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Chapter 1

Introduction

All of the logics in this thesis are related to or connected with the provability
logic GL.

Provability logic GL is one of the normal modal logics, which is obtained from
the smallest normal modal logic K by adding Léb’s axiom O(Op D p) D Op. The
name “provability logic” derives from Solovay’s theorem in Solovay [Sol76]. He
proved that GL is complete for the formal provability interpretation in Peano
arithmetic PA. So, GL has been considered as one of the most important modal
logics. Let us briefly explain Solovay’s theorem, following Chagrov and Za-
kharyaschev [CZ97].

All syntactical constructions of the arithmetic language can be effectively
coded by natural numbers; the code "¢ of an arithmetic formula ¢ is called
the Gddel number of ¢. Godel constructed a formula Pr(z) with a single free
variable x such that, for any natural number n,

Fpa Pr(n) iff! m="¢" and Fpa ¢ for some arithmetic formula ¢,

where 7 is the term representing the number n. In other words, Pr("¢™) asserts
that the formula ¢ is provable in PA. By an arithmetic interpretation of the
language of modal logic we mean any mapping * from the set of modal formulas
to the set of arithmetic sentences such that

1*is0=1;

(ANB)* = A* A\ B*

(AV B)* = A*V B*

(AD B)*=A*D B*

(OA)* = Pr("A™).

Solovay proved the following arithmetic completeness theorem

A € GL iff A* is provable in PA for any arithmetic interpretation .

'Iff is the standard abbreviation for “if and only if”.

1



2 Chapter 1. Introduction

Thus, GL is the logic of formal provability of PA. For example, the formula
O0-01 D 0L is provable in GL. This formula expresses Godel’s second incom-
pleteness theorem, i.e., the statement: “if it is provable that PA is consistent,
then PA is inconsistent”, is provable in PA. This makes GL into an interesting
research topic. For example, the de Jongh-Sambin fixed point theorem (see Sam-
bin [Sam76] and Smoryniski [Smo78]) was proved for GL. An extensive overview
on the subject can be found in Boolos [Bo093], Smoryniski [Smo84] and Smoryniski
[Smo85]; for a short survey, see Boolos and Sambin [BS91].

The normal modal logic K4 is a sublogic of GL, which is obtained from K by
adding the transitivity axiom Op D OOp. K4 is much easier to deal with than
GL. Although the difficulty of GL is to be expected in view of the additional ax-
ioms of K4 and GL, i.e., the transitivity axiom and Lob’s axiom, we can also give
two concrete examples. One concerns Kripke semantics. Completeness and finite
model property for K4 are obtained by the standard method, i.e., the canonical
model and filtration introduced in Lemmon and Scott [LS77], while the corre-
sponding properties for GL cannot be obtained in this way (see Gabbay [Gab70]).
The other example concerns cut-free sequent systems. A cut-elimination theorem
for K4 can be proved by the standard method due to Gentzen [Gen35] using
degree and rank as induction parameters, while the proof for GL first given in
Valentini [Val83] uses another parameter width (see also Avron [Avr84]).

GL is also obtained by adding Lob’s axiom to K4. So, as was asserted in
[Smo84], the knowledge of K4 is useful for the discussion of GL. Smorynski
treated K4 as a preliminary for the study of GL, where he used the name “Basic
modal logic” instead of K4. Here, in chapter 2 and chapter 6, we first discuss a
logic corresponding to K4, and then a logic corresponding to GL.

We now introduce the logics that will be treated here in the following three
sections 1.1, 1.2 and 1.3.

1.1 A propositional logic having the formal prov-
ability interpretation

Godel’s translation 7 is the translation from a propositional non-modal formula
A to the modal formula obtained by attaching the modal operator O to each
subformula of A (cf. Orlov [Orl28], Gédel [G6d33]). Using this translation every
intermediate propositional logic, a logic between intuitionistic propositional logic
(IPL) and classical propositional logic, is embedded into a modal logic between
S4 and S5 (cf. McKinsey and Tarski [MT48], Dummett and Lemmon [DL59],
Zakharyaschev [Zak91]). For example, it was shown that for any non-modal
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formula A,
A eIPLiff 7(A) € S4.

So, it is natural to conjecture that the propositional logic L satisfying for any
non-modal formula A,

AeLiff 7(A) € GL

has the formal provability interpretation.

Visser characterized the propositional logics that are embedded into GL and
K4. We call those logics “formal propositional logic” and “Visser’s propositional
logic®”, FPL and VPL for short. (Not only are GL and K4 among impor-
tant modal logics that do not include S4, but also many other extensions of K.
Some corresponding propositional logics were considered in Corsi [Cor87], Dosen
[Dos93] and Wansing [Wan97].) Visser gave natural deduction systems and proved
a Kripke completeness for FPL and VPL. Also he proved a fixed point theorem
and an arithmetic completeness for FPL, e.g., using Solovay’s theorem and the
equivalence

A € FPL iff 7(A) € GL,

for any non-modal formula A.

As was argued in [Vis81], however, the arithmetic interpretation obtained in
the above paragraph is not the only one which yields FPL and possibly not even
the most interesting one. FPL turned out to be also the logic of the ¥.9-sentences
of PA by the translation f below:

f(L)is0=T1;

F(ANB) = F(A) A (B)

F(AV B) = f(A) v f(B)

F(A> B) = Pr(Tf(4) > f(B)),
and the arithmetic completeness

[kp Aiff PA+ {f(B)|B €T} F f(A),

which was proved in [Vis81].

Considering the consequence relation Fy of VPL, there is a strange fact,
{p,p D q} Vv ¢, in particular, {T D ¢} ¥y ¢. In short, the consequence relation
Fyv of VPL does not obey modus ponens in general. This is the essential difference
between the consequence relation of IPL and . This difference can be found in
Visser’s natural deduction system. His system is obtained from Gentzen’s natural
deduction system Fp; for IPL by replacing the implication elimination rule

A ADB(
B

2Visser gave the name “Basic propositional logic” in view of the fact that K4 is sometimes
called basic modal logic, e.g., [Smo84]

D FE)




4 Chapter 1. Introduction

by the following three inference rules

ADB ADOUA) ADC BDva) AD>DB B>C
ADBAC f AVB>SC f ADC

which hold in ;. From the construction of the system, we can confirm the fact
{p,p D q} /v q. Also we can see that the formula (T D A) D A is not provable
in VPL, while it is provable in IPL.

Visser treated VPL as a preliminary for a study of FPL. VPL, however, was
also motivated by a revision of the Brouwer-Heyting-Kolmogorov (BHK) proof
interpretation introduced in Ruitenburg [Rui91] and Ruitenburg [Rui92] (see also
Kolmogorov [Kol32] and Heyting [Hey56]). Ruitenburg’s interpretation for A O B
is

(TT)7

A proof of A D B is a construction that uses the assumption A to
produce a proof of B

while the standard BHK interpretation looks like

A proof of A D B is a construction that converts proofs of A into
proofs of B.

Ruitenburg argued that using assumption A, rather than a proof of A, to produce
a proof of B avoids the need for converting proofs as in the BHK interpretation.
It also makes it harder to prove B, since less information is provided. Under his
interpretation, the formula (T D A) D A is not provable.

Also Ruitenburg [Rui99] described the relation between propositional formulas
in VPL and first order formulas with one variable. Predicate extensions of VPL
are discussed in Ardeshir [Ard99] and Ruitenburg [Rui98].

Sequent style systems for VPL were given in Ardeshir [Ard95], and Ardeshir
and Ruitenburg [AR99]. Although [Ard95] proved the cut-elimination theorem
for his system, a subformula property has not been given. His system corresponds
to Visser’s natural deduction system, and therefore, contains the inference rule

r-A>B I'=B>C
I'—=A>C

corresponding to the rule (7'r). This rule makes it difficult to prove the subformula
property. Another cut-free sequent system GVPL™ for VPL will be given in this
thesis in chapter 2. A subformula property for the system is obtained in the usual
way, and what is more, this system can be extended to a cut-free system GFPL™
for FPL. The proof of the cut-elimination theorem for GFPL™ will be obtained
using a new induction parameter width, which was used in Valentini [Val83] for
the proof of the cut-elimination theorem of GL.

A Hilbert style formalization for VPL was given by Y. Suzuki and H. Ono
in [SO98| using modus ponens and 12 axioms. Since the consequence relation
Fy does not obey modus ponens, one might doubt whether they may use modus
ponens; but we have
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A,AD B € VPL implies B € VPL.

So, they can use modus ponens without hypothesis, as an admissible rule, which
is the one inference rule in the usual Hilbert style formalization of a theory. In
order to give a Hilbert style formalization of -1/, however, we cannot use the rule

'y Aand 'y A D B imply 'y B,

which is the only inference rule in the usual Hilbert style formalization of a conse-
quence relation. So, it seems difficult to give a Hilbert style formalization of -y,
and this difficulty was pointed out by Y. Suzuki, F. Wolter and M. Zakharyaschev
in [SWZ98]. In chapter 3, we consider this problem using restricted modus po-
nens.

Extensions of -y were treated in [AR99] and [SWZ98]. As extensions of IPL,
we can consider axiomatic extensions of {A | 0 -y A}. However, in the papers
just mentioned, not only extensions of {A | @ Fy A} but also extensions of the
consequence relation Fy were treated. [SWZ98] pointed out that it is not enough
to consider extensions as a set of formulas. There are some natural classes of
Kripke frames that cannot be formalized by means of extensions as a set of for-
mulas. They also described that a possible solution of this problem is to consider
extensions of the consequence relation Fy.. So, in this thesis, we also treat ex-
tensions of -y rather than of {A | 0 -y A}, i.e., additional rules instead of only
additional axioms. In chapter 4, we consider a property of Lob’s axiom in those
extensions. Using the property and a cut-free system for VPL, another proof
of the cut-elimination theorem of FPL™ will also be given. This method can be
used to give a cut-free system for interpretability logic that will be introduced in
section 1.3 and chapter 6.

1.2 An intuitionistic modal logic

The problem of presenting an intuitionistic concept of modality was faced in
Fitch [Fit49] and Prior [Pri57]. Prior proposed a modal extension of IPL which
turns out to be S5 once the axiom of excluded middle is added. They were also
considered as counterparts of classical modal logics in Bozi¢ and Dosen [BD84]
and Fischer Servi [Fis77]. In [BD84], the intuitionistic modal logic IntK was
introduced as the smallest set of formulas including the standard axioms of IPL
and the axiom:

K :0O(p > q) D (Op D Og)

and closed under modus ponens, substitution and necessitation. An intuitionistic
modal logic is a set of formulas including IntK and closed under modus ponens,
substitution and necessitation.
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The relationship between intuitionistic modal logics and other logics has been
discussed in the literature. In [OS87] and [Suz89], H. Ono and N.-Y. Suzuki
investigated the relationship to intermediate predicate logics. Wolter and Za-
kharyaschev [WZ97] argued that the intuitionistic modal logics are much more
closely related to classical bimodal logics than to the usual monomodal ones, and
discussed their relation.

Another relation, namely between intuitionistic modal logics and extensions
of the consequence relation Fy of VPL, was given by Y. Suzuki, F. Wolter and
M. Zakharyaschev in [SWZ98]. They used Kripke semantics to establish that
relationship, but here we describe it in an axiomatic way, since our treatment in
this thesis is mainly axiomatic. First the authors of [SWZ98] introduced a new
binary operator D;, which is intended to denote the implication in IPL. They
defined an extension ¢ of -y, in the extended language with D;, and proved that

(I by A D; B is also equivalent to (A D B)T € GVPL™T, where the expression
(A D B)T will be introduced in chapter 2 to define GVPL™.) In other words,
it was shown that the consequence relation Fy could be interpreted as a binary
logical connective. Furthermore, a translation 7* from the extended propositional
language with D; to modal language was defined as follows.
m(p) = p,
(AN B) =7 (A) AT(B),
T (AV B) =7(A) VT(B),
T (AD B) =D(r"(4A ) T(B)),
T'(AD; B) =7(A) D 7(B).
Finally, they proved that for any propositional formula A in extended language
with Dy,

@"UAlﬁ‘T*(A)GU,

where U is the intuitionistic modal logic obtained from IntK by adding the
axioms p D Op and Op D (¢ V (¢ D p)). Also a translation o from the modal
language to the extended propositional language was defined as:
o(p) =p,
o(ANB)=0c(A)No(B),
0(AV B)=0(A)Vo(B),
0(AD B)=0(A) D; o(B),
o(0A) =T D oa(A);
and it was proved that for any modal formula A,

@"U O'(A) iff Ae U.

This intuitionistic modal logic U was considered in Goldblatt [Gol81], and Wolter
and Zakharyaschev [WZ97].
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The intuitionistic modal logic treated here is related to the logic U, but has
the axiom OOp D Op instead of Op D (¢V (¢ D p)); it was called propositional lax
logic (PLL) in Fairtlough and Mendler [FM95]. In other words, PLL is obtained
from IntK by adding the axioms®

T.:p D 0Opand 4, : 00p D Op.

PLL is not a logic for provability. However, PLL has other interesting inter-
pretations. Benton, Bierman and de Paiva [BBP98|, [Gol81] and [FM95] consid-
ered this logic with different motivations.

[BBP98] showed that the logic corresponds to the computational typed lambda
calculus introduced in Moggi [Mog89] by the Curry-Howard isomorphism (cf.
Curry and Feys [CF58], Girard [Gir89] and Howard [How80]). Moggi’s com-
putational typed lambda calculus is a metalanguage for denotational semantics
which more faithfully models real programming language features such as non-
termination, various evaluation strategies, non-determinism and side-effects than
does the ordinary simply typed lambda calculus. The starting point for Moggi’s
work is an explicit semantic distinction between computations and values. If A is
an object which interprets the values of a particular type, then T'(A) is the object
which models computations of that type A. This constructor 17" corresponds to
the modality* O just as the constructors — and x in the ordinary typed lambda
calculus correspond to D and A in propositional formulas. They gave a natural
deduction system for PLL and prove a strong normalization theorem by using
the method in Prawitz [Prad7] (see also Tait [Tai67] and Troelstra [Tro73]).

[Gol81] argued for an application of the logic in Grothendieck’s topology. He
extracted the principle

(x) Ais locally true at o iff A is true at all points close to «

For instance, two functions f and g are said to be equivalent, or to have the same
germ, at a point « in the intersection of their domains if there is a neighborhood
of @ on which f and g assign the same values. Thus f and g have the same germ
at a when the statement “f = ¢g” is locally true at «, i.e., true throughout some
neighborhood of «.. Intuitively this conveys the idea that f and g assign the same
values to points “close” to a. On the other hand, he introduced a frame structure
F = (W, <, R), where (W, <) is a partially ordered set and R is a binary relation
on W such that

if « < 3 and GR7, then aRy,

for any «, 3,7 € W. Also a model M = (F, =) based on a frame F is defined as
in the definition of Kripke model (W, <, =) for IPL, while the truth of OA at a
point « is defined as follows®:

3The name T, and 4, are used in Chellas [Che80] (See also Bull and Segerberg [BS84]).
4They used the symbol ¢ instead of O.
5He used the symbol V instead of O.
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(M,a) = OAiff (M, ) | A for any 8 € {y | aRy}.

It is easily seen that the axiom K is valid in every model. He argued that the
above clause formalizes the principle (x), and that models on which the axioms
T, and 4, are valid are basic models for the logic of Grothendieck topologies. In
[Gol81], he proved a Kripke completeness for PLL.

[FM95] treated PLL as the logic with applications to the formal verification
of hardware, in particular, they argued that it is convenient to reason about the
static behavior of combinational circuits in terms of high or low voltage and to
abstract away from propagation delays. The intuitive interpretation of OA is®

for some constraint ¢, formula A holds under c.

For example, the modality O was used to account for the stability and timing
constraints. The generic interpretation leads to the axioms 7, 4., and

K':(p>q) D (Bp D 0Og),

where PLL can also be formalized by K’ instead of K. The axiom T, says “if p
holds outright, then it holds under a (trivial) constraint”; 4. says “if under some
constraint, p holds under another constraint, then p holds under a (combined)
constraint”; finally K’ says “if p implies ¢, then if p holds under a constraint, ¢
holds under a (the same) constraint.” They gave a cut-free sequent system for
PLL and proved completeness with respect to Kripke constraint models defined
by them.

Extensions of PLL were also considered in [Gol81], [FM95] and [WZ97].

In this thesis, in chapter 5, we discuss the set of formulas constructed from the
propositional variables py, - - -, p, and the constant 1 using D and O in PLL. The
non-modal formulas of this kind were first considered in Diego [Die66]. He showed
that the set of such non-modal formulas contains only finitely many pairwise non-
equivalent in IPL. More precisely, he showed that the quotient set

I(p1, -+ pa)/ =

is finite, where I(py,---,p,) is the set of formulas constructed from py,-- -, p, by
using only implication, and A = B iff A D B, B D A € IPL.
Let I,,(p1,- - -,pn) be the set of formulas of the form

A D (A Dpi)--)

in the set I(py, - - -, p,). Urquhart [Urq74] clarified the construction of the ordered
sets

I(p1, -+ pn)/ =, 5)

6They used the symbol O instead of O.
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and

(Lo (p1, -+ pn)/ =, ),
where [A] < [B] iff A" D B’ € IPL for some A’ € [A] and B’ € [B], in particular,
he proved that (L, (p1,---,pn)/ =, <) is Boolean, and the number of generators
of the Boolean algebra is 23 if n = 3.

Hendriks [Hen96] calculated the numbers of such generators and equivalence
classes for n < 4. He also gave a method how to construct the canonical repre-
sentatives of the equivalent classes”. He investigated not only the implicational
fragment, but also fragments containing A, =, and so on.

We treat the disjunction free fragment with only the propositional variables
p1, -+, pn of PLL, and extend their results.

1.3 Interpretability logics

The idea of interpretability logics arose in Visser [Vis90]. He introduced the
logics as extensions of the provability logic GL with a binary modality >. The
arithmetic realization of Ar> B in a theory T" will be that T" plus the realization of
B is interpretable in T plus the realization of A (T + A interprets T + B). More
precisely, there exists a function f (the relative interpretation) on the formulas
of the language of T such that T4+ B+ C implies T+ A+ f(C).

The basic interpretability logic IL is the smallest set of formulas containing
GL and axioms

J1:0(pDq) D (p9),

J2: (pq) A (qg>1) D (pB>7),

J3:(pr)A(g1) D ((pVae) >r),

J4:(p>q) D (Op D Og),

J5:Op>p,
and closed under modus ponens, substitution and necessitation. The principles
of IL are arithmetically sound for a wide class of theories and for various inter-
pretations of its main connective >. The theory is not arithmetically complete
for any known interpretation. The motivation for studying this specific set of
formulas lies in its modal simplicity and elegance.

The modality > has more than one interpretation. Another most salient
interpretation is II;-conservativity. More precisely, the arithmetic realization of
A > B in a theory T, containing I3y, will be that T" plus the realization of B is
I1;-conservative over 7' plus the interpretation of A. In Berarducci [Ber90] and
Shavrukov [Sha88]|, it was proved that the interpretability logic (ILM) obtained
by adding Montagna’s axiom

M:(prq) D (pADr)> (¢ADr)

"[Sas97a] also gave the same method, independently.
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to IL is complete for this arithmetic interpretation in PA, and hence for in-
terpretability as well, since over PA interpreatbility and II;-conservativity are
equivalent. This was extended with regard to II;-conservativity by Hajek and
Montagna (cf. [HM90] and [HM92]) to all theories containing /%;.

The interpretability logic ILP, an extension of IL by adding the axiom

P:(pr>q) D 0(pr>q),

is also complete for another arithmetic interpretation. P is valid for interpreta-
tions in finitely axiomatized arithmetical theories extending, say, IAq + 21, and
an arithmetic completeness for this interpretation was proved in [Vis90].

The completeness with respect to Kripke semantics due to Veltman was, for
IL, ILM and ILP, proved in de Jongh and Veltman [JV90]. The fixed point
theorem of GL can be extended to IL and hence ILM and ILP (de Jongh and
Visser [JV91]). The unary pendant “T" interprets 7'+ A” is much less expressive
and was studied in de Rijke [Rij92]. For an overview of interpretability logic, see
Visser [Vis97], and Japaridze and de Jongh [JJ98].

This thesis gives, in chapter 6, a cut-free system for the basic interpretability
logic IL. First, we give a cut-free system for a sublogic IK4, whose >-free frag-
ment is the modal logic K4. Using the system and a property of Lob’s axiom,
which will be presented in chapter 4, we obtain a cut-free system for IL%.

1.4 Overview of the thesis

In chapter 2, we give cut-free sequent systems for VPL and FPL. The result
for VPL was published in Nanzan Management review (cf. [Sas98a]). Also these
results appeared in [Sas01b] in datail.

In chapter 3, we consider Hilbert style formalization for the consequence re-
lation Fy of VPL. Using restricted modus ponens and adjunction, we give a
formalization for Fy,. This result has been published in Reports on Mathematical
Logic (cf. [Sas99b], see also [Sas98b]).

In chapter 4, we consider a property of Lob’s axiom in extensions of Fy,. The
results in this chapter appeared in [Sas97b], [Sas98c| and [SasO1a].

In chapter 5, we discuss the formulas without disjunction and conjunction
in propositional lax logic. The results in this chapter appeared in [Sas99a] and
[Sas01c].

In chapter 6, we give a cut-free sequent system for the smallest interpretability
logic IL. The result was accepted in Studia Logica(cf. [Sas01d]).

8In a similar way, we can give a cut-free system for ILP(see [Sas01f]).



Chapter 2

Cut-elimination
theorems for Visser’s propositional logic
and formal propositional logic

In this chapter, we consider cut-free sequent systems for Visser’s propositional
logic (VPL) and formal propositional logic (FPL). Although a cut-free sequent
system for VPL was given in [Ard95], a subformula property has not been proved.
Here we give another cut-free sequent system for VPL, which does satisfy the
subformula property. A decision procedure for VPL is easily derived from our
cut-free system. We also give a cut-free sequent system for FPL by modifying
the system for VPL.

2.1 Preliminaries

We use lower case Latin letters p, q,r, possibly with suffixes, for propositional
variables. Formulas are defined, as usual, from the propositional variables and the
logical constant L (contradiction) by using logical connectives A (conjunction), V
(disjunction) and D (implication). We assume A and V to connect stronger than
D and omit those brackets that can be recovered according to this priority of
connectives. We use upper case Latin letters A, B, C, - - -, possibly with suffixes,
for formulas. By WFF, we mean the set of formulas. The expression T is an
abbreviation for 1. D 1. We use Greek letters, possibly with suffixes, for finite
sets of formulas.

As we mentioned in section 1.1, the first axiomatization for VPL was given
in natural deduction style in [Vis81]. His natural deduction system Fy for VPL
consists of the following inference rules.

11



12 Chapter 2. Cut-elimination theorems for VPL and FPL

1
(iE)Z
A B AANB
(AIX4AZ3 (ANEY) T
AANB
(AE3) B
[A] [B]
A AvB C (C
(VIl)AVB (VE) 8
B
(vb%4v3
[A]
(DDADB
ADB ADC ADC B> C ADB B>C
NI VE
W)= =SBre VB TvEse T ase

The consequence relation -y, is defined by the axiom

()T Hy AifAeT
and the inference rules above, inductively.

Here we can see that the system is obtained from Gentzen’s natural deduction
system Fp; for the intuitionistic propositional logic by replacing

A ADB

B

by three inference rules (Aly), (VEy) and (Tr). Using inference rules correspond-
ing to the system above, [Ard95] gave a cut-free sequent style system for VPL.
A cut-free system usually gives a subformula property and thereby a decision
procedure in the usual way. However, his cut-free system includes the inference

rule
>—=ADB Y—=B>C

YX—ADC
corresponding to the inference rule (7r) in k. Here we immediately find that
this inference rule makes it difficult to prove subformula property.

In the next section, we introduce another sequent system GVPL™ and prove
a cut-elimination theorem and subformula property. In section 2.3, we show the

(T'r)
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equivalence between Fy and GVPL™. Section 2.4 is devoted to giving a cut-free
sequent system for FPL by modifying GVPL™.

2.2 The system GVPL™"

First, we introduce a new expression A D1 B, which is intended to denote the
implication of A and B in intuitionistic propositional logic. In [SWZ9§], an im-
plication in intuitionistic logic was treated as an additional logical connective.
However, we use it as an auxiliary expression in order to give a sequent style
system.

2.2.1. NoTATION. We put
WFF" = WFFU{AD>" B| A,B € WFF}

If there is no confusion, we also call an element of WFF™ a formula, and

use upper case Latin letters X,Y, Z,-- -, possibly with suffixes, for elements of
WEFF™.

2.2.2. DEFINITION. The degree d(X) of a formula X € WFF7 is defined induc-
tively as follows

(1) d(p) =
(2) d(1L) =
(3) d(
(4) d(

A/\B)—d(A\/B) d(A3+B)_d(A)+d(B)+1,
AD B)=d(A)+d(B)+

We also use Greek letters for finite sets of formulas in WFF™, especially, we
use A, possibly with suffixes, for a set that contains at most one WFF*-formula.

2.2.3. NoTAaTION. We put
'y =T —-{X},

*=T-{ADB|ADBeT})U{AD" B|ADBEeT}.
By a sequent, we mean an expression I' — A. For brevity’s sake, we write
Xla"'vXnarlv"'7Fm_>

and
Xla"'aXnarla"'arm_)Y
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instead of
{X1,--, X, }UlLU---Ul, — 0
and
{Xy,---, X, pulhbu---uly, = {Y},
respectively.

The system GVPLT™ is defined from the following axioms and inference rules
in the usual way.

Axioms of GVPL™
A— A and 1l —
Inference rules of GVPL™*

I's — A I' —
T %ti=Aa Chr=x
( t)F—>X X, 11— A
o T Iy — A
(A=) AT — A ( /\)F—>A I - B
— —
YAANB,T — A I - AAB
(A =) B, I' = A
—
ANB,T — A
v >A,F—>A B, I' = A (= Vi) r— A
— — _
AVB,T — A YT S AVB
( \/) I' - B
VAN
TS AVB
r- A BT —A ATl — B
+ ) + )
e e I R Sy
( D)A,lﬂr—>B
N Lol
' -A>B

2.2.4. DEFINITION. A proof figure in GVPL™ for a sequent I' — A is defined

as follows:

1 — 1S an axiom 1in s then — 1S a proo gure 1or — s
HifI' = Ai iom in GVPLT, then ' — A i ffi forI' — A
Fl — Al

r—A
P,

GVPL™, then T : A is a proof figure for I' — A,
_)

(2) if P, is a proof figure for I'y — A; and is an inference rule in

r Ay T A
(3) if P, and P, are proof figures for I'y — A; and 'y — Ay, and 1 Fl AQ — Ay
_)
Py

X is a proof figure for I' — A.

is an inference rule in GVPL™, then
_)
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We say that I' — A is provable in GVPL™, and write ' — A € GVPL™,
if there exists a proof figure for I' — A. We use P, ), possibly with suffixes, for
proof figures.

Let P be a proof figure for I' — A. In order to emphasize the end sequent of
P, we also use the expressions

Py and Coap
{ I'— A I'— A }
instead of P.

2.2.5. DEFINITION. A set SubFig(P) of a proof figure P is defined as follows:
(1) SubFig(P) = {P} if P is an axiom,

(2) SubFig(F M A) — SubFig(P,) U {P},

—

(3) SubFig(fl_fDAQ) — SubFig(P,) U SubFig(P,) U {P}.

We call an element of SubFig(P) a subfigure of P and an element of SubFig(P)—
{P} a proper subfigure of P. As to the other terminology concerning the system,
we mainly follow [Gen35].

Our main purpose in this section is to prove

2.2.6. THEOREM. IfI' — A € GVPL™, then there exists a cut-free proof figure
forI' = A.

In order to prove the theorem above, we mainly use the method in [Gen35].
The only one essential difference between GVPL™ and the system LJ for intu-
itionistic propositional logic provided in [Gen35] is the inference rule (—D) in
GVPL™. So, we only show the cases concerning (—>). The other cases can be
shown in the usual way. To show our new cases, we provide some preparations.

Let P be a proof figure for I' — A. By len(P), we mean the largest number
of consecutive sequents in a path so that the lowest of these sequents is the end
sequent of P and the succedent of each sequent is A.

2.2.7. LEMMA. Let P be a cut-free proof figure for I',) 11 — X . Then there exists
a cut-free proof figure P for T, 11T — X such that len(P) = len(P%).

Proof. Without loss of generality, we can assume that II is a non-empty set
of formulas of the form A D B. We use an induction on P.
Basis(P is an axiom X — X): We note

I'=0and TUIl = {X}.
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Hence, if X = A D B for some A and B, then the following proof figure P* is a
cut-free proof figure for I', I — X such that len(PT) = len(P) = 1:

B— B
A—A A B-—B
AJADTB—-B

ADtB—ADB
if not, we have II" = {X}* = {X} = II, and so, P is also a proof figure for
It — X.
Induction step(P is not axiom): Suppose that the lemma holds for any proper
subfigure of P. Since P is not axiom, there exists an inference rule / that intro-

duces the end sequent I',II — A in P. We divide into the following cases.
The case that I is (V —): P is of the form

P : : Py
AT, II—X  BT,I—X
AVB. T 00— X
where {AV B} UT'; =T'. We note that

len(P) = max{len(P;),len(Py)} + 1.

By the induction hypothesis, there exist proof figures P for the sequent A, 'y, [IT —
X and P, for B,T';,IIT — X such that len(P)) = len(P;") and len(P,) =
len(Py). Using P;f, P,f and (V —), we have the following proof figure P*:

Py

. . P+
A, I — X BT, It - X [ 2

AVB, T, I — X

From the proof figure above, we note
len(P*) = max{len(P;"),len(Py )} + 1 = max{len(P,),len(P2)} + 1 = len(P).

The case that I is (A —;)(i = 1,2) can be shown similarly.
The case that I is (DT—): P is of the form

Py

Pl : :
Fl,H—>A B,Pl,H—>X
A>S* B — X

where {A DT B}UT'; =T'. By the induction hypothesis, there exist cut-free proof
figures P, for I'y, II" — A and P, for B, Ty, IIT — X such that len(P;) = len(P;")
and len(P,) = len(P)). Using P;", P;” and (DT —), we have the following proof
figure P*:
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P,

P . .
I{FMFHA RﬂﬂﬁaX}
A+ BTy, I+ — X

If X = A, we have
len(PT) = max{len(P}"),len(Py )} + 1 = max{len(P,),len(P)} + 1 = len(P),

if not,
len(P*) =len(Pyf) + 1 =len(P) + 1 = len(P).

Hence we obtain the lemma.
The case that I is (T"—): [ is either one of the forms

Ty, 11— X Iy — X
aln .
Y, Ty, I — X YT,y — X

If I is of the first one, then we obtain the lemma similarly to the two cases
above. So, we assume that I is of the second one. By the induction hypothesis,
there exists a cut-free proof figure P;" for I, (Ily)* — X such that len(P;") =
len(P) — 1. Using P, and (T' —), we have a cut-free proof figure P*:

P {
Iy, (Hy>+ — A
I{Yiully)t — X

From the inference rules above, we have len(P*) = len(P) = len(P;) + 1. So, we
obtain the lemma.

The case that I is (—D): I is of the form

AT+ 1" — B
II—A>DB

Let P* be the figure obtained from P by replacing the end sequent by I', IIT —
A D B. We note that P* is also a proof figure since

AT+ 11+ — B

I+ 11— A>B

is an inference rule (—>) in GVPLT. Also we can easily see that len(PT) =
len(P) = 1. Hence we obtain the lemma.
The case that [ is (—D>7): I is of the form

AT, — B
IIl— A>+ B
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By the induction hypothesis, there exists a cut-free proof figure for A, I, IIT — B.
Using (—D™1), we have a cut-free proof figure P+ for I, It — A D" B such that
len(P*) =len(P) = 1.

The case that [ is either one of the inference rules (— A), (— T') and
(— V;)(i = 1,2) can be shown similarly. =

As is known, Theorem 2.2.6 follows from the following lemma.

2.2.8. LEMMA. Let P, be a cut-free proof figure for I' — X and P, be a cut-free
proof figure for X, 11 — A. Let P be the proof figure

p{ 5 P,
r—-X X, II—- A

F,HX—>A

Then there exists a cut-free proof figure for the end sequent of P.

Proof. The degree d(P) of P is defined as d(X). The left rank R;(P) and
the right rank R,.(P) of P are defined as usual. We use an induction on R;(P) +
R,.(P) 4+ wd(P). We only treat the following two cases.

The case that P is of the form

/ . . P/

I{O,F+—>D A,03+D,H+—>B} r

r-C>o>D Co>D/JII—-ADB
[1le-p — ADB

Using two cut-free proof figures P/ and P and cut, we obtain the following proof
figure Pi:

/ :

l{C,F+—>D : ,

I+ —C>tD AC>tDII* =B | "
F+,A, (H+)(CD+D) — B

From the definition of degree, we have d(C D" D) < d(C D D), and so, d(P;) <
d(P). By the induction hypothesis, there exists a cut-free proof figure for the end
sequent of P;. We note that (IT*)c~+py € (Ilesp) ™. So, using (T —), possibly

several times, we have a cut-free proof figure for
Aa F+7 (HCDD>+ — B.

Using (—D), we obtain a cut-free proof figure for
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I, Tesp — AD B.

The case that P is of the form

/

: P
. : A X, 11" - B }
“Nrox X,1—-ADB
Ny - ADB
where X is not of the form C' D D. It is easily seen that len(P,) = R;(P).
By Lemma 2.2.7, there exists a cut-free proof figure P for 't — X such

that len(P") = len(P) = R/(P). By P;" and P! and cut, we obtain the following
proof figure P;:

pPr : ; ’
S B LN 'g AXTH—B [ 7
I+, ({A}ullt)xy — B

By len(P") = len(B), we have R(Py) = Ry(P). Also we have R,.(P)) < R,(P)
and d(P;) = d(P). So, by the induction hypothesis, there exists a cut-free proof
figure for the end sequent of P;. On the other hand, since X is not of the form
C D D, we have ({A}UIIT)x C {A}U(Ilx)". So, using (T' —), possibly several
times, we have a cut-free proof figure for

A TT, (IIy)" — B.
Using (—D), we obtain a cut-free proof figure for
Iy — ADB.
4

2.2.9. LEMMA. Let A be a set that contains at most one WFF-formula and let
P be a cut-free proof figure for I' — A. If a sequent S occurs in P, then the
succedent of S contains at most one WFEFF -formula.

Proof. Let S be a sequent occurring in P. By #(S), we mean the smallest
number of consecutive sequents in a path so that the lowest of these sequents is
the end sequent of P and the highest is S. We use an induction on #(.5).

If #(S) =1, then S is the end sequent I' — A, hence we obtain the lemma.

Suppose that #(S) > 1 and that the lemma holds for any sequent S* in P
such that #(S*) < #(S). By #(S5) > 1, there exists an inference rule I and S is
an upper sequent of /. By the induction hypothesis, the succedent of the lower
sequent of I contains at most one WFF-formula. Since P is cut-free, I is not cut,
hence we can easily check the succedent of each upper sequent of I contains at
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most one WFF-formula. Since S is an upper sequent of I, we obtain the lemma.

_|

By Theorem 2.2.6 and Lemma 2.2.9, we have the following corollary.

2.2.10. COROLLARY. Let A be a set that contains at most one WFF -formula.
IfT' — A € GVPLY, then there exists a cut-free and (—D7T)-free proof figure for
I —A.

For a formula A € WFF, Sub(A) denotes the set of subformulas of A. We
put
Sub™(A) = Sub(A)U{B D" C| B> C € Sub(4)}

and
Sub™(A D" B) =Sub™(A D> B) — {4 D B}.

The following corollary follows from Theorem 2.2.6.

2.2.11. COROLLARY. Let it be thatT' — A € GVPL™. Then there exists a proof
figure P satisfying the following condition for any X € WFF™:

if X occurs in P, then X € Sub™(Y) for some formula Y occurring in I' — A.

It is easily seen that Sub™(X) is finite. So, in the usual way, we obtain a
decision procedure for GVPL™ in an axiomatic way.

By Theorem 2.2.6, we can also show a result concerning the disjunction prop-
erty. We say that a logic L has the disjunction property(cf. [CZ97]) if

AV B € L implies either A € L or B € L.

2.2.12. COROLLARY. Fwery logic obtained by adding an axiom schema — A D B
to GVPL™ has the disjunction property.

Proof. Let L be a logic obtained by adding an axiom schema — A D B to
GVPL™ and let it be that CV D € L. Then there exist a finite number of axioms

A D By,---,A, D B,
of the form A D B such that
A DBy,---,A, DB, — XVY € GVPL".

Using Theorem 2.2.6, there exists a cut-free proof figure P for the sequent above.
We note that there exists a lowest logical inference rule I in P, which must be
(— V). Considering the upper sequent of I, we have either

A DBy, ---,A, DB, —CecGVPL"
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or
A, D By,---,A, D> B, —DecGVPL".

Hence we have either

CeLorDel.

2.3 Visser’s system and GVPL"

Here we show the equivalence between - and GVPLT. We use ¥ for a finite
set of formulas in WFF and we use A for a set that contains at most one WFF-
formula.

2.3.1. NoTAaTION. We put
(I~ =T —-{AD>"B|AD>*Bel'})U{ADB|AD" BeTl},
X if A={X},

2) f(A):{ Loif A=,

The main theorem in this section is

2.3.2. THEOREM. ¥ — A € GVPL" iff & Fy f(A).

In order to prove the theorem above, we provide some lemmas.

2.3.3. LEMMA. ¥ Fy f(A) implies ¥ — A € GVPL™.

Proof. It is sufficient to show that every inference rule in Fy holds in GVPL™.
First, we show that (Al;) holds in GVPL™. Suppose that ¥ — B D> C and
¥ — B D D are provable in GVPL™. Using the proof figure

B—-B C—-C B—B D-—D

B,B>tTC—C B,B>"D—D
B,B>*C,B>*D—CAD ’
B>C,B>DD—-BD>CAD

and cut, we obtain ¥ — B D C A D € GVPL™'. Similarly, we can show
that (VE;) and (77r) hold in GVPL" using the following two proof figures,

respectively:
B—-B D—-D C—C D-—D

B,B>tD—D C,C>tD—D
BvC,B>"D,C>"D— D
B>DC>D—BVvVCD>D
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Cc—-C D-—D
B—B cC,C>*D—D
B,B>tC,C>"D—D
B>C,C>D—B>D

Other cases can be shown in the usual way. o

The following lemma is almost obvious.

2.3.4. LEMMA. (1) if 1 C X9 and 34 by A, then X9 by A,
(2) if X1 by A and X5 Fy B, then ¥ U (X — {A}) Fv B.

2.3.5. LEMMA. If there exists a cut-free and (—DT)-free proof figure P for T' —
A, then (T —{Ay,---, A )" Fy AL A ANA, D f(A) forn > 1.

Proof. For brevity’s sake, we put A = Ay A--- A A, and A = {A;y,---, A, }.
We use an induction on P.

Basis(P is an axiom): Since I' — A is an axiom, we have I' = {f(A)} € WFF.

IfT'—A=T,then f(A)eT'=T'-A=('-A)",and so, ('=A)" Fy f(A).
Using Lemma 2.3.4(1), {A} U (I' = A)~ Fy f(A). Using (D I), we obtain the
lemma.

T — A =0, then f(A) = {A;} and (' — A)~ = (. Using (AE) and (D I),
Oy AD f(A), and so, (T'— A)” Fy A D f(A).

Induction step(P is not axiom): Suppose that the lemma holds for any proper
subfigure of P. Since P is not axiom, there exists an inference rule I that intro-
duces the end sequent of P. We divide into the following cases.

The case that [ is (— T): The upper sequent of [ is I' —. So, by the induction
hypothesis, we have

On the other hand, by (LE) and (D I), we have
(I'=A)" Fy LD f(A).

Using (T'r), we obtain the lemma.

The case that [ is (— V;) can be shown similarly using (I' — A)~ Fy B; D
Bl V BQ.

The case that I is (— A): I is of the form

F—>Bl F—>BQ
F—>Bl/\BQ ’

where By A By = f(A). By the induction hypothesis, we have
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(P-A)i "VAADBl and (F-A)i l_vADBQ.

Using (Alf), we obtain the lemma.
The case that I is (—D): I is of the form

Bl,F+—>BQ
I' - B, DB

where By D By = f(A). By the induction hypothesis, we have
(I)~ kv f(A).
Since (I't)” =T'", we have
= Fy f(A).
On the other hand, by (AE;), {A} Fv A for any k. Using Lemma 2.3.4(2),
{AyU T —A)" Fv f(A).

Using (D I), we obtain the lemma.

The case that [ is (T' —): Let II be the antecedent of the upper sequent of
I. We note that IT C I". So, using the induction hypothesis and Lemma 2.3.4(1),
we obtain the lemma.

The case that I is (A —;): I is of the form

Ci7rl _)A
01 /\OQ,Fl —>A7

where {C] A Co}UT, =T
IfCyANCy & A, then I' = A = {C; ACy} U (I'y — A). By the induction
hypothesis, we have

({CiyUTy) — A)" =y AD f(A).
Using {Cy A Ca} by C; and Lemma 2.3.4(2), we have
({01 A 02} U (Fl — A))f I_V AD f(A)

Hence we obtain the lemma.
IfCiANCy € A, then I' — A =11 — A. By the induction hypothesis, we have

On the other hand, it is easily seen that

Ty —A) v AD AAC,
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Using (T'r), we obtain the lemma.
The case that I is (V —): I is of the form

01,P1—>A C'2,F1—>A
Ol\/OQ,F1—>A ’

where {C; vV Gy} UTy =T.
IfCyvCy g Ay then I' = A = {C; vy} U(I'y —A). By the induction
hypothesis, we have

({Ci1}uTly) —A) " Fy AD f(A) and ({Co}UTy) —A)~ Fy AD f(A).

Using (VE), we obtain the lemma.
IfCivC; €A, then ' — A =17 — A. By the induction hypothesis, we have

T —A)"Fy AANC; D f(A)and (T7 — A)" Fy AANCy D f(A).
Using (VEy), we have
T —A)"Fy (ANCH)V(ANCY) D fF(A). (2.1)
On the other hand, from the proof figure

[4] [Gi]! [4]  [Co]!
ANCY AN Cy

[C1VCo] (ANC)V (ANCY) (ANCL)V (ANCy)
(ANCY)V (ANCY)

1,

we have

{C1V Oy, A} Fy (AACY) V (AAGS).
Since {A} I_V 01 V 02,

{A} by (AAC) V(AN Cy).

Using (D 1),
Dby AD (ANCY) V (ANCY).

Using (2.1) and (7'r), we obtain the lemma.
The case that [ is (D7 —): [ is of the form

F1—>01 02,P1—>A
01 D+ 02,F1—>A ’

where {C] Dt Cy} UT; =T'. By the induction hypothesis, we have
(Fl — A)i Fyv A D (Y and (Fl — A)i v ANCy D f(A)
USil’lg {Cl D CQ} l_v Cl D 02 and (TT),
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{01 D) 02} U (Fl — A)i |_V AD Cy
Using 0 v A D A and (Aly),
{Ol DC’Q}U(Fl_A)i I_VAADA/\OQ

Using (I't = A)" Fy AACy D f(A) and (T'r), we obtain the lemma. -

2.3.6. LEMMA. X — A € GVPL" implies ¥ Fy f(A).

Proof. By Corollary 2.2.10, there exists a cut-free and (— D™ )-free proof figure
P for ¥ — A. We use an induction on P.

Basis(P is an axiom): Since ¥ — A is an axiom, f(A) € ¥. Hence we obtain
the lemma.

Induction step(P is not axiom): Suppose that the lemma holds for any proper
subfigure of P. Since P is not axiom, there exists an inference rule I that intro-
duces the end sequent of P. We note that I is neither (D" —) nor (—>%). If [
is (—D), then A = {A D B} and the upper sequent of I is A,%* — B, and so,
we obtain the lemma by Lemma 2.3.5. Otherwise, the lemma can be shown using
the induction hypothesis. o

Now, Theorem 2.3.2 follows from Lemma 2.3.3 and Lemma 2.3.6.

2.4 The system GFPL"

In this section, we define a sequent system for FPL and prove a cut-elimination
theorem. [AR99] showed that formal propositional logic is obtained from Visser’s
propositional logic by adding Lob’s axiom

Lp)=((T>p)D>p) D(T Dp).

2.4.1. DEFINITION. By GVPL™ + L(p), we mean the system obtained from
GVPL" by adding an axiom schema — L(A). It is easily seen that for any
formula B € WFF

B € FPL iff » B € GVPL" + L(p).

By GFPL", we mean the system obtained from GVPL™ by replacing (—2) by
the following inference rule:

(o5 )A,ADB,F+—>B
— .
TS5 A5 B
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The formula A D B is called the diagonal formula of the inference rule above.

2.4.2. LEMMA. T'— A € GVPL" + L(p) iff T — A € GFPL™.

Proof. From the following proof figure, we have — L(A) € GFPL™.

A— A
TOA—-TDA THAA-A
(TOA)DTATDODA-A
TDODA(TDA)DTA—-A
T, TOA(TDA)DTA—-A
(TODOADA—-TDA
- (TD2A)DA)D(T DA

It is easily seen that L(A) — {L(A)}* € GVPL™. So, by the following figure,
(—Dy) holds in GVPL™" + L(p):

ATT —-T A DTt - B
A To>tDTI+—B ATT —-T A DITT - B

To5D.IF =D AT > DIt —B
— L(D) L(D)—{L(D)}}* T =(T>D)>D T5>D =D
— {L(D)}* {L(D)}*,T = D
I —-D ’
where D = A D B. =

Our main purpose in this section is to prove

2.4.3. THEOREM. IfI' — A € GFPL™, then there exists a cut-free proof figure
forI' = A.

[Val83| defined the width w of proof figures in his sequent system for the
modal logic GL in order to prove the cut-elimination theorem. Here we use his
technique. So, first we define the width w(P) of a proof figure P in our system.

2.4.4. DEFINITION. Let P be a proof figure for I' — A and let J be an inference
rule (—Dy) occurring in P. We say that J is 1-ary if its diagonal formula is A
and the segment in P from the end sequent I' — A to the lower sequent of J
does not contain (—Dy). We say that J is 2-ary if there exists an 1-ary inference
rule J’ below J such that the segment from the upper sequent of J’ to the lower
sequent of J does not contain (—Dy) and every antecedent of sequents in the
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segment contains A. By SI(P), we mean the set of 2-ary inference rules in P.
The width w(P) of P is defined as the cardinality of SI(P).

It is easily seen that w(P) = 0 if A is not of the form B D C.

2.4.5. COROLLARY. Let P be a cut-free proof figure for I' — A with an inference
rule I introducing the end sequent of P. Let Py be a subfigure of P whose end
sequent I'y — Ay is an upper sequent of 1. If A = Ay, then w(P) > w(P).

The following lemma can be shown similarly to Lemma 2.2.7.

2.4.6. LEMMA. Let P be a cut-free proof figure for I' — A in GFPL*Y. Then
there exists a cut-free proof figure P* for T — A such that len(P) = len(P™).

2.4.7. LEMMA. Let Py be a cut-free proof figure for A,A D B,I'" — B and let P

p .
"1 4, A>5B T+ - B -
TS ASE . If w(P) =0, then for any sequent

IT — A in Py, there exists a cut-free proof figure for Il 455, 't — A.

be the proof figure

Proof. Since IT — A occurs in P, there exists a subfigure () of P whose end
sequent is I — A. We use an induction on Q).

If AD B ¢1I, then the lemma is obvious.

If AD B € A, then there exists a cut-free proof figure for ' — A using P
and Lemma 2.4.6. Using (T —), possibly several times, we obtain the lemma.

So, we assume A D B € Il — A. Then @ is not axiom, and so, there exists an
inference rule I that introduces the end sequent of (). Also we suppose that the
lemma hold for any proper subfigure of Q.

If AD B is a principal formula of I, then [ is (1" —) or (—Dy). By w(P) =0,
I is not (—Dy), and so, [ is (T" —) of the form

By the induction hypothesis, there exists a cut-free proof figure for 145, I'" —
A.

If A D B is an auxiliary formula of I and belongs to the antecedent of an
upper sequent of I, then I is either one of the following inference rules:

(57=), (=27), (A =), (V =)
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We only show the case that I is (DT —). The other cases can be shown similarly.
Since I is (D1t —), it is of the form

H1—>C ADB,H1—>A
Co>t(ADB),I; - A’

where {C DT (A D B)} UIl; = II. By the induction hypothesis, there exists a
cut-free proof figure for

(L) a5, It —A.
Hence we obtain a cut-free proof figure for
C Ot (ADB),(I})ass, I'" — A.
That is,
Mg, 't — AL

Otherwise, we can obtain a cut-free proof figure for II4~p5,I'" — A by using
the induction hypothesis and the same kind of inference rule as I. =

2.4.8. COROLLARY. Let P; be a cut-free proof figure for A,A D> B, I'" — B. If

P
! ) =0, then there exists a cut-free proof figure for A, TT — B.

WS A5 B

2.4.9. DEFINITION. We define a mapping gr+ on the set of cut-free proof figures
in GFPL™ as follows.
(1) go(B — B) =B — B, go(L —) = L —,

5 BB - QFX(B — B)
@) guaprn(B = B) = o UTy = B
QFX(J— —)
(3) g({A}L_JFA)Jr(L _>) = J_’ ({A} U FA>+ )
Py _ gr+ (Pl)

(4) gr+(

(5) gr+(

HHA%TMWHN
PPy gr+(P1) gr+ (%)

TN LT+ — A

It is easily seen that for any cut-free proof figure P for II — A, gr+(P) is a
cut-free proof figure for II, '™ — A. Also we have

2.4.10. COROLLARY. Let Py be a cut-free proof figure for AJ/A > B, It — B
and let P and P’ be the following proof figures, respectively:
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p . P .
1{A,ADB,H+—>B gre( 1>{A,ADB,H+,F+—>B
IM—A>DB ILr'—-ADB

Then

(1) w(P) = w(P"),

@) C,C>D,d"t — D
d®—-C>OD

C,C> D, T+ =D
T+ —C>oOD

€ SI(P) implies € SI(P).

2.4.11. LEMMA. Let B, be a cut-free proof figure for I' — X and P, be a cut-free
proof figure for X, 11 — A. Let P be the proof figure

P, : : P
r—-X X, II—-A
F,HXHA '

Then there exists a cut-free proof figure for the end sequent of P.

Proof. We define d(P), R;(P) and R,(P) in the same way as in Lemma 2.2.8.
Here it is also seen that len(P,) = R;(P). We use an induction on R;(P)+R,(P)+
ww(P)+w?d(P). By Corollary 2.4.5, our new parameter w(F;) does not influence
the usual proof for the other cases, and so, the lemma can be shown in the usual
way except the following two cases.

The case that P is of the form

pl/ : . P;
C,C>D,I't— D A,ADB,C >t D, II" — B

r-Lco>Dbh CO>D/II—-—ADB
Ilgsp - ADB

If w(F,) = 0, then we have a cut-free proof figure P; for C,T't — D by Corollary
2.4.8. Using P!, we obtain the following proof figure P;.

P |
C,I't - D : ,
'+ —C>tD AADBCO>*DII* =B | 7
I+ (A, AD B, II")¢~+p — B

Here we note that d(P;) < d(P). So, by the induction hypothesis, there exists
a cut-free proof figure for the end sequent of P,. Using (T' —), possibly several
times, we have a cut-free proof figure for

AaA ) BarJr’ (I_ICDD)Jr — B.
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Using (—Dy), we obtain the lemma.
If w(P,) > 0, then there exists J € SI(P,) of the form

E,EDF,&F - F
® > EDF

(/).
Let P; be the proof figure

9E3+F(Pl/)
ED>DFIT+—-C>D

Then, by Corollary 2.4.10, we have w(P,) = w(P;) and there exists J; € SI(Py)
of the form

EEDRETF@ﬁeﬂJ)
E>tF,® >EDF v

On the other hand, we have the following proof figure P, for for ®, F Dt F —
EDF.

F—-F
E—~E FFEF
E.ED"F —F
EEDFEDTF—F
E>tF—-EDF
using (T' —), possibly several times
ED>TF®—-FEDF
Let P3 be the figure obtained from P; by replacing the subfigure for the lower
sequent of J; by P,. It is easily seen that P; is a cut-free proof figure for

EDFITt—C>D

and no 2-ary inference rule in P3 occurs in P,. Using J; € SI(F)), we have
w(Ps) < w(Py) =w(P). By P; and P/, we have the following proof figure Pj:

P3 : . Pl/
EDFIt—C>D C,C>D,I't—D
E>FCTIT+t—D

We note that w(Ps) < w(F;) and d(P,) = d(P). So, by the induction hypothesis,
there exists a cut-free proof figure P; for the end sequent of P,. Let Py be the
subfigure of P/ for the upper sequent of J. Then we have the following proof
figure Pr:

P :
C.E>FT+—D : .
ESFI+ -Co> D EESF&r—F [°
ESFE I+ ({E,E>F U )osip — F
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Here we have d(P;) < d(P). So, by the induction hypothesis, there exists a cut-
free proof figure for the end sequent of P;. Using (T —), possibly several times,
we have a cut-free proof figure for

E7E ) F7 (Q)CDD)Jr?FJr — F.
Using (—Dy), we have a cut-free proof figure P} for
Oo-p, 't - EDF.

Here we note that C' D D does not belong to the antecedent above. Using (1" —),
we have a cut-free proof figure Py for

oI'" - EDF.
Let Py be the proof figure
gr+ (5
't+—-C>D’

By Corollary 2.4.10, we have w(P,) = w(Fy) and there exists Jo € SI(Py) of the

form
E.EDF®" Tt - F

Js).
T+ > EDF (2)
Let Py be the figure obtained from P, by replacing the subfigure for the lower
sequent of Jy by Ps. It is easily seen that Py is a cut-free proof figure for

I'-— C>D.

Also, considering the end sequent of P, no 2-ary inference rule in Py occurs in
Ps. Using Jy € SI(FPy), we have w(Pyy) < w(Py) = w(P). By Py and P/, we
have the following proof figure Pi:

PlO . -P[/
r-—Ccob C,C>D,ITt—D
c,I't - D

We note that w(Py) = w(F,) and d(Py1) = d(P). So, by the induction hypothesis,
there exists a cut-free proof figure for the end sequent of Pj;. Using (—D7), we
have a cut-free proof figure Pj5 for

' — C >t D.

Using P!, we obtain the following proof figure Pi3:

P . . /
12{r+—>03+D A,ADB,CD+D,H+—>B} "
T (A, A5 B} Ul coip — B '
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Here we have d(Py3) < d(P). So, by the induction hypothesis, there exists a
cut-free proof figure for the end sequent of Py3. Using (7" —), possibly several
times, we have a cut-free proof figure for

AaA 2 B7F+7 (:HCDD)Jr — B.

So, using (—Dy), we obtain the lemma.
The case that P is of the form

/

. : AADRXﬂ*%B}T
“Nrox X,I1—-ADB
I IlIy - ADB ’

where X is not of the form C' D D. By Lemma 2.4.6, there exists a cut-free proof
figure P for I'" — X such that len(P") = len(P;) = Ry(I). Using P, we obtain
the following proof figure P;:

ler . P;
I+ — X A, A> B It — B
I'+,({A,AD> Byullt)x — B

By len(P") = len(P), we have R;(P;) = Ry(P). Since X is not of the form
C > D, w(P") =w(P) =0. And we have R.(P;) < R.(P) and d(P;) = d(P).
So, by the induction hypothesis, there exists a cut-free proof figure for the end
sequent of P;. Here we note that (IT")y C (IIx)" since X is not of the form
C D D. Using (T —), possibly several times, we have a cut-free proof figure for

A, AD B, T, (Ilx)" — B.
So, using (—Dy), we obtain a cut-free proof figure for
Iy - ADB.
4

Now, Theorem 2.4.3 follows from Lemma 2.4.11 in the usual way. The fol-
lowing two corollaries can be shown similarly to Corollary 2.2.10 and Corollary
2.2.11.

2.4.12. COROLLARY. IfI' — A € GFPL™, then there exists a cut-free and
(—D7T)-free proof figure for T — A.

2.4.13. COROLLARY. Let it be thatT' — A € GFPL™. Then there exists a proof
figure P satisfying the following condition for any X € WFF™:
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if X occurs in P, then X € Sub™(Y) for some Y occurring in I' — A.

2.4.14. COROLLARY. Let X be a finite set of formulas in WFF and let A be an
implication free formula in WFF. Then

¥ — A e GFPL" iff ¥ — A€ GVPL".

Proof. Suppose that ¥ — A € GFPL™. By Corollary 2.4.12, there exists a
cut-free and (—DT)-free proof figure P for ¥ — A in GFPL". By an induction
on the number of inference rules in P, we can easily see that there is neither
(D*—) nor (—Dy) in P. So, every inference rule in P is also an inference rule in
GVPL™. Then the sequent is provable in GVPL™.

The “if” part follows from Lemma 2.4.2. —






Chapter 3

Formalizations for the consequence
relation of Visser’s propositional logic

In this chapter, we consider Hilbert style formalizations of the consequence rela-
tion Fy of Visser’s propositional logic (VPL). As we mentioned in section 1.1, it
seems difficult to give a finite Hilbert style formalization for -y, because -, does
not obey modus ponens. Here we introduce a restricted modus ponens, which
mostly has the same role as modus ponens in a Hilbert style formalization for
the consequence relation of intuitionistic propositional logic. Using the restricted
modus ponens and adjunction, we give a formalization for -y, and at the same
time we show that Fy cannot be formalized by any system with a restricted modus
ponens as its only inference rule.

3.1 Kripke semantics for

[Vis81] showed the completeness theorem for -y using Kripke models. Since his
results are useful for our investigations, we show them below.

A Kripke model is a triple M = (W, R, P), where R is a transitive binary
relation on a set W # () and P is a mapping from the set of all propositional
variables to the set

{Se2V|if aRB and a € S, then 3 € S}.

The truth valuation |= is defined in the following way:
(K1) (M, a) Epiff a € P(p),

(K2) (M, a) = L,
(K3) (M,a) EAANB iff (M,«a) = A and (M, o) = B,
(K4) (M, o) AV Biff (M,a) = Aor (M,«a) = B,

35
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(K5) (M,a) = A D Biff for any g € {y € W | aRy}, (M, ) E A implies
(M, 3) = B.

The expression M = A denotes (M,«) = A for every a € W. We write
(M,a) ETif (M,a) | A for every A€ T. We put af = {8 € W | aRS3}.

3.1.1. LEMMA. ([Vis81])
(1)VPL = {A | for every Kripke model M, M = A}.
(2)I' v A dff  for every M and every o € W,

(M, a) T implies (M, o) = A.

From Lemma 3.1.1, we can see that {p,p D ¢} /v ¢ by a Kripke model
{{a},0, P), where P(p) = {a}, P(q) = 0. So, in -,, modus ponens does not hold
in general.

The following lemma is useful for chapter 4.

3.1.2. LEMMA. ([SWZ98]) (M, ) = A implies (M, [3) = A for any 3 € ol.

3.2 A formalization of the consequence relation
of VPL

In this section, we give a formalization for . A Hilbert style formalization for
VPL has been given in [SO98]| as follows.

3.2.1. LEMMA. The closure under modus ponens and substitution of the set of
the following 12 axioms coincides with VPL:

(Dl) pr:

(D2) pD(¢Dp),

(D3) (qDr)A(PpDq)D (D),
(A1) pAgDp,

(A2) pAgDaq,

(A3) (rop)A(rD>q)D(ro>pAq),
(A1) pD(@DpAg),

(Vi) pDpVy,

(V2) ¢DpVy,

(Vs) (®D7)A(@Dr)D(pVgDr),
(Va) pA(gVr)D(pAgV(pAT),
(L) LDOp.
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By A, we mean the set of all substitution instances of axioms described in
Lemma 3.2.1 except (A4).

3.2.2. DEFINITION. We define the consequence relation Fy+ inductively as fol-
lows:

(axi) if A€ A, then I' by« A,

(asp) if A €T, then I' by« A,

(rmp) if 'y« A and ) Fy« A D B, then ' by« B,

(adj) f T Fy« A and T' by« B, then 'y« AN B.

Our main theorem in this section is

3.2.3. THEOREM. 'y« A iff Ty A.

In order to prove the theorem above, we show some lemmas.

3.2.4. LEMMA. (1) if ¥ CT and Xy« A, then Ty« A,
(2) if T kys A and XU {A} by« B, then T UX vy« B.

Proof. (1) is trivial. We show only (2). We use an induction on the number
of inference rules used in the proof of ¥ U {A} Fy- B.

If B€ AUZY, then (2) is obvious.

If B= A, then we have I' by« B. So, ' UX Fy+« B.

If X U{A} Fy- B is derived from

ZU{A}I—V*Cand(Z)I—V*CDB

for some C' by (rmp) then, by the induction hypothesis, we have T'U X k. C.
Using (rmp), we obtain the lemma.
If Y U{A} by« B is derived from

XU {A} l—v* C and EU{A} l_v* D

for some C and D such that B = C A D by (adj) then, by the induction hypoth-
esis, we have TUX by« C and T U X by« D. Using (adj), we obtain the lemma.
_|

3.2.5. LEMMA. I' by A implies Ty A.

Proof. From Lemma 3.2.1, A C VPL and we can easily check that (rmp) and
(adj) hold in every Kripke model. Using Lemma 3.1.1, we obtain the lemma. -

We put (AQ) = T and by (AT'), we mean the conjunction of all the formulas
in I'if T # (.
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3.2.6. LEMMA. () Fy« (AT') D B implies Ty« B.

Proof. If ' = (), then we have I' Fy« (AT") from the axiom (D;). If not, we
also have I' Fy+ (AT') using (adj), possibly several times. Using () vy« (AT') D B
and (rmp), we obtain the Lemma. -

By this lemma, Lemma 3.2.4(2) and the axioms (D3), (D3), (A3) and (V3), we
have

3.2.7. COROLLARY. The following rules hold in by«
(R Do) if T bys A, then T by« B D A,
(RD3) if Ty« BDC and Ty« AD B, then Ty AD C,
(RA3) if Ty C D Aand T by« C D B, then Ty« C D AN B,
(RV3) ifT'Fy« ADC and Ty« BD C, then Ty« AV B D C.

3.2.8. LEMMA. IfT'U{A} by« B, then I' Fy« A D B.

Proof. We use an induction on the number of inference rules used in the proof
of TU{A} Fy- B.

If B= A, then AD B¢€ A. So, we have 'y« A D B.

If B € AUT, then we have I' .« B. So, using (R D3), we obtain the lemma.

If TU{A} by« B is derived from

FU{A}"\/*CaHdQ)I_\/*CDB

for some C' by (rmp) then, by the induction hypothesis and Lemma 3.2.4(1), we
have

FI—V*ADC'andFI—V*C'DB.

Using (R D3), we obtain the lemma.
If T U{A} Fy« B is derived from

Fr'u{A} by« Cand 'U{A} Fy- D

for some C' and D such that B = CAD by (adj) then, by the induction hypothesis,
we have

'y« ADCand 'y« AD D.

Using (RA3), we obtain the lemma. -

Here we can see ) Fy« p D (¢ D p Aq) by (adj) and the lemma above. Hence
we confirm that (A4) does not necessarily belong to A.
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3.2.9. LEMMA. A €T implies (Al') Fy« A.

Proof. Using the axioms (A1) and (As) and (rmp), possibly several times, we
obtain the Lemma. o

3.2.10. LEMMA. I' -y A implies Ty A.

Proof. We use an induction on the number of inference rules used in the proof
of I' "V A.

If A €T, then the lemma is trivial.

Suppose that I -y, A is proved using at least one inference rule. Let I be the
inference rule that introduces I' -y, A. If I is either one of the inference rules

(LE), (/\El), (/\EQ), (\/]1) and (\/IQ),

then we obtain the lemma by the induction hypothesis, (rmp) and the corre-
sponding axioms

(L)’ (/\1)7 (/\2)7 (\/1) and (\/2)7

respectively. If I is (A), then the lemma follows from (adj) and the induction
hypothesis. If I is (D ), then the lemma follows from Lemma 2.7 and the
induction hypothesis. If I is either one of the inference rules (Aly), (VEy) and
(T'r), then we obtain the lemma by the induction hypothesis and inference rules
in Corollary 3.2.7.

[B] [C]

BvC A A

. B
A y

The remaining case is that [ is (VE). [ is of the form

the induction hypothesis, we have
F'U{B} Fy- A.
On the other hand, from Lemma 3.2.9, we have
{(ANT') A B} by« D
for any D € I' U {B}. Using Lemma 3.2.4(2),
{(AT') A B} Fy« A.

Using Lemma 3.2.8,
0ty (AL)A B D A.

Similarly, we have
0y (NI)AC D A.
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Using (R\/3),
0 v (AT) A B)V ((AT) AC) D A.

By (V4), we also have
Oy (AND)A(BVC) D ((AT)AB)V ((AT) AC).

Using (R D3),
0y« (AT)A(BVC) D A.
Using Lemma 3.2.6,
FTru{BvC}ty A

By the induction hypothesis, we also have
I'kFy« BVC.

Hence, using Lemma 3.2.4(2),
[y A

Now, Theorem 3.2.3 follows from Lemma 3.2.5 and Lemma 3.2.10.
3.2.11. COROLLARY. {A |0y A} ={A |0y A}

By modifying the system t+, we can easily define a system k-« for the con-
sequence relation of VPL with only one inference rule.

3.2.12. DEFINITION. We define the consequence relation -+« inductively as fol-
lows:

(axi) if A€ A, then I' Fy A,

(asp) if A € T, then I' by A,

(rmp*) if T' Fyee Ay, T By Ay and 0 Fyee Ay A Ay D B, then T o B.

Proof. We show “if” part. It is sufficient to show that (rmp) and (adj) hold
in by, By @ by AANB D AA B and (rmp*), we can see that (adj) holds in
Fy«. From the following proof, we can also see that (rmp) holds in ..

(1) 'Fy A assumption,
0y ADB assumption,

Q)I_V** ANADA (/\1),

Dby (ADB)A(ANADA)D(ANADB)  (D3),

Dby ANAD B  (2),(3),(4), (rmp*),

I'Fyee B (1),(5) (rmp*). -
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3.3 Restricted modus ponens and

In the previous section, we show that -y, can be formalized by the inference rules
(rmp), a restricted modus ponens, and (adj). Also by (rmp*) alone. Here we
prove that Fy cannot be formalized by any restricted modus ponens as only one
inference rule. As a corollary, we find that (adj) is not redundant in Fy-.

First of all, we have to make the meaning of “restricted modus ponens” clear.
By a restricted modus ponens, we mean an inference rule obtained from modus
ponens, i.e.,

(mp) for any pair (A, B) of formulas,

ifl'-Aand ' AD B, then '+ B

by restricting the domain of the pair (A, B) of variables. For instance, the infer-
ence rule

(rmp’) for any pair (4, B) € {(C,D) | C > D € VPL},
iflFAand ' AD B, then ' B

is a restricted modus ponens. Since the inference rule (rmp) in Definition 2.1
is equivalent to the inference rule above, we might as well say that (rmp) is a
restricted modus ponens.

3.3.1. DEFINITION. Let S be a set of formulas and let MP be a set of pairs of
formulas. We define the consequence relation =g mp inductively as follows:
(AXI)if A€ S, thenI' Fs mp A,
(ASP)if AeT, then I" Fs mp A,
(RMP) for any pair (A, B) € MP,

if I I_S,MP Aand I |_S,MP AD B, then I |_S,MP B.
Our main theorem in this section is

3.3.2. THEOREM. There exists no pair (S, MP) satisfying that for any I' and
any A,

Thy Aiff T Fgmp A.

To prove the theorem above, we provide some preparations. It is easily seen
that if ¥ C I" and X g mp A, then I' Fg mp A.

3.3.3. LEMMA. Let MP; C MPy and S; C S,. Then

r l_sl,Mpl A zmplzes r l_SQ’MPQ A.
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Proof. Every axiom in t-g, mp, is also an axiom in kg, mp,. And the inference
rule in I_Sl,MPl holds in |_S27MP2' =

Let us consider the consequence relation Fvpr mp, , where
MPy = {(A,B) | forany I'if ' -y A and I' =, A D B, then I' -y B}.

The following lemma is almost immediate.

3.3.4. LEMMA. T I_VPL,MPV A implies I |_V A.

3.3.5. LEMMA. {T D J_} l_VPL,MPV ADB.

Proof. It is easily seen that ) -y A D T and ) -y L D B. Using (1) twice,
we have

(H{T>o>Ll}+, ADB.
Using Lemma 2.3(2), I' Fy T D L implies ' Fy A D B, and so, we have
(T D L,A D B) € MPy. On the other hand, by (1) and (D I), we have
(T>1)>(ADB)e VPL. So, we have

{T>Ll}FyvpLme, (T D L) D(ADB).

We also have {T D 1} FypLme, T D L. Using (RMP), we have {T D
J_} I_VPL,MPV AD B. =

3.3.6. LEmMA. [f{T D L, A, B} FvprLmp, C, then either
{T D) J_,A} l_VPL,MPV C or {T D) J_, B} l_VPL,MPV C

Proof. We use an induction on the number of inference rules used in the proof
for {T D J_, A, B} l_VPL,MPV C.

If C e VPLU{A,B, T D L}, then the lemma is trivial.

Suppose that there exists a formula D such that (D,C) € MPy,

{T>L,A B} FyvpLmp, Dand {T D L, A B} FypLme, D D C.
By the induction hypothesis, we have either
{T > L, A} FvpLmp, D or {T D L, B} FyvprLmp, D.
On the other hand, by Lemma 3.3.5, we have
{TD>L,E}FvpLmp, D D C, for any E € {A, B}.

Since (D, C) € MPy, we can use (RMP). Hence, we have either
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{T D) J_,A} FVPL,MPV C or {T D) L, B} I_VPL,MPV C.

3.3.7. LEMMA. {p,q} /vpLMmP, P A Q.

Proof. Suppose that {p, ¢} FvpLmp, P A g. Then, {T D L,p,q} FveLmpy
p A q. By Lemma 3.3.6, we have either

{T > L p}rvermp, pAgor {T DL, ¢} FvpLme, PAG.
Using Lemma 3.3.4, we have either
{ToLptkypAqor{T DL gtkypAg.
However, using a Kripke model, we can easily show

{ToLptvpAgand {T D L g} FvpAg

This is a contradiction. =

Proof of Theorem 3.3.3. Suppose that there exists a pair (S, MP) satis-
fying that for any I' and any A,

I'Fy AiffT Feap A

If S  VPL, then there exists a formula B € S—VPL. So, we have () Fs mp B
and () I/, B. This is a contradiction.

If MP ¢ MPy,, then there exists a pair (B,C) € MP — MPy. By (B,C) ¢
MPy,, there exists a set X of formulas such that ¥ +, B, ¥, B D C and
Y Ay C. Using Lemma 3.2.4(2), ¥ U {B, B D C} t/y C. On the other hand, we
have (B,C) € MP. So, for any I,

if I I_S,MP Band I’ I_S,MP B> C, then I |_S,MP C.

By replacing I' by XU {B, B D C}, we have XU{B,B D C} Fgmp C. Thisis a
contradiction.

So, we assume that S € VPL and MP C MPy. By Lemma 3.3.3, I' s mp B
implies I' Fypr, mp,, B. Using Lemma 3.3.7, we have {p, ¢} /s mp p/A¢. However,
by (AI), we have {p,q} Fv p A q. This is a contradiction.

Hence, we obtain the theorem. —

From this proof, we have

3.3.8. COROLLARY. IftgmpChHy, then {p,q} Ysmp P A q.






Chapter 4
Lob’s axiom in propositional logics

In this chapter, we consider L6b’s axiom in extensions of . [Vis81] axioma-

tized the consequence relation g of formal propositional logic by adding Lob’s

(TOA)DA

inference rule to Fy. Fp is also obtained by adding Lob’s axiom

D)
((T 2>p)D>p)D(T Dp)toky (cf. [AR9I9] and [SWZI8]). However most of the
extensions of -y, obtained by adding an inference rule to -, cannot obtained by
adding the corresponding axiom to Fy. For instance, the consequence relation

F; of intuitionistic propositional logic is obtained by adding the inference rule
TOA

to Fy, while it cannot be obtained by adding the axiom (T D p) D p

to Fy. So, it is natural to ask what axiomatization have such a property as the
axiomatization by Lob’s axiom (or inference rule), and what extension has an
axiomatization with this property. Here we consider this problem. We prove that
if an extension has an axiomatization with the property, then so does every ax-
iomatization of the extension, and that the maximum one among such extensions
is Fr. We end up with some other results about the extensions with the property.

4.1 Extensions of Iy,

There are two possible axiomatic ways to extend a consequence relation F; one
is by adding an axiom, and the other by adding an inference rule. First, we define
extensions of Fy, in these two different ways.

4.1.1. DEFINITION. By k.4, we mean the consequence relation obtained by
adding an axiom A to k7. By 71 4/5, we mean the consequence relation obtained

A
from -, by adding an inference rule B’ where A and B are schemas obtained from

formulas A and B by substituting all the propositional variables a; occurring in

45
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A or B by formulas A;, respectively.

There are two important extensions of Fy,. One is the consequence relation
Fr of formal propositional logic, and the other the consequence relation - of in-
tuitionistic propositional logic. These extensions are obtained from -y by adding
Lob’s inference rule

(TDODA)DA
LR(A) = —————
R(4) TOA
and the rule of modus ponens
TOA
A )

respectively, and so, they are expressed as follows:
Fr=FviLRp),

I_I:|_V+T3p/p .

[AR99] showed that - is also obtained by adding Lob’s axiom

Lip)=({(T>p)>p) > (T Dp)

to Fy. In other words,

Fr=Fvire) -

Hence, we have

4.1.2. LEMMA.

Fr=Fvirm=rvi+Lrp)

On the other hand, considering the intermediate propositional logics, we im-
mediately have

Fria/B=FryasB -

So, Lemma 4.1.2 seems to be obvious. However, considering the extensions of -,
it is not obvious. There is a pair of extensions of Fy, such that

Fvia/BFviass -

For instance, we can show
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4.1.3. LEMMA. ([SWZ98])
I_17'£|_V+(T3p)310

Proof. We note that every implication is true at « in ({«}, 0, P) for any P.
Let it be that P(p) = 0. Then we have ({({a},0,P),a) ={(T D A) D A, T Dp}
for any A, and (({a},0, P), ) |~ p. .

So, we may well say that Lob’s axiom or rule has a nice property. Also it
is natural to ask what consequence relations can be axiomatized by adding an
axiom or a rule with such property as Lob’s one has. In this chapter, we consider
this problem. In other words, we investigate the set of consequence relations

R = {F|F=Fvia/B=Fviasp, for some A, B € WFF}.

First, we show some examples of consequence relations in R and not in R.
We immediately confirm

Fye R and Fre R.
Using the same proof as for Fre R,
FviLra)€E R
is also true for any formula A. However,
Fig R

is not clear. It is true that

|_1:|_V+TDp/p7é|_V+(TDp)Dpa

but there might exist another axiomatization -, 4,p for -7 such that
Fr=Fvia/B=tFviass -

From this, we note that it is not easy to give an example of a consequence relation
not in R. We prove the following theorem in order to give such examples.

4.1.4. THEOREM. |_V+A/B€ R iff l_VJrA/B:'_V—i—ADB-

Since some previous papers gave useful results, there are several possibilities
to prove the theorem. We can use the proof of Theorem 1.9 in [Vis81], Proposition
4.1.4 in [AR99] or sequent system GVPL" for Fy introduced in chapter 2. Here
we use the system GVPL™, because it is useful not only for the proof of Theorem
4.1.4 but also for other results, which will be described below.

We also introduce extensions of GVPL™.



48 Chapter 4. Lob’s axiom in propositional logics

4.1.5. DEFINITION. By
GVPL+ +A1, c '7An — Ao,

we mean the system obtained by adding the new axiom Ay,---,A, — Ag to
GVPL™, where each A; is a schema obtained from A; by substituting all the
propositional variables a; ; occurring in A; by formulas B, ;, respectively.

For brevity’s sake, we write GVPL™ + A instead of GVPLT+ — A.

4.1.6. COROLLARY. (1) ¥ kp 4 f(A) iff ¥ — A € GVPLT + A,
(2) S Fvias f(A) iff S — A€ GVPLT + A — B.

4.1.7. LEMMA. X Fyia5 f(A) iff ¥ — A € GVPLT 4+ (A D B)*.

Proof. By Corollary 4.1.6, it is sufficient to show
¥ —-AeGVPL" +A— Biff . - A€ GVPL" + (A D B)*.

The following two proof figures in GVPLY+ A — B and in GVPL" + (A4 D B)*
convince us of the equivalence:

A—-A B—B
A— B —(AD>DB)Y (A>B)*,A—B
— (AD B)* A— B

_|

Let X be a formula in WFF*. By Subst(X), we mean the set of formulas
obtained from X by substituting each propositional variable in X by a formula
in WFF.

Now, we prove Theorem 4.1.4.

Proof of Theorem 4.1.4. The “if” part is obvious. We show the “only if”
part. Suppose that -, 4/p€ R. Then there exist formulas C' and D such that

Fvia/B=Fvic/p=Fvicop -
So, we have {C} Fyia/p D. Using Lemma 4.1.7,
C —-DeGVPL"+ (4D B)*.
Hence, there exist (A; D By)™, -+, (A, D B,)" € Subst((A D B)") such that

(A, D By)",---, (A, D B,)",C — D e GVPL™.
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Using (—D),

Ay DBy,---,A,D>B,—C>DecGVPL".

Since A; D By, -+, A, D B, € Subst(A D B),
—(C>DeGVPL" +A4D>B.

Using Lemma 4.1.7,
@ I_V—I—ADB C>OD.

Hence,

Fvia/B=FvicopChviaos -

On the other hand, it is easily seen that

Fvia/B2Eviass -

Hence, we obtain the theorem.

From the theorem above, we have

Fid R.

49

We also have the following lemma in a way similar to the proof of Theorem

4.1.4.

4.1.8. LEMMA. Fyia58€ R iff |_V+A/B:|_V+ADB.

Proof. The outline of the proof is similar to the proof of Theorem 4.1.4. All

we have to do is to show that
A DBy,---,A,>B,—C>DcGVPL"

implies

(A, D By)",---, (A, D B,)*",C— De GVPL™.

If C D D= A; D B;, then this is obtained by (D*—) and (T" —), if not, it is

derived from Lemma 4.1.6.

4.1.9. COROLLARY. R = {F|F=Fy a=FviT154, for some A € WFF}.

Proof. It is sufficient to note that by a=Fy 1/4.

_|
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4.2 The maximum in R
Our main theorem in this section is

4.2.1. THEOREM. Fr is the maximal consequence relation in R.

In order to prove the theorem above, we provide some preparations.

4.2.2. LEMMA. Let « be a world in a Kripke model M = (W, R, P) and let it
be that {A} Fyiasp B. If (M, «) = C for some C € Subst(A D B), then there
exists a world 3 € ol such that (M, 3) = D for some D € Subst(A D B).

Proof. Suppose that (M, a) £ A* D B* for some A* O B* € Subst(A D B).
So, there exists a world 3 € al satisfying the condition

(1) (M, 8) = A and (M, §) £ B°.
By {A} Fyiasp B, we have {A*} Fy 455 B*. So, for any finite set ¥ C
Subst(A D B),

(M, 5) |= {A*} U implies (M, §) = B".
Using (1), we have
(M, B) ¥~ D for some D € ¥ C Subst(A D B).

So, we obtain the lemma. -

4.2.3. LEMMA. {A} l_VJrA:)B B zmplzes 0 Fr ADB.

Proof. Suppose that
{A} Fyyasp Band 0 /p A D B.

[Vis81] showed that for any finite set ¥ and for any A, the following two conditions
are equivalent:

(i) X+p C,

(ii) for any finite irreflexive Kripke model M = (W, R, P) and for any o € W,
(M, a) = % implies (M, a) = C.
So, by 0 I/r A D B, there exists a finite irreflexive Kripke model M = (W, R, P)
and o € W satisfying the condition

(M,a) = AD B.

Since M is finite, we can take n as the number of worlds in W.
Let it be that v € W. By C(v), we mean the condition

(M,~) |~ D, for some D € Subst(A D B).
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We note that

(1) the condition C'(«) holds.
Let 8 be a world in W. Using Lemma 4.2.2,

(2) if C() holds, then there exists a world f(3) € 4l satisfying C(f(5)).
Using (1) and (2) n times, we obtain the sequence

g, 01, Qg,* + +, Oy,

where og = a, a1 = f(ay) and C(ag). Since W has only n worlds, there exists
a pair (7,7) such that 0 < i < j < n and o; = a;. On the other hand, from
f(8) € 31, we have oy, Ray11. So, using transitivity of M, we have a;Ra;. Hence,
«; Ray;. This is in contradiction with the irreflexivity of M. =

4.2.4. LEMMA. F € R implies+ C Fp.
Proof. Suppose that - € R. So, there exist formulas A and B such that

= Fvyap = Fviass .

Since {A} Fyya/p B, we have {A} Fya5p B. Using Lemma 4.2.3, ) Fp A D B.
SO7 I_V—I—ADB Q |_F Hence, F g |_F
_|

Now, Theorem 4.2.1 follows from Lemma 4.1.2 and Lemma 4.2.4.

4.2.5. COROLLARY.
(1) R C {HFvCHChr},
(2) min R =k,
(3) max R =Fp.

Although one might conjecture that the converse of Lemma 4.2.4 also holds,
the following lemmas provide counterexamples.

4.2.6. LEMMA. Let it be that B = ((T D p) D p)V L(p). Then
FvipChp and FyipE R.
Proof. Since ) - L(p), we have kv, 5CHp. Let it be that
W ={a, 8,7}, R =A{(a, B), (@,7),(8,0)}, P(p) = 0, M = (W, R, P).

We can easily check that



52 Chapter 4. Lob’s axiom in propositional logics

(M,a) = Subst(T O B), (M,a) = T and (M, ) £ B.
So, we have
{T}USubst(T D B) t/v B.

Hence, Fyi155 # Fyyt/B. Using Theorem 4.1.4, we obtain by t/p¢ R. Hence,
FvigZg R. =

Similarly, we have the following example with A and B having only the con-
nective D.

4.2.7. LEMMA. Fyia/pCHp and Fyyapg€ R, where A = ((T D p) D p) D
¢,B=(L(p) 2 q) 2> (T Dq).

4.3 Kripke semantics for extensions of
In section 4.2, we obtained that
{l_VJrL(A)‘ Ae WFF} CR.

Also we note that every examples of consequence relations in R in the previous
sections can be axiomatized as -y 4) for some A. In addition, the maximal
consequence relation of {Fy 1) A € WFF} is Fp and the minimum one is k.
So, it is natural to conjecture that

{Fyizw| A € WFF} = R.
Using Proposition 4.1.21 in [AR99], we obtain
Fvany=tvia
if T D AFky A. So, if we can prove
Fyia€ R implies T D AFy A --- (1),

then the conjecture is trivial. However, it is difficult to show (1). It is true that
if Fyya€ R, then Fy 154 A, and so,

{TDA, -, TDA}H A
for some substitution instances Aq,---, A, of A, but it does not mean

{TDA}FH, A
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In this section, we do not give the answer to the conjecture above. We consider
relations between R and finite Kripke models and show the difficulty to give a
counterexample of the conjecture.

The main theorem in this section is

4.3.1. THEOREM. Let it be that -y a€ R. Then for any finite Kripke model M,

M E Aiff M = L(A).

The theorem says that for any Fy . 4€ R, there exists no finite Kripke model
that distinguishes A from L(A) even if Fy 44 does not equal Fyypay. So, it is
difficult to give an example € R such that by 14 for any A.

In order to prove we provide some preparations.

4.3.2. NOTATION. Let M = (W, R, P) be a Kripke model. For any a« € W, we
put

R, = RN (al xal),
P,(a) = P(a)Nal,
M, = (al, Ry, P,).

4.3.3. LEMMA. Let o be a world in W and let 3 be a world in ol . Then for any
formula A,

(W, R, P),3) £ A iff ({al, Ra, Pa), B) = A.

4.3.4. LEMMA. Let it be that O Fyi1-4 A and let M = (W, R, P) be a finite
Kripke model. If M [~ A, then there exists a substitution instance Ay € Subst(A)
and worlds « € W and 3 € ol such that

(1) 8RS,

(2) (M,B) ¥ A,

(3) for every v € ol, B &A1 implies (M,~) |= A;.

Proof. We use an induction on the number # (W) of elements in W.

Basis(#(W) = 1): We can put W = {a}. By 0 Fyi154 A, there exist
Ay, -+, A, € Subst(A) such that {T D Ay,---, T D A,} Fv A. Using (M, «a)
A, we have (M,«a) = T D A; for some i = 1,---,n. Without loss of generality,
we assume that i = 1. Then there exists 3 € al = {a} such that (M, 3) £ A,.
Since 3 = a, we obtain (1), (2) and (3).

Induction step(# (W) > 0): Suppose that the lemma holds for any W* such
that #(W*) < #(W). Similarly as in the Basis, there exists A; € Subst(A) and
B € al such that (M, 3) £ Aj.
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If o # 3, then #(81) < #(W). By Lemma 4.3.3, (Mg, ) = A;. Also by
A; € Subst(A) and 0 Fy 154 A, we have () by, 154, A1, So, using the induction
hypothesis, there exists a substitution instance Ay € Subst(A;) C Subst(A) and
worlds 3, € 4 C al and B, € 3] such that

(4) ﬂQRﬁ%

(5) (Mﬂ7ﬁ2) l;é Ay,

(6) for every v € B, By & Al implies (Mg, ) = As.

By Lemma 4.3.3 and (5), we have (M, 32) = Ay. Hence, we obtain the lemma.

If @ = [ and (3) holds, then we also obtain the lemma.

So, we assume that @ = ( and that (3) does not hold. Then there exists
v € al such that 8 & 4l and (M,7) & A;. Since 3 € ol and 8 & 41, we have
a # 7. So, we have #(41) < #(W). Hence, we obtain the lemma as in the proof
of the case that o # (3. o

4.3.5. LEMMA. Let it be that O Fyi1-4 A and let M = (W, R, P) be a finite
Kripke model. If M = A, then M [~ L(Ay) for some Ay € Subst(A).

Proof. By Lemma 4.3.4, there exists a substitution instance A; € Subst(A)
and worlds o € W and 8 € al such that

(1) 8RB,

(2) (Ma B) l# Ay,

(3) for every v € al, B & A1 implies (M, 7) | A;.
Let v be a world in al. By (3), if 3 & 41, then (M,~) = A;. By (2), if 3 € oI,
then (M,~) T D A;.

Hence, we have either (M,~) = T D A; or (M,v) = A; for any v € ol, which
means (M,a) = (T D A;) D Ay. On the other hand, by (2) and aR3, we have
(M,a) £ T D Ay. Hence, (M, «) & L(Ay). =

4.3.6. COROLLARY. Let it be that ) Fyit54 A and let M = (W, R, P) be a finite
Kripke model. Then

M = Subst(L(A)) implies M = A.

Now, Theorem 4.3.1 follows Corollary 4.3.6 and {A} Fy L(A).

4.4 Cut-elimination theorem

In section 2.4, sequent system GFPL™ for formal propositional logic was intro-
duced. The cut-elimination theorem for the system was proved using the method
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in [Val83]. Here we give another proof of the theorem using a property of Lob’s

axiom!.

4.4.1. DEFINITION. The expression T"A is defined inductively as follows:
(1) TYA = A,
(2) THIA =T > TFA.

Also the expression (T*F1A)* denotes T DT TFA.
By Corollary 4.1.9, it is true that vy, t55¢) L(p), but Léb’s axiom has the
following stronger property.

4.4.2. LEMMA. T"L(A) — L(A) € GVPL™Y, for any n > 0.

Proof. If n = 0, then the lemma is obvious. Suppose that n > 0 and
T L(A) — L(A) € GVPL*'. Tt is easily seen that T!L(A) — L(A) €
GVPL™. On the other hand, by the following figure, we have that for any k > 0,
TFIL(A) — TFL(A) € GVPLY implies TF2L(A) — TFIL(A) € GVPL™:

THIL(A) — TEL(A)
T—T T, THIL(A) — TFL(A)
T,(TF2L(A))* — TFL(A)
Tr+2L(A) — THIL(A)

Hence, we have T"L(A) — T" 'L(A) € GVPL™. Using the induction hypothe-
sis and cut, we obtain the lemma. —

By Lemma 2.4.2 and Lemma 4.4.2, we have

4.4.3. LEMMA. For anyn > 0,
I' - A e GFPLT iff T — A € GVPLT + T"L(p).

Our main purpose in this section is to give another proof to the following
theorem using the lemma above (cf. Theorem 2.4.3). The method in this section
is also useful in chapter 6.

4.4.4. THEOREM. IfI' — A € GFPL™, then there exists a cut-free proof figure
forI' = A.

In order to prove the theorem above, we provide some preparations.

1Using the same method, [SasOle] gives a proof of the cut-elimination theorem of GL.
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4.4.5. DEFINITION. By GFPL*, we mean the system obtained from GFPL™ by
adding the inference rule (—2) in GVPL™.

4.4.6. DEFINITION. Let P be a cut-free proof figure in GFPL*. We define
dep;(P) as follows:
(1) depI(D — D) =dep;(L —) =0,

(2) depf — = max{dep;(P,),dep;(Ps)},
{ rh —A
3) depa( 1 1
Fl Ay
_ depI(Pl) +1 if ToA B either (—Dy) or (—D)
dep;(Py) otherwise.

4.4.7. NoTATION. We put

Sub® (A1, -+, Ay — A) = | Sub®(4;) USub®(f(A)).

1<i<n

4.4.8. LEMMA. Let ¥y and X9 be finite sets of formulas in WFF and let P be a
cut-free proof figure for

{TPA | Ae X}, {(TB)Y | Be %), T — A

in GFPL*, where n > 1. If dep;(P) < n and (X, U X3) N Sub™ (' — A) = 0,
then there exists a cut-free proof figure for I' — A in GFPL".

Proof. We use an induction on P.

Basis(P is an axiom): By (X; UY3)NSub™(I' — A) =0, ' — A is an axiom,
and so, we obtain the lemma.

Induction step(P is not axiom): Suppose that the lemma holds for any proper
subfigure of P. Since P is not axiom, there exists an inference rule / that intro-
duces the end sequent of P. We show only the following two typical cases.

The case that [ is (—Dy): We have 0 < dep;(P) < n and P is of the form

P, .
1{ CaCDDa{(TnA)Jr ’Aezl}7{(Tn+lB)+ ‘ BEE2}aF+_>D
{TrA|Ae S}, {(TtB)Y | BeX b, —-C DD '

Another expression of the upper sequent of [ is

C,CoOD {(T YR | Bex,U{TB | B € %,}},I'" —= D
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Since 0 < dep;(P) < n, we haven > 2, and so, n—1 > 1. By (X;U33)NSub™ (I —
A) = (), we have

(5, U{TB|BeX})NnSub™(C,C > D,I'" - D)=0.

Also we have
depr(Py) = dep;(P) —1<n—1.

So, by the induction hypothesis, there exists a cut-free proof figure for
C,C>D,It — D.

Using (—Dy), we obtain the lemma.
The case that the principal formula of I is (T""'B;)* for some By € 3y: P
is of the form

P,

p . :
1{ SiyE T — T TPB, 545D — A }
(T"1B,)*, o7, 55T — A

where 35 = {T"A | A € ¥} and 35 = {(T""'B)" | B € X3 — {B1}}. Another
expression of the right upper sequent of [ is

{TPA| Ae X u{B}}L{(TB)Y | Be Xy — {B}}, T — A,
By (X, UX5) NSub™(I' — A) = (), we have

Also we have
depr(Ps) < dep;(P) < n.

So, by the induction hypothesis, there exists a cut-free proof figure for

I' - A.

4.4.9. NOTATION. By P(A D B), we mean the set of each cut-free proof figure
P such that the inference rule introducing the end sequent of P is either (—D)
or (—Dy) and its principal formula in the succedent is A D B.

4.4.10. DEFINITION. We define a mapping hc~+p on the set of cut-free proof
figures in GFPL" as follows:

A— A
Wheon@ =A== a—a




58 Chapter 4. Lob’s axiom in propositional logics

1l —
@ he>eolk =)= F=p T

15!

(3) th+D(m)

( Cc—-C D—D
C>"D,C— D

C,C>D,C>"D—D £
C>*"D—-C>D "ToA

= using (T' —), possibly several times

C>D I —C>D

e P(CD>D)

hCD+D(P1>
\ C DOt D,I'—- A

otherwise

Py pQ):hC:)+D(P1) hCD+D(P2)
- A C>*DTI—A

(4) hCD+D(

4.4.11. COROLLARY. Let P be a cut-free proof figure forI' — A. Then he~+p(P)
is a cut-free proof figure for C O D, T', — A such that dep;(P) > dep;(hc~+p(P)).

Proof. Using an induction on P. o

4.4.12. NOTATION. By #;(P), we mean the sum of the number of inference rule
(—D) in P and the number of inference rule (—2y) in P.

4.4.13. LEMMA. Let P be a cut-free proof figure. If there exists a subfigure
Q € P(A D B) of P satisfying depr(Q) = 2, then #1(P) > #i(has+p(P)).

Proof. We use an induction on P.

If P € P(AD B), then #7(has+p(P)) = 1. Since there exists a subfigure @
of P such that dep;(Q) > 2, #;(P) > 2. Hence #;(P) > 2 > 1 = #;(hay+p(P)).

Suppose that P ¢ P(A D B) and the lemma holds for any proper subfigure
of P. We only show the case that P is of the form

P |
{ C,I' = A

CADT— A"
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By the induction hypothesis, #;(P1) > #r(has+p(P1)). Since has+p(P) is
has+p(P)
AD+*B,CAD,T — A’

#1(P1) > #1(has+p(P1)) = #1(has+s(P)).

we obtain

The other cases can be shown similarly. .

4.4.14. DEFINITION. We define a mapping hc-p on the set of cut-free proof

figures in GFPL" as follows:
A— A

ifA#£#C DD
D A— A
(1) hCDD(A — A) = ¢>o ) — ’
A—A otherwise
1 —
2) h 1 A
(2) hop(L =) C>D, 1L —’
Py
(3) hCDD(F — A)
( C>D—C>D .
using (7" —), possibly several times  if = ! X € P(C > D)
Co>DI'=CD>DD —
— hCD+D(P1) ) Pl ’
C>DT—A if ==X €P(EDF)
for some £E D F #C D> D
P,
[ C chj)?é 1_)> A otherwise

P Py hosp(P) hosp(P)

(4) hoon(F7) = CHo>D,T —A

4.4.15. COROLLARY. Let P be a cut-free proof figure forT'— A. Then hc~p(P)
is a cut-free proof figure for C O D,T', — A such that dep;(P) > dep;(hc~p(P)).

Proof. Using an induction on P and Corollary 4.4.11. o

4.4.16. LEMMA. Let P be a cut-free proof figure. If there exists a subfigure
Q € P(A D B) of P satisfying dep;(Q) > 2, then #;(P) > #1(hasp(P)).



60 Chapter 4. Lob’s axiom in propositional logics

Proof. We use an induction on P.

Most of the cases can be shown as in Lemma 4.4.13. Only one case we should
show is that P € P(C D D) for C D D # A D B, but using Lemma 4.4.13
instead of the induction hypothesis, we also obtain the lemma. =

4.4.17. LEMMA. Let 31 and X9 be finite sets of formulas in WFF and let P be
a cut-free proof figure for

{T2HBAAe S}, {(TPMB)Y | BeX,}), I — A

in GFPL*, where n is the number of elements in {A D> B| A D B € Sub™(I' —
A)}. Then there exists a cut-free proof figure for I' — A in GFPL".

Proof. We use an induction on #;(P) + w(dep;(P)). We note that dep;(P) <
#1(P). Also the end sequent of P is

(TPH2A[Ae {T"HA | A e )}, {(TB)Y | Be {T™'B'| B' € 5,},T — A
and
(T4 | A € 2} U{T"'B' | B' € 5,}) NSub™ (I — A) = 0.

If dep;(P) < n + 2, we obtain the lemma by Lemma 4.4.8. Suppose that
dep;(P) > n+2 and the lemma holds for any P* such that #;(P*)+w(dep;(P*)) <
#1(P)+w(depr(P)). Since dep;(P) > n+ 2, there exists a sequence of subfigures
of P

Py, Py, Pogr, Paga, -+ Paep(p)

such that

(1) P4 is a proper subfigure of P,

(2) P, € P(C; D D;) for some C; and D;.
We note that if i < n+1, then the sum of the number of inference rules (—>) and
(—Dy) on the path from the end sequent to the lower sequent of P, is i—1. On the
other hand, logical inference rules whose principal formula is of the form A D B
are only (—D) and (—Dy). So, using an induction, we can easily show that the
succedent of each sequent on the path contains only elements of {T}USub™(I" —
A). Hence we have P, € P(C; D D;) for some C; D D; € Sub™(I' — A). Since n
is the number of elements in {4 D B | A D B € Sub™(I' — A)}, there exist i, j
and C' D D € Sub™(I' = A) such that P;, P, € P(C D D)and 1 <i < j<n+1.
Using dep;(P) > n+2, we have dep;(P;) > 2. Let P/ be the subfigure of P, whose
end sequent is the upper sequent of the inference rule introducing the end sequent
of P;. Then by Lemma 4.4.15, dep;(P/) > dep;(hc~p(P})) and by Lemma 4.4.16,

#1(P!) > #1(he->p(P))). Let Q; be the figure

hesp(F)
II—-C>D
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We note that Q; is a cut-free proof figure satisfying #;(P;) > #;(Q;) and
dep;(P;) > dep;(Q;). Let @ be a figure obtained from P by replacing P; by
Q;. Then @ is a cut-free proof figure for the end sequent of P satisfying #(P) >
#1(Q) and dep;(P) > dep;(Q). By the induction hypothesis, we obtain the
lemma. =

4.4.18. LEMMA. Let P be a cut-free proof figure for I' — A in GFPL*. Then
there exists a cut-free proof figure for I' — A in GFPL™.

Proof. By replacing each inference rule

ATt —B
- A>B

ATt —B
AJADB, It —B
r—-A>DB
we obtain a cut-free proof figure in GFPL™. .

Proof of Theorem 4.4.4. Suppose that ' — A € GFPL". Using Lemma
4.4.3, we have
I - A€ GVPLY + T2t [(p),

where n is the number of elements in {4 D> B | A D B € Sub™(I' — A)}. So,
there exist formulas Ay, ---, A,, such that

TP LAY, -+, TP L(A,), T — A € GVPL'.

Using Theorem 2.2.6, there exists a cut-free proof figure P for the sequent above
in GVPL™. It is easily seen that P is also a proof figure in GFPL*. Using
Lemma 4.4.17, there exists a cut-free proof figure @) for

I'— A

in GFPL*. Using Lemma 4.4.18, we obtain the theorem. o

4.5 Other results

In this section, we show some other results concerning R.

We say that a consequence relation F has the disjunction property if
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0+ AV B implies either - A or ) - B

(cf. [CZ97]).

4.5.1. PROPOSITION. Fuvery consequence relation in R has the disjunction prop-
erty.

Proof. By Corollary 2.2.12, it was proved that for any formula C' D D, Fy.o5p
has disjunction property. So, using Corollary 4.1.9, we obtain the proposition.

By a superintuitionistic logic, we mean a set of formulas containing intuition-
istic propositional logic closed under modus ponens and substitution. We also
consider the cardinality of R by comparing it with the set SZ of all the finite
axiomatizable superintuitionistic logics.

4.5.2. LEMMA. R is homomorphic to ST.

Proof. It suffices to provide an example of a homomorphism from R to SZ.
We define a mapping f from R to SZ as follows:

f(Fvia) =Fria.

In other words,

f(l_VJrA) :|_V+A+T3p/p .

It is easily seen that
|_1g|_2 1mphes f(l_l) g f(l_g)

and so, we confirm that f is a mapping from R to SZ. Hence, all we have to do
is to show that f is a surjection. Since

(T>A)DAT,L(A) — Ae GVPL™,
we have

Frea=trira) -

So,
f(Fviry) =Fripay=tia -

Since Fyy 4 € R, f is a surjection. =
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4.5.3. PROPOSITION. There are infinitely many consequence relations in R.

Proof. It is known that there are infinitely many finitely axiomatizable super-
intuitionistic logics(cf. [CZ97]). So, by Lemma 4.5.2, we obtain the proposition.
_|

Also we have the following result.

4.5.4. PROPOSITION. Let it be that
IF = {F|F=Fvia/p for some implication free formula B}.
Then
ROTF = {Fy}.

Proof. It is easily seen that {Fv} C R NZF. So, we have only to show
{Fv} 2 RNZF. Suppose that byyap€ RNIF. By Theorem 4.1.4 and
Theorem 4.2.1, we have

Fvia/B=FviasBChF.

So, {A} Fr B. Using Corollary 2.4.4, {A} v B, and so, Fyia/=FviaspChy.
_|

4.6 Corresponding results in modal logics

In this section, we extend the results in section 4.3 to normal modal logics. Results
in the other previous sections in this chapter can also be extended in a similar way.
The modal operator is denoted by O (necessity). Modal formulas are defined, as
usual. If there is no confusion, we simply call them formulas. A normal modal
logic is a set of formulas containing all the tautologies of classical logic and

O(p > ¢) > (Bp O Og),
which is closed under modus ponens, substitution and necessitation,

A

OA’
By K, we mean the smallest normal modal logic. Let L be a normal modal logic.
The expression L + A denotes the closure under modus ponens, substitution and

necessitation of L U {A}. The normal modal logics K4 and GL are defined as
follows:
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K4 =K + Op D 0O0p and GL = K4 + L°(p).

where L"(p) = 0O(0p D p) D Op.

A Kripke frame for the modal language is a pair (W, R), in which R is a
binary relation on a set W # ). A Kripke model for the modal language is a
triple M = (W, R, P), where (W, R) is a Kripke frame and P is a mapping from
the set of all propositional variables to the set 2. The truth valuation = differs
from that for the non-modal propositional language in the following respects:
(K5) in section 3.1 is replaced by

(K5) (M,«a) = AD Biff (M,a) = A implies (M, a) = B,
and we add the condition

(K6) (M, ) = OA iff for any 8 € ol, (M, ) | A.

Similarly to the non-modal case, we use the expression M = A.

4.6.1. LEMMA. (cf. [CZ97])
A € K iff for any Kripke model M, M = A,
A € K4 iff for any transitive Kripke model M, M |= A,
A € GL iff for any finite irreflexive transitive Kripke model M, M = A.

Now, we consider the set:
ML/Ly={L|L=Ly+ A=Ly+ OA, for some formula A},

which corresponds to R if Ly = K4. Also the following lemma can be proved
similarly to the proof of Lemma 4.2.4.

4.6.2. LEMMA. Let Lo be a normal modal logic contained in GL. Then
Lo+ A € ML/Ly implies Lo+ A C GL.

4.6.3. THEOREM. GL is the mazimal modal logic in ML/K4.

Proof. By Lemma 4.6.2, it is sufficient to prove GL € ML/K4. It is easily
seen that for any transitive Kripke frame M, M = OL®(p) D L°(p). So, by
Lemma 4.6.1, we have OL"(p) D L°(p) € K4. Using modus ponens, L”(p) €
K4 + OL°(p). By necessitation, we also have OL"(p) € K4 + L"(p). Hence, we
obtain the theorem.

_|

4.6.4. COROLLARY. (1) ML/K4 C{L | K4 CL C GL},
(2) min ML/K4 = K4,
(3) max ML/K4 = GL.

However GL is not the maximal modal logic in ML/K, since GL ¢ ML/K.



Chapter 5

Disjunction free formulas in
propositional lax logic

The logic treated here is the intuitionistic modal logic obtained from the smallest
intuitionistic modal logic IntK by adding the axioms 7, : p D Op and 4. : OOp D
Op. This logic is called propositional lax logic (PLL) in [FM95]. We discuss the
set A of formulas constructed from the propositional variables pq,---,p, and L
using A, D and a unary modal operator in PLL.

The set of these non-modal formulas in A was first considered in Diego [Die66]
in intuitionistic propositional logic (IPL). He showed that the set of these non-
modal formulas contains only finitely many equivalence classes (modulo intu-
itionistic provability). Urquhart [Urq74], de Bruijn [Bru75|, Hendriks [Hen96]
and Sasaki [Sas97a] gave a more precise description of this set.

Since the non-modal fragment of PLL is IPL, the results in the papers just
mentioned are useful for our investigations, especially the exact models introduced
in [Bru75]. With the help of exact models we can elucidate the structure of the
set.

In section 5.1, we introduce exact models for fragments of IPL. In section
5.2, we define propositional lax logic and show some useful lemmas. Section 5.3
is devoted to giving the structure Exm, and the following three sections to prov-
ing that Fxm is the exact model for our fragment of PLL. A method how to
construct EFxm will be clarified in section 5.7. Normal forms in the fragment are
given in section 5.8 and we show what kind of modal formulas do we need to
express such forms.

5.1 Exact models in IPL

In this section, we explain the notion of an exact model, and how it may be used
to investigate disjunction free fragments with only finitely many propositional

65
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variables.

By [A, D, L]", we mean the set of formulas constructed from the propositional
variables py,---,p, and L using A and D. We write A = B if both of A D B
and B D A are provable in a logic L. Then the purpose to clarify the fragment
A, D, L]" in IPL is accomplished by investigating the following ordered set:

(N D, L") =1pL, <1PL):

where [A] <;pr, [B] means that A’ D B’ € IPL for some A’ € [A] and B’ € [B].

An exact model introduced here corresponds to the ordered set ([A, D, L|"/ =/pr,
<rrL)-

5.1.1. DEFINITION. Let (W, <) be a finite partially ordered set.

(1) For a subset S of W, Maxl(S) denotes the set of maximal elements of S
and Minl(S) denotes the set of minimal elements of S.

(2) For an element o € W, we put of = {3 € W | a < 3}

(3) For any elements «, 5 € W, we write a < § if @ < [ and o # 3, and we
write v <; B if 3 € Minl(al — {a}).

(4) A subset W' C W is called closed if for any «, 5 € W,

a e W and a < § implies § € W.

By P*(W), we mean the set of all closed subsets of .
(5) The depth of a world o € W, write d(«), is defiend as follows:

6(ar) = max({0} U{d(0) | @ < F}) + 1.
Note that
a < 3 implies §(a) > (),
a < Biff g€ al,
a< Biff B €al —{a},
a <, Biff € Minl(al — {a}).

5.1.2. DEFINITION. A Kripke model for IPL is a structure (W, <, P), where
(W, <) is a partially ordered set and P is a mapping from the set of propositional
variables to P*(W).

The truth valuation |= for the non-modal propositional language is defined
by the conditions (K1),(K2),(K3),(K4) and (K5) in section 3.1, but here we use
< instead of R. Using this valuation we extend the mapping P to the set of
formulas as follows.

P(A) = {a | (M, ) = A}.



5.1. Exact models in IPL 67

It is known that P(A) € P*(W) and the following completeness for finite Kripke
models (cf. [CZ97]).

5.1.3. LEMMA. A € IPL iff M |= A for every finite Kripke model M.

5.1.4. DEFINITION. A Kripke model (W, < P) is said to be ezact for a fragment
F in IPL if the following two conditions hold:

(1) P maps F onto P*(W),

(2) AD BeIPLif P(A) C P(B).

For the brevity’s sake, an exact Kripke model is said to be an exact model.
Note that the converse of (2) of the condition above follows from Lemma 5.1.3.
Hence

5.1.5. COROLLARY. For an exact model (W, <, P) for a fragment F in IPL,

A D B eIPL iff P(A) C P(B).

5.1.6. LEMMA. Let M = (W, <, P) be an exact model for a fragment F in IPL.
Then (P*(W), C) is isomorphic to (F/ =rpr, <ipL)-

Proof. By Corollary 5.1.5, we have P(A) = P(B) for each B € [A]. So, we
can define an one-to-one mapping f from F/ =;py onto P*(W) as follows:

Again using Corollary 5.1.5 and the equivalence between [A] <;p; [B] and
A D B € IPL, f is an isomorphism. .

Hence by investigating the structure of the exact model for [A, D, L]|" in IPL,
we can obtain information on

([N, D, L") =1p1, <ipL)-
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5.2 Propositional lax logic

In this section, we introduce an intuitionistic modal logic, which was called propo-
sitional laz logic (PLL) in [FM95], and show some results shown in some previous
papers about the logic. The logic contains the axiom p D Op, which is typical
axiom for the modality of the possibility, while O is often used as the modality of
the necessity. Using O as symbol for the modal operator might cause confusion,
hence we follow [FM95] and write Q).

By an atomic formula, we mean a propositional variable or 1. We use lower
case Latin letters a, b, ¢, possibly with suffixes, for atomic formulas. Formulas are
constructed, as usual, from atomic formulas using logical connectives A, V, D and
(). In particular, a formula of the form ()A is called a circled formula.

5.2.1. DEFINITION. The propositional lax logic (PLL) is the smallest set of
formulas containing all the theorems in IPL and the axioms

K':(p24q) 2 (Op 2 Og),

T.:p > Op,

4.:00p>0Op

and closed under modus ponens and substitution.

By T, and modus ponens, we note that PLL is closed under the rule

A
OA’

which is indispensable in normal modal logics.

Similarly to section 5.1, an exact model for a fragment F' in PLL are defined
as follows.

5.2.2. DEFINITION. A Kripke IM-model is defined as a structure (W, <, R, P),
where

(1) (W, <) is a partially ordered set,

(2) R is a binary relation on W such that < oR = R,

(3) P is a mapping from the set of propositional variables to P*(WV).

The truth valuation |= for the non-modal propositional language is defined
by the conditions in section 5.1, and that for the modal language we add the
condition

(K6)' (M, a) = QA iff for each § € {v | aR~}, (M, ) = A.

We use the expression M |= A similarly to section 3.1 and section 4.6.
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The following lemma was shown in [WZ97].

5.2.3. LEMMA. Let M = (W, < R, P) be a Kripke IM-model. Then {«a | (M, «) =
A} € PH(W).

Hence, we can extend the mapping P in a Kripke IM-model M = (W, <, R, P)
to the set of formulas as follows:

PA) ={a | (M, a) = A}.
In [Gol81], a Kripke semantics for PLL is introduced as follows.

5.2.4. DEFINITION. A Kripke IM-model (W, <, R, P) is called a Kripke PLL-
model if the following two conditions hold:

(1) RC<,

(2) R is dense, i.e., if aRf3, then aRvy and yRf for some v € W.

5.2.5. LEMMA. A € PLL iff M = A for every finite Kripke PLL-model M
([Gol81]).

5.2.6. DEFINITION. A Kripke IM-model (W, <, R, P) is said to be ezact for a
fragment F' in PLL if the following two conditions hold:

(1) P maps F onto P*(W),

(2) AD BePLLif Q(A) C Q(B).

Similarly to section 5.1, an exact Kripke IM-model is simply said to be an
exact model. Also there holds the following corollary and lemma similarly to
Corollary 5.1.5 and Lemma 5.1.6.

5.2.7. COROLLARY. For an exact model (W, <, R, P) for a fragment I in PLL,

AD B e PLL iff P(A) C P(B).

5.2.8. LEMMA. Let (W, <, R, P) be an exact model for a fragment F in PLL.
Then (P*(W), C) is isomorphic to (F/ =prr, <prL), where [A] <ppr [B] means
that A’ > B" € PLL for some A" € [A] and B’ € [B.
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5.3 An exact model in PLL

By atom”, we mean the set {L,py,---,p,}. By [A, D, O, L]", we mean the set
of formulas constructed from atomic formulas in atom”™ using A, D and (). In
the following sections of this chapter, we only treat formulas in the fragment
N, D,O,L]". We use #(S) for the number of elements in a finite set S. In
this section, section 5.4, section 5.5 and section 5.6, we give the exact model for
A, 2,0, L]" in PLL. We define a structure Exm in this section. The following
three sections are devoted to proving that Exm is the exact model. As in [Hen96],
we first define an A-independent world and its semantic type. Using them, we
define a structure Exm.

5.3.1. NoTATION. Let M = (W, <, R, P) be a Kripke IM-model. For a world
a e W, we put

atom(a) = {a € atom” | @ € P(a)},

th(a) ={A| (M,a) E A} N[N, D,O, L™

The expression
() th(B)

a<f(
denotes the set [A, D, O, L|" if 6(a) = 1.

5.3.2. DEFINITION. Let M = (W, <, R, P) be a finite Kripke IM-model.
(1) We say that a world o € W is A-independent if

A ¢ th(a) and A € () th(p).
a<f

(2) We say that a world aw € W is N-independent if there exists an atomic or

circled formula A such that « is A-independent.
(3) We put W = {g € W | [ is N-independent }.

5.3.3. DEFINITION. Let M = (W, <, R, P) be a finite Kripke IM-model and let
a be a world in W. We define 7(«), the semantic type of «, as follows:
(1) if « is reflexive, i.e., aRa, then

7(a) = {atom(a), {7(8) |« < 8,8 € W}, 0),
(2) if « is irreflexive, i.e., « is not reflexive, then
7(a) = (atom(a), {7(B) | a < 8,8 € W}, o).

By T, we mean the set of all semantic types for N-independent worlds in finite
Kripke PLL-models.
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5.3.4. NOTATION. For a triple t = (ey, s, e3), 1st(t) denotes ey, and similarly,
2nd(t) denotes ey and 3rd(t), es.

The symbols o and e are intended to express the reflexivity and the irreflexivity
of a world «, respectively. Clearly,

3rd(r(a)) = o iff « is reflexive

and
3rd(r(a)) = e iff « is irreflexive.

5.3.5. DEFINITION. Let t; and t, be semantic types of some N-independent
worlds. We write t; < ¢, if either t; = ¢y or ty € 2nd(t;). Also we write t; Rty if
there exists a semantic type t3 such that t; < t3 <ty and 3rd(t3) = o. We put
Pi(p) ={t €T |pelst(t)}.

5.3.6. REMARK. Let t; and ty be semantic types in T. If (3rd(t1),3rd(t2)) #
(e, ), then
t1 Rty iff t1 < to.

To find the exact model for [A, D, ), L]™, we first define a Kripke IM-model
(W, <, R, P), and then, prove that (W, < R, P) is the exact model for the frag-
ment.

5.3.7. THEOREM. The structure (T, <, R, P') is a Kripke IM-model.

The proof of the theorem needs some lemmas.

5.3.8. LEMMA. Let « be a world in a finite Kripke PLL-model (W, <, R, P). If
A & th(a), then there exists an A-independent world oy € al.

Proof. We use an induction on 6(«) in the ordered set (W,<). If A €
Na<pth(B), then a is A-independent. Suppose that A & (,_sth(8) and the
lemma holds for any o such that §(a*) < §(a). Then by A & (,_5zth(B), there
exists a world a; € ol — {a} such that A ¢ th(a;). Using the induction hypoth-
esis, we obtain the lemma. —
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5.3.9. LEMMA. Let « be a world in a finite Kripke PLL-model (W, <, R, P).
(1) if a is BAC-independent, then it is either B-independent or C-independent,
(2) if a is B D C-independent, then it is C-independent and B € th(«),
(3) if a is O B-independent, then there exists B-independent world c; € al.

Proof. For (1): Since v is B A C-independent, we have

BAC &th(e) and BAC € (1] th(B).

a<f

By BAC & th(a), we have either B ¢ th(a) or C' & th(a). By BAC € [, .5 th(8),
we have B € [,_5th(8) and C € (,_zth(B). Hence a is either B-independent
or C-independent.

For (2): Since o is B D C-independent, we have

B> C ¢th(a) and B> C € () th(s).

a<f(

By B D C ¢ th(a), there exists a; € al such that B € th(a;) and C & th(ay).
By C & th(ay) and Lemma 5.3.8, there exists C-independent world ay € aql.
Using B € th(ay), we have B € th(as). If a = ag, then we obtain (2). If o < a,
then by B D C € [,.4th(3), we have B D C' € th(az), and thereby, C' € th(as).
This is a contradiction.

For (3): Since « is () B-independent, we have (OB ¢ th(a). So, there exists
a; € {B| aRB} C ol such that B ¢ th(a;). Using Lemma 5.3.8, we obtain (3).

5.3.10. COROLLARY. Leta be a world in a finite Kripke PLL-model (W ,< R, P).
(1) If « is A-independent for some formula A, then « is B-independent for
some atomic or circled formula B € Sub(A), and hence, it is N-independent.
(2) If A € th(a), then there exists an A-independent world a; € of N WO,

Proof. For (1): We use an induction on A. If A is either an atomic formula
or a circled formula, then (1) holds. Suppose that A is neither an atomic formula
nor a circled formula and (1) holds for any proper subformula of A. Then either
A=CADor A=C D D. By Lemma 5.3.9(1), Lemma 5.3.9(2) and the induction
hypothesis, we obtain (1).

(2) follows from (1) and Lemma 5.3.8. —|

5.3.11. LEMMA. Let a be a ()A-independent world in a finite Kripke PLL-model
M = (W ,<,R,P). Then « is reflexive.
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Proof. Suppose that a is ()A-independent. Then

OA ¢ th(a) and O A € (1] th(B).

a<f

By OA & th(«), there exists a world 8 such that RS and A & th((3). By aRS
and density of R, aRyRf for some world ~. If v = «, then the lemma is trivial.
Assume that v # a. Using R C<, we have a < 7. Using QA € [,.5th(8),
we have (OA € th(y). On the other hand, by YRS and A & th(3), we have
OA & th(y). This is a contradiction. =

5.3.12. LEMMA. Let o and  be N-independent worlds in finite Kripke PLL-
models. If T(a) = 7(0), then th(a) = th(p).

Proof. Suppose that 7(a) = 7(/). It is sufficient to show that for each A,
A e th(a) iff A € th(p). (5.1)

To show (5.1), we use an induction on A.
If A is an atomic formula, then (5.1) follows from

atom(a) = 1st(r(a)) = 1st(7(B)) = atom([).

Suppose that A is not atomic formula and (5.1) holds for any proper subfor-
mula of A. We only show the “if” part since the “only if” part can be shown
similarly. We divide into the following cases.

(i) The case that A = B A C: Suppose that A & th(a). Then we have
either B ¢ th(a) or C & th(a). Using the induction hypothesis, we have either
B & th(B) or C & th(fB), and thereby, A & th(p).

(ii) The case that A = B D C: Suppose that A ¢ th(«). Then by Corollary
5.3.10(2) and Lemma 5.3.9(2), there exists a world a; € af N W" such that
B € th(ay) and C & th(ay).

If « = oy, then B € th(a) and C & th(a). Using the induction hypothesis,
B € th(f) and C & th(3), and hence A = B D C & th([3).

Ifa < oy, then 7(ay) € 2nd(7()) = 2nd(7(B)). So, there exists N-independent
world 3, € 81 — {3} such that 7(a;) = 7(8;). Using the induction hypothesis, we
have B € th((;) and C & th(f,). Since 5 < 1, we obtain A = B D C & th(f).

(iii) The case that A = (OB: Suppose that A ¢ th(«). Then by Corollary
5.3.10(2), there exists a ()B-independent world a; € ol N W". Using Lemma
5.3.11, ay is reflexive, i.e., 3rd(7(a;)) = o. Since a; is a world in a Kripke
PLL-model, B D OB € th(a), and thereby, B & th(ay).

If & = ay, then by the induction hypothesis, B ¢ th(3). Also

o = 3rd((ay)) = 3rd(()) = 3rd(7(3)),
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it means (3 is reflexive. Hence OB = A & th(f).

If « < ai, then 7(a;) € 2nd(r(a)) = 2nd(7(5)). So, there exists a N-
independent world 3; € gl — {3} such that (o) = 7(3:). By B & th(ay)
and the induction hypothesis, we have B ¢ th(/,). By 7(a1) = 7(51),

o = 3rd(t(a1)) = 3rd(r(51)),

it means (3, is reflexive. Using B & th((3;), we have OB = A ¢ th(f;). Using
B < B, we obtain OB = A & th(p). -

5.3.13. LEMMA. Let o and  be N-independent worlds in finite Kripke PLL-
models. If 7(a) < 7(B), then there exists a N-independent world a; € ol such
that T(c1) = 7(f).

Proof. If 7(a) = 7(8), then the lemma is trivial. So, we assume that
7(8) € 2nd(7(a)). Then there exists a N-independent world a; € ol — {a}
such that 7(8) = 7(ay). .

5.3.14. LEMMA. Let o and $ be N-independent worlds in finite Kripke PLL-
models. If T(a) < 7(8), then th(a) C th(3).

Proof. By Lemma 5.3.13, there exists a N-independent world a; € al such
that 7(cy) = 7(F). By Lemma 5.2.3 and Lemma 5.3.12, we obtain th(a) C
th(ay) = th(p). -

5.3.15. LEMMA. Let M = (W, < R, P) be a finite Kripke PLL-model and let o
be an A-independent world. Then either one of the following two holds:

(1) « is a-independent for an atomic formula a,
(2) « is O B-independent for a circled formula OB such that

B¢ N th(p3).

BeWN r(B)e2nd(T())

Proof. We use an induction on A. If A is an atomic formula, then (1) holds.
Suppose that A is not an atomic formula and the lemma holds for any proper sub-
formula of A. If either A= CAD or A= C D D, then by Corollary 5.3.10(1) and
the induction hypothesis, we obtain the lemma. So, we assume that A = (OC.
Then by Lemma 5.3.9(3), there exists C-independent world a; € ol N W". Note
that C' € th(«). If @ < ay, then we have 7(c;) € 2nd(7(a)). Hence we obtain
(2). If @ = ay, then by the induction hypothesis, we obtain the lemma. -
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5.3.16. LEMMA. For any semantic type t € T, t € 2nd(t).

Proof. Suppose that ¢t € T and ¢ € 2nd(t). By t € T, there exists a N-
independent world « in a finite Kripke PLL-model M = (W, <, R, P) such that
t = 7(a). By t € 2nd(t) = 2nd(r(«)), there exists a N-independent world 3 €
ol — {a} such that t = 7(3).

If « is a-independent for some atomic formula a, then a ¢ atom(a) and
a € atom(f3). So, we have a ¢ 1st(7(«)) = 1st(t) and a € 1st(r(3)) = 1st(t).
This is a contradiction.

If v is not a-independent for any atomic formula a, then by Lemma 5.3.15, «
is () B-independent and

B¢ ﬂ th(oy).

a1 €EWN r(a1)e2nd(r())

for some B. By the () B-independency of o and o < 3, we have (OB € th(3). By
the O B-independency of @ and Lemma 5.3.11, « is reflexive, i.e., 3rd(7(a)) = o.
So, 3rd(r(3)) = 3rd(t) = 3rd(7(a)) = o. Hence [ is also reflexive. Using
OB € th(3), we have B € th(p).

On the other hand, by B & (,,cwn r(a1)cond((a)) th(c1), there exists a world
a; € W™ such that B & th(ay) and 7(aq) € 2nd(7(a)). By 7(aq) € 2nd(7(a)) =
2nd(t) = 2nd(7(f)), we have 7(5) < 7(c1). Using Lemma 5.3.14, th(8) C th(ay).
Since B € th(3), we have B € th(ay), but B ¢ th(a;). This is a contradiction.

5.3.17. LEMMA. The structure (T, <) is a partially ordered set.

Proof. Let it be that t1,t5,t3 € T. Then it is sufficient to show the following
three,

(1) ty <ty

(2) tl S tQ and tg S t3 1mphes tl S t3,

(3) t; <ty and ty < t; implies t; = to.

For (1): Trivial from the definition.

For (2): If either ¢; = ty or to = t3, then (2) is trivial. So, we assume
that to € 2nd(t1) and t3 € 2nd(ty). By t; € T, there exists a N-independent
world « for some finite Kripke PLL-model (W, <, R, P) such that t; = 7(«).
By t2 € 2nd(t;) = 2nd(7(a)), there exists § € W such that t, = 7(83) and
a < (. Using t3 € 2nd(ty) = 2nd(7(3)), there exists v € W such that t3 = 7(v)
and § < . By a < f and 8 < 7, we have o < =, Using t3 = 7(7), we have
ts € 2nd(7(a)) = 2nd(t;). Hence we have t; < t3.

For (3): Suppose that t; < ty, to < t; and t; # to. Then we have ty € 2nd(t;)
and t; € 2nd(ty). Similarly to the proof of (2), we have t; € 2nd(t;). This is in
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contradiction with Lemma 5.3.16. o

5.3.18. COROLLARY. For anyt and s in T,
t <siffs€2nd(t)u{t} =1,
t<siff s €2nd(t) =1 — {t},
t <y s iff s € Minl(2nd(t)).
Proof of Theorem 5.3.7. By Lemma 5.3.17, it is sufficient to show the
following two:

(1) tl S tQ and tQRtg 1mphes thtg, for each tl, tQ, t3 € T,
(2) P'(a) € P*(T).

For (1): By tyRt3 and definition of R, there exists ¢, € T such that t, < t; < t3
and 3rd(ty) = o. Using t; <t and Lemma 5.3.17(2), we have t; < t4 < t3. Hence
we obtain ¢ Rt3.

For (2): Suppose that t; € P'(a) and t; < t;. By t; € P'(a), we have
ty € {t | a € 1st(t)}, and so, a € 1st(ty). By t1,t9 € T, there exist N-independent
worlds o and 3 in some finite Kripke PLL-models such that t; = 7(«) and
to = 7(0). By 7(a) = t1 <ty = 7(5) and Lemma 5.3.14, atom(«) C atom(f),
Le., 1st(t;) C 1st(ty). Hence a € 1st(ty), and thereby, to € P'(a). -

By Lemma 5.2.3, we can extend the mapping P’ in a Kripke IM-model
(T,<,R,PY) to P': [A,D,0, L]" — P*(T) as follows.
P'(A)={a €T |(M,a) F A}.

Now, we can define a structure that will be proved to be an exact model.
5.3.19. DEFINITION. Exm = (T, <, R, P?).

The main theorem in this chapter is
5.3.20. THEOREM. Exm is a finite exact model for [N, D, (), L]" in PLL.

To prove the theorem above, it is sufficient to show the following three:
(finiteness) Exm is finite, i.e., T is finite,

(soundness and completeness) A O B € PLL iff P*(A) C P*(B),
(exactness) P' maps [A, D, (O, L]|™ onto P*(T).

The following three sections are devoted to showing the three conditions above.
In section 5.7 and section 5.8, we investigate the exact model Exm in detail.
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5.4 Soundness and completeness of Fxm

In this section, we prove the following theorem.
5.4.1. THEOREM. A D B € PLL iff P*(A) C P%(B).
The proof of the theorem needs some lemmas.

5.4.2. LEMMA. Exm is a Kripke PLL-model.

Proof. It is sufficient to show that R C< and the density of R. Suppose that
t1Rty. Then there exists t3 such that t; < t3 < ¢y and 3rd(t3) = o. It is easily
seen that t; < t3 < t3 and t3 < t3 < t9, Hence we have t; Rt3 and t3Rts. Also by
t; <t3 <ty and Lemma 5.3.17, we obtain t; < t,. =

5.4.3. COROLLARY. A D B € PLL implies Exm = A D B.

Proof. By Lemma 5.2.5 and Lemma 5.4.2. —
5.4.4. COROLLARY. A D B € PLL implies P'(A) C P'(B).

5.4.5. LEMMA. Lett be a world in Exm and let o be a world in a finite Kripke
PLL-model M. Ift = 7(«), then th(t) = th(a).

Proof. It is sufficient to show that for any formula A,
A e th(t) iff A € th(a). (5.2)
To show (5.2), we use an induction on A. If A is an atomic formula, then
atom(t) ={a|t € P(a)} ={a|t € {s|ae lst(s)}}

={a|a€lst(t)} = 1st(t) = atom(a).

Suppose that A is not an atomic formula and (5.2) holds for any proper subformula
of A. We divide into the cases.

(i) The case that A = B A C: Suppose that B A C ¢ th(t). Then either
B & th(t) or C ¢ th(t). Using the induction hypothesis, B & th(a) or C' & th(«).
Hence BAC & th(a).
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Suppose that BAC' & th(a). Then by Lemma 5.3.10(2), there exists a B A C-
independent world a; € ol. We note t < 7(a;) and B A C ¢ th(a;). By
B AC & th(ay), we have either B & th(a;) or C' ¢ th(ay). Using the induction
hypothesis, either B & th(7(ay)) or C' & th(7(ay)). Hence, B A C & th(t(ay)).
Using t < 7(aq), we obtain B A C' & th(t).

(ii) The case that A = B D C: Suppose that B D C ¢ th(t). Then there
exists t; € ] such that B € th(t;) and C & th(t;). By t; € #] and Lemma 5.3.13,
there exists a M-independent world a; € ol such that t; = 7(a;). Using the
induction hypothesis, B € th(a;) and C' & th(ay). Hence B D C ¢ th(«).

Suppose that B O C ¢ th(a). Then by Lemma 5.3.10(2), there exists a
B D C-independent world a; € aol. Using Lemma 5.3.9(2), B € th(a;) and
C & th(ay). Using the induction hypothesis, B € th(r(ay)) and C' & th(r(ay)).
Using 7(ay) > 7(a) = t, we have B D C & th(t).

(iii) The case that A = (OB: Suppose that OB ¢ th(t). Then there exists
t, such that B ¢ th(t;) and tRt;. By tRt;, there exists a world ¢y such that
t <ty <ty and 3rd(ty) = o. Using Lemma 5.3.13, there exists N-independent
worlds ap € ol and a; € ayl such that t; = 7(ay) and ty = 7(ag). Using
the induction hypothesis, B ¢ th(ay). Using ay < a1, B ¢ th(as). Since
3rd(ty) = 3rd(t(az)) = o, ag is reflexive, and hence, OB ¢ th(as). Using
a < ay, Hence OB ¢ th(a).

Suppose that OB ¢ th(«). by Lemma 5.3.10(2), there exists a () B-independent
world a; € aol. Using Lemma 5.3.9(3), there exists a B-independent world
as € al;. We note that B ¢ th(ay) and t < 7(a;) < 7(ap). By B ¢ th(ay) and
the induction hypothesis, we have B ¢ th(7(az)). On the other hand, by the O)B-
independency of «; and Lemma 5.3.11, « is reflexive, and hence, 3rd(7(ay)) = o.
Using t < 7(aq) < 7(a2), we have tR7(ay), Hence we obtain OB & th(t). —|

5.4.6. LEMMA. A ¢ PLL implies Exm [~ A.

Proof. Let it be that A ¢ PLL. Using Lemma 5.2.8, there exist a finite
Kripke PLL model M = (W, <, R, P) and a world o € W such that (M, «) £ A,
ie, A ¢ th(a). Using Lemma 5.3.10(2), there exists an A-independent world
a; € al NW". By the A-independency of a;, we have A & th(ay).

The semantic type 7(aq) is a world in Exm, and by Lemma 5.4.5, th(7(ay)) =
th(cy). Hence A & th(t(aq)), ie., (Exzm,7(aq)) ~ A. —|

5.4.7. COROLLARY. A D B ¢ PLL implies P'(A) € P'(B).

Proof. Suppose that A D B ¢ PLL. Then by lemma 5.4.6, Exm [~ A D B.
So, there exists a world ¢ € T such that A € th(t) and B ¢ th(t). Hence,
t € P'(A) and t ¢ P'(B). Hence we obtain the lemma. -



5.4. Soundness and completeness of Exm 79

By Corollary 5.4.4 and Corollary 5.4.7, we obtain Theorem 5.4.1.

We also obtain the following lemmas, which is useful for the following sections.

5.4.8. LEMMA. Let ty,ty be semantic types in T.
(1) If ty € 2nd(t1), then 1st(ty) C 1st(ta).
(2) If ty € 2nd(t1), then 2nd(ty) is a proper subset of 2nd(ty).

Proof. By Lemma 5.3.14, we have (1). We show (2). Suppose that s € 2nd(ts).
Then we have t; <ty < s. So, t; < s, and hence s € 2nd(t;).

On the other hand, by Lemma 5.3.16, we have ty & 2nd(t3), but t2 € 2nd(t;).
Hence we obtain (2). =

5.4.9. LEMMA. Lett be a world in Exm.
(1) t is N-independent,
(2) T(t) =t.

Proof. For (1): Since t € T, there exists a N-independent world « in a finite
Kripke PLL-model such that ¢ = 7(«). Assume that « is A-independent for an
atomic or circled formula A. Then A ¢ th(a) and A € [, zth(B). We show
that ¢ is A-independent. By A & th(«) and Lemma 5.4.5, we have A & th(t). Let
t < ty,ie., t; € 2nd(t). Then there exists a N-independent world 3 € al — {a}
such that t, = 7(3). Using A € [, ;th(8), we have A € th(3). Using Lemma
5.4.5, we have A € th(t;). Hence A € ,_, th(t;). Hence t is A-independent.

To prove (2), it is sufficient to show the following three:

(2.1) 1st(7(t)) = 1st(t),

(2.2) 2nd(7(t)) = 2nd(t),
(2.3) 3rd(7(t)) = 3rd(t).
For (2.1):
Lst(7(t)) = atom(t) = {a | t € P'(a)}

={a|te{t|aclst(t)}} ={a|ac lst(t)} = 1st(t).

For (2.3): Suppose that 3rd(7(t)) = o. Then we have tRt. So, there exists
t; € T such that ¢t <t; <t and 3rd(t;) = o. By t <t; and t; <, we have t; = t,
and hence, 3rd(t) = o.

Suppose that 3rd(t) = o. Using t < t < t, we have tRt, and thereby,
3rd(r(t)) = o.

For (2.2): We use an induction on #(2nd(t)). If 2nd(t) = f — {t} = (), then

2nd(7(t)) = {1(t1) | t < ti,ty € T} = {7(t1) | t1 € 2nd(t),t; € T} = 0 = 2nd(t).
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Suppose that 2nd(t) = 1 —{t} # 0 and (2.2) holds for any ¢* such that #(2nd(t*)) <
#(2nd(t)). By (1), we have T = T". By Lemma 5.4.8, we have #(2nd(t1)) <
#(2nd(t)) for any t; € 2nd(t). Using (2.1), (2.3) and the induction hypothesis,
7(t1) = t; for any t; € 2nd(t). Hence

2nd(t(t)) ={r(t)) |t <t;,t e T} ={t1 |t <t} = {t1 | t1 € 2nd(t)} = 2nd(t).

_|

5.5 Finiteness of Fam

In this section, we prove the following theorem.

5.5.1. THEOREM. There are only finitely many semantic types in T.

The proof of the theorem needs some preparations.

5.5.2. DEFINITION.

T4 = {t € T |t is A-independent in Exm},
Ty = {t € T | #(1st(t)) > k},

Tatom _ U TA, thom _ Tk: N r_[\atom7

C Aelppn ) | |
Teire — T _ Tatom’ Tz@rc =T,.N Tczrc’
T* = {t € T |3rd(t) = o}, T; =T, NT*,

T = {t e T | #2nd(t) T < 1),
By Lemma 5.4.9(1), we note the following:
T4 CT,

Teire C U TOB

Be[A,D,0, L]

5.5.3. LEMMA. T* C Tatom,

Proof. Suppose that t € T*™. Then t is ()B-independent. Using Lemma
5.3.11, t is reflexive. Hence, 3rd(t) = o, and thereby, ¢t ¢ T* =
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5.5.4. LEMMA. If t € T¢", there exists a semantic type t; € 2nd(t) such that
{s|t<s<t;} CT%.

Proof. Suppose that ¢ € T¢". Then by Lemma 5.3.15, ¢ is () B-independent
for some B such that
B¢ N th(ty).

t1 €T 7(t1)€2nd(7(t))

Using Lemma 5.4.9,
B¢ () tht).
t1€2nd(t)
So, there exists a world t; € 2nd(t) such that B & th(t).

Suppose that ¢ < s < ¢; and s € T;. By ¢t < s and Lemma 5.4.8(1), we
have s € Ty — T}. So, 3rd(s) = o, i.e., s is reflexive. By ¢t < s and the OB-
independency of t, we have OB € th(s). Using the reflexivity of s, B € th(s).
Using B ¢ th(ty), we have th(s) € th(t;). On the other hand, by Lemma 5.4.9
and s < t;, we have 7(s) < 7(t;). Using Lemma 5.3.14 we have th(s) C th(t;).
This is a contradiction. Hence {s |t < s <t} C T%. -

5.5.5. LEMMA.
(1) Ty = 0. |
(2) Ift € T§he,, then 2nd(t) C Tgo™ U T,

Proof. For (1): Suppose that t € T{/{°. Then #(2nd(t) N T;) = 0. However,
by Lemma 5.5.4, #(2nd(t) N T}) > 1. This is a contradiction.

For (2): Suppose that ¢t € T{/}$, and t, € 2nd(t). If t, € TH™, then we have
ty € TP UT{ . Assume that t, ¢ T{™. By Lemma 5.4.8 and t, € 2nd(t), we
have ty € Ty. Hence ty € T¢", and thereby, ¢, & Tf.

On the other hand, by t € T{}$, and Lemma 5.5.4, there exists semantic type
t1 € 2nd(t) such that {s |t < s < t;} C T. Using ty € 2nd(t), i.e., t < tg, we
have t; & 2nd(ty), i.e., ty £ 1.

By t2 € 2nd(t) and Lemma 5.4.8, we have 2nd(t2) C 2nd(t), and so,

2nd(ty) N'TY, C 2nd(t) N'T.
Using t; € 2nd(t) N T}, and ¢, & 2nd(ts).
#(2nd(t2) N TE) < #(2nd(t) N'T}) <1+ 1.

Using t, € T{", we have t, € T{/j, and thereby, t, € Tfj¢ U T -



82 Chapter 5. Disjunction free formulas in propositional lax logic

5.5.6. LEMMA. IfT¢°™ has only finitely many semantic types, then so does T%"’"c.

Proof. By the finiteness of T¢*™ and Lemma 5.5.3, we can put #(T%) = m.
By Lemma 5.4.8(1), for any ¢ € Ty.

and so,
2nd(t) N Ty, C Ty,
therefore,
#(2nd(t) NT}) < #(T}) = m.
Hence

TSre = [t € TS | #(2nd(t) N'TY) < m} = TS

k,m

Hence it is sufficient to show the finiteness of the set
Ty

for any [ = 0,---, m. We use an induction on /.
If [ = 0, then by Lemma 5.5.5(1), T%c = (), which has only finitely many
semantic types.
Suppose that [ > 0 and the finiteness of T%}’f for any {* < [. By Lemma
5.5.5(2),
U 2nd(t) € T, T,
teTyie

circ

Hence for any t € T},
1st(t) € {atom | atom C {py,---,pn}, #(atom) > k},
2nd(t) € P*(T{i¢, UTE™),
3rd(t) € {e,0}.

By the induction hypothesis and the finiteness of T$°™ every components of
t € T{/}¢ is a member of finite sets. Hence T} is finite. .

5.5.7. LEMMA. Ift € T#" then 2nd(t) C Tyyq.

Proof. By t € T{**™, t is a-independent for an atomic formula a. Hence for
any t; € 2nd(t), we have atom(t) U {a} C atom(ty) = 1st(t1). Also we note
that a & atom(t). Hence k + 1 < #(atom(t) U {a}) < #(1st(t1)), and thereby,
t, € TkJrl. =
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5.5.8. LEMMA. T¢°™ has only finitely many semantic types.

Proof. We use an induction on n— k. If k > n, we note that T¢°™ = (), which
is finite. Suppose that & < n and the lemma holds for any &’ > k. By Lemma
5.5.7, for any t € T¢o™,

Lst(t) € {atom | atom C {py,---,pn}, #(atom) > k},
2nd(t) € P*(TEre U Tgem),
3rd(t) € {e,0}.
atom

By the induction hypothesis, we obtain the finiteness of T{}T", and using Lemma
5.5.6, that of T{"{. Hence we obtain the lemma. .

5.5.9. COROLLARY. There are only finitely many semantic types in Ty.

Proof. By Lemma 5.5.8 and Lemma 5.5.6. .

We note that To = T. Hence we obtain Theorem 5.5.1.

5.5.10. COROLLARY. Ift € T?jc, there exists a semantic type t; € T}, such that
t<qt.

Proof. By Lemma 5.5.4 and Theorem 5.5.1. o
5.6 Exactness of EFaxm
In this section, we prove the following theorem.
5.6.1. THEOREM. P maps [\, D,), L]" onto P*(T).

The proof of the theorem needs some preparations.

5.6.2. LEMMA. Let a be an a-independent world in a finite Kripke PLL-model
M = (W, <, R, P) for an atomic formula a. If 3rd(7(«)) = e, then Oa € th(a).
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Proof. It is sufficient to show that a € th(ay) for any oy € {8 | aRB}. Let oy
be a world in {8 | aRS}, i.e., aRa;. By 3rd(r(a)) = e, we have « is irreflexive,
and thereby, @ # «y. Since M is a finite Kripke PLL-model, we have R C<.
Hence a < ay. Using the a-independency of «, we obtain a € th(ay). -

5.6.3. LEMMA. Let o and (3 be N-independent worlds in some finite Kripke PLL-
models. If th(a) = th(f3), then

(1) Lst(r(a)) = 1st(7(B)),

(2) 3rd(r(«)) = 3rd(T(5)).

Proof. For (1): Since th(a) = th(8), we have atom(a) = atom([3), and
thereby, 1st(7(a)) = 1st(7(3)).

For (2): Suppose that 3rd(7(a)) = e: Then « is irreflexive. Using Lemma
5.3.11, « is a-independent for some atomic formula a. Hence a ¢ th(a). Also
using Lemma 5.6.2, we have Qa € th(a). Using th(a) = th((), we have

a ¢ th(B) and O a € th(f).

Hence f3 is irreflexive, and thereby 3rd(7(3)) = e = 3rd(7(«)).
Similarly we have that 3rd(7(3)) = e implies 3rd(r(a)) = e. —|

5.6.4. LEMMA. [A,D,), L]"/ =pLL is finite.

Proof. By Theorem 5.5.1 and Theorem 5.4.1. .
By the lemma above, we can define a formula below.

5.6.5. DEFINITION. For a set S of formulas in [A, D, (O, L], A(S/ =) is defined
as a conjunction of all the canonical representatives of the quotient set S/ =pr .

5.6.6. LEMMA. Let o and (3 be A-independent worlds in some finite Kripke PLL-
models. Then T(a) < 7(8) implies T(a) = (/).

Proof. Suppose that 7(a) < 7(8) and 7(«) # 7(8). Then we have 7(3) €
2nd(7(a)). So, there exists a N-independent world a; € ol — {a} such that
7(3) = 7(a1). Using Lemma 5.3.12, we have th(5) = th(ay). Since « is
A-independent, A € th(a;) = th(8). This is in contradiction with the A-
independency of (3. =
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5.6.7. LEMMA. Let « and (3 be N-independent worlds in some finite Kripke PLL-
models.
(1) th(e)

= th(pB) implies T()
(2) th(a) C th

=7(9),
(B) implies (o) < T

(8)-

Proof. We use an induction on #(2nd(7(«))) + #(2nd(7(5))).

Basis:

For (1): Suppose that #(2nd(7(«))) + #(2nd(7(8))) = 0. Then we have
2nd(t(a)) = 2nd(7(8)) = 0. By Lemma 5.6.3, we have 1st(7(a)) = 1st(7(5))
and 3rd(7(a)) = 3rd(7(/3)). Hence we obtain (1).

Induction step:

For (2): Suppose that (2) holds for any o* and §* such that #(2nd(7(a*))) +
#(2nd(7(8%))) < #(2nd(1(cv))) + #(2nd(7(5))), and that (1) holds. Since 3 is
N-independent, 3 is B-independent for an atomic or circled formula B. Then we
have A(th(B)/ =) D B & th((). Using th(a) C th(5), we have A\(th(5)/ =)D
B ¢ th(«). Using Corollary 5.3.10(2), there exists a A (th(3)/ =) D B-independent
world a; € of. Using Lemma 5.3.9, we have

/\(th(ﬁ)/ =) € th(ay) and «ay is B-independent.

Hence th(3) C th(ay).

If &« = aq, then th(8) = th(a), and by (1), we obtain (2). So, we assume
that @ < ;. Then 7(a) € 2nd(7(«)). Using Lemma 5.4.8, #(2nd(7(ay))) <
#(2nd(7(«))). Then by the induction hypothesis, 7(3) < 7(ay). Using Lemma
5.6.6, we have 7(8) = 7(a1) € 2nd(7(a)).

For (1): Suppose that (1) and (2) holds for any o* and 3* such that #(2nd(7(a*)))+
#(2nd(7(8%))) < #(2nd(1())) + #(2nd(7(5))). By Lemma 5.6.3, it is sufficient
to show
2nd(1()) = 2nd(7(f)).

Let ¢t be a semantic type in 2nd(7(«)). Then there exist an atomic or circled
formula A and an A-independent world a; € ol — {a} such that t = 7(ay). So,
we have A(th(aq)/ =) D A & th(ay), and thereby, it does not belong to th(a),
neither does th(3). Using Corollary 5.3.10(2) and Lemma 5.3.9(2), there exists
an A-independent world 3; € 4 such that A(th(a;)/ =) € th(3;). Hence we

have
th(ay) C th(B).

By 7(a1) € 2nd(7(«)) and Lemma 5.4.8(2), we have #(2nd(7(aq))) < #(2nd(1())).
Also by 7(81) € 2nd(7(8)) U {F} and Lemma 5.4.8(2), we have #(2nd(7(5))) <
#(2nd(7(B))). So, by the induction hypothesis, we have

7(en) < 7(Bh).
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Using Lemma 5.6.6, we have 7(/1) = 7(a2), and thereby, t = 7(ay) = 7(51) €
2nd(7(F)) U {B}. Since « is N-independent, it is C-independent for some C. So,
C & th(a). Using th(a) = th((), we have C' & th(3). Also by o < a1, we have
C € th(ay). Using th(ag) C th(f) we have C' € th(f). Hence (5, # 3, and
thereby, 5 < (3. Hence t = 7(3;) € 2nd(7(3)). -

5.6.8. DEFINITION. For any set X € P*(T), we put

o(X) = A\(([) th(1))/ =).

teX

Note that ¢(X) € th(t) for any t € X.

5.6.9. LEMMA. For any set X € P*(T),
Pl ($(X)) = X.
Proof. If t € X, then ¢(X) € th(t), and so,
t € {s| o6(X) € th(s)} = P'(¢(X)).

Suppose that t € P'(¢(X)), i.e., ¢(X) € th(t). Then

() this) C th(t).

seX

By Lemma 5.4.9(1), ¢ is N-independent, and thereby, it is A-independent for an
atomic or circled formula A. Hence

A(th(t)/ =) D A & th(t).

Using (,cx th(s) C th(t), there exists a world s € X such that

\(th(t)/ =) D A & th(s).

Using Lemma 5.3.10(2), there exists a A(th(t)/ =) D A-independent world
s; € sl. Using Lemma 5.3.9(2), s; is A-independent and th(t) C th(s;). Us-
ing Lemma 5.6.7, 7(t) < 7(s1). Using Lemma 5.6.6, 7(¢) = 7(s1). Using Lemma
5.4.9(2), t = s1, and hence s < t. Since X is a closed subset, we have t € X. -

By the lemma above, we obtain Theorem 5.6.1. Hence we obtain Theorem
5.3.20 by Theorem 5.5.1, Theorem 5.4.1 and Theorem 5.6.1.
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5.7 An inductive definition of Fxm

In the previous sections, we proved that Exm is the exact model for the frag-
ment [A, D, (), L]" in PLL. The structure Ezm is defined by semantic types of
N-independent worlds, i.e., A;-independent worlds for atomic or circled formu-
las A;. However, we have infinitely many possible selections of circled formulas.
So, we have not clarified the structure of Exm, yet. In this section, we show a
method to construct Fxm in an inductive way. We define the set Ej of triples
inductively, and prove that Ey = T. The structure of Ej is perspicuous, and thus
the structure of T is elucidated.

5.7.1. DEFINITION.
(1) For k > n, E), = EXom = Eore = ().
(2) For 0 < k <n,
Ep = {(atom S, e) |
#(atom) > k,atom C atom”,
atom C ﬂ 1st(ey) # atom,

e1€S
U 2nd(e;) € S C Epir},
e1€S
Egtom — E]: U {<at0m’ S’ O> ‘ (atom, S, 0> c E]:}a

Eficc =0,
Egisy = {(atom, {e} U S, o) |
#(atom) > k,atom C atom”,
atom C ﬂ Lst(ey),
e1€{e}us
U 2nd(e) € {e}us c B UES"
e1€{e}US
A({eUS)NED) < 1+1,
ec Ep{e; €{e}US|ee€2nde)} =0},
Bgre = B o),
Ek Eatom U Eczrc
We will see in below that e occurring the definition of E{’j¢, means a direct
irreflexive successor of a type (see Corollary 5.5.10). Also the sets defined above
correspond to the sets defined in Definition 5.5.2 (see Corollary 5.7.19).

5.7.2. FACT.
By = {{atom", (), )},

E®™ = [{atom", (), e), (atom™, (), o)},



88 Chapter 5. Disjunction free formulas in propositional lax logic
EZ = EZ7 = {(atom”, E}, o), (atom”, EZ*™ o)},
E, = {{atom”, (), e), (atom™, (), o), (atom", E?, o), (atom", E*™ o)}.

The main theorem in this section is
5.7.3. THEOREM. F, =T.

The proof of the theorem needs some preparations.
5.7.4. LEMMA. For any e € Ey, e & 2nd(e).

Proof. If e € Ej*™, then we have 1st(e) C (., cona(e) 15t(e1) # 1st(e). Hence
for any e; € 2nd(e), 1st(e) is a proper subset of 1st(e;). Hence e & 2nd(e).
If e € E{", then there exists e; € 2nd(e) N Ep such that

{es € 2nd(e) | €1 € 2nd(e2)} = 0.

Using e; € 2nd(e), we have e ¢ 2nd(e). -

5.7.5. LEMMA.
(1) If e € E{*™ then 2nd(e) C Ejy1.
(2) If e € B[Sy, then 2nd(e) C Ef*™ U EZe.
(3) There are only finitely many triples in E.

Proof. (1) and (2) follow from the definition. (3) can be shown by an induc-
tion on n — k using (1) and (2). =
5.7.6. COROLLARY. There are only finitely many triples in Ey.

5.7.7. LEMMA. Let ey be a triple in Ey. Then

Lst(e) C ﬂ 1st(e3) and U 2nd(eg) C 2nd(ey),

e3€2nd(e) e3€2nd(e1)
especially, 1st(e) is a proper subset if e € EFo™.

Proof. By Definition 5.7.1. o
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5.7.8. COROLLARY. Let ey and ey be triples in Ey. If e; € 2nd(es), then
Ist(ez) C 1st(er) and 2nd(e;) C 2nd(eq),

especially, 1st(eq) is a proper subset if e; € Efo™.

5.7.9. DEFINITION. Let e; and ey be triples in Ey. We write e; <€ ey if either
e1 = eg or es € 2nd(ey). Also write e; R°ey if there exists a triple e3 € Fy such
that e; <¢e3 <¢ ey and 3rd(e3) = o. We put P¢(a) = {e | a € 1st(e)}.

5.7.10. LEMMA. The structure (Ey, <¢, R, P¢) is a finite Kripke PLL-model.

Proof. By Corollary 5.7.6, the structure is finite. So, it is sufficient to show
the following seven properties, for any ey, es, e3 € Ey,
(1) e <° ey,
(2) e; <¢ ey and ey <° e3 implies e; <€ e3,
(3) e1 <€ ey and ey <€ e; implies e; = ey,
(4) e1 <° ey and ey Re3 implies e; Rees,
(5) P¢(a) € P*(Ey),
(6) e1 R implies e; <€ ey,
(7) e1R°ey implies e; R°eq RCey for some ey € E.

For (1): Trivial from the definition.

For (2): If either e; = ey or e; = e3, then (2) is trivial. So, we assume that
ey € 2nd(e;) and ez € 2nd(ez). By Corollary 5.7.8, 2nd(es) C 2nd(ey). Using
es3 € 2nd(ez), we obtain e € 2nd(e1), and thereby, e; <€ ej.

For (3): Suppose that e; <€ eg, e3 <¢ e; and e; # e3. Then we have ey €
2nd(e;) and e; € 2nd(ey). Similarly to the proof of (2), we have e; € 2nd(e;).
This is in contradiction with Lemma 5.7.4.

For (4): By esR‘es, there exists es € FEy such that e; < e4 <° e3 and
3rd(es) = o. Using e; <¢ ey and (2), we have e; <¢ e; <¢ e3. Hence we obtain
61R€€3.

For (5): Suppose that e; € P¢(a) and e; <¢ ey. If e; = e, we have e5 € P¢(a).
Assume that eo € 2nd(e;). Using Corollary 5.7.8, we have 1st(e;) C 1st(ea).
By e; € P¢(a), we have e; € {e | a € 1st(e)}, and so, a € 1st(e;). Using
Ist(e;) C 1st(ez), we have a € 1st(ey), and thereby, e; € P¢(a).

For (6) and (7): Suppose that e; R°e;. Then there exists e3 € Ej such that
e; < ez < eg and 3rd(e3) = o. Using (2), we obtain (6). Since e; < e3 < ez and
ez < ez < ey, we have e; R°3 and egR,. Hence we obtain (7). -
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5.7.11. LEMMA. Lete € Ey be a world in the Kripke PLL-model (Ey, <¢, R¢, P¢).
Then
eR%e iff 3rd(e) =

Proof. If 3rd(e) = o, then using e <¢ e <° e, we obtain eR. Suppose that
eR°e. Then there exists a triple e; such that e <¢ e; <¢ e and 3rd(e;) = o. By
e <¢ e; <° e and Lemma 5.7.10, we have e = e;. Using 3rd(e;) = o, we have
3rd(e) = o. -

5.7.12. LEMMA. Lete € Ej be a world in the Kripke PLL-model (Ey, <¢, R¢, P°).
(1) ]f e € Efo™ then e is a-independent for some atomic formula a and
7(e) =

(2) [fe € B¢, then there exists an a-independent world e; € Minl(2nd(e)) N
E for some atomic formula a such that e is OQ(A(th(e1)/ =prr) D a)-independent
and T(e) = e.

Proof. We use an induction on n — k. If £ > n, then E;, = (), hence we obtain
the lemma. Suppose that 1 < k < n and the lemma holds for any k* > k.

For (1): By Lemma 5.7.7, we have 1st(e) is a proper subset of (), cy,,4() 15t(€3).
Hence there exists an atomic formula a ¢ 1st(e) such that a € (), conae 15t(€3)-
Hence a ¢ atom(e) and a € (), cona(e)

On the other hand, we have

atom(es), i.e., e is a-independent.

Lst(7(e)) = atom(e) = 1st(e).

By Lemma 5.7.11,

3rd(r(e)) = o iff eRe iff 3rd(e) =
Hence, we have only to show

2nd(T(e)) = 2nd(e).

By the definition,

2nd(7(e)) = {7(e1) | e < e1,e1 € Ey'}.
In other words,

2nd(7(e)) = {7(e1) | e1 € 2nd(e),e; € Ey'}.

Let it be that e; € 2nd(e). Then by Corollary 5.7.8, k < #(atom(e)) <
#(atom(ey)), and hence e; € Ejii. By the induction hypothesis, e; is N-
independent and 7(e;) = e;. Hence

2nd(t(e)) = {7(e1) | e1 € 2nd(e),e; € Ey'} = {e1 | e1 € 2nd(e)} = 2nd(e).
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Hence we obtain (1).

For (2): From the definition, there exists e; € Minl(2nd(e)) N Ef. Using
(1), e; is a-independent for some a. Hence A(th(e;)/ =) D a ¢ th(e;). Using
e; € 2nd(e), \(th(e1)/ =) D a & th(e). By e € Ef", we have 3rd(e) = o. Using
Lemma 5.7.11, we have eR°e. Hence

O(\(th(er)/ =) > a) & th(e).

Suppose that
O(/\(th(er)/ =) D a) ¢ th(ey)

for some e, € el — {e}. Using Lemma 5.3.10(2), there exists a O(/A(th(e1)/ =)D
a)-independent world e3 € eyl. Using Lemma 5.3.9(3) and Lemma 5.3.9(2), there
exists a a-independent world e, € esl such that A(th(e;)/ =) € th(es). By
A(th(e1)/ =) € th(es), we have th(e;) C th(eys). Using Lemma 5.6.7, we have

T(e1) < 7(ey).

By e; € E}. and Lemma 5.7.11, e; is irreflexive. Using Lemma 5.6.2 and the
a-independency of e;, we have Qa € th(e;) C th(es). Hence ey is also irreflexive.
Using Lemma 5.7.11 and e4 € el, we have e; € Ef. Hence e, e, € E°™. Using
(1), 7(e1) = e and 7(e4) = e4. Using 7(e1) < 7(e4), we obtain ey € 2nd(e;)U{e; }.
Using the a-independency of ey, we have e; = e4, and thereby, e < es < e3 < e;.
Hence e; = e3 = e; € Minl(2nd(e)) N Ef. Using Lemma 5.7.11, ey is irreflexive.

On the other hand, by the OQ(A(th(e1)/ =) D a)-independency of e; and
Lemma 5.3.11, we have eg is reflexive. This is a contradiction. Hence for any

ey € el — {e},
O(A(th(e1)/ =) D a) € th(es).
Using O(A(th(e1)/ =) D a) & th(e), e is O(A(th(e1)/ =) D a)-independent.

Similarly to the proof of (1), we have
Ist(7(e)) = 1st(e) and 3rd(7(e)) = 3rd(e).

We show
2nd(7(e)) = 2nd(e). (5.3)

By e € E{"¢, we have e € Efj° for some [. We use an induction on [. If I = 0,
then E7° = (. Suppose that [ > 0 and (5.3) holds for any e* € Eg’/¢ such that
[* < I. By the definition, we have

2nd(7(e)) = {7(es5) | e5 € 2nd(e), e5 € Ey'}.

By Lemma 5.7.5(2), ,
2nd(e) C E™ U EZTS,.
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By the induction hypothesis and (1), for any e5 € 2nd(e),
es € By and 7(e5) = es.

Hence
2nd(7(e)) = {es | es € 2nd(e)} = 2nd(e).

Hence we obtain (5.3), and hence we obtain (2). .

5.7.13. COROLLARY.
(1) Eglom < Ty,
(2) Ep CT3.
(3) B C Ty,
(4) Eg C T.

5.7.14. LEMMA. T%o™ C E¥o™ jmplies T} C EJ.

Proof. Tf = T N {t| 3rd(t) = e} C Ef*" N {t | 3rd(t) = e} = E}. -

5.7.15. LEMMA. To™ C Ef™ implies Tg© C Ef°.

Proof. We use an induction on [. If [ = 0, then by Lemma 5.5.5, TC”"c = 0.
Suppose that [ > 0 and the lemma holds for any [* < [. Let it be that ¢ € Tg{}"c.
To show t € Efj, it is sufficient to show the following five:

(1) #(stE) 2 b,

(2) 2nd(t) C ERFom U EQ°,,

(3) 1st(t) S iy eonaqry 15t (1),

(4) Us, candaqr) 2nd(t1) € 2nd(1),
(5) there exists t; € 2nd(t) N E} such that t < ¢y,
(6) #(2nd(t) N Ep) <.

For (1): By t € Ty.

For (2): By Lemma 5.5.5, 2nd(t) C Tg™ U T{¢,. By Ti™ € Ef*™ and
the induction hypothesis, 2nd(t) C E*™ U B¢,

For (3): Let it be that t; € 2nd(t). Then by Lemma 5.7.8, we have 1st(t) C
1st(t1). Hence we obtain (3).

For (4): By Lemma 5.4.8.

For (5): By Corollary 5.5.10, there exists t; € 2nd(t) N T} such that ¢ <; t;.
Using Lemma 5.7.14, we obtain (5).

For (6): From the definition #(2nd(t) N T%) < [. Using Corollary 5.7.13(2),
we obtain (6). -
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5.7.16. LEMMA. T¢om C Fotom jmplies TS C e,
Proof. By Lemma 5.7.15 and Lemma 5.7.14,

circ __ circe circe circe circ

5.7.17. LEMMA. Tdom C Eatom.,

Proof. We use an induction on n — k. If £ > n, then we obtain the lemma by
T¢om = (). Suppose that & < n and the lemma holds for any k* > k. Let it be
that ¢t € T¢"*™. To show t € Ef**™, it is sufficient to show the following four:

(1) #(1st(t)) > k,

(2) Qnd(t) Q Ek-i—l;

(3) 1st(t) is a proper subset of [, co,q¢ 15t(t1),

(4) Uy, eanaqy 2nd(tr) € 2nd(t).

For (1): By t € Ty.

For (2): By Lemma 5.5.7, 2nd(t) C Tj41. By the induction hypothesis and
Lemma 5.7.16, 2nd(t) C Ej41.

For (3): By Lemma 5.4.8, we have 1st(t) C (), cona Lt(t1). Since t €
T¢om ¢ is a-independent for some atomic formula a. Hence a & th(t), but
a € My, candqr) th(t1). Hence a & 1st(t) and a € (), conaqry 15t(t1). Hence we obtain
(3).

For (4): By Lemma 5.4.8. -

5.7.18. COROLLARY.
(1) T} € E,
(2) Tczrc C Egz;‘c}
(3) Tczrc C Ecw‘c
(4) T C Ej.

From Corollary 5.7.13 and Corollary 5.7.18, we obtain Theorem 5.7.3. Also
we have

5.7.19. COROLLARY.

(1) T} = E},

(2) Tatom Egtom’
(3) Ty = By — Egtem,
(4) Tczrc _ Egzrc _ Egtom.
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Proof. We only show (3). Suppose that t € T§j¢. Then t & Ti™. Us-
ing (2), t € E*™. On the other hand, by Corollary 5.7.18, t € E,g’}"c Hence
te B — E“tom Suppose that e € Ef[° — Ef*™. Then e € Ef[° and e ¢ E*™.
Usmg ( ), e g_i T and thereby, e € T¢e. On the other hand, by e € E,‘;f{c,
we have #(2nd(e) N Ep) < [. Using (2), #(an(e) N T3) <. Hence we obtain
e € T, K

Hence we can write the members of T if n = 0.

5.7.20. FacT. Let n = 0. Then

T = {<®7 Q)v .>}a

T = {(0,0,e),(0,0,0)},
T = {(0, T, 0), (0, T*™ o)},
T = {(0,0,),(0,0,0), (B, T, 0), (B, TH™ o)}.

We can draw Hasse’s diagrams of Exm, where we use the points e and o to
express the worlds whose third components are e and o, respectively; and we
write each propositional variable p near the points « if a € P*(p) (see Figure 5.1
and Figure 5.2). In these diagrams, the relation R can be read by

a R iff there exists v such that o <y < 3 and 3rd(y) =

N

Figure 5.1: Hasse’s diagram of (T, <, R, P*) for the case that n =0

For the case that n = 1, there are many more semantic types in T. We only
list the members of T**™ and T§1°.

5.7.21. FacT. Let it be that n = 1. Then

T? = {{{p}.0, )},

T(lltom = {<{p1}’ (b’ .>7 <{p1}’ (b’ O>}7
T?m = {<{p1}7 T7, o>7 <{p1}7 T(lltomv o>}’
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Tl = {<{p1}’ (b’ .>7 <{p1}’ (b’ O>7 <{p1}’ TI? O>7 <{p1}’ T(lltomv o>},

We put
t1=({p:},0,0),
ta = ({p:},0,0),
ty = <{p1},TI,O> = <{p1}7 {t1}>o>a
™ by = <{p1}aT%tomao> = <{P1}, {t17t2}>o>'

PHTy) = {0, {t:}, {t1, to}, {ta}, {tr1. to, ts}, {t1, 3}, {tr, to, ts, ta}, {1, to, ta} ),
T(.) = {tl} U {<®7 S: .> ‘ S e P*(T1>}7
T = T = {t1,t,} U{(0, S, %) | S € P*(T1), = € {o,0}},
T = {ta, ta} U{(0, 81 US,0) [t € {t2, 8,0, ), (D, {ta}, )},
S e P*({t27 <®, {t2}’ o>7 <®7 (ba o>})}}

See also Figure 5.2.

Figure 5.2: Hasse’s diagram of (T; UT™ < R, P') for the case that n =1

5.8 Normal forms in [A; D, O, L]"

In Definition 5.6.8, we define the formula ¢(X) for X € P*(T). By Lemma 5.6.9,
the formula has the following property.

5.8.1. FACT. Let it be that X € P*(T). Then
(1) p(X) € th(t) iff t € X,
(2) for any formula A € [A, D, O, L]", A =pr ¢(P'(A)).

However, ¢(X) was defined by using unspecified canonical representatives of
(Miex th(t))/ =prr- So, we do not know the form of ¢(X). In this section we
inductively define a formula equivalent to ¢(X).
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5.8.2. DEFINITION. We fix the enumeration ENU of all formulas in [A, D, O, L]™
whose first n + 1 formulas are

J—apla oy Pne
5.8.3. DEFINITION.
base - {ph Y 27 La Opla Ty OpTM O—L}
5.8.4. DEFINITION. Let it be that 0 <k <m and t € Ty — Try11. We put
° : atom
base(t) = base U{OQV(t;) | t1 € T'f“} ¥f te T |
base U {OY(ty) | t; € Tp} if t € Tre
Thbase(t) = th(t) N base(t),

NTbase(t) = {A € base(t) | t € T4},

®(t) = Thase(t)U{A D B | A, B € NTbase(t)}U{W¥(t;) D A; | t; € Minl(2nd(t))}
U{W(t1) | t1 € Maxl({ts | Tbase(t) U NTbase(t) C th(ts),t2 & 2nd(t)})},

where A; is a member of NTbase(t) and is the first to occur in ENU.

5.8.5. THEOREM. For any world t in Fxm,
{A|(/\@(t) > A€ PLL} = th(t).

The proof of theorem needs some preparations.

5.8.6. LEMMA. Lett be a world in Exm. Then
(1) Tbase(t) C th(t),
(2) {AD B | A,B € NTbase(t)} C th(t).

Proof. (1) is Trivial. We show (2). Suppose that there exists a formula
A, B € NTbase(t) such that A D B ¢ th(t). Then there exists a world ¢, € ¢
such that A € th(t;) and B & th(t;). By B € NTbase(t), ¢ is B-independent,
and hence B € th(ty) for each t, € #I — {t}. Hence t, = t, and thereby, A € th(t).
However, by A € NTbase(t), t is A-independent, and hence, A & th(t). This is
a contradiction. =
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5.8.7. LEMMA. Let t be an A-independent world in Exm. If OA & th(t), then t
is O A-independent.

Proof. Let t; be A world in #/ — {t}. Then by the A-independency of
t, A € th(ty). Using the axiom p D (Op, we have (OA € th(t;). Hence
QA €y, th(tr). Using OA & th(t), t is OA-independent. -

5.8.8. DEFINITION. Let ¢ be a world in Exm. We put
#(t) = w - #(atom(t)) + #(th(t) N (base U{OW¥(t1) | 1 € T (atom)}))-

5.8.9. LEMMA. Lett and s be worlds in Exm.

(1) t < s implies #(t) < #(s),
(2) Thase(t) U NTbase(t) C th(s) implies #(t) < #(s).

Proof. For (1): By t < s, we have th(t) Ct (s), and thereby, #(atom(t)) <
#(atom(s)). If #(atom(t)) < #(atom(s)), then (1) is obvious. Assume that
#(atom(t)) = #(atom(s)). Then using th(t) g ( ), we have

th(t) N (base U {O¥(t1) [ t1 € T (utomun})

= th(t) N (base U {O\IJ( ) ’ t € T#(atom(s))})
th(S) N (base U {O\Il( 1) | th € T:;.éé(atom(s))})'

Hence we have #(t) < #(s).
On the other hand, by t < s and # (atom(t)) = #(atom(s)), we have t € T,

and thereby,
base(t) = base U {OV(t1) | t1 € T (utom)) }-

From the definition of A;, A; & th(t) and A; € th(s) N base(t). Hence,

Ap & th(t) N (base U{O¥(t1) | t1 € T (utom })
and

Ay € th(s) N (base U {OY (1) | t1 € T (arom(s) })-
Hence we have #(t) < #(s).

For (2): By Tbase(t) C th(s), we have #(atom(t)) < #(atom(s)). If
#(atom(t)) < #(atom(s)), then (2) is obvious. Assume that #(atom(t)) =
#(atom(s)). Using Tbase(t) U NTbase C th(s), we have atom(t) U (NTbase N
atom”) = atom(s). Hence NTbase N atom™ C atom(t). Since atom(t) N
NTbase = (), we have NTbase N atom” = ). Hence t € T, and thereby,

base(t) = (base U {QWV(t)) | t; € T;é(atom(t))}).
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Hence

th(t) N (base U {OW(t1) | t1 € T upomy})
(th(t) Nbase(t)) N base(t)

Thase(t) N (base U{OW(t1) | t1 € T sromsn )

th(S) N (base U {O\P(tl) | th € T;%(atom(s))})‘

Hence we have #(t) < #(s).
By t e Tcirc,

(N

A, ¢ Thase(t) = th(t) N (base U{OW(t1) | t1 € T (arom))})

and
A; € NTbase(t) N base(t)
C th(s) N (base U{QV(t)) | t; € T%&(amm(t))})
= th(s) N (base U {O¥(t1) [ t1 € T%(utom(s)) })-
Hence we have #(t) < #(s). —|

5.8.10. LEMMA. Lett be a world in Exm.
(1) ®(t) C th(t).
(2) A € th(t) implies \ ®(t) D A € PLL.

Proof. We use an induction on #(t). Note that #(t) < w-n+#(T*)+2n+2.
Suppose that the lemma holds for any world ¢* in Exm such that #(t*) > #(t).

For (1): By Lemma 5.8.6, it is sufficient to show the following two:

(1.1) {W(t1) D A | t; € Minl(2nd(t))} C th(t),

(1.2) {W(t1) | t1 € Max1({t, | Tbase(t)UNTbase(t) C th(ts),ts & 2nd(t)})} C
th(t).

For (1.1): Suppose that there exists a world ¢; € Minl(2nd(t)) such that
U(t;) D As & th(t). By Corollary 5.3.10 and Lemma 5.3.9, there exists an A;-
independent world s € #| such that W(¢;) € th(s). Since t is also A;-independent,
we have t = s, and thereby, W(t;) € th(t). Using t; € Minl(2nd(t)), we have
U(t;) € th(ty).

On the other hand, by Lemma 5.8.9(1), #(t) < #(t1). Using the induction
hypothesis, we have ®(t1) C th(t;). Hence Ay, € th(t;). This is in contradiction
with the A; -independency of t;.

For (1.2): Suppose that there exists a world t; ¢ 2nd(t) such that Tbase(t)U
NTbase(t) C th(t;) and ¥(t1) & th(t). By Corollary 5.3.10 and Lemma 5.3.9,
there exists an Ay, -independent world s € #l such that ®(¢;) C th(s).

On the other hand, by Lemma 5.8.9(2), #(t) < #(t1). Using the induction
hypothesis, A € th(t;) implies A\ ®(¢;) D A € PLL. Hence th(t;) C th(s). Using
Lemma 5.4.9 and Lemma 5.6.7, we have t; < s. Since ¢; is Ay -independent, we
have t; = s € tI. Using t; & 2nd(t), we have t; = t. This is in contradiction with
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NThbase(t) C th(ty).

For (2); Suppose that A\ ®(t) O A ¢ PLL. Then there exists a world s in
Exm such that ®(t) C th(s) and A & th(s). We show the following three:

(2.1) for each u € s, A; € th(u) implies t < u,

(2.2) for each As-independent world u € s, t = u,

(2.3) A; & th(s) implies t = s.

By s € sl, (2.1) and (2.3), we have t < s. Using A ¢ th(s), we obtain
A & th(t). We needs (2.2) for the proof of (2.3).

For (2.1): Suppose that u € sl, A; € th(u) and u & 2nd(t). Then {A,}Ud(t) C
th(u). By A; € NTbase(t), {A; D B | B € NTbase(t)} C ®(t) C th(u), and
hence, Tbase(t) U NTbase(t) C th(u). Using u & 2nd(t), u belongs to the set

U = {u; | Tbase(t) U NTbase(t) C th(uy),u; & 2nd(t)}.

Hence there exists a world u; € Max1(U) Nul, and thereby, ¥(u;) € ®(t) C
th(u) C th(uy). By u; € U and Lemma 5.8.9(2), we have #(t) < #(u1). Using
the induction hypothesis, we have ®(u;) C th(uy). Using W(u;) € th(uy), we
have A,, € th(u;). This is in contradiction with the A,,-independency of u;.

For (2.2): Suppose that u € sl is As-independent. We show 2nd(u) = 2nd(t).
Let u; be a world in 2nd(u). Then we have ®(t) C th(u;). Also by the A;-
independency of u, A; € th(uy). Using (2.1), we obtain u; € 2nd(t).

Suppose that t; € 2nd(t). Then U(t;) D A, € ®(t) C th(u). Using the
As-independency of u, we have W(t;) & th(u). So, there exists a world u; € ul
such that ®(t1) C th(uy) and Ay, & th(uy). On the other hand, by ¢; € 2nd(t)
and Lemma 5.8.9(1), #(t1) > #(¢). Using the induction hypothesis, B € th(t;)
implies A ®(t;) D B € PLL. Hence th(t;) C th(uy). Using Lemma 5.4.9 and
Lemma 5.6.7, we obtain ¢; < wuy. Using the A;-independency of t; and A;, &
th(uy), we have t; = u; € ul. By t; € 2nd(t) and the A;-independency of t,
A; € th(ty), but by the As;-independency of u, A; & th(u). Hence t; # u, and
thereby, t; € 2nd(u).

We show 1st(u) = 1st(t). By 1st(t) C ®(t) C th(u), we obtain 1st(t) C
Ist(u). Suppose that a € 1st(u) and a & 1st(t). Then by a € 1st(u) we have
a € (Nyyeondey th(u1). Using 2nd(u) = 2nd(t), we have a € [, conaq th(ur).
Using a ¢ 1st(t), t is a-independent, and thereby, a« € N'Tbase(t). Hence a D
A; € ®(t) C th(u). Using a € 1st(u), we have A; € th(u). This is a contradiction.

We show 3rd(u) = 3rd(t). Suppose that 3rd(t) = e. Then by Lemma 5.3.11,
t € T* — TO for an atomic formula a. Hence A, is an atomic formula and we
assume that A; = a. Using Lemma 5.8.7, Oa € Tbase(t) C ®(t) C th(u). Using
the A;-independency of u, A; = a & th(u). Hence u is irreflexive, i.e., 3rd(u) = e.

Suppose that 3rd(t) = o. Then OA; & th(t). If A; is an atomic formula, then
by Lemma 5.8.7, A;, OA; € NTbase(t), and thereby, OA; D A; € ®(t) C th(u).
Using the A;-independency of u, OA; ¢ th(u). Using Lemma 5.8.7 and Lemma
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5.3.11, u is QAs-independent and reflexive, and thereby, 3rd(u) = o. If A; is
circled formula, then by Lemma 5.3.11 and A;-independency of u, we have u is
reflexive, and thereby, 3rd(u) =

Hence we obtain (2.2).

For (2.3): Suppose that A; ¢ th(s) and t # s. By Corollary 5.3.10, there
exists an As-independent world v € sl. By (2.2), we have s < u = t. Hence
atom(s) C atom(t). Also by atom(t) C ®(t) C th(s), we have atom(t) C atom(s).
So, atom(t) = atom(s). By s # t, we have s < t, and thereby, s € T, Using
Corollary 5.5.10, there exists s; € T® such that s <; ;.

If Ay € th(sy), then by (2.1), s; € 2nd(t). Hence s < t < s;. This is in
contradiction with s <; s;.

If Ay & th(s1), then by Corollary 5.3.10(2), there exists an As;-independent
world sy € si1. Hence s <; s; < sy. Using (2.2), we have s, = t. By s; € T}
and Lemma 5.5.3, s1 is b-independent for some atomic formula b. So, we have
b € th(t). Hence b € ®(t) C th(s) C th(s;). This is in contradiction with the
b-independency of s;. o

Hence we obtain Theorem 5.8.5. Also we have the following corollaries.

5.8.11. COROLLARY. Lett be a world in Exm Then

/\(I’ =pr ¢(f),
\I/(t) =PLL ¢(ﬂ) D At.

5.8.12. COROLLARY. Let X be a closed subset of T in Exm and let it be that
Ax = Nseminy(x) As- Then

/\ /\cp D Ax) D Ax =prr ¢(X),

teMinl(X)

/\ /\CD ) D Ax) =prr ¢(X) D Ax,
(X)

teMinl

especially, if Minl(X) C T4+ for some s € Minl(X),

N\ () DA =p (X),

teMinl(X)

N V() =prr d(X) D A,

teMinl(X)
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5.8.13. COROLLARY. Let A be a formula in [N, D,(), L]" and let it be that B =
/\seMinl(Pt(A)) As. Then

A=prp /\ (/\cb(t) D B)D B,
)

teMinl(Pt(A)

especially, if Minl(P!(A)) C T4s for some s € Minl(P*(A)),

AEPLL /\ \I/(t) DAS,
teMinl(Pt(A))

5.8.14. COROLLARY. For any formula A € [\, D, (), L]", there exists a formula
B constructed from the formulas in

base U {QW(t) |t € T*}
by using A and O such that A =pr, B.

5.8.15. COROLLARY. For any formula A € [\, 2,0, L]°, there exists a formula
B constructed from the formulas in

{L,OL,OOL> 1)}

by using A\ and O such that A =pr;, B.






Chapter 6

Interpretability logics

In this chapter, we give a cut-free sequent system for the interpretability logic IL.
To begin with, we give a cut-free system for the sublogic IK4 of IL, whose >-free
fragment is the modal logic K4 in the sense of section 1.3. Using the system for
IK4 and a property of Lob’s axiom, a cut-free system for IL can be given in the
way given in section 4.4.

6.1 Introduction

As we mentioned in section 1.3, the language of interpretability logic contains
two modal operators O and >. However, without using Lob’s axiom, we can
show the equivalence between OA and —A > L in the logic IL introduced in
section 1.3 (cf. [JJ98]). Hence, we do not have to treat O as a primary operator.
Systems for interpretability logics with two primary modal operators are much
more complicated than the ones with one primary modal operator. So, in this
chapter, we treat JA as an abbreviation of =A> 1. To do so, however, we have to
redefine formulas and reintroduce interpretability logics. This section is devoted
to reintroducing a basic interpretability logic IL and its sublogic IK4.
First we redefine formulas. We also use WFF for the set of new formulas.

6.1.1. DEFINITION. The set WFF of formulas are defined inductively as follows.
(1) a propositional variable belongs to WFF,
(2) L € WFF,
(3) A, B € WFF implies ANB,AV B,AD B,A> B € WFF.

An element of WFF is said to be a formula, especially a formula of the form
A B is said to be a >-formula.

103
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6.1.2. NOTATION. The expressions —A, OA and $A are abbreviations for A D
1,-A> 1 and =(A > L), respectively.

As to the other terminology, we follow chapter 2.

6.1.3. DEFINITION. The degree d(A) of a formula A is defined inductively as
follows:

(1) dp) = 1.

(2) d(L) =0,

(3) d(ANB)=d(AV B)=d(AD B)=d(A> B) =d(A) +d(B) + 1.

Note that d(A> 1) < d(A> B) for each B # L.

6.1.4. DEFINITION. We define two modal logics.
(1) By IK4, we mean the smallest set of formulas containing all the tautologies
and axioms
K :O(p Dgq) D (Op D Og),
4 : Op D Odp,
J1:0(p>q) D (prq),
J2:(pg) A (g>r) D (pr>1),
J3:(p>r)Alg>r) D ((pVae ),
J5: (Op) > p,
and closed under modus ponens, substitution and necessitation.
(2) By IL, we mean the smallest set of formulas containing all the theorems
in IK4 and Lob’s axiom

L7(p)=0(0p D p) D Op
and closed under modus ponens, substitution and necessitation.

We note that the axiom
J4:(p>q) D (Op D Oq)
described in section 1.3 is not in the list of axioms above. Because it is provable in
IK4 defined in Definition 6.1.4. We show this provability, briefly. The expression
of J4 above is an abbreviation of

(p>q) D (=(p>1) D =(g>1)).
It is easily seen that the formula above is equivalent to
(p>q)A(g>L) D (p>1)

by tautologies, modus ponens and substitution. Also we find this formula is a
substitution instance of the axiom J2, and so it is provable in TK4.
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The aim of this chapter is to give sequent systems for IL and IK4. In the
next section we give a sequent system GIK4. Section 6.3 is devoted to showing
the equivalence between IK4 and GIK4. Cut-elimination theorem is shown in

section 6.4. In section 6.5 and section 6.6, we give a cut-free sequent system for
IL.

6.2 The system GIK4

In this section we introduce a sequent system GIK4.

As we mentioned in chapter 2, we use Greek letters, possibly with suffixes,
for finite sets of formulas. Here A and A are also for finite sets of formulas while
they were used for sets containing at most one formula. In this chapter, we often
use finite sets of >-formulas. So, it is useful to prepare symbols for them and
we use Y, possibly with suffixes, for finite sets of >-formulas. For each prefix
©® € {O0,0,-}, the expression ®I' denotes the set {®A | A € I'}. Similarly,
I'> L denotes {Ar> L | A € I'}. By a sequent, we mean the expression

I — A.
For brevity’s sake, we write
Ay, oo ATy, Ty —> Ay, oo+, A, By, -+, By,
instead of

{Ay, - AUl U---UT - AjU---UA,U{By, ---,B,}.

Our system GIK4 is defined from the following axioms and inference rules in
the usual way.

Axioms of GIK4

A— A
1 —
Inference rules of GIK4
I'— A I'—= A
AT A=) r—aa—?

r—-AA AIll—-A
T, oA, n )
r-AA I'—AB
r-AANB

AZ,F—>A
Al/\AQ,F—>A

(A =)

(—A)
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AT — A B,F—>A(\/_)> I' = A A; (= Vi)
AV B,I'—= A ' - A AV Ay ’

r-AA BT -—A AT —AB
A-BT oA ) N i)

AAB, Xy, -, Xp}> 1L - B, Xy, X, Y=Yi>B --- ¥—>Y,>B
XY, -, X,>Y,,X—A>B

where n =0,1,2,---.

(>1k4)

A proof figure in GIK4 for a sequent S is defined as in Definition 2.2.5. As
to the other terminology concerning the system, we also follow section 2.2.

If n = 0, the inference rule (>>7x4) has only one upper sequent and is of the

following form:
A Br>1—B

Y —-A>B

Hence

6.2.1. LEMMA. There exist cut-free proof figures for — L > A and — A A in
GIK4.

6.3 Equivalence between IK4 and GIK4

The main theorem in this section is

6.3.1. THEOREM. A € IK4 iff — A € GIKA4.

To prove the theorem above, we need some preparations.

6.3.2. DEFINITION. By GK4, we mean the system obtained from GIK4 by

replacing (>>7x4) by
ror—A

o — oA (Brca)-
By GK4 + J, we mean the system obtained from GK4 by adding the following
four axioms:
(GJ1):O(ADB) — Ap B,
(GJ2): A B,B>C — Ap>C,
(GJ3): A C,B>C — (AVB)>C,
(GJ5) :— A A.
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It is known that GK4 enjoys the cut-elimination theorem and that — A €
GK4 iff A € K4. So, we have

6.3.3. LEMMA. A € IK4 iff - A€ GK4 + J.
6.3.4. LEMMA. — A € GK4 + J implies — A € GIKA4.

Proof. It is sufficient to show that the four axioms J1,J2,.J3 and Jb are
provable in GIK4 and (Og,4) holds in GIK4. This is shown by the following
inference rules and Lemma 6.2.1.

p,g> L, -~(pDg>L—¢~-(pDqg —Ll>g
“(pDg>L—p>gq

p,r> L p> 1l —-rp qb>r—oqgb>r

p>q,q>Tr—p>1r

pVagrd>lLp>lg>l —rpq —r>r —rp>r

p>r,q>T —=p\Vqgbr

Op,p>L —p

— Op>p

-Ao 1ol —--I'lL —1p>l1 -+ —1p>.1
ar — 0OA

6.3.5. LEMMA. The following rules hold in GK4+J.

(1) T — O0(A D B) € GK4 + J impliesT" - A> B € GK4 + J,

(2) ifI' - A B and I' — B> C are provable in GK4 + J, then so is
r—Ap>C,

3) f I' = A C and I' — B> C are provable in GK4 + J, then so is
r-AvBp>C,

(4) - (BVOB)> B e GK4 + J,

5) T — A (BV<OB) € GK4 + J impliesT' — A> B € GK4 + J,

(6) T — A> B e GK4+ J impliesT — (AVCOA) > B e GK4 + J.

Proof. We obtain (1), (2) and (3), from (GJ1), (GJ2) and (GJ3), respectively.
(5) and (6) are from (2) and (4).

So, we only show (4). By (GJ1), it is easily seen that — B> B € GK4 + J.
Using (GJ5) and (3), we obtain (4). -
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6.3.6. LEMMA. — A € GIK4 implies — A € GK4 + J.

Proof. It is sufficient to show that the rule (>>7x4) holds in GK4+.J. Suppose
()A, B> 1L, X4 L, X, >l — B Xy, -+, X, € GIK4 + J

and
2)X—-Y,>BeGIK4+ Jfori=1,--- n.

Clearly,

XY, - XY, X=X, >Y, e GIK4+ Jfori=1,---,n.
Using (2) and Lemma 6.3.5(2),
XY, - XY, X=X, >BeGIK4+ Jfori=1,--- n.
Using Lemma 6.3.5(6),
Xi>Y, - X, Y, Y= (X;VOX;)>BeGIK4+ J fori=1,---,n.

Using Lemma 6.3.5(3) and Lemma 6.3.5(4),

n

Xi>Yy, o, X, > Y, 8 = (BVOB)V\/(X;VOX;)) > B € GIK4+ J. (6.1)

i=1
On the other hand, by (1), we have

A— (BvOB) Vv \/(X;VOX,) € GIK4 + J.
=1
Using (—D) and (Ogy),

—D0(AD (BVOB)V\/(X;VOX,)) € GIK4 + J.

i=1
Using Lemma 6.3.5(1),

n

— A ((BVOB) v \/(X;V 0X;)) € GIK4 + J.

i=1
Using (6.1) and Lemma 6.3.5(2),
Xio Y, -, X,>Y,, Y —> A> B e GIK4 + J.

_|

From Lemma 6.3.3, Lemma 6.3.4 and Lemma 6.3.6, we obtain Theorem 6.3.1.
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6.4 Cut-elimination theorem for GIK4

In this section, we prove cut-elimination theorem for GIK4.

6.4.1. THEOREM. IfI' — A € GIK4, then there exists a cut-free proof figure
forI' = A in GIK4.

To prove the theorem, we need some lemmas.

6.4.2. LEMMA. Let P; and P, be cut-free proof figures for ¥1 — A> B and X9 —
B> C, respectively. Then there exists a cut-free proof figure for X1,y — A>C.

Proof. We use an induction on P;. If P; is an axiom, then ¥, = {A > B},
and hence we have the following cut-free proof figure for >, — A> C.

A— A

using (17" —) twice, and (— 7)) :
AC> 1L, A>1 —-C A Yo — B>C
A> B, Y — A C

Py

If P, is not axiom, then there exists an inference rule I that introduces the end
sequent of P;. We only show the case that I is (I>7x4) since the other cases can
be shown easily. The inference rule I is of the form

AAB, Xy, -, Xp}> 1L —-B Xy, X, Y¥—-Yi>B -+ ¥ —>Y,>B
Xi> Y, - X, >Y,, 2 - A> B

where ¥; = X1U{X >V, -, X,,>Y,}. Clearly, there exist cut-free proof figures
for the upper sequents of I. Using the induction hypothesis and P, there exists
a cut-free proof figure for ¥}, %, — Y; > C for each i = 1,---,n. Using (>7x4)
below, we obtain the lemma.

A,{B,Xl,"',Xn}DJ_—>B,X1,~~-,Xn 2/1,22—>Yll>0 2’1,22—>Yn>6’
X1|>Y17"'7XTLI>YTL72,1722_>AI>C

6.4.3. LEMMA. If there exists a cut-free proof figure for ¥ — A > B, then either
one of the following two holds:

(1) there exists a cut-free proof figure for ¥ —,

(2) for some subsets X1 and 3o of X, there exist cul-free proof figures for
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ABp>l{X>l|XpYet}—-{X|X>pYe},B
and

Yo—=YD>B, foreachY e {Y'| X>Y €%}

Proof. We use an induction on the cut-free proof figure P for ¥ — A> B. If
P is an axiom, then {A> B} = ¥ and by Lemma 6.2.1, there exist cut-free proof
figures for

A B> 1, A1 —- A Band — B> B.

Hence (2) holds.

If P is not axiom, then there exists an inference rule I that introduces the end
sequent of P. If I is (— T'), then (1) holds. If I is (T' —), then by the induction
hypothesis, we obtain the lemma. If I is (>>7x4), then (2) holds. -

It is easily seen that Theorem 6.4.1 follows from the following lemma.

6.4.4. LEMMA. Let P’ be a cut-free proof figure for T — A, X and P" be a
cut-free proof figure for X, 11 — A. Let P be the proof figure

Pf : T
r - AX X, 1I—A
F7HX_>AX7A

Then there exists a cut-free proof figure for the end sequent of P.

Proof. The degree d(P) of P is defined as d(X). The left rank R*(P) and
the right rank R"(P) of P are defined as usual. We use an induction on R‘(P) +
R"(P) + wd(P). We only treat the case that P, P® and P" are of the following

forms.
Pt

g

4

SRR Pt

{C,X%L—Q{f EL—>Y3>D} EL—>Y,;’;>D} "

SN S C> D

Pr:

’,"...
1

Pr . . . T
O{A,Xr>¢—>xr ZR—>Y{>B} ZR—>Y;>B} "

C>D Y YE - A> B
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PZ . . T
{ZZ,ELHCDD CDD,ET,ER—ULXDB}
SONE S SE , — A B

where
%= {Xf[>)/1£7‘.‘7X’£’L[>YT£L}’
Xr={Xi>Y - X > Y
X = {Xfa"'aXme}7
Xr={X7],---, X!, B}
and C'> D € ¥ UXE
By P‘ and P}, we have the following proof figure for each j =1,---,n:

{EZ,ELHC'DD ZR—>Y}T>B} J
ZZ,ZL,ZgDD—ﬂ/jTDB

We note that the degree and the left rank of the figure above are the same as
those of P and that the right rank is smaller. Using the induction hypothesis, we
obtain a cut-free proof figure @} for the end sequent of the figure above.

If C>D ¢ X7, then by Qf, Py and (>x4), we obtain a cut-free proof figure
for the end sequent of P.

Assume that C>D € ¥ = {X]>Y/,---, X'>Y,"}. Without loss of generality,
we also assume that C'> D = X7 > Y/ € ¥ —{X7 > Y/}. It is sufficient to show
the case that C' = L and the case that C' # L.

The case that C'= 1: By F], we have the following proof figure Q);:

1 — 1
T o101 : o
—1l>1 A{B, L X5, - X'y> L — B, L X5, x5 | °

n

A{B, X}, X/} L—B, 1 X5, X!
If D=1, then d(Q,) =d(L> 1) =d(L>D)=d(P), 1= R(Q) = RP)
and R"(Q1) < R"(P); if not, d(Q1) = d(L > 1) < d(L > D) = d(P). Using
the induction hypothesis, we obtain a cut-free proof figure for the end sequent
of the figure above. Using the axiom 1 —, (cut) and the induction hypothesis,
we obtain the proof figure for A,{B, X5,--- X'} > 1L — B, X}, ---, X]. Using

by, Qr and (>yk4), we have a cut-free proof figure for the end sequent of P.

The case that C' # 1: By P¢, Lemma 6.2.1 and (>7x4), we have the following
cut-free proof figure:

pt : : :
0{C,{D,Xf,m,X,fI}DJ_—>D7Xf,~--,X£1 Slxl ol

(D, X{,--- Xti> L — O L
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Using P, we have the following proof figure P;:

Pf -1l -+ -1l : pr
Xi>1l—-Cp> L A{B,C, X5 - X"} 1 — B,C, X}, X! 0

n

{D, X}, Xty LA{B, X5, X'} > 1L — B,C, X5, - X},

If D= 1, then d(P) = d(C> L) =d(C1> D) =d(P), 1= R(P)= R'P)
and R"(P)) < R"(P); if not, d(P;) = d(C > 1) < d(C > D) = d(P). Using the
induction hypothesis, we obtain a cut-free proof figure P, for the end sequent of
the figure above. Using P}, again,

: pé
Py C,{D,Xf,-.-,Xgl}>L—>D,Xf,.-.,Xg} 0
A7{B,D,Xf,"',X£1,X§,'",Xﬁ}[>J_HB,D,X{,"',X&,X%,"',X{%

We note the degree of the figure above is smaller than that of P. Using the
induction hypothesis, we obtain a cut-free proof figure P; for the end sequent of
the figure above.

By @7 and Lemma 6.4.3, either one of the following two holds:

(1) there exists a cut-free proof figure for ¥, ¥& Y& o —

(2) for some subsets X; and X of X UXF UXE_ |, there exist cut-free proof
figures for

DBl {Xp>l|Xp>pYel}—-{X|X>Ye’}, B
and
Yo=Y B, foreachY e {V|X>Y €k}

If (1) holds, we obtain the lemma, immediately. Assume that (2) holds. Then by
P3 and (cut) whose cut formula is D, we have the following proof figure:

Py DBl {X>l|XpYeX}—-{X|X>pYecX},B
AD> L A> 1L —B X{ - XL X5 oo XrdX | XY ey}

where A is the succedent of the end sequent. We note that the degree of the
proof figure above is d(D) < d(C > D) = d(P). Using the induction hypothesis,
we have a cut-free proof figure P, for the end sequent of the figure above.

By (2), Lemma 6.2.1 and (>;x4), we have a cut-free proof figure for

Bl {X>l|X>pYeX}—-Dp> 1.
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Using P,, we have the following proof figure:

Bl {X>l|X>YeX}—-D>1 Py
AA> L — B X{, - XL, X5 - Xr {X | XY eXy}

Since C' # L, the degree of the proof figure above is d(D>_1) < d(C>D) = d(P).
Using the induction hypothesis, we have a cut-free proof figure P5 for the end
sequent of the figure above.

On the other hand, by Pf, Q7 and Lemma 6.4.2, we obtain a cut-free proof
figure Q¢ for ¥, ¥, EgDD — Y!>Bforeachi=1,---,m. Using P5, Q%,---,Q",
(2) and (>>7k4), we obtain a cut-free proof figure for the end sequent of P. =

6.5 The system GIL

In this section, we introduce a sequent system GIL for IL.

6.5.1. DEFINITION. The system GIL is obtained from GIK4 by replacing (I>/4)
by the following inference rule:

A A> L {B, Xy, , Xp}> 1L —-B Xy,--- ) X,, ¥=>Yi>B---Y—->Y,>B
XY, X, Y, —> A> B

(>1r)

where n =0,1,2,---

6.5.2. THEOREM. A € IL iff - A € GIL.
To prove the theorem above, we need some preparations.
6.5.3. DEFINITION. By GIK4 + L, we mean the system obtained from GIK4
by adding Lob’s axiom
— 0(0AD A) DDA

6.5.4. COROLLARY. A € IL iff - A € GIK4 + L.

Proof. From Theorem 6.3.1. —

6.5.5. LEMMA. — A € GIK4 + L implies — A € GIL.
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Proof. By the following figures, we can see that Lob’s axiom — O(0OA D A) D
OA is provable in GIL and (>x4) holds in GIL.

—A0A4, 1> 1,00ADA) — L, ~(0ADA) —1l>1
~(0ADA)p> 1L —--A>1

(>1z)

Aa{Blea"'vxn}DJ—_>B7X17"'7Xn
AA> L {B X1, Xn)> L - B, X1, X, S—>Yi>B---2—>Y,>B
XY, X, Y, —> A> B

(>1r)

_|

6.5.6. LEMMA. (AN (A> L)) B — A> B e GIK4 + L.

Proof. Immediately,
0(0-AD>-A) - 0-A € GIK4 + L.
The sequent is an abbreviation of
(A L)D-A)> 1L —-—Ap> L.

So,
(ANA> L)> L — A L € GIK4 + L.

Using the axiom A — A and (— A),
A(ANA>L)> L —-AN(A> 1) e GIK4 + L.
Using (T' —) and (— T'), we have
A B> L (ANA>L)> L —- B AN(A> 1) e GIK4+ L.

Using Lemma 6.2.1 and (>>;x4) below, we obtain the lemma.

AB> 1l (ANA>L)>L —=BAN(A> 1) — B> B
(AN(A> 1)) > B—A>B

6.5.7. LEMMA. — A € GIL implies — A € GIK4 + L.
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Proof. By the following figure, Lemma 6.5.6 and cut, the inference rule (r>;,)
holds in GIK4 + L.

AJA> L {B, Xy, Xp}> L —- B Xy, , X,
AJANAD> L) {B, X1, , Xy} > L — B Xy, -, X,
AN(A>1),{B, X1, -, X,}> 1L —B X,---,. X, L—=Yi>B---X—=Y,>B
Xi>Y, -, XY, Y= (AN(A> 1)) >B

_|

From Corollary 6.5.4, Lemma 6.5.5 and Lemma 6.5.7, we obtain Theorem
6.5.2.

6.6 Cut-elimination theorem for GIL

In this section, we prove

6.6.1. THEOREM. IfI' — A € GIL, then there exists a cut-free proof figure for
I' - A in GIL.

To prove the theorem, we use the method in section 4.4.

6.6.2. DEFINITION. The expression 0" A is defined inductively as follows:
(1) O°A = A,
(2) DM A = O(OFA).

As in section 4.4, the following property of Lob’s axiom is important.

6.6.3. LEMMA. O"L°(A) — LP(A) € GIK4, for any n > 0.

Proof. It can be shown that
OF1LP(A) — OFLP(A) € GIK4

for any k > 0. Using cut, possibly several times, we obtain the lemma. =

6.6.4. COROLLARY. For any n > 0,
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I AecGIL iff T — A € GIK4 + 0" L7 (p),
where GIK4 + O"L°(p) is the system obtained by adding — O"L7(A) to GIK4

as an ariom.

6.6.5. LEMMA. Let P be a proof figure for T — A in GIK4 + 0" LP(p). Then
there exist formulas Ay, - -+, A,, such that

Ot Lo (Ay), -, 0" LP(A,),T — A € GIKA4.

Proof. We use an induction on the number #(P) of axioms of the form
— O™ LP(A) in P. If #(P) = 0, then P is a proof figure for ' — A in GIK4.
Suppose that #(P) > 0 and the lemma holds for any P* such that #(P*) < #(P).
Then there exists an axiom — O""1L7(A;) in P for some A;. For a subfigure Q
of P, we define h(Q) as follows:

N

1) h(A—A) =

(1) h(A — A) OnH1LB(Ay), A — A’
) - Dn+1LD(A1)’J_ 7

O+ LP(A)
Dn+1 [m} — —
(3) h(— L°(A)) S LO(A)) = O LO(A)’ where A # Ay,
(4) h(— O™ L7 (Ay)) = O™ L7 (Ay) — O"HLLP(Ay),
P o pk)
r—A

(2) h(L —

(5) A(
Q* if the inference rule that introduces I' — A is (>7x4)

) h(P) - A(DB)

G LO(A).T = A otherwise
where QQ* is
1l —
1l —-B
1,B>1—B
—-1l>B
h(Py) using (7" —), possibly several times
AA> L — AN W) - h(P) On+tL9(A),Y — L > B

Ot LB(A), Xi > Yy, X > Yy, X — A B

and A = {B, Xla cee 7Xk7 _\DnLD(Al)}
Note that 0" LP(A;) = -0O"L°(A;) > L and h(P) is a proof figure for

0" L9(A4,),T — A
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satisfying #(h(P)) < #(P). Using the induction hypothesis, we obtain the
lemma. =

6.6.6. DEFINITION. By GIL", we mean the system obtained from GIL by adding
the inference rule (>;x4) in GIK4.

6.6.7. DEFINITION.
Sub*(I' = A) =Sub(I' = A)Uu{C>D|C,D eSub(l' - A)U{L}}U{L}

6.6.8. LEMMA. Let P be a cut-free proof figure for I' — A in GIL*. Then every
formula occurring in P belongs to Sub™(I' — A).

Proof. By an induction on P. =
6.6.9. DEFINITION. Let P be a cut-free proof figure in GIL*. We define depy. (P)

as follows:
(1) dep(D — D) = deps (L —) =0,

Pl n
2) d _
(2) depe (BT o
_ [ max{dep.(P1) +1,dep.(P) -, depe(F)} if is (Brx4) or (1)

max{deps (Py), - -,deps(P,)} otherwise
P A
where I is the inference rule that introduces I' — A in ———— =™
r—A

6.6.10. LEMMA. Let P be a cut-free proof figure for
Ol T — A, -0O"A

in GIL*, where n > 1. If dep.(P) < n and (ILUA) N Sub™(T" — A) = 0, then
there exists a cut-free proof figure for I' — A in GIL".

Proof. The lemma can be shown in the way similar to Lemma 4.4.8 by an
induction on P. Here we only show the case that there exists an inference rule I
that introduces the end sequent of P and I is (>7x4). Then sequents occurring
I are of the following forms

upper sequents:

AA{B, Xy, -, X} > L, 0 Y0OI) — -0 'L, B, Xy, -+, X,

o, - Y1 > B

DTLHQ’EHYmDB
O, Y — | > B
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Oy, ¥ — 1> B

lower sequent:

orIl,, Orlly, Xy > Yy, -, X > Y, 2 — A B
Let P, be the proof figure for the first upper sequent above in P and let P; be
the proof figure for O"Il,, ¥ — Y; > B. We note that

n > depD(P) = max{depD(Po) +1,dep(P1),- -, depD(Pm)a 1}»

and hence n — 1 > dep.. (Fy) and n > depy. (P;). Using the induction hypothesis,
there exist cut-free proof figures for the following sequents:

AA{B, Xy, -, Xp}> 1L —-B, Xy, X, Y—=Yi>B - ¥—=Y,>B.
Using (I>74), we obtain the lemma. -
6.6.11. NOTATION. By P(A > B), we mean the set of each cut-free proof figure

P in GIL" such that the inference rule introducing the end sequent of P is either
(>71) or (>7x4) and its principal formula in the succedent is A > B.

6.6.12. DEFINITION. We define a mapping hce, on the set of cut-free proof
figures in GIL* as follows:

A— A
1 A— A=
Wheerd =D =G0 T a7
1l —
2) h 1 =
( ) CI>L( _>) CDL,J_—>7
P, - P,
(3) hee L (=R
( C—-C 1 —
c,.C>1L—DC 1, D>1—D po... P
C,Dr>1,C>1—D,C —1l>D ifﬁGP(C’DD)
C>1l—-C>D -
using (7" —), possibly several times
_ C>1I'->Cp>D
P, --- P,
. f—— A B
Q@ ! I— A €P(A>B)
is of the form @ and A # C'
hep1 (P1) -+ hop 1 (P) .
h
\ > 1T A otherwise
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where (@) is
P : : Py, - : n
II— B, Xy, -, X, Y—-Yi>B Y>—>Y,1>B
X1[>§/17"'7Xn—1[>yn—172_>A[>B
and Q* is
1l —
1l—B
1,B>1—B
— 1>B
hes1 (Pr) using (T' —), possibly several times
CI>J—7H_>BvX17"'7Xnac hC|>J_(P2) hCI>J_(Pn) C|>J_,E—>J_|>B

colL.XiopY, -, Xpoi>Y, 1, X —>A>B

Note that @Q* above is a proof figure satisfying

d6p|> (Q*) = max{depb (hCDL(Pl)) + 17 d6p|> (hCDJ-(PQ)>7 T depb(hCDJ_(Pn))’ 1}
= max{depy (how1(P1)) + 1, depy (hop 1 (P2)), - - -, deps (hes 1 (Pr)) }-

6.6.13. COROLLARY. Let P be a cut-free proof figure for I' — A. Then heysy (P)
is a cut-free proof figure for Ct>_L ', — A such that dep.(P) > depy (hos (P)).

6.6.14. NOTATION. By #.(P), we mean the sum of the number of inference rule
(>1k4) in P and the number of inference rule (>>;7) in P.

Similarly to Lemma 4.4.13, we have

6.6.15. LEMMA. Let P be a cut-free proof figure. If there exists a subfigure
Q € P(Ar B) of P satisfying depo(Q) > 2, then #o(P) > #o(hap1 (P)).

6.6.16. LEMMA. Let P be a cut-free proof figure in GIL*. Then there exists a
sequence

Plu"'updepD(P)

of subfigures of P satisfying
(1) P, € P(C; > D;) for some C; and D,

Po -+ Py
(2) P41 is a subfigure of Py, where P; = W T tum
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Proof. We use an induction on P. If P is an axiom, the lemma is clear.
Suppose that P is not axiom and the lemma holds for any proper subfigure P* of
P. Since P is not axiom there exists an inference rule I that introduces the end
sequent of P. We only show the case that [ is (I>;x4). P is of the form

P Qi - @y
5 .

If deps(P) = deps(Q;), then by the induction hypothesis, we obtain a se-
quence of subfigures of @);. The length of the sequence is dep.(Q) = deps(P)
and each subfigure of (); is a subfigure of P. Hence we obtain the lemma.

If dep (P) = deps(P') + 1, then by the induction hypothesis, there exists a
sequence

Py, Piepe(P)—1
of subfigures of P’ satisfying

(3) P, € P(C; > D;) for some C; and D;,

(4) P41 is a subfigure of P,y where P, =

S
Note that each subfigure of P’ is a subfigure of P and P is a subfigure of P.
Hence the sequence

Puo - Pin

Pa Plf"apdepD(P)fl

satisfies the conditions. —

6.6.17. LEMMA. Let P be a cut-free proof figure for
D2n+3H7F = A

in GIL*, where n is the number of elements in {C'>D | C>>D € Sub™(I' — A)}.
Then there exists a cut-free proof figure for I' — A in GIL".

Proof. We use an induction on # (P) + w(dep(P)). We note that
O™ I N Sub*(I' — A) =0
and the end sequent of P can be expressed as
o™t2(O0" 1), I — A.

If deps (P) < n + 2, then by Lemma 6.6.10, we obtain the lemma. Suppose that
deps(P) > n + 2 and the lemma holds for any proper subfigure of P. Then by
Lemma 6.6.16, there exists a sequence

pla"'apn+27"'7pdep>(P)
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of subfigures of P satisfying

(1) P, € P(C; > D;) for some C; and D,
Po - P,
By Lemma 6.6.8, C; > D; € Sub™(I' — A). So, there exist i and j such that
Ci=C;and 1 <i<j<n+1 Sincej <n+1<n+2<dep.(P), we
have dep.(P;) > 2. By (2), P; is a subfigure of P,o. Using Corollary 6.6.13
and Lemma 6.6.15, he,-1 (P;p) is a cut-free proof figure such that dep. (P ) >
depo (hyo 1 (Prg)) and #o(Pio) > #o(hoo 1 (Pi)). Using (517), we have the
following cut-free proof figure P/

(2) P is 2 subfigure of Py where P, —

heo1 (Pio) Pion -+ Pin

By P’, we mean the figure obtained from P by replacing P; by P/. P, and P/
have the same end sequent. So, P’ is a cut-free proof figure for the end sequent
of P such that #.(P) > #(P') and deps (P) > deps(P'). Using the induction
hypothesis, we obtain the lemma. o

6.6.18. LEMMA. Let P be a cut-free proof figure for ' — A in GIL*. Then there
exists a cut-free proof figure for I' — A in GIL.

Proof. By replacing each inference rule (>;x4) in P by

AA{B, Xy, -, Xp}> L — B, Xy,-, X,
AA> LB, Xy, Xp}> L — B, Xq,--, Xy Y >Yi>B - ¥Y>Y,>B
Xi>Y, -, X,>Y,, Y- A>B

we obtain a cut-free proof figure in GIL. .

By Lemma 6.6.4, Lemma 6.6.5, Theorem 6.4.1, Lemma 6.6.17 and Lemma
6.6.18, we obtain Theorem 6.6.1 in the way similar to Theorem 4.4.4.

6.6.19. COROLLARY. Let it be that I' — A € GIL. Then there exists a cut-free
proof figure P such that every formula occurring in P belongs to Sub™(I' — A).
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Abstract

In this thesis, we treat three kinds of propositional logics. The first kind connects
with a non-modal propositional logic, called formal propositional logic (FPL), an-
other is an intuitionistic modal logic, and the third kind consists of interpretability
logics. These logics are related to or connected with the provability logic GL,
the normal modal logic obtained from the smallest normal modal logic K by
adding Lo6b’s axiom O(Op D p) D Op. The name “provability logic” derives from
Solovay’s completeness theorem. He proved that GL is complete for the formal
provability interpretation in Peano arithmetic PA. So, GL has been considered
as one of the most important modal logics.

FPL as well as interpretability logics also have a formal provability interpreta-
tion. FPL is the propositional logic embedded into GL by Godel’s translation 7.
Interpretability logics are modal logics with a binary modal operator > including
GL. We treat these two kinds of logics with this motivation in mind.

The normal modal logic K4 is a sublogic of GL, which is obtained from K
by adding the transitivity axiom Op D OOp. As is expected by the additional
axioms of K4 and GL, the transitivity axiom and Lob’s axiom, K4 is much easier
to deal with than GL. So, as was stated by C. Smorynski, knowledge of K4 is
useful for the discussion of GL. Here we also treat Visser’s propositional logic
(VPL), the propositional logic embedded into K4 by 7, before treating FPL,
and the sublogic of the smallest interpretability logic IL whose >-free fragment is
K4, before IL. We consider the consequence relation of VPL and a property of
Lob’s axiom on VPL. To give cut-free sequent systems is one of the issues here.
We first give such systems for VPL and the sublogic of IL, and then, using a
property of Lob’s axiom, for FPL and IL.

The remaining one among the logics treated here is the intuitionistic modal
logic called propositional lax logic (PLL) by M. Fairtlough and M. Mendler. PLL
is not a logic for provability. However, PLL has other interesting interpretations.
For example, it corresponds to the computational typed lambda calculus intro-
duced by E. Moggi by the Curry-Howard isomorphism. Here we discuss Diego’s
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theorem in PLL, and elucidate the structure of sets of disjunction free formulas
with only finitely many propositional variables.



Samenvatting

In dit proefschrift behandelen we drie soorten propositielogica’s. De eerste is
een niet-modale propositielogica, formele propositielogica (FPL) genaamd, een
tweede is een intuitionistische modale logica, and de derde soort bestaat uit in-
terpreteerbaarheidslogica’s. Deze logica’s zijn gerelateerd aan of verbonden met
de bewijsbaarheidslogica GL, de normale modale logica verkregen uit de kleinste
normale modale logica K door toevoeging van Lob’s axioma O(Op D p) D Op.
De naam “bewijsbaarheidslogica” komt van Solovay’s volledigheidsstelling. Hij
bewees dat GL volledig is met betrekking tot de formele bewijsbaarheidsinter-
pretatie in de Peano-rekenkunde PA. Om die reden wordt GL wel beschouwd als
een van de belangrijkste modale logica’s.

FPL and de interpreteerbaarheidslogica’s hebben ook een formele bewijs-
baarheidsinterpretatie. De formele bewijsbaarheidslogica is de propositielogica
die door Godel’s vertaling 7 wordt ingebed in GL. Interpreeerbaarheidslogica’s
zijn modale logica’s met een binaire modale operator > die GL omvatten. We
behandelen deze twee soorten logica’s met deze motivering in gedachten.

De normale modal logica K4 is de sublogica van GL die uit K verkregen wordt
door toevoeging van het transitiviteitsaxioma Op D OOp. Zols te verwachten valt
uit de additionele axioma’s van K4 and GL, het transitiviteitsaxioma en Lob’s
axioma, is K4 veel eenvoudiger te behandelen dan GL. Om die reden is, zoals
door C. Smorynski al werd gezegd, kennis van K4 nuttig voor de discussie van
GL. We behandelen hier ook Visser’s propositielogica (VPL), de propositielogica
die wordt ingebed in K4 door 7 alvorens FPL te behandelen, en de sublogica
van de kleinste interpreteerbaarheidslogica IL waarvan het >-vrije fragment K4
is voor IL. We beschouwen de gevolgtrekkingsrelatie van VPL en een eigenschap
van Lob’s axioma op VPL. Het verkrijgen van snedevrije sequentensystemen is
hier de opgave. We geven een dergelijk systeem eerst voor VPL en de sublogica
of IL, and daarna, onder gebruikmaking van een eigenscahp van Lob’s axioma,
voor FPL and IL.

De laatste logica die hier wordt behandeld is een intuitionistische modale log-
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ica, propositionele lax-logica (PLL) genoemd door M. Fairtlough en M. Mendler.
PLL is geen logica voor bewijsbaarheid, maar heeft andere interessante interpre-
taties. Bijvoorbeeld, zij correspondeert met de computationele getypte lambda-
calculus geintroduceerd door E. Moggi via het Curry-Howard isomorfisme. Hier
bediscussieren we Diego’s stelling in PLL, and verhelderen de structuur van verza-
melingen van disjunctievrije formules met slechts eindig veel propositievariabelen.
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