Modal fixpoint logic:

some model theoretic questions

Gaelle Fontaine






Modal fixpoint logic:

some model theoretic questions



ILLC Dissertation Series DS-2010-09

nTa
Eud

INSTITUTE FOR LOGIC, LANGUAGE AND COMPUTATION

For further information about ILLC-publications, please contact

Institute for Logic, Language and Computation
Universiteit van Amsterdam
Science Park 904
1098 XH Amsterdam
phone: +31-20-525 6051
fax: +31-20-525 5206
e-mail: i1llc@uva.nl
homepage: http://www.illc.uva.nl/



Modal fixpoint logic:

some model theoretic questions

ACADEMISCH PROEFSCHRIFT

ter verkrijging van de graad van doctor aan de
Universiteit van Amsterdam
op gezag van de Rector Magnificus
prof.dr. D.C. van den Boom
ten overstaan van een door het college voor
promoties ingestelde commissie, in het openbaar
te verdedigen in de Agnietenkapel
op donderdag 9 december 2010, te 10.00 uur

door
Gaélle Marie Marguerite Fontaine

geboren te Messancy, Belgié.



Promotiecommissie:

Promotores:
Prof.dr. J. F. A. K. van Benthem
Prof.dr. Y. Venema

Overige Leden:
Prof.dr. E. Gradel
Prof.dr. L. Santocanale
Prof.dr. J. Vidanédnen
Prof.dr. I. Walukiewicz
Dr. B. D. ten Cate

Dr. M. Marx

Dr. D. Niwinski

Faculteit der Natuurwetenschappen, Wiskunde en Informatica

The investigations were supported by VICI grant 639.073.501 of the Netherlands
Organization for Scientific Research (NWO).

Copyright (© 2010 by Gaélle Fontaine
Printed and bound by Printondemand-worldwide.

ISBN: 978-90-5776-215-4



Acknowledgments
1 Introduction

2 Preliminaries

2.1 Syntax of the p-calculus . . . . .. ... ... ..
2.2 Semantics for the p-calculus . . . . .. .. .. ..
2.3 Game terminology and the evaluation game . . .
24 p-Automata . . . ... Lo
24.1 w-Automata . . . . ... ...
242 p-automata .. ... .o
2.4.3 Disjunctive formulas . . . ... ... ...
2.5 Axiomatization of the p-calculus . . . . . . . . ..
2.6 Expressivity of the p-calculus . . . . ... .. ..
2.6.1 Bisimulation . . . . ... ... ...
2.6.2  Expressivity results . . . .. ...
2.6.3 Expressivity results for y-programs . . . .
2.7 Graded p-calculus . . . . .. ..o o L

3 Completeness for the p-calculus on finite trees

3.1 Preliminaries . . . ... ... ... .. ......
3.2 Rankofaformula. .. ... .. ... .... ...
3.3 Completeness for generalized models . . . . . ..
3.4 Completeness for finite trees . . . . . . .. .. ..
3.5 Adding shallow axioms to K* + pz.Oz . . . . ..
3.6 Graded p-calculus . . . . . ... ...
3.7 Conclusions . . . ... ... ... ... ..

Contents

ix



4 The p-calculus and frame definability on trees

4.1 pMLF-definability on trees . . . . . . . ... ... L.
4.2 Graded p-calculus . . . . . ..o Lo
4.3 Preservation under p-morphic images . . . . . . .. ... ... ..
4.4 Local definability . . . . .. .. ... o
4.5 Negative and projective definability . . . . . ... ... ... ...

4.5.1 Negative definability . . . . .. ... ... ... ... ...

4.5.2 Projective definability . . . . ... ... ... ...
4.6 Conclusion . . . . . . ... L

Characterizations of fragments of the p-calculus
5.1 Preliminaries . . . . . . . . ... Lo
5.1.1 Structures and games . . . . . . ... ...
5.1.2  Guarded and disjunctive formulas . . . . . . .. .. ...
5.1.3 Expansion of a formula . . . . . ... ... ... ... ...
5.1.4 Monotonicity and positivity . . . . ... ...
5.2 Finite path property . . . . .. ... ... ... ... ...
5.3 Finite width property . . . . . . . . .. ..o
54 Continuity . . . . . . . ..o
5.4.1 Link with Scott continuity . . . . . . . . .. .. ... ...
5.4.2 Constructivity . . . . . . . ..o
5.4.3 Semantic characterization of continuity . . . . . . . .. ..
5.5 Complete additivity . . . . . . .. ...
5.6 Conclusions . . . . .. .. ...

CoreXPath restricted to the descendant relation

6.1 Preliminaries . . . . . . ... ..
6.1.1 XML trees . . . . . . . . .. ...
6.1.2 CoreXPath, the navigational core of XPath 1.0 . . . . ..
6.1.3 Connections with modal logic . . . . ... ... ... ...

6.2 CoreXPath(l") node expressions . . . ... ............

6.3 CoreXPath(]") path expressions . .. ... ............

6.4 Conclusions . . . . . . . . . . ..

Automata for coalgebras: an approach using predicate liftings
7.1 Preliminaries . . . . . .. . ... ...

7.1.1 Coalgebras. . . . . . . . .. ...

7.1.2 Graph games . . . . .. .. .. ... ..
7.2 Automata for the coalgebraic p-calculus . . . . ... .. ... ..
7.3 Finite model property . . . . . . . ... oL
7.4 One-step tableau completeness . . . . . . . . .. .. ... ... ..
7.5 Conclusions . . . . .. ...

vi

67
69
73
84
92
108
108
110
113

115
117
117
118
119
120
122
129
139
139
140
141
144
163

165
167
167
167
169
171
179
187



8 Conclusion
Bibliography
Index

List of symbols
Samenvatting

Abstract

vil

223

227

237

241

243

245






Acknowledgments

There is a tradition in Amsterdam of writing extensive acknowledgments to the
people one feels indebted to. While I, too, am deeply grateful to my family,
teachers, supervisors, and important others on my path, I have chosen another
way to express how I feel. I simply did a collage, putting good intentions or love
or whatever I felt appropriate in the frame of each photo. The collage can be
found on my webpage or inside any physical copy of the thesis.

1X






Chapter 1

Introduction

The p-calculus is an extension of modal logic with least and greatest fixpoint
operators. Modal logic was originally developed by philosophers in the beginning
of the 20th century [BRVO01]. It aimed at combining the concepts of possibility
and necessity with propositional logic. In the 1950s, the possible world seman-
tics was introduced (see for instance [BRV01, BS84]) and since then, modal logic
has proved to be an appealing language to reason about transition systems. In
addition to its philosophical motivations, modal logic appears to be of interest in
many other areas: essentially in any area that uses relational models as represen-
tation means. Examples include artificial intelligence, economics, linguistics and
computer science.

In computer science, labelled transition systems are used to represent pro-
cesses or programs. The nodes of the transition systems model the possible states
of the process, whereas the edges represent the possible transitions from one state
to another. The label of a given node carries all the local information about the
node. Within that perspective, logic seems to be a natural tool to describe the
properties of programs. This approach turned out to be particularly useful for
specification and verification purposes.

Verification is concerned with correctness of programs. More specifically, given
a program represented by a labeled transition system and a formula (called the
specification), representing the intended behavior of the program, we want to
check whether the formula holds in the transition system. This is nothing but
the model checking problem for the logic used as a specification language.

In order to reason about programs, especially non-terminating ones, standard
modal logic lacks expressive power. Usual types of correctness properties that
one would like to formulate are safety (“nothing bad ever happens”) or fairness
(“something good eventually happens”). Typically, such types of properties are
expressed using a recursive definition (nothing bad ever happens if nothing bad
happens now and it is the case that for the next states nothing bad ever happens).
So it seems reasonable to enrich modal logic with operators capturing some form
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of recursive principle. At the end of the 1970s, Amir Pnueli [Pnu77] argued that
linear temporal logic (LTL), which is obtained by restricting to models based on
the natural numbers and by adding the “until” operator to modal logic, could be
a useful formalism in that respect. Since then, other temporal logics have been
introduced, the most famous ones being computation tree logic [CE81] (CTL)
and CTL* [EL86|, and are considered as appropriate specification languages.

Around the same time, Vaughan Pratt [Pra76] and Andrzej Salwicki [Sal70]
independently introduced Dynamic Logic. The basic idea of Dynamic Logic is to
associate a modality [f#] with each program 6; the intuitive meaning of a formula
[0]¢ is that ¢ holds in all states reachable after an execution of . In 1977, a propo-
sitional version of Dynamic Logic (PDL) was introduced by Michael Fischer and
Richard Ladner [FL79]. One disadvantage of Dynamic Logic is that unlike tempo-
ral logics, it is not adequate for modeling non-terminating programs. Extensions
of PDL that can capture some specific infinite behaviors (see for instance [Har84])
have been studied by Robet S. Streett [Str81, Str82] (Delta-PDL), David Harel
and Vaughan Pratt [HP78] (PDL with a loop construct).

Fixpoint logics are formalisms that can deal with both non-terminating be-
havior and recursion in its most general form. The basic idea of fixpoint logics
is to explicitly add operators that allow us to consider solutions of an equation
of the form f(x) = z. For example, safety is a solution of the equation “r <
(nothing bad happens now A for all successors, x)”.

The first logic that was extended by means of fixpoint operators was first-order
logic [Mos74]. The initial purpose was to establish a generalized recursion theory.
In the context of semantics of programming languages, the use of fixpoints to
enrich first-order logic goes back to Dana Scott, Jaco de Bakker [SdB69, Bak80]
and David Park [Par69]. However, this required the development of a complex
mathematical theory. A few years later, arose the idea of considering fixpoint ex-
tensions of modal logic. The most successful logic that came out of this approach
is the p-calculus. Works of of E. Allen Emerson, Edmund Clarke [EC80], David
Park [Par80] and Vaughan Pratt [Pra81] prefigured the actual definition of the
p~calculus which was given in 1983 by Dexter Kozen [Koz83].

The p-calculus is obtained by adding the least fixpoint operator px and its
dual, the greatest fixpoint operator vz, to the standard syntax for modal logic.
Intuitively, the formula px.¢(x) is the smallest solution of the equation z <+ ¢(x).
Similarly, vx.@(x) is the biggest solution of this equation.

Not surprisingly, adding fixpoint operators to modal logic results in a sig-
nificant increase of the expressive power. Most temporal logics (including LTL,
CTL and CTL*) can be defined in terms of the p-calculus [Dam94, BC96]. In
fact, these logics usually fall inside to a rather small syntactic fragment of the
p~calculus (the fragment of alternation depth at most 2).

Moreover, on binary trees, it follows from various results [Rab69, EJ91, Niw88,
Niw97] that the p-calculus is equivalent to monadic second-order logic (MSO).



MSO is an extension of first-order logic, which allows quantification over subsets
of the domain. It is also one of the most expressive logics that is known to be
decidable on trees, whether they are binary or unranked (that is, there is no
restriction on the number a successors of a node). Hence, it is not surprising that
most specification languages are fragments of MSO. This means that on binary
trees, the p-calculus subsumes most specification languages.

On arbitrary structures, it is easy to see that the p-calculus is a proper frag-
ment of MSO. A key result concerning the expressive power of the p-calculus
is the Janin-Walukiewicz theorem [JW96]: an MSO formula ¢ is equivalent to
a p-formula iff ¢ is invariant under bisimulation. Bisimulations are used to for-
malize the notion of behavioral equivalence. The idea is that when specifying
behaviors, one is interested in the behavior of programs rather than the programs
themselves. Hence, a specification language should not distinguish two programs
displaying the same behavior. On a theoretical level, this boils down to the re-
quirement that a formula used for specification is invariant under bisimulation. So
the Janin-Walukiewicz theorem basically says that the p-calculus is the “biggest”
relevant specification language which a fragment of MSO.

It is also interesting to mention that the Janin-Walukiewicz theorem extends
an important result of modal logic proved by Johan van Benthem [Ben76|: a
first-order formula ¢ is equivalent to a modal formula iff ¢ is invariant under
bisimulation. In the area of modal and temporal logics, the most common logics
used as yardsticks (references against which the other logics are compared) are
first-order logic and MSO. It follows from the Janin-Walukiewicz theorem and
van Benthem characterization that the u-calculus is the counterpart of MSO, in
the same way that modal logic is the counterpart of first-order logic. From a
theoretical point of view, this makes the p-calculus an attractive extension of
modal logic.

In order for a logic to be used as a specification language, it is important that
there is a good balance between its expressive power and its complexity. By com-
plexity, we usually refer to the complexities of the model checking problem and
the satisfiability problem. The model checking problem was already mentioned
before and consists in deciding whether a given formula holds on a given finite
structure. The satisfiability problem consists in deciding whether for a given
formula, there exists a structure in which the formula is true.

The model-checking problem for the p-calculus is NP N co-NP; the result can
even be strengthened to! UP N co-UP [Jur98]. To obtain this upper bound, the
idea is to use the connection between parity games and the p-calculus, which was
observed by several authors, including E. Allen Emerson, Charanjit Jutla [EJ88]

LA non-deterministic Turing machine is unambiguous if for every input, there is at most one
accepting computation. The complexity class UP (Unambiguous Non-deterministic Polynomial-
time) is the class of languages problems solvable in polynomial time by an unambiguous
non-deterministic Turing machine (for more details on this model of computation, see for in-
stance [Pap94]).
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and Colin Stirling [Sti95]. Parity games play a fundamental role in game theory.
A parity game is a game of which the winning condition is specified by a map
assigning a bounded priority to each position of the board game. The winner of
an infinite match depends of the priorities encountered infinitely often during the
match.

It can be shown that the model checking problem for the p-calculus is equiv-
alent to the problem of solving parity games, which consists in deciding which
player has a winning strategy in a given parity game with an initial position. It
was proved independently by Andrzej Mostowski [Mos91], E. Allen Ermerson and
Charanjit Jutla [EJ91] that a winning strategy in a parity game may be assumed
to be positional. That is, the move dictated by the strategy at a position of a
match only depends on the actual position, and not on what has been played
before reaching the position. This result implies that the complexity of solving a
parity game is NP N co-NP. Later Marcin Jurdzinski gave a tighter complexity
bound, which is UP N co-UP [Jur98|. It is an important open problem what
is the exact complexity of solving parity games and in particular, whether this
complexity is polynomial.

The satisfiability problem for the p-calculus is EXPTIME-complete [EJ88].
This was shown by E. Allen Ermerson and Charanjit Jutla, using automata theo-
retic methods. The basic idea of the automata theoretic approach is to associate
with each formula an automaton that accepts exactly the structures in which the
formula is true. It follows that solving the satisfiability problem for a formula is
reduced to checking non-emptiness of an automaton. The non-emptiness problem
for an automaton is to decide whether there exists a structure accepted by the
automaton.

Similarly to the model checking problem, verifying whether there is a struc-
ture accepted by a given automaton is equivalent to checking whether a player
has a winning strategy in an initialized infinite game associated with the automa-
ton [NW96]. Furthermore, a winning strategy in the game would directly induce
a structure accepted by the automaton.

The automata theoretic approach has also been useful for establishing other
important results. For example, the Janin-Walukiewicz theorem mentioned ear-
lier is proved using the correspondence between formulas and automata. In addi-
tion, David Janin and Igor Walukiewicz showed that there is a disjunctive normal
form for the formulas of the p-calculus [JW95al; a crucial part of the proof is based
on the fact that we can determinize automata operating on infinite words.

The goal of these last few paragraphs was not only to give some insight about
the complexity of the p-calculus, but also to illustrate how the theory of the pu-
calculus benefits from the connections between different formalisms, such as game
theory, automata theory and, obviously, logic. This feature is not specific to the
p~calculus: the same holds for all temporal logics and on a broader scale, this is
a phenomenon that is characteristic of many areas of mathematics. Nevertheless,



it is still a very enjoyable aspect of the p-calculus.

Now, from what we have seen, the p-calculus seems a well-suited specifica-
tion language, as it combines a great expressive power and manageable decision
procedures. But there is a drawback: the p-calculus is probably not the most
understandable way to specify behaviors. Most people would have a difficult time
understanding the meaning of a formula of the p-calculus with alternation depth
greater than 2. In that respect, other temporal logics, such as LTL, CTL and
CTL*, are more convenient.

That being said, it is still the case that: the p-calculus provides a uniform
framework containing all specification languages; it is characterized by a rich
and interesting mathematical theory; despite its difficult interaction with human
thinking, it has direct practical applications in the area of specification. For
these reasons, the p-calculus has become a significant formalism in the landscape
of modal logic and specification.

In this thesis, we consider some important theoretical aspects of the p-calculus,
namely axiomatizability, expressivity, decidability and complexity. One running
topic through the thesis is exploring the p-calculus through its “fine-structure”.
Or to put it differently, we investigate the p-calculus by focussing on restricted
class of models, special fragments of the language, etc. This approach is motivated
by the fact that the p-calculus is a complex and powerful system.

In Chapters 3 and 4, we restrict our attention to special classes of models,
namely trees. Trees are particularly relevant structures for any logic that is
invariant under bisimulation. Such logics have the tree property; that is, a formula
is satisfiable iff it is satisfiable in a tree. In Chapter 3, we consider the question of
the axiomatization of the u-calculus. This problem is notorious for its difficulty,
but it turns out that when focussing on finite trees, the proof of the completeness
of the axiomatization becomes much simpler. In Chapter 4, we deal with the
question of the expressive power of the u -calculus in the context of frames (which
are transition systems without any labeling). Again we investigate this question
in the restricted setting of trees.

In Chapter 5, instead of having restrictions on the structures, we consider some
special fragments of the language. The main contribution of that chapter concerns
a characterization of what we call the continuous fragment. As we will see, the
continuous fragment is a good candidate for approximating the “computational
part” of the u-calculus. Chapter 6 is slightly different than the other chapters,
as it concerns the formalism XPath [BKO08]. The goal of that chapter is to show
how results in the area of modal logic can help for the understanding of XPath.
One of these results was shown in Chapter 5.

The last chapter is also concerned with special classes of models, but the
perspective with respect to the “fine-structure” approach is in effect reversed.
Instead of looking at specific classes of models, we consider more general struc-
tures, namely coalgebras. Coalgebras are an abstract version of evolving systems
and generalize the notion of labelled transition systems or Kripke models. In
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Chapter 7, we extend the automata theoretic approach for the u-calculus to the
setting of coalgebras.
We give now a more detailed overview of the content of each chapter.

Axiomatizability

Chapter 3 In the same paper where he introduced the p-calculus [Koz83], Dex-
ter Kozen also suggested an axiomatization. The completeness of that axiomatiza-
tion remains an open problem for many years. Eventually Igor Walukiewicz [Wal95]
provided a proof which is based on automata theory, game theory and classical
logic tools such as tableaux. The proof is also well-known for its difficulty.

In Chapter 3, we propose an easier proof in the restricted setting of the u-
calculus on finite trees. On finite trees the expressive power of the p-calculus
is rather limited: any formula of the p-calculus is equivalent to a formula of
alternation depth 1. Nevertheless, the completeness proof we provide is not a
simplification of the original proof given by Igor Walukiewicz. The technique we
use consists in combining an Henkin-type semantics for the p-calculus together
with model theoretic methods (inspired by the work of Kees Doets [Doe89]).

We hope that this different approach towards completeness might contribute
modestly to a better understanding of the problem. This method might also help
to prove other completeness results and we give two examples in the chapter. The
first one concerns a complete axiomatization of the graded p-calculus on finite
trees. The other example applies to extensions of the p-calculus with shallow
axioms [Cat05] on finite trees.

This chapter is based on the paper “An easy completeness proof for the p-
calculus on finite trees”, co-authored by Balder ten Cate and published in the

proceedings of FOSSACS 2010.

Expressive power

Chapter 4 The Janin-Walukiewicz theorem concerns the expressive power of
the p-calculus on the level of models, i.e. transition systems equipped with a val-
uation (stating which atomic propositions are true at each node). In Chapter 4,
we shift to the context of frames, which are transition systems without any val-
uation. The truth of a formula in a frame involves a second-order quantification
over all possible valuations.

As opposed to the case of modal logic, very little is known about the expressive
power of the p-calculus on frames. This chapter compares the expressive power
of the p-calculus and MSO on frames, in the particular case when the frames
have a tree structure. More specifically, we provide a characterization of those
MSO formulas that are equivalent on trees (seen as frames) to a formula of the



p-calculus. This characterization is formulated in terms of natural structural
criteria, namely closure under subtrees and p-morphic images. The result might
be compared to the Janin-Walukiewicz theorem, the main differences being the
context (frames vs. models), and our more restricted setting (trees vs. arbitrary
models).

This chapter is based on the paper “Frame definability for classes of trees in
the p-calculus” co-authored by Thomas Place and published in the proceedings
of MFCS 2010.

Chapter 5 We present syntactic characterizations of semantic properties of
the p-calculus, the two main ones being the continuous fragment and completely
additive formulas. A formula ¢ of the p-calculus is continuous in a proposition
letter p iff the truth of ¢ at a given node only depends on the existence of
finitely many points making p true. The name “continuity” originates from the
direct connection between this fragment and the notion of Scott continuity, widely
used in theoretical computer science. One of the most interesting features of a
continuous formula is that its least fixpoint can be constructed in at most w steps.

The completely additive fragment corresponds to distributivity over count-
able unions, which, in the case of the p-calculus, was studied by Marco Hollen-
berg [Hol98b]. Using a characterization of this fragment, Marco Hollenberg ob-
tained an extension of the Janin-Walukiewicz theorem for p-programs [Hol98b]
(which is what motivated the study of the completely additive fragment). Inspired
by our results for the continuous fragment, we propose an alternative proof for
the characterization of the completely additive fragment. Unlike the original
argument, this proof provides a direct translation from the completely additive
fragment to the adequate syntactic fragment.

This chapter is based on the paper “Continuous fragment of the p-calculus”
published in the proceedings of CSL 2008 and on a submitted paper “Syntactic
characterizations of semantic fragments of the p-calculus” co-authored by Yde
Venema.

Chapter 6 This chapter is concerned with the expressive power of a fragment of
CoreXPath. XPath is a navigation language for XML documents and CoreXPath
has been introduced to capture the logical core of XPath [GKP05]. The basic
idea of the chapter is to exploit the tight link between CoreXPath and modal
logic. CoreXPath is essentially a modal logic evaluated on specific models (which
are finite trees with two basic modalities). The main difference between modal
logic and CoreXPath is that the syntax for XPath is two-sorted: it contains
both formulas (which corresponds to subsets of the model) and programs (which
corresponds to binary relations).

In this chapter, we combine well-known results of the p-calculus in order to
obtain results about the expressive power of CoreXPath. One of the results that
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we use is the adaptation of the Janin-Walukiewicz theorem for p-programs. This
result was (re-)proved in the previous chapter.

This part of the thesis is based on the paper “Modal aspects of XPath” co-
authored by Balder ten Cate and Tadeusz Litak and which is an invited paper
for M4M 2007.

Decidability and complexity

Chapter 7 In this chapter, we extend the notion of automaton to the setting
of coalgebras. The aim of the theory of coalgebras is to provide a uniform frame-
work to describe evolving systems, Kripke models being a key example. It is
then not surprising that the definition of coalgebraic logic was inspired by modal
logic. Roughly, there are two kinds of coalgebraic logic: one using nabla (V) op-
erators [Mos99], the other being based on the notion of predicate lifting [Pat03].
Similarly to what happens in modal logic, we can extend coalgebraic logic with
fixpoint operators and obtain a coalgebraic u-calculus.

As mentioned earlier, the automata theoretic approach has been very suc-
cessful for the p-calculus. Automata for the coalgebraic p-calculus using nabla
operators have been introduced by Yde Venema [Ven06b]. The goal of this chap-
ter is to contribute to the development of the automata theoretic approach for
coalgebraic p-calculus based on predicate liftings. More specifically, we introduce
the notion of an automaton associated with a set of predicate liftings. We use
these automata to prove the decidability of the satisfiability problem and ob-
tain a small model property. We also obtain a double exponential bound on the
complexity of the satisfiability problem.

This chapter is based on the paper “Automata for coalgebras: an approach
via predicate liftings” co-authored by Raul Leal and Yde Venema and published
in the proceedings of ICALP 2010.

We mentioned earlier that there exist connections between the p-calculus and
other formalisms, the two major ones being game theory and automata theory.
We can think of the exploitation of these connections as being methods for ap-
proaching the p-calculus. From that point of view, the five chapters that we
described can be seen, independently from the content, as a playground for these
methods: how they interact and what they can be used for.

In the following chapters, we often make use of the links with automata theory
and game theory. These two theories are themselves deeply connected to each
other. One of the main reasons (in our context) is that the terminology of game
theory is particularly adequate to describe the run of an automaton on branching
structures. The fact that a tree is accepted by an automaton is usually reduced
to the existence of a winning strategy for a player in a game associated with the
automaton.



The most obvious place in the thesis where logic, automata and games are
intertwined is Chapter 7. This chapter can be seen as an illustration of the effi-
ciency of the automata theoretic approach. Automata are in effect an alternative
way of thinking about formulas. One of their advantages is that they capture
the algorithmic aspect of the p-calculus, while not having the logical complexity
resulting from an inductive definition (unlike formulas). Game theory also comes
into play in this chapter: it offers a nice framework to interpret automata and
formulate proofs.

Even though there is no explicit mention of automata in the Chapters 4 and 5,
we could still think of these chapters as using the connections between automata,
games and logic. A useful result in both chapters is the equivalence between the
model checking problem for a formula and solving a certain parity game called the
evaluation game. The evaluation game is the acceptance game of the alternating
p-automaton associated with the formula.

Now we do not only use game theory and automata theory as formalisms to
represent formulas in a more intuitive or convenient way, but also as reservoirs of
available results. For example, proofs in Chapter 7 rely on the fact that a strategy
in a regular game may be assumed to be a finite memory strategy. Interestingly
enough, a classical automata result (the determinization of automata on infinite
words) plays an important role in the proof of this fact. Another (less direct)
example is given in Chapters 4 and 5. The proofs in these chapters use in an
essential way the existence of a disjunctive normal form for fixpoint logics. As
mentioned earlier, a key ingredient for the proof of this last result is of automata
theoretic nature (and is again the determinization of automata on infinite words).

Finally, to the existing arsenal, we add a new method in Chapter 3. As
explained in the overview of this chapter, this method is inspired by model theory.
The idea is to introduce a notion of rank which plays the same role in our proof as
the notion of quantifier depth in model theory. Using this notion, we can transfer
model theoretic arguments that work by induction on the alternation depth to
the setting of the p-calculus. In our case, the model theoretic argument originates
from Kees Doets’ work [Doe89].






Chapter 2

Preliminaries

We introduce the notation and results that we will need throughout this thesis.
Not surprisingly, most of this chapter concerns the p-calculus. For a detailed
survey concerning the p-calculus, we refer the reader to [BS07], [ANO1], [GTWO02]
and [Ven08a].

2.1 Syntax of the p-calculus

In this section, we introduce the syntax for the u-calculus and some related ter-
minology. We present the p-calculus in two different syntactic formats. The first
format that we denote by uML, consists in adding fixpoint operators to standard
modal logic. The second format is obtained by replacing the modal operators <
and O by the operator V (nabla).

The set uML corresponds to the syntax for p-calculus originally introduced
by Dexter Kozen [Koz83|. The advantage is that the set uML corresponds to
a natural way of enriching modal logic with fixpoints. On the other hand, the
second format is closer to the automata theoretic approach (see Section 2.4).

p-formulas Let Prop be a set of proposition letters, Act a set of actions and
Var an infinite set of variables. We assume that Prop N Var # (. A literal is a
formula of the form p or —p, where p € Prop. The set uML of p-formulas (over
Prop, Act and Var) is inductively given as follows:

pu=T | Llp|l-pla|leVeloAe ]| Cwp | Oup | pzp | v,

where p belongs to Prop, a belongs to Act and = belongs to Var.
The set uMLY of p-formulas in V-form (over Prop, Act and Var), is induc-
tively defined by:

pu=T x| eVe | oAp | aeV,® | pz.p | va.p,

11
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where z belongs to Var, a belongs to Act, ® is a finite subset of uMLY and « is
a conjunction of literals and variables.

In general, by ji-formula, we mean either a formula in ML or in gMLY. The
notion of subformula is defined in the usual way and given a formula ¢, we let
Sfor(p) denote the collection of subformulas of ¢. If ¢ is a subformula of ¢, we
write 1) < ¢ and if in addition, ¢ # 1, we write ¥ < ¢ .

A modal formula is a p-formula ¢ such that Sfor(y) does not contain any
formula of the form px.1) or vx.ip. A propositional formula is a p-formula ¢ such
that Sfor(y) does not contain any formula of the form pz.¢), va.ap, S0 or Oyp.

An occurrence of a variable z in a formula ¢ is bound if x is in the scope
of an operator ux or vx. Otherwise, the occurrence of x is free. A p-sentence
is a p-formula that do not contain any free variable. Substitutions are defined
as usual. If ¢ and ¢ are p-formulas and if v is either a proposition letter or a
variable, we denote by ¢[v/1] the formula obtained by replacing in ¢ each free
occurrence of v by 1. Note that if all the occurrences of a variable x are bound
in ¢, we have ¢[x /9] = p.

A p-formula ¢ is well-named if for every variable = the following holds

e cvery occurrence of x is free or

e every occurrence of x is bound and there is a unique subformula of the form
1:2.0,. This unique subformula is called the unfolding of x and is denoted
as nfx.0Y. We call x a p-variable if n¥ = p, and a v-variable if n¥ = v. If
@ is clear from the context, we simply write n,.0,.

Convention Throughout this thesis, unless specified otherwise, we fix a set
Prop of proposition letters and an infinite set Var of variables. Moreover, in
most of the chapters, we assume the set of actions to be a singleton and in this
case, there is no confusion to write < instead of <, and O instead of O,. The
only reason for this restriction is to make the presentation smoother, but all the
results can be extended to the case where we have more than one action.

The way we defined the set uML, only allows the application of the negation
symbol to proposition letters. As we shall see in the next section, it is equivalent to
allow the application of the negation to any formula but require that in formulas
of the form px.p and vz.p, = is under the scope of an even number of negation
symbols. The advantage of this last presentation is that it enables us to lower
down the number of primitive symbols, as we may treat 1, A, O, and vx as
definable symbols (instead of primitive symbols). However, the presentation we
gave here, interacts better with the game semantics, which comes often into play
in this thesis.

It will still be sometimes useful to be able to apply the negation symbol to
a formula in pML. For that purpose, we introduce the abbreviation - (where
v € uML).
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The symbol = Given a formula ¢ in ygML, we define —¢ by induction on ¢ as
follows:

-7 = _L, -0y = <>a—|(p,

—|L e T, _\<>ag0 = |:|a—\g07
(e AY) = A, | prp = vr.oplor/zl,
“(eVY) = oA, | vz = proploz/zl,

where p belongs to Prop, x belongs to Var and ¢[—x/z] is the formula ¢ in which
all occurrences of —x are replaced with x.

If we consider a subformula v of a formula ¢, it might be the case that some
variables x bound in ¢, become free in 7. In a sense, these variables lose the
role they played in ¢. If we want to restore the role of these variables in 1), we
can simply replace each variable z by the formula 7,.),. Formally, we have the
following definition.

Dependency order and expansion Given a well-named formula ¢, we define
the dependency order <, on the bound variables of ¢ as the least strict partial
order such that x <, y if ¢, is a proper subformula of d,.

If {z1,...,2,} is the set of variables occurring in ¢y, where we may assume
that ¢ < j if x; <, x;, we define the ezpansion e, (1) of a subformula 1 of ¢ as:

That is, we substitute first x; by d,, in 1; in the obtained formula, we substitute
Ty by 04, etc. If no confusion is likely we write e(1)) instead of e, ().

Let us mention that the order for performing the substitutions is crucial.
We illustrate this by an example. Consider the p-sentence ¢ = px.(uy.x A y)
and let ¢ be the subformula x A y. It is easy to see that y <, x. Now the
formula ¢y := [n,.0,/y|[n..0./x] is equal to py.(¢ Ay) A ¢, whereas the formula
Wy 1= P[n,.0./x][ny.0,/y] is equal to p A py.(x Ay). The variables play exactly the
same role in ¢ and in ®; (which is the expansion of ). This does not hold for
the formula 1)5: there is an occurrence of the variable x that is free in 5. So we
see that it is important to start the substitution with the variable the unfolding
of which is the innermost subformula of .
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Closure of a formula The closure Cl(p) of a formula ¢ is the smallest set of
formulas such that

p € Cl(yp),

if =p € Cl(y), p € Cl(yp),

if 1) V x or ¢ A x belongs to Cl(g), then both ¥, x € Cl(p),
if ©q10 or O, belongs to Cl(p), then ¢ € Cl(yp),

if v e V,® belongs to Cl(p), then a € Cl(¢) and ® C Cl(yp),
if px.ap € Cl(p), then Y[z/ux.p] € Cl(p),

if ve.ap € Cl(p), then [z /va.ap] € Cl(p).

So the closure of a formula can be seen as the analog of the Fischer-Ladner closure
for PDL.

An immediate adaptation of a proof in [Koz95] shows that if ¢ is well-named,
Cl(yp) is equal to the set {e, () | ¢ € Sfor(p)}.

Size of a formula Following [KVWO00], we define the size of a p-formula ¢,
notation: size(y), as the cardinality of the set Cl(¢p).

The size of a formula is related to the number of nodes in the DAG (directed
acyclic graph) representation of the formula. There are two usual ways to repre-
sent a formula: as a tree or as a DAG. We give some intuition on how these two
representations work.

Given a formula ¢, we can define a tree the nodes of which are labeled with
subformulas of ¢. The root is labeled with the formula ¢. Given a node labeled
with a formula v, we create the children of the node according to the form of
. If 1 is a proposition letter or a variable, the node has no children. If ¥ is a
disjunction of the form 1), V 15, the node has two children, one labeled with ¢/,
while the other one is labeled with 5. If ¢ is of the form px.y, the node has one
child labeled with x. It is easy to imagine how to proceed in the other cases.

Now we can also represent ¢ as DAG. Each node of the DAG corresponds to
a subformula of ¢. There is an edge from a node associated with a formula
to a node associated with a formula yx if x is an immediate successor of ¢ with
respect to the order <.

In the case we represent a formula as a tree, the number of nodes depends on
the number of subformulas and how many times each subformula occurs in . In
the case we represent a well-named formula ¢ as a DAG, the number of nodes is
linear in the size of ¢.

2.1.1. REMARK. There are two main ways to define the size of a formula: either
as the cardinality of the closure of the formula or as the number of symbols of
the formula. As explained earlier, the first definition is related to the number
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of nodes in the DAG representation of the formula, while the latter definition
corresponds to the number of nodes in the tree representation.

The fact that we opted for the first definition of the size is not crucial. In fact,
most of the (few) complexity results presented here are also true with the other
alternative definition of size. Our choice for the definition of the size is dictated
by the fact that the proofs for the complexity results (of this thesis) are usually
based on an automata theoretic approach. The number of states of an automaton
associated to a formula is directed related to the cardinality of the closure of the
formula (see proof of Proposition 2.4.2).

Finally, we introduce the notion of alternation depth. There are in fact several
possibilities to define the alternation depth. Since this notion does not play a
crucial role in this thesis, we use what is called the “simple-minded” definition
in [BS07]. For other definitions of alternation depth, we also refer to [BS07].

Alternation depth Let ¢ be a p-formula. An alternating p-chain in ¢ of
length k is a sequence

© B w1 )y D> gy D> - D> g/ Vi,

where for all © € {1,...,k}, z; is not free in every ¢ such that ¢; > ¢ > ;..
We let maz*(p) be the maximal length of an alternating p-chain in . We define
in a similar way maz”(¢). The alternation depth of a u-formula is the maximum
of maz*(p) and maz”(yp) .

2.2 Semantics for the p-calculus

The structures on which we interpret the p-formulas are the usual structures for
modal logic.

Kripke frames A (Kripke) frame is a pair (W, (R4)acact), where W is a set
and for all a € Act, R, a binary relation on W. W is the domain of the frame
and R is the accessibility relation or transition relation. Elements of w are called
nodes, states or points.

If (W, (Ra)acact) is a Kripke frame and (w,v) belongs to R,, we say that w
is an a-predecessor of v and v is an a-successor of w. Given a binary relation
R C W x W, we denote by R[w] the set {v € W | (w,v) € R}. The transitive
closure of R is denoted as R™; elements of the set R} [w] are called (proper)
a-descendants of w.

A subframe of a frame (W, (Rqy)acact), is a frame of the form (W', (R))acact),
where W/ C W and for all a € Act, R, = R, N (W' x W'). Given a point w in
W, the subframe generated by w is the unique subframe, the domain of which is

{w} U (Upeser Ra) " [0].
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Kripke models A (Kripke) model (over Prop) is a triple (W, (Rq)acact, V)
where (W, (R,)act) is a Kripke frame and V' : Prop — P(W) a valuation. A

pointed model is a pair (M, w), where M is a Kripke model and w belongs to the
domain of M.

A submodel of a model (W, (Ry)acact, V), is a model of the form (W', (R),)acact,
V"), where (W', (R.)acact) is a subframe of (W, (R,)scact) and for all p € Prop,
V'(p) = V(p) NW’. Given a point w in a model M, the submodel generated by w
is is the unique submodel of M, the domain of which is {w} U (U R )+ [w].

a€Act *ta

We start by giving the semantics for the modal formulas. The boolean con-
nectives are interpreted as usual. The operator <&, and O, are interpreted as in
the setting of modal logic. Next, a formula « e V,® is true at a point w in a
model if « is true at w and

for all v € R,[w], there is ¢ € ® such that ¢ is true at v,
for all ¢ € ®, there is v € R,[w] such that ¢ is true at v. (2.1)

Alternatively, if we let [¢] be the set of points at which ¢ is true, (2.1) is equivalent
to the fact that the set of [J{[¢] | ¢ € ®} contains the a-successors of w and that
each set [¢] with ¢ € @, has a non-empty intersection with R,[w].

Given the semantics of o @ V,®, the notation a A V,P might seem more
appropriate. The reason for writing o @ V,® will become clear in Section 2.4.3.
This notation allows us to formulate the notion of disjunctive formula in an easier
way.

In the area of modal logic, the first explicit occurrences of the V connective
can be found in the work of Jon Barwise and Lawrence Moss [BM96] and in that of
David Janin and Igor Walukiewicz [JW95b]. We also would like to mention that V
corresponds to the relation lifting of the satisfiability relation. Given a model with
domain W, we can think of the satisfiability relation I as a relation between W
and the set pMLY. A pair (w, ) belongs to the satisfiability relation if ¢ is true at
w. Using the notion of relation lifting, we can lift this relation into a relation P(IF)
between P(W) and P(uML) (for more details, see for instance [Ven06a]). It turns
out that V,® is true at a point w iff (R,[w], ®) belongs to P(IFF). This equivalence
was the key ingredient for the definition of coalgebraic modal logic [Mo0s99].

Semantics for modal formulas Fix a Kripke model M = (W, (R,)acact, V).
Given a modal formula ¢ and an assignment 7 : Var — P (W), we will define the
meaning of ¢ as a set []m, € W. In case a point w belongs to [¢]am -, we say
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that ¢ is true at w. The definition of [p]a, proceeds by induction on ¢:

{w e W | Ra[w] 0 [¢]p- # 0},

[TIm,r W,
[l 0,
[p]rt,r V(p),
[=p]at,r WA V(p),
[2]m.- 7(z),
[V Ylms [elar U [0 amrs
[ A lamr [elar N [ aars
Jmr
[Caplm,r {we W | Refw] C [¢]mr},
[a @ VO rs~ [alm- N[V s,
[VOlm, = {weW|Ru|C U{[[SD]]M,T | o € 0}

and for all p € @, [¢]m.» N Rw] # 0}.

To define the semantics for the p-formulas, it remains to interpret the fixpoint
operators i and v. The idea is to view formulas as set-theoretic maps and to think
of the connectives ux and vx as least and greatest fixpoints of these maps. We
start by defining the map "™ associated with a given a formula ¢ and a variable
x. Intuitively, this map captures how the meaning of ¢ depends on the meaning
of x.

The map ¢, Formally, given a p-formula ¢, a model M = (W, (R)acact) and
an assignment 7 : Var — P(W), we define the map ¢ by:

Pt P(W) — P(W)
U~ [[QOHM,T[xHU]a

where 7[z — U] is the assignment 7’ such that 7/(x) = U and 7'(y) = 7(y), for
all variables y # x. If M and 7 are clear from the context, we write , instead
of M.

We would like to define the meaning of ux.¢ (vz.p) as the least (greatest)
fixpoint of the map .. In general, not all maps admit a fixpoint and if they do,
there is no guarantee that there is a least or a greatest one.

In order to show that there are always a least and greatest fixpoints for the
map ., we use the Knaster-Tarski theorem. We start by recalling the basic
definitions needed to state the Knaster-Tarski theorem.
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Fixpoints A complete lattice P is a partially ordered set (P, <) in which each
subset has a greatest lower bound (called the meet) and a least upper bound
(called the join). If U is a subset of the lattice, we denote by A U the meet of U
and by \/ U the join of U. If U = {¢, d}, we write ¢ A d instead A U. Similarly,
we use the notation ¢V d instead of \/ U.

Let f: P — P be amap. A point ¢ € P is a fizpoint of f if f(c) = c. Next,
c is the least fizpoint of f if for all fixpoints d of f, we have ¢ < d. The point ¢ is
the greatest fizpoint of f if for all fixpoints d of f, we have d < c¢. Finally, cis a
pre-fizpoint of f if f(c) < ¢ and ¢ is a post-fizpoint of f if ¢ < f(c).

2.2.1. THEOREM ([TARB5]). Let (P, <) be a complete lattice and f: P — P a
monotone map (that is, for all c,d € P satisfying ¢ < d, we have f(c) < f(d)).
Then f admits a least fizpoint, which is given by

NeePl i) <c

and f admits a greatest fixrpoint, which is given by

Vice Ple< o)

Now it is immediate that for all models M with domain W, the pair (P(W), C)
is a complete lattice (with meet operator /\ given by [ and join operator \/ given
by |J). Moreover, the syntax of the p-formulas is defined such that no variable
occurring in a p-formula is in the scope of a negation symbol. We can easily derive
that for all assignments 7 : Var — P(W), the map @7 : P(W) — P(W) is
monotone. Combining this with the Knaster-Tarski theorem, we obtain that the
map @, always admits a least and a greatest fixpoint. We are now ready to define
the semantics for the p-formulas.

Semantics for p-formulas Let M = (W, (Ry)acact, V) be a Kripke model.
Given an assignment 7 : Var — P(W) and a p-formula ¢, we define the meaning
of ¢, notation: [¢]am .+, by induction on the complexity of ¢. The definition is as
in the case of the semantics for modal formulas, with the extra clauses:

[z]mr = 7(2),
[[/MC'SD]]M,T = ﬂ{U cw | [[‘PHM,T[%HU] C U}a
[[VI.QO]]M’T = U{W C S ’ UcC [[QOHM,T[wHU]}a

where 7[z — U] is the assignment 7’ such that 7/(z) = U and 7'(y) = 7(y), for
all variables y # z.

Note that the set [ux.¢] .- is defined as the intersection of all the pre-fixpoints
of the map ¢,. Hence, by the Knaster-Tarski theorem, [ux.¢]ar - is indeed the
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least fixpoint of the map ¢,. Similarly, [vz.¢]m, - defined as the union of all the
post-fixpoints of ¢, is the greatest fixpoint of the map ¢,.

It is also interesting to observe that for all formulas ¢ € pML, for all models
M = (W, (Ry)acact, V) and for all assignments 7 : Var — P(W), we have

[=elr,r = WA[@]pm,r-

This can be shown by a standard induction on ¢. We introduce now some general
terminology related to the semantics.

Truth and validity If w € [p]am -, we will write M, w I, ¢ and say that ¢ is
true at w under the assignment 7. If ¢ is a sentence, the meaning of ¢ does not
depend on the assignment and so we write M, w I ¢, and say that ¢ is true at w.
A p-formula is true in a model M with domain W if for all assignments 7 : Var
— P(W) and for all w € W, we have M, w Ik, . In this case, we write M I ¢.
A p-formula ¢ is valid at a point w of a frame F = (W, (R,)acact), notation:
F,w Ik ¢, if for all valuations V' : Prop — P(W) and for all assignments 7 : Var
— P(W), we have (W, (Ra)acact, V), w I, . If for all w € W, we have F, w IF ¢,
then ¢ is valid in F and we write F IF ¢.

Two formulas ¢ and v are equivalent on a class C of Kripke models, notation:
© =c 1, if for all models M in C, and for all assignments 7, [¢]m.r = [Y]m-. I C
is the class of all Kripke models, we simply write p = 1. A u-formula is satisfiable
in a model M with domain W, if for some assignment 7 : Var — P(W) and
some w € W, ¢ is true at w under the assignment 7. A p-formula ¢ is satisfiable
if there is a model in which ¢ is satisfiable.

In the definition of the meaning of ux.p and vz.p, we obtained the least
and greatest fixpoints by taking intersections of pre-fixpoints and unions of post-
fixpoints. Another way to obtain the least and greatest fixpoints is to approximate
them.

Obtaining the fixpoints using approximations Fix a p-formula ¢, a model
M = (W, (Ra)acact, V) and an assignment 7 : Var — P(W). For each ordinal j,
we define the sets (,)5(0) by induction on § in the following way:

(Q%Jg(@) = @7
()i () = @al()i (D)),
(pa)n@) = (J{(0)i(®) 1 8 <A,
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where ) is a limit ordinal. Dually, we define the sets (¢,)?(W) in the following
way':

(o (W) = W,
(pr)f—i_l(W) - @z((@x)f(m/»’
(s W) = [{(po)g(W) | B <A},

where A\ is a limit ordinal. Using the fact that ¢, is monotone, we can show
that for some ordinal 3y, we have (p,)2(0) = (p,)5™(0). Moreover, the set
(02)00 (D) is the least fixpoint of ¢,. The smallest ordinal fy satisfying (¢, ) (0) =
(02)0 (D), is called the closure ordinal of ¢.

Similarly, for some ordinal 31, we have (¢,)% (W) = (o)1 (W) and (p,)% (W)
is the greatest fixpoint of ¢,. For details about the proof, we refer the reader

to [ANO1].

Now that we defined the semantics, it is not hard to show that it is equivalent
to use the standard modalities O, and <, in a fixpoint formula or to use the V
modality. Unravelling the semantics of V,, we find that

V.2 =\/0.2A0,\/ 2 (2.2)

where O, & = {O,p | p € }. Conversely, it is easy to see that C,0 = Vo {¢, T}
and O, = V.0V V.{p}. Based on this we can prove that the languages uML
and uMLY are effectively equi-expressive.

2.2.2. FAcT. For every formula in yML, we can compute an equivalent formula
in uMLY, and vice versa.

It also easily follows from the semantics that each p-formula in pML (in
pMLY) is equivalent to a well-named p-formula in ML (in gMLY), which is
simply obtained by renaming some variables in the original formula. We adopt
the following convention.

Convention We always assume p-formulas to be well-named.

Finally, there is another restriction one might want to make on the shape of
the u-formulas.

Guarded formula A p-formula is guarded if each occurrence of a variable, that
is in the scope of a fixpoint operator n (where 7 is either p or v), is also in in the
scope of a modal operator (which is either d,, ¢, or V,), which is itself in the
scope of 7).
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For example, pzx.(pV <x) is guarded but O(px.pV x) is not guarded. It is not
hard to see that pz.x = 1 and vx.x = T. We can generalize this and show that
if an occurrence of x in a p-formula of the form nx.¢ (with n € {u,v}), is not
under the scope of a modal operator, we can basically get rid of this occurrence.

2.2.3. PROPOSITION ([K0z83]). Each formula in uML (in uMLY ) can be trans-
formed in linear time into an equivalent guarded formula in pML (in pMLY ).

2.3 Game terminology and the evaluation game

An alternative way to define truth of u-formulas, is to use games. The advantage
of the game semantics is that it is more intuitive than the semantics introduced
above. However, the latter semantics is usually more appropriate when proving
results by induction on the complexity of the formulas. Another advantage of
the game semantics is that it allows us to transfer results from game theory to
p-calculus. Let us also mention that game theory plays an important role when
investigating the link between pu-calculus and automata (see the next section, but
also Chapter 7).

We start by introducing some general terminology for graph games. These
are board games that are played by two players (called 3 and V).

General terminology Given a set GG, we write G* for the set of finite sequences
of elements in G; we write G for the set infinite sequences of elements in G.

Graph game A graph game G is a tuple (G3, Gy, E, Win), where G3 and Gy
are disjoint sets, F is a subset of (G3UGvy)?, and Win is a subset of (G3UGy)“. An
initialized graph game Gq is a tuple (Gs, Gy, E, Win, z;), where (G3, Gy, E, Win)
is a graph game and the initial position z; belongs to G35 U Gy,.

We write G for the set G3U Gy and call it the board of the game. An element
z in G is a position. Moreover, if z € G5, z is a position for 9, which means
that 3 is supposed to move at position z. Otherwise, z is a position for V. If no
confusion is possible, we simply refer to graph games and initialized graph games
as games.

Very often we present a graph game in a table. The first column contains the
positions of the board. The second column specifies which player each position
belongs to. In the third row, we can find the sets E[z] of possible moves.

Match Let G be the graph game (G3, Gy, E, Win) and let Gy be the initialized
graph game (G3,Gy, E, Win, z;). A G-match is a sequence (z;)i<, € G*UGY
such that for all ¢ with i + 1 < &, (2;,2i41) € E. A Go-match is a sequence
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(2i)i<x € G*UGY that is a G-match and such that zp = z; . We call k the length
of the match.

A match m = (z;);<, is full if either kK = w, or & is finite and there is no z € G
such that (z,_1,2) € E. In the latter case, if z is a position that belongs to a
player o, we say that player o gets stuck. A match that is not full is also called
partial.

Every full match 7 has a winner; in case 7 is finite, the winner is the opponent
of the player who got stuck. In case 7 is infinite, 3 wins 7 if = belongs to Win.
Otherwise, 7 is won by V.

The notion of strategy is central in game theory. Many important results
concerns the existence of a strategy, or the existence of normal forms for strategies.
A strategy for a player is a map that tells the player how to play. In case the
strategy is winning, the player is ensured to win the match.

Strategy Let G be the graph game (G3, Gy, E, Win) and let Gq be the initial-
ized graph game (G3, Gy, E, Win, z;). If o belongs to {V, 3}, we denote by G*G,,
the set of sequences (z;);<, in G*, with 1 < k <w and z,_1 € G,.

A strategy for a player o in G (resp. in Gg) is a partial map [ : G*G, — G
such that for all 7 = (2;)i<, in the domain of f, (241, f(7)) belongs to E. We
denote by Dom(f) the domain of f. A G-match (resp. Go-match) m = (2;)i<x is
f-conform if for all i + 1 < k such that z; € G,, we have z;,1 = f(20...2).

A position z € G is winning with respect to f in G if the two following
conditions hold. For all f-conform partial G-matches (z;);<, with zp = 2z and
2x—1 € Gy, we have (z;);<. € Dom(f). Moreover, for all full f-conform G-matches
T = (2i)i<x With zg = z, 7 is won by o.

We say that a strategy f for o in Gg is a winning strategy if z; is a winning
position with respect to f in G. Next, a position z € G is winning for a player o
in G if there is a strategy f for ¢ in G such that z is winning with respect to f in
G. We denote by Win,(G) the set of all positions z € G that are winning for o.

Finally, a strategy f for player ¢ is a maximal winning strategy in G if all
winning positions 2z of o are winning with respect to f in G.

All the games that we consider are either parity games or can be linked to
parity games. The notion of a parity game is fundamental in game theory. It cap-
tures a large class of graph games and still enjoys a powerful property: positional
determinacy. This means that a given position is either winning for 3 or V (the
game is determined) and that each strategy may be assumed to be positional;
that is, the decision dictated by the strategy at a position of a match does not
depend on what has been played before reaching the position.

Parity games and positional strategy A parity game is a tuple (Gs, Gy,
E,Q), where G35 and Gy are disjoint sets, E is a subset of (G5 U Gy)?, and Q is a
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map from G3U Gy to N. We write G for the set G35 U Gy and call it the board of
the game. If z € G, we say that €2(z) is the priority of z.

With each parity game we can associate a graph game G = (G3, Gy, E, Win)
defining Win such that for all sequences 7 in G*,

e Win iff mazx{Q(2) | z € Inf(m)} is even,

where Inf(7) is the set of elements in G that appear infinitely often in 7. Hence,
we can easily adapt all the definitions introduced earlier, to the case of parity
games.

A strategy f for a player o is positional if there is a partial map f, : G, — G
such that for all zy ...z, € Dom(f), f(z0...2n) = fp(zn). We usually identify f
and f,.

We give now the result stating that parity games enjoy positional determinacy.

2.3.1. THEOREM ([EJ91],[M0s91]). Let G be a parity game. There ezist posi-
tional strategies f3 and fy for 3 and V' respectively such that for all positions z
on the board of G, z is winning either with respect to f3 or with respect to fy.

Moreover, given a position z, there is an effective procedure to determine
whether 2 is winning for 3 or V.

2.3.2. THEOREM. [Jur00] Let G = (G3, Gy, E,Q) be a parity game and let n,m
and d be the size of G, E and the range of (), respectively. Then for each player
o, the problem, whether a given position z € G is winning for o, is decidable in

time O (d -m - (ﬁ) Ld/2J>.

Next we introduce a parity game (called the evaluation game) which provides
an alternative semantics for the p-calculus. The connection between pu-calculus
and games was first observed by E. Allen Emerson and Charanjit Jutla [EJ88]
and Colin Stirling [Sti95].

A position in the evaluation game is a pair (w, ), where w is a point in a
model and ¢ a formula. The goal of 3 is to show that ¢ is true at w, whereas V
wants to prove the opposite.

Evaluation game Let M = (W, R,V) be a Kripke model and let ¢ be a
sentence in ML or in uMLY. We also fix a map pr : Var — N, which assigns
a priority to each variable such the two following conditions hold. If a variable x
in ¢ is a p-variable, then pr(x) is even and if x is a v-variable, then pr(zx) is odd.
Moreover, if for some variables x and y, we have z <, y, then pr(z) < pr(y). It
is easy to see that there is always such a map.

Next, given a set of formulas ® and a point w € W, we say that a map m :
— P(R[w]) is a V,-marking if



24 Chapter 2. Preliminaries

o for all ¢ € @, there exists v € R,[w] such that v € m(yp),
e for all v € R,[w], there exists ¢ € ® such that v € m(yp).

We define the evaluation game E(M, p) as a parity game. The board of the
game consists of the pairs (w, ), where w € W and ¢ is a subformula of ¢.

The game is given in Table 2.1, where w € W, p € Prop, x € Var, n € {u,v},
U, 1,9 € Sfor(p), @ is a subset of Sfor(y) and « is a conjunction of literals.

Position z Player | Possible moves E[z] | (2)
(w, T) v 0 0
(w, L) 3 0 0
(w, z) - {(w,d2)} pr(z)
(w,p) and w € V(p) |V 0 0
(w,p) and w ¢ V(p) |3 0 0
(w,—p) and w ¢ V(p) | 3 0 0
(w,—p) and w € V(p) | V 0 0
(wawl A%) v {(wvwl)v(w7¢2)} 0
(wuqu)l \/¢2) 3 {(w,gbﬁ,(w,%)} 0
(wine) S {we) 0
(w0, o)) 3 | {(we)|veRE]} |0
(w. O) v | {wd)lveRul} |0
(w, v 0 V,P) \ {(w, @), (w, V,P)} 0
(w, V,P) 3 {m:® — P(R[w])| |0
m is a V,-marking }
m ® o P@RE) Y | {(wd) | uem®)} |0

Figure 2.1: The evaluation game

Given the fact that at position (w,1)), 3's goal to prove that v is true at w,
the definitions of G3, Gy and F given above, seem fairly natural. The winning
condition might seem a bit more intricate. The intuition is that a u-variable can
be unfolded only finitely many times, whereas a v-variable corresponds to possibly
infinite unfolding (what we call “unfolding” of a variable x in the evaluation game,
is the move from a position (w, ) to position (w,d;)).

Obviously it could be the case that there is more than one variable that is
unfolded infinitely many times during a match. The point is that among all the
variables unfolded infinitely many times, there is a unique one which is highest
in the dependency order. 3 wins iff this variable is a v-variable. This is exactly
what is expressed by the parity condition.

2.3.3. THEOREM. Let ¢ be a sentence and let (M, w) be some pointed Kripke
model. For the game E(M, p), there are positional strategies f3 and fy such that
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f3 is winning for 3, fv is winning for ¥ and for every position z, z is a winning
either with respect to f3 or with respect to fy.
In addition, for all w € M,

Mwlk @ iff (w,p) € Wing(E(M, p)).
More generally, for all subformulas i of ¢ and for all w € M, we have
M,wlkey () iff (w,¢) € Wing(E(M, ¢)).

It follows from this proposition that a procedure for deciding which player has
a winning strategy in an initialized parity game, would give us a procedure for the
model checking problem for the p-calculus. The model checking problem consists
in deciding whether a given p-sentence is true at a given point in a finite model.
Using the result proved by Marcin Jurdzinski in [Jur98] about the complexity
of parity games, we obtain the following upper bound for the complexity of the
model checking problem.

2.3.4. THEOREM ([JUR98|). The model checking problem for the u-calculus is
UP N co-UP.

A non-deterministic Turing machine is unambiguous if for every input, there
is at most one accepting computation. The complexity class UP (Unambiguous
Non-deterministic Polynomial-time) is the class of languages problems solvable in
polynomial time by an unambiguous non-deterministic Turing machine (for more
details on this model of computation, see for instance [Pap94]).

The result above only gives us an upper bound for the model checking. It is
an important open problem to obtain the exact complexity (and in particular,
whether model checking can be done in polynomial time).

In fact, the problem of finding the exact complexity of the model checking
problem for the p-calculus is equivalent to the problem of finding the exact com-
plexity for solving parity games. The problem of solving a parity game consists
in deciding which player has a winning strategy from a given position in a parity
game. The fact that there is a reduction from the model checking problem to the
problem of solving parity games immediately follows from Theorem 2.3.3. The
converse reduction follows from the fact that given a parity game and a player,
there is a u-formula describing the set of winning positions for the player. This
result was proved by E. Allen Emerson and Charanjit Jutla [EJ91]; another proof
can be found in [Wal02].

2.4 p-Automata

Another way to approach p-formulas, is to use p-automata. Automata theory is
a vast area, but we only present the material that we need in this thesis. For
more details about automata, see for instance [Tho97].
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2.4.1 w-Automata

We start by recalling the notion of w-automaton, which will be mostly used to
specify winning conditions for graph games.

w-Automaton Fix a finite alphabet . The elements of ¥ are the infinite
words over Y. A non-deterministic parity w-automaton over a finite alphabet ¥
is a tuple (@, g1, 9, 2), where @ is a finite set of states, ¢; € @ is the initial state,
J is a function ¢ : @ x X — P(Q) called the transition map, and 2 : Q — N is
the parity map.

The automaton A is a deterministic parity w-automaton if for all (¢, c) € Q@ x3,
the set (g, ¢) is a singleton. In this case, we can think of § as a map from Q x X
to Q.

We define the size of the automaton as the cardinality of the set @) and the
index of A is the size of the range of €.

w-Automata operate on infinite words. We recall the notions of run and
accepting run.

Run and acceptance Let cyc;... be a word over X. A run of the automaton
(Q,qr,6,€) on cocy ... is a sequence qoq; - .. in Q¥ such that gy = gr and for all
i €N, gip1 €0(qi, ).

A word cycq ... is accepted by the automaton A if there is a run qpq; . .. of the
automaton on cycq . . . such that the maximum of the set {Q(q) | ¢ € Inf(qoqu ... )}
is even. Recall that Inf(qoq; - ..) is the set of elements in @, that occur infinitely
often in the sequence qyq; . . ..

A subset L of ¥¢ is an w-regular language over X if there is a non-deterministic
parity automaton A such that L is exactly the set of words accepted by A.

Assuming w-automata to be non-deterministic turns to be convenient for prov-
ing certain results. Examples of such results include the fact that there is a dis-
junctive normal form for the p-calculus (see the end of Section 2.4) and results
from Chapter 7. This assumption can be made without loss of generality, as
shown by the following result.

2.4.1. THEOREM ([McN66, SAF92, P1T06]). Given a non-deterministic parity
w-automaton A with size n and index k, we can construct in time exponential in
the size of A, a deterministic parity w-automaton A’ such that A and A’ recognize
the same language and the index of A’ is linear in n and k.

2.4.2 p-automata

We present the notion of p-automaton, which is basically an alternative way
to think of a p-formula. Michael Rabin introduced non-deterministic automata
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operating on infinite binary trees [Rab69] in order to show that the monadic
second-order theory of infinite binary trees is decidable (see Section 2.6). Later
David Muller and Paul Schupp considered alternating automata on infinite binary
trees [MS87]. In [SE89], Robert Streett and E. Allen Emerson gave a transfor-
mation from p-formulas to Rabin automata, while a converse translation was
established by Damian Niwinski in [Niw88]. These notions of automata have
been extended to the setting of Kripke models (instead of binary trees) by David
Janin and Igor Walukiewicz in [Jan97].

Given the nature of fixpoint logics, a linear representation, as offered by u-
formulas, is not always well-suited. Automata provide a graph theoretical repre-
sentation which has been useful for establishing fundamental results concerning
the p-calculus. Let us for example mention the satisfiability problem (see Chap-
ter 7 where the satisfiability problem is presented in the framework of coalgebras).
A proof of the p-calculus hierarchy theorem (see [Arn99]) is also based on the
connection between p-automata and p-formulas. Another example, the fact that
there is a disjunctive normal form, can be found in the next subsection.

p-automata Given a finite set (), we define the set T'C(Q) of transition condi-
tions as the set of formulas ¢ given by:

=T Llp|-p|]Cw | Oaqg|qg|eney| vy

where a € Act, p € Prop and ¢ € ). The set TC"(Q) is the set of formulas of
the form o A ¢, where « is a conjunction of literals and ¢ belongs to the set of
formulas given by:

You= T | L[] Ouq | Oag | YA,
p = Y| eV,

where a € Act and ¢ € . Basically a formula in TC"(Q) is a formula of the form
a A ¢, where « is a conjunction of literals and ¢ is a disjunction of conjunctions
of formulas of the form <,q, O,q, T or L. It is easy to see that TC"(Q) is a
subset of TC(Q).

Next, we define the set TC%(Q) of disjunctive transition conditions as the set
of formulas that are disjunctions of formulas of the form a e V@', where a € Act,
Q' C @ and « is a conjunction of literals over Prop.

An alternating p-automaton is a tuple A = (Q, qr,0,2), where @ is a finite
set of states, q; € @ is the initial state, 0 : Q — TC(Q) is the transition map
and € : Q — N is the parity map. In case 0 is a map from @ to TC"(Q), A is a
normalized alternating p-automaton. Finally, if § is a map from @) to TCd(Q), A
is a non-deterministic p-automaton. The size of A is the size of A and the index
of A is the size of the range of €.
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The input for a p-automaton is a pointed model. Whether an automaton
accepts a pointed model or not, depends on the existence of a winning strategy
for player 3 in a parity game, that we call the acceptance game.

Acceptance game Let M = (W, R, V) be a model and let A = (Q,qr,6,?)
be a normalized alternating or non-deterministic p-automaton. The associated
acceptance game A(M, A) is the parity game given by the table below.

Position Player | Admissible moves Priority
(w,q) €W xQ |3 {m:Q —=PW) | (W.R,m),wld(g)} | Qq)
m:Q—PW) |V | {(v.d)]vemd)} 0

A pointed model (M, wy) is accepted by the automaton A if the pair (wo, qr)
is a winning position for player 3 in A(M, A).

The acceptance game of p-automata proceeds in rounds, moving from one
basic position in W x () to another. Each round consists of two moves. At
position (w,q), 3 has to come up with a marking m that assigns states of the
automaton to each point in W. The marking should be such that the formula
d(q) is true at w. Given the shape of the formulas in TC(Q), we may assume
that if A is alternating, then for all v ¢ R[w| U {w}, m(v) = 0. Similarly, if
A is either normalized or non-deterministic, then we may suppose that for all
v & Rlw], m(v) = 0.

Intuitively, after the marking is chosen, the automaton is split in several copies,
each of them corresponding to a pair (v,q’) with v € m(q’). Now V can pick one
of these copies and we move to a new basic position.

Since TC"(Q) is a subset of TC((Q), a normalized alternating automaton is an
alternating automaton, but the converse is not true. The main difference between
these two notions of p-automata is that alternating automata allow “empty”
transitions in the model. This means that during a round, while the automaton
is moving from one state to another, it can happen that there is no move in the
model from the current point to one of its successors.

Equivalence between p-automata Two p-automata A and A are equivalentif
for all pointed models (M, wy), A accepts (M, wy) iff A" accepts (M, wp).

For example, it is easy to see that each non-deterministic py-automaton is
equivalent to a normalized p-automaton. This follows from the facts that V, can
be expressed using O, and <, (see Fact (2.2)) and that every positive formula
of propositional logic is equivalent to a disjunction of conjunctions of proposition
letters.

Now that we defined the way automata operate on pointed models, we can
show that there are effective truth-preserving transformations from p-formulas to
p-automata and vice-versa.
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Equivalence between p-automata and p-formula A p-sentence ¢ is equiv-
alent to a p-automaton Aif for all pointed Kripke model (M, w), we have

M wlk @ iff A accepts (M, w).
When this happens, we write ¢ = A.

Using Theorem 2.3.3, it is easy to transform a sentence into an alternating
automaton. We do give the construction (which is short in any case), as it
illustrates how close the notions of sentence and alternating automaton are.

2.4.2. PROPOSITION. | There is a procedure transforming a p-sentence ¢ into
an equivalent alternating p-automaton A, of size n and index d, where n is the
number of subformulas of ¢ and d is the alternation depth of v.

Proof Let ¢ be a sentence in pML. We define an_alternating automaton A =
(@, qr,9,9) in the following way. We define @ as {9 | ¢ subformulas of ¢}. The
initial state ¢; is the state ¢. For all subformulas ¢ of ¢, the formula 5({/1\) is
defined by induction on ¢ in the following way:

5() = b, S Ath) = Ur AU,
5(T> = T? 5(Daw) = Daw
6(1) =1, |60 =0
6(1 Vo) = b1 V by, | 6(nx1)) =,

3(p) =p 4(=p) = p

where p € Prop, a € Act and 7 belongs to {u,v}. We also fix a map Q which
assigns a priority to each state ’(Z such the three following conditions hold. If a
variable z in ¢ is a p-variable, then Q(Z) is even and if x is a v-variable, then
Q(7) is odd. Moreover, if for some variables z and y, we have z <, y, then
Q(7) < Q7). Finally, if ¢ is not a variable, (¢)) = 0.

With such a definition of A, the acceptance game associated with A is ex-
tremely similar to the evaluation game associated with . Using Theorem 2.3.3,

we can show that ¢ and A are equivalent.

The alternating automaton constructed in the proof above is almost the DAG
of the formula, except that we add back edges from the variables to their un-
foldings. The point is that the alternating automata format does not really differ
from the linear representation of the u-calculus. Normalized alternating automata
make a better use of the possibilities that a graph theoretical representation of
a formula has to offer. It follows from the next result that each p-formula is
equivalent to a normalized alternating p-automaton.

2.4.3. PrROPOSITION ([EJ91, VWO0T7]). There is a procedure transforming an
alternating p-automaton A into an equivalent normalized alternating p-automaton
of size dn and index d, where n is the size and A s the alternation depth of A.
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In some occasions (as we shall see in Chapter 5), it is handy to associate
with a formula an even stronger notion of automata, namely non-deterministic
automata. The difference between these automata and the normalized alternating
automata that in the transition map of a non-deterministic automaton, the use
of the operator A is rather restricted. Recall that in the evaluation game, the
positions of the form (¢ A 19, w) belong to V. Hence, if we want to show that
a formula is true at point (that is, provide 3 with a winning strategy), these are
“bad” positions as we cannot control them with the strategy. This suggests that
showing that a pointed model is accepted by an automaton is easier in case the
automaton is non-deterministic.

The notions of normalized alternating automata and non-deterministic au-
tomata are equivalent, as witnessed by the following result. A key ingredient
for proving the result is the fact that we can determinize w-automata (Theo-
rem 2.4.1).

2.4.4. ProposITION ([EJ91, VWOT7]). A normalized alternating p-automaton
A of sizen and index d can be transformed into a non-deterministic p-automaton
A’ of size exponential in n and index polynomial in d.

We observed earlier that normalized alternating automata are alternating au-
tomata and that each non-deterministic automaton is equivalent to a normalized
alternating automaton. Hence, it follows from Propositions 2.4.3 and 2.4.4 that
the three notions of automata introduced are equivalent.

To finish the loop, it remains to transform an automaton into an equivalent
formula.

2.4.5. PROPOSITION ([N1w88]). There is a procedure transforming a normal-
1zed alternating p-automaton A into an equivalent p-sentence.

As we briefly mentioned earlier, some results concerning the p-calculus were
obtained by using the tight connection between the p-calculus and automata. For
example, the automata theoretic approach was used to give an exponential deci-
sion procedure for the satisfiability problem (recall that the satisfiability problem
consists in determining whether for a given formula ¢, there exists a point in a
model at which ¢ is true).

The satisfiability problem can be reduced to the non emptiness problem for
p-automata (that is, given a p-automaton, decide wether there exists a pointed
model accepted by the automaton). We will use the same approach in the setting
of coalgebras in Chapter 7.

2.4.6. THEOREM ([EJ88]). The satisfiability problem for the p-calculus is EXPTIME-
complete.
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A related property of the p-calculus is the small model property. This was
established in an earlier paper by Robert Streett and E. Allen Emerson [SE89],
also using methods based on automata theory.

2.4.7. THEOREM ([SE89]). If a u-sentence ¢ is satisfiable, then y is satisfiable
i a model, the size of which is at most exponential in the size of .

2.4.3 Disjunctive formulas

We give an example of the use of the automata theoretic approach for the u-
calculus, by showing that each u-formula is equivalent to a formula in disjunctive
normal form (defined below). This result was proved by David Janin and Igor
Walukiewicz in [JW95b].

Similarly to non-deterministic py-automata, the use of the connector A is re-
stricted in disjunctive formulas. Hence, it is not surprising that when defining a
winning strategy for 3 in the evaluation game, it might be easier to assume formu-
las to be disjunctive. Disjunctive formulas enjoy some other nice properties. For
example, the satisfiability problem for disjunctive formulas is linear time [Jan97],
whereas it is exponential time in the general case.

Disjunctive formula The set of disjunctive u-formulas is given by:

pu=Tla|eve | ae N{Va®i |icl} | prp | vayp,

where x belongs to Var, a is a conjunction of literals, I is a finite set, for all
i €I, ®; is a finite subset of uMLY, a; belongs to Act and for all i # j, a; # a;.

2.4.8. THEOREM ([JWO5A]). A u-sentence can be effectively transformed into
an equivalent disjunctive sentence.

In [JW95a], the proof that each p-formula ¢ can be transformed into an
equivalent disjunctive formula, uses tableaux and w-automata. We can also ob-
tain the result by first transforming ¢ into an equivalent normalized alternating
automaton (Propositions 2.4.2 and 2.4.3), second transform this automaton into
a non-deterministic automaton (Proposition 2.4.4) and finally show that if we
use the procedure described in the proof of Proposition 2.4.5, a non-deterministic
automaton is transformed into a disjunctive formula. This proof is based on the
idea that the transformation of a formula into a disjunctive formula corresponds,
at the level of automata, to the transformation of a normalized alternating au-
tomaton into a non-deterministic automaton.
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2.5 Axiomatization of the p-calculus

In the same paper where he introduced the p-calculus, Dexter Kozen proposed an
axiomatization for the formalism [Ko0z83|. This axiomatization is very natural and
consists in enriching the standard axiomatization for modal logic, with a fixpoint
axiom and a fixpoint rule. Dexter Kozen also proved completeness of that axiom-
atization with respect to a fragment of the p-calculus. The problem of showing
completeness of the axiomatization with respect to the full p-calculus turned out
to be very difficult, but eventually it was solved by Igor Walukiewicz [Wal95].

Kozen’s axiomatization The axiomatization of the Kozen system K* consists
of the following axioms and rules

propositional tautologies,

—07p <> Cap, (Dual-mod),
if Fp — ¢ and - @, then ¢ (Modus ponens),
if F ¢, then F [p/v] (Substitution),
I_ Da(p — p/) — (Dap — Dap/) (K-axiom),
if - ¢, then = Oqp (Necessitation),
vE.p <> ~px. [z /] (Dual-fix),
= olr/pr.o] — p.p (Fixpoint axiom),
if - olz/Y] — 1, then F pz.p — ¢ (Fixpoint rule),

where p,p’ belong to Prop, a belongs to Act, ¢, belong to uML, x is not a
bound variable of ¢ and no free variable of % is bound in .

A p-formula is provable in K* if ¢ belongs to the smallest set of formulas,
which contains the propositional tautologies, the K-axiom, the Fixpoint axiom,
the definitions of & and v and is closed under the Modus Ponens, the Substitution,
the Necessitation and the Fixpoint rules.

2.5.1. REMARK. The presence of the axioms (Dual-mod) and (Dual-fix) is due
to the fact the connectives & and O and the operators uz and vx are primitive
symbols of our language. For instance, if ¢ and — would be primitive symbols
but not O, then the symbol O would be introduced as an abbreviation for =<—.
As a consequence, we would not need the axiom (Dual-mod).

2.5.2. THEOREM ([WAL95]). Kozen’s axiomatization is complete with respect to
the p-calculus on frames. That is, for all p-formulas ¢ € uML, ¢ is provable in
K* iff v is valid on all frames.
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2.6 Expressivity of the pu-calculus

2.6.1 Bisimulation

A fundamental notion in the semantics of modal logic is the notion of bisimula-
tion, which was defined by Johan van Benthem [Ben84]. It was also introduced
independently by David Park [Par81] in the area of process algebra.

One of the motivations for modal logic is that Kripke models can be used to
represent processes. From that perspective, modal logic and its extensions are
languages for describing certain conditions, also called specifications, met by a
process. A natural requirement would be that a formula should not be able to
distinguish points that display the same behavior. The notion of “having the
same behavior” is formalized by the notion of bisimulation.

Bisimulation Let M = (W, (R,)acact, V) and M' = (5, (R),)acact, V') be two
models. A relation B C W x W' is a bisimulation if for all (w,w’) € B, for all
p € Prop and for all a € Act, we have

e weV(p)iff w e V'(p),

e for all v € W such that wR,v, there exists v’ € W’ such that (v,v") € B
and w' RV,

e for all v € W’ such that w'R'v', there exists v € W such that (v,v") € B
and wRwv.

A relation B is a bisimulation between two pointed models (M, w) and (M, w')
if B is a bisimulation between M and M’ such that (w,w’) € B. When this
happens, we say that (M, w) and (M’,w’) are bisimilar and we write M,w <
M '

The following result shows that indeed p-calculus formulas cannot distinguish
two points with the same behavior.

2.6.1. PROPOSITION. [f M,w <& M’ w', then for all p-formulas ¢, M,w IF ¢
iff M w' IF .

Using the property above, we can show that the p-calculus has the tree model
property. That is, every formula that is satisfiable, is satisfiable in a tree.

The proof relies on Proposition 2.6.1 together with the fact that given a
pointed model (M,w), it unravels into a tree, the root of which is bisimilar
to w. In fact, we can even generalize this unravelling construction and prove
something stronger: for all cardinals k£ and all pointed models (M, w), we can
construct a tree, the root of which is bisimilar to w and such that each node of the
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tree (except the root) has at least k “copies”. This tree is called the xk-expansion
of (M, w).

We recall the definition of a tree and the related terminology. We also define
the notion of k-expansion and unravelling.

Tree A pair (7, R), where T"is a set and R C T x T, is a tree if for some point
reT,T={r}URT[r], r does not have a predecessor and every state ¢ # r has
a unique predecessor. A pair (7", R'), where T" is a set and R C 7" x T" is a
transitive tree if for some tree (7', R), we have (7", R") = (T, R").

If (T, (R,)acact) is a Kripke frame, we denote by R the relation (J{R, | a €
Act}. A Kripke frame (T, (Ra)acact) is a (transitive) tree if the pair (T, R) is a
(transitive) tree. A Kripke frame is a finite (transitive) tree if it is a (transitive)
tree and its domain is finite.

A node u is a child of a node t in a tree if (t,u) € R. A sibling of a node u in
a tree is a node v’ # u such that for some node ¢, u and u' are children of ¢.

A model (T, (Ry)acact, V) is a tree model if (T, (Ry)acact) 18 a tree. Similarly,
we can define the notions of finite tree model, transitive tree model and finite
transitive tree model.

r-Expansion Let x be an cardinal. A tree model is k-expanded if every node
(apart from the root) has at least x many bisimilar siblings. Given a model
M = (W, (Ra)acact, V) and a point w € W, the k-expansion of (M, w) is the
structure M# = (W’ (R.)acact, V') , defined as follows. The set W' is the set
of all finite sequences woaikiwy . . . apky,w, (n > 0) such that wy = w and k; < k,
w; € W, a; € Act and w;_1 R,,w; for all i > 0. For all a € Act, the relation R, is
given by

{(woarkys1 . .. ankywy, woarkywy . . . apkpwyako) | k< k and w, Ryv}.

Finally, for all p € Prop, V'(p) is the set {woaikiwy . .. anky,w, | w, € V(p)}.

The canonical bisimulation between MY and M is the relation linking any
point woaikqwy . . . apkyw, to w,. The unravelling of a pointed model (M, w) is
the l-expansion of (M, w).

In case Act is a singleton, we can simply “forget” about the a;s in the defi-
nitions of k-expansion, canonical bisimulation and unravelling. For example, the
domain of the k-extension becomes the set of all finite sequences wokws . . . k,w,
(n > 0) such that wy = w and k; < k, w; € W and w;_; Rw; for all i > 0.

2.6.2. FACT. Given a pointed model (M, w) and a cardinal k, the structure
(M w) is an k-expanded tree which is bisimilar to (M, w) via the canonical
bisimulation.

Putting this result together with Proposition 2.6.1, we obtain the following
result.
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2.6.3. PROPOSITION. Let ¢ be a p-formula and k be a cardinal. Then ¢ is true
i all models iff ¢ is true in all k-expanded tree models.

In particular, this shows the tree model property for the p-calculus. Often we
will also make use of Proposition 2.6.3 in Chapter 5, in the case where k = w.

In the same chapter, it will also be very handy to assume the formulas to
be disjunctive. The reason is that when evaluating a disjunctive formula on an
w-expanded tree, we may assume that a strategy for 3 satisfies some nice property.

Scattered strategy for the evaluation game Let M be a model and ¢ a pu-
sentence. Given a state w € M, a strategy f for a player o in the game £(M, )
with initial position (w, ¢), is scattered [KVO05] if for all states v in M, for all f
conform matches m = (z;);<, and 71 = (2);<w and for all py-formulas ¢ and ¢,

Zeo1 = (v,%) and 2z = (v,¢)") implies 7 C 7' or ' C o,

where C is the prefix (initial segment) relation.

2.6.4. PROPOSITION. If ¢ € uMLY is disjunctive and T is an w-expanded tree
model with root v, then T,r | @ iff there is a winning strategy f for 3 in the
game E(M, ) with initial position (r,¢), which is scattered.

2.6.2 Expressivity results

Most expressivity results consist in identifying a given logic X as a fragment of a
well-known logic, playing the role of a yardstick. In case of modal logic and its
extensions, first-order logic (FO) and monadic second-order logic (MSO) are the
usual yardsticks.

Monadic second-order logic extends first-order logic by allowing quantifica-
tion over subsets of the domain of the model. The introduction of MSO is related
to the first decidability and undecidability results for logics of arithmetics. In
the beginning of the 20th century, several decidability results were established,
a famous and still useful example being the decidability of Presburger arith-
metic [Rab77]. Presburger arithmetic is the set of valid first-order formulas in
the structure (w, +). Surprisingly, it turned out that that the first-order theory of
(w, 4+, -) is undecidable [G6d31]. In the sixties, using automata theoretic methods,
J. Richard Biichi [Biic60] and Calvin C. Elgot [Elg61] showed independently that
the monadic second-order theory of (w, <) is decidable. The result was extended
to infinite binary trees (with a signature consisting of a “left child” relation and
“right child” relation) by Michael Rabin [Rab69]. Both results gave a particularly
nice status to MSO, as full second-order logic is usually undecidable, even over
very simple classes of models.
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Monadic second-order logic Let Sig be a set of predicates, each of them
with a given arity. Fix also an infinite set Var; of first order variables and an
infinite set Vars of second order variables. The set of first-order formulas (FO)
over Sig is given by:

o = (x=y) | Prr,...,zn) | @V | ~p | Jzp,

where x,y, x1,...,x, belongs to Var,; and P is a n-ary predicate in Sig.
The set of monadic second-order (MSO) formulas over the signature Sig, is
defined inductively as follows:

o = (z=y) | Pla,...,2a) [ 2€X | oV | mp | Jzp | IXo,

where z,y, 21, ..., x, belongs to Vary, X belongs to Var, and P is a n-ary pred-
icate in Sig. As usual, we let Vxp be an abbreviation for —3x—¢ and ¢ — ¥ be
an abbreviation for ¢ V —p.

Sometimes instead of ¢, we may write ¢(x1, ..., z,); this means that the free
variables in ¢ are among z,...,x, in Var;.

Semantics for MSO Let M = (W, PM) be a structure for Sig. That is, W is
a set and for each predicate P in Sig, PM is a subset of W", where n is the arity
of P.

Also let ¢ be an MSO formula over Sig and let 7 : Var, U Vary — W UP(W)
be an assignment such that for all x € Vary, 7(x) € W and for all X € Var,,
7(X) € P(W). We define the relation M FE, ¢ by induction on ¢, in the following
way:

ME: (z=y) if 7(z) = 7(y),
ME P(zy,...,x,) if (7(z1),...,7(z,)) € PM,
MExzeX if 7(x) € 7(X),
ME. oV if ME. o or ME, 4,
ME, = it ME, o,
ME, Jzp if there is w € W such that M F ;. @,
ME, IXp if there is U € W such that M F 0 @,
where x,y,xq,...,x, belong to Var,;, X belongs to Var, and P is a n-ary pred-

icate in Sig. The map 7[x — w] is the assignment 7’ such that 7/(z) = w, for
all y € Var,\{z}, 7(y) = 7(y) and for all X € Vary, 7/(X) = 7(X). The map
7[X + U] is the assignment 7" such that 7/(X) = U, 7(x) = 7(x) for all z € Var,
and 7'(Y) =7(Y), for all Y € Var \{X}.

If M E, ¢, we say that ¢ holds in M under the assignment 7. In case
o =p(x1,...,z,) (With x1,... 2, € Vary) and 7(z;) = u; for all 1 <i < n, we
might write M, (uq,...,u,) E @ or M E @(uy,...,u,) instead of M F, .

Kripke frames and Kripke models were introduced for interpreting formulas of
modal logic. But they can also be seen as structures in the usual model theoretic
sense. We fix here the signatures associated with these structures.
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Monadic second-order logic over frames and models A Kripke frame
F = (W, (Ra)acact) can be seen as a structure over the signature Sig := {R, | a €
Act}, where for all a € Act, R, is a binary predicate. For all a € Act, we can
define RY as the relation R, C W?2.

Similarly, a Kripke model M = (W, (Ry)acact, V') can be seen as structure over
the signature Sig := {R, | a € Act} U{P | p € Prop}, where for all p € Prop, P
is a unary predicate. We define RM as R, C W?2 (for all a € Act) and PM as the
set V(p) (for all p € Prop).

As mentioned earlier, one of the nicest features of MSO is that it is decidable
on some widely used classes of models. We state here the result in the case of
tree models.

As mentioned, the original result was proved by Michael Rabin for binary tree
models (instead of arbitrary tree models). However, using a standard construction
which allows us to encode tree models into binary tree models, we can easily derive
from Rabin’s theorem the following result.

2.6.5. THEOREM ([RABG69]). MSO is decidable on tree models. That is, there
is an algorithm that decides whether for a given MSO @(z) formula (over the
appropriate signature for Kripke models), there exists a tree model T with root r

such that T,r E p(x).

The result remains true when we restrict our attention to finite tree models.
That is, MSO is decidable on finite tree models (see [TW68] and [Don70]).

It is easy to see that on Kripke models (and on Kripke frames), MSO subsumes
the p-calculus. We start by introducing the notion of equivalence between a p-
sentence and an MSO formula. Next we define the standard translation, which
allows us to embed the p-calculus into MSO. Let us also remark that the expres-
sive power of p-calculus goes beyond first order logic; a simple p-sentence like
pux. >z Vp (there exists a path on which p is eventually true) cannot be expressed
in first-order logic.

Equivalence between MSO and p-calculus An MSO formula ¢(z) is equiv-
alent on a class C of Kripke models to a p-sentence v if for all models M in C
and for all nodes w € M,

MowE p(z) iff M wlk .

If C is the class of all models, we simply say that ¢(z) and ¢ are equivalent.

Standard translation Given a p-formula ¢ and a variable x in Vary, we de-
fine the MSO formula ST, ,(¢) (with one free variable x) by induction on the
complexity of ¢:
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ST.(T) = (z=u1x),

STy(L) = ~(z=u),

ST.(p) = P(z),

ST (—p) —~P(z),

ST.(y) = x€evY,

ST(p V) = STu(p) vV STu(¥),

ST(Cup) = Jz(zRaz A (ST.(0))),

ST, (O,0) = Vz(xR,z — ST.(p)),

ST, (e V,P) = ST.(a) NST,(V,P),

ST(Vao{p1, . .son}) = Vz(xRez — (ST (1) V-V ST, (pn)))A
N{Fz(xRz AN ST, (i) | 1 <i < n},

ST (puy.v) = YY((Vz(ST.(¢) — z€Y)) —axeY),

ST.(vy.p) = Y ((Vz(zeY — ST.(p)) Nz €Y),

where y belongs to Var, x, 2z belong to Vary, Y belongs to Var, and a belongs to
Act. ST, () is called the standard translation of .

It is crucial that in the fifth equality and in last two equalities, we use specif-
ically the second-order variable Y. The reason is that a bound variable y in a
p-formula ¢ corresponds to a second-order variable. Hence, in order to translate
@ into a second-order formula, we have to fix an injective map that sends a vari-
able in Var to a second-order variable in Vary. We implicitly fix such a map by
sending a variable y to Y, a variable ¢’ to Y’, etc.

2.6.6. PROPOSITION. For all u-sentences v, ST.(p) and ¢ are equivalent.

Note that in case ¢ is a modal formula, ST,(p) is a first-order formula. In
other words, the standard translation also embeds modal logic into first-order
logic.

As we have seen, MSO is a good benchmark for the expressive power of u-
calculus. Obviously, not all MSO formulas are expressible in the p-calculus. Ex-
amples are counting of successors (“a point has at least 2 a-transitions”) or cyclic-
ity (“a point has a sequence of transition that is eventually a cycle”). Previously
we mentioned that an important feature of the p-calculus is that a p-formula
cannot distinguish two bisimilar points. David Janin and Igor Walukiewicz
showed that this property characterizes completely the p-calculus as a fragment
of MSO [JW96].

This characterization extends a result proved by Johan van Benthem: modal
logic corresponds to the bisimulation invariant fragment of FO [Ben76].

Bisimulation invariance An MSO formula ¢(z) is invariant under bisimula-
tion on a class C of models if for all bisimulations B between two models M and
M’ in C and for (w,w’) € B, we have

MwE @(z) it M w'E p(x).
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If C is the class of all models, we simply say that ¢(z) is invariant under bisimu-
lation.

2.6.7. THEOREM ([JWO96]). An MSO formula p(z) is equivalent to a pi-sentence
iff o(x) is invariant under bisimulation.

Moreover, given an MSO formula ¢(x), we can compute a p-sentence v such
that o(x) and ¢ are equivalent iff o(x) is equivalent to a p-sentence.

We sometimes refer to this theorem as the Janin-Walukiewicz theorem. The
result remains true if we only consider tree models, or finitely branching models
(instead of arbitrary Kripke models). However, it is unknown whether the pu-
calculus is still the bisimulation invariant fragment of MSO on finite models.

2.6.3 Expressivity results for u-programs

Sometimes it will be convenient (specially in Chapter 6) to talk about p-programs
[Hol98b], which are a natural generalization of PDL programs.

PDL was first defined by Michael Fischer and Robert Ladner [FL79] and was
designed to reason about programs. The basic idea is to associate a modality with
each program. The programs are obtained by combining atomic programs. The
atomic programs are interpreted by the relations R,s, while the “combination
operations” usually include composition of programs, union of programs, test on
formulas and iteration of programs.

PDL The PDL formulas and PDL programs are defined by simultaneous induc-
tion as follows:

o == T | L|p|-p|leVve| eAe | (O)e | [0,
0 == R, | ¢?| 6:;0] 60060 | 6,

where p belongs to Prop and a belongs to Act.

Semantics for PDL Fix a Kripke model M = (W, (R,)scact, V). Given a
PDL formula ¢, we define the meaning of ¢ as a set [p]p € W. The meaning
[0]m of a PDL program 6 is a binary relation over W.

The definitions of [¢]a and [0] s proceed by simultaneous induction on the
complexity of ¢ and #. We add the following clauses to the clauses for the
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definition of the semantics of modal logic:

[()o]lm = {we W | thereis v € [¢]rm such that (w,v) € []m },
[[0le]lm = {w e W | for all v such that (w,v) € [0]am, we have v € [@]m},
[Rm = R,
[eIm = {(w,w) | w e [elm},
[0;9]m = {(w,u) € W?| for some v € W, (w,v) € [0]ar and (v,u) € [y]a},
[UApm = [6]m U [Y]ns
[0°Tm = {(w,w) | weW}U{(w,v) € W?| for some n > 0 and vy, ..., v,,

vo = w,v, =v and for all 0 < i <n—1, (v, vi41) € [O]m},
where a belongs to Act.

We can now define the p-programs. They are defined in the same way as the
PDL programs, except that we are able to test over p-sentences.

pu-Program The p-programs are given by
0 == R | p? |60 0U0 | 0,

where ¢ is a p-sentence.

Semantics for p-programs Given a model M with domain W, the meaning
[0] 01 of a p-program @ is a subset of W2, which is defined by induction on 6. All
the induction steps are the same as the ones for the definition of the semantics
of PDL.

As mentioned earlier, the u-programs do not increase the expressive power
of the p-calculus. With a p-program 6, we can associate an universal modality
[0] and an existential modality (f). Given a p-formula ¢, the meanings of [0y
and (0)y are defined similarly to the case of PDL. It is not hard to prove by
induction on € that [#]p and ()¢ are equivalent to p-formulas (for more details,
see [Hol98b)).

This immediately implies that each PDL formula is equivalent to a p-formula.
However, not all p-formulas are equivalent to a PDL formula. It is shown
in [Koz83| that the p-formula px.Ox (there is no infinite path starting from the
point) is not expressible in PDL.

In fact, not only PDL can be seen a fragment of the p-calculus, but most
temporal logics. It is easy to translate each formula of CTL [CE81] into an equiv-
alent u-formula. A much harder problem is to find a truth preserving translation
for the state formulas of CTL* [EL86| into the p-calculus. The most optimal
translation (which is exponential in the size of the original formula) was given by
Girish Bhat and Rance Cleaveland [BC96].
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Next we state a result that is an extension of the Janin-Walukiewicz theorem to
the setting of p-programs. That is, we characterize the p-programs as a fragment
of MSO.

We start by giving a formal definition of equivalence between MSO formulas
and p-programs. Next we define the notion of safety for bisimulations, which was
introduced by Johan van Benthem [Ben98|. Safety for bisimulation is basically a
generalization of the two last clauses in the definition of bisimulation. Finally we
state the expressiveness result for the u-programs, which was proved by Marco
Hollenberg [Hol98b]. We will use this result in Chapter 6.

Equivalence between MSO and the p-programs An MSO formula ¢(z,y)
is equivalent to a p-program 6 on a class C of models, if for all models M € C
and for all w, v in the domain of M

M, (w,v) Ep(z,y) iff (w,v) € [0]m.

Safety for bisimulations An MSO formula ¢(z,y) is safe for bisimulations on
a class C of models if for all bisimulations B between two models M and M’ in
C and for all (w,w') € B,

e if there is v € W such that (w,v) € [0]m, then there is v' € W’ such that
(w/a U,) € [[(9]]/\/(/7

e if there is v' € W’ such that (w',v") € [@] v, then there is v € W such that
(w,v) S [[8]]/\47

where W is the domain of M and W' is the domain of M’.

2.6.8. THEOREM ([HOLI8B]). An MSO formula ¢(x,y) is equivalent to a p-
program iff o(x,y) is safe for bisimulations.

Moreover, given an MSO formula o(x,y), we can compute a p-program 6 such
that p(x,y) and 0 are equivalent iff p(x,y) is equivalent to a p-program.

2.7 Graded p-calculus

The graded p-calculus is obtained by adding graded modalities to the u-calculus
(or fixpoint operators to graded modal logic). The idea of adding graded modal-
ities to modal logic (and its extensions) originates in the 1970s [Fin72, Gob70].
Graded modalities generalize the usual universal and existential modalities in
that they can express that a point has at most or at least £ successors making
true a certain formula.
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Syntax The set uGL of graded p-formulas is defined by induction as follows:

pu=T | Llp|l-wla|eVe | eAe | Okp | Oy | pxy | v,

where p belongs to Prop, a belongs to Act, k is a natural number and x belongs
to Var.

Semantics for yGL Fix a Kripke model M = (W, (R,)acact, V') and an assign-
ment 7 : Var — P(W). Given a graded p-formula ¢, we define by induction on ¢
the meaning of ¢ as a set [p]p € W. The definition of the meaning is obtained
by adding the following clauses to the definition of the semantics for yML:

[Caelmre = {weW ||Raw] N [plms| > K},
[Deelmre = {weW | |Rafw] 0 (W\[p]uo)| < &},

where a belongs to Act and k is a natural number.

Concerning the expressive power of the graded p-calculus, there exists a result
similar to the Janin-Walukiewicz theorem. It should be clear from their defini-
tions, that the graded u-formulas are not bisimulation invariant. A relevant notion
of bisimulation can be obtained by strengthening the notion of bisimulation with
some condition related to counting. Counting bisimulations were introduced by
David Janin and Giacomo Lenzi [JL03].

Let us also mention that a notion of g-bisimulation for graded modal logic has
been introduced by Maarten de Rijke [Rij00]. Two points linked by a counting
bisimulation are g-bisimilar. However, the converse is not true. For our purpose,
it is more convenient to use the notion of counting bisimulation than the notion
of g-bisimulation.

Counting bisimulation Let M = (W, (Ry)acact, V) and M’ = (W', (R.)acAct,
V') be two Kripke models. A relation B C W x W’ is a counting bisimulation
between M and M’ if

e B is a bisimulation between M and M/,

e for all @ € Act and all (w,w’) € B, there exists a bijection f : R,[w]
— R/ [w'] such that for all v € R,[w], we have (v, f(v)) € B.

We define the equivalence between an MSO formula ¢(z) and a graded pu-
calculus ¢, in the same way we defined the equivalence between an MSO formula
o(z) and a p-formula.

2.7.1. THEOREM (FROM [WALO2],[JANOG]). An MSO formula p(x) is equiva-

lent to a graded p-formula iff o(x) is invariant under counting bisimulation.
Moreover, given an MSO formula p(z), we can compute a graded p-formula ¢

such that p(z) and v are equivalent iff p(x) is equivalent to a graded p-formula.
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It is worth noting that invariance under counting bisimulation is equivalent
to invariance under unravelling, since two pointed models are counting bisimilar
iff their unravelling are isomorphic.






Chapter 3

An easy completeness proof for the
p~calculus on finite trees

When investigating a logic, a natural question to ask is whether there exists a nice
axiomatization for this logic. The proof might provide some insight about the
logic. Moreover, a nice axiomatization would already be a good indication that
the logic is well-behaved. For example, the existence of a finite axiomatization
implies that the satisfiability problem for the logic is semi-decidable: there is an
algorithm that, given a formula, always terminates if the formula is not satisfiable
and otherwise, keeps on running (simply consider the algorithm that examines all
the possible formal proofs with respect to the axiomatization and check whether
the conclusion is the input formula).

For the p-calculus, a natural axiomatization (that we denote by K*) was pro-
posed by Dexter Kozen in 1983 [K0z95|. This axiomatization consists in enriching
the standard axiomatization for basic modal logic with one axiom (with the in-
tended meaning that pz.p is a pre-fixpoint of the map induced by ¢) and a
rule (ensuring that all the pre-fixpoints of the map induced by ¢, are implied by
pux.). In the same paper, Dexter Kozen showed completeness for a fragment of
the p-calculus, called the aconjunctive fragment. The proof was essentially using
tableau constructions.

Showing completeness of the p-calculus(with respect to Kozen’s axiomatiza-
tion) appeared to be a hard problem, which was solved after ten years by Igor
Walukiewicz [Wal95]. The proof is involved and uses the disjunctive normal form
for p-formulas and the weak aconjunctive fragment (which is an extension of the
aconjunctive fragment). The disjunctive formulas behave nicely with respect to
provability and one can show that if a disjunctive formula is not provable, then
the negation of the formula is satisfiable. Hence, in order to obtain completeness
for the full p-calculus, it is sufficient to prove that each p-sentence is provably
equivalent to a disjunctive formula (in fact, even something weaker than that
is sufficient). This is the hard part of the proof and it uses the notion of weak
aconjunctivity.

45
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In this chapter, we prove completeness of the Kozen’s axiomatization together
with the axiom pz.Ox with respect to the class of finite trees. It is easy to see
that px.Ox is valid on a frame iff the frame does not contain any infinite path.
Adding this formula to the axiomatization helps us to obtain an easier proof for
completeness. It should be mentioned that our result can be derived from the
completeness result proved by Igor Walukiewicz (we give more details at the end
of Section 3.4). It is also fair to say that on finite trees, the expressive power of
the p-calculus is rather limited. This is illustrated by the fact that for all graded
p-formulas ¢, pux.p and vr.p are equivalent on finite trees.

However, we believe that the alternative proof proposed here is of interest for
the following reasons. As mentioned already, it is a much simpler proof (but let
us emphasize again that the setting is restricted in comparison with the original
proof). Moreover, our proof can be extended to other settings: We obtain a
similar result for the graded p-calculus and we also show that when we add
finitely many shallow axioms (as defined in [Cat05]) to the logic K* + pzx.Ox,
we get a complete axiomatization for the corresponding class of finite trees. The
probably most relevant feature of our proof are the tools that we use. These tools
are completely different than the ones of the original proof, which uses tableau
and automata (as the disjunctive normal form is deeply linked to the automata
perspective on p-calculus).

Our approach is inspired by model theoretic methods. In order to illustrate
this, let us give a short summary of the structure of our proof. The proof is in three
steps. The first step consists of defining a notion of rank for u-formulas, which
plays the same role as the modal depth for modal formulas and the quantifier
depth for first order formulas. The second step is to prove completeness of the p-
calculus with respect to generalized models, which are Kripke models augmented
with a set of admissible subsets, in the style of Henkin semantics for second order
logic.

The last step is the one which has most of the connections with model theory.
In fact, it is inspired by the work of Kees Doets [Doe89]. More specifically, by
the method that he uses to provide complete axiomatizations of the monadic
IT}-theories of well-founded linear orders, the reals and certain classes of trees.
An essential notion for this last step is the notion of n-goodness. As we will see
from its definition, n-goodness shares some similarities with the model theoretic
notion of m-elementary equivalence. Moreover, a crucial part of this last step
consists in “gluing” together a collection of finite trees and during this process,
we also want the truth of formulas of rank n to be preserved. This is a typical
model theoretic argument: constructing new structures out of existing ones and
preserving elementary equivalence (see for example the Feferman-Vaught theorem
in [FV59]).

The chapter is organized as follows. In Section 3.1, we recall Kozen’s axiom-
atization and fix some notation. In Section 3.2, we define the notion of rank
for a formula. In Section 3.3, we introduce the notion of generalized model and
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we show completeness of K¥ with respect to the class of generalized models. In
Section 3.4, we use Kees Doets” argument to obtain completeness of K¥ + px.Ox
with respect to the class of finite trees. In the next two sections, we give some
examples of extensions of K¥ 4+ pz.0Ox to which we can apply our method in order
to prove completeness.

3.1 Preliminaries

We start by recalling Kozen’s axiomatization (already mentioned in Chapter 2)
and fixing some notation relative to axiomatic systems.

Convention In this chapter, we do not use the V operator. So whenever we
write “u-formula”, we refer to a formula in ML (and not in zMLY).

Kozen’s axiomatization The axiomatization of the Kozen system K consists
of the following axioms and rules

propositional tautologies,

if Fp — ¢ and - ¢, then 1 (Modus Ponens),
if = ¢, then = ¢[p/] (Substitution),
= 0O(p — ¢q) — (Bp — Ogq) (K-axiom),
if ¢, then - Op (Necessitation),
Folx/px.p] — pr.p (Fixpoint axiom),
if +olz/1] — 1, then F pz.p — ¢ (Fixpoint rule),

where p and ¢ are proposition letters, ¢ and v are p-formulas, x is not a bound
variable of ¢ and no free variable of v is bound in .

If ® is a set of modal formulas, we write K 4+ ® for the smallest set of modal
formulas that contains the propositional tautologies, the K-axiom and is closed
under the Modus Ponens, Substitution and Necessitation rules. We say that K+®
is the extension of K by ®. If ® is empty, we simply write K.

Next, if ® is a set of modal formulas, we denote by K 4, ® the smallest set of
formulas that contains both K and ® and is closed under the Modus Ponens and
Necessitation rules. We call K +, ® the restricted extension of K by ®.

Finally, if ® is a set of u-sentences, we write K¥ 4+ @ for the smallest set of
formulas that contains both K#* and ¢ and is closed under the Modus Ponens, Sub-
stitution, Necessitation and Fixpoint rules. We say that K* + & is the extension

of K¥ by ®.

As mentioned in the introduction, a key formula in this chapter is the formula
pz.Oz.
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The formula pzx.Oz A path in a model M = (W, R, V) is a sequence (w;);<x
such that kK € NU{w} and for all i +1 < &, (w;, w;+1) € R. It is easy to see that
the formula pz.Ox is true at a point w in a model M iff there is no infinite path
(w;)i<w such that wy = w. In particular, px.Oz is valid in a frame iff the frame
does not contain any infinite path.

3.2 Rank of a formula

The goal of this section is to introduce a definition of rank that would be the
analogue of the depth of a modal formula. For modal logic, the truth of a formula
© of modal depth n at a point w is determined by the proposition letters that are
true at w and by the truth of the formulas of depth < n at the successors of w.
In our proof, we will need something similar for the p-calculus.

The most natural idea would be to look at the nesting depth of modal and fix-
point operators (which is defined below, but intuitively, this is the most straight-
forward generalization of the notion of modal depth). However, this definition
does not have the required properties?.

The notion of rank that we develop in this section is in fact related to the
closure of a formula, which has been introduced by Michael Fischer and Robert
Ladner [FL79] and already mentioned in Chapter 2.

Closure, depth and rank of a formula We recall that the closure Cl(p) of
a formula ¢ € uML is the smallest set of formulas such that

p € Cl(p),

if =p € Cl(p), p € Cl(p),

if ) V x or ¥ A x belongs to Cl(p), then both ¥, x € Cl(yp),
if G1p or Oy belongs to Cl(p), then ¢ € Cl(yp),

if pz.ap € Cl(p), then Y[z/px.h] € Cl(p),
if veap € Cl(p), then Y[z /vz.a)] € Cl(p).

It is also proved in [Ko0z95] that the closure Cl(y) of a formula ¢ is finite. In
order to define the rank, we also need to introduce the notion of (nesting) depth
of a formula.

Look for example at the formula ¢ = pz.O<O(x V p) (¢ is true at a point w in a model
(W, R, V) iff there exists a natural number ¢ and a path (w;);j<2i+1 such that wy = w and p is
true at wo;). Obviously, ¢ is equivalent to GO(p V p). Thus, the truth of ¢ at a point w only
depends on the truth of » = G(¢ V p) at the successors of w. However, the nesting depth of
is greater than the nesting depth of ¢.
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The depth d(yp) of a formula ¢ is defined by induction as follows:

d(p) = d(—-p) =d(z) = 0,
dlpVvy)=dleny) = maz{d(p),d)},
d(Cp) =d(0yp) = d(p)+1,
d(pz.p) = d(vz.p) = d(e)+1.

Finally, the rank of a formula ¢ is defined by:

rank(p) = maz{d(y) [ ¢ € Cl(p)}.

Remark that since Cl(yp) is finite, rank(yp) is well-defined (that is, the max is
actually reached). All we will use later are the following properties of the rank.

3.2.1. PROPOSITION. If the set Prop of proposition letters is finite, then for all
natural numbers n, there are only finitely many sentences of rank n (up to logical
equivalence).

Proof Fix a natural number n. If rank(p) = n, then in particular, d(p) < n.
Hence, it is sufficient to show that there only finitely many sentences of depth
less or equal to n (up to logical equivalence). There is a finite set of variables
{z1,..., 2} such that the variables occurring in ¢ are among 1, ...,Z;. So we
can restrict ourselves to show that there are finitely many formulas (up to logical
equivalence) of depth n over the set Prop and the set of variables {x1, ..., zx}.
The proof is by induction on k. We do not give details, as it is similar to the
proof that there only finitely many modal formulas (up to logical equivalence) of
modal depth n over a finite set of proposition letters. O

3.2.2. PROPOSITION. The rank is closed under boolean combination. That is,
for any n, a boolean combination of formulas of rank at most n is a formula of
rank at most n.

3.2.3. PROPOSITION. FEvery formula ¢ is provably equivalent to a boolean combi-
nation of proposition letters and formulas of the form v or O, with rank(y) <
rank(p).

Proof Let ¢ be a u-formula. As mentioned in the preliminaries, every p-formula
is equivalent to a guarded formula. In fact, the two formulas are even provably
equivalent. A close inspection of the proof in [Koz83] shows that when trans-
forming a formula into a provably equivalent guarded formula, the rank remains
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unchanged. Hence, we may assume that ¢ is guarded. We define a map G by
induction as follows:

G(p) = »
G(-p) = -,
Gz) = x
G Ay = GE)NGH)
GpVvy') = GE)VGEE),
G(OY) = O,
G(Oy) = Oy,
G(uzy) = GWlr/uz]),

Glrey) = Gle/ved)),

where p is a proposition letter and x is a variable. Using the fact that ¢ is
guarded, one can show that the computation of G(¢) does terminate. It is not
hard to see that G(p) is equivalent to . So it remains to show that G(yp) is
a boolean combination of proposition letters and formulas of the form <t and
Ov, with rank(y) < rank(y). It follows from the definition of G and the fact
that ¢ is guarded that G(p) is a boolean combination of proposition letters and
formulas of the form <t and O, where 1 belongs to the closure of . Now if a
formula v belongs to Cl(y), then Cl(v) is a subset of Cl(y). As a corollary, the
rank of ¢ is less or equal to the rank of ¢, which concludes the proof. O

3.3 Completeness for generalized models

We introduce a semantics for the u-calculus that is based on structures that we
call generalized models. The goal of this section is to prove completeness of K*
with respect to the class of generalized models.

The semantics presented here is the analogue of the Henkin semantics for
second order logic (see [Hen50]). The “Henkin trick” consists in restricting the
range of the predicates in the formulas. In general, such a restriction brings the
complexity of the logic down, as illustrated by the case of second order logic.
Another example can be found in [Ben05], where Johan van Benthem shows that
an adaptation of the Henkin semantics makes the fixpoint extension of first order
logic decidable.

However, in the case of modal logic and p-calculus, the situation is different.
It follows from the completeness theorem of this section (Corollary 3.3.3) and the
completeness of p-calculus (proved in [Wal95]) that a formula is true in all Kripke
models iff it is true in all generalized models. In particular, the logic corresponding
to the standard semantics and the logic corresponding to the “Henkin semantics”
coincide. Finally let us emphasize that all the material presented in this section
is not specific to the setting of finite trees.
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Generalized models Consider a quadruple M = (W, R, V, A), where (W, R)
is a Kripke frame, A is a subset of P(W) and V' : Prop — A is a valuation. A
set which belongs to A is called admissible.

We define the truth of a formula ¢ under an assignment 7 : Var — A by
induction. All the clauses are the same as usual, except the one defining the
truth of px.¢. Normally, we define the set [uz.p]um,r as the least pre-fixpoint
of the map ¢,. But here, we define it as the intersection of all the admissible
pre-fixpoints of ¢,. The set [¢] - is defined by induction on ¢ as follows:

[Pl = Vp),
[-Plm- = S\V(p),
[[xﬂM,T = T(I)7
[[SD \% wﬂ/\/t,‘r = [[90]]/\/(,7 U [M]M,n
[[90 N ¢HM,T = H@HM{T N [[w]]/\/(,'ra
[Co]lmr = {we W | there exists a successor of w in [@]am.+},
[O¢]m,, = {we W | all the successors of w belongs to [¢]m.-},
[ne @l = (U € Al [elmriou € UYL,
[vz.plm. = U{U € AU C [o]mramu}-

If w e [¢]mr, we write M,w I, ¢ and we say that ¢ is true at w under the
assignment 7. If  is a sentence, the truth of ¢ does not depend on the assignment
7 and we simply write M, w IF ¢. A formula ¢ is true in M under an assignment
7 if for all w € W, we have M, w I, . In this case, we write M IF, ¢.

Note that if the set A of admissible sets is arbitrary, it is possible that for
some formulas ¢, [¢]m,- does not belong to A. We say that a quadruple M =
(W, R,V,A) is a generalized model if for all formulas ¢ and all assignments 7 : Var
— A, the set [¢]m,r belongs to A. A triple F = (W, R, A) is a generalized frame
if for every valuation V' : Prop — A, the quadruple (W, R, V, A) is a generalized
model. For people familiar with modal algebras, we observe that in particular, A
is a modal algebra, which is not necessarily complete, but for which some special
infinite meets and joins exist (namely the ones corresponding to the construction
of the least and greatest fixpoints, as described above).

If F = (W,R,A) is a generalized frame, we call (W, R) the underlying Kripke
frame of F. A formula ¢ is valid in a generalized frame F = (W, R, A), notation:
F I+ ¢, if for all valuations V' : Prop — A and all assignments 7 : Var — A, the
formula ¢ is true in (W, R, V, A) under the assignment 7.

Any Kripke model M = (W, R,V) can be seen as the generalized model
M = (W, R, V,P(W)). Tt follows easily from our definition that for all formulas
 and all points w € W,

Mwlke iff M wlk .
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Now we show that for all sets ® of formulas, the logic K¥ 4+ ® is complete with
respect to a particular generalized model. This is actually more general than what
we need in order to prove the completeness of K¥ = pz.Oz (it would be sufficient
to know that K* is complete with respect to a particular generalized model). But
showing this more general result will help us to extend the completeness of K¥ to
other settings.

First we introduce some definitions and recall some results of modal logic.

3.3.1. THEOREM (FROM [BRVOL1]). Let ® be a set of modal formulas over a set
Prop of proposition letters. There exists a model M over Prop such that for all
modal formulas ¢ over Prop, v is provable in K+, ® iff M IF .

Proof Fix a set ® of modal formulas. We define the canonical model M =
(W, R, V) for ® as follows. A set I' of modal formulas over Prop is ®-consistent if
1 does not belong to K +, ® and there is no finite subset {71, ...,7,} of I' such
that 74 A ...7, — L belongs to K +, ®. Moreover, I' is mazimal ®-consistent if
for all ®-consistent sets I'' such that I' C I, we have I' =T".

The set W is the set of maximal ®-consistent sets of modal formulas over
Prop. The relation R is defined such that for I', TV € W, I'RI" iff for all ¢ € T,
& belongs to . Finally, we define V' such that for all proposition letters p,
Vip)={l'eW|pel}

It follows from the proof of in [BRVO01] that for all formulas ¢, [p]jum = {I' €
W | peT}. As a corollary, ¢ is provable in K+, & iff M IF . O

Replacement of a formula Let Prop be a set of proposition letters and Var a
set of variables. We let uFL be the set of sentences of the form px.p or vz.p, for
some p-formula ¢ over Prop. We denote by Prop™ the set PropU{p, | ¢ € uFL}.
Given a p-formula ¢ over Prop™, we say that a subformula ¢ of ¢ is a mazimal
subformula of ¢ in pFL if ¢ belongs to uFL and there is no subformula & of ¢
such that & belongs to uFL and v is a subformula of &.

If ¢ is a p-formula over Prop™, we define s(¢) as the formula obtained by
replacing each proposition letter of the form py (¢ € pFL), by the formula .
We call s(¢) the source of .

Next, if ¢ is a p-formula over Prop™, we say that a modal formula v over
Prop™ is the replacement of ¢ if ¢ is obtained by replacing, in the formula s(y),
all maximal subformulas x in pFL by the proposition letter p,. In this case, we
use the notation repl(p). Finally, if ® is a set of u-formulas over Prop, we let
repl(®) be the set {repl(p) | p € ®}.

For example, let ¢ be the formula &(px.pyyany). Then s(p) is the formula
O(pa.vy.(x Ay)) and repl(y) is the formula Op,up oy, (zny)-

We observe that repl(y) is a modal formula over Prop™. Moreover, if ¢ is a
modal formula, then repl(¢) = ¢. Let us also mention that s(repl(y)) = s(p)

and repl(s(p)) = repl(p).
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Now we prove that for all sets of formulas ®, the logic K¥ + ® is complete
with respect to the class of generalized models in which ® is true. An easy way
to show this would be to do a standard canonical model construction (inspired
by the one used for the completeness of the modal logic K).

We give here another proof. The idea is to use the replacement map introduced
previously in order to translate the completeness result for modal logic into a
completeness result for generalized Kripke models. This proof might seem a bit
more tedious but it will help us to extend our result to other settings (like graded
p-calculus).

3.3.2. THEOREM. Let ® be a set of u-formulas over a set Prop. There is a

generalized model M = (W, R, V,A) such that for all sentences @,  is provable
in KM+ @ iff M IF .

Proof By Theorem 3.3.1, there is a Kripke model N' = (W, R, V) (over Prop™)
such that for all modal formulas § over Prop™, 6 is provable in K +, repl(K* + ®)
iff N'IF60. Now let A be the set {[§]x | § modal formula over Prop™}. We define
M as the quadruple (W, R, V* A).

First, we show that for all py-formulas ¢ over Prop™, all w in W and all
assignments 7 : Var — A, we have

N,w k-, repl(p) iff  M,w ik, . (3.1)

The proof is by induction on the alternation depth of ¢. The basic case where
¢ is a modal formula over Prop™ is immediate. For the induction step, fix a
formula ¢ of alternation depth n + 1. To show that equivalence (3.1) holds for
©, we start a second induction on the complexity of . We only give details for
the most difficult case. That is, ¢ is a formula of the form pz.y, where x is a
p-formula over Prop™ the alternation depth of which is less or equal to n.

For the direction from left to right of equivalence (3.1), suppose that N, w I,
repl(pz.x). In order to show that M, w Ik pz.x, we have to prove that for all U
in A such that [X]arzs0) € U, w belongs to U.

Fix an admissible set U in A such that [x]mrmso; € U. By definition
of A, there is a modal formula ¢ over Prop™ such that U = [§]. Now, since
IX) i poy) € [0], we have that for all v € W, if M, v - sy X, then M, v -,
4. By a standard induction, we can show that for all v € W, M, v IF s x iff
M, v Ik, x[0/z]. Therefore, for all v € W, if M,v -, x[d/x], then M, v IF. 6.
That is, for all v € W,

M, vk x[d/z] — 0.

Using the (first) induction hypothesis, we get that for all v € W, M, v Ik, x[0/x]
iff N, v Ik, repl(x[6/x]). Tt also follows from the induction hypothesis that for all
veW, Myvlk §iff N,vlk, repl(§). Moreover, since § is a modal formula, we
have repl(d) = d. Putting everything together, we obtain that for all v € W,

N, vk, repl(x[0/x]) — 6.
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By definition of AV, this means that repl(x[0/x]) — 0 is provable in K+, repl (K*+
D).
We show that it implies that

s(repl(x[0/x]) — ¢) is provable in K¥ + ®. (3.2)

Since repl(x[d/x]) — 0 is provable in K +, repl(K* + @), there is a formal proof
for repl(x[0/x]) — J in the system K+, repl(K* 4 ®). By replacing each formula
¥ in each line of this formal proof by its source s(¢), we obtain a formal proof
for s(repl(x[d/x]) — &) in K + ®. This finishes the proof of (3.2).

Now we also have that

s(repl(x[0/x]) — 0) = s(repl(x[0/x])) — s(9),
s(x[d/z]) — s(9), (for all 0, s(repl(0)) = s(0))
s(x)[s(9)/x] = s(0).
Putting this together with (3.2), we obtain that s(x)[s(d)/x] — s(0) is provable
in K + .

It follows from the Fixpoint rule that the formula pz.s(x) — s(J) is provable
in K+ &. That is, repl(uz.s(x) — s(d)) belongs to repl(K* 4+ ®). Moreover,

repl(pz.s(x) — s(0)) = repl(uz.s(x)) — repl(s(9)),
= repl(px.x) — repl(d),
= repl(px.x) — 0. (0 is a modal formula)

Putting everything together, we obtain that repl(uz.x) — ¢ is provable in KF+®.

Since N Ik repl(K¥ + @) and repl(puz.x) — 0 belongs to repl(K* 4+ @), we
have that N |-, repl(ux.x) — §. Using the fact that N, w I, repl(uz.x), we
obtain that A, w I, . That is, w belongs to [§] and this finishes the proof of
the implication from left to right of equivalence (3.1).

For the direction from right to left of equivalence (3.1), suppose that M, w I+,
px.x. We have to show that N, w Ik, repl(pz.x). Since M, w |-, px.x, we have
that for all admissible sets U in A such that [x]mrz0) € U, w belongs to
U. Therefore, if we let Uy be the admissible set [repl(uz.x)] and show that
IXIm,rlzsve) € Uo, we will obtain that w belongs to Uy. That is, N,w I,
repl(pz.x).

So in order to prove the direction from right to left of equivalence (3.1), it is
sufficient to show that [x] s, rjzsve) € Uo. Suppose that v belongs to [x]m, ]
This means that M, v Ik, x. That is,

M, v Ik x[repl(px.x) /).

By (the first) induction hypothesis, this happens iff N, v Ik, repl(x[repl(puz.x)/x]).
As the sources of the formulas x[repl(px.x)/x] and x|uz.x/x] are the same, we
have

repl(x[repl(px.x)/x]) = repl(x[px.x/x]).
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Since x|ux.x/x] — px.x is provable in K¢ repl(x[px.x/x]) — repl(ux.x) belongs
to repl(K* + ®@). Recall also that A IF repl(K* + ®@). Therefore,

N, v Ik repl(x[pz.x/x]) — repl(pz.x).

Now since N, v Ik repl(x[ux.x/z]), we also have that N, v IF repl(uz.x). In other
words, v belongs to Uy. This finishes the proof of equivalence (3.1).

Next, we prove that for all pu-sentences ¢ (over Prop), we have
MIF ¢ iff ¢ is provable in K* 4 ®.

For the direction from left to right, suppose that ¢ is not provable in K* + ®.
Using a proof similar to the one for (3.2), we can show that this implies that
repl(yp) is not provable in K 4, repl(K# + ®). Therefore, the formula repl(y) is
not true in A. By equivalence (3.1), this means that ¢ is not true in M.

For the direction from right to left, assume that ¢ is provable in K¥ + ®. It
is routine to show that for all generalized models M’ such that M’ I &, we
have that M’ IF . Moreover, using equivalence (3.1) together with the fact that
repl(®) is true in N, we obtain that ® is true in M. Putting everything together,
we get that ¢ is true in M.

To finish the proof, it remains to show that M is a generalized model. That is,
for all u-formulas ¢ over Prop, the set [¢] . belongs to A. Fix a u-formula ¢ over
Prop. By equivalence (3.1), the set [¢]a is equal to [repl(¢)]n. By definition of
A, this set belongs to A. O

3.3.3. COROLLARY. The logic KF + ® is complete with respect to the class of

generalized models in which ® is true. That is, for all sentences ¢, @ is provable
in K+ & off for all generalized models M such that M |- ®, we have M |- .

3.4 Completeness for finite trees

In the style of Kees Doets [Doe89], we prove completeness of K¥ + px.Ox with
respect to the class of finite trees. The argument is as follows. First, we say that
a point w in a generalized model is n-good if there is a point ¢ in a finite tree
model T such that no formula of rank at most n can distinguish w from ¢. Let
us emphasize that 7 is a Kripke model, not a generalized model.

Next, we show that “being n-good” is a property that can be expressed by a
formula ~y,, of rank at most n. Afterward, we prove that each point in a generalized
model satisfying px.Oz, is n-good. Finally, using completeness for generalized
models, we obtain completeness of K* + pz.0z with respect to the class of finite
trees.
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n-goodness Fix a natural number n. Let M and M’ be two generalized models.
A world w € M is rank n-indistinguishable from a world w' € M’ if for all
formulas ¢ of rank at most n, we have

Mwlkyp it M w' - .

In case this happens, we write (M, w) ~, (M’ w’). Finally, we say that w € M
is n-good if there exists a finite tree model 7 and some t € T such that (M, w) ~,,
(T,1).

Let n be a natural number and let ®,, be the set of formulas of rank at most
n. For any generalized model M and any w € M, we define the n-type 6,,(w) as
the set of formulas in ®,, that are true at w.

By Proposition 3.2.1, ®,, is finite (up to logical equivalence) and in particular,
there are only finitely many distinct n-types.

3.4.1. LEMMA. Let n be a natural number. There exists a formula ~, of rank n
such that for any generalized model M and any w € M, we have

Myw b, iff (M,w) is n-good.

Proof Let n be a natural number and let , be the formula defined by

T = \/{/\ 0, (w) | w is n-good}.

Since there are only finitely many distinct n-types, the formula ~,, is well-defined.
Moreover, from Proposition 3.2.2, it follows that the rank of ~, is n.

It remains to check that ~, has the required properties. It is immediate to see
that if a point w in a generalized model is n-good, then 7, is true at w. For the
other direction, assume that =, is true at a point w in a generalized model M.
Therefore, there is a point w’ in a generalized model M’ such that w’ is n-good
and 0, (w’) is true at w. Since w’ is n-good, there is a point ¢ in a finite tree T
such that w’ and ¢ are rank n-indistinguishable. Using the fact that w and w’
have the same n-type, we obtain that w and t are also rank n-indistinguishable.
That is, w is n-good. O

3.4.2. LEMMA. For all natural numbers n, Fgu Oy, — Y.

Proof Let n be a natural number. By Corollary 3.3.3, it is sufficient to show that
the formula O~, — ~, is valid in all generalized models. Let M be a generalized
model and let w be a point in M. We have to show M ,w I+ O~, — ~,. So
suppose M, w I O7,. If w is a reflexive point, we immediately obtain M, w IF 7,
and this finishes the proof. Assume now that w is irreflexive. We have to prove
that (M, w) is n-good. That is, we have to find a finite tree model 7 and some
t € T such that (M, w) ~, (T,1).
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Now for any successor v of w, we have M, v IF ~y,,. Therefore, (M, v) is n-good
and there exists a finite tree model 7, = (T,, R,,V,) and some t, € T, such that
(M, v) ~, (Ty, ty). Without loss of generality, we may assume that ¢, is the root
of T,.

The idea is now to look at the disjoint union of these models and to add a
root ¢ (that would be rank n-indistinguishable from w). However, this new model
might not be a finite tree model (¢ might have infinitely many successors). The
solution is to restrict ourselves to finitely many successors of w. More precisely,
for each n-type 6, we pick at most one successor of w the n-type of which is 6.

So let Wy be a set of successors of w such that for all successors v of w, there
is exactly one point wq of Wy satisfying 6,,(v) = 6,,(wo). Remark that since there
are only finitely many distinct n-types, W, is finite. Let 7 = (7, 5,U) be the
model defined by

T = {ty UlH{Tu, | wo € Wi},
S = {(tstuy) | wo € Wo} U({Ruy | wo € W},
{t} U U{ Vo (p) | wo € Wi} if M,w Ik p,
Up) {U{Vwo (p) | wo € W} otherwise,

for all proposition letters p. Since W) is finite, T is a finite tree model. Thus, it
is sufficient to check that for all formulas ¢ of rank at most n, we have

M,wlkp iff T,tlk .

By Proposition 3.2.3, ¢ is provably equivalent to a boolean combination of propo-
sition letters and formulas of the form <&t and O, where rank(1)) is at most n.
Thus, it is sufficient to show that w and ¢ satisfy exactly the same proposition
letters and the same formulas ¢t and O, with rank(y) < n.

By definition of U, it is immediate that w and ¢ satisfy the same proposition
letters. Now let ) be a formula of rank at most n. We show that

Mwl- oy it Tt O,

The proof is similar for the formula 0. For the direction from left to right,
suppose that M,w I <&1p. Thus, there exists a successor v of w such that
M, v Ik 9. By definition of Wy, there is wy € Wy such that (M, v) ~, (M, wy).
Thus, (M, v) ~p (T, tw,) and in particular, Ty, , tw, IF 1. By definition of S, it
follows that T, t I G, The direction from right to left is similar. O

3.4.3. PROPOSITION. For all natural numbers n, Fxu pr.0x — v,.

Proof By Lemma 3.4.2, we know that Oy, — -, is provable in K*. By the
Fixpoint rule, we obtain that pz.Ox — ~,, is provable in K*. O
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3.4.4. THEOREM. K*+ px.Ox 1s complete with respect to the class of finite trees.

Proof For all finite tree models 7, we have 7 I K¥* and T I+ pz.Oz. Thus, it is
sufficient to show that if ¢ is not provable in K* + px.Ox, there exists a finite tree
model 7 such that 7 ¥ ¢. Let ¢ be such a formula. In particular, ¥x. pz.Ox
— . By Corollary 3.3.3, we have M,w ¥ px.0x — ¢, for some generalized
model M and some w € M.

Let n be the rank of ¢. By Corollary 3.3.3 and Proposition 3.4.3, we get
that M, w I+ px.Ox — 7,. Since M,w I+ px.Oz, it follows that M, w I ~,.
Therefore, there exists a finite tree model 7 and some ¢ € T such that (M, w) ~,,
(T,t). Since M, w ¥ ¢, we have Tt F . O

3.4.5. REMARK. As mentioned before, this result also follows from the com-
pleteness of K showed by Igor Walukiewicz in [Wal95]. We briefly explain how
to derive Theorem 3.4.4 from the completeness of K¥. Recall that in [Wal95], Igor
Walukiewicz showed that a sentence ¢ is provable in K iff it is true in all tree
models.

Suppose that a sentence ¢ is not provable in K¥ + pyx.Oz. In particular, the
formula pxr.Ox — ¢ is not provable in K*. It follows from the completeness of
K# that there is a tree model 7 = (7, R, V') and a point ¢t in T such that px.Ox
— p is not true at t. We may assume that ¢ is the root of 7.

Since px.Ox is true at t and since ¢ is the root, the model 7 does not contain
any infinite path. Let n be the rank of . Now, if a point » in 7" has more than
one successor of a given n-type 6, we can pick one successor of n-type 6 and delete
all the other successors of n-type 6. This would not modify the fact that ¢ is
not true at t. By repeating this operation in an appropriate way, we can prove
that the tree 7 may be assumed to be finite. Therefore, there is a finite tree T
in which ¢ is not true.

3.5 Adding shallow axioms to K" + px.0Ox

By slightly modifying our method, it is also possible to prove that when we extend
the logic K¥+pz.Ox with axioms that are shallow, as defined in [Cat05], we obtain
a complete axiomatization for the corresponding class of finite trees.

Shallow formulas A formula is Prop-free if it is a sentence that does not
contain any proposition letter. A formula is propositional if it is a sentence of the
pu-calculus that contains neither & nor pu.

A formula is shallow if no occurrence of a proposition letter is in the scope
of a fixpoint operator and each occurrence of a proposition letter is in the scope
of at most one modality. In other words, the shallow formulas is the language
defined by

o u= P [OY|OY |Vl
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where 1 is either a Prop-free formula or a propositional formula.

For example, Op — Op is a shallow formula. Other examples are formulas
expressing that each point has at most two successors (Op A Og — O(p V q)), or
that each point has at most one blind successor (¢(p A OL) AO(OL — p)).

The remaining of the section is devoted to the proof of the following com-
pleteness result.

3.5.1. THEOREM. Let ¢ be a shallow formula. Then the logic KV + px.Ox + ¢ is
complete with respect to the class of finite trees in which ¢ is valid.

In order to prove this result, as for the logic K¥ + px.Ox, we first show that
the logic is complete with respect to a class of generalized frames. An important
tool for this proof is the fact that the shallow formulas are persistent with respect
to refined frames, which was proved by Balder ten Cate in [Cat05]. We start by
recalling the definitions of persistency and refinedness.

Refined frames and persistent formulas A generalized frame F = (W, R, A)
is differentiated if for all w,v € W with w # v, there exists A € A such that w € A
and v ¢ A. A generalized model F = (W, R, A) is tight if for all w,v € W such
that (w,v) ¢ R, there exists A € A such that v € A and for allu € A, (w,u) ¢ R.
A generalized frame is refined if it is differentiated and tight.

A formula ¢ is persistent with respect to refined frames if for all refined frame
F such that F I ¢, the formula ¢ is valid on the underlying Kripke frame of F.

3.5.2. THEOREM ([CATO5]). Ewvery shallow formula is persistent with respect to
refined frames.

3.5.3. THEOREM. Let ¢ be a shallow formula. The logic KV + ¢ is complete with

respect to the class of generalized frames F such that ¢ is valid in the underlying
Kripke frame of F.

Proof By Theorem 3.3.2, we know that the logic K*+ ¢ is complete with respect
to a generalized model M = (W, R, V* A). It follows from the proofs of this
theorem and Theorem 3.3.1 that we may assume that W is the set of ®-consistent
maximal sets of modal formulas over Prop™, where ® = {repl(¢)}. Moreover, R
is such that for all w,w’ € W, wRw' iff for all ¢ € w’, 4 belongs to w. The
valuation V : Prop* — P(W) is such that for all p € Prop™ and all w € W, w €
V(p) iff p € w. Finally, A is the set {[’]x | ¢ is a modal formula over Prop™},
where N' = (W, R, V).

Since K* 4 ¢ is complete with respect to M, it is sufficient to show that ¢ is
valid in the underlying Kripke frame (W, R). It is easy to check that (W, R, A)
is refined. Hence, by Theorem 3.5.2, we can restrict ourselves to show that ¢ is
valid in the generalized Kripke frame (W, R, A).
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Let V' : Prop — A be a valuation and let M’ be the generalized model
(W, R, V' A). We have to show that M’ IF ¢. It follows from the definition of
A that for all proposition letters p, there is a modal formula ¢, over Prop™* such
that V'(p) = [pp]a- Recall that in the proof of Theorem 3.3.2, we showed that
for all u-formulas 1 over Prop™ and for all w € W,

N,w ik repl(y) iff M, w ik, 1.

In particular, for all w € W, N w I, repl(s(p,)) iff M,w Ik, s(p,). That is
[repl(s(2p) L = [5(6p) ]t

Recall also that for all pu-formulas v over Prop™, we have repl(s(1))) = repl (1)
and in case v is a modal formula, repl() = 1. It follows that repl(s(p,)) is equal
to ¢,. Putting this together with the fact that [repl(s(v,))lv = [s(pp)]m, we

obtain that [@,]x = [s(¢,) L.
Now we show that for all u-formulas ¢ over Prop, for all assignments 7 : Var

— P(W) and for all w € W,
Miw ik it Mow lk p/s(ep)], (3.3)

where 9[p/s(p,)] is a formula obtained by simultaneously replacing each proposi-
tion letter p in ¢ by the formula s(p,). The basic step follows from the facts that
[eoln = [s(pp)]m and V' (p) = [¢,]a- The induction steps are straightforward.

It follows from (3.3) that M’ IF ¢ iff M I ¢[p/s(p,)]. Since the logic KF + ¢
is closed under substitution, ¢[p/s(¢,)] belongs to K¥ 4 ¢. Putting that together
with the fact that K + ¢ is complete with respect to M, we obtain that M I
vlp/s(pp)]. Hence, M" IF . This finishes the proof that ¢ is valid in the
generalized Kripke frame (W, R, A). O

n-goodness Let ¢ be a formula and let M be a generalized model. A point
w € M is n-good for ¢ if there exist a finite tree model 7 such that 7 I ¢ and
(M, w) ~, (T,t), for some t € T.

The formula 9, For all n € N, we define the formula §,, as the formula ~, A
pux.(¢ A Ozx), where 7, is the formula given by Lemma 3.5.4.

With such a definition of 4, the next lemma is immediate.

3.5.4. LEMMA. Let ¢ be a formula and let n be a natural number strictly greater
than the rank of . For all generalized models M and all w € M, we have

Mow kv, iff (M,w) is n-good for .
The proof of the next lemma is an adaptation of the proof of Lemma 3.4.2.

3.5.5. LEMMA. Let o be a shallow formula and let n be a natural number strictly
greater than the rank of ¢. We have Fguyy, 06, — 0y.
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Proof Let ¢ be a shallow formula and let n be a natural number strictly greater
than the rank of . By Theorem 3.5.3, it is enough to show that for all generalized
frames F = (W, R, A) such that (W,R) IF ¢, we have F |- 06, — 0,. Let
F = (W,R,A) be a generalized frame such that (W, R) IF ¢. We also fix a
valuation V' : Prop — A and a point w € W. We prove that M, w I+ 09,, — 9,
where M = (W, R, V,A). So suppose that M, w |- 0J,.

If (w,w) € R, it is immediate that M, w I §,. Next assume that (w,w) ¢ R.
We have to show that M, w I d,,. That is, w is n-good for ¢.

For all successors v of w, we have M, v IF §,,. Therefore, (M, v) is n-good for
¢ and there exists a finite tree model T, = (T,, R,,V,) and some t, € T, such
that (7,, R,) IF ¢ and (M,v) ~, (Ty,t,). Without loss of generality, we may
assume that ¢, is the root of 7.

Now we define the set W, and the finite tree model 7 = (7, S, U) exactly as in
the proof of Lemma 3.4.2. Recall that W} is a set of successors of w such that for
all successors v of w, there is exactly one point wy of Wy satistying 6,,(v) = 6,,(wp).
The model T = (T, 5,U) is defined by

T

{t} U T, | wo € Wo},
{(tatwo) | Wop € WO} U U{Rwo | Wo € W0}>

_ VUV ) [ wo € Wo} i M w I p,
V) = {U{Vwo (p) | wo € Wy} otherwise,

N
I

for all proposition letters p. Since Wy is finite, T = (7, .5) is a finite tree. Now it
remains to check that T IF ¢ and (M, w) ~, (T,t). The proof that (M, w) ~,
(T,t) is exactly the same as in the proof of Lemma 3.4.2.

In order to show that T IF ¢, fix a point u € T. We prove that T, u IF ¢.
First, if u # t, then there exists a successor wy of w such that wy, € Wy and
u € Ty,. It follows from the construction of T that for all formulas ¢, T, u IF
iff (Tyy, Ruy ), w IF 1. Putting this together with the fact that (Ty,, Ru,) IF @, we
obtain that T, u IF ¢.

Next suppose that u = t and let 7' = (7,5,U’) be a model based on T.
We show that 7't IF . We let M’ be the model (W, R, V'), where V' : Prop
— P(W) is a valuation such that for all proposition letters p, the two following
equivalences hold. The point w belongs to V'(p) iff £ belongs to U'(p). For all
successors v of w, there exists wy € Wy such that 6,,(v) = 0, (wy) and v belongs
to V'(p) iff ¢, belongs to U'(p). We prove the following claim.

1. Coamm. M w - o iff T7 ¢ I .

It will immediately follow from this claim that 77,¢t I . Indeed, since
(W, R) IF ¢, we have M’ w I ¢. So we can conclude using the claim.
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Proor orF CLAIM The proof is by induction on the complexity of ¢. If ¢ is a
propositional formula, the claim follows immediately from the definition of V.
The induction cases where ¢ is a disjunction or a conjunction are straightforward.

Next assume that ¢ is a Prop-free formula. Since ¢ is Prop-free, M’ w IF ¢ iff
M, w I ¢ . Moreover, as (M, w) ~, (T,t), we also have M, w Ik ¢ iff Tt IF .
Using again the fact that ¢ is Prop-free, we get T,t IF ¢ iff T/ t IF ¢. Putting
everything together, we obtain M’ w I ¢ iff T/t IF .

Now suppose that ¢ is a formula of the form &), where 9 is either a propo-
sitional formula or a Prop-free formula. We have to show M’ w |k O iff
T',t I O, We only show the implication from left to right, as the proof for
the other implication is similar. So suppose that M’ , w IF $1p. Thus, there exists
a successor wy of w such that M’ wy I+ 1. Without loss of generality, we may
assume that wy belongs to Wy. If ¢ is a propositional formula, it follows from
the definition of V' that T, t,, IF ¢ and therefore, T", ¢ I 1.

Finally, assume that v is a Prop-free formula. Since 1) does not contain any
proposition letter, M’ wq IF ¢ iff M, wq IF 1. Hence, M, wq IF 1. Putting this
with the fact that (M, wg) ~y, (T, tw,), we have T, t,, IF 1. Using again the fact
that ¢ is Prop-free, it follows that T ,t,, IF ¢ iff 7', t,, IF . We can conclude
that T, ty, IF 1.

The case where ¢ of the form &, where 1) is a Prop-free formula, is similar
to the previous case. <

O

3.5.6. PROPOSITION. Let ¢ be a shallow formula and let n be a natural number
strictly greater than the rank of ¢. Then Fyu px.Ox — ~,.

Proof By Lemma 3.5.5, we know that 04, — 6, is provable in K¥ + ¢. By the
Fixpoint rule, we obtain that pz.0Ox — 9, is provable in K* + . O

3.5.7. THEOREM. Let ¢ be a shallow formula. The logic KM + px.Ox + ¢ is
complete with respect to the class of finite trees in which ¢ is valid.

Proof It is easy to see that every formula of the logic K¥ + pz.Ox + ¢ is valid
in a finite tree T satisfying T I ¢. Thus, it is sufficient to show that if ¢ is not
provable in K¥+ px.Ox+¢, there exists a finite tree T such that T I+ ¢ and T ¥ .
Let 1 be such a formula. In particular, ¥gui, po.0x — 1. By Theorem 3.5.3,
there exist a generalized frame F and a generalized model M based on F such
that F IF ¢ and M, w ¥ px.Oz — ¢, for some w € F.

Let n be a natural number strictly greater than the rank of ¢ and greater
or equal to the rank of 1. By Theorem 3.5.3 and Proposition 3.5.6, we get
that M, w I+ px.O0x — §,. Since M,w Ik pz.Oz, it follows that M, w IF §,.
Therefore, there exists a finite tree T, a Kripke model 7 based on T and t € T
such that T IF ¢ and (M,w) ~, (M,t). Since M,w W¥ 1, we have T,t ¥ 1.
Hence, T is a finite tree such that T IF ¢ and T ¥ . O
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3.6 Graded p-calculus

By adapting the definition of rank to the setting of the graded p-formulas, we can
use the same proof to show that the graded pu-calculus together with the axiom
px.Ox is complete with respect to the class of finite trees.

Axiomatization for the graded p-calculus The axiomatization of the sys-
tem GK" consists of the following axioms and rules:

propositional tautologies,

If ¢ — 4 and F @, then - 9 (Modus ponens),
If F p, then F [p/y] (Substitution),
If - ¢, then = 0% (Necessitation),
Fole/ux.p] — px.p (Fixpoint rule),
Oktly — Okp (axiom G1),
0%p — q) — (O"p — O"q) (axiom G2),
OP(p A g) — ((Op A Og) — O (pV g)) (axiom G3),
Fole/ux.p] — px.p (Fixpoint axiom),
If Fplx/v] — P, then F pz.p — 9 (Fixpoint rule),

where p and ¢ are proposition letters, ¢ and v are pu-formulas, z is not a bound
variable of ¢ and no free variable of 1 is bound in ¢. For all £ > 0 and for all
graded p-formula, O is an abbreviation for OFp A ~OF 1y,

The logic GK is the smallest set of formulas which contains the propositional
tautologies, the axioms G1, G2 and G3 and is closed under the Substitution, the
Modus ponens and the Necessitation rules.

3.6.1. THEOREM ([FBCS85]). The logic GK is complete with respect to a single
model. That is, there is a Kripke model M such that a graded modal formula is
provable in GK iff it is true in M.

3.6.2. THEOREM. The logic GK* + ux.0% is complete with respect to the class
of finite trees. That is, a graded p-formula is provable in GK* + pz.0% iff it is
valid in all finite tree frames.

Proof The structure of the proof is the same as the one for the proof of Theo-
rem 3.4.4. So first, we need to define a notion of rank for graded p-formulas. As
before, we start by defining the closure and the depth of a formula. The closure
of graded formula is defined as in the case of u-calculus, except that we replace
<O by ©F. The depth of a graded u-formula is defined by induction as follows:

d(p) =d(=p) =d(z) = 0

d(p V) = d(p A w> = maz{d(p),d(¥)},
d(OFp) =d(Of¢) = d(p)+k+1,
d(pz.p) = d(vr.p) = d(e)+1.
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Finally, we can define the rank of a graded p-formula as in the case of p-calculus.

The second step is to prove completeness of GK* with respect to the class of
generalized frames. Using Theorem 3.6.1, it is possible to show this by using a
proof that is identical to the proof of Theorem 3.3.2 (except that ® = (). We do
not give details.

As mentioned earlier, the proof that we gave of Theorem 3.3.2 is a bit tedious,
and not the most direct proof. The most direct proof would involve an adaptation
of the canonical model construction. Here we see the advantage of using our
more difficult proof for Theorem 3.3.2: it can be immediately adapted to the
setting of graded p-calculus. A proof using an adaptation of the canonical model
construction would have been hard to extend, as the canonical model construction
for graded modal logic is already very involved.

The last step is to show the completeness of GK* + p2.0% with respect to the
class of finite tree frames. This is done by extending all the notions and results
of Section 3.4 to the setting of the graded pu-calculus. It is immediate how to
proceed. O

3.7 Conclusions

We showed that Kozen’s axiomatization together with the axiom px.Ox is com-
plete with respect to the class of finite trees. We also gave two examples of
settings to which our proof can be adapted. If we add finitely many shallow ax-
ioms ¢ to the system K* + px.Ox, we obtain an axiomatization that is complete
with respect to the class of trees in which ® is valid. Finally, we proved that if
we add pz.Ox, the fixpoint axiom and the fixpoint rule to the standard axioma-
tization for graded modal logic, we obtain a complete axiomatization for graded
p-calculus with respect to the class of finite trees.

We believe that this method could be adapted to other cases. In fact, Balder
ten Cate and Amélie Gheerbrant used the same method to show that MSO,
FO(TC!) (the extension of FO under the reflexive transitive closure of binary
definable relations) and FO(LFP?) (the extension of FO with a unary least fixpoint
operator) admit complete axiomatizations on finite trees. So this technique might
be useful for proving completeness of logics (in the model theory and modal logic
areas) with respect to structures which do not contain infinite paths.

It would also be nice if the method could be extended for proving completeness
of Kozen’s axiomatization with respect to arbitrary structures. A natural first
step would be to show completeness of K¥ + Op — Op with respect to linear
structures. This has been already established by Rope Kaivola [Kai97], using a
proof inspired by the one proposed by Igor Walukiewicz [Wal95] in the general
case. The proof of Rope Kaivola is considerably simpler than the proof in the
general case.

However, adapting the method that we presented in this chapter to the case
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of linear orders is already complicated. Remember that the proofs of the main
results of this chapter are in three steps. The first step is the definition of rank,
which do not need to be adapted. The second step is proving completeness with
respect to generalized models and the last step is to go from generalized models to
usual structures. Again, we can find inspiration for adapting the last step to the
case of linear orders in Kees Doets’ paper [Doe89]. However, in order to be able
to apply the method presented in that paper, we need the generalized models to
satisfy some conditions (which correspond to the fact that “approximately”, they
are linear orders). We could construct a canonical generalized model for K¢ + Op
— Op and try to massage this model until it satisfies the required conditions.
These generalized models are so complex that it is very hard to modify them,
while keeping the truth of a fixed formula at a given point. It might be possible
but the proof would be technical.

Finally, we would like to mention that Yde Venema and Stéphane Demri
raised the question to which class of coalgebras this proof could be adapted. It
does not seem immediate how to do this. First, one should find the adequate
equivalent of the notion of “tree” in the coalgebraic setting. Moreover, the last
step of the proof involves some manipulation of the structures (taking a disjoint
union of trees and adding a root to this disjoint union). It is not really clear how
one could understand this from a coalgebraic perspective.






Chapter 4

The p-calculus and frame definability on
trees

As we saw in the preliminaries, modal logic and p-calculus offer different levels
of semantics: there are various kind of structures on which formulas can be in-
terpreted. There are basically two orthogonal choices to be made: (i) whether
the structures are models or frames and (ii) whether the perspective is local or
global. By local vs global perspective, we mean whether or not there is a point
that is distinguished in the structure. Recall that a model or a frame with a
distinguished point is called pointed.

On the level of models, modal logic is essentially a fragment of first-order
logic, as the operators O and < correspond to quantification over the points in
the model. Concerning the p-calculus, the fixpoint operators capture a second-
order quantification over the subsets that are fixpoints of a certain map. More
formally, given a p-sentence ¢, we can define the standard translation ST, ()
(see Section 2.6) such that ST,(y) is a monadic second-order formula with one
free variable = and for all pointed models (M, w), M, w Ik ¢ iff M E ST, (p)(w).
In case ¢ is a modal formula, the standard translation is a first-order formula.

If we shift from the context of pointed models to the context of pointed frames,
this results in a second-order quantification over all possible valuations. That is,
a p-sentence  with propositions letter py, ..., p, corresponds to the second-order
formula VP, ... VP,ST,(¢). In that case, modal logic is not longer a fragment of
first-order logic, but a fragment of MSO, as the u-calculus. Finally, if we consider
global truth, we add a first-order quantification over all points of the model.
A p-sentence ¢ with propositions letter py, ..., p, corresponds on (non-pointed)
frames to the formula VaVP, ... VP,ST,(p).

The correspondences we mentioned provide various links between modal logics
and classical first- and second-order logic. A more in-depth study of these links
produced some of the most beautiful results in the areas of modal logic and pu-
calculus. In the context of pointed models, the situation is now well understood.
Johan van Benthem proved that modal logic is the bisimulation invariant fragment

67
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of first-order logic [Ben76], while David Janin and Igor Walukiewicz extended this
result to the setting of the u-calculus [JW96] (that is to say, the p-calculus is the
bisimulation invariant fragment of MSO).

Since the introduction of the relational semantics for modal logic, the expres-
sive power of modal logic in the context of frames has been studied as well. One
of the motivations is that modal logic, when evaluated on frames, can express nat-
ural graph-theoretic properties, such as reflexivity, transitivity, etc. Even though
modal logic is a fragment of second-order logic, the focus has always been more
on the link with first-order logic. The most important works in that respect
consist of Sahlqvist theory and semantic characterizations of modally definable
classes of frames. The Sahlqvist fragment [Sah75] is a rather large syntactic frag-
ment of modal logic that contain formulas corresponding, ar the level of pointed
frames, to first-order formulas. It turned out that the formulas in this fragment
also enjoy another desirable property: canonicity. The most famous example of a
semantic characterization of modally definable classes of frames is the Goldblatt-
Thomasom theorem [GT75]. It provides necessary and sufficient conditions for
an elementary class of frames (that is, definable by a set of first-order formulas)
to be definable by a set of modal formulas.

Even though there is a long tradition of studying modal logic in the context
of frames, nothing is known for the p-calculus. In this chapter, we contribute
to the understanding of the expressive power of the p-calculus at the level of
frames. Since the question is relatively complex, we concentrate on trees, which
are fundamental structure in many areas of logic. More precisely, we investigate
under which conditions an MSO formula is frame definable in the particular case
where the frames are trees. An MSO formula ¢ is said to be (globally) frame
definable if there exists a p-sentence v with proposition letters py, ..., p, such that
© is equivalent to VzVPy,...,VP,ST,(¢). Local frame definability is defined in a
similar fashion, except that we replace the last formula by VP, ...,VP,ST,().

The results we provide can be expressed in a simple way: an MSO formula is
frame definable on trees iff it is preserved under p-morphic images on trees and
under taking subtrees. Moreover, an MSO formula is locally frame definable on
trees iff it is preserved under p-morphic images on trees. Basically p-morphisms
are functional bisimulations. Using these results, we show that it is decidable
whether a given MSO formula is (locally) frame definable on trees.

The proof of the results proceeds in three steps. The first step is the most
straightforward: we show that a characterization of local frame definability on
trees induces a characterization of frame definability on trees. Hence, we can
restrict ourselves to the study of local frame definability on trees.

For the second step, we use the connection between MSO and the graded
p-calculus proved by Igor Walukiewicz [Wal02]. We establish a correspondence
between the MSO formulas that are preserved under p-morphic images on trees
and a fragment lying between the p-calculus and the graded p-calculus. We
denote this fragment by ,LLMLVI.
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The second step consists in showing that each formula ¢ in [LMLV/ the propo-
sitions letters of which belongs to a set Prop, can be translated into a p-sentence
¥, which may contain fresh proposition letters (that is, proposition letters which
do not appear in Prop), and such that the following correspondence holds. At
a given point u in a tree model over Prop, the truth of ¢ at uw corresponds to
the walidity of v at u (that is, we quantify over all possible valuations for the
fresh proposition letters). In other words, this step is a shift from the model
perspective to the frame perspective.

We also present two variations of our main result. We ask exactly the same
question, but with a different definition of frame definability. The standard no-
tion of frame definability involves a universal second order quantification over all
proposition letters, or to put it in a different way, over all possible valuations.
Here, we replace this universal quantification by an existential quantification. As
we will see later in this chapter, there are two ways to implement this existential
quantification: the first one corresponds to negative definability (introduced by
Yde Venema in [Ven93]) and the second one corresponds to projective definability.

The chapter is organized as follows. In the first section, we introduce notation
and state the main results. We also show that a characterization of local frame
definability on trees easily implies a characterization of global frame definability
on trees. In the second section, we recall the link between MSO and the graded p-
calculus. We also show that there exists a disjunctive normal form for the graded
p-calculus. In the next section, we establish a correspondence, on the level of tree
models, between the fragment of MSO which is closed under p-morphic images
and pMLY'. In Section 4, we show how to derive our main result from this
correspondence. In the last section, we give two variations of our main results,
which concern negative definability and projective definability.

We would like to thank Balder ten Cate for his precious help in correcting a
mistake in one of the proofs of this chapter.

4.1 pMLF-definability on trees

Our goal is to characterize the MSO formulas that are equivalent in the context of
frames to u-sentences. The characterization we propose is very natural and only
involves two well-known operations of modal logic: taking subtrees and p-morphic
images. We recall these notions together with some basic terminology and state
our main result.

Signature for MSO In the preliminaries, we mentioned that when interpreting
MSO on Kripke models, the signature consists of a binary relation and a unary
predicate for each proposition letter. In this chapter, we will mostly deal with
MSO on tree models. We modify the signature by adding a unary predicate for
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the root. Given a tree model, the interpretation of that unary predicate is the
singleton consisting of the root of the tree model.

Moreover, in this chapter, we will deal with two sets of proposition letters,
Prop and Prop’. The models we consider are usually models over Prop or over
Prop U Prop’. Sometimes it might confusing which signature we have in mind.
However, the models on which we evaluate MSO formulas are always models over
Prop. Or to put it in other words, the signature for MSO in this chapter is as
follows: it consists of a binary relation, a unary predicate for each proposition
letter in Prop and a unary predicate for the root.

Trees A Kripke frame (T, R) is a tree if for some point r € T, T' = {r} U R*[r],
r does not have a predecessor and every state ¢ # r has a unique predecessor. If
(T, R) is a tree, then v is a child of u if (u,v) € R and v is a descendant of u if
(u,v) € RT.

If (T, R, V) is a Kripke model over a set Prop and (T, R) is a tree, we say that
(T,R,V) is a tree model over Prop. If a tree model T is a Kripke model over
a set Prop U Prop’ of propositions, we may represent 7 as a tuple (T, R, V,V’)
where (T, R) is a tree, V is a map from Prop to P(T) and V' is a map from Prop’
to P(T). In this chapter, a tree will always be a tree model. Since the set of
proposition letters is not fixed, we always try to specify whether a tree is a tree
over Prop or over Prop U Prop’.

uMLF-definabibility An MSO formula ¢ is uMLF-definable on trees if there
are a set Prop’ and a p-sentence v over Prop U Prop’ such that for all trees
T = (T,R,V) over Prop,

TEe iff forallueT, forall V': Prop’” — P(T), (T, R,V,V'),ul- 1.
(4.1)
In case Prop = (), this means that for all trees (T, R), ¢ is satisfied in (T, R) iff
¢ is valid in (7, R). The letter F in the abbreviation uMLF stands for “frames”
(and ML stands for modal fixpoint logic, as usual).

An MSO formula ¢ is locally pMLF-definable on trees if there are a set Prop’
and a p-sentence 1) over Prop U Prop’ such that for all trees T = (T, R, V') over
Prop,

TEe iff forall V': Prop’ — P(T), (T,R,V,V'),r I 1, (4.2)

where r is the root of 7. When this happens, we say that ¢ is locally pMLF-
definable on trees by 1.

p-morphisms Let M = (W, R, V) and M’ = (W', R, V') be two models over
Prop. A map f: W — W' is a p-morphism between M and M’ if the two
following conditions hold. For all w,v € W such that wRv, we have f(w)R'f(v).
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For all w € W and v € W’ such that f(w)R'v', there exists v € W such that
f(v) =" and wRwv.

Essentially p-morphisms are functional bisimulations. An MSO formula ¢ is
preserved under p-morphic images on trees if for all surjective p-morphisms f
between two trees 7 and T’ over Prop,

TEp implies T F .

Preservation under taking subtrees A subtree of a tree T = (T, R, V') over
Prop is a submodel of T, the domain of which consists of a node u of 7 and all
the descendants of uw. If T is a tree over Prop and u is a node of T, we let 7,
denote the subtree of T with root w.

An MSO formula ¢ is preserved under taking subtrees if for all trees T over
Prop and for all nodes u of T,

TE ¢ implies T, FE .

We can now state the main result of this chapter.

4.1.1. THEOREM. An MSO formula ¢ is uMLF-definable on trees iff @ is pre-
served under p-morphic images on trees and under taking subtrees. An MSO
formula o s locally pMLF-definable on trees iff ¢ is preserved under p-morphic
1mages on trees.

Most of the remaining part of this chapter is devoted to the proof of this result.
We concentrate on the direction from right to left, since the other direction is
easy. Our first observation is that it is sufficient to obtain a characterization of
the formulas locally uMLF-definable on trees.

4.1.2. LEMMA. If an MSO formula ¢ is locally pMLF-definable on trees and is
preserved under taking subtrees, then ¢ is pMLF-definable on trees.

Proof Let ¢ be an MSO formula that is locally uMLF-definable on trees and
preserved under taking subtrees. Since ¢ is locally pMLF-definable on trees,
there are a set Prop’ and a p-sentence 1 over Prop U Prop’ such that for all trees
T = (T,R,V) over Prop, (4.2) holds. It is sufficient to show that equivalence (4.1)
holds. The only direction that is not immediate is from right to left. Suppose
that 7 F ¢. Let u be a node of T. Since T F ¢ and ¢ is preserved under taking
subtrees, we also have T, E ¢. Putting this together with equivalence (4.2), we
obtain that for for all V' : Prop’ — P(T), (T, R,V,V'),u - 1.

It follows from the lemma that in order to obtain Theorem 4.1.1, we can
restrict ourselves to show that if an MSO formula ¢ is preserved under p-morphic



72 Chapter 4. The p-calculus and frame definability on trees

1 §GL: = ey
graded p-formulas V-form for graded
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[ H J { graded p-formulas }

Figure 4.1: General scheme of the first part of the construction of .

images on trees, then ¢ is locally puMLF-definable on trees. So suppose that ¢ is
an MSO formula that is preserved under p-morphic images on trees. We have to
find a set Prop’ and a p-sentence ¢ such that (4.2) holds. The route we take to go
from ¢ to 1 involves many intermediate logics between MSO and the p-calculus.
So it might help for the understanding of the proof to give some indication about
the intuition and the main steps for the construction of .

The basic idea is that the quantification over all valuations in (4.2) allows
some form of counting. This is the reason why the graded pu-calculus plays such
an important role in this chapter. However, the counting provided by uMLF-
definability is weaker than the usual counting of the graded pu-calculus. The
counting that we can express with pMLF-definability is captured by an operator
that we denote by V’. This operator is a stronger version of the usual V operator.
We define uMLvl as the logic obtained by replacing V by V’ in the formulas of
uMLY.

The construction of v is in two parts. The first part consists in applying to ¢
several successive transformations. With each transformation, we associate a lan-
guage, as depicted in Figure 4.1. For example, the logic associated with the first
transformation is the graded p-calculus. After each transformation, we should
obtain a formula that belongs to the logic corresponding to the transformation.
Moreover, under the conditions that ¢ is preserved under p-morphic images and
that we restrict to trees, this formula is equivalent to ¢. In fact, for some of
the transformations, this equivalence remains true under some milder conditions.
Later in the chapter, we will give a more detailed table stating the exact links
between the logics of Figure 4.1.

As shown in Figure 4.1, the formula resulting after all the transformations is
a formula in uMLY'. That is, if we replace the usual V operator by V', we obtain
exactly the MSO formulas that are uMLF-definable on trees. The second part of
the construction of ¢ (presented in Section 4.4) consists in showing that for all
sentences y in MMLVI, we can find a set Prop’ and a p-sentence 1 such that for
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all trees T = (T, R, V') over Prop,
T,rl-x iff  forall V': Prop’ — P(T), (T, R, V,V'),r I 1.

where r is the root of 7.

4.2 Graded p-calculus: connection with MSO
and disjunctive normal form

In this section, we recall the connection between MSO and the graded p-calculus,
established in [Wal02] and [Jan06]. We introduce a V-like operator for the graded
p-calculus, inspired by [Wal02]. Using results from [ANO1], we also show that
there is a disjunctive normal for the graded p-calculus. This section basically
corresponds to the arrows (1), (2) and (3) in Figure 4.1.

For the first transformation of Figure 4.1, we can simply rely on existing
results. Igor Walukiewicz established that on trees, MSO has the same expres-
sive power as a special sort of automaton, called later non-deterministic count-
ing automaton by David Janin [Jan06]. David Janin [Jan06] also showed that
for all counting automata, we can compute an equivalent graded u-sentence.
Hence, MSO and the graded p-calculus are equi-expressive on trees. As observed
in [Jan06] and [JLO3], we can derive from this result that on arbitrary models,
the graded p-calculus is the fragment of MSO that is preserved under counting
bisimulation (see Section 2.7).

Equivalence between MSO and the graded p-calculus An MSO sentence
@ is equivalent on trees to a sentence 1 in pGL if for all trees 7 with root r,

TEe iff T,ri-.

4.2.1. THEOREM (FROM [WALO02], [JANO6]). MSO and the graded p-calculus
are effectively equi-expressive on trees. That is, for all MSO formulas ¢, we
can compute a graded p-sentence ¢ over Prop such that ¢ and 1) are equivalent
on trees over Prop, and vice-versa.

For the second transformation of Figure 4.1, we should introduce a V-like
operator for the p-calculus. The definition is inspired by the automata presented
by Igor Walukiewicz in [Wal02].

V operator for the graded p-calculus Given a set A, a finite tuple a over A
is a tuple of the form (ay,...,a;), where k € N and for all 0 < i < k, a; belongs
to A. In case k = 0, then @ = 0.
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The set uGLY of V-formulas of the graded p-calculus (over a set Prop of
proposition letters and a set Var of variables) is given by:

o u=x|pVelpANp|aeVI(GV) | p.p|vr.p,

where x € Var, « is a conjunction literals over Prop, ¥ is a finite set of formulas
and ¢ is a finite tuple of formulas.

Given a formula ¢, a model M = (W, R, V), an assignment 7 : Var — P(WW)
and a point w € W, the relation M, w |-, ¢ is defined by induction as in the case
of the p-calculus with the extra condition:

Mowlk aeVI(F, W) iff M wlk, o and M, w Ik, VI(F, V),
M, w k. VI(3, V) iff there exists a tuple (wy,...wy) over R[w| such that,
1. forall 1 <i<j <k, w #w;j,
2. forall 1 <i <k, M,w;F; ¢,
3. for all win Rlw]\{w; | 1 <i <k},
Mulk \/ 0.

where @ = (¢1,...,¢r). We say that (wy,...,wy) is a tuple of VI-witnesses for
the pair (g, ¥) and the point w. If w is clear from the context, we simply say
that (wy,...,wy) is a tuple of V9-witnesses for the pair (F, ¥). Moreover, for all
1 <1< n,w; is a VI-witness associated with ¢;.

A map m : uGLY — P(R[w)]) is a VI-marking for ((¢1,..., @), ¥) if there
exists a tuple (wy, ..., wy) such that for all 1 <1i < j <k, w; # w;, w; € m(y;)
and for all successors u of w such that u ¢ {w; | 1 < i < k}, there is ¢ € ¥ such
that v € m(v).

A sentence ¢ in uGLY is equivalent on trees to an MSO formula 1 if for all
trees T over Prop, 1 is valid on T iff ¢ is true at the root of 7. A formula ¢
in uGLY is equivalent to a formula 1 in pGL if for all Kripke models M, for
all assignments 7 : Var — P(M) and for all w € M, we have M, w -, ¢ iff
M, w -, .

The set of formulas in uGLY in disjunctive normal form is defined by induction
in the following way:

o u= x|V |laeVI(GY) | urp | ve.y,

where x € Var, « is a conjunction of literals over Prop, ¥ is a finite set of
formulas and ¢ is a finite tuple of formulas. This essentially means that the only
conjunctions that are allowed are conjunctions of literals.

4.2.2. PROPOSITION. puGL and uGLY are effectively equi-expressive. That is,
for all formulas in uGL, we can compute an equivalent formula in pGLY, and
vice-versa.
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Proof First, we show that each formula ¢ of the graded p-calculus is equivalent to
a V-formula of the graded p-calculus. The proof is by induction on the complexity
of ¢. We only treat the cases where ¢ is of the form ©Fi) or 0% (which are the
only cases that are not straightforward). One can check that ¥ is equivalent to
TeVI((p,...,9),{T}), where ((p, ..., ) is a tuple of length k+ 1. The formula
O is equivalent to TeVI((T,..., T), {}), where (T,..., T) is a tuple of length
k.

Second, we have to verify that each V-formula ¢ of the graded p-calculus is
equivalent to a graded p-calculus formula. for all v € R[w], we have (v, f(v)) € B.
We have to show that for all (w,w’) € B, we have

The proof is also by induction on the complexity of the formulas. We only
treat the most difficult case, where ¢ = v @ VI(Z, ¥). Suppose that @ is the tuple
(p1, ..., k). We also define ¢ as the formula \/ V. If i > 0, we abbreviate the
set {1,...i} by [i].

We start by giving some intuition. Assume that the formula V9(g,1)) is true
at a point w in a model M = (W, R, V). This means that there exist pairwise
distinct successors wy, . .., wg of w such for all 1 < < k, M, w; IF ¢; and for all
u € Rw]\{wy,...,w,}, we have M, u I ¢r11. Now we have to use the operators
O™ and ¢ to describe the situation. The way we use these operators depends very
much on which formulas among ¢1,..., 11 are true at the points wy, ..., wg.
In order to encode this information, we introduce a map f : [k] — P[k + 1] with
the intended meaning that ¢; is true at w; iff j € f(i). So in particular, for all
i € [k], i belongs to f(i). Given a subset N of [k + 1], we define the formula

W/(N) b
((N) = (A\fwi i€ NYA N 15 ¢ V).

Given a point v in a model, there is a unique N C [k + 1] such ¢/(N) is
true at v; ¥'(N) is essentially the type of v with respect to the set of formu-
las {¢1,...,9k+1}. So if the map f is defined as mentioned before, the type of
the point w; is the formula ¢'(f(7)).

Now we want to use the operator ¢™ in order to express that we have enough
witnesses making ¢1,..., ¢, true. If i € [k], how many successors of w make
' (f(i)) true (and in particular ¢;)? By definition of f, the number of such
successors is at least equal to n(i, f) given by

n(i, [) =g € [k f6) = FG)}

Hence, we should require that ©™(#)/( f(i)) holds at w. We also want to use the
operator 0" to express that the successors of w that do not belong to {wy, ..., w,}
make g1 true. Which successors of w do not make ¢, true? Only the w;s

such that &+ 1 ¢ f(i). Therefore, if we define m(f) by:

m(f) =ikl | k+1¢ f0)}],
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the formula O™y, is true at w. Putting everything together, we have that
the formula ¢ (f) given by:

P(f) = \{(O"EDY(f(0)) | i € (K]} AO™ Doy

is true at w.
We are now ready to define ). We let ¢ be the formula given by:

v =\/{v(f) | f:[k] = Plk+1] and for all i € [k], i € f(i)}.

We prove that the formula V9(F, W) is equivalent to the formula v. We do not
give details for the fact that V9(g, ¥) implies ¢, as the proof is similar to the
intuition that we gave above.

Now we prove that ¢ implies V9(g, ¥). Let w be a point in a model M =
(W,R,V) and let 7 : Var — P(W) be a valuation such that M, w I, 9. Thus,
there is a map f : [k] — P[k + 1] such that for all i € [k], ¢ belongs to f(i) and
the formula ¢ (f) is true at w.

Now take a set N C [k + 1] in the range of f. Hence, there is ¢ € [k] such
that N = f(i). Since 9 (f) is true at w, the formula O™&Hy/(f(i)) is true at
w. That is, there are at least n(i, f) successors of w at which ¢/(N) is true.
Recall that n(i, f) is the size of the set {j € [k] | f(i) = f(j)}. That is, n(i, f)
the size of the set {j € [k] | f(j) = N}. Hence, we can fix an injective map
gy :{j€[k]| f(j) = N} — W such that for all j in the domain of gy,

For each j € [k]|, we define w; as the point gs¢;)(j). It follows from (4.3) that
Y'(f(j)) is true at w;. In order to show that V9(g, ¥) is true at w, it is sufficient
to prove that

(i) for all 4, j € [k] such that i # j, we have w; # wj,
(ii) for all i € [k], M,w; Ik, ¢;,
(iii) for all successors u of w such that u ¢ {w; |i € [k]}, M,ulF. \/ V.

We start by showing that for all 4, j € [k] such that i # j, we have w; # w;,.
Take i,j € [k] such that ¢ # j. First assume that f(i) # f(j) and suppose
for contradiction that w; = w;. Recall that given a point u in M, there is a
unique subset N of [k + 1] such that ¢/(N) is true at u. We observed earlier that
Y'(f(i)) is true at w; and ¢'(f(j)) is true at w;. Since w; = w;, ¥'(f(7)) and
Y'(f(j)) are true at w;. This is contradiction as f(i) # f(j). Next suppose that
f(i) = f(j). By definition, w; is equal to gs¢;)(7) and w; is equal to gs;y(j). Since
f(i) = f(j), w; is equal to gy (J). Since gsq) is an injective map and i # j, we
have griy (i) # g5)(j). That is, w; # w;.
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For (ii), take i € {1,...,n}. We observed earlier that ¢'(, f) is true at w;.
Since ¢ belongs to f(i), it is immediate from the definition of ¢'(i, f) that if
Y'(i, f) is true at a point, then ; is also true at that point. In particular, ¢; is
true at w;.

So it remains to prove (iii). That is, for all successors u of w such that
u ¢ {w; | i€ [k]}, M,ul-- \/¥. Since O™ \/ ¥ is true at w, there are most
m(f) successors of w at which \/ ¥ is not true. Recall that for all i € [k], ©'(f (7)) is
true at w;. In particular, if £+1 does not belong to f(i), \/ ¥ is not true at w;. Or
in other words, \/ ¥ is not true at any point of the set {w; | i € [k],k+1 ¢ f(i)}.
By definition, the size of this set is m(f). Putting this together with the fact that
there are most m(f) successors of w at which \/ ¥ is not true, we obtain that \/ ¥
is true at all successors of w which do not belong to {w; | i € [k],k+1 ¢ f(i)}.
In particular, for all successors u of w such that u ¢ {w; | i € [k]}, M,ul, \/ ¥.
This finishes the proof that v implies V9(5, V). O

4.2.3. REMARK. Another (shorter) proof for Proposition 4.2.2 is to use the fact
that the graded p-calculus is the fragment of MSO invariant under counting bisi-
mulation and to show that the formulas in uGLY are equivalent to MSO formulas
invariant under counting bisimulation. However, in the proof of the fact that the
graded p-calculus is the fragment of MSO invariant under counting bisimulation,
David Janin [Jan06] skips the proof that a non-deterministic counting automaton
is equivalent to a counting automaton. The latter proof corresponds exactly to
the proof that each formula in uGLY is equivalent to a formula in x#GL. This
motivated our decision to give details for the proof of Proposition 4.2.2, instead
of using the shortcut provided by the the fact that the graded p-calculus is the
fragment of MSO invariant under counting bisimulation.

Now we move on to the third arrow of Figure 4.1. That is, we show that there
is a normal form for the graded p-calculus.

4.2.4. THEOREM. For each formula of the graded p-calculus, we can compute an
equivalent formula of the graded p-calculus in disjunctive normal form.

This theorem follows from an application of a result from [ANO1]. We start
by recalling the definitions required to state the result from this book.

Fixpoint algebras A signature is a set Sig of function symbols equipped with
an arity function p : Sig — N. Let P = (P, <p) be a complete lattice (see
Section 2.2). We say that P = (P, <p) is distributive if for all ¢, d, e € P, we have

cA(dVe)=(cNd)V(cAe).

Over a signature Sig, a fizpoint algebra P is a complete lattice (P, <p) together
with, for each symbol f € Sig, a monotone function fp : PPY) — P. We always
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assume that the binary operations A and V and the O-ary operations L and T
belong to Sig. We let Fg;, denote the set of terms that contains the identity
operation (which is a unary operation and maps an element d € P to d), all the
operations in Sig and that is closed under the composition operation.

Over a signature Sig and a set Var of variables, the fizpoint formulas are

defined by
o = | flp,...,0) | px.p| vy,

where x € Var and f € Sig. Given a fixpoint algebra P and an assignment
7 : Var — P, we define the set [¢]p - similarly to the case of modal fixpoint logic.
More specifically, we define [¢]p . by induction on ¢ in the following way:

[[x]]P,T = T(ZE),
[fler, - son)ler = felleilprs .- -, [enles),
[[,ULL'.()O]]P,T = /\{C clP ‘ c<p [[(p]]IP’,T[z»—m]} )

HV$-¢HP,T - \/{C elP | C ZJP’ H@HP,T[J?'—)C]}?

where x € Var, f is a symbol in Sig U{A,V, L, T} of arity n and 7[z — ¢] is the
assignment 7' : Var — A such that 7/(z) = ¢ and for all variables y # z, 7'(y) =
7(y). We say that [p]p, is the interpretation of ¢ in P under the assignment 7.
As usual, a fixpoint formula is a fizpoint sentence if each variable occurring in the
formula is bound.

If ¢ and ¥ are fixpoint formulas, ¢ and 1 are equivalent over a class L of
fixpoint algebras if for all fixpoint algebras P in £ and for all assignments 7 : Var
— P, we have [¢]p, = [¢]p-. When this happens, we say that the equation
w =1 holds on L.

If ¥ is a tuple of variables, we denote by A Z the greatest lower bound of the
set of variables occurring in Z. Given a class of fixpoint algebras £, we say that
the meet operator A commutes with Sig on L if for all finite tuples (f1,..., f,) of
functional symbols of Sig\{A, V}, there exists a function g € Fg;, built without
the symbol A such that an equation of the form:

/\{fz(fz) |1 Sign}:g(/\gla---a/\gm)- (4.4)

holds on £, where the ;s are tuples of distinct variables of the appropriate length
and the ¢;s are tuples of distinct variables taken among those appearing in Zs.
It was shown in [ANO1] that when the meet operator commutes with a sig-
nature on a class £ of fixpoint algebras, then each fixpoint formula is equivalent
to a formula that does not contain the meet operator. A close inspection of the
proof shows that this last formula can be computed from the initial formula.

4.2.5. THEOREM. [Corollary 9.6.9 from[ANO1]] When the meet operator A\ com-
mutes with Sig on L, each fizpoint formula ¢ is equivalent over L to a formula
¥ built without the symbol N.
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Moreover, if the maps gs occurring in the equations (4.4) are computable, then
Y is computable.

Now we show how to use Theorem 4.2.5 in order to obtain Theorem 4.2.4. We
define the signature Sig,,v as the set consisting of T, L, V, A and the operators
of the form av e Viyl, with k,1 € N and « a subset of literals over Prop. The arity
of the operator v @ V7 ; is k + [.

With each model M = (W, R, V), we associate a fixpoint algebra P, over
Sig,crv in the following way. The fixpoint algebra Py, is based on the complete
distributive lattice (P(W), C). Hence, the interpretations of the operators T, L,
V and A are respectively the constants W and () and the operations U and N.

Given a subset « of Prop and k,l € N, the operator a e V%l maps subsets
Upy ... U, Ty, ..., T to the set of w € W which belongs to ([[{V(p) | p € a} N
({W\V(p) | =p € a} and for which there exists a set {w; | 1 <i < k} C R[w]
such that:

o forall 1 <i<j <k, w#wj,
e for all 1 <17 <k, w; belongs to Uj;,

e for all successors u of w such that u ¢ {w; | 1 < i < k}, u belongs to
Tl 1<j<i}

If we identify each operator o e VZJ with A @ @ V9 in the obvious way, then
for all fixpoint formulas ¢ over Sig,qpv and for all valuations 7 : Var — P(W),
we have that [¢]a, . = [¢]m,r

Finally we define Ly, as {Py | M is a Kripke model }. In order to derive
Theorem 4.2.4 from Theorem 4.2.5, it is sufficient to show the following result.

4.2.6. PROPOSITION. The meet operator commutes with Sig,cpv on L.

Proof Let (fi,..., fn) be a tuple of symbols in Sig,qpv and for all 1 < i < n,
let #; be a vector of distinct variables, the length of which is the arity of f;. Let
also F' be the set {f;(Z;) | 1 < <n}. We have to prove that an equation of the
form of (4.4) holds on L.

We start by showing that without loss of generality, we can suppose that for
all 1 <1 < n, the operator f; is an operator of the form a; e Vii’li. This is based
on the following two observations. First, if an operator f;, is equal to L, then
the equation A\ F' = L holds on Lyy,. Second, if an operator f;, is T, then the
equation A F' = A{fi(#;) | 1 <i<mn,i#ip} holds on Ly.

Now we show that an equation of the form (4.4) holds if all the f;s are operators
of the form «; e Vii’li. We start by giving some intuition. Let Y; be the set of
variables occurring in g; and suppose that A{a; @ VI(Z;,Y;) | 1 < i < n} is true
at a point w. Hence, for all 1 < i < n, there exists a tuple w; of V9-witnesses for
(%;,Y:). We define the set of witnesses as the set of points that occurs in one of
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the w;s. Our goal is to push the conjunctions “inside” the V operators. The way
we proceed depends on how the witnesses are distributed. Or to put it differently,
how the witnesses for distinct pairs (Z;,Y;) and (Z;,Y]) overlap.

In order to encode this information, we define for each witness u a n-tuple
h(u) = (z1,...,2,) in the following way. Take ig € {1,...,n}. If u is not a
witness for (7;,,Y;,), then we define z;, as *. Otherwise, there is a unique variable
x occurring in #;, such that u is the witness for (Z;,,Y;,) associated with . In
this case, we define z;, as x.

If we define X; as the variables occurring in Z; and X as the set X; U {x},
then the set consisting of all the tuples h(u) (with u being a witness) defines
a relation S C XJ x --- x X. The characteristic of that relation is that each
variable occurring in one of the Z;s occurs exactly in one tuple of S.

Now if we consider a successor v of w, which formulas are true at v? If v is
not a witness, then for all 1 < ¢ < n, the formula \/ Y] is true at v. So if we define

© by:
o= N\{\VYil1<i<n},

@ is true at v. Next if v is a witness, then the formulas true at v is determined by
the tuple h(v) = (21,...,2,). If z; = %, then \/ Y] is true at v, whereas if z; = z,
x is true at v. So if for all z € X/, we define Z by:

B z if z € X;,
z =
VY, otherwise,
this means that ¢y = A{% | 1 < i < n}is true at v. We can think of v as

being a witness for the formula ¢,). In fact, we even have something stronger.
If the set of witnesses is equal to {uy, ..., u,}, we will show that the formula

vg<<90h(u1)7 <o 790h(um))7 90)7

is true at w. Note that all the conjunctions of this formula occurs “inside” the V
operator. Conversely, the truth of this formula at w ensures that for all 1 <7 < n,
V9(Z;,Y;) is true at w. Formally, we have the following claim.

1. CLAamM. With a tuple 2= (21, ..., 2,), we associate the formula @z given by

p==N\{z|1<i<n},

where Z; is defined as in the previous paragraph. Next, given a relation S C
X7 x -+ x X we write kg for the size of S. If S = {Z1,..., 2}, we define Jg as
a tuple of formulas

(P21, - P2)-

A relation S C X7 x --- x X is a relevant distribution if for all 1 < i < n, for
all z € Xj, there is a exactly one tuple (z1,...,2,) € S such that z; = z. Finally,
we define a as the set | J{a; | 1 <i < n}.
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With these definition, the equation

Moo Ve (@.50) | 1< i <n)
= \/{a ° ViSJ(SBS, ©) | S is a relevant distribution}

holds on Ly,.

—

PROOF OF CLAIM For all 1 <4 < n, we define v; as the formula a; e Vi, (i, 7).
We also define 1) as the formula

\/{a o Vi 1(Fs, )| S is arelevant distribution}.

Fix a Kripke model M = (W, R, V), its associated fixpoint algebra P, and an
assignment 7 : Var — P(W). We have to show that

[ A Al = [Wlea., - (4.5)

First we prove the inclusion from right to left of (4.5). Suppose that a point
w belongs to [¢]p,, .. Hence, there is a relevant distribution S C X7 x --- x X7
such that the formula A o e V9(Fs, {p}) is true at w. Assume that S = {2 |1 <
J < ks}. We have to show that for all 1 <14 <n, w belongs [v]e,,,. Let i be an
element in {1,...,n} and let us prove that A\ o; @ VI(Z;,Y;) is true at w.

Since A « is true at w, it is immediate that A a; is true at w. So it remains
to show that V9(z;,Y;) is true at w. Recall that for all x € X, there is a exactly
one tuple (z1,...,2,) € S such that z; = x. So we can define an injective map
¢ : X; — S such that for all variable z € X;,

c(x)=(z1,...,2,) iff z ==
As V9(Fs, {p}) is true at w, there is a tuple Wi = (wy, ..., wx,) such that
o forall 1 <j <k, oz is true at wy,
o forall 1 <j<j <k w; #wy,
e for all u € R[w]\Ws, ¢ is true at u,

where Wy is the set {wy, ..., wr }. Welet d: S — Ws be the map such that for
all j € {1,... ks

d(%;) = w;.

It easily follows from the properties of the w;s that d is a bijection such that for
all Z7€ S, ¢z is true at d(2). If X; = {x;,..., 2, }, we define oj; as the tuple

(d(c(za)), .., d(c(zin,)))-

We show that ; is a tuple of V9-witness for (Z;,Y;). That is,
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(i) for all distinct variables x and ' in X, d(c(x)) # d(c(2')),
(ii) for all z in X;, z is true at d(c(zy5)),

(iii) for all successors u of w such that u does not belong to W;, \/'Y; is true at
u.

where W; is the set {d(c(z)) | x € X;}.

The first item follows from the fact that ¢ and d are injective map. For (ii),
let = be a variable in X; and let Z = (z1,...,2,) be the tuple ¢(x). Recall that
ez is true at d(2). In particular, if z; # *, z; is true at d(2). It follows from the
definition of ¢ that z; = x. So z is true at d(2) = d(c(x)).

It remains to show (iii). That is, for all successors u of w such that u does not
belong to W;, \/Y; is true at u. Let u be such a successor of w. In case u does
not belong to Wy, then ¢ is true at u. In particular, \/Y; is true at u. So we
may assume that u belongs to Ws. Hence, there is 7= (z1,..., z,) in S such that
u = d(Z). Now we show that z; = *. Suppose for contradiction that z; # x. Then
z; is mapped by ¢ to the unique tuple (z],...,2) € S such that 2z = z;. Since
(z1,...,2,) belongs to S, ¢(z;) is nothing but the tuple (z1,...,z2,). It follows
that d(Z) =u is equal to d(c(z;)), which belongs to W;. Hence, u belongs to W;,
which is a contradiction. Thus, z; = *. Recall that ¢z is true at d(2). Putting
this together with the fact that z; = *, we obtain that \/Y; is true at d(Z). That
is, \/ Y; is true at u and this finishes the proof of the inclusion from right to left.

Next we show the inclusion from left to right of (4.5). Suppose that w belongs
to [vi A+ AVl Taked € {1,...,n} and recall that X; = {z;; | 1 < j < K}
Since w belongs to [vi]p,, ., we have M, w I V9(Z;,Y;). So there exist successors
Wi1, - - ., Wi, of w such that

(a) for all 1 <j < j' <k, x;; is true at w;;
(b) for all 1 <7< j, <k, Wi 7é W1y
(c) for all v € Rlw]\W;}, \/Y; is true at v.

where W; is the set {w;; | 1 < j < k;}.

We start by fixing some notation. We define U as the set | J{W; | 1 < i < n}.
Next for each u € U, we define a n-tuple h(u) = (z1,...,2,) such that for all
1<1<n,

x;; if for some x;; in X, u = w;;,
R = .
x  otherwise.

The n-tuple h(u) is well-defined since for all distinct variables z;; and z;; in X,
we have w;; # w;j. We define S as the relation {h(u) | u € U}.

First we show that S is a relevant distribution. Take i € {1,...,n} and
let z;; be a variable in X;. We have to show that there is a exactly one tuple
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(21,...,2,) € S such that z; = x;;. It follows from the definitions of S and h that
x;; occurs in the tuple h(w;;). Next if x;; occurs in a tuple h(u) = (21,...,2,) in
S, then by definition of h, u is equal to w;;. Hence, h(w;;) is the unique tuple in
S in which z;; occurs at position ¢. This finishes the proof that S is a relevant
distribution.

So in order to show that M, w Ik, 1, we can restrict ourselves to prove that
w belongs to [ar e Vi 1 (Fs, )]k, That is,

/\a o VI(Zg,{p}) is true at w. (4.6)

First we show that A « is true at W. By definition of «, it is sufficient to
show that for all 1 <i <n, A «; is true at w. This follows immediately from the
fact that w belongs to [vi]e,,., -

Next we prove that for all z € S, there is a unique u € U such that h(u) = Z.
Let w,u’ be distinct elements of U and let (z,...,2,) and (z],...,2)) be the
tuples h(u) and h(u’) respectively. We have to prove that h(u) # h(u'). Since
u belongs to U, there exists i € {1,...,n} such that u belongs to W;. So there
is x;; € X; such that u = w;;. By definition of h, z; is equal to z;;. If v’ does
not belong to W, then z; = % and in particular, h(u) # h(u’). Suppose next that
u’ belongs to W;. Hence, there exists x;; € X; such that ' = w;j. Again, by
definition of h, this implies that 2] = z;;. Since u # v/, u = w;; and v’ = w;;/, we
have that j # j' and hence, z;; # z;;. It follows that z; # 2], which implies that
h(u) # h(u'). This finishes the proof that for all 2’ € S, there is a unique u such
that h(u) = 2.

This means that we can define a function b between the relation S and the
set R[w] such that for all Z € S, b(Z) is the unique u satisfying z = h(u). It
follows from the definition of b that h(b(Z)) = Z and b(h(u)) = u (for all 27 € S
and u € U). As a corollary, b is a bijection.

If S={z,...,2n} and s = (¢z,...,9z,), we let Wg be the tuple

We define Wy as the set {b(z;) | 1 < i < ks}. We show that g is a tuple of
V9-witnesses for the pair (Fg, ¢). Since b is an injective map, we have that for
all i # j, b(Z;) # b(2;). Hence, it remains to show the two following conditions:

(i) for all Z € S, the formula @z is true at b(2),
(ii) for all successors v of w which do not occur in s, ¢ is true at v.

We start to prove that for all Z € S, ¢z is true at b(Z). Suppose that z =
(z1,...,2n). We have to show that for all i € {1,...,n}, z is true at b(Z). Take
i € {1,...,n}. First, suppose that z; # *. Hence, z; is equal to z;. Recall that for
all w e U, if h(u) = (z1,...,2,) and z; # *, then u = w;;, where j is the unique
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natural number in {1,...,k;} such that z; = z;;. Putting that together with
h(b(Z)) = (#1,.-., %), we obtain that b(Z) = w;;, where j is the unique natural
number in {1,..., k;} such that z; = z;;. Now z;; is true at w;;. It follows that
Zi (: xij) is true at b(g) (: wm)

It remains to consider the case when z; = *. This means that z; = \/ Y;. So
we have to show that \/Y; is true at b(Z). We know that for all v € U such that
h(u) = (z1,...,2,) and z; = *, u does not belong to W; (if u belongs to W, then
u = w;; for some j, which implies that z; = z;;). Using this together with the fact
that h(b(Z)) = (z1,...,2,), we have that b(Z) does not belong to W;. It follows
from condition (c) that \/Y; is true at u. In particular, \/Y; is true at b(Z). This
finishes the proof of (i).

Now we show that (ii) holds. Let vy be a successor of w that does not belong
to Ws. We prove that ¢ is true at vy. Recall that ¢ is the formula given by:

p=N\{\VYil1<i<n}

Take i € {1,...,n}. We have to show that \/Y; is true at vy. By condition (c), it
is sufficient to prove that vy does not belong to W;. If it is not the case, then vy
belongs to U and hence, h(vy) belongs to S. It follows from the definition of Wg
that b(h(vg)) belongs to Ws. Recall that for all u € U, b(h(u)) = u. Hence, v
=b(h(vg)) belongs to Wg, which is a contradiction. This finishes the proof that
a e VI(Fs,{¢}) is true at w. Hence, the proof of the inclusion from left to right.
<

Now recall that the meet distributes over the join. That is, for all sets
Yy, ..., Y, of variables, the equation

AVYil1<i<n}=\/{A\Y]| forall 1 <i<n YNY;#0}

holds on Ly,. Putting this together with the claim above, we obtain that an
equation of the form of (4.4) holds on Ly, in case all the f;’s are operator of the
form o; @ Vi, ;,. This finishes the proof. O

4.3 Preservation of MSO under p-morphic im-
ages

This section corresponds to arrow (4) in Figure 4.1. We introduce the operator
V’. As mentioned earlier, the logic associated with this operator is in between the
p-calculus and the graded p-calculus. We show in this section that on trees, it
corresponds to the fragment of the p-calculus that is preserved under p-morphic
images on trees.
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The logic pMLY"  The set uMLY" of V'-formulas of the graded p-calculus is
given by:
pu=aleVeloAp|aeVI(F0) | prp|ve.p,

where x € Var, « is a conjunction of literals over Prop, ¢ is a tuple of formulas
and W is a finite set of formulas.

Given a formula ¢, a Kripke model M = (W, R, V), an assignment 7 : Var
— P(W) and a point w € W, the relation M, w Ik, ¢ is defined by induction as
in the case of the p-calculus with the extra condition:

Mowlk ae V(W) iff M wlF, o and M,w Ik, V'(Z, V),

M w - V(3 ¥) iff there exists a tuple (wy,...wy) over R[w| such that,
1. forall 1 <i <k, M,w; I o,
2. for all u in Rlw]\{w; | 1 <1i <k},
Mul- \/ .

where & = (p1,..., k). The tuple (wy, ..., wy) is a tuple of V'-witnesses for the
pair (&, V).

A map m : pMLY — P(R[w)]) is a V'-marking for (@, W) if there exists a
tuple (wy, ..., wy) such that for all 1 <i <k, w; € m(p;) and for all successors
u of w such that u ¢ {w; | 1 < i <k}, there is ¢ € ¥ such that u € m(3).

A sentence ¢ in uMLY' is equivalent on trees to an MSO formula 1 if for all
trees over Prop T, 1 is valid on T iff ¢ is true at the root of 7. A formula ¢
in ,uMLV/ is equivalent on trees to a formula ¢ in puGLY if for all trees T over
Prop with root r and for all assignments 7 : Var — P(T), we have T,r I, ¢ iff
T,r i .

The set of formulas in uMLv/ in disjunctive normal form is defined by induc-
tion in the following way:

pu=x|loVelaeVI(GT) | ur.p|ve.e,

where x € Var, a is a conjunction of literals over Prop, W is a finite set of formulas
and J is a finite tuple of formulas.

The main difference between the semantics for the operator V' and the se-
mantics for V9 is that the points occurring in a tuple of V’'-witnesses for a pair
(F, ¥) might not be distinct. A typical example of property that we can express
with uGLY, but not with MMLVI, is the existence of k successors satisfying a
formula ¢ (where k is a natural number strictly greater than 1 and ¢ is a given
formula).

We also introduce a game semantics for the languages pGLY and pMLY'. The
fact that the existence of a winning strategy for a player in the game corresponds
to the truth of a formula at a given point, is proved using classical methods (as
in the case of p-calculus, see for instance [EJ91]).
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Game semantics Let ¢ be a formula in uGLY UuMLY" such that each variable
in ¢ is bound. Without loss of generality, we may assume that for all x € Var
which occurs in ¢, there is a unique subformula of ¢, which is of the form nx.é,,
where n € {u,v}. We also fix a model M = (W, R, V). We define the evaluation
game E(M, ) as a graph game between two players, V and 3. The rules of the
game are given in the table below.

Position Player | Possible moves

(w, T) N 0

(w, ) - {(w,02)}

(w7901 /\902) v {(w7901)7<w?902)}

(w7()01 \/(PQ) 3 {(wawl)a(wﬂOZ)}

(w, 1) - {(w, )}

(w, o 0 VI(5, W) v {a, VI(G,0)}

(w, v V'(5, W) v {a, VI(5,9)}

(w, VI(3, 1)) 3 {m: uGLY — P(R[w]) | m is a

V9-marking for (g, V)}

(w, V'(F, D)) 3 {m : uMLY" — P(R[w]) | m is a
V'-marking for (Z, ¥)}

m: pGLY — P(R[w]) |V {(u,9) [ w e m(y)}

m : pMLY — P(R[w]) | ¥ {(u,9) [ u € m(¢)}

where w belongs to W, x belongs to Var, n belongs to {u,v}, @1, @2 and ¥
belongs to uGLY U uMLY’, « is a conjunction of literals, ¥ is a finite subset of
pGLY U uGLY', @ is a tuple of formulas in pGLY U uMLY'.

If a match is finite, the player who gets stuck, loses. If a match p s infinite, we
let Inf(p) be the set of variables x such that there are infinitely many positions
of the form (w, z) in the match. There must be a variable z( in Inf(p) such that
for all variables x € Inf, J, is a subformula of ¢,,. If zy is bound by a u-operator,
then V wins. Otherwise 3 wins.

4.3.1. PROPOSITION. Let ¢ be a formula in pGLY U ,uMLv/. For all Kripke
models M = (W, R, V) and allw € W, M,w IF ¢ iff 3 has a winning strategy in
the game E(M, @) with starting position (w, ).

We are now ready to show that modulo equivalence on trees, the MSO formulas
preserved under p-morphic images are exactly the formulas in xMLY . This will
take care of the arrow (4) in Figure 4.1.

4.3.2. PROPOSITION. For all sentences ¢ in ,uMLV/, we can compute an MSO
formula that is equivalent on trees to ¢ and that is preserved under p-morphic
1mages on trees.

Moreover, given an MSO formula ¢, we can compute a disjunctive sentence
(IS uMLv/ such that ¢ and v are equivalent on trees iff ¢ is preserved under
p-morphic images on trees.
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Proof It is routine to check that a formula in ,uMLv/ is equivalent on trees to
an MSO formula preserved under p-morphic images on trees. Next, we show that
an MSO formula that is preserved under p-morphic images on trees is equivalent
on trees to a disjunctive formula in gMLY". Let ¢ be an MSO formula that is
preserved under p-morphic images on trees. By Theorem 4.2.1, there is a graded
p-formula v such that for all trees T over Prop with root r,

TEp iff T,rikn.

By Proposition 4.2.4, we may assume the formula v to be in disjunctive normal
form.

Now let x be the formula + in which we replace each operator V¢ by V’. We
show that under the assumption that ¢ is preserved under p-morphic images on
trees, v and x are equivalent on trees. Using Proposition 4.3.1 together with the
fact that a V9-marking is a V'-marking, it is easy to check that for all trees T
over Prop with root r and all assignments 7 : Var — P(T), we have

T,rl-~ implies 7,7l x.

For the other direction, let 7 = (T, R, V') be a tree over Prop with root r and
suppose that y is true at r under an assignment 7 : Var — P(T'). We have to
show that v is true at r. Since x is true at r, 3 has a winning strategy h in the
evaluation game with starting position (r,x). We say that a position (u,p) is
h-reachable if there is an h-conform match during which (u, @) occurs. A node u
is h-reachable if there is a formula ¢ such that (u, ) is h-reachable.

We start by giving some intuition. The difference between a V’-marking and
a V9-marking is that the V’-witnesses might not be pairwise distinct. Hence,
in order to use h as a strategy for the evaluation game associated with v, we
are going to expand the tree 7. More precisely, if u is a node and if a map
m : uMLY" — P(Ru]) is a V'-marking associated with a pair (@, ¥), then by
“making copies” of certain successors of u, we can transform this V’-marking into
a V9-marking. Now the choice of the successors that are copied (and the number
of copies) is determined by m and the pair (g, V). So in case there is more than
one formula of the form « e V'(JZ, ) associated with u (in the sense that the
pair (u, @ V'(,W)) is h-reachable), we are stuck. However, since the formula
v is disjunctive, we may assume that for all nodes u, there is at most one such
formula associated with w.

Before defining the “expansion” of 7, we fix some notation. We denote by N*
the set of finite sequences over N. In particular, the empty sequence € belongs to
N*. If ¢ is a formula in ,uMLV/, we write 19 for the formula obtained by replacing
V' by V9 in . If G is a tuple (¢1,...,¢x) of formulas in pMLY' | we write ()9
for the tuple (¢7,...,¢7). Similarly, if ¥ is set of formulas, we let U9 be the set
{7 [ € W}

Now we define a new tree 7' = (T", R', V') over Prop such that
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e the root of 77 is (r,€) and 7" is a subset of T" x N*,

e the child relation is such that for all (uy, (nq,...,nx)) and (ug,m) in 77,
(w1, (1, ..., ng))R (ug,m) iff wu;Ruy and there is ngyq € N
such that m = (ny, ..., ng, Ngr1).

Thus, the depth of a node (uq, (ny,...,nx)) in 7' is k + 1.

e for all p € Prop and for all (u,7) € T", (u, 1) belongs to V'(p) iff u belongs
to V(p).

Moreover, we define a positional strategy I’ for the evaluation game E(7T”,~) with
starting position ((r,€),7) that satisfies the two following conditions:

(a) each point in 7" is h'-reachable and A’ is scattered (see Section 2.6 of Chap-
ter 2),

(b) for all h'-conform matches ((ug, 7o), (©0)?) .. ((Um,7ix), (px)?), the match
(w0, o) - - - (U, px) is h-conform,

where the definition of h'-reachability is a straightforward adaption of the defini-
tion of h-reachability.

The definitions of 7' and A’ are by induction. More precisely, at stage i of
the induction, we specify what the nodes of 7' of depth i are. We also define A’
for all positions of the form ((u, ), ), where the depth of (u, ) in 7' is at most
1 — 1.

For the basic case, the only node of depth 1 in 77 is the node (r,e). For
the induction step, take i > 1 and suppose that we already know what the
nodes in 7" of depth at most iy are. We have also defined the strategy A’ for all
positions of the form ((u, ), ¢), where the depth of (u,7) in 77 is at most ig — 1.
Let (u,m) = (u,(nq,...,n4,-1)) be a node in 7" of depth ig. We are going to
define the set of children of this point and 3’s move when a position of the form
((u, 1), ) is reached.

By induction hypothesis, (u,7) is h'-reachable. Hence, there exists an h'-
conform match 7’ the last position of which is of the form ((u,7),¢9). If 7 = ¢,
we may assume that ¢ = y and @9 = 7. We know (by the induction hypothesis (b)
if ig > 1 or trivially if iy = 1) that there is an h-conform match 7 the last position
of which is (u, ¢).

Now, there are two different possibilities depending on the shape of . First,
suppose that ¢ is a disjunction ¢; V 5. Then, in the h-conform match m, the
position following (u, ) is of the form (u,v), where ¢ is either ¢ or ¢o. We
define A’ such that the position following ((u,7), ©?) is ((u, 1), 7).

Second, suppose that 9 is of the form aeVI((F)?, W), with G = (p1,. .., @)
Then, in the h-conform match 7, the position following (u, ¢) is a marking

m : uMLY — P(R[u])
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such that m is a V/-marking for (J, ¥). First, we define what the children of (u, 17)
in 7" are. Second, in the A’-conform match 7/, we give a V9-marking m9 : uGLY
— P(R'[(u, 17)]) for the pair ((§)?, W9).

Since m is a V'-marking for ((§), V), there exists a tuple (uy,...,ux) such
that the two following conditions holds. For all ¢ € {1,...,k}, u; is a child of
w at which ¢; is true. For all v € Rul\{w; | 1 < ¢ < k}, \/ ¥ is true at v.
Hence, for each such a v, we can fix an arbitrary formula v, such that ¢, € ¥
and v € m(1,). Next we fix a tuple (u},...,u},) such that

(W ]1<i<k}={w|l<i<k}

and for all 1 < < j < K, we have u; # . For all i € {1,...,k'}, we define
r; + 1 as the size of the set {j | u; = u/} and we fix an arbitrary bijection f; from
{0,...,7m} to {j | u; = u;}. We define U as the subset of " x N* given by:

{(u;,(nl,...,nio_l,l)) | 7 € {]_,...,]{3/},0 < ) < T’Z‘}

and W by:
{(v,(n1,...,n4-1,0)) | v € Rlu\{uy,...,ux}}.

Finally, we define the set of children (u, 1) in 7" as the set UUW. Recall that the
(partially defined) strategy A’ is scattered. Hence, there is a unique formula of
the form o e V'(Z, ¥) such that ((u,7), e V'(F,¥)) is h'-reachable. This means
that the set of children (u,7) in 7" is well-defined.

We are now going to define a V9-marking m? : uGLY — P(R'[(u, 7)]) for the
pair ((§)?, ¥9). We start by defining a map f: U — {1,...,k} in the following
way. If a point w belongs to U, there exist ¢ € {1,...,k'} and [ € {0,...,r;} such
that

w = (u}, (n1,...,n4-1,1)).

We define f(w) as the natural number f;(l). Next we define a map g : U U W
— MMLV, such that

g((”? (nla ceey Mig—1, O))) = thy,

g(w) = Pf(w);
where v € R[u]\{u; | 1 <4 < k} and w € U. We let the marking m9 : uGLY
— P(R'[(u,7)]) be such that for all w € U UW and for all formulas 6 € pMLY",

we have

wemi(d?) iff 6= gw).

We show that m9 is a V9-marking. That is, we have to define points vy, ..., vy
such that

(i) forall 1 <i<j <k, v; #vj,
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(ii) for all 1 < j <k, v; belongs to m?((¢;)?),

(iii) for all children w of (u,7) such that w ¢ {v; | 1 < j < k}, thereis ¢ € ¥
such that w € m9(y9).

The idea is to show that f : U — {1,...,k} is a bijection and to define v; as
f7(j). First we prove that f is a surjective map. Take j € {1,...,k}. Since
{ur,...,ux} ={u), ..., u)}, there is a natural number i such that u; = u;. If we
define [ as the natural number f;*(j) and w as the point (u}, (n1,...,ni-1,1)),
it is easy to see that f(w) = j.

Next we show that f is an injective map. Let w and w’ be two distinct points
of U. We have to prove that f(w) # f(w'). Since w and w’ belong to U, we may
assume that

w = (u}, (ny,...,ni,_1,0)) and w' = (us, (N1, ..., niy_1,1')).
where 4,7’ € {1,...,k'}, 1 € {0,...,r;} and I" € {0,...,k(i')}. Suppose first that
i = id'. Since w # w’, this implies that [ # [’. Since f; is a bijection, we also
have that f;(l) # f;(I'). That is, f(w) # f(w'). Next assume that i # ¢’ and
suppose for contradiction that f(w) = f(w'). Since f(w) = fi(I), f(w) belongs to
the range of f; which is equal to {j | u; = u}}. Hence, u} = uy(,). For the same
reason, uj, = Usqy). Since f(w) = f(w)’, v is equal to u},. This is a contradiction,

since i # i’ and the points u}, ..., u}, are pairwise distinct. This finishes the proof
that f is a bijection. So for all j € {1,...,k}, we define v; by
v = f1()

and we check that conditions (i), (ii) and (iii) are verified. Condition (i) follows
immediately from the fact that f is a bijection. For (ii), take j € {1,...,k}. We
have to show that v; € m?((y;)?). That is, g(v;) = ;. Since w; belongs to U,
g(v;) is equal to @y(,,). Since v; = f7'(j), f(v;) = j. Hence, g(v;) is equal to ;,
which finishes the proof that (ii) holds.

For condition (iii), let w be a children of (u,7) that does not belong to
{v1,...,vx}. First we show that w belongs to W. Otherwise, w belongs to U and
by definition, vy, = f~1(f(w)); that is v« = w, which contradicts the fact that
w ¢ {vy1,...,v,}. Since w belongs to W, there exists v € Rlu]\{u; | 1 < i < k}
such that

w = (v, (n1,...,N4y-1,0)).

By definition of g, g(w) = 1, and hence, w belongs to m9((1,)?).

Now we check that the induction hypothesis remains true. That is, the con-
ditions (a) and (b) hold. First we show that A’ is scattered. By induction hy-
pothesis, it is sufficient to show that for all children w of (u, ), there is at most
one formula § € uMLY" such that w belongs to m9(89). This follows immediately
from the definition of m?. Hence, to prove (a), it remains to prove that each
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point in the set U UW is h/-reachable. Recall that the position ((u, 1), ), where
v = aeVI(F, V) is h'-reachable. Hence, it is sufficient to show that all the points
in U UW belong to a set in the range of m¥, which directly follows from the
definition of m?.

Finally we show that condition (b) holds. Let

((uo, 7o), (80)°) - - (s, i), (9x)?) (4.7)
be an h/-conform match such that (u,_1,7,.-1) = (u,7) and 0,1 = e V'(F, V).
We have to show that (ug,dp) ... (ux,x) is an h-conform match. By induction
hypothesis, (ug, o) - . . (ux—1,05—1) is an h-conform match. Asm is the V'-marking
provided by h at position (u,« e V'(F, ¥)), it is sufficient to show that

u,, belongs to m(d,). (4.8)

We abbreviate (u,,7i,) by w and d, by §. By definition of A’ and since (4.7)
is an h/-conform match, we have that w belongs to m9(69). Hence, g(w) = 4.
Suppose first that w belongs to W. Then w is equal to (v, (ny,...,n4-1,0)) for
some v € Rlu]\{u; | 1 <i < k}. It follows that u, = v and g(w) = v,. Since
g(w) is also equal to §, we obtain § = 1,. By definition of ¢, v (= u,) belongs
to m(t,) (=m(d)). This finishes the proof of (4.8) in the case where w € W.

Assume now that w belongs to U. There exist ¢ € {1,...,k'} and [ €

{0,...,7;} such that

w = (u, (n1,...,ni-1,1)).

Hence, u,, = u. It also follows that f(w) = f;({). In particular, f(w) belongs
to the set {j | u; = u;}. So there exists j € {1,...,k} such that u; = v, and
f(w) = j. Since g(w) = @), this implies that g(w) = ¢;. Recall also that
g(w) = 6. Hence, 0 = ¢;. By definition of the u;s, we know that u; (= u} = uy)
belongs to ¢; (=§). This finishes the proof of (4.8). Hence, the definition of 7"
and h'.

Using condition (b) together with the fact that A is a winning strategy for 3
in £(T, x) with initial position (r,x), we can easily check that the strategy h’ is
winning for 3 in the game £(7,v) with starting position ((r,¢€),7). Therefore,
the formula ~ is true at the root of 7’. Now the map that sends a node (u, ) to
u is a surjective p-morphism between 7’ and 7. Hence, 7 is a p-morphic image
of T7. Since ¢ is preserved under p-morphic images for trees and v and ¢ are
equivalent on trees, v is also true at the root of 7 and this finishes the proof that
~v and y are equivalent on trees. It follows that v and ¢ are also equivalent on
trees. a

We explained in Section 4.1 that the proof of Theorem 4.1.1 is divided in two
parts. The proposition we just proved finishes the first part, which was illustrated
by Figure 4.1. In this first part, we investigated several logics and established
relations between them. A general picture is given by Figure 4.2. All these
equivalences are at the level of models. In the second part, we will show that in
the context of frames, uMLY" is equivalent to the p-calculus.
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equivalent
[ MSO ] graded p-calculus (uGL)
on trees V-form for pGL
disjunctive form for uGL

fragment preserved fragment preserved
under p-morphic images under p-morphic images

pMLY
disjunctive form for pMLY’

Figure 4.2: Relations between the different logics.

4.4 Local definability

The main goal of this section is to prove that given a disjunctive sentence ¢ in
pMLY' | we can find a set Prop’ of proposition letters and a p-sentence ¢! over
Prop U Prop’ such that for all trees T = (T, R, V) over Prop with root r,

T,rlkg iff  forall V': Prop’ — P(T), (T,R,V,V'),r I ¢ (4.9)

Putting this result together with Proposition 4.3.2 and Lemma 4.1.2, we will be
able to derive the main result of this chapter, namely Theorem 4.1.1.

In case ¢ is a formula of the form « e V'(g, V), the truth of ¢ involves the
existence of V’-witnesses for the pair (Z, V). So we existentially quantify over
points in the model. One problem that we may encounter when defining ¢*, is
that in (4.9), we universally quantify over all valuations.

The idea is to define a new evaluation game for the formulas in uMLvl.
The main feature of that game is that when reaching a position of the form
(w, V'(F,¥)), it will be V who has to make a move, unlike in the usual evaluation
game (see definition before Proposition 4.3.1). The intuition is that by letting V
play instead of 4, we replace the existential quantification corresponding to the
formula V'(, ¥) by a universal quantification.

The definition of the new evaluation game is based on the following observa-
tion. Let U be a subset of a model M = (W, R,V), let w € W and let x(w) be
the following first-order formula:

x(w) = Jwy,...,w, € Rlw] such that Vu € Rlw|\{w:,...,w},u e U.

That is, y(w) expresses that there are at most k successors of the point w that
do not belong to U. In order to check whether y(w) holds, we can let 3 pick
k successors wy, ..., w; of w. Next, V chooses a successor v of w that does not
belong to {wy,...,w}. Finally we check whether u belongs to U.



4.4. Local definability 93

Note that if ¢ is a sentence such that [¢]y = U, then x(w) holds iff the
formula V/((T,...,T),{¢}) is true at w, where the length of the tuple (T,...,T)
is k. Indeed, V'((T,...,T),{¢}) is true at w iff there exist {wy,...,wx} such
that for all 1 <7 < k, T is true at w; and for all u € R{w|]\{ws,...,wi}, ¥ is
true at u.

It is easy to see that x(w) is in fact equivalent to the formula y'(w) given by:

X' (w) = Fue€ Rw]A <Vw1, ...y Wgt1 € R[w] such that /\{w2 #wj |i#j},
Ju € {wy, ..., wky1} such that u € U).

In order to check whether y/(w) is valid, we let V choose between options (a) and
(b). If he chooses option (a), then 3 has to provide a successor u of w. If he
chooses option (b), he can pick k+ 1 distinct successors wy, ..., wgyq of w. Next,
3 chooses a point u in {wy,...,wry1} and we check whether u belongs to U.

This illustrates how in the new evaluation game we will turn an existential
quantification into an universal quantification. Of course, the formula V'(g, ¥)
can express more difficult conditions than the one expressed by x(w). So it will
be more difficult to transform the usual evaluation game into the new evalua-
tion game than to construct the formula x/'(w) from the formula y(w). But the
intuition is roughly the same for both transformations.

We define now the new evaluation game £'(M, ¢) for a model M = (W, R, V)
and a sentence ¢ in uMLY' .

The evaluation game &'(M,p) for the formulas in pMLY Let M =
(W, R,V) be a model and let ¢ be a sentence in uMLY. The rules and the
winning conditions of the game £'(M, ) are the same as the ones for the game
E(M, p) (see definition before Proposition 4.3.1), except when we reach a position
of the form (w, V'(g, 0)).

In the usual game £(M, ), 3 has to propose a V’'-marking m : pMLY —
P(R[w]) for the pair (F, ¥). In the game (M, ¢), when we reach a position of
the form (w, V'(Z,V)) and & = (g1, ..., k), then V makes a choice:

(a) Either V picks a natural number i € {1,...,k}. Then 3 has to provide a
successor v of w, moving to the position (v, ¢;).

(b) Or V picks distinct successors vy, ..., v, of w, where m < k + 1. Next, it is
4 who makes a move. She has the following choice:

(i) either she picks a point v in {vy,...,v,,} and a formula ¢» € ¥, moving
to the position (v,1)),

(ii) or she provides an injective map f : {1,...,m} — {1,...k}. In this
case, V can choose a natural number i € {1,...,m}, moving to the
position (vy, Yg@)).
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We will call the two possible moves of ¥V at position (w, V'(F, V)), options (a)
and (b) in the game E'(M, ¢). Similarly, after V picked the successors vy, ..., U,
we will say that 3 has a choice between options (i) and (ii) in the game E'(M, ¢).

We prove now that the new evaluation game captures the truth of a sentence
in pMLY".

4.4.1. PROPOSITION. Let M = (W, R, V) be a model, let wy be a point in W
and let ¢ be a sentence in ,uMLV/. Then M, wq IF ¢ iff 3 has a winning strategy
in the game E'(M, ) with initial position (wyg, p).

Proof Given a natural number k£ > 1, we abbreviate the set {1,...,k} by [k].
We also denote by £ and by &’ the games £(M, ¢) and £ (M, @) respectively.
Given a subformula ¢ of ¢ and w € W, we write £Q(w, d) for the game £ with
initial position (w,d). Similarly, we let £'Q(w,d) be the game &£ with initial
position (w, d).

By Proposition 4.3.1, it is sufficient to prove that

3 has a winning strategy in £'@(wy, ¢) iff 3 has a winning strategy in EQ(wy, ¢).

(4.10)
We start by proving the direction from right to left. Suppose that 4 has a win-
ning strategy h in £Q(wy, ). We have to define a winning strategy h’ for 3 in
E'Q(wy, ¢). The obvious way to proceed is to define b’ directly from the strategy
h. That is, consider a position of the board of the game £’ that belongs to 3 and
define, using the map h, the move dictated by h’ at that position.

It would be hard to define A’ in such a way; the problem is that the corre-
spondence between the game £ and £’ is not a correspondence that link a move
to another move, but a correspondence linking a sequence of moves in one game
to another sequence of moves in the other game. For example, if in the game &,
3 chooses a marking m and V picks a pair (w,d) with w € m(J), then those two
moves correspond, in the game £ to the following sequence of move. First, V
chooses between option (a) and (b); if he chooses (a), he picks a natural number
and 3 picks a successor, whereas if V chooses (b), he may pick a sequence of
successors, etc.

The idea to define A’ is to prove a claim of the type:

Suppose that (w,d) is a winning position for 3 in £ with respect to h.
Then in the game &', 3 has a strategy ¢’ which will guarantee that,
from the same position, within a finite number of steps, she will reach

() a position of the form (v,) such that in some h-conform £-match with
initial position (w,d), position (v,~y) would have been reached at some
point as well. Hence, in particular, (v,) is a winning position for 3 in
& with respect to h.
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Using inductively (t), we can construct a strategy A’ for 3. This strategy will
ensure that all the finite A’-conform matches are won by 3. However, there is no
guarantee for the infinite ¢’-conform matches. The problem is that during the
g'-conform match p’ from (w, ) to (v, ), we might unfold different variables than
the ones unfolded in the h-conform match p from (w,d) to (v,7).

The solution is to strengthen (f). We will require that the only positions of
the form (u,z) (with uw € W and = € Var) occurring in p’ are either the initial
position (w, d) or the last position (v,). Similarly, the match p should be such
that the only positions of the form (u,z) occurring in p’ are either the initial
position (w,d) or the last position (v,~). Those two requirement imply that the
variables encountered in p and p’ coincide. This motivates the introduction of
the notion of variable scarceness. A match is variable scarce if it contains at most
one position of the form (u,z) with € Var, and this position can only occur as
either the first or the last position of the match.

We are now ready to state the claim that will be used to define A’ inductively.
We denote by C the prefix (initial segment) relation between sequences.

1. Cram. If w € W and (w,§) is a winning position for 3 in £ with respect to
h, then 3 has a strategy ¢’ in £'@(w, §) with the property that for all ¢’-conform
matches ), there exists a ¢’-conform match p’ with last position (v,~) satisfying
(p C XN or XN Cp) and conditions (1) and (2) below:

(1) there is an h-conform match p leading from (w, d) to (v,7),

(2) both p and p' are variable scarce.

If Claim 1 holds, then we can define a strategy b’ for 3 in &) such that 3 will
never get stuck and for all A'-conform &j-matches 7', there exists an h-conform
&o-conform matches 7 such that Inf(7) = Inf(n’), where Inf(x) (resp. Inf(n')) is
the set of variables occurring infinitely often in the match 7 (resp. in the match
7). It immediately follows that h’ is a winning strategy for 3 in £'Q(wy, ¢).

Hence, in order to prove the implication from right to left of (4.10), it is
sufficient to show Claim 1.

Proor oF CLAIM We only treat the most difficult case, that is, ¢ is a formula
of the form V'(g, V). Suppose that F = (¢1,...,¢r). At position (w, V'(F, ¥))
in the game &, 3 chooses, according to h, a V'-marking

m . uMLY" — P(R[w)])

for the pair (g, ¥). In the game &', it is V who plays at position (w, V'(g, ¥)): he
chooses either option (a) or option (b). Suppose first that V chooses option (a)
and picks a natural number ¢ € [k]. Since m is a V'-marking, there exists v € R[w]
such that v € m(p;). We propose v as the next move for 3 in the game £’. This
choice ensures that conditions (1) and (2) of Claim 1 are verified.
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Next assume that V chooses options (b). That is, V picks m distinct successors
U1, ..., Uy of w, where m < k + 1. If there is ¢ € [m] and ¢p € ¥ such that
v; € m(v), then we let 3 propose the pair (v;, 1) as the next position. Again, it
is immediate that conditions (1) and (2) of Claim 1 hold.

Otherwise, for all i € [m] and all ¢ € U, v; does not belong to m(v). Since
m is a V'-marking, there exist a tuple (ws,...,w) such that for all i € [k],
w; € m(y;) and for all v ¢ {w; | i € [k]}, there is ¢» € ¥ such that v € m(¢).
Putting that together with the fact that for all i € [m] and all ) € ¥, v; does not
belong to m(1), we obtain that

{vr, .. o} CHwy, .. wi )

Hence, for all i € [m], there exists f(i) € [k]| such that v; = wy(;). Moreover,
as the successors vy, ..., v, are distinct, if ¢ # j, then f(i) # f(j). We let 3
play this injective map f in the game &’ (she chooses possibility (ii)). Now,
it is V’s turn in &: he picks a pair (v;, @gi)). Given the definition of f, this
pair is equal to (wgg), ¢r@)). It follows from the definition of (wy,...,wy) that
wy(;) belongs to m(py ;). Hence, the position (wy, ¢f@)) satisfies conditions (1)
and (2) of Claim 1. This finishes the proof of the implication from right to left
of (4.10). <

We prove now implication from left to right of (4.10). Assume that 3 has a
winning strategy 2’ in the game £'@Q(wy, ¢). The definition of a winning strategy
for 3 in £EQ(wy, ) is obtained by inductively applying the following claim.

2. CLAaM. If w € W and (w,d) is a winning position for 3 in £ with respect to
B, then 3 has a strategy g in £'@Q(w, §) with the property that for all g-conform
matches A, there exists a g-conform match p with last position (v,7) satisfying
(p C X or AL p)and conditions (1) and (2) below:

(1) there is an h’-conform match p' leading from (w, d) to (v,7),

(2) both p and p’ are variable scarce.

Using an argument similar to the one in the proof of the implication from right
to left of (4.10), we can show that Claim 2 ensures the existence of a winning
strategy for! 3 in £Q(wy, ¢). Hence, in order to prove the implication from left
to right of (4.10), it is sufficient to prove Claim 2.

'We would like to mention that Claims 1 and 2 are basically showing that there is a bisi-
mulation between the game £Q(wy, ¢) and £'Q(wyp, ), in the sense of [KV09]. It immediately
follows from the results of [KV09] that 3 has a winning strategy in one game iff she has a
winning strategy in the other. The issue of finding appropriate notions of game equivalence was
first raised by Johan van Benthem [Ben02].
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PROOF OF CLAIM We restrict ourselves to a proof in the case where 6 = V'(g, V).
Suppose that @ = (p1,...,¢r). We define U as the set of successors u of w such
that for some ¢, € W there is an h'-conform partial match with initial position
(w, V'(g, V)) and last position (u, ). Next, let U’ be the set of successors of w
that do not belong to U.

Let m be the size of U’. First we show that m is less or equal to k. Suppose
for contradiction that m > k. Then there exist distinct successors vy, ..., Uki1
of w that belong to U’. In the game &', at position (w, V'(F, ¥)), we can let
V play the successors vy, ...,v,41. Then, using the strategy h’, 3 chooses either
option (i) or option (ii) in the game &£’. Option (i) means that 3 picks a v; and
a formula ¢ € ¥, moving to the position (v;,1). This means that v; belongs to
U, which is a contradiction. Option (ii) means that 3 chooses an injective map
f i [k + 1] — [k], which is clearly impossible. Hence, the size m of U’ is less or
equal to k.

Let vy,...,v, be distinct successors of w such that U = {vy,...,v,}. In
the game &', at position (w, V'(F,V)), we let V play the successors vy, ..., Up,.
According to h’, 3 chooses between option (i) and option (ii). As in the previous
paragraph, it is not possible that she chooses option (i). Indeed, if she chooses
option (i), the game moves to a position of the form (v;, ) for some i € [m] and
1 € V. This implies that v; belongs to U, which is a contradiction. Hence, 4
chooses option (ii) and according to A/, she defines a map f : [m] — [k].

Recall that our goal is to define 3’s move at position (w, V/(g, ¥)) in the game
E. That is, we have to provide a V’-marking

m . uMLY" — P(R[w))

for the pair (g, V). The idea is to define the marking such that each u € U is
marked with v, and each v; € U’ is marked with ¢¢;). All the positions reached
after this marking in the game £ would satisfy conditions (1) and (2) of Claim 2.
Now the problem is that such a marking might not be a V’-marking because there
is no guarantee that for all j € [k], there is a point marked with ¢;. Since we
want to mark each v; with the formula ¢y, we already know that for all j in
the range of f, there is a successor of w marked with ¢;.

Consider now a natural number j that does not belong to the range of f. At
position (w, V'(F, ¥)) in the game &', we can let V choose possibility (a) and pick
the natural number j. Then, using A’, 3 provides a successor u; of w, moving to
the position (u;, p;). We are now ready to define the marking m. We first define
the relation R,, in the following way:

Ry = {(u, %) | w € Uy U{(vi,050) | 1 € [m]} UL(u;,95) [ 7 & Ran(f)},

where Ran(f) is the range of f. It follows from the definition of R,, that for all
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pairs (v,0) € Ry,

there is an h'-conform partial match with initial position (w, §) (4.11)

and last position (v, ) and no variable is unfolded during this match

Finally, we define a map m : uMLY — P(R[w]) such that for all formulas
0 € uMLY" and for all v € R[w],

vem(d) iff (v,0) € R,.

It follows from the definition of m and (4.11) that conditions (1) and (2) of Claim 2
hold. We check now that m is a V’'-marking for the pair (g, V). Take j € [k].
If j belongs to the range of f, then there exists ¢ € [m] such that f(i) = j. In
that case, we define w; as the point v;. If j does not belong to the range of f,

we define w; as the point u;. It is easy to see that the tuple (wy, ..., wy) is such
that for all j € [k], w; € m(p;) and for all v € Rlw]\{wy, ..., wy}, thereis ¢y € ¥
such that v € m(¢). <
This finishes the proof of Claim 2 and the proof of the proposition. O

We are now ready to prove that an MSO formula is locally pMLF-definable
on trees iff it is preserved under p-morphic images on trees. Putting this result
together with Lemma 4.1.2, we obtain the main result of this chapter, that is,
Theorem 4.1.1.

4.4.2. PROPOSITION. A MSO formula is locally pMLF-definable on trees iff it is
preserved under p-morphic images on trees.

Proof The only difficult direction is from right to left. Let ¢y be an MSO formula
that is preserved under p-morphic images on trees. By Proposition 4.3.2, there is
a disjunctive sentence ¢ in ,uMLV, such that for all trees 7 over Prop with root
r, @ istrue at r iff T F . Our goal is to define a set Prop,, of proposition letters
and a p-sentence ¢’ over Prop U Prop,, such that for all trees T = (T, R, V) over
Prop with root r,

T.rlke iff  forall V': Prop, — P(T), (T,R,V,V'),r - ¢

As usual, given a natural number k > 1, we abbreviate the set {1,...,k} by
[k]. The definitions of the set Prop, and the formula ¢" are by induction on the
complexity of . If ¢ is a proposition letter or a variable, we simply define ¢
as ¢ and Prop, as the empty set. If ¢ is a formula of the form nz.¢;, then we
define ! as the formula nz.¢' and Prop,, as the set Prop,, . Next, suppose that
@ is a formula of the form ¢; V po. Without loss of generality, we may assume
that Prop,, N Prop,, = (). Then we define Prop,, as the set Prop, U Prop,, and
©" as the formula ¢} Vv 5.
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Finally suppose that ¢ is a formula of the form « e V/(F, V), with J =
(1, k) and U = {¢1, ..., }. Without loss of generality, we may assume
that the sets

Prop,, ..., Prop,,, Propy,,..., Prop,,

have pairwise empty intersection. We let py, ..., pry1 be fresh proposition letters;
that is, for all 7 € [k + 1], for all 7 € [k] and for all j* € [I], p; does not belong
Prop,, and p; does not belongs to Propwj,. We define Prop,, as the set

{p1.-- e} U J{Prop,, | i € [k]} U J{Prop,, | i€ [I]}.

We call py, . .., pry1 the proposition letters associated with the formula eV’ (F, ).
In order to define the formula !, we will use the structure of the new evalu-
ation game &'(M, ). It is given by:

@ = a AL A (P VP V o),

o= N\{ogll1<i <k},

v = \{OWwinp)|i,j€k+1]i#j},

Yoy = \/{O(pi AP i€ (K], € W,

Yoy = \[{¥y | g [k+1] — P([k]) such that for all i # j, g(i) N g(j) = 0},
b = N{P(mvVie i ega)|iek+1}.

The intuition for the construction of ¢ is as follows. If at position (w, V'(Z, ¥))
in the new evaluation game, V chooses possibility (a), this intuitively corresponds
to the fact that V wants to check that for all ¢ € [k], there is a successor of w at
which ¢; is true. This motivates the introduction of the formula ;.

If V chooses possibility (b), then he picks distinct successors vy, . .., v, of w,
with m < k 4 1. Intuitively, we have in mind that for all 7 < m, the proposition
letter p; is assigned to the point v;. This implies that the formula —)9; is true.

Now if —py; is true, 3 has to make a choice between options (i) and (ii).
Suppose she chooses (i); that is, she picks a point in {vy,...,v,,} and a formula
¥ in ¥, moving to the position (v;,%). Intuitively, this corresponds to the fact
that the formula 199 is true at w.

Finally suppose that 3 chooses option (ii). Hence, she proposes an injective
map [ : [m] — [k]. Then for all i € [m], ¥V can move to the position (v;, py)).
The intended meaning is that the formula @@ is true at v;. As it will become
clearer further on, we can think of f as being a map g : [k+1] — P([k]) such that
for all ¢ # j, g(i) N g(j) = 0. Within that perspective, the fact that the formula
@y Is true at v; is equivalent to the fact that the formula \/{¢} | j € g(i)} is
true at v;. Now if the valuation for the proposition letters py, ..., p, that we have
in mind is such that for all v € R[w]

v e V(p;) implies v=uv;,
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then, for all ¢ € [m], the formula

o(-p v Vi 17 € a(i)})

is true at w. This implies that the formula 1, is true at w. This finishes the
definitions of Prop,, and ¢".
We have to show that for all trees 7 = (T, R, V') over Prop with root r,

T,rl-e iff forall V': Prop, — P(T), (T, R, V, V), o (4.12)

We start by proving the implication from left to right. Let 7 = (T, R,V') be a
tree over Prop with root r such that 7,7 IF ¢. Let also V' : Prop, — P(T) be a
valuation. We have to show that 77,7 Ik ¢!, where 7' := (T, R,V,V’). Given a
game £ and a position z of the board, we denote by £Qz the game £ with initial
position z.

Since T, 7 IF ¢, it follows from Proposition 4.4.1 that 3 has winning strategy
h' in the game E'(T, p)Q(r, ). We have to find a winning strategy for 3 in the
game E(T', p")Q(r, ¢"). The definition of the strategy is based on the following
claim. Recall that C is the prefix (initial segment) relation between sequences.

1. CLAaM. If u € T and (u, ) is a winning position for 3 in &'(T, ) with respect
to I/, then 3 has a strategy ¢* in E(T”, ¢")@Q(u, ') with the property that for all
g'-conform matches A, there exists a g'-conform match p with last position (v,~")
satisfying (p C A or A C p) and condition (1) or (2) below:

(1) either V is stuck at position (v,~%),

(2) or there is an h'-conform match p’' leading from (u,d) to (v,~y). Moreover,
both p and p’ are variable scarce.

Recall that a partial match is variable scarce if it contains at most one position
of the form (u,z) with # € Var, and this position can only occur as either the
first or the last position of the match.

Using inductively the claim, we can define a strategy h' for 3 in the game
E(T,o")Q(r, ¢") such that 3 never gets stuck and for all infinite h‘-conform
matches 7, there is an h'-conform match 7’ such that Inf(7) = Inf(x’). Since A’
is a winning strategy for 3, this implies that A’ is a winning strategy for 3 and
this finishes the proof of the implication from left to right of (4.12).

PrROOF OF CrAIM We abbreviate by £ and by &' the games £'(T,¢) and
E(T, ¢") respectively. The proof is by induction on §. The only case that is
not straightforward is the case where 0 is a formula of the form o e V'(g, V).
Suppose that (u,a e V/'(F,¥)) is a winning position for 3 in £ with respect to
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R’ and that @ = (¢1,...,pr). We have to define a strategy for 3 in the game
E'Q(u, (a o V'(F,¥))"). Recall that (o e V'(F, ¥))" is given by

a Ay A (a1 V o V 1ha3),

where 1)1, 191, 199 and 193 are defined as previously. At position (u, (ceV'(g, ¥))")
in the game £?, it is V who has to play: he can choose between the formulas o,

Yy and (a1 V ag V 1ha3).

e Suppose first that he chooses the formula «. Then, at position (u,c e
V'(Z,¥)) in the game &£, we can let ¥ move to the position (u,«). It is
immediate that condition (2) of Claim 1 holds.

e Next, suppose that at position (u, (e V'(Z, ¥))!) in the game &', V chooses
the formula 11, moving to the position (u, ;). Recall that v; is the formula

N{oel 11 <i<k}.

Hence, at position (u, 1), it is again V who has to play and he has to pick a
natural number iy € [k], moving to the position (u, O¢j ) in £. At position
(u, e V'(F, ¥)) in the game &', we can let V choose option (a) and pick the
natural number iy. It follows from the rules of the game &’ that 3’s answer
(according to h') is a successor v of u and the next position is (v, ;). We
can define the strategy ¢ in the game £* such that at position (u, Gy} ), 3
proposes the pair (v, <p;20) as the next position. It is immediate that in this
case, condition (2) of Claim 1 holds.

e Suppose finally that at position (u, (e V'(F, ¥))") in the game £, V chooses
the formula ¢21 V ¢22 V wgg.

— Suppose first that 1o is true at u. Recall that 1o, is the formula
vor = \/[{Owi Ap) 0,5 € k+1],i # j}.

If 1)y; is true at u, we let g* be such that at position (u, 1091 V 12 V 1e3),
3 moves to position (u, ;). Hence, it is clear that 3 can play in such
a way that after 3 moves, condition (1) of Claim 1 is verified.

— Suppose that there is an A'-conform match p’ that satisfies the two
following conditions. The match p’ is variable scarce. Moreover, the
initial position of p’ is (u,« @ V/(F, ¥)) and the last position of p
is (vg, 1), for some 1hg € ¥ and some vy € Rlu| such that T’ vy Ik
pLVoe Ve
In this case, we let g' be such that at position (u, 19 V ey V 1b93), 3
moves to position (u,19). The formula 19, is given by:

o = \/{O(mi A9) | i € K], 0 € W)



102

Chapter 4. The p-calculus and frame definability on trees

Hence, at position (u,1) in &£, it is 3 who has to play and she
has to pick a natural number i € [k] and a formula ¢) € V. Since
T’ 09Ik p1 V-V prys, there exists i € [k] such that Ty, v IF p;.

We can propose this natural number ¢ and the formula vy as the next
move for 3 in the game &' at position (u, ). This means that we
are now at position (u, O(p; A 9f)) in the game E'. Hence, it is again
F’s turn and she has to provide a successor v of u. We define g* such
that at position (u, (p; A ¢f)) in the game £, 3 picks the point vy,
moving to the next position (vg, p; A 1f).

Now it is V who has to make a choice. If ¥ chooses the pair (v, p;) as
the next position, then condition (1) of Claim 1 is met, as 7, vo IF p;.
If V chooses the pair (vg, 1f) as the next position, then condition (2) of
Claim 1 is verified, since there is an h'-conform variable scarce match
with initial position (u,« e V'(F, ¥)) and last position (vg, ).
Suppose finally that 15, is false at u and

there is no h'-conform match p’ satisfying the two following con-
ditions.

(%) e The match p’ is variable scarce.

e The initial position of p is (u,« @ V'(F,¥)) and the last
position of p’ is (v,), for some ¢ € ¥ and some v € R|u]
such that 7", v IFp; V-V praq.

Let U’ be the set of points v € R[u] such that 7", v I p; V- - -Vpgyq and
let m be the size of U’. We start by showing that m is less or equal to
k. Suppose otherwise. Then there exist distinct successors vy, ..., Vg1
of w such that for all ¢ € [k+1], v; € U'. At position (u, V/(Z,¥)) in &,
we can let V play the sequence vy, ..., v,y (option (b) in the game &’).
Then, using h’, 3 chooses either (i) a successor v in {vy,..., v} and
a formula ¢ € ¥, or (ii) an injective map f : [k + 1] — [k]. Case (ii)
is obviously impossible. So suppose that 3 chooses a successor v in
{v1,..., 0611} and a formula ¢ € ¥, moving to the position (v,).
Since v belongs to {vy,...,vk11}, v belongs to U’. That is, 7', v I+
p1 V.-V pry1. Hence, there is an h'-conform variable scarce match
with initial position (u, v e V'(F, ¥)) and last position (v, ) such that
T' vk py V- -V pri1, which contradicts (*). This finishes the proof
that m is less or equal to k.

Now let v, ..., v,, be distinct successors of u such that

U/:{Ul,...,’l)m}.

At position (u, V/(F,¥)) in the match &', we can let V pick the suc-
CESSOIS U1, . . ., Uy, Of u (option (b) in the game &£’). According to A/, 3
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chooses either possibility (i) or possibility (ii). In case she chooses (i),
she has to propose a point v € {vy,...,v,} and a formula ¢ € U,
moving to the position (v,). As in the previous paragraph, we can
show that this contradicts (*).

Hence, 3 chooses possibility (ii); that is, she proposes an injective map
f :[m] — [k]. Using the map f, we are now going to define a map
g : [k + 1] — P([k]) such that for all i £ 4’, g(i) N g(¢) = 0. For each
i € [k+41], we define U/ as the set of points v in U’ such that 77, v IF p;.
Since the formula 5 given by:

VA{owinp) li.jelk+1]i#j}

is false at u, we know that for all i # ¢/, U/NU], = 0. Given i € [k+1],
we define g(7) by:
g(i) = {f() | v; € U}

We verify that for all i # i/, g(i) N g(i') = 0. Take i,¢' € [k + 1]
such that ¢ # i’. Suppose for contradiction that there exists a natural
number ko in g(i) N g(¢’'). Since ko belongs to g(7), it follows from the
definition of g that there exists v; € U/ such that ky = f(j). Similarly,
there exists vy € UJ, such that kg = f(j'). Thus, f(j) = f(j’). Since

[ is an injective map, this means that j = j’. Hence, v; belongs to
U/ NU/,. This contradicts the fact that for all i # ¢, U/ N U/, = 0.

We are now ready to define the strategy ¢* for the game £ at position
(u, 191 V hag V 1ho3). First, we let 3 choose the pair (u,1h93) as the next
position. Recall that 193 is the formula

\/{% | g : [k + 1] — P([k]) such that for all i # j, g(i) N g(j) = 0}.

Second, at position (u,1s3), we define 3’s next move as the position
(u,1,), where g is the map defined in the previous paragraph and ),
is the formula

Yo = N{D(-p v\ 1 € 9@} |i € e+ 11}

Hence, at position (u,1,) in &, it is V who has to play: he has to
choose a natural number i € [k + 1], moving to the position (u,d;),
where §; is given by:

6= 0w v Ve 1 € g(0)}).

At position (u,d;) in £, V has to pick a successor v of u and the next
position is (v, =p; V \V{¢} | j € g(i)}). If p; is not true at v, we let
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3 propose the pair (v, —p;) as the next position and condition (1) of
Claim 1 is verified.

Otherwise, suppose that p; is true at v. Then we let 3 choose the
position (v, \/{¢} | j € g(i)}) in the game E£°. Since p; is true at v, v
belongs to U;. Hence, there exists a unique j € [m| such that v; = v.
It follows from the definition of g that f(j) belongs to g(i). At position
(v, Vo | j € g(i)}) in the game £, we let I's strategy be such that
the next position is z; := (v, ¢} ;).

We check now that for that position, condition (2) of Claim 1 is met.
Recall that f was chosen by 3 according to A, after V picked the se-
quence v, ..., v, in the game &£'. Hence, it follows from the rules of
the game &’ that after 3 proposed the map f, V can move to the posi-
tion (vj, ¢s(j)) (= (v, ¢y¢)))- This finishes the proof that condition (2)
of Claim 1 is verified for the position z;.

This also finishes the proof of the claim and the proof of the implication from left
to right of (4.12). <

Now we turn to the proof of the implication from right to left of (4.12).
Let T = (T,R,V) be a tree over Prop with root r. Suppose that for all V' :
Prop, — P(T), (T, R,V,V'),r I ¢'. We have to show that T,r I- . Suppose
for contradiction that 7,7 ¥ ¢. Hence, by Proposition 4.4.1, V has a winning
strategy €’ in the game £'(T, ©)Q(r, ¢). The idea is to use this strategy to define
a valuation Vg : Prop, — P(T).

For all proposition letters p € Prop,,, we define Vij(p) N {r} as the empty set.
Next, for each u € T" and each p € Prop,,, we define the set V{j(p) N R[u]. Take a
point u € T" and a proposition letter p € Prop,,. It follows from the definition of
Prop,, that there is a unique subformula cve V'(¢, ¥) of ¢ such that p is associated
with v e V'(4, W). Let py,...,prs1 be the set of all proposition letters associated
with o @ V/(, ¥). For some i € [k + 1], we have p = p;.

Consider the position (u,« e V'(F, ¥)). If this position does not belong to
the domain of ¢/, we define Vjj(p) N R[u] as the empty set. Otherwise, at position
(u, v @ V'(Z,¥)), according to €', V chooses either (a) a natural number or (b) a
sequence of distinct successors vy, . .., v, of u, with m < k+ 1. In case of (a), we
define Vo(p) N R[u] as the empty set. If V chooses possibility (b), then we define
Vi(ps) 0 Rlu] by:

, {v;} ifi<m,
Volpi) N Bl = {@ otherwise.
We observe that it immediately follows that for all i, 5 € [k + 1],
i#j implies Vg(p:) N Vg(p;) = 0. (4.13)

This finishes the definition of Vj.
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We know by assumption that 77,7 |- ', where 7 := (T, R, V,V{). Hence, 3
has a winning strategy hj in the game E(Ty, ¢")Q(r, ¢'). The idea is to use the
strategy hf to play against V’s strategy in the game E'(T, »)Q(r, ¢) and to obtain
a contradiction. More precisely, we define an infinite ¢’-conform match ' such
that for some hf-conform match m, we have Inf(n) = Inf(x"). The construction
of 7’ is based on the following claim.

2. CLAM. If (u,d) is a winning position for V in (T, ¢) with respect to ¢’ and
(u, ") is a winning position for 3 in E(7, ¢') with respect to hf), then there exists
a partial €’-conform match p’ with initial position (u,d) and final position (v,~)
such that

(1) there is a hf-conform match p leading from (u,d") to (v,~?),

(2) both p and p’ are variable scarce.

Using inductively the claim, we can define an infinite ¢’-conform match 7" such
that for some hjj-conform match 7, we have Inf(7) = Inf(n’). Since €’ is a winning
strategy for V, 7’ is won by V. On the other hand, as A, is a winning strategy
for 3, 7 is won by 3. Putting that together with the fact that Inf(7) = Inf(x’),
we obtain that 7’ is also won by 3, which is a contradiction. Hence, to prove the
implication from right to left of (4.12), it is sufficient to prove the claim.

PrROOF OF CrAIM We abbreviate by £ and by &' the games £'(T,¢) and
E(TJ, ¢") respectively. The proof is by induction on the complexity of §. We con-
centrate on the most difficult case, where ¢ is a formula of the form o e V'(Z, V).
Assume that & is equal to (¢1,...,%x). Suppose also that (u,« e V'(F,¥)) is
a winning position for V in £ with respect to ¢’ and that (u, (o e V'(Z, ¥))") is
a winning position for 3 in &' with respect to hj. At position (u,« e V'(Z, ¥)),
depending on the strategy €', there are several types of moves that V can make.

e Suppose first that ¥V moves to the position (u,«). Since €’ is a winning
strategy for V and (u, « @ V'(F, ¥)) is a winning position for V with respect
to €', this means that « is false at u. Now in the game &' at position
(u, (@ V'(F, ¥))"), we can also let ¥ propose the position (u, «). Since hf is
a winning strategy for 3 and (u, (@ V'(F, ¥))) is a winning position for 3
with respect to A}, this implies that « is true at w. This is a contradiction.

e Suppose next that ¥V moves to the position (u, V'(F,¥)) and chooses op-
tion (a) in the game £'. That is, V picks a natural number i € [k]. Recall
that « @ V/(, )" is the formula

a Ay A (a1 V g V 1ha3).
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Hence, at position (u, (e V'(F, ¥))!) in the game &', we can let V move to
the position (u, ), where v is the formula

N{oe 11 <i<k}.

So V may play again and propose the pair (u, O¢f) as the next position.
Now it is s turn. According to hf), she chooses a successor v of u, moving
to the position (v, !). Now, we define the &-match p' such that after V
picked the natural number i € [k], 3 moves to the position (v, ;). It is
immediate that conditions (1) and (2) of Claim 2 are met.

Suppose finally that ¥ moves to the position (u, V'(F, ¥)) and chooses op-
tion (b) in the game &’. Hence, V picks distinct successors vy, ..., v, of u,
with m < k + 1. At position (u, (a e V'(F,¥))") in the game £, we can
decide that ¥V moves to the position (u, a1 V 1eg V 1ha3). Now, depending
on hf, we make the following case distinction.

— Suppose that the position following (u, 21 V ¥a2 V 1b93) in E' (dictated
by hf) is the pair (u,191). Recall that 19 is the formula given by:

V{0 Ap;) |i.j € [k+1],i # 5}

Since (u, t91) is a winning position for 3 in £, the formula )97 is true at
u. Hence, there exists a successor v of u such that v € V(p;) NVj(p;),
for some i # j. This contradicts implication (4.13).

— Next assume that at position (u, e V 19g V 1h93) in &, according to
hf, 3 chooses the position (u,192). The formula 199 is given by:

VAo n ) |i € [k, ¢ € U},

Hence, at position (u,¥92), it is again 3 who has to play. Using hj), she
chooses a formula ¢ in ¥ and a natural number i € [k, moving to the
position (u, O(p; A ¢')). Next, according to hf), 3 picks a successor v
of u, moving to the position (v, p; AY'). Since hl is a winning strategy
for 3, p; is true at v. By definition of Vj, we have R[u]NV{(p;) = {v:}.
This implies that v is equal to v;. So we are now at position (v;, p; Av?)
in the game &'. It is V who has to play. We can let him move to the
position (v;, ¥").

We define the &-match p’ such that after V picked the successors
U1,..., U, of u, 3 chooses option (i) in the game &' and moves to
the position (v;, ). It is clear that conditions (1) and (2) of Claim 2
are verified.
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— Finally suppose that at position (u, %21 V %29 V 1h93) in £, according
to hf, 3 moves to the position (u,1s3). Recall that 193 is the formula
given by:

\/{% | g : [k + 1] — P([k]) such that for all i # j, g(i) N g(j) = 0}.

Hence, the strategy hf provides 3 with a map g : [k + 1] — P([k])
such that for all i # j, g(i) N g(j) = 0. Moreover, the new position in
the game £' is (u,v,), where 1), is the formula

/\{D(ﬂpi AVATARES g(i)}) \z’e [k + 1]}.

Take ¢ € [m]. We can let V choose

(00w v Vit 15 € g(0)})) and (v, (=wi v \/ {15 € 9(0}))

as the next two positions in the game £'. It is now 3 who has to
play according to hf: either (A) she moves to the position (v;, —p;)
or (B) she picks a natural number number f(i) € ¢(i), moving to the
position (v;, cpjc(i)). By definition of Vj, we know that v; belongs to
V§(p;). Hence, the position (v;, —p;) is not a winning position for 3.
This means that case (A) cannot happen, as 3 played using her winning
strategy hf. Hence, 3 chooses a natural number number f(i) € g(i),
moving to the position (v;, ¥ ).

We define the £'-match p’ such that after V picked the successors
V1, ..., Uy of u, 3 chooses option (ii) in the game &’ and provides the
map f : [m] — [k + 1] as defined in the previous paragraph. Next, in
the game &', it is V who makes a move according to €’: he picks a pair
(Vi, ©1@5)), with ¢ € [m]. By definition of f, condition (1) of Claim 2 is
satisfied. An inspection of the proof easily shows that condition (2) of
Claim 2 is also verified.

This finishes the proof of Claim 2. <

As mentioned earlier, Claim 2 implies that the implication from right to left
of (4.12) holds. This finishes the proof of the proposition. O

We can now derive the following decidability result.
4.4.3. COROLLARY. [t is decidable whether a given MSO formula is locally pMLF -

definable on trees. It is decidable whether a given MSO formula is uMLF-definable
on trees.
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Proof In order to derive this result from Theorem 4.1.1, it is sufficient to show it
is decidable whether a given MSO formula is preserved under p-morphic images
on trees and under taking subtrees. It follows from Proposition 4.3.2 and the fact
that MSO is decidable on trees that it is decidable whether an MSO formula is
preserved under p-morphic images on trees.

It remains to show that it is decidable whether a given formula ¢ is preserved
under taking subtrees. Let ¢ be an MSO formula. The proof consists in defining
an MSO formula v such that ¢ is valid on all trees iff ¢ is preserved under taking
subtrees. It will follow from the decidability of MSO on trees that it is decidable
whether ¢ is preserved under taking subtrees.

First we introduce the formula y;(X) with one free second-order variable X
by:

x1(X) =3z, Vy € X(y € X <> zR"y),

where R* is the reflexive transitive closure of R. Since the reflexive transitive
closure of a relation can be expressed by an MSO formula, we may assume that
x1(X) is an MSO formula. The formula y;(X) is such that for all trees 7 and all
subsets U of T,

T Ex1(U) iff U is the domain of a subtree of 7.

Next, we define the formula x(X) with one free second-order variable X by:

—x1(X) V (x1(X) A ¢x),

where px is the relativization of ¢ to X. That is, we replace each subformula
of the form (Jz,0) by (3= € X,J) and each subformula of the form (3Y,d) by
(3Y C X, §). For all trees T and all subsets U of T, x(U) holds in T iff U is
not the domain of a subtree or U is the domain of a subtree in which ¢ holds.
Finally, we define ¢ as the formula VX (¢ — x(X)). It is easy to check that 1
has the required property. O

4.5 Negative and projective definability

In this section, we consider other notions of frame definability. The one that we
used until now is the standard one and consists in a universal quantification over
all valuations and over all nodes. Here, we show how our results can be adapted
to the cases where we existentially quantify over all the valuations.

4.5.1 Negative definability

The first alternative notion of definability that we consider, is the negative de-
finability. 1t has been introduced by Yde Venema in [Ven93| and investigated by
Marco Hollenberg [Hol98a]. A frame (W, R) is negatively defined by a formula
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¢ if everywhere in (W, R), ¢ is false under some valuation. This notion enables
us to capture interesting classes that are not definable in the standard sense. A
typical example is the class of all irreflexive frames. In the special case of trees,
negative definability corresponds to the dual of the usual notion of definability
(as we will see from the result in this section).

Negative definability An MSO formula ¢ is negatively uMLF-definable on
trees if there are a set Prop’ and a p-sentence 1) over Prop U Prop’ such that for
all trees T = (T, R, V') over Prop,

TEe iff forallueT, there exists V' : Prop’” — P(T), (T, R, V,V'),ul¥ 1.

An MSO formula ¢ is locally negatively pMLF-definable on trees if there are a
set Prop” and a p-sentence v over PropUProp’ such that for all trees T = (T, R, V)
over Prop,

TE @ iff there exists V' : Prop’ — P(T), (T, R,V,V'),r ¥ 9,

where 7 is the root of 7. When this happens, we say that ¢ is locally negatively
puMLF-definable on trees by .

For characterizing negative definability, we use the dual notion of preservation
under p-morphic images.

Reflection of p-morphic images An MSO formula ¢ is reflects p-morphic
images on trees if for all surjective p-morphisms f between two trees 7 and T’
over Prop, then

T'E ¢ implies T E .

The next proposition is the dual of Proposition 4.4.2.

4.5.1. PROPOSITION. A MSO formula is locally negatively pMLF-definable on
trees iff it reflects p-morphic images on trees.
Moreover, given an MSO formula ¢, we can compute at p-sentence v such

that ¢ 1s locally negatively uMLF-definable on trees iff ¢ is locally negatively
uMLF-definable on trees by 1.

Using easy adaptations of proofs of Lemma 4.1.2 and Corollary 4.4.3, we
obtain the following characterization for negative definability.

4.5.2. PROPOSITION. An MSO formula is negatively uMLF -definable on trees iff
it reflects p-morphic images on trees and is closed under taking subtrees. More-
over, it is decidable whether an MSO formula is negatively pnMLF -definable on
trees.
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4.5.2 Projective definability

Another alternative notion of definability is projective definability. A frame
(W, R) is projectively defined by a formula ¢ if there is a valuation such that
@ is true everywhere under this valuation.

Projective definability is a relevant notion in the framework of knowledge
representation. The general idea is as follows. We collect all the knowledge
concerning a specific subject and in order to reason about this knowledge, we
encode it using some logical language, in a knowledge base. Using axioms and
rules of the logical language, we can deduce consequences from this knowledge
base. Something common is to add fresh new proposition letters to the logical
language, that is, proposition letters which did not occur in the observational
core of the knowledge base. For this reason, these proposition letters are called
theoretical. The intuitive idea behind a sentence which contains a theoretical
proposition letter, is that, under some interpretation of the theoretical proposition
letter, the sentence holds. This corresponds exactly to an existential second order
quantification over the theoretical proposition letters. This explains the name
“projective definability”.

Projective definability An MSO formula ¢ is projective pMLF-definable on
trees if there are a set Prop’ and a u-sentence v over Prop U Prop’ such that for
all trees T = (T, R, V') over Prop,

TE@ iff there exists V' : Prop’ — P(T), forallu € T, (T, R, V, V'), u IF 1.

The argument to derive a characterization of projective u-definability from
Proposition 4.5.1 above is a bit more tedious, than for the case of negative defin-
ability.

4.5.3. PROPOSITION. An MSO formula ¢ is projective pMLF-definable on trees
iff it reflects p-morphic images on trees and is closed under taking subtrees. More-
over, it is decidable whether an MSO formula ¢ is projective pMLF-definable on
trees.

Proof It is easy to check that an MSO formula ¢ that is projective pMLF-
definable on trees, reflects p-morphic images on trees and is closed under taking
subtrees.

For the other direction, let ¢ be an MSO formula that reflects p-morphic
images on trees and is closed under taking subtrees. By Proposition 4.5.1, ¢ is
locally projective pMLF-definable on trees. That is, there exist a set Prop’ and
a p-sentence 1 over Prop U Prop’ such that for all trees 7 = (T, R, V) over Prop
with root r,

TEe iff thereis V': Prop’ — P(T) such that (T, R, V,V'),r - 1. (4.14)
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Now we may assume that 1 is in disjunctive normal form. A formula y is said
to be 1-reachable if there exists a tree 7' over Prop U Prop’ with root r such that
3 has a winning strategy f in the evaluation game £(77,v) with starting position
(r,7), and there is a f-conform match during which a position of the form (u, x)
is reached.

In order to define the formula ¢ which will witness that ¢ is projective uMLF-
definable on trees, we make a case distinction:

(a) Suppose first that there are a tree T’ over Prop U Prop’ with root r, a node
win 7" and a winning strategy f for 3 in the evaluation game (7", ) with
initial position (r,%) such that u does not occur in any f-conform match.
Then we define ¢’ as T.

(b) Otherwise, we let ¢’ be the formula \/{e(x) | x is ¢-reachable}. Recall
that e(x) is the expansion of x (see Section 2.1 of Chapter 2) (roughly,
this means that e() is the sentence obtained from x by replacing each free
variable z of y, by the unfolding of x in ).

In order to show that ¢ is projective uMLF-definable on trees, it is sufficient
to prove that for all trees T = (T, R, V') over Prop,

TEe iff thereis V' : Prop’ — P(T) such that (T, R,V, V') IF¢'. (4.15)

First, suppose that 7 = (T, R, V) is a tree over Prop with root r such that
T E ¢. Then there is a valuation V' : Prop’ — P(T) such that (T, R, V, V'), r I
. We show that (T, R, V, V') IF 4. If ¢/ = T, this is trivial. So we may assume
that we are in case (b). Let 7' be the tree (T, R, V,V’) over Prop U Prop’ and let
u be a node in 7.

Since 1) is true at r in 7', 3 has a winning strategy f in the evaluation game
E(T’, 1) with starting position (r,1). As we are in case (b), there is a formula y
such that a position of the form (u, x) occurs in an f-conform match. It follows
that the formula e(y) is true at u in 7' (see Section 2.3 of Chapter 2). The
formula y is also i-reachable. It follows from the definition of ¢’ that v’ is true
at u in 7.

For the other direction of equivalence (4.15), suppose that there is a tree
T = (T,R,V) over Prop and a valuation V' : Prop’ — P(T) such that for all
nodes u, ¢’ is true at u in (T, R, V,V’). We have to show that 7 F ¢. First we
suppose that we are in case (b).

Let r be the root of 7 and let 77 be the tree (T, R, V, V') over Prop U Prop’.
Since the formula ¢ is true at r in 77, there is a formula e(x) such that x is
y-reachable and T, r I e(y). This implies that 3 has a winning strategy ¢ in the
evaluation game E(7T”, 1) with starting position (r,e(x)).

Moreover, since x is i-reachable, there is a tree 8" = (Ts, Rs, Vs, V) over
Prop U Prop’ with root s such that 3 has a winning strategy f in the evaluation
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game &(S8’,1) with starting position (s,1) and a position of the form (ug, x)
occurs during an f-conform match. Without loss of generality, we may assume
that S’ is w-expanded and that f is scattered (see Section 2.6).

Now we define a new tree 7, over Prop U Prop’, which is obtained by ‘“re-
placing” the subtree S,  of &' by the tree 7'. More formally, we let (77, R;)
be the subframe of (T, Rg), the domain of which consists of all the nodes
of &', except the proper descendants of ug. We define the frame (Tj, Ry) in
the following way. The set Tj is equal to 77 U T\{r}. The relation Ry is
RyU(R\{(r,u) |ueT}) U{(us,u) | (r,u) € R}.

We also define the valuations Vy : Prop — P(Ty) and Vj : Prop’ — P(Tp)

such that
{Vb(p) =V(p\{r}u (Vi(p) nT1),
Vo) =V')\{rtu (Vi) nT),

for all proposition letters p € Prop and all p’ € Prop’. We prove that the formula
¥ is true at the root rg of 7. It is sufficient to construct a winning strategy for
3 in the evaluation game £(7;,1) with starting position (79,). This winning
strategy is defined in the following way.

As long as the match stays in 77, 3 follows the strategy f. Recall that f
is scattered. So the only way for an f-conform match to get out of T} is to
go through the position (ug, x). If this position is reached, we let 3 follow the
strategy ¢ until the end of the game. It is easy to see that this defines a winning
strategy for 3 in (7, ¢) with starting position (rg,%). Thus, ¥ is true at r( in
7.

Putting this together with the fact that ¢ is locally projective uMLF-definable
by 1, we obtain that 7y IF ¢, where Ty := (1o, Ro, Vo). Using now the facts that
T is a subtree of 7y and that ¢ is preserved under taking subtrees, we obtain
T I . This finishes the proof of the implication from right to left of (4.15) in
case (b).

It remains now to consider case (a). In order to prove the implication from
right to left of (4.15) in case (a), we have to show that for all trees T over Prop,
TE ¢ Let T = (T,R,V) be a tree over Prop. Since (a) holds, there is a tree
S’ = (Ts, Rs, Vs, V) over PropU Prop’ with root s, a node ug in 8’ and a strategy
f in the game &(S’, 1)) with initial position (s,%) such ug does not occur in any
f-conform match.

It is possible to define a tree 7; over Prop U Prop’ which is obtained by
replacing the subtree S, of S’ by the tree 7'. The construction is done as in
case (b). Similarly to case (b), we can also show that 1 is true at the root ry of
7T, and prove that it implies that T F ¢.

We turn now to the proof of the decidability result. By Proposition 4.5.1,
given an MSO formula ¢, we can compute a formula ¢ such that (4.14) holds.
Then we check whether ¢ is equivalent to T or if there is a set ¥ of subformulas
of 1 such that v is equivalent to \/{e(y)) | ¥ € ¥}. The formula ¢ is projective
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uMLF-definable on trees iff one of these equivalence holds. O

4.6 Conclusion

We gave a natural characterization of the MSO formulas that are pMLF-definable
on trees. Precisely, we showed that an MSO formula is pMLF-definable on trees
iff it is preserved under p-morphic images on trees and under taking subtrees.
Using this characterization, we proved that it is decidable whether a given MSO
formula is uMLF-definable on trees.

A natural further question is to investigate the pMLF-definability for classes
of arbitrary frames, not only classes of trees. Unlike on trees, the graded pu-
calculus does not have the same expressive power as MSO on arbitrary models:
it corresponds to the fragment of MSO invariant under counting bisimulations
(see [JLO3] and [Wal02]). Moreover, the proof of Proposition 4.3.2 does not work
for classes of arbitrary frames, as it relies on the fact that given a disjunctive
formula that is true in an w-expanded tree, there is a scattered strategy for 4. As
a consequence, in order to characterize pMLF-definability for classes of frames,
we probably need to use different methods than the ones used here.

Another problem that we are investigating at the moment, is the characteri-
zation of classes of trees that are definable in modal logic. We define the notion
of MLF-definability, exactly as we defined pMLF-definability, but we require ¢ to
be a modal formula, instead of a p-sentence. Our goal is to prove results similar
to Theorem 4.1.1 and Corollary 4.4.3, but for MLF-definability. A key notion for
obtaining the characterization of MLF-definability, is the notion of local testabil-
ity. The decidability of the problem whether an MSO formula is MLF-definable
on trees is showed by combining the characterization together with a decidability
result from [PS09].

The notions that we use in that result are closely related the the notion of
local testability.






Chapter 5

Syntactic characterizations of semantic
fragments of the p-calculus

This chapter is inspired by the model-theoretic tradition in logic of linking se-
mantic properties of formulas to syntactic restrictions on their shape. Such corre-
spondences abound in the model theory of classical (propositional or first-order)
logic [CKT73]. Well-known preservation results are the Los-Tarski theorem stat-
ing that the models of a sentence ¢ are closed under taking submodels iff ¢ is
equivalent to an universal sentence, or Lyndon’s theorem stating that a sentence
© is monotone with respect to the interpretation of a relation symbol R iff ¢ is
equivalent to a sentence in which all occurrences of R are positive. In the last
example, the semantic property is monotonicity, and the syntactic restriction is
positivity.

Our aim here is to establish such correspondences in the setting of the u-
calculus. Some results are known: in particular, preservation results, similar
to the Los-Tarski and Lyndon theorems, have been shown for the p-calculus by
Giovanna D’Agostino and Marco Hollenberg [DH00]. However, in the intended
semantics of the p-calculus, where models represent computational processes, and
accessibility relations, bisimulations, and trees play an important role, there are
some specific properties of interest that have not been studied in classical model
theory.

As an example we mention the property of complete additivity with respect
to a proposition letter p. Given a proposition letter p, a formula ¢ is completely
additive in p iff it is monotone in p and in order to establish the truth of ¢, we
need exactly one point at which p is true. Equivalently, this corresponds to the
fact that the map associated with ¢ (as defined in Section 2.2) distributes over
countable unions.

One of the main reasons for studying complete additivity is given by its im-
portant role in the characterization of the fragment of first- and monadic second-
order logic of formulas that are safe for bisimulations (see Section 2.6). Syntactic
characterizations of this property were obtained for modal logic by Johan van
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Benthem [Ben96|, and for the p-calculus by Marco Hollenberg [Hol98b]. As an
alternative to Marco Hollenberg’s result, we shall give a different (but clearly,
equivalent) syntactic fragment characterizing complete additivity.

Our work continues this line of investigation by studying, next to complete
additivity, a number of additional properties that are related to the notion of
continuity. In [Ben06], Johan van Benthem already identified the continuous
fragment (under the name w-p-calculus) as an important fragment for several
purposes in modal logic. Intuitively, given a proposition letter p, a formula ¢ is
said to be continuous in p if it is monotone in p and if in order to establish the
truth of ¢ at a point, we only need finitely many points at which p is true.

We believe that this continuous fragment is of interest for a number of rea-
sons. A first motivation concerns the relation between continuity and another
property, constructivity. The constructive formulas are the formulas whose fix-
point is reached in at most w steps. Locally, this means that a state satisfies a least
fixpoint formula if it satisfies one of its finite approximations. It is folklore that
if a formula is continuous, then it is constructive. While, the other implication
does not strictly hold, interesting questions concerning the link between construc-
tivity and continuity remain. In any case, given our Theorem 5.4.4, continuity
can be considered as the most natural candidate to approximate constructivity
syntactically.

Another reason for looking at the continuous fragment (which also explains
the name) is its link with Scott continuity. A formula is continuous in p iff
for all models, the map ¢, (as defined in Chapter 2) is continuous in the Scott
topology on the powerset algebra. Scott continuity is of key importance in many
areas of theoretical computer sciences where ordered structures play a role, such
as domain theory (see, e.g., [AJ94]). For many purposes, it is sufficient to check
that a construction is Scott continuous in order to show that it is computationally
feasible.

Continuity can be seen as the independent combination of a “vertical” and a
“horizontal” component. A subset of a tree is finite iff it does not contain any
infinite path (which has a natural vertical representation in the usual picture of a
tree) and is finitely branching (which would be represented in an horizontal way
in the usual picture of a tree). As continuity is a restriction to finite sets, it is
the combination of the two following properties: a first one that corresponds to
a restriction to sets with no infinite path (the finite path property) and a second
one that corresponds to a restriction to finitely branching sets (the finite width
property). We give syntactic characterizations for these finite path and finite
width properties and by combining these two results, we immediately obtain
a syntactic characterization for the continuity property. Let us mention that
in [Ben96], Johan van Benthem gave a version of this characterization in the
setting of first-order logic.

Our proofs, though different in each case, follow a fairly uniform method,
which goes back to the proofs of David Janin and Igor Walukiewicz [JW96] and
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Giovanna D’Agostino and Marco Hollenberg [DH00]. For each semantic fragment
F, we will exhibit an effective translation which given a u-sentence ¢, computes
a formula 7z(¢) in the desired syntactic fragment such that

a p-sentence ¢ has the F-property iff ¢ is equivalent to 7 ().

While the proofs of [JW96] and [DHO00] rely on the tight link between p-formulas
and p-automata, the definitions of our translations are based on the syntax only.
The chapter is organized as follows. In the first section, we introduce the main
concepts and fix the notation. The second and third section are about the finite
path and the finite width properties. The next section is about the continuity
property, which is obtained as a combination of the two fragments previously
studied. We finish by a characterization of the complete additive formulas.

5.1 Preliminaries

We start by recalling and introducing some definitions and terminology, that will
play an important role in this chapter. We also recall the link between positivity
and monotonicity (established in [DH00]) and give an alternative proof for this
result, which follows the same scheme as most of the proofs further on. This link
is essential to prove the main results of the chapter.

5.1.1 Structures and games

Terminology for models Let M = (W, R, V) be a Kripke model. If U C W,
we write M[p — U] for the model (W, R, V[p — U]), where V]p + U] is the
valuation V’ such that V'(p) = U and V'(p') = V(p) for all proposition letters
P # p. The model M[p — V(p) N U] will be denoted as M|[p[U].

A set U C W is downward closed if for all u € U, the predecessors of u belongs
to U. A path through M is a sequence (w;);<, such that (w;, w;y1) € R for all ¢
with 2 + 1 < k; here k < w is the length of the path. We let C denote the prefix
(initial segment) relation between paths, and use T for the strict (irreflexive)
version of C. Given a path (w;);<x, we may occasionally also refer to the set
{w; | i < k} as a path.

Tree, branch and w-expansion In this chapter, we are only interested in
models and never consider frames. Hence, there is no confusion to write “tree”
instead of “tree model”.

A tree is w-expanded if every node (apart from the root) has at least w many
bisimilar siblings. Given a pointed model (M, w) (with M = (W, R, W) and
w € W), its w-expansion is the model MY = (W« R“ V¥), where W*, R and
V< are defined as follows. W is the set of all finite sequences wokjws . .. k,w,
(n > 0) such that wy = w, k; € w, w; € W and w;_1 Rw; for all i > 0. R¥ is the
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relation {(wokiw; ... kywy, wokiwy ... kyawp,kv) | B € w and w, Rv}. Finally, for
all proposition letters p, V¥(p) is the set {wokiw; ... k,w, | w, € V(p)}.

If w is clear from the context, we may simply write M for the w-expansion
of (M, w). As a particular case, if T is a tree with root r, we write 7% to denote
the w-expansion of (7, 7).

5.1.1. FAcT. Given a pointed model (M, w), the structure M is an w-expanded
tree with root w. Moreover, the pointed models(M%, w) and (M, w) are bisimilar
via the canonical bisimulation linking any point wgk;s; ... k,w, to w,.

Recall that if there is a bisimulation B between two models M and M’ such
that (w,w’) belongs to B, we write M, w < M’ w'.

Terminology for games Let ¢g be a p-sentence, M a Kripke model, w
and v points in M and ¢ a subformula of ¢g. We recall that (M, pg) de-
notes the evaluation game for the formula ¢y in the model M. We denote by
Wins(E(M, o)) the set of winning positions for 3 in this game. We also use the
notation £(M, g)@(v, ) for the evaluation game E(M, ¢y) initiated at position
(v, ). In order to avoid confusion, we use letters of the form £,&’,... as abbre-
viations for evaluation games, while we reserve letters of the form &y, &, ... for
evaluation games with an initial position.

Let &€ stands for either the game £(M, o) or the game E(M, py)Q(v, p).
Given a strategy f for a player P in &, we say that a position (u, 1)) is f-reachable
(in &) if there is an f-conform match of €& during which (u,1)) occurs. Finally,
recall that a strategy f for player o is a mazimal winning strategy in E(M, ¢y) if
all winning positions z of o are winning with respect to f in £(M, ).

5.1.2 Guarded and disjunctive formulas

As we are interested in syntactic characterizations, the precise shape of formulas
will matter to us. Our proofs become easier if we assume certain restrictions on
the use of certain connectives, without modifying the expressive power. We recall
two results (already stated with more details in Chapter 2), which allow us to
make such restrictions. Recall also that throughout this thesis we assume that
the formulas are well-named.

5.1.2. PROPOSITION ([K0z83]). Each formula in uML can be effectively trans-
formed into an equivalent guarded formula in pML.

Each formula in uMLY can be effectively transformed into an equivalent guarded
formula in pMLY .

On a number of occasions it will be convenient to assume the formulas to be
disjunctive.
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5.1.3. THEOREM. Fach p-formula can be effectively transformed into an equiv-
alent disjunctive quarded formula.

We also recall the notion of a scattered strategy and its connection with dis-
junctive formulas (for more details, see Chapter 2).

Scattered strategy Given a state w € M, a strategy f for a player ¢ in the
game E(M, o) with initial position (w, ), is scattered [KVO05] if for all states
v in M, for all f-conform matches 7 = (z;)i<, and 7 = (2]);<x and for all
p-formulas ¢ and ¢/,

Zeo1 = (v,7) and z_1 = (v,¢') implies 7 C 7' or @' C 7.

5.1.4. PROPOSITION. If a sentence ¢y € uMLY is disjunctive and T is an w-
expanded tree with root r, then M,r |- @q iff there is a scattered winning strategy

f fOT’ EI mn 8(,/\/1, (,00)@(7“, (100)

5.1.3 Expansion of a formula

We recall the notion of expansion of a formula, its link with the game semantics
and introduce the notion of being active.

Expansion of a formula Given a well-named sentence ¢, for each variable x
occurring in g, there is a unique formula of the form 7n,x.J, which is a subformula
of ¢ (where n, € {,v}). Moreover, we define the dependency order <, on the
variables of ¢, as the least strict partial order such that = <., y if J, is a
subformula of 4.

If {z1,...,2,} is the set of variables occurring in ¢y, where we may assume
that ¢ < j if z; <y, x;, we define the expansion e, (p) of a subformula ¢ of ¢
as:

e(p) == @lr1/Ney 0c,] - - - [T/ Ns, Oa,,]-

That is, we substitute first 1 by d,, in ¢; in the obtained formula, we substitute
Ty by 04, etc. If no confusion is likely we write e(y) instead of ey, (¢).

Being active Let ¢y be a p-sentence. A proposition letter p is active in a
subformula ¢ of g if p occurs in ey, (¢).

5.1.5. PROPOSITION. Let ¢y be a u-sentence, and let (M,w) be some pointed
Kripke model. For all subformulas ¢ of ¢o, all w € W, we have

Mw ik ey () iff (w, ) € Wing(E(M, ¢o)).
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As mentioned in the introduction, in this paper we shall focus on the role of
one specific proposition letter. It will be convenient from now on to fix this letter,
and reserve the name ‘p’ for it. Formulas in which this proposition letter does
not occur, will be called p-free.

We will often make use of the substitution [L/p], and abbreviate ¢[L/p] as
ot similarly, we will write e () for (e(p))[L/p]. For explicit referencing we give

the following, easily proved result.

5.1.6. FACT. Let ¢ be a p-formula. For all models M = (W, R, V), for all w in
M and for all 7: Var — P(W),

Mw b o[ L/p] it Mp— 0], w i, .

5.1.4 Monotonicity and positivity

Since all the semantic properties that we study in this paper involve monotonicity,
we need to recall some results on the associated preservation result.

Monotonicity A formula ¢, € uML U pMLY is monotone in p € Prop if for
all models M = (W, R, V), all w € W, all assignments 7 : Var — P(W) and all
sets U 2 V(p),

M,w ¢y implies M(p— Ul,w Ik ¢y.

Positivity The set of formulas pML, (p) in uML, positive in p € Prop is defined
by induction in the following way:

pu=pla|p || eve | oeAe | o | Dp | prye | vep,

where p’ is a proposition letter distinct from p and x is a variable.
The set of formulas uMLz(p) in uMLY, positive in p € Prop is defined by

pu=T |z | Ve | oA | aeVO | pr.p | v,

where x is a variable, ® is a finite subset of uMLY and « is a conjunction of
literals, in which —p does not occur.

As we already mentioned, Giovanna D’Agostino and Marco Hollenberg [DHOO0]
proved a Lyndon theorem for the modal u-calculus, stating that uML, (p) char-
acterizes monotonicity (in p). We give a simpler proof here, based on the same
methods as used further on in this chapter.

Given a disjunctive sentence ¢, let 7¢(p) denote the formula we obtain by
replacing each occurrence of =p in ¢ by T. Clearly the resulting formula is
positive in p. The key observation is the following result.
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5.1.7. PROPOSITION. Let ¢ € uMLY be a disjunctive formula. Then
© is monotone inp iff ©=71%(p). (5.1)

Proof We only give a sketch of the proof, as this result was already proved
in [DHO00]. Since the direction ‘<=’ of (5.1) is routine, we focus on the opposite
direction. Consider an arbitrary model 7 = (T, R,V') and a point r € T. We
have to show

T,rl-e iff T,ri-7e(p).

By Fact 5.1.1, we may assume that 7 is an w-expanded tree with root r. The
direction from left to right is easy to prove.

For the direction from right to left, assume that 7,7 IF 7% (). By Fact 5.1.4,
J has a scattered winning strategy f in the game & := E(T, 7% (p))Q(r, 72 ()).
Since ¢ is guarded, this means that for each state ¢ € T there is at most one
formula of the form «; @ V®, such that the position (¢, o, @ V®,;) is f-reachable
from (r, 7% (¢)). Let U be the set of all states ¢ for which such a position, with —p
occurring in oy, is f-reachable. Using the scatteredness of f, one may show that f
is (or may in the most obvious way be transformed into) a winning strategy for 3
in the evaluation game &) := E(S[p — V(p)\U], ¢)Q(s, ). (The key observation
here is that if the &/-match reaches a position of the form (¢, ¢ V®,), there are
two cases: Either —p occurs in «, implying that t € U and T [p — V(p)\U], t IF —p,
or —p does not occur in «, meaning that the situation is as in &.) Then it follows
from Fact 5.1.5 that T [p — V(p)\U], s IF ¢, and hence by monotonicity of ¢ we
may conclude that T, r Ik ¢. O

As an almost immediate corollary of Proposition 5.1.7 we obtain that an
arbitrary sentence is monotone in p iff it is equivalent to a formula that is positive

in p.

5.1.8. THEOREM ([DHO00]). The sentences in uMLy(p) and in uMLY(p) are
monotone in p. Moreover, there is an effective translation which, given a pi-
sentence @, computes a formula 7,(p) € pML, and a formula 7y (p) € pMLY
such that

@ 1is monotone inp iff © = Tn(p),
iff =1, (0).

As a corollary, it is decidable whether a formula ¢ € uML is monotone in p.

Proof It is easy to check by induction on the complexity of the formulas that
the sentences in yML, (p) and in uMLY (p) are monotone in p.

Next, let ¢ be a u-sentence. By Theorem 5.1.3, we can compute a disjunctive
formula 1 that is equivalent to ¢. We can then compute 72 (1)) and it follows
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from Proposition 5.1.7 that 1 is monotone in p iff 7% (3) belongs to uMLY. Since
 and ¢ are equivalent, ¢ is monotone in p iff ¢ is monotone in p. Hence, ¢ is
monotone in p iff 74 () belongs to uMLY. We can define 7,y () as 74 ().

Now using the fact that

ve=\/({oxlxeehro\/e,

we can transform 7y () into an equivalent formula 7,,(p) in uML, . O

m

5.2 Finite path property

The first property that we consider is that of the finite path property.

Finite path property A sentence p, has the finite path property for p € Prop
if o is monotone in p and for every tree 7 with root r,

T,r 1 @ ift  TIplU],r Ik ¢g, for some U C S which is downward closed

and does not contain any infinite path.
(5.2)

Note that monotonicity needs to be specified explicitly, since it does not follow
from the equivalence (5.2): a simple counterexample is given by the formula
—p A Op. Observe as well that we only require condition (5.2) to hold for trees,
since this condition would not make much sense on any model with circular paths.

The syntactic fragment of uML that corresponds to this property is given as
follows.

The fragment yMLp(p) We define the fragment pMLp(p) by induction in the
following way:

pu=plz|Y]eVe | pre | Cp | Op | pzp,
where x is a variable and 1) is a sentence which does not contain p.

The following theorem states that modulo equivalence, uMLp(p) exactly cap-
tures the fragment of the modal p-calculus that has the finite path property. In
addition, the problem, whether a sentence has this property, is decidable.

5.2.1. THEOREM. The p-sentences in uMLp(p) have the finite path property for
p. Moreover, there is an effective translation which given a p-sentence @, com-
putes a formula o? € uMLp(p) such that

© has the finite path property for p iff ¢ = ¢ (5.3)

As a corollary, it is decidable whether a given sentence ¢ has the finite path
property for p.
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Before we turn to the proof of this theorem, we state and prove two auxiliary
results. First we show that formulas in pMLp(p) indeed have the finite path

property.

5.2.2. PROPOSITION. All sentences in uMLp(p) have the finite path property
with respect to p.

Proof Fix a sentence ¢q in uMLp(p) and a tree T = (7, R, V') and with root 7.
We have to show

T,rlkq@o iff TplU], 7k ¢o, for some U C T which is downward closed

and does not contain any infinite path.

The direction from right to left follows from Theorem 5.1.8 and the fact that
o is positive in p. For the opposite direction, suppose that T, r IF ¢y. We need
to find a subset U C T which is downward closed, does not contain any infinite
path and such that T[plU],r IF ¢o. Since T,r I ¢, 3 has a positional winning
strategy f in the game & := E(T, ¢0)Q(r, o). We define U C T such that

uwe U iff there is ¢ such that (u,¢) is f-reachable in & and p is active in ¢.

It is not difficult to see that U is downward closed: If a position (u, ¢) occurs
in an &-match 7 and p is not active in ¢, then all the positions occurring after
(u, ) are of the form (v,1)), where p is not active in .

Hence it suffices to show that U does not contain any infinite path. Suppose
for contradiction that U contains an infinite path P. We let A be the set of all
finite f-conform Ey-matches m such that for all positions (u, ) occurring in T,
u belongs to P and p is active in . Recall that C denotes the initial-segment
relation on paths and on matches.

Clearly, the structure (A,C) is a tree. Moreover, it is finitely branching, as
P is a single path, and all the formulas occurring in matches in A belongs to the
finite set Sfor(pg). Next we show that the set A is infinite. It suffices to define
an injective map h from P to A. Fix t in P. In particular, ¢ belongs to U and by
definition of U, there is a formula ¢ such that (¢, ¢) is f-reachable in & and p is
active in ¢. We let h(t) be a finite f-conform &-match with last position (¢, ¢).
It is easy to check that any such map A is an injection from P to A.

By Konig’s lemma, since (A, ) is infinite and finitely branching, it must
contain an infinite path. This infinite path corresponds to an infinite f-conform
Eo-match 7 such that for all positions (¢, ¢) occurring in 7, ¢ belongs to P and p
is active in . Since gy belongs to the fragment uMLp(p), this can only happen
if all the variables unfolded in 7 are p-variables. This implies that 7 is lost by 3
and this contradicts the fact that f is a winning strategy for 3 in &.

It remains to show that T [p[U],r Ik ¢o. Let & be the game E(T [p[U], vo)@Q(r, @o).
We show that f itself is a winning strategy for 3 in the game &). The winning
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conditions for & and &) are the same. Moreover, the rules of the two games are
the same, except when we reach a position of the form (¢, p). So to prove that f is
a winning strategy for 3 in &, it suffices to show that if an f-conform £j-match 7
arrives at a position (¢, p), then T[p[U],t I p, that is, t € V(p)NU. Suppose that
we are in this situation. Since 7 is also an f-conform &y-match and since f is a
winning strategy for 3 in &, ¢ belongs to V' (p). It remains to show that ¢ belongs
to U. That is, we have to find a formula ¢ such that (¢,¢) is f-reachable in &
and p is active in ¢. Clearly, the formula p itself satisfies these two conditions.
This proves that f is a winning strategy for 3 in the game &) and hence shows
that T [p[U], r Ik ¢o. O

The hard part in the proof of Theorem 5.2.1 is to show that any sentence
o with the finite path property can be rewritten into an equivalent sentence
Ti(po) € pMLp. First we define the translation 7,.

The translation 7; Fix a positive sentence ¢y. We define the map 7, : Sfor (o)
— pML by induction on the complexity of subformulas of ¢g:

Td(l) =
Ta(p V) = Tale) V 1a(¥),
Tale ANY) = Ta(e) A Ta(¥),
7a(B¢) = Ora(p),
7a(Cp) = Oma(ep),
Ta(px.p) = pr.Ta(p),
ra(ve.p) = px. (tale) Vet (),

where [ is a literal, a variable, or one of the constants L or T.

The translation 7, maps a positive sentence to a sentence in uMLp(p). So
given a positive sentence g, we have to modify the subformulas of the form vz.yp,
in which p occurs. The idea is as follows. If we play the evaluation game for ¢
and if we assume g to be guarded and with the finite depth property for p, then
after finitely many steps, we are sure that in the game we will never encounter
points at which p is true. So after finitely many steps, we can simply replace vx.p
by et (va.p), or equivalently, by e*(y). This is captured by the last clause of the
definition of 7.

The following proposition is the key technical lemma of this section.

5.2.3. PROPOSITION. A positive guarded sentence pg has the finite path property
with respect to proposition letter p iff pq is equivalent to T4(¢o)-

Proof Fix a positive guarded sentence . The direction from right to left of this
Proposition is an immediate consequence of Proposition 5.2.2 and the observation
that 74(p0) belongs to the fragment pMLp(p).
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For the opposite direction, assume that ¢y has the finite path property with
respect to p. In order to prove that ¢y is equivalent to 7,4(g), consider an arbitrary
pointed model (7, 7).

We have to show that

T,rikeo iff T,r Ik 74(00). (5.4)

By Fact 5.1.1, we may assume that 7 is a tree with root r.

For the direction ‘=" of (5.4), assume that 7,7 I ¢y. There is some subset
U C S which is downward closed (implying that » € U), has no infinite paths,
and satisfies T[p[U],r IF po.

Therefore, (r, o) is a winning position for 3 in the evaluation game &) :=
E(TIpIU], ¢o)Q(r, ). Let f denote some positional winning strategy of 3 in
the game &; also fix some maximal positional winning strategy g for 3 in the
evaluation game £? := &£(T,74(;p0)). In order to prove that 7,7 I 74(¢o), it
suffices to provide 3 with a winning strategy in the game £¢ initialized at (r, ).

The key idea underlying the definition of this winning strategy h, is that 3
maintains, during an initial part of the £%-match 7, an f-conform shadow match
7' of &). The relation between 7 and 7’ will be that at all times,

with last(r) = (t,) and last(7") = (', "), we have
t=t"and ¢ € {ra(), 7a(¥) Ve (¥} (1)

1. CLAIM. T has a strategy hg that enables her to maintain the condition () for
as long as she pleases (unless she wins the match at some finite stage).

PROOF OF CLAIM It is obvious that (1) holds at the beginning of the two matches,
with 7 and 7’ consisting of the single positions (7, 74(0)) and (r, ), respectively.
Inductively, suppose that during the play of an £%match, 3 has managed to
maintain an f-conform &j-match, and that play has arrived at the respective
partial matches 7 and 7', satisfying the condition (f). Let ¢,#',4¢ and ¢ be as in
(1). In order to show that 3 can push the condition forward, we distinguish cases.

First of all, in case v is of the form 74(¢') V et (') then in the £%match, 3
chooses the disjunct 7,4(¢’), making (¢, 74(¢)")) the next position. Clearly then the
two partial matches, (¢, 74(¢")) and 7', still satisfy (}).

If, on the other hand, ¥ is of the form 74(¢'), then we make a further case
distinction as to the nature of ¥'. If ¢/ = p or ¥’ € {q, ~¢} for some proposition
letter ¢ different from p, then both 7 and 7" are full matches. Now 7', being
f-conform, is won by 3. This means that T[p[U],t I ¢/, and so in all three
different cases we also have T, ¢ IF v, which implies that 3 is also the winner of
7. The cases where 1’ is a conjunction, disjunction, or of the form ¢y or Oy, are
routine, and so are the cases where ¢’ is a variable z or a fixpoint formula pz.y.

This leaves the case where ¢/ is of the form vz.x, meaning that (u,y) is
the next position in the &j-match. The corresponding last position of 7 is
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(t, pz.74(x) Vet (x)), and from there an automatic move leads to position (¢, 74(x)V
e*(x)) which is of the required shape for ().

Thus in each case either 3 manages to win the match, or else condition (7) is
maintained one more step. This suffices to prove the claim. <

However, 3's strategy in an £%match will not be to maintain the condition (1)
indefinitely. Rather, her strategy h will be as follows: She plays strategy hg, until
the £%match arrives at a position of the form (¢, 74(1)’) V e+(¢)')) such that the
second disjunct, e (¢'), is true at ¢ in 7. Should she arrive at such a position, she
picks this second disjunct, moving to position (¢, e*(1’)). By Proposition 5.1.5,
and since p is not active in e*(z)’), this position is winning for her in £¢, and so
from this moment on she plays her (positional) winning strategy g of £%.

In order to prove that this is a winning strategy for her, suppose for contra-
diction that 7 is an h-conform match which is lost by 3. This means that 3 never
swaps to her winning strategy g but keeps playing her strategy hg, during the
entire match 7. As a consequence, the shadow match 7’ is infinite as well, and
it easily follows from (f) that the sequence of unfolded fixpoint variables is the
same in 7 as in 7’. But 7/, being conform to her winning strategy f in &, is won
by 3. In other words, the highest variable unfolded infinitely often in 7/, say =,
is a v-variable (with respect to ¢p).

Observe that since 74(¢g) is guarded and U does not contain any infinite
paths, at a certain moment the infinite match 7 will leave U. Since x is unfolded
infinitely often, both in 7" and in 7, there is a first unfolding of x in 7 after the
match has left U. Suppose that this unfolding happens at position (¢, x), and
note that the corresponding position in 7’ is also (f,x). In 7’ the next position
after (t,x) is (¢,0,), and since n’ is f-conform, this is a winning position for 3
in &. It follows from Proposition 5.1.5 that T [p[U],t I e(d,). However, since u
does not belong to U, and U is downward closed, we may infer by Fact 5.1.6 that
T,t I+ et(d,). This would mean that in 7, where the next position after (¢, z)
is (t,74(0,) V e+(d;)), 3 would be in the position to pick the second disjunct and
jump to the winning strategy ¢ after all. Thus we have arrived at the desired
contradiction, which means that h is a winning strategy for 4.

For the opposite direction ‘<= of (5.4), assume that 7,7 I 74(¢0), and let f4
be a positional winning strategy for 3 in the game £ = E(T, 74(0))Q(r, Ta(0o)-
In order to prove that T, r IF g, we provide her with a winning strategy in the
game & := E(T, pp) initiated ar (r, ¢o).

As before, our proof is based on 3 maintaining, during an initial part of the
E-match 7, an f?-conform shadow match 7 of £L. Inductively, we will make sure
that 4 can keep the following constraint on the two matches:

with last(m) = (t,1)), we have last(7?) = (¢, %)
with ¢ € {74(¥), Ta(¥) V e (¥)}. (})
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Analogous to Claim 1 above, it is straightforward to prove that 3 can maintain
this condition until she either wins the £&-match, or else the two matches arrive
at positions (¢,v) and (t, 74(1)) V et (1)), respectively, where in the shadow game
I's strategy f¢ tells her to pick the second disjunct, e*(1)).

Once this happens, 3 has a guaranteed win in £: Since she plays 7% based on
her winning strategy f¢, the pair (¢,e*(¢)) is a winning position for her in &£,
and so T,t I e+(¢)) by Proposition 5.1.5 (note that e+ (1)) is a sentence). Since
o is positive in p, 1 is also positive in p. So et (w)) implies e(¢)). It follows that
T,t Ik e(), and so by Proposition 5.1.5 again, we obtain that (t,v) € Wins(E).
Hence she has no further need of the shadow match, and can continue 7 by
following any winning strategy of £.

Should, on the other hand, d never leave the shadow match by moving to a
position of the form (¢, et (¢))), then she maintains the shadow match forever. In
this case, it follows directly from (1) that the resulting infinite matches = and 7¢
have the same sequence of unfolded fixpoint variables. Now observe that 7¢, being
fd-conform, is won by 3; in other words, the highest variable unfolded infinitely
often during 7¢, is a v-variable with respect to 74(¢o). But then this variable is
also a v-variable with respect to ¢g, and from this it is immediate that 3 is also
the winner of 7. O

We finish the section with the proof of its main theorem.

Proof of Theorem 5.2.1. We already know by Proposition 5.2.2 that the sen-
tences in uMLp(p) have the finite path property for p.

Next, for an arbitrary p-sentence ¢, we define ¢ := 74(7,,(¢)), where 7, is
the translation of Theorem 5.1.8. Then the equivalence (5.3) is immediate by
Theorem 5.1.8 and Proposition 5.2.3.

The decidability of the finite path property follows by the observation that
the construction of the formula ¢? from ¢ is effective, and that it is decidable
whether ¢ and ¢ are equivalent. O

5.2.4. REMARK. Since our main interest in this chapter is model-theoretic, we
have not undertaken an in-depth study of the size of the formula ¢¢ (in Theo-
rem 5.2.1) or of the exact complexity of the problem of deciding whether a given
pu-sentence has the finite path property. However, we would like to make few
remarks in that respect.

While at first sight, the clause for the greatest fixpoint operator in the defi-
nition of 7; may seem to create exponentially long formulas, given our definition
of size as the number of elements in the closure of a formula, one may show that
the size of 74(pp) is in fact linear in the size of . This is a consequence of the
two following equalities which can be proved by induction on the complexity of
the formulas:

Cllez,(9) S Aeg, () ¥ <o},
Clra(9)) S A{ero(ra(¥)) | ¥ L9} U Cllyy),
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where ¢ is a p-sentence and ¢ is a subformula of .

However, in order to obtain an upper bound for the size of ©?, it follows from
the proof of Theorem 5.2.1 that we also need to investigate the complexity of the
translation 7, of Theorem 5.1.8. To perform the translation 7,,, we first have to
transform a p-sentence into an equivalent disjunctive sentence. To our knowledge,
the exact complexity of this transformation and the size of the obtained formula
has not been studied yet in detail. Nevertheless, the complexity and the size are
known to be elementary (see for instance [Jan96]). It follows that the size of ¢?
is elementary in the size of ¢ and that it is decidable in elementary time whether
a given p-sentence has the finite path property.

Another interesting remark is that the transformations 7, and 74, which are
the key ingredients for proving Theorem 5.2.1, could also have been defined at
the level of automata. More precisely, given a sentence ¢ and a non-deterministic

automaton A = (Q, qs, 9, 2) equivalent to ¢, we can define the automata 7,,(A)
and 74(A) such that

 is monotone in p iff
¢ has the finite path property for p iff

Tm (A),
Tin(7a(A)).

Moreover, if we employ the “usual” procedure to transform 7,,(A) and 7,,(74(A))
into p-sentences (see Theorem 11.6 of [GTWO02]), these automata correspond to
formulas in gMLY (p) and pMLY (p) respectively.

We do not want to give too many details, but let us give a brief description
of the automata 7,,,(A) and 74(A). The automaton 7,,(A) is simply obtained by
replacing —p by T in each formula §(¢) (with ¢ € Q). The automaton 7,4(A) =
(Qd; qa; 0a, $24) is given by:

Q' = Qx{0,1},

g = (q1,0),
0(q,0) = d(q)ld'/(d,0)]Vvi(g)ld/(d,1)],
o(q,1) = d(q)[p/Tlld'/(d, )],

_ 1 if i =0,
Qq,1) = {

¥
¥

Qq) ifi=1,

where §(q)[q’/(¢',7)] is the formula §(¢) in which each occurrence of a state ¢’ € Q
is replaced by (¢/,) and where §(q)[p/T][q'/(¢,1)] is the formula §(¢) in which
each occurrence of p is replaced by T and each occurrence of a state ¢ € @ is
replaced by (¢’,1). Intuitively, 74(A) consists of two copies of A, corresponding
respectively to the ‘initial part’ of the model where p still might be true, and the
‘final part’ where p is false. The link between these two parts is given by the clause
of the definition for §(¢,0). The disjunction of §(¢)[¢'/(¢’,0)] and §(q)[q’/ (¢, 1)]
offered here corresponds to the disjunction in the v-clause in the definition of the
translation 7, for p-formulas.



5.3.  Finite width property 129

The definitions of 7,,,(A) and 7,4(A) consist in mimicking the translations 7,,
and 74 defined in the context of formulas. Using arguments similar to the proofs
of Proposition 5.1.7 and Proposition 5.2.3, we can show that 7,,(A) and 74(A)
satisfy the required properties.

We believe that this approach might be more appropriate if we are interested
in complexity issues. For example, suppose that we want to check whether a
sentence is monotone. In order to apply the translation 7, from Theorem 5.1.8,
we first transform the sentence into a disjunctive sentence. The method we use to
transform a sentence into a disjunctive sentence is to transform the sentence into
a non-deterministic automata and then transform this automata into a formula.
Hence, we have to move to the context of automata anyway. The point is that,
in order to get a better complexity result, it might be a good idea to stay at the
level of automata and apply the translation 7, at that level (as described in the
previous paragraphs).

5.3 Finite width property

The second property that we are interested in is that of the finite width property.

Finite width property A pu-sentence ¢q has the finite width property for p €
Prop if ¢y is monotone in ¢ and for all trees 7 = (T, R, V') with root r,

T,rlkq@o iff TplU], 7k ¢, for some U C T which is downward closed
and finitely branching,

where we call a subset U C T' finitely branching if the set R[u] N U is finite for
every u € U .

The syntactic fragment associated with this property is given as follows.

The fragment MLy (p) We define the fragment pMLy (p) by induction in
the following way:

pu=plalv]evel|ohe | Op| pry | vee,
where x is a variable and 1) is a sentence which does not contain p.

The following theorem states that modulo equivalence, uMLyy, (p) exactly cap-
tures the fragment of the modal p-calculus that has the finite width property.

5.3.1. THEOREM. The p-sentences in uMLy (p) have the finite width property
for p. Moreover, there is an effective translation which given a p-sentence p,
computes a formula ¢ € MLy (p) such that

© has the finite width property for p iff © = ™. (5.5)
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As a corollary, it is decidable whether a given sentence ¢ has the finite width
property for p.

The proof of Theorem 5.3.1 follows the same lines as that of Theorem 5.2.1.
First we show that formulas in the fragment pMLy, (p) indeed have the required

property.

5.3.2. PROPOSITION. If a sentence @y belongs to uMLy (p), then o has the
finite width property with respect to p.

Proof Let o be a sentence in uMLy (p). Fix a tree T = (T, R, V') with root r.
We have to prove

T,rlkq@o iff TplU],r Ik ¢, for some U C T which is downward closed
and finitely branching. (5.6)

The direction from right to left follows from Theorem 5.1.8 and the fact that
o is positive in p. For the direction from left to right, suppose that T, I ¢q.
We need to find a finitely branching subset U of T" that is downward closed and
such that T[plU] IF ¢o. Let f be a positional winning strategy of 3 in the game
Eo = E(T, 0)Q(r, o). We define U C S such that

we U iff there is ¢ such that (u, ) is f-reachable in & and p is active in .

The set U is downward closed. Indeed, if a position (u, ) is reached during
an &-match m and p is not active in ¢, then all positions occurring after (u, @)
will be of the form (v,), where p is not active in .

Hence it suffices to show that U is finitely branching. Fix v € U and let us
show that R[u] NU is finite. Let v € U be a successor of u. Since u is the only
predecessor of v, by definition of U, there must be an f-conform match during
which a move occurs from (u, Ap,) to (t,¢,), where A € {0O,0} and ¢, is a
subformula of ¢q such that p is active in ¢,. By definition of pMLy (p), this can
only happen if A = <. But then, (u, $g,) is a position which belongs to 3 and
so v is her choice as dictated by f. From this, it follows that for all v and v" in
Rlul NU, we have ¢, # ¢, if v # v'. Putting this together with the fact that
Sfor(pg) is finite, we obtain that R[u] N U is finite. This finishes the proof that
U is downward closed and finitely branching.

It remains to show that T [p[U],r IF ¢o. Here we omit the details since the
proof is similar to the one in Proposition 5.2.2. O

As before, the hard part of the proof will consist in showing that any pu-
sentence ¢y with the finite width property can be effectively rewritten into a
formula 7, (¢o) in the fragment MLy . In order to define the translation 7, it
will be convenient to use the V-syntax for the source formulas.
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The translation 7,, Given a positive sentence ¢ € uMLY, we define its trans-
lation 7, (¢) by the following induction:

Tw(T) = T,
Tw(z) = =,
Tw(p V) = Tuw(e) V 7u(¥),
Tw(p A) = Tu(p) ATuw(¥),
ru(aeve) = an\/{A\[on(e) |9 € @} AT (H03]) | 00D, = @},
Tw(nT.p) = nrTu(P),

where « is a conjunction of literals, ® is a finite set of formulas in xMLY, and
n€{pu v

The intuition for 7, is as follows. We want 7, to map a positive sentence to a
sentence in uMLy (p). So we need to replace the subformula of the form o ¢ Vo
by a formula in which p is not in the scope of a O operator. When we reach a
position of the form (¢, @ V®) in the evaluation game and if ¢q has the finite
width property for p, we know that there are only finitely many points ty,..., %,
in R[t] such that p is true at a point of the model generated by t;.

In the evaluation game, at position (¢, @ V®), 3 has to come up with a
marking m : & — P(R[t]). If a point in R[t|\{t1,...,t,} is marked with a
formula 1, we can simply replace ¢ by e (¢). So in the definition of 7,,(cc @ V®),
®, corresponds to the set of formulas ¢ such that a point in R[t]\{t1,...,t,} is
marked with . ®; corresponds to the set of formulas v such that some ¢; is
marked with ).

5.3.3. PROPOSITION. A positive sentence o € uMLY has the finite width prop-
erty with respect to proposition letter p iff o is equivalent to T, (o).

Proof The direction from right to left of this proposition is an immediate con-
sequence of Proposition 5.3.2 and the observation that 7,, maps formulas in V-
format to formulas in the fragment uMLy,(p). For the opposite direction, assume
that g has the finite width property with respect to p. In order to prove that
©o = Tw(po), consider an arbitrary pointed model (7, 7). We will show that

T,rlk@o iff T,7r Ik 7,(p0). (5.7)

By Fact 5.1.1, we may assume that 7 is an w-unravelled tree with root 7.

For the direction ‘=" of (5.7), assume that 7,7 IF ¢o. Then by the finite
width property there is some downward closed, finitely branching subset U of
S such that T[plU],r IF ¢o. Since U is downward closed, r belongs to U. By
Proposition 5.1.5 we may assume that 3 has a positional winning strategy f in
the evaluation game &) = E(T[pU], vo)Q(r, ¢o). We fix also some maximal
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positional winning strategy ¢ for 3 in the evaluation game £ := E(T, 7, (0)).
In order to prove that T,r IF 7,(¢0), it suffices to provide 3 with a winning
strategy in the game £ initialized at (r, o).

The key idea underlying the definition of this winning strategy h, is that
maintains, during (an initial part of) the £“-match, an f-conform shadow match
of &. Inductively we will make sure that 3 can keep the following condition ()

on the partial £¥-match m = zj... 2, and its shadow match 7’ = 2{ ... zj, (where

20 = (1, Tw(tpo)) and 2 = (7, 9o)):

First of all, if 3 is to move at z,, then she will not get stuck.
Furthermore, one of the following two constraints is satisfied:
(i) there is some m < n with z,, € Wing(E¥), and z,2m41 ... 2, 1S &
g-conform &£“-match;
(ii) there is an order preserving partial map b: {0,...,k} — {0,...,n}
(t) such that

(a) b(0) =0,

(b) if b(i) = j then for some u € U and some ¢, z; and zj are of the
form (u, ) and (u, 7, (¥)),

(c) for all variables z, if z; = (¢, z), then i € Dom(b), and if 2} = (¢, ),
then j € Ran(b).

Here we call a partial map b between two sets of natural numbers an order
preserving partial map if for all i < j such that i, 5 € Dom(b), we have b(i) < b(j).

Two observations on (f) may be in order. First, the idea behind condition (f-i)
is that 3 no longer needs to maintain the shadow match if she arrives at a position
Zm that is already known to be winning for her in £“. Once this happens, following
her winning strategy g will guarantee that she wins the £“-match. Second, the
aim of condition (f-ii.c) is to ensure that every position involving a variable is
linked to some position in the other match. Condition (ii.b) then guarantees that
the companion position involves the same variable. As a corollary, in case (ii)
the sequence of variables that get unfolded in 7 is identical to the sequence of
unfolded variables in 7’.

Let us first show why 3 is guaranteed to win any match in which she can keep
the condition (t). Consider such a (full) match 7. It is an immediate consequence
of (1) that 3 will not get stuck during 7, and so if 7 is finite she will be its winner.
Assume then that 7 is infinite. If at some moment the match arrived at a position
Zm that is winning for 3 in €%, then by (f-i) the tail 2,,, 2,41 . . . of 7 is conform her
winning strategy in £€“, and so she will be the winner of 7. This leaves the case
where J needs to maintain the shadow match during the entire match 7. Thus in
the limit she creates an infinite &-match 7’ that is conform f, and linked to 7 by
an order preserving partial map b : w — w satisfying the conditions (f-ii:a-c). We
already observed that the respective sequences of variables that get unfolded in 7
and 7" are identical, and so the winners of 7w and 7" are identical as well. But the
match 7/ starts at a winning position for 3, and she is assumed to play according
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to her winning strategy f. Clearly then it is 3 who wins 7/, and therefore, she
must be the winner of 7 as well.

Let us now see how 3 can manage to maintain the condition (f) during the
match. The following claim will be the key instrument in pushing (}) forward.
Here, a local strategy is simply a strategy but we use the word “local” to empha-
size the fact that this strategy will help us to define, round by round, the global
strategy for 3 in the game £Y initialized at (s, o). Recall that C is the prefix
(initial segment) relation between sequences.

1. Cram. If t € U and (t,¢') € Wing(&)), then 3 has a local strategy h in
EYQ(t, Ty (¢')) with the property that for all h-conform matches A, there exists
an h-conform match p with last position z satisfying (p C A or A C p) and
condition (a) or (b) below:

(a) z € Winz(&EY);

(b) z is of the form (u,7,(¢)) for some u € U and ¢’ € Sfor(yo), and there is
a f-conform partial match p’ leading from (¢, ¢’) to (u,?’); furthermore, both p
and p’ are variable-scarce.

Here we call a (partial) match variable scarce if it contains at most one position
of the form (¢,z) with z, and this position can only occur as either the first or
the last position of the match.

PROOF OF CLAIM Fix a point t € U and a formula ¢’ such that (¢, ¢’) is a winning
position for f (in the game &)). Clearly, 3’s local strategy in £VQ(t, 7,(¢"))
depends on the shape of ¢'.

If ¢’ is the formula T, then 3 does not even need to play, since the one-position
match (t,7,(¢")) = (¢, T) satisfies condition (a).

If ¢ is of the form ¢} V¢, then by definition we have 7,,(¢") = T (¢)) V7w ().
Suppose that in the &)-game, at position (¢, p] V ), the strategy f will tell 3
to pick a position (t,¢}) (where ¢ € {1,2}). Then in the £¥-game, at position
(t, Tw(©)) V Tw(¥h)), we let 3 pick the position (¢, 7,(¢})). This choice ensures
that condition (b) is satisfied.

If ¢’ is of the form ¢} A ¢, then 7,(¢") = 7, (¢}) A Tw(ph). Suppose that in
the £%-game, at position (¢, 7,(©]) ATw(¢y)), V picks the conjunct 7,,(¢}), moving
to position (¢, 7,(¢})). 3 can mimic this in the shadow match by letting V move
to position (¢, ;). This ensures that condition (b) is satisfied.

Next, we look at the case when ¢’ is a variable x. We observe that 7, (z) = .
In the &l-game, if we start at position (¢,z), the next position is (t,d,), where
nx.d, is the unique subformula of ¢y starting with nx (n € {u,v}). In the £*-
game, the position played after (¢,z) is (¢, 7,(0,)). Thus condition (b) is satisfied
— note that both p and p’ are matches of length 2, in which the first position
involves a variable. The case that ¢ is of the form nz.1’ is similar and we omit
the details.
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The interesting case is where ¢’ is of the form « @ V®. In the £*-match, 3 is
faced with the position (¢, 7,(¢’)), where

mole) = NanV{AOm(e) 19 € @1} AT (Hd3]) | 20D, = @},

First suppose that V chooses the left conjunct of 7,(¢), moving to position
(t,a). So we have to make sure that « is true at ¢t in 7 [p[U]. Since (¢, @ VO)
is winning for 3 in &j, a is true at ¢ in 7. As t belongs to U, « is also true at ¢
in T[plU].

Next suppose that in the £“-game, at position (¢, 7,(¢")), V chooses the right
conjunct of 7,(¢’). Assume that at the position (¢, @ V®) in &), 3’s winning
strategy f provides her with a V-marking m : & — P(R]t]). Define

U, = {¢Yed|uem(y) for some u e U},
Uy = {¢Ye€d|vem(y) for some v & U}.

Then & = ¥, Uy, because for every ¢ € ® there is some v € R(t) with v € m(v).
The strategy of 3 will be to pick the sets ¥; and V5, moving to position

(t, N Oru(®) AV (ei[%])) .

Now it is V’s turn; distinguish cases as to the conjunct of his choice:

e First assume that V picks one of the conjuncts <7,(v) with ¢ € U;. By
definition of Wy, ¢ has a successor v € U such that u € m(y), and I’s
response in £* to V’s move will be to pick exactly this u, making (u, 7,(¢))
the next position in the match. It is straightforward to verify that this
position satisfies condition (b).

e The other possibility is that V picks the formula V (e*[¥y]) = V{e*(¢) |
1 € Wy}, choosing (¢, V(et[¥s])) as the next position in the £¥-game. 3
has to come up with a marking m® : e*[¥y] — P(R][t]). Let ¢ be a formula
in U,. We define m*(e*(¢)) such that for all successors v of t,

— if v ¢ U, v belongs to m¥(e*(v)) iff v € m(z)),

— if v € U, v belongs to m*(e*(¢)) iff there exists w, € R[t]\U such
that 7,v < T,w, and w, € m(¢).

In order to show that this is a legal move for 4, we have to prove that
m¥ : et[Wy] — P(R[t]) is a V-marking. Given a successor v of ¢, distinguish
cases. If v & U, then since m is a V-marking, there is a formula ¢ € &
such that v € m(¢), and so by definition v belongs to the set ;. Hence we
find v € m*(e*(¢)). If, on the other hand, v belongs to U, then since T is
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w-expanded and U is finitely branching, there is a state w, € R[t]\U such
that 7,v < T,w,. As m is a V-marking, there exists a formula ) € ®
such that w, € m(1). Therefore, v belongs to m*(eL(¢)). Conversely, an
arbitrary formula in e[W,] is of the form et (1)) for some 1) € W,. Then by
definition of Wy there is some state v € R(t) \ U such that v € m(), and
thus v € m*(e*(¢)). This finishes the proof that m® is a V-marking.

The game continues with V choosing a pair in (v, et (¢))) with v € m®(et(¢)),
as the next position in the £¥-match. If such a pair does not exist, then V
gets stuck and condition (a) is met immediately. Otherwise, we will show
that (a) holds in any case since we have

{(v.e (W) [vem® (e ()} C Wing(EY). (5.8)

For a proof of (5.8), first consider a pair (v,e*(¢)), with v € R[t]\U, and
v € m¥(et(v))). By definition of m¥, this means that v belongs to m(z)).
Since m was part of 3’s winning strategy f, we may conclude that (v, )
is a winning position for 3 in £). Then by Proposition 5.1.5 it follows that
TIplU],v IF e(¢), and by Fact 5.1.6 we may infer that T, v Ik e*(¢), and
so clearly (v, et (1)) € Wins(EY).

Next we consider an arbitrary element (u,et(1))), with u € R(t) N U, and
u € m¥(et(¢)). By definition of m®, there exists w, € R[t] N U such that
T,u < T,w, and w, € m(¢). As in the previous case it follows from
Proposition 5.1.5 and Fact 5.1.6 that 7,w, IF et(¢), and so by T,u &
T, w, we obtain that T, u I et(z)). From this again it is immediate that
(u,et(1p)) € Wins(EYW). This finishes the proof of (5.8).

Thus we have shown that for each type of formula ¢’, 3 has a strategy leading
to a position z satisfying condition (a) or (b). In case (b), the fact that the
matches p and p’ are variable scarce can be verified by a direct inspection of the
proof. <

On the basis of Claim 1, 3 can find a strategy that enables her to keep the
condition (f). The basic idea is that she maintains the shadow &j-match 7' =
2y - . . z;, of the actual partial £¥-match 7 = 2 ... 2, in stages, inductively ensuring
that at the end of each stage, unless 7 ends with a winning position for 3 in &%,
we have (f-ii.a-c) and b(n) = k. More precisely, we say that 7 = 2y...2, and
' = z{...z, are at the end of a stage if m and 7’ satisfy (f) and in case (ii),
b(n) = k.

It is immediate that if zg = (s, 7, (v0)) and 2z = (s,¢p), then m := z; and
7' := z{ are at the end of a stage. Therefore, in order to prove that 3 can maintain
the condition (f) during any £*Q(r, 7, (¢p))-match, it is sufficient to show that
if m and 7’ are at the end of a stage, then we can properly extend 7 and n’ to
partial matches 7 o p and 7’ o p which are at the end of a stage.
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Suppose that 7 and 7’ are at the end of a stage. Then m = zy...2, and
' = z{...z, are such that (1) holds, with the additional assumption that in
case of condition (ii) we have b(n) = k. We make the obvious case distinction.
First, if 7 satisfies condition ({-i) then 3 can simply continue playing her winning
strategy ¢ (and she has no further need of the shadow match). Second, in case
m and 7' satisfy condition (f-ii), it follows from b(n) = k that we may assume
2z, and 2], to be of the form (¢,¢’) and (¢, 7,(¢’)), respectively, with ¢ € U and
¢ € Sfor(yg). Observe that since 7’ is conform 3’s winning strategy f, we have

(t,¢") € Wins(&)).

So we may assume that 3 continues the match 7 by playing the strategy h
given by Claim 1. Hence there is a partial £“-match 7o p such that p # @ and the
last position (u,1)) of p satisfies (a) or (b). If (a) the position (u,)) is winning
for 3 in £", then the partial match 7 o p satisfies condition (f-i) (and from this
moment on 3 can switch to the positional winning strategy of £, forgetting about
the shadow match). In the other case (b), there is a f-conform partial match p’
leading from (¢, ) to some (u, ') with ¢ = 7,,(¢"). Suppose that mop = zy... 2z,
and 1o p = 2)...2. Let also V' : {0,...,m} — {0,...1} be the partial map
such that for all ¢ € {0,...,m}, i € Dom(V) ift i € Dom(b) or i = m. Moreover,
for all i € Dom(b), V(i) = b(i) and &'(m) = [. Then the matches 7o p and 7’ o p'
satisfy the conditions ({-ii.a-c) and are at the end of a stage. Here condition (c)
is an immediate consequence of the variable scarcity of p and p'.

This finishes to show that 3 can maintain the condition (}), during any match
of £YQ(s, T, (¢o)). And as we have seen, this suffices to prove that T, r IF 7, (o).
Thus we have finished the proof of the left-to-right direction of (5.7).

The proof of the opposite direction ‘<=’ of (5.7) will be very similar, and so
we will omit some details. Assume that T, s |- 7, (), and let f* be a positional
winning strategy for 3 in the game & = £YQ(r,7,()). In order to prove
that T, 7 IF g, we will need to provide her with a winning strategy in the game
& = &E(T, po) initialized at (7, ¢o). Let g denote some maximal positional winning
strategy for 4 in £.

As before, our proof is based on 3 maintaining, during (an initial part of) the
E-match 7, an f"“-conform shadow match 7 of £}. Inductively, we will make
sure that 3 can maintain the following constraint (f) on the &-match m = 2j... 2

and its shadow 7 = 2 ... 2zY (with zo = (r, po) and 2§’ = (r, 7w (¢0))):
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First of all, if 4 is to move at z;, then she will not get stuck.
Furthermore, one of the following two constraints is satisfied:
(i) there is some m < k with z,, € Wins(£), and z,2my1 ... 2, IS & g-
conform &;’-match;
(ii) there is an order preserving partial map b : {0,...,k} — {0,...,n}
(f) such that

(a) b(0) = 0,

(b) if b(i) = j then for some u € T" and some ¢, z; and 2} are of the
form (u, ) and (u, 7,(¥)),

(c) for all variables z, if z; = (£, ), then i € Dom(b), and if 2 = (¢, ),
then j € Ran(b).

The proof that maintaining condition (1) suffices for 3 to win the game, is
completely analogous to the proof given above for the other direction of (5.7). We
omit the details, apart from stating and proving the crucial proposition replacing
Claim 1.

2. Cramm. Let t € T and ¢ € Sfor(py) be such that (t,7,(¢)) € Wins(&Y).
Then 3 has a local strategy h in £Q(t, ) with the property that for all h-conform
matches A, there exist an h-conform match p with last position z satisfying (p C A
or A C p) and one of the conditions below:

(a) z € Winz(E);

(b) z is of the form (u,) for some u € S and ¢ € Sfor(¢p), and there is a
f-conform partial match p* leading from (¢, 7,(¢)) to (u,7,()); furthermore,
both p and p’ are variable-scarce.

PrOOF OF CLAIM As in the analogous claim given in the first part of the proof,
the definition of h depends on the shape of the formula ¢. We confine our atten-
tion to the only case of interest, viz., where ¢ is of the form o e V. J’s strategy
will consist of a marking m : & — P(R][t]) that we define now.

It follows from the fact that (¢, 7,(p)) € Wina(&)) that T,t IF a, and that for
some Wy, Uy with U3 U Wy = @, each position (¢, O7,(10)) with ¢ € ¥y, and the
position (¢, Ve*[¥y]) belong to Wins(EY). Given ¢ € Uy, let uy € R(t) be the
successor of ¢ such that (uy,7,(?)) is the move dictated by 3’s winning strategy
f at the position (t, O7,(¢)) € &Y, and let m : & — P(R]t]) such that for all
1 € &, we have

o if Y € U \Wy, m(v) = {uy}.
o if P € W\ Uy, m(yh) = {v | v em®(e-(¥))},
o if Y € Uy N Wy, m(eh) = {uy,v | v E€m®(et(¥))}.

First we show that in £, m is a legitimate move for 3 at the position (¢, ).
Since t I a, we only need to check that m is a V-marking. For this purpose,
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first consider an arbitrary successor v of t. Since m" is a V-marking, there is
a formula ¢ € W, such that v € m¥(et(¢)), and hence, by definition of m,
v € m(¢). Conversely, take an arbitrary formula ¢ € ®. If ¢ € Wy, then uy, is a
successor of ¢ with u,, € m(¢). Otherwise we have 1) € ¥ and then since m" is a
V-marking, there is a state u € R[t] with v € m®¥(et(z))), and hence, v € m(1)).

Next V may pick a pair z := (v,1) such that v € m(v). If there is no such
a pair, we have arrived at case (a). Otherwise we claim that any next position
z picked by V satisfies condition (a) or (b). If this z is of the form (uy, ) with
¢ € Wy, then since (u,7,()) was I’s choice at position (¢, O7,(¢)) € &Y, it
should clear that this position satisfies condition (b). This leaves the case where
z is of the form (v, 1) for some 1) € Uy with v € m¥(et(1))). Since m® was chosen
accordingly to f*, we know that (e, et(2))) belongs to Wins(EY), and hence by
Proposition 5.1.5 we obtain that 7, v IF e*(¢)). From this it follows by Fact 5.1.6
that T[p — 0],v Ik e(+), and since 1 is positive this implies that T, v I e(¢)).
But then it is immediate by Proposition 5.1.5 again that (v,) € Wing(€); that
is, z = (v,) satisfies condition (a). <

The proof that Claim 2 enables us to provide 3 with a strategy satisfying
(1) is again very similar to the corresponding proof given above for the opposite
direction of (5.7). We leave the details as an exercise for the reader. O

Proof of Theorem 5.3.1. Fix an arbitrary p-sentence ¢. We define ¢ =

Tw(Ty (9)), where Ty is the translation of Theorem 5.1.8. Then the equiva-

lence (5.5) is immediate by that Theorem and Proposition 5.3.3.
The decidability of the finite width property follows by the observation that
the construction of the formula ¢® from ¢ is effective, and that it is decidable

whether ¢ and " are equivalent. O

5.3.4. REMARK. We would like to mention that given a monotone sentence g in
pMLY | the size of 7,,(¢g) is exponential in the size of ¢o. Hence, using a similar
argument to the one given in Remark 5.2.4, we easily obtain that it is decidable
in elementary time whether a sentence has the finite width property. Moreover,
the size of the sentence p® of Theorem 5.3.1 is elementary in the size of p. The
exact complexity and size are left for further work.

As in Remark 5.2.4, we could also provide a construction 7,, on automata such
that for all sentences ¢ and for all non-deterministic automata A = (Q, gr, 9, 2)
equivalent to ¢,

¢ has the finite width property for p iff ¢ =7,(7,(A)),

where 7, is the translation for automata presented in Remark 5.2.4. Moreover,
the automaton 7,,(7,(A)) corresponds to a formula in pMLy (p).
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5.4 Continuity

This section is devoted to one of our main results, namely, we give a syntactic
characterization of the continuous fragment of the modal p-calculus.

Continuity A p-sentence g is continuous in p € Prop if for every pointed
model (M, w),

M,wlk g iff  M[plU],w IF g, for some finite subset U C S.

We leave it for the reader to verify that continuity implies monotonicity: Any
formula that is continuous in p is also monotone in p.

Before we turn to its syntactic characterization, we first discuss the motiva-
tions for studying this property. The property of continuity is of interest for at
least two reasons: its link to the well-known topological notion of Scott continu-
ity [GHK"80] and its connection with the notion of constructivity.

5.4.1 Link with Scott continuity

The name ‘continuity’ that we have given to this property is appropriate because
of the following topological connection.

Scott topology Given a complete lattice (P, <) (see Section 2.2), a subset
D C P is directed if for every pair dy,ds € D there is a d € D such that d; < d
and dy < d. A subset U C P is called Scott open if it upward closed (that is,
if uw € U and u < v then v € U), and satisfies, for any directed D C P, the
property that U N D # () whenever \/ D € U. It is not hard to prove that the
Scott open sets indeed provide a topology, the so-called Scott topology (see for
instance [GHK'80]).

Let (P, <) and (P, <) be two complete lattices. A map f: P — P’ is Scott
continuous if for all Scott open sets U’ C P, f~1[U] is Scott open.

It is a standard result (see for instance [GHK™80]) that a map f: P — P’ is
Scott continuous iff f preserves directed joins (that is, if D C P is directed, then
F(V D) =/ fID)).

Now we show that the notion of continuity that we introduced earlier, corre-
sponds to the standard notion of Scott continuity. Recall that given a sentence ¢,
a proposition letter p and a model M = (W, R, V), the map ¢, : P(W) — P(W)
is such that for all U C W,

o,(U)={we W |Tpw— Ul,wlF ¢}

5.4.1. PROPOSITION. A sentence is continuous in p iff for all models M =
(W,R,V), ¢, : P(W) — P(W) is Scott continuous.
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Proof For the direction from left to right, let ¢ be a continuous sentence in
p. Fix a model M = (W, R, V). We show that the map ¢, : P(W) — P(W)
preserves directed joins.

Let F be a directed subset of (P(W),C). It follows from the monotonicity
of ¢ that the set |J y,[F] is a subset of ¢,(lJF). Thus, it remains to show that
ep(UF) C Ul F]l. Take w in ¢,(|J F). That is, the formula ¢ is true at w in
the model M[p — |JF]. As ¢ is continuous in p, there is a finite subset F' of
U F such that ¢ is true at w in M[p — F|. Now, since F is a finite subset of
U F and since F is directed, there exists a set U in F such that F' is a subset of
U. Moreover, as ¢ is monotone, M[p — F|,w |- ¢ implies M[p — U],w I ¢.
Therefore, w belongs to ¢,(U) and in particular, w belongs to |J¢,[F]. This
finishes to show that ¢,(lJF) C U ep[F].

For the direction from right to left, let ¢ be a sentence such that for all models
M= W,R,V), ¢, : P(W) — P(W) is Scott continuous. First we show that ¢ is
monotone in p. Let M = (W, R, V) be a model. We check that ¢,(U) C ¢,(U"),
in case U C U’. Suppose U C U’ and let F be the set {U,U’}. The family
F is clearly directed and satisfies |JF = U’. Using the fact that ¢, preserves
directed joins, we get that ¢,(U’) = ¢,(UF) = Uep[F]. By definition of F,
we have |J ¢,[F] = ¢,(U) U p,(U’). Putting everything together, we obtain that
o(U") = 2y(U) Uy (U"). Thus, ,(U) C (7).

To show that ¢ is continuous in p, it remains to show that if M, w IF ¢, then
there exists a finite subset U of V(p) such that M[p — U], w IF ¢. Suppose that
the sentence ¢ is true at w in M. That is, w belongs to ¢,(V(p)). Now let F
be the family {U C V(p) | U finite}. It is not hard to see that F is a directed
subset of (P(W),C). Since ¢, preserves directed joins, we obtain ¢,(V(p)) =
ep(UF) = UeplF]. From w € ¢,(V(p)), it then follows that w € |Jp,[F].
Therefore, there exists U € F such that w € ¢,(F). That is, U is a finite subset
of V(p) such that M[p — Ul,w IF ¢. 0

5.4.2 Constructivity

Intuitively, a formula is constructive if the ordinal approximation of its least
fixpoint is reached in at most w steps.

Constructivity Given a sentence ¢ and a model M = (W, R, V), we define, by
induction on i € N, a map ¢, : P(W) — P(W). We set ¢) := ), (where ¢, is as
defined in Chapter 2 or as in the previous subsection) and for all i € N, 90;“ =
©p O gp;. The sentence ¢ is constructive in p if for all models M = (W, R, V'), the
least, fixpoint of the map ¢, is equal to [ J{y} () | 7 € N}.

In [Ott99], Martin Otto proved that it is decidable in exponential time whether
a basic modal formula ¢ is bounded, but to the best of our knowledge, decidability
of constructivity (that is, the problem whether a given p-sentence is constructive
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in p) is an open problem. In passing we mention that recently, Marek Czar-
necki [Czal0], found, for each ordinal 8 < w? a formula ¢z for which § is the
least ordinal such that the least fixpoint of ¢z is always reached in 3 steps.

The connection between the notions of continuity and constructivity is an
intriguing one. It is a routine exercise to prove that any sentence, continuous in
p, is also constructive in p.

5.4.2. PROPOSITION. A sentence @ continuous in p is constructive in p.

Proof Let ¢ be a sentence continuous in p and let M = (W, R, V') be a model.
We show that the least fixpoint of ¢, is (J{¢}(0) | i € N}.

Let F be the family {¢}(0) | i € N}. It is sufficient to check that ¢,(lJF) =
U F. First remark that the subset F of the partial order (P(W), C) is directed.
Therefore, by Proposition 5.4.1, ¢,(IJF) = |J¢,[F]. It is also easy to prove that
Uep[F] = UF. Putting everything together, we obtain that ¢,(|JF) = UF
and this finishes the proof. O

However, not all constructive sentences are continuous. We give two examples.
The formula ¢ = OpADODOL is true at a point w in a model if the depth of w is less
or equal to 2 (that is, there are no v and v’ satisfying wRvRv") and all successors
of w satisfy p. It is not hard to see that ¢ is not continuous in p. However,
we have that for all models M = (W, R, V), ©2(0) = ©3(0). In particular, ¢ is
constructive in p.

The formula ¢ = vax.p A Oz is true at a point w if there is an infinite path
starting from w and such that at each point of this path, p is true. This sentence
is not continuous in p. However, it is constructive, since for all models M =
(W, R, V), we have 1, (0) = 0.

Observe that in the previous examples, we have up.p = pp.00L and pp.yp =
up.L. Thus, there is a continuous sentence (namely OOL) that is equivalent to
©, modulo the least fixpoint operation. Similarly, there is a continuous sentence
(the formula 1) that is equivalent to ¢, modulo the least fixpoint operation.
This suggests the following question concerning the link between continuity and
constructivity: Given a constructive formula ¢, can we find a continuous formula
W satistying up. = up.?

We leave this question as an open problem, as we do with the question whether
constructivity can be captured by a nice syntactic fragment of the modal u-
calculus.

5.4.3 Semantic characterization of continuity

We now turn to the main result of this section, namely, our characterization result
for continuity. Our approach towards continuity is based on the observation that
this property can be seen as the combination of the finite path and the finite
width properties.
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5.4.3. PROPOSITION. A p-sentence g is continuous in p iff o has both the finite
path and the finite width property with respect to p.

Proof Confining our attention to the direction from right to left, assume that a
pu-sentence g has both the finite path and the finite width property. Fix a model
T = (T,R,V) and a point r € T. We have to show

T,rlkq@o iff T[plU],rIF ¢, for some finite subset U C S.

The direction from right to left follows from Proposition 5.1.8 and the fact that
g is positive in p. For the direction from left to right, suppose that T, 7 IF ¢,.
As in the proof of Proposition 5.3.2, we may assume that 7T is a tree with root r.

Since g has the finite width property with respect to p, there is a downward
closed subset U; C T which is finitely branching and such that T [p[Ui],r IF ¢q.
But ¢q also has the finite path property with respect to p. Hence there is a subset
U, of T such that U, is downward closed, does not contain any infinite path and
Tpl(UiNUs)],r Ik ¢o. By Kénig’s Lemma, U; N U, is finite. 0

The syntactic fragment corresponding to continuity can be defined as follows.

The fragment uMLc(p) We define the fragment uML¢(p) by induction in the
following way:

puo=plzld]eve | ere | Op | pre,
where x is a variable and 1) is a sentence which does not contain p.

Observe that this fragment is contained in the intersection of the fragments
uMLp(p) and pMLy (p) (defined in the previous two sections). Our characteri-
zation then is as follows.

5.4.4. THEOREM. The p-sentences in uMLc(p) are continuous in p. Moreover,
there is an effective translation which given a u-sentence p, computes a formula
©° € uML¢(p) such that

© is continuous inp iff © = - (5.9)
As a corollary, it is decidable whether a given sentence ¢ is continuous in p.

We turn now to the proof of Theorem 5.4.4. First, it is easy to see that the
fragment uML¢(p) consists of continuous formulas.

5.4.5. PROPOSITION. If ¢y belongs to uMLc(p), then ¢q is continuous in p.

Proof If ¢, belongs to uML¢(p), then since uML¢c(p) € uMLp(p) N uMLw (p),
by the Propositions 5.2.3 and 5.3.2; it has both the finite path and the finite
width property with respect to p. Hence by Proposition 5.4.3, ¢ is continuous
in p. O

We now turn to the hard part of the proof of Theorem 5.4.4. This part of the
proof will be based on the following translation, which combines clauses of the
translations 74 and 7.
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The translation 7, Fix a positive sentence ¢y € uMLY. We define the map
7. : Sfor(ypg) — pML as the map 74 0 7, (where we extend the translation 7, to
V-formulas in the obvious way). That, 7. is the map defined by induction on the
complexity of the subformulas of ¢q by:

(T) = T,

Te(r) = =,
(e V) = 7o) VT(y),
Tl AY) = 1) ATe(),

T(a e V®) = AaAVIAN{OT(p) | o€ @} AV (€J'[(P2]) | &1 U Dy = P},
Te(pz.p) = pr.r(p),
r(vz.p) = px. (1e(e) Ve (p))

where x is a variable, « is a conjunction of literals, and ® is a finite subset of
\%
puMLY.

5.4.6. PROPOSITION. A positive quarded sentence oy € pMLY is continuous with
respect to proposition letter p iff pq is equivalent to T.(pg).

Proof Fix a positive guarded sentence ¢g in uMLY. The direction from right to
left is an easy consequence of Proposition 5.4.5 and the observation that 7.(y)
belongs to uML¢(p).

For the opposite direction, suppose that g is continuous with respect to p.
In particular, ¢y has the finite width property with respect to p. It follows from
Proposition 5.3.3 that ¢q is equivalent to 7,(po). Since ¢ has the finite path
property with respect to p, 7,(¢o) also has the finite path property with respect
to p. Therefore, from Proposition 5.2.3, we obtain that 7,(¢g) is equivalent to
Ta(Tw(po)). Putting everything together, we get that that g is equivalent to

Te(¢0)- 0

We turn to the proof of the main result of this section.

Proof of Theorem 5.4.4. Fix an arbitrary u-sentence ¢. We define ¢° :=
7.(TV (), where 7V is the translation of Theorem 5.1.8. Given the fact that
continuity implies monotonicity, the equivalence (5.9) is then immediate by The-
orem 5.1.8 and Proposition 5.4.6.

The decidability of the associated continuity problem follows by the observa-
tion that the construction of the formula ¢° from ¢ is effective, and that it is
decidable whether ¢ and ¢ are equivalent. O

5.4.7. REMARK. It follows from Proposition 5.4.3 and Remarks 5.2.4 and 5.3.4
that it is decidable in elementary time whether a sentence is continuous in p.
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Again, the exact complexity is left for further work. Given a positive sentence ¢,
the size of ¢° is exponential in the size of ¢.

It also follows from Remarks 5.2.4 and 5.3.4 that we can define a construction
similar to 7. in the context of automata. This construction might be helpful if we
study complexity issues related to the continuous fragment.

5.5 Complete additivity

The last property of formulas that we look at concerns the way in which the
semantics of the formula depends on the proposition letter p being true at some
single point.

Complete additivity A p-sentence g is completely additive in p € Prop if for
all models M = (W, R, V) and w € W,

M,wlk gy it Mlp[{v}],w Ik ¢o for some v € V(p). (5.10)

A formula ¢( that is completely additive in a proposition letter p is monotone
in p. Moreover, if M = (W, R, V) is a model such that V(p) = 0, it can never
happens that g is true at a point in M.

One of the main reasons for studying complete additivity is its pivotal role
in the characterization of the fragment of first- and monadic second-order logic
formulas that are safe for bisimulations. A (first- or second order) formula ¢(z, y)
is called safe for bisimulations if, whenever B C W x W' is a bisimulation between
two models M and M’, then B is also a bisimulation for the two models we obtain
by considering the interpretations of ¢ as accessibility relations on M and M’,
respectively (for a precise definition, see Section 2.6).

This notion was introduced by Johan van Benthem [Ben96] who also gave a
characterization of the safe fragment of first-order logic. The link with complete
additivity is given by the observation that a formula ¢(z,y) is safe for bisim-
ulation iff the formula Jy (¢(x,y) A P(y)) (with P is a fresh unary predicate)
is bisimulation invariant. Recall that modal logic is the bisimulation invariant
fragment of first-order logic (see Section 2.6) and pu-calculus is the bisimulation
invariant fragment of MSO (Theorem 2.6.7). Hence, in case ¢ is a first-order
formula, the formula Jy (¢(z,y) A P(y)) is safe for bisimulation iff it is equiva-
lent to a modal formula ¢'(p). Similarly, if ¢ is a monadic second-order formula,
Jy (p(z,y) A P(y)) is safe for bisimulation iff it is equivalent to a p-sentence
¢'(p). Moreover, using the fact that ¢'(p) is equivalent to Jy (p(z,y) A P(y)), it
is easy to see that ¢'(p) is completely additive in p, where p is a proposition letter
corresponding to the predicate P.

Thus, a syntactic characterization of the completely additive modal formulas
and modal p-sentences, respectively, may help to obtain a syntactic characteriza-
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tion of the safe fragments of first- and monadic second-order logic. Such charac-
terizations were obtained for modal logic by Johan van Benthem [Ben96|, and for
the p-calculus by Marco Hollenberg [Hol98b|, see Remark 5.5.2 for more details
on the latter result.

The syntactic fragment that corresponds to complete additivity is defined as
follows.

The fragment yML(p) We define the fragment uML4(p) by induction in the
following way:

o u=pla|eVe | oAy | Op | pz.g,

where x is a variable and 1) is a sentence which does not contain p.

5.5.1. REMARK. There are interesting connections between these fragments and
the language PDL. Since PDL is by nature a poly-modal language, we momen-
tarily allow the set Act of actions to not be a singleton. One may show that
PDL has the same expressive power as the fragment of ML in which the formula
construction pz.p is allowed only if ¢ is completely additive with respect to x.
More precisely, define the set 'y of formulas by the following grammar:

o =9 | mp | oV | O | pr.p,

where p’ is an arbitrary proposition letter, a belongs to Act and ¢ belongs to the
fragment uML4(x). Then there are inductive, truth-preserving translations from
PDL to the fragment Fl4, and vice versa [VenO8b].

5.5.2. REMARK. The characterization provided by Marco Hollenberg [Hol98b] of
the completely additive fragment of the modal p-calculus states that a formula ¢
is completely additive in p iff ¢ is equivalent to a formula of the form (7)p, where
7 is a p-program. We do not recall the definition of u-program there, as we do
not need it in this section (for more details, see Section 2.6.3).

Comparing the two fragments, Marco Hollenberg’s fragment is more suited to
prove the result on safety, while the shape of the fragment uML4(p) is closer to
the shape of the syntactic fragments considered in the earlier sections. Hence,
if we express the characterization in terms of the fragment uML(p), it will be
easier to adapt the proofs of the previous sections. The fragment pML(p) is not
only useful for our proof, but also fairly intuitive. In any case, there are direct
translations between our fragment and Marco Hollenberg’s.

The main result of this section is the following theorem showing that, modulo
equivalence, uML 4(p) captures the fragment of the u-calculus that is completely
additive.
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5.5.3. THEOREM. The p-sentences in pMLa(p) are completely additive in p.
Moreover, there is an effective translation which given a p-sentence @, computes
a formula ¢* € pMLA(p) such that

© is completely additive in p iff ¢ = . (5.11)

As a corollary, it is decidable whether a given sentence ¢ is completely additive
mp.

As mentioned already, we could obtain our result as a corollary to Marco Hol-
lenberg’s characterization. The first proof of the characterization of the continu-
ous fragment [Fon08| (Theorem 5.4.4) was in fact inspired by Marco Hollenberg’s
proof for the characterization of the completely additive fragment. It turns out
that the proof of Theorem 5.4.4 could be simplified. The new proof (which is
the one presented in Section 5.4) is not only easier: unlike the original proof, it
provides a direction translation (the translation 7¢ of Section 5.4).

This raised the following question: can we also simplify Marco’s Hollenberg
proof and find a direct translation playing the same role as 77 The answer is
yes. However, the definition of the translation is a lot more involved than the
definition of 7¢.

The existence of that new proof can also be an indication of the flexibility
(and limitations) of the method used in this chapter. As witnessed by the proof
of Proposition 5.1.7, the method can be adapted to prove the Lyndon’s theorem
for the p-calculus [DH00]. We do not give details, but the method also works
to show the Los-Tarski theorem for the p-calculus [DHO0]. In the case of the
property of complete additivity, we can also use the same method, but as we will
see in a few paragraphs, the proof becomes considerably harder than for the other
properties. Let us finally mention that in [FV10], we consider a property (the
single point property) for which we were not able to use the same method. The
characterization was obtained using an automata theoretic approach.

As in the other sections, we start by proving the easy direction of Theo-
rem 5.5.3. That is, if a sentence belongs to uML4(p), then it is completely
additive.

5.5.4. PROPOSITION. Any sentence in uML4(p) is completely additive in p.

Proof Let ¢y be a sentence in uMLy(p). Fix a model M = (W, R, V) and a
point w € W. We have to show that

M,wlk gy it Mlp[{v}],w IF ¢o for some v € V(p). (5.12)

The direction from right to left follows from Theorem 5.1.8 and the fact that ¢
is positive in p. For the opposite direction, suppose that M, w IF ¢q. We have to
find a point v € V(p) such that Mp[{v}], w IF pq.

Since M, w IF g, 3 has a winning strategy f in the game & := (M, o) Q(w, ¢p).
We start by defining an f-conform &j-match 7 such that



5.5. Complete additivity 147

(i) for all f-reachable positions (v, p) with p active in ¢, (v, ) occurs in T,
(ii) for all positions (v, ) occurring in 7, ¢ belongs to uML4(p).

For all © € N, we define z; by induction on ¢ such that z; is an f-reachable
position of the form (v,¢) with ¢ € uML4(p). If i = 0, we define z; as the
position (w, ). For the induction step, suppose that we already defined the
position z; = (v,¢) and ¢ belongs to puML(p). We make the following case
distinction:

e If ¢ = p, we stop the construction and we define 7 as zg ... z;.

o If o = x, we define z;,; as the position (v, d,), where nz.J, is a subformula
of o (n € {1, v}).

e If pis aformula of the form Vo (With ¢, o in ML 4(p)), then according
to f, 3 moves from the position (v, ) to a position of the form (v, ), where
ke {1,2}. We define z;41 as (v, ).

o If p is a formula of the form ¢’ A ¢ (with ¢ in uML4(p) and ¥ a closed
sentence in which p does not occur), then we define z;,; as (v, ¢’).

o If  is of the form px.¢" (with ¢ in uML4(p)), we define z;41 as (v, ¢').

e Finally, if ¢ is of the form G’ (with ¢’ in uML,4(p)), then according to f,
3 moves from the position (v, ¢) to the position (u,¢’), for some u € Rv].
We let z;41 be the position (u, ¢').

If at some point the construction described above stopped, then 7 is already
defined. Otherwise, for all 7 € N, z; is defined and we let ™ be the match zpz .. ..
It is easy to see that conditions (i) and (ii) are verified.

It follows from (ii) that the only positions of the form (nz.¢) (where n €
{p,v}) occurring in 7 are such that n = u. Hence, if 7 is infinite, 7 is lost by 3.
This is impossible since 7 is an f-conform match and f is a winning strategy for
3.

So 7 is a finite match of the form z;...z,, which is won by 3. Moreover, it
follows from the definition of 7 that z, is a position of the form (v,p). Putting
this together with the fact that 7 is won by 3, we have p € V(p). Therefore,
in order to show that the left-to-right direction of (5.12) holds, it is sufficient to
prove that M[p[{v}],w IF .

For that purpose, we show that f is a winning strategy for 3 in &) =
E(M[pl{v}, vo)Q@(w, g). The games & and &) are exactly the same, except
when we reach a position of the form (u,p). In &}, such a position is winning for
3 only if w = v. So in order to prove that f is winning for 3 in &, it is sufficient
to show that for all f-reachable positions (u, p) in &, we have u = v.
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Let (u,p) be an f-reachable position in &. In particular, (u,p) is a position
of the form (u, ) with p active in . It follows from (ii) that (u,p) occurs in 7.
This implies that © = v and this finishes the proof. O

We turn now to the hard part of the proof, which consists in showing that a
formula that has the single point property can be rewritten as a formula in the
right syntactic fragment.

The translation 7, Let ¢, be a positive sentence in ,uMLV, let ® be a finite set
of subformulas of ¢y, and let F be a family of finite sets of formulas in Sfor(py).
The formula 77(®) is defined by the list of instructions below, which has to be
read as follows: We apply the first instruction of the list which is applicable (there
will always be at least one instruction applicable). There are two possibilities.
Either the process stops or we end up with a new formula 77 (®’) to be defined.
In the second case, we go trough the list again and apply the first instruction that
is applicable and so on. We show later that at some point, the process stops.

(1) If ® is empty, we define 7(P) as T.
(2) If ® contains the formula T, then we define 72(®) as 72(P\{T}).

(3) If ® contains a formula ¢ of the form 1 Ags, we let @ be the set (P\{p})U
{1, 2} and we define 7(®) as 77(P).

(4) If ® contains a formula ¢ of the form pz.1) or vr.1), then we let @ be the set
® where we replace each formula of the form pz.y or vx.x by the formula
X. We define 7£(®) as 7(P’).

(5) If ® contains a formula ¢ of the form ; V @9, then we let ®; be the set ®
where we replace ¢ by ¢, and we let ®5 be the set ® where we replace ¢
by @o. We define 72(®) as 7£(P1) V 72 (Dy).

(6) If ® contains a formula which is a variable, all formulas in ® that are not
variables are of the form o« ¢ V¥ and ® does not belong to F, then we let
X be the biggest set of variables such that X¢ C ®. We also let & be the
set & where we replace each formula z € X¢ by J,. We define 77(®) as

[,LJ,’(I).T]:U{q)} ((1),)

(7) If ® contains a formula which is a variable, all formulas in ® that are not
variables are of the form o e V¥ and ® belongs to F, then we define 77(®)
as Tg.

(8) If ® is a set of the form {a; e V®y,... ar e VO,} and p does not occur in
ap A+ Ay, we define 72(P) as
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k k
\/ {<>Tf (U <I>;) A (/\ a; A veL[@;’]) ‘ forall 1 <i < k,
] i=1

O£, O UD! = @i}.

(9) If @' is a set of the form {a; e VPy,... o, @ VO,} and p does occur in
ap A -+ Ay, we define 7£(P) as

(Ao Aag) A N{Ve (@] [ 1< <k}

We will show in the next proposition that 77(®) is well-defined. Finally, we
define 7,(¢0) as 1p(o).

The intuition behind the definition of 7#(®) is as follows. Our goal is to
translate the formula A ® into a formula in uML4(p). This is done by induction
on the complexity of the formulas in ®. If ® contains a disjunction or the symbol
T, then it is easy how to proceed. If all the formulas in ® are V-formulas, we use
a translation that is a variant of the one defined for the width property. Suppose
that the formula A ® is completely additive and is true at a point ¢ in a model.
Assume that & = {a; e V&, ... o e VO, }. There are two possibilities: either p
occurs in oy A ... ax or not. In the first case, p has to be true at t. Since A\ ® is
completely additive, we may assume that p is not true at all proper descendants of
t. Hence, we can replace p by L in the formulas of ®;U---U®;. This corresponds
to case (9).

Otherwise, p does not occur in a3 A ... . Since A\ ® is completely additive,
there is a unique successor t' such that p is true at one of the points of the model
generated by ¢'. In the evaluation game, at position (¢, a;  V;), 3 has to provide
a marking m; : ®; — P(R[t]). If a point ¢ in R[t]\{t'} is marked with a formula
1, then we can replace ¢ by et(1)), since p is not true in the model generated by
t”. Hence, if we define @/ as the set of formulas ¢ such that ¢’ € m;(¢) and ®7 as
the set of formulas ¢ such that m; () N (R[t]\{t'}) # 0, then the formula given
in (8) is true.

Next, suppose that one formula in ¢ starts with a fixpoint operator. We
simply forget about it (we know that in the translated formula, p can only be
in the scope of least fixpoint operators by definition of uML4(p)). If ® contains
a variable, we unfold the variables in ®. The problem is that by doing so, the
process will never stop and we will keep on unfolding variables.

The solution is to use the set F. Basically, in F, we keep track of all the
sets of formulas ® that were encountered during the process. So when ® contains
variables, instead of unfolding the variables, we first check, by looking at F,
whether the set ® appeared earlier. If not, we unfold the variables and we let @’
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be the set obtained after unfolding the variables in ®. We also put a “marker”
for @, by writing the operator pxe before the formula corresponding to ®'.

Otherwise, if ® does belong to F, we stop the process and we simply write z,.
Note that the unfolding of x¢ in the translated formula, is the unique formula 1)
such that prg. is a subformula of the translated formula. It follows from the
construction of the translation, that ¢ corresponds to the stage of the process
when we encountered ¢ and unfolded its variables.

5.5.5. PROPOSITION. For all positive guarded sentences @q in uMLY, T,(q) is
well-defined.

Proof We give a sketch of the proof that for all sentences ¢y in uMLY, the
translation 7,(pg) is well-defined. Given a formula ¢, we write s(¢) for the
number of subformulas of . We let m be the size of the set Sfor(ypg), n the
number 2™ and [ the number m - s(pg). Given a set of formulas ® C Sfor(y)
and given a family F of subsets of Sfor(yg), we define the weight of (®,F),
notation: w(®, F), by the following:

w(®, F) = (n—|F])- (1 + 1) + Xpcas(p),

where |F| is the cardinal of F. We can look at the definition of 7, as a pro-
cess which starts with the pair ({yo}, ) and associates with each pair (®,F) in
P(Sfor(pg)) x PP (Sfor(pg)) finitely many new pairs in P(Sfor(¢o))x PP (Sfor(eo)),
until the process finishes. For example, if we apply the rule “If ® contains a for-
mula ¢ of the form px.1)”, then there is a unique pair associated to (®, F), namely
the pair (9, F), where @' is the set ® in which we replaced each formula of the
form nx.x by x (where n € {u,v}).

To show that 7,(¢pg) is well-defined, it is enough to show that the following
two properties hold. The weight of each pair is positive. The weight of each
new pair in P(Sfor(pg)) x PP (Sfor(gpo)) associated with a pair (®, F) is strictly
smaller than the weight of (®, F).

It follows easily from the definition of n that for all (@, F) in P(Sfor(pg)) x
PP(Sfor(pg)), w(®,F) > 0. It is routine to verify the second property in most
cases and we only treat the most difficult case: case (6). That is, ® contains
a formula that is a variable, all formulas in ® that are not variables are of the
form o @« V¥ and ® does not belong to F. Recall that @’ is the set ® where we
replace each variable x € Xg by 6, and that 72(®) is pre. 77001 (P’). So we have
to check that the weight of (', F U {®}) is strictly smaller than the weight of
(D, F).
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This follows from the following chain of inequalities:

W@ FU@Y = (0= |F| =1 (4 1)+ Spews(),  (@¢F)
<= |7 =D+ 1)+ ()
— (= |F) - 1+ 1) - 1,
< (= |F) (4 1)+ peas(),

Here (1) follows from the fact that &’ is a subset of Sfor(¢y), the s of Sfor(yy) is
m and for all ¢’ € &', s(¢") < s(po). 0

5.5.6. PROPOSITION. A positive guarded sentence @o in uMLY is completely ad-
ditive p iff po is equivalent to T,(pp).

Proof For the direction from right to left, suppose that ¢y is equivalent to 7, ().
Looking at the definition of 7,, we see that the formula 7,(y) belongs to the
fragment pML(p). By Proposition 5.5.4, this implies that 7,(¢g) is completely
additive in p. Since ¢y is equivalent to 7,(g), o is completely additive in p.

For the direction from left to right, fix a positive sentence ¢, € uMLY that
is completely additive in p. In order to prove that ¢y and 7,(¢p) are equivlent,
consider an arbitrary pointed model (7, 7). We show that

T,rlkpe iff T,rlF7.(00)- (5.13)

Without loss of generality (see Proposition 5.1.1) we may assume that 7 =
(T, R,V) is an w-unravelled tree with root r. Recall we use abbreviations of
the form &, &), ... for initialized games, while we use abbreviations £,&’, ... for
non-initialized games.

For the direction ‘=" of (5.13), assume that 7,7 IF ¢y. Since ¢ is com-
pletely additive, there is a point ty € V(p) such that T[p — {to}], 7 IF 9. By
Proposition 5.1.5 we may assume that 4 has a positional winning strategy f in
the evaluation game &) := E(T[p — {to}], v0)Q(r, po). We observe that any fi-
nite full f-conform &j-match ends with a position of the form (¢, T) or with a
V-marking m : ® — RJ[t] for which there is no pair (¢, u) satisfying u € m(v),
since the match is won by d. In the later case, this means that the point ¢ has no
successor. Let m be any finite full f-conform &)-match with last position (¢, T).
In order to simplify our proof later, we will assume that for all paths ugu; ...
such that t = ug, we have that 7(uy, T)(ug, T)... is an f-conform &)-match.

We also let g be some maximal positional winning strategy 3 in the evaluation
game £° := E(T,7,(¢0)). In order to prove that T,r IF 7,(p0), it suffices to
provide 3 with a winning strategy in the game £ initialized at (r, 7,(0)).

The winning strategy h will be defined by stages. After finitely many stages,
vV will get stuck or we will reach a position that is winning for 3 in £* and she
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will then use the strategy g. This will guarantee that all h-conform £°-matches
are won by 3, as ¢ is a winning strategy for 9 in £°.

Before defining h, we introduce some notation and we prove a first claim that
will correspond to a local construction of A (that is, during one stage).

Let P be the unique finite path from r to ty. There are finitely many partial
f-conform &)-matches with first position (r,¢g) and last position of the form
(to, 1), for some formula ¢). We denote by M the set of all these partial matches.
If 7 = (to,%0) - (tn, ¥n) is a full finite f-conform &\-match such that ¢, € P
and t, # tg, then ¢, = T since t has at least one successor. In particular, such
a match 7 appears in disguise in M, namely as the match m(uy, T). .. (un, T),
where ug . .. u, is the path between t, and t,.

We say that a position (¢,¢) in the game £° M -corresponds to a set ® of
formulas if the two following conditions hold. First, for all y € ®, (¢, x) occurs
in a match in M and for all matches m € M, there is a formula y € ® such that
(t,x) occurs in 7. Second, for some family F of finite sets of formulas, we have

o =71£(P).

1. CLAam. If (¢,¢) M-corresponds to ® and ¢ # T, then 3 has a strategy h
in £°Q(t, p) with the property that every h-conform partial match p leads to a
position z (distinct from (¢, ¢)) satisfying condition (a) or (b) below:

(a) z € Winz(E°);

(b) z M-corresponds to some set W.

PrROOF OF CrLAIM Fix a point t € T and assume that (t,¢) M-corresponds to
. So for some family F of finite sets of formulas, we have ¢ = 7£(®).

First, we show that we may assume that no xy € ® is equal to T, a variable,
a conjunction or a formula of the form px.v or vr.ip. Take a formula x in .

If x = T, we may delete x in ® and it will still be the case that (t,¢) M-
corresponds to ®. If x is a variable x, then we may replace x by §, in ®. If y is
a conjunction of the form ¢y A @3, we can replace ® by (P\{x}) U{w2, p3}. If x
is of the form pxz.1) or vx.a), we may replace x by ¥ in ®. In all the cases, it will
still be true that (¢,¢) M-corresponds to ®.

Now suppose that a formula x € ® is of the form ¢; V . Then, in the &}-
game, it is I’s turn at position (¢, p; V ¢9). Following her strategy f, she moves
to position (¢, ¢;), where | € {1, 2}.

Now, let ®; be the set & where we replace ¢ by ¢; (i € {1,2}). Remember
that from our definition of 7,, it follows that

Tf(q)) :Tf(q)l)\/Tf<CI)2).

Since ¢ = 7£(®P), it is I’s turn in the game £, at position (t,p). We let the
strategy h be such that 3 chooses the position z = (¢t,77(®;)). The position
z M-corresponds to W, where W is the set ® in which we replaced x by ¢;.
Therefore, condition (b) holds.



5.5. Complete additivity 153

Next suppose that each formula in ® is of the form o ¢ VW¥. We let ® be
the set {¢1,...,¢r}, where for all ¢ € {1,...,k}, the formula ¢; is of the form
a; ¢ V®,;. Since (t, ) M-corresponds to ®, there exists a match m; € M such that
(t, i) occurs in 7;. In the partial £-match 7;, the position (¢, a; @ V®;) belongs
to 4. Since 7; is won by d, this implies that «; is true at ¢t and according to f, 3
picks a V-marking m; : ®; — P(R]t]).

First we show that

poccursin ag A--- Aoy iff ¢t =1. (5.14)

For the direction from left to right, suppose that p occurs in ay A --- A ag. Then
there is an ¢ € {1,...,k} such that «; contains p. Recall that by definition of
M-correspondence, (t,;) is a winning position for 3 in &). In particular, «; is
true at ¢, which implies that p is true at ¢. In the game &}, there is a unique point
in T" making p true, namely the point ty. So t = t,.

For the direction from right to left of equivalence (5.14), assume that ¢t = t.
Since g is completely additive in p, ¢ is not true at r in the model T [p — ()]. So
this means that 3 does not have a winning strategy in the game & = &(T[p —
0], ©0)Q(r, g). In particular, f is not a winning strategy for 3 in £&. The winning
conditions of & and & are the same. The rules are the same, except when we
reach a position of the form (¢y, « @« VW). The difference between the two games
is that in &}, @ may contain p and 3 could still win. In &5, if o contains p, then
J looses. Hence, in order to show that f is a a winning strategy for 3 in &, it is
sufficient to prove that no position of the form (to, (v A p) ¢ VW) is reached in an
f-conform &J-match with starting position (r,pg). It follows from the definition
of M that there is a partial match m; € M such that a position of the form
(to, (& Ap) @ VW) occurs in m;. This implies that « A p is equal to «;, so p occurs
in a; A -+ A ag and this finishes the proof of equivalence (5.14).

Next, we distinguish two cases:

e First, assume that p does not occur in oy A -+ A ay. By (5.14), t # to. So
t has a successor u on P.

Recall that ¢ is equal to 77 (®) and ® = {¢1,...,pr}, where for all i €
{1,...,k}, pi = a; « V®,;. By definition of 7,, since p does not occur in
ap A -+ Aay, @ is equal to

k k
\/ {<>Tf (U <I>;) A (/\ a; A VeL[CDQ’]) ‘ for all 1 <i < k,
i=1 i=1
O£, DU = d%-}- (5.15)
At position (¢, ¢) in the game £, it is 3’s turn and in order to pick one of

the disjuncts in (5.15), she has to choose for all i € {1,... k}, sets &} and
®” such that ®; # () and ®; U ¢! = P,.
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Take i € {1,...,k}. Recall that we denote by m; the V-marking chosen
by 3 at position (t;, ; ® ®;), according to f. We define &, as the set {1 €
®; | u € my(¢)} and P as the set {1 € ®; | for some u' # u,u’ € m;()}.
Since m; is a V-marking, the conditions @} # () and ®; U @7 = ®; are easily
verified. Recall that by definition of the match m;, after 4 chose the marking
m; in m;, ¥V picks a formula 1; such that u € m;(v). .

So the next position in the game £° is the position zy = (t, O7x (Ule (IJQ) A
</\f:1 a; A Vet [@2’)})) It is V’s turn and there are two possibilities.

— Suppose first that at position zgy, V chooses the conjunct C7r (Ule (IJQ) .
Then 4 has to play and we let her choose the successor u of £, moving
to position z := (u, 7x <Uf:1 @;}) To show that condition (b) is sat-
isfied, recall that for all i € {1,...,k}, ¢; is the formula chosen by V

in 7;, after 3 played the marking m,;. We let W be the set {¢y,...,1,}
and we prove that z M-corresponds to .

It is sufficient to show that 7x (Ule @;}) = 77 ({¢1,...,x}). So

we can restrict ourselves to prove that {i¢q,..., U} = Ule ¢!, By
definition of ®, and v;, we have that for all : € {1,... k}, ¢; belongs
to ®.. So we only have to show that for all ¢ € {1,... k}, @} is a
subset of {¢y, ..., Uk}

Take i € {1,...,k} and take a formula ¢ € ®.. Let 7, be the partial
f-conform &j-match leading from (7, ¢y) to (t,m;) and such that 7 is
a prefix of m;. Then there is a partial f-conform £j-match m which
extends 7 o (u, 1) and the last position of which is of the form (¢o, x).
Since M is the collection of all partial f-conform &£)-matches of which
the last position is of the form (to,x), ™ belongs to M and there is
a natural number j such that 7 = 7;. It follows that ¢ = ;. So
®! C {4)1,..., 1Y} and this finishes the proof that the position z M-
corresponds to the set W.

— Suppose next that ¥ chooses the conjunct AF_, (o A Vet [@7]). Then
it is again V who has to make a move and he chooses a natural number
i € {1,...,k}. Then the next position is z; = (¢t,a; A Vet[®"]).
Suppose that V chooses the first conjunct «;. Then we have to check
that «; is true at ¢t. This follows from the facts that m; is a partial
f-conform E-match and that the position (¢, «; @ V®;) occurs in ;.
Suppose next that at position z;, V chooses the second conjunct Vet [®],
leading to the position (¢, Vel[®?]). Then 3 has to come up with a
V-marking m : e+[®]] — P(R[t]).

Since T is w-unravelled, there is a state v, € R(t) \ {u} such that
T,u € T,v,. Now we define m : et ®! — P(R[t]) such that for all
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Y € P, we have
m(et () = {v|vemi(¥),v#u} Uf{u| v, € mi(¥)}.

In order to show that 3 is allowed to make this move, we will prove
that
m : e-[®]] — P(R[t]) is a V-marking. (5.16)

Given a successor v of ¢, we make the following case distinction. If
v # u, then since m; is a V-marking, there is a formula ¢ € ® such
that v € m;(¢). So by definition of ®, 1) belongs to the set /. Hence
we get that v € m(et(x))). If, on the other hand, v is equal to u, then
there exists a formula ¢ € ® such that v, € m;(¢). It follows from the
definitions of v, and ® that ¢ € ®7. Putting this together with the
definition of m, we get u € m(et(v))). Conversely, an arbitrary formula
in e[®”] is of the form e*(¢)) for some ¢ € ®. Then by definition of
@7 there is some state v € R(t) \ {u} such that v € m;(¢), and thus
v € m(et(v)). This proves (5.16).

The game continues with V choosing a pair (v, et (¢)) such that v €
m(et (1)), as the next position in the £5-match. If there is no such a
pair, then V gets stuck and condition (a) is met immediately. Other-
wise, we will show that (a) holds in any case since we have

{(v.et(¥)) [v € me* ()} C Wing(E7). (5.17)

For a proof of (5.17), take an arbitrary pair (v, el (1)) such that v €
m(e*(1)). Suppose first that v # u. Hence, v belongs to m;(¢). Since
m; was part of 3’s winning strategy f, we may conclude that (v, ) is a
winning position for 3 in ). Then by Proposition 5.1.5 it follows that
Tp— {to}],v IF e(s)). Since ¢ is positive in p and 9 is a subformula
of ¢, it implies that T[p — 0],v IF e(¢)). By Fact 5.1.6 we may infer
that 7, v IF et (¢), and so (v, et (¥)) € Wins(E*).

Next suppose that v = u. By definition of m, v, belongs to m(v)
(where v, is a sibling of u such that 7,u < T,v,). As in the previous
case it follows from Proposition 5.1.5 and Fact 5.1.6 that 7,v, IF
et(¢¥), and so by T,u € T,v, we obtain that 7,u I- e*(¢). From
this again it is immediate that (u,e(¢)) € Win3(E¥). This finishes
the proof of (5.17), and shows that condition (a) holds for any pair
chosen by V.

e Next assume that p does occur in a; A -+ A ag. Then by (5.14), t =
to. The formula ¢ is equal to 77 (®) and & = {py, ..., ¢x}, where for all
i€ {l,....k}, pi = o; # V®;. By definition of 7, and since p occurs in
ar A+ Aay, pis equal to

(ar A Aag) A N\{Ve[®]) 1 <i <K}
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At position (o, ), in the game £ it is V’s turn. First suppose that he
chooses the first conjunct a; A --- A . Then, for all i € {1,... k}, we
have to verify that «; is true at ty. This follows from the facts that 7; is an
f-conform &£)-match and that the position (t,«; ¢ V®;) occurs in ;.

Suppose next that V chooses the second conjunct A{Vel(®;)) : 1 < i <
k'}. Then it is again ¥V who has to play and he chooses a natural number
i € {1,...,k}, leading to the position (ty, Ve*[®/]). 3 has to come up with
a V-marking m : e-[®;] — P(R][to]). We define m such that for all i) € ®;,

m(et(¥)) = mi(¥).

Recall that m; is the V-marking chosen by 3 (according to the winning
strategy f) at position (¢,; @ V®;) in the &-match ;. Since m; is a V-
marking, we also have that m : et [®;] — P(R[to]) is a V-marking. Then V
has to play and he may choose a position (u, et (1)) such that u € m(et()).
If there is no such a position, then V gets stuck and condition (a) is met.
Otherwise, we can show that condition (a) holds in any case. The proof is
similar to the one of (5.17), so we leave the details to the reader.

This finishes the proof of the claim. <

Now we define a winning strategy h for 3 in £5Q(r, 7,(vp)). It is immediate
by Claim 1 that we can define a strategy h for 3 in £° such that for all h-conform
full £5-matches 7 with initial position (7, 7,(¢0)), we have:

If V does not get stuck, then m = 2p2z; ... is infinite and
() either there is i € N such that z; € Wing(€°) and z;z;41... is a
() g-conform &£°-match,
(1) or for all 7 € N, there exists j > ¢ such that z; M-corresponds to
some set of formulas.

So we let h be a strategy for 3 in £° such that (1) holds. In order to prove that
h is a winning strategy h for 3 in £5Q(r, 7,(¢0)), let 7 be a full h-conform match.
First, if 7 is finite, then, by (}), 7 is won by 3. Suppose now that m = zpz1 ... is
infinite. If (¢) holds, then it follows immediately from the fact that g is a winning
strategy for 4, that 7 is won by 4.

Next we prove that (i7) can never happen. Recall that if a position (¢, )
M-corresponds to some set of formulas, then ¢ belongs to P. So if there are
infinitely many positions in 7 that M-correspond to some positions in 7y, ..., 7,
this means that the match 7 never leaves the path P. Since ¢y is guarded, 7,(¢g)
is guarded and so every infinite £°-match corresponds to an infinite path, which
contradicts the fact that P is finite. This finishes the proof that h is a winning
strategy for 3 in £°Q(r, 7,(¢o)) and the proof of the direction ‘=" of (5.13).

For the other direction of (5.13), suppose that 7,7 IF 7,(¢9). So 3 has a
positional winning strategy f* in the game &5 := E(T, 74(¢0))Q(r, 74(¢0)). If x
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is a variable of 7,(¢p), we denote by d7 the unique subformula of 7,(yg) such
that px.0? or va.d? is a subformula of 7,(¢g). We also let g be some maximal
positional strategy for 3 in £ := E(T, o).

We need to define a winning strategy A for 3 in the game £ initiated at (7, ¢g).
As before, the strategy h will be defined in stages. After finitely many stages, we
will reach a position that is winning for 3 in £ and we will then use the strategy g.
This will guarantee that all h-conform £-matches are won by 3, as ¢ is a winning
strategy for 4 in £. For the definition of the first stages of h, we make use of a
specific partial f*-conform &j-match 7 that is defined independently of A.

Intuitively, the match 7 is the longest partial f*-conform &j-match such that
each of its position contains a formula in which p is active. The construction of 7
is done by stages. More precisely, we define 7 as the final stage of an inductively
defined sequence of partial f*-conform &j-matches 7, ..., m, such that for all
i <mn, m C my (where C denotes the initial-segment relation). Moreover, the
last position of each 7; will be of the form (¢, 7£ (®)), for some t € T', & C Sfor (o)
and F C P(Sfor(yo)).

The match 7 is the single position match (7, 7,(p0)). Next suppose that we
already defined the match m; and that the last position reached in m; is (¢, )
where ¢ = 77 (@), for some t € T', & C Sub(pg) and F C P(Sfor(py)).

First we show that we may assume that no formula in ® is a conjunction or
a formula of the form px.x or vax.x. If ¥ € ® is a conjunction ¢ A @9, we can
replace @ by (P\{¥}) U {1, 92} and it is still be the case that ¢ = 77 (®). If
¥ € & is a formula of the form px.y or vx.y, we may replace ¥ by x in ® and
we still have ¢ = 77 (®). Without loss of generality, we can also suppose that if
O #£{T}, then T ¢ ® (if ®#{T}and T € &, we may delete T from ¢ and we
still have ¢ = 7£(P)).

To define the match 7,1, we make the following case distinction:

e Suppose that & = {T}. Then ¢ = T. We stop the construction and we
define 7 as ;.

e Suppose that ® contains a formula of the form ¢; V 5. Then the formula
¢ is equal to 7£ (Py) V 7£ (P2), where ®; is the set ¢ in which we replaced
©1 Ve by @; (i € {1,2}). So using f*, at position (¢, ¢), 3 chooses a position
z of the form (¢, 77 (®;)), where [ € {1,2}. The match 7y, is defined by
Tyl := T; O Z.

e Suppose that ® contains a variable but no formula of the form ¢; V ¢s.
Assume also that ® belongs to F. Then ¢ is equal to 4. The position in
&; following (t, ) is z = (, 63, ). The match m;,, is defined by 7,1 1= m;0z.

e Suppose that ® contains a variable but no formula of the form ¢V ¢o. As-
sume also that ® does not belong to F. Then ¢ is equal to pre.7rugey (P),
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where @’ is the set ® in which we replace each variable x € ® by ¢,. The po-
sition in &F following (¢, ¢) is z = (¢, Trugey (®'). The match 7,4, is defined
by w1 =m0 .

e Suppose that @ is a set of the form {;eV®; | i € {1,... k}}. oy A+ Ay
contains p, then we stop the construction and we define 7 as 7;. Otherwise,
the formula ¢ is equal to

k k
v{ (U@z) A Aasnveia] #@}
=1 =1

So, according to f*, 3 chooses for all i € {1,...,k}, sets ®, and ®7 such
that @, # @ and ®, U ®/ = ®&,. Then, V has to make a move and in
order to continue our definition of 7, we can let him choose the conjunct

OTr (Uf:1 <I>;> So using f°, 4 has to pick a successor u of ¢ and the next

position z is (u, TF (Uf:1 @;)) We define ;41 as an f°-conform such that

m; E m;11 and the last position of 7,7 is z.

Now we show that the above process terminates, so that we always end up with
a correctly defined match ©m = m,, for some n. Suppose for contradiction that it
is not the case. So for all i € N, the partial match m; is well-defined. We let n’
be the unique infinite match such that for all i € N, m; C 7’ It follows from the
definition of the 7;’s, that 7’ is an f*-conform &;-match. Moreover, if we look at
the definition of the 7;’s, we can see that if a position of the form (¢, x) occurs in
7', then z is equal to a formula of the form 77 (®). Given the definition of 7,, this
means that all the unfolded variables in 7" are p-variables. So 3 looses 7’. This
contradicts the fact that 7’ is an f*-conform &j-match and that f* is a winning
strategy for 4.

Now that we defined the finite match 7, we are ready to provide 3 with a
winning strategy h in the game &’. As in the proof of the direction ‘=’ of (5.13),
we first prove a preliminary claim that allow us to define h for the first few moves.
We say that a position (t,v) in the game & m-corresponds to (t, ) if (¢, ¢) occurs
in 7 and for some set W C Sub(py) containing ¢ and some family F of subsets
of Sub(pg), we have ¢ = 7 (V).

2. CLAM. If (¢,%) m-corresponds to (¢,¢) and 1 # T, then 3 has a strategy h
in £Q(t,1) with the property that every h-conform partial match p leads to a
position z (distinct from (¢,1))) satisfying condition (a) or (b) below:

(a) z € Wins(€);

(b) z m-corresponds to a position (u, ¢') .

PROOF OF CrLAM Fix a position (t,) which m-corresponds to a position (¢, ).
So for some set W C Sub(ypg) containing ¢ and some family F of subsets of
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Sub(pp), we have
o =17 (V). (5.18)

We may assume that W = {¢1,... 9}, ¥ =1y and for all i € {2,... k}, 9, is
distinct from .

We will define the strategy h depending on the shape of ¢;. Suppose first that
¢ is a formula of the form pz.x or va.x. Then the position following (¢,;) in
the game & is z := (¢, x). Let U’ be the set ¥ in which we replace ¢ by y. Since
© = 77 (V'), the position z satisfies condition (b).

Next assume that 1, is a conjunction x; A x2. Then in the game &, it is
V’s turn and he can choose between the positions (¢,y1) and (¢, x2). Suppose
that V chooses the position z := (¢,;), where [ € {1,2}. Let ¥ be the set
(P\{Y1}) U{x1, x2}. We have that 7x(¥) = 72(¥’). So z m-corresponds to (t, ¢),
since x; occurs in U and ¢ = 7(').

Now suppose that 1 is a variable . Then the position following (¢,;) in
the game & is z = (t,d,). Let Xy be the set of variables y such that y € ¥ and
let ¥’ be the set ¥ in which each variable y € W is replaced by d,. If ¥ does not
belong to F, then ¢ is equal to pry.7rugwy (¥). So in &, the position following
the position (¢, ) is z := (¢, Truqwy (¥'). The position z satisfies condition (b).

On the other hand, if ¥ belongs to F, then ¢ is equal to zy. So in &F, the
positions following the position (t,¢) = (¢,zy) are of the form (¢, pxy.77 (V"))
and z := (¢, 7 (V")) respectively, for some F" and U”. So the position z satisfies
condition (b).

Suppose now that ¢ is a formula of the form y; V x2. Let W; be the set
U in which we replace ¥; by x; and let Wy be the set ¥ in which we replace
11 by x2. Then we have ¢ = 77 (V) V 77 (Vs). So at position (¢, ), in the
&;-game, it is 3 who has to play and suppose that according to f*, she chooses a
disjunct 7£ (V;), where [ belongs to {1,2}. We define h such that in the game &,
at position (¢, x1 V Xx2), 3 chooses the position z := (¢, x;). Then condition (b) is
met.

It remains to consider the case when 17 is a formula of the form a; e V®;. So
we have to verify that o4 is true at ¢ and we have to provide 3 with a V-marking
m : ®; — P(R[t]). First, we show that we may assume that for all i € {2,... 1},
the formula 1); is of the form «; e V&;.

Take i € {2,...,1}. If ¢; is the formula T, we delete it from the set W.
Suppose next that 1); is a variable. We let Xy be the set of variables y such that
y € ¥ and we let U’ be the set ¥ in which each variable y € V¥ is replaced by
d,. We observe that ¢; ¢ Xg and ¢; € W'. If ¥ does not belong to F, then
@ is equal to purw.Tropwy (¥'). So if we replace W by V' and ¢ by 7ruqwy (V'),
equality (5.18) remains true. On the other hand, if U belongs to F, then ¢ is
equal to wg. It follows from the definition of 7, that §;  is equal to 77 (¥’). So if
we replace ¥ by U’ and ¢ by 77 (V’), equality (5.18) remains true.

If 9); is of the form px.y; or vx.x;, then we can replace v; by y; in ¥ and
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equality (5.18) still holds. Finally suppose that v; is a formula of the form
X1V x2. Let ¥y be the set ¥ in which we replace 1; by x; and let W, be the
set U in which we replace 1; by xa. Then we have ¢ = 77 (V1) V 77 (¥s). So at
position (t, ¢), in the £5-game, it is 3 who has to play and she chooses a disjunct
77 (¥;), where [ belongs to {1,2}. So if we replace ¥ by ¥, and ¢ by 7x (),
equality (5.18) remains true.

We observe that in order to assume that the formula ¢); is of the form «; e V®;,
we may have to use one after each other the transformations described in the last
two paragraphs. We leave out the proof that this process will finish at some point,
but this basically follow from the fact that the formula 1); is guarded.

This finishes the proof that without loss of generality, we may assume that
for all i € {2,...,(}, the formula v; is of the form «; ¢ V®,;. Now to define h, we
make the following case distinction:

e Suppose that a; A- - - Aay does not contain p. Then ¢ is equal to the formula

k k
\/ {<>Tf (U <1>;) A (/\ a A veL[cp;’]) ‘ for all 1 <i <k,
=1 =1
@) £ 0,0V = 0},

So in the game &, at position (¢, ), it is I’s turn and assume that according
to f*, for all i € {1,...,k}, she chooses sets @, and ®; such that @, # ()
and ®; U @7 = ®;, leading the £j-match to a position 2’. Then it is V who
makes a move in &;:

— Suppose that ¥ chooses the conjunct A*, a; A Ver[®/]. Then it is
again V who has to play in £F. If V picks the conjunct o, the match
is finite and oy has to be true at ¢, since f® is a winning strategy for
3. If V¥ chooses the conjunct Vel [®]], then, according to f*, 3 has to
come up with a V-marking m; : et [®]]) — P(R][t]).

— If at position 2’ in &F, V chooses the conjunct O7r (Ule @;), then
according to f*, 3 picks a point u € R[t]. The next position is (u, ¢’),
where ¢ = 75 <U§:1 @;) Recall that by definition of 7, this position
occurs in .

We now go back to the game £. Recall that our goal is to prove that a; is
true at ¢ and to provide a V-marking m : ®; — P(R][t]). It follows from

the previous paragraphs that «; is true at . We define m as the map such
that for all y € &4,

— if x belongs to ®\ P!, m(x) := {u},
— if x belongs to ®/, m(x) := {v | v € my(et(x))} U{u| x € P}
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We verify that m : ®; — P(R][t]) is a V-marking. Fix a successor v of t.
Since my is a V-marking, there is a formula x such that v € m;(x); hence,
v € m(x). Next, fix a formula v in ®. If v belongs to @, then there is a
successor v of ¢ such that v € my (et (7)), since m; is a V-marking. So v
belongs to m(7y). Otherwise, v belongs to ®] and then, u belongs to m(y).

After 3 chose m, it is V who has to move in £. Suppose that he picks a
position z = (v, x), such that v € m(x). There are two possibilities: either
v € my(et(x)) or v =u and  belongs to ®). First suppose that v belongs
to my(et(x)). Then we show that at position z, condition (a) is met. Since
my was part of I's winning strategy f*, we may conclude that (v, e*(y)) is
a winning position for 3 in £;. Then by Proposition 5.1.5 it follows that
T,v I et(x), and by Fact 5.1.6 we know that T[p — 0],v IF x. Since x is
positive in p, this gives 7, v IF e(x). So (v, x) belongs to Wins(E).

Next assume that v = u and x belongs to ®}. Then we claim that at position
z, condition (b) is satisfied. It is sufficient to prove that (u, x) m-corresponds

to (u,¢’). But this follows from the facts that ¢’ = 7£ (Ui:l <I>’Z> and
x € 9.

e Suppose that a; A --- A oy contains p. Then ¢ is equal to the formula
(A Aag) A N\{Ve @] [ 1< i <k} A Ve (D).

In the game &, at position (¢, ), it is V’s turn. If he chooses the conjunct
a1, then the game is finite and 4 has to be true at ¢, since f® is a winning
strategy for 3. Otherwise, he may also choose the conjunct Vet[®;]. Then
using f*, 3 defines a V-marking m : e*[®]] — P(R][t]).

We now go back to the game £. Recall that we have to show that «; is
true at t and to provide a V-marking m : ®; — P(R]r|). Since we already
established that oy is true at t, we are left with the definition of m. We
define m such that for all y € &/, we have

m(x) ={v]vemle (X))}

Since my is a V-marking, we also have that m : &, — P(R[t]) is a V-
marking.

After 9 chose m in £, it is V who has to move in £: he has to pick a position
z = (v, x) such that v € m(x). We skip the proof that condition (a) is met,
as it is similar to the one for the previous case (where p does not occur in
ap A A ayg).
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As in the proof of the opposite direction of 5.13, it is immediate by Claim 2
and the fact that (r, g) m-corresponds to (7, 7,(¢0)), that we can define a strategy
h for 3 in &£ such that for all A-conform full £-matches 7/, we have:

If V does not get stuck, then n’ = zgz; ... is infinite and
(1) either there is i € N such that z; € Wing(€) and z;z;41... is a
(1)  g-conform E-match.
(¢7) or for all ¢ € N, there exists j > i such that z; II-corresponds to
some position.

Now we let h be a strategy for 3 in & satisfying (f1). In order to prove that
h is a winning strategy for 3 in &5, suppose that 7’ is a full h-conform match. If
7 is finite, then, by (1), 7 is won by 3. Suppose that 7’ = zpz; ... is infinite. If
() holds, then 7 is won by 3, as g is a winning strategy for 3.

Next we prove that (i) is never satisfied. If a position (¢, ¢) m-corresponds to
some position, then ¢ belongs to the path P. So as a corollary, if (i¢) holds, then
the match 7’ never leaves the path P. This is impossible as 7’ is infinite and g
is guarded. O

Proof of Theorem 5.5.3. Fix an arbitrary u-sentence ¢. We may assume ¢
to be guarded. We define ¢® := 7,(7y ()), where 7,7 is the translation of The-
orem 5.1.8. Equivalence (5.11) is a consequence that Theorem and Proposi-
tion 5.5.5 (together with the observation that the range of the translation 7, is a
subset of uML4(p)).

The decidability of the finite width property follows by the observation that
the construction of the formula ¢® from ¢ is effective, and that it is decidable

whether ¢ and ¢® are equivalent. O

5.5.7. REMARK. Given a monotone guarded p-sentence g, the size of 7,(pg) is
triply exponential in the size of . As in the other sections, we did not investi-
gate the complexity of the problem of deciding whether a sentence is completely
additive, but it is easily seen to be elementary.

Similarly to the other sections, we could also have proved Theorem 5.5.3 using
translations at the level of automata. In the particular case of complete additivity,
the automata theoretic approach would not only have been useful for complexity
issues, but also to simplify the proof. We believe that part of the complexity of
the proof given earlier is due to the inductive definition of formulas. It was a bit
of a challenge to see how far we could go by staying at the level of formulas. This
fits into the perspective (mentioned in the general introduction) of this thesis
being a case study of the different methods to approach the p-calculus.

In that respect, it is interesting to mention that if we drop the requirement
“v€ V(p)” in equivalence 5.10 (in the definition of complete additivity), then we
obtain another semantic property: the single point property, studied in a paper
co-authored by Yde Venema [FV10]. For the characterization of that fragment,
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we were not able to find a proof on the level of formulas and had to involve
automata (for more details, see [F'V10]).

5.6 Conclusions

We gave syntactic characterizations of four semantic properties. The first three
properties (finite depth, finite width and continuity) are related to the continuous
fragment, in the sense that the combination of the finite depth and the finite width
fragments corresponds to the continuity property. The study of the continuous
fragment is mainly motivated by its links with Scott continuity and constructivity.

We also investigated complete additivity, which is an essential property in
order to characterize safety for bisimulations. Complete additivity was already
characterized by Marco Hollenberg [Hol98b]. We gave here an alternative proof
of this characterization.

It is not hard to prove some variations of our results. In particular, one
may show that the characterizations of the finite path property and complete
additivity still hold if we restrict our attention to the class of finitely branching
trees.

Putting our main results together with Theorem 5.1.8 and the complexity of
the satisfiability problem for p-calculus, we easily obtained, for each semantic
property, the decidability of the question whether a given formula has that prop-
erty. It is interesting to show the exact complexity of this question. One difficulty
is that the procedures presented in this chapter rely on the transformation of a
p-sentence into an equivalent disjunctive sentence. Hence, a first natural step
would be to understand the complexity of that latter transformation.

All the characterizations (and their proofs) presented here can be easily adapted
to the setting of modal logic. An interesting question would concern the adap-
tations of these characterizations to logics lying in between modal logic and pu-
calculus, such as PDL or CTL.

Finally, as mentioned in the section about continuity, it is interesting to clarify
the link between continuity and constructivity. In particular, we could try to
answer the following question: given a constructive formula ¢, can we find a
continuous formula v satisfying up.o = up.?






Chapter 6

Expressive power of CoreXPath
restricted to the descendant relation

XML is a standard for storage and exchange of data on the internet. Its basic
data structure is that of finite sibling-ordered tree: a finite tree in which the
children of each node are linearly ordered. Several languages were introduced
to describe XML documents and among them, the language XPath, which is
particularly convenient for selecting nodes and describing paths. In order to be
able to study XPath from a logical point of view, Georg Gottlob, Christoph Koch
and Reinhard Pichler isolated an essential navigational core of Xpath [GKPO05],
called CoreXPath.

The logic CoreXPath is essentially a modal logic and the XML documents are
nothing but Kripke models with two basic modalities (one for the child relation
and the other one for the relation between the siblings of a node). The main
difference between CoreXPath and modal logic is that CoreXPath is a two-sorted
language: it contains both nodes expressions (which would be similar to formulas,
in the sense that they select points in a tree) and path expressions (which are like
PDL programs, as they select paths in a tree).

In this chapter, we exploit the connection between CoreXPath and modal
logic. The goal is not so much to prove very technical theorems, but to illustrate
how, by combining well-chosen results of modal logic, we can easily obtain results
for CoreXPath. Moreover, one of the results of the modal logic area that we use,
is an easy consequence of Theorem 5.5.3, established in the last chapter.

The results that we present, concerns the expressive power of CoreXPath. It
is easy to prove that CoreXPath is a fragment of first-order logic (using a variant
of the standard translation, presented in Chapter 2). However, not all first order
formulas (over the appropriate signature) are expressible in CoreXPath. In fact, it
was shown by Maarten Marx and Maarten de Rijke [MdRO05] that the CoreXPath
node expressions capture exactly the two-variable first order formulas with one
and two free variables. A characterization in the same fashion for CoreXPath
path expression was also obtained.

165
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In this chapter, we focus on CoreXPath({"); that is the fragment of CoreXPath
for which the only axis allowed corresponds to the descendant relation (or to put
it in terms of modal logic, the only modality considered is associated with the
descendant relation). In determining the expressive power of this language, there
are at least two natural yardsticks. One is first-order logic, which is probably
the most well known logical language. The second, even more attractive one, is
monadic second order logic, which is a very well-behaved language on trees (see
Chapter 2). As mentioned earlier, CoreXPath is a fragment of first-order logic.
However, if we can characterize a fragments of CoreXPath in terms of MSO, this
means that we have a stronger result (in the sense that we can immediately derive
a characterization of this fragment in terms of FO).

Our two main results are a characterization of CoreXPath({") node expres-
sions and a characterization of CoreXPath(|") path expressions, both in terms
of MSO. Each characterization is expressed in two different ways: using bisimu-
lations and in terms of simple operations on trees. Moreover, we can derive from
these results a decision procedure for establishing whether a given MSO formula
is equivalent to a CoreXPath(]") node expression or path expression.

The proofs of both characterizations follow the same scheme. Each of them
consists in combining two results concerning the p-calculus. In the case of the
characterization for node expressions, the first result is the Janin-Walukiewicz
theorem (which characterizes the pi-calculus as a fragment of MSO) and the second
result is a consequence of the de Jongh-fixpoint theorem, mentioned in [Ben06]
(which says that on conversely well-founded transitive models, the p-calculus and
modal logic have the same expressive power). In the case of the characterization
for path expressions, we use adaptations of these two results for p-programs.
The adaptation of the Janin-Walukiewicz theorem for p-programs is a direct
consequence of Theorem 5.5.3.

For CoreXPath({") node expressions, similar characterizations have already
been proved by Mikotaj Bojaniczyk and Igor Walukiewicz [BW06, BWO07], using
the framework of forest algebras (and without reference to modal logic). The
logic EF in their work corresponds to the node expressions of CoreXPath(]").
Mikotaj Bojanczyk and Igor Walukiewicz [BWO06] also established a similar char-
acterization for the fragment of CoreXPath where the only axis, or modalities,
allowed corresponds to the child relation and the descendant relation. Let us
finally mention that Mikotaj Bojariczyk [Boj07] found a characterization of the
fragment of CoreXPath using the axis (modalities) associated to the ancestor and
the descendant relations.

Other alternative proofs for the characterization of CoreXPath(}") node ex-
pressions have also appeared, see e.g. [EI08], [Wu07] and [DO09]. The proof
presented here has been found independently and uses different methods (com-
bining well-known results from modal logic and p-calculus). The advantage of
this new proof is that it can easily be extended to a similar characterization for
path expressions.
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In the first section, we introduce CoreXPath and emphasize its link with modal
logic. The second and the third sections contain respectively the characterizations
of the node and path expressions of CoreXPath(]"). We gratefully acknowledge
a contribution of Mikolaj Bojariczyk in a discussion about Theorem 6.3.1.

6.1 Preliminaries

6.1.1 XML trees

The language XPath is based on a tree representation of the XML documents.
Formally, given an infinite set Prop of proposition letters, we define an XML tree
as a structure 7 = (W, R, R_,, V'), where

o (W, R) is a finite tree (with W the set of nodes and R the child relation),

e R_, is the successor relation of some linear ordering between siblings in the
tree,

o V: Prop — P(W) labels the nodes with elements of Prop.

So an XML tree is nothing but a Kripke model for a modal language with
two modalities: one corresponding to the child relation and the other one to the
next sibling relation. In this particular setting, the elements of Prop correspond
to XML tags, such as, in the case of HTML, body, p, it, .... It is customary
to require that each node satisfies precisely one tag. In order to simplify the
presentation, it will be convenient for us not to make this requirement from the
start. However, all results can be adapted to the setting with unique node labels.

6.1.2 CoreXPath, the navigational core of XPath 1.0

There are two main types of expressions in CoreXPath: path expressions and
node expressions. Path expressions describe ways of traveling through the tree
and they are interpreted as binary relations, while node expressions are used to
describe properties of nodes and are interpreted as subsets. More precisely, the
syntax of CoreXPath is defined as follows:

Step i= |« [T] =,

Axis := Step | Step™,
PathEx := . | Axis | PathEx [NodeEx] | PathEx/PathEx | PathEx U PathEx,
NodeEx := p | (PathEx) | “NodeEx | NodeEx VV NodeEx,

where p belongs to Prop.
The axes correspond to basic moves one can make in the tree. The axe
corresponds to staying at the current node. The axes |, <—, 7 and — correspond

W
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Table 6.1: Comparison with Official XPath Notation [W3C]

our notation  official notation our notation official notation

1 children :: % T parent :: *

«— preceding-sibling :: x[1] — following-sibling :: *[1]
It descendant :: * 1+t ancestor :: *

7t preceding-sibling :: * —T following-sibling :: *

P self = p (PathEx) PathEx

—NodeEx not(NodeEx) NodeEx VV NodeEx  NodeEx or NodeEx

respectively to the child relation, the next sibling relation, the parent relation
and the previous sibling relation. Moreover, given one of these four axes A, the
axe AT corresponds to the transitive closure of the relation associated to A. The
axes can be composed into path expressions by using composition (;), union (U),
and node tests (-[-]). The node expression (PathEx) expresses that the current
node belongs to the domain of the binary relation defined by PathEx.

The reader familiar with original XPath notation will notice that we included
a number of abbreviations and alterations. Table 6.1 provides a comparison of
our notation with that of [W3C].

The semantics of CoreXPath expressions is given by two functions, [-]PE"
and [-JNEX". For any path expression A and XML tree T, [A ]]PEXpr denotes a
binary relation over the domain of 7, and for any node expression ¢ and XML
tree T, [¢]}® denotes a subset of the domain of 7. Given an XML tree T =
(T, R, R, V), the binary relation [-]57® and the subset [-[}=® are defined by
induction in the following way:

L1752 = {(uw,u) [ueT},
[a]PF* = R, for all a € Step,
[at]P®P = (R,)" for all a € Step,
[A/B]P®* = {(u,v) | Jw such that (u,w) € [A]"®* and (w,u) € [B]F®*},
[[A U B]]PExpr = [[A]]PEXPV U [[BHPExpr’
[[ [ H]PEXPI‘ — {(U,U) | (u)v) c [[A]]PEXPF and v € [[SD]]NExpr}7
PINEP = {u|ue Vip)},
[(PathEx)[NE® = {u | v such that (u,v) € [PathEx]PE®"},
[~V = {ulug [¢]"™Y,
H(p v w]]NEXPr — [[w]]NExpr U [[wHNExpr’

where R is the relation R, R, is the converse of the relation R_,, R; is the
converse of the relation R and given a binary relation R,, (R,)" is the transitive
closure of R,. For readability, the superscript 7T is left out.
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For A C Axis, we will denote by CoreXPath(A) the fragment of CoreXPath in
which the only allowed axes are those listed in A.

6.1.3 Connections with modal logic

The are two main differences between modal logic and CoreXPath. First, the se-
mantics for CoreXPath is more restrictive (finite sibling-ordered trees as opposed
to arbitrary Kripke structure). Next, the syntax for CoreXPath is two-sorted
(node and path expressions, the interpretations of which are respectively subsets
and binary relations), whereas in modal logic, only formulas (which are inter-
preted as subsets) are considered. However, we can easily obtain a two-sorted
syntax for modal logic, by introducing modal programs. The definition of modal
program is a simplified version of the notion of program for PDL.

Modal programs Given a set A of actions, we define the set of modal programs
over the set A of actions by induction in the following way:

0:= R,|¢?]0;0|0U80,

where a € A and ¢ is a modal formula over the set A of actions.

Given a Kripke model M, the interpretation of a modal program 6 is a binary
relation [0]aq over the domain of the model. This interpretation is defined by
induction on the complexity of the program. We do not give more details, as
this definition is a particular case of the semantics for PDL (see Chapter 2)
and the semantics for the p-programs (see Chapter 2). We only recall that the
interpretation of ¢? is the relation {(u,u) | ¢ is true at u}.

We would like to observe that the syntax for modal programs is the same as
the one for PDL, except that we do not use the Kleene star and that we can
only test with modal formulas (instead of PDL formulas). Moreover, in PDL, we
also allow formulas of the form (#)¢ (where 6 is a program and ¢ a formula) and
it is not the case for modal formulas. However, it is possible to show that for
all modal programs ¢ and for all modal programs, (f)¢ is equivalent to a modal
formula (in fact, this can be proved easily using the translation 75 from the proof
of the next proposition).

Equivalence between CoreXPath and modal logic Let A be a subset of Axis.
Given a CoreXPath(A) node expression ¢ and a modal formula over A, we say
that ¢ and v are equivalent (on finite trees) if for all XML trees T = (T, R, R_,),
we have [p]}*" = [u].

Similarly, given a CoreXPath(A) path expression A and a modal program 6
over A, A and 0 are equivalent (on finite trees) if for all XML trees T = (T, R, R_,),

we have [A]77® = [0] 7.
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6.1.1. PROPOSITION. Let A be a subset of Axis. There is an effective truth-
preserving translation from the set of CoreXPath(A) node and path expressions
to the set of modal formulas and programs over A, and vice-versa.

Proof Let A be a subset of Axis. Both translations are very similar and not
difficult to define; so we only give details for the translation which maps a
CoreXPath(A) node expression to an equivalent modal formula (over Prop and A)
and maps a CoreXPath(A) path expression to an equivalent modal program (over
Prop and A). This translation 7 is defined as the composition of two translations
71 and 7o, which we define below.

The translation 7; is defined by induction on the complexity of the path and
node expressions as follows:

Tl(a) = Ra, ’7'1( ) = T7,
n(Alp]) = 7n(A);n(p)?, | n(A;B) = 7n(A);n(B),
n(AUB) = 7n(A)Un(B), n(p) = p,
n((4)) = (n(4)T, ni(~p) = —mlp),
Ti(eVy) = 7)) V),

where a belongs to A, A and B are CoreXPath(A) path expressions, ¢ and 1 are
CoreXPath(A) node expressions and p is a proposition letter. Note that 71 does
not necessarily map a node expression to a modal formula: formulas of the form
(#) might occur in the range of 73. Such formulas are not modal formulas, as
defined in Chapter 2.

To fix this problem, we introduce a translation 75 which is defined by induction
on the complexity of the formulas and programs in the range of 7:

m(R.) = Ra, (e V) = m(e) V()
n(e?) = m(ep)? (e AY) = n(p) An(V),
n(0;N) = 12(0);2(N), n(Ra)p) = <ama(p),
72(9U)\) = n(0)Un)), n((p)Y) = n(e) An(Y),
Ta(p) = p ((0;Ne) = n{0)7((N)e)),
Ta(-p) = -p n((@UNp) = 7(0)e)VR({Ne),

where a belongs to A, p is a proposition letter, ¢ and ¢ are PDL formulas in the
range of 71, 6 and A\ are PDL programs in the range of 7.

Finally we define 7 as 7 o 77. It is easy to check that 7 has the required
properties. O

As mentioned in the introduction, throughout the chapter, this connection will
help us to transfer well-known results of the modal logic area into the framework
of CoreXPath.
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6.2 CoreXPath(/") node expressions

We start by characterizing the CoreXPath(] ") node expressions as a fragment of
monadic second order logic. Two characteristic features of CoreXPath(|") are
that (i) whether a node expression holds at a node depends only on the subtree
below it, and (ii) CoreXPath(]") expressions cannot see the difference between
children and descendants. It turns out that, in some sense, these two properties
characterize CoreXPath(]") as a fragment of monadic second-order logic. We
formalize these two features in two ways: using transitive bisimulations and in
terms of simple operations on trees.

Before we state the characterization, we fix some notation and introduce some
terminology.

Convention As the only axe that we consider is |*, we can forget about the
sibling order. More precisely, instead of evaluating node and path expressions
on XML trees, we interpret these expressions on finite tree models (as defined in
Section 2.6). Moreover, in this chapter, we never consider frames. So there is
no confusion if we use the word “tree” instead of “tree model” and we will do so
throughout this chapter.

Finally, recall that when we talk about MSO formulas on models, we always
have the same signature in mind, which consists of a binary relation and a unary
predicate for each proposition letter (for more details, see Section 2.6). In partic-
ular, the binary relation corresponds to the child relation, when we interpret an
MSO formula on a tree.

Equivalence An MSO formula o(z) is equivalent to a CoreXPath(]") node
expression ¢ if for all finite trees 7 and all nodes u € T, we have T, u F o(x) iff
u belongs to [¢]7. When this happens, we write ¢(z) = 1.

Transitive bisimulation Let M = (W,R,V) and M’ = (W', R', V') be two
Kripke models. A relation B C W x W' is a transitive bisimulation if for all
(w,w") in B, we have

e the same proposition letters hold at w and w’,
e if wRTwv, there exists v/ € W’ such that w'(R")"v" and (v,v') € B,
o if w'(R')™0', there exists v € W such that wR*v and (v,v) € B.

A transitive bisimulation B between two models M = (W, R, V) and M’ =
(W', R, V') is total if the domain of B is W and the range of B is W',

A MSO formula ¢(x) with one free first order variable is said to be invariant
under (transitive) bisimulation on a class C of models if for all models M, M’ in
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U u v)

COPY,—3,(T)

Figure 6.1: The trees 7 and COPY,—s,(T).

C, all (transitive) bisimulations B C M x M’, and pairs (w,w’) € B, we have
M,w E o(x) iff M w'E p(z).

Intuitively, a transitive bisimulation is nothing but a regular bisimulation, ex-
cept that instead of considering the successor relation R, we focus on the transitive
closure of R.

The operation copy Let 7 = (T, R,V) be a finite tree and let u,v be nodes
such that v is a descendant of u. Recall that 7, is the submodel of 7 generated
by v. We write cOPY(7,) for a tree that is an isomorphic copy of 7,. In order
to make a distinction between a point w in 7, and the copy of w in copry(T,),
we denote by ¢(w) the copy of w. We define corPy,—s,(7) as the tree that is
obtained by adding the isomorphic copy COPY(7T,) to the tree T, plus an edge
from u to the copy c(v) of v, see Figure 6.1.

This definition allows us to make precise what it means not to distinguish
children from descendants: it means that 7 and copPY,—s,(7) are indistinguish-
able.

Invariance under the subtree and the copy operations Let ¢(z) be an
MSO formula. We say that ¢(z) is invariant under the subtree operation (on
finite trees) if for all finite trees 7 and nodes u,

T, ukE@(x) iff T,,uFE p(x).

The formula ¢(x) is invariant under the copy operation (on finite trees) if for
all finite trees 7 with root r, and with nodes u, v such that v is a descendant of
u7

T,rEe(x) iff copy,—s,(T),rFE p(zx).

We can now state the characterization of CoreXPath(]") precisely.

6.2.1. THEOREM. Let ¢(x) be an MSO formula. The following are equivalent:

(i) o(z) is equivalent to a CoreXPath({*) node expression,
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(i1) @(x) is invariant under transitive bisimulation on finite trees,
(i1i) o(x) is invariant under the subtree and the copy operations.

Moreover, for all MSO formulas p(x), we can compute a CoreXPath(]") node
expression 1 such that o(x) = 1 iff ¢(z) is equivalent to a CoreXPath(]") node
ETPTESSION.

The proof will be based on two known expressivity results. The first theorem
we use is the bisimulation characterization of the modal p-calculus, due to David
Janin and Igor Walukiewicz (see Section 2.6 and [JW96]). This characterization
works on arbitrary Kripke models, but also on the restricted class of finite trees,
which is important for us.

Moreover, in the case of finite trees, the characterization is effective: it is de-
cidable whether an MSO formula is invariant under bisimulation, and for bisimu-
lation invariant MSO formulas an equivalent formula of the modal u-calculus can
be effectively computed. Recall that an MSO formula ¢(x) is equivalent on finite
trees, to a u-sentence v if for all finite trees 7 and nodes u € T, T,u E p(z) iff
T,ulk .

6.2.2. THEOREM (FROM [JW96]). An MSO formula ¢(x) is equivalent on finite
trees to a p-sentence iff o(x) is invariant under bisimulation on finite trees.

Moreover, for all MSO formulas ¢(x), we can compute a u-sentence ¢ such
that p(x) and ¥ are equivalent on finite trees iff p(x) is equivalent on finite trees
to a p-sentence.

Proof Let ¢(z) be an MSO formula. It is immediate that if ¢(x) is equivalent
on finite trees to a p-sentence, then ¢(z) is invariant under bisimulation on finite
trees. For the other direction of the implication, suppose that ¢(z) is invariant
under bisimulation on finite trees.

It follows from the proof of the main result of [JW96] (Theorem 11) that we
can compute a p-sentence ¢ such that for all pointed models (M, w), we have

MowlEy iff ME wE o(x).

Recall that M is the w-expansion of the pointed model (M, w) (see Section 2.6).

A careful inspection of the proof shows that we can even get a stronger result:
we can compute n € N and p-sentence 1 such that for all pointed models (M, w),
we have

Mwlky it (M,w)",wE p(z).

Recall that (M, w)™ is the n-expansion of the pointed model (M, w) (see Sec-
tion 2.6). In particular, for all finite trees 7 and for all u € T, we have

T,ulky iff (T,u)",uFE o(x). (6.1)
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Now recall that there is a bisimulation B between (7, u)"™ and T such that (u,u) €
B (see Section 2.6). Since p(z) is invariant under bisimulation on finite trees,
this implies that

(T, w)" uE plx) iff T,uE p(x).
Putting this together with (6.1), we obtain that

T,ulby iff T,ukE p(z).

Therefore, ¢(z) is equivalent on finite trees to a p-sentence.

Moreover, it also easily follows from our proof that given an MSO formula
o(x), we can compute a p-sentence ¢ such that ¢(z) and 1 are equivalent on
finite trees iff p(x) is equivalent on finite trees to a p-sentence. O

The second result we use is a consequence of the de Jongh-fixpoint theo-
rem which was proved independently by Dick de Jongh and Giovanni Sambin
(see [Smo85]). More specifically, we use the fact that the u-calculus over mod-
els for Godel-Lob logic (or equivalently, evaluated over transitive Kripke models,
that do not contain any infinite path) collapses to its modal fragment, as was
first observed by Johan van Benthem in [Ben06].

6.2.3. THEOREM ([BENOQ6]). For all p-sentences ¢, we can compute a modal
formula 1 satisfying the following: For all Kripke models M = (W, R, V') such
that R 1is transitive and M does not contain any infinite path, for all w € W, we
have M, w Ik @ iff M,w I 1.

In particular, for all finite transitive trees T+ and all nodes u € T, we have

THulk@ iff T ulk1.

We are now ready to prove that CoreXPath({") is the transitive bisimulation
invariant fragment of MSO, by putting together Theorem 6.2.2 and Theorem 6.2.3.

6.2.4. PROPOSITION. An MSO formula o(z) is equivalent to a CoreXPath(]")
node expression iff p(x) is invariant under transitive bisimulation on finite trees.

Moreover, for all MSO formulas p(x), we can compute a CoreXPath(]") node
expression 1 such that o(x) = 1 iff o(z) is equivalent to a CoreXPath(]") node
ETPTESSION.

Proof First we show that an MSO formula () is equivalent to a CoreXPath(] ")
node expression iff ¢(x) is invariant under transitive bisimulation on finite trees.
We restrict ourselves to prove the difficult direction (the other one is a standard
induction on the complexity of CoreXPath({") node expressions). Let ¢(x) be a
MSO formula that is invariant under transitive bisimulation on finite trees. We
need to find a node expression y of CoreXPath(|") such that for all finite trees
T and all nodes u, x holds at u iff p(u) is true.
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By Theorem 6.2.2, we can compute a p-sentence ¢ such that ¢(z) and
are equivalent on finite trees iff p(z) is invariant under bisimulation. Since ¢(z)
is invariant under transitive bisimulation on finite trees, in particular ¢(x) is
invariant under ordinary bisimulation on finite trees. Hence, ¢(x) and 1 are
equivalent on finite trees.

Now we show that for all finite trees 7 = (T, R, V') and all nodes u in T, we
have

T,ulFy iff T ulka, (6.2)

where T+ = (T, R", V). Take a finite tree T = (T, R, V) and a node u in 7. Let
T+ be the model (T, R*,V) and let S be the unraveling of the pointed model
(T, u) (see Section 2.6).

The canonical bisimulation between S and 7 links u in & with u in 7.
It follows that 7, u I+ % iff S,u IF . Moreover, the canonical bisimulation
between S and T ' constitutes a transitive bisimulation between S and 7, which
links the node u in S to the node u in 7. Since 1) is equivalent to ¢(z) on finite
trees and ¢(z) is invariant under transitive bisimulation on finite trees, we have
that

S,ulky it T, ulk .

This finishes the proof of (6.2).
Next it follows from Theorem 6.2.3 that we can compute a modal formula y
such that for all finite transitive trees 7 and for all nodes u in 7,

THulFy iff THul-y.

Given the connection between CoreXPath(| ") and modal logic (see Section 6.1.3),
we can compute a node expression & of CoreXPath(|") such that for all finite
trees T = (T, R, V) and all nodes u in 7, we have

T ulkyx iff wubelongs to [€]r,

where T+ = (T, R*, V). Putting everything together, we obtain that for all finite
trees 7 and all nodes v in T, T,u F ¢(x) iff u belongs to [¢]7. This finishes
the proof that an MSO formula ¢(x) is equivalent to a CoreXPath(}") node
expression iff ¢(x) is invariant under transitive bisimulation on finite trees.

Now it is easy to see that the fact that £ is computable from ¢(x) does not
depend on the fact that ¢(x) was invariant under transitive bisimulation on finite
trees. The second statement of the proposition immediately follows.

(]

To prove Theorem 6.2.1, it remains to show that (i) and (iii) are equivalent,
by exploiting the tight link between transitive bisimulations and the operation
COPY,—3,(T).

The hardest direction is to show that (éi7) implies (7). Given a tree T and
its copy COPY,—s,(7T), there is an obvious transitive bisimulation linking the two
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models. We call such a transitive bisimulation, a ~-transitive bisimulation. Now
the idea is to show that each transitive bisimulation B, can be represented as the
composition of ~-transitive bisimulations. It will then be easy that we can derive
(#7) from (7i7). In order to make these intuitions more precise, we introduce the
following terminology.

The relation ~ and its associated bisimulation Let 7 = (T, R,V) and
S = (S,Q,U) be finite trees. We write 7 = S if there are nodes u and v of T
such that v is a descendant of u and S is isomorphic to COPY,—s,(7). We use
the notation T ~Sif T =S or S=T.

We say that a relation B C T x S is a ~-transitive bisimulation for T and S
if one of the two following conditions holds. Either there exist v and v in T such
that S is isomorphic to COPY,—s,(7) and B is the relation

{(w,w) |we T}U{(w,c(w)) | (v,w) € RT}.

Or there exist v and v in § such that 7T is isomorphic to COPY,—,(S) and B is
the relation

{(w,w) [w e S} U{(c(w),w) | (v,w) € QT}.

If 71,...,7T, is a sequence of finite trees such that 7; ~ 7.1, for all i €
{1,...,n — 1}, we say that Tq,...,7, is a ~-sequence between T; and T,. A
relation B C Ty x 7T, is a ~-transitive bisimulation for Ty, ..., 7T, if either n =1
and B is the identity or for all ¢ € {1,...,n — 1}, there exists a relation B; which
is a ~-bisimulation for 7; and 7;;; and B = Byo---0B,_;. A relation B between
two trees 7 and S is a ~-transitive bisimulation if there is a ~-sequence Ty, ..., 7,
between 7 and S such that B is a ~-transitive bisimulation for 71, ..., 7,.

6.2.5. LEMMA. Let B be a total transitive bisimulation between two finite trees

T and S. Then there exists a ~-transitive bisimulation between T and S that is
ncluded in B.

Proof The proof is by induction on the depth of 7. If the depth of 7 is 1, then
7T and S are isomorphic and the lemma trivially holds.

For the induction step, suppose that 7 has depth n+ 1. Let rg be the root of
T and sg the root of S. Let also ug, ..., u; be the children of rq and vg,..., v,
the children of sy. Note that since 7 and S are linked by a total bisimulation,
the labels of 7y and sy are the same and the depth of § is n + 1.

First, we define Q as the tree obtained by taking the disjoint union of the
trees {7, | u child of 7o} and {S, | v child of so} and by adding a root r to it, the
label of which is the label of rq. We show that there exist a ~-sequence between
T and Q and a ~-transitive bisimulation for this sequence that is a subset of

{(ro,m)} U{(u,u) |ueT}UB.
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Figure 6.2: From T to 7.

For each child v of sg, there exists a node f(v) in T such that f(v) and v
are linked by B. It follows that B N (T«) % Sy) is a total transitive bisimulation
between T,y and S,. By induction hypothesis, there exist a ~-sequence of finite
trees between Ty, and S, and a ~-transitive bisimulation B* associated with
this sequence and included in B.

Next, let 77 be the tree obtained by taking the disjoint union of {7, |
u child of 7o} and copies of the finite trees {7 (,) | v child of sy} and by adding a
root to it, the label of which is the label of . If w belongs to a tree Ty, (where
v is a child of vg), we denote by ¢,(w) the copy of w that belongs to the copy
of Ty in T'. By definitions of ~ and 77, it is easy to see that there exists a
~-sequence T, ..., T, between 7 and T7'. Moreover, the relation B given by:

B ={(w,w) |weT}
U {(w, c,(w)) | v child of sy, w descendant of f(v) or w = f(v)},

is a ~-transitive bisimulation for this sequence.

Now we define a ~-sequence of trees T, ..., Tom and ~-transitive bisimula-
tions B,,, ..., By, such that 75, = Q and for all m 4+ 1 < i < 2m, B; is a ~-
transitive bisimulation for a ~-sequence between 7;_; and 7; and B,, 0---0 B, 1;
is a subset of

{(w,w) [we T}U{(ey,(w), eo,(w)) | § > d,w € Ty}
U{(co,(w),t) | j < i, (w,t) € B},

The definitions of T,,...,Tom and B,,, ..., Bs, are by induction. The tree
T, has been previously defined and is equal to 7’. The relation B,, is defined as
{(w,w) | w € Ty, }. For the induction step, take 0 < i < m — 1. We define Ty,441
as the tree obtained by replacing in 7,4, the subtree with root ¢, (f(vi+1)) by
the tree S,,,,. That is, we replace the copy of T¢,,,) by the tree S,,,,. Since
there is a ~-sequence between Ty, ,) and S,,,,, we can easily construct from it a

~-sequence between the trees 7,,1; and T, 1;11. Moreover, we may assume that



178 Chapter 6. CoreXPath restricted to the descendant relation

Figure 6.3: From 7’ to Q.

there is a ~-transitive bisimulation B,,,;,1 associated to this sequence, such that

Brtiv1 = {(w,w) | w # f(vi41) and w is not a descendant of c,,,, (f(viy1))}
U {(co(w), 1) [ (w,1) € B}

It is routine to check that 7,41 and B,, ;11 satisfy the required properties.

Putting everything together, we obtain a sequence 7y, ..., Ta,, such that Ty =
T, Tom = Q and for all 0 < ¢ < 2m, there is a ~-sequence between 7; and T, 1.
Moreover, the ~-transitive bisimulation B o B,, o --- o By, between Ty and Tz,
is equal to

{(w,w) |w e T}U{(w,t) | (w,t) € BY, for some child v of vy }.

It follows from the fact that BY C B for all children v of vy, that By o-- -0 By, is
a subset of {(rg,7)}U{(u,u) | u € T}UB. This finishes the proof that there exist
a ~-sequence between 7 and Q and a ~-transitive bisimulation for this sequence
that is a subset of {(ro,7)} U {(u,u) | v e T} U B.

Similarly we also obtain a ~-sequence Sy, ...,S; between Q and S and a ~-
transitive bisimulation for this sequence that is a subset of {(r, so)} U{(v,v) | v €
S} UB. We can deduce that the sequence of finite trees Ty, ...,7,,Ss2,..., S/ is a
~-sequence between 7 and S and there is a ~-transitive bisimulation associated
with this sequence and included in B. O

6.2.6. PROPOSITION. An MSO formula p(x) is invariant under transitive bisim-
ulation on finite trees iff (z) is invariant under the subtree and copy operations.

Proof The direction from left to right follows easily from the facts that o(z)
is invariant under transitive bisimulation on finite trees and that the relation
{(w,w) | w e T}U{(w,c(w)) | vRTw} is a transitive bisimulation between 7T
and COPY,—s, (7).

For the direction from left to right, suppose that an MSO formula ¢(x) is
invariant under the subtree and copy operations. We have to prove that ¢(z)
is invariant under transitive bisimulation on finite trees. Let B be a transitive
bisimulation between two finite trees 7 and 7’ and suppose that (u,u’) belongs
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to B. Then, BN (7, x T,) is a total transitive bisimulation between 7, and
T It follows from Lemma 6.2.5 that there exists a ~-sequence between 7, and
T.,. Using the fact that is invariant under the copy operation, we can check by
induction on the length of the ~-sequence that T,,u E ¢(z) iff 7|, v F o(x).
Putting this together with the fact that is invariant under the subtree operation,
we obtain that 7,u F o(x) iff 77,4 E ¢(x). 0

Using Proposition 6.2.4 and Proposition 6.2.6, we obtain Theorem 6.2.1.
Putting the second statement of Theorem 6.2.1 together with the decidability
of MSO on finite trees, we obtain the following result.

6.2.7. COROLLARY. [t is decidable whether an MSO formula is equivalent to a
CoreXPath(l") node expression.

6.2.8. REMARK. We would like to mention that although the equivalence be-
tween (i) and (#4i) is specific to the setting of finite trees, the equivalence be-
tween (i) and (ii) can be adapted the case of trees. Note that strictly speaking,
a CoreXPath({*) node expression cannot be, by definition, evaluated on an in-
finite tree. However, there is an obvious way to extend the interpretation of
CoreXPath(] ") node expressions to the setting of infinite trees. Using a similar
proof to the one we gave for Theorem 6.2.1, we can show that an MSO formula
o(z) is equivalent to CoreXPath(] ") node expression on trees iff () is invariant
under transitive bisimulation.

6.3 CoreXPath(|") path expressions

Now we will adapt this method in order to obtain a similar characterization for
path expressions. As before, the characterization is twofold. We provide a first
characterization that is formulated in terms of transitive bisimulations. We also
give another characterization based on the link between CoreXPath(|") path
expressions and the operation cOPy. We start by introducing some terminology.

Equivalence An MSO formula ¢(z,y) is equivalent to a CoreXPath(|*) path
expression A on finite trees if for all finite trees 7 and for all nodes u,v in
T, T,(u,v) E o(z,y) iff (u,v) belongs to [A]r. When this happens, we write
oz, y) = A.

In the setting of programs, the notion corresponding to invariance under bisim-

ulation, is the notion of safety for bisimulations, which was introduced by Johan
van Benthem [Ben98|.

Safety for bisimulations An MSO formula ¢(z,y) is safe for (transitive)
bisimulations on finite trees if for all finite trees 7,7, (transitive) bisimulations
B C T xT', pairs (u,u') € B, and nodes v € T, if T, (u,v) F ¢(z,y), then there
exists a node v € T' such that (v,v") € B and T, (v/,v) E p(x,y).
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Figure 6.4: Condition (6.3).

£ £

Figure 6.5: Condition (6.4).

Invariance under the subtree and the copy operations Let ¢(x,y) be an
MSO formula. We say that ¢(z,y) is invariant under the subtree operation (on
finite trees) if for all finite trees 7 and for all nodes u,v in 7 such that v is a
descendant of wu,

T, (u,v) Ep(r,y) iff T, (u,v)E p(z,y).

The formula ¢(x,y) is invariant under the copy operation (on finite trees) if
for all finite trees T, for all nodes u,v,w,t in T such that v is a descendant of u
and t a descendant of v, we have

T, (w,t) Ep(z,y) iff coPY,—,(T), (w,t) E ¢(x,y), (6.3)

COPYy—3,(T), (w,c(t)) F @(x,y) implies T, (w,t)F ¢(x,y). (6.4)

6.3.1. THEOREM. Let p(x,y) be an MSO formula. The following are equivalent:
(i) o(z,y) is equivalent to a CoreXPath(|") path expression,
(i1) p(x,y) is safe for transitive bisimulations on finite trees,

(71) it is the case that p(x,y) is invariant under the subtree and copy operations.

Moreover, given an MSO formula o(x,vy), we can compute a CoreXPath(]")
path expression A such that p(x,y) is equivalent to a CoreXPath({") path ex-

pression iff p(z,y) = A.
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The structure of the proof is the same as the one for node expressions. It is
based on versions of the Janin-Walukiewicz theorem and the de Jongh fixpoint
theorem, adapted to the setting of u-programs (instead of u-formulas). We recall
the syntax for the u-programs. The p-programs are given by

0 = R|e?|6:0|0U0]0",

where ¢ is a p-sentence.

Given a Kripke model, these p-programs are interpreted as binary relations
over the model. These binary relations are defined by induction on the complex-
ity of the programs. We only recall that the interpretation of 8* is the reflexive
transitive closure of the relation corresponding to 6. For more details, see Sec-
tion 2.6.

There exists an expressivity result for pu-programs, which is the equivalent of
the Janin-Walukiewicz theorem. It was proved by Marco Hollenberg [Hol98b| (for
more details about this result, see Section 5.5 in Chapter 5). We show here how
to derive this result from Theorem 5.5.3, in the special case where we restrict
the class of structures to finite trees. Recall that an MSO formula ¢(x,y) is
equivalent on finite trees to a u-program 6 if for all finite trees 7 and nodes u, v

in T, T, (u,v) E@(x,y)iff (u,v) € [0]7r.

6.3.2. THEOREM. [from [Hol98b]] An MSO formula p(z,y) is safe for bisimula-
tions on finite trees iff it is equivalent on finite trees to a p-program.

Moreover, given an MSO formula o(x,y), we can compute a p-program 6 such
that o(x,y) is equivalent on finite trees to a p-program iff p(x,y) is equivalent to
0 on finite trees.

Proof The proof mainly relies on a variant of Theorem 5.5.3. The method used
to derive the result from Theorem 5.5.3 is the one used by Johan van Benthem
in [Ben98].

It is easy to show by induction on the complexity of u-programs (and using the
fact that p-formulas are invariant under bisimulation) that a p-program is safe for
bisimulations. Hence, it is sufficient to show that given an MSO formula ¢(z, y),
we can compute a p-program @ such that if ¢(x,y) is safe for bisimulations on
finite trees, then ¢(z,y) and 6 are equivalent on finite trees.

Let ¢(z,y) be an MSO formula. Let ¢(x) be the MSO formula Jy(p(z,y) A
P(y)), where P is a unary predicate corresponding to a fresh proposition letter p
(i.e. p doesnot occur in ¢(z,y)). By Theorem 6.2.2, we can compute a p-sentence
x such that ¢ (x) is invariant under bisimulation on finite trees iff ¢(z) and x are
equivalent on finite trees. It is easy to see that if p(z,y) is safe for bisimulations,
then v (z) is invariant under bisimulation on finite trees and in particular, ¢ (x)
is equivalent to x on finite trees.

Now the formula y is completely additive with respect to p on finite trees.

That is, for all finite trees 7 = (T, R, V') and all nodes u in T,
T,ul-® iff thereis a node v € V(p) such that T[p+— {v}],u - .
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It follows from Theorem 5.5.3 that for each formula that is completely additive
with respect to p, we can compute an equivalent formula in the syntactic fragment
uML4(p). The proof of Theorem 5.5.3 could be easily adapted to show that for
each formula x that is completely additive in p on finite trees, we can compute a
formula in uML4(p), that is equivalent to y on finite trees.

Moreover, as observed in Section 5.5 of Chapter 5, a formula belongs to
uMLg(p) iff it is equivalent to a formula of the form (f)p, where p does not
occur in the program 6. In fact, given a formula in pMLg(p), we can compute
a p-program 6 such that the formula is equivalent to (f)p. Putting everything
together, we can compute a p-program 6 in which p does not occur, such that
that y is equivalent on finite trees to (6)p.

Recall that if ¢(z,y) is safe for bisimulations, then ¢ (z) is equivalent to y on
finite trees. Hence, if p(z,y) is safe for bisimulations, 1(x) is equivalent to (6)p
on finite trees. It follows from the definition of ¢ (x) that if ¢ (x) is equivalent to
(0)p on finite trees, then (z,y) is equivalent to 6 on finite trees. This finishes
the proof that given an MSO formula ¢(z,y), we can compute a p-program 6
such that if p(z,y) is safe for bisimulations on finite trees, then ¢(x,y) and 6 are
equivalent on finite trees. O

We can also prove a variant of Theorem 6.2.3, which applies to programs.
Recall that a modal program is a p-program which does not contain any Kleene
star * and all its subprograms of the form ¢? are such that ¢ is modal (a precise
definition was given in Section 6.1).

6.3.3. THEOREM. For all u-programs 6, we can compute a modal program \ such
that for all finite transitive trees T+, we have [0]1+ = [A]7+.

Proof The proof consists in showing that on finite transitive trees, each u-
program is equivalent to a finite disjunction of modal programs which are in
a special shape. We call these modal programs basic. More precisely, we say that
a modal program is a basic modal program if it belongs to the language defined
by the following grammar

0 == o7 |(0; R;¢?),

where ¢ is a modal formula. We show that each p-program is equivalent to a
finite disjunction of basic modal programs on finite transitive trees. The proof is
by induction on the complexity of the u-programs.

First, assume that 6 a program of the form ¢? (where ¢ is a u-sentence).
Then it follows from Theorem 6.2.3 that ¢ is equivalent to a modal formula ¢ on
finite transitive trees. Therefore, 0 is equivalent to the basic modal program 7
on finite transitive trees.

The cases where 6 is the program R or a program of the form 6; U 6y, are
immediate. Next assume that 6 is of the form 6;6,. By induction hypothesis,
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there exist sets I'; and I'y of basic modal programs such that ; = \/I'; and
0, = \/T's. It follows that 6 is equivalent to the modal program \/{v;72 | 11 €
['1,72 € I'y}. It remains to check that for all 77 in 'y and all v in Ty, 41792 is
equivalent to a basic modal program. Since 7; and -, are basic programs, there
are modal formulas ¢q,..., ¢, and ¥y, ..., ¢, such that v1 = 017, R; ... R; 0,7
and v = Y17 R; ... R; Y7, Therefore, v1; 72 is equivalent to the basic program

©17 Ry Ry (0 A1) T Ryabas Ry Ry

The only case left is where 6 is a pu-program of the form A*. By induction
hypothesis, A is equivalent to the modal program \/T', for some set I" of basic
modal programs. We prove that 6 is equivalent to the disjunction of the set A
given by:

A={v;.. 5| neNy,....;v €l and v,...,7, are pairwise distinct}.

First, it is routine to check that [\/ A]r+ is a subset of [A*];+, on all finite
transitive trees 7. So it remains to show that if 7 is a finite transitive tree
and if the pair (u,v) belongs to [A*]7+, then there is a program ¢ in A such that
(u,v) belongs to [6]7+.

Let (u,v) be such a pair. Since 6 is equivalent to (\/I')* on finite transitive
trees, there are programs i, ...,7, in I' such that (u,v) belongs to [y1;...;7.]-
The problem is that 7y, ..., 7, might not be pairwise distinct. First, suppose that
for all i € {1,...,n}, the program ~; is of the form ;7 (for some modal formula
;). Then, it is easy to see that if there are ¢ and j such that ¢; = ¢;, we can
delete the program «; from the list 74, ...,v,, without modifying the fact that
(u,v) belongs to [y1;... ;7]

Next suppose that there is at least one program +;, which is not of the form
7 (for some modal formula ¢). First, we may assume that in fact no program
v; is of the form 7. If there were such a program, say v; = ¥7, then we could
remove ~; from the list 71,...,7, and it will still be the case that (u,v) belongs
to the relation associated to the program ~i;...;v,.

Now suppose that there are ¢ and j such that ¢ < j and ~; = 7;. Since 7; is
not a program of the form 7, it follows from the induction hypothesis that there
exists a formula ¢ and a basic modal program ~ such that ~; = ¥7; R;~. Since
(u,v) belongs to [y1;...;7,] and v; = 7v; = ¥?; R;~, there are nodes vy and us
such that

e (u,uy) belongs to [v1;...;vi-1;¢7],
o (uy,up) belongs to [R;y;Yig1;---;57-1; 97 R],

o (u2,v) belongs to [v;vj+1i---;Vn]-

Note that if (u1, u2) belongs to [R;y;Vit1;---;7vj-1; ¢7; R], then in particular, u,
is a descendant of up. That is, (u1,us) belongs to [R]. So we obtain that
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o (u,up) belongs to [yi;...;7%i-1; 7],

e (uy,uy) belongs to [R],

o (uz,v) belongs to [v;Vj415- -5 7n-

That is, (u,v) belongs to [vi;...;7%;Yj+1;---:7x]. This means that whenever
there are 7+ and j such that ¢ < j and 7; = 7;, we can remove the programs
Yit1,-- -,y from the list 74,...,7; and it is still the case that (u,v) belongs to
the relation associated to the program v;;...;7,. By repeating this operation, we
may assume that (u,v) belongs to [v1;...;7,], where the programs 7, ..., ~, are
pairwise distinct. Therefore, (u,v) belongs to [\/ A] and this finishes the proof
that for all y-programs 6, there exists a modal program A\ which is equivalent to
0 on finite transitive trees. A careful inspection of the proof shows that A can be
effectively computed from 6. O

We can now prove that CoreXPath(]") path expressions correspond to the
MSO[|] formulas that are safe for bisimulations.

6.3.4. PROPOSITION. An MSO formula p(x,y) is equivalent on finite trees to a
CoreXPath(] ") path expression iff p(x,y) is safe for transitive bisimulations on
finite trees.

Moreover, given an MSO formula o(x,vy), we can compute a CoreXPath(]")
path expression A such that p(x,y) is equivalent to a CoreXPath({%) path ex-

pression iff p(z,y) = A.

Proof First, we show that an MSO formula ¢(z, y) is equivalent on finite trees to
a CoreXPath({*) path expression iff ¢(z,vy) is safe for transitive bisimulations on
finite trees. For the direction from left to right, the proof is a standard induction
on the complexity of CoreXPath(|") path expressions.

For the direction from right to left, let ¢(z,y) be an MSO formula that is safe
for transitive bisimulations on finite trees. By Theorem 6.3.2, we can compute a
p-program 6 such that ¢(z,y) and 6 are equivalent on finite trees iff p(z, y) is safe
for bisimulations on finite trees. Since p(z,y) is safe for transitive bisimulations
on finite trees, p(x,y) is safe for bisimulations on finite trees. Hence, ¢(x,y) and
0 are equivalent on finite trees.

Now we show that for all finite trees T = (T, R, V'), we have that [0] is equal
to [0]7+. Take a finite tree 7 = (T, R, V') and nodes u,v in 7. We have to show
that

(u,v) € [0]7 iff (u,v) € [0]7+. (6.5)

Let 77 be the transitive tree (T, R, V) and let S be the unraveling of the
pointed model (7, u) (see Section 2.6). Recall that S is a finite tree the root of
which is u. Its domain is the set of paths of 7 with starting point w.
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For the direction from left to right of (6.5), suppose that (u,v) belongs to
[0]7. The canonical bisimulation B between S and 7 is a transitive bisimulation
between S and T such that (u,u) belongs to B. Since 6 and ¢(x,y) are equivalent
on finite trees and ¢(z,y) is safe for transitive bisimulations on finite trees, it
follows from (u,v) € [0]7 and (u,u) € B that for some s = (u;);<,, in S, we have
(v,s) € B and (u, s) € [f]s. By definition of B, (v,s) € B implies that u, = v.
Now as 6 is a p-program, it is safe for bisimulations. Since (u,s) € [f]s and the
pair (u,u) belongs to the canonical bisimulation B between S and 71, we have
(u,v") € [0]7+ and (v',s) € B¢, for some v' in T'. By definition of the canonical
bisimulation B, this can only be the case if u,, = v’. Since u,, = v, it follows that
v" = v. Putting everything together, we obtain that (u,v) belongs to [0]r+.

For the direction from right to left of (6.5), suppose that (u,v) belongs to
[0]7+. Since (u,u) belongs to the bisimulation B and « is safe for bisimulation,
there exists s = (u;);<, such that (u,s) € [f]s and (v,s) € B. By definition of
B, this can only happen if u,, = v. Now we have that (u, s) € [0]s, (u,u) belongs
to the transitive bisimulation B and « is equivalent to ¢(z,y), which is safe for
transitive bisimulations. Therefore, there exists v" € T such that (u,v’) € [0]r
and (s,v) € B. Since (s,v’) belongs to B, we have u,, = v'. We established earlier
that u,, = v. Hence, v = v/. Putting everything together, we have (u,v) € [0]r
and this finishes the proof that [6]7 = [6]7+.

It also follows from Theorem 6.3.3 that € is equivalent on finite transitive trees
to a modal program \. Given the connection between CoreXPath(]") and modal
logic (see Section 6.1.3), there exists a CoreXPath(]") path expression A such
that for all finite trees 7 = (T, R, V') and for all nodes u,v € T

(w,v) € [Alr+ it [A]7,

where T+ = (T, R*, V). Putting everything together, we found a CoreXPath(|*)
path expression A such that for all finite trees 7 and all nodes u, v in T, T, (u,v) F
o(x,y) iff (u,v) belongs to [A]7. This finishes the proof of the firsts statement.
Now it is easy to see that the fact that A is computable from ¢(z,y) does
not depend on the fact that ¢(x,y) was safe for transitive bisimulations on finite

trees. The second statement of the proposition immediately follows.
O

6.3.5. PROPOSITION. An MSO formula p(x,y) is safe for transitive bisimula-
tions on finite trees iff p(x,y) is invariant under the subtree and copy operations.

Proof The direction from left to right follows easily from the facts that ¢(z,y) is
safe for transitive bisimulations on finite trees and that the relation {(w,w) | w €
T (w, c(w)) | vRTw} is a transitive bisimulation between T and COPY,,—, (7).

For the direction from right to left, suppose that ¢(x,y) is an MSO formula
that is invariant under the subtree and copy operations. In order to show that
o(x,y) is safe for transitive bisimulation on finite trees, let B be a transitive
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bisimulation between two finite trees 7 and S. Suppose that (ug, vg) belongs to B
and that there is a node u; such that T, (ug, u1) F ¢(x,y). We have to prove that
there exits a node v; € S such that (ug,v1) belongs to B and S, (vo, v1) E ¢(z,y).

First observe that BN (T, X S,,) is a total transitive bisimulation between T,
and S,,. By Lemma 6.2.5, there exist finite trees 7, ...,7,, relations By, ..., By,
such that 71 = Ty, T = Suy, Bi is a ~ -transitive bisimulation between 7; and
Tiv1 (forallie {1,...,n—1}) and By o---0 B,_; is included in B. We denote
by By the transitive bisimulation {(w,w) | w € T} between 77 and 7.

Now we prove by induction on ¢ that for all 1 <17 < n,

there exists (u1,w;) € Byo---o0 B;_1 such that T, (r;, w;) E p(z,y),  (6.6)

where r; is the root of 7;. The case where ¢ = 1 is immediate as T, (ug,u1) F
o(z,y) and Ty = T,,. Let us turn to the induction step ¢ + 1. By induction
hypothesis, there exists (uy,w;) € By o ---o B;_; such that T;, (r;, w;) F o(z,y).
Since B; is a ~-transitive bisimulation between 7; and 7;,1, either 7; = 7;11 or
Tiv1 = T;. We suppose that T;;1 = 7T;. The other case is in fact easier. So
there are nodes u,v of 7;1; such that 7; is equal to coPY,—s,(7;+1). Since B;
is a ~-transitive bisimulation and (w;, w;y1) € B;, either w; belongs to T;y1 or
w; = c(w) for some descendant w of v in T;,;.

If w; belongs to 711, we can define w;y; as w; and by the fact that ¢(x,1)
is invariant under the copy operation (see condition (6.3)), it is the case that
Tiv1, (Tiv1, wir1) F o(z,y). If w; = ¢(w) for some descendant w of v in T;yq, we
can define w; 41 as w and using the fact that ¢(z,y) is invariant under the copy
operation (see condition (6.4)), we have T;y1, (7541, wit1) F @(x,y). This finishes
the proof of (6.6).

Next let v; be a node such that (uj,v;) belongs to By o --- 0o B,_; and
Ty (T, v1) E @(x,y). That is, S, (vo,v1) E ¢(x,y). Using the fact that ¢(z,y)
is invariant under the subtree operation, we get that S, (vg, v1) F ¢(x,y). Finally,
since Byo---0 B, 1 C B, (u,v;) belongs to B. Putting everything together, we
found a node v; in S such that (uy,v;) belongs to B and S, (v, v1) F ¢(z,y). O

Putting Proposition 6.3.5 and Proposition 6.3.4 together, we obtain a proof
of Theorem 6.3.1. Putting the second statement of Theorem 6.3.1 together with
the decidability of MSO on finite trees, we obtain the following result.

6.3.6. COROLLARY. [t is decidable whether an MSO formula is equivalent to a
CoreXPath(, ") path expression.

6.3.7. REMARK. Similarly to the observation at the end of the previous section,
we can extend the equivalence between (i) and (77) in Theorem 6.3.1 to the setting
of infinite trees.
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6.4 Conclusions

In this chapter, we gave a characterization of the MSO formulas that are equiva-
lent to a CoreXPath(]") node expression. First we formulated the characteriza-
tion in terms of bisimulations, using classical results about fixpoints. We derived
from this result another characterization which involves closure properties under
some simple operations on finite trees. We gave a similar characterization for the
MSO formulas that are equivalent to a CoreXPath(]") path expression. From
both characterizations, we could derive a decision procedure.

We could ask what is the complexity of the procedure (in Theorem 6.2.1)
that, given an MSO formula ¢(z), determines whether p(x) is equivalent to a
CoreXPath(] ") node expression. We did not look in details at this question but
we suspect that this procedure may be non-elementary. A possible proof would be
to reduce our problem to the satisfiability problem for MSO on finite trees, which
is non-elementary. The same comment holds for the complexity of the procedure
in Theorem 6.3.1.

It is an important open question whether there is a similar decidable character-
ization for full CoreXPath in terms of MSO. Thomas Place and Luc Segoufin [PS10]
recently characterized the node expressions of an important fragment of CoreXPath,
namely CoreXPath(|", 17, +*, —7).






Chapter 7

Automata for coalgebras: an approach
using predicate liftings

Automata theory is intimately connected to the p-calculus, as illustrated in the
preliminaries, in Chapter 5 and even in Chapter 4 (an important tool is the fact
that MSO and the graded p-calculus have the same expressive power on trees,
which relies on an automata theoretic proof). Inspired by these examples, we
introduce a notion of automata corresponding to coalgebraic fixpoint logic, which
is a generalization of the u-calculus. We also present one application: similarly to
the case of the u-calculus, we show that the satisfiability problem for coalgebraic
fixpoint logic reduces to the non-emptiness problem for automata and derive a
finite model property and a complexity result for the satisfiability problem for
coalgebraic fixpoint logic.

Universal coalgebra provides a general and abstract way to define state-based
evolving systems such as w-words, trees, Kripke models, probabilistic transition
systems, and many others. This general and abstract way is based on category
theory. Formally, given a functor F' on the category of sets, a coalgebra is a pair
S = (5,0), where S is the carrier or state space of the coalgebra, and o : S
— F'S is its unfolding or transition map.

Logic enters the picture when one wants to reason about coalgebras. There
are two main different approaches to introducing coalgebraic logic, but they both
have the same starting point.

Since coalgebras are meant to represent dynamical systems, one would expect
that the logic should not be able to distinguish structures describing the same
process, or the same behavior. This is exactly what happens when we describe
Kripke models with modal logic: the notion of bisimulation is used to express
that two pointed models have the same behavior and modal logic is easily seen
to be invariant under bisimulation. The idea is to use the Kripke models as a key
example of coalgebra and to extend the definition of modal logic to the setting of
universal coalgebra.

There were two main proposals for extending the definition of modal logic.

189
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In [Mos99], Larry Moss introduced a modality Vr generalizing the V modality
for Kripke models to coalgebras of arbitrary type. This approach is uniform in
the functor F', but as a drawback only works properly if I’ satisfies a certain
category-theoretic property (viz., it should preserve weak pullbacks); also the
nabla modality is syntactically rather nonstandard.

As an alternative, Dirk Pattinson [Pat03] and others developed coalgebraic
modal formalisms, based on a completely standard syntax, that work for coal-
gebras of arbitrary type. In this approach, for each set A of predicate liftings
(the definition of which is recalled in Section 7.2) for a functor F, we introduce
a coalgebraic logic ML,. The main idea is that each predicate lifting in A cor-
responds to a modality of ML,. Many well-known variations of modal logic in
fact arise as the coalgebraic logic ML, associated with a set A of such predicate
liftings; examples include both standard and (monotone) neighborhood modal
logic, graded and probabilistic modal logic, coalition logic, and conditional logic.

Following the example of modal logic, we can increase the expressive power
of these coalgebraic logics by adding fixpoint operators. The coalgebraic fixpoint
logic obtained by adding fixpoint operators to the logic based on Moss’ modality
was introduced by Yde Venema [Ven06b]. Recently, Corina Cirstea, Clemens
Kupke and Dirk Pattinson [CKP09] introduced the coalgebraic p-calculus pMLy
(where A is a set of predicate liftings), which is the extension of ML, with fixpoint
operators.

Since automata theory has played a fundamental role in the understanding of
the p-calculus, it seems natural to develop notions of automata for the broader
setting of fixpoint coalgebraic logic. As there are two approaches for coalgebraic
logic, one may expect two kinds of automata (one for each approach). So far
only automata corresponding to fixpoint languages based on Moss” modality have
been introduced (see [Ven06b]). Moreover, in [KV08], Clemens Kupke and Yde
Venema generalized many results in automata theory, such as closure properties
of recognizable languages, to this class of automata.

Our contribution is to define automata corresponding to the coalgebraic fix-
point logic based on the idea that modalities are predicate liftings (as defined
in [CKP09]). More precisely, given a set A of monotone predicate liftings for
a functor F', we introduce A-automata as devices that accept or reject pointed
F-coalgebras (that is, coalgebras with an explicitly specified starting point). We
emphasize that unlike the coalgebra automata introduced in [Ven06b], these au-
tomata are defined for all functors (and not only the one preserving weak pull-
backs).

As announced, A-automata provide the counterpart to the coalgebraic fixpoint
logic uML, and there is a construction transforming a pML-formula into an
equivalent A-automaton. Hence we may use the theory of A-automata in order
to obtain results about coalgebraic fixpoint logic.

We give here an example: We use A-automata in order to prove a finite model
property for coalgebraic fixpoint logic. We also derive from the proof a complexity
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bound for the satisfiability problem for yML,.

More precisely, we reduce the satisfiability problem for the coalgebraic fixpoint
logic MLy to the non-emptiness problem for a A-automaton. Then we show that
any A-automaton A with a non-empty language recognizes a coalgebra S that
can be obtained from A via some uniform construction. The size of S is finite
(in fact, exponential in the size of A). On the basis of our proof, in Theorem
7.3.4, we give a doubly exponential bound on the complexity of the satisfiability
problem of yuML-formulas (provided that the one-step satisfiability problem of
A has a reasonable complexity).

Compared to the work of Corina Cirstea, Clemens Kupke and Dirk Pattin-
son [CKP09], our results are more general in the sense that they do not depend
on the existence of a complete tableau calculus. On the other hand, the cited
authors obtain a much better complexity result. Under some mild conditions on
the efficiency of their complete tableau calculus (conditions that are met by e.g.
the modal p-calculus and the graded p-calculus), they establish an EXPTIME
upper bound for the satisfiability problem of the p-calculus for A. However, in
Section 7.4 below we shall make a connection between our satisfiability game
and their tableau game, and on the basis of this connection one may obtain the
same complexity bound as in [CKP09] (if one assumes the same conditions on
the existence and nature of the tableau system).

7.1 Preliminaries

7.1.1 Coalgebras

As mentioned in the introduction, universal coalgebra provides an abstract way
of defining dynamical systems, which is based on category theory. However, very
little knowledge about category theory is required for this chapter. We only need
the notions of category, functor and natural transformation. We start by recalling
these definitions.

Category A category consists of a class of objects, a class of arrows and two
operations on arrows that are called the identity and the composition. Each arrow
has a domain and a codomain which belong to the class of objects. If an arrow
f has a domain S and codomain 7', we write f : S — T and we say that f is
an arrow between S and 7. The identity assigns to each object S an arrow 1g
with domain S and codomain S. The composition assigns to each pair of arrows
(f,9) a new arrow, notation: g o f, the domain of which is the domain of f and
the codomain of which is the codomain of g.

Moreover, the identity and the composition must satisfy the following two
axioms. If f, g and h are arrows such that the codomain of A is equal to the domain
of g and the codomain of g is equal to the domain of h, then ho(go f) = (hog)o f
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(the associativity axiom). If S is an object, then for all arrows f with domain S
and for all arrows g with codomain g, we have folg = f and 1g0 g = g (the
identity aziom).

The only two categories that we consider in this chapter are the category Set
and the category Set”. The objects of the categories Set and Set® are the sets.
Given two sets S and T, an arrow from S to T in Set is a map from S to T.
An arrow from S to T in Set’” is a map from T to S. The identity and the
composition operations on Set and Set’” are defined as usual.

Functor Let C and D be two categories. A functor F' : C — D consists of
two functions. The object function which assigns to each object S of C an object
F'S of D and the arrow function which assigns to each arrow f : S — T of C,
an arrow Ff : F'S — FT such that the two following conditions hold. For all
objects S of C, F(1g) = 1gg. For all arrows f:S — T and g : T — U of C, we
have F(go f) = Fgo Ff.

Examples of functors that are crucial in this chapter are the n-contravariant
powerset functors. For each n € Ny, we define the n-contravariant powerset
functor Q™ : Set — Set’”. Q™ maps a set S to the set Q"(S) = {(U,...,U,) |
forall 1 <i<n,U; C S}. Moreover, for all arrows f : S — T of Set”, the
action of Q" on f is such that for all subsets Uy, ..., U, of T, Qf(Uy,...,U,) =

(SO fHURD)

Coalgebra Let F' : Set — Set be a functor. A F'-coalgebra is a pair (S,0)
where S is a set and o is a function o : S — F'S. S is called the carrier set of S.
A pointed coalgebra is a pair (S, s), where S is a coalgebra and s belongs to the
carrier set of S. The size of a coalgebra S is the cardinality of the set S.

For convenience, we assume the functors F' : Set — Set to be standard . That
is, for all subsets U of a set S, FU is a subset of F'S and the inclusion map ¢
from U to S is mapped by F' to the inclusion map from TU to T'S. Note that
we can make this restriction without loss of generality: For every non-standard
functor F”, there exists a standard functor F' such that the class of F-coalgebras is
equivalent to the class of F'-coalgebras (for more details, see for instance [Bar93]).

A morphism of F-coalgebras from S to S’, written f : S — &', is a function
f S — S such that the following diagram

commutes.
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As mentioned in the introduction, many mathematical structures can be seen
as coalgebras. We give here a few examples, that we use as running examples
through this chapter. The examples are only here as illustrations and are not
essential for understanding of this chapter.

7.1.1. EXAMPLE. (1) We write P for the covariant powerset functor. It maps a
set to its powerset and its action on arrows is such that for all maps f: S — T,
Pf(U) = f[U], for all subsets U of S. A P-coalgebra consists of a set S and a
map from S to its powerset P(S).

In fact, P-coalgebras correspond to Kripke frames. The key observation is
that given a set W, a binary relation R C W x W can be represented by a
function R[] : W — P(W) that maps a point to its set of successors. So a
Kripke frame (W, R) corresponds to the P-coalgebra (W, R][-]).

(2) We denote by B the bags, or multiset functor that maps a set S to the set
B(S) that contains the maps from S to N with finite support (that is, there only
finitely many points in S that are not mapped to 0). Given a map f : S — T,
the map B(f) is defined such that for all maps ¢g : S — N with finite support,
(BUNGE) = 30 9(5):

B-coalgebras can be seen as directed graphs with N-weighted edges, known
as multigraphs [DV02]. We might assume that the edges with a weight equal
to 0 are not represented. In this case, the B-coalgebras correspond exactly the
directed graphs with N-weighted edges and such that there only finitely many
edges going out of each point.

(3) The monotone neighborhood functor M maps a set S to M(S) = {U €
QO(X) | U is upwards closed}, and a function f to M(f) = QO(f) = (f~')~.
Coalgebras for this functor are monotone neighborhood frames [HK04].

(4) We write D for the distribution functor that maps a set S to D(S) = {g : S
— [0,1] | > ,cg9(s) = 1} and a function f: S — T to the function D(f) : D(S5)
— D(T) that maps a probability distribution g to a probability distribution
(D(f))(g) such that for all ¢ € T, (D(f))(9)(t) = >_ ;= #(s). In this case
coalgebras correspond to Markov chains [BSd04].

(5) Given a functor F' from Set to Set, we define a new functor P(Prop) x F
from Set to Set. This new functor maps a set S to the set P(Prop) x F'S and
maps a function f : S — T to a function g : P(Prop) x F'S — P(Prop) x FT
such that g(P,n) = (P, Ff(n)), for all P C Prop and n € FS.

For example, in case F' = P, a P(Prop) x F-coalgebra is nothing but a
Kripke model. Indeed, a Kripke model (W, R, V) can be seen as the coalgebra
(W, V1| x R[]), where R[.] is defined as in the first example and V ~1[] is the map
from W to P(Prop) such that for all w € W, V' [w] = {p € Prop | w € V(p)}.

The last notion related to category theory that we use in this chapter is the
notion of a natural transformation. It plays a central role in the definition of
coalgebraic logic.
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Natural transformation Let C and D be two categories and let F,G : C — D
be functors. A natural transformation A from F' to G, written A : F' — G, is a
family of D-arrows A\g : F'S — G5, indexed by the objects of C, such that for all
C-arrows f : S — T, the following diagram

C D
S Fs—25 g

/ { ) { J G
T FT ——GT

commutes.

7.1.2 Graph games

The proofs of our main results are based on a game characterizing the coalgebraic
automata the associated language of which is not empty. So we will be dealing
often with vocabulary related to game theory. Basic notions of game theory can
be found in Chapter 2. We introduce the notion of finite memory strategy, which
plays a crucial role in this chapter. We also mention some sufficient conditions
for games such that their winning strategies (if existing) can be assumed to be
based on a finite memory.

Finite memory strategy Recall that given a set GG, we write G* for the set
of finite sequences of elements in G; we write G* for the set infinite sequences of
elements in G. If 7 € G* + G¥, we write Inf () for the set of elements in G that
appear infinitely often in .

Recall also that given a game G = (G3,Gy, FE, Win), we write G for the
board G3 U Gy of the game. Similarly, we write G’ for the board of a game
G' = (G4, G, E', Win').

Given a partial map f, we denote by Dom(f) the domain of f. A strategy f
for a player o in a game G = (G35, Gy, E, Win) is a finite memory strategy if there
exist a finite set M, called the memory set, an element m; € M, a partial map
f1: GXM — G and a partial map fo : GXxM — M such that the following holds.
For all G-match 2y ...z, € Dom(f), there exists a sequence my ... my € M* such
that

mo = my,mir1 = fo(z;, m;) (for all i < k) and f(zo...2x) = f1(zr, my).
Next, we introduce regular games and show that their winning strategies can

be assumed to have a finite memory. The regular games are games the winning
condition of which is specified by an automaton.
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Regular games A graph game G = (G3, Gy, E, Win) is called regular if there
exist a finite alphabet X, a coloring col : G — X, and an w-regular language L
over X, such that

Win = {z0z1... € G* | col(zp)col(z1) ... € L}.
An initialized graph game (G3, Gy, E, Win, zy) is regular if G = (G3, Gy, E, Win)

is regular.

The following result was proved by J. Richard Biichi and Lawrence Landwe-
ber [BL69]. We recall here the proof since further on, we use it to prove some
complexity result.

7.1.2. PROPOSITION. If a G = (G3,Gv, E, Win) is a regular game, then there
exist finite memory strategies f3 and fy for 3 and ¥V respectively such that for all
positions z on the board of G, z is winning either with respect to f3 or with respect
to fv.

Moreover, the size of the memory set is bounded by the size of the smallest
deterministic parity automaton recognizing an w-reqular language associated to
the regular game.

Proof Let G = (G3,Gvy, E, Win) be a regular game. By definition, there exists
a finite alphabet 3, a coloring col : V' — X, and an w-regular language L over X,
such that

Win = {z0z1--- € G* | col(zp)col(z)--- € L}.

Moreover, since L is an w-regular language, there is a deterministic parity au-
tomaton B = (Qp, ¢p,dp, 2p) recognizing L.

First we define a new parity game G’ = (G5, G{, E', ') in the following way:
The sets G5 and G, are respectively the sets G3 x () and Gy x @p and the
relation £’ is defined by

B ={((z,9),(#,q)) € " xG"[ (2,7) € E,d(q, col(2)) = ¢'}.

The map ' : G x @p — N is the map such that Q'(z,q) = Qg(q), for all
(27 Q) €G x QB-

Since G’ is a parity game, there exist finite memory strategies f5 and f;, for 3
and V respectively such that for all positions (z, ¢) on the board, (z, q) is winning
either with respect to f4 or with respect to f. (see Theorem 2.3.1).

We are now ready to define a finite memory strategy f5 for 3 in G. We let the
memory set M be the set Qg and we let m; be the initial state ¢g. The strategy
f3 is uniquely determined by maps f; : G X Qg — G and fo : G X Qp — Op.
We define the partial map f; : G X Qg — G as the partial map with domain
Dom(f4) and such that for all (z,q) € Dom(f%) with fi(z,q) = (¢/,¢'), we have

fi(z,q) = 2.
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The map fo : G X Qp — @p is such that for all (z,b) in G x @Qp, we have

fa(z,q) = d(q, col(2)).

Similarly we define the finite memory strategy fy. It remains to check that for
all positions z on the board of G, z is winning either with respect to f3 or with
respect to fy. Let 2y be a position on the board G.

It follows from the definitions of f; and f, that (zy, g) is winning either with
respect to f5 or with respect to fi,. Without loss of generality, we may assume
that (2o, ¢p) is winning with respect to fi. Let m = zpz; ... be an f3-conform G-
match. Let goq; ... be the sequence such that ¢o = m; = g and ¢;11 = fa(z, @),
for all 4. Tt is easy to check that the G'-match 7’ := (20,q0), (21,¢1) ... is an
fi-conform match. Since (z9,¢5) = (20,q0) is winning with respect to f4, 7 is
won by 4.

First suppose that the match  is finite. Then the G’-match 7’ is also a finite
match. Since this match is won by 3, the last position of the match belongs to
V. Therefore, the last position of the match 7 is also a position for V. Thus, this
finite match is won by 4.

Finally suppose that the match zpz; ... is infinite. Since the G’-match (2o, qo)
(21,q1) ... is won by 3, the maximum of the set {Qg(q) | ¢ € Inf(qqr...)} is
even. It follows from the definition of fo and m; that the sequence qoq; ... is
the unique run of B on col(zp)col(z1) .... Putting everything together, we obtain
that the word col(zg)col(z1) ... is accepted by B. Therefore, the match zpz; . ..
is won by 3 and this finishes the proof. O

By putting the proof of the previous proposition together with the next theo-
rem (see Chapter 2), we can obtain a complexity result for the problem whether
a given position in a regular game is winning.

7.1.3. THEOREM. [Jur00] Let G = (G3, Gy, E,Q) be a parity game and let n,m
and d be the size of G, E and ran(S)), respectively. Then for each player o, the
problem, whether a given position z € G is winning for o, is decidable in time

o (s (s7)"")

7.1.4. THEOREM. Let G = (G3, Gy, E, Win) be a reqular game, let col : G — 3
be a coloring of G, and let B = (Qp,qp,08,2p) be a deterministic parity w-
automaton such that Win = {zz1 ... € G* | col(zp)col(z1) ... € L(B)}. Let n,m
and b be the size of G, E and B, respectively, and let d be the index of B. The
problem, whether a given position z € G is winning for a player o, is decidable

m 1 Old b bn /2
n time -m - (W) .
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Proof Let G = (G3,Gy, E, Win) be a regular game, let col : G — X be a
coloring of G, and let B be a deterministic parity stream automaton such that
Win = {z0z1 ... € G| col(z9)col(z1) ... € L(B)}. By the proof of the previous
proposition, we know that there is a parity game G’ = (G5, G{, E’, ') which
satisfies the following conditions. The sets G5 and GV, are respectively the sets

G5 x Qp and Gy x Qg and the relation E’ is defined by

E'={((2,9),(z".4") € G'x Qp | (2,7) € E,6(q; col(2)) = ¢'}.

The map ' : G x @p — N is the map such that Q'(z,q) = Qg(q), for all
(z,q) € G x Qp. Moreover, a position z is winning for a player o in G iff the
position (z, ¢g) is winning for ¢ in G'.

First we observe that we can compute the game G’ in time linear in the size
of the input. The board of G’, the relation E’ and the map ' are directly given
by the board of G, the set B, the relation F, the transition map 9, the coloring
col and the map €2. Moreover, the sizes of the board of G’, the relation E’ and
the map ' are quadratic in the size of the input.

Now we show that it is decidable in time O (d -m-b- ( b-d

[d/2]
) whether

ld/2]
a position (z,¢gp) is winning for a player o in G'. The size of the board of G’ is
equal to |G| - |@Qp| = n-b. The size of the relation E’ is less or equal to m - b.
The size of the range of € is the size of the range of Q. That is, is equal to d. It

ld/2]
follows from Theorem 7.1.3 that it is decidable in time O (d -m-b- <Lden2J> )

whether a position (z,qy) is winning for a player ¢ in G’. Putting this together
with the fact that a position z is winning for a player ¢ in G iff the position
(z,qp) is winning for o in G’, we conclude. O

7.2 Automata for the coalgebraic u-calculus

As mentioned in the introduction, the notion of coalgebraic logic that we consider
in this chapter, is the one introduced in [Pat03]. The idea is to extend modal
logic to a coalgebraic logic, by viewing the modal operators as predicate liftings.

Predicate lifting An n-ary predicate lifting for a functor F' is a natural trans-
formation A : Q" — OF.

Such a predicate lifting is monotone if for each set S, the operation Ag : Q"S
— QS preserves the subset order in each coordinate. The (Boolean) dual of a
predicate lifting A : Q* — QF is the lifting A : Q" — QF such that for all sets
S and for all subsets Uy, ..., U, of S, Ag(Uy,...,U,) = S\ XS\ Uy,...,S\U,).

In other words, a predicate lifting A is a family of maps g : QS — QFS
(for each set S) such that for all maps f:.S — T between two sets S and T', the
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following diagram commutes:

ons As - QF S
Q"f (Ff)!
orT FP— OFT

Convention In the remainder of this chapter, we fix a standard functor F' on
Set and a set A of monotone predicate liftings that we assume to be closed under
taking Boolean duals.

In a few paragraphs, we will some examples of predicate liftings, but let us
start by introducing the notion of coalgebraic modal logic associated with the set
A of predicate liftings.

Coalgebraic modal logic We define the set ML, of coalgebraic modal A-
formulas as follows:

pu=L|TloAe|eVe| e, .., en)

where the arity of the operator O is n if A is a n-ary predicate. This language
is the same as the one for modal logic, except that instead of having the modal
operators ¢ and O, we associate with each n-ary predicate lifting A an n-ary
modality . Another difference is that we assume the set of proposition letters
to be empty. We will see later that it is possible to encode a proposition letter
(or the negation of a proposition letter) using a 0-ary predicate lifting.

On a given coalgebra, a coalgebraic formula has a meaning, which corresponds
to a subset of the carrier set of the coalgebra. Formally, we define the following
semantics for ML, .

Let § = (S,0) be a F-coalgebra. The meaning [¢]s of a formula ¢ is defined
by induction on the complexity of ¢ as follows:

[Tls = S,
[Lls = 0,
[eVvyls = [elsU¥]s,

[end]s = [

[Oa(er, - en)ls = o7 As([pilss - - -, [enls),

_{

l_
%)

where A belongs to A. The only non immediate step of the definition is the one for
the meaning of a formula of the form ©,(p1,...,¢,). In words, Qx(e1,...,¢n)
is true at a state s iff the unfolding o(s) belongs to the set Ag([¢1]s,-- -, [¢n]s)-
As usual, if a state s belongs to [¢]s, we write S, s IF .
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As mentioned in the introduction, many well-known variations of modal logic
arise as the coalgebraic logic MLy, associated to a well chosen set A of predicate
liftings. We give here few examples for the functors defined in the preliminaries
of this chapter. We do not recall the definition of neighborhood modal logic and
probabilistic modal logic. These logics are only mentioned for the people familiar
with these notions.

7.2.1. EXAMPLE. (1) In case of the covariant power set functor P, the unary
predicate lifting given by Ag(U) = {V € PS | V C U} induces the usual universal
modality O.

Indeed, we can show by induction on the complexity of ¢ that for all formulas
¢ in MLy, 5, and for all Kripke frames F = (W, R), seen as coalgebras (W, o)
for the covariant power set functor (that is, for all w € W, o(w) = R[s]), we
have [¢]r = [¢']r, where ¢’ is the formula obtained from ¢ by replacing each
occurrence of Oy by O and each occurrence of Oy by <.

The only non immediate case for the induction is when ¢ is a formula of the
form ©, (). In this case, we have

[Oat]e = o " Aw([¥]r),
= o'il{U CW|U C [¥]r},

[
[¥]r},

= o=

where the last equality follows from the induction hypothesis.

(2) Consider the multiset functor B. For all £ € N, we define the unary
predicate lifting A* for B such that for all sets S and subsets U of S, we have
MNo(U) ={B| S — N| Y yB(u) > k}. In this case, S,s Ik Q4¢ holds iff s
has at least £ many successors satisfying ¢, taking into account the weight of the
edges (that is, if there is an edge from s to a point ¢ with label n, the point ¢
“generates” n successors of s satisfying ).

This is similar to the semantics of the graded modality ¢*. However, graded
modal logic is interpreted over Kripke frames, not multisets. Obviously, each
Kripke frame ' can be seen as a multigraph Sp, with all edges with weight 1. In
this case, for all formulas ¢ of graded modal logic and for all w € F, we have
F,w IF ¢ iff Sp,w IF @), where ¢, is the formula obtained by replacing each
occurrence of OF by O, and each occurrence of 0% by Q. Conversely, to each
multigraph S, we can associate a Kripke frame Fs = (W, R) and a map f : Fg
— S in the following way. The set W is the set of triples (s,i,t) € S x N x §
such that there is an edge from s to t with weight > 7. The map f sends a triple
(s,1,t) to the point ¢. Then, for all graded modal formulas ¢ and all w € Fg, we
have Fs,w Ik ¢ iff S, f(w) IF py.
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(3) The standard modalities of neighborhood modal logic can be obtained as
predicate liftings for the monotone neighborhood functor M. For example, for
the universal modality, we can define a unary predicate lifting A such that for
all sets S and subsets U of S, we have A\g(U) = {N € M(S)|U € N}. It is
then possible to show that S,s |- Q¢ iff [¢]s belongs to M(s). In case the
neighborhood model happens to be a topological model, this coincides with the
usual interpretation of the universal modality on topological models.

(4) Probabilistic modalities can also be viewed as predicate liftings for the
distribution functors. For all p in the closed interval [0, 1], we introduce a unary
predicate lifting A? such that for all sets S and subsets U of S, we have N¢(U) =
{g:5 —=10,1] | > ,cp9(u) > p}. With such a definition of AP, we have that
S,s IFy O holds iff the probability that s has a successor satisfying ¢ is at
least p.

(5) We can encode proposition letters from a set Prop by using predicate
liftings for the functor P(Prop x F). Given a proposition letter p in Prop,
we define a 0-ary predicate lifting AP such that for all sets S, we have \i =
{(P,n) € P(Prop) x F(S) |pe P}. If S = (S,(01,09)) is a coalgebra for the
functor P(Prop x F') (where o7 is a map from S to P(Prop) and o9 is a map from
S to F'S), then we have [Oy]s ={s€ S|p€oi(s)} and [Oz]ls ={s€ S|p¢
o1(s)}. So instead of using the notation ©y», we simply write p. Similarly, we
write —p instead of .

In case we are dealing with a language containing proposition letters, these
are supposed to be encoded using appropriate predicate liftings, as in the last
example. Observe that by convention, the set A is closed under taking Boolean
duals. So if a language ML, contains a proposition letter, it also contains its
negation.

Just like for modal logic, we can extend coalgebraic logic by enriching the
language with fixpoint operators. Recall that we assume the predicate liftings in
A to be monotone, which is crucial for the definition of the coalgebraic p-calculus.

Coalgebraic p-calculus  We fix a set Var of variables, and define the set pML
of coalgebraic fixpoint A-formulas ¢ as follows:

pu=x | LT eAploVe|Oe....9) | pre|vey

where = belongs to Var A € A and the arity of the operator O is n if \ is a n-ary
predicate.

Just like coalgebraic formulas, the interpretation of a coalgebraic fixpoint
formula on a given coalgebra is a subset of the carrier set of the coalgebra. We
define the following semantics for pMI,.

Let § = (S,0) be a F-coalgebra. Given an assignment 7 : Var — P(S), we
define the meaning [¢]s.- of a formula ¢ by induction. The induction is the same



7.2.  Automata for the coalgebraic p-calculus 201

as the one for the semantics for coalgebraic logic, with the extra clauses:

[[‘T]]Sﬂ' = T($)7
[nr.@ls, = ﬂ{U CS|U C [ols st}
[ve.ols, = U{U C S| els ) € UYL,

where x belongs to Var, A belongs to A and 7[z — U] is the valuation 7’ such that
7'(z) = U and 7'(y) = 7(y), for all variables y # x. As in the case of p-calculus,
it follows from the Knaster-Tarski theorem (see Section 2.2) and the fact that
each A\ € A is monotone, that the set [uz.p]s - is nothing but the least fixpoint
of the monotone map 5™ : P(S) — P(S) such that ¢ (U) = [¢]s s, for
all subsets U of V. Similarly, [vx.¢]s, is the greatest fixpoint of the map ¢S7.

As usual, we write S, s I, ¢ if s belongs to [¢]s.-. A sentence ¢ is satisfiable
in a coalgebra S if there is a state s in the carrier set of & such that S, s I .

A coalgebraic fixrpoint sentence is a coalgebraic fixpoint formulas such that all
its variables are bound by a fixpoint operator. A coalgebraic fixpoint sentence ¢
is satisfiable if there exists a pointed coalgebra (S, s) such that S, s IF .

The subformulas, the alternation depth and the closure Cl(y) of a coalgebraic
fixpoint formula ¢ are defined similarly to the case of the p-calculus. To extend
the notion of size of a u-formula, we assume that the set A is equipped with a
size measure size : A — N assigning a size to each symbol in A. We assume that
if the arity of a predicate lifting A is n, then size(\) > n.

For each coalgebraic fixpoint formula ¢, we define the weight of ¢, notation:
w(¢p), such that if ¢ is a formula of the form Oy (¢, ..., ¢n), w(p) = size(A) and
w(p) = 1, otherwise. The size of a coalgebraic fixpoint sentence ¢ is equal to
Ypecpw (). We denote it by size(p). Finally, if I' is a set coalgebraic fixpoint
formulas, we write size(I") for X ersize(yp).

Before we can turn to the definition of our automata we need some preliminary
notions.

Transition conditions and one-step semantics Given a finite set (), we
define the set TC'{(Q) of (normalized) transition conditions as the set of formulas
@ given by:

¢ = T|J—| |Q?>\(q17'-'7Q’n) |77Z)/\¢7

e = Y| eV,
where A € A and ¢1,...,¢, € Q. A (normalized) transition condition is a dis-
junction of conjunctions of formulas of the form Q,(q,...,qn)-

Given a set S and an assignment 7 : Q — P(S), we define a map [-]L :
TCH(Q) — P(FS) interpreting formulas in 7'C'{ (Q) as subsets of S. The map
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is defined by induction by

[Tl = Fs,
[L]; = 0,
[evyly = el V¥l
e ndl; = el n W],
[Oxar, - a)l: = As(T(@), -, 7(g0)),
where A belongs to A and ¢,...,q, € Q. We write F'S,n IFl ¢ to indicate

n € [¢]t, and refer to this relation as the one-step semantics. Observe that if

S = (S,0) is a coalgebra, then

S, sl Ox(q, .- iff o(s) € [On(q,---,q)]E
We are now ready for the definition of the key structures of this chapter, viz.,

A-automata, and their semantics.

. qn)

A-automata A A-automaton A is a quadruple A = (Q, qr,0,2), where @ is a
finite set of states, ¢; € @ is the initial state, 6 : Q — TC3(Q) is the transition
map, and §2 : Q — N is a parity map. The size of A is defined as its number of
states, and its index as the size of the range of €.

Acceptance game Let & = (S,0) be a F-coalgebra and let A = (Q, qr,6,€)
be a A-automaton. The associated acceptance game A(S,A) is the parity game
given by the table below.

Position Player | Admissible moves Priority
(s.q)eSxQ| I [{r:Q =P(S)|FS,o(s)lFzd(a)} | a)
T €P(S)? vV {d) s eT(d)} 0

A pointed coalgebra (S, sg) is accepted by the automaton A if the pair (sg, qr)
is a winning position for player 3 in A(S, A).

The acceptance game of A-automata proceeds in rounds, moving from one
basic position in S x @) to another. In each round, at position (s, g) first 3 picks
an assignment 7 that makes the depth-one formula §(q) true at o(s). Looking at
this 7 : Q@ — P(95) as a binary relation {(s',¢') | s € 7(¢’)} between S and @, V
closes the round by picking an element of this relation.

This game is a natural generalization of the acceptance game for normalized
alternating py-automata presented in Section 2.4. So it does not come as a surprise
that A-automata are the counterpart of the coalgebraic p-calculus associated with
A. As a formalization of this we give the following proposition the proof of which is
an immediate adaptation of the proofs of Theorem 6.5 and Lemma 6.7 in [VWO07].
Here we say that a A-automaton A is equivalent to a sentence ¢ € uMLy if for
all pointed F-coalgebra (S, s), (S, s) is accepted by A iff S, s IF .
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7.2.2. PROPOSITION. There is a procedure transforming a sentence ¢ in pMLy
into an equivalent A-automaton A, of size dn and index d, where n is the size
and d is the alternation depth of . Moreover, the procedure is exponential time
computable in the size of .

7.3 Finite model property

In this section we show that uML, has the finite model property. That is, if a
sentence ¢ in uML, is satisfiable in a coalgebra, then it is satisfiable in a finite
coalgebra. The key tool in our proof is a satisfiability game that characterizes
whether the class of pointed coalgebras accepted by a given A-automaton, is
empty or not.

Traces Let ) be a finite set and €2 a map from @) to N. Given a relation
R C @ x @, we denote by Ran(R) the range of R which is the set {q € @ |
for some ¢’ € Q, (¢, q) € R}. A finite sequence qq . .. gx+1 in Q* is a trace through
a sequence Ry ... Ry in (P(Q x Q))* if for all ¢ € {0,...k}, (¢, ¢i+1) belongs to
R;. We denote by Tr(Ry...Ry) the set of traces through Ry ... R;. A sequence
qoq1 - -- In Q¥ is a trace through a sequence RyR; ... in (P(Q x Q))“ if for all
i € N, (¢i,¢i+1) € Ri. We write Tr(RoR;...) for the set of traces through
RoR; . ...

A sequence RyR;... in (P(Q X @))* contains a bad trace if there exists a
trace qoqy ... through RoR; ... such that the maximum of the set {Q(q) | ¢ €
Inf(qoqy ...)} is odd. We denote by NBT(Q,€?) the set of sequences RoR; ... in
(P(Q x @))% that do not contain any bad trace.

We are now going to define the satisfiability game for an automaton A =
(@, q1,0,9). The satisfiability game is an initialized graph game. We want this
game to be such that 4 has a winning strategy in the satisfiability game iff there
is a coalgebra S = (.9, o) that is accepted by A. The idea behind the satisfiability
game is to make a simultaneous projection of all the acceptance matches. So
intuitively, a basic position of the satisfiability games should be a subset Q) of Q.
We may associate with such a macro-state (' a point s € S such that 3 has to
deal with positions (s, ¢) in the acceptance game, for all g € @)'.

For each t € S and for each ¢ € @', we can define the set Qf as the collection
of states ¢ € @ such that (t,q’) is a possible basic position in the acceptance
game following the basic position (s, ¢q). Since @)’ is a macro-state, we define Q)
as |J{Q7 | ¢ € Q'}. Hence, each such a set is a potential next combination of
states in () that 4 has to be able to handle simultaneously. The total collection
of those sets is {Q; | t € S}; this is 3’s move in the satisfiability game. Now it is
up to V to choose a set from this collection, moving to the next macro-state.

With this definition of the game, a full match corresponds to a sequence
Q@7 - .. of basic positions, which are subsets of A. Intuitively, @} contains all
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the states that occur inside the i-th basic position of some acceptance match.
Now we have to say whether the match Q(@) ... is won by 3. Naively, we could
say that 3 wins iff there is no bad trace qopq; ... such that for all i € N, ¢; € Q'.
However, if there is such a bad trace qoq; ..., this would only be a problem if
qoq: - - - actually corresponds to an acceptance match. Given the way we defined
the game in the last few paragraphs, we only know that each ¢; occurs in some
acceptance match, but there is no possibility to guess whether ¢qq; . .. corresponds
to an acceptance match.

A solution to avoid this problem is to replace the subset (' by a relation
R C (@ X Q). The range of R would play the same role as @’ (that is, the formula
N{0(¢) | ¢ € Ran(R)} is true at the point corresponding to R). Moreover, for
each ¢ € Ran(R), the set {¢ € Q | (¢,¢') € R} is the set of states ¢ in @ such
that there is an acceptance match that moves (after one round) from ¢ to ¢
This helps us to remember which traces are relevant, when defining the winning
condition.

The satisfiability game Let (Q, qr,6,€2) be a A-automaton. The satisfiability
game Sat(A) for A is an initialized graph game. The game is played following the
rules given by the tableau below, where for an element ¢ € () and for a collection
RCP(QxQ), py: Q — @ x Q is the substitution given by

pg:q = (¢,4)
and vg : Q X Q@ — P(R) denotes the valuation given by

vr:(¢,¢) = {Re€R|(¢,¢) € R}.

Position Player | Admissible moves

RCQxQ 3 [{R CPQx Q) | [A{rsd(q) | q € Ran(R)}],,, # 0}
RCP@xQ) | vV [{R[ReR}

The starting position is {(qr,q;)}. Concerning the winning conditions, finite
matches are lost by the player that gets stuck. An infinite match is won by 3 if
the unique sequence of relations determined by the match does not contain any
bad trace.

We start by showing that the satisfiability game is a game the strategies of
which may assumed to have finite memory.

7.3.1. PROPOSITION. Let A be a A-automaton. If 3 has a winning strategy in
the game Sat(A), then 3 has a finite memory strategy. The size of the memory
1s at most exponential in the size of A.
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Proof Let (@, qr,0,9) be a A-automaton. By Proposition 7.1.2; it suffices to
show that the satisfiability game for the automaton A is an initialized regular
game. Abbreviate G := P(Q x Q) UPP(Q x Q). So we have to find a finite
alphabet ¥, a coloring col : G — ¥ and an w-regular language L over ¥, such
that for all infinite sequences zpz; ... in G¥, col(z)col(z1) ... belongs to L iff for
all i € N, z9; belongs P(Q X Q), z2;4+1 belongs to PP(Q x @) and zp2z224 . .. does
not contain any bad trace.

We let X be the set P(Q x Q) U {x}. We define col such that for all R €
P(Q x Q), col(R) = R and for all R C P(Q x Q), col(R) = . We define L as
the set {Ro* Ry x--- | RyRy € NBT(Q,)}.

We only show that L is w-regular, which is the most difficult part of the
proof. It is sufficient to prove that the complement of L is w-regular. That is,
we have to find a non-deterministic parity w-automaton B that accepts exactly
those sequences in ¥, which do not belong to L. We define a non-deterministic
w-automaton B = (Qp, g, 05, 25) as follows. The set Qg is equal to QU{q, | g €
Q}U{qr}. The initial state ¢p is ¢;. The transition map dp : Qp X X — P(Qp)
is given by putting

6(q, R) ={q¢. | (¢,¢) € R},
0(qx, ) ={q},

(g, *) = 6(qs, *) = 6(q., B) = {qr},

6(qr,*) = d(qr, R) ={q7},

for all ¢ € @ and R € P(Q x Q). Finally the parity map Qp is defined by
Q(gr) :=0and Qp(q) = Np(g.) :=Qq) + 1, for all ¢ € Q.

The intuition is that as soon as we see that a word over ¥ is not of the form
Ro* Ry x ... (where for all i € N, R; C (Q x Q)), we move to the state g and
the word is accepted. If the word is of the form Ry * Ry * ..., in each match of
the parity game corresponding to B, V constructs a trace trough RyR;... and
the match is winning for 3 if the trace is bad.

Clearly the size of B is linear the size of A. By Theorem 2.4.1, there is a
deterministic parity w-automaton the size of which is exponential in the size of
A and which recognizes L. By Proposition 7.1.2, we can conclude that the size
of the memory is at most exponential in the size of A.

7.3.2. THEOREM. Let A = (Q,qr,6,92) be a A-automaton. The following are
equivalent.

1. L(A) is not empty.
2. 3 has a winning strategy in the satisfiability game associated with A.

3. L(A) contains a finite pointed coalgebra of size at most exponential in the

size of A.
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Proof We first prove that (1) implies (2). Let S = (5,0, 5) be a pointed coal-
gebra accepted by A. We show that 4 has a winning strategy in the satisfiability
game Sat(A).

Before we go into the details of this definition, we need some terminology and
notation. By assumption, player 4 has a winning strategy f in the acceptance
game for the automaton A with starting position (sg,qr). Since the acceptance
game is a parity game, we may assume this strategy to be positional. Given
two finite sequences § = sg...s, € S* and ¢ = qp...q € QF, we say that ¢ f-
corresponds to s if there is an f-conform partial match which has basic positions
(S0,q0) - - - (Sk, qr). The set of all sequences in Q* that f-correspond to §'is denoted
as Corr¢(§). Intuitively, this set represents the collection of all f-conform matches
passing through s.

The definition of the winning strategy for 3 in the satisfiability game Sat(A) is
given by induction on the length of partial matches. Simultaneously we will select,
through the coalgebra S, a path s;s, ..., which is related to the Sat(A)-match 7
as follows: At each finite stage RyRoR; ... R of m, Ry = Ry,

Tr(Ry ... Ri) € Corrs(sg. .. sk)
and each ¢ € Ran(Ry,) occurs in some trace through Ry . .. Ry. (*)

This implies in particular that for each element ¢ € Ran(Ry), the pair (g, s) is a
winning position for 3 in the acceptance game.

First, we check that when the satisfiability game starts, condition (*) is sat-
isfied. In this case, we have Ry = {(qs,¢s)} and §'is the one element sequence s.
It is immediate that (*) holds.

For the induction step, assume that in the satisfiability game, the partial
match R = RoRoR; ... R, has been played. First we will provide 4 with an
appropriate response Ry C P(Q x Q).

Inductively, we have selected a sequence § = sgsi ..., satisfying condition
(*). Since f is by assumption a winning strategy for 3 in the acceptance game,
the pair (g, sx) is a winning position for 3 for each ¢ € Ran(Ry). This means that
I’s strategy f will provide her with a collection of valuations {7, : @ — P(S) |
q € Ran(Ry)} such that

FS, osy ||—lq 3(q). (7.1)

for all ¢ € Ran(Ry). The collection {7, | ¢ € Ran(Ry)} induces a map g, from S
to P(Q x Q) such that for all s in S, we have

9-(5) = {(¢,4) € @ x @ | ¢ € Ran(Ry) and s € 7,(q")}.

Intuitively, g, (s) contains all the pairs (¢, ¢’) such that in some f-conform match,
we move from the basic position (g, si) to the basic position (¢, s).

Next, we define Ry, as the image of S under g.. That is, Ry is equal to g,[5].
Thus we may and will see g, as a surjective map from S to Ry.
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1. CLAIM. Ry is a legitimate move for 3 in Sat(A) at position Ry.

Proor or CLAIM To see this, first observe that F'g, is a map with domain F'S
and codomain F'Ry. Thus, the object (F fy)osy is a member of the set F'Ry.

Now, in order to prove that 3 may legitimately play Ry at Ry, it suffices to
prove that for all ¢ € Ran(Ry),

FRy, (Fgr)osy by, pad(a), (7.2)

where vy, is defined as in the definition of the satisfiability game. Fix ¢ €
Ran(Ry), and abbreviate v := vg,. Given (7.1), it clearly suffices to prove that

FRy., (Fg)os IF. ppp iff  FS osy, II—lq © (7.3)
for all formulas ¢ in TC%} (Q). We will prove (7.3) by induction on the complexity
of .

In the base case we are dealing with a formula ¢ = ©,(q},...,q,). For
simplicity however we confine ourselves to the (representative) special case where
n =1 and write ¢’ = ¢}. In this setting, (7.3) follows from the following chain of
equivalences:

FRy, (Fgr)osy IF, pgp, <= FRy, (Fg-)osi Ik, Oa(g,¢)

(definition of p, and )
<~ (Fg,)(osk) € Az, [(q,4)]w (definition of I+)
< 05, € (Fg,) ' (Ar,.[(¢,4)]) (definition of (-)71)
= osi € Asg; ' ([(0,4)]w) (t)
— os, € As([d]-,) (1)
< FS,osy Il—iq O’ (definition of I-)

Here the step marked (}) follows from A being a natural transformation, which
implies that the following diagram commutes:

Qs As QFS
97_1 ‘ [ (FgT)il
ORy \ QF Ry
R

The step marked (f) follows from the identity [¢'],, = ¢;'([(¢,¢')],), which in its
turn follows from the following chain of equivalences, all applying to an arbitrary
se S

s € [d],, = sen(d) (definition of [-])
= (¢,9) € 9-(5) (definition of g,)
— g-(s) €v(q,q) (definition of v = vg,)
= g-(s) € [(¢,4)]. (definition of [-])

— seg ' ([(¢.4)])
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Since the inductive steps in the proof of (7.3) are completely routine, and
therefore, omitted, this finishes the proof of (7.3), and thus also the proof of the
claim. <

Given the legitimacy of Ry as a move for 3 at position Ry, we may propose
it as her move in the satisfiability game. Note that this yields the definition of a
strategy.

Playing this strategy enables 3 to maintain the inductive condition (*). In-
deed, by definition of Ry, for every R € R, there is an sgp € S such that
R = g¢.(sr). Hence if V picks such a relation R, that is putting Rxy1 = R,
3 adds the state sg to her sequence s, putting s, := sg.

To verify that the sequences Ry . .. Riy1 and Sq . . . Sg11 satisfy (¥), let qo . . . qri1
be a trace through R; ... Ryyq. Since Ry... Ry and sq... sy satisfy (*), there is
an f-conform match of the form (sg,qo)...(Sk,qx). In this match, when the
position (sg,qx) is reached, on the basis of f, 3 chooses a marking 7, : @
— P(5) such that S, sy |qu d(qx). Then, V may pick any pair (s,q) such
that s € 7, (¢). So in order to show that there is a partial f-conform match
of the form (so, qo) ... (Sk+1, @r+1), it suffices to prove that sy11 € 74, (gr+1). Re-
call that (g, qr+1) € Rgy1. Since Ripi1 = g-(Sk+1), qre1 belongs to Ran(Ry)
and Sgi11 € 74, (qr+1). This finishes the proof that the first part of (*) holds for
Ro Ce Rk—i—l and S0.-.Sk+1-

It remains to show that for all ¢ € Ran(Ryy1), ¢ occurs in a trace through
Ry ...Ryy1. Fix g € Ran(Ry41). So there exists g € @ such that (qx, q) belongs
to Ryy1. Since Rii1 = g-(Sk+1) and by definition of g,, g, belongs to Ran(Ry).
Moreover, it follows from the induction hypothesis that if ¢ € Ran(Ry), there
is a sequence q_1 ...q,_1 such that q_1Roqo ... Rrqr. Putting this together with
(G, q) € Ryy1, this finishes to prove that g occurs in a trace through Ry ... Ry 1.

Finally we show why this strategy is winning for 3 in the game Sat(A), initi-
ated at {(qr,qr)}. Consider an arbitrary match of this game, where 3 plays the
strategy as defined above. First, suppose that this match is finite. It should be
clear from our definition of 3’s strategy in Sat(A) that she never gets stuck. So
if the match is finite, V got stuck and 3 wins.

In case the match is infinite, 3 has constructed an infinite sequence s =
S0S182 . . . corresponding to the infinite sequence R= RoR1 R ... induced by the
Sat(A)-match. It is easy to see that since the relation (*) holds at each finite
level, for every infinite trace qoqiqs . .. through ﬁ, there is an f-conform infinite
match of the acceptance game on S with basic positions (sg, qo)(S1,¢1) - .. Since
f was assumed to be a winning strategy, none of these traces is bad. In other
words, the sequence R satisfies the winning condition of Sat(A) for 3, and thus
she is declared to be the winner of the Sat(A)-match. Since we considered an
arbitrary match in which she is playing the given strategy, this shows that this
strategy is winning, and thus finishes the proof of the implication (1 = 2).
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We now turn to the implication (2 = 3), which is the hard part of the proof.
Suppose that 3 has a winning strategy f in the satisfiability game (G3, Gy, E, Win,
{(q1,q1)}) associated with A. We need to show that A accepts some finite pointed
coalgebra of size at most exponential in the size of A.

By Proposition 7.3.1, we may assume 3’s winning strategy to use finite mem-
ory only. This means that there is a finite set M, an element m; € M and partial
maps f1: G3 x M — G and f5 : G35 x M — M satisfying the conditions of the
definition of a finite memory strategy (see Section 7.1.2).

Moreover, the size of M is at most exponential in the size of A. We can
extend the partial maps f; and f, to maps with domain G5 x M, by assigning
dummy values to the elements that do not belongs to the domain. Without loss
of generality, we may assume that for all (R, m) € Gy x M, fo(R,m) = m. If this
is not initially the case, we can replace fy by a map f} satisfying f5(R,m) =m
and fi(R,m) = fo(f1(R,m), fo(R,m)), for all R € G5, R € Gy and m € M.

We denote by W3 the subset of G3 x M that contains exactly the pairs (R, m)
satisfying the following condition. For all Sat(A)-matches RyRoR1R; ... and for
all sequences mgm; ... such that

Ry = R,mp=myand foralli € N, R; = fl(Riami)a mi41 = fQ(Riami)>

we have that RyRoR1R; ... is won by 3. Such a pair (R, m) is said to be winning
for 4 with respect to f in the acceptance game.

The finite coalgebra in L(A) that we are looking for will have the set G3 x M
as its carrier. Therefore we first define a coalgebra map £ : G3x M — F(G3x M).
We base this construction on two observations.

First, let (R, m) be an element of W3 and write R for the set fi(R,m). It
follows from the rules of the satisfiability game that there is an object g(R,m) €
FR such that for every ¢ € Ran(R), the formula p,d(q) is true at g(R, m) under
the valuation vg. Note that R C (G35, and thus we may think of the above
as defining a function ¢ with domain W3 and codomain F'G5. Choosing some
dummy values for elements (R, m) € (G5 x M)\ W3, the domain of this function
can be extended to the full set G5 x M. To simplify our notation we will also let
g denote the resulting map, with domain G3 x M and codomain F'G5. Second,
consider the map add,, : Gz — Gz x M, given by add,,(R) = (R,m). Based
on this map we define the function h : FG3 x M — F(G3 x M) such that
h(n,m) = F(add,,)(n), for all (n,m) € FG3 x M.

We let S be the coalgebra (G5 x M,§), where £ : G3 x M — F(G3 x M) is
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the map h o (g, fa).
F(Gg) x M

(9, f2) h

Gg x M f - F (Gg x M )

Observe that the size of S is at most exponential in the size of A, since G3 is
the set P(Q x Q) and M is at most exponential in the size of (). As the designated
point of & we take the pair (R, my), where Ry := {(qr,qr)} and g7 is the initial
state of the automaton A.

It is left to prove that the resulting pointed coalgebra (S, (R;, m;)) is accepted
by A. That is, using d’s winning strategy f in the satisfiability game we need
to find a winning strategy for 3 in the acceptance game for the automaton A
with starting position ((R;,mr),qr). We will define this strategy by induction
on the length of a partial match, simultaneously setting up a shadow match of
the satisfiability game. Inductively we maintain the following relation between
the two matches: If ((Ro,m0),q0),- .-, ((Rk,mk),qr) is a partial match of the
acceptance game (during which 3 plays the inductively defined strategy), then

« Qo - - - qx 1s a trace through Ry ... Ry,
(*) forall i € {0,...,k — 1}, Riy1 € fi(R;,m;) and m;yq = fo( Ri, m;).

Setting up the induction, it is easy to see that the above condition is met at the
start of the acceptance match. In this case, ((Ry,mo), qo) is equal to ((Rr,mr), qr)
and ¢rqr is the (unique) trace through the one element sequence Rj.

Inductively assume that, with 3 playing as prescribed, the play of the ac-
ceptance game has reached position ((Rg,my),qx). By the induction hypoth-
esis, we have ¢, € Ran(Ry) and the position (Rg,my) is a winning position
for 3 with respect to f in the satisfiability game. Abbreviate R := fi(Ry, my)
and n := fo(Rg,my). As the next move for 3 we propose the valuation 7 : @
— P(G3 x M) such that 7(q) := {(R,n) | (g, q) € R and R € R}, for all ¢ € Q.

2. CLAIM. T is a legitimate move at position ((Ry, mk), qx).
PROOF OF CLAIM In order to prove the claim, we need to show that

For a proof of (7.4), recall that (R, my) is a winning position for 3 in the sat-
isfiability game. Hence, the element v := g(Ry, my) of F'R satisfies the formula
Pq.0(qr) under the valuation v := vg (where vg is defined as in the definition of
the satisfiability game). That is,

R,y p6(a) (75)
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Thus in order to prove the claim it clearly suffices to prove that
S, (Ry,my) IFL ¢ iff FR,yIFL pg.0 (7.6)

for all formulas ¢ in Lo(A(Q)). The proof of (7.6) proceeds by induction on the
complexity of .

First consider formulas of the form ©,(qj,...,q); in order to keep notation
simple we assume | = 1 and write ¢’ instead of ¢}. Then we can prove (7.6) as
follows:

S, (Ry,my) IFL Oyd <= E(Ri, m) € Agawar([d]5)- (definition of IF)
< (Fadd,)(7) € Agaxm([d]+)- (definition of &)
& v € (Fadd,) ' (Masxm[d])  (definition of (-)~1)
= € Aoy (add; ([4],) h
7€ M((g ¢)]v) ()
< FR,vIF. Ox(qr, ) (definition of I+)
= IR,y p,.Oxnd (definition of pg, )

Here (1) follows from A being a natural transformation:

A
QG5 “ . QFG;
add;* (Fadd,)™"
Q(GgXM)A QF(G}XM)
Gax M

For the remaining step (1), using again the fact that A is a natural transformation,
the following diagram commutes:

AR

OR - QFR
idg' (Fidg)™!
QG5 Y QFGs
3

where idg is the identity map with domain R and codomain GG5. Moreover, since
we assume that F' is standard, we have that Fidgr = idr. Putting these two
observations together with the fact that [¢], is a subset of R (which is itself a
subset of G3), we have Az [q]. = Aas[4]o-

But then (I) is immediate by the following claim:

add, " (1d]-) = [(a. )] (7.7)
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which can be proved via the following chain of equivalences, which hold for an
arbitrary R C ) X Q:

Re (g, d)] <= Recv(a,q)

< ReRand (¢, ¢)€R (definition of v = vg)
< (R,n) € 7(¢) (definition of 7)
<= add,(R) = (R,n) € [{]- (definition of [-],)
<~ R add, ([¢];) (definition of (-)~!

Since the inductive steps of the proof of (7.6) are trivial, we omit the details.
This finishes the proof of the Claim. <

Now that we showed that 7 is a valid move for 3, we verify that the induc-
tion hypothesis (*) remains true. In the acceptance game, after 3 played the
valuation 7 : @ — P(G3 x M), V picks a pair ((Rpi1,Mks1), k1) such that
(Rpy1,mgy1) belongs to 7(qer1). By definition of 7, we have (qx, qri1) € Ria1,
mrr1 = fo( Rk, my) and Ryyq € fi(Rg,my), which implies that the induction
hypothesis holds.

To finish the proof of the implication (2 = 3), it remains to show that
the strategy defined for 3 is winning in the acceptance game A(,S,A) with
starting position ((R;,my),qr). First, if we look at the strategy, we see that
3 will never get stuck. So all the finite matches are won by 4. So let 7 =
((Ro,m0),q0)((R1,m1),q1) ... be an infinite match of the acceptance game dur-
ing which 3 played accordingly to the strategy defined above. It follows that
q19oq - - - is a trace through RoR; ... and for all i € N, R;\; € f1(R;,m;) and
miy1 = fo(R;,m;). Since the pair (fi, f2) is a winning strategy for 3, the satis-
fiability match RyR; ... is won by d, that is, RgR; ... does not contain any bad
trace. In particular, q;qoq; . .. is not a bad trace, which means that 7 is won by
3 and this finish the proof of implication (2 = 3).

Since the implication (3 = 1) is trivial, this finishes the proof of the theorem.
O

Putting this theorem together with Proposition 7.2.2, we obtain a finite model
property for the coalgebraic p-calculus, for every set of predicate liftings.

7.3.3. COROLLARY. If a sentence ¢ in uMLy is satisfiable in a F'-coalgebra, it
1s satisfiable in a F'-coalgebra of size exponential in the size of .

Moreover, given some mild condition on A and F', we obtain the following
complexity result.
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Exponential one-step satisfiability property Let F' be a functor and A a
set of predicate liftings for F'. We say that the pair (F,A) has the exponential
one-step satisfiability property if for all sets @) and S, assignments 7 : Q) — P(5)
and formulas ¢ in TC}(Q), the relation [¢]! # 0 is decidable in time exponential
in the size of .

7.3.4. THEOREM. Let F be a functor and A a set of predicate liftings for F' such
that (F,A\) has the exponential one-step satisfiability property. It is decidable
in time doubly exponential in the size of ¢, whether a fixpoint A-sentence o is
satisfiable in the class of F-coalgebras.

Proof Fix a fixpoint A-sentence ¢. By Proposition 7.2.2, we can compute in
time exponential in the size of ¢, a A-automata A = (@, gz, 6, €?) in such that for
all pointed coalgebras (S, sg),

S,s0lF ¢ iff (S, s0) is accepted by A.

The automaton A is of size dn and index d, where n is the size of ¢ and d is the
alternation depth of ¢.

So to decide whether ¢ is satisfiable, it is sufficient to decide whether A
accepts a pointed coalgebra. By Theorem 7.3.2, deciding whether A accepts a
pointed coalgebra is equivalent to decide whether 3 has a winning strategy in the
game Sat(A) = (G3, Gy, E, Win, {(qr,q1)}). Recall that Sat(A) is an initialized
regular game. Moreover, its associated regular language is the complement of the
language recognized by the automaton B, as defined in Proposition 7.3.1.

First, we show that in time doubly exponential in the size of A, we can compute
the game Sat(A). Since the set Gz is equal to P(Q x Q) and the set Gy is equal
to PP(Q x Q), each position of the board of Sat(A) can be represented by a
string exponential in the size of A. Moreover, the size of GG is doubly exponential
in the size of A.

Given a pair (R, R) in PP(Q x Q) x P(Q x @), we have that (R, R) belongs
to F iff R € R. So it is decidable in time exponential in the size of A whether
(R, R) belongs to E. Given a pair (R,R) in P(Q x Q) X PP(Q x Q), we have
that (R, R) belongs to E iff

[A\{r.d(q) | g € Ran(R)}}, # 0,

where v is defined as in the definition of the satisfiability game. Since A is
computable in time exponential in the size of ¢, the size of §(¢q) (for each q € Q)
is at most exponential in the size of ¢. Hence, the size of the formula A{p,0(q) |
q € Ran(R)} is at most exponential in the size of ¢. Putting this together with
the fact that (F,A) has the exponential one-step satisfiability property, we get
that it is decidable in time double exponential in the size of ¢ whether (R, R)
belongs to E. Moreover, as E C G x G and G = P(Q X Q) x PP(Q x Q), the
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number of pairs (R, R) for which we have to check whether it belongs to FE, is
doubly exponential in the size of A.

The winning condition of Sat(A) is completely determined by the coloring
col and the automaton B = (Qp, g5, 05, 2p) (as defined in the proof of Proposi-
tion 7.3.1). We can compute the graph of col in time doubly exponential in the
size of A. Moreover, the automaton B is computable in time exponential in the
size of A. This finishes the proof that in time doubly exponential in the size of
A, we can compute the game Sat(A).

Finally we show that it is decidable in time doubly exponential in the size of
A whether 3 has a winning strategy in Sat(A). We use Theorem 7.1.4. The size
n of G is the size of the set PP(Q x Q) UP(Q x Q). So n is doubly exponential
in the size of A. The size of E is also doubly exponential in the size of A. The
size and the index of B are linear in the size of A. Therefore, by Theorem 2.4.1,
there exists a deterministic w-automaton that recognizes the same language as B,
the size of which is exponential in the size of A and the index of which is linear in
the size of A. Putting everything together with Theorem 7.1.4, we obtain that it
is decidable in time doubly exponential in the size of A whether 3 has a winning
strategy in Sat(A). O

7.4 One-step tableau completeness

In this section we show how our satisfiability game relates to the work of Corina
Cirstea, Clemens Kupke and Dirk Pattinson [CKP09]. The authors of this paper
proved that when assuming the existence of a certain derivation system satisfying
some properties for A, the satisfiability problem for fixpoint coalgebraic logic in
decidable in EXPTIME. In the previous section, we established a 2EXPTIME
bound for the same problem, but without any assumption.

We show that using the same assumptions as in [CKP09], we can modify the
satisfiability game from the previous section and obtain a new game: the tableau
game. The two games are equivalent, in the sense that 4 has a winning strategy
in one of them iff she has a winning strategy in the other.

Moreover, it is clear from the definition of the tableau game that the tableau
game is rather similar to the game defined by Corina Cirstea et alii [CKP09]. The
main difference is that our tableau game is defined with respect to a A-automaton,
whereas their game is defined with respect to a coalgebraic fixpoint formula (recall
from Proposition 7.2.2 that such a formula can be translated into an equivalent
A-automaton). It is then not surprising that under the same assumptions as
in [CKP09], we can derive from the tableau game an EXPTIME bound for the
satisfiability problem.

We start by recalling the definitions of one step rule and one-step complete-
ness, as introduced in [CKP09]. We also define the tableau game.
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One-step rule Fix an infinite set X. We let A(X) denote the set {QOy(x1, -, x,) |
A€ ANz, € X} A (monotone) one-step rule d for A is of the form

Ly
A - A,

where Iy is a finite subset of A(X) and Ay,..., A, are finite subsets of X, every
propositional variable occurs at most once in I'y and all variables occurring in
some of the A;’s (i > 0) also occur in I'y. We write Conc(d) for the set I'y and
Prem(d) for the set {A; |1 <i < n}.

Let ¢ be a formula in 7'C’{ (X). Recall that a formula in 7C'{ (X) is a disjunc-
tion of conjunctions of formulas in A(X). Hence, there exist subsets I'y,..., T,
of A(X) such that

p=\V{ALil1<i<n}

Given a finite subset I of A(X), we say that I" strongly entails ¢, notation: T" F ¢,
if there exists ig € {1,...,n} such that I';, CT.

For a set of such rules, with an automaton A we associate a so-called tableau
game, in which the rules themselves are part of the game board.

Tableau game Let (Q, g7, 6, 2) be a A-automaton, let Ay be the set of predicate
liftings A € A such that A or its dual occurs in the range of § and let D be a set
of one-step rules for A. The game Tab(A, D) is the initialized graph game given
by the table below.

Position Player | Admissible moves

ReP(@xQ) 3 [ {I' S A(@x Q) | (Vg € Ran(R))(T" b pgd(a)}
I CAL(Q % Q) v {(d,e) €D x (Q x Q) | 9]Cone(d)] C r}
(d,0)eDx (QxQ)* | 3 |{0[A]|A e Prem(d)}

The starting position is {(qr, gr)}. An infinite match RoI'o(do, 6p)R1I1(d1,6y) ...
is won by 3 if RyR; ... belongs to NBT(Q, (2).

Our tableau game Tab(A, D) is (in some natural sense) equivalent to the sat-
isfiability game for A if we assume the set D to be one-step sound and complete
with respect to F.

One-step completeness A set D of one-step rules is one-step sound and com-
plete with respect to A if for all sets Y and S, all finite subset I" of A(Y) and all
assignments 7 : Y — P(S) the following are equivalent:

(a) [ATTy # 0

(b) for all rules d € D and all substitutions § : X — Y with 6[Conc(d)] C T,
there exists A; € Prem(d) such that [A 0[A]] # 0.
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Intuitively, one-step soundness and completeness means that the conclusion
of an instance of a rule is satisfiable iff one of the premisses of the instance of
the rule is satisfiable. Note that the implication (a) = (b) corresponds to the
completeness of D and the implication (b) = (a) corresponds to the soundness
of D.

7.4.1. EXAMPLE. (1) For all n € N, let d,, be the following one-step rule:

{<>SCO, Dxl, ey DQ?”}

{zo, ..., xn}

The set {d, | n € N} is one-step sound and complete with respect to {\, A},
where A is the predicate lifting corresponding the modality O (as defined in Ex-
ample 7.2.1(1)).
(2) The d defined by
{Ox, Oy}
{z,y}

is one-step sound and complete with respect to o {, X}, where X is the predicate
lifting corresponding the universal modality for neighborhood modal logic (as
defined in Example 7.2.1(3)).

7.4.2. THEOREM. Let A = (Q,q1,9,Q) be a A-automaton and let D be a set of
one-step rules for A. If D is one-step sound and complete with respect to F', then
3 has a winning strategy in Sat(A) iff 3 has a winning strategy in Tab(A,D).

Proof For the direction from left to right, suppose 3 has a winning strategy f in
Sat(A). We define a winning strategy g for 3in Tab(A, D). The idea is that during
a g-conform match Rolo(do, 0p) ... Rr—1T%—1(dk—1, 0k_1) Ry, 3 will maintain an f-
conform shadow match RyRy ... R)_;Ri_1R) such that for all i <k, R; C R;.

The first position of any g-conform match is Ry = {(qr, qr)}. The first position
of its f-conform shadow match is R, = {(qr,qr)}, hence Ry C Ry,

For the induction step, let 7 = Rol'o(do,6p) ... Rek—10%_1(dk_1,0k—1) Ry be a
g-conform match and let 7' = R{Rg... R}, Rr_1 R}, be its f-conform shadow
match such that for all 7 < k, R; C R;. At position R, in the f-conform match,
suppose that 3’s choice is the set Ry C P(Q x Q). It follows from the rules of
Sat(A) that [A{p,0(q) | ¢ € Ran(Rk)}]]iRk # (. Hence, there is n € F'R such
that

FRy, I, pa0(a), (7.8)

for all ¢ € Ran(Ry).

Take ¢ € Ran(Ry). Recall that d(g) is a disjunction of conjunctions of formulas
in A(Q). Tt follows from (7.8) that there exists a disjunct AT of the formula
d(q) sucht that F'Ry,n Il—}mk pq (AT,). Now we define T as the set {I', | ¢ €
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Ran(Ry)}. It follows from the definition of I'y that F'Ry,n |'_11mk pq (ATk) and

that I'y s p,0(¢). We define the strategy g such that 3’s next move in 7 is the
set Iy, € Ap(Q X Q).

Next, in the Tab(A, D)-match, suppose that ¥V plays and chooses a pair (dy, 0 ),
where d; € D and 0 : X — @ x @ are such that 6;[Conc(dy)] C I'y. Now 3
has to find a set A € Prem(dy). Since [A Fk]]zlmk # () and D is one-step sound

and complete for ', there exists A € Prem(dy) such that [A Ox[A]].,, # 0. We
continue the definition of g by letting 3 choose the set 0;[A] as the next position
in the Tab(A, D)-match, i.e. Rypiq = Ok[A].

Since [ Ox[A]lur, # 0, there exists R}, € Ry, such that

Ries Ry 1 Fo, \ O[A]. (7.9)

We define the next move for V¥ in the f-conform match 7’ as the relation R;_,,.

Now we check that the induction hypothesis remains true, i.e. Ry C Ry, ;.
Take (q,¢') in Rgi1. By definition of Rii1, (q,¢") belongs to 0;[A]. It follows
from (7.9) that R}, € vg,(q,q'). Recalling the definition of vz, (see the defini-
tion of the satisfiability game), we see that (¢, ¢’) belongs to Rj_ ;.

It remains to show that such a strategy ¢ is winning for 3 in Tab(A,D). It
follows from the definition of ¢ that 3 will never get stuck. Hence we may confine
our attention to infinite g-conform matches. Let m = Rol'o(dg, 0p) R1I1(d1,61) . ..
be such a match. By definition of g, there exists an f-conform shadow match
7' = R{RoR|Ry... such that for all i € N, R; C R]. Since f is a winning
strategy for 3, the sequence R(R] ... does not contain any bad trace. Putting
this together with the fact that R; C R! (for all ¢ € N), we obtain that RyR; ...
does not contain any bad trace; that is, 7 is won by 4.

For the direction from right to left, suppose 3 has a winning strategy g in
Tab(A, D). We need to provide a winning strategy f for 3 in Sat(A). During a f-
conform match RyRy ... Rx_1Ri_1 Rk, 3 will maintain a g-conform shadow match
RoTo(do, 6p) ... Rk_1Tk_1(dg_1,0x_1)Ry. The first position of any f-conform match
is Ry = {(qr,qr)} and the first position of its g-conform shadow match is also Ry.
For the induction step, let m = RyRq ... Rr_1Rir_1R) be an f-conform match and
let 7' = Rol'o(do,6p) ... Rgk—1Tk—1(dg_1,0k_1) Rk be its g-conform shadow match.
In the f-conform match, 3 has to define a set Ry C P(Q x Q) such that

[/\{rad(a) | 4 € Ran(Ri)},,, # 0. (7.10)

Assume that at position Rj in the g-conform shadow match, 3 chooses a set
Iy € Ap(Q x Q) such that for all ¢ € Ran(Ry,), I'x s pyd(q).

We say that a set R C () x ) is g-reachable from Ry if there is a g-conform
match of the form Rol'o(do,6) ... Re—1Dlk—1(dk_1,0k—1)RiI'x(d,0)R. We define
Ry as the set {R C Q x Q| R is g-reachable from Ry }.

1. CLAIM. Ry is a legitimate move for 3 at position Ry in Sat(A).
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PrROOF OF CLAIM To show that such a move is a legitimate move for 3 in Sat(A),
we have to check that (7.10) holds. Since for all ¢ € Ran(Ry), I'y s pd(q), it is
sufficient to prove that [/ Fk]]mlmk # (0. As D is one-step tableau-complete for F,
it suffices to verify that for all rules d in D and for all maps 6 : X — ) x ) such
that 0[Conc(d)] C 'y, there exists A € Prem(d) such that [/ 0[A]].,, # 0.

Fix arule d in D and a map 6 : X — @ x @ such that §[Conc(d)] C I'y. Now
consider the g-conform match RoT'o(do, 6p) ... Rk 1T%x—1(dg_1,0k—1) Rk (d, 0). In
this match, it is 3’s turn and according to g, she chooses a set A € Prem(d),
making the relation #[A] as the new position. So the relation §[A] is g-reachable
from Ry. Thus it belongs to Ry. To show [A0[A]].,, # 0, it enough to prove
that Ry, 0[A] Ik, AG[A]. This follows from the definition of v, and finishes
the proof of the claim. <

Now that we showed that Ry, is a valid move for 3 at position Ry, in Sat(A),
we may define f such that the next move for 3 in 7 is Ry. Next, it is V who has
to play in the f-conform match and he picks a relation Ry, € Ri. By definition
of Ry, Riy1 is g-reachable from Rj. So there is a g-conform shadow match of
the form ROFO(dO, 90) N Rk_le_l(dk_l, Qk_l)Rka(dk, Qk)Rk-i-l- This finishes the
definition of f.

We still have to check that the strategy f is winning for 3 in Sat(A). First
we observe that using f as a strategy 3 will never get stuck. So it is sufficient to
consider an infinite f-conform match m = RyRoR1R:.... By construction of f,
there exists a g-conform shadow match 7" = RoI'o(do, 0p) R (dq,61) . ... Since
7' is won by 3, RyR; ... does not contain any bad trace. Hence 7 is won by 3.

For the purpose of obtaining good complexity results for the coalgebraic p-
calculus, in case we have a nice set D of derivation rules at our disposal, then
the tableau game has considerable advantages over the satisfiability game. More
specifically, if we follow exactly the ideas of [CKP09] and introduce the notions
of contraction closure and exponential tractability for a set of derivation rules,
we can show that the satisfiability problem for fixpoint coalgebraic formulas can
be solved in exponential time.

Contraction closure A set D is closed under contraction if for all sets Y,
for all rules d in D and for all substitutions # : X — Y, there exists d’ in D
and a substitution 6’ : X — Y such that the following conditions hold. For
all ¢ and v in Conc(d’) such that 6'(p) = 6'(¢)), we have ¢ = 1. Moreover,
0[Conc(d)] C 0'[Conc(d’)] and for all A in Prem(d), there exists A’ in Prem(d’)
such that 0[A] C ¢'[A"].

Being contraction closed means that whenever we use a rule and the conclusion
contains twice the same formula, then we may replace the rule by a new one, where
the formula occurs only once in the conclusion.
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Exponential tractability A set D is exponentially tractable if for all sets Y,
there is an alphabet 3 and a polynomial p : N — N such that every (d, ) (with
deDandf: X — Y) can be encoded as a string of length < p(size(6[Conc(d)]))
and the relations

{(I',p(d, 0)) | O[Conc(d)] € T'}

and
{(p(d,0),0[A]) | A is the i-th premisse of Prem(d)}

are decidable in time exponential in the size of Y, for all ¢ € N.

Exponential tractability will help us to encode the positions of the board of the
tableau game, reduce the size of the board (its upper bound will be exponential in
the size of the automaton, whereas in the previous section, the upper bound was
doubly exponential) and give us a nice complexity for the relation determining
legal moves in the tableau game.

The following theorem was proved in [CKP09], but here, we show how to
derive it from the tableau game, which is in some sense, a particular case of the
satisfiability game when the set A satisfies some nice properties. The key results
are Proposition 7.2.2, Theorem 7.3.2 and Theorem 7.4.2. How to derive from
them the next theorem is similar to what is done in [CKP09]. For clarity, we
spell out the details.

7.4.3. THEOREM. [CKP09] Let F be a functor, A a set of predicate liftings for
F, D a set of rules which is exponentially tractable, contraction closed and one-
step sound and complete for A. It is decidable whether a fixpoint A-sentence p is
satisfiable in the class of F'-coalgebras, in time exponential in the size of .

Proof Let F'; A and D be as in the statement of the theorem. Since D is exponen-
tially tractable, there exist an alphabet ¥ and a polynomial p which satisfy the
conditions of the definition of exponential tractability. Fix a fixpoint sentence ¢
in ML,. By Proposition 7.2.2, we can compute in time exponential in the size of
¢, a A-automaton A = (Q, qr, 0, ) such that ¢ and A are equivalent. Moreover,
the size of A is dn, where d is the alternation depth of ¢ and n is the size of .
The index of A is equal to d.

To check whether ¢ is satisfiable, it is sufficient to check whether there exists
a pointed coalgebra accepted by A. By Theorem 7.3.2 and Theorem 7.4.2, this
boils down to determine whether 3 has a winning strategy in the tableau game
Tab(A, D) = (Ga, Gv, E, WZTl, {(qI, qI)})

We start by modifying the game Tab(A,D) such that the modified game is
easier to computer and is equivalent to the original game (in the sense that 3
has a winning strategy in the original game iff 3 has a winning strategy in the
modified game). To do this modification, we use the fact D is contraction closed.
We know that for all rules d and for all substitutions ¢’ : X — @ x @, there exist
a rule d’ € D and a substitution ' : X — @ x @ such that
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(i) for all ¢ and 1 in Conc(d’) satisfying 0'(p) = 6'(v), we have ¢ = ).

(ii) @[Conc(d)] € #'[Conc(d’)] and for all A in Prem(d), there exists A’ in
Prem(d’) such that 8[A] C 0'[A].

It follows from (i) that #" induces an injection from Conc(d’) to Ax(Q x Q). In
particular, the number of formulas in Conc(d’) is less or equal to k := |[Ax(Q X Q)]
Moreover, it follows from (ii) and the rules of the tableau game that if the pair
((d,0), R) belongs to the edge relation, we may remove this pair from the edge
relation and replace it by the pair ((d’,6’), R). So in the remaining of the proof,
we assume that the number of formulas in the conclusion I' of a rule d occurring
in the game is at most k.

Now we show that we can compute the game Tab(A,D) in time exponential
in the size of A. Recall that Tab(A, D) has three kinds of positions: (a) positions
in P(Q x Q), (b) positions in P(Ax(Q x Q)) and (c¢) positions in D x (Q x Q)¥.

1. CLAIM. Every position in the tableau game can be represented by a string of
polynomial length in the size of A.

PROOF OF CLAIM The claim immediate for the positions which belong to P(Q x
Q). Next we consider the positions in P(Ax(Q x @)). Since all the predicate
liftings of Ay occur in ¢, the size of Ay is smaller than the size of ¢ and thus,
smaller than the size of A. Hence, the size of A, (Q X @) is polynomial in the size
of A. Tt follows that the positions of the form I' C A, (Q x @) can be encoded by
a string polynomial in the size of A.

Now we consider the positions of type (¢). Using exponential tractability, we
know that each position of the form (d,#) can be encoded by a string (over X)
of length < p(size(0[Conc(d)])). Now 8[Conc(d)]) is a subset of Ay (Q x Q). We
already observed that the size of Ay (Q x @) is polynomial in the size of A. Hence,
each position of the form (d,#) can be encoded by a string of polynomial length
in the size of A and this finishes the proof of the claim. <

Next we show that the size of the board is exponential in the size of A. The
number of positions of type (a) is obviously exponential in the size of A. The
size of P(Ax(Q x Q)) (that is, the positions of type (b)) is also exponential in
the size of A, as the size of A, is smaller than the size of A. Finally we consider
positions of type (c). Looking at the proof of the previous claim, we see that
there is a polynomial p’ such that each position of the form (d, @) is encoded by a
string over ¥ of length < p/(|A|). There are at most (]3| + 1)?(4D such strings.
Therefore, the number of positions of the form (d,f) € D x (A x A)¥ is at most
exponential in the size of A. This finishes the proof that the size of the board is
exponential in the size of A.

Now we prove that we can compute the edge relation of the tableau game in
time at most exponential in the size of A .
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2. CLAIM. Given a pair of positions of the board, we can decide in time exponen-
tial in the size of A whether the pair belongs to the edge relation.

Proor or CLAIM First, given a relation R € P(Q x Q) and a subset I' of
Ax(Q x Q), deciding whether (R,I") belongs to the edge relation is equivalent
to decide whether for all ¢ € Ran(R), the relation I' 5 p,6(¢q) holds. Since we
can compute A in time exponential in the size of ¢, the size of §(g) is at most
exponential in the size of ¢. Hence, the question whether I' -, p,0(¢) holds is
decidable in exponential time.

Second, given a subset I' of Ay(Q x @) and a pair (d,f), we can check in
time exponential in the size of A whether the pair (I, (d, #)) belongs to the edge
relation (that is, whether 0[Conc(d)] C I'), by using exponential tractability.

Finally, given a pair (d,6) in D x (Q x Q)% and a relation R € P(Q x Q), we
want to decide whether the pair ((d, ), R) belongs to the edge relation. That is,
decide whether there exists a premise A of d such that R = §[A]. By exponential
tractability, for all © € N, we can check in time exponential in the size of A
whether R = 0[A;], where A, is the i-th premise of d. So it is sufficient to show
that the number of premises of d is bound in a reasonable way.

Recall that the number of formulas in the conclusion I' of d is at most k. It
follows that the number of elements of X occurring in I" is bound by n -k, where n
is the maximal arity of the predicate liftings in A,. Hence the number of premises
of d is at most 2"*. Since we suppose that the size of a predicate lifting of arity
[ is at least [, n is less or equal to the size of ¢, which is less or equal to the size
of A. We observed earlier that k = |Ax(Q x Q)] is polynomial in the size of A.
Therefore, 2"* is polynomial in the size of A. <

Now, since the size of the board is at most exponential in the size of A, the
size of the edge relation is also at most exponential in the size of A. Putting this
together with the last claim, we can compute the edge relation of the tableau
game in time at most exponential in the size of A.

We turn now to the computation of the winning condition. Exactly, as we
showed that the satisfiability game is regular (in Proposition 7.3.1), we can prove
that the tableau game is regular. We can define the alphabet ¥ := P(Q x Q)U{x}
and a coloring col’ : G5 U Gy — ¥ such that for all R € P(Q x Q), col'(R) = R
and for all positions z of the board which do not belong to P(Q x @), col'(z) = .
Finally we let L' be the language { R * xRy *x--- | RoRy--- € NBT(Q,2)}. Tt
is easy to see that with these definitions of ¥, col’ and L', Tab(A, D) is a regular
game.

It is immediate that we can compute the graph of col’ in time exponential in
the size of A. Moreover, by slightly modifying the construction of the automaton
B in the proof of Proposition 7.3.1, we can construct a non-deterministic parity w-
automaton C such that C recognizes the complement of L’. We may also assume
that C is computable in time exponential in the size of A and that the size and
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the index of C are linear in the size of A. This finishes the proof that we can
compute the game Tab(A,D) in time exponential in the size of A.

Finally, using Theorem 7.1.4, we show that it is decidable in time exponential
in the size of A whether 3 has a winning strategy in Tab(A,D), from position
{(q1,q1)}. As proved earlier, the sizes of the board of the tableau game and of
the edge relation are exponential in the size of A. The size and the index of C
are linear in the size of A. Therefore, there exists a deterministic w-automaton
recognizing the same language as C, the size of which is exponential in the size of
A and the index of which is linear in the size of A (see Theorem 2.4.1). Putting
everything together with Theorem 7.1.4, we obtain that it is decidable in time
exponential in the size of A whether 3 has a winning strategy in Tab(A,D). O

7.5 Conclusions

In this chapter we have introduced A-automata which are automata using predi-
cate liftings. We generalize [Ven06b] in that our presentation works for any type
of coalgebra i.e. no restriction on the functor.

We introduced an acceptance game for A-automata, and established a finite
model property (Theorem 7.3.2) using a satisfiability game for A-automata. We
used games to establish a 2EXPTIME bound on the satisfiability problem for
uMLy (Theorem 7.3.4). We showed how our approach relates to the work in
[CKP09] by means of a game based on tableau rules (Theorem 7.4.2).

There are still some unresolved issues. By proving the finite model property
for coalgebraic fixpoint logic, we gave an illustration how A-automata can be
a tool for showing properties of coalgebraic fixpoint logic. So one could ask
whether, using A-automata, we could prove other properties. For example, we
could be inspired by the fact that the proofs of the existence of a disjunctive
normal form and the uniform interpolation theorem for the p-calculus are based
on the automata theoretic approach for the p-calculus.
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Conclusion

I like the following sentence written by Roland Dorgeles: “Ils sont arrivés parce
qu’ils n’allaient pas loin” (“They have arrived because they did not go far”).
Throughout this thesis, we saw that there are various perspectives one can have
on a p-sentence and depending on the context, one or another might be more
relevant. One could think of the sentence above as being pessimistic regarding
the work done. Or it could mean that the horizon is almost infinite.

The work done The idea was to explore the p-calculus through the “fine
structure” approach; that is to say, by specializing the class of models, of frames
and of languages that we consider. We believe that the main contributions are
the following:

e We gave an easy proof of the completeness of the Kozen’s axiomatization
together with the axiom px.Ox with respect to the class of finite trees.
The proof consisted in combining Henkin-style semantics for the p-calculus
together with model theoretic methods.

e We investigated the expressive power of the p-calculus on frames. More
precisely, we showed that an MSO formula is frame definable by a p-formula
on trees iff it is preserved under p-morphic images on trees and under taking
subtrees.

e We provided characterizations for the node and path expressions of the
fragment of CoreXPath the unique basic axis of which is the descendant
relation. These characterizations were obtained by combining well-known
results concerning the p-calculus.

e We gave a syntactic characterization of the continuous fragment. Using the
characterization, we showed that it is decidable whether a given p-sentence
is continuous.

223
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e In the framework of universal coalgebra, we introduced the notion of A-
automaton associated with a set A of predicate liftings. We used these
automata to obtain, under some very mild condition, a double exponential
upper bound for the satisfiability problem for coalgebraic fixpoint logic. It
also followed from the proof that coalgebraic fixpoint logic has the finite
model property.

A small part of the almost infinite horizon At the end of each chapter,
we mentioned a few suggestions for further work. Among those, we would like to
recall the following:

e [t would be nice to have a better understanding of the completeness of the
p-calculus. In particular, it would be interesting to obtain an easier proof
for the completeness of the p-calculus in general.

As suggested by Chapter 3, a possible path is to first concentrate on re-
stricted settings. Possibilities other than finite trees include the setting of
linear orders and the alternation free fragment of the p-calculus. Let us
recall that the axiomatizability of the p-calculus on linear orders has been
studied by Roope Kaivola [Kai97].

e A natural question following the main result of Chapter 4 is whether we
can obtain a characterization of the expressive power of the p-calculus on
arbitrary frames. More precisely, whether we can find semantic conditions
that characterize the p-calculus as a fragment of MSO on frames in general.

e [t would be interesting to see whether some of the characterizations pre-
sented in Chapter 5 can be adapted for PDL, CTL or CTL*. If we try to
modify the proofs of this chapter, a first difficulty that we would encounter
is the fact that there is no nabla operator for these logics. But it still
seems possible that there are translations similar to the ones presented in
Chapter 5 for PDL, CTL or CTL*.

Another interesting question related to Chapter 5 is to find the scope of
the techniques used in this chapter, by for example using these methods
to obtain characterizations of other natural fragments of the p-calculus. A
first obvious question is to identify other natural fragments.

e [t seems natural to pursue the development of the automata theoretic ap-
proach for coalgebras. For example, we could try to show a result similar
to the fact that there is a disjunctive normal form for the p-calculus. This
might help to obtain a uniform interpolation result.

e We could also think of lifting some of the results to the setting of coalgebras.
The most relevant results in that respect are the completeness of the u-
calculus on finite trees and the characterization results of Chapter 5. The
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most difficult step would probably be to express the results in coalgebraic
terms.

We also mentioned in the introduction that the chapters of this thesis can
be seen as an exploration of the possible methods to understand the p-calculus.
In Chapter 3, we used model theoretic methods; it is is not yet clear what the
scope of the methods used there is, or if there are other particular model theoretic
methods that could help for investigating the p-calculus.

Chapters 4, 5 and 7 provide several illustrations of the fact that game theory
is an adequate formalism to talk about the p-calculus. Moreover, Chapter 7 is
also an example of the power of the automata theoretic approach and the fruitful
interaction between automata theory and game theory.

Throughout the remarks of Chapter 5, we sketched how the methods of that
chapter could be transferred from the level of formulas to the context of automata.
The main point of these remarks is that if we want to address complexity issues
(at least related to the problems of Chapter 5), the automata perspective might
be more appropriate.

It would be interesting to study this phenomenon on a broader scale. For
example, we mentioned in Chapter 5 the question of the complexity of the trans-
formation of a p-sentence into an equivalent disjunctive sentence. Comparing
that complexity with the complexity of the transformation of an alternating pu-
automaton into a non-deterministic p-automaton would contribute to a better
understanding of the link between automata and formula.

One of the first steps to investigate the complexity of the transformation of
a p-sentence into an equivalent disjunctive sentence is to establish the complex-
ity of computing the solution of a modal equation system, as defined in [BS07,
Section 3.7].
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Samenvatting

Dit proefschrift bestudeert enkele model-theoretische aspecten van de modale p-
calculus, een uitbreiding van de modale logica met kleinste en grootste dekpunt-
operatoren. We verkennen deze aspecten via een “fijnstructuur” benadering van
de p-calculus. Met andere woorden, we concentreren ons op speciale klassen van
structuren en specifieke fragmenten van de taal. De methoden die wij gebruiken
illustreren de vruchtbare interactie tussen de p-calculus en andere onderzoekge-
bieden, zoals automatentheorie, speltheorie en modeltheorie.

Hoofdstuk 3 bewerkstelligt een volledigheidsresultaat voor de u-calculus over
eindige bomen. Het volledigheidsbewijs van de p-calculus over willekeurige struc-
turen [Wal95| staat bekend vanwege de moeilijkheidsgraad, maar eindige bomen
staan ons toe een veel eenvoudiger argument te geven. De techniek die we ge-
bruiken bestaat uit het combineren van een Henkin-stijl semantiek voor de pu-
calculus met modeltheoretische methoden geinspireerd op het werk van Kees
Doets [Doe89]).

In hoofdstuk 4 bestuderen we de uitdrukkingskracht van de p-calculus op
het niveau van frames. De uitdrukkingskracht van de p-calculus op het niveau
van modellen (gelabelde grafen) is bekend [JWO96], terwijl niets bekend is van
het niveau van frames (ongelabelde grafen). In de setting van frames komen de
propositieletters overeen met universeel gekwantificeerde tweede-orde variabelen.
Ons voornaamste resultaat is een karakterisering van die monadische tweede-orde
formules die op de klasse van bomen (gezien als frames) equivalent zijn met een
formule van de p-calculus.

In Hoofdstuk 5 laten we karakteriseringen zien van specifieke fragmenten
van de p-calculus, waarvan de belangrijkste het Scott continue fragment en het
volledig-additieve fragment zijn. Een interessant aspect van de continue formules
is dat ze constructief zijn, dat wil zeggen, hun kleinste dekpunten kunnen worden
uitgerekend in hoogstens w veel stappen. We geven ook een alternatief bewijs
voor de karakterisering van het volledig-additieve fragment, een resultaat verkre-
gen door Marco Hollenberg [Hol98b]. Ons bewijs verloopt langs dezelfde lijnen
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als dat voor de karakterisering van het continue fragment.

In het daaropvolgende hoofdstuk onderzoeken we de uitdrukkingskracht van
een fragment van CoreXPath. XPath is een navigatietaal voor XML documenten
en CoreXPath is geintroduceerd om de logische kern van XPath te vatten. In
Hoofdstuk 6 maken we gebruik van de nauwe verwantschap tussen CoreXPath
en modale logica: door het combineren van bekende resultaten aangaande de p-
calculus (één daarvan uit Hoofdstuk 5), verkrijgen we een karakterisering van een
belangrijk fragment van CoreXPath.

Ten slotte, in Hoofdstuk 7, ontwikkelen we automaten-theoretische hulpmid-
delen voor co-algebraische dekpuntlogica’s, dat wil zeggen, generaliseringen van
de p-calculus naar het abstractieniveau van co-algebras. Co-algebras geven een
abstract kader voor het wiskundig representeren van evoluerende systemen. We
gebruiken deze hulpmiddelen om zowel de beslisbaarheid van het vervulbaarhei-
dsprobleem als de kleine-model eigenschap voor co-algebraische dekpuntlogica’s
in een algemene setting te laten zien. We verkrijgen een dubbel-exponentiéle
bovengrens voor de complexiteit van het vervulbaarheidsprobleem.



Abstract

This thesis is a study into some model-theoretic aspects of the modal p-calculus,
the extension of modal logic with least and greatest fixpoint operators. We explore
these aspects through a “fine-structure” approach to the p-calculus. That is,
we concentrate on special classes of structures and particular fragments of the
language. The methods we use also illustrate the fruitful interaction between
the p-calculus and other methods from automata theory, game theory and model
theory.

Chapter 3 establishes a completeness result for the p-calculus on finite trees.
The proof of the completeness of the u-calculus on arbitrary structures [Wal95] is
well-known for its difficulty, but it turns out that on finite trees, we can provide a
much simpler argument. The technique we use consists in combining an Henkin-
type semantics for the p-calculus together with model theoretic methods (inspired
by the work of Kees Doets [Doe89)).

In Chapter 4, we study the expressive power of the p-calculus at the level
of frames. The expressive power of the p-calculus on the level of models (la-
beled graphs) is well understood [JW96], while nothing is known on the level of
frames (graphs without labeling). In the setting of frames, the proposition letters
correspond to second-order variables over which we quantify universally. Our
main result is a characterization of those monadic second-order formulas that are
equivalent on trees (seen as frames) to a formula of the u-calculus.

In Chapter 5, we provide characterizations of particular fragments of the u-
calculus, the main ones being the Scott continuous fragment and the completely
additive fragment. An interesting feature of the continuous formulas is that they
are constructive, that is, their least fixpoints can be calculated in at most w
steps. We also give an alternative proof of the characterization of the completely
additive fragment obtained by Marco Hollenberg [Hol98b], following the lines of
the proof for the characterization of the continuous fragment.

In the next chapter, we investigate the expressive power of a fragment of
CoreXPath. XPath is a navigation language for XML documents and CoreXpath
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has been introduced to capture the logical core of XPath. In Chapter 6, we exploit
the tight connection between CoreXPath and modal logic: by combining well-
known results concerning the p-calculus (one of them appearing in Chapter 5),
we establish a characterization of an important fragment of CoreXPath.

Finally, in Chapter 7, we develop automata-theoretic tools for coalgebraic
fixpoint logics, viz. generalizations of the p-calculus to the abstraction level of
coalgebras. Coalgebras provide an abstract way of representing evolving systems.
We use those tools to show the decidability of the satisfiability problem as well as
a small model property for coalgebraic fixpoint logics in a general setting. We also
obtain a double exponential upper bound on the complexity of the satisfiability
problem.
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