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Chapter 1

Query-efficient computation

1.1 Introduction

In this thesis we address the question of how to solve computational problems
when we can only afford to look at a minuscule fraction of the data. The subject is
easily motivated by the ever-increasing need to handle large datasets. For example,
suppose we are interested in checking whether or not a list of numbers is sorted
in increasing order (such a sequence is said to be monotonically increasing, or
monotone for short). As far as algorithmic tasks go, this is usually considered one
of the easiest because it can be solved in essentially the same time it takes to scan
the input. But if the sequence is extremely long, just reading all the numbers will
take precious time, and it is reasonable to wonder if there might be a faster way.
To make any savings in running time, we would have to be able to ascertain if the
sequence is monotone without inspecting the whole of it.

At first glance, this is not really possible: if we so much as miss a single
element, we will be forced to wrongly accept some non-monotone sequences (or
reject some monotone ones). This is because we will fail to see anything wrong
with a sequence that is sorted except for the one element that we didn’t look
at. In view of this, we could ask if there is anything to be gained by allowing
randomized algorithms that have a small probability of error, instead of returning
the answer with absolute certainty. Unfortunately not much can be done, even
in this case: it can be shown that for us to succeed on every sequence at least
two thirds of the time, we need to look at half the sequence no matter what. If
we didn’t, an adversary could choose an arbitrary monotone sequence, change
one randomly located element so that the new sequence is no longer monotone,
and give it for us to test. Note that if we inspect less than half of the elements
of such an “adversarial” sequence, it will look perfectly good to us more than
half of the time, regardless of our strategy. When this happens we cannot hope
to distinguish the sequence from a truly monotone one; since we need to accept
monotone sequences with probability %, our best shot to decrease the probability

1



2 Chapter 1. Query-efficient computation

of being fooled in these situations is to flip a biased coin and accept the sequences
that “look” monotone only with probability % But then the error probability for
the adversarial sequences would be greater than % . % = %, which is more than we
want.

What this tells us is that, unless we are willing to look at the entire data, we
cannot hope to accept valid monotone sequences and still reject those that are
very “close” to being monotone. What if we are promised that the sequence is
either monotone or “far away” from it? Call a sequence “0.1-far from monotone’
if at least 10% of the sequence needs to be modified in order to make it increasing;
otherwise say that it is “0.1-close to monotone”. Let s = s155...s, denote the
sequence, and let us refer to each question for the element s; at some particular
position 7 as a query. An amazingly simple algorithm of Ergiin et al. solves this
problem with just about logn queries [EKKT00|: First, pick a random index
i€ {1,2,...,n}. Then query the ith element of s, which gives us the value of s;.
Next perform a binary search for s; in the sequence, as though s were actually
sorted. Finally, accept if the element found was s;.

The algorithm just described is very efficient because the binary search takes
time logarithmic in the sequence length. It clearly accepts if s is indeed monotone,
because this is the only precondition for binary search to work. When s is 0.1-far
from monotone, the test rejects with probability at least 0.1. The easiest way to
see the latter claim is to rephrase it in an equivalent form: any sequence that the
algorithm above accepts with probability greater than 0.9 must be 0.1-close to
increasing. This is because the set of indices for which the binary search succeeds
can be shown to be increasing, which means that we can make s monotone by
modifying only the remaining indices. To see why, let 7,7 (i < j) be two such
indices and consider the point at which the binary search for s; diverges from the
search for s;. Since both searches are successful, s; must be less than or equal to
the pivot element, and s; must be greater than or equal to it; therefore s; < s;.
Note that, while a rejection probability of 0.1 may look low, it can be easily
amplified to take values arbitrarily close to 1 by performing a constant number of
independent repetitions of this basic test.

Many other questions of this type are possible. In the example above we were
given “black box” (or “oracle”) access to the sequence and we wanted to minimize
the number of elements inspected (queries). We can also consider properties of
graphs; for example, we may want to check if a given graph is “essentially the
same” as a known one, where “essentially” means that the two are considered
equivalent if they are the same up to relabelling the vertices. Here each query
could be a question about a particular entry of the adjacency matrix of the graph.

Usually, however, we will be exploring the difficulty of checking properties of
functions. Our example problem of testing monotonicity of a sequence can be
thought of as testing the monotonicity of a function from [n| to [n]. Similarly,
questions about graphs can be phrased in terms of functions on [n] x [n] representing
adjacency matrices.

Y



1.2. Sublinear-time algorithms 3

In computer science, booleanﬂ functions play a prominent role (these are
functions where the range of definition is the pair {0,1}). We will be interested in
boolean functions mostly (but not exclusively). In general, a property of functions
is simply a collection P of functions, and f is said to have property P iff f € P.
The simplest example of a boolean property is that of being a constant boolean
function on {0,1}"; for f to satisfy this property we must have either f = 0
or f = 1, so P has only two elements in this case. The input to the tester
would be the truth table of the function (i.e., its image on all elements of its
domain), and each query would be a question for the value that f assumes on
an element x chosen by the tester. A more interesting property could be that of
being determined by just k£ out of n input variables; such functions are termed
k-juntas.

1.2 Sublinear-time algorithms

In the classical decision setting, the goal of an algorithm is to determine whether
the input has property P or not. Just how easy or hard it is to decide which case
it is depends on P itself; this topic is studied by the theories of computability
and complexity (a modern account of many of the highlights can be found in
the book by Arora and Barak [ABQ9]). The complexity parameters under study
are usually the running time of the algorithm, its space usage, the amount of
randomness or advice it requires, or the possible tradeoffs among these measures;
this reflects the intent to study the inherent computational hardness of the problem.
Remarkably, the first research along these lines was carried out by Turing before
the advent of digital computers, in his classic paper introducing the notion of
computability [Tur36]. But with the tremendous increases in processors’ speed and
computational power, the idea of what may be calculated efficiently has undergone
revisions and refinements in what might seem the “wrong” direction. Originally,
the sole existence of an algorithm to solve a problem (i.e., its being computable)
used to be considered good enough. Subsequent considerations of how running time
scales with input size led Cobham |Cob65] and Edmonds [Edm65] to develop the
more restrictive notion of polynomial-time computability. In recent times, the sheer
amount of data available for many applications, such as computational biology,
data mining, etc., has become so large that often only linear-time algorithms
(or almost linear-time) can be considered efficient (although this is a much more
model-dependent notion than that of polynomial-time computability).
Linear-time algorithms compute the answer in essentially the same time it
takes to read the input. In this sense they are optimal because a correct algorithm
for an ordinary problem is typically obliged to examine its entire input. As we

Tt has been said that, while it is an honor for a mathematician to have an object named
after him, the highest honor is conferred when the word ceases to be capitalized (as in, e.g.,
“abelian group”). Hence we will always write “boolean” in lowercase.
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saw before, even if we allow randomization, a sizable portion of the input needs
to be inspected. For these reasons, linear-time algorithms have long been thought
to meet the “golden standard” of efficiency.

In spite of this, nowadays a good deal of research effort is being devoted to
obtaining sublinear-time algorithms. These are programs that make assertions as
to whether or not a certain property is satisfied by the input after reading only a
very small portion thereof (see the recent survey of Ron and Shapira [RS12]). This
entails weakening our requirements. In Property Testing, we no longer expect an
algorithm to reject at the slightest discrepancy with the property P. Instead, we
ask it to distinguish between objects that have the property and those which are
“far away” from it. In other words, we would like to accept inputs that satisfy P,
while ensuring that we reject “corrupt” inputs that cannot be made to satisfy P
even after significant changes. It does not matter what the tester outputs for those
functions in the gray area between “P” and “far from P”. The main measure of
efficiency for property testers is their query complezity, which indicates how much
of the input an algorithm needs to inspect in order to reach a reliable decision.
Surprisingly, many natural problems admit testers of constant query complexity,
which are sometimes referred to as local testers.

Property testing has its origins in the classic paper of Blum, Luby and
Rubinfeld [BLR90], who discovered the so-called “BLR test” for the class of
linear functions (or, what amounts to the same thing, a local test for the
Hadamard code). They were motivated by questions on program verification and
self-testing/correcting. Shortly thereafter, Rubinfeld and Sudan [RS96] studied
testers for the class of low-degree polynomials over a field (see also [AS03]). These
results were instrumental in the early algebraic proofs of the celebrated PCP
Theorem of Arora, Lund, Motwani, Sudan and Szegedy [ALM™98], and in the
proof that MIP = NEXP by Babai, Fortnow and Lund [BFL9I]. The systematic
study of property testing for discrete structures such as functions and graphs
was initiated by Goldreich, Goldwasser, and Ron [GGR98]. Since then a great
many properties have been found to admit efficient property testers; examples
of well-studied problems include monotonicity [DGL™99, [FLN*02, |GGL™00],
juntas [FKRT04, [CG04, Bla09], halfspaces [MORSI0, MORS09], and having
concise representations [DLMT07]. The field has been extremely active over
the last few years—see, e.g., the aforementioned survey [RS12] as well as those of
Fischer [Fis01] and Ron [Ron08, Ronl0].

Many uses of property testers have been found, as the subject arises naturally
in a variety of contexts; for example, see [CSZ00] for applications in computational
geometry. Property testers can be used to perform a quick, preliminary check that
discards the input instances that are far from satisfying the property. Only when
the input is close to satisfying it do we need to run a full-fledged, and potentially
much more expensive, decision algorithm. The same ideas apply in the context of
learning. Here one tries to construct a “learner” that, from sample values of the
function, is able to come up with good predictors of the values of the function
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on all possible inputs. The predictor itself will be a function that belongs to
the so-called “hypothesis class” of the learner (see Chapter . If the function is
far from the hypothesis class, then there is no such predictor and the learner is
bound to be unsuccessful. A preliminary run of the property tester can detect
this situation and spare us the unnecessary investment in resources.

Property testing of boolean functions will be our model of focus in most of this
thesis. This being a work in theoretical computer science, it is sometimes deemed
advisable to include a disclaimer that the algorithms presented here are mostly
of theoretical interest, and in this sense this is no exception. The emphasis will
be in understanding and not on the practicality or usefulness of these algorithms.
However, just as it would be reckless to assume their practicality without fine-
tuning them and/or studying their performance on real-world data, so it would
be foolish to assume they are impractical only because they arose in a theoretical
context. Some of them, such as those discussed in Chapter [0, definitely are in its
current form; and some of them, such as those in Chapter [3|look like they are
because of the large constants involved. However the latter are, more likely than
not, an artifact of the proofs, and it seems entirely within the realm of possibility
that many algorithms based on junta testing and core sample extraction can be
efficiently implemented in practical applications.

1.3 Function isomorphism

In the next few chapters we will be studying the problem of boolean function
isomorphism. We say that two boolean functions f,g: {0,1}" — {0,1} are
1somorphic if they are equal up to relabellings of the input variables, i.e., if it is
possible to permute the n input variables of f so that the resulting function is
equal to g. For instance, the functions

f(l’l.TQIg) = (Il VAN IQ) V T3

and
g(r11973) = (X3 A1) V 29

are isomorphic. On the other hand, a symmetric function, such as the majority
function on n variables

1 iff |x] > n/2

Maj n(xlxz . a:n) - {0 otherwise

is only isomorphic to itself, because permuting variables has no effect on Maj,,.
Function isomorphism is a well-studied problem since two functions being iso-
morphic means that they are “essentially the same” and have identical circuit
realizations. (A related notion is that of structural equivalence, which allows for
complementations of variables as well.) Moreover, many function properties can
be cast in terms of isomorphism; some simple examples include the following:
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e Dictatorships. The function g is a dictator if there is ¢ € [n] such that
g(x1xo ... x,) = x; for all z. This amounts to saying that ¢ is isomorphic to
the fixed function f(zixs...x,) = x;.

e Monomials. The function g is a k-monomial if and only if it is isomorphic
to f(zime...xn) =21 ATy A Tg.

e Parities. The function ¢ is a k-parity if and only if it is isomorphic to
flrize...xp) =21 B T2 ® -+ D .

The feature all these examples share is the fact that the function f is a small
junta (that is to say, it depends on a small number of variables), and indeed the
question of how the complexity is affected by the stipulation that f should be a
small junta will play a major role in the sequel.

Although most of our focus will be on the query complexity of testing
isomorphism, we start with a few words about the state of the art of the algorithms
for deciding function isomorphism and their time complexity. When considering
the decision version of the problem, we assume that truth tables for both functions
are explicitly given. As explained in Chapter [ there is a tight connection
between function isomorphism and hypergraph isomorphism: broadly speaking,
we can identify a boolean function f with the hypergraph with vertex set [n]
and edge set given by f~1(1) (where binary vectors x € {0,1}" represent subsets
of [n] as usual). Seen this way, the problem of function isomorphism becomes
a natural generalization of the analogous problem for graphs. The problem of
graph isomorphism has no known polynomial-time solution, despite being strongly
suspected not to be NP-complete [Sch88]; hence it is a natural candidate for an NP-
intermediate problem. It should be noted that the input size for the hypergraph
variant is ©(2"), whereas it is ©((})) = ©(n?) in the graph setting. The larger
input size of the former can (and does) allow for faster solutions, relative to
the input size. While the best known upper bounds for graph isomorphism are
exponential (taking time 20(v71°¢7) on graphs with n nodes [BKLS83]), a brute-
force search over all permutations yields a solution for hypergraph isomorphism
that runs in time O(n!-2") = 201°e™) for hypergraphs with n nodes, which is
only quasipolynomial in the input size. The paper [Luk99] of Luks actually put
the problem in P by providing a solution that runs in time 2°™. His algorithm
proceeds by computing the automorphism group of a boolean function, a concept
that will prove important to us later in Chapter [, A recent paper of Babai and
Codenotti [BCO8a] considered the related problem of isomorphism of hypergraphs
whose rank (maximum size of edges) is bounded by k, and gave a solution in time

exp(O(k* /).

It is also possible to consider variations where the input functions are implicitly
encoded. For example, when f and ¢ are given as boolean formulae, deciding
isomorphism becomes coNP-hard. This problem is not known to be in coNP,
although it is contained in X, the second level of the polynomial hierarchy. On
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the other hand, Agrawal and Thierauf [AT00] showed that this problem is not
complete for ¥f under the assumption that the polynomial hierarchy does not
collapse to the third level.

1.4 General notation

Let n,k € N and z € {0,1}". We write [n] = {1,...,n} and, when the symbol
[k, n] refers to a discrete set from context, we write [k,n] = {k,k+1,...,n}. We
refer to the elements of {0,1}" as n-bit binary strings or vectors, indistinctly.
Whenever convenient, we identify a binary vector z € {0,1}" with a subset
of [n] in the natural way, and vice versa. That is, z € {0,1}" is identified
with the set {i € [n] | z; = 1}, and S C [n] is identified with its indicator string
x € {0,1}" satisfying z; = 1 & i € S. The Hamming weight of x € {0,1}" is
2| = [{i € [n] | 2 = 1}].

Often we also identify {0,1}" with the direct product of n copies 0o Fy or Zs,
and we write z @ y (and sometimes x + y) for the sum of = and y over F3, which
coincides with their bitwise XOR. In a similar manner, x A y denotes the bitwise
AND of z and y, and x Vy their bitwise OR. Of course we may use the set-theoretic
notation for these as well: x Ny and x U y.

Let S be a set and k € N. A k-set is a set of size k, and a k-subset of S is a
k-set that is a subset of S. The collection of all k-subsets of S is denoted (i), and

( §Sk> is the collection of all subsets of cardinality at most k; hence }(i)‘ = ('2'). A

similar notation is used for binomial coefficients:

(2)=x ()

An equipartition of an s-set into t parts is a partition of the set into t parts of
size |s/t| or [s/t]; there must necessarily be s mod ¢ parts of the latter size.

The symbol log denotes logarithms to the base 2, and In denotes the natural
logarithm.

Restrictions and assignment manipulation

Let a € {0,1}",b € {0,1}™. The symbol a LIb € {0,1}""™ denotes the
concatenation of a and b.

Given x € {0,1}" and a subset I C [n], z| ; denotes the binary string obtained
by restricting z to the indices in I, according to the natural order of [n]. Concretely,
if [ ={ir,...,0}, 0 <ig <--- <1y, then zl, =z i, ... x;,. We also write flg
for the restriction of a function to a set S C dom(f). For y € {0, 1}'”, Ty,
denotes the string z obtained by substituting y for the values in x|
z[, =y and z| :x[[n]\l.

> 1.e., satistying

[n\I



8 Chapter 1. Query-efficient computation

Parities

A parity is a linear form on FY, i.e., a function f: {0,1}" — {0,1} that satisfies
the identity f(z @ y) = f(z) ® f(y). (To see why this condition corresponds to
linearity, recall that the only non-zero scalar in Fy is 1, and that sum over F} is
the same as bitwise XOR.) Such a function is given by

f(z) = (z,v) mod 2 = @xivi

1€[n]

for some v € {0,1}". The function f associated with v in this way is denoted v*;
we sometimes refer to |v| as the size of the parity f = v*. The set of all linear
boolean functions on {0,1}" is denoted PAR™.

We say that f = v* is a k-parity if its associated vector v has Hamming weight
exactly k. The set of all k-parities on n variables is denoted PAR}; the set of all
parities of size at most k is denoted PARZ,. Sometimes we drop the superscript n.

Distributions

The term x ~ D represents a random variable x drawn from the distribution D.
Also, e € S under the probability symbol means that an element e is chosen
uniformly at random from a set S. That is, it is understood that distributions are
uniform by default, unless stated otherwise.

We use an algebraic notation to express convex combinations of distributions.
For example, for two distributions D; and D,, the distribution obtained by choosing
a random element of D; with probability half, and a random permutation of Dy
with probability half is denoted (D; + D3)/2.

We use the phrase “with high probability” to mean that some event happens
with probability at least some constant p > 1/2.

The hypercube

The directed n-dimensional hypercube (or simply n-cube) is a directed graph
H, = (V,,E,) with V,, = {0,1}" and E, = {(z,y) | z Cy and |y| = |z| + 1}.
The hth layer(or level) of H,, contains all x € V,, with |z| = h.

There is a natural partial order < on the vertices of the hypercube: x < y iff
there is a directed path from z to y in H,, i.e., when (x; =1 = y; = 1) for all
i € n. This ordering is the same as that of the inclusion poset of [n]: x < y iff
z Cy.

Hypergraphs

Hypergraphs [Ber89, [Bol86] are a straightforward generalization of graphs. Recall
that the edge set of a graph is simply a collection of pairs of vertices. An undirected
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hypergraph is a pair H = (V| E), where V is a set of vertices and £ C P(V) is
an arbitrary collection of hyperedges (subsets of vertices). A hypergraph is thus
essentially the same as a set system on V.

We define a directed hypergraph analogously, except that edges are now
sequences (tuples) of elements of V' rather than unordered sets. (Other definitions
of directed hypergraphs are also used in the literature.)

The hypergraph H is uniform if all of its hyperedges have the same cardinality r;
the number r is called the rank or arity of H.

Other

Expressions of the form x = ©(y)+0(z) are taken to mean that there are constants
¢c>c >0,d>0such that 'y —dz < x < cy+dz.

Tilde notation is used to hide polylogarithmic factors—for example r(n) =
O(t(n)) if there is a positive constant ¢ such that r(n) > Q(logﬁ’;gn)) and r(n) <
O(t(n)log“t(n)).

1.5 Property testing

We formalize here the concept of property testing outlined in Section [I.1] within
the context of classical computation ]

1.5.1. DEFINITION. Given a pair f,g: D — {0, 1} of boolean functions defined
on a domain D, the distance between them is

dist(f,g) = Pr[f(z) # g(x)].

The distance from a function f to a property P is the minimum distance
between f and g over all g € P, i.e.,

dist(f,P) £ mindist(f, g).
geP

For e € RY, f is e-far from P if dist(f, P) > ¢, otherwise it is e-close to P.

1.5.2. DEFINITION. A (q,¢)-tester for the property P is a randomized algo-
rithmrf] T that queries an unknown function f on at most ¢ different inputs in
{0,1}™ and then

2Property testing can also be studied within the context of quantum computation. This line
of research was introduced by Buhrman, Fortnow, Newman and Rohrig [BENROS] and continued
in many other papers, but is beyond the scope of this thesis.

3No assumption of uniformity is implied by the use of the word “algorithm” here. In any
case the distinction is inconsequential for us since all our lower bounds apply to non-uniform
algorithms, and our upper bounds are usually uniform.
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1. accepts f with probability at least % when f € P (completeness);

2. rejects f with probability at least % when f is e-far from P (soundness).

(If the property deals with a pair of input functions, the algorithm may query
both.)

The query complexity of a (g, e)-tester T is the worst-case number of queries
it makes before making a decision, taken over all possible inputs and over the
outcomes of all internal coin tosses of 7 (so it is at most g). The tester T is said
to be non-adaptive if its choice of queries does not depend on the outcomes of
earlier queries; otherwise it is adaptive.

The choice of 2/3 for the success probability is arbitrary, up to constant factors
in the query complexity, by standard probability amplification arguments.

Note that a deterministic, non-adaptive tester is determined by a fixed set @)
of ¢ = |Q] queries, together with a function from {0, 1} to {accept, reject}. A
randomized tester can be specified with a distribution over deterministic testers,
corresponding to the different outcomes of the internal coin tosses of the tester.

On the other hand, a deterministic, adaptive tester with ¢ queries is specified
by a decision tree of depth ¢. (See the paper [BW02] of Buhrman and de Wolf
for a survey article on decision trees.) Each internal node is labelled by the next
query and has two outgoing edges labelled 0 or 1, according to the outcome. Each
leave is labelled by either accept or reject. Again, a randomized, adaptive tester
can be viewed as a distribution over deterministic, adaptive testers.

A tester that always accepts functions in P has one-sided error (or perfect
completeness); otherwise it has two-sided ermrﬂ

A (g, e)-tester is said to be d-tolerant if it also accepts when dist(f,P) < §
with high probability (where 6 < ¢).

By default, in all testers (and bounds) discussed we assume adaptivity and
two-sided error, unless mentioned otherwise. We assume without loss of generality
that testers never query the same input twice.

The query complexity of a property P for a given € > 0 is the minimum value
of ¢ for which there is a (g, )-tester for P.

A property P is g-testable if, for some constant € > 0, there is a (g, ¢)-tester
for P. If ¢ = O(1), P is said to be testable.

1.5.1 Yao’s principle and non-adaptive lower bounds

Most lower bound proofs for randomized algorithms involve Yao’s principle [Yao77],
directly or indirectly. Suppose we fix an input size n and construct a matrix

4The reader may wonder whether it is also possible to define one-sided testers with perfect
soundness, which are allowed to err on the completeness side only. The reason these are not
studied usually is that, for most natural properties, such testers would easily be seen to require
Q(2™) queries.
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whose rows correspond to all possible deterministic algorithms with a certain
complexity ¢ (say time complexity, or query complexity), and whose columns
correspond to all possible input instances (functions in our case). Each entry in
the matrix tells us whether a particular deterministic algorithm gives the correct
answer on a particular input or not (although it could more generally contain
some real value measuring in some way the performance of the algorithm). Then
a randomized algorithm is the same as a distribution over the rows of the matrix,
whereas a distribution over the columns corresponds to a distribution of input
instances. Let D denote an arbitrary distribution on input instances. If there is a
randomized algorithm A that always works with probability p, then in particular it
works with probability at least p when fed with inputs from D (over the combined
probability space of the algorithm’s randomness and the input drawn from D).
But the success probability of A on inputs from D can be written as a convex
combination of the success probabilities of deterministic algorithms (the rows of
the matrix) on inputs from D. Therefore simple averaging tells us that there
must also be a deterministic algorithm Ap (depending on D) that works with
probability at least p under D. If we can prove that the latter is impossible, then
we have shown that there is no good randomized algorithm with complexity ¢ for
the problem in question.

This proves the “easy direction” of Yao’s principle, which is also the most
widely used. The ubiquity of the principle in lower bound proofs can perhaps be
explained by the fact that the reverse direction also holds: if there is no randomized
algorithm with complexity ¢ and success probability p on all inputs, then it is
possible to concoct a distribution D such that no deterministic algorithm with
complexity ¢ can succeed with probability p when the inputs are drawn from D.
This can be proven via the minimax theorem of von Neumann [Neu2§| for finite
two-person, zero-sum games, which is also a consequence of the duality of linear
programming. So from a theoretical standpoint every (non-uniform) lower bound
can be shown using this method with a judicious choice of distribution D.

In our context, this is easiest to apply to non-adaptive lower bounds, which
are often proven by upper-bounding the statistical distance between two distribu-
tions P and Q of query responses: one where the input function has the property
we are testing, and one where it is far from having the property.

1.5.3. DEFINITION. The statistical distance (or total variation distance) between
two probability measures P and Q is the largest possible difference between the
probabilities that they can assign to the same event. If P and Q are discrete
distributions on a countable set A, this is given by

A(P,Q) = max PPI;) [PelsS|— QPrQ

Q€ S]|.



12 Chapter 1. Query-efficient computation

The L' distance between P and Q is

LEIEDY

z€EA

Pr(P=ad - PriQ=ad|.

The L° distance between P and Q is

P — Qo = max

123 Pr [P =a]— Pr [Q =d|.

PP Q~Q

The following well-known lemma relates these measures.
1.5.4. LEMMA. We have |P — Q|; < |A| - |P — Qo and A(P, Q) = P — Q1.

Proof. The first inequality is obvious. For the second, let

for x € A, S C A, and define ¢, and @Q(S) analogously. Observe that absolute
values are not needed in the definition of A(P, Q) because we can replace one event
S with its complement A\ S. Let S C A maximize P(S)—Q(S). For all z € S we
have p, > ., otherwise S\ {x} would increase this value; and for all x ¢ S, we have
Pz < qz. Therefore the largest P(S) — Q(S) is attained for S ={z € A | p, > ¢.}.
Also for any T" we have P(T') + P(A\T) = Q(T) + Q(A\ T) = 1, so plugging in
our choice for S we obtain

P(S) = Q(S) = Q(A\ S) — P(A\ 5)
1

= 5(P(S) = Q(S) + Q(A\ 5) = P(A\ 5))
= %;mx _Qx|7
hence A(P,Q) = P — Q1. O

Let P be a property of functions mapping 7" to {0,1}. Let ¢ > 0 and
RC{f: T — {0,1} | dist(f,P) = ¢}

be non-empty. Any e-tester for P should, with high probability, accept inputs
from P and reject inputs from R.
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1.5.5. COROLLARY. Let €, P, R be as in the preceding discussion, and let Diyes
and Dy, be distributions over P and R, respectively. If q is such that for all

Qe (,)
2

ae{0,1}¢

Pr [flg=d = Pr [flg=dl<a.

then any non-adaptive tester for P with error probability < 1/2 — «/4 must make
more than q queries.

With oo = 2/3 we obtain a bound for testers with success probability 2/3.

Proof. The condition says that, for any deterministic tester, the statistical
difference between the response vectors when f is drawn from Dyes and Dy, is
less than «/2. By definition of statistical distance, the probability of acceptance
in both cases can only differ by less than «/2, irrespective of the acceptance
condition of the tester. But then the overall success probability of the tester when
f is drawn from (Dyes + Dyo)/2 is less than 1/2 + a/4. To complete the proof,
invoke Yao’s lemma. |

1.5.2 A lemma for proving adaptive lower bounds

If we allow for adaptive algorithms, the condition of Corollary [1.5.5| no longer
implies a lower bound of ¢ queries. It does imply a lower bound of log(q + 1)
adaptive queries because for properties of boolean functions, the decision tree
describing an algorithm is binary, so a depth-d decision tree can be replaced with
a non-adaptive algorithm that queries in parallel all 2¢ — 1 query strings associated
to its nodes, and then selects the ones that it actually needs.

However, the bounds obtained in this way are normally not very tight. We use
the following lemma in various lower bound proofs for two-sided adaptive testing.
It is proven implicitly in [FNS04], and a detailed proof appears in [FisO1]. Here
we strengthen it somewhat, but the same proof still works (we reproduce it here
for completeness).

1.5.6. LEMMA. Let P,R be as in Corollary and let Dyes and Dy, be
distributions over P and R, respectively. If q is such that for all Q) € (T)

q
and a € {0,1}% we have

o Pr [flg=d < Pr [fly=d+5-27 (1.1)

for some constants 0 < § < a < 1, then any tester for P with error probability
< (o — 8)/2 must make more than q queries.
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The hypothesis cannot be satisfied if &« = 1 and § = 0 because of the strict
inequality in , so for any choice of «, 8 for which the lemma is applicable we
have that (o — 3)/2 is bounded away from 1/2, and this yields a lower bound of
(q) queries because the error probability of any tester can be reduced from 1/3
to (o — 3)/2 by a constant number of repetitions (depending only on «, 3).

Proof. Let 7 be any attempted tester that makes no more than ¢ queries;
without loss of generality it makes exactly ¢ queries. Let D = (Dyes + Dyo)/2 and
fix a random seed such that the tester works correctly for f € D with probability at
least 1 — #; now the behaviour of the tester can be described by a deterministic
decision tree of height ¢q. Each leaf corresponds to a set () € (:g)’ along with
an evaluation a: @) — {0,1}; the leaf is reached if and only if f satisfies the
evaluation. Consider the set L corresponding to accepting leaves; f is accepted
if and only if there is (Q),a) € L such that f[Q = a. These |L| < 27 events are
disjoint.
Let p = Pryop,.[f is accepted]. By the observations above,

Conditioned on f € Dyes, the success probability of the tester is p. Conditioned
on f € Dy, it is 1 —r. Hence its overall success probability is %. By (1.1f), we
can perform a term-by-term comparison between the two sums in the expressions
for p and r, which yields ap < r+p,sop—r < (1—a)p+ < 1—a+ . But then

a—p

the overall success probability of 7 when f is taken from D is 3 4+ 255 <1 — 255,

so the error probability of T is larger than (o — ) /2. O

In practice we sometimes make use of slightly different claims; their proof is
still the same.

e The same conclusion holds if instead the inequality

o Pr [flg=al< Pr [flg=al+5-2

is satisfied for all @, a.
o If Dys and D, are distributions of functions such that

Pr [f€P], Pr [geR]=1-0(1),

g NDyes g9 ~Dhno
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the lemma is not quite applicable as stated. However, in that case the
success probability of the tester can be no larger than
a—p
(I+p—r+o(1))/2< 1—T—|—0(1)
(where p and r are as in the proof of the lemma), so an Q(q) lower bound
still follows.

Finally, note that the proof of the lemma is based on an indistinguishability
result that a tester needs ¢ queries to tell apart a random f ~ P from a
random f ~ R (where P or R are chosen with probability half). If we drop
the condition that R only contain functions far from P, the implication for
property testing lower bounds disappears, but the indistinguishability result
still holds.






Chapter 2
Function isomorphism: first results

The content of this chapter is based on the papers

e S. Chakraborty, D. Garcia—Soriano, and A. Matsliah. Nearly tight bounds
for testing function isomorphism. In Proceedings of the 22nd ACM-SIAM
Symposium on Discrete Algorithms (SODA ), pages 1683-1702, 2011.

e N. Alon, E. Blais, S. Chakraborty, D. Garcia—Soriano and A. Matsliah.
Nearly tight bounds for testing function isomorphism. Manuscript, 2011.

The second paper above is a combined version of the first and the article [AB10]
of Alon and Blais, who independently obtained overlapping results. It is currently
under journal review.

2.1 Property testing of isomorphism

Here we concern ourselves with property testing of boolean functions. Despite
the progress in the study of the query complexity of many properties, our overall
understanding of the testability of boolean function properties still lags behind
our understanding of the testability of graph properties, whose study was initiated
by Goldreich, Goldwasser, and Ron [GGR9S].

A notable example that illustrates the gap between our understanding of graph
and boolean function properties is isomorphism. There are three main variants
to the isomorphism testing problem. (In the following list, an “object” refers to
either a graph or a boolean function.)

1. Testing isomorphism to a given object O. The query complexity
required to test isomorphism in this variant depends on the object O; the
goal for this problem is to be able to characterize the query complexity of
testing isomorphism to O in terms of some natural property of O.

17
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2. Testing isomorphism to the hardest known object. A less fine-
grained variant of the first problem asks to determine the maximum query
complexity of testing isomorphism to O over objects of a given size.

3. Testing isomorphism of two unknown objects. In this variant, the
testing algorithm has query access to two unknown objects O; and Oy and
must distinguish between the cases where they are isomorphic to each other
or far from isomorphic to each other.

Answering these questions, as suggested by [FKR*04] and [BOI(], is an
important step in the research program of characterizing the testable properties of
boolean functions, which constitutes the natural next step to take after the existing
work on the testability of graph properties: In [AS08|, Alon and Shapira proved
that the family of “natural” graph properties testable with one-sided error is the
class of semi-hereditary properties; and in [AFNSQ09], Alon, Fischer, Newman and
Shapira showed that a graph property P can be tested with a constant number of
queries iff testing P can be reduced to testing the property of satisfying one of
finitely many Szemerédi partitions.

The problem of testing graph isomorphism was first raised by Alon, Fischer,
Krivelevich, and Szegedy [AFKS00] (see also [Fis01]), who used a lower bound on
testing isomorphism of two unknown graphs to give an example of a non-testable
graph property of a certain type. Fischer [Fis05] studied the problem of testing
isomorphism to a given graph G and characterized the class of graphs to which
isomorphism can be tested with a constant number of queries. Tight asymptotic
bounds on the (worst-case) query complexity of the problem of testing isomorphism
to a known graph and testing isomorphism of two unknown graphs were then
obtained by Fischer and Matsliah [FMO0§]. As a result, the graph isomorphism
testing problem is well understood. To summarize,

e Graphs to which isomorphism can be tested with a constant number of
queries are those which can be approximated by an “algebra” of constantly
many cliques [Fis05]. This means that an approximation to the graph
can be obtained from the cliques by applying set intersection, union and
complementation operations (more on this in Chapter [4J).

e The worst-case query complexity of testing isomorphism to a given graph
on n nodes is ©(y/n) [FMOg].

Additionally, Babai and Chakraborty [BCO8b] proved lower bounds for the
query complexity of the problem of testing isomorphism between two uniform
hypergraphs.

The picture is much less complete in the setting of boolean functions. The
first problem on page [17]is particularly interesting because testing many function
properties, like those mentioned in Section are equivalent to testing isomor-
phism to some fixed function f. More general properties can often be reduced
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to testing isomorphism to several functions (as a simple example, notice that
testing whether ¢ depends on a single variable can be done by first testing if ¢
is isomorphic to f(z) = x1, then testing if g is isomorphic to f(x) =1 — x;, and
accepting if one of the tests accepts). The “Testing by Implicit Learning” approach
of Diakonikolas et al. [DLMT07] can also be viewed as a clever reduction from
the task of testing a wide range of properties to simultaneous testing of function
isomorphism against a number of functions. We elaborate on this technique and
how our work relates to it in Chapter [6]

There are several classes of functions for which testing isomorphism is easy.
For instance, if f is symmetric (invariant under permutations of variables), then
f-isomorphism can be tested with a constant number of queries. (Since all
permutations of a symmetric f are the same, the problem reduces to testing strict
equivalence to a given function.) More interesting functions are also known to have
testers with constant query complexity. Specifically, the fact that isomorphism to
dictatorship functions and k-monomials can be tested with O(1) queries follows
from the work of Parnas, Ron and Samorodnitsky [PRS02].

The question of testing isomorphism against a known function f was first for-
mulated explicitly by Fischer, Kindler, Ron, Safra, and Samorodnitsky [FKRT04].
They gave a general upper bound on the problem, showing that for every function f
that depends on k variables (that is, for every k-junta), the problem of testing
isomorphism to f is solvable with poly(k/e) queries. Conversely, they showed that
when f is a parity function on k < o(y/n) variables, testing isomorphism to f
requires (log k) queriesﬂ No other progress was made on the problem of testing
isomorphism of boolean functions until recently, when Blais and O’Donnell [BO10]
showed that for every function f that “strongly” depends on k < n/2 variables
(meaning that f is far from all juntas on k — O(1) variables), testing isomorphism
to f requires Q(log k) non-adaptive queries, which implies a general lower bound of
Q(loglog k) queries. They also proved that there is a k-junta (namely, a majority
on k variables) against which testing isomorphism requires Q(k'/!?) non-adaptive
queries, and therefore Q(log k) adaptive queries.

Taken together, the results in [FKR™04,[BO10] give only an incomplete solution
to the problem of testing isomorphism to a given boolean function and provide
only weak bounds on the other two versions of the isomorphism testing problem.

In this chapter and the next we settle questions 2 and 3 on page up to
logarithmic factors. The first question will be studied in subsequent chapters.

2.2 Notation

To fix some notational conventions, recall that Sym(2) denotes the symmetric
group of all permutations of €2, and Also, S,, denotes the group of permutations

IThis was shown via an Q(v/k ) lower bound for non-adaptive testers obtained through the
analysis of random walks in Z1.
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on a set of size n such as [n]. For reasons that will become apparent shortly, the
product operation we use for the elements of S, is 7o £ g o 7.

We consider the right action ¢: S, — Sym({0,1}") of S,, on {0,1}" defined
in the following way: if 7 € S,,, then ¢(r) € Sym({0,1}") is the permutation
mapping each z = 1125 ... 2, € {0,1}" to ¢(7)(x) = Tr(1)Tr(2) - - - Tr(n)- This is
a faithful action, i.e., |im ¢| = |S,| = n!l. We identify 7 and ¢(7) and we write
2™ (or w(x)) in place of ¢(m)(x). Observe that ¢(m) effectively sends the input
at position ¢ into position 771(x), and as a result we have (27)™ = 2™ = z°"
(note the order reversal). We also write f™ for the function on {0,1}" defined
by f™(z) = f(x™); by the observations above, (f™)? = f™. Similarly, for a set
Q C {0,1}" we define 7(Q) £ Q™ = {z™ | x € Q}.

In this language, the functions f and g are isomorphic (in short, f 2 g) if there
is m € 5, with f = ¢g™. The set of all functions isomorphic to f is denoted

Isom(f) 2 {f" |7 €8S,}.

The distance up to permutations of variables between f and g is defined by

distiso(f, g) £ misn dist(f™, g) = dist(g, [som(f)).
TESR
Evidently, distiso is a metric.
Testing f-isomorphism is defined as the problem of testing the property Isom( f)
in the usual property testing terminology. It is thus the task of distinguishing the
case f =g from the case distiso(f,g) > e.

2.3 Testing function isomorphism with one-sided
error

As we shall see, the most straightforward tester for isomorphism against a boolean
function is non-adaptive and has one-sided error. It is only natural to begin
by studying testers that operate under such restrictions. Whereas the choice of
adaptivity /non-adaptivity does not significantly affect the bounds (see Chapter [5)),
the fact that the one-sided error case is strictly harder than the two-sided error
case was established in [FKRT04|. In particular, they showed the impossibility of
testing isomorphism to 2-juntas with one-sided error using a number of queries
independent of n (their lower bound is Q2(log log n), which follows from an Q(logn)
lower bound on non-adaptive testers). Here we show that the worst-case query
complexity of testing isomorphism to a k-junta with one-sided error is @(log (Z)),
up to k = n'=° (for any 6 > 0).

2.3.1. THEOREM (CHAKRABORTY ET AL. [CGMI11d]).
For every integer k € [2,n] and every constant 0 < & < %, there is a k-junta
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f:{0,1}" — {0, 1} for which e-testing f-isomorphism with one-sided error requires
Q(log (fk)) adaptive queries. On the other hand, for any k-junta there is a one-
sided tester of isomorphism making O(%/{:log n) non-adaptive queries.

Regarding the lower bound, note that for &k > n/2 we have log (<”k) = O(n);
and for k < n/2, log (1) = O(log (})) = O(klog(n/k)). The range of k in the
theorem is tight: when £ = 1, as we mentioned in the introduction, testing
isomorphism to any 1-junta with one-sided error can be done with O(1/¢) many
queries [PRS02].

The lower bound in Theorem holds for the special case of k-parities (at
least when k < n/2). Namely, we show that for any 2 < k < n — 2, the query
complexity of testing with one-sided error whether a function is a k-parity (i.e, the
XOR of ezactly k indices of its input) is @( log (Z)) (This contrasts starkly with
the situation for the problem of testing with one-sided error whether a function is
a k-parity for some k, which can be solved with a constant number of queries by
the classic test of Blum, Luby and Rubinfeld [BLR90].)

2.3.1 Upper bound

The upper bound of Theorem [2.3.1] can be seen as an instantiation of the “Occam
razor” learning algorithm, which in this particular case maintains a collection of
candidate permutations, and sufficiently many random samples are drawn to weed
out the bad candidates so that only good ones remain eventually. It is well known
that certain learning algorithms imply testing algorithms because proper learning
is a strictly harder task than testing (see the survey by Ron [Ron08]). At any
rate, the correctness of this procedure is easy to prove directly.

2.3.2. PROPOSITION. Isomorphism to any given f: {0,1}" — {0,1} can be e-

tested with O(M) non-adaptive queries and one-sided error.

Note that for any k-junta f, |Isom(f)| < (Z) k! < nk. (For a k-parity f this
bound can be strengthened to [Isom(f)| = [PARy| = (}).)

Proof.  Consider the simple tester described in Algorithm[I] It is plain that this

Algorithm 1 (Non-adaptive one-sided-error tester for the known-unknown
setting)
: let ¢ + 1(2+In|Isom(f)|)
: fori=1to qdo
pick z* € {0,1}" uniformly at random
query g on '
accept iff there exists h € Isom(f) such that g(x%) = h(x?) for all i € [g]

—_

Gl Y
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is a non-adaptive one-sided error tester, and that it makes just O((log |Isom(f)|)/e)
queries to g. So we only need to show that for any f and any ¢ that is e-far
from f, the probability of acceptance is small. Indeed, for a fixed h € Isom(f)
the probability that g(z') = h(z') for all i € [q] is at most (1 — ¢)?. Applying
the union bound on all functions h € Isom(f), we can bound the probability of
acceptance by |Isom(f)| (1 —¢)? < |[Isom(f)|e =7 < exp(—2) < 1/3. O

2.3.2 Lower bound

The lower bound of Theorem the most interesting part, is obtained via the
study of one-sided testers of isomorphism to k-parities. Note that if f € PAR,,
then testing isomorphism to f is the same as testing membership in PAR;.

2.3.3. LEMMA. Let f € PAR, g € PARy,. Then

distiso(f, g) = (1) Z‘fk:k/’
5 fk#FE.

Proof. It is easy to see that if k = &’ then f =g, whereas if k # K/,

distiso(f,¢g) = mindist(f,¢") = min dist(f,h) = min dist(f @ h,0) =1/2,
e hePAR,, o

hePAR

because whenever h € PARy/, k' # k, f & h is a parity on a non-empty set and
therefore takes the value one on exactly half the inputs. O

Observe that testing isomorphism to k-parities is equivalent to testing isomor-
phism to (n — k)-parities. This is immediate from the fact that p = p(z) € PARy if
and only if p/(x) £ p(z) ® 2, @ --- ® 1, € PAR,,_j, making it possible to simulate
queries to p by making queries to p’ and vice versa.

2.3.4. LEMMA. Lete € (0,3], n € N and k € [0,n]. Any e-tester for PARy can be
made into an e-tester for PAR, _, preserving the query complexity, type of error,
and adaptivity.

Broadly speaking, we show that for a suitable choice of &/, it is hard to tell
PAR;, and PAR, apart. (Note however that sometimes this is a very easy task,
even if k and k' are very close: if ¥’ = k + 1, a single query to the all-ones vector
suffices.) But first we need to discuss one of the cornerstone results in extremal
set theory.
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Forbidden intersections

We say that r is a forbidden intersection size for a family of sets F if for no two
distinct A, B € F is [AN B| = r. If F is t-uniform (i.e., all its elements have
size t), the following theorem puts an upper bound on the size of any such family.
(Bounds for non-uniform families are also known, but are not strong enough for
our intended usage.)

2.3.5. THEOREM (FRANKL & WILsoN [FWS8I1, THEOREM 7B]).
Let % < r <t < m be positive integers and suppose t — r is a prime power. If

F C ([m]) 18 a family of sets with forbidden intersection size r, then

7| < E; (m)

r
T

For the sake of completeness we present here the beautiful linear-algebraic
proof of Theorem found by Alon, Babai and Suzuki [ABS91] for the case of
prime t — r (which suffices for us); the general case where t — r is a prime power
is more complicated to prove. The interested reader can learn more about the
so-called “linear algebra method” by consulting the unpublished manuscript of
Babai and Frankl [BF92] and Chapter 13 of the book by Jukna [Juk11].

The proof is based on a certain “modular version” of the theorem, which
generalizes a result of Ray—Chaudhuri and Wilson [RCWT5]. Let p € N and L a
set of integers. We say that a family F is (L mod p)-intersecting if for all a,b € L,
a # b, it holds that |[a Nb| € L + pZ.

2.3.6. THEOREM. Let p be a prime and F be a t-uniform, (L mod p)-intersecting

family of subsets of [m|, with t ¢ L + pZ. Then F < (ﬁ)'

Proof. Let us regard F as a subset of {0,1}" and associate with every a € F
the function f,: {0,1}" — F,

fa(z) = [ [(a.2) = 1)

leL
Define, for each subset I C [m] of size |I| < |L|, the function g;: {0,1}"" — F,
gr(x) :< Z T, —t> Hl’z
Jj€[m] iel

Observe that

e For cach a € {0,1}" CF,, fu(a) #0 (as (a,a) = |a| =t ¢ L+ pZ).
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e For each S C [m], g;(S) # 0 if and only if |S| #t (mod p) and S O I. In
particular gr(a) =0 for a € F.

e Both f, and g; can be represented as polynomials over Fj[zy,..., T,
by expanding the products. Moreover we can make these multilinear by
replacing every occurrence of a power xf ,7 > 1in a monomial by z; (which
doesn’t affect their evaluation on {0,1}™).

o deg fo,deggr < |L|.

The number of polynomials we have introduced is | F| + ( <‘2T_1). Below we

show that they are all linearly independent over IF,,. Since the set of all multilinear
polynomials of degree < |L| over F,, is a vector space of dimension ( <7|”L|) (generated

by the multilinear monomials of degree < |L|), we conclude

Az ()= (o) = ()

To prove linear independence, assume

Z/\afa+ Z ,ngI:O

acF [1|<|L|—1

for some sequences {A,}, {pr} of elements of F,. Evaluating at ay yields

Z /\afa(GO) + Z :ngI(CLO) = /\aofao(GO) +0= 07

acF [I|<|L|—1

i.e., Ay, = 0. So the linear dependence must occur among the g;’s. It is now easy
to prove by induction on the inclusion poset (or in the size of I) that all u;’s are
zero as well. Indeed, let [I| < |L| — 1 and assume p; = 0 for all J C I (where the
inclusion is strict). Evaluating now at [ yields

Z pgs(I) = Z pags(I) =0+ prgr(I) =0,

J<|L]-1 Jcr

so py = 0, completing the proof. |

Although we will not use this fact, it is not hard to see that this modular
theorem can be applied directly to give the bound |F| < (tf;ll) in the case
t > 2r + 1 of the non-modular problem, which is not covered by our statement of
Theorem [2.3.5} see [FW8I], Theorem 7a] for details. The case of interest to use
requires a somewhat more involved argument:

Proof of Theorem (for prime ¢ — 7).  Assume otherwise. We intend
to use the previous theorem and forbid intersection sizes that are a multiple of p
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on a related set system. Write d = 2r —t 4+ 1 € [1,¢ — 1]. As the family F is
t-uniform, there must be a d-set D € ([Tg]) included in at least

4]
o

elements of F; to obtain this bound, calculate the size of the set

{anyiaerne(})]

and divide by the number of different d-subsets D of [m]. If we remove D from
all elements of this subfamily, we obtain a (¢ — d)-uniform set system G C [m|\ D
with forbidden intersection size r —d =t —r — 1. Let a,b € G be distinct; then
0<l|anb] <t—d=2(t—r)—1. Since t —r > 0, in this setting [aNb| =t —r—1
mod (t — r) implies [aNb| =t —r —1 =r —d. On applying Theorem to G
and p=t—r, |L| =p—1, we find that

m—d m—d
9] = <t—7“—1> - <T—d)’

implying
m r—d
|]__|<Q m—d _(m r!(t—d)!: m (t+t )’
- (Z) r—d r )t (r—d)! r (“”;_d)
which simplifies to the expression given. O

It is interesting to note that the theorem ceases to hold when ¢t —r is not a prime
power, as shown by Grolmusz [Gro99]. This suggests that this is an algebraic
phenomenon rather than a purely combinatorial one. (However, in some special
cases this assumption can be removed, as in the Frankl-Rodl theorems [FR87].)

Proof of the lower bound

The following result is implicit in [CGMI11¢]:

2.3.7. THEOREM (CHAKRABORTY ET AL.). For all positive integers k,n such
that 2 < k <n/2, there exists x € F}, |x| < k/2 with the following property:

For any linear map A: F3 — Fi where ¢ < glog (%), there is y € Fy, ly| = k
such that Az = Ay.

Proof. We argue as follows. For any k we choose an appropriate ¢ = ((k) €
[k/2,k/4], define k' = k — 2¢ and take an arbitrary = € {0,1}" of weight &’. Set

Z ={2€{0,1}" | |z| =20 and 2Nz = 0}.
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We show that there are 2!, 2% € Z with Az! = A2% and |2! N 22| = £. The last
equality implies |2! @ 22| = |2!| + 2% — 2|z' N 2% = 20 = k — k’. This gives the
result because then we can define y = x @ 2! @ 2% (the sum over F%, i.e., bitwise
XOR), which satisfies |y| = |z| + |2! @ 2?| = k and Ay = Az ® Az' ® A2? = Ax.

If £ =2 we take £ = 1,k' = 0 and the result follows from the pigeonhole
principle: the image of each unit binary vector under A must fall into 29 holes, and
since 27 < n (for small enough c¢), two of the elements of Z must have the same
image. Likewise, if & = 3 we take ¢ = 1,k’ = 1 and use the fact that 27 < (”51)

So assume k > 4 and let ¢ be the largest prime < k/2; note that ¢ > k/4
by Bertrand’s postulate on the existence of a prime between s + 1 and 2s — 1,
proved by Chebyshev (see [AZ10, Chapter 2]). Alternatively, if we allow ourselves
to use the full-fledged “prime power” version of Theorem [2.3.5] we can simply
let ¢ be the largest power of two < k/2 and obtain the same bound. Also note
K=k-20<k

Partition Z into disjoint subsets {Z, }acfo1}7 according to the different images
under A:

Zy={2€Z| Az = a}.

Fix o maximizing |Z,|. We can regard Z, as a family of 2¢-subsets of [m], where
mén—k’:n—k+2£2§n23€.
By our choice of @ we must have
|Za| = &)

2q

If ¢ were a forbidden intersection size for Z,, Theorem [2.3.5| with ¢t = 2¢,r = /{

would assert (31 1)
. 1/m
1= G )-40).
(%1) 14 2\ /¢

SO
2q_1>(Z):(m—f)(m—f—l)...(m—21+1)><m_€)e
() (20)(20—=1)...(0+1) =\ 2w /-
Since
m—¢ n—k+¢ n—k 1 _n—k 1 n 1 3n
= - +-=-> F_=m=—— > ——
20 20 20 2= k 2 k27 4k

(because n/k > 2), this would imply

m —{ k 3n k n
1> - o) >z )l >2 -
1 1—“0g< 20 )_410g<4k:)_810g(k>’

contradicting our assumptions. O
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Putting it all together we arrive at the following proposition, which implies
Theorem [2.3.1] (The Q(n) lower bound for k-juntas for k > n/2 is a consequence
of the Q(n) lower bound for k' = |n/2| because Juny C Juny.)

2.3.8. PROPOSITION. Let e = % The following holds for all n € N:

e For any k € [2,n — 2|, the query complexity of testing PAR, with one-sided
error s @(log (Z)) Furthermore, the upper bound is obtainable with a
non-adaptive tester, while the lower bound applies to adaptive tests, and
even to the certificate sizeﬂ for proving membership in PARy.

o For any k € {0,1,n—1,n}, the query complexity of testing PAR with
one-sided error is O(1).

Proof. Recall that we can assume k < n/2. The upper bound in the first item
follows by Proposition [2.3.2 It is also easy to verify that the second item holds
for k = 0 (i.e., the case when f is the constant zero function). For k = 1, the
bound follows from [PRS02], who show that one-sided-error testing of functions
for being a 1-parity (monotone dictatorship) can be done with O(1) queries. (This
also follows from the more general junta tests.)

Now we turn to the lower bound. We are left with the range 2 < k < n/2.
Let a',...,a? be the (adaptive, random) queries made by a (g, €)-tester on g and
take for A the map y € Fy — ({(a',y),...,(a%y)) € F3. If ¢ = o(log (})), we can
pick x as in Theorem and let k' = |z| # k. Then there is y € Fy, |y| = k
such that Az = Ay, i.e., the result of the queries made on the parity g = 2* are
precisely the same as if the input were the k-parity f = y*. Hence any ¢-query
one-sided algorithm is forced to accept g, even though distiso(g, PARy) = 1/2. O

In fact this supplies a lower bound of Q(log (2)) on the number of queries
needed to provide a certificate that the number of influential variables of a parity
is k rather than k' < k/2.

2.3.9. REMARK. The reader may wonder about the query complexity for smaller ¢.
A lower bound of Q(%) applies to testing any non-trivial property. In fact, it is
not hard to conclude that, for ¢ < %, the testing query complexities in each of the
two is are ©(log () + 1) and ©(2), respectively. Only the O(log (}) + 1) bound
is not apparent. To see it, first run the BLR test to reject if f is 1/4-far from
linear. This test takes O(1) queries. If this test passes with high probability, then
there is a unique parity g with dist(f, g) < 1/4, therefore the distance from f to
any other parity is larger than 1/2 —1/4 > 1/4. Now we make O(log (7)) random
queries; with high probability, no k-parity can agree with f on all of them, except

possibly ¢ (as the analysis of the algorithm of Proposition with e = 1/4

2 By this we mean the size of the smallest set of inputs such that the evaluations of
f:{0,1}" — {0,1} on those inputs allow us to prove that f € PAR}, assuming f € PAR".
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shows). So if some parity is consistent with the responses to all these queries, it
must be g and we can identify it. Finally, if this happens then we can take O(1/¢)
additional queries to test f for equality with g.

2.4 Linear lower bound for two-sided testers

We saw in Section that, for the task of e-testing isomorphism to a given
function f: {0,1}" — {0,1}, O(”lzﬂ) queries always suffice. For constant e,

which is the primary focus here, this is O(n); our next result is a nearly matching
lower bound of Q(n) that applies to almost all functions f.

2.4.1. THEOREM. Fiz a constant 0 < ¢ < 3. For a 1 — o(1) fraction of the
functions f: {0,1}" — {0,1}, any algorithm for e-testing isomorphism to [ must

make Q(n) queries.

As it turns out, these bounds can be generalized to O(k) for testing isomorphism
to k-juntas (see Chapter (3.

A similar theorem was found by the independent works of Alon and Blais [AB10)];
and Chakraborty, Garcia—Soriano, and Matsliah [CGMI1d| (albeit the results
stated in both papers are somewhat weaker). We describe here the improved
argument presented in [ABCT11].

The proof of Theorem is non-constructive, but as will be shown in
Chapter [0}, the hardest functions to test isomorphism to may have relatively simple
descriptions, which allows us to derive new lower bounds for other testing tasks.
Moreover, in Chapter [5| we will see that k-parities exemplify the Q(k) lower bound.

For the proof of Theorem we fix a function f enjoying some “regularity”
properties. Then we introduce two distributions Dy.s and D, such that a
function g ~ Dy is isomorphic to f and a function g ~ D, is e-far from isomorphic
to f with overwhelming probability, and then proceed to show indistinguishability
of the two distributions with o(n) adaptive queries. By the latter we mean that,
when faced with a function h drawn from the mixed distribution (Dyes + Dho)/2,
the tester cannot tell if h belongs to Dyes or Di,.

A first idea for D,, may be to make it uniform distribution over all boolean
functions {0,1}" — {0, 1}. However, it is possible for a tester to collect a great deal
of information from inputs with very small or very large weight. In particular, just
by querying the n-bit strings 0 and 1 we would obtain a tester that succeeds with
probability 3/4 in distinguishing Dyes from D, if Dy, were completely uniform.
This is because 0 and 1 remain invariant under permutations, and two random
boolean functions agree on them with probability 1/4. To prevent an algorithm
from gaining information by querying inputs of very small or very large weight,
the functions appearing in both distributions are the same outside the middle
layers of the hypercube. We remark that such a “truncation” is essential for
this result to hold in full strength—one can prove that random permutations
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of any f can be distinguished from completely random functions with 5(\/ﬁ)
queries and high success probability. To do this one can use ideas from the graph
isomorphism tester of Fischer and Matsliah [FMOS], reducing the problem to
testing the equivalence of a samplable distribution with an explicitly given one,
which can be solved by an algorithm of Batu et al. [BEFT01].

The indistinguishability result we prove is obtained via probabilistic techniques.
We borrow ideas from the work of Babai and Chakraborty [BCO8b|, who proved
query-complexity lower bounds for testing isomorphism to uniform hypergraphs.
However, in order to be applicable to our problem, we have to extend the method
of [BCO8b] in several ways. Omne of the main differences is that, because of
the need to consider trimmed functions, we have to deal with general sets of
permutations (as opposed to groups of permutations) in the proof that a random
permutation “shuffles” the values of a function uniformly. To compensate for
this lack of structure, we show that any large enough set of permutations that
are “independent” in some technical sense has the regularity property we need.
Then the result for general sets is established by showing that any large enough
set of permutations can be decomposed into a number of such sets. This can be
deduced from the celebrated theorem of Hajnal and Szemerédi [HS69] on equitable
colorings.

2.4.1 Regularity and additional definitions

To prove lower bounds for e-testing isomorphism to a function f, it suffices to
show the stronger claim that one can choose g such that both of the following
conditions hold:

1. No tester can reliably distinguish between the cases where a function h is a
random permutation of f or a random permutation of g;

2. distiso(f, g) > e.

2.4.2. DEFINITION. Let f,g: {0,1}" — {0,1} be boolean functions and ¢ > 0.
Consider the distribution D = (Isom(f) + Isom(g))/2 obtained by choosing a
random permutation of f with probability half, and a random permutation of ¢
with probability half.

We say that the pair (f,g) is (q,€)-hard if distiso(f,g) > € and no tester
with oracle access to h ~ D can determine if h= f or h = g with overall success
probability > 2/3 unless it makes more than ¢ queries.

The existence of a ¢-hard pair f, g implies a lower bound of ¢ + 1 on the query
complexity of testing isomorphism to f (or to g, for that matter). The function g
will be defined to agree with f on all unbalanced inputs, as defined below.

2.4.3. DEFINITION. A query (or input) z € {0,1}" is balanced if § — 2/n <
lz| < § 4+ 2y/n. Otherwise, we say that x is unbalanced.
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Note that the fraction of unbalanced inputs is

2y (?) < 2exp(—8) < 1/1000

li—n/2|>2v/n

by standard estimates on the tails of the binomial distribution.

2.4.4. DEFINITION. For every f, a random f-truncated function is a random
function uniformly drawn from the collection of all g: {0,1}" — {0, 1} satisfying
g(x) = f(x) for all unbalanced .

2.4.5. LEMMA. Fiz 0 <& < (1 —107%). For any function f: {0,1}" — {0,1},
a random f-truncated function g is e-close to isomorphic to f with probability at
most o(1).

We write

{01}, 2{e e {0.1}" [ § —h <|a| < § +h}.

Proof. Let N £ ’{O, 1}%i2\/ﬁ’ =Q(2") and n £ 1 — (21 /N)e > 0. For any
7 € Sy, note that dist,, o407 (f™,g9) = (2"/N)dist(f”, g), where the term on the
left-hand side denotes the relative distance when the domain is {0,1}",,, . (and

therefore is the expected sum of N independent unbiased binary random variables).
Then, by the additive Chernoff bound,

Pr [dist, /o105 (f™,9) < (2"/N)e] = Pr[dist,peaym(f,9) < (1—7)/2]
exp(—Nn*/4)

0(%).

Taking the union bound over all choices of © € .S,, completes the proof. |

IA A

In the rest of this section and all its subsections, we assume € < %(1 —1073).
See Remark [2.4.16|in Section for the details on how to deal with any ¢ <

Let T denote any deterministic, non-adaptive algorithm that attempts to tes2t
f-isomorphism with at most ¢ queries to an unknown function g (where ¢ = (n)
is a parameter to be determined later). Let @ C {0,1}" be the set of queries
performed by 7 on f. We partition the queries in () in two: the set @), of balanced
queries, and the set (), of unbalanced queries.

The tester cannot distinguish f from ¢ by making only unbalanced queries.
Some unbalanced queries, however, could conceivably yield useful information to
the tester and let it distinguish f from g with only a small number of balanced

queries. The reason for this concern is that the set of responses to the unbalanced
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queries might drastically reduce the number of candidate permutations that the
tester needs to consider. The next proposition shows that this is not the case, and
that little information is conveyed by the responses to unbalanced queries. We
will apply it to the case where () is a set of unbalanced queries.

2.4.6. DEFINITION. For a fixed function f: {0,1}" — {0,1}, a set @ of queries,
and a: Q — {0, 1}, the set of permutations of f compatible with Q and a is

/(@ a) 2 {r € S, | f7], = a}

2.4.7. LEMMA. For any function f: {0,1}" — {0,1}, any set Q of queries, and
any 0 <t <1,
- n!
P TLH(Q. 71, <t-ggp| <t

This implies that when the unknown function g is truncated according to f,
with high probability the set I1;(Q., g™ [Q ) is large, which will be useful later.

Proof. For every a € {0, 1}|Q|, let S, C S,, be the set of permutations o for
which f [Q =a. A set S, is t-small if |S,| < t;—él. The union of all ¢-small sets

covers fewer than 2/¢! -t2%l = tn! permutations, so the probability that a randomly
chosen one belongs to a t-small set is less than t. |

We now examine the balanced queries.

2.4.8. DEFINITION. Write any set () of queries as ) = @), UQy, where the queries
in (), are balanced and those in (), are not.

Let n,q € N. We say that a boolean function f: {0,1}" — {0, 1} is g-regular
if for every QQ = @, U Q) of total size at most ¢, and every pair of functions
ap: Qy — {0,1},ay: Q, — {0, 1} such that |T1;(Qy,a,)| > L2

3 922q)

Pr : [f”[Qb:ab] —27 < 2270

1
6
TI'EHf (Quyau

It is easy to see that “at most ¢” may be replaced with “exactly ¢” in the
definition, as long as ¢ does not surpass the total number of unbalanced inputs.
Also note that whether f is regular or not depends only on the values it takes on
balanced inputs. This restriction is necessary for {)(n)-regularity to be possible,
since the condition implies in particular the existence of 2(27) elements in the
orbit of any 1-query set under S,,.

Definition [2.4.8] is useful because two functions f, g that are both regular and
agree on unbalanced inputs will be hard to tell apart, as they both resemble
random functions on balanced inputs. This holds no matter how f is defined on
unbalanced inputs. This is formalized in the following lemma:
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2.4.9. LEMMA. If f, g are q-reqular with respect to, identical on unbalanced inputs,
and satisfy distiso(f, g) > €, then the pair (f,g) is (q,€)-hard.

Proof. Consider the following two distributions:
® Dy pick m € S,, uniformly at random, and return f™.

e D,,: pick 7 € S, uniformly at random, and return g”.

By definition, any hy € Dyes is isomorphic to f, whereas any hy € D, is
isomorphic to g and hence e-far from isomorphic to f.
Let Q = Q, U Q, be any set of at most ¢ queries (where @), are unbalanced
and @, balanced), and a = (ay, a;) any set of |Q| responses. We show that
T _ T _ 1o—
Pr [f [Q—a] — Pr [g [Q—a} < 3274

ﬂ'ESn 7I'€Sn

There are two cases to consider.

a,] < 5277 by

279 also.

Case 1: [[I;(Qu,a,)| < $2%. In this case, we have Pr, [f™ P
Lemma [2.4.7, This immediately implies that Pr, [ frl 0= a] <

W=

Case 2: |II;(Qq,a,)| >

Pr [f71,

I
2
I
Ay
=

3
=
I

au] Pr[fTo =an| [T, = ad]

= 7r1" |:fﬂ- rQ = au:| : ﬂerE)éu’au) |:f7T rQb - ab]

=(1£0)277-Pr [f™1, =ad],

where 0 < 1/6. The second equality transforms a probability expectation into a
uniform probability over a subset of S,,, namely I1;(Q,,a,). The last line uses
the lower bound on the size of this set and the regularity of f.

Similarly, by the regularity of g,

f:rr 9" o= a] = (1+£4)277 P:Tr 9" o, = ay]

= (1+4)27%Pr [f”[Q = ay],

u

because f and g are defined identically on unbalanced inputs. (We can choose the
same 0 < 1/6 for both.) Therefore, for any a: @ — {0, 1},
279

Pr(f7lg = al = Prlg"ly = a < }277 Pr[f7l,, = @) <

1
Q 3

and an appeal to Lemma [1.5.6[ establishes the claim. O
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The main step of the proof of existence of regular functions in the next section
is to show that any sufficiently “uniform” family of functions contains regular
functions.

2.4.10. DEFINITION. A distribution F of boolean functions on {0, 1}" is r-uniform
if it is T—inndependent and uniform on sets of r balanced inputs, i.e., if for all
Qy € ({0’1}%i2\/ﬁ) and a: Q, — {0, 1},

T

ffe)l;-‘ [f o, = a} =27

For example, the uniform distribution over all boolean functions is 2"-uniform.
The reason we deal with more general distributions is that they are required
to establish the existence of relatively simple functions that are hard to test
isomorphism to (see Chapter @

2.4.2 Existence of regular functions

The main tool we need is the following:

2.4.11. PROPOSITION. Let F be an n*-uniform distribution over boolean func-
tions. Then a random element of F is (% — 2[log n})—regular with probability
1—o(1).

Before providing the proof, we show how it implies Theorem [2.4.1

2.4.12. THEOREM. Fiz any 0 < ¢ < 5. Let f: {0,1}" — {0,1} be chosen at
random from an n*-uniform distribution F, and let g: {0,1}" — {0,1} be a
random f-truncated function. Then with probability 1 — o(1), the pair (f,g) is
(Q(n),e)-hard.

Hence, for most functions f: {0,1}" — {0,1}, testing f-isomorphism requires
Q(n) queries.

Proof.  Recall that we are assuming £ < 1(1 — 107?); see Remark [2.4.16| below
to see how to handle larger €. For some ¢ = 2(n) we can pick one g-regular
function f from F by Proposition [2.4.11] The distribution of functions drawn
from F and truncated according to f is also n*-uniform, so a random such g
is also g-regular with probability 1 — o(1). Also with probability 1 — o(1) we
have distiso(f, g) = 2(1)f] By the union bound, g satisfies both conditions with
probability 1 — o(1). By Lemma , the pair f,g is (q,¢)-hard. The “hence”

3The proof is the same as that of Lemma [2.4.5] except that we use n*-independence in place
of full independence, and employ the variation of Chernoff bounds stated below in Theorem
2.4.15| This leads to a bound of exp(—£(n?*)) instead of exp(—Q(2")), but is still o(1/n!).
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part follows by taking for F the uniform distribution among all functions. |

Proof of Proposition Let ¢ £ % — 2logn and r £ n*. Fix a set
Q = Q. U Qy of ¢ queries, and functions a,: Q, — {0,1},a,: Q, — {0,1}. For
any f:{0,1}" — {0,1}, let S £ I1;(Q,,a,) and assume its size is |S| > %2”7',1
For each m € S, define the indicator variable X (f,m) = I[f" (o, = ap] and

define A(f) £ Prres[X(f,7) = 1]. We aim to compute the probability, over a
random f € F, that A(f) deviates from p £ 1/27 by p/6 or more. Notice that
Ef[A(f)] =E.E; X(f,7) = E;p = p, where we made use of the r-uniformity of
F and the fact that » > ¢.

Consider any pair 01,09 € S such that o1(Qp) N 02(Qy) = 0. Since 2¢ <
r, a random function from JF assigns values independently to each element of
01(Qp) U 02(Qp), so the random variables X (f,o1) and X(f,03), viewed as a
function of f, are independent conditioned on the choice of oy, os.

More generally, for any fixed set of s permutations oy, ..., 0, of S under which
the images of @), are pairwise disjoint, the s random variables X (f, 01),..., X (f, o)
are r/q > n3-wise independent. We show that S can be partitioned into a number
of large sets of permutations, each of them satisfying the pairwise disjointness
property. To establish this claim we use the celebrated theorem of Hajnal and
Szemerédi. The interested reader can find an elementary proof of this theorem in
the paper [KKO0S].

2.4.13. THEOREM (HAJNAL & SzEMEREDI [HS69]). Let G be an undirected
graph on n wvertices with maximum vertex degree A(G) < d. Then G has a
(d + 1)-coloring in which all the color classes have size L#J or (#W
2.4.14. LEMMA. Let S be a set of permutations on [n] (withn > 30) and let Qy be
a set of at most ¢ < n balanced queries. Then there exists a partition S;U---US,,
of the permutations in S such that for i € [m],

(i) 1S > 5 52— —1, and

eIn2\/n

(i) The sets T; = {QF }res,, for i € [m], are pairwise disjoint.

Note that we have no control over the number m of elements of the partition,
although an upper bound is straightforward.

Proof. Construct a graph GG on S where two permutations o, 7 are adjacent iff
there exist =,y € @y such that o(z) = 7(y) or o(y) = 7(x). By this construction,
when T is a set of permutations that form an independent set in (G, the sets
{QF } rer are pairwise disjoint. Observe that G is a regular graph (all vertices
have the same degree), since o(x) = 7(y) iff (171 o 0)(y) = .
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A n 2" n
Let N = (n/2—2\/ﬁ) > Eava for n > 30. Note that for any z,y € {0, ”%ﬂwm’

0, x| # ly| 1
WE§J93”=?~/1={—(,1), o=l [ =¥
\

|x

This holds because the orbit of x under S, (the collection of all ™ as 7 ranges
over S,) is the set of all (|Z‘) strings of the same weight. So by applying the union
bound over all choices of z,y € @y, we get

er’gn[ﬂx,yEQb‘:BWZy]S E [ Z H[xﬂ:y]]

7T€Sn
xvyeQb
— ™
znyQb
2
<L
- N

which allows us to upper bound the degree of G by d £ ¢*>n!/N < n’n!/N.
Therefore, by the Hajnal-Szemerédi Theorem, GG can be colored so that each color

class has size at least
T O
d+1] = n!2n%/n
This completes the proof. |

In our case |S|/n! > 272¢/3, and by our choice of ¢ we conclude that each of
the elements of the partition has size at least |S;| > n? - 27 for large enough n.
Since A(f) is a weighted average of the m random variables Y;(f) = Eres, X (f, ),
it is enough to show that with probability 1 — o(1),

Yi(f) =27 <279/6

holds simultaneously for all : = 1,... m.

Each quantity Y;(f) is the average of |S;| random variables that are n’-wise
independent, each satisfying E¢ X (f, ) = 27?7 = p. We apply the following version
of Chernoff bounds for k-wise independent random variables:

3

2.4.15. THEOREM (SCHMIDT ET AL. [SSS95)). Let X be the sum of s k-wise
independent random variables in the interval [0,1], and let p = 1 E[X]. For any
0<6<1,

Pr HX . p| > 5p] < 6—Q(min(k,52ps))'

Since p|S;| > n® and k = n?, using the theorem above with § = + we obtain
that for all 7 € [k],
PrIYi() —pl > po] <270,
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hence we can bound

PrlAG) —pl2pd] < Pr [ €] | 1Yi() ~ ol 2 pi]
< m- 9—Un?)
< nl. 9~9n%),

To conclude the proof we apply the union bound over all possible choices of @
and a = (a,,ay) € {0,1}9, yielding

Po B Q] 140) ~ 5l 2 /6] < (7 )2tz o0 o),

2.4.16. REMARK. It is not difficult to see that if one replaces % + 2/n in the
definition of balanced inputs with % £ c¢/n for some other constant ¢ > 2, the
result still holds for the same lower bound ¢ and large enough n. We refrained
from doing so because it would introduce an additional parameter in all the
definitions and proofs. The only place where this matters is in claiming the Q(n)
lower bound for any fixed € < % The value ¢ = 2 only suffices for ¢ < %(1 —107%)
because of Lemma but choosing larger values can prove the theorem for any
constant € < %

2.5 Testing isomorphism between two unknown
functions

Finally, we examine the problem of testing two unknown functions for the property
of being isomorphic. Here the tester needs to make queries to both f and g.

2.5.1. THEOREM (ALON & Brals; CHAKRABORTY ET AL. [ABI0, [CGMI11c]).

For any fived € > 0, the query complexity of testing isomorphism of two unknown
functions f,g: {0,1}™ = {0,1} is ©(2"/?).
More concretely,

1. There exists a non-adaptive e-tester with one-sided error for function iso-
morphism in the unknown-unknown setting with query complexity

O(22\/nlogn/c).

2. Any adaptive tester for function isomorphism in the unknown-unknown
setting must have query complexity (272 /n'/4).
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Proof of the upper bound

The tester is described in Algorithm [2| (Recall that € is a constant, so for large
enough n we have /nlnn/(e2”) < 1.) Obviously it is non-adaptive, has one-

Algorithm 2 (Non-adaptive one-sided error tester for the unknown-unknown
setting)

1: generate a set @ by including every x € {0,1}" in @ with probability \/"ag‘n"
independently at random
2. if |Q| > 10

%nn Inn then accept
3: query both f and g on all inputs in @
4: accept iff there exists 7 such that for all z € @, either f(z) = g(z™) or 2™ ¢ Q

sided error and makes O(2"2\/nlogn/e) queries. Let f and g be e-far up to
isomorphism; we prove that the probability of the tester accepting is o(1). We may
assume that the event |Q| < 104/2"nInn/e holds, since it occurs with probability
1 —o(1). For any permutation 7w € S, there are at least £2" inputs z € {0,1}"
for which f(x) # g(z™). When z satisfies this inequality, the probability that
both x and z™ belong to @ is at least ”812“””, so the permutation 7 passes the
acceptance condition in the last line of Algorithm [2| with probability no more than
(1 —nlnn/(e2"))" <e " =n=" = o(1/n!). The claim follows by taking the
union bound over all n! permutations. O

In the next chapter we will also study the running time of a generalization of

this algorithm.

Proof of the lower bound

Again we apply the Yao principle via Lemma [I.5.6, We define two distributions
Dyes and D, on pairs of functions such that the two elements of any pair drawn
from Dy are isomorphic, while the elements of any pair drawn from D,, are 1/8-
far from isomorphic with probability 1 —o(1). The distribution Dy, is constructed
by letting the pair of functions be (f, f™), where f € Fnioym is a random 0-
truncated function on {0,1}" (see Definition and m € S, is a uniformly
random permutation.

For the distribution D, the pair of functions are two independently chosen
random O-truncated functions f and g; with probability 1—o(1), distiso(f, g) > 1/8
(Lemma 2.4.5). For any set @ = {z!,...,2'} C {0,1}" of ¢ queries and any
p,q € {0,1}" let Pr(sgep,.. [(f,9) o = (p,q)] be the probability that for all
1 <i<t, f(a') = p; and g(z') = ¢; when f and g are drawn according t0 Dyes.
Similarly we define Pr (s gep,., [(f, 9) o= (p,q)].

Without loss of generality we may assume that |2'] € [2 — 2y/n, & +2/n] for
all ¢ € [t], since functions drawn from Dy or D,, always take the value 0 on all
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other inputs. If the pair f, g is drawn from D,,, the answers to the queries will be
uniformly distributed by definition, so for any p, ¢ € {0, 1}, we have

Pr [(f.9)l,= (p.q)] = 1/2%.

(f?g) €Dno

Now let the pair be drawn according to Dy.s and let m be the permutation that
defined the pair. Let Eg denote the event that Q™ and () are disjoint, i.e., that
for all i, j € [t], the inequality m(z") # 27 holds. Conditioned on Eg, the answers
to the queries will again be distributed uniformly, that is

Pr[(f,9)ly=(a) | Eol = Pr [(f,9)l,=(p,q)]

(f,9)E€Dyes (f,9)€Dno

(Note that the event in question is independent of E when the pairs are drawn
from D,,.)
Let us now show that the Eg occurs with probability at least %. For any

fixed i, € [t], we have Prycg, [r(2?) = 27] < 1/(n/2_"2\/ﬁ) < 2V hecause 2 is

p— 2n
balanced. So by the union bound, when ¢ < 2%/2/(200n'/*) we have
) ) 9t2
Pr(Egl=1—-Pr[3i,je[t]| n(z') =2] > 1— ‘ 2;/5 > 2
Therefore,
Pr , = (p, > Pr|Ep|- Pr , = (p, E,
gor (9o = (,q)] [Eal- , Pr [(f.9)lg=(r.9) | Eo]
> 3. Pr , = (p,q)].
1 g, [9)lg=.0)]

By Lemma[1.5.6| this implies that the success probability of any tester that makes
fewer than 27/2/(200n'/*) queries is at most 5/8 + o(1) < 2/3 and completes the
proof of the lower bound in Theorem [2.5.1] 0

2.6 Summary

We studied the problem of testing isomorphism between two boolean functions.
Our main focus is on the most well-studied case, where one of the functions is
known explicitly in advance and the other one may be queried; in this setup we
proved upper and lower bounds for testing isomorphism to functions, both with
one-sided and two-sided error. We also studied the analogous problem when both
functions are unknown. All our bounds are nearly tight.



Chapter 3
Testing and deciding junta isomorphism

The content of this chapter is based on the papers

e S. Chakraborty, D. Garcia—Soriano, and A. Matsliah. Efficient sample
extractors for juntas with applications. In Proceedings of the 38th Inter-

national Colloquium on Automata, Languages and Programming (ICALP),
pages 545-556, 2011.

e S. Chakraborty, D. Garcia—Soriano, Y. Goldhirsh, and A. Matsliah. Deciding
and approximating isomorphism efficiently for specific classes of boolean
functions. Manuscript, 2011.

3.1 Introduction

In this chapter we investigate the problem of testing isomorphism to k-juntas.
With this goal in mind we develop the notion of sample extractors for juntas,
which have found additional applications (see Chapter @

Making a slight detour from property testing per se, we also study the
complexity of the following problems (where f and g are k-juntas, or at least close
to k-juntas):

e decide if f and ¢ are isomorphic;
e compute distiso(f, g);
e approximate distiso(f, g).

We will examine both the time and query complexities of our algorithms. Again,
both the known-known setting and the unknown-unknown setting are considered.

We comment that, in a recent work, Arvind and Vasudev [AV11] have also
studied the time complexity of deciding and approximating isomorphism of two
unknown functions from restricted function classes. They obtain bounds for the

39



40 Chapter 3. Testing and deciding junta isomorphism

class of constant-depth circuits, based on a classical result of Linial, Mansour and
Nisan [LMNO93]. Our results are incomparable to theirs.

3.2 Influence, juntas and cores

A central tool to analyze juntas is a measure of the influence that a set of
coordinates has on a function.

3.2.1. DEFINITION. The influence of the set of coordinates A C [n] on a function
f:4{0,1}" — R is defined as

Inf(A) 2 Pr [f(x) ”] f(xm_y)] .

ze{0,1}", ye{0,1}4!

Thus Inf;(A) measures the probability that the value of f changes after taking
a random input x and rerandomizing the bits inside A. Note that when A is a
singleton, this value is half that of the most common definition of the influence of
one variable (see, e.g., [Wol08]); for consistency we stick to Definition in this
case as well.

3.2.2. DEFINITION. An index (variable) i € [n] is relevant for f if Inf;({i}) # 0.
A Ek-junta (k > 1) is a function that has at most k relevant variables; equivalently,
a function f that satisfies Inf¢([n]\ J) = 0 for some J € ([Z]).

Juny, will denote the class of k-juntas (on n variables), and for A C [n], Juny will
denote the class of juntas whose relevant variables are all contained in A.

To illustrate these two definitions, observe that every relevant variable of a
k-parity (k > 1) has influence 1 (which is as large as it can get).

3.2.3. LEMMA. Given A C [n] and oracle access to f:{0,1}" — {0,1}, there
is an O(log(1/0)/n)-query one-sided test that accepts if Infs(A) = 0 and rejects
if Infr(A) > n, with confidence 1 —§. Its running time is O(n) times its query
complexity.

Proof. Note that Inf;(A) is the expectation (over z € {0,1}",y € {0, 140 of
the indicator function

I[f2) # fla,. )]

Suppose we draw a random pair of inputs z, z € {0,1}" conditioned on x4 =
24, and reject iff f(x) # f(2). This step always accepts if Inf;(A) = 0, whereas
if Inf;(A) > n the pair drawn catches this fact with probability at least . By
drawing ¢ independent pairs we can reduce the error probability to (1 —n)! < e ™.
The lemma follows by taking ¢ = O(log(1/6)/n). O
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Such a test is called an independence test for A. Its outcome is said to be
positive if it accepts, meaning that no evidence was found for Inf(A) # 0.

Influence can be expressed in terms of the Fourier expansion of f. (See the
survey by de Wolf [Wol0§| for an introduction to Fourier analysis of boolean
functions.) It is simpler for this purpose to work with the associated function h
taking values in {—1,1} (for example, map 0 to 1 and 1 to —1 to obtain h = (—1)7;
this does not affect the outcome of equality comparisons). The multiplicative
characters of ZJ are represented by the symbols xg (where S C [n]) and are
defined by xg(z) = (—1)*"|. Let x C [n], 2 C A. Note that

E [h(z)-h(z @ 2)] = (hh)( Zh

zC[n]

where “+” denotes convolution; to see this, recall that the Fourier coefficient of a
convolution (f % g) at S is f(S) - g(S). Hence

E [h(z)h(z® 2)] = > n(S) (ZCA (z)]) = Y h(S) (3.1)
zCn] SC[n] SCln\A

because the factor within brackets vanishes whenever S intersects A, and is 1
otherwise. Then

2 Pr [h(z) #hz®2)] =1- E [A()h(z®2)]= ) 1(S)?
zCln) 2Cln) SNA£D

the last equality due to (3.1) and Parseval’s identity. Therefore
1 Tran2
Inf;(A4) = Infy(4) = 5 > h(S). (3.2)

SCln]
SNA#D

3.2.4. LEMMA (FISCHER ET AL. [FKR™04]). Influence is monotone and sub-
additive.
That is, for all f: {0,1}" — {0,1} and A, B C [n],

IHff(A) S Il’lff(A U B) S Inff(A) + IHff(B)

The proof is a simple consequence of (3.2). In fact something stronger than
mere subadditivity holds:

3.2.5. LEMMA (FISCHER ET AL. [FKR™04]). Influence is monotone submodu-
lar. That is, for all A, B,C C [n],

0 S IIlff(A UBU C) - IIlff(A U B) S IIlff(A U O) - IIlff(A)
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This is also known as the law of diminishing marginal returns of influence.

Proof. For monotone functions, the condition above is equivalent to
Inff(S U T) + Inff(S M T) S Inff(S) + Inff(T)

for all S,T" C [n]. The difference between the right and the left hand sides is a
sum of non-negative numbers, as can be checked from ((3.2)):

1 ~
Inf;(S) +Inf 1 (T) = (Inf (S UT) + Infy (S N 1T)) = - > w2y,
ZCn]\(SNT)
ZNS#D
ZNT#0D

because the Fourier mass of h at any Z not included in the right-hand sum is
counted an equal number of times in the sums corresponding to Inf;(.S) + Inf;(T")
and Inf;(SUT) 4+ Inf(SNT). O

Any junta is determined by its set of relevant variables together with its core.

3.2.6. DEFINITION. Fix an arbitrary ordering of [n]. Let f: {0,1}" — {0,1} be
a k-junta on .J. The k-core of f is the boolean function coreg(f): {0,1}* — {0,1}
obtained from f* by dropping the (irrelevant) variables outside J, i.e., satisfying

() = core(f)(x] ))-

Note that this definition depends on the fixed ordering of n, the number £k,
and possibly on the choice of J as well (if f is actually a k’-junta for &' < k).
Sometimes we will simply refer to the core of f, where k is clear from context
(and J is any k-set containing the relevant variables of f). Different choices for J
lead to the same k-core, up to isomorphism.

3.3 From k-juntas to n-juntas

Proposition showed how to test isomorphism to f: {0,1}" — {0,1} with
O(nlogn) queries. Assume for the moment that both the known function f and
the unknown function g are k-juntas. Then both f and ¢ are determined by their
cores, up to isomorphism. Suppose we could query the core of g, rather than ¢
itself. This would enable us to approximate, in a similar way, the distance between
coreg(f) and coreg(g), bringing the sample complexity down to O(klog k).

The quantity distiso(corey(f), corex(g)) is a good approximation to distiso( f, g),
although in general these two measures do not need to coincide.

3.3.1. LEMMA (CHAKRABORTY ET AL. [CGMI1d]). Let f,g: {0,1}" — {0,1}
be k-juntas, where 0 < k < n. Then
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(a) distiso(coreg(f), coreg(g)) € [distiso(f, g), 2 distiso(f, g)].
(b) If I > 2k then distiso(core;(f), core;(g)) = distiso(f, g).

As regards the first part, note that both inequalities are tight. For example, if
k = n then obviously distiso(f, g) = distiso(corek(f), corex(g)). On the other hand,
consider the case n = k+1, f(z) = |z1 + 22+ -+ 2, mod 2 and g(x) = 1— f(x).
Then distiso(f,g) = 1/2 but distiso(coreg(f), corex(g)) = 1.

Proof.
We can assume without loss of generality that f and ¢ are juntas on [k], as
distiso is permutation-invariant.

(a) Let f' = corer(f), g = corer(g). We prove
1
distiso(f, g) > 3 distiso(f’, ¢)

(the other inequality distiso(f, g) < distiso(f’, ¢’) being obvious).

Take 7 minimizing dist(f, ¢g"). The function f is a junta on [k], while g™ is
a junta on 7 Y([k]). Let A = 7= '([k]) \ [k], B £ ==Y ([k]) N [k], C & [k] \ B;
note that |A| = |C| (because 7 is bijective and thus |7~ ([k])| = |7 (k)| = k).
Roughly speaking, if f and g™ are close then both must be close to a junta
on B, because the coordinates outside B are irrelevant to either f or g”.

Every input = € {0,1}" is the interleaving of four strings
a € {0,13 be {0,1}?,c e {0,1}°,r € {0, 1} "~ (ABYOD)

in the right order, i.e., z = o(a,b,c,r) for some permutation o: [n] — [n],
where (a,b,c,r) = a U bU cUr denotes concatenation. Hence there are
permutations oy, 09 of [k], independent of z, for which

f(x) = f(b, o),
9" (x) = g* (b, a).

For every b € {0,1}” and i,j € {0,1}, let

r[f*71(b,a) =i A g7 (b,a) = j]

a

= Pr[f (be) =i A g7 (b,c) = jl.

C

b
Pi;

Obviously ph; + pby = Pra [f7*(b,a) # ¢"72(b,a)] < 1, so

b b b b \2 b b
Po1 +Pip = (p(n +p10) > 4pg1P1o-
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For random x, the variables a, b, c are mutually independent. For every b we
can compute

Pr(f (b,c) # §°(b,a)] = Pr[f*}(b,¢) = 0] - Pr[g*(b,a) = 1
+ L[ (b,¢) = 1] Pr[g*(b,a) = 0]

= (2980 +p81)(p81 + plfl) + (plfo +pl1)1>(p80 +Plfo)
> poy (Pho + Ply + P11) + Pl (Pho + Pho + 1Y)
= pg1(1 - p?o) + plio(l - pg1)
_ pgl + plfo i pgl + plfo - 4p81pl{0
2 2
> Ph ‘;‘plio
_ Pr [f71(b,a) # g"2(b, a)]
= 5 )

Hence, by taking expectations over b,

dist(f,g") = Pr [f!(b.c) # "% (b, a)]

a,b,c

1

> SPrif7(ba) £ g7 (b,0)

1
- §dist(f"’1,g"’2),

and we are done because distiso(f, g) = dist(f, g™) = dist( """, ¢'"?).

(b) It is not hard to see that

distiso(f, g) = g&% ) CiE{m} [dist(corex(f), (corex(9)1,._)")], (3.3)
C|<n—k
FIRNC— 1K
Jinjective

where Al : {0, 1}k — {0, 1} denotes the (k — |C|)-junta obtained from a
function h: {0,1}* — {0,1} by fixing the variable ; to the constant value
c(i) for all i € C. To verify this, observe that in trying to minimize dist(f, g™)
for two juntas f, g with relevant variables in [k], we can select the optimal
7 in stages: first choose a set C' C [k] such that |C| < n — k, then pick an
injection y from [k] \ C to [k] and finally let 7 satisfy C' = [k] \ 7~ *([£]) and
e =7 (the concrete choice in the last step does not actually matter).

If we substitute [ for n in (3.3)), the right-hand side is the same for any | > 2k,
for the condition |C| <1 — k becomes redundant. Hence

distiso(core;(f), core;(g)) = distiso(core, (f), core,(g)) = distiso(f, g).
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O

The implication is that, in order to approximate distiso(f,g) between two
k-juntas f and g to within a factor of two, it suffices to compute the isomorphism
distance between their k-cores. In fact, if an exact answer is needed instead of a
2-approximation, we can reduce the problem to a calculation of the isomorphism
distance between their 2k-cores.

As a corollary of item (a) we obtain the lower bound we promised the reader

in Section 2.4]

3.3.2. COROLLARY. Let f,g: {0,1}" — {0,1} be k-juntas.

If (coreg(f), corex(g)) is (q,€)-hard, then (f,g) is (q¢,€/2)-hard. Hence for any
e’ € (0,3) there are pairs of r-juntas that are (Q(k),e')-hard, and it takes Q(k)
queries to test isomorphism to them.

Proof. The “hence” part follows from the first statement on taking ¢ = 2’ €
(0, %) and applying Theorem .

Let f" = corex(f), g’ = corex(g). It is clear that f=g if f/~¢’. Let there be an
algorithm A capable of distinguishing a random permutation of f from a random
permutation of g with high probability. Based on A, we construct an algorithm B
that makes the same number of queries and decides whether ’: {0,1}" — {0,1}
is a random permutation of f’ or a random permutation of ¢’, in the following
manner. Let h(z) £ R'(z;...x;). The algorithm B picks a uniformly random
permutation o € S,, and applies A to h?. Clearly, any query to h° can be
simulated by one query to h’ as ¢ is known to B. The distribution of A7 is a
random permutation of either f or g.

Together with the inequality distiso(f,g) > distiso(f’,¢')/2, this completes
the proof. O

Likewise we obtain a lower bound for the unknown-unknown-case analogous to
that of Theorem [2.5.1, We omit the proof, which mimics that of Corollary |3.3.2

3.3.3. COROLLARY. Testing isomorphism of two unknown k-juntas requires

2k/2
. (W)

QUETTES.

3.4 Exact algorithms for k-juntas

In this section we give algorithms for the isomorphism decision and isomorphism
distance problem for k-juntas (where k is known). We start with a simple
randomized solution and then discuss how to derandomize it.
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One of the main issues we will be concerned with is how to obtain the truth
table of corex(g) without reading the truth table of ¢ in its entirety (and of course,
without knowing the influential variables in advance).

3.4.1 Randomized algorithm

3.4.1. DEFINITION. Let ¢,n > 0. A random (ordered) partition T = (Iy,..., 1)
of [n] into ¢ sets is constructed by starting with ¢ empty buckets, and then putting
each coordinate ¢ € [n] into one of the buckets picked uniformly at random.

An isolating partition for a set J C [n] is a partition of [n] into sets, each of
which contains at most one coordinate in J.

Sometimes we also refer to the components of a partition as blocks or parts. Note
that the blocks in a random partition will usually have different sizes, although in
expectation the size of a block will be n/¢. A random partition is well defined
even if £ > n (in which case some elements of the partition will be empty no
matter what). Unless explicitly mentioned otherwise, Z will always denote a
random partition Z = (11, ..., I;) of [n] into ¢ subsets, where ¢ is even (the only
significance of the last condition is that it allows for some cleaner equalities in
Section [3.7.2)); and J = (J1,. .., Ji) shall denote an ordered k-subset of Z.

Suppose ¢ is a junta on J, |J| < k. By elementary probability estimates, with
high probability a random partition will isolate .J.

3.4.2. LEMMA. The probability that a random partition T into £ buckets fails to
isolate a given set J of size k is upper bounded by k(k —1)/(20).

Proof. For any two distinct elements a,b € J, where |.J| = k, the probability
that both a and b land into the same bucket of the partition is 1/¢ by definition.
By the union bound, the probability that there exist two such elements of J is at
most (g) /L. O

Let J be the set of relevant variables of a k-junta g. Given an isolating partition
for J, we can extract the truth table of corex(g) (up to some permutation of the
variables) by making 2¢ queries to g — setting all of the variables in a block to the
same value also guarantees that the influential variable inside this block (which is
either unique or non-existent by assumption) was set to this value.

3.4.3. DEFINITION. We say the string y € {0,1}" is Z-blockwise constant if for
every block I of Z, the restriction of y to I is constant; that is, if for all i € [/]
and 7,5 € I;, y; = yjr.

Given z € {0,1}", define REPLICATEZ(z) to be the Z-blockwise constant string
y € {0,1}" obtained by setting y; < z; for alli € ¢, j € I;;

If we assume that
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e 7 isolates J;
and

I

e we happen to know which components of Z intersect J (say I; i)

Jioc

then we can find the truth table of core(g) simply by looping over all 2%
assignments to z;,,...,z;,,, filling out the remaining bits of z arbitrarily, and
making a query for g(REPLICATEZ(z)). The first condition above is true of a
random partition, and it is also possible to satisfy the second:

3.4.4. LEMMA. Let g be a junta on an unknown k-set J. Given a partition
T that isolates J, it is possible to identify all blocks of I that intersect J with
O(|Z|1og k - 2F) queries to g and constant success probability.

Proof. Observe that the influence of every relevant variable of a k-junta
is at least 2(1 — 27%)27%F > 27% So the influence of every block containing a
relevant variable is also at least 27%. By Lemma , with O(log k - 2%) queries
we can determine if a block is relevant with one-sided error probability 1/(10k),
say. We perform this test for each component of Z. There are no more than k
influential blocks, and by the union bound we can identify them all with overall
error probability 1/10 or less. O

(As a matter of fact, it is also possible to use a junta tester with e = 27% to
solve this task with O(k - 2F + klog |I|) queries.)
In the next section we get around this lemma by derandomizing the algorithm.

3.4.5. LEMMA. Given access to a k-junta g: {0,1}" — {0,1}, it is possible to
construct, with high probability, a complete truth table for (a permutation of)
corey,(g) with 2% - poly(k) queries and in time n - 2 - poly(k).

Proof. Take a random partition Z into ©(k?) parts, which is isolating by
Lemma [3.4.2] Then apply Lemma to find the relevant blocks and finally
make 2% queries of the form REPLICATEZ(z) as explained above.

The time bound is due to the time complexity of the tester of Lemma
being n - 2% - poly(k), and the time required to query the entire truth table being
O(n - 2F). 0

Note that we cannot hope to obtain the entire truth table of corex(g) with
fewer than 2% queries (or time less than Q(n + 2F)).
Now recall Luks’s function isomorphism algorithm, mentioned in Section [1.3]

3.4.6. THEOREM (Luks [Luk99]). There is an algorithm EXACTISO(f, g) that
decides isomorphism of two boolean functions f,g: {0,1}" — {0,1} in time 20%).
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Composing Lemma with Theorem yields the following theorem.
We state it for the problem of testing isomorphism between two k-juntas, but all
results of this type also hold for testing isomorphism to a fixed k-junta.

3.4.7. THEOREM (CHAKRABORTY ET AL. [CGGMI1]). There exists a random-
ized algorithm that given two k-juntas f,g: {0,1}" — {0,1}, accepts with proba-
bility at least 2/3 if they are isomorphic and rejects with probability at least 2/3 if
they are not. The algorithm runs in time n - 2°) and makes 2* - poly(k) queries
to f and g.

Alternatively, composing it with an exhaustive search among all possible
permutations of [k] yields:

3.4.8. THEOREM (CHAKRABORTY ET AL. [CGGMI11]). There exists a random-
ized algorithm that given two k-juntas f,g: {0,1}" — {0,1}, outputs distiso(f, g)
with probability at least 2/3. It runs in time n - 20(k) 1 20(klogk) und makes
28 . poly(k) queries.

3.4.2 Deterministic algorithm

In light of the above, for a deterministic algorithm we need the truth table of the
core of a k-junta while avoiding the use of influence tests or junta testers (which
are randomized of necessity if their query complexity does not depend on n). We
use a k-perfect family of hash functions h: [n] — [m] that are expected to map
each influential variable into a different block. We remind the reader that we are
assuming that k is a known parameter (although standard techniques based on
binary search could be used to remove such assumption).

3.4.9. DEFINITION. A family F of functions hy, ..., hs: [n] — [m] is a k-perfect
hash family if for every subset J € (EL]]C) there exists some h; € F that is injective
on J. -

Some constructions of k-perfect hash families are given in [NSS95| [SS90]. Any
function A in such a family gives rise to a partition Z of [n] into m parts, the ith
block of which (i € [m]) is h™1(i).

The algorithm works by iterating over all functions in the k-perfect hash family
and building a truth table based on the assumption that the function separates
the influential variables. It is given a k-junta f: {0,1}" — {0,1} and a explicit
k-perfect hash family hq,...,hs, and finds a hash function in the family that
is injective on the influential variables of f. Then it outputs a truth table for

coreg(f).
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Algorithm 3 GetCoreDet(f, hy, ..., hs)

1: for i =1 to s do

2 construct the h;-truth table of f

3: let sz be the number of influential variables in the h;-truth table
4

5

: let 79 be the index maximizing k:{
: return the h;,-truth table of f

3.4.10. LEMMA. Given a k-junta f: {0,1}" — {0,1} and a explicitly given k-
perfect hash family hy, ..., hs: [n] — [k], GetCoreDet outputs a truth table for
core(f). The time complexity of GetCoreDet is O(sn - 2%), and the number of
queries to f it makes is O(s - 2F).

Proof. First, since hq,..., hs is a k-perfect hash family and both the input
functions are k-juntas, we are guaranteed that for each input function there is
a hash function which separates its influential variables. This is the function
which maximizes the number of influential variables in its h;-truth table, which
is therefore a truth table for a permutation of coreg(f). The truth table can be
found after finding the partition of [n] defined by h; (which takes O(n) time), and
querying all 2% blockwise-constant inputs (which takes O(n - 2¥) time). Then the
number of influential variables can be found in time O(k - 2¥). The overall time
and query complexities result from iterating over the members of the k-perfect
hash family. O

Plugging in the construction of a globally explicit k-perfect hash family of
Naor, Schulman and Srinivasan [NSS95, Theorem 3(iii)] we get s = e*k°0°ek) Jogn
and the time complexity for constructing the family and evaluating each of its
elements on every possible input is linear in the total description size. From these
observations and Luks’s algorithm the following follows.

3.4.11. THEOREM (CHAKRABORTY ET AL. [CGGMI1]). There ezists a deter-
ministic algorithm that given two k-juntas f,g: {0,1}" — {0,1}, accepts if
they are isomorphic and rejects if they are not. The algorithm runs in time
nlogn - 20k) |;Ollogk)

3.4.12. THEOREM (CHAKRABORTY ET AL. [CGGMI1]). There ezists a deter-

ministic algorithm that given two k-juntas f,g: {0,1}" — {0, 1}, outputs the value
distiso(f, g). It runs in time nlogn - 20 [OUegk) 4 90(klogh)

3.5 Introducing sample extractors

3.5.1 Motivation

The algorithms described thus far suffer from several shortcomings. One is that
their query complexity is exponential in k, while we strive for query complexity
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O(k) if we are to match the lower bound of Corollary . (Even in the unknown-
unknown setting, their query complexity, at least 2¥, goes well beyond the lower
bound of roughly 2%/2 given by Corollary ) Finally, we have been assuming
throughout that g is a k-junta, which needs not hold true (in which case the core
of g is not even defined).

We attempt to apply these algorithms to the function

g* = the closest k-junta to g.

This at least defines a k-junta whose core we would like to query, but a new problem
is introduced as we do not have access to ¢g*, only to a “noisy” approximation
thereof. The key to an efficient resolution is to notice that being able to query
the core of ¢g* is overkill. All the tester from Proposition needs is to draw
O(nlogn) random samples (x,a), where x € {0,1}" is uniformly distributed and
a = g*(z); this sufficed to obtain a good estimate for distiso(f, g*). Therefore the
task would be solved if we somehow managed to get samples from the core of g*.
This motivates the notion of “noisy sample extractor” (or “noisy sampler” for
short).

3.5.1. DEFINITION. Let h: {0,1}* — {0,1} be a function, and let 7, u € [0,1).
An (n, p)-noisy sample extractor for h is a probabilistic algorithm h that on each
execution outputs (z,a) € {0,1}* x {0,1} such that

e forall v € {0,1}", Prlz = o] = o (1 £ p);
e Pria=h(z)] >1—mn;
e the pairs output on each execution of I are mutually independent.

An n-noisy sampler is an (7, 0)-noisy sampler, i.e., one which on each execution
picks a uniformly random 33E|

The next theorem will be proved shortly.

3.5.2. THEOREM (CHAKRABORTY ET AL. [CGMII18]).
Construction of efficient noisy samplers:
Let Gpp(k, €) = (£/2400)°/(10%°k°) = poly(k/e).
There are algorithms Ap, Ag (resp. preprocessor and sampler) that have oracle
access to a function g: {0,1}" — {0,1}, and satisfy the following properties:
The preprocessor Ap takes as input € > 0 and n, k € N, makes O(k/e+ klogk)
adaptive queries to g and can either reject, or accept and return a state o €
{0, 1}O(n). Assuming Ap accepted, the sampler Ag can be called on demand, with

IThe reader familiar with [CGMT11c] should beware that the usage of the parameter u here
is slightly different from the similar definition therein.
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state o as an argument; in each call, As makes only one query to g and outputs a
pair (z,a) € {0,1}* x {0,1}.

On termination of the preprocessing stage Ap, all the following conditions are
fulfilled simultaneously with probability at least 4/5:

o If g is Oprp(k, €)-close to a k-junta, Ap accepted g;
o If g is £/2400-far from a k-junta, Ap rejected g;

o If Ap accepted, As(a) is an €/90-noisy sampler for corex(g*)™ (where 7 is
some permutation of [k|).

The running time of Ap is O ("5—]’C + poly(f)), and the running time of each
call to Ag is O(n).

The statement is somewhat technical and calls for careful reading. The fact
that the last condition should be satisfied with high probability for any g plays
a crucial role. When G (k,¢) < dist(g, Juny) < /2400, it might be the case
that Ap always accepts ¢, or always rejects g, or anything in between, but
with high probability either g has been rejected or an £/90-noisy sampler for
(a permutation of) coreg(g*) has been constructed. We prove Theorem in
Section

It is notable that such samples from the core of ¢* can indeed be efficiently
obtained (allowing for some noise), even though g is the only function we have
access to. In fact even having query access to g* itself would not seem to help
much on initial consideration, because the location of the relevant variables of g*
is unknown to us, and cannot be found without introducing a dependence on n in
the query complexity.

3.5.3. REMARK. The preprocessing stage makes adaptive queries, while the
sampler is non-adaptive. It is possible to make the preprocessor non-adaptive too
by switching to the non-adaptive junta tester (see Section . This incurs an
overhead of O(k*log k) in the query complexity of the preprocessor.

3.5.2 Approximating distiso

The O(klog k/e)-query upper bound for k-juntas would seem to be a matter of
instantiating Proposition [2.3.1f and Theorem [3.5.2, This is not quite so because
the sample extractor is allowed to make errors. So instead of Proposition [2.3.1] we
need an isomorphism tester that is still guaranteed to work when f is merely close
enough to a k-junta ¢g. In future chapters we shall make use of a more general
result, dealing with the estimation of the distance between f and the closest
element of a class S of functions.
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3.5.4. LEMMA (CHAKRABORTY ET AL. [CGMI11B|). There is an algorithm A
that given e € R, k € N, a set S of boolean functions on {0, 1}k, and an n-noisy
sampler § for some g: {0,1}" — {0, 1}, where n < £/90, satisfies the following:

o if dist(g,S) < €/10, A accepts with probability at least 9/10;

e if dist(g,S) > 9¢/10, A rejects with probability at least 9/10;
e Algorithm A makes O (%) calls to the noisy sampler.

If each call to the noisy sampler takes time O(1) and every f € S can be

n|S|log |S\+n>

evaluated on any given input in O(n), then A runs in time O < =

Proof.
Consider the following variation of Algorithm [1] (on page [21]). It is clear that

Algorithm 4 Tolerant, noise-resilient isomorphism tester
1: let ¢  £(90 +8001n |S|).
2: obtain ¢ 1ndependent samples (z!,al),..., (29, a%) from §
3: accept if and only if minyes [{i € [q] | h(z) # a'}| < eq/2

the time and query complexities are as stated.

For h € S, write 8, £ dist(h, g) and let A, C {0,1}" be the set of inputs on
which h and g disagree, where |A;| = §;2%. Since the z’s are independent and
uniformly distributed random variables, we have Pr, [x € A,] = d,. Also let Ay,
be a random variable representing the fractional disagreement between h and ¢ in

the sample:
_ Hiela | @) # 9@}

q

If distiso(g,S) > 9¢/10, then for any fixed h € S the probability that A, is at
least 4e/5 can be bounded by using the Chernoff inequality in its multiplicative
form:

1
20(S|
Hence with probability 19/20, A, > 8¢/10 for all h € S. To relate this to the
fraction of samples (z,a) for which h(x) # a, we use Markov’s inequality:

Pr [|{i € [q] | &' # g(')}| = (3/10)eq] < Pr [|{i € [a] | a' # g(2)}] = 27nq]
<1/27. (3.4)

Pr[A, < 82/10 < (1 —1/9)8,] = e~ (1/9%(9/10)=0/2

Hence with probability at least 9/10,

min (i € [g) | h(o") # a'}] > eq/2.
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On the other hand, if distiso(g,S) < £/10, picking h € § with dist(g,h) < /10
we obtain in the same way

. , 1
Pr [|[{i € [q] | h(z") # g(2")}| > 26/10 > 204¢] < e~ (1/10)2a/3 20

(no union bound is needed here). As (3.4) continues to hold, we conclude in this
case that with probability at least 9/10,

min (i € [g] | h(s') # a'}| < 2q/5 < eg/2.

3.5.5. REMARK. Note that this algorithm does not provide an estimate of
dist(g,S) with additive accuracy O(g), because when dist(g,S) is large the
approximation obtained is only good up to constant multiplicative factors. This
meets our requirements. Nonetheless, it is equally easy to obtain an algorithm
that estimates dist(g,S) up to, say, £/10, by turning the 1/e factor into O(1/?).
The analysis would then use the additive Chernoff bounds.

3.5.6. THEOREM (CHAKRABORTY ET AL. [CGMI1B|). Lete > 0,k € Nt and
let Cipy € Junyy be a class of juntas on the first k variables that is closed under
permutations of [k]. There is a randomized algorithm Az that given ¢,k and
oracle access to a function f: {0,1}" — {0,1} does the following:

o if distiso(f,Cy) < Ogmm(k,€), Agmg accepts with probability at least 7/10;
o if distiso(f,Cy)) > €, Az rejects with probability at least 7/10;

o A makes O (k‘log k + M) queries to f.

€

If every g € Cyy can be evaluated on any given input in O(k), then the algorithm
runs in time

k41 k|Cial 1
O(n( + OgIC[MI)Jr IC[kllsg\C[kH + poly (k'))

£ €
Proof. Let7 2 Opsg(k,€) and let f* be the closest k-junta to f. Suppose first
that distiso(f,Cjy)) < 7. Then Theorem asserts that, with probability at least
4/5, we can construct an £/90-noisy sampler for coreg(f*). Since dist(f, f*) <
dist(f,Cpy) < 7, we actually obtain an £/90-noisy sampler for a function that is

27 < ¢/10-close to the core of some g € Cpj. Using this noisy sampler we may
apply the algorithm from Lemma [3.5.4] with

S = corek(C[k}) = {COTekz(f) | VS C[k]},

which in turn will accept with probability at least 9/10. The overall acceptance
probability in this case is at least 7/10 by the union bound.
Now consider the case distiso(f,Cyj) > . There are two possible sub-cases:
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dist(f, Jung) > £/2400: In this case f is rejected with probability at least 4/5 >
7/10.

dist(f, Juny) < £/2400: In this case, with probability at least 4/5, either f is
rejected (in which case we are done), or an £/90-noisy sampler has been
constructed for coreg(f*). Since f* is £/2400-close to f, by the triangle
inequality we have dist(corey,(f*), corey(Cpy)) > distiso(f, Cpy)—dist(f, f*) >
9¢/10, and hence with probability at least 9/10 the algorithm from Lemma
rejects. Thus the overall rejection probability in this case is at least
7/10 too.

The assertion about the number of queries is easily seen to be correct, as
it is the sum of the number of queries made in the preprocessing stage by Ap
(Theorem , and the number of executions of the sampler Ag. As to the
time complexity, recall that the preprocessing stage takes time O(”?”C + poly(k/¢)).
Each of the calls to the noisy sampler takes O(n), and the time complexity of the
Algorithm of Lemma excluding these calls is O((k|S|log |S| + k)/e). O

The next few corollaries all have a similar flavor.

3.5.7. COROLLARY. Let ¢ > 0 and suppose f: {0,1}" — {0,1} is a k-junta.
Then it is possible to e-test isomorphism between g: {0,1}" — {0,1} and f with
O(klogk/e) adaptive queries and time O(nk/e) + poly(k!/e).

Proof. Immediate from Theorem on setting Cpy = Isom(f) N Junp. O

3.5.8. COROLLARY. Let € > 0. There exists a non-adaptive e-tester with one-
sided error for function isomorphism in the unknown-unknown setting with query

complexity
. 2k/2
o(%r)
£2

under the promise that both functions are k-juntas. It runs in time n - poly(k!/e).

Proof. Combine Theorem with Theorem [3.5.2] 0

Note that the tester of Corollary is adaptive, in contrast with the tester of
Theorem . (The tester of Corollary can easily be made non-adaptive by
switching to the non-adaptive junta tester, as the complexity of the preprocessing
stage is subsumed by the number of samples taken.) We discuss in Chapter [5{ how
to obtain non-adaptive isomorphism testers.
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3.6 Junta testing

As one may expect, the testers for the property of being a k-junta play an important
role in constructing sample extractors. For this reason we need an overview of the
internal workings of junta testers; see also the survey |[Blal0]. The reader looking
for full proofs should consult the original papers.

For simplicity we do not describe the testers in their full generality. Most of the
time we will be dealing with boolean functions on {0,1}" and this is the setting
we work with in this chapter, although the need will occasionally arise to consider
arbitrary product domain distributions in subsequent chapters. We consider two
different junta testers. The first one appeared in the original paper by Fischer,
Kindler, Ron, Safra and Samorodnitsky [FKR*04] and makes O(k* log(k + 1)/¢)
non-adaptive queries. The second one, due to Blais [Bla09], makes O(k/e +klog k)
adaptive queriesﬂ The latter almost matches the Q(k) lower bound of Chockler
and Gutfreund [CG04]. There is also an improved non-adaptive tester |[Bla0g]
with query complexity O(k%2/e), which shall not be discussed here.

An essential ingredient of all junta testers is the construction of random
partitions of the input variables, as in Definition [3.4.1] Let f be the function
being tested, and if f is a k-junta, let J C [n] denote its set of relevant variables.
Roughly speaking, the junta testers take an isolating partition for J and then
proceed to identify the blocks in Z containing the most influential variables of g;
it is important to note, however, that there is no guarantee that all influential
variables will be detected. One way to decide if a block is relevant is to perform
an influence test on it, with a low enough threshold 7. The non-adaptive junta
tester proceeds block by block in this fashion.

Of course, this only tells half of the story. When f is not a k-junta, there is no
k-set J of relevant variables to start with. We make repeated use of the following
lemma:

3.6.1. LEMMA (FISCHER ET AL. [FKR"04]). Let f: {0,1}" — {0,1}, A C [n].
Then

(a) The closest A-junta to f is given by

7°(x) = Maj{f(y) | yl, ==l ,}
(where ties can be arbitrarily broken).

(b)
dist(f, Juns) < Inf;([n]\ A) <2-dist(f, Juna).

Proof.

Interestingly, in the quantum world, the log k factor in the upper bound can be disposed of,
as shown by Atic and Servedio [ASQ7].
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(a) Clearly y* is a junta on A by construction. Let j be an arbitrary junta on A.
For every x5 € {0, 1}A, consider the nonnegative quantity

q(z2) £ Pr [f(z1 Uwg) # g(zy U )]
x1€{0,1}["]\’4

As j(x1 Uxg) does not depend on x4, choosing j* for ) minimizes ¢(z3) over
all A-juntas, for any x,. Hence it also minimizes

dist(f, ) = E [q(z2)].

T2
(b) Let 7 = j*. We have, for every z, € {0,1}*,

Pr [f(z1Uxo) # f(yr Uxa)] =2 q(2)(1 — q(22)) € [q(w2), 2q(x2)]

y1,21€{0,1}"\A

because g(22) < 1/2 by our choice of . Since dist(f,7) = E,_ (134 [a(22)],
by taking expectations we conclude that

Infy([n] \ A) € [dist(f,7),2 - dist(f,)].

O

Consequently, the task can be reduced to accepting k-juntas and rejecting
functions where the influence outside any set of size k is at least ¢.

3.6.1 Non-adaptive junta tester

The non-adaptive tester uses its random coin flips to select a series of disjoint
subsets I, ..., I, C [n] (where r = O(k?)), and performs an independence test on
each of them to some prescribed accuracy threshold 1. These subsets are then
shown to satisfy the following property with high probability:

o if Infs([n]\ A) > ¢ for all A C [n],|A| =k, then
at least k 4 1 of the independence tests will be positive.

This is enough to prove soundness (the rejection condition when f is e-far from a
k-junta), by the reasons explained right after Lemma . As for completeness,
when f is a k-junta, at most k of the independence tests will be positive because
I, ..., I, are disjoint.

We will not give a detailed account of how these tests are selected, but will
be content to note that the proof in [FKRT04] uses the following results about
how influence distributes over random subsets. We will make use of some of them
later.
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3.6.2. DEFINITION. Let f: {0,1}" — {0,1}. The unique influence of the coordi-
nate ¢ on f with respect to the set A C [n] is defined by

I} & Infp(AN[i]) — Infp (AN [i — 1]).
3.6.3. LEMMA (FI1SCHER ET AL. [FKR7T04]). Let B C A C [n]. Then
(a) For alli € [n], we have I* < Infy(f) (in particular I} =0 when i ¢ A).
(b) For alli € B, we have I < IP.
(c) Infp(A) =300 I and Infy(B) =30, s IF = 30,05 11
Proof.
(a) This is a special case of (b) when B = {i}.
(b) This is the submodularity of influence (Lemma [3.2.5).

(¢) The first part holds because we can express the influence of A as a telescoping
sum of unique influences:

Infp(A) = Infy (AN [n]) = Infp(0) = > I =) I

1€[n] i€A

This also shows the equality in the second part; the inequality follows from
item (b). O

The next lemma was key to the proofs of the non-adaptive junta tester. While
we will only need the claim about the expected influence, we also include a
concentration result.

3.6.4. LEMMA (FISCHER ET AL. [FKR*04]). Let f: {0,1}" — {0,1}, 7 > 0
and let A C [n] be a subset of the variables with individual influence < T on f.
Let p € ]0,1] and B C, A denote a subset of A obtained by putting each element
of A in B with probability p. Then

s [Inf(B)] = pInf;(A)
and

ity [(B) <3
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Proof. When B C, A, the quantity Inf;(B) is bounded from below by a sum
of independent random variables in the interval [0, 7), the ith of which is the
product of the indicator function I[i € B] and the unique influence I*. To make
the best use of concentration inequalities, we rescale them so that they assume
values in [0,1). That is, note that 7 > 0 and for each i € A define

1
X; 2 ~1fi € B] - I,
T
where E[I[i € B]] = Pr[i € B] = p for i € A. Then we have by Lemma [3.6.3]

Inff(B) > 7> X;,
€A

where X; € [0,1),E[X;] = 21;, and

ZXZ»] = § DN It = élnff(A).

€A

E

By Chernoff bounds, the probability that >, , X; is at most half its expected

value is bounded by e~ # ™4 concluding the proof. O

From this one can show that if we take a random subset B of density 1/t of a
set A and the influence of B decreases by a greater proportion than ¢, then most
of the influence of A comes from a subset of size t.

3.6.5. LEMMA. Let0 <t <ne€eN, f:{0,1}" — {0,1}, A C [n]. Then either

Inf(A 1
Pr |Inf;(B) > nb(A)) S, 1
BCy 1A 16t €
or
there is J € (<At) with Inf¢(J) > w.

Proof. Sort the elements of A by decreasing value of I, Without loss
of generality, A = {1,2,...,m} with I# > ;' > ... I, By Lemma m,
Inff(A) = 3 I

Ift >mor SI_, I > Inf;(A)/2, then we can take J = {1,...,¢}. Otherwise
we have

Infp(A\ [t]) > ) I > Inf(A)/2, (3.5)

>t

and there are two cases to consider:
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Case 1: [A > %. Then the probability that B C,,, A fails to intersect
{1,...,t}is (1 —1/t)" < 1. So with probability at least 1 — 1/e, there is i € [t]
with ¢ € B, hence

Inf (A
Inff(B) >[4 > A > “11”6(75 ),

Case 2: [tA < Inflf%(tA) Any random subset B C;/; A contains a random subset

B' Cy;y A', where A’ = A\ [t]. By (3.5)), we can apply Lemma for A" and
p=1/t, 7 =1Inf;(A")/(8t) > pInf;(A)/(16t). We get
Inff(A’)

/ < < —1
BgfﬁA' _Inff(B) = 8t } =¢

SO

[ Inf (A
Pr |Inff(B) < nf( )] <e L
BCi 1A | 16¢

3.6.2 Adaptive junta tester

The adaptive test takes a different route and we shall need a more detailed
understanding of it. Given a random partition Z = I,..., I, of [n], the tester
starts with an empty set J' = 0, and gradually keeps adding to it the blocks I;
that have been found to contain a relevant variable, as follows. For each of O(k/¢)
rounds, it generates two random strings z,y € {0,1}" and queries f on x and on

< £ rgys = xS<—y[ >
S
where S 2 [n] \ U g li- (Picking z and y is the only place where randomness
is used.) If f(x) turns out to be different from f(zgys), we know that there is
at least one relevant block in Z \ J’ yet to be found. In this case, we can find a
relevant block by performing a binary search on the |Z\ J'| + 1 hybrid strings
between x and xgyg obtained in the following way:

Let I;,,...,I; be the blocks in Z \ J’, where 1 <i; <--- <1 < (. The jth
hybrid z; has the same values as y on all indices in I;, U---U [;;, and its values
elsewhere are the same as those of z. In particular, zg = x and z; = z. If we know
a < b with f(z,) # f(2), then for any a < m < b at least one of f(z,) # f(zm)
or f(zm) # f(2,) must hold, so if f(zg) # f(z) we can use binary search to find a
relevant block /;; after making at most log(t + 1) < log(¢ + 1) queries to f on the
hybrid strings.

If at some stage the tester discovers more than k relevant blocks then it rejects;
otherwise it accepts and outputs a (possibly extended) set J O J’ of size k (see
Algorithm .
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Algorithm 5 T*(k,e,7): adaptive junta tester
T 0
for i =1 to [40(k +1)/e] do
S+ [ \Upes L
pick z,y € {0,1}" uniformly at random
if f(x) # f(yszg) then
use binary search to find a block I; containing a relevant variable
I J'U{I;}
if | 7’| > k, reject f
extend (if needed) J' to a set J of size k, by adding to it k — |J’| arbitrary blocks
from 7\ J’
: accept f and return J

—
o

Note that the algorithm needs time O(n)+ poly(k/e) to construct the partition
and O(nk/¢e) to select and query all pairs x,y. To perform each of the O(k) binary
searches, the time required is only O(n+n/2+n/4...) = O(n) (assuming we
do not have to write the whole n-bit input on a new location for each oracle call

to f).

3.6.6. REMARK. There are a few minor differences between the original algorithm
of [Bla09] and the one presented here:

e The constant factors have been modified for convenience.

e The original algorithm constructs the random partition Z by itself; here we
treat Z as an argument passed to the algorithm (for convenience).

e The original algorithm does not actually output the set [J; instead, it
identifies a set J' of at most k blocks containing relevant variables. Here T™
always returns a set J of size exactly k, by extending (if necessary) the set
J' arbitrarily; as we show later, precisely how this extension is performed is
inconsequential.

Again, the tester’s completeness is easy to show. Its soundness is proved
through the next lemma’

3.6.7. LEMMA (Brais [BLAO9, MAIN LEMMA]). Let Z = (I4,...,1;) denote a
random partition of [n] into £ = 10%°k® /&> parts. With probability at least 5/6, a
function f:{0,1}" — {0,1} that is e-far from being a k-junta also satisfies

IIlff(A) Z 5/2

for all A formed by taking the union of k parts in .

3Very recently, a new proof of a similar lemma has been found [BWYTI] that shows that in
fact we can take £ = O(k?).
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On a different note, observe that the lemma gives a tolerant junta tester with
complexity exp(poly(k/e)): simply go through all (f;) possible k-subsets of Z and
estimate the minimum influence among all of them.

3.6.3 Summary of junta testing

We summarize the junta testing results below. They are stated in greater generality
than discussed so far. Briefly speaking, it is possible to tackle real-valued functions
(as opposed to boolean functions) by replacing the notion of influence of a set A
with that of variation, which is the variance of the function when the values inside
A are random, averaged over all values outside A. This is the approach taken
in [FKR™04]. Alternatively, one can leave the definition of influence unaltered, and
then the relationship between the influence of a set on f and the Fourier expansion
of f is maintained if we replace the latter with the more general Efron-Stein
decomposition, as shown in [Bla09].

Of greater interest to us is the fact that the testers work for an arbitrary
product measure. Let €y, ...,€), be finite sets and uq, . . ., u, distributions with y;
supported on €2;. The distance between two functions f,g: ..., — R is now
defined by the measure under p = py X pg -+ X p,, of the set {z | f(z) # g(x)};
this gives rise to a notion of distance from being a k-junta. (A k-junta from
Q...Q, to R is still a function that depends on at most k variables.)

3.6.8. THEOREM. Let {$:}icin) {ttitiep), [+ [licp 4 — R as before. Let € > 0.
For the property of being a k-junta, there exist the following e-testers with
constant success probability:

1. A non-adaptive tester with query complezity O(k*log(k + 1)) [FKR™0]).
2. An adaptive tester with query complexity O(k/e + klogk) [Bla09].
3. A tolerant, non-adaptive tester with query complexity 2P°Y(*/2)

All these testers have one-sided error (meaning they always accept k-juntas).

3.7 Construction of noisy sample extractors

Observe that Theorem is stated for functions that are merely approximated by
juntas. Although isomorphism testers do not need this, this will be of paramount
importance for the applications discussed in Chapter [6] Unfortunately, the junta
testers are not guaranteed to accept functions that are, say, €/10 close to juntas,
i.e., they are not tolerant. In fact, coming up with a tolerant junta tester with
polynomial query complexity is listed as an open problem in [Blal0]. We observe,
however, that the junta testers enjoy a certain (weak) form of tolerance; roughly
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speaking, o= (k,¢) is a measure of the amount of tolerance of the adaptive tester,
i.e., how close f must be to a k-junta in order to make sure it will be accepted
with high probability. (This is Lemma in Section [3.7.1]) We use the adaptive
tester because of its smaller query complexity, but it is to be noted that this is
not essential and our sampler construction can be analyzed in the same way if we
use the non-adaptive tester instead. This would lead to a slower preprocessing
stage but a better approximation threshold.

It may be useful to keep in mind that our final construction of the sample
extractor will begin by calling the junta tester with parameter k. Let f be
Oper (K, €)-close to some k-junta f*. The aforementioned tolerance implies that f
is not rejected. (Note, however, that f may be ;—(k, ¢)-far from any k-junta and
still be accepted with high probability, as long as it is e-close to some k-junta.)
The tester also returns a set of k blocks that isolate the relevant variables of a
junta h sufficiently close to f. (Clearly h must itself be close to f* too.)

3.7.1 Smoothness and tolerance

Consider a property P of boolean functions on {0,1}" and an e-tester T for P
that makes ¢ queries and has success probability 1 — 9. Let r denote a random seed
(so that we can view the tester as a deterministic algorithm with an additional
input 7) and let Q(f,r) C {0,1}" be the set of queries it makes on input f and
seed 7. Define Q(r) = U, Q(f,7); this is the set of all possible queries 7" may make

as f runs through all possible functions, once r is fixed. We call p = max, |Q(r)|
the non-adaptive complexity of the tester. If ¢ = p then the tester is essentially
non-adaptive; and clearly p < 29 holds for any tester of boolean function properties.
We observe that for the adaptive junta tester, p is in fact polynomially bounded
in ¢. (Without loss of generality we assume that Q(r) is never empty.)

3.7.1. DEFINITION. A tester is p-smooth if its non-adaptive complexity is at most
p and for all a € {0,1}",

Pr[y=a]=..
y€eQ(r)

Notice that y is picked uniformly at random from the set Q(r), regardless of the
probability y would be queried by the tester 7 on any particular f. In other
words, we are picking one random query of the non-adaptive version of T that
queries all of Q(r) in bulk, and requiring that the resulting string be uniformly
distributed.

3.7.2. LEMMA. Let T be a p-smooth tester for P that accepts every f € P with
probability at least 1 — §. Then for every f: {0,1}" — {0, 1},

Pr [T accepts f] > 1—3§ —p-dist(f, P).
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Proof.  Choose any f/ € P and let A = {y € {0,1}" | f(y) # f'(y)}. By
the union bound, the probability (over r) that Q(r) intersects A is at most
p = p-dist(f, ), and hence the probability is at least 1 — yu that the tester reaches
the same decision about f as it does about f’. But the probability that f’ is
rejected is at most 9, hence the claim. |

3.7.3. LEMMA. The one-sided error junta tester T* of Algorithm |3 is Opmy(k, €)-
smooth, where Ogrg(k,e) = (10%k0) /8. Thus, by Lemma it accepts

functions that are Opr(k,€)-close to Juny, with probability at least 9/10 (since
10 - Oprg(k,€) < 1/Ogm(k,€)). (It also rejects functions that are e-far from Juny,
with probability at least 2/3.)

Proof. Note that once the randomness has been fixed, the number of possible
queries that can be made in any given round is |Z \ J'| +1 < ¢+ 1, so
|Q(r)] < 40%EL(¢ 4 1) (recall that ¢ is the number of blocks in partition Z). Also,
any hybrid z; of two uniformly random strings z,y € {0,1}" is itself uniformly
random. These two things together mean that the tester is 4051 (¢ + 1)-smooth,
and we can plug in the value of £ = O(k?/¢°) from Lemma O

3.7.2 Extracting samples

Intuitively, the key idea to obtain the sample extractor is that the samples required
may be obtained by making queries to f on certain blockwise-constant strings,
so that we know the values that y sets on the (unknown) relevant variables of h
(which is sufficiently close to both f and f*). Although such strings are far from
being uniformly distributed for a fixed partition, the approach can be shown
to work most of the time if we settle for a small fraction of the samples being
incorrectly labelled.

3.7.4. DEFINITION. Given an Z-blockwise constant y € {0,1}" and an ordered
subset J = (Ji,...,Ji) of Z, define EXTRACT7 7(y) to be the string = € {0,1}*
where for every i € [k], x; = y; if j € J;; and z; is a uniformly random bit if

Ji=10.

3.7.5. DEFINITION. Let Z denote a random partition of even size ¢. For any
J C I, we define a pair of distributions:

e The distribution Dz on {0,1}": To obtain a random y ~ Dr,

1. Pick z € {0, 1}6 uniformly at random among all binary vectors of weight
precisely ¢/2.

2. Set y <— REPLICATEZ(2).
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e The distribution D on {0, 1}"7|: To obtain a random z ~ D,

1. Draw y € {0,1}" at random from Dz;
2. Set & <= EXTRACTZ 7(Y).

3.7.6. LEMMA (PROPERTIES OF Dz AND D).

(a) For all « € {0,1}", Pr [y=a]=1/2";
Z,y~D1

(b) Assume £ > 4|J|*. For every T and J C I, the L™ distance between Dz
and the uniform distribution on {0,131 is at most 4|7)2/(¢2¥1). Hence the
statistical distance between Dy and uniform is bounded by 2|J|*/L.

Proof.

(a) Each choice of z € {0,1}", |z| = ¢/2, in Definition splits Z into two
equally-sized sets Z° and Z%; Z° (b € {0,1}) contains the blocks I; that satisfy
z; = b. The bits corresponding to indices in Z” are set to b in the construction
of y. For each index i € [n], the block it is assigned to is chosen independently
at random from Z, and therefore falls within Z° (or Z') with probability 1/2,
independently of other j € [n]. (This actually shows that the first item of the
lemma still holds if z is an arbitrarily fixed string of weight ¢/2, rather than a
randomly chosen one.)

(b) Let k = |J|. Let us prove the claim on the L* distance, which implies the
other one. We may assume that all sets J; in J are non-empty; having empty
sets can only decrease the distance to uniform. Let w € {0, l}k. The choice
of y ~ Dz, in the process of obtaining z ~ D, is independent of J; thus, for
every i € [k] we have

(/2 1 k

mfgj[x,:wz l’j:wj\V/j<i]§m<—+z7

N}

and
22—k 1 k
>

xfprj[xi:wi|xj:wj‘v’j<i]_ 5 37

Using the inequalities 1 —my < (1 —y)™ forally < 1,m € Nand (1 +y)™ <
e™ < 1+ 2my for all m € [0,1/(2y)], we conclude

1 E\" 1 4k2
IEEJ[FMZ(#Q :?(liT)

whereas a truly uniform distribution U should satisfy Pr,y [z = w] = 1/2.

O
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3.7.7. DEFINITION. Given Z, J as above and oracle access to f: {0,1}" — {0, 1},
we define a probabilistic algorithm SAMPLER7 7( f) that on each execution produces

a pair (z,a) € {0,1}M! x {0,1} as follows: it first picks a random y ~ Dz, then
queries f on y, and finally outputs the pair (EXTRACTz 7(y), f(v)).

Jumping ahead, we remark that the pair Z, 7 will be the information encoded
in state a referred to in Lemma [3.5.2] In order to ensure that the last condition
there is satisfied, we need to impose certain conditions on Z and 7.

3.7.8. DEFINITION. Given § > 0, a function f: {0,1}" — {0,1}, a partition
Z=1I,...,I, of [n] and a k-subset J of Z, we call the pair (Z,J) d-good (with
respect to f) if there exists a k-junta h: {0,1}" — {0,1} such that the following
conditions are satisfied:

1. Conditions on h:

(a) Every relevant variable of h is also relevant for f* (recall that f* denotes
the k-junta closest to f);

(b) dist(f*, h) < 4.

2. Conditions on Z:
(a) For all j € [{], I; contains at most one variable of core,(f*){]
(b) Prywp, [f(y) # [*(y)] < 10 - dist(f, f*);

3. Conditions on J:

(a) The set |J 1,e Ij contains all relevant variables of h;

3.7.9. LEMMA. Let d, f,Z,J be as in the preceding definition. If the pair (Z,J)
is 0-good (with respect to f), then SAMPLERz 7(f) is an (n, u)-noisy sampler for
some permutation of corey,(f*), with n < 40+4k*/0+10-dist(f, f*) and p < 4k /1.

Proof. By item [2D] in Definition [3.7.8] it suffices to prove that

Py [[7(y)  corey(f") (BXTRACTz g (3))] < 20 + 44/

for some 7.
Let h be the k-junta witnessing the fact that the pair (Z,J) is d-good. Let
V' C [n] be the set of k variables of coreg(f*); recall that V' may actually be a

superset of the relevant variables of f*. Let J' = {I; € Z: [; NV # 0} be an
ordered subset respecting the order of 7, and let © be the permutation whose

4Note that this, together with implies that every block I; contains at most one relevant
variable of h, since the variables of corex(f*) contain all relevant variables of f*.
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inverse maps the i-th relevant variable of f* (in the standard order) to the index
of the element of 7' in which it is contained. We assume without loss of generality
that 7 is the identity map.

It follows from Definition that |J'| = |V| = k, since each block in Z
contains at most one variable of corey (f*). For any Z-blockwise y € {0,1}", let x =
EXTRACT; 7(y) and 2’ & EXTRACT; 7 (y) denote the k-bit strings corresponding
to J and J'. We have the equalities

[ (y) = coreg(f*)(z) by Definition [3.7.4 (3.6)
corey(h)(x) = corey(h)(z") by Definition [3.7.8 (3.7)

From item [IH] of Definition B.7.8 we also have

Pr  [corex(f*)(r) # corex(h)(r)] < 20, (3.8)

re{0,1}*

where 7 is picked uniformly at random. However, by the second item of Lemma
3.7.6}, the distribution D is 2k?/¢ close to uniform; combining this with (3.8) we
also get

Pr [core,(f*)(z) # corey(h) ()] < 20 + 2k*/L. (3.9)

y~Dz

Likewise, we have

Pr [corer (f*)(2) # corey(h)(z')] < 26 + 2k* /¢, (3.10)
y~Lrr
thus, using equations (3.7)), (3.9)), (3.10) and the union bound we get
Pg [corey, (f*)(z') # corey(f*)(x)] < 40 + 4k* /L. (3.11)
y~Lrr

Combining (3.6) and (3.11]) we conclude that

Pr [f*(y) # corey(f*)(z)] < 46 + 4k*/¢,

y~Dz

and the claim follows. O

As the lemma suggests, our next goal is to obtain a good pair (Z, J). For this
we need to prove that the adaptive junta tester satisfies certain properties.

3.7.3 Obtaining a good pair (Z,J)

In the following proposition we claim that the tester T* satisfies several conditions
that we need for obtaining the aforementioned sampler.
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3.7.10. PROPOSITION.

There is a tester T* for Juny, with query complexity O(klogk + k/e) that takes
a (random) partition T = 1,...,I, of [n] as input, where { = O(k°/&%) is even,
and outputs (in case of acceptance) a k-subset J of T such that for any f the
following conditions hold (the probabilities below are taken over the randomness of
the tester and the construction of Z):

o if f is Qg(k,£/2400) close to Juny, T* accepts with probability at least
9/10;

o if f is £/2400-far from Junyg, T* rejects with probability at least 9/10;

e for any f, with probability at least 4/5 either T* rejects, or it outputs J
such that the pair (I, J) is €/600-good (as per Definition[3.7.8).

In particular, if dist(f, Jung) < Ogz(k, €), then with probability at least 4/5 T*
outputs a set J such that (Z,T) is €/600-good.

Proof. By Lemma the first two conditions are satisfied by the junta
tester, called with a value of &’ = £/2400.

Let J' = (I, ..., Is,) be the set output by the original algorithm T* and let
S = {s1,...,557}. Closer inspection of Algorithm [5| shows that, with probability
at least 19/20,

(%)  either f is rejected or the set S satisfies

Inf ([n] \ (U Ij)> < £/4800.

j€S

This is because the main loop of algorithm runs for 40(k + 1) /¢’ rounds. Suppose
that at any of these, the influence of the remaining blocks is always > £’/2. Since
the expected number of rounds to find k + 1 relevant blocks is at most 2(k + 1) /&’
in this case, it follows that with probability 19/20, a (k 4 1)-th relevant block is
found and f is rejected.

Recall that when |S| < k the set J’ is extended by putting in it k£ — |S]
additional “dummy” blocks from Z \ J’ (some of them possibly empty), obtaining
a set J of size exactly k.

Now we go back to proving the third item. Let R € (EL]]C) denote the set of

relevant variables of f* (the closest k-junta to f), and let V' € ([Z}), V O R, denote
the set of variables of corey(f*). Assumd’| that dist(f, Jung) < £/2400, and T*
did not reject. In this case,

5For other f’s the third item follows from the second item.
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e by (x), with probability at least 19/20 the set J satisfies

Inff<[n} (U 5)) < Inff<[n] \ (U 5)) < £/4800;

Ijej jES

e since £ >> k?, with probability larger than 19/20 all elements of V' fall into
different blocks of the partition Z;

e by Lemma[3.7.6, Przy.p, [f(y) = f*(y)] = dist(f, f*); hence by Markov’s
inequality, with probability at least 9/10 the partition Z satisfies

Lo ) # 7)) < 10 dist(f, 7).

So with probability at least 4/5, all three of these events occur. Now we show
that conditioned on them, the pair (Z, ) is £/600-good.

Let U=RnN (U nerl ;). Informally, U is the subset of the relevant variables
of f* that were successfully “discovered” by T*. Since dist(f, f*) < £/2400,
we have Inf;([n] \ V) < €/1200 (by Lemma [3.6.1). By the subadditivity and
monotonicity of influence we get

Inf;([n]\ U) < Inf([n]\ V) + Inf,(V\U)

< Inf([n] \ V) +1nff<[n] V(U fﬂ)

Iieg
< £/960,

where the second inequality follows from V\ U € [n]\ (U;,e 7 /;). This means, by
Lemma [3.6.1] that there is a k-junta h in Juny satisfying dist(f, k) < £/960, and
by the triangle inequality, dist(f*, h) < €/2400 + £/960 < £/600. Based on this h,
we can verify that the pair (Z,J) is £/600-good by going over the conditions in
Definition 3.7.8] O

3.7.4 Flattening out the distribution

We would like to obtain a perfectly uniform distribution for the first component of
the samples (to comply with our definition of sample extractors, although allowing
small deviations from uniformity would not affect any of our applications). Using
rejection sampling, one can easily obtain an exactly uniform sampler from a slightly
non-uniform sampler at the expense of a small increase in the error probability:

3.7.11. LEMMA. Let § be an (n, j1)-noisy sampler for g: {0,1}" — {0,1}, which
on each execution picks x € {0, 1}k according to some fixed distribution D. Then
we can construct an (1 + p)-noisy sampler Guniform for g that makes one query to
g for each sample (and no queries to g itself).
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Proof. Let U denote the uniform distribution on {0, l}k. The new sampler
Guniform acts as follows: first it obtains a sample (z,a) from g, and proceeds as
follows:

(acceptance) with probability p, = ( Pry v [y=2]

{70) Prowp [o=1] it outputs (CE, CL);

(rejection) with probability 1 — p, it picks an uniformly random z € {0,1}" and
outputs (z,0).

(Note that p, < 1 by definition of (n, u)-noisy sampler.)
Let (2/,a") denote the pairs output by Guniform. We can compute the overall
acceptance probability as

E = 3 Prle—al-p—1/1+4 )
ze{0,1}*

Also note that for any x,

Pr [z’ = z and the sample was accepted| = Pr [z = z] - p, = M

x’ z~D 1+ M
Therefore, conditioned on acceptance (which, as we just saw, happens with
probability 1/(1 + u)), x is uniformly distributed. In case of rejection (which
occurs with probability /(1 + p)) it is uniform by definition; hence the overall
distribution of z is uniform too. Recalling that Pr[a # g(z)] < n, we conclude
that Pra’ # g(2')] <n+p/(1+p) <n+p O

We remark that the conversion made in Lemma [3.7.11]is only possible when
the distribution D is known. This is the case for the sampler that we construct
here nonetheless. We note that in this case we have Pr,yy [y = x] = 27 and

Pr [Z:x]:w

=~Dyg (i) (\§|)

(which only depends on |z|); the preprocessor Ap can precompute these k + 1
numbers in time poly(¢) = poly(k/e) by, e.g., using dynamic programming to
compute the binomial coefficients.

3.7.5 Putting it all together

Proof of Theorem We start by describing how Ap and Ag operate:
The preprocessor Ap starts by constructing a random partition Z and calling
the junta tester T*. Then, in case T* accepted, Ap encodes in the state a the
partition Z and the subset J C Z output by T* (see Proposition [3.7.10). (The
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state o, which has size O(n), can also encode O(n) precomputed values such as
those needed by the conversion to uniform.) The sampler Ag, given «, obtains a
pair (z,a) € {0,1}" x {0,1} by executing SAMPLER7_7(f) (once).

Now we show how Lemma follows from Proposition |3.7.10, The first
two items are immediate. As for the third item, notice that we only have to
analyze the case where dist(f, f*) < /2400 and T* accepted; all other cases are
taken care of by the first two items. By the third item in Proposition [3.7.10}
with probability at least 4/5 the pair (Z,J) is €/600-good. If so, by Lemma
SAMPLERz 7(f) is an (7, 1)-noisy sampler for some permutation of corey(f*),
with 7 < &/150 + 4k%/¢ + 10 - dist(f, f*) < /92 + 4k*/¢ and p < 4k*/(. The
final step we apply is the conversion from Lemma [3.7.11] with which we obtain a
(e/92 + 4k? /0 + 4k /) < (£/90)-noisy sampler for some permutation of corey(f*).

Finally, apply Lemma to turn it into a perfectly uniform sampler. O

3.8 Final remarks

We mention here one interesting avenue for further research. We have shown
how to obtain random samples of the core of a k-junta, but there can be k-bit
inputs on which the samples are always wrong. In line with the classical works on
self-correction, one can ask whether it is possible to efficiently self-correct juntas.
That is, given oracle access to f which is promised to be d-close to a k-junta g, we
would like an algorithm that outputs g(z) with high probability for any z. (One
could also ask the same question about the corei(g) instead.) The problem is well
defined if § < 27+,

This problem is solvable with exp(O(k)) queries in several ways for § < ¢27*
and some constant c. For example, we could identify all relevant blocks and make
blockwise-constant queries, much in the same way as in the exact randomized
algorithm of Section [3.4.1} For small enough ¢, any assignment to the core of ¢
gives rise to a subfunction that agrees on a noticeable majority with the same
subfunction of f. Another solution would be to use the more general self-corrector
for low degree polynomials of Alon et al. [AKKT03], since k-juntas are in particular
degree-k polynomials.

In the worst case, this bound cannot be improved upon, as noted by Alon and
Weinstein [AW12]. They show that if g is an AND of k& randomly chosen literals
(positive or negative), self-correcting (functions close to) g requires exp(€2(k))
queries. However, some juntas can be easily self-corrected. For example, if C is a
class of k-juntas such that for every f € C, the influence of each relevant variable
in f is greater than 1/poly(k), then it is possible to self-correct C with poly(k)
queries. It would be interesting to be able to pinpoint which functions or k-juntas
can be efficiently self-corrected.
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3.9 Summary

We developed a query-efficient algorithm that extracts labelled samples from the
core of the closest k-junta to f. After a preprocessing step, which takes O(k)
queries, generating each sample takes only one query to f. Using this sampler,
we derived algorithms to test isomorphism to k-juntas, or to approximate the
distance between two k-juntas up to isomorphism in various settings. Aside
from being as efficient as possible in terms of query complexity, these algorithms
also run in polynomial time for & = O(logn/loglogn), and some of them even
for k = O(logn).






Chapter 4

Junto-symmetric functions and
hypergraph isomorphism

Now we touch upon the question of when it is possible to test isomorphism with
constantly many queries. We prove a characterization of the class of hypergraphs
of constant arity (rank) to which isomorphism can be efficiently tested, and make
a step towards obtaining a similar characterization for general hypergraphs and
boolean functions.

The content of this chapter is based on the paper

e S. Chakraborty, E. Fischer, D. Garcia—Soriano, and A. Matsliah. Junto-
symmetric functions, hypergraph isomorphism, and crunching. To appear

in Proceedings of the 27th IEEE Conference on Computational Complexity
(CCC), 2012.

4.1 The size of invariance groups

The automorphism group of a function f, also known as its symmetry group or
mvariance group, is the group of permutations that leave f invariant:

Aut(f) &2 {ne S, | fm=f}

Clearly Aut(f) is a subgroup of the symmetric group S,, = Sym([n]). Define an
equivalence relation between permutations by m ~ o iff f™ = f7 and let

DifPerm(f) = {[mi], ..., [m]}

be the equivalence classes formed. There is a bijection between DifPerm(f) and
the set S, : Aut(f) of cosets of Aut(f); therefore the number |DifPerm(f)| =
[Isom(f)| of distinct permutations of f is equal to the index of Aut(f) in S,,
i.e., |DifPerm(f)| = |S, : Aut(f)| = n!/|Aut(f)|. The size of Aut(f) is a rough
measure of the amount of symmetry that f possesses: the larger Aut(f), the more

73
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symmetric f is. A symmetric function satisfies Aut(f) = S,, and |DifPerm(f)| = 1,
whereas a random function has, with high probability, a trivial automorphism
group Aut(f) = {1} and |DifPerm(f)| = n! (for example, see [Cla92] for a simple
proof of a stronger statement).

Not every group G < S, can arise as the automorphism group of a boolean
function on n variables; those which can are called 2-representable. For example,
it is not hard to argue that if the alternating group A,, (n > 3) is contained in
Aut(f), then Aut(f) is indeed the whole of S,,; as a result, A4,, is not 2-representable.
Indeed, take any z,y € {0,1}" with |z| = |y|. Then there is a permutation 7 € S,
mapping z to y; if n > 3 then 7 can be assumed to be an even permutation by
performing, if necessary, one additional swap between two distinct indices i, j with
y; =y;. Then m € A, C Aut(f) and so f(x) = f(y). Hence A,, < Aut(f) implies
f(z) = f(y) for all |x| = |y|, so f is actually symmetric.

The groups G < §,, that can be represented as Aut(f) for some k-valued
function f: {0,1}" — [k] are called k-representable. The representability of k-
valued functions and some generalizations are studied in [CK91) Kis98, Xia05]
(see also Chapter 3 of [CK02]). A neat paper of Babai, Beals and Takacsi-
Nagy [BBTNO92] exposes a relationship between the circuit complexity of a function
f and the number of orbits of the action of Aut(f) on {0,1}".

We know that f-isomorphism can always be tested with O(log |DifPerm(f)|)
queries for constant e (Proposition , so symmetric functions are particularly
easy to test isomorphism to (the query complexity becomes constant; in fact
the problem reduces to testing equality in this case). What is the smallest size
that DifPerm(f) can have for a non-symmetric function f? A moment’s thought
reveals that there are non-symmetric functions with only n different permutations,
like any dictatorship f(zy23...2,) = z;, and indeed this can be shown to be best
possible[T]

4.1.1. PROPOSITION. If f: {0,1}" — {0,1} is not symmetric and n > 5, then
|DifPerm(f)| > n.

Proof. The elements of S, act on DifPerm(f) by multiplication in a natural
way: for each 7 € S,, we define a permutation ¢(m) of DifPerm(f) by

¢(m)([o]) = [r o o]

The map ¢: S, — Sym(DifPerm(f)) is well-defined since [01] = [09] implies
for = f72 and hence f™ = f™% so [r o 0y| = [7 0 g9]. Moreover, it is a group
homomorphism (where the product operation on both S,, and Sym(DifPerm(f))
is the usual composition of permutations); this is because ¢(1) = 1, and ¢(m;) o
¢(ma) = ¢(m1 o ). Therefore its kernel ker ¢ is a normal subgroup of S,,. The

IThe claim fails for n = 4: the function f(a,b,c,d) = (a Ab) V (¢ A d) has three different
permutations.
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only normal subgroups of S, (n > 5) are 1, A, and S,, [Art10, Theorem 7.4.4].
Clearly ker ¢ < Aut(f) and since Aut(f) does not contain A, (or else f would
be symmetric as argued before), it follows that ker ¢ = 1, so ¢ is injective. Since

the domain of ¢ is S, its image Sym(Isom(f)) must be at least as large, hence
|DifPerm(f)| > n. 0

Even though the number of queries made by the trivial isomorphism tester
is superconstant for a non-symmetric function, it is also possible to test iso-
morphism to dictatorships with O(1) queries [PRS02], and more generally to
O(1)-juntas [FKR04]. However, these two classes do not encompass all known
easy-to-test functions. For example, consider the parity function on the first
n — t variables out of n, xp—y E| The identity Xp—g(z) = Xp)(€) ® Xp)\pn—g ()
makes it possible to transform the responses to all queries made for the ¢-junta
X[n]\[n—¢] into the responses to queries for xp,—;. This transformation provides a
reduction between the two testing problems. In particular, for constant ¢ we can
test isomorphism to (n — t)-parities with O;(1) queries. In the same vein, the
majority function on the first n — ¢ variables Maj ,_y (for n large enough and
t < /n) is very close to the symmetric majority Maj,), and it is not hard to see
that the standard constant-query test for equality between the tested function
and Maj p,) yields a tester for isomorphism to Maj,—y as well (because its queries
are uniformly distributed).

We introduce a notion generalizing all these cases.

4.1.2. DEFINITION. Let J C [n]. A function f: {0,1}" — {0,1} is called J-
Junto-symmetric if it can be written in the form

f@) = f(lzl,2l) (4.1)

for some f: {0,...,n} x {0, 1}|J| — {0,1}. Equivalently, this means that the
restriction of f to any constant-weight layer of the cube is a junta on J.

The function f is called k-junto-symmetric if it is J-junto-symmetric on some
subset J of size k.

The function f above is not completely determined by f on inputs of very small
or high weight. For example, let f be 1-junto-symmetric. Then one can define
f (0,1) in two different ways that give rise to the same function f.

Let JS; denote the class of J-junto-symmetric functions, and JS; the k-
junto-symmetric functions. Note that the definition necessitates that the junta
variables be the same on every layer, but the junta function is allowed to vary.
Also variables outside J can have noticeable influence on a J-junto-symmetric

function f.

2The symbol Y is usually reserved to a parity taking values in 41 so it is a character of Z%,
but here we use it for {0, 1}-valued functions.
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Observe that any symmetric function is 0-junto-symmetric, and any k-junta
is k-junto-symmetric. At the other extreme, every function is (n — 1)-junto-
symmetric. Additional examples of k-junto-symmetric functions are xp,—x and
Maj ,—x; in fact, the reader may verify that any k-junta whose core function is
symmetric must be min(k, n — k)-junto-symmetric.

4.1.3. DEFINITION. Let F denote a sequence fi, fo,... of boolean functions with
fn:{0,1}" — {0,1} for each n € NT.

We say that F is an O(1)-junto-symmetric family if there exists a constant k
such that each f; is k-junto-symmetric.

Interestingly, O(1)-junto-symmetric functions were studied by Shannon under the
name “partially symmetric functions” [Sha49].

The size of DifPerm(f) for any k-junto-symmetric f is upper-bounded by (7)#!,
because if f can be written in the form , then for any m € S, there is a k-subset
T C [n] and a permutation o € Sym(T) = S) such that f™(x) = f(|z], (z1,)7)-
This quantity is n®®" for constant k. Families like this were given a name in
[PST0):

4.1.4. DEFINITION. The family F is poly-symmetric if there exists a constant ¢
such that |DifPerm(f,)| < n¢ for all n.

We will occasionally speak of such a family as an O(1)-junto-symmetric (or
poly-symmetric function when the intended meaning is clear. As it turns out, the
two notions just described are the same.

4.2 Characterizing O(1)-junto-symmetry

In the following we identify elements of Sym(7T), T" C [n], with elements of
Sym([n]) that act as the identity outside T'.

4.2.1. THEOREM. Let F = {f,: {0,1}" — {0, 1}}n€N. The following are equiva-
lent:

(a) F is a poly-symmetric family;

(b) There are sets A, C [n] of constant size such that Sym([n]\ A,) < Aut(f,)
for all n;

(c) F is an O(1)-junto-symmetric family;

(d) Each f, is a boolean combination of O(1)-many dictators and O(1)-many
symmetric functions (with the same constants for all n).
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To ease readability, we drop the subscripts in the proof, i.e., write f and A in
place of f,, and A,. All but one of the implications we need are straightforward:

e (b)) = (c): Sym([n]\ A) < Aut(f) means that f is invariant under
permutations of [n]\ A, i.e., f(z) = f(y) whenever x| , = y[ , and IJUr[n}\fl‘ -
|y[[n]\A|. These conditions are equivalent to x| , = y[ , and lz| = |y|, so f

has the form f(x) = f(|x|,:c[A) (where |A| = O(1) by assumption).

o () = (d): Let f = f(lz|,2[,), | Al = k = O(1). Define f®(x) = f(i, [ ).
Each f@ is a junta on A. The number of A-juntas is only ¢ = 22" = O(1);
let 71,..., 7, be an enumeration of them and let

e fllz) — .
hz(l") = {1 iy s .

0 otherwise

Each h; is a symmetric function, and f can be decomposed into

= \/ hi(z) A gilx

i€l

which is a boolean combination of ¢ symmetric functions and the {j;}
functions, which are themselves a combination of the k dictators {z;}ica.

o (d) = (b): Let f(z) = f(si(x),...,s0(x),2i,,...,2; ), where s1,...,5
are symmetric. Set A = {iy,...,i} and let 7 € Sym([n]\ A). Each function
s; remains invariant under Sym([n]), and each dictatorship w;, is invariant
under Sym([n] \ {i}) 2 Sym([n] \ A). Therefore Sym([n]\ A) < Aut(f)F]

e (¢) = (a): Aswejustsaw, if f € JSy and k = O(1), then |DifPerm(f)| <
()t = nO®.

The only remaining implication, which will be shown nextfl] is (a) = (b).

3Note that the fact that £ = O(1) is immaterial here, and in fact yet another equivalent
definition can be given by substituting “any number of symmetric functions” for “O(1)-many
symmetric functions”.

4 This would be implied by the claim following Theorem 28 on page 586 of [CK91], but
unfortunately this claim is in error (as can be seen by taking G,, to be the alternating group
A,). The mistake seems to lie near the end of the proof, after it is shown that i,, < k and
IS, : G| < n*, the claim that V,, = S,,_;, is unjustified. However, the lemma does hold for the
automorphism groups of boolean functions however as we show. This is the case of interest in
their paper and in this thesis.
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4.2.1 Permutation groups

We need some basic notions from the theory of permutation groups (an exposition
can be found in the books by Wielandt [Wie64] and Cameron[Cam99]). Let
be a set (which will be assumed finite here, and will often be equal to [n] in our
applications). Sym(2) denotes the symmetric group of all permutations of €2, and
Alt(Q) is the subgroup of Sym(2) made up of even permutations. When || = n,
we occasionally write A,, = Alt(2) and S,, = Sym(2). The product operation we
use in Sym(Q) is 7o £ oo 7.

A permutation group G on 2 is a subgroup of Sym/(2), written G < Sym/(£2).
The image 7(x) of € Q under 7 € G is often written 2™; under our convention
we have (z7)7 = x7°" = 2™ for w,0 € G. The orbit of a set A C Q under an
arbitrary collection H C G is the set Al = {2™ | 7 € H,x € A}. When A = {z}
or H = {h} are singletons we may simply write 27 or A"

G is called transitive if for every x,y € € there is 7 € G with 2™ = y. An
intransitive group G < Sym/(£2) partitions 2 into orbits: these can be characterized
as the equivalence classes of the relation ~ given by x ~ y iff there is 7 € G such
that ™ = y, which occurs iff ¢ = y©.

A group action of a (general) group G on a set € is a homomorphism ¢: G —
Sym(Q2). (This is what is called a right action because of our convention on
the composition law in Sym(€2).) If ker ¢ = 1, the action is faithful and G is
isomorphic (via ¢) to a permutation group on €. It is customary to omit the
explicit reference to the chosen ¢ and write 29 for 29 (g € G). Given an action
of G on €2, we can naturally extend it to define an action on subsets of Q: g € G
acts on P(£2) by mapping A C Q to AY as defined above.

A block of G is a subset A of Q such that for every m € G, either A™ = A
or A" N A = (). Evidently, ©, the empty set () and each of the singletons {i};cq
are always blocks; we call these the trivial blocks. The permutation group G is
said to be primitive (group) if it is transitive and has no non-trivial blocks. (Only
transitive groups are classified as being primitive or imprimitive.) The intersection
of any pair of blocks is itself a block. If A is a block of GG, then §2 can be partitioned
into a complete block system, where every block is of the form A9 for some g € G
(so all blocks in a complete block system have the same cardinality). Any element
of G permutes the blocks in a complete block system among themselves, and also
the elements inside each block.

The pointwise stabilizer of A C € with regard to G is the set

Ga={reG|a"=zVreA}

4.2.2 Proof that poly-symmetric = O(1)—junto-symmetric

First we need a handy result that provides a lower bound for the index of primitive
groups. The proof can be found in [Wie64, Theorem 14.2] (asymptotically better
bounds are available [Bab81l [Cam&1], but this one will suffice).
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4.2.2. THEOREM (BOCHERT’S BOUND [B0OC89]). Let G be a primitive subgroup
of S,,, other than S,, and A,,. Then

(S, : G] > [n/2].
4.2.3. LEMMA. Letn > 14, G < S, G # S,,A,. Then
(a) If G is transitive then

5612 31y )

(b) Suppose G is intransitive; let A be the longest orbit of an element of [n] and
¢ =|A| < nits size. Then

$.:G) > (max<Z/z,£>)'

(c) Under the same conditions as in (b), let
H2GNSym(A)=GnNS,
be the pointwise stabilizer of [n] \ A (we identify Sym(A) with Sy). Then
[Sn : G]

@

[Se: H] <

Proof.

(a) If G is primitive, Bochert’s theorem states the bound [S,, : G] > [n/2]!, which
is stronger for n > 14. So suppose G is transitive and imprimitive, with a
block of imprimitivity of size a (2 < a <n/2,a | n), and hence b =n/a > 2
such blocks because of transitivity (see Section [4.2.1]). Then

|G| < ()l < 2[(ab/2) ]! (ab/2)]! = 2|n/2][n/2],

The first inequality holds because there are b! ways of permuting the blocks
among themselves, and a! ways of permuting the elements inside a given block.
To prove the last inequality, observe that for a = 2 it reduces to the triviality
b! > 2'=1. Hence it suffices to verify that for any b > 2, the quotient

alb

[(ab/2) ][ (ab/2)]!

is a decreasing function of a. Writing the factors in the numerator and
denominator in decreasing order, we have

q(a) £

b b

A\ A\
~ N7

g(a) = a-a.....a(a—1)-(@—1).“..@_15'“
Fab/2] [ab 2] abj2 — 1] Labjz — 1] .
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Define the sequences {s;},{t;},i € [1,ab] by s;, = [(i +b—1)/b] and t; =
(i +1)/2]|. Then

ab s (a—l)bs ab s
i i j
o-T2-T e 1o
i=1 " i=1 " j=(a—1)b+1 7

ab

because t(q_1p4+1 = [(@ —1)b/2] + 1 > a since b > 2. Therefore

5061 = 2 3 (i)

(b) Let Aq,..., A, (m > 2) be the orbits and a; = |A4;|. Since G only maps
elements of A; to elements of the same A;, we have G < Sym/(A;) x Sym(As) x
-+ x Sym(A,,) and therefore

Gl < T e
1€[m]

Fix n > ¢ > 0 and let us consider

ra(0) 2max{ [ a!|m>206eN0<a <Y ai=n}

i€[m) i€[m]

Consider the expression inside the maximum in the definition of r,,(¢). Without
loss of generality, we can take m = n. We claim that it attains its maximum for
some solution with a; = ¢ for at least one 7. Take any optimal solution and sort
the values in non-increasing order: a; > as > -+ > a; > a1 = ... Ay = 0.
If a; = ¢ we are done. Otherwise a; < ¢ and we must have ¢ > 1 (with
a; > 0) since the total sum is at least ¢. If we replace the pair (aq,a;)
with (a1 + 1,a; — 1) we obtain a feasible solution, and [ a;! increases since
arlas! < (a; + 1)1(a; — 1)! (as a; + 1 > a;). This is not possible for an optimal
solution, so there is no such pair, meaning that a; = ¢.

Now observe that [];c(,, a;! < a;!(n — a;)! for any i. (For example, this can
be seen by noting that the left-hand side is the size of the set of permutations
Sym(Ay) x -+ x Sym(A,,), and this a subset of Sym(A;) x Sym([n] \ A;).)
So using a; = ¢ for some i we get

rn(0) < l(n —0)! = .
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for any ¢. When / is the size of the largest orbit, we have |G| < r,(¢), and

this shows that |
n! n
: > >
5,261 75> ()

On the other hand, 7,(¢) is by definition an increasing function of ¢, so the

inequality
n! n! "
5 G122 L@ 2 ) (WQJ>

holds when the size of the longest orbit is £ < n/2.

(c¢) Because G < H x Sym([n] \ A), we can bound
|G| < |H||Su-e| = [H|(n = 0)L,

which yields
/! dn=20)" [S,:G]

s e ()

[Se: H|

4.2.4. LEMMA. Letn > 14,t<n/2,[S,: G| <
(>n—tand Alt(A) < G.

(%), and A, ¢ as before. Then

1
2\t

Proof.  If the action of G is transitive on [n] then [S, : G] > %(L;/L?J) by
Lemma [£.2.3|(a), which contradicts our assumptions. So G is not transitive and
¢ < n. If £ <n/2 we have, by Lemma [4.2.3(b), [S, : G] > (Ln72j)’ which again is
impossible.

We are left with the case n/2 < £ < n. In accordance with Lemma [£.2.3|(b),

(1) 7= (1) =(.20)

sot >n—/ (sincen—~{,t<n/2). Let H= GNSa. This is actually the pointwise
stabilizer of [n] \ A in G, and since A is an orbit of G it follows that H is normal
in G [Wie64, Proposition 3.1]. We demonstrate that Ax < H by contradiction.

So assume H # Sym(A), Alt(A). Then Lemma applies to the group H
acting on A. Let A’ be the largest orbit of this action and ¢ = |A’|. Since G is
transitive on A and H <1 G, it is not hard to see that the length of any orbit of H
on A must divide ¢, i.e., ¢ | . We distinguish two cases:

o If ¢/ < /1/2, then
4
cH| >
5111012 ()

by part (b) of the “inner” application of Lemma [1.2.3]
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o If ¢/ > (/2, then as we observed that ¢ | ¢, we must in fact have ¢’ = ¢,
meaning that H is transitive on A and

5112 5, )

by part (a) of the “inner” application of Lemma |4.2.3]

512 5,10

Together with part (c) of the “outer” application, i.e.,

In any case we have

(S, : G

@

(1))

Now we bound each of these two factors. Using the inequality

2(m+1) - 2m 2m—|—1<4 2m
m+1 m)m+1~— \m)’

it is possible to show that
l S 1 n
¢/2) = i\ nj2)

Using the fact that ¢ > n/2, we get

<Z> B <ni€> - (nig)n_g > ont,

Multiplying these two bounds we obtain the contradiction

e l(2)()210)

[SgIH] S

this yields

4.2.5. COROLLARY. Let n > 14 and f: {0,1}" — {0,1} be a boolean function
with [DifPerm(f)| < 3(}), t < n/2. Then there is a set I' of size || < t such
that f 1s junto-symmetric on I'. In particular, any poly-symmetric family is
Junto-symmetric on sets of size O(1).
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Proof. Let G = Aut(f). Since |DifPerm(f)| = [S, : GJ, the previous lemma
states that if A is the largest orbit, then |A| > n/2 > 5 and Alt(A) < Aut(f).
We show that this means that f is junto-symmetric on I' £ [n] \ A. Indeed,
for any = € {0,1}", we can define a boolean function g, : {0,1}* — {0,1}
by g(z) = f(z Ux); then Alt(A) < Aut(f) N Sym(A) < Aut(g.), so g, is a
boolean function on more than 4 variables whose automorphism group contains
the alternating group. Hence g, is actually symmetric for all , and f is junto-
symmetric on I'. 0

This corollary is the last piece we needed to show Theorem [4.2.1]

4.3 Testers for junto-symmetric functions

One of the main results of this chapter is an extension of the junta tester and the
isomorphism tester for juntas:

4.3.1. TuEOREM ([CFGM12, BWYTI]). Let e > 0 and 1/e/* < k < (2n)'/12.
Let f:{0,1}" — {0,1} and denote f* € JS;. the k-junto-symmetric function
closest to f.

There is a poly(k/e)-query algorithm that takes €,k and an oracle for f and
satisfies:

completeness If dist(f, f*) < 1/k°, the algorithm accepts with probability > 2/3.

soundness If dist(f, f*) > ¢, the algorithm rejects with probability > 2/3.

See Section for the proof.
We can also obtain an O(1)-query algorithm for testing isomorphism to O(1)-
junto-symmetric functions.

4.3.2. THEOREM. [CFGMI12,[BWYI1I] Let k,e, f as before. There is a poly(k/e)-
query e-tester for testing isomorphism between f and a known function g: {0,1}" —
{0,1} that is 1/k5-close to k-junto-symmetric, with constant success probability.

The proof is in Section [4.3.4]

4.3.3. COROLLARY. Isomorphism to any poly-symmetric function can be e-tested
with poly(1/e) queries.

With a view toward obtaining a possible classification, it is best to state
tolerant versions of these results. This is possible at the expense of an exponential
blowup in the query complexities (see Section [4.3.5)).
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4.3.4. THEOREM. There is a constant 0 < ¢ < 1 with the following property. Let
k,e, f as before.

There is an exp(k/e)-query algorithm that, with high probability accepts if f is
(ce)-close to JSy and rejects if it is e-far from JSk.

Similarly, there is an exp(k/e)-query algorithm to test isomorphism to a
function f that is (ce)-close to JSy.

In an independent work simultaneous with ours, Blais, Weinstein and Yoshida have
also proven the results stated in this section [BWYT1]. (Their query complexities
are better and the restrictions on the size of k are not present.)

It is possible to define a notion of “symmetric influence” that characterizes
closeness to junto-symmetric functions up to a factor of two, just as influence does
for closeness to juntas. The resulting definition does not enjoy the subadditivity
property, which is crucial for the proofs of the standard junta testers (Section [3.6).
Although this approach can be made to work with some technical work [BWYT11],
here we take a different route.

We present a reduction from testing the properties of being k-junto-symmetric,
or being isomorphic to a given k-junto-symmetric function, to slight generalizations
of the well-studied analogous problems for k-juntas. To this end we try to
approximate the “junto-symmetric” components of the tested function f, i.e.,
the juntas determining the behaviour of f on each constant-weight layer of the
boolean cube. However, each of these juntas is defined on a very small fraction of
inputs; in order to define them on the whole of {0,1}" we attempt use a small
“ballast” set B C [n] of variables to enable us to balance weights as needed.

4.3.1 Preliminary observations

Let ¢ € £L2{0,1,...,n} and z € {0,1}". Write 2 for the string obtained from x
by flipping the bits in B C [n] and consider the set of minimal changes required
to turn z into a string of weight /:

Bg,xé{Bg[n] ) |2”| = ¢ and |B\:‘€—]x\|}.

For any B € By, either 2 C x or x C 2% holds, depending on whether |z| > ¢
or |z] < ¢. The set By, is always non-empty but consists of the single element 0"
when ¢ = |x|.

Let R denote the set of all possible functions r: £ x {0,1}" — {0,1}" with
r(f,x) € By, for all ;. We need a lemma concerning the probability that
B = r(¢, ) happens to intersect some small set A, when (¢, r, ) are drawn from
the product distribution g = £ x R x {0,1}". Here £ is endowed with a binomial
distribution B(n,1/2) and the uniform distribution is used in R and {0, 1}".



4.8. Testers for junto-symmetric functions 85
4.3.5. LEMMA. Let A C [n]|. Then

P (BNA 0 <

S
3.—

Proof.  Observe that for any ¢, the distribution of B = r({,z) € B, over
random x is symmetric under permutations, hence for all i € [n] we have

Prfi € B] = ZPr]EB E[|By].

On the other hand, the size of any element B of B, is |¢ — |z|| by definition.
We can write ¢ = |y| for uniformly random y € {0,1}", so E[|B|] = E[||z] — |y||].
Recalling that E [|z]] = E{ly|] = n/2, E[|z]] = E[jy"] = Var [|z|] + E[|z|]" =
Z—lln(n + 1) and applying Cauchy-Schwarz,

(& [Jlal = 1ol]] ) < B [(hel = o1)?) = & [12P] + B [JyP?] — 2 Jel] E Iy = 5.
HenceE[||OC| - |?/‘H < \/n_/2and Prjie B] < \/;7 S0
Pr[B N A# 0 <l€ZApr ZGB]S%
O

Let us define a transformation 7" mapping each function f: {0,1}" — {0,1}
to T(f): Lx R x {0,1}" — {0,1}" given by

T(f) (67 T, ZE) = f(xr(z’z))'

Thus the parameter r acts as a “random seed” selecting, for each pair (¢, x), one
string 2"(»®) of Hamming weight ¢ with minimum distance to z; the choice is
independent of all choices for any other pair when r ranges uniformly over R.

We want to argue about T'(f) as a function in its own right, on a larger set
of variables. We denote the input parameter variables of T'(f) by Vy, Vi and V4,
in order; we identify V5 with [n], the input variables of f. The reader who so
wishes may think of T'(f) as a function on {0, 1}1°80 D1 s o 13RI £0 1},
although this is not strictly necessary; in this case Vg, V1, Vo would indicate disjoint
input bit variables with sizes

Vo = log(n + 1), [Vi| = log [R], [Va| = n

(but note that the input distribution on {0,1}"° is not uniform).
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If g: L xR x {0,1}" is a junta on V, U V5 (that is to say, g(¢,r, z) depends
only on ¢ and x, but not on r), we define the function ¢(g): {0,1}" — {0,1} by

U(g)(x) = g(|z[, @, 2),

where the dot emphasizes that the assignment to the second parameter is immate-
rial by assumption, i.e., the variables in V; are irrelevant to ¥ (g). The intuition is
that T" maps junto-symmetric functions f on A into functions that are close to
juntas on (Vo U A because V; and V5 \ A will be nearly irrelevant to 7'(f)); while
1 maps these functions on an extended domain that are juntas on V5 U A into
junto-symmetric functions on A defined on {0, 1}".

We show that the task of testing junto-symmetry of f is closely related to
that of testing T'(f) for being a junta, where distances are measured under p. Let
Juny, (A) = Jun(Vo U A), and Jung (V) = Ujaj<i Juny, (A4).

In the next lemma, the variable symbols denote functions and sets of the
following kind:

o AC [n|, |Al =k;

e f,g are arbitrary functions {0,1}" — {0,1};

® 7.71,72: {0,1}" — {0, 1} are junto-symmetric on A;

e ) L. xR x{0,1}" — {0,1} is a member of Juny,(A);

o 7€ 1y, v, x Sym(Va) (we identify m with an element of Sym(V2) as well).

4.3.6. LEMMA. The mappings T and 1 satisfy the following properties:
(a) T preserves distances: dist(f, g) = dist(T'(f),T(g)) for all f,g.
(b) For any 7 € Juny,(A), we have ¢¥(j) € TS(A) and

14

dist(y', T(¥(5))) < Jon

(c) For any j € JS(A), T(y) is |Al/v2n-close to some j € Juny,(A). Moreover,
we can take j' such that ()') = .

(@) | dist(f, TSy) — dist(T(f), Tung (Vo)) | < .
(e) ¥ preserves permutations: for any m and 7', ()™ = (7). Thus

distiso(71, 72) = distiso(¥(11), ¥ (2)).



4.8. Testers for junto-symmetric functions 87

(f) The bounds

2k
distiso(f, g) — d| < dist(f, JSy) + dist(g, TSi) + |
| (f,9) —d| (f, TSk) (g, TS) N
hold for
d= i dist(T' ()™, T(qg)).
relypan xSym(V) (T(f)".T(9))
Proof.

(a) For any ¢, the distribution of #7*) for random z,r is uniform over all strings
of weight ¢. Since ¢ ~ B(n,1/2) is distributed as the weight of a random
element of {0,1}", it follows that the overall distribution of 2"(“®) is uniform,
hence

dist(T(f), T(9)) = Pr [f(a"“) # (2" )] = Pr[f(2) # g(x)] = dist(f, g)-

(b) ¥(7)(x) = j'(|z|, e, x) is a function of |z| and x4, hence junto-symmetric on
A. We have

st T))) = Pr [ (67,2) £ ) E) = (¢, 0,276
[r(f T)NA# (7)}

IN
o

IN

o=
o=

by Lemma 4.3.5]

(c) This follows from (b) because any jy € JS(A) can be written in the form 1 (y)
for some (in fact, many) ;' € Juny,(A).

(d) Let y be k-junto-symmetric and 7 € Jung(Vp) with ¢()) = 5. Then by the
triangle inequality and parts (c) and (a),
dist(T(f), ) < dist(T(f), T(7)) + dist(T'(3), J) < dist(f,7) + \/Lz_n
so dist(T'(f), Jung (Vo)) < dist(f, TSk) + k/(2y/n). Likewise, if j' is a junta
on Vo U A where |A| =k, then
dist(f, v () = dist(T(f), T(¥(s)))
< dist(T'(f), ) + dist(y', T(¥())))
s
< dist(T(f). /) + o=
which proves the inequality dist(f, JSx) < dist(T'(f), Jung(Vp)) + k/(24/n).

(e) Clear.
(f) Follows from (d), (e) and the triangle inequality for distiso.
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4.3.2 Generalized junta testing

Now we describe a tester for the property Jung(Vy). Let p = Dy X -+ x Dy, be
a product distribution, let us also denote by p its support. Let T" C [m]. (For
our application we could take Dy = £, Dy =R, T ={1,2} and D3 x --- X D,,, =
{0,1}".) Choose a confidence parameter p € (0,1) and a distance parameter
e €(0,1). Let f: u — R denote a function.

4.3.7. LEMMA. For any product distribution p and any constant p < 1, there is
an algorithm

GENERALIZEDJUNTATESTER,, ,(f, k,€,T)
that, with probability at least p,
o accepts if f € Jun(T).

o rejects if dist(f, Jung(T)) > ¢;

e makes O(k*log(k+1)/e) non-adaptive queries, and the marginal distribution
of each query is pu.

Note that standard junta testing corresponds to 7' = ().

Proof. All known junta testers can be used in a straightforward manner for
this generalized property preserving the exact query complexity. One way to see
this is to think about providing the junta tester with a set T of relevant variables
for free, and instruct it to seek for relevant blocks outside T just as if the tester
had found the variables of T" by itself. (Note however that the “partitioning step’
must be applied to [m|\ 7T'.)

Recall from Section that the non-adaptive junta tester produces a number
of disjoints subsets I, ..., 1. C [m] satisfying the property written on page
For any B C [m], the same argument goes through to give a series of disjoint
independence tests on I,..., I, C B with the property

o if Inf;(B\ A) > ¢ forall AC B, |A| =k, then
at least k 4 1 of the independence tests will be positive.

Y

(In fact, I7, ..., I, are precisely the intervals the junta tester would use for testing
k-juntas on [m] \ B).

To adapt these ideas to our task, note that if dist(f, Juny(7")) > e then
Inf([m] \ (T U A)) > ¢ for any A € (") (Lemma . Let B = [m]\T
and I7,..., I C B as before. We simply perform the independence tests of f on
I, ..., I and reject if at least k+1 were positive; both soundness and completeness
follow from the preceding comments. Finally, the query complexity remains the
same as that of the standard junta tester, and the second part of the last item
follows because it is true of the independence tests. O
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4.3.3 Testing junto-symmetry

The procedure to e-test the property of being k-junto-symmetric, for small enough
k, is described next.

1. Let ¢ = 0(k*log(k + 1)/e) bound the query complexity of Step 3.

2. Make queries to T'(f) to test that Infp s (V1) < %q with confidence > 8/9

by performing an independence test (Lemma [3.2.3): take O(g) random pairs
(,r,x), (¢, r" x) and compare T'(f) on them. If it isn’t, reject.

3. Reject iff GENERALIZEDJUNTATESTER,, 5/9(T(f), k,€/5, Vo U Vi) rejects.

Proof of Theorem The algorithm is clearly non-adaptive and its query
complexity is O(q) = O(k*log(k + 1)/e). We assume that n is large enough for
2k/v/2n < 1/(18q) < /5 to hold (small constant values for n can be dealt with
separately in the tester).

The probability that an incorrect assessment is given by either the junta
tester in step 3 or the influence test in step 2 is less than 2/9 < 2/3. So if the
overall test accepts with probability > 2/3, then T'(f) must be £/5-close to a
junta j on Vo U Vi U A, |A] < k. In particular Infrs)(Va \ A) < e/5. Moreover,
since the influence test succeeded we also have Infy(s) (Vi) < €/5. Therefore
Infrpy (ViU (Vo \ A)) < 2¢/5, which means (by Lemma that T'(f) is in fact
4e /5-close to a junta on Vy U A. Consequently, f is 4¢/5 + k/v/2n < e-close to
junto-symmetric on A (Lemma , proving soundness.

On the other hand, suppose f is 1/(18¢)-close to a junto-symmetric function ).
Then there is 7' € Jung (V) with dist(7'(f), 7) < 1/(18¢)+k/v/2n < 1/(9q). Recall
that every query of the junta tester to T'(f) follows the distribution £ xR x {0,1}"
(third item of Lemma [4.3.7]), and this translates into uniform queries to f (we
showed that 27 is uniformly distributed during the course of the proof of
Lemma [£.3.6[a)). As the tester is non-adaptive, this means that the expected
number of queries exposing a difference between T'(f) and j is 1/9, so with
probability 8/9 the tester can’t see the difference between T'(f) and 7. Hence we
are effectively testing 5’ for the property of being a V5 U V4, U A junta for some
|A| < k, which it is indeed. Therefore step 3 accepts with probability 8/9; and
since Inf,(V}) = 0, we also have Infr(; (V1) < 2-dist(T(f), 5) < 2k/v/2n < 1/(18¢)
and step 2 also accepts with probability 8/9. This establishes completeness. [

4.3.4 Testing isomorphism to junto-symmetric functions

In an analogous fashion one can reduce the problem of testing isomorphism to
g (when g is close enough to JS&k) to testing isomorphism between k-juntas.
For this we can use a tolerant tester of isomorphism, except that, in view of



90 Chapter 4. Junto-symmetric functions and hypergraph isomorphism

Lemma[4.3.6{e), the set of permutations allowed must be restricted to those fixing
Vo and Vi:

1. Use the algorithm of Theorem to accept if f € JS; and reject if
dist(f, JSk) > €/30.

2. Perform a suitable test to accept if d < /10 and reject if d > 9¢/10, where

d2  min  dist(T(f), T(g)")

TFGIVO,Vl XSym(VQ)

Ignoring for the moment the implementation details of the second test, we
show that the algorithm outlined is an isomorphism tester for JS:

Proof of Theorem [4.3.2.  We use the algorithm just described. The claim
about the query complexity is clear.

Suppose the test accepts with high probability. Then dist(f, JSx) < /30 and
d < 9¢/10. Since distiso(g, JSi) < 1/k°, we have

istiso(f,g) —d| < ¢ + + n < /20,
distiso( f d 30 + 1/k° 4 2k /v/2 20

so distiso(f, g) < ¢, as it should.

On the other hand, if f2g then dist(f, JSy) = dist(g, JSx) < 1/k® and d <
2/k° + (2k)/v/2n < 1/k*, meaning that both tests succeed. If distiso(f, g) < 1/k°,
then it also accepts with high probability because we can argue as before that
since the test makes O(k*) queries that are individually uniformly distributed. O

Step 2 can be implemented using sample extractors. Let D = V, x Vi,
f: Dx{0,1}" — {0,1} and let ' € Junp(A), A € ([Z]) be the element of Jun (D)
closest to f. Define corey, p(s): D x {0,1}* — {0,1} by

core p(5) ([, 2l ,) = 5 ().

A correct sample for corey p(y') (with respect to o € 1p x Si) is a pair (z,a) with
z € D x {0,1}" and corey p(f)(27) = a. An n-noisy sampler for core, p(J) is a
procedure to obtain an unlimited sequence of independent samples (z,a) such
that each one is correct with probability 1 — n with respect to some fixed o, and
x follows the distribution D x {0,1}*.

The following two lemmas are all we need.

4.3.8. LEMMA. Suppose dist(f, Jun,(D)) < 1/k°. Then there is a poly(k,1/e)-
query non-adaptive algorithm to construct an €/100-noisy sampler for corey p(J').

Proof (sketch). This is essentially Theorem We need two changes. The
first is that we substitute the adaptive junta tester for the junta tester used in
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the proof. The second one is the observation that we know how the variables
in D map to the variables in corey p(7), so for any z € {0,1}", we only need to
“extract” the setting of the k relevant variables sitting outside A. 0

4.3.9. LEMMA. Let f,g: D x {0,1}" — {0,1}, g € Jung(D). Write

d= min dist(f, ¢
in, dis (f,g")

Assuming access to an €/100-noisy sampler for f, there is a poly(k/e)-query tester
that accepts if d < £/10 and rejects if d > 9¢/10.

Proof (sketch).  This is essentially Lemma [3.5.4, Construct a sample for
corey, p(7) and take O(logk!/e?) = O(klogk/e?) random samples. These are
enough to estimate

d = misn dist(coreg p(7'), corex p(g)™)
TESEK

to within O(e) additive error. Finally recall that d’ and d are the same up to
constant factors (this follows from Lemma (3.3.1)). 0

4.3.5 Tolerant testers

Using the tolerant tester in the third item of Theorem instead of the poly(k/e)-
query junta tester in the proof of the previous theorems, we obtain Theorem [4.3.4]

4.4 Hypergraph isomorphism

It is possible to establish a link between function isomorphism and a generalized
form of graph isomorphism. Recall that an undirected hypergraph is a pair
H = (V,E), where V is a set of vertices and E C P(V) is a collection of
hyperedges. Isomorphism between hypergraphs is defined in the natural way.

Now define the distance between two hypergraphs H = (V, E) and H' = (V, E')
on the same set of vertices by dist(H, H') = |E & E’'|/2", where E @ E’ is the
symmetric difference between their edge sets. Testing function isomorphism is
easily seen to be equivalent to testing isomorphism between undirected hypergraphs
under this distance measure (this is the “dense hypergraphs model”). Indeed, a
boolean function f: {0,1}" — {0, 1} can be identified with the hypergraph with
vertex set V = [n] and edge set

) ={ze{0,1}" | f(z) =1},
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where binary vectors x € f~(1) C {0,1}" are themselves identified with subsets
of [n] in the natural way. Clearly this satisfies

f=g<= f'(1) =g (1) as hypergraphs,

and moreover the distance between f and g coincide from both viewpoints.

Seen this way, the problem of function isomorphism becomes a natural
generalization of the analogous problem for graphs. This raises the question of
whether progress towards the characterization can be made by studying hypergraph
isomorphism in the line of previous works on graph isomorphism. One possible
line of work is the study of uniform hypergraphs. An r-uniform hypergraph is one
in which every edge e € E has size precisely r; the number r is also said to be
the arity of the hypergraph. The distance between two r-uniform hypergraphs
H = (V,E),H = (V,E’) on the same vertex set of size |V| = n is defined as
|E® E'|/(7). Babai and Chakraborty [BCO8D] studied this question and obtained
worst-case query-complexity bounds for the case of uniform hypergraphs. Yet a
characterization of the testability of isomorphism between uniform hypergraphs
remains to be found.

In this work we prove an extension of Fischer’s result that resolves the problem
for hypergraphs of constant arity. To state it, recall that a homomorphism
between H = (V, E) and H = (V, E) is a mapping II: V' — V such that for all
{v1,...,v,} €V, the implication {v,...,v,} € E = {II(vy),...,T(v,)} € E
holds. The homomorphism IT is called full (and H is said to be fully homomorphic
to H ) if it holds in both directions, i.e., if

{v1,...,0,} € E <= {lI(vy),...,1I(v,)} € E.
Note that the size of V may be much smaller than the size of V.

4.4.1. DEFINITION. An r-uniform hypergraph H is k-crunchable if it is fully
homomorphic to an r-uniform hypergraph with < k vertices.

The crunching number of H is the smallest k such that H is k-crunchable.

The e-approzimate crunching number of H, denoted CrunchNum.(H), is the
smallest &k such that H is e-close to a k-crunchable r-uniform hypergraph.

The e-testing number of H, denoted TestNum.(H), is the minimum ¢ for
which there exists an e-tester with ¢ queries for the property of being isomorphic

to H.

For graphs, having a constant crunching number is essentially the same as
being in the algebra of constantly many cliques, or close to it (see Lemma [4.4.6)).
We prove the following.

4.4.2. THEOREM (CHAKRABORTY ET AL. [CEFGM12]). For everyr € N, ¢ >
0 there exists a pair of functions L. ,(t) and U, (t), with lim;_, L.(t) = 00, such
that for every r-uniform hypergraph H we have

Le, (CrunchNum.(H)) < TestNum.(H) < U.,(CrunchNum.3(H)).
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The original proof of Fischer for (a statement equivalent to) the special case
of Theorem when r = 2 applied the highly acclaimed Szeméredi regularity
lemma [Sze76] for the lower bound (which is somewhat unusual as its normal use
in property testing is to obtain upper bounds). Our simpler proof shows that this
can be avoided. The lower bound method, which we call crunching, has additional
applications, as outlined in the next subsection.

Now we prove Theorem 4.4.2l The functions L. and U, can be extracted from
the proofs of the lower bound and the upper bound, respectively.

4.4.1 Lower bound via crunching

4.4.3. DEFINITION. Let I1: V' — V denote a mapping from V to itself. A II-
crunch of H is a hypergraph H!I = (V| E’) where

E = {{vl, e [ {TI(), . TI()) € E}
A k-crunch of a hypergraph is a II-crunch for some II with an image of size < k.

Note that every k-crunch is a k-crunchable hypergraph (as witnessed by
the same mapping IT). When II is injective, a II-crunch of H is a hypergraph
isomorphic to H. For a hypergraph H = (V, E) and k < |V| = n, we show that
any tester will have a hard time distinguishing non-injective crunchs from injective
ones (permutations). A random k-crunch of H is a random hypergraph on V
obtained as follows:

1. pick a subset W C V' of size k uniformly at random;

2. pick a mapping II: V' — W uniformly at random and output the II-crunch
of H.

Now define the distribution D% by drawing a random permutation of a random
k-crunch of H. Also write Dy for the uniform distribution over all permutations
of H.

4.4.4. LEMMA. Let H be an r-uniform hypergraph and define Dy and DY as
before. Then it is impossible to distinguish a random H ~ Dy from a random
H ~ DY with o(Nk/7) queries.

Proof. Let ¢ = o(vk/r) and e, ... , €4 be the (adaptive, random) edge queries
made. Let @ C V be the set of at most rq vertices involved in these queries.
Conditioned on the event Eg(II) that II is injective on @), the distribution of
replies to queries ey, .. ., ¢, is identical for Dy and D%. But Eg(Il) occurs except
with probability at most |Q|?/k = o(1) as the choice of II is independent of Q.
This means that for any sequence ey, ..., e, of queries and any sequence a, ..., q,
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of answers, the probability of obtaining answer a; to query e; for all 7 is, up to a
factor of Pr[Eq(II)] = 1 — o(1), the same when H is drawn from Dy as when it is
drawn from D},. We conclude by Lemma that the tester cannot distinguish
Dy from D%, with ¢ queries and success probability > 2/3. O

4.4.5. COROLLARY. If an r-uniform hypergraph is e-far from being k-crunchable,
then e-testing isomorphism to it requires Q(\/E/T) queries.

Together with the upper bound in the following subsection, this provides a
characterization of hypergraphs of constant arity that can be tested for isomor-
phism with O(1) queries. To see how this generalizes Fischer’s result for graphs,
we show that being O(1)-chunchable is equivalent to having “algebra number”
O(1) as well.

4.4.6. DEFINITION. The algebra number of a graph G is the smallest number &
for which there exist cliques C1, ..., C} over subsets of the vertex set of G, such
that G can be generated from the edge sets of (1, ...,y by taking set unions,
intersections and complementations (the latter with respect to the edge set of a
complete graph).

The e-approzimate algebra number is the smallest k£ such that H is e-close to
some graph whose algebra number is k.

We also define the pairing number as the smallest k for which there are k
vertex-disjoint sets Ay, ... A CV and a subset S C [k] x [k] such that the edge
set of G is E = {{v,w} | v € Aj,w € 4j,(i,j) € S,v # w} (note that i = j is
allowed but loops are not). The e-approzimate pairing number of G is defined
similarly.

4.4.7. LEMMA.
1. Any graph with pairing number k has algebra number < k2.
2. Any graph with algebra number k has pairing number < 2F.

3. Any k-crunchable graph has pairing number k. Conversely, any graph with
pairing number k is e-close to being k? /e-crunchable.

Proof.

1. Let cl(A) denote the edge set of the clique with vertex set A C V. It is enough
to show that for disjoint A, Ay C V, the set of edges between A; and A, is
in the algebra generated by cl(A;), cl(Ay) and cl(A;UAy). This is easy to see
because the set of edges in question is equal to cl(A;) U cl(Az) Nel(A U Ay).
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2. Let G = (V, E) be generated from the edge sets of the cliques Cy, ..., C, C V.
For S C [k], let Ag = (ﬂiegCi)ﬂ(ﬂigga). These 2* sets are disjoint and
contain all vertices incident with some edge in G. For all S, T C [k], if
aj,as € Ag and by, by € Ar, then (aq,by) € E iff (az,by) € E (unless a; = by
or ag = by). This means G has pairing number k since it is possible to
write £ in the required form.

3. We prove the second statement (the first one is obvious). Suppose G has
pairing number k and let A, ..., Ax be as in Definition [£.4.6, The only
reason G may not be k-crunchable is the possible existence of edges between
vertices in the same A;. Divide each A; into t = [1/e] subsets A1, ..., A
of roughly equal size and remove the edges with both endpoints inside the
same A;;. If n is divisible by ¢, then from all (Z) possible edges, the removed
ones constitute a fraction bounded by ¢-(1/t?) = 1/t < &; a simple argument
shows that the same bound still holds in the general case. Hence this graph
is e-close to the original graph, and is also k-crunchable by construction.

O

4.4.2 Upper bound via partition properties

For the upper bound we need to discuss “partition properties” of hypergraphs,
which generalizes those discussed in the context of graphs by Goldreich, Goldwasser
and Ron [GGRI8|. A graph partition instance 1) is composed of an integer k
specifying the number of sets in the required partition Vi, ...,V of the graph’s
vertex set, and intervals specifying the allowed ranges for the number of vertices
in every V; and the number of edges between every V; and V; for i« < j. Many
problems, such as k-corolability and maximum clique, can be easily formulated in
this framework. In [GGR98| the authors presented algorithms for testing if a graph
satisfies a certain partition property. We use a similar notion for hypergraphs,
taken from the work of Fischer, Matsliah and Shapira [FMS10]. They work with
directed hypergraphs, but we state their results in terms of undirected hypergraphs.

Hypergraph partition property

Let H = (V, E) be a directed r-uniform hypergraph. be a partition of V. Let
us introduce a notation for counting the number of edges from E with a specific
placement of their vertices within the partition classes of II. We denote by ® the
set of all possible mappings ¢: [r] — [k]. We think of every ¢ € ® as mapping
the vertices of an r-tuple to the components of II. We denote by Eg C FE the
following collection of r-tuples:

El = {(vl,...,vr) EE|VjEer]: v € V«z}%j)}'
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4.4.8. DEFINITION. A density tensor of order k and arity r is a sequence 1) =
<<pj>je[k], <,U¢>¢€q>> of reals between 0 and 1. (The interpretation is that they
specify the presumed normalized sizes of [V}''| and |E}| of a k-partition of a
hypergraph of arity 7.) Whenever k and r are clear from context, we call ¢ simply
a density tensor.

In particular, given a k-partition IT = {V;1, V)&, ...V} of a hypergraph H,
we set ¥ to be the density tensor <<p§[>j€[k], <Mg>¢eqa> with the property that for
all j, pit = L. |VI| and for all ¢, pf = = - |E}|.

4.4.9. DEFINITION. For a fixed hypergraph H of arity r, a set ¥ of density tensors
(of order k and arity r) defines a property of the k-partitions of V(H) as follows.
We say that a partition IT of V(H) (exactly) satisfies ¥ if there exists a density
tensor 1) = <(pj>j€[k], <,u¢)¢€<p> € W, such that ¢ and the density tensor ' of II
are equal. Namely, II satisfies U if there is ¥ = ({p;) e} (1to)oca) € ¥ such that

o for all j € [k], p}' = pj;
o for all ¢ € P, ,ug = lLg.

We extend this notion of satisfying partitions (and equivalence between density
tensors) in two ways: one with respect to the edge density parameters (14), and
the other with respect to the usual closeness measures between hypergraphs.

4.4.10. DEFINITION. A k-partition II e-approximately satisfies ¥ if there is
Y= <<Pj>je[k]7 <M¢>¢e¢> € VU such that

e forall j € [k], pjl = pj;
o forall g € @, uyf = pg e
In this case ' is e-approzimate to 1.

By extension (and with a slight abuse of notation), we say that the hypergraph
H itself satisfies the property W if there exists a partition II of H’s vertices that
satisfies U, and similarly we say that H itself e-approzimately satisfies the property
U if there exists a partition of H’s vertices that e-approximately satisfies the
property W. In addition, we may consider a specific density tensor v as a singleton
set U = {4}, and accordingly as a property of partitions.

We define one additional measure of closeness to the property W. The
distance of a hypergraph H from the property W is defined as dist(H, V) =
ming {dist(H, H') | H' satisfies ¥}. For ¢ > 0 we say that H is e-far from
satisfying the property W when dist(H,WV) > ¢, and otherwise, H is e-close
to W. The testing algorithm follows immediately from the following theorem.

4.4.11. THEOREM (F1sCHER, MATSLIAH & SHAPIRA [EMS10]). For any two
k,r € N, and any set ¥ of density tensors of order k and arity r, there exists a
randomized algorithm Ar taking as inputs two parameters €,6 > 0 and an oracle
access to a hypergraph H of arity r, such that
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o if H satisfies ¥, then with probability at least 1 — & the algorithm Ar outputs
ACCEPT;

e if H does not even e-approximately satisfy the property ¥, then with proba-
bility at least 1 — & the algorithm Ar outputs REJECT.

The query complexity of Ar is bounded by log®(

) - poly (K", %), and its running
time is bounded by log®(3) - exp ((£)°*).

=

For us it is enough to consider set ¥ with a single partition property .

Hypergraphs with small approximate crunching number

Let H = (V, E) be a directed k-crunchable r-uniform hypergraph. We can define
crunchings of directed hypergraphs in a similar manner, with the corresponding
mapping II: V' — [k] and an hypergraph H = ([k], F) defining the edge patterns
of H,i.e.,

E= {(vl, o) | (), T(w) € E}

The algorithm above can be used as a testing algorithm in the traditional
sense on account of the following observations.

4.4.12. LEMMA. Let gy < ¢/k". Any directed hypergraph that £y-approzimately
satisfies a partition property W is also e-close to satisfying it.

Proof. Let II be a partition witnessing the fact that the hypergraph eo-
approximately satisfies ¥. For every ¢ € ®, we can add or remove ggn” edges
to/from Eg so that the resulting graph exactly satisfies ¥. Since |®| = k", this
entails changing less than an e-fraction of all possible edges. 0

4.4.13. LEMMA. Let Hy, H, denote directed hypergraphs on n vertices, where
Hy is the closest k-crunchable hypergraph to Hy. Suppose Hy is €/3-close to Hy
and the crunch is defined via the map 11: V(Hy) — V(H,). We can assume
V(Ho) = V(Hy) = [n]. Let o = ({p;)jei, (Ho)sco) denote the following density
tensor of order k and arity r:

o'y .

n )

o forallj € k], p; =

T
o or 6 € ®, py= B

Let e < 2¢/(9k"). Then Hy satisfies {1}, and every hypergraph that -
approzimately satisfies {1} is 8/9-close to being isomorphic to Hy.
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Proof.  Observe that in the density tensor above, the partition sizes p; are
defined by Hy, but the edge densities y, are those of Hy. Note that Hj satisfies {¢}
by definition. The k-crunchable hypergraph H; does not satisfy the property ,
but it does satisfy a related partition property ; with the same partition sizes
{p;} but where the edge densities {y,} are all zero or one.

Take any hypergraph Hj that eg-approximately satisfies 1. By Lemma |4.4.12]
it is 2¢/9-close to some hypergraph H, that satisfies ). We show that Hj is
e/3-close to satisfying v);. The reason is that for any ¢ € ®, the number of edges
of type ¢ that we need to change is min(su,, 1 — pg)n”. So by modifying

> min(ug, 1= g)n”

Ted

edges we can obtain a hypergraph that satisfies 1/;. But this expression is also the
number of edges that we need to change from Hj so that it satisfies ¢;, which is
the distance between Hy and Hy, hence at most £/3.

Moreover, the only r-uniform directed hypergraph that satisfies ¢, is Hy, up
to isomorphism. Therefore H, is £/3-close to isomorphic to Hy, and 2¢/3-close to
Hy. Hence Hj is 8/9-close to begin isomorphic to H. O

For undirected hypergraphs, simply replace each edge {vy,...,v,} with all r!

directed edges of the form (vrn),...,vxq)) for a permutation 7: [r] — [r], and
test isomorphism to this directed version. The following follows.

4.4.14. THEOREM. Let e € (0,1). Testing isomorphism to an r-uniform hyper-
graph that is €/3-close to k-crunchable can be done with poly(k™/e) queries.

4.4.3 Proof of the characterization

Proof of Theorem 4.4.2. By definition, any hypergraph H is e-far from
(CrunchNum.(H) — 1)-crunchable, so by Lemma [4.4.5, we have

TestNum.(H) > L. ,(CrunchNum.(H))
for some L. ,.(t) = Q(@) Clearly lim,, o, Lc(t) = oo.
For the upper bound, any hypergraph H is ¢/3-close to CrunchNum,3(H)-
crunchable. Hence we have by Theorem [4.4.14] that
TestNum.(H) < Uy /3, (CrunchNum, 3(H)),

for some appropriate polynomial U, ,.(t) = poly(t"/e). O



4.5.  Junto-symmetric functions vs. layered juntas 99

4.5 Junto-symmetric functions vs. layered juntas

Now we address the question of what happens when we generalize our definition
of k-junto-symmetric to all functions that are k-juntas when restricted to any
constant-weight layer of the cube (we call them layered juntas), and show that
in general these functions are no longer testable for isomorphism. The proof
applies the crunching method to boolean functions. In this setting the procedure

resembles an idea used by Blais and O’Donnell [BO10].

4.5.1. DEFINITION. A function f: {0,1}" — {0, 1} is called a layered k-junta if
there are subsets Jo, ..., J, C [n], each of size k, and functions fo, ... f,: {0, l}k —
{0,1} so that for all z € {0,1}",

f(z) = flflf\ (xrjlz‘)'

Perhaps it should be stressed that layered k-juntas are not, in general, k-juntas.
Let LJ . denote the class of layered k-juntas, respectively. Note that JS C LT .

We need a notion of random crunching for functions. The notion for hyper-
graphs provides a possible definition of function crunching via the equivalence
discussed in Section [4.4] but unfortunately this kind of crunching would alter
the Hamming weight of inputs, which could be easily detected by the tester for
some functions. Here we give a slightly different definition that resolves this issue,
but only applies to layered juntas, and also happens to depend on the particular
choice of each f;.

4.5.2. DEFINITION. A random t-crunch of the function f defined by f(r) =
f|x‘(xfjl I) is a function g € JS; obtained as follows:

1. pick, uniformly at random, a subset J C [n] of size ¢ and a mapping
Vi [n] = J;

2. for every x € {0,1}", let i,...,i; denote the indices in J),; set g(z) =
f|x‘(1137(i1) - -%Y(ik)) and return g.

4.5.3. THEOREM (CHAKRABORTY ET AL. [CEGM12]). Fize > 0and Q: N —
N, and suppose f € LTk. Then Q(Q(k)) queries are needed to distinguish a
random permutation of [ from a random permutation of a random (k- Q(k))3-
crunch of f.

In particular, if f is e-far from TS .q))2, then e-testing isomorphism to f
requires Q(Q(k)) queries.

Proof.  Let Dy denote the random permutations of f and D, the distribution
of random permutations of t-crunchs of f. Given g € D,, and its corresponding
mapping v: [n] — J, call a set of layers {{1, ..., {,,} collision-free if 7 is injective on
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Uicpm) Je.- Let there be a deterministic tester that makes ¢ = o(Q(k)) queries. For
every 2!, ..., 29 € {0,1}" let E,1 .4 denote the event that the set {|z'|,..., |27}
of layers containing inputs queried is collision-free with respect to the randomly
chosen mapping v of a function g ~ D,,. Observe that for all z',... z% € {0,1}"
and w € {0,1}?, conditioned on E,1 . we have
1 q) — — 1 q) —
h~PD1:,CS (h(z),...,h(z?) = w| = hfgﬂg [h(z7), ..., h(z?) = w].

By Lemma [1.5.6] (and the ensuing remark), it is enough to show that E,i
occurs with probability > 2/3.

The probability (over g € D,,) that v(i) = 7(j) for a specific pair i # j
is (k- Q(k))™2. The number of different pairs 4,;j € Uie[q] J|za| is bounded by
(kq)* = o((k - Q(k))?), hence by the union bound the probability that the set
{|=!], ..., ]z} of layers is collision-free is 1 — o(1). O

Note that this sort of argument admits certain generalizations. For example,
we can consider functions that have few additional variables outside a known set A
(as in Section [4.3.3)), as the address function on n variables (which behaves as
a 1-junta for any fixed setting of the ~ logn addressing variables). Choosing ¢
small enough for address function to be far from isomorphic to a ¢-crunching of
the addressee variables gives a lower bound of 2(¢) for testing isomorphism to it.

4.6 Linear isomorphism

We turn our attention now to a more general notions of isomorphism, namely
equivalence up to transformations by an arbitrary invertible linear map over FJ
(note that isomorphism in the usual sense corresponds to the linear application
defined by a permutation matrix). We show that functions that are far from
having constant Fourier dimension are hard to test for isomorphism.

4.6.1. DEFINITION. Two boolean functions f,g: {0,1}" — {0,1} are said to be
linearly isomorphic if there exists a full-rank linear transformation A: {0,1}" —

{0,1}" such that f = go A.
This is an equivalence relation by virtue of the requirement that A have full rank.

4.6.2. DEFINITION. Let f(z) = 3 g0y f(S)xs(z) be the Fourier expansion of
the function f: {0,1}" — R. Let

AE{Se{0,1}" | f(S) #0}.

Then the dimension of the span of A is called the Fourier dimension of f.
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4.6.3. LEMMA. The function f is linearly isomorphic to some k-junta iff its
Fourier dimension is at most k.

Proof. Suppose f has Fourier dimension k. Then it is a real linear combination
of parities whose defining vectors lie on a k-dimensional vector space V. Here
we take the parities x, to be +1-valued. Each parity in V' can be written as a
product of some parities in a basis for V. It follows that f can be written as a
function A (not necessarily linear) of k' < k linearly independent parities:

(@) =h(xw (@), ..., X, (@) = g((v1,2), (U2, ), ..., (v, ), ®),

where g is a junta on the first &’ variables, the inner products are taken over F7,
and e symbolizes that the remaining n — k" variables are irrelevant. The function ¢
can easily seen to be boolean-valued on {0, 1}" if f is, because all 2¥ assignments
to X, (z),4 = 1... k" are possible. Hence there is a k’-junta ¢: {0,1}" — {0,1}
and a change of basis A: F} — F} such that f = go A (take vy, ..., v}, as the first
rows of the matrix associated with A).

Conversely, if f = go A for a k-junta g, then f is a junta on a set P of k parity
functions and can be written as a polynomial on those parities. We can replace
products of parities in P by a single parity whose defining vector is in the linear
span of the defining vectors of the parities in the product. This means that f can
also be written as a linear combination of the parities in the span of P, so f has
Fourier dimension at most k. O

4.6.4. THEOREM. If f:{0,1}" — {0,1} is e-far from having Fourier dimension
k then any adaptive e-tester for linear isomorphism to f takes at least k — 1
QUETTES.

Proof. Let f:{0,1}" — {0,1} be e-far from having Fourier dimension k.
We will use Lemma to prove the lower bound. We want to generate two
distributions of functions Dy and Dy for the yes-instances and no-instances
respectively:

Dyes: To generate a random function gy in Dyes pick a random linear transformation
L:{0,1}" — {0, 1}" of full rank and let gy (z) £ f(Lzx).

Dio: To generate a random function gy in D, pick a random linear transformation
R:{0,1}" — {0,1}" of rank exactly k and let gy(z) = f(Rx).

Note that Dy is a distribution supported on the set of those functions which
are linearly isomorphic to f. On the other hand, D,, is supported on those
functions that are e-far from linearly isomorphic to f. This is because if g € Dy,
then there exists a linear transformation R of rank k such that gy(x) = f(Rz),
so gy has Fourier dimension k.
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Let Q € {0,1}" and let ¢, ..., q be a basis of the span of Q). Note that when
L is a random linear transformation of full rank then L(q1), L(g2), ..., L(q;) are
linearly independent. In fact, given any ¢ linearly independent vectors vy, ..., v,

Pzr Vi: L(g;) = v =1/M,

where M is the number of distinct sets of ¢ independent vectors.

When R is a random linear transformation of rank % the set of vectors
{R(q1),...,R(q:)} need not be linearly independent in general, but if ¢ < k
they are independent with high probability.

4.6.5. LEMMA. If {q1,...,q} is a set of linearly independent vectors then when
R is a random linear transformation of rank k, then with probability 1 — 1/28~1,
the set {R(q1),...,R(q)} is linearly independent.

Proof. Let us assume that the set {R(q1), ..., R(g:)} is not linearly independent.
So there must be a linear combination of the vectors that add up to zero. That
is there must be ay,...,a; € {0,1} such that 3'_, a;R(¢;) = 0. In other words,

there exists a vector v in the span of ¢q,. .., ¢ such that R(v) = 0.
Because R is a randomly chosen linear transformation of rank k,
1

Vo € {0,1}": Pr [R(v) =0] = o

So the expected number of vectors in the span of ¢y, ..., g such that R(v) =0 is
1/2%7t. And thus by Markov’s Inequality,

. . 1
Pr[R(q1), R(q2), ..., R(q) are linearly independent] > 1 — pyrg

O

In fact, conditioned on the event F that {R(q1),..., R(¢q:)} are linearly inde-
pendent, any set of linearly independent vectors is equally likely. Thus, for any ¢
linearly independent vectors vy, ..., v,

I;r Vi R(¢;) =v; | E]=1/M = PLr Vi: L(g) = v
And since @ is contained in the span of ¢, ..., ¢, for all a € {0, 1}|Q‘ we get

Pr [gN[Q:a]z(l—Zt*k) Pr [gN[Q:a]E]

gN<Dhno gN<+Dno

=(1- 2t_k) Pr [gy [Q = a] )

gy <_'Dyes

Therefore, if t < k — 2 we have

Pr [gN[Q:a} > (3/4) Pr [gy[Q:a}.

gn <Dho gy <_Dyes
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By Lemma [1.5.6] if f is e-far from having Fourier dimension k£ then any tester
(even an adaptive one) for testing linear isomorphism to f must make at least
k — 1 queries. O

4.6.6. REMARK. Gopalan et al [GOST09] proved that if f: {0,1}" — {0,1} has
Fourier dimension & then testing linear isomorphism to f can be done using O(k2*)
queries.

4.7 Summary

We proved that isomorphism to any boolean function on the n-dimensional
hypercube with a polynomial number of distinct permutations can be tested with a
number of queries that is independent of n. To do this we introduced the notion of
junto-symmetric functions, proved its equivalence with poly-symmetric functions,
and reduced the problem to certain generalizations of junta testing. We also
showed some partial results in the converse direction. A complete characterization,
however, remains open.

We also considered isomorphism testers against a uniform hypergraph that
is given in advance. Our results regarding the latter topic generalize the known
classification of the testability of graph isomorphism, and in the process we also
provided a simpler proof of his original result which avoids the use of Szemerédi’s
regularity lemma.

Some related problems were also discussed, such as testing isomorphism up to
linear transformations.






Chapter 5

Group testing, non-adaptivity, and
explicit lower bounds

We have been making a thorough study of the difficulty of testing function
isomorphism over the previous chapters. Although we know that the complexity
is 2(n) in the worst case, we are yet to offer an explicit example of a function
meeting the lower bound. We describe here a series of recent results that prove
that k-parities are hard for testing isomorphism, and subsequently delve into the
intimate connections between junta/isomorphism testing and the area of group
testing. The content of this chapter is based on the manuscripts

e S. Chakraborty, D. Garcia—Soriano and A. Matsliah. Notes on testing
k-parities, 2011.

e D. Garcia—Soriano, A. Matsliah and R. de Wolf. Untitled, 2011.

5.1 Measuring the size of a parity

Parities are a natural candidate of functions for which testing isomorphism is
hard. Under the additional promise that the input function is linear, testing
isomorphism to a k-parity reduces to checking if a given linear function has size
precisely k. (In the absence of such a promise, one can always self-correct f a la
BLR. This increases the complexity by a logarithmic factor, but as we shall see
this is not needed.) Another way of looking at the problem is as determining, by
making as few queries as possible to the Hadamard encoding of a word =, whether
|z| = k or not. Indeed, let f = x* be the parity of the bits in the support of x.
For all y € {0,1}", we have f(y) = (x,y), which is the yth bit of the Hadamard
encoding of z. So the task is essentially how to compute |z| efﬁcientlyE] if we can
query the XOR of arbitrary subsets of the bits of z. (Decision trees where the

!'Remarkably, this task can be accomplished in the quantum setup with just one query, by
deploying the Bernstein-Vazirani algorithm [BV97] (in fact, = itself can be found).

105
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queries are allowed to be XORs of subsets of the inputs have appeared in the
literature [ZS10].)

Deciding if the size of a parity is & is the same problem as deciding if it is n —k
because of the observation leading to Lemma For even n, the case k = n/2
is particularly interesting because it enables us to verify the equality between the
sizes of two unknown parities f, g € PAR". Indeed, define a parity on 2n variables
by h(zizs) = f(1" @ 21) @ g(22), where 21, 25 € {0,1}"; then h € PAR?" if and
only if f and ¢ are isomorphic.

A related problem is determining if a parity has size at most k (naturally,
this is equivalent to the problem of deciding if the size is at least n — k, or at
most n — k — 1). Upper bounds for this task imply upper bounds for testing
isomorphism to k-parities (one can perform one test to verify the condition |z| < k
and another one for |x| < k — 1). Lower bounds here do not immediately imply
lower bounds for testing isomorphism, but they do imply lower bounds for testing
k-juntas (because one way of checking if f € PAR<; is testing that f is linear and
also a k-junta).

The first step towards analyzing the hardness of these problems was taken by
Goldreich.

5.1.1. THEOREM (GOLDREICH [GOLI10, THEOREM 4]). Testing if a linear func-
tion f € PAR™ (n even) is in PARZ, , requires Q(y/n) queries.

5.1.2. THEOREM (GOLDREICH). Testing if a linear function f € PAR" (n even)
is in PAR] 5 requires Q(\/n) queries.

The second theorem was not stated in [Gol10], but follows from the proofs
therein.

He conjectured that the true bound should be ©(n), which will be confirmed
in the next subsection. Remarkably, by using one of the other results in the very
same paper, it is possible to strengthen the bound of Theorem to Q(n), and
to give a simpler proof of Theorem up to polylogarithmic factors.

5.1.3. THEOREM (GOLDREICH). [Goll(, Corollary 2.2] At least Q(n) queries
are needed to distinguish a random parity on n variables from a random parity
whose size is a multiple of three.

5.1.4. THEOREM (CHAKRABORTY ET AL. [CGMI1I1D]). Testing if a linear func-
tion f € PAR"™ (n even) is in PARD 5 requires Q(n) queries.

Proof. Fix n and suppose that for every k& < n there is a tester A that can
determine, under the assumption f € PAR"™, whether f is a parity of size < k using
o(n/(lognloglogn)) queries. Then, by standard binary search and probability
amplification, one could find the exact number of influential variables of f in o(n)
steps. This contradicts Theorem [5.1.3] so for every n there must be some k = k(n)
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such that deciding if f € PARZ, (for f € PAR") needs Q(n/(lognloglogn))
queries. (In fact, the additional log log n factor in the denominator can be avoided
because of the results of Feige et al. [FRPU94] about noisy boolean decision trees)
If £ =n/2 we are done. Since we can replace k with n — k — 1, we can assume
k> n/2.

Now we prove that determining whether some function g € PAR* belongs to
PAR?* requires Q(n/(lognloglogn)) queries. We argue by contradiction. Take
any tester for this property making o(n/(lognloglogn)) queries and, for each
f € PAR", let the tester’s input be the function g;: {0,1}** — {0,1}, where
gr(x Uy) = f(x) for any = € {0,1}" and y € {0,1}**". Clearly, the number
of influential variables of f and g; is the same and hence one would be able
to determine for any f € PAR"™ whether the size of f is < k or > k using
o(n/(lognloglogn)) queries. But this is not possible as shown in the previous
paragraph.

Summarizing, for every n there exists some (unknown)

n' = max(2k(n),2(n — k(n) — 1)) = O(n)
such that determining whether g € PAR" is a parity of < n'/2 bits needs
Q(n/lognloglogn) = Q(logn’/loglogn')

queries. Hence the lower bound holds for infinitely many n. O

In fact, since Theorem is a statement about random parities, and a
random parity has size circa n/2 + O(y/n ) with high probability, one can argue

(proof omitted) that this also implies an Q(y/n ) lower bound for checking if the
size of f is n/2, which almost matches Theorem

5.1.1 Relationship to communication complexity

In a recent paper, Blais, Brody and Matulef noticed a nice connection with some
well-studied problems in communication complexity. In this setup, introduced
by Yao [Yao79], two parties, traditionally called Alice and Bob, each have an
input and they need to devise a protocol to determine some property of the joint
input. Unlimited access to their respective inputs and arbitrary computations are
allowed, and the measure for the protocol’s efficiency is provided by the amount of
communication they need to transmit to each other. We consider the public-coin
model, whereby Alice and Bob share a common source of randomness. (See the
book by Kushilevitz and Nisan [KN97] for a comprehensive treatment. )

In the k-set disjointness problem, Alice and Bob receive two k-sets x,y € ([Z])
and would like to determine if x Ny = () or not. Furthermore, they are guaranteed
that either zNy = 0 or |z Ny| = 1. This problem is known to have communication
complexity O(k). The upper bound is due to Hastad and Wigderson [HWQT7].
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The lower bound was first established by Kalyanasundaram and Schnitger [KS92],
and subsequent simplifications and generalizations of the proof were found by
Razborov [Raz92] and Bar-Yossef et al. [BJKS04].

5.1.5. THEOREM (BraAis, BRODY & MATULEF [BBMI11]).  Testing isomor-
phism to k-parities requires Q(k) queries.

Proof. Let k be even (a similar argument works for odd k). To solve a k/2-set
disjointness problem with 2¢ bits of communication (and shared randomness),
Alice and Bob can use a g-query solution for testing isomorphism to k-parities
as indicated next. Alice forms the function f = x* and Bob forms the function
g = y*. Consider the function f = (z@y)*. Since |z @ y| = |z| + |y| — 2|z Nyl, the
function f is a k-parity if z Ny =0, and a (k — 2)-parity if | Ny| = 1. For every
query z € {0,1}" the testing algorithm makes, Alice and Bob can use two bits
of communication to make sure they both know h(z) = f(z) @ g(z). Then they
both know which query the tester makes next, because it is determined by the
shared randomness and the replies to previous queries. Hence they can simulate
the tester of isomorphism. In particular they can find out whether h is a k-parity
or a (k — 2)-parity; equivalently, they can tell whether  and y intersect or not,
under the assumptions made.

In the contrapositive form, what we have shown is that the (k) lower bound
for k/2-set disjointness also applies to telling the case where h € PAR apart from
the case where h € PAR;_5, which is always possible by a tester of isomorphism
to (k — 2)-parities. O

5.1.6. COROLLARY. The query complexity of testing isomorphism to k-parities is
O(klogk) and Q(k).

Of interest to us in the rest of the chapter is what the situation looks like when we
ask for non-adaptive algorithms. We will see that the query complexity becomes
O(klogk) in this case, and we conjecture that this bound remains valid in the
adaptive case.

5.2 Background on group testing

The field of group testingf] seeks efficient procedures to identify a set of defective
items by performing “batch” tests, whereby a collection of items are tested together
to determine if the batch contains a defective item or not. The subject originated
during the Second World War as a means of detecting diseases in soldiers’ blood
samples [Dord3|, without having to test each sample individually. The problem

2Despite its name, group testing is not concerned with property testing or group theory.
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has since emerged time and again in a great many different contexts, theoretical
as well as applied, including design theory, error-correcting codes, DNA screening,
etc. A good textbook on the topic has been written by Du and Hwang [DHO0];
somewhat related to our work are the papers [KS64, BGV05, [PRO8, INR10].

We formalize the problem as follows. We are given black-box access to a
function f: {0,1}" — {0,1} of the form

flzy,... x,) = \/mi,

for some unknown set R (the set of relevant variables of f). (These are the
“defective items”.) We abbreviate this as f = ORg and also write

OR,= [J {ORg}

RC[n],|R=k

and

OR<, = |J {OR:}.

0<k'<k

One can regard queries to ORg as questions of the form
“Is| XNR|=0or | XNR|>17

for any X C [n]. An upper bound k on the size of R is given, and the goal is to
determine the elements of R while attempting to minimize the number of queries
made.

Most prior work on group testing comes in two flavors, probabilistic and
deterministic. The probabilistic view imposes a distribution on the location of
the k relevant variables (see, e.g.,[Mac98]), while in the deterministic setting this
is arbitrary. We work in the latter setting. A lot of effort has been put into
optimizing the constants involved, but we will focus on asymptotics as usual.

In the adaptive case, tight bounds of ©(klog(n/k)) can easily be obtained in
various ways (we are assuming k < n/2, otherwise ©(n) bounds are trivial). For
example, for the upper bound one can query the sets [1], [2], [4] ..., until a relevant
set has been found; then it is possible to perform a binary search for the index of
the first relevant variable. The set R can thus be determined after k iterations
of this process, and a somewhat careful analysis that we omit shows that this
makes O(klog(n/k)) queries. (Another approach would be to use the Winnow
algorithm of Littlestone [Lit88] with random samples.) On the other hand, the
lower bound is immediate from an information-theoretical argument, as there are
(1) = 29klee(n/k) pogsible k-subsets of [n].

Therefore, our discussion of standard group testing in this section is limited to
non-adaptive algorithms. Associated with a deterministic, non-adaptive algorithm
is a binary query matrix M € My, whose rows ry,...,r, € {0,1}" are the
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indicator vectors of each of the (non-adaptive) queries made. For two binary
vectors a,b € {0,1}", recall that a \V b represents their bitwise disjunction (which
can be thought of as the union of two sets), and a A b represents their bitwise
conjunction (the intersection of two sets). When f = ORpg, the response vector

M-R2(f(r),....fr)7

is then simply the disjunction of the columns of M indexed by R, which can
be interpreted as the boolean product of matrix M and a column vector R (the
characteristic vector of the set of relevant variables), where +, - correspond to
V, A, respectively. (Note that this departs from our convention in the rest of the
thesis that a + b denotes addition over F3.) Observe that being able to determine
R from M - R under the promise |R| < k is equivalent to the following property
being satisfied:

e the OR (union) of each set of < k columns of M is unique, in the sense that
M-R# M- R for any R # R with |R|,|R/| < k.

Such a matrix is called k-separable. Its columns are sometimes said to form
a uniquely decipherable code of order k. This name reflects the connection,
exploited by Kautz and Singleton [KS64], with certain kind of codes. Namely, the
property above guarantees unique decodability of R from the response vector of
the corresponding < k-OR, although the procedure may take as much as Q(n*)
time. Most of the constructions of k-separable matrices possess a slightly stronger
property that allows for quick decoding:

e the OR (union) of any set of < k columns of M does not contain another
column of M,

or equivalently

e cvery subset of £+ 1 columns of M contains a (permuted) (k + 1)-sized
identity submatrix.

Such a matrix M is called k-strongly selective, or k-disjunct. The set of its
columns is also called a k-cover-free family, k-union-free family, or a zero-false-drop
code of order k (more variations include “disjunctive codes” and “superimposed
codes”). It is readily seen that any k-disjunct matrix is k-separable, and that any
k-separable matrix is (k — 1)-disjunct: if M is not (k — 1)-disjunct, then it has a
subset S of k — 1 columns whose union includes the jth column for some j &€ S;
but then M - S =M - (SU{j}), so M is not k-separable.

Given a k-disjunct matrix, an efficient decoding algorithm runs as follows.
Observe that every negative answer (f(r;) = 0) to a query r; implies that no
element of r; (viewed as a subset of [n]) belongs to R as well. This allows us to
label some columns as irrelevant, for each query with a negative answer. We can
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safely discard these columns as no element of R will be removed in this way. The
definition of k-disjunctness simply asserts that after going through the responses to
all queries and discarding all such columns, we are left with precisely the columns
associated with R. In short,

R=[n]\ U T
i€n]
ORR(TZ‘):O

holds for any R € ([Z]) (recall that we are identifying elements of {0,1}", such
as r;, with subsets of [n]).

Constructions are known for k-disjunct matrices where the number of rows
(which translates into the number of queries) is ¢ = O(k*logn) [KS64, BV03].
The best known lower bounds are ¢ = Q(k?logn/logk) [Fur96, EFFS82, Rus94];
the proof can also be found in [Juk1l) p. 116].

5.3 Relaxed group testing: adaptive

We study the following relaxation of the group testing problem. Instead of trying
to find R itself, suppose we only want to distinguish between the cases |R| < k
or |R| > k. We assume k < n/2 because tight bounds are easy otherwise. This
relaxation does not appear to help much if we restrict ourselves to deterministic
algorithms (see below), but the situation looks vastly different if randomization is
allowed. As usual we consider algorithms with success probability, say, 2/3.

A straightforward O(klog k) adaptive upper bound for relaxed group testing
follows by using the random partitions introduced in Definition [3.4.1} start from
a random partition of [n] into ~ k? buckets and then simulate the deterministic,
adaptive group testing upper bound for n = O(k?), where single variables have
been replaced with buckets.

By now the astute reader will have noted a striking resemblance between
group testing and junta testing. All the testers we discussed in Section used
independence tests as a building block, and this is the only way they accessed f
(except for the random choices of x and y with f(x) # f(y)). Suppose f: {0,1}" —
{0,1} is a junta with set R of relevant variables. With f we can associate the
function f’ = ORp that takes the union of the bits in R. An independence test of f
on A is roughly the same as an OR query for f on A, except that sometimes A may
be incorrectly reported as non-influential by an independence test. So by replacing
independence tests with calls to f/, the one-sided junta testers immediately yield
algorithms that accept if f € OR<;. The rejection conditions being different,
it would appear that there is no guarantee that they reject if f = ORg where
|R| > k, but they actually do.

For example, take the adaptive junta tester from Section As long as k or
fewer relevant blocks have been detected, it conducts an influence test on the rest,
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and if the rest is found to be relevant, it binary searches for one more additional
block. If this process is repeated k + 1 times, then it will find k 4 1 relevant
blocks for any OR of more than k variables, provided the initial random partition
separates at least k£ + 1 of the elements of R, which occurs with high probability.
Thus we arrive at a second O(k log k) adaptive solution for relaxed group testing;
in fact, the algorithm finds a k-isolating partition for R (see Definition [3.4.1]).

An Q(k) adaptive lower bound can be proven for relaxed group testing in
exactly the same way as for parities (Section [5.1.1)). To see this, observe that to
solve a set-disjointness problem, Alice can form the function f = OR, and Bob
the function ¢ = OR,, and then simulate queries to h 2 fVvg. (Of course, the
same kind of argument works for ANDs just as well as it does for XORs and ORs.)
All in all we have the following.

5.3.1. THEOREM. The adaptive query complexity of the relaxed group testing
problem with parameter k < n/2 is Q(k) and O(klogk).

5.3.2. REMARK. If we demand deterministic algorithms (which are always cor-
rect), then the adaptive complexity of the problem becomes @(log (Z)) The
lower bound uses the same technique, since the reduction above then gives a
deterministic protocol for the k/2-set disjointness problem, the communication
complexity of which is [log (kT/LQﬂ = O(log (})) because of the rank bound [KN97,

Example 2.12].

5.3.1 Interlude: a 3-way variant

Interestingly, were we endowed with the power to perform a somewhat stronger
test of relevance, the problem would admit faster adaptive solutions. Namely,
suppose that querying for a set A allowed us to distinguish with certainty from
among the three cases [ANR| =0, |JANR| =1 and |[AN R| > 2, instead of only
the first from the other two. Then we claim that the problem could be solved
with O(k) queries, which gets rid of the logk factor. One notable consequence
of this fact is that many lower bound techniques with an information-theoretic
flavor cannot go beyond (k) for this problem, as there is a randomized ternary
decision tree with O(k) depth that solves it.

To see this, observe that there is nothing to do if the whole set [n] is not
relevant, so assume it is. We keep a partition P of [n] such that each element of P
intersects R. Initially, P is the singleton {[n]}. At each step we take an arbitrary
A € P such that |[AN R| > 2 (if there is one), and take a random partition of A
into two sets Ay, As. With probability no less than 1/2, at least one relevant
index in A lands into each of A;, Ay; otherwise we draw another random pair
(this condition can be tested with two queries to the function). When we succeed
in splitting A into two relevant sets A;, A, we replace A with A; and A, in the
partition to form Ppest = Pprev — {A} U {A1, A2}, and go back to picking another
element of P = P, if possible.
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Intuitively, the reason why this works is that if we know for sure that |[ANR| > 2,
then we know that it pays to persist in attempting to split A: we will succeed
promptly. Notice that if we have a test for |[A N R| > 2 that works only with
high constant probability, then O(log k) iterations decrease the error probability
of each such test to O(1/k) (this is necessary to handle those A with |[ANR| =1).
This leads to a third constant-success probability solution to the relaxed group
testing problem. Again, it has complexity O(klog k).

An unexpected application of these ideas, modulo some tailoring, will be
exhibited in Chapter [9] on cycle finding.

5.4 Relaxed group testing: non-adaptive

For non-adaptive testers, these algorithmic techniques do not seem to work.
Nevertheless, we show in the following section that, somewhat surprisingly, the task
can still be accomplished non-adaptively with O(klog k) queries (Theorem [5.4.7)).
(Note that when n = O(k?), the best k-disjunct matrices have size between
O(k*logk) and Q(k?), so applying the non-adaptive group testers to a random
partition results in much worse query complexities.) Additionally, the algorithm
can handle random errors in the response vector, in the form of false negatives.
This sets the stage for applications to property testing (Section .

We can show that Q(klog k) non-adaptive queries are necessary (Theorem [5.4.1]
and its corollary). This applies even to the noiseless setting, thus showing that
our non-adaptive algorithm is optimal. It is also easy to derive from it an
Q(klog k) lower bound for testing k-juntas non-adaptively. We should also point
out that our upper bound for relaxed group testing actually finds k blocks each
containing at most one relevant variable; it is also possible to argue that each
of these blocks has size roughly n/k. Once we know a block has one relevant
variable, we can use standard group testing with & = 1 to find the variable
itself with O(1log(n/1)) non-adaptive queries. Hence our result also gives a 2-
stage randomized solution to the standard group testing problem with complexity
O(klogk + klog(n/k)) = O(klogn). However, this is already known, even
deterministically (see [BGV05, BV06, MTT11], which are based on [CGR02]).

5.4.1 Lower bound

The first observation we need for the non-adaptive lower bound is the following.
In Section we showed how to use a g-query solution to relaxed group testing to
yield a solution to set disjointness with 2¢ bits of communication. But note that
if the algorithm is non-adaptive, then we can obtain a solution to set disjointness
with only ¢ + 1 bits of communication, all of which directed from Alice to Bob.
This is because there is no need for both parties to know h(z), since the whole
set of queries is determined already by the common source of randomness and
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each of them knows what comes next. Bob can perform all the computations and
figure out the answer. Hence it is enough to prove lower bounds for the one-way
communication complexity of the set disjointness problem.

5.4.1. THEOREM (DE WOLF [WOL06]). The one-way communication complex-
ity of the k-set disjointness problem is ©(klog k) for k = O(y/n), and ©(klog(n/k))
for Q(y/n) <k <nj/2.

(It is ©(n) for k > n/2.)

Proof. The upper bound follows from the relaxed group testing upper bounds,
so we only need to prove the first part. We assume for simplicity that & is a power
of two and divides n.

First consider the case k < y/n/2. Let x be Alice’s n-bit input. For Alice
we restrict our attention to inputs of a particular structure. Namely, consider
partition of [n] into k consecutive sets of size n/k > 2k. The inputs we allow
contain precisely a bit set to one inside each block of the partition, and moreover the
offset of the unique index set to one within the ith block is a number between 0 and
2k — 1, inclusive. In this case, x describes a message M of k integers my, ..., my in
the interval {0,...,2k — 1}. This is an m-bit long message, where m = klog(2k).
We can write Alice’s input as # = u(my) . .. u(my,), where u(m;) € {0,1}"/* is the
unary expression of the number m; using n/k bits (where the rightmost n/k — k
bits of each u(m;) are always zero). For instance, the picture below illustrates the
case where n = 40, k =4, and M = (1,7,0,5):

n/k n/k n/k n/k
z = 0100000000 0000000100 1000000000 0000010000
u(ma) u(mz) u(ms) u(ma)

Let p, be the g-bit message that Alice sends on this input. Below we show
that the message is a random-access code for M, i.e., it allows a user to recover
each bit of M with probability at least 1 — ¢ (though not necessarily all bits of M
simultaneously). Then our lower bound will follow from Nayak’s random-access
code lower bound [Nay99]. This says that

where 4 is the error probability of the protocol and H(¢) is its entropy.

Suppose Bob is given p, and wants to recover some bit of x. Say this bit is
the fth bit of the binary expansion of m;. Then Bob completes the protocol using
the following y: y is 0 everywhere except on the k bits in the ith block of size
n/k whose offsets j (measured from the start of the block) satisfy the following:
0 < j < 2k and the fth bit of the binary expansion of j is 1.

Recall that Alice has a 1 in block 7 only at position m;. Hence x and y will
intersect iff the ¢th bit of the binary expansion of m; is 1, and moreover, the
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size of the intersection is either 0 or 1. Also, the Hamming weight of y is k by
definition. Running the k-set disjointness protocol with confidence 1 — § will now
give Bob the sought-for bit of M with probability at least 1 — 9, which shows
that p, is a random-access code for M.

If £ > \/n/2 then we can do basically the same proof, except that the
integers m; are now in the interval {0,...,n/k — 1}, m = klog(n/k), and Bob
puts only n/2k < k ones in the ith block of y (he can put his remaining k — n/2k
indices somewhere at the end of the block, at an agreed place where Alice won’t
put 1s). This gives a lower bound of Q(klog(n/k)) = Q(log (})). O

5.4.2. REMARK. The lower bound holds even for quantum one-way communica-
tion complexity. The proof remains intact except that if we wish to allow Alice and
Bob to share entanglement, the random-access code bound needs to be replaced
with Klauck’s [KIa00] version, which is weaker by a factor of two.

5.4.3. COROLLARY. Let k < y/n. At least Q(klogk) queries are needed for non-
adaptive solutions to the following problems: relaxed group testing with parameter
k, testing k-juntas and testing isomorphism to k-parities.

5.4.2 Upper bound

Here we present an algorithm to solve the relaxed group testing problem in the
presence of one-sided noise of some constant rate n > 0. Let z € {0,1}" and
f = OR,. Suppose that, instead of querying f, we can only query a “noisy
version” f of f. Let f denote a function on {0,1}" whose image on any input is a
0 — 1 random variable, and the variables {f(z)}scf01)» are independent. Then f
is called a n-noisy oracle for f if the following two properties are satisfied:

1. f(z) =0 implies f(z) = 0;

2. f(z) =1 implies Pr[f(z) =1 >1—n.

Different calls to f’(x) for the same z return independent copies of the same
random variable, may yield different values.

Recall that we denote the boolean product of a ¢ x n matrix M and z € {0,1}"
by M-z. When f = OR,, the response vector a € {0,1}? under f willbe a = M -z.
One equivalent way of modelling the response vector a under a 7-noisy oracle f
for f as defined above is as follows. Let e € {0,1}? be a sequence ¢ of independent
0 — 1 variables such that Prie; = 1] > 1 —n and let @ = a A e. Our goal is to
design M so as to allow, with high probability, determining if |z| = k given a. We
call this the noisy relazed group testing problem.

We introduce the following variation of the notion of k-disjunct matrix.
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5.4.4. DEFINITION. A ¢ X n binary matrix M is (9, {)-approzimately k-disjunct
if, with probability at least 1 — 4, the union of a random k-subset of the columns
of M and a vector in {0, 1} of weight at most (q {0,1}? does not contain any
other column of M.

The reader may verify that (d, ()-approximate k-disjunctness implies (9, ¢)-ap-
proximate (k — 1)-disjunctness as well. The property can be rewritten as

(M-z2)Vyp M-z

with probability 1 — 0, for random = € {0,1}" with |z| =k (or |z| < k) and any
y,z € {0,1}¢ with |y| < (g and z C [n]\ z, |2| = 1.
We need the following lemma.

5.4.5. LEMMA. Letn = O(k?) and R be a k-subset of [n]. Let V be an (60log k) x
n random matriz with entries in [10].

For every column index j € [n] \ R, let X; be the number of row indices
i € [60log k| for which there exists another column j' € R with Vi; = V. Then

F"/_r Vjen]\R:X; <15logk| =1—o(1).

Proof. Let j € [n]\ R. For each i € [60log k],
Pr[Vj € R: Vi # Viy] = (1 —1/(10k))* > 9/10.

Hence X, is the sum of 60logk independent binary random variables with
expectation < 1/10, and by the Chernoff bounds

Pr[X; > 15log k] < exp(—(15/6 — 1)?(1/10)60log k/3) = o(k™?).

The claim follows from the union bound over all n—k = O(k?) elements of [n|\ R. O

5.4.6. COROLLARY. Let n = O(k?). There is a (1 — o(1),3/32)-approzimately
k-disjunct matriz M € M @gookiogk)xn- Furthermore, each of the columns of M
has Hamming weight 60 log k.

Proof. We use the notation of Lemma [(5.4.5 Let V be a matrix such that

%r Vjen]\R:X; <15logk| =1—o(1);

such V' can be shown to exist by the said lemma and a straightforward averaging
argument. Let V' represent a code of n words of length 60 log k£ over an 10k-sized
alphabet. Concatenate it with the “trivial” code mapping each symbol x € [10k]
to the string 0°110'%~ ¢ {0,1}'% and let M be an (600klogk) x n matrix
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whose columns are the words of the concatenated code. The claim follows by
observing that

X;=|{i €[600logk] | M;; =1A (35 € R| M;; =1)}|.

5.4.7. THEOREM. There is a non-adaptive algorithm making O(klogk) queries
that solves the noisy relaxed testing problem with noise rate n = 1/2. It succeeds
with high constant probability and has two-sided error.

Proof. Let ¢ =5(k + 1) First we show how to reduce the general case to the
case n < £. When n > ¢ the algorithm proceeds as follows:

1. Partition [n] into ¢ buckets I3, ..., I, at random.

2. Define the function REPLICATE: {0,1} — {0,1}" by mapping z € {0,1}"
to the string y € {0,1}" that is constant inside each bucket and takes value
x; on each element of I;.

3. Solve the relaxed noisy group testing problem for the composition of f and
REPLICATE.

Let f = OR, for some x C [n|. Then f o REPLICATE will be of the form OR,
for some subset 2’ C [¢]. The size of 2’ will always be at most that of z; in
particular it will be bounded by k whenever |z| < k. When |z| > k + 1, standard
arguments based on the birthday paradox yield |z/| > k 4+ 1 with probability at
least 9/10. So the reduction does indeed work with high constant probability.

Let us deal first with the case n = ¢ (note we can always add irrelevant
variables if n < £). We do the following.

1. Obtain a (600k log k) x ¢ matrix M as in Corollary [5.4.6,
2. Randomly permute the columns of M to obtain M™.
3. For each row r; of M™, query f on r;; let a; be the answer.

4. Compute X; £ |{i € [600klogk] | M =1 A a; = 1}| for each column index
AU

5. Let # = {j e [(]| X] > 15logk}.

6. Accept iff |Z| < k (and if so, return the nonzero indices of 7).
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The fact that a random permutation is being applied to each of the rows of M
enables us to analyze  as a uniformly random |x|-set, while leaving M unpermuted.
Because of the one-sided nature of the error, a; = 1 implies r;, N x # 0. It is
then immediate from the definition of approximate k-disjunct matrices that, with
probability 1 —o(1) over x of size k, for any j € [¢]\ z, it holds that X’; < 15logk
and hence j ¢ . This shows k-ORs are accepted with high probability.

We claim now that, for any x € [¢], and with probability 1 —o(1), z C & holds;
in particular the algorithm rejects k’-ORs when £’ > k. Indeed, each column of
M has 60 log k£ nonzero entries. For every j € x and row ¢ containing a nonzero
entry (that is, M;; = 1), Pr{a; = 1] > 1 —n > 1/2. By the Chernoff bound, the
probability that the number of 7 with M;; =1 and a; = 1 is smaller than 15log &k
is bounded by exp(—(1/2)?301og k/2) = o(k?). Tt follows by the union bound over
all j € x that x C z, proving our claim. O

This procedure also can be used to distinguish k-ORs from any k’-OR with
k" # k, whether k' > k or k' < k.

5.5 Strong k-juntas

Recall that an independence test for S C [n] is performed as follows. Pick In(1/7)/d
random pairs z,y € {0,1}" conditioned on s = Vs’ and return f/(S) = 1if

f(x) # f(y) for some pair (z,y), or else return f/(.S) = 0. Independence tests have
one-sided error, so all errors are in the form of false negatives, i.e., the reported
value f’(z) is 0 but the true value of f/(x) is 1. In fact it is clear that

1. Inf;(S) = 0 implies f’(S) = 0;

2. Inf;(S) > & implies Pr[f/(S) =1] > 1 — 1.

We call such f’ a n-noisy relevance oracle for f. As we saw, all known testers for
k-juntas can be viewed as making queries to such a relevance oracle.

Observe that the second proviso is met whenever S contains a variable of
influence > 4, because influence is monotone. In fact, if f has a subset S of least
k variables of influence > ¢ each, then f is a n-noisy oracle for ORg as defined in
the previous section. (The oracle makes O(log(1/n)/d) queries to the function f.)
This motivates the following definition:

5.5.1. DEFINITION. A d-strong k-junta is a function f: {0,1}" — {0,1} with &
variables of influence > § and n — k variables of influence 0.

Up to a factor of at most 2 in ¢, this is essentially the same as a k-junta which
is -far from all juntas on fewer than k variables (Lemma [3.6.1). It may be
worthwhile to note that any k-junta with Fourier degree d is a 2~ (“*_strong
k-junta by a result of Nisan and Szegedy [NS92].)
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As usual, when we speak of a d-strong < k-junta, we mean a d-strong k’-junta
for some k' < k.

As a consequence of the discussion above we obtain the following result: there is
an algorithm making O(%k‘ log k) non-adaptive queries that, with high probability,
accepts 0-strong < k-juntas and rejects functions with at least k + 1 variables of
influence > §. We can do better however:

5.5.2. THEOREM. There is a non-adaptive O( klogk)>—query tester that, with

min(d,e
high probability, accepts d-strong < k-juntas and rejects functions that are e-far

from all k-juntas.

Roughly speaking, the key feature of strong k-juntas that allows simpler testing
algorithms is that every relevant variable can be easily identified, eliminating
the need to tackle sets of variables that account for a noticeable fraction of the
function’s overall influence despite each variable having individually low influence.
This allows us to strengthen (and simplify) the acceptance conditions.

Proof.  Suppose for the moment that n = O(k?) (so no partitioning is necessary).
As we saw, it is possible to simulate a query to a (1/2)-noisy relevance oracle
f' for f with O(1/8) queries to a d-strong k-junta f. Then we apply the test of
Theorem to solve the noisy group testing problem with O(klog k) queries
to f' and reject if it rejects. This makes O(klogk/8) queries to f. Let S C [/],
|S| < k be the set of relevant variables returned. If f is a d-strong k-junta on R,
then with high probability R = S, f’ = ORg, and this first step of our algorithm
accepts.

The second part is designed to make the algorithm reject when f is e-far from
a k-junta, in which case we have Inf¢([n] \ ) > €. (Of course, we also need to
ensure that d-strong k-juntas are accepted, but this will follow trivially from the
fact that Inf([n] \ S) = 0 then.) Let A = [n]\ S. We construct a (multi)set
T C {0,1}" of 100ek log k/e inputs with density 1/k, i.e., each of the queries B is
drawn from Cyj [n] as in Lemma [3.6.4] For each B € T, we query two random
strings 2%, y? € {0,1}" conditioned on z” [[n}\B =B [[n]\B and reject if there is
some B disjoint with S for which f(x?) # f(y?).

We expect 100k log k/e of the elements of T" to be all zero inside S, and by
Chernoff bounds, with probability 1 — o(1) there are at least 96k log k /e like that.
(We assume k = w(1) or ist at least large enough; otherwise the theorem is easy.)
Let @ = {B € T | B4 = 0} be this multiset of size > 96klogk/e. Note that
the distribution of B C, [n] conditioned on B[, = 0 is exactly the same as the
distribution C, [n] \ S. Therefore the distribution of each element of ) follows
exactly Cy/p A.

When taking B, z,y conditioned on B, = 0 and :UB[M\B = yB[M\B, note
that the probability that f(z”) # f(y”) is exactly equal to Epc, ,, ju)\s Inf;(B).
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Therefore, by Lemma [3.6.5] if f is e-far from being a junta on S, then each
independence test associated with an element of B rejects with probability at least
e/k. Since |B| = Q(klogk/e), in this case we reject with probability 1 — o(1), and
we are done.

For larger n, the argument is the same except that we start with a random
partition of n into ¢ = O(k?) blocks and make blockwise-constant queries of
density 1/k. From then on we consider functions defined on ¢-bit inputs, as in
Chapter [3} there we used £ = O(k? /<), but a recent result of Blais et al. [BWYLI]
shows that we can in fact take £ = O(k?). 0

One consequence of the proof is that if f is a d-strong k’-junta (with &’ < k),
we return &’ blocks that isolate the relevant variables of f. Hence by using the
techniques of Chapter [3| we can test isomorphism to to §2(1)-strong k-juntas with
O(klog k/e) non-adaptive queries.

However, it seems that the following recent result may yield non-adaptive
testers of isomorphism to any function that make O(k log k/c) queries.

5.5.3. THEOREM (RoON & Tsur [RT11, THEOREM 3.1]). There is a non-adap-
tive algorithm that makes O(k/e) queries, accepts k-juntas and rejects functions
far from 2k-juntas (with high probability).

The reason is that to be able to apply the techniques of Chapter [3| we do not
need to reject functions that are far from k-juntas, as the junta testers do. We
can get by rejecting functions that are far from 2k-juntas, which is possible by
Theorem [5.5.3] One can then relate in a similar way the distance from f to being
a 2k-junta to the distance to the “blockwise” version of f to being a 2k-junta.
However, the resulting testers would have two-sided error.

5.6 Parities and SMP complexity

There is a recent paper of Leung, Li, and Zhang [LLZ11] whose main result follows
immediately from our O(klog k) non-adaptive upper bound for parities, and in
fact is improved by it.

The problem is about communication complexity: Alice has a string x € {0,1}",
Bob has y € {0,1}", and they want to compute some function f that depends
only on [z @ yl, i.e., f(xUy) = D(|z Dyl|), for some known D: [n] — {0,1}. They
say such an f is a symmetric XOR function. The model is the Simultaneous
Message Passing (SMP) model, which means Alice and Bob can’t talk to each
other; rather, they send messages to a referee, who computes the answer at the
end.

Suppose first we are promised that |z @ y| < k. They proceed to give an
O(klog® k/ loglog k) upper bound for the problem of finding out |z @ y|. It is
not hard to see, however, that our non-adaptive algorithm for finding the size
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of a XOR gives an O(klogk) solution. Take Q) = {p1,p2,...,pq} to be the set
of ¢ = O(klog k) random queries used to find the size of a parity, provided it is
at most k. Then Alice sends the bits (z,p;), (x,p2), ..., (x,p,) (where the inner
products are taken modulo 2), and Bob sends (y, p1), (y, p2), ..., (¥, py). The referee
then computes from this (z @ y,p1), (x Sy, p2), ..., (r B y,p,), and this is enough
to compute the size of x &y, if it is < k.

They state the main result, when k is not known, in terms of a different
parameter 7, but in the paper it follows from a reduction to the previous problem
with r < k. Using this reduction we obtain the following.

5.6.1. THEOREM. Define rq and ry to be the minimum integers such that ro,r3 <
n/2 and D(k) = D(k + 2) for all k € [ro,n — 11]; set r = max(rg,r;) and
flzUy) = D(|lx @ yl|) by a symmetric XOR function f.

Then the randomized public-coin SMP complexity of computing f is O(rlogr).

5.7 Summary

We have seen that several related problems, such as testing isomorphism to k-
parities and some variations of group testing, have complexity O(klog k) and (k).
We also showed that the query complexity becomes ©(k log k) if non-adaptivity is
required.






Chapter 6

Testing by implicit learning

Now we are ready to apply the techniques developed in previous chapters to a
number of related property testing problems that fit into the “testing by implicit
learning” framework of Diakonikolas et al. [DLM™07]. In particular, for some of
these problems (including testing s-term DNF formulae, size-s decision trees, size-s
Boolean formulae, s-sparse polynomials over [Fy, and size-s branching programs),
we are able to improve on the query complexity of the best known testers by using
sample extractors. It is worthy of note that our methods can lead to testers that
have better query complexity than those tailored to a specific problem, such as the
tester of Parnas et al. [PRS02] for the class of monotone s-term DNF formulae.
We also establish new lower bounds for some of these problems.
The content of this chapter is based on the paper

e S. Chakraborty, D. Garcia—Soriano, and A. Matsliah. Efficient sample
extractors for juntas with applications. In Proceedings of the 38th Inter-

national Colloguium on Automata, Languages and Programming (ICALP),
pages 545-556, 2011.

6.1 Introduction

Suppose we wish to test for the property defined by a class C of Boolean functions
over {0, 1}"; that is, we aim to distinguish the case f € C from the case dist(f,C) >
. The class is parameterized by a “size” parameter s (e.g., the class of DNFs with
s terms, or circuits of size s) and, as usual, our goal is to minimize the number of
queries made to f. In particular we strive for query complexity independent of n
whenever possible.

The main observation underlying the “testing by implicit learning” paradigm
of Diakonikolas et al. [DLM™07] (see also [Ser1lll, DLMT08, (GOS™09]) is that a
large number of interesting classes C can be well approximated by (relatively)
small juntas also belonging to C. We explain these ideas by rephrasing them in
term of testing approximate isomorphism against certain subsets of juntas.

123
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The prototypical example is obtained by taking for C the class of s-term DNFs.
Let 7 > 0 be an approximation parameter (which for our purpose should be
thought of as polynomial in £/s). Any DNF term involving more than log(s/7)
variables may be removed from f, affecting only a 7/s fraction of its values; hence
removing all of them results in an s-term DNF f’ that is 7-close to f and depends
on only slog(s/T) variables (equivalently, f'is a slog(s/7)-junta). Let Junpy,
denote the subset of (k-junta) functions {0,1}" — {0,1} that depend only on
the first k variables. Since the class C is permutation-invariant (closed under
permutations of the variables), the foregoing observation can be rephrased as
follows: for any k > slog(s/7), the subclass Cj; = C N Juny, is such that every
[ € C is 7-close to being isomorphic to some g € Cpy (in short, distiso(f,Cpj) < 7).

On the other hand, for every f such that dist(f,C) = distiso(f,C) > ¢ it
also holds that distiso(f,Cjy)) > €, since Cyy C C. Hence, to solve the original
problem, all we need is to differentiate the two cases (i) distiso(f,Cjy) < 7 and
(i1) distiso(f,Cpy) > €.

Let us denote by f* the k-junta that is closest to f; f* can be identified
with its core, the Boolean function corey(f*): {0,1}* — {0,1} obtained from
f* by dropping its irrelevant variables. We saw in Chapter (3| that, by getting
random samples of the form (z,core,(f*)(z)) € {0,1}" x {0,1}, we can use
standard learning algorithms to identify an element g € Cjy) which is close to being
isomorphic to f* (if any), which essentially allows us to differentiate between the
aforementioned cases. The number of such samples required for this is roughly
logarithmic in ]C[k]] An important observation is that the size of Cy, 2¢0nJ ung
is usually very small, even compared to the size of Juny,, which is 22" For instance,
it is not hard to see that for the case of s-term DNFs, the size of Cj) is bounded
by (2k)*, which is exponential in k = slog(s/7), rather than doubly exponential.

It is in the way to obtain these samples that our approach departs from that
of [DLM™07]. We mention next the two main differences that, when combined
together, lead to better query complexity bounds. The first difference is in the
junta-testing part; both algorithms start with a junta tester to identify & disjoint
subsets of variables (blocks), such that every “influential” variable of the function f
being tested lies in one of these blocks. While [DLM™07] use the non-adaptive
junta tester, we switch to the query-efficient adaptive junta tester. The key is
the fact, proven in Section [3.7.1] that the tester of Blais is sufficiently tolerant
(the level of tolerance of the tester determines how large 7 can be, which in turn
determines how small k can be). The second (and the main) difference is in
sample extraction—the actual process that obtains samples from the core of f*.
In [DLM™07] sampling is achieved via independence tests with poly(k) queries,
whereas we saw in Chapter [3| how to accomplish this task by making just one
query to f (after some preprocessing).

ssues of computational efficiency are usually disregarded here; however see [DLM08].
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6.2 Notation

Given a function f: {0,1}" — {0,1}, we denote by f*: {0,1}" — {0,1} the
k-junta that is closest to f (if there are several k-juntas that are equally close,
break ties using some arbitrarily fixed scheme). Clearly, if f is itself a k-junta
then f* = f.

Unless explicitly mentioned otherwise, C will always denote a class of functions
f:{0,1}" — {0,1} that is closed under permutation of variables; that is, for
any f and permutation 7 of [n], f € C if and only if f™ € C. For any k € N, let
Ciy denote the subclass C N Juny,). Note that since C is closed under permutations
of variables, C is closed under permutations of the first k variables.

6.3 Upper bounds

Coupled with the prior discussion on testing by implicit learning, Theorem [3.5.6
implies:

6.3.1. COROLLARY. Let € > 0 and let C be an permutation-invariant class
of Boolean functions. In addition, let k € N be such that for every f € C,
distiso(f,Cp)) < thzm(k,€). Then there is an algorithm that makes

0 (k’(log k+ 1)+ log |C[k]|)

3

queries and satisfies:

o if f €C, it accepts with probability at least 7/10;
o if dist(f,C) > e, it rejects with probability at least 7/10.

To minimize the query complexity, we would like to pick k£ as small as possible,
subject to the requirement of the theorem. Let £*(C, 7) be the smallest £ € N such
that for every f € C, distiso(f,Cpy) < 7; intuitively, this condition means that C
is T-approximated by Cpj. We take from [DLM™07] the bounds on k* = k*(C, T)
and |Cp+| for the following classes of functions:

C (class) k2 k*(C,7) < ICpir| <
1 | s-term DNF's slog(s/7) (2s log(S/T))slog(s/T))
2 | size-s Boolean formulae slog(s/T) (25 log(s /7)) lo8(s/T)+s
3 | size-s Boolean circuits slog(s/7) 92s%+4s
4 | s-sparse polynomials over [y slog(s/7) (251og(s/T))*o8(s/7)
5 | size-s decision trees s (85)°
6 | size-s branching programs S s°(s 4+ 1)%
7 | functions with Fourier degree at 424 9d?22d

most d
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These bounds hold for any approximation parameter 7 > 0. But to make Corollary
applicable, we need to pick 7 and k such that the (circular) inequalities
T < Ogeg(k,€) and k > k*(C, 7) are satisfied.

For items 5,6,7 setting 7 = 0 does the job; the reason these bounds are
independent of 7 is the fact that the corresponding classes contain only functions
that actually are k*-juntas, rather than functions that can be well approximated
by k*-juntas. (For example, the fact that functions with Fourier degree d are
actually (d-2%)-juntas follows from a seminal paper of Nisan and Szegedy [NS92].)

For the first 4 items we can set 7 = fp(s,e)% It is easy to verify that
this satisfies the foregoing pair of inequalities. Furthermore, since fg-—(s,¢) is
polynomial in €/s, we get k = O(s(log s + log 1/¢)). Plugging the resulting values
into Corollary [6.3.1] we obtain the following query-complexity bounds:

Class This work | [DLM*07], [PRS02]™
s-term DNF's, size-s Boolean formulae, 5(3/5) 5(34/52)

s-sparse polynomials over Fy, size-s de-
cision trees, size-s branching programs

size-s Boolean circuits 6(32/5) 5(86/62)
functions with Fourier degree at most 6(22d /e) 19, (264 /¢2)
d

s-term monotone DNF's 5(3/5) 5(32/5)*

6.4 Lower bounds

In order to analyze how close to optimal our algorithms are, we in this section we
discuss lower bounds concerning the problems studied here.

For ease of exposition we make a slight generalization of the notion of k-
uniformity in Section We identify the set {0,1}" with the field with 2"

elements.

6.4.1. DEFINITION. Let D, .S be sets, S finite, and let C denote a class of functions
f: D — S. We say that C can generate k-wise independence if there is a
distribution D supported on elements of C such that the random variables
{f(z)}zep are k-wise independent and each of them is uniformly distributed
on S, i.e.,

Prif(e) =ai A f(as) = az A A flae) = au] = ST

for any k distinct x1,...,2, € D and any aq,...,a € S.

If |S| =2 and D = {0,1}", this is the same as saying that some distribution over
C is k-uniform. Clearly the class of all boolean functions f: {0,1}" — {0,1} can
generate n-wise independence (here S = {0,1}).
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The following observation is just a restatement of Definition [6.4.1] coupled
with Yao’s principle:

6.4.2. LEMMA. IfC can generate k-wise independence under distribution D, then
at least k + 1 adaptive queries are needed to distinguish, with probability > 1/2,
between a function f drawn from D and a uniformly random f: D — S.

We say class C is e-far from uniform if a uniformly random function f: D — S
is e-far from every element of C with probability larger than 2/3.

It follows that if C is both e-far from uniform and capable of generating k-wise
independence, then more than k queries are necessary for testing membership in
C to accuracy .

Now we give some examples of simple boolean functions classes on {0,1}"
fitting these definitions.

6.4.1 Low-degree polynomials over [y

6.4.3. LEMMA. Let Fy be the set of all polynomials p : F — Fy of degree at most
d. Then the uniform distribution over Fy is (241 — 1)-uniform.

In other words, polynomials of degree log(k+1)—1 over Fy can generate k-wise
independence.

Proof. It is enough to prove the following claim: for any set S C [} of size
|S| < 241 and any function f : S — FFy, there is a polynomial ¢ € F,; such that
ql¢ = f (this fact has been generalized in the works [KS05, BEHL09]). Indeed, if
the claim holds then

Pr [p

Prplg=/f1= Pr[(p®a)ly=0]= Pr ['l;=0],

p'E€Fq

since the distributions of p and p’ £ p @ ¢ are uniform over F,;. Therefore this
probability is the same for every f.

We prove now this claim by induction on |S| + n; it is trivial for |S| = 0
or n = 0. Suppose that, after removing the first bit of each element of S, we
still get |S| distinct vectors; then we can apply the induction hypothesis with S
and n — 1. Otherwise, there are disjoint subsets A, B,C' C {0, 1}”71 such that
S={0,1} x AU{0} x BU{1} x C, and A # 0.

We can find, by induction, a polynomial pyaopic of degree < d on n — 1
variables that computes f on {0} x AU{0} x BU{1} xC. As |S| = 2|A|+|B|+1C],
either |A| + |B| or |A| + |C] is at most % < 2% assume the latter. Then any
function g : AU C — F can be evaluated by some polynomial pc(y) of degree
< d —1; consider ¢g(y) =0 if y € C' and g(y) = f(1,y) — poaosic(l,y) if y € A.
Then the polynomial p(x,y) = poaosic(y) + xpac(y) does the job. |
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6.4.2 Small circuits

6.4.4. LEMMA. FEach of the following classes can generate n-wise independence:
boolean formulae of size poly(n), NC' circuits, and branching programs of size

poly(n).

Proof.  First observe that the class of all univariate polynomials of degree
< k — 1 over F can generate k-wise independence, because any degree < k — 1
polynomial over a field can be interpolated from its values on any set of k distinct
points, and the solution is unique. From this we can obtain a family of boolean
functions on {0,1}" that generates k-wise independence in the following way:
associate with each polynomial p: GF(2") — GF(2") of degree k — 1 the function
that, on input = € {0,1}", returns the last bit of p(x), by which we mean the
representation of p(z) € GF(2") as an n-bit string, which is uniformly distributed
among all field elements. (A different, slightly more efficient way, would be to
work on a field of size roughly 2" /n.) Clearly the resulting family can generate
k-wise independence.

By a result of Healy and Viola [HV06], field arithmetic over GF(2") is in TC"
(see also [Ebe89] for a weaker result). This is the class of polynomial-size, constant-
depth circuits with unbounded fan-in built up from threshold gates (as well as AND,
NOT and OR gates). It is known that TC? is contained in NC', which corresponds
to fan-in 2 circuits of polynomial size and logarithmic depth. Altogether this
means that it is possible to evaluate any t-term polynomial p € GF(2")[z] with an
NC' circuit of size poly(n, t), which is poly(n) if ¢ = poly(n). It is also known that
NC! corresponds precisely to the set of Boolean formulae of polynomial size, and
also to the set of functions computed by width-5 branching programs of polynomial
size by Barrington’s theorem [Bar89]. Summarizing, the last bit of polynomial
functions over GF'(2") of degree n (and therefore n+ 1 terms) can be computed by
boolean formulae of size n® and branching programs of size n¢ for some (small) c. O

As a corollary, we obtain a result of independent interest that says that functions
for which isomorphism testing is hard can have relatively simple descriptions,
providing a partial derandomization of Theorem [2.4.1]

6.4.5. THEOREM. Let 0 < ¢ < % and r € N. For large enough n, among
the functions f: {0,1}" — {0,1} for which e-testing isomorphism requires Q(r)
queries there are:

e functions of degree O(r) (over any field F fized in advance);
e n-variate polynomials of degree O(logr) over Fo;

e functions computed by circuits of size poly(r) and depth O(logr); or boolean
formulae of size poly(r); or branching programs of size poly(r).
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Proof.

e By Corollary [3.3.2] there are r-juntas with property stated. Any r-junta has
degree 7.

e Let us first consider the case r = n. In this case we can prove the result for
e < % By Theorem , it is enough to show that there is an n*-uniform
distribution among polynomials of degree O(logn); this is Lemma [6.4.3]
To show the general statement for r < n and ¢ < i, consider the set of
functions that depend on the first r variables. Among them there are pairs
of polynomials of degree O(logr) that are (r,2¢)-hard; then we can extend
them to functions on n variables and use Corollary |3.3.2] This extension

does not change the degree.

e Similarly, we can consider functions that depend on the first r variables and
then extend them to n; this does not affect circuit size, etc. So we need to
prove the case r = n, and again this is implied if we show that NC' circuits
(resp. formulae, branching programs) can generate n*-independence. This is

Lemma [6.4.4]

6.4.3 The bounds

The next theorem summarizes the lower bounds known.

6.4.6. THEOREM. The following lower bounds hold for the respective testing
problems (for some constant € and size parameter up to some polynomial of

1. size-s boolean formulae, branching programs and boolean circuits: poly(s).
2. functions with Fy degree d: 2%

3. s-sparse polynomials over GF(2): Q(s).

4. functions with Fourier degree d: Q(d).

5. s-term DNFs, size-s decision trees: §)(log s).

The first bound appears in [CGM11b]. The second one was previously known [AKK™03],
but we give a new proof. The bounds 3-5 are in [BBM11].

Proof.
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1. By Lemmas [6.4.2] and [6.4.4] we only need to prove that these classes are
Q(1)-far from uniform. This is easy to verify by counting.

2. By Lemmas|6.4.2] and the fact that a random function is {2(1)-far from
having degree < n/3.

3. This follows from the lower bounds for s-parities in Chapter [5], as any
s-parity is an s-sparse polynomial over Fy, and also far from being (s — 1)-
sparse [DLM™07, BBM11]. A (weaker) Q(4/s) lower bound is a consequence
of the lower bound of Theorem [5.1.3] and an €)(s) bound follows from the
Q(s) bound for distinguishing s-parities from (s —2)-parities (Theorem[5.1.5).

4. Again, it is enough to show that s-parities are far from having Fourier degree
< s; see [BBM11].

5. See [BBMI11].

6.5 Summary

We plugged in our sample extractor in the “testing by implicit learning” framework
of Diakonikolas et al. [DLM™07], improving the query complexity of testers for
various Boolean function classes. In particular, for some of the classes considered
in [DLM™07], such as s-term DNF formulae, size-s decision trees, size-s Boolean
formulae, s-sparse polynomials over Fy, and size-s branching programs, the query
complexity is reduced from O(s?/e?) to O(s/e). For most of these problems we
also supply lower bounds that are polynomially related to the query complexity
of our algorithms.



Chapter 7

Learning parities

The content of this chapter is based on the paper

e H. Buhrman, D. Garcia—Soriano and A. Matsliah. Learning parities in the
mistake-bound model. Information Processing Letters, 111(1):16-21, 2010.

7.1 Overview of learning theory

Just as we studied the problem of isomorphism to parities under the property
testing viewpoint in Chapters [2] and [5] we consider now the similar problem from
the learning perspective (in the noiseless setting). We assume some familiarity with
computational learning theory; refer to the book of Kearns and Vazirani [KV94]
for an easily readable introduction to the field. Nevertheless, for the benefit of
the reader we give here a condensed and somewhat informal account.

7.1.1 Mistake-bounded learning and equivalence queries

In learning one is interested in a certain concept class C of objects to which the
learning algorithm applies. Here we will always take C to be a subset of boolean
functions. The mistake-bound model of learning is an online model introduced
by Littlestone in [Lit88]. In this setting learning proceeds in rounds. A target
function f € C is selected arbitrarily by the “teacher” and is unknown to the
“learner”. In each round the teacher provides an unlabelled example z € {0,1}",
and the learner must predict the value f(z). Then the learner is told the correct
value of f(z), according to which it can update its current hypothesis, i.e., the
process whereby the future predictions will be made. The mistake bound of the
learner, with respect to a target function f, is the worst-case number of mistakes
that it makes over all (arbitrary, possibly infinite) sequences of examples. The
mistake bound on a concept class C is the maximum of the mistake bounds taken
over all possible target functions f € C.

131
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The discussion so far ignores the running time of the learner. In order to
quantify the behaviour of learning algorithms with respect to the input size, we
need to consider a sequence of concept classes C,,,n € N, one for each input size n
(the value of n being known by the learner). In this chapter we will always assume
C, is a collection of boolean functions on {0, 1}".

7.1.1. DEFINITION. We say that the class C = |J,,cy Cy is learnable with mistake
bound M = M (n) and running time per round t = t(n) if there is a learner L that
on each example x € {0,1}" runs in time ¢(n) and outputs its guess for f(x), and
has mistake bound at most M (n) on C,.

We say that C is efficiently learnable with mistake bound M if in addition

t(n) = poly(n).

It is easily seen that, up to one additional query, this model coincides with
that of Angluin [Ang88|] on learning with equivalence queriesﬂ

Note that the learner may never know if its current hypothesis is a good
approximation to f in some sense (unless M mistakes have already been made).
For instance, suppose that the teacher gives the same example over and over again.
For this particular sequence of examples, any non-trivial learner will make one
mistake at most, but usually this will not allow us to learn anything about how f
behaves on other inputs.

7.1.2 PAC learning

The Probably Approximately Correct (PAC) model was introduced in the seminal
paper of Valiant [Val84] and has since attracted a lot of attention from researchers
in learning theory. In spite of being the first model defined it is a bit more
complicated to describe. Here we additionally need to refer to a hypothesis class H
of boolean functions; it represents the possible hypotheses the learning algorithm
may output. We assume that H O C, but in general H does not need to coincide
with C, and the choice of H has a significant impact on the learning complexity.
(When H = C, the learner is called proper.)

The PAC model is a model for “batch” learning: the learner trains on some
fixed dataset, and with this information it constructs a hypothesis that is hopefully
“good”. The dataset consists of labelled samples of some concept f € C,, by which
we mean a pair (z, f(x)), where 2 € {0,1}". The input z in these samples come
from some unknown distribution D over {0,1}". When the learner L has collected
enough data, it outputs a representation of a hypothesis h € H that must, with
high probability, be close to f. (The representation of A must be polynomial-time
evaluatable: given x, the value of h(z) must be computable in polynomial time.)

'Here the learner does not receive a particular input = to try to guess f(z); instead, it is
allowed to ask “equivalence queries” whereby it tells the teacher a representation of its guess
h for the entire function f. The teacher then tells the learner whether the guess was correct
(h = f), and if not the teacher provides a counterexample, meaning an input « with f(x) # h(x).
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A confidence parameter § € (0, 1) controls the error probability of the algorithm,
whereas an error parameter € controls the error of the hypothesis h. Since we
trained the algorithm with examples from D, we can only hope for h to be a good
approximation to f for random inputs drawn from D. In other words, we want to
have distp(f, h) < e with probability at least 1 — §, where

distp(f,h) = Pr [f(z) # h(zx)].

x~D

7.1.2. DEFINITION. We say that the class C is PAC-learnable using H if there
exists an algorithm L that is provided with two real numbers d,¢ and has the
following property:

For every concept f € C, every input distribution D, and all 0 < &,0 < 1/2, L
outputs a hypothesis concept h € H that, with probability at least 1 — 9, satisfies
distp(f, h) < e.

The probability is taken over the random samples and the internal random
coin flips of A.

In order to define efficient PAC learning, we fix a “reasonable” representation

scheme for the elements of H and let size(h) denote the length of the shortest
description of h € H under this scheme. Note that size(f) is a lower bound on
the running time of a learner when presented with target f, because at the end of
the day the learner must output a representation of its hypothesis.

7.1.3. DEFINITION. We say that the class C = |J,,o Cr is efficiently PAC-learnable
using H if there exists a learner L for C that, when learning a target function
f € C,, runs in time poly(n, 1/e,1/6,size(f)); and moreover the hypothesis h € H

output by L can be evaluated on any given input in time polynomial in n and
size(h).

Note that the learning must work under any distribution D. Sometimes this
requirement is weakened so the tester only needs to work for a specific D.

If we disregard the efficiency requirements, there is a tight characterization
of the complexity of PAC learning in terms of the so-called Vapnik-Chervonenkis
dimension of the class.

7.1.4. DEFINITION. Let C be a concept class of boolean functions on some domain
A. For a sequence of inputs S = (z1,...,x,) € A™, define

Then S is said to be shattered by C if TI¢(S) = {0,1}™, i.e., any assignment of
answers to the elements of S is consistent with some f € C.
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(If we agree on an ordering of the input domain A, we can speak of sets of inputs
instead of sequences, as is usually done.)

7.1.5. DEFINITION. The VC dimension of C is the cardinality of the largest set
of inputs shattered by C, or oo if there are arbitrarily large shattered sets.

7.1.6. THEOREM (SEE [KV94], THEOREMS 3.3 AND 3.4]). Let C be a concept
class of VC dimension d. Then C can be PAC-learned with sample complezity

d 1 1 1
O(—log——l——log—)
€ e € 1)

On the other hand, any PAC learner for C must use Q(d/e) examples in the worst
case.

There are standard conversion techniques that can be used to transform any
mistake-bounded algorithm into a PAC learning algorithm. These transformations
preserve the running time of the mistake-bounded algorithm, and the sample size
required by the PAC algorithm is equal to the mistake bound, up to constant
factors that depend on its approximation and confidence parameters.

7.1.7. THEOREM (ANGLUIN [ANGS8S]; LITTLESTONE [LI1T89]). Any algorithm
A that learns C in the mistake-bound model with mistake bound M and mazimum
running time per round t can be converted into an algorithm A’ that learns C
in the PAC model using a sample set of size O(%M + %log %) and running time
O(%Mt log %), where € and § are the approximation and confidence parameters

of A'.

Let us briefly mention how the PAC learner constructed operates. First, it takes
@(% + %log %) random samples, and runs the mistake-bounded learner on them.
Without loss of generality, the learner only changes hypotheses after a mistake, so
at most M hypotheses are produced. The PAC learner then draws a new set of
O(% log %) samples, uses it to test the validity of each hypothesis, and selects the
best. We omit the proof.

These conversion techniques imply that positive results for mistake-bound
learning, in particular those given in this chapter, directly yield corresponding
positive results for PAC learning. We mention here that no such conversion is
known in the opposite direction. In fact, Blum [Blu94] proved that under widely
held assumptions (namely, the existence of one-way functions) the mistake-bound
model is strictly harder than the PAC model.
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7.1.3 Attribute-efficient learning

The study of attribute-efficient learning was initiated in the same paper introducing
the mistake-bound model [Lit88]. A learning algorithm L for C in the mistake-
bound model is attribute-efficient if all the foregoing conditions are met and
the mistake bound of A on any f € C' is bounded by a polynomial in size(f),
independent of n. Similarly, an algorithm A for learning C in the PAC model is
attribute-efficient if the sample size required for A to learn the target function
f € C is polynomial in size(f),1/6,1/e.

7.2 General observations

One of the long-standing open questions in both the mistake-bound and the
PAC learning models is whether parities can be learned attribute-efficiently in
polynomial time [Blu96]. With each vector fe {0,1}" we associate a parity
function f: {0,1}" — {0,1} defined by f(z) = (f,z) £ 3", fiz; mod 2 for all
x € {0,1}". As any two parities are 1/2-far apart, learning a parity function with
€ < 1/2 can be thought of as identifying the corresponding n-bit vector f. With a
slight abuse of notation, from now on we will denote by f both the parity function
f:4{0,1}" — {0,1} and its corresponding vector fe {0,1}"; in particular we may
for instance write |f| for the Hamming weight of f. The concept class PARZ, is
defined as the class of all parity functions of Hamming weight at most k. We will
also refrain from explicitly mentioning n throughout the chapter so we will write
PAR< instead. The description length of any function f € PAR< is O(klogn),
and thus ideally we would like to have poly(n)-time algorithms that learn PAR<
with a mistake bound (respectively sample size) of poly(klogn). This would
correspond to attribute-efficient learning as defined above.

It is well known that, in exponential time, PAR<; can be learned attribute-
efficiently in the mistake-bound model (and hence in the PAC model too). A simple
algorithm with mistake bound at most k£ logn is the halving algorithm. It maintains
a set H C PAR<;, of candidate parity functions, and given an example z, it predicts
Maj{h(z) | h € H}. Whenever a mistake is made, all “wrong” candidates (of
which there are at least |#|/2) are removed from #. If initially the set H was
set to be PAR<g, then after at most log |PAR<,| < klogn mistakes the function f
is learned. The running time of the halving algorithm is dominated by the time
needed to compute the predicate Maj {h(x) | h € H}. A naive computation of this
predicate requires |PAR<y| > (Z) steps, and in fact the running time of all known
algorithms that try to compute or approximate this predicate is super-polynomial
for any k = w(1).

The question of learning juntas efficiently in the PAC setting under the uniform
distribution was raised by Mossel, O’Donnell and Servedio [MOS04]. They showed
that k-juntas are PAC-learnable under the uniform distribution in time roughly
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ns+1" . poly(2¥, n), which is approximately n®7* (here w < 2.373 is the exponent

in the time bound for matrix multiplication [CW90, [Sto10), Willl]). As PARy is
a subset of the class of all juntas, this applies to parities too and yields, in this
particular case, an improvement over the halving algorithm in terms of running
time.

On the other hand, if we pay no attention to efficiency issues it is possible to
show that the halving algorithm is optimal for parities with regard to the sample
complexity /mistake bound (though it is known not to be optimal in general; see
[Lit88] for counterexamples). The reason is that any subset of PAR" forms a
list-decodable code (for more detailed accounts on what this means see, e.g., the
surveys of Trevisan [Tre04] and Sudan [Sud01]).

7.2.1. THEOREM.
Let C CPAR" and 0 < e < 1/2,8 < 1/6. Then any PAC learner for C must draw
Q(log (IC| - 6(1/2 —¢))) samples, even under the uniform distribution.

In particular, the VC dimension of PAR, is ©(log (Z)), and any mistake-
bounded learner for PARy, must make Q(log (})) mistakes in the worst case.

Proof.  For the first part, assume there is a PAC learner for C using ¢(d) samples.
With probability 1 — 4, its hypothesis h is e-close to C (although it need not be
a linear function). Let o = 1/2 —e. There is a well known bound of 1/(4a?) on
the number of Hadamard codewords (elements of PAR") at distance < ¢ from any
given h; it can be easily proven by analyzing the Fourier coefficients of h (see
[Wol08]). By Occam’s razor (Theorem 2.2 in [KV94]), we can reduce the number of
candidates from O(1/a?) to one with O(log(1/(da?)) additional samples and error
probability ¢. Finally we can test for equality with the single remaining candidate
with confidence ¢ with O(log(1/d)) samples. All in all we get an algorithm that
draws ¢(6) + O(log(1/(ad)) samples and with confidence 1 — 36 > 1/2 manages
to exactly identify f € C. Yet a straightforward information-theoretic argument
shows that the latter task needs at least log |C| — 1 samples, hence the lower bound.

For the “in particular” part, note that VCdim(C) < log |C| always holds, and
the inequality VCdim(C) > Q(log |PARg|) follows from the first part and the upper
bound of Theorem after setting constant values for §,e. Finally recall that
PAC learning lower bounds imply mistake-bound learning lower bounds by virtue

of Theorem [7.1.7] O

On the other hand, with a mistake bound of n (respectively, a sample set of size
O(n)), parities can be learned straightforwardly in polynomial time: one can check,
for each new example, whether it is a linear combination of the previous ones; if it
is, we output the appropriate linear combination of the previous answers. At most
n mistakes will be made since this is the size of a maximum linearly independent
subset of {0,1}". We will call this the trivial algorithm (see also [Blu96]). Just
which tradeoffs are attainable between a learner’s running time and its mistake
bound is one of the driving questions we investigate in this chapter.
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7.3 Results and related work

Despite the simplicity of these algorithms, no other methods for learning parities
in the mistake-bound model were known prior to this work. In particular, it was
unknown whether w(1)-parities could be learned in polynomial time with o(n)
mistakes. Our main result (stated next) is the first step in this direction.

7.3.1. THEOREM (BUHRMAN ET AL. [BGM10, MAIN RESULT]).

Let k,t: N = N* be two functions satisfying k(n) < t(n) < np] For everyn € N
(and the corresponding integers k = k(n) and t = t(n)) there is a deterministic
algorithm that learns PAR<y in the mistake-bound model, with mistake bound

k[%7 + Mlog (;)] and running time per round O((,i) (lm/t)Q)

Let us examine a few interesting values for the parameters in Theorem [7.3.1]
For example, putting £ = logn/loglogn and t = logn yields mistake bound
of O(n/loglogn) and running time per round O(n?t°M). More generally, it is
interesting to find out when PAR<; can be efficiently learned with o(n) mistakes.
On the other hand, we saw in Section|7.2| (from arguments using the VC dimension)
that for k = 2(n) it is impossible to learn PAR<; with sublinear mistake bound,
even disregarding computational efficiency. So we only need to consider the case
k = o(n). Recall that the running time of the halving algorithm is at least
(Z), which is super-polynomial for any super-constant k, and is 2*1°8™) for any
positive k = n'~2M) In the following we show that, with appropriate parameters,
our main theorem can be used to outperform the halving algorithm. Specifically,

e for any k = o(logn), PAR<; can be learned with o(n) mistakes in polynomial
time;

o for any k& = o(n), PAR<; can be learned with o(n) mistakes in time =~
20(k+logn).

The two items above are formalized next.

7.3.2. COROLLARY (CASE k = O(logn)).
For any w(1) < k = O(logn) and ¢ € N, define t = t(n) = f'm—:/k} (for large
enough n). Then PAR<y can be learned deterministically with mistake bound

O(n'=¢/*) and running time per round O(n+t>=2¢/¥). Consequently (see Theorem

[7.1.7), PAR<y, can be learned deterministically in the PAC model with O(n'~¢/*)
samples and running time O(n>+e=3¢/F),

In particular, if k = o(logn) then the mistake bound (sample size) is o(n).

2We assume that the functions k(n),t(n) are computable in O(n?) time.
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7.3.3. COROLLARY (CASE k =o0(n)). For any w(l) < k = o(n) let t = t(n) =
o(n) be an arbitrary function with growth rate w(k). Then PAR<y can be learned
deterministically with mistake bound O(kn/t + klog +) = o(n), and total running
time 20(klog %-Hogn)'

Consequently (see Theorem , PAR<y can be learned deterministically

in the PAC model with O(kn/t + klog£) = o(n) samples and running time
20(k log %-Hog n) ]

For example, if t = klog k then the running time is 20(*loglogk+logn)

In addition to the corollaries above, observe that Theorem ﬂ with ¢ = s
gives the same mistake bound as the halving algorithm with slighfly better running
time. Similarly, we can obtain the features of the trivial algorithm by setting

k=1t=n.

7.3.1 Learning parities in the PAC model

In the PAC model, Klivans and Servedio [KS06] were the first to show non-trivial
algorithms for learning parities with sample sets of sublinear size. (They attribute
the second item of the following theorem to Spielman, although it seems to have
previously appeared in the literature, e.g., [HB01].)

7.3.4. THEOREM (KLIVANS & SERVEDIO [KS06]).

1. PAR<; can be learned in the PAC model with O(n'~Y/*logn) samples in time
O(n?).

2. PAR<y, can be learned in the PAC model with O(klogn) samples in time
O(nl*/21).

Since our main theorem holds in the harder mistake-bound model, using the
standard conversion techniques (Theorem [7.1.7)) it also implies results similar
to those in Theorem [7.3.4] even with improved parameters. In particular, from

Corollary (with ¢ = 1) and Corollary we get the following.
7.3.5. THEOREM (BUHRMAN ET AL. [BGM10]).

1. PAR<; can be learned in the PAC model with O(n'~Y*) samples in time
O(n*=3/*logn).

2. PAR<; can be learned in the PAC model with o(n) samples in time =~
20(k+logn).
In the first item, the number of samples required by our algorithm is improved

by a factor of logn, and the running time is improved by a factor of n**. As

for Item 2, our algorithm requires more than O(klogn) samples (although still
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o(n)), but its running time is reduced to ~ 20+1°8™) compared to the 2%(klogn)
time required by both the halving algorithm and the algorithm from Item 2 of
Theorem [7.3.4 In addition to these features, our algorithms are deterministic
whereas the algorithms from [KS06|] are probabilistic.

7.3.2 Extending the O(n*/?) algorithm to the MB model

The second item in Theorem improves on the halving algorithm, bringing
down the running time to roughly O(n*/?), but it still uses a sample set of the same
size (up to constant factors). It is natural to ask whether such an improvement
is attainable in the mistake-bound model too. Our main result does not directly
imply such an improvement; however, using similar ideas it is possible to extend
Item 2 of Theorem to the mistake-bound model as well. Specifically, the
following theorem is proved in Section

7.3.6. THEOREM. PAR<j can be learned in the mistake-bound model with mistake
bound O(klogn) and mazimum running time per round O(n!*/21).

After our work, algorithms with similar time complexities for the noisy
version of this problem have been studied by Grigorescu et al. [GRV1I] and
by Valiant [Vall2].

7.4 Proof of the main theorem

The algorithm from Theorem is based on an idea that was recently used by
Alon, Panigrahy and Yekhanin, who gave elegant deterministic approximation
algorithms for the Nearest Codeword and Remote Point problems (see [APY09)
for details). First we outline the main idea in this algorithm, and then provide its
formal description together with the proof.

7.4.1 Informal description of the algorithm

Recall that, in the halving algorithm, a set H of candidate parity functions is
maintained, and given an example x, the prediction of the learner is

Maj{h(x) | h € H}.

The problem with this method is that for any & = w(1), the initial set H = PAR<
is of super-polynomial size, and we have no efficient algorithm to compute the
majority vote.

In order to overcome this problem, we use a special set of affine spaces that
enables a compact representation of (a superset of ) the candidate parity functions,
while at the same time enabling efficient approximation of their majority vote,
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for any example x. Specifically, our learning algorithm begins by obtaining a set
of affine spaces Ny, Ny, --- C {0,1}", at least one of them containing the target
parity function f. In every step of the the learning process, these sets of affine
spaces are updated according to the response given by the teacher. The way these
updates are performed guarantees:

e the running time is polynomial in n and linear in the number of affine spaces

Ni;

e after every mistake, some sets IN; get shrunk, so that the quantity >, |V
is at least halved (this is ensured by approximating the majority vote);

e the target function f is never removed from any N;.

Since ) . |N;| > |UU, NVi|, after at most a logarithmic (in ), |N;|) number of
mistakes the target function f is the only element left in J, IV;, and hence f is
learned.

7.4.2 Formal description and proof

Fix n and ¢ = ¢(n). Define S C 211 as S = {s C [t] | |s| = k}, hence |S| = ().
Let m = C1,...,C, be an equipartition of {ej,es...,e,} (the standard basis of
{0,1}") into t parts. For every s € S we define the linear subspace (over F%)
M, = span(Uy), where Uy is a set of unit vectors defined as

méU@

1€Ss
That is, M, consists of all binary vectors whose nonzero entries belong to the

parts that are indexed by the elements of s. Notice that for every s € S, M, is a
span of at most k[%] vectors, and hence

|M,| < okfn/t]

Let ¢ = k[™]. For every affine space N C {0,1}", 2 € {0,1}* and » € {0, 1}, we
define the affine space N(z,z) £ {y € N | (y,2) = z mod 2}. Given = € {0,1}",
z € {0,1} and a representation for N as a system Lin of independent linear
equations in triangular form, the corresponding representation of N(z,z) (and
the cardinality |N(z, z)|) can be computed in time O(¢?). This is done by adding
¥ =zxzUz € {0, 1}Hl as a row to Lin®" and performing only one step of the
Gaussian elimination procedure to bring the matrix back into triangular form.
Notice that this procedure has three possible outcomes:

(i) ' is inconsistent with Lin™, and hence |N(z, 2)| = 0;

(ii) 2’ is a linear combination of equations in Lin®, and hence |N(x,2)| = |N|;
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(iii) 2’ is linearly independent of Lin®, and hence |N(z, 2)| = |N|/2.
7.4.1. PROPOSITION.

1. Every f € {0,1}" with | f| < k is contained in |J,cq Ms;

2. |Uses M| < (3)2811.

3. Let {N, | s € S} be a family of affine subspaces of {0,1}". For any x €
{0,1}" there exists z € {0,1} for which >, ¢ |Ny(z,2)| > 3> .5 |N|.

Proof.

1. This follows from the fact that every set of k unit vectors is contained in
the union of some d < k subsets Cj,, ..., C;, in the partition 7. Let s C [t],
|s| = k be a set that contains iy, ...,iq. Then f € Mj. .

2. |UseS Ms’ < ZSES |Ms‘ < (2)2“”/'5\

3. This is a consequence of the equality |Ng(z,0)| + |Ns(x, 1)| = | Ng|.

The learner proceeds as follows:

Initialization:
Obtain a system of equations describing each of the linear spaces M, as
defined above; and then initialize the affine spaces Ny = M, for all s € S.

On example z € {0,1}":
Compute ng = Y ¢ |Ns(,0)] and ny = ) ¢ |[Ng(x,1)|. If ng > n; output
0, else output 1.

On answer [ = (f, x):
Update N, := Ng(z,1) for each s € S.

It might be helpful for the reader to think that each M, runs an independent
instance of the trivial algorithm of Section [7.3] Each instance assumes that
all relevant parity bits of f belong to the corresponding M, and N; is the set
of candidates (parities consistent with the answers to previous examples) left
under this assumption. Some of these candidate sets will vanish as new values
of f are learned, but at least one of them contains f and hence will always
remain non-empty. The prediction made by the algorithm can be viewed as a
weighted majority of all “surviving” instances, where the weight of an instance
is proportional to the number of candidates left for it. Thus, whenever a new
sample is, when restricted to a set My, linearly independent of the prior ones,
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we “penalize” the sth instance by halving its weight; while if the new example is
inconsistent we remove the sth instance from consideration.

Proof of Theorem First notice that the invariant f € (J, g Ns holds
at any stage of the learning algorithm. Initially it holds by Item [I| of Proposition
and every time the algorithm shrinks the sets Ny, only elements that are
not equal to f are removed.

Since all the subspaces N, contain vectors of Hamming weight at most £ = k[ %],

we can treat them as affine subspaces of {0, l}é by truncating all their irrelevant
coordinates. In addition, for any N, an example z € {0,1}" can be truncated to
the corresponding ¢-bit vector by removing all the irrelevant coordinates (with

respect to Ny). Making this observation, the O <(f€) (kn/ t)2) bound on the running

time (per round) of the algorithm now follows from the remarks above on Gaussian
elimination and the fact that S| < ().

Finally, we have to show that the number of mistakes that the learner makes is
bounded by k[%]+ [log (;)]. Notice that by the definition of the output value, and
by Item [3| of Proposition every time the learner makes a mistake the quantity
> ses | IVs| reduces by a factor of at least 2. Since at every step 0 < |Us€S Ns| <
> .cs | Vs, and since initially we started with Y- o |Ny| = > o [ M| < ()21
(see Item [2] of Proposition [7.4.1)), after at most

log (ZE; |M8|) sk EW " Pog (’iﬂ

mistakes the size of | J .4 Vs will decrease to 1, which by the invariant above will
imply that (J,.q Ns = {f}, and the learner will no longer make any errors. |

7.4.3 Optimality of the system of affine spaces

To recap, we have constructed a set A of m = (,’;) affine spaces of dimension
d=kn/t < % that together “cover” all vectors of weight < k, in that every
such vector belongs to one of the elements of A. The mistake bound we get is
log > 4c 4 |A| =logm + d < logm + 3n/m'/*. One may ask whether this value
can be improved upon by finding a better system of affine spaces. It turns out
that such a possibility can be ruled out:

7.4.2. PROPOSITION. Let 1 < k < n/100 and suppose A is a collection of m <
(ﬁ)k affine spaces over {0,1}" such that every x € {0,1}" with |z| < k belongs
to some A € A. Then

n
log (Z |A\) > logm + Ewys

AeA
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7.4.3. LEMMA. If V € {0,1}" is an affine subspace of dimension d, then the
number of vectors in V' of weight at most k is upper bounded by

()= 0)+ ()= ()

Proof. AsV is a d-dimensional affine subspace, there is a set D C [n], |D| =d
such that the projection 7p(x) of each element x € V onto the coordinates
of D uniquely determines z. Consider the set V, £ {z € V | |z| < k} and write
(Vi) 2 {mp(x) | © € Vi }; we have just seen that |75 (V4)| = |Vi|. But no element
of mp(Vi) has weight greater than k by construction, so |7p(Vj)| < Zf:o (‘j) O

Proof of Proposition Write A = {4,,...,4,} and d; £ dim 4;, so
|A;| = 2%. In order to cover all vectors of weight at most k, simple counting
(along with the preceding lemma) tells us that the following inequality must hold:

Suppose there are r subspaces of dimension larger than 2k and let dy, ..., d, >
2k > d,y1,...,d,,. For the small subspaces we can compute Zd <ok (d ) < m4k.
Hence

> (L) = ()= (L) - G)'

i=1
by our bound on m. Together with the well-known inequality (a/b)® < (¢ b) <
(ae/b)®, this implies that

Sz (3) - () 2 (5)"

The function f: [e*~1 oo] — RT defined by f(z) = (log x)¥ is concave if k > 1,
therefore Jensen’s inequality [CT91] applied to the sequence {2%};,) yields

1 — 1 1 /n\Fk
— § . > E N> [ =
! (r i=1 fz) - Tia flo) = " <3> 7
from which one obtains (by taking kth roots)

A n
log<z 2dz> >log7“—|—3 TR _logm+3 TR

d;>2k

where the last step made use of the fact that the function g(r) = logr + n/(3r'/*)
is decreasing in a range containing [1, m]. O
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7.5 Analysis of the O(n"/?) algorithm

As mentioned previously, the possibility to improve the running time of the halving
algorithm to roughly O(n*/?) has been noted by several authors [KS06, [HBO].
In this section we explain how to extend the ideas to derive a mistake-bounded
algorithm.

Proof of Theorem [7.3.6,  Let A = PAR<[i/21 X PAR<[;/5. Then |A| =
O(n**1). We can associate each element (p,q) € A with the “parity pair” p @ ¢;
each parity r € PAR<; will then correspond to several pairs in A, namely those
such that r(z) = p(z) ®q(z) for all z € {0,1}". Thus, we can view A as a multiset
of < (k+ 1)-parities (as well as a set of parity pairs). The answer of a parity pair
(p,q) on x is defined as p(x) ® q(x).

We will show that, given any input x, we can compute the majority vote
of the answers of all parity pairs in A that agree with all previous examples in
O(n'*¥/21) time, effectively simulating the halving algorithm over the multiset A.
This implies that the number of mistakes will be bounded by log|A| = O(klogn).

In order to compute this majority, it is enough to know how many parity
pairs in A are consistent with all the examples seen so far and would output
0 for the new example (and how many of them would output 1). Assume we
have been given the examples © = x1, 2z, ..., 2,1 € {0, 1}"X(m_1) with answers
Y=y, Y2 Ymo1 € {0,1}Y"", together with the new example z,, € {0,1}",
and we are required to output our prediction for f(x,,), where f is the unknown
parity function. Let a £ 11y ... ym_10 be the m-bit vector that contains the
answers to all previous m — 1 examples and whose last entry is 0 (representing
that we are trying to count how many consistent parity pairs would answer 0 for
Tp,). Each parity p € PAR</2) will give an answer for examples 1, ..., Tym—1, T}
let p(z) = p(zy)p(zs) ... p(x,) € {0,1}™ be their concatenation. Consider the
multisets

V £ {p(z) | p € PAR<op}

and
W, £ {p(z) ®a|p € PAR< 2}

(where @ denotes bitwise addition mod 2). Sort the multiset V U W, in, say,
lexicographical order, keeping track of whether each vector comes from V or from
W,. For each range of (consecutive) equal elements in the sorted sequence V U W,
(equal to some vector ¢ € {0,1}™), count how many of them are from V' and how
many are from W,; call these numbers r and s respectively. What this means is
that there are [k/2]-parities p1,pa,...,Pr, q1,-- ., ¢s such that

c=pi(z) =paz) = =p(r) =q(r) Da= @) Da="-=q(r) Da,

and py,...,p, are distinct (as are qi, ..., qs).
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Thus, there are exactly rs pairs of parities in PAR<[2] such that p(z)®q(x) = a
and p(x) = c¢. For each range of equal elements in the sorted sequence V U W,,
we will find a possible value of ¢. Summing rs over all these ranges we obtain
the number of pairs (p, q) € A such that p(z) ® q(z) = a. We can compute this
in linear time by making one pass over the sorted sequence. We can similarly
compute the number of parity pairs consistent with previous examples that output
1, and then predict the bit that agrees with the majority of consistent parity pairs.

For the implementation, note that we can go through all PAR<f; /27 parities

and compute their answers on x,, in O (( <UZL/2W)> time (a naive implementation

might give an additional factor of n, but this factor can be avoided with some care,
for example by backtracking). Note also that before any example has been given,
the sequence V U W, can be regarded as a multiset of empty vectors, and is thus
sorted; and given a new example, if we keep the multiset V' U W, corresponding to
our answer from the previous round, we can update the sequence in O(|V]) time
by performing one step of radix sort, since it is already sorted with respect to the
first m — 1 bits and we only need to sort it with respect to the newly computed bit
(the answer of the parity to x,,), which we can consider the most significant one.

Hence, the total running time per round is O(|V]) = O ((K’?/ﬂ))' O

7.6 Summary

We developed new deterministic algorithms for learning parities in both the
mistake-bound and the PAC models of learning. For the mistake-bound model we
showed the first efficient algorithm that learns k& parities for non-constant k& while
making a sublinear number of mistakes.

The mistake bound of our algorithm is still far from the value achieved by the
halving algorithm. It remains a major open problem to determine whether parities
can be learned attribute-efficiently in polynomial time. The halving algorithm has
no known efficient implementation, but if P = NP it can be converted into one that
runs in polynomial time, and has approximately the same mistake bound. (This
follows from the result of Stockmeyer [Sto83] that if one is provided with access to
an NP oracle, then it is possible to use a randomized polynomial-time algorithm
to approximate, to within a constant factor, the number of solutions to an NP
predicate.) Two possible avenues of research remain open: either construct an
efficient algorithm with improved mistake bound (ideally approaching the bounds
of the halving algorithm), or show that the existence of such an algorithm is
unlikely by relating it to hardness assumptions from classical complexity theory.






Chapter 8

Monotonicity testing and shortest-path
routing

The content of this chapter is based on the paper

e J. Briét, S. Chakraborty, D. Garcia—Soriano, and A. Matsliah. Monotonicity
testing and shortest-path routing on the cube. Combinatorica, 32:1-19,

2012. Earlier version in Proceedings of the 14th International Workshop on
Randomization and Computation (RANDOM), pages 462-475, 2010.

8.1 Introduction

Testing monotonicity of functions [DGLT99, [Ras99, (GGLT00, [EKK™00, [Fis04,
FLN™02, [AC06, Bha08, [HK08] is one of the oldest and most studied problems in
Property Testing. The problem is defined as follows: Let D be a finite, partially
ordered set (poset) and let R C Z. A function f: D — R is monotone if for
every (comparable) pair z,y € D, x < y implies f(z) < f(y). By the standard
definitions, a function f is e-far from monotone if it has to be changed on at
least an e-fraction of the domain D to become monotone. A one-sided (g, ¢)-
monotonicity tester for domain D and range R is a probabilistic algorithm that,
given oracle access to a function f: D — R, satisfies the following: (a) it makes at
most ¢ queries to f; (b) it accepts with probability at least 2/3 if f is monotone;
(¢) it rejects with probability at least 2/3 if f is e-far from monotone.

The simplest monotonicity testers are those which specify all their queries in
advance (non-adaptively) and reject if and only if the responses reveal a violation,
ie., if f(x) > f(y) for some comparable pair x < y of points from D. These non-
adaptive testers with one-sided error are the only ones considered in this chapter,
unless explicitly stated otherwise. We note that nearly all known monotonicity
testers are non-adaptive and have one-sided error. Furthermore, it is also known

147
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that if D is totally ordered then non-adaptive testers with one-sided error are as
powerful (in terms of query complexity) as general ones [Fis04].

For general domains D, Fischer et al. [FLN"02] proved that testing mono-
tonicity is equivalent to several natural problems, including testing certain graph
properties and testing assignments for boolean formulae. Domains of the form
{0,1,...,m}", however, received most of the attention [DGL™99, EKK™00, GGL™00,
Fis04, Ras99, Bha08, BGJT09a, BGJT09b]. Here the order relation x < y is
defined to hold for z,y € {0,...,m}"™ when x; < y; for all i € [n]. In this chapter
we focus on a well-studied subcase of the above, where m = 1: integer-valued
functions with domain {0, 1}".

8.2 Preliminaries

Recall from Section that H, = (V,, E,) is the graph of the directed n-
dimensional hypercube.

Given R C Z, a finite poset (D, <), and a function f: D — R, we say
that a pair (z,y) € D x D is violated by f if x < y and f(z) > f(y). An
edge is a pair (z,y) € D x D with x < y and such that there is no z with
x < z <y; when (D, <) = (V,, ), this is tantamount to saying that (x,y) € E,.
The set of all violated pairs of f is denoted Viol(f), and the set of all violated
edges is denoted EdgeViol(f). Clearly, the function f is monotone if and only if
Viol(f) = EdgeViol(f) = 0.

We denote by e (f) € [0, 1] the relative distance of f from being monotone,
i.e., the minimum of Pryep[f(xz) # g(x)] taken over all monotone functions
g: D — R (the minimum exists even if R is infinite, but we shall not need this).
Let 0p/(f) € [0,1] denote the fraction of edges violated by f; for the hypercube
poset this is |EdgeViol(f)| /| E.| = |EdgeViol(f)| /(n2"1).

8.2.1. DEFINITION. A non-empty set P C V,, x V}, of £ pairs {(s%,#!)}{_, is called
a source-sink pairing (of size (), with sources s',...,s* and sinks t',... t* if

e s' Ct'forall i€ [(] and
o s' £ sl stA I and tt £ I for all i,j € [(], 1 # j.
P is aligned if in addition |s!| = |s?| and |t!| = |¢/| for all 4,5 € [£].

Notice that P is a source-sink pairing if and only if it forms a (partial) matching
in the transitive closure of H,,. Throughout this chapter we denote by P only sets
of pairs that form a source-sink pairing, even when not explicitly mentioned.

A (directed) path in H,, is called a P-path if it connects some source s° from
P to its sink t*. A subset C C E,, is called a P-cut if every P-path in H,, uses at
least one edge from C'. Similarly, a subset S C V,, is called a P-vertez-cut if every
P-path uses at least one vertex from S. We write maxflow(P) for the size of the
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largest set of edge-disjoint P-paths, mincut(P) for the size of the smallest P-cut
and minvertexcut(P) for the size of the smallest P-vertex-cut. Clearly mincut(P)
is an upper bound on both minvertexcut(P) and maxflow(P). Unlike the case with
a single pair in P, the quantities mincut(P) and maxflow(P) need not coincide.

We define the terms sparsity and meagerness as in [RLO05|, [ABY0§|, [HKLOG6].
The sparsity of P is the ratio mincut(P)/|P|, and the vertex sparsity of P is
the ratio minvertexcut(P)/|P|. In other words, sparsity is the average number
of edges per source-sink pair that one has to remove to disconnect every source
from its sink, whereas vertex sparsity is the average number of vertices per source-
sink pair that one has to remove to disconnect every source from its sink. The
definitions of meagerness and vertex meagerness are similar, except for the stronger
requirement that the corresponding cuts disconnect all sources s* from all sinks t.
The sparsity and the vertex sparsity of H, are defined as minp{mincut(P)/|P|}
and minp{minvertexcut(P)/|P|}, respectively (where P ranges over all pairings
PCV, xV,).

Observe that

1. sparsity > vertex sparsity;
2. meagerness > vertex meagerness;
3. meagerness > sparsity;

4. vertex meagerness > vertex sparsity.

8.3 From sparsity bounds to monotonicity testers

One of the earliest upper bounds on the query complexity of monotonicity testing
on the hypercube used an approach based on the concepts of meagerness and
sparsity. In particular, Goldreich et al. [GGLRIS8| observed that if the meagerness
of H, is at least 1, then monotonicity of boolean functions would be testable with
O(n/e) queries. They reasoned as follows. It can be shown that a function f which
is (2(1)-far from monotone induces a pairing P of violated pairs of cardinality €(2").
Being a boolean function, each of these pairs (s',¢") must then satisfy f(s') =1
and f(t') = 0. By transitivity, if s* C #/, then there must be some violated edge
in any path from s’ to ¢/, even if i # j. If the meagerness of P is at least one,
then there are at least |P| = Q(2") edges witnessing the non-monotonicity of f:
at least one per path in the optimal set of paths that disconnect all sources from
all sinks in P. This would mean that a random edge in H, belongs to Viol(f)
with probability at least |P|/|E,| = Q(1/n). Then the following simple algorithm
would be a one-sided tester of monotonicity: pick an edge from F,, at random,
reject if it is violated, and repeat O(n) times.

What they proved is that vertex meagerness (and hence meagerness too) is 1
if the possible pairings P are restricted to aligned sets, satisfying |s'| = |s/| and



150 Chapter 8. Monotonicity testing and shortest-path routing

[t] = |¢7] for all 4,7 (see also [LROI] for a detailed proof). This was still good
enough to derive an upper bound for boolean monotonicity testing of O(n/e), and
an upper bound of O(n?/e) for general ranges.

While a lower bound on meagerness implies query-complexity upper bounds
for boolean functions, a lower bound on sparsity implies query-complexity upper
bounds for functions with general range. (In this case we are only guaranteed
violations between s’ and ¢* but not between s* and #/.) In particular, we will
presently see that if the sparsity of H, is at least u = p(n), then monotonicity of
functions with any linearly ordered range can be tested with O(n/(eu)) queries. In
[LRO1], Lehman and Ron asked whether the sparsity of any P (or even just of the
aligned ones) is at least 1, noting that this would imply the existence of efficient
monotonicity testers as well as progress on some long-standing questions regarding
routing on the hypercube network. As they wrote, it appears that a counterexample
must be sizable, if one exists at all. We prove that a counterexample does exist
and the answer to both of their questions is no.

The basic combinatorial interpretation of £,,(f) is given in the following lemma:

8.3.1. LEMMA (|[FLNT02, COROLLARY 2];[DGL7T99, LEMMA 7]). Let f: D —
R be a function, and define the violation graph of f as the undirected graph
G = (D,E), where {z,y} € E if either (z,y) or (y,x) is in Viol(f). Then
en(f)2™ is exactly the size of a minimum vertex cover of G. Consequently, there
is a matching in G of size at least pr(f)2"1L.

Proof.  Let g be monotone and £y(f)-close to f, and write T £ {z € D |
f(z) # g(x)}; we have |T'| = ep(f)2". Let C be a minimum vertex cover of the
violation graph G. We show that |C| = |T'|; the “consequently” part then follows
from the easy fact that the size of any maximal matching in a graph is at least half
the size of the minimum vertex cover, as the endpoints of any maximal matching
form a vertex cover[l]

Clearly T must be a vertex cover of G, otherwise g wouldn’t be monotone.
Hence |T'| > |C]. To prove |C| < |T|, we show how that if S is a vertex cover of
the violation graph of f (not necessarily smallest), then f can be made monotone
by redefining it on S. We proceed by induction on the size of S. The base
case, S = (), is trivial. If S is nonempty, take any minimal element z € S
(according to the ordering of D). Consider the sets . = {y € D |y < x} and
v~ 2 {y € D |y > x}. Modifying f(z) only affects the violations occurring
among elements of x- U {x} Ux-. Let us define f to be equal to f except on
input z, where we let

f(z) £ max{f(y) | y € 2},

L If the function is boolean, something stronger holds. In this case G is bipartite because
violations only occur among pairs z,y € D with « <y, f(x) =1 and f(y) = 0. Therefore, by
Kénig’s Theorem [Die05, Theorem 2.1.1], the size of the maximum matching equals |C], the size
of the minimum cover.
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where we adopt the convention that the maximum of the empty set is the smallest
element of the range R. By definition there are no violations in the new function f
between the elements of - and the input x. Nor are there any violations between
r< and -, because f equals f on them and S is a vertex cover of the violation
graph of f that does not intersect x.. There cannot be a violation either between
x and x~ because by definition, f(x) = f(y) for some y € x., which means there
would be a violation between z. and z~ too. Hence S — {x} is a vertex cover of
the violation graph of f , and we are done by induction. O

Regarding functions defined on the hypercube, an important observation is
that since G is a subgraph of the transitive closure of H,,, the matching of violated
pairs in Lemma forms a source-sink pairing P (see Definition of size
em(f)2"

As we mentioned earlier, the best known upper bounds for testing monotonicity
over hypercubes are obtained by a simple edge-tester, which picks a set of edges
from H,, uniformly at random, queries f on their endpoints, and rejects if one
of them is violated. Recall that d,;(f) denotes the fraction of edges in H,, that
are violated by f; thus the success probability of the edge-tester is determined by
dn(f). Goldreich et al. prove the following:

8.3.2. THEOREM. [GGLRIS, \GGLT00] For any f: {0,1}" — {0,1},
em(f)

n

om(f) >

More generally, [DGLT99| use their range-reduction lemma to conclude that for
any f:{0,1}" = R, du(f) > %ﬂ%. Since without loss of generality |R| < 2",
this gives an upper bound of O(n?/e) queries for testing monotonicity of all
functions f: {0,1}" — R.

Clearly, obtaining better lower bounds on d,,(f) is sufficient for improving the
upper bounds on the query complexity of testing monotonicity. (It may even be
the case that Theorem holds for any R.) The next lemma states that this

can also be done by proving lower bounds on the sparsity of H,.

8.3.3. LEMMA. Let u(n) denote the sparsity of H,. For anye >0 and R C Z,

monotonicity of functions f: {0,1}" — R can be tested with O(gu’zn)) queries.

Proof. Lete > 0andlet f: {0,1}" — R be e-far from monotone. Let P be
the set of ep/(f)2"! > 2" ! vertex-disjoint violated pairs promised by Lemma
By definition, P is a source-sink pairing. Notice that since every (s*,t") € P
is violated, every path from s’ to ¢’ must contain at least one violated edge. It
follows that the set EdgeViol(f) is a P-cut and |EdgeViol(f)| /|P| > u(n). Hence
m(f) = [EdgeViol(/)] > =) \Wo can thus conclude that O(L) edge queries

Enl — . . . £p(n)
suffice to find an edge-violation with constant probability. O
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8.4 Upper bounds on sparsity

We prove the following theorem.

8.4.1. THEOREM (BRIET ET AL. [BCGMI12]). The sparsity of H,, is at most
n-ato), Furthermore, this upper bound on sparsity can be demonstrated both
with aligned sets and with Q(2")-sized sets:

e for any 0 > 0 and large enough n there is an aligned pairing P in H, with
1
sparsity at most n"21?;
e for any § > 0 there is € > 0, such that for large enough n there is a pairing
1
P in H, of size |P| > 2™ with sparsity at most n~27°.

We use a number of properties of the structure of perfect binary Hamming
codes (see, e.g., [MSTT7, [Lin98]), which we now describe. For an integer k > 1,
let the strings y € {0,1}* \ {0}* represent indices to bit positions of binary
strings of length n = 2¥ — 1. The Hamming code is a linear code consisting of
the n-bit strings € {0,1}" that, for every i € [k], have an even number of
positions y for which y; = 1 and z, = 1. We are, however, more interested in
the properties of the parity check matrix p of the code. This is a £ x n binary
matrix whose columns are all possible nonzero k-bit vectors y; it represents a
linear map p: {0,1}" — {0,1}* over GF(2). Therefore, for any unit vector e,
(i.e., the element of {0,1}" having 1 at position y and 0 elsewhere), p(e,) = y.
Consequently, for all z,y, p(x ®e,) = p(x)  y.

Codewords of the Hamming code correspond to strings satisfying p(z) = 0 (here
and in what follows we use 0 to denote the all-zero vector of the appropriate size).
We refer to the k positions of the form 27 (i.e., 1,2,4,...,(n+1)/2, corresponding
to vectors of the form e; = 0°-110%7%), as the redundancy bits of the code; in a
codeword z, the k values z.,,7 = 1...k are determined by the remaining n — k
bits of z. Moreover, for general a € {0,1}", they are determined by the remaining
n — k bits and the parity vector p(a).

8.4.1 Warm-up

To showcase the main ideas in the construction, we first show that the sparsity of
the hypercube is at most O(#); better bounds are derived later in this section.

8.4.2. PROPOSITION. Let k > 0 be a multiple of three, and n = 2¥ — 1. There is
a pairing P CV,, x V,, in H, of size |P| = Q(2") that admits a P-cut C C E,, of
size | O] = O(2" /nl/3).

Proof. For a € {0,1}", consider the k parity bits p(a) and divide them into
three groups of size k/3 each, denoted x(a), y(a) and z(a). For convenience, we will

write (v1,vs,v3) to denote the concatenation of three vectors vy, ve, v3 € {0, 1}k/3,
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and whenever no confusion may arise, we interpret every v € {0, 1}k as an element
of {0} U [n]. With this convention, we have p(a) = (z(a),y(a), z(a)), and if at
least one of vy, vy, v3 € {0, 1}** is nonzero, then (vy, vs, v3) € [n].

The set S of sources of P is the set of all s € {0,1}" that satisfy

(w@)%OAy@)#OAZ@)%O)A(&m%mamzsw@&mDZSmmwm»ZU)
For each source s € S, we define its sink ¢ = ¢(s) as

t=sU{(2(s),y(s),0), (x(s),0,2(5)), (0,y(5), 2(s))}-

Note t is at distance 3 from s, and the three directions leading from s to ¢ are
(x(s),y(s),0), (z(s),0,z(s)) and (x(s),0,2(s)). The first clause in the conditions
on a member s of S ensures that all three directions are (1) distinct; and (2) have
a k-bit binary representation with Hamming weight strictly greater than one (in
particular they represent proper directions, i.e., they are nonzero). The second
clause ensures that the relevant bits of s take the value zero.

The pairing P will be given by all pairs (s,t) defined in this way. Clearly s C ¢
and |t — s| = 3. It is easy to verify that

(2k/3 _ 1)3

|S| — (2k/3 _ 1)3 2n—k‘—3 — 2n—3 2k

as follows. There are (2¢/3—1)3 ways to pick z,y, z € {0, 1}*/*~{0}. For each such
choice, we can construct a source s by letting s(;4.0) = S(z,02) = S(0,49,-) = 0 and
setting the remaining n—k—3 non-redundant bits arbitrarily; there are 2"*=3 ways
to accomplish this. (Note none of the directions used corresponds to a redundancy
bit, i.e., none of them is a power of 2 because their binary representations have
at least two ones.) Finally, the values s takes on the redundancy bits are now
determined by the values already set and the condition p(s) = (z,y, z). The last
equality also implies that different choices of z,v, z, along with the remaining
non-redundant bits, lead to different sources; putting all together we get the
equality stated on the size of S.

To prove that P is a pairing, it remains to show that all sinks are distinct, and
that no source is also a sink. Recall that one of the properties of map p is that
p(a® ey.) = pla) ® (x,y,2). So after flipping, e.g.,bit (x,y,0) from a source s
with parity vector (x,y, z), we reach a vertex with parity vector (0,0, z). Thus,
we see that the parity vectors of the eight vertices in the cube from s to ¢ are:

o Level 3 (sink): (x,y,2).
e Level 2: (2,0,0),(0,y,0),(0,0, z).

e Level 1: (0,0,2),(0,v,0),(x,0,0).
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e Level 0 (source): (x,y, 2).

Observe that, while the source s is different from its sink ¢, the two parity vectors
are the same. Also notice that the parity vectors at level 1 are distinct, as are the
parity vectors at level 2.

The three directions from s to t, i.e., the indices of the support of ¢t — s, are
determined by p(s) = (z,y, z) = p(t). By construction, ¢(54.0) = t(@0:) = toy,:) =
1, implying ¢ ¢ S as it does not meet the requirements for being a source. Likewise,
if two different sources s; and sy were associated with the same sink ¢ D s1, 59, we
would get p(s1) = p(t) = p(s2), so t — s =t — sy, implying s; = so. Hence P is
indeed a pairing of size |P| = |S| = Q(2").

Now we argue that P admits a small cut. Let Qs be the set of vertices at
level 1 or 2 in the subcube from a source s € S to its sink ¢ (that is, lying on
one of the six paths from s to ¢ and different from s and ). Let Q@ = [J,cq @Qs.
All vertices in () have parity vectors of one of the forms (0,0, 2), (0,y,0), (z,0,0),
hence |Q| = O(2"/n?3). Now take the set C' C E,, of all (directed) edges of
H,, with both endpoints in @); it is clearly a P-cut. Besides, each vertex of ()
is incident with at most 3 - 2¥/% = O(n'/?) edges from C. To see this, consider
an arbitrary element of ¢ € (Q with parity vector p(q) = (z,0,0), say. It can be
incident only with those edges in C' that have directions corresponding to vectors
of the form (z,y,0), (x,0, z) or (z/,0,0), for various y, z, 2" € {0, 1}k/3. Since x is
fixed for this particular vertex g, there are at most 3 - 2¥/3 = O(n'/?) edges in C
going out of g. Therefore |C| < |Q[-O(n'/3) = O(2"/n'/?), concluding the proof. O

8.4.2 Improved upper bound on the edge sparsity of H,

In the main construction, we divide the length-k strings into m equally-sized parts,
we let d be the distance between pairs in the pairing and w be the number of
nonzero length-(k/m) parts of the parity strings of the direction vectors. The
main tool is the following lemma about certain sets of vectors used to generalize
the proof in the warm-up. The reader should keep in mind that an example of
such a set of vectors for m = 3, d = 3, w = 2, is V = {110,101,011}, and was
implicitly used in the previous proof.

For our purposes, all parameters involved except k& and n should be thought of
as constants.

8.4.3. LEMMA. Suppose V C {0,1}", d = |V| >0, and w € N are such that:
1. 2< [v| <w forallv eV,
2. B,y v =0, and
3. for all W CV of size |W| = |d/2],

@'UEWU} 2 [m/2—|
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Let k > mlogm be a positive multiple of m and n = 28 — 1. Then there is a
pairing P C V,, x V,, of vertices of H,, of size

1
> _and
P>

that has a P-cut C C E,, of size

n

2
IOl <
vn+1

and with the additional property that each source in P is at distance exactly d
from its sink.

(n+1)"/™ Vd2

Proof. Partition [k] into m disjoint subsets G1,...,G,, C [k] of size k/m; e.g.,
Gi ={(—1Dk/m+1,...,ik/m}. For a € {0,1}", consider the k parity bits
p(a) € {0, 1}k of a, and split them into m blocks according to Gy, . .. ,Gm let us
call each of the corresponding k/m-bit substrings z(a), ...,z (a). Thus, p(a) is
the concatenation of z1(a), xe(a), ..., z,(a).

For a subset v C [m], let Z, = |J,c, Gi € [k]. Given r C [k], define the
projection of r on v to be IL,(r) = rN Z,, (remember that r and II,(z) can be
interpreted as strings in {0, 1}k as well). For example, in the preceding subsection,
we would write ITy10((x,y, 2)) = (x,y,0). Consider the set

SES, = {a €{0,1}" | Vi € [m] : z;(a) # 0 and Voev am,(pa)) = 0}.

This will be our set of sources in P. Note that the expression ar, (p(a)), referring
to bit number II,(p(a)) of a, is well-defined, because the condition Vi : x;(a) # 0,
along with v # 0, implies I1,(p(a)) # 0. Moreover, II,(p(a)) # I, (p(a)) for v # w.

The set of d directions between a source s and the corresponding sink t will
be determined by the parity vector of s alone. This set will be D(p(s)) for a
function D defined in the following way: for r € {0, 1}*, let D(r) = Uper {u(r)}.
Condition 1 in the hypothesis of the lemma implies that for s € S, all elements
of D(p(s)) have weight > 2; note also that s is disjoint with D(p(s)) and that
|D(p(s))| = |V| = d. For each source s € S, we define the sink t = s U D(p(s));
by construction s C ¢, and [t — s| = |D(p(s))| = d. The cut P is defined as the
union of all such ordered pairs (s,t): P = J,.4{(s,5U D(p(s)))}. Note that

Pl =S| = (2™ —1)" 2n .

We can bound

1 n 1
Y kE/m m o __ - .ok ~ ok
n+1=2">(2 1) (1 2k/m> 2% > =2

12 (8.1)

2 Actually, in order to do this we first impose an arbitrary ordering on the elements of each

G;.
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since k > mlogm and m > 2. Hence
Pl =15 > g
— = )

We prove now that P forms a pairing: the set of sinks is disjoint from the
set of sources, and no two different sources have the same sink. Because of the
aforementioned properties of the parity check p, for any source-sink pair (s,t) we
have

p(t) = p(s) & P (p(s)) = p(s) ® g, _, (p(s)) = p(s),
veV
where we used the second property of V' and simple properties of the projection
operator. Since for every ¢ € D(p), i ¢ s but i € t, it follows that no sink is a source
too. Likewise, if two sinks ¢; and ¢, (corresponding to sources s; and sy) were the
same (t; = ty), we would have p(s;) = p(sq), which implies D(p(s1)) = D(p(s2))
and therefore s; = s,.

To conclude, we only need to upper-bound the size of a smallest P-cut. Consider

the set of vertices halfway between a source and a sink:

Q={rec{0,1}"|3(s,t) €EPst. sCaxCtand |v—s|=|d/2]}

(note the slightly different definition of (), compared to that in the warmup at the
start of the section).

The set @) is a P-vertex-cut; we use it to construct an edge cut for P. Due to
the third property of V' and the definition of D(p(s)), it follows that for b € @, at
least half of x1(b),...,z,(b) are zero. For any b € {0,1}", let r(b) be the m-bit
string such that for all i € [m], the equality z;(b) = 0¥/™ holds iff r(b); = 0. Then
the set {r(b) | b € @} has size bounded by (d%): for all s € S, r(s) is the all-ones
string and for any b € @, r(b) is 7(s) XOR-ed with some d/2 vectors in V. So the
set {p(b) | b € Q} has size at most (d‘/iQ) (28/m —1)™/2 and does not contain unit
vectors; therefore using we obtain

on 24

n—l—lﬁ'

d
Q) )@ =D
An edge cut is given by
CE{(b,c)eE,|beQNc—be D(p(S))},

where D(p(S)) = U,es{DP(p(s))}. To verify this, observe that any path from a
source s to its sink £ must go through some vertex ¢ € ) at distance |d/2] from
s, and then take one of the directions in the set D(p(s)) (or else the sink would
not be reachable from the next vertex in the path). Finally, observe that

[D(p(S)] < d(2*™ —1)* < d(n+1)"/™,
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because every element of D(p(s)) is determined by the projection of p(s) on some
v € V (with weight at most |v| < w). The claim follows from our bounds on |Q)|
and |D(p(s))], since |C] < |Q[ - [D(p(S))|- O

8.4.4. LEMMA. Let w € N,w > 2 and set m = w?, d = 2w. Then there is a set
V C{0,1}™ of d vectors satisfying the three conditions in Lemma .

Proof. Arrange the w? elements of [m] into a square matrix A € {0,1}**". For

each row and each column of A we form an element of {0, 1}" whose support is
that row or column (there are 2w vectors in total). The i-th row is then associated
with the subset (or vector in {0,1}")

Ri2{rem]|(i—-1Dw<r<iw};
the j-th column will correspond to the subset
C;2{rem]|(r—1)modw=j—1}.

Let
vE | J{RrCi}.

i€w]

Clearly, |V| = 2w and for all v € V| we have |v| = w > 1. It is also apparent that
B,y v =0, because any k € [m] belongs to exactly two vectors in V', namely R;
and Cj, where k = (i — 1)w + j with 4, j € [w]. (This is a rephrasing of the fact
that every entry of the matrix A is in the intersection of precisely one row and
one column.)

Finally, we show that, for any W C V with |V| = d/2 = w,

P

w2

m
> =
=92 2

Suppose that
W = {Rila Ri27 s 7Ria7 le? CjQ’ Tty Cj(w—a)};

then
2
w
@U =a*+ (w—a)? > >
veW
by the quadratic mean-arithmetic mean inequality. |

Proof of Theorem m Let 6 € (0,1), n > (4/6%)%°+1 and set

w=[1/8],m 2 w? d = 2uw.
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Let k be the largest multiple of m which is at most log(n + 1). Note that
w < 2/§,n>m"m! and

k> log(n+ 1) —m > log(n/m) > mlogm.

Now set ng £ 28 — 1 > n/2™+!. By Lemmas [8.4.4 and [8.4.3] there is a pairing
Pro € Vig X Vy, of size 2707972 which admits a cut C,,, of size

2m0 1/w d
— (g + 1) Va2
n0+1< 0 )

and thus H,, has sparsity at most

1 1

< (ng+1)w 2. 2200/g < % nd . 20(3).

Observe that H,, can embed 2"~ disjoint copies of H,,, for example, according
to each of the settings of the last n — ng bits of a vertex label. We can thus embed
2"~ copies of the pairing and its cut, and still obtain a pairing of size Q(2"9)
and a cut of sparsity n~—1/2+9 . 20(1/6%) " This may look slightly weaker than the
second part of the theorem, but it implies it by choosing for example g = §/2
and n = 200/5%),

For the first part, recall that the pairing P we obtain has the additional
property that all pairs in P have distance exactly d. Knowing this, the first part
of Theorem can be proved in the following way. Let C' be a P-cut of sparsity
< n~1/?+9_ Partition the pairs of P into d + 1 parts Py, ..., P41 according to
the Hamming weight of their source modulo d 4+ 1. At least one of them, say
P;, has size > |P|/(d + 1), so C is a Pi-cut with sparsity < (d+ 1) - n~V/2+_ If
(s7,87), (s, %) € P; and |s?| # |s¥|, then |s/| — |s*| is a multiple of d + 1, and since
[t7 — 87| = |t* — s*| = d, we conclude that no edge in any path from s’ to ¢/ lies in
a path from s* to t* as well.

Now, for j =0,...,[(n—1)/(d+1)] — 1, let

Aj={z€{0,1}" | j(d+1) <|z|—i< (j+1)(d+ 1)}

It follows that we can partition P; into [n/d] parts, according to which set A;
their sources (and sinks) belong to. Moreover, there is a subset C' C C' that is a
P;-cut and only contains edges both of whose endpoints are inside the same A;
(possibly different for different pairs), i.e., C" = |JC} where €} C A; x A;. (The
reason is that we can safely remove any edges that do not satisfy this condition.)
From » . |Cj| = |C'[ and 3, | 10 (V; x V;)| = [Py, it follows that there is some
g with ||/ |P; 0 (V; x V;)| < |C'|/|P| < |C|/|P], i.e., there is an aligned pairing
P; N0 (V; x V;) with sparsity at most (d + 1) - n~/27. Again, choosing a smaller
proves the claim. O
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8.4.3 Upper bound on the vertex sparsity of H,

While it is edge sparsity that bears the strongest relationship with monotonicity
testing, it is natural to study the related quantity of vertex sparsity as well. Here
we present a simple result on the vertex sparsity of H,.

8.4.5. THEOREM (BRIET ET AL. [BCGM12]).  The vertex sparsity of H, is
O(1/n).

Proof. Let n > 4 be even. We construct an aligned source-sink pairing
P C V, x V, of 2%/%(n/4) disjoint pairs (s’,#'), such that for all i, j, |t/| = |s| + 2.

Then we exhibit a P-vertex-cut M of size 2/2,

Consider the following set of pairs:
Po = {(0001,1011), (1000, 1101), (0010, 01