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Chapter 1

Introduction

This thesis is a modal logical study of nonstandard provability predicates for
Peano Arithmetic. We give a gentle introduction to the subject, which the reader
familiar with the above notions should feel free to skip.

1.1 Numbers

We all know the natural numbers:
0,1,2,3,...

We can, of course, do much more with the natural numbers than just list them.
They can be added or multiplied. They can also have various properties, for
example being even, prime, or the smallest number expressible as a sum of cubes
in two different ways.

Certain statements about the natural numbers are true, for example 1+1 = 2,
while certain other statements, for example 0 = 1, are false. What we mean by
truth, in this thesis, is always truth in the above sense, i.e. truth about the natural
numbers.

Some truths are a matter of simple calculation — the stuff of elementary
school. Here is an example:

97 -79 = 7663

The truth of other statements requires more insight to establish, for example:
“There are infinitely many prime numbers.”

But some statements are so complicated that we do not yet know whether they
are true or false at all. An example is Goldbach’s conjecture:

“Every even number greater than 2 can be expressed as the sum of two primes.”
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If Goldbach’s conjecture is true, then — since it is a statement about infinitely
many numbers — we cannot establish it by simple calculation, similarly to the
product of 97 and 79. However, there could still be a systematic and mechanical
way of finding out truths. This brings us to the protagonist of this thesis, the
theory of Peano Arithmetic.

1.2 Peano Arithmetic and Godel’s theorems

Peano Arithmetic (PA) is a theory about the natural numbers. We can think of
it as a computation device for producing true statements. It consists of:

o some basic facts, for example: n+1 >0 and n-0 = 0 for any n

o some basic rules of reasoning, for example modus ponens: if ¢ holds, and ¢
implies 9, then also 1) must hold

Applying the basic rules of reasoning to the basic facts, called azioms, allows PA
to prove more complex statements about the natural numbers. What we mean
by a proof is a finite sequence of sentences 1)y, ..., 1;, where each 1); is either an
axiom, or obtained from the previous sentences by one of the basic rules. We
write PA | ¢ if there exists a proof of the sentence ¢.

Many true statements about the natural numbers are provable in PA. For
example, PA 97 - 79 = 7663, but also

PA - For each prime number p, there exists a prime number p’ with p’ > p.

The axioms of PA are chosen in such a way that they are obviously true, while
the rules of inference are guaranteed to preserve truth. It follows from this that
every statement provable in PA is true. In other words, the natural numbers are
a model of PA; we also say that PA is sound. Denote by L some contradiction,
for example 0 = 1, and note that since PA is sound, it is clear that PA £ 1. We
say that PA is consistent.

It is, of course, good to know that PA only proves true statements. The really
interesting question is, however, whether the converse also holds:

Can PA prove every true statement?

An answer — a negative one — to this question is given by Godel’s incomplete-
ness theorems. Before explaining the latter, let us note that while we started
off describing PA as a tool for reasoning about the natural numbers, the above
question makes it an object of mathematical inquiry itself. We have moved from
mathematics to metamathematics.
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The First Incompleteness Theorem According to the First Incompleteness
Theorem, there are statements about the natural numbers that are neither prov-
able nor disprovable in PA. To formulate this more precisely, let us write —¢ for
the negation of . Godel’s First Incompleteness Theorem states that there is a
statement ¢ about the natural numbers for which

PA £ ¢ and PA (£ —o.

We can think of PA as being undecided about ¢ — considering it possible that
@ is true, but also considering it possible that ¢ is false. Since one of ¢ and —¢
must be true — in fact, it is clear from Godel’s proof which one it is — it follows
that not every true statement is provable in PA.

The Second Incompleteness Theorem The Second Incompleteness Theo-
rem gives a particularly interesting example of a statement that PA is undecided
about: the statement of its own consistency. Making this precise requires some
explanation.

The statement “PA is consistent” is, of course, about PA itself, not about the
natural numbers. The method of arithmetisation, developed by Godel, allows
us to overcome this technical obstacle. The idea is to use the natural numbers
themselves as codes for syntactical objects of PA such as sentences or proofs.
This is done in such a way that simple operations on the syntactical objects,
for example negating a sentence, become simple functions on the corresponding
codes. Similarly, simple properties of the syntactical objects, for example “being
a proof of the sentence 2 + 2 = 4”7, become simple properties of the respective
codes. This idea allows metamathematics to be done inside PA itself.

In particular, there is a formula Pr(x), the so-called provability predicate, that
expresses in a natural way basic facts about provability in PA. For example,
writing "¢' for the code of ¢, we have for any ¢,

PA ¢ if and only if PA - Pr("¢"). (1.1)

Roughly speaking, Pr("¢") is PA’s way of saying that it proves ¢. We may thus
read (1.1) as: PA proves ¢ if and only if PA knows that it proves .

The sentence —Pr("L") then expresses that a contradiction is not provable in
PA, in other words that PA is consistent. The Second Incompleteness Theorem
states:

PA £ —Pr("L").

This may be seen as failure of negative introspection for PA: while PA is consistent
— it does not know L — it does not know this fact. In other words, PA does not
know that it does not know L.
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Hilbert-Bernays-Lob derivability conditions Hilbert and Bernays isolated
from Godel’s work certain principles concerning Pr(z) which are sufficient for
proving the Second Incompleteness Theorem. These were later simplified by Lob,
and are now collectively referred to as the Hilbert-Bernays-Léb (HBL) derivability
conditions:

1. PA- o= PA+ Pr("yp")
2. PAEPr("p —¢") — (Pr("¢') —» Pr(W"))
3' PA I— Pr(r(p—l) _ Pr(rPr<r901)1)

Condition (1) is simply one direction of (1.1), while (2) states that PA knows
that modus ponens is among its rules of inference. Condition (3) can be seen as
positive introspection: if PA knows that it proves ¢, then it knows this fact.

Lob’s Theorem is a consequence of the HBL-conditions, together with the
Fixed Point Lemma. It states that for any ¢,

if PA Pr("¢') — ¢, then PA | .

The implication Pr("p') — ¢ may be seen as PA’s way of expressing its own
soundness: “if I prove ¢, then ¢ is true”. Lob’s Theorem states that PA is very
modest, making the above claim only in case it can actually prove .

Taking L for ¢, Léb’s Theorem tells us that PA + Pr("L') — L implies
PA  1; in other words that if PA (£ 1, then PA t/ —Pr("L"). The Second
Incompleteness Theorem is thus an instance of Lob’s Theorem.

1.3 Provability logic

According to the HBL-conditions, PA knows about some features of provability
in itself. Lob’s Theorem, on the other hand, indicates that there are limits to this
knowledge. But what exactly are these limits? How can we describe all principles
concerning Pr(z) that are provable in PA?

A beautiful answer to the above question emerges from a modal perspective.
This brings us to the area of provability logic, where modal logic is used to
investigate what formal theories such as PA can prove about provability and
other metamathematical notions.

Writing O instead of Pr(z), the modal counterparts of the HBL-conditions
are:

(Nec) +A = +0OA

(K) 0O(A—- B)— (DA—0OB)
(4) OA—0O0A



1.3.  Provability logic )

A reader familiar with modal logic recognises the modal system K4. The sys-
tem GL, named after Godel and Lob, is obtained by adding to K4 the modal
counterpart of Lob’s rule:

FOA—-A = A

GL is alternatively axiomatised by adding to the basic modal logic K the following,
known as Lob’s axiom: O(OA — A) — OA.

Axiom (4) follows from L6éb’s axiom over K. The proof of Léb’s Theorem in
turn can be seen — modulo the Fixed Point Lemma — as a derivation in K4.
There is thus an interplay between Léb’s axiom on the one hand, and axiom (4)
together with self-reference — in the form of the Fixed Point Lemma — on the
other.

Given the HBL-conditions and Lob’s Theorem, it is clear that the rules and
axioms of GL may be used when reasoning about Pr(z) in PA. It was shown by
Solovay ([Sol76]) that we will not miss anything when doing so: the theorems of
GL are exactly the propositional schemata concerning Pr(z) that are provable in
PA. In other words, GL is the provability logic of PA.

In view of Solovay’s Theorem we shall usually write Oy instead of Pr("¢").
The consistency statement —Pr("L") thus becomes —[J 1, allowing us to state the
Second Incompleteness Theorem as: PA (4 —O1.

Philosophical significance The importance of provability logic is manifold.
In the context of modal logic, provability logic stands out by endowing the modal
operator with an unambiguous interpretation. Formal provability, unlike other
common interpretations of (J such as truth, knowledge, or necessity, has a precise
mathematical definition. Which modal axioms are the correct ones is thus not
a matter of dispute but a matter of proof. For Pr(z), the relevant proofs of
soundness and completeness were provided, respectively, by Lob and Solovay.

From a foundations-of-mathematics point of view, GL embodies — in a direct
and simple manner — a substantial body of reasoning leading to the incomplete-
ness theorems. Its principles reflect salient features of formal provability. While
Pr(x) may, at first sight, seem like an unfathomable creature, Solovay’s Theorem
provides a description that speaks directly to our intuition — Pr(x) behaves like
a modal operator, governed by the principles of GL.

We have been treating formal provability as a kind of epistemic modality for
PA. However, a modal perspective makes it clear that the provability modality is
very different from our usual notion of knowledge, which can be seen as informal
provability. One of the most important modal principles for the latter is A — A
— “If I know something, then it is true”. In view of Lob’s Theorem, it is clear that
this principle is incompatible with GL. Modal analysis thus tells us that the notion
of formal provability is essentially different from that of informal provability.
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1.4 Feferman provability

Feferman, in his influential paper [Fef60], constructed a curious formula Ag, the
so-called Feferman provability predicate. One could argue that Ag, like O, is a
provability predicate for PA: writing Asp as shorthand for A¢("¢"), we have

PA - ¢ if and only if PA - Azp.

At the same time, however, PA  —A;l, i.e. PA proves its own Feferman-
consistency. Instead of contradicting the Second Incompleteness Theorem, the
existence of A; illustrates the need for a more careful formulation of this result.

In order to have a closer look at the situation, let us point out that the axioms
of PA include the induction schema, i.e. the induction axiom for every statement .
The theory I3, is obtained from PA by restricting the use of induction to formulas
of certain complexity, depending on n. Thus we have that PA =, IX,.

The formula A¢ defines provability in the theory

PA" .= U{IZn | for all m < n, 1%, is consistent}.
new
Since we know that PA is consistent, we also know that each I, is consistent.
But this implies PA" = [ J_ _ 1%, i.e. that PA and PA" are, in fact, one and the
same theory. It is in this sense that A; might be claimed to be a provability
predicate for PA.

On the other hand, the theory PA' is consistent by definition. Indeed, PAf
could equivalently be described as the largest consistent subtheory of PA in the
sequence (I3,,),e0. Given this, it should come as no surprise that its consistency
is known to PA, i.e. that PA - —A¢ L.

The system PA" could also be introduced by outlining the following proof-
procedure:

1. Enumerate pairs (m, ©o), (71, ©1), (72, @2), . . ., where m; is a PA-proof of ;.
2. As soon as ¢; = 1, determine the amount of induction I3, used in ;.
3. Backtrack and delete (m, ), whenever m makes use of I3, for n’ > n.

4. Return to step 1, but skip (7, ¢) whenever © makes use of 13, for n’ = n.

Let us call a proof stable if it occurs in our enumeration and is never scratched
out. The stable proofs are exactly the proofs of PAT. The catch is that we need
to wait infinitely long in order to be sure that a proof is stable.

The above description portrays Af as being allowed to change its mind about
the statements it considers provable. This kind of self-correcting behaviour is
arguably closer to the way humans reason than the one embodied by the ordinary
provability predicate. As such, Feferman provability is related to the so-called
trial-and-error predicates and experimental systems studied by Putnam ([Put65])
and Jeroslow ([Jer75]). The provability logics of such systems have been studied
by Visser ([Vis89]) and Shavrukov ([Sha94]).
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1.4.1 Feferman provability as nonstandard provability

Arguably, a notion of provability with built-in consistency is a rather unusual
one. But are there precise criteria for separating “strange” provability predicates
such as A¢ from “normal” ones such as O07

As a way approaching the above question, note that our argument for the
equivalence of PA and PAT relied on the consistency of PA. By the Second In-
completeness Theorem, this argument is therefore not available when reasoning
inside PA. Indeed, the equivalence of the two theories is not known to PA: it does
not prove Asp < Oy for all p. In fact, since PA -+ —A¢ L and PA t£ =01, it is
clear that

PAK OL — Afl.

Following Smoryiski ([Smo85, p.279]), let us call a provability predicate A for PA
standard if the schema Ay < Oy is provable in PA. Thus, while A; might claim
to be a provability predicate for PA, it is not a standard one.

In this thesis, the term nonstandard provability predicate is used to refer to the
provability predicate A of a theory PA° such that — even though PA® coincides
with PA in a strong enough metatheory 7" — the schema Ap <« Op is not
verifiable in PA. In case of A¢, we can take as T any theory that knows about
the consistency of PA, for example PA + —[1.

1.4.2 Bimodal provability logic

Our reluctance to accept A as a genuine provability predicate could be explained
by emphasising that certain natural principles for formal provability are not veri-
fiable for it in PA. In fact, since PA = —A¢ L, at least one of the Hilbert-Bernays-
Lob-derivability conditions must fail for A¢. While conditions (1) and (2) do hold
for Ag, condition (3) does not, i.e. there are sentences ¢ for which

PA I/ Asp — AsAsp.

Despite of Af not obeying the same modal principles as [J, its complete behaviour
can nevertheless be described by means of modal logic. The modal logic F, for-
mulated in the language containing a modal operator A, is axiomatised by adding
to K the following:

(F1) -2l
(F2) AA— A((AB— B) v AA)

Shavrukov ([Sha94, Remark 4.12]) showed that F is the provability logic of As:
the propositional schemata involving A¢ that are provable in PA are exactly the
theorems of F.

Since PA £ Agp < O, it is also interesting to ask which principles concerning
the interaction of O and A are verifiable in PA. Adopting a modal perspective
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provides a neat answer to this question as well. The bimodal system LF contains
the principles of GL for [, the principles of F for A, as well as the following:

(T2) 0OA— ADA
(T3) ODA—-0OnA
(F3) 0OA <« (0rAv0OlL)

It was shown by Shavrukov ([Sha94, Theorem 4.9]) that the PA-provable proposi-
tional schemata concerning the interaction of ordinary and Feferman provability
are exactly the theorems of LF. We say that LF is the joint provability logic of O
and Ag.

Philosophical significance While the fact that the provability logic of Af
is different from that of O might seem to suggest using provability logic as a
means for distinguishing natural provability predicates from unnatural ones, such
a strategy is not viable in general.

In this thesis, we shall see several nonstandard provability predicates whose
provability logic is GL. In this respect, they are indistinguishable from the ordi-
nary provability predicate. Their nonconformity becomes obvious, however, when
focusing on their interaction with ordinary provability. In some cases, the differ-
ence between nonstandard and standard provability is thus only visible from a
bimodal point of view.

A bimodal perspective is also useful in the study of standard provability.
Solovay’s Theorem for ordinary provability is very robust: GL is not just the
provability logic of PA, but the provability logic of any reasonable! theory. This
generality might be seen as a drawback, implying that a simple modal approach
does not allow us to distinguish between interesting properties of theories such
as finite axiomatisability or essential reflexivity.

The joint behaviour of two provability predicates turns out to be less uniform
than that of a single provability predicate alone. There is no system that could
justifiably be called the bimodal provability logic. For example, if S is a finite
extension of T, the joint provability logic of S and T is different than in the case
where S proves Or¢ — ¢ for all ¢. The joint provability logic of two provability
predicates thus tells us something about the nature of the relationship between
the corresponding theories.

1.5 Overview of the thesis

This thesis is an exploration of certain nonstandard provability predicates and
their modal logics, in particular their joint provability logic with the ordinary

'What we mean by reasonable here is: a X;-sound extension of IAg-+exp with a recursively
enumerable axiomatisation.
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provability predicate 0. The bimodal system GLT, studied in Chapter 3, plays a
central role in our thesis. The principles of GLT describe the interaction of O with
various different nonstandard provability predicates. Chapter 4 is about fast and
slow provability, while Chapter 5 deals with the so-called supremum adapters. In
Chapter 6 it is shown that the provability logic of a certain supremum adapter is

GL.

1.5.1 Fast and slow provability

Chapter 4 is concerned with the theories PA* and PA[; that can be seen as a
speeded up and a slowed down version of PA, respectively.

Fast provability The theory PA*, first studied by Parikh ([Par71]), is obtained
by adding to PA the following inference rule, known as Parikh’s rule:

U
.

From the metaperspective, we can see that Parikh’s rule is admissible in PA: if
PA O, then by soundness, PA - ¢. Thus PA* has exactly the same theorems
as PA.

As in the case of PA, we can construct a formula A, expressing in a natural
way the property of being a PA*-proof. The above argument for the equivalence
of PA* and PA made use of soundness and can therefore, as a consequence of Lob’s
theorem, not be used when reasoning in PA. Indeed, the schema App < Op turns
out not to be verifiable in PA. Thus Aj, like A¢, is a nonstandard provability
predicate for PA.

It follows from the proof of Solovay’s Theorem that GL is the provability logic
of Ap. It was shown by Lindstrém ([Lin06]) that the joint provability logic of O
and Ap is the modal system GLT.

One way to understand PA’s ignorance about the equivalence of PA and PA*
is to note that some theorems have much shorter proofs in PA* than in PA — we
say that PA* has speed-up over PA. The increase in proof length when converting
PA*-proofs into PA-proofs grows faster than any provably total function of PA.
We shall thus refer to the notion of provability specified by A as fast provability.

Slow provability Exploiting the fact that certain total functions cannot be
proven to be total in PA, a notion of slow provability can also be defined. Such a
notion was introduced by Friedman, Rathjen, and Weiermann in [FRW13]. They
consider a certain computable function F on the natural numbers whose totality
is not provable in PA, and the theory defined as

PAT: = | J{IZ | F(n) 1}

new
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Figure 1.1: The zoo of provability predicates. Arrows indicate provable inclusion in
PA. The squiggly arrow indicates provability modulo an index shift.

When proving theorems in PA[;, we can only use induction for formulas of com-
plexity n after having computed the value of F(n). The process of proving theo-
rems in PAT; is therefore potentially slower than the process of proving theorems
in PA — depending on how long the required calculations take.

Nevertheless, since F is total it is clear that PA[; and PA have exactly the same
theorems. Arguing in PA, on the other hand, the totality of F cannot be assumed,
and so PAl; might seem to be a weaker theory than PA. As these considerations
suggest, the provability predicate Ag of PAl; is a nonstandard one.

It follows from the proof of Solovay’s Theorem that GL is the provability logic
of Ag. We show that the joint provability logic of Ag and O is GLT. Our proof
is rather general, and also yields a new proof of the fact that GLT is the joint
provability logic of O and A,. The joint provability logic of slow and ordinary
provability is thus the same as that of ordinary and fast provability.
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1.5.2 Supremum adapters

The theories PA* and PA[; of Chapter 4 are recursively enumerable (r.e.). In
Chapter 5, we study nonstandard provability predicates corresponding theories
defined in a “non-r.e.” way.

A formula ¢ is said to be 1-provable in a theory T if it is provable in T together
with all true II;-sentences. We say that T is 1-inconsistent if L is 1-provable in
T. Note that if T is inconsistent, then it is also l-inconsistent. On the other
hand, a theory could be consistent but 1-inconsistent. Let

PAH = U{IZn | for all m < n, I¥,, is 1-consistent}.

new

Thus PA* is defined similarly to PA", except for requiring 1-consistency instead of
ordinary consistency, and using < instead of <. The theory PA* may alternatively
be described as I3, where i is the smallest n such that I, is 1-inconsistent.

Since we know that PA is sound, we also know that it is 1-consistent. Using
this, it is clear that PA" is in fact the same theory as PA. On the other hand, it
follows from the Second Incompleteness Theorem that PA does not prove its own
1-inconsistency, and so the above argument is inaccessible when reasoning in PA.
As one might expect, the provability predicate A, of PA" is another nonstandard
provability predicate for PA.

We call Ag a supremum adapter, because it turns out to be useful for obtaining
interpretability-suprema of finite extensions of PA, i.e. theories of the form PA+ .
Roughly speaking, the theory PA+ (—Ag;—p A —=A;—1) is the weakest theory that
is stronger than each of the theories PA + ¢ and PA + 1.

In Chapter 6, it is shown that GL is the provability logic of A4. Since Ag is not
the provability predicate of a r.e. theory, this result is not a simple consequence
of the proof of Solovay’s Theorem, as was the case with A, and Ag. The joint
provability logic of O and A, contains GLT, together with an additional modal
principle S. Whether the joint provability logic of O and A, is equal to GLT
together with S is an open question.

A slight modification of the definition of PA* yields another supremum adapter
As. In contrast to Ag, the formula A¢ behaves according to the principles of the
modal system F. Determining the provability logic of Af, as well as its joint
provability logic with O, remain challenges for future work.

1.6 Sources of the material

Much of the material in this thesis has been published elsewhere. Chapter 4
contains a subset of the material contained in [HP16]. Chapter 5 is loosely based
on [HV16], but also contains some new results. Chapter 6 is, modulo some minor
changes, [HS16].






Chapter 2

Preliminaries

This chapter introduces the central notions and results used in the thesis. We
assume the reader to be familiar with first-order logic and its model theory, as
well as basic modal logic.

2.1 Arithmetical theories

We work with first-order theories formulated in the language £ of arithmetic
containing 0, S, +, -, and <. We assume a Hilbert-style axiomatisation of first-
order logic, with modus ponens as the only rule of inference. Such a system can
be found for example in [Fef60, Section 2].

The standard model of arithmetic, denoted by 1, are the natural numbers
together with the usual arithmetical structure. An L-sentence ¢ is said to be
true if M = . We define for each natural number n an L-term 7 by letting 0 = 0
and n + 1 = Sn. Given this, we shall mostly write n instead of 7. Terms of the
form @ are called numerals.

An L-formula is bounded or A (equivalently, 3, or Ily) if all quantifiers occur-
ring in it are of the form 3z < y or Vo < y. A formula is ¥,,,1 (IT,,41) if it is of the
form Jzq ... 3z, ¢ (V... Vo, @), with ¢ a II, (3,)-formula. Formulas obtained
from X;-formulas by using propositional connectives and bounded quantification
are said to be Ay(%;).

The basic facts concerning 0, S, +, -, and < are given by the axioms of the
theory Q of Robinson Arithmetic ([HP93, Definition 1.1.1]). The theory Q is
Y.;-complete: it proves every true ;-sentence ([HP93, Theorem 1.1.8]).

Given a class I' of formulas, II" is the theory obtained by adding to Q the
induction schema for I'-formulas. For n > 0, I¥,, is finitely axiomatisable ([HP93,
Theorem 1.2.52]). The theory of Peano Arithmetic (PA) is given as | J, . I%,.

The graph of the exponentiation function x¥ is definable in 1Ay by a Ag-
formula ([HP93, Theorem V.3.15]). To be more precise, there is a Ag-formula

13
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ve(,y, z) for which:

IA) - pe(2,0,2) & z=1
[Ag = we(,y + 1, 2) < Jw (pe(r,y, w) A 2 =w-T)

Denote by exp the sentence V Vy 3!z o(x,y, z) stating, intuitively, that expo-
nentiation is a total function. We have that 13, - exp ([HP93, 1.1.50]). On the
other hand, since every Ag-defined provably total function of 1A, is bounded by
a polynomial ([HP93, Theorem V.1.4]), it is clear that 1Ay /£ exp. The theory
[Ag+exp is finitely axiomatisable ([HP93, Theorem V.5.6]).

The language of EA (Elementary Arithmetic) is obtained by adding to £ a
function symbol exp for binary exponentiation 2*. The theory EA, given as IA;®
together with the recursive definition of 2%, is strong enough to formalise almost
all of finitary mathematics outside logic.

A formula is elementary or Ay™ if it is Ag in the language of EA. We can also
speak of Ay™P-formulas in the context of IAg+exp: given the Ag-formula defining
exponentiation as above, we can use the well-known term-elimination algorithm
([Vis92, Section 7.3]) in order to replace terms of the form 2 with £-formulas. A
formula ¢ is A, (T)if T+ ¢ <& 0 and T + ¢ < 7 for some ¥,-formula o and
II,,-formula .

The proof of the following theorem is a minor variation of [GD82, Proposi-
tion 2.1].

2.1.1. THEOREM. Every Ag®-formula is Ay in 1Aq+exp. Q

It follows from [GD82, Theorem 3.1] that IAg+exp + IAGF™. Since, as is well-
known, EA is a conservative extension of IAy+exp, the two theories can therefore
be treated as equivalent for most purposes.

2.1.1 Provably recursive functions

Every primitive recursive relation R is represented in I1Ag+exp by a X;-formula
g in the sense that for all ng, ..., ng,

(ng,...,ng) € Riff IAg+exp - ¢r(Tg, ..., 7g).

According to Kleene’s Normal Form Theorem for recursive functions, there exist
a primitive recursive relation T (Kleene’s T-predicate) and a primitive recursive
function U, such that for every recursive function £, there is some e such that for
all inputs n,

£(n) ~ U (uy T(e,n,y)). (2.1)
Above, py T(e, n,y) denotes the smallest number k for which T(e, n, k) holds, and

g(m) ~ h(m) means that g(m) and h(m) are either both undefined, or defined
and equal.
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Making use of (2.1), we can associate to any k-ary recursive function f a
Y -formula ¢ defining its graph in IAg+exp, i.e. for all ny, ..., ng,

IAO_‘_exp = Spf(n_lv s 7n_k7f(n17 s 7nk))7 and
[IAg+exp - Iz s (g, . .., g, 2).

We assume every recursive function f to be equipped with such a >;-formula
¢s. Given a k-ary recursive function f, we denote by f(xy,...,z;)| the formula
Jy p¢(x1, ..., 2k, y), and say that £ converges on input wy,...,z,. Similarly, we
denote by f(xy,..., )] the formula —f(zq,...,x%)], and say that £ diverges on
input xy,...,2,. We use £|| as shorthand for Vx; ...z, f(xq,...,2x)], and £11
as shorthand for —f||.

Since [Ap+exp is Xi-sound, it follows from the above that any recursively
enumerable (r.e.) set A can be represented in [Ag+exp by a ;-formula ¢4 in
the sense that for all n: n e A < IAj+exp - pa(n). It was first shown in [EF60]
that the above holds for every recursively enumerable (not necessarily sound)
extension T of IAq+exp.

Suppose that T is an extension of IAg+exp. A k-ary recursive function f is
said to be provably total in T if for some Y;-formula ¢¢ defining its graph in
[Aog+exp, T+ £l].

The following result was established independently by Parsons ([Par70]), Mints
([Min73]), and Takeuti ([Tak75]):

2.1.2. THEOREM. The provably recursive functions of 131 are exactly the prim-
itive recursive functions. 4

Whenever f is provably total in some r.e. theory T 2 [Ag+exp, we assume
f to be equipped with a X;-formula ¢¢ defining its graph in 7', and such that
T + f£l]. For a characterisation of the provably recursive functions of 13, for
n > 1, see Theorem 4.2.3.

The class of (Kalmar) elementary functions is the smallest class containing
successor, zero, projection, addition, multiplication, subtraction, and closed under
composition as well as bounded sums and bounded products ([Ros84]).

According to Kleene’s Normal Form Theorem for elementary functions, there
exist an elementary relation T’ and an elementary function U’, such that for every
elementary function h, there is some e such that for all inputs n,

h(n) = U (uy T'(e, n,y)). (2.2)

It can be shown that T’ and U’ are represented in IAy+exp by elementary for-
mulas. Using (2.2), we can thus associate to every elementary function h an
elementary formula ¢y defining its graph in IAg+exp. A proof of the following
result can be found for example in [SW12, Section 3.1].

2.1.3. THEOREM. The provably recursive functions of 1Ag+exp are exactly the
elementary functions. a
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In view Theorem 2.1.3 and the remark above it, we assume every elementary
function h to be equipped with an elementary formula ¢, defining its graph in
[Ag+exp, and such that IAg+exp — hl|.

2.1.4. THEOREM. ([HP93, Remark 1.1.59(3)]) Let £, g and k be elementary. Sup-
pose that h is defined from £ and g by primitive recursion, and majorised by k.
Then h is elementary, hence provably total in I1Ag+exp, and moreover the defining
equations of h are provable in 1Aq+exp. a

2.1.2 Arithmetisation of syntax

We assume some standard formalisation of syntactical notions in IAj+exp, writing
‘o' for the code of ¢. If the meaning is clear from the context, we shall often
identify syntactical objects with their codes, writing ¢ instead of "¢".

Smooth recursively enumerable theories

We introduce the notion of a smooth recursively enumerable theory. The reason
a recursively enumerable theory is required to be smooth is to ensure that its
natural provability predicate is provably equivalent in IAg+exp to a Y;-formula.

By a theory T we shall, from now on, mean a pair (Axy,7), where Axp
is a set containing the non-logical axioms of T, and 7 an arithmetical formula
representing Axr in the standard model 9. We say that 7 is an aziomatisation
of T. If Axp is r.e. then, as explained in Section 2.1.1, 7 may taken to be Y,
and we have for all ¢,

v € Axr < [Ag+exp - 7(p).

We say that T is r.e. if 7 is X;. Similarly, 7" is said to be elementary just in case
7 is elementary.

Following [Fef60, Definition 4.1], we define the formula Pr.(z) expressing in a
natural way provability in the theory T = (Axp,7T):

Pr (z) :=3p(p=Wo,... .05y Anthj =x AV < j( (2.3)
M) v 3k < =t — i v (i), (2.4)

where A\ is an elementary formula representing the axioms of first-order logic
in IAg+exp. The free variable x of Pr,(x) is assumed to range over (codes of)
L-sentences.

If 7 is elementary, it follows from Theorem 2.1.1 that Pr,(z) is equivalent in
[Ag+exp to a ;-formula.

The axiom sets of most natural theories are elementary. In this thesis, how-
ever, we shall also encounter theories given to us via axiom sets that are r.e. but
not elementary. We would like to argue that also in these cases, Pr,.(z) is equiva-
lent to a ¥i-formula in IAy+exp. In other words, IAg+exp should know that the
notion of theoremhood in a r.e. theory is r.e. itself.
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2.1.5. REMARK. This context might remind one of Craig’s Theorem ([HP93,
I11.2.29]): given a r.e. theory T' = (Axp,7), there is an elementary formula 7/
representing Axr in 9. The theory 7" = (Axr, 7’) is thus elementary and equiv-
alent to 7' in 9. However, it follows from the results of Visser in [Vislba] that
Craig’s Theorem is not verifiable in IAg+exp, and so the equivalence of T and
T" might not be known to IAy+exp.

Let us thus examine the case where the axiomatisation 7 of T is >; but not
necessarily elementary. In this case, there is a Ag-formula 7/(y,x) such that
7(z) = Jy7'(y, z). The formula Pr.(z) is thus equivalent in IAj+exp to a formula
of the form

Ip (5(p) A Vi< j(3'(1) v Iy 7' (y, ),
with § and ¢’ elementary. In the presence of ¥-collection, the above formula is
provably equivalent to the ¥;-formula

3b3p (8(p) A Vi< j('(4) v Iy <b7'(y,¢)))

Collection for Yj-formulas is, however, not provable in IAg+exp ([HP93, The-
orem 2.5]). In order to make everything work smoothly in IAg+exp, we shall
work with theories satisfying a slightly stronger condition than being recursively
enumerable.

2.1.6. DEFINITION. An axiomatisation 7 is smooth if
IAgtexp - Vo < udy7'(y,x) —» IbVe < udy < b7'(y, ).

In other words, 7 is smooth if [Ag+exp proves the collection axiom given by 7. If
T is X1, then its smoothness is exactly what is needed in order to conclude that
Pr,(x) is provably equivalent in IAy+exp to a 3;-formula.

We say that T = (Axr,7) is smooth just in case 7 is smooth. From the
above considerations, it is clear that if 7" is r.e. and smooth, then the provability
predicate Pr,(x) is provably equivalent in IAg+exp to a Xj-formula. We note
that all elementary theories are smooth.

2.1.7. CONVENTION. Throughout this thesis, we use modal notation for prova-
bility predicates. Variants of the symbol O are mostly used for natural provability
predicates of PA and its fragments. As usual, we use & to denote the dual of O,
i.e. Oy is written as an abbreviation for —O—¢. Variants of A and its dual Vv are
mainly reserved for nonstandard provability predicates.

The symbol Oy denotes the natural provability predicate of 1Ag+exp, while
O is written for the natural provability predicate of PA. However some sections
specify a local, more general interpretation for the symbol .

As usual, Op(2) means that the numeral for the value of  has been substituted
for the free variable of the formula ¢ inside O. If the intended meaning is clear
from the context, we will often write Op(z) instead of Tp(x).
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The HBL-conditions

Let T = (Axr, T) be a smooth and recursively enumerable extension of IAy+exp,
and write O for the formula Pr,(x) defined as in (2.3)-(2.4). In virtue of the
smoothness and recursive enumerability of 7" we may, as explained above, assume
that O is 3; when reasoning in IAg+exp. We shall furthermore assume [Aj+exp
to know that T is an extension of itself:

[Ag+exp - Yo (Cop — Op) (2.5)

The theory IAg+exp is provably Yj-complete ([HP93, Theorem 4.32]), meaning
that for any »;-formula o, IAg+exp - Vy (o(y) — Oyo(y)). Since O is X it
follows from this, together with (2.5), that IAg+exp - V¢ (Op — OOyp). From
the definition of O, it is clear that the closure of T under modus ponens is
verifiable in IAg+exp. Summarising the above observations, we see that [Ag+exp
verifies the Hilbert—Bernays—Léb (HBL) derivability conditions for O:

1. T = IAp+exp Op
2. [Ap+exp - O(p — o) — (Op — OyY)
3. IAp+exp = Op — O0¢

Conditions (2) and (3) also hold when ¢ and v are regarded as internal variables
ranging over L-sentences.

We recall the Fixed Point Lemma, first extracted from the proof of Godel’s
First Incompleteness Theorem by Carnap ([Car37]).

2.1.8. THEOREM. Let ¢ be an L-formula whose free variables are exactly xg, . .., x,.
Then there is an L-formula i with exactly the same free variables, and such that
IAO"’—eXp'_w(xl?"wxn)H@(rwjaxb'"axn)' a

From the proof of Theorem 2.1.8 it is clear that if ¢ is 3,(II,), then so is .
The Fixed Point Lemma, together with the above assumptions on 7" and [J, are
sufficient for proving Lob’s Theorem ([Lob55]) for 7.

2.1.9. THEOREM. If T Oy — ¢, then T - Oep.

Proof: By the Fixed Point Lemma, let ¥/ be such that
[Ag+exp U« (09 — ¢).

We reason as follows, using the HBL-conditions for OJ:

[Ag+exp =9 — (00U — ¢)
=0 — (30 — ¢))
- 09 — 0(0Y — o)
- 09 — (009 — Ogp)
FOY — Op
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Assuming that 7'+ Op — ¢, we thus have:

THOY—
=9
- 09
=

by using the properties of ¥ and the HBL-conditions for . a
An inspection of the proof of Theorem 2.1.9 shows that it can be verified in

[A(+exp:

2.1.10. COROLLARY. [Ag+exp - O (Op — ¢) — O a

The rules and axioms of the modal system GL (Section 2.2) can thus be used

when reasoning about O in IAg+exp.

Provability in 1>,

The formula O, is the conventional ¥;-provability predicate for 13X, + exp, with x
a free variable. We write O for the provability predicate of PA, where we assume
that for all ¢, Oy is provably equivalent in IAg+exp to dz0,p. Given a natural
formalisation of provability in I3, it is clear that:

1. IAg+exp - Oy A o < y — Oy (monotonicity)
2. IAp+exp = 0. (p — ) — (Lo — Ou0)
3. TIAg+exp = Oop — Oz
As above, it follows from (3) and provable ¥;-completeness of 1Aj+exp that
[Ag+exp = Oy — O,.0;0.

Using the Fixed Point Lemma, together with the above, it can be shown that Lob’s
Theorem for 1%, +exp is verifiable in IAg+exp: IAg+exp - O, (0z0 — ) — Tpp.

Partial satisfaction predicates

It is well-known that in IAy+exp there is a partial satisfaction predicate Satyy, (¢, y)
for II;-formulas, where y and ¢ are internal variables ranging, respectively, over
assignments and L-formulas. The formula Saty, is II; and satisfies Tarski’s con-
ditions ([HP93, Theorem 1.2.55]). Defining Tr, (¢) to be the formula saying that
¢ is a sentence and Yy Saty, (¢, y), it is clear that Try, is Iy, and that for any
IT;-formula 7 (z),

[Ag+exp - m(z) < Try, (7(2)).
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(By our conventions for the dot notation, m(z) is a sentence from the point of
view of Tryy, .)

Given a theory T, 1-provability refers to provability in 7' together with all
true II;-sentences. Using the formula Tryy,, we can define the provability predicate
O for 1-provability in I3, + exp:

Ol = 3m (Trp, (1) A O (7 — ).
Similarly, the provability predicate O for 1-provability in PA is defined as:
Oy = 3n (Tr, (1) A O(T — ).

It is then clear that for all o, O is provably equivalent in IAg+exp to Iz O .
We note that O is 5. Tt is well-known that O is ¥y-complete, i.e. that for
any Yo-formula o,

[Ag+exp - o(y) — OMo(y).

It follows from this that TAg+exp - 0N — OMOM . Furthermore, 1Ag+exp
verifies that modus ponens is among the rules of inference of Ol i.e. we have
[Ag+exp = O.(¢ — ¥) — (O, — O.¢). Using the above, together with
the Fixed Point Lemma, it can be shown IAg+exp verifies Lob’s axiom for [ll»:
IAg+exp - OM (O — ) — Ol

In [HP93, Theorem 1.4.33] it is shown that I¥;,; proves the consistency of
the set of all true Il o-sentences. The proof can be formalised 1Ay+exp:

[Ap+exp  Vz Vo (90 €l — Dx+1(Dz(p - SO))

Since [X; +exp is axiomatised by a single I, o-sentence, it follows from the above
that 13X, 1 proves the consistency of 13, + exp + II;-truth:

IA0+eXp [ Dx+l _||:|51J_

We refer to the above properties as reflection.

A theory T is said to be essentially reflexive if it proves the consistency of
each of its finite subtheories, and the same holds for every consistent extension
in the same language. It follows from the above that, verifiably in IAg+exp, the
theory PA is essentially reflexive: IAg+exp - Yo Vo O(p — $Lp).

2.1.3 Interpretability and arithmetised model theory

The notion of interpretability that we are interested in is that of relative interpre-
tability, first introduced and carefully studied by Tarski, Mostowski and Robinson
([TMR53]). Due to the availability of a pairing function in all theories considered
in this thesis, it is safe to focus our attention on one-dimensional interpretations.
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2.1.11. DEFINITION. Let § and T be first-order theories whose languages are
Ls and Lr. An interpretation j of S in T is a tuple (4, 7), where ¢ is an Lp-
formula with one free variable, and 7 a mapping from relation symbols! R of Lg
to formulas R™ of L7, where the number of free variables of R” is equal to the
arity of R. We extend 7 to a translation from all formulas of Lg to formulas of
L7 by requiring:

i. (R(zy,...2,))" = R™(21,...2,)
i (=) =¢" =7
. LT =1
iv. (Vo)™ =V (d(z) — ¢7)
Finally, we require that T 3z 6(z), and T + ¢” for all axioms ¢ of S.

We write j : T > S if j is an interpretation of S in T, and Tt>Sifj: T> S
for some j. We say that T and S are mutually interpretable, and write T'= 5,
if T>Sand S>> T.

We are interested in interpretability between finite extensions of PA, i.e. the-
ories of the form PA + ¢, where ¢ is an L-sentence. We write ¢ I> ¢ as an
abbreviation for PA + ¢ > PA + 1.

Interpretability, like provability, is a syntactical notion, and can therefore be
formalised in IAy+exp. We also write ¢ > 1 for the L-sentence expressing that
PA + ¢ interprets PA + 1), certain that the intended meaning is always clear from
the context.

The following result is implicit in [Ore61], and was first explicitly stated in
[H&j71] and in [HHT72]. Ttem (iii) was added in [Gua79]. Inspection of the proof
shows that it can be verified in IAy+exp.

2.1.12. THEOREM (OREY-HAJEK CHARACTERISATION). [Aq+exp verifies that
for all ¢ and 1, the following are equivalent:

1. o>
ii. Yo O(p — Ou)

iti. O — 7)) — O(e — 7) for any Ilj-sentence © (we say that ¢ is 11;-
conservative over ) a

'We assume here that S is formulated in a purely relational way. This restriction is not
essential — function symbols can be replaced by relation symbols by a well-known algorithm
(see [Vis92, Section 7.3]).
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Model theory within I3,

It is well-known that basic model-theoretic notions and proofs can be formalised in
[>);. We recall here the basic definitions and facts concerning the latter, referring
the reader to [HP93, Section 4(b)] for a more extensive overview. Reasoning
within I¥;, what we mean by a model 9 is an interpretation, i.e. formulas d,
Yo, Ps, Y+, ., and @<, defining the domain as well as the interpretations of the
non-logical symbols in 9. A full model is a model with a satisfaction relation
for all first-order sentences in the language of the model. Reasoning in I3, we
always assume models to be full.

We recall some model-theoretic definitions, which can easily seen to be for-
malisable in 3.

If M and M’ are models of [Ay+exp, we say that 9 is an end-extension of
M’ (or that M’ is a cut of M) if M is an extension of M, and for every a € M
and b € M, we have that M = a < b implies a € M.

Given a set I' of L-formulas, we say that 91 is a I'-elementary extension of
M’ (or that M’ is a [-elementary substructure of M), and write M’ <p M, if for
every ¢ € I' and for all my,...,m, € M,

M= o(my,...,my) if M E plmy, ..., m,).

The following general version of the Arithmetised Completeness Theorem follows
from Theorems 1.7 and 2.2 of [McAT7S|.

2.1.13. THEOREM. Let 9 = PA. If 9 = Oy where m € M is nonstandard,
then there is an end-extension MM of M with M <y, M, M = PA (from the
external point of view), and M k= ¢. a

2.2 Modal logic

The language Ly of propositional modal logic is obtained by adding a unary
operator O to the language of propositional logic. The symbol < is used as the
dual of O, i.e. as an abbreviation for —(O0—. We shall omit brackets that are
superfluous according to the following reading conventions:

0, — > A,V > —, >,

where > indicates binding strength. Thus O and — are the strongest, while —
and < are the weakest binding operators.

The system K contains all propositional tautologies in the language L5, to-
gether with axiom K: O(A — B) — (DA — OB). The inference rules of K are
modus ponens and necessitation: if K — A, then K - OA.
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The modal logic GL, named after Godel and Lob, is obtained by adding to K
the following, known as Lob’s axiom:

(L) OOA - A) - D0OA

It is well-known (for a proof, see for example [Boo93, Theorem 1.18]) that the
“transitivity axiom” (4) is derivable in GL:

2.2.1. LEMMA. GL - 0OA — O0OA a

Note that it follows from Lemma 2.2.1 that the theorems of GL include the
modal counterparts of the HBL-conditions.

Given a modal system L and a set [" of formulas in the language of L, we write
I' . B to mean that B is derivable in L from some elements Ag,..., A, in I’
without use of necessitation. If T' = {Aq,..., Ay}, we also write Ay,..., A, — B
instead of I' - B. A set I' of formulas is said to be L-consistent if I' £ L,
and maximal L-consistent if additionally it contains either A or —A for every
A in the language of L. Lindenbaum’s Lemma tells us that every consistent set
can be extended to a maximal consistent one. Throughout this section, we write
(mazximal) consistent to mean (maximal) GL-consistent. The following basic facts
concerning GL will mostly be used without explicit mention:

2.2.2. LEMMA. 4. GL+O(A A B) < (DA A OB)
it. GL =0T
1. If Ag,..., A, oL B, then OAy,...,0A, gL OB
iv. If GL+ A — B, then GL+ CA — OB Q0

A relation < on a set W is converse well-founded if for every S <€ W with
S # (), there is some a € W such that a 4 b for all b € S, in other words if
there are no infinite ascending <-chains. A converse well-founded relation is, in
particular, irreflexive. We write a < b if either a < b or a = b.

2.2.3. DEFINITION. A GL-frame F is a tuple (W, <), where < is a transitive
converse well-founded relation on .

2.2.4. DEFINITION. A GL-model is a triple (W, <,I), where (W, <) is a GL-
frame, and |- a valuation assigning to every propositional letter a subset of W. |-
is extended to all formulas of L5 by requiring that it commutes with propositional
connectives, and interpreting < as the accessibility relation for [J:

M, a |- OA if for all b with a < b, M,b I+ A.
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Given a frame F or a model M with domain W, we shall often write a € F or
a € M instead of a € W. If M is clear from the context, we write w |- A instead
of M w I A. A formula A is valid in a model M, we write M |+ A, if a |- A for
every a € M. Similarly, A is valid in a frame F, we write F |- A, if M |- A for
any model M = (W, <, |-) with F = (W, <).

2.2.5. THEOREM. GL + A iff for every finite GL-frame F, F |+ A.

Proof: The proof of soundness, i.e. the direction from left to right, is straight-
forward. An overview of the proof of modal completeness is given below. a

2.2.1 Proof of modal completeness

The right to left direction of Theorem 2.2.5 is proven, as usual, by contraposition.
Given a sentence A with GL t£ A, we shall find a GL-frame F with F |£ A, or
in other words a GL-model M where w | —A for some w € M. The domain of
F will consist of maximal consistent sets, and I is the canonical valuation, by
which we mean the valuation defined as:

Tl-p:<=pex. (2.6)

The assumption GL £ A implies that there is a maximal consistent set xg with
—A € zg. Our goal is to extend the equivalence in (2.6) beyond propositional
formulas. In particular, we would like to have xq |- A.

It is well-known that GL is not compact: there is an infinite consistent set that
cannot be satisfied at any point on a GL-frame (see for example [Boo93, p.102]).
This means that we cannot hope to extend (2.6) to all £o-formulas. Nevertheless,
it is possible to extend (2.6) to a set that is big enough in order to ensure z; |- A.

There are many ways to find a frame F with the required properties; see for
example [JdJ98, Theorem 40]), [BV02, Exercise 4.8.7], or [Boo93, Chapter 5]. In
fact, some of them are easier than the proof presented here, which is based on
the construction method used in [GJ08]|. The aim of the exposition is to prepare
the ground for the more involved modal completeness proof in Section 3.4.

2.2.6. DEFINITION. A set D of formulas is said to be adequate if it is finite and
closed under subformulas and single negations.

Given A with GL I~ A, let D be an adequate set containing A, and let Fy be
the GL-frame consisting of a single maximal consistent set x¢ with —A € zy. Our
goal is to extend Fy to a GL-frame F where, letting |- be the canonical valuation,
we have for all x € F and B € D,

r |- B:< Beux.

We call the above equivalence a truth lemma (with respect to D). If zq contains
formulas of the form —OC, we thus need to add new nodes to the frame.
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2.2.7. DEFINITION. Let F be a frame whose domain consists of maximal consis-
tent sets, x € F, and D an adequate set. A D-problem in x is a formula —OB
where —0OB € x n D, but there is no y with x < y and —B € y.

If D is clear from the context, we shall refer to D-problems simply as problems.
An element of D is a problem-formula if it is has the form —0OB. We assume as
given some ordering of problem-formulas.

2.2.8. DEFINITION. For maximal consistent sets x and y, let x <4 y if for every
Lo-formula B, we have that OB € x implies B € y.

2.2.9. LEMMA. If x <gy, then any problem-formula in y is contained in x.

Proof: Suppose that x <5 y and —0OB € y. Assuming OB € x, we would have
0O0OB € x by Lemma 2.2.1, and so OB € y, a contradiction. Since x is maximal
consistent, it must be that —B € x. a

The proof of the following lemma is similarly straightforward:

2.2.10. LEMMA. Ifx <gy and y <g z, then x <g z. a

2.2.11. DEFINITION. A frame F = (W, <), where W consists of maximal con-
sistent sets, is adequate if for all z,y € F, we have that x < y implies z <g ¥.

The proof of the following lemma is completely straightforward.

2.2.12. LEMMA. Let F be an adequate frame containing no D-problems, and let
- be the canonical valuation. Then x |- B < B € x for all B € D. a

2.2.13. LEMMA. Let D be adequate, and x maximal consistent with —OB € xND.
There is some y with x <gy and —B,0B € y.

Proof: Using Lindenbaum’s Lemma, it suffices to show consistency of the set
{A|OA ez} u{0OB,—B}. Assuming the contrary, there would be OAy . ..,0A,
in z with Ag,..., A, e OB — B. Using necessitation and Lob’s axiom:

DAy, ...,0A, ¢ O(OB — B)
DA, ...,04, ¢ OB

Thus also OB should be in z, a contradiction. a

We describe an algorithm for eliminating problems in adequate GL-frames.
The function f is used to keep track of the order in which problems are eliminated.
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The problem elimination algorithm: Let 2y, be maximal consistent and D
adequate. Define Fy = {{x¢,0}) and f(0) = xo. While some world in the range
of f contains a problem in F,, = (W,,, <,), do:

1. Let i be the least such that f(i) is defined and contains a problem, let x be
such that f(i) = z, and let =B be the least problem in z.

2. By Lemma 2.2.13, let y be maximal consistent with z <5 y and =B, 0B € y.
3. Let f(j) := vy, where j is the least such that f(j) is undefined.

4. Let W,11 = W, u {y}, and define <,,; to be the transitive closure of
<p Uiz < y}.

5. Let .Fn_;,_l = <Wn+1, <n+1>

Clearly, Fy is an adequate GL-frame. Using Lemma 2.2.10, it is easy to check
that if F,, is an adequate GL-frame, then so is Fj,.1.

2.2.14. LEMMA. The problem elimination algorithm terminates.

Proof: We argue by induction on the number of problem-formulas in ;. When
starting the algorithm, we have f(0) = xy. If y contains no problem-formulas,
then it contains no problems, and so the while-loop will never be entered.

So suppose that zy contains n + 1 problem-formulas. This means that all
problems —OB in x are eliminated during the (at most) first n + 1 steps of the
algorithm by adding some y with = < y and —B,0B € y. After these steps, we
thus have ¢ > 0 whenever the while-loop is entered in order to eliminate some
problem in f(7). Since z <y y by construction and OB € y while —0OB € z, it
follows by using Lemma 2.2.9 that each y contains at most n problem-formulas.
Thus the algorithm, when run on each y, terminates by assumption. a

We prove the remaining direction of Theorem 2.2.5.

Proof: Suppose GL (£ A, let xq be maximal consistent with —A € xy, and let D
be an adequate set containing A. Run the problem elimination algorithm on xg
and D. This yields a finite adequate GL-frame F free of problems. Letting |- be
the canoncial valuation, we thus have z( [ A by Lemma 2.2.12. a

2.3 Provability logic

We show that GL is the provability logic of any reasonable theory. By a reasonable
theory we shall, throughout this thesis, mean a ;-sound smooth recursively



2.3. Provability logic 27

axiomatised theory T = (Axp,7) extending [Ag+exp, verifiably in 1Ay+exp. We
write [ for the provability predicate of T' defined as in Section 2.1.2. As explained
there, O is 31 in IAg+exp, and satisfies the following conditions:

1. T < IAj+exp Op
2. TAg+exp - O(p — ¢) — (Op — )
3. TAg+exp = Oy — Oy,

where the right to left direction of (1) is by 3;-soundness of IAg+exp. We show
that if T and O are as above, then the propositional schemata involving [ that
are provable in T are exactly the theorems of GL. A precise statement of this
result makes use of the following definition:

2.3.1. DEFINITION. Let ¢ be an £-formula with one free variable. A 9-realisation
is a function * from the propositional letters of Ly to L-sentences. The domain of
* is extended to all Lo-formulas by requiring that it commutes with propositional
connectives, and furthermore (JA)* := ¢¥("A*").

A ¥-realisation is thus a translation from the modal language £ to the language
L of arithmetic, where the modality O is translated by means of the formula
. We note that the values of a ¥-realisation are determined by its values at
the propositional letters of £5. Instead of ¥-realisations, we shall mostly speak
of arithmetical realisations mapping O to 9. It is clear how this notion can be
generalised to bimodal languages.

2.3.2. THEOREM. Let O be the provability predicate of a reasonable theory T.
Then for all Ae Lo, GL+- A iff T+ A* for all O-realisations *.

The left to right direction of Theorem 2.3.2 is referred to as arithmetical sound-
ness. It is an immediate consequence of conditions (1)-(3) above, together with
the observation that — in the presence of the Fixed Point Lemma — the latter
imply Lob’s Theorem for O (Theorem 2.1.9). In fact, it is clear that arithmetical
soundness of GL with respect to T is already verifiable in IAg+exp. The proof
of the other direction, i.e. arithmetical completeness, is due to Solovay ([Sol76]).
An overview of the proof is given below.

2.3.1 Proof of arithmetical completeness

Given an Ly-formula A with GL £ A, we would like to find an arithmetical
realisation * mapping the modality O to the provability predicate O, and for
which it holds that T (£ A*. The proof proceeds by showing that any finite
GL-frame can be embedded into IAj+exp in a suitable way.
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We write x : Op to mean that z is a witness of the ¥;-sentence Oy, i.e. that x
is the code of a T-proof of ¢. We assume that every number witnesses the proof
of a unique sentence — if any — , noting that this requirement can be satisfied for
any reasonable arithmetisation of syntax in IAg+exp. For the rest of this section,
let us fix a GL-frame F = (W, <) with root 0.

2.3.3. DEFINITION. (IAg+exp) The function h : w — W is defined by:
h(0) =0

h(x+1)={b if h(z) <band z:0L #b

h(z) otherwise

The formula L # b (see (2.7) below) depends on the formula x representing h.
The self-reference in the definition of A is handled by the Fixed Point Lemma.
We note that the definition of h only relies on the godelnumber of L # b, and
the latter can be obtained from b and "x' by a function that is provably total in
IAU—i—exp.

It follows from Theorem 2.1.4 — for example, by using that W is finite —
that h is elementary and provably total in IAg+exp, with its defining equations
also provable in IAg+exp. We write L = a for the formula

dzh(z) = a AVz h(z) < a. (2.7)

The formula L = a states that a is a <-maximal element in the range of h. Given
the following lemma, we can think of L = a as saying that a is the limit of h.

2.3.4. LEMMA. i. [Ap+exp 2’ <2 — h(2') < h(x)
ii. IAg+exp - Fw L = w

Proof: (i) is proven by internal induction on z, using that h is defined by an
AGP-formula. The inductive step follows from the transitivity of <, together with
the fact that h(z) < h(x + 1) by definition.

(ii) Since the relation < is antisymmetric, uniqueness is immediate from the
definition of L = a. For existence, we show by external induction on the converse
of < that for all a e W,

[Ag+exp - h(z) =a — FJw L = w.
This is sufficient, since h(0) = 0 holds in IAj+exp. From (i) we have that
[Agt+exp - h(z) =a— (Vo' = zh(2') =a v 32’ = xza < h(z)). (2.8)

Argue in IAg+exp, assuming h(x) = a. If the first disjunct in (2.8) holds, we have,
by using clause (i), L = a, while if the second disjunct holds, then Jw L = w by
the induction assumption. Thus in either case Jw L = w as required. a
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2.3.5. LEMMA. [Ag+exp-L=ara<b—> L =0

Proof: Argue in [Aj+exp, assuming a < b and L = a, noting that the latter
implies

Va h(z) < a. (2.9)

Suppose that there is some z with z : OL # b. By (2.9) we have h(x) < a, whence
it follows from the definition of h that h(z + 1) = b. From (2.9) we get b < a,
whence b < b by transitivity of <, a contradiction. a

2.3.6. LEMMA. [Ag+exp-L=a#0—->0Ua< L

Proof: Argue in [Aj+exp, assuming L = a. Let = be such that h(z) = a. Since
the latter is a Ay™®-formula, we have Oy h(2) = a by Theorem 2.1.1, together
with provable Y;-completeness of IAj+exp. Using the definition of L, this implies
Opa < L. By assumption, we have Oy — Oy for all ¢, whence also

Oa < L.
Since a # 0, it follows from the definition of h that
OL # a.

Combining the above yields Oa < L as required. a

2.3.7. DEFINITION. Let M = (F,|) be a finite GL-model with root w. The
model M, is obtained by appending a new root 0 to M; the truth values of
propositional formulas at 0 are defined to be the same as at w. Apply Definition
2.3.3 to My, and define the arithmetical realisation * by letting

p* = \/ L =a.

Mo,al-p

2.3.8. LEMMA. Let M and * be as in Definition 2.3.7. For all B € Lo, a # 0,
if M,a - B, then IAy+exp -+ L = a — B*.

Proof: We prove the claim by induction on the complexity of B, simultaneously
with
if M,a |- —B, then IAg+exp -+ L = a — —B*.

The case of propositional letters is immediate from the the definition of *, together
with Lemma 2.3.4(ii). The boolean cases are straightforward.
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Suppose now that M, a |- OC, i.e. that M,b I C for all b with a < b. By
the induction assumption we have IAg+exp = L = b — C* for all such b, whence
[Ag+exp -+ a < L — C*. Note that [Ag+exp - ¢ = T ¢ = [Ag+exp - Op
for all ¢. Reasoning as in GL, we thus obtain [Ag+exp - Oa < L — OC™*. Using
Lemma 2.3.6, the latter implies IAg+exp - L = a — OC™ as required.

Finally, suppose M,a = <C, and let b be such that a < b and M, b = C.
By the induction assumption, IAg+exp - L = b — C*. Reasoning as above,
we obtain [Ag+exp - OL = b — OC*, whence [Ag+exp = L = a — OC* by
Lemma 2.3.5. a

2.3.9. LEMMA. . ME=L=0.
1. Foralla+#0, TH L #a, i.e. L =a is consistent with T

Proof: (i) Let a # 0. We show 0 ¥ Jzh(r) = a by induction on the con-
verse of <. Assume that the claim holds for all <-successors of a, and sup-
pose N = Jx h(z) = a. By definition of h, this implies M = OL # a, whence
[Ap+exp = OL # a by X;-completeness. We have [Ag+exp - Op = T + ¢ for
all p, and thus also

THL#a. (2.10)

Since M &= Jz h(z) = a, by Xi-completeness of T we also have T + 3z h(z) = a.
This, together with (2.10), implies T 3z a < h(x), whence M = Jza < h(x) by
Y1-soundness of T'. The latter, however, contradicts our induction assumption.
We conclude that for a # 0, M = Vo h(z) # a, whence M = Vo h(x) = 0, and
thus 91 = L = 0 as required. Closer inspection of the argument reveals that
[IAgt+exp - L = 0 < O"T where n is the depth of M, see [Vis84].

(ii) By (i) and Lemma 2.3.5, we have 01 = OL = a for all a # 0. Now,
T + L # a would imply [Ag+exp - OL # a, and the latter in turn would imply
N = OL # a, a contradiction. a

We prove the right to left direction of Theorem 2.3.2.

Proof: If GL {# A, then by Theorem 2.2.5 there is a finite rooted GL-model M
with a |¢ A for some a € M. Let * be the realisation as in Definition 2.3.7. By
Lemma 2.3.8, IAg+exp -+ L = a — —A*, ie. [Ag+exp — A* — L # a. Since T
does not prove L # a by Lemma 2.3.9(ii), it therefore cannot prove A* either. O

2.4 Ordinals

In Section 2.4.2, we define transfinite iterations of a given provability predicate.
In order to do that, ordinals need to be represented as natural numbers, by means
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of some ordinal notation system. Basic facts concerning the latter are reviewed
in Section 2.4.1 below. Transfinite iterations of provability predicates are closely
related to Turing-Feferman progressions ([Tur39], [Fef62]). The presentation here
is based on [Bek03], which in turn is based on [Sch79].

2.4.1 Ordinal notation systems

Ordinals up to €y can be represented in IAj+exp in a natural way by making use
of the Cantor Normal Form Theorem:

2.4.1. THEOREM. For every ordinal o > 0, there are unique cg = ... = oy with
a=w + w4+ .+ w,

The above representation of « is called its Cantor normal form. For an ordinal
a and n < w, we define w;) inductively by letting

67

UJO - CV,
a W
wn+1 =W

We write w, for w!. Thus we have that wy = 1, w; = w, wy = w“, etc. Let

g0 := sup{w, | n € w}. Using that + — w? is strictly increasing and continuous,
it is not difficult to show that ¢g = w®°, and that in fact gq is the smallest fixed
point of the function x — w®. We note that gy is countable.

It follows from the above that if a < gy, then o has a Cantor normal form
with exponents a; < «a, and these exponents in turn have Cantor normal forms
with yet smaller exponents. Assuming the ordinal 0 to be represented by some
fixed term, say 0, an ordinal 0 < a < gy can thus be represented by its Cantor
normal form

W + wM 4L+ W,

where ag = ... = a4, and each q; is represented in the same way. More formally,
we fix for any ordinal o < ¢y an L-term built of w*, x + y, and 0. The relation
< and the standard functions of ordinal arithmetic (z + y, = - y and w®) on
Cantor ordinal notations are elementary. It follows from this that basic facts
about ordinal arithmetic are provable in IAg+exp (in fact, already in 1A — see
[Som95, Section 3.5]).

The Cantor ordinal notation system is the most common way of representing
ordinals below ey. In order to reason in IAy+exp about ordinals beyond ¢q, we
introduce the notion of an elementary linear ordering.

2.4.2. DEFINITION. ([Bek03]) An elementary linear ordering is a pair of elemen-
tary formulas x € D and x < y, such that IAy+exp proves that the relation
< linearly orders the domain D. An elementary well-ordering is an elementary
linear ordering which is well-founded in the standard model 1.
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Given an elementary linear ordering (D, <), we use Greek variables a, 3, 7 etc.
to denote the elements of D. Since D is elementary, these variables can also be
used within IAy+exp.

Reflexive induction, first used in [Sch79], is very useful for reasoning about
elementary linear orderings in theories containing IA,+exp.

2.4.3. LEMMA ([BEK03, LEMMA 2.4]). Let (D, <) be an elementary linear or-
dering, T a theory containing IAg+exp, and O a provability predicate for T for
which Lob’s Theorem holds. Then T is closed under the following reflexive in-
duction rule:

Vo (OVE < a®(B) — («))
Va ®(a) '

Proof: Assuming that 7' Yo (OVS < a ®(5) — ®(«)), we find:

THOVad®(a) - Va8 < ad(p)
— Yad(a)

Thus T + Ya ®(a) follows by Lob’s Theorem for 7. Q

An ordinal « is recursive if there is a recursive well-ordering of a subset of the
natural numbers with order type a. Recursive ordinals are exactly the ordinals
that have a notation in Kleene’s O.

The following result follows from [Som93, Theorem 3], where it is shown that
recursive ordinals can even be Ag-represented in IA:

2.4.4. THEOREM. For any recursive ordinal o, there is an elementary linear or-
dering with order type «; furthermore the basic functions and relations (for ex-
ample <, +, ) on ordinals < « can also be taken to be elementary. a

2.4.2 Transfinite iterations of provability predicates

We wish to talk about iterations of a given provability predicate 0. Iterations
corresponding to natural numbers can be defined in a natural way by letting
0% := ¢, and 0"ty := OO%. Intuitively, 0% thus means: O applied to ¢,
n-times. We carry out the above definition within IAg+exp, and extend it to
ordinals beyond w.

Throughout this section, the symbol O is used to denote an arithmetical for-
mula for which we have:

1. TAg+exp = Vo (o — Op)
2. IAgtexp = Vo Vi (O(p — ¢) — (Bp — OY))

3. TAg+exp - Vo (Op — O0y)
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Note that we do not assume O to be 3, hence condition (3) does not follow
from (1) as in Section 2.1.2.

For the rest of this section, we fix an elementary linear ordering (D, <). We
assume that, verifiably in 1Ag+exp, (D, <) has a least element, denoted by 0.
Intuitively speaking, a transfinite iteration of [J in IAy+exp should be a formula
0%, where o > 0 is an ordinal (represented within [Ag+exp by means of some
ordinal notation system), and IAg+exp verifies that for all ¢,

i. 0y « O0%p for 0 < B < «
ii. D < 3B < XOPp for a limit ordinal 0 < A < «
2.4.5. DEFINITION. By the Fixed Point Lemma, let (0%p be a formula such that
IAgtexp - D% <~ 3B <a (B=0A0p) v (B #0A00%)),

where v and ¢ are internal variables ranging over {6 € D | § # 0} and L-sentences,
respectively. Similarly, &% is defined to be a formula such that

IAgtexp = 0% > VB < a ((B=0ACp) v (B #0 A 00%p)).
When reasoning in 1Aj+exp, we shall, less formally, assume O0%p to satisfy
0% < 38 < aOPy

and similarly for ©%p, having in mind that 0% and ¢%p are defined to be .

It is clear from Definition 2.4.5 that if O is X, 1, then so is 0%, and that if
<& s 1,41, then so is O%p. In [HP16, Lemma 8], it is shown that, verifiably in
[Ag+exp, iterations are unique. Thus we can use (0%p freely, without specifying
the formulas involved.

We define the formulas s(5, ) and lim(«) stating, respectively, that « is an
immediate successor of 3, and that « is a limit:

s(B,a) =08 <an—Fy(B<v<a)
lim(a) :== a# 0 A —38s(8, a)

The facts given in the following lemma will often be used without explicit mention.
2.4.6. LEMMA (IAg+exp). For any L-sentences ¢,v, and o, # 0:

1. 0% & =O%—p

1. Op — O%
iii. B < a — (0Pp — O%)

. 0%(p = ¢) - (O% - 0%)
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v. 0% — O0%
vi. s(8,a) — (0% < OD%)
vii. lim(A) = (0% « Ja < A (a # 0 A O%))
Proof: By reflexive induction, using the assumptions on 0. In (iii), we take

U(a) :=Vp < a (0% — O%). The proofs of (iv) and (v) use (iii); the proof of
(vii) uses (vi) and (iii). a

Clauses (ii), (iv), and (v) of Lemma 2.4.6 are the analogues of the HBL-
conditions for 0% Using the Fixed Point Lemma, it can be shown that also

[Ag+exp = Vo (O%(O% — ¢) — O%).

2.4.7. LEMMA. Let O and A be provability predicates for which it holds that
[Ag+exp = Yo (Op — A ). Then IAg+exp - Ya Vo (0% — O%).

Proof: By reflexive induction. a

The results of this section, together with Theorem 2.4.4, imply that we can
reason within IAy+exp about transfinite iterations corresponding to any recursive
ordinal cv. It is important to keep in mind, however, that the natural properties of
an ordinal o might not be verifiable in IAy+exp for an arbitrary representation of
«. When using the Cantor ordinal notation system, on the other hand, ordinals
below gy can be assumed to have more of the expected properties. The following
lemma gives one example.

2.4.8. LEMMA. Suppose that (D, <) is the Cantor ordinal notation system for
ordinals < 9. Then 1Ag+exp - Yo VB Va # 0 (00 p « 0P ).

Proof: By reflexive induction. a



Chapter 3

A bimodal provability logic

The system GLT of bimodal logic was introduced by Lindstrém ([Lin06]) in con-
nection with Parikh provability. The study of supremum adapters lead us to the
same system independently. This chapter deals with the modal aspects of GLT.
We prove completeness with respect to several classes of Kripke frames, one of
which yields decidability. We also provide a characterisation of the closed frag-
ment of GLT, and show that the latter is arithmetically complete with respect to
a wide class of provability predicates.

3.1 The system GLT

Let L4, be the language of propositional modal logic with two modal operators
O and A, their duals denoted by & and V respectively.

3.1.1. DEFINITION. The axiom schemata of GLT include all propositional tau-
tologies in the language L,, the rules and axiom schemata of GL for both A and
O, and furthermore:

(T1) A A—DOA

(T2) OA — AOA
(T3) OA—-D0OnA
(T4) ODAA - DA

Throughout this chapter, we write — A if GLT + A, and Cy,...,C, + A if A
is derivable in GLT from Cj,...,C, without use of necessitation. The notion
of a maximal GLT-consistent set is defined as in Section 2.2.1. Throughout this
section, we refer to (maximal) GLT-consistent sets as simply (maximal) consistent.

35
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3.1.2. REMARK. Necessitation and Lob’s axiom for O are redundant in the above
axiomatisation of GLT. Necessitation for O follows from necessitation for A to-
gether with (T1). As for Lob’s axiom, we note that by (T3),

FOWLA — A) > OA(AA — A). (3.1)

We also have - O(A(AA — A) — AA) by Lob’s axiom for A and necessitation
for O, whence - OA(AA — A) — OAA by axiom (K) for 0. Combining this with
(3.1) we obtain - O(AA — A) — OAA, and so by (T4),

FOLMA — A) — DA (3.2)
The desired result follows since - O(0A — A) - O(AA — A) by (T1).

3.1.3. LEMMA. i. - AA—-TOAA
it. - AA — AOA

iti. - A(OA > A) > AA

iv. FOLA— A) - 0OA

Proof: (i) follows from (T1), since - AA — AAA. (ii) is a consequence of (T1)
and (T2). (iii) follows by Lob’s axiom for A, since - A(OA — A) - A(AA — A)
by (T1). (iv) is (3.2). Q

3.2 Bimodal provability logics: an overview

Before introducing the semantics for GLT, let us briefly review some related sys-
tems. For more information on bimodal provability logics, see for example [JdJ98]
or [ABO4].

Considering several provability predicates simultaneously is a natural ap-
proach for generalising Solovay’s Theorem. We shall first consider what can be
said about the provability predicates of reasonable theories (as defined in Section
2.3).

The system CS Let A and O be the provability predicates of some reasonable
theories T} and Ts, respectively. The joint provability logic of A and O is the
collection of all propositional schemata concerning A and [0 that are provable in
T1 N Tg.

It follows from Solovay’s Theorem (Theorem 2.3.2) that the joint provability
logic of A and O contains the principles of GL for both A and 0. Since A and
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O are Xy, it follows from Y;-completeness of IAg+exp that their joint provability
logic also contains the following:

OA — AOA
AA — OAA

The system CS contains the rules and axiom schemata of GL for both A and O,
together with the above axioms. CS is modally complete with respect to a Kripke-
style semantics, and enjoys the finite model property. Note that OA — AOA is
axiom (T2). Given Lemma 3.1.3(i), it is thus clear that CS < GLT.

It was shown by Smorynski ([Smo85, Theorem 4.3.15 |) that CS is the pro-
vability logic of a certain pair of r.e. extensions of PA. Beklemishev ([Bek92])
showed that there is a pair (A, ) of provability predicates for PA itself, such that
the joint provability logic of A and O is CS. Thus CS can be seen as the minimal
bimodal provability logic.

The theories with respect to which CS has shown to be arithmetically complete
are obtained by using the Fixed Point Lemma. The existence of natural theories
whose joint provability logic coincides with CS is an open question. Note that if
CS is the joint provability logic of 77 and Ty as above, then T} and Ty know as
little about each other as possible. Naturally occurring theories thus usually turn
out to have some non-trivial knowledge about each other.

Bimodal logics for natural pairs of theories The simplest principle of inter-
action between two theories must be that of inclusion, expressed by the following,
already familiar to us as axiom (T1) of GLT:

ANA — OA

The system CSMy is CS together with the above principle. Clearly, CSMq < GLT.
CSMy, like CS, is complete with respect to a Kripke-style semantics, and has
the finite model property. It has been shown by Wolter [Wol98] that all finitely
axiomatisable subframe logics containing CSM, are decidable. Given that many
systems in this class do not have the finite model property, and are not even
complete with respect to any class of Kripke frames, this is a rather strong result.

The following principle expresses that not only is T5 stronger than T}, it also
proves local reflection for 77:

(ER) O(AA — A)

It is not difficult to see that (T1) follows from (ER) over CS. The system CSM;
is CS together with (ER). Unlike CSMy, the system CSM; is not complete with
respect to any class of standard Kripke frames. Visser ([Vis93]), using topological
methods, devised a generalised Kripke semantics for CSM; that is well-behaved,
even though the models are infinite.
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Recall axiom (T4) of GLT: OAA — OA, and note that it follows from (ER).
Thus we have: CSMg < GLT < CSM;. As we will see, the system GLT is interme-
diate between CSMg and CSM; also with respect to its model-theoretic properties:
like CSMy, it has a nice Kripe semantics, however as in the case of CSMy, the
respective frames are infinite. The closed fragment of CSM; has been worked out
by Visser in [Vis93]. In Section 3.7, we show that the closed fragment of GLT
coincides with that of CSM.

It was shown by Carlson ([Car86]) that CSM; is the joint provability logic of
any pair of reasonable theories 77 and Ty whenever T} and 7% are sound, and

the schema Ay — ¢ is provable in T;. Examples of such pairs of theories are
(IAg+exp, PA), (IX,,13,41), and (PA, ZF).

The system GLP Recall from Section 2.1.2 that given a theory T, n-provability
refers to provability in T together with all true II,-sentences. We write Dl%" for
the provability predicate of this theory. The theory obtained by adding to T
all true II,,-sentences is — in case it is consistent — not recursively enumerable.
Accordingly, %" is not ¥;.

Smoryniski ([Smo85, 3.3.9]) showed that the provability logic of each [ is GL.
The polymodal logic GLP, introduced by Japaridze ([DJ88]), contains a modality
for each n. Its axioms include the rules and axiom schemata of GL for each

[], and the following interaction axioms, for all n < m:

[n]p — [l
D — Mdp

Generalising Japaridze’s result, Ignatiev ([Ign93]) showed that GLP is the joint
provability logic of (I7* for all n. A simplified proof of this result was given by
Beklemishev ([Bek11]).

It is well-known that GLP is not complete with respect to a standard Kripke-
style semantics. The system GLP™ is obtained from GLP by replacing the axiom
@ — M@ p by requiring that for all n < m,

[2 — [ln]p

The above is a generalisation of the principle AA — OA A of CS. The system GLP™
is sound and complete with respect to a nice class of Kripke frames. The latter
are also useful for reasoning about GLP, in particular for obtaining arithmetical
completeness results.

3.3 Kripke semantics

We prove modal completeness of GLT with respect to Kripke frames containing
accessibility relations () and R for A and O respectively. Given binary relations
S and S, we write S’ for the relation {(a,b) | aSc and ¢S’b for some c}.
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3.3.1. DEFINITION. A GLT-frame is a triple (W, Q, R) with W # (), and
1. @ is converse well-founded

1. () is transitive

iii. RSQ

w. QRSR
v. RQ<SR

vi. RERQ

Conditions (i), (iii), and (iv) imply that the R-relation on a GLT-frame is transi-
tive and converse well-founded. Conditions (ii)-(v) are collectively referred to as
the GLT closure-conditions. We note that (i), (ii), and (vi) imply that GLT-frames
satisfy the following:

if w R a, there are (a,),<, With a = ag and for all n,w R a, and a,1 Q a,.

If w R a and (a,)n<, is as above, we say that (a,),<, witnesses the relation
w R a. Tt follows from (ii) and (i) that if (a,),<, is as above, then a, # a,, for
all n # m. A GLT-frame with at least one R-relation must thus be infinite.

3.3.2. DEFINITION. A GLT-model is a quadruple (W, @, R, ), where (W, Q, R)
is a GLT-frame, and |- a valuation on W satisfying the usual clauses, with () and
R as the accessibility relations for A and O respectively.

3.3.3. THEOREM. - A < F |- A for every GLT-frame F.

The proof of soundness, i.e. the left to right direction of Theorem 3.3.3, is straight-
forward. Section 3.4 below is dedicated to the proof of the other direction. Sound-
ness of GLT with respect to GLT-frames has the following simple consequence:

3.3.4. LEMMA. . A VT

i, £ OL— AL 0

3.4 Proof of modal completeness

Our approach here is the same as in Section 2.2.1. Given a formula A with t/ A,
we will construct a GLT-frame consisting of maximal consistent sets, where a
truth lemma holds with respect to an adequate set containing A.

As in Section 2.2.1, an adequate set of formulas is one that is closed under
subformulas and single negations.
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3.4.1. DEFINITION. Let F be a frame whose domain consists of maximal consis-
tent sets, x € F, and D adequate. A D-problem in x is one of the two:

1. a formula —AA € x n D such that there is no y with x @ y and —A € y.

1. a formula —OA € x n D such that there is no y with z Ry and —A € y.

If D is clear from the context, we refer to D-problems simply as problems. Ele-
ments of D of the form —AB or —OB are called problem-formulas.

3.4.2. DEFINITION. For maximal consistent sets x and y, we define x < y if for
every Lq,-formula A, we have that AA € x implies A € y, and similarly z <g y if
for every Lg,-formula A, we have that OA € x implies A € y.

3.4.3. LEMMA. Ifx <pa y orx <gy, then any problem-formula in y s in x.

Proof: Let x <A vy, and suppose that —AB € y. Supposing for a contradiction
that AB € x, we have AAB € x by axiom (4) for A, and so AB € y, a contra-
diction. If —0OB € y, then assuming OB € = we obtain AOB € z by axiom (T2),
whence OB € y, again a contradiction. The case of x <5 y is similar, by using
(4) for O, and Lemma 3.1.3(i) Qa

3.4.4. DEFINITION. A frame whose domain consists of maximal consistent sets
is adequate if for all x and y, x Q) y implies x <A y, and = R y implies = < .

The proofs of the following lemmas are straightforward:
3.4.5. LEMMA. Let z,y, and z be maximal consistent.
1. If x <pyandy <a z, then x <p z.
1. if x <gy, then x <p y.
1i. if t <p Yy andy <p z, then x <g 2.

w. if r <gy and y <a z, then x <g z. a

3.4.6. LEMMA. Let F be an adequate frame containing no D-problems, and let
I~ be the canoncial valuation. Then x |- B < Bex forallx e F and BeD. Q
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3.4.1 Lemmas for the elimination of problems

The following lemma is proven in exactly the same way as Lemma 2.2.13.

3.4.7. LEMMA. Let D be adequate, and x maximal consistent with —AB € xnD.
There is some y with x <a y and —AB, B € y. a

Recall that GLT-frames satisfy the following condition:
if w R a, there are (a,),<, With a = ag and for all n,w R a, and a,1 Q a,.

Thus whenever we add to our frame some world a with w R a, we should at some
point also add infinitely many worlds as above. We shall add all these worlds
simultaneously with a. The following lemma guarantees that maximal consistent
sets with suitable properties can be found.

3.4.8. LEMMA. Let D be adequate, and x maximal consistent with —OB € x nD.
There is a sequence (Y;)i<., of mazimal consistent sets such that —B € yy and for
all i, T <g¥Yi, Yir1 <A Yi, and OB € Yi-

Iterations of modalities are defined inductively: AYA := A, A" A := AATA.
Similarly YA := A and 0" A := 00" A. The symbols VA and O"A are used
as shorthand for =A™ —=A and —0"—A respectively.

The rest of this subsection is dedicated to the proof of Lemma 3.4.8. Fix an
adequate set D and a maximal consistent set x with —00B € x n'D. We show that
there is a sequence (y;);<, of maximal consistent sets such that for all i, z <g y;,
Yie1 <A Yi, and —A'B, A" B e y;. This suffices, for - A™™!'B — OB by axioms
(T1) and (T4), and —~A°B = —B.

Let us fix some notation and terminology. Define

s;:={A|0Aez}u{-A"B,A"'B}

For o € w U {w}, a sequence (z;);<, of sets formulas is said to extend another such
sequence (24);<q if z; 2 2} for all i < a.

3.4.9. DEFINITION. A sequence (z;);, of sets of formulas is good if it extends
(84)i<w, and for all k there is a sequence (y¥)i<, of maximal consistent sets ex-
tending (2;)i<k, with yF,; <a yF for all i < k.

The statement of Lemma 3.4.8 can be rephrased as:

“There exists a good sequence of maximal consistent sets.”

We prove the above claim by showing that (s;);<, is good (Lemma 3.4.10), and
that any good sequence can be extended to a good sequence of maximal consistent
sets (Lemma 3.4.11).
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3.4.10. LEMMA. The sequence (8;)i<y 8 good.

Proof: It suffices to show that for any k, there are maximal consistent sets (y¥)i<
extending (s;)i<x, and such that y¥ ; <a y¥ for all i < k. Let us fix k. We show
the existence of y;?, for 7 < k, by induction on k — j.

For y¥, it suffices to take a maximal consistent extension of s;. To see that
the latter is consistent, note that assuming the contrary implies the existence of
some A, ...,0A, € x such that Ay, ..., A, — A¥'B — A*B. whence

DAy, ..., 04, - O(AF'B - AFB),

and so by Lemma 3.1.3(iv), DA, ..., 0A, — OAFB. By repeated applications of
(T4), we obtain OA,,...,0A, - OB. Since x contains each JA; and —OB by
assumption, this is a contradiction.

For the inductive step, suppose that yfﬂ has the required properties. We
would like to show that there is a maximal consistent y¥ 2 s; with y¥ ; <a yF.
By Lindenbaum’s Lemma, it suffices to show that the set s; U {C' | AC € yF ,}
is consistent. Assuming the contrary, we obtain some Aq,...,0A4, € = and
ACy...,ACy € yFy with Ag,... A,,Co,...,C1 + A™'B — A'B, whence by ne-
cessitation and Lob’s axiom for A,

AAg,...0A,, ACy, ..., AC - A(AT'B — A'B)
AAy, ... ANA,, ACy, ..., AC — ATLB.

Each OA; is in @, whence by (T3) also JAA; must be in z. Since s;11 S yF, |,
it follows that AA; is in y¥ ;. Since y¥,, also contains each AC}, it should thus
contain A" B. But =A™ B € s;41 € yF, ,, so this is a contradiction. ]

3.4.11. LEMMA. A good sequence can be extended to a good sequence of maximal
consistent sets.

Proof: Suppose that (z;);<, is a good sequence. We carry out a simultaneous
Lindenbaum construction for the sets (z;);,, making sure that the property of
being good is preserved when new formulas are added to the sets. Fix some
enumeration (¢;);j<, of Ly,-formulas, and define z{ := z;. Assuming that (2]")i<w
is good, define (2""1);-,, as follows:

Consider n as the pair (j,m). We add either ¢; or —¢; to z,:

Since (z1');<., is good, we have for all k a sequence (y¥);<; of maximal consistent
sets extending (z;);<k, and such that y¥ ; <a yF for all ¢ < k. In particular, we
have y* 2 2" for all k > m. Consider the sets

A={k|gjeyr}t and  B={k|—p;eyl},

and note that at least one of A and B must be infinite.
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If A is infinite, 25 1= 27 U {g,}, otherwise 2™ 1= 2" U {—g;}.

n+l . .n
Z' - Z,L .

For i #m, z

We claim that (z”“)iw is good. The resulting sequence clearly still extends

i
(8;)i<w- Our construction ensures that for infinitely many k, the maximal consis-
tent sets witnessing the goodness of (27');-, are in fact extensions of (2"");-,,.
Noting that if &’ < k and o, ... yx is a path of length k, then yo, ..., yw is a path

of length &', it is thus clear that (2"');-,, is also a good sequence. a

3.4.2 Quasi-frames

Given binary relations Q' and R, denote by S the relation
(R/* U Q/*)* R/ (R/* U Ql*)*,

where P* stands for the transitive closure of P. Intuitively, an S-step is any
sequence of ()-steps and R'-steps containing at least one R’-step. We note that
if () and R’ satisfy the GLT closure-conditions, then S =R'.

3.4.12. DEFINITION. A frame G = (W,Q’, R’), where W consists of maximal
consistent sets, is a quasi-frame if:

1. G is adequate
ii. " and S are converse well-founded

iii. if * R’ y, there is a sequence (y;)i<, With y = yo, and such that for all i,
xSy, and yiy1 Q' Y.

3.4.13. LEMMA. Any quasi-frame can be extended to an adequate GLT-frame.

Proof: Let G’ = (W,Q', R') be a quasi-frame. If G is not an adequate GLT-
frame, it must be due to a violation of one of the GLT closure-conditions. Thus
let us close off to ensure QQ<=Q, REQ, QRS R, and RQ<R. The resulting frame
F = (W, Q, R) satisfies, of course, the GLT closure-conditions. It remains to show
that it also meets the remaining criteria for being an adequate GLT-frame.

Lemma 3.4.5 tells us that the process of closing off under the GLT closure-
conditions preserves adequacy of the underlying frame, whence it is clear that F is
adequate. It remains to show: (1) @ is converse well-founded, (2) any R-relation
is witnessed by an appropriate infinite sequence.

For (1), note that if F = x @ y, then either G = 2 Q™ y or G = xSy. Since
@' and S are both converse well-founded, so must thus be Q).
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For (2), we note that if 7 = xRy, then G = xSy: new R-relations are only
created on top of old ones, in order to ensure QRS R or RQ<R. If F = xRy, we
thus have

Gex...wR z...y,

where the dots denote a — possibly empty — sequence of R’ and Q'-steps.

If x = wand z =y, then G = ¢ R’ y, and the existence of a witnessing
sequence follows from Definition 3.4.12(iii), together with the fact that in F,
S =R. So suppose x # w, and note that then 7 &= x Q w — the GLT closure-
conditions ensure that any sequence of (- or R-steps is itself a ()-step.

If z =y, then G = w R’ y, and hence there is a sequence (y;);<, with y = yq
and for all 7, wSy;, and y;,1 Q' y;. From S =R it follows that F = w R y; for all
1. Since F =2 Q w Ry, and F EQRZSR, we thus have F = x R y; for all ¢, and
0 (¥;)i<w 1S an appropriate witnessing sequence for = R y.

Suppose finally that z # y, whence it must be that F = z @ y. Since
G Ew R 72/, there is a sequence (z;);<, With z = zp, and such that for all i, wSz;,
and z;,1 @ z;. From S =R it follows that F = w R z; for all i. We define (y;);<,
as: Yo = Y, Yir1 = 2. Given that F = x Q w R z; for all ¢, F EQQRSR, and
F Ez Ry, we have x R y; for all 7. Since also z = y; @ o, it is clear that (y;);<w
is an appropriate witnessing sequence for x R y.

3.4.3 The problem elimination algorithm

Let xy be maximal consistent and D adequate. Let p be the number of problem-
formulas in D. Define Fy := ({zo},0,0), and f(0) := x¢. While some world in the
range of f contains a problem in the frame F,, = (W, Q,, R,,), do the following:

1. Let i be the least such that f(7) is defined and contains a problem, let = be
such that f(i) = z, and let B be the least problem in x.

2. If B has the form —AC', then by Lemma 3.4.7 there is a maximal consistent
set y with x <A y, and —=C, AC € .
Let Wy =W, u{y}; Qp1:=0Qn +{z Qy}, and R; :=R,.
Let f(k) :=y, where k is the least such that f(k) is undefined.
3. If B has the form —0OC, then by Lemma 3.4.8 there is a sequence (v;)i<
with —C' € yg and for all ¢, OC € y;, * <g y;, and y;11 <a y;. Define:
Wy i=W, oy |iew}
Ry =R (o, 0) | § < 0}
Q;H-l =Qn U{(yi+1>yi) ‘ (S w}

Let k be the least such that f(k) is undefined.
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For p/ < p, let f(k + p') := y;, where i is the least index such that y;
contains a problem-formula that is not contained in any element in the
range of f(k + j) with j < p'.

In other words, we define f(k), f(k+1),..., f(k+p) to be the first among
(¥i)i<w containining pairwise distinct problem-formulas.

4. Let G be the frame (W) ., Q" 1, R, ;). It is easy to check that in both
cases, G is a quasi-frame.

5. By Lemma 3.4.13, let F, ;1 be an adequate GLT-frame extending G.

3.4.14. LEMMA. The problem elimination algorithm terminates, yielding an ad-
equate problem-free GLT -frame.

Proof: To see that the algorithm terminates, argue by induction on the number of
problem-formulas in . Since D is finite, there are finitely many of those. When
starting the algorithm, we have f(0) := x. If 2y contains no problems-formulas,
then it contains no problems, and so the while-loop will never be entered.

Suppose now that xy contains n + 1 problem-formulas. This means that all
problems in z are eliminated during the (at most) n + 1 steps of the algorithm:
problems of the form —AB are eliminated by adding some z with z¢y @) z and
—B, AB € z, while problems of the form —OB are eliminated by adding (v;);<.
with =B € yp and OB € y; for all 4.

After n + 1 steps, we thus have ¢ > 0 whenever the while-loop is entered in
order to eliminate some problem in f(7). It is clear from the construction that
only finitely many worlds are added to the domain of f. It follows from Lemma
3.4.3 that all new worlds contain at most n problem-formulas. The induction
assumption guarantees that the algorithm terminates when given each of the new
worlds as input.

It remains to show that the resulting frame F is problem-free, i.e. that no
y € F contains a D-problem. If y is in the range of f, then it is clear that by the
end of the construction there are no problems left in y.

So suppose that y is not in the range of f. This means that y is an element
of some (¥;)i<, that was added to F during step 3. Let ¢ be such that y = y;,
and suppose for a contradiction that B is a problem in y;. It follows from the
definition of f that there is some j < ¢ with B € y; and such that y; is in the
range of f — otherwise y; would itself be in the range of f. Being in the range
of f, y; is problem-free. If B is of the form —AC, there is thus some z with
y; Q@ z and —C € z, and if it is of the form —OC, there is some z with y; R 2
and —C € z. Since F is a GLT-frame, we have y; @) y;, and therefore y; () z in
the first case and y; R z in the second, contradicting our assumption that B is a
problem in y;. a
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We conclude with a proof of the remaining direction of Theorem 3.3.3.

Proof: Suppose £ A, let xg be maximal consistent with —A € xg, and let D
be an adequate set containing A. Run the problem elimination algorithm on xg
and D. By Lemma 3.4.14, this yields an adequate GLT-frame F free of problems.
Letting I be the canoncial valuation, we also have xg [ A by Lemma 3.4.6. 1

3.5 Lindstrom semantics

The material in this section is based on [Lin06]. We show that GLT is complete
with respect to two classes of Kripke frames containing a single accessibility re-
lation <. Let us first fix some notation. Given a transitive relation < on a tree,
we write a <, b if the order type of the set {c¢ | a < ¢ < b} is at least w*.

3.5.1. DEFINITION. A Lindstrom-frame is a transitive converse well-founded tree
of height < w? A Lindstrom-model is a triple (W, <,|-) where (W, <) is a
Lindstrom-frame, and |- a valuation on W satisfying the usual clauses, with <
and <, as the accessibility relations for A and O respectively.

Thus the formula G A is forced at a node a in a Lindstrom-model if and only if
A is forced at a node b that is infinitely many steps away from a.

3.5.2. THEOREM. + A < F |- A for every Lindstrom frame F.

Proof: For soundness, note that any Lindstrém frame is a GL-frame, whence it
must satisfy the axioms of GL for A. The validity of K" is straightforward, while
that of (T1)-(T4) follows from:

. a<y,b=a<b,

1. a<b<,c=a<,e¢,

1ii. a <, b<c=a<,c, and
w. a<,b=3dca<,c<b.

While (ii) and (iii) hold in virtue of <,-steps being defined as infinite <-steps,
for (iv) it is crucial that the order type of the set of nodes between a and b is w*.

For the proof of completeness, we recall from Section 3.4 the construction
of a GLT-frame F with F |¢ A, given some A with [/ A. Forgetting the R-
relations and renaming () to <, we obtain a transitive converse well-founded tree
F' = (W, <). By examining the construction, it is clear that the height of F’
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is < w? Thus F' may be viewed as a Lindstrom-model. To finish our proof, it
suffices to show that the new interpretation of O coincides with the old one:

FeEaRy = FEx<,Y.

The direction from left to right is clear since F is a GLT-frame, whence in par-
ticular every R-relation on it is witnessed by an appropriate infinite sequence.
For the other direction, suppose that z <, y. By examining the construction of
F, we see that there must be some 2z’ with either x = 2’ or x Q) 2/, a sequence
(Yn)n<w that was added to F in order to eliminate some problem —OB in 2/, and
finally y. @ y for some k € w. Thus either x Q 2’ Ryr Q y or Ry, Q y. Since F
is a GLT-frame, we obtain x R y in either case. a

Given a transitive tree (W, <) and a,b € W, we write a <,, b to mean that
the order type of the set {c | a < ¢ < b} is at least n.

3.5.3. DEFINITION. An n-Lindstrom-frame is a transitive tree with only finite
branches. An n-Lindstrém-model is a triple (W, <, |) where (W, <) is a an n-
Lindstrom-frame, and |- a valuation on W satisfying the usual clauses with < as
the accessibility relation for A, and:

a - OA < there is some n > 0 such that b |- A whenever a <, b.

To put it differently, we have a |- OA if and only if a I A™A for some n, and
dually a |- ©A if and only if a |- V"A for all n. Thus O is, in a sense, an
w-iteration of A.

3.5.4. THEOREM. + A < F |+ A for every n-Lindstrom-frame JF.

Proof: The proof of soundness is straightforward; we treat (T4). Suppose that
al- CA, so al- V'A for all n. Then also a I- V"™ A for all n, ie. a IF V*'VA,
and thus we have a |- OV A.

Completeness is proven by a slight modification of the construction in Section
3.4. V-problems are eliminated exactly as before. Given a problem —OB € =,
the proof of Lemma 3.4.8 guarantees the existence of a sequence (¥, )n<w, With
=B € 4o, T <0 Yn, Ynt1 <A Yn, and OB € y,, for all n. For each n, we add to
our frame the path x < y; < y;_1 ... < yp, and close off to ensure the transitivity
of <. Since each added node contains less problems than z, it is clear that the
resulting frame has only finite branches. It remains to check that a truth lemma
holds at the end of this construction. We check that for all x € W:

—0A € x < for all n > 0, there exists y with z <,, y,, and y, |- —A.

The direction from left to right holds by construction. For the other direction,
assume that for every n, there is a path of length n from = to a node y, with
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Yn I —A, whence —A € y,, by the induction assumption. Since the frame has only
finite branches, by Konig’s Lemma there must be some 2’ with either x = 2’ or
x < 2’ such that 2’ has infinitely many immediate successors (2, )n<y, and z, < y,
for all n. This can only be the case if the paths starting with the z,’s were added
in order to eliminate some problem —C' in 2’. Thus we have x <a ' <g 2z, <A YUn
or ¥ <g 2z, <A Yn, whence x <5 y by Lemma 3.4.5. But then OB € z would
imply B € y,,, contradicting the consistency of y,. a

3.5.5. LEMMA. . for everyn >0, - A"A —- OA
ii. if - A"A — B for every n, then - OA — B

Proof: (i) follows from (T1) and (T4). For (ii), we note that if ¥ OA — B, then
by Theorem 3.5.4 there is an n-Lindstrom-model M where OA A —B is forced at
a node z. By Defintion 3.5.3, we have x |- A" A for some n. It now follows from
the other direction of Theorem 3.5.4 that (4 A" A — B. a

3.5.6. DEFINITION. The system GLT" contains all propositional tautologies in
the language L,, the rules and axiom schemata of GL for A, and furthermore
A"A — OA for all n > 0. Finally, GLT" contains the following rule of inference:

A"A — B for every n > 0
OA - B

(3.3)

3.5.7. LEMMA. GLT" and GLT have exactly the same theorems.

Proof: It follows from Lemma 3.5.5 that all theorems of GLT* are also theo-
rems of GLT . For the other direction, note that (T1) is just A" A — OA with
n = 1. For (T4), we have A"AA — OA by the axiom schema of GLT*, and thus
OAA — OA by using (3.3). Similarly, for (T3) it suffices to show that for n > 0,
A"A — OAA. This can be done by induction on n, using (T1) and (T4). The
argument for (T2) is similar. Q

3.6 Decidability

The material in this section is a careful exposition of the results in [Lin06], which
in turn are based on the method used in [Bek94].

In order to establish decidability of GLT, we introduce yet another class of
Kripke models. We write S(A) for the set of subformulas of A, and use y Q z as
abbreviation for: y Q) z or y = z.
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3.6.1. DEFINITION. An A-sound model is a quadruple (W, Q, R, I), where (W, Q)
is a transitive irreflexive finite tree, RSQ), QRSR, RQ<R, and the following
condition holds for all w,a: if w R a, there is a d with w R d Q a such that
d - AB — B for all Be S(A). A node d as above said to be reflezive. Finally, -
is a valuation on W satisfying the usual clauses, with ) and R as the accessibility
relations for A and [ respectively.

3.6.2. THEOREM. Letn =|S(A)|. Thent A iff M I+ A for every A-sound model
M, where the cardinality of M can taken to be exponential in n.

Clearly, Theorem 3.6.2 has the following:

3.6.3. COROLLARY. GLT is decidable. a
The two directions of Theorem 3.6.2 are proven below as lemmas 3.6.4 and 3.6.5.
3.6.4. LEMMA. If— A, then M I+ A for every A-sound model M.

Proof: Suppose - A, and let M be an A-sound model. We transform M into a
GLT-model M’ (Definition 3.3.1) in the following way: whenever w R a holds in
M, add to M an infinite sequence (ay,)n<, of nodes and define

1. ag Q d, where d is a reflexive node witnessing the relation w R a
1. w R a, and a,.1 Q a, for all n
iti. an I p iff d |- p for all p e S(A) and for all n

Close off to guarantee the transitivity of @), as well as the frame conditions R<(),
RQ<R, and QR<R.

We claim that each of the new nodes (a,),<. satisfies exactly the same sub-
formulas of A as d, i.e. that item (iii) extends to all B € S(A). The boolean
cases are straightforward. If d |- VB, then there is some b with d ) b I+ B. By
transitivity of @, also a, @ b, and so a,, I VB. If d - A—B, then, since d is
reflexive, also d - —B, whence by induction assumption a,, I —B for all i. It is
clear from the construction that each a,, has no Q)-successors apart from a; with
j <mn,and ¢ with d Q ¢, and so it follows that a, - A—B. If d - OB, let b be
such that d R b I+ B. Since QR<R and a,, @ d, also a,, R b, and thus a, - CB.
It is clear from the construction that the only R-successors of each a,, are those
of d, and so d |- O—B also implies a,, I O—B for all n. Using the above, it is
clear that for all B € S(A),

M- B< M- B. (3.4)

Finally, we check that for all w R a, there is a sequence (a,)n<, with a,+1 Q a,
and w R a, for all n. By construction, this is clearly the case when w R a holds
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already in M. In the remaining cases where w R a results from closing off un-
der the frame conditions RQ< R and QRS R, we can reuse the infinite sequence
(@n)new guaranteed to exist for the old R-transition. Thus M’ is a GLT-model.
By Theorem 3.3.3 we now have M’ |- A, and therefore M |- A by (3.4). a

3.6.5. LEMMA. If /£ A, then M |} A for some A-sound model M. The cardi-

nality of M can taken to be exponential in n, where n = |S(A)].

Proof: Let (# A, and let xg be maximal GLT—consistent with A ¢ x,. We
construct an A-sound model M based on an adequate frame (Definition 3.4.2),
where a truth lemma holds with respect to all subformulas of A. The construction
proceeds exactly as in Section 3.4, except when it comes to the elimination of
problems of the form —OC. Whenever —[JC' is a problem in x, we add yo, . . . , Ym
such that —=C € yo, w R y,, Yns1 Q vy, for all n < m, and y,, - AB — B for all
B e S(A). To see that yo, . ..y, with suitable properties exist, we note that

i. By Lemma 3.4.10 there are for every k, yo, ...y, with =C € yg, and such
that for all n < k, w <5 v, and y,4+1 <A yn. Thus we can define w R ¥, and
Ynt1 Q yn without affecting the adequacy of the frame.

ii. Let n = |[S(A)|. Whenever we have yo, ... yn, With y;11 <a y; for all i < n,
one of them must contain AB — B for all B € S(A). This is because for
any B € S(A), there exists at most one y; that does not contain AB — B.
Then suppose (w.l.o.g.) that j > i, AB — B ¢ y; and AB — B ¢ y;. Thus
y; - AB and y; |f B. By transitivity of <A, we have y; <a ;, and so
AB € y; implies B € y;, a contradiction. By the pigeonhole principle, there
is thus some gy, among vq, . . .y, such that y, - AB — B for all B € S(A).

Having added vy, . . .,y as above, we close off to ensure that () is transitive, and
that we have RS(@), RQ<R, and QRS R. Proceed with the construction until we
obtain a model M containing no problems. Reasoning as in Lemma 3.4.14, we
see that the construction must terminate after a finite number of steps. It is then
clear that M is finite and satisfies transitivity of (), R€@Q, RQ<R, and QR<R. It
remains to check that every R-transition is witnessed by an appropriate reflexive
node. We need to check the cases where the R-relation was created to guarantee
that RQSR or QRS R. In both cases, we can reuse the reflexive node guaranteed
to exist for the old R-relation.

Thus M is an adequate A-sound model containing no problems. Using Lemma
3.4.6, we obtain M,z I A as required.

As for the cardinality of M, note that elimination of a problem adds at most
n+ 1 nodes to the model. It is clear from properties of the added sets that once a
problem has been eliminated in a, it will not occur in any successor of a. Thus the
resulting model is, at most, an n - (n + 1)-ary tree of height n, thus its cardinality
is at most (n? + n)" L. a
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3.7 The closed fragment

In this section we study the closed fragment of GLT. An Lg,-formula is said to
be closed if it is built up from T using boolean connectives, A and [J; in other
words if it does not contain propositional letters.

For an ordinal o < w?, i.e. = w-n + m for some n, m € w, we write L for
the L£o,~formula A™O" L; 1+ is defined to be T. An Lg,-formula is in normal
form if it is a boolean combination of sentences of the form 1% where a < w?.

We prove the following:

3.7.1. THEOREM. Fwvery closed formula is provably equivalent in GLT to a for-
mula in normal form.

We give two proofs of Theorem 3.7.1, relying on syntactical and semantical meth-
ods respectively. As a result, we obtain completeness of the closed fragment with
respect to a rather wide class of arithmetical interpretations.

The closed fragment of GLT coincides with the closed fragment of CMSy; see
[Vis93, Section 9.

3.7.1 Normal form theorem

The sequence (L%),«,z2 is linearly ordered with respect to provability in GLT:
3.7.2. LEMMA. a < 3 <w? < 1% — 15

Proof: For the direction from left to right, let o < 8 with a = w-n + m and
B=w-n"+m' Incase n =n" and m < m/, it follows from transitivity of A that
- A™O" L — A™[O" L. So assume n < /. If m < m/, it follows from transitivity
of A and O that - A™O"L — A™[O" L. It remains to check the case that n < n/
and m > m':

= A™O" L - 0aA™0O" L Lemma 3.1.3 (i)
— OOt L axiom (T4)
—»Ov1 transitivity of O
— A™OY L axiom (T2)

We prove the other direction by contraposition. Let § < «, and suppose that
- 1% — 1. By what was shown above, we have that - 1°*! — 1° Combining
the two, we thus have — 1%*! — 18 and so — L1? by Lob’s principle for A.
But this contradicts Theorem 3.5.2 — it is easy to construct a Lindstrom-model
where —17 is true at a node. Qa

Here is our first proof of Theorem 3.7.1:
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Proof: We proceed by induction on the complexity of a closed formula. The
base case and the boolean cases are straightforward. In order to consider AA and
OA, assume that — A < C, where C is a formula in normal form. We write C'
in conjunctive normal form as Cy A ... A Cf, where each C; has the form
Loy v Loy =1y oy =P

By Lemma 3.7.2, - 1* v 18 o 1mad{eB} and - 12 A 18 o I mindeB Letting
a = max{ag,...,Qy,}, and § = min{fy, ..., By}, it follows that C; is provably
equivalent in GLT to L? — 12, i.e. to

1oy —1° (3.5)

For A A, our goal is to find a formula C’ in normal form, with — AC' < C’, whence
also - AA < C’. Note that we have

HAC o A(CoyA...ACy) o> ACy A ... A AC.
Thus it suffices to find for each ¢ < k a formula C] in normal form with
I— ACZ' <> 01/7
as we can then take Cj A ...C} for C’. Using (3.5), it remains to show that
A(LP — 19) is equivalent to a formula in normal form. If 8 < a, we have that
I 1% — 12 and so in this case

ALY > 1% o AT o 197,

Assume now that 8 > a. Then 8 > o+ 1, and so by Lemma 3.7.2, - 1o+t — 17,
Using this and Lob’s axiom for A (recall that AT 1 = A1), we see that

AL - 19) - ALY - 1)

Thus in this case - A(LP — 1) « Lo
It remains to consider JA. As above, it suffices to show that O(1° — 1) is
equivalent to a formula in normal form. If 3 < «, then as before,

-FO0(Lf - 1% - 0T o 14

So suppose 3 > . Then 3> a + 1, and so by Lemma 3.7.2, - 12! — 18 We
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reason as follows:

- O(LP — 1°) - O(Le*! — 19

—Ol® Lemma 3.1.3(iv)

— OaA™0O" L rewrite, assuming a = w -n +m
— Ot axiom (T4)
— OA™0" L axiom (T3)
—0Ol1L® rewrite: @« =w-n+m
— 0L - 1%

Thus in this case — O(L% — 1%) < 1* where ) is the smallest limit ordinal
bigger than a: if « = w-n+m, then A =w - (n + 1). a

3.7.2 Universal model

Consider the frame U = (W, <), where W is the set of ordinals < w?, and <
the converse of the usual ordering on ordinals. The relation < is transitive and
converse well-founded, and so U is a Lindstrom-frame (Definition 3.5.1). Since
the truth of closed formulas is invariant under valuations, U can be viewed as a
Lindstrom-model for the set of closed formulas. In this section, we show that U
is in fact a universal model: any unprovable closed formula can be refuted on U.

3.7.3. DEFINITION. For a closed formula A, define the set [A] < w? (the exten-
sion of A in U) as follows:

[T] =?
[-A] = w* - [4]
[A A B] = [A] n [B]
[VA] = {6 | da f < a and a € [A]}
[CA] = {B | Ja 8 <, a and a € [A]}

Recall from Section 3.5 that § <, « means that the order type of the set
{v]B <~ <a}is at least w*. The following lemma states that the extension
of a closed formula in U has always a certain simple form, namely it is a finite
union of disjoint intervals.

3.7.4. LEMMA. If A is closed, then [A] = U, [, Bi), where oy, B; < w?, and
1. 1 is finite

1. [Oéi,ﬁi> M [Oéj,ﬁj) = @ Zf@ # j
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Proof: By induction on the complexity of a closed formula. For the base case, it
suffices to note that [T] = [0,w?). For the boolean cases, we note that intervals of
the form | J,_; [o, B;) are closed under complements and intersections. We argue
by induction on the number £ of elements in . It is easy to check that

w\ [, ') = [0,a) U [/, w?)

[a,a’) A [8, ) = [max{a, 8}, min{c/, 5})

The case where k£ > 0 follows by using the above, and noting that:

U [avi, Bi) N U [, 0:) = U ([evi, Bi) 0 [, 6i))

WQ\U las, ;) = ﬂ (WQ\ [az‘,ﬁz‘))

Finally, writing Asminpap for the smallest limit ordinal greater than min[A]:

[VA] = [min[A] + 1,w?)
[OA] = [Asmingag, ?) - 0

For a world a in a Lindstrém-model, we define d(a), the depth of a, as the
ordinal @ < w? such that the longest <-path starting from a has length . Note
that d(a) = « for all @ € Y. The following lemma states that whether a closed
formula is satisfied at a node a in a Lindstrom-model depends solely on d(a).

3.7.5. LEMMA. Let M be a Lindstrém-model, and B a closed formula. Then we
have M,a |- B < d(a) € [B].

Proof: By induction on the complexity of B. If B is T, then both sides are true
for all a, as [T] = w? The boolean cases follow directly from the definitions.
Suppose now that the claim holds for A, and that M,a I+ VA. Then there is
some b with a < b and M, b |- A. By the induction assumption, d(b) € [A]. Since
a < b, we have that d(a) > d(b). Thus in U, we have that d(a) < d(b) and so
d(a) € [VA] by definition. If on the other hand d(a) € [VA], then there is some
B such that d(a) < 8 in U, and such that § € [A]. Now let b be a node with
d(b) = f and a < b (such a node must exist because d(a) > (). The induction
assumption now gives us M, b |- A, and thus M, a |- VA as required. The case
of ©A is completely analogous. a

3.7.6. LEMMA. + B < [B] = w?

Proof: If - B, then U |- B follows by soundness of GLT with respect to Lind-
strom-frames (Theorem 3.5.2). For the other direction, suppose that B is a closed
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formula and t# B. By Theorem 3.5.2, there is a Lindstrom-model M and a world
a € M such that M,a | B. By Lemma 3.7.5, we find that d(a) ¢ [B], whence
[B] # w? as required. a

3.7.7. LEMMA. For every a, 3 < w?,

[1°] = [0,0) (3.6)
[~1°] = [a,0?) 3
[~1% A L°] = [a, B)

Proof: We first show that [L°] = {8 | 8 < a}. Note first that [L°] = [L] = 0.
If o« = o' + 1 for some o, we have

[L] = [aL¥] = {y | V6 y <6 s e [L}
={y|Voy<d de{B|B<al}} i.a.
={v|Vy<d o <6}
={y|v<d +1}

Finally, if « is a limit ordinal A < w?, then it has the form form w - (n + 1) for
some n. We reason as follows:

[LA] =[O L] = {y | V6 v <, 6 de[O"L]}
={y|Vovy<,0 de{B|B <w- n}} ia.
={7|V0y<,0 6 <w-n}
={rlr<w-(n+ 1)}
={r Iy <A

Thus (3.6) and (3.7) hold. For (3.8), note that

[, 8) = 10,8) 0 [o,w?) = [L7] n [-L°] = [L7 A = L] d

3.7.8. LEMMA. Let A be closed. If t/ A, then - (LTt A —=1%) — —A for some
a < w?.

Proof: Let A be a closed with t# A. By Lemma 3.7.6, [A] # w?, thus there is
some a < w? such that a ¢ [A]. We show that (L™ A —1%) — —A is valid
on the class of Lindstrom-frames, whence the desired result follows by Theorem
3.5.2. Let M be a Lindstrom-model with M, a |- 1t A =19 Using Lemmas
3.7.5, 3.7.7, we see that d(a) € [L*T A —=1°] = [a, @ + 1), whence d(a) = a.
Since a ¢ [A], we now obtain a [ A by Lemma 3.7.5. 0
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We conclude with another proof of Theorem 3.7.1:

Proof: Let A be a closed formula. By Lemma 3.7.4, we have [A] = U,.; [, 5n)
for some finite set 1. Let C' :=\/,, (J_a” A ﬁJ_ﬁ"), and note that C' is in normal
form. Using Lemma 3.7.7, it is clear that [A] = [C]. Using Definition 3.7.3, it is
easy to check that then [A < C] = w?, whence - A <> C' by Lemma 3.7.12. 1

3.7.3 Arithmetical completeness

We show that the closed fragment of GLT is arithmetically complete with respect
to a wide class of pairs of provability predicates. For the rest of this section, let
us fix arithmetical formulas A and 0. As the notation suggests, we are interested
in arithmetical realisations mapping the modalities A and O to the arithmetical
formulas A and O, respectively. We only consider arithmetical realisations for
the closed fragment. Since arithmetical realisations (Definition 2.3.1) are distin-
guished only by the values they assign to propositional constants, it is clear that
there is exactly one such realisation *.

For the proof of arithmetical completeness, we only need to assume that for
every closed formula A:

1. If - A, then PA - AA*
2. If Ais an axiom of GLT, then PA - A*
3. If M= OA*, then PA - A*.
Since PA t£ 1, and GLT  AA — OA, it follows from (2) and (3) that for o < w?,
NE (LY « L (3.9)

3.7.9. REMARK. The arithmetical realisations considered here include the fast
and slow realisations of Chapter 4, as well some of the supremum adapter reali-
sations of Chapter 5.

3.7.10. LEMMA. For any closed formula A, if GLT — A, then PA - A*.
Proof: Immediate from requirements (1) and (2). a

We show first that the truth of arithmetical sentences that are translations of
closed formulas is decidable.

3.7.11. THEOREM. The set S := {¢ | M E ¢, and ¢ is A* for some closed A}
15 decidable.
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Proof: Let ¢ be an arithmetical sentence, and suppose that ¢ is A*, where A
is some closed formula. By Theorem 3.7.1 and Lemma 3.7.10, there is a sen-
tence C' in normal form, for which we have PA - ¢ < C*. In order to find out
whether ¢ € S, it therefore suffices to check whether 91 = C*. Denote by D
the result of erasing all occurrences of O and A in C, thus D is a boolean com-
bination of 1’s. By (3.9), it is clear that 91 &= C* if and only if D is a tautology. [

3.7.12. THEOREM. For any closed formula A, if PA — A*, then - A.

Proof: We prove the claim by contraposition. Let A be closed with ¥ A. By
Lemma 3.7.8, there is some a < w? with + (L% A =1%) - —A. By Lemma
3.7.10, we thus have PA - (L1 A —=1%)* — —A*. Given this, PA - A* would
imply PA - (Lot — 1*)* Requirements (1) and (2) imply that Lob’s rule for
A is admissible in PA. Applying the latter to PA — (L' — 12)* we obtain
PA | (L*)*. Since PA is sound, this contradicts (3.9). a






Chapter 4

Fast and slow provability

The provability concepts studied in this chapter differ from the ordinary one in
terms of speed. Section 4.1 is about Parikh provability, which can be seen as an
accelerated version of PA-provability. It was shown by Lindstrém that the joint
provability logic of ordinary and Parikh provability is GLT. Section 4.2 studies
the notion of slow provability introduced by Friedman, Rathjen, and Weiermann.
In Section 4.3, we show that GLT is also the joint provability logic of slow and
ordinary provability. Our proof of arithmetical completeness works for a wide
class of pairs of provability predicates, including ordinary and Parikh provability.

4.1 Parikh provability

PA* is the system obtained by adding to PA the following inference rule, known
as Parikh’s rule:

D

(p )
where O is the usual provability predicate of PA, and ¢ an arithmetical sentence.
The system PA* was first studied by Parikh ([Par71]). Parikh’s rule is admissible
in PA: if PA - Oy, then by soundness 9 = Op. But this means that there exists
a PA-proof of ¢, i.e. PA I . Hence it is clear that PA* has exactly the same
theorems as PA.

The above reasoning makes use of soundness and can therefore — as a con-
sequence of Lob’s Theorem — not be formalised in PA. Indeed, the equivalence
of PA and PA* cannot be established within PA. In particular, PA considers it
possible that it itself is consistent while PA* is inconsistent (Corollary 4.1.5).

While PA and PA* have exactly the same theorems, some theorems have much
shorter proofs in PA* than in PA — we say that PA* has speed-up over PA:

4.1.1. THEOREM. ([Par71, Theorem 1.3]) Let g be provably recursive in PA. For
all 7 > 1, there exists some n and a formula ¢ such that there is a PA—proof of
O% of length n, but for no j < i is there a proof of (¥ of length < g(n). 0

29
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PA’s lack of knowledge concerning the equivalence of PA and PA* can thus be ex-
plained by the observation that the function converting PA*-proofs into ordinary
proofs grows faster than any provably recursive function of PA.

4.1.1 Modal principles for Parikh provability

We denote by A, a natural formalisation of PA*-provability; as usual V¢ is
written as shorthand for —A,—¢. Obtained by adding to PA a single sound
inference rule, the theory PA* satisfies the criteria of being a reasonable theory,
given in Section 2.3. In particular, the formula A, is 31, and we have

1. PA* - ¢ < TAg+exp - App

2. IAg+exp - Vi (Ap(0 — ¥) — (App — A1)
3. IAg+exp - Yo (Hop — ApSO)

Since PA* is reasonable, it follows from Theorem 2.3.2 that GL is the provability
logic of Ay,

Let us now look at how Ap interacts with the ordinary provability predicate
0. While it is not known to PA that any Parikh proof can be converted into an
ordinary proof, it is known — in fact even to IAj+exp — that Parikh proofs can
be converted into finite iterations of ordinary proofs. The following lemma was
originally proven by Lindstrém ([Lin06, Lemma 1}), with PA in place of IAg+exp.

4.1.2. LEMMA. [Ag+exp = Vo (App < O%p)

Proof: Reason in IAj+exp, fixing some . Assume first 0%¢ i.e. 3 00%p, and
suppose that p is a PA-proof of (1"p. Letting p’ be the sequence resulting from p
by appending x applications of Parikh’s rule, it is clear that p’ witnesses Ap¢p.
For the other direction, suppose that (i, ...,y ) is a Parikh proof of ¢. Thus
each 1); is either an axiom of PA, or obtained from the previous formulas in the
sequence by either an application of modus ponens or of the Parikh rule. We
show by using reflexive induction! that for all i < k, 0%*%);. Fix i, and assume:

Vi < i OO+, (4.1)

Consider 1;, and use reasoning granted by Lemma 2.4.6. If ¢; is an axiom, it is
clear that Ov;, whence also O%T1);. If 1); is obtained by modus ponens, then
by (4.1) we have OJo0% "4, and DODZj/+1(¢j — ;) for some 7,7 < i. As-
suming w.lo.g. j < j, we also have Oo0% ' (¢); — ;). Thus 0%*2¢; and
O%+2(y; — 1;), whence also 0%*2¢; and finally, since j < i, O% ;. If 15 is

! Arguing in IX;, it is easy to show that for all i, Diwi. That this can be verified in IAg+exp
is less obvious. We thank F. Pakhomov for the neat idea of replacing ¢ with 2¢ + 1, thus still
allowing us to prove the claim by means of a simple reflexive induction.
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obtained by Parikh’s rule, then by (4.1) there is some j < ¢ with OoO* 10, Tt
follows that 0% *3¢),. Since j < i, we have 2j + 3 < 2i + 1, and so O0%*14); as
required. a

We consider arithmetical realisations mapping the modalities A and O to the
provability predicates O and Ap, respectively; let us call such realisations fast
realisations. Lindstrom ([Lin06]) showed that GLT is arithmetically sound and
complete with respect to fast realisations, i.e. that GLT is the joint provability
logic of O and A;. Since GL is the provability logic of both O and A, arithmetical
soundness of GLT with respect to fast realisations is an immediate consequence
of the following:

4.1.3. LEMMA. i [Ag+exp - Yo (Op — Ayp)
ii. TAg+exp = Yo (App — OALp)

iii. TAg+exp - Yo (App — £,00)

iv. TIAg+exp - Yo (8,00 — App)
v. IAg+exp = Vo (32 A,0% — Ayyp)

Proof: (i) and (ii) are immediate from the definition of A, together with prov-
able ¥;-completeness of OI. Clauses (iii) and (iv) follow from Lemma 4.1.2, since
we have IAg+exp - 0¥¢p < 0“Op by Lemma 2.4.8. Clause (v) follows from (i)
together with the right to left direction of Lemma 4.1.2, a

Using Lemma 4.1.3, it is clear that fast realisations satisfy the conditions of
Theorem 3.7.12; thus we obtain:

4.1.4. PROPOSITION. The closed fragment of GLT s arithmetically complete with
respect to fast realisations.

4.1.5. COROLLARY. V, T 1> CT.

Proof: Since GLT (# OL — AL by Lemma 3.3.4, we have PA |/ A, L — OL by
Proposition 4.1.4, i.e. PA £ OT — T, Since VT is I}, OT B VT follows by
Theorem 2.1.12. a

4.1.6. REMARK. ([Bek03, Appendix B]) Consider the system
PA, :=PA + {O"T | n € w}.

It is clear that, verifiably in IAg+exp, the consistency of PA, is equivalent to
Vo OOPT, ie. to OYT. By Lemma 4.1.2, the latter is provably equivalent in
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IAg+exp to V, T, i.e. to the consistency of PA*. Thus PA* and PA,, have the same
consistency strength, relative to IAq+exp.

It is shown in [Bek05, Corollary 2.34] that PA, is, verifiably in IAg+exp,
mutually interpretable with the following theory

PA + Rfn(PA) := PA + {Op — ¢ | ¢ is an L- sentence}.

Hence the theories PA*, PA,,, and PA + Rfn(PA) all have the same consistency
strength, relative to IAg+exp. From the external point of view, on the other
hand, we have that PA* is equivalent to PA which does not interpret PA, or
PA + Rfn(PA), by the Second Incompleteness Theorem.

Thus we have here a natural example of intensionality: the theory PA*, while
extensionally equivalent to PA, has the same consistency strength as the much
stronger theories PA, and PA + Rfn(PA). Moreover, we have a natural example
separating the notion of relative consistency from that of interpretability. While
the consistency of PA™ implies (relative to IAg+exp) the consistency of PA,, PA*
fails to interpret PA,,.

4.2 Slow provability

The notion of slow provability for PA was introduced by Friedman, Rathjen,
and Weiermann ([FRW13]). They showed that the interpretability strength of
the corresponding slow consistency statement lies strictly between T and the
ordinary consistency statement &T of PA. The slow consistency statement is the
first example of a sentence with this property that is natural: its existence does
not rely on the Fixed Point Lemma.

The definition of slow provability makes use of a certain recursive function F.,
whose totality is not provable in PA. Consider the following theory:

PAle = {I%, | Fe,(n)l}.

Since F., is recursive, it is clear that PA Feo is recursively enumerable. Moreover,
since F., is total, it is clear that PA[; Feo and PA have exactly the same theorems.
Arguing in PA, on the other hand, the totahty of F., cannot be assumed, and thus
PATg, might seem to be a weaker theory than PA. Indeed, as shown in [FRW13],
PA considers it possible that it itself is inconsistent while PA rFsO is consistent.

4.2.1 The fast-growing hierarchy

The function F., needed to define slow provability belongs to a certain fast-
growing hiearachy, also known as the extended Grzegorczyk hieararchy. Following
[FRW13], what we mean by this is an ordinal-indexed family of recursive func-
tions {Fq}a<e,- Fach of the functions {F,, },<, is provably total in PA. The
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function F., results from diagonalising over the latter, and is not provably total
in PA itself.

The idea of using diagonalisation to construct rapidly growing functions goes
back to de Bois Reymond ([DBR75, p.365ff]). The functions {F,}a<, are closely
related to a family of classes of functions known as the Grzegorczyk hierarchy
([Grzb3]). Lob and Wainer ([LW70a], [LW70b]) extended the hierarchy into the
transfinite. The exact version of the fast-growing hierarchy used in [FRW13] was
introduced by Solovay and Ketonen ([KS81]).

The definition of the fast-growing hierarchy is tailored to ensure that for
B > «, the function Fgz grows substantially faster than F,. The function Fy is
the successor function, F, ., is defined by using iterations of F,,, and F, by diago-
nalising over {F,},<u:

F,(n) =Fpi1(n).

The functions {F,},~, are primitive recursive, and every primitive recursive func-
tion is majorised by some function in {F,}, <.

The definition of F,, .1 can be straightforwardly adjusted to successor ordinals
beyond w. In order to generalise the limit case to a countable limit ordinal A > w,
we need to introduce the notion of a fundamental sequence for \. By this, we
mean a strictly monotone sequence (A[n]),<, converging to A from below, i.e.
Aln] < A[n+ 1] < A for all n < w, and sup{\[n] | n < w} = X\. We consider the
standard assignment of fundamental sequences to limit ordinals below &g.

4.2.1. DEFINITION. Let g¢[n] := w,41. For a limit ordinal A\ < g9 with Cantor
normal form A = w® + w™ + ... 4+ w*  we define \[n] as follows:

Aln] {wo‘o + w4 4w (n 4 1) if ap is a successor ordinal
n|:=

W + W 4 . 4wl if oy, is a limit ordinal

Given a function F : N — N, we use exponential notation to denote repeated
compositions of F, thus F'(n) = n, and F*"1(n) = F(F*(n)).

4.2.2. DEFINITION. The fast-growing hierarchy {F,}a<c, of recursive functions
is given by:

Fo(n) =n+1
Fat1(n) =Fy ™ (n)
F)\(n) = Fam) (n)

The results in [KS81], together with those in [Par80], imply the following
classification of the provably recursive functions of PA:

4.2.3. THEOREM. Forn > 0,1X, FF, ||l < a<w,. a
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In order to reason about the fast-growing hierarchy in IAj+exp, we assume
ordinals < € to be represented in IAy+exp by their Cantor normal forms. Since
all functions involved in Definitions 4.2.1, 4.2.2 are elementary, it is clear that
these definitions can be carried out in IAy+exp.

The following essential property of the fast-growing hierarchy was originally
stated in [KS81]; verifiability in IAg+exp is treated in [FRW13, Lemma 2.3].

4.2.4. LEMMA. TAg+exp - Fo(z)] A y <z — Fo(y)l A Fol(x) = Fo(y), where
a ranges over ordinals < gg. a

The natural way of establishing properties of the functions {F,}.<c, is by
transfinite induction on ordinals < g¢. For an ordinal o < g5 and n < w, we write
Tl - for the following schema:

VB <a (Vy < Be(y) — ¢B) = ¥y <ap(y), (4.2)

where ¢ is a Il,-formula, possibly with additional parameters. Since II,-truth
is definable in IAg+exp (Section 2.1.2), we can consider Tl -a to be a single
formula.

It follows from Gentzen’s work in [Gen43] that PA proves Tl -« for all n and
a < g, and that it does not prove Tly,-¢9. For a treatment of the amount of
transfinite induction available in the fragments of PA, see [Som95].

4.2.5. REMARK. In order to show, in the presence of TIy -«, that all ordinals
less than « have the property expressed by a II,,-formula ¢, it suffices to show:

Vi <a (Vy<Bely) —e@).

It is not difficult to see that for every «, it is verifiable in I¥; that

VB < a (Vy < BF, Ll — Fall).

It follows that whether F,, is provably total in some extension 7T of I¥; depends on
the amount of transfinite induction available in 7. Since F, || is a Ils-sentence,
we have I¥X; + Tlp,-a — F,ll. In fact, the above is verifiable in IAj+exp:
[Ag+exp = Ya < g9 O (Tl,-a — Foll).

4.2.6. THEOREM ([SOM95, THEOREM 4.1]). For 0 <m <n and w < a < &,

IAg + Ty, -a Tl -8 < B<w?, . 0

An inspection of the proof of Theorem 4.2.6 shows that it can be verified in
[Ag+exp. In particular, noting that for z > 1, w41 = w*”, we have:

4.2.7. PROPOSITION. [Ag+exp + Vr = 1Va < wyq Oo(Tl,,,-w — Tlp,-a) QO

z+1
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4.2.8. REMARK. For proving the following lemma, it is useful to note that
[Ag+exp - wyii[2] = w2t

To see that, we reason in IAp+exp. Since ordinals < &, are represented by
elementary formulas, we can use induction on x. For x = 0, we have by definition:

wlz] =wlz] =’ (z+1) =2+ 1=wit

For z > 0, we have that w,,; = w“*, where w, is a limit ordinal. This means
that w,,1[z] is defined as w*z:l. By the induction assumption, we have that
we[2] = w2t Tt follows that w,1[z] is equivalent to W1 Le. to Wt

Clause (i) of the following lemma is a formalisation of the right to left direction
of Theorem 4.2.3 in IAy+exp.

4.2.9. LEMMA. 0. [Ag+exp - Ve Va < w0 1Foll
it. IAg+exp = Vo O, 1F, ()] -

Proof: Argue in IAg+exp. (i) Fix z, and let @ < w,41. By Remark 4.2.5, it
suffices to show that 0,1 TIy,-a. If = 0, we have that a = z for some 2z < w.
Note that Ty, -z is the schema Vy < z (Vu < yo(u) — o(y)) — Yy < zp(y).
By using that Q H y <7 < y = 0v ... vy = n—1, the above is easily
seen to be verifiable in Q, whence clearly also in I3;. Assuming that x > 1,
we obtain O (TIy,,,-w — Tlp,-a) from Proposition 4.2.7. Note that Ty, ,-w
is induction for II, ;-formulas, and equivalent to induction for X, ;-formulas
([HP93, Theorem 2.4]). Thus it is clear that 0,1 TIy,,,-w, and therefore also
Dx+1TIH2—O{.

(ii) Fix an z. By clause (i), O,41F || whenever o < w,,1. This implies that
for all y, O, 41F, y+1(y)]. By Remark 4.2.8 and Definition 4.2.2 we have

z+1

Fout1(y) = Fu, i) (¥) = Fu,ps (1)

Combining this with the above, we see that for all y, 0,41 F,,,,(y)|. Thus in
particular also Oy Fo,,, (). Since Fe (x) = Fo[21(7) = Fo,,, () by Definitions
4.2.1, 4.2.2, this finishes the proof. a

Let us recall the system ACA, of second-order arithmetic. The axioms of
ACA, include the axioms of Q, the induction axiom (formulated in the second-
order language), as well as the arithmetical comprehension schema:

X Vn(ne X < ¢(n)),

where ¢ is an L-formula (possibly containing free second-order variables). For
more information on ACA,, the reader is referred to [Sim09, Section III.1].
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4.2.10. THEOREM ([S1M09, THEOREM IX.1.5]). ACAy is a conservative exten-
sion of PA. a

The informal version of the following lemma is [FRW13, Corollary 3.8]; which
in turn follows from [Som95, Theorem 5.25]. Verifiability in ACAq is treated in
[Frel6, Theorem 2.15].

4.2.11. LEMMA. The following s verifiable in ACAy: Let 9 = PA be nonstan-
dard, and let a € M be nonstandard. If M &= F. (a + 1)], then for every n, there
is a cut J, of M with J,, = 13,41 and F (a) < I < Feo(a+1). a

4.2.2 Modal principles for slow provability

The slow provability predicate introduced by Friedman, Rathjen, and Weiermann
([FRW13]) is defined as 3z (O, A Fe,(2)]). We study variants of slow provability
obtained by letting
Ay = 32 (Oaprp A Feo(2)])
where k is a standard integer. For k < 0,  + k is defined to be z = |k|, and = ~ k
is defined to be = + |k|, where |k| is the absolute value of k, and x - y is defined
as max{0,z — y}. As usual, we write ¥y, for the dual of Ay, i.e. Ve is an
abbreviation for —Ay—p. The symbols Ag and its dual Vs are used as collective
names for Agy, and Vi, for k € Z.
Each Ag is a natural provability predicate for some theory

PA ngO:: {Izn+k | Fao(n)i}a

where k € Z. We claim that each PA f¢_ is a reasonable theory, as defined in
Section 2.3. Since F_ is total, it is clear that PA [, has the same theorems as PA,
and is therefore ¥;-sound. By Xj-completeness, we have IAg+exp + F.,(n)] for
every n, whence in particular IAg+exp — F., (0)|. It follows from this, together
with monotonicity of O,, that IAg+exp = Vo (Cop — Apep).

It remains to show that PA [g_ is smooth and recursively enumerable. The
latter is clear, for F., is recursive. For smoothness, we would need to show:

[Ag+exp - Vo < yF. (x)] — FIbVe <yIe < bc: Foy(x)], (4.3)

where c: F.,(z)| is written to mean that ¢ is a witness for the ¥;-formula F. (x)],
i.e. that ¢ codes a computation of F.,(x). Recall that by Lemma 4.2.4,

[Ag+exp FSO(I)i NY<zT — FSo(y)i A Fao(x) = Fao(y)‘

Given a natural coding of computations, we can assume that if F. (y)| = F. (z)]
and c: F., (y)|, then there exists some ¢ < ¢ with ¢ : F.,(x)|. In other words,
that greater outputs require greater computations. In order to show (4.3), argue
in [Ag+exp and assume Vo < yF. (z)|. Given the considerations above, we can
always take for b the witness ¢ with c: F.,(y — 1)].

We conclude that PA Jg_ is a reasonable theory, and we have:
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L PATe ¢ < [Agtexp = Agp
2. TAg+exp - Yo (As(p — 1) — (Bsp — A1)
3. TAg+exp - Yo (Oop — Asp)

In particular, it follows from Theorem 2.3.2 that GL is the provability logic of Ag.
Let us now look at how slow provability interacts with ordinary provability.

The following theorem concerning the joint behaviour of the two is essentially the
same as [FRW13, Theorem 4.1].

4.2.12. THEOREM. PA - Vo (OAgp — Ogp).

Proof: We argue by contraposition and show that PA - Vo (Cp — OVgp).
Using Theorem 4.2.10, it suffices to show ACAq Yo (Cp — OVsp). Fix some
k € Z and argue in ACA, assuming <, where ¢ is some arithmetical sentence.
We shall show O V.

Since <, i.e. PA together with ¢ is consistent, there is a model 9t of PA with
ME . If M E Vi, we are done. So let us assume M = Agy—p, ie.

M = Dorx—@ A Fepla)l

for some a € 9. Since M E @, it follows by essential reflexivity of PA that
a + k is nonstandard. Given that k is a standard integer, it is clear that a
is nonstandard. Since 91 = PA, we can assume that a is the least x with
M = Oeyr—@ A Foo(x)]. By Lemma 4.2.4, 9 = F. (a)l — Vb < aF.(b)],
thus it must be that M = Oger—19. Applying Lemma 4.2.11, we obtain for
every n an initial segment J,, of M with J,, = I¥, 1 and F (a—1) < J, < F,(a).
Since O (gir)—1¢ is a Ilj-sentence and M E O qp)—1, we have J, & O(ayn)—19
for all n. Since F. (a) ¢ Jn, it is clear that J, &= Fs (a)!. Hence J, &= V. We
now have &, Vg for all n, i.e. GV as required. a

4.2.13. COROLLARY. PA - Yy (3x0AZp — Oyp).

Proof: Reason in PA. Fix some ¢ and argue by induction on x. For x = 0 the
claim is trivial. For the inductive step, note that

OA My — OAA%p — OAT — O,
where the second implication is by Theorem 4.2.12. a

We consider arithmetical realisations mapping the modalities A and O of GLT
to Ag and O respectively; let us call such realisations slow realisations. Since Ag
and O both obey the rules and axioms of GL, arithmetical soundness of GLT with
respect to slow realisations is an immediate consequence of the following:
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4.2.14. LEMMA. i. [Ag+exp - Vo (Asp — Op)
it. IAg+exp - Yo (Op — AOp)

iti. 1Ag+exp = Vo (Op — OAgp)

iv. PAE Yo (Oase — Op)

Proof: Clause (i) is immediate from the definition of Ag, while (ii) follows by
provable Xj-completeness of [y, since [Ag+exp + Yo (Hop — Agp). (iv) is
Theorem 4.2.12. For (iii), fix k € Z and argue in [Ag+exp, supposing O, for
some . Suppose first that £ < x, and note that then x — k = x — k. We have:

ngp - DODx()O - D(m—k)-i—l(Dx(P A Fso (m - k)l) - Dz+1(‘:’z+k§0 A Fso <Z>l)7

where the first implication is by >;-completeness of [y, the second by Lemma
4.2.9(ii), and the third by renaming x —k to z. Thus we have 0A ¢ as required.
It remains to consider the case k > x. We reason as follows:

DzSO - DOD:JC(P - Derl(D:Jc(p A Fso (.T})l) - Dx+1(Dz+k§0 A FEO (l’)l),

where the second implication is by Lemma 4.2.9(ii), and the third by monotonic-
ity. 0

Given Lemma 4.2.14, it is clear that slow realisations satisfy the conditions of
Theorem 3.7.12; thus we have:

4.2.15. THEOREM. The closed fragment of GLT is arithmetically complete with
respect to slow realisations.

4.2.16. COROLLARY. OT 1> VT > T.

Proof: By Lemma 4.2.14(i), PA - ¢T — VT, whence clearly T > VT > T.
It remains to show T & VT and VT B OT. Since OT and VT are IIy, by
Theorem 2.1.12 it suffices to show that PA £ V,T — T and PA £ V, T. This
follows by Theorem 4.2.15, for we have GLT t# VI — <&T and GLT £ VT by
Lemma 3.3.4. 0

Transfinite iterations

We conclude with some observations concerning the behaviour of transfinite iter-
ations of slow provability. The following lemma is an immediate consequence of
Lemma 4.2.14(i) and Corollary 4.2.13:

4.2.17. LEMMA. PA - Yy (AYp — Op) a
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The following proposition is an analogue of Lemma 4.1.2. While it follows
from Proposition 4.2.16 that ordinary proofs cannot always be converted into
Agpy-proofs, for k > 2 they can be converted into finite iterations of Ay-proofs.

4.2.18. PROPOSITION. Fork =2, PA Vo (Op < A7 ¢).

Proof: Let £ > 2. The direction from right to left is Lemma 4.2.17. For the
other direction, we argue in PA and show by induction on x:

Vo (Dot k-1)p = Dy A%y p)

By Xi-completeness and monotonicity, we have Yo (O — Agyp) for all stan-
dard m. Using this, we have the claim for x = 0. For the inductive step, assume
Vo (Opt (k-1)¥ — A<k>Afk>¢)- Fix some ¢ with O, 1, and reason as follows:

etk = Darry-1(0Oerrp A Feo(2)]) = O@rny-180,y0 = Dy Bl Akyp

where the first implication follows by monotonicity and Lemma 4.2.9(ii), noting
that £ > 2 implies (x + k) — 1 > z. The last implication is by the induction
assumption. Thus we have A<k>A?,j>lg0 as required. a

As was shown independently by Pakhomov and Freund, transfinite iterations
of Ay behave rather differently:

4.2.19. THEOREM ([HP16, THEOREM 10], [FRE16, SECTION 3]).
PA - Vo (Op < ALy ©). Q

It is shown in [HP16, Theorem 11] that the above holds for any A, with
k < 1. Notwithstanding the contrast between Proposition 4.2.18 and Theorem
4.2.19, the provability predicates A, nevertheless share the same joint provability
logic with ordinary provability, as will be shown in the next section.

We conclude this section by mentioning yet another slow provability predicate.
Given a recursive function f, write Agp for the provability predicate defined as

Jz (O A £(2)]).
4.2.20. THEOREM ([HP16, THEOREM 12]). There is a recursive function r with
PA— Op < ArArp. a

The slow provability predicates Ay, A, for & > 2, and A,y for u < 1, may thus be
seen as the square root, w-root, and ep-root of ordinary provability, respectively.

4.2.21. QUESTION. Do other roots of ordinary provability exist?



70 Chapter 4. Fast and slow provability

4.3 Arithmetical completeness

We prove completeness of GLT with respect to a wide class of arithmetical reali-
sations, including fast and slow realisations.

4.3.1. DEFINITION. Let T be a X;-sound extension of IAy+exp, and let A and
O be Y;-formulas. An arithmetical realisation mapping the modalities A and O
to the formulas A and O is a a GLT-realisation if the latter satisfy the following
conditions:

1. [Apg+exp=0p = T+ ¢ = [Ajt+exp Ay

2. IAg+exp = Yo (Oop — Ap)

3. IAg+exp verifies the axioms of GL for both A and O.

4. TAg+exp verifies axioms (T1), (T2), and (T3) of GLT for A and O.

5. T+ dx0OA%p — Oy

Condition (5) implies that T verifies axiom (T4) of GLT. It is thus clear that GLT
is arithmetically sound with respect to GLT-realisations. We prove the converse:

4.3.2. THEOREM. If T + A* for all GLT -realisations *, then GLT - A.

4.3.3. REMARK. From Lemma 4.1.3, it follows that fast realisations are GLT-
realisations. Using Lemma 4.2.14 and Corollary 4.2.13, we see that slow realisa-
tions are GLT-realisations. In both cases, we take PA for the theory 7.

4.3.4. QUESTION. Consider arithmetical realisations mapping the modalities A
and O to the provability predicates Ag and Ap respectively. Are these realisations
GLT-realisations? It is easy to see that such realisations satisfy (1)-(4) of Defini-
tion 4.3.1. Do they also satisfy condition (5)? Note that this would follow if the
schema AyAgsp — App would be verifiable in PA.

Our proof of Theorem 4.3.2 uses the method of Theorem 2.3.2: we show that
any Kripke model for GLT can be suitably embedded into 7.

4.3.1 A Solovay function

Recall (Definition 3.6.1) the notion of an A-sound GLT-model. For the remainder
of this section, fix some A-sound model M = (W, <, <g, ). We assume that M
has a root, i.e. that there is a node 0 € W such that 0 < a for every 0 # a € W.
As usual, a < b is written as shorthand for a < b v a = b; similarly for <g.

We write x : D¢ to mean that x witnesses the X;-sentence Oy — intuitively,
that x is the code of a O-proof —, and similarly for A. We assume that ev-
ery number witnesses the proof of a unique sentence — if any — , noting that
this requirement can be satisfied for any reasonable arithmetisation of syntax in
[A)+exp.
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4.3.5. DEFINITION. (IAp+exp) The function h : w — W is defined by:

h(0) =0
b if h(z) <gr b, bis reflexive, and x : OL # b, else:
h(r+1)=<c¢ if h(z) <c and z: AL # ¢

h(z)  otherwise

The formula L # b (see (4.4) below) depends on the formula x representing h in
[Ag+exp. The self-reference in the definition of A is handled by the Fixed Point
Lemma. We note that the definition of h only relies on the godelnumber of L # b,
and the latter can be obtained from b and "y' by a function that is provably total
in IAy+exp.

It follows from Theorem 2.1.4 — for example, by using that W is finite — that
h is elementary and hence provably total in IAg+exp, with its defining equations
also provable in IAg+exp. For a € W, we write L = a for the formula

dz h(z) = a A Yz h(z) < a. (4.4)

Using Theorem 2.1.1, we see that L = a is provably equivalent in IAg+exp to a
Ag(3q)-formula. The formula L = a states that a is the <-largest element in the
range of h. In view of the following lemma, we can think of L = a as saying that
a is the limit of h.

4.3.6. LEMMA. i. [Ag+exp -y <z — h(y) < h(z)

ii. IAg+exp - Jlw L =w

Proof: (i) is proven by internal induction on z, using that h is elementary. Since
a <g b implies a < b, it is clear from the definition of h that h(y) < h(y + 1).
The inductive step thus follows from the transitivity of <.

(ii) Since < is antisymmetric, uniqueness is immediate from the definition of
L. For existence, we prove by external induction on the converse of < that for all
ae W, IAj+exp - h(z) = a — Jw L = w. This suffices, because [Ag+exp proves
that h(0) = 0. By clause (i), we have

[Ag+exp = h(z) =a—->VYy=xh(y) =av Iy >xa < h(y) (4.5)

Argue in IAg+exp, assuming h(z) = a. If the first disjunct in (4.5) holds, we
have, by using clause (i), L = a. And if the second disjunct holds, then Jw L = w
follows by the induction assumption. Qa

4.3.7. LEMMA. [Ag+exp—L=anra<b— VL =5.
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Proof: Argue in IAg+exp, assuming L = a and a < b. From the definition of
L, we have that for all y, h(y) < a, whence h(y) < b by transitivity of <. Thus
x : AL # b would imply, by definition of h, that h(x + 1) = b. Since a < b, this
contradicts that h(y) < a for all y. a

4.3.8. LEMMA. [Ag+exp-L=aAra<rb—> L =0

Proof: Suppose that a <g b. By properties of A-sound models, there exists some
reflexive ¢ with a <g ¢ and ¢ < b. Arguing as in the proof of Lemma 4.3.7, and
using that a <g ¢ implies a < ¢, we have [Ag+exp— L =a — OL =c. If ¢ =0,
we are done. If ¢ < b, then [Ag+exp = L = ¢ — VL = b by Lemma 4.3.7, whence

[Ag+exp - CL =¢c— OVL =b

by using the axioms and rules of GL for (0. Combining the above, we obtain
[Ag+exp = L =a — OVL =b, and so [Ag+exp— L =a — CL =bby (T3). QO

4.3.9. LEMMA. [Ag+exp— L =a — Aa < L.

Proof: Argue in IAg+exp. Since L = a, we have that h(z) = a for some x.
Since h(x) = a is elementary, we have have Oy h(z) = a by Theorem 2.1.1 and
Y;-completeness of Oy. By definition of L, it is clear that Oy (h(2) = a — a < L),
whence g a < L. Since we have assumed that Oye implies Ap for all ¢, we ob-
tain A a < L as required. a

4.3.10. LEMMA. If a # 0 is not reflexive, then IAg+exp— L =a — Aa < L.

Proof: Argue in [Ag+exp. If the limit of A is some non-reflexive a # 0, then h
must have moved to a due to some number witnessing AL # a. By lemma 4.3.9,
we also have A a < L. Combining these, we get Aa < L. a

4.3.11. LEMMA. Ifa # 0, then IAo+exp— L =a — dz0 A" a <p L.

Proof: Argue in IAj+exp, assuming L = a # 0. From Lemma 4.3.9 and (T1) we
have Oa < L. Since a # 0, we also have O L # a by the definition of h and (T1).
Thus Oa < L, whence by (T3) and Lemma 2.4.6(iii), for all x,

OA®a < L. (4.6)

It therefore suffices to show that if b is such that a < b but a Az b, then OA® L # b
for some x. Using that W is finite, we prove the claim by induction on the number
of nodes between a and b. Assume that for all d with a < d < b, there is some x4
with OA% L # d. We let 2/ := max{zy | a < d < b}. In case there is no d with
a < d < b, we define 2/ := 0. By Lemma 2.4.6(iii), we have OA® L # d for all d
with a < d < b. We reason in OA"":
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Let ¢ be such that L = ¢. From (4.6) we have a < ¢ and from the induction
assumption that ¢ £ b. If ¢ = b then, since a £ b, it must be that A L # b —
otherwise h would have never moved to b. Suppose now that ¢ # b. By Lemma
4.3.9 we have A ¢ < L. Since ¢ 4 b, this means that A L # b also in this case.

Back in IAg+exp, we now have DAY A L # b, i.e. DAY L # b as required. a

Since we have assumed 7' | JxOA%p — Oy, the following is an immediate
consequence of Lemma 4.3.11:

4.3.12. LEMMA. Ifa #0, then T+ L =a — Oa <g L. a

4.3.13. DEFINITION. Let M = (W, <,<g, ) be an A-sound model with root
w. The model M, is obtained by appending a root 0 to M; the truth values of
propositional formulas at 0 are defined to be exactly the same as at w. Apply
Definition 4.3.5 to M, and define the realisation * by letting:

4.3.14. LEMMA. Let M and * be as in Definition 4.3.13. Then for every sub-
formula B of A, and for every a # 0,

M,a+B = T+ L=a— B". (4.7)

Proof: We use Lemmas 4.3.7-4.3.12 to prove the claim by induction on the
structure of B, simultaneously with

M,a—-B = TrL=a——B".

We treat the case of AB; the other cases are exactly like in the proof of Lemma
2.3.8. Assume a | AB, ie. b |- B for all b with a < b. By the induction
assumption, we have T+ L = b — B* for all such b, and thus

T+ a<L— B (4.8)

If a is reflexive, then a |- AB additionally implies a |- B, whence (4.8) can be
strengthened to T+ a < L — B*. Using the rules and axioms of GL for A, the
latter implies T+ Aa < L — AB*, and so -+ L = a — AB* by Lemma 4.3.9. If
a is not reflexive, we obtain from (4.8) by modal reasoning 7'+ Aa < L — AB*,
and finally T+ Aa < L — AB* by Lemma 4.3.10. a

4.3.15. LEMMA. . N=L =0

1. for any a € W, the sentence L = a 1is consistent with T
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Proof: (i) Let a # 0. We show M ¥ Jzh(x) = a by induction on the con-
verse of <. Assume that the claim holds for all <-successors of a, and sup-
pose M = Jx h(x) = a. By definition of h, this implies 91 = OL # a, whence
[Ag+exp = OL # a by ¥i-completeness. We have assumed that [Ag+exp — Oy
implies 7' ¢ for all ¢, and thus also

T L # a. (4.9)

Since M &= Jz h(z) = a, by Xi-completeness of T we also have T + Jx h(x) = a.
This, together with (4.9), implies 7' 3z a < h(z), whence M &= Jxa < h(z) by
Y1-soundness of T'. The latter, however, contradicts our induction assumption.
We conclude that for a # 0, M = Vo h(z) # a, whence M = Vo h(x) = 0, and
thus 9 = L = 0 as required.

(ii) Using Lemma 4.3.7, it follows from (i) that 9 = VL = a for all a # 0.
Now, T + L # a would imply [Ag+exp - AL # a, and the latter in turn would
imply M = AL # a, a contradiction.

0

We conclude with the proof of Theorem 4.3.2:

Proof: If GLT (£ A, then by Lemma 3.6.5, there is some A-sound model M with
M, w | A for some w € M. Let * be as in Definition 4.3.13. By Lemma 4.3.14,
THL=w— —A* Since T does not prove L = w by Lemma 4.3.15, it therefore
cannot prove A* either. a



Chapter 5

Supremum adapters

The first part of this chapter develops the philosophy and technology needed for
adding a supremum operator to the interpretability logic ILM of Peano Arithmetic
(PA). It is well-known that any two theories extending PA have a supremum in
the interpretability ordering. While provable in PA, this fact is not reflected in
the theorems of the modal system ILM, due to limited expressive power. We
would like to enrich the language of ILM by adding to it a new modality for the
interpretability supremum. We explore different options for specifying the exact
meaning of the new modality.

Our final proposal involves a unary operator: a certain nonstandard provabi-
lity predicate that we call supremum adapter. We consider several variants of the
supremum adapters. Some of them resemble the ordinary provability predicate,
in that they behave according to the rules and axioms of GL. Others satisfy the
principles of the modal system F, and are in this sense more similar to the Fe-
ferman provability predicate. We also study the joint behaviour of a supremum
adapter together with ordinary provability. Finally, we make some observations
concerning the transfinite behaviours of certain supremum adapters.

5.1 Introduction

Our overall goal in this chapter is to bring closer together two approaches to the
study of interpretability. We recall (Definition 2.1.11) that a first-order theory
T is said to interpret S (T > S) if there is some structure-preserving translation
from the language of S to the language of T', such that the translations of all
theorems of § are provable in T

Interpretability can be seen as generalised provability: T is required to prove
everything that S proves modulo some well-behaved translation. As such, it
allows us to compare theories talking about different objects, such as PA and
Zermelo-Fraenkel set theory (ZF). In fact, the notion of interpretability is a na-
tural candidate for giving a precise meaning to the intuitive idea of one theory

75
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being stronger than another one. Seen from a semantic perspective, an interpre-
tation of S in T gives rise to a uniform way of constructing models of S inside
models of T'. Interpretations therefore give rise to relative consistency proofs.
The study of interpretability may roughly be divided into two traditions,
briefly outlined below. A more comprehensive overview can be found in [Vis98].

The lattice of degrees Interpretability as a means of comparison naturally
leads one to study the space of all theories ordered by this relation. A degree is
a collection of all theories that are equally strong as a given theory, i.e. that all
mutually interpret each other. We write [S] for the degree of S.

Among the first results concerning interpretability degrees is a strengthening
of Godel’s Second Incompleteness Theorem by Feferman. In [Fef60, Theorem
6.5] it is shown that not only is T unprovable, it is also “uninterpretable”:
[PA] ¥ [PA + ©T]. Jeroslow ([Jer7l, Theorem 3.1, 3.2]) showed that the de-
grees intermediate between [PA] and [PA + & T] form a dense partial order. Tt
follows from his work that the interpretability ordering is dense ([Sve78, p.798]).
Montague ([Mon62, Theorem 1]) proved the existence of an infinite set of finitely
axiomatised subtheories of PA, all of which are mutually incomparable with re-
spect to the interpretability ordering.

A systematic study of interpretability degrees was undertaken independently
by Svejdar and Lindstrom ([HP93, p.402]). Svejdar studied the structure (V, )
of the degrees theories of the form PA+ ¢, where ¢ is an arithmetical sentence. He
proved, among other things, that this structure is a distributive lattice ([Sve78,
Theorem 4.4, 4.7]). Lindstrom was concerned with the structure of the degrees of
all r.e. extensions of PA in the same language ([Lin79], [Lin84]), but also showed
that the latter is isomorphic to (V,>) ([Lin79, p.348, Theorem 3|).

Our interest in provability logic makes it natural to focus on (V,r>). Note
first that [PA + T] is the minimum and [PA + 1] the maximum element of this
structure. It is easy to see that the infimum of [PA + o] and [PA + %] in (V,>)

is [PA + (¢ v ¥)].

5.1.1. REMARK. Someone used to Boolean algebras has to think of the lattice
(V,>>) as being upside down: the weakest theory T is the bottom element, and
the strongest theory L is the top element of (V,>).

In contrast to what the above might lead one to expect, the supremum of
[PA + ¢] and [PA + 1] is in general not [PA + (o A 1))]. Svejdar shows that the
supremum of [PA + ¢] and [PA + 9] may taken to be [PA 4 J], where ¥ is such
that PA = ¢ < Vo (O — Oup A $Outh). The existence of 4 is guaranteed by the
Fixed Point Lemma.

Interpretability logic Interpretability, like provability, is a syntactical notion,
and can therefore be formalised in the language of arithmetic. We may thus ask:
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which statements concerning provability and interpretability (between its finite
extensions) are provable in PA?

As in the case of provability alone, this question has an elegant modal logical
answer. The system ILM of interpretability logic is obtained by adding to the
provability logic GL a binary modality t> for interpretability, together with axioms
governing the behaviour of > as well as its interaction with 0. It was proven
independently by Berarducci ([Ber90]) and Shavrukov ([Sha88]) that the theorems
of ILM are exactly the propositional schemata involving formalised provability and
interpretability that are provable in PA. We say that ILM is the interpretability
logic of PA.

A dissonance Given the two approaches to interpretability, it is natural to ask
how they relate to each other. The starting point for the work presented in this
chapter is the following question: does the modal logic ILM “know” that (V,>)
is a lattice?

The fact that the infimum in (), >>) is given by disjunction is indeed reflected
in the axioms of ILM. On the other hand, Svejdar’s construction of a supre-
mum employs a language much more complex than that available in propositional
modal logic. Indeed, it is shown in Section 5.2.2 that interpretability suprema lie
beyond the expressive power of ILM.

We note that the issue described above is by far not the only dissonance
between the two approaches to interpretability. For example, in the framework
of interpretability logic it is natural to consider statements containing nested
occurrences of the modalities, such as CA — A B OGA. At the same time, the
latter cannot be meaningfully formulated in the context of the lattice of degrees.

We want to boost the expressive power of ILM by adding to it a new modality
whose intended interpretation is a supremum operator in (V,>). As we will see,
Svejdar’s construction is only one out of many ways of obtaining suprema in this
structure. Since each of these can, in principle, be used to specify the meaning
of the new modality, we are faced with a design choice.

Overview of this chapter Section 5.2 introduces the modal system ILM, and
considers its relation to the interpretability degrees. Svejdar’s construction, along
with its dual discovered by Visser, are studied in Section 5.3. Section 5.4 intro-
duces our favourite way of interpreting the supremum modality: a combination of
conjunction with a certain nonstandard provability predicate, the so-called supre-
mum adapter. Section 5.5 is concerned with the provability logic of supremum
adapters, as well as their joint provability logic with ordinary provability. Section
5.6 contains some observations about transfinite iterations of supremum adapters.



78 Chapter 5. Supremum adapters

5.2 Interpretability logic

This section introduces the modal system ILM of interpretability logic. We con-
sider its relation to the lattice of degrees, and show that it fails to express inter-
pretability suprema.

5.2.1 The system ILM

Denote by L. the language L5 together with a binary modality . The operator
> binds weaker than A, but stronger than —.

5.2.1. DEFINITION. The system ILM contains all propositional tautologies in the
language Lq., the axiom schemata of of GL, and:

J1) OJA—-B)—>Ar>B
J2) (A B)A(B>C)— (A>C)
) (AC)A(B>C)—(AvB)>C
J4) A B — (CA— OB)
J5) CAp A
) A>B— (AAOC)> (B ADOC)
The rules of ILM are modus ponens and necessitation for .
5.2.2. LEMMA. . IIM-0A o —AD> L
. ILM = A> AADO-A
ii. LIM=A>B — Ap> BAO-A

Proof: (i) The left to right direction follows by (J1), since A — O(—A — 1).
The other direction follows from (J4), since K- GL — L.

(ii) By Lob’s axiom, A — O(A A O—A). Using neccesitation and (J1), it
follows that OCA>O(AAO—A). With (J1) we have AA CAD><CA, whence by (J2),
ANOCAD>O(AADO—A). Using (J5), the latter implies A A CA> A AO—A. Since
AAO-A> AADO—A, it follows by (J3) that (AAO—A) v (AACA)>AAD—A.
Given (J1), it is clear that A> (AAO—A) v (AACA), thus A> A AO—A follows
by one last application of (J3).

(iii) Follows from (M), (J2), and clause (ii). Q

5.2.3. DEFINITION. An ILM-frame is a tuple (W, R, S), with W # (), R a binary
relation on W and S a set of binary relations indexed by the elements of W, and
such that S,Z {(b,c) | a R b,a R c}. Furthermore,
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1. R is transitive and converse well-founded
1. S, is transitive
1. a Rb=10S5,b

w. aRbbRc=bS, c

v. SR < R

An ILM-model is a quadruple (W, R, S, I-), where (W, R, S) is an ILM—frame, and
- a valuation on (W, R, S satisfying the usual clauses, with R as the accessibility
relation for O, and

al- A> B if for all b with a R b, there is some ¢ with b S, ¢ I B.
5.2.4. THEOREM ([DJVI0]). ILM - A < F |- A for every ILM-frame F. a

We consider arithmetical realisations mapping the modality > to an arith-
metical formula expressing in a natural way interpretability between theories of
the form PA 4 ¢, where ¢ is an arithmetical sentence. The modality O is mapped
to the ordinary provability predicate O of PA.

5.2.5. THEOREM ([SHA88], [BER9IO]). For all A€ Lp,,
ILM = A < for all arithmetical realisations ™, PA - A*. Qa

It follows from Visser’s results in ([Vis91]) that the left to right direction, i.e.
arithmetical soundness of ILM with respect to PA, is already verifiable in IA+exp.
We shall thus freely refer to the axioms of ILM when reasoning about formal
interpretability in theories containing 1Aq+exp.

5.2.2 |LM and the lattice of degrees

Recall the structure (V,>) of the degrees of finite extensions of PA, ordered by
the relation of interpretability. As mentioned in Section 5.1, (V,>) is a lattice.
We now ask whether this is visible from the perspective of ILM.

The fact that (V,>) is a lower semilattice is indeed reflected in the axioms
of ILM. Axioms (J1) and (J2) imply that the ordering given by > is reflexive
and transitive, and furthermore that ¢ > ¢ v ¢ and ¥ > ¢ v 1, i.e. that [¢ v ]
is a lower bound of [¢] and [¢] in (V,>). Axiom (J3) states that it is in fact
the greatest lower bound, i.e. the infimum of [¢] and [¢/]. The following theorem
implies that [¢ A ] is not, in general, the supremum of [¢] and [¢].

5.2.6. THEOREM ([ORE61, THEOREM 2.4]). There is a sentence p such that
Trpand Tr>—p. Qa
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A sentence p as in Theorem 5.2.6 is called an Orey sentence. We note that an
Orey sentence and its negation are both in [T], and hence also their supremum
is an element of [T], which is clearly not the case for the sentence p A —p.

5.2.7. EXxAMPLE. The Godel-sentence of the Feferman provability predicate As
is, verifiably in PA, an Orey sentence. This can be shown by a simple modal
argument found by Visser ([Vis89, p. 177]). A crucial ingredient is the following
result by Feferman ([Fef60, Theorem 6.2]), according to which an analogue of (J5)
holds with Feferman-consistency instead of ordinary consistency:

PA - Vip D> @ (5.1)

Verifiability in PA follows from [Vis91, Section 6]. By the Fixed Point Lemma,
let v be a Godel-sentence for Ag:

Since PA v — —A¢7y, i.e. PA v — Vz—, by (J1) also PA - > Vs —, whence
by (5.1) and (J2), PA v > —y. Since PA -+ —y > —, it follows by (J3) that
PA = T > . It remains to show PA - T > —v. Since PA -~ VT and the modal
system K is sound with respect to A¢, we have that PA - A¢y — V¢y. Combining
the above with PA - —y — A7y and using (J1), we obtain PA - —v > V¢y. With
(5.1), this implies PA - —y > ~. Thus PA - T > —~ follows by (J3) as above.

The existence of Orey sentences rules out simple conjunctions as interpre-
tability suprema in ILM. Of course, this alone does not prove interpretability
suprema to lie beyond the expressive power of ILM. There could be some Lq.-
formula S(p, ¢) such that for any propositional letter r,

ILM = (r>p) A (r>q) < r>S(p,q).

We show that such a formula S cannot exist already when the above is only
required to hold for r = T.

5.2.8. THEOREM. There is no Lao.-formula S, for which

ILM = (T>p)A(T>q) < T>S(pq). (5.2)
Proof: Suppose for a contradiction that S is as in (5.2). Note first that

ILM = T>S(p.q) < T>S(pq) ~0OL (5.3)

The direction from left to right is Lemma 5.2.2(iii); the other direction follows by
using (J1) and (J2). Combining (5.2) and (5.3), we obtain

M= (Tep)A(T>q) < TrS(pq AOL. (5.4)
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We claim that there is a purely propositional formula S such that
ILM =01 — (S(p, q) < 5'(p, q)) (5.5)

By induction on the structure of S, it can be shown that such a formula S’ exists
for any Ly.-formula S. The base case and the boolean cases are straightforward.
It remains to consider the cases that S = OC(p,q) and S = C(p,q) > D(p,q).
Using Theorem 5.2.4, it is easy to see that in both cases we can take S’ = T.
Combining (5.4) and (5.5), we obtain

LM (T>p) A (T>q) < T>S8(pq) AOL (5.6)

Substituting T for p and ¢ in (5.6), we obtain ILM — T > S’(T, T) A OL, thus it
must be that S’(T, T) = T. Substituting L for one of p or ¢ yields

ILIM-Tr> 1 < T>S5(pq) A0OL,

whence it must be that S’(p,q) = L if either p = L or ¢ = L. Hence S’(p,q) is
propositionally equivalent to p A ¢, and we have

LM (Tep) A (T>gq) < T(pag) ADOL. (5.7)

Consider an arithmetical realisation = with p* = p and ¢* = —p, where p is,
verifiably in PA; an Orey sentence (see Example 5.2.7). By Theorem 5.2.5 we
have from (5.7) that

PAE(T>p)A(T>—p) < T (pA—p) AOL, (5.8)

ie. PALE (T>p)A(T>—p) < T L. Since PA- (T p) A (T>—p)but
PA (£ T > 1, this is a contradiction. Qa

5.3 Binary suprema

Given Theorem 5.2.8, we would like to enrich ILM by adding to it a new modal-
ity for interpretability suprema. The methodological points related to this goal
are discussed in Subection 5.3.1. Most importantly, we define the notion of a
supremum implementation. The rest of this section studies two natural examples
of supremum implementations due to Svejdar and Visser, respectively. The pur-
pose of this section is mainly methodological and genealogical. We have therefore
decided to omit proofs of most results, referring the interested reader to [HV16].
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5.3.1 Methodological considerations

We would like to enrich ILM by adding to it a new binary modality @®, together
with the following:

(Sup) (C>A)A(C>B)«— (C>AD®B).
Denote by ILMS the system ILM together with axiom Sup.

5.3.1. DEFINITION. An arithmetical formula o with two free variables is a supre-
mum implementation if for all sentences ¢, 1, x of the language of arithmetic,

PAE (XD @) A (X >1) « x> oa(p, ).

Given a supremum implementation o, arithmetical realisations for ILM can be
extended to the new language by mapping ® to a supremum implementation:

(e @) = ("™, ™).

This guarantees that ILMS is arithmetically sound with respect to a given o.

For arithmetical completeness, we would like the theorems of ILMS to include
all propositional schemata involving o that are known to PA. However, PA’s
knowledge about a formula o is far from determined by what is required in Defi-
nition 5.3.1. For example, while for any such o it is clear that o(p, 1) and o (v, )
are, verifiably in PA, mutually interpretable, there is no a priori reason why

a(p, ) < o, ¢) (5.9)

should be provable in PA, or even true. An example of a supremum adapter for
which (5.9) fails can be found in [HV16, Appendix A.2]. On the other hand, the
supremum implementations we encounter below all satisfy (5.9).

Whether the axiom A ® B < B ® A should be added to ILMS therefore
depends on which supremum implementation(s) we have in mind. In contrast to
formalised provability and interpretability, there is no strong intuition as to what
constitutes a natural supremum implementation. Thus our choice will depend
on practical and esthetical criteria. For example, we prefer implementations that
allow for a nice Kripke semantics.

5.3.2 Svejdar’s and Visser’s suprema

It follows from Theorem 2.1.12 that the supremum of [PA + ¢] and [PA + 4] in
(D, >), the structure of degrees of all r.e. extensions of PA in the same language,
is the following infinite theory:

S :=PA+ {Cpp A Opth | newl.

Svejdar’s construction can be seen as a way of compressing the information con-
tained in S into a single sentence.
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5.3.2. THEOREM ([SVE78, THEOREM 4.4]). By the Fizved Point Lemma, let ¥
be such that
PA 0 o Yz (O — Opp A Oph).

Then 9 is (verifiably in 1Ag+exp) a supremum of ¢ and ¢ in (V,>>). Q

The formula 9 is II5. A dual construction, yielding a Ys-supremum, was disco-
vered by Visser.

5.3.3. THEOREM. By the Fized Point Lemma, let ¢ be such that
PA 9 « Jz(0,—0 A (Cpp A $Op1))).
Then ¥ is, verifiably in 1Ag+exp, a supremum of ¢ and 1y in (V,1>).
Proof: Argue in IAj+exp, and let ¥ be as above. We show:
. 9> A VD> Y

ii. (Xx>@)Ax>Y) > x>

(i) By Theorem 2.1.12; it suffices to show Yz O(9 — <G A <$utp). We fix some
and argue in [J:

If 9, there is some 2z with O, —9, <L, and <,1). By essential reflexivity, we have
<1, thus 2z must be greater than . By monotonicity, it thus follows that <,
and <, as required.

(ii) Assume x > ¢ and x > . With Theorem 2.1.12, we see that the latter imply
Ve Oy — O A Oph). (5.10)

By properties of ¢, we have O(—9 < Yz ((Crp A Oph) — <,09)), whence it fol-
lows from (5.10) that
Ve O(x A =9 — O.0),

and thus y A =9 > 1 by Theorem 2.1.12. Since clearly x A 9 > 9, it follows by
principle (J3) of ILM that (x A ¥) v (x A —0) >0, i.e. x > 0. Q

5.3.4. REMARK. Strictly speaking, theorems 5.3.2 and 5.3.3 do not yet provide us
with supremum implementations in the sense of Definition 5.3.1. Corresponding
to Theorem 5.3.2, we would like to have a formula ¢ with two free variables, such
that for any sentences ¢ and 1,

PA — 0'(80, 'w) — VY (<>10'(§0, w> i <>:p§0 AN <>I’l/})7

and similarly for Theorem 5.3.3. By using the Fixed Point Lemma with parame-
ters, it is however clear that formulas with the required properties exist.
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5.3.3 Some features of Svejdar’s and Visser’s suprema

Svejdar’s and Visser’s supremum implementations are obtained as fixed points
of the following formulas (the capital Y indicates that we are interested in fixed
points with respect to this variable):

YV (OY — (Opp A Op1))
z (O~ A (O A Op1))

The following theorems state the existence of unique explicit fixed points for these
fixed point equations. Theorem 5.3.5 is due to V. Yu. Shavrukov.

5.3.5. THEOREM ([HV16, THEOREM 7]). Let e(p,v) be the formula
Vo (O,—¢ v O,—¢ — 0,3y <z (0,—~¢ v O,7v)),
where ¢ and 1 are regarded as internal variables ranging over L-sentences.

i. IAg+exp - e(p,¥) < Vo (Cre(p,¥) = Cup A Opt))

. If PA 9 o Yo (O — Opp A Opt), then PA 9« (p, ). a
5.3.6. THEOREM ( [HV16, THEOREM 8]). Let e(p,v) be the formula
3 (O, (0= v O,=1) A (Opp A Opt)))
where ¢ and 1 are regarded as internal variables ranging over L-sentences.

i. IAg+exp - e(p,¥) « Jz (O, —e(p, ) A (O A Op1))

. If PA Y oz (0,—0 A (Cpp A 1)), then PA 9 — (o, ). QO

From the point of view of developing a modal logical treatment of the supre-
mum adapters, it is useful to have the following:

5.3.7. THEOREM ([HV16, THEOREM 9].). Let ¢ be as in Theorem 5.5.5 or as
in 5.3.6. Then

IAg+exp = O(p < ¢') A O < ¢') — O(e(p, ¥) < (¢, ¢)). 0

Theorem 5.3.7 states that Svejdar’s and Visser’s supremum are extensional. As
shown in [HV16, Theorem 10|, Visser’s supremum is not monotone: there are
formulas ¢ and v such that, taking ¢ as in the statement of Theorem 5.3.6,
PA - ¢ — ¢ but PA £ €(p,p) — €(,). This property makes ¢ less suitable
for being treated as a modal operator. But also Svejdar’s supremum has some
quirky features.
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5.3.8. REMARK. Write ©(Y) for the formula Vz (¢,Y — <©,1), and let o be
such that PA - 0 <> ©(c). The formula ¢ is thus an element of [ L]. It is easy to
see that PA |+ o0 < L. On the other hand,

PA 12 O(c) < O(L).

To see that, note that PA - ©(L) <> T. Assuming PA - O(c) < ©(L), we would
thus have:
PALloo—0(0)0(l)«T

— a blatant contradiction. We say that the formula ©(Y’) is not extensional. The
above argument shows that every fixed point of O(Y) is equivalent to L, while L
itself is not a fixed point of O(Y).

5.4 Supremum adapters

A supremum adapter is an arithmetical formula o containing one free variable,
for which IAy+exp verifies that for all ¢, ¢, and ¥,

X> @ A XDY o x> oa(p) Ao(y).

We think of ¢ as adapting ¢ and 1, so that their conjunction can be used to
obtain the supremum. The idea and the first examples of supremum adapters
are due to V. Yu. Shavrukov. The versions introduced here were obtained by
analysing and simplifying the latter.

We define a family of nonstandard provability predicates, each of which can
be viewed as the provability predicate of I3,, where a is a certain nonstandard
number. In Section 5.4.2, it is shown that the consistency statements associated
to these provability predicates are supremum adapters. We shall also refer to the
provability predicates themselves as supremum adapters even though, strictly
speaking, only their duals satisfy the definition given above.

Consider the following theory:

PAH .= U{IEn | for all m < n, I¥,, is 1-consistent}

new

Provability in PA" is naturally expressed by the formula 3z (Jyp A Vy < 2 O T).
Since PA is 1l-consistent but, as a consequence of the Second Incompleteness
Theorem, does not know this, it is clear that Jz (O.p A Vy < mOng) is a
nonstandard provability predicate for PA.

Different from the theories PA* and PA[FE0 of Chapter 4, the theory PA*, as
defined above, is not recursively enumerable. Its natural provability predicate
Jz (O A Yy < xong) is X3; the complexity is due to the II; truth predicate
needed to express 1-consistency.



86 Chapter 5. Supremum adapters

As in the case of slow provability, variants of supremum adapters are obtained
by letting:
Agyp =3z (Dﬁkgp AVy < 5L’<>£[1—|—) ,

where k is a standard integer. We recall from Chapter 4 that for £ <0, x + k is
defined to be = = |k|, and x = k is defined to be x + |k|, where |k| is the absolute
value of k, and z = y := max {0,z — y}. As usual, we write V¥ for the dual of
Ay, 1.e. as an abbreviation for —A gy, —¢.

5.4.1 Provability in the least 1-inconsistent subtheory

A -provability may be seen as provability in I¥,, where pu is the least x such
that 13, is 1-consistent. In order to make this precise, let 4 = = be the formula

(OMT Az =00)v (O LAVy <z O T).

The uniqueness of p is provable in [Ag+exp: [Ag+exp - pu=xAp=y - x =y.
As for existence, note that since 3z O | is 3y and the least number principle for
Yo-formulas is equivalent to induction for ¥s-formulas ([HP93, Theorem 1.2.4]),
it is clear that ¥y - dx 4t = . Theorem 5.4.2 below states that 1¥; t# dJx pu = x.
Given the above, it is easy to see that

I - Vo (Agy < Ourre) (5.11)

where [, is defined to be O, and for all k € Z, o0 + k and o0 — k are defined to
be oo. In other words, A-provability coincides with provability in Iy, or —
in case PA is 1-consistent — with provability in PA.

Each A, has a “universal” relative: Apjp := Vo (Dglj_ — Dﬁkgo). It can be
shown that each A, like Ay, is a supremum adapter. Our reason for focusing on
the “existential” versions A is that the Ap) are not sound provability predicates.
In the standard model N, each Ay, is the provability predicate of the inconsistent
theory: we have 91 E Ap,e for all ¢.

Defining 0O,: like O,, except with the reading that O is the provability
predicate of the the inconsistent theory, it is easy to check that

155 - Vo (A < O, k) - (5.12)
The formulas O 1|, Auy, and A, are definable in terms of each other:
5.4.1. LEMMA. 4. IS, - O L o Vo (Agyp < Ape)
ii. IS - Vo (Agyp < (OMT A Op) v (OML A Agge))

111. IEQ H VQO (A[k]QO Ad (A<k>g0 \ <>H1T))
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Proof: (i) Argue in IX,. If O™ L, then by (5.11) and (5.12) both Ay and Apy
are equivalent to [J,;, where p is the least x such that O . For the other
direction, assume that O™ T, Then A is the provability predicate of the incon-
sistent theory, and so Ap;L. On the other hand, —A 4, L: Ay L would imply OL
and thus also O™ 1| contradicting our assumption. The proof of clauses (ii) and
(iii) is straightforward, by using (i), (5.11), and (5.12). Qa

We conclude this section with a result due to F. Pakhomov, showing that the
existence of p is not provable in 3.

5.4.2. THEOREM. > (f dx p==x

Proof: We show that there is a model 9 of I¥; where PA is 1-inconsistent, but
there is no smallest @ such that I>, is inconsistent. 91 is constructed as the union
of an ascending chain (9;);~., of models, where 9; = O™ | and 90; = PA for all
1. Denote by m; the least element such that 9, = Dglij_. We shall ensure that
for all 7,

1. m; > mit1
it. My <, Mg (M1 is a Xy-elementary extension of ;)

We note that 9t := J
it follows that for all 7,

i~ M, is a model with the desired properties: from (ii)

mi <3 M.

Using this, it is easy to show that 91 = [3; and furthermore for all a € 9, we
have that 9t = O L if and only if 9, = 0N | for some i.

It remains to show that a chain (90%;);~, with the required properties exists.
We proceed by induction on i. Let 9t be any model of PA with 9%, = O™ L. Now
suppose that we have constructed a model M; of PA with 9, = 01 L A <>E;i_1T.
Since IM,; = OE&_IT, we have M, = o?nt_lmglﬁg by Lob’s principle for Dgli_l.
In fact we have M = Ot (O L A OULLT), for My = Opym1Opt 5T by
reflection. In other words, 9; thinks that the theory

T =18y, -1 + y-truth + O}, L+ O T

is consistent (where II;-truth is to be understood in the sense of 9t;). By The-
orem 2.1.13, there is a Yi-elementary end-extension 9%, of M; with M; .1 =T
and such that, from the external point of view, ;.1 = PA. We now have
M <y, M1 E PA and My = Dgli_lj_ N OELE_QT. Thus it suffices to put
mip1 = m; — 1. A



88 Chapter 5. Supremum adapters

5.4.2 Verification of the target property
We show that each A, or, strictly speaking its dual ¥, is a supremum adapter:

5.4.3. THEOREM. z where @, x, and Y are regarded as internal variables ranging
over L-sentences.

Proof: It suffices to show:
1. [Ag+exp - Yo (V<k>g0 > 30)
ii. INg+exp = Vx Vo Vo (x> @) A (X>U) — XD Ve A Vi)

The above clauses are proven in Propositions 5.4.6 and 5.4.8 below. a

A formula ¥(z) is monotone (in x) if IAg+exp - V(z) A z <y — I(y).

5.4.4. LEMMA ([Vis15B, THEOREM 4.3]). Suppose that 9(x), possibly with ad-
ditional free variables, is a monotone Ily-formula.

IAg+exp - Vy (0,32 (9(2) A Vu < 2O T) < 0,0(y))

Proof: Argue in IAg+exp, and fix y. Assume first O,0(y). By reflection, we
have O,Vu < y OI' T, whence clearly 0,3z (19(30) AVu <z Ogl—l—). For the other
direction, assume

0,3z (V(z) AVu <z O T). (5.13)
We show O, (O (y) — ¥(y)). Argue in O,:

Assume O0J'9(y). Suppose for a contradiction that —(y). Since this is a Xo-
formula, we have 0" =(y), and thus O, L. From (5.13), we have some z
with 9(z) and Yu < 2 OIT. The latter, together with Dglﬂﬁ(y), implies that
x < y. Thus J(y) follows by monotonicity of 4.

Back in IAg+exp, we have O, (O'd(y) — J(y)). From the latter, it follows that
4, (O,9(y) — ¥(y)), and finally O,9(y) by Lob’s principle for 0,,. a

5.4.5. LEMMA. 4. IAg+exp - VaVy (O, Ay < O.054010)
ii. IAg+exp = VyVo (Oyp — Oy-pAgny)

Proof: Reason in IAj+exp. (i) Fix z and ¢. The statement follows from Lemma
5.4.4 by taking for ¥(x) the formula O, rp. Note that the latter is 3; — so also
IIs — and monotone.

(i) Fix y and . Suppose first that £ < y. Then y —~ k = y — k, and we have:

Oy — Doy — Oy Uy — Oy Ay
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The first implication is by Y;-completeness of Oy, the second by monotonicity,
and the last follows from clause (i) by taking y — k for z. If k > y, then y ~k = 0,
and we argue as follows:

Oy — OOy — OoOgp — OoAyp

The second implication is by monotonicity, the third follows from clause (i) by
taking 0 for x. Q

5.4.6. PROPOSITION. IAg+exp - Vo (Ve > ¢)
Proof: In view of Theorem 2.1.12, it suffices to show
[Ag+exp = VoVy O(Vye — Oyp)

i.e., by contraposition: IAg+exp = VoVyO(Oyp — Agyy). Argue in [A;+exp,
fixing some y and ¢. By Lemma 5.4.5(ii), we have O(0,¢ — O, Agyep). Since
Ay is 33, we have by reflection Oy r)+2(0y=r Ay — Awgyy). Combining the
above yields O(0,¢ — Agyp) as required. Qa

5.4.7. LEMMA. [Ag+exp - Vy Vo Ve Oyp1 (Oy(Ause v Austh) = Oyprp v Oyart))
Proof: Reason in IAj+exp. Fix ¢, ¢, and y, and argue in O,4q:
Suppose that O, (Agyp v Agyt)), ie.
a, (H:U (Dx+kg0 AVu < [17<>51—|—) v dz (DHH/J AVu <z OEIT))
The latter implies
0,3z ((Dﬂkgp v Oprk®) A Vu < xOElT)

Applying Lemma 5.4.4 with 9(x) = Oy xp v Oppi®), we get Oy (Oyrrp v Oy i0)).
Since we are in Oy, and Oyqz v Oyt is 3q, we obtain Oy, v Oy4 50 by
reflection. 0

5.4.8. PROPOSITION. IAg+exp = (x>¢) A (XD>) — XD Yy A Yany, where
X, @, and ¥ are regarded as internal variables ranging over sentences.

Proof: Argue in [Ag+exp. Fix x, ¢, and v, and assume x > ¢ and y > 1. By
Theorem 2.1.12, we have Yy O(x — <y¢) and Yy O(x — <y10), whence also

VyO(x — Oy A Opt).
Using contraposition, it follows from Lemma 5.4.7 that
Uyt1 (<>y+k§0 A Oyt = Oy(Yapp A v<k>w)) :
Combining the above and using monotonicity of [J,,, we have
VyOx = Cy(Yapp A Yant))),
and so finally x > (Vs A Vb)) by Theorem 2.1.12. a
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5.5 Modal principles

This section studies the supremum adapters from a modal logical perspective.
Section 5.5.1 deals with the provability logic of a supremum adapter, and Section
5.5.2 with the joint provability logic of a supremum adapter together with ordinary
provability.

5.5.1 Provability logic

Note first that each A is a cross between ordinary and 1-provability. Dropping
the II;-oracle from the definition of A yields the provability predicate:

Oy := 32 (oyrp A Vy <O, T) .

For k = 0, I¥; + Oy <> Op. The direction from left to right is obvious. For
the other direction, argue in I¥;, and suppose Oy, i.e. O,¢ for some z. By the
least number principle for ¥;-formulas, we can assume that x is the least with
this property. Since k > 0, we have ., by monotonicity. If for some y < =,
0,1, then also O,¢p, contradicting the minimality of x. Thus Vy < <, T, and
so Ok as required.

In contrast, for & < 0, we have I¥; = =[O L. To see that, note that —Op, L
is the sentence

Vo (Opspl — Jy <20,1).

Argue in ¥, assuming ., 1. Since —OyL by reflection, it must be that
x+k>0. Since £ < 0, it is clear that = + k < =z, thus we can take = + k
for y. It is not difficult to see that the formula Oj_;) is provably equivalent in I3}
to the Feferman provability predicate Ag.

Similarly to their pure-blooded relatives, the A’s are naturally divided into
two classes. For k > 0, A, behaves like the ordinary provability predicate,
whereas for k < 0, Ay, behaves like Feferman provability predicate. We shall,
from now on, write Ag for A, with k& > 0, and Af for Ay, with & < 0. The
symbol A is used as a common name for Ag and As.

5.5.1. LEMMA. . If PA ¢, then PA - Ap
ii. IAg+exp - Yo (Lo — Ap)
iii. [Ag+exp Vo (A(p — ) = (Ap — AY))

Proof: (i) follows from (the informal version of) Lemma 5.4.5(ii). For (ii) note
that by monotonicity, we have for all k, Oyp — (Qosrp A Vy <0 <>yHlT). Clause
(iii) follows by monotonicity together with the HBL-conditions for OJ,. a

Recall the provability logic GL, formulated in the language L5 of propositional
logic together with a unary modality (0. We consider arithmetical realisations
mapping the modality O to the formula Ag.
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5.5.2. LEMMA. IfGL - A, then IAg+exp = A* for all arithmetical realisations *.

Proof: Given Lemma 5.5.1, it suffices to show IAg+exp - Ag(Agp — ) — Agp.
The latter follows by the usual argument — see the proof of Theorem 2.1.9 —
from IAg+exp = Agyp — Aghgp. We reason as follows:

Agyp — Oy AVu < y OILT

= Uyrk) -k Agyp Lemma 5.4.5(ii)
— Oy Agp since k > 0
= Uy Ay monotonicity

— Ay Ay

The above argument also works when ¢ is an internal variable ranging over sen-
tences. a

Thus GL is arithmetically sound with respect to Ag. In Chapter 6, it is shown
that GL is the provability logic of A .

5.5.3. QUESTION. Is GL arithmetically complete with respect to each Ag?

Recall the provability logic F of the Feferman provability predicate, formulated
in the language of propositional modal logic containing a unary modality A, and
axiomatised by adding to K the following:

(F1) —-al
(F2) AA— A((AB— B) v AA)
We consider arithmetical realisations mapping the modality A to the formula Agf.
5.5.4. LEMMA. IfF+ A, then PA+— A* for all arithmetical realisations *.
Proof: In view of Lemma 5.5.1, it suffices to show:
i 1Ny = W T
it. PAE Asp — As ((Af) = ) v Asp)

(i) Note that ¥, T is the sentence Vo (OyppL — Ju < 20" L). Argue in I¥,
assuming [0, L. The latter implies ijrkL. Since <>gl—|— by reflection, it must
be that x + k > 0. Since k < 0, clearly x + k < x; thus we may take =z + k for w.

(ii) Let & < 0, and fix some ¢ and n with ¥ € I1,,. Recall that y was defined
to be the least x such that 13, is 1-inconsistent. In Section 5.4.1, it was explained
that Ay can be viewed as the provability predicate of 13X,

PA VQO (A<k/>§0 Aad DM_,_k/gO) .
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Since k' < 0, pu + k' is defined to be pu =~ k, where k = |k’'|. Reasoning in PA,
4 is nonstandard, whence p > k, and so u ~ k = p — k. In order to show
PA - Agryp — Aury ((A<k/>z/; — 1) v A<k/><p), it thus suffices to show

PAE Oukp = Ouk ((Dufkw — ) v DukaD) .

We argue in PA, assuming 00,4 for some ¢. Suppose first u = co. In this case,
Oux <> O,—kx <> Oy for all x. Thus it suffices to show OO, . We have:

Dufk(p - Up = Up— Dx+k‘<k’>90 - DD#,MO,

where the third implication follows by Lemma 5.4.5(ii). Let us now assume p < 0.
We argue in O,,_j:

From the outside world, we have O, ¢ by ¥;-completeness. By reflection,
= — k. We consider two cases:

(@) p = . In this case O,_xp follows from 0, ;¢ by monotonicity.

(b) p < fo. In this case p — k < o — k. Assuming 0,1, we thus obtain ¢
by reflection. Here we also use that 1 is II,, and so also II;; — since n
is standard but £ nonstandard (from the external point of view). a

5.5.5. QUESTION. Is F arithmetically complete with respect to A¢?

5.5.2 Supremum adapters and ordinary provability
We establish some principles for the joint provability logic of A and 0.
5.5.6. LEMMA. . [Ag+exp - Ap — Oy

1. IAg+exp = Op — AOp

iti. [Ag+exp = 0O(0Y — Ap) < O(OY — @)

. [Ag+exp - OAp « Oy
Proof: (ii) By ¥;-completeness and Lemma 5.5.1(ii):

[Ap+exp - Op — OO — Alp.

(iii) It follows from Theorem 5.4.3 that IAg+exp - ¢ = V. Since Ot is 11y,
Theorem 2.1.12 tells us that

[Ag+exp = O(Vp — Oy) « O(p — O).

(iii) follows from the above by contraposition and renaming ¢, ¥. (iv) follows
from (iii) by taking T for ¢. Inspecting the proof, it is clear that clauses (ii)-(iv)
also hold when ¢ and v are regarded as internal variables. a

Lemmas 5.5.1 and 5.5.6 imply that A, and O satisfy the axioms and rules of
GLT, verifiably in IAg+exp. We can thus apply Theorem 3.7.12 to obtain:
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5.5.7. THEOREM. The closed fragment of GLT is arithmetically complete with
respect to O and Ag.

5.5.8. COROLLARY. PA£ OL — AL

Proof: The statement for A, follows from Theorem 5.5.7, since GLT (/ OL — AL
by Lemma 3.3.4. As for A¢, note that PA = Vo(Awe — Awmyy) whenever
u < k; therefore PA - Vp(Arp — Agp). PA = OL — A¢l would thus imply
PA-0OL — AgL. Q

By Lemma 5.5.6(iii), the joint provability logic of A, and O contains the
principle
O(0OB — AA) « OB — A).

It is not difficult to see that GLT + O(OB — A) — O(OB — AA). However,
using Theorem 3.3.3, it can be shown that GLT i O(0OB — AA) — O(0OB — A).
Let S be the principle O(OB — AA) — O(OB — A). Recall axiom (T4) of
GLT: OAA — OA. Taking T for B, we see that (T4) is derivable from (S) over
K. Denote by GLS the system obtained from GLT by replacing axiom (T4) with
axiom (S).

5.5.9. QUESTION. Does GLS have a Kripke semantics?
5.5.10. QUESTION. Is GLS arithmetically complete with respect to O and Ag?

5.5.11. QUESTION. What is the joint provability logic of O and A¢?

5.6 Transfinite iterations

We conclude with some observations about the transfinite iterations of supremum
adapters. The results in this section are due to F. Pakhomov.

We note first that every w-iteration of a supremum adapter proof can be
converted into an ordinary proof.

5.6.1. PROPOSITION. PA |- Yo (A¥p — Op)

Proof: Fix k € Z. We have PA |~ Vo (A‘<“k>g0 — JxOA%yp) from the definition of
A% and Lemma 5.5.6(i). Thus it suffices to show PA = Va Vo (DA ¢ — Op).
We argue in PA, by induction on x. If = 0, then A7 s @, so the claim triv-
ially holds. Assume now that V@/}(DA?@@Z) — ). To prove the claim for x + 1,
suppose that DA?,;glgo for some . This implies DA (k) AT, whence by Lemma

5.5.6(iv), DA%, and so finally Oy by the induction assumption. Qa
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The remaining results in this section hold for specific supremum adapters only.
Section 5.6.1 is concerned with Ay. Recall (Theorem 4.2.19) that for & > 1, the
slow provability predicate Ay, is an eg-root of O, i.e. PA = Vo (Op < Ai% ¢). An
analogue of the right to left direction is shown for A : ep-iterations of A y-proofs
can be converted into ordinary proofs (Theorem 5.6.5). However conversion into
the opposite direction fails (Theorem 5.6.7).

Section 5.6.2 is concerned with A, where k& > 1. We show that each such
Ay is an w-root of O: PA = Ve (Op < A%, ). Recall (Proposition 4.2.18) that
for k = 2, the slow provability predicate A, is also an w-root of OJ. The fact that
a supremum adapter has this property is, in a sense, more surprising: it implies
that A, while being Y3, becomes ¥; when iterated up to w.

5.6.1 IX,-proofs

Unless indicated otherwise, the Greek variables «, 3,, etc. range over elements
of an elementary linear ordering (D, <), as in Section 2.4.1. Ordinals o < g¢ are
assumed to be represented in IAg+exp by their Cantor normal forms. For these
ordinals, we write < instead of <. To improve readability, we write A for A
throughout Subsection 5.6.1.

The following lemma can be seen as a generalisation of Lemma 5.4.5(i), ac-
cording to which IAg+exp - VaVo (O, Ap < 0,0.p).

5.6.2. LEMMA. [Ag+exp - VaVaVp (0,4 < 0,0%)
Proof: By reflexive induction, it suffices to show in IAj+exp that for every «,
VB < a Vo (0,4 p < 0,000) — Yo (0,4% < 0,0%0). (5.14)
We argue in IAg+exp, and fix some . The antecedent of (5.14) implies
Oo Vo (Elﬁ < a0,A%p 38 < anDf ) :
Using monotonicity, it follows that
Vo O, (Elﬁ < anAﬁgo —d6 < anDg ) .
With the HBL-conditions for [J,, we obtain from the latter
Vo (0,38 < aO,4%¢ « 0,38 < a0,000) . (5.15)

Note that the formula 33 < a0,APp is ¥; and monotone (in y). By Theorem
5.4.4, we thus have

0.3y (38 < aO,A%p AVu < yOElT) - 0,36 < aO,Ap. (5.16)
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The left hand side is logically equivalent to 0,38 < aJy ( O,A%p A Vu <y <>51T),
i.e. to 0,38 < a AAPp. Thus it follows from (5.16) that

Yo (Dxﬂﬁ < a APy 0,36 < anAng) .
Combining the above with (5.15) we obtain
Yo (Dxﬂﬂ <aAd’p 0,38 < aD,,ngp))

ie. Vo (O,A% < 0,0%) as required. Qa

5.6.3. LEMMA. IAg+exp - Vo Vo Va < gy (0% e — Ogp)

Proof: Argue in IAj+exp, fixing z, ¢, and « as above. Argue in [

We show first that

VB <a+1(Vy < B (p —¢) — (Olp — ¢)) (5.17)

Fix 8 < a+1, assume Vv < 3 ()¢ — ), and suppose (P¢. If 3 = 0, then we
have ¢ immediately from the definition of 0%¢. If 8 # 0, then 3y < S0, ¢p.
Since x is external, we have O0)¢ by reflection, and thus ¢ by assumption.

We are reasoning in PA and o < g¢. Using Tlg,-(o + 1), it thus follows from

(5.17) that Vy < a+ 1 (O%¢ — ¢). In particular, O%¢ — .

Back in IAp+exp, we have shown O(0%¢ — ¢). It follows that O0%p — O,
whence 021y — Op by Lemma 2.4.8. Q

The following can be seen as a generalisation of Lemma 5.5.6(iv), according
to which IAg+exp - Yo (Op < DAp).

5.6.4. LEMMA. [Ag+exp - Va < gV (Op <« OA%p)

Proof: Argue in IAj+exp, and let a < gy. Suppose first Oy, and let x be such
that O,¢. By Lemma 2.4.6(iii),(vi) we have ,0%p, whence 0,A% by Lemma
5.6.2, and so A%y as required. For the other direction, let x be such that O, A%p.
Then 0,0% by Lemma 5.6.2, thus 02", and so Oy by Lemma 5.6.3. a

5.6.5. THEOREM. [Ag+exp - Vo (A%p — Op).
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Proof: Argue in IAg+exp. We show that for all o < g5, AA%¢ — Op. Fix
a < g9. By Lemma 5.5.6(i), we have that A A% implies JA%p, and so Oy follows
by Lemma 5.6.4. Q

We now show that ordinary proofs cannot generally be converted into trans-
finite iterations of A-proofs. In the lemmas below, the Greek letters range over
elements of an arbitrary elementary linear ordering (D, <). We assume that, ver-
ifiably in IAg+exp, (D, <) has a least element, denoted by 0. We denote by s(«)
the unique immediate successor of «, i.e. an element D for which s(«, ) holds.

5.6.6. LEMMA. [Ag+exp + TIpy,-s(a) + OMT - VoV (O — O, O%)

Proof: Argue in [Ag+exp + Tly,-a + OMT. Fix 2 and ¢, and assume < ).
We show by transfinite induction on 3 < s(a) that ©,<%). For 8 = 0 the claim
is immediate from the definition of ©#1). Supposing that 3 is a successor, let v be
such that s(, #). By the induction assumption, we have <, which by Lemma
2.4.6(vi) is equivalent to 4. Since this is a I1;-sentence, we have Ot G, Sup-
posing that 0,007 =), we would therefore have O |, contradicting that O™ T.
Thus it must be that —0,0° =, i.e. G, 08 as required. Finally, suppose that 3
is a limit ordinal. Then by assumption we have ¥§ < 3 <,<%4). Since this is a IT;-
sentence, we obtain O,V§ < 8,0%, i.e. 0,08, reasoning exactly as above. 0

5.6.7. THEOREM. If TIy,-s(a) is consistent with PA + O™, then there is a
sentence ., with PA £ Dy, — A%p,.

Proof: Suppose that Tly,-s(a) is consistent with PA + O T, We show that
there is a sentence ¢, and a model 9t of PA with 9 = Oy, A —A%p,. Let

Do 1= T (TIHl—a A <>H1T) ,

and let 2 be a model of PA with 9 = Oy, A —p,. To see that 9 exists, note
that PA - Oy, — ¢, would imply PA ¢, by Lob’s Theorem, contradicting our
assumption that PA + —¢,, is consistent.

Since PA is essentially reflexive, we have 9 = <,—¢, for every standard
n, whence by overspill M = <,,—p, for some nonstandard m. By Lemma
5.6.6, M E <,00 —p,, and therefore M = <, ¥*—¢, by Lemma 5.6.2. Since
M = Up,, we have M = O,y (Opa A Y=, ) by Xi-completeness of O,,. In other
words 9 thinks that the theory I, + Oy, + Y=, is consistent. By Theorem
2.1.13, there is an end-extension M’ of M with M’ = PA (from the external point
of view) and MM = Opa A ¥VE—(,. Q

Theorem 5.6.7 implies that for every «, there is some sentence ¢, such that
PA £ Op, — A%p,. We show next that there is no single ¢ that works for all
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such «. This result relies on Turing’s Completeness Theorem for ordinal logics.
Kleene’s O is a system of ordinal notations; it contains a (not necessarily unique)
notation for every recursive ordinal.

5.6.8. THEOREM ([TUR39]). For any true Il;-sentence w, there is an ordinal
notation c € O with |c| = w + 1, and such that IX) - O{T — 7. Q

An inspection of the proof of Theorem 5.6.8 shows that the ordering corre-
sponding to |c| is elementary. We can thus reason about 0° using the results of
Section 2.4.2.

5.6.9. THEOREM. For any ¢, there is an ordinal notation c € O with |c| = w+1,
and such that PA = O—p — A°—p.

Proof: If PA -~ —¢, then PA - A—y, whence by Lemma 2.4.7, PA - A=,
and so clearly also PA -+ O—¢p — A°—p. Assume now that PA I/ —¢. Then
O is a true Il-sentence, whence by Theorem 5.6.8 there is some ¢ € O with
el = w+ 1 and I3, - O§T — <Op. By the HBL-conditions for 0O¢, we have
I¥) - Ofp — O§T. Using reflection, we see that 1% Vi (019 — A1), whence
by Lemma 2.4.7,

121 [ VCQO - <>ig0

Combining the above yields I3 = v¢p — Opie. I3 - O—p — A°—¢. a

5.6.2 w-roots of ordinary provability

We consider Ay with k& > 1. We shall here write A for such A,.
5.6.10. LEMMA. PA - Vo (0,0 — A"Tlp).

Proof: We argue in PA, by induction on z. If x = 0, the claim holds by Lemma
5.5.1(ii). So let us assume Vi) (0,90 — A1), To show the claim for = + 1,
suppose [y11¢. By Lemma 5.4.5(ii), 04190 — Ogy1)-rAgye. Ak > 1, it is clear
that (z + 1) = k < z. Using monotonicity, we thus have 0,190 — O,Ap, and
so O, Ap. Taking Ay for ¢, the induction assumption gives us A" Ap, and so
A2 by Lemma 2.4.8. 0

The following is an immediate consequence of Lemmas 5.6.10 and 5.6.1:
5.6.11. PROPOSITION. PA - VYo (Op < AYp) a

5.6.12. QUESTION. What can be said about transfinite iterations of A for
k<07






Chapter 6

A Solovay function for the least
I-inconsistent subtheory of PA

The provability predicate A, introduced in Section 5.4 as A, is defined as:
Ap = dx (ngo AVy < xOyHlT) .

We recall that A is useful for obtaining suprema in the lattice of interpretability
degrees of finite extensions of PA (Theorem 5.4.3), and that it can be seen as the
provability predicate of I¥,,, where p is the least x such that I, is 1-inconsistent
(Section 5.4.1). In this chapter, we show that the provability logic of A coincides
with that of the ordinary provability predicate of PA, i.e. the Goédel-Loéb prova-
bility logic GL. While arithmetical completeness of GL with respect to ordinary
provability is established by using a single Solovay function, our proof for A relies
on a uniformly defined infinite sequence of such functions.

6.1 Introduction

We are interested in the PA-provable propositional schemata involving A, i.e. the
provability logic of A. We consider arithmetical realisations mapping the modality
O of GL to the provability predicate A, and show the following:

6.1.1. THEOREM. GL — A iff for all arithmetical realisations *, PA - A*.

Arithmetical soundness, i.e. the left to right direction of Theorem 6.1.1, is
Lemma 5.5.2. The proof of the other direction proceeds, as usual (see the proof
of Theorem 2.3.2), by showing that any finite Kripke frame for GL can be suitably
embedded into PA. Our proof is closely related to Beklemishev’s arithmetical
completeness proof for GLP ([Bek11]). The latter uses a sequence (h;)j<m, of
Solovay functions, where m is some standard number. In contrast, we need an
infinite sequence (h,), <, of such functions, uniformly defined by a single formula.

99
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We start with an informal description of the construction, based on the view
of A as provability in I3, (Section 5.4.1). Given a finite GL-frame F = (W, <)
with root 0, we consider a family of Solovay functions (h,),<. climbing up the
accessibility relation < of F. The function hg is the usual Solovay function
for IAp+exp: it starts at 0 and moves upon the emergence of 1Aq+exp-proofs
concerning its own limit. Similarly, each h,; is like the usual Solovay function
for IX, 41, except that it starts where the previous function h, came to rest.

We write z : Oy to mean that x is (the code of) a O,-proof of ¢. Given a
reasonable coding of proofs, we have that the formula z : O,¢p is elementary, and
furthermore that every x is the proof of at most one sentence.

Letting £, denote the limit of h,, we would like the functions (hy)y<w,, with
hy : w — W, to satisfy:

ho(O) = O, hy+1(0) = Ey, and

hy(x +1) = {

a if hy(x) < a and z : O,¢, # a,

hy(x) otherwise.

We are interested in the value ¢, i.e. the limit of the function h,, where ¢, is
defined to be lim,_,, £, in case p = c0. We would like to to show that the sentence
¢, = a is a natural arithmetical representative for the node a, in the sense that

for some theory T < PA,
i. ifa#0, then T+ {4, =a— 0Oy,a <4,
it. if a < b, then T /4, =a — &0, =b.

It might seem, at first sight, that T has to be at least as strong as [¥,: as seen
in the previous chapter (Theorem 5.4.2), the existence of p is not known to I13;.
Moreover, each function h,.;, as presented above, is genuinely more complex
than the usual Solovay function: it is defined by using the limit of A, the natural
representation of which is at least 5. It is therefore not obvious that the basic
properties of h, and ¢, can be verified in IAj+exp or even I¥;. By tweaking the
construction we shall nevertheless succeed in making everything work smoothly
in IAg+exp.

6.2 A multi-stage Solovay function

Fix a GL-frame F = (W, <). We start by defining an auxiliary function h,,
— the Solovay function for O, starting off at node a (where both y and a are
parameters represented by free variables).

6.2.1. DEFINITION. (IAg+exp) For y < w, a € W, the function hy,, : w — W is
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defined by:

hya(0) = a

hyao(z+1) = {

b if hyo(x) < band x:O,0; # b,

hyo(x) otherwise.

The formula ¢, # b (Definition 6.2.3 below) depends on the formula x representing
the family of functions (hy q)y<weew. The self-reference in the definition of h, , is
handled, as usual, by the Fixed Point Lemma. We note here that the definition
of hy, only relies on the godelnumber of ¢; # b, and the latter can be obtained
from y, b and "x' by a function whose totality is known to IAq+exp.

It follows from Theorem 2.1.4 — for example, by using that W is finite —
that the function h(y,a,x) = hy.(z) is elementary (Ag™®) and hence provably
total in IAg+exp, with its defining equations also provable in IAj+exp.

We write lim h, , = b for the formula

3z hyo(x) = b A YT hyo(z) <D

Since hyq(x) is elementary, we have that lim h,, = b is provably equivalent in
[Ag+exp to a Ag(X)-formula. The formula lim h,, = b states that b is the <-
largest element in the range of h, .. In view of the following lemma, we can think
of limh, , = b as saying that b is the limit of A, ,.

6.2.2. LEMMA. i [Ag+exp =2’ <2 — hyo(2') < hyo(2)

it. IAg+exp = 3!b limh,, = b

Proof: (i) is proven by internal induction on z. Since hy,(z) < hyq(z + 1) by
definition, the inductive step follows by using the transitivity of <.

(ii) Since < is antisymmetric, uniqueness is immediate from the definition of
lim A, ,. For existence, we show by external induction on the converse of < that
for all ce W,

[Ag+exp - hyq(x) = ¢ — 3b limh,, = b.

This is sufficient, since IAg+exp proves that hy,(0) = a. From (i) we have that
IAg+exp - hyo(z) =c— (V&' = x hy () =cv I’ =z c< hy(2)). (6.1)

Argue in IAj+exp, assuming h,,(x) = c. If the first disjunct in (6.1) holds
then, using (i), we have limh,, = ¢, while if the second disjunct holds, then
3b lim h, , = b by the induction assumption. Thus in either case 3b limh,, = b
as required. a
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6.2.3. DEFINITION. (IAp+exp) The formula ¢, = a, with free variable y, is de-
fined as:

s (s = (lo, 11, ..., 1) A lo=limhog A Ve <yl,yr =limh,i1y, A I, =a).

A sequence s is a y-witness if it satisfies the first three conjuncts in the formula
above. If s also satisfies the fourth conjunct, then s is a witness for ¢, = a. We
write ¢, # a for the negation of ¢, = a.

From Definition 6.2.1, it is clear that any y-witness is a sequence of elements
of W. Since the latter is finite, the leading existential quantifier in ¢, = a can be
bounded by a term of the form exp(k - y), where k is a sufficiently large standard
number. Recalling that lim h,;, = c is a Ag(X;)-formula, we thus see that ¢, = a
is a A5 P (X1), where the latter is defined like Ag(X;), except that the quantifier
bounds are allowed to be of the form Vz < exp z and 3z < exp 2. Reasoning about
the formula ¢, = a by induction on y can therefore be problematic in IAj+exp.
The following lemmas state that several properties of ¢, = a are nevertheless
verifiable in [Aq+exp.

6.2.4. LEMMA (IAg+exp). For each y, there is at most one y-witness. In par-
ticular, ¢, = a and {,, = b imply a = .

Proof: We reason in [Ag+exp. Suppose that (lo,...,l,) and (I, ..., l;) are both
y-witnesses. We prove, by Ag®-induction that for all i < y, [; = I}. By Lemma
6.2.2(ii) it is clear that Iy = lim hgo = [f,. Supposing that [; = I}, we have again
by Lemma 6.2.2(ii) that l;y1 = lim A1y, = lim by = 1. a

If follows from Lemma 6.2.4 that we can treat ¢, as a partial function in
[Ap+exp.

6.2.5. LEMMA. . [Ap+expa2<yanly,=b—3dal,=a
it. INgtexpo <ynly,=b—10,<b

iti. IAg+exp -0, =0« Vz <y Vz h,o(x) = 0.

w. INg+exp =4, =a<b— Oyl =b
v. [Ag+exp =40, =a # 0 — 0,0, # a.

Proof: We argue in IAg+exp. (i) Suppose that (ly,...,1,) is a witness for ¢, = b.

If x <y, then clearly (lo,...,1;) is a witness for ¢, = [,,, so we can put a = [,.
(ii) Suppose that (lo, ..., l,) is a witness for ¢, = b. If x < y, then an z-witness
exists by clause (i), and by Lemma 6.2.4 it is an initial segment of (lo,...,[,).

We prove by Ag®-induction on z < y that 2’ < z implies 1., < [,. It follows from
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the relevant definitions, together with Lemma 6.2.2, that [, < limh,41;, = [.41.
Assuming [, < [, we thus obtain [, < [, by transitivity of <.

(ili) We have Vz <y Va h,o(z) = 0iff V2 <y limh, o = 0 iff (ly,...,[,), with
all [; = 0, is a witness for £, = 0.

(iv) By Definitions 6.2.1 and 6.2.3, together with the transitivity and anti-
symmetry of <.

(v) Assume that ¢, = a # 0, and let (lo,...,l,) be the witness for ¢, = a.
By Ag™*-induction, let ¥ < y be minimal such that l,, = a. Since a # 0, by the
definition of ¢, and h,, ., we have that O,¢,, # a. We show O,/¢,, # a, from which
0,4, # a clearly follows. Argue in O,

Suppose that ¢, = a. Since {,;, # a, we have ¢y < y, and so ¢, < ¢, by
clause (ii). Let b be such that ¢, = lim h, ;. We thus have Yz hy () < a. By
Y;-completeness, we also have O,¢,, # a. By definition of h, ;, this implies
3z hy p(x) = a, hence a < limhyy ie. £, < {,, a contradiction. a

6.2.6. LEMMA. 4. [Ag+exp £, =a#0— 0O 1
ii. IAg+exp - O T — £, = 0

iii. IAg+exp - Vo <yOInT — £, =limh, g

w. IAg+exp - limh, o = a — Oya < {5,

Proof: (i) Argue in IAg+exp, letting (lo,...,l,) be the witness for ¢, = a # 0.
Using Ag™®-induction, we can assume that y is minimal such that [, # 0, thus
either y = 0 or [,_; = 0. It follows that ¢, = lim h, o, and so

limh, o = a. (6.2)
Since a # 0, we have by Lemma 6.2.5(v) that
0,4, # a. (6.3)
Reason in O,

We claim first that ¢, = lim h,o. If y = 0, this is clear from the definition. If
y > 0, we have ¢,_; = 0 since, using Lemma 6.2.5(iii), the latter is equivalent to
a true II;-formula. Since (6.2) is a true conjunction of a ¥;- and a II;-formula,
it is also true here, whence it follows that ¢, = a, contradicting (6.3).

(ii) By reflexive induction (Lemma 2.4.3), it suffices to show:
IAg+exp - OgVz < 2 (OMT - ¢, = 0) —» (O T = ¢, = 0).

Argue in [Ag+exp. If x = 0, then, since ¢y = lim hyy and the latter exists by
Lemma 6.2.2(ii), we have the claim from clause (i) by contraposition. So let
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x > 0, and suppose that Oo(OM | T — ¢,_; = 0) and O T. Since 0,0, T by
reflection, it follows that (0,¢,_; = 0. Since <>ng is equivalent to Y;-reflection
for O, and ¢,_; = 0 is equivalent to a II;-formula by Lemma 6.2.5(iii), we now
have ¢,_; = 0. But this means that ¢, is equal to lim h, o, and thus it exists by
Lemma 6.2.2(ii). Finally, £, = 0 follows by contraposition from clause (i).

(iii) Argue in IAg+exp, assuming Vo < y O T. For y = 0, ¢, = lim h, o holds
by definition. For y > 0 we have £,_; = 0 from clause (ii) together with the
assumption, and so again by definition £, = lim A, _, = lim A, q.

(iv) Suppose that lim h, o = a, whence 3z h, o(x) = a. Reason in O,

Using reflection, we obtain Vz < y OI'T | and so £, = limh, o by clause (iii).
By X;-completeness we have 3z h, o(z) = a from outside, and so a < ¢, by the
definition of lim A, . Qa

6.2.7. REMARK. While, as shown above, ¢, is a partial function in IAj+exp,
its totality is, in general, not provable in IAg+exp. Consider the frame with
W ={0,1} and 0 < 1. From the definition of h,, it is clear that

[Ag+exp 0O, L < limh,o = 1. (6.4)

As in the proof of Theorem 5.4.2, we see that there is a model 9t of IAj+exp and
a sequence (m;);e, of elements of M, such that

t. M= 0O, L and M = m; > m;4, for all ¢
1. For all ke M, M = Ok L if and only if for some i € w, m; < k

It follows from the above that 91 =01, and 91 = <, T for all standard n.

Let m be any element from (m;);e,, and suppose for a contradiction that
ly, = a is witnessed by s = (lo,...,ly). If @ = 0, then by Lemma 6.2.5(ii) also
ly—1 = 0; thus ¢, = lim h,,, o = 0. However since M = O, L, from (6.4) we have
that lim h,, o = 1. Thus it must be that ¢,, = 1. Let ¢ < m be the minimal
coordinate of s with [; = 1 = ¢;. Since M = O¢T, it follows from (6.4) that
i > 0. Thus ¢;_y = limh;_19 = 0, and so —=0;_1 L by (6.4). On the other hand,
¢; =limh; o = 1, and so O; L, contradicting the properties of 9.

Write L = a for the formula
Jy (b =a AV < y<>51T) AVz (Vo < zOMT Ly, < a)
stating, intuitively, that ¢, = a.

6.2.8. LEMMA. i. [Ag+expr3dlaL =a

ii. IAg+exp Vo <yOIMT ¢, < L
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111, IAg+exp - 0O.0; < L

0. IAO—I—exp [ DZ(DZ-HlJ_ — L = Ez)

Proof: (i). Since < is antisymmetric, uniqueness is immediate from the defini-
tion. For existence, we show by external induction on the converse of < that for

all a e W,
IAg+exp -y =anVe <yOnT -3 L =0

We note that this is sufficient, for IAg+exp = £y = lim hoo A V2 <0 <>£[1T. Argue
in IAg+exp. From ¢, = a A Vo < yOIMT we have by Lemmas 6.2.5(ii) and
6.2.6(iii):

Vz>y(Vx<z<>ng—>€Z=a)v3z>y(Vx<z<>§1T/\a<€z).

If the first disjunct holds, then, using Lemma 6.2.5(ii), we have that L = a. And
if the second disjunct holds, then 36 L = b follows by the induction assumption.
(ii) Immediate from the definition of L, by using Lemma 6.2.6(iii) to see that
¢, exists.
(iii) Within O, we have Vz < z OI'T by reflection, and thus ¢, < L by clause

(ii).
(iv) Argue in 0., assuming 01 1. By clause (iii) we have that ¢, < L. Suppose
for a contradiction that ¢, < L. In particular, there is some x with

L=ty nVy<zO/'T.

Since O || the second conjunct implies that 2 < z. On the other hand ¢, < £,
implies, using Lemma 6.2.5(ii), that z < z, a contradiction. Q

6.2.9. LEMMA. Ifa < b, then IAg+exp— L =a — VL =b.
Proof: Argue in IAj+exp. Assuming L = a, we have
Vz (Vo <20 T - €, < a) (6.5)

If AL # b for some b > a, then there is some y with O,L # b A Vo < yOInT.
Using (6.5) we have that ¢, < a < b. Now 0, thinks:

Suppose that ¢, = b. Since a < b, we have b # 0 whence Dglj_ by Lemma
6.2.6(i). By Lemma 6.2.8(iv), the latter implies L = ¢, i.e. L = b, a contradic-

tion.

Back in IAg+exp, we conclude O,¢, # b, contradicting Lemma 6.2.5(iv). a
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6.2.10. LEMMA. Ifa # 0, then IAg+exp— L =a — Aa < L.
Proof: Argue in IAg+exp. Assume L = a, and let y be such that
ly=anVo<yOlT.

It follows from Lemma 6.2.6(iii)—(iv) that Oya < ¢,. Given a # 0, we have
Oya # (¢, by Lemma 6.2.5(v). Combining the above yields Oya < ¢,. Since
0,¢, < L by Lemma 6.2.8(iii), we obtain Oya < L, whence also Aa < L. a

6.2.11. DEFINITION. Let M = (F,IF) be a finite GL-model. The model M,
is obtained by appending a new root 0 to M; the truth values of propositional
formulas at 0 are set arbitrarily. Apply Definition 6.2.1 to M, and define the
arithmetical * by letting

p* = \/ L=a.

Mo,al-p

6.2.12. LEMMA. Let M and * be as in Definition 6.2.11. For all B € L5, a # 0,
if M,a I+ B, then IAg+exp + L = a — B*.
Proof: Using Lemmas 6.2.9 and 6.2.10, we prove the claim simultaneously with
if M,a |- —B, then [Ag+exp — L =a — —B*

by induction on the structure of B. a

6.2.13. LEMMA. . 91k L =0, where N is the standard model.

1. For all a # 0, L = a is consistent with PA.

Proof: (i) follows from Lemma 6.2.6(i).
(ii) Note that by (i) and Lemma 6.2.9, we have 0N = VL = a for all a, whence
also M = OL = a (recall that since M = O™ T, we have N = Vo (Op < Ap)). O

We prove the remaining direction of Theorem 6.1.1.

Proof: If GL {# A, then by Theorem 2.2.5 there is a finite rooted GL-model M
with w [£ A for some w in M. Let * be as in Definition 6.2.11. By Lemma 6.2.12,
[Ag+exp - L = w — —A*. Since PA does not prove L # w by Lemma 6.2.13(ii),
it therefore cannot prove A* either. a



Chapter 7

Conclusion

By way of conclusion, let us review the provability predicates studied in this
thesis, and point out some connections between them.

7.1 Fast and slow provability

Chapter 4 studied the notions of fast and slow provability. The formula A
represents provability in the theory PA* obtained by adding to PA Parikh’s rule:
“from O, infer ¢”. While Parikh’s rule is admissible in PA, it was shown by
Parikh ([Par71]) that PA* has substantial speed-up over PA.

The notion of slow provability predicate for PA was introduced by Friedman,
Rathjen, and Weiermann ([FRW13]). They showed that the corresponding slow
consistency statement lies strictly between T and T in terms of interpretability
strength (see also Corollary 4.2.16). In fact, the slow consistency statement is
the first example of a sentence with this property that is natural, at least in the
sense that its existence does not rely on the Fixed Point Lemma. In contrast,
the fast consistency statement ¥, T is strictly stronger in terms of interpretability
strength than T (Corollary 4.1.5).

We studied variants of slow provability defined as

Agyp =3 (Oprnp A Fep()l),

where k is a standard integer. We use Ag as a collective name for these predicates.

It follows from the proof of Solovay’s Theorem that GL is the provability logic
of both A, and Ag. Lindstréom ([Lin06]) proved that the joint provability logic of
Apand Ois GLT. We showed (Theorem 4.3.2) that GLT is also the joint provability
logic of O and Ag. The system GLT thus seems to be suitable for capturing the
interaction of two provability predicates, one of which is slower than the other in
some sense.

Lindstrom ([Lin06]) showed that ordinary provability may be seen as an w-root
of Parikh provability: PA - Vo (Ayp < O0Y¢). We have seen (Proposition 4.2.18)
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that a similar principle characterises the interaction of O with A, for k& > 2:
PA = Vo (Op < A7,p). Pakhomov showed ([HP16]) that for k < 1, Ay is an
go-root of O: PA = Vi (Op < Agp). The results about transfinite iterations of
slow provability predicates have been independently proven by Freund ([Frel6]).

7.2 Supremum adapters
The supremum adapters studied in Chapter 5 are defined as:
Agyp =3z (Dx+k<p Ay < x<>1yh—|—) ,

where k is a standard integer. The reason why A, is called a supremum adapter
is that V¢ A Yyt is an interpretability supremum of ¢ and ¢ (Theorem 5.4.3):

[Ag+exp = (X > @) A (X > 1) < X D> Ve A Vi) (7.1)

The symbols Af and A, are used as collective names for supremum adapters
indexed by negative and non-negative integers, respectively.

GL is arithmetically sound with respect to A (Lemma 5.5.2), and arithmeti-
cally complete with respect to A,y (Theorem 6.1.1). The joint provability logic
of O and Ag contains GLT, together with

(S) O(OB — AA) — O(OB — A).

Whether the joint provability logic of O and A, is GLT together with (S) is, for
now, an open question. The modal system F is sound with respect to A¢ (Lemma
5.5.4). Determining the provability logic of A, as well as its joint provability
logic with O, remain challenges for future work.

Consistency statements

It is an immediate consequence of (7.1) that consistency statements corresponding
to supremum adapters have the same interpretability degree as T:

VIl =%T=T.

When it comes to logical strength, on the other hand, we need to distinguish
between ¥, T and ¥ T.

Since the modal system F is sound with respect to Ag, it is clear that PA - ¥ T;
thus ¥ T has the same logical strength as T. This implies that ¥ T is not an Orey
sentence: its negation A¢l is refutable, whence clearly T P& A¢l.

We have seen (Example 5.2.7) that the Godel sentence of the Feferman prova-
bility predicate A¢ is an Orey sentence. By a similar argument, it can be shown
that the Godel sentence of A is an Orey sentence.
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Vo I
ST

Ve I

\
VfT — VfT

N/
T

Figure 7.1: The zoo of consistency statements. Arrows stand for the provability or-
dering; dotted lines separate interpretability degrees.

The provability predicate Az behaves according to the rules and principles of
GL, and so Lob’s Theorem holds for it: PA - Agp — ¢ implies PA - ¢. Given
this, it is clear that PA |/ Vv, T.

We claim that ¥, T is an Orey sentence, i.e. PA - T> Azl and PA = TD> ¥, T.
As mentioned above, the latter is an immediate consequence of (7.1). To see that
PA - T > Agl, note that by Lob’s axiom, PA - ¥z T — VzA L, whence clearly
PA - ¥, T > V A L. It follows from [Fef60, Theorem 6.2] that PA - V0> ¢, and
so we obtain PA |- ¥, T > Ag L. Since PA = T > ¥, T, we have PA = T > A L by
transitivity of .

Since PA = T > ¥, T but PA{£ T >V, T, it is clear that PA I£ ¥V, T — VT, i.c.
PA £ Asl — Agl. Hence the squiggly arrow in Figure 7.2 is irreversible. Figure
7.1 summarises the relations between our consistency statements.

Transfinite iterations

We have seen (Proposition 5.6.11) that similarly like A, for n > 2, the formula
Ay, for k> 1, is an w-root of O0: PA - Vo (Op < A‘{k>go), and furthermore
(Theorem 5.6.5) that PA = Vo (A7 ¢ — Op). However Ay, unlike A, is not
an go-root of O: it follows from Theorem 5.6.7 that PA t£ Vo (Op — A‘<10>g0),
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whenever « is an element of an arbitrary elementary linear ordering satisfying
certain minimal assumptions.

7.2.1. QUESTION. What is the relationship between transfinite iterations of slow
provability on the one hand, and those of supremum adapters, on the other?

7.3 Slow provability and supremum adapters

Figure 7.2 gives an overview of our provability predicates. All inclusions except
for the one indicated by the squiggly arrow are straightforward. Taking L for ¢,
it follows from the observations made in the previous section (see also Figure 7.1)
that all arrows are irreversible. We provide the missing piece of the puzzle.

App
U
Agp
Agp
/ Afgp
Acp

Figure 7.2: The zoo of provability predicates. Arrows indicate provable inclusion in
PA. The squiggly arrow indicates provability modulo an index shift.

7.3.1. REMARK. Figure 7.2 glosses over the fact that members of the families
Af, Ay, and Ag are not provably equivalent among themselves. We do have
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[Ag+exp - Yo (Auyp — Awpyy) whenever k < k', and similarly for Ag,. How-
ever, as witnessed by the behaviour of transfinite iterations of Ay and A, for
different values of k, the reverse implication does not hold in general.

The following proposition shows that, modulo an index shift, supremum-
adapter proofs can be converted into slow proofs. Recall that the supremum
adapter Ay and the slow provability predicate Ay, with k € Z, are defined as

Agyp =31z (Dﬁkap Ay < xong)
A(k)@ =dz (D:c-&-kgp A Fao (‘I)l)

7.3.2. PROPOSITION. For all k € Z, IAg+exp - Vo (A<k><p — A<k+2>gp).

Proof: Let k € Z. Reason in [Ag+exp, fixing x and ¢ with O, ,pAVy < x OEIT.
We want to show that Jy (DkaH)ap A Fey (y)i). In case = 0 or x = 1, this fol-
lows by monotonicity, for F.,(0)] by ¥;-completeness. Assume now that x > 2.
Taking y = = — 2, we clearly have O, (412)¢. It remains to show F. (z — 2)].
Since F.,(z —2)1 is a II;-formula, its truth would imply O F. (z —2)1. By
Lemma 4.2.9(ii), we have O, 1F.,(z — 2)|. Combining the above yields O}, 1,
contradicting our assumption that Yy < 2 O T. 0

We recall from Section 5.4.1 that in IX;, Ay-provability coincides with pro-
vability in 0, x, where pu is the least = such that Oy

Similarly, it is easy to see that A,-provability coincides with provability in
0,1k, where v is the greatest x with F. (z)|. If F., ||, we let v := oo, where Uy
is defined to be O.

We claim that 4 < v + 2. In case F. ||, we have v = o0, whence it is clear
that u < v + 2. If F.,11, then by definition of v, F.,(v + 1)1. Since the latter is
a IT;-formula and 0, 9F., (v + 1) by Lemma 4.2.9(ii), this implies T}'L, L.

Since gt < v + 2, it is clear that O, implies 0,99 and in general that, as
stated in Proposition 7.3.2, O, xp implies O, 4 (412)¢-

Extremely slow provability

Proposition 7.3.2 reveals a certain relationship between supremum adapters and
slow provability. The following result, established by Paris ([Par80, Theorem 36])
by means of model-theoretic methods, suggests an even deeper connection be-
tween the two:

for all n, I¥; - OMT «F,, ||.

A proof-theoretic proof of this fact follows from the work of Beklemishev in
[Bek03, Theorem 1, Proposition 7.3, Remark 7.4]. It has been shown by Freund
that the quantifier ranging over natural numbers can be internalised:

7.3.3. THEOREM ([FREL5)). IE; + Vo (OVL T < Fu,., 1) 0
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Theorem 7.3.3 yields an alternative characterisation of supremum adapters in
terms of the fast-growing hierarchy:

Xy - Agyyp < 32 (Opqn A Yy < 2Fy, ])

Recall that Agyp = 32 (Opqkp A Feo(2)]). We may thus view A, as specifying a
notion of “extremely slow” provability — it requires certain fast-growing functions
to be total, not only to converge on a certain input as does Ay,

This thesis may thus be viewed as a study of provability concepts differing from
ordinary provability in terms of speed. Parikh provability is a speeded up version
of ordinary provability, while both slow provability and supremum adapters are
examples of slowed down provability. We solved a number of questions concerning
these provability predicates, in particular their behaviour as seen from a modal
perspective. However, just as many questions remain open. The latter are listed
in Appendix A; our hope is that they give rise to further exciting research.



Appendix A

List of open questions

Modal Logic

The bimodal system GLS is obtained from GLT by replacing axiom (T4) with
axiom (S):
0OB — AA) - 0O(OB — A).

GLS is arithmetically sound with respect to Az and O (Lemma 5.5.6).

It is easy to see that the axioms of GLS characterise the subclass of GLT-frames
satisfying the following property: if wRa, there is a sequence (a;);<, with a = ay,
and for all i: wRa;, a;11Qa;, and a; has exactly the same R-successors as a. Let
us call this class of frames GLS-frames.

A.1. QUESTION. Is GLS complete with respect to the class of GLS-frames?

Provability logic

The system GLT is arithmetically sound and complete with respect to slow and
ordinary provability, as well as ordinary and fast provability (Theorem 4.3.2). It
is thus natural to ask whether it is also the joint provability logic of slow and fast
provability:

A.2. QUESTION. Is GLT the joint provability logic of A5 and A,? Consider arith-
metical realisations mapping the modalities A and O to the provability predicates
Ag and A respectively. It is clear that such realisations satisfy conditions (1)-(4)
of Definition 4.3.1. Do they also satisfy condition (5)? This would follow if the
schema A,Asp — Ay would be provable in PA.

The system GL is arithmetically sound and complete with respect to the supre-
mum adapter A (Theorem 6.1.1).

113
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A.3. QUESTION. Is GL arithmetically complete with respect to each Ag?

The modal logic F is arithmetically sound with respect to A¢ (Lemma 5.5.4).
A.4. QUESTION. Is F arithmetically complete with respect to A¢?

The bimodal system GLS is arithmetically sound with respect to O and A,
(Lemma 5.5.6).

A.5. QUESTION. Is GLS arithmetically complete with respect to O and Ag7

A.6. QUESTION. What is the joint provability logic of OO0 and A¢?

Transfinite iterations

Provability predicates Ay with & < 1 and & > 2 may be seen, respectively, as
go-roots and w-roots of ordinary provability (Theorem 4.2.19, Proposition 4.2.18).
Using similar ideas as in the definition of Ay, a square root of ordinary provability
can be shown to exist (Theorem 4.2.20).

A.7. QUESTION. Do other roots of ordinary provability exist?

Supremum adapters A, with & > 1 are also w-roots of ordinary provabi-
lity (Proposition 5.6.11). For A, it only holds that PA = Vo (A7 e — Op)
(Theorem 5.6.5, Theorem 5.6.7).

A.8. QUESTION. What can be said about transfinite iterations of supremum
adapters indexed by negative integers?

We have established (Proposition 7.3.2) the following connection between
supremum adapters and slow provability: PA = Vo (Agyp — Agry9)

A.9. QUESTION. What is the relationship between transfinite iterations of slow
provability on the one hand, and those of supremum adapters, on the other?
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Samenvatting

Dit proefschrift behelst een studie van niet-standaard bewijsbaarheidspredikaten
voor de Peano-Rekenkunde (PA). Onder een niet-standaard bewijsbaarheids-
predikaat verstaan we een bewijsbaarheidspredikaat van een theorie die samen-
valt met PA vanuit extern standpunt, maar niet op een wijze die verifieerbaar is
in PA. Ons perspectief wordt vormgegeven door de modale logica: het doel is te
bepalen welke modale principes het gedrag van onze niet-standaard bewijsbaar-
heidspredikaten in PA beschrijven.

Hoofdstuk 3 behandelt de bimodale bewijsbaarheidslogica GLT. We laten
zien dat GLT zonder dat het de eindige model eigenschap heeft beslisbaar is, en
volledig met betrekking tot diverse natuurlijke klassen Kripke-frames. We geven
een karakterisering van het gesloten fragment van GLT, en tonen de aritmeti-
sche volledigheid aan met betrekking tot een ruime klasse van bewijsbaarheids-
predikaten.

Hoofdstuk 4 gaat over theorieén die verkregen zijn uit PA door het versnellen of
vertragen van gewone bewijsbaarheid. We laten zien dat GLT aritmetisch volledig
is met betrekking tot een ruime klasse van bewijsbaarheidspredikaten, waaronder
zowel gewone en snelle als langzame en gewone bewijsbaarheid.

Hoofdstuk 5 bestudeert zogenaamde supremum-adapters. Deze bewijsbaar-
heidspredikaten worden gebruikt bij het verkrijgen van interpreteerbaarheids-
suprema van enkele uitbreidingen van PA. We bespreken eerst de methodolo-
gische problemen die het verrijken van de interpreteerbaarheidslogica ILM van PA
met supremum-operatoren met zich meebrengt. De supremum-adapters verschaf-
fen een passende oplossing voor die vraagstukken. We stellen een aantal modale
principes vast van deze operatoren, en bestuderen het gedrag van transfiniete
iteraties ervan.

In Hoofdstuk 6 wordt aangetoond dat de bewijsbaarheidslogica van een bepaalde
supremum-adapter de Godel-Lob bewijsbaarheidslogica GL is.

Tenslotte, in Hoofdstuk 7, leggen we een aantal verbanden tussen de supremum-
adapters en de langzame bewijsbaarheidspredikaten.
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Abstract

This thesis is a study of nonstandard provability predicates for Peano Arithmetic
(PA). By a nonstandard provability predicate, we mean the provability predicate
of a theory that coincides with PA from the external point of view, however
not verifiably in PA. Our perspective is shaped by modal logic: the goal is
to determine which modal principles govern the behaviour of our nonstandard
provability predicates in PA.

Chapter 3 deals with the bimodal provability logic GLT. We show that GLT —
while lacking the finite model property — is decidable, and complete with respect
to several natural classes of Kripke frames. We provide a characterisation of the
closed fragment of GLT, and establish its arithmetical completeness with respect
to a wide class of provability predicates.

Chapter 4 is concerned with theories obtained from PA by speeding up or
slowing down ordinary provability. We show that GLT is arithmetically complete
with respect to a wide class of provability predicates, including ordinary and fast,
as well as slow and ordinary provability.

Chapter 5 studies the so-called supremum adapters. These provability predi-
cates are useful for obtaining interpretability suprema of finite extensions of PA.
We first discuss methodological issues arising from the enterprise of adding supre-
mum operators to the interpretability logic ILM of PA. The supremum adapters
provide a convenient solution. We establish some modal principles for these op-
erators, and study the behaviour of their transfinite iterations.

In Chapter 6 it is shown that the provability logic of a certain supremum
adapter is the Godel-Lob provability logic GL.

Finally, in Chapter 7 we establish some connections between the supremum
adapters and the slow provability predicates.
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