=s=> @ADEL)((t, ) =" (2Y));
(V) (t! 'QO) - (5)2'0) & (t) 'Ql) - (r"Q.l) =
@) @) EL) (£, 2) > (s.0) & (¢, 2) > (r.2");
(vi) =" is WCR;
(vii) > is SN.



Finding the appropriate licenses to satisfy (iv) and (v) is called
“lifting”, forgetting about the licenses in (ii) “projecting”.

CLAIM. If for = a licensing system can be found such that (iv) to (vii)
are valid, then — is Church-Rosser.

PRooF. (The argument is standard; it can be found e.g. in section
3.1 of chapter 1, where the above method is actually applied.) First
we establish the implication:

(*) t—)ls& t—>r= (Bt')(s—blt' &I“")1t').

Assumet —s and t = r. Let 25,2 and 24,2y be such that
(t,2g) ' (s,2') and (t,23) =" (r,2'y) (by (i)). Then by (v) there are
2,2',0", such that (t,2)—>'(s,0') and (t,2) —'(r,L"). But by (vi) and
(vii) the relation ="' is CR, and hence there must be a common

—» "-reduct (t',2%) of (s,2') and (r,2"). Consequently by (i) again we
haves =t and r = t'. Thereby (x) is established. Now from (x) it
follows immediately that —4 is CR. From this CR for — can be
derived, since it follows by (i), (iii) and (iv) that the reflexive
transitive closures of = and —4 coincide. [

APPLICATIONS

We mention three well-known cases of licensing systems for the
A-calculus to which the above applies.

A. DEVELOPMENTS. The oldest example of such a system uses the sets of
redex occurrences in a term t as the licenses that can be attached to
it. A reduction step is allowed by { if it results from the contraction
of a redex in L. The inherited license is the set of residuals of the
redexes in . The projections of the — '-reduction sequences are usually
called developments and the required strong normalization result is
known as the Finite Developments theorem. We make use of the
concept of developments in chapter 1. In chapter 2 a new proof of the
Finite Developments theorem is given.

B. LABELLED REDUCTION. More recently, Hyland and Wadsworth, and
Lévy have defined systems of so called labelled reduction, which have,
apart from their use in proving CR, many other interesting
applications. Here we only give a cursory definition of the Hyland/
Wadsworth calculus, which was designed as a tool for studying the
lattice-theoretic models. A Hyland/Wadsworth license for a term t can
be represented as an assigment of natural numbers to all subterms of
t. Then the contraction rule for licensed B-reduction is

(Ax.t)n*tls = ((x:=sn)t)n,
In addition an improper reduction rule is required, to get rid of

multiple labels: (tn)m — tmin(n,m)  (More details can be found e.g. in
Barendregt [1981].)
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C. TYPES. One may even view the typed A-calculus At as a licensing
system for the type free A-calculus. Its licenses would consist of the
typings and — ' becomes just reduction within A®. But, as reduction
steps from an untypable term cannot be lifted, we do not have (iv).
On the other hand, for typable terms t condition (iv) can be
strengthened to:

(ive) t—=s= 3F)@EL)((t, )" (s,2)).
The other requirements of licensed reduction that were formulated
above do go through.

DEVIATING CASES

The above abstract method for proving Church-Rosser does not work in
all situations, and as a matter of fact, two of the exceptions do play a
prominent role in this thesis.

A. AUTOMATH. In the first place there are the Automath systems with
n-reduction, of which the system AN in chapter 5 is an example. The
problem is that whereas they are strongly normalizing all right, there
is no easy way to establish WCR. This is caused by the fact that in
these systems the types are themselves A-expressions, also liable to
reduction. Thus we have the following problematic example (in the
un-Automathlike usual notation).

Ax:a. ((Ay:B. y)x) = Ax:a. x, and

Ax:a. (Ay:B.y)x) =, AyB.y.
By the assumption that the terms are well-formed it follows that o
and B are convertible into each other. But from this information a
common reduct cannot be derived (unless we know CR already of
course) .

The Church-Rosser problem for Automath systems with n-reduction

was solved by van Daalen [1980]. The proof makes essential use of
strong normalization.

B. SURJECTIVE PAIRING. The second deviating case is the A-calculus
extended with surjective pairing, treated in chapter 1. In this case the
usual reduction rules are WCR. As a consequence it has proved to be
tempting to search for an appropriate licensing system. Such a system
cannot be found however, as it has been shown by Klop that the
A-calculus with surjective pairing is not Church-Rosser.

SUMMARIES OF THE CHAPTERS

CHAPTER 1. Surjective pairing in connection with the A-calculus was
first studied by Barendregt. He showad that in the A-calculus surjective
pairing is not definable (see appendix 1 of chapter 1). However, it was
Colin Mann who discovered in 1972 that there were difficulties in
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proving the Church-Rosser theorem for the extension of the A-calculus
with surjective pairing. What is meant here is the system (called Asc
in chapter 1) that is obtained by adding to the A-calculus constants T,
Ty and 74 and the extra contraction rules

1 (nXY) - X,
1 (nXY) > ¥, and
(g X) (M X) - X.

The Church-Rosser problemn for Aft¢ remained the foremost open
problem in A-calculus, till in 1977 Klop found a counterexample. In the
meantime it had become clear that a Church-Rosser proof would not
be needed in order to establish the consistency: it is not difficult to
find within the Pw-model of the A-calculus elements that satisfy the
requisite equations (see appendix 2 of chapter 1).

Yet the situation was not fully clarified. For, a syntactic
consistency proof was in no way deemed impossible by the failure of
CR. Moreover, it was not settled by the model construction whether
surjective pairing is conservative over the A-calculus. And another
question arises: why stick to the reduction rules of An¢? Do they have
any intrinsic significance?

In chapter 1 we hope to put an end to all these questions by
proving the conservativity of surjective pairing over the A-calculus by
purely syntactic means. In the proof we do not employ the reduction
rules of As¢. Instead we make use of several other auxiliary reduction
relations. These were devised simply with the aim of making our proof
work and we do not claim any a priori computational significance for
them.

For an outline of the conservativity proof we refer to chapter 1,
which has an extensive introduction of its own. Here we only point out
some further connections.

It appears that interest in surjective pairing has for a good deal
been inspired by category theory. The original motivation of Mann was
the connection between category theory and proof theory. He didn’t
need the CR result he sought for after all, since he worked with typed
systems. In their recent monograph, Lambek & Scott [1986] again
study the connection between category theory and proof theory, and
their C-monoids do correspond exactly to the type free An-calculus with
sur jective pairing. Finally we should mention the work of Curien
[1986] on a system called “Strong Categorical Combinatory Logic”,
which is designed for the implementation of functional programming
languages. The system is also inspired by category theory and contains
A-calculus with surjective pairing.

CHAPTER 2. The Finite Developments theorem was already mentioned
above. The proof which we present in this chapter is based on a
seemingly naive attempt to produce an expression for the number of
steps in a development of maximal length of a term with respect to a
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specified set of redexes. One finds such an expression by trying to
imagine a reduction strategy that is as uneconomic as possible, never
allowing a short cut if a longer route could be taken as well. The
resulting strategy turns out to correspond to the so called “perpetual
strategy”, which in the A-calculus with the usual fB-reduction always
finds an infinite reduction path if there is one. Besides that, there is
not much to say about the proof and that might well be its merit.
(This chapter has been published as de Vrijer [1985].)

CHAPTER 3. We prove strong normalization for typed A-calculus and
combinatory logic by a method similar to that of chapter 2, again by
employing a maximally uneconomic reduction strategy. In our
expression for the height h(#) of the reduction tree of a term ¢ we
employ a new type of so called “labzled” functionals. Let ¢ and s be
terms such that also the applicative term ¢s is well-formed. Then the
labeled functional which is attached to ¢ contains—apart from an
expression for the height of #—all tae information that is required to
calculate the labeled functional of #s given that for s.

The expression for h(¢) is presented as a valuation of the terms of
the typed A-calculus A*. In fact twc such valuations are given. The
first one only provides an upper bound for the height. But the
corresponding proof of strong normaiizaton—called the “quick proof”—is
simple and transparent. Certainly more transparent than the ones
involving a computability predicate. As a matter of fact, the quick
proof provides some extra insight inzo the nature of the computability
proofs. The computability predicate can be analyzed as abstracting
from all the information—still explicit in the labeled functionals—that
is not needed for a successful induction on the terms establishing strong
normalization.

The second valuation yields the exact estimates for the height of
reduction trees. Although the valuation itself is easily grasped, the
proof that it actually does its job is rather complicated. This is
compensated, however, by the fact that it gives more information
than the known strong normalization proofs: viz. the uniformity result
that is described in 2.3.4 and 2.3.5 of chapter 3.

It should be pointed out here that there exists a connection between
our “quick proof”, and the proof in Gandy [1980] which proceeds by
way of an evaluation of the terms of A® into a strictly monotonic
fragment (called A-I*) of an extension of the calculus AT itself. Our
proof seems more perspicuous, since the valuation that is used in the
quick proof is immediately recognizable as estimating an upper bound
and the labeled functionals are tailor-made for that purpose. Another
difference in the proofs is more superficial than it may appear at first
sight, however. Instead of considering the monotonic functionals as
semantic objects, as we do, Gandy presents his evaluation as a
syntactic coding in the A-I*-calculus. In order to make sure that the
terms of type 0 in that calculus actaally convert to numerals, he then



assumes a normalization result. This difference in the proof is not a
substantial one though. The expressions we employ for labeled
functionals can be regarded as syntactic objects as well. We would
then have to define the resulting calculus explicitly, but that is
straightforward. Conversely, one could conceive Gandy’s A-I*-calculus
as just a notational system for the class of strictly monotonic
functionals of finite type—instead of as a system of syntactic objects
on its own.

CHAPTER 4. We prove that the system N-HA@, (i.e., typed A-calculus
or combinatory logic with a recursion operator and surjective pairing)
is strongly normalizing. The proof is by a computability argument.

This chapter is based on a privately circulated note, written in 1982 to
answer a question posed by Lambek & Scott. They needed the result
for their monograph [1986].

CHAPTER 5. This paper, published earlier as de Vrijer [1975], is a con-
tribution to the proof theory (“language theory” in Automath jargon)
of Automath, the family of languages for checking mathematical proofs
originated by de Bruijn [1970]. Before commenting on the paper itself,
we first make a few remarks on its background.

In the opinion of the author, the Automath languages should be
viewed in the first place as an analysis—aiming at a formalization—of
reasoning, more in particular: of the reasoning employed by
mathematicians to convince themselves and others of their results. In
this respect there is no big difference with similar projects of Leibniz,
Frege, and Russell and Whitehead.

In the Automath project much stress has always been laid on two
related aspects of feasibility:

(i) feasibility of the actual coding of reasoning;

(i) feasibility of the checking of the code.
It is in realizing these requirements to a considerable extent that
Automath distinguishes itself from other formalizations of logic.
Its achievements in this respect seem to depend on two basic features:
(i) the employment of a concept that has become known under
the name “formulas as types”;
(i) incorporating in the systems a mechanism for handling
abbreviations.
The formulas-as-types notion is explained in chapter 5. Anyway, it has
become quite familiar by now (the notion also forms the basis of the
systems of Martin-Lof [1975]). So there is no need to go into details
here.

We only comment on one distinctive feature of some of those
Automath languages that exploit the formulas/types analogy most
fully. An example is AUT-QE, the language that was employed by van
Benthem Jutting [1977] for his translation of Landau’s “Grundlagen der
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Analysis”. We use Martin-Lof’s set up as a comparison. (The notation
used is that of chapter 5.)

By contrast with AUT-QE, in Martin-Lof’s theories there is no com-
plete parallel between objects and types: objects can be in applicative
position, but types cannot. Accordingly, the rule of Martin-Lof that
introduces applicative terms can be formulated as:

tea, fe[x,alp(x) + <t>fep(t).

In Automath one reckons with the possibility that the type y of f is
available only in the form of an abbreviation, or even that it was
introduced as a mere parameter. In those cases there is no reason to
suppose that the functional character of f is reflected in the actual
syntactical form of y. Therefore the corresponding rule should be given
as:

tea, fey, ye[x,altype F <t>fe<t>y.

Here the statement y €[x,a]type is to be interpreted as “y is a type of
functions with domain a”.

As a matter of fact, the system AAN of chapter 5 has an even less
restrictive rule:

tea, fey +  <t>fe<t>y.

Then the extra requirement on the functional character of vy is
included in the definition of the legitimate fragment AN-£ of AN (cf.
ch.V, 3.2.1 and 3.4.3).

Now, for a discussion of the results of chapter 5, we must say
something more on the language theory of Automath. Its principle
aims are:

(i) obtaining correct and tractable definitions of the various
Automath languages;
(i) establishing their essential proof-theoretical properties,such as
SN, CR, closure of the well-formed expressions under the
reduction rules of the system (“closure” for short) and
decidability.
Historically, a first proof of normalization for an Automath system was
given in 1971 by van Benthem Jutting. The first comprehensive
treatment of an Automath system is given by Nederpelt [1973]. He
defines a system A and proves for it SN, CR and decidability. Two
questions were left open:
(i) closure for A;
(ii) CR for A extended with n-reduction.
It was already mentioned above that the second problem has been
solved by van Daalen [1980]. It turned out that the closure problem
for A could be reduced to another problem, viz. the well-foundedness
of the so called “big trees”. The big tree of a term is derived from its
reduction tree by allowing, apart from the usual ones, as (improper)
reduction steps also the following two operations:



(i) passing to the type of a term,;

(ii) passing to an arbitrary subterm.
A system is said to satisfy the property BT, if for all its terms the big
tree is well-founded (cf. section 1.3 of ch.5). The above mentioned
reduction of the closure problem for A can now be rendered as:

BT for A = closure for A.

The system AA introduced in the paper in chapter 5 is a variant of
AUT-QE, which was devised for the purpose of proof-theoretical study.
Strangely enough, by the very definition of AN, its closure problem is
trivial. In spite of that BT is needed again, now for the decidability of
AA and also to establish the soundness of the language definition
employed. This is an intriguing aspect of the language theory of
Automath: depending on how a system is defined, the problematic
aspects shift to a different place. (The “instability of language theory”
is discussed in van Daalen [1980]; there also different methods for
defining Automath languages are compared.) In consequence, the
problems of a particular Automath system cannot be considered to be
solved to full satisfaction, until all the desirable results, SN, CR,
closure and decidability, are established together. In chapter 5 this
aim is achieved for the system AA. The essential technical problem
that had to be solved was BT.

It is claimed in chapter 5 that the method of proof employed for
BT, using bookkeeping pairs, can also be applied to Nederpelt’s system
A, thus solving its closure problem. This is actually accomplished in
van Daalen [1980], ch.VII. There he gives also another proof of BT.

ACKNOWLEDGEMENT. [ would like to thank H.P. Barendregt, L.S. van
Benthem Jutting, D.H.J. de Jongh, W.Peremans and M. Pigge for the
indispensable support they gave during the later stages of the
preparation of this thesis.

REFERENCES

Barendregt, H.P. [1981], 7hke Lambda Caiculus, its Syntax and
Semantics (North Holland) .

Benthem Jutting, L.S. van [1977], Checking Landau's “Grundlagen”
in the Automath System, Math. Centre Tracts 83, Amsterdam.

Bruijn, N.G. de [1970], ‘The mathematical language Automath, its
usage and some of its extensions’, in: Symposium on Automatic
Demonstration, IRIA, Versailles 1968, Springer Lecture Notes in
Mathematics 125, p. 29-61.

Curien, P.-L. [1986], Categorial Combinators, Sequential Algorithms
and Functional Programming (Pitman).



10

Daalen, D.T. van [1980), 7he language theory of Automath,
dissertation, Technische Hogeschool Eindhoven.

Gandy, R.0O. [1980], ‘Proofs of Strong Normalization’, in: 70 4. B.
Curry (eds. J.P. Seldin and J.R Hindley), p. 457-477.

Klop, J.W. [1980], Combinatory reduction systems, Mathematical
Center Tracts 129, Amsterdam.

Lambek, J. and P. Scott [1986], /ntroduction to higher order
categorical logic (Cambridge University Press).

Mann, C.R. [1973), Connections Between Proof Theory and
Category Theory, dissertation, Oxford University.

Martin-Lof, P. [1975], ‘An intuitioristic theory of types, predicative
part’, in: Logic Colloquium 1973 (eds. Rose and Sheperdson).
Nederpelt, R.P. [1973], Strong normalization for a typed lambda
calculus with lambda structured types, dissertation Technische

Hogeschool Eindhoven.

Staples, J. [1975], ‘Church-Rosser Theorems For Replacement
Systems’, in: Algebra and Logic, Springer Lecture Notes in
Mathematics 450, p.291-307.

Vrijer, R.C. de [1975], ‘Big trees in a A-calculus with A-expressions
as types’. In C. Bohm (ed.), A-Calculus and Computer Science
Theory, Lecture Notes in Computer Science 37 (Springer).

Vrijer, R.C. de [1985], ‘A Direct Proof of the Finite Developments
Theorem’, Journal of Symbolic Logic 50, p.339-343.



1

EXTENDING THE LAMBDA CALCULUS WITH SURJECTIVE
PAIRING IS CONSERVATIVE

§0. Preliminaries

This is a paper on extensions of pure AB-calculus. The reader is assu-
med to have at least some elementary knowledge of the A-calculus and
some versedness in its basic syntactic techniques. As a reference
Barendregt [1981] may be used, especially chapters 3 and 11 and the
section on reduction diagrams in chapter 12. We will adopt the
notations and terminology which are used there whenever possible.
Acquaintance with the general theory of Combinatory Reduction
Systems (CRS’s) as developed in Klop [1980] will be useful.

In this preliminary section we briefly survey some basic notions and
terminology, and stipulate some further notations and conventions to
be used in the sequel.

0.1. The set of pure A-terms, A, is constructed from a set of
variables x, ¥, 2,... by the term-forming operations abstraction
(Ax.M) and application (MN). In extensions certain constants or
function symbols of positive arity may be added.

Terms are considered modulo a-equivalence. The symbol = is used
for (syntactic) identity of terms (modulo a-equivalence). The result of
substituting A for x in N is denoted by (x:=M)N. We shall always
assume the bound variables of & to be chosen such that no free
variable of M becomes bound after the substitution. FV(A/) denotes
the set of variables in M.

0.2. A context C[ ] is a term with an open place (colloquially: “the
hole”). C[M] is the result of filling that open place with M.

With the help of contexts an exact representation can be given of
occurrences. If M occurs somewhere in N, then ¥=C[M] for some
context C[], where the hole in C[ ] indicates the position of this
particular occurrence of M in N (there may be more). Formally we
identify this occurrence with the pair £= <A, C[ ]>. In informal
discussion the second coordinate is most often suppressed and then one
speaks loosely of “the occurrence M ”. Vice versa, we will sometimes
say 2 when we mean the occurring term M instead of the occurrence.
If ¥=C[M] for some M, then C[ ] is called a subcontext of N. And
C[M'] is called the result of replacing the occurrence M in N by M.
It should be noted that there is a contrast here with substitution: free
variables in A/' may become bound in C[M'].
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The depth of the occurrence X =<M,C[ ]> is defined as the number
of symbols in C[ ].

0.3. Let r: M — N be a contraction rule, i.e. a relation between
terms. The one step reduction relation corresponding to r (usual
notation = ,) is the compatible closure of r:

(M, N)er = C[M] >, C[N]
Our starting point in this paper is the system N of pure AB-calculus.
There is but one contraction rule, namely that of B-reduction:

B: Ax.M)N - (x:=N)M.
If M-, N by the contraction of a redex Z in M, then we may
indicate this by the notation I: M—, N or M (-, N. The reduction

sequence consisting of this single step is denoted by (£). In case
coincides with the whole term A/ itself, ¥ is called a main redex, and
the reduction step () a main reduction.

The reduction relation corresponcing to r (denoted by —»,) is the
reflexive and transitive closure of — ,. Many kinds of, mostly
auxiliary, reduction relations will be defined in the sequel, with
correspondingly more and less fancy notations. Always a version of =
will denote the reflexive closure of the corresponding version of =, and
—» the reflexive and transitive closure. As usual we write a: M —>» N to
indicate that ¢ is a — -reduction sequence leading from M to N.
Finally, if =, and —  are relations on terms, then — ,+ —p will
denote the concatenated relation:

M-, +-2p, N & AP) (M-, P& PoyN)

The +-sign is also used for concazenation of reduction sequences;
o+p is defined, if the first term of p and the end term of ¢ are the
same, as first ¢ and then p.

0.4. Just as in Combinatory Reduction Systems, our contraction rules
induce ancestor/descendant relations between occurrences in an original
and a reduced term, which are taken to be understood without
further notice. Residuals are descer.dants of redexes.

Unfortunately not all extensions of A that will turn up in this paper
are CRS’s, and so the general theory of CRS’s cannot be applied
without further ado. There seems to be place here for yet some more
generalization.

The set of residuals of the redex I after reduction sequence p is
denoted as usual by Z/p, and if p consists only of the contraction of
one redex A simply by Z/A. If 3 and A are redexes in the same term
M, then the elementary diagram of £ and A exists if the reductions
(2)+(A/Z) and (A)+ (Z/A) have the same end term— with the same
residuals of possible other redexes in A/. (This is not quite accurate,
(A/Z) may consist of several steps, the order of which is irrelevant,
however.)
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0.5. To facilitate reading we will as much as possible make use of
diagram language. A diagram which consists partly of drawn and
partly of interrupted lines stands for the conditional statement that if
some terms satisfy the drawn part, then there exist terms that stand
in such and such relations to these and to each other, as it is pictured
in the whole diagram. Often it is unnecessary to name all terms
figuring in a diagram. In such cases we prefer the variant without
parameters, or with only those displayed which are actually referred
to in the text.

0.6. Let 2 be a reduction relation and = the convertibility relation
which is generated by 2. Then there are two versions of the
Church-Rosser theorem which are easily seen to be equivalent.

0.6.1. CHURCH-ROSSER THEOREM VERSION 1. If M2N and M2P, then
there exists a @, such that ¥>2Q and P2@Q.

0.6.2. CHURCH-ROSSER THEOREM VERSION 2. If M=/, then there exists a
@, such that M2@ and N2Q.

In diagram language:
0.6.1. 0.6.2.

\%

When referring to the Church-Rosser Theorem we will in general mean
the second version.

A set of contraction rules or a (one step) reduction relation are
called Church-Rosser if their compatible, reflexive and transitive
closure satisfies the Church-Rosser theorem.

0.7. Two relations — , and —, are said to commute if the diagram

holds. =, has the diamond property if it commutes with itself. Notice
that in this terminology the Church-Rosser property for a relation — ,
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boils down to the diamond property of its reflexive transitive closure
-))a.
It appears that proofs of commutativity, Church-Rosser and the like
do often depend on a few elementary properties of relations. Some,
e.g. the Hindley-Rosen lemma and :he "strip" lemma, have become
real A-calculus classics. We find it convenient to have the following
variant at our disposal.

0.7.1. LEMMA. Let =, and — be relations. Assume —', and — 'y to
be extensions of — , and of — ), respectively, such that —', ¢ —, and
— p € —,. Moreover suppose that

Then =, and —»},, commute.
PROOF. First establish by successive inductions on —'y, and on —',,
that 'y and ', commute. Then notice that », = =, and »p = .

a

Noteworthy special cases are found by taking — itself for — 'y and
either =, or =, for ;.

0.7.2. LEMMA. If one of the diagrams (i) or (ii) holds, then —», and
-, commute.

6] (i)

PROOF. Immediate by 0.7.1. [

(i) is lemma 3.3.6 in Barendregt [1981], (ii) with = ,= >} is the
so-called strip lemma. But most typically lemma 0.7.1 will be used in
the sequel with — ', some sort of simultaneous — ,-reduction.
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§1. Introduction

1.1. Let Am be the extension of the pure A-calculus, A (cf. 0.3), with
the constants 11, 1y and 7y and with the following axioms, which

express that m, with the projections g and mny, is a surjective pairing:
(nXY) =X
ynXxy)=Y
sur: n(mpX)(mX) =X

The set of Ant-terms will be denoted by Am, the pure A-terms by A.

Reading the surjectivity axiom (sur) from right to left, it asserts
that (any) X can be written as a pair. It is equivalent to the rule of
T -extensionality

fn-ext: g X=1Y, mX=m ¥V + X=V,
saying roughly that any term is determined by its respective
projections. The relation between axiom and rule is to be compared to
that between the axiom of n-conversion

n. Ax.Mx =M, provided x does not occur free in M,
and the rule of (functional) extensionality:
ext: Mx=Nx + M=N (x not free in M and N).

It has been stressed by Scott (e.g. in [1975b]) that n does not
primarily express extensionality, but rather something that might be
called “functionality”. everything is a function. This is analogous to the
meaning of sur: everything is a pair.

In pure A-calculus no surjective pairing is definable. That is, there
do not exist P, Py and P, in A, such that the above equations for
P, Py and P, instead of 1, mg and 7y are derivable in N. This result is
due to Barendregt [1974]. We give a short proof in appendix 1.

Nevertheless, A is consistent, as can be shown by the construction
of models. The very straightforward definition of a graph model will be
presented in appendix 2.

The question remains then, whether the consistency of Ast cannot
also be established by purely syntactic means. In the case of A, the
consistency follows from the Church-Rosser theorem. This road seems
here to be blocked, however, because the reduction relation on Ax
which results if one adds to usual B-reduction the contraction rules:

n: 1 (nXY) - X,

7 1 (nX¥Y) - Y, and

ne: n(ngX) (X)) - X,
is not Church-Rosser. An ingeneous counterexample was provided by
Klop [1980]. I baptize the system with this reduction relation Ase, for
“classical” Ast, as it seems to be taken for granted in most of the
literature that 5y, Wy and %€ are the natural derivatives of the

axioms for surjective pairing. (Am€ is called A+ SP in Klop [1980].)
We come back to this point in section 1.3.
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1.2. Results. The present paper aims at a syntactic consistency proof
for Ast. In [1980] Scott remarks that proof theoretic results can be
very sensitive to the exact formulation of the rules of the system
under scrutiny. And with respect to A€ is there not some modified
property of reduction relations that will imply that not all terms are
interconvertible, and so do the job for the failing Church-Rosser
property?

It may be noticed by the way that a candidate for such a property
would be that of two normal forms being convertible only if they are
syntactical identical. (In the presenze of the Church-Rosser property a
triviality.) This property is called UN—for Unicity of Normal forms—in
Klop [1980]. Several systems that are not Church-Rosser, for example
the system A® which is to be discussed in 1.3 below, are proved there
yet to satisfy UN. For Asc€, however, UN is still an open problem.

Anyhow, we will in fact supply Axt with a somewhat modified
reduction relation, satisfying a different form of the Church-Rosser
property. The resulting syntactic consistency proof is of course of a
quite different nature than the mocel theoretic one. As one might
expect, the syntactic proof gives also some extra information. Thus it
will be an immediate corollary that Ast is a conservative extension of
A

The modified-reduction relation we equip Ast with, is denoted by 2.
To contrast it with Ast€, the resulting system (Axn,2) will be called
A72. In the defining rules the convertibility relation =, which was
already defined in the first lines of section 1.1, is assumed.

1.2.1. DEFINITION. The reduction relation 2 of An2 is the least
compatible, reflexive and transitive relation on A, satisfying:
B: (AxMIN2(x=N)M,
ng: mp(nXpXy) 2 Xy,
ny: my(nXpX) 2 X
1 . w(ngX)Y 2 X, provided that 1y X =V,
r: n¥(mX) 2 X, provided tkat g X=V.

1 and r stand for “left” and “right”. The conditions to which the
rules 1 and r are subjected are given in terms of = and so independent
of 2.

One readily verifies that the equivalence relation generated by 2
coincides with the convertibility relation = of Ast. So there is in effect
no need to distinguish conversion in Astz (or Ast€) from conversion in
Ant. Note that the rules 1 and r both imply the rule ne¢:

(X)) (mX) 2 X.



17

1.2.2. DEFINITION. By » we denote the least compatible equivalence
relation on Ast, satisfying the clause

X0=Y0, X1=YI = ﬁXoXlzﬂyOyi.

EXAMPLES. One has e.g. 15(n((Ax. x) y) z) = ng(nyz), and
Ayn((Ax.x)y)z » Aynyz, but not A\x.nxz)y ~» nyz.

In effect, » disregards replacement of occurrences of subterms under
the influence of a m by convertible ones. Since there are no 1’s there,
on A the relation » is just syntactic identity (=).

Now the Church-Rosser property for AnZz will be established modulo
~, that is, in the following form.

1.2.3. CLamM. (CR/~). If Ast+ M=/, then there exist ~-equivalent
@¢ and @y, such that M 2@y and N 2 @;. (See the diagram.)

M N
> | P>
005' """"""""""" 01

The proof is complicated and it occupies the bulk of this paper. Our
main results, the conservativity and hence the consistency of An then
follow at once. For assume At + M =N for M, N € A. Find @q and
@1 as in the theorem above. Then, as 2-reduction cannot introduce
constants which were not already present, all terms on the reduction
sequences M 2 @y and ¥ 2 @y must be in A, in particular @, @1 €A.
Hence @gp= @; and the reductions M 2 @y and ¥ 2 @y can only use B.
So M and N are convertible in A as well.

Thus we established as a corollary to 1.2.3:

1.2.4. MAIN RESULTS. (i) A%t is a conservative extension of A, i.e. if
M, NeA, then A\t + M=N = N+ M=N.
(ii) A is consistent.

The proof of theorem 1.2.3 is not the straightforward type of
Church-Rosser proof, as e.g. one which proceeds by defining and then
glueing together elementary diagrams. The traditional techniques do
play an indirect role though, in the analysis of some auxiliary
reduction systems.

The remainder of this introduction is meant to give some intuitive
insight into the ideas behind the actual proof, which then further
occupies the §82, 3 and 4. The reader who prefers to do so may skip
the informal part and move on directly to §2, keeping this introduction
for casual reference. An outline of §§2 to 4 is presented in 1.9.



18

1.3. Digression. It was already mentioned in section 1.1 that the
system Ast€ is not Church-Rosser. One of the complications that arises
in an attempted proof stems from the fact that the metavariable X
occurs twice in the mc-redex n(myX)(nyX), thus causing the redex to
be unstable under reduction in one of the X’s. In CRS jargon: =€ is
not left linear. Another complication lies in the ambiguity of the rules
of A7t€: the rules 1y and s¢, and my and %€ overlap.

The factor of non-left linearity is diagnosed to be the most serious
one. In order to isolate this phenomenon, Hindley proposed in 1973 (cf.
the sections on open problems in Bonm [1975] or Staples [1975]) to
study the system Ad which results by extending A with a single
constant & and the following simplified form of the nc-rule:

5 XX - X
This system was proved by Klop to be not Church-Rosser. As a matter

of fact the counterexample for Church-Rosser in An€¢ is a direct
translation of that for A&.

1.3.1. All the same, Ad can very well serve as a toy system for
illustrating some of the ideas which lie behind our main proof. Observe
that the contraction rule 6. §XX — X may be conceived of as a
restricted form of the more liberal rule:

B: X=V+ bXVY-X,
which, in contrast to 8, is stable under reduction (i.e., a descendant
of a B-redex is still a 3-redex). It is easy to prove that I3, in
combination with B, does satisfy the Church-Rosser property. Now,
somewhat surprisingly, — can, without the Church-Rosser property
being spoiled, be extended further by the rule,

rd: X=V+ XY VY.
For under this further extension of — the convertibility relation
generated remains the same. Hence the Church-Rosser result for Al®
carries over immediately to Al¥r®: a common reduct of Aldrd-convertible
terms can be found already by usir.g only B- and 1%-reduction.

There is a general principle at stake here:

1.3.2. PRINCIPLE. The Church-Rosser problem for a more extended
reduction relation can be reduced to a more restricted one, as long as
the restricted reduction is strong enough to generate the original
convertibility relation. Conversely: .f addition of rules for reduction
does not result in an extended convertibility relation, then by this
extension the Church-Rosser property is conserved.

Our play system shows how this principle can be applied to an
actual Church-Rosser problem. The a priori unclear case of AI*r¥ (how
to find a common reduct of X and } under the in this respect rather
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uninforming assumption that X'=Y ?) could be reduced to the trivial
one of NI Furthermore notice that we have here an illustration of
what can be attained by varying the rules of reduction. The systems
A5, Al%, and Al*r® all have the same convertibility relation. Yet the
latter two are Church-Rosser, while the first is not.

1.4. Back to Asn. Cannot the same method be applied to Ant? Indeed
the rules 1 and r of Aft2 are to a certain extent stabilized versions of
the trouble causing contraction rule n¢: n(mgX) (nyX) 2 X. Left
linearity is restored and the not quite unproblematic kind of overlap
which the my-redex m;(n ¥Z) still has with the nc-redex

(g (n ¥2)) (my ( ¥Z)) no longer exists in nt(ng(n ¥2)) (74 (n ¥2))
considered as an l-redex. (Or, for that matter, in n(ngX)) (ny(n ¥2))
in case X' =1 ¥Z. The conditions on the contraction rules 1 and r
guarantee that reduction does not lead across the borders of

convertibility classes, these being determined independently of reduction
by the definition of = in 1.1.)

In trying to establish Church-Rosser for AftZ minus r, however,
there is still a problem, owing to another case of overlap. For assume
11 X =Y and consider the following diagram.

7y (n(r, X)Y) 2 X

2 i

) 2 iq

Indeed my(n(ngX) ¥) 2y X by 1 and my(n(ngX) V) 2 ¥ by ny. But
now it is in general not at all clear how to find a common reduct of
X and Y. If we started by leaving out 1 instead of r, then the
same problem would arise of course, now with an r-redex under the
influence of a my-projection. As a matter of fact the problem we just
encountered forms a serious obstacle to the proof strategy we intend to
follow—which is based on the ideas indicated in the digression under
1.3.1 and 1.3.2. How it will be solved is described below in the
sections 1.5 ff.

It may be already pointed out here that the same sort of overlap
with the other projection rule, as in g(n(myX) ¥), is not quite so
problematic. Whichever reduction rule is used, g or 1, the result is
X anyway. See further 1.8 below.

1.5. Tentative heuristics of the main proof. Recall that the rules
1 and r are both liberalized variants of %€ and that therefore both
would do to generate the intended convertibility relation = of Ast. Even
1€ alone does that (with B and the projection rules of course). The
only reason why € can not altogether be replaced by say 1, is the
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possibility of clashes with 5ty of the kind described above. But can we

not both have the cake and eat it, by as a rule liberalizing s¢ to 1,
but in all cases that a m;-clash threatens reinterpreting it as r?

This rough proposal leads to a first approximation of our proof of the
Church-Rosser property for 2 of Ant2. Assume that M and N are
convertible. Then there exists a conversion of A and N with, apart
from B, Mg and 3y, only applications of the surjectivity rule w¢. (That

is, a conversion in Ast€.) Now, for the purpose of finding a common
reduct of M and /A, interpret applications of the surjectivity rule to
redexes of which the residuals can be predicted to come under the
influence of a 7y, as instances of r, other ones as instances of 1.

Matters are slightly more complicated, though. For, why would the
requisite choice between the rules 1 and r be uniform in the different
residuals of one and the same redex? It is even clear that in general
this is not the case; redexes and thzir residuals can be dispersed under
reduction, some ending under the influence of a 1y, some under a 7,
some remaining “free” forever. To cope with this possibility of
underdeterminedness of required information, we introduce in an
extension of A% a new device (viz. that of bookkeeping pair), that will
allow us to handle occurrences of redexes and their residuals simulta -
neously under different assumptions on the order in which projections
will eventually act on them. A brie: description of this device will be
given in section 1.7. But first we need a formal tool that will enable
us to manage the kind of informaticn at issue.

1.6. Labels. In the auxiliary modifications of Ast that will be used in
the proof of the Church-Rosser property, each subterm occurrence
(and hence all redexes), =, of a given term M will be supplied with a
label, £(Z), which consists of a sequence of zeros and ones. Roughly, a
label represents partial information on the order in which the
projection constants my and m; act on subterm occurrences, or can be
predicted to act on their descendants under reduction of A7. Since the
kind of information we have in mind can be derived from the context
of the occurrence, the label of £=</V,C[ ]> (i.e., the label of # in
C[~]) will be defined completely in terms of C[ ] alone.

The partial information wich is coded in a label should be interpre-
ted according to the following heuris:ic principle:

1.6.1. HEURISTIC PRINCIPLE. If the n'th digit of 2(Z) is i, then the n’th
element of a sequence of projections, of length at least n, acting on
(any descendant of) 2, will allways be m;.

(NB. In Clng(mg(my &))] three projections—or a sequence of projections
of length three—are said to act on ¥, of which the first one is n; and
the second and third ones are 1.)



21

In case no sequence of projections of length n or more acts on Z or
any of its descendants, it depends only on the first n-1 digits of 2’s
label whether it fulfills 1.6.1. This leaves room for some arbitrariness
in the actual definition of labels, while adhering to the heuristic
principle of interpretation. (E.g. for technical reasons we shall adopt
the convention to assign the label 000... to any occurrence which is
in applicative position.)

With this kind of information stored in the labels of subterm
occurrences, restrictions on the rules 1 and r will be stipulated with
the effect that problematic situations such as the one described in 1.4
above are avoided. E.g. an application of r will only be allowed to
occurrences of 1 ¥ (1 X) with a label of the form a=1a’, this label
being a guarantee that no 1y will act on the actual occurrence or on
one of its descendants. (As a consequence of the above mentioned
convention, T-redexes in applicative position are only liable to
contraction according to 1.)

1.7. Bookkeeping pairs. Three kinds of contexts can be distinguished
according to the above, namely those admitting of rule 1 (label of the
form Oa), those admitting of rule r (label 1a), and those which do not
(yet) carry enough information to settle the issue. Now in order to
make sure that reduction is not necessarily obstructed in the latter
case, the systems Astp and Anp* will be defined, incorporating as a
formal device pairs of the form [ My, M1, with the stipulation that A%,
and M, are treated as if their context provided them respectively with
label 0 and with label 1. Formally: 2(AM;)=0 and 2(M;)=1. In this
manner e.g. a contraction of the n-redex m(mgX)(n;X) can be
simultaneously dealt with as an instance of 1 and of r in the
respective left and right components of the “bookkeeping pair”

[n(mgX) (y X), n(gX) (my X)1 And when in the process of reduction
descendants of this pair end up in a context which is more
determined, the bookkeeping pair can be cancelled: only that
component is kept, of which the label is consistent with the extended
information carried by the new context.

For technical reasons the formation of bookkeeping pairs is still to be
generalized somewhat: in an a-context (label a) the indexed
bookkeeping pair [ My, M, ], is admitted, with the stipulations that
2(My)=a0 and L(M))=al.

Now the system Amp can be roughly characterized as based on the
extension of Ast with bookkeeping pairs, and incorporating the
reduction rules B, g, 74, 1 and r, along with a rule p which in an
a-context allows an occurrence M to be replaced by the bookkeeping
pair [ M, M],. The system Anp* is derived from Anp by adding an
appropriate mechanism for the cancellation of bookkeeping pairs in
certain positions where they stand in the way rather than being of
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use.

Thereby we will have internalized, at a purely syntactic level, the
possibility to deal with occurrences simultaneously under the
alternative hypotheses of any finite amount of information concerning
their context, as it is coded into the binary tree of labels <L, <>. All
this luxury has its price though, consisting in a considerable growth of
the complexity of the systems of reduction that must be investigated.
More in particular, we will be confronted with the problem that the
bookkeeping pairs, once allowed intc our system, may pop up in places
where they stand in the way rather than that they are much of a
help. Such is the case e.g. in a term like [Ax. x,Ax. x1y, in which the
potential redex (Ax.x)y is obstructed by the presence of the
bookkeeping pair.

1.8. Some further technicalities. In the systems Anp and Asnp*
two kinds of overlap between the intricately interwoven contraction
rules 1 and r on the one hand and g and 5ty on the other, remain.
These are illustrated in the following two diagrams. The first one under
the provision that my X =¥, the second by the restrictions on 1 only in
a Oa-context and under the provision that 7y (nX¥)=2, that is,
Y=2.

(i) no(r((noX) Y) X (1) wn(ny(nXxr))Z nXxz

| o
Tng = E
X ? nxy T ?

In both diagrams the indicated reductions result by contractions of two
overlapping redexes, the contraction of the one leaving no residual of
the other in the respective end terms. We now briefly comment on
the diagrams seperately.

(i) This type of overlap is quite unproblematic. For reducing
1g(n(ng X) V) either with 1 or with g, each time the reduct is mg X
In the theory of CRS’s, systems in which there is only this harmless
kind of overlap are called weakly ncn-ambiguous.

(ii) Here the situation seems to be more serious. How to find a
common reduct of the respective one step reducts nX} and nXZ
under the single assumption that ¥ and Z are convertible? We are in
the same kind of deadlock that we met in 1.3.

Our solution is so drastic that it may look a bit too cheap: we
declare n.XY and nXZ to be equiva.ent (under the given assumptions)
and thereby just stop worrying. In section 2.3 the equivalence relation
~ will be defined, which disregards ap to convertibility the component
Xj of the pair nXyX] in contexts with label ja, j#i. Then in Anp and
ANP* terms will be considered modulo ~.

Let it be just ascertained here tlat, just as in the case of 1 and r,
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the context restrictions give protection against the possibility of
interference of a wrong projection rule. (Matters would not work out
all right if we declared m; (nXY) to be ~-equivalent to 11y (nXZ) on
the condition that ¥'=2, for reasons similar to those described in 1.4
and 1.5 above with respect to 1 and r.) Notice that ~ can be seen as
a refinement of the equivalence relation # on At defined in 1.2.2.
There is a parallel with the rules 1 and r again: in A%t we do not care
so much about contexts.

The decision to work modulo ~ could be debated. By considering
terms as equivalence classes they certainly become, so to speak,
heavier to carry around. On the other hand, one is to a certain
extent already accustomed to this kind of proceeding, as one normally
deals with a-equivalence in exactly the same way. The alternative
would be to incorporate ~ in the reduction rules. As a matter of fact
that is what one did with a-equivalence in some of the early A-calculus
papers. It had its drawbacks too. Anyway, by our choice the
reduction relations—already cumbersome enough—are not needlessly
complicated still further and kept as much as possible in line with
those of the more common systems (the paradigm being that of the
regular, or at least weakly regular, Combinatory Reduction Systems).

1.9. Outline. It will have become clear by now that two auxiliary
systems play an important role in this paper. Viz.

Az = (Ax, 2), and

Anp* = (Amp®, > *).
Of these, the function of A%Z has been pointed out already in section
1.2. There it was shown how the Church-Rosser theorem (/) for Am2
(claim 1.2.3) would enable us to derive our main results, the
conservativity of Ast over N and the consistency of Az (cf. 1.2.4).
The system Asmp* can best be accounted for by referring to our
digression in 1.3. In the above sections Anp* was arrived at in an
attempt to design a variant of AnZ such that
(i) the modified reduction relation would be a restriction of

that of An2;
(ii) the conversion relation of A%z would be retained;
(iii) we would be able to prove Church-Rosser for the restricted

reduction relation.
This in order to be able to use the principle formulated in 1.3.2 for
deriving the Church-Rosser theorem for Astz. Now, since we had to
introduce labels and bookkeeping pairs in Anp*, matters have become
more complicated than they were in the case of AI¥r® and A3, Yet it
will turn out that the pattern of reasoning that was illustrated in
1.3.1 can be used for A2 and Anp* as well.

In order to translate terms from Aw into Asp* and back we make

use of an imbedding ¢: At = Anp* and a projection ¢: ARp* = Ax.
Both can be defined in a straightforward and natural way. Further we
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let =* denote conversion in Asp*. Then in the remainder of this paper
the following three statements will be established, matching in that
order with the requirements (i), (ii) and (iii) that were formulated
above.

1.9.1. CLaM.

(i) If MeAxn, then
Anp*E Y( M) =*N = AN ern)(Anz+ M2N'8& N' =d(N));

(i) Astr M=N = Ap*+ (M) =*¢(N);

(iii) Astp® is Church-Rosser.

From these facts one easily derives CR/~ for An2 (claim 1.2.3) as
follows.

1.9.2. COROLLARY. AftF M=N = BK'~K)Y(M2K' & N2K").
PROOF. Suppose that A+ M= AN. Then by 1.9.1(ii) also

Anp*t (M )=*¢(N) and it follows by 1.9.1(iii) that ¢(M) and

¢( ) must have a common —*-reduct £. We can then apply

1.9.1(i) (twice) to find X', X"€ Ast, such that M2K', N2 K" and

K x K ~o(K). O

A global outline of the actual proof of 1.2.3 can now be given, as
each of the 8§82, 3 and 4 corresponds roughly with one of the three
propositions that together make up 1.9.1.

The principle object of §2 is defining the systems Astp and Asmp*.
After some preperation in the sections 2.1/4, these definitions are
finally accomplished in 2.5. Proposition 1.9.1(ii) will be an immediate
consequence (lemma 2.5.4).

83 is entirely devoted to proving the Church-Rosser theorem for
Astp* (proposition 1.9.1(iii)). The structure of the proof is pointed out
at the beginning of that section.

In 84 proposition 1.9.1(i) is established. Roughly, what has to be
done is eliminating the bookkeeping pairs from the — *-reduction
sequence. This involves essentially a postponement argument: we need
the fact that reduction steps that consist in the contraction of a redex
lying completely within a bookkeeping pair, can be moved to the end
of a reduction sequence.
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§2. The systems with bookkeeping pairs: Anp and Anp*

The definition of the sets of labelled terms Anp and Anp*, corres-
ponding to the theories Astp and Anp*, proceeds in a number of
consecutive steps, departing from Ast. We first point out the several
stages of the definition, by summing up the notions and the inter-
mediate sets of terms that will be met on the way.
(i) The set of pre-terms A°wnq is defined as the extension of Ast
with bookkeeping pairs and labels.

(ii) Amq is defined as A°mq/~, where the equivalence relation ~
is the refinement of » that was mentioned in 1.8.

(iii) Then, finally, Amp and Anp* can be obtained as subsets of
Anq, by putting restrictions on the positions where
bookkeeping pairs are allowed to occur, depending on their
index and the label of the context of occurrence.

As a matter of fact, the restrictions to Astp and Amp* will turn out
not to be affected by ~. That is, the situation that will have been
attained at the end of section 2.4 can be pictured in the following
commuting diagram.

LXAt Cc A°np* C A°np c A’nq
[~ [~ [~
Anp* C Anp C Angq

2.1. Pre-terms and labels

2.1.1. DEFINITION. The set L of /abels consists of all finite sequences of
the symbols 0 and 1 (including the empty sequence), and the infinite
sequences that become eventually constant 0.

The empty sequence is denoted by <>, the symbol 00 is used for the
infinite constant sequence 000. .., satisfying the recursion equation
0 =000,

On L a partial order is defined by:

2.1.2. DEFINITION. a<B < 3y. B=ay.

a ¢ B will sometimes be expressed by saying that B extends a. The
relation < is obviously reflexive and transitive and moreover one easily
verifies:

(i) <><a, for every a

(i) By < By = aby < afy
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The purpose of labels, coding partial information on contexts, was
explained in 1.6. The finite elements of L will also serve as indexes for
the bookkeeping pairs. These are introduced in the following definition.

2.1.3. DEFINITION. Consider the extznsion of A which is obtained by
adding to its rules of term formation, A-abstraction and application,
the extra rule to construct from My and A4 for each finite label a
(here called the index), the bookkeeping pair | My, Myl,. The empty
index is called neutra/. We agree to use for neutral bookkeeping pairs
the notation [ M, M1 instead of [ Ay, My es .

Define the function ¢, which maps terms with bookkeeping pairs
back to Am by deleting all second coordinates, by induction:

(M) = M, if M is a variable or a constant
d(Ax. M) = Ax.¢(M)
o(MN) = ¢(M)(N)
¢(rM0’Ml]c) = ¢(M0)

Then:
(i) the set of pre-terms is obtained by restricting the bookkeeping
pair forming rule to the condition that Ast+ ¢(Mp)=¢(M;);

(ii) the set A°nq of /abelled pre-terms consists of the pairs
<a, M>, where a€l is a label and A a pre-term.
Notation: a. M.

ExampLEs. Ax.[x, x1,, Axlx, Ay ) x), , [Tx, x1,,(Ay.y) %], and
Nelx, (Ny.») x, xN ), are pre-terms. But [x, 1, and
(A y.[x, y1,) x are not.

Note that ¢ is idempotent and that Am is the set of its fixed points.
¢ can also be extended to the set of labelled pre-terms A°nq by simply
putting ¢(a. A7) =¢(M). Conversely the function ¢: At & A%q defined
by ¢(M)=<>. M is a natural embedding of Axt into A°nq.

2.1.4. DEFINITION. (i) The convertibility relation of Ast is extended to
the set of pre-terms by adding the rule:

[ My, M1, = My (of course provided that [ My, M;], is a
well-formed pre-term).
(ii) Conversion in A®nq just neglects the labels, i.e., we define
Anqr a. M =B. N & M= N according to (i).

It is important to be aware that conversion is independent of labels.
Moreover we have for M, Ne€ Ant that

ANQFa. M=B N & A+ M=/,
In the sequel convertibility either in Ast or according to one of the
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clauses of definition 2.1.4 will be indicated by a mere equation M =/N.
Here M and N can be terms either with or without bookkeeping pairs
or labels.

From the substitutivity of Ast follows that A°nQ is closed under
substitution and that also conversion in A°nq is substitutive.

ExaMpPLES. We have Ax.[x, x1,=Ax.[x,(A\y. y)xl,=Ax x. Also
[y, 1=y, but not (Ax.[y, x1,) ¥ =y, since the lefthand term is
not well-formed.

If C[ ] is a subcontext of M, then as a subcontext of a. M it is
officially denoted by «.C[ ]. However, we adopt the convention to omit
labels whenever this is possible without causing confusion, that is, both
when the label a is already known and when it is not relevant for the
discussion. So, we can without danger of being misunderstood refer to
a.C[ ] as the subcontext C[ ] of a. M.

The label 2(Z) of the occurrence T=<N,C[ ]> of Nin a. M will
depend on a and C[ ] (not on #). Therefore we first define the func-
tion £ which assigns to each subcontext C[ ] of a. M a label 2(C[ ]),
indicating the position of the hole. Then 2(Z) is simply identified with
2(C[ ]). The notation C[ ]g is used if we want to indicate (implicitly)
that £(C[ ])=B. Such a context is called a B-context. (So a.C[ ] is a
B- and not an a-context.)

It has been pointed out already that in a following step towards the
definition of Astp-terms, equivalence classes of pre-terms will be formed
by disregarding certain occurrences, depending on their position. For
these occurrences the label will remain undefined, and naturally the
same applies to the labels of the contexts related to the positions in
question. Undefined labels are indicated by the symbol 1. Occurrences
without a defined label are called fransient.

2.1.5. DEFINITION. The label of the hole in a.C[ ], notation £(C[ ]), is
defined by induction on (the number of symbols in) C[ ]. In advance
we stipulate that subcontexts of contexts with undefined label also have
their label undefined: if (D[ ])=1, then 2(D[E[ ]])=1 as well. Other
cases are taken care of by the following clauses:

L [])=a
L(DAx[]]) = <>
2(D[[ ]Q]) =
L(D[m[ 1lp) = [3 for i=0 or 1
L(D[n[ ]@lg) = vy, if p=0y
T, if p=1y

<>, if p=<>
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LD[r@[ )lp) =y, if =1y
1, if =0y
<>, if p=<>

2(D[@[ ]]) = <>, in other cases with the hole in argument

position
L[ ], @1s]) = po
L(0[l@,[ 1)) =1

2.1.6. DEFINITION. Let =<P,C[ ]> be an occurrence of 2 in a. M.
The label of T is defined by 2(Z)=2(C[ ]).

If P occurs in a. M with label £(2)=8, then B. P can be viewed as
a labelled subterm of a. M and by abuse of language we will speak of
the occurrence B. P.

With so many brackets definition 2.1.5 may look rather
unattractive. It can be rephrased in a direct definition of the label of
an occurrence by induction on its depth as follows.

2.1.7. ALTERNATIVE DEFINITION. In x. M the occurrence M itself of
course has label 2 (M) =a. Other occurrences are always the direct
suboccurrence of an intermediate occurrence & of smaller depth, of
which the label can be assumed to be determined according to the
induction. In the table the relevant cases as to the form of & and
2(N) are distinguished. The occurrences of which the label is defined
are called P and, if two suboccurrences of &/ can be covered at once,
Q. (It is assumed that B=1 .)

N L(N) L(P) 2(@)
c[~] 1 1
Ax. P ] <>
4P B ip
[l 0B B 1
PR { 18 ) B
| <> <> <>
PR B @
RP (not one of B <>
the cases above)
[p,al, B y0 y1
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ExaMpLE. In a. A x. 7y X, 7 ¥Z 1y1) P one computes successively:
L(a.-)=a, L(P)=<>, LAx.-)=00, L(mgl-,-T11) =<>, L(mg) =00,
2(l-,-141) =0, 2(my X) =110, 2(X)=1110, L(n ¥Z) =111,
L(n)=0(ny)=00,(¥)=1 and 2(Z)=11.

CONVENTION. All relations — , on labelled terms that will be met in the
sequel respect labels. That is, they satisfy te implication

a. M-, BN = a=8
For convenience we will further write a. M —, /N instead of a. M —,

a. V. This is in accordance with our policy to omit labels whenever
possible without danger of confusion. (In contrast the indexes of
bookkeeping pairs are always explicitly mentioned. The notation
[ My, M1 is used only as short for the neutral bookkeeping pair

rMO, Ml](), Cf. 2.1.3.)

The notion of compatibility which was mentioned in 0.3, has to be
adapted to the presence of labels. Since our new notion of compatibility
will in the sequel be used mainly for relations defined on the
restrictions Antp and Anp®* of Amnq, it has a parameter A for subsets of
A°1q.

2.1.8. DEFINITION. (i) Let A be a subset of A°ntq. The relation =, on
A is called compatible (with respect to A), if

C[M], €A & a. Moy, N = C[M],—>,ClN],
(ii) Moreover, — , is called monotone, if

oMo, N & asp = B M-, N

The following condition for the soundness of inductive definitions is
straightforward.

2.1.9. CLOSURE CONDITION. Let — , be a relation on A. A necessary and
sufficient condition for the existence of a compatible relation on A
extending — , is given by the implication:

C[M)l,eA&a M-, N = C[N], eA.

Strictly speaking, whenever a relation is defined as the compatible
closure of =, (or “the compatible relation generated by —,”) this
condition should be verified. In most cases it will be obvious though.

2.2. Labels under replacement and substitution. The stability of
the several notions of reduction which are studied in the sequel, will
turn out to depend on the fact that labels of occurrences do not
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diminish in passing from ancestor to descendant. In the following
lemmas the ground is prepared by showing that labels are
non-diminishing under a number of operations involving replacement
and substitution.

It is here convenient to treat the value undefined (1) as if it were
itself a label. The partial order < may then be regarded as
incorporating 1 as maximal elemen:: a <1 for every a.

2.2.1. LemMa. (i) a<p =2 L(a.C[ D<2@.C[]).

(i) 2(a.C[ D)< 2(D[cl )]a)-

(ili) With the one exception that beth C[ ]=nC'[ ] and
Di[ 1=D[[ ]X], we have

a<p = 2(D4[C[ ]lo) < 2(D2[C[ ]]p).

PROOF. Induction on C[ ]. For (i) and (ii) it is all very
straightforward, one just follows definition 2.1.5. Here we only touch
on a few cases of (iii).

-C[]=AxC[]. Then, as £(Dy[Ax.[ ]]) = 2(D[Ax.[ ]]) =<>, the
induction hypothesis can be used for C'[ ] with Diy[Ax.[ ]], (i=1,2).
The exception does not interfere: regardless of the form of Dy[ ], there
cannot exist a D'[ ] such that Dy(Ax.[ ]]=D[[]X].

-C[l=c'[]x, C'[1#nC'[ ] Then the induction hypothesis can be
used for C"[ ] with Di[[ Jeo X ], (i = 1,2). The exception is taken care
of by the assumption on C"[ ].

- C[ ]=nC[ ]X. With definition 2.1.5 one easily checks that

R(Dy[n[ Jx],) <2(Da[n[ 1X]g). Then the induction hypothesis can be
used for C'[ ]. O

EXAMPLE. An illustration of the exception is given by D[ ]=00.[ 1X,
Dy ]=.[Jand C[ ]=n[ ] Then £(D4[ ]) = 2(Dy[ ]1)=00, but
2(c[ 1) =2(00.%t[ ]X¥)=0 and 2(D,y[C[ ]])=2(c0.%t[ ]) =<>. And
0 < <> does not hold.

An immediate consequence of the fact that £(/”) depends only on
the context of occurrence of £ and not on any of the characteristics of
P itself, is that changing 2 in some way or another does not affect its
label. More precisely:

2.2.2. LEMMA. Let P occur in a. M with 2(P)=8 and let M’ be the
result of replacing 2 by @ in M. Then in a. M' we have still

2(@)=8.

The reader may have noticed that in dealing with occurrences and
their labels we speak two languages. The official one, in terms of
contexts, was employed in definitions 2.1.5 and 2.1.6 and in lemma
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2.2.1 above; the loose one, in terms of subterms, in the alternative
definition 2.1.7 and in lemma 2.2.2. The former has the advantage of
precision; the latter, on the other hand, has greater flexibility and is
more in line with common usage. In opting for both advantages, we
accept the lack of uniformity that ensues.

In this line, parts (i) and (ii) of the following lemma are essentially
the same. But (i) is easier to prove, whereas (ii) is the form we
prefer for applications.

2.2.3. LEMMA. (i) Let @ be an occurrence in C[ ],, disjoint with the
hole. Let C'[ ]g be the result of replacing @ by some Q'. Assume
further that @ is not one of the terms m, nX, my or 1y in applicative
position. Then a <.
(ii) Let Pand @ be disjoint occurrences in M, M’ the result of
replacing @ by some @'. Assume further that @ is not one of the
terms 7, nX, 1y or 7y in applicative position. Then 2(P) in M
¢ L(P) in M.
(iii) The same as (ii), only now several disjoint @’s replaced, all
satisfying the condition.
(iv) As (iii), but now also P changed as in 2.2.2.

Proor. (i) Induction on C[ ]. Distinguish cases according to the
shape of C[ ], following 2.1.5. The only interesting cases are
C[ 1=D[x[ 1], D[nX[ 1] or D[n[ ] X]. Then if @ C X the label of the
hole is not affected by the replacement. Otherwise the induction
hypothesis can be used with D[ ].
(ii) M is of the form C[P],, with 2(P)=a and M’ of the form
C'[Plg as in (i). Apply (i).
(iii) Just repeat (ii).
(iv) Combine (iii) and 2.2.2. O

Notice that an increase of £(P) results e.g. if x in C[xP] is
replaced by 1.

2.2.4. LEMMa. (i) Let P be an occurrence in M, and P' the
corresponding occurrence in (x:=N)M. Then L(P)s(P").
(i) Let P occur in <>. ¥, and P' be a corresponding occurrence in
(x:=N)M, then L(P)< AU(P).

Proor. (i) follows from 2.2.3(iv) with @ = x, not falling under the
exceptions; (ii) follows from 2.2.1(i) and (ii). 0O

We conclude with two more immediate consequences of 2.1.5/7.
2.2.5(ii) is important for the next section.

2.2.5. LEMMa. (i) Replacement of an occurrence that is not in
applicative position (£ # 00) does not affect the label of any disjoint
occurrence Z.
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(ii) Replacement of a transient occurrence @ does not affect the label
of any occurrence # that either ccntains or is disjoint with @.

ProoF. (i) can easily be verified by inspection of the table in 2.1.7,
using induction on the depth of 2.
(ii) If P contains @, then use 2.2.2. For the case that 2 and @ are
disjoint, let 2 be the maximal transient occurrence containing @. As
only the clause for L(n.X¥) can introduce the value 1 (for X or V),
R is not in applicative position. Then, if £ contains 2, P is transient
by that very fact, and if not, then (i) can be applied with & instead
of @ as the occurrence being replaced. [

2.3. ~-equivalence, the system Amng. In this section we move on
from the stage of pre-terms, by abstracting from the transient occur-
rences in A°nq. This is done by first defining the equivalence relation
~, the refined version of # which was announced in 1.8, and then
defining Amq as A°nq/~. (After this, still one more step is required to
get at Astp. The q in A%q may be taken as mnemonic for “quasi”.)

2.3.1. DEFINITION. ~ is the monotone and compatible equivalence
relation on A°stq which is generated by the clauses:

V=V' = 0.nXV~nXY',

Y=Y s1a¥X~n?V'X.

An equivalent characterization is: M~N & N can be obtained
from M by replacing a number of transient occurrences by terms that
are convertible to the original ones. (Cf. 2.1.8 for the definitions of
monotone and compatible.)

EXaMpLES. - a.iy(n X ((Ay.3) 2)) ~ no(nXZ);

-<>nX((A\y.y) ¥V)Z ~ nXVZ, since 00 = 000,

- not a.1g(n((Ay.y) V) Z) ~ g ¥2);

0. X (g X)(Ay.3) (X)), Qv ) X1~ nX[X, ANy y) X1,

2.3.2. LEMMA. Let M, Ne A°nq, M ~ N. Then:
(i) M and N have the same form, in the sense that

-M=x =2 N=x,

- M=Ax. My = N=Ax Ny & <>. My~ N, etc.
(but note especially the case:

- M= OG.TlMng = NEOC(.T[NQM, o My~MNy & M1=N1).
(ii) To each non-transient occurrence P in M there corresponds
naturally a unique ~-equivalent one, ¢, in A/ of the same form and
with the same label.
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(ili) Let 2 and @ be corresponding non-transient occurrences in M and
N, not falling under the exceptions of 2.2.3 and with label B. Then, if
B. R ~S, the results of replacing P by Rin Mand @ by Sin ¥
respectively, are ~-equivalent terms again.

(iV) o. My~My & <> Ny~N; = a. (XZ=N0) My~ (XI=N1) M.

ProoF. (i) can easily be verified by induction on M. For (ii) the
corresponding occurrence & can then be defined by induction on the
depth of P, the label taken care of by 2.2.5(ii). As to (iii) it should
be observed that 2.2.3(ii) guarantees that the transient occurrences
which are disjoint with the ones being replaced remain transient after
the replacement. (iv) follows by repeated application of (iii). 0O

These invariances make it possible to operate with ~-equivalence in
the same way as it is normally done with a-equivalence, that is, use
elements of A°nQ as representitives for their respective equivalence
classes. The latter will constitute the elements of Angq.

2.3.3. DEFINITION. AnqQ, the set of quasi terms, is defined by:
Angq = A°nq/~.

It remains then to be checked, that all relevant predicates and
operations on A°fq are respected by ~. As this is obviously not the
case with length (of the term), and with depth (of an occurrence),
these notions are adjusted to the new situation by simply not longer
counting the symbols within transient occurrences.

But besides that everything is all right so far. Convertibility is
respected because of the premisses ¥'=.2 in definition 2.3.1, as = is a
compatible relation. Non-transient occurrences and their labels were
covered already in 2.3.2. They will be called just occurrences, as of
course transient occurrences do not exist any more in Anq: they were
the ones abstracted from. Accordingly the contexts can in Asnq only be
used to indicate positions with a defined label (R(C[ ])#1). Substitution
was already taken care of by 2.3.2(iv).

2.3.4. DEFINITION. Anq is the system based on Anq and with its
convertibility relation = derived from that of A°5%q as indicated above.

Observe once more that in passing from system to system,
conversion is each time merely adapted to the latest version of terms,
staying essentially the same. Conversion in A°nq, from which Anq is
derived, was just that of Ax extended to terms with labels and
bookkeeping pairs. This line is pursued in the sequel. The systems Amp
and Anp* will be obtained by putting restrictions on the set of terms
AnQq and by defining new reduction relations, but as to convertibility
we will just keep with Amq.
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2.4. Antp and Anp*. Our final step towards the generation of a
manageable system of terms which includes bookkeeping pairs, consists
in effectuating the restrictions on the positions which a bookkeeping
pair with a given index is allowed to occupy. As explained in 1.7, the
pair [ My, M1, belongs in an a-context.

2.4.1. DEFINITION. The set of canonical terms, denoted by Amp*, is
defined as the subset of Amq consisting of all terms which meet the
requirement that a-bookkeeping pairs occur only in a-contexts:

T=<[ My, M1,,C[ ]> = L(3Z)=a.

ExaMpLES. The terms o.Ax. 1l [mgy, 793 Tog, 7ol 3, 3 oot o and
©.x[y, »1 are canonical. On the other hand e.g. a.m [y, y Tos and
<>.[[y,» 1,31 are not. Note in particular that, although

<> . (\y. yx)[y, y1e Anp*, we have <>. [y, y1x ¢ Anp*, the latter
term being a B-reduct of the former one.

From the example we see that the set Anp* will not be closed
under the reduction rules which are intended for the system Asp*. (Of
which B-reduction is one.) Therefore we need yet another intermediate
system AP over a broader set of terms Anp, being closed under
reduction all right.

2.4.2. DEFINITION. The set Amp is the subset of AnqQ wich results if
one weakens the condition on occurrences of bookkeeping pairs for
ATp* to:

T=<[My, M{1,,C[ 1> = a<2(Z).

EXAMPLES. We have Anp* ¢ Anp ¢ Anq. As to the non-canonical terms
mentioned above, we still have a.my [y, y]og ¢ Antp, but

<>y, »1,yland <>. [y, ylxeinp.

The counterparts of Anp* and Anp in A°nq are called A°np* and
A°Tp respectively. It is obvious by 2.3.2(ii) that A°mp®* and A°mp are
closed under ~ and hence that definitions 2.4.1 and 2.4.2 are in order
in this respect (cf. table 2.0.1).

Although, as said, performing a contraction in a Anp*-term may
lead outside of Asp®*, the result will always remain within Anp. (That
is, the worst thing that can happen is that an a-bookkeeping pair
shows up in a B-context with B>a ) From there it can be projected
back to Anp* by ( )*. This operation will be defined via the auxiliary
reduction relation -« on Anp. - is called cancelling, as it cancels
superfluous bookkeeping pairs by selecting that component which is still
consistent with the information presented by the actual context.
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2.4.3. DEFINITION. The one step reduction relation -« on Anp, called
cancelling, is defined as the monotone and compatible closure of the
contraction rule:

can: ai.[ My, M1, - M;, for i=0 or 1.

ExampLes. <>.[[y,y 1,31 oly, v, <>ly,ylx o yx;

adx. 1y (ol T3, 7193 oo, 70l 3, 3 Toor To) = Ax. 7y (o (79l 3, 3 ooy ). The
monotonicity and compatibility amount to the same as the general
formulation C[[ M, M1, laip = CLM;].

Conceived of as a relation on A°mp, it follows by lemma 2.3.2 (iii)
that — is respected by ~, as obviously

Gi.rMo, Ml]a ~ I-NO’ Nl]u = al. Mi"’ Ni'
Moreover, it is important to note that - preserves convertibility: - ¢
=. Finally, that Asp is closed under - and under substitution is
established, along with some other closure properties, in the following
lemmas. Observe, however, that Anp* is not closed under substi-
tution, as can be illustrated by the example: M =mnyx and
N=<>[ M, VNyleAnp®, but (x:=N)M =1y[ My, Ny 1¢ Anp*.

2.4.4. LemMa. (i) a. MeAnp & a<B = B. MeAnp,
(i) If C[PlpgeAnp & a. QeAnp 8 a<P & P #m, 71X, myor 1y in
applicative position, C[@]geAnD,
(iii) a. MeAnp & <>. NeAnp = a.(x:=N)MeAnp,
(iv) If Pis not of the form m.X in applicative position, then
C[Pl,eAnp = o. PeAnp.

ProoF. (i) is an immediate corollary to 2.2.1(i). For (ii) assume
[ Xo, X1y occurs in C[@]g with label y. We have to check that §<y.
Distinguish cases as to the position of [ X, Xyly. If [ Xp, X1y occurs
within @, then & <y follows from the assumptions that a. @ € Anp and
a<P by 2.2.1(i). If [ Xy, Xy and @ are disjoint, then 2.2.3(ii) can
be used. If @cl Xy, Xy, then the replacement did not affect the
context of the bookkeeping pair at all. (iii) follows from (ii), and (iv)
from 2.2.1(iii). (The indicated exception is the only case that
occurrences in 2 do not automatically obtain the same labels in C[~],
and in a. 2). 0O

2.4.5. LEMMA. Axp is closed under .

PROOF. Assume C[[ Xy, X11,]ip€ Antp. Then by 2.4.4(iv) also
ai. X;e Anp; since ai ¢ aif, it follows then by 2.4.4(ii) that
ClXilupeAmp. D
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As each —-step reduces the leng:zh of the term, it is obvious that -
is strongly normalizing. Also the Church-Rosser property for — is easily
verified and hence each Amp-term x. M has a unique —-normal form.

2.4.6. DEFINITION. (i) The camonical form of a term a. MeAnp,
notation (a. M)*, is the (unique) —-normal form of a. M.

(i) The relation on Anp which transforms A into AM/* in one step is
denoted by —*: M <* M*.

NOTATION. We slightly ambiguously use the notations a. M* and M*
for (a. M)*. This is convenient, but it must be observed that this way
* becomes context sensitive. E.g. we get 1g([ My, My 1)* = g Mp*,
whereas 1y ([ My, M;1)*= 1y M{*. And even nastier, the X*-s in

[ X* X*|, are in general not the same. Sometimes we prefer to be

more precise, and then use the notation ax M to denote M * in an
a-context.

ExampLes. o. (Ax. [Ty, Ax.x) ¥ 1,y D*=axTy, »1;
<> [y, ly,0xx)y 1D =0y, Axx)y]1;, <> [y, y1x)*= yx.

An a-bookkeeping pair in a f-context with f>a, can always be
cancelled by -, so the -»-normal forms must be all in Amnp*.
Conversely Anp* is defined such as not to contain any superfluous
bookkeeping pairs, so that in Asp* there is nothing to cancel.
Therefore Anp* can be characterized as the set of canonical forms and
o* (¢ Amp X Anp*) behaves as the identity relation on Amp*. Put
more concisely: * is a projection operation from Anp onto Amp*.

This section is concluded with some lemmas and definitions which
will prove to be of use in the sequel. It may be pointed out first, that
although it is shown in lemma 2.4.8 that < is substitutive, <* is not.
This is illustrated by the following trivial counterexample:

x[ 331 <* x[y 1, as x[ 3, y]1is itself canonical.
But, substituting my for x, we do not have
ol 35 1 o* 7ol 3 1, as gl 35 31 is not canonical.

In 2.4.7 some properties of - and -* are summed up which should
be obvious by the above.

2.4.7. LEMMA. (i) o* C <
(ii) =» +o* = o*

(iii) The following diagrams hold.
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(iv) (c[@])*= (c[@*])~,

PROOF. Straightforward. 0

2.4.8. LEMMA.

() a. MyoM, & <> NeAnp = a. (x:=N)My-(x:=N) M.

(ii) <> My M & a. MeAnp = o. (x:=Ng)M > (x:=N)M.

(iii) o. My» My & <> Ny» Ny = a. (x:=Ng) My (x:=Ny) M.

(V) {(x=M)M)*=((x:=N) M)*=((x:=N) M)*=((x:=N*) M*)*.
ProoF. For (i) use 2.2.4(i) on the bookkeeping pair in My which is

cancelled. For (ii) proceed in the same way with 2.2.4(ii). (iii) follows
from (i) and (i), (iv) from (iii). O

2.4.9. DEFINITION. For a relation —, on Anp we introduce the
notations = ,* and — ,", by defining:

(i) —,* denotes the restriction to Asp* of — 5+ <*;

(ii) —,% denotes — ,+<».

NoTATION. The suggestive notation — ,% indicates that though some

cancellation may have been performed, the job is not necessarily
finished, thus leaving us somewhere halfway the canonical form.

In accordance with 0.3 the double arrow (—) with sub- and
superscripts is always meant to signify the reflexive transitive closure
of the whole. (The same can be said with respect to =.) In particular
—»,* denotes always the reflexive transitive closure of — ,*. Note that

as a consequence we do not have a special notation for the restriction
to Anp* of =, +o*.

2.4.10. LEMMA. (i) - ,**= —5,%,
(i) =% = o,
PROOF. Straightforward. 0O

2.4.11. DEFINITION. Let —, be a relation on Asp. Then — , is called
(i) =-projectable if a. M=, N = a. M* 2,* N*,

(ii) »-monotone if a. M=, N & a<Bp = p. M* 2,* N*;

(ili) »-compatible if a. M=, N = C[M]> =2,*C[N]*,

(iv) %-projectable if the following diagram holds
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(v) %-monotone if

a Mo, N&asB= AN)B M2, N'&B NN,
(vi) %-compatible if

a M=, N8 2(C[D=a=@Q)(C[M=,Q8C[N]> Q).

All relations — , C Astp* X ANP* are trivially x-projectable. As to the
connection between the different kinds of monotonicity and
compatibility, observe that Y2-monotonicity and compatibility are
weaker properties than plain monotonicity and compatibility.
Furthermore it is obvious that for x-projectable relations monotonicity
implies *-monotonicity and compatibility *-compatibility. The following
lemma provides a means for proving *-projectability etc.

2.4.12. LEMMA. (i) Let =, be Y2-projectable. Then both =, and —»,
are =-projectable.
(ii) If =, is Y2-projectable and Y2-monotone, then — , and —», are
%-monotone as well.
(iii) = , is Y2-projectable and Y2-compatible = —, and —», are
*-compatible.

ProoF. (i) First establish the diazrams a and b.

a

a Just by repeated application of the assumption, b as a consequence
of a because <* ¢ «». Then the =-drojectability of —, follows by

combining b and 2.4.7(iii):

= *
='a A d

The property of — , being Y2-projectable carries over to —»,, since
-, C —,, and a series of diagrams of the form a can be linked
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together to the right. As a consequence also —», is *-projectable.

(ii) Let a. M >, N and a <B. Then by the assumption that —, is
Y2-monotone and because — , is already *-projectable by (i), in a
B-context the following diagram can be constructed.

The x-monotonicity of =, can be concluded, since & <» /' implies that
N'*= N* Regarding —, it now clearly suffices to verify that it is itself

Y2-monotone too—the Y2-projectability following just as in (i). We leave
it as an exercise to derive the Y2-monotonicity of —», from the

Y2-projectability and Y2-monotonicity of — ,.
(iii) The reasoning is completely analogous to that of (ii). O

2.4.13. LEMMA. (i) —, is x-projectable = — ,% is »-projectable.
(ii) If -, is x-monotone (or *-compatible), then so is — ,*.
(iii) If - ,* is *x-monotone (or *-compatible), then so is —,*.
(iv) If =, is x-projectable, then
MeATD* & Mt N = M—2* N.
PROOF. By now straightforward. For the x-compatibility part of (ii)
lemma 2.4.7(iv) can be used. 0O

In the sequel the property of being both Y2-monotone and
Y2-compatible will be referred to efficiently by the short “'%2+'%”. The
following fundamental fact is a consequence of definition 2.4.11.

2.4.14. LEMMA. If =, is Y2+'2, then
o« M=,V 8 asp=@EQ)(C[Mg=,@8C[N]> Q).

PROOF. First use definition 2.4.11(v) to find a &' such that
B.M=2,N'8&B. N N' Subsequently 2.4.11(vi) yields a @ such that
C(M]=2,Q8C[N']>» @. This @ suffices because —=» is compatible and
transitive. [
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2.5. Antp and Anp*. We now first present the contraction rules of the
systems AP and As(p*. The one step reduction relation — of Astp then
results at once. It is composed of two parts: =, an —,. The reader is

warned in advance that the component —, will deviate from the

customary, by being not at all monotone, and compatible only in a
restricted sense.

2.5.1. DEFINITION. (i) The one step reduction relation —, is the
compatible and monotone closure, in Amp, of the contraction rules:
B. <> ANxMIN - (x:=N)M;
g <>4ﬂ0(ﬂX0X1) - Xp;
1y <>y (nXgXy) - Xy
I: 0.7t(ngX) ¥ = X, provided that ;yX=7;
r: 1.nY(mX) > X, provided that g X =V .
(ii) The one step reduction relation —, is the least relation on Asp
that satisfies the “contraction” rule:
p: C[x], — C[lX,Xx],], provided that X is not already a
bookkeeping pair itself and o is finite.
(iii) Then —, the one step reduction relaticn of Astp, is defined as the
union:

- =o,U-.

EXAMPLES. Provided that my X = ¥, an application of 1 yields
<> [n(ngX) ¥V, X1-, X, X1, tut not
<> [X,nmgX) V-, X, X1,
The relation —, is not monotone: although
01.1y X =, my[ X, X g1 as well as
<> X =, ;[ X, Xy, we do not have
01.1’[1X _)p 1‘[1[X, Xh.
The relation = is not even quite compatible, for although
. X =l X, X1, not 00.nXY =, [ X, X1V (cf. the exception
to 2.2.1(iii)).

COMMENT. In accordance with what was said on the subject of
bookkeeping pairs in section 1.7, the purpose of the bookkeeping pair
creating rule p is to make it possible to generate extra (hypothetical)
information on the context of an occurrence X. Our motivation for not
making —, monotone should be clear from that purpose. For suppose
e.g. that a step like

<> 1y (19 (3 X)) = 1y (o (my [ X, X' 1y))
would be admitted. The labels of the two descendants X of X would
be respectively 10 and 11. Compare these to the label 101 of X in the
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original. It is then clear that the proposed p-step would not result in
growth of information: passing from the label 101 to 10 means a loss
of information, while the label 11 represents information that is even
inconsistent with the original 101.

The third cluster of examples above illustrates why we could not
make the relation = compatible either. It is almost compatible
though, in a sense that will be made precise in the next section (cf.
lemma 2.6.4).

The = in the conditions on 1 and r is just that of Anq. So the
definition is not circular (compare 1.2.1). Furthermore notice that
— C =, implying the stability of the conditions under reduction. That
— behaves well with respect to ~ is proved in the following lemma.

2.5.2. LEMMA. Considering — as a relation on A°np, we have the
diagram:

ProoF. With 2.3.2(ii) and (iii) in mind, it suffices to verify that if
a. P is an —-redex and a. P~ @, and if £ and .S are the respective
contracta of 2 and @, then a. K ~.5. Distinguish cases according to the
contraction rule used. Then the result follows from 2.3.2(ii) for the
rules %y , 74, 1 and r (= is respected by ~), with in addition 2.3.2(iv)
for B. For p the monotonicity of ~ is needed, as the context of X is
extended to a0 and to al in the respective components of the new
bookkeeping pair. [0

It is important to observe that Amp* is not closed under — . Three
examples of reductions which start in Anp®*, but with a non-canonical
result are (with X, ¥ and Z appropriately chosen):

<> m(nxng)nzz, X1-, wlnzz, X1,

<> ANxx)Ny.y, Y12 > [Ay.y, Y12, and

<> 1122, Xy = [m[n 22, Xy, [ 022, X 5]
In each of these examples the canonical form of the end term would
contain (or be itself) a redex, which is here, however, still obstructed
by the presence of a bookkeeping pair. These pairs appear to be super-
fluous though, as they somewhat misleadingly suggest an indetermina-
teness of context that does not really exist. In the system Anp* all

such disturbing and useless bookkeeping pairs will be automatically
cancelled.
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2.5.3. DEFINITION. Anp* is defined as the reduction system over the
set of terms Anp* which has —* as its one step reduction relation.
(Recall that according to 2.4.9, =™ = = +o¥).

EXAMPLES. The three examples of — -reductions above give rise to the
— *-steps:

<> ynxng)nzz, X1 - * ng(n22),

<> (ANx.x)\y.y, Y12 -5 * (\y.y)Z, and

<>l nZ2Z2, X g =p* [y(n22), me X 1.
(Of course the X, Y, and Z must be assumed to be chosen such that
actually everything is in Anp*.)

The usefulness of Anp* for our original problem concerning Azt rests
on the fact that At can be seen as a subsystem of Anp*. First, via
the embedding ¢ which was defined after 2.1.3, Aw is included in
Anp*: terms without bookkeeping pairs are always canonical.
Moreover, conversion in Aft can be carried out, via the detour of — *,
in Anp* as well. This in spite of the weakening of the reduction
relation by the context restrictions on the rules. The latter was in fact
the content of proposition 1.9.2(ii). We prove it now. The equivalence
relation generated by —* is denoted by =*.

2.5.4. THEOREM. M, Ne AR & At + M=N = <> M=*N.
PrOOF. Induction on deductions in Ast (cf. 1.1). The only interesting
deduction step is an application of the surjectivity axiom
1(rg X ) (1; X) = X. The other axioms are already included in Anp* as
the rules 1y, 53 and B, independent of context. So it suffices to prove
<> Cln(ngX)(ny X)), =* C[X] for any C[ ] and X (in Ax). Now if
a# <>, this can be concluded simply by an application of 1 (if a=0a')
or r (if a=1a'). In case of a=<>, the =*-equivalence can be
established via the introduction of a bookkeeping pair:
Clr(mpX)(mXx)] —*  CllnlgX) (X)), n(ngX) (my X)1]
>.*  ClIx, n(mgX)(my X)1]
- C[lXx, x1]
x— Clx].
The rules used were respectively p, 1, r, and again p. 0

This is a good point to return for a moment to the sketch of proof
which was given in the ouline 1.9. After some more preliminaries on
Astp and Asp* in 2.6, in 83 the Church-Rosser theorem for Amp* will
be proved (cf. 1.9.1(iii)). By theorem 2.5.4 this implies that
Am-convertible terms have a common — *-reduct in Axp*. It will then
be our final task to translate a — *-reduction sequence starting from
<>. M with M e Axt into a 2-sequence from M, in such a way that
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the end term of the >-sequence depends uniformly on the end term of
the — *-sequence (cf. 1.9.2(i)).

This is accomplished in §4. Via a postponement result it is shown
there, that if Anp*+ <>. M—*N for terms MeAn and NeAnp*,
then An2+ M 2 $(NV). (¢ was defined in 2.1.3). As a matter of fact,
since in Astp* we work modulo ~, the end term ¢(A) is obtained only
up to ~. But by the obvious implication X~ ¥ = ¢(X) =~ ¢(V), claim
1.9.1(i) then follows; and as it was pointed out in 1.9, that suffices
for establishing CR/~ for Ast and thereby as a corollary the
conservativity of At over A.

2.6. Monotonicity and compatibility in Anp*. In this section we
establish some elementary facts concerning the compatibility and
monotonicity properties of the reduction relations of the systems Asp
and Anp*. In effect it will be found that —* is both *-monotone and
x-compatible. What it all amounts to, is investigating the behaviour of
— under cancelling. We start considering — , seperately.

Recall that =, and — are compatible and monotone relations on
Anp by definition. But <* lacks these properties, as witnessed by the
examples:

- 00 .My w* g, but not <> mylx, xTo* gl x, x1;
<> Jx,x1o*Tx,x], but not 0.Tx, x1o*[x, x1.

Moreover, the following examples show that also — . * is neither
compatible nor monotone, even when considered with respect to Amnp*.
- . (A x)7g —,* g, but not <> Ax. x)mpl x, x 1o, * npl x, x1;

-<> Nxx)x, x12,*[x,x], but not 0.Ax.x)[x, x1>.*[x, x]1.

Nevertheless, we shall prove that — , is % -projectable, from which
it then follows by the monotonicity/compatibility of —, that both —
and — . * are x-monotone and »-compatible. The proof makes use of
lemma 2.4.12. The following lemma yields the requisite diagram.

2.6.1. LEMMA.
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PROOF. Distinguish cases according to the relative positions of ¥ and
A. If they are disjoint then there is no problem. Lemma 2.2.3(ii)
guarantees that the residual of £ ir. Z and that of A in A/ are still
redexes. Contracting them yields (the same) @. Distinguish further:
-ZC A. Without loss of generality assume M = C[[ Xg, X1 1,]q0p and
P=C[Xy]. Then if £ Xy, just take @= P. If 2 C Xy and V is the
result of contracting T in Xj, then let @ = C[ ¥]. This is correct
because the label of Xy is not less in 2 than in M (a0< a0B).
-AC Z. Further cases have to be distinguished, now according to the
rule of 2.5.1 applied (i.e. the character of I).
B Use 2.4.8 and the monotonicity/compatibility of «».
1y M=Clng(nXxY)],, N=C[X]. If ACY then just take Q=M.

If Ac X and Z is the result of cancelling A in X, then let

@=C[Z]. This is correct because, by 2.2.2, the label of X

in & remains a (and by the compatibility of — of course).
This should suffice. 0O

Observe by the way that the only non-routine argument in the
proof was the checking of the labels of residuals. We can subsume this
under a more general statement.

2.6.2. LEMMA. If M >N or Mo N and Z' is a descendant in &/ of an
occurrence T in M, then R(Z)242(2).

PrROOF. Checking the different cases is a now routine matter. [

With this lemma and the monotcnicity/compatibility of — , and <,
2.6.1 becomes just an application of well-known theory on CRS’s: the
construction of elementary diagrams for left linear rules without over-
lap (Klop [1980]). (NB: The rules o Antp do have overlap mutually,
but not with <.)

Reduction relations which satisfy lemma 2.6.2 will be called
non-diminishing .

2.6.3. LEMMa. (i) =, and —, are x-projectable.
(ii) & .* and —» _* are x-monotone and x-compatible.
(i) MeAnp* & M— N = M—»*N*.

ProoF. (i) =, is Y2-projectable by lemma 2.6.1. So lemma
2.4.12(i) applies.
(ii) =, and =, are monotone, compatible and *-projectable. In order
to derive that they are »*-monotone and x-compatible we do not even
need 2.4.12(ii) or (iii). For = .* and —_* apply 2.4.13(ii).
(iii) Since in Amp* always M = M*, this is an immediate consequence
of (i) and lemma 2.4.13(iv). O
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We turn to p-reduction. Recall that a — g*-reduction step is
composed of a — ,-step starting with a term in Anp*, followed by a
w*-step which takes the result back into Anp*. By the restrictions on
p (cf. 2.5.1), this rule can only introduce bookkeeping pairs in
contexts with finite label, that is, not in applicative position. It then
follows by lemma 2.2.5(i) that in order to get the canonical result no
cancelling is required outside the new bookkeeping pair. To bring out
this feature more clearly we recast the relation —,* in a form
analogous to that of p, recapitulated here from definition 2.5.1(ii).

p: Clx], -, Cllx, x1,],

p*:  C[X], =p* CllalxX,alx X 1,],
(a a finite label and X not already a bookkeeping pair itself). Note the
contrast with — _*. Contracting a m-redex can very well increase the
label of a disjoint occurrence, as a result of which some extra
cancelling is then required.

With the help of the above characterization of p- and p*-reduction

it is possible to indicate to which extent these relations are compatible.
We do it for —*.

2.6.4. LEMMA. Suppose we have M and D[ ] with D[M]e€ Anp* and
that there do not exist terms A" and X and a context D'[ ] such that
both M=nM' and D[ ]=D'[[ ] X]. Then:

(i) M-V = D[M]—-*D[N];

(i) M-»*N = D[M]—»*D[N].

ProOF. (i) By the characterization of p* given above it suffices to
check that the label of the occurrence X that is doubled is the same in
M and in D[M]. This is immediate by lemma 2.2.1(iii).

(i) If M and D[] satisfy the conditions of the lemma, then after the
p*-step D[M] —,* D[] this is still the case with # and D[ ]. So (i)
can be repeated. 0

TERMINOLOGY . In satifying lemma 2.6.4 we call the relations =, and
—%* quasi compatible with respect to Amp*.

It should be kept in mind that neither p- nor and p*-reduction are
monotone. An a-bookkeeping pair is not allowed to be created by p in
a B-context with B>a. This is, however, less of a restriction than it
may seem. In Afp* the a-bookkeeping pair that is introduced in such
a P-context would anyhow be cancelled at once by -*. As a matter of
fact, it will be shown (cf. lemma 2.6.6) that —,* is *-monotone. We
prove this along with the x-compatibility of —,* with the help of
lemma 2.4.12.
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2.6.5. LEMMa. (i) —, is Y2-monotone.
(ii) =, is Y2-compatible.

(iii)
(NN
M 4 . N
OR .
Pl Q
=p

PROOF. (i) Assume a. M=C[Z]g =, C[[£,5]g]= #, and a<a'. Then by
2.2.1(i) we have for '=2(a'.C[ ]) that B <B'. Now it is easy to
specify an /' such that a'. M =, #', distinguishing two subcases.

a. B'>B. Take N'= M, the new bookkeeping pair can be cancelled.

b. B'=B. Take just ¥V'=N.

(ii) This proof is similar, now with the help of lemma 2.2.1(ii).

(iii) As Z cannot itself be a bookkeeping pair by the restriction on =5,
the possibility of Z=A is ruled out. The remaining cases are:

- ACZ. Then, if M=C[Z], and A: a.2 - Z', by the monotonocity of
< the diagram

c[z] b . clfz,21,]
o] >0 [ — clrz, 2]

holds.

- ZC A. Assume without loss of generality that

M =C[[ Xp, X11p)pop = C[ Xp] = P, ard (the case I < X} being trivial)
assume I C Xg. That is, &/ = C[[ ¥y, Xﬂa]BOB' and B0. Xg = ¥y Then,
since = is already Y2+%2 by (i) and (i), there exists by 2.4.14 a @
such that C[Xy] =, @ and C[¥g] < @. But then ¥ -C[ ¥y] - @.

- ZNA=0. As the p-redex I cannot be in applicative position, by
2.2.5(i) the label of A is invariant under contraction of . Moreover,
now by 2.2.3(ii), the label of £ does not diminish under (A). So we
can reason analogous to the foregoing case, using the fact that — is

Ya+'2. 0O

2.6.6. LEMMA. (i) —,* and —»,* are x-monotone and x-compatible.
(ii) »* and —* are both x-monotone and *-compatible.
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PRrOOF. (i) The x-monotonicity of =, and —», can by lemma 2.6.5
be concluded from 2.4.12(ii); the x-compatibility from 2.4.12(iii). In
order to derive the result for the starred versions, use 2.4.13(ii).

(ii) The results of clause (i) and lemma 2.6.3(ii) can be combined,
using 2.4.13(iii) for the transitive closure. [
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§3. The Church-Rosser theorem for the system Anp*

All well known proofs of the Church-Rosser theorem have the same
global structure. An auxiliary one step reduction relation — is
defined, which consists, instead of just contracting a single redex, in
an immediate jump to the complete development with respect to an
arbitrary set of redexes. One then oroves that —; satisfies the
diamond property. From that the Church-Rosser property for — can
be deduced at once. By lemma 0.7.1 it suffices to verify the obvious
inclusions » ¢ —; and -, ¢ —>.

The differences between the various proofs lie mainly in the way —
is arrived at—by a Tait/Martin-Lof type direct definition for example,
or via the finite developments theorem—and, correspondingly, in the
proof of the diamond property for —,.

It is essential in this kind of set up, that residuals of redexes are
redexes again, of the same type as the ancestor. We will see in section
3.2, however, that under —* this is not always the case. The
constants involved in an existing m-redex may become separated by
the bookkeeping pair which is introduced in a —  *-step.

We deal with this problem by segregating — ,*-reduction from the
other, substantial, reduction rules. Thus we exploit two complemen-
tary concepts of fast one step reduction. In the first place there is
—4*, derived from — _* in a more or less standard way. In addition,
in section 3.2 a notion — 4 of “simplifying” p*-reduction will be defined.
It is the restriction of —,* obtained by requiring that in the end term
no redexes are disturbed by occurrences of bookkeeping pairs.

Then the role of the “one step” reduction relations in the traditional
Church-Rosser proofs is played here by the relation — , defined as the
sum — *+ ;. Accordingly we shall prove the diamond property for
—,. The structure of the proof is best described by way of the
following diagram.

3.0.1. DIAGRAM.

a3 s
Ry Ky
— - B -5

) * 5

Establishing 3.0.1 is our main task for this section. It can be
divided into three parts, corresponding to the different rectangles in
the diagram. The first, left upper rectangle asks for a more or less
standard treatment, using the finite developments theorem. Some
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complications are caused by the ambiguity of the contraction rules (cf.
section 3.1). The fourth, the right downmost one, will be dealt with
in 3.2. Moreover, in that section the treatment of the identical second
and third rectangles is prepared by the introduction of the special
species of — *-reduction —. Subsequently these rectangles are attained
in section 3.3.

In 3.4 Church-Rosser for —* can then be concluded. For, though we
do not have =»* ¢ —,, it will turn out that the convertibility relation
=, which is generated by —,, coincides with =*. As — , ¢ —»* does hold
all right, the second version of the Church-Rosser theorem, 0.6.2,
follows.

3.1. Marked —y -reduction. In this section we prove
—,*-Church-Rosser by the method which uses the finite developments
theorem to arrive at —, and marked reduction in order to encode
developments with respect to sets of redexes (compare Barendregt
[1981], Ch.11, §2). Due to the ambiguity of the rules some
adjustments have to be made, however.

As a matter of fact, by considering terms in Astp modulo
~-equivalence, we tailored Afp minus p-reduction as a weakly regular
CRS with (stable) conditions. Church-Rosser for regular Term Rewriting
Systems with conditions of a certain kind (not the ones here
encountered) is proved in Bergstra & Klop [1982]. The authors express
the belief that their results will carry over to weakly regular TRS’s as
well. Quite in general, the opinion seems to prevail that the Church-
Rosser theorem and related results for regular CRS’s generalize easily
to the weakly regular case. Nevertheless, there appears to exist no
actual treatment of the weakly regular systems in print. Accordingly,
it may be worthwhile to call attention to the complications described in
3.1.1 below in defining a coherent notion of residual.

We sketch our proof of — _-Church-Rosser as an intermediate step
towards — *-Church-Rosser. The key notion in the proof, that of
marked reduction, is needed also in section 3.3 treating of the
interference of — ;* and —,*, and in the final 84.

Generally the purpose of using some notion of marked (or
underlined) reduction is to save the trouble of having to be very
precise on residuals. Indeed, we could do without that also here. But,
the definition of — . on its own being rather cumbersome, we will try

to facilitate understanding by relating it explicitly to the matter it is
meant to encode.

3.1.1. Recall the diagrams of section 1.8, which served to illustrate
the cases of overlap between the contraction rules sg and 1 (and 1ty

and r). Everything seemed all right there, as the end terms were
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either identical (in (i)), or at least ~-equivalent (in (ii)). Looking
closer though, one observes that thz my’s in the respective reducts mgX
in (i) descend from a different ancestor in the original term. The same
is true of the n’s in nXY and nXZ in diagram (ii). This awkward
subtlety gives rise to a serious problem in tracing a possible third redex
in which one of these constants is involved.

We sketch the situation in the following two diagrams, closely
related to the ones in 1.8. (Only 1y and 1 are covered, again, but the
case of 7y and r is completely analogous.)

() Cl(nqnd(nix1))2)] ()  Cl (R dxn)r)2]

@), 12)_,

(o) ¥

clx]

It must be assumed of course in (i) that ¥ =2, and in (ii) that
mX=V=2.

We have attached numerals to the constants involved in the
reductions and for this occasion indicate a redex by the combination of
numerals attached to the constants that constitute the redex in
question. (That is, e.g. the redex mg3(n¢XY) is indicated as 34.) So in
the original terms of both diagrams we can distinguish redexes 12, 23
and 34.

Now just concentrate on diagram (i). It is clear that in the result
Clng3 (4 XV')] of reduction step (12) the redex 34 is residual of the
redex 34 in the original term, whereas in the result C[mgl (4 X¥)] of
(23) no such residual exists. In the notation which was pointed out in
§0: 34/(12) = 34 and 34/(23) = @. Hence it appears that the reduction
sequences (23) and (12)+(34) are both complete developments with
respect to the set of redexes {12,23,34}. But the end terms
Clng(nX¥Y)] and C[X] are not the same and as a consequence it
becomes apparent that FD! for —  fails.

Can it not be repaired? To this end we declare myl (¢ XV) to be a
virtual residual of the redexes 12 and 34 under (23). In the same
way in diagram (ii) the redex 14 in C[nl(n¢ X ) 2] is to be considered
as the virtual residual of 12 and 34 under (23).

3.1.2. TERMINOLOGY. Call the occurrences of constants that are
required to constitute a redex the cr7tica/ constants of that redex.
(E.g. in my(m mymy) the critical constants are 7y and 7; in general the

critical constants are the ones that are displayed in the contraction
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rules, cf. 2.5.1.) Notice that the redexes = and A in M overiap if
they share one critical constant. Now, given a set R of redex
occurrences in M, we define an R-chain to be a maximal set
{Z1,...,Zn} € R, n>0, such that for each i<n, I and I,y overlap.
The R-chains form a partition of ®. Since p-redexes have no overlap,
they constitute an ®-chain each on their own. An inner redex of R is
one which overlaps with two other redexes in ®; these redexes will
then belong to the same ®-chain. As explicated in 3.1.1, contraction

of an inner redex of R leaves only a wvirtual/ residual of its immediate
neighbour redexes.

3.1.3. DEFINITION. (i) Given a pair <M, %>, MeAnp, R a set of
—,-redexes in M, and a term & such that Z: M —_ N for a Z€R,
the set R/(Z) of residuals of ® in A is defined to consist of:

a The residuals of the elements of ® , that is, for each A€®R

the set A/(3),

and, if £ was an inner redex of ®,

b the virtual residual of the immediate neighbours of Z.
(ii) Let MeAnp and R a set of — . -redex occurrences in M. Then a
development of <M,R> is a sequence <My, Ro>, <M, Ry>, . ..
<M, ,R,>, with M;eAnp and R; a set of redex occurrences in M,
such that

(vic<n) (@z€R,) (M ED >, M41) 8 Ryyq = Ry/(3).
The sequence My, My, ... M, is called a development of M with
respect to R. If moreover R,=0, then the development is a complete
one.

Note that as a result of this definition, “set of residuals of” is no
longer a distributive notion. The identity ®/(Z) = U{A/(Z)| A€ R} does
not hold in general.

We now give a formalization of all this by way of appropriate
concepts of marked term and marked reduction.

3.1.4. DEFINITION. The pair <M,R> is represented by the marked
term which is obtained by attaching primes ('), apostrophes (') and

inverse apostrophes (‘) to A’s and critical constants occurring in M in
the following way.

(i) the initial A of a redex (Nx.Vp) My in R is primed (result:
(N x. M) My),

(ii) the leftmost critical constant of each ®-chain gets * (result:
SEEIORRRR

(iii) the rightmost critical constant of each ®-chain gets an
(result: ...7@)’...),

’
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(iv) all other critical constants of n-redexes in ® are primed
(..omy'..).
The marked terms that are thus obtained as representing pairs
<M,R>, constitute the set A'ftp. The restriction of A'stp to canonical
M's is denoted by A'mp*.

COMMENT. An ®-chain in M can be recognized in the representing
marked variant of M in A'ftp because all its critical constants are
marked. Such a chain of marked 1¢)'s is called a n-chain. The

apostrophes play the role of begin (‘) and end (’) markers for
n-chains. This feature is necessary for marking the kind of difference
that exists e.g. between the marked terms 1y (n' (7' (7 XY)) Z) and

1o (0 (1g* (" XV)) Z), the first one representing one ®-chain of length
3, the second two ®R-chains, each o length 1.

Observe that the “represent” relation between A'mtp and the pairs
<M,R> is one-one. Hence the pair <AM,R> and the marked variant of
M representing it can be identified.

The set A'sp could be given a direct inductive definition, without
reference to sets of redexes, in the following way.

3.1.5. ALTERNATIVE DEFINITION. A'sp is defined as the set of the
marked variants of terms Me Antp The marked variants of M are
defined by induction on the number of marks, according to the
following clauses.
(i) MeAnp = MeAnp
(i) a. C[(A\x.Mg) ¥y) € A'stp = C[(N' x. M) Vi) € A'mp
by Clmy.nX¥]e A'np = Cny' . wXV]€e A'np
2. Clmy. ' X¥V]e A'p = Clry' ' XV] € A'mp
¢1. Cln(ngX) Vg€ A'tp &1, X =V = Cln'(ng’ X) Y] € A'mip
2. Cln(ng' X) Y]pa€ A'p &4 X =V =C[n'(ng' X) Y] € A'mp
di. Cln V(g X))o € Amp&npgX=Y = Cln' ¥(n ' X)] € A'mp
2. Cln Y (' X)]ie € AP &g X=V = C[n' ¥ (' X)] € A'mp

The rules bz, ¢z and d3 are now redundant:
bs. Clny . nX¥Y]e A'np = Clry'. W XYV] e A'ntp
c3. Cl (g X) V]ge€ Asp &y X =Y = Cln'(ng’ X) ¥] € A'mp
ds. Clo V(ny X )] € AP &M X=Y = Clt' V(' X)] € A'mp

If Ve A'ntp, then | V| is the corresponding term in Anp which is
obtained by deleting all marks. A'ntp* = {NeA'np| |V|e Anp*}.

Finally, developments are covered in A'stp by the concept of
marked reduction — .. It can be defined informally as follows. (In the
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line of 3.1.5 a less verbose formal inductive definition could be given.
We leave this to the diligent reader.)

3.1.6. DEFINITION. — .. is the one step reduction relation on A'stp

which is derived from — , by restricting:

- B-contraction to redexes of which the initial A is primed:
(?\‘X. No) Ny = (X?=/V1) Ny, and

- the rules 1y, 14, 1 and r to redexes of which the critical
constants are marked in that order by either * and ', ' and '
‘"and ’, or ‘ and ’.

If a leftmost (or rightmost) critical constant of a n-chain of length at

least four is involved in the contraction, its mark ‘ (or ) is passed on

to the leftmost (or rightmost) critical constant in the residual m-chain.

If the original ft-chain contained only one or two redexes (two or three

critical constans respectively) no residuals remain. Hence in the case of

three critical constants, the mark of the single critical constant that is

not involved in the contraction (it must be either ‘ or °) is cancelled in

the reduct.

3’

EXAMPLES. 11 (10 (119’ (0 XY)) ¥) = 15' (0 XY) (in three ways);
1y (W (' (W XY)) V) = o g (W XY) (in two ways);
' (' (1’ X) (4 X)) = o g X (in two ways).

3.1.7. LEMMaA. (i) A'np is closed under — .
(i) A'mp is closed under —,—» and <*.

PROOF. Straightforward, the system is so designed. For B-reduction
check first that A'mp is closed under substitution. 0O

Any notion of reduction on Axp or Anp* we met so far can be
considered to be extended to marked terms, by allowing the
metavariables that occur in the contraction rules to carry marks.
Thus, if A: M —, N, for M, NeAnp, then if |My|= M, there exists
an Ny with |Np|= N such that Ag: My —, Ny, where 4 is the redex
occurrence in A that corresponds to A. Passing from (A) to (4g) is
called /fting. Conversely, passing from (Ag) to (A) is called projecting

(cf. Barendregt [1981], pp. 279/80). It should be noted though, that
A'Tp is not a priori closed under any kind of reduction. (This is why |
speak here, somewhat loosely, of “marked terms”, rather than A'mp.)
As a matter of fact, it is easily seen that A'fp is not closed under
—%. We return to this point in section 3.3.

If R1CcR,, then each development of <M, R1> with result <N, Rz>
can be lifted to a development of <A/,R,>, consisting of the same
reduction steps. For the result </, %,> we have R3CR,4. In particular
all developments of <M,R,> and <M,R,>, with ®, and R, arbitrary
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sets of redex occurrences in M, can be lifted to developments of
<M,9‘1U$2>.

If My and M, €A'np represent respectively <M,R> and <M,R,>,
then the element of A'mp which represents <M, %;UR,>, denoted by
M+ M,, can be found as follows:

- the A’s that are primed in at least one of M, and M, are
primed in M;+M, as well,

- the n’s having the same mark in M; and in M, get that mark
in M{+M, as well,

- the n’s that are marked both in M; and M,, but with a
different symbol in each, are primed in M;+AM,.

3.1.8. THEOREM (FD!). For each MeA'np:
(i) the number of steps in an — ,.-sequence is finite;
(ii) there exists a unique — ,.-normal form N such that A —»_. V.
Proor. (i) It is not difficult to adapt the proof of the finite
developments theorem in de Vrijer [1985]. Primarily the definitions of
height (h) and multiplicity (my) must be modified such that
- h counts also the reduction steps originating in a n-chain
(= the entier of half the length of the m-chain);
- both h and my neglect transient cccurrences.
The circumstance that some of the contraction rules are subject to
conditions can a priori only shorten complete reductions. In fact the
effect is nihil, since the conditions are stable.
(ii) This is an immediate consequence of — ,.-Church-Rosser, which we

now prove by a standard argument. Suppose M —_ . N and M —>_. P.
By induction on h(A7), i.e. the maximal number of — ,.-steps from
M, we show that # and P have a common —» _.-reduct @. If one of
the —» _.-reductions is empty, then the result follows trivially. So
assume terms A; and A; as indicated in the drawn part of the
diagram below. Then the diagram can be completed as shown.

- le > N

M
A
- > —_,
A
—» )
ki
> > -

p _»1\" -» 0

ke
For, since the conditions on 1 and r are stable, A is just the routine

construction of an elementary diagram. The other squares are derived
by the induction hypothesis. 0O
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3.1.9. DEFINITION. (i) For MeA'np, the hejght h(M) is the number
of reduction steps in a — ,:-reduction sequence from M of maximal
length.

(ii) Denote the unique — ,.-normal form of Me€A'stp by CD(A). Then
the one step reduction relation —; on Anp is defined by

M- (N o @MeNnp)(|M'|=M&CD(M)=N).

3.1.10 LEMMA. (i) —4 is self commuting.
(ii) = ¢* is self commuting.

ProOF. (i) Standard again. Suppose that M —{ ¥ and M —4 P.
Then there are My, My € A'np such that | My|=| M, |=M, and complete
developments 6g: My —>, N and oy: My =, P. Let M'= My+ M.
Then oy and o0y can be lifted to developments oy': M'—_ . /' and o¢":
M —_. P, with |N'|= N and | P'|= P. By FD! it follows that
CD(M')=CD(N')=CD(P') and hence CD(M') is a common — y-reduct
of N and P.

(i) We have the following diagram

-1 o
- | A B
,,,,,,,,, ™. Bt
X B H’A‘&" :
__)lllt

A is an application of (i). As to the rectangles marked B it is sufficient
to note that the complete development underlying a — ;-step is

x-projectable, by the same token as —» _ is x-projectable. [

3.1.11 COROLLARY. — . * satisfies the Church- Rosser property.

PROOF. In order to conclude the Church-Rosser property for —  *
from lemma 0.7.1 with 3.1.10(ii), it suffices to verify the inclusions
S5 C >* and > * ¢ . * Well, if M- * N, then M —* N,
because N =CD(M') for the M' which is obtained from M by
marking only Z. On the other hand, if M —* /, then of course
M —» +<* N, as in general any — ,.-sequence can be projected to a
—.-sequence by just deleting all the marks. But then by 2.6.3(iii)
also M—> *N. 0

For use in section 4 still note the following. It is by now a routine
matter to extend FD! to Amp*. Thus we obtain the height function h*,
assigning to each M e A'np* the length of the longest — ;*-sequence
from M and the function CD*, assigning to M € A'mp* its unique
—g*-normal form. Of course one has h*(M) < h(M) and
CD*(M) = CD(M)*.
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3.2. The p-part. The Church-Rosser property for —y* is relatively
easy to prove. It is done by the method indicated in section 0.7, using
an auxiliary relation — *" of simultaneous p*-reduction, which must
first be defined. In order to finish the fourth rectangle, we then still
need the concept of p-simplification. It is defined in the second part of
this section. There also some further properties of p-reduction will be
discussed as a preparation to section 3.3.

3.2.1. DEFINITION. —*"is the relazion on Asp* which is generated by
the inductive clauses:

a. o M23N=> M- XN,

b. ai. Xy =*" ¥, for i=0,1 = C[[ Xy, XiloJa 2> Cll Yo, Y1la].

The definition satisfies the closurz condition 2.1.9, because neither
introducing a bookkeeping pair nor changing the content of a
bookkeeping pair occurrence does affect the label and hence the
“cancellability” of disjoint bookkeeping pairs (cf. lemma 2.2.3(ii)). One
easily sees that —,*" is quasi compatible for the same reasons as —,*

(cf. 2.6.4).

3.2.2. LEMMaA. (i) =,*" is x -monotone;
(i) = p* € —p*", and = *" C —»*.

ProoF. (i) The proof is by induciion on definition 3.2.1. Clause a is
taken care of by the »-monotonicity of —,*. As to b, suppose that
B.CII X, X1la)e =p*" CII Yo, ¥11,] follows from ai. Xj =,*" ¥;. Let
B'>B. By the kind of reasoning we practiced in section 2.2, it is easily
seen that the context C[ ] is of such a character that the following
holds: there exists a context f'.D[ ], (with a < a') such that regardless
of P one has B'*xC[P] =D[a'*x P],. (E.g. lemma 2.2.5(i) can be used,
since in Afp* bookkeeping pairs never occur in applicative position.)
By this fact—derived from the special form of C[ ]—an application of
the induction hypothesis is straightforward: for example if a' = ala",
then B'.D[a'* Xg], —p*" D[a'x ¥y, results at once from
a'x Xy -’p‘“ a'* ¥p.

(i) Easy. O

The diagram that is required for an applicaton of lemma 0.7.1 is
provided for by the next lemma.
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3.2.3. LEMMA.

—_
M ? . N
(A)_)‘ — X
p
Pl Q
- *

PROOF. Induction on the definition of —*" (definition 3.2.1). Let X
be the occurrence in M that is being doubled in # in case M —*" N
is a consequence of the base clause a of 3.2.1. (The case that M —p*
N consists of an empty step is trivial and can therefore be neglected.)
Otherwise let Z be the maximal bookkeeping pair in A/ to which the
inductive clause b was applied. Distinguish cases as to the relative
position of ¥ and A.

(i) ZNnA=@. This case is trivial by 2.2.5(i). The labels of £ and A are
not at all affected by the disjoint reduction step.

(i) AcZ. Depending on which clause of 3.2.1 was applied, there are
two subcases.

a. We have the drawn part of the diagram

— x
clz], P . C[l=*,5¢,]
A
—)p"‘ E —»p*

of o3 LS Y— Pcffe*, =]

—)p*
witha.Z = * 3'. Then ai.aixZ =,* aixX’ by the *-monotonicity of —*
(2.6.6(i)), and so A holds by the quasi compatibility of —,*. B is a
straightforward —  *-reduction step.
b M= C[l-Mo, M1-|¢] > C[f/Vo, Nl-]c(] = /N, with ai. M; 2,*" N,
Assume, without loss of generality, that AC M and A: a0. My =* Ay .
Apply the induction hypothesis to find a @y such that

—)p""
My M
= —» ¥
P b @,
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Then it follows by the quasi compatibility of —,* and —*" that
C[l @, M{1,] can be taken for the requisite common reduct @.
(iii) £c A. Let I: a.A > *"Ag. The result is given by the diagram

L m

cla] ———— clag]
B
" : —p*
R §cling, 8g1,)

Here A follows by the x-monotonicizy and the quasi compatibility of
—p*". B is just a single —  *-step.

(iv) £=A. Then I must be the result of clause a of 3.2.1, because A
can not be a bookkeeping pair. Henze either ¥ =P or ¥ =M, and
matters are trivialized. 0O

3.2.4. COROLLARY. —* is Church-Rosser.

PROOF. Lemma 0.7.1 can be used to deduce that —,* is self
commuting. The conditions —p* C —=;*" and = *"C —»* were already
verified in 3.2.2(ii). And the diagram needed is that of 3.2.3. [

Even in canonical terms it is still possible that bookkeeping pairs
stand in the way and obstruct reduction. The pertinent cases are
covered in the following lemma, which shows in each case how to
clean up.

3.2.5. LEMMA. The following are derived rules in Anp*.
Clnl X5, X1l ¥ oo —px ClInXo ¥ Xy Vg, ],
Cln ¥T Xp, X1lad1a —px ClI 7 ¥Xo, 7 Y71y, ],
C [TtirXo, Xl]iu]u “px C[rﬂiXo, T(iX{la] .

PrROOF. Each of the rules follows by just doubling the whole
occurrence displayed and consequently cancelling the descendants of the
original bookkeeping pair. 0

The effect of these reduction steps is that the bookkeeping pair is as
it were opened to that part of the expression which acts upon it as a
function. That way a redex may be constituted of which the
ingredients were still separated before the simplification was performed.
(An example of this would be a simplifying p*-step

<>J‘[0[1‘[X0X1, Y.lo —)p* fﬂg(ﬂXgXl),ﬂg Y])

Indeed the components of the bookkeeping pairs in the end terms are
all potential m-redexes, which were blocked in the original.

Normal forms under the derived rules of 3.2.5 are called p-suzmple.
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In p-simple terms no m-redexes are blocked anymore.

It is easy to verify that for each M eAnp* a p-simple form can be
reached by performing a finite number of p*-steps of the above kind.
As a matter of fact this normal form is unique. This does not interest
us here, however. Rather, for the purpose of establishing
Church-Rosser for —=*, the following auxiliary one step reduction
relation of non-unique p-simplification will turn out to be very useful.

3.2.6. DEFINITION. The one step reduction relation =4 on Anp* is
defined by:
Mo N & M-—»*N & Nis p-simple.

3.2.7. LEMMA. For all M e Anp* there exists a term /A, such that
M —4 N. This N is in general not unique.
ProoF. Easy. O

3.2.8. LEMMA.

x
p
. A
—» o -
Pl o _x P:BL B
B T
'@
—)

A is = *-Church-Rosser. @ is found from A2 by the existence of p-simple
forms. Then B follows (twice) because —»,*+ == —¢. 0O

The separate treatment of the “p-part” of the system Asp* in this
section is concluded with a few further technical lemmas on
p-reduction. The notions of “internal” and “external” occurrence, which
we first define, play an important role in 84.

3.2.9. DEFINITION. An occurrence is called internal, if it lies
completely inside a bookkeeping pair, otherwise externa/.
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3.2.10. LEMMA. Let A: M —,* N and suppose that £=<A,C[ ]g> is an
external occurrence in /. Then I’¢ (unique) ancestor @ in M is
external too and either
a AC@, in which case M=C[Q]s and B. @—,* P, or
b An@=0, in which case 2= @ and 2(@)=8.

PROOF. Since Z is external the bookkeeping pair that is created by
(A) must be either part of or disjoint with 2. In the first case we
have for some D[ ], that 2=D[[A*,A*],] and @=D[A]. For the second

case remind that by 2.2.5(i) the label £(@) is not affected by (A).
0

3.2.11. LEMMA. Let 0: a. M —* /. Then we have one of the two
following cases.

a /N contains no occurrences of bockkeeping pairs and M= N,

b N can be written in the form

I-Xl, Yl]al...er, YZ]GZ ...... an, Yn]an...,

with n21 and each external occurrence of a bookkeeping pair displayed
as one of the [ X, ¥{1qi’s, in which case M is of the form

Sy 2y Zao o
coinciding with & on the dots, and such that for each of the i’s:
Q(Zi)= o; and oy. Zj —”p‘ in, Yﬂar
PROOF. With the help of the foregoing lemma it is not difficult to

verify by induction on the length cf o the slightly more general
statement that if

NE...Pi..‘PZ ...... Pn.. -
all the Ai’s being external occurrer.ces and £(/P;)=aq;, then
M=... 2. . Zy.. ... Za.

coinciding with & on the dots, and such that for each i:
,Q(Zi)=01 and Gj.Z] —»D‘ Pl‘ 0

The content of the next lemma is that a so called “main”
p*-reduction, that is, a p*-step that doubles the whole term (cf. 0.3)
can always be moved to the front of a reduction sequence. The lemma
will be instrumental in the translation of — *-sequences into
2-sequences in §4.

3.2.12. LEMMA (on main p-reducticn).
(i) Let a. M —» * [ My, Myl,. Then either
a. M=[My, M\, and ai. M, >,*N;, or
b. a. M- *[ My, My, with M; = aixM and ai. M; >* N;.
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(ii) Let a. M —»*[ Ny, M1,. Then either
a. M=[My, Mjl, and ai. Mi—>* N;, or
b. o.M * [ My, My, as in (i) and ai. My —>*N;.

Proor. (i) If M is a bookkeeping pair, case a trivially applies. If
not, then of course a. M —y*[ M*, M*], by a main p*-step and
oi. M* »* ([ My, N1, )* = N follows from a. M —»*[ Ny, M, by the
x-monotonicity of = * (cf. 2.6.6(i)) and because ai.V; is canonical, as
it occurs in an ai-context in the canonical [ Ay, M1, .
(ii) The same reasoning, now with 2.6.6(ii). O

3.3. Weaving &, and —, . For the completion of the second and

third rectangles in the target diagram 3.0.1, we make use of a notion
—_» of simultaneous 7'-reduction. It may be compared to the relation
—*", defined in 3.2.1.

3.3.1. DEFINITION. = _» is the least monotone and compatible relation
on A'ftp which satisfies the inductive clauses:

a. a M2 N=> M- _N,

b. ai. Xj o Vi, for i=0,1 = alX, X1 = [ Yo .

3.3.2. LEMMa. (i) — .+ is *-projectable;
(i) clause b of 3.3.1 is also correct for — ,«", that is, that we have:
ai. Xy 202 ¥, for i=0,1 = alXy, Xl =22 [V, Bl

(iii) = p*C 2p* and - ¥ C X,

ProoF. (i) Use lemma 2.4.12(i). That — v is Y2-projectable can be
easily verified by induction on definition 3.3.1.
(i) is straightforward.
(iii) = *C 2, by clause a of 3.3.1. We derive — ,»*C —»_* from
the more obvious — .« C .. Assume M — *N, i.e., MeAnp* and
M > V' o* N for some N'. Then M — * N follows from
M —_ . N'<* N since = . is x-projectable (cf. lemma 2.6.3(iii)). 0O

Observe that A'sp is not closed under the rule of bookkeeping pair
introduction p (cf. 2.5.1(ii)). A new bookkeeping pair might break a
n-chain and thereby disturb a marked redex. An example would be
the p-step

a1 (0 XY) =y o' [0 XY, 70 XY g

Therefore we work on A'flp with a restricted version =, of =, . It
must be kept in mind then, that if |#/'|= M, not just any
p-reduction sequence from M can be lifted to a p'-sequence from AM'.
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3.3.3. DEFINITION. For Me A'stp we define:
M-y N o Mo V& NeAnp.

Now the completion of the second and third rectangles of diagram
3.0.1 will be obtained in a series ol lemmas. The first one establishes
what might be called the “%2-substitutivity” of — ..

3.3.4. LEMMA. (i) Let My —, My and <>. N € A'np. Then there exists
a @ such that

(r:=M)M, .. e (w=M)My
Q
(i) Let <>. Ng =y Ny, M€ A'np. Then for some @:
(r:=M)M . o (m=m)M
Q@

PROOF. (i) Suppose that A is obtained from My =C[P], by
doubling P. If (x:=N)C[ ],=D[ ]Jg and (x:=~N)P = R, then
(x:=N)My=D[R]g and (x:=N)M; =D[[R, R],]g. Now there are
(according to 2.2.4(i)) two possibil:ties for B:

- B=a; then D[R] =, D[[ R, R, Jp; take @=(x:=N) M,

- B>a; then D[R, R1,])p - D[R]g; take @=(x:=N)M,.

(i) Again, the occurrences of P ir. (x:=/Ny) M which stem from the
occurrence of P in Ny (label & (P)=a) doubled in Ny =, N, receive in
N; a label equal or greater than a (lemma 2.2.4(ii)). In all places
where the new label is greater, @ has 2, in the places where L(/7) is
invariant under the substitution, @ has [ 2, #1,. 0O

3.3.5. LEMMA.

@) M “n" N (ii) O*
Pl QO
e Yo - .

PROOF. (i) We proceed as in the proof of 3.2.3, this time by
induction on the definition of — g». Assume the step M —_ .« N to be
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non-empty and choose Z in the same way as in 3.2.3 as either the
maximal bookkeeping pair to which clause b of definition 3.3.1 was
applied or the n-redex in M which was contracted to obtain V.
Distinguish cases as to the relative positions of A and Z.

- ZNA=0@. Since 2, is non-diminishing (cf. 2.6.2) and — g+
monotone, the step (Z) can also be performed from P. Let the result
be @;. Now, if M =C[A],, then @;=Ci[[A,Al,)g and N =Cy[Alg,
where C4[ ] results from C[ ] by (Z). Of course also — o~ is
non-diminishing, so we can distinguish two subcases.

a B=qa; then N . @q; take @ = @4

b B>a; then @y— N and consequently P —, .2 N; take @ = N.
-2¢ A If M=C[A]ly B>y C[4g], by the montonicity of — .+ the
diagram

clal, o clay)
- =
ClTA, A1) ot Cllg Agle]

follows. That the p-step C[Agly = C[[Ag, Agle] is =, is an immediate

consequence of the assumption that C[A] =, C[[A,Al,] is so.

- 2= A. Just use the monotonicity of —  again.

- AC3 Let M=C[Z], A further division in subcases must be made,

according to the character of Z. First we treat some cases where 2 is

itself a — 5'-redex.

By T= Wx. My N, Ac My and My(8) =, M. Then according to
lemma 3.3.4(i) a @' can be found such that (x:=N)My=, @
and (x:=N)M;>, Q'. The diagram is completed by the
Yz-compatibility of — ..

Cl(vx. M) — _Cl(x=n)M,)
. L,
Sl MM o g T

Cla:=m)a,] cl@]

By T=(N'x.My) Ny, AC Ny. This case is analogous to the
foregoing one, now using 3.3.4(ii).

gy S=my (WX Y), AcX,. (NB: ACY is not allowed, because V
1s transient; A= ' Xy Y is not allowed, because the doubling
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would disturb a marked redex.) Now, since 2(A) does not
diminish under contraction of Z, we get either diagram (i) or
diagram (ii); (i) if 2(A) is the same in C[Xy] as it is in
Clmg (X V)], (ii) if it is greater.

(i) (ii)

Clgrxoh)) = Clag]  Clmolwagr)]  =my  CLto]

ES)
A
L]

I W e
Clrg(wx, )] “ng  clx] Cluglwx,]  clx]  Clx)

If £is a 1my-, I- or r-redex, the reasoning is the same. That leaves us
with the possibility that I is not itself a n-redex, but a bookkeeping
pair £ =[Xp, Xy lg, with Bi. X; =, ¥; (for i=0,1) and

N =C[[ ¥y, ¥11],. Suppose without loss of generality that A ¢ X,
(8): Xo =y Xo'. The induction hypothesis yields the following diagram.

=,
BO. X Y
“p | p
L I | Y
XO —3 '/2 0

Define @=C[[ ¥y', ¥11g]. Then N —3,. @ because —». is quasi
compatible. Moreover P —,.% @ follows from X' —,+% ¥;' and
X{ = Y1 by lemma 3.3.2(ii).

(ii) The diagram

can be constructed using (i) and the x-projectability of both — . and
—» % (the latter follows by lemma 2.4.13(i) from 3.3.2(i)). O

3.3.6. LEMMA. = ¢* and —,* commute.

PROOF. Recall that by lemma 3.3.2(iii) we have the inclusions
=% C Op* and o ¥ € »p*. Then the lemma can be concluded from
3.3.5(ii) by an application of 0.7.1. O
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3.3.7. LEMMA. On A'np* we have —4 C "

ProOF. The proof will make use of the lemmas 3.2.11 and 3.2.12.
Let a. M = NV (i.e. a. M —»* N with N p-simple). We proceed by
induction on N. If there are no occurrences of bookkeeping pairs in &
at all, then ¥ =M (case a of 3.2.11) and M =5 N holds trivially. So
suppose that the situation is as described in 3.2.11b. Then on each of
the reductions oy oy. Z; * [ X}, ¥} log lemma 3.2.12(i) can be
applied, yielding reductions 0;0: ;0. Z;0 —=,* X; and
oil: qyl. Z;1 —* ¥y, with either 2y =20, Zi1 1y or
(Z1): Zy =p* [ 20, Zi1 1oy. Since X; and ¥ —both being subterms of
the p-simple term AN —are p-simple, by the induction hypothesis we
may assume 0;0 and o;! to be in fact —,*-reduction sequences. Also, if
Z; is not itself a bookkeeping pair, the p*-reduction step (Z;) is in fact
—p*. For if it would break up a marked redex Z, then the (external)
residual of Z in & would still be a broken redex, contradicting the
p-simplicity of &. The steps (Z;) and the sequences ¢;® and o;! can be
combined to constitute a — *-reduction sequence from M to ¥, which
is easily seen to be in fact a —,*-reduction sequence since in the
above we already checked that the constituents were. [

3.3.8. LEMMA.

M ! N
—)5 : —»p"‘
- SOR—— el
-, x

PrRoOOF. If M —* N, an M, can be chosen such that |My|=M and
My —>* N (cf. the proof of 3.1.11). Lift M —¢ P to My =5 Py (with
|Pol=P). By 3.3.7 then My —»,* Py holds too. So 3.3.6 can be applied
to find a @ such that the diagram

M, x N
x x
—»p_ _»p'
Py Lo Q
-» -x
k1g

holds. Since & has no marks (€ Asp*), neither has Q. So Py —»,* @
is a complete development and hence 2 —* @. [
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3.4. Completing the diagram. Ey now we have gathered all the
ingredients which are required to finish diagram 3.0.1. We proceed as
it was already indicated in the first paragraphs of §3.

3.4.1. DEFINITION. The one step reduction relation =, on Anp* is
defined by
=, = —-)1" + 5.

=, is the equivalence relation which is generated by —,.

3.4.2. LEMMA. (i) =, Cc —»*.
(ii) =4 and =* coincide.

ProoF. (i) is trivial, since =* ¢ = * and =4 C —*. One half of
(i), namely =, € =*, is immediate by (i). Since =* is generated by
—p*and — %, it suffices for the other half to establish a and b below.
a. 2p* ¢ =4. For suppose M —* N. By 3.2.7 there exists a p-simple
form N' of N, that is, ¥ =3 N'. Since —* + =5 = >3, we have also
M >3 N'. Moreover -, C —,, because — (* is reflexive. Then M=, ¥
follows (via N').

b = *c=, If M- >N then also M —* ¥, and M =, N can be
established, with the same reasoning as in a, via an /' such that
N-g N O

3.4.3. THEOREM. The system Asp* (i.e. (Amp*, —*)) is Church-Rosser.
PROOF. By the lemmas 3.1.10(ii), 3.3.8 and 3.2.8, dealing

respectively with the first, the second and third, and the fourth
rectangles of diagram 3.0.1, it follows that — , is self commuting and

hence certainly Church-Rosser. So if M =, ¥, then M and N have a
common — ,-reduct. But, since =* is the same as =, (by 3.4.2(ii)),
and each — ,-sequence can be transformed into a — *-sequence (by
3.4.2(i)), we have then also the diagram

—x

This is the Curch-Rosser theorem for —* in the second version (0.6.2).

a

With theorem 3.4.3 we have established claim 1.9.1(iii) and
thereby accomplished the first part of the program that was set out at
the end of section 2.5.
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§4. The Translation

Combining the results of the previous sections we know that if

Atk M =N for expressions M, Ve Axt, then it follows by theorem
2.5.4 that also Anp*+ M =*N. Hence by the Church-Rosser theorem
for Astp* (theorem 3.3.3) M and N have a common —»*-reduct in
Asp*. l.e. there exists a term K€ Anp* such that M —»*X and

N —»*K,

In this concluding section we will show that if Axp*+ M —*X for
the terms MeAs and K€ Anp*, then Ast+ M2¢(K) (cf.2.1.3 for
¢). This result applied twice in the above situation yields ¢(X) as a
common reduct of M and & in Ast. (As a matter of fact the end
term ¢(X) is obtained only up to ». But this is sufficient for CR/~ as
it was claimed in 1.2.3.)

4.1. Internal and external reduction. In order to translate
reduction sequences of Astp* into AR, we first bring them in a special
form, reached by postponement of the reduction steps which consist in
the contraction of a redex that occurs within a bookkeeping pair. The
resulting notion of e/i-reduction sequence (definition 4.1.2) has some
resemblance with the concept of semi standardization, sometimes used
in proofs of the standardization theorem in combinatory logic and pure
A-calculus (cf. Curry et al. [1972] and Mitschke [1979]). This method
of proving standardization, originating with Rosser [1935], inspired our
proceeding in this section.

4.1.1. DEFINITION. Recall that by definition 3.2.9 a redex occurrence Z
in a term M€ Anp lying completely inside a bookkeeping pair is called
internal. Accordingly, a reduction step (X): M —N is called internal if
the contracted redex I is internal; notation M —i/N. Other reduction
steps are called externa/ (—¢). Formally the relation =1 on Asmp can
be defined as the monotone and compatible closure of the reduction
rule:

ir [ My, M1, -1 N, if [ My, M1, >N,
and o e by —e= -\,

Derived notations such as —i*, —» e* — .i* etc. are used in
accordance with established conventions. Moreover we use the notation
—(-e) for »\— .. (Note that — (-¢) can be conceived of either as
= U=, dor as »1U e at will.)

A marked term Me A'np is called internal if all its marked redexes
are internal. Obviously, if M is internal and M —_* /¥, then M
—.* /N and also /N is internal. We say that M =N, if N is the
complete development of M with respect to a set of internal redexes.
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ExaMpLES. - QA\x xp)[ng(nxy), x1 »e[nyg(nxy), x1y =i[x, xly;
-(\x xy)ng(nxy), x1 - Ax xv)[x, x1 —e* xy;

- (\x xy)ng (mxy), x1 —e* ng(nxy) y —e* xy,

-0.(Axx)x = (Axx)[xx] - x.

Observe that by changing the order of reduction, an internal step
may become an external one (second and third example).

4.1.2. DEFINITION. A reduction sequence in As;p* is called e/, if it
consists of a number of —  e*-reduction steps, followed by a number of
—(-e)* _steps (i.e. —p*- and — *-steps) .

The rest of this section is devoted to proving that any — *-reduction
sequence can be transformed into one that is e/i. It will become clear
in 4.2 that efi sequences in Astp® can be easily translated into As.
Then the main results of this paper, announced in section 1.2, follow
at once.

4.1.3. LEMMA. M >N = (3L) (M-, 2% L =% V).

PROOF. Let Mjye A'np* such that |My|= M and CD*(M;) = N. We
use induction on h*(Mp). If My is internal, then M —* ¥ and L= M
will do. Otherwise suppose Ay —,.©* M;. By the induction hypothesis
there exists an Z such that |M;|—»,.2* L -5 * /. Since of course
M —.ex| M| holds too, this L suffices. 0

4.1.4. LEMMaA.

(i) M ‘i)
_)11 e — ex —1ix —ex
K oz
(Z)_,ﬂex —-)11 x — e _,11 x
N

PrOOF. (i) As one easily sees, X is the residual of a unique external
redex occurrence % in M. (The situation may be compared to that of
3.2.10.) Let Mye A'np* such that |My|= M and CD*(M,) = K. Then
by FD! we obtain CD*(My+ <M,2y>) = N. Therefore M —* N. Apply
lemma 4.1.3.

(ii) Repeat (i). O
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4.1.5. LEMMaA

(M) M (ii)
(A)__)p x _)"e x —))p x _»"2 x
K L
(2)_)“9 x _»p x _»ﬂe' _»p N
N

PrOOF. (i) This time lemma 3.2.10 exactly applies. Again let I; be
the external redex occurrence in M from which I descends and
suppose (21): M —,ex [ Assume furthermore that £(A) =a in M,
that is, in the p*-step M —,* X the occurence A is replaced by
[A*, A%),. Now, as I is external (and according to 3.2.10), either
ANZy=@ or ACZ;. In both cases the descendants of A in £
have—due to the fact that — ,2* is non-diminishing—a label which
extends to a. In those positions (in Z) where £ (A) increased in passing
from M to L, the same happens with £([A* A*],) under (Z), thus
causing the bookkeeping pair to be cancelled in &/. So N can be

obtained from L by doubling the descendants of A that in Z still have
label a.

(ii) Straightforward inductions from (i). O

4.1.6. THEOREM. If o: M —»*N, then there exists an e/i-reduction
sequence from M to N.

PROOF. Induction on the number of —*-steps in 6. If M= N there
is not much to prove. So assume an M, which satisfies the drawn

part of the following diagram (o= (Z)+0y).

M @) x j‘% o) Y

_.»exf B 5—»9*
£

Then the triangle A can be found by the induction hypothesis. If I is
an external redex that suffices. Otherwise B can be constructed using
either lemma 4.1.4 or 4.1.5, dependent on the character of (I)
(either = ;* or = *). 0O
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4.2. Ant is Church-Rosser

4.2.1 LEMMA. Suppose M€ Axt and Anp*+ o. M —», * V. Then
A2+ M 2 K for some K €At such that a. £~ N.

PROOF. Let A°np* be the system with as terms the set A°np* and
as one step reduction relation —* considered as a relation on A°np*
(the rules of 2.5.1 restricted to non-transient redex occurrences).
There obviously exists a £ € A°np* such that a. £~ V¥ and
A°qp* F a. M > * K. As — . does not create bookkeeping pairs, there
will be nothing to cancel for —* during this reduction, and we have
a. M-, K and Ke€An. It then suffices to remind that each of the
rules for -, (cf. 2.5.1(i)) is covered by one for > (cf. 1.2.1). In
particular both 1 and r are included in An2 without context
restrictions. [0

4.2.2. THEOREM. Suppose M€ At and Anp*+ a. M —»* V. Then
A+ M 2 K for some K€ Ax such that & »~ ¢(N).

PrOOF. The proof is by induction on & (considered as an element of
Anp*). By theorem 4.1.6 there is a Z such that Astp*+ o. M —» e* [
and Anp*+ a. L »(-e)* ¥, Consequently lemma 4.2.1 can be used to
supply us with a Ap€ Ax such that a. Ky~ L and Astk M > K. Now, if
N is already an element of At itself, then the (-e)-part of the efi
sequence is empty and we have ¢(¥)=N=L. So in this case X can
be taken just Kp, as on Ast one has of course ~ ¢ #. Otherwise N
contains one or more bookkeeping pairs and can thus be assumed to be
written as

T X Mo T X Volog. o [ X Yolan. .
where each maximal occurrence of a bookkeeping pair is displayed as
one of the [ Xj, ¥;14's. Since a. Ky~ L the second part of the
ef/i-sequence from M to N may be rendered as well as
ATp*F a. K —»(-e)* &/ From the fact that this reduction proceeds
completely without external reduction steps one easily infers (analogous

to 2.7.11) that K must have a shape similar to that of #, that is
Ko=...2y... 29 .. ... Za.

coinciding with /& on the dots, and such that for each of the i's:
L(Z)=0; and o;. Z; [ x5, ¥ilyi.

A subterm Zj of Kj€ Ast being bookkeeping pairless, the lemma on

main p-reduction (3.2.12(ii)) can bz applied, yielding for each i with
1<i<n a reduction ;0. Z;—>*.X;. Cn these we can use the induction

hypothesis, and thereby obtain reductions Z; 2 Xj' in Ast, with
Xi' = ¢(X)).
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It remains to combine the reductions we established so far. By the
compatibility of 2 it follows that
ATCH KDZ...Xl'...XZ' ...... an“"
Define K= ... X' ... Xy'... ... Xy'... . Then K =¢(N) is an
immediate consequence of the above by the the definition of ¢ (cf.
2.1.3) and the compatibility of . Moreover, M 2 K via K. So X

satisfies the requirements of the theorem. [

At last everything is set to prove the Church-Rosser theorem
(modulo %) for 2, already announced in 1.2.3. With $(M)=M, the
proof of theorem 4.2.3 is the one already given for 1.9.2.

4.2.3. THEOREM. In Ax the following diagram holds.

M, v
> | S
Ko: """"""""""" K1

PROOF. By theorem 2.5.4 we know that if Ast+ M= /N, then also
Anp* + <> M =*N. The Church-Rosser theorem for Anp* (theorem
3.4.3) then implies the existence of a X €Anp* such that in Axp* both
<> M—»*K and <>. N >*K hold. Then by applying theorem 4.2.2 to
these reductions, terms K and £j € Ast are found such that

Ko=¢(K)~ky . O

Now the main results of this paper, the conservativity and
consistency of Axt, follow in the way which was indicated in 1.2.

4.2.4. CorOLLARY. (i) A3t is a conservative extension of A.
(ii) A3t is consistent.

PROOF. The proof which was given in section 1.2, showing how to
derive 1.2.4 from CR/~ (claim 1.2.3), can be employed. O
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APPENDIX 1: The undefinability of surjective pairing

A.1.1. It was proved by Barendregt [1974] that in A a surjective
pairing is not definable. I.e. in A cne can not find closed expressions
P, Py and P; such that for arbitrary M, N € A the equations
Py(PMN)=M, P{(PMN)=N and P(PyN)(PN)=M are derivable
in . (Throughout this section by stating an equation or a reduction ¢
we mean A+ ¢.) Here we give a short proof of this fact, using theorem
A.1.2. In fact we prove the non-existence under a slightly weaker
condition: the equations are only required to hold for closed A and N.

A.1.2. THEOREM (“Barendregt’s lemma”). Let #M 2 N. Then there
exists an expression /' such that Fx 2 ¥' and N can be obtained by
replacing in /' certain (disjoint) subexpressions Aj,..., Ny (p20)
—respectively of the form M= xMi... Nl (j; 2 0) —by respective
reducts of (x:=M)N;, (1<i<p). l.e. each N, is replaced in ¥' by an
expression M; such that (x:=M)N. 2 M,).

This is not a very well-known, taough quite useful theorem. It was
stated in a weaker form in an unpublished manuscript [1972] of
Barendregt, namely for weak combinatory logic and with the extra
condition that N is a normal form. A proof for the A-calculus and for
arbitrary N was given in de Boer [2975]. In his thesis [1980], van
Daalen provides the formal background for a more precise formulation
of the theorem, thus making possible a short and elegant proof. It is
included as exercise 15.4.8 in Barendregt [1981].

A.1.3. Let Q€A be defined by Q=(Ax. xx)(Ax. xx). Then it is an easy
exercise to verify the following noteworthy “freezing” property of Q.

It My,...,My, Z€A and QMy... My 2 Z, then Z=QM; ... My
for certain M,' € A such that M; 2 M;' (p20, 1<i<p). Thatis, Q
has order 0 (cf. Curry-Feys [1958], chapter 4F).

A.1.4. THEOREM. In A there do not 2xist closed expressions AP, A3 and
Py which satisfy for arbitrary closed M, N € A the equations
PO(PMN) = M, Pl(PM/V) =/ and P(PDN) (PiN) =M.

PROOF. Assume there were such P, £y and AP,;. Define
F =hAx P(PyQ)(P1x). Then FQ = P(PQ) (L) =Q and hence, by
the Church-Rosser theorem for A, the terms /Q and Q have a
common 2-reduct. By A.1.3 this can only be Q itself. So FQ 2, and
we can apply theorem A.1.2 to yield an &' with the there ascribed
properties (taking A =N = Q). Then again by A.1.3 one easily verifies
that there are but two possibilities fer &', namely either ¥'=Q or
N'= x. We investigate both cases.
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CasE 1: VN'=Q. Then Fx 2 Q and so Fx = Q and by substitutivity of
conversion FX=Q for any X€ A. So in particular for any closed X €A
we have P X =P{(P(PyQ)(P1X) =P (FX)=PQ. Now let

Xo= POAx.x)(Ax.x) and X1= PAxy.x) Axy.x). Then

Pi(Xg) =P (X)) = P(Q), and by projection we arrive at the
conclusion that Ax.x = Axy. x, contradicting Church-Rosser.

CASE 2: N'=x. Then Ffx 2 x and so Fx =x and FX = X for any

X €A, So for any closed X € A we obtain the string of equations

Py X =Py(FX) = Py(P(PQ) (P X)) = PyQ. Now proceed further

as in case 1 to arrive at a contradiction. 0

APPENDIX 2. The consistency of An by a graph model

We now briefly indicate how to prove the consistency of Ast, using a
construction conceived by Scott [1975a] (p. 178). In the discussion
familiarity is assumed with the graph mode/ for A. For details we
refer to Scott [1975a] and Barendregt [1981].

A.2.1. THE GRAPH MODEL.

Let w be the set of natural numbers {0,1,2,...} and let Pw be the
powerset of w. Let eg,eq,... be some standard enumeration of the
finite subsets of w, such that eg=@. Finally assume a bijective pairing
function from wXw onto w. In w the pair of # and m is denoted by

(n, m). Then the application of two elements 4 and B of Pw is
defined as follows:

A(B)={m|Q@e,c B)((n, m) e 4)}.

It turns out that using this definition of application an interpretation of
the closed terms of A into Pw can be defined, such that equality in A
is respected. (In fact, in Pw much more terms are equated than in
A.) Here we do not further describe this construction, but now
immediately turn to the introduction of a pairing in Pw.

A.2.2. PAIRING IN Pw.

For A, B in Pw we define the pair [4, B] as follows:
[4,B]={2m|me A} u{2n+1| ne B}.

Notice that this is a rather obvious procedure: coding two sets A and

B into one set (', by storing up A into the even members of € and

B into the odd ones. Furthermore, clearly any set C decomposes
uniquely into two components according to this procedure. Viz.

(Clo={nl2nec} and
(¢c)y={nl2n+1€c}.
Then one easily verifies the equations
([4,8])0=4, ([4,8])1=8 and [(4),(4)1] = 4.
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The interesting point is now, that these pairing and projection
operations are themselves definable as elements of Pw (in agreement
with the above definition of application).

A.2.3. DEFINITION. We define P, £y and P;€Pw as follows:

P ={(4,0,2m)) meey} U{(0,(£,2n+1))| n€e,};
Py ={(m,n)|2neey},;
P ={(m,n)|2n+1 € e,}.
One easily verifies by the definition of application in Pw that for any
A, BePw,
P(A)(B)=[4,B), A(C)=(C)y and P (C)=(C)
and hence by the equations in A.Z.2:
Py(P(4)(B)) =4, P(P(A)(B)) =B and
P(Py(4))(P1(4)) = A.

Using these facts a model for Ast, 2xtending the standard interpretation
of N in Pw, can be constructed, by interpreting g as 7y, 7y as Py
and n as 2. Then the consistency of Azt follows.

References

Barendregt, H.P. [1972], 7he undefinability of Church's &
(Unpublished) .

Barendregt, H.P. [1974), ‘Pairing without conventional restraints’,
Zeitschr. fiir Math. Logrk und Grundl der Math. 20, p.289-306.

Barendregt, H.P. [1981], 7he Lambda Calculus (North Holland).

Barendregt, H.P., J. Bergstra, J.'W. Klop and H. Volken [1976],
Degrees, Reductions and Representability in the A-Calculus, Preprint
nr. 22, Department of Mathematics, Utrecht University.

Bergstra, J.A. and J.W. Klop [1986], ‘Conditional Rewrite Rules:
Confluence and Termination’, Journal of Computer and System
Sciences 32, p.323-362.

Boer, S. de [1975), De ondefinieerbaarheid van Church's &-funktie in
de A-calculus en Barendregt's lemma, stageverslag, Technische
Hogeschool Eindhoven.

Bohm, C. (ed.) [1975], ‘A-Calculus and Computer Science
Theory’. Springer Lecture Notes in Computer Science 37.

Curry, H.B. and R. Feys [1958], Combinatory Logic Vol. [

(North Holland).

Curry, H.B., J.R. Hindley and J.P. Seldin [1972],
Combinatory Logic Vol. I/ (North Holland).

Daalen, D.T. van [1980], 7Zhe language theory of Automath,
dissertation, Technische Hogeschosl Eindhoven.

Klop, J.W. [1980], ‘Combinatory reduction systems’, Mathematical
Center Tracts 129, Amsterdam.



75

Mann, C.R. [1973], Connections Between Proof Theory and
Category Theory, dissertation, Oxford University.

Mitschke, G. [1979], ‘The standardization theorem for the A-calculus’.
Zeitschr. fur Math. Logik und Grundl. der Math. 25, p.29-31.

Rosser, J.B., [1935], ‘A mathematical logic without variables I’,
Annals of Mathematics 36, p.127-150.

Scott, D. [1975a], ‘Lambda Calculus and Recursion Theory’. Proc. of t
the third Scandinavian Logic Symposium, ed. S. Kanger
(North Holland), p.154-193.

Scott, D. [1975b], ‘Some Philosophical Issues Concerning Theories of
Combinators’, in: A-Calculus and Computer Science Theory, ed.

C. Bohm, Springer Lect.Notes in Computer Science 37, p.346-366.

Scott, D. [1980], ‘Lambda Calculus: Some Models, Some Philosophy’,
in: J. Barwise et al. (ed.), 7he Kleene Symposium
(North Holland) .

Staples, J. [1975], ‘Church-Rosser Theorems For Replacement
Systems’, in: Algebra and Logic, Springer Lecture Notes in
Mathematics 450, p.291-307.

Vrijer, R.C. de [1985], ‘A Direct Proof of the Finite Developments
Theorem’, Journal of Symbolic Logic 50, p.339-343,



THE JOURNAL OF SYMBoLIC LoGIC
Volume 50, Number 2, June 1985

2
A DIRECT PROOF OF THE FINITE DEVELOPMENTS THEOREM

§0. Introduction. Let M be a term of the type free A-calculus and let £ be a set of
occurrences of redexes in M. A reduction sequence from M which first contracts a
member of # and afterwards only residuals of 2 is called a development (of M with
respect to #). The finite developments taeorem says that developments are always
finite.

There are several proofs of this theorem in the literature. A plausible strategy is to
define some kind of measure for pairs (M, #), which—if M’ results from M by
contracting a redex occurrence in # and %' is the set of residuals of # in M'—
decreases in passing from (M, Z) to (M’, Z’). This procedure is followed as a matter
of fact in the proofs in Hyland [4] and in Barendregt [1] (both are covered in
Klop [5]). If, as in the latter proof, the natural numbers are used as measures, then
the measure of (M,#) will actually denote an upper bound of the number of
reduction steps in a development of M with respect to Z.

In the present proof we straightforwardly define for each pair (M, #) a natural
number, which can easily be seen to indicate the exact number of reduction stepsin a
development of maximal length of M with respect to #.

Following Barendregt [1] we represent the pair (M, #) by priming the initial £ of
each redex occurrence of M that isin Z. Then after any number of reduction steps,
the residuals of # are exactly the marked redex occurrences (A'-redexes) in the
reduced term. Hence a development of M with respect to Z is a reduction sequence
in which only 4’-redexes are contracted. This approach leads to a short and accurate
formulation of FD: it boils down to strong normalization for A’-reduction.

§1. A'-reduction. We restrict our attenidn here to the pure 4f-calculus.

1.1. The set A of pure A-terms is definzd inductively from a set of variables x, y,
etc., by the clauses:

(1) xisa variable = x € 4,

(i) M,NeA=(MN)e A1,

(i) M € A, x is a variable = (ix.M) € A.

The set A’ of /A’-terms is an extension o A, which is obtained by adding to (i)—(iii)
(with A’ for A):

(iv) M, N e A’, x is a variable = ((A'’x M)N) e A".

©1985. Association for Symbolic Logic
0022-4812'85.5002-0005 S01.50



77

Parentheses will be omitted in accordance with common usage. Terms are
considered modulo a-equivalence (i.e. change of bound variables).

By (x:= M)N we denote the result of substituting M for x in N. We shall always
assume the bound variables to be chosen in such a way that no free variable of M
becomes bound after the substitution.

FV(M) denotes the set of free variables of M.

1.2. Note on subterms. Not every subterm of a term in A’ is itself in A’. The
implications Ax.MeA'=MeA, MNeA'=>NeA and (A'x M)NeA' =
MeA hold as one might expect; but MNeA'=Me A" does not.
The one exception to this implication 1s the case that M is of the form A'x.P.

1.3. A'is provided with a restricted reduction relation —’, which allows only A'-
redexes, i.e. subterm occurrences of the form (A'x.P)Q, to be contracted. So we
define:

M -’ N <> N results from M by replacing a part of the form
(A'x.P)Q by its contraction (x:= Q)P.

A X'-reduction sé¢quence (—'-sequence) from M is a finite or infinite sequence of
terms M,, M,,... such that M; = M and M; -’ M, .

The following lemma indicates that A’ is closed under substitution and under 4'-
reduction and that by substitution one cannot “create” new A'-redexes.

1.4. LEMMA. i) M\,Ne A'=>(x:=N)M e A'.

i)MeA,M->'N=NeA'

(i) M, N € A’,(x:= N) M is a A'-redex = either M = x or M is already itself a A'-
redex.

PRrOOF. The proofs of (i) and (ii) are by induction on M; (i) is used in the proof of
(i1).

For (iii) assume that (x:= N)M = (1'y.P,)P,. It is clearly sufficient to show that
if M = MyM,, then M, = 1'y.Q for some Q. Suppose not. Then, according to 1.2,
M, e A’ and (x:= N)M, ¢ A’, contradicting (i).

§2. The proof of FD. In this section we prove that —'is strongly normalizable, i.e.
that for each M € A’ the length of its —'-sequences is bounded.

First we define for each variable x the multiplicity function m,: 4’ - w, and
subsequently the function h: A’ —» w, depending on the multiplicities. Then h(M) is
shown to be the length of the longest —'-sequence from M (i.e. the number of
reduction steps).

2.1. DerINITION. For each M € A’ and variable x the multiplicity of x in M,
m, (M), is defined by induction on M. (In the definition the bound variables of M are
assumed to be chosen different from x.)

m,(x) =1,
m(y)=0 if y#x,
m,((A'y .M)N) = m (M) + m,(N) .max(m, (M), 1),
m,(MN) =m, (M) + m(N) if MN is not a A’-redex,
m(dy .M) = m(M).
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2.2. DerFINITION. For M € A’ the height h(M) is defined inductively:

h(x) = 0,
h((A'’x .M)N) = h(M) + h(N) .max(m, (M), 1) + 1,
h(MN) = h(M) + h(N) if MN is not a A'-redex,
h(ix .M) = h(M).

2.3. LEMMA. m (M) > 0<> x € FV(M).

PROOF. Trivial induction on M.

2.4. LEMMA. If x # y, then m,((x := N)M) = m (M) + m(N) .m(M).

PROOF. (INDUCTION ON M). Let M be a variable z. One easily verifies that the left-
hand and the right-hand side both equal respectively m,(N)if z = x, 1if z = yand 0
if z # x, y.

Let M =(4'z.P)Q (z chosen such that z # x, y and z ¢ FV(N)). Using the
induction hypothesis for P (twice!) and Q and the fact that m,(N) = 0, one simply
calculates

m,((x:= N)M) = m((A’z.(x:= N)P)(x:= N)Q)

= m,((x:= N)P) + m,((x:= N)Q).max(m,((x:= N)P),1)

= m,(P) + my(N) .m,(P) + (m,(Q) + my(N) .m,(Q)) .max(m,(P), 1)
= my(M) + m,(N) .m,(M).

Let M = PQ, not a A’-redex. Then by 1.4(iii) neither is (x := N)M a A'-redex. So
m,((x:= N)M) = m,((x:= N)P) + m((x:= N)Q),

from which, using the induction hypothesis for P and Q, one simply calculates the
result.

The remaining case, M = Az.P, we leave to the reader.

2.5. LEMMA. h((x:= N)M) = h(M) + h(N) .m,(M).

PROOF. Again induction on M and some calculation.

2.6. LemMMa. M -»'N = m(N) < m (M).

PRrOOF (INDUCTION ON M). Distinguish cases as to the form of the reduction step.
Lemma 2.4 is used in the case that M = (4'y.P)Q and N = (y:= Q)P. If, with
the same M, P —>'P, and N = (1'y.P,)Q, the induction hypothesis yields both
m,(Py) < m,(P) and m(P,;) < m(P), by which the result follows. Other cases are as
simple.

2.7. LEMMA. M -’ N = h(N) < h(M).

PROOF (INDUCTION ON M, AGAIN). The crucial case is M = (A'x.P)Q and N =
(x:= Q)P. Then by 2.5, h(N) = h(P) + h(Q) . m(P) < h(M) — 1. The previous
lemma is used for M = (A'x.P)Q, P —»' Py, N = (4'x.P,)Q. Then m (P,) < m,(P)
and hence, by the induction hypothesis for P,,

h(N) = h(P,) + h(Q) .max(m,(P,), 1) + 1 < h(M).

2.8. THEOREM. No —'-sequence from M has more than h(M) steps.
PRrOOF. Induction on h(M), using 2.7.



79

2.9. CorOLLARY (FD). All developments are finite.

Now, in order to show that h(M) is an exact bound, we produce for each M with
h(M) > 0 aterm M* such that M -’ M* and h(M) = h(M*) + 1. The definition of
M* is reminiscent of the so-called perpetual reduction strategy in [1].

2.10. DEerINITION. For each M € A’ with h(M) > 0 we define M *, by induction on
M, as follows. (A clause for variables is not needed, since always h(x) = 0.)

((A'x.P)Q)* = (A’x.P)Q* if m,(P)=0and h(Q) > 0,
=(x:= Q)P otherwise.

If PQ is not a A’-redex, then

(PQ)* = P*Q if h(P) > 0,
= PQ* otherwise.

(NB: h(PQ) > 0= h(P) > 0 or h(Q) > 0 or both.) Finally,
(ix .P)* = ix.P*.

(NB: h(4ix.P) > 0=>h(P) > 0.)

2.11. LeMMA. If h(M) > 0 then M -’ M* and h(M) = h(M*) + 1.

PrOOF. Easy induction on M.

2.12. THEOREM. h(M) is exactly the number of reduction steps in a —'-sequence
from M of maximal length.

PRrROOF. Combine 2.8 and 2.11.

§3. Connection with Hindley’s proof of FD. Our proof was inspired by a proof of
strong normalization for the theory of abbreviations LSP, due to N. G. de Bruijn
(presented in van Daalen [2]). There is also a proof of FD by R. Hindley [3], to
which the present one bears a casual connection. Hindley defines by induction on
M € A a number p(M), which is simultaneously proved to bound the length of M’s
developments (with respect to the set of all redex occurrences in M). The definition
of p runs parallel to our definition of h. except for the clause for (Ax.M)N, where an
extra term m,(M).p(M).p(N) is added to the sum (our terminology). Accordingly,
the reasoning is along different lines and more involved than ours.

§4. Combinatory weak reduction. In [3] FD is generalized to systems incorporat-
ing a rather broad class of operators with defined reductions. Though it is not
mentioned there, for these operators the definition of p does yield an exact bound.
As such it can be added to our definition of h.

By way of example we consider the special case of combinatory logic with weak
reduction (CL). Its symbols are the variables and the constants S$ and K; the only
term-forming operation is application. In CL’ the constants S and K can be primed
when occurring as the “head” of a redex; that is to say, in the combinations SMN P
and KM N respectively. Then M —'N holds if and only if N results from M by
replacing either a part of the form S'PQR by PR(QR) or a part K'PQ by P.

Define the function h by:

h(M) =0 if M is a variable or a constant;
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h(MN)=h(M)+h(N)+1 ifM=K'P,
h(M)+2.h(N)+1 if M =S'PQ,
h(M) + h(N) otherwise.

It is not difficult to show that h(M) is an exact bound on the length of the —'-
sequences from M.

REFERENCES

{1] H. P. BARENDREGT, The lambda calculus, North-Holland, Amsterdam, 1981.

[2] D. T. vAN DAALEN, The language theory of Automath, Dissertation, Technological University of
Eindhoven, Eindhoven, 1980.

[3] R. HINDLEY, Reductions of residuals are finite, Transactions of the American Mathematical
Society, vol. 240 (1978), pp. 345-361.

[4] M.HYLAND, A simple proof of the Church-Rosser theorem, Typescript, Oxford University, Oxford,
1973.

[5] J. W. KLor, Combinatory reduction systems, Dissertation, Mathematical Centre Tracts 127,
Mathematisch Centrum, Amsterdam, 1980.



3 EXACTLY ESTIMATING FUNCTIONALS AND STRONG NORMALIZATION

§0. INTRODUCTION

It is our aim in this paper to prove strong normalization
for the typed A-calculus P by giving directly an expression
which for each term ¢t determines the number h(t), indicating
the exact height of its reduction tree (i.e. the number of
reduction steps in a reduction sequence from ¢ of maximal
length) . Such an expression is also obtained in our proof of
the finite developments theorem for the pure A-calculus [A].
There it is easier to define, however, in virtue of the fact
that in a complete development all contracted redexes are
residuals of redexes already present in the original term.
In contrast, in a AT-reduction sequence redexes may be contract-

ed which are created at an earlier stage of that sequence.

0.1. To obtain the expression for the height we proceed rough-
ly as follows. By induction on its length, to each term t of
type (a)B we attach a pair <f,m> (denoted by [t]), consisting

of a functional f and a number m. The number m will turn out

to be the height: m = h(t¢); the functional f will be such that
it yields the pair attached to ts, when it is applied to a term
s of type a: f[s] = [te¢]. To terms of the ground type o just the
number indicating their height is attached, since they cannot be
applied.

The pairs we speak of here form a collection, much
resembling the well-known functionals of finite type. We call
them hereditarily labeled functionals of finite type or for
short labeled functionals.

0.2. Because of the additional task of providing the exact
estimates, the proof of strong normalization which results is
more complicated than some of the existing proofs, in particular
those using a computability argument (see e.g. Troelstra ['73]))
and Van Daalen's proof in ['80] (taken over in Barendregt ['81]).
In exchange some extra transparency seems to result: the
expression for the height follows directly from the idea ex-
plained in 0.1 and an easily understandable reduction strategy
for producing maximal reduction sequences.
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Moreover the proof may be considerably simplified by no
longer requesting exactness. This is the 'quick' proof, which
provides a looser upper bound for the height. It is reminiscent
of the use of finite type functionals in Gandy ['80].1)

0.3. OUTLINE. The hierarchy of labeled functionals L is
introduced in section 1. There only some elementary
definitions are given. More of the theory of the labeled
functionals then follows in sections 3 and 4, when it is
needed in the proofs.

In section 2 we first give a short sketch of the typed
A-calculus. Then we define and assess two valuations of terms
into L. The first, the exact valuation, yields the expression
[tlx, which is claimed to be exactly h(t). As a consequence
of this claim a uniformity result concerning h(t) is stated.

The second valuation, the so-called loose one, is used in
section 3 for the quick proof of strong normalization. There
we show that the valuations belong to a subhierarchy of L, the
collection of hereditarily <-monotone labeled
functionals M. It is to be compared to the hereditarily strict-
ly monoteonic functionals used by Gandy.

In section 4 a more restricted subhierarchy C is used in
the proof of the claim h(t) = [t]=.

Finally in section 5 we make some observations on the
extension of the method to other systems.

0.4. ACKNOWLEDGEMENTS. I would like to thank D.H.J. de Jongh
and P.H. Rodenburg for their helpful suggestions for improving
the text.

§1. LABELED FUNCTIONALS.

Types are as usual built up from the ground type o by
finite iterations of a single inductive clause: if o and B are
types, then (a)B is also a type. Then by induction on the type
o, we define the collection of labeled functionals of type «, La'

Lo = W,

L =
(B)y
(Here w denotes the set of natural numbers, X cartesian product

(LB > LY) X W.

and » function space.)
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1.1. NOTATION. We will use the same kind of metavariables

(£, g, etc.) for members of La (pairs generally) and of L8~->LY
(functionals) .. Let f =<f',m> €L(B)y’g €LB. We write fx=m

and - par abus de langage - fg =f'g. For reasons of uniformity
the x-notation is extended to type o: n*x=n (n ELO). As a rule
we suppress type subscripts whenever it is possible without
giving rise to confusion. So f €L means that £ eLa for some
type a. Of course L may be thought of more precisely as defined
by L =gLa. The same convention we shall adopt tacitly for all
type-labeled predicates and operations yet to be defined. Also,
in writing down an expression like fg, we assume the types to

fit, that is: for certain types a and B, £ EL(a)B and g €La.

1.2. THE +-OPERATION. Let n€w, for £ €La we define f+an €La by
induction on a.

m+ n=m+n

f+(B)Yn = <Ag ELB.fg+Yn, fx+n>.
Here the symbol A is used for functional abstraction in the meta-
language. So the definition of addition is recapitulated in the
equations (f+n)g = fg+n and (f+n)* = fx+n.

Notice that + =g+a extends standard addition on w. By
induction over the types it is easily checked that

(i) £+0 =f and (ii) (f+m)+n = £+ (m+n).

1.3. MINIMALLY CUMULATIVE FUNCTIONALS. By induction on awe
., . a
define for every n€ wthe minimally cumulative functional ch €La.

O -
=n
n

c{Bocng er,

c
. >
B Cn+fs’D

These functionals are cumulative in the sense that (type

subscripts omitted): (i) Cnf1“'fm = and hence

Cn+f1*+...+fm*

in particular (ii) (cof1...fm)* = f1*+...+fm*. Below, in section
4, a wider class of so-called cumulative functionals will be
defined and discussed.

For the moment we conclude with the characteristic equation:

(iii) cg+m = 2

n+m* It is readily verified by induction on a. For



84

B)y

_ By
= C5 +m

c§+m = n+m = co and (c(B)Y+m)* *4M = n+m = Cé * follow

n+m n
immediately from the definition. And if £ ELB, then
(césrnm)f = céB)Yf+m = cz+f*+m, which by the induction

. Y _ L (Bry
hypothesis equals Ch+fx+m - Sn+m f.

§2. THE SYSTEM AT OF TYPED A-CALCULUS AND THE VALUATIONS.

2.1. TERMS. \'-terms are built up from typed variables xa,

ya, etc. (for each type a) by =he inductive clauses: (i) =% is
a term of type a, (ii) if ¢t and s are terms of type (a)B and o
respectively, then (ts) is a term of type B, (iii) if ¢ is a
term of type B, then (Axa.t) is a termof type (a)B. We write

t €a for t has type o.

We presuppose some acquaintance with A-calculus conventions,
e.g. concerning parentheses. The type superscripts of the
variables will be suppressed where possible (viz. whenever the
type is either clear from the context or not essential). Terms
are regarded modulo a-equivalence (i.e. change of bound variables).

(x:=t)s denotes the result of substituting ¢ for x in s; here
the bound variables in s are tacitly assumed to be chosen in such
a way, that no free variable of t becomes bound after the
substitution. The notation x € ¢t is used to express that x has at

least one free occurrence in t.

2.2. REDUCTION. We restrict attention to B-reduction. A term t

reduces to s (notation t +s), if s is the result of replacing

a part of t of the form (Xz.ty)t, (a redex) by (x:=ty)t,.

If t does not contain any redex, it is said to be a normal form.
A reduction sequence of t is a, finite or infinite, sequence

of terms to,t1,..., such that tc =t and ti-+t. . A term t is

called weakly normalizable if at least one reé&ltion sequence of
t terminates in a normal form; t is called strongly normalizable
if all of t's reduction sequences are finite. In the latter case,
by K6nig's lemma, the number of reduction steps in a reduction
sequence of t is bounded; the maximum is denoted by h(t) (the

height of the reduction tree).
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2.3. THE EXACT VALUATION. Now in order to obtain the expression
for the height, terms are evaluated in L starting from an assign-
ment v, which gives a value v(ma) in La to each variable z%. As
is customary we write v(xz/f) for the assignment which corresponds
with v everywhere except at x: v(x/f) (x) =£, v(z/f) (y) =v(y) if

ytz.

2.3.1. DEFINITION. Let t be a term of type a. The exact valuation
[t]V €L is defined for any assignment v, by induction on t.
(1) (z1, = viz)
(1) Totly = Tplyltly '
(iii) [Ax .to]v = <Af ELa.[tO]v+f*+1,[t0]v*> if x £ to, and
i the
<Af ELa'[tO]v(x/f)+1'[tO]v(x/cg)*> if z € 0
Notice that if x £ ¢, then [t]v = [t]v(x/f)' as can easily be
verified by induction on t. Let ¢ be the assignment defined by
c(z%) = cj and put [t] = [#].
It may be instructive to calculate the following examples:
(xC.2] = [*a°.%°] = <Mm.m+1,0>,
z©9°0 2(zy)] = <Af.<Am.f(fm)+2,£(£0)+1>,0>,
[Az{® 9 2(zy)) 22°. 2] = </m.m+4,3>.

2.3.2. CLAIM. For any term t, h(t) =[t]l=*,

This will be proved in section 4. Here we first comment on the
definition of [t] and then call attention to some consequences
of 2.3.2.

2.3.3. COMMENTS ON 2.3.1. By the account given in the
introduction (0.1), clause (ii) is sufficiently motivated.
ad i. Observe that if t1,...,tm are strongly normalizable (of
the appropriate types), then so is xt1...tm and moreover the
height is given by the equation h(xt ...tm) = h(t1)+...h(tm).
This squares with the fact that (cof1...fm)* = f1*+"'fm*
(1.3 (iii)) .

ad iii. To get a grasp of this clause the reader should try to
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invent a strategy for constructing a reduction sequence
from ¢t which is as long as possible. Clearly if x tto, then
in order to spoil no potential reduction steps a redex
(lx.to)t1 should not be contracted until ¢
form. On the other hand, if x 6:0,
perform reductions inside t1 before contracting (Ax.to)t1,

1 is in normal

it is better not to

for t1 might get multiplied in io. As a matter of fact it
turns out that the strategy we have in mind here corresponds
to the 'perpetual' reduction strategy for the pure A-calculus,
described in Barendregt ['81]. This strategy will be implicit
in the proof of 4.9.

2.3.4. CONSEQUENCES OF 2.3.2. Apart from establishing strong
normalization, the expression for h(t) in 2.3.2 allows us to
infer some extra information. Roughly it can be put as follows:
the height of a term depends uniformly on the valuations of
its constituent parts.

A typical consequence, immediate by using definition 2.3.1(ii),
is that for a fixed term t € (a) 3, the height of ts, for s €aq,
depends uniformly on [s]. In particular, given a fixed
t € (0)B, h(ts) is determined by h(s) alone.

We now give an accurate and quite general formulation of
this uniformity result (from which the abovementioned

consequence is obtained by substituting tx for t).

2.3.5. RESULT. Let [31] = [s,]. Then [(x:=s1)t] =[(x:=s,) t] and hence
h((x:=s1)t) =h((x:=32)t) .
PROOF. It is an immediate corollary to the following technical

lemma. o

2.3.6. SUBSTITUTION LEMMA. [(x:=s)t]v =[t]V(x/[s] ye
v

PROOF. Induction on t. The only case which is not quite trivial

is ¢t =Xya.t0. We may assume that y #z and y £ s.

Suppose y € ty. Then [(x:=s)zl, = [My. (z:=s)tgl, =

<Af €La.[(x:=s)t0]v(y/f) +1,[(z:=s)t0]v(y/co)*> which by the
induction hypothesis and because [s]

viy/f) = [s], is equal to
<AfEL,.[t Y M

olviyse) @/ts1 ) 1 olviyre) /s ) 7
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= [)\y.tolv(x/ [s ]v) - For the case that y £t; notice that then

also y £ (x:=s)t0. o

2.4. THE LOOSE VALUATION. If one is just interested in the
strong normalization result and not in the exact estimates,
then one may simplify the meticulus clause (iii) of definition
2.3.1.

2.4.1. DEFINITION. Let t be a term of type a. The loose
valuation {t}V €L, is defined for any assignment v, by induction
on t.

(i) {x}, =vi(x)

(i1)  Legtyd, = {epd (e,

(iii) {Am“.to}v = <M €L . {

} +fx+1,{t

107y (x/f) o}v(x/cg) *>

Once more {t} is defined by {t} = {t}c. Clearly this valuation
is only intended to yield an upper bound for h(t). So our new
claim is less pretentious.

2.4.2. CLAIM. For any term t, h(t) < {t}x.

This will be the object of the quick proof of strong
normalization in section 3. In the proof the content of lemma
2.4.3 will be used.

2.4.3. LEMMA. (i) 1If x¢t, then {t}v={t}
(ii) {(x:=s)t}v={t}

v(x/£f)
viz/{s},)
PROOF. As in 2.3.6. @O

§3. THE QUICK PROOF OF STRONG NORMALIZATION.

3.1 . HEREDITARILY <-MONOTONE FUNCTIONALS. By induction on a we
define simultaneously the classes MaCLa and the relations <
on Ma'
(1) MO=L0; m<,nem<n.
(ii) M(a)Bz{f eL(a)B | conditions (a) and (b) below are
fulfilled}.
(a) (Vg € Ma)(fg € MB) .
(b) (vg,q’ €Ma)(g <a g'=fg <g fg') (f <-monotone)
(iii) For f,g € Mg’ f < (a) 89 olvh € Ma)(fh < ghla £x < gx.
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M=gMa is the class of hereditarily <-monotone functionals.
Evidently, by clause (iia), M is closed under application.
That < is transitive is verified by induction on the types.

By the following lemma, M is also closed under +.

3.2. LEMMA. (i) f€Ma=9f+m€Ma, (ii) f<ag=f+m<ag+m,
(iii) m<n=>f+m<f+n, (iv) m>0=>£f<f +m.

PROOF. (i) and (ii) are simultaneously proved, by induction on
o. For a =o it is obvious. So let o = (B)y and suppose feMa'
For (i) we must check clauses (iia) and (iib) of 3.1. Well,
if h, h'e€ MB and h <Bh', then (£ +m)h =£fh +m€MB by induction
hypothesis (i), and (f+m)h=fh+m<fh' +m=(f +mh' by
induction hypothesis (ii). So £ tmeEM, (i) .

If moreover f <a 9 then (f +m)h < (g +m)h follows by
induction hypothesis (i) and (ii), and (f +m)* < (g +m) * by
mere calculation. So f +m <ag +m (ii).

(iii) is also easy to check by induction on the type of f,
and (iv) follows from (iii) because £=f +0. 0O

3.3. LEMMA. (i) cgeM for any o and n.

(ii) m<n = c§ <c§-

PROOF. (i) and (ii) are proved by simultaneous induction on a.
For o =0 it is trivial. So let o = (B)Y.

o . . .
If h, h' GMB, then cnh =cg+h* €MY by induction hypothesis

(i) . If moreover h<_h', then hi <h'x and hence

cgh =cg+h* < ch1+h'* =cgh’ by induction hypothesis (ii). This

proves (1i).
For (ii) suppose m<n and let h EMB. Then cr(;h <cgh follows

because m + hx <n + h* and hence c crYx+h* (induction

Y <
m+h*
hypothesis (ii)), and c;* <cg* is immediate (m <n). This proves

(ii) . o

If the assignment v takes orly values in M, v is called an
M-assignment. In particular c¢ is an M-assignment by 3.3 (i).
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3.4. MONOTONICITY LEMMA. (i) {t}VEM, for any M-assignment v.

‘. o .

(ii) If x € t, then {t}v(x/f1) < {t}v(x/fz)’ for any M-assignment
v and f1’f2 €M, such that f1 <af2.

PROOF. (i) and (ii) are proved by simultaneous induction on ¢.

- If t is a variable then (i) and (ii) clearly hold.

- Let t =t,t, and assume (i) and (ii) to hold for tg and tq-
Then {t}v €M because M is closed under application. To establish
(ii) observe that if x €t, then z must occur in to or in t1 or
in both. Distinguish cases accordingly.

Case 1. x €ty, x £t,. Then {t}v(x/fi) = {to}v(x/fi){t1}v’ and
(ii) follows from {to}v(x/f1) < {tO}V(ac/fz)'
Case 2. }Eto, x €t,. Similar. Now (ii) follows because {to}V
is <-monotone and {t1}v(x/f1) < {t1}v(x/f2) .

Case 3. x€t,, x €t

0 1°
Apply induction hypothesis (ii) to to and t, in turn and use
the transitivity of <.

B

- Let t = Ay -ty (i) If h GMB, then v(y/h) is an M-assignment;
so {to}v(y/h)e M by induction hypothesis (i), and hence

{t}vh = {tO}v(y/h) +hx +1 €M because M is closed under +.

If moreover h <h', then {t}vh < {t}vh' by applications of
induction hypothesis (ii) and lemma 3.2(ii) and (iii).

so {t}veM.

To establish (ii), suppose %% €t, f1 <a f2 and let h GMB.

We have to check that (a) {t} h<{t} h and

v(.r/f.l) v(a:/fz)
* . .

(b) {t}v(:c/f1) < {t}v(x/fz)*' Notice that if x € ¢, then also

x € ty- Then (a) follows by an application of induction

hypothesis (ii) to tg with v(y/h) and lemma 3.2(ii),.and (b) by an
application of induction hypothesis (ii) to to with v(y/co)

(by lemma 3.3(i) this is an M-assignment). o



90

3.5. REDUCTION LEMMA. If t~+s, then {s}v< {t}V for any
M-assignment v.

PROOF. Induction on t.

- If t is a variable there is nothing to prove.

- Let t = ()xx.to)t.l, s = (x.=t1)t3. Then by the substitution lemma
}

(2.4.3(ii)) {s}v={ and by 3.2(iv)

folviz/ie,),)
{tO}v(x/{t.l}v) < {tO}v(x/{t1}v) +{t 3 ,* +1. But this is {t} .

- Let t=tyt,, ty>s, and s =st,. Then {s}v< {t}V follows
directly from {so}v< {to}v.

- Let t=tyt,, t,>s, and s =t;3,. Then {s}v< {t}V follows from
(s}, <{t;}, because {tyl}, €m.

- Let t=Xxz%.¢t
{4}
{sy}

0’ t0+so and s = Ax.s

v(z/f) +fx+1 < {to}v(x/f) +fx+1 follows from

0° For feMa,

v(z/f) <{t0}v(x/f) by lemma 3.2(ii); {s,} * < {ta}

is immediate from {so}

v(x/co) v(x/co)

v(:c/co) < {tO]v(x/co) °

So {s}vf<{t}vf and {s}v*<{t}vr and hence {s}v< {t}v.

The mentioned cases exhaust all possibilities for ¢t +s. o

3.6. THEOREM. No reduction sequence of ¢t has more than
{t}x steps.

PROOF. Trivial induction on {t}4, using 3.5. 0O

3.7. COROLLARY. All terms t of \' are strongly normalizable and
h(t) € {t}x.

This finishes the quick proocf of strong normalization.
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§4. THE MAIN PROOF

4.1. HEREDITARILY CUMULATIVE, MONOTONE FUNCTIONALS.
To establish the claim 2.3.2 we shall make use of the fact
that the functionals occurring as valuations of AT-terms

belong to an even more restricted class than M.

DEFINITION. The collections Ca are defined simultaneously

with the relations <a and éa by induction on a.

(1) CO=LO;m<Onem<n;mgonem§n.
(ii) C(a)B ={f €IWa)B | conditions (a), (b), (c) and (d)

below are fulfilled}

(a) tvgec fge CB)

(b) (vg,qg’ ECa).(g <ag' = fg <B fg') (£ <-momnotone)

(c) vg,qg" €Ca)(g $,9' = f9 §B fg') (£ <-monotone)

(d)(vg'eca)«fg)* 2 £x + gx) (f cumulative)
(iii) For f,g EC(a)B’

(@) £ < ;)9 wh €C)(Eh <, gh)& fx <gx

(b) £ % o9 »Vh €C)(Eh <, gh)e £x £ gs

REMARKS. (1) C =gca is, just like M, closed under application
(condition (ii) (a)). <a and éa are transitive relations on Ca'
(2) Notice that a new interpretation is given here to the sign
<’ though in intention it is the same as that of the preceding
section.

(3) One might be tempted to think that f £g could be defined
simply as £ <g or £ =g. This is of course the case on the

ground type, but not on the higher types. For a counterexample in
(0)o consider the functions An.n and An.n?. (Note that both

An.n and An.n? are minimal with respect to <.)

(4) <-monotonicity and <-monotonicity are independent predicates,
neither implies the other. For counterexamples: constant functions
are <-monotone but not <-monotone; a functional of type ((o)o) (o)o
which is <-monotone but not <-monotone can be defined by

f(An.n?) = An.n?, fg=An.gn+1 if g # An.n?.

(5) We will often write f2g for g<f, and £ >g for g<¢£.

(6) Many properties of the structure (M,<) hold also in (c,<) and
can be extended to £ as well, as is shown in the following lemma.
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In the sequel we shall in general no longer explicitly
indicate applications of this lemma, as the reader is assumed
to have gained some experience in the calculus of labeled
functionals by now.

4.2. LEMMA. (i) C is closed under +, (ii) f£<g = f+m<g+m,
fsg=>f+msg+m, (iii) m<n=f+m<f+n, msn = £f+m<f+n,
(iv) m>0 = £f<f+m, £<f+m, (v) £f<g = f£fcsqg, £<F£,

(vi) £f<g£h = f<h, f<g<h =» f<h, (vii) £f>g = £2g+1,
(viii) f£(g +n) 2fg +n.

PROOF. The reasoning for < in 3.2 remains valid and it applies
without change to 2. So (ii) to (iv) just carry over and for
(i) we only have to check additionally that f +n is cumulative
in case f is. Suppose (fh)x 2 f* - h*,

Then ((£f +n)h)* = (fh)* +n 2 f+x +hx +n = (£ +n) x + hx results by
simple calculation.

(v) to (vii) are straightforwardly proved by induction over
the types. (viii) follows from (vii) by induction on n. For
n=0 it is trivially true. Assume as induction hypothesis
f(g+n) 2fg+n. Then, since g+n+1>g+n and £ is <-monotone
f(g+n+1) >f£(g+n) and hence £(g+n +1) >fg+n. Then (vii)
yields f(g+n+1) 2fg+n+1. 0D

4.3. LEMMA. (i) cgec for any o and n, (ii) m<n=c$<cg,

N o o

(iii) m<n =cy < c -
PROOF. (i), (ii) and (iii) are simultaneously proved by
induction on o, just as in 3.3. We only have to check additional-
ly that cg is cumulative. This is trivially the case:

(cnf)*=(c )*=n+f*=cn*+f*. o

n+fx

4.4. LEMMA. fe€C_ » £2c5, .
PROOF. Induction on a. For o =0 it is trivial: n= cg (and n*x =n).
Let o = (B)Yy and suppose g GCB. Then fg 2 c(fg)* 2 Cf*+g* =cg,9
follows from the induction hypothesis and by lemma 4.3(iii),
because (fg)* 2 fx + gx. From this f 2 Cg, Can be directly

concluded, since fx SCe * by definition. o

It is in this sense that the cn's are called minimally

cumulative. The really minimal elements are the co's of course:
f 203 for every £ ECa. (Note that f 2 Cey does not generally
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hold for M.)
An assignment with all its values in C is called a
C-assignment. The assignment ¢ defined in 2.3.1 (c (%) =cg)

is a C-assignment by lemma 4.3.

4.5. C-LEMMA. (i) [t]v €C for any C-assignment v.
(ii) If =« €t, and £,£' €C_, then

(a) [t]v(x/f) 2 [t]v(x/co) + £x
(b) £<£f' = [t]V((E/f) < [t]V(.’E/f')
(@ £5£' = Lol o) s Lty )

PROOF. (i) and (ii) are proved by simultaneous induction on

t. Since the reasoning for (ii) (b) and (c) and for the mono-
tonicity part of (i) (i.e. checking (ii) (b) and (c) of definition
4.1) is completely similar to that of 3.4, we here concentrate

on verifying (ii) (a) and for (i) on proving that [t]v is
cumulative (clause (ii) (d) of 4.1). Clause (ii) (a) of 4.1. is
left to the reader. Notice that in the cases ¢t =x and ¢ =t0 1
(i) is trivial anyway, since v is a C-assignment and C is
closed under application.

- Let t =2z%. Then application of lemma 4.4 yields:

fzc%*= e+ fx = [¢]

0 + fx, establishing (ii) (a).

[ty (z/8) =
- Let t=tyt,, zt€t.

To establish (ii) (a) we have to distinguish between three cases

v(z/cq)

as in 3.4.

Case 1. x €ty x£t1. Then [t]v(x/f) 2 [t]v(x/co) + fx follows
from [tO]v(:c/f) 2 [tO]V(:L‘/Co) + f* (induction hypothesis) by the
definitions of 2 and +.

Case 2. =z ¢ to, x € t1. Apply the induction hypothesis to t1 and
use lemma 4.2(viii).

Case 3. x Eto, x € t1. Combination of cases 1 and 2, use the
transitivity of <.

- Let t = )\yB.to, y € t,- We can directly calculate

([21,9) % = ([egl, +gx + 1w = L[] * +gx + 1 =[] * +gx +1.

So [t]v is cumulative. For (ii) (a) suppose z% €t and £ €c,-
[t]v(a:/f) = <Ag €Lg. [tO]v(x/f) +gx +1, [to]v(x/f) *>. As also

x € to application of the induction hypothesis gives

H’O]v(x/f) 2 [tO]v(x/co) + £%x, and consequently
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[¢ ]v(x/f) 2 <A\g €Lg. [t ]v(x/co) *Ex v g+ 1, ([t ]V(.r/co) + fx) x)>=

[t ]V(x/co) + fx.

- Let t = AyB.tO, y €ty. Now ([£] g)« = ([tolv(y/g) +1)x 2

([tO]V(y/co) +gx +1)%= [to]v(y/co)*+g*+1 = [t]v* +gx + 1

follows by induction hypothesis (ii) (a). So [1:]v is cumulative.
For (ii) (a) again suppose > €t and f ¢ Cy -

Then [t ]v(x/f) = <Ag €Lg. [t5), /f) /ot Bolv(z/e (y/co)*>°

Induction hypothesis (ii) (a) yi=2l1lds both
[

+ fx and

Polviz/e) (wrg) 2 o lviascy) (y/3)

[to ]v(x/f) (y/cq) 2 [to ]v(ac/co) (y/cy) + f*, and consequently
[t]

([t

v(z/£) 2 <A\g ELB'[tO]V(x/cO) (y/3) +fx+1,

+Ex) x> = [t] +fx. DO

O]V(ac/co) (y/co) v(x/co)

4.6. DEFINITION. Let t, s be terms, v an assignment.

Then ltlv € w and It,slv €w are defined by:

_ 2z
ItIV 'xetv(x)*
= X
It,slv xEt&x}EsV(x)*

4.6.1. Properties. We mention without proof some obvious
properties of ltlV and It,slv.

. _ (s <
(i) I:::lv v(xz)x, (ii) It0t1 IV < ItolV
(iii) xz £t = I)\x.tlv= Itlv, (iv) z €t =|Ax.tlv+v(x)* = |t|v,

sty 0y

< i -
(v) lt,slv < Itlv, (vi) t »s =Itlv ISIV+ It,slv.
With respect to (vi) notice that if ¢t +s, then all free
variables of s are already free in t.

4.7. LEMMA. [t} for any t and C-assignment v.

2cC
v - t
It 1,

PROOF. Induction on t.
- Let t =x. According to 4.6.1(i) we have to check

v(z) 2c¢ , which is the case by lemma 4.4.

v(z) *
- Let t=t.t.. By the induction hypothesis [t]_2c c

071 v |1:0|v |t1|V
and some manipulation with the properties of the cn's gives



. Hence [t]V 2c follows since

C (o] =cC
IEoly Itqly TTEglyrltgly
ltgly + 1t,1 2 16l (4.6.1(i1)).

11,

- Let t = Ax“.to, @ gty. By 4.6.1(iii) it is sufficient to

S . .
show that [t]v =cltolv. This easily follows from [tojv chtolv
(induction hypothesis) and some calculation:
- For hecC, [t]vh=[t0]V+h*+1zc|t | +h*+1>°|t | +hx =
0'v 0'v
c =c h.
ItOlVJ'h* ItOlv
. [t]v* = [to]v* gc'tolv*.
_ 5.0 . _
- Let t = \x .to, x €to. By 4.6.1(iv) Itolv(x/h) Itb-+h* and
ItOlv(:c/cO) ='tlv *Co* =|tlv'
This together with applications of the induction hypothesis
yields:
.For hec , [t]l_h=[¢t,] +1>[¢t,] 2c =
o v 0°v(x/h) 0'v(x/h) 'tolv(x/h)
c =c h.
Itlv+h* ltlv
< [tl _x=1[¢t,] *2cC *x=C x., O
v 0 v(x/co) ltolv(x/co) ltlv

4.7.1. COROLLARY. [t]v*z ltlv.

4.8. REDUCTION LEMMA. If ¢t +s, then for any C-assignment v,

[e], > [el, + 1t,s1 .
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PROOF. Induction on t. Distinguish cases according to the actual

form of the reduction.
- Let ¢ =(Ax.s)t1, x€s.

Obviously It,slv,§|t1l (only variables in t possibly dis-

v

appear) and hence [t1]v* zlt,slV by corollary 4.7.1. Then
calculate: [t] =[s], + [t ] *+1>1[s] +[t ] *x210[s] +1¢t,sl.

- Let ¢t =(Ax.t0)t1, x €t s =(x:=t1)t0. Now no variables

ol
disappear at all, so It,slv =0. So it is sufficient to prove

that [t] > [sly. Now [t]g =[t0)y (/14 +1> [t

1 ’
114 0 v(x/[t1]V)
but this is [s]v by the substitution lemma (2.3.6).
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T t=tgtqr tg T sgr s=sgtqe Thealt,sl, € ltgrsglys for a
variable can only disappear from ¢ because of the reduction
to > 84- This and the induction hypothesis [tgly > Lsgly * Itgrsgly
are used in the calculation: [t] > ([sql, * Itgrsgly) [tq]y =
[30]V[t1 ]V + |t0180|v = [S]V + |t0180|v 2 [S]V + |trs|v-

t=tgtqr tq>s8qs s = tgsq- This case is like the preceding
one. Use 4.2(viii).
- t= )\;ca.to, tg>sgr s = )\x.so. There are three subcases. Case 1.
x ¢ tO' :Céso' Then |trs|v= ltolsO|vl and [t]V > [S]V+ It;slv
follows by easy application of the induction hypothesis.
Case 2. xEtor .’12680- Then |t13|v= |tolSO|V= ItO'SOIV(x/f)
for any f, and from this the result follows easily by the
induction hypothesis.
Case 3. g €tgr « gso. Then |t0'30lv(x/f) =|t,s|V + fx for any
f, and hence by the induction hvpothesis one obtains:

[t]v= <pf eLa'[tO]V(x/f) +1, [tOJV(x/CO)*> >

<hf ELa'[SO]v(ac/f)+ ItO’Solv(ac/:') . ([SO]v(x/c0)+

ItoISOIV(x/CO))*> =
<\f €La . [SO]V+ |t,s|v+f*+1, [so]v*+ |t,s|v+0> =

[)\x-solv+ It,slv- o

4.8.1. COROLLARY. h(¢)

IA

[t]*.

4.9. THEOREM. If [t]x >0, then there exists an s with t s
and such that

(i) if ¢t is not of the form Az-tq, then [t]=[s]+1,

(ii1) if ¢ = )«x. tyr then [t]*x = [s]x + 1.

PROOF. Induction on t. Distingu-sh cases as to the form of ¢.
- t=x. This case is trivial, as [x]* =cy* =0.

- t= (\z.ty) tqr x € ty. Then [t]= [tol * [t1x+ 1.

If (t11*x =0, then let s = ty-

Otherwise by the induction hypothesis for some s1s, tq *&q and
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[t1]* = [31]* +1. Let s = (Xx.to)s1

- t= (Ax.to)t1, x € ty. Then [t]1=1[¢
(substitution lemma) .

Let s = (:c:=t1) to.

- t=tgty to not of the form Mzx.-. There are two subcases.

ole (z/pe,q T T LE=E) Fple

Case 1. [tO]* >0. Then by the induction hypothesis tO >3, for
some s, such that {to] =[sO] +1. Let s =sot1; [t] = ([30]+ 1)[tﬂ=
[¢] +1.

Case 2. [to]* =0. Then, by 4.8.1., to is in normal form and
2"'tn (with t2,...,tn in
normal form). As [zx] =cg for a suitable o, [tol =c, for some

n, and therefore, since [tO]* =0, [tO] =cq- But then, as

consequently must have the form xt

([tO][t1])* >0, certainly [t1]* >0 and hence, by the induction
hypothesis, t1 > 84 for a certain 84 such that [t1]* =[s1]* +1.
Let s = t031' and calculate: [t] =co[t1] =c[
co[s1] +1=1[s]+1.

- t= Ax.to. Notice that, regardless of whether x Eto or not,

=C =
tylx [sq 1x41

[t]x = [tO]*. By the induction hypothesis to + 8 for a certain 80

such that [to]*= [30]*+ 1. Let s= \x.s o

0*
4.9.1. COROLLARY. h(t) = [t]*.
PROOF. By 4.9. h(t) 2[t]* and by 4.8.1. h(t) £ [t]*. o

4.9.2. REMARK. One may observe that the proof of 4.9 implicitly
contains a strategy for constructing a reduction sequence of

t of maximal length. The same reduction strategy is defined in
Barendregt ['81] (from Barendregt et al. ['761]), where it is
called the perpetual strategy F_. It yields for any term ¢ in

the type free AB-calculus an infinite reduction sequence, if
there is one.

§5. EVALUATING THE COMBINATORS.

5.1. In the combinatory variant of the typed A-calculus, the
system cL' (typed combinatory logic), the role of A-abstraction
is taken over by constants Ku 8 € (o) (B)a and

Sa,B,Y € ((a) (B)y) ((a)B) (a) Y, for all types a, B and vy.

From these, terms are built up with application as sole term

forming operation. In CLT, t >s holds if s results from ¢t by
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replacing a part of the form Ktot1 by to or a part St0t1t2 by
totz(t1t2).

Let the exact valuations for K and S be given by:
[Ka,B] =<A€L .<Ag€Lg.f+gx+1, £x>,0>
OL,B,Y] = <Af €L (q) (B)Y’(AgEL(J)B'<Ah €L,-fh(gh) +1, fx+gx>,£,0>
(NB: Quantification over assignments is not needed; if variables
are included one simply puts [z*] =cg.)
Then it can be established by the method of this paper that
[t] is exactly estimating again: h(t) = [t]=*.

As a matter of fact it suffices to show that the valuations
of cL'-terms are in M, so that the proof becomes as simple as
the 'quick' proof in section 3.

5.2. Extension of our method to systems incorporating a
recursion operator, however, doss complicate matters. The
uniformity result in 2.3.4 for example, will no longer
hold as stated there. In particular, given a fixed t € (o) 8B,
h(ts) will depend not only on h(s), but on the numerical
value of s as well. As a consequence a more involved type
structure is needed, built up from wxw.

We intend to investigate this in another paper.

FOOTNOTE

1) The proof in Gandy ['80] is supposed to rest on the
assumption of weak normalization. This assumption is used to
ensure that every closed term oZ type o in the A-I" calculus
reduces to a numerical term, denoting in a trivial way a
natural number. (As a matter of fact, for uniqueness a
Church-Rosser result would be required as well.) It seems,
however, that the assumption can be eliminated, because
under the standard interpretation each closed term of type

o already denotes an element of Ta: and in particular terms

of type o denote natural numbers.
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4
STRONG NORMALIZATION IN N-HA«p

Introduction. The purpose of this note is to amend the notion of
computability employed in proofs of strong normalization, so as to
make it work also for systems which include a surjective pairing. To
facilitate comparison with existing proofs (i.e. for systems without
surjective pairing), we work with the system N-HAe®p as it is formu-
lated in Troelstra [1973], and rough.y follow the set up of the proof of
strong normalization of N-HA® giver. there in the §§2.2.12-2.2.19 and
2.2.30-2.2.31. Notations, terminology, etc. not defined here are taken
from Troelstra [1973] (further referred to by [Tr]).

The new definition of computability has an extra clause for the
product types of course. But apart from that, it deviates from the
usual definitions in two more respects. First, the computable terms are
explicitly required to be strongly normalizing. Secondly, by the very
form of the computability conditions it is enforced at once that
computability is preserved under reduction.

The first deviation is not an essencial feature, but merely a matter
of taste. The proof would not change much if one adopted the usual
strategy of requiring strong normalization only at the ground type 0,
and then seperately proving the imp:ication

computable = strongly normalizable
for the higher types.

As to incorporating strong normalizability and closure under
reduction in the computability conditions, the notion of computability
employed here resembles that in de Vrijer [1975]. For the A-based
theory with surjective pairing, but without recursion, the method
used there can be adapted to yield a proof of strong normalization that
is simpler than the one given here. In an Automath setting such a
proof is presented in van Daalen [1980], p.294 ff.

We give our proof for the combinatory and the A-based versions of
N-HAw=, together. Those who are only interested in one of both
versions can just leave either the combinators or the A’s out.

The system N-HAw,. The types of N-HA®, are built up from the
ground type 0 by finite iterations of the operations of forming the
function type (a)p and the product rype aXp from the types a and B.
The terms of N-HAw, all have a unique type. The notation teo is
used to indicate that t has type o. The atomic terms are (with p,0,7
arbitrary types):
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- the variables x9, y9,z° ... €0,
- the combinators I, € () (0)p and Z, 5 € ((p) (o)1) ((p)o) (p)T;

- the constants 0 (zero) €0, S (successor) €(0)0 and the recursor
Ro € (0) ((0) (0)0) (0)a;
- the pairing and projection constants Dg ;€ (o) (1)oXT,
D'y, 1€ (6X1)o and D"g € (oXT)1.
The term forming rules are:
- application: if t€ (6)T and s€o, then tseT,
- abstraction: if t[x°] €1, then Axc.t[x°]€ (o)T.
Then N-HAwp has the following contraction rules:
- T, otyty contr ty; I, o rtytats contr tytz(tats);
- Rotqty0 contr ty; Rgtyty(Sts) contr ty(Rgtytats) ts;
- D's,1 (Do,rt1t2) contr ty; D" ¢ (Dg rtitp) contr tp;
Do, (D', < t) (D"g,<t) contr t;
- (Ax9.t[x°])s contr t[s].
As in [Tr] we use the notations >; and 2 for the one step reduction
relation which is generated by contr and for the reflexive and
transitive closure of >; respectively.

Some extra terminology: a term t is called strongly normalizing
(SN) if all its reduction sequences are finite. If so, by h(t) is denoted
the length of a reduction sequence of t of maximal length (= the
height of the reduction tree); and by v(t) the maximum of the set
{ieN]|(3t) (t2sit")}.

Computability and Strong Normalization. A notion of
computability, C, is defined for terms of N-HA@, by induction on the
typestructure. C; denotes the computable terms of type o.

DEFINITION 1. C4(t) iff the following three clauses are satisfied.
(i) tis SN.

(i) If 0=(o)B and t2t' and s€Cq,, then t's€Cp.

(iii) If o=aXp and t2Dt't", then t'€ Cy and t"€Cg.

In a series of lemmas we now establish some obvious closure
properties of C and list a few basic implications that can be used in
proving that certain terms are computable.

LEmMas. (i) C(t) &t>t' = C(t').

(ii) Any term which is formed by repeated application from
computable terms is computable.

(iii) If t€ 0, then SN(t) = C(t).

(iv) If t=xty...t, (n20), then SN(t) = C(t) (& (vi<n)SN(tj)).
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(v) (vo)(x9€Cy).
(vi) If te (oy)...(on)T, then
(Vt1€Cq,) ... (Vty € Con) Cltty. . . ty) = C(t).
(vii) Let either t€ 0 or teaXB. Then
(a) if t=Dt't", then C(t') &C(t") & (¥s) (t>1s = C(s)) = C(t).
(b) if t not of the form Dt't", then (vs)(t>ys= C(s)) = C(t).

(viii) Let teaxp, then C(D't) &C(D't) = C(t).

Proors. (i), (ii) and (iii) are obvious (for (iii) just observe that
the clauses (ii) and (iii) of the definition of C do not apply).
(iv) Assume t€t and apply induction on 1. We need only verify the
clauses (ii) and (iii) of definition 1. Observe that if t2t', then t' will
have the form xt';...t', with t;2t'; (1<i<n). So if T=aXp, then
clause (iii) of the computability definition does not apply. That leaves
the case that 1= (a)B. Let s€C,. Then, as t'y...t', and s are all SN
and t's=xt'y...t'ys, also t's is SN and hence C(t's) follows by the
induction hypothesis.
(v) For each type 0 we have x9€C,.
(vi) This is proved by induction on n. Note that t is SN since
tx 0l . x,0n is, as C(tx;O!. .. x,on) follows by (v) and the
assumption. For the case n=1, assume (Vt; € Cg,)C(tt;) and let t2t'
and s€Cy,. Then also ts2t's and hence the computability of t follows

since C is closed under reduction by (i). The induction step is trivial.
(vii) Of course t is SN iff each s such that t>;s is SN. Furthermore

t2Ds's" iff either t=Ds's" or s2Ds's" for some s such that t>;s.

(viii) SN(t) follows from SN(D't). Assume t2Dt't". Then
D't>D'(Dt't") >y t' and C(t') follows from C(D't) becase C is closed

under application (lemma (ii)). Similarly C(t") follows from D"t. O

We now first prove that all terms that can be formed without
employing the rule of A-abstraction are computable. The terms that
include A-abstraction will be treated afterwards.

THEOREM 1. Any term t of N-HAw, which does not contain
A-abstraction is computable.

PROOF. We proceed as in [Tr] §2.2.19, by proving that all atomic
terms are computable. The theorem is then implied since C is closed
under application by lemma (ii).

(i)-(ii) C(0) and C(S) are immediate.

(iii) C(My,¢). Let ty...t, be computable terms such that either

Mg, zt1...th€0 or Ty ¢ty.. . th€ aXB. By lemma (vi) it is sufficient to
prove C(Mg tt1...ty). This we do by induction on h(t;)+.. +h(ts).
Assume that Ty <t;...tn>1s. Again, by lemma (vii) (b), it is sufficient
to prove C(s). There are two cases -0 consider.
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- s=t4t3...ty. Then C(s) follows by lemma (ii).

- s=Tlg 151...5n and (31) (t;>1518 (Vj<n)(j#i=sj=tj)). Then C(s)
follows from the induction hypothesis.

(iv) C(Z,,6,7) is proved similarly.

(v) C(x9) was proved in lemma (iv).

(vi) By induction with respect to the ordered pair,
<v(t3),h(t;)+...+h(ty)> we prove that if t;...t, are computable
terms such that either Rgty...t, € 0 or Rgty. ..ty €aXpB, then

C(Rety. . -ty). From this C(Ry) follows by lemma (vi). Again it is, by
lemma (vii) (b), enough to prove that C(s) if Rgty.. .ty >15. We
distinguish three cases.

- t3=0 and s=tytq...t,. Then C(s) follows by lemma (ii).

- t3= Sty and s = ty(Rtytytg)ty. . . ty. As ta,tg,...,t, are computable by
assumption, it will by lemma (ii) suffice to show C(Rtytstg). To that
purpose observe observe first that C(ts) implies SN(Stg), hence SN(tg),
hence C(tg). Then, since v(ty) < v(Stg), the induction hypothesis can be
applied to Rgtitytot'y...t'y with t'y.. . t', any computable terms of the
correct types, yielding C(Rgtitatot'y...t'n). From this C(Rgtitatg)
follows by lemma (vi).

- s=Rgsy...5p and (3) (4> & (vj<n)(j#i=s5=t;)). Then,
regarding the fact that v(t3) cannot increase under reduction of ts,
C(s) follows from the induction hypothesis.

(vii) We show that C(D,, ). By lemma (vi) it is sufficient to prove
C(Dt't") for t' € C, and t" € C;. This is done by induction on
h(t)+h(t"). Now, as C(t') and C(t") already hold, by lemma (vii)(a)
we need only verify that C(s) if Dt't" >y s. There are two cases.

- t'=D's and t"'=D"s. Then C(s) follows by lemma (viii).

- s =Ds's" and either s'=t' and t">;s" or t'>;s' and s"=t". Then
C(s) follows by the induction hypothesis.

(viii) C(D',¢). For let ty,...,t, be computable terms such that either
D' 1ty .th€ 0 or D'y ¢ty.. .ty € aXB. The computability of D' ; can
then be concluded from C(D'O,Ttl. ..ty), which we prove by induction
on h(ty)+.. h(ty). Assume D'y ;t;...t; >;s and distinguish two cases.
- t;=Dt't" and s=t'ty...t,. Then C(t') follows from C(t;) by clause
(iii) of the computability definition and hence C(s) by lemma (ii).

- s=D'g 51...5, etc. (see above).

(ix) C(D"g ¢) is proved similarly. 0O

Now for the treatment of A-terms we need the stronger notion of
computability under subsitution, C*.
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DEFINITION 2. C*(t) & for each substitution of computable terms of the
appropriate types for occurrences cf variables free in t, the resulting
term is computable. (Cf. [Tr] §2.2.30.)

THEOREM 2. C*(t) for each term t of N-HAw=p,

PROOF. Again it is appropriate to prove the theorem by induction on
the structure of t. It is obvious that C*(t) is closed under application,
since C is.

(i) For constants C* and C mean the same, because there are no
variables for which to substitute. So we already know that 0, S,
Mo,x,00 20,7,00 Ro» Do,1» D'g,r and D"; 1 are all C*.

(ii) Substituting a computable term t for the variable x9 in x9 results
in the computable term t. Substituting nothing for x9 in x9, the
result is x9, already shown to be computable. Hence also variables are
C*.

(iii) Since, as we pointed out above, C* is closed under application, it
remains to be shown that Ax.t[x] € C* can be derived from the
assumption that t[x] € C*. Let Ax.t'[x] be obtained from Ax.t[x] by
substituting some computable terms; and let ty,...,t, be computable
terms such that either (Ax.t'[x])t....t, €0 or

(Ax.t'[x])t;...t, € aXB. Notice that t'[x] € C follows from our
assumption that t[x] € C*. So we are allowed to apply induction on
h(t'[x])+h(ty)+.. +h(ty) in order to prove that (Ax.t'[x])t;.. .ty €C.
By lemma (vii) (b) it is sufficient to prove that C(s) if

(Ax.t'[x]ty1.. .ty >1s. There are three cases to be distinguished.

- s=t'[t4]t;...t,. Now observe that t'[t;] can be considered as the
result of substituting some computable terms for free variables in t[x]
(namely those which were substituted to obtain t'[x], plus t;). So our
assumption that t[x] € C* implies t'[t;] € C. Consequently C(s) follows
by lemma (ii).

- t'[x]=t"x, x does not occur free in t" and s=t"t;...t,. Observe
that t"t; can be obtained by substituting t; for x in t'[x], so this case
reduces to the previous one.

- s= (Ax.t"[x])t'y...t'q, obtained from (Ax.t'[x])t;...ty by
performing one reduction step either within t'[x] or within one of the
ti’s. Then C(s) follows by the induction hypothesis. 0

CoROLLARY. In N-HAwp, all terms are strongly normalizing.
PROOF. Immediate by theorem 2. 0

NOTE. In Troelstra [A] this result is obtained in a different way, viz.
by reducing it to strong normalization for N-HA® (i.e. N-HAwp
without pairing) .
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5
BIG TREES IN A A-CALCULUS WITH A-EXPRESSIONS AS TYPES

§0. OUTLINE

The abstract term system A\ studied in this paper is a close relative of the
Automath family of languages. In the investigation of normalization and decida-
bility properties of these languages, A\A came up as a natural generalization of
AUT-QE, the language currently in use for mechanical proof checking at the
Automath project in Eindhoven. For introductory reference, see Van Daalen [4].
The introduction, section 1, is an informal account of the systemA) and its
relation to other systems.

The formal description of A\ is given in the sections 2 and 3.

In 4 the main results are stated, mostly without proof.

Section 5 is devoted to proving that tae big trees are well founded (BT).

§1. INTRODUCTION

1.1. Heuristic description

Before describing the main results of the paper we make a few heuristic com
ments, especially on the generalized typestructure involved. Here we use the
"formulas-as-types" notion for interpreting mathematical statements and proofs,
originated independently by De Bruijn [3] and Howard [6] (the term comes from

Howard). Further references are given in 1.4.

1.1.1. Type structure

To illustrate the transition from the type structure of traditional type theory,
e.g. the typed A-calculus exhibited in Hindley et al. [5], to the types we have
here, we consider constructive versions of propositional and predicate logic
respectively. If we identify a proposition a with the type of its constructions
(or proofs), then the implication a + B8 will be the type of constructions that
map constructions of a to constructions of B. That is, a + B corresponds essen-—
tially to the cartesian power B%.

In predicate logic a construction ¢ of Vx.P(x) will map any object t from the
domain of quantification a to a construction of the proposition P(t). Hence the
type of c(t) depends on the choice of t. The notion of power doesn't suffice

any longer; we need that of cartesian gproduct: T P(x).
xea



107

1.1.2. Abstraction and application, two interpretations
Automath exploits the formal similarity between two kinds of abstraction: func-
tional abstraction to form the functionlike construction Axea.c(x) and the pro-

duct construction T P(x). It is convenient to unify these principles in the
xea
notations [x,alc(x) and [x,a]P(x), respectively. Observe that now functional

application in the former case corresponds to specification of coordinate axis
in the latter. Also here we use the same notations: <t>[x,alc(x) and
<t>[x,a]P(x), which reduce to c(t) and P(t), respectively. Now this uniform
syntactical treatment of both kinds of abstraction, very convenient for our
purposes, may cause some confusion in interpretation. For example, vis & vis
the formula-type analogy it amounts to using the same notation for both the
predicate, i.e. "propositional function", Axea.P(x) and its universal quantifi-

cation Vxea.P(x).

1.1.3. Supertypes, type inclusion

We further introduce the constant type as a "supertype" of types. Then, e.g.
[x,altype will be the supertype of all those types 8, such that whenever t ¢ a,
<t>g is a meaningful type. Hence, carrying on the example from 1.1.2, we have
[x,alP(x) € [x,altype. Moreover, because of the possibility of interpreting
[x,alP(x) as a proposition Vxea.P(x), we require that [x,alP(x) € type. This
motivates the facility in AX (and in AUT-QE) to pass here from [x,altype to
type, known as the principle of type inclusion: [x,altype c type (cf. [3], [4]
and 3.5.2 below).

In order to clarify this slightly ambiguous situation one could for the product
construction introduce the Nl's again, and obtain M[x,alP(x) € type for the pro-

duct and [x,al]P(x) € N[x,altype for the type-valued function, respectively
(ct. [12]).

1.1.4. AA-theories

Expressions are built up by using the principles of abstraction and application
mentioned above, starting from variables, parameters and constants. A particular
choice of the constants and their (super) type assignments will depend on the
interpretation one has in mind. Such a choice is formally fixed by a base (cf.
3.1).  Each base determines a specific AA-theory.

In informal mathematics new notions are always introduced in a context, possibly
indicated by the presence of certain parameters and assumptions. This observa-
tion is reflected in AA by the fact that constants are allowed to depend on
parameters. We now illustrate the treatment of constants in AA and the parameter

mechanism involved.
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Let C'(a,B) be a type constant, to be interpreted as the proposition 3xea.<x>B,
where B is supposed to represent a prelicate on the type a. Informally intro-
ducing Cl(u,B) one might stipulate:

(1) "Let P be a type, Q be a predicate on P. Then ‘we will consider C](P,Q) as a

proposition."

In AX the (super) types of parameters are indicated by superscripts and hence

the corresponding axiom reads:
@) c (p2ee, QIR PILIRE) ¢ e,

The rule of existence introduction can now be formalized by adding another con-

stant Cz(u,B) together with the axiom
(3) c (@RS, XIS ¢ [y pILy, <xoQlc, (P, Q).

When actually given a € type and 8 e¢ [x,altype, Cl(a,ﬂ) € type and

Cy(a,B) € [x,u][y,<x>B]Cl(u,B) can now be obtained as instances of (2) and (3),
respectively. Moreover, for objects t ¢ a and s ¢ <t>p application and B-reduc-
tion yield: <s><t>CZ(a,B) € C](a,e).

For further explanation on the subject of interpretation we refer to the treat-
ment of AUT-QE in [4] and to Van Benthem Jutting [2].

1.2, Applicability

Usually, in type theory as in the Automath languages, term application is sub-
jected to the applicability condition: <t>f is a term iff there are types a and
B such that t € a and f € [x,a]B. Now In typed A-calculus this condition is
easy to formulate. The type structure and the assignments of types to terms are
given in advance, i.e. all of the syntax precedes the generation of theorems.
In our case however, types depend on objects and the type assignments are them—
selves treated as theorems in AX. Hence here the applicability condition would
make derivability interfere with term Zormation. A common way of dealing with
this complication (cf. Automath, Martin-Lof, etc.) is to generate the terms
(including the types) simultaneously with the theorems.

By contrast we take the approach of allowing unrestricted application in A,

but instead now subjecting the rule of B-reduction

(4) <t>[x,al: >, [x/tlz

to the condition t € a. We can then formulate an applicability condition by
referring to derivability in A\ and so define the set of legitimate terms. The
legitimate fragment AX - £ of AA is the system one obtains by restricting A\ to

the language containing only legitimatz terms. Hence AA - £ may be considered
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as the part of AA that is significant for interpretation. (Though, of course,
the illegitimate terms do have a computational interpretation in the term
model.) The justification for the above sketched procedure lies in the follow-
ing result:

(5) A\ is a conservative extension of A\ - .

This property may be regarded as a soundness criterion for the notion of legit-
imacy as defined above, and hence for AA: if the equality of two significant
(read: legitimate) terms can be proved in AA, it can be done using only signi-

ficant terms. The proof of (5) uses the result on "big trees" described below.

1.3. Decidability, big trees

We now turn to a second desirable property of the systems:
(6) A\ and hence A\ - £ are decidable.

Decidability of the typed A-calculus is an easy corollary of the strong norma-—
lizability property (SN) and the Church-Rosser property (CR). Every term reduc-
es effectively to its normal form (nf) and two terms are equal iff their nf's
are identical. However, although both SN and CR go through for AA, they are not
sufficient for the decidability, as we will now explain.

In the discussion we make use of an effective function 1, which assigns canon-
ically to every object a type such that t € T(t). Then, since we have unique-

ness of types (cf. 3.3.5):
(7) teae1r(t) =a

(where by CR, = is equivalent to having the same nf).

So, in order to see if (4) holds, we must first determine if 1(t) and a have
the same nf (by (7)). Then in the process of reducing these terms questions of
the form (4) may arise again, and so on.

To deal with this problem, we proceed as follows. Let + be the improper reduc-

tion relation generated by

(i) usual Bn-reduction,
(ii) applying T,
(iii) taking proper subterms.

Call the tree of +-reduction sequences of a term I the 'big tree'" of I. Then we

prove instead of SN the stronger property:
(BT) big trees of terms in AA are well founded.

Together with CR this result easily implies the decidability. Further, as men-

tioned above, it is also used in the proof of (5).
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In his thesis Nederpelt [8] stated ss a conjecture for his system A, the closure

property:
(8) Legitimate terms reduce to legitimate terms.

It turns out that BT (for A) implies (8). Further it seems that BT can be provec
for A by a method, similar to the one used here. (Note that by contrast (8) for
A\ is a simple consequence of the formulation of the system and its proof does
not require BT.)

We feel that, apart from the applications described, BT may have some interest

on its own.

1.4. Historical remarks

The first proof of normalization of am Automath system was given in Van Benthem
Jutting [1]. Nederpelt [8] proved strong normalization for his system A. He
made two conjectures: the above mentioned closure property for A’ and CR for the
system with n-reduction. The latter conjecture was proved by Van Daalen (to
appear in his thesis). The result is assumed in this paper.

Scott [10] suggested to use the ideas of De Bruijn [3] for the formalization of
an intuitionistic theory of constructZons. At about the same time Howard [6]
came up with similar ideas. The line is pursued by Martin-Lof [7]. His theory
of types is claimed to be a natural formal framework for intuitionistic mathe-
matics. The different accents in motivation - Automath more practical, Martin-
Lof more philosophical - might be responsible for some of the differences in

the investigated systems.

§2. THE LANGUAGE, EXPRESSIONS

In this paragraph we specify the language of a AA-theory. This language is
affected by the choice of a base (cf. 3.1). A similarity type (defined below)
codes the information, which is relevaat for the formation of expressions.

Hence for each similarity type s we define the language ts'

2.1. Alphabet
All formal symbols used are from the airphabet consisting of the symbols for

variables XyYsZyoos
parameters P,Q,R,...
constants C4,C2,C3,.:. and type

binary relations =,2,>,>,¢e,

and the auxiliary symbols [,], <,>, ( , ), ,.

Variable symbols will be indexed by types to become (object-) variables, para-
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meter symbols by types and supertypecs to become object- and type-paranecters,
respectively. The set of variables is assumed to be such that whenever needed,
we are able to choose uniquely a "new" variable of the desired type, not yet
occurring in the context. The enumeration of the constant symbols is meant to
show the order in which they can be introduced in a particular interpretation
(cf. 1.1.4 and the notions of date and base). In Automath this would be the
order in which they appear in a "book" (cf. [4]).

2.2, Similarity type

A similarity type s is a triple <5,,5 ,0>, where S) and S, are disjoint sets of
natural numbers and ¢ is a function from Sgu s, to {0,1}*, the set of finite
(possibly empty) sequences of zeros and ones.

Here S0 indicates the set of constant symbols used for object-constants, 5, the
set of constant symbols used for type-constants and if i € Sp U S, then o(i) de-

termines the positions of object- and type-parameters of Cc; (cf. 2.3.1 (ii)).

2.3. Expressions

The expressions fall into three sorts: objects, types and supertypes. These are
simultaneously defined in 2.3.1. In the definition we use already the notion of
closed expression, to be defined in 2.3.4. However, it is clear that the de-

finitions could have been given simultaneously.

2.3.1. Definition. Given a similarity type s, the sets of variables, parameters,
constants, objects, types and supertypes, building together the set E_ of expres-

sions is defined by simultaneous induction.

(i) If x is a variable symbol, P a parameter symbol, a a type, B a closed
(cf. 2.3.4) type and 8* a closed supertype, then x* is a variable, P® is
an object-parameteg and PB* is a type-parameter.

(ii) Let o(i) = LITRRRFT
object if Gj = 0 and tj is a type if Gj = 1, then Ci(tl,...,tn) is an

and Zl,...,tn be expressions such that Zj is an

object-constant if i € Sp and a type-constant if i€ 5.

(iii) Variables, object-parameters and object-constants are atomic objects.
Type-parameters and type-constants are atomic types and type is the only
atomic supertype.

(iv) If f and t are objects, a and B are types, o is a supertype and <~ a
variable, then <t>f and [x%,alt are objects, <t>B and [x*,al8 are types

*
and <t>a” and [x*,ala” are supertypes.
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2.3.2. Conventions. As syntactical variables weuse Z,[',... for expressions in general,
f,g,t,s,... for objects, a,B,... for types and a*,e*,... for supertypes. The
symbols for variables, parameters and constants are used themselves as syntac-
tical variables for their respective categories as well.
As long as no confusion arises we will freely add and omit indexes. In particu-
lar the superscripts of variables and parzmeters are suppressed where possible,
e.g. we write [x,a)x instead of [x%,alx*.
Vectorial notation is introduced for sequences of expressions; e.g. a is short
for the sequence Qyseeeslp, where the number n is either known or not essential.
As = is a symbol of the language we use = for syntactic equality between ex-
pressions.
Now fcllow some more technical and notational definitions concerning expressionms.
2.3.3. Complexity, length and date
According to definition 2.3.1 each expression has a construction, easily seen
to be unique, consisting of a finite number of applications of the rules (i) to
@iv).
The complexity c(I) of an expression I is the number of steps in its construc-
tion.
By induction on c(I) we define two more measures on I: its length (L) and date
d(r).

2(£) = 1 if I is either a variable, a parameter or type;

l(C(Zl,...,In)) = max(l(tl),...,l(tn)) + 1; 2(<t>T) = max(2(t),2(r)) + 1;

2£([x,all') = max(2(a),&(T)) + 1.

d(type) = 05 d(x) = d(@); d(®T) = A(N); A(C;(F}hennnD)) =
= max(i,d(zl),...,d(tn)); d(<t>T) = max(d(t),d(r)); d([x,all) =
= max(d(a),d(T)).

Notice that d(I) is the greatest natural number i, such that ci appears in the

construction of I.

2.3.4. Free variables, parameters, special variables
By induction of %£(I) we define the sets FV(Z) of free variables and Par(I) of
parameters of L.

FV(type) = ¢ ; Par(type) = @
FV(x) = {x} ; Par(x) = ¢

FV(p) = ¢ Par(P) = {P}



FV(C(Z},.0,2))) = U FV(E)) Par(C(Z),...,I)) = U Par(Z;)
1<n 1<n

FV(<t>T) = FV(t) v FV(T) Par(<t>T) = Par(t) v Par(T)

we

FV([x,all) = FV(a) u (FV(I') \ {x}) ; Par([x,all') = Par(a) u Par(l) .

The set SV(I) of special variables of I is defined as

sV(I) = u FV(a) .
x%eFV (L)
An expression I is called closed if FV(I) = @.

For a sequence Il,...,tn we introduce the notation‘F(f) = U F(ti), F is FV,
i<n
SV or Par.

2.3.5. Proper subexpressions

The relation » (contains as a proper subexpression) between expressions is the
smallest transitive relation such that C(ZysevesZ) ® I;; <©T » t; <e>T » T;
[x,adr » a and [x,all » T.

2.3.6. Simultaneous substitution

Let L STRERTS and Xy,...,X  be sequences of distinct parameters and variables.
And let tyseeestn be a sequence of objects and El,...,tm a sequence of expres-
sions, such that L is of the same sort (i.e. object or type) as P;. Then the
result [3,;/5,:12 of stmultaneous substitution of f,?for ﬁ,; is defined by in-
duction on 2(I). In the definition we abbreviate [3,§/f,tlr by I'.

xi 2t; (1sis<n)andx'=xifx¢ {xl,...,xn}.
v - . .

Pi = (1l <ism)and P' =P if P ¢ {Pl""’Pm}'
(c(tl,...,zk))' = C(X;""’zi)' type' = type.

(<t>T)' = <t'>T'.

([x,alr)"' = [y,a'J({x/yIT)', where y is a new variable.
By [f,;/f,?]F we denote the sequence P;,...,Pi.

2.3.7. o-equivalence

The relation = of a-equivalence between expressions is the smallest equivalence
relation such that, if L~ T, t s and a ® B, then also ) xB, Pz = Pr,
C(Al,...,z,...,An) ~ C(Al,...,r,...,An), <t>L = <s>T and if y ¢ FV(I') also
[x,alz = [y,allx/yIr.

In the sequel we shall simply identify a-equivalent expressions. Formally one
might pass to a-equivalente classes, considering an expression as merely a name,
denoting the class it belongs to, and show that the preceding definitions behave
well with respect to =,

In some places names of bound variables will be tacitly assumed to be chosen

such that no "clashes" arise.
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2.3.8. Lemma. Let {Q],...,Qm} n Par(f,?) = {y)seeeny } 0 Fv(f,:) = @.
> >, b b

Then [P,%/%,t300,y/T,31z = [Q,y/08,%/T,01:F,3)1038,%/3, 1)z

2.3.9. Lerma. Let I be closed and Par (i) ¢ {Q),...,Q,}.
Then [3,%/2,T00Q/F1z = (Q/1F,%/8, 1t 1s.

2.4. Formulas, language

Let s be a similarity type. Then the language L consists of the formulas: L =
(equals), I 2 T (reduces to), L > I' (properly reduces to), I > T (reduces in
one step to) and I € I (has type or has supertype), where I and I' are expres-
sions in E..

If R is a relation symbol wec write zl,...,xn R rl,...,rn (E R ?) for the se-

quence of formulas I, R Pl,...,tn R Pn.

§3. AA-THEORIES

3.1. Base
According to what has been said in 1.1.4, the set of axioms and rules of a AA-

theory can be divided into two parts.

(1) A set, characterizing the underlying system (the same for any Ai-theory).
(ii) In addition the assignments of types and supertypes to the relevant con-

stants, determined by a base (defined below).

The situation may be compared to e.g. predicate logic, where one adds for each
particular theory a set of mathematical axioms to the fixed framework of logical
axioms and rules.

Now recall the example in 1.1.4. It involves an instance (1) of the general
assumption scheme:

(*) "Let Pl be a 21, let Pz be a tz, ... and Pn be a En. Then ... .

In such a scheme it is assumed that the Zi's are well defined in the given con-
text, which leads to the requirement that zi+l should not contain free varia-
bles or parameters other than Plyees,Py. This observation motivates the follow-

ing definition.

z z
3.1.1. Definition. A regular sequence of parameters (rsop) is a sequence P1 yoos ,Pnn

of distinct parameters, where the Ei's are closed types or supertypes and for
0<ic<n, Par(zi*l) < {Pl""'Pi}‘
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We now proceed to the definition of a base. Notice the requirements on dates,

motivated by the remark made in 2.1.
3.1.2. Definition. A base 9 is a triple <s,p,T'>, where
(1) s is a similarity type <8358,,0>.

(ii) p is aneffective function from S0 us, to rsop's, such that for all
L I L L

. . : | n 1 n N
ie SO v S], if p(i) = Pl ,...,Pn , then Ci(Pl ,...,Pn ) € Ls and

.max(d(xl),...,d(tn)) < i,

(iii) t' is an effective function from S, to closed types in E, and from §, to

0
closed supertypes in Es, such that for i € Sp Y Sl, if p(i) = Pl""’Pn’

then Par(t'(i)) < {Pl....,Pn} and d(t'(3)) < i.

3.2. Axioms and rules of AA[Q]

3.2.1. Given a base {2, the AA-theory AA[Q] is formulated in the language
£s. The axioms and rules of AA[Q] are the following.

I type assignment.
a) xuee:; Pzez.
b) ci(zl,...,zn) € [Pl,...,Pn/i:l,...,l:n]'r'(i) if ie S v S, and
p(i) = L STRTEN SO
c) a e type (type inclusion).
d) £ e T+ [x,a]E € [%,0][, provided x ¢ SV(Z).
e) L e T <t>L ¢ <t>T.

II one step reduction.
B-reduction: t € a + <t>[x,al: > [x/t)r.
rn-reduction: £ ¢ B, B € [x,u]a* ~ [x,aloof > f, provided x ¢ FV(f),
8 € [x,ala” [x,al<x>8 > By provided x ¢ FV(B).
monotonicity rules:
) I > THC(E,ee,Byene ) > CEppennsTyens, L)
b) L > T=<e>D > <o>T; t > s <t>L > <s>L.
c) I > r+~ [x,alZ > [x,alr, provided x ¢ SV(I).
d) a > B+ [x,alL >, [y,8llx/y)z, provided y ¢ FV(I).

IIT  proper reduction, reduction and equality.
a)L> TrHI>T;I>T, T>AFE>A
b)) Z>Tw+EL2T; L 2E.
¢)E2Tr+~L=T; L =T+T=EL;E=TF,T=ArEL=A.
d) L =T, AeIrAel;I=T,LeArTceA.
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3.2.2. Remarks
(i) Ic) amounts to the principle of typ= inclusion (cf. 1.1.3 and 3.5).

(ii) The motivation of the restriction in Id) is clear from following example.

¢ € [x,alC(x). Then for arbitrary t € a by ap-

(x)

Suppose one had [x;aly

plication and B-reduction yc € C(t), which is obviously not intended.

(iii) The restriction in IIc) excludes the possibility of both
<t>[x,a]<yc(x)>[z,c(x)]z >, <t>[x,a]yc(x) > yc(x) and

<t>[x,a]<yc(x)>[z,0(x))z > <yc(x)>[z,c(t)]z, both in nf, violating CR.

In the sequel we assume an arbitrary base Q to be fixed. By just stating a
formula we mean that it is derivable in Ai[Q], for convenience further referred
to as AX.

Syntactical variables for expressions are supposed to range over E..

3.2.3. Lemma. The monotonicity rules IIa)-d) hold also with > replaced by >, 2 or

3.2.4. Now follows a, rather technical, definition, auxiliary to the important sub-
stitution lemma 3.2.5. Compare also defin:tion 3.1.1 (rsop's).

Definition. Given an expression I, a sequence

I I a «
1 m 1 . . .
P, seeesPTx, ,...,xnnlrl,...,rm,t],...,tn is called a regular substitution

sequence (rss) for I, if the following conditions are satisfied:
) ;e (B, (sisw.

(1) ¢ e [B,x/F,80e; (1 <i<n).

(iii) 1f ¢" ¢ Par(z) \{P,...,B }, then Per(A) n {P,...,B_} = §.

(iv) 1f y% € V@) \{x),...,x ), then FV(B) n {x),...,x} =

= Par(B8) n {Pl,...,Pm} = ¢.

It is easily verified that the conditions (iii) and (iv) are fulfilled if in
particular:

. m=0 and {x!,...,xn) nSV(z) = @, or

. Par(Z) ¢ {Pl""’Pm} and FV(Z) ¢ {xl,...,xn}, and hence if

. Par(Z) ¢ {Pl,...,Pm} and I is closed.

> > > >
3.2.5. Lemma. Let P,x/f,t be both an res for I and for [, andlet LRI, whereR is
<>
>1» >» 2, = or €. Then also lP,;/f,Ilt R [f,i/f.?]r.

Proof. Simultaneous induction on the length of deduction of L R T.

3.3. Canonical type assignment, uniqueness of types
The assignment function t' generates a function 1, which assigns canonically to

each object a type and to each type a supertype, such that always L ¢ 1(I).
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3.3.1. Definition. T(I) is defined by induction on %(I).
_T(x“) =l r(Pr) Tr.
> . . :
t(ci(zl"”’zn)) = [F/ZIT'(I) for i € Sy U S, where p(i) = L STEREN
T(<e>T) = <e>1(T'); t([x,alr) = [x,alt(T), where x is chosen such that x ¢ SV(I).

3.3.2, Lemma. I ¢ t(I) holds for any object or type L.
Proof. Induction on %(I).

3.3.3. Lema. [%/TIt(C(®)) = v(CUX/TID)).
Proof. Immediate by lemma 2.3.9 and the definition of T.

3.3.4. Lemma. Let ;/Z be an rss for I, then x(l;/?lz) = [;/:]r(t).

Proof. Induction on %2(I). Use lemma 3.3.3 in case I is a constant.

3.3.5. Theorem (uniqueness of types). t e a ¢ a = 1(t).

Proof. One side is implied by lemma 3.3.2. For the other side, prove by simul-
taneous induction on the length of deduction of t € a and t = s, respectively,
the two statements t e a = a = 1(t) and t =8 = 1(t) = 1(s). The proof makes

use of the previous lemma.

3.3.6. Remark. The analogous result for supertypes does not hold (cf. 3.5).

However, in AA without rule Ic) one would obtain theorem 3.3.5 for supertypes as well.

3.4. Legitimacy
In this section we define the set L of legitimate expressions. Then the legiti-
mate fragment AA - £ of AX is the theory obtained by restricting the axioms and

rules of A\, to use only expressions from L.

3.4.1. Remark that L depends on the choice of . Wemight call a legitimate base if
. . Vol .
{Ci(p(l)) |ie So Y S]} u {t'(i) |ie Sg Y Sl} c L.

3.4.2. For the sake of the characterization of the legitimate expressions we now

introduce a function T*, assigning canonically to each expression a supertype.

Definition.

T*(G*) za" for supertypes a*.
™ (@) = 1(a) for types a.

T*(t) = t(t(t)) for objects t.

Remark. ™ may be compared to Typ* in Nederpelt [8].
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3.4.3. Definition. The set L of legitimate expressions is specified by defining by in-
duction on (d(I),c(Z)) (i.e. w.d(I) + c(I), cf. 5.2), what it means for an ex-
pression I to be legitimate.

xaeLiffueL; PzeLiffteL.

¢;@) e Liff £,...,5 , 1'(i) € L and p(i) /% is an rss for t'(i).

<t>I' ¢ L iff t,T € L and for some a, a*: t e aand 'r*(I') = [x,a]a*.

[x,a]T € L iff a,I' € L, provided x ¢ SV(I).

> > > > > >
3.4.4. Lemma. Let P,x/T',t beanrssfor I,... .Zn, respectively, and let Q/I be an rss
for the closed expression I. Then also Q/[B,x/T,t)% is an rss for I.

Proof. Apply lemma 3.2.5.

3831
3.4.5. Lemma. Let Z,l"l,. .. ,I‘m,t . ,tn€L and let P,x/[,t be an rss for I, then
2 > > >

(P,x/T,t)L € L.

Proof. Induction on £(I). Use lemmas 3.2.5 and 3.4.4.

17"

3.4.6. Theorem (Extended Closure). Let ZEL and let either L>T, or Z}T or
7(Z) =T. Then also T € L (i.e. L e Land L >T =T € L).

3.5. Type inclusion, uniqueness of domains
The analogue of the uniqueness of types theorem for supertypes does not hold.
E.g. we have both [x,a]8 e [x,altype and [x,alB € type (cf. 1.1.3). However,

one does obtain a weaker result, viz. uniqueness of domains:
* *
ae [x,B]8 and a € [x,yly =B =1y .

This property is important as a justification for the above characterization of
legitimate expressionms.

We state here without proof:
3.5.1. Theorem. 0 € [x,B]B* it tor some supertype M*, T(a) = [x,BIM*.

In order to say something more on the structure of supertypes in A\ - £, we

define the relation ¢ of type inclusion between supertypes in L.

3.5.2. Definition. First define the relation € between supertypes in L
inductively by
(i) o* < type for any supertype O*.

*
(ii) 1f a* < 8*, then also [x.a.]u* c [x,a]B* and <t>a” < <t>g”.
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Then c is the smallest transitive relation in L extending = and c.

3.5.3. Theorem. Let a,B,0%,8* € L. Then

* *

. * *

(i) aca*andacp =a c B or g* ca.
Py *

(ii) aea = 1(a) ¢ a*.

So T assigns to a legitimate type its minimal legitimate supertype. Note that a

supertype in L, which is in nf, is always of the form [xl,al] cee [xk,ak]tzg .

§4. DECIDABILITY AND CONSERVATIVITY

4.1. Sequences, trees

We use 0,p,... to range over, finite or infinite, sequences of expressions. We
define 2h(o) to be the length of o if o is finite, 2h(0) = = if ¢ is infinite.

I will also stand for the sequence of length one, consisting of I only. If

2h(o) < =, then o,p stands for the concatenation of ¢ and p. We define: o < p (p

extends o) iff there exists a sequence 1, such that og,t = p.

4.1.1. Definition. A sequence ZO,Z is called a

1o
(i)  reduction sequence of Ly iff I, > I

1 “i+l?
(ii) rs-sequence of zo iff ecither zi > zi*l or zi b4 Ii+l'
(iii) +»-sequence of 20 iff either Zi >l zi+l or ti > zi+l or r(Zi) = £i+l'

4.1.2. Definition. The finite reduction sequences of a term I formunder the partial
order < a tree, the reduction tree of I. Analogously we have the rs-tree and
the +-tree of L. The latter is called the big tree of L. The set of -»-sequences
of I is denoted by S(£). B(Z) = {I'|Z » T},

4.1.3. Definition. h(I) will be the height of the reduction tree of I:

h(Z) = max({£h(o) [ o is a reduction sequence of L}).
Analogously, b(X) = max({2h(o) | o € S(Z)}) is the height of the big tree of E.

4.2. Normal forms, strong normalization

An cxpression I is in normal form (nf) if there does not exist an expression T

such that I >l T.

An expression I is called strongly normalizable if h(I) < =, i.e., if the re-

duction tree of I is well founded.
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4.3. Results
We now state the main results of the paper. The details of proofs are generally
omitted. However, section 5 will be devoted to sketching the proof of BT

(theorem 4.3.2).
4.3.1. Theorem (CR). If I =T, then there exists an expression A, such

that Z 2 A and T 2 A.

A proof shall not be given here. Let it suffice to remark that in AX without
the rule of n-reduction the property follows easily from the strong normaliza-
bility of AA. In the present situation, where n-reduction is included, the

proof is more complicated. It was proved by Van Daalen (cf. 1.4).

4.3.2., Theorem (BT). For every expression I, b(l) < «, I.e., big trees in

A\ are well founded.

This result implies that every expression is strongly normalizable (SN). More-
over, by CR one obtains that for each I, there exists a unique nf I', such that
I = T. (In contrast to its use in "uniqueness of types", uniqueness is here to

be understood with respect to =.) This unique expression will be denoted by
nf(z).

4.3.3. Coroll'arz. Given an expression L, its big tree canbe effectively constructed.
Proof. Given the big trees of an object t and a type a, one can decide if

t € a; viz. by merely checking if nf(t(t)) = nf(a). By this observation it is
easy to devise an algorithm, which, when applied to an expression I, constructs

the big tree of I, and which can be proved to be correct by induction on b(I).

4.3.4. Corollary. A\ is decidable.

4.3.5. Let (I,I') — A R A' assert the existence of a deduction of A R A' in AX, in
which occur only expressions from B(I) u B(T).

Lemma (transitivity). If £',T'' € B(Z) u BI) and (Z',T') = A = A", then

(Z,T) A = A",

4.3.6. Definition. A new measure n([') is defined by induction on b(T):

a) = ] n(A)) + 1, where S'(I' = {p € S(I) | 2h(p) > 1}.
(o,A)es"(T)
4.3.7. Theorem. Let Z R I', where R is =, >,>, >y OT E.

Then (Z,[) =L R T.
Proof. Induction on n(X) + n(l'). Let us restrict attention to equalities. If %

and T are both in nf, then by CR, £ = I' and we are done. So assume that I > ',
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Then by the induction hypothesis and transitivity, (Z,T) +~ L' = T. Hence it is
enough to show that (Z,I) h-i = L', Now distinguish cases as to the last rule
applied in a deduction of I >l I'., We treat only onc case.

Let I = [x,a)<cf > £z ' and r*(f) = [x,a]a*. It must be shown that

(Z,T) 1*(f) = [x,aJB* for some B* (cf. the rule of n-reduction and theorem
3.5.1). By CR, ¥(£) and [x,a]a* have a common reduct [y,y]y*. Now

n(a) + n(y) < n(z) and n(r*(£)) + n(ly,yly") < n(Z) imply that (I,I) ~a =y
and (2,T) — 17(f) = [y,yly", respectively, and consequently (I,T) () =

= [x,aly”.

4.3.8. Corollary. A\ is a conservative extension of A\ - .

Proof. By theorem 4.3.7 and the closure theorem 3.4.6.

§5. PROOF OF THE BIG TREE THEOREM

The strategy of the proof of BT (theorem 4.3.2) will be to define an extension
AX = p of A\, by adding an extra rule of term formation for ordered pairs: if
(L) = T, then I, is an expression. A pair I,I' may be considered as just a
copy of I, I' being present only for bookkeeping reasons. The reduction relation
is extended to include the projections (I,I SR and 'z,m >, T. Strong norm-
alization of expressions in AA - p is proved by using a computability argument.
Subsequently a map ¢ is defined, embedding AA in A\ - p such that »>-sequences
in A) give rise to longer rs-sequences in AA - p. Termination of rs-sequences
is an easy corollary of SN. Hence we may conclude that +-sequences in AA do

terminate.

5.1. Introduction of A\ - p

The base f, which was fixed under 3.2.2, is still assumed here. So AX - p will
be in fact an extension of AA[R].

The definition of the set E-p of expressions of A\ - p involves a "forget
function”" p from expressizns of AA - p to expressions of A\, consistently de-
leting the second coordinates of pairs. (Hence p acts as the identity on ex-
pressions of AA.) The next two definitions should be taken as simultaneously
defining the set E-p and the function p.

5.1.1. Definition. For the definition of E - p take clauses (i) to (iv) of
the inductive definition of E (2.3.1.) and add a fifth clause:

(v) If L and T are in E-pand 1(p(L)) = p(I) is deducible in AX, then (I,

is an object if I is an object and a type if I is a type, respectively.
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5.1.2. Definition. The function p: E-p =+ E is defined inductively.

p(type) = type; p(@Y) = PP(B); p(x®) = 2(%);
P(C(Z],...,Zn)) = C(p(El),...,p(Zn)).

p(<t>z) = <p(t)>p(Z); p(lx,als) = [x,p(a)lp(L).
P15, = p(2).

5.1.3. The definitions, notations and conventions from section 2.3, are generalized -
toE- p. In particular,2(I,M) =max(2(2),2(r)) + 1; d('L,1) = max(d(z),d(r));
Par((z,1) = Par() u Par(r); Fv('z,I) = FV(Z) v FV(r); ‘Z,r » £, ‘L0 » T.
[3,;/K,?IIZ,F‘ H ([F,§/K,?]E ,[3,;/1,?]F‘. Substitution is only admitted if the
substitution result is in E~-p again, i.e., if the substitution does not vio-
late the restriction in 5.1.1 (v). A sufficient condition for this requirement

is given in 5.1.6 below.
5.1.4. The formulas of AA ~ p are defined as in 2.4.
5.1.5. The axioms and rules of AA - p are those of AA (cf. 3.2.1) and additionally

II  projection: (z,r) > 5 fz,n > T
e) I > Ar fz,n > a0t > A fz,n > fz,A).

Remark that now, by projection, an expression may reduce to an expression of a
different sort, i.e. an object to a type and a type to a supertype, respective-
ly. For that reason a few obvious restrictions are to be made in some of the
rules. In Ila) and IIId) we require I and I' to be of the same sort. In IIb), t
and s have to be both objects; in IId), a and B have to be both types.

5.1.6. The definitions and results of sections 3.2 and 3.3 are generalized to A\ - p.
Remark in particular that by lemma 3.2.5 we obtain: If i,;/F,? is an rss for I
. > > > .. . . . .

in E-p, then [P,x/r,?]Z is in E-p again, and hence an admitted substitution.

Add to definition 3.3.1 the clause: r('z.r‘) = t(Z).

5.2. Norms

The proof of SN for A\ - p is essentially based on the method of proof orginat-
ed by Tait [11], and used e.g. by Prawitz [9, Appendix A] for a system of
natural deduction. The key notion of this method, computability (alternative
terminologies: convertability, validity, ra=ductibilité), could be defined by
induction on the length of type in [11] and on the length of the end formula of
a deduction in [9]. Here it is essential that the type of a term and the end
formula of a deduction do not change under reduction of the term and the deduc-

tion, respectively. In our proof their task will be fulfilled by a norm on ex-
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pressions y(I). Auxiliary to its definition we first introduce the measure m(Z).
Note. Pairs of natural numbers are supposed to be ordered lexicographically.
5.2.1. Definition. m(I) is defined by induction on (d(I),c(I)).

m(type) = 0; m(®') = m(r) + 15 n(x*) = m(a) + I3

m(Ci(Zl,...,Zn)) = max(m(zl),...,m(tn)) +m(r' (1)) + 1;

m(<t>l') = max(m(t),m(T)); m([x,alr) = max(m(a),n(T)) and
n(T,A) = max(m(T),m(A)).

5.2.2. Lemma.

(1) If L is an atomic expression (not type), then m(t(Z)) < m(Z).
(ii) For all objects and types I, m(1(L)) < m(I).

(iii) If £ » T, then m(I) < m(X).

5.2.3. The norm y(I) is going to be a, possibly empty, string of the brackets [and].
Let G,H,... range over such strings. They are well ordered by <: G < H iff the
number of brackets in G is less then the number of brackets in H. A denotes the

empty string.

Definition. Y(I) is defined by induction on (m(Z),2(Z)).
y(type) = A; y(Z) = y(1(Z)) for other atomic I's;
Y([x,ar) = [y(a) Iy(T); y(T,AY) = y(D);

y(<t>T) = {c if y(r) = [(v(D)16,

) otherwise.

5.2.4. Lemma.
—_— a

a
n
If y(g;) = v@y) (1 sis n), then y([xl',...,xn [tyyeeert )T = v(Z).
5.2.5. Lemma.
(i) If t e a, then y(t) = y(a).
(ii) If £ =T, then Y(Z) = y(I).
Proof. Prove (i) and (ii) simultaneously by induction on the length of deduc-

tion in AA - p. Use lemma 5.2.4.

5.3. Computability

The notion of computability can now be defined by induction on y(I).
5.3.1. Definition. An expression I is computabfe if both

(i) I is strongly normalizable;

(ii) whenever I 2 [x,al and t € a and t is comp, then also [x/t]I' is comp.
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The definition is correct. For if I 2 [x,a]l' aad t € a, then
v(t) = y(a) < [y(@)1y(T) = y(2) and y([x/tIT) = y(T) < v(2).

5.3.2. Lemma.

(i) Ifr 2701 and I is comp, then so is T.

(ii) Let I not have the form [x,all'. Then I is comp iff all t] such that
I > I, are comp.

171
Proof. Immediate by inspection of the definiticn.

>
5.3.3. Lemma. If I Zn are comp, then so is C(X).

170
Proof. Induction on h(Zl) + ... + h(Zn).

5.3.4. Lemma. If both L and t are comp, then so 1is <t>I.

Proof. Induction on h(Z) + h(t). Assuming that <t>I >l I, prove that T' is comp,

and apply lemma 5.3.2 (ii). Distinguish two cases:

(i) Either t > tyand T =<t>L or £ > I, and T = <t>I,. Then T is comp by

1 i 171

the induction hypothesis.
(ii) I = [x,alA and T = [x/t]A. Then T is comp by clause (ii) of the computa-
bility definition 5.3.1.

5.3.5. Lemma. If I and ' are comp, then so is ’Z,F\.
Proof. Again prove by induction on k(L) + h(l),that z,I > A implies that A

is comp.

5.3.6. Definition. I is called computable under substitution, (cus) if for all comp
expressions tlseee,ty and variables XpseeesX s such that ;/? is an rss for I,

{x/t1x is comp.

5.3.7. Theorem. All expressions I of E-p are cus.

Proof. Induction on 2£(Z). Let ;/? be an arbitrary rss for I, such that
tys...,t are comp. Throughout the proof we abbreviate A' = (x/t1A.

The only case which is not immediate by the lemmas 5.3.3-5 and the induction
hypothesis is I = [x,alr, L' = [x,a']l', where o' and I'' are comp by the in-

duction hypothesis. We check (i) and (ii) of definition 5.3.1.

(i) Suppose ¢ = DITITRRR is a nonterminating reduction sequence of r'. Dis-
tinguish two cases:
a) There exist finite reduction sequences °O’[x’°l]<x>£0 of L', and YL
of a', and 02,<x>f0 of ', such that ¢ = 00,[x,ul]<x>fo,fo.fl,... .
Then 02,<x>f0,<x>fl,... would be a nonterminating reduction sequence

of T', contradicting the computability oZ I''.
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b) Case a) does not apply, i.e., no outer n-reductions are performed in
o. Then o would induce reduction sequences o, of a' and o, of r', such
that either 0y or g, or both are nonterminating, contradicting the

fact that a' and;T' are both comp.

(ii) Suppose L' 2 [x,ullrl. Again distinguish two cases:
a) a' 2 ay, I' 2 <xof, x ¢ FV(f), and so L' 2 [x,u2]<x>f > f and
£ 2 [x,ul]PI. Let t € a; be comp. Then
[x/tIr' 2 [x/t)(<x>f) = <t>f 2 <t>[x,u|]I’l > [x/t]r. Further Xx/t,t
is an rss for T and [x/t]r' = [;,x/E,t]P. Hence by the induction

hypothesis [x/tJI'' is comp and by lemma 5.3.2 (i) so is lx/t]rl.
a [
b) Case a) does not apply. Then a' 2 oy and T' 2 [x '/xa ]F]. Hence, if

tea, also [x/tIr' 2 [x/t]I‘l and repeating the argument in a) we
find that for comp t ¢ @) [x/t]I‘l is comp.

5.3.8. Corollary. All expressions of E-p are strongly normalizable.
5.3.9. Corollary. If I is an expression in E -, then every rs-sequence

of I terminates.
Proof. Induction on (h(Z),2(Z)), observing that if I > I', then h(I') < h(Z).

5.4. Embedding A\ in AX - p.
We now define a map ¢: E + E-p, such that to each +-scquence of an expression
I in AX corresponds a longer rs-sequence of ¢(Z) in AX - p. Then corollary

5.3.9 guarantecs the well foundedness of big trees in AA.

5.4.1, Definition. @(I) is defined by induction on (m(X),2(Z)).
o) = 00 9(Y) = BF,0(2));

P b)) = C(E)), 0 (2 ) 0 (CE));

9(<t>T) = <p(t)>e(r) and ¢([x,alr) = [y,e(a)x/yle(r).
5.4.2. Lemma. If I € E, then I = ¢(£) (in AX - p).

Proof. By induction on %(I), check that ¢(I) 2 L.

5.4.3. Corollary. If L ¢ T in AA, then 9(Z) £ o(T).

5.4.4. Lemma. If t € a in AX, I € E, then [x"/e®1e(Z) 2 ¢(Ix/t]I).

Proof. Induction on (m(f),L(Z)). We show only three cases.

(1) [x/e(6)de(x) = [x/9(0)1(Mx,0(@)) = fo(t),0(a)) >, o(b).
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(i) [x/e()] o (€)= fcllx/olo (), Ix/p(t)1o(x(CENN 2
> (e (Ix/t]T)),o(Ix/tdT1(C(T)) = o(Ix/tIC(F)). Here we applied the in-
duction hypothesis on I‘l,...,I‘n and T(C(F)) and we used lemma 3.3.3.

(1ii) [x/e(t)1e(ly,BIr) = [2,0x/9(t)1e(8)Ily/2z)Ix/p(t)Do(T) 2

2 [u,p([x/t18)1ly/ule([x/tIT) = ¢([x/t) y,8IT). (Apply induction hypo-
thesis on B and T.)

5.4.5. Lemma. If I >1 I in A\, then @(I) > @(7).
Proof. Induction on the length of deduction of I > T. Ve show only one case.
Let ¥ = <t>[x,alA > [x/tJA =T and t € a (B-reduction). Then

?(Z) = <p(t)>Ly,o(a)Iix/ylo(A) >, [x/9(t)Je(A) 2 o(T), by lemmas 5.4.3 and
5.4.4.

5.4.6. Lemma. If L € E, then @(I) > ©(T(Z)) (I either object or type) .
Proof. Induction on 2(I). Two examples are:
@) o) = %00 > 9(a) = o(r(x™);

(ii) (<t>T) = <p(t)>e(I) > <o(t)>9(t(r)) = 9(1(<t>T)), by the induction
hypothesis for T.

5.4.7. Lemma. If £ + T in A\, then WZI) + @(I) in AX - p.

5.4.8. Corollary.If 20....,8n is a +-sequence in A\, then there exists
an rs-sequence from w(Zo) to w(En) in AA - p of equal or greater length.

Proof. Induction on n, using the lemmas 5.4.5-7.

5.4.9. Theorem. If I € E, then every +-sequence of L terminates.
Proof. Immediate from the corollaries 5.3.9. and 5.4.8.



127

References to chapter 5

(1]
[2]

£3]

[4]

(51

(6]

7]

[8l

[91

[10]

{1l

[12]

Benthem Jutting, L.S. van, On normal forms in AUTOMATH; Unpublished, 1971.

Benthem Jutting, L.S. van, Checking Landau's "Grundlagen" in the
AUTOMATH system; Mathematical Centre Tracts 83, Amsterdam 1979.

Bruijn, N.G. de, The mathematical language AUTOMATH, its usage, and some
of its extensions; Symposium on Automatic Demonstration (Versailles,
December 1968), Springer Lecture Notes in Mathematics, Vol. 125 (1970),
29-61.

Daalen, D.T. van, A description of AUTOMATH and some aspects of its
language theory; proceedings of the Symposium APLASM (Orsay, December
1973), ed. P. Brafford (1975). Reprinted as appendix 1 in [2].

Hindley, J.R., B. Lercher and J.P. Seldin, Introduction to Combinatory
Logic, Cambridge University Press (1972).

Howard, W.A., The formulae-as-types notion of construction; Unpublished
(1969).

Martin-Lof, P., An irtuitionistic theory of types; Unpublished (1972).

Nederpelt, R.P., Strong normalization in a typed lambda calculus with
lambda structured types; Doctoral dissertation, Technological University
Eindhoven (1973).

Prawitz, D., Ideas and results in proof theory; Proc. of the second

Scandinavian Logic Symposium, ed. J.E. Fenstad, North Holland 1971.

Scott, D., Constructive validity; Symposium on Automatic Demonstration
(Versailles, December 1968), Springer Lecture Notes in Mathematics,
vol. 125 (1970), 237-275.

Tait, W.W., Intensional interpretations of functionals of finite type I.
J. of Symbolic Logic 32 (1967), 198-212.

Zucker, J., Formalization of classical mathematics in AUTOMATH; Colloque
international de logique (Clermont-Ferrand, 1975), ed. M. Guillaume,
pp. 135-145, Paris 1977.



SAMENVATTING

In dit proefschrift worden een aantal verschillende formele systemen
onderzocht, die alle opgevat kunnen worden als varianten van de
A-calculus. Het bestaat uit vijf onafhankelijke artikelen, voorafgegaan
door een algemene inleiding. De artikelen zijn opgenomen in de
omgekeerde volgorde van die waarin ze werden geschreven.

In de inleiding wordt de zogenaamde sterke normalisatie-eigenschap,
één van de twee in de titel van dit proefschrift genoemde thema’s,
besproken met het oog op mogelijke toepassingen in Church-Rosser
bewijzen.

Het eerste en meest omvangrijke hoofdstuk gaat over het systeem
A, de uitbreiding van de zuivere ongetypeerde A-calculus met
constanten en axioma's voor surjectieve paring. Volgens het
zogenaamde surjectiviteitsaxioma kunnen alle termen van de A-calculus
worden opgevat als een paar. Hoewel door het aangeven van een model
de consistentie van Aft eenvoudig is vast te stellen, was tot dusverre
niet bekend of er door deze uitbreiding aan de bewijsbare betrekkingen
tussen de pure A-termen nieuwe toegevoezd worden. Deze vraag wordt
in hoofdstuk 1 ontkennend beantwoord.

In hoofdstuk 2 wordt een klassiek sterk normaliseringsresultaat uit
de ongetypeerde A-calculus, waarvan de betekenis in de algemene
inleiding is toegelicht, van een nieuw en eenvoudig bewijs voorzien.

Het idee uit hoofdstuk 2 om voor het afschatten van een
reductieboom gebruik te maken van een “maximaal oneconomische”
reductiestrategie wordt in hoofdstuk 3 toegepast in de getypeerde
A-calculus. Er worden twee bewijzen van sterke normalisatie gegeven,
een kort bewijs dat zeer inzichtelijk is en een gecompliceerder bewijs,
dat als compensatie echter extra informatie oplevert over de
structurele eigenschappen van reductiebomren.

In hoofdstuk 4 wordt in een concreet geval aangetoond dat onder de
toevoeging van surjectieve paring aan een getypeerd systeem sterke
normalisatie behouden blijft. Hieruit blijkt volgens een in de algemene
inleiding aangegeven methode dat in een zo verkregen systeem in het
algemeen ook de Church-Rosser eigenschap zal gelden. Hierdoor is het in
een dergelijk getypeerd systeem niet nodig gebruik te maken van de
gecompliceerde methoden van hoofdstuk 1.
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Hoofdstuk 5 is een gepubliceerd artikel, dat een essentiéle bijdrage
levert aan de bewijstheorie (de zogenaamde “taaltheorie”) van
Automath-systemen. Deze systemen werden door de Nederlandse
wiskundige N.G. de Bruijn ontworpen met het doel tot een zodanige
formalisering van de wiskundige betoogtrant te komen dat
(i) het daadwerkelijk formaliseren van wiskunde uivoerbaar is;

(ii) de gecodeerde redeneringen mechanisch gecontroleerd kunnen
worden.

Aan dit project ligt een natuurlijke, logische analyse van redeneren ten

grondslag, die gebruik maakt van principes uit de A-calculus.



STELLINGEN behorende bij het proefschrift ‘Surjective pairing and
strong normalization: two themes in lambda calculus’.

Roel de Vrijer, 7 januari 1387.

I

Laat = de eenstapsreductie in de gelabelde A-calculus van
Hyland/Wadsworth zijn (in de versie van Barendregt, zie ook blz. 3
van dit proefschrift), uitgebreid met de reductieregel
<: MP - Md als q<p.
Definieer nu met inductie naar n: M7 is computable als aan de
hieronder geformuleerde vocrwaarden (i) en (ii) is voldaan.
(i) Mn is sterk normaliserend,
(ii) wanneer Mn—» (Ax. My %5+l en Nk computable, dan is ook
((x:= Nk) My)% computable.
(Vergelijk definitie 5.3.1 op blz. 123 van dit proefschrift.)
Analoog aan het bewijs van stelling 5.3.7 in hoofdstuk 5 van dit
proefschrift kan worden bewezen dat alle termen van de vorm AMn
computable zijn. Dat dan alle termen sterk normaliseren volgt
hieruit met een eenvoudige inductie naar de opbouw. Sterke nor-
malisatie voor Hyland/Wadsworth gelabelde reductie is een onmid-
dellijk gevolg.
Lit.: H.P. Barendregt, 7he Lambda Calculus, North Holland 1981.

Il

Laat =, de eenstapsreductie in de gelabelde A-calculus van

Hyland/Wadsworth zijn (in de versie van Barendregt), echter zon-
der de regel label. Wanneer men < interpreteert als — ,p.), overal

ALN leest voor Amp, en vocr Anp* de verzameling — j,pe-normaal-

vormen in ALN neemt, dan gaan onder deze nieuwe interpretatie
de definities en lemma’s 2.4.5-10 en 2.4.11(i) en (iv) uit hoofdstuk
1 van dit proefschrift zondermeer door. De relatie — , is dan %2- en

derhalve, vanwege lemma 2.4.12(i), ook x-projecteerbaar. De ge-
projecteerde relatie — ,* is precies de gelabelde reductie van Hyland
en Wadsworth in de oorspronkelijke versie.

Lit.: H.P. Barendregt, 7he Lambda Calculus, North Holland 1981.
J.M.E. Hyland, ‘A syntactic characterization of the equality in some
models of the A-calculus’, J. London Math. Soc. 12 (1976), p. 361-370.
C.P. Wadsworth, ‘The relation between computational and denotational
properties for Scott’s Do-models of the lambda-calculus’, S/4M J.
Comput. 5 (1976) p. 488-521.
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Een term t in de A-calculus heeft de range property als één van de

volgende uitspraken geldt (= tussen termen staat voor conversie).

(a) tX=tY voor alle gesloten termen X en Y;

(b) Er zijn oneindig veel gesloten termen Xg,Xj,... , zodanig dat
tXi=tXj als i= .

Voor termen met een normaalvorm is de range property te bewij-

zen met een eenvoudige inductie over normaalvormen. Dezelfde re-

denering kan worden toegepast om aan te tonen dat in de zuivere

getypeerde A-calculus over een basistype met oneindig veel constan-

ten alle termen de range property bezitten.

v

De procedure die gevolgd wordt bij het verifieren van Automath-
teksten maakt essentieel gebruik van een principe dat—overigens
geheel onafhankelijk—door Yessenin Volpin is beschreven als
structurele identificatie. Door de wijze waarop dit gebeurt lijkt de
theoretische beslisbaarheid van Automath-talen van relatief onder—
geschikt belang.

Lit.: D.T. van Daalen, The language theory of Automath, dissertation
Technische Hogeschool Eindhoven (1980), p. 13,14.
A.S. Yessenin Volpin, ‘The ultra-intuitionistic criticism and the anti-
traditional program for the foundations of mathematics’. In
Intuitionism and proof theory, ed. Kino, Myhill and Vesley, North
Holland (1970).

\Y

In de recursietheoretische literatuur is het niet ongebruikelijk om
ter verkorting van redeneringen een beroep te doen op het intuitie-
ve inzicht van de lezer dat een bepaald algoritme geformaliseerd zal
kunnen worden. Daar is op zichzelf niets tegen. Het is echter mis-
leidend dit voor te stellen als een beroep op de these van Church.
De strenge opbouw van de recursietheorie maakt een dergelijk
gebruitk van Church’ these—met zijn verderstrekkende filosofische
betekenis—overbodig.



A

Het gelijkheidsbegrip is fundamenteel en onafhankelijk van de aard
van de objecten waarop het wordt toegepast. Uit dit oogpunt is het
onwenselijk dit begrip in een specifieke context (bijvoorbeeld voor
verzamelingen, functies of keuzerijen) te definiéren. De opvatting
van ondermeer Bishop en Martin-Lof dat een verzameling pas is ge-
geven door de elementen en een bijbehorende “gelijkheidsrelatie” is
filosofisch twijfelachtig.

Lit.: E. Bishop, Foundations of constructive analysis, McGraw-Hill (1967).

P. Martin-Lof, Intuitionistic type theory, Bibliopolis, Napels (1984).

(At

De sorites-paradox leert dat uit de aanwezigheid van recursiemecha-
nismen in natuurlijke taal niet dwingend volgt dat een adequate
grammatica voor natuurlijke taal een oneindig aantal zinnen moet
genereren.

VIII

Het conversationeel minimum bestaat niet.

Lit.: F.H. van Eemeren en R. Grotendorst, Regels voor redelijke discussies,
Foris (1982).
R.C. de Vrijer, ‘Ontbrekende premissen’, in ZTaalbeheersing in theorie
en praktijk, red. W. Koning, Foris (1985).

IX

Het dilemma van Protagoras, ook wel bekend onder de naam
Fuathlos, kan worden opgevat als een variant van de leugenaars-
paradox die is toegesneden op een procedureel waarheidsbegrip.

X

Een intuitie kan worden gedacht als opgebouwd uit twee elementen.
Het eerste is een niet volledig gearticuleerde voorstelling van hoe het
zit. Het tweede kan negatief worden omschreven als een onvermo-
gen je voor te stellen hoe de werkelijkheid toch nog af zou kunnen
wijken. In de subjectieve zekerheidsbeleving speelt het tweede ele-
ment een belangrijke rol. Voor een objectieve bepaling van de
waarde van het intuitieve inzicht gaat het om het eerste.
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