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Chapter 1

Introduction

1.1 Logic, algebra and topology

The connection between logic, algebra and topology is intricate and well-known.
The archetypical examples of this connection are provided by the works of G. Boole
and M.H. Stone. In the 1840s, Boole, one of the founding fathers of modern logic,
made his ‘laws of thought’ the subject of mathematical investigation by treating
logic as if it were algebra [21]. Boole’s algebraic analysis of logic led to the study
of Boolean algebras. In the 1930s, Stone showed that Boolean algebras can be
faithfully represented through using topology as (the duals of) Stone spaces, which
was a revolutionary contribution to both algebra and topology [81]. Out of these
two ideas, the algebraization of logic and duality between algebra and topology,
many research fields have sprung. In this dissertation, we present mathematical
investigations which contribute to some of the research areas of logic, mathematics
and computer science which developed out of the combined work of Boole and
Stone: canonical extensions, extended Stone duality and point-free topology.

1.2 Mathematical surroundings

We will begin by sketching some of the mathematical context in which our work
may be viewed.

Stone duality

Boolean algebras are the mathematical models Boole used to study ‘the laws of
thought’, or classical propositional logic as we would call it nowadays. Stone’s
famous duality theorem for Boolean algebras is a two-edged sword. One edge
amounts to the fact that any Boolean algebra B can be represented as the algebra
of closed-and-open (clopen) subsets of a topological space X: B ~ X* where (-)*
is the function that assigns to a topological space X its algebra of clopen sets,

1



2 Chapter 1. Introduction

with union, intersection and complementation as its algebra operations. More
specifically, what Stone showed is that given B, one can define a topological space
B. such that B ~ (B,)*. In addition, he showed that such a space B, is always
compact, Hausdorff and zero-dimensional (recall that a space X is zero-dimensional
if the clopen subsets of X form a basis for its topology). We call such spaces
Boolean spaces or Stone spaces; in this dissertation we will use the former term.
The other edge of the sword is now that if X is a Boolean space, then X ~ (X*)..

The constructions (-), and (-)* are not merely defined on Boolean algebras
and Boolean spaces: they are also defined on functions. Specifically, if f: A — B
is a Boolean algebra homomorphism, then f,: B, — A, is a continuous function,
and conversely, if g: X — Y is a continuous function between Boolean spaces
then ¢*: Y* — X* is a Boolean algebra homomorphism. These assignments are
contravariant functors, meaning the directions of the arrows are reversed. For this
reason, the equivalence between Boolean algebras and Boolean spaces is called a
dual equivalence or a duality of categories. Stone duality has proven to be a very
influential mathematical discovery, see e.g. [54, Introduction]. Two research areas
which are based on Stone duality play a central role in this dissertation: relational
semantics for modal logic and point-free topology.

Relational semantics for modal logic

For our purposes, modal logic consists of propositional logic enriched with modal
connectives, often denoted [, {, meant to express modalities such as ‘possibly ¢’,
‘agent a knows that ¢’, ‘at some time in the future, ¢’, ‘¢ holds with probability p’,
etc. A wide class of modal logics, known as normal modal logics, admit relational
semantics involving Kripke frames [19]. Kripke frames are structures consisting of
a set X enriched with finitary relations Rg C X"*!, for each modality O involved.

Extended Stone duality

Stone duality for Boolean algebras can be extended to a representation theory for
modal algebras, the algebraic counterparts of normal modal logics. This extended
duality, known as J6nsson-Tarski duality [58], shows how one can give any modal
algebra a representation as a topological relational structure. Many properties of
modal logics can be understood in terms of Jénsson-Tarksi duality; however, if
we want to also involve Kripke frames, i.e. discrete topological structures, then
we run into a second duality, usually referred to as discrete duality. Discrete
duality for modal algebras is based on the well-known duality between complete
atomic Boolean algebras and sets [83], which in its turn is based on the fact that
a complete atomic algebra can be uniquely described in terms of its set of atoms.
The duality between complete atomic Boolean algebras and sets can be extended
into a duality between complete, atomic, completely additive modal algebras
(perfect modal algebras) and Kripke frames.
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The connections between these two dualities are sketched in Figure 1.1. The
horizontal connections are the dualities: the functors (-). and (-)* for Jénsson-
Tarski duality, and (-); and (-)* for the discrete duality. The vertical connections
in the middle are in themselves rather innocuous: on the left, we have the inclusion
of the category of perfect modal algebras into the category of all modal algebras;
this inclusion exists because any perfect modal algebra is a fortiori a modal algebra.
On the right, we have the forgetful functor U, which takes a topological relational
structure and strips it of its topology, yielding a bare, discrete relational structure.

logical
calculi

?

v
modal U= descriptive

algebras 0 general frames

Ul lU
perfect O+ Kripke

modal algebras 0 frames

relational
semantics

Figure 1.1: The double duality diagram for modal algebras and Kripke frames

In the upper left corner of Figure 1.1, we have logical calculi consisting of
Hilbert systems, Gentzen calculi, natural deduction, etc. for modal logics. The
squigly arrow connecting the logical calculi with modal algebras is covered by
algebraic logic [20], which tells us how to capture logical calculi in systems of
algebras. The squigly arrow in the bottom right corner, connecting Kripke frames
and relational semantics, is covered by the model theory of modal logic, which
tells us how to interpret modal formulas using Kripke frames [19]. The study of
the logical properties of normal modal logics can now be understood as a study of
the connections through the square between the logical calculi in the upper left
and the relational semantics in the lower right.

Canonical extensions

The vertical connection on the left side of Figure 1.1 is the subject of study in the
theory of canonical extensions [58]. Canonical extensions are a construction that
allows one to pass from modal algebras to perfect modal algebras, thus adding a
new arrow to the diagram.

If one takes a modal algebra A from the upper left corner and ‘pulls it around
clockwise’, one obtains a perfect modal algebra (UA,)™, into which A can be
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embedded in a natural way. It turns out that the embedding of A into (UA,)™"
can be described in purely abstract terms as an embedding e: A — A% of A into
a perfect modal algebra A% the canonical extension of A, without even assuming
the existence of the two dualities in Figure 1.1. This latter point can be significant
because Jénsson-Tarski duality is dependent on the Axiom of Choice, a feature
it inherits from Stone duality. Certain properties of modal logics can now be
understood as properties of canonical extensions of modal algebras. An added
advantage of this stems from the fact that canonical extensions can be defined
for algebras associated with many other logics besides modal logic. This makes
canonical extensions into a tool for a generalized, uniform investigation of logical
properties of a wide range of logics.

Coalgebraic modal logic

In coalgebraic modal logic, a somewhat different view on the double duality
diagram of Figure 1.1 is adopted. One separates modal logic into a Boolean
base and a modal ‘add-on’, and similarly, Kripke frames are separated into their
underlying set of states and a transition type. In the case of Kripke frames,
the transition type corresponds to the relations on the frame which are used
to interpret modal connectives. Technically, this is made precise by describing
abstract transition systems as coalgebras and specifying two functors. One on
Boolean algebras, describing the supra-Boolean logical structure, and one on sets
describing the transition type of the coalgebras involved, resulting in a diagram
as in Figure 1.2. In the case of basic modal logic, T is the powerset functor and
L is the free A-semilattice functor. In coalgebraic logic, one now studies modal

()F

t ( BA Set )

Uo()-

Figure 1.2: The duality diagram of coalgebraic logic

logics (specified by the functor L) in relation to coalgebras (specified by T'), seen
as abstract transition systems.

Another coalgebraic interpretation of duality for modal algebras can be found
in the fact that if one considers the free A-semilattice functor M, which allows one
to see modal algebras as M-algebras over Boolean algebras, then one can show
that M dually corresponds to the Vietoris hyperspace functor V on Boolean spaces.
Descriptive general frames can then be seen as V-coalgebras in the category of
Boolean spaces.
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Point-free topology

Although Stone called his duality theorem a representation theorem for Boolean
algebras, one might as well see it as a representation theorem for Boolean spaces.
When dealing with a problem involving Boolean spaces, one can translate it using
Stone duality into a problem involving Boolean algebras and then use algebraic
rather than topological methods to analyze the problem. Moreover, at any stage
of the analysis, one can switch back to looking at Boolean spaces. In point-free
topology [54], this duality-based view is taken as the primary way to look at
topology. This approach consists of two conceptual ingredients. The first is to
generalize Stone duality so that it encompasses all topological spaces, at the price
of weakening the dual equivalence of Stone duality for Boolean spaces to a dual
adjunction between topological spaces and frames, the algebras that arise when
one views Stone duality at this generalized level. Frames are complete lattices in
which infinite joins distribute over finite meets; a frame homomorphism is a map
which preserves finite meets and infinite joins. Just as Boolean algebras can be
seen as models for classical propositional logic, frames can be seen as models for
geometric propositional logic, which is a logic with finite conjunctions and infinite
disjunctions. The second conceptual ingredient in the framework of point-free
topology is to view frames as ‘point-free spaces’, which we call locales, rather than
as algebras. In this dissertation we will take a predominantly algebraic approach
to point-free topology however, meaning that we will mostly deal with frames.

1.3 Survey of Contents

We will now give a broad overview of the contents of this dissertation.

Canonical extensions

The framework of canonical extensions as we present it consists of two components:
a construction on lattices, which is a lattice completion, and a construction for
extending maps between lattices. Canonical extensions of maps are used both
to define the canonical extensions of a given lattice-based algebra A, since the
operations on A are maps between powers of A, and to define extensions of
homomorphisms between lattice-based algebras f: A — B. In our discussion
of canonical extensions in Chapters 2 and 3, our focus is on three subjects:
topological and categorical properties of canonical extensions, and the view on
canonical extensions as dcpo algebras.

Regarding the topological properties of canonical extensions, we would like to
point out the topological characterization of the canonical extension of a lattice
in §2.1.3, our broad discussion of topological properties of canonical extensions of
maps, beyond what was previously known, in §2.2 and §3.2, and our investiagations
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into universal properties of canonical extensions with respect to topological lattice-
based algebras in §3.4. This brings us to the categorical properties of canonical
extensions. Omne of the crucial facts behind these universal properties is the
fact, established in §3.3, that canonical extensions preserve surjective algebra
homomorphisms, a fact which was previously only known to hold under assumption
of distributivity.

In our discussion of canonical extensions of order-preserving maps in §2.2, the
ideal and filter completion functors play an important role. They reprise this role
when we look at canonical extensions as dcpo algebras in §2.3 and §3.3.3. Here we
show how canonicity results for distributive lattices with operators (DLO’s) can
be understood using more general results about dcpo algebras.

Duality for topological lattice-based algebras

When studying distributive lattices with operators (or DLO’s for short), a class of
algebras which arises naturally in algebraic logic, one has two categorical dualities
at one’s disposal. The first one is the extended Priestley duality between ‘plain’
DLO’s and topological ordered Kripke frames, known as relational Priestley spaces.
The second one is the discrete duality between so-called perfect DLO’s and ordered
Kripke frames sans topology. In our discussion of duality for DLO’s in Chapter
4, we propose that the proper perspective on perfect DLO’s is to regard them as
semi-topological DLOs. We will use discrete duality for semi-topological DLO’s
to provide a number of dual characterization results. In §4.1, we characterize
profinite DLO’s as the duals of hereditarily finite ordered Kripke frames, and
accordingly we dually characterize the profinite completion of a DLO A relative to
the prime filter frame of A. In §4.2, we briefly discuss how these results specialize
to distributive lattices, Boolean algebras and Heyting algebras. Finally, in §4.3,
we characterize compact Hausdorff Boolean algebras with operators as the duals of
image-finite Kripke frames, and we use this duality to study ultrafilter extensions
of Kripke frames using duality.

Powerlocales and coalgebraic logic

In Chapter 5 we use techniques from coalgebraic logic to describe and generalize
the Vietoris powerlocale construction from point-free topology. The idea is the
following: we take an axiomatization of coalgebraic logics for T-coalgebras, where T’
is an arbitrary weak pullback-preserving standard set functor, known as the Carioca
axiomatization, and we then use this axiomatization to algebraically describe a
new construction on locales, the T'-powerlocale construction in §5.3. The usual
Vietoris powerlocale is now the P_-powerlocale, where P, is the finite powerset
functor. We then proceed to prove a number of properties of T-powerlocales. For
instance, we show in §5.3.5 that T-powerlocales admit a flat site presentation,
which is a technical property that allows us to disentangle the roles of conjunctions
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and disjunctions. Moreover, in §5.4 we show that the T-powerlocale construction
preserves (point-free) topological properties such as regularity and the combination
of compactness and zero-dimensionality.

Acknowledgments
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Chapter 2

Canonical extensions: a domain
theoretic approach

In this chapter, we provide a perspective on the toolkit of canonical extensions
of lattices and order-preserving maps with an eye to connections with domain
theory. This leads to new results and new insights into the reasons why and when
canonical extensions work.

Canonical extensions were introduced by Jénsson and Tarski in 1951 [58, 59],
as part of the representation theory for Boolean algebras with operators (BAOs),
which play an important role in algebraic logic. Examples of BAOs considered
by Jonsson & Tarski were e.g. relation algebras, cylindric algebras and closure
algebras. Another example, which was not immediately recognized, is the class of
modal algebras, which are used to study modal logic via algebra. The connection
between BAOs and modal logic, or rather the connection between BAOs and
Kripke semantics for modal logic via Stone duality became more widely recognized
in the 1970s via the work of Thomason [87] and Goldblatt [46]; see [48] for historical
context. The algebraic approach to BAO representation theory via the purely
algebraic theory of canonical extensions was revived in the 1990s and 2000s in the
work of Jénsson, Gehrke and Harding [57, 38, 34, 39] and De Rijke and Venema
[31], and this approach has remained active since. Moreover canonical extensions
have been generalized from a representation theory for Boolean algebras with
operators to a more general representation theory toolkit for lattice-based algebras.
We will wait with defining canonical extensions of lattice-based algebras until
Chapter 3. In this chapter, we will introduce the reader to two important parts of
the canonical extensions toolkit: canonical extensions of lattices and canonical
extensions of order-preserving maps between lattices. Moreover, while doing so
we will demonstrate the utility of methods from domain theory in relation to
canonical extensions.

Domain theory was pioneered by D.S. Scott, with the aim to “give a mathe-
matical semantics for high-level computer languages” [80]. It has been used to
study subjects as diverse as recursive equations, semantics for untyped A-calculus,
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computability and partial information (see [1]). In this chapter we will borrow
several techniques from the study of domain theory and continuous lattices when
studying canonical extensions:

e Order topologies. Order topologies are used heavily in domain theory, and
they occur very naturally when studying canonical extensions [39]. We
offer the most extensive treatment of the topological properties of canonical
extensions to date, and we present two results in §2.1.3 which make clear
that the topologies on canonical extensions are both central, even defining,
and natural.

e Filter and ideal completions. Many results about canonical extensions can
be understood by looking at an intermediate level of filters and ideals, rather
than only at the canonical extensions themselves [44]. In fact, the filter
and ideal completion functors play a central role in the theory of canonical
extensions of order-preserving maps — a fact which was foreshadowed in
[41]. We revisit and expand upon the results of [34], showing how the filter
completion and the ideal completion play an important role ‘under the hood’.

e Dcpo presentations. Directed complete partial orders are central in domain
theory. We already indicated that the canonical extension is intimately
connected with the filter completion and the ideal completion. In fact, we
can present the canonical extension of a lattice I as a dcpo generated by
the filter completion F L.

This chapter is organized as follows. In §2.1, we introduce canonical extensions
of lattices, both classically and using a new topological characterization in §2.1.3.
In §2.2, we develop the theory of canonical extensions of order-preserving maps
with an emphasis on the role of the filter and ideal completion. Finally, in §2.3
we present an alternative characterization of canonical extensions using dcpo
presentations. Furthermore, at the end of each section we provide a discussion of
the contributions in that section and suggestions for further work.

2.1 Canonical extension via filters, ideals and
topology

In this section we want to introduce the canonical extension of a bounded lattice,
which is a well-studied lattice completion, together with an improved topological
perspective on this completion. The key to this topological perspective lies in
understanding the role that the ideal and the filter completion play with respect
to the canonical extension.

In §2.1.1, we introduce the classical definition of canonical extensions of lattices.
In §2.1.2, we will introduce several important topologies on partial orders and
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lattice completions. In §2.1.3, we will present the two main new results of this
section, which characterize canonical extensions of lattices topologically, and which
identify the characterizing topologies of canonical extensions. Finally, in §2.1.4,
we present assorted additional properties of canonical extensions of lattices that
will be of use later on.

2.1.1 The canonical extension of a lattice

In this subsection, we will introduce the canonical extension L? of a lattice L. We
will define a concrete construction on a given lattice, using filters and ideals, and
we will then state a uniqueness result which tells us that any completion of L
satisfying certain abstract order-theoretic properties is in fact isomorphic to L°.
From that point on, we will no longer concern ourselves with the actual concrete
construction of IL%; rather, we will show how one can understand L° through its
abstract characterization.

Overlapping sets, filters and ideals

Before we go ahead and introduce the canonical extension, we would like to
introduce a very elegant concept from constructive mathematics. We will often
want to talk about sets U,V which have a non-empty intersection, i.e. U NV # (.
We would like to think of this relation on sets as a positive property.

2.1.1. DEFINITION. Given two sets U,V C X, we write U ( V' (U and V' overlap)
)

What makes the overlapping relation interesting is that it interacts nicely with
several operations and relations on sets.

2.1.2. LEMMA. Let X be a set and let U,V C X such that U () V.
1. If U, V! C X such that U CU" and V C V', then also U’ § V.
2. If f: X =Y is a function to another set Y, then also flU] § f[V].

Consequently, if f: P — Q is an order-preserving map and if F € FP, [ € TP
such that F () I, then also F f(F) 0 Z f(I).

Proof Parts (1) and (2) are elementary. For the last part it suffices to recall that
FfE) =1fFland Zf[F]:=Lf[F]. 1

The following lemma provides a further indication that the overlapping relation
also interacts in a nice way with filters and ideals. Recall from §A.5.1 that
given a poset P, ZP := (IdlP, C) is the ideal completion of P, and dually that
FP:= (Filt P, D) is the filter completion of P.
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2.1.3. LEMMA. Let P be a poset. If F € FP and I € TP such that F () I, then
WFNI)=1 and 1(FNI)=F.

Proof We only show the first case, since the other follows by order duality. Take
y € I, we will show that there exists z € F'N [ such that y < z. Since F () I,
there exists x € F'N . Because x,y € I, there exists z € I such that x < z and
y < z. Because x € F' and F'is an upper set, z € F'. But then y < ze€ FFNI,so
that I C |[(F N 1I). The other inclusion follows immediately from the fact that
FNICTIand ]/ is a lower set. |

Existence and uniqueness of the canonical extension

We will now present the canonical extension first as a concrete construction on
lattices, and later as a completion of lattices which is unique up to isomorphism.
The particular concrete construction we have chosen, which seems to go back to
[44], is not the only possible one. In light of the uniqueness theorem however, the
concrete construction of the canonical extension we choose now is not particularly
important. Our construction will be a two-stage construction on a given lattice
L. The first stage in the construction consists of creating a pre-order. The order
relation we use goes back to [44].

2.1.4. DEFINITION. Let L be a lattice. We define a structure IntLL := (FL &
ZL,C), where for all F, F" € FLand I,I' € TL,

FCI i#F(I
FCF ifFDF
ICr ifrcr,
ICF ifIxFC<y,

i,e. I C Fiff for all a € I and for all b € F, we have a < b.

The following fact is well-known, cf. [44, p. 11].

2.1.5. LEMMA. Let IL be a lattice. Then Int1L is a pre-order.

Proof It suffices to show that C is transitive. For this, we need to make a case
distinction. Let F, F' € FL and I,I' € TL.

FCFCI=FLCI by Lemma 2.1.2;
FCICI'=sFC/TI idem;
ICI'CF=ICF easy,
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sinceif ICI"and I' x FC <gpthen I x FCI'x FC <g;

ICFECF=ICF idem;
ICFCI'=1CT see below;
FCICF =FCVF see below.

The last two cases have essentially the same proof; we only discuss the latter.
fFCICF e if F{§Iand [l x F' C<p, then we need to show that also
FC F' ie that F DO F'. Let a € F'. Since F () I, there exists b € F'N[. Since
I x F' C<y, we have b < a. But then a € F; it follows that F' D F”. |

Note that in other places where Int LL is introduced [44, 32, 41], one also takes a
quotient of the pre-order to make it into a partial order. We do not bother with
this because the pre-order is flattened into a partial order in the second stage of

constructing the canonical extension anyway. This second stage consists of taking
the MacNeille completion (see §A.5.2) of Int L.

2.1.6. DEFINITION. We define the canonical extension of L to be L9 := IntL ,
with i: IntIL — L the embedding of the MacNeille completion. We map L to L%
by setting ey, : a +— i(| a).

We now have a way to constuct a complete lattice O, given a lattice L, and a
function ep : . — L?. We see below that ey is in fact a lattice completion, and
that we can characterize it up to isomorphism of completions.

2.1.7. DEFINITION. Given a (bounded) lattice I and a complete lattice C, we
call a lattice embedding e: . — C a completion of .. We say two completions of
e: L — Cande¢': L — C'are isomorphic if there exists an isomorphism h: C — C’
such that he = ¢’

Cc—Ll>¢

1/

L

Before we state the basic uniqueness result concerning canonical extensions, we
would like to point out that any completion e: . — C induces two auxiliary maps
e FLL — Cand e?: ITL — C, if we exploit the fact that a complete lattice C
is simultaneously a dcpo and a co-dcpo.

2.1.8. DEFINITION. Given a lattice completion e: L. — C, we definee?: ZI. — C
by I+ \/"e[l]. Tt is easy to see that eZ: T — C is the unique Scott-continous
extension of e: I — C, the existence of which is stipulated by Fact A.5.3.
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Dually, we define ¢”: FIL. — C by F + A | e[F]. We emphasize that eZ(| z) =
e’ (1 x) = e(z) for all z € L. We refer to {7 (F) | F € ZL} and {ef(I) | I € ZL}
as the filter and ideal elements of C, respectively.!

Filter and ideal elements play a crucial role in defining and understanding the
canonical extension.

2.1.9. Fact ([41], PROPOSITION 3.6). Let L be a lattice, then the map ep: L —
L0 defined above is a lattice embedding. Moreover, if e: . — C is a completion of
L such that

1. for all x € C,

v=\/{S(F F)<z FeFLy= N\{)|e'(I) > a, I €TL};

2. forall F e FL, I € IL, if e (F) <e*(I) then F (j I;

then there exists a (unique) isomorphism of completions h: C — 1.°, i.e. such that
he = er.

We will refer to a lattice completion e: . — C satisfying the conditions above as
a canonical extension of L. The first condition of Fact 2.1.9, which is traditionally
called density, states that given a canonical extension e: L. — C,

e the filter elements of C are join-dense, and
e the ideal alements of C are meet-dense.

The second condition (traditionally known as compactness) could also have been
stated as:

o forall Fe FL, I €eIL, e (F)<ef(I)iff F (1,

since F () I implies that there is a € F'N I, so that Ae[F] < e(a) < \e[I]. From
here on, we will simply refer to the density and compactness properties of the
canonical extension instead of explicitly referring to Fact 2.1.9.

We conclude this subsection with a class of examples of canonical extensions
which is both important and trivial. Recall that a poset P is said to satisfy the
ascendmg chain condition (ACC) if for every countable chain zq < x; < 5 <

<z < , there exists a n € N such that for all £k € N, z;, < z,,.

2.1.10. FAcT. Let L be a (bounded) lattice. The identity embedding idy,: L. — L
18 a canonical extension of I iff I satisfies both the ascending chain condition

(ACC) and the descending chain condition (DCC).

IThis is an abuse of language, since strictly speaking they are the filter and ideal elements of
e:L—C.
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2.1.11. ExaMPLE. Examples of lattices satisfying ACC and DCC include finite
lattices, and lattices such as M., where

M, = ({0,1} U {a, | n € N}, <),

and x <y iff x =0 or y = 1, see Figure 2.1.

ao

Figure 2.1: The lattice M, is a fixed point of the canonical extension

2.1.12. CONVENTION. If L is a finite lattice, then we define L.° := L in light of
Fact 2.1.10.

2.1.2 Topologies on posets and completions

We will now introduce two families of topologies which are defined on posets,
and one which is defined on completions. The Scott topologies and the interval
topologies are defined on any poset. The § topologies are defined on any lattice
completion. All three families come in three kinds: one where every open set is
an upper set, one where every open set is a lower set, and the join of these upper
and lower topologies, where every basic open is an intersection of an open upper
set and an open lower set.

2.1.13. DEFINITION. Let P = (P, <) be a poset.

e By ((P):= ({P\ | x| x € P}) we denote the upper interval topology of P,
and (H(P) := (1 (P°P).

e By o' (P) we denote the Scott topology on P: U C P is o'-open if U is an
upper set which is inaccessible by directed joins, or equivalently if P\ U
is a lower set closed under all existing directed joins. By o!(IP) we denote

ol (P°P).
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Let e: L. — C be a lattice completion. We define two topologies on C:
e 0(C):=({1e/(F) | F e FL}) and 6'(C) := ({| e*(I) | ] € TL}).

Recall from §A.7 that if 7 and 7’ are topologies on a set X, then 7V 7' :=
({UNV | U e,V er'}) is the least topology on X containing 7 and 7. We
define o(P) := o' (P) V o} (PP) (the bi-Scott topology) and §(C) := §'(C) v §'(C).

Below, if e.g. f: C — M is some map, we will say that f is (67, o!)-continuous
if f:(C, (5T( )) — (M, o' (M)) is a continuous function.

2.1.14. REMARK. Observe that given a completion e: I — C, the filter and ideal
elements of C are often referred to as the ‘closed” and ‘open’ elements of C in the
canonical extension literature (cf. [34, Lemma 3.3]). This makes our definitions of
the 6" and §! topologies equivalent with those in [39], where they are called o'
and o' respectively.

Although we will not use it, it is worth noting that ¢ := ¢! v /! is the usual
interval topology. For example, +(R) is the topology generated by

{{zeR|z<z<y}|z,yeR},
i.e. the usual topology on the real line.

2.1.15. LEMMA. Let e: L. — C be a lattice completion.
1. The following set is a base for 6'(C):

{1 Viese™ (F) | S C FL finite}.
2. The following set is a base for 6*(C):
{I Ajere™(I) | T C I L finite}.
3. The following set is a base for §(C):
{1 Vypese” (F) N L Ajere’ (1) | SC FL, T CIL finite}.

Proof It suffices to show that (1) holds. First, observe that if S C FL, then
since C is complete, it follows by order theory that

Nres Te7 (F) =1V pege” (F). (2.1)

Next, observe that since {1 e’ (F) | F € FL} is a subbase for §'(C) by definition,
it follows by general topology that

{Nres T 6]:(F) | S C FL finite}
is a base for §'(C). It now follows by (2.1) that (1) holds. [
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We are considering topologies defined on ordered sets, and the order plays
an important role in defining these topologies. Below we will establish some
elementary facts about the interaction between our topologies and the order.

2.1.16. LEMMA. Let P be a poset. If O C P is o-open, then P\ O is closed under
all existing directed joins and codirected meets.

Proof We only show the case of directed joins. Towards a contradiction, let
S C P\ O be a directed set such that \/ S € O. Then by definition of o, there
must exist a o'-open U C P and a o'-open V C P such that \/S € UNV C O.
Since U is Scott-open and \/S € U, there is some z € SN U. Since V is a lower
set, we also get x € V', which is a contradiction. |

2.1.17. LEMMA. Let P be a poset and let e: . — C be a lattice completion.
1. J/(P) C o'(P) and ' (P) C o (P);
2. {U € o(P) | U is an upper set} = o' (P);
3. {U € §(C) | U is an upper set} = §1(C).

Consequently, an order-preserving map f: P — Q is (o, 0)-continuous iff it is both
(o', o1)-continuous and (ot ot)-continuous.

Proof (1). This is easy to see: any subbasic ¢'-open | z is also o'-open, since
obviously | z is a lower set closed under directed joins.

(2). Suppose that U is a o-open set such that U is an upper set. Then all
we have to do to show that U is o'-open, is to show that P\ U is closed under
directed joins. But this follows immediately from Lemma 2.1.16.

(3). Suppose that U C C is a -open upper set. To show that U is §'-open,
it suffices to show that for every o € U, there exists a d'-open U’ C U such that
x € U'. Take x € U. Since U is d-open, by Lemma 2.1.15(3), there exist finite
sets S C FL and T' C ZLL such that

2 € TVpest” (F)N | Ajere™ (1) CU.
Then \/ zcge” (F) € U, so since U is an upper set,
U :=1Vpese” (F) C U

By Lemma 2.1.15(1), U’ is §'-open; since 2 € U’ C U was arbitrary it follows that
U is d-open.

For the last claim of the lemma, suppose that f: P — Q is order preserving.
If f is both (¢,0'") and (o', o})-continuous, then it follows by general topology
(Lemma A.7.3) that f is (¢! Vol 0! V a!)-continuous, so since o := ol Vol f
is (0, 0)-continuous. Conversely, if f is (¢, 0)-continuous and U C Q is an upper
set, then f~!(U) is also an upper set since f is order-preserving. Now by part
(2) above, f~1(U) is o'-open; since U C Q was arbitrary, it follows that f is
(o1, o")-continuous. The argument for (!, o!)-continuity is analogous. |
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When forming, say, the topology o = ¢! V ¢! on a poset P, we are creating
many new open sets. A priori, it is possible that ¢ contains new open upper sets
which are not o'-open. The lemma above tells us that in the case of the ¢ and §
topologies, this does not happen.

Recall that the o and -topologies were defined using order duality: ¢} (P) :=
(T(P°P). The following lemma states that we could have done the same with the §
topologies.

2.1.18. LEMMA. Let e: L. — C be a lattice completion. Then the following
topologies on C coincide: §'(L) = §1(IL°P). Consequently, 6(IL) = 6(IL°P).
Proof This follows easily from Fact A.5.2. |

Of course, the above lemma also holds, by definition, for the Scott topology.
At this point we come to a property which the Scott topology notoriously lacks.

2.1.19. LEMMA. Let e;: L; — Cy and ey: Ly — Cqy be two lattice completions.
Then the following topologies on Cy x Cy coincide: §1(Cy) x §T(Cy) = §1(Cy x Cy)
and 51(61) X 5l(C2) = 51(((:1 X (Cg)

Proof We will show that §'(C;) x 6'(Cy) = 67(C; x Cy). Recall that
01(C1 x Ca) = ({T¢,xeyer X 2)” (F) | F € F(Ly x La)})
= ({Teuxcy (67 (F1) e (F2)) | (Fy, Fa) € FLy x FLo}),

where the last equality follows from fact that F commutes with products (Fact
A.5.4). Moreover, if (F}, Fy) € FILL; x FLy so that (ef (F}),ed (Fy)) € C; x Cy,
then again by Fact A.5.4 (applied to C; x Cy), we see that

TC1XC2(6{(F1>765(F2)) = Tcl (6.17:(F1)) X T(Cz (eg(FQ)) :
But we know from general topology that
5T(C1> X 6T(Cg) = <{T(C1 (6‘17:<F1)) X T(Cg (ef(Fg)) | F1 S f]Ll,FQ < fILQ}>,
so it follows that (5T((Cl) X 5T(CQ) = (ST(Cl X CQ) I

The above lemma is not true of the Scott topology: there exist lattices L, M
such that o'(IL x M) # o!(L) x o' (M) [45, Thm. 1I-4.11].

2.1.3 Characterizing the canonical extension via the ¢-
topology

In this subsectoin, we present the two main new results of this section. Firstly, we
prove a new, topological characterization theorem for the canonical extension. Sec-
ondly, we show how the d-toplogies can be given a natural description as subspace

topologies with respect to the Scott and co-Scott topology on superstructures of
LY.
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The interaction between the J-topologies and the maps ¢/ and e?

We start with a lemma which tells us that the compactness property of canonical
extensions is in fact a topological property.

2.1.20. LEMMA. Let e: L. — C be a completion of L. Then the following are
equivalent:

1. forall Fe FLand I € IL, " (F) <ef(I) iff F (j I.

2. ¢l: ITIL — Cis (o, 6")-continuous and e” : FIL — C is (o}, 6%)-continuous.

Proof Assume (1) holds. Let Te”(F) be a subbasic open set of ' (for some
F € FL). We will show that U := (e¥)™!(1e”(F)) is Scott-open in ZL. Since

el is order-preserving, we see that U must be an upper set. Now let S C ZL be

directed; then \/ S = JS. If \/ S € U, then

e’ (VS) =" (US) e 1" (F),

i.e. eZ(US) > 7 (F). It follows by (1) that there is a € F N |JS, i.e. there
is an I € S such that a € FN 1. But then F () I, so by (1), it follows that
e”(F) < e(I), so that I € (eX)™*(1e”(F)) = U. Since S was arbitrary it follows
that U is Scott-open. The proof of the statement for e’ is the order dual of the
above; it follows that (2) holds.

Conversely, assume that (2) holds and let F' € FL, [ € ZL. If F () I then
there is a € F'N I, so we see that

e (F) = Ne[F] < e(a) < Vell] = ¢'(I).

Now suppose that e (F) < ef(I), so that I € U := () 7' (1 e’ (F)). By (2), U is
Scott-open. Now since I = \/,.; | a is a directed join, it follows that there is some
a € I such that |a € U, i.e. e¥(] a) € Te?(F). Equivalently, e (F) € | *(| a),
so by an argument analogous to that above, there is some b € F' such that
e (1b) < e?(|a). But now

e(b) = ¢ (10) < ¢’ (L a) = e(a),

so that b < a. Since a € I and [ is a lower set, we also get b € I, so that F' () I.
It follows that (1) holds. |}

The above lemma effectively translates one of the defining properties (compactness)
of the canonical extension into a topological property of lattice completions. The
following lemmas establish some topological properties of e* and e? which will
be of use later. First, we show that e?: ZIL — C is a Scott-continuous lattice
homomorphism under certain topological assumptions.
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2.1.21. LEMMA. Let IL be a bounded lattice and let e: I — C be a completion of
L.

1. ¢t ITIL — C preserves all joins (including 0), and the top element 1.

2. If 2. IIL — C is (o',8")-continuous and &' is Ty, then ef: T — C
preserves finite meets.

Proof (1). Preservation of 0 and 1 follows from the fact that e: L — C is a
bounded lattice embedding; if we look at e.g. the top element of ZL, i.e. | 1, then
e?(11) = Ve[l 1] = e(1) = 1. The argument for 0 is identical. Now for binary joins,
recall that the join of two ideals I, Iy € TLis [1 VI := |{a1Vay | a1 € 11, a9 € Io}.
Now

(I Vv I) = Ve[l VI =\{elaVay) | ay € I1,a0 € I} =
V{e(a)) Velay) | ay € I, a0 € I} = \e[l1] V \Velly] = ¢ (1)) V ¥ (1),

where the penultimate equality follows from the fact that I; and I, are directed.
Since e? is Scott-continuous by Fact A.5.3, it follows that e preserves all joins.

(2). We will only consider binary meets. Assume that 61 is Ty and let I, I, €
TL. Since e’ is order-preserving, we only need to show that eZ(I;) A e (I5) <
el (IyN1,). Suppose not, then since §' is T there must be some §'-open U such that
eX(I)Ne*(Iy) € U and e*(I1N1y) ¢ U. We see that also e (I1) € U and e*(I,) € U;
moreover, without loss of generality we may assume U = (,_,,, 17 (F),) for
some finite set {F,...,F,} € FL. Since ¢/: ZL — C is (o', §")-continuous,
(er)"'(U) is Scott-open. Now since Iy = \/ o, la € (e£)7'(U) is a directed
join, there must be some a; € I; such that (| a;) = e(a;) € U, and similarly
there must be some ay € I such that e(ay) € U. Since U = (,c,c, T €7 (F),
it follows that for all 1 < i < n, we have that e(a;),e(az) € Te” (F};), so also
e(ar) A e(az) = e(ay A ay) € Tef(F;). Since i was arbitrary, it follows that
e(ay A ag) € U. Since we also have that a; A ay € I1 N I, it follows that

GI(Il N [2) = V@[Il N [2] 2 6(0,1 A\ ag) c U,

which is a contradiction since we assumed U is an upper set not containing
GI(Il N IQ) It follows that GI(]1 N IQ) = 62(11) VAN GI(IQ). I

Next, we show that under the assumptions of Lemma 2.1.21, the §'-topology
on a completion e: . — C has a base of principal lower sets.

2.1.22. COROLLARY. Under the assumptions of Lemma 2.1.21, {| *(I) | I €
T1L} is not only a subbase for 6, but in fact a base.

Proof We will show that {| eZ(I) | I € ZL} is closed under finite intersections.
Let I1,I, € ZTL, then

Ler) nlef (L) = [(HI) AN (L) =15 (hnDL). |
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The o-topology determines the canonical extension

Now that we have proved the required technical results about the d-topologies, we
can present the first main result of this section: we show how the d-topologies,
which arise naturally on canonical extensions, in fact characterize it.

2.1.23. THEOREM. Let IL be a bounded lattice and let e: I — C be a completion
of L. Then e: L. — C s a canonical extension of I iff

1. ¢f: IL — Cis (o1, 8")-continuous and e* : FIL — C is (o', §t)-continuous,

2. 61 and §* are both Ty.

Proof First assume that e: L. — C is a canonical extension of L. It follows from
Lemma 2.1.20 that (1) holds. Moreover, if 2,y € C and = £ y, then there must
be some F' € FL and I € ZL such that e’ (F) < z and ¢ (F) £ y. It follows
that € e’ (F) and y ¢ Te”(F), so §' is Ty. The proof for §! is analogous; it
follows that (2) holds.

Conversely, assume that (1) and (2) hold. It follows from Lemma 2.1.20 that
condition (2) of Fact 2.1.9 holds. Moreover, if z,y € C and x £ y, then since 4! is
Ty, there must exist some finite S C F L such that

x € UFESef(F) 2.

It follows that there must be some F € S such that y ¢ 1e”(F); now we see
that e/ (F) < z and e’ (F) £ y. An analogous argument shows that since §t is
Tb, there must be some I € ZLL such that y < e*(I) and z £ ¢*(I). Since z,yC
were arbitrary, it follows that (1) of Fact 2.1.9 holds, so e: . — C is a canonical
extension of L. |

Explaining the /-topology

We now present the second main result of this section, which sheds a different light
on the definition of the J-topology. In particular, we will focus on the §'-topology.
We will show that there is a natural way to embed L° in Z F L, and that the
§'-topology on L? is simply the Scott topology on Z F L, restricted to L°.

So how do we embed L° in Z FLL? The key insight is that since ¢’ : FL — L?
preserves all finite joins (by Lemma 2.1.24), the map Ze”: ZFL — ZTL° has a
left adjoint, namely (¢7)~!: ZL? — Z FL.

2.1.24. LEMMA. Let IL,M be lattices and let f: L. — M be a map preserving V
and 0.

1. The inverse image function f~' maps ideals of M to ideals of LL;



22 Chapter 2. Canonical extensions: a domain theoretic approach

2. TfAf 1 de foralll €eTL, Je€IM, we have
TfI)CJiff 1< ()

Proof (1). If J € ZM, then f~'(J) is a lower set since f is order-preserving.
Moreover, if a,b € f~1(J), then f(a), f(b) € J, so f(a)V f(b) = f(aVb) € J, so
that a Vb € f~'(J). Finally, since 0 = f(0) € J, it follows that 0 € f~1(J), so
that f~!(J) is non-empty.

(2). IfZ f(I)= | f[I] C J, then for every a € I, f(a) € J, ie. a € f~1(J), so
T f(I) C J implies I C f~(J). Conversely, if I C f~1(J), then for every a € I,
f(a) € J, ie. f[I] C J. Since J is a lower set, we also get Z f(I) = | f[I] C J.

We now define g: L’ — ZFL as g := (e*)"! o |;s. This map g will be the
embedding that shows that L° is isomorphic to a subposet of Z F L.

2.1.25. THEOREM. Let e: . — 1.9 be a canonical extension.

1. The following diagram commutes:

Te”
ZFL AR
()t
l]—'LT TLM
FL = Lo
2. The composite g == (e¥)™ o |15 is a (§',0')-continuous homeomorphic
embedding.
Proof (1). We need to show that
and that
(") lolsoe = fp. (2.3)

The validity of (2.2) follows from the fact that | is a natural transformation by
Fact A.5.3(1). To see why (2.3) holds, first observe that since ¢”: FL — L?
preserves all finite joins by Lemma 2.1.21, it follows by Lemma 2.1.24(2) that
(e7)™': TS — T FL is right adjoint to Ze”. Since Ze” is an order-embedding
by Fact A.5.3(5), it follows by Fact A.3.3(2) that

(eF) toTer =idrry. (2.4)
Now we see that

(") M olpoe” = () oTe oy by (2.2),

= lrL by (2.4)
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(2). We now define g := (7)1 o |;s; observe that
g(z) = (") (lp2) ={F € FL| &’ (F) <z}, (2.5)

which is an ideal of F L. This map will be the embedding of I.° into Z F L. Con-
versely, there is a natural map from Z F L to L°: since e’ : FL — L is an order
preserving map from F L to a depo L%, the universal property of ideal completion
tells us that there exists a unique Scott-continuous map (e*)?: Z FL — L° such
that (e7) o | ;. = ¢7; namely

(e T\ 1] =\ {e (F) | F eI}, (2.6)

where I € 7 F L.
TFL

V (67-')7.
\

FL—7— Lo
Now observe that (e7)% o g = idys: take z € L?, then

(") o g(x)

= V{e"(F) | F € g()} by (2.6),
= V{e"(F) | "(F) < a} by (2.5),
=z by join-density of filter elements.

Now it is easy to see that ¢ is an order embedding:

g(x) < g(y)
= (M) og(x) < (7)o g(y) since (e”)? is order-preserving,
=x<y since (e7)f o g = idys.

We will now show that ¢g: LY — ZFL is a (§', o!)-continuous homeomorphic
embedding, meaning that for every d'-open U C L? there exists a o'-open
U’ C T FL such that U = g~ (U’). Tt suffices to show this for the case that U is
a basic open, i.e. for the case that U = 1,5 ¢” (F) for an arbitrary F' € F L. Since
F € FL, we know that | z; F' is a compact element of Z F L, so that 17 71 (l 1 F)
is o'-open. Now

9 OzrLlr F)

— g (lrrrgoe™(F)) since g0 ¢¥ = |y,
={yel’|goe’(z) < gy} by def. of g~" and T,
={yecl’|e(F) <y} because g is an ord. emb.,
= Tps ¢’ (F).

It follows that g is a homeomorphic embedding. |
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The fact that g: L’ — Z FLis a (6!, 0')-homeomorphic embedding tells us two
things. Firstly, that L? is isomorphic to a subposet of Z F L. Secondly, this tells
us that the §'-topology is precisely the topology that L inherits as a subspace of
T FL, where the latter is endowed with the o'-topology. Naturally, this result
dualizes if we view L% as a subposet of FZ L.

2.1.4 Basic properties of the canonical extension

In this section, we will introduce assorted basic properties of canonical extensions
which will be of use later on. The first observations concern the interaction with
products and the operation of taking the order dual of a lattice. After that, we
will prove certain topological and order-theoretical properties of the maps e? and
e and of the d-topologies. In particular, we will see that canonical extensions
satisfy two distributive laws with respect to joins of filter elements and meets
of ideal elements. We conclude the subsection with a result about the internal
structure of the lattices that arise as canonical extensions.

We begin by showing that canonical extensions commute with finite products
and order duals of lattices.

2.1.26. LEMMA. Lete;: Ly — ]Lf and eg: Ly — ]Lg be canonical extensions.
1. e Xeg: Ly x Ly — L‘f X Lg s a canonical extension of Iy X L.
2. e LY — (L) is a canonical extension of L3P,

Proof (1). We will verify that e; x ey: Ly x Ly — L x IL§ satisfies the topological
conditions of Theorem 2.1.23. Since the product of two T spaces is again Tj, it
follows from Lemma 2.1.19 that both 6'(LS x LL$) and §*(IL§ x L3) are Tg.

Now since eZ: ZL; — L? is (o', 8")-continuous for i = 1,2, it follows from
Fact A.5.4, Lemma 2.1.19 and general topology that

efxel: Ty x Ty — L§ x LY is (o', 6")-continuous.

Let h: Z(IL; x Ly) — ZL; x ZLy be the order-isormorphism witnessing that
I(Ly x Ly) ~ T1L; x T1Lo; observe that h is (o', o')-continuous. Now consider the
diagram in Figure 2.2. The upper left triangle commutes by Fact A.5.4, the upper
right triangle commutes by the universal property of | ., : Li xLo — Z(IL; x Ly)
(Fact A.5.3), and the lower triangle commutes by definition of (e; x e3)%. Now
since (el x eX)ohis (o', 8")-continuous, so is (e; x €)%, which is what we needed
to show. The argument showing that (e; x eg)” : F(ILy x L) — L x LS is (0!, 6%)-
continuous is identical; it follows by Theorem 2.1.23 that e; X eg: Ly XLy — ]L‘i X ]Lg
is a canonical extension of L; x L.

(2). This follows readily from the order duality between filters and ideals and
Lemma 2.1.18. |
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Figure 2.2: Finite products of canonical extensions

I]Lq X ILQ
|n
I(Ll X Lg)

A (ka

Ly x Ly L§ x L3

€1 Xeg

Z oL

doy XL, ey Xey

The fact that canonical extension commutes with taking finite products is in
fact an instance of the more powerful result that canonical extensions commute
with Boolean products (see §A.6). An alternative reference for the following result
is [43, Theorem 5.1].

2.1.27. FACT ([34]). Let L be a lattice and let (p,: L — M,).ex be a Boolean
product decomposition of L. Then L9 = I« M.

Parts (1) and (2) of the following lemma can be found in [41]. Part (3) however,
which we will use very frequently, is new. In light of Theorem 2.1.25, part (3)
below is perhaps not that surprising.

2.1.28. LEMMA. Let e: L — L% be the canonical extension of a bounded lattice
L.

1. (a) ¢ FL —L? is an V, \-embedding;
(b) e¥: ITIL — L is an A, \/-embedding;
2. for all v € L°,
(a) {7 (F) | e (F) < x} is directed;
(b) {e*(I) |z < eX(I)} is co-directed;
3. (a) o'(L%) C OT(L0);
(b) oM (%) € 6H(L);
(¢) o(L°) C 6(L);
4. e[L] is dense in (L°,6(IL%)) and in (L°,o(L°)).

-
C

Proof (1). We will only prove part (a). It follows from (the order dual of) Lemma
2.1.21 that e’ is a Vv, A-homomorphism. To show that it is an embedding, we
will show that e” is order-reflecting. Assume that F 2 F'; we will show that
e’ (F) £ e (F'). By assumption, there exists a € F’ \ F, so that FN |a =0



26 Chapter 2. Canonical extensions: a domain theoretic approach

and F’ () | a. It follows by the compactness property of canonical extension that
e’ (F) £ e*(l a) and e” (F’) < €*(] a). Now by the meet-density of ideal elements,
it follows that e (F') £ e’ (F”).

(2). We only show part (a). This follows from (1), since |z is an ideal.
{e7(F) | e”(F) < 2}

(3). Suppose U C L° is Scott-open and that # € U. Then = \/{e” (F) |
e” (F) < z} is a directed join by (1), so there must be some F such that e” (F) < z
and e” (F) € U. It follows that € Te”(F) C U; hence U is §'-open.

(4). Consider a non-empty basic open U of (L° §(IL°)), i.e. there are F € FL,
I € IL such that U = {z € L° | " (F) < 2 < €Z(I)}. Since U # 0, it must be
that e (F) < eZ(I), so that ' () I. Take a € F NI, then Ae[F] < e(a) < \ell]
so that e(a) € U. Tt follows that e[L] is dense in (L, §(IL%)). Since o C § by (3),
it is also the case that e[L] is dense in (L°,o(L%)). |}

The distributive law below, which is similar to Lemma 3.2 of [34], is a very
powerful result. We will in fact use it to characterize the canonical extension as a
dcpo in §2.3.

2.1.29. LEMMA. Let e: L — IL? be the canonical extension of a lattice L. Then
forallSCFL and 8" CTL,

V{eZ(F) | FeSy=Ne)|VFes, F(lI}

and

Net() | TeSy=\{e(F)|VIe€S, F{I}.

Proof We only prove the first statement. Since the ideal elements of L.° are
meet-dense, we see that

V{e"(F) | F € 8} = Me'(I) | Vpese” (F) < " (I}

Now observe that \/p.ge” (F) < eX(I) iff for all F € S, e*(F) < e*(I) iff for all
FeS, F(I. The (first) statement of the lemma follows. |}

We conclude this subsection with a well-known result from the canonical
extension literature, which plays an important role in the duality theory for
canonical extensions. Let I be a complete lattice. Recall that an element p € LL
is called completely join-irreducible if for all S C L such that p = \/S, there
exists a € S such that p = a. We denote the set of completely join-irreducible
elements of L by J*°(IL). Completely meet-irreducible elements are defined dually;
we denote them by M*(LL). The following fact, which is related to Stone duality,
requires the Axiom of Choice.

2.1.30. FACT ([34], LEMMA 3.4). Let L be a lattice. Then 1.° is join-generated
by J®(L?) and meet-generated by M>(IL%).
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2.1.5 Conclusions and further work

This section served two purposes: to make the reader familiar with the classical
definition and well-known properties of the canonical extension, and to add a
number of fundamental topological results on canonical extensions. The work of
Gehrke and Jénsson [39] has shown that the topological perspective on canonical
extensions is worthwile, however the basic topological properties of canonical
extensions in the general setting of (not necessarily distributive) lattices have not
previously been studied. One fundamental difference between the distributive and
the non-distributive settings is that the Scott topology and the topology generated
by principal up-sets of completely join irreducibles no longer coincide.

All the results in §2.1.1 are known from the work of Gehrke and Harding [34],
save perhaps the small technical results concerning the overlap relation. It should
be noted however that the emphasis on the auxiliary maps ¢ : FL — L° and
el: ITL — LI is a departure from the view on canonical extensions furthered in
(34, 39].

In §2.1.3 we presented results which were first reported at TACL 2009 in
Amsterdam. Both the topological characterization theorem (Theorem 2.1.23)
and the result which casts the d-topologies as subspace topologies (Theorem
2.1.25) were previously unknown. The topological characterization theorem was
inspired by the work of Theunissen and Venema [86] on MacNeille completions of
lattice-based algebras.

Further work

e [t would be very interesting to see if Fact 2.1.27, which deals with canonical
extensions of Boolean products of lattices, can be given a new proof reducing
it to a statement about the ideal completion and filter completion of lattices.

e [t would also be interesting to see if there is a version of the topological
characterization theorem (Theorem 2.1.23) which does not rely on ¢ and
e, while still giving a topological characterization of L.

e An alternative approach to canonical extensions using filters and ideals has
been developed by Gehrke, Jansana & Palmigiano [37], using logical filters
rather than order filters. It would be interesting to see if their approach also
admits a topological characterization.

2.2 Canonical extensions of maps I: order-pre-
serving maps

In the previous section, we have studied the canonical extension as a construction
on lattices to some length. We will now turn to the subject of canonical extensions
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of maps f: L — M between lattices, which is probably an even richer subject.
In this dissertation, we will consider two approaches to obtaining a canonical
extension of a map f: L — M between lattices.

e The first approach is to assume that f is order-preserving, so that we may
first extend f: L — FMtomaps Ff: FL - MandZf: ZL — IM
acting on filters and ideals, respectively, and then work from there. This is
the approach we will take in the current section.

e The second approach is to assume that M? has nice topological properties, in
which case we can develop a substantial part of the basic theory of extensions
of maps without making any assumptions about the map f: L — M. We
will pursue this approach in §3.2.

It is an interesting open question whether the two approaches above form a
dichotomy of some sort. We will return to this question in Remark 3.2.22.

In §2.2.1, we will first give the basic definition of the lower (fV) and the
upper (f#) canonical extension of an order-preserving map f: L — M, and we
will characterize these extensions as a largest and smallest continuous extension
of f to a map L° — M?°, respectively (Theorem 2.2.4). We will then show in
§2.2.2 that if we assume that f preserves joins (or dually, meets), even in only
one coordinate, then this vastly improves the behaviour of f¥ and f* (Theorem
2.2.18). Finally in §2.2.3 we will put this good behaviour to use by showing that
canonical extensions of lattice homomorphisms are particularly well-behaved, so
well in fact that canonical extension is a functor on the category of lattices and
lattice homomorphisms (Theorem 2.2.24). All along, we will see that almost every
result we prove about fV and f2 reduces to statements about filters and ideals.

2.2.1 The lower and upper extensions of an order-preserving
map

In this subsection we will discuss the two canonical [34] ways to extend an order-
preserving map f: L — M to a map f': L — M?, namely the lower and the
upper canonical extension. We will then prove some of the basic facts that hold
true for any order-preserving map. We conclude the subsection with a topological
characterization theorem, which tells us that f¥ and f% can be seen as the largest
and smallest continuous extension of f, respectively.

Consider the following diagram, where er : L. — L% and ep: M — M are the
canonical extensions of I and M, respectively:

F
o €L,

L FL Lo
|

1| |=r

v
M FM M°

F
TM EM
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(Observe that we factor ep,: L — L? as e(a) = ¢ (Ta).) We would like to find a
function that can take the place of the ‘?” in the diagram. To do this, we use the
fact that any x € IL° is approximated from below by S, := {F € FL | ¢/ (F) < z}.
Now each F' € S, can be mapped into L.? via the assignment F + ef; o F f(F).

2.2.1. DEFINITION. Let f: L — M be an order-preserving map between lattices.
Then we define f7V: L2 — M°, the lower extension of f, as follows:

fVia— \/{e&off(F) | el (F) < x}
Dually, we define f2: L2 — M°, the upper extension of f, as follows:

ora s N{ehoTA(I) |2 < (D).

2.2.2. REMARK. There is a slight discrepancy between our definition of fV and
f% when we compare it with the working definition found in e.g. [34, Lemma 4.3].
Using our notation, the working definition of [34] amounts to

AR x»—>\/{/\eMof[F]|ef(F) <z}

The difference is that we use F f(F') rather than f[F]; however this difference is
inconsequential. If F' € FL, then F f(F) =1 f[F] 2 f[F], so
el (Ff(F)) = Nem[F f(F)]] by def. of e,
< Aemo f[F] since F f(F) 2 f[F].

Conversely, since ey is order-preserving, we know by Fact A.3.1 that for all U C M,
Tem[U] 2 em[] U]. Now we see that

Nemo fIF] = A\Temo f[F] by order theory,
< Aew [ 1 f[F]] since Tew o f[F] 2 em[ 1 fIF]].
In the following lemma we see that f¥ and f* mingle well with the auxilliary

maps induced by er: L — L% and ey: M — M?, or alternatively, that f¥ and f2
behave well on filter and ideal elements.

2.2.3. LEMMA ([34]). Let f: L — M be order-preserving. Then f¥: L% — M’
and f2: L.° — M are order-preserving maps, which satisfy the following additional
properties:

1. fVoel =e o F f;

2. onefzeﬁﬂoIf;
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3. f7 < fo
4. froel =foel;
5 froel =fVo¢l.

Proof It is easy to see why fV and f% are order-preserving. Take x,y € I.° such
that < y and consider fV. Then

{FeFL|ef(F) <z} C{F e FL|e(F) <y},
s0 also
Vietro Ff(F) € FL|ef (F) <a} < V{efgo F f(F) € FL | el (F) <y},
ie. fY(x) < fY(y). Below, we will only prove statements (1), (3) and (4), since
(2) and (5) are order duals of (1) and (4).

(1). Let F € FL; the set {F' € FL | ¢/ (F') < el (F)} has a maximal
element, viz. F. It follows that

Y (el(F))
=\{el o Ff(F) | el (F)<el(F)} by definition of f7,
= el 0 F f(F) since iy o F f is order-preserving.

(3). Let z € L°. Recall that f¥(x) = \/{ef; o Ff(F) | ¢/ (F) < z} and
fo(x) = N oZ f(I) | x <ef(I)}; we now have to show that

V{ewgo Ff(F) [ el (F) <a} < MeygoZ f(I) | w < ef (1)} (2.7)

Take F € FL, I € IL such that ¢l (F) < x < €*(I), then it follows by
compactness that F' (§ I. Now by Lemma 2.1.2, we get that F f(F) ( Z f(I), so
that also efy o F f(F) < e, o Z f(I). Tt follows that (2.7) holds.

(4). Let I € TIL. We claim that

VJEIM,[VF e FL, F(I= Ff(F){§J]iff Zf(I)C.J (2.8)

Take J € ZM and suppose that the left-hand side of (2.8) holds. Take a € I,
then Ta () I, so by our assumption regarding J, T f(a) § J, i.e. f(a) € J. Tt
follows that f[I] C J and thus Z f(I) = | f[I] C J. Conversely, suppose that
Z f(I) C J and that F' € FL such that F' (§ . Then there is some a € F'N I.
Since a € F, we also get f(a) € f[F]| C 1 f[F] =F f(F). Since a € I, we get that
fla) € flI] C | fI] =T f(I). Since we assumed that Z f(I) C J, it follows that
f(a) € J. But then F f(F) () J. It follows that (2.8) holds.
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We can now see that

FU(ef(D)) = Vet o F f(F) | ef (F) < ef (1)} by def. of f7,
=\/{el,o Ff(F)|F§I} by compactness,
=Nei(J) |[VF[F(OI=Ff(F)(J]} by Lemma 2.1.29,
= NMew(J) | Zf(I) € J} by (2.8),
=el 0T f(I) by order theory,

= f*(el(1)) by (2). 1

It is known that the lower extension of an arbitrary map f: L. — M between
distributive lattices I, Ml can be characterized as the largest continuous extension
of f [39, Theorem 2.15]. The result below, which is new, tells us that we can say
the same about maps between non-distributive lattices, if we assume that f is
order-preserving. We will return to this issue in §3.2.2.

2.2.4. THEOREM. Let f: L — M be an order-preserving map between lattices.

1. (a) The map f¥:1L° — M is (81, 0")-continuous and f¥ oep = ey o f.
(b) The map f*:1L° — M° is (6, 0t)-continuous and f> oey = ey o f.

2. Let f': L — M be an order-preserving extension of f: L. — M, i.e. assume
that f'oep, =eyo f.

(a) If f'is (87, 11)-continuous, then f' < fV.
(b) If f" is (6%, 1')-continuous, then f* < f'.

Proof We will only prove the statements concerning fV, since the proofs for those
concerning f* are identical modulo order duality.

(1). Let o € L%; we will first show that f is locally (67, oT)-continuous at z.
Suppose that f7(z) € U, where U C M is a o'-open set. Recall that

fP(@) = Vemr o F f(F) | e (F) < x},

and observe that this join is directed by Lemma 2.1.28(1). Since f¥(z) € U,
it follows by definition of the o'-topology that some element of the join above
lies in U, i.e. that there must be some F € FL such that ¢/ (F) < x and
elyo F f(F) e U. Now Tef (F) is a d'-open neighborhood of x; it remains to be
shown that fV[T el (F)] C U. But this is easy to see: since fV is order-preserving,
it follows by Fact A.3.1 that f¥[Tel (F)] C 1 f"(e (F)). Now by Lemma 2.2.3(1),
Y (e (F)) = e(F) o F f(F); since we assumed that e¢f;(F) o F f(F) € U and
we know that U is an upper set, it follows that 1 fV(eZ (F)) C U. Since U was
arbitrary, it follows that fV is locally (67, o1)-continuous at x; since x € IL° was
arbitrary, it follows that fV is (87, o')-continuous.
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To see that fY oer, = ey o f, observe that the right square below commutes
by Lemma 2.2.3(2) and the left square commutes by the universal property of F.

L FL Lo

fl l]—'f lfv

M — F M —~ M?

(2). Let f": LY — M be an order-preserving extension of f: L. — M. We will
show something stronger than statement (2)(a): we will show that for all z € IL9,
if f”is locally (d1,:")-continuous at x, then f'(z) < f¥(z). Suppose towards a
contradiction that f’ is locally continuous but that we have € L? such that
f'(z) £ f¥(x). Now since | f¥(z) is t!-closed, by local continuity there must be
some §'-open set U C L2 such that z € U and f'[U] € M?\ | f7(z). We may
assume that U is a basic open set, i.e. that U = 1 ¢/ (F) for some F € FL, so it
must be the case that e (F) <z and f'(ef (F)) ¢ | f¥(x). But now we can use
the fact that f’ is order-preserving to see that

f el (F))

= f'(AeL[F]) by definition of ¢,

< NAf oe[F] since f’ is order-preserving,
= Aew o f[F] because ' oep = ey o f,
= 61\]4:1 oF f(F) by Remark 2.2.2,

< () by definition of fV.

This is a contradiction because we also assumed that f'(ef (F))
follows that indeed, local continuity of f" at x implies that f'(x) <
if f'is continuous at every = € L9, it follows that f/ < fV. |

¢ L f7(x); it
f¥(x). Thus,

Even though fV is not Scott-continuous in general, it is when we restrict it to
ideal elements. The following result is known from the study of duality theory for
Heyting algebras and modal algebras, but it holds in fact at the level of generality
of lattices and order-preserving maps.

2.2.5. COROLLARY (ESAKIA’S LEMMA). Let f: L. — M be an order-preserving
map between lattices L,M. Then f¥ oel = f%oel is Scott-continuous and
froel = fVoel is co-Scott continuous.

Proof We only consider the first statement. The equality follows by Lemma 2.2.3;
the continuity follows since ef is (¢, d")-continuous by Lemma 2.1.20 and fV is

(61, o1)-continuous by Theorem 2.2.4. ||

As another application of Lemma 2.2.3, we will show that the canonical
extension of an order embedding is again an order embedding.
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2.2.6. LEMMA. Let I, M be lattices. If f: L. — M is an order embedding, then
so are fV and f*.

Proof Let f: L — M be an order embedding. We will only prove part (1); part
(2) follows by order duality. Let x,y € I.° and suppose that f7(z) < f7(y). We
will show that

VF € FL,VI € TL, if ¢l (F) < xand y < el (I), then ¢ (F) <el(I). (2.9)

This is not hard to see. Take F € FL and I € ZL such that ¢/ (F) < z and
y < el(I). Then

ero Ff(F) = fY (e (F)) by Lemma 2.2.3 (1),
< f¥(x) since ¢ (F) < ,
< fY(y) by assumption,
< fY (ef([)) since y < eZ (I),
= el 0T f(I) by Lemma 2.2.3 (2).

Consequently, F f(F) ) Z f(I),i.e. T f[F] § | f[I]. It follows that there must exist
a € F and b € I such that f(a) < f(b). Since f is an order embedding, a < b,
so ' (j I. Tt follows that ¢ (F)) < eZ(I), concluding our proof of (2.9). It now
follows from the density of filter and ideal elements that x < y, concluding our

proof. |

2.2.2 Operators and join-preserving maps

So far we have seen how to take an order-preserving map f: L — M and extend it
covariantly to maps F f: FL — FMand Z f: ZTIL — ZM at the intermediate
level of filters and ideals, and from there to maps f¥: L® — M? and f2: L% — M.
In this section we will see that if f: L — M preserves binary joins, then the
set-theoretic inverse function f~!: P(LL) — P(M) becomes a partial function from
IM to ZIL. This contravariant partial extension of f at the intermediate level
will then tell us a lot about the topological properties of fV: L% — M.

Applying join-preserving maps to filters and ideals

We begin by making the observation that when an order-preserving map ¢g: . — M
preserves binary joins, we not only get a map Zg: ZIL — I M, defined as
Zg(I):= | g[I], but also a well-behaved partial map g~': TM — T L.

2.2.7. LEMMA. Let L, M be lattices and let g: I. — M be a map preserving binary
joins. Then

1.YJeIM, g8(J)eIL iff g4 (J) #0;
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2.VF e FL,YJ €IM, Fg(F)(J iff g *(J) €ZL and F ) g~ *(J).

Proof (1). Let J € ZM. Since ideals are non-empty by definition, the left-to-
right implication is immediate. For the converse, first observe that g='(J) is
non-empty by assumption. Moreover, g~! is order-preserving, so by Fact A.3.1(3),
g (J) is a lower set. Moreover, if a,b € g~'(.J), then g(a), g(b) € J, so since J
is an ideal we get g(a) V g(b) € J. Since g preserves binary joins, we see that
g(aVb)=g(a)Vg(b) € J, sothat aVb e g~*(J). Tt follows that g~*(J) is an
ideal of LL.

(2). Let F € FL and J € IM. If Fg(F) ( J, then Tg[F] ( J, i.e. there
must be some b € (1 g[F]) N J. Since b € T g[F], there is some a € F such that
g(a) <b. Since b € J and J is a lower set, it follows that g(a) € J. But then
a€ FNg(J),sothat F (j g~'(J). Moreover, since g~'(J) # 0, it follows by (1)
that g~!(J) € ZLL. Conversely, if F' () g~*(J) then there must exist a € Fng=(J),
ie.a € F and g(a) € J. Since g(a) € g[F] C 1 g[F], it follows that T g[F] § J.

Up to this point, we have only considered canonical extensions of unary maps
f: L — M. We would now like to state several more detailed results, concerning
canonical extensions of n-ary maps. This is non-problematic since canonical
extensions commute with finite products; however, we would like to ignore the
technical difference between, say, (IL; x LLy)° and L x LS whenever possible.

2.2.8. CONVENTION. If f: L; x --- x L, — M is an n-ary order-preserving
map, then we regard F f as a map FLL; X --- x FL, — FM and fV as a
map L{ x --- x LS — M, rather than as maps F(L; x --- x L,,) — FM and
(L x --+ x L) — MP°. This is justified by Fact A.5.4 and Lemma 2.1.26. Using
this convention, fV is calculated as follows for (zy,...,7,) € L{ x --+ x L3:

[P, zn) = Vel o F (P, ... F) | el (F) <a,....ef (F) <},
and f2(xq,...,x,) is calculated similarly.

We will now work towards the main technical lemma of this section, which
concerns canonical extensions of binary maps f: Ly x Ly — M which preserve
joins in only one coordinate. We will first prove a result about the extension
Ff: FLi x FlLy, — FM of such a map f, which will also be of use to us in
§2.3.3.

2.2.9. LEMMA. Let f: 1Ly x Ly — M be an order-preserving map between lattices
L1, Ly and M which preserves binary joins in its first coordinate. Let S U{F'} C
FLi and G € Fly. If S # 0 and

VIeTIL, [VFeS Fill=F{l, (2.10)
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then also
VJeIM, VFeS FfF,G) (§J=FfF, G)I(.J (2.11)

Proof For each b € Ly, we define f,: L1 — M as f,: a — f(a,b). It follows from
our assumptions above that for each b € Ly, f,: Ly — M is a map preserving
binary joins. Now we claim that

Vbe G,VF € FlLy, F f(F,G) 2 F f,(F). (2.12)
After all,
Ff(F,G)=1f[F G| by definition of F f,
> 1 fIF, (o] since G 2 {b},
=1 fo| F] by definition of f;,
= F f(F). by definition of F f;.

Now suppose that (2.10) holds and that J € Z M such that VF' € S, F f(F,G) () J.
We need to show that F f(F',G) § J. We define I; := U, f; '(J). We claim
that

I € Ty, i.e. I; is an ideal of L. (2.13)

To establish this we need to show three things: we want that [; is a lower set,
that I; is directed and that I; is non-empty. Since f, is order-preserving for each
b € G, it follows by Fact A.3.1(3) that I; is a union of lower sets and hence, itself
a lower set. To see that I; is directed, first observe that

for all b, € G, if b > ¥ then f, '(J) C f,,'(J). (2.14)

After all, if a € f;'(J), then f(a,b) € J. Since f is order-preserving and b < b,
we see that f(a,b’) < f(a,b) € J. Since J is a lower set, it follows that f(a,b’) € J,
so that a € f,;'; since a € f, ' was arbitrary, it follows that (2.14) holds. Now
since G is a filter, it is co-directed; consequently, I1 := J,cof; '(J) is a directed
union. To see why I; is a directed subset of IL;, consider a,a’ € I;. Because I,
is a directed union, there must exist some b € G such that a,a’ € f, *(J). Now
£y H(J) is non-empty, so it is an ideal by Lemma 2.2.7(1); consequently, there must
exist some ¢ € f, *(J) such that a,a’ < ¢. Since f, *(J) C Iy, it follows that I; is
directed. Finally, to see that I; is non-empty, observe that since S is non-empty,
there is some F' € S such that F f(F,G) () J. Since F f(F,G) := 1 f[F, G], this
means that there is some ¢ € (1 f[F,G]) N J. Since ¢ € T f[F, G|, there must be
a € F and b € G such that f(a,b) < c. Since J is a lower set and ¢ € J, it follows
that f(a,b) € J. But then also fy(a) € J, so that a € f, *(J); since f, '(J) C I,
it follows that I; # (). We conclude that (2.13) holds. Next, we observe that

IfVYFeS FfF,G)(J,thenVF €S, FbeG, F{f'J). (2.15)
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Suppose that the left-hand side of (2.15) holds and take F' € S. Then F f(F,G) )
J, so as we have seen above, there must exist a € F' and b € G such that
a € f;'(J). It follows that a € F N f; '(J), so that F (§ f; '(J). Since F € S was
arbitrary, it follows that (2.15) holds. Recall that we assumed that J € ZM such
that VE' € S, F f(F,G) () J; we now see that

VE e S, Ff(F,G)()J by assumption,
=VFeS, e F{f,'J)) by (2.15),

=VFeS F(I since Iy = Uy fy (),
=F (L by (2.13) and (2.10),
=IeG F{f'J) by def. of I,

=3Ied FhH(F)§J by Lemma 2.2.7(2),

= FHEG)(J by (2.12) and L. 2.1.2(1).

Since J € TM was arbitrary, it follows that (2.11) holds. |

The following well-known lemma is perhaps the most powerful technical result
in the theory of canonical extensions of maps between lattices.

2.2.10. LEMMA ([34]). Let ey: Ly — LS, ep: Ly — LS and eyg: M — M° be
canonical extensions of lattices, and let f: 1Ly X Ly — M be a order-preserving
map which preseves binary joins in the first coordinate. Then fY: LS x Ly — M°
preseves all non-empty joins in the first coordinate.

Proof Let T C LL¢ be a non-empty set and let y € L. To show that f¥(\/T,y) =
Voerf¥ (@, y), it suffices to show that

FYNT ) < Ver 7 (@,y), (2.16)

since fV is order-preserving. Using the definition of fY, one can show that

"VT,y) = \{FT(VT.e5 (@) | 5 (G) <y},

and that
Vaerf " (@.y) = \[{V,erf (2,5 (G)) | ] (G) < y}.

Thus we see that it suffices to show that for arbitrary G € F Lo,

FTNT,e5(G)) < Vyerf ¥ (2,65 (G)). (2.17)

Fix G € FL, and define S := {F € FL, | 3z € T, ] (F) < z}; we see that
Vresei (F) = \/T. Now if we look at the left-hand side of (2.17) then we see that

FY(\NT,e3(G))

= ["(Vpesel (F). €3 (G))
= Vet o Ff(F'.G) | ef (F') < Vpesei (F)} by def. of f¥.
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The right-hand side of (2.17) reduces as follows:
\/gceva(Ia eg:(G))

= \/xeT\/{e& oF f(F,G) | elf(F) <z} by def. of fV,
= V{efio F f(F,G) | F € S} by def. of S,
= N{ek(J)|VF €S, Ff(F,G){ J} by L. 2.1.29.

Thus we see that to show that (2.17) holds, it suffices to show that for all
F' € FL, such that e (F') < \pegel (F) and for all J € TM such that
VE €S, F f(F,G) () J, we have that

el o FF(F,G) < ey(J). (2.18)
Now given the fact that e (F') < \/pegel (F), we know from Lemma 2.1.29 that
ef (F) < Mei() |YF e S, F (1},

ie forall I € Ty, if VF € S, F () I, then F’ () I. But now it follows from Lemma
2.2.9 and our assumption about J that F f(F’,G) () J, so that (2.18) holds. Since
F’ and J were arbitrary, it follows that (2.17) holds, which concludes our proof.

Operators and dual operators

Obviously, we can use Lemma 2.2.10 to make claims about join-preserving maps,
but that is not all. Operators form another example of maps which satisfy the
conditions of Lemma 2.2.10.

2.2.11. DEFINITION. Let f:IL; x --- x IL,, — M be an n-ary order-preserving
map between lattices. We call f an operator if f preserves binary joins in each
coordinate, i.e. if for all 1 < n, for all a{,...,a, € L; x --- x L, and all b € L;,
we have

flay,...,a; Vb, ... a,) = flar,... a5 ...,a,)V flay,...,b,... ap).

If all lattices involved are complete and if f preserves all non-empty joins in each
coordinate, then we call f a complete operator.

We call f a normal operator if f is an operator and for all ¢+ < n, for all
A1yennyly €Ly X -0 X 1Ly,

ai:():>f(a1,...,ai,...,an):O.

In other words, f is a normal operator if it also preserves the empty join in each
coordinate.

A dual operator (complete dual operator, etc.) is an n-ary map which preserves
binary meets (all non-empty meets, etc.) in each coordinate.
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Operators arise, for instance, in the algebraic semantics for modal logics [19,
Ch. 5], where they correspond to existential modalities (usually denoted by ‘¢7).

2.2.12. EXxAMPLE. The property of being a (normal) operator is weaker than
that of being a join-homomorphism. Consider the map f: {0,1} x {0,1} — {0, 1},
with the usual order on {0, 1}, defined as

f:(a,b) — anb.

Then f is an operator, in fact a normal operator, because {0, 1} is a distributive
lattice. However, f is not a join-homomorphism:

F(0,1) v (1,0) = f(1,1) =1A1=1,
but
fO, 1)V f(1,00=(0A1) V(1 A0 =0VvV0=0.

This is quite different from the situation for directed joins; if g: Dy x---xD,, —
[E is a map between dcpo’s which preserves directed joins in each coordinate, then
by Fact A.3.4, g preserves directed joins in Dy x - -+ x D,,.

In Lemma 2.2.10, we only considered binary joins, i.e. non-empty finite joins.
Canonical extensions also behave well with respect to maps which preserve the
empty join.

2.2.13. LEMMA. Lete;: Ly — L‘f,egz L, — ]Lg and ey M — M° be canonical
extensions of lattices, and let f: 1Ly X Ly — M be a order-preserving map.

1. IfVb € Ly, £(0,b) =0, then also Vy € L3, f¥(0,y) = 0;

2. IfVb € Ly, f(1,b) =1, then also Vy € LS, fV(1,y) = 1;
Proof We will only prove (1), since (2) is just the order dual of (1). First, observe

that
VE € F1L,,VG € Fl,, 0 € F=0€ F f(F,G). (2.19)

Take F' € F1L; and G € F L, such that 0 € F', then since G must be non-empty,
there is some b € GG. Now

f(O,b)ef[F,G]ng[F,G]:]-‘f(F,G),

so since f(0,b) = 0 by assumption, we see that 0 € F f(F,G). Next, observe that
it is a basic fact about canonical extensions that for any lattice L,

Va € L,YF € FL,a € Fiff & (F) < ev(a). (2.20)
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After all, a € Fiff F ) |aiff & (F) <eZ(|a)=ep(a). Now we can see that for
any y € L3,

17(0,y)
= fV(e(0),y) since e(0) = 0,
=\V{emo Ff(F,G)| el (F) <ei(0),e5(G) <y} by def. of fY,
= V{emo F f(F,G) |0 € F,e5 (G) <y} by (2.20),
< V{em(F") |0 € F'} by (2.19),
= V{em(F") | em(F") < e(0)} by (2.20),
= O’
which is what we wanted to show. |

We can now state an immediate corollary of Lemmas 2.2.10 and 2.2.13:

2.2.14. COROLLARY ([34]). Let f: L; x --- x L,, — M be an n-ary order-
preserving map between lattices.

1. If f is a (normal) operator, then fV is a complete (normal) operator.

2. If f is a dual (normal) operator, then f* is a complete dual (normal)
operator.

Topological properties of operators and join-preserving maps

It is one of the characteristic features of canonical extension that maps between
lattices (f: L. — M ) have both a lower (f¥: L° — M?’) and an upper extension
(f%: L° — M?). These two extensions need not necessarily be different.

2.2.15. DEFINITION. We say that an order-preserving map f: L. — M is smooth
if fV = f2. If we want to emphasize that f is smooth, we will refer to the canonical
extension of f as f° rather than f¥ or f2.

In light of the recurring topological themes in this chapter, it may not come
as a surprise that smoothness of a map f: L — M is a topological property.

2.2.16. LEMMA. an order-preserving map f: 1L — M between lattices is smooth
iff fV: L0 — M° is (0, 0)-continuous.

Proof If f¥ = f#, then fV is both (67, ¢")-continuous and (6%, o!)-continuous;
hence fV is also (6, 0)-continuous. Conversely, if fV is (§, o)-continuous, then it
follows from Lemma 2.1.17 and the fact that fV is order-preserving that fV is
(6}, ot)-continuous. It follows by the order dual of Theorem 2.2.4 that f* < fV.
Since fY < f# by Lemma 2.2.3, we find that f¥ = f~. |
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Before we proceed to the main result about topological properties of operators
and join-preserving maps, we prove another technical lemma which says, intuitu-
ively, that if f: L — M preserves binary joins, then fV: L% — M?° has a kind of
weak, partial right adjoint.

2.2.17. LEMMA. Let f: L. — M be an order-preserving map preserving binary
Joins.

Ve c OV € IM, fY(z) <ef(J) iff f7H(J) €TL and x < et o f71(J).

Proof Let x € L9 and J € TM. We define S := {F € FL | ¢/ (F) < x}; observe
that S is always non-empty since at least 10 € S. Now if f¥(x) < e (J), then
since f¥(z) = \/pegeip © F f(F), we see that VF € S, efy o F f(F) < e4(J). By
basic properties of canonical extension it follows that VEF € S, F f(F) () J. Since
S # (), there is at least one F' € FL such that F f(F) () J, so by Lemma 2.2.7(2),
f~YJ) € ITL. Tt also follows by Lemma 2.2.7(2) that VF € S, F { f~'(J),
so that VE' € S,ef (F) < ef o f7}(J). Since z = \/pcg€f (F), it follows that
x < el o f71(J). The proof of the converse implication is analogous. [

We now arrive at the main theorem about topological properties of operators
and join-preserving maps. Parts (1) and (3) were already known from [34].

2.2.18. THEOREM. Let f: L — M be an order-preserving map between lattices.

1. (a) If f is an operator, then f¥ is (o', c")-continuous.

(b) If f is a dual operator, then f¥ is (o', o')-continuous.

2. (a) If f preserves binary joins, then f¥: 1% — M° is (6%, §})-continuous.
(b) If f preserves binary meets, then f*: L% — M° is (67, 8")-continuous.

3. If f preserves binary joins or binary meets, then f is smooth.

4. If f preserves binary joins and binary meets, then f is smooth and f°: L9 —
M is (8,9)-continuous.

Proof We will only show the proofs for the statements about fV, since the proofs
for the statements about f® are order dual.

(1). By Lemma 2.2.10, f¥ preserves all non-empty joins in each coordinate,
so a fortiori fV preserves directed joins in each coordinate. It follows from Fact
A.3.4 that f¥: L9 x - x L3 — M? preserves directed joins.

(2). We will show that (f¥)~! maps basic d'-open sets to d'-open sets. Let
J € TM; we need to show that (f¥)7'( | ef;(J)) is d*-open. If (f)7'( | efy(J))
is empty then we are done. If not, then it follows from Lemma 2.2.17 that

()7 (Lew(D) = LeL(F71(), (2.21)
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so we see that (f¥)7!( | e(J)) is in fact a basic §*-open set.

(3). Suppose that f preserves binary joins; then by (2), f¥: L% — M?°
is (0, 8)-continuous. Since ot C ¢! (Lemma 2.1.28(3), it follows that fV is
(6, ob)-continuous. On the other hand, by Theorem 2.2.4(1) we know that fV is
(61, o1)-continuous. It now follows from Lemma 2.2.16 that f is smooth.

(4). Tt follows from (3) that f is smooth. Now by (2), fV is (4!, §!)-continuous
and f% is (67, ")-continuous. Since f is smooth, i.e. since f¥ = f%, it now follows
from general topology that f0 := fV is (6, d)-continuous. |

We now turn to an interesting question which we have neglected so far. We
took it as part of our definition that ey : L. — L9 is a lattice embedding, which
means that the meet and join of IL? a priori ‘play nice’ with those of L. If we
look at meet and join as maps Vp: L Xx L. — L and Ap: L x . — I however, we
can also ask ourselves what are the canonical extensions of Vi, and Ap. Are these
indeed the join and meet of .°? Fortunately, the answer is yes.

2.2.19. LEMMA ([34]). Let e: L — L% be a canonical extension. Then (V)7 =
(VE)2 = VI and (AF)Y = (AF)2 = A,

Proof We will only consider V, since the other case follows by order duality. Since
VE: L x . — L is associative, it is a join-preserving map, so by Theorem 2.2.18
(VE)Y = (VE)2. Tt follows from order theory that for all z,y € L.,

eV y= Nz el?|z,y <z}
By meet-density of ideal elements, this reduces to
w VI y = Arese™ (D),
where S :={I € ZLL | z,y < e*(I)}. On the other hand,
2(V)%y = Ajese’ (J),

where S" := {ZV¥(J1, Jo) | © < e (Jh),y < e (J2)}. Since ZVE = VEE we see
that if I € S then ZVY(I, 1) =1¢€ 5,505 CS. Conversely, if ZVE(Jy, Jo) € S’
and x < eZ(J;),y < e (Jy), then also z,y < (T VE(Jy, Jo)), so ZVE(Jy, Jo) € S
and hence S’ C S. It follows that (VE) = VL. |

Now if IL is a distributive lattice, then we know that Ap: L x L. — L is an
operator. Consequently, by Corollary 2.2.14, (A1) = A? is a complete operator,
so as a bonus we get the following well-known corollary:

2.2.20. COROLLARY. IfL is a distributive lattice then so is L°.

2.2.21. REMARK. Canonical extensions of distributive lattices have much stronger
properties than just being distributive. We will return to this subject in §4.1.
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2.2.3 Canonical extension as a functor I: lattices only

So far in this chapter we have seen that canonical extension is a construction on
lattices and maps between lattices. This raises the very natural question whether
canonical extension is a functor, and if so between which categories. In this
subsection we will see that canonical extension is a functor from the category of
bounded lattices and lattice homomorphisms to the category of complete lattices
and complete homomorphisms.

In order to establish this result, we will first prove several facts about the
interaction between canonical extensions and compositions of order-preserving
maps. The most basic such result is the well-known fact [34] that if we have two

order-preserving maps

IL«1*f>1[42*g>]L3,

then it is always the case that (¢f)Y < ¢vfV and dually, ¢g*f* < (¢gf)*. This
result is supplemented by the observation that if we make certain continuity
assumptions about [V or ¢V, we can prove the reverse inequality. This fact was
already known in the case of order-preserving maps between distributive lattices
[39], however the result is new for the non-distributive case. Armed with these
results we can then prove Theorem 2.2.24, which says that canonical extension
is a functor from the category of lattices to the category of complete lattices.
Theorem 2.2.24 extends a known result from [34] with a new observation about
the continuity properties of canonical extensions of lattice homomorphisms. We
will revisit the subject of compositions of canonical extensions of maps in §3.2.3,
and the subject of functorial behaviour of canonical extension in §3.3.

We will now first state several results about canonical extensions of composi-
tions of order-preserving maps. We begin with a well-known result.

2.2.22. LEMMA ([34]). Lete;: L; — L2 be canonical extensions of lattices Ly, Ly, L3
and let f: 1Ly — Ly and g: Iy — L3 be order-preserving maps. Then the following
inequalities hold:

(gf)" < g"f" < { §Z§§ } < g" 2 < (gf)".

Proof The inequalities gV f¥ < gV f* and ¢v f¥Y < ¢g*fV follow from Lemma 2.2.3.
For the first inequality, observe that

(9)7(x) = V{es o Fgf(F) | el (F) < a} =
Vies o Fgo F f(F) | ef (F) < a} < V{eg o Fg(F') | e5 (F') < f7(x)},

Y
where the inequality directly above follows from the fact that if ef (F) < z, then
also

e; o F f(F) = f"(e] (F)) < ¥ ().

The other inequalities in the statement of the lemma follow by order duality. |
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Next, we present a handful of corollaries of the above lemma.

2.2.23. COROLLARY. Let f: 1Ly — Ly and g: Ly — L3 be order-preserving maps
between lattices.

1. If gV f¥ is (07, a1)-continuous then g¥ f¥ = (gf)";
2. If g7 is (o1, o1)-continuous then g" f¥ = (gf)";

3. If fV is (67, 0")-continuous then g" f¥ = (gf)".

Proof (1). If gV fV is (67, o")-continuous then by Theorem 2.2.4, ¢" f¥ < (¢f)7.
By Lemma 2.2.22, (gf)¥ < g"fV. Statements (2) and (3) are instances of (1).

Recall from Definition 2.2.15 that we call a map f: L. — M smooth if f¥ = f2,
and that we refer to the canonical extension of f as f°: L — M in that case.
Additionally, recall from §A.4 that we denote the category of bounded lattices
and lattice homomorphisms by Lat, and the category of complete lattices and
complete lattice homomorphisms by CLat. We can now state a fundamental
theorem about canonical extensions of lattices. Most of this theorem was already
known, see e.g. [34]; part (1) is a new observation however.

2.2.24. THEOREM. Let 1L, M be lattices and let f: L. — M be a lattice homomor-
phism. Then f is smooth and

1. f5:1L° — M is a complete lattice homomorphism which is both (9,0)-
continuous and (o, o)-continuous;

2. If f is injective, then so is f°;
3. If f is surjective, then so is f°.

In fact, canonical extension defines a functor from Lat to CLat and ey : L — L°
s a natural transformation.

Proof (1). Since f preserves binary joins and binary meets, it follows by Lemma
2.2.10 that f preserves all non-empty joins and meets. It follows from Lemma
2.2.13 that f? preserves 0 and 1. Now since complete homomorphisms preserve
directed joins and co-directed meets a fortiori, it follows that f? is (o, o)-continuous.
Finally it follows from Theorem 2.2.18(2) that f° is (4, §)-continuous.

(2). This follows from Lemma 2.2.6, since f preserves binary joins.
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(3). Assume f is surjective; then by (1), f° is a complete homomorphism, and
we already know that F f is surjective (see §A.5.1). Let x € M?; we now make a
straightforward computation:

fO (VAL (F) | efyo F f(F) < 2})

=\ {floel(F)|eloFf(F) <z} because f is a complete hom.,
=\{el o Ff(F)|eloF f(F) <z} by Lemma 2.2.3,

= \{el(F') | efy(F') < x} because F f is surjective,

== by join-densite of filter elements.

Since € M°® was arbitrary it follows that f° is surjective.

To see that canonical extension is a functor, we will first look at compositions
of homomorphisms: consider lattice homomorphisms f: ; — Ly and g: Ly — L3.
Since g° is Scott-continuous by (1), it follows by Corollary 2.2.23 that ¢° f° = (gf)°.
To see that canonical extension preserves the identity function, we use that fact
that F is a functor. Let # € L? be arbitrary, then

(idp.)’(x) = \/{el o Fid.(F) | el (F) <a} by definition,
= \/{ide oel (F) | el (F)<x} because F is a functor,

= \/{ef(F) | ef (F) <z} by definition of idry,
=z by join-density of filter elements,
= idLJ (CU)

This proves that canonical extension is a functor on lattices and lattice homomor-
phisms. The fact that e : L — L° is a natural transformation follows from the
fact that f° is an extension of f. |

We conclude this section with a minor observation about canonical extensions
of sublattices which will be useful later.

2.2.25. COROLLARY. IfL is a sublattice of M, then IL° is isomorphic to a complete
sublattice of M°.

2.2.4 Conclusions and further work

The main contribution of this section lies in the technical results concerning filters
and ideals, and the results about topological properties of [V and f“. Most of the
topological results in this section can also be found in our paper with M. Gehrke
[43]. Many of these where inspired by what was known about distributive lattices
from the work of Gehrke and Joénsson [39]. It was not known however that
distributivity of the lattices involved, which is a central assumption in [39], is in
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no way essential when one wants to discuss topological properties of canonical
extensions of order-preserving maps. In the work of Ghilardi and Meloni [44],
the action of join-preserving maps on filters and ideals receives the attention it
deserves, although the authors nowhere refer explicitly to canonical extensions.
The idea to define canonical extensions of order-preserving maps, rather than
join-preserving maps or operators, via the filter and ideal completion seems to
have been introduced by Gehrke and Priestley in [41], but in that paper most
attention was directed at lattice homomorphisms.

The definition of fV and f* for an order-preserving map in §2.2.1 is well known
from the work of Gehrke and Harding [34]. Theorem 2.2.4, which describes fV
and f2 as the largest and smallest continuous extensions of an order-preserving
map f, respectively, was previously only known to hold for distributive lattices. It
raises questions which we will return to in Remark 3.2.22. The result concerning
preservation of order embeddings (Lemma 2.2.6) is also an improvement over what
was previously known (viz. that the canonical extension of an injective lattice
homomorphism is again injective).

The technical results about order-preserving maps applied to filters and ideals
in §2.2.2 are new, although similar results can be found in [44]. Tt was already
known from [34] that canonical extensions of join-preserving maps and operators
are very well-behaved (Theorem 2.2.18); the topological results we presented are
new however.

Further work

e In this section, we have made much use of the filter completion and the ideal
completion, which we borrowed from domain theory. It would be interesting
to see if there are more domain-theoretic tools available that we can use to
better understand and develop the theory of canonical extensions. We will
see an example of this in the next section, where we use dcpo presentations
to describe canonical extensions.

e Another interesting question is to see whether the domain theory tools and
topological methods of this section can also be applied in the setting of
monotone partially ordered algebras, as studied by Dunn et al. in [32].

e A more specific question which needs to be resolved is whether the canonical
extension of any order embedding is again an order embedding, cf. Lemma
2.2.6.

2.3 Canonical extensions via dcpo presentations

Thus far, we have explored canonical extensions of lattices and order-preserving
maps via topological methods. We will conclude this chapter with a section, based
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on results from [42], in which we show that canonical extensions can also be
understood via depo presentations, a technique from domain theory [60]. Apart
from being interesting in its own right, the perspective on canonical extensions
using dcpo presentations sheds a different light on the issue of extending maps
between lattices to maps between their canonical extensions, and ultimately on
the question whether inequations valid on a distributive lattice with operators A
are also valid on its canonical extension A°, i.e. the question when inequations are
canonical.

The idea of dcpo presentations is to give a unique description of a dcpo D,
that is, of a directed complete partial order, by specifiying a partially ordered or
pre-ordered set of generators P such that each element of D is the directed join of
the generators below it. If one imposes no relations on the generators other than
the order, that is, if one freely adds all directed joins to P, then this is equivalent
to taking the ideal completion of P. Thus we can give presentations of algebraic
depos. If, on the other hand, one imposes relations of the shape a < \/U, for
{a} UU C P, then we may get a presentation for any dcpo, see [60].

To see how we may use this to get a dcpo presentation of the canonical
extension of a lattice IL, recall from Theorem 2.1.25 that there exists an order
embedding g: .’ — Z F L such that goef = | ;.

L FL IFL

o lrL

where g = (ef )71 o |;s and ¢f are embeddings. What this diagram tells us is

that the canonical extension of L ‘sits between’ FIL and Z F L, the structure
one obtains by freely adding all directed joins to FILL. The idea of the dcpo
presentation of canonical extension is to be selective and only add some directed
joins to F L, so that we obtain I.°. Because of the way that filters, ideals and
canonical extensions dualize with respect to order (see Lemma 2.1.26), we can
just as well regard L? as an object sitting in between Z L and F Z L; this would
lead to a description of I.° via a co-dcpo presentation over Z L. We choose not to
engage in this exercise of dualization.

Since dcpo presentations are characterized externally, that is, by conditions on
their behaviour with respect to maps, it is quite natural to expect that we can use
them to describe canonical extensions of maps between lattices. In this section,
we will restrict our attention to maps of the type f: L™ — L, with n a natural
number. This choice is dictated by economy rather than necessity: we will develop
just enough of the technique of extending maps between lattices to canonical
extensions via dcpo presentations to allow us to prove a canonicity result in §3.3.3.
The key observation is that under the right assumptions, the canonical extension
of a map can be seen as an instance of an extension via dcpo presentations, so
that one can apply results about dcpo presentations to canonical extensions.



2.3.  Canonical extensions via dcpo presentations 47

2.3.1 Dcpo presentations

In this subsection, we introduce dcpo presentations, which are a technical tool
for uniquely specifying a dcpo without spelling out its entire structure. This is
an instance of a very general algebra technique, namely that of specifications by
generators and relations.

2.3.1. DEFINITION. A dcpo presentation [60] is a triple (P, C, <) where
e (P,C) is a pre-order;

e 4 C P xP(P) is a binary relation such that a<U only if U C P is non-empty
and directed.

An order-preserving map f: P — I to a dcpo D is cover-stable if for all a < U,

fla) < VUL

In other words, a dcpo presentation consists of a pre-ordered set of generators
(P,C) together with set of relations of the form a < \/U. But what does it mean
for a depo presentation to uniquely describe, i.e. to present a dcpo?

2.3.2. DEFINITION. A dcpo presentation (P,C, <) presents a dcpo D if there
exists a cover-stable order-preserving map n: P — D such that for all dcpos E,
if f: P — E is a cover-stable order-preserving map then there exists a unique
Scott-continuous f’: D — E such that f’on = f. If this is the case, we say that
(P, C, <) presents D via 7.

D

Vv
\

P?E

We may ask ourselves if every dcpo presentation uniquely describes, i.e. presents
a dcpo. This is indeed the case; one can show this by constructing a dcpo from
a given presentation using so-called C-ideals. For more information we refer the
reader to [60].

2.3.3. FACT. FEwery dcpo presentation presents a dcpo.
We conclude this subsection with two trivial examples of depo presentations.

2.3.4. EXAMPLE. If P = (P, <) is a poset, then (P, <,(}) presents ZP via |: P —
ZP. This follows from the universal property of the ideal completion. What
makes this example trivial is the fact that there are no relations imposed on the
generators.

If D is a depo, then (D, <,<p), where a <p U iff a < \/U, presents D itself
via idp: D — . This is a trivial example because there are as many generators
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as there are elements in the dcpo being presented and the order is already fully
specified: the main reason for considering presentations of objects via generators
and relations, rather than the objects themselves, is that the presentations can be
simpler to describe than the objects they are presenting. In the current example,
this is not the case.

2.3.2 A dcpo presentation of the canonical extension

We now define a dcpo presentation given a lattice IL, with the aim of showing that
this dcpo presentation presents I.°. This is a two-stage process: first we take L
and we define a presentation A(L), using F L as the set of generators. Then, we
show that A(LL) presents IL°.

2.3.5. DEFINITION. Given a lattice IL, we define a dcpo presentation A(L) :=
(FL,D,<p), where for all FF € FL and S C FL directed,

Fa SitVI€IL, [VF' €S, F' §I]=F{lI

We want to emphasize that this definition is not being pulled out of a hat. Firstly,
since the filter elements of L’ are join-dense in LL?, it is not a strange idea to
take the filters of L as generators. Secondly, we know by Lemma 2.1.29 that if
e: L — L? is the canonical extension of L, then

V{e"(F) | F € 5} = M"(I) | VF € 5, F ) I},

and we will see in the proof of the theorem below that this equation is essentially
equivalent to the relations of the shape F' <, S we are imposing on A(L).

2.3.6. THEOREM. Let L be a lattice and let e: L — 1.9 be its canonical extension.
Then A(L) presents IL° via e” . FL — ILO.

Proof Observe that ¢/: FIL — L? is order-preserving by Lemma 2.1.28(1); we
now first need to show that e’ is cover-stable. We will show something stronger:
for all F'€ FLL and S C FL directed,

Fa Siff e”(F) < \/ 7 (F). (2.22)
Fres
The key to this observation is Lemma 2.1.29, which states that \/ g’ (F') =
Nt (1) |VF € S,F' ( I'}. Now

ef(F) < \/F'esef<F/)

iff e”(F) < N{e*(I) |VF' € S,F' { I} by Lemma 2.1.29,
iff VI € IL, VF' € S, F' § I] = " (F) < X (1) by order theory,
VI e TL, VF' € S,F' § 1] = F (1 (1),

iff F < S by def. of <,
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where () follows from the basic fact about canonical extensions that e (F) < eZ([)
iff () I. It follows that (2.22) holds.

Next, suppose that f: FIL — D is an order-preserving cover-stable map to a
depo D. We define f': L? — D by setting

flra= V{f(F) [ " (F) < a}.

We need to show (1) that f” is well-defined and Scott-continuous, (2) that f'oe” = f
and (3) that f’ is unique with respect to properties (1) and (2).

(1). For any z € IL°, the set | z is an ideal. Since ¢’ is a V-homomorphism
(Lemma 2.1.28(1)), it follows that (¢”)™1(| z) = {F | e/ (F) < z} is also an ideal
and hence, directed, Since f is order-preserving it follows that f'(x) is a directed

join, so that indeed f’ is well-defined. To see that f’ is Scott-continous, take
S C 19 directed. Observe that

VS

= \/ Vi{eZ (F) | e (F) <z} by join-density of filter elements,
zeS

= \/ Usesie” (F) | € (F) <z} by associativity of \/,
= \/ e [U,es{F | €7 (F) < 2}] by elementary set theory.
It is not hard to see that |J,.o{F | ¢”(F) < x} is a directed union of directed

sets; consequently, we will simply assume that S is a directed set of filter elements;
say S = {ef(F) ] F € §'} where S" C FL is directed. Now observe that

F'(Vpese™ (F)) =\ {F(F) | 7 (F) < Vpese (F)} = V{f(F) | F' <. S},

where the last equality follows by (2.22). Since f is cover-stable, F’ <, S” implies
F(F") <\ f9]. We see that

F'(Vpese” (F)) = V{f(F) | F'<a, '} < \/ f(F)= \/ f(e"

so that it follows that f’ is Scott-continuous.
(2). To see that f’' oe” = f, observe that

froe (F)=V{f(F) | e"(F) <’ (F)}.

Because e’ is an order embedding, the join in the RHS above has a maximal
element, viz. f(F). It follows that f oe” = f.
(3). Suppose that f”: L2 — D is Scott-continuous and that f”oe” = f. Take
x € I°, then since x = \/{e” (F) | 7 (F) < z} is a directed join, we see that
f(@) = f"(\VH{e"(F) | " (F) < a}) = V{f" o e’ (F) | " (F) < «}
— VIF(F) | €5(F) < 2} = F'(2).

It follows that f' = f” so that f’ is unique. |

f
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What have we learned now? Firstly, we have discovered a new characterization
of the canonical extension of a lattice IL, namely as a certain dcpo generated by
the filters of L. Secondly, we have paved the way for applying general results
about dcpo algebras to canonical extensions of lattice-based algebras, as we will
see later.

2.3.3 Extending maps via dcpo presentations

We will now briefly look at extensions of maps via dcpo presentations. The goal is
to be able to use results about dcpo presentations to prove facts about canonical
extensions. Specifically, we would like to be able to lift a map f: L™ — IL through
our two-stage construction, first to a map defined on F I and then via the dcpo
presentation to a map on IL?. We first state the facts we need for the second stage
of extending f.

Let (P, C, <) be a depo presentation and let f: P" — P be an order-preserving
map. We say f is cover-stable if f preserves covers in each coordinate, i.e. for all
1<i<n,forallay,...,a, € P, forall U C P,

ai<]U:>f(ala'"7an><]{f(a1-~'7ai717b7ai+17"'7an> ’ bGU}

2.3.7. Fact ([60]). Let (P,C,<) be a dcpo presentation which presents a depo D
vian: P— D. If f: P" — P is a cover-stable order-preserving map, then there
exists a unique Scott-continuous map f: D" — D which extends f, i.e. such that

fon"=mnof.

Suppose we are given a map f: L™ — L, and recall that F f(Fy,..., F,) :=
T f[Fy,. .., F,]. How do we know if F f: (FL)" — FL is cover-stable? The best
condition we know of is the rather strong requirement that f is an operator, i.e. if
f preserves binary joins in each coordinate.

2.3.8. LEMMA. LetL be a lattice. If f: L™ — 1L is an operator, then F f: (FL)" —
FL is cover-stable with respect to A(L). Consequently, F [ extends to a map
F f: (L™ — L°; moreover, F f = fV.

Proof Let e: L. — IL? be the canonical extension of L. and let f: L” — L be an
operator; to lighten the notation, we assume that n = 2.

First, we need to show that F f is cover-stable with respect to A(L). It
suffices to show that F f is cover-stable in its first coordinate. So suppose that
{F,G}US C FL such that F <, S; we want to show that

FF.G) aAF f(F',G) | F' € 5}
By definition of <, this amounts to showing that if

VIE€TILy, [VF' €8, F{I]=F{lI,
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then also

VJeIM, [VF €S, Ff(F,G) 0 J] = F f(F.G) ) J.

But that is exactly the statement of Lemma 2.2.9, so it follows immediately that
F f is cover-stable.

Now, observe that by Fact 2.3.7, we know that F f has a Scott-continuous
extension F f such that F fo (e” x e¥) = 7 o F f. We will show that F f = f".
Take z,y € L%, then

Fflay) =FfF(V{e"(F) |7 (F) <2}, V{e(G) | 7 (G) < u})

by join-density of filter elements. Now since each of the joins above is directed
(Lemma 2.1.28) and F f is Scott-continuous, we see that

F F(w,y) = \V{F F(7(F),e5(@)) | 7 (F) < @, (G) <y}
:\/{efo}"f(F,G) | e”(F) <z, " (G) <y} by F. 2.3.7,
= fv(.T,y),

where the last equality follows by definition of f". Since x,y € L were arbitrary,
it follows that F f = fV. |

Thus, we see that canonical extensions of operators can be described using
dcpo presentation techniques. This concludes our discussion of depo presentations
for now. We will use what we have learned here later on, in §3.3.3.

2.3.4 Conclusions and further work

This section is based on a paper of M. Gehrke and the author [42], which was
written to demonstrate how a canonicity result for distributive lattices with
operators from [38] can be seen as a special case of a result concerning dcpo
algebras from [60], see §3.3.3.

What we have seen here (and what we will see in §3.3.3) is part of the
intersection of the structures and results which can be described both using dcpo
algebras and canonical extensions. It would be interesting to further explore the
overlapping area of the two fields.






Chapter 3

Canonical extensions: topological
algebra and categorical properties

In Chapter 2, we have presented a toolkit of results which allow us to work
with canonical extensions of bounded lattices and order-preserving maps, using
techniques from domain theory. In this chapter, we will start looking at canonical
extensions of lattice-based algebras, which is the main application area of canonical
extensions, and we will see that canonical extensions are finely intertwined with
topological algebra.

As we discussed in Chapter 1, the main application of canonical extensions is to
provide representation theorems for lattice-based algebras, which arise in algebraic
logic. Via such representation theorems (e.g. the Jonsson-Tarski theorem [58]),
questions about logics can be reduced to questions about canonical extensions,
and this is where the canonical extensions toolkit can be very useful. (We do
point out however that in this chapter we are concerned with the mathematical
properties of canonical extensions, rather than their applications in logic.)

Topological algebra, the study of algebras with continuous operations, has its
origins in classical mathematics, perhaps most notably in Galois theory: Galois
groups of field extensions are profinite groups [77], and profinite algebras are an
important example of topological algebras (see §3.1.2). We will see that profinite
lattices arise naturally as canonical extensions of lattices in finitely generated
varieties of lattices.

The connections between canonical extensions and topological algebra are
many and intricate. The core connection, however, is that canonical extensions
have universal properties with respect to topological algebras. Meaning, that if we
have a lattice-based algebra A and an algebra homomorphism f: A — B, where
B is a topological algebra, then there exists a unique continuous homomorphism

23
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f': A — B, extending f.
A‘S

-
\

A?B

This is subject to certain assumptions on the algebras A and B, which we will
review in §3.4.

We begin this chapter with a review of preliminary facts about topological
algebras in §3.1. After that, we will first expand the canonical extension toolkit
with results that exploit topological lattice properties of canonical extensions of
lattices in §3.2. We will then define lattice-based algebras and canonical extenions
of lattice-based algebras in §3.3. Finally in §3.4, we discuss the connection between
topological lattice-based algebras and canonical extensions.

3.1 Topological algebra

In this section we will review certain useful facts about two important classes of
topological algebras, namely compact Hausdorff algebras and profinite algebras,
which form a subclass of the compact Hausdorff algebras. After that we will take a
closer look at topological lattices, which will lead to a characterization theorem for
Boolean topological lattices. The idea behind topological algebra is very simple.
Given an algebra signature 2, an -algebra is a structure A = (A, (wa)ueq)
consisting of a set A and functions wy: A*®) — A for all w € Q. A topological Q-
algebra is a structure (A, (wa)weq, 7a) such that (A, 1) is a topological space and
each wy: A" — Ais a (72 7)-continuous function. This makes a topological
algebra A = (A, (wa)weqTa) into an object which has one foot in the world of
algebra and one foot in the world of topology.

3.1.1. EXAMPLE. If A = (A, (wp)weq) is an Q-algebra, then (A, (wy)ueq, P(A))
is a topological algebra, where P(A) is the discrete topology on A. Although this
example is rather trivial, we shall see when defining profinite algebras that it is
very important.

In §3.1.1, we will first briefly look at compact Hausdorff topological algebras,
or compact Hausdorff algebras for short, which form the most general class of
topological algebras we will consider. We will look at the way the subalgebra
construction behaves when it comes to compact Hausdorff algebras, and we will
consider the compactification functor for compact Hausdorff algebras. After that,
we will review some facts concerning profinite algebras in §3.1.2. Profinite algebras
will play an important role later on in this chapter, so we will go into some detail to
make the reader familiar with their definition and construction. Finally, in §3.1.3
we will look at a particular class of topological algebras, namely topological lattices.
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We will review some of the key facts about compact Hausdorff lattices, most notably
the fact (due to J.D. Lawson) that the topology on a compact Hausdorff lattice is
unique. We will then specialize further by looking at Boolean topological lattices,
i.e. lattices with a compact Hausdorff zero-dimensional topology and continuous
meet and join. What is nice about Boolean topological lattices is the fact that
one can characterize them order-theoretically, a result due to H.A. Priestley.

3.1.1 Compact Hausdorff algebras

In this subsection we will state several facts about topological algebras for which
the topology is compact Hausdorff. One of the things which make compact
Hausdorft algebras particularly interesting is the fact every Q-algebra A has a
unique compactification 7, : A — G A with the universal property that whenever
we have a compact Hausdorff algebra (B,7) and an algebra homomorphism
f: A — B, then there exists a unique continuous f’: A — B.

B A

\

AT)IB

We like to think of 8 A as an extension of A, and of f’ as a continuous extension
of f, however there is one important caveat to this perspective: in general, the
natural map n,: A — B A is not an embedding. This is quite contrary to the
notion of compactification from general topology, where a compactification of a
space X is a compact space Y of which X is a dense subspace.

3.1.2. Fact ([84]). For any Q-algebra A there exists a compact Hausdorff 2-
algebra (B A;4) and a homomorphism ny: A — B A such that

1. na[A] is a dense subalgebra of (B A, Taa),

2. for every compact Hausdorff algebra B and every f: A — B, there exists a
unique continuous homomorphism f': A — B such that f'ony = f.

G A

i
v

A 4f> B
3.1.3. REMARK. Recall that a variety V is called residually small if there exist a
bound on the cardinality of the subdirectly irreducible algebras in V. It has been
conjectured [12, p. 519] that a sufficient condition for 1, : A — [ A being injective
is that A € V for some residually small variety V. However, at this time only the
converse of this conjecture is known to hold.
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3.1.4. FacT (COROLLARY OF TH. 1.2 OF [85]). LetV be a variety. Ifny: A —
UBA is an embedding for every A in V), then V is residually small.

3.1.5. Fact (TH. 2.1.9 OF [33]). Let f,g: X — Y be continuous maps from a
topological space X into a Hausdorff space Y. If there is a dense subset Z C X
such that f | Z =g | Z, then f =g.

The following Lemma is an elementary fact from topological algebra. Observe
the distinction between the topological algebra (B, 7) and the discrete algebras A,
B.

3.1.6. LEMMA. Let (B, 7) be a Hausdorff topological algebra and let A be a subal-
gebra of B such that A is dense in (B, 7). Then B € HSP(A).

Proof We will show that if s ~ t is an equation such that A F s = ¢, then
also B F s &~ t. Suppose s and t use n variables. Consider the term functions
sa: A" — A and ty: A" — A. Because A F s ~ t and A is a subalgebra of B,
we know that sg and tp agree on A”. Now because B is a topological algebra,
the term functions sg: B" — B and tg: B” — B are continuous. But A" is dense
in the Hausdorff space (B",7"), so by Fact 3.1.5, sg = tg. We conclude that
BEs~t. |

3.1.7. COROLLARY. If A is an Q-algebra, then 3 A € HSP(A).

3.1.2 Profinite algebras and profinite completions

In this subsection, we will introduce two notions which are central to this chapter,
namely profinite algebras and profinite completions. Profinite algebras are a very
natural and well-behaved example of topological algebras, which have been studied
extensively in the setting of groups [77] because of the connections between Galois
theoy and profinite groups.

To be able to say what profinite algebras and profinite completions are, we
must first introduce the notion of a limit of a diagram of algebras. The way one
defines a limit is from the bottom up, through a universal property with respect
to a diagram of objects. Roughly, this means that every mapping going into
the diagram of algebras has to factor uniquely through the limit of the diagram.
In this sense, a limit is a single object which represents a collection of objects,
viz. the diagram of which it is a limit. At the same time, however, we can view
a limit from the top down as a single object which can be broken down into a
representation in the form of the diagram of which it is a limit. This perspective
is particularly salient in the case of profinite algebras, which are those algebras
which arise as limits of diagrams of finite algebras. It is precisely the fact that a
profinite algebra A ~ lim s A,; can be broken down into a diagram of finite algebras
A; that allows us to define a topology 7 on A making (A, 7) a topological algebra.
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A second important consequence of the fact that every profinite algebra B
has a categorical representation as a diagram, is that it allows us to associate
with each algebra A a unique profinite algebra A, the profinite completion of A
and a natural map ps: A — A, such that whenever we have a homomorphism
f: A — B from A to a profinite algebra B, then f will factor through the natural
map pp: A — A:

~

‘V 7
Y

A 7) B
We will make frequent use of the universal property of pa: A — Ain §3.4.

Poset-indexed limits of (2-algebras

We will now show how to define limits of diagrams of algebras, where we restrict
ourselves to the case in which the diagrams are indexed by a poset (see Remark
3.1.11). This will provide us with the technical means to define profinite algebras
and profinite completions later on. Fix an algebra signature €2 and let Algy,
denote the category of Q-algebras and 2-algebra homomorphisms. Let (I, <) be
a poset. An I-indexed diagram in Algg is a functor from I to Algg. In other
words, an [-indexed diagram is an assigmnent of an {2-algebra A; to each ¢ € I,
and a homomorphism f;;: A; — A; to each (i,7) € I x I such that ¢ < j, with
the additional restrictions that

o forallie I, fi =ida,: A; — Ay
o if i < j <k, then fj, o fi; = fir-

We denote this diagram by (A, fi;)7. If the index poset I of a diagram (A, f;;)s is
e.g. co-directed, we say that (A, f;;)s is a co-directed diagram of algebras. (Recall
that a poset [ is co-directed if for all 7, j € I there exists k € I such that k <1, j.)

A cone to a diagram of algebras (A, f;;); in Algg is an I-indexed collection
of maps (g;: A — A;); with a common domain A such that for all ¢, j € I with

© < j, we have f;; 09, = g;.
[
Gi

A A

Let (h;: B — A;); be another cone to (A, f;;); and let e: B — A be an algebra
homomorphism. We say e is a map of cones if for all ¢ € I, g; 0 e = h;.
B——A

W

A;
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We call (g;: A — A;); a limiting cone if for all (h;: B — A;);, there exists a
unique map of cones e: B — A. We then call A the limit of (A, fi;)r, writing

3.1.8. ExAMPLE. If [ is a discrete poset, meaning that ¢ < j iff i = 7, then the
limit of an I-indexed diagram (A, f;;); is simply the product: lim A; ~ I A

Indeed, if we have a collection of maps (B LN A;);, then these define a unique
map e: B — [, A;, viz.
e:a— (hia))

i€l -

Moreover, e is a map of cones: if a € A and i € I, then m; o e(a) = h;(a).

Now that we have abstractly defined what limits are, we may ask ourselves
whether every diagram of algebras actually has a limit.

3.1.9. FacT. Every poset-indexed diagram (A, fi;)1 in Algq has a limiting cone,
which may be computed as follows:

lim A; ={a € [[,A; |Vi,j €1, i<j= fij(a(i)=alj)}.
Moreover, liLHJ A; is a subalgebra of T]; A;.

Because varieties of algebras (§A.6) are closed under taking products and subalge-
bras, we get as a corollary that varieties are closed under taking limits.

3.1.10. COROLLARY. IfV is a variety of Q-algebras, and if (A;, fi;)1 is a diagram
of Q-algebras such that A; € V for each v € I, then also lim A eV.

We now know enough about limits of diagrams of algebras to define profinite
algebras and profinite completions.

3.1.11. REMARK. What we have described here is really only a special case of
the categorical notion of limit. The special case of poset-indexed diagrams will
allow us to define what profinite algebras and profinite completions are. For a
discussion of the category theory at work here, see [69, §II1.4].

Profinite (2-algebras

We will now define profinite algebras and we will sketch why profinite algebras
are topological algebras. Let us start by simply giving the definition.

3.1.12. DEFINITION. Let A be an Q-algebra. We say that A is a profinite 2-
algebra if there exists a poset-indexed diagram (4, f;;); such that

e A~lim A
«—1
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e for each 7 € I, A, is finite;

e the index poset [ is co-directed, i.e. for all 7,7 € I, there exists k € I such
that £ <1, 7.

Let (A;, fi;)1 be a co-directed diagram of finite Q-algebras and let (m;: A — A;);
be a limiting cone for this diagram, i.e. assume that A ~ lin A;. We will now
sketch how we can use the limiting cone (m;: A — A;); to define a topology on
A, such that for each w € €2, wy is continuous. First observe that the following
collection of sets forms a base for a topology on A:

{m;"(U)|UCA,iel}.

To see why, consider two basic opens m; *(U) and L Y(V), where U C A; and
V C A;. We will show that there exists a £ € I and W C Ay such that

m  (U) N (V) = o L (W).

)

The key observation is the fact that by co-directedness of the index poset I,
there must exist £ € I such that k <1, 7, so there exist maps fr;: Ap — A; and
frit Ay — A;. Because (m;: A — A;); is a cone, it must be the case that

T = fri oM, and m; = fi; o T (3.1)
We now see that
m  (U) N (V)
= (fri om) N U) N (frj o ) (V) by (3.1),
=m, o fi (U)Nm o fk_jl(v> by basic set theory,
=m ' (f ()N £ (V) idem.

Thus we see that if we take W := f,&l(U)ﬂfk’jl(V), then indeed m; ' (U) N7y 1(V) =
7. (W). We call the topology generated by {m; ' (U) | U C A;, i € I} the profinite
topology on A. Note that the profinite topology on A is determined by the limiting
cone (m;: A — A;); it is the coarsest topology which makes all the projection
maps m;: A — A; continuous with respect to the discrete topology on A;. We will
now sketch why A is a topological algebra with respect to the profinite topology.
Consider an operation w € 2 and suppose for the sake of simplicity that w is
unary. We want to show that w, is continuous. It suffices to show that for a basic
open set m; '(U), where U C Ay, it is also the case that wj ' (7; '(U)) is open. The
key observation is the fact that m;: A — A, is an 2-algebra homomorphism; this
allows us to see that

WAl (WJI(U))
= (mowp)” (U) by basic set theory,
(wA o)~ 1(

)

T (wi (U

U) because 7; is an {2-hom.,

) by basic set theory,
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so that w,*(m; }(U)) is in fact a basic open.

Thus, we see that if we are given a profinite algebra A ~ liill A;, then A is a
topological algebra in its profinite topology, which we defined in a natural way
using the limiting cone (m;: A — A;);. We will now record the fundamental fact
that every profinite topology is Boolean, i.e. every profinite topology is compact,
Hausdorff and zero-dimensional.

3.1.13. Facr ([8]). If A ~ im A; is a profinite algebra, then A is a Boolean
topological algebra in its profinite topology.

3.1.14. REMARK. We have chosen to first describe profinite algebras using uni-
versal algebra, viz. as the limit of a diagram of finite algebras (A, fi;)7, and then
to indicate that one can define a topology on lim A;, making lim s A; a topological
algebra. Alternatively, one can start by endowing each algebra A; with the discrete
topology, and then show that one can also take limits of topological algebras, so
that it follows immediately that liill A; is a topological algebra. One can then
show that lim, A, is a closed subalgebra of []; A;, so that it follows from general
topology that the profinite topology on liinz A, is a Boolean topology.

Next, we would like to know how we can construct new profinite algebras from
one or more given profinite algebras. The most straightforward construction we
can use to create new profinite algebras is to take products.

3.1.15. Fact ([8]). If {A; | i € I} is a set of profinite algebras, then []; A; is
also profinite.

(An alternative reference for the above fact is [77, Proposition 2.2.1].) Now what
about subalgebras? That is, when is a subalgebra of a profinite algebra again
profinite? It turns out that here the profinite topology is very useful.

3.1.16. FacT ([8]). Let A be a profinite algebra. If B is subalgebra of A which is
closed in the profinite topology, then B is also profinite.

(An alternative reference for the above fact is [77, Corollary 1.1.8].) For other
constructions, such as homomorphisms, things are more complicated. We will
return to this matter in the special case of canonical extensions of profinite lattices
with Lemma 3.2.11.

Before we move on to profinite completions, we mention a result regarding
an important question in the study of profinite algebras. We have seen above in
Fact 3.1.13 that every profinite {2-algebra is a Boolean topological algebra in its
profinite topology. Conversely, it well known that every Boolean space is profinite.
This raises the following question: given a Boolean topological algebra (A, 7), can
we find a co-directed diagram of finite algebras (A, fi;); such that A ~ liin[ A,
and 7 is the profinite topology, i.e. the topology induced by (m;: A — A;);?
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3.1.17. FacT ([24, 28]). Let (A, 1) be a Boolean topological algebra and suppose
that A € V for some variety V. If

1. 'V is finitely generated and congruence distributive, or
2.V has equationally definable principle congruences,

then there exists a co-directed diagram of finite algebras (A;, fi;)1 inV such that
A~ @I A; and T is the profinite topology on A.

We will return to this question in §4.2.

Profinite completion of (2-algebras

We now arrive at a very important property of profinite algebras, namely that every
algebra A has a profinite completion, denoted A, and a natural map py: A — A
which has the universal property that for every algebra homomorphism f: A — B
to a profinite algebra B, there exists a unique continuous homomorphism f”: A—B
such that f" o uy = f.

~

>

AHB

In our discussion of the profinite completion we will focus on the construction
of A and the natural map py: A — A, since we will use these later in this chapter
when we describe the fundamental connection between canonical extensions and
profinite completions in §3.4.1.

Fix an Q-algebra A; we will now describe how to construct A. We will do this
by specifying the diagram of which A is the limit. We define the following index

poset:
®) ={0 € ConA | A/ is finite},

where the order is the inclusion relation. Now if 8,1 € ®, such that 6 C 1, then
the Isomorphism Theorems of universal algebra [23, §I1.6] tell us that the map

f9¢2 (1/9 — a/1/1

is a well-defined, surjective 2-algebra homomorphism. It is now easy to see that
(A/0, foy)e, forms a diagram in Algg; we define

A:=lim A/6.

But while we are at it, we can immediately also define the natural map py: A — A.
The quotient maps (ug: A — A/0)s,, defined as

Lo a— afl,
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form a cone to the diagram (A /6, foy)e,. Thus we can define yu5: A — A to be the

unique map of cones from A to A induced by (up: A — A/0)s,. We summarize
these two definitions below.

3.1.18. DEFINITION. Let A be an (-algebra. We define A, the profinite comple-
tion of A, to be the limit of the diagram of finite quotients of A.

~

A= an%A/@

Additionally, we define py: A — A to be the map of cones induced by (pg: A —
AJO)s,.

Now that we have defined the profinite completion, we record three important
facts about it. The first is the universal property that we referred to before. For
general categorical reasons, this property defines the profinite completion up to
isomorphism.

3.1.19. Fact ([8]). Let f: A — B be an Q-algebra homomorphism between -
algebras A and B. If B is profinite then there exists a unique continuous homo-
morphism f': A — B such that f' o uy = f.

The second important fact is that strictly speaking, the name ‘profinite com-
pletion’ can be seen as a misnomer. One would expect a completion of an algebra
A to be an extension of A; however, the natural map ps: A — A is not always an
embedding. Recall that an Q-algebra A is residually finite if for all a,b € A with
a # b, there exists a finite (2-algebra B and an 2-homomorphism f: A — B such

that f(a) # f(b).

3.1.20. FACT. An algebra A is residually finite iff the natural map pp: A — A
is injective. A wvariety V is residually finite iff for every A € V, up: A — A is
mjective.

In light of the above fact, we must make a distinction between a given algebra
A and its image pa[A] in the statement of the fact below.

3.1.21. FACT. The subalgebra pa[A] is dense in A.
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3.1.3 Topological lattices

We conclude this section with several observations about compact Hausdorf lattices
and the characterization theorem for Boolean topological lattices.

Compact Hausdorff lattices and lattice-based algebras are an interesting class
of topological algebras because a compact Hausdorff topology on a compact
Hausdorff lattice is always unique and intrinsic, meaning that the topology is
uniquely determined by the algebra structure. This means that admitting a
compact Hausdorff topology is a property of lattices. Moreover, by extension,
admitting a compact Hausdorff topology is a property of lattice-based algebras.
In this subsection we will present both known and new results which help us to
understand topological properties of compact Hausdorff, Boolean topological and
profinite lattices via order theory and lattice theory. In particular, we will present
necessary and sufficient conditions for a lattice to admit a unique Boolean topology
(Theorem 3.1.26), and we will look at sufficient conditions for establishing that
sublattices of profinite lattices are again profinite.

Compact Hausdorff lattices

Let us start by recording the fundamental fact that the topology on a compact
Hausdorff lattice is intrinsic and unique.

3.1.22. FAcT ([68]). Let L be a lattice. There exists at most one topology T on
L such (L, T) is a compact Hausdorff topological lattice.

This fact has many important consequences, the first of which is that we may
now refer to a compact Hausdorff lattice (IL, 7) simply by referring to L, since
the topology 7 is intrinsic. Recall that Lat is the category of bounded lattices
and lattice homomorphisms, and that CLat is the category of complete lattices
and complete lattice homomorphisms. By KHausLat we denote the category of
compact Hausdorff topological lattices and continuous lattice homomorphisms;
additionally, we are interested in BoolLat, which has Boolean topological lattices
as its objects and continuous lattice homomorphisms as its morphisms, and
in Pro-Lat;, which is the category of profinite lattices and continuous lattice
homomorphisms.

3.1.23. FactT. Let L be a compact Hausdorff lattice. Then

1. the unique topology making I a compact Hausdorff topological lattice is o(LL),
the bi-Scott topology;

2. L is complete;

3. a lattice homomorphism f: 1L — M between compact Hausdorff lattices is
continuous iff it is complete.
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Consequently,

4. KHausLat, BoolLat and Pro- Lat; are full subcategories of CLat.

For proofs of the statements in the above fact we refer the reader to [54, §VII-1.7]
and [45, §VII-2]. We now shift our attention from compact Hausdorff lattices to
Boolean topological lattices and profinite lattices.

Boolean topological lattices

We will now consider Boolean topological lattices, which form a subclass of compact
Hausdorff lattices. What is particularly nice about Boolean topological lattices
is that one can characterize them order-theoretically, a result which was first
published by H.A. Priestley [76]. Below, we will discuss this result and its proof
in some detail.

Since Boolean topological lattices are ordered Boolean topological spaces, we
may ask ourselves if they are perhaps Priestley spaces, that is if they satisfy the
Priestley separation axiom. This is indeed the case.

3.1.24. LEMMA. IfLL is a Boolean topological lattice, then (IL, o) is a Priestley
space, i.e. for all x,y € L such that x £ y there exists a clopen upper set U such
that v € U Z y.

Proof Let 2,y € L with z £ y. Then by [54, Lemma VII-1.5] and [54, Corollary
VII-1.2], there exists an o-open upper set U’ C L such that € U’ Z y. Now
because we assumed that the o-topology on L is zero-dimensional, there exists
some clopen U C U’ such that € U. Observe that y ¢ T U, since JU C U’. Now
it follows by [5, Lemmas 2 and 3] that T U is clopen. |}

So now that we know that there exists an abundance of clopen upper sets in a
Boolean topological lattice, we may ask ourselves what these sets look like. Recall
that given a lattice I, we denote the set of its compact elements by KL; p € LL is
compact if for all directed S C L such that \/S exists, we have that p <\/S only

ifTp(S.

3.1.25. LEMMA. Let L be a compact Hausdorff lattice and let U,V C L be an
upper and a lower set, respectively. Then

1. U is clopen iff there exists a finite Z C K1IL such that U =1 Z;

2. V' is clopen iff there exists a finite W C K(IL°P) such that V = | W.

Proof We will only prove (1), since (2) is just its order dual. Suppose that U C LL
is a clopen upper set. We denote the minimal elements of U by min U:

minU :={pelU|Veel z<p=x¢U}.
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Now we claim that
U = TminU. (3.2)

To see why, suppose that z € U. Then |z is o'-closed and hence, o-closed;
consequently U N | x is o-closed. Now by Lemma 2.1.16, U N | x is closed under
co-directed meets, so a fortiori it is closed under taking meets of chains. In other
words, U N | x is a partial order which is closed under meets of chains; it follows by
(the order dual of) Zorn’s Lemma that there exists a minimal element p € U N | .
It is easy to see that p is also minimal in U; it follows that (3.2) holds. Next we
claim that

minU C KL. (3.3)

To see why, consider p € min U and suppose that p < \/S for some directed S C L;
we must show that there is an x € S such that p < x. Because L is a compact
Hausdorft lattice, we know that A: L x L. — L is (o, 0)-continuous; by Lemma
2.1.17, it follows that A is (o', o1)-continuous, i.e. that A preserves directed joins.
So since p <'\/S, we see see that

p=pAVS=\VpAS.

Now suppose towards a contradiction that p A x < p for all x € S; then since p
is minimal in U, it follows that p A.S C L\ U. Because U is open, it follows by
Lemma 2.1.16 that \/p A S € L\ U. But this contradicts the fact that

VpAS=pel.

We conclude that there must be some x € S such that p < z. It follows that
p € KLL. Now recall that by (3.2),

U:TminU:UpeUTp.

Since U is o-closed and each T p is g-open by (3.3) and Fact A.5.5(2), it follows
by compactness that there must exist some finite Z C minU C KL such that
U=1Z.

Conversely, suppose that U = T Z for some finite Z C K1IL. Since

U=12=U,,1p,

we see firstly that U is open by Fact A.5.5(2). Secondly, we see that U is closed
because it is a finite union of o'-closed sets, and o' C . It follows that U is
clopen. |

A lattice L is called bi-algebraic if both L and L are algebraic. By A(L) :=
ol(IL) V ¢} we denote the Lawson topology of 1L [45].

We are now ready to prove the main result of this section, which is the
Characterization Theorem for Boolean topological lattices, due to H.A. Priestley.
Observe however that condition (2) below is new.
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3.1.26. THEOREM ([76]). Let L be a lattice. The following are equivalent:

1. L is a Boolean topological lattice;
2. 1L is complete and there exist P,Q) C IL such that

(a) P is join-dense in I and Q is meet-dense in LL;
(b) for every p € P, there is a finite Z C 1L such that L\ Tp=|2Z;
(c) for every q € Q, there is a finite Z C L such that L\ | p=12Z;

3. L is complete and bi-algebraic, o' = 1! and o' = 1}

Proof (1) = (2). We will first argue that L is bi-algebraic. To see that L is
algebraic, it suffices to show that if 2,y € L and = £ y, then there exists a p € KL
such that p < x and p £ y. But this is easy to see: by Lemma 3.1.24, there exists
a clopen upper set U C LL such that v € U Z y. By Lemma 3.1.25, U = T Z for
some finite Z C KIL. But then it follows that there must be some p € Z such that
p < x; moreover, since y ¢ 1 Z, it follows that p £ y. The argument for showing
that L is co-algebraic is identical. If we now define P := KL and @ := KL%
then it follows that (2)(a) holds. To see that (2)(b) holds, take any p € P = KL.
It follows by Lemma 3.1.25 that T p is a clopen upper set, so L\ Tp must be a
clopen lower set. Applying Lemma 3.1.25 again, we see that there must be some
W C KL such that L\ Tp = | W. The proof for (2)(c) is order dual.
(2) = (3). We will first show that

ol =/ and o' =} (3.4)

We will only show the first part of (3.4), since the other follows by order duality.
Recall from Lemma 2.1.17(1) that ¢! C o', so it suffices to show that o C ..
Now observe that by assumption (2)(b), we know that for every p € P, we have

L\Tp=1Z=U,zla

for some finite set Z, so that

1p =L\ @A\ 19) =L\ (Uyes La) = Nyes @\ La).

We see that Tp is a finite intersection of +'-open sets; since p € P was arbitrary,
we see that
for all p € P, 1p is ¢'-open. (3.5)

Now let U be a o'-open set and let z € U. Because P is join-dense in L, we know
that z = \/(| # N P). Since U is o'-open, it follows that there must be some finite
Z C |z N P such that \/Z € U. Now observe that
reT\Z since Z C |x NP,
=yez 12 by order theory,

-y since \/Z € U.
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Since (¢, T2 is T-open by (3.5) and since z € U was arbitrary, it follows that
U is t!-open. Since U was an arbitrary o'-open set it follows that ¢! C (I and
consequently, (3.4) holds. Now we will show that

L is bi-algebraic. (3.6)

We first show that P C KL. If p € P, then by (3.5) and (3.4), 1p is o'-open.
But then it follows immediately that p € KL: if p <\/S for some directed S C L,
then \/S € Tp, so there exists some y € S such that p < y. Now we see that for
any x € L,

z=\/(lzNP) because P is join-dense in L,
=\V(lzNnKL) by order theory because P C KL,

so that we see that IL is algebraic. By an order dual argument it follows that L is
also co-algebraic, so that (3.6) holds.

(3) = (1). We will first show that the o-topology on L is a Boolean topology,
i.e. it is compact, Hausdorff and zero-dimensional. Recall that the Lawson topology
on L is defined as A = o' V!, Since o := o' Vo!, it follows by our assumption that
in our case, A = 0. Since L is algebraic by assumption, it follows by [45, Theorem
[11.1.10] that the Lawson topology on L is compact and Hausdorff; consequently,
so is the o-topology. Now if z,y € L such that « £ y, then since L is algebraic,
there exists a p € KL such that p < z and p £ v, i.e. © € 1p F y. Because
p € KL, Tpis o'-open. Because Tp is a principal upper set, it is ¢}-closed. By
our assumption that o' =T and ¢! = /!, it follows that 1 p is o-clopen, so since
xr,y € L were arbitrary, it follows that the o-topology is totally disconnected;
consequently, the o-topology is a Boolean topology.

Finally, we will show that IL is a topological lattice in its o-topology. We know
by associativity that A: L x . — IL preserves co-directed meets, so that A is
(o', ol)-continuous. Because L is algebraic, we know by [45, Proposition 1-1.14]
that A preserves directed joins, i.e. that A is (o7, O'T)—COIIUHU.OUS. It follows that A
is (o, o)-continuous; the argument for V: L x L — L is order-dual. We conclude
that LL is a Boolean topological lattice. |

3.1.27. COROLLARY. If L is a Boolean topological lattice, then o = X, i.e. its
intrinsic Boolean topology is the Lawson topology.

We conclude this section with an application of the Characterization Theorem
above. Recall that we saw above that a closed sublattice of a profinite lattice is
again profinite. Using Theorem 3.1.26 in conjunction with a technical result from
domain theory, we can prove the following:

3.1.28. LEMMA. Let IL be a profinite lattice. If I is a complete subalgebra of 1L
then I is closed and hence, profinite.
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Proof Because L is algebraic by Theorem 3.1.26, it is a continuous lattice in the
sense of [45]. Consequently, we may apply [45, Theorem III.1.11] to conclude that
" must be closed in the Lawson topology of .. Now by Corollary 3.1.27, we know
that o = A, so I’ is a o-closed subalgebra of L. Since the profinite topology on L
must be the o-topology (as there can be only one compact Hausdorff topology
on L which is compatible with A and V), we see that I’ is closed in the profinite
topology on L. It now follows from Lemma 3.1.16 that I’ is itself profinite. |

This concludes our preliminaries for this chapter on topological algebra and
topological lattices.

3.2 Canonical extensions of maps II: maps into
profinite lattices

In §2.2, we defined the canonical extension of an order-preserving map f: L — M
by first extending f to a map F f: FL — FM, mapping a filter F' to 1 f[F],
and subsequently extending F f to a continuous extension f¥: L% — M?, and
dually via Z I when constructing f#. This approach fails, however, if we drop the
assumption that f is order-preserving, because F f is then no longer defined. In
this section we will introduce a different way of continuously extending f: L. — M
to amap f¥: L° — M?°, which does not depend on any properties of f. We can
still characterize fV as a largest continuous extension of f if we make additional
assumptions about M, the codomain of f.

Some of the definitions and results in this section are generalizations from the
case of distributive lattices studied by Gehrke and Jonsson [39]. As we indicated
in our paper with M. Gehrke [43] however, distributivity of the underlying lattice
is not an essential property for ensuring good behaviour of the canonical extension.
Rather, what matters is that the underlying lattice lies in a finitely generated
variety. We will make use of the technical lemmas from this section in the rest of
this chapter, when we look at canonical extensions of lattice-based algebras rather
than plain lattices.

The section is organized as follows. First, we show that there is a natural
way to define a lower and upper extension of an arbitrary map f: L — C, from a
lattice into a complete lattice, to a continuous map f’: Lo — C, viz. the lim inf
and lim sup extension of f. We then use liminf and limsup to extend an abitrary
function f: . — M to a continuous function fV: L% — M? in §3.2.1. We will then
show in §3.2.2 how we can view f¥: L’ — M?° as a mazimal continuous extension
of f: L — M if we assume that HSP M is finitely generated. Finally, in §3.2.3 we
investigate properties of extension of compositions of arbitrary maps. We conclude
this section with an overview of the contributions and further work in §3.2.4.
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3.2.1 Extending maps via liminf and limsup

Our first goal in this subsection is to extend an arbitrary map f: L. — C from a
lattice L. to a complete lattice C to a continuous map f’: L.’ — C in such a way
that f'oe = f, where e: L — LL? is the canonical extension of L.

L—
eT/
L

We exploit the fact that e[L] is dense in (L,d(LL)) (by Lemma 2.1.28), meaning
that for ‘a lot” of points in .9, our function f’: L’ — C is already defined. For
an arbitrary z € L% and a d-open neighborhood U of x, we get a set of values
fle7}(U)] in C approximating f’(z). We can now take the infimum (meet) or
supremum (join) of this set of approximating values. Thus, we get an inf- or
sup-approximant of f’(z) for every open neighborhood of z. Intuitively, we can
now define f’(x) to be the ‘limit’ over all open neighborhoods of x of these
approximants.
Recall that the d-topology on L% has as its base the collection of sets

{1 (F)nlef(I) | Fe FL, I € TL}.
We now arrive at the following definition:

3.2.1. DEFINITION. Given a function f: L — C, where C is a complete lattice,
we define liminf f: L9 — C, where

liminf f(z) =\/{ASIFNI] | " (F) <z < ()}
Dually, we define limsup f: L° — C as

limsup f(z) = A\ {VFIENI] | "(F) <@ < (D)}

First, observe that these definitions follow the pattern we sketched above. The
reader may notice however that the expressions f[F' N I] are a lot simpler than
the fle}(U)] we arrived at before. The reason lies in the following lemma:

3.2.2. LEMMA. Lete: L — L9 be a canonical extension and let F € FL, I € TL.
Then e (F) < e(a) < eX(I) iffac FNI.

Proof We show that e’ (F) < e(a) iff a € F; the statement then follows by order
duality. Now, observe that e’ (F) < e(a) = e’ (T a) iff F D 1a, since e’ (F) is an
embedding (by Lemma 2.1.28). But F' D faiffac F. ||
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The following lemma shows that liminf f indeed gives us a continuous extension

of f.

3.2.3. LEMMA. Let f: L — C be a function from a lattice L to a complete lattice
C and let e: L. — L be the canonical extension of L. Then

1. liminf f is (6, 01)-continuous;
2. limsup f is (0, ot)-continuous;
3. liminf f < limsup f;

4. liminf foe =limsup foe = f.

Proof (1). First, observe that given x € IL%,
{NIF NI [ e”(F) <z < (D)}

is a directed set: take Fy, Fy € FIL and I, I, € Z1L such that e” (F}) < 2 < (1)
for i = 1,2. Then

(BN E) = (F) Ve () since e’ is a homomorphism,
<u by assumption,
< el (1) A et (1) idem,
=l (LN D) because e’ is a homomorphism.

Moreover, since FiNFoNI1NI, C F,N I for i =1,2, we get
AfIF N Fn LN L] > ANf[Fin L] fori=1,2;

it follows that liminf f(x) is a directed join. We will use this fact to show that
liminf f is locally continuous at z; since x is arbitrary this suffices to show that
liminf f is continuous. Suppose that U C C' is Scott-open and liminf f(z) € U,
then since liminf f(x) is a directed join, there must be some F' € FL,'I € TLL
such that e” (F') <z < eX(I') and Af[F'NI'] € U. But then for all y € L? such
that e (F') <y < eI (I'), we have

liminf f(y) = \/{/\f[Fﬂ]] | e”(F) <y <e*(I)} by definition of liminf,
> Nf[F' NI since e (F) <y < X(I),
eU,
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so that it follows that liminf f is locally (4, c')-continuous. Part (2) is just the
order dual of (1).
(3). Let = € IL%; we want to show that

VANIENT | F(F) <z < (D)} < N{VAF NI F(F) <z < (D)}

It suffices to show that for all F, F’ € FL and I,I’ € TL such that e’ (F) <
v < ef(I) and e (F') < o < eI (I'), we have that Af[F N I] <\/f[F'NTI]. First,
observe that we have that

F(FNF)=ef(F)vel(F) <z <IN =e(INT),

as before. It follows by the compactness property of canonical extensions that
(FNE)Q(INTI),ie. FNF'NINI #(. But then
ANIENII < AfIFNF' NINI]  since (FNI) 2D (FNE' NINT),
<VfIFNF'NnINI'l since FNF'NINI #0,
<V/f[F'nI since (FNF'NINI)C(F'NnI).
Since F, F' € FLL and I,I' € TL were arbitrary it now follows that liminf f(z) <

lim sup f(x).
(4). We only show that liminf f o e = f; the other equality follows by order
duality. Let a € L, then

liminf f oe(a) = \/ {AFIFNI]|e"(F) <e(a) <e’(I)} by definition,
=\/ANJIFNI]|ae FNI} by Lemma 3.2.2,
< f(a) by order theory.

Conversely, since e (T a) < e(a) < (] a), we see that

fla)=Af[Tanla] <liminf foe(a). |

3.2.4. LEMMA. Let f: 1Ly — Cy and g: Ly — Cy be functions from lattices Ly,
Ly to complete lattices C,, Cy. Then

liminf(f x ¢g) = (liminf f) x (liminf g)

limsup(f x ¢g) = (limsup f) x (limsup g)
Proof We will only prove the first statement, since the proof of the second
statement is identical modulo order duality. Although we will have to do some
bookkeeping and there is a lot of notation, the proof of this lemma is essentially very

easy. We first make a number of observations. For starters, if (z1,x5) € LS x L3,
then

)<61L1><]L2(I)}

{(FD) | e, (F) < (21,2
|f( )<x2§eL(I)z—12} (3.7)

—{ F1 XFQ,Il XIQ)
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where I and I are filters and ideals of IL; X Lo, and F; and I; are filters and ideals
of IL; for ¢ = 1,2. This follows from fact that every filter of IL; x Ly is of the form
Fy x Fy for some Fy € FlL,, F; € FLy. Next, we claim that for all filters and
ideals Fl,fl Q ]Ll and FQ,IQ Q ]LQ,

(Fy x B)N (I x L) = (Fy N 1,) x (FyN I). (3.8)

This follows from basic set theory. Finally, we claim that for all filters and ideals
Fi, 1) CL; and Fy, I, C Lo,

fxgl(FLx o) (L x L) = f[(FiN )] xg[(FaNlp)]. (3.9)

This follows from (3.8) and basic set theory, since f x g(a,b) = (f(a), g(b)) for
(a,b) € Ly x Ly. Let (z1,25) € LS x LS; we will show that liminf(f x g)(x1, z9) =
(liminf f(z1), iminf g(z,)).

liminf f x g(z1,91)
=\ AN xglF N 1] | ef, 0, (F) < (2,9) < ef e, (1)}
by definition of lim inf,
= VAN xglFi x BN x L] | el (F) <z < ef (1), i = 1,2}
by (3.7),
=\ AN ((FND)] xg[(FnD)]| el (F) <z <ef (L) i=1,2}
by (3.9),
= \/ {AfIF NI, Ag[(Fa N B))) | ef (F) < a; < ef (1), i = 1,2}
because /\ is computed component-wise,

= (VINFI(Fin )] | ef (F) <o <ef, (1)},
VIN (BN D)) | ef,(Fo) < a2 < ef, (D)} )
because \/ is computed component-wise,
= (liminf f(zq), liminf g(z9))
by definition of lim inf.

Because (z1,72) € L3 x L was arbitrary, it follows that liminf(f x g) =
(liminf f) x (liminf g). |

3.2.5. REMARK. The technical results about lim inf may be seen even more as
topological results rather than canonical extension results. This viewpoint is
discussed further in [39, §2.3].

Thus we see that the lim inf-construction we have defined above has the desirable
property that it gives us a continuous extension of an arbitrary map into a complete
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lattice. We now have a good candidate definition for extending an arbitrary map
f: L — M to amap from IL° to M: simply take the map lim inf(epo f): LS — M.

lim inf(epgof)
N M(S

L 7 M

As the above diagram illustrates, lim inf(eyo f) is indeed an extension of f: L — M
to a map from L° to M°. But before we take this as the definition, we must ask
ourselves an important question: is this proposed extension compatible with the
extensions of order-preserving maps we studied in §2.27

3.2.6. LEMMA. If f: L. — M is order-preserving, then f¥ = liminf(ey o f) and
f% =limsup(ey o f).

Proof Let x € L°. Recall that
P @)=\ Ff(F) | el (F) <},
and that
liminf(eps o f)(x) = \/ {Aemo FIFENI] | el (F) <z < el(I)}.
We claim that
ety F f(F) = Aew o f[F N 1] whenever e, (F) < e, (I). (3.10)
First, observe that

el F f(F) = Nex [T fIF]] by definition,

= ANem o f[F] since ey is order-preserving.
Moreover, we see that

Nemo fIFNI = ANemo f[T(FNI)] since f is order-preserving,
= Aewm o f[F] by Lemma 2.1.3,

where we need the fact that ef;(F) < ef;(I) in order to apply Lemma 2.1.3. Tt
follows that (3.10) holds; it is now easy to see that fV(z) = liminf(ey o f)(x).

In light of Lemma 3.2.6, we can now safely state the following definition, which
subsumes Definition 2.2.1.
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3.2.7. DEFINITION. If f: L — M is an abitrary function between lattices, then
we define f¥: L% — M?° as follows:

¥ :=liminf(ey o f).
Dually, we define f2: L% — M°:

f* :=limsup(ey o f).

As a corollary of Lemma 3.2.3, we can now list the following properties of our
newly defined extensions [V and f2.

3.2.8. COROLLARY. Let f: L — M be an arbitrary function between lattices L,
M. Then

1. fV: L% — M° is (6, 0")-continuous;
2. f2: L8 — M is (0, 0')-continuous;
3. fV< [,

Proof This follows immediately from Lemma 3.2.3 and Definition 3.2.7. [

3.2.2 Maps into profinite lattices

Recall from §2.2 that if f: L. — M is an order-preserving map, then f¥: L% — M?°
is the largest (&7,:!)-continuous extension of f, where ¢! is the upper interval
topology. We would like to prove a similar result in the case that f is not
necessarily order-preserving. We begin with a maximality result concerning the
lim inf-construction for maps f: I — C, where we use the additional assumption
that C is profinite, which is a very strong property. It is an interesting and open
question whether the assumption that C is profinite is essential; see Remark 3.2.22.

3.2.9. THEOREM. Let f: L — C be a function from a lattice I to a profinite
lattice C, and let f': L2 — C be an extension of f, i.e. assume that f'oeL = f.

L(S

e
1. If f': L2 — C is (6,¢")-continuous, then f' < liminf f.

2. If f': 1L° — C is (6, ')-continuous, then limsup f < f'.
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Proof By order duality it suffices to prove part (1). We will prove something
stronger, in fact: we will show that for all z € L2, if f': L% — C is locally (§,")-
continuous at z, then f’(z) < liminf f(z). Towards a contradiction, suppose that
f'(z) £ liminf f(z). By Theorem 3.1.26, C is algebraic, so there must exist a
compact element p € KC such that p < f'(z) and p £ liminf f(z). Now Tp is
ol-open (Fact A.5.5), so again by Theorem 3.1.26, it follows that | p is '-open.
By local continuity of f’ at x, there must exist ' € FIL and I € ZIL such that
el (F) <z <et(l) and

FHyel’ |ef(F) <y <e(D)}] S 1p. (3.11)

Now for every a € F NI, by Lemma 3.2.2 we have ¢/ (F) < e(a) < e (I), so
by (3.11), f'oer(a) = f(a) € Tp. Since a € F NI was arbitrary, it follows that
fIFNI] C Tp, hence Af[FNI] > p. Since ¢ (F) < x < ef(I), it follows by
definition of liminf that

liminf f(z) > Af[FNI] > p.

But this contradicts our assumption that p £ liminf f(z). It follows that indeed,

f/(x)liminf f(x). |

3.2.10. COROLLARY. Let f: L — C be a function from a lattice IL to a profinite
lattice C. If f': L° — C is a (0, 0)-continuous function such that f' oey = f, we
have f' = liminf f = limsup f.

Proof If f' is (o,0)-continuous, then by Lemma 2.1.28(3), f’ is also (J,0)-
continuous. This has two immediate consequences. Firstly, since ¢! C o by
definition, we see that f is (8, o')-continuous, so by Theorem 3.2.9, f’ < liminf f.
Secondly, since ol C o, we get that f’ is (4, o})-continuous, so it follows again by
Theorem 3.2.9 that limsup f < f’. We conclude that

limsup f < f < liminf f.

Since liminf f < limsup f by Lemma 3.2.3(3), it follows that limsup f = f' =
liminf f. |

With the help of the above theorem, we can make sure that fV: L° — M°
is the largest continuous extension of f: L. — M if M° happens to be profinite.
Fortunately, there is a condition on M that guarantees that this will be the case.

3.2.11. LEMMA. Let L be a profinite lattice and let M be an arbitrary lattice. If
there exists a complete surjective homomorphism h: L. — M?° then M® is a Boolean
topological lattice.
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Proof We know from Fact 2.1.30 that M’ is join-generated by its completely
join-irreducibles J>(M?) and meet-generated by its completely meet-irreducibles
M®>(M?). We will show that
Vp € J*°(M?),3Z C M finite, such that M° \ Tp = | Z, and (3.12)
Vp € M>®(M°),3Z C M finite, such that M\ | p =1 Z.
Since h: L. — M? is a complete homomorphism, it has a left adjoint h”: M? — L.
Since h” 4 h and h is surjective, we know from Fact A.3.3 that ho k> = idys. We

claim that
B’ maps elements of J°°(M?) to elements of K L. (3.13)

Let p € J®(M?); we will show that 2°(p) € KL. Let S C LL be a directed set such
that h’(p) < \/S, then

W (p) =K (p) AVS by order theory,
=V (hb(p) A S) by o-continuity of A.

Now we see that

p=hoh (p) because h o h* = idygs,
“h(VHE)AS)  because K(p) = V(I (p) A S),
=V (ho R (p) AK[S)) because h is a complete lattice hom.,
=\ (pAh[S]) because h o h’ = idys.

Since p is completely join-irreducible, it follows that there must exist z € .S such
that p = p A h(z). But then p < h(z), so since b’ - h, we see that h’(p) < z; it
follows that p € KL and we may conclude that (3.13) holds.

Now if p € J®(M?), so that h’(p) € KL, we know by Theorem 3.1.26 that
there exists a finite Z C L such that I\ T »’(p) = | Z. We will show that

M\ Tp = | h[Z]. (3.14)

Recall from Fact A.3.3 that &k’ is an order embedding because h is surjective; we
now see that

xz € | hl|Z]
iff 3¢ € Z, © < h(q) by def. of | -,
iff 3g € Z, W(z) < q because b’ - h,
iff W(z) e | Z by def. of | -,
iff 1°(p) £ B*(2) because L\ Th’(p) = | Z,

iff p£x because A’ is an order embedding.
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It follows that (3.14) holds. Now because Z is finite, so is h[Z]. It follows that
(3.12) holds (the case for ¢ € M*(M?) follows by order duality). Now we may
apply Theorem 3.1.26 to conclude that M? is a Boolean topological lattice. |

3.2.12. THEOREM. Let L be a lattice such that HSP(LL) is finitely generated.
Then 1LY is profinite and I.° € HSP(L)

Proof Since HSP(L) is finitely generated, there must exist some finite lattice
M such that HSP(L) = HSP(M). Since M is finite, by Fact A.6.3 we have that
HSP(M) = HSPg(M). Since M clearly is profinite and has the property that
M € HSP(M) = HSP(L), it suffices to show that this property is preserved as we
apply Pg, S and H.

If L € Pg(M), then there exists a Boolean decomposition (p,: L — M),cx for
some Boolean space X. By Fact 2.1.27, we have that 1. ~ M¥. It follows by Fact
3.1.15 that IL? is profinite; it is also immediate that 1O € HSP(L).

If L € SPg(M), then there exists some L" € Pg(M) such that L is a subalgebra
of I'. Tt follows from Theorem 2.2.24 that IL? is (isomorphic to) a complete subal-
gebra of L'°. By the above, L'’ is profinite and L € HSP(L), so it immediately
follows that L° € HSP(L). Moreover, it follows by Lemma 3.1.28 that Lo is
profinite.

Finally, if L € HSP(M), then there exists ' € SPg(M) and a surjective
homomorphism h: L' — L. By Theorem 2.2.24, h%: L'° — L% is a complete
surjective homomorphism; it follows immediately that L? € HSP(M) = HSP(L).
Since L” is profinite by the above, it follows from Lemma 3.2.11 that L? is a
Boolean topological lattice. Since L € HSP(M), which is a finitely generated
congruence distributive variety, it follows from Fact 3.1.17 that L° is profinite.

3.2.13. REMARK. In fact, we will later see in §3.4.2 the statement that L? is
profinite is equivalent to saying that L° is the profinite completion of L. In this
light, the above theorem is a consequence of the main result in [50].

3.2.14. REMARK. In our proof of Theorem 3.2.12, we invoke Fact 3.1.17 to show
that under the assumptions of the theorem, a Boolean topological quotient of a
profinite lattice must again be profinite. In a recent paper, Gehrke et al. show
that a Boolean topological quotient of a profinite algebra is always profinite, using
a duality argument [35].

We can now state a powerful result about canonical extensions of arbitrary maps,
which echoes Theorem 2.2.4.

3.2.15. COROLLARY. Let f: L — M be an arbitrary function between lattices 1L
and M; furthermore assume that HSP(M) is finitely generated. Let f': 1.0 — M?°
be an extension of f, i.e. assume that f'oe, =eyo f. Then
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1. df f: L% — M is (6,¢1)-continuous, then f' < f¥;
2. if f1 L2 — M is (8, 1')-continuous, then f> < f';

Proof We only prove (1). If HSP(M) is finitely generated, then by Theorem
3.2.12, M is profinite and consequently ey o f: . — M is a map into a profinite
lattice. It now follows by Theorem 3.2.9 that f’ < liminf(ey o f) = fV. |

3.2.16. COROLLARY. Let f: L — M be an arbitrary function between lattices 1L
and M; furthermore assume that HSP(M) is finitely generated. If f': L2 — M is
a (0, 0)-continuous function such that f'oep, = ey o f then f' = f¥ = f&, i.e. f
18 smooth.

3.2.3 Canonical extension and function composition

We conclude this section with a series of technical lemmas about the interaction
between canonical extension and function composition, and composition with
lattice homomorphisms in particular.

If we look at a function composition with a lattice homomorphism on the left,
we need no other assumptions to show that canonical extension commutes with
function composition. Recall that if h: . — M is a lattice homomorphism then h
is smooth (by Theorem 2.2.18), so we write h° instead of h¥ or h*.

3.2.17. LEMMA. Let e;: L; — L be canonical extensions of lattices Ly, Ly, LLs; let
f: Ly — Ly be an arbitrary map and let h: Ly — L3 be a lattice homomorphism.

Then hof¥ = (hf)".

Proof Recall from Theorem 2.2.24 that h%: Ly — L is a complete homomor-
phism.

s I s m s
L] —L5 —1L3

I[4414f>]L24h>1143

Let z € LL9; it takes an easy computation to see that
R £ (x) = h? o liminf(ey o f)() by definition of fV,
— (\/ {Ne2o fFIFNT | eF(F) <z <eél (1)}) by definition of lim inf
= \/ {ANR oeso fIFNI]| el (F)<a<ef(I)} since h’ preserves \/, A,
=\ {AesohofI[FNI||ef (F) <z <ef(I)}  since hoey =ez0h,

= liminf(ez o h o f)(z) by definition of lim inf,
= (hf)"(x) by definition of (hf)".

Since z € L9 was arbitrary it follows that h°fV = (hf)". |}
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If we look at lattice homomorphisms on the right, the situation is more
complicated. Consider the following picture, where h is a lattice homomorphism
and g is an arbitrary map:

Ly > Ly, 2> 1Lg

When considering the question whether (gh)¥ = ¢gVh%, it turns out that it matters
if h is surjective or not. We first record the following observation about the action
of surjective lattice homomorphisms on lattice filters and ideals.

3.2.18. LEMMA. Let h: L. — M be a surjective lattice homomorphism. Then for
al Fe FL, 1 €TL,

FOI=h[FnI=Fh(F)NnIhI).

Proof Let FF € FL and I € ZLL and suppose that F' () I. Since FN I C F, we
see that
WF O] C h{F] C 1 h[F] = Fh(F),

and similarly h[F'NI] C Z h(I), so that
h[FNI|CFh(F)NZh(I).

For the converse, assume that ¢ € F h(F)NZ h(I) = Th[F] N | h[I], so there exist
a € F' and b € I such that
h(a) < ¢ < h(b).

Since F' () I, by Lemma 2.1.3 we know that ' = T(FNI)and I = [(FNI).
Consequently, we may assume without loss of generality that a,b € F'N 1. Since
h: L — M is surjective, there must exist some ¢’ € I such that h(¢’) = ¢. Define
" = (¢ Va)ANb We will show that h(c’) = ¢ and that ¢" € F N1, so that
c € h[F' N I]. For the first claim, observe that

h(c")y = h((d Va)AD) by definition,
= (h(c") V h(a)) A h(b) because h is a homomorphism,
= (¢ V h(a)) A h(b) because h(c') = ¢,
=c because h(a) < ¢ < h(b).

For the second claim, observe that since a < ¢ V a, we also get
aNb<(dVa)nb=/{".
Since a,b € F, we also have a Ab € F, so that ¢” € F'. Since b € I and
d"=(Va)ANb<h,

we also see that ¢’ € I, so that ¢’ € FNI. It follows that F h(F)NZ h(I) C h[FNI].
|
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3.2.19. LEMMA. Lete;: L;, — Lf be canonical extensions of lattices 1Ly, Lo, Ls;
let h: 1Ly — Ly be a surjective lattice homomorphism and let g: 1Ly — ILg be an
arbitrary map. Then (gh)¥ = g"h°.

Proof Recall that
(gh)¥(x) = liminf(ez o g o h)(x)
:\/{/\e3ogoh[FﬂI] el (F) <z <ef(I)}

and

g"h(x) = \[ {AesoglF' N I'| e] (F') < h’(x) < e5(I)}.
We will show that

{gohF I | (F) <z < (D)} = {glF 0 1) | (F) < W(x) < ()}
(3.15)

which is sufficient to show that (gh)¥(z) = g"h°(z). Take an element of the
left-hand side of (3.15), i.e. take F' € F Ly, I € ZL; such that e (F) <z < ef(I).
We will show that g o h[F N I] is an element of the right-hand side of (3.15),
because

gohlFNI|=g[Fh(F)NZh(I)],
and that e} o F f(F) < x < ek oZh(I). The former follows immediately from
Lemma 3.2.18; we see that the latter holds since

e3 o Fh(F) =h oel (F) by Lemma 2.2.3(1),
< ho(x) since e] (F) <z < (1),
< h’oek(I) idem,
=e2 o Zh(I) by Lemma 2.2.3(2).

Thus we have shown that the left-hand side of (3.15) is contained in the right-hand
side.

Conversely, consider an element of the right-hand side of (3.15), i.e. take
F' € FlLy and I' € T1Ly such that e (F') < h%(x) < e2(I’). We will show that
g[F' N I'] is an element of the left-hand side of (3.15), because

glF' NIl =goh[h ' (F)nh™(I)],
and that ef o h™1(F') < 2 < ef o h™1(I'). The first claim follows from the fact
that h is surjective, so that F h and Z h are also surjective:
goh [ (F) N A (D))
=g|[Fhoh ™ (F)NZThoh '(I')] by Lemma 3.2.18,
=g[F' NI by surj. of Fh and Z h.
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For the second claim, note that since e} (F') < hé(z) < eZ(I'), we have that
hi(x) € Ted (F')N | eX(I'), so that

v e () (1 (F) N L (1))
= ()" (Tef (F))n(r°)" | (e3(I")) because (h°)~' commutes with N,
=Tel oh™HF')N el o ™),
where the last equality follows from claim (2.21) from the proof of Theorem

2.2.18(2) since h preserves both binary joins and meets. It follows that the
right-hand side of (3.15) is contained in the left-hand side. |}

Recall the picture we had before, where h is a lattice homomorphism and g is
an arbitrary map:

Ly > 1L, —>1g
It turns out that if h is not surjective, we need to make several strong assumptions

if we want to prove that (gh)¥ = g" o h°. For starters, we assume that HSP(Lj)
is finitely generated.

3.2.20. LEMMA. Let e;: L; — Lf be canonical extensions of lattices Ly, Lo, L3
and let f: 1Ly — Ly and g: Ly — L3 be arbitrary maps. Furthermore, assume that

HSP(L;) is finitely generated.
1. If gV f¥ is (0, 01)-continuous, then g f¥ < (gf)Y;
2. If gV fV is (6, 0')-continuous, then g¥ f¥ > (gf)¥;
3. If gV fV is (9, 0)-continuous, then g f¥ = (gf)".

Proof (1). It is easy to see that g¥ f¥ extends gf: L; — L, since both squares
below commute:

L¢ LL‘S LL‘S
1 2 3

IL«1*f>1142*g>1[43

Now since we assumed that ¢ fV is (§, o!)-continuous, and since «! C o', it follows
that g¥f¥ < (gf)", since (gf)" is the largest (4, .!)-continuous extension of gf by
Corollary 3.2.15.

(2). If gV fV is (6, o!)-continuous, then

g"f" > (gf)" by Corollary 3.2.15,
> (gf)" by Lemma 3.2.8(3).

(3). If gV f¥ is (6, 0)-continuous, then a forteriori g¥ fV is (4, o!)-continuous
and (8, o!)-continuous, since o', 0! C . The statement now follows by (1) and

2. 1
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We can now straightforwardly apply Lemma 3.2.20 to the case where we have
a lattice homomorphism on the right.

3.2.21. LEMMA. Lete;: L; — ]Lf be canonical extensions of lattices 1Ly, Ly, LLg; let
h: 1Ly — 1Ly be a lattice homomorphism and let g: 1Ly — LLg be an arbitrary map.
Furthermore, assume that HSP (L) is finitely generated. Then g¥h° < (gh)".

If we additionally assume that g7 : L — 1LY is (0, 0)-continuous, then gvh? =
(gh)”.

Proof By Theorem 2.2.24, h? is (6, §)-continuous. Since ¢V is (4, o!)-continuous
by Corollary 3.2.8, it follows by general topology that gk’ is (6, o!)-continuous.
Since h® = hY, it follows by Lemma 3.2.20(1) that g"h° < (gh)".

If gV is (o, 0)-continuous, then by Lemma 2.1.28(3), ¢" is also (9, o)-continuous.
By Theorem 2.2.24, h° is (o, o)-continuous, so we see that g¥oh? is (§, o )-continuous.
It follows by Lemma 3.2.20(3) that g"h° = (gh)”. |

3.2.4 Conclusions and further work

In this section we investigated canonical extensions of arbitrary maps between
lattices, rather than extensions of order-preserving maps (which we studied in
§2.2). Canonical extensions of arbitrary maps between distributive lattices have
been studied extensively by Gehrke and Jonsson [39]. This section is based on our
paper with M. Gehrke [43]; our contribution lies primarily in two observations:

e The results in [39] hold not only for maps between distributive lattices,
but more generally for maps between lattices which lie in finitely generated
varieties.

e When considering the canonical extensions f¥: L — M? and f%: L% — M?
of a map f: L — M, the natural topology one should be using on the
codomain M? is the o'-topology, respectively the o!-topology. This is
a departure from [39], where one would have considered the ('-topology
and the ¢!-topology on M°. Our choice for the ¢ topologies was inspired
by Y. Venema’s treatment of canonicity for BAOs [89] and the work on
MacNeille completions by Theunissen and Venema [86].

Most of the results from §3.2.1 were only known to hold for distributive lattices
from [39]. What was not known before however, is that one does not need to make
any assumptions about the lattices or the maps involved to prove the results in
§3.2.1. In §3.2.2 we introduced topological algebra into the picture of canonical
extensions. Theorem 3.2.12, which says that LY is profinite if HSP(IL) is finitely
generated, can be regarded as a corollary of a result of J. Harding [50]. It is
interesting to note that many of the proofs in §3.2.3 are direct adaptations of
the proofs for distributive lattices from [39], which further supports our claim
above that all results in that paper may be generalized from distributive lattices
to lattices lying in a finitely generated variety.
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3.2.22. REMARK. We now have two sets of circumstances under which fv: L% —
M is the largest continuous extension of f: L. — M (and dually, we have conditions
under which f# is the smallest continuous extension of f).

o If f is order-preserving, then fV is the largest (8", o')-continuous extension
of f (Theorem 2.2.4).

e If HSP(M) is finitely generated, then fV is the largest (d,0')-continuous
extension of f (Corollary 3.2.15).

It would be interesting to see if there is a unifying explanation for these continuity
properties.

3.3 Canonical extension as a functor 1I: lattice-
based algebras

In this section, we want to change our perspective on canonical extension from a
construction on lattices to a construction on lattice-based algebras. Previously,
canonical extensions of lattice-based algebras have only been considered under
certain additional assumptions, such as monotonicity of all algebra operations [34],
or distributivity of the underlying lattice [39]. In contrast, we will define canonical
extensions for lattice-based algebras without making any further assumptions
about the algebra operations or the shape of the lattice (other than boundedness).

Once we have defined canonical extensions of lattice-based algebras, it does
not follow straightforwardly that the canonical extension construction applied
to lattice based-algebras is well-defined on algebra homomorphisms, i.e. whether
canonical extension is a functor. In fact, it is already known from [39] that in
general this is not the case, unless we make certain assumptions about either the
algebras or the homomorphisms involved. We will discuss two ways to improve
the behaviour of canonical extensions of homomorphisms. Firstly, if h: A — B
is a homomorphism between lattice-based algebras and every algebra operation
is monotone, i.e. order-preserving or order-reversing in each coordinate, then
h?: A° — B? is also an algebra homomorphism. This is already known from [34].
If we do not know whether all algebra operations on A and B are monotone, but we
do know that h is surjective, then h?: A — B? is also an algebra homomorphism.
If the assumption of surjectivity of h is dropped, we can no longer guarantee that h’
will be a homomorphism. This preservation of surjective algebra homomorphisms
was already known for the distributive case from [39]. We will see however that
distributivity is not needed for this result.

A second question we may ask ourselves is:

For which equations is validity on a lattice-based algebra A preserved
when moving to its canonical extension A%?
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This topic is known as canonicity. One could argue that the study of canonicity
is actually the raison d’étre of the body of work on canonical extensions that
this chapter and the previous are contributing to. The approaches to proving
canonicity occupy a spectrum ranging from the imposing of very restrictive
abstract conditions on A (e.g. demanding that HSP(A) is finitely generated)
which guarantee preservation of validity of all equations, to sophisticated toolkits
that allow one to decide whether validity of one given equation is preserved by
looking at the syntactic shape of the given equation. The results on canonical
extensions in this dissertation make a technical contribution to the methods of
proving canonicity at both ends of the above-mentioned spectrum, but remain
foundational. We will not go into any concrete applications of canonicity.

This section is organized as follows. First, we set up the technicalities of
defining canonical extensions of lattice-based algebras. In particular we need
to take some care when extending order-reversing maps, and for every algebra
operation wy : A" — A, we need to choose whether we want its canonical extension
to be wy or wg. After that we look at preservation of homomorphisms; we conclude
this section with a discussion of the relation of this work to the field of canonicity.
We discuss the contribution of this section and possible further work on p. 93.

3.3.1 Order types and canonical extension types

Our goal in this subsection is to define canonical extensions for any algebra with
a lattice reduct. So let us first make this notion of lattice-based algebra a little
more precise.

3.3.1. DEFINITION. Let €2 be an algebraic signature and let ar:  — N be its
associated arity function (see §A.6). We say that Q is a lattice-based similarity
type if {A,V,0,1} C Q; in the remainder of this section we will always assume
that we are dealing with lattice-based signatures. Given a lattice-based similarity
type Q, a lattice-based Q-algebra is an Q-algebra A = (A, (wa)weq) such that
(A, Ap,Va,04,14) is a lattice. We denote the lattice reduct of A by Al. We will
usually suppress the subscripts on algebra operations, writing A instead of Ay,
etc.

By LatAlg, we denote the category of lattice-based (2-algebras and (2-algebra
homomorphisms. If it is clear from the context what € is, we will simply speak of
lattice-based algebras and algebra homomorphisms.

Now, we would like to define canonical extensions of lattice-based algebras in
such a way that we can profit maximally from the results in §2.2. In particular,
we want to see order-reversing maps as a variation of order-preserving maps. The
reason this is possible is that a map f: L. — M is order-reversing if and only if
f: L — M is order-preserving. So if e.g. g: L x . — L is a function that is
order-reversing in its first coordinate and order-preserving in its second coordinate,
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then equivalently, g: L? x . — L is order-preserving. The following definition
will provide us with notation for dealing with such maps in a uniform way.

3.3.2. DEFINITION. An order type of arity n is an element o € {1,0p}". If
0= (01,...,0,) is an order type and L is a lattice, then we define

Lo :=1L%" x--- x L,

where L! := L and L is the usual order dual of L. If f: . — M is a function,
then we define f°: IL° — M as follows:

fo: (x17--~7$n) - (f(x1)77f(xn))

It is easy to see that f¢ is again a lattice homomorphism.

Observe that the usual product construction of lattices is a special case of the
above construction: if we take o; =1 for ¢ = 1,...,n, then L.°® = .” and likewise
for lattice homomorphisms.

We can now define monotone lattice-based algebras, i.e. lattice-based alge-
bras with operations that are either order-preserving or order-reversing in each
coordinate.

3.3.3. DEFINITION. Given an algebraic signature {2, an order signature is a
function ord: Q — {1,0p}* such that for all w € Q, ord(w) € {1,0p}*«. An
ord-monotone lattice based {2-algebra A is a lattice-based (2-algebra such that for
all w € Q, wy: A4 — A is order-preserving.

By MLatAlg .q) we denote the category of ord-monotone lattice based
(-algebras and 2-algebra homomorphisms. If it is clear from the context what €2
and ord are, we will simply speak of monotone lattice-based algebras.

3.3.4. ExaMPLE. Heyting algebras are an example of monotone lattice-based
algebras. Their signature is Q = {—, A, V, 0,1}, where ar(—) = 2, and their order
types are as follows: ord(—) = (op, 1) and ord(A) = ord(V) = (1,1). Indeed,

Ap: A XA — A,
Va: A XA — A
—ar AP X A — A,

are all order-preserving.
We know that canonical extensions commute with products and taking order

duals, modulo isomorphism. In practice it is rather cumbersome to explicitly deal
with said isomorphisms all the time however.
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3.3.5. CONVENTION. Let IL be a lattice and let o be an order type. It follows by
Lemma 2.1.26 that (IL)° is a canonical extension of I.°. In light of this fact, we will
identify (IL°)° and (I.°)°. Consequently, if h: . — M is a lattice homomorphism,
then we also identify (h%)°: (L?)° — (M?)° and (h°)?: (IL°)? — (MP°)°.

We can now finally define canonical extensions of lattice-based algebras.

3.3.6. DEFINITION. Let €2 be a lattice-based similarity type. A canonical exten-
sion type for € is a function 3: Q — {V, A}. Given a lattice-based Q-algebra A =
(A, (wa)weq), the B-canonical extension of A is the algebra A% := (A%, (wys)weq)-
For each w € €2, the map wys: (A°)* — A% where n = ar(w), is

(wa)@): (A% — A°

If it is clear from the context what (3 is, we will simply speak of the canonical
extension of A.

If A is a monotone lattice-based algebra with respect to some order signature
ord, then we define wys as

(wa)?): (Ag)ord(w) — A°.

Observe that we are really using Convention 3.3.5 above: strictly speaking, (wy)?“)
is a map (A°)° — A?.

We can now finally speak of canonical extensions of algebras. We should keep
in mind however that a priori, a lattice-based algebra has many different canonical
extensions: for every algebra operation we may choose either the upper or the
lower canonical extension. Sometimes, however, these choices do not arise. Recall
that a map f: L — M between lattices I and M is called smooth if fV = f2.
Analogously, we say a lattice-based (2-algebra A is smooth if for every w € ,
(wa)¥ = (wa)?®. Observe that in case A is smooth, A has a unique canonical
extension, since it does not matter whether 3(w) = V or f(w) =A for any w € .

3.3.7. LEMMA. Fix a lattice-based signature €2 and a canonical extension type [3.
Let A be a lattice-based Q-algebra such that HSP(AY) is finitely generated. If A° is
a Boolean topological algebra then A is smooth.

Proof Suppose that A% is a Boolean topological algebra; we need to show that for
every w € (), wy is smooth. Take w € {2 and without loss of generality, assume that
B(w) = V. Because A° is a Boolean topological algebra, we know that (ws)¥ must
be (o, o)-continuous, since the topology on A° is the o-topology (Fact 3.1.23(1)).
It follows by Corollary 3.2.16 that w, is smooth; this is where we use the fact
that HSP(A') is finitely generated. Since w € 2 was arbitrary, it follows that A is
smooth. |
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Finite lattice-based algebras in particular satisfy the conditions of the above
lemma, although it is also easy to see directly that if A is a finite lattice-based
algebra, then A ~ A?. Just as we did with lattices in Convention 2.1.12, we will
therefore just define A% := A in case A is finite.

3.3.8. CONVENTION. If A is a finite lattice-based algebra, then we define A® := A.

We conclude this subsection with some observations about (-)!, the forgetful
functor from the category of lattice-based ()-algebras to the category of lattices.

3.3.9. FAacT. Let A be a lattice-based Q2-algebra. Then
1. (Aé)l — (Al)é;

2. If HSP(A) is a finitely generated variety of Q2-algebras, then HSP(A!) is a
finitely generated variety of lattices;

3. If A is a profinite Q-algebra, then Al is a profinite lattice.

3.3.2 Preservation of homomorphisms

In this subsection we will prove two main results on preservation of algebra
homomorphisms by canonical extensions. These results are very important in
light of one of the main subjects of this chapter: the relation between canonical
extensions and profinite completions. The latter is characterized externally, in
terms of algebra homomorphisms. Consequently, homomorphisms form a very
natural element of our discourse. Canonical extensions do not behave perfectly on
homomorphisms; interestingly, they do behave well enough.

3.3.10. THEOREM ([34]). Fiz a lattice-based similarity type 0, an order type
ord and a canonical extension type 3. If A and B are monotone lattice-based
algebras and if h: A — B is an algebra homomorphism, then h°: A° — B° is also
an algebra homomorphism.

Proof We know by Theorem 2.2.24(1) that h°: A° — B° is a lattice homomor-
phism which is both (o, o)-continuous and (6, §)-continuous. To show that it is
an algebra homomorphism, consider an arbitrary w € . Let ord(w) = o, so
that wy: A° — A is an order-preserving map. Finally, without loss of generality,
assume that f(w) = V, so that wys = (wa)¥. By Convention 3.3.5, it suffices to
show that the following diagram commutes:

(wa)¥

(A°)) —— 4

(ho)csi lhé
(BoyY '~ p
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It follows from Lemma 3.2.17 that
h? o (wy)” = (howy). (3.16)

Secondly, since h° is a fortiori a A-homomorphism, it follows by Theorem 2.2.18(2)
that (h°)? is (87, 61)-continuous, so by Corollary 2.2.23(3), we see that

(wp)" o (h°)° = (wp o h°)". (3.17)

Now because h: A — B is an 2-algebra homomorphism, we see that how, = wgoh?,
so that

B o (wa)¥ = (howy)” by (3.16),
= (wg o h?)" since h o wy = wg o h°,
— (wgs)” o (h)° by (3.17).

Since w € Q was arbitrary, we conclude that h° is an Q-algebra homomorphism.

Thus we see that canonical extension maps algebra homomorphisms to algebra
homomorphisms, provided we are looking at monotone lattice-based algebras.
Since all other things we ask of functors (commuting with function composition,
preserving the identity function) already follow from Theorem 2.2.24, we get the
following result.

3.3.11. COROLLARY ([34]). Fiz a lattice-based similarity type 2, an order type
ord and a canonical extension type 3. Then B-canonical extension forms a functor

from MLatAlg g ,.q) to MLatAlgq .-

Now we turn to the more general situation where we do not assume that every
operation of our lattice-based algebras is monotone. The following theorem was al-
ready known for distributive lattice-based algebras [39, Theorem 3.7]; interestingly,
however, distributivity is not a necessary condition.

3.3.12. THEOREM. Fix a lattice-based similarity type Q0 and a canonical extension
type 8. Let A and B be lattice-based algebras. If h: A — B is a surjective algebra
homomorphism, then so is h®: A® — B°.

Proof As in the proof of Theorem 3.3.10, we must show that for arbitrary w € €2,
we have that h® o wys = wgs o (k°)", where n = ar(w). Without loss of generality,
we again assume that f(w) = V; now as before, showing that

h? o (wa)” = (ws)” o (h)"



3.3.  Canonical extension as a functor II: lattice-based algebras 89

boils down to showing that the following diagram commutes; the difference is that
we do not have to bother with order types.

(An)(; (wa) A
(hn)éi ‘/hé
n\é (wp)¥
(B") B

It follows from Lemma 3.2.17 that
h? o (wa)” = (howy)".

For the other direction, observe that since h: A — B is surjective, so is h": A" —
B", so by Lemma 3.2.19 we have that

(wp)’ o (h")5 = (wg o h™)".

Just like in the proof of Theorem 3.3.10, we see that the diagram above commutes
because h is an (2-algebra homomorphism, i.e. because h o wy = wg o A™. Since
w € Q was arbitrary we see that h%: A° — B? is an Q-algebra homomorphism. |

Unfortunately, it is not possible to improve on the above theorem, for [39,
Example 3.8] provides an example of a distributive lattice-based algebra B with a
subalgebra A such that A% is not a subalgebra of B°. However, we will see that for
the main result of §3.4.1, our Theorem 3.3.12 gives us just enough to work with.

3.3.3 Canonicity

To conclude this section we will make a few remarks about the preservation of
(equations and) inequations by canonical extensions of lattice-based algebras,
i.e. canonicity of inequations. This very rich subject is probably the single most
important application of canonical extensions in logic. This has to do with the
relation between canonical extensions and Stone duality, a subject we will look at
in Chapter 4. The exact details of the applications in logic aside, the question is
whether we can show that if a given inequation s < t is valid on a lattice-based
algebra A (see §A.6), then s < t is also valid on A%. We will very briefly discuss
three approaches to this question.

Finitely generated varieties

The first approach is one of brute force. If we assume that HSP(A) is finitely
generated, then every inequation valid on A is also valid on A°. The reason for
this is that under these assumptions, canonical extensions coincide with profinite
completions; see §3.4.2. It holds for any algebra A that A, the profinite completion



90 Chapter 3. Canonical extensions and topological algebra

of A, lies in the variety generated by A (see §3.1.2). Therefore, an equation s ~ ¢
is valid on A iff it is valid on A; since every inequation s < t can be encoded
as an equation sVt & t, the same holds for inequations. Profinite completions
are always well-behaved in this sense, and if HSP(A) is finitely generated, this
good behaviour of A is also exhibited by A? since the two are isomorphic. This
good behaviour comes at a price, however. There are many interesting varieties of
lattice-based algebras which are not finitely generated. To name two of the most
illustrious, we mention the variety of Heyting algebras and the variety of modal
algebras.

Our contribution to this first approach of using finitely generated varieties is
that we show in §3.4.2 that this works for arbitrary lattice-based algebras, rather
than only for monotone lattice-based algebras [34, Corollary 6.9] or distributive
lattice-based algebras [39, Corollary 4.6].

Sahlqvist-style theorems

The second approach to proving canonicity focusses on one inequation s < t at a
time, relying on syntactic criteria on s and ¢ to prove a result. As an example, we
give a proof for a result that goes back to [38]; the form in which we state it is
closer to [34] though. The particular proof we employ (via dcpo algebras) was
first presented in [42].

In the proof of the theorem that follows, we want to exploit properties of dcpo
algebras and dcpo presentations. First of all, we have to explain what a dcpo
algebra is. An -dcpo algebra is simply an ordered Q-algebra A such that (A, <)
is a depo and such that each wy: A*“) — A is Scott-continuous. In §2.3, we
have considered dcpo presentations, which allowed us to describe dcpos in an
economical fashion. This technique can be extended so that it is also applicable
to dcpo algebras.

3.3.13. DEFINITION. An Q-dcpo algebra presentation consists of a structure (P, C
,<, (wp)weq) such that (P, C, <) is a dcpo presentation, (P, (wp),eq) is an Q-algebra
and each wp: P¥@ — P is cover-stable.

As usual, given a definition of a particular kind of algebra presentation, one needs
to show that each such presentation actually presents an object. This is exactly
what the following fact tells us.

3.3.14. Fact ([60]). Let (P,C,<, (wp)weq) be a depo algebra presentation. Sup-
pose that (P,C, <) presents a depo D via n: P — D. Then

1. There exist unique Scott-continuous algebra operations wp on D such that
n: P — D is an Q-algebra homomorphism;

2. For all inequations s X t, if (P, (wp)weq) | s < t then also (D, (wp)weq) E
s t.
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Now that we have prepared our magic wand, we can go ahead and present our
theorem. Observe that we make a distinction between the signature of the algebra
A and the signature used in the inequation s < ¢ that we want to preserve. The
reason for this is that demanding that each operation in the algebra signature
() is an operator would restrict the applicability of the theorem to distributive
lattices, since it would require that A: A x A — A is an operator.

3.3.15. THEOREM ([34]). Let A be a lattice-based Q2-algebra and let s <t be an
inequation. If for each w occurring in s ort, wy is an operator and wys = (wa)",
then A |= s < t implies A° = s < t.

Proof We present the proof of the theorem as found in [42]. Let s(xy,...,z,) and
t(z1,...,x,) be terms and let {2 denote the set of function symbols occurring in s
or t. We assume that each w € §)' is an operator. Fix any canonical extension type
B: Q — {Vv,A} such that f(w) = V for all w € . Now, suppose that A = s < ¢;
we need to show that A° = s <t
Since for each w € ', we assumed w, is an operator, we see by Lemma 2.3.8
that F wy is cover-stable for each w € Q. It follows that (FA, D, (F wa)weq)
is a dcpo algebra presentation. Moreover, the dcpo algebra it presents is the
V-reduct of A%, since Fwy = (wy)” for each w € ' by Lemma 2.3.8. Now by
Fact 3.3.14, it follows that if we can show that (F A, D, (F wa)weqr) F s < ¢, then
we automatically get that A’ |= s < t. But the former is easy to see: because
each operation in s and t is order-preserving, it follows from the fact that F is a
functor from the category of partially ordered sets and order-preserving maps to
the category of co-dcpos that
fSAIS]:A, (318)

and likewise for ¢t. This can be shown by an easy induction on the complexity of
s. (See §A.6 for a reminder about term functions and universal algebra.)

e Suppose that s = x;. Then sy: A" — A is simply the i-th projection
function m;: A" — A, and by Fact A.5.4, Fm;: (FA)" — F A is again the
1-th projection function.

e Now suppose that s = w(ty,...,t,), where m = ar(w) and by induction
hypothesis F(t;)a = (t;)ra. Then

F s

=F (wao ((t1)a X -+ % (tm)a)) by definition of s,

=FwpoF ((t1)a X -+- X (tym)a)  since F is a functor,

= Fwpo (F(ty)a X -+ X F(tm)a) since F preserves finite products,
=Fwpo((t1)Fa X -+ X (tm)ra) by induction hypothesis,

= Sra by definition of sr4.
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We see that
spa = F sa by (3.18),
< Fia since s, < t, by assumption,

Thus, we see that the validity of s < ¢ lifts from A to (F A, D, (Fwa)wea) by
functorial properties of F, and from there to A° by Fact 3.3.14. |

Results of this kind form an example of Sahlqvist canonicity [79], that is canonicity
of inequations based on their syntactic shape; for examples see [34, 40, 39]. Tt
should be noted that what we are discussing here is only half of what Sahlqvist
theory is about: Sahlqvist correspendence (see e.g. [19, Ch. 3]) is as important as
the canonicity we have just discussed.

Ad hoc analysis

The third approach is one of ad hoc analysis. In this case, the idea is to prove
only what is needed to show that validity on A of one given inequation s <t is
preserved by canonical extensions. First, we need to think of the term functions
induced by s(x1,...,2,) and t(xy,...,2,), i.e. sp: A" — A and t,: A" — A,
Validity of the inequation then becomes equivalent to the statement that s, < t4,
and the goal becomes to prove that s,s < t4s. For the moment, let us assume that
for every w € 2, we have that wys = (ws)”. If canonical extensions commuted
with composition of arbitrary functions it would now be a breeze to show that
validity of s < t is preserved, because then we would see that

sus = (sa)" < (ta)” = tas.

In practice however, we do not know a priori if the equalities sgs = (s4)" and
(ta)Y = tus hold, or even the inequalities sgs < (s4)Y and (t4)" < t4s, which would
already be sufficient. The ad hoc analysis approach now consists of using specific
knowledge about the algebra operations wy occuring in s, and t,, in conjunction
with the results about the interaction of function composition and canonical
extensions from §2.2.3 and §3.2.3, to show that sys < (s4)" and (ta)¥ < tas. This
analysis would also have to take into account whether wys = (wy)" or wys = (wa)?
for every w in s and t.

One can see the Sahlqvist approach to canonicity as an organized version of
the ad-hoc analysis we sketched above. It should also be noted that there is
a limit to the complexity of the inequations for which we can prove canonicity
results, since it is undecidable in general whether a given inequation is canonical
(64, Thm. 9.6.1].
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3.3.4 Conclusions and further work

Most of the results in §3.3 are well-known from the work of Gehrke and Harding
[34]; the purpose of this section is simply to set straight the definitions of canonical
extensions of lattice-based algebras, expanding upon canonical extensions of
lattices. In our discussion of canonicity using our dcpo approach, we present a
new proof of a known canonicity theorem (Theorem 3.3.15). The new proof we
present was first published by M. Gehrke and the author in [42].

Further work

It may be interesting to see if Theorem 3.3.12, which states that surjective
homomorphisms are preserved by canonical extensions, can be stretched even
further, e.g. to ordered algebras with monotone [32] or non-monotone operations.

3.4 Profinite completion and canonical extension

In this section we will explore the connections between canonical extensions and
profinite completions of lattice-based algebras. These connection are very rich
and in some cases also very intricate.

The most basic connection between canonical extension and profinite com-
pletion is Theorem 3.4.1, which states that the profinite completion A of any
lattice-based algebra A can be seen as a complete quotient of A%, the canonical
extension of A. As a consequence, without making any assumptions about A,
we can prove that A° has a universal property with respect to profinite algebras
(Corollary 3.4.2). This result is completely general and it shows that there is
really a fundamental connection between the canonical extension and the profinite
completion of a lattice-based algebra. In general, however, A% itself is not profinite,
unless we make additional assumptions about A. The most extreme assumption
we can make is that HSP(A) is finitely generated; in this case, A° is the profinite
completion of A (Theorem 3.4.12). A consequence of this is that A° € HSP(A) if
HSP(A) is finitely generated, which is a well-known canonicity result.

We conclude the section with two results which sit between the basic connection
(profinite completion as a quotient of canonical extension) and the strongest
connection (canonical extensions coinciding with profinite completions in finitely
generated varieties). It turns out that if we restrict our attention to monotone
lattice-based algebras A, then we can prove a universal property of canonical
extensions with respect to Boolean topological monotone lattice-based algebras
with profinite lattice reducts (Theorem 3.4.14), and a theorem characterizing
certain retracts of canonical extensions (Theorem 3.4.16). The prime example
of such monotone lattice-based algebras is the class of distributive lattices with
operators, which we will revisit in Chapter 4. We discuss the contribution of this
section and possible further work in §3.4.4.
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3.4.1 Universal properties of canonical extension

In this subsection we will discuss an interesting property of the canonical extension,
namely that for any lattice-based algebra A and any homomorphism f: A — B to
a profinite lattice-based algebra B, there exists a unique complete homomorphism
f': A° — B such that f'oey = f (Corollary 3.4.2).

A6

.
\

AT)IB

We will arrive at this result by first showing that the profinite completion A is
a quotient of A%; the canonical extension then inherits the universal property of
pac A — A.

Let A be a lattice-based algebra. Recall that A, the profinite completion of A,
is the limit of the finite quotients of A. These finite quotients are arranged in a
diagram <A/9, f91/1>9ﬂ/1€‘1’1&7 where

®, = {0 € ConA | A/0 finite},
and foy: AJ0 — A/t is defined if § C 1, as
fou: a/8— a/.

The profinite completion of A, denoted A, is the limiting cone over this diagram (see
§3.1.2) and it is characterized by the property that for every cone (fp: B — A/6)s,,
there exists a unique map of cones f: B — A over (A/6, foy), . This is how we
defined the natural map py: A — A, namely, using the fact that (g: A — A/0)g,,
where pp: a — a/0, is a cone over the diagram (A/6, fo,)e,.

3.4.1. THEOREM. Let §2 be a lattice-based similarity type and let A be a lattice-

based Q-algebra. Then there exists an Q-algebra homomorphism vy : A — A such
that

A‘S
e
v
A== A
1. vyoepn = g,
vy is (0, 0)-continuous, i.e. a complete homomorphism;

vy 1S surjective;

vy = liminf py = limsup pa;
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Proof Let Q2 be the similarity type of A, and fix a canonical extension type (.
We claim that

(15: A° — A/0)s, is a cone over the diagram (A/6, fo,)a,. (3.19)

A

Observe that ud: A° — A/ is well-defined: since pg: A — A/0 is a surjective
(-algebra homomorphism, it follows by Theorem 3.3.12 that u3: A% — (A/0)°
is also an Q-algebra homomorphism; since (A/0)’ = A/6 by Convention 3.3.8,
we see that indeed y: A° — A /6 is an Q-algebra homomorphism. To show that
(1: A° — A/0)g, is a cone over (A/0, foy)s,, take 0,1 € ®, such that 0 C 1.
Since (pp: A — A/B)gcs, is a cone, we know that fy, o 19 = f1; we want to show
that it is also the case that fo; o u§ = ,ufb, that is, we want to show that the
following diagram commutes:

A(S

s
N
Ko

A9 —— Y

But this is easy to see:

fosouh = fi,ou  since (A/0)° = A/0 and (/) = A/,
= (foy o 1)’ by Th. 2.2.24, since foy and pp are latt. hom.’s,

= ufp because fg, © ftg = fiy.

Now that we know that (3.19) holds, it follows from the fact that A is the
limit of (A/6, fay)s, that there exists a unique map of cones vy: A® — A over
<A/97 f91/)>¢’A'

(1). We will show that ey: A — A° is a map of cones over (A/6, fo;)s,. That
means that we must show that for all & € @y, uj o ey = pg, i.e. that the following
diagram commutes.

A$A6

“|

A6

It is a basic property of canonical extensions of maps that ujoe, = ey /60 Jlg. Since
A/8 is finite, we know that (A/6)° = A/6. But that means that e,/ = ida /g, S0
that indeed pf o ey = pp. Since 6 € @, was arbitrary, it follows that ey : A — A?
is a map of cones. Now since v, : A% — A is also a map of cones, we obtain a map
of cones vy 0 eq: A — A over (A/6, f9¢>¢,A Since A is the limit of (A/6, foy)a,
and both % A — Aandvyoes: A — A are maps of cones over (A/6, fou)a,
from A to A, it follows that vy o ey = uy.
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(2). Since for each 8 € @4, pg: A — A/0 is a lattice homomorphism, it follows
by Theorem 2.2.24 that u§: A? — A/ is (o, 0)-continuous. By Fact 3.1.13, the
o-topology on A is generated by the base

{m,'(U) | 0 € @y, U C A/O}.
Now if we take a basic open set 7, ' (U), then we see that

(va) ™ (mp '(U)) = (mg o0 va) ' (U) by properties of (-)7*,
= (u)"H(U) because v, is a map of cones,

which is a o-open subset of A? since uy: A° — A/ is (o, 0)-continuous. We
conclude that v, is (o, 0)-continuous.
(3). Given p € KA, we define F), :={a € A | p < pa(a)}. We claim that

Vp € KA, p= ApalF,). (3.20)

It is easy to see that p < ApualF,]; towards a contradiction suppose that the
converse is not the case, i.e. suppose that Apa[F,] £ p. Then because A is (bi-)
algebraic, there must exist ¢ € K A such that ¢ < Apa[F,] and ¢ £ p. The former
tells us

Va € F,, q < pa(a).

The latter tells us that Tp\ T¢q # 0. Now 1 p and 1 ¢ are o-clopen (Lemma 3.1.25),
so it follows that 1p\ 1 ¢ is o-clopen. Now since ju4[A] is dense in A (Fact 3.1.21),
it follows that there must be some a € A such that us(a) € Tp\ T¢. But then
p < pa(a), so that a € F,, and ¢ £ pa(a), which is a contradiction. It follows
that Apua[F,) < p so that (3.20) holds. Now take z € A, then

v=\/ {p EKA|p< w} because A is algebraic,
=\ {AulF) | p < 2} by (3.20),
=\ {AvaceslF)] | p<a} by (1),
= (\/ {AealFp) 1 p < w}) since v is complete by (2).

Since z € A was arbitrary, it follows that v, is surjective.
(4). By Fact 3.3.9(3), (A)! is a profinite lattice. Now by (1) and (2) above, we
can apply Corollary 3.2.10 to see that vy = liminf sy = lim sup pa. |

Now that we have a unique complete homomorphism v, : A® — A from the
canonical extension to the profinite completion, it is not very difficult to show
that ex: A — A? has a universal property with respect to profinite algebras.
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3.4.2. COROLLARY. Let f: A — B be a homomorphism from a lattice-based
algebra A to a profinite lattice-based algebra B. Then there exists a unique
complete homomorphism f': A° — B such that f' oes = f. In fact, f' =
liminf f = limsup f.
A5
o
v

AT)IB

Proof Assume that we have a homomorphism f: A — B to a profinite algebra
B. By the universal property of py: A — A, the profinite completion of A, there
exists a unique continuous, i.e. complete, homomorphism f: A — B such that
fo pa = f. Recall from Theorem 3.4.1 that there exists a complete homomorphism
va: A% — A such that vy o ey = ua. We now define f' := fowy. It follows
immediately that f’is a complete homomorphism; moreover

floey= fovyoey by definition of f’,
= fo LA because vy 0 ey = jip,
=f because fo,uA = f.

Now since f': A° — B is a complete, i.e. (o, 0)-continuous homomorphism and
B is profinite, it follows from Corollary 3.2.10 that f’ = liminf f = limsup f, so
that f” is unique. [

At this point we would like to remind the reader that even though any
homomorphism f: A — B from a lattice-based algebra A to a profinite lattice-
based algebra B can be extended to a continuous f’: A° — B, A% itself need not
be a profinite algebra. In fact, A% need not even be a topological lattice, as we
will see in the example below.

3.4.3. ExaMPLE. We will present an example of a lattice IL such that its canonical
extension I? is not meet-continuous. Consider the lattice L. = (L, A, V,0,1) where

L:{O,l}U{a” |Z,j EN},
0 is the bottom, 1 is the top, and
a; >ay <<= (i+j<k+landi>k).

It is not hard to show that the poset (L, <) is a lattice. This lattice, see Figure 3.1,
is non-distributive by [23, Theorem 3.6, since

{1, as, a11, ago, aoz }
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a2,0«a1,0 00,0
a1,1 ao,1

ag,2

Zo

Figure 3.1: The lattice M, with its sublattice . denoted by the solid dots.

is a (non-bounded) sublattice of I which is isomorphic to N5 (see [23]). We now
add the elements z;,7 € N to L, with z; < a;; for all 7,j € N, and x; < z; for all
1 < 7 € N, to obtain a new lattice M. We claim that M, depicted in Figure 3.1, is
the canonical extension of its sublattice L. Rather than proving this in detail, we
provide the reader with the following hints:

e M is complete;

e every element of M is a filter element, i.e. for all b € M, there exists a filter
F € FL such that b = A\F;

e every element of IL is an ideal element of M i.e. only the elements z; for
1 € N are not ideal elements of M.

Armed with these hints it is not hard to prove that M is the canonical extension
of L. To see that IL° is not meet-continuous note that

o0

apo N (\/ ZEZ) = Qpo N 1 = Qpo
i=0

while -

0
\/(aoo N ZL‘Z) = \/ Ty = Xo.
1=0

=0
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Now if IL? were a topological lattice in its o-topology, then a fortiori A: L% x L9 —
IL° would have to be (¢!, o")-continuous, i.e. meet-continuous; however we have
just demonstrated that this is not the case. It follows that L° is not a topological
lattice in its o-topology.

We conclude this subsection with a result stating that vy : A% — A also has a
universal property, namely with respect to complete homomorphisms f: A — B
from A° to a profinite algebra B.

3.4.4. COROLLARY. Fiz a canonical extension type 3 and consider the canonical
extension e: A — A% of a lattice-based algebra A. If f: A° — B is a complete
homomorphism to a profinite lattice-based algebra B, then there exists a unique
complete homomorphism f': A — B such that f' ovy = f.

~

Y

Aé?B

Proof Suppose that f: A° — B is a complete homomorphism to a profinite
lattice-based algebra B. Then foes: A — B is a homomorphism from A to a
profinite algebra B, so by the universal property of us: A — A, there exists a
complete homomorphism f’: A — B such that f/ o s = f o ex.

A
pa 5

\
AYA(ST)B

We want to show that ' owv, = f. By Theorem 3.4.1(1), we see that

foen=flops=fovyoe,.

Since both f: A° — B and f'ovy: A% — B are complete homomorphisms agreeing
on ey[A], it follows by Corollary 3.4.2 that f = f’ o vy, which is what we wanted
to show. |

3.4.2 Finitely generated varieties

In §3.4.1, we saw that every homomorphism f: A — B from a lattice-based
algebra A to a profinite lattice-based algebra B factors through the canonical
extension ey: A — A’ but that we cannot expect A? itself to be profinite. In
this subsection we will study sufficient and sometimes necessary conditions for
A? being profinite, namely the condition that HSP(A), the variety generated
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by A, is finitely generated. A different approach to canonical extensions in this
setting, using natural extension techniques and focussing on prevarieties rather
than varieties, can be found in [26].

Recall that a lattice-based Q-algebra A is smooth if for every w € Q, (wy)¥ =
(wa)?, and that in case A is smooth, A has a unique canonical extension, since it
does not matter whether f(w) = V or f(w) =A for any w € 2.

We will now prove a series of lemmas which will later help us to prove Theorem
3.4.10, which says that if HSP(A) is finitely generated, then A’ is profinite. The
proof of Theorem 3.4.10 uses the observation, due to Jonsson, that if B is a finite
algebra and HSP(B) is congruence distributive, then HSP(B) = HSP5(B), where
Pp stands for taking Boolean products (see §A.6). To exploit this fact, we will
need the following technical lemmas about Boolean products, subalgebras and
homomorphic images of lattice-based algebras.

3.4.5. LEMMA. Let A be a lattice-based Q-algebra and let (p: A — B).ex be a
Boolean power decomposition of A. If B is finite then A° is profinite.

Proof Suppose that A has a Boolean decomposition (p,: A — B),.cx where B is
a finite algebra. Since B is finite, it follows by Fact 2.1.10 that B ~ B°. We now
know by Fact 2.1.27 that on the lattice level, B¥ is a canonical extension of A,
where e: A — B is defined as

€ at— (pm(a))xeX-

We will now show that
for all w € Q, wpx = (wa)" = (wa)®. (3.21)

This observation has two consequences. Firstly, it shows that B¥ is the (unique)
canonical extension of A and that A is smooth. Secondly, since a product of
profinite algebras is profinite, it follows that A° ~ BX is a profinite algebra.

So let us show that (3.21) holds. Pick w € 2 and let n be the arity of w. We
will first show that wgx is a (o, 0)-continuous extension of wy. First, observe
that it follows from universal algebra that since each p,: A — B is an -algebra
homomorphism, so is e: A — B¥, i.e. the following diagram commutes and wgx
is indeed an extension of wy.

(BX)n “BX > BX
A" ——— A

Now since B¥ is profinite (Fact 3.1.15) and B is a lattice-based algebra, we know
that wgx is (0, 0)-continuous. We would now like to apply Corollary 3.2.16 to
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conclude that (3.21) holds, but in order to do that we need to know that HSP(A')
is finitely generated. Since we assumed that A is a Boolean power of B, we know
that A € HSP(B), so by Fact A.6.2, HSP(A) is finitely generated. It follows by
Fact 3.3.9 that HSP(A!) is finitely generated; we may now apply Corollary 3.2.16
to conclude that (3.21) holds. It follows that A° ~ BX so that A’ is profinite.

The next lemma shows that the property of having a profinite canonical
extension is inherited by subalgebras of lattice-based algebras.

3.4.6. LEMMA. Let A, B be lattice-based algebras and assume that HSP(B') is
finitely generated. If A is a subalgebra of B and if B® is profinite, then A° is
(isomorphic to) a closed subalgebra of B’ and, consequently, profinite.

Proof Fix a canonical extension type 3. Let us denote the embedding of A
into B by h: A — B. Below, we will show that h°: A° — B’ is an -algebra
homomorphism, so that A’ ~ h[A%] is isomorphic to a subalgebra of B°. It then
follows from Corollary 2.2.25 and Lemma 3.1.28 that h[A?] is closed and hence,
profinite by Fact 3.1.16.

So let us show that h%: A% — B is an -algebra homomorphism. Take w €
and let n := ar(w). Without loss of generality, assume that f(w) = v. We will
show that the following diagram commutes:

(B
(wa)¥
Since we assumed that B° is a profinite algebra, we know that

(wg)": (B°)" — B’ is (o, 0)-continuous. (3.22)
Now we see that

(wp)¥ o (hO)" = (ws)” o (h")° by Convention 3.3.5,
= (

wg o h")Y by Lemma 3.2.21 and (3.22),
= (howy)’ because h is an 2-homomorphism,
= h® o (wy)” by Lemma 3.2.17.

Since w € Q was arbitrary, it follows that h°: A° — B? is an Q-algebra homomor-
phism. |
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3.4.7. REMARK. In Lemmas 3.3.7, 3.4.5 and 3.4.6 above, we are assuming that
the lattice-based algebras involved have a lattice reduct lying in a finitely generated
variety. The reason for this is that we want to be able to apply results that are
consequences of Corollary 3.2.15. If we wanted, however, we could replace the
assumptions concerning finitely generated varieties by restricting our results to
monotone lattice-based algebras. We would then have the results that follow from
Theorem 2.2.4 at our disposal, in particular Corollary 2.2.23.

Now that we have studied profiniteness of canonical extensions in relation with
Boolean products and subalgebras, the only thing left to consider is homomorphic
images. Here, we need to do a little more work, starting with a technical lemma
about continuity properties of complete surjective lattice homomorphisms. Observe
that the property that the following lemma ascribes to complete surjective lattice
homomorphisms h: L. — M is weaker than saying that h is an open map: A only
preserves forward images of open sets of the shape h~1(U), for U C M.

3.4.8. LEMMA. Let h: L — M be a complete surjective lattice homomorphism
between complete lattices L and M. Let U C M. If h=Y(U) is o'-open (a‘-open,
o-open) in 1L, then U is o'-open (ot-open, o-open) in M.

Proof We will only treat the case for the o'-topology; the other cases follow by
order duality. Observe that since h: L. — M is a complete homomorphism, it has
a left adjoint A”: M — LL. By Fact A.3.3(1), h® preserves all joins. Moreover, since
h is surjective, we know that h o b’ = idy; (Fact A.3.3(2)). Moreover,

Ve e U, B (x) € h=Y(U). (3.23)

After all, if # € U, then because h o h* = idy, we see that ho h’(z) = x € U, so
that h°(x) € h~1(U). Now suppose that U C M such that h~!(U) is o'-open. We
will show that U itself is then also o'-open. First, we show that U is an upper set.
If x € U and = < ¥, then since b’ is order-preserving, we see that h’(z) < h’(y).
By (3.23), we see that h°(x) € h~*(U). Since we assumed that h=*(U) is an upper
set, it follows that h°(y) € h~1(U). Now

y = hoh(y) since h o B’ = idy,
eh[h'(U)] since 1’ (y) € h™1(U),
=U since h is surjective.

It follows that U is an upper set. Next, suppose that S C M is directed and that
\/S € U. Then we see that

\/’[S] = R’ (\/S) because b’ preserves all joins,
e h'(U) by (3.23) since \/S € U.
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Now because h~'(U) is o'-open, there must exist 2 € S such that h*(x) € h='(U).
Now

z=hohl(z) since h o b’ = idy,
eh[p'(U)] since h’(z) € h™1(U),
=U since h is surjective.

It follows that U is o'-open. |}

We are now ready to state the result about homomorphic images of algebras which
have a profinite canonical extension. Note that this result is decidedely weaker
than the corresponding results about Boolean products and subalgebras above,
since we only get a Boolean topological algebra rather than a profinite algebra.

3.4.9. LEMMA. Let A, B be lattice-based algebras. If h: B — A s a surjective
Q-algebra homomorphism and if B® is profinite, then A is a Boolean topological
algebra.

Proof Fix a canonical extension type 3. It follows from Lemma 3.2.11 that (A%)!
is a Boolean topological lattice, so we already know that the o-topology on A’
is a Boolean topology. What remains to be shown is that A’ is a topological
algebra, i.e. that for each w € 0, (wy)?@): (A%)" — A’ is (o, 0)-continuous, where
n = ar(w). Without loss of generality, suppose that f(w) = V. Consider the
following diagram:

We know that this diagram commutes because h: B — A is a surjective (2-algebra
homomorphism, so Theorem 3.3.12 applies. Let U C A% be g-open; we want to
show that ((wy)¥)™" (U) is o-open. First, observe that

((h”)5)_ ) ((wA)v)fl (U) = ((wA)v o (h”)‘s)_ (U) by properties of ()7,
=(no (wB)v)fl (U) because h° is an Q-hom.

Now (wg)" is (o, 0)-continuous because B° is profinite (Fact 3.1.23(1)), and
h? is (o,0)-continuous because h is a lattice homomorphism (Theorem 2.2.24);

1 1

\

consequently, h° o (wg)" is (o, 0)-continuous. It follows that (h° o (wB)V)fl (U) is
o-open. Now since (h")? is a complete homomorphism, it follows by Lemma 3.4.8
that ((wa)¥) ™" (U) is o-open. Since U C A? was arbitrary, it follows that (ws)”
is (0, 0)-continuous. Since w € §) was arbitrary, it follows that A? is a Boolean
topological algebra. |
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Now that we have our technical lemmas sorted out, we are ready to prove the
first main theorem of this subsection.

3.4.10. THEOREM. If A is a lattice-based algebra such that HSP(A) is finitely
generated, then A% is profinite and hence, A is smooth.

Proof Suppose that B is a finite lattice-based algebra such that A € HSP(B).
Because HSP(B) is congruence distributive, we may conclude by Fact A.6.3 that
HSP(B) = HSPy(B). If A € SPg(B), then by Lemmas 3.4.5 and 3.4.6 it follows
that A is profinite. If A € HSPg(B) however, then Lemma 3.4.9 only tells us
that A is a Boolean topological algebra. But, since A € HSP(B) and HSP(B) is
congruence distributive and finitely generated, we may use Fact 3.1.17 to conclude
that A is profinite. It follows by Lemma 3.3.7 that A is smooth. |

3.4.11. REMARK. Observe that the above proof uses Fact 3.1.17, which is a
powerful result from [24]. In a recent paper, Gehrke et al. [35] have showed
that any Boolean topological quotient of a profinite algebra is again profinite,
employing an argument based on Stone duality.

The following result is a generalization of the main result of [50]. There, the
theorem was stated for monotone lattice-based algebras. It was communicated to
us at the time of writing of this chapter (June/July 2010) that Theorem 3.4.12
has been independently discovered by M.J. Gouveia [49]; see §3.4.4 for further
discussion.

3.4.12. THEOREM. Fix a lattice-based similarity type 2 and let V be a variety of
lattice-based §2-algebras.

1. If V is finitely generated then for every A € V, A < A® is the profinite
completion of A;

2. If Q is finite and for every A € V, A =5 A% is the profinite completion of A,
then V is finitely generated.

Proof (1). Let A € V; it follows from Theorem 3.4.10 that A? is profinite. To
show that es: A — A% is the profinite completion of A, we only have to show that
ea: A — A% has the universal property that characterizes the profinite completion,
namely, that if B is a profinite algebra and f: A — B is a homomorphism, then
there exists a unique continuous homomorphism f’: A° — B such that f'oey = f.
But this follows immediately from Corollary 3.4.2.

(2). The proof for the second statement is identical to that in [50]. The proof
uses more background knowledge than we assume for the rest of our discourse; we
include it for cognoscenti. If for every A € V, A =% A% is the profinite completion
of A, then the natural map from A to A is injective for every A € V), since
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ea: A — A% is always injective. It follows by Fact 3.1.20 that V is residually finite.
Now since we assumed that 2 is finite, it follows by [61, Theorem 4.1] that there
exists a finite bound on the size of subdirect irreducibles in V; consequently, V is
finitely generated. |

We conclude this subsection with a canonicity result that is well-known in
other, less general forms (e.g. [34, Corollary 6.9]).

3.4.13. COROLLARY. Let A be a lattice-based algebra. If HSP(A) is finitely
generated, then A° € HSP(A); consequently, every equation which is valid on A is
also valid on A°.

Proof If HSP(A) is finitely generated, then by Theorem 3.4.12(1), A% ~ A. Since
A is a subalgebra of a product of quotients of A, we know that A € HSP(A). The
statement now follows. |

3.4.3 Canonical extension and monotone topological alge-
bras

We conclude this section with a universal property of canonical extensions with
respect to Boolean topological lattice-based algebras and a corresponding retraction
theorem. Our motivation for studying this universal property comes from modal
algebras. We will see in §4.1 that Boolean topological modal algebras correspond,
via Stone duality, to image-finite Kripke frames. In light of this motivating example,
we will make two assumptions about the Boolean topological lattice-based algebras
B we are dealing with in this subsection.

e We only consider monotone lattice-based algebras B;

e we only consider Boolean topological lattice-based algebras B such that B,
the lattice reduct of B, is a profinite lattice.

We will see in §4.1 that modal algebras, and more generally distributive lattices
with operators, indeed satisfy the conditions above. Moreover, modal algebras
will provide us with a clear example why the conditions above are strictly weaker
than assuming that B is profinite.

3.4.14. THEOREM. Fix a lattice-based similarity type Q0 and a canonical extension
type . Let A be a monotone lattice-based Q-algebra. If f: A — B is an Q-
homomorphism to a Boolean topological monotone lattice-based 2-algebra B and
if B! is profinite, then there exists a unique complete Q2-algebra homomorphism

'+ A° — B such that f'oey = f.
A6

-
4

A*f)IBg
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Proof Suppose that we have an (2-homomorphism from f: A — B where A and
B are monotone lattice-based algebras and B is a Boolean topological algebra, and
suppose that B! is profinite. Under these assumptions Corollary 3.4.2 tells us that
there exists a unique continuous lattice homomorphism f’: (A%)! — B! such that
f'oey = f. Moreover, by Corollary 3.2.10 we know that

f' = liminf f = limsup f. (3.24)

We now have to show that f': A°> — B is in fact an {2-algebra homomorphism.
Let w € Q and let n := ar(w). Without loss of generality, assume that
B(w) = V. We now want to show that the following diagram commutes:

(a7

(f’)"l lf’

B"—%—B
In order to show that wg o (f')" = f" o (wa)”, we need to make a few observations.
Firstly, observe that

wp: B" — B is both Scott- and co-Scott-continuous, (3.25)

so that wp preserves both directed joins and co-directed meets. Since B is a
Boolean topological algebra, we know that wpg is (o, 0)-continuous. Since wg is
monotone, it follows by Lemma 2.1.17 that (3.25) holds.

Our second observation is that

wpo "= foeyow,. (3.26)

Since f: A — B is an 2-homomorphism, we know that wg o f”" = f ow,. Now
we may use the fact that f = f’ oey to conclude that (3.26) holds. Now let
r € (A®)" = (A")’; we see that

wg o (f')"(x)

= wp o (liminf f)" (z) by (3.24),

= wp o liminf(f")(z) by Lemma 3.2.4,
=ws (V{ASFNI] | efu(F) <z <efa()}) by def. of liminf,

=\/{Awso fFNI|efu(F) <z <ef()} by (3.25) (1),

=\ {AfoesowFNI]|efa(F) <z <efa(I)} by (3.26),

= (V{AeaowaFNI] | epa(F) <z <efn(I)}) since f'is complete,
= f'oliminf(es o wy)(z) by def. of lim inf

= [0 (wa)"() by definition of (wy)",
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where (1) makes use of the fact that "N I is both directed and co-directed for
any filter F' and ideal I, and the fact that f™: A" — B" is order-preserving, so
that f"[F N I] is again both directed and co-directed.

Since x € (A%)" was arbitrary we see that wg o (f)" = f' o (wa)?. (In case
B(w) =A, we would have used the fact that f’ = limsup f in the derivation above.)
Since w € € was arbitrary, it follows that f': A° — B is an Q-homomorphism.
This concludes our proof. |

To conclude this subsection, we will prove a theorem that tells us when a
monotone lattice-based algebra A with a profinite lattice reduct, i.e. a structure
which has a reduct which is already a topological algebra, is in fact a topological
algebra in its entire signature. Before we come to this theorem, we first need a
technical lemma.

3.4.15. LEMMA. Let I and M be complete lattices such that there exist complete
homomorphisms g: L° — L and h: M® — M such that g o e, = idy. Then if
f: L — M is an order-preserving map so that either ho f¥ = fogor ho f* = fog,
then f is (o, 0)-continuous.

]L(S f7or f* M(S
v |
L L——FM

Proof Throughout the proof, we will suppose that ho f¥ = f o g; the other case
is order dual. We will first show that f: L — M preserves directed joins. Recall
that by the universal property of |;: L — ZL, we can factor e : L — L? as
e, = el o |, through ZL, the ideal completion of L. We may now draw the big
diagram in Figure 3.2, about which we make two observations. Firstly, we claim

Lo i M°
eZ
e
L 9 h
Y
L o L 7 M

Figure 3.2: A closer look at fV via Z L.

that

goetis (o, o")-continuous. (3.27)
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L? M
P
e
FL ¢ n
e
L o L——F—M

Figure 3.3: A closer look at f¥ via F L.

To see why, first observe that since g is a complete homomorphism, it also
preserves all directed joins, so that g is (o1, o')-continuous. Since ! C §' by
Lemma 2.1.28(3), it follows that g: L’ — L is (67, 07)-continuous. Now since
el: IL — Lis (o', 6")-continuous by Theorem 2.1.23, it follows that (3.27) holds.
Our second observation is that

ho f¥oel is (of, o!)-continuous. (3.28)

Similarly to g, as we have seen above, it is the case that h: M? — M is (o', 0)-
continuous. Now since fV o ef is (o, o')-continuous by Corollary 2.2.5, it follows
that (3.28) holds.

We can now show that f: L — M is (o', o')-continuous, i.e. that f preserves

directed joins. Let S C IL be directed, then

FVS)=f (\/gef lL[S]) since go el o |y =idy,
= fget (V 1L[9]) by (3.27),
=hfvet (V 1L[S]) since ho f¥ = fog,
VEING by (3.28).
:\/fgeilm[s] since ho f¥ = fog,
=V /fI9] since g o ef o |y = idp.

The proof that f preserves co-directed meets is similar. We need to consider
the diagram in Figure 3.3, about which we make the two following familiar
observations. Firstly, for reasons analogous to those for (3.27), it follows that

goel is (o), ot)-continuous. (3.29)

Secondly, as before with (3.28) we see that
ho f¥oel is (o}, o)-continuous. (3.30)

Now if S C L is co-directed, then we can make the same step-by-step argument as
above to show that f(AS) = Af[S]. Having established that f is both (o', 07)-
continuous and (o, o})-continuous, we see that it follows by general topology
(Lemma A.7.3) that f: L — M is (o, 0)-continuous. |
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In its most general form, we say an algebra A is a retract of an algebra B if
there exist homomorphisms f: A — B and ¢g: B — A such that ¢gf =id,. So the
question when a lattice-based algebra is a retract of its canonical extension is
the question under what circumstances there exists a homomorphism g: A° — A
such that g o ey = idy. We will answer this question below under two additional
requirements. Firstly, we will only consider complete homomorphisms g: A° — A.
Secondly, we will assume that A has a profinite lattice reduct.

3.4.16. THEOREM. Fix a lattice-based signature ) and let A be a monotone lattice-
based Q-algebra such that A is profinite. Then there exists a unique complete
lattice homomorphism g: (A%)! — Al such that g o ey = idy. Moreover, the
following are equivalent:

1. g: A — A is an Q-algebra homomorphism;

2. A 1s a Boolean topological algebra.

Proof Since we assumed that A! is profinite, the existence of a unique complete
lattice homomorphism g: (A°)! — Al extending idy: A — A follows from Corollary
3.4.2. To show that (2) implies (1), we can apply Theorem 3.4.14 to idy: A — A.

We will now show that (1) implies (2). Since A! is already a Boolean topological
lattice, we only need to show that for each w € €, wy: A° — A is continuous,
where o is the order type of w, and the topology we are considering is o(A), the bi-
Scott topology. Since we assumed that g: A° — A is an Q-algebra homomorphism,
we know that the following diagram commutes:

(A%)° s po
vl 2l
g g

A= 7 A A

Now regardless of whether wys = (wa)¥ or wys = (wy)®, Lemma 3.4.15 tells us
that wy is (o, 0)-continuous, since wy is order-preserving and g is a complete
homomorphism. Since w € 2 was arbitrary, it follows that A is a topological
algebra. |

3.4.4 Conclusions and further work

At this point in the narrative of this dissertation, §3.4 is a high point that is best
enjoyed standing on a lot of ground work developed in Chapters 2 and 3. To a
large extent, Chapters 2 and 3 were shaped to support the individual results in
§3.4. Since this section contributes to an active field, we will now put our results
in some perspective.
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The results in §3.4.1 are an improvement of results from [96]. In [96], we
relied on duality theory to establish the fundamental connection between the
canonical extension and the profinite completion (Theorem 3.4.1), so we could only
state the result for distributive lattices with operators. The connection between
canonical extensions and profinite completions via duality has been studied more
extensively in the cases of Heyting algebras [15, 14, 16] and distributive lattices
and Boolean algebras [16]; also see §4.1.4. It is only now that we have extended
(the topological) part of the canonical extension theory (in Chapter 2 and §3.2, and
with Theorem 3.3.12), that we are able to state and prove Theorem 3.4.1 in full
generality, without using duality theory. The central reasons for the main point
of Theorem 3.4.1, viz. the fact that the profinite completion A of a lattice-based
algebra A is always a complete quotient of the canonical extension A’, are the
fact that canonical extensions preserve surjective algebra homomorphisms and the
fact that finite algebras are a fixed point of canonical extensions.

In §3.4.2, we set out to improve on J. Harding’s result [50], which says that
profinite completions and canonical extensions of monotone lattice-based algebras
coincide in finitely generated varieties, using a proof strategy centered around the
fact that HSP = HSPp in finitely generated congruence-distributive varieties. At
the time of writing of this chapter, we learned that M.J. Gouveia has a paper in
press [49] which contains the same result as our Theorem 3.4.12. Unfortunately we
cannot presently compare our approach in §3.4.2 with that of [49], because we have
not seen this paper yet. Our results in §3.4.3, concerning universal properties of
canonical extensions with respect to Boolean topological lattice-based algebras, are
similar to unpublished work of Gehrke & Harding, who investigated the question
when canonical extensions are a reflector when applied to a lattice-based algebras.

Further work

We believe that there is a lot more work to be done on the subject of canonical
extensions and topological algebra. We will name a few possible more concrete
questions.

e Even though we know that the canonical extension of a lattice is not always
a topological lattice in its o-topology (Example 3.4.3), this does not rule out
that there is a meaningful way to see the canonical extension of a lattice IL as
a topological lattice. One possibility would be to consider ‘mixed’ topologies
on L%, such as o' V6! or o' V6T, much like the Lawson topology o'V ¢} [45].

e Given the fact that Boolean topological lattices can be characterized order-
theoretically (Theorem 3.1.26), it would be interesting to see if we can find
further universal properties of canonical extensions with respect to Boolean
topological algebras.



Chapter 4
Duality, profiniteness and completions

In §3.4, we saw that there are several strong connections between canonical
extensions, profinite completions and topological lattice-based algebras. In this
chapter, we will see that some of these connections can also be interpreted through
the discrete duality for distributive lattices with operators (DLO’s).

Discrete duality is one of the ingredients of the ‘double duality diagram’ for
modal logic (Fig. 1.1, p. 3) from Chapter 1. For DLO’s, the diagram looks as
follows.

DLO’s extended _ yq]ational Priestley
Priestley duality Spaces
are included forget
in topology
semi-topological discrete ordered
DLO’s ; Kripke frames
duality

We point out two reasons why the discrete duality results we present are
interesting. Firstly, these results provide algebraic insight into interesting classes
of (ordered) Kripke frames. Secondly, these results provide spacial insight into
interesting classes of lattice-based algebras. This latter perspective will be the
primary one in this chapter.

This chapter is organized as follows. In §4.1, we discuss a general duality for
profinite DLO’s, and a way to present profinite completions of DLO’s using duality.
We will see that profinite DLO’s correspond to hereditarily finite Kripke frames.
In §4.2, we provide a brief survey of how the results from §4.1 specialize to known
results concerning distributive lattices, Boolean algebras and Heyting algebras.
Finally, in §4.3, we will restrict our attention to Boolean algebras with operators,

111
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and we will see that in that case, we can also characterize Boolean topological
algebras via duality: Boolean topological Boolean algebras with operators are
dual to image-finite Kripke frames.

4.1 Dualities for distributive lattices with oper-
ators

In this section, we will describe discrete duality for profinite distributive lat-
tices with operators (DLO’s), and we will discuss the relation between canonical
extensions, profinite completions and duality. Recall that distributive lattices
correspond to Priestley spaces via Priestley duality, and that complete, bi-algebraic
distributive lattices correspond to partially ordered sets via discrete duality. Gold-
blatt [47] showed that discrete duality for distributive lattices can be extended to a
duality relating DLO™, the category of semi-topological DLO’s, to OKFr, the cat-
egory of ordered Kripke frames. Moreover, there is a strong and non-coincidental
connection between canonical extensions of DLO’s and discrete duality: given a
DLO A, one can naturally construct an ordered Kripke frame A, via extended
Priestley duality, which is then the discrete dual of A% the canonical extension of
A.

The two main points of this section are the following. Firstly, we show that
Pro- DLOy, the category of profinite DLO’s, forms a subcategory of DLO™,
the category of semi-topological DLO’s, and that the discrete duality for semi-
topological DLO’s restricts to a duality between profinite DLO’s and hereditarily
finite ordered Kripke frames.

DLO* ~  OKFr”
Ul Ul
Pro-DLO; ~ H_,OKFr”

Secondly, we show that A, the profinite completion of a DLO A, corresponds to a
generated subframe of A,, the dual of A°.

A
\“ '
\ A A,
HA \
\. lm LJ|
\§A
A H.A,

This section is organized as follows. First, in §4.1.1, we introduce semi-
topological DLO’s, and we show how semi-topological DLO’s are a generalization
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of Boolean topological DLO’s and profinite DLO’s. Next, in §4.1.2, we take a
closer look at the category of ordered Kripke frames; specifically, we show how
one can construct direted colimits of ordered Kripke frames. In §4.1.3, we use
a categorical argument to show that the category of profinite DLO’s is dually
equivalent to the category of hereditarily finite ordered Kripke frames. Finally,
in §4.1.4, we show how the relation between canonical extensions and profinite
completions can be understood using duality. In §4.1.5 we provide conclusions
and suggestions for further work.

4.1.1 Semi-topological DLO’s

In this subsection we will present several facts and results on topological DLO’s
which we will need further on, and which additionally serve to motivate the phrase
‘semi-topological DLO’. Let us start by restricting the notion of DLO we will
consider in this section.

4.1.1. CONVENTION. In full generality, a DLO is a monotone distributive lattice-
based algebra (see §3.3.1) A for a signature Q = {0, 1, A, V}wWQ,; W, such that for
each w € Q, wy: A4@) — A is a normal operator, and w € €, wy : AW — A
is a dual normal operator. To simplify our presentation, we fix two natural
numbers n, m and we will only consider DLO’s with a single normal operator
¢: A" — A and dual normal operator [1: A™ — A.

4.1.2. REMARK. We choose not to explicitly deal with order-reversing operators
in this chapter, to simplify the presentation. However, all results we present
generalize to operators which are order-preserving in some coordinates and order-
reversing in others.

4.1.3. EXAMPLE. Examples of DLO’s are:
e distributive lattices (with no operators);

e Heyting algebras A = (A, A, V, —,0,1), as the Heyting implication —: A’ x
A — A is a dual normal operator;

e Boolean algebras A = (A, A, V,—,0,1), as Boolean negation —: A% — A is
both a normal operator and a dual normal operator by De Morgan’s laws;

e modal algebras A = (A, A,V,—,0,1,0), since these satisfy O(x A y) =
Uz AUy and 01 = 1.

We may now define semi-topological DLO’s, which are the main objects of
study in this section, together with ordered Kripke frames (which we will introduce
in §4.1.2).
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4.1.4. DEFINITION. Let A = (A A, V,0,1,0,0) be a DLO. We say A is a semi-
topological DLO if

e A is complete,
e A is bi-algebraic,
e {: A" — A is a complete operator (preserves all joins in each coordinate),

e [1: A™ — A is a complete dual operator (preserves all meets in each coordi-
nate).

By DLO™ we denote the category of semi-topological DLO’s and complete homo-
morphisms.

Semi-topological DLO’s are usually called perfect DLO’s in the literature. We
hope that the facts and results in the remainder of this subsection help to convince
the reader that there are good reasons for the name we have chosen. The first
reason for using the phrase ‘semi-topological’ lies in the fact that if we were
to consider DLO’s without any operators, i.e. ‘naked’ distributive lattices, then
‘semi-topological’ distributive lattices are topological lattices.

4.1.5. FAcT. Let L be a distributive lattice. Then the following are equivalent:
1. L is semi-topological (i.e. complete and bi-algebraic);
2. L is a profinite lattice.

There are many equivalent characterizations of profinite lattices such as the fact
above, see e.g. [27, Th. 2.5].

We see now that semi-topological DLO’s come equiped with a natural, Boolean
topology, and that V and A are always continuous with respect to this topology.
The reason a semi-topological DLO A may fail to be finite lies in the (lack of)
continuity properties of ¢ and [J. We show below that we can expect some
continuity from ¢ and [, however.

4.1.6. LEMMA. Let A be a DLO. Then A is a semi-topological DLO if and only if
1. Al is a profinite lattice;
2. O: A" — A is (o', ol)-continuous;

3. 0: A™ — A is (o}, ot)-continuous.
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Proof Suppose that A is a semi-topological DLO. Firstly, we see that A!, the
lattice reduct of A, is complete and bi-algebraic, so by Fact 4.1.5, Al is a profinite
lattice. Secondly, since {): A" — A preserves all joins in each coordinate, a fortiori
it also preserves directed joins in each coordinate. It follows from Fact A.3.4 that
O is (o1, o1)-continuous. The argument for [J is analogous.

Conversely, suppose that A is a DLO satisfying (1), (2) and (3). It follows
by Fact 4.1.5 that A is complete and bi-algebraic. Moreover, by Fact A.3.4,
¢: A™ — A preserves directed joins in each coordinate. But then { preserves
both finite joins (because it is an operator) and directed joins in each coordinate,
it follows by Fact A.4.1 that f preserves all joins in each coordinate. An order
dual argument shows that [J: A™ — A preserves all meets in each coordinate;
consequently we may conclude that A is a semi-topological DLO. |

We will now see that two important classes of topological DLO’s, namely
Boolean topological DLO’s and profinite DLO’s, are semi-topological. This is
interesting for two reasons. Firstly, it tells us that we can apply the duality for
semi-topological DLO’s to Boolean topological DLO’s and profinite DLO’s, so
that we may better understand them. Secondly, the fact that Boolean topological
DLO’s are semi-topological is a further motivation for the use of the phrase
‘semi-topological’.

4.1.7. DEFINITION. By BoolDLO we denote the category of Boolean topological
DLO’s and continuous homomorphisms. By Pro- DLO; we denote the category
of profinite DLO’s and continuous homomorphism.

We know for general reasons that Pro- DLOy; is a subcategory of BoolDLO
(Fact 3.1.13). If we restrict our attention to distributive lattices rather than DLO’s,
this inclusion can also be reversed, as was first demonstrated by K. Numakura
[72].

4.1.8. FAcT. Pro-DL; = BoolDL.

We will now show how semi-topological DLO’s can be seen as a generalization
of the profinite DLO’s and Boolean topological DLO’s.

4.1.9. COROLLARY. BoolDLO is a full subcategory of DLO™. Consequently, so
is Pro- DLOy.

Proof We will show that every Boolean topological DLO is a semi-topological
DLO. Since all continuous DLO homomorphisms are complete homomorphisms
by Fact 3.1.23(3), it then follows that BoolDLO is a full subcategory of DLO™.
Moreover, since by Fact 3.1.13 every profinite DLO is also a Boolean topological
DLO, it follows that Pro- DLO; is also a full subcategory of DLO™.

Suppose A is a Boolean topological DLO. Then A!, the lattice reduct of A, is
profinite by Fact 4.1.8. Also, the operation ¢: A" — A is continuous with respect
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to the (unique!) topology on A, i.e. with respect to the bi-Scott topology (Fact
3.1.23(1)). Since ¢ is order-preserving, it is also (o', o1)-continuous (by Lemma
2.1.17). By the same argument if follows that (1 is (o'}, o'!)-continuous, so we may
conclude by Corollary 4.1.6 that A is a semi-topological DLO. This concludes our

proof. |

4.1.2 Colimits of ordered Kripke frames

In this subsection we will introduce ordered Kripke frames, which correspond to
semi-topological DLO’s via discrete duality, and we will show how to construct
directed colimits of ordered Kripke frames. Moreover, we will see that directed
unions of Kripke frames are an example of directed colimits.

Ordered Kripke frames

We begin defining OKFr, the category of ordered Kripke frames and bounded
morphisms, which is dually equivalent to DLO™, the category of semitopological
DLO’s and continuous homomorphisms.

4.1.10. DEFINITION. An ordered Kripke frame [47] consists of a tuple § =
<Xg, SS’RS’ ng> where

1. (X5, <g) is a partial order;
2. Rz C X x X™is an (n+ 1)-ary relation such that

) Ve € X, Rzlx] :={y € X" | v Rz y} is a lower set;
) Vg€ X", {z € X |z R;y} is an upper set;

(a
(b
3. Qz € X x X™is an (m + 1)-ary relation such that
(a) Vo € X, Qz[z] is a upper set;
(b

) Vyge X" {z e X |z Qzy} is a lower set.
Observe that the conditions on Rz and ()3 can be summarized as follows:
>5; Ry ; (25)" = Ry and <g; Qg ; (<5)" = Qs

A bounded morphism between two ordered Kripke frames § = (X5, <z, Rz, Q3)
and & = (X, <@, Re, Qs) is a function f: Xz — Xg such that

1. Va,y € §, if z <z y then f(z) <e f(y) (f is order-preserving);

2. V2,91, .., yn €35, if © Rg (y1,...,yn) then f(x) Rg (f(v1),-.-, f(yn)) and
similarly for @ (f has the forth property);
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3. Ve € §, Y, ...,y, € &, if f(x) Re (yi,...,y,) then Jyy,...,y, € § such
that * Rz (y1,...,yn) and f(y1) = o4, ..., f(yn) = v, (f has the back
property).

By OKFr we denote the category of ordered Kripke frames and bounded mor-
phisms. We will sometimes omit the subscripts when specifying a frame, simply
writing § = (X, <, R, Q).

For details about the following fact, see e.g. [40, §2.3]. Of the two functors
that witness this duality, we will only use (-)*: OKFr®” — DLO™, which we will
describe in more detail in Definition 4.1.21.

4.1.11. FacT. The categories DLO™ and OKfr are dually equivalent.

Directed colimits of ordered Kripke frames

We will now describe directed colimits of ordered Kripke frames. First, we recall
what colimits are. A cocone to a poset-indexed diagram of ordered Kripke frames
(8, fij)r in OKFr is an I-indexed collection of maps (g;: §; — &) with a common
codomain § such that for all 4, j € I with ¢ < j, we have g; o f;; = g;.

N

Let (h;: §; — &) be another cocone to (§;, fi;)1 and let e: § — & be a bounded
morphism. We say e is a map of cocones if for all i € I, e o g; = h;.

G<~"—F

| A

Si

We call (g;: §; — &)1 a limiting cocone if for all (h;: §; — &), there exists a
unique map of cocones e: § — &. We then call § the colimit of (i, fi;) 1, writing
5~ li_n>1] $:. In this chapter, we will only consider directed diagrams of ordered
Kripke frames, meaning that we will always assume that for all i,j € I, there
exists a k € I such that i, 7 < k. What is nice about directed colimits of ordered
Kripke frames is that we can construct them in an elegant way.

Suppose that (§i, fij)ijer is a directed diagram of ordered Kripke frames
§i = (Xi, <;, Ri, Qi). We define a relation ~; on the disjoint union [, X;: for all
r € X;and y € X,

x~py e 3k >0, fu(w) = fi(y).
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It is easy to see that ~j is reflexive and symmetric; moreover, since I is directed,
one can also easily show that ~; is transitive and hence, an equivalence relation.
What we have just described is how to construct directed colimits in the category
of sets. We will now define an ordered Kripke frame structure on the set of
~-equivalence classes, i.e. on i, X;/~; = {[z] | Fi € I, z € X;}. We define the
relations as follows:

(2] <;ly] ifFieland 2’y €F, such that z ~; 2’ y ~r ¢ and 2’ <; o/,

and similarly for R and ). Now we define

L‘H&'/N[ = <HJ Xi/~1, <1, R1,Qr).
I I

4.1.12. LEMMA. Let (§;, fij)ijer be a directed diagram of ordered Kripke frames.
Then \8); §i/~1 tis the colimit of (Fi, fij)ijer-

Proof Suppose that we have a cocone for (§;, fij)ijer, i.e. an ordered Kripke
frame & = (Y, <, R, Q') and bounded morphisms g;: §; — & such that for all
i < j, gjofij = gi- We want to find a unique bounded morphism g: 4, §;/~r — &
extending all the g;. We know from basic category theory that the function

gt HXi/mr =Y
[z] = gi() for z € i,
is the unique function extending all the g;. What remains to be shown is that g is
a bounded morphism. To see why e.g. the order <; is preserved by g, suppose

that [z] <; [y]. Then there must exist some i € I and 2/, y" € §; such that x ~j 2/,
y ~ry and 2’ <; y'. Now we see that

9([z]) = g([=]) since x ~r @,
= g;(2") since 2’ € Fi,
< g:(y) since g¢; is order-preserving,
= g([y']) since y' € §,
= 9([y]) since y ~r y".
Similar arguments show that the relations R; and (); are preserved. Finally,
suppose that g([z])R'(y},...,v,). We have to find [y1],...,[y.] € b); i/~ such
that
[]Ri (1], - - - [ya]) and g([n]) = w1, - -, 9([yn]) = .-
Let i € I such that € §;; then since g([z]) = g;(x) we see that g;(x)R (v}, ..., y.,).
Since g; is a bounded morphism, it follows that there exist yy,...,y, € X; such
that zR;(y1, ..., yn) and g;(y1) = v}, ete. It follows that [x]R;([y1],- .., [ys]), and

since g([y1]) = gi(y1), etc, we see that ¢ is indeed a bounded morphism. It follows
that Lﬂ[ SZ/N[ is the colimit of <3’l, fij>i7j61' I
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Colimits via generated subframes

We will now see that diagrams of ordered Kripke frames can occur as collections
of generated subframes of a given frame §, and that directed colimits of such
diagrams can be computed by simply taking a union. First, we will define generated
subframes of ordered Kripke frames.

4.1.13. DEFINITION. Given ordered Kripke frames § = (X', </ R, Q') and § =
(X, <,R,Q), we say §' is a substructure of § if

e X' CX,;
o <'=< 71 (X'x X') and similarly for R' and @’

Observe that if §' is a substructure of §, then the relations on § are all induced
by the underlying set X’. We may therefore refer to §’ as the substructure of
§ induced by X’. We say §' is a generated subframe of § (notation: §' C §) if
additionally, we have that

o Ve X' Vy1,...,uyn € X, if zR(y1,...,yn), then {y1,...,y,} C X', and
similarly for @ (§’ is closed under R- and Q-successors).

We present a well-known fact which will be of use in §4.1.4. Let f: §F — §
be a bounded morphism between ordered Kripke frames § = (X, <, R, Q) and
§ = (X", <R, Q). We define f[F'] to be the substructure of § induced by f[X"].

4.1.14. LEMMA. Let f: § — § be a bounded morphism between ordered Kripke
frames. Then f[§'] is a generated subframe of §.

Proof We need to show that f[§’] is a substructure of §, and that f[§’] is closed
under R- and @Q-successors. The former follows by the definition of f[§F'] above;
the latter from the fact that f, as a bounded morphism, has the back property.

It is not hard to see that the generated subframe relation C on OKFr is a
partial order. Consequently, we can view a collection of generated subframes as a
diagram in the category of ordered Kripke frames and bounded morphisms. Let
{S: | i € I} be a collection of generated subframes of §. We may impose an order
on I by defining ¢ < j :& §; C §;. If we denote the embedding from §; to §; by
fij: §i — §j, then (i, fi;)ijer becomes a diagram of ordered Kripke frames: if
Si E §j C 8k, then §; C i, so that the following diagrams commutes.

f.
35
fijT ik

i
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We call (§, fij)ijer the diagram associated with {§; | i € I}; whenever possible we
will not refer explicitly to the embedding maps f;;. One of the pleasant properties
of directed diagrams of generated subframes is that we can easily compute their
colimit. If {F; | i € I} is a set of generated subframes of §, we denote by
U{S: | i € I} the substructure of § induced by (J{X; | i € I}.

4.1.15. LEMMA. Let § = (X, <, R, Q) be an ordered Kripke frame and let {F; |
i €1} be a collection of generated subframes of §. Then |J,;Ti is also a generated
subframe of §.

Moreover, if we assume that {§; | i € I} is directed, then |J,§; is the colimit
of the diagram associated with {F; | i € I}.

Proof Since | J;§; is a substructure of § by definition, in order to show that | J,§; T
§ it suffices to show that | J,§; is closed under R-successors and ()-successors. So
suppose that = € |J,§; and that zR(y1,...,y,) for some yi,...,y, € §. Then
there must be some ¢ € I such that x € §;. Now since §; C § by assumption, we
see that y1,...,y, € §i. It follows that | J,§; is closed under R-successors; the
argument for ()-successors is identical.

To see that |J;§; is the colimit of the diagram associated with {F; | ¢ € I},
suppose we have a co-cone of bounded morphisms (g;: §; — ®);c; to some frame
&. Saying that (g;: §; — &);es is a cocone means that whenever z € §; C §,

then g;(z) = gi(x).
S AN &

A

Si

But this is precisely sufficient for allowing us to uniquely define amap g: |J,§; — &
which commutes with all of the g;: given x € |J,;$i, pick any ¢ € I such that
z € §; and map z to g;(z). To see that g: |J,;§ — & is order-preserving and
has the forth-property, i.e. that it preserves each of the relations <, R and @,
suppose that e.g. z,y € |J;$; and < y. Then there must exist ¢, j € I such that
x € §; and y € §;. Since we assumed that {§; | ¢ € I} is directed, there must
exist some k € [ such that §; C §j and §; C §%. But now it follows from the fact
that gi: §x — & is a bounded morphism that ¢g(z) = gr(x) < gr(y) = g(y). The
argument to show that g: |J,§; — ® has the back-property is identical to that
from the proof of Lemma 4.1.12. It follows that | J,3§; is the colimit of {§; | i € I}.

4.1.3 Duality for profinite DLO’s

In this subsection, we will show that the category of profinite distributive lattices
with operators and the category of hereditarily finite ordered Kripke frames are
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dually equivalent. Moreover, this duality is the restriction of the duality between
semi-topological DLO’s and ordered Kripke frames.

DLO* ~  OKFr”
Ul Ul
Pro-DLO; ~ H_,OKFr”

We start by defining the category in the lower right hand corner of the above
diagram.

4.1.16. DEFINITION. An ordered Kripke frame § is hereditarily finite if for all
x € §, there exists a finite § C § such that x € §'. By H,OKFr we denote the
full subcategory of OKFr whose objects are all hereditarily finite ordered Kripke
frames.

One can see the property of being hereditarily finite as a local finiteness
property. We will see below that we can express this property categorically.

4.1.17. LEMMA. Let § be an ordered Kripke frame. The following are equivalent:
1. § s hereditarily finite;
2. § ~ hLRlI i for some directed diagram of finite frames.

Proof (1) = (2). If § is hereditarily finite then for every x € §, there is a finite
§ C § such that z € §'. It follows that § = (J{& C § | § finite}. It follows by
the first part of Lemma 4.1.15 that the diagram associated with {§’' C § | §’ finite}
is directed: if §p C § and §; C § are finite generated subframes of §, then gy U §1
is also a generated subframe of §, which obviously is still finite. It now follows
from the second part of Lemma 4.1.15 that § is a directed colimit of finite frames.

(2) = (1). Suppose that (§;, fi;)ijer is a directed diagram of finite ordered
Kripke frames; we will show that 4§/~ is hereditarily finite. This is sufficient
since by Lemma 4.1.12, li_r>n1 §i ~ | Ti/~1. Recall that each §; can be mapped
to J§:/~1 by sending = € §; to [z], the ~-equivalence class of x. Let us denote
these maps by h;: §; — 1 §i/~1. Let [x] € ¥ Fi/~1; we want to show that there
is a finite §' C ¢ §;/~s such that x € §. Since [z] € ¥ F;/~s, we know that
x € |§ T, so there is some ¢ € [ such that z € §;. It follows that h;(z) = [z], so
that [x] € h[F;]. Now we know from Fact 4.1.14 that h;[§;] C |1 §;/~71, and since
S is finite, so is h;[§;]. Since [z] € | i/~ was arbitrary, it follows that [ §;/~
is hereditarily finite. |

Now that we have characterized the category of hereditarily finite ordered
Kripke frames categorically, it is easy to prove the duality result of this subsection.
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4.1.18. THEOREM. Pro-DLO; = (H,OKFr)?.

Proof We already know that DLO™ ~ OKFr® (Fact A.8.1). Since Pro- DLO;
is a full subcategory of DLO™ and H,OKFr is a full subcategory of OKFr, it
suffices to show that the functor (-), : DLO" — OKFr” maps profinite DLO’s
to hereditarily finite ordered Kripke frames and vice versa for (-)*: OKFr®? —
DLO™: we need not concern ourselves with morphisms.

Suppose that A is a profinite DLO, i.e. that A ~ @1 A; for some co-directed
diagram (A, fi;)ijer- We will show that A, is a hereditarily finite ordered Kripke
frame. Since being a limit is a categorical property, it is stable under categorical
equivalenc. Since (-); : DLO"T — OKFr® is a contravariant functor however, we
see that A, must be a colimit for the diagram ((A;), (fij)+)ijer, and since the
arrows are reversed, this diagram is directed rather than co-directed. Since each
A, is finite, we see by Fact A.8.1 that each (A;), is finite as well. We have now
established that

Ay ~lim I(Ai)+>

for a directed diagram of finite frames ((A;)+, (fij)+)ijer- It follows by Lemma
4.1.17 that A, is hereditarily finite.

Conversely, if § is hereditarily finite, then by Lemma 4.1.17 we may assume
that § ~ hLRlI §; for some directed diagram of finite frames (§;, fi;)ijer- It now
follows by an argument analogous to the one above that (g}, f;;)me 7 is a co-
directed diagram of finite DLO’s and that §* ~ liLnI S ; consequently, F is
profinite. This concludes our proof. |

4.1.4 Profinite completion via duality

In this subsection, we will show that A, the profinite completion of a DLO A,
corresponds to the largest hereditarily finite generated subframe of A,, the prime
filter frame of A. We illustrate this with the following picture:

AL
\\Q
\ AB o A
HA \
\\ lVA LI
\ﬁ/\
A HA,

The left side of the picture above follows from the commutative diagram of Theorem
3.4.1, which states that the profinite completion ps: A — A of a lattice-based
algebra A can be factored through e, : A — A’ the canonical extension of A, via
a surjective complete homomorphism vy : A% — A. The right-hand side of the
picture above shows two dual structures which are derived from our DLO A. The
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prime filter frame of A, denoted A,, is known to be the discrete dual of A°. What
we will see below is that A, the profinite completion of A, is dual to H,A,, which
is the largest hereditarily finite generated subframe of A,.

Canonical extensions via duality

Recall that given a DLO A = (A, A, V,0,1,0,,0a), we can think of four different
canonical extensions of A, depending on how we choose to extend [y and {4:
by taking ([04)Y and (04)Y, (Ox)* and (Oa)?, (da)Y and (On)?, or (0a)* and
(Oa)Y. Out of these four choices, the last one has the best continuity properties if
we go by Theorem 2.2.18 (1).

4.1.19. CONVENTION. If A = (A A, V,0,1,04,04) is a DLO, then we define
A% = (A% A V,0,1,(04)%, (Os)7), meaning that we take the lower extension of
the operator(s) of A and the upper extension of the dual operator(s).

We will now discuss how the canonical extension of a DLO A can be constructed
via A,, the extended Priestley dual of A. First, one takes A, and one strips
this structure of its topology, resulting in a discrete ordered Kripke frame we
denote by A,, the prime filter frame of A. This construction is in fact a functor
(1)e: DLO — OKFr®.

4.1.20. DEFINITION. The prime filter frame of a DLO A = (A, A, V,0,1,04,04)
is defined as follows:

A, = <XA.> SA.) RA.) QA0>?

where
o (X,,,<a,) is the set of prime filters of A, ordered by inclusion;
o F Ry, (Gy,...,G,) iff Ou[Gy,...,G,] C F;
o FQu (Gy,...,Gp) iff O (F) C UL bi(A,G;), where

bi(U V) =Ux - xUxVxUx---xU.

i1 m—i
If f: A— Bis a DLO homomorphism, then f,: B, — B, is defined simply as

fo: FHfil(F)'

The next step in constructing A? from A is to take the complez algebra of A,. The
complex algebra functor (-)*: OKfr®” — DLO™ is part of the discrete duality
between semi-topological DLO’s and ordered Kripke frames (Fact 4.1.11).
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4.1.21. DEFINITION. If § = (X, <, R, @) is an ordered Kripke frame, then we
define

S+ = <Up(X>,ﬂ, U7®7X7 <R>7 [Q]>7

the complex algebra of §, where
e (Down(X),N,U, 0, X) is the lattice of lower sets of (X, <);
e (R): (Uy,....U)—{z e X |R[z] Uy x -+ x Up};
o [Q: (Uh,...,Un) = {z e X[ Qlx] CUZbi(X, Ui}

If f: §F — & is a bounded morphism, then we define f*: & — F* as
[ U= f7HU).

Having defined the functors (-)e: DLO — OKFr®” and (-)*: OKFr®”? —
DLO™, we can now describe the canonical extension of a DLO A using duality.

4.1.22. Fact ([38]). Let A be a DLO. Then e: A — (A,)*, where
eca—{FehA,|acF},

is the canonical extension of A.

The above fact is no coincidence; canonical extensions were developed by Jonsson
and Tarski [58] for Boolean algebras with operators precisely to study properties
of duality-based representations such as that in Fact 4.1.22. Note that rather than
defining A’ first on the lattice reduct of A, and then adding extensions of [(J and
¢ as we did in §3.3, we can define the canonical extension of a DLO directly. This
is because we restricted our notion of canonical extension in Convention 4.1.19.

4.1.23. CONVENTION. For convenience, we redefine es: A — A’ the canonical
extension of a DLO A, as ey : A — (A,)" (see Fact 4.1.22 above) for the remainder
of this chapter.

4.1.24. REMARK. Observe that the functor (-)*: OKFr” — DLO™ maps an
ordered Kripke frame to its collection of lower sets. Some authors define Priestley
duality differently, using upper sets rather than lower sets. This is possible only if
one also adapts the definition of (-),: DLO'" — OKFr®. Both approaches are
mathematically equivalent, as long as the readers are aware which approach is
being used.
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The dual of the profinite completion

In the introduction to this subsection, we mentioned that the profinite completion
of A correspondes to ‘the largest hereditarily finite generated subframe’ of A,.
Below, we will make this notion precise.

4.1.25. LEMMA. H,OKFr is a co-reflective subcategory of OKFr.

Proof The statement of the lemma boils down to the following. For each frame §
we need to find a hereditarily finite frame § and a bounded morphism h: § — §F,
such that whenever f: & — § is a bounded morphism from a hereditarily finite
frame & to §, then there exists a unique f': & — § such that ho f' = f.

S
" ~F
Concretely, we will define §’ to be the following generated subframe of §:
H,§ = U{&6| &L, 3§}

Observe H,§ is indeed a generated subframe of § by Lemma 4.1.15, and by
the same lemma, we see that H,§ is a colimit of a directed diagram of finite
frames. We will take h: H,§ — § to simply be the embedding map. Now we
must show that H,§ has the desired universal property. What we will show is
that if f: & — § is a bounded morphism from a hereditarily finite frame & to §,
then f[&] C H,F. But this is easy to see: if x € &, then since & is hereditarily
finite, there exists a finite &’ C & such that = € &’. It follows that f(x) € f[&'].
Since &' is finite, so is f[®&']. Now since also f[®’] C § by Fact 4.1.14, we see that

f(x) € f1&]C H3.

Since z € & was arbitrary, it follows that f[®] C H,§. We may therefore take
f'm® — H,§ to be f with its codomain restricted to H,§. It follows from basic
set theory that f’ is the unique map such that ho f' = f. |

By basic category theory, H,: OKFr — H,OKFr is now a functor [69, §IV.3];
if f: § — & is a bounded morphism then H,f: H,§ — H_,® is simply the
restriction of f to H,g.

4.1.26. REMARK. Observe that our definition of H,§ above leaves open the
possibility that H,§ is the empty frame. This will happen if every point in
$ generates an infinite generated subframe. Not all textbooks on modal logic
universally agree with us that the empty frame is actually a frame, cf. [19,
Definition 1.19].
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We can now show how to construct the profinite completion A of a DLO A
via duality.

4.1.27. THEOREM. Let A be a DLO. Then m: A — (H,A,)", where
m:a— {F € H,A, | a€F},
15 the profinite completion of A.

Proof Since the profinite completion of A can be characterized via a universal
property (Fact 3.1.19), it suffices to show the following three things:

1. (H,A,)" is profinite;
2. m: A — (H,A,)" is a DLO algebra homomorphism;

3. for every DLO homomorphism f: A — B, where B is a profinite DLO, there
exists a unique continuous DLO homomorphism f": (H,A,)" — B such that

flom=f.

(1). This follows immediately from the fact that H,,: OKFr — H,OKZFr is a
functor and Theorem 4.1.18.
(2). Let us denote the embedding H,A, C A, by h: H,Ay — A,. Then

ht: (AT — (H A,
is a complete DLO homomorphism. Now it is an easy calculation to show that
m=h"oey; (4.1)

consequently, m: A — (H,A,)" is a DLO algebra homomorphism.
(3). Suppose that f: A — B and that B is a profinite DLO. Then by Corollary
3.4.2, there exists a unique continuous homomorphism f”: (A,)"™ — B such that

floes=1T. (4.2)
Now since ()4 and (-)™ form a duality, there exists a bijection
¢: Hom((A,)",B) = Hom(B,,A,): ¢,

which is natural in A, and B. This bijection gives us a bounded morphism
o(f"): By — A,. Since B, is image-finite by Theorem 4.1.18, it follows from
Lemma 4.1.25 that there exists a unique ¢g: B, — H,A, such that ho g = ¢(f").

H, A,
7

2k
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Observe that it is a consequence of the naturality of =1 that the following diagram
commutes:

Homokr (B, HoA.) N Hompy o+ ((HuAl)™,B)

lho |

Homokre (B, A,) Hompyo+((Al)",B)

o1
Now we see that
=9 tou(f" since ¢ is a bijection,
=@ Y(hoyg) since ho g = o(f"),
=9 H(g)oh? by naturality of ¢ '

Now we define f':= ¢~ '(g). Then we see that

frfom=fohToe, by (4.1),
=g (g)ohToes by definition of f/,
= f"oen since ¢~ '(g) o Rt = f”,
=/ by (4.2).

Moreover, it follows from the fact that g: B, — H_A, is unique that f’ = ¢~1(g)
is unique. |

4.1.5 Conclusions and further work

The duality for profinite DLO’s we presented in §4.1.3 was inspired by the general
categorical approach of Johnstone [54, Ch. VI], and the results on the Heyting
algebra case due to G. & N. Bezhanishvili [14]. The dual characterization of
profinite completion we present in §4.1.4 was inspired by results on the Heyting
algebra case due to G. Bezhanishvili et al. [15]. In [15], the dual of the profinite
completion of a Heyting algebra is described using the Nachbin order compactifi-
cation; this is a different approach than ours, which uses the fact that hereditarily
finite ordered Kripke frames form a co-reflective subcategory of the category of
ordered Kripke frames (Lemma 4.1.25).

An interesting question for further work is whether one can characterize
BoolDLO non-trivially using duality. We will provide a partial answer to this
question in §4.3; we revisit this question explicitly in §4.3.3.

4.2 A brief survey of subcategories of DLO

In this section, we will briefly sketch how the two main results of §4.1 specialize
to three well-known subcategories of DLO: the categories of distributive lattices,
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Boolean algebras and Heyting algebras. We will now recall the main results from
§4.1. Firstly, we showed that the discrete duality for semi-topological DLO’s
restricts to a duality for profinite DLO’s and hereditarily finite ordered Kripke
frames.

DLOT = OKFr”
Ul Ul
Pro-DLO; = H, OKFr®

Secondly, the profinite completion A of a DLO A dually corresponds to the largest
hereditarily finite generated subframe of A,, the prime filter frame of A.

A
1 w
AP~ (AT A,
Ha
\\ \LVA \L |_||
NY
A ~ (H, A,)* H, A,

Below we will see that in some cases, the diagrams above collapse. Our prime
examples of DLO’s for which the diagrams do not collapse are Heyting algebras,
which we will briefly discuss in §4.2.3, and Boolean algebras with operators. The
latter will be discussed in greater detail in §4.3.

4.2.1. REMARK. In our discussion of completions in this section we have not
included the MacNeille completion (§A.5.2). Duality for MacNeille completions
of Heyting algebras was discussed by Harding & Bezhanishvili [51]. The relation
between canonical extensions and MacNeille completions of monotone lattice-based
algebras has been studied by Gehrke, Harding & Venema [36]. Bezhanishvili &
Vosmaer [16] discuss the question when canonical extensions, MacNeille comple-
tions and profinite completions of distributivel lattices, Heyting algebras and
Boolean algebras are isomorphic, using duality. Finally, we would like to point
out the brief discussion of the circumstances under which profinite completions
and MacNeille completions of modal algebras coincide in [97].

4.2.1 Distributive lattices

In the case of distributive lattices, the discrete duality between DLO™ and OKFr
boils down to the duality between DL™, the category of complete, bi-algebraic
distributive lattices and complete lattice homomorphisms, and Pos, the category
of partially ordered sets and order-preserving maps.

4.2.2. FacTt. DLT ~ Pos®.
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If we look at BoolDL C DL, the category of Boolean topological distributive
lattices and continuous homomorphisms, and Pro- DLy, the category of profinite
distributive lattices and continuous homomorphisms, then it follows from Facts
4.1.5 and 4.1.8 that both of these categories are isomorphic to DL™.

4.2.3. FACT. Pro-DL; = BoolDL =~ DL™.

We combine these two facts in the following picture:

DLT =~ Pos”
112
BoolDL
12
Pro- DLy

These dualities and isomorphisms have been discussed and rediscovered many
times; we refer the reader to Johnstone [54, §VI-3] and Davey et al. [27] for more
details and historical discussion.

Just like the categories DL™ and Pro- DLy collapse, we see that profinite
completion and the canonical extension of a distributive lattice IL are isomorphic.

.“]L\

N I I
(Hole)™ H,L,

L5 = (L.)Jr ]Lo

N
L

12

The fact that v : L° — L is an isomorphism and that v, o e, = pur, is a corollary
of Theorem 3.4.1, and was first published by G. Bezhanishvili et al. [15] and
J. Harding [50]. The relation between L and L via duality has been studied in
greater detail in [15] and by G. Bezhanishvili and the author in [16]; also see [27].

4.2.2 Boolean algebras

For Boolean algebras, the discrete duality between DLO™ and OKFr boils down
to the well-known duality between CABA, the category of complete, atomic
Boolean algebras and complete homomorphisms, and Set, the category of sets
and functions.

4.2.4. FacTt. CABA ~ Set.
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The situation with topological Boolean algebras is similar to that for distribu-
tive lattices, but it has one important additional ingredient, which is a result due
to D. Papert Strauss [74].

4.2.5. Fact. If A is a compact Hausdorff Boolean algebra, then A is profinite.

This surprising fact contributes to the following collapse of categories:
4.2.6. FACT. Pro-BA; = BoolBA = KHausBA = CABA.

We combine the above facts in the following picture:

CABA =~ Set”
I
KHausBA
Il
BoolBA
I
Pro-BAj

For further discussion of these dualities we refer the reader to [54, §VII-1.16].

The relation between the canonical extension and the profininte completion
of a given Boolean algebra A = (A, A,V,—,0,1) is the same as in the case of
distributive lattices: the map v, : A° — A from Theorem 3.4.1 is an isomorphism,
so that A° ~ A, and A° ~ (A,)", i.e. the canonical extension of A is isomorphic
to the complex algebra of the set of ultrafilters of A. Indeed, the embedding of A
into (A,)" is what canonical extensions were defined to describe by Jénsson and
Tarski [58].

4.2.3 Heyting algebras

For Heyting algebras, the discrete duality between DLO™ and OKFr boils down
to a duality between HA™, the category of complete bi-algebraic Heyting algebras
and complete homomorphisms, and IntKFr, the category of intuitionistic Kripke
frames, which consists of partially ordered sets and bounded morphisms. A
bounded morphism between intuitionistic Kripke frames f: § — &, where § =
(X5, <z) and & = (Xg, <g), is a function f: Xz — Xg such that

Te f(z) = flTg2],

for all x € X3 One can easily show that every bounded morphism between
intuitionistic Kripke frames is order-preserving; consequently IntKFr is a (non-
full!) subcategory of Pos. The duality between HA™ and IntKFr is obtained by
simply restricting the duality between DL™ and Pos.
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4.2.7. Fact. HA" ~ IntKFr®.

It is hard to pin down the origin of Fact 4.2.7. One early source is de Jongh
& Troelstra [30]; for more categorical detail see G. Bezhanishvili [13]. As far as
topological Heyting algebras are concerned, the following is known.

4.2.8. FacT. Let A be a Heyting algebra. The following are equivalent:
1. A is a Boolean topological algebra;
2. A s profinite;

3. A is complete, bi-algebraic and residually finite.

Proof The equivalence of (1) and (2) was established by Johnstone [54, Prop. VI-
2.10]. The equivalence of (2) and (3) was established by G. & N. Bezhanishvili

4. 1

Hereditarily finite intuitionistic Kripke frames are those frames § such that for
all x € §, T is finite. We denote the category of hereditarily finite intuitionistic
Kripke frames by H, IntKFr. The following result, which can be seen as a
specialization of our Theorem 4.1.18, is due to G. & N. Bezhanishvili [14].

4.2.9. Fact. Pro-HA; ~ H IntKFr®.

We summarize the dualities for Heyting algebras we have discussed in the diagram
below.

HAT ~  IntKFr®
Ul
BoolHA Ul
2l

Pro-HA; =~ H_IntKFr”

4.2.10. REMARK. We have seen that for distributive lattices and Boolean algebras,
there is no difference between semi-topological algebras and topological algebras.
We now have our first example of a category of DLO’s for which not every
semi-topological DLO is a Boolean topological DLO; we will demonstrate this
using duality. Observe that the inclusion H IntKFr?” C IntKFr® is strict:
consider the poset § = (N, <) consisting of the natural numbers with their usual
ordering. The poset § is an intuitionistic Kripke frame, however, for all x € §,
T x is infinite, so § is a fortiori not hereditarily finite. Now since the inclusion
H, IntKFr” C IntKFr® is strict, the inclusion BoolHA C HA™" is necessarily
also strict.
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Unlike the situation with distributive lattices and Boolean algebras, profinite
completions of Heyting algebras do not always coincide with canonical extensions
[15, Th. 5.2]; consequently, given a Heyting algebra A, we are faced with the
general picture:

A
yj
AP = (AT A,
HA
N\ lVA J{ LI
N
A = (H A" H,A,

Here, A, is the prime filter frame of A, and H, A, is the generated subframe of
A, induced by the set of points x € A, such that T x is finite. These facts, which
can again be seen as a specialization of results from §4.1, were first established by
G. Bezhanishvili et al. [15].

4.3 Duality for topological Boolean algebras
with operators

In the previous section, we considered topological algebras in three categories
of distributive lattices with operators: distributive lattices, Boolean algebras
and Heyting algebras. In all three of these categories, every Boolean topological
algebra is profinite. In this final section of this chapter, we will discuss the category
of Boolean algebras with operators (BAQO’s). This category has the interesting
property that not every Boolean topological algebra is profinite. Moreover, we can
characterize Boolean topological BAO’s via duality: every Boolean topological
BAO is the dual of an image-finite Kripke frame.

Boolean algebras with operators are the original class of lattice-based algebras
for which canonical extensions were defined by Jénsson and Tarksi [58]. They
arise naturally as an algebraic semantics for various modal logics [19] and also
more generally in algebraic logic, e.g. as relation algebras [59]. We know from
§4.1 that profinite BAO’s correspond to hereditarily finite Kripke frames. We
will see that Boolean topological BAO’s correspond to image-finite Kripke frames,
i.e. frames in which each point has finitely many successors. From a coalgebraic
viewpoint (see Chapter 5), image-finite Kripke frames are a very natural class of
frames: they are coalgebras for the finite powerset functor.

This section is organized as follows. In §4.3.1, we establish the main result of
this section, namely the duality between Boolean topological BAO’s and image-
finite Kripke frames, and we briefly discuss a few examples. Next, in §4.3.2, we
take a closer look at the folk result that a Kripke frame § can be embedded in
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its ultrafilter extension iff § is image-finite, and we show how this result can be
interpreted using duality.

4.3.1 Duality for Boolean topological BAQO’s

In this subsection we will show that given a BAO A, the following three things are
equivalent: (1) A is a Boolean topological algebra; (2) A is a compact Hausdorff
algebra; (3) Ay, the discrete dual of A, is an image-finite frame. Given the facts
and results we have previously stated, the proof of this result is very simple. We
begin with some conventions and definitions. A distinguishing property of BAO’s
is that operators and dual operators are interdefinable. If A = (A, A, V,—,0,1, Oa)
is a BAO with a single normal operator ¢ : A™ — A, then

Oa: (a1, .., am) — =0a(ma1, ..., 2ap)

is a dual normal operator. For this reason, we will afford ourselves the convenience
of only considering BAO’s A = (A, A,V,—,0,1,0,) where [0 is an m-ary dual
normal operator.!

4.3.1. DEFINITION. The category of semi-topological BAO’s BAO™ consists of
complete atomic Boolean algebras with operators A = (A, A, Vv, —,0,1,,), where
[Jp is an m-ary complete dual normal operator, and complete BAO homomor-
phisms. The category of Kripke frames KFr consists of structures § = (X, R),
where R C X x X™ is an (m + 1)-ary relation. A morphism of Kripke frames
f: 8§ — & is a map satisfying the back and forth conditions of Definition 4.1.10,
or equivalently, such that

for all x € §.

Now that we have made it more precise what we mean by BAO’s and Kripke
frames, it is time for us to introduce image-finite Kripke frames.

4.3.2. DEFINITION. By Im KFr we denote the full subcategory of KFr whose
objects are all image-finite Kripke frames. A frame § = (X, R) is image-finite (or
finitely branching) if for all x € §, R[z]| is finite.

4.3.3. EXAMPLE. Recall that a frame § is hereditarily finite if for every x € §,
there exists a finite generated subframe § C § such that z € §. Not every
image-finite frame is hereditarily finite: consider the frame § := (N, S), where S
is the successor relation: = S y iff y = x + 1. The frame § is image-finite, since
for every z € §, S[z] = {x + 1} is a finite set. However, it is not hard to show
that if § C §, then § must be infinite.

'We might as well have chosen to take an operator rather than a dual operator as primary.
Our choice is a matter of taste.
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We now arrive at the key lemma which will allow us to prove the duality result
for Boolean topological DLO’s and image-finite frames.

4.3.4. LEMMA. Let § = (X, R), with R C X™! be a Kripke frame. Then § is
image-finite iff [R]: P(W)™ — P(W) is Scott-continuous.

Proof For the sake of simplicity we will only treat the case where m = 2. Recall

from §A.8 that for all U,V € P(X),
[RI(UV)={x e X |R[z] CUXx XUX xV}.

Suppose that (X, R) is image-finite; we will show that [R]: P(X)x P(X) — P(X)
is Scott-continuous. By Fact A.3.4, it suffices to show that [R] is Scott-continuous
in each coordinate. Now suppose that {U; | i € I} C P(X) is a directed collection
of sets and V' € P(X) is an arbitrary set, and take z € [R|(|J,U;, V). We will show
that = € |J,[R](U;, V); since [R] is order-preserving this is sufficient to show that
[R] preserves directed joins in its first coordinate. Now since z € [R](U,U;, V), it
follows that

Rlz] C (U,Ui) x XUX xV by definition of [R],
=lJ,Uix X)UX xV by elementary set theory,
=UJ,(Uix XUX xV) idem.

Now since {U; | i € I} C P(X) is directed, so is {U; x X UX x V | i € I}. Since
R]z] is finite by assumption, there must be some j € I such that

Rz] CU; x XUX x V.

Now we see that z € [R](U;, V), so consequently = € J,;[R](U;, V). Since x was
arbitrary it follows that

[RI(U,U:, V) € U [RI(U, V).

Since {U; | i € I} was arbitrary, it follows that [R] preserves directed joins in its
first coordinate. An analogous argument shows that this also holds for the second
coordinate; we conclude that [R] is Scott-continuous.

For the converse, suppose that [R] is Scott-continuous. Take x € X; we want
to show that R[z] is finite. It is easy to verify that [R](X,0) = X. Let

S :={U C X | X finite},

then X = JS. It follows that = € [R](|JS,?). Now since [R] is Scott-continuous,
there must be some U; € S such that « € [R](Uy, (), so that

Rlz] CU x XUX x0=U; x X.
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An analogous argument shows that there must be a Uy € S such that R[x] C X xUs.
But now we see that

R[$]§U1XXQXXU2:U1XU2,

and since both U; and U, are finite, it follows that R[z] must be finite. Since
x € X was arbitrary it follows that (X, R) is image-finite. [

The lemma above equates being image-finite with a continuity property; all that
is left for us to do is to show that this continuity property precisely characterizes
Boolean topological BAO’s.

4.3.5. THEOREM. KHausBAO = BoolBAO ~ Im KFr.

Proof To see why KHausBAO = BoolBAO, first observe that BoolBAO is
a full subcategory of KHausBAO because every Boolean topological BAO is
necessarily a compact Hausdorff BAO. Moreover, if A = (A, A, V,—,0,1,0,) is
a compact Hausdorff BAO, then its Boolean algebra reduct (A, A,V,—,0,1) is a
compact Hausdorff Boolean algebra. By Fact 4.2.5, (A, A,V,—,0,1) is a profinite
Boolean algebra; consequently the bi-Scott topology on A is a Boolean topology,
so that A is a Booleaen topological BAO. Since A was arbitrary it follows that
each compact Hausdorff BAO is a Boolean topological BAO.

We will now show that BoolBAO ~ Im KFr?. Since BoolBAO is a full
subcategory of BAO™, and since Im,KFr is a full subcategory of KFr, it suffices
to show that (-)+ maps objects of BoolBAO to objects of Im, KFr, and conversely
that (-)* maps objects of Im,KFr to objects of BoolBAO. First, suppose that
A= (A A,V,—,0,1,0,) is a Boolean topological BAO. Then [y : A™ — A must
be (o, o)-continuous; since [, is order-preserving, it follows by Lemma 2.1.17 that
[y is (o, o1)-continuous. Now by Lemma 4.3.4, A, is image-finite.

Next, consider an image-finite Kripke frame § = (X, R). By duality, §* is a
semi-topological BAO, so the Boolean reduct of ' is a profinite Boolean algebra
and [R]: §© — F" is (¢!, o})-continuous by Lemma 4.1.6. Now since we assumed
that ¥ is image-finite, it follows by Lemma 4.3.4 that [R] is (¢, o')-continuous;
consequently, by Lemma 2.1.17, [R]: §+ — F* is (0, 0)-continuous, so that F* is
indeed a Boolean topological algebra. This concludes our proof. |
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We can now draw the following diagram to present the dualities for topological
BAO’s.

BAO™ ~ KFr?
Ul
KHausBAO Ul
2l
BoolBAO =~ Im /KFr®”
Ul Ul
Pro-BAO; ~ H_KFr”®

4.3.6. REMARK. Both inclusions H,KFr? C Im KFr? C KFr? are strict; con-
sequently, the inclusions Pro-BAO; C BoolBAO and KHausBAO C BAO™
are also strict.

To see why the inclusions H, KFr® C Im KFr® C KFr? are strict, consider
the frames § := (N, <) and & := (N, S), where Sy iff y = x 4+ 1. It is not hard
to see that § is not image-finite (cf. Example 4.3.3); it is also not hard to see that
& is image-finite but not hereditarily finite.

4.3.7. REMARK. Recall from §3.1.1 that for general reasons, there exists a com-
pactification functor : BAO — KHausBAO. Since KHausBAO forms a
subcategory of BAO, 3: BAO — KHausBAO is a reflector from BAO to
KHausBAQO. The behaviour of the compactification functor for BAQO’s is similar
to that of the profinite completion. For instance, it is a corollary of Theorem 3.4.14
that for each BAO A, there exists a unique map h: A° — BA such that hoey = 1y,
where 7, : A — (A is the natural map from A to SA. The compactification SA
can also be described using duality, analogously to Theorem 4.1.27, using the fact
that Im,KFr is a co-reflective subcategory of KFr.

4.3.8. EXAMPLE. Let n be a natural number and define

alt, == \/ O <(/\09'<ij') - pj) '

0<j<n

An alternative, equivalent form of this axiom is:

/\ Opi — \/ O(pi A pj).

0<i<n 0<i<j<n

It is known that if A is a BAO such that A = alt,,, then A° € HSP(A) [11], also
see the discussion of ‘logics of bounded alternativity’ in [64]. We will show how
this result can be understood in terms of compact Hausdorff BAO’s.

Assume that A |= alt,; then it is known (cf. [11]) that for each z € A,, |R[z]| <
n. A fortiori, A, is image-finite, so A% = (A,)" is a compact Hausdorff BAO by
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Theorem 4.3.5. We will argue that in fact, ey : A — A? is the compactification of A.
To establish this fact, it suffices to show that for every homomorphism f: A — B,
where B is a compact Hausdorff modal algebra, there exists a unique continuous
f'+ A% — B such that ' oey, = f. This is indeed the case: by Theorem 4.3.5,
B is a Boolean topological algebra, so by Theorem 3.4.14, there exists a unique
continuous f’: A®> — B such that f'oey = f. Since f: A — B was arbitrary, we
conclude that ey : A — A% is indeed the compactification of A. Now by Corollary
3.1.7, A° € HSP(A).

4.3.2 Ultrafilter extensions of image-finite Kripke frames

The ultrafilter extension of a Kripke frame is an important construction in the
model theory of modal logic [19]; for instance, it used to state the Goldblatt-
Thomason theorem. In this subsection we will investigate a folklore result, namely
that a Kripke frame § can be embedded in its ultrafilter extension if and only if §
is image-finite; we will see that this result is essentially a corollary of Theorem
3.4.16.

4.3.9. DEFINITION. Given a frame § = (W, R), we define
uey = ().
There is a natural map iz: § — ue§, defined by
ig:x—> {WCX|zeW},
i.e. sending x € X to the principal ultrafilter over X generated by x.

One might ask if i5: § — ue§ is a bounded morphism; we will see in Theorem
4.3.11 that this is not always the case. Before we can show why, we need to explain
the connection between ultrafilter extensions of Kripke frames and canonical
extensions of BAO’s. Observe that

(ue®)* = ((S*).)Jr by definition of ue,
— (3’ by Convention 4.1.23,

where the BAO § is embedded in (ue §)* via
ezt W—{Fecugf|We/F} (4.3)

We will now show that there is a natural relation between the two maps iz: § —
ueF and ez+: §F — (ueF)T. Recall that Al is the lattice reduct of A, and that
if A' is profinite then by Corollary 3.4.2, there exists a unique complete lattice
homomorphism g: (A%)! — A’ such that g o ey = id,.
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4.3.10. LEMMA. Let § be a Kripke frame. Then
, ! l
(i5)": ((ued)") — (37)
is a complete Boolean algebra homomorphism and (iz)" o eg+ = idg+.

Proof Since the duality between semi-topological BAO’s and Kripke frames is
an extension of the duality between complete Boolean algebras and sets, it follows
that the (set) function iz: § — ue§ corresponds to a complete Boolean algebra
homomorphism

(i) ((wed)") = (5°)"
Moreover, an easy calculation shows that (iz)Toeg+ = idz+. Let us denote elements
of (ueF)* by W,V for the duration of this proof. Then since (iz)" := (iz) "', we
see that

Now let W € g+, then we see that

(i5) " o ez (W)

— (is)* ({F € ue | W € F}) by (4.3),
={refF|izlz)e {Feueg|WeF}} by (4.4),
={zeF|Weizz)} by elementary set theory,
={zeF|lzeW} by definition of ig,

=W.

It follows that (iz)" o ez+ = idg+. |
We now arrive at the main result of this subsection.

4.3.11. THEOREM. Let § = (W, R) be a Kripke frame. The natural map iz: § —
ue§ is a bounded morphism iff § is image-finite.

Proof Recall from our discussion above that (§+)° = (ue §)*. Nowifiz: § — ue§
is a bounded morphism, then

(i5)": (ue )" —F*

is a BAO homomorphism, and by Lemma 4.3.10, (iz)" is a complete lattice algebra
homomorphism such that
(Zg)+ O€z+ = ldg-&- .

It now follows from Theorem 3.4.16 that §* is a Boolean topological algebra, so
by Theorem 4.3.5, § is image-finite.
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For the converse, assume that § is image-finite. By Theorem 3.4.16, there
exists a unique complete lattice homomorphism

g: (e = (3

such that ez+ o g = idz+. By Lemma 4.3.10 and uniqueness of g, it must be the
case that g = (iz)". Now since F* is a Boolean topological algebra by Theorem
4.3.5, g: (ue§)T — F* is in fact a modal algeba homomorphism. Since we have
already established that g = (iz)™, it follows by duality that iz is a bounded
morphism. |

4.3.3 Conclusions and further work

In §4.3.1, we showed that every compact Hausdorff BAO is a Boolean topological
BAO, and that these BAO’s correspond to image-finite Kripke frames via discrete
duality (Theorem 4.3.5). One of the key insights for this result was provided by
Lemma 4.3.4, which seems to be folklore. Theorem 4.3.11, which states that a
Kripke frame § embeds in ue§ iff § is image finite, also seems to be a folklore
result. However, the proof we present, using duality for image-finite frames, and
reducing the question to whether F* is a retract of (§7)%, is new.

Further work

With §4.3.1 we have provided a partial answer to the question from §4.1.5 whether
BoolDLO can be characterized in a meaningful way via duality: if we restrict
our attention from DLO’s to BAO’s, then the answer is yes. The question
whether BoolDLO can be characterized dually in a non-trivial way is still open
however. (A trivial characterization would be to say that Boolean topological
DLO’s correspond to ordered Kripke frames § = (X, <, R, Q) such that (R)
preserves co-directed intersections of lower sets, and [Q)] preserves directed unions
of lower sets.)

Another interesting question, which is related to modal logic, is to see whether
one can prove without using duality that if A is a modal algebra such that A = v,
then A? is a compact Hausdorff algebra, cf. Example 4.3.8.






Chapter 5

Coalgebraic modal logic in point-free
topology

5.1 Introduction

In this chapter we will show how powerlocales, a construction in point-free topology,
can be understood and studied via coalgebraic modal logic.
Hyperspaces and powerlocales

The Vietoris hyperspace construction is a topological construction on compact
Hausdorff spaces, which was introduced in 1922 by L. Vietoris [95] as a general-
ization of the Hausdorff metric. Given a topological space X one defines a new
topology 7x on K X, the set of compact subsets of X. This new topology 7x has
as its basis all sets of the form

V{U,,...,U,} ={FeKX |FC" U and Vi <n, F U},

where Uy, ..., U, C X is a finite collection of open sets and F' () U is notation to
indicate that F NU # (). Alternatively, one can use a subbasis to generate Ty,
consisting of subbasic open sets of the shape

OW):={FeKX|FCU},
and
QU) ={FeKX|F(U}.

To generate the basic open sets V{Uy,...,U,} from OJ(U) and {(U), one can use
the following expression:

VAU, ..., Un} = O (U2 Ui) N iz O(U).

141
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In the field of point-free topology, a considerable amount of general topology
has been recast in a way which makes it more compatible with cosntructive
mathematics and topos theory. (Standard references are Johnstone [54] and
Vickers [91]). The main idea is to study the lattices of open sets of topological
spaces, rather than their associated sets of points. In other words, it is an approach
to topology via algebra, where one studies categories of locales rather than of
topological spaces. Locales have algebraic representations in the form of their
associated frames. A frame is a complete lattice in which infinite joins distribute
over finite meets. In accordance with the algebraic approach which is prevalent
throughout this dissertation, we will only work with frames in this chapter. We
will be using the word ‘powerlocale’ rather than ‘powerframe’ however, in order
to remain consistent with standard terminology.

Johnstone defines a point-free, syntactic version of the Vietoris powerlocale,
using (a) and ¢(a). However he soon also introduces expressions of the shape

BVA) A NoesO(b),

where A and B are finite sets, which should remind the reader of the expression
for V{Uy,...,U,} above. Nevertheless, the description of the Vietoris powerlocale
using O(a) and {(a) is usually taken as primitive, and not without good reason:
one can construct the Vietoris powerlocale by first constructing one-sided locales
corresponding to the [J-generators on the one hand and the {-generators on the
other, and then joining these two one-sided powerlocales to obtain the Vietoris
powerlocale [94]. The question remains however, if one can describe the Vietoris
powerlocale directly in terms of its basic opens, corresponding to V{Uy,...,U,},
rather than the subbasic opens O(U) and ¢(U). One of the main contributions of
this chapter is to show that this is indeed possible.

The cover modality and coalgebraic modal logic

The reader may have noticed that the notation using [J and ¢ above is highly
suggestive of modal logic; this is no coincidence. In Boolean-based modal logic,
one can define a V-modality which is applied to finite sets of formulas. The
V-modality then has the following semantics. If 9t = (W, R, V) is a Kripke model
and « is a finite set of formulas, then for any state w € W,

M, w Ik Va iff Va € o, Fv € R[w], M, v |- a and
Vv € Rlw], Ja € a, M, v IF a.

In classical modal logic, the V-modality is equi-expressive with the [J- and -
modalities, using the following translations:

Va=0ON\a) AN, 00
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and in the other direction, one can use
Oa = V{a} Vv V0, and ¢a = V{a, T}.

The V was first introduced as a modality by Barwise & Moss [10] in the study of
circularity and by Janin & Walukiewicz [53] in the study of the modal u-calculus.
It was in Moss [71] however that the V-modality stepped into the spotlight as a
modality suitable for coalgebraic modal logic.

A T-coalgebra is simply a function o: X — T X, where X is the underlying
set of states of the coalgebra, and a T-coalgebra morphism between coalgebras
0: X — TX and o: X' — TX' is simply a function f: X — X’ such that
Tfoo =0 of. Aczel [2] introduced T-coalgebras as a means to study transition
systems. A natural example of such transition systems is provided by the Kripke
frames and Kripke models used in the model theory of propositional modal logic:
the category of Kripke frames and bounded morphisms is isomorphic to the category
of P-coalgebras, where P: Set — Set is the covariant powerset functor. Universal
coalgebra was later introduced by J. Rutten [78] as a theoretical framework for
modelling behaviour of set-based transition systems, parametric in their transition
functor T': Set — Set.

Coalgebraic logics are designed and studied in order to reason formally about
coalgebras; one of the main applications of this approach is the design of specifi-
cation and verification languages for coalgebras, i.e. for transition systems. One
influential approach to coalgebraic logic, known as coalgebraic modal logic, is to
try and generalize properties of propositional modal logic, because the Kripke
semantics of classical modal logic is coalgebra in disguise. The cover modality V
was introduced in coalgebraic modal logic by L. Moss [71], who made the funda-
mental observation that the modal semantics for V can be described using the
set-theoretical /categorical technique of relation lifting. The most recent sound and
complete derivation system for coalgebraic V-logic, the Carioca axiomatization,
was introduced through the collaborative efforts of Bilkova, Palmigano & Venema
[17] and Kupke, Kurze & Venema [66].

Contribution

The results in this chapter are all joint work with Yde Venema and Steve Vickers.
We list some of the main contributions of this work:

e We introduce a generalized powerlocale construction, parametric in a tran-
sition functor 7. The classical Vietoris powerlocale construction is an
instantiation of the T-powerlocale, where we take T" = P,,, the covariant
finite power set functor.

e We show that the connection between the Vietoris construction and the
cover modality, which was implicit in semantic form already from Vietoris’s



144 Chapter 5. Coalgebraic modal logic in point-free topology

1922 paper [95], can also be made explicit syntactically using coalgebraic
modal logic. Our approach shows how to describe the Vietoris constructions
syntactically using the V-expressions as primitives, rather than as expressions
derived from [J- and {-primitives, as it was introduced in [54]. This approach
runs parallel to that of Kupke, Kurz & Venema who introduced the Boolean
algebra version of the construction we apply to frames [66, 67].

e Additionally, we take first steps towards developing a geometric coalgebraic
modal logic, i.e. a logic using finite conjunctions and infinite disjunctions.
This is a step away from previous work on the Carioca axioms [73, 17, 66, 62,
67] where one only considered finite disjunctions. Possible future applications
in coalgebra include the development of modal logics for coalgebras on
compact Hausdorff spaces, rather than on discrete sets.

This chapter is organized in a more self-contained manner than the rest of this
dissertation. In §5.2 we introduce preliminaries on category theory, relation lifting,
frame presentations and the classical point-free presentation of the powerlocale,
along with a new compactness proof. In §5.3 we introduce the T-powerlocale
functor V. We then show that the P,-powerlocale is isomorphic to the classical Vi-
etoris powerlocale and we demonstrate how one can extend natural transformations
between transition functors to natural transformations between T-powerlocale
functors. We conclude the section with a different presentation of T-powerlocales,
which reveals that each element of a T-powerlocale has a disjunctive normal form.
Finally in §5.4 we show several first preservation results: we show that Vi preserves
regularity and zero-dimensionality, and the combination of zero-dimensionality
and compactness.

5.2 Preliminaries

5.2.1 Basic mathematics

First we fix some mathematical notation and terminology, which will sometimes
differ from that used previously in this dissertation.
Let f: X — X’ be a function. Then the graph of f is the relation

Grf:={(z,f(x)) e X x X' |z e X}

Given a relation R C X x X', we denote the domain and range of R by dom(R)
and rng(R), respectively. Given subsets Y C XY C X', the restriction of R to
Y and Y’ is given as

RryXy/ =RN (Y X Y/).

The composition of two relations R C X x X’ and R’ C X’ x X" is denoted by
R; R', whereas the composition of two functions f: X — X’ and f': X' — X" is
denoted by f'o f. Thus, we have Gr(f' o f) = Grf; Grf'.
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We will denote by P(X) and P,(X) the power set and finite power set of a
given set X. The diagonal on X is the relation Ax = {(z,z) | x € X}. Given two
sets X,Y we say that X and Y overlap, notation: X () Y, if X NY is inhabited
(that is, non-empty).

A pre-order is a pair (X, R) where R is a reflexive and transitive relation on
X. Given such a pre-order we define the operations | x ), T(xg) : PX — PX
by [(V):={x € X |2 Ryforsomey € Y} and (V) := {x € X |y R
x for some y € Y'}. If no confusion is likely, we will write |y or | rather than

Lx,m)-

5.2.2 Category theory

We will assume familiarity with the basic notions from category theory discussed
in §A.2, including those of categories, functors, natural transformations, and (co-)
monads.

We let Set denote the category with sets as objects and functions as morphisms;
endofunctors on this category will simply be called set functors. The most
important set functor that we shall use is the covariant power set functor P, which
is in fact (part) of a monad (P, u,n), with nx : X — P(X) denoting the singleton
map 7x : « — {z}, and px : PPX — PX denoting union, ux(A) :=J.A. The
contravariant power set functor will be denoted by p.

We will restrict our attention to set functors satisfying certain properties, of
which the first one is crucial. In order to define it, we need to recall the notion of a
(weak) pullback. Given two functions fy: Xo — X, f1 : Xi — X, a weak pullback
is a set P, together with two functions p; : P — X, such that fyopg = fi o p1,
and in addition, for every triple (@, qo, q1) also satisfying fy o go = f1 o ¢, there is
an arrow h : () — P such that ¢ = h o pg and gq; = h o pg, in a diagram:

\\pol J/ﬁ
X() — X
fo
For (P, po,p1) to be a pullback, we require in addition the arrow A to be unique.
A functor T preserves weak pullbacks if it transforms every weak pullback
(P, po, p1) for fy and fi into a weak pullback (T'P, T'po, T'py) for T'fy and T'f;. An
equivalent characterization is to require 1" to weakly preserve pullbacks, that is, to
turn pullbacks into weak pullbacks. In the next subsection we will see yet another,
and motivating, characterization of this property.

The second property that we will impose on our set functors is that of standard-
ness. Given two sets X and X' such that X C X', let tx x+ denote the inclusion
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map from X into X’. A weak pullback-preserving set functor T is standard if it
preserves inclusions, that is: Tvx x» = tpx rx for every inclusion map tx x.

5.2.1. REMARK. Unfortunately the definition of standardness is not uniform
throughout the literature. Our definition of standardness is taken from Moss [71],
while for instance Addmek & Trnkova [4] have an additional condition involving
so-called distinguished points. Fortunately, the two definitions are equivalent in
case the functor preserves weak pullbacks, see Kupke [65, Lemma A.2.12].

The restriction to standard functors is not essential, since every set functor
is ‘almost standard’ [4, Theorem II1.4.5]: given an arbitrary set functor T, we
may find a standard set functor 7" such that the restriction of T and 1" to all
non-empty sets and non-empty functions are naturally isomorphic.

Finally, we shall require that our functors are determined by their behaviour
on finite sets. Call a standard set functor 1" finitary if TX = ({TX' | X' C, X}.
Our focus on finitary functors is not so much a restriction as a convenient way
to express the fact that we are interested in the finitary version of an arbitrary
set functor, in the sense that P, is the finitary version of P. Generally, we may
define, for a standard functor 7', the functor 7;, that on objects X is defined by
T.X = {TX'| X' C X}, while on arrows f we simply put 7,,f :=T'f.

5.2.2. CONVENTION. Throughout this chapter we will assume that 7 is a finitary,
standard endofunctor on Set that preserves weak pullbacks.

Many set functors satisfy the conditions listed in Convention 5.2.2, guaranteeing
a wide scope for the results in this chapter.

5.2.3. EXaAMPLE. The identity functor Id, the finitary power set functor P,,, and,
for each set @, the constant functor Cg (given by CoX = @ and Cpf =idg) are
standard, finitary, and preserve weak pullbacks.

For a slightly more involved example, consider the finitary multiset functor
M,,. This functor takes a set X to the collection M, X of maps p: X — N of
finite support (that is, for which the set Supp(p) := {z € X | u(z) > 0} is finite),
while its action on arrows is defined as follows. Given an arrow f: X — X’ and a
map p € M, X, we define (M, f)(n) : X’ — N by putting

M f) () (') =Y {n(@) | flx) =a'}.

With this definition, the functor is not standard, but we may ‘standardize’ it
by representing any map p : X — N of finite support by its ‘support graph’
{(z, pzx) | px > 0}. As a variant of M, consider the finitary probability functor
D, where D, X = {6 : X — [0,1] | Supp(6) is finite and ) _, 0(x) = 1}, while
the action of D, on arrows is just like that of M,,.
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Perhaps more importantly, the class of finitary, standard functors that preserve
weak pullbacks is closed under the following operations: composition (o) , product
(x), co-product (+), and exponentiation with respect to some set D ((-)P). As a
corollary, inductively define the following class FKPF, of extended finitary Kripke
polynomial functors:

T:u=1d|P,|Cq| M,| D, |TooT | To+T: | To x Ty | T”.

Then each extended Kripke polynomial functor falls in the scope of the work in
this chapter.

As running examples in this chapter we will often take the binary tree functor
B = Id x Id, and the finitary power set functor P,,.

An interesting result of standard functors is that they preserve finite inter-
sections [4, Theorem I11.4.6]: T(X NY) =TX NTY. As a consequence, if T is
finitary, for any object £ € T X we may define

Basek (¢) = ({X' € Pu(X) | £ € TX'},

and show that Base’ (€) is the smallest set X such that & € TX [90]. In fact, the
base maps provide a natural transformation Base : T — P,,; for referencing we
will mention this fact explicitly in the next section.

To facilitate the reasoning in this chapter, which will involve objects of various
different types, we use a variable naming convention.

5.2.4. CONVENTION. Let X be a set and let T": Set — Set be a functor. We
use the following naming convention:

Set Elements
X a,b,...,x,y,...

TX a,0,...

PX AB,...
PTX T A,..
TPX &0

5.2.3 Relation lifting

In §5.1, we mentioned that coalgebraic modal logic using the cover modality, as
introduced by Moss, crucially uses relation lifting, both for its syntax and semantics.
Relation lifting is a technique which allows one to extend a functor 7': Set — Set
defined on the category of sets (satisfying the conditions of Convention 5.2.2) to
a functor T: Rel — Rel on the category of sets and relations in a natural way.
In this subsection we will introduce some of the basic facts and definitions about
relation lifting.
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Let T' be a set functor. Given two sets X and X ', and a binary relation R
between X and X', we define the lifted relation T(R) C TX x TX' as follows:

T(R) = A{((T7)(p).(Tx')(p)) | p € TR},

where 7 : R — X and 7/ : R — X’ are the projection functions given by
m(x,2') = x and 7'(x,2') = 2’. In a diagram:

’

X~—"—R—F—X'

TR L TX

In other words, we apply the functor 7' to the relation R, seen as a span

X<"—R -, X', and define TR as the image of TR under the product map
(T'm, Tr') obtained from the lifted projection maps T'm and T'7’.
Let us first see some concrete examples.

5.2.5. EXAMPLE. Fix a relation R C X x X’. For the identity and constanct
functors, we find, respectively:

IR = R
CoR = Ag.

The relation lifting associated with the power set functor P can be defined
concretely as follows:

PR={(A,A) € PX x PX"|Va € A3d € A.aRa’ and Va' € A'Ja € A.aRd'}.

This relation is known under many names, of which we mention that of the
Eqgli-Milner lifting of R. For any standard, weak pullback preserving functor 7'
it can be shown that the lifting of T, agrees with that of 7', in the sense that
T,R=TRN (T, X x T,X"). From this it follows that

forall Aec T, X, A eT,X': AP,R A iff APR A,

and for this reason, we shall write PR rather than P, R.
Relation lifting for the finitary multiset functor is slightly more involved: given
two maps € M, X, ' € M, X', we put u M,R p' iff

there is some map p : R — N such that Vo € X.> {p(z,2') |2/ € X'} =1
and Vz' € X' > {p(z,2') |z € X} = 1.
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The definition of D, is similar.
Finally, relation lifting interacts well with various operations on functors [52].
In particular, we have

TooThR = To(T\R)

To+T'R = ToRUT.R

Tox TR = {((50751)7 (&, €)1 (&,&) € Ty, for i € {0, 1}}
TPR = {(p,¢") | (¢(d),¢'(d) € TR for all d € D}

5.2.6. REMARK. Strictly speaking, the definition of the relation lifting of a given
relation R depends on the type of the relation, i.e. given sets X, X', Y, Y’ such
that RC X x X’ and R C Y x Y’, it matters whether we look at R as a relation
from X to X’ or as a relation from Y to Y’. We have avoided this potential source
of ambiguity by requiring the functor 7" to be standard, see also Fact 5.2.7(6).

Relation lifting has a number of properties that we will use throughout the
chapter. It can be shown that relation lifting interacts well with the operation of
taking the graph of a function f: X — X’ and with most operations on binary
relations. Most of the properties below are easy to establish — we refer to [67] for
proofs.

5.2.7. FACT. Let T be a set functor. Then the relation lifting T satisfies the
following properties, for all functions f : X — X', all relations R, S C X x X',
and all subsets Y C X, Y' C X':

1. T extends T: T(Grf) = Gr(Tf);

2. T preserves the diagonal: T(Ax) = Arx;

3. T commutes with relation converse: T(R') = (TR)’;
4. T is monotone: if R C S then T(R) C T(S);
5

. T distributes over composition: T(R;S) =T(R);T(S), if T preserves weak
pullbacks.

6. T commutes with restriction: T(R|yxy') = TRlryxry, if T is standard
and preserves weak pullbacks.

Fact 5.2.7(5) plays a key role in our work. In fact, distributivity of T over
relation composition is equivalent to T preserving weak-pullbacks; the proof of
this equivalence goes back to Trnkové [88].

Many proofs in this chapter will be based on Fact 5.2.7, and we will not always
provide all technical details. In the lemma below we have isolated some facts that
will be used a number of times; the proof may serve as a sample of an argument
using properties of relation lifting.
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5.2.8. LEMMA. Let X,Y be sets, let f,g: X — Y be two functions and let
RCXxX and S CY xY be relations.

1. If (X, R) is a pre-order, then so is (TX,TR).
2. If f(x) S g(x) for all x € X, then Tf(a) TS Tg(a) for all o« € TX.

3. If x R y implies f(x) S g(y) for all z,y € X, then a TR 3 implies
(THaTS (Tg)p for all a,f € TX.

Proof For part 1, observe that (X, R) is a pre-order iff Ax C Rand R; R C R.
Hence, if (X, R) is a pre-order, it follows from Fact 5.2.7(2,4) that Aqx = TAx C
TR, and from Fact 5.2.7(5,4) that TR ; TR = T(R ; R) C TR, implying that
(TX,TR) is a pre-order as well.

For part 2, observe that the antecedent can be succinctly expressed as

(Grf); Grg C S.
Then it follows by the properties of relation lifting that
(GrTf) ; GrTg = (T(Grf)); T(Grg) (Fact 5.2.7(1)
T((Grf));T(Grg) (Fact 5.2.7(3)
=T((Grf)’; Grg) (Fact 5.2.7(5)
TS (Fact 5.2.7(4))

)
)
)

But the inclusion (GrTf)”; GrTg C TS is just another way of stating the
conclusion of part 2.
For part 3, we reformulate the statement of its antecedent as

(Grf);R; Grg C S.

On the basis of this we may reason, via a completely analogous argument to the
one just given, that -
(GrTf);TR; GrTg C TS,

which is equivalent way of phrasing the conclusion of part 3. |

Relation lifting interacts with the map Base as follows:

5.2.9. Fact ([67]). Let T be a standard, finitary, weak pullback-preserving func-
tor.

1. Base is a natural transformation Base : T — P,. That is, given a map
f: X — X' the following diagram commutes:

Tx BaseXPwX

| I
Basey.,
TX/ —_— PwX/
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2. Given a relation R C X xz(’ and elements o € TX, 8 € TY, it follows
from a TR (3 that Base(a) PR Base([3).

An interesting relation to which we shall apply relation lifting is the membership
relation €. If needed, we will denote the membership relation restricted to a given
set X by the relation ex C X x PX. Given a set X and & € TPX, we define

Mo (@) ={aeTX |aTey ®}.

Elements of AT (®) will be called lifted members of ®. B
Properties of AT are intimately related to those of T

5.2.10. FacT ([67]). The collection of maps Nk forms a distributive law with
respect to both the co- and the contravariant power set functor. That is, AT
provides two natural transformations, \T: TP — PT, and \T : TP — PT.

5.2.11. REMARK. Rather than just a distributive law with respect to the functor
P, \I' is a distributive law over the monad (P, u,n), in the sense of being also
compatible with the unit 1 and the multiplication p of P, as given by the following
two diagrams:

Tnx Abx PXX
TX —TPX TPPX — PTPX —= PPTX
S o I
PTX TPX 1% PTX
X

In the terminology of [82], (T, AT) is a monad opfunctor from the monad P to
itself, and there is a one-one correspondence between the monad opfunctors and
the functors T" equipped with extensions to endofunctors on the Kleisli category
KI1(M) associated with M. (The explicit results in [82], using the 2-functor Algc,
are in terms of monad functors and extensions to the category of Eilenberg-Moore
algebras. The results for monad opfunctors and the Kleisli category are dual.) Note
that the Kleisli category of the power set monad is (isomorphic to) the category
Rel with sets as objects, and binary relations as arrows. The correspondence
mentioned then links the natural transformation A\’ to the notion of relation lifting
T.

5.2.12. LEMMA. Let T be a standard, finitary, weak pullback-preserving functor.
Let X be some set and let ® € TPX.

1. If & € Base(®) then \1'(®) = @.
2. If Base(®) consists of singletons only, then \T(®) is a singleton.

3. If T maps finite sets to finite sets, then for all ® € TP, X, |\NT(®)] < w.
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Proof For part 1, suppose that « is a lifted member of ®; then it follows
by Fact 5.2.9 that Base(a) P€ Base(®). But from this it would follow, if
@ € Base(®), that Base(a) contains a member of &, which is clearly impossible.
Consequently, then AT (®) is empty.

For part 2, observe that another way of saying that Base(®) consists of
singletons only, is that ® € T'Sx. Let 0x : Sx — X be the inverse of 7y, that
is, f0x is the bijection mapping a singleton {z} to z. Clearly then, the map
TOx : TX — TSx is a bijection as well. In addition, we have (Grfx)” = €x, from
which it follows by Fact 5.2.7 that (GrT6x)” = T€. From this it is immediate
that if ® € T'Sx, then (T0x)(®P) is the unique lifted member of ®.

Finally, we consider part 3. Since T is finitary, & € T'P,X implies that
® € TP,Y for some finite set Y, and from this it follows that Base(®) C P,Y.
If « is a lifted member of @, then by Fact 5.2.9 we obtain Base(a) P€ Base(®),
and so in particular we find Base(«) C | Base(®) C Y. From this it follows that
M(®) C TY, and so by the assumption on 7" \T(®) must be finite. |

5.2.4 Frames and their presentations

A frame is a complete lattice in which finite meets distribute over arbitrary joins.
The signature of frames consists of arbitrary joins and finite meets, and it will
be convenient for us to include the top and bottom as well. Thus a frame will
usually be given as L = (L, \/, A, 0, 1), while we will often consider join and meet
as functions \/; : PL — L and A, : P,L — L. This enables us for instance to
define a frame homomorphism f : . — M as a map from L to M satisfying
foA=ANo(P,f)and fo\/ =\ o(Pf). By Fr we denote the category of
frames and frame homomorphisms. The initial frame (the lattice {0, 1} of truth
values) will be denoted as €2, and for a given frame L we will let !}, denote the
unique frame homomorphism from €2 to L, omitting the subscript if L is clear
from context.

The order relation <j, of a frame L is given by a <p bif a Ab = a (or,
equivalently, a V b = b). We can adjoin an implication operation to a frame L by
defining a — b := \/{c | a A ¢ < b}; this operation turns L into a Heyting algebra.
As a special case of implication we can consider the negation: —a := \/{c|aNc=
0}. Neither of these two operations is preserved by frame homomorphisms. A
subset S of IL is directed if for every sy, 51 € S there is an element s € S such that
S0, 81 < s. The join of a directed set S is often denoted as \/T S.

A frame presentation is a tuple (G | R) where G is a set of generators and
R C PP,G x PP,G is a set of relations. A presentation (G | R) presents a frame
L if there exists a function f: G — L which is compatible with R, i.e. such that

for all (t1,t2) € R, \/ AN(P.f)A=\/ A(P.f)B,

A€ty Beta

and for all frames M and functions g: G — M compatible with R, there is a unique
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frame homomorphism ¢’: . — M such that ¢'f = g. We call f the insertion of
generators (of G in IL).

5.2.13. FacT ([91], SECTION 4.4). Every frame presentation presents a frame.

The details of the proof of the above fact tell us how to construct a unique frame
given a presentation (G | R). Omitting these details of the construction, we denote
this unique frame by Fr(G | R). We will usually write \/;,.; AAi = V,c; AB;
instead of ({A4; |7 € I},{B; | j € J}) when specifying relations. In light of the fact
that a < biff aVb = b, we will also allow ourselves the liberty to specify inequalities
of the shape \/,.; A4i <V ,c; AB; as relations. It follows from the proof of Fact
5.2.13 that if f: G — Fr(G | R) is the insertion of generators, then every element
of Fr(G | R) can be written as \/,.; AP, fA for some {4, | i € I} € PP,G}; in
other words every element of Fr(G | R) can be written as an infinite disjunction
of finite conjunctions of generators.

We will now introduce flat site presentations for frames, which have as one
of their main advantages that they allow us to assume that an arbitrary element
of the frame being presented is an infinite disjunction of generators. A flat site
is a triple (X, C, <), where (X, C) is a pre-order and <9 C X x PX is a binary
relation such that for all b C a <y A, there exists B C |[AN |b such that b<g B. A
flat site (X, C, <) presents a frame L if there exists a function f: X — L such
that

f is order-preserving,

1< V(PX,

for all a,b € X, f(a) A f(b) < \/(Pf)(lan |b), and
for all a <9 A, f(a) < \(Pf)A

and for all frames Ml and all g: X — M satisfying the above two properties, there
exists a unique frame homomorphism ¢’: . — M such that ¢’ f = g. Specifically,

for all @ € L,
g'(a) = V{g(z) | f(z) < a}.

To put it another way, the frame presented by a flat site is

Fr(X,C,<) ~Fr(X| a<b (aCb),
a<VA (a<A),
1=VX
anNb=\{c|cCa,cCb}).

A suplattice is a complete \/-semilattice; accordingly, a suplattice homomorphism
is a map which preserves \/. A suplattice presentation is a triple (X, C, <) where
(X,C) is a preorder and <9 € X x PX. A suplattice presentation (X, LC, <)
presents a suplattice L if there exists a function f: X — L such that
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e f is order-preserving;
o forall a<gy A, f(a) < \/Pf(A);

and for all suplattices M and all functions ¢g: X — M respecting the above two
conditions, there exists a unique suplattice homomorphism ¢': . — M such that
g o f = g. Every suplattice presentation presents a suplattice [60, Prop. 2.5].
Now observe that every flat site can also be seen as a suplattice presentation with
an additional stability condition. Consequently, given a flat site (X, C, <), we
can generate two different objects with it: a frame Fr{X, C, <) and a suplattice
SupLat(X, C,<g). The Flat site Coverage Theorem tells us that these two objects
are in fact order isomorphic.

5.2.14. FAcT (TH. 5 OF [93]). Let (X,C, <o) be a flat site. Then Fr(X,C, <) ~
SupLat(X, C, <y).

We record the following consequences of the above fact. Suppose that (X, T, <p)
is a flat site which presents a frame L via f: X — L. Then

e cvery clement of L is of the shape \/Pf(A) for some A € PX;

e we can use (X, C, <) both to define suplattice homomorphisms and frame
homomorphisms.

5.2.5 Powerlocales via [ and ¢

We will now introduce the Vietoris powerlocale. In line with our generally algebraic
approach we shall define it directly as a functor on the category of frames rather
than its opposite, the category of locales. In its full generality it originates (as
the “Vietoris construction”) in Johnstone [55], with some earlier, more restricted
references in [54]. For locales it is a localic analogue of hyperspace (with Vietoris
topology). The points are (in bijection with) certain sublocales of the original
locale. For a full constructive description see [92].
Given a frame L, we first define L := L and Ly := L, and then

VL := Fr{Lo® Ly | Ol=1
O(a Ab) =0a ADOb
OV'A) = V! _,0a (A€ PL directed)
O(VA) = V,en0a (A€ PL)
Oa A Qb < O(aNDb)
O(aVbd) <OaV Ob

)

5.2.15. REMARK. We are abusing notation when specifying the relations in the
definition above. Strictly speaking, we have two maps, (0: Lg — VL for the
left copy of L and ¢: L, — VL for the right copy of L, so that the insertion of
generators is the map @ ¢: Lg® Lo — VL.
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Johnstone [55] shows that V' gives a monad on the category of locales, i.e. a
comonad on the category of frames. We shall not need the full strength of this
here, but some of the ingredients of the comonad structure are easy to check.

e V is functorial. If f: . — M is a frame homomorphism, then the function
(af) @ (Of): Lo @ Ly — VM is compatible with the relations in the
presentation of VI, so that there is a frame homomorphism V f: VIL. — VM
extending this map. It is also easy to show functoriality.

e The counit ip,: VIL — L is given by Ua +— a and Qa +— a. The comultiplica-
tion ur: VIL — VVL is given by Ua +— OOa and Qa — ¢Oa.

There are various relations between properties of L and of VL. [55] shows
that L is regular, completely regular, zero-dimensional or compact regular iff VIL
is, and also that if L is locally compact then so is VIL. The same paper also
mentions without proof that if I is compact then so is VL, referring to a proof
by transfinite induction similar to that used for the localic Tychonoff theorem in
[54]. The paper leaves open the converse question, of whether VIL being compact
implies that so is VIL. We shall give here a constructive (topos-valid) proof using
preframe techniques that L is compact iff VL is.

5.2.16. DEFINITION. A frame L (or, more properly, its locale) is compact if
whenever 1 < \/ZT a; then 1 < a; for some 1.

The following constructive proof, as proposed by Steve Vickers, is a routine
application of the techniques in [56].

5.2.17. THEOREM. L is compact iff VL is.

Proof =-: L is compact iff the function . — €2 that maps a € L to the truth
value of a = 1 is a preframe homomorphism, i.e. preserves finite meets and
directed joins. This function is characterized by being right adjoint to the unique
frame homomorphism ! : 2 — IL and so to prove compactness it suffices to define
a preframe homomorphism L. — €2 and show that it is right adjoint to !. If L is
presented — as a frame — by generators and relations, then the “preframe coverage
theorem” of [56] shows how to derive a presentation as preframe, which can then
be used for defining preframe homomorphisms from L. The strategy is to generate
a V-semilattice from the generators, and add relations to ensure a V-stability
condition analogous to the A-stability used in Johnstone’s coverage theorem [54].



156 Chapter 5. Coalgebraic modal logic in point-free topology

Our first step is to apply the preframe coverage theorem to derive a preframe
presentation of VIL. We show

VL = Fr(P,L xL (qua V -semilattice) |
1< (yU{1}.d)
(yU{a},d) A(yU{b},d) < (yU{aAb},d)
(vU{V'4},d) < Viea(y Ufa},d) (A directed)
(v, V'Avd) <V!_,(v,avd) (A directed)
(yU{a}k,d) A(v,0Vd) < (7,(anb)Vd)
(yU{aVvb},d) < (yU{a},bVvd)
).
The V-semilattice structure on P,LL x L is the product structure from U on P_L
and V on L. The homomorphisms between the frame presented above and VIL
are given by

Oa — ({a},0), ¢a— (0,a)
(v,d) — \/ OcVv 0d.

The relations shown are V-stable, so the preframe coverage shows that
VL = PreFr(P,L x L (qua poset) | same relations as above ).
We can now define a preframe homomorphism ¢ : VIL — € by
o(v,d)=3ce€vy.cvd=1.

To motivate this, we want criteria for \/ . ,bev Od = 1, and intuitively this means
that for every sublocale K corresponding to a point of VL either K is included
in some ¢ € v or K and d overlap. Taking K to be the closed complement of d,
we get the given condition. This is not a rigorous argument, since that closed
complement is not necessarily a point of VIL. However, the rest of our argument
validates the choice. The relations in the preframe presentation of VIL are largely
easy to check. We shall just mention the penultimate one. Suppose (v U {a},d)
and (v, bV d) are both mapped to 1. We have either some ¢ € v with ¢V d = 1,
in which case ¢V (a Ab) Vd =1, or we have a Vd = 1 and in addition some ¢ € ~
with ¢ VbV d=1. In this latter case ¢ V (a Ab) Vd=1.

Next we show that ¢ is right adjoint to ! : 2 — VL, the unique frame
homomorphism defined by

)=V At lpk =V (0ot
We must show o(1(p)) > p and (g (7.d)) < (7.d).
o) = (V' {0y u (1] p})
= 0(0,0) v \/ {#({1,0) | p} > p
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since if p holds then the disjuncts include ¢({1},0) = 1. For the other inequality,
we must show that

\VA{1le(y.d)} < (v.d).

If ¢(v,d) holds true then ¢V d =1 for some ¢ € 7, so

1=({1},0) = ({eVd},0) < ({¢},d) < (7,d).

«: Suppose in L we have 1 = \/! a;. Then in VI we have 1 = 01 = \/! g,
and so 1 = [a; for some 7. Applying i to both sides gives 1 = a;. |

5.3 The T-powerlocale construction

In this section we arrive at the main conceptual contribution of this chapter.
Given a weak pullback-preserving, standard, finitary functor T': Set — Set, we
define its associated T-powerlocale functor V: Fr — Fr on the category of frames,
using the Carioca axioms for coalgebraic modal logic. This construction truly
generalizes the Vietoris powerlocale construction, because we will see that the
P,-powerlocale is isomorphic to the Vietoris powerlocale. The other two major
results in this section are the fact that one can lift a natural transformation
between transition functors p: T — T to a natural transformation p: Vy — Vo
going in the other direction, and the fact that T-powerlocales are join-generated by
their generators of the shape Va. We will establish the latter fact via the stronger
result by showing that V7L admits a flat site presentation. The fact that VL is
join-generated by its generators is not entirely surprising, since the Carioca axioms
were designed with the desirability of conjunction-free disjunctive normal forms in
mind [17]; however the precise mathematical formulation of this property, using
flat sites and suplattices, is an improvement over what was previously known.
This section is organized as follows. In §5.3.1 we introduce the T-powerlocale
construction on frames. In §5.3.2 we make technical observations about T-
powerlocales. In §5.3.3, we consider two instantiations of the T-powerlocale
construction, the most notable of which is the P -powerlocale which is isomorphic
to the classical Vietoris powerlocale. In §5.3.4 we extend the T-powerlocale con-
struction to a functor Vi on the category of frames, and we show how one can
lift natural transformations between set functors 7', 1" to natural transformations
between powerlocale functors Vi, V. We conclude this section with §5.3.5, in
which we show that the T-powerlocale construction admits a flat site presentation,
a corollary of which is that each element of VL has a disjunctive normal form.

5.3.1 Introducing the T-powerlocale

In this subsection, we will use the Carioca axioms for coalgebraic modal logic [17]
to define the T-powerlocale VL of a given frame IL using a frame presentation,
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i.e. using generators and relations. The generators of VL will be given by the
set T'L; in order to specify the relations we will use relation lifting (§5.2.3) and
slim redistributions, which we will introduce below. In addition, we will provide
an alternative presentation of VL, which does not use slim redistributions. From
a conceptual viewpoint, it is not immediately obvious which presentation of VL
should be taken as the primary definition. Our choice to use slim redistributions
in the primary definition is motivated by the existing literature [17, 66, 67].

5.3.1. DEFINITION. Let X be a set and let I' € P,7X. The set of all slim
redistributions of I' is defined as follows:

SRD(I") = {\If €TPh, (UverBase(’y)) |VyeTl,yTe \Il}

Intuitively, ¥ € TP, X is a slim redistribution of I' € P, T X if (i) ¥ is ‘obtained
from the material of I'’, that is:

veTP, (UWGFBase(fy)) ,

and (ii) every element of I is a lifted member of ¥, or equivalently, I' C AT().
We illustrate this with the motivating example of slim redistributions, namely
slim redistribution for the finite powerset functor.

5.3.2. EXAMPLE. Recall from Example 5.2.5 that if R C X x Y is a relation
then P,R C P,X x P,Y can be characterized as follows:

aP,RBiff Vo € a, Iy € 3, xRy and Vy € 8, Iz € o, T Ry.

In particular, for € € X x PX we get a P, € T'iff a CJl and ¥y €T, v § «.
(Recall that v (§ @ means that v N« is inhabited.) For an order <, let us define
the upper, lower and convexr preorders on finite sets:

a<,fifaC|f,ieVeea, Jyep, x<y
a<yfif TaDp, ie Vyep drea, z<y
a<cpfita<,fand a <y .

Thus P, < is <¢.
Next, if a € P,S then

Base(a) =({S" € P,(S) |a C S} = a.
From this, if ' € P,P_,X then

SRD(I') ={¥ e P,P,(UD) |Vyel, yCUY and Vo € ¥, o () ) }
={VvePRP,(X)|UY=Ul'and Vy e I', Va € ¥, o () 7}.
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5.3.3. DEFINITION. Let T be a standard, finitary, weak pullback-preserving func-
tor. Let IL be a frame. We define the T-powerlocale of I
Vrl .= Fe(TL | (V1),(V2),(V3)),

where the relations are the Carioca axioms [17]:

(V1) Va < V3, (a T< f)
(V2) AperVa < V{V(TA)Y | ¥ e SRD(I)}, ('€ P,TL)
(V3) V(T\V)® < \{V3|BTe ®}, (® € TPL)

5.3.4. REMARK. To be precise, we assume that V: T'L — VL is the insertion
of generators, so when specifying the relations we should write e.g. o < 3 instead
of Va < V3. The way we have specified the relations above is more consistent
with [17].

We will discuss the instantiation of these axioms for 7' = P, in some more detail
in §5.3.3.

We will now present a very useful equivalent definition of VrIL. The crucial
observation behind the alternative definition of VL is the following technical
lemma, which characterizes the slim redistributions of a given finite subset I' of
(T'L,T<) as the maximal lower bounds of I'. Observe that the lemma also holds
in case I' = ().

5.3.5. LEMMA. Let L be a meet-semilattice (e.g., a frame) and let I' € P,TL.
Then for any o € T'L, the following are equivalent:

(a) o € TL is a lower bound of T', that is, « T< ~y for all v € T';
(b) a T< (TN\)® for some ® € SRD(T).
In particular, if ® € SRD(T) then (T\)® T< 7 for all y € T.
Proof Recall that
SRD(T) := {\11 e TP (UverBase(7)> ITC /\T(\If)} .

For the implication from (b) to (a), observe that for any a € L and A € P, L,
we have that a € A implies that AA < a. By Fact 5.2.7 it follows that for all
vy €TL and ¥ € TP,L, if y T€ ¥ then TA(¥) T< ~. Now suppose that ¥ is a
slim redistribution of I'. Then I' C AT(W¥), and so (T'A\)¥ is a T<-lower bound of
I'. From this the implication (b) = (a) is immediate.

For the oppositie implication, take o € TL such that Vy € ', o T< #.
Then by Fact 5.2.9, we obtain Base(a) P< Base(y) for all ¥ € I'. Abbreviate
C =, crBase(y), and define f: Base(a) — PC as follows:

fra—T,anC,
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that is: f(a) = {c € C|a <c¢}. Then Tf is a function
Tf: TBase(a) — TPC.

We claim that ¥ := T'f(a) is an element of SRD(T') and that o T< T \(¥). For
the first claim, since ® € TPC, all we need to show is that I' C AT (¥), i.e. that
for all v € T', v T€ U. So suppose that v € I'; then by assumption, o T< 7, so
Base(a) P< Base(v). It follows from the definition of f that for all b € Base(y),
and all a € Base(«), if a < b then b € f(a). It follows by Fact 5.2.7 that

V6 € T'Base(a), V3 € TBase(y), § T< 3= BTe Tf(9).

So in particular, since a € T Base(a), v € TBase(y) and o T< +, we see that
v Te Tf(a) = ¥. Since v € T was arbitrary, it follows that I' C A\T().
Consequently, ¥ € SRD(T"), as we wanted to show.

For the second claim, i.e. that a T< TA(¥), it suffices to observe that
a < A\f(a) for all a € Base(a), so by Fact 5.2.7,

V6 € TBase(a), d T< TN\ oTf(6).

Since o € T'Base(a) and ¥ = T f(a), we get that a T< TA o Tf(a) = TA(P).
|

5.3.6. COROLLARY. Let L be a frame. Then
VrL ~ F(TL | (V1),(V2),(V3)),

where the relations are as follows:

(V1) Va<Vp, (aT<P)
(V2) AerVy<V{Va|VyeTl, aT<~v}, (I'eP,TL)
(V3) V(IV)e < V{V3|BTe o}, (®eTPL)
Proof Observe that the only difference between Fr(T'L | (V1),(V2'),(V3)) and

the original definition of V7L is that we replaced (V2),
(V2) AperVo < VIV(TA)Y | W € SRD(I)}, (I € P.TL)

with (V2'). The equivalence of these two relations is an immediate corollary of
Lemma 5.3.5: take any I' € T'P, L, then

VAVTAW) [ ¥ € SRD(T)}
=\/{Va |3V € SRD(T), a T< VTA(¥)} by order theory and (V1),
=\V{Va|Vyerl,aT<~} by Lemma 5.3.5.

It follows that VrIL ~ Fr(T'L | (V1),(V2),(V3)). |}

5.3.7. REMARK. We will see later that both axioms (V2) and (V2') are equally
useful. It seems that (V2') has not been studied before in the literature on
coalgebraic modal logic via the V-modality [73, 17, 62, 67].
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5.3.2 Basic properties of the T-powerlocale

In this subsection we make some technical observations about slim redistributions
and about the structure of the T-powerlocale. We start with two facts on slim
redistributions.

5.3.8. LEMMA. SRD (o) =T{o}.

Proof If ® is a slim redistribution of the empty set, then by definition ® €
TP,(@) =T{@}. Conversely, any ® € T{@} satisfies the condition that @& C
M(®), and so ® € SRD(2). |

The following Lemma plays an essential role when defining Vr on frame
homomorphisms, rather than just on frames. It is of crucial use when showing
that if f: L — M is a frame homomorphism, then Vi f: VL — VM preserves
conjunctions, as we will see in §5.3.4.

5.3.9. LEMMA. Let X,Y be sets and let f: X — Y be a function; letI' € P,TX.
Then the restriction of TP, f: TP,X — TF,Y to SRD(T") is a surjection onto
SRD(P,TfT).

Proof Let X,Y, f and I' be as in the statement of the Lemma, and abbreviate
I'":= (R,THI, C := ., Base(y) and C" := | Base(y'). Then an easy

calculation shows that

vyer v el

C' = U Base(Tf)(7) (definition of T")
yel’

= U (Pf)Base(y) (Base is natural transformation)
vel

= (Pf)(C) (elementary set theory)

We will first show that T'P,,f maps slim redistributions of I to slim redistribu-
tions of I". For that purpose, take an arbitrary element ® € SRD(T"), and write
¢ = (TP, f)®. We claim that ® € SRD(I"), and first show that

® € TP,C, (5.1)

or equivalently, that Base®’ C P,C’. To prove this inclusion, take an arbitrary
set A" € Base(®'). Since by Fact 5.2.9, Base(®') = (P, P, f)(Base(®), this means
that A’ must be of the form (P, f)(A) for some A € Base(®). In particular, A’
must be a subset of (P, f)(|J Base(®)). Also, because ® is a slim redistribution
of I', by definition we have Base(®) C P,C, and so |J Base(®) C |JC. From this
it follows that A" C (Pf)(|J Base(®)) C (Pf)(UC) = ", as required.
Second, we claim that
' C AT (®). (5.2)
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To prove this, take an arbitrary element of IV, say, (1f)y for some v € I'. We
have v T€ ® by the assumption that ® € SRD(T'). But then, since a € A
implies fa € (P,f)A for any a € C' and A C C, it follows by Lemma 5.2.8 that
v = (Tf)yTe (TP,f)(®) = . This means that v is a lifted member of &', as
required.

Clearly, the claims (5.1) and (5.2) above suffice to prove that ® € SRD(I"),
which means that indeed, T'P, f maps slim redistributions of I" to slim redistribu-
tions of I".

Thus it is left to prove that every slim redistribution of I is of the form
(TP, f)® for some slim redistribution ® of I'. Take an arbitrary ® € SRD(I"),
and recall that P denotes the contravariant power set functor. Restrict f to
the map f~ : C' — C’, which means that Pf~ : P,C" — P,C. It follows that
TPf~ : TP,C' — TP,C, so that we may define ® := (Tpf_)CI)’, and obtain
® € TP,C. Hence, in order to prove that

® € SRD(T), (5.3)

it suffices to show that T' C AT(®). But this is an immediate consequence of the
fact that AT is a distributive law of T over P (Fact 5.2.10), since for an arbitrary
~v € I' we may reason as follows. From ~ € I' it follows by definition of " that
(Tf7)(y) = (Tf)(~y) belongs to I". Since I C AL (®) by assumption, by definition
of P we find that v € (PTf)AL(¥). But by AT : TP — PT we know that
(PTHNL(W) = AL(TPf)(T) = A% (®). Thus we find v € AT(®), as required.

Finally, observe that f~ : C' — (" is surjective, so that it follows by properties
of the co- and contravariant power set functors that P,f~ o P f~ =1idp,¢r. From
this it is immediate by functoriality of T" that

' = (TP,f~ oTPf )& = (TP,f )® = (TP,f)®.
This finishes the proof of the Lemma. |

In the following lemma we gather some basic observations on the frame structure
of the T-powerlocale. These facts generalize results from [67] to our geometrical
setting.

5.3.10. LEMMA. Let T be a standard, finitary, weak pullback-preserving functor
and let I be a frame.

1. If o« € TL is such that O, € Base(a), then Va = Oy,L.

2. If A C L is such that a Nb =0 for alla #b in A, then Va AV = Oy,
for all a # 3 in TA.

3. If there is no relation R such that o TR 3, then Va AV 3 = Ov,L-

4o Lyn = \V{Vy |y € T{1L}}.
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5. For any A C L such that 1, = \/ A, we have 1y, = \/[{Va | a € TA}.

Proof For part 1, let @« € T'L be such that Oy, € Base(«). Consider the map

f: L — PL given by
L @ if a= OL,
fla):= { {a} ifa > 0p.

Then id;, = \/ of, so that idy;, = (T'\/) o (T'f) by functoriality of T'. In particular,
we obtain that o = (T'\/)(T'f)(«), so that we may calculate

Va=\/ {w | BTe (T f)(a)} (axiom V2)
<\/ {vg | Base(8) Pe Base((T f)(a))} (Fact 5.2.9)

=\/0 (1)

= Oy,

In order to justify the remaining step (1) in this calculation, observe that it
follows from the naturality of Base (Fact 5.2.9(1)) that

Base((T'f)(a)) = (Pf)(Base(a)),

and so by the assumption that 0, € Base(«) we obtain ) € Base((Tf)(«)). Now
suppose for contradiction that there is some B C L such that B P€ Base((Tf)()).
Then by definition of P there is a b € B such that b € (), which provides the
desired contradiction. This proves (), and finishes the proof of part 1.

For part 2, let A C L be such that a A b= 0, for all a # b in A, and take two
distinct elements «, 5 € T'A. In order to prove that Va A V3 = Oy,.1, it suffices
by axiom (V2) to show that

V(TN)(®) =0y, forall ® € SRD{a, 3}. (5.4)

Take an arbitrary slim redistribution ® of {«, 8}, then by Fact 5.2.12, Base(®)
contains a set Ay C,, A of size > 1. Define the map d : Base(®) — P,(A)U{{1L}}
by putting:

0 if |B| > 1,

d(B):=<¢ B if |B] =1,

{1} if |B|=0.
It is straightforward to verify from the assumptions on A and the definition of d,
that A\ B < \/d(B), for each B € Base(®). Hence it follows by Fact 5.2.7 that
(T N\)(®) T< (TV)(Td)(®), so that by axiom (V1) we may conclude that

V(TA)(®@) < V(TV)(Td)(P) (5.5)

Finally, it follows from the naturality of Base (Fact 5.2.9(1)) that Base(T'd)(®) =
(Pd)(Base(®)). Consequently, for the set Ay € Base(®) satisfying |Ag| > 1, we
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find 0 = d(Ay) € Base(Td)(®), and then 0, = \/ @ € (P\/)Base(Td)(®) =
Base(T'\/)(Td)(®). Thus by part (1) of this lemma it follows that

V(TV)(Td)(®) = OvyL- (5.6)

This finishes the proof of part 2, since (5.4) is immediate on the basis of (5.5)
and (5.6).

In order to prove part 3, suppose that o, 5 € T'L are not linked by any lifted
relation. Consider the (unique) map

f:L— {1},

and define o/ := (T'f)a, ' := (T'f)(B). Suppose for contradiction that o/ = §'.
Then we would find o T((Grf)”; Grf) 3, contradicting the assumption on « and
3. Tt follows that o/ and (3 are distinct, and so by part (2) of this lemma (with
A ={1p}), we may infer that Va/ A V3’ = Oy,. This means that we are done,
since it follows from Grf C < and the definitions of ¢/, #, that o T< o/ and
B T< [, and from this we obtain by (V1) that

Va AV < Vo AVE < Oy,

For part 4, we reason as follows:

Ly = \/{V(TA)(®) | @ € SRD()}, (axiom (V2) with A = ()
=\{V(TA)(@) | @ T{0}} (Fact 5.3.8)
=\/{v~ | ye T{lL}} (1)

where the last step () is justified by the observation that, since the map A :
P,L — L restricts to a bijection A : {0} — {1}, its lifting restricts to a bijection

Finally, we turn to the proof of part 5. Let A C L be such that 1, = \/ A, and
consider an arbitrary element ® € T{A}. We claim that

A (®) C TA. (5.7)

To see this, take an arbitrary lifted element a of ®. It follows from a Te &
that Base(a) P€ Base(®). In particular, each a € Base(a) must belong to some
B € Base(®) C {A}. In other words, Base(a) C A, which is equivalent to saying
that o € T'A. This proves (5.7).

By (5.7) and axiom (V3) we obtain

V(TV)(®) < \/{Va|a e TA}. (5.8)
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Now we reason as follows:

ly,L = \/{Va | e T{1L}} (part 4)
=\/{V(TV)(@) | @ € T{A}} (+)
<\/{Va|aeTA} (5.8)

To justify the second step (x), observe that if we restrict the map \/ : PL — L to
the bijection \/ : {A} — {1L}, as its lifting we obtain a bijection T"\/ : T{A} —
{1} 1

5.3.3 Two examples of the T-powerlocale construction

In this subsection we will discuss two examples of T-powerlocales. First, we
discuss the somewhat trivial example of the Id-powerlocale. After that, we will
discuss the defining example of T-powerlocales, namely the P, -powerlocale, which
is isomorphic to the classical Vietoris powerlocale.

5.3.11. EXAMPLE. Let Id: Set — Set be the identity functor on the category of
sets. Then for all frames L, Vi4lL ~ L.

First recall from Example 5.2.5 that for any relation R C X x Y, IdR = R.
Moreover, if A € Id P,L = P, L, then it is straightforward to verify that

SRD(A) = {0 € P,(U,_,{c}) | Yc € A,c € U}
— {A).

Consequently, the V-relations reduce to the following in case T = Id:

(V1) Va < Vb, (a <b)
(V2) AyeaVa < VAA, (Ae P,L)
(V3) VVA<S\V{Vb|be A}. (Ae PL)

The identity id;: L — L obviously satisfies (V1), (V2) and (V3). Moreover if we
have a frame M and a function f: L — M which is compatible with (V1), (V2)
and (V3), then it is easy to see that f is in fact a frame homomorphism L — M.
By the universal property of frame presentations, it follows that Vgl ~ L.

We now turn to the P -powerlocale. Recall from Example 5.2.3 that P, : Set —
Set, the covariant finite power set functor, is indeed standard, weak pullback-
preserving and finitary. We will now show that the P,-powerlocale is the Vietoris
powerlocale. The equivalence of the V axioms and the [J, ¢ axioms on distributive
lattices is already known from the work of Palmigiano & Venema [73]; what is
different here is that we consider infinite joins rather than only finite joins.
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We will use the presentation using (V1), (V2') and (V3) as our point of
departure. Recall that for all o, 5 € P,L,

agLﬁifaglﬁa
OlSUBifTOZQﬁ,
a<cpfifa<yfand a <y f.

By Example 5.3.2, two of the relations presenting Vp 1L thus become

(V2) Aer Vy <V{Va|Vvyel, a<cn}
(V3) V{Va|laecd} <\/{Vp|pseP,(UP) and Va € ¢, o () 5}

5.3.12. LEMMA. We consider the presentation of Vp L.
1. In the presence of (V1), the relation (V2') can be replaced by
(V2.0) 1<V{VB|fe L}
(V22) Vyi AV <V{VB|B<cm, B <c e}

2. In the presence of (V1) and (V2) (or its equivalent formulations), the
relation (V3) can be replaced by

(V3.1) v (7 V! 5}) <V {V(Uu{a))|aeS) (S directed)
(V3.0) V(yUu{0})<0
(V3.2) V(yU{a Vas}) <V (yU{a})VV(yUfas})VV(yU{a,as})

Proof (1) (V2.0) and (V2.2) are special cases of (V2'), when I' is empty or a
doubleton. To show that they imply (V2') is an induction on the number of
elements needed to enumerate the finite set I'.

(2) Each of the replacement relations is a special case of (V3) in which all
except one of the elements of ® are singletons. We now show that they are
sufficient to imply (V3). First, we show for any finite S that

V(yU{\/S}) <\/{V(7Ua) |0 #ac P.S}.

We use induction on the length of a finite enumeration of S. The base case, S
empty, is (V3.0). Now suppose S = {a} U S’. Then

\Y (7 u{\/ 5}>
= <7U{a\/\/5’}>
<V (Uu{a) vV (yuV/ 1) vV ((ulah ui\/ s by (V3.2))
<V Uu{a) vV (Ua) [0 £ € RS’}
VVAV(yUu{atua) |0+ € PS5} (by induction)
=\{V(yua)|0+#acPS}.
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Now we can use (V3.7) to relax the finiteness condition on S, since for an arbitrary
S we have

v (yuiVsy) =v<7u{\/T{\/so | Sye RS} )
<\ {v (vu{Vsu})Isne r.s}.

Finally, we can use induction on the length of a finite enumeration of ® to
deduce (V3). More precisely, one shows by induction on n that

v (yuiV sV Sa)
S\/{V(WUa)]@#aePw <OSZ> andW,a{}Si}.

5.3.13. REMARK. Relation (V2.0) can be weakened even further, to
1< V0V V{l}.

For if § is non-empty then § <o {1}. From (V2.2) we can also deduce that
VO AV{1} =0, giving that V() and V{1} are clopen complements.

5.3.14. LEMMA. In VL we have, for any S C L,

D(\/S):\/{D(\/a>A/\<>a|aePws}.

aco

Proof > is immediate. For <, first note that since \/S is a directed join
\/LGPWS \/ «, we have OO (\/S) < VLePwS O (V «) and thus we reduce to the case
where S' is finite. We show that for every o, 3 € P,S we have

0 (\/ aV \/ﬁ) A /\ ¢a < RHS in statement,

aco

after which the result follows by taking 8 = S and a = (). We use P,_-induction on
0, effectively an induction on the length of an enumeration of its elements. The
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base case, = 0, is trivial. For the induction step, suppose 3 = 3 U {b}. Then

D(\/a\/\/ﬁ)A/\Oa

aca

:El(\/a\/bv\/ﬁ')/\/\Oa

aco

:D<\/a\/b\/\/ﬁ’>/\/\<>a/\<D (\/a\/\/ﬁ’>v<>b>

aco

:(D(\/a\/\/ﬁ’>/\/\<>a>v D(\/(au{b})v\/ﬁ’)/\ /\ Oa

aca acaU{b}

< RHS, by induction.

|
5.3.15. THEOREM. Let L be a frame. Then VIL = Vp L.

Proof First we define a frame homomorphism ¢ : Vp L. — VL by ¢(Va) =
O(Va) A AeoOa. We must check that this respects the relations. For (V1),
suppose @ <¢ f. From a <y § and a < § we get A\, 0a < A,c500 and
Va < VB, giving o(Va) < (V).
For (V2.0), we have 1 =00V 1) =00V (OLA QL) = ¢ (VD) Vo (V{1}).
For (V2.2), ¢ (V1) A p (Vye) is
|:| (\/’yl) /\ /\cE’yl<>c /\ |:| (\/’}/2) /\ AC/E’YQOC/
= |:| (VVI /\ \/72> /\ /\CE’YI <>C /\ /\0’67200/
=0(V1n AV2) A Ay, O (e AV AVY2) A A, O (€ AV A V)
= |:| (Vﬁyl /\ \/ﬁ}/z) /\ /\CE’YIO (C /\ \/72) /\ /\c’E'yQ<> (C/ /\ \/’Yl)
=0 (\/CG,YI Vee,¢ A c’) A Neeryy Ve, O (€ NE) A NpeyyVeer, O (e A )

Redistributing the disjunctions of the (s, we find that each resulting disjunct is

of the form
- (vcew\/c'ewc A CI) A /\CRC’<> (eN Cl)

for some R € P, (71 X 72) such that v, P,R~,. Note that for any such R if we
define O = {c¢Ac' | cRc'} then we have Sr <¢ v; (i = 1,2). Now by Lemma 5.3.14
we see

O (\/CE’H vc’E’Yzc A C/) A /\CRC’<> (C A C/)

<SVAD Vo A ) A Aoy O (€A E) | R € P (3 % 72) }
VAT Voo A ) A Are® (e A ) | RC R € By (31 % 2)}
=V{e(VBr) |RC R € P,(m x 1)}
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and the result follows.
For (V3.7): the LHS is

N <\/fy\/ \/TS) A Ay 06 A0 (st>
=VH{O(Vrva) lae S} AV {A,0cAalac S}
:VT {D(Vv\/a)/\/\C@Oc/\Oa |a € S}

which is the RHS.
For (V3.0): the LHS is

OVyVO0)A A, OcA G0 =0.
For (V3.2): the LHS is

O(VyVaVaz) A /\CEWOC A (a1 V ag)

—vv{ (V) A Acisgan0¢1 B € P (vU {ar,a2}h)}
<\/V{s0 (BUYU{a}) | B € P (vU{ar,a0})}

= \/V{w (V) | yU{a;} C B € P,(vU{a,az})}
= (V(yU{a}) Ve (VyUia}) Ve (V(yUia,al)).

Next, we define the frame homomorphism ¢ : VIL. — Vp LL by
¥ (0a) =V{Va|a <, {a}} = VOV V{a}
U (0a) = V{Va|a<y{a}} =V{V(FU{a})| S e L}

(Observe that the expression for ¢ (Qa) could be simplified even further to V{1, a}.)
We check the relations. First, it is clear that 1 respects monotonicity of [J and ¢.
[] preserves directed joins:

¢ (0(Via)) = VoV V{Via} = V] (Ca)

[0 preserves top immediately from (V2.0).
[ preserves binary meets:

¥ (Oay) A (Qag) = VOV (V{ar } A Vi{as})
=VOVVA{VE| B <c{ar}, B <c {as}}
= VQ) V V{a1 VAN CLQ} = 'lb (D (a1 VAN CLQ)) .
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{ preserves joins:

V(O (VA) =V{V(BU{VA}) | B e P.L}
=\V{V({Ua)|peP,L0)#acP,A}

= Vaea VAV (BU{a}) [ B € PuL} = Voen(0a).

For the first mixed relation, and noting that VOAV (5 U {b}) < VOAV{1} =0,
we have:

W (Ba) A (0b) = Vgep,, (VO V V{a}) AV (BU{D})
= Vier, . V{a} AV (BU{b})
= VAV 138, v <c {a},7 <c BU{b}}
< Vpep,tV(BU{anb}) =4 (0 (anD)).

For the second:

(O (Vb)) = VOV Viavb)
= V0V V{a}V V{b}V V{a,b}
< ¢ (La) V1 (Ob)

since VOV V{a} = ¢ (Oa) and V{b} vV V{a,b} <1 (0b).

It remains to show that ¢ and ¢ are mutually inverse.
0 (¥ (da)) = (VOV V{a}) =00V (a A Qa) = Oa

since JOA Qa < O (0 Aa) =0.
Next, to show ¢ (¢ (Qa)) = Qa, we have

P (¥(00)) = Viepi (3 (VBV @) A AyesOb A Oa)
< Qa
=D(1Va) AOLA e = (V{La}) <o (¥ (00)).

Finally, to show ¥ (¢ (Va)) = Va, we have

Y (e (Va)) =9 (O (Va) A \e,0a)
= (VOVV{Va}) A NoeoVp,ep,V (BU{a}).

Now,

NacaVs,ep, .V (BU{a}) =V {Vy|Va € a, 33, € P,L, v <¢ fu U {a}}
= VAV |7 <va}.



5.3. The T-powerlocale construction 171

Also

VOANAVY v <vat =V{Vi|d<ch,d<va}
Va ifa=10
:{O if a ()

VAVa} AVAVY [y <va} =V{Vi|d <c{Va},i <y a}
=V(aU{Va})
—V{YV(aUa') |0 #£a € P}
] 0 if =10
_{Va if a0

It follows that, whether « is empty or not, ¥ (p (Va)) = Va. |}

5.3.4 Categorical properties of the T-powerlocale

In this section we discuss two categorical properties of the T-powerlocale construc-
tion. First we show how to extend the frame construction Vi to an endofunctor
on the category Fr of frames. As a second topic we will see how the natural
transformation i : Vp, — Vj; (discussed in §5.2.5 as i : V' — Id) can be generalized
to a natural transformation

p:Vp— Vi,

for any natural transformation p : 7" — T satisfying some mild conditions (where
T and T" are two finitary, weak pullback preserving set functors).

Vr is a functor

We start with introducing a natural way to transform a frame homomorphism
f: L — M into a frame homomorphism from V7L to VoM. For that purpose we
first prove the following technical lemma.

5.3.16. LEMMA. LetIL,M be frames and let f: 1. — M be a frame homomorphism.
Then the map VoTf: TL — ViM, i.e. o — V(T f)(«), is compatible with the
relations (V1), (V2) and (V3).

Proof We abbreviate © := V o T'f, that is, for « € TL, we define Qo :=

V(Tf)(a).
In order to prove that © is compatible with (V1), we need to show that

for all o, 3 € TL: o T<p 8 implies Qo <y.q 0. (5.9)

To see this, assume that a, 5 € TL are such that a T<y, . From this it follows
by Lemma 5.2.8 and the assumption that f is a frame homomorphism, that
(Tf)(a) T<m (T'f)(B). Then by (V1)y we obtain that Qa <y, O, as required.
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Proving compatibility with (V2) boils down to showing

forall T € P,TL: A\ Qa < \/{Q(TA)(¥) | ¥ € SRD(T)}. (5.10)

acl

For this purpose, given I' € P,TL, let I' € P,TM denote the set (P,Tf)(I') =
{(Tf)(«) | « € T}. Then we may observe

N\ Qo = \/{V(TN)(¥) | ¥ € SRD(I")} (V1)

acl’

< \/{V(TN)(TP,f)(®) | ® € SRD(I)}  (Lemma 5.3.9)
= \V{¥v( Tf) (TA)(®) | ® € SRD(I')} (1)
= \/{QTN)(®) | ® € SRD(T')} (definition of ©)

Here the identity marked (}) is easily justified by f being a homomorphism:
it follows from f o A = Ao(P,f) and functoriality of T that (T'f) o (T'\) =

(T'N\) o (TR, f).
Finally, for compatibility with (V3) we need to verify that

for all ® € TPL: Q(TV)(¥) < \/{VB | 3 T }. (5.11)
To prove this, we calculate for a given ® € TPL:
Q) (@) = V(T ) TV)(P)

= V(TV)(TPf)(®)

(definition of Q)
(
<\/[{VB|B8Te (TPf)(®)} (V3)u
(
(

f a frame homomorphism)

\VENE) A Ted) (1)
— \/{@7 | v Te @} definition of Q)

Here the identity (1) follows from the observation that for all § € T'M and
® € TPL, we have 3 Te (TPf)(®) iff 3 is of the form 3 = (T'f)(v) for some
v € TL. Using Fact 5.2.7, this is easily derived from the observation that for
be M and A € PL, we have b € (Pf)Aiff b= f(c) for some c€ A. |}

Lemma 5.3.16 justifies the following definition.

5.3.17. DEFINITION. Let f: L — M be a frame homomorphism. We define
Vrf: Vel — VM to be the unique frame homomorphism extending

VoTf: TL — ViM.
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5.3.18. THEOREM. Let T be a standard, finitary, weak pullback-preserving func-

tor. Then the operation Vi defined above is an endofunctor on the category
Fr.

Proof Since for an arbitrary f : L. — M we have ensured by definition that VpF
is a frame homomorphism from V7L to VM, it is left to show that Vi maps the
identity map of a frame to the identity map of its T-powerlocale, and distributes
over function composition. We confine our attention to the second property.

Let f: K — L and g : L — M be two frame homomorphisms. In order to
show that Vp(go f) = Vg o Vi f, first recall that V(g o f) is by definition the
unique frame homomorphism extending the map Vyo T(go f): TK — VrM.
Hence, it suffices to prove that the map Vyg o Vi f, which is obviously a frame
homomorphism, extends Vi o T(g o f). But it is easy to see why this is the case:
given an arbitrary element a € TK, a straightforward unravelling of definitions
shows that

(Vrg o Vrf)(e) = Veg(VL(T f) (@) = Vu(T9)(Tf)(@) = VuT (g o f)(a),

as required. |

Natural transformations between V; and Vi

Now that we have seen how each finitary, weak pulback preserving set functor 7'
induces a functor Vi on the category of frames, we investigate the relation between
two such functors Vi, V. In fact, we have already seen an example of this: recall
that in §5.2.5 we mentioned Johnstone’s result [55] that the standard Vietoris
functor V' is in fact a comonad on the category of frames. In our nabla-based
presentation of this functor as V' = Vp_, thinking of the identity functor on the
category Fr as the Vietoris functor V4, we can see the counit of this comonad as
a natural transformation
i:Vp, — Vi,

given by ir, : VA — A A. More precisely, we can show that the map ©: P,L — L
given by OA := A A is compatible with the V-axioms, and hence can be uniquely
extended to the homomorphism iy ; subsequently we can show that this ¢ is natural
in L. Recall that in the case of a concrete topological space (X, 7), this counit
corresponds on the dual side to the singleton map ox : s — {s} which provides
an embedding of a compact Hausdorff topology into its Vietoris space.

We will now see how to generalize this picture, of the natural transformation
1: Vp, — Vi being induced by the singleton natural transformation o : Id — P,
to a more general setting. First consider the following definition.

5.3.19. DEFINITION. Let T and 7" be standard, finitary, weak pullback-preserving
functors. A natural transformation p : 77 — T is said to respect relation lifting if
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for any relation R C X x Y we have, for all o, 3 € TX
a TR B only if px(a) T'R py(3). (5.12)
We call p base-invariant if it commutes with Base, that is,
Base™ = Base” o p. (5.13)
for any set X.

5.3.20. ExAMPLE. We record three examples of base-invariant natural transfor-
mations which respect relation lifting.

1. The base transformation Basel : T — P,:

2. The singleton natural transformation o: Id — P, which is in fact a special
case of (1);

3. The diagonal map 0 (given by dx : & +— (z,x)); it is straightforward to
check that as a natural transformation, o : Id — Id x Id also satisfies both
properties of Definition 5.3.19.

As we will see now, every base-invariant natural transformation p : 7" — T
that respects relation lifting, induces a natural transformation p: Vp — V. In
particular, the natural transformation i : V' — Id can be seen as i = o, where
o : Id — P, is the singleton transformation discussed above.

5.3.21. THEOREM. Let T and T’ be standard, finitary, weak pullback-preserving
functors, assume that p : T" — T is a base-invariant natural transformation that
respects relation lifting, and let I be a frame. Then the map from TL to Vi L
given by

o \/{Vo/ | o/ € T'L, p(o) T< a}

specifies a frame homomorphism
,/O\]LZ VTL — VT/L
which is natural in L.

Proof Welet © : TL — L denote the map given in the statement of the Theorem,
that is, Qa := \/{Va' | o/ € T'L,p(¢/) T< a}. We will first prove that this
map is compatible with, respectively, (V1), (V2) and (V3), and then turn to the
naturality of the induced frame homomorphism.

1. CLAIM. The map © is compatible with (V1).
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Proof of Claim To show that © is compatible with (V1), take two elements
a,3 € TL such that a T< 3. Then for any o' € T'L such that p(o/) T< a, by
transitivity of 7< (Fact 5.2.7(5)), we obtain that p(a’) T< (. From this it is
immediate that Qa < QF, as required.

2. CLAIM. The map Q is compatible with (V2).

Proof of Claim For compatibility with (V2), it suffices to show compatibility with
(V2'). That is, for I' € P,TL, we will verify that

Ny v e} <\/{VB|BT< 7, forall y T}, (5.14)
We start with rewriting the left hand side of (5.14) into

A{OvIvert=A\ {V (V' [ p(y) T<~} | v € F} (definition of Q)

= \/ {/\ {oy |7 €T} pe CF} (frame distributivity)

where we define Cr := {¢ : I' — T'L | p(¢,) T< 7, for all v € I'}.
For any map ¢ € Cr we may calculate

Ny 17 eT}
=\V{VY |V T'< ¢,y €T}
< \VAVY | 0(v) T< plepy), ¥y €T}

(V2)

(
<\VAVY | p(y) T< 7,vy €T} (¢ € Cr, transitivity of T<)

(

(

p respects relation lifting)

= \/ {\/{V*y’ | p(Y) T B}y | BT< v,Vy € F} associativity of \/)
= \/{@5 | BT< 7,y €T} definition of Q)
From the above calculations, (5.14) is immediate.
3. CLAM. The map Q is compatible with (V3).
Proof of Claim We need to show, for an arbitrary but fixed set & € T PL, that
QATV)(@) = \/{Va | a Te 2} (5.15)
By definition, on the left hand side of (5.15) we find

TV)(@) = \/{VE | p(8) T< (TV)(@)},
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while on the right hand side we obtain, by definition of ©,

\/{Qa|aTea}=\/ {\/{va' | p(a’) T< a} | a Te cp}
=V {va' I p(a) (<€) @}

where the latter equality is by associativity of \/, and the compositionality of
relation lifting (Fact 5.2.7(5)).

As a consequence, in order to establish the compatibility of © with (V3), it
suffices to show that

Ve <\/ {Vo/ | p(a)) T(< ; €) @} for any @ with p(8) T< (T\/)(®). (5.16)

Let 3 be an arbitrary element of T'L such that p(3') T< (T\/)(®). Our goal will
be to find a set ' € T"PL satistying (5.20), (5.21) and (5.22) below: clearly this
will satisfy to prove (5.16).

By Fact 5.2.9 we obtain that

Base® (pB) P< Base™ (T \/)(Q))) = (P \/)BaseT(q)),

and since p is base-invariant, we have Base™ (8') = Base™ (pf'). Combining these
facts we see that Base! (8') P< (P\/)Base” (®). This motivates the definition of
the following map H : Base’ (3') — P,PL:

H(b) := {B € Base (®) | b < \/B}.
From the definitions it is immediate that
for all b € Base™ (8): b< \{VB|B € H(b)}. (5.17)

Also, given a set B € P,PL, let Cg be the collection of choice functions on B, that
is:

Cg:={f:B— L| f(B) € B for all B e B}.
Then it follows by frame distributivity that

N{VBIBeBy =\ {APNB)| < Cs}. (5.18)
Define the map K : P,PL — PL by

K(B) = {\(Pf)(B)]| f € Cs},

then it follows from (5.17), (5.18) and the definitions that

for all b € Base™ (3') : b < \/ K(H(b)). (5.19)
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As a corollary, if we define
o' = (T"K)(T"H)(8),

then it follows from (5.19), by the properties of relation lifting, that 3 T'<
(T"\/)(®'), so that an application of (V1) yields

Ve < V(TV)(@). (5.20)

Also, on the basis of an application of (V3) we may conclude that

V(T'V)(@) < \/{V' |+ T'e '} (5.21)
This means that we are done with the proof of (5.16) if we can show that
for any v € T'L, if ¥/ T'€ ® then p(y') T(<; €) . (5.22)

For a proof of (5.22), let 7' be an arbitrary 7"-lifted member of ®" and recall
that ® = (TK)(TH)(#"). Then it follows by the assumption that p respects
relation lifting, that p(v') T€ p(®') = (TK)(TH)(p(3")). Given our assumption
on (', this means that the relation between p(7') and ® can be summarized as

p(v) Te (TK)(TH)(3) and 8 T< (T\/)(®) for some § € TBase™ (), (5.23)

where for § we may take p(3').
Returning to the ground level, observe that for any ¢ € L, A € Base” (®), we
have

if c € KH(b) and b < \/A, for some b € Base™ (#'), then ¢ (<;€) A, (5.24)

To see why this is the case, assume that ¢ € KH(b) and b < \/A, for some
b € Base’ (#'). Then by definition of H we find A € H(b), while ¢ € KH(b)
simply means that ¢ = A{f(B) | B € H(b)}, for some f € Cy ). But then it is
immediate that ¢ < f(A), while f(A) € A by definition of Cy). Thus f(A) is the
required element witnessing that ¢ (<; €) A.

But by the properties of relation lifting, we may derive from (5.24) that

if y Te (TK)(TH)(8) and 8 T< (T\/)(®) for some 3 € TBase® (),
then v T(<; €) &, (5.25)

so that it is immediate by (5.23) that p(y') T(< ; €) ®. This proves (5.22).
As mentioned already, the compatibility of © with (V3) is immediate by (5.20),

(5.21) and (5.22), and so this finishes the proof of Claim 3.

As a corollary of the Claims 1-3, we may uniquely extend © to a homomorphism
oL : Vrl — VL. Clearly then, in order to prove the theorem it suffices to prove
the following claim.
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4. CLAIM. The family of homomorphisms py, constitutes a natural transformation
ﬁi VT — VT/.

Proof of Claim Given two frames I and M and a frame homomorphism f : . — M,
we need to show that the following diagram commutes:

VT]L ﬂ) VT’]L’
Vrf i iVT’ f
VM —24 Vo M

To show this, take an arbitrary element o € T'L, and consider the following
calculation:

Ve f)(pL(Va))
= (Vo f)(Qa) (definition of py,))

= (Vi f) <\/ {V3 | pL(B }) (definition of Q))
= \/ {(VLf) Vﬁ) | pr(B) T< a} (Vi f is a frame homomorphism)
= \/ {(VT'HB) | p(B) T< a} (definition of Vi f))
=\/{vd| PM(5') T<(Tf)(e)} (1)
= Q(Tf)(«) (definition of Q))
= V(T f)()) (definition of pyy))

(Ve f)(Va)) (definition of Vrf))

Here the crucial step, marked (}), is proved by establishing the two respective
inequalities, as follows. For the inequality <, it is straightforward to show that
the set of joinands on the left hand side is included in that on the right hand side,
and this follows from

pr(8") T< a implies p (T'f)(8") T< (Tf)(). (5.26)

To prove (5.26), suppose that pr (') T< «; then it follows by the fact that f is a
homomorphism, and hence, monotone, that (T'f)(p.(3)) T< (T f)(c). But since
p is a natural transformation, we also have (T'f)(pL(5)) = pam (T f)(5'), and from
this (5.26) is immediate.

In order to prove the opposite inequality

\ AV | (@) T< (Th)()} <\ VT HB) | p(B) T< a},  (5.27)

fix an arbitrary element ¢’ € TL such that py(0") T< (Tf)(a).
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Define the map h : Base” (8') — L by putting
h(d) := /\{a € Base™ (o) | d < f(a)}.

Then for all d € Base™ (¢8') and all a € Base” («), we find that d < fa implies
hd < a; this can be expressed by the relational inclusion

Grf;>;Grh C >

so that by the properties of relation lifting we may conclude that Gr(Tf);T>;
Gr(Th) C T>, which is just another way of saying that, for all § € T'Base” (&),
we have B B

dT<(Tf)(a) only if (Th)(0) T< a. (5.28)
Now define

G = (T'h) ("),

then we may conclude from the fact that p respects relation lifting that pr(B) =
(Th)pa(9'), and so by the assumption that py(8') T< (T'f)(«), we obtain by

(5.28) that
pr(B) T< a. (5.29)

Similarly, from the fact that d < fhd, for each d € Base™ (§'), we may derive
that ¢’ T"< (T f)('), and so by (V1) we may conclude that

Ve < V(T'f)(3). (5.30)

Finally, (5.26) is immediate by (5.25) and (5.30).
This finishes the proof of Claim 4. |

5.3.22. REMARK. The definition of the pp,: VylL — VL, using the assignment
o \/{Va' | o' € T'L, p(a!) T< al,

is very similar to that of a right adjoint. If it were the case that py, preserved all
meets, then the adjoint functor theorem would allow us to define its left adjoint.
However, we only have a proof that py,: VL — VI preserves finite conjunctions,
so it is not at all obvious at this point if there even is a left adjoint to pr. This is
an interesting question for future work.

5.3.5 T-powerlocales via flat sites

In this subsection, we will show that VrL, the T-powerlocale of a given frame L,
has a flat site presentation as VrLL ~ Fr(T' L, T<,<g). It then follows by the Flat
site Coverage Theorem that every element of V7L has a disjunctive normal form,
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and that the suplattice reduct of VL has a presentation defined only in terms of
the order T< and the lifted join function 7' \V:TPL — TL.

Recall that (X, C, <) is a flat site if (X,C) is a pre-order and <y is a basic
cover relation compatible with C. In that case, we know that (X, C, <) presents a
frame Fr(X,C, <), and that if we denote the insertion of generators by ©: X —
Fr(X,C, <), then

Fr(X,C, <) ~Fr(X | Qa<Qb (alb),
1=V{%a|ae X}
QaNQOb=\{Vc|cCa,cCb}
Qa <V{Ob|be A} (a<A)).

Observe that this is very similar to our presentation of VL from Corollary 5.3.6

using (V1), (V2') and (V3), namely

ViL~Fr(TL| Va<VB (aT<p),
AeVy=V{Vé|Vyel,6T<~v} (T e€TP,L)
VTV(®) < (V5| eN(@)} (@ eTPL).

We will see below that if we define a cover relation < which is inspired by (V3),
then we obtain a flat site (T'L, T<,<5), and this flat site presents VzL.

So how do we go about defining a basic cover relation < C TL x PTL so we
can give a presentation of VyIL? Intuitively, we would like to take the T-lifting of
the relation {(a, A) € L x PL | a <\/A} = <;(Gr\/)". However, the T-lifting of
this relation is of type T'L x T PL, while a basic cover relation on (T'L, T<) should
be of type T'L x PT'L. We solve this by involving the natural transformation
M TP — PT, given by \[(®) := {8 € TL | 8 T€ ®}, assigning to each
® € TPL the set of its lifted members. That is, we define

< = {(a,\T(®)) € Lx PTL | aT< TV(®)}.

In other words: we put a < I iff T is of the form A\T(®) for some ® € TPL
such that a T< (T'\/)®. We must now do two things: first, we must show that
(TL, T<,<) is a flat site, meaning that < is compatible with T<. Secondly, we
must show that (T'L, T<,<%) presents V7L. The following technical observation
about the relation a T< T\/(®) is the main reason why V7L admits a flat site
presentation. The reason for introducing a A-semilattice M below will become
apparent in §5.4.2.

5.3.23. LEMMA. Let L be a frame and let M be a N-subsemilattice of L. Then
for alla € TM and ® € TPM such that o« T< T\/(P), there exists &' € TPM
such that

1. aT< TV (P);
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2. ® TCT |, oTn(a);
3. TCT | (D)
Proof First, we define the following relation on M x PM:
R:={(a,A) e M x PM | a <VA}=(<;(Gr\/)) mxpu-
Consider the span M &~ R 22 PM. We define the following function f: R — R:
f:(a,A)— (a,aNA),

where a AN A :={aANb|be A}. To see why this function is well-defined, first
observe that a A A € PM because M is a A-subsemilattice of .. Moreover, by the
infinite distributive law for frames, we see that if (a, A) € R, i.e. if a < \/A, then
also a < '\/(a A A), so that (a,a A A) € R. Now observe that f: R — R satisfies
an equation and two inequations: for all (a, A) € R,

P1 Of(avA) =a :pl(avA)7 by def. of f7
pQOf(CL,A> =aNA CrL lL{a} = lLOnL Opl(auA)7 since Vb € A; alNb < a,
pao fla,A)=aNACp |, A=, ops(a,A) since Vbe A, aNb<be A

Now consider the lifted diagram

MR- TP

It follows from Lemma 5.2.8 and the equation/inequations above that for each
0 € TR, we have

Tp1oTf(d) =Tp:(9), (5.31)
TpyoTf(0) Ty T | oTn o Tpi(6), (5.32)
TpyoTf(8) TCy T |; oTpy(6) (5.33)

Now recall that by Fact 5.2.7,
T<;Gr(TV)' =T(<:(GrV))=TR,

so we see that a T < T\/(®) iff « TR ®. So let a € TM and ® € TPM such
that a T< T\/(®), i.e. such that a TR ®; we will show that there is a ® € TPM
satisfying properties (1)—(3). First, observe that by definition of relation lifting,
there must exist some 6 € T'R such that

Tp1(6) = a and Tpe(d) = P.
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We claim that @' := T)pyoT f(9) satisfies properties (1)~(3). We know by definition
of relation lifting that (T'py o T f()) TR (T'p2 o T f(6)). Since

Tp1oTf(6) =Tp(5) by (5.31),

=« by assumption,

it follows that « TR @', i.e. a T< T\/(®'); we conclude that (1) holds. Moreover,
it follows immediately from (5.32) that (2) holds. Similarly, it follows immediately
from (5.33) that (3) holds. |

In the lemma above, we use the lifted inclusion relation 7'C and the lifted
downset function 7" |. In the lemma below we record several elementary obser-
vations about the interaction between T'C, T' | and the natural transformation
TP — PT.

5.3.24. LEMMA. Let (X,C) be a pre-order, let « € TX and let &, € TPX.
Then

Lo px A(®) = A (T x (2));
2. lrx{a} = A" (Tlx o Tnx(a));
3. If®' T Cx ®, then also \T(®') C \T(®).

Proof (1). For all a € X and all A € PX, we have a <;€ Aiff a € [ A.
Consequently,

Ya € TL,Y® € TPL, a T< ;Te ®iff a T€ T | ().

Now we see that

a €l N (P) & aT<; Ted by def. of | and A7,
SaTeT | (D) by the above,
s ae N (T]x()) by def. of AT.

(2). For all a,b € X, we have b < a iff b € | y{a}. It follows by relation lifting
that - -
Vo, 3 € TX, BT< a iff 3Te T | x oTnx(a).

It now follows by an argument analogous to that for (1) above that (2) holds.
(3). Observe that for all A, A’ € PX and all a € X, we have that a € A’ C A
implies that a € A. The statement follows by relation lifting. |

We are now ready to prove that (T'L, T<,<5) is indeed a flat site.

5.3.25. LEMMA. If L is a frame then (TL,T<,<%) is a flat site.
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Proof We have already know from Lemma 5.2.8 that (T'L,T<) is a pre-order, so
what remains to be shown is that the relation <5 is compatible with the pre-order.
Fix o € TL and ® € TPL such that o T< T\/(®), so that a <5 AT (®). We need
to show that

VBETL, if 3T< athen I € TPLst. I' C |4, {8} N |y, AT(®) and <5 T.

(5.34)
But this is easy to see: if 3 T< a then since o T< T\/(®), it follows by transitivity
of T< that 8 T< T\/(®). Now by Lemma 5.3.23 there exists ® € TPL such
that o T< T\/(®'), ® TC T |; oTn(B) and & TC T |; ®. Define I' := \T(d'),
then it follows from the definition of <} that 3 <y I'; moreover, it now follows
from Lemma 5.3.24 that T' C |, {8} N |7, AT (®). We conclude that (5.34) holds.
Since a € TL and ® € TPL were arbitrary, it follows that < is compatible with
the order T<, so that (T'L, T<,<}) is a flat site. |

Having established that (T'L,T<, i%) is a flat site, we will now prove that it
presents V7L, i.e. that VoL ~ Fr(T L, T<,<}).

5.3.26. THEOREM. Let I be a frame and let T be a standard, finitary, weak
pullback-preserving functor. Then Vyll admits the following flat site presentation:

Vol ~ Fr(TL, T<, <),

where <5 = {(a, \T(®)) € L x PTL | o T< T\/(®)}, and in each direction, the
isomorphism is the unique frame homomorphism extending the identity map idrr
on the set of generators of Vrll and Fr(T L, T<,<§), respectively.

Proof For this proof, we denote the insertion of generators from T'L to VL by
V, and from T'L to Fr(T L, T<,<t) by Q. We will show that

1. the function O: TL — Fr(TL,T<,<f) is compatible with the relations (V1),
(V2') and (V3), and

2. that the function V: T'L — VrLL has the following properties:

(a) V is order-preserving;

(b) 1=\{Va|aeTL};
(c) forall a, 3 € TL, VaAVE = N{Vy|dT< a,B};
(d) for all a <G T, Va < \/{V3| B €T}

(1). First consider (V1). Suppose that a, 3 € TL such that a T< 3; we
have to show that Qa < ©Of. This follows immediately from the fact that
O: TL — Fr(TL,T<,<%) is order-preserving. Secondly, consider (V2'). Let
I' e P,TL, we then have to show that

Per®y < VD3| V7 €T, 6T< ). (5.35)
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Recall from §5.2.4 that since (T'L, T<, <) is a flat site, we know that 1 = \/{Qa |
a € TL} and that for all o, € TL, Qa A V3 = N{Ovy | § T< a, 3}. Tt now
follows by induction on the size of I' that (5.35) holds.

Finally for (V3), take ® € TPL. We have to show that QT\/(®) < \/{Op |
B € AT(®)}. This follows immediately from the definition of <, since T\/(®) T<
T\ (®). We conclude that ©: TL — Fr(T'L,T<,<%) is compatible with the rela-
tions (V1), (V2) and (V3) and thus there must be a unique frame homomorphism
f: Vil — Fr(TL,T<,<%) which extends Q.

(2). We first have to show that V is order-preserving, i.e. that if a T< j3,
then Va < V3. This follows immediately from (V1). Secondly, we must show
that (2)(b) and (2)(c) are satisfied, but this follows immediately from (V2').
Finally, consider (2)(d), i.e. suppose that < I'. By definition of <, there is some
® € TPL such that o T< T\/(®) and \T(®) = I'. Now we need to show that
Va < \/{V3]| 3 e A(®)}. This is easy to see, since

Va < VTV(®) by (V1),
<V{VB| 3 e N (®)} by (V3).
It follows that (2)(d) holds; consequently, there is a unique frame homomorphism

g: Fr(TL,T<, <) — V7L extending V.
Finally, it is easy to see that

9f =idy,L and fg = id<TL,T§,<%)7
so that indeed V7L ~ Fr(TL, T<,<). |

In light of Theorem 5.3.26 above, we denote the insertion of generators by
V:TL — Fr(TL,T<,<5). We now arrive at the most important corollary of
Theorem 5.3.26, which says that every element of VIl has a disjunctive normal
form.

5.3.27. COROLLARY. LetL be a frame. Then for all x € VrlL, thereis al' € PTL
such that v = \/{Vy |~y eT}.

Proof By Theorem 5.3.26 we know that V7L ~ SupLat(T L, T<,<5). The state-
ment now follows Fact 5.2.14. |

5.3.28. REMARK. It is not hard to show that
SupLat(TL, T<, <) ~ SupLat(TL | (V1), (V3)).

Consequently, by Theorem 5.3.26 and Fact 5.2.14, the order on V7L is uniquely
determined by the relations (V1) and (V3).
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5.4 Preservation results

Now that we have established the T-powerlocale construction, we can set about
to prove that it is well-behaved. One particular kind of good behaviour is to ask
that it preserves algebraic properties. In this section, we present several initial
results in this area. In particular, we show that V preserves regularity and zero-
dimensionality of frames, and the property of being a compact zero-dimensional
frame.

5.4.1 Regularity and zero-dimensionality

The purpose of this subsection is to prove that the operation V7 preserves regularity
and zero-dimensionality of frames. Both of these notions are defined in terms of
the well-inside relation €; accordingly, the main technical result of this subsection
states that if a T< 3, then also Va Zy,1, V3. We first recall some notions leading
up to the definition of regularity.

5.4.1. DEFINITION. Given two elements a,b of a distributive lattice L., we say
that a is well inside b, notation: a € b, if there is some ¢ in L such that a Ac =0
and bV c=1. If a € a we say a is clopen. We denote the clopen elements of IL. by
CL.

In case L is a frame, in the definition of €, for the element ¢ witnessing that
a € b we may always take the Heyting complementation —a of a. In other words,
a < biff bV —a = 1. Consequently, if a is clopen then aV —a = 1. In the sequel we
will use not only this fact, but also the following properties of € without warning.

5.4.2. Fact ([54], L. I11.1.1). Let L be a frame.

1L 2C<;

IN A

2, SCZ;
for X € PL, ifVx € X.x €y then \| X € y;
for X € PL, ifVx € X.y € x theny € \ X;

a < a iff a has a complement.

5.4.3. DEFINITION. A frame L is reqular if every a € L satisfies
a=\{beL|bZa}.

We say L is zero-dimensional if for all a € L,

a=\{beCL|b<ua}
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We record the following useful property of Cy, [54, §III-1.1]:
5.4.4. FACT. Let L be a frame. Then (Cy, A, V,0,1) is a sublattice of L.
We define a function {}: PL — PCy, which maps A € PL to | ANCL.
5.4.5. LEMMA. IfLL is a zero-dimensional frame, then
1. VaeTL, Va=\{V3|Be€TC, BT< a};
2. ¥® € TPL, TV(®) = T\ o T |();
3. VO e TPL,Ya € TL, [a € TCL and a T< ; Te€ @] iff « € AT (T ||(®)).
Similarly to (1), if L is reqular then Yo € TL, Va = \/{V3| B € TL, 3TZ a}.

Proof (1). First, observe that for all @ € L, we have that

a=\{beCL|b<a} by zero-dimensionality,
=V {a} by definition of |,
=\ Jon(a) by def. of n: Idget — P.

By relation lifting, it follows that
VaeTL, a=T\/oT|oTn(a). (5.36)

Now observe that for all a,b € L, we have b € |{a} iff b € CL, and b < a. By
relation lifting, it follows that

Vo, € TL, [3T€ Tl oTn(a) iff B € TCy, and 3T< a] . (5.37)

Combining these two observations, we see that

Va=V (T\/ oT|oTn(a)) by (5.36),
=V{VB|BTeT{oTn(a)} by (V3),
=V{VB|BeTCL, BT< o} by (5.37).

(2). It follows by zero-dimensionality of L. that for all A € PL, we have
VA =V | A. Consequently, by relation lifting, it follows that (2) holds.
(3). Take a € L and A € PL. Then

acellA=aceCrand 3be A, a <b by definition of |,
SaelCpLanda<;e€ A by def. of relation composition.

It follows by relation lifting that

V® € TPL,Na € TL, a T€ T |(®) iff « € TCp, and a T< ; T€ ®.
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Now it follows by definition of AT(®) that (3) holds.
For the last part of the proof, first observe that if LL is regular, then for all
a € L, a=\/w(a), where we temporarily define w: L — PL as

w:a—{beL|b<Za}l.
By relation lifting, it follows that
T\ oTw =1idy, . (5.38)

Moreover, it follows by definition of w: L — PL that for all a,b € L, b € w(a) iff
b € a. Consequently,

VYa,3 € TL, 3T< Tw(a) iff 8 TZ a. (5.39)

Now we see that for any a € T'L,

Va=V (T\ oTw(a)) by (5.38),
=V{VB|BTe Tw(a)} by (V3),
=V{VB|B8T< a} by (5.39). i

The key technical lemma of this subsection states that relation lifting preserves
the Z-relation.

5.4.6. LEMMA. Let T be a standard, finitary, weak pullback-preserving functor
and let I be a frame. Then

foralla,3 € TL: a TZ 3 implies Vo v, V3. (5.40)

Proof Let o, 3 € TL be such that o« T 3. Our aim will be to show that
Va Zy,1, V3.

We may assume without loss of generality that

3f : Base(a) — Base(f) such that 8 = (T'f)a and Va € Base(a), a € fa.
(5.41)

To justify this assumption, assume that we have a proof of (5.40) for all
satisfying (5.41). To derive (5.40) in the general case, consider arbitrary elements
a, 3 € TL such that o TZ 3. In order to show that Va T V3, consider the
map f : Base(a) — L given by f(a) := A{b € Base(f’) | a € b}. On the basis
of Fact 5.4.2 it is not difficult to see that Gr(f) C € and so by the properties of
relation lifting we obtain Gr(T'f) C T<. In particular, we find that a T< (T'f)a;
thus by our assumption we may conclude that Va € V(T'f)a. Also, observe
that @ € b implies fa < b, for all a« € Base(a) and b € Base(f'). Hence by
Lemma 5.2.8 we may conclude from o T2 3 that (T f)a T< [, which gives
V(T f)a < V3. Combining our observations thus far, by Fact 5.4.2 it follows from
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Va 2 V(T f)a and V(T f)a < V' that Va € V3 indeed. Thus our assumption
(5.41) is justified indeed.
Turning to the proof itself, consider the map h : PBase(a) — L given by

WA) = \({alacAyu{falag A}).

Our first observation is that, since by assumption —a V fa = 1y, for each a €
Base(ar), we may infer that

1L = /\{ﬂa\/ fa | a € Base(a)},
a straightforward application of the (finitary) distributive law yields that
1. = \/{h(A) | A € PBase(a)}. (5.42)

Define X C L to be the range of h, so that we may think of A as a surjection h :
PBase(a) — X, and read (5.42) as saying that 1 = \/ X. Using Lemma 5.3.10(5),
from the latter observation we may infer that

Ly = \{VE € e TX}. (5.43)

However, from h : PBase(a) — X being surjective we may infer that Th :
TPBase(a) — TX is also surjective, so that we may read (5.43) as

Ly, = \/{VTh(®) | ® € TPBase(a)}. (5.44)

This leads us to the key observation in our proof: We may partition the set
{Th(®) | ® € TPBase(a)} into elements v such that Vy < V3, and elements
satisfying Va A Vy = Oy,L.

1. CraM. Let ® € T'PBase(a)..
(a) If (o, @) € T'¢, then Th(®) T'< 3;
(b) if (o, ®) € T¢, then Va A VTh(®) = Oy,
Proof of Claim For part (a), it is not hard to see that
a ¢ A= h(A) < f(a), for all a € Base(w), A € PBase(a).
From this it follows by Lemma 5.2.8 that
aT g ®= Th(®) T< (Tf)(a)=2.

For part (b), assume that Vao A VTh(®) > Oy,. It suffices to derive from this
that a T¢ .
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Let <’ be the restriction of < to the non-zero part of L, that is, <" := <[/,
where L' = L\ {Op}. We claim that for all 7,0 € T'L:

Vv A Vo > OVT]L = (’7, (5) S TZ/ ; TSI (545)

To see this, assume that Vy A V§ > Oy, and observe that Lemma 5.3.5 yields
the existence of a § € T'L such that V6§ > 0Oy, and 0 T< v,0. It follows from
Lemma 5.3.10(1) that 7,0 and 6 all belong to T'L’, and so 6 is witnesses to the
fact that (v,6) € T>'; T<'.

By (5.45) and the assumption on a and @ it follows that (o, ®) € T>'; T<';
(GrTh)", and so by Fact 5.2.7 we obtain

(a,®) € T(>"; <"; (Grh)) (5.46)
The crucial observation now is that
>'; <5 (Grh)” C ¢ (5.47)

For a proof, take a pair (a, A) € L x PL in the LHS of (5.47), and suppose for
contradiction that a € A. Then by definition of h we obtain h(A) < —a, so that
aAh(A) =0p. But if a >"; <'; (Grh)” A, then there must be some b such that
b <" a,h(A), and by definition of <’ this can only be the case if b > 0. This gives
the desired contradiction.

Finally, by monotonicity of relation lifting, it is an immediate consequence of
(5.46) and (5.47) that o T'¢ ®. This finishes the proof of the Claim.

On the basis of the Claim it is straightforward to finish the proof. Define
c:= \/ {Th(®) | ® € TPBase(a) such that (a,®) ¢ T¢},

then we may calculate that

cV Vg

> ¢V \/{Th(®) | ® € TPBase() such that (o, ) € T¢} (Claim 1(a))

= \/{Th(®) | ® € TPBase(a)} (definition of c)

= ly,L (equation (5.44))
and

VaAc

=\/{VaATh(®) | ® € TPBase(a) such that (o, ) ¢ T¢} (distributivity)
=\/ {0y, | ® € TPBase(a) such that (a, ®) ¢ T¢} (Claim 1(b))

= OyzL

In other words, ¢ witnesses that Va <y, V3. |
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We now arrive at the main result of this subsection, namely, that the T-
powerlocale construction preserves regularity and zero-dimensionality.

5.4.7. THEOREM. Let IL be a frame and let T be a standard, finitary, weak
pullback-preserving functor.

1. If L is regular then so is VrlL.
2. If L is zero-dimensional then so is VrlL.
Proof (1). By Corollary 5.3.27, it suffices to show that for all « € T'L,
Va=\{VpeVrL| V3 < Va}. (5.48)

Take o € T'L; we see that

Va=\V{V3|BTz a} by Lemma 5.4.5,
<\V{VpB| Vg <y, Va} by Lemma 5.4.6,
< Va since € C <,

It follows that (5.48) holds, concluding the proof of part (1).
(2). Again by Corollary 5.3.27, it suffices to show that for all « € T'L,

Va = \/{Vﬁ | Vp e Cyr, VB < VCE} (549)
The main observation here is that
Vﬂ € TCL, Vﬁ € CVTIL' (550)

To see why, recall that C, := {b € L|b < b}, so that for all b € CL, b = b implies
b € b. Consequently, by relation lifting,

VB e TCL, BTZ f.

It follows by Lemma 5.4.6 that (5.50) holds. Now

Va=\V{VB|BeTCL, T< a} by Lemma 5.4.5(1),
<V{VBeCpr | BT< a} by (5.50),
<V{VB €Oy | VB < Va} by (V1),
= Va by order theory.

It now follows that (5.49) holds; consequently we see that (2) holds. |}
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5.4.2 Compactness

In this subsection, we will show that if IL is compact and zero-dimensional, then so
is VrL. Our proof strategy is as follows. Given a compact zero-dimensional frame
L, we will define a new construction V.S which is guaranteed to be compact, and
then we show that V7L ~ V,SL.

We define a flat site presentation (T'Cy, T<,<S), where

S = {(a, \T(®)) € TCL x PTL | a T< T\/(®), ® € TP,CL}.

Observe that we view T'CL as a substructure of T'L, which is justified by the
fact that Cp, is a sublattice of L (Fact 5.4.4): this fact tells us that \/: PL — L
restricts to a function from P,Cy, to Cp; consequently, by standardness of T' T'\/
maps T'P,Cp, to TCp. Below, we will need the following property of relation lifting
with respect to ordered sets.

5.4.8. LEMMA. Let P be a poset with a top element 1.
V3 € TP, 3a € T{1}, BT< a;

Proof Consider the following function at the ground level: f: P — {1}, where
f is the constant function f: b+ 1. Then for all b € P, we have b < f(b) and
f(b) € {1}. By relation lifting, we see that for all 3 € TP, 3 T< Tf(3) and
Tf(B) € T{1}. The statement follows. |}

5.4.9. LEMMA. Let IL be a frame. Then <TC']L,T§,<100> is a flat site. Moreover,
if T maps finite sets to finite sets then Fr(TCL, T<,<§) is a compact frame.

Proof Because (7, is a meet-subsemilattice of L., we can apply Lemma 5.3.23
to TCr. Now the proof that (T'Cy,T<,<S) is a flat site is analogous to that of
Lemma 5.3.25.

Now suppose that T" maps finite sets to finite sets. Then for all & € T P,Cy, it
follows by Fact 5.2.12(3) that AT(®) is finite. Consequently,

Va <§ AT (®), AT(®) is finite.
Moreover, by Lemma 5.4.8,

TC]L - lTC’L T{l]L}a

since 1y, € Cr, as (Y, is a sublattice of L. Now since we assumed that T’ maps finite
sets to finite sets, {1} must be finite. It is now follows from a straight-forward
generalization of [93, Proposition 11] that Fr(T'Cy, T<, <) is a compact frame.
(The only change we need to make to [93, Proposition 11] is to generalize from
from using single finite trees to using disjoint unions of |T{1 }|-many trees, so
that one can cover each element of T{11}.) |}
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We define VSL = Fr(TCy, T<, <), and for the time being we denote the
insertion of generaters by ©: TCp, — V.SIL. Our goal is now to show that VylL ~
V.EL. We will use a shortcut, exploiting the fact that both V7L and VL have
flatsite presentations: we will define suplattice homomorphisms f’: VL — VL
and ¢': VXL — VL. We then show that ¢’ o f/ = id and f’ o ¢’ = id, so that V7L
and V,¢IL are isomorphic as suplattices. It then follows from order theory that they
are also isomorphic as frames. We start by defining a function ¢: TCp, — V7L,
defined as

g: a— Va.

5.4.10. LEMMA. Let IL be a frame. Then the fuction g defined above extends to a
suplattice homomorphism ¢': VFL — Vil such that ¢’ oQ = g.

VEL- Y- Vil

| A

TCY

Proof We need to show that g: T'C, — VL preserves the order on T'C, and
preserves covers in to joins: if a <§ AT(®), where a € TCy, ® € TPCy and
a T< \/(®), then g(a) < \/{g(B) | B € AT(®)}. Both of these properties
follow straightforwardly from the fact that (T'Cy,T<,<§) is a substructure of
(TL,T<,<5). |

The next step is to define the suplattice homomorphism f’: VL — V,FL. This
requires a little more work then the definition of ¢’: V.¥IL. — V7L, beginning with
the following lemma.

5.4.11. LEMMA. Let L be a compact frame. If a € TCy, and ® € TPCy, such
that o T< T\/(®), then there exists ®, € TP,Cy such that ®, TC;, ® and
o T< TV(@,).

Proof Since LL is compact, we can show that
for all @ € Cp, a is compact. (5.51)

After all, if a € C, and A € PL such that a < \/A, then also 1 < aV —a <
VA U {=a}, so by compactness of L, there exists a finite A’ C A such that
aV-a < \A U{-a}. Consequently, a < \/A". Since A was arbitrary, it follows
that a is compact.

We define

S = (<;Gr(V)) loxpoys

so that (a,A) € Siff a € C,, A € PCy, and a < \/A. By (5.51), we can define a
function h: S — S where h: (a, A) — (a’, A") such that a = a', A’ C A, o/ <A
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(otherwise h would not be well-defined) and such that A’ is finite, i.e. A’ € P,CL.
In other words, h: S — S is a function which assigns a finite subcover A’ to a set
of zero-dimensional opens A covering a zero-dimensional open element a . If we
denote the projection functions of S as

CL<2— s -2 poy,

then we can encode the above-mentioned properties of h as follows:

Vo € S,p1 o h(x) = pi();
Vo € S,pyoh(z) C po(x);
Vo € S,pyoh(x) € P,CL.

By relation lifting, it follows that

Ve € TS, Tpy o Th(z) = Tp(x); (5.52)
Vo € T'S, Tpy o Th(z) TC Tpo(x); (5.53)
Vo € TS, Tpy o Th(x) € TP,CL. (5.54)

Finally, observe that it follows by relation lifing that
Vo € TCL,V® € TPCy, a T< \/(®) iff a TS ®.

Now take o € TCp, and ® € TPCy, such that a T< \/(®). Then by the above,
we have o T'S ®, so by definition of T there must exist some x € TS such
that T'pi(x) = a and T'pa(x) = ®. We define ®,, := T'py o Th(z); observe that
Tpy o Th(z) = Tpi(z) = o by (5.52). Since T'h is a function from T'S to T'S, we
see that a T'S @, so that a T< T\/(®,). Moreover by (5.53) ®, TC ® and by
(5.54), ®, € TR,Cy. This concludes the proof. |

We now define a map f: TL — V,CLL by sending

fram=\{OB|BeTCL, BT< al.

This will give us our suplattice homomorphism f’: VyIL — VEL.

5.4.12. LEMMA. IfL is a compact zero-dimensional frame then f: TL — V.SL
defined above extends to a suplattice homomorphism f': Vi — VFL, where

flov =7,
VoL L vOL

| A

TL
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Proof In order to show that f: TL — V&L extends to a suplattice homomor-
phism, we need to show that f preserves the order on T'L and f transforms
covers into joins, i.e. that for all (a, \T(®)) € <y, where a T< T\/(®), we have
fla) < V{f(y) | v € NT(®)}. To see why f is order-preserving, suppose that

g, a1 € TL and that ag T'< ay. Then

flao) =V{OB | BE€TCL, BT< ap} by definition of f,
<\V{VB|BeTCL, BT an}  since BT< ap T< oy = BT< ay,
= f(on) by definition of f.

Before we go ahead and show that f tranforms covers a <y AT (®) into joins, we
show that the expression \/{f(v) | v € AT(®)} can be simplified:

v® € TPL, V{f(7) |7 € X(2)} = V{VB [ B € X (T 4(®))}. (5.55)

To see why, observe that

V() [y e AT (@)}
=VA{V{OB|B€TCL, B<~}|v€A(®)} by definition of f,
=V{V{OB|BeTCL, <~} |~ Te ®} by definition of A\,

=\{VB|BeTCL, YT ®, 3 <4} by associativity of \/,
=\V{0B|Be€TCL, BT ; Tc ®} by def. of relation composition,
=\{QOp | B X (T |(d))} by Lemma 5.4.5(3).

Let a € TL and ® € TPL such that o T< T\/(®); we need to show that
fla) < V{f(y) | v € AT(®)}. By (5.55) it suffices to show that

fl@) <V{Oy | v e NT(TU(2))}. (5.56)
Recall that f(a) = \/{QF | € TCL, 5 < a}. We will show that
VB ETCL, BT< a= Q3 <\{Oy|~ye X (T(d))}. (5.57)

Suppose that § € TCp and that [ T< «. Then since we assumed that o T<
T\ (®), it follows that 8 T< T'\/(®). By Lemma 5.4.5(2), we know that T'\/(®) =
T\ o T (), so we see that

BT<T\ oT (D).
Now since T'}(®) € TPCy, we can now apply Lemma 5.4.11 to conclude that
there must be some & € T'P,Cy, such that & T'C T |}(®) and § T< \/®'. Now it
follows by definition of <§ that 8 <§ AT(®'). Now
B < V{Oy | 7 € AT(@)} since 345 AT(@),
<VA{Qy | v € X(T (@)} by L. 5.3.24 since ® TC T ||(®).
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Since § € T'CY, was arbitrary it follows that (5.57) holds; consequently, (5.56) holds
so that we may indeed conclude that f transforms covers into joins. We conclude
that f: TL — V,FL extends to a suplattice homomorphism f': VyIL — VEL. |}

Now that we have established the existence of suplattice homomorphisms
[ VoL — VL and ¢': VFL — V7L, we are ready to prove the theorem of this
subsection.

5.4.13. THEOREM. Let T: Set — Set be a standard, finitary, weak pullback-
preserving set funtor which maps finite sets to finite sets and let I be a frame. If
L is compact and zero-dimensional then so is VrlL.

Proof It follows by Theorem 5.4.7 that VL is zero-dimensional. To show that
VrL is compact, it suffices to show that V7L ~ VL by Lemma 5.4.9. We will
establish that V7L ~ V,FL by showing that ¢': V'L — VyL and f': VoL — VEL
are suplattice isomorphisms, because ¢’ o f' = idy,, and f' o g = idVTCL- This
is sufficient since by order theory, any suplattice isomorphism is also a frame
isomorphism. We begin by making the following claim:

Va€TL, ¢ o f(a) =Va. (5.58)
After all, if « € TL then

gofla)=9g (V{VB|BeTCL, BT< a}) by definition of f,
=\V{d(Vp) | BeTCL, BT< a} since g’ preserves \/,

=V{y(B)|BeTCL, BT< a} by Lemma 5.4.10,
=\V{VB|BeTCL, fT< a} by definition of g,
= Va by Lemma 5.4.5(1).

It follows that (5.58) holds. Conversely, we claim that
Va € TCL, f'og(a) = Qa. (5.59)

This is also not hard to see. Take a € T'Cy, then

fogla)=f"(Va) by definition of g,
= f(«) by Lemma 5.4.12,
=\{VB3|BeTCL, BT a} by definition of f,
= Qu since © is order-preserving.

It follows that (5.59) holds. Now we see that for all @ € T'L,

o F(Va) =g o fla) since 0¥ = 1
Ya by (5.58),
= idy,1 (Va) .
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In other words, we see that ¢’ o f" and idy,p, agree on the generators of VrL; it
follows that ¢’ o f’ =idy,1. An analogous argument shows that f' o ¢’ = idycy.-
We conclude that V7L and VL are isomorphic as suplattices and consequently
also as frames; it follows that VrLL is compact. |

5.5 Further work

In this final section of this chapter, we give a list of possible questions for further
work. The first question, or rather, task, is to investigate concrete instances of the
T-powerlocale, beyond the cases T'= P, and T' = Id. Some other, more technical
questions could be the following:

e A straightforward question is if we can prove, given reasonable assumptions
about T, that Vi preserves compactness.

e For a follow-up question, consider the following. There is a dual equivalence
between KRegFrm, the category of compact regular frames and frame
homomorphisms, and KHaus, the category of compact Hausdorff spaces
and continuous maps, as witnessed by the functors pt: KRegFr — KHaus
and ): KHaus — KRegFr. If we denote the classical Vietoris hyperspace
functor by K: KHaus — KHaus, then it is the case that K o pt =~
ptoV. (All of the above can be found in [54, Ch. III].) Our question is
now if it is possible, given a coalgebra functor T": Set — Set such that
Vr preserves compactness (and regularity, by Theorem 5.4.7), to define a
functor Kp: KHaus — KHaus, such that K o pt ~ pt oV;. Palmigiano
& Venema propose an approach to this problem via Chu spaces in [73].

e A related question concerns the work in [66, 67]. In these papers, the authors
define a functor My: BA — BA on Boolean algebras, similar to the way we
defined V: Fr — Fr on frames. It is known [54, §§11-3 and 11-4] that L is a
compact and zero-dimensional frame iff I. ~ Z B for some Boolean algebra B,
where Z is the ideal completion functor. This raises the question if our Vi
is equivalent to My of [67] modulo ideal completion, i.e. if Z oMy ~ Vi o Z.

e A rather technical question is the one raised in Remark 5.3.22: in what
sense, if at all, is p: Vpr — Vv a right adjoint?

A different line of questions concerns constructive mathematics. In their current
form, it is not entirely obvious where in the results we have presented there might
be constructive issues. We mention two possible improvements:

e We have described the construction VrIL by taking a frame IL and then giving
a presentation of VrIL. One could also define Vi on presentations of frames,
rather than on the full frames being presented. This way, one can study
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frames entirely via their presentations, which is conceptually comparable to
the approach of formal topology [25].

e Our results crucially use relation lifting, which seems to be tied to the
category of sets rather much. If one would take a more axiomatic approach
to the properties of A\T: TP — PT, it might be possible to escape Set and
describe yet another generalization of V; which can be constructed using
other categories.






Appendix A

Preliminaries

In this appendix, we will briefly discuss some of the mathematical background
knowledge that we rely on elsewhere in this dissertation. The presentation of this
appendix is not linear: when explaining one subject, we will sometimes refer to
another one which may lie further ahead in the text.

A.1 Set theory

Throughout this dissertation, we assume that the reader is familiar with elementary
set theoretical notions such as membership x € X, intersection X NY, union
X UY and set theoretic difference X \ Y. An exception is Chapter 5, where we
use some extra notation which does not occur in the rest of the dissertation. The
additional preliminaries for Chapter 5 are discussed in §5.2.

The only thing we would like to briefly mention at this point is the power-
set construction. If f: X — Y is a function between sets X and Y, then by
1 P(Y) — P(X) we denote the inverse image function, which maps any set
UCY to

f7U) ={z e X | f(z) €U}

At the same time, if U C X, then we define

flU]:={f(2) |z €U}

this yields a function f[-]: P(X) — P(Y). Using these two mappings on subsets
based on a function f: X — Y, we can define two functors on Set, the category
of sets, with the same action on objects, viz. sending X to P(X). The covariant
powerset functor P: Set — Set maps f: X — Y to Pf: P(X) — P(Y), where
Pf: U — f[U]. The contravariant powerset functor P: Set — Set®” maps
f: X =Y toPf:P(Y)— P(X), where Pf: U f1(U).

199
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A.2 Category theory

Our main reference for category theory is Mac Lane [69]; alternatively, one can
consult Adamek, Herrlich & Strecker [3].

A.2.1 Categories and functors

A category is a structure C consisting of a class of objects X, Y, Z, ... and a binary

function Homc which assigns to any two objects X, Y a class of morphisms, or
arrows, denoted Homg (X, Y).! If f € Homg(X,Y) then we write f: X — Y or

xLy

We require that if (X,Y) # (X',Y”), then Homc(X,Y) and Home (X', Y’) are
disjoint. In other words, given an arrow f in C, f has a unique domain X and
codomain Y such that f € Homg(X,Y'). Every category comes equipped with
an associative composition operation o for morphisms, and identity morphisms
idx, one for each object X. If f: X =Y and g: Y — Z thengo f: X — Zisa
morphism from X to Z. Saying that composition is associative means that for all
[+ X =Y ¢gY—Zand h: Z — W, we have

ho(goef)=(hog)of.

The identity arrows idx are characterized by the following property: for all arrows
f:X—=Yandg:Y — X,

foidy = f and idx og = g.

We also use the arrows to define the notion of isomorphism. An arrow f: X — Y
is an isomorphism if there exists an arrow g: ¥ — X such that

gf =idx and fg =idy .

A.2.1. EXAMPLE. As a prototypical example of a category, consider Set, which
has as its objects the class of all sets, and as its arrows all functions between sets.
Composition of arrows is then simply composition of functions; the identity arrows
are the identity functions and isomorphisms are precisely the bijective functions.
Note that this is not the prototypical example of a category, see [69, §1.2] for a
list of further basic examples.

Let C and C’ be categories. We say C’ is a subcategory of C if every object
of C' is also an object of C, and if for all objects X,Y of C’, Homg/(X,Y) C
Home(X,Y). We say C' is a full subcategory of C if for all objects XY of C/,
Home (X, Y) = Homg (X, Y).

n all categories we consider in this dissertation, Homg(X,Y) is a set rather than a class.
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A.2.2. EXAMPLE. The category Sety, which has as its objects the class of all
finite sets, and as its morphisms all functions between finite sets, forms a full
subcategory of Set.

Given a category C, we can construct its dual category C°. The objects of
C are simply those of C. The arrows of C° are in 1-1 correspondence f +— f
with those of C. The only difference between C and C is that if f: X — Y is
an arrow of C, then f?: Y — X in C goes in the other direction. We can now
define the composite of two arrows f?:Y — X and ¢?: Z — Y in C to be

[P og® = (gf)™
It is easy to see that (idx)° is the identity arrow of X in C°, and that C° indeed
forms a category.

Because of the way C is defined in terms of C, we can unravel statements
about C? into statements about C. Using this fact, we can automatically define
the dual version of any categorical concept. Usually, we will name such a dual
concept by prefixing ‘co-’ to the name of the original concept. This process can
be made much more precise, see [69, §I1.1, 11.2].

A.2.3. EXAMPLE. Let C be a category and let F': C — C be an endofunctor,
i.e. a functor with the same domain and codomain. An F-algebra consists of an
object X and a morphism h: F'(X) — X. The dual notion, that of an F-coalgebra,
consists simply of an object X and a morphism r: X — F(X).

A functor is a structure-preserving map between categories. Concretely, if
C, D are categories then a functor F': C — D consists of an assignment of an
object F(X) to every object X of C, and of an assignment of an arrow F(f) €
Homp (FX, FY) to every arrow f € Homg(X,Y') such that F'(go f) = F(g)oF(f)

forall X LY % Zin C and F(idx) = idp(x) for all X in C. If it is not visually
confusing, we will sometimes omit parentheses, writing e.g. F'f instead of F'(f).

A.2.4. EXAMPLE. As a trivial example of a functor, observe that given any
category C we can define the identity functor Idg: C — C which leaves all
objects and arrows unchanged.

A functor F': C — D is called a contravariant functor from C to D; one can
alternatively view F' as an ‘arrow-reversing’ functor from C to D. The notion of
functor we introduced before is sometimes also called a covariant functor.

A natural transformation v between functors F,G: C — D is a family of
D-morphisms vx: FI(X) — G(X), one for each object X of C, such that for all
f: X =Y in C, the following diagram commutes:

X F(X) 2> G(X)

fl F(f)l J{G(f)

Y FY)——=G(Y)

vy
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If v is a natural transformation such that for each X, vx is an isomorphism, then
we call v a natural isomorphism. If there exists a natural isomorphism between
two functors F,G: C — D, we say F' and G are naturally isomorphic.

A.2.2 Adjunctions of categories

One of the fundamental notions of category theory is that of adjunctions between
categories. A pair of functors F': C — D and G: D — C is called an adjunction,
abbreviated F' - G, if there exist natural transformations n: Idg — GF and
¢: FG — Idp such that for all f: X — GY/, there exists a unique f': F(X) - Y
such that f = Gf' ony, and for all g: FX — Y, there exists a unique ¢': X —
G(Y) such that g = ey o F¢':

GF(X)  F(X) FG(Y) G(Y)
é AN ey A

y G r Fg). \ v
Y % : :

A dual adjunction between categories C and D is simply an adjunction between
C and DP.

We say to categories C, D are equivalent if there exist functors F': C — D
and G: D — C such that GF is naturally isomorphic to Id¢ and F'G is naturally
isomorphic to Idp. If both F' and G are contravariant, we say C and D are dually
equivalent.

If D is a subcategory of C, then the inclusion of D into C forms a functor
J: D — C. If this functor has a left adjoint F': C — D, we say that D is a
reflective subcategory of C, and we call F': C — D a reflector. Dually, if J: D — C
has a right adjoint G: C — D, we say that D is a co-reflective subcategory of C,
and we call G: C — D a co-refilector.

A.3 Order theory and domain theory

In this section we will discuss some of the order theory and domain theory that
we employ in this dissertation. Our main reference for order theory is Davey &
Priestley [29]; our main reference for domain theory is Abramsky & Jung [1].

A.3.1 Pre-orders and partial orders

A pre-order is a structure P = (P, <) where < C P x P is a binary relation which
is

o reflexive: Vo € P, o < x;
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e transitive: Vo,y,z € P, if v <y and y < 2z, then x < 2.

(Note that we will sometimes write ‘z € P’ rather than ‘z € P’.) Observe that a
preorder (P, <) can be seen as a small category with a set of objects P, such that
between any two objects x,y there is at most one arrow. From this perspective,
we get that Homp(z,y) # 0 iff z < y. The notion of dual category now specializes
to the notion of the order dual of a pre-order; we denote the order dual of P by
PP, In other words, P := (P, >), where x > y :< y < z. It is not hard to see
that P°? is again a pre-order. If x € P, we define |,z ={y € P |y < z}; Tpx
is defined dually. If it is clear what order we are dealing with we will omit the
subscripts on | and 1. For U C P, we define | U =,y l 2. If U = | U we say
that U is a lower set; dually, if U = TU then U is an upper set. An equivalent
characterization of lower sets is to say that U is a lower set iff for all x € U and
all y < x, we have y € U.

A partial order (or partially ordered set, or poset) is a pre-order (P, <) which
satisfies the additional property that it is

e anti-symmetric: Va,y € P, if z <y and y < x then z = y.

Although most of the order-theoretic notions we will discuss below also can be
defined for pre-orders (in fact, even for categories), we will restrict our attention
below to partially ordered sets.

Given two posets P and Q, a function f: P — (@ is called order-preserving if
for all z,y € P such that x <y, we have f(z) < f(y). (This is the order-theoretic
specialization of the categorical notion of being a functor.) We say f: P — Q
is an order embedding if for all z,y € P, x < y iff f(z) < f(y). One can show
that order embeddings between posets are necessarily injective maps. An order
isomorphism is a surjective order-embedding. By Pos we denote the category of
partially ordered sets and order-preserving maps.

A.3.1. Fact. Let P,Q be posets and let f: P — @Q be a function. The following
are equivalent:

1. f s order-preserving;
2. for allU C P, fILU] C | f[U];

3. for allV C Q, if V is a lower set then so is f~1(V).

Products of posets are defined point-wise: if {IP; | ¢ € I} is a collection of
posets, we define
HR' - <H1Piv§ >=
I

where for 2,y € [[; P, we have z <y iff for all i € I, 2:(¢) <; y(4).
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A.3.2 Adjunctions of partially ordered sets

Since every poset is a category, we can specialize the categorical notion of adjunc-
tion we introduced in §A.2.2 to posets.

A.3.2. DEFINITION. Let f: P — Q and g: Q — P be order-preserving maps.
We say f and g are an adjoint pair, abbreviated f - g, if one of the following
equivalent conditions holds:

e Vxe P,VycQ, f(x) <yiff v < g(y);

e idp < go fand fog <idg.

Adjoint pairs have many attractive mathematical properties; we list a few
below. As a reference, consider [1, Prop. 3.1.12].

A.3.3. FacT. Suppose that f: P — Q and g: Q — P form an adjoint pair,
i.e. f=4g. Then

1. f preserves all existing suprema and g preserves all existing infima;
2. f 1s an order embedding iff g is surjective iff g o f = idp;

3. f 1is surjective iff g is order embedding iff f o g = idg.

A.3.3 Dcpo’s

A non-empty subset U C P of a partially ordered set P is called directed if for all
x,y € U, there exists a z € U such that t < zand y < z. A depo D = (D, <,) is
a partial order such that for every directed non-empty U C D, U has a supremum
or join in D, denoted \/U. By Dcpo we denote the category of decpo’s and Scott-
continuous functions, i.e. functions which preserve directed joins. As a general
reference for facts about depo’s, we suggest Abramsky & Jung [1]. We will see
later that Scott-continuity is indeed a continuity property. For now we record the
following fact about finite products of dcpo’s. As a reference for this fact, consider
[1, Prop. 3.2.2 and Lemma 3.2.6]

A.3.4. FAcT. LetDq,...,D,,E be depo’s. Then the poset-product Dy X --- x D,
15 also a depo. If f: Dy x -+ xD,, — E is a function, then f preserves all directed
joins in Dy x --- x D, iff f preserves directed joins in each coordinate.
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A.3.4 Order and topology

Given a partial order IP, one can use the order to define several topologies on P, as
we do in §A.7. As a general reference, we suggest the Compendium of Continuous
Lattices[45, Ch. 2 and 3]. We will mention a few properties of one such topology,
the Scott topology.

A.3.5. DEFINITION. Let P = (P, <) be a poset. A set U C P is Scott-open iff
P\ U is a lower set closed under all existing directed joins. By o!(PP) we denote
the Scott topology of P [45, Ch. 2].

The following well-known fact states that Scott-continuity of maps between
dcpo’s is indeed a continuity property. As a reference, consider [1, Prop. 2.3.4].

A.3.6. FacT. A function f: D — E between dcpo’s preserves directed joins iff it
15 continuous with respect to the Scott topology.

Many order-theoretic properties can be characterized topologically; this is a
major topic in this dissertation. As another example consider the following.

A.3.7. EXAMPLE. Given a poset P = (P, <) define the Alezandrov topology to
be the collection of all upper sets of P [54, §II-1.8]. A function f: P — Q between
posets is order-preserving iff f is continuous with respect to the Alexandrov
topology.

A.4 Lattice theory

A standard reference for lattice theory is Birkhoff [18]. Good introductory exposi-
tions can also be found in e.g. [23], [29] and [54, Ch. I].

A.4.1 Semilattices and suplattices

A V-semilattice is an algebra (see §A.6) L. = (L, 0, V) with a binary operation V
called ‘join’” and a constant 0 which satisfy the following equations:
(i) «Vz =~z (idempotence) (i) xVy=yVazr (commutativity)

(i) =V (yVz) = (zVy)Vz (associativity)

(iv) 2V 0=z (0is the identity).
A V-semilattice is a poset under the ordering a < b :< a Vb = b. Alternatively,
one can characterize V-semilattices as posets in which any finite subset has a
least upper bound; one can then define 0 to be the upper bound of the empty set,
and a V b to be the least upper bound of {a,b}. A V-semilattice homomorphism
f: L — M is a map between semilattices IL, M which preserves V and 0, i.e. such
that f(a VvV b) = f(a) Vv f(b) for all a,b € L and such that f(0) = 0.
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A complete V-semilattice or suplattice is a partially ordered set in which
each subset has a least upper bound; alternatively, a suplattice is an algebra
L = (L,\/,0), where \/ is an infinitary operation.

A.4.1. FacT. Let L and M be suplattices and let f: 1. — M be a function. The
following are equivalent:

1. f preserves all non-empty joins;
2. f preserves binary joins and directed joins.

The order dual notion of a V-semilattice is that of a A-semilattice. In a
A-semilattice . = (L, A, 1), the operation A (meet) determines a partial order
a <b:& aAb=a. Under this order a A b is the greatest lower bound of {a,b}.

A.4.2 Lattices and complete lattices

A (bounded) lattice is an algebra L. = (L, A, V,0,1) which is simultaneously a
A-semilattice and a V-semilattice. Alternatively, a lattice is a partially ordered
set in which each finite subset has both a least upper bound and a greatest lower

bound.

A.4.2. REMARK. Throughout this dissertation we assume that lattices are bounded,
i.e. that a lattice I always has a least element O, and a greatest element 1y, and
that lattice homomorphisms preserve Or, and 1g..

By Lat we denote the category of lattices and lattice homomorphisms; by CLat
we denote the category of complete lattices and complete homomorphisms. The
following fact is the order-theoretic version of a well-known result from category
theory, known as the Adjoint Functor Theorem. As a reference for this order-
theoretic version, consider [1, Prop. 3.1.13].

A.4.3. Fact. If f: L. - M is a map between complete lattices which preserves
all joins, then there exists a unique g: Ml — 1L such that f and g form an adjoint

pair f - g.

A.4.3 Distributive lattices, Heyting algebras and Boolean
algebras

Introductory discussions of distributive lattices, Heyting algebras and Boolean
algebras can be found in Johnstone [54, Ch. I]. For additional technical detail,
see e.g. Balbes & Dwinger [7] for distributive lattices and Heyting algebras and
Koppelberg [63] for Boolean algebras.

A lattice L is distributive if it satisfies the equation z A (yVz) = (zAy)V (zV 2),
or equivalently, if it satisfies the equation z V (y A 2) = (x Vy) A (z V z). We
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denote the category of distributive lattices and lattice homomorphisms by DL. If
L is complete, we say L satisfies the (A, \/)-distributive law (also known as the
infinite distributive law) if for all @ € L and for all S C L, a A /S =\, .s(a A D).
Complete lattices which satisfy the (A, \/)-distributive law are known as frames,
also see §5.2.4.

A Heyting algebra is an algebra A = (A, A, V,—,0,1) such that (A, A,V,0,1)
is a distributive lattice and — is a binary operation, known as Heyting implication,
such that

AN <yiff z<zx —y.
Alternatively, one can say that — has to satisfy the following axioms:
(i) z—ax=x~1 (i) zA(x—>y)=zAy
(i) yA(z—y)~y ({v) z—=(yAz)= (@ —y) A(x— 2)

It is a fact of order-theory that adjoints of maps are unique; consequently, since
— is defined via an adjointness property with respect to A, a given distributive
lattice I admits at most one Heyting implication such that (L, A,V,—,0,1) is a
Heyting algebra. We denote the category of Heyting algebras and Heyting algebra
homomorphisms by HA.

A Boolean algebra is an algebra A = (A, A, V,—,0, 1) such that (A, A,V,0,1)
is a distributive lattice, and where — is a unary operation, known as negation or
complementation, satisfying the following equations:

xV-x~1and z A~z = 0.

As was the case with Heyting algebras, a distributive lattice . admits at most
one negation operation making it into a Boolean algebra. In fact, every Boolean
algebra is also a Heyting algebra, if we define

a—b:=-aVh.

We denote the category of Boolean algebras and Boolean algebra homomorphisms
by BA.

A.5 Completions

In §A.3 and §A.4 we have seen several kinds of complete ordered structures.
Completions of ordered structures, that is embeddings of ordered structures into
complete structures play an important role in this dissertation. In this section we
will discuss some properties of the filter and ideal completions and the MacNeille
completion.

A.5.1 The ideal (and filter) completion of a pre-order

The ideal completion is a construction that allows one to embed any partial order
into a dcpo. As references we suggest Plotkin [75, §6] and Abramsky & Jung [1,
§2.2.6).
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Ideals and filters

A.5.1. DEFINITION. Let P = (P, <) be a partial order. An ideal of P is a
non-empty, directed lower set I C P. We define ZP = (Idl(P), C) (the ideal
completion of P) to be the collection of ideals of P ordered by subset inclusion.
Dually, a filter is a non-empty upper set F' C P which is co-directed. We define
FP:= (Filt(P), D) (the filter completion of P) to be the collection of filters of P.

One can embed P in ZPP by mapping z — |x. Moreover, given a order-
preserving function f: P — P’ and I € TP, we define

If:Iw—|fl]={d"€eP|Fzel, o' < f(x)}

which is a Scott-continuous function from ZP to ZP'. It is easy to show that if
L is a V-semilattice, then a non-empty lower set I C L is an ideal iff I is closed
under V. Similarly, filters in A-semilattices are non-empty upper sets closed under
A.

Basic properties of Z and F

The following fact is a consequence of the fact that the definitions of ideals and
filters are order-symmetric. Given a poset P, I is an ideal of PP iff [ is a filter of
P. This gives us an order anti-isomorphism between Z(P°?) and F(PP).

A.5.2. FacT. I(P?) ~ (FP)P,

We will now list several useful properties of the ideal completion. Naturally,
all of these properties dualize to the filter completion.

A.5.3. FACT. Let P be a partial order.
1. 7T is a functor Pos — Dcpo and |: Id — 7 is a natural transformation.

2. If f: P — D is an order-preserving map to a dcpo D, then there exists a
unique Scott-continuous f': TP — D such that f'o |{-} = f; i.e. TP is the
free depo over P.

3. If P is a join semilattice then ZP is a complete lattice.

4. If P and P' are join semilattices and if f: P — P’ preserves binary joins,
thenZ f: TP — TP preserves all non-empty joins.

5. If f: P — Q is an order embedding then so is T f.
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The ideal completion, and dually, the filter completion, preserves finite products;
see [1, Prop. 2.2.23].

A.5.4. FacT. Let P,Q be partial orders. There exists an order isomorphism
h: ZPx Q) - ZP xZQ such that for allz € P, y € Q,

ho l[P’xQ(xvy) = |p(r) X l@(?/)

(The map h simply sends (11, I5) to Iy X I5.) In other words, the functor T: Pos —
Dcpo preserves finite products.

IPx Q) —>~TZTPxZQ

lpx
Pq /4§Z

PxQ

Moreover, o' (ZP) x 6" (ZQ) = o (Z(P x Q)).

Algebraic dcpo’s

Let D be a depo. An element p € D is compact if for all directed S C D, p < \/S
implies that there is some x € S such that p < x. We denote the set of compact
elements of D by KID. We call D an algebraic dcpo if for each x € D, the set
LN KD is directed and z = \/(| x N KD).

A.5.5. FacT. Let D be an algebraic depo. Then
1. D~ I(KD);
2. the set {Tp|p € KD} forms a base for the Scott topology on D.

If L is a complete lattice, then KL is closed under finite V. Consequently,
l N KL is always directed in a lattice; a complete lattice is therefore algebraic
iff for all z € L, x = \/(l t N KD).

A.5.2 The MacNeille completion of a pre-order
Let P = (P, <) be a pre-order and let U C P. We define

ub(U) :={z P |UC |z} (the upper bounds of U),
bU):={zxeP|UC Tz} (the lower bounds of U).

A cut of P is a pair of sets (U,V), where U,V C P, such that U = 1b(V) and
V' =ub(U). We can order the set of all cuts of P by setting

(U1, V1) < (U, Va) :& Uy C Us (or equivalently, Vi D V43).
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Under this order, the set of all cuts of P’ is a complete lattice which we denote
by P. We call P the MacNeille completion of P [70]. There exists a natural map
1p: P — P defined by

ip: x— (lx,Tx).

A.5.6. REMARK. Similarly to the canonical extension (Fact 2.1.9), the MacNeille
completion can be characterized up to isomorphism of completions. Banaschewski
& Bruns [9, §4] showed that if e: P — C is an order embedding of a poset P into
a complete lattice C such that e[lP] is both join-dense and meet-dense, then there
exists a unique order-isomorphism h: C — P such that hoe = ip.

A.5.7. EXAMPLE. Perhaps the best-known example of a MacNeille completion
is the embedding of the rational numbers Q into the reals R. This is known as
the completion of the rationals by Dedekind cuts; for this reason the MacNeille
completion is also known as the Dedekind-MacNeille completion.

A.6 Universal algebra

Our main reference for universal algebra is Burris & Sankappanavar [23].

A.6.1 (l-algebras

An algebraic signature consists of a set of function symbols €2 and an arity function
ar: {) — N assigning a finite arity to each operation symbol. An Q-algebra is a
structure A = (A; (wy)weq) where for each w € Q, wy is a function wy : A2« — A,
Given two Q-algebras A, B, and a function f: A — B, we say that f is an Q2-algebra
homomorphism if for all w € €2, the following diagram commutes:

ml s

B".p
where n = ar(w) and f": A" — B™ denotes the function

(X1, ..y mn) — (f(x1), ..., f(xn)) .

A.6.2 Homomorphic images, subalgebras and products

Fix an algebraic signature ).
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Subalgebras

Let A = (A, (wa)weq) be an algebra and let B C A. We say that B is a subuniverse
of A if for all w € Q, wy[B*“)] C B; in other words, if B is closed under all
operations wy. In that case, we can define operations wg := (wy) [ B*« for all
w € Q, and we call B = (B, (wp)weq) a subalgebra of A. If IC is a class of algebras,
we denote the class of all subalgebras of algebras in K by S(K). If I consists of a
single algebra A, we denote the set of all its subalgebras by S(A).

Homomorphic images, quotients and congruences

Let A and B be algebras and let f: A — B be a homomorphism; if f is surjective
then we call B a homomorphic image of A. If K is a class of algebras, we denote
the class of all homomorphic images of algebras in K by H(K). Given an algebra A,
each algebra B in the class of all its homomorphic images H(A) can be represented
as a quotient, using a congruence on A.

A congruence is an equivalence relation # C A x A on the underlying set of A
such that for all w € Q and all ay,...,a,,b1,...,b, € A, where n = ar(w),

if a; 0 b; for all i < n, then also wa(aq,...,a,) 0 wa(by,...,by).

It is a consequence of the definition of congruences that if 6 is a congruence of
A = (A, (wp)weq), then we can define an algebra structure on A/f, the set of 6-
equivalence classes of A. We denote this algebra by A /6. If we define pg: A — A /6
as fg: a+— a/f, then pyg: A — A/0 is a surjective algebra homomorphism. We
denote the poset of all congruences of A, ordered by subset inclusion, by Con A.
In fact, Con A is always a complete lattice, so we may speak of the congruence
lattice of A.

A natural example of a congruence is provided by the kernel of a given
homomorphism f: A — B:

ker f :={(a,b) € Ax A| f(a) = f(b)}.

It is a consequence of the Isomorphism Theorems of universal algebra that if
f: A — B is a surjective homomorphism, then there exists a unique isomorphism
h: B — A/ker f such that ho f = fier r. In other words, every homomorphic
image of A is naturally isomorphic to a quotient of A.

Products and subdirect products

If {A; |7 € I} is a set of algebras, then we can define an algebra structure on the
product []; A;. If w is an operation of arity n, then we define wyy, 4, on ([T, A;)"
coordinate-wise as follows:

(w1, (a1, -, an)) (1) = (wa, (a1(2), - -, an(2))) .
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We denote the product of {A; | i € I} by [[; A;. We denote the corresponding
projection homomorphisms by 7;: [[; A; — A;. If K is a class of algebras, we
denote the class of all products of algebras in IC by P(K).

An algebra A is a subdirect product of a set of algebras {B; | i € I} if there
exists a set of surjective algebra homomorphisms p;: A — B; such that for all
a,b e A, if p;(a) = p;(b) for all i € I, then a = b. In this case we call (p;: A — B;);
a subdirect decomposition of A. If IC is a class of algebras, we denote the class of
all subdirect products of algebras in IC by Pg(KC).

A.6.3 Varieties

A wvariety is a class of algebras K which is closed under H, S and P, i.e. such that
H(K) C K, S(K) C K and P(K) C K. It is a fact of universal algebra that if K
is a class of algebras, then HSP(K) is the smallest variety containing K. We call
HSP(K) the variety generated by K.

Congruence-distributive varieties

Recall that given an algebra A, we defined Con A to be the lattice of congruences
of A. If Con A is a distributive lattice, we say that A is congruence-distributive.
If V is a variety such that every A in V is congruence-distributive, we call V a
congruence-distributive variety. The following fact is well-known, cf. [23, Theorem
12.3].

A.6.1. Fact. If A has a lattice reduct, then Con A is distributive.

We say that a variety V is finitely generated if there exists a finite algebra A
such that VV = HSP(A). An equivalent condition is to demand that there exists
a finite set of finite algebras K such that V = HSP(K). The following fact, for
which we do not have an explicit reference, is a straightforward consequence of
Jénsson’s Lemma [23, Corollary 6.10].

A.6.2. FAcT. IfV is a congruence-distributive finitely generated variety and if
V' is a subvariety of V, then V' is also finitely generated.

Proof sketch Suppose that V = HSP(A) for some finite algebra A. Since V is
congruence-distributive, it follows by Jénsson’s Lemma [23, Cor. 6.10] that Vg, the
subdirect irreducibles of V, are contained in HS(A). Consequently, every subdirect
irreducible of V is finite. Moreover, since S(A) is finite, HS(A) is essentially finite,
meaning that there exists a finite set K C Vg; such that Vg; = I(K), where
[(K) is the class of all algebras isomorphic to an algebra in K. Now let V' be a
subvariety of V; then Vi; C Vg, so there must exist a necessarily finite K’ C K
such that Vg, = I[(K’). It follows that V' = HSP(K’), so that V' is indeed finitely
generated. |
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Boolean products

We recall the definition of Boolean products of algebras from [23, §IV.8]. Let A be
an algebra. A Boolean product decomposition of A is a subdirect decomposition of
A, i.e. a collection of surjective maps (p,: A — B,).cx such that for all a,b € A,
if py(a) = p(b) for all z € X then a = b, satisfying the additional properties that:

e X is a Boolean space;
e for all a,b € A, the set {x € X | p.(a) = p.(b)} is clopen;

e for all a,b € A and all U C X clopen, there is a (unique) ¢ € A such that
pz(c) = py(a) if x € U and p,(c) = p.(b) otherwise.

A.6.3. FACT. If A is a finite algebra, then HSP(A) = HSPg(A).

Since this fact seems to be a folklore result, we will sketch the proof below.

Proof sketch First we show that HSP = HSPgPy, where Py stands for taking
ultraproducts. It is easy to see that HSPgPy C HSP. For the converse, we will
show that P C PgPy. Let [[; A; be a product of algebras; we will show that
[1; A; can be seen as the Boolean product of all ultraproducts over {A; | i € I}.
Define X to be the set of ultrafilters over I; then X is a Boolean space in its Stone
topology. For each U € X, let py: [[; Ai — [[; A;/U be the projection onto the
ultraproduct [[; A;/U. We claim that

(po: TT A = TTA/U) yey

is a Boolean product decomposition. It is not hard to show the following facts:

1. (pu: [I;Ai — [1;Ai/U)x is a subdirect product decomposition: if a,b €
[I; A; and a # b, then there exists ¢ € I such that a(i) # b(:). If we take the
principal ultrafilter U := {J C I | i € J} then we see that py(a) # pu(b).

2. For all a,b € T[; A, {U € X | py(a) = py(b)} is clopen: it follows from
the definition of py that py(a) = py(b) iff {i € I | a(i) = b(i)} € U, and
{UeX|{iel|a(i)=0b()} €U} is clopen by Stone duality.

3. For all a,b € [[;A; and all clopen O C X, there exists a ¢ € [[; A; such
that py(c) = py(a) if U € O and py(c) = py(b) if U € X \ O: since O C X
is clopen, by Stone duality there exists an J C I such that U € O iff J € U.
Now define ¢(i) :==a(i) if i € J and ¢(i) :==0b(:) if i € I\ J.

Since {A; | ¢ € I} was arbitrary, it follows that P C PgPy, so that indeed
HSP = HSPgPy. Returning to the statement of the Fact, if A is finite, then
Py(A) =I(A); it follows that HSP(A) = HSPg(A). [
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A.6.4 Terms and equations

Let X be a set of variables. The set Terq(X) of Q-terms over X is defined as the
smallest set such that

o X C Terg(X);

o for all w € Q, for all t1,...,tuw) € Terg(X), we have w(ty, ..., taw)) €

Terq(X).
If ¢ is a term, we write ¢(z1,...,x,) to indicate that the variables occuring in ¢
are among {x1,...,z,}. If t(xq1,...,2,) is an Q-term and A is an Q-algebra, then

we define the term function ty: A" — A inductively as

(xi)p =m0 A" — A
(w(tl(j)7 s th<j>>A = Wwp o0 ((tl)A Xoeee X (tk)A) )
where T denotes the tuple zy,...,z, and k = ar(w). If s(xy,...,2,) and
t(zy,...,x,) are terms we say that the equation s ~ t is valid on an algebra
A (alternatively, A satisfies s = t or A |= s & t) if s, = t,, i.e. if the corresponding

term functions coincide. If A is an ordered algebra, then A satisfies the inequation
s<tif sy <ty

A.7 General topology

Our main reference for general topology is Engelking [33]. Another standard text
is Bourbaki [22].

A.7.1 Topological spaces

Let X be a set. A topology on X is a collection of subsets 7 C P(X), which we
call 7-open sets, such that

o {0.X}Cm;
o forall S C 7, |JS € 7;
o foralUVer, UNV er.

We call (X, 7) a topological space. If it is clear what the topology on X is we
will not mention 7 explicitly. We define U C X to be closed if X \ U is open,
ie. if X\ U € 7. If both U and X \ U are open, then we say U is clopen
(closed-and-open).
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A.7.1. EXAMPLE. Given any set X, we can always define two somewhat trivial
topologies on it. The space (X, {0, X'}) is literally called the trivial topology; this
topology has the smallest collection of open sets possible. On the other extreme
we have the discrete topology (X, P(X)), which is the topology on X with the
largest possible collection of open sets.

Subspaces

If (X, 7) is a topological space and Y C X is a set, we can define a topology on
Y, called the subspace topology, by defining

v ={UNY | U € 7x}.

We then call (Y, 7yv) a subspace of (X, Tx).

Bases and subbases

Let X be a set. A subbase for a topology on X is a collection B C P(X) such that
e UB=X.

We call B a base if addionally,
VUV eB UNV=UWeB|WCUV}.

If B is a subbase on X, then {(\S | S C B finite} is a base on X.

A.7.2. EXAMPLE. As a trivial example, observe that if (X, 7) is a topological
space, then 7 is a base on X.

Let B be a base on X and let B’ be a subbase on X. We define

<B> == {UBO | B() Q B}, and
(B) = {UBy | {Bs € {NS | S C B finite} }.

It is a fact of general topology that (B) and (B’) as defined above are topologies

on X. Given a topological space (X, ), we say B is a (sub-) base for (X, 7) if

T = (B). If Bis a base for (X, 7), then it follows from the definition of (B) that for

all open sets U € 7 and for all x € U, there exists a V' € B such that x € V C U.
Let X be a set. One can show that the partial order

({r CP(X) | (X,7) is a topological space}, C )

is a complete lattice. If 7y and 7 are topologies on X with bases By and B,
respectively, then

{UNV|Ue€B,Veb}

is a base for 75 V 7.



216 Appendiz A. Preliminaries

A.7.2 Continuity

Let (X, 7x) and (Y, 7y) be topological spaces. A function f: X — Y is called
(7x, Ty )-continuous if for all U € 1y, f~1(U) € 7x. If it is clear from the context
what the topologies are, we simply say that f is continuous. We say that f: X — Y
is (Tx, 7y )-open if for all U € 1x, flU] € 7v. We say that (X, 7x) and (Y, 7y) are
homeomorphic if there exists an open and continuous bijective map f: X — Y
this is the natural notion of isomorphism for topological spaces.

Let f: Y — X be a continuous function between spaces (X, 7x) and (Y, 7y).
If f is injective and if for all U € 7y, there exists a U’ € Tx such that U = f~}(U"),
then we call f: X — Y a homeomorphic embedding. Under these circumstances,
(Y, 7y) is homeomorphic to f[Y], where the latter set is equipped with the subspace
topology inherited from (X, 7x).

One of the reasons it is practical to work with bases and subbases for topologies
is that they make it easier to check whether a function f: X — Y between
topological spaces (X, 7x) and (Y, 7y) is continuous: If B is a subbase for 7y, then
one can show that f: X — Y is continuous iff for all U € B, f~1(U) € 7x.

A.7.3. LEMMA. Let X,Y be sets, let oy, o1 be topologies on X, let 19, 71 be
topologies on'Y and let f: X — Y be a function.

1. If f: X =Y s (09, 10)-continuous and if o9 C o1 and 19 2 71, then f is
also (01,1 )-continuous.

2. If f+ X =Y is both (09, T0)-continuous and (o1, T )-continuous, then f is
also (og V 01,79 V T1)-continuous.

Proof This is an easy exercise. |

A.7.3 Separation and compactness

In this subsection we list several properties of topological spaces. A topological
space (X, 7) satisfies the Tg separation aziom if for all z,y € X such that z # v,
there exists an open set U C X such that either v € U Zyorxz ¢ U >y. A
topological space satisfies the T separation aziom if for all z,y € X such that
x # y, there exist open sets U,V C X such that z € U Zy and z ¢ V > 4.
Finally, a topological space satisfies the T5 separation axiom, also known as the
Hausdorff separation aziom, if for all x,y € X such that x # y, there exist disjoint
open sets U,V C X such that x € U and y € V. We will usually simply say that
a space 1s Ty, Hausdorff, etc.

Let (X, T) be a topological space and let Y C X. We say Y is compact if for
all S C 7 such that Y C [JS, there exists a finite Sy C S such that Y C [JSy. If
X itself is a compact set we call (X, 7) a compact space.
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Boolean spaces

A topological space (X, 7) is zero-dimensional if (X, 7) has a base of clopen sets.
Equivalently, (X, 7) is zero-dimensional if for all open sets U C X and all z € U,
there exists a clopen V' C X such that x € V C U. We call spaces that are both
compact, Hausdorff and zero-dimensional Boolean spaces; these spaces are also
called Stone spaces [54].

A.8 Duality for ordered Kripke frames

In §4.1.4, we discuss the discrete duality between DLO™, the category of semi-
topological distributive lattices with operators and complete homomorphisms, and
OKFr, the category of ordered Kripke frames and bounded morphisms. However,
in §4.1.4 we only describe the functor (-)™: OKFr” — DLO™". Below we will
describe the functor (+),: DLOT — OKFr®. As a general reference about DLO’s
we mention Goldblatt [47]; the details of the discrete duality we use are discussed
by Gehrke et al. in [40, §2.3].

Before we can describe the functor (-); : DLOT — OKFr”, we need a few
definitions. Let A be a semi-topological DLO. By J*°(A) we denote the completely
join-irreducible elements of A, i.e. those p € A such that for all S C A, if p=1\/S
then there exists an z € S such that p = x. Using order duality we can define
the set of completely meet irreducible elements of A, denoted M*°(A). In a semi-
topological DLO, we can define an order-isomorphism x: J*(A) — M*>(A), by
sending p — \/(A\ Tp).

Recall from §4.1.1 that a semi-topological DLO is a complete bi-algebraic
distributive lattice-based algebra A = (A, Ay, Va, Oa, 14, O, 0a), where Oy A" —
A is a complete normal n-ary operator and [y : A™ — A is a complete normal
m~ary dual operator. We now define

A+ = <JOO(A)7 S) RA+7 QA+>’
where

e (J®(A), <) is the set of completely join-irreducibles of A with the order
inherited from A;

e Ry, is an n + l-ary relation on J*°(A) such that
p RA+ (Q17' .. 7Qn) lﬁp < <>A(q17 cee 7qn)7

e Qu, is an m + l-ary relation on J*°(A) such that

P Qa. (q1,. .. qm) Hf Oa(k(qr), ..., k(gm)) < K(p).
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If f: A — B is a morphism of DLO™, i.e. a complete DLO homomorphism, then
we define f,: B, — A, as

frip—= NMaeA|p< fla)},

which is indeed a bounded morphism. One can show that f, is in fact the left
adjoint of f: A — B, restricted to J*(B).

A.8.1. FacT. The functors (-),: DLO" — OKFr” and (-)*: OKFr®” — DLO™
form a dual equivalence of categories. Each of the functors (-)y and ()T map
finite objects to finite objects. Moreover given a complete DLO homomorphism
f: A — B between semi-topological DLO’s,

1. f: A — B is surjective iff fy: By — A, is an embedding of ordered Kripke
frames;

2. f: A — B is injective iff fi: By — AL is surjective.

The isomorphisms witnessing the above Fact are obtained as follows: for a
semi-topological DLO A, we map A to (A ;)" by sending

a—{peJ®A)|p<aj,

which is a lower set of A, . Conversely, given an ordered Kripke frame §, we map

S to (F1)4 by sending
x— T,

which is a completely join-irreducible element of F*.
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Samenvatting

In dit proefschrift bespreken we drie onderwerpen: canonieke extensies van tralie-
algebra’s, Stone-dualiteit voor distributive tralies met operatoren, en een generali-
satie van de puntvrije Vietoris powerlocale-constructie.

In Hoofdstukken 2 en 3 onderzoeken verbanden tussen canonieke extensies
van tralie-algebra’s en topologische algebra, pro-eindige completeringen en gericht-
volledige partiéle ordeningen (dcpo’s). We geven een topologische karakterisering
van de canonieke extensie van een tralie in §2.1.3, en een verbeterde karakterisering
van canonieke extensies van orde-bewarende afbeeldingen als maximale continue
extensies, alsmede andere continuiteitsresultaten, in §2.2. De verbetering in de
resultaten in §2.2 schuilt in het feit dat we niet uitgaan van distributieve tralies,
maar van willekeurige tralies. In §2.3 ronden we Hoofdstuk 2 af met een andere ka-
rakterisering van canonieke extensies, namelijk door middel van dcpo-presentaties.
In Hoofdstuk 3 bespreken we canonieke extensies van willekeurige afbeeldingen en
canonieke extensies van algebras, beide in relatie tot topologische algebra. In §3.3.2
laten we zien dat canonieke extensies van surjectieve algebrahomomorfismes tussen
tralie-algebra’s wederom homomorfismes zijn. We gebruiken dit gegeven in §3.4.1
om te laten zien dat de pro-eindige completering van een willekeurige tralie-algebra
A gekarakteriseerd kan worden als een volledig quotiént van de canonieke extensie
van A. Vervolgens onderzoeken we in §3.4.2 wanneer de pro-eindige completering
van een tralie-algebra A samenvalt met de canonieke extensie van A. We sluiten
Hoofdstuk 3 af met enige resultaten betreffende een universele eigenschap van
canonieke extensies met betrekking tot Boolese topologische algebra’s in §3.4.3.

In Hoofdstuk 4 verdiepen wij ons in de discrete Stone-dualiteit voor semi-
topologische distributieve tralies met operatoren (DLO’s) en geordende Kripke-
frames. In §4.1 behandelen we de dualiteit tussen pro-eindige DLO’s en de
daarmee corresponderende erfelijk eindige geordende Kripke-frames. We bespreken
enkele speciale gevallen van deze dualiteit in §4.2, te weten discrete dualiteit voor
distributieve tralies, Boolese algebra’s, Heytingalgebra’s en modale algebra’s.
Wij sluiten dit hoofdstuk af met een nadere blik op de voornoemde dualiteit in het
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geval van Boolese algebra’s met operatoren (BAQO’s) in §4.3. In dit geval kunnen
we niet alleen de pro-eindige BAO’s karakteriseren middels Stone-dualiteit, maar
ook de compacte Hausdorff- en Boolese topologische BAO’s. We laten zien dat
compacte Hausdorff-BAO’s (en Boolese topologische BAO’s) de dualen zijn van
eindig vertakkende Kripke-frames. We passen deze kennis toe in een beschouwing
van de inbedding van Kripke-frames in hun ultrafilterextensies in §4.3.2.

In Hoofdstuk 5 gebruiken we een geometrische variant van de Carioca-azioma’s
voor coalgebraische modale logica om een nieuwe beschrijving te geven van
de puntvrije Vietorisconstructie. In §5.3.1 introduceren we de T-powerlocale-
constructie, gegeven een endofunctor 7': Set — Set op de categorie van verza-
melingen. We laten vervolgens in §5.3.3 zien dat het P-powerlocale, waar P de
covariante machtsverzamelingfunctor is, de oorspronkelijke Vietoris powerlocale-
constructie geeft. In §5.3.4 laten we zien dat de T-powerlocale-constructie onder-
deel is van een functor Vi op de categorie van frames. Daarnaast laten we zien
hoe een natuurlijke transformatie van een functor 7" naar T" een natuurlijke trans-
formatie van Vi naar Vv oplevert. In §5.3.5 laten we zien dat het T-powerlocale
gepresenteerd kan worden door middel van flat sites; dit leidt tot een algebraisch
bewijs van het feit dat formules in onze geometrische coalgebraische modale logica
disjunctieve normaalvormen hebben. Ten slotte laten we in §5.4 zien dat de T-
powerlocale-constructie frame-eigenschappen als regulariteit, nul-dimensionaliteit
en de combinatie van nul-dimensionaliteit en compactheid bewaart.



Abstract

In this dissertation we discuss three subjects: canonical extensions of lattice-based
algebras, Stone duality for distrbutive lattices with operators, and a generalization
of the point-free Vietoris powerlocale construction.

In Chapters 2 and 3, we study canonical extensions of lattice-based algebras
in relation to topological algebra, profinite completions and directed complete
partial orders (dcpo’s). We provide a topological characterization theorem for the
canonical extension of a lattice in §2.1.3, and we give an improved characterization
of canonical extensions of order-preserving maps as maximal continuous extensions,
along with further continuitresults, in §2.2. The improvement in the results of
§2.2 lies in the fact that they hold for arbitrary rather than distributive lattices.
In §2.3, we show how canonical extensions of lattices can be characterized using
dcpo presentations, concluding Chapter 2. In Chapter 3 we discuss canonical
extensions of arbitrary maps and canonical extensions of lattice-based algebras,
both in relation to topological algebra. In §3.3.2, we show that the canonical
extenion of a surjective lattice-based algebra homomorphism is again an algebra
homomorphism. We use this fact to show in §3.4.1 that the profinite completion
of any lattice-based algebra A can be characterized as a complete quotient of
the canonical extension of A. Subsequently, in §3.4.2, we investigate necessary
and sufficient circumstances for the profinite completion of A to be equal to the
canonical extension of A. We conclude Chapter 3 with a discussion of a universal
property of canonical extensions with respect to Boolean topological algebras in
63.4.3.

In Chapter 4, we study discrete Stone duality for semi-topological distributive
lattices with operators (DLO’s) and ordered Kripke frames. In §4.1, we study the
duality between profinite DLO’s and the corresponding hereditarily finite ordered
Kripke frames. We consider special cases of this duality in §4.2, namely distributive
lattices, Boolean algebras, Heyting algebras and modal algebras. Finally, in §4.3,
we show that if we restrict our attention to Boolean algebras with operators
(BAO'’s) rather than DLO’s, we can characterize not only profinite BAO’s via
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Stone duality, but also compact Hausdorff and Boolean topological BAO’s. We
show that compact Hausdorff BAO’s (and Boolean topological BAO’s) are dual
to image-finite Kripke frames. We use this knowledge to study the embedding of
Kripke frames into their ultrafilter extensions in §4.3.2.

In Chapter 5, we use a geometric version of the Carioca axioms for coalgebraic
modal logic with the cover modality to give a new description of the point-free
Vietoris construction. In §5.3.1 we introduce the T-powerlocale construction,
where T': Set — Set is a weak-pullback preserving, standard, finitary endofunctor
on the category of sets. We then go on to show that the P-powerlocale, where
P is the covariant powerset functor, is the usual Vietoris powerlocale in §5.3.3.
In §5.3.4 we show that the T-powerlocale construction yields a functor V7 on the
category of frames, and we show how to lift natural transformations between set
functors 17" and T to natural transformations between T-powerlocale functors Vp
and V. In §5.3.5 we show that the T-powerlocale can be presented using a flat
site presentation rather than an frame presentation; this gives us an algebraic
proof for the fact that formulas in our geometric coalgebraic modal logic have
a disjunctive normal form. Finally in §5.4, we show that the T-powerlocale
construction preserves regularity, zero-dimensionality and the combination of
zero-dimensionality and compactness.
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