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Chapter 1

Introduction

Brief history

In this thesis we investigate classes of intuitionistic and modal logics. The ori-
gins of intuitionistic logic and modal logic go back to the beginning of the 20th
century. Intuitionistic logic was introduced by Heyting [61] as a formalization
of Brouwer’s ideas about intuitionism and constructive mathematics. Investi-
gations into modal logics started with the work of Lewis [86], who introduced
the modal systems S1-S5. Lewis’ original goal was to axiomatize the so-called
strict implication and thus provide alternatives to material implication. The first
systematic semantics for intuitionistic and modal logics was provided by McK-
insey and Tarski [96, 97, 98, 119]. (The precursor to this semantics was the
semantics based on the so-called Jaskowski matrices [66].) McKinsey and Tarski
interpreted the intuitionistic propositional calculus IPC and the modal logic S4
in topological spaces. Their work can also be seen as the beginning of an al-
gebraic approach towards intuitionistic and modal logics. Moreover, McKinsey
and Tarski were the first who treated intuitionistic and modal logics in a single
framework. They showed that the modal logic S4 is complete with respect to
the class of closure algebras (one might say: the algebras of topological spaces)
and that the intuitionistic propositional calculus is complete with respect to the
class of Heyting algebras!, which basically consists of the open elements of clo-
sure algebras. This topological semantics works nicely for intuitionistic logic and
the modal logic S4. However, it becomes less transparent when applied to other
logics. In contrast, closure algebras can be very naturally generalized to Boolean
algebras with operators (BAOs, for short). There is a class (a variety) of BAOs
that corresponds to every modal logic, and every modal logic is complete with
respect to this class. Thus, before Kripke’s discovery of relational semantics for
intuitionistic and modal logics [76, 77, 78], algebraic semantics was the main tool

In fact, McKinsey and Tarski studied the Brouwerian algebras that are the order duals of
Heyting algebras.
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for investigating these logics.

After the introduction of relational semantics, interest shifted from the al-
gebraic semantics of intuitionistic and modal logics to Kripke semantics. But
researchers continued to investigate these logics using algebraic methods and the
field remained active. We mention a few important contributions of this early
period which are directly related to the subject of this thesis. Tarski and his stu-
dents developed the theory of cylindric algebras [60], which provide an algebraic
semantics for the classical first-order logic, Halmos studied monadic and polyadic
algebras [58], Jankov introduced characteristic formulas for finite Heyting alge-
bras and used them to prove that there are continuum many logics between
the classical propositional calculus CPC and intuitionistic propositional calculus
IPC [64, 65]. These logics are nowadays called “intermediate logics” or “super-
intuitionistic logics”. Independently, de Jongh [69] introduced similar formulas
and used them to characterize intuitionistic logic, applying a mix of algebraic
and relational semantics. Rieger [106] described the one-generated free Heyting
algebra and showed that it is infinite. Independently, Nishimura [102] obtained
the same result using proof-theoretic methods. Kuznetsov [80, 81, 82] began a
systematic study of intermediate logics using algebraic methods. It turned out
that most logical notions can be translated into statements about varieties of
algebras. Therefore, a whole range of techniques of universal algebra can be ap-
plied to problems of intermediate and modal logics. For example we consider the
well-known property of interpolation, which is purely syntactical. It was shown
by Maksimova [89, 91] that an intermediate or modal logic has the interpolation
property if and only if the corresponding variety of algebras has the superamal-
gamation property. This directly links the interpolation property with a purely
algebraic property concerning varieties of Heyting algebras and BAOs. The field
of logic that studies logic via algebraic methods is nowadays called algebraic logic.

There were two observations that made algebraic logic even more attractive.
First, in the '70s a number of Kripke-incomplete logics were discovered. Thoma-
son [120] constructed a Kripke incomplete temporal logic. Fine [40] and van
Benthem [5] found examples of Kripke incomplete modal logics. Shehtman [114]
constructed an incomplete intermediate logic. Therefore, there are logics that
cannot be investigated using only Kripke semantics. In contrast to this, every
intermediate and modal logic is complete with respect to its algebraic semantics.

The second main observation is that algebraic and Kripke semantics are, in
fact, very closely related. They are in a sense dual to each other. This connection
goes through the Stone duality. There is a one-to-one correspondence between
algebraic models of intuitionistic and modal logics and Kripke frames augmented
with a special topology, the so-called Stone topology. This correspondence can
be extended to a duality between varieties of algebras and categories of these
topological Kripke frames. For Heyting algebras and closure algebras this duality
was discovered by Esakia [38]. Goldblatt [51, 52] worked it out for BAOs and
descriptive frames. However, the idea of a duality between Boolean algebras with



operators and Kripke frames equipped with a special structure can be traced all
the way back to the important work of Jénsson and Tarski [71]. Note that the
duality between Heyting algebras and intuitionistic descriptive frames, on the one
hand, and the duality between BAOs and modal descriptive frames, on the other,
imply that every intermediate and modal logic is complete with respect to a class
of descriptive frames. This duality allows us to approach problems in interme-
diate and modal logics from different perspectives. As we already mentioned,
properties of a logic can be translated into algebraic terms. Now, using the du-
ality between algebras and descriptive frames these properties can be translated
into terms of descriptive frames. The interpolation property again provides us
with a good example. As we mentioned above, an intermediate or modal logic has
the interpolation property if and only if the corresponding variety of algebras has
the superamalgamation property. However, as is shown in [90], the easiest way
to either prove or refute the superamalgamation property is to translate it into
terms of descriptive frames and then use order-topological techniques. Thus, we
have three powerful tools for studying intermediate and modal logics: purely logi-
cal (syntactical), algebraic, and order-topological. Our investigations throughout
this thesis will be based on algebraic and order-topological techniques and on the
correspondence between them.

We continue by mentioning some other important contributions to the field of
algebraic logic. Rautenberg [105] and Blok [21] started a systematic investigation
of the lattices of varieties of BAOs. They thoroughly studied the splitting varieties
of BAOs. Blok [20] also defined and investigated the degree of incompleteness of
modal logics. In [19] Blok constructed an embedding of the lattice of intermediate
logics into the lattice of normal extensions of the modal logic S4. Blok’s proof
of this theorem used only algebraic methods. On the other hand, Esakia [34]
independently arrived at the same embedding using the duality between Heyting
algebras and topological Kripke frames.

The next important step was made by Zakharyaschev [132, 133, 134] who
generalized the notion of Jankov’s characteristic formula. Zakharyaschev defined
canonical formulas for intermediate and transitive modal logics and showed that
every such logic is axiomatizable by canonical formulas. The technique of Za-
kharyaschev was again based on a duality between descriptive frames and their
corresponding Heyting algebras and BAOs. Wolter [129, 130] and Kracht [73, 74]
studied tense logics, extensions of basic modal logic K and various intermediate
and modal logics using the splitting technique.

Finally, we mention yet another important line of research in algebraic logic.
This is the theory of canonicity and canonical extensions. These topics will not
be considered in this thesis at all, so we will only give a few important references:
Sahlqvist [109], Ghilardi and Meloni [49], Goldblatt [53], Gehrke and Jénsson
[47], Gehrke, Harding, Venema [45], Goldblatt, Hodkinson, Venema [54]. For a
systematic overview of these results as well as other useful material on algebraic
logic see Venema [126].
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Main results

Now that we have briefly discussed the main techniques of our investigations in
this thesis, we turn to the type of questions that we are going to study. As we
mentioned in our short historical overview, the investigation of intuitionistic logic
and modal logics started with a study of particular systems. Later on this study
was extended to the investigation of classes of intermediate and modal logics, of-
ten all extensions of a particular interesting logic. This approach provides us with
a uniform perspective on the field. It usually gives a better understanding of why
a logical system does or does not have a particular property. There are many
such examples, of which we mention only a few here. Segerberg [112] showed
that every transitive modal logic of finite depth has the finite model property,
Fine [42] proved that every transitive logic of finite width is Kripke complete.
Therefore, instead of proving the finite model property and Kripke completeness
for every given logic of finite depth or width we simply apply these general re-
sults. Sahlqvist’s theorem [109] (see also [18, §3.6], [24, §10.3]) provides us with
a different general completeness result, which says that if a logic is axiomatized
by the formulas of some particular shape, then it is Kripke complete. Again,
this theorem gives us for free a Kripke completeness result for large classes of
logics. Maksimova’s characterization of all intermediate logics with the interpola-
tion property can be seen as a general result of a similar nature. In this thesis we
follow this “global” approach to intermediate and modal logics. The precursors of
this approach were Scroggs [111], who studied all extensions of S5, Dummett and
Lemmon [31], who investigated modal logics between S4 and S5, and Bull [22],
Fine [39], and later Hemaspaandra [118], who showed that all extensions of S4.3
have the finite model property, are finitely axiomatizable, and are NP-complete,
respectively. Segerberg [112] investigated various classes of modal logics, Blok
[19] and Esakia [34] studied isomorphisms of lattices of modal and intermediate
logics, and Fine [41, 42] and Zakharyaschev [132, 133, 134, 135] investigated the
classes of subframe and cofinal subframe logics, to name only a few; see [131] for
an overview of these results.

The results in this thesis should be seen as a continuation of this line of
research. We also concentrate on the classes of extensions of some particular
logics. In this thesis we investigate:

1. The intermediate logic RN of the Rieger-Nishimura ladder and its exten-
sions.

2. Cylindric modal logics. In particular:

(a) The two-dimensional cylindric modal logic S5 (without the diagonal).

(b) The two-dimensional cylindric modal logic CMLy (with the diagonal).



We first discuss these two topics and then concentrate on the particular questions
that we are going to address in this thesis.

The Rieger-Nishimura ladder is the dual frame of the one-generated free Heyt-
ing algebra described by Rieger [106] and Nishimura [102]. We study the inter-
mediate logic RN of the Rieger-Nishimura ladder. This logic is the greatest
1-conservative extension of IPC. It was studied earlier by Kuznetsov and Gerciu
[83], Gerciu [48] and Kracht [73]. We provide a systematic analysis of this sys-
tem and its extensions. We also study an intermediate logic KG, introduced by
Kuznetsov and Gerciu. It is closely related to RN and will play an important role
in our investigations. The logic RN is a proper extension of KG. By studying
extensions of KG and RN we introduce some general techniques. For exam-
ple, we give a systematic method for constructing intermediate logics without
the finite model property, we give a method for constructing infinite antichains
of finite Kripke frames that implies the existence of a continuum of logics with
and without the finite model property. We also introduce a gluing technique for
proving the finite model property for large classes of logics.

Cylindric modal logics are the direct logical analogues of Tarski’s cylindric
algebras. The theory of cylindric algebras was originally introduced and developed
by Tarski and his collaborators in an attempt to algebraize the classical first-order
logic FOL [60]. Finite-dimensional cylindric algebras provide algebraic models for
the finite variable fragments of FOL, and so finite-dimensional cylindric algebras
give an “approximation” of FOL.

Cylindric modal logics were first formulated explicitly in [125]. They are
closely related to n-dimensional products of the well-known modal logic S5. The
lattice of extensions of S5, i.e., the lattice of extensions of the one-dimensional
cylindric modal logic, is very simple: every extension of S5 is finitely axiomati-
zable and decidable. Moreover, every proper extension of S5 is complete with
respect to a single finite frame. In contrast to this, the lattice of extensions
of the three-dimensional cylindric modal logic is very complicated. The three-
dimensional cylindric modal logic is undecidable and has continuum many un-
decidable extensions. In this thesis we concentrate on two-dimensional cylindric
modal logics. We consider two similarity types: two-dimensional cylindric modal
logics with and without diagonal. Cylindric modal logic with the diagonal cor-
responds to the full two-variable fragment of FOL and the cylindric modal logic
without the diagonal corresponds to the two-variable substitution-free fragment
of FOL. We study the lattices of two-dimensional cylindric modal logics.

There is a two-fold connection between these two themes of the thesis. First,
for all these systems, we investigate the same properties of axiomatization, finite
model property, local tabularity, etc. Second, in both cases we use the same tech-
niques. Our main tools are algebras and their dual frames. In the intuitionistic
case we use the duality between Heyting algebras and intuitionistic descriptive
frames (resp. ordered topological spaces). In the modal case we use the dual-
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ity between Boolean algebras with operators and modal descriptive frames (resp.
Stone spaces with point-closed and clopen relations). As we pointed out above,
we approach the problems of intermediate and modal logics both from an al-
gebraic and from frame-theoretic, (or rather order-topological) perspective and
jump back and forth between these two frameworks at our convenience.

Our investigations mostly concern the following topics:

e Aziomatization. Our main tools for obtaining positive or negative results
concerning axiomatization of intermediate and modal logics are the so-called
frame-based formulas. In particular, the Jankov-de Jongh formulas for in-
termediate logics, the Jankov-Fine formulas for modal logics, and subframe
and cofinal subframe formulas for intermediate and modal logics. In Chap-
ter 3 we put all these formulas into a unified framework. We use these
formulas for showing that RIN is finitely axiomatizable. We also prove that
every normal extension of S52 is finitely axiomatizable, and that there are
non-finitely axiomatizable extensions of CMLs,.

e The finite model property. Using the technique of gluing models we prove
that every extension of the logic RN of the Rieger-Nishimura ladder has
the finite model property. Using the Jankov-de Jongh formulas we develop
a systematic method for constructing intermediate logics without the finite
model property. We also prove that every normal extension of S52 has
the finite model property. We leave it as an open problem whether every
extension of CML, has the finite model property.

e Local tabularity. This property is especially useful since every locally tabular
logic has the finite model property. We derive a criterion for recognizing
when an extension of RN, KG, S52, or CML, is locally tabular.

e Pre-P-properties. Let P be a property of logics. A logic L has a pre-P-
property if L lacks P but every proper extension of L has P. We characterize
the only extension of KG that has the pre-finite model property. We also
describe all pre-tabular and all pre-locally tabular extensions of KG, S52
and CMLs,.

e Decidability/complexity. In Chapter 8 we prove that every proper normal
extension of S5? is decidable and has an NP-complete satisfiability problem.
This result together with the finite model property and finite axiomatiza-
tion of normal extensions of S52 gives us the analogue of the Bull-Fine-
Hemaspaandra theorem for normal extensions of S52.



Contents

This thesis has two parts. First we describe the contents of Part I. It is a well-
known result of universal algebra that every variety of algebras is generated by
its finitely generated members. Therefore, an understanding of the structure of
finitely generated algebras of a given variety provides the key for understanding
this variety. That is why we start our investigation of intermediate logics with
an investigation of finitely generated Heyting algebras. Many facts about these
algebras are known. However, these results are scattered in the literature. Our
aim is to give a coherent exposition of finitely generated Heyting algebras. We
show that their dual frames can be seen as “icebergs” consisting of the upper
part (the tip of the iceberg) and the lower part. We give a full description of the
upper part of these frames.

We also discuss the Jankov-de Jongh formulas, subframe formulas and cofinal
subframe formulas in a uniform framework of frame-based formulas. We define
subframe formulas and cofinal subframe formulas in a new way which connects
them with the NNIL formulas of [127]. We give a general criterion for an interme-
diate logic to be axiomatized by frame-based formulas and show that in general
not every logic is axiomatized by frame-based formulas. This gives another ex-
planation of why we need to enrich these formulas with an additional parameter
as in Zakharyaschev’s canonical formulas.

Next we use finitely generated Heyting algebras, the Jankov-de Jongh formulas
and subframe formulas in the study of the lattice of extensions of one particular
intermediate logic, the logic of the Rieger-Nishimura ladder. We will see that the
complicated construction of finitely generated Heyting algebras becomes surpris-
ingly simple in this case. We define the n-scheme logics of IPC and n-conservative
extensions of IPC. We show that the logic of the Rieger-Nishimura ladder is the
1-scheme logic of IPC and, by virtue of that, the greatest 1-conservative exten-
sion of IPC. We show that every extension of RN has the finite model property.
We also study the Kuznetsov-Gerciu logic KG. The logic RN is a proper exten-
sion of KG, but in contrast to RN, the logic KG has continuum many extensions
without the finite model property. Finally, we give a criterion of local tabularity
in extensions of RN and KG.

In Part II we investigate in detail lattices of the two-dimensional cylindric
modal logics. Cylindric modal logic without the diagonal is the two-dimensional
product of S5, which we denote by S52. It is well-known that S52 is finitely ax-
iomatizable, has the finite model property, is decidable [60] and has a NEXPTIME-
complete satisfiability problem [93]. We show that every proper normal extension
of S5? is also finitely axiomatizable, has the finite model property, and is decid-
able. Moreover, we prove that in contrast to S52, every proper normal extensions
of S52 has an NP-complete satisfiability problem. We also show that the situa-
tion for cylindric modal logics with the diagonal is different. There are continuum
many non-finitely axiomatizable extensions of the cylindric modal logic CMLs.
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We leave it as an open problem whether all of them have the finite model prop-
erty. We also give a criterion of local tabularity for two-dimensional cylindric
modal logics with and without diagonal and characterize pre-tabular cylindric
modal logics.

The thesis is organized as follows. In Chapter 2 we discuss the Kripke, alge-
braic and order-topological semantics of the intuitionistic propositional calculus.
In Chapter 3 we give a systematic overview of finitely generated Heyting algebras,
universal models for intuitionistic logic, and of frame-based formulas. Chapter
4 investigates in detail the lattice of extensions of the logic RN of the Rieger-
Nishimura ladder, and the lattice of extensions of the Kuznetsov-Gerciu logic
KG. In Chapter 5 we introduce the basic notions of cylindric modal logic and de-
fine cylindric algebras. Chapter 6 investigates the lattice of normal extensions of
S5%—the two-dimensional cylindric modal logic without the diagonal. In Chap-
ter 7 we study the lattice of normal extensions of CMLy—the two-dimensional
cylindric modal logic with the diagonal. Finally, in Chapter 8 we prove that every
proper normal extension of S52 is finitely axiomatizable, has the poly-size model
property and has an NP-complete satisfiability problem.

We close the introduction by mentioning prior work on which some of the
chapters are based. Chapter 3 is partially based on [13]. Chapter 4 is based on
joint work with Dick de Jongh and Guram Bezhanishvili [8]. Chapters 5 and 6
are based on [12], Chapter 7 is based on [14], and Chapter 8 is based on joint
work with Maarten Marx [17] and Ian Hodkinson [16].



Part 1

Lattices of intermediate logics






Chapter 2

Algebraic semantics for intuitionistic
logic

In this chapter we give an overview of the basic facts about intuitionistic logic and
its extensions. In particular, we recall their Kripke, algebraic and general frame
semantics, and the duality between Heyting algebras and descriptive frames.

2.1 Intuitionistic logic and intermediate logics

2.1.1 Syntax and semantics

Let £ denote a propositional language consisting of
e infinitely many propositional variables (letters) po, p1, . . .,
e propositional connectives A, V, —,
e a propositional constant L.

We denote by PROP the set of all propositional variables. Formulas in £ are de-
fined as usual. Denote by FORM(L) (or simply by FORM) the set of all well-formed
formulas in the language £. We assume that p,q,r,... range over propositional
variables and ¢, 1), x, . .. range over arbitrary formulas. For every formula ¢ and ¢
we let =¢ abbreviate ¢ — L and ¢ < 1 abbreviate (¢ — ) A (¢ — ¢). We also
let T abbreviate —_L. First we recall the definition of intuitionistic propositional
calculus.

2.1.1. DEFINITION. Intuitionistic propositional calculus IPC is the smallest set
of formulas containing the axioms:

L. p—(q¢—p),
2. (p—(g—r)—=((p—q9 —(@—r1)),

11
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3. PAG— D,

4. pAg—q,

5. p—=pVy,

6. ¢—pVy,

7. (p—=r)—=((g—=r)—=((pVve —1))),
8. L —p.

and closed under the inference rules:

Modus Ponens (MP) : from ¢ and ¢ — ¢ infer 1),

Substitution (Subst) : from ¢(p1,...,p,) infer ¢y, ..., 1Uy,).

For an introduction to intuitionism and the connection between intuitionistic logic
and intuitionism we refer to [62], [28], [123] and [15].

2.1.2. DEFINITION. Let CPC denote classical propositional calculus.

It is well known (see e.g., [24, §2.3]) that CPC properly contains IPC. Indeed,
we have pV —p,=—p — p € CPC, but pV —p,—-—p — p ¢ IPC. In fact, we have
the following theorem; see e.g., [24, §2.6].

2.1.3. THEOREM.

1. CPC is the smallest set of formulas that contains IPC, the formula pV —p,
and is closed under (MP) and (Subst).

2. CPC is the smallest set of formulas that contains IPC, the formula -—p —
p, and is closed under (MP) and (Subst).

2.1.4. DEFINITION. A set of formulas L C FORM closed under (MP) and (Subst)
is called an intermediate logic if IPC C L C CPC.

Thus, the intermediate logics are “intermediate” between classical and intuitionis-
tic propositional logics. Next we introduce a class containing all the intermediate
logics.

2.1.5. DEFINITION. A set of formulas L C FORM closed under (MP) and (Subst)
is called a superintuitionistic logic if L O IPC.
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A superintuitionistic logic L is said to be consistent if 1L ¢ L, and inconsistent
if 1 € L. By (8) and (MP), L is inconsistent iff L = FOrM. We will use the
notation L F ¢ to denote ¢ € L. The next proposition tells us that not only
every intermediate logic is superintuitionistic, but that for consistent logics, the
converse obtains as well. For a proof see, e.g., [24, Theorem 4.1].

2.1.6. PROPOSITION. For every consistent superintuitionistic logic L C FORM
we have L C CPC. That is, L is intermediate.

Therefore, every consistent superintuitionistic logic is intermediate and vice versa.
From now on we will use the term “intermediate logic” only. Let L; and Ly be
intermediate logics. We say that Lo is an extension of Ly if L1 C Ls.

2.1.7. REMARK. In contrast to the propositional case, not every extension of
the intuitionistic first-order logic is contained in the classical first-order logic.
Indeed, it is known that the classical first-order logic has continuum many exten-
sions. Every one of these is an extension of the intuitionistic first-order logic not
contained in the classical first-order logic. Thus, the notions of superintuitionistic
and intermediate logics do not coincide in the first-order case.

For every intermediate logic L and a formula ¢, let L + ¢ denote the smallest
intermediate logic containing L U {¢}. Then we can reformulate Theorem 2.1.3
as:

CPC =IPC + (pV —p) = IPC + (=—p — p).

Now we recall the Kripke semantics for intuitionistic logic. Let R be a binary
relation on a set W. For every w,v € W we write wRwv if (w,v) € R and we write
—(wRw) if (w,v) ¢ R.

2.1.8. DEFINITION.
1. An intuitionistic Kripke frame is a pair § = (W, R), where W # () and R is
a partial order; that is, a reflexive, transitive and anti-symmetric relation

on W.

2. An intuitionistic Kripke model is a pair 9 = (§,V) such that § is an
intuitionistic Kripke frame and V' is an intuitionistic valuation; that is, a
map V : PROP — P(W),! satisfying the condition:

w € V(p) and wRv implies v € V (p).

1By P(W) we denote the powerset of WW.
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All the Kripke frames and Kripke models that we consider in Part I of this thesis
are intuitionistic. So, we will simply call them Kripke fames and Kripke models
or just frames and models.

Let 9t = (W, R, V) be an intuitionistic Kripke model, w € W and ¢ € FORM.
The following provides an inductive definition of 9%, w |= ¢.

1. Mw Epiff we V(p),

2. MwE oA iff Mw E ¢ and M, w = 1),

3. MwkEoVyYiff MwkE ¢ or Mw =1,

4. M w = ¢ — ¢ iff for all v with wRv, if M, v = ¢ then M, v = 1,
5. M,w = L.

If M, w = ¢, we say “¢ is true at w” or “w satisfies the formula ¢ in IM”. We
write w = ¢ instead of M, w = ¢ if the model M is clear from the context. Since
—¢ abbreviates ¢ — 1, we can spell out the truth definitions of formulas with
negation as follows:

o M w = ¢ iff M, v £ ¢ for all v with wRw,

e Mw = ——¢ iff for all v with wRv there exists u such that vRu and
M, u = .

2.1.9. DEFINITION. Let ¢ € FORM, § be a Kripke frame, 9 be a model on §,
and K be a class of Kripke frames.

1. We say that ¢ is true in 9, and write M = ¢, if M, w |= ¢ for every w € W.

2. We say that ¢ is valid in §, and write § | ¢, if for every valuation V on §
we have that 9 = ¢, where 9 = (§, V).

3. We say that ¢ is valid in K, and write K |= ¢, if § | ¢ for every § € K.

For every intermediate logic L let Fr(L) be the class of Kripke frames that validate
all the formulas in L. We call Fr(L) the class defined by L.

2.1.10. DEFINITION.

1. For every Kripke frame § let Log(§) denote the set of all formulas that are
valid in §, i.e., Log(F) = {¢: § E ¢}.

2. For a class K of Kripke frames, let Log(K) = ({Log(F) : § € K}.
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3. An intermediate logic L is called Kripke complete if there exists a class K
of Kripke frames such that L = Log(K). In such a case we say that L is
complete with respect to K.

It is easy to check that for every frame § the set Log(§F) is an intermediate logic.
We call it the logic of §. Then Log(K) is an intermediate logic which we call the
logic of K. It is easy to see that if an intermediate logic L is Kripke complete,
then L = Log(Fr(L)).

It is well known that IPC and CPC are Kripke complete. The proof of the
following theorem is standard and uses the so-called canonical model argument.
See, e.g., [24, Theorems 1.16 and 5.12], [28], [15].

2.1.11. THEOREM. The following holds.
1. TPC is complete with respect to the class of all partially ordered frames.

2. CPC s complete with respect to the frame consisting of one reflexive point.

Next we recall the main operations on Kripke frames and models.

GENERATED SUBFRAMES AND GENERATED SUBMODELS. Let § = (W, R) be
a Kripke frame. A subset U C W is called an upset of § if for every w,v € W
we have that w € U and wRv imply v € U. A frame §' = (U, R') is called a
generated subframe of F if U C W, U is an upset of § and R’ is the restriction
of Rto U, ie.,, ¥ = RNU? Let M = (F,V) be a Kripke model. A model
M = (F', V') is called a generated submodel of 9 if §F' is a generated subframe
of § and V" is the restriction of V to U, ie., V/(p) = V(p)NU. Let § = (W, R)
be a Kripke frame and let w € W. Let the subframe of § generated by w be the
frame §, = (R(w), R'), where R(w) = {v € W : wRv} and R’ is the restriction
of R to R(w). Let M = (F,V) be a Kripke model and w € W. The submodel of
M generated by w is the model M, := (Fw, V'), where §,, is the subframe of F
generated by w and V”’ is the restriction of V to R(w).

p-MORPHISMS. Let § = (W, R) and §' = (W', R') be Kripke frames. A map
W — W'is called a p-morphism between § and §' if for every w,v € W and
w e W

1. wRv implies f(w)R'f(v),
2. f(w)R'w' implies that there exists u € W such that wRu and f(u) = w'.

Some authors call such maps bounded morphisms; see, e.g., [18]. We call the
conditions (1) and (2) the “forth” and “back” conditions, respectively. We say
that f is monotone if it satisfies the forth condition. If f is a surjective p-morphism
from § onto F, then § is called a p-morphic image of §. Let M = (F,V) and
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M = (F',V’') be Kripke models. A map f : W — W’ is called a p-morphism
between M and M’ if f is a p-morphism between § and §’ and for every w € W
and p € PROP:

M, w = p it W, f(w) = p.

If f is surjective, then 9 is called a p-morphic image of MM'. p-morphic images
are also called reductions; see, e.g., [24].

D1SJOINT UNIONS. Let {§;}ic; be a family of Kripke frames, where §; =
(Wi, R;), for every i € I. The disjoint union of {Fi}icr is the frame |4, , T =
(W;c; Wi, R) such that 4, , W; is the disjoint union of W;’s and R is defined by

wRwv iff there exists ¢ € I such that w,v € W; and wR;v.

Let {9M;}ic; be a family of Kripke models, where IM; = (i, V;), for every
i € I. The disjoint union of {9M;}ics is the model 4, M; := (I, i, V') such
that (4, T is the disjoint union of F;’s and V(p) = (U,c; Vi(p).

Now we formulate the truth-preserving properties of these operations. For a
proof we refer to [24, §2.3].

2.1.12. THEOREM.

1. If a model M = (W', R',V') is a generated submodel of a model M =
(W, R,V), then for every ¢ € FORM and v € W' we have

M, v = ¢ iff M, v = ¢.

2. If a model M = (W' R, V') is a p-morphic image of a model M =
(W, R, V) via f, then for every ¢ € FORM and w € W we have

M, w & iff M, f(w) o,

3. Let {M;}icr be a family of Kripke models, where IM; = (W;, R;, Vi), for
every i € I. Let € FORM and w € W, for some i € I. Then

Wiy P4, w = ¢ iff My, w = ¢
Now we formulate the truth-preserving properties for frames.

2.1.13. THEOREM.

1. If a frame §' is a generated subframe of a frame §, then for every ¢ € FORM
we have

S E ¢ implies §' = ¢.
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2. If a frame § is a p-morphic image of a frame § wvia f, then for every
¢ € FORM we have

S E ¢ implies §' |= ¢.

3. Let {§i}ier be a family of Kripke frames and let ¢ € FORM. Then
Wie;Si =@ iff Si = ¢ forallie 1.

2.1.14. DEFINITION. Let § = (W, R) be a Kripke frame. § is called rooted if
there exists w € W such that for every v € W we have wRwv.

Then Theorem 2.1.13 entails the following useful corollary; see, e.g., [24, Theorem
8.58].

2.1.15. COROLLARY. If an intermediate logic L is Kripke complete, then L 1is
Kripke complete with respect to the class of its rooted frames.

This means that we can restrict ourselves to rooted Kripke frames.

2.1.2 Basic properties of intermediate logics

Next we look at the important properties of intermediate logics that we will be
concerned with in this thesis.

THE FMP. First we recall the definition of the finite model property.

2.1.16. DEFINITION. An intermediate logic L is said to have the finite model

property, the fmp for short, if there exists a class K of finite Kripke frames such
that L = Log(K).?2

Recall that a Kripke frame § = (W, R) is a chain if for every w,v € W we
have wRv or vRw. Also recall that a finite tree is a finite rooted Kripke frame
§ such that the predecessors of every point of § form a chain [24, p.32]. A
standard argument using the techniques of filtration and unraveling shows that
the following theorem holds. For the proof see, e.g., [24, Corollary 2.33].

2.1.17. THEOREM. IPC has the finite model property with respect to rooted par-
tial orders. Moreover, IPC is complete with respect to the class of finite trees.’

2Some authors define the finite model property in the following way: L has the fmp iff there
is a class M of finite models such that for every formula ¢, we have ¢ € L < 9 = ¢ for every
M € M. The property defined in Definition 6.1.1 is then called the finite frame property. It
can be shown that for intermediate logics these two properties coincide; see, e.g., [24, Theorem
8.47].

3This result can be improved by considering the so-called Jaskowski frames, which are a
special kind of finite trees [24, p.56].
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Clearly every logic that has the finite model property is complete. The converse,
in general, does not hold. In the next chapter we will see examples of complete
logics that lack the fmp.

TABULARITY. Let L be an intermediate logic. If L has the fmp, then it is
complete with respect to a class K of finite frames. Clearly K can be very big.
Now we define a very restricted notion of the fmp.

2.1.18. DEFINITION. A logic L is called tabular if there exists a finite (not nec-
essarily rooted) frame § such that L = Log(5F).

Obviously, if L is tabular, then L has the fmp. However, there are logics with the
fmp that are not tabular. In particular, IPC enjoys the fmp but is not tabular
24, Theorem 2.56]. The best known example of a tabular logic is the classical
propositional calculus CPC, which is the logic of a frame consisting of a single
reflexive point.

LOCAL TABULARITY. We say that two formulas ¢ and ¢ are L-equivalent if
LE ¢«

2.1.19. DEFINITION. A logic L is called locally tabular if for every n € w there
are only finitely many pairwise non-L-equivalent formulas in n variables.

Every tabular logic is locally tabular. Therefore, CPC is locally tabular. How-
ever, there are locally tabular logics that are not tabular.

2.1.20. DEFINITION. Let LC = IPC + (p — ¢q) V (¢ — p). LC is called the
linear calculus or Dummett’s logic.

For the proof of the next theorem consult, e.g., [24, Theorems 5.33 and 12.15 and
§12.4, p.428].

2.1.21. THEOREM. The following holds.
1. LC s complete with respect to the class of all finite chains.
2. LC is not tabular.

3. LC 1is locally tabular.

The fact that LC is locally tabular and has the fmp is not a pure coincidence.
The following theorem explains this connection; see, e.g., [23, Theorem 10.15].

2.1.22. THEOREM. If a logic L is locally tabular, then L enjoys the finite model
property.
The intuitionistic propositional calculus IPC provides a counter-example to the

converse of Theorem 2.1.22. As we mentioned above, IPC has the finite model
property, but as we will see in Chapter 3, it is not locally tabular.
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FINITE AXIOMATIZATION. Now we recall the notion of finite axiomatization.

2.1.23. DEFINITION. An intermediate logic L is called finitely axiomatizable or
finitely axiomatized if there exist finitely many formulas ¢4, ..., ¢, such that L =

IPC+ ¢y + ...+ ¢,.°

Even though most of the well-known logics are finitely axiomatizable, there are
also non-finitely axiomatizable logics. In Chapter 4 we will construct non-finitely
axiomatizable intermediate logics.

DECIDABILITY. One of the most crucial properties of logics is decidability.

2.1.24. DEFINITION. A logic L is called decidable if for every given formula ¢
there exists an algorithm deciding whether ¢ € L.

It is well known that every finitely axiomatizable logic that has the fmp is de-
cidable. This result is due to Harrop; see, e.g., [24, Theorem 16.13]. Therefore,
CPC, IPC and LC are decidable. There are also undecidable intermediate logics
24, §16.5].

Finally, notice that we can define lattice-theoretic operations on the class of
intermediate logics. Suppose {L;}ics is a set of intermediate logics. Let A, L; :=
Micr Li and \/,.; L; be the smallest intermediate logic containing | J,.; L;. For
every intermediate logic L, let A(L) be the set of all intermediate logics containing
L. Then (A(L),\/, \, L, CPC) is a complete lattice. In fact, as we will see below,
it is a Heyting algebra.®, The greatest element of (A(L),\/, A\, L, CPC) is CPC
and the least element is L. If we do not restrict ourselves to consistent logics
then the greatest element of A(L) is the inconsistent logic FORM. For every
intermediate logic L, we call (A(L),\/, \, L, CPC) the lattice of extensions of L.
From now on we will use the shorthand A(L) for (A(L),\/, \,CPC, L).

2.2 Heyting algebras

In this section we define Heyting algebras, formulate algebraic completeness of
intermediate logics, and spell out the connection between Heyting algebras and
Kripke frames.

2.2.1 Lattices, distributive lattices and Heyting algebras

Kripke semantics, discussed in the previous section, provides a very intuitive se-
mantics for intermediate logics. However, there are intermediate logics that are

4Clearly, we can substitute for ¢, + ... + ¢, one formula ¢ = A, ¢i. Therefore, if an
intermediate logic is finitely axiomatizable, then it is axiomatizable by adding one extra axiom
to IPC.

5For a definition of a complete lattice and a Heyting algebra consult the next section.
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not Kripke complete [24, §6]. So we cannot restrict the study of intermediate
logics to the study of their Kripke semantics. In this section we recall an alge-
braic semantics of IPC. As we will see below, an attractive feature of algebraic
semantics is that every intermediate logic is complete with respect to its algebraic
models.

We begin by introducing some basic notions. A partially ordered set (A, <)
is called a lattice if every two element subset of A has a least upper bound and a
greatest lower bound. Let (A, <) be a lattice. For a,b € A let a Vb := sup{a, b}
and a A b = inf{a,b}. We assume that every lattice is bounded, i.e., it has a
least and greatest element denoted by 0 and 1, respectively. The next proposition
shows that lattices can also be defined axiomatically, see, e.g., [2, Theorem 1, p.44]
and [23, p.§].

2.2.1. PROPOSITION. A structure (A,V,A,0,1), where A # 0, V and A are bi-
nary operations and 0 and 1 are elements of A, is a bounded lattice iff for every
a,b,c € A the following holds:

1. aVa=a, ala=a,

2. aVb=0bVa, aNb=bAa,

3. aVvV(bVve)=(aVb) Ve, aN(bAc)=(and)Ac,
4. aV0=a, alNl=a,

5 aV(bAa)=a, aA(bVa)=a.

Proof. It is a matter of routine checking that every lattice satisfies the axioms
1-5. Now suppose (A, V,A,0,1) satisfies the axioms 1-5. We say that a < b if
a Vb= b or equivalently if a A b = a. Checking that (A, <) is a lattice with least
and greatest elements 0 and 1, respectively, is routine. U

From now on we let (A, V, A,0, 1) denote a bounded lattice. We say that a lattice
(A, V, A,0,1) is complete if for every subset X C A there exist \/ X = sup(X) and

A X =inf(X).

2.2.2. DEFINITION. A bounded lattice (A,V,A,0,1) is called distributive if it
satisfies the distributivity laws®:

eaV(bAc)=(aVb)A(aVec),
e aN(bVe)=(aAb)V (aNec).

Note that the lattices shown in Figure 2.1 are not distributive. The next theorem,
due to Birkhoff, shows that, in fact, these are typical examples of non-distributive
lattices. For the proof the reader is referred to [2, Theorem 9, p.51] and [23,
Theorem 3.6].

6Tn fact, each of these two axioms implies the other. Nevertheless, we list them both.
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M5 N5

Figure 2.1: Non-distributive lattices My and N5
2.2.3. THEOREM. A lattice (A,V,A,0,1) is distributive iff M5 and Nj are not
sublattices of (A,V,NA,0,1).
We are ready to define the main notion of this section.

2.2.4. DEFINITION. A distributive lattice (A, V,A,0,1) is said to be a Heyting
algebra if for every a,b € A there exists an element a — b such that for every
¢ € A we have:

c<a—b iff anc<b.

We call — a Heyting implication or simply an implication. For every element a
of a Heyting algebra, let —a := a — 0.

2.2.5. REMARK. It is easy to see that if 2 is a Heyting algebra, then — is a binary
operation on 2, as follows from Proposition 2.2.7(1). Therefore, we should add
— to the signature of Heyting algebras. Note also that 0 — 0 = 1. Hence, we
can exclude 1 from the signature of Heyting algebras. From now on we will let
(A,V, A, —,0) denote a Heyting algebra.

Similarly to the case of lattices, Heyting algebras can be defined in a purely
axiomatic way; see, e.g., [68, Lemma 1.10].

2.2.6. THEOREM. A distributive lattice” A = (A,V,A,0,1) is a Heyting algebra
iff there is a binary operation — on A such that for every a,b,c € A:

1.a—a=1,
2. aN(a—b)=aANb,

3. bA(a—b)=b,

"In fact, it is not necessary to state that 2 is distributive. Every lattice satisfying conditions
14 of Theorem 2.2.6 is automatically distributive [68, Lemma 1.11(i)].
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4.a—(bAc)=(a—b)A(a—c).

Proof. Suppose 2 satisfies the conditions 1-4. Assume ¢ < a — b. Then
by (2), cANa < (a — b)ANa = aANb < b For the other direction we first
show that for every a € A the map (a — -) is monotone, i.e., if b; < by then
a — by < a — by. Indeed, since by < by we have by A by = b;. Hence, by (4),
(@ — b)) A(a— b)) =a— (b Nby) = a — by. Thus, a — by < a — by. Now
suppose cAa < b. By 3),c=cA(a —¢) <1A(a — ¢). By (1) and (4),
IN(a —¢)=(a—a)A(a — ¢)=a— (aAc). Finally, since (a — -) is
monotone, we obtain that a — (a A ¢) < a — b and therefore ¢ < a — b.

It is easy to check that — from Definition 2.2.4 satisfies the conditions 1-4.
We skip the proof. O

For the next proposition consult [68, Theorem 4.2] and [35].

2.2.7. PROPOSITION.

1. In every Heyting algebra A = (A, V, A\, —,0) we have that for every a,b € A:

a—>b:\/{c€A:a/\c§b}.

2. A complete distributive lattice (A, \,V,0,1) is a Heyting algebra iff it sat-
isfies the infinite distributive law

iel iel
for every a,b; € A, i € 1.

Proof. (1) Clearly a — b < a — b. Hence, a A (a — b) <b. So, a — b < \/{ce
A :a A c<b}. On the other hand, if ¢ is such that ¢ A a < b, then ¢ < a — b.
Therefore, \/{c € A:aNc<b} <a—b.

(2) Suppose 2 is a Heyting algebra. For every i € I we have that a A b; <
a A Ve bio Hence, V.. (a Ab;) < anNV, b Now let ¢ € A be such that
Vic/(@nb;) < c. Then a Ab; < ¢ for every i € I. Therefore, b; < a — ¢ for every
i € I. This implies that \/,.,;b; < a — ¢, which gives us that a A \/,.; b; < c.
Thus, taking \/,c;(a A b;) as ¢ we obtain a A \/,c; b <\, (a A b;).

Conversely, suppose that a complete distributive lattice satisfies the infinite
distributive law. Then we put a — b = \/{c € A:aAc <b}. It is now easy to
see that — is a Heyting implication. O

Next we will give a few examples of Heyting algebras.
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2.2.8. EXAMPLE.

1. Every finite distributive lattice is a Heyting algebra. This immediately
follows from Proposition 2.2.7(2), since every finite distributive lattice is
complete and satisfies the infinite distributive law.

2. Every chain € with a least and greatest element is a Heyting algebra and
for every a,b € € we have

1 ifa <0,

b:
e {b if a>b.

3. Every Boolean algebra B is a Heyting algebra, where for every a,b € B we
have
a—b=-aVDb

The next proposition characterizes those Heyting algebras that are Boolean alge-
bras. For the proof see, e.g., 68, Lemma 1.11(ii)].

2.2.9. PROPOSITION. Let A = (A,V,A,—,0) be a Heyting algebra. Then the
following three conditions are equivalent:

1. A is a Boolean algebra,
2. aN —a=1 for everya € A,

3. —=—a = a for every a € A.

2.2.2 Algebraic completeness of IPC and its extensions

In this section we discuss the connection between intuitionistic logic and Heyting
algebras. We first recall the definition of basic algebraic operations.

2.2.10. DEFINITION. Let A = (A,V,A,—,0) and A" = (A, VA, =,0") be
Heyting algebras. A map h : A — A’ is called a Heyting homomorphism or
simply a homomorphism if

h(a Vv b) = h(a) V' h(b),
h(a Ab) = h(a) N h(b),
h(a — b) = h(a) =" h(b),
h(0) =

A Heyting algebra 21’ is called a homomorphic image of 2 if there exists a Heyting
homomorphism from 2 onto 2I'.
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2.2.11. DEFINITION. Let 2 and ' be two Heyting algebras. We say that an
algebra A" = (A", V', N, =/ 0') is a subalgebra of A = (A, V,A,—,0) if A" C A,
the operations V', A, —' are the restrictions of V, A, — to A" and 0/ = 0.

It is easy to see that if 2’ is a subalgebra of 2, then for every a,b € A’ we have
aVbaNba— b0e A Next we define products of Heyting algebras.

2.2.12. DEFINITION.

1. Let Q[l = (Al, \/1, /\1, —>1,01) and ng = (AQ, \/2, /\2, —>2,02) be Heytmg al-
gebras. The product of 2; and 2, is the algebra 2; x 2y := (A; X As, V, A,
—,0), where

o (aj,as) V (b1,be) := (a1 V1 by, as Va be),
o (a,as) A (b1,be) := (a1 A1 by, ag A2 be),
L4 (01,a2) - (51,52) = (al —1 b1, a2 —2 b2),
e 0:=(04,09).
2. More generally, let {;};c;r be a family of Heyting algebras, where 2A; =
(Ai, Vi, Nis =4, 0;). The product of {2;};¢; is the Heyting algebra [ [, 2A; :=

(ILics Ai, VoA, —,0), where for every fi, fo € [[,c; Ai, ie., maps fi, fo: I —
U,er Ai such that fi(7), fo(i) € A;, we have:

o (fiV f2)(i) := fi(2) Vi fa(d),
o (fiNfa)(i) := fi(2) Ai fa(d),
o (fi — f2)(i) == f1(i) = f2(i),

e 0(i) :=0;.

Let K be a class of algebras of the same signature. We say that K is a variety
if K is closed under homomorphic images, subalgebras and products. It can be
shown that K is a variety iff K = HSP(K), where H, S and P are the operations
of taking homomorphic images, subalgebras and products, respectively. The next
theorem, due to Birkhoff, gives another characterization of varieties. For the proof
we refer to any textbook in universal algebra, e.g., Burris and Sankappanavar [23,
Theorem 11.9] or Grétzer [56, Theorem 3, p.171].

2.2.13. THEOREM. A class of algebras forms a variety iff it is equationally de-
finable.

Let HA denote the class of all Heyting algebras.

2.2.14. COROLLARY. HA is a variety.
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Proof. The result follows immediately from Theorems 2.2.1, 2.2.6 and 2.2.13. [J

We are now ready to spell out the connection between Heyting algebras and
intuitionistic logic and state an algebraic completeness result for IPC.

2.2.15. DEFINITION. Let 2 = (A, V, A, —,0) be a Heyting algebra. A function
v : PROP — A is called a wvaluation into the Heyting algebra 2. We extend the
valuation from PROP to the whole of FORM via the recursive definition:

A formula ¢ is true in A under v if v(¢p) = 1; ¢ is valid into A if ¢ is true
for every valuation in . Using the well-known Lindenbaum-Tarski construction
(which is very similar to the canonical model construction) we obtain algebraic
completeness of IPC, see, e.g., [24, Theorem 7.21].

2.2.16. THEOREM. IPC & ¢ iff ¢ is valid in every Heyting algebra.

We also recall algebraic completeness of classical propositional calculus; see e.g.,
24, Theorem 7.22].

2.2.17. THEOREM. CPC I~ ¢ iff ¢ is valid in every Boolean algebra.

We can extend the algebraic semantics of IPC to all intermediate logics. With
every intermediate logic L. O TPC we associate the class V of Heyting algebras
in which all the theorems of L are valid. It follows from Theorem 2.2.13 that
V| is a variety. For example Vipc = HA and Vgpc = BA, where BA denotes
the variety of all Boolean algebras. For every variety V. C HA let Ly be the
logic of all formulas valid in V. Note that Ly 4 = IPC and Lgy = CPC. The
Lindenbaum-Tarski construction shows that every intermediate logic is complete
with respect to its algebraic semantics, see, e.g., 24, Theorem 7.73(iv)].

2.2.18. THEOREM. Fuvery extension L of IPC is sound and complete with respect
to VL~

The connection between varieties of Heyting algebras and intermediate logics
which we described above is one-to-one. That is, Ly, = L and V;, = V.
For every family {V;};c; of subvarieties of V we have A, ;V; := (),.; Vi and
Vie; Vi := HSP(U,.; Vi), i.e., the smallest variety containing all V;’s. For every
variety V of algebras the set of its subvarieties forms a complete lattice which
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we denote by (A(V),V,\,BA, V). The variety BA of all Boolean algebras is
the least element of this lattice and V is the greatest element. Moreover, it
can be shown that (A(V),\/, A\, BA, V) satisfies the infinite distributive law and
hence by Proposition 2.2.7, (A(V),\/, A\, BA, V) is a Heyting algebra. However,
if we also consider the trivial variety Triv generated by the one element Heyting
algebra, then Triv will be the least element of A(V). From now on we will use
the shorthand A(V) for (A(V),\/, \,BA, V).

We have that for every Ly, Ly, O IPC, L; C Ly iff V,, D 'V, and moreover
this correspondence is a lattice anti-isomorphism; see, e.g., [24, Theorem 7.56(ii)].

2.2.19. THEOREM. The lattice of extensions of IPC is anti-isomorphic to the
lattice of subvarieties of HA.

2.2.3 Heyting algebras and Kripke frames

Next we spell out in detail a connection between Kripke frames and Heyting
algebras. Let § = (W, R) be a partially ordered set (i.e., an intuitionistic Kripke
frame). For every w € W and U C W let

R(w) = {v e W : wRv},
R '(w) = {veW: vRu,
R(U) = Uy e Rw).
RU) = Uyey R~ (w).

Recall that a subset U C W is an upset if w € U and wRv imply v € U. Let
Up(F) be the set of all upsets of §. Then (Up(F),U,N, —,0) forms a Heyting
algebra, where

Uy —Uy:={weW Yo(wRvAv U —vely)}=W\R YU \Uy).

For example the Heyting algebra shown in Figure 2.2(b) corresponds to the
2-fork frame shown in Figure 2.2(a). Now we show how to construct a Kripke
frame from a Heyting algebra.

2.2.20. DEFINITION. Let 2 = (A,V,A,—,0) be a Heyting algebra. A proper
subset F' of A is called a filter if

e a,bec FimplyaAbe F

eagc Fanda<bimplybeF

A filter F is called prime if
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0

(@) (b)

Figure 2.2: A Kripke frame and the corresponding Heyting algebra

e aVbe Fimpliessae Forbe F

In a Boolean algebra every prime filter is maximal. However, this is not the case
for Heyting algebras. For instance, the unit filter {1} of the Heyting algebra
shown in Figure 2.2(b) is a prime filter but is not maximal.
Now let
Wy :={F : F is a prime filter of 2}.

For I, F" € Wy we put
FRoF if FF C F'.

It is clear that Rg is a partial order and hence (Wy, Rg) is an intuitionistic Kripke
frame.

This correspondence is one-to-one for finite Heyting algebras and Kripke
frames. For the proof see, e.g., [24, Theorem 7.30].

2.2.21. THEOREM. For every finite Heyting algebra 2 there exists a Kripke frame
§ such that A is isomorphic to Up(F).

However, in the infinite case the situation is more complicated. Not every
Heyting algebra arises from a Kripke frame and vice versa, not every Kripke frame
can be obtained from a Heyting algebra. We will give a simple argument why
not every Heyting algebra can be obtained from a Kripke frame. Let § = (W, R)
be a Kripke frame. Then the lattice Up(§) is complete. To see this, first observe
that arbitrary unions and intersections of upsets are upsets again. Now it is rou-
tine to check that for every {U;}icr € Up(F), we have that A, ;Ui = (e, Us
and \/,.; Ui = U,¢; Ui Hence, a non-complete Heyting algebra (for instance any
Heyting algebra based on a non-complete linear order with a least and greatest
elements) cannot be obtained from a Kripke frame. For a purely algebraic char-
acterization of the Heyting algebras that arise from Kripke frames see [29], [46] or
[6]. As we will see in Theorem 2.3.24, the Kripke frames that arise from Heyting
algebras have maximal elements. Therefore, every Kripke frame without maximal
elements (for example, the set of natural numbers with the standard ordering) is
an example of a Kripke frame that cannot be obtained from a Heyting algebra.



28CHAPTER 2. ALGEBRAIC SEMANTICS FOR INTUITIONISTIC LOGIC

2.3 Duality for Heyting algebras

Next we generalize the notion of a Kripke frame to that of a descriptive frame
(resp. Esakia space) and illustrate the duality between descriptive frames (resp.
Esakia spaces) and Heyting algebras.

2.3.1 Descriptive frames

In this section we discuss the duality between Heyting algebras and descriptive
frames. We first recall from [24, §8.1 and 8.4] the definitions of general frames
and descriptive frames.

2.3.1. DEFINITION. An intuitionistic general frame or simply a general frame is
a triple § = (W, R, P), where (W, R) is an intuitionistic Kripke frame and P is a
set of upsets, i.e., P C Up(F) such that ) and W belong to P, and P is closed
under U, N and — defined by

Uy —Uy:={weW :Yo(wRvAveU —vely)}=W\R YU \U,).
Every Kripke frame can be seen as a general frame where P is the set of all upsets
of §.

2.3.2. DEFINITION. Let § = (W, R, P) be a general frame.

1. We call § refined if for every w,v € W: =(wRwv) implies that there is U € P
such that w € U and v ¢ U.

2. We call § compact if for every X CPand Y C{W\U :U € P}, if X UY
has the finite intersection property (that is, every intersection of finitely
many elements of X U} is nonempty) then (X UY) # 0.

3. We call § descriptive if it is refined and compact.
We call the elements of P admissible sets.

Note that if § = (W, R, P) is a descriptive frame, then (P, U, N, —,0) is a Heyting
subalgebra of (Up(F),U,N,—,0). Moreover, as follows from the next theorem,

every Heyting algebra can be obtained in such a way. For the proof see, e.g., [24,
Theorem 8.18|.

2.3.3. THEOREM. For every Heyting algebra A there exists an intuitionistic de-
scriptive frame § = (W, R, P) such that A is isomorphic to (P,U,N,—,0).

Proof. (Sketch) The construction of § is similar to the one defined in the previous
section. We take the frame (Wy, Ry) of all prime filters of 2 ordered by inclusion
and put Py = {a:a € A}, where @ = {w € Wy : a € w}. Then (Wy, Ry, Py) is
a descriptive frame and 2l is isomorphic to (Pg, U, N, —, D). O
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For every Heyting algebra 2, let 2, denote the descriptive frame of all prime
filters of . For every descriptive frame §, let §* denote the Heyting algebra of
all admissible sets of §. Then we have the following duality [24, §8.4].

2.3.4. THEOREM. Let® be a Heyting algebra and § be a descriptive frame. Then
1024 ~ ().
2. § =~ (F")-

For every Heyting algebra 2, we call 2, the dual of 2 or the descriptive frame
corresponding to 2; and for every descriptive frame §, we call §* the dual of § or
the Heyting algebra corresponding to §.

2.3.5. DEFINITION. Let § = (W, R,P) be a descriptive frame. A descriptive
valuation is a map V : PROP — P. A pair (F,V) where V is a descriptive
valuation is called a descriptive model.

Validity of formulas in a descriptive frame (model) is defined in exactly the same
way as for Kripke frames (models).

Note that in the same way descriptive frames correspond to Heyting alge-
bras, descriptive models correspond to Heyting algebras with valuations, where
a Heyting algebra with a valuation is a pair (2(,v) such that v : PROP — A.

Next we recall the definitions of generated subframes, p-morphisms, and dis-
joint unions of descriptive frames.

2.3.6. DEFINITION.

1. A descriptive frame §' = (W', R',P’) is called a generated subframe of a
descriptive frame § = (W, R,P) if (W', R') is a generated subframe of
(W,R) and P' = {UNW': U € P).

2. Amap f: W — W' is called a p-morphism between § = (W, R, P) and
§ = (W' R ,P')if fis a p-morphism between (W, R) and (W', R') and for
every U’ € P’ we have f~Y(U’) € P and W\ f7'(W\U') € P.8

3. Let {3}, be a finite set of descriptive frames.® The disjoint union of
{§:}r is a descriptive frame ;_, §; = (UW;, R, P), where (H;_, Wi, R)
is a disjoint union of {(W;, R;)}?, and P = J;_, P;.

8The motivation for this definition is to make sure that p-morphisms preserve the validity
of formulas. Moreover, this definition guarantees that f ! is a Heyting algebra homomorphism
between P’ and P, see Theorems 2.3.7 and 2.3.25.

9The disjoint union of infinitely many descriptive frames is not a descriptive frame (it is not
compact). This is the reason why we define disjoint unions only for finitely many descriptive
frames.
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Generated submodels, p-morphisms between descriptive models, and finite
disjoint unions of descriptive models are defined as in the case of Kripke semantics.
The analogues of Theorems 2.1.13 and 2.1.12 also hold for descriptive frames and
models. We will not formulate them here. All one needs to do is simply to replace
everywhere “Kripke frames” with “descriptive frames”.

The next theorem spells out the connection between homomorphisms, subal-
gebras and products with generated subframes, p-morphisms and disjoint unions.
For the proof the reader is referred to [24, §8.5]. Theorem 2.3.7 for finite Heyting
algebras and finite Kripke frames was first established by de Jongh and Troelstra
[70].

2.3.7. THEOREM. Let A and B be Heyting algebras and § and & be descrip-
tive frames. Let also {A;}1, and {F;}, be the sets of Heyting algebras and
descriptive frames, respectively. Then

1. (a) A is a homomorphic image of B iff U, is isomorphic to a generated
subframe of B.

(b) A is a subalgebra of B iff A, is isomorphic to a p-morphic image of B..

(e) (ITi2, 2L)« is isomorphic to the disjoint union \#;_, (A;)«, for any n € w.
2. (a) § is isomorphic to a generated subframe of & iff §* is a homomorphic

image of B*.

(b) § is a p-morphic image of & iff F* is isomorphic to a subalgebra of B*.

(¢) (Wi, &))" is isomorphic to [}, §;, for any n € w.

Note that every surjective p-morphism f from § = (W,R,P) onto §' =
(W', R',P') gives rise to an equivalence relation £y on § defined by

wEv iff f(w) = f(v).

Then for every w € W we have that E;R(w) C RE;(w) and non-E-equivalent
points can be separated by an element of P. On the other hand, with any equiv-
alence relation F on § we can associate a quotient frame §/E = (W/E, R', Pg)
such that

Wg :={E(w):we W}, where E(w)={veW :wEv},

E(w)R'E(v) iff w'Rv' for some w' € E(w) and v' € E(v),

and

Pp={UecP:EU)=U}
We define a map fg: W — W/E by
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Then if FR(w) C RE(w) and non-FE-equivalent points can be separated by an
element of P, then fg is a p-morphism. We now look at the connection between
p-morphisms and these equivalence relations in more detail.

2.3.8. DEFINITION. Let § = (W, R,P) be a descriptive frame. An equivalence
relation £ on W is called a bisimulation equivalence’® on § if the following two
conditions are satisfied:

1. For every w,v,u € W, wEv and vRu imply that there is z € W such that
wRz and zFu. In other words, RE(w) C ER(w) for every w € W.

2. For every w,v € W If =(wFEwv) then w and v are separated by an E-saturated
admissible upset. That is, there exists U € P such that E(U) = U and
either w e U and v ¢ U or w ¢ U and v € U.

For a full proof of the next theorem we refer to [35] and [6].

2.3.9. THEOREM. Let § = (W, R,P) be a descriptive frame. Then there is a
one-to-one correspondence between bisimulation equivalences on § and p-morphic

images of §.

Proof. Suppose f : W — W' is a p-morphism from § onto §’, where §' =
(W', R',P"). Define E; on W by

wEpv iff f(w) = f(v).

Let wEsv and vRu. Then f(w) = f(v) and therefore f(w)Rf(u). Since f is a
p-morphism there exists z € W such that wRz and f(z) = f(u), which means
that zEru. Now suppose that =(wEv). Then f(w) # f(v). This means that
—(f(w)Rf(v)) or =(f(v)Rf(w)). Without loss of generality we may assume that
—(f(w)Rf(v)). Since § is a descriptive frame, there exists U € P’ such that
f(w) € U and f(v) ¢ U. As f is a p-morphism, we have f~1(U) € P and clearly
we f~1(U) and v ¢ f~1(U).

For the converse we need to check that if E is a bisimulation equivalence,
then fgp : W — W/E defined by fg(w) = E(w) is a p-morphism. We will
sketch the proof. That fr is monotone follows from the definition of R’. That fg
satisfies the “back” condition is implied by Definition 2.3.8(1). Therefore, fg is
a p-morphism between the Kripke frames. Finally, fg is a p-morphism between
descriptive frames since E satisfies Condition (2) of Definition 2.3.8. O

The next theorem was first established by Esakia [38] (see also [6]).

19Some authors call such equivalence relations correct partitions [35], [6].
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2.3.10. COROLLARY. Let A be a Heyting algebra. There is a one-to-one corre-
spondence between the subalgebras of A and the bisimulation equivalences of A, .1t

Proof. The result follows immediately from Theorems 2.3.7 and 2.3.9. Never-
theless, since we will use this theorem in subsequent sections, we briefly sketch
the main idea of a direct proof.

With any subalgebra 2 of 2 we associate an equivalence relation Eg on
2, = (W, R, P) defined by

whyviffwnN A =vnA.

It is routine to check that Fy is a bisimulation equivalence.

Conversely, with every bisimulation equivalence E of 2, we associate the
algebra Pg of all F-saturated elements of P, i.e., those U € P that satisfy
E(U) = U. It is again easy to show that P is a Heyting subalgebra of P and
that this correspondence is one-to-one.

g

2.3.2 Subdirectly irreducible Heyting algebras

As in the case of Boolean algebras, for Heyting algebras there exists a one-to-one
correspondence between congruences (that is, equivalence relations preserving the
operations V, A, — and 0) and filters.'? For the proof of the next theorem see,
e.g., [2, Lemma 4, p. 178] and [24, Theorem 8.57].

2.3.11. THEOREM. Let 2l be a Heyting algebra. There exists a one-to-one corre-
spondence between.:

1. congruences of 2,
2. filters of A,

3. generated subframes of ..

2.3.12. DEFINITION. An algebra 2l is said to be subdirectly irreducible, s.i. for
short, if among its non-trivial congruence relations there exists the least one.

Subdirectly irreducible algebras play a crucial role in investigating varieties be-
cause of the next theorem due to Birkhoff. For the proof see, e.g., [23, Theorem
8.6 and Corollary 9.7] and [56, Theorem 3, p.124]. For every class of algebras K,
let SI(K) denote the class of all s.i. members of K.

1Tn fact, there is a lattice anti-isomorphism between the lattice of subalgebras of 2 and the
lattice of bisimulation equivalences of ..

I2Note that in contrast to Boolean algebras, for Heyting algebras there is no one-to-one
correspondence between congruences and ideals.
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2.3.13. THEOREM. Let V be a variety of algebras. Then V. = HSP(SI(V)).

Therefore, every variety is generated by its subdirectly irreducible algebras. The
following characterization of s.i. Heyting algebras was first established by Jankov
[65]. For the proof see, e.g., [2, Theorem 5, p.179].

2.3.14. THEOREM. Let A be a Heyting algebra. Then the following conditions
are equivalent.

1. A is subdirectly irreducible,
2. A contains a least prime filter (least with respect to the inclusion relation),

3. A has a second greatest element.

To obtain the dual characterization of subdirectly irreducible Heyting algebras
we need to extend the definition of rooted Kripke frames to descriptive frames.

2.3.15. DEFINITION. A descriptive frame § = (W, R, P) is called rooted if (W, R)
is a rooted Kripke frame and W\ {r} € P, where r is the root of §.

The following theorem is due to Esakia [35] (see also [6]).

2.3.16. THEOREM. Let A be a Heyting algebra. A is subdirectly irreducible iff
2, is a rooted descriptive frame.

We will use this characterization of s.i. Heyting algebras throughout this thesis.

2.3.3 Order-topological duality

Here we will sketch the so-called Priestley-Esakia duality between Heyting alge-
bras and descriptive frames in terms of order and topology. First we recall some
basic definitions from general topology.

2.3.17. DEFINITION. A pair X = (X, Q) is called a topological space if X # ()
and O is a set of subsets of X such that

1. X, 0eO,
2. fU,V €O, then UNV € O,

3. If U; € O for every i € I, then | J,., U; € O.

Elements of O are called open sets and their complements are called closed sets.
Let X = (X, O) be a topological space.
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o X is called Hausdorff if for every x,y € X, x # y implies there are Uy, U, €
O such that x € Uy, y € Uy and U; N Uy = 0.

o X is called compact if for every family F of closed sets with the finite
intersection property (see Definition 2.3.2(2)) we have (| F # 0.

e X is called O-dimensional if every U € O is the union of clopens, i.e., sets
that are simultaneously closed and open.

2.3.18. DEFINITION.

e A topological space X = (X, Q) is called a Stone space if it is 0-dimensional,
compact and Hausdorff.

e For every Stone space X = (X,0) let CP(X) denote the Boolean algebra
of all clopens of X.

Then the celebrated Stone representation theorem states that:

2.3.19. THEOREM. For every Boolean algebra B there exists a Stone space X =
(X, O) such that B is isomorphic to CP(X).

2.3.20. DEFINITION. Let & = (X, O, R) be such that X = (X,0) is a Stone
space and R is a partial order on X.

1. R satisfies the Priestley separation azxiom if for every z,y € X:

—(zRy) implies there is a clopen upset U such that z € U and y ¢ U.

2. R is called point-closed if R(x) is closed for every z € X.
3. R is called clopen if R~*(U) is clopen for every clopen set U.

4. X = (X,0,R) is said to be a Priestley space if X is a Stone space and R
satisfies the Priestley separation axiom.

5. X is called an Esakia space if (X, O, R) is a Priestley space and R is a
clopen relation.

Esakia spaces can be characterized by avoiding the Priestley separation axiom.
For item (1) of the next proposition consult Esakia [35] and for (2) see Priestley
[103].
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2.3.21. PROPOSITION.

1. X = (X,0,R) is an Esakia space iff (X,0) is a Stone space and R is a
point-closed and clopen partial order.

2. For every Priestley space X = (X, O, R), the relation R is point-closed and
for every x € X the set R™1(x) is closed.

Next we spell out the connection between descriptive frames and Esakia
spaces. Let X = (X,0, R) be an Esakia space and Py = {U C X : U is a
clopen upset}. Then (X, R, Px) is a descriptive frame.

Conversely, let § = (W, R, P) be a descriptive frame. Let —P denote the
set {W\U :U € P}. Define a topology on W by declaring P’ = P U —P as
a sub-basis. That is, we define the topology Op such that U € Op iff U is a
union of finite intersections of elements of P’. (In the literature Op is called the
patch topology; see, e.g., [68].) Then one can show that § = (W,Op, R) is an
Esakia space. Moreover, every clopen of § is a finite union of finite intersections
of elements of P’. Therefore, we can formulate the representation theorem of
Heyting algebras in terms of Esakia spaces.!3

2.3.22. THEOREM. For every Heyting algebra 2 there exists an FEsakia space X
such that 2 is isomorphic to the Heyting algebra of all clopen upsets of X .

Now we reformulate the notions of generated subframes, p-morphisms and disjoint
unions of descriptive frames in topological terms.
Let X = (X,0,R) and X' = (X', O, R") be Esakia spaces.

e X’ is a generated subframe of X iff (X', R') is a generated subframe of
(X, R) and (X', O') is a (topologically) closed subspace of (X, O).

e Amap f: X — X’is a p-morphism iff it is a p-morphism between (X, R)
and (X', R’) and is continuous, i.e., f~(U) is an open set of X (f~1(U) € O)
for every open set U of X’ (U € O0').

e Let {X;}" | be a finite set of Esakia spaces, where X; = (X;, O;, R;) for every
i =1,...,n. The disjoint union of {X;}?_, is the Esakia space JJ;_, X; =
(X,0,R), where (X, R) is the disjoint union [#;_, (X;, R;) of the (X;, R;),
and (X, Q) is the topological sum of the (X;, O;).

From now on we will move “back and forth” between descriptive frames and
Esakia spaces at our convenience.

We illustrate the usefulness of the topological approach by showing that every
Esakia space (descriptive frame) has a nonempty maximum. In fact, we will show
more: that for every point x there is a maximal point y such that xRy.

13Note that the representation theorem for Heyting algebras was first proved in [38] and
formulated in topological terms as in Theorem 2.3.22. The representation of distributive lattices
in terms of Priestley spaces was proved in [103].
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2.3.23. DEFINITION. Let § = (W, R) be a (descriptive or Kripke) frame.

e Call a point w of § mazimal (minimal) if for every v € W we have that
wRv (vRw) implies w = v.

e For every frame § let maxz(§) and min(F) denote the sets of all maximal
and minimal points of §, respectively.

The next theorem is due to Esakia [35].

2.3.24. THEOREM. Let X = (X, O, R) be an Esakia space.
1. For every x € X there exists y € max(X) such that xRy.

2. For every x € X there exists z € min(X) such that zRx.

Proof. (1) Let C be an arbitrary R-chain of X. Consider the family F =
{R(z) : x € C}. The fact that C' is a chain implies that F has the finite
intersection property. Since R is point-closed, the elements of F are closed.
Hence, by compactness, [|F # 0 and every element = € [|F is greater than
every element in C. Therefore, every chain in X has an upper bound. By Zorn’s
lemma,'* X has a maximal element. Now if we do the same for a generated
subframe of X based on the set R(z) we obtain that for every point x € X there
is y € max(X) such that zRy.

(2) The proof is analogous to that of (1) and uses the fact, stated in Proposi-
tion 2.3.21(2), that R~(z) is a closed set for every x € X. O

Note that in this proof we only used compactness of X and the fact that R is
point-closed. Hence, it also holds in every Priestley space. However, as follows
from [35], in every Esakia space X the set maxz(X') is always topologically closed,
which need not be the case for Priestley spaces.

2.3.4 Duality of categories

In this section we extend the correspondence between Heyting algebras and de-
scriptive frames (resp. Esakia spaces) to the duality of the corresponding cate-
gories.'® These results will not be used subsequently, but we include this material
for the sake of completeness.

Let HA be the category of Heyting algebras and Heyting homomorphisms,
DF be the category of descriptive frames and descriptive p-morphisms, and let
ES be the category of Esakia spaces and continuous p-morphisms. The next fact
was first established by Esakia [38].

14Recall that Zorn’s lemma is equivalent to the axiom of choice and states that if in a partially
ordered set every chain has an upper bound, then this partial order has a maximal element.

15We assume that the reader is familiar with the very basic notions of category theory, such
as a category and (covariant and contravariant) functor. For basic facts about category theory
the reader is referred to [87].
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2.3.25. THEOREM.
1. HA is dually equivalent to DF.

2. HA is dually equivalent to ES.

Proof. (1) (Sketch) We will define contravariant functors ¢ : HA — DF and ¥ :
DF — HA. For every Heyting algebra 2 let ®(2() be 2. For a homomorphism
h : A — A define ®(h) : ') — &(A) by ®(h) = h~'; that is, for every
element F' € ®(A’) (a prime filter of A’) we let ®(h)(F) = h~'(F). Then ®(h) is
a well-defined descriptive p-morphism and ¢ is a contravariant functor.

We now define a functor ¥ : DF — H.A. For every descriptive frame § let
U(F) =35 If f:§ — § is a descriptive p-morphism, then define ¥(f) : U(§') —
U(F) by U(f) = % that is, for every element of U € ¥(F’) (an upset of F') we
let U(f)(U) = f~1(U).

Then ¥(f) is a well-defined Heyting homomorphism and V¥ is a contravariant
functor. Then it can be shown that the functors ® and ¥ establish a duality
between H.A and DF.

(2) The proof is similar to (1). O

2.3.5 Properties of logics and algebras

In this section we discuss the algebraic counterparts of the logical properties that
we introduced in Section 2.1.2. We say that a class K generates a variety V if
V = HSP(K). Now we recall the basic definitions from universal algebra; see,
e.g., [23, Definitions 9.4, 10.14] and [56, §60].

2.3.26. DEFINITION. Let V be a variety of algebras.
1. Vis finitely approximable if is generated by its finite members,

2. 'V is finitely generated if it is generated by a single finite algebra, i.e., if
there is a finite algebra 2 such that V.= HSP (),

3. Vis locally finite if every finitely generated algebra in V is finite,

4. V is finitely aziomatizable'® if V is defined by finitely many equations.

Then we have the following correspondence between the logical and algebraic no-
tions, which we will use throughout this thesis. It was first observed by Kuznetsov

81).

2.3.27. THEOREM. Let L be an intermediate logic and V, be the corresponding
variety of Heyting algebras.

16 initely axiomatizable varieties are also called finitely based; see, e.g., [56].
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1. L has the finite model property iff Vi, is finitely approximable.
2. L is tabular iff Vi is finitely generated.

3. L is locally tabular iff Vi, is locally finite.

4. L is finitely axiomatizable iff Vi, is finitely axiomatizable.

5. L is decidable iff the equational theory of Vi is decidable.
Throughout this thesis we will jump back and forth between algebraic and logical
notions at our convenience.

This finishes the introductory chapter. In the next chapters we will apply this
framework in studying some intermediate and modal logics.



Chapter 3

Universal models and frame-based
formulas

In this chapter we provide a unified treatment of finitely generated Heyting alge-
bras, their dual descriptive frames, and the frame-based formulas. Many results
and constructions related to these topics are scattered throughout the literature.
Here, we give a coherent overview of these topics. We discuss in detail the struc-
ture of Henkin models and universal models of IPC and their connection with
free Heyting algebras. We introduce the Jankov-de Jongh formulas, subframe
formulas, and cofinal subframe formulas. The subframe formulas and cofinal sub-
frame formulas are defined in a new way which connects them with the NNIL
formulas of [127]. We apply Jankov-de Jongh formulas and (cofinal) subframe
formulas to axiomatize large classes of intermediate logics. We also show how to
place these formulas in a unified framework of frame-based formulas. The results
presented in this chapter are formulated for intermediate logics, but they can be
generalized to transitive modal logics.

The chapter is organized as follows. In the first section we discuss finitely gen-
erated Heyting algebras. In Section 3.2 we define n-universal models for IPC and
prove that these form the upper parts of the n-Henkin models of IPC. Section
3.3 introduces the Jankov-de Jongh formulas, subframe formulas and cofinal sub-
frame formulas. In the final section we show how to axiomatize some intermediate
logics using these formulas, define the precise notion of frame-based formulas and
show how this notion unifies the previously defined formulas.

3.1 Finitely generated Heyting algebras

We start by recalling the definition of finitely generated algebras; see, e.g., [23,
Definition 3.4].

3.1.1. DEFINITION. Let 2 be an algebra and let X be a set of elements of 2.
We say that X generates 2 if there is no proper subalgebra of 2 that contains

39
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X. The elements of X are called the generators of A. We say that 2 is finitely
generated if it has a finite set of generators. 2 is called a-generated, for some
cardinal «, if 2 is generated by X and |X| = «a.

In other words, 2 is finitely generated if there are elements g, . . ., g, of 2 such
that for every element a of 2, we have a = P(¢1, ..., ¢gn), where P is a polynomial
over 2. Finitely generated algebras play a crucial role in investigating varieties
of universal algebras because of the following theorem; see, e.g., [56, Lemma 3,
p.130, Theorem 4, p.137] and [23, Corollary 11.5].

3.1.2. THEOREM. Fuvery variety of algebras is generated by its finitely generated
members.

Below we will study the structure of finitely generated Heyting algebras and their
dual descriptive frames.

3.1.3. DEFINITION. Let 2 be a Heyting algebra and § be its corresponding de-
scriptive frame. § is said to be finitely generated if 2 is a finitely generated
Heyting algebra. We call § a-generated if 2 is an a-generated Heyting algebra.

For each n € w let PROP,, denote the set {p1,...,p,} of propositional variables.
Let 2 be a Heyting algebra, and § be its dual descriptive frame. Fix gi,..., g,
in 2. Then we can think of 2 together with these fixed elements as a Heyting
algebra with a valuation v : PrROP,, — 2 such that v(p;) = ¢g;, fori = 1,... n.
From now on we will not distinguish between a Heyting algebra 2 with fixed
elements ¢i, ..., g, and 2 with the valuation defined above. Let 9t = (F, V) be
the descriptive model corresponding to (2, v).

3.1.4. DEFINITION. With every point w of 91, we associate a sequence i .. .1,
such that for k =1,... ., n:

*=0 if w = pg.

We call the sequence 11 .. .1, associated with w the color of w and denote it by
col (w).

Let W be a non-empty set and E, an equivalence relation on W. FE is called
proper if there are distinct points w, v € W such that wFEv. A subset U of W is
called E-saturated or simply saturated if E(U) = U. A map f: W — W'is called
proper if there exist distinct w,v € W such that f(w) = f(v).

Now we are ready to give a criterion for recognizing whether 2 is generated
by g1, .., gn. This criterion was first established in [37].
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3.1.5. THEOREM. (Coloring Theorem) Let 2 be a Heyting algebra, g1, ..., g, be
fized elements of A, and (§, V) be the corresponding descriptive model. Then the
following conditions are equivalent:

1. U is generated by g1, ..., Gn.

2. For every proper onto p-morphism f :§ — §', there exist points u and v in
§ such that f(u) = f(v) and col(u) # col(v).

3. For every proper bisimulation equivalence E of §, there exists an E-equiva-
lence class containing points of different colors.

Proof. (2) < (3) follows from Theorem 2.3.9. We show that (1) < (3). Suppose
2 is generated by g1, ..., gn, and E be a proper bisimulation equivalence on §. Let
2Ar be the Heyting algebra corresponding to F, i.e., the algebra of all F-saturated
admissible subsets of §. Since E is proper, g is a proper subalgebra of 2. As
2 is generated by ¢y, ..., gn, there is ¢ < n such that g; does not belong to .
This means that V(p;) (where p; is such that v(p;) = ¢;) is not E-saturated, i.e.,
E(V(p:)) € V(p:). Therefore, there are two elements w,v in § such that uFEwv,
u € V(p;) and v € V(p;), which implies that col(u) # col(v).

Conversely, suppose 2l is not generated by g1, ..., g,. Denote by ' the sub-
algebra generated by g¢1,...,¢g,. Obviously, 2 is a proper subalgebra of 2. Let
Eq be the proper bisimulation equivalence of § corresponding to 2l’. Since every
g; belongs to ', we have that every V(p;) is Eg-saturated. Therefore, every
Fy-equivalence class contains points of the same color. O

Next we will recall from [70] two lemmas about p-morphisms that will enable us
to decide quickly whether there exists a p-morphism between two finite rooted
frames.

For a frame § = (W, R) and w,v € W, we say that a point w is an immediate
successor of a point v if vRw, w # v, and there are no intervening points, i.e.,
for every u € W such that vRu and uRw we have u = v or u = w. We call v an
immediate predecessor of w if w is an immediate successor of v.

3.1.6. LEMMA. Let § = (W, R, P) be a descriptive frame and w,v € W.

1. Suppose R(w) \ {w} = R(v) (i.e., v is the only immediate successor of w).
Let E be the smallest equivalence relation that identifies w and v, i.e., E =
{(u,u) : w € W} U{(w,v), (v,w)}. Then E is a bisimulation equivalence.
We call the corresponding map fr: W — W/E an a-reduction.

2. Suppose R(w) \ {v} = R(v) \ {w} (i.e., the set of immediate successors of
w and v coincide). Let E be the smallest equivalence relation that identifies

w and v. Then E is a bisimulation equivalence. We call the corresponding
map fr: W — W/E a (-reduction.
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Proof. The proof is a routine check. 0

3.1.7. LEMMA. Let § = (W,R) and & = (W', R') be finite frames. Suppose
f W — W' is a proper p-morphism. Then there exists a sequence f1,---, fn of
a- and (-reductions such that f = fio---0o f,.

Proof. Let f be a proper p-morphism from § onto &. Let w be a maximal
point of & that is the image under f of at least two distinct points of §. Let
u,v € maz(f~'(w)). Then, by the conditions on a p-morphism, the sets of
successors of v and v in §, disregarding u and v themselves, are the same. There
are two possibilities:

Case 1. u and v are incomparable in §. Let E be the smallest equivalence
relation that identifies v and v. Then there exists a f-reduction fg: W —
W/E from § onto §/FE = (W/E, Rg). It suffices to construct a p-morphism
g from §F/E onto & such that go fr = f (and apply induction on the number
of points that are identified by f). We define g : W/E — W' by

for every E(x) € W/E. Checking that ¢ satisfies the definition of p-
morphism is trivial.

Case 2. u is the unique immediate successor of v or v is the unique immediate
successor of u. We do exactly the same as in Case 1 (i.e., we consider the
smallest equivalence relation E that identifies the points u and v), except
that the map fg: W — W/FE is now an a-reduction.

g

We now begin our investigation of the structure of finitely generated descriptive
frames.

3.1.8. THEOREM. Let 2 be a Heyting algebra generated by g1,...,9, and let
§ = (W, R, P) be the corresponding descriptive frame. Then max(§) is a finite
admissible subset of § of size at most 2™.

Proof. Let v : PrROP, — 2 be such that v(p;) = g;, for every i = 1,... n.
Therefore, we can assume that we have a coloring of §. First we show that for
every w,v € max(§), if u # v, then col(u) # col(v). Suppose there exist distinct
points u, v € max(F) such that col(u) = col(v). We consider the smallest equiv-
alence relation E on W that identifies the points v and v. By Lemma 3.1.6(2),
FE is a bisimulation equivalence. By the Coloring Theorem, this implies that 2 is
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not generated by ¢, ..., g,, which is a contradiction. Therefore, distinct maximal
points have different colors. There are 2" different colors. Thus, there are at most
2™ points in max(F).

Now consider the formula

T = /\(pz' V ;)
i=1

We will prove that V(1) = {w € W : w |= 7} is equal to maxz(§F). It is easy
to check that if w € maxz(F), then w | p; V —p;, for each i = 1,...,n. Hence,
w = 7. For the other direction suppose a point w is such that w = 7. We show
that w € max(F). Let J = {p; : w | p;} and J = {=p; : w & p;}, where
i=1,...,n. Let also £ .= ANJAANJ and V(§) = {u € W : u |= £}. Obviously,
V(§) is an admissible upset, and by definition of £ every point of V(§) has the
same color as w. We show that w € V(). It is clear that w = A J. On the other
hand, w }& p; and w = 7 imply that w = —p;. It follows that w = A J' and
therefore w |= £. Now consider the smallest equivalence relation F that identifies
points in V(). In other words let

E={(z2):ze W}U{(u,v) : u,v € V(§)}.

We show that E is a bisimulation equivalence. That E satisfies Defini-
tion 2.3.8(1) follows from the fact that V() is an upset. Indeed, if zFv and
z # v, then z,v € V(§). Now suppose vRu. Then as V({) is an upset and
v € V(), we have u € V(§), and so zEu. To show that F satisfies Defini-
tion 2.3.8(2) assume that =(zEv). If z € V(§) and v ¢ V(£), then V(§) is an
E-saturated admissible upset that separates z and v. In case z,v ¢ V(§), we
have —=(zRv) or =(vRz). Therefore, by the definition of a descriptive frame, there
exists an admissible upset U that separates z and v. If UNV(§) = (), then U
is E-saturated. If UN V() # 0, then UU V(&) = V(§) U (U \ V(E)). By the
definition of E, both U \ V(£) and V(&) are E-saturated. Therefore, U U V (§)
is an F-saturated admissible upset that separates z and v. Note that, by the
definition of F, if there are at least two distinct points in V(£), then E is proper.
Since V(§) is an upset, V() is a singleton set iff V(£) consists of one maximal
point of §. Therefore we have:

E is not proper iff V(§) ={w} and w € max(F).

If E is proper, then by the Coloring Theorem, 2 is not generated by g1, ..., gx,
which is a contradiction. Therefore, E is not proper and w € max(gF). Hence,
V(1) = max(F), which implies that maz(§) € P. Thus, max(F) is admissible
and |max(§)| < 2". O

Next we give a rough description of the structure of finitely generated descrip-
tive frames.
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3.1.9. DEFINITION. Let § be a (descriptive or Kripke) frame.

1. We say that § is of depth n < w, denoted d(F) = n, if there is a chain of
n points in § and no other chain in § contains more than n points. The
frame § is of finite depth if d(§) < w.

2. We say that § is of an infinite depth, denoted d(§) = w, if for every n € w,
$ contains a chain consisting of n points.

3. The depth of a point w € W is the depth of §,, i.e., the depth of the
subframe of § generated by w. We denote the depth of w by d(w).

For a descriptive frame § = (W, R, P), let Upper(§) ={w € W : d(w) < w},
and Lower(§) ={w € W : d(w) = w}. Clearly, W = Upper(F) U Lower(§) and
Upper(F) N Lower(§) = (. If § has finite depth, then Lower(F) = (). Note that
because of Theorem 2.3.24, we have that Upper(§) # 0. For every m € w, let
D, ={w e W :d(w) =m} and D<,, = {w € W : d(w) < m}. We call D,, the
m-th layer of §. The next theorem gives an intuitive description of the structure
of finitely generated descriptive frames. They are built layer by layer from the
points of finite depth. Moreover, every point of an infinite depth is related to
infinitely many points of finite depth.

3.1.10. THEOREM. Let § = (W, R, P) be a finitely generated infinite descriptive
frame. Then

1. For every m € w, the set D,, is finite.
2. For every m € w, the set D<,, is admissible.
3. Upper(8) = U,pew Dm, and Dy N Dy, = 0 for m # k.

4. For every x € Lower(§) and m € w, there is a point y € D,, such that
TRy.

Proof. Let 2 be the Heyting algebra corresponding to § and let g1, ..., g, be the
generators of 2. We define v : PrROP,, — 2 by v(p;) = ¢; for every i = 1,...,n.
This defines a coloring of §. We first prove (1) and (2) by an induction on m > 1.
The case when m = 1 is given by Theorem 3.1.8. Now we assume that (1) and
(2) hold for some m > 1 and show that they also hold for m + 1.

Let W,,, = W\ D<,, and let §,, = (Wi, Ry, Prn) where Ry, is the restriction of
R to W,,, and P,,, = {UNW,, : U € P). In other words, §,, is the frame obtained
from § by cutting out the first m layers of §. Then §,, is also a descriptive frame.!

!The simplest argument for this claim is topological. Since D<,, is admissible, it is a clopen
subset of an Esakia space. Therefore, W,, is also clopen, and thus an Esakia space, see [35].
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Since D<,,, is admissible there is a formula 7,, that defines D<,,. Moreover,
since D<,, is finite, we have that every upset U of § that is contained in D<,,, is
also admissible. Let ¢1, ..., ¢ be the formulas that define these upsets. (These
formulas are called the de Jongh formulas. In Section 3.3.2 we will define them
explicitly.)

3.1.11. CLAIM. g, is finitely generated.?
Proof. Consider the following elements of 2:
g1 =0(Tm V1) Gy =0(Tm V Dn),

g1 = 0T V (T = 01))5 s Gy = V(T V (T = O1))-

The elements gi,..., g, provide a new coloring of ¥, and hence of §,,. Let
g1, --,9n.; be the elements of 2, corresponding to this new coloring. We show
that 2, is generated by gf,..., g, . For every w € W let col(w) denote the
color of w according to the old coloring, and let coly(w) denote the color of w
according to the new coloring. It is easy to see that for every w,v € W,,, if
coly(w) = coly(v), then col(w) = col(v).

Now suppose 2, is not generated by g7, ..., g, ,. By the Coloring Theorem,
there exists a proper bisimulation equivalence E of §,, such that for every z,y €
W, it E(x) = E(y), then coly(x) = coln(y). Define Q on W by

Q=FEU{(w,w):w e Dy}

As F is proper, @) is also proper. We show that () is a bisimulation equivalence
of §. Let =(xQy). Then there are two cases:

Case 1.1. © € D<,, or y € D<p,. Then —(2zQy) implies x # y. Without loss
of generality we may assume that =(zRy) and also that © € D<,,. Then
R(z) C D<,, is a finite upset. Therefore, it is admissible. Moreover, R(z)
is (-saturated since, by the definition of (), every subset of D, is Q-
saturated. Thus, we found an admissible upset of § that separates x and

Y.

Case 1.2. z,y € W,,,. Then we have —~(xEy). Therefore, as E is a bisimulation
equivalence of §,,, there exists an E-saturated admissible upset U of §,, that
separates x and y. Then it is easy to see that U U D, is a ()-saturated
admissible upset of § that separates z and y.

Thus, @ satisfies Definition 2.3.8(2). Next we prove that @) satisfies Defini-
tion 2.3.8(1). Suppose z,y,z € W are such that Qy and yRz. If z,y € D,
then xQy implies x = y, and so zRz. Thus, we may assume z,y € W, and zEy.
Then two cases are possible:

2This claim was first proved by Kuznetsov using an algebraic technique [80]; see also [26]
and [11, Lemma 2.2(3)]. Our proof uses the Coloring Theorem.
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Case 2.1. R(x)ND<y, # R(y)ND<p,. Without loss of generality we may assume
that R(z) N D<,, € R(y) N D<p,. Then there is t € R(x) N D, and a
formula ¢;, for some i = 1,..., k, such that for every u € R(y) N D<,, we
have u = ¢; and t }£ ¢; . Then x [~ 7, — ¢; and y = 7., — ¢;. This means

that coly(z) # coly(y), which is a contradiction.

Case 2.2. R(z) N D<,, = R(y) N Dy If 2 € Doy, then xRz, And if z € W,,,,
as F is a bisimulation equivalence of §,,, there is a point u € W,,, such that
xRu and uFz. Thus, there exists u such that xRu and u@z.

Consequently, Definition 2.3.8(1) is satisfied and @ is a bisimulation equivalence
of §. Now since coly(x) = coly(y), implies col(x) = col(y) we obtain that @ is
a proper bisimulation equivalence of § such that every Q-equivalence class has
the same (old) color. By the Coloring Theorem, 2 is not generated by g1, ..., gn.
This contradiction finishes the proof of the claim. U

Continuing the proof of Theorem 3.1.10, by Theorem 3.1.8, max(§n) = Dimi1,
is a finite admissible subset of §,,. In topological terms this means that D,,
is a clopen upset of §,,, and so D,,,; is a clopen subset of §. By the induction
hypothesis, D<,, is also clopen in §. Thus, D<,,4+1 = D<;, U Dyqq is a clopen
upset of §, which means that D, is admissible.

(3) follows immediately from the definition of Upper(§).

(4) follows from Claim 3.1.11 and Theorem 2.3.24. O

3.2 Free Heyting algebras and n-universal mod-
els

In this section we define the n-universal models of IPC and spell out in detail
the connection between n-universal models and finitely generated free Heyting
algebras. In particular, we show that universal models are the upper parts of n-
Henkin models—the dual descriptive frames of n-generated free Heyting algebras.

3.2.1 n-universal models

Forn € wlet £,, be the propositional language built on a finite set of propositional
letters PrROP,, = {p1,...,pn}. Let FORM,, denote the set of all formulas of L,,.
Let 91 be an intuitionistic Kripke model. As we mentioned in the previous section,
with every point w of 9, we associate the color col(w).

3.2.1. DEFINITION. Let ¢y...%, and j;...7J, be two colors. We write
ety < J1...9, iff 19 < g foreach k=1,...,n.

Wealsowrltezlzn<j1]n lfllanjl.]n andllln%]ljn
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Thus, the set of colors of length n ordered by < forms a 2™-element Boolean
algebra. Let § = (W, R) be a Kripke frame. We say that a set A C W totally
covers a point v and write v < A if A is the set of all immediate successors of
v. Note that < is a relation relating points and sets. We will use the shorthand
v < w for v < {w}. Thus, v < w means not only that w is an immediate
successor of v, but that w is the only immediate successor of w. It is easy to see
that if every point of W has only finitely many successors, then R is the reflexive
and transitive closure of the immediate successor relation. Therefore, if (W, R) is
such that every point of W has only finitely many successors, then R is uniquely
defined by the immediate successor relation and vice versa. Thus, to define such
a frame (W, R), it is sufficient to define the relation <. A set A C W is called an
anti-chain if |A] > 1 and for each w,v € A, w # v implies =(wRv) and —(vRw).

Now we are ready to construct the n-universal model of IPC for each n € w.
As we mentioned above, to define U(n) = (U(n), R, V), it is sufficient to define
the set U(n), the relation < relating points and sets, and the valuation V' on
U(n). Let P be a property of Kripke models. We say that a model 9 is the
minimal model with property P if 9 satisfies P and no proper submodel of 971
satisfies P.

3.2.2. THEOREM.

1. For everyn € w there exists a minimal model U(n) satisfying the following
three conditions.

(a) max(U(n)) consists of 2™ points of distinct colors.

(b) For every w € U(n) and every color iy ...i, < col(w), there exists a
unique v € U(n) such that v < w and col(v) =iy ... 1,.

(¢) For every finite anti-chain A in U(n) and every color iy ...i, with
i1 ... i < col(u) for all u € A, there exists a unique v € U(n) such
that v < A and col(v) =iy ... 1.

2. For everyn € w a minimal model satisfying conditions (a), (b), (c) is unique
up to isomorphism.

Proof. (1) For every n € w we construct U(n) by induction on layers. We start
with 2" points x1,..., 29 of different color such that R(z;) = {z;}. For every
point w of depth m and each color i .. .7, < col(w) we add to the model a unique
point v such that R(v) = R(w) U {v} and col(v) =iy ...i,. For every finite anti-
chain A of points of depth < m with at least one point of depth m, and each color
i1 ... 0y with iy ...4, < col(u) for all u € A we add to the model a unique point
v such that R(v) = R(A) U {v} and col(v) =iy ...4,. It is now easy to see that
the model constructed in such a way is a minimal model satisfying Conditions

(a)~(c)-
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1 0
0 0
0 0
0 0

Figure 3.1: The 1-universal model

(2) Let W(n) be a minimal model satisfying Conditions (a)—(c). Then every
point of W(n) has finite depth. We prove by induction on the number of layers
of W(n) that U(n) and W(n) are isomorphic. By Condition (a), max(U(n)) and
max(W(n)) are isomorphic Kripke models. Now assume that first m layers of
U(n) and W(n) are isomorphic. Then by the minimality of WW(n) and Conditions
(b) and (c), it follows that the first m + 1 layers of U(n) and W(n) are also
isomorphic, which finishes the proof of the proposition. U

3.2.3. DEFINITION. The n-universal model U(n) is the minimal model satisfying
the following three conditions.

1. max(U(n)) consists of 2" points of distinct colors.

2. For every w € U(n) and every color i; ..., < col(w), there exists a unique
v € U(n) such that v < w and col(v) =iy ... 1.

3. For every finite anti-chain A in U(n) and every color i; .. .1, with iy ...4, <
col(u) for all uw € A, there exists a unique v € U(n) such that v < A and
col(v) =iy ... 1ip.

By Theorem 3.2.2 for every n € w the n-universal model of IPC exists and is
unique up to isomorphism. The 1-universal model of IPC is shown in Figure 3.1.
The 1-universal model is often called the Rieger-Nishimura ladder (for more in-
formation on the Rieger-Nishimura ladder, see Chapter 4). More generally, for
each n > 1, one can think of the n-universal model of IPC as it is shown in
Figure 3.2.

3.2.4. DEFINITION. We call the underlying frame U(n) = (U(n), R) of U(n) the
n-universal frame.
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Figure 3.2: The n-universal model

3.2.5. LEMMA. For every m,n € w, the frame &,, = (D<,,, R | D<) consisting
of the first m-layers of U(n) is n-generated.

Proof. Let V' be the restriction of the valuation V' of U(n) to &,,. Suppose
f:®,, — § is a proper onto p-morphism, where §’ is some finite frame. Then by
Lemma 3.1.7, f is a composition of finitely many a- and (3-reductions. It follows
from the construction of U(n) that any a- or f-reduction of &,,, identifies points
of different colors. Therefore, by the Coloring Theorem, &,, is n-generated. [

3.2.2 Free Heyting algebras

In this section we show that universal models constitute the upper part of the dual
frames of finitely generated free Heyting algebras. First we recall the definition
of free algebras; see, e.g., [23, Definition 10.9].

3.2.6. DEFINITION. Let V be a variety of algebras. For every set X, the free X-
generated V-algebra, denoted F'(X), is the V-algebra containing X and satisfying
the following property: for every V-algebra 2, every map f : X — 2 can be
extended uniquely to a homomorphism A : F(X) — 2.

There is a close connection between free Heyting algebras and canonical or Henkin
models of intuitionistic logic. In fact, the descriptive frame dual to the n-
generated free Heyting algebra is isomorphic to the n-Henkin frame of intuition-
istic logic; see, e.g., [24, §7].

3.2.7. DEFINITION.

1. Let F(n) be the free n-generated Heyting algebra. Let H(n) denote the
descriptive frame of F(n). We call H(n) the n-Henkin frame of IPC.
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2. Let g1, ..., g, be the generators of F'(n). These generators define a coloring
of Hi(n). We call the n-Henkin frame with this coloring the n-Henkin model
and denote it by H(n) = (H(n),V).3

3.2.8. LEMMA. Let A be a Heyting algebra generated by g, ..., g.,, for somen €
w, and let (F,V’) be the corresponding descriptive model. Then (§,V') is up to
isomorphism a generated submodel of H(n).

Proof. Let ¢1,...,g, be the generators of F'(n). Then there exists an onto
homomorphism i : F(n) — 2 such that h(g;) = ¢, for every i = 1,...,n.
Therefore, by Theorem 2.3.7(1), § is a generated subframe of H(n). Let § =
(W, R,P). Then h(g;) = ¢., for every i = 1,...,n, implies that V'(p;) = V(p;) N
W, where V' is the valuation of H(n). Thus, (§,V’) is a generated submodel of
H(n). O

For the next theorem consult either of [24, Sections 8.6 and 8.7], [57, §2], [4], [116]
and [108].

3.2.9. THEOREM. The generated submodel of H(n) consisting of all the points of
finite depth is isomorphic to the universal model U(n); that is, Upper(H(n)) is
isomorphic to U(n).

Proof. By Theorem 3.1.10, Upper(H(n)) = U, e, Dm, where D, N Dy, = 0, for
m # k. By Lemmas 3.2.5 and 3.2.8, the generated submodel maz(U(n)) of U(n)
consisting of the maximal points of U(n) is isomorphic to a generated submodel
of H(n). Moreover, by Definition 3.2.3(1) and Theorem 3.1.8, |max(U(n))| = 2"
and |maz(H(n))| < 2". Therefore, max(H(n)) and max(U(n)) are isomorphic.

Now assume that for each k € w, the first &k layers of H(n) and U(n) are
isomorphic. We will prove that the first & + 1 layers of U(n) and H(n) are
isomorphic as well. By Lemmas 3.2.5 and 3.2.8 we know that the model 9y,
consisting of the first k + 1 layers of U(n) is n-generated and is isomorphic to a
generated submodel of H(n). (We identify 9,1 with the generated submodel of
H(n) that it is isomorphic to.) Now suppose there is u in H(n) of depth k + 1
such that u does not belong to My 1. Let {uy,...,u,} be the set of immediate
successors of u. By the induction hypothesis, each u; belongs to 9M;.,. By
Theorem 3.1.10(1), {u1, ..., uy} is finite. Moreover, m > 0 as u is not a maximal
point. If m = 1, two cases are possible:

Case 1. col(u) = col(uy); see Figure 3.3(a). In this case we consider the a-
reduction that identifies v and w,.

3 As we mentioned above Henkin frames and Henkin models are also called canonical frames
and canonical models.
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(@) (b) (c)

Figure 3.3: The a- and (-reductions

Case 2. col(u) < col(uy). In this case, by the construction of the n-universal
model, there is v in M, such that v is totally covered by u; and col(v) =
col(u); see Figure 3.3(b). Then we consider the (-reduction that identifies
w and v.

In either case the Coloring Theorem ensures that F(n) is not generated by
g1, - - -, Gn, Which is a contradiction.

If m > 1 we have that col(u) < col(u;) for every i = 1,...,m. Again, by the
construction of U(n), there exists a point v of My, that is totally covered by
{uy, ..., un}, and col(u) = col(v); see Figure 3.3(c), where m = 3. Consider the
f-reduction that identifies u and v. The Coloring Theorem ensures that F(n)

is not generated by g¢i,...,g,, which is again a contradiction. Therefore, the
first k& + 1 layers of H(n) and U(n) are isomorphic. Thus, by induction, U(n) is
isomorphic to Upper(H(n)). O

From now on we will identify U(n) with Upper(H(n)). For every intermediate
logic L, let Hy(n) be defined by replacing IPC by L in Definition 3.2.7. It is
well known that every logic is characterized by its n-Henkin models; see, e.g., [24,
Theorem 5.5]:

3.2.10. THEOREM. Let L be an intermediate logic. Then for every n € w and
every formula ¢ in n variables, we have

LE ¢ iff Ho(n) = ¢.

Next we recall the definition of the disjunction property for intermediate logics;
see, e.g., [24, p.19 and p.471].

3.2.11. DEFINITION. An intermediate logic L has the disjunction property if L
¢V implies L F ¢ or Lt 1.

The following theorem can be found with a different proof in [24, Theorem
15.5(ii)].
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H(n)\ U(n)

Figure 3.4: The n-Henkin model

3.2.12. THEOREM. An intermediate logic L has the disjunction property iff the
n-Henkin model Hy(n) of L is rooted, for everyn € w.

Proof. Suppose L has the disjunction property. Let Fp(n) be the n-generated
free algebra dual to Hp(n). We show that the filter {1} is prime. Recall that
elements of F7(n) are the equivalence classes of the relation = defined on FormMm,,
by

o=y it Lk ¢« .

Suppose [¢] V [¢)] = 1 for some [¢], [¢] € Fr(n). Then L F ¢ V). Since L has the
disjunction property, we have that L = ¢ or L I ¢). Therefore, [¢] =1 or [¢)] = 1.
Thus, {1} is a prime filter. This proves that {1} is a prime filter. Clearly, for
every filter F' of Fy(n) we have {1} C F'. Therefore, {1} is the root of H(n).
Conversely, suppose Hp(n) is rooted for every n € w, and L+ ¢ V). Let n be
the number of distinct variables occurring in ¢ and . Then, by Theorem 3.2.10,
Hr(n),r = ¢V, where r is the root of Hy(n). Thus Hi(n),r = ¢ or Hi(n),r =
1, which by Theorem 3.2.10, shows that L - ¢ or L F ¢. Therefore, L has the
disjunction property. ([l

Since IPC has the disjunction property its n-Henkin models are rooted. There-
fore, we can think of H(n) as it is shown in Figure 3.4. It is rooted and its upper
part is isomorphic to U (n). We will see in the next section that for n > 1, the
cardinality of H(n) \ U(n) is that of the continuum (see Theorem 3.4.21).

3.2.13. THEOREM.

1. Hn)\U(n) # 0, for every n > 1.
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2. H(1)\ U(1) is a singleton set. Therefore, H(1) is isomorphic to the model
shown wn Figure 3.5.

Proof. (1) Suppose H(n) \ U(n) = (). Then H(n) is isomorphic to U(n). This
implies that U(n) is a descriptive frame. Therefore, by Theorem 2.3.24(2) every
point of U(n) is seen by some minimal point. This is a contradiction because, by
the construction of U(n), we have min(U(n)) = 0.

(2) By (1), H(1) \ U(1) # 0. By Theorems 3.2.9 and 3.1.10, for every w €
H(1)\U(1) and m € w, there is a point v of depth m such that wRv. Looking at
the coloring of U(1), (see Figure 3.1) we see that for every v € U(1) with d(v) > 1
we have col(v) = 0. By Theorem 3.2.9, for every w € H(1) \ U(1) there exists
v € U(1) such that wRv and col(v) = 0. Then col(w) < col(v) and therefore
col(w) = 0. Consider an equivalence relation £ on H(1) such that

E={(w,w):weUl)}U{(w,v):w,ve H(1)\U)}.

Then FE is a bisimulation equivalence. If E is proper, then by the Coloring
Theorem, H(1) is not 1l-generated, which is a contradiction. Thus, E is not
proper, which means that H(1) \ U(1) is a singleton set. O

3.2.14. REMARK. We point out on some topological properties of the Esakia
space corresponding to H(n). One can show that U(n) is an open subset of H(n)
consisting of all the points that are topologically isolated, and that the topological
closure of U(n) is equal to H(n). Since U(n) is open, the set H(n)\U(n) is closed.
Therefore, it is also an Esakia space. Thus, by Theorem 2.3.24(1), every point in
H(n)\ U(n) sees some maximal point of H(n)\ U(n). In fact, H(n) is an order
compactification of U(n) with the discrete topology.

In the remainder of this section we state some properties of the n-universal and
n-Henkin models that will be used subsequently. These results have previously
appeared in [24, Sections 8.6 and 8.7], [57], [4], [116] and [108].

3.2.15. LEMMA.

1. Let A be a Heyting algebra and v : PROP,, — A be a valuation on 2.
Then for every n € w, there exist a subalgebra A" of A and a valuation
v' . Prop,, — A such that A’ is generated by {v'(p) : p € PrOP,}, and
v'(p) = v(p) for every p € PROPy, where k = min(m,n).

2. For every descriptive model M = (F, V) and n € w there exists a generated
submodel M = (F', V') of H(n) such that M is a p-morphic image of M.

Proof. (1) Suppose n > m. Then we let 2" be the subalgebra of 2 generated
by {v(p) : p € PrROP,,}, we let v'(p) = v(p) for all p € PrROP,, and v/'(p) = v(p1)
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1 0
0 0
0 0
0 0
°
0

Figure 3.5: The 1-Henkin model

for all other p € ProP,,. Now suppose n < m then we let 2’ be the subalgebra
generated by {v(p) : p € PrROP, } and we let v’ be the restriction of v to PROP,,.

(2) follows from (1) and the duality between Heyting algebras and descriptive
frames. O

3.2.16. THEOREM. For every finite frame §, there exist a valuation V and n <
|§| such that M = (§,V) is a generated submodel of U(n).

Proof. The result follows immediately from the fact that every finite algebra
is finitely generated and hence is a homomorphic image of F(n) for some n <
|§|. One can observe this directly too. For every point w of § introduce a new
propositional variable p,, and define a valuation V' on § by putting V' (p,,) = R(w).
It is easy to see that the model (§, V') is a generated submodel of the |§|-universal
model.* O

Recall that £, is the propositional language built from Prop,, = {p1,...,pn}
3.2.17. COROLLARY. For every formula ¢ in the language L,,, we have
IPCF ¢ iff U(n)E ¢.

Proof. It is clear that if IPC t ¢, then U (n) = ¢. Conversely, suppose IPC £ ¢.
Then by Theorems 2.1.17 and 2.3.27, there exists a finite Heyting algebra 2 with
a valuation v : PROP,, — 2 such that v(¢) # 1g. Let A be the subalgebra of
2A generated by the elements v(p;),...,v(p,). Then A is finite, n-generated and

4However, in most cases n may be taken much smaller than |g|.
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v(¢) # lgv. Therefore, 2’ is a homomorphic image of F'(n). This, by Lemma 3.2.8,
means that the corresponding model 91 is a generated submodel of H(n). Since
M is finite, M is a generated submodel of U(n). This implies that U(n) = ¢. O

3.2.18. DEFINITION. We call a set U C U(n) definable if there is a formula
&(p1,-..,pn) such that U = {w € U(n) : w |= ¢}. In other words, a subset U of
U(n) is definable if there exists a formula ¢ such that U = V' (¢) N U(n), where
V is the valuation of H(n).

3.2.19. THEOREM.

1. For everyn > 1, the set Z(n) :={w € U(n) : col(w) > 0...0} is infinite.

n times

2. For every n > 1, there are continuum many distinct upsets of U(n).

Proof. (1) Consider the maximal points w and v of U(n) such that col(w) >
col(v) > 0...0. It is easy to see that if n > 1, such w and v always exist (if n = 2

n times

we can take the points w and v such that col(w) = 11 and col(v) = 10). Let
M be the model obtained from the 1-universal model ¢(1) (shown in Figure 3.1)
by replacing everywhere the color 0 by col(v) and the color 1 by col(w). Then
it follows from Definition 3.2.3 that 90t is a generated submodel of U(n). Every
point of M belongs to Z(n). Therefore, Z(n) is infinite.

(2) We will construct an infinite antichain of points of U(n). By the con-
struction of U(n), for every v € Z(n) there exists u such that v < v (that is, v
totally covers u) and col(u) = 0...0. Let T'(n) be the set of all such u’s. Now

n times
we show that T'(n) forms an antichain. Suppose uj,uy € T(n), u; # up and

uy Ruy. Let u) € Z(n) be the point that totally covers u;. Then, we have v} Rus
and col(u}) < col(ug). This is a contradiction since col(u}) > col(uy) = col(us).
Therefore, T'(n) is an antichain. This implies that for every U, U’ C T(n), if
U # U’, then R(U) # R(U’). By (1), Z(n) is countably infinite. Thus, T'(n) is
also infinite, and so there are continuum many distinct upsets of U(n).

0

By Theorem 3.2.19(2), there are continuum many upsets of U (n), whereas there
are only countably many formulas in n variables. Therefore, not every upset of

U(n) is definable.

3.2.20. THEOREM. The Heyting algebra of all definable upsets of the n-universal
model is isomorphic to the free n-generated Heyting algebra.
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Proof. Because of Theorem 3.2.9, all we need to show is that for all formulas ¢
and v in n variables, if V(¢) # V(¢) in H(n), then V(¢)NU(n) # V(¢) NU(n),
where V' is the valuation of H(n). If V(¢) N U(n) = V(¢) NU(n), then U(n) =
¢ < 1. This by Corollary 3.2.17, implies IPC F ¢ < t. Thus, H(n) = ¢ < 1,
which means that V(¢) = V(). O]

3.3 The Jankov-de Jongh and subframe formu-
las

Next we discuss three types of frame based formulas. We define the Jankov-de
Jongh formulas, subframe formulas and cofinal subframe formulas. In subsequent
sections we show how to use these formulas to axiomatize large classes of inter-
mediate logics.

3.3.1 Formulas characterizing point generated subsets

In this section we introduce the so-called de Jongh formulas and prove that they
characterize point-generated submodels of n-Henkin models. We also show that
the de Jongh formulas do the same job as Jankov’s characteristic formulas for
IPC. The de Jongh formulas were introduced in [69, §4], see also [59, §2.5].

3.3.1. DEFINITION. Let w be a point in the n-universal model (a point of finite
depth in the n-Henkin model). We inductively define formulas ¢,, and . If
d(w) =1, then let

qbw::/\{pk:w):pk}/\/\{—'pj:wbépj}foreachk,jzl,...?n

and
Y = 0w
If d(w) > 1, then let {wy,...,w,} be the set of all immediate successors of w.
We let
prop(w) := {px : w |= pr}
and

newprop(w) := {px : w £ pr and w; = py, for each i such that 1 <i < m}.

We define ¢, and 1, by

=1 =

bu = [\ prop(w) A ((\/ newprop(w) v \/ v,) — cb)
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and .
¢w = wa - \/ ¢wi
i=1
We call ¢,, and 9, the de Jongh formulas.

3.3.2. THEOREM. For every w € U(n) (w € H(n) such that d(w) is finite) we
have that:

e Rw)={ve Hn):vE oy}, t.e., V(dy) = R(w).
e Hn)\ R (w)={ve Hn): v E Yy}, ie., V() = H(n) \ R~ (w).

Proof. We prove the theorem by induction on the depth of w. Let the depth
of w be 1. This means, that w belongs to the maximum of H(n). By Definition
3.2.3(1) for every v € max(H(n)) such that w # v we have col(v) # col(w) and
thus v £~ ¢y,. Therefore, if u € H(n) is such that uRv for some maximal point
v of H(n) distinct from w, then u [~ ¢,,. Finally, assume that vRw and v is not
related to any other maximal point. By Definition 3.2.3(2) and (3), this implies
that col(v) < col(w). Therefore, v = ¢, and so v = ¢, iff v = w. Thus,
V(¢w) = {w}. Consequently, by the definition of the intuitionistic negation, we
have that V(i) = V(=¢w) = H(n) \ R7'(V(¢w)) = H(n) \ R~ (w).

Now suppose the depth of w is greater than 1 and the theorem holds for
the points with depth strictly less than d(w). This means that the theorem
holds for every immediate successor w; of w, i.e., for each + = 1,...,m we have
V() = R(w) and V() = H(n) \ R~ (1;).

First note that, by the induction hypothesis, w ¥ \/\", ¢,,; hence, by the
definition of newprop(w), we have w = \/ newprop(w) V V>, ¢,. Therefore,
w = ¢y, and so, by the persistence of intuitionistic valuations, v = ¢,, for every
v € R(w).

Now let v ¢ R(w). First assume that v € U(n). If v = A prop(w), then
v [~ ¢y. Thus, suppose v |= A prop(w). This means that col(v) > col(w). Then
two cases are possible:

Case 1. v € ", H(n) \ R™*(w;). Then by the induction hypothesis, v =
Vi, ¥, and since v ¢ R(w), we have v & /", ¢y, Therefore, v [~ ¢,

Case 2. v ¢ ", H(n)\R '(w;). Then vRw; for everyi =1,...,m. If vRv' and
v e U, H(n) \ R~ (w;), then, by Case 1, v' }£ ¢y, and so v £ ¢,,. Now
assume that for every v’ € U(n), vRv" implies o' ¢ |J", H(n) \ R~ (w;).
By the construction of U(n) (see Definition 3.2.3(3)), there exists a point
u € U(n) such that v < {wy,...,w,} and vRu. We again specify two cases.

Case 2.1. u = w. Then there exists t € U(n) such that t < w and vRt. So,
col(v) < col(t) and by Definition 3.2.3(2), col(t) < col(w), which is a con-
tradiction.
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Case 2.2. u # w. Since vRu and col(v) > col(w), we have col(u) > col(v) >

col(w). 1If col(u) > col(w), then there exists p;, for some j = 1,...,n,
such that u }= p; and w = p;. Then w; = p;, for every ¢ = 1,...,m, and
hence p; € newprop(w). Therefore, u |= \/ newprop(w) and u = V2| ¢u,.
Thus, u £~ ¢, and so v (£~ ¢,. Now suppose col(u) = col(w). Then by

Definition 3.2.3(3), u = w which is a contradiction.

Therefore, for every point v of U(n) we have:
v = ¢y iff wRw.

Finally, if v € H(n) \ U(n), by Theorem 3.2.9, v sees a point v’ € U(n) of depth
greater than d(w). Then, v’ [~ ¢,,. Therefore v [~ ¢, and V(¢,,) = R(w).

Now we show that t,, defines H(n)\ R~ (w). For every v € H(n), v £ 1, iff
there exists v € H(n) such that vRu and u |= ¢,, and u =\, ¢, which holds
iff w € R(w) and u ¢ |J;", R(w;), which, in turn, holds iff u = w. Hence, v [~ 9,
iff v € R™'(w). This finishes the proof of the theorem. O

3.3.2 The Jankov-de Jongh theorem

In [64] Jankov introduced the so-called characteristic formulas and proved The-
orem 3.3.3 formulated below. In this subsection we show that the de Jongh
formulas do the same job as Jankov’s characteristic formulas. We first state the
Jankov-de Jongh theorem. Note that Jankov’s original result was formulated in
terms of Heyting algebras. We will formulate it in logical terms. Most of the
results in this and subsequent sections have their natural algebraic counterparts
but we will not discuss these here. For an algebraic treatment of the Jankov
formulas we refer to [107, §5.2] and [121]. Note that analogues of these formulas
for transitive modal logic were introduced by Fine [41]. In modal logic these for-
mulas are called the Jankov-Fine formulas (see Chapter 8, for the details). Now
we formulate the Jankov-de Jongh theorem; see [64], [69] and [24, Proposition
9.41].

3.3.3. THEOREM. For every finite rooted frame § there exists a formula x(§)
such that for every descriptive frame &:

& x(F) iff § is a p-morphic image of a generated subframe of &.

Here we give a proof of Theorem 3.3.3 using the de Jongh formulas. An alterna-
tive proof is given in [24, §9.4], where Jankov formulas are treated as particular
instances of more general “canonical formulas”. First we prove one additional
lemma.

3.3.4. LEMMA. A descriptive frame § is a p-morphic image of a generated sub-
frame of a descriptive frame & iff § is a generated subframe of a p-morphic image
of &.
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Proof. The proof follows from Theorem 2.3.7 and a result in universal algebra
which says that if a variety V has the congruence extension property, then for
every algebra 2 € V we have HS() = SH(2(). It is well known that the variety
of Heyting algebras has the congruence extension property [2, §4, p. 178]. The
result now follows from the duality established in Theorem 2.3.7. U

Proof of Theorem 3.3.3

Suppose § is a finite rooted frame. By Theorem 3.2.16, there exists an n € w
and a valuation V on § such that (F,V) is (isomorphic to) a generated submodel
of U(n). Let w € U(n) be the root of §. Then § is isomorphic to §,,. We show
that we can take v, as x(§). By Lemma 3.3.4, for proving Theorem 3.3.3 it is
sufficient to show that for every frame &:

& £ 1)y, iff §,, is a generated subframe of a p-morphic image of .

Suppose ., is a generated subframe of a p-morphic image of &. Clearly, w [~ 1,,.
Therefore, §.,, ~ ¥, and since p-morphisms preserve the validity of formulas,
& £ Yy,

Now suppose & [~ 1),,. Then, there exists a model 9t = (&, V}) such that
M |~ 1, By Lemma 3.2.15(2), there exists a generated submodel M’ = (&' V')
of H(n) such that 9 is a p-morphic image of 9. This implies that I £~ 1,
Now, 9 F£ 1, iff there exists v in &' such that v Rw, which holds iff w belongs
to &'. Therefore, w is in &', and §F,, is a generated subframe of &’. Thus, §,, is a
generated subframe of a p-morphic image of &. O

3.3.5. REMARK. We point out one essential difference between the Jankov for-
mulas and the de Jongh formulas: the number of propositional variables used
in the Jankov formula depends on the cardinality of §, whereas the number of
variables in the de Jongh formula is the smallest n such that U(n) contains §
as a generated subframe. Therefore, in general, the de Jongh formula contains
fewer variables than the Jankov formula. From now on we will use the general
term “the Jankov-de Jongh formula” to refer to the formulas having the property
formulated in Theorem 3.3.3 and denote them by x(g§).

3.3.3 Subframes, subframe and cofinal subframe formulas

In this section we introduce subframe formulas and cofinal subframe formulas.
The subframe formulas for modal logic were first defined by Fine [42]. Sub-
frame formulas for intuitionistic logic were introduced by Zakharyaschev [133].
Zakharyaschev also defined cofinal subframe formulas for intuitionistic and tran-
sitive modal logic [135]. For an overview of these results see [24, §9.4]. We define
the subframe and cofinal subframe formulas differently and connect them to the
NNIL formulas of [127], i.e., the formulas that are preserved under submodels.
For an algebraic approach to subframe formulas we refer to [9)].
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3.3.6. DEFINITION.

1. Let § = (W,R) be a Kripke frame. A frame § = (W', R') is called a
subframe of § if W/ C W and R’ is the restriction of R to W'.

2. Let § = (W,R,P) be a descriptive frame. A descriptive frame § =
(W', R',P") is called a subframe of § if (W', R’) is a subframe of (W, R),
P ={UnNW :U € P} and the following condition, which we call the
topo-subframe condition, is satisfied:

For every U C W' such that W'\ U € P’ we have W \ R~ (U) € P .

In topological terms the formulation becomes simpler. An Esakia space X' =
(X', O, R) is a subframe of an Esakia space X = (X, 0, R) if (X', R') is a sub-
frame of (X, R), and (X', 0’) is a subspace of (X, 0),° and

For every clopen U of X’ we have that R~(U) is a clopen subset of X'

3.3.7. REMARK. The reason for adding the topo-subframe condition to the def-
inition of subframes of descriptive frames is explained by the next proposition.
The topo-subframe condition allows us to extend a descriptive valuation V' de-
fined on a subframe § of a descriptive frame § to a descriptive valuation V' of
§ such that the restriction of V' to §’ is equal to V’. A correspondence between
subframes and nuclei (special operations on Heyting algebras) is established in
[9]. This correspondence gives another motivation for defining the subframes of
descriptive frames in this way.

Now we prove one of the main properties of subframes. Note that the proof makes
essential use of the topo-subframe condition.

3.3.8. PROPOSITION. Let § = (W,R,P) and § = (W', R',P’) be descriptive
frames. If §' is a subframe of §, then for every descriptive valuation V' on §'
there exists a descriptive valuation V on § such that the restriction of V to W'
is V.

Proof. For every p € ProP let V(p) = W\ R~*(W'\ V'(p)). By the topo-
subframe condition, V(p) € P. Now suppose x € W’'. Then x ¢ V(p) iff
r € R (W' \ V'(p)) iff (there is y € W’ such that y ¢ V'(p) and zRy) iff
x & V'(p), since V'(p) is an upset of §'. Therefore, V(p) N W' = V'(p). O

Next we introduce cofinal subframes.

5Since a compact subset of a Hausdorff space is closed (see e.g., [32]) every subframe of an
Esakia space is topologically closed.
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3.3.9. DEFINITION.

1. Let (W, R) and (W', R") be Kripke frames. §' is called a cofinal subframe of
§ if §' is a subframe of § and R(W') C R™Y(W’), that is, for every w,v € W
if w € W' and wRwv, there exists u € W’ such that vRu.

2. Let § = (W, R, P) be a descriptive frame. A subframe §' = (W', R',P’) of
§ is called a cofinal subframe if (W', R’) is a cofinal subframe of (W, R).

We extend the notion of subframes and cofinal subframes to descriptive models
and Kripke models.

3.3.10. DEFINITION. Let 9 = (§,V) and 9 = (F',V’) be (descriptive or
Kripke) models. We say that 9 is a (cofinal) submodel of M if § is a (cofi-

nal) subframe of § and V' is the restriction of V.

Let § be a finite rooted frame. For every point w of § we introduce a propo-
sitional letter p,, and let V' be such that V(p,) = R(w). We denote by 9t the
model (§, V). It is easy to see that 9 is isomorphic to a generated submodel of
the n-Henkin model, where n = |§| (see Theorem 3.2.16).

3.3.11. PROPOSITION. Let (§,V) be as above. Then for every w,v € W we
have:

1. w# v and wRv iff col(w) < col(v),
2. w = v iff col(w) = col(v).
Proof. The proof is just spelling out the definitions. U

Next we inductively define the subframe formula §(§). Note that this definition
is different from that of [24, §9.4].
For every v € W let

notprop(v) := {pr : v £ pr, k < n}.

3.3.12. DEFINITION. We define 5(§F) by induction. If v is a maximal point of 9
then let

B(v) = [\ prop(v) — \/ notprop(v)
Let w be a point in 9T and let wq, ..., w,, be all the immediate successors of w.
We assume that 3(w;) is already defined, for every w;. We define 3(w) by

Bw) = N\prop(w) — (\/ notprop(uw) v \/ B(w,)).

Let  be the root of §. We define 5(F) by

B(E) = B(r).
We call 3(§) the subframe formula of §.
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We will need the next three lemmas for establishing the crucial property of sub-
frame formulas and cofinal subframe formulas.

3.3.13. LEMMA. Let § = (W, R) be a finite rooted frame and let V' be defined as
above. Let M = (W', R, V') be an arbitrary (descriptive or Kripke) model. For
every w,v € W and x € W', if wRwv, then

M, x = B(w) implies M, x (= B(v).

Proof. The proof is a simple induction on the depth of v. If d(v) = d(w) — 1
and wRv, then v is an immediate successor of w. Then MM’ z [~ [F(w) implies
M x = B(v), by the definition of 3(w). Now suppose d(v) = d(w) — (k+ 1) and
the lemma is true for every u such that wRu and d(u) = d(w) — k, for every k.
Let v/ be an immediate predecessor of v such that wRu'. Such a point clearly
exists since we have wRv. Then d(u') = d(w) —k and by the induction hypothesis
M, x = B(u'). This, by definition of 5(u'), means that 9, = [~ B(v). O

3.3.14. LEMMA. Let 9y = (Wl,Rl,,Pl,‘/l) and My = (WQ,RQ,PQ,‘/Q) be de-
scriptive models. Let MMy be a submodel of 9My. Then for every finite rooted
frame § = (W, R) we have My (= B(F) implies My = B(F).

Proof. We prove the lemma by induction on the depth of §. If the depth of
$ is 1, i.e., it is a reflexive point, then the lemma clearly holds. Now assume
that it holds for every rooted frame of depth less than the depth of §. Let r be
the root of §. Then M,y = B(F) means that there is a point ¢ € Wy such that
My, t = A\ prop(r), My, t = \/ notprop(r) and My, t K= B(r'), for every immediate
successor 1’ of r. By the induction hypothesis, we get that 9t;,¢ & G(r'). Since
Va(p) = Vi(p) N Wy we also have My, ¢ = \/ notprop(r) and My, t = A prop(r).
Therefore, My, t = 5(F). O

Subsequently we will use the following auxiliary lemma.

3.3.15. LEMMA. Let § = (W,R,P,V) be a descriptive model and let X =
(X,0,R,V) be an Esakia space with a valuation.

1. For every color ¢ = iy ...1, the set C' = {w € W : col(w) = ¢} is a finite
intersection of elements of P U —P, where =P = {W \U : U € P}.

2. For every color ¢ =1y ...1i, the set C = {x € X : col(z) = ¢} is a clopen of
X.

Proof. (1) It is a easy to see that C' = ();_, I, where

Ik — V(pk) lf € — 1,
AW\ Vipe) if e =0.

(2) The result follows from (1) and the duality between descriptive frames and
Esakia spaces, see Section 2.3.3. 0
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The next theorem states the crucial property of subframe formulas.

3.3.16. THEOREM. Let & = (W', R'|P’") be a descriptive frame and let § =
(W, R) be a finite rooted frame. Then

& (= B(S) iff § is a p-morphic image of a subframe of &.

Proof. Suppose & [~ 3(F). Then there exists a valuation V’ on & such that
(68, V") & B(F). Forevery w € W, let {wy,...w,} denote the set of all immediate
successors of w. Let py,...,p, be the propositional variables occurring in [(§)
(in fact n = |W|). Therefore, V' defines a coloring of &. Let

P, :={x e W' :col(x) = col(w) and z }£= /", B(w;)}.

Let Y := {J, e Pw and let § := (Y, S, Q), where S is the restriction of R’ to
Yand Q ={U'NY : U" € P'}. We show that 9 is a subframe of & and § is a
p-morphic image of §.

First we show that $ is a subframe of &. The definition of §) ensures that
(Y,S) is a subframe of (W’ R'). We need to show that $) satisfies the topo-
subframe condition. To simplify the proof we will use the topological terminology.
First note that for every w € W, P, = C,, N D,,, where Cy, = {z € W' : col(x) =
col(w)} and D,, = {x € W' : x £ /", B(w;)}. By Lemma 3.3.15, C,, is a clopen
set. For every w € W we have D,, € —P’, i.e., W\ D, € P’. This means that
D,, is also clopen. Hence P, is an intersection of two clopens and thus is again a
clopen. Then Y is a finite union of clopens and therefore is also a clopen. Thus,
every clopen subset U of §) is a clopen subset of & and by Definition 2.3.20(5),
R7Y(U) is clopen. Therefore, § satisfies the topo-subframe condition and §) is a
subframe of &.

Define amap f:Y — W by

flz)=wif x € P,.

We show that f is a well-defined onto p-morphism. By Proposition 3.3.11, distinct
points of W have distinct colors. Therefore, P, N P,y = () if w # w’. This means
that f is well defined.

Now we prove that f is onto. By the definition of f, it is sufficient to show
that P, # 0 for every w € W. If r is the root of §, then since (&,V’) (= 6(F),
there exists a point x € W’ such that = = A prop(r) and = [~ \/ notprop(r) and
x W=V, B(r;). This means that € P,. If w is not the root of § then we have
rRw. Therefore, by Lemma 3.3.13, we have x [~ 3(w). This means that there is
a successor y of = such that y = A prop(w), y = \ notprop(w) and y = G(w;),
for every immediate successor w; of w. Therefore, y € P,, and f is surjective.

Next assume that x,y € Y and zSy. Note that by the definition of f, for
every t € Y we have

col(t) = col(f(t)).
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Obviously, Sy implies col(x) < col(y). Therefore, col(f(z)) = col(x) < col(y) =
col(f(y)). By Proposition 3.3.11, this yields f(x)Rf(y). Now suppose f(z)Rf(y).
Then by the definition of f we have that z [~ 3(f(x)) and by Lemma 3.3.13,
x = B(f(y)). This means that there is z € W’ such that zR'z, col(z) = col(f(y)),
and z £ B(u), for every immediate successor u of f(y). Thus, z € Py and
f(2) = f(y). Therefore, § is a p-morphic image of §.

Conversely, suppose §) is a subframe of a descriptive frame & and f: $H — §
is a p-morphism. Clearly, § £ ((F) and since f is a p-morphism, we have that
9 = B(F). This means that there is a valuation V' on $) such that (9,V’)
B(F). By Proposition 3.3.8, V' can be extended to a valuation V' on & such that
the restriction of V' to &’ is equal to V’. This, by Lemma 3.3.14, implies that

& [~ 6(3). N

3.3.17. REMARK. We remark on a close connection between subframe formulas
and NNIL formulas introduced in [127]. NNIL formulas are the formulas without
nestings of implications to the left. In [127] it is proved that NNIL formulas are
exactly those formulas that are preserved under taking submodels, and therefore
they are also preserved under taking subframes. It is easy to see that every 3(§)
is a NNIL formula. It will follow from Theorem 3.4.16 that every subframe logic
is axiomatized by NNIL formulas.

Next we define cofinal subframe formulas in a fashion similar to subframe
formulas. Let § be a finite rooted frame. For every point w of § introduce a
propositional letter p,, and let V' be such that V(p,) = R(w). For the root r of
S let r1,...,r, be the immediate successors of r and uq, ..., u, be the maximal
points of §. For every w € W let (w) be as in Definition 3.3.12. Let

(8) i= = ((Aprop(u) A=V notprop(u)) V... v
(A prop(ug) A=\ notprop(uk))> )

We are now ready to define cofinal subframe formulas.

3.3.18. DEFINITION. The formula
v(F) = (/\ prop(r) A ,u(%))—> (\/ notprop(r) V \/ ﬁ(r,))

is called the cofinal subframe formula of §.

3.3.19. THEOREM. Let & = (W', R',P’) be a descriptive frame and § = (W, R)
a finite rooted frame. Then

& E(S) iff § is a p-morphic image of a cofinal subframe of &.
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Proof. The proof is similar to the proof of Theorem 3.3.16. We follow the
notations of the proof of Theorem 3.3.16. For every w € W we define

P, ={xzeW:col(x) = col(w) and = [~ \/f:1 B(w;) and x = u(F) }-

We proceed as in the proof of Theorem 3.3.16. Define Y as the union of all P, for
w € W. The frame $) is obtained by restricting to Y the valuation and the order of
. Exactly the same argument as in the proof of Theorem 3.3.16 shows that ) is a
subframe of & and that § is a p-morphic image of . All we need to show is that in
this case, §) is a cofinal subframe of &. Let x € Y and 2 R'y. Weneed to find z € Y
such that yR'z. By Theorem 2.3.24, there exists z € maz(®) such that yR'z.
We show that z € Y. Since (&,V’),z = u(§), we have z = u(F) and moreover

z E </\ prop(uy)A =\ notprop(uy)) V...V ( N\ prop(ux) A=\ notprop(uk)> , (for
the truth definition of the formulas with double negations consult Section 2.1).
This means that z = u(§) and there exists a maximal point u; of §, for some
i=1,...,k, such that col(u;) = col(z). Thus, z € P,, and z € Y. Therefore, $
is a cofinal subframe of &. O

3.4 Frame-based formulas

In this section we will treat the Jankov-de Jongh formulas, subframe formulas
and cofinal subframe formulas in a uniform framework. This will enable us to
get simple proofs of some old results and also derive some new results. We give
a definition of frame-based formulas and show that these three types of formulas
are particular cases of frame-based formulas. We prove a criterion for recognizing
whether an intermediate logic is axiomatized by frame-based formulas. Using this
criterion we show that every locally tabular intermediate logic is axiomatized by
the Jankov-de Jongh formulas and that every tabular logic is finitely axiomatized
by these formulas. We also recall the definitions of subframe logics and cofinal
subframe logics and show that every subframe logic is axiomatized by subframe
formulas and every cofinal subframe logic is axiomatized by cofinal subframe
formulas. At the end of the section we show that there are intermediate logics
that are not axiomatized by frame-based formulas. We first recall some basic
definitions and results.

3.4.1. DEFINITION. Let L be an intermediate logic.

1. A descriptive frame § is called an L-frame if § validates all the theorems
of L.

2. Let FG(L) denote the set of all finitely generated rooted descriptive L-
frames modulo isomorphism.
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3. Let F denote the set of all finite rooted L-frames modulo isomorphism.

Then Fipc is the set of all finite rooted frames modulo isomorphism. As we men-
tioned in the beginning of this chapter, every variety of algebras is generated by
its finitely generated members. This result can be extended to finitely generated
subdirectly irreducible algebras; see, e.g., [23].

3.4.2. THEOREM. Fwvery variety of algebras is generated by its finitely generated
subdirectly irreducible algebras.

Translating this theorem in terms of intermediate logics we obtain the following
corollary.

3.4.3. COROLLARY. FEvery intermediate logic L is complete with respect to its
finitely generated rooted descriptive frames, i.e., L is complete with respect to

FG(L).
Next we define three relations on descriptive frames.

3.4.4. DEFINITION. Let § and & be descriptive frames. We say that
1. § < & iff § is a p-morphic image of a generated subframe of &.°
2. § < & iff §is a p-morphic image of a subframe of &.

3. § </ & iff § is a p-morphic image of a cofinal subframe of &.

Wewrite § <8, <G and F < BifF< B, F< and § <’ &, respectively,
and § is not isomorphic to &.

The next proposition discusses some basic properties of <, < and <’. The
proof is simple and we will skip it.

3.4.5. PROPOSITION.
1. Each of <, < and <’ is reflexive and transitive.

2. If we restrict ourselves to finite frames, then each of <, < and <’ is a partial
order.

3. In the infinite case none of <, X, <’ is in general anti-symmetric.

4. Let § and §' be two finite rooted frames. Let & be an arbitrary descriptive
frame. Then

6By Lemma 3.3.4, this is equivalent to saying that ¥ is a generated subframe of a p-morphic
image of &.



3.4. FRAME-BASED FORMULAS 67

(a) F<F and & = x(3) imply & = x(T').
(b) § < and 6 = B(3) imply & = B(F).
(c) ' and & = (3) imply & = (F').

Note that Theorems 3.3.3, 3.3.16 and 3.3.19 can be formulated in terms of the
relations <, < and <’ as follows:

3.4.6. THEOREM. For every finite rooted frame § there exist formulas x(F), B(F)
and y(§) such that for every descriptive frame &:

1. & X(3) iff § < &.
2. G B(F) ff T < 6.
3. 6 S if§ 6.

Proposition 3.4.5 and Theorem 3.4.6 clearly indicate that these three types of for-
mulas can be treated in a uniform framework. Next we give a general definition
of frame-based formulas and show that the Jankov-de Jongh formulas, subframe
formulas and cofinal subframe formulas are particular cases of frame-based for-
mulas. Let < be a relation on FG(L). We write § <& if § <& and § and & are
not isomorphic.

3.4.7. DEFINITION. Call a reflexive and transitive relation < on FG(IPC) a
frame order if the following two conditions are satisfied:

1. For every §,® € FG(L), & € Fipc and § < & imply |§| < |8|.

2. For every finite rooted frame § there exists a formula «(§) such that for

every ® € FG(IPC)
& o) if §46.

We call the formula «(F) the frame-based formula for < or simply the a-formula

of §.

Obviously, the Jankov-de Jongh formulas, subframe formulas and cofinal sub-
frame formulas are frame-based formulas for <, < and </, respectively.

3.4.8. LEMMA.
1. The restriction of < to Fipc is a partial order.

2. Fipc is a d-downset, i.e., § € Fipc and §F<IF imply § € Fipc.
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Proof. The relation < is reflexive and transitive by definition. That the restric-
tion of < is anti-symmetric on finite frames follows from Definition 3.4.7(1). That
Fipc is a <-downset, also follows immediately from Definition 3.4.7(1). O

3.4.9. LEMMA. Let § and §' be finite rooted frames.
If §9F', then IPC + o(F) F o(F).

Proof. Let & € FG(IPC) and & [~ a(F’), then §F<4®. By the transitivity
of < we then have that §<I& and & [~ «(F). By Corollary 3.4.3 we get that
IPC + a(3) F (). 0

3.4.10. DEFINITION. Let L be an intermediate logic and let < be a frame order
on FG(IPC). We say that L is aziomatized by frame-based formulas for < if
there exists a family {§;}ics of finite rooted frames such that L = {«(F;) : i € I}.

For every subset U of FG(L) let ming(U) denote the set of the <-minimal
elements of U. -

3.4.11. DEFINITION. Let L be an intermediate logic. We let
M(L,d) := minﬁ(FG(IPC) \FG(L))

We give a criterion recognizing whether an intermediate logic is axiomatized by
frame-based formulas.

3.4.12. THEOREM. Let L be an intermediate logic and let < be a frame order on
FG(IPC). Then L is axiomatized by frame-based formulas for < iff the following
two conditions are satisfied.

1. FG(L) is a <-downset. That is, for every §,® € FG(IPC), if & € FG(L)
and § 1S, then § € FG(L).

2. For every & € FG(IPC) \ FG(L) there exists a finite § € M(L, <) such
that § 1 &.

Proof. Suppose L is axiomatized by frame-based formulas for <. Then L =
IPC + {«a(F;) : i € I}, for some family {§;}ics of finite rooted frames. First we
show that FG(L) is <-downset. Suppose, for some §, & € FG(IPC) we have
® € FG(L) and §<46. Assume that § ¢ FG(L). Then there exists ¢ € I such
that § ¥~ a(§;). Therefore, by Definition 3.4.7(2), §;<F. By the transitivity of
<, we have that §;<&, which implies & £ «(F;), a contradiction. Thus, FG(L)
is a <-downset.

Suppose there exist 7, j € I such that i # j and §;<§;. Then by Lemma 3.4.9,
IPC + o(3;) F a(3;). Therefore, we can exclude a(F;) from the axiomatization
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of L. So it is sufficient to consider only <-minimal elements of {F;}ic;. (By
Definition 3.4.7(1), the set of <-minimal elements of an infinite set of finite rooted
frames is non-empty.) Thus, without loss of generality we may assume that —(§; <
§;), for i # j. To verify the second condition suppose & € FG(IPC) \ FG(L).
Then & [~ a(F;) for some i € I, which implies §; < &. Hence, if we show that
§: € M(L, <), then Condition (2) of the theorem is satisfied.

We now prove that every §; belongs to M(L, <). By the reflexivity of <,
we have §; = a(F;) for every i € I. Therefore, §; € FG(IPC) \ FG(L). Now
suppose § < §;. By Definition 3.4.7(1), |§| < |§’| implying that § is finite. By
Lemma 3.4.8, < is anti-symmetric on finite frames, hence —(§;<9%). If §,<5,
for some j € I and j # i, then by the transitivity of < we have §;<F;, which
is a contradiction. Therefore, =(§,;<g), for every j € I. Thus, §  a(F;), for
every j € I, which implies that § € FG(L) and that §; is a minimal element of
FG(IPC) \ FG(L). Thus, §; € M(L, <) and Condition (2) is satisfied.

For the right to left direction, first note that, by our assumption, M(L, <)
consists of only finite frames. We show that L = IPC + {a(F) : § € M(L, <)}.
We prove this by showing that the finitely generated rooted descriptive frames
of L and of IPC + {«a(F) : § € M(L, <)} coincide. Let & € FG(L), then since
FG(L) is a 9-downset, for every § € M(L, <) we have that =(F < ®) and hence
& = a(F). On the other hand, if & € FG(IPC)\FG(L), then by our assumption
there exists § € M(L, <) such that § < &. Therefore, & K «(F) and & is
not a frame for IPC + {a(§) : § € M(L,9)}. Since every intermediate logic
is complete with respect to its finitely generated rooted descriptive frames (see
Corollary 3.4.3), we obtain that L = IPC + {a(F) : § € M(L, <)}. O

Next we apply this criterion to the Jankov-de Jongh formulas, subframe formulas
and cofinal subframe formulas.

3.4.13. THEOREM. Let L be an intermediate logic.
1. FG(L) is a <-downset.

2. For every & € FG(IPC) \ FG(L) there exists a finite § € M(L, <) such
that § < &.

3. For every & € FG(IPC) \ FG(L) there exists a finite § € M(L,<") such
that § ' 6.

Proof. (1) is trivial since generated subframes and p-morphisms preserve the
validity of formulas. The proofs of (2) and (3) are quite involved, we will skip
them here. For the proofs we refer to [24, Theorem 11.15]. O

These results allow us to obtain the following criterion.
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3.4.14. COROLLARY. Let L be an intermediate logic.

1. L s axiomatized by the Jankov-de Jongh formulas iff for every frame & in
FG(IPC) \ FG(L) there exists a finite § € M(L, <) such that § < &.

2. L is aziomatized by subframe formulas iff FG(L) is a <-downset.
3. L is axiomatized by cofinal subframe formulas iff FG(L) is a <'-downset.

Proof. The result is an immediate consequence of Theorems 3.4.12 and 3.4.13.

g

3.4.15. DEFINITION. Let L be an intermediate logic.

1. L is called a subframe logic if for every L-frame &, every subframe &’ of &
is also an L-frame.

2. L is called a cofinal subframe logic if for every L-frame &, every cofinal
subframe &’ of & is also an L-frame.

For the next theorem consult [24, Theorem 11.21].

3.4.16. COROLLARY. Let L be an intermediate logic.

1. L is axtomatized by subframe formulas iff L is a subframe logic.

2. L is axiomatized by cofinal subframe formulas iff L is a cofinal subframe
logic.

Proof. Since every intermediate logic L is complete with respect to FG(L), it is
easy to see that L is a subframe logic iff FG(L) is a <-downset and L is a cofinal
subframe logic iff FG(L) is a <’-downset. The proof now follows from Theorem
3.4.13. U

Next we mention yet another general result about subframe logics and cofinal
subframe logics; see [24, Theorem 11.20]. An algebraic proof of the result can be
found in [9].

3.4.17. THEOREM. All subframe logics and cofinal subframe logics enjoy the fi-
nite model property.

Proof. We prove the theorem for subframe logics only. The proof for cofinal
subframe logics is identical. Let L be a subframe logic. Suppose L I/ ¢. Then
there exists § € FG(L) such that § = ¢. Consider L+ ¢. If it is inconsistent then
every finite L-frame refutes ¢. Thus, assume L + ¢ is consistent. By Proposition
2.1.6, it is an intermediate logic. Then by Theorem 3.4.13(2), there is §' €
M(L + ¢, <) such that § < §. Since §F € M(L + ¢, <) we have §' [~ ¢ and as
L is a subframe logic, by Corollary 3.4.14(2), FG(L) is a <-downset. Therefore,
§ € F; and L has the fmp. O
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Figure 3.6: The sequence A

Next we show that every locally tabular intermediate logic is axiomatized by the
Jankov-de Jongh formulas, and that every tabular logic is finitely axiomatized by
the Jankov-de Jongh formulas. We also construct intermediate logics that can
be axiomatized by Jankov-de Jongh formulas but not by subframe and cofinal
subframe formulas, and vice versa. First we show that there are continuum many
intermediate logics.

We discuss a method for constructing continuum many intermediate logics.
Let < be a frame order on FG(IPC). A set of frames A is called an <-antichain
if for every distinct §, ® € A we have -(FI&) and —(BIF).

3.4.18. THEOREM. Let A = {§;}ice, be an J-antichain. For every I'1, Ty C A,
if T'1 # Ta, then Log(L'1) # Log(L'2).

Proof. Without loss of generality assume that 'y  I'y. This means that there is
§ € I'y such that § ¢ I'y. Consider the a-formula a(§). Then, by the reflexivity
of 4, we have § £~ «(F). Hence, I'y £ a(F) and a(F) ¢ Log(I'y). Now we
show that a(§) € Log(I's). Suppose a(F) ¢ Log(I'z). Then there is & € I'y
such that & [~ a(F). This means that §<I&, which contradicts the fact that A
forms an <-antichain. Therefore, a(F) ¢ Log(T';) and a(F) € Log(T's). Thus,
Log(T'1) # Log(I'2). O

Now we construct an infinite <-antichain. Consider the sequence A of finite
rooted frames shown in Figure 3.6.

3.4.19. LEMMA. A forms an <-antichain.

Proof. Suppose there are distinct frames §,® € A such that § < &. Then
there is a generated subframe &' of & and an onto p-morphism f : & — §. By
Proposition 3.1.7, there are finitely many a- and (-reductions fi, ..., f, such that
f = fno---o fi. Looking at the structure of & (see Figure 3.6) we see that there
is no point that has a unique immediate successor and that the only points w
and v such that R(w) \ {w} = R(v) \ {v} are the maximal points. Therefore, f;
can only be the B-reduction identifying two maximal points of &’. Thus, f(®’)
cannot be isomorphic to §. ([l
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Figure 3.7: The coloring of §»

In the next chapter we construct more antichains of finite rooted frames. We
have the following corollary of Theorem 3.4.18 and Lemma 3.4.19 first observed
by Jankov [65].

3.4.20. COROLLARY. There are continuum many intermediate logics.

Proof. Consider the countable sequence A of finite rooted frames. Then by
Lemma 3.4.19, A forms an <-antichain. By Theorem 3.4.18, this implies that
there are continuum many intermediate logics. O

For the examples of infinite < and <’-antichains of finite rooted frames consult
24, Lemma 11.18 and Theorem 11.19]. Now we determine the size of H(n) using
the Jankov-de Jongh formulas.

3.4.21. THEOREM. The cardinality of H(n), for every n > 1 is that of the con-
tinuum.

Proof. (Sketch) We first show that if there is a sequence of formulas {¢; };c. in
n variables such that for every finite ®, U C {¢;};c, we have IPCH AP — \/ ¥,
then the cardinality of H(n) is that of continuum. Obviously, the n-generated
free Heyting algebra F'(n) is countable; there are only countably many formulas
in n variables. Therefore, there are at most continuum many prime filters of
F(n) and the cardinality of H(n) is at most continuum. For every subset I C w
consider {¢;}ie; and let F; be the filter generated by {¢;}ic;. Then ¢; € Fy iff
i € I. Now using the standard Lindenbaum construction (see e.g., [24, Lemma
5.1]) we extend Fy to a prime filter F} such that ¢; ¢ F} for every j ¢ I. Now let
I,J Cwand I # J. Then w.lo.g. there is i € I such that ¢ ¢ J. It follows that
¢; € Fy C F} and ¢; ¢ I Therefore, F] # I, for every I,J Cw and I # J.
Therefore, all we need to do is to construct such a sequence of formulas. Let
A be the sequence of frames shown in Figure 3.6. Then every § € A is finitely
generated. To see this, consider the coloring shown in Figure 3.7. Now it is
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easy to see that every § € A with this coloring is a generated submodel of U(2).
Indeed, the maximal points of § have different colors. No point is totally covered
by a singleton set and if a point is totally covered by an antichain then there is no
other point that is totally covered by the same antichain. This guarantees that
§ with this coloring is a generated submodel of U(2).

Therefore, {x(F;) : ¢ > 1 and §; € A} is a sequence of formulas in two
variables. Finally, we will sketch the proof of IPC t/ A® — \/ ¥ for &, ¥ C
{x(&) : ¢ > 1and § € A}, Let & = {x(Fi),---, X&)} and let ¥ =
X&), x(8j,.)} Let § be the frame obtained by adjoining a new root to
the disjoint union of §j,,...,§;,.. Obviously, every §;, is a generated subframe
of §. So § = x(§j,), which implies § = \/ V. Moreover, we can show that for
every j > land j ¢ {j1,...,Jm} we have §; £ §. It follows that § = A ®. Thus,
S~ NP — V¥, which finishes the proof of the theorem. O

Next we axiomatize some intermediate logics using the Jankov-de Jongh formulas.
Intuitively speaking the Jankov-de Jongh formula of a frame § axiomatizes the
least logic that does not have § as its frame.

3.4.22. LEMMA. Let L be an intermediate logic. Then

1. (Fp, <) is well-founded.

2. For every finite rooted frame & € FG(IPC) \ FG(L), there exists a finite
rooted § € M(L, <) such that § < &.

Proof. (1) The proof follows immediately from the fact that if §,& € F then
§ < & implies |F| < 8.
(2) The proof is similar to the proof of (1). O

To prove that every locally tabular intermediate logic is axiomatized by the
Jankov-de Jongh formulas, we use the following criterion of local tabularity es-
tablished by G. Bezhanishvili [7].

3.4.23. THEOREM. A logic L is locally tabular iff the class of rooted descriptive
L-frames is uniformly locally tabular. That is, for every natural number n there

exists a natural number M(n) such that for every n-generated rooted descriptive
L-frame § we have |§| < M(n).

3.4.24. THEOREM. FEvery locally tabular intermediate logic is axiomatized by
Jankov-de Jongh formulas.

Proof. Let L be a locally tabular intermediate logic. By Corollary 3.4.14(1),
we need to show that for every & € FG(IPC) \ FG(L) there exists a finite
§ € M(L,<) such that § < &. Suppose & € FG(IPC) \ FG(L). If & is



7TACHAPTER 3. UNIVERSAL MODELS AND FRAME-BASED FORMULAS

finite, then by Lemma 3.4.22(2), there exists a finite rooted § € M(L, <) such
that § < &. Now assume that @& is infinite. Let &’ be a finite rooted frame
such that & < &. If & € FG(IPC) \ FG(L), then by Lemma 3.4.22(2), there
exists § € M(L, <) with § < &’. Since < is transitive, we have § < &. Now
suppose, for every finite rooted & such that & < & we have &' € FG(L). By
Theorem 3.1.10, for every ¢ € w there exists a point z; of & of depth i. Let $; be
the z;-generated subframe of &. Then $); is finite and n-generated (since $); is a
generated subframe of &). Moreover, sup{|9);| : i € w} = w. Therefore, the set of
all rooted finitely generated descriptive L-frames is not uniformly locally finite.
By Theorem 3.4.23, L is not locally tabular, which is a contradiction. Thus, by
Corollary 3.4.14(1) L is axiomatized by the Jankov-de Jongh formulas. O

Since every tabular logic is locally tabular, it follows from Theorem 3.4.24 that
every tabular logic is also axiomatized by the Jankov-de Jongh formulas. Next
we show that every tabular logic is in fact finitely axiomatized by the Jankov-de
Jongh formulas. For an alternative proof of the theorem consult [24, Theorem
12.4]. First we prove two auxiliary lemmas.

3.4.25. LEMMA. For every finite rooted frame §, consisting of at least two points,
there exists a frame & and [ : § — & such that f is an a- or B-reduction.

Proof. If maz(§) contains more than one point, consider the S-reduction that
identifies two distinct maximal points of §. If maz(F) is a singleton set, we
consider the second layer of §. By our assumption the second layer is not empty.
If the second layer of § consists of one point, then consider the a-reduction that
identifies the point of the second layer with the maximal point. If the second
layer of § consists of at least two points, we consider a #-reduction that identifies
two points from the second layer. O

3.4.26. LEMMA. Let < be a frame order on FG(IPC). Suppose that § is a finite
rooted L-frame, where L = Log(®) for some & € FG(IPC). Then §I4&.

Proof. Suppose —(§<&). Then & = a(F), where a(F) is the frame-based
formula for <. Therefore, since § is an L-frame, § = a(F). This is a contradiction
since < is reflexive. O

3.4.27. THEOREM. FEvery tabular logic is finitely axiomatizable by Jankov-de
Jongh formulas.

Proof. Let L be tabular. Then L = Log(§) for some finite frame §. By Lemma
3.4.26, for every rooted L-frame § we have § < §. Therefore, if § € Fy, then
IF'| < |§|. Hence, every finite rooted L-frame contains at most |§| points. We
will show that M(L, <) is finite.



3.4. FRAME-BASED FORMULAS 75

3.4.28. CLAIM. For every $ € M(L, <) we have |9| < |§] + 1.

Proof. Assume $ € M(L,<). If |9| = 1, then trivially |9| < |F| + 1. Now
suppose §) is such that |$| > 1. Then by Lemma 3.4.25, there exists a frame §'
such that " < . If ' ¢ F, then $ is not a minimal element of FG(IPC) \
FG(L), that is, $ ¢ M(L, <), which is a contradiction. If £’ € Fy, then since a-
and (-reductions identify only two points, [9| = [$'| + 1. As §' is an L-frame,
9] < |§|. Thus, |9 < [§]+ 1. O

There are only finitely many non-isomorphic frames consisting of m points for
m € w. Therefore, M(L, <) is finite. Let M(L, <) = {&4,...,&,}. Then, by the
proof of Theorem 3.4.12, we have L(§) = IPC + x(&1) + ... + x(&y). O

However, not every intermediate logic is axiomatized by Jankov-de Jongh formu-
las. We construct a subframe logic that is not axiomatized by Jankov-de Jongh
formulas. We first introduced the notion of width of an intermediate logic. For
modal logics this notion was defined by Fine [42] and for intermediate logics by
Sobolev [117].

3.4.29. DEFINITION. Let § be a rooted (descriptive or Kripke) frame. We say
that

1. § has (cofinal) width n if there is an antichain of n points in § (in maz(F))
and no other antichain in § (in maz(§)) contains more than n points.

2. An intermediate logic L O IPC has width (cofinal width) n € w if every
descriptive rooted L-frame has width (cofinal width) < n.

We denote by w(F) the width of § and by w.(F) the cofinal width of §.

3.4.30. DEFINITION. For every n € w let
1. L,(n) = Log(T',), where I';, = {§ : |§| < w and w(F) < n}.

2. L' (n):= Log(I"), where I/, = {F : |§] < w and w.(F) < n}.

It can be shown that L,(n) is the least logic of width n and L/ (n) is the least
logic of cofinal width n.

We sketch a proof that L] (5) is not axiomatizable by the Jankov-de Jongh
formulas. For the details we refer to [24, Proposition 9.50].

3.4.31. THEOREM. L! (5) is not axziomatizable by Jankov-de Jongh formulas.
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Z1 zZ9

Figure 3.8: The frame &

Proof. (Sketch) By Corollary 3.4.14, it is sufficient to construct a finitely gener-
ated rooted descriptive frame & such that & is not an L/ (5)-frame and if a finite
rooted § is such that § < &, then § is an L/ (5)-frame.

We will modify the example used in [24, Proposition 9.50]. Consider the frame
& = (W, R, P) shown in Figure 3.8, where P = {R(21)UR(22), W, 0, U,UUR(z;) :
U is a finite upset of &, = 1,2}. Then it can be shown that & is a finitely
generated descriptive frame. It is obvious that & has width 6 and hence is not
an L! (5)-frame.

The main idea of the proof is that every finite rooted generated subframe of &
has width < 5 and every p-morphism identifies at least two maximal points of &.
Therefore, for every finite § < ® we have w.(§) < 5 and § is an L] (5)-frame. By
Corollary 3.4.14(1), this means that L/ (5) is not axiomatized by the Jankov-de
Jongh formulas. We skip the details. 0

3.4.32. THEOREM. For every n € w the following holds.
1. Ly(n) is aziomatized by subframe formulas.

2. L (n) is ariomatized by cofinal subframe formulas.

Proof. By Corollary 3.4.14, it is sufficient to observe that for every frame § of
width < n every subframe and cofinal subframe of § also has width < n. Thus
L,(n) is a subframe logic and L! (n) is a cofinal subframe logic and therefore
by Corollary 3.4.16, they are axiomatizable by subframe formulas and cofinal
subframe formulas, respectively. O
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Now we prove the converse of Theorem 3.4.31.

3.4.33. THEOREM. There are intermediate logics that are axiomatized by Jankov-
de Jongh formulas but not axiomatized by subframe formulas or by cofinal sub-
frame formulas.

Proof. Let A be as in Lemma 3.4.19. Consider §; € A such that ¢ > 0. Then
L = Log(§;) is tabular and by Theorem 3.4.27, L is finitely axiomatized by the
Jankov-de Jongh formulas. Now we show that L is neither a subframe nor a
cofinal subframe logic. It is easy to see that § is a subframe of §;, moreover it is
a cofinal subframe. By Lemma 3.4.26, if §, is an L-frame, then §y < §;. This is
a contradiction because by Theorem 3.4.18, A is an <-antichain. Therefore L is
neither a subframe nor a cofinal subframe logic and by Corollary 3.4.16, it is not
axiomatized by subframe formulas. OJ

We will close this section by showing that there are intermediate logics that are
not axiomatized by frame-based formulas. Note that this proof is very non-
constructive.

3.4.34. THEOREM. For every frame order < on FG(IPC) there are intermediate
logics that are not axiomatized by frame-based formulas for <.

Proof. Suppose every intermediate logic is axiomatized by frame-based formulas
for <. We show that this implies that every intermediate logic has the fmp, which
contradicts the fact that there are continuum many intermediate logics without
the fmp, e.g., [24, Theorem 6.3], see also Chapter 4. Let L be an intermediate
logic. Suppose L I ¢. Then there exists a finitely generated rooted L-frame &
such that & [~ ¢. Consider the logic L + ¢. If L + ¢ is inconsistent, then every
finite L-frame refutes ¢. So, assume that L+ ¢ is consistent. By our assumption,
L + ¢ is also axiomatized by frame-based formulas for <. Then & is not an
(L + ¢)-frame and by applying Theorem 3.4.12 to the logic L + ¢, we obtain that
there exists a frame $) € M(L, <) such that $H<9&. Since FG(L) is a J-downset,
$ is an L-frame. Since € M(L + ¢, <) we have that $ [~ ¢. Therefore, we
found a finite L-frame that refutes ¢. This means that L has the fmp. This
contradiction finishes the proof of the theorem.

OJ

Thus, it is impossible to axiomatize all the intermediate logics by frame-based
formulas only. In order to axiomatize all intermediate logics by formulas arising
from finite frames one has to generalize frame-based formulas by introducing a
new parameter. Zakharyaschev’s canonical formulas are extensions of the Jankov-
de Jongh formulas and (cofinal) subframe formulas with a new parameter. Instead
of considering just finite rooted frame § we need to consider a pair (§, D), where
® is some set of antichains of §. We would also need to modify the definition of <
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to take this parameter into account. Formulas arising from such pairs are called
“canonical formulas”. They provide axiomatizations of all intermediate logics.
We do not discuss canonical formulas here. For a systematic study of canonical
formulas the reader is referred to [24, §9].



Chapter 4

The logic of the Rieger-Nishimura
ladder

In this chapter, which is based on [8], we apply the tools and techniques devel-
oped in the previous chapter to the logic RN of the Rieger-Nishimura ladder. The
logic RN was first studied by Kuznetsov and Gerciu [83], Gerciu [48], and inde-
pendently by Kracht [73]. Kuznetsov and Gerciu [83] introduced an intermediate
logic KG of which RN is a proper extension. This logic will play an important
role in our investigations. We show that the structure of finitely generated KG
and RN-frames is quite simple. These frames are the finite sums of 1-generated
descriptive frames.

We apply the technique of frame-based formulas in two ways. Firstly, using
the Jankov-de Jongh formulas we construct a continuum of extensions of KG that
do not have the finite model property. Secondly, we give a simple axiomatization
of RN using subframe formulas and the Jankov-de Jongh formulas. In contrast to
the extensions of KG, every extension of RN does have the finite model property.
This result was first proved by Gerciu [48], and independently by Kracht [73].
However, both proofs contain some gaps. We will develop the technique of gluing
models and provide a rather simple proof of this theorem.

Finally, we show that RN.KC = RN + (—=p VV —=—p) is the unique pre-locally
tabular extension of KG. It follows that an extension L of KG (RN) is not locally
tabular iff L C RIN.KC. For extensions of RIN we establish another criterion of
local tabularity. For every L O RIN we define the internal depth of L and prove
that L is locally tabular iff its internal depth is finite.

This chapter is organized as follows: in the first section we introduce RN,
define the n-scheme logics over IPC and n-conservative extensions of IPC. We
prove that RIN is the 1-scheme logic over IPC and the greatest 1-conservative
extension of IPC. In Section 4.2 we describe the finite rooted frames of RIN. The
next section introduces the logic KG and characterizes the finitely generated
descriptive frames of KG. In Section 4.4 we prove that every extension of RN
has the fmp. In Section 4.5, continuum many extensions of KG without the finite

79
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model property are constructed. In the last two section we give an axiomatization
of RN using the Jankov-de Jongh formulas and subframe formulas and investigate
locally tabular extensions of KG and RN.

4.1 n-conservative extensions, linear and verti-
cal sums

In this section we recall the structure of the 1-generated free Heyting algebra and
its dual 1-Henkin frame. We call them the Rieger-Nishimura lattice and ladder
respectively. We will also introduce the n-conservative and the n-scheme logics
over IPC and show that the logic of the n-Henkin model is the n-scheme logic
over IPC and the greatest n-conservative extension of IPC. In the last section
we define the linear and vertical sums of descriptive frames and Heyting algebras
and prove that these operations are dual to each other.

4.1.1 The Rieger-Nishimura lattice and ladder

In the previous chapter we discussed finitely generated free Heyting algebras and
their dual Henkin models. In this chapter we will take a closer look at the simplest
finitely generated free Heyting algebra, namely, the 1-generated free Heyting alge-
bra. The 1-generated free Heyting algebra was described independently by Rieger
[106] and Nishimura [102] and is called the Rieger-Nishimura lattice after them.
Recall that by Theorem 3.2.13(2), the 1-Henkin model of IPC is isomorphic to
the model shown in Figure 4.1, where V(p) = {w}.

4.1.1. DEFINITION.

1. Denote by £ the 1-Henkin frame. We call £ the Rieger-Nishimura ladder.
We also let £y denote the upper part of £, i.e., the frame £\ {w}.

2. Denote by 91 the 1-generated free Heyting algebra. We call 91 the Rieger-
Nishimura lattice.

By Theorem 3.2.9, £, is isomorphic to the 1-universal frame. By Theorem 3.3.2,
every finite upset of £ is admissible. It is also easy to see that the carrier set of £g
is not admissible. We will give a topological argument to this fact. Suppose the
carrier set of £y is admissible. Then it is (topologically) closed. Every closed sub-
set of a compact space is compact. Thus £ is compact, which is a contradiction;
F = {R}(w;)}ien is a family of closed subsets of £, with the finite intersection
property but (| F = 0.

By the duality between descriptive frames and Heyting algebras, the Rieger-
Nishimura lattice 91 is isomorphic to the Heyting algebra of all admissible subsets
of £. The generator of M is the upset V(p) = {wp}. It is easy to check that 9 is
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Wo wq
Wa w3
Wy Ws
We wr
L] L]
L] L]
[ ]
w

Figure 4.1: The Rieger-Nishimura ladder £

isomorphic to the lattice shown in Figure 4.2 and every element of 1 is represented
by one of the Rieger-Nishimura polynomials:

4.1.2. DEFINITION. The Rieger-Nishimura polynomials are given by the follow-
ing recursive definition:

L. go(p) :==p,

2. g1(p) :==—p,

3. filp) =pV -,

4. ga(p) == ——p,

5. g3(p) == ——p—p,

6. gnia(P) = Gns3(P) = (9n(P) V gnr1(p)),

7. fur2(p) = gnt2(D) V Gns1 (D).

Let % = (A, V,A,—,0) be a Heyting algebra. For every element a € A let
[a) ={b€ A:a<b}

and
(a] ={be A:b<a}.

[a) and (a] are called the principal filter and the principal ideal generated by a,
respectively. It is obvious that the principal filters [gx(p)) and [f(p)) are proper
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1
o
94(p) f3(p)
f2(p) 93(p)
92(p) fi(p)
go(p) 91(p)
0

Figure 4.2: The Rieger-Nishimura lattice N

filters of 9 for every k € w. Moreover, it is obvious that the unit filter {1} is a
proper filter of N, and that every proper filter of N is principal. Furthermore,
{1} and [gx(p)), for every k € w, are the only prime filters of M.

4.1.3. DEFINITION. Let £ be labeled by wy’s as it is shown in Figure 4.1. For
every k € w:

1.

3.
4.

Let £, denote the generated subframe of £ generated by the point wy, i.e.,
L, = (R(wy), R | R(wy)),

Let £, denote the generated subframe of £ generated by the points w;, and
Wi—-1, i.e., Efk = (R(wk) U R(wk_1>, R r R(wk) U R(wk_l)),

Let 91, denote the algebra corresponding to £, ,

Let 91y, denote the algebra corresponding to £, .

The next proposition shows that £, and £y are precisely those generated sub-
frames of £ that satisfy gx(p) and fi(p), respectively.

4.1.4. PROPOSITION. For every k € w we have:

1.

R(wy) ={w e £:w = gr(p)},

2. R(wg) U R(wg—1) ={w e £:w k= fi(p)}.

Proof. The proof is a routine check. O
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Now we introduce the logic that we are going to study in this chapter.

4.1.5. DEFINITION.
1. Let RN denote the logic of £, i.e., RN = Log(£).
2. Let RN denote the variety generated by N, i.e., RN = HSP(MN).

The rest of this chapter will be devoted to the investigation of RN (RN') and
other intermediate logics (varieties of Heyting algebras) related to RN (to RN).

4.1.6. REMARK. Before engaging into the technical details we mention one more
example of a very natural “appearance” of the Rieger-Nishimura ladder from a
different perspective. This fact was first observed by L. Esakia [36]. Consider the
ordered set (N, <) of natural numbers. Define the relation R on N by putting:
nRm if n —m > 2. It is now easy to check that the frame (N, R) is isomorphic
to £9, the upper part of the Rieger-Nishimura ladder.

4.1.2 n-conservative extensions and the n-scheme logics

In this section we describe some syntactic properties of RN. They will not be
used subsequently but give some motivation for studying RN.

4.1.7. DEFINITION. Suppose L and S are intermediate logics. We say that S is
an n-conservative extension of L if L C S and for every formula ¢(py,...,p,) in

n variables we have L - ¢ iff S’ ¢.

Note that this definition, as well as the next one, apply not only to intermediate
logics, but to any propositional logic. By a propositional logic we mean any set
of formulas (not necessarily in the language L), closed under (Subst).

4.1.8. DEFINITION. Let L be an intermediate logic. A set of formulas L(n) is
called the n-scheme logic of L if for every ¢(py,...,px) and k € w:

Y(p1,-..,pr) € L(n) < for all x1(p1,---Pn)s---5 Xe(D1, -+, Pn)
we have L F ¥(x1,..., Xk)-

It is easy to see L(n) is closed under (MP) and (Subst). Therefore, L(n) is an
intermediate logic, for every n € w.

4.1.9. PROPOSITION. Let L be an intermediate logic.
1. L' is an n-conservative extension of L iff L C L' C L(n).

2. L(n) is the largest n-conservative extension of L.
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Proof. Suppose L’ is n-conservative. Let L' + ¢(p1,...,pr). Then for ar-
bitrary X1(p1;---,Pn)s - Xe(p1s- -, pn) we have that L' F ¢(x1,...,xx). By
n-conservativity L F ¥(x1,...,xx). By the definition of the n-scheme logic
L(n) 1 (p1,...,px). Therefore, L' C L(n).

For the converse it is sufficient to show that L(n) is n-conservative over L.
Let L(TL) - w(pla S 7pk‘) Then L + ¢(w1a s 7wk)7 for every wi(pla s 7pn)7 1< k
and k € w. This obviously holds for ¢; = p;, for i < k. Thus, L - ¥ (py, ..., pk).

(2) The result follows from (1). O

The next theorem spells out the connection between the n-scheme logic of IPC
and the n-universal and n-Henkin models. Recall from the previous chapter that
for every n € w H(n) = (H(n),R,P) and U(n) = (U(n), R’,P") denote the n-
Henkin frame and the n-universal frame, i.e., the underlying descriptive frames of
the n-Henkin model H(n) and the n-universal model U(n), respectively. Recall
also that for every frame §, we denote by Log(F) the set of formulas that are
valid in §.

4.1.10. THEOREM.
1. Log(U(n)) is the greatest n-conservative extension of IPC.
2. Log(H(n)) = Log(U(n)) = IPC(n).

Proof. (1) Clearly, Log(U(n)) is an intermediate logic. Therefore, IPC C
Log(U(n)). Now suppose Log(U(n)) F ¢(p1,...,pn), then ¢ is valid in the n-
universal frame and hence it is valid in the n-universal model. Thus, by Theo-
rem 3.2.17, IPC + ¢. Therefore, Log(U(n)) is n-conservative over IPC.

Let L be an n-conservative extension of IPC. If L Z Log(U(n)), then there
exists a formula ¢ such that ¢ € L and ¢ ¢ Log(U(n)). Therefore, there exists = €
U(n) such that x [~ ¢. Let § be the rooted upset of U(n) generated by z. Then §
is finite and § = ¢. Let x(§) be the de Jongh formula of §. By the definition of
the de Jongh formulas x(§) is in n variables.! If x(§) ¢ L, then § is an L-frame
refuting ¢, which contradicts the assumption ¢ € L. Therefore, x(§) € L. But
then x(§) € IPC as L is n-conservative over IPC, which is obviously false. Thus,
L C Log(U(n)) and Log(U(n)) is the greatest n-conservative extension of IPC.

(2) That Log(H(n)) is the greatest n-conservative extension of IPC is proved
in a similar way as (1), using the fact that H(n) is completely determined by
U(n). That is, H(n) = ¢ iff U(n) = ¢ The result now follows from (1). O

4.1.11. COROLLARY. RN s the 1-scheme logic of IPC and the greatest 1-con-
servative extension of IPC.

Proof. The result is an immediate consequence of Theorem 4.1.10. U

!Note that in this case it is essential that we take the de Jongh formula and not the Jankov
formula. This ensures us that this formula is in n propositional variables.
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4.1.3 Sums of Heyting algebras and descriptive frames

In this section we recall the constructions of the linear sum of descriptive frames
and the vertical sum of Heyting algebras used subsequently in this chapter.

4.1.12. DEFINITION. (see e.g., [30, p.17 and p.179]) Let §; = (Wi, R;) and
§2 = (Wa, Ry) be Kripke frames. The linear sum of §; and Fo is the Kripke
frame §1 @® Fo := (W1 W Wy, R) such that Wi W W; is a disjoint union of W; and
W5 and for every w,v € Wy & Wy we have

wRv iff w,v € Wy and wRyv,
or w,v &€ Wy and wRyv,
or we& Wyandwve Wy,

In other words, R = Ry U Ry U (Wy x ).

Figuratively speaking, the operation & puts §; on top of 2. Now we define the
dual operation of & for Heyting algebras.

4.1.13. DEFINITION. Let 2, and 2, be Heyting algebras. The wertical sum
A5 of Ay and A is obtained from a linear sum of A, & A; by identifying
the greatest element of 2l; with the least element of 2A,.

Figuratively speaking, @& puts 2y on top of ;. The next proposition was first
observed by Troelstra [122].

4.1.14. PROPOSITION. For every Heyting algebra Ay and 2y the vertical sum
A,1BUs is also a Heyting algebra.

Proof. The proof is just spelling out the definitions. U
Next we extend the definition of a linear sum to descriptive frames.

4.1.15. DEFINITION. Let §; = (W1, Ry, P1) and §o = (Ws, Ry, Py) be descriptive
frames. The linear sum of §F1 and s is the descriptive frame §; ®§, = (W, R, P),
where (W, R) is the linear sum of (W3, Ry) and (W5, Rs) and P is such that

UePif UeP,orU=W,US, where S € P,.2

The operations of the vertical sum of Heyting algebras and the linear sum of
descriptive frames are dual to each other.

4.1.16. THEOREM. Let 2y and Ay be Heyling algebras and §1 = (W1, Ry, P1)
and §o = (Wa, Ry, Ps) be descriptive frames. Then

2In topological terminology we take the linear sum of the Kripke frames and the topological
sum of the corresponding topologies.
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1. (§1 ® F2)* is isomorphic to FiOFs.

2. (U1BAsa). is isomorphic to (Ur), B (Uz)x.

Proof. (Sketch) (1) We define h : (§1 @ §2)* — F ;OS5 by putting for every
element of (F; ® F2)*, i.e., an admissible upset U of §; @ §a:

hU) = { UNW, otherwise.

(2) We define f : (A;0s2). — (1)« @ (As). by putting for every point of
(A,DUs)., i.e., a prime filter F of A;BAs:

(F if FC A,

F(F) = {F N A, otherwise.

We exclude the case ' = A, in the definition of f, since in that case F' is not a
proper subset of As and therefore is not a filter of 2As. It is not hard to see that

f and h are isomorphisms.
O

Next we generalize the notions of the vertical sum of two Heyting algebras and
the linear sum of two descriptive frames to countable sums; see [10].

4.1.17. DEFINITION. Let {2;};c., be a countable family of Heyting algebras.
The vertical sum of {;}ic, is the partially ordered set @, 2 = (U;e, Ai U
{1}, <), where ; = (A;, Vi, Ai, —4,0;) is an isomorphic copy of 2;, such that
A;N A = {1;} = {041}. Let <; be the order of 2;. The order < is defined by
letting for every a,b € [J,c, As:

a <b iff aezi,bezjandi<j,
or thereis i € w such that a,b € A; and a <; b,
or b=1.

Figuratively speaking, we form a tower from a countable family of Heyting alge-
bras by putting all algebras on top of each other, and then adjoining a new top
element. The reason that we adjoin a new top to the vertical sum of Heyting
algebras is to make sure that the resulting object is again a Heyting algebra.

4.1.18. PROPOSITION. A wertical sum of a countable family of Heyting algebras
1s also a Heyting algebra.

Proof. The proof is a routine check. O
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Note that the filter {1} of ;c,2; is a prime filter, which implies that the corre-
sponding descriptive frame should have a root. This is the motivation behind the
following definition of the linear sum of a countable family of descriptive frames.

4.1.19. DEFINITION. Let {§;}ic., be a countable family of descriptive frames,
where §; = (W;, R;, P;) for every i € w. The linear sum of {F;}ico is a frame
D,c. Ti = ({00} U Y,y Wi, R, P) such that for every w,v € I, Wi

wRv iff we Wi,ve W;andi>j,
or there is ¢ € w such that w,v € W; and wR;v,
or w = 0.

and P is such that

U e Piff Uis an upset, U # ¢, W, and U NW; € P;, for every i € w.

1€W
Figuratively speaking, we form a tower from a countable family of descriptive

frames by putting all frames below each other, and then adjoining a new root to
it. Moreover, the complement of the root is not admissible.

4.1.20. PROPOSITION. A linear sum of a countable family of descriptive frames
is also a descriptive frame.

Proof. The proof is a routine check. O
We have the following infinite analogue of Theorem 4.1.16.

4.1.21. THEOREM. Let {;}ic, be a family of Heyting algebras and {§;}ico a
family of descriptive frames. Then

1. (P, 8:i)" is isomorphic to @iewgf-

2. (@, i) is isomorphic to @, ().

iEw(
Proof. The proof is similar to the proof of Theorem 4.1.16. U

If each 2; and §; is equal to 2 or § respectively, then we simply write @wm or
@D, §. Next we consider linear sums of finitely generated frames.

4.1.22. THEOREM. If a descriptive finitely generated frame § is isomorphic to
BDH and both & and $ are descriptive, then & and $ are also finitely generated.
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Proof. Let § be n-generated, for some n € w. This means that there is a
valuation V' : PROP,, — § such that the upsets V(p1),...,V(p,) generate F*.
As was shown in the previous chapter, V' defines a coloring of §. Let V' be the
restriction of V' to &. We show that V'(py), ..., V’(p,) generate &*, which implies
that & is finitely generated. Suppose &* is not generated by V'(p1),...,V'(pn).
Then by the Coloring Theorem, (see Theorem 3.1.5) there exists a descriptive
frame ¥ and a p-morphism f : & — T such that for every u,v € &, f(u) = f(v)
implies col(u) = col(v). Consider the frame T®H andlet f: EDH — TDH be
such that

Flz) = {f(x) if x € &,

T ifx€9.

Then it is easy to see that f is a p-morphism and for every u,v € & @ 9,
f(u) = f(v) implies col(u) = col(v). By the Coloring Theorem, this means that
& @ 9 is not generated by V(p1),...,V(p,), which is a contradiction. Therefore,
& is n-generated. The proof that § is n-generated is similar. 0

The next lemma shows that an n-generated descriptive frame cannot be a linear
sum of more than 2n frames.

4.1.23. LEMMA. Suppose § is an n-generated descriptive frame isomorphic to
F51D...08m. Then m < 2n.

Proof. Let V : PROP, — § be such that V(p;),...,V(p,) generate the Heyting
algebra §*. Then V defines a coloring of §. Suppose m > 2n. Given the fact
that every V(p;) is an upset of §, for each ¢ there can be at most one j such that
§; contains both points that make p; true, and points that make p; false. So,
if m > 2n there exists j < m such that col(z) = col(y) for every z,y in §; or
Sj+1- Consider the smallest equivalence relation that identifies all the points in
§; and §;41. Then F is a bisimulation equivalence and every F-equivalence class
contains points of the same color. This, by the Coloring Theorem, implies that
§* is not generated by V(p1),...,V(p,), which is a contradiction. O

4.2 Finite frames of RN

This section is devoted to finite frames of RN. We characterize the finite rooted
RN-frames and the finite subdirectly irreducible algebras of RN in terms of
linear and vertical sums. First we characterize the generated subframes of £ and
the homomorphic images of 1.

4.2.1. THEOREM.

1. A descriptive frame § is a generated subframe of £ iff § is isomorphic to
£, L, or Ly for some k € w.
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2. Every proper generated subframe of £ is finite.

Proof. The proof is a routine verification. The only fact that needs to be pointed
out is that since the carrier set of £y is not compact, see Section 4.1.1, £ is not
a generated subframe of £. O

4.2.2. COROLLARY.

1. A Heyting algebra A is a homomorphic image of N iff A is isomorphic to
N, Ng, or Ny, for some k € w.

2. Every proper homomorphic image of N is finite.

Proof. The theorem follows immediately from Theorem 4.2.1 and the duality
between Heyting algebras and descriptive Kripke frames. ([

Similarly to Theorem 4.2.1 and Corollary 4.2.2 we can characterize the gener-
ated subframes of £, and £y, and the homomorphic images of 9, and Ny,
respectively.

4.2.3. THEOREM. For every k € w:

1. A frame § is a generated subframe of £y, iff § is isomorphic to £, for some
J<kandj#k—1, or§ isisomorphic to £y, for some j <k — 2.

2. A frame § is a generated subframe of £y, iff § is isomorphic to £, for some
J <k, or § is isomorphic to £y, for some j < k.

3. A Heyting algebra A is a homomorphic image of Mgy, iff N is isomorphic
to Ny, for some j <k, and j # k — 1 or N is isomorphic to Ny, for some
j<k-2.

4. A frame M is a generated subframe of Ny, iff N is isomorphic to N, for
some j < k, or M is isomorphic to Ny, for some j < k.

Proof. The proof is a routine verification. U

Next we characterize the p-morphic images of £ and the subalgebras of 91. We
will show that up to isomorphism there are three different types of p-morphic
images of £ and subalgebras of 9. In order to describe them, we will use the
linear sums of descriptive frames and vertical sums of Heyting algebras.

4.2.4. DEFINITION.
1. Let 2 denote the two-element Boolean algebra.

2. Let 4 denote the the four-element Boolean algebra.
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4.2.5. PROPOSITION.
1. The frame 2, consists of a single reflexive point.

2. The frame 4, is isomorphic to 2, W 2,.
Proof. The proof is easy. 0

The following result was first established by Kracht [73] using descriptive frames
for IPC, see also [10]. Below we will give a purely algebraic proof, which in our
opinion is the simplest one.

4.2.6. THEOREM. A Heyting algebra 2 is a subalgebra of M iff A is isomorphic
to N, @, Bi, (P,_1B:)D2, or (B,_,B:)®N, for some n € w, where each B,

s 1somorphic to 2 or 4.

Proof. Suppose 2 = (A, V, A, —,0) is a subalgebra of 1. If 2 is a chain, then 2 is
isomorphic to @i@%i, for a < w, where each B, is isomorphic to 2. Now assume
that 2 is not isomorphic to a chain. Then there are at least two incomparable
elements a and b in 2A. Since I is well-founded we can assume that a and b are
the least two incomparable elements of 2; that is, the set {c € A: ¢ < aorc < b}
is a chain. Then from the structure of O it follows directly that there is k¥ € w
such that one of the following four cases holds:

1. {a,b} = {fok, g2k11}-
2. {a,b} = {gan, far-1}.
3. {a,b} = {92k, Gor—1}-
4. {a,b} = {92k, gars1}-

Case 1. If {a,b} = {for, g2r+1}, then the element for_1 = for A gors1 belongs to
A. Looking at the filter [for—1) we see that it is isomorphic to 9. Moreover,
in the same way as go generates M, for generates [for—1). So the whole filter
[for—1) is contained in A. Now since a and b are the least two incomparable
elements in A, we have that A\ [for—1) is a chain. Therefore, 2 is isomorphic

to N or @?:l%l@‘ﬁ, where each 8, is isomorphic to 2.

Case 2. The proof is similar to the proof of Case 1. If {a, b} = {gax, fox—1}, then
the element for, = gor A fop—1 belongs to A, and so the whole filter [fa) is
contained in A. Now [fa) is isomorphic to 0, and A\ [fa) is a chain. Thus

2l is isomorphic to I or @?:l%i@‘ﬁ, where each 8, is isomorphic to 2.
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Case 3. If {a,b} = {gor, goau—1}, then for_1 = gox A gor—1 and fo, = gor V gor—1
belong to A. Since go and gor_1 are the least two incomparable elements,
none of ga(x—1y, fok—1, for, gar+1 are in A. Therefore, every element of 2 is
below a A b, above a V' b, or in {a,b,a A b,a V b}, which is isomorphic to 4.
Moreover, (a A b] is a chain. If [a V b) is also a chain, then 2 is isomorphic
to 691@;% or (@, 71‘3 )&2, where each B; is isomorphic to 2 or 4. (In fact
there will be exactly one B; isomorphic to 4.) If [a V) is not a chain, then
let ¢ and d be the least incomparable elements in [a V b). Then one of the
above four possibilities holds for {¢,d}, and we are back in one of the four
cases, but this time for {c,d}. Repeating this process we eventually obtain
that 2 is isomorphic to one of N, @, B, (@Z 1B,)®2, or (@Z B, EM,

where each B; is isomorphic to 2 or 4.

Case 4. The proof is similar to the proof of Case 3. If {a, b} = {gak, gor+1}, then

for = Gok A Gakt1 and forp1 = gor V gor41 are in A, and none of gop—1, for—1,
for, and go(i41) belong to A. Therefore, every element of 2l is either below
a Ab, above a Vb, or in {a,b,a Ab,aV b}, and (a A b] is a chain; and we
proceed as in 3.

g

4.2.7. COROLLARY. A descriptive frame § is a p-morphic image of £ iff § is
isomorphic to £, @, i, (D, 8:) ® 2. or (D), 3:) ® L, where each §; is

isomorphic to either 2, or 4, and n € w.

Proof. Follows immediately from Theorem 4.2.6 and the duality between Heyting
algebras and descriptive frames. 0

Theorem 4.2.1 and Corollary 4.2.7 enable us to characterize generated subframes
of p-morphic images of £.

4.2.8. THEOREM.

1. Aninfinite descriptive frame § is a generated subframe of a p-morphic image
of £ iff § is isomorphic to @,., & or (B;_,8:) ® L, where each F; is

1somorphic to 2, or 4, andn € w.

2. A finite frame § is a generated subframe of a p-morphic image of £ iff
§ is isomorphic to (B}, §i) ® Ly, or (B, T:i) ® Ly, where each F; is
1somorphic to 2, or 4, and k,n € w.

3. A finite rooted frame § is a generated subframe of a p-morphic image of £
iff § is isomorphic to (@?:1 §i) ® L, ., where each §; is isomorphic to 2, or
4, and k,n € w.
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Proof. (1) The right to left implication follows immediately from Corollary 4.2.7.
Conversely, suppose an infinite descriptive frame § is a generated subframe of a
p-morphic image of £. Then there exists an infinite descriptive frame & such
that § is a generated subframe of & and & is a p-morphic image of £. Then
by Corollary 4.2.7, & is isomorphic to @,., §: or (P}, Fi) ® £. It is easy to
see that neither @,. §; nor (P;_, §;) ® £ contains a proper infinite generated
subframe. Therefore, § is isomorphic to either @, §; or (P;_; ;) ® L.

(2) The right to left implication again follows from Corollary 4.2.7. Conversely,
suppose & is a p-morphic image of £ and § is a finite generated subframe of
®. Then by Corollary 4.2.7, & is isomorphic to £, @, i, (B, i) ® 2., or
(B;_, i) @ £. Consequently, in the first case § is isomorphic to £y, or £, in
the second and third cases § is isomorphic to EB?:I §i, and in the fourth case §
is isomorphic to (P;_, Fi) ® L, or (P;_, Fi) ® Ly, where each §; is isomorphic
to 2, or 4,.

(3) The result follows immediately from (2) since for every k > 0 the frame
£y, is not rooted. 0

k

We recall that for a class of algebras K, H(K), S(K), and P(K) denote the classes
of all homomorphic images, subalgebras, and direct products of the algebras from
K, respectively.

4.2.9. COROLLARY.

1. An infinite Heyting algebra 2 belongs to HS(M) iff A is isomorphic to
P, B or (@?:l%i@m, where each $B; is isomorphic to 2 or 4 and
k,n € w.

2. A finite Heyting algebra 2L belongs to HS(M) iff A is isomorphic to (@?:1%1')
DNy, where each B; is isomorphic to 2 or 4 and k,n € w.

Proof. The result follows immediately from Corollary 4.2.8 and the duality
theory for Heyting algebras. 0

4.2.10. COROLLARY. A finite rooted frame § is an RIN-frame iff § is isomorphic
to (B, §:) ® L,,, where each §; is isomorphic to 2, or 4, and k,n € w.

Proof. It is obvious that if a finite rooted frame § is isomorphic to (P;_, Fi) ®
£4,D, where each §; is isomorphic to 2, or 4., then § is an RN-frame. Con-
versely, suppose a finite rooted frame § is an RN-frame. Then § is a generated
subframe of a p-morphic image of £. To see this, note that if § is not a generated
subframe of a p-morphic image of £, by Theorem 3.3.3, we have £ = x(§). Then,
as RN = Log(£) and § is an RN-frame we have § = x (&), which is a contradic-
tion. Thus § is a generated subframe of a p-morphic image of £. Therefore, by
Theorem 4.2.8(3), § is isomorphic to (B}, §i) DLy, , where each §; is isomorphic
to 2, or 4,. O



4.3. THE KUZNETSOV-GERCIU LOGIC 93

4.2.11. THEOREM. A ﬁmte subdirectly irreducible algebra A belongs to RN if
A is isomorphic to (6D _153 VBN, , where each B; is isomorphic to 2 or 4 and
k,new.

Proof. The theorem follows immediately from Theorem 4.2.10 and the duality
theory for Heyting algebras. O

Similarly to Theorem 4.2.6 and Corollary 4.2.7 we can characterize subalgebras
and p-morphic images of £,,’s and M, s

4.2.12. THEOREM. For every k,n € w:

1. The frame @;_, §i ® L,, is a p-morphic image of £
1somorphic to 2, or 4,.

etan) where each §; 1s

2. The algebra @Ll%i@‘ﬁgk, 1s a subalgebra of N
either empty of isomorphic to 2 or 4.

ltrsn) 2 where each B; is

Proof. The proof is an adaptation of the proofs of Theorem 4.2.6 and Corol-
lary 4.2.7. U
4.2.13. LEMMA. £, is not a p-morphic image of £, , for m # k.

Proof. Suppose there exists a p-morphism f : £, — £, , then by Proposi-
tion 3.1.7, f is a composition of o and f-reductions. It is easy to see that by

applying o and S-reductions to £,,, we cannot obtain a frame isomorphic to £, .
O

4.3 The Kuznetsov-Gerciu logic

In this section we introduce the logic whose finitely generated frames are the finite
linear sums of 1-generated frames. This logic and the corresponding variety were
first introduced and studied by Kuznetsov and Gerciu [83].

4.3.1. DEFINITION. Let
pxc=P—>q)V(@g—=r)V{(g—r)—=r)V(r—(pVa)

We call IPC + ¢k the Kuznetsov-Gerciu logic and denote it by KG. We denote
the corresponding variety by KG.

Our first task is to show that KG is a subframe logic. Consider the frames R,
Ko, and K3 shown in Figure 4.3.
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Us
Vs Vs Uy
Ws Ws Wy Vo V4 U2 us

R ) R

Figure 4.3: The frames K,, Ry, and K3

4.3.2. LEMMA. Suppose § = (W, R, P) is a descriptive frame.

1. If either Ry, Ry or Rs is a p-morphic image of a subframe of §, then § [~
kG-

2. ]fS }: ¢Kg, then 3 ): ﬁ(ﬁl) A ﬁ(ﬁQ) VAN 6(R3)

Proof. (1) First we show that K; [~ ¢k for every i = 1,2,3. In case i = 1 we let
Vi(p) = {wa}, Vi(q) = {ws} and Vi(r) = {w4}. If i = 2, then let Va(p) = {vo, v3},
Vo(q) = {vs} and Vo(r) = {vs}. And if i = 3, then we put V3(p) = {us},
V3(q) = {uo} and V3(r) = {ug,us}. It is easy to check that (R;,V;) £ ¢k¢ for
each i = 1,2,3. Now assume that & is a subframe of § such that {; is a p-morphic
image of & for some i = 1,2,3. Suppose f : & — K; is this p-morphism. Let V'
be a valuation on & defined by

Then (B, V") & ¢ke. Now let us extend the valuation V' on & to a valuation V'
on § as in the proof of Lemma 3.3.14. That is, we put

V(p) =W\ R (V'(p)).

Then it is easy to see that (§,V) £~ dxe-
(2) is an immediate consequence of (1). O

Next we prove the converse of Lemma 4.3.2 for Kripke frames. Consequently, we
will axiomatize KG by the subframe formulas of K1, K2, and R;.

4.3.3. LEMMA. Suppose § = (W, R) is a rooted Kripke frame.

1. If neither K1, Re, nor K3 is a subframe of §, then § = dke.
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2. If § = B(R1) A B(R2) A B(Rs), then § = dxa-

Proof. (1) Suppose § = ¢xa. Let wy be the root of §. Then there exists a
valuation V on W such that 9, wy £~ ¢k, where 9 = (F, V). Therefore, there
exist wy, we, w3, wy € R(w) such that M, wy | p and M, wy £ q, M, wy = ¢ and
M owy e r, Mws = g — r and Mws = r, and M wy E r, M wy E p and
m, Wy b’é q.

Let us assume that £ is not a subframe of §, and show that then either K5 or
£3 is a subframe of §. Since M, wq = q, M, wy = q and M, wy = r, M, we - 7,
we have that ws and w, are incomparable. As 9, w3 = ¢ — r and M, w3 E r, it
follows that 9%, w3 (£~ ¢, which together with 9, wy = ¢ gives us —(we Rws). Also
since M, w3 = q — r, M, wy = q and M, ws = 7, we have that —(wzRws). Thus,
wy and ws are incomparable as well. As 9%, wy = r and 9, w3 [~ r, we also have
that —(wsRws). Therefore, as K is not a subframe of §, we have that wsRw,.
Otherwise the subframe of § based on {wy, wy, w3, w,} would be isomorphic to
§1. Moreover, M, wy = ¢ and M, wy = ¢ give us ~(weRwy), and M, wy = p and
M, wy = p give us that —(wy Rwy), and hence that —(w;y Rws). Since R is not a
subframe of §, we have that either w; Rwsy or wsRw;. First suppose that wi Rws.
Then as w3 and wy are incomparable we have that —(wsRw;) and —(wyRw,).
Therefore, Ky is a subframe of §. Now suppose that w,Rw;. Then as w4 and w,
are incomparable we have that —(w;Rw,), which implies that £3 is a subframe
of §. Thus, if § I~ ¢kq, then either K, Ky or K3 is a subframe of §.

(2) is an immediate consequence of (1). O

4.3.4. THEOREM. KG =1PC + (&) A B(R2) A B(R3).

Proof. Suppose § is a descriptive KG-frame. Then, by Lemma 4.3.2(2), § &
ﬂ(ﬁl) A ﬁ(ﬁg) A ﬁ(ﬁg) Therefore, IPC + ﬁ(ﬁl) A ﬁ(.ﬁQ) VAN ﬁ(ﬁg) Q KG. Now
suppose § is a Kripke frame such that § E B(R1) A B(R2) A B(Rs3). Then,
by Lemma 4.3.3(2), § is a KG-frame. As IPC + (K1) A B(R2) A B(R3) is
a subframe logic, see Corollary 3.4.16(2), it follows from Theorem 3.4.17 that
IPC + 3(R:1) A B(R2) A B(R3) has the finite model property, and hence is Kripke
complete. Therefore, KG C IPC+ (81) A B(R2) A B(83), and our result follows.

U

4.3.5. COROLLARY. KG = HA+ [B(8R1) A B(Ra) A B(Rs) = 1].
Subsequently in the paper we will use the following shorthand.

4.3.6. DEFINITION. A frame § is called cyclic if it is a 1-generated® descriptive
frame.

Then we have the following immediate characterization of cyclic frames.

3Recall that n-generated frames were defined in Definition 3.1.3.
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4.3.7. THEOREM. A descriptive frame § is cyclic iff § is isomorphic to £, £,,
or £y, for some k € w.

Proof. Every 1l-generated Heyting algebra is a homomorphic image of the 1-
generated free Heyting algebra. By the duality, this means that every cyclic
frame is a generated subframe of £.

By definition, § is cyclic iff § is a generated subframe of £. The result now
follows from Theorem 4.2.1. O

Thus, every cyclic frame is descriptive, moreover except for £, every cyclic frame
is finite. To characterize the finitely generated rooted KG-frames, we will need
the following technical lemma.

4.3.8. LEMMA. Let § be a finitely generated rooted descriptive KG-frame.

1. There exist descriptive frames &' and $' such that $' is cyclic and § is
isomorphic to & & §'.

2. Suppose § is isomorphic to HB G, where & is a non-cyclic descriptive frame
and $ is a cyclic descriptive frame. Then there exist descriptive frames &’
and $) such that $)' is cyclic and § is isomorphic to H H H' & &'.

Proof. (1) Let r be the root of §. As § is a KG-frame, £; is not a subframe
of §, implying that |maz(F)| < 2. If max(F) = {x}, then let ' = ({z},=),
and let & = §\ $’. It is then obvious that § is a cyclic frame, and that § is
isomorphic to )’ @& &’. Moreover, by Theorem 3.1.10 (see also Claim 3.1.11), &’
is a descriptive frame. If max(§) = {z,y}, then two cases are possible: either the
next layer of § consists of a single point z, or the next layer of § consists of two
distinct points z and wu.

Case 1. Suppose that the next layer of § consists of a single point z, and that
zRz and zRy. Then we put $' = ({z,y},=) and & = &\ §’. It then follows that
$H' is a cyclic frame. By Theorem 3.1.10, &’ is a descriptive frame, and therefore
§ is isomorphic to $)’ @ &'. Now suppose that zRx and —(zRy). Then we again
have two cases: either the next layer of § consists of a single point v, or the next
layer of § consists of two distinct points v and w.

Case la. Suppose the next layer of § consists of a single point v. Then vRz.
If =(vRy), then ({r,v,z,x,y}, R | {r,v,z,x,y}) is a subframe of §, isomorphic
to K3, which is a contradiction. Therefore, we have vRy, and we put ' =
({v,z,z,y}, R | {v,z,2,y}) and & = F\ $’. It then follows that §’ is a cyclic
frame. Again by Theorem 3.1.10, &’ is a descriptive frame, and therefore § is
isomorphic to ' ® .

Case 1b. Suppose the next layer of § consists of two distinct points v and w.
Then vRz and wRz. If =(vRy) and =(wRy), then ({r,v,w,y}, R [ {r,v,w,y})
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is a subframe of § isomorphic to K1, which is a contradiction. Therefore, v Ry or
wRy. If =(vRy) and wRy, then ({r,v,z,z,y}, R | {r,v, z,x,y}) is a subframe of §
isomorphic to K3; and if vRy and =(wRy), then ({r,w, z,z,y}, R | {r,w, z,z,y})
is a subframe of § isomorphic to K3. In both cases we arrive at a contradiction.
Thus, vRy and wRy. But then we put $ = ({z,z,y},R | {z,2,y}) and & =
5\ 9. It follows that $)’ is a cyclic frame. By Theorem 3.1.10, &' is a descriptive
frame, and § is isomorphic to $’ & &’.

Case 2. Suppose the next layer of § consists of two distinct points z and w. If
2Rz, uRz, =(2Ry) and —(uRy), then ({r, z,u,y}, R [ {r, z,u,y}) is a subframe of
§ isomorphic to £, which is a contradiction. If zRx, =(2Ry), uRy and —~(uRx),
then ({r,z,u,z,y}, R | {r, z,u,z,y}) is a subframe of § isomorphic to K2, which
is also a contradiction. If zRx, 2Ry, uRxz and uRy, then we put ' = ({z,y},=)
and & = F\ §’. It then follows that ' is a cyclic frame, by Theorem 3.1.10, &’ is
a descriptive frame, and § is isomorphic to $' & &’. Finally, if 2Rz, —(zRy), uRz
and u Ry, then there are two possible cases: either the next layer of § consists of
a single point z;, or the next layer of § consists of two distinct points z; and wu;.

Case 2a. Suppose the next layer of § consists of a single point z;. If 23Rz
and z;Ru, then we put $ = ({z,u,z,y},R | {z,u,z,y}) and & = F\ H'. It
then follows that £’ is a cyclic frame, by Theorem 3.1.10, &’ is a descriptive
frame, and § is isomorphic to £’ & &’. Otherwise we have that either z; Rz and
—(z1Ru), or z1Ru and —(z1Rz). If 2y Ru and —(zRz), then ({r, z1,z,z,y},R |
{r,z1,z,x,y}) is a subframe of § isomorphic to Ky, which is a contradiction. So
we can assume that z; Rz and —(z; Ru). If =(z;Ry), then we have that ({r, zy, 2,
x,yt, R | {r, z1,2,2,y}) is a subframe of § isomorphic to &3, which is a con-
tradiction. Therefore z; Ry, and we again have two cases: either the next layer
of § consists of a single point vy, or the next layer of § consists of two distinct
points v; and w;. In the former case, the same argument as in Case la gives us
that v1 Rz, and vy Ru. Thus we put ' = ({z1,z,u,z,y}, R | {21, 2, u,x,y}) and
& =F\ 9. It then follows that ' is a cyclic frame (in fact ' is isomorphic
to £4,). By Theorem 3.1.10, &’ is a descriptive frame, and § is isomorphic to
$H' @ &'. In the latter case, the same argument as in Case 1b gives us that v Rz,
wy Rz1, v1Ru and wyRu. Thus, we put ' = ({z1,2,u,z,y}, R | {z1,2,u,2,y})
and & = F\ 9'. It then follows that ' is a cyclic frame, that &’ is a descriptive
frame, and that § is isomorphic to £’ ® &'.

Case 2b. Suppose the next layer of § consists of two distinct points z; and wuy.
Then the same argument as in the beginning of Case 2 guarantees that z; Rz,
21 Ry, u; Rz and u; Ru, and we move on to the next layer of §.

Continuing in this fashion, if our process terminates after finitely many steps,
we obtain that either § is isomorphic to a finite cyclic frame or that § is isomorphic
to ' @& & with © cyclic and & descriptive. Otherwise we obtain that § is
isomorphic to £ or that § is isomorphic to £ & &’ with &' descriptive. In either
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case, our result follows.

(2) Suppose § is isomorphic to $ @& &, where & is a non-cyclic descriptive
frame and § is a cyclic descriptive frame. Since § is finitely generated, so is &
by Theorem 4.1.22. Therefore, by (1) there exist descriptive frames &’ and $'
such that §’ is cyclic and & is isomorphic to ' @& &’. Then § is isomorphic to
H D $H @& & This finishes the proof of the lemma. 0

Recall from Definition 2.3.15 that descriptive rooted frames are such rooted frames
that the complement of the root is admissible.

4.3.9. COROLLARY. A rooted descriptive KG-frame § is finitely generated iff §
is isomorphic to (D;_, §i) ® £, where each §; is a cyclic frame and k € w.

Proof. It is obvious that if § is isomorphic to (D;_; §i) & £, where each
S is a cyclic frame, then § is finitely generated. Conversely, suppose § is a
finitely generated rooted descriptive KG-frame. If § is cyclic, then we are done.
Otherwise, by Lemma 4.3.8 (1), § is isomorphic to $ @& &, where $) is cyclic and
® is descriptive. If & is cyclic, then we are done. If not, by Lemma 4.3.8(2), § is
isomorphic to $H P H' DB, where H' is cyclic and &' is descriptive. Continuing this
process we obtain that § is isomorphic to €,,, §i, where each §; is a cyclic frame.
If w < a, then by Lemma 4.1.23, ,., §; is not finitely generated. Therefore,
a < w. This means that min(F) = min(F,). Thus, if §, is isomorphic to
£y, for some m > 0, then § is not rooted. If §, is isomorphic to £, then
by Definition 4.1.15, the complement of the root of § is not an admissible set.
Therefore, by Definition 2.3.15, § is not a rooted descriptive frame. Thus, we
obtain that §, is isomorphic to £,, for some k € w. OJ

4.3.10. COROLLARY. A subdirectly irreducible algebra 2L € KG is finitely gen-
erated iff A is isomorphic to (@,_,A;)BN,,, where each A; is a cyclic Heyting
algebra and k € w.

Proof. The result follows immediately from Corollary 4.3.9 and the duality
theory for Heyting algebras. O

4.4 The finite model property in extensions of
RN

In this section we characterize finitely generated rooted RN-frames and prove
that every extension of RN has the finite model property. First we show that
RN is a proper extension of KG.
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4.4.1. THEOREM.
1. RN D KG.
2. RN C KG.

Proof. (1) That none of K1, Ry, R is a subframe of £ is routine to check. There-
fore, by Theorem 4.3.4, £ is a KG-frame. Hence, Log(£) = RN D KG. Now
we show that RN # KG. Consider the frame £,, @ 2,. By Theorem 4.3.4,
L4, @ 2, is a rooted KG-frame. On the other hand, by Corollary 4.2.10, £,, @ 2.
is not an RN-frame. Consider the Jankov-de Jongh formula x(£,, @ 2.). Then
X(£g, ®2,) € RN and x(£y, @ 2,) ¢ KG. Therefore, RN € KG.

(2) is an immediate consequence of (1). O

Therefore, by Corollary 4.3.9 and Theorem 4.4.1, every finitely generated rooted
descriptive RN-frame is a finite linear sum of cyclic frames. In this section we
characterize those finitely generated rooted KG-frames that are also RIN-frames.

4.4.2. THEOREM. Let § be a finitely generated descriptive rooted KG-frame and
A a subdirectly irreducible Heyting algebra in KG.

1. If § is an RN-frame, then there exist k,n € w such that § is isomorphic to
(D;_, i) ® Ly, where each §; is isomorphic to £, 2, or 4,.

2. ]f_Q?ll belongs to RN, then there exist k,n € w such that 2 is isomorphic to
(D,_,B,)EMN,,, where each B; is isomorphic to N, 2 or 4.

Proof. By Theorems 4.4.1 and 4.3.9, § is isomorphic to a linear sum (€D,_, &;)®
L., where each &; is a cyclic frame and k € w. If for every j < n we have that
&; is isomorphic to £, 2, or 4,, then § satisfies the condition of the theorem.
Therefore, assume that there exists j < n, such that &; is isomorphic to £, for
some m > 4 or &; is isomorphic to £y, for some [ > 2. (For m < 4 and [ < 2 the
frames £, and £, are isomorphic to linear sums of 2,’s and 4,’s.) Let j <n be
the the least such j. We show that § is not an RN-frame.

We first discuss the idea of the proof. We show that there exists a finite
rooted § such that § is not an RN-frame and §’ is a p-morphic image of F.
Thus, if § is an RN-frame then so is §’, which is a contradiction. To construct
this p-morphism we consider a bisimulation equivalence on § which identifies:
all the points above &;, all the points below &, and leaves the points of &;
untouched. Then the resulting rooted frame is a p-morphic image of §, but by
our characterization of finite rooted RIN-frames (see Theorem 4.2.10) it is not an
RN-frame.

We will now make this more precise. We only consider the case when &; is
isomorphic to £,,,. The proof for the other case is similar. Thus, assume &; is
isomorphic to £, , for some m > 4. Then two cases are possible:

gm>
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Case 1. 1 < 7 < n. We define an equivalence relation £ on § by

o whv if w=wv for every w,v € &;,
.wEUifU),UE@l@...@®j_1,
owEvifw,vE®j+1@...@®n@£gk.

It is easy to check that E is a bisimulation equivalence and that §/FE is
isomorphic to 2, © &; ® 2,. Since &; is isomorphic to £, , we obtain that
2, © £y, @ 2, is a p-morphic image of §. This, by Theorem 4.2.10, is a
contradiction.

Case 2. j = 1. The proof is similar to that of Case 1, except that, in this case
we obtain that £, @ 2, is a p-morphic image of §, which again contradicts
to Theorem 4.2.10.

(2) follows form (1) by the duality theory of Heyting algebras. O

To show that the converse of Theorem 4.4.2 also holds we need to define a new
operation on frames.

4.4.3. DEFINITION.

1. Let §1 = (W4, Ry) and §y = (Ws, Ry) be two Kripke frames and let = €
min(§1) and y € max(Fz). The gluing sum of the pairs (F1, ) and (Fa, )
is a frame (§1,2)D(Fa,y) = (W W', S) such that W & W' is the disjoint
union of W and W’ and

§i= Ry U Ry U (Wa x Wi\ {(y,2)})-

2. Let §1 = (W1, Ry, P1) and §o = (Wa, Ry, Py) be descriptive frames and let
x € min(§1) and y € maz(§2). The gluing sum of (F1,z) and (Fq,y) is the
descriptive frame (§1, 2)D(Fa, y) = (W1 W Wy, S, P) such that (W, W Wy, S)
is the gluing sum of (W3, Ry),z) and ((W2, Ry),y) and

P :={U CW Wy : U is an S-upset and UNW; € Py and UNW, € Py},

Figuratively speaking, we take the linear sum of §; and §, and erase an arrow
going from y to x. This definition is motivated by the next lemma, which states
that we can “glue” two cyclic frames together in such a way that the resulting
frame is again a cyclic frame. We will need the operation of gluing models for
proving the main theorem of this section that every extension of RN has the fmp.

4.4.4. PROPOSITION. The gluing sum of two descriptive frames is again a de-
scriptive frame.
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Proof. The proof is just spelling out the definitions. U
For every k € w we assume that £, and £y, are labeled as in Figure 4.1.

4.4.5. LEMMA. Suppose k,m € w and m is odd. Then the following holds.
1. (L4, wn)B(L, wp) is isomorphic to £.

2. (L4, Wm)B(L,,, wo) is isomorphic to £

Ik+m *

Proof. The proof is a routine check. U
Next we recall the definition of the complexity of a formula.

4.4.6. DEFINITION. We define the complezxity c(¢) of a formula ¢ as follows:
c(p) =0,
(L) =0,

c(¢ AN ) = maz{c(e), c(¥)},

c(¢ V) = maz{c(¢), c(¥)}

(¢ = ¢) = L+ maz{c(9), c(v)}.

9

Recall from the previous chapter that for every point x of a frame § the depth of
x is denoted by d(z). Let U be an upset of §, then the depth d(U) of U is defined
as

d(U) := sup{d(x) : x € U}.

4.4.7. DEFINITION. Let V : PrROP,, — £ be a descriptive valuation on £.

1. The rank of V' is the number

rank(V) = max{d(V(p:)) : V(p;) C £}.

-

2. For every formula ¢(p1,...,pn), let
My (¢) = rank(V) + c(¢) + 1.

4.4.8. LEMMA. Let V' be any descriptive valuation on £. Then for an arbitrary
formula ¢(p1,...,pn) and for every x,y € £ such that d(x),d(y) > My(¢), we
have

rEdiffyE ¢
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Proof. We will prove the lemma by induction on the complexity of ¢. If ¢(¢) = 0,
that is, ¢ is either L or a propositional letter then the the lemma obviously holds.
Now assume that c¢(¢) = k and the lemma is correct for every formula ¢ such
that c¢(¢) < k. The cases when ¢ = 1)1 A 1y and ¢ = 1y V 1)y are trivial. So,
suppose ¢ = 1 — 1y, for some formulas ¥; and 5. Clearly, c(¢1), c(v9) < k.
Let x,y € £ be such that d(z),d(y) > My (¢). Without loss of generality assume
x [~ ¢ and show that y & ¢. Then x [~ 11 — 1y implies that there exists
x’ such that xRz’, ' = ¢y and 2/ £ 1y, If d(2') < d(y) — 1, because of the
structure of £, we have yRx’ and so y £ ¢. If d(2') > d(y) — 1, then d(z') >
My (¢) — 1 =rank(V) + c¢(¢) > rank(V) + c(v;) + 1 = M(¢;), for each i = 1, 2.
Thus, d(z'),d(y) > M (1) and by the induction hypothesis y = ¥; and y = s,
which again implies y £~ ¢. O

Observe that if c¢(¢) > c(v), then My (¢) > My (¢)). The analogue of Lemma
4.4.9(1) is proved in Kracht [75].

4.4.9. LEMMA. Let £1 and £9 be two distinct isomorphic copies of £. For an
arbitrary formula ¢(p1,...,pn) the following holds.

1. If £, ® L5 £~ ¢, then L}~ ¢.

2. If £ & L9 B G £ ¢, for some frame B, then LD & [~ ¢.

3. If D L1 ® Ly ¢, for some frame §, then T L - ¢.

4. If §B L1 D Ly @ B ¢, for some frames § and &, then Fd L D & [~ .
5. If for some k € w, £® £, ¥~ ¢, then £, = ¢, for some m > k.

6. If for some k e w, LB L, & & = ¢, then £, & & W~ ¢, for some m > k.

7. If for some k € w and some frame §F, §H LB Ly, = ¢, then T Ly, = ¢,

for some m > k.

8. If for some k € w and some frames & and §, § B LB L, B F [~ ¢, then
F®L,, &6, for some m > k.

Proof. (1) Let V be a descriptive valuation on £,@® £, such that (£,BLs, V) = ¢.
Let V4 and V5 be the restrictions of V' to £ and £, respectively. That is,
Vi(p) = V(p)N L, for each i = 1,2. Let My(¢) = rank(Vy)+c(¢)+1 and let m :=
2-M;i(¢)+1. Assume that on £; and £, we have the labeling shown in Figure 4.1.
Consider the gluing sum (£, , W, ) (Ly, wo) and let V’ be the restriction of V
to (L4, W) B(L2, wo). By Lemma 4.4.5, (L5, , wp,)B(L2, wp) is isomorphic to L.
Thus, to finish the proof we only need to show that ((£y,,, wm)E(L2, wo), V') I~ 6.
The next claim finishes the proof.
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4.4.10. CLAIM. ((£5,,,0n)B(L2,w0), V') £~ ¢.

Proof. We prove the claim by induction on the complexity of ¢. The cases when
¢ is either 1, a propositional variable, a conjunction or disjunction of two formulas
are simple. Now let ¢ = ¢ — x. Then since (£; @ £, V) [~ ¢, there exists y in
£1® £y such that (£, ® £5, V), y = ¢ and (£, @ £5,V),y = x. If y belongs to
(L4, Wy )D(La, wo) then we are done. If y does not belong to (L4, , W, ) B (L2, wo),
then we take a point y' in £, of depth M;(¢). Since ¢(¢), c(x) < c¢(¢) we have
Mi(¥), Mi(x) < Mi(¢) and it follows from Lemma 4.4.8, that (£, @ £5, V), ¢ |=
¥ and (£ @ £2,V),y K~ x. Therefore, ((Sfm,wm) (Lo, wo), V'), y ): Y and

((Sfmvwm>é§(£2>w0>vv/)ay/ l# X- ThU.S, ((Sfm’wm) (227w0) )vy l?é ¢ -

(2) The proof is similar to (1).
(3),(4) The proof is similar to (1) and (2) with the only difference that in
these cases instead of £ we should consider § @ £y, ,.
(5) The proof is similar to (1). We take the upset §' consisting of My (¢)
layers of £ and then consider a gluing sum of this frame with £,
(6), (7) and (8) are similar to (5).
O

4.4.11. LEMMA. For every RN-frame § there exist k,m € w such that § is a
p-morphic image of (B, L) ® £,,, where £; is an isomorphic copy of £, for
eachi=1,...,m.

Proof. By Theorem 4.4.2, § is isomorphic to (D), §:) ® £, where every §; is
isomorphic to either £, 2, or 4,. Let m be the number of copies of £ occurring in
@;_, 3i- Then § is isomorphic to a frame ;" (D], (8;© L)) DD;_, &;©L,,,
for some k£ € w, where each &; is isomorphic to 2, or 4, and m; € w. By
Corollary 4.2.7, the frame (7", &;) ® £; is a p-morphic image of £;. On the
other hand, by Theorem 4.2.12, the frame (@j‘:l &;) @ £, is a p-morphic image
of £g,.,.. Therefore, § is a p-morphic image of the frame (", &) ® £, ...,
where each £; is an isomorphic copy of £ for every i =1,...,m. O

We are now ready to characterize the finitely generated rooted descriptive RIN-
frames and subdirectly irreducible algebras in RN .

4.4.12. THEOREM.

1. A finitely generated rooted descriptive KG-frame § is an RN-frame iff §
s 1somorphic to (@?:1 Si) ® Ly, where each §; is isomorphic to either £,
2, or4d, and k € w.

2. A finitely generated subdzrectly irreducible KG-algebra 2 belongs to RN iff
20 is isomorphic to (@Z 1 B,))EN,,, where each B; is isomorphic to either
£,2o0r4, and k € w.
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Proof. (1) The direction from left to right is proved in Theorem 4.4.2. For the
other direction, by Lemma 4.4.11, it is sufficient to show that if a frame § is
isomorphic to (-, £;) ® £,,, where £; is an isomorphic copy of £, for each
1=1,...,m and k,m € w, then § is an RN-frame.

We will prove that for every formula ¢, if ¢ € RN then § = ¢. So, assume that
§ = ¢. By applying Lemma 4.4.9 (2), (m —1) times, we obtain that £& £, ~ ¢.
By Lemma 4.4.9 (5), there is m > k such that £,, = ¢. Thus, we found an
RN-frame that refutes ¢. Since ¢ € RN, this is a contradiction. Hence, § = ¢
for every ¢ € RN and therefore § is an RN-frame.

(2) The result follows immediately from (1) by the duality theory of Heyting
algebras. O

The next result was proved independently by Gerciu [48] and Kracht [73]. How-
ever, both proofs contain some gaps. We will provide a simple proof of this result.
Our technique is very similar to the one from [73]. However, [73] claims that every
extension of KG has the fmp, which, as we will see in the next section, is not the
case.

4.4.13. THEOREM.
1. Every extension of RN has the finite model property.

2. Every subvariety of RN is finitely approximable.

Proof. (1) Suppose L O RN and let ¢ ¢ L. Then there exists a finitely
generated rooted descriptive L-frame § such that § = ¢. By Theorem 4.4.12, §
is isomorphic to (D, ;) ® £, , where every &, is isomorphic to £, 2, or 4, for
every ¢ = 1,...,n. Let j < n be the least such that &, is isomorphic to £. If
such j does not exist then § is finite and there is nothing to prove. Denote by &',
the finite frame &; @ ... ® &;_4. Then § is isomorphic to & & &; & ... & 6, @
L. By Lemma 4.4.11, 6, ® ... ® 6, ® £,, is a p-morphic image of the frame
L1®...0L,DL,,, where £; is an isomorphic copy of £ for each i =1,...,s and
s,m € w. Therefore, § is a p-morphic image of 8 = &' ¢ £, ... ¢ £, B £,,..
Since p-morphisms preserve the validity of formulas & [~ ¢. Now we apply
Lemma 4.4.9(4) and (7) to obtain a ¢ > m such that & @& £, [~ ¢, for some
t > m. To finish the proof it is sufficient to show that &' @ £, is an L-frame.
To see this, observe that & @ £, is a generated subframe of & @ £, which is a
generated subframe of §. Therefore, ' @ £, is an L-frame and thus L has the
finite model property.

(2) The result follows immediately from (1). O

4.4.14. REMARK. In fact, Theorem 4.4.13 can be strengthened. It is proved in
8] that every extension of RN has the poly-size model property. This means that
every non-theorem of L can be refuted in a frame which has the size polynomial
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in the length of ¢. It is also shown in [8] that for every function f : N — N,
where N is the set of natural numbers, there exists an extension of KG that has
the fmp but does not have the f-size model property.

4.5 The finite model property in extensions of
KG

In this section we show that in extensions of KG the situation is completely
different. We prove that there are continuum many extensions of KG without
the finite model property. We also show that there is exactly one extension of
KG that has the pre-finite model property.

4.5.1 Extensions of KG without the finite model property

First we discuss a systematic method of constructing logics without the fmp. Let
® be a finite rooted KG-frame that is not isomorphic to an RIN-frame. The
simplest such frame is £,, @ 2,. Let $) be isomorphic to £ & & and suppose

= Log($). If & is isomorphic to £,, & 2, then the frame §) is isomorphic
to the frame shown in Figure 4.4. We will prove that L lacks the finite model
property. First we characterize the finite rooted L-frames.

4.5.1. THEOREM. Let & be a finite rooted KG-frame that is not isomorphic to
an RN-frame. Let §) be isomorphic to £ ® & and suppose L = Log($)). A finite
rooted KG-frame § is an L-frame iff either of the following two conditions is
satisfied.

1. § is an RN-frame.

2. § is isomorphic to a p-morphic image of a generated subframe of @, Fi®
2, ® &, where each §; is either empty or isomorphic to 2, or 4,.

Proof. First we show that if a finite rooted frame satisfies the conditions of the
theorem, then it is an L-frame. Since £ is a generated subframe of $ we have
that every RIN-frame is an L-frame. By Theorem 4.2.7, every frame of the form
@?:1 §i P 2,, where each §; is isomorphic to either 2, or 4,, is a p-morphic image
of £. Therefore, @), F; ® 2. ® & is a p-morphic image of £® &. Thus if § is
a p-morphic image of a generated subframe of @ | §; ® 2. ® &, then §F is an
L-frame.

Conversely, let § be a finite rooted L-frame. Then by Lemma 3.4.26, § is a
p-morphic image of a generated subframe ' of §. If §’ is a generated subframe
of £, then ¥ is an RIN-frame. Now suppose that §’ is isomorphic to £ @ §”,
where " is a generated subframe of . By Theorem 4.2.7, every finite p-morphic
image of £ has the form @?:1 $i @ 2., where each §; is isomorphic to either 2,
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Figure 4.4: The frame £ @ £/, © 2,

or 4,. Thus, if § is a p-morphic image of $’, then § is a p-morphic image of
(B, 3i) ® 2. 9", where each §; is isomorphic to either 2, or 4,. It is easy to
see that (D), Ti) ® 2. B H” is a generated subframe of (D], Fi) ® 2. ® 6.

]

4.5.2. THEOREM. Let & be a finite rooted KG-frame that is not isomorphic to
an RN-frame. Let § be isomorphic to £ @ & and suppose L = Log($). Then L
does not have the finite model property.

Proof. Consider the Jankov-de Jongh formulas x; = x(2.® ®) and x2 = x(£y,)
with separated variables. Let ¢ = x1 V x2. It is easy to see that 2, & & is a
p-morphic image of ) (we just map all the points in £ to the top node of 2, & ®).
Hence, $ = x1. Obviously, £,, is a generated subframe of §). This means that
$ F~ x2. Therefore, $ ~ ¢. Now suppose there is a finite rooted L-frame § such
that § & ¢, whence § [~ x1 and § [~ x2. Then § [~ x; implies that 2, © & is a
p-morphic image of a generated subframe of §. Hence, if § is an RN-frame, then
2, @ & is also an RN-frame, which is a contradiction, by Theorem 4.2.10. Thus,
§ £ x1 implies § is not an RN-frame. By (2) of Theorem 4.5.1, this means that
§ is a p-morphic image of some (P, §;) © 2. & H”, where H” is a generated
subframe of & and each §; is isomorphic to either 2, or 4,.

Next we show that £,, cannot be a p-morphic image of a generated subframe
of §. Let §’ be a generated subframe of § and f : § — £,, be a p-morphism. If
|max(F’)| = 1, then clearly £,, cannot be a p-morphic image of §’'. Now suppose
§ has two maximal points u; and uy. Then f(uq) # f(ug) and f(uq) and f(usg)
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are the maximal points of £,,. Let u be a point of the second layer of §’. Then
since the top layers of §' are sums of 2,’s and 4,’s we have uRu; and uRu,.
Therefore, f(u) # f(u1) and f(u) # f(ug). But then u should be mapped to a
point of the second layer of £,,, which consists of only one point. This implies that
this point of the second layer of £,, sees both maximal points of £,4,, which is a
contradiction. Hence, no generated subframe of § can be p-morphically mapped
onto £,,, and § = x2. This contradicts our earlier assumption that § = xo.
Thus, there is no finite L-frame that refutes both x; and xs. This means that L
does not have the finite model property. O

Next we show that there are continuum many extensions of KG without the finite
model property. To construct these extensions we will need to construct infinite
antichains of finite KG-frames.

Recall from the previous chapter that for every frame § and &:

$§ <& iff §isa p-morphic image of a generated subframe of &.
If A and B are Heyting algebras. Then
A <P iff Ais a subalgebra of a homomorphic image of 8.

In the next lemma we show how to construct antichains of finite KG and RIN-
frames. These antichains will allow us to show that both KG and RN have
continuum many extensions. The antichain in Lemma 4.5.3(3) was constructed
by Kracht [73].

4.5.3. LEMMA.

1. The sequence I' = {£,, & 2, : k > 4} of rooted KG-frames forms an <-
antichain.

2. The sequences Ay = {2, ® Lp, & L, ® 2. : k > 4 and k is even} and
DN ={2. 0L, B L, ®2.:k>D5andk is odd} of rooted KG-frames form
<-antichains.

3. (B,T)D2.0L, DL, D2, L (B, T:)2.D Ly, ® Ly, D2, where each
S is isomorphic to 2, or 4, and k # m.

4. The sequences T1 = {@le 4, B Ly,  k ew}l and Ty = {@le 4, @ Ly -
k € w} of rooted RN-frames form <-antichains.

Proof. (1) Consider any two frames £, & 2, and £,, & 2, in I' and suppose
m > k. Then |£,, & 2. < |£,,, ®2.| and clearly £,, & 2, cannot be a p-morphic
image of a generated subframe of £, @ 2,. Now suppose there exists a generated
subframe § of £, @ 2, such that £, ® 2, is a p-morphic image of §. If § is
a proper generated subframe of £,, ® 2,, then $ is an RN-frame. On the other
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Figure 4.5: The frames £,, @ 2., £, © 2, and £, O 2,

hand, by Theorem 4.2.10, £, @ 2, is not an RN-frame and therefore cannot be
a p-morphic image of §. Thus, § is isomorphic to £, @ 2, and £, @ 2, is a
p-morphic image of £, @ 2,. Then the least point of £, @ 2, is mapped to the
least point of £, @ 2, and no other point of £, @ 2, is mapped to the least
point of £, @ 2,; otherwise £; @ 2, would be a p-morphic image of £, which
is a contradiction, since £,, @ 2, is not an RN-frame. This gives us that £, is
a p-morphic image of £, , which is a contradiction by Lemma 4.2.13.

(2) We prove that A is a <-antichain. Suppose for m > k we have that 2, &
L4, DL, D2, is a p-morphic image of a generated subframe of 2, & L, B L,,, D2,.
Then there exist ) and f such that ) is a generated subframe of 2, L, B L, 2.
and f: 9 — 2,0 Ly, © Ly, D2, is a p-morphism. Obviously § contains the first
three layers of 2, @ £, ® £, ® 2,.. Moreover, the restriction of f to the first
three layers of § is an isomorphism. To see this, observe that if not then the first
three layers of § should be mapped to the top point of 2, ® £4, ® £, & 2,. Then
L4, @ Ly, ®2, would be a p-morphic image of 2, @ £,,,. This implies that £,, is a
p-morphic image £, , which contradicts Theorem 4.2.12. Hence, the restriction
of f to the first three layers of §) is an isomorphism. Then there exists a point x
in $ of depth d(z) > 3 such that d(f(z)) < 3. Otherwise, £,, &2, is a p-morphic
image of a generated subframe of £, @ 2, which, by (1), is a contradiction. For
every point y of § of depth d(y) < 3 we have that xRy and hence f(x)Rf(y).
This is a contradiction because for every point u of 2, ® £, © £,, @ 2, of depth
< 3 there exists a point z of depth < 3 such that =(uRz). Therefore, there is
no generated subframe of 2, ® £, © £,,, @ 2, that can be p-morphically mapped
onto 2, @ Ly, @ Ly, D 2,.

(3) The proof is a routine adaptation of the proof of (2).

(4) The proof is similar to (1) and (2) and is based on the fact that there is
no p-morphism from €;_, 4 onto ;" , 4 for m,n € w and m # n.

O
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Figure 4.6: The frames in A,

Figure 4.7: The frames in T,
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4.5.4. THEOREM.

1. There are continuum many extensions of RIN.
2. There are continuum many subvarieties of RN .
3. There are continuum many extensions of KG with the finite model property.

4. There are continuum many finitely approximable subvarieties of KG.

Proof. The theorem is proved in the same way as Lemma 3.4.19 and Theorem
3.4.20. ]

Denote by ) the frame 2, ® £, & £,, & £, where k > 4 is even. Let © = {H;, : k
is even > 4}. For every subset ©' C O, let Log(©') = ({Log($Hk) : Hr € O'}.

4.5.5. THEOREM.

1. Log($x) lacks the finite model property, for every k > 4.
2. For every ©' C ©, the logic Log(©') lacks the finite model property.
3. For every ©1,05 C O, such that ©1 # Oy we have Log(01) # Log(0s3).

Proof. (1) The result follows immediately from Theorem 4.5.2, since £, ®L,, H2.
is not an RIN-frame.

(2) First we show that a finite rooted frame § is a Log(©')-frame iff § is
a Log($y)-frame for some H, € ©'. Let § be a finite rooted Log(©’)-frame.
Let Log(F) be the logic of §. Then Log(F) 2 Log(©’). Since in the lattice of
intermediate logics the logic of a finite rooted frame is a splitting [24, Theorem
10.49] and every splitting is completely meet irreducible* [24, Proposition 10.46]
we have that there is §;, € ©' such that Log(§) 2 Log($)x). This means that § is
a Log(9)-frame. Now the same technique as in the proof of Theorem 4.5.2 and
(1) shows that Log(©') lacks the fmp for every ©' C ©.

(3) Suppose ©1,05 C O, such that ©; # Oy. Without loss of generality
assume that there is 9, € O; and $; ¢ Oy. Then it is easy to see that & :=
2,0 L. ® L, 2, is a p-morphic image of §; and hence &, is a Log(O1)-frame.
Suppose &, is a Log(Os)-frame. Then, as was shown in (2), there exists §,, € O
such that m # k and & is a Log($,,)-frame. Similarly to Theorem 4.5.1 we
can show that all finite rooted frames of Log($),,) are finite rooted RN-frames
or p-morphic images of generated subframes of (D}, Fi) ® 2. ® L4, ® £,,, ® 2.,
where each §; is isomorphic to either 2, or 4,. Then &, is a p-morphic image of
a generated subframe of (P, §i) ® 2. Ly, & L, B 2., which is a contradiction
by Lemma 4.5.3(3). Therefore, &, is not a Log(©s)-frame. Then the Jankov-de
Jongh formula of & belongs to Log(O2) but does not belong to Log(©;). Thus,
Log(©1) # Log(©s). O

4Recall that an element a of a lattice X is called completely meet irreducible if Nicibi < a
implies that there is ¢y € I such that b;, < a.
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4.5.6. COROLLARY.

1. There are continuum many extensions of KG without the finite model prop-
erty.

2. There are continuum many subvarieties of KG that are not finitely approz-
imable.

Proof. The proof follows immediately from Theorem 4.5.5. U

4.5.2 The pre-finite model property

We will now characterize the logics that bound the finite model property in ex-
tensions of KG.

4.5.7. DEFINITION. A logic L is said to have the pre-finite model property if L
does not have the fmp, but all proper extensions of L do have the fmp.

Let ¥, and T3 denote the frames 2, © £,, ® £ @ 2, and 2, ® £,, © £ ® 2,,
respectively. The frames T; and ¥, are shown in Figure 4.8.

4.5.8. LEMMA.
1. 2, ® £, ® 2, 15 a p-morphic image of 2, ® Ly, O 2..

2. %1 1s a p-morphic image of %s.

Proof. (1) Let 2,8£,,®2, and 2,8£,, $2, be labeled as it is shown in Figure 4.9.
Define a map f: 2, @ £, &2, — 2, ® Ly, & 2, by putting: f(y;) = x;, for every
i=1,...,5 and f(ys) = 5. It is now easy to check that f is a p-morphism.

(2) The proof is a simple adaptation of the proof of (1). O

The next theorem was first established by Gerciu [48]. However, his proof was
very sketchy. Here we give a full proof of this result skipping just some technical
details.

4.5.9. THEOREM. Let L O KG.
1. If L does not have the fmp, then L C Log(%y).

2. Log(%,) is the only extension of KG with the pre finite model property.
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Figure 4.8: The frames ¥, and T,

Zs Ys
xs3 Ty Ys Y3
X2 Ya Y2
Z1 Y1
Zo Yo

Figure 4.9: The frames 2, © £,, ® 2, and 2, ® £/, © 2, with the labels
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Proof. (1) Suppose L O KG and L does not have the finite model property.
Then there is a formula ¢ such that L I ¢ and for every finite L-frame & we
have & = ¢. By Corollary 3.4.3, there is a finitely generated, rooted descriptive
L-frame § such that § [~ ¢. By our assumption, § is infinite. This implies that
Log(§) also lacks the fmp. Obviously, we have L C Log(F). Hence, to prove that
L C Log(%,), it is sufficient to show that Log(§) C Log(%¥1). We will prove this
by showing that ¥; is a p-morphic image of §.

By Theorem 4.3.10, § is isomorphic to (- §;) ® £,,, where k,n € w and
each §; is a cyclic frame. Since § is infinite, there is 7 < n such that §; is
isomorphic to £. Let j be the least such. First suppose j > 1. This means that §
is isomorphic to 8 & F; D Fj—1 D ... D Fn © Ly, , Where §; is isomorphic to £ and
& is a finite frame. If there is no ¢ with n > ¢ > 7 — 1 such that §; is isomorphic
to £, or £y for some m > 4 and | > 2, then the same argument as in the
proof Theorem 4.4.13 shows that Log(F) has the fmp, which is a contradiction.
So, there is such ¢ and we take the least. Then two cases are possible: §; is
isomorphic to £,,,, for m > 4 or §; is isomorphic to £, for [ > 2. We only
consider the case when §; is isomorphic to £, , for m > 4. The case when 3§; is
isomorphic to £y, for [ > 2 is similar. Next we define an equivalence relation on
§ which leaves §; and §; untouched and identifies all the points above §;, all the
points below §; and all the points between §; and §;. Now we will define this
relation more precisely. Let E be an equivalence relation on § such that for every
w,v € §:

e wEv if w,v € &,

o whv if w=v, for w,v € §j,

o wEvifw,veF; 1®...8Fi1,
e wEv if w=w, for w,v € §;,
e wEvifw,veFi1D...DL,,.

Then E is a bisimulation equivalence and §/E is isomorphic to 2,®F i D2,DF:D2,,
where §; is isomorphic to £ and §; is isomorphic to £, for m > 4. Suppose
m > 4. Looking at the structure of £, we see that if m is even, then the
subframe of £, consisting of the last three layers of £, is isomorphic to £,
and if m is odd, then the subframe of £, consisting of the last three layers of
£y, 1s isomorphic to £,,. Therefore, if m is even and m > 4 then by identifying
all but the points of the last three layers of £, we obtain a p-morphic image of
£,,. that is isomorphic to 2, ® £y, and if m is odd and m > 5 then by identifying
all but the points of the last three layers of £, we obtain a p-morphic image
of £,,, that is isomorphic to 2, ® £,,. Thus, if m > 4 and m is even the frame
9 =2,0L£82,62,6 L, 2, is a p-morphic image of §/E and if m > 5 and
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m is odd the frame 99 =2, 6 L£LEH2, 52,8 L, $2, is a p-morphic image of F/E.
Clearly, if m = 4, then §/E is isomorphic to 9} =2, ® £ 2, ¢ £, & 2, and
if m = 5, then §/E is isomorphic to ), :=2, & LB 2, £, & 2,. It is easy to
see that §)] is a p-morphic image of ; and that Y is a p-morphic image of $)s.
Now by identifying the greatest element of 2, ®© £,, @© 2, with the least point of
£® 2, we obtain that T; is a p-morphic image of $). Exactly the same argument
shows that Ty is a p-morphic image of $,. Finally, Lemma 4.5.8(2) ensures that
¢, is a p-morphic image of %5, which means that ¥; is a p-morphic image of §.

The proof in case j = 1 is analogous, with the only difference that we also
use that, by Theorem 4.2.7, 2, & £ is a p-morphic image of £, and hence 2, &
£@ Ly, ® 2, is a p-morphic image of LB £y, ® 2, and 2, D LD L, D 2, is a
p-morphic image of £ ® £, ® 2,. Therefore, ¥; is a p-morphic image of § and
Log(%1) 2 Log(F).

(2) Suppose L has the pre-fmp. Then by (1) L D Log(%;). If L D Log(%,),
then L does not have the pre-fmp. Therefore, L = Log(%;). O

4.5.3 The axiomatization of RN

First we show that RN is not a subframe logic and hence by Theorem 3.4.16,
cannot be axiomatized by subframe formulas. Denote by R4, K5 and Kg the frames
£, 022,80 L, &2, and £, & 2,, respectively (see Figure 4.11).

4.5.10. THEOREM. The following holds.
1. RN is not a subframe logic.

2. RN is not a cofinal subframe logic.

Proof. By Theorem 4.2.10, neither K4 nor K¢ is an RN-frame. However, as
follows from Figure 4.10, both K, and R are subframes of £. Moreover, they
are cofinal subframes. Therefore, RN is neither a subframe logic nor a cofinal
subframe logic.?

g

Next we show that RN is finitely axiomatizable by subframe formulas and Jankov-
de Jongh formulas. That RN is finitely axiomatizable was first shown by Kuznets-
ov and Gerciu [83] without using these formulas. Kracht [73] gave an axiomati-
zation of RN by subframe and Jankov-de Jongh formulas. However, the formula
X(Rs), see below, is missing in his axiomatization. Consider the frames R4, K5, &g
shown in Figure 4.11 and let 244, %5, %s be the corresponding Heyting algebras
shown in Figure 4.12. Recall that the frames R, Ko, K3 are shown in Figure 4.3.

SFor proving the theorem it is of course sufficient to find one (cofinal) subframe of £ that is
not an RIN-frame. However, both frames £, and R¢ play an important role in our investigations
and it is useful to know that, in fact, both of them are subframes of £.



4.5. THE FINITE MODEL PROPERTY IN EXTENSIONS OF KG 115

Figure 4.10: Subframes of £

a5

Figure 4.11: The frames Ky, K5, Rg

4.5.11. THEOREM.

1. (a) RN =IPC + AP, B(&) + A°_, x(&).

(b) RN =HA+ AL, B(&) = 1] + [Af_, x(%;) = 1]).
2. (a) RN = IPC + ¢y + NS, (&)

(0) RN = HA+ [pre = 1] + [N, x () = 1].

Proof. (1) As was mentioned above RN D KG. Moreover, by Theorem 4.2.10
none of K; for 1 =4,5,6 is an RN-frame. We first prove the following claim.

4.5.12. CrLAaM. A finitely generated rooted KG-frame § is an RIN-frame iff R; £
S, for each i =4,5,6. ©

6In terms of the previous chapter, this means that for every § € FG(KG) \ FG(RN) there
exists some ¢ = 4,5, 6 such that &; < §.
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Figure 4.12: The algebras 2,25, g

Proof. Suppose § is an RN-frame and &, < §, for each ¢ = 4,5,6. Then
the R;s are also RN-frames, for every ¢« = 4,5,6, which is a contradiction by
Theorem 4.2.10.

Conversely, since § is a KG-frame, by Theorem 4.3.9, § is isomorphic to
(D, 3i) @ L, where all §;’s are cyclic frames. As § is not an RN-frame, by
Theorem 4.4.12, there exists ¢ < n such that §; is isomorphic to £,,, or £y, for
some m > 4 and [ > 2. We take the least such 7. We again consider the case
when §; is isomorphic to £, for some m > 4. The proof for the other case is
similar. We define a bisimulation equivalence that identifies all the points above
S, identifies all the points below §; and leaves the points of §; untouched. Now
we define this relation more precisely. Two cases are possible.

Case 1. i > 1. Define an equivalence relation E on § by putting for every
w,v € §:

o wEv forw,v €EF 1B ... HFi1,
e wkv if w = v, for w,v € §;,

o whv forw,v €Fi1 @ ... DF, D Ly,.

Then F is a bisimulation equivalence and §/F is isomorphic to 2, ®F; B 2..
Next we apply exactly the same argument as in the proof of Theorem 4.5.9.
If m > 4 is even then 2, @ £,, is a p-morphic image of £, and if m >4 is
odd, then 2, @ £/, is a p-morphic image of £, . Therefore, if m > 4 and m
is even then &, := 2, ® 2, @ £, ® 2, is a p-morphic image of §/F and if
m > 4 is odd then &, := 2, ® 2, & £,, @ 2. is a p-morphic image of F/E.
Clearly, if m = 4, §/FE is isomorphic to 85 =2, & £, &2, and if m =5
then §/FE is isomorphic to R = 2, & £,, & 2. is a p-morphic image of §/E.
It is easy to see that K5 is a p-morphic image of &, and K: is a p-morphic
image of &,. Finally, by Lemma 4.5.8, &5 is a p-morphic image of K%, which
gives us that K5 is a p-morphic image of §.
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Case 2. i = 1. This case is similar to Case 1, except that if §; is isomorphic to
£4,, then R is a p-morphic image of § and if §; is isomorphic to £, then
K¢ is a p-morphic image of §.

O
The result now follows from Corollary 3.4.14 by replacing FG(IPC) with
FG(KG).
(2) is an immediate consequence of (1), Theorem 4.3.4 and Corollary 4.3.5.

g

4.6 Locally tabular extensions of RN and KG

In this section we give criteria of local tabularity in extensions of KG and RN.
For the definition of locally tabular intermediate logics and locally finite varieties
of Heyting algebras consult Sections 2.1.2 and 2.3.5.

4.6.1. DEFINITION.

1. A logic L is called pre-locally tabular if L is not locally tabular but every
proper extension of L is locally tabular.

2. A variety V is called pre-locally finite if 'V is not locally finite but every
proper subvariety of V is locally finite.

Pre-local tabularity and pre-local finiteness are dual notions. That is, an interme-
diate logic is pre-locally tabular iff the corresponding variety of Heyting algebras
is pre-locally finite. Now we prove that there is only one pre-locally tabular ex-
tension of KG. This fact will immediately provide us with a criterion of local
tabularity in extensions of KG.

Let K denote the frame 2, & £. K is shown in Figure 4.13. It is easy to see
that R is obtained from £ by identifying the two maximal nodes of £.

4.6.2. THEOREM. Log(R) is complete with respect to {2, & £,, : k € w}.

Proof. Suppose R [~ ¢, for some formula ¢. Then by Lemma 4.4.9, there exists a
descriptive valuation V' and a point = of £ of finite depth such that (K, V), x [~ ¢.
We consider the generated subframe §, of K generated by the point x. Then it
is easy to see that §, is isomorphic to 2, & £, for some k € w and that §, [~ ¢.
Therefore, Log(R) is complete with respect to {2, & £, : k € w}. O

4.6.3. DEFINITION. Let RN.KC = RN + (—p V =—p).
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Figure 4.13: The frame K

4.6.4. THEOREM. Log(R) = RN.KC.

Proof. It is well known see, e.g., [24, Proposition 2.37] that a descriptive frame
§ validates —p V ——p iff maz(§) is a singleton set. K is a p-morphic image of £
therefore it is an RIN-frame. £ has a greatest element, thus £ is an RN.KC-frame
and Log(R) O RN.KC.

Conversely, RN.KC is an extension of RN. By Theorem 4.4.13, RN.KC has
the finite model property. Finite rooted RN.KC-frames, then are finite rooted
RN-frames with a greatest element. Similar arguments as in Theorem 4.2.8
show that every finite rooted RN.KC-frame is a p-morphic image of a generated
subframe of 8. Therefore, RN.KC D Log(R).

O

Now we are ready to prove a criterion of local tabularity for extensions of RIN.
We will again use the criterion formulated in Theorem 3.4.23.

4.6.5. THEOREM. For every L O KG:

L is not locally tabular iff L C Log(R).

Proof. We first show that Log(R) is not locally tabular. Observe that for every
point = of K the point-generated subframe §, is 2-generated and sup({|F.|: = €
R}) = w. Therefore, by Theorem 3.4.23, Log(R) is not locally tabular. Thus,
if there are infinitely many pairwise non-equivalent formulas in n variables in
Log(R), then there are infinitely many pairwise non-equivalent formulas in n
variables in every L C Log(R). Therefore, if L C Log(R), then L is not locally
tabular.

Now suppose L is not locally tabular. Then by Theorem 3.4.23, there are two
cases:
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Case 1. There exists n € w such that there is an n-generated infinite rooted L-
frame §. By Theorem 4.3.10, § is isomorphic to )", &;, where each &, is
a cyclic frame. Since § is infinite there is 7 < m such that &; is isomorphic
to £. Again two cases are possible:

Case 1.1. j > 1. Similarly to the other cases we define a bisimulation equiv-
alence that identifies all the points above &, all the points below &; and
leaves the points in &; untouched. More precisely, let £ be an equivalence
relation on § such that for every w,v € §:

e wEvifwved;, d...06,,
o whv if w =, for w,v € G,

[ ] U}EU ifU),UE@l@...@Q5j_1.

Then F is a bisimulation equivalence and §/F is isomorphic to 2, ® £ 2..
Finally, by identifying the least two points of 2, & £ @ 2, we obtain a p-
morphic image of 2, & £ @ 2, isomorphic to K. Therefore, R is a p-morphic
image of § and L C Log(gF).

Case 1.2. j = 1. In the same way as in Case 1 we obtain that £ is a p-morphic
image of §. As we mentioned above the p-morphism that identifies the two
maximal points of £ give us a frame isomorphic to K.

Case 2. There exists n € w such that the cardinality of sup({|9| : 9 is a n-
generated finite rooted L-frame }) = w. This means that for every m € w
there is a finite rooted n-generated frame $ such that [$)| > m. Since
every §) is a KG-frame, every $) is isomorphic to @le $;, where every £;
is finite and cyclic. Now consider these $);’s. We again have two cases: the
cardinality of the family $);’s is bounded or it is not bounded.

Case 2.1. For every m € w there exists an n-generated finite rooted frame § =
D;_, H; and a cyclic frame §;, for i < s such that |$);| > m. Then the same
technique as in Case 1 shows that for every £ € w the frame 2, ® £,, is an
L-frame. By Theorem 4.6.2 this implies that L C Log(R).

Case 2.2. There is m € w such that for every n-generated finite rooted L-frame
9 =@D;_, i, we have |9;| <m, fori=1,...,s. By Claim 4.5.12, s < 2n.
Therefore, [$] < m - 2n and by Theorem 3.4.23, L is locally tabular, which
contradicts our assumptions.

g
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4.6.6. COROLLARY. If L D KG is decidable, then it is decidable whether L is
locally tabular.

Proof. By Theorem 4.6.5, L is not locally tabular iff L - ¢ for every axiom ¢ of
RN.KC. This problem is clearly decidable if L is decidable. 0

Next we give another criterion of local tabularity in extensions of RN. By Theo-
rem 4.2.10 every finite rooted L-frame is isomorphic to £, & @D, §:, where each
§; is isomorphic to 2, or 4,, and k,n € w.

4.6.7. DEFINITION.

1. The initial segment of a frame (P;_, Fi) ® L,,, where each F; is isomorphic
to 2, or 4,, is the frame £, .

2. The internal depth of a finite rooted RN-frame § is the depth of its initial
segment. Denote by d;(§F) the internal depth of a frame F.

3. Define the internal depth of a logic L O RN as sup{d;(§) : § is a finite
rooted L-frame}. We denote by d;(L) the internal depth of L.

4.6.8. THEOREM. A logic L O RN s locally tabular iff dj(L) < w.

Proof. First suppose d;(L) = w. Then for every m € w there exists k > m
such that (D], §i) ® £, is an L-frame, where cach §; is isomorphic to 2, or 4..
Then 2, & £, is a p-morphic image of (B}, §;) & £,,. We map all the points
in @}, §; onto the top node of 2, & £,,. Then by Theorem 4.1.23, Log(R) C L
and by Theorem 4.6.5, L is not locally tabular.

Now suppose d;(L) = m < w. Let § be an n-generated rooted L-frame.
Then, by Lemma 4.6.2, § isomorphic to a finite sum of cyclic frames, therefore §
is isomorphic to (B;_; §i) ® L,,, where each §; is isomorphic to 2, or 4,. Then
since d;(L) = m we have |£,| < m, and by Lemma 4.6.2, s < 2n. Therefore,
9] < (m + 2n) - 2. Thus, the cardinality of every n-generated rooted L-frame is
bounded by |$)|. Therefore, by Theorem 3.4.23, L is locally tabular.

U
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Chapter 5

Cylindric modal logic and cylindric
algebras

In the second part of this thesis we investigate lattices of two-dimensional cylindric
modal logics. Cylindric modal logics can be seen as finite variable fragments of
the classical first-order logic FOL and also arise naturally as multi-dimensional
products of the well-known modal logic S5.

The idea of “approximating” FOL by its finite variable fragments goes back to
Tarski. Tarski and his collaborators developed the theory of cylindric algebras—
the algebraic models of FOL [60]. In particular, cylindric algebras of dimension
n are Boolean algebras with n additional operators. They are algebraic models of
the n-variable fragment of FOL. Therefore, finite dimensional cylindric algebras
provide an algebraic semantics for finite variable fragments of FOL, and so give
their algebraic “approximation”.

Because of the close connection between Boolean algebras with additional
operators and modal logic, which we will discuss in this chapter, this approach
can be formulated purely in modal logic terms. Venema [125] defined cylindric
modal logic—the modal logic counterpart of cylindric algebras—which gives a
modal approximation of FOL. Cylindric modal logic can be also approached
from the point of view of products of modal logics of Gabbay and Shehtman [44].
In the framework of products of modal logics, cylindric modal logics constitute a
special case, namely products of the well-known modal logic S5.

The one variable fragment of FOL is S5. This logic has a lot of “nice”
properties: S5 is finitely axiomatizable, has the finite model property and is de-
cidable. Moreover, the lattice of normal extensions of S5 is rather simple: it
is an (w 4 1)-chain. Every proper normal extension of S5 is tabular, is finitely
axiomatizable and is decidable (see Scroggs [111]). In contrast to this, the three
variable fragment of FOL—the three dimensional cylindric modal logic is much
more complicated and no longer has “nice” properties. It has been shown by
Maddux [88] that three-dimensional cylindric modal logic is undecidable and has
continuum many undecidable extensions. Kurucz [79] strengthened this by show-

123
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ing that the fmp also fails for all these logics [43, Theorem 8.12]. It follows from
Monk [99] and Johnson [67] that three dimensional cylindric modal logics are not
finitely axiomatizable.

In this thesis we investigate in detail two-dimensional cylindric modal logic.
We will show that the two-dimensional case is not as complicated as the three-
dimensional, but is not as simple as the one-dimensional case. We consider two
different formalisms: cylindric modal logic without diagonal and cylindric modal
logic with diagonal. As we will see below, the former corresponds to the two-
dimensional substitution-free fragment of FOL, whereas the latter corresponds
to the full two-dimensional fragment of FOL.

The chapter is organized as follows. In the first section we recall some ba-
sic facts from modal logic. In section two we discuss many-dimensional modal
logics. Section three introduces two-dimensional cylindric modal logic. In the
final section we discuss two-dimensional cylindric algebras and their topological
representation.

5.1 Modal Logic

In this section we recall the basic facts about modal logic. Most of these were
already discussed in Chapter 2 for intermediate logics. Let ML be an extension
of the propositional language £ with the modal operator ¢ and let FORM(MJL)
be the set of all formulas of ML.

5.1.1. DEFINITION. The basic modal logic K is the smallest set of formulas that
contains CPC and the axioms:

1. O(p — q) — (Op — Oqg).
2. Dp — —|<>—|p.
and is closed under the rules (MP), (Subst) and

Necessitation (N) : from ¢ infer O¢.

A normal modal logic is a set of formulas L C FORM(MJL) that contains K and
is closed under (MP), (Subst) and (N).

Next we recall the Kripke semantics for normal modal logics; see, e.g., [18, Defi-
nitions 1.19 and 1.20] and [24, §3.2].

5.1.2. DEFINITION.

1. A modal Kripke frame is a pair § = (W, R), where W # () and R is a binary
relation on W.
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2. A modal Kripke model is a pair M = (§, V), where § is a Kripke frame and
V' is an arbitrary map V' : Prop — P (W), called a valuation.

Let 9 = (W, R, V) be a modal Kripke model and consider an element w of W.
For a formula ¢ € FORM(ML) the following provides an inductive definition of

M, w = o¢.
L. Mw E=piff we V(p),
2. MwEoAY I Mw = ¢ and M w 9,
3. MwkE= oV iff MwkE ¢ or Mw =1,
4. Mw = ¢ — it Mw ~ ¢ or Mw =,
5. Mw b~ L,
6. M, w = Q¢ iff there exists v such that wRv and M, v |= ¢,
7. M, w = O¢ iff for all v such that wRv we have M, v = ¢.

Since in Part IT of this thesis we will only be concerned with modal logics, we call
“modal Kripke frames” simply “Kripke frames”.

5.1.3. REMARK. The definitions of truth, validity, completeness, and the fmp re-
main the same as in the intuitionistic case. The same holds for all the definitions,
constructions and theorems in Section 2.1.1. We will refer to these theorems as
the modal analogues of the corresponding theorems for intermediate logics.

5.1.4. DEFINITION. Let § = (W, R) be a Kripke frame. § is called rooted if there
exists w € W such that for every v € W we have wR*v, where R* is the reflexive
and transitive closure of R.

We have the following analogue of Corollary 2.1.15; see e.g., [24, Proposition
1.11].

5.1.5. THEOREM. If a modal logic L is Kripke complete, then L is Kripke com-
plete with respect to the class of its rooted frames.

Next we recall the axiomatizations of some well-known modal logics; see, e.g.,
[18, §4.1] and [24, §3.8].

5.1.6. DEFINITION. Let

1. K4 =K+ (00p — Op),
2. S4=K4+ (p — Op),
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3. 85 =S4+ (p — OOp).

We also recall the completeness results for these logics; see, e.g., [18, §4.2 and
§4.3] and [24, §5.2].

5.1.7. THEOREM.
1. K s complete with respect to the class of all finite rooted frames.
2. K4 is complete with respect to the class of all finite transitive rooted frames.

3. S4 is complete with respect to the class of all finite transitive and reflexive
rooted frames.

4. S5 is complete with respect to the class of all finite transitive, reflexive and
symmetric rooted frames.

5.1.1 Modal algebras

In this section we discuss the algebraic semantics for modal logic. In the same way
as Boolean algebras provide an algebraic semantics for the classical propositional
calculus modal algebras provide an algebraic semantics for modal logic.

5.1.8. DEFINITION. A modal algebra is a pair B = (B, {), where B is a Boolean
algebra and ¢ : B — B is a map satisfying the following two conditions for every

a,b € B:
1. O(aVb)=30aV Ob,
2. 00 =0.

We also assume that [J: B — B is defined by Ua = — — a, for every a € B.

The interpretation of a modal formula in a modal algebra is defined in the same
way as in Section 2.2.2; the interpretation of the modal operators is as follows:

e v(09) = Qu(9),
o v(0¢) = Ou(¢).

As in Section 2.2.2 with every normal modal logic L we associate a variety
V1 of modal algebras that validate all the theorems of L. Using the standard
Lindenbaum-Tarski construction we can show that every normal modal logic is
complete with respect to its algebraic semantics; see, e.g., [18, Theorem 5.27] and
24, Theorem 7.52].

5.1.9. THEOREM. Fwvery normal modal logic L s complete with respect to V.
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Moreover, we have that the lattice of all normal modal logics is dually isomorphic
to the lattice of all varieties of modal algebras; see, e.g., [24, Theorem 7.54].

5.1.10. THEOREM. There exists a lattice anti-isomorphism between the lattice of
normal extensions of a mormal modal logic L and the lattice of subvarieties of

V.

The notion of a filter was defined in Section 2.2.3. Next we recall the definitions
of ultrafilters and modal filters; see, e.g., [24, §7.4 and §7.7].

5.1.11. DEFINITION. Let B = (B, ) be a modal algebra and F' C B be a filter.
Then

1. F'is called an ultrafilter if for every a € B we have
a € Bor—acbB.

2. F is called a modal filter if for every a € B we have

a € B implies [a € B.

The next theorem is an analogue of Theorem 2.3.11 (1)—(2); see, e.g., [24, Propo-
sition 7.69].

5.1.12. THEOREM. Let B be a modal algebra. Then there is a lattice anti-

isomorphism between the lattice of congruences on B and the lattice of modal
filters of B.

We will use this correspondence in the subsequent chapters.

5.1.2 Jonsson-Tarski representation

The dual frames of modal algebras are similar to the descriptive frames of in-
tuitionistic logic. This duality was explicitly formulated by Goldblatt [51, 52].
However, the idea of this duality goes back to Jénsson and Tarski [71].

5.1.13. DEFINITION. A modal general frame is a triple § = (W, R, P), where
(W, R) is a modal Kripke frame and P is a set of subsets of W, i.e. P C P(W)
such that

1. 0,W € P,

2. If Ul, U2 € P, then U1 N U2 c P,
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3. If U € P, then (W\ U) € P!
4. IfU € P, then R7Y(U) € P.

Next we introduce descriptive frames for modal logic; see, e.g., [18, Definition
5.65] and [24, §8.4].

5.1.14. DEFINITION. Let § = (W, R, P) be a modal general frame.
1. § is called differentiated if for each w,v € W,
w # v implies there is U € P such that w € U and v ¢ U.
2. § is called tight if for every w,v € W,
—(wRv) implies that there is U € P such that v € U and w ¢ R~(U).

3. § is called refined if it is differentiated and tight.

4. § is called compact if for every I' C P with the finite intersection property
we have (T # 0.

5. § is called descriptive if it is refined and compact.
Note that for every descriptive frame § = (W, R, P) the algebra (P, U, N, \,0, R~1)
is a modal algebra. In fact, every modal algebra can be represented in such a

way; see, e.g., [18, Theorem 5.43] and [24, Theorem 8.51].

5.1.15. THEOREM. For every modal algebra B there exists a descriptive frame
§ = (W, R, P) such that B is isomorphic to (P,U,N,\,0, R~1).

We quickly sketch the main idea of the proof. Let Wy be the set of all ultrafilters
of B, and let Py = {a:a € B}, where a = {w € Wy : a € w}. We define Ry on
W% by

wRypv iff a € v implies Qa € w for each a € B,
which is equivalent to

wRyv iff Ua € w implies a € v.

Then (W, Ry, P) is a descriptive frame and 8 is isomorphic to the modal
algebra (Pag, U, N, \, 0, Ry').

!Therefore, P is a Boolean subalgebra of the powerset algebra P(W).
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5.1.16. REMARK. The notions of generated subframes, generated submodels, p-
morphisms and disjoint unions of modal descriptive frames and the preservation
results are exactly the same as in Section 2.3.1.

We will finish this section by reformulating the representation theorem for modal
algebras in topological terms.

5.1.17. DEFINITION. A triple X = (X, 0, R) is called a modal space if (X, O)
is a Stone space and R is a point-closed and clopen relation; that is, for every
r € X, the set R(x) is closed and for every clopen U C X, the set R~*(U) is
clopen.

Similar to Esakia spaces, a triple X = (X, O, R) is a modal space iff R is a clopen
relation on X satisfying the following condition:

—(xRy) implies there is a clopen U such that y € U and x ¢ R~1(U).

Note that in the case R is a partial order, this condition becomes equivalent to
the Priestley separation axiom. We also note that for every clopen relation R
we have that R™1(U) is closed for every closed set U. Then the representation
theorem of modal algebras can be formulated as follows.

5.1.18. THEOREM. For every modal algebra B there exists a modal space X =
(X,0, R) such that B is isomorphic to (CP(X),U,N,\,d,R~1), where CP(X) is
the Boolean algebra of all clopens of X .

The correspondence between modal descriptive frames and modal spaces is even
more straightforward than in the intuitionistic case. For every modal space X =
(X, O, R), the triple (X, R,CP (X)) is a modal descriptive frame. Conversely, if
§ = (W, R, P) is a modal descriptive frame, then define topology on W by letting
P be a basis for the topology. Then the triple (W, Op, R) is a modal space.

In Part I we defined bisimulation equivalences for intuitionistic descriptive
frames. Now we will give an analogous definition of bisimulation equivalence for
modal descriptive frames.

5.1.19. DEFINITION. Let § = (W, R,P) be a descriptive frame. An equivalence
relation ) on W is called a bisimulation equivalence if the following two conditions
are satisfied:

1. For every w,v,u € W, wQuv and vRu imply there is v’ € W such that wRu’
and v'Qu. In other words, RQ(w) C QR(w).

2. For every w,v € W if =(wQuv) then w and v are separated by a Q-saturated
admissible set; that is, there exists U € P such that Q(U) = U, w € U and
vé¢U.
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We reformulate the definition of bisimulation equivalence in topological terms.

5.1.20. DEFINITION. Let X = (X, O, R) be a modal space. An equivalence
relation ) on W is called a bisimulation equivalence if the following two conditions
are satisfied:

1. For every z,y,z € X, xQy and yRz imply there is 2z’ € X such that xRz’
and 2'Qz. In other words, RQ(z) C QR(z).

2. For every x,y € X, if =(zQy) then = and y are separated by a Q-saturated
clopen; that is, there exists a clopen U C X such that Q(U) = U, x € U
and y ¢ U.

We order the set of all bisimulation equivalences of X by set-theoretic inclusion.
Then we have the following analogue of Theorem 2.3.10.

5.1.21. THEOREM. The lattice of subalgebras of a modal algebra B is dually
1somorphic to the lattice of bisimulation equivalences of its dual X .

As in the case of Heyting algebras, the category of modal descriptive frames
is isomorphic to the category of modal spaces, and is dual to the category of all
modal algebras. In this part of the thesis we mostly use the topological duality
between modal algebras and modal spaces.

5.2 Many-dimensional modal logics

In this section we extend the notions defined in the previous section for modal
logics to their multi-dimensional analogues.

5.2.1 Basic definitions

Let ML, be an extension of the propositional language £ with n modal oper-
ators O1,...,0n. Let FORM(ML,) be the set of all formulas of ML,. Many-
dimensional normal modal logics are obtained as straightforward generalizations
of normal modal logics; see, e.g., [43, §1.4].

5.2.1. DEFINITION. The minimal n-modal logic K,, is the smallest set of formulas
that contains CPC, the following axioms for i < n:

L Oi(p — q) — (Lip — Liq),
2. Oip < =0;i—p.

and is closed under the rules (MP), (Subst) and
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Necessitation (N); : from ¢ infer 0;¢.

An n-normal modal logic is a set L C FORM(ML,) that contains K, and is
closed under (MP), (Subst) and (N);, for each i <n.

5.2.2. REMARK. The Kripke semantics for many-dimensional modal logics is ob-
tained by a straightforward generalization of the uni-modal case.

Throughout, we will skip the prefix n in “n-normal modal logics” if it is clear
from the context. As we saw in Part I, an important class of frames is the class
of rooted frames. Next we discuss rooted Kripke frames for many-dimensional
modal logics; see, e.g, [43, §1.4].

5.2.3. DEFINITION. Let F = (W, Ry,...,R,) be a many-dimensional Kripke
frame. Then F is called rooted if there is a point w € W that is related to
every point v € W by the reflexive and transitive closure of the relation J;_ | R;.
The point w is called a root of F.

We have the following analogue of Theorem 5.1.5; see, e.g., [43, Proposition 1.11]

5.2.4. THEOREM. If a many-dimensional modal logic L is Kripke complete, then
L is Kripke complete with respect to the class of its rooted frames.

5.2.2 Products of modal logics

In this section we recall the fusion and product of modal logics. For an extensive
study of many-dimensional modal logics we refer to [43] and [95].

5.2.5. DEFINITION. Let L; and L be normal modal logics with the modal op-
erators 1 and o, respectively. The fusion L1 ® Ly of L; and Lo is the smallest
normal modal logic, in the language MLs, containing L U L.

Consider the following formulas called right and left commutativity formulas, and
the Church-Rosser formula.

1. com” := Q109p — O201p
2. com! := O;01p — 0109p

3. chr .= <>1|:|2p — D2<>1p.

The next theorem gives a semantic characterization of com*, com! and chr; see,
e.g., [43, §5.1].

5.2.6. THEOREM. For every frame F = (W, Ry, Rs) we have
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1. F = com” iff (Vw,v,u € W)(wRyv AvRyu — (32)(wRez A 2Ryu)),
2. F E com! iff (Vw,v,u € W)(wRyv AvRou — (32)(wRyz A zRau)),
3. F = chr iff Yw,v,u € W)(wRyv ANwReu — (32)(vR1z A uRyz)).

Proof. The proof follows directly from the Sahlqvist correspondence, because
com”, com! and chr are Sahlqvist formulas; see, e.g., [18, §3.6]. O

Next we define the product of Kripke frames and the product of modal logics.
These constructions were introduced in [115] and [44], (see also [43, §5.1]).

5.2.7. DEFINITION.

1. Let F = (W,R) and F' = (W', R") be Kripke frames. The product of F
and F’ is the frame F x F' := (W x W', Ry, Rs), where

(w,w" )Ry (v,v") iff wRv and w' =1/,
and

(w, w")Ry(v,v") iff w'R'v" and w = v.
The frame F x F' is called a product frame.

2. Let Ly and Ly be Kripke complete normal modal logics. The product L1 X Lo
of L and L,y is defined as

Ly X Ly := Log({F x F': F is an L;-frame and F’ is an Lo-frame})

Product logics can be axiomatized by the commutativity and the Church-Rosser
formulas. Let

com = com” A com'.

The next theorem, gives a sufficient condition when a product logic is axiomatized
by com and chr; see, e.g., [43, Theorem 5.9].

5.2.8. THEOREM. If Ly and Ly are normal uni-modal logics axiomatized by Sahl-
quist formulas, then

Li x Ly=L;® Ly + com + chr.

The rest of this thesis is devoted to the two-dimensional products of the modal
logic S5.

5.3 Cylindric modal logics

In this section we introduce cylindric modal logics, investigate their Kripke se-
mantics, and discuss the connection with FOL. We start with the logic S52,
which is the substitution-free fragment of FOL.
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5.3.1 S5 x S5

We consider a very special case of products of modal logics. In particular, we look
at the product L, x Lo, for L1 = Ly = S5. We first simplify the axiomatization
of S5 x S5.

5.3.1. LEMMA. Let F = (W, Ry, Ry) be a frame such that Ry and Ry are sym-
metric relations. Then the following three conditions are equivalent:

1. F = com”,
2. F = com!,

3. F k= chr.

Proof. (1) = (2). Let F | com™ We will show that F = com!. Suppose
w,v,u € W, wRyv and vRyu. Then since R; is symmetric, we have uR;v and
vRow. From F |= com” and Theorem 5.2.6(1) it follows that there exists z € W
such that uRyz and zR;w. By the symmetry of R;, we get wR,2z and zRsu. By
Theorem 5.2.6(2), this means that F |= com!. The proof of (2) = (3) and (3)
= (1) is similar. O

It is well known that the axioms of S5 are Sahlqvist formulas; see, e.g., [18, §3.6].
Thus we have the following corollary of Theorem 5.2.8; see, e.g., [43, Corollary
5.11 and Theorem 5.12].

5.3.2. COROLLARY.

S5 x S5 =S5 ® S5 + com” = S5 ® S5 + com' = S5 ® S5 + chr.
Proof. Apply Lemma 5.3.1 and Theorem 5.2.8. 0

WARNING. From now on we use the abbreviation S52 for S5 x S5. We denote by
F, G, ... the frames of S52. We also denote by §, &, .. ., the frames in a similarity
type with an additional constant d (see Section 5.3.2). Since the relations in S5°-
frames are equivalence relations we denote them by E; and E.

In Definition 5.2.3 we defined rooted frames for many-dimensional modal logics.
The next lemma characterizes the rooted S5*-frames.

5.3.3. LEMMA. Let F = (W, Ey, Ey) be an S5%-frame. Then F is rooted iff for
every w,v € W, there exists u € W such that wE\u and uFsv.
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Proof. It is easy to see that if F satisfies the above condition, then every point
of W is a root of F. Conversely, suppose F is rooted. Let w,v € W, and let r

be a root of F. Then there are two finite sequences r, ..., r; and r(, ..., 7, such
that ro =ry =r, r, = w, r,, = vand r;(E1UEy)r4q for i < k and 7 (E1UEy)r) 4
for © < m. It follows that there is a sequence wy, ..., w, for n = k +m such that

wo = w, w, = v and w;(E; U Ey)w;y1 for i < n. We will prove the lemma by
induction on the length of this sequence. If n = 1, then w(F; U Ey)v. Without
loss of generality we may assume that wFEjv. So, wFv and vEsv. Now suppose
that n > 1. Then, by the induction hypothesis, there is a u such that wFE;u and
uFEsw,_1. If w,_1Eyv, then uFsv and the statement of the lemma is satisfied. If
wy,—1 Eyv, then there exists u’ such that uE v and «' Eyv. This means that wE v/
and v’ Fyv, and so, the condition of the lemma is satisfied. O

Next we introduce general definitions that will be used in subsequent chapters.
Note that for every S5%-frame F = (W, Ey, E) the intersection £, N Ey of )
and Fs is also an equivalence relation.

5.3.4. DEFINITION. Let F = (W, Ey, E5) be an S5°-frame.
1. Let Ey denote the equivalence relation Eq N Es.

2. For i =1,2,3 we call the F;-equivalence classes the FE;-clusters.
3. Forw e W and i = 1,2,3 let F;(w) denote the E;-cluster containing w.
4. For X C W and i =1,2,3 we let £;(X) denote |,y Ei(x).

5.3.5. LEMMA. Let F = (W, Ey, Ey) be an S5%-frame. Then F is isomorphic to
a product frame iff Eo(w) = {w} for every w € W.

Proof. It is easy to see that if F is (isomorphic to) a product S5%frame, then
Eo(w) = {w} for every w € W. Conversely, let F be such that Ey(w) = {w}
for every w € W. Fix w € W and let 7' := (Ei(w), Ey | Ei(w)) and F" :=
(Ex(w), Ey | Es(w)). Obviously 7' and F” are S5-frames. It is now routine to
check that F’ x F” is isomorphic to F. d

The next lemma gives a characterization of rooted S5%-frames.

5.3.6. LEMMA. Let F = (W, E1, E3) be an S5°-frame. Let {C;}icr and {C7}jes
be the families of all 1 and Es-clusters of F, respectively. Then F is rooted iff
C;NCI 40 for everyi €I and j € J.

Proof. It is easy to see that if the condition of the lemma is satisfied, then for
every w,v € W we have Ej(w) N Ey(v) # (). Therefore, by Lemma 5.3.3, F is
rooted. Conversely, let C; and C7 be an E; and E-cluster of F, respectively.
Suppose w € C; and v € €Y. Then, by Lemma 5.3.3, there exists z € W such
that wEz and zEyv, which means that z € C; N CY, and so C; N C; # 0. O
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We use the terms rectangles, squares, and quasi-squares to denote the following
rooted S5%-frames.

5.3.7. DEFINITION.

1. We call rooted product frames rectangles. Let Rect denote the class of
all rectangles. We denote by n x m the finite rectangle consisting of n
FEi-clusters and m E-clusters.

2. A rectangle that is isomorphic to G x G, for some S5-frame G, is called a
square. We denote by Sq the class of all squares. Let n x n denote the
finite square consisting of n F; and Fs-clusters.

3. Call a rooted S5%-frame F a quasi-square if the cardinality of E;-clusters
of F is the same as the cardinality of Fs-clusters of F.

It is clear that Sq C Rect. We will see in the next chapter that S5 is complete
with respect to the classes of finite rectangles and finite squares.

5.3.2 Cylindric modal logic with the diagonal

Let ML be the extension of ML, with a constant d. We call this constant the
diagonal. Let FORM(MLY) be the set of all formulas of M LY.

5.3.8. DEFINITION. The two-dimensional cylindric modal logic CMLsy is the
smallest set of formulas of FORM(MLY) that contains S52, the axioms:

2. O0i(d A p) — =0i(d A —p),
and is closed under (MP), (Subst) and (N);, for i = 1, 2.

We now define the Kripke semantics for this new similarity type.

5.3.9. DEFINITION.

1. A frame of the language ML} is a quadruple (W, Ry, Ry, D) such that
(W, Ry, Rs) is a two-dimensional Kripke frame and D C W.

2. A model of the language ML is a tuple (W, Ry, Ry, D, V'), where (W, Ry, Ro,
D) is a frame of ML} and V : ProP U {d} — W is a valuation such that
V(d) = D. If w € V(d) we write w = d.

The next proposition characterizes the frames of CMLy; see, e.g., [60] and [125].
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5.3.10. PROPOSITION. A frame § = (W, Ey, Es, D) is a CMLsy-frame iff the
following three conditions are satisfied:

1. (W, Ey, Ey) is an S52-frame,

2. For each i = 1,2, every E;-cluster of § contains a unique point from D.

Proof. The right to left direction is straightforward. Now assume § is a CMLo-
frame. Since CML, contains S5 we have that (1) is satisfied. To show (2)
suppose for i = 1,2 there exists an E;-cluster C' such that D N C = (). Then for
every w € C' we have that w [~ ¢;d, which contradicts Definition 5.3.8(1). Now
suppose that for i = 1,2 there exists an Ej-cluster C' such that D N C = {w, v}
and w # v. Let V be a valuation such that V(p) = {w}. Then w = {;(dAp). On
the other hand, v = d A =p. Hence, w |= ¢;(d A —p), which contradicts Definition
5.3.8(2). 0

5.3.11. COROLLARY. For every CMLs-frame § = (W, Ey, Es, D), the cardinal-
ity of the set of all E:-clusters of § is the same as the cardinality of the set of all
Es-clusters of §.

Proof. Let £ and & denote the sets of all F; and FEs-clusters of §, respectively.
Define f : & — & by putting f(C') = Eo(C'N D). Suppose Cy,Cy € &1, Cy # Cs,
CiyND ={z}, and CoN D = {y}. Since every E;-cluster of X’ contains a unique
point from D, it follows that f(C}) = Es(z) # Ea(y) = f(Cs). Therefore, f is
an injection. Now suppose C’ € & and C'N D = {z}. If we let C = E(x),
then f(C) = Ex(x) = C". Thus, f is a surjection. Hence, we obtain that f is a
bijection. 0

The next theorem shows the completeness of CMLy with respect to its Kripke
semantics; see, e.g., [124, §3.2.2].

5.3.12. THEOREM. CML, s Kripke complete.

Proof. The result follows immediately from the Sahlqvist correspondence, be-
cause (1) and (2) are Sahlqvist formulas. O

The definition of rooted frames in this similarity type is the same as for ML,.

5.3.13. PROPOSITION. Let § = (W, Eq, Es, D) be a CMLsy-frame. § is rooted iff
(W, Ey, Es) is a rooted S5>-frame.

Proof. Apply Lemma 5.3.3. 0J
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5.3.3 Product cylindric modal logic

Similar to the diagonal-free case we can define product frames in the signature
with the diagonal.

5.3.14. DEFINITION.

1. A rooted CMLy-frame § = (W x W, Ey, E5, D) is called a cylindric square
or square CMLy-frame, if (W x W, Ey, Ey) is a square and D = {(w,w) :
w € W}. Let CSq denote the class of all cylindric squares.

2. Let PCML, denote the logic of CSq; that is, PCML, = Log(CSq). We
call PCML, the product cylindric modal logic.

We note that CML,; # PCML,. In fact, PCML, can be obtained by adding to
CML, the Henkin aziom:

H) =0i(pA=gAQj(pAq)) = O;(~dN OQip), i#7J, 1,5=1,2.

or the Venema aziom

(V) =dAQi(=pAOjp) = Qi(md AN Oip), i#j, i,j=1,2.
For the next theorem see [60, Theorem 3.2.65(ii)] and [124, Proposition 3.5.8].

5.3.15. THEOREM. PCML, = CMLy+(H)= CMLy+(V).

Since both (H) and (V) are Sahlqvist formulas we have the following theorem;
see, e.g., [124, Theorem 3.5.4].

5.3.16. THEOREM. PCML, is Kripke complete.

Now we give a useful characterization of PCMLsy-frames, which will allow us
to construct rather simple finite CMLy-frames that are not PCML,-frames.
Suppose (W, Ey, Es, D) is a CMLa-frame. We call w € D a diagonal point, and
w € W\ D a non-diagonal point. Also, call an Ey-cluster C' a diagonal Ey-cluster
if it contains a diagonal point. Otherwise we call C' a non-diagonal Ey-cluster.

5.3.17. DEFINITION. Let § = (W, Ey, E5, D) be a CMLy-frame. § is said to
satisfy (x) if there exists a diagonal point zq € D such that Ey(z¢) = {x¢} and
there exists a non-singleton Ejy-cluster C' which is either E; or Fs-related to xg.

The next theorem characterizes PCMLsy-frames. A similar characterization can
be found in [60, Lemma 3.2.59, Theorem 3.2.65]. However, our characterization
uses Venema’s axiom, while the one in [60] uses Henkin’s axiom. Moreover, our
proof below appears to be simpler than the original one in [60].
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E, Ey

Es Es

(a) (b)
Figure 5.1: CML,; and PCMLs-frames

5.3.18. THEOREM. Let § = (W, Ey, Ey, D) be a CMLy-frame. Then § is an
PCMLs-frame iff § does not satisfy ().

Proof. Suppose § satisfies (x). We show that (V) does not hold in §, implying
that § is not a PCMLy-frame. Let g be a diagonal point with Fo(xo) = {zo}
and C' be a non-singleton Ej-cluster, say Fj-related to xy (the case when C' is
Es-related to x is proved similarly). Choose two different points y and z from C.
Then y € (W\{z})NEy(z), and so g € DNE (W \{z})NEy(z)). On the other
hand, Fy(z) = Ey(xo). If xg € E5((W \ D) N E;(2)), then there exists u € W\ D
that is F; and E, related to xq, which contradicts the fact that Eo(z) = {xo}.
Finally, if we define a valuation V on § by V(p) = {z}, then (§,V),z¢ & (V).
Thus, by Theorem 5.3.15, § is not a PCMLs,.

Conversely, suppose § is not a PCMLy-frame. We show that (x) holds in §.
We know that (V) does not hold in §. Therefore, there exist a point z € W and
aset A C X such that z € DNE;(W\A)NE;(A)) but x ¢ E;(W\D)NE;(A))
for i, = 1,2 and i # j. Since z € DN E;(W \ A) N E;(A)), we have z € D
and there exist points y, z € W such that *E;y, yE;z, y ¢ A and z € A. From
y ¢ Aand z € A it follows that y and z are different. Also xE;y and yE;z imply
that there exists a point v € W such that xF;u and uE;z. If u # z, then, by
Proposition 5.3.10, u is a non-diagonal point, and so u € (W \ D) N E;(A). But
then x € E;((W \ D) N E;(A)), which contradicts our assumption. Thus, u =
and xF;z. Therefore, yFyz and both y and z are Ej-related to . Moreover, if
Eo(x) # {x}, then by choosing a point u € Ey(z) different from x we again obtain
that u € (W \ D)NE;(A), and so x € E;((W \ D) N E;(A)), which is impossible.
Therefore, Ey(z) = {z} and Ey(y) is a non-singleton Ey-cluster E;-related to x.
Thus, (*) holds in §. O

Using this criterion it is easy to see that the CMLy-frames shown in Figure 5.1(b)
are PCMLy-frames, while the CMLo-frames shown in Figure 5.1(a) are not.
Moreover, the smallest CMLy-frame that is not a PCMLs-frame is the frame
shown in Figure 5.1(a), where the non-singleton Eg-cluster contains only two
points.
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5.3.4 Connection with FOL

As we mentioned in the introduction to this chapter, one of the main reasons
for studying S52 and CML, (PCMLs,) is that they axiomatize the two-variable
fragments of FOL. S52 corresponds to a “clean”, substitution-free fragment of
FOL, whereas PCML, is the full fragment of FOL. To see this, consider the
following translation of the formulas of the language of S5% and CML, to the
first order language:

° pt = P(xl,l'g),

(1)' is a homomorphism for the Booleans,

(<>190)t = E|$130t,

(<>2Q0)t = Elx290t7

[} dt = (IL‘l = ZL‘Q).

This translation preserves the validity of formulas; see, e.g., [43, §3.5] and [124,
Proposition 4.1.7].

5.3.19. THEOREM. Let ¢ € FORM(ML,) and 1» € FORM(MLS). Then

1. S5+ ¢ iff FOL F ¢t

2. PCML, ¢ iff FOL F 1.

Note that the analogue of this theorem for the one-variable fragment of FOL was
first proved by Wajsberg [128], who showed that S5 axiomatizes the one-variable
fragment of FOL. Similarly one can show that the logics S5 and PCML,, of
n-ary products of S5-frames are the substitution-free and full n-variable subfrag-
ments of FOL. However, for n > 3 the logics S5 and PCML,, no longer have
“good” properties. That S5" is not finitely axiomatizable for n > 3 follows from
Johnson [67], and that PCML,, is not finitely axiomatizable for n > 3 follows
from Monk [99] (see also [43, Theorems 8.1 and 8.2]).

5.4 Cylindric algebras

Two-dimensional cylindric algebras are algebraic models of two-dimensional cylin-
dric modal logics. Note that historically cylindric algebras were introduced by
Tarski much earlier than cylindric modal logics.
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5.4.1 Df,-algebras

5.4.1. DEFINITION. [60, Definition 1.1.2] An algebra B = (B, {1, () is said to
be a two-dimensional diagonal-free cylindric algebra, or a Dfy-algebra for short,
if B is a Boolean algebra and each ¢; : B — B, i = 1,2, satisfies the following
axioms for every a,b € B:

1. 0:0 =0,

2. a < Oia,

3. 0:(Oia Ab) = Oa A O,
4. 01020 = 0201a.

Since Df;-algebras are equationally defined, the class of all Dfy-algebras forms a
variety.

5.4.2. DEFINITION. Let Dfy denote the variety of all two-dimensional diagonal-
free cylindric algebras.

Using the standard Lindenbaum-Tarski construction we can show that S52 is
complete with respect to Dfy; see, e.g., [124, §4.2].

5.4.3. THEOREM. S5%F ¢ iff ¢ is valid in every Dfy-algebra.

Let A(S5?) denote the lattice of all normal extensions of S5% and let A(Df)
denote the lattice of subvarieties of Dfy. Then we have the following corollary of
Theorem 5.4.3 and the modal logic analogue of Theorem 2.2.19.

5.4.4. COROLLARY. A(S57) is dually isomorphic to A(Dfy).

By adapting Definition 5.1.11 to the case of Df; we obtain that a filter F' of a
Dfjy-algebra B = (B, {1, 02) is a Dfy-filter provided for each a € B, if a € F,
then (;a € F. Therefore, we have the following corollary; see, e.g., [60, Theorem
2.3.4 and Remark 2.3.6].

5.4.5. COROLLARY. There exists a lattice isomorphism between the lattice of con-
gruences of (B, 01, 02) and the lattice of Dfy-filters of (B, ¢1, O2).

Recall from [23] that every algebra 2 has at least two congruence relations, the
diagonal A = {(a,a) : a € A} and A?. Recall also that an algebra 2 is simple
if A and 2% are the only congruence relations of 2. It is well known that every
simple algebra is subdirectly irreducible. In the case of Dfy, the converse is also
true; see [60, Theorems 2.4.43, 2.4.14].
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5.4.6. THEOREM. Let B = (B, {1, 02) be a Dfy-algebra. Then B is subdirectly
wrreducible iff B is simple.

5.4.7. REMARK. We mention that a Df;-algebra or Halmos’ monadic algebra is
a pair (B, ) such that B is a Boolean algebra and ¢ is an unary operator on
B satistying conditions 1-3 of Definition 5.4.1; see e.g., [58, p.40]. The unary
operator ¢ is called a monadic operator, and Df;-algebras are widely known as
monadic algebras. They provide algebraic completeness for S5. Some of the most
important proprieties of Df;-algebras are:

e Every finitely generated Df;-algebra is finite. Therefore, Df; is locally finite
and Df; is generated by its finite algebras.

e The lattice of all subvarieties of Df; is a countable increasing chain V; C
V, C ... that converges to Dfj.

For a proof of these and other related results we refer to Halmos [58], Bass [3],
Monk [100], and Kagan and Quackenbush [72].

5.4.2 Topological representation

The dual spaces of Df;-algebras can be obtained by adjusting the general duality
between modal algebras and modal spaces.

5.4.8. DEFINITION. A triple X = (X, E4, E») is said to be a Df;-space, if (X, E})
and (X, Ey) are modal spaces and (X, Ey, Es) is an S5°-frame.

We have the following representation theorem for Dfy-algebras.

5.4.9. THEOREM. Every Dfy-algebra can be represented as (CP(X), Ey, E) for
the corresponding Dfy-space (X, Ey, Es).

Proof. (Sketch). By Theorem 5.1.18 we need to verify that in the dual space X =
(X, E1, Es) of (B, 01,02), the relations E; and E, commute; that is (Vz,y,z €
X)(xEyyANyEyz — (Ju)(zFEyuAuF;z)); and conversely, that in every Dfs-space
we have E1FEy(A) = EyEy(A) for every A € CP(X). The former follows immedi-
ately from the Sahlqvist correspondence (see [18, Theorems 3.54 and 5.91]), and
the latter is obvious, since E;(A) = (J,.4 £i(7) and E; commutes with (J for
i=1,2. 0

Consequently, every finite Dfs-algebra is represented as an algebra (P(X), Eq, E»),
where P(X) denotes the power set algebra of X, for the corresponding finite S52-
frame (X, £y, E»).

Now we can obtain dual descriptions of algebraic concepts of Dfs-algebras.
To obtain the dual description of Dfs-filters we need the following definition.
Let X = (X, Ey, Ey) be Dfy-space. A subset U of X is said to be saturated if
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5.4.10. THEOREM. Let B = (B, {1,02) be a Dfy-algebra and X = (X, Ey, E»)
be its dual Df5-space.

1. The lattice of Dfy-filters of B is isomorphic to the lattice of closed saturated
subsets of X .

2. Congruences of B correspond to closed saturated subsets of X .
Proof. The proof is an easy adaptation of Theorem 2.3.11. U

Bisimulation equivalences for modal descriptive frames and modal spaces were
defined in Section 5.1 (see Definitions 5.1.19 and 5.1.20). For convenience we
formulate the definition for Df,-spaces.

5.4.11. DEFINITION. Let X = (X, E1, E3) be a Dfs-space. An equivalence rela-
tion @ on W is called a bisimulation equivalence if:

1. For every z,y,z € X and i = 1,2, xQy and yE;z imply that there is u € X
such that zE;u and u@z. In other words, E;Q(r) C QE;(x).

2. For every z,y € X and i = 1,2, if =(2zQy) then x and y are separated
by a @-saturated clopen; that is, there exists a clopen U C X such that
QU)=U,zeUandy¢U.

Note that since F;, Es and () are equivalence relations, () is a bisimulation
equivalence iff it is separated and QF;(z) = E;Q(x) for every x € X and i = 1,2.
To obtain the dual description of subalgebras of Dfy-algebras, we order the set
of all bisimulation equivalences of a Dfy-space X by set-theoretical inclusion.

5.4.12. THEOREM. The lattice of subalgebras of B € Dfy is dually isomorphic
to the lattice of bisimulation equivalences of its dual X .

Proof. The proof is a routine adaptation of the proof of Theorem 2.3.10. U

For any Df;-space X = (X, Fy, F3) and a bisimulation equivalence @, let X' /Q
denote the quotient space of X by ). That is, X'/Q is a Dfy-space X/Q =
(X/Q, (E1)q, (E2)qg), where X/Q = {Q(x) : x € X}, the topology on X/Q is
the quotient topology (i.e., the opens of X'/Q are, up to homeomorphism, the ©-
saturated opens of X') and Q(x)(E;)oQ(y) iff there are 2/ € Q(z) and y' € Q(y)
such that 2/E;y’ for i = 1,2. The next lemma can be found in [60, Theorem

2.7.17).

5.4.13. LEMMA. Let B = (B, {1,2) be a Dfy-algebra and X = (X, Ey, Es) be
its dual Dfy-space. Then B is simple iff X and () are the only saturated subsets
of X.
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Proof. Suppose there is a closed saturated subset of X distinct from X and
(). Then by Theorem 5.4.10 the corresponding congruence relation of B will be
proper and non-trivial. This is a contradiction since B is simple. The proof for
the other direction is similar. 0

The next theorem connects the simple Dfs-algebras and rooted Dfs-spaces; see
e.g., [60, Theorem 2.7.17].

5.4.14. THEOREM. Let B = (B, {1,02) be a Dfy-algebra and X = (X, Ey, E»)
its dual Dfy-space. Then B is simple iff X is rooted.

Proof. By Lemma 5.4.13, all we need to show is that X is rooted iff X and () are
the only closed saturated subsets of X. If X is rooted, then there exists x € X
such that FyFs(x) = X. Thus, X and () are the only saturated subsets of X.
Now we show that if X’ is not rooted, then there exists a closed saturated subset
U different from X and (). Suppose X is not rooted. Then there are two distinct
points z and y such that there is no u with xEyu and uFEyy. Let U = EyEy(x).
By the commutativity of £y and Fy we have U = EyF;(x). Therefore, U is
saturated. Since E; and FE, are closed relations, U is a closed set. Moreover,
x € U and y ¢ U imply that U is different from X and (). Therefore, if X is not
rooted there exists a closed saturated subset of X that is different from X and ().

O

5.4.3 CAs-algebras

In this section we define cylindric algebras with the diagonal. They represent
algebraic models of cylindric modal logic with the diagonal.

5.4.15. DEFINITION. [60, Definition 1.1.1] A quadruple B = (B, {1, 02,d) is
said to be a two-dimensional cylindric algebra, or a CAs-algebra for short, if
(B, 01,02) is a Dfs-algebra and d € B is a constant satisfying the following
conditions for all a € B and i = 1, 2.

Let CA, denote the variety of all two-dimensional cylindric algebras.

Again the standard Lindenbaum-Tarski argument shows that CML, is complete
with respect to CAy; see, e.g., [125, §4.2].

5.4.16. THEOREM. CML, F ¢ iff ¢ is valid in every CAs-algebra.
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Let A(CML,) denote the lattice of normal extensions of CMLy and let A(CA,)
denote the lattice of subvarieties of CA,. Then we have the following corollary
of Theorem 5.4.16 and the modal logic analogue of Theorem 2.2.19.

5.4.17. COROLLARY. A(CMLy) is dually isomorphic to A(CAs).

Since we will only deal with two-dimensional cylindric algebras, we simply refer to
them as cylindric algebras. Below we will generalize the duality for Dfs-algebras
to CAs-algebras.

5.4.18. DEFINITION. A quadruple (X, Fy, Ey, D) is said to be a cylindric space
if the triple (X, E1, E») is a Dfy-space and D is a clopen subset of X such that
every Fj-cluster i = 1,2) of X contains a unique point from D.

The following is an immediate consequence of this definition. For an algebraic
analogue see [60, Theorem 1.5.3].

5.4.19. PROPOSITION. Suppose X is a cylindric space. Then the cardinality of
the set of all Ey-clusters of X is equal to the cardinality of the set of all Es-clusters
of X.

Proof. The proof is identical to the proof of Corollary 5.3.11. 0
We have the following topological representation of cylindric algebras.

5.4.20. THEOREM. FEvery cylindric algebra B = (B, 1, O2,d) can be represented
as (CP(X), Ey, Es, D) for the corresponding cylindric space X = (X, Ey, Ey, D).

Proof. The proof is a routine adaptation of Theorem 5.4.9 to cylindric algebras.
O

Consequently, every finite cylindric algebra is represented as the algebra (P(X),
E,, Ey, D) for the corresponding finite CMLy-frame (X, Ey, Es, D) (see also [60,
Theorem 2.7.34]).

In order to obtain the dual description of homomorphic images and subalge-
bras of cylindric algebras, as well as subdirectly irreducible and simple cylindric
algebras, we need the following two definitions. Suppose X is a cylindric space.
A bisimulation equivalence ) of X is called a cylindric bisimulation equivalence
if Q(D) = D. A cylindric space X is called a cylindric quasi-square if its D-free
reduct is a quasi-square Dfy-space (see Definition 5.3.7). In other words, a cylin-
dric space is a quasi-square if it is rooted; that is E1Fy(x) = X for every x € X.
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5.4.21. THEOREM.

1. The lattice of congruences of a cylindric algebra B is isomorphic to the
lattice of closed saturated subsets of its dual X .

2. The lattice of subalgebras of a cylindric algebra B is dually isomorphic to
the lattice of cylindric bisimulation equivalences of its dual X .

3. A cylindric algebra B is subdirectly irreducible iff it is simple iff its dual X
1 a cylindric quasi-square.

Proof. A routine adaptation of Theorems 5.4.6, 5.4.10, 5.4.12 and 5.4.14 to
cylindric algebras. For (3) also see [60, Theorems 2.4.43, 2.4.14]. O

5.4.4 Representable cylindric algebras

In this final section we discuss the representable cylindric algebras, that is, the
cylindric algebras corresponding to PCMLs.

5.4.22. DEFINITION.

1. For arectangle F = (W x W' Ey, Ey) let F+ = (P(W x W), Ey, E5) denote
the complex algebra of F. We call F*t a rectangular algebra.? Let RECT
denote the class of all rectangular Dfs-algebras.

2. Call a rectangular algebra F' a square algebra if F is isomorphic to a
square. Let SQ denote the class of all square algebras.

3. For a CMLy-square § = (W xW, Ey,E5,D) let § = (P(W xW), Ey, Es, D)
denote the complex algebra of §. We call §* the cylindric square algebra.
Let CSQ denote the class of all cylindric square algebras.?

4. Also let FiInRECT, FinSQ and FinCSQ denote the classes of all finite rect-
angular, square and cylindric square algebras, respectively.

5.4.23. DEFINITION. [60, Definitions 5.1.33(v), 3.1.1(vii) and Remark 1.1.13]

e A Dfy-algebra B is said to be rectangularly (square) representable if B €
SP(RECT) (B € SP(SQ)).

2Note that the concept of a “rectangular algebra” is different from the one of a “rectangular
element” defined in [60, Definition 1.10.6].

3The rectangular and square algebras are defined in [60, Definitions 3.1.1(v) and 5.1.33(iii)],
where they are called “two-dimensional (diagonal-free) cylindric set and uniform cylindric set
algebras”. However, since we only work with two-dimensional cylindric algebras, we find the
terms “rectangular algebra” and “square algebra” more convenient.
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e A cylindric algebra B is called representable if B € SP(CSQ).*

It is known that a Dfs-algebra is rectangularly representable iff it is square rep-
resentable. We simply call such algebras representable [60, Definition 3.1.1]. The
classes of representable Df; and CAs-algebras are also closed under homomorphic
images, and so form varieties which are usually denoted by RDf; and RCA,,
respectively. For the proof of the next theorem consult [60, Theorem 5.1.47] and
[43, Corollary 5.10].

5.4.24. THEOREM.
1. RDf, = Df, = HSP(RECT) = HSP(SQ) = SP(RECT) = SP(SQ).
2. RCA, = HSP(CSQ) = SP(CSQ).
3. RCA, C CA,.
Let
(H) == 0i(a A =bAQj(anb)) < Oj(=dAOsa), i#7, i,j=12.

and
(V) =dA <>l<_a A <>ja) S O](_d/\ Oia)7 [ 7& j? Z?.] - 17 2.
We call (H) and (V) the Henkin and Venema inequalities, respectively. Then

RCA, is axiomatized by adding either of these inequalities to the axiomatization
of CAy; see, e.g., [60, Theorem 3.2.65(ii)] or [124, Proposition 3.5.8]).

5.4.25. THEOREM. RCA, = CAy+(H)= CAy+(V).

Note that Theorem 5.4.24(1) is an algebraic formulation of Theorem 5.3.2(3).
Therefore, we have that PCMLs, is complete with respect to RCA, [124, §4.2].

5.4.26. THEOREM. PCML; - ¢ iff ¢ is valid in every RCAs-algebra.

Let A(PCML;) denote the lattice of normal extensions of CMLj and let A(RCA»)
denote the lattice of subvarieties of CA,. We again have the following corollary
of Theorem 5.4.16 and the modal logic analogue of Theorem 2.2.19.

5.4.27. COROLLARY. A(PCMLs,) is dually isomorphic to A(RCA,).

As in Section 5.3.3 (see Theorem 5.3.18), we can give the dual characteriza-
tion of representable cylindric algebras, and construct rather simple finite non-
representable cylindric algebras. We say that a cylindric space X’ satisfies (k) if its
underlying CMLs-frame satisfies () (see Definition 5.3.17). In the terminology
of [60], a cylindric space satisfies () iff the corresponding cylindric algebra has
at least one defective atom (see [60, Lemma 3.2.59]).

4The definition of representability is not quite the same as the original one from [60] but is
equivalent to it.
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5.4.28. THEOREM. A cylindric algebra B is representable iff its dual cylindric
space X does not satisfy (*).

Proof. The proof is almost identical to the one of Theorem 5.3.18. For the
details we refer to [14, Theorem 3.4]. O

For an algebraic analogue of Theorem 5.4.28 see [60, Lemma 3.2.59, Theorem
3.2.65]. Using this criterion it is easy to see that the cylindric algebras corre-
sponding to the cylindric spaces shown in Figure 5.1(b) are representable, while
the cylindric algebras corresponding to the cylindric spaces shown in Figure 5.1(a)
are not. Moreover, the smallest non-representable cylindric algebra is the al-
gebra corresponding to the cylindric space shown in Figure 5.1(a), where the
non-singleton Ejy-cluster contains only two points.






Chapter 6

Normal extensions of S52

In this chapter, which is based on [12], we study the lattice of normal extensions
of S5%. It is known that S5 has the finite model property and is decidable
[110]; in fact, it has a NEXPTIME-complete satisfiability problem [93]. It is
neither tabular nor locally tabular [60] and it lacks the interpolation property
[27]. In addition, we show that every proper normal extension of S52 is locally
tabular, i.e., S52 is pre-locally tabular. As a corollary we obtain that every normal
extension of S52 has the finite model property. We also characterize all tabular
extensions of S5 by showing that there are exactly six pre-tabular extensions of
S52. A classification of normal extensions of S5 will also be provided.

The lattice of normal extensions of S5 has been well-investigated. It is known
that it forms an (w + 1)-chain, and that every normal extension of S5 is finitely
axiomatizable, has the finite model property and is decidable (see [111]). More-
over, every proper normal extension of S5 is tabular. On the other hand, the
lattice of normal extensions of S5 is much more complicated. It has been shown
that S5% is not finitely axiomatizable (see Monk [99] and Johnson [67]), that there
are continuum many undecidable extensions of S5 (see Maddux [88] and Gabbay
et al. [43, Theorem 8.5]), and that each of these extensions lacks the finite model
property (see Kurucz [79] and Gabbay et al. [43, Theorem 8.12]). We show that
the lattice of all normal extensions of S52, although complex, is still manageable
to some extend.

6.1 The finite model property of S52

In this section we prove that S52 has the finite model property. Moreover, we
show that it is complete with respect to the classes of finite rectangles and finite
squares. We also state algebraic analogues of these results.

There is a wide variety of proofs available for the decidability of the classical
first-order logic with two variables. Equivalent results were stated and proved

149
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using quite different methods in first-order, modal and algebraic logic. We present
a short historic overview.

Decidability of the validity of equality-free first-order sentences in two vari-
ables was proved by Scott [110]. The proof uses a reduction to the set of prenex
formulas of the form 3?V"@, whose validity is decidable by Godel [50]. Scott’s
result was extended by Mortimer [101], who included equality in the language
and showed that such sentences cannot enforce infinite models, obtaining decid-
ability as a corollary. A simpler proof was provided in Gréadel et al. [55]. They
showed that any satisfiable formula can actually be satisfied in a model whose
size is single exponential in the length of the formula. Segerberg [113] proved the
fmp and decidability for the so-called “two-dimensional modal logic”, which is a
cylindric modal logic enriched with the operation of involution. For an algebraic
proof see [60, Lemma 5.1.24 and Theorem 5.1.64]. A mosaic type proof can be
found in Marx and Mikulds [94]. A proof using quasimodels is provided in [43,
Theorem 5.22]. Here we give a proof via the filtration method.

6.1.1. THEOREM. S52 has the finite model property.

Proof. Suppose S52 I/ ¢. Then, by Theorems 5.3.2 and 5.2.4, there exists a
rooted S52-frame F = (W, E1, F») and a valuation V on F such that (F, V) £ ¢.
Let Sub(¢) be the set of all subformulas of ¢. Define an equivalence relation =
on W by

w=v iff wEYsvEY foral ¢ e Sub(e).

Let [w] denote the =-equivalence class containing the point w, let W/= = {[w] :
w e W}. We define Ef on W/_ by

[w]E/[v] iff wl= Onb e vl= Onb for all Oub € Sub(e).

Let F/ = (W/=, B/, E]) and define V/ on F/ by [w] € V/(p) iff w € V(p). The
standard filtration argument (see e.g. [18, Theorem 2.39]) shows that for every
W € Sub(¢):

(FV)w v iff (FL V), [w] .

Therefore, (F/,V/) [~ ¢. We show that F7 is an S5%frame. It follows immedi-
ately from the definition of Elf that Ezf is an equivalence relation. Note that for
w,v € W we have:

wE;v implies [w]E! [v].

We prove that Ef and EJ commute. Suppose [w]EJ[v] and [v]E{[u]. Then since
F is rooted, by Lemma 5.3.3, there exists z € W such that wEsz and zFu.
Therefore, [w]F:[z] and [z]E{[u], which means that Ef and EJ commute and
thus F/ is an S5°-frame.

O
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6.1.2. COROLLARY.
1. S52% is decidable.
2. Dfy s finitely approximable.

3. The equational theory of Dfy is decidable.

Proof. (1) The result follows immediately from Theorem 6.1.1 since every finitely
axiomatizable logic with the fmp is decidable (see Section 2.1.2).

(2) The result follows immediately from Theorem 6.1.1 and the modal logic
analogue of Theorem 2.3.27(1).

(3) Apply (1) and the modal logic analogue of Theorem 2.3.27(6). O

Questions concerning the computational complexity of S52 and its normal exten-
sions will be addressed in Chapter 8. Here we show that S5 is not only complete,
for finite S5%-frames, but also complete for finite rectangles and finite squares.

6.1.3. DEFINITION. For a class K of algebras or frames let Fin(K) denote the
class of finite members of K.

We now show that S5 is complete with respect to Fin(Rect) and Fin(Sq). The
next lemma is an analogue of Theorem 2.3.9. It shows a connection between
p-morphisms and bisimulation equivalences.

6.1.4. LEMMA. Let F = (W, Ey, Ey) be a finite S5°-frame and Q an equivalence
relation on W. Let F/Q = (W/Q, E1, EY), where fori=1,2:

Q(w)E;Q(v) iff there exist w' € Q(w) and v' € Q(v) with w'E'.

Let the function fo : W — W/Q be defined by fo(w) = Q(w) for any w € W.
Then the following two conditions are equivalent:

1. Q is a bisimulation equivalence,
2. fo is a p-morphism.
Proof. The proof is similar to the proof of Theorem 2.3.9. U

Next we prove a number of auxiliary lemmas.

6.1.5. LEMMA. For every finite rectangle JF, there exists a finite square G such
that F 1s a p-morphic image of G.
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0 n—1

Figure 6.1: A bisimulation equivalence of a finite square

Proof. Suppose F is isomorphic to m x n with n > m. Let G be the square
n X n. Define Q on n x n by identifying all points (k,%), (k,j) such that k € n
and m — 1 < 4,5 < n (see Figure 6.1, where the points of the same color are
identified). It is routine to check that @) is a bisimulation equivalence of n X n,
and that the quotient of n x n by @) is a rectangle isomorphic to m x n. Thus,
by Lemma 6.1.4, F is a p-morphic image of G. |

6.1.6. DEFINITION. Let F = (W, E;, E5) be a rooted S5*-frame.
1. F is said to be a bicluster if Fy(w) = Ey(w) = W for each w € W.

2. F is said to be regular if every Ejy-cluster of F has the same cardinality.

6.1.7. LEMMA. For every finite bicluster F, there exists a finite square G such
that F 1s a p-morphic image of G.

Proof. Suppose F consists of n points. Consider the square n x n. Define an
equivalence relation ) on n x n by

(k,m)R(K',m') iff k —m =k —m' (mod n).

This means that every ()-equivalence class contains a unique point from every
E;-cluster (see Figure 6.2, where points of the same color are identified). Since
QE;(k,m) =n xn = E;Q(k,m) for each k,m € n and i = 1,2, we have that @
is a bisimulation equivalence of n x n. It should be clear now that the quotient
of n X n by @ is isomorphic to F, thus by Lemma 6.1.4, F is a p-morphic image
of n x n.

O

6.1.8. LEMMA. For every finite reqular rooted F, there exists a finite rectangle
G such that F is a p-morphic image of G.
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Figure 6.2: The partition of a finite square

Proof. Let {Ci}7, and {C7}7", be the sets of all Ey and Ej-clusters of F,

respectively. Also let C? denote the Eg-cluster CY = C; N C7. Since F is regular,
the cardinality of every C7 is the same. Let |C7| = k > 0 for every i < n and
j < m. Now consider the rectangle nk x mk. Let A7 be (jk xnk)\((j —1)k x nk)
and A; be (mk x ik)\(mk x (i — 1)k). Therefore, if we think of nk x mk as the
rectangle shown in Figure 6.3, then A; is the rectangle consisting of all the rows of
nk x mk between the (i —1)k-th and ik-th rows and A; is the rectangle consisting
of all the columns of nk x mk between the (j — 1)k-th and jk-th columns. Also
let A = A; N AJ. Then AJ is the square with k& E, and Es-clusters. Define
a partition ) on nk x mk by sewing each square A? into a bicluster as in the
proof of Lemma 6.1.7. It follows that () is a bisimulation equivalence, and that
the quotient of nk x mk is isomorphic to F. Hence, F is a p-morphic image of

nk x mk.
O

AJ

Figure 6.3: The rectangle nk x mk.

6.1.9. LEMMA. For every finite rooted S5*-frame F, there exists a finite reqular
frame G such that F is a p-morphic image of G.
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Proof. Let C;, C7 and C/ be the same as in the proof of Lemma 6.1.8. Also
let k = maz{|C?| : i < n,j < m}. Obviously all |C?| > 0 and therefore k > 0.
Consider the regular frame G which is obtained from F by replacing every FEj-
cluster of F by an Ey-cluster containing k points. Let () be an equivalence relation
on G identifying k— (|Cf|—|—1) points in each Ey-cluster of G, (see Figure 6.4, where
filled circles represent the identified points). Note that in the Ey-clusters with k
points we do not identify any points. It should be clear that () is a bisimulation
equivalence of G, and that the quotient of G by @ is isomorphic to F. Therefore,
F is a p-morphic image of G. O

Ey by

&

&

I

&

Figure 6.4: The identifications in a regular frame

Now we are ready to prove that S52 is complete with respect to finite rectangles
and squares. This result was first proved by Segerberg [113]. His technique is very
similar to ours with the exception that he considers the similarity type with one
additional unary operation, the involution. The result also follows from Mortimer
[101]. A short algebraic proof can be found in Andréka and Nemeti [1]. For a
different frame theoretic proof using quasi-models see [43, Theorem 5.25].

6.1.10. THEOREM. S52 is complete with respect to Fin(Rect) and Fin(Sq).

Proof. By Theorem 6.1.1, if S5 I/ ¢, then ¢ is refuted in a finite rooted S52-
frame. By Lemmas 6.1.7-6.1.9, every finite rooted S52-frame is a p-morphic image
of a finite rectangle and by Lemma 6.1.5, it is a p-morphic of a finite square. Since
p-morphic images preserve validity of formulas, the result follows. OJ

6.1.11. THEOREM. Df, is generated by finite rectangular (square) algebras, that
is Dfy = HSP(FinRECT) = HSP(FinSQ).

Proof. Follows immediately from Theorems 6.1.10 and 5.4.3. U
6.1.12. REMARK. More algebraic properties of Dfy are discussed in [12]. In
particular, a characterization of finitely approximable Dfy-algebras, projective

and injective Dfs-algebras, and absolute retracts of Df5 is given in [12, §3.1 and
§3.2].
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6.2 Locally tabular extensions of S5°

In this section we investigate locally tabular extensions of S52 and locally finite
subvarieties of Dfy. We recall that a logic L is locally tabular if for every n € w
there are only finitely many pairwise non-L-equivalent formulas in n variables,
and that a variety V is locally finite if every finitely generated V-algebra is finite.
As follows from Theorem 2.3.27, a logic is locally tabular iff its corresponding
variety of algebras is locally finite. It is well known that S5 is locally tabular;
see, e.g, [58]. Now we show that S5 is not locally tabular. We will approach the
problem from an algebraic perspective. It was Tarski who first noticed that Df;
is not locally finite. Below we sketch Tarski’s example. It can also be found in
any of these references: Henkin, Monk and Tarski [60, Theorem 2.1.11], Halmos
[58, p.92], Erdés, Faber and Larson [33].

6.2.1. EXAMPLE. Consider the infinite square w x w. Let g = {(n,m) : n < m}.
Then the Dfy-algebra G C P(w X w) generated by ¢ is infinite. Indeed, let
g1 = (wxw)\ Ey((wxw)\g) and go = (w X w) \ E1(g \ ¢1). Then it is easy
to check that g; = {(0,n) : n € w} and go = {(n,0) : n € w}. Then clearly
91N g2 ={(0,0)}. Now let S := (wxw)\ (g1Ug2) and ¢’ := gN S;. We define g}
and g5, for the infinite square S in the same way we defined ¢, and ¢, for w x w.
That is, gy = S\ E2(S\ ¢) and g5 = S\ Ei(¢'\ g1) Then ¢y = {(1,n) : n > 0}
and g5 = {(n,1) : n € w}. Therefore, g1 N g5 = {(1,1)}. Continuing this process
we obtain that every element of the diagonal A = {(n,n)},ec, is an element of
G. Hence G is infinite. In fact, every singleton {(n,m)} of w x w belongs to G,
since {(n,m)} = Es(n,n) N Ey(m,m).

In contrast to this, we will prove that every proper subvariety of Df; is locally
finite. First we prove an auxiliary lemma.

6.2.2. LEMMA.

(i) The rectangle k x m is a p-morphic image of every rooted S5*-frame F =
(W, E1, Ey) containing k FEi-clusters and m FEo-clusters.

(1) The rectangle k' x m' is a p-morphic image of k x m for every k > k' and
m>m'.

Proof. (i) Consider F/Ey = (W/Ey, E{, E}). It is easy to see that Fj is a
bisimulation equivalence and that F/FEj is isomorphic to k x m. Hence, k x m
is a p-morphic image of F.

(ii) A similar argument to Lemma 6.1.5 shows that k' x m’ is a p-morphic
image of k x m for £’ < k and m’ < m. O

6.2.3. DEFINITION. Let a simple Dfy-algebra B and its dual X be given, i = 1,2
and n > 0.
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1. X is said to be of E;-depth n if the number of F;-clusters of X is exactly n.
2. The F;-depth of X is said to be infinite if X has infinitely many F;-clusters.
3. B is said to be of E;-depth n < w if the E;-depth of X is n.

4. The E;-depth of B is said to be of infinite if X is of infinite F;-depth.

5. V C Df, is said to be of E;-depth n < w if n is the maximal E;-depth of
the simple members of V, and V is of E;-depth w if there is no bound on
the E;-depth of simple members of V.

For a simple Dfs-algebra B and its dual X, let d;(B) and d;(X) denote the F;-
depth of B and X, respectively. Similarly, let d;(V) denote the E;-depth of a
variety V C Df,.

Consider the following formulas:

D= Nom—  \/  OlenOip)
k=1 kAL, 1<k]<n

where n € w, i = 1,2 and Q¢ := (1020, for every formula ¢.
We have the following characterization of varieties of E;-depth n, where ¢ =
1,2and 0 <n < w:

6.2.4. THEOREM. Let B a simple Dfy-algebra, and 'V be a variety of Dfs-algebras.
1. D} is valid in a simple B iff the E;-depth of B is less than or equal to n.
2. V is of E;-depth n iff V.C Dfy + D' and V € Df, + Df’l.

Proof. It is easy to see that D! is a Sahlqvist formula, for every n € w. Now
apply the standard Sahlqvist algorithm (see [18, §3.6] for the details). O

6.2.5. DEFINITION. For a variety V, let SI(V) and S(V) denote the classes of
all subdirectly irreducible and simple V-algebras, respectively. Let also FinSI(V)
and FinS(V) denote the classes of all finite subdirectly irreducible and simple
V-algebras, respectively.

Now we reformulate Theorem 3.4.23 in algebraic terms; see [7].

6.2.6. THEOREM. A wvariety V of a finite signature is locally finite iff the class
SI(V) is uniformly locally finite; that is, for each natural number n there is a

natural number M (n) such that |A| < M(n) for each n-generated A € SI(V).
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6.2.7. LEMMA. Dfy + D" is locally finite for any 0 < m < w and i =1, 2.

Proof. Since SI(Df;) = S(Df;) and Df, has a finite signature, it is sufficient
to show that S(Dfy + D™) is uniformly locally finite for each i = 1,2. We will
prove that S(Dfy + D7) is uniformly locally finite. The case of S(Dfy + D3")
is completely analogous. Suppose B = (B[g1, ..., gn), 01, 02) is an n-generated
simple algebra from the variety Df, + D", where ¢y, ..., g, denote the generators
of B. Then for each a € Blgy, ..., gn], there is a polynomial P(gy, ..., g,), including
Boolean operations as well as ¢; and (s, such that a = P(g1,...,g,). Let By =
{010 : b € B}, and let X' be the dual of B. Every Ej-saturated subset of X is a
union of Ei-clusters. Since there are at most m F-clusters of X', there are at most
2™ distinct Eq-saturated sets. Since elements of B of the form {1b correspond to
E;-saturated clopens, we obtain that |By| < 2™. Suppose By = {ay,...,ax}, k <
2™. Then for every element b of B, there exists a; € By such that {10 = a;.
Therefore, by substituting every subformula of P(g, ..., g,) of the form ;b by a;,
we obtain that a = P'(¢1, ..., gn, a1, . . ., ax), where P’ is a new ¢1-free polynomial.
Thus, Blgi, ..., gn] is generated by g1, ..., gn, a1, ..., ax as a Dfj-algebra. Since Df;
is locally finite, there exists M(n) such that |B|g1,...,ga]| < M(n). Therefore,
S(Dfy + Di™) is uniformly locally finite. O

We proceed by showing that the join of two locally finite varieties is locally finite.
6.2.8. LEMMA. The join of two locally finite varieties is locally finite.

Proof. Suppose V =V, V V,, where V; and V; are locally finite varieties. In
order to arrive at a contradiction, suppose that A € V. = HSP(V; U V,) is a
finitely generated infinite algebra. A € V implies there exists a family {A;}ier
with A; € VUV, such that A € HS(J],.; A;). For each i € I we have A; € V; or
A;eVy Leth ={iel|A eVi}tand, ={iel|A; € V,\V;}. Obviously
[I;c; A is isomorphic to Hieh A; X Hig2 A;. Since Vi and V, are varieties,
[Lic;, A4 € Vi and [[,c;, Ai € Va. Hence, there exist algebras A; = [[,c; A
in V; and Ay = Hiel2 A; in Vy such that A € HS(A; x As). Therefore there
is an algebra A" € V such that A is a homomorphic image of A" and there is
an embedding ¢ of A’ into A; x Ay. Without loss of generality we may assume
that A’ is finitely generated.! Since A is infinite, A’ is infinite as well. Let 7;
be the natural projection of A; x Ay onto A; (i = 1,2). Then A’ is (isomorphic
to) a subalgebra of mt(A’) X mot(A"). Therefore at least one of m;.(A’) is infinite.
On the other hand, the latter two algebras, being homomorphic images of A’,
are finitely generated. Hence, at least one of V; is not locally finite, which is a
contradiction. U

'If A’ is not finitely generated then we consider a finitely generated subalgebra of A’ gener-
ated by the elements of A’ that are mapped to the generators of A.
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Now we are in a position to prove that every proper subvariety of Df; is locally
finite.

6.2.9. LEMMA. If a variety V C Df5 is not locally finite, then V = Df,.

Proof. Suppose V is not locally finite. Then there exists a finitely generated
infinite V-algebra B. Let X be the dual of B. Then either there exists an infinite
rooted generated subframe of X', or X consists of infinitely many finite rooted
generated subframes.

First suppose that X contains an infinite rooted generated subframe Xj. If
either the E; or Fs-depth of Aj is finite, then the Dfs-algebra corresponding to
Ab belongs to Dfy + D! for some n € w. Let By be the Dfy-algebra dual to Xj.
Then By is a homomorphic image of B and is finitely generated. Moreover, by
our assumption this algebra is infinite. This is a contradiction by Lemma 6.2.7.
Thus, both the £ and F)-depths of Xj are infinite. Consider X/FEy and denote
it by ). Since both depths of Xj are infinite, ) is an infinite rectangle of infinite
E, and E,-depths. We will show that the complex algebra (P(n x n), Eq, Ey) is
a subalgebra of (CP(Y), E1, E») for any n < w.

6.2.10. CLAIM. There exists a bisimulation equivalence Q@ of Y such that Y/Q
18 1somorphic to the square n X n.

Proof. Pick n — 1 points z1,...,2,-1 € Y such that =(z,E;x,), p # ¢, 1 <
p,g <n—1andi = 1,2. Obviously J;—, Ei(z;) is a closed Ej-saturated set
and Uy = Y\ UZ;; Ey(zy) is an open FEj-saturated set. Hence, there exists a
non-empty Fj-saturated clopen C; C U;. Clearly, Y = C; U (Y \ (). Now
consider Uy = Y \ (C; U UZ;; FEi(xy)). Since x; € U,, Uy is non-empty and
obviously is an Fj-saturated open set. Hence, there exists an E;-saturated clopen
Cy such that zo € Cy and Cy C Us. Then (Y \ Cy) = Co U (Y \ Cy) \ Cy).
Now let U3 = Y \ (C; UCy U UZ;; Ey(xy)). Since zy € Us, Us is a non-empty
FE-saturated open set, and there exists an FEj-saturated clopen C5 such that
T3 € 03 and Cg - Ug. Therefore, (Y \ (Cl U CQ) = C3 U (((Y \ Cl) \ CQ) \ Cg)
We continue this process (n — 1) times. At each stage Uy is non-empty, since
Tp_1 € Ug. As a result we get a partition of Y into n Fj-saturated clopens
C1,Cy,...Crq,Cp = Y\ U;L*ll C;. Now in exactly the same way we select n

FEs-saturated clopens Dy, Dy, ... D, such that U?’:l D; =Y and D, D; = .
Consider the partition @@ = {C; N Dy }1<jk<n (see Figure 6.5).

Since every C} is Ey-saturated and every Dy, is Ey-saturated, by Lemma 5.3.6,
we have that C; N Dy # 0, for every 1 < j,k < n. Moreover, as C; and Dy, are
clopens, C; N Dy, is also clopen for every 1 < j,k < n. Thus, @) is a partition
of Y into n? clopens. Now we show that QF;(x) C E;Q(x) for each z € YV
and i = 1,2. If y € QF;(x), then there exists z € Ej(z) such that yQz. Also
suppose that z € C; N Dy. Then z,y € C; N D; for some [. As Y is rooted,
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Yy

Ch

Cy

Dy Dy - D,

Figure 6.5: The partition of )

by Lemma 5.3.6, Ey(y) N Dy # 0. Moreover, since C; is Ej-saturated, we have
that Ei(y) € C;. Therefore, Ei(y) N (C; N Dy) = Ey(y) N Dy, # 0. Hence,
there exists u € Ey1(y) N (C; N Dy), which means that v € Ey(y) and u € Q(z).
Thus, y € E1Q(z) and QFE (z) C E1Q(x). That QFEy(x) C EyQ(x) is proved
similarly. Thus, @) is a bisimulation equivalence of ). Moreover, it follows from
the construction of @ that )/@ is isomorphic to n X n. O

Therefore, (n x n)* = (P(n x n), £y, Ey) is a subalgebra of (CP()), E1, Es).
Since Df;, is generated by finite square algebras (see Theorem 5.4.24) it follows
that V = ng

Now suppose that X consists of infinitely many finite rooted frames which we
denote by {X;};cs. If both the E; and Es-depths of the members of {X;},c; are
bounded by some integer n, then their corresponding algebras belong to Dfy+ D}
for some ¢ = 1,2. This means that there is an infinite finitely generated algebra in
Df; + D}, which, by Lemma 6.2.7, is a contradiction. Therefore, we can assume
that either the E; or Ey-depth of {X;},c; are not bounded by any integer. We
distinguish the following two cases:

Case 1. X consists of two families {X]};c;s and {X]'};c;» such that the FEp-
depth of the members of the first family is bounded by some integer n, but
the Fj-depth of them is not bounded by any integer; and conversely, the
Ei-depth of the members of the second family is bounded by some integer
m, but the E>-depth of them is unbounded.

Consider the varieties V1 and V,, where V; denotes the variety generated
by the algebras corresponding to the members of the first family, while V,
denotes the variety generated by the algebras corresponding to the mem-
bers of the second family. Observe that B € V; V Vo = HSP(V; U V).
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Now from Lemma 6.2.7 it follows that both V; and V5, are locally finite.
By Lemma 6.2.8, Vi V V5 is locally finite. Therefore, B is finite, which
contradicts our assumption.

Case 2. Both the F; and E,-depths of X; are not bounded by any integer. There-
fore, for every n € w, there exists X; such that d;(X}),d2(X;) > n. By
Lemma 6.2.2, n X n is a p-morphic image of X}, which by Theorem 6.1.11
means that V = Df5.

Thus, if V is not locally finite, then V = Df5, which completes the proof of the
lemma. O

Recall from Chapter 4 that a variety V is called pre-locally finite if V is not
locally finite but every proper subvariety of V is locally finite, and that a logic L
is called pre-locally tabular if L is not locally tabular but every proper extension
of L is locally tabular.

6.2.11. COROLLARY.
1. V € A(Dfy) is locally finite iff V is a proper subvariety of Dfs.
2. Dfy is the only pre-locally finite subvariety of Dfy.
3. Bvery variety V C Dfy is finitely approximable.

Proof. The result follows immediately from Lemma 6.2.9 and Corollary 6.1.2(2).
O

6.2.12. COROLLARY.

1. L € A(S5?) is locally tabular iff L is a proper normal extension of S5°.
2. 852 is the only pre-locally tabular extension of S52.
3. Every normal extension of S52 has the finite model property.

Proof. The result is an immediate consequence of Corollary 6.2.11 and Theorem
5.4.3. n

6.3 Classification of normal extensions of S5°

In this section we prove a more specific version of Theorem 6.2.12. In particular,
for each proper normal extension of S52, we describe the class of its finite rooted
frames in terms of their F; and FEj-depths. The E; and Fs-depth of an S5%-
frame F is defined in exactly the same way as in Definition 6.2.3. For every logic
L D S5% let F;, denote the set of all finite L-frames modulo isomorphism. It
follows from Theorem 6.2.12 that every extension of S52 is complete with respect
to F L-
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6.3.1. DEFINITION. For every logic L O S5% let d;(L) = d;(Fy).

6.3.2. THEOREM. For every proper normal extension L of S5% there exists a
natural number n such that ¥ can be divided into three disjoint classes ¥ =
F,wF,WF;3, where dy(Fy), di(F2) < n and d(F3), day(F3) < n. (Note that any
two of the classes F1,Fy and F3 may be empty.)

Proof. Suppose L is a proper normal extension of S5%. By Theorem 6.1.10, S52
is complete with respect to the class of all finite squares. Therefore, there exists
a square n X n such that n x n ¢ Fy. Let n be the minimal number such that
nxn ¢ Fp. Consider three subclasses of Fr: Fy = {F € Fy : di(F) > n}, Fy =
{F eFr:d(F)>n}and Fs = {F € Fp : di(F),d2(F) < n}. It is obvious
that ¥y, = F; UFy; UF3. We prove that F;, Fy and F3 are disjoint.

Let us show that if 7 € Fy, then do(F) < n and if F € Fy, then d;(F) <
n. Suppose F € F1 UF,, di(F) = k, do(F) = m and both k,m > n. By
Lemma 6.2.2(i), k x m is a p-morphic image of F, and by Lemma 6.2.2(ii), n x n
is a p-morphic image of k x m. So, n X n is a p-morphic image of F, and hence
n x n belongs to F, which is a contradiction. Thus, F € F; implies d;(F) > n
and dy(F) < n, and F € Fy implies di(F) < n and do(F) > n. Also, if F € Fj,
then dy(F),da(F) < n. This shows that all the three classes are disjoint. O

From this theorem we obtain the following classification of normal extensions of
S5%.

6.3.3. THEOREM. For every L € A(S5°), either L = S5%, or L = (\,cq Li for
some S C {1,2,3}, where dy(L1),ds(L2),d1(L3),ds(L3) < w.

Proof. The theorem follows immediately from Theorem 6.3.2 by taking L; =
Log(F;) for i =1,2,3. O

6.3.4. THEOREM. For every V € A(Df,), either V.=Dfy, or V. =\, oV, for
some S C{1,2,3}, where dy(V1),d2(Va),d1(V3),d2(V3) < w.

Proof. The result is an immediate consequence of Theorem 6.3.3. U

6.4 Tabular and pre tabular extension of S5

Recall that a logic is tabular if it is the logic of a single finite frame, and that a
logic is pre-tabular if it is not tabular, but all its proper normal extensions are
tabular. Also recall that a variety is finitely generated if it is generated by a
single finite algebra, and that a variety is pre-finitely generated if it is not finitely
generated, but all its proper subvarieties are finitely generated. In this section
we characterize the tabular logics over S5 by showing that there exist exactly
six pre-tabular logics in A(S5%). The characterization of finitely generated and
pre-finitely generated subvarieties of Dfy will follow from the characterization of
tabular and pre-tabular logics.
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Figure 6.6: The frames F! — F3.

6.4.1. DEFINITION. Let F = (W, Ey, E,) be a finite rooted S5°-frame.

1.

F is said to be FE;-discrete if for every w € W, i,7 = 1,2 and ¢ # j,
Ei(w) ={w} and Ej(w) = W.

. F is said to be an E;-quasi-bicluster if F consists of two FE;-clusters, one of

these clusters is a singleton set, and E;(w) = W for every w € W, 4,j = 1,2
and i # j.

F is said to be a quasi-rectangle of type (n,m) if it is obtained from n x m
by replacing a point of n x m by a finite Ey-cluster.

F is said to be a quasi-square of type (n,n) if it is obtained from n x n by
replacing a point of n x n by a finite Ey-cluster.

We also recall that F is a bicluster if Fy(w) = Ey(w) = W for every w € W. We
will use the following notation (see Figures 6.6 and 6.7):

1

2.

Let F! be a bicluster consisting of n points,
Let F2 be a Ey-discrete frame consisting of n points,
Let F3 be a E-discrete frame consisting of n points,

Let F! be a Ey-quasi-bicluster frame, whose non-singleton Fy-cluster con-
sists of n points,

Let F? be a Ej-quasi-bicluster F, whose non-singleton E;-cluster consists
of n points,

Let F° be a quasi-square frame of type (2, 2), whose non-singleton Fy-cluster
consists of n points.

6.4.2. DEFINITION. For every i =1,...,6, let L; := Log({F! }new)-
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Figure 6.7: The frames F} — F9.

We will prove that Li,..., Lg are the only pre-tabular logics in A(S5%). For
this we need to show that every non-tabular logic is contained in one of the six
logics described above. In the previous section we defined the E; and FE>-depths
of a logic L D S52. Now we define the girth of L.

6.4.3. DEFINITION. For a finite rooted S5%-frame F and w € W:

1. We call the number of elements of Ey(w) the girth of w and denote it by
g(w).

2. We define the girth of F as sup{g(w) : w € W}, and denote it by g(F).

3. The girth of L D S5%, is n > 0, if there is F € F;, whose girth is n, and the
girths of all the other members of F are less than or equal to n.

4. The girth of L D S52 is said to be w if the girths of the members of F are
not bounded by any integer. Let g(L) denote the girth of L.

6.4.4. LEMMA. Let L € A(S5%). Then L is tabular iff the Ey-depth, the Ey-depth
and the girth of L are bounded by some integer.

Proof. There exist only finitely many finite non-isomorphic rooted frames whose
FE-depth, FEs-depth and girth are all bounded by some integer. Thus, if the
Ei-depth, the Es-depth and the girth of L are bounded by some n, then L is
tabular. Conversely, suppose L is tabular. Then L = Log(F) for some finite
frame F. It follows from Jénsson’s Lemma that every finite rooted L-frame is a
p-morphic image of a generated subframe of F, and therefore, has the cardinality
< |F|. Thus, the Fi-depth, the Es-depth and the girth of Fj are bounded by
some integer n, and so the E;-depth, the F>-depth and the girth of L are bounded
by n. O

It follows that if L is not tabular, then either the E;-depth, the Es-depth or the
girth of L is not bounded. Consequently, no L; is tabular for ¢ = 1,...,6. Now
we show that these logics are the only pre-tabular normal extensions of S52.
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6.4.5. THEOREM.
1. If L is not tabular, then L C L; for somei=1,...,6.

2. Ly, ..., Lg are the only pre-tabular logics in A(S5%).

Proof. (1) Suppose L is not tabular. Then by Lemma 6.4.4, the F-depth, the
Es-depth or the girth of L is not bounded. We distinguish the following cases:

Case 1. If the E;-depth of L is not bounded, then for any n € w, there is a finite
rooted L-frame F = (W, £y, E3) whose Ej-depth is > n. It is easy to see
that E; is a bisimulation equivalence of F. Consider the quotient of F by
Ey. Then F/E is isomorphic to Fj ()~ Hence, F3 () is a p-morphic image
of F, and so ‘7:31(?) € Fp. Therefore, for every n € w, there exists m > n
such that F3 is an L-frame. Thus, Lz O L.

Case 2. If the Fs-depth of L is not bounded, then similar to Case 1 we have
Ly D L.

Case 3. If the girth of L is not bounded, then for any n there is a finite rooted
F = (W, Ey, Es) such that F € Fy, and g(F) > n. But then, at least one
of the following four cases holds:

Case 3.1. For every w € W, Fy(w) = Es(w) = W. This means that F consists
of one F;-cluster and one Es-cluster. In this case F is isomorphic to F gl(f)

and therefore, .7-"91(?) is an L-frame.

Case 3.2 For every w € W, we have Ey(w) = W but Ey(w) # W. This means
that F consists of one E;-cluster and at least two Es-clusters. Let C denote
an Ey-cluster of F containing g(F) > n points. We define an equivalence
relation () on W that leaves all the points in C' untouched and identifies all
the other points of F:

e vQu for any v,u € W\ C,
o vQu iff v = u, for any v,u € C.
It is routine to check that () is a bisimulation equivalence of F, and that

the quotient of F by @ is isomorphic to F;(f). Thus, F;(f) is a p-morphic
image of F, and so ]-";1( F) Is an L-frame.

Case 3.3. For every w € W we have Ey(w) = W but Ey(w) # W. Then the
same argument as in Case 3.2 shows that F g(f) is an L-frame.
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Case 3.4. For every w € W we have E;(w) # W and Es(w) # W. This means
that F consists of at least two E; and at least two Es-clusters. Let C denote
an FEy-cluster containing g(F) > n points. First we define an equivalence
relation @ on W that leaves points in C' untouched and identifies all the
points in other Fy-clusters of F:

e vQu iff vEyu, for every v,u € W\ C,

o vQu iff w = v, for every v,u € C.

It is routine to check that @ is a bisimulation equivalence. Let G = F/Q.
Then G is isomorphic to a quasi-rectangle with just one non-singleton FEj-
cluster C' (i.e., a frame obtained from a finite rectangle by replacing one
point by the Ey-cluster C). Let G = (W' E}, E}). Next we define an
equivalence relation ' on W' that leaves points of C' untouched, identifies
all the other points in the E\-cluster containing C', identifies all the other
points in the Es-cluster containing ', and identifies all the remaining points:

e wQ'v, for any w,v € W'\ (E}(C) U EL(C)),
o wQ'v, for any w,v € EL(C)\ C,
e wQ'v, for any w,v € E;(C)\ C,

o wQ'v if w=w, for any w,v € C.

Then it is again routine to check that @’ is a bisimulation equivalence
and that G/@Q’ is isomorphic to a quasi-square of type (2,2) with the non-
singleton Ej-cluster C. Therefore, fg(f) is a p-morphic image of F. Thus,

Fg( ) is an L-frame.

Consequently, for every n € w there exists m > n such that one of F., F2.
F>, FS is an L-frame. This implies that one of Ly, Ly, Ls, L¢ contains L. This
concludes the proof that if L is not tabular, then L is contained in one of the six
logics Ly, ..., Lg.

(2) First we show that every L;, for i = 1,...,6 is a pre-tabular logic. As we
mentioned above, by Lemma 6.4.4, no L; is tabular. It is also easy to see that all
these logics are incomparable. Now suppose L is a proper normal extension of L;
for some ¢ = 1,...,6. If L is not tabular, then L C L; for some j =1,...,6 and
J # 4. This implies that L; is a proper extension of L;, which is a contradiction
because these logics are incomparable. Therefore, all the L; are pre-tabular. Now
suppose L is a pre-tabular logic. Then L is not tabular and by (1), L C L; for
some ¢ = 1,...,6. If L C L;, then L is not pre-tabular, because L; is a non-
tabular extension of L. Therefore, L = L;. This means that Lq,..., Lg are the
only pre tabular logics in A(S5%). O
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6.4.6. COROLLARY. A logic L O S5 is tabular iff none of Ly — Lg contains L.

Proof. Suppose L is not tabular. Then, by the proof of Theorem 6.4.5, L;

contains L for some ¢ = 1,...,6. On the other hand, if L is tabular, by Lemma
6.4.4, it cannot have a non-tabular normal extension. Therefore, L; 2 L for every
1=1,...,6. OJ

Forv=1,...,6 let V; be the subvariety of Df; corresponding to L;. It is easy to
see that V; is generated by the complex algebras of the frames F:, n € w. Then
we have the following algebraic analogue of Theorem 6.4.5.

6.4.7. COROLLARY.
1. Vy,..., Vg are the only pre-finitely generated varieties in A(Dfs).

2. A variety V. C Dfy is finitely generated iff none of Vi — Vg is a subvariety
of V.

Proof. Follows from Theorem 6.4.5 and Corollary 6.4.6. U

Another characterization of tabular logics in A(S5?) can be found in [12, §5] and
[14, §7].



Chapter 7

Normal extensions of CMLs

In Chapter 6, we investigated the lattice A(S5%) of normal extensions of S5
and its dual lattice A(Df3) of all subvarieties of Dfy. In this chapter, which is
based on [14], we investigate the lattice A(CMLs) of all normal extensions of
CML; and its dual lattice A(CAy) of all subvarieties of CA,. We show that
there exists a continuum of normal extensions of PCML, and continuum many
subvarieties of RCA,. We also show that there exists a continuum of normal
logics in between CML,; and PCML, and a continuum of varieties in between
RCA; and CA,. In Section 7.2 we describe the only pre-locally tabular extension
of CML; and the only pre-locally finite subvariety of CA,. We also characterize
locally tabular extensions of CML, and locally finite subvarieties of CA,. In
Section 7.3 a characterization of the tabular and pre-tabular logics in A(CML,)
will be given together with a characterization of the finitely generated and pre-
finitely generated subvarieties of CA,. Finally, we give a rough classification of
the lattice structure of A(CMLy) and A(CA,).

7.1 Finite CML,-frames

In this section we discuss the finite model property of CML,; and PCML,. We
show that PCML, is complete with respect to finite cylindric squares, construct

an infinite antichain of finite cylindric squares, and prove that the cardinality of
both A(CML,) and of A(PCMLs,) is that of the continuum.

7.1.1 The finite model property

We start by showing that CMLs has the finite model property. This result was
first proved in [60, Theorem 4.2.7] using algebraic technique. Here we present a
proof using the filtration method.
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7.1.1. THEOREM.
1. CMLs has the finite model property.

2. CML, is decidable.

Proof. (1) The proof is similar to the proof of the fmp of S5 (see Theorem 6.1.1).
It is based on the filtration method. Suppose CMLs I/ ¢. Then by Theorems
5.3.12 and 5.2.4, there exists a rooted CMLy-frame § = (W, E, Es, D) and a
valuation V' such that (§,V) = ¢. Let

o X i= Sub(¢) U{d}U{01(dAY), Oa(d A) : b € Sub(e)}.

We filter out (§F, V') through > in the same way as in the proof of Theorem 6.1.1.
Let §/ .= (W', Ef, E],[D],V?) denote the resulting model, where (W/, Ef EJ,
V7) is defined as in the proof of Theorem 6.1.1 and [D] = Uyeplyl. Similar to
the proof of Theorem 6.1.1, we can show that (W7, Ef Ef) is a finite rooted
S52-frame and (§/,V7) [~ ¢. By Proposition 5.3.10, in order to show that §/ is
a CML,-frame, we need to prove that for each i = 1,2, every Ezf -cluster of Ff
contains a unique point of [D]. Suppose C C W/ is an Ezf ~cluster and [z] € C.
Since § is a CMLy-frame, by Proposition 5.3.10, there exists y € D such that
xE;y. Therefore, [x]E/[y] and [y] € [D], implying that every E;-cluster contains
a point from [D]. Now we show that such a point is unique. Assume there
are [y],[z] € W/ such that [y],[z] € [D], [y] # [2] and [y]E/[z]. (Note that,
[y], [2] € [D] and [y] # [z] imply —(yFE;z) for each i = 1,2.) Then y = d and
z = d, and there is ¢» € 3 such that w.l.o.g. y =1 and z [~ 1. There are two
cases:

Case 1. ¢y € Sub(¢). Then y = Oi(d A¢) and z [~ O;(d A ), which is a
contradiction since [y]E/ [z] and O;(d A ) € .

Case 2. ¢ = Q;(d A x) (for some j = 1,2) and x € Sub(¢). This implies that
y E x and z [~ x and we are back to Case 1.

Therefore, [y] = [2] and every E/-cluster contains a unique point from [D]. Thus,
&/ is a CMLy-frame.

(2) The result follows immediately from (1) and the fact that CMLs, is finitely
axiomatizable. ]

7.1.2. COROLLARY.
1. CA; is finitely approximable.

2. The equational theory of CAs is decidable.
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Proof. The result follows from Theorems 7.1.1, 5.4.16 and an analogue of The-
orem 2.3.27 for modal logics. 0

The product cylindric modal logic PCMULs also has the finite model property.
This result follows from Mortimer [101], see also [60, Theorem 4.2.9], [95, Theorem
2.3.5] and [92]. However, the proof of this result is much more complicated than
the proof of the fmp of CML,. We will skip it.

7.1.3. THEOREM. PCML, has the finite model property and is decidable.

7.1.4. COROLLARY. RCA, is finitely approximable and its equational theory is
decidable.

Proof. The result follows immediately from Theorems 7.1.3 and 5.4.26. U

Next we define cylindric p-morphisms and cylindric bisimulation equivalences for
CML,-frames.

7.1.5. DEFINITION.

1. Let § = (W, Ey, E3, D) and & = (W', B}, E,, D") be CMLy-frames. A map
f W — W'is called a cylindric p-morphism if f is a p-morphism between

(VVa E17E2) and (leEivEé)’ and fﬁl(D/) =D.

2. Let § = (W, Eq, B3, D) be a CMLy-frame. An equivalence relation () on W
is called a cylindric bisimulation equivalence if () is a bisimulation equiva-
lence of (W, Ey, E3) and Q(D) = D.

Now similar to the diagonal-free case we will spell out the connection between
cylindric p-morphisms and cylindric bisimulation equivalences.

7.1.6. LEMMA.

1. Let § = (W, Ey, Ey, D) be a CMLy-frame and Q an equivalence relation on
W. Let the map fo : W — W/Q be defined by fo(w) = Q(w) for every

w € W. Then the following two conditions are equivalent:

(a) Q is a cylindric bisimulation equivalence,

(b) fo is a cylindric p-morphism.

2. Let § = (W, Ey,Es, D) and §' = (W', E}, E}, D") be CMLy-frames and
f W — W' amap. Let the relation Qy C W x W be defined by wQ v
iff f(w) = f(v) for any w,v € W. Then the following two conditions are
equivalent:
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(a) f is a cylindric p-morphism,

(b) Qy is a cylindric bisimulation equivalence.

Proof. The proof is an easy generalization of the proof for the case of S5%. [

In order to prove that PCML, is complete with respect to the class of finite
cylindric squares CSq we will show that every finite PCML,-frame is a cylindric
p-morphic image of a finite cylindric square.

7.1.7. LEMMA. For every finite rooted PCMULs-frame § there is a finite cylindric
square & such that § is a cylindric p-morphic image of &.

Proof. (Sketch) By Theorem 5.3.18, we have to show that every CMLs-frame
§ that does not satisfy (k) is a cylindric p-morphic image of some finite cylindric
square &. All we need to do is to check that Lemmas 6.1.7-6.1.9 hold for CMLs-
frames not satisfying the (x)-condition. We will skip the technical details. |

Now we are ready to prove that PCML; is complete with respect to the class
of all finite cylindric squares (see [101], [60, Theorem 4.2.9] and [95, Theorem
2.3.10]).

7.1.8. THEOREM. PCML; is complete with respect to Fin(CSq).

Proof. Let PCML; t/ ¢. By Theorem 7.1.3, there is a finite rooted PCML,-
frame § that refutes ¢. By Lemma 7.1.7, § is a p-morphic image of some finite
cylindric square &. Therefore, & also refutes ¢. O

The next corollary is an algebraic version of Theorem 7.1.8.

7.1.9. COROLLARY. RCA; is generated by Fin(CSQ).

7.1.2 The Jankov-Fine formulas

The modal logic analogues of the Jankov-de Jongh formulas are known in the
literature as Jankov-Fine formulas and were first defined by Fine [41] (see also
Rautenberg [105]) for an algebraic version. We consider the Jankov-Fine formulas
for S52 and CML; (see [18, §3.4] and [43, §8.4 p.399]). Let F = (W, Ey, Ey) be
a finite S5%-frame. For each point w € W we introduce a propositional variable
Pw, and consider the formulas

0F) = O(\ ur~ \ p)

weWw veW\{w}
AN Ga=0m) AN e 0m),
i=1,2 i=1,2
w,weEW,wE;v w,veW,~(wE;v)

X(F) = —d(F).
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7.1.10. THEOREM. Let F = (W, E\, Ey) be a finite rooted S5%-frame and let
G = (U, S1,8,) be a rooted (descriptive) S5%-frame. Then

G V= x(F) iff F is a p-morphic image of G.

Proof. (Sketch) Suppose F is a p-morphic image of G. Define a valuation V'
on F by V(py) = {w} for any w € W. Then (F,V) £ x(F) by the definition
of x(F). Now if G = x(F), then since p-morphic images preserve validity of
formulas, we would also have F |= x(F), a contradiction. Therefore, G [~ x(F).
For the converse, we use the argument of [43, Claim 8.36]. Suppose that
G = x(F). Then there is a valuation V’ on G and a point u € W’ such that
(G, V"), u = x(F). Therefore, (G,V'),u = §(F). Define amap f: U — W by

fO)=w <= (G, V).t = pu,

for every t € U and w € W. From G being rooted and the truth of the first
conjunct of 0(F) it follows that f is well defined. The truth of the first two
conjuncts of §(F) together with F being rooted implies that f is surjective.
Finally, the truth of the second and third conjuncts of §(F) guarantee that f is
a p-morphism. (If G is a descriptive frame, then it immediately follows from the
definition of f that the inverse image of every point of F is an admissible subset
of G.) Therefore, F is a p-morphic image of G. O

7.1.11. REMARK. Theorem 7.1.10 is an analogue of Theorem 3.3.3 for S5
frames. In this case we do not require that F is a p-morphic image of a gen-

erated subframe of G (F is simply a p-morphic image of G), because G is a rooted
S5%frame.

Suppose § = (W, Ey, Es, D) is a finite rooted CMULg-frame, F = (W, Ey, E»)
diagonal-free reduct of §, and 6(F)—the Jankov-Fine formula of F.
Let

0(3) = SF) AR\ o = DA N (0 — =d)),

weD wé&D

Xa(§) = —0a(F).

7.1.12. THEOREM. Let § = (W, Ey, Ey, D) be a finite rooted CMLsy-frame and
& = (W' E}, E}, D) be a rooted (descriptive) CMLy-frames. Then

& = xa(F) iff § is a cylindric p-morphic image of &.

Proof. The proof is similar to the proof of Theorem 7.1.10. The additional
conjunct of §4(F) guarantees that the map f constructed in the proof of Theorem
7.1.10 is a cylindric p-morphism, i.e., f~}(D’) = D. O
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7.1.3 The cardinality of A(CML,)

Let F and G be rooted S5%-frames, and let § and & be rooted CMLs-frames.
We write

F <G iff Fisa p-morphic image of G.
$ <& iff §isa cylindric p-morphic image of &.

It follows from Theorems 7.1.10 and 7.1.12 that if F and § are finite then

1. G x(F)iff F <G,
2. B F xq(S) iff § < 8.

Now we show that the cardinality of A(PCMLs) as well as the cardinality of
A(CML;) \ A(PCML,) is that of the continuum. In the next chapter we prove
that the cardinality of A(S5%) is countable. First we construct <-antichains of
finite CML,-frames.

7.1.13. LEMMA. Fvery two non-isomorphic finite squares are <-incomparable.

Proof. Let § and & be two non-isomorphic finite squares. Then § is isomorphic
to (n X n, By, Fy, D) and & is isomorphic to (m x m, £}, E), D) where n # m.
Without loss of generality we may assume that n > m. Then obviously § can not
be a cylindric p-morphic image of &. Suppose & is a proper cylindric p-morphic
image of §. Then by Lemma 7.1.6(2), there exists a cylindric bisimulation equiv-
alence @) of § such that §/Q = (W/Q, E', E), D') is isomorphic to &. Therefore,
() must identify points from different E; or Es-clusters of §. Without loss of gen-
erality we may assume that () identifies points from different E;-clusters C; and
Cs. Let x1 € C4 be the diagonal point of C and x5 € C5 be the diagonal point
of Cy. Since Q(D) = D, we have that z1Qzs. Let Ey(x1) N Es(xg) = {y1}. Since
roQx1 and x1Eyy;, there exists yo in § such that y;Qy. and ys Fixo. Consider
Q(z1) and Q(y1). It is obvious that Q(z1)E[Q(y1). Also since Q(z1) = Q(z2)
and Q(y1) = Q(y2) it follows that Q(z1)E5Q(y1). Therefore, Q(z1)E{Q(y1). Also
Q(z1) # Q(y1) since 1 € D, y1 ¢ D and Q(D) = D. Therefore, there exists a
non-singleton Ey-cluster of §/@Q), which is impossible since §/Q is isomorphic to
® and & is a square. Thus, & is not a proper p-morphic image of §, and so every
two non-isomorphic finite squares are <-incomparable. O

As an immediate consequence of Lemma 7.1.13 we obtain the following theorem.

7.1.14. THEOREM.
1. The cardinality of A(PCMLsy) is that of the continuum.
2. The cardinality of A(RCAy) is that of the continuum.
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Proof. (1) Let §, be the square (n x n, Fy, Fy, D). Consider the family A =
{Fn}new- From Lemma 7.1.13 it follows that A forms a <-antichain. Now the
result follows from Theorem 7.1.12 and the modal logic analogues of Theorems
3.4.18 and 3.4.20.

(2) follows from (1). O

For n > 1 let &,, denote the finite cylindric space obtained from §, by replacing
a singleton non-diagonal Fy-cluster by a two-element Ej-cluster. For example,
®, is shown in Figure 5.1(a) on page 138, where the non-singleton FEy-cluster
contains two points. Obviously &,, satisfies (x), and so is not a PCMLy-frame.
Similar to Lemma 7.1.13, we can prove the following lemma.

7.1.15. LEMMA. The family {®,}nc. forms a <-antichain.

As an immediate consequence of Lemma 7.1.15 and the fact that every &,, is a
CML,-frame but not a PCML,-frame, we obtain the following theorem.

7.1.16. THEOREM.
1. The cardinality of A(CMLs) \ A(PCMLsy) is that of the continuum.
2. The cardinality of A(CAs) \ A(RCA,) is that of the continuum.

Finally, note that because &,, is not a PCMLsy-frame, the Fine-Jankov formula
Xa(®,,) of &, belongs to PCML,. Then the same argument as in Theorem 7.1.14
shows that I',T” C {&,,},e, and ' # I imply PCML, NLog(T") # PCML; N
Log(I'"). Therefore, we obtain the following corollary.

7.1.17. COROLLARY.

1. There exists a continuum of logics in between CMLy and PCMLs,.

2. There exists a continuum of varieties in between RCAs and CA,.

Note that there are only countably many finitely axiomatizable logics. There-
fore, Theorem 7.1.14 also implies that there exist continuum many non-finitely
axiomatizable extensions of PCML, and of CMLs,.

7.2 Locally tabular extensions of CML,

In the previous chapter we proved that Df, is pre-locally finite. It is known (see,
e.g., [60, Theorem 2.1.11]) that RCA,, and hence every variety in the interval
[RCA,, CA;), is not locally finite (the result could be obtained by using the
Example 6.2.1). In this section, we present a criterion for a variety of cylindric
algebras to be locally finite, and show that there exists exactly one pre-locally
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finite subvariety of CA,. The corresponding results for cylindric modal logics
will also be stated.

Let B be a cylindric algebra and X be its dual cylindric space. Recall that
a cylindric space is a quasi-square if it is rooted and the number of the E; and
Es-clusters of X' is the same. We have that B is simple iff X' is a quasi-square
(see Theorem 5.4.21(3)). Therefore, we have that the cardinalities of the sets E
and Es-clusters of X' coincide.

7.2.1. DEFINITION.

1. A quasi-square X is said to be of depth n (0 < n < w) if the number of
E,-clusters (Es-clusters) of X' is equal to n.

2. A quasi-square X is said to be of an infinite depth if the cardinality of the
set of Ej-clusters (Es-clusters) of X is infinite.

3. A simple cylindric algebra B is said to be of depth n if its dual X is of
depth n.

4. A simple cylindric algebra B is said to be of an infinite depth if its dual X
is of an infinite depth.

5. A variety V of cylindric algebras is said to be of depth n if there is a simple
V-algebra of depth n and the depth of every other simple V-algebra is less
than or equal to n.

6. A variety V is said to be of depth w if the depth of simple members of V is
not bounded by any natural number.

Recall that there exists a formula measuring the depth of a variety of cylindric
algebras (see Theorem 6.2.4). Let d(V) denote the depth of the variety V. Our
goal is to show that a variety V of cylindric algebras is locally finite iff d(V) < w.
For this we need the following definition.

7.2.2. DEFINITION.

1. Call a quasi-square X uniform if every non-diagonal Fy-cluster of X is a
singleton set, and every diagonal Ejy-cluster of X contains only two points.

2. Call a simple cylindric algebra B uniform if its dual quasi-square X is
uniform.

Finite uniform quasi-squares are shown in Figure 7.1, where big dots denote
the diagonal points. Let &), denote the uniform quasi-square of depth n. Also
let B,, denote the uniform cylindric algebra of depth n. It is obvious that &,
is (isomorphic to) the dual cylindric space of %,. Let U denote the variety
generated by all finite uniform cylindric algebras; that is U = HSP ({8, }ncw)-
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£y

e e >

Figure 7.1: Uniform quasi-squares

7.2.3. ProrPOSITION. U C RCA,.

Proof. Since none of the diagonal Ey-clusters of X, is a singleton set, &,, does
not satisfy (x). Therefore, each 9B, is representable by Theorem 5.4.28. Thus,
{B, }new € RCA,, implying that U C RCA.,. O

7.2.4. LEMMA.

1. If B is a simple cylindric algebra of an infinite depth, then each B, is a
subalgebra of B.

2. If B is a simple cylindric algebra of depth 2n, then B, is a subalgebra of
B.

Proof. (1) Suppose that B8 is a simple cylindric algebra of an infinite depth. Let
X be the dual cylindric space of 8. Then & is a quasi-square with infinitely many
E; and Es-clusters. As in the proof of Claim 6.2.10, for each n, we can divide X
into n-many Ei-saturated disjoint clopen sets G1,...,G,. We let D; = D N G;
and F; = Ey(D;) for i = 1,...,n. Obviously each of the D;’s and F;’s is clopen.
Define an equivalence relation @) of X by

e xQy if x,y € D and there exists ¢ = 1,...,n such that z,y € D;,
o zQy if z,y € X \ D and there exist 1 < j, k < n such that z,y € G; N F}.

It is easy to check, or transform the proof of Claim 6.2.10, that ) is a cylindric
bisimulation equivalence of X', and that X' /@ is isomorphic to X,,. Therefore, by
Theorem 5.4.21(2), each B, is a subalgebra of 8.

(2) Suppose that 9B is a simple cylindric algebra of depth 2n. Let X be the
dual cylindric space of 8. Then X is a quasi-square. Moreover, there are exactly
2n Fj-clusters and exactly 2n Fs-clusters of X. Obviously all of them are clopens.
Let C1,...,Cs, be the Ei-clusters of X and let G; = Cy_1 UCy; fori=1,...,n.
Obviously every G; is an Ej-saturated clopen. Now applying the same technique
as in (1), we obtain that 9B, is a subalgebra of B. O
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o) <> ®

Figure 7.2: Generators of square and uniform quasi-square algebras

7.2.5. THEOREM. For a variety V of cylindric algebras, d(V) = w iff U C V.

Proof. It is obvious that d(U) = w. So, if U C V, then obviously d(V) = w.
Conversely, suppose d(V) = w. We want to show that every finite uniform
cylindric algebra belongs to V. Since d(V) = w, the depth of the simple members
of V is not bounded by any integer. So, either there exists a family of simple
V-algebras of increasing finite depth, or there exists a simple V-algebra of an
infinite depth. In either case, it follows from Lemma 7.2.4 that {98,},c, C V.
Therefore, U C 'V since {8, }ncw generates U. O

Our next task is to show that U is not locally finite. For this we will need the
following lemma.

7.2.6. LEMMA.
1. Ewvery finite square algebra is 1-generated.

2. Fvery finite uniform algebra is 1-generated.

Proof. (1) For a finite cylindric square §, = (n x n, Fy, Ey, D), consider the set
g ={(k,m) : k < m}. It follows from Example 6.2.1 that the cylindric algebra
generated by g contains all singleton subsets of nxn. Hence, (P(nxn), Ey, Es, D)
is generated by g.

(2) is proved similar to (1). Let B be a finite uniform algebra, and let X be
its dual cylindric quasi-square. Then the same argument as above shows that
every Ey-cluster of X' belongs to the algebra generated by the lower triangle ¢’
(see Figure 7.2, where big dots represent the diagonal points and points in circles
represent the points that belong to the sets g and ¢’, respectively). Hence it is
left to show that for every diagonal Ey-cluster C' and x € C', the singleton set
{z} belongs to the algebra generated by ¢’. But for any x € C, either z € D and
hence {x} =CNDorx ¢ D and {z} = C\ D. Thus, every singleton set belongs
to the cylindric algebra generated by ¢’, and so ¢’ generates 8. O
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7.2.7. REMARK. Note that the Dfy-reducts of finite uniform algebras are not
generated by ¢'. Indeed, the Df;-algebra generated by ¢’ does not contain the
singleton sets from non-singleton Fy-clusters.

7.2.8. COROLLARY. U is not locally finite.
Proof. Follows from Lemma 7.2.6 and Theorem 6.2.6. |

Next we show that if a variety of cylindric algebras is of finite depth, then it is
locally finite.

7.2.9. THEOREM. Ifd(V) < w, then V is locally finite.

Proof. The proof is similar to the proof of Lemma 6.2.7 for the diagonal-free
case: To show V is locally finite, by Theorem 6.2.6, it is sufficient to prove
that the cardinality of every n-generated simple V-algebra is bounded by some
natural number M(n). Let B be an n-generated simple V-algebra. Let also
B; = {0b: b € B}, for i = 1,2. Since d(V) < w, we have |B;| = |By| < w.
Suppose B is generated by G = {g1,...,gr}. Then as a Boolean algebra 9B is
generated by G U By U By U {d}. Since the variety of Boolean algebras is locally
finite, there exists M(n) < w such that |B| < M(n) (in fact, |B] < 22",
Thus, V is locally finite. O

Finally, combining Theorem 7.2.5 with Corollary 7.2.8 and Theorem 7.2.9, we
obtain the following characterization of locally finite varieties of cylindric algebras.

7.2.10. THEOREM.

1. For V € A(CA,) the following conditions are equivalent:

(a) V is locally finite,
(b) d(V) <w,
(¢) UZV.

2. U 1is the only pre-locally finite subvariety of CA,.

Proof. (1) The equivalence (b) < (c) is shown in Theorem 7.2.5. The implication
(b) = (a) is proved in Theorem 7.2.9. Finally, by Corollary 7.2.8, U is not locally
finite. Therefore, if V O U, then V is not locally finite either. Thus, (a) = (¢).

(2) First we show that U is pre-locally finite. Suppose V. C U. Then by
Theorem 7.2.5, d(V) < w, and so by Theorem 7.2.9, V is locally finite. Now
suppose V is pre-locally finite. Then again by Theorem 7.2.9, d(V) = w. By
Theorem 7.2.5, U C V and since V is pre-locally finite, V = U. U
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In order to formulate Theorem 7.2.10 in terms of logics, we need the following
terminology. We define the depth of a logic L. © CMLy as the depth of its
corresponding variety of cylindric algebras. We denote by d(L) the depth of L.
Let Ly denote the logic of all finite uniform quasi-squares (rooted CMLy-frames);
that is Ly = Log({ X, }new)-

7.2.11. COROLLARY.

1. For L € A(CMLsy) the following conditions are equivalent:

(a) L is locally tabular,
(b) d(L) <w,
(c) Ly 2 L.

2. Ly is the only pre-locally tabular extension of CMLs,.
Proof. The result follows from Theorem 7.2.10. ]

Therefore, in contrast to the diagonal-free case, there exist uncountably many
normal extensions of CMLy (PCML,) which are not locally tabular. Since
every locally tabular logic has the finite model property we obtain from Theo-
rem 7.2.10 that every normal extension of CMLs of finite depth has the finite
model property. We leave it as an open problem whether every normal extension
of CML; has the finite model property.

7.2.12. OPEN QUESTION.

1. Does every normal extension of CMLy (PCMLy) have the finite model
property?

2. Is every subvariety of CAy (RCAy) finitely approzimable?

7.3 Tabular and pre-tabular extensions of CML,

In Chapter 6 we showed that there are exactly six pre tabular logics in A(S5?)
(Theorem 6.4.5). The situation is more complex in A(CML,). In this section we
show that there exist exactly fifteen pre-tabular logics in A(CMLsy), and that six
of them belong to A(PCML,). It trivially implies a characterization of tabular
logics of A(CMLsy).

Consider the finite quasi-squares §', shown in Figures 7.3 and 7.4, where i =
1,...,15 and n > 2. Again big dots represent the diagonal points. The pattern
according to which the quasi-squares are depicted is the following: First come the
frames of depth 1, then the frames of depth 2, and finally the frames of depth 3;
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Figure 7.3: Quasi-squares g5, —

quasi-squares with more clusters come later in the list; the first and last quasi-
squares (of the same depth) do not satisfy (x). As can be seen from the figure,

each Ey-cluster of F° consists of one, two or n points. For each i = 1,...,15 let
L; :== Log({§., : n > 2}). From Theorem 5.3.18 it follows that only F. §2, 5,

T %M and F° are PCMLy-frames, and so only Ly, Lo, L3, Ly, L4 and Ly
belong to A(PCMLs,).

Now we are in a position to prove that L; — Ly5 are the only pre-tabular
normal extensions of CML,. As we saw in the proof of Theorem 6.4.5, for this
it is sufficient to show that L; — L5 are incomparable, they are not tabular, and
that every normal extensions of CML, that is not tabular is contained in exactly
one of L1 — L15.

7.3.1. LEMMA. L3 D Ly.
Proof. Suppose X, is the finite uniform square of depth n. We show that F3 is
a cylindric p-morphic image of &),. Fix a diagonal Ey-cluster, say C' of X,,, and

let DN C = {x0}. Define an equivalence relation @) on X,, by

o xQuif x =y for all x,y € C,
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Figure 7.4: Quasi-squares g5 — g5
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xQy for all z,y € E,(C)\ C,

xQy for all z,y € Ey(C)\ C,

xQy for all z,y € D\ {z},

Finally, looking at the subframe of &, based on the set Y = X \ (E1(C)U
Ey(C) U D) we see that it is isomorphic to the (n — 1) x (n — 1)-square.
Then @ is defined on Y in the same way as in Lemma 6.1.7; that is, we let
each of the remaining n — 1 Q)-equivalence classes consist of n — 1 points
chosen so that each (Q-equivalence class contains exactly one point from
each E;-cluster of Y for ¢ =1, 2.

It is a matter of routine verification that @) is a cylindric bisimulation equivalence
of X,, and that X,,/Q is isomorphic to §2. Therefore, by Lemma 7.1.6(1), 3 is
a cylindric p-morphic image of X,, for every n, implying that L3 O Ly. U

Consequently, if d(L) = w, then Ly O L. Suppose d(L) < w. Then L is locally
tabular by Corollary 7.2.11. Recall that F; denotes the class of finite rooted
L-frames modulo isomorphism. Since L is locally tabular, L is complete with
respect to Fy.

7.3.2. DEFINITION. Let X = (X, E1, Es, D) be a finite quasi-square. Fix = € X.
1. The girth of x is the number of elements of Fy(x).
2. The diagonal girth of X is the maximum of the girths of all x € Ey(D).

3. The non-diagonal girth of X is the maximum of the girths of all z € X \
Ey(D).

4. The diagonal (resp. non-diagonal) girth of L is n if there is X € Fj whose
diagonal (resp. non-diagonal) girth is n, and the diagonal (resp. non-
diagonal) girth of every other member of F, is less than or equal to n.

5. The diagonal (resp. non-diagonal) girth of L is w if the diagonal (resp.
non-diagonal) girths of the members of F, are not bounded by any integer.

7.3.3. LEMMA. Let L € A(CMLs). Then L is tabular iff the depth, the diagonal
girth and the non-diagonal girths of L are bounded by some integer.

Proof. The proof is the same as the proof of Lemma 6.4.4. U

It follows that if a a normal extension L of CML, has a finite depth and is not
tabular, then either the diagonal girth or non-diagonal girth of L is w.
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7.3.4. LEMMA. If L € A(CMLy) has a finite depth and an infinite diagonal
girth, then one of Ly — L3 contains L.

Proof. Since the diagonal girth of L is w, for each n there is X € F; whose
diagonal girth is m > n. Let C denote a diagonal Fy-cluster of X containing m
points. Then two cases are possible:

Case 1. d(X) = 1. Then X is isomorphic to g .

Case 2. d(X) > 2. Then we define an equivalence relation ) on X such that @
leaves points of C' untouched, identifies all the points in every non-diagonal
Eqy-cluster of X, and identifies all the non-diagonal points in every diagonal
Ey-cluster of X different from C:

o 2Qy if x =y for any z,y € CU D,
e zQy if xEyy for any z,y € X \ (CU D).

It is easy to see that () is a cylindric bisimulation equivalence. Let ) denote
X/Q. Then by the definition of @), every non-diagonal Ey-cluster of ) is a
singleton set and every diagonal Ey-cluster different from C' contains either
one or two points. Again two cases are possible:

Case 2.1. d()) = 2. Then Y is isomorphic to 2, or F°..

Case 2.2. d()) > 2. Then we define an equivalence relation @’ on Y such that
Q@' leaves the points of C' untouched, identifies all the other points in the
Ei-cluster containing C', identifies all the other points in the Fs-cluster
containing C, identifies all the other diagonal points, and identifies all the
other remaining points:

o 2Q'yif x =y for any z,y € C,

e 2(Q)'y for any x,y € E1(C) \ C,

o xQ)'y for any x,y € Ey(C)\ C,

o xQ)'y for any x,y € D\ C,

o xQ'y for any z,y € Y \ (E1(C) U Ey(C)U D).

It is routine to check that )’ is a cylindric bisimulation equivalence, and
that J)/Q’ is isomorphic to §2,.

Therefore, by Lemma 7.1.6(1), for every n € w, there exists m > n such that
either §1 | §2 or § is a cylindric p-morphic image of X. Thus, L; D L, L, 2 L
or Ly D L.

O
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7.3.5. LEMMA. If L € A(CMLsy) has a finite depth and an infinite non-diagonal
girth, then one of Ly — Li5 contains L.

Proof. Since the non-diagonal girth of L is w, for each n there is X € Fp
whose non-diagonal girth is m > n. Let C denote a non-diagonal Ey-cluster of X
containing m points. Since non-diagonal Ejy-clusters exist only in quasi-squares
of depth > 1, we have d(X’) > 1. As in the previous lemma, define an equivalence
relation ) on X by

e xQyif x =y for any x,y € CUD,

o xQy if xEyy for any z,y € X \ (CU D).

It is easy to see that @) is a cylindric bisimulation equivalence. By the definition
of @, every non-diagonal Fjy-cluster of X' /() is a singleton set and every diagonal
Ey-cluster different from C' contains either one or two points. Since d(&X’) > 1,
three cases are possible:

Case 1. d(X) = 2. Then X/Q is isomorphic to one of 4 — F7 .
Case 2. d(X) = 3. Then X/Q is isomorphic to one of F° — F15.

Case 3. d(X) > 3. Let Y = X/Q. Let C’ denote the diagonal Ey-cluster E;-
related to C, and let C" denote the diagonal Ey-cluster Fs-related to C. Let
also C" be the non-diagonal Ey-cluster £y (C”)N Ey(C”). Next we define an
equivalence relation Q' on Y such that @)’ leaves the points of C' untouched,
identifies all the non-diagonal points in C” (if such points exists), identifies
all the non-diagonal points in C” (if such points exist), identifies all the
remaining points in the Fj-cluster containing C' and C”, identifies all the
remaining points in the Es-cluster containing C' and C”] identifies all the
points in C", identifies all the remaining points in the E;-cluster containing
C" and C", identifies all the remaining points in the Fs-cluster containing
C'" and C", identifies all the remaining diagonal points, and identifies all
the remaining non-diagonal points:

o 2Qyif x =y forany z,y € CU ((C'"UC”)N D),

o x(Q)'y for any x,y € D\ (C"U ("),

e zQ'y for any x,y € X \ (DU E(C") U E5(C") U E1(C") U Ey(C"),
e 2Qy if xFEyy for any z,y € (C"UC"UC")\ D),

o z(Q)'y for any x,y € Ey(C) \ (CUC"),

o 2(Q)'y for any x,y € E,(C) \ (CUC"),

o 2y for any z,y € Eo(C") \ (C"U ),
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o 2(Q)'y for any x,y € E,(C")\ (C"UC").

It is a matter of routine verification that @ is a cylindric bisimulation
equivalence. Moreover, there are four cases possible. Either both C’ and
C" are singleton sets, C’ is a singleton set and C” is not, C” is a singleton
set and C" is not, or neither C’ nor C” are singleton sets. In the first case
Y/@Q’ is isomorphic to Fi in the second case Y/Q' is isomorphic to 3,

in the third case /@’ is isomorphic to F'2, and finally in the fourth case
Y/Q’ is isomorphic to §'.

Consequently, going through all these cases for every n € w there exists m > n
such that at least one of § —F15 is a cylindric p-morphic image of X'. Therefore,
at least one of Ly — L5 contains L. O

7.3.6. COROLLARY.
1. Ly — Ly5 are the only pre tabular logics in A(CML,).
2. Ly, Lo, L3, Ly, L1y and Lys are the only pre tabular logics in A(PCMLsy).

Proof. (1) The proof is similar to the proof of Theorem 6.4.5. It is easy to see
that all L;’s are incomparable. By Lemma 7.3.3, none of Li—Li5 is tabular. If
L 2 L; and L is not tabular, then by Lemmas 7.3.1, 7.3.4 and 7.3.5, there is j # ¢
such that L; O L 2 L;. This is a contradiction since all L;’s are incomparable.
Therefore, every L; is pre-tabular. Finally, if L is pre-tabular, then again by
Lemmas 7.3.1, 7.3.4 and 7.3.5, L; O L for some ¢« = 1,...,15. Since L is pre-
tabular, L; cannot be a proper extension of L. Therefore, L = L;.
(2) The result is an immediate consequence of (1) since, as we mentioned
above, out of L1 — L15, Ol’lly Ll, Lg, Lg, L77 L14, L15 belong to A(PCMLQ)
OJ

For every v = 1,...15 let V; be the subvariety of CAs corresponding to L;. Then
we have the following analogue of Theorem 7.3.6.

7.3.7. COROLLARY.
1. Vi — V5 are the only pre-finitely generated varieties in A(CAs).

2. V1,V45, V3, V; Vi, and Vi are the only pre-finitely generated varieties in
A(RCA,).

It follows from Corollary 7.3.6 that a logic L O CML;y (resp. L 2 PCML,) is
tabular iff L is not contained in one of the fifteen (resp. six) pre-tabular logics.
Another characterization of tabular logics in A(CMLy) can be found [14, §7].

We close this section with a very rough description of the lattice structure of
normal extensions of CMUL,. We need the following notation:
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ForM(M L)
T
pre-tabular logics
Dp
D,
CML,

Figure 7.5: Rough picture of A(CML,)

T ={L € A(CML,) : L is tabular},
Dp={L € A(CML,) : d(L) <w and L ¢ T},
D, ={L € A(CMLs,) : d(L) = w}.
Let also FORM(ML3) denote the inconsistent logic.
7.3.8. THEOREM.
1. {T,Dp,D,} is a partition of A(CMLsy).
2. FORM(MLY) is the greatest element of T.
3. T does not have minimal elements.
4. Dpg has precisely fifteen mazimal elements.

5. Dr does not have minimal elements.

6. Ly and CML, are the greatest and least elements of D, respectively.

185

Proof. (1) and (2) hold by definition. For (3) observe that for every tabular
extension of CML,, there is a tabular extension of CML, properly contained in
it. Therefore, T cannot have a minimum. (4) follows from Corollary 7.3.6. For
(5) observe that for every extension of CMLs, of finite depth there is an extension
of CML; of finite depth properly contained in it. (6) follows from Theorem 7.2.5.

g
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The lattice A(CML,) can be roughly depicted as shown in Figure 7.5. The
detailed investigation of the upper part of A(CML,) can be found in [14, §7]. In
particular, a complete characterization of the lattice structure of the extensions
of CML; of depth one is given in [14, 7.1]. Obviously, there is a close connection
between S52 and CML,. S52 can be seen as a diagonal-free reduct of CMLs.
Moreover, we can define a reduct functor from the lattice A(CML,) into the
lattice A(S5?). This reduct functor and the properties that are preserved and
reflected by it are investigated in [14, §7].



Chapter 8

Axiomatization and computational
complexity

In this chapter, based on [17] and [16], we show that every normal extension of
S52 is finitely axiomatizable, and that every proper normal extension of S52 has
the polynomial size model property and an NP-complete satisfiability problem.

WARNING. In this chapter, by the complexity of a logic we mean the complexity
of its satisfiability problem.

It is well known that the logic S5 is NP-complete (see [84] and [43, Theorem
16(i)]) and that S5% is NEXPTIME-complete (see [93] and [43, Theorem 5.26]).
Explicit bounds on the size of finite models are known. FEvery S5-consistent
formula ¢ is satisfiable in a model of size |¢| + 1 [84]. For S5% the models need
to be much larger. Every S52-consistent formula ¢ can be satisfied in a product
model of size 270D where f is a linear function (see [55] and [43, Theorem 5.25]).
Both bounds are optimal. Here we recall that |¢| is the length of ¢.

In Corollary 6.2.12 we proved that every normal extension of S52 has the finite
model property. Using this result we show that every proper normal extension
L of S52 has the poly-size model property. That is, there is a polynomial P(n)
such that every L-consistent formula ¢ is satisfied in an L-frame consisting of at
most P(|¢|) points. We recall that ¢ is L-consistent if ¢ ¢ L.

With every proper normal extension L of S5? we associate a natural number
b(L)—the bound of L. We show that for every L, there exists a polynomial P(-)
of degree b(L) + 1 such that every L—consistent formula ¢ is satisfiable on an
L-frame whose universe is bounded by P(|¢|). We also show that this bound is
optimal.

In addition, we show that every proper normal extension L of S52 is axiom-
atizable by Jankov-Fine formulas. In fact, for every proper normal extension L
of S52, we find a finite set M, of finite rooted S52-frames such that an arbitrary
finite rooted S52-frame is a frame for L iff it does not have any frame in M/,

187
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as a p-morphic image. This condition yields a finite axiomatization of L. Fur-
thermore, we show that whether F is an L-frame is decidable in deterministic
polynomial time. This, together with the poly-size model property of L, implies
NP-completeness of (satisfiability for) L.

Finally, we note that general complexity results for (uni)modal logics were
investigated before. Bull and Fine proved that every normal extension of S4.3
has the finite model property, is finitely axiomatizable and therefore is decid-
able (see [18, Theorems 4.96, 4.101]). Hemaspaandra strengthened the second
result by showing that every normal extension of S4.3 is NP-complete (see, e.g.,
[18, Theorem 6.41]). The proof of finite axiomatizability uses Kruskal’s theo-
rem on well-quasi-orderings [18, Theorem 4.99]. Kracht uses the same technique
for showing that every extension of the intermediate logic of leptonic strings is
finitely axiomatizable [73, Theorem 14, Proposition 15]. We take the same line
of research beyond unimodal logics. However, as we will see below, the theory of
well-quasi-orderings does not suffice for our purposes; instead, we will use better-
quasi-orderings.

8.1 Finite axiomatization

In this section we prove that every normal extension of S5 is finitely axioma-
tizable. Let Fgg2 be the class of finite rooted S5%-frames modulo isomorphism
Recall that for F,G € Fgs2 we put

F < G iff F is a p-morphic image of G.

It is routine to check that < is a partial order on Fgg2. We write F < G if
F<Gand G £ F. Then F < G implies |F| < |G| and we see that there are no
infinite descending chains in (Fgg2, <). Thus, for any non-empty A C Fgg2, the
set min(A) of <-minimal elements of A is non-empty, and indeed for any G € A
there is an F € min(A) such that F < G.

Now we again apply the technique of frame-based formulas to show that every
normal extension of S5? is axiomatizable by Jankov-Fine formulas. Since every
normal extension of 852 has the finite model property, instead of considering the
finitely generated rooted descriptive frames, as in the case of intermediate logics
(see Chapter 3), we restrict ourselves to finite rooted S5*-frames. In order to
make this chapter more self-contained we supply proofs for the next results, even
though they can be easily derived from the results of Section 3.4.

Let L be a proper normal extension of S52. By completeness of S5% with
respect to Fgg2, the set Fgg2 \ F is non-empty. Let M, = min(Fgs2 \ F1). Note
that M, is a shorthand of M(L, <) used in Section 3.4.

8.1.1. THEOREM. For any proper normal extension L of S5 and G € Fgs,
G e Fy iff no F € My, is a p-morphic image of G.
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Proof. Let G € F. Then since p-morphisms preserve validity of formulas, every
p-morphic image of G belongs to Fy and hence can not be in M. Conversely, if
G € Fgs2 \ Fy, then there is F € My, such that F < G; that is, F is a p-morphic
image of G. O

8.1.2. THEOREM. Every proper normal extension L of S52 is axiomatizable by
the azioms of S5% plus {x(F) : F € M}.

Proof. Let G € Fgg2. Then by Theorem 8.1.1, G € F iff there is no F € M,
with F < G, iff (by Theorem 7.1.10) there is no F € My with G = x(F), iff
G Ex(F) for all F € My,. Thus, G ={x(F): Fe M.} iff G € Fy.

Let L' be the logic axiomatized by the axioms of S5% plus {x(F) : F € M }.
From the above it is clear that F, = F . But L (resp. L) is sound and complete
with respect to Fp, (resp. Fr/). So, L' = L. O

It follows that a proper normal extension L of S52 is finitely axiomatizable when-
ever My, is finite. We now proceed to show that M is indeed finite for every
proper normal extension L of S52.

Fix a proper normal extension L of S5%. Since S57 is complete with respect
to {n xn:n > 1} (see Theorem 6.1.10), there is n > 1 such that n x n ¢ F.
Let n(L) be the least such.

8.1.3. LEMMA. Let L be as above, and write n for n(L).
1. If G € Fr, then d1(G) < n or dy(G) < n.
2. If G € My, then d1(G) <n or ds(G) < n.

Proof.

1. If G € Fy and d1(G) > n and d2(G) > n, then by Lemma 6.2.2, n X n is a
p-morphic image of G. So, n x n € F, a contradiction.!

2. If G € M, and both depths of G are greater than n, then again n x n is
a p-morphic image of G. Therefore, n x n < G. However, G is a minimal
element of Fgg2 \ F, implying that n x n belongs to F, which is false.

g

8.1.4. COROLLARY. M is finite iff {F € My, : d;(F) = k} is finite for every
k<n(L)andi=1,2.

Proof. By Lemma 8.1.3, My, = U, {F € My : di(F) = k} Ul {F €
My : do(F) = k}. Thus, My, is finite if and only if {F € My, : d;(F) = k} is
finite for every k < n(L) and i = 1, 2. O

I This result also follows immediately from Theorem 6.3.2.
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Since M, is a <-antichain in Fgg2, to show that {F € My, : d;(F) = k} is
finite for every k < n(L) and ¢ = 1,2, it is enough to prove that for any k, the
set {F € Fgs2 : di(F) = k} does not contain an infinite <-antichain. Without
loss of generality we can consider the case when ¢ = 2.

Fix k € w. For every n € w let M,, denote the set of all n x k matrices? (m;;)
with coefficients in w (i < n, j < k). Let M = |, o, M. Define < on M by
putting (mg;) < (my;) if we have (m;;) € My, (mj;) € My, n <n', and there is
a surjection f :n' — n such that myq); < mj; for all i <n' and j < k. It is easy
to see that (M, <) is a quasi-ordered set (i.e., < is reflexive and transitive).

Let F§., = {F € Fgg2 : do(F) = k}. For each F € F_, we fix enumerations
Fy, ..., F,_y of the Ej-clusters of F (where n = di(F)) and F°,..., FF=1 of the
Es-clusters of F. Define a map H : Ff_, — M by putting H(F) = (my;) if
|Fi N EF7| = my; for i < di(F) and j < k. As F € Fgge, it follows that m;; > 0
for each such i, j. Recall that a map f : P — P’ between ordered sets (P, <) and
(P' <') is order reflecting if f(w) <" f(v) implies w < v for any w,v € P.

8.1.5. LEMMA. H : (F{.,,<) — (M, =) is an order-reflecting injection.

Proof. Since Fgg2 consists of non-isomorphic frames, H is one-one. Now let
F = (W, El, EQ), g = (U, Sl, SQ), f,g S F’g52, and (m,»j), (m;j) € M be such that
H(F) = (my;), H(G) = (mj;), and (m;;) < (mj;). We need to show that 7 < G.
Suppose (m;;) € M, and (mj;) € M,,. Then there is surjective f : n’ — n such
that myq); < mj; for i <n’ and j < k. Then |G; NG| > |Fyz N F7| > 0 for
any i < n’ and j < k. Hence there exists a surjection hz :GiNGI — Fppy N FI.
Define h : U — W by putting h(u) = h?(u), where i <n/,j < k, and u € G;NGY.
It is obvious that h is well defined and onto.

Now we show that h is a p-morphism. If uSiv, then u,v € G; for some i < n'.
Therefore, h(u),h(v) € Fyu, and so h(u)E1h(v). Analogously, if uSyv, then
u,v € GY for some j < k, h(u),h(v) € F’, and so h(u)E>h(v). Now suppose
u € G; NG for some i < n' and j < k. If h(u)Esh(v), then h(u), h(v) € F7 and
v € G?. As both u and v belong to G7 it follows that wSyv. Finally, if h(u)E1h(v),
then h(u) € Fy; N F7 and h(v) € Fyi N F7, for some j° < k. Therefore, there
exists z € G; N GY' (since z € G; we have uS;z) such that h(z) = h(v). Thus, h
is an onto p-morphism, implying that F < G. Thus, H is order reflecting. ([l

8.1.6. COROLLARY. If A C Ff, is a <-antichain, then H(A) C M is a <-
antichain.

Proof. Immediate. 0]

Now we will show that there are no infinite <-antichains in M. For this we
define a quasi-order = on M included in < and show that there are no infinite

2By an n x k matrix we mean a matrix with n rows and k columns.
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C-antichains in M. To do so we first introduce two quasi-orders C; and C, on
M and then define C as the intersection of these quasi-orders. For (m;;) € M,,
and (mj;) € M,,, we say that:

e (mi;) E1 (mj;) if there is a one-one order-preserving map ¢ : n — n' (ie.,
i. < i" < n implies ¢(i) < ¢(i')) such that m;; < m/,; . for all i < n and
J<Fk;

e (my;) Ca (my;) if there is a map ¢ : n’ — n such that my); < mj; for all
i<n' and j <k.

Let T be the intersection of C; and Cs.

8.1.7. LEMMA. For any (my;), (mj;) € M, if (my;) E (mj;), then (my;) < (my;).
Proof. Suppose (my;) € M, and (mj;) € M, If (m;;) E (m};), then (my;) &,
(mj;) and (my;) Eo (mj;). By (my;) T (mj;) there is a one-one order-preserving
map ¢ :n — n’ with m;; <m{, ;. for all i <n and j < k; and by (m;;) Co (mj;)
there is a map ¢ : n’ — n such that my); < mj; for all i < n’ and j < k. Let
rmg(p) = {p(i) : i <n}. Define f:n' — n by putting

~ @), if i€ rng(y),
1) = {¢(i), otherwise.

Then f is a surjection. Moreover, for i < n’ and j < k, if ¢ € rng(y), then
M = Me-13); < my; by the definition of Cy; and if 4 ¢ rng(p), then myq); =
My(iy; < m;j by the definition of C,. Therefore, myg;); < mgj for all © < n’ and
J <k. Thus, (mj;) < (my;). O

Thus, it is left to show that there are no infinite C-antichains in M. For this
we use the theory of better-quasi-orderings (bqos). Our main source of reference
is Laver [85].

For any set X C w let [X]<* = {Y C X : || < w}, and for n < w let
(X" ={Y C X : Y| =n}. Wesay that Y is an initial segment of X if there is
n € wsuch that Y = {z € X : z <n}.

8.1.8. DEFINITION. Let X be an infinite subset of w. We say that B C [X]<“ is
a barrier on X if § ¢ B and:

e for every infinite Y C X, there is an initial segment of Y in B;
e 3 is an antichain with respect to C.

A barrier is a barrier on some infinite X C w.

Note that for any n > 1, [w]™ is a barrier on w.
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8.1.9. DEFINITION.

1. If s,t are finite subsets of w, we write s <1 t to mean that there are i; <
... <igand j (1 <j < k)such that s = {iy,...,43;} and ¢ = {ia, ..., 0}

2. Given a barrier B and a quasi-ordered set (@, <), we say that a map f :
B — @ is good if there are s,t € B such that s <t and f(s) < f(¢).

3. Let (@, <) be a quasi-order. We call < a better-quasi-ordering (bgo) if for
every barrier B, every map f : B — @ is good.

Now we recall basic constructions and properties of bqos.

8.1.10. PROPOSITION. If (Q, <) is a bqo, there are no infinite <-antichains in

Q.

Proof. Let (£,)new be an infinite sequence of distinct elements of Q). As we
pointed out, B = [w]' = {{n} : n < w} is a barrier. Define a map 6 : B — Q by
0({n}) = &,. Since (Q, <) is a bqo, 0 is good. Therefore, there are {n}, {m} € B
such that {n} < {m} (i.e., n <m) and &, < &,. So, no infinite subset of Q) forms
a <-antichain. O

We write On for the class of all ordinals. Let (Q, <) be a quasi-order. Define
<* on the class |J,cp, @*, and on any set contained in it, by (2;)ica <* (¥i)icg
if there is a one-one order-preserving map ¢ : o — (3 such that z; < y,(;) for all
1< a.

Let P(Q) be the power set of (). The order < can be extended to P(Q) as
follows: For I'; A € P(Q), we say that I' < A if for all § € A there is v € I' with
v < 6. Recall that (P, <) is a suborder of (Q,<)if P C Q and <' = <N P2

8.1.11. THEOREM.

1. (w,<) is a bgo.
2. Any suborder of a bgo is a bqo.
3. If < and <" are bgos on Q, then < N <" is also a bgo on Q.

4. If (Q, <) is a bgo, then (U, co, @~ <*) is also a (proper class) bqo. Hence,
by (2), its suborders (Q*, <*) and (U, Q", <*) are bqos.

5. If (@, <) is a bgo, then (P(Q), <) is a bqo.
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Proof. (1) follows from Lemma 1.2 of [85]. (2) is trivial.

(3): By [85, Lemma 1.8], (@%@, < ® <) is a bqo, where we define (z,2") < ® <’
(y,v) iff x <yand 2’ <" y'. By (2), its suborder ({(¢,q) : ¢ € @}, < ® <) is also
a bqo, and this is isomorphic to (Q, < N <').

(4) See [85, Theorem 1.10].

(5) Finally to show (P(Q),<) is a bqo we adapt the proof of Lemma 1.3
of [85]. Let B be a barrier and consider f : B — P(Q). Suppose f is not good.
Then for each s,t € B with s <t we have f(s) £ f(t). Let B(2) = {sUt:s,t € B
and s < t}. Thus for every element s Ut € B(2) there is an element 05 € f(¢)
such that for every v € f(s) we have v £ 0.

Define a map h : B(2) — @ by putting h(sUt) = 4 for every sUt € B(2). It
is easy to see that h is well defined. It is known (see, e.g., [85, p. 35]) that B(2) is
a barrier. Since (@, <) is a bqo, h is good, so there exist sUt, s’ Ut € B(2) with
sUt < s Ut and h(sUt) < h(s"Ut'). Tt is easy to check (see [85, p.35]) that
t =s'. But now dgp = h(s'Ut') > h(sUt) € f(t) = f(s’). This contradicts the
definition of 044, hence f is good and therefore (P(Q), <) is a bqo. O

8.1.12. REMARK. A quasi-order < on a set @ is called a well-quasi-ordering
(wgqo) if for any sequence (z;);«, in @ there exist i < j < w with z; < x;. As
we said in the introduction to this chapter, wqos have been used to prove finite
axiomatizability results in modal logic on many previous occasions. The following
facts are known about them (see e.g. [85]):

1. Any bqo is a wqo.
2. If < and <" are wqos on @, then < N <’ is also a wqo on Q.

3. (Higman’s Lemma, proved in [63]) If (@, <) is a wqo then (|, o, @™, <¥) is
also a wqo.

An example of a wqo (Q, <) for which (|J,co, @ <*) is not a wqo, was con-
structed by Rado [104]: let Q@ = {(4,J) : ¢ < j < w}, ordered by (i,7) < (k,1) iff
either : = k and j <, or else ¢, 7 < k. This is a wqo on Q). Now for i < w let §;
be the sequence ((¢,7+ 1), (4,7 + 2),...). Then & £* & for all i < j < w. This
example can be used to show that for a wqo (@, <), in general (P(Q), <) fails
to be a wqo, even if we restrict to finite subsets of () (see also the discussion on
p. 33 of [85]). This failure is why we use bqos and not wqos here.

By Proposition 8.1.10, to show that there are no C-antichains in M it suffices to
show that (M, C) is a bqo. It follows from Theorem 8.1.11(3) that the intersection
of two bqos is again a bqo. Hence, it is enough to prove that (M, ;) and (M, Cs)
are bqos.
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8.1.13. LEMMA. (M, C,) is a bqo.

Proof. By Theorem 8.1.11(1), (w, <) is a bqo. By Theorem 8.1.11(4), (wk, <*)
is also a bqo. Note that w” is the set of all k-tuples of natural numbers. It follows
from the definition of <* that (my,...,my) <* (m},...,m}) iff m; < m!, for every
i < k. Then (w*)" is the set of all matrices with coefficients in w that have n
rows and k columns. Now, by spelling out the definition of <** we obtain that for
(m)s; € (W)™ and (m)}; € (WF)™, we have (m);; <** (m);; iff there is a one-one
order-preserving map ¢ : n — n' such that (mg, ..., ) < (M@ - Melk)s
which means that for each j < k, we have m;; < my;);. Therefore, (m);; Ty (m)
and (M, Cy) = (., __(w*)", <**). By Theorem 8.1.11(4), (U

!
ij
(wk’)n7 S**) is a

bqo, implying that n(j\a;l, C,) is a bqo as well.? " O
It remains to show that (M, C,) is a bqo.

8.1.14. LEMMA. (M, Csy) is a bgo.

Proof. For a matrix (m;;) € M,, let m; = (my, ..., mix_1) denote the i-th row

of (my;). Note that each row of (m;;) is a 1 x k matrix, and so m; € M for
any ¢ < n. We write row(m,;) for the set {m; : i < n}. Obviously, row(m;;) €
P(M;) € P(M). Consider an arbitrary barrier B and a map f : B — M.
We need to show that f is good with respect to Cy. Define g : B — P(M) by
g(s) = row(f(s)). Since (M, ;) is a bqo, by Theorem 8.1.11(5), (P(M),C,) is
also a bqo. Hence, there are s,t € B such that s <t and g(s) C; g(t). Therefore,
for each 0 € g(t) there is v € g(s) with v Ty 4.

Now we show that f(s) Co f(t). Write (my;) for f(s) and (mj;) for f(2).
Suppose that (m;;) € M, and (mj;) € M,,. We define ¢ : n’ — n as follows.
Let i < n’. Then m! € g(t). By the above, we may choose (i) < n such that
My £1 m;. This defines v, and we have my;); < mgj for any i < n’ and j < k.
Thus, f(s) Co f(t), f is a good map, and so (M, C,) is a bqo. O

It follows that (M, C) is a bqo. Therefore, there are no infinite C-antichains in
M. Thus, by Lemma 8.1.7, there are no infinite <-antichains in M.

Now we are in a position to prove the first main result of this chapter, which
was obtained jointly with I. Hodkinson, see [16, Theorem 3.16].

8.1.15. THEOREM. Every normal extension of S52 is finitely aziomatizable.

Proof. Clearly, S5? is finitely axiomatizable. Suppose L is a proper normal
extension of S52. Then, by Theorem 8.1.2, L is axiomatizable by the S52 axioms
plus {x(F) : F € M_p}. Since there are no infinite <-antichains in M, by
Corollary 8.1.6, there are no infinite antichains in F’§52, for each k € w. Therefore,
{F € My, : d;(F) = k} is finite for every k < n(L) and i = 1,2. Thus, My is
finite by Corollary 8.1.4. It follows that L is finitely axiomatizable. 0

3To apply this theorem, we needed to require in the definition of C; on M that ¢ is order
preserving.
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8.1.16. COROLLARY. The lattice of normal extensions of S52 is countable.

Proof. This immediately follows from Theorem 8.1.15 since there are only count-
ably many finitely axiomatizable normal extensions of S52. U

8.1.17. COROLLARY.
1. Every subvariety of Dfy is finitely axiomatizable.

2. The lattice of subvarieties of Dfy is countable.

8.1.18. REMARK. Note that Theorem 8.1.15 and Corollaries 8.1.16 and 8.1.17
show one more difference between the diagonal free case and the case with the
diagonal. As follows from Theorem 7.1.14 CML,; and PCML,, (resp. CA,
and RCA,) have continuum many normal extensions (resp. subvarieties) and
continuum many of them are not finitely axiomatizable.

8.2 The poly-size model property

In this section we prove that every proper normal extension of S52 has the poly-
size model property. First we introduce some terminology.

Recall from Theorem 6.3.2 that for every proper normal extension L of S52,
we have that F;, = F; W Fy W F3, where dy(F2), da(F1), di(F3) and dy(F3) are
bounded by some natural number n. Now we introduce the following parameters:
fori € {1,2}, k € {1,2,3}, let p¥ = d;(F}). The parameter p¥ gives the E;-depth
of the class Fy. We call a parameter finite, if it is not w. Note that the only
parameters which may be infinite are p} and p3. Let b(L) denote the maximum
between all the finite parameters of L, and call it the bound of L. Note that if pi
and p3 are w, then b(L) = n, where n is the minimal natural number such that
nxn¢F;.

Let |¢| denote the modal size of the formula ¢, that is the number of subfor-
mulas of ¢ of the form (19 and Q2x. Recall that a polynomial P(n) is said to be
of degree k if n* occurs in P(n) and n™ does not occur in P(n) for any m > k.

8.2.1. THEOREM. Let L be a proper normal extension of S5 with bound b(L).
Then every L-satisfiable formula ¢ is satisfiable in an L-frame of size P(|¢|), for
P(|¢]) a polynomial of degree b(L) + 1. Moreover, if all the parameters of L are
finite, then P(|4|) is just linear in |¢|.

In the proof we create small models from large ones taking care that 1) the
frame of the small model is still a frame of the logic, and 2) certain formulas are
still satisfied in the small model. For this we will need two lemmas proved below.
For the first part we use Lemma 8.2.2, for the latter part we use Lemma 8.2.3.
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8.2.2. LEMMA. Let F = (W, Ey, Es) be a finite S5°-frame and Q an equivalence
relation on W. If either of the following three cases (1), (2a), (2b) holds, then @
is a bisimulation equivalence and fo : W — W/B is a p-morphism from F onto

F/Q.
1. Q C Ey (that is, Q identifies only points from Eqg-clusters).

(2a). @ C Ey and uQu implies that for every u' € Ei(u) there exists some v' €
Ey(v) with v'Qu'.

(20). Q@ C Ey and uQu implies that for every v’ € Fy(u) there exists some v’ €
Es(v) with v/ Qu'.

Proof. The proof is a routine verification. U

8.2.3. LEMMA. For any proper normal extension L of S52, if ¢ is L-satisfiable,
then it is satisfiable in an L-frame F = (W, Eq, Es) such that

|[W| < di(F)|o| + da( F)|o| + di(F) - do( F) + 1.
Moreover, the size of any Ey-cluster in F is at most ||.

Proof. Let F = (W, Ey, E3) be an L-frame satisfying formula ¢. Then there
exists a valuation V' on F and a point w € W such that (F,V),w = ¢. The next
claim is the analogue of what is known as Tarski’s test in first-order logic; see,
e.g., Chang and Kiesler [25, Proposition 3.1.2]

8.2.4. CLAIM. Let M = (F,V) be a model based on some S5°-frame F =
(W, Ey, Ey). Let W C W and let W = (W', E, E5, V') be a submodel of M
obtained by restricting E1 and FEy and V to W'. Suppose W' satisfies the next
two conditions:

(i) For every Q19 € Sub(¢) and E,-cluster C; of F, if there exists x € C; such
that 9, x |= 1), then there exists y € C; N W' such that M,y = 1.

(it) For every 0910 € Sub(¢) and Ey-cluster C7 of F, if there exists v € C? such
that MM, x |= 1, then there exists y € CT NW' such that M,y = 1.

Then for every v € W' and ¢ € Sub(¢), we have
M,v = o iff N -

Proof. We prove the claim by induction on the size of ¢ € Sub(¢). The Boolean
clauses are trivial. Let ¢ = Q;x, ¢ = 1,2. Then 9, v E ;x implies that
there exists v € W’ such that vE;v" and 9V, v = x. But then by the induction
hypothesis M, v’ = x, and hence M, v = O;x. Conversely, M, v | O;x implies
that x is satisfied in E;(v). From (i) and (i7) it follows that there exists y € W'
such that vE;y and y = x. But then by the induction hypothesis 9,y = x, and
hence M, v = Oix. O
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Now we will create a small satisfying model from F. For every Ei-cluster C; (1 <
i < di(F)) and every ¢O19 € Sub(¢), we choose a point x € C; such that x = v
(if such a point exists at all). We do the same for Es-clusters and Q21 € Sub(¢).
Moreover, if there are Ey-clusters of W which do not contain any selected points,
we choose one point from each of them. Let W' denote the set of all selected points
plus w. (Note that if F is a product-frame, then W = W'.) Define the relation
Q@ on W as follows: By the definition of W', for each Ejy-cluster Cij of F we have
chosen at least one point witness(C?) € C7 to be in W'. Let F' = (W', B}, E})
be the frame obtained by restricting F; and Fy to W’. Now let @) be the smallest
equivalence relation which identifies the points from CY\ W’ with witness(C?) and
define fg : F — F/Q by putting fo(w) = Q(w) for any w € W. Then it is easy
to see that Fg is isomorphic to F’, and ) C Ey. Therefore, by Lemma 8.2.2(1),
F' is (isomorphic to) a p-morphic image of F. Thus, F” is also an L-frame.
Finally, consider the model 9 = (F', V'), where V' is the restriction of V'
to W', ie., V(p) = V'(p) N W', for every p € PrROP. Then W' satisfies the
conditions of Claim 8.2.4, and so MM, w = ¢. Note, that |W'| < dy(F)|o| +
do(F)|é| + di(F) - do(F) + 1. Indeed, there exist d;(F)-many Ej-clusters and
do(F)-many Es-clusters of W. From every E;-cluster, ¢ = 1,2, we select at most
|¢| points. So, we select (di(F)|¢| + d2(F)|¢|)-many points, and then from every
Ey-cluster which does not contain any selected point, we choose an additional
point. Obviously there are di(F) - do(F)-many Ep-clusters in W, hence |[W'| <
di(F)|@| + do(F)|@| + di(F) - do(F) + 1. O

Now we can prove Theorem 8.2.1.

Proof of Theorem 8.2.1. Let L be as in the theorem with bound b(L). Let ¢
be L-satisfiable. Then there exist an L-frame F = (W, Ey, E5), a valuation V on
F and w € W such that (F,V),w | ¢. By Lemma 8.2.3, we may assume that

|[W| < di(F)|o| + da( F)|@| + di(F) - do( F) + 1.

Moreover, the size of any Ey-cluster in F is at most |¢|. Hence, every E;-cluster
of F contains at most da(F)|¢p| points and every Fs-cluster contains at most
d1(F)|¢| points. We split the proof in three cases.

Case 1: [All parameters are finite or F € F3]. In this case, d;(F) and
do(F) are both smaller than (L), whence ¢ is satisfied in a frame with at most
20(L)|¢| + b(L)? + 1 points, which is a linear function in |¢|.

Case 2: [F € Fy and dy(F) is unbounded]. Because F € Fy, d;(F) < b(L),
but dy(F) is unbounded, whence the frame might be too large. We make it
smaller by defining an equivalence relation ) on W, and factoring F through it.
To this end we say that two Es-clusters CP and CY are equivalent if

|C; N CP| = |C; N CY for all i between 1 and dy (F).
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Because the size of the Ey-clusters C; N CY is bounded by |¢|, the number of
non-equivalent Fy-clusters is bounded by |¢|% (%), Indeed, to every Fs-cluster C?
of F corresponds the sequence of natural numbers @ = (n1,...,nq, (7)), Where
n = |CY],... nayF) = |Cy, )| Obviously, n; < [¢| for 1 < j < di(F), and to
equivalent Fs-clusters correspond the same sequences. Now since there exist only
9| -many different sequences m = (ny,...,na (), there exist only |¢| -
many non-equivalent Fs-clusters.

Next we define a submodel of 9t = (F, V') which still satisfies ¢, its underlying
frame is a p-morphic image of F and it is of the right (small) size.

For every Ej-cluster C; of F (1 < i < di(F)) and every 0190 € Sub(o), we
choose a point = € C; such that 9, x |= ¢ (if such a point exists at all). Denote
by S the set of selected points plus w. It is easy to see that

|E2(S)] < (da(F)[9] + 1)dr (F)[9]

Indeed, from every Ej-cluster we select at most |¢| points. There are dy(F) Ei-
clusters in F. So, we select points from at most dy(F)|¢| + 1 different E»-clusters
and every Es-cluster of F contains at most d;(F)|¢| points.

Now from each equivalence class of Es-clusters (see above) let us choose one
representative C? and let W’ be Fy(.S) plus this set of representatives. Fori = 1,2,
let Ef and V' be the restrictions of E; and V to W’. Consider F' = (W', £}, E})
and M = (F',V'). Then W’ again satisfies the conditions of Claim 8.2.4. There-
fore, M, w = ¢. The number of points in W’ is bounded by

Bo(S)] + (6] - dy (F)[6]) < B(L) I + b(L)| @] + b(L)[ ]+,

Finally, almost the same construction as in Lemma 8.2.3 will provide us with
a p-morphism from F to F'. For every FEy-cluster C7 C W\ W’ let C» C W’ be a
Es-cluster which is equivalent to C'?. Then the Ey-clusters C* and C{ contain the
same number of points for every i = 1,...,d,(F). Suppose Cf = {w,, ..., w;, }
and Cf = {v,,...,v;, }. Let @ be the smallest equivalence relation such that
w;, Qu;, holdsforallr =1,... ,n;andi = 1,...,dy(F). Then @ satisfies condition
(2b) of Lemma 8.2.2. Thus by Lemma 8.2.2, fo is a p-morphism from F onto
F/Q. But F/Q is isomorphic to F’, so the latter is in Fy.

Therefore, ¢ is satisfiable in an L-frame containing at most P(|¢|)-many
points, for P(-) a polynomial of degree b(L) + 1.

Case 3: [F € F; and d;(F) is unbounded]. This case is symmetric to Case 2.
This finishes the proof of the theorem. O

The next corollary is a joint result with M. Marx [17, Corollary 9].

8.2.5. COROLLARY. Ewvery proper normal extension of S5 has the poly-size model
property.
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Proof. Let L be a proper normal extension of S52 and ¢ an L-consistent formula.
Then —¢ ¢ L and by Corollary 6.2.12, there is a finite L-frame F refuting —¢.
Thus, F satisfies ¢, and by Theorem 8.2.1, there exists an L-frame F’ which
satisfies ¢ and whose universe is bounded by a polynomial of degree b(L) 4+ 1 in
|¢|. Therefore, L has the poly-size model property. O

8.3 Logics without the linear-size model pro-
perty

In the previous section we showed that all proper normal extensions of S52 have
the poly-size model property. In this section we show that our bound is indeed
optimal by constructing proper normal extensions Lj of S5? and formulas ¢}
such that the size of the smallest L;-frame satisfying ¢} is a polynomial of degree
b(Ly)+1in |¢}|. (Of course, the logics Ly will have an infinite parameter, namely
pa(Ly) will be w.)

Let a finite S5°-frame F be given and let {C;}7_, and {C7}7", be the sets of
E, and FEs-clusters of F, respectively. Recall from the previous section that two
distinct Es-clusters CP and C? are equivalent if

|C; N CP| = |C; N CY for all ¢ between 1 and n.

Fix any natural number £ > 2. For any natural number n, let G be an
S5°-frame of Ej-depth k such that every E,-cluster of G contains exactly k + n
points and no two distinct Es-clusters of ;' are equivalent to each other. Note
that G is not unique, since there are several (though finitely many) frames with
this property. Let F}* be the maximal one with this property, that is |G| < |F}],
for any G;'. The cases for k = 2 and k = 3 are shown in Figure 8.1.

Let Li = (o Log(F), where Log(F}) is the logic of the frame F}' for
n € w. Obviously, p3(Ly) = w and b(Ly) = k.

Now for n > k, let ¢ = Qr A 9", where

Qr = A 01020 ADITL AL (O1p; < pi) A Ni<izj<e ~(Pi ADj);
Yr = Dl[/\?:l Oagi N DQ(/\lgi;ﬁjgn =(qi N gj))]-

It is not difficult to show that

Q. is satisfiable in F iff F contains at least k-many FE;-clusters (8.1)
Y™ is satisfiable in F iff all Es-clusters of F contain at least n points (8.2)

Thus, the formula ¢} is satisfiable in the frame F;~*. The next claim states that
in the logic L; we cannot do better.

F{7* is the smallest Ly-frame satisfying ¢ (8.3)
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Figure 8.1: F}' frames for k =2 and k = 3.
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In order to prove (8.3), suppose ¢} is satisfiable in a finite Lg-frame F. Then
F is a p-morphic image of some F}, i € w; that is, there is an onto p-morphism
f:Fi— F. As ™ is satisfied in F, by (8.2),i >n — k.

Let © = n— k. The argument when ¢ > n — k is similar. Since @), is satisfiable
in F, (8.1) implies that F contains k-many FEj-clusters. Thus, f cannot identify
points from different E-clusters of f,?_k. Also note that since 1™ is satisfiable in
F and every Ey-cluster of F;"~* contains n points, f cannot identify points from
the same FEy-cluster. Let us show that f cannot identify points from different
FEs-clusters either. To see this, suppose there exist w € C? and v € C{ such
that f(w) = f(v). Since f is a p-morphism, for any j = 1,...,k and w’ € C7
there exists v € Cf such that f(w’) = f(v'). Now since C? is not equivalent
to CY, at least two points from some C’f will be identified by f. Hence the
number of points of the Es-cluster f(C?) of F is strictly less than n, which again
contradicts the satisfiability of ¢ in F. Therefore, f should be the identity map,
and so F = .7-",?_]‘3.

Now we compute the size of .7-",?_19 . Asin Theorem 8.2.1, to every Es-cluster C?
of F, ,:L_k we correspond the sequence of natural numbers (my, ..., my), where m; =
ICY|,...,my = |C}|. From the definition of F}' ¥ it follows that m;+...+my = n.
But then the number of different sequences (my,...,my) will be

n—1\ (n—1)! (n=1)...(n—k) _ (n—k)*
(k: )_k!(n—(k;+1))!_ k! =T

Furthermore, every Es-cluster of F, ,?’k contains precisely n points. So the size of

Fi7* is at least ”(",;k)k

, hence
The size of F{ ¥ is a polynomial of degree k + 1 in n. (8.4)

Putting (8.3) and (8.4) together we obtain the following theorem, which is a joint
result with M. Marx, see [17, Theorem 10)].

8.3.1. THEOREM. There exist infinitely many proper normal extensions Ly of
S52 and formulas ¢} such that the size of the smallest Ly-frame satisfying ¢} is
a polynomial of degree b(Ly) + 1 in |¢}|.

8.4 NP-completeness

Note that Theorem 8.1.15 and the fact that every normal extension L of S52 is
complete with respect to the class of finite frames F, for which the membership
is decidable (up to isomorphism), imply that L is decidable. This section will
be devoted to showing that if L is a proper normal extension of S52, then the
satisfiability problem for L is NP-complete. Fix such an L. We will see in
Corollary 8.4.3 below that NP-completeness follows from the poly-size model
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property if we can decide in time polynomial in |W| whether a finite structure
S = (W, Ry, Ry) is in F, (up to isomorphism). It suffices to decide in polynomial
time (1) whether S is a (rooted S5%) frame; (2) whether a given frame is in F.
The first is easy. We concentrate on the second.

By Lemma 8.1.3(1), there is n(L) € w such that for each frame G = (U, S, S5)
in Fy, we have di(G) < n(L) or d2(G) < n(L). So, if both depths of a given frame
G are greater than or equal to n(L) (which obviously can be checked in polynomial
time in the size of G), then G ¢ F . So, without loss of generality we may assume
that d1(G) < n(L).

By Theorem 8.1.1, G is in F, iff it has no p-morphic image in M. Because
M, is a fixed finite set, it suffices to provide, for an arbitrary fixed frame F =
(W, By, E5), an algorithm that decides in time polynomial in the size of G whether
there is a p-morphism from G onto F. If we considered every map f : U — W
and checked whether it is a p-morphism, it would take exponential time in the
size of G (since there are [W IVl different maps from U to ). Now we will give
a different algorithm to check in polynomial time in |U| whether the fixed frame
F is a p-morphic image of a given frame G = (U, Sy, Ss) with d;(G) < n(L). We
show that F is a p-morphic image of G iff there exists a partial map g from G to
F satisfying conditions that can be checked in polynomial time.

8.4.1. LEMMA. F s a p-morphic image of G iff there is a partial surjective map
g : U — W with the following properties:

1. For each w € U, there is v € dom(g) such that uSyv.

2. For each v € dom(g), the restriction g | (dom(g) N Si(v)) is one-one and
has range Fy(g(v)).

3. For each uw € U there is w € W such that

(a) g(v)Eqw for all v € dom(g) N Sa(u),
(b) for each Ey-cluster Y C Fs(w),

if Xy = S1(g ' (Y)) N Sy(u), then Y\ g(Xy)| < |Xy \ dom(g)].

Proof. It is easy to see that a map f: U — W is a p-morphism iff the f-image
of every S;-cluster of G is an F;-cluster of F, for i =1, 2.

Suppose there is a surjective p-morphism f : U — W. Then for each Si-
cluster C' C U, the map f [ C is a surjection from C' onto F;(f(u)) for any
u € C, so we may choose C' C C such that f [ €' is a bijection from C’ onto
Ey(f(u)). Let U = |J{C" : C is an Si-cluster of G}. Then it is easy to check
that ¢ = f | U’ satisfies Conditions 1-2 of the lemma. To check Condition 3,
take any u € U, and put w = f(u). Fix any Fy-cluster Y C Fy(w). Pick any
x € Sa(u). Note that f(z) € Eo(w). Define Xy as in the lemma. Then z € Xy
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iff z € S1(g71(Y)), iff there is 2 € U’ such that 512 and g(z) € Y, iff f(z)FE,f(z)
and f(z) € Y, iff f(z) € Y. Now f maps Sy(u) onto Ey(w). Therefore, f maps
Xy onto Y. Thus, f must map a subset of Xy \ U’ onto Y \ g(Xy NU’), so we
have | Xy \ U'| > |V \ g(Xy NU’)| as required.

Conversely, let g be as stated. By Condition 2 of the lemma, g is surjective.
We will extend ¢ to a p-morphism f : U — W. Since U is a disjoint union of
So-clusters, it is enough to define f on an arbitrary Ss-cluster of G. Pick u € U.
We will extend g [ Sa(u) to the whole of Sy(u). Pick w € W according to
Condition 3 of the lemma. By Condition 3a, g(Sa(u)) C Es(w). Now we extend
g to f such that f(S3(u)) = F>(w) and f(x)E;g(v) whenever v € dom(g) and
x € Sa(u) N Si(v).

For each Fy-cluster Y € Fy(w), define Xy as in the lemma. By Conditions 1
and 2, Sy(u) = U{Xy : Eo(Y) =Y and Y C Ey(w)}, and Xy N Xy = () whenever
ExY)=Y, Eo(Y') =Y and Y NY" = (. For each Ey-cluster Y C Fs(w), we
consider the restriction of g to Xy (this restriction may be empty), observe that
its image is a subset of Y. We extend g | Xy to a surjection from Xy onto
Y. By Condition 3, | Xy \ dom(g)| > |Y \ g(Xy)|. So, there exists a surjection
fxy + Xy — Y extending ¢g. Repeating this for every Y C Ey(w) in turn yields
an extension of g to Se(u). Repeating for a representative u of each Sp-cluster in
turn yields an extension of g to U as required.

It is left to show that f is a p-morphism. But it follows immediately from the
construction of f that f [ S;(u) : S;j(u) — E;(f(u)) is surjective for each u € U
and ¢ = 1,2. As we pointed out above, this implies that f is a p-morphism.

O

8.4.2. COROLLARY. [t is decidable in polynomial time in the size of G whether
F is a p-morphic image of G.

Proof. By Lemma 8.4.1, it is enough to check whether there exists a partial map
g : U — W satisfying Conditions 1-3 of the lemma. There are at most n(L)
Si-clusters in G, and the restriction of g to each Si-cluster is one-one; hence,
d = |dom(g)| < n(L) - |W]|, and this is independent of G. There are at most d'"'!
maps from a set of size at most d into W. Obviously, there are (Vé') < |U|? subsets
of U of size d. Hence there are at most d"!|U|? partial maps which may satisfy
Conditions 1 and 2 of the lemma. Our algorithm enumerates all partial maps
from U to W with domain of size at most d, and for each one, checks whether
it satisfies Conditions 1-3 or not. It is not hard to see that this check can be
done in P-time; indeed, it is clear that Conditions 1 and 2 can be checked in time
polynomial in |U| and there is a first-order sentence oz such that G |= ox iff G
satisfies Condition 3. The algorithm states that F is a p-morphic image of G if
and only if it finds a map satisfying the conditions. Therefore, this is a P-time
algorithm checking whether F is a p-morphic image of G. U

The next corollary is a joint result with I. Hodkinson, see [16, Corollary 4.3].
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8.4.3. COROLLARY. Let L be a proper normal extension of S52.

1. It can be checked in polynomial time in |U| whether a finite S5%-frame G =
(U, S1,S2) is an L-frame.

2. The satisfiability problem for L is NP-complete.

3. The validity problem for L is co-NP-complete.

Proof.

1. Follows directly from Theorem 8.1.1, Corollary 8.4.2, and the fact (shown
in the proof of Theorem 8.1.15) that M, is finite.

2. It is a well-known result of modal logic (see, e.g., [18, Lemma 6.35]) that if
L is a consistent normal modal logic having the poly-size model property,
and the problem of whether a finite structure A is an L-frame is decidable
in time polynomial in the size of A, then the satisfiability problem of L is
NP-complete. The poly-size model property of every L 2 S57 is proved in
Corollary 8.2.5. (1) implies that the problem G € Fj can be decided in
polynomial time in the size of G. The result follows.

3. Follows directly from (2).



Summary

In this thesis we study classes of intermediate and cylindric modal logics. Inter-
mediate logics are the logics that contain the intuitionistic propositional calculus
IPC and are contained in the classical propositional calculus CPC. Cylindric
modal logics are finite variable fragments of the classical first-order logic FOL.
They are also closely related to n-dimensional products of the well-known modal
logic S5. In this thesis we investigate:

1. The lattice of extensions of the intermediate logic RN of the Rieger-Nishi-
mura ladder.

2. Lattices of two-dimensional cylindric modal logics. In particular, we study:

(a) The lattice of normal extensions of the two-dimensional cylindric modal
logic S52 (without the diagonal).

(b) The lattice of normal extensions of the two-dimensional cylindric modal
logic CML, (with the diagonal).

Our methods are a mixture of algebraic, frame-theoretic and order-topological
techniques. In Part I of the thesis we give an overview of Kripke, algebraic and
general-frame semantics for intuitionistic logic and we study in detail the structure
of finitely generated Heyting algebras and their dual descriptive frames. We also
discuss what we call frame-based formulas. In particular, we look at the Jankov-
de Jongh formulas, subframe formulas and cofinal subframe formulas and we
construct a unified framework for these formulas.

After that we investigate the logic RN of the Rieger-Nishimura ladder. The
Rieger-Nishimura ladder is the dual frame of the one-generated free Heyting al-
gebra described by Rieger [106] and Nishimura [102]. Its logic is the greatest
1-conservative extension of IPC. It was studied earlier by Kuznetsov and Gerciu
[83], Gerciu [48] and Kracht [73]. We describe the finitely generated and finite

205



206 Summary

descriptive frames of RN and provide a systematic analysis of its extensions. We
also study a slightly weaker intermediate logic KG, introduced by Kuznetsov and
Gerciu. KG is closely related to RN and plays an important role in our inves-
tigations. While studying extensions of KG and RN we introduce some general
techniques. For example, we give a systematic method for constructing interme-
diate logics without the finite model property, we give a method for constructing
infinite antichains of finite Kripke frames that implies the existence of a contin-
uum of logics with and without the finite model property. We also introduce a
gluing technique for proving the finite model property for large classes of logics.
In particular, we show that every extension of RN has the finite model property.
Finally, we give a criterion of local tabularity in extensions of RN and KG.

In Part IT of the thesis we investigate in detail lattices of two-dimensional cylin-
dric modal logics. The lattice of extensions of one-dimensional cylindric modal
logic, is very simple: it is an (w + 1)-chain, Scroggs [111]. In contrast to this, the
lattice of extensions of the three-dimensional cylindric modal logic is too com-
plicated to describe. In this thesis we concentrate on two-dimensional cylindric
modal logics. We consider two similarity types: two-dimensional cylindric modal
logics with and without diagonal. Cylindric modal logic with the diagonal cor-
responds to the full two-variable fragment of FOL and the cylindric modal logic
without the diagonal corresponds to the two-variable substitution-free fragment
of FOL.

Cylindric modal logic without the diagonal is the two-dimensional product of
S5, which we denote by S52. It had been shown that the logic S52 is finitely
axiomatizable, has the finite model property, is decidable Henkin et al. [60],
Segerberg [113], Scott [110] and has a NEXPTIME-complete satisfiability problem
Marx [93]. We show that every proper normal extension of S5 is also finitely
axiomatizable, has the finite model property, and is decidable. Moreover, we
prove that in contrast to S52 itself, each of its proper normal extensions has an
NP-complete satisfiability problem. We also show that the situation for cylindric
modal logics with the diagonal is different. There are continuum many non-
finitely axiomatizable extensions of the cylindric modal logic CMLy. We leave it
as an open problem whether all of them have the finite model property. Finally,
we give a criterion of local tabularity for two-dimensional cylindric modal log-
ics with and without diagonal and characterize the pre-tabular cylindric modal
logics.



Samenvatting

In dit proefschrift bestuderen we klassen van intermediaire en cylindrische modale
logica’s. Intermediaire logica’s zijn die logica’s die de intuitionistische propositie-
logica TPC omvatten en bevat zijn in de klassieke propostielogica CPC. Cylin-
drische modale logica’s zijn eindige-variabele fragmenten van de klassieke eerste-
orde logica FOL. Ze zijn ook sterk gerelateerd aan de n-dimensionale producten
van de bekende modale logica S5. In dit proefschrift bestuderen we :

1. De tralie van uitbreidingen van de intermediaire logica RN van de Rieger-
Nishimuraladder.

2. Tralies van twee-dimensionale cylindrische modale logica’s. In het bijzonder
bestuderen we:

(a) De tralie van de normale uitbreidingen van de twee-dimensionale cylin-
drische modale logica S5% (zonder de diagonaal).

(b) De tralie van de normale uitbreidingen van de twee-dimensionale cylin-
drische modale logica CML? (met de diagonaal).

Onze methoden zijn een mengsel van algebraische, orde-topologische en gegenera-
liseerde-frametechnieken. In Deel I van het proefschrift geven we een overzicht van
de algebraische, Kripke- and gegeneraliseerde-framesemantiek voor de intuitionis-
tische logica en bestuderen we in detail de structuur van de eindig gegenereerde
Heytingalgebra’s en hun duale descriptieve frames. We bediscussieren ook wat
we frame-gebaseerde formules zullen noemen. In het bijzonder bekijken we de
Jankov-deJongh-formules, subframeformules en cofinale-subframeformules en con-
strueren we een algemeen kader voor dergelijke formules.

Hierna onderzoeken we de logica RN van de Rieger-Nishimuraladder. De
Rieger-Nishimuraladder is het duale frame van de vrije Heytingalgebra op 1 ge-
nerator zoals beschreven door Rieger [106] en Nishimura [102]. De logica van dit
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tralie is de sterkste 1-conservatieve uitbreiding van IPC. RN is eerder bestudeerd
door Kuznetsov en Gerciu [83], Gerciu [48] en Kracht [73]. We geven een sys-
tematische analyse van dit systeem en zijn uitbreidingen. We bestuderen ook
een iets zwakkere intermediaire logica KG, geintroduceerd door Kuznetsov and
Gerciu. KG is sterk gerelateerd aan RN en speelt een belangrijke rol in ons on-
derzoek. Bij het bestuderen van de uitbreidingen van KG en RN introduceren we
enkele algemene technieken. Bijvoorbeeld geven we een systematische methode
voor de constructie van intermediaire logica’s zonder de eindige modeleigenschap,
en verder een methode voor de constructie van oneindige antiketens van eindige
Kripkeframes die het bestaan impliceert van een continuum van logica’s met en
zonder de eindige modeleigenschap. We introduceren ook een lijmtechniek voor
het bewijzen van de eindige modeleigenschap voor grote klassen van logica’s.
In het bijzonder laten we zien dat iedere uitbreiding van RN de eindige mod-
eleigenschap heeft. Tenslotte geven we een criterium voor locale tabulariteit in
uitbreidingen van RN en KG.

In Deel IT van het proefschrift onderzoeken we in detail tralies van de twee-
dimensionale cylindrische modale logica’s. De tralie van de uitbreidingen van de
één-dimensionale cylindrische modale logica is erg eenvoudig: het is een (w + 1)-
keten; [111]. Daarentegen is de tralie van uitbreidingen van de drie-dimensionale
cylindrische modale logica te gecompliceerd om te beschrijven. In dit proef-
schrift concentreren we ons op twee-dimensionale cylindrische modale logica’s.
We beschouwen twee similariteitstypen: twee-dimensionale cylindrische modale
logica’s met en zonder diagonaal. Cylindrische modale logica met diagonaal cor-
respondeert met het volledige twee-variabele fragment van FOL en de cylin-
drische modale logica zonder diagonaal correspondeert met het substitutievrije
twee-variabele fragment van FOL.

Cylindrische modale logica zonder diagonaal is het twee-dimensionale product
van S5, dat we aanduiden met S52. Het was al bewezen dat de logica S52 eindig
axiomatiseerbaar is, de eindige modeleigenschap heeft, beslisbaar is Henkin et al.
[60], Segerberg [113], Scott [110] en een NEXPTIME-volledig satisfactieprobleem
heeft Marx [93]. We laten zien dat iedere echte normale uitbreiding van S52
ook eindig axiomatiseerbaar is, de eindige modeleigenschap heeft en beslisbaar
is. Bovendien bewijzen we dat, in tegenstelling tot S52, iedere echte normale
uitbreiding van S52 een NP-volledig satisfactieprobleem heeft. We tonen tevens
aan dat de situatie bij cylindrische modale logica’s met diagonaal anders is. Er
zijn continuum veel niet eindig axiomatiseerbare uitbreidingen van de cylindrische
modale logica. CMLy. We laten het probleem open of al deze uitbreidingen de
eindige modeleigenschap hebben. Tenslotte geven we een criterium voor locale
tabulariteit van twee-dimensionale cylindrische modale logica’s met en zonder
diagonaal en karakteriseren we de pretabulaire cylindrische modale logica’s.



1]

Bibliography

H. Andréka and I. Nemeti. Simple proof of decidability of the universal
theory of cylindric set algebras of dimension 2. In Algebraic Logic and the
Methodology of Applying it, TEMPUS Summer School. Budapest, Hungary,
1994.

R. Balbes and P. Dwinger. Distributive Lattices. University of Missouri
Press, 1974.

H. Bass. Finite monadic algebras. Proceedings of the American Mathemat-
ical Society, 9:258-268, 1958.

F. Bellissima. Finitely generated free Heyting algebras. Journal of Symbolic
Logic, 51:152-165, 1986.

J. van Benthem. Two simple incomplete modal logics. Theoria, 44:25-37,

1978.

G. Bezhanishvili. Varieties of monadic Heyting algebras. Part II: Duality
theory. Studia Logica, 62:21-48, 1999.

G. Bezhanishvili. Locally finite varieties. Algebra Universalis, 46:531-548,
2001.

G. Bezhanishvili, N. Bezhanishvili, and D. de Jongh. The logic of the
Rieger-Nishimura ladder. manuscript, 2005.

G. Bezhanishvili and S. Ghilardi. An algebraic approach to subframe logics.
Part I. manuscript, 2005.

G. Bezhanishvili and R. Grigolia. Subalgebras and homomorphic images of
the Rieger-Nishimura lattice. In Proceedings of the Institute of Cybernetics,
volume 1, pages 9-16. Georgian Academy of Sciences, Thilisi, 2000.

209



210

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

Bibliography

G. Bezhanishvili and R. Grigolia. Locally finite varieties of Heyting algebras.
Algebra Universalis, 2005. to appear.

N. Bezhanishvili. Varieties of two-dimensional cylindric algebras. Part I:
Diagonal-free case. Algebra Universalis, 48:11-42, 2002.

N. Bezhanishvili. De Jongh’s characterization of intuitionistic propositional
calculus. In J. van Benthem, A. Troelstra, F. Veltman, and A. Visser,
editors, Liber Amicorum Dick de Jongh. University of Amsterdam, 2004.

N. Bezhanishvili. Varieties of two-dimensional cylindric algebras I1. Algebra
Universalis, 51:177-206, 2004.

N. Bezhanishvili and D. de Jongh. Intuitionistic logic. ESSLLI course notes,
2005.

N. Bezhanishvili and I. Hodkinson. All normal extensions of S5-squared are
finitely axiomatizable. Studia Logica, 78:443-457, 2004.

N. Bezhanishvili and M. Marx. All proper normal extensions of S5-square
have the polynomial size model property. Studia Logica, 73:367-382, 2003.

P. Blackburn, M. de Rijke, and Y. Venema. Modal Logic. Cambridge
University Press, 2001.

W. Blok. Varieties of interior algebras. PhD thesis, University of Amster-
dam, 1976.

W. Blok. On the degree of incompleteness in modal logics and the covering
relation on the lattice of modal logics. Technical Report 78-07, Department
of Mathematics, University of Amsterdam, 1978.

W. Blok. The lattice of modal logics: an algebraic investigation. Journal
of Symbolic Logic, 45:221-236, 1980.

R. Bull. That all normal extensions of S4.3 have the finite model prop-
erty. Zeitschrift fiir mathematische Logic und Grundlagen der Mathematik,
12:341-344, 1966.

R. Burris and H. Sankappanavar. A Course in Universal Algebra. Springer,
1981.

A. Chagrov and M. Zakharyaschev. Modal Logic. Oxford University Press,
1997.

C.C. Chang and H.J. Kiesler. Model Theory. North-Holland, Amsterdam,
1990. 3rd edition.



Bibliography 211

2]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[37]

[38]

[39]

[40]

A. Citkin. On admissible rules of intuitionistic propositional calculus. Math.
USSR Sbornik, 31:279-288, 1977.

S. Comer. Classes without the amalgamation property. Pacific Journal of
Mathematics, 28:309-318, 1969.

D. van Dalen. Intuitionistic Logic. In D. Gabbay and F. Guenthner, editors,
Handbook of Philosophical Logic, volume 3, pages 225-339. Kluwer, Reidel,
Dordrecht, 1986.

B. Davey. On the lattice of subvarieties. Houston Journal of Mathematics,
5:183-192, 1979.

B. Davey and H. Priestley. Introduction to Lattices and Order. Cambridge
University Press, 1990.

M. Dummett and E. Lemmon. Modal logics between S4 and S5. Zeitschrift
fur mathematische Logic und Grundlagen der Mathematik, 5:250-264, 1959.

R. Engelking. General Topology. Heldermann Verlag, 1989.

P. Erdés, V. Faber, and J. Larson. Sets of natural numbers of positive den-
sity and cylindric set algebras of dimension 2. Algebra Universalis, 12:81-92,
1981.

L. Esakia. To the theory of modal and superintuitionistic systems. In
Proceedings of the USSR symposium on the theory of the logical inferences,
pages 147-172. Nauka, Moscow, 1979.

L. Esakia. Heyting Algebras I, Duality Theory. Metsniereba Press, Thilisi,
1985. (in Russian).

L. Esakia. Godel-Lob modal system — addendum. In Proceedings of the
third International Conference, Smirnov’s Readings, pages 77-79, Moscow,
2001. Russian Academy of Sciences.

L. Esakia and R. Grigolia. The criterion of Brouwerian and closure algebras
to be finitely generated. Bull. of Sect. of Log., 6:46-52, 1977.

L. L. Esakia. Topological Kripke models. Soviet Mathematics Doklady,
15:147-151, 1974.

K. Fine. The logics containing S4.3. Zeitschrift fir mathematische Logic
und Grundlagen der Mathematik, 17:371-376, 1971.

K. Fine. An incomplete logic containing S4. Theoria, 40:110-116, 1974.



212

[41]

[42]

[43]

[44]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

[56]

Bibliography

K. Fine. Logics containing K4, Part 1. Journal of Symbolic Logic, 39:229—
237, 1974.

K. Fine. Logics containing K4, Part II. Journal of Symbolic Logic, 50:619—
651, 1985.

D. Gabbay, A. Kurucz, F. Wolter, and M. Zakharyaschev. Many-
dimensional modal logics: theory and applications. North-Holland Pub-
lishing Company, 2004.

D.M. Gabbay and V.B. Shehtman. Products of modal logics, Part I. Logic
Journal of the IGPL, 6:73-146, 1998.

M. Gehrke, J. Harding, and Y. Venema. MacNeille completions and canon-
ical extensions. Transactions of the AMS, 358(2):573-590, 2006.

M. Gehrke and B. Jénsson. Bounded distributive lattices with operators.
Mathematica Japonica, 40:207-215, 1994.

M. Gehrke and B. Jénsson. Bounded distributive lattice expansions. Math-
ematica Scandibavica, 94:13-45, 2004.

V. Gerciu. The finite approximability of superintuitionistic logics. Mat.
Issled., 7(1(23)):186-192, 1972. (Russian).

S. Ghilardi and G. Meloni. Constructive canonicity in non-classical logics.
Annals of Pure and Applied Logic, 86:1-32, 1997.

K. Godel. Zum Entscheidungsproblem des logischen Funktionenkalkiils.
Monatshefte fiir Mathematik und Physik, 40:433-443, 1933.

R. Goldblatt. Metamathematics of modal logic, Part I. Reports on Mathe-
matical Logic, 6:41-78, 1976.

R. Goldblatt. Metamathematics of modal logic, Part II. Reports on Math-
ematical Logic, 7:21-52, 1976.

R. Goldblatt. Varieties of complex algebras. Annals of Pure and Applied
Logic, 38:173-241, 1989.

R. Goldblatt, I. Hodkinson, and Y. Venema. Erdds graphs resolve Fine’s
canonicity problem. Bull. Symbolic Logic, 10:186-208, 2004.

E. Gradel, P. Kolaitis, and M. Vardi. On the decision problem for two—
variable first order logic. Bulletin of Symbolic Logic, 3:53-69, 1997.

G. Grétzer. Universal Algebra. Springer-Verlag, 1978. Second Edition.



Bibliography 213

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

R. Grigolia. Free Algebras of Non-Classical Logics. “Metsniereba”, Thilisi,
1987. (Russian).

P. Halmos. Algebraic Logic. Chelsea Publishing Company, 1962.

A. Hendriks. Computations in Propositional Logic. PhD thesis, ILLC,
University of Amsterdam, 1996.

L. Henkin, D. Monk, and A. Tarski. Cylindric Algebras. Parts I & II.
North-Holland, 1971 & 1985.

A. Heyting. Die formalen Regeln der intuitionistischen Logik. Sitzung-
berichte der preussischen Akademie der Wissenschaften, 31:42-56, 1930.

A. Heyting. Intuitionism, an Introduction. North-Holland, Amsterdam,
1956. 3rd rev. ed. (1971).

G. Higman. Ordering by divisibility in abstract algebras. Proc. London
Math. Soc., 2:326-336, 1952.

V.A. Jankov. The relationship between deducibility in the intuitionistic
propositional calculus and finite implicational structures. Soviet Mathe-
matics Doklady, 4:1203-1204, 1963.

V.A. Jankov. The construction of a sequence of strongly independent super-
intuitionistic propositional calculi. Soviet Mathematics Doklady, 9:806-807,
1968.

S. Jaskowski. Recherches sur lesysteme de lalogique intuitioniste. In Actes
Du Congres Intern. De Phil. Scientifigue. VI. Phil. Des Mathématiques,
Act. Sc. Et Ind 393, pages 5861. Paris, 1936.

J. Johnson. Nonfinitizability of classes of representable polyadic algebras.
Journal of Symbolic Logic, 34:344-352, 1969.

P. Johnstone. Stone Spaces. Cambridge University Press, 1982.

D. de Jongh. Inwvestigations on the Intuitionistic Propositional Calculus.
PhD thesis, University of Wisconsin, 1968.

D. de Jongh and A. Troelstra. On the connection of partially ordered sets
with some pseudo-Boolean algebras. Indagationes Mathematicae, 28:317—
329, 1966.

B. Jénsson and A. Tarski. Boolean algebras with operators, Part I. Amer-
wcan Journal of Mathematics, 73:891-939, 1951.



214

[72]

[73]

[74]

[75]
[76]

[77]

[78]

[79]

[80]

[31]

[82]

[33]

[84]

[85]

Bibliography

J. Kagan and R. Quackenbush. Monadic algebras. Reports on Mathematical
Logic, 7:53-62, 1976.

M. Kracht. Prefinitely axiomatizable modal and intermediate logics. Math-
ematical Logic Quarterly, 39:301-322, 1993.

M. Kracht. Splittings and the finite model property. Journal of Symbolic
Logic, 58:139-157, 1993.

M. Kracht. Tools and Techniques in Modal Logic. North-Holland, 1999.

S.A. Kripke. Semantical analysis of modal logic, Part 1. Zeitschrift fur
mathematische Logic und Grundlagen der Mathematik, 9:67-96, 1963.

S.A. Kripke. Semantical considerations on modal logic. Acta Philosophica
Fennica, 16:83-94, 1963.

S.A. Kripke. Semantical analysis of intuitionistic logic. I. In Formal Systems
and Recursive Functions, Proceeedings of the 8th Logic Colloquium, pages
92-130. North-Holland, 1965.

A. Kurucz. S5 x S5 x S5 lacks the finite model property. In F. Wolter,
H. Wansing, M. de Rijke, and M. Zakharyaschev, editors, Advances in
Modal Logic, volume 3 of CSLI Lecture Notes, pages 321-328. CSLI Publi-
cations, Stanford, 2002.

A. Kuznetsov. On finitely generated pseudo-Boolean algebras and finitely
approximable varieties. In Proceedings of the 12nd USSR Algebraic Collo-
quium, page 281, Sverdlovsk, 1973. in Russian.

A. Kuznetsov. On superintuitionistic logics. In Proceedings of the Interna-
tional Congress of Mathematicians, volume 1, pages 243-249, Vancouver,
1974.

A. Kuznetsov. Some classification problems for superintuitionistic logics.
In Proceedings of the 3rd USSR Conference in Mathematical Logic, pages
119-122, Novosibirsk, 1974. in Russian.

A. Kuznetsov and V. Gerciu. Superintuitionistic logics and finite approx-
imability. Soviet Mathematics Doklady, 11(6):1614-1619, 1970.

R. Ladner. The computational complexity of provability in systems of modal
propositional logic. SIAM journal of computing, 6(3):467-480, 1977.

R. Laver. Better-quasi-orderings and a class of trees. In Gian-Carlo Rota,
editor, Studies in Foundations and Combinatorics, volume 1 of Advances in
Mathematics Supplementary Studies, pages 31-48. Academic Press, 1978.



Bibliography 215

[86]

[87]

[38]

[39]

[90]

[91]

[92]

C.I. Lewis. A Survey in Symbolic Logic. University of California Press,
Berkeley, 1918.

S. MacLane. Category Theory for the Working Mathematician. Springer,
Berlin, 1971.

R. Maddux. The equational theory of CAj is undecidable. Journal of
Symbolic Logic, 45:311-317, 1980.

L. Maksimova. Craig’s theorem in superintuitionistic logics and amalgam-
able varieties of pseudo-Boolean algebras. Algebra and Logic, 16:427-455,
1977.

L. Maksimova. Interpolation properties of superintuitionistic logics. Studia
Logica, 38:419-428, 1979.

L. Maksimova. Interpolation theorems in modal logic and amalgamable
varieties of topological Boolean algebras. Algebra and Logic, 18:348-370,
1979.

M. Marx. Mosaics and cylindric modal logic of dimension two. In M. Kracht,
M. de Rijke, H. Wansing, and M. Zakharyaschev, editors, Advances in
Modal Logic, number 87 in CSLI Lecture Notes, pages 141-157. CSLI Pub-
lications, Stanford, 1997.

M. Marx. Complexity of products of modal logics. Journal of Logic and
Computation, 92:221-238, 1999.

M. Marx and Sz. Mikulés. Decidability of cylindric set algebras of dimension
two and first-order logic with two variables. Journal of Symbolic Logic,
64:1563-1572, 1999.

M. Marx and Y. Venema. Multi-dimensional Modal Logic. Applied Logic
Series. Kluwer Academic Publisher, 1997.

J.C.C. McKinsey and A. Tarski. The algebra of topology. Annals of Math-
ematics, 45:141-191, 1944.

J.C.C. McKinsey and A. Tarski. On closed elements of closure algebras.
Annals of Mathematics, 47:122-162, 1946.

J.C.C. McKinsey and A. Tarski. Some theorems about the sentential calculi
of Lewis and Heyting. Journal of Symbolic Logic, pages 1-15, 1948.

D. Monk. Nonfinitizability of classes of representable cylindric algebras.
Journal of Symbolic Logic, 34:331-343, 1969.



216

[100]

[101]

[102]

103]

[104]

[105]

106]

[107]

108

109]

[110]

[111]

[112]

113]

[114]

Bibliography

D. Monk. On equational classes of algebraic versions of logic I. Mathematica
Scandinavica, 27:53-71, 1970.

M. Mortimer. On languages with two variables. Zeitchrift fiir mathematis-
che Logik und Grundlagen der Mathematik, 21:135-140, 1975.

[. Nishimura. On formulas of one variable in intuitionistic propositional
calculus. Journal of Symbolic Logic, 25:327-331, 1960.

H. Priestley. Ordered topological spaces and the representation of distribu-
tive lattices. Proceedings of the London Mathematical Society, 24:507-530,
1972.

R. Rado. Partial well ordering of sets of vectors. Mathematica, 1:89-95,
1954.

W. Rautenberg. Splitting lattices of logics. Archiv fiir Mathematische Logik,
20:155-159, 1980.

L. Rieger. On the lattice theory of Brouwerian propositional logic. Acta
fac. rerum nat. Univ. Car., 189:1-40, 1949.

V. V. Rybakov. Admissibility of Logical Inference Rules. Elsevier, 1997.

V.V. Rybakov. Rules of inference with parameters for intuitionistic logic.
Journal of Symbolic Logic, 57:33-52, 1992.

H. Sahlqvist. Completeness and correspondence in the first and second
order semantics for modal logic. In S. Kanger, editor, Proceedings of the
Third Scandinavian Logic Symposium, pages 110-143, Amsterdam, 1975.
North-Holland.

D. Scott. A decision method for validity of sentences in two variables.
Journal of Symbolic Logic, 27:477, 1962.

S. G. Scroggs. Extensions of the Lewis system S5. Journal of Symbolic
Logic, 16:111-120, 1951.

K. Segerberg. An essay in classical modal logic, volume 13 of Philosophical
Studies. Uppsala, 1971.

S. Segerberg. Two-dimensional modal logic. Journal of Philosophical logic,
2:77-96, 1973.

V. Shehtman. On incomplete propositional logic. Soviet Mathematics Dok-
lady, 18:985-989, 1977.



Bibliography 217

[115]

[116]

[117]

18]

119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127)

[128]

[129]

V. Shehtman. Two-dimensional modal logics. Mathematical Notes, 5:759—
772, 1978. (in Russian).

V.B. Shehtman. Rieger-Nishimura lattices. Soviet Mathematics Doklady,
19:1014-1018, 1978.

S.K. Sobolev. On the finite approximability of superintuitionistic logics.

Mathematics of the USSR, Sbornik, 31:257-268, 1977.

E. Spaan. Complexity of Modal Logics. PhD thesis, ILLC, University of
Amsterdam, 1993.

A Tarski. Der Aussagenkalkiil und die Topologie. Fund. Math., 31:103-134,
1938.

S. K. Thomason. An incompleteness theorem in modal logic. Theoria,
40:30-34, 1974.

E. Tomaszewski. On Sufficiently Rich Sets of Formulas. PhD thesis, Insti-
tute of Philosophy, Jagiellonian University, Krakéw, 2003.

A. Troelstra. On intermediate propositional logics. Indagationes Mathe-
maticae, 27:141-152, 1965.

A.S. Troelstra and D. van Dalen. Constructivism in Mathematics, an In-
troduction. North-Holland, Amsterdam, 1988. two volumes.

Y. Venema. Many-Dimensional Modal Logic. PhD thesis, ILLC, University
of Amsterdam, 1992.

Y. Venema. Cylindric modal logic. Journal of Symbolic Logic, 60:591-663,
1995.

Y. Venema. Algebras and coalgebras. In P. Blackburn, J. van Benthem,
and F. Wolter, editors, Handbook of Modal Logic. Elsevier, 2006. To appear.

A. Visser, D. de Jongh, J. van Benthem, and G. Renardel de Lavalette.
NNIL a study in intuitionistic logic. In A. Ponse, M. de Rijke, and Y. Ven-
ema, editors, Modal logics and Process Algebra: a bisimulation perspective,
pages 289-326, 1995.

M. Wajsberg. Ein erweiterter Klassenkalkiil. Monatshefte fiir Mathematik
und Physik, 40:113-126, 1933.

F. Wolter. The finite model property of tense logics. Journal of Symbolic
Logic, 60:757-774, 1995.



218

[130]

[131]

[132]

[133]

[134]

135

Bibliography

F. Wolter. The structure of lattices of subframe logics. Annals of Pure and
Applied Logic, 86:545-551, 1997.

F. Wolter and M. Zakharyaschev. Modal decision problems. In P. Black-
burn, J. van Benthem, and F. Wolter, editors, Handbook of Modal Logic.
Elsevier, 2006. To appear.

M. Zakharyaschev. Syntax and semantics of modal logics containing S4.
Algebra and Logic, 27:408-428, 1988.

M. Zakharyaschev. Syntax and semantics of intermediate logics. Algebra
and Logic, 28:262-282, 1989.

M. Zakharyaschev. Canonical formulas for K4. Part I : Basic results. Journal
of Symbolic Logic, 57:1377-1402, 1992.

M. Zakharyaschev. Canonical formulas for K4. Part IT : Cofinal subframe
logics. Journal of Symbolic Logic, 61:421-449, 1996.



D?, 156
FE-saturated set, 40
Ey, 134
FE-clusters, 134
FE;-depth

of Dfs-algebra, 155
L-frame, 65
Ly ® Lo, 131
Ly X Loy, 132
Ly, 178
Ly, 25
Log(%), 15
Log(K), 15
Lower(§), 44
Ms, 20
My (¢), 101
Ns, 20
R(U), 26
R(w), 26
R™YU), 26
R (w), 26
Up(3), 26
Upper(F), 44
Df5, 140
Df5-algebra, 140
Df,-filter, 140
<, 67
4,, 90
2., 90
A(L), 19

219

A(CML,), 167, 173
A(PCML,), 172
A(V), 25
a-reduction, 41
a(§), 67
[B-reduction, 41
A(F), 61

P, 87

M, 190

M, 190

X(8), 58, 59
X(F), 170
Xd(:’r)a 171
BA, 25

B, 140

CP(X), 129

F xF' 132
HA, 24

H(n), 50
HL(TL), 51

Kg, 93

ML, 124
MLy, 131
MLE, 135
ML, 130
RN, 83

d(F), 170
da(F), 171
FG(L), 65

2, 29

Index



220

F, 29

Fw, 15

R, 93, 114
£, 80

£o, 80

Ly, 82
L, 82
My, 15

N, 80

Ny, 82
Ny, , 82
V(5), 64
<* 192
CSQ, 145
H(n), 49
RECT, 145
SQ, 145
U(n), 48
U(n), 47
SI(V), 156
S(V), 156
M;, 188
n(5), 64
@, 85

P, 86

@, 85

¢xa, 93
pr 195

C, 191

C,, 191
Co, 191
ForMm(L), 11
ForRM(ML), 124
ForM(MLY), 135
ForM(ML,,), 130
Forwm,,, 52
Pror, 11
Pror,,, 40
@, 100
b(L), 195
(), 101
col(w), 40
d, 143

min(§), 36
p-morphism

of descriptive frames, 29
of descriptive models, 29

of Esakia spaces, 35
of Kripke frames, 15
of Kripke models, 15
rank(V'), 101
CML,, 135
CML,-frame, 135
Fr(L), 15
F’§52, 190
F;, 66
M(L, <), 68
PCML,, 137
RCA,, 146
RDf,, 146
S5 x S5, 133
Vi, 25
chr, 131
com!, 131
com”, 131
nxm, 135
n xn, 135
(*)-condition, 137
(H), 137
(V), 137
2,89
4, 89
CA,, 143

Index



Index

CA,-algebra, 143
CPC, 12

CSq, 137

DF, 36
Df;-algebra, 141
ES, 36

IPC, 12

K4, 125

KG, 93

K, 124

K,, 130

LC, 18
RN.KC, 117
RN, 83

Rect, 135

S4, 125

S5, 126

Sq, 135

U, 174

com, 132

admissible set, 28
algebra
finitely generated, 40
free, 49
simple, 140
subdirectly irreducible, 32

BAO, 126

barrier, 191

basic modal logic K, 124

better-quasi-ordering, 191

bicluster, 152

bisimulation equivalence
of Dfy-spaces, 142

of intuitionistic descriptive frames,

31

of modal descriptive frames, 129

of modal spaces, 130
Boolean algebra, 23

Boolean algebra with an operator, 126

bounded morphism, 15
bqo, 191

chain, 17
Church-Rosser axiom, 131
closed set, 33
cofinal subframe
formula, 64
logic, 70
of a descriptive frame, 61
of a Kripke frame, 61
color, 40
Coloring Theorem, 40
complexity
of a formula, 101
of a logic, 187
cylindric
p-morphism, 169
algebra, 144

bisimulation equivalence, 169

partition, 144
quasi-square, 144
space, 144

square, 137

square algebra, 145

definable set, 55
depth
of a frame, 44
of a point, 44
diagonal Fy-cluster, 137
diagonal point, 137
disjoint union
of descriptive frames, 29
of descriptive models, 29
of Esakia spaces, 35
of Kripke frames, 16
of Kripke models, 16
disjunction property, 51

Esakia space, 34
extension, 13
n-conservative, 83

filter, 26
prime, 26

finite intersection property, 28

221



222

finite model property, 17

finite tree, 17

fmp, 17

formula
canonical, 78
de Jongh, 57
frame-based, 67
Jankov, 56, 58
Jankov-de Jongh, 59
Jankov-Fine, 170
NNIL, 64

frame
a-generated, 40
n-Henkin, 49
n-universal, 48
cyclic, 95
finitely generated, 40
regular, 152

frame order, 67

fusion of modal logics, 131

general frame, 28
generated

subframe, 15

submodel, 15
generated subframe

of a descriptive frame, 29
generated submodel

of a descriptive model, 30
generated subspace, 35
generators of an algebra, 40
girth

diagonal, 181

non-diagonal, 181

of F, 163

of L, 163

of w, 163
gluing sum, 100

Halmos monadic algebra, 141
Henkin

axiom, 137

inequality, 146

Index

Heyting
algebra, 21
algebra with a valuation, 29
homomorphism, 23
implication, 21
subalgebra, 24
valuation, 25
Higman’s Lemma, 193
homomorphism, 23

initial segment
of X, 191
of a frame, 120
internal depth
of a frame, 120
of a logic, 120
intuitionistic
descriptive
valuation, 29
general frame, 28
compact, 28
descriptive, 28
refined, 28
Kripke frame, 14
Kripke model, 14
propositional calculus, 11
valuation, 14

lattice, 20
bounded, 20
complete, 20
distributive, 20
non-distributive, 20
of extensions, 19
of varieties, 26
left commutativity axiom, 131
logic
n-normal modal, 131
n-scheme, 83
consistent, 13
decidable, 19
finitely axiomatizable, 19
finitely axiomatized, 19



Index

inconsistent, 13
intermediate, 12
locally tabular, 18, 155
pre-locally tabular, 117
pre-tabular, 161, 178
superintuitionistic, 12
tabular, 18, 161, 178
Kripke complete, 15

map
good, 192
modal
filter, 127
general frame, 127
compact, 128
descriptive, 128
differentiated, 128
refined, 128
tight, 128
Kripke frame, 124
Kripke model, 125
space, 129
model
n-Henkin, 50
n-universal, 47
monotone map, 15

non-diagonal Ey-cluster, 137
non-diagonal point, 137
normal modal logic, 124

open set, 33

point

maximal, 36

minimal, 36
point-generated

subframe, 15

submodel, 15
pre-finite model property, 111

Priestley separation axiom, 34
product cylindric modal logic, 137

product frame, 132
product of

algebras, 24
Heyting algebras, 24
propositional language, 11

quasi-square, 135
quotient frame, 30

rank of V', 101
rectangle, 135
rectangular algebra, 145
reduction, 15
relation
clopen, 34
point-closed, 34
representable algebra, 145
Rieger-Nishimura
ladder, 48, 80
lattice, 80
polynomials, 81

right commutativity axiom, 131

rooted
S5%-frame, 133
descriptive frame, 33
Kripke frame, 17

223

many-dimensional Kripke-frame,

131
rule

of Modus Ponens (MP), 12

of Necessitation (N), 124
of Necessitation (N);, 131

of substitution (Subst), 12

square, 135
square algebra, 145
Stone space, 34
subalgebra, 24
subframe
formula, 61
logic, 70
of a descriptive frame, 60
of a Kripke frame, 60
of an Esakia space, 60
sum
linear, 85, 87



224 Index

vertical, 85, 86

topo-subframe condition, 60
topological space, 33
0-dimensional, 34
compact, 34
Hausdorff, 34
Stone, 34
two-dimensional cylindric modal logic,
135
two-dimensional diagonal-free cylin-
dric algebra, 140

ultrafilter, 127
uniform quasi-square, 174
upset, 26

valuation, 25
variety, 24
finitely approximable, 37
finitely axiomatizable, 37
finitely generated, 37
locally finite, 37, 155, 174
pre-locally finite, 117, 174
uniformly locally finite, 156
Venema
axiom, 137
inequality, 146

well-quasi-ordering, 193
wqo, 193



Titles in the ILLC Dissertation Series:

ILLC DS-2001-01: Maria Aloni
Quantification under Conceptual Covers

ILLC DS-2001-02: Alexander van den Bosch
Rationality in Discovery - a study of Logic, Cognition, Computation and Neu-
ropharmacology

ILLC DS-2001-03: Erik de Haas
Logics For OO Information Systems: a Semantic Study of Object Orientation
from a Categorial Substructural Perspective

ILLC DS-2001-04: Rosalie Iemhoff
Provability Logic and Admissible Rules

ILLC DS-2001-05: Eva Hoogland
Definability and Interpolation: Model-theoretic investigations

ILLC DS-2001-06: Ronald de Wolf

Quantum Computing and Communication Complexity

ILLC DS-2001-07: Katsumi Sasaki
Logics and Provability

ILLC DS-2001-08: Allard Tamminga
Belief Dynamics. (Epistemo)logical Investigations

ILLC DS-2001-09: Gwen Kerdiles
Saying It with Pictures: a Logical Landscape of Conceptual Graphs

ILLC DS-2001-10: Marc Pauly
Logic for Social Software

ILLC DS-2002-01: Nikos Massios
Decision-Theoretic Robotic Surveillance

ILLC DS-2002-02: Marco Aiello
Spatial Reasoning: Theory and Practice

ILLC DS-2002-03: Yuri Engelhardt
The Language of Graphics

ILLC DS-2002-04: Willem Klaas van Dam
On Quantum Computation Theory

ILLC DS-2002-05: Rosella Gennari

Mapping Inferences: Constraint Propagation and Diamond Satisfaction



ILLC DS-2002-06: Ivar Vermeulen
A Logical Approach to Competition in Industries

ILLC DS-2003-01: Barteld Kooi
Knowledge, chance, and change

ILLC DS-2003-02: Elisabeth Catherine Brouwer
Imagining Metaphors: Cognitive Representation in Interpretation and Under-
standing

ILLC DS-2003-03: Juan Heguiabehere
Building Logic Toolbozxes

ILLC DS-2003-04: Christof Monz
From Document Retrieval to Question Answering

ILLC DS-2004-01: Hein Philipp Rohrig
Quantum Query Complexity and Distributed Computing

ILLC DS-2004-02: Sebastian Brand
Rule-based Constraint Propagation: Theory and Applications

ILLC DS-2004-03: Boudewijn de Bruin
Explaining Games. On the Logic of Game Theoretic Explanations

ILLC DS-2005-01: Balder David ten Cate
Model theory for extended modal languages

ILLC DS-2005-02: Willem-Jan van Hoeve
Operations Research Techniques in Constraint Programming

ILLC DS-2005-03: Rosja Mastop
What can you do? Imperative mood in Semantic Theory

ILLC DS-2005-04: Anna Pilatova
A User’s Guide to Proper names: Their Pragmatics and Semanics

ILLC DS-2006-01: Troy Lee
Kolmogorov complexity and formula size lower bounds

ILLC DS-2006-02: Nick Bezhanishvili
Lattices of intermediate and cylindric modal logics

ILLC DS-2006-03: Clemens Kupke
Finitary coalgebraic logics



