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Chapter 1

Introduction

This thesis examines different aspects of the interplay between proof theory and
algebraic semantics for several non-classical propositional logics. We begin with a
short and rather informal introduction providing some context and summarizing
the contents of the thesis in some detail.

1.1 Background

Non-classical logic Much of what this thesis is about is inspired or motivated
by the abstract study of logical systems which, in one way or another, deviate
from so-called classical logic. Such systems are often referred to as non-classical
and are all concerned with different ways in which classical logic may be seen
as being deficient. For example, one can consider either what classical logic,
arguably, gets “wrong” or what classical logic “leaves out”. Examples of the first
kind include intuitionistic logic and its extensions [51] as well as various types
of substructural logics [211, 98, 199], including many-valued [144] and relevance
logics [4, 5]. Examples of the second kind include various types of modal logics [51,
39], such as epistemic [155, 76, as well as temporal and computational logics [128].
Of course this distinction is by no means sharp, with some systems arguably fitting
both, or neither, of these descriptions. For an overview and discussion of some
of the philosophical motivations for a few of the most well-known non-classical
logics, see, e.g., [143, 45].

Part of what makes the study of non-classical logic attractive from a math-
ematical point of view is that it allows us to see differences, similarities, and
connections between concepts which are otherwise conflated or trivial in the clas-
sical setting.

Proof theory One approach for studying non-classical logics is via proof theory,
see, e.g., [246, 204] for textbook accounts. Proof theory is primarily concerned
with constructing and investigating formal calculi for deriving validities of a given
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logic. Firstly, we would like to have a calculus allowing us to derive all, and only
those, formulas which belong to the logical system at hand. Secondly, we would
also like to have access to a calculus that is flexible and transparent enough
to allow for meaningful analysis of the structure of possible derivations. Such
analysis may allow us to obtain additional knowledge of the logical system which
we are, for whatever reason, interested in.

The proof formalisms that we shall consider in this thesis are all sequent-
based. That is, we consider systems for manipulating expressions of the form
I' = II with I" and II finite sequences of formulas, or, alternatively, terms, pos-
sibly subject to some restrictions. Moreover, we will mainly consider so-called
structural calculi, i.e., calculi extending some basic system with additional rules
for directly manipulating the structure of the sequent-expressions as opposed to
the logical connectives themselves.

In the sequent formalism the role of the rule of modus ponens is played by the

so-called cut-rule
F2:>¢ F172/}7F3:>H

T, Ty, 05 = 10

(cuT)

expressing the “transitivity” of the sequent arrow “ = 7. One of the most funda-
mental questions concerning any sequent-based calculus is whether the cut-rule
can be dispensed with. If this rule is indeed redundant relative to the rest of
the rules of the calculus this means that the question of whether or not a certain
sequent [I' = II is derivable can, often but not always, be settled by a backwards
proof-search which proceeds by analyzing the constituents of the sequent. Calculi
with this property are often informally referred to as being analytic although in
many contexts the term “analytic” may simply be taken to mean that the cut-rule
is redundant.

Thus knowing that there is a cut-free calculus for a given logic can often lead
to a (not necessarily optimal) decision procedure for the logic. Moreover, cut-free
calculi can also often be used to deduce additional information about the logic
such as disjunction, variable separation and (uniform) interpolation properties as
well as conservativity results. We refer to [246, Chap. 4] and [98, Chap. 5] for text-
book accounts and further references for some of these applications.! However,
because cut-free derivations are, in the worst case, much “larger” than derivations
which do make use of the cut-rule it may, as argued by Boolos and others [43, 1],
still be desirable to have the cut-rule, or at least some restricted version of it, in
the calculus.

Many proofs of analyticity for various formalisms are variants of Gentzen’s
original argument [116, 117|. To show that the cut-rule is redundant one proves
that any application of the cut-rule can be replaced with one or more applications
of the cut-rule which are however of lower “complexity” or which occur “earlier”
in the derivation. Iterating this process of replacing cuts we eventually obtain a

!For uniform interpolation see also [213, 3, 163, 2].
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derivation which does not make use of the cut-rule, see, e.g., [246, Chap. 4.1| for a
detailed argument. These types of arguments are completely constructive in that
they provide a concrete algorithm for transforming any derivation into a cut-free
one. However, since such cut-elimination arguments proceed by considering all
possible combinations of rules, they are generally not very modular in the sense
that simply adding new rules leads to many new cases to be checked.

Unfortunately, the standard cut-elimination procedure sketched above is usu-
ally not very robust and the required symmetry of the rules is easily broken by
adding additional rules to the system. Therefore, the sequent calculus formalism
is not expressive enough to capture many, even relatively simple, logics in an
analytic manner. As a consequence of this a plethora of alternative formalisms,
all in some way building on Gentzen’s sequent formalism, have been developed.
As examples we mention hypersequent calculi [200, 215, 10, 12|, nested sequent
calculi [177, 90|, labeled calculi |95, 248, 81| and display calculi |22, 249]. See
also [63] for a survey of some of these systems, their relations, and history.

Because of their relative simplicity and well-understood connection with al-
gebra, we shall in this thesis primarily be concerned with sequent and hyper-
sequent calculi in the context of intermediate logics, viz., (consistent) exten-
sions of intuitionistic propositional logic, and substructural logics. Other for-
malisms and logics will only be mentioned in passing. Of course, the general
approach taken in this thesis applies equally well, in one form or another, to the
study of other formalisms or other types of non-classical logics. For examples
see [182, 203, 81, 188, 192, 62, 141, 243, 140].

Algebraic semantics Instead of working directly with the syntax, another
approach for studying various types of non-classical logics is to consider their
models. Of course different systems may have very different kinds of “intended”
or “standard” models. However, one uniform approach to provide models for many
different non-classical logics is via algebra [40, 91|. In such cases we may identify
logics with the equational theory? of their algebraic models. In fact, through the
lens of duality theory the algebraic models can be seen as providing the point of
contact between a logic and its spatio-relational models. For just some examples
of this connection see [127, 80, 108, 109, 70].

In most cases where a non-classical logic includes some form of conjunction
and disjunction the corresponding algebras will all be lattice-based. That is, they
will be lattices possibly equipped with additional operations for interpreting any
additional logical connectives. Concretely, intuitionistic propositional logic, as
well as all of its extensions, has a sound and complete algebraic semantics in the
form of Heyting algebras, see, e.g., [51, Chap. 7]. Similarly, the basic substructural
logic, called the full Lambek calculus, as well as its extensions, has a sound and

2And often also the quasi-equational theory depending on whether a logic is considered to
be a collection of formulas or a consequence relation between formulas.
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complete algebraic semantics in the form of pointed residuated lattices also known
as FL-algebras, see, e.g., |98, Chap. 2.6.1].

Knowing that a given logic is sound and complete with respect to a given class
of algebras can be helpful in answering specific questions about it. Especially if the
algebras involved have already been studied in some other context. Furthermore,
because of the uniformity of the algebraic approach we may also establish general
theorems about the relationships between the syntax and the semantics. For
example in the form of so-called bridge theorems showing that a logic enjoys
a certain property such as interpolation, Beth definability, or the disjunction
property if, and only if, the corresponding class of algebras enjoys some associated
property, see, e.g., [96] and |98, Chap. 5| for textbook treatments of this topic®.

Thus from one perspective we can establish syntactic properties of logics by
reasoning about their algebraic models with all the freedom and flexibility this
entails. However, this perspective may also be turned around. That is, we may
also see the close connections between logic and algebra as allowing us to apply
syntactic analysis to obtain insights about classes of algebras, many of which are
of independent interest outside of logic.

Algebraic proof theory The extension of the relationship between logic and
algebra sketched above also covering different types of proof calculi was named
algebraic proof theory by Ciabattoni, Galatos, and Terui [59]. One example of
this is the approach for establishing not the eliminability of the cut-rule from a
sequent-based calculus but rather the admissibility of the cut-rule in the calculus
without the cut-rule. That is, one shows that exactly the same sequents are
derivable in the two systems. This is something which can be done by appealing
to the semantics. For example by showing that the calculus with the cut-rule and
the calculus without the cut-rule are both sound and complete with respect to
the same class of structures.

Concretely, in the case of the sequent calculus FL for basic substructural logic
this can be done by introducing some “non-transitive” structures, called Gentzen
frames, for which the calculus without the cut-rule is complete. Then one shows
that any Gentzen frame W can be “embedded” into a corresponding FL-algebra
W+, As the calculus FL may be soundly interpreted in the class of FL-algebras
and as the “embedding” of a Gentzen frame W into W preserves validity of
sequents it follows that a sequent is derivable using the cut-rule if, and only if, it
is also derivable without using the cut-rule. Then in order to check that adding a
new rule to the basic system preserves the redundancy of the cut-rule one simply
has to check if the validity of this new rule is preserved when passing from any
Gentzen frame W to its corresponding algebra W. Moreover, since each algebra
A determines a GGentzen frame W, the passage from W, to WI can be viewed as

30ther examples include: admissibility [227, 162], unification [118] and uniform interpola-
tion [131, 121].
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an operation on algebras. In fact, in this particular case this operation turns out
to be the well-known MacNeille completion |21, 59, 97]. Similarly, in the context
of hypersequent calculi an analogous approach can be followed [57, 60]. Again
this leads to a completion of algebras which is appropriately referred to as the
hyper-MacNeille completion.

The strategy of making use of the algebraic semantics to establish analyticity
of proof calculi has a long history going back, in one form or another, to at least
the early 1990s [60, 97, 59, 101, 57, 64, 251, 21, 209, 207, 206, 208, 197|, see
also [98, Chap. 7| for a textbook treatment of these techniques and for further
context and references.* In fact, this method may even be seen as a variant
of the “completeness-via-canonicity” method known from modal logic, e.g., [39,
Chap. 4.

To systematize the approach sketched above, Ciabattoni, Galatos, and Te-
rui [57] defined a collection (P,,, N}, )ne. of sets of pointed residuated lattice terms
(or equivalently formulas of the full Lambek calculus), and hence by extension
also equations, called the substructural hierarchy, see Figure 1.1. The different
levels measure the nesting of terms having different polarities, with P,, containing
the terms with leading operation having positive polarity, and N,, containing the
terms with leading operation having negative polarity.®

Po > P1 > Po > Ps > .
N() >N1 >NQ >./\/E>,><>J

Figure 1.1: The substructural hierarchy. Arrows denote set-theoretic inclusion.

Each of the equations associated with the level N5 can effectively be trans-
formed into a set of equivalent structural sequent rules. Similarly each set of
equations associated with the level P5 can effectively be transformed into a set
of equivalent structural hypersequent rules.® Conversely, every structural rule is
equivalent to some equations associated with the level M. Moreover, at least
in the presence of exchange, contraction and weakening, every structural hyper-
sequent rule is equivalent to some equation associated with the level Ps;. Thus
the levels N3 and P3 can be said to capture syntactically the expressive power
of structural sequent and hypersequent rules. However, there is also an inter-
esting algebraic perspective. Ciabattoni, Galatos, and Terui [59, Thm. 6.3] have

4We also mention [243, 140] for recent applications of this method in the context of higher-
order intuitionistic logic and display calculi for lattice-based logics respectively.

5 An operation has positive (negative) polarity if its corresponding left (right) logical rule is
invertible, see, e.g., [59, Sec. 2.2].

6This is only true if we consider the derived level Pg or assume that the equations imply
commutativity. In particular, it will be true in the context of intermediate logics.
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shown that if £ is a set of equations associated with the level N5, then E can
effectively be transformed into an equivalent set of analytic structural sequent
rules if, and only if, the variety of FL-algebras axiomatized by FE is closed under
MacNeille completions. Moreover, in case E implies integrality” both parts of
this equivalence must be true.

An analogous result holds for the level P5 in the presence of commutativity or,
equivalently, the exchange rule [60, Thm. 7.3]. Namely, if E is a set of equations
associated with the level P3 which implies commutativity, then £ can effectively
be transformed into an equivalent set of analytic structural hypersequent rules
if, and only if, variety of FL-algebras axiomatized by E is closed under hyper-
MacNeille completions. Again, in case E implies integrality both parts of this
equivalence must be true

Thus the substructural hierarchy provides both axiomatic characterizations
regarding the expressibility of certain formalisms as well as bridge-like theorems
linking existence of proof calculi for some logic to properties of the correspond-
ing algebraic semantics. However, as noted by Jefabek [167], in the presence of
commutativity the “hierarchy” collapses at the level N3 in the sense that all vari-
eties of commutative pointed residuated lattices can be axiomatized by equations
associated with terms belonging to this level. This suggests that in order to ex-
tend the approach of [57, 59, 60| further a more fine-grained stratification will be
necessary.

MacNeille completions As the results of [57, 58, 59, 60, 21| make clear, the
existence of a structural sequent and hypersequent calculus for a logic is closely
related to the corresponding class of algebras being closed under some type of
completion. Interestingly, the completions involved are, variants of, the well-
known MacNeille completion.® This type of completion was introduced by Mac-
Neille [196] as a generalization, to arbitrary partially ordered sets, of Dedekind’s
“completion by cuts” method [75] for obtaining the real line’ R from the rational
line Q. Moreover, just as the operations of addition, subtraction and multiplica-
tion may be extended from Q to R, the operations on any lattice-based algebra
A may be extended to the MacNeille completion of the underlying lattice of A
to give an algebra of the same type. The MacNeille completion L of any lattice
L is uniquely determined, up to isomorphism, by the property that each element
of L is both the infimum of the element in L above it and the supremum of
the element in L below it. Thus the MacNeille completion can be viewed as the
“smallest” completion.'® Together these facts make the MacNeille completion a

"That is, the equation x < e, ensuring that the monoidal unit is the greatest element.

8See, however, also [141] which links the existence of structural display calculi with closure
under canonical completions of the corresponding algebraic semantics.

9Technically we should say the extended real line, i.e., the real line together with a least and
greatest element.

10Gee, e.g., [16, Thm. XII.2.8] for one way to make this statement precise.
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rather natural type of completion to consider. Moreover, viewed as a comple-
tion of partially ordered sets the MacNeille completion enjoys a number of good
categorical properties attesting to its naturality [19].

Nevertheless, in many cases the MacNeille completion does not interact well
with even very simple properties of lattices and lattice-based algebras, see, e.g., [94,
71, 145, 151, 152, 154] for examples of this fact.!! This should be contrasted with
the fact that many lattice-based algebras are closed under canonical completions,
see, e.g., [228, 173, 111, 132, 68] as well as [51, Chap. 10] and [39, Chap. 4-5] for
just some examples of this phenomenon.'? In fact many of these approaches for
establishing canonicity are syntactic in nature and in some ways not unlike the
syntactic methods explored in the context of algebraic proof theory.

Thus the approach of algebraic proof theory establishes a surprising and in-
teresting link between proof theory and completions of lattice-based algebras.
Namely, that in some cases, necessary, and possibly even sufficient, conditions
for a given logic to admit an analytic sequent or hyper-sequent calculus is that
the corresponding class of algebras is closed under MacNeille or hyper-MacNeille
completions. Conversely, turning this perspective on its head, we see that know-
ing that a given class of algebras is such that its corresponding logic admits an
analytic sequent or hyper-sequent calculus can enable us to establish that this
class of algebras is closed under completions.

1.2 What is this thesis about?

This thesis further explores some of the connections between structural proof
theory and algebra. As outlined above, such connections are particularly strong
when it comes to logics associated with the levels P3 and N5 of the substructural
hierarchy. However, as of yet, such logics, and their corresponding classes of al-
gebras, cannot be said to be fully understood. In fact, many interesting algebraic
properties related to the levels N3 and Ps; remain largely unexplored. The aim
of this thesis is to gain a better understanding of these two levels. Chapters 2, 3,
and 4 are concerned with various aspects of the level P3 in the context of inter-
mediate logics and Heyting algebras, while Chapter 5 looks at a specific equation
associated with the level N, in the context of residuated lattices.

Structural hypersequent calculi for intermediate logics

One difficulty related to the substructural hierarchy is that because the levels are
defined completely syntactically they are not closed under logical equivalence.
Thus it is possible that a logic may be axiomatized both by formulas belonging

HOf course, as shown by Givant and Venema [124] and Theunissen and Venema [245] there
are also exceptions to this phenomenon.
12But see also, e.g., [51, Chap. 6] and [150] for some exceptions.
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to a given level but also by formulas not belonging to that same level. This means
that in general it is not straightforward to show that a logic can, or cannot, be
axiomatized by formulas belonging to a given level.!*> Consequently, in order to
understand better the expressive power of each of the levels and hence to be able
to distinguish them, semantic characterizations will be helpful.

In Chapter 2 we look closer at this issue as it applies to the level Ps in the
context of intermediate logics, viz., consistent extensions of intuitionistic propo-
sitional logic. We note that since no proper intermediate logic can be axioma-
tized by Na-formulas [59, Prop. 7.3] and since every intermediate logic can be
axiomatized by N3-formulas [167], in the context of algebraic proof theory for
intermediate logics the level P3 is the most relevant level to consider. Further-
more, because no non-trivial proper intermediate logic admits a structural sequent
calculus, the structural hypersequent calculus formalism is arguably one of the
simplest frameworks in which large classes of intermediate logics can be given a
minimally satisfactory proof theoretic treatment.

As Ciabattoni, Galatos and Terui [57, 60] have shown any intermediate logic
axiomatizable by Psz-formulas admits an analytic structural hypersequent calcu-
lus. The primary aim of this chapter is to classify the intermediate logics which
admit such hypersequent calculi in terms of properties of their corresponding
classes of Heyting algebras. This is done by considering the notion of (A,0,1)-
stability which is a stronger version of the notion of (A, Vv, 0, 1)-stability first intro-
duced by Guram and Nick Bezhanishvili [25] and further studied in [29, 34, 164].
We show that for an intermediate logic L the following are equivalent.

1. The logic L admits an analytic structural hypersequent calculus.
2. The logic L can be axiomatized by Ps-formulas.

3. The logic L is (A, 0, 1)-stable.

This characterization allows us to prove that certain well-known intermediate
logics, such as the logics of bounded depth BD,, for n > 2, do not admit a
structural hypersequent calculus.

We also draw connections to the work of Lahav [188| and Lellmann [192,
Sec. 6.1] who used the relational semantics to construct cut-free hypersequent
calculi for modal logics characterized by Kripke frames defined by so-called sim-
ple sentences. Concretely, we show that all (A, 0, 1)-stable intermediate logics are
elementary and indeed determined by posets definable by so-called simple geo-
metric implications which are a certain type of II,-sentences closely related to the
simple sentences considered by Lahav and Lellmann.

Finally, we compare the (A, 0, 1)-stable intermediate logics with the (A, V, 0, 1)-
stable intermediate logics. This is done by showing that a (A, V,0,1)-stable in-
termediate logic L is a (A, 0, 1)-stable intermediate logic if, and only if, L can be

13See, however, |59, Sec. 7], [167], and |60, Sec. 8] for a discussion of some results related to
this.
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axiomatized by V-free formulas. Thus the (A, 0, 1)-stable intermediate logics may
alternatively be described as the (A, V,0, 1)-stable intermediate logics which are
also cofinal subframe logics.

MacNeille transferability

As reported in the previous section there is an interesting link between comple-
tions of lattice-based algebras and proof theory. For example, analytic structural
hypersequent calculi give rise to universal classes of lattice-based algebras closed
under MacNeille completions. In particular, if V is any variety of Heyting algebras
axiomatized by Ps-equations then the universal class Vy; of its finitely subdirectly
irreducible members is closed under MacNeille completions [58, Thm. 4.3]. This
is particularly interesting since the only non-trivial varieties of Heyting algebras
closed under MacNeille completions are the variety of all Heyting algebras and
the variety of all Boolean algebras [151]. Drawing on the connection between the
level P53 and the notion of stability established in Chapter 2, in Chapter 3 we look,
from a purely algebraic point of view, at the phenomenon of universal classes of
lattices and lattice-based algebras being closed under MacNeille completions.

Our starting point is the notion of (ideal) transferability originally introduced
by Grétzer [133, Sec. 10(ii)]. A finite lattice L is (ideal) transferable if for any
lattice K, the lattice L is a sublattice of the lattice of ideals of K only if L
is a sublattice of K. We introduce analogous notions of MacNeille and canoni-
cal transferability and show how finite transferable lattices give rise to universal
classes of lattices which are closed under completions. Thus the problem of finding
universal classes of lattice-based algebras closed under MacNeille completions can
in some cases be reduced to the problem of finding finite MacNeille transferable
lattices.

While we are mainly interested in MacNeille transferability we also explore the
relationships between ideal, MacNeille, and canonical transferability. Concretely,
we show that under mild assumptions MacNeille transferability entails canonical
transferability which in turn entails ideal transferability.

We provide necessary conditions for a finite lattice to be MacNeille transfer-
able for the class of all lattices. In particular any such lattice must be distributive.
This highlights some of the crucial differences between ideal and MacNeille trans-
ferability. Nevertheless, we show that, just as in the case of ideal transferability,
the concept of (weak) projectivity plays an important role in understanding the
concept of MacNeille transferability.

Using the connection between MacNeille transferability and projectivity, we
obtain an alternative proof of the fact, first established by purely syntactic meth-
ods, that if V is any variety of Heyting algebras axiomatized by Ps-equations then
the universal class V; is closed under MacNeille completions.

We then focus on MacNeille transferability with respect to the class of Heyting
algebras and the class of bi-Heyting algebras. In this setting we are able to
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say much more about necessary and sufficient conditions for different types of
MacNeille transferability. In particular, we show that all finite distributive lattices
are MacNeille transferable with respect to the class of bi-Heyting algebras.

Finally, we discuss how canonical and MacNeille transferability of finite dis-
tributive lattices relates to intermediate logics. In particular we consider the
problem of whether all (A, V, 0, 1)-stable logics are (i) canonical, and (ii) elemen-
tary [164, Chap. 3|. In this respect a number of partial results of a positive nature
are obtained.

Hyper-MacNeille completions

As mentioned above in connection with their proof of the admissibility of the cut-
rule in certain types of structural hypersequent calculi, Ciabattoni, Galatos, and
Terui [60] introduced a new type of completion of (pointed) residuated lattices
which they called the hyper-MacNeille completion. Among other things they es-
tablished that any variety of Heyting algebras axiomatized by Ps-equations must
be closed under this type of completion. Thus closure under hyper-MacNeille
completions is a necessary condition for a variety of Heyting algebras to be de-
termined by Ps-equations and consequently for the corresponding intermediate
logic to admit an analytic structural hypersequent calculus.

In Chapter 4 we consider more closely this type of completion in the con-
text of Heyting algebras. We first identify the concept of a De Morgan supple-
mented Heyting algebra as being helpful for understanding the hyper-MacNeille
completions of Heyting algebras. These algebras may be viewed as Heyting alge-
bras equipped with a “co-negation” satisfying both of the De Morgan laws. We
prove that for De Morgan supplemented Heyting algebras the MacNeille and hy-
per-MacNeille completions coincide. This generalizes the fact that the MacNeille
and hyper-MacNeille completions coincide for subdirectly irreducible algebras 60,
Prop. 6.6], at least in the context of Heyting algebras.

We also show that the De Morgan supplemented Heyting algebras are pre-
cisely the Heyting algebras which are isomorphic to Boolean products of finitely
subdirectly irreducible Heyting algebras. This connection allows us to draw in-
spiration from previous work on MacNeille completions of Boolean products of
lattices [146, 73]. Concretely, we establish the following close connection between
MacNeille and hyper-MacNeille completions of Heyting algebras.

1. The hyper-MacNeille completion of a Heyting algebra A is the MacNeille
completion of some De Morgan supplemented Heyting algebra Q(A).

2. A variety V of Heyting algebras is closed under hyper-MacNeille completions
if, and only if, the class of De Morgan supplemented members of V is closed
under MacNeille completions.

Specifically, the last item allows us to turn the question of which varieties of
Heyting algebras are closed under hyper-MacNeille completions into the question
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of which varieties of De Morgan supplemented Heyting algebras are closed under
MacNeille completions.

Our analysis also allows us to show that any finitely generated variety of
Heyting algebras is closed under hyper-MacNeille completions. From this and
the results of Chapter 2 it follows that being axiomatizable by Ps-equations is
not a necessary condition for being closed under hyper-MacNeille completions. In
fact, we obtain that there are varieties of Heyting algebras, such as the variety
BD, corresponding to the logic of posets having depth at most 2, which are
closed under hyper-MacNeille completions but which are neither axiomatizable
by Ps-equations nor finitely generated.

Finally, we show that the sufficient conditions for the hyper-MacNeille com-
pletion to be regular, identified by Ciabattoni, Galatos, and Terui [60, Thm. 6.11],
are in fact also necessary, at least in the context of Heyting algebras.

Integrally closed residuated lattices

In Chapter 5 we change perspective in two respects. First, we switch from con-
sidering Heyting algebras to considering residuated lattices and various closely
related types of algebras. Second, instead of being concerned with properties
related to hypersequent calculi and Ps-equations we look at a specific Ny-equa-
tion and an equivalent non-standard sequent calculus for the equational theory of
the residuated lattices determined by this equation. As we will see, even though
this equation belongs to the level N5, the approach of Ciabattoni, Galatos, and
Terui [59] cannot be applied to obtain an equivalent cut-free structural sequ-
ent calculus. Nevertheless, we show that algebraic methods can still yield some
proof-theoretical insights, although of a different type than those found in [59].
Concretely, we look at residuated lattices satisfying the equation z\z =~ e,
or equivalently the equation x/x = e, viz., the so-called integrally closed resid-
uated lattices [92, Chap. XII.3]. These structures encompass a large number of
well-known residuated lattices, such as integral residuated lattices, ¢-groups [6],
cancellative residuated lattices [13], and GBL-algebras [102]. Moreover, as we
will show, integrally closed residuated lattices are also connected to Dubreil-Ja-
cotin semi-groups [78, 93, 218, 41|, pseudo BCl-algebras [165, 178, 181, 79|, sir-
monoids [219, 83| and algebras for Casari’s comparative logic [48, 49, 50, 210, 198|.
By considering a variant of the well-known double negation nucleus on Heyting
algebras, we show that the variety of integrally closed residuated lattices admits
a Glivenko theorem [126, 100] with respect to the variety of ¢-groups. This al-
lows us to establish the soundness of a non-standard version of the weakening
rule. Variants of this rule have already been considered before in the context of
BCl-algebras [178| and Casari’s comparative logic [198]. Adding this rule to the
ordinary sequent calculus for the equational theory of residuated lattices we ob-
tain a sound and complete calculus for the equational theory of integrally closed
residuated lattices. Furthermore, using a standard argument we show that the
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cut-rule is eliminable in this calculus. From this the decidability of the equational
theory of integrally closed residuated lattices follows.

Finally, we use the cut-free calculus for the equational theory of integrally
closed residuated lattices to obtain conservativity results concerning the equa-
tional theories of pseudo BCl-algebras, sirmonoids, and the algebras for Casari’s
comparative logic.

What is this thesis not about?

In an effort to make it absolutely clear what the scope of this thesis is we will
also say a few words about what is not included in the thesis.

1. The term “proof theory” is used with a wide range of different meanings.
We are in this thesis only concerned with proof theory as it applies to the
study of propositional non-classical logics. In particular, there will be no
mention of type theory, arithmetic, consistency strength, ordinal analysis,
etc.

2. As we are only concerned with propositional logics there will be no discus-
sion of first- or higher-order versions of non-classical logics.

3. Although the general approach followed here can also be pursued in the
context of other proof formalisms the only formalism that we consider will
be the (structural) sequent and hypersequent calculus formalism.

Furthermore, we wish to stress that despite the fact that the work of Ciabattoni,
Galatos, and Terui [57, 58, 59, 60], from which much of the work in this thesis
draws inspiration, applies in the setting of substructural logic we are mainly con-
cerned with this work as it applies to the special case of intermediate logics and
hence also Heyting algebras. Substructural logics are only considered in Chap-
ter 5. This is not to say that considering the more general setting of substructural
logics and pointed residuated lattices is not worthwhile, but simply that it has
proven fruitful to first try to understand what can be said in the somewhat simple
setting of intermediate logics and their corresponding classes of Heyting algebras.

Prerequisites This thesis is by no means self-contained. Throughout it is
assumed that the reader already knows about, or at least is familiar with, various
concepts and techniques. Therefore, for easy reference, we have included an
appendix covering some of the most central technical preliminaries and providing
references for more details and context.
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1.3 Sources of the material

Much of the material which is found in this thesis has been obtained in close
collaboration with others and parts of it has already appeared elsewhere.

1. Chapter 2 is a reworked version of the paper [190].

2. Chapter 3 is an expanded and slightly reworked version of joint work with
Guram Bezhansihvili, John Harding, and Julia Ilin published as [31].

3. Chapter 4 is based on joint work with John Harding [153].

4. Chapter 5 is a slightly expanded and reworked version of joint work with
José Gil-Férez and George Metcalfe [122] under submission.






Chapter 2

Structural hypersequent calculi for
intermediate logics

In this chapter, based on [190], we look closer at the level P of the substructural
hierarchy in the context of intermediate logics, viz., consistent extensions of in-
tuitionistic propositional logic. As Ciabattoni, Galatos and Terui [57, 60] have
shown any intermediate logic axiomatizable by Ps-formulas admits an analytic
structural hypersequent calculus. We note that no proper intermediate logic can
be axiomatized by MNs-formulas [59, Prop. 7.3] and moreover that every inter-
mediate logic can be axiomatized by Ns-formulas [167]. Thus for these reasons,
in the context of algebraic proof theory for intermediate logics, the level Ps is
the most relevant level to consider. Furthermore, because no non-trivial proper
intermediate logic admits a structural sequent calculus, the structural hypersequ-
ent calculus formalism is arguably one of the simplest frameworks in which large
classes of intermediate logics can be given a minimally satisfactory proof theoretic
treatment.’

The primary aim of this chapter is to classify the intermediate logics which
admit such hypersequent calculi in terms of properties of their corresponding
classes of Heyting algebras. This is done by considering the notion of (A,0,1)-
stability which is a stronger version of the notion of (A,V,0,1)-stability first
introduced by Guram and Nick Bezhanishvili [25] and further studied in |29, 34,
164]. We show that for an intermediate logic L the following are equivalent.

1. The logic L admits an analytic structural hypersequent calculus.
2. The logic L can be axiomatized by Ps-formulas.

3. The logic L is (A, 0, 1)-stable.

'However, in [69, 235] a sequent calculus for the logic LC is obtained by adding infinitely
many rules to a multi-succedent sequent calculus for IPC, and [161] gives a Gentzen-like calculus
for KC in terms of finitely many rules which are, however, non-local. Finally, [9] gives tableau
calculi for the seven intermediate logics with interpolation.

15
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This characterization allows us to prove that certain well-known intermediate
logics, such as the logics of bounded depth BD,,, for n > 2, do not admit a
structural hypersequent calculus.

We also draw connections to the work of Lahav [188] and Lellmann [192,
Sec. 6.1] who used the relational semantics to construct cut-free hypersequent
calculi for modal logics characterized by Kripke frames defined by so-called sim-
ple sentences. Concretely, we show that all (A, 0, 1)-stable intermediate logics are
elementary and indeed determined by posets definable by so-called simple geo-
metric implications which are a certain type of II,-sentences closely related to the
simple sentences considered by Lahav and Lellmann.

Finally, we compare the (A, 0, 1)-stable intermediate logics with the (A, V, 0, 1)-
stable intermediate logics. This is done by showing that a (A, V, 0, 1)-stable in-
termediate logic L is a (A, 0, 1)-stable intermediate logic if, and only if, L can be
axiomatized by V-free formulas. Thus the (A, 0, 1)-stable intermediate logics may
alternatively be described as the (A, V,0, 1)-stable intermediate logics which are
also cofinal subframe logics.

Outline The chapter is structured as follows: Section 2.1 contains an intro-
duction to hypersequent calculi and their algebraic interpretation. Section 2.2
contains the algebraic characterization of intermediate logics with a (cut-free)
structural hypersequent calculus. A number of applications of this characteriza-
tion is provided in Section 2.3. In Section 2.4 the first-order conditions defining
posets associated with the intermediate logics admitting a cut-free structural hy-
persequent calculi are determined and in Section 2.5 this class of intermediate
logics is compared with the class of (A, V, 0, 1)-stable logics. Finally, Section 2.6
contains a brief discussion of some possible directions for further work.

2.1 Hypersequent calculi

In this section we will briefly review the necessary background on structural
hypersequent calculi. This section is primarily based on [57, 59, 60| but in part
also on [101, 163] and [246, Chap. 3.

By a single-succedent sequent we shall in this chapter understand an expression
of the form sq,...,s, =t, or s1,...,s, = 0, where s1,...,s,,t are terms in the
language of Heyting algebras. Thus we may think of the right-hand side as a
sequence of terms of length at most one. We will refer to such sequences as
stoups. A hypersequent is simply a finite multiset of sequents written as

=104 ... |0, =10,

where the sequents I'; = II; are called the components of the hypersequent. One
may think of a hypersequent as a “meta-disjunction” of sequents. The hyperse-
quent formalism can therefore be thought of as a proof-theoretic framework that
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allows for the manipulation of sequents in parallel, see [11] and in particular |7, 8]
for an interpretation of hypersequent rules as protocols for communication during
concurrent computation.

In order to introduce sequent and hypersequent rules in a systematic manner
it is helpful to work with meta-variables, see, e.g., [101, Sec. 2.1.3] and [163,
Sec. 2.2-2.3| for a good exposition. More precisely we will use

s,t,u,v and their indexed versions as variables for terms,

I', A and their indexed versions as variables for sequences,

IT, Iy, I, . .. as variables for stoups,

S, Sy, S1, .- - as variables for sequents,

H Hy Hy,... as variables for hypersequents.

A meta-term is a member of the least set Tm which is closed under the rules
if (1, €Tm then (% € Tm, for each x € {A,V,—},

and which contains all term variables as well as the symbols 0 and 1. A meta-
sequent is an expression of the form T = W where T is a finite sequence consisting
of sequence-variables and meta-terms and ¥ is either empty, a meta-term or a
stoup variable. A meta-hypersequent is a finite multiset of meta-sequents and
hypersequent variables. A sequent rule is an expression

T, =V, ... 1T,,=Y9,
Yit1 = Vg

(r)

where T,,.1 = V¥,,.1 is a meta-sequent, which is called the conclusion, and
T, = Vy,....T,, = V¥, are meta-sequents, which are called the premises. A
hypersequent rule is an expression of the form

H|E .. H|S,
T
H ‘ SmA1
where H is a hypersequent variable and =4, ..., =,,, =,,11 are meta-hypersequents.
We call H | Z,...,H | 2, the premises of (r), and H | Z,,41 the conclusion or

(r). A reduced hypersequent rule is a hypersequent rule of the form,

H|T1:>\I/1 H‘TWL:>\I/m()
H\Tm+1:>\llm+1|...|Tn:>\Iln

where H is a hypersequent variable and T; = ¥,,..., T, = V¥, are meta-sequ-
ents. Thus in a reduced hypersequent rule the type of meta-hypersequents allowed
as premises is restricted.

By an application or instance of a (hyper)sequent rule (r) we understand a
ordered pair consisting of a finite set of (hyper)sequents, which we call premises,
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and a single (hyper)sequent, which we call the conclusion, obtained by uniformly
instantiating meta-objects occurring in (r) with object of the appropriate type.
For what follows it will be convenient to have fixed a notion of hypersequent
calculus. Therefore, we call a hypersequent calculus any set of rules of the form
HLJ + %, with Z a set of reduced hypersequent rules and HLJ the set of rules

displayed in Figure 2.1.

Identity Axioms

H|s=s )
External Structural rules

H|IT'=1I|I'=1I
H|T'=1II

)

Internal Structural rules

H | Fl,rz =1II
(wr)
H ’ ', 2, T =11

H|T1,%,8, Ty =1
H|T.,%,Ty =10

cL)

Left Logical Rules

— (0=)
H|0=1

H|'=s H|It=1
H|T,s—=t=1I

H|T,s=1
H|T,snt=11

(/\é)l

H|It=1
(/\:>)2
H|T,sAnt=11

H|F2:>8 H]Pl,s,].“3:>H

H|I'=1

H|T=u

(cuT)

H|F1,F2,F3:>H

H

(w)

H|T=
(Wr)

H|T1,%9,%,Te =11

(= =)

HI|T,svt=1I

H|T,s=1 H|It=1I
(V=

(BL)
H ‘ Pl,Zl,EQ,I‘Q =11

Right Logical Rules

- = =D

H|T'=1

H|T,s=t

— (=)

H|'=s—t

H|I'=s H|I'=t

(=n)

H|T=sAt
H|T'=s

—(:>
H|I'=sVt

H|T'=t
—_— (=
H|T'=sVt

Figure 2.1: The Hypersequent Calculus HLJ

A derivation in a calculus HLJ 4+ Z is a finite labeled tree such that for any

node vy, with label [y and immediate successors vy, ..., v, labeled by [; ...

s bn,
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respectively, there is a rule in HLJ+ % having an instance with premises [y, ..., 1,
and conclusion [y. A hypersequent G is derivable in a calculus HLJ+ % from a set
of hypersequents H, written H Fy .4 G, if there exists a derivation in HLJ + %
with leaves labeled by members of H and root labeled by G. In the case where
‘H is empty we simply write Fpji4 G.

We say that a hypersequent calculus HLJ + Z is cut-free or that the cut-rule
is redundant if any hypersequent derivable in HLJ + &, from an empty set of
premises, can be derived without using the cut-rule.

2.1.1. REMARK. One could have introduced a seemingly more general definition
of a hypersequent calculus by allowing extensions of HLJ with arbitrary hyperse-
quent rules. However, in the presence of external contraction (EC) and external
weakening (EW), see Figure 2.1, any hypersequent rule is interderivable with a
a finite set of reduced hypersequent rules. Thus there is no loss of generality in
considering only reduced hypersequent rules.

2.1.2. REMARK. It is easy to see that hypersequent calculi are essentially syn-
tactic variants of so-called multi-conclusion calculi [232] and of multi-conclusion
rule systems see, e.g., [166, 36, 28, 29|.

In addition to the usual internal and external structural rules such as contrac-
tion, weakening, and exchange the hypersequent framework allows us to consider
a wide range of so-called structural hypersequent rules |57, Sec. 3.1], i.e., reduced
hypersequent rules not involving any of the logical connectives, which operate on
multiple components at once. Thus structural rules have the following form

H|T1:>\I/1 H‘Tm:>\11m()
H\Tm+1:lllm+1|...|”fn$\1/n

where each T; is a, possibly empty, sequence of sequence-variables and term-vari-
ables and each W; is empty, a stoup-variable, or a term-variable. Hence structural
rules differ from arbitrary reduced rules only in that meta-terms are not in gen-
eral allowed. In particular, this means that structural rules can not serve as new
introduction rules for the operations A,V, and —. If Z is a set of structural
hypersequent rules we say that HLJ + % is a structural hypersequent calculus .

Despite their relative simplicity structural rules have non-trivial expressive
power.

2.1.3. EXAMPLE. The structural hypersequent rule

H|F1,22:>H1 H|F2,21:>H2
H|F1721:>H1’F2,22:>H2

(com)
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initially due to Avron [11] determines a hypersequent calculus for the intermediate
logic LC, defined as IPC+ (p — q) V (¢ — p), when added to HLJ. Similarly the

rule
H | Fl,rg =

H’F1:> |F2:>

(co-wc)

determines a hypersequent calculus for the intermediate logic KC, defined as IPC+
—p V ——p, when added to HLJ, see, e.g., [56].

2.1.1 Interpreting hypersequents and hypersequent rules

To each sequent of the form s, ..., s, = t we associate the equation s;A...As, <
t. Similarly, to each sequent of the form sq,...,s, = we associate the equation
s1A...Ns, <0. In each case we interpret an empty meet as the constant 1.

A hypersequent G is valid on a class K of Heyting algebras, written ¢ G,
provided that IC |= &1 or ... or g, where ¢; is the equation associated with the i’th
component of G. When K is a singleton, say {A}, we may write A |= G for ¢ G.
As any sequent may be considered a single component hypersequent, the above
also applies to sequents. Moreover, given a finite set of sequents S = {S1,..., S}
and a hypersequent G, say Sy,41 | ... | Sn, we say that S entails G over a class
of Heyting algebras IC, written S |=x G, provided that for all A € K

AlEeg and ... andeg,, = gp41 0r ... OF €,

where, for each i € {1,...,n} the equation ¢; is the equation associated with the
sequent S;. In case K is the singleton {A} we write S =a G in place of S = G.

To interpret reduced hypersequent rules a bit more care is needed. For each
term variable ¢ we associate a variable in the language of Heyting algebras ¢* in
such a way that the map ¢ — ¢* will be injective. In the evident way this extends
toamap ®: Tm — Tm, from the set of meta-terms Tm to the set Tm of terms in
the language of Heyting algebras. Similarly, for each sequence variable I' and each
stoup variable II we associate variables I'* and II®, respectively, in the language
of Heyting algebras in such a way that the functions I' — I'® and II — II® are
both injective.

Given any non-empty sequence Y consisting of meta-variables for sequences,
and meta-terms we extend the realization inductively as follows,

(YT, 1)* =T*AT* and (Y,1)"=T*At".

For each meta-sequent T = W we then define its realization to be the equation
T* < U*, where we use the convention that Y* is the term 1 when T is empty
and W* is the term 0 when ¥ is empty. In this way we obtain for each sequent

rule
Tl = \111 .. Tm = \I/m

Tos1 = Vs

(r)
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a quasi-equation
grand ... and ¢, = €41, (r*)

where for each ¢ € {1...,m + 1} the equation ¢; is the realization of the meta-
sequent Y; = W,. Similarly, we obtain for each reduced hypersequent rule

H|Ty=V, ... H|Y,=Y,
H [ Cois = Uit | o Trs 0, "
a universal clause
erand ... and g, = &,,41 OF ... OF &, (r®)
where again for each ¢ € {1,...,n} the equation ¢; is the realization of the meta-

sequent Y; = U,.

2.1.4. EXAMPLE. The structural hypersequent rules (COM) and (CO-wcC) corre-
spond to the universal clauses

Az <yrand za Az <yp = w1 Az <ypor 2 Azp <

and
ZEl/\Z‘QSO — J:1§00rac2§0,

respectively.

As we will see, for each quasi-equation or universal clause ¢ one can construct a
sequent or hypersequent rule (r), respectively, such that r* and ¢ are equivalent.

Given a set of (hyper)sequent rules Z let K(Z#) denote the class of Heyting
algebras validating all the quasi-equations (clauses) r* with (r) € #Z. From the
above it immediately follows that K(Z) is a universal class and when % consists
only of sequence rules a quasi-variety. We may then establish the following com-
pleteness theorem which is already known in the setting of multi-conclusions rule
systems, see [166, Thm. 2.2] and [36, Thm. 2.5|.

2.1.5. THEOREM. Let Z be a set of hypersequent rules, S a finite set of sequents
and G a hypersequent. Then the following are equivalent.

1. § |_H|__j+% G.
2. 8 Exw G

Proof:

It is easy to verify that each of the rules of the calculus HLJ+Z preserves validity

on members of the class (%) which shows that Item 1 implies Item 2.
Conversely, to see that Item 2 implies Item 1 assume that S Fy .4 G. By

Zorn’s Lemma there is a maximal set of sequents 7 O S such that 7y, G.
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We then define a binary relation © on the set Tm, of terms in the language of
Heyting algebras, as follows

sOt if, and only if, T Fpyizs=tand T Fyyizt = s.

It is straightforward to check that © is a congruence on the term algebra Tm
making A = Tm/O a Heyting algebra with the property that

S/@ < t/@ if, and only if, T |_H|_J+g s =1,

for any terms s,t € Tm.

For each S € S, say s1,...,8, = t, we have that T Fpyy1% s1,...,5, = t and
hence also that 7 Fyiyre s1 A ... As, = t. It follows that (s A... As,)/O <
t/© which shows that the equation associated with the sequent S is true in A
under the natural valuation p given by u +— u/O. In case the right-hand side
of the sequent S is empty the argument is completely analogous. Now suppose
towards a contradiction that (A, u) = G. Then there must be a component of
G, say Si,...,8p, = t;, such that (A,pu) = s1 A ... As,, < t;, in which case
(s1 A ... ASy)/O < t;/O. But then T Fuiyrz s1 A ... A sy, = t; and, as the
sequent sq,...,S,, = s1 A...AS,, is derivable in HLJ, an application of the rule
(cut) shows that T Fpiyjie S1,..., 8, = ti. Applying the rule (Ew) we may
then conclude that 7 Fy .4 G, in direct contradiction with the choice of T.
This shows that S j£a G.

To see that A € KC(Z) let (r) € Z be given, say

H|Ti=¥; ... H\Tm:>\lfm(
H‘Tm+1:>\];[m+1|...|Tn:>\Ijn

)

and consider the corresponding universal clause
erand ... and g,, = €,,41 0OF ... OF &,, (r*)

with the equation &;, say s{(Z) A ... A s} (%) < t;(Z) being the realization of the
meta-sequent Y; = W;. If for some terms @ € Tm we have that

(5(@0) A ... A i (i))/© < t:(i0) /O,

for all i € {1,...,m}, then, as before, T Fuiyrz s(4), ..., s}, (@) = t;(). Hence
by the rule (Ew) we obtain that T Fuiipe G | si(4),. .., s (@) = t;(@) for all
i€ {l,...,m}. But then applying the rule (r) yields that

T Fawsa G | s7HH(@) PT) = g1 (@) |- | ST, - ) (T) = 1, (7).

N

We claim that this entails that there must be j € {m +1,...,n} such that

T }_HLJ—&-?/Z S{ (6)7 R Si;j (ﬁ) = tj (ﬁ)a
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from which it will follow that (s](@) A ... A sij(ﬁ))/@ < t;(@)/© and hence that
A = r*. To establish this claim suppose for a contradiction that there is no such
je{m+1,...,n}. Then since T is maximal with the property that T Hu 12 G
we must have that

T U {Sjl(ﬁ), . 78%([5) = t](ﬁ)} |_H|__j_|_@ G
for each j € {m +1,...,n}. This combined with the fact that
T Fuiseaz G| s7H(@), .. ., s;”mtll(ﬁ) = b1 (W) | ... | 87(0), ..., s (W) = t, (1)

shows that
Thrarae GG .. |G

and hence applying the rule (EC) an appropriate number of times we obtain
T Fuusz G in direct contradiction with the choice of T. O

The proof of Theorem 2.1.5 makes ample use of the rule (CUT), in particular
to ensure that the relation © is transitive. For Z a set of so-called analytic
structural rules a very different kind of completeness proof can be given which
avoids making use of the cut-rule whereby showing that the calculus with and
without the cut-rule derives exactly the same hypersequents [57, 60].

2.1.6. REMARK. Note that unlike the standard Lindenbaum-Tarski construction
used to establish completeness of sequent calculi the construction in the proof of
Theorem 2.1.5 does not produce free algebras for the universal class of Heyting
algebras validating the corresponding rules. In fact, in universal classes of algebras
free algebras may not exist at all, see, e.g., [135, §53].

2.1.2 Analytic structural clauses

We have seen how any hypersequent rule gives rise to a universal clause. From
the definition of structural hypersequent rules it is immediate that if (r) is any
such rule then the corresponding universal clause

erand ... and €,, = €,,41 0Or ... OF &, (r*)

is such that for i € {1,...,n}, the equation ¢; is of the form x; A ... Axy, <y or
x1 A ... Az, <0 for some, possibly empty, set of variables {z1,...,xy,,y}. We
will call such universal clauses structural. Given a structural universal clause,

erand ... and g, = €,,41 OF ... OF &,, (q)

with €; being the equation s; < ¢; we call the variables occurring in one or more
of the terms s,, 11, ..., s, left variables and the variables occurring in one or more
of the terms t,,,1,...,t, right variables. A structural universal clause ¢ is then
called analytic, see |60, Def. 4.12], provided that
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1. Any left variable occurs in exactly one of the terms s,,.1,...,,, and in the
term where it occurs it only occurs once.

2. Any right variable occurs in exactly one of the terms t,,.1,...,t,, and in
the term where it occurs it only occurs once.

3. For each index ¢ € {1,...,m} the term s; contains only left variables.
4. For each index i € {1,...,m} the term t; contains only right variables.

Using the so-called Ackermann Lemma, see, e.g., [60, Lem. 4.3], we may
show that any universal clauses in the {A, 0, 1}-reduct of the language of Heyting
algebras is equivalent to a finite set of such special clauses. The Ackermann
Lemma, which is straightforward to prove, states that any universal clause

grand ... ande,, = €1 0r ... ors<tor ... or gy,
is equivalent to each of the following universal clauses

erand ... and e, andx <s = g 0r ...orx<tor...ore,

epand ... and g, and t <y = g1 0r ... 0ors<yor ... ofr g,

where x and y are variables not occurring in the equation s <t nor in any of the
equations ¢; fori € {1,...,n}.

2.1.7. LEMMA. Any universal clause in the {A,0,1}-reduct of the language of
Heyting algebras is equivalent to a structural (analytic) clauses.

Proof:
Let
erand ... andg,, = &, 0r ... OF &, (q)

with &; denoting the equation s; < t;, be a universal clause in the {A, 0, 1}-reduct
of the language of Heyting algebras. We will write P for the right-hand side of
the clause g and C' for the left-hand side of the clause q.

If for some i € {1,...,m} the term s; is the constant 0 or the term ¢; is the
constant 1 then ¢ is equivalent to the universal clause

erand ... andg;_y and g;41 and ... and g,, = €1 Or ... OF €.

If for some j € {m+1,...,n} we have that t; is neither a single variable or the
constant 0 then, letting y; be a variable not already occurring in ¢, we see by the
Ackermann Lemma that ¢ is equivalent to the universal clause

P and i <Y; = Epgp1 0Or ... OFrgj_q0rsS; <Y;Or gy OF ...E,.
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If for some i € {1,...,m} we have that t; is a term of the form ¢] A ¢? then ¢ is
equivalent to the universal clause

grand ... and g;_; and s; < t} and s; < t? and ;47 and ... and g,, = C.

If for some j € {m + 1,...,n} either s; is the constant 0 or ¢; is the constant 1
then ¢ is equivalent to the clause x < x. Consequently, given any universal clause
in the {A,0, 1}-reduct of the language of Heyting algebras, applying the above
transformations we obtain an equivalent structural universal clause.

Finally, by [60, Thm. 4.15] any structural clause is equivalent, over the class
of Heyting algebras, to an analytic structural clause. O

Following [60, Sec. 4.4] we show how to transform any analytic structural
clause ¢, and therefore by Lemma 2.1.7 any universal clause in the {A,0,1}-
reduct of the language of Heyting algebras, into a structural hypersequent rule,
(¢°), such that the clauses ¢°® and ¢ are equivalent and the rules r*° and r are
interderivable.

Given a structural analytic clause

erand ... and g, = &,41 0OF ... OF &,, (q)

with &; denoting the equation s; < t;, welet L = {xy,...,zx}and R = {y1,...,u}
denote the set of left and right variables of ¢, respectively. We then introduce for
each x € L a sequence variable I', and similarly for each y € R a stoup variable
I1,,. Inductively, we define

1°=0, (shz)°=sT,.

Furthermore for each equation e; we introduce sequence variables I'; and ;. Then
for each of the equations ¢; of the form s; <y we obtain a meta-sequent

Fi, S?, Ez = Hy.
Similarly, for each of the equations ¢; of the form s; < 0 we obtain a meta-sequent
Fi, S?, > =

In both cases we denote by ¢7 the meta-sequent associated with the equation &;.
This allows us to define a structural hypersequent rule

Hle ... Hle,

(@)

o

Hlcom || e

We say that a structural rule (r) is analytic if it is of the form (¢°) for some
structural analytic clause ¢.  We say that a hypersequent calculus HLJ + % is a
calculus for a variety of Heyting algebras V provided,

VEs<t if and onlyif, Fpyyie s=1t,
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for any terms s,¢ in the language of Heyting algebras. We will say that a variety
V admits a calculus with a certain property if there is a calculus for V with that
property. Similarly, we say that an intermediate logic L admits a hypersequent
calculus with a given property provided that the corresponding variety V(L) of
Heyting algebras admits a hypersequent calculus with that property. From Theo-
rem 2.1.5 it immediately follows that HLJ+Z is a calculus for a variety of Heyting
algebras V if, and only if, the universal class C(Z), consisting of Heyting algebras
validating the set of rules Z, generates V.

2.1.3 Syntactic characterization

In the following we will recall the purely syntactic characterization due to Cia-
battoni, Galatos, and Terui [57, 60] of the varieties of Heyting algebras admitting
structural hypersequent calculi.

2.1.8. DEFINITION ([61]). Let Py = Nj be a (countable) set of variables and
define sets of terms P,, N, in the language of Heyting algebras by the following
grammar

Posii=1 10| Ny | Post APus1 | Pog1V Puta
Noz1:=1 10| Po | Nos1 ANus1 | Pog1 = Nopa

An equation of the form 1 ~ t is called a P,-equation or N,-equation if t € P,
or t € N, respectively. A variety of Heyting algebras is called a P,-variety or
N, -variety if it can be axiomatized by P,-equations or NV,-equations, respectively.
A crucial insight is that using the invertible rules of HLJ, i.e., rules the premises
of which are derivable whenever the conclusion is, together with the Ackermann
Lemma [60, Lem. 4.3], any Ps-equation can be transformed into an analytic struc-
tural universal clause and consequently into an analytic structural hypersequent
rule. Such rules preserve the redundancy of the cut-rule when added to HLJ [60,
Thm. 6.3]. Thus any variety of Heyting algebras axiomatizable by Ps-equations
admits a structural hypersequent calculus in which the cut-rule is redundant.

2.1.9. THEOREM ([57, 60]). Let V be a variety of Heyting algebras. Then the
following are equivalent.

1. The variety V admits a structural hypersequent calculus.
2. The variety V admits an analytic structural hypersequent calculus.

3. The variety V s aziomatizable by Ps-terms.

Proof:
That Items 1 and 2 are equivalent is established in [57], see also [60], just as the
fact that Item 3 entails Item 1. That Item 1 entails Item 3 may be seen via an
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argument analogous to the one used to prove [59, Prop. 3.10]. We supply the
details. Given a structural hypersequent rule (r) let

erand ... and g,, = €,,01 0r ... Or &, (r*)

with &; denoting the equation s;(Z) < t;(¥), be the corresponding structural uni-
versal clause. By Lemma 2.1.7 we may assume that the variables ¥ = {z1,...,x,.}
and ¥ = {y1,...,y} are disjoint and that for each k € {1,...,n} the terms s
are, possible empty, meets of variables, i.e., the constant 1, and the terms ¢ are
either a single variable or the constant 0. In fact, we may assume that none of

the terms s; are the constant 1 for ¢ € {1,...,m}. Let u, be the term
\V ((/\ (s:(%) — ti(ﬂ))> — (5;(%) = tj(@?))) '
j=m+1 i=1

It is straightforward to verify that w, belongs to Ps.

We claim that the variety V of Heyting algebras generated by the universal
class IC(r) of Heyting algebra validating r* coincides with the variety W of Heyting
algebras axiomatized by the equation 1 =~ wu,.

To see this, consider first any finitely subdirectly irreducible Heyting algebra
A such that A =1 = u,. Then for any choice of elements a4, ..., a,,by,...b, € A

1= O (CKC#@%+#@D)—>Gﬂ@—+#@D)-

j=m+1 =1

Since A is finitely subdirectly irreducible it must have a join-irreducible top ele-
ment, see, e.g., Appendix A.4. We must therefore have that

A\ (s2@) = t2(B)) < @) — 12 (0),

i=1
for some j € {m+1,...,n}. Consequently, if s2(&@) < t2(b) forall i € {1,...,m},
then also s(d@) < tf(l;) This shows that A |= r® and therefore that any finitely
subdirectly irreducible W-algebra belongs to the class KC(r) from which we con-
clude that W C V.

Conversely, let A be a Heyting algebra such that A = r® and consider elements

ai,...,a.,by,...b € A. Define for each k € {1,...,r} an element ¢, € A by

ck—ak/\/\< —>tA(b)),

For each term s; which is a non-empty meet of variables we may conclude that

sA@) = sA@ AA( %ﬁ@)
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In particular, we have that s2(2) < tA(b), for each i € {1,...,m}. Hence by the
assumption that A |= 7* there must be j € {m+1,...,n} such that s(¢) < tf(g)
Either the term s, is the constant 1 in which case tf(l;) = 1. Otherwise the term
s;j is a non-empty meet of variables and hence

-

M@ AN (2@ = 120)) = @ <2 0)

from which it follows that

m

A (sf(a) = tﬁ(é)) < 2 (@) — tA(D).
i=1
In either case, for any choice of elements 6,5 € A, thereis j € {m+1,...,n}
such that
1= (/\ (s;*(@ = tﬁ(E))) = (s;\(a) = t;i*(z?)),
i=1

showing that A = 1 =~ u,. Therefore K(r) C W and hence ¥V = W.

It follows that if HLJ + £ is an analytic structural sequent calculi for the
variety V then the class () generates V which must then be axiomatized by
the set of Ps-equations {1 ~ u, : r € Z}. O

2.1.10. REMARK. Note that the proof of [60, Thm. 6.3] showing the cut-rule
is redundant in any analytic structural hypersequent calculus as defined in this
chapter is semantic in nature and as such does not directly yield an explicit pro-
cedure for transforming a derivation using the cut-rule into a cut-free derivation.
However, in concrete cases an explicit cut-elimination procedure may be given,
see, e.g., |55, 56]. We also want to emphasize that it is not the case that the
cut-rule is redundant in every structural hypersequent calculus but only that any
such calculus is effectively equivalent to a structural hypersequent calculus in
which the cut-rule is redundant.

2.1.11. PROPOSITION. Any Ps-variety can be axiomatized by a set of equations
of the form 1 = u where u is a term in the \V-free reduct of the language of Heyting
algebras.

Proof:

Any Ps-equation is equivalent on (finitely) subdirectly irreducible algebras to a set
of analytic structural clauses |60, Sec. 4|. As shown in the proof of Theorem 2.1.9
any analytic structural clause is equivalent, on finitely subdirectly irreducible
Heyting algebras, to an equation of the form 1 ~ wu; V ...V u, with the terms
uq,...,u, belonging to the V-free reduct of the language of Heyting algebras. It
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is not difficult to see that any equation in the language of Heyting algebras of the
form 1 ~ sV t is equivalent to the equation 1 = (s — z) = ((t = x) — z), for x
a variable not occurring in the term s nor in the term t.

This shows that any variety of Heyting algebras which can be axiomatized by
Ps-equation can also be axiomatized by equations of the form 1 ~ u where u is a
V-free term. O

2.1.12. EXAMPLE. For n > 1 let BTW,,, BW,, and BC,,, be the varieties deter-
mined by posets of top width at most n, of width at most n, and of cardinality
at most n, respectively. See Appendix A.9 for definitions. All of these varieties
have axiomatizations given by equations which are ostensibly Ps, and so by Theo-
rem 2.1.9 all of these varieties admit an analytic structural hypersequent calculus.
Concretely, the rules (CoM) and (CO-wc) yield cut-free structural hypersequent
calculi for LC = BW; and KC = BT Wi, respectively, when added to HLJ. For
more concrete examples of structural hypersequent calculus we refer to [57, 55].
Moreover, the variety of Heyting algebras corresponding to the Kuznetsov-Ger¢iu
logic [26, 185] is also easily seen to be a Ps-variety.

Theorem 2.1.9 thus gives a very simple syntactic description of the class of va-
rieties which admit analytic, and hence cut-free, structural hypersequent calculi.
Our aim is then to supply criteria describing this class of varieties which are syn-
tax independent. Among other things this will allow us to derive negative results
showing that certain well-known varieties of Heyting algebras do not admit such
calculi. Given the correspondence between structural hypersequent calculi and
structural universal clauses we may provide the first algebraic characterization of
the class of varieties admitting structural hypersequent calculi.

2.1.13. PROPOSITION. LetV be a variety of Heyting algebras. Then the following
are equivalent.

1. The variety V admils a structural hypersequent calculus.

2. The variety V is generated by a universal class of Heyting algebras aziom-
atized by structural universal clauses.

3. The variety V s generated by a universal class of Heyting algebras axioma-
tized by universal clauses in the {A,0,1}-reduct of the language of Heyting
algebras.

Proof:

The equivalence between Item 1 and Item 2 follows from Theorem 2.1.5 and the
correspondence between structural hypersequent calculi and structural universal
clauses. That Item 2 is equivalent to Item 3 follows from Lemma 2.1.7. O
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This characterization is, however, not very informative and in the following
section we shall provide a characterization which we believe to be more enlight-
ening.

2.2 Algebraic characterization

In this section we provide a semantic characterization of the varieties of Heyting
algebras, or equivalently intermediate logics, admitting a structural, and therefore
also a cut-free, hypersequent calculus in terms of the algebraic semantics. This
section builds on the theory of stable classes of Heyting algebras as introduced in
[25] and further developed in [29, 34|, see also [164] for a thorough treatment of
different concepts of stability in general.

Given a set 7 C {A,V,—,0,1} we will let 7. denote the set 7N {0,1} and
7, denote the set 7 N {A,V,—}. Let 7 C {A,V,—,0,1} and let A and B be
Heyting algebras. We say that a function h: A — B is a 7-homomorphism if
h is a homomorphism between the 7-reducts of A and B. If h: A — B is a
7-homomorphism we write A —, B. A 7-homomorphism h: A —, B is called
a T-embedding if the function h: A — B is injective. In this case we write
h: A —, B. We write A —, B to indicate that there is a T-embedding from A
to B. We say that an algebra A is a 7-subalgebra of an algebra B provided that
the 7-reduct of A is a subalgebra of the 7-reduct of B. For a class of Heyting
algebras IC we write S, (k) for the class of T-subalgebras of members of K.

2.2.1. DEFINITION (cf. [164, Def. 3.3.2|). Let 7 C {A,V,—,0,1}. A class K of
Heyting algebras is (finitely) T-stable provided that whenever B € K and A —, B
then A € K for all (finite) Heyting algebras A.

Let 7 C {A,V,—,0,1} and let K be a class of Heyting algebras. We say that
a variety of Heyting algebras V is 7-stably generated by K provided that it is
generated by the class IS, (K). In particular, if V is 7-stably generated by a class
of algebras IC then IS, (K) C V and so V is generated by some 7-stable class.

A variety is called 7-stably generated provided that it is 7-stably generated
by some class of algebras. Thus a variety is 7-stably generated if, and only, it is
generated by a 7-stable class.

2.2.2. DEFINITION (cf. [164, Def. 3.3.9]). An intermediate logic L is 7-stable if
its corresponding variety of Heyting algebras is 7-stably generated.

The 7-stable logics are all well understood in the case when 7 is {A, —},
{N,—,0}, or {A,V,0,1}. These logics have all been studied before individually.
The (A, —)-stable logics are known as subframe logics, see, e.g., [51, Chap. 11.3],
and the (A, —,0)-stable logics as cofinal subframe logics |254]. The (A, V,0,1)-
stable logics are also known as stable logics |25]. Expanding the language of
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Heyting algebras we also obtain a notion of (A,V,—, 1)-stable logics known as
cofinal stable logics |29).

Note that if 7 C 7" C {A,V, —,0, 1} then any 7-stable class K must necessarily
also be 7’-stable. In particular, any (A,0,1)-stably generated variety will be
(A, V,0,1)-stably generated. By similar reasoning any (A, 0, 1)-stably generated
variety will also be (A,V,—,1)-stably generated. Consequently, (A,0,1)-stable
logics will be both (A, V, 0, 1)-stable and (A, V, =, 1)-stable.

When 7 is either one of the sets {A, —}, {A,—,0} or {A,V,0,1} we have a
description of the 7-stably generated varieties using the concept of stable clauses.

2.2.3. DEFINITION. Let 7 C {A,V,—,0, 1} and let A be a finite Heyting algebra.
For each element a € A introduce a first-order variable x,, such that the map
a — x, becomes injective. By the 7-stable (universal) clause q,(A) associated
with A we shall understand the universal clause VZ (P(Z) = C(Z)) where

P(Z¥) = AND{z, =~ c: c € 7.} and AND{x, ® Ty = Tpew: a,a’ € A @ € 7,}
C(Z) =OR{x, ~ zy:a,d € Aja+#d'}.

2.2.4. REMARK. Stable universal clauses may be seen as a propositional version
of diagrams as known from classic Robinson-style model theory, see, e.g., [157,
Chap. 1.4]. Variants of the 7-stable clauses defined above have been studied before
under the names stable and canonical multi-conclusion rules [166, 28, 29, 164].

Given a class of Heyting algebras IC we denote by K“ the class of finite mem-
bers of K. Similarly we denote by K, and K, the classes of subdirectly irre-
ducible and finitely subdirectly irreducible members of IC, respectively. Evidently,

K = K- The following theorem sums up the characterization of being 7-stably
generated.

2.2.5. THEOREM ([164, 3.3.17|). Let V be a variety of Heyting algebras and let
L be its corresponding intermediate logic. Then for T any of the sets {A\,—},
{N,—=,0} or {A,V,0,1} the following are equivalent.

1. The variety V is T-stably generated.

The logic L s T-stable.

The variety V is generated by a T-stable class of finite algebras.
The variety V 1s generated by a T-stable universal class.

The variety V s generated by a finitely T-stable universal class.

S & o

The variety V s generated by a universal class of Heyting algebras axiom-
atized by T-stable universal clauses associated with finite subdirectly irre-
ducible Heyting algebras.
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7. The class (IS;(Vysi))” N Vysi is contained in V.

We will prove a version of Theorem 2.2.5 for 7 = {A,0,1}. Together with
Proposition 2.1.13 this will provide us with an algebraic characterization of the
varieties of Heyting algebras admitting a structural hypersequent calculus.

2.2.1 (A,0,1)-stably generated varieties

In this subsection we will establish a version of Theorem 2.2.5 for 7 = {A,0, 1}.
The strategy will be completely similar to the one found in [25, 29, 164]. The
following lemma shows that the 7-stable clause associated with a finite algebra A
encodes the property of not containing an isomorphic copy of A as a 7-subalgebra.

2.2.6. LEMMA (cf. [29, Prop. 4.2|). Let 7 C {A,V,—,0,1} and let A, B be Hey-
ting algebras with A finite. Then the following are equivalent.

1. B £ q-(A).

2. There exists a T-embedding h: A —, B.

Proof:

Given a valuation v on B such that (B,v) [~ ¢;(A) then we obtain a T-embed-
ding h,: A —, B by letting h,(a) = v(x,). Conversely, given a T-embedding
h: A <, B we obtain a valuation v}, on B such that (B, v;,) = ¢.(A) by letting
vp(xq) = h(a). O

We then show that a universal class of Heyting algebras is (A, 0, 1)-stable
precisely if it is axiomatizable by (A, 0, 1)-stable clauses.

2.2.7. LEMMA (cf. |29, Prop. 4.5]). Let 7 = {A,0,1} and let U be a universal
class of Heyting algebras. Then the following are equivalent.

1. The universal class U s axiomatized by structural universal clauses.
2. The uniwersal class U is T-stable.
3. The universal class U is finitely T-stable.

4. The universal class U is axiomatized by T-stable clauses.

Proof:
If U is axiomatized by structural universal clauses then &/ must be 7-stable, since
universal clauses in the 7-reduct of the language of Heyting algebras are preserved
by 7-subalgebras. Moreover, any 7-stable universal class is evidently finitely 7-
stable.
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We show that if i/ is finitely 7-stable then U/ is axiomatized by 7-stable clauses.
Therefore, assume that U is finitely 7-stable and let

Q = {g:(A): [A] <Ro, A U}

We claim that for any Heyting algebra B we have that B € U/ if, and only if,
B = Q. To see this let Thy;, (i) be the universal theory, in the language of
Heyting algebras, of U. If B € U then, by the assumption that I/ is a universal
class of Heyting algebras, there must be a universal clause ¢ € Th, (i) such that
B [~ ¢. Thus, by Lemma A.4.4 we must have a finite (A, V,0, 1)-subalgebra, in
particular a T-subalgebra, C of B such that C }~ ¢, i.e., C € U whence ¢, (C) € Q.
By Lemma 2.2.6 we must have that B |~ ¢, (C) and so B [~ Q.

Conversely, if B £ @ then for some finite Heyting algebra A & U we have
B F~ ¢.(A). By Lemma 2.2.6 it follows that A is a 7-subalgebra of B. Since U
is assumed to be finitely 7-stable we must conclude that B ¢ U since otherwise
AclU.

Finally, by Lemma 2.1.7 any 7-stable clause is equivalent to a finite set of
structural universal clauses so if V' is axiomatized by 7-stable clauses it will also
be axiomatized by structural universal clauses. O

2.2.8. DEFINITION. Let 7 C {0, A,V,—, 1} and let A be a finite Heyting algebra.
For each element a € A introduce a variable z,, such that the map a — =z,

becomes injective. By the 7-stable equation ¢,(A) associated with A we shall
understand the equation AT <\/ A where

F={z.<c:ce€T}tU{r,0T0 ¢ Tpow: a,a € Aj@ € 7,}
A={r, > xy:a,d €Aa%ad}

The 7-stable equations encode information about finite Heyting algebras in
almost the same way as the 7-stable clauses. However, a version of Lemma 2.2.6
only holds for so-called well-connected Heyting algebras, that is, Heyting algebras
validating the universal clause

1<zvy = 1<zorl<y.

These are exactly the finitely subdirectly irreducible Heyting algebras, see Ap-
pendix A.4. Consequently, any variety of Heyting algebras is generated by its
class of well-connected members.

We will need the following lemma showing that homomorphic images of a
finite Heyting algebra A are isomorphic to (A, 0, 1)-subalgebras of A.

2.2.9. LEMMA. Let A and B be finite Heyting algebras. If B is a homomorphic
image of A, then B € IS, 91(A).
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Proof:

If h: A — B is a surjective Heyting algebra homomorphism, then B is isomorphic
to A /6, with the congruence 6 the kernel of h. As A is finite the filter 1/6 must
be a principal filter, say Ta for some a € A, whence B is isomorphic to the interval
[0, a]. Evidently, we have a (A, 0, 1)-embedding ¢ from [0, a] into A, given by,

b ifb<a,
g(b)z{

1 otherwise,

showing that B <501 A. O

We may then establish a version of Lemma 2.2.6 for (A, 0, 1)-stable equations.

2.2.10. LEMMA (cf. [25, Thm. 6.3]). Let A, B be Heyting algebras with A finite.
1. [fB b’é EA,O,l(A); then A 0,1 B.
2. If B is well-connected and A — 501 B, then B [ ex01(A).

Proof:

If B ¥~ epr01(A) then by Lemma A.4.4 we must have a finite Heyting algebra C
which is a (A, V, 0, 1)-subalgebra of B, and so in particular a (A, 0, 1)-subalgebra
of B, such that C [~ €,01(A). This means that there is a valuation v on C
such that v(AT — \VA) < 1, where I' and A are as in Definition 2.2.8. By
Wronski’s Lemma [253, Lem. 1| there exists a subdirectly irreducible Heyting
algebra D together with a Heyting algebra homomorphism 7: C — D such that
7(v(AT — V A)) = cp, where ¢p denotes the unique co-atom of D. By Lemma
2.2.9 we have that D is a (A, 0, 1)-subalgebra of C and therefore also a (A,0,1)-
subalgebra of B. We claim that A is a (A, 0, 1)-subalgebra of D and therefore also
a (A, 0, 1)-subalgebra of B. We obtain a valuation x on D such that u(AT' —
V A) = cp by letting u(x,) = m(v(x,)). From this it follows that u(AT) =1 and
1(V A) = cp and hence we may conclude that h,: A — D given by h,(a) = p(z,)
is a (A, 0, 1)-embedding of A into D.

Conversely, if there is a (A, 0, 1)-embedding h: A <01 B, then defining a
valuation v, on B by vy,(z,) = h(a) we obtain that v,(/ ') = 1 by the fact that
h is a (A,0,1)-homomorphism. Moreover, by the fact that h is also a (A,0,1)-
embedding we must have that 1 £ v,(z, — x4) for all z, — x, in A. Thus,
assuming B to be well-connected we may conclude that 1 £ v,(\/ A) and there-
fore that v(AT') € v(\/ A). Thus, v, witnesses that B & e, 01(A). O

The following lemma shows that the varieties of Heyting algebras generated by
(A, 0, 1)-stable universal classes are in fact axiomatized by (A, 0, 1)-stable equa-
tions. Thus a variety can be axiomatized by (A, 0, 1)-stable equations precisely
when it can be axiomatized by (A, 0, 1)-stable universal clauses.
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2.2.11. LEMMA. Let V be a variety of Heyting algebras. Then the following are
equivalent.

1. The variety V is axiomatized by a collection of (A,0,1)-stable equations.

2. The variety V is generated by a universal class axiomatized by a collection
of (A, 0,1)-stable clauses.

Proof:

We first observe that as a consequence of Lemma 2.2.6 and Item 1 of Lemma 2.2.10
the clause gp01(A) implies the corresponding equation €, 1(A) for each finite
Heyting algebra A. Similarly by Lemma 2.2.6 and Item 2 of Lemma 2.2.10 we
have that for each finite Heyting algebra A the clause gn1(A) is equivalent to
the corresponding equation €, 1(A) on finitely subdirectly irreducible Heyting
algebras.

Assume that V is axiomatized by a collection of (A, 0, 1)-stable equations, say
{€i}icr, and let U be the universal class of Heyting algebras axiomatized by the
corresponding (A, 0, 1)-stable clauses {¢;}ic;. For each i € I the clause ¢; entails
the equation ¢;, whence 4/ C V. Furthermore, since for each ¢ € I the clause
¢; and the equation ¢; are equivalent on finitely subdirectly irreducible Heyting
algebras it follows that Vi, C U C V and so the class i must generate the variety
V.

Conversely, assume that V is generated by a universal class i/ C V axiomatized
by a collection of (A,0,1)-stable clauses, say {q;}ics, and let VW be the variety
of Heyting algebras axiomatized by the corresponding (A, 0, 1)-stable equations
{ei}ier. As before we see that Wy, CU C W and hence that W = V. O

2.2.12. LEMMA. Let 7 C {A,V,0,1} be given. If K is a T-stable class, then so
is the universal class generated by IC.

Proof:

By [46, Thm. V.2.20] we know that the universal class generated by the class K
is the class ISPy(K). Therefore, let {B;};c; be a collection of K-algebras, U an
ultrafilter on I, and A a finite Heyting algebra. If A <. B, for all © € I then by
Lemma 2.2.6 we have that B; = ¢,(A) for all i € I and hence by Lo§" Theorem
we obtain that [[,., B;/U = ¢-(A) and so A /. [[,.;Bi/U. Consequently, if
A —. [Lic; Bi/U then, A —, B, for some i € I. Moreover, if B € ISPy(K)
and A is a finite algebra such that A < B, then necessarily A <, B’ for some
B’ € Py(K) whence by the above we have that A € K. We have thus shown that
ISPy(K) is a finitely 7-stable universal class and as such it must be 7-stable by
Lemma 2.2.7. O
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2.2.13. THEOREM. Let V be a variety of Heyting algebras and let L be the cor-
responding intermediate logic. Then the following are equivalent.

1. The logic L is (A, 0,1)-stable.
2. The variety V is (A, 0,1)-stably generated.

3. The wvariety V is generated by a (N,0,1)-stable universal class of Heyting
algebras.

4. The variety V is generated by a universal class of Heyting algebras axiom-
atized by (N, 0, 1)-stable universal clauses.

5. The variety V is generated by a universal class of Heyting algebras axiom-
atized by structural universal clauses.

6. The variety V is axiomatized by (A, 0,1)-stable equations.
7. The class ISp 01 (Vi) is contained in V.
8. The class (ISp01(Vsi))® is contained in V.

9. The variety V is generated by its finite members and 1S, 01(V5;) C V.

Proof:

Item 1 and Item 2 are equivalent by definition. That Item 2 and Item 3 are
equivalent follows from Lemma 2.2.12. The equivalence of Item 3, Item 4 and
Item 5 follows from Lemma 2.2.7. That Item 4 and Item 6 are equivalent is the
content of Lemma 2.2.11.

To see that Item 6 implies [tem 7 we observe that if V is axiomatized by
a collection of stable equations {;};,c; and B € Vy; then B |= ¢;, where ¢
is the (A, 0, 1)-stable clause corresponding to the equation ;. Such clauses are
preserved under (A, 0, 1)-subalgebras. Consequently, for each A € IS, :(B) we
have A = ¢; and hence A = ¢; showing that A € V.

Evidently, Item 7 implies Item 8.

To see that Item 8 implies Item 9 assume that (ISx01(Vsi))* € V and that €
is an equation such that V [~ €. Then there exists B € V,; such that B [~ . By
Lemma A.4.4 we can find a finite (A, 0, 1)-subalgebra A of B such that A }~ . By
assumption A € (ISp 01(Vssi))® C V, showing that every equation which is refuted
by some member of V is also refuted by some finite member of V and hence that V
is generated by its finite members. Evidently, IS, 01(V5;) € (ISh0.1(V5i))” € V.

Finally, we show that Item 9 implies Item 6. Therefore, assume that )V is
generated by its finite members and IS, 01 (Vg;) € V. Let K be any set of finite
Heyting algebras such that no member of K is contained in V' and each finite
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Heyting algebra which is not a member of V is isomorphic to some member of K.
Consider the set of equations,

E= {6/\70’1(A) A€ ,C},

and let VW be the variety of Heyting algebras axiomatized by E. We claim that
if B € Wy, then B belongs to V. Otherwise there would be A € K isomorphic
to B, whence B |= ¢, 0.1 (A) which by Item 2 of Lemma 2.2.10 is a contradiction.
As we have already seen, since the variety W is axiomatized by (A, 0, 1)-stable
equations, it must be generated by its finite members. Consequently, W C V.
On the other hand since by assumption IS, o1(Vf;) € V we obtain from Item 1 of
Lemma 2.2.10 that B [~ €1 01(A) entails A € V for each finite A € V and each
B € V};;. Therefore, we may conclude that Vg, = E and since V is generated by
its finite members also that V = F, whence ¥V C W. O

We now obtain the following algebraic characterization of the intermediate log-
ics admitting a structural hypersequent calculus and therefore by Theorem 2.1.9
also a cut-free structural hypersequent calculus.

2.2.14. THEOREM. Let V be a variety of Heyting algebras and let L be its corre-
sponding intermediate logic. Then the following are equivalent.

1. The variety V admils a structural hypersequent calculus.

2. The logic L admits a structural hypersequent calculus.
3. The class (ISy01(Vsi))® is contained in V.

4. The logic L is (A, 0, 1)-stable.

Proof:
This follows directly from Theorem 2.2.13 and Proposition 2.1.13. O

2.2.15. REMARK. Note that if V is a finitely axiomatizable variety of Heyting
algebras such that IS, 01(Vi) € V then V admits a structural hypersequent
calculus given by only finitely many structural hypersequent rules. To see this
simply note that as IS, 01(Vsi) C V the variety V is axiomatized by a collection
of (A,0,1)-equations. Since V is finitely axiomatizable we may conclude that
only finitely many of the (A,0,1)-stable equations are required to axiomatize
V. Hence by Lemma 2.2.11 V is determined by a finite number of (A,0,1)-
stable clauses. Thus from the correspondence between (A,0,1)-stable clauses
and structural hypersequent rules we obtain that ) indeed admits a structural
hypersequent calculus given by only finitely many structural hypersequent rules.
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2.3 Consequences of the characterization

We here present a few consequences of our analysis so far. Recall that a variety
of Heyting algebras V is a Ps-variety provided that it can be axiomatized by Ps-
equations. By Theorem 2.2.14 and Theorem 2.1.9 the Ps-varieties are exactly the
varieties of Heyting algebras satisfying any, and therefore all, of the equivalent
conditions of Theorem 2.2.13.

2.3.1. PROPOSITION. Any Ps-variety is generated by its finite members, canon-
teal, and elementarily determined.

Proof:

That any Ps-variety is generated by its finite members is a direct consequence of
Theorem 2.2.13. By Proposition 2.1.11 Ps-varieties can be axiomatized by V-free
equations. As such they will be canonical as well as elementarily determined, see,
e.g., [254, Thm. 6.8]. O

2.3.2. REMARK. Note that Proposition 2.3.1 entails that every finitely axioma-
tizable Ps-variety is decidable, i.e., has a decidable equational theory. We do
not know if proof search in the corresponding analytic structural calculi yields
optimal bounds on the complexity of the decidability problem. However, uniform
upper bounds on the complexity of the decidability problem for Ps-varieties can
likely be obtained, cf. [192, Sec. 6].

Recall from Appendix A.9 that BD,, denotes the variety of Heyting algebras
corresponding to the intermediate logic BD,, determined by posets of depth at
most n.

2.3.3. PROPOSITION. Let n > 2 be giwven. The variety BD,, does not admit a
structural hypersequent calculus.

Proof:

We know that for n > 2 the variety BD,, is not (A, V, 0, 1)-stably generated [25,
Thm. 7.4(2)] and so in particular it cannot be (A, 0, 1)-stably generated. Knowing
this the proposition is an immediate consequence of Theorem 2.2.14. O

2.3.4. REMARK. That structural hypersequent rules could not capture BD,,, for
n > 2, had been expected, see., e.g., [61, 62]. However, we have not been able
to find any proof of this fact in the literature.? The variety BD, does, however,
admit an analytic multi-succedent hypersequent calculus obtained by adding an

2Independently Lellmann has shown, using the relational semantics, that the logics BD,,, for
n > 2, cannot be axiomatized by Ps-formulas [193].
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additional non-structural hypersequent rule for the introduction of the implication
to a multi-succedent version of the calculus HLJ, see [61]. Furthermore, the
varieties BD,,, for n > 2, do admit analytic display calculi [62], analytic labeled
sequent calculi [81] as well as so-called path-hypertableau and path-hypersequent
calculi [54].

As a final application of Theorem 2.4.11 we show that for certain varieties
of Heyting algebras the problem of whether or not they can be axiomatized by
Ps-equations, and therefore be given a cut-free structural hypersequent calculus,
is decidable.

2.3.5. PROPOSITION. [t s decidable whether a finitely aziomatized variety of
Heyting algebras generated by its finite members is a Psz-variety.

Proof:

We show that there is an effective procedure which given a finite axiomatization
of a variety of Heyting algebras V generated by its finite members decides whether
)V is a Ps-variety. Note first that membership of the set Ps is a decidable property
of terms.

Let V be a variety of Heyting algebra generated by its finite members which
is moreover finitely axiomatizable. Without loss of generality we may assume
that the given axiomatization of V consists of a single equation, say 1 =~ s. We
first note that V, being finitely axiomatizable, is a Ps-variety if, and only if, it
is axiomatizable by finitely many Ps-equations. Moreover, since the class of Ps-
terms is such that ¢;,ty € P3 entails t; Aty € P53 it follows that V is a Ps-variety
if, and only if, it is axiomatizable by a single Ps-equation.

Since V is both finitely axiomatizable and generated by its finite members
the equational theory of V is decidable. Therefore, we may enumerate all the
Ps-equations 1 & t such that V |= 1 & t. Since finitely axiomatizable Pz-varieties
are decidable we may check for each Ps-equation 1 ~ ¢ such that V =1 ~ ¢
whether W = 1 ~ s, where W is the variety axiomatized by the equation 1 ~ ¢.
It follows that for finitely axiomatizable and decidable varieties the property of
being a Ps-variety is semi-decidable.

On the other hand as V is finitely axiomatizable and since the property of
being subdirectly irreducible is a decidable property of finite Heyting algebras,
we may enumerate the finite subdirectly irreducible members of V. Again, using
the finite axiomatization of V), for each finite subdirectly irreducible members
of ¥V we may check if all of its (A,0, 1)-subalgebras, of which there are only
finitely many, belong to V. If V is not a Ps-variety then, since by assumption
V is generated by its finite members, it follows from Theorem 2.2.13 that there
must be some member of V§; having a (A, 0, 1)-subalgebra which does not belong
to V. Consequently, for varieties of Heyting algebras which are both finitely
axiomatizable and generated by its finite members the property of not being a
Ps-variety is semi-decidable.
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Putting these observations together we see that given a finite axiomatization
of a variety of Heyting algebras V generated by its finite members, it is decidable
whether V is a Ps-variety. O

From Proposition 2.3.5 we then immediately obtain the following.

2.3.6. COROLLARY. [t is decidable whether a finitely axiomatized intermediate
logic with the finite model property admits a cut-free structural hypersequent cal-
culus.

2.3.7. REMARK. Note that by [51, Thm. 17.21] neither being decidable, hav-
ing the finite model property (being generated by its finite members), or being
axiomatizable by V-free formulas (equations) are decidable properties of finitely
axiomatizable intermediate logics (varieties of Heyting algebras).

2.4 Poset-based characterization

As we have already seen, by Proposition 2.1.11 any Ps-variety V is axiomatizable
by V-free equations and hence elementarily determined, meaning that there exists
a class F of posets first-order definable in the language of partial orders such that
V is generated by the corresponding class of complex algebras F© = {PT : P €
F}. See Appendix A.6 for the relevant definitions. For an intermediate logic L
the corresponding variety V(L) is elementarily determined if, and only if, the logic
L is elementary, i.e., sound and complete with respect to a first-order definable
class of posets.

It is known that V-free formulas have first-order correspondents which are I1,,
i.e., of the form VZ3y®(z,y) with ® a quantifier-free formula in the language of
posets, see [222, §7.4] as well as [52, 53|. In this section we identify the ITs-sen-
tences which define the elementary classes of posets determining the Ps-varieties,
or equivalently the (A, 0, 1)-stable logics. We do so using the duality theory for
(A, 0, 1)-homomorphisms between distributive lattices, see e.g., [32, 127, 110].
However, it will be enough to consider the finite case.

Given a relation R C X x Y between sets X and Y for x € X we write
R[z] for the set {y € Y : zRy} and for Z C Y we write R™'[Z] for the set
{r € X :3z € Z (¢Rz)}. Finally, given two relations Ry C X xY and R, C Y xZ
we write R; o Ry for the relational composition, viz., the relation R C X x Z
given by

xRz if, and only if, Jy € Y (zRyy and yRyz).

2.4.1. DEFINITION (cf., e.g., [32, Def. 6.2]). Let P = (P,<p) and Q = (Q, <g)
be posets. A relation R C P x @ is called order-compatible, or a generalized
Priestley morphism, provided that <p oRo <o= R. Moreover, if R7'[Q] = P we
say that R is total and we say that R is onto if for every q € ) there is p € P
such that R[p| = 1q.
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The proof of the following lemma is straightforward.

2.4.2. LEMMA. Let R C P x Q be an order-compatible relation between posets P
and Q. If p1,ps € P are such that p1 <p ps, then R[ps] C R[p1].

We are interested in total order-compatible relations between posets because
they correspond to (A, 0, 1)-homomorphisms between the dual Heyting algebras.
To be precise we have the following theorem.

2.4.3. THEOREM (|32, Sec. 7 and Thm. 8.11], [110, Thm. 12| ). Let A and B be
finite Heyting algebras with dual posets P and Q, respectively. There is a one-
to-one correspondence between (A, 0, 1)-homomorphisms from A to B and total
order-compatible relations R C Q x P. Under this correspondence (A,0,1)-em-
beddings correspond to onto total order-compatible relations.

Recall from [203]| that a geometric aziom is a first-order sentence in the lan-
guage of partial orders of the form,

Vi (p(@) = Fv OR™, (0, v)),

with ¢, 11, ..., 1, conjunctions of atomic formulas and the variable v not occur-
ring free in ¢. A geometric implication is then taken to be a finite conjunction of
geometric axioms.?

2.4.4. DEFINITION (cf. |188, Def. 2|). We say that a geometric axiom of the form
Vi (p(@) = 3v ORGL (), v))
is simple if

(i) There exists wy € W such that p(w) is the conjunction of the atomic for-
mulas wy < w with w € w such that w # wy,

(ii) Every atomic subformula of ¢;(w,v) is of the form w < v or w = v for
w € W such that w # wy.

A simple geometric implication is then a conjunction of simple geometric axioms.

2.4.5. REMARK. Intermediate logics determined by a class of posets defined by
geometric implications have been shown to admit so-called labeled sequent calculi
[234, 203, 81]. Thus as a consequence of Proposition 2.4.10 below we obtain
that any (A,0,1)-stable logic admits a cut-free labeled sequent calculus. This
is consistent with the existence of a translation of hypersequents into labeled
sequents, see, e.g., [224] for an overview.

3This name is explained by the fact that any conjunction of geometric axioms is equivalent to
a formula of the form VZ(o(Z) = 4(&)), where ¢ and ¢ are so-called geometric formulas, i.e.,
first-order formulas containing neither the connective “ = " nor the quantifier “v”. Conversely,

any first-order formula of the form VZ(p(Z) = (&)) with ¢ and ¢ geometric formulas is
equivalent to a geometric implication in the sense used here.
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In the work of Lahav [188] and Lellmann [192, Sec. 6.1] on constructing an-
alytic hypersequent calculi for modal logics, variants of the simple geometric
implications play an important rule. They consider so-called simple formulas,
viz., first-order formulas, in the language with a single binary relation symbol, of
the form Vw3v (W, v) where ¢ (w,v) is a disjunction of conjunctions of atomic
formulas of the form wRv or w = v. It is easy to verify that on rooted posets any
simple formula is equivalent to a simple geometric implication and vice versa.

2.4.6. EXAMPLE. The intermediate logics BTW,,, BW,,,BC,, for n > 1, are all
complete with respect to an elementary class of posets determined by simple geo-
metric implications. Furthermore the logics BD,,, for n > 2, are all complete with
respect to an elementary class of posets determined by geometric implications,
namely

le . wn+1(AND?:1(w,» < wi—l—l) — ORH@(U}z = U)j)),

which are ostensibly not simple.

2.4.7. PROPOSITION. Let R C P x ) be a total onto order-compatible relation
between posets P = (P, <p) and Q = (Q, <q), with P rooted. Then for any simple
geometric implication v, we have that P =~ implies Q = .

Proof:
Without loss of generality we may assume that ~ is a simple geometric axiom,
say, Vi (¢(w) == Jv ORTL ¢;(w, v)).

Assume that P = 7. Suppose that qo,...,q, € @ are such that the formula
©(qo, - - -, qn) holds in Q, then by the assumption that R is an onto order-compat-
ible relation there are py,...,p, € P such that R[p;| = 1¢; for each i € {1,... ,n}.
Because P is rooted there is pg € P such that ¢(po, p1, - - -, pn) holds and so since
P |= v there is € P such that ;(p,r) holds in IP for some j € {1,...,m}.

We claim that there is an element s € @ such that (¢, s) holds in Q. To
establish this claim we consider separately the case where there are no subformulas
of 1; (W, v) of the form w = v and the case where there are subformulas of ¥, (W, v)
of this form.

In the first case, since R is total, we have s € () such that rRs. We claim
that 1;(¢,s) holds in Q. To see this, simply observe that if p; <p r for some
i €{1,...,n} then by Lemma 2.4.2 we have that s € R[r] C R[p;] = 1¢;, which
implies that ¢; <¢ s.

In the second case we have that there is at least one subformula of v;(,v)

of the form w = v and consequently at least one index, say ig, in {1,...,n} such
that p;, = r. Consequently, R[r| = R[p;,] = T¢i,- We claim that v,(¢; ¢;,) holds in
Q. To see this, as before, we observe that if p; <p r for some i € {1,...,n} then

1¢i, = R[r] C R[p;] = T¢; and hence ¢; <g ¢;,. Similarly, if for some i € {1,...,n}
we have p; = r, then 1¢; = R[p;] = R[r] = 1T¢;, and hence ¢; = g;,.
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Since the elements qq,...,q, € ( were arbitrary with the property that
©(qo, - - -, qn) was true in Q, this shows that Q |= . 0

2.4.8. PROPOSITION. Let F be a class of posets defined by simple geometric im-
plications and let F* = {PT: P € F} be the corresponding set of Heyting algebras.
Then the variety of Heyting algebras generated by the class FT is (A, 0,1)-stably
generated.

Proof:

If Pe F and Q is a subposet of P with 1,Q) = @, then evidently Q satisfies any
simple geometric implication satisfied by P. Consequently, the variety ) must in
fact be determined by the class F, of rooted posets belonging to F. Furthermore,
because on rooted posets any (simple) geometric implication is equivalent to a
positive first-order formula in the language of partial orders we easily see that for
any rooted poset P € F and any order-preserving surjection f: P — Q we have
that Q € F. Consequently, by Lemma A.4.4 and discrete duality we have that
any equation refuted by some algebra Pt with P € F, is in fact also refuted by
some algebra Q" with Q a finite member of F,. It follows that the variety V is
generated by the class of finite members of FI, i.e., the class (F.F)“. Finally,
letting K = {A: 3B € (F,5)“(A —,01 B)} it follows from Proposition 2.4.7
that K is a (A, 0, 1)-stable class of Heyting algebras generating V. O

To establish the converse of Corollary 2.4.8 we need the following lemma which
is essentially an exercise in correspondences theory, see, e.g., (228, 222, 68|.

2.4.9. LEMMA. For any analytic structural universal clause q there exists a sim-
ple geometric axiom v, such that

]P)):'Vq — P+)ZQ7

for every rooted poset P.

Proof:
Consider an analytic structural universal clause

erand ... andg,, = &,410r ... OF &, (q)

with e denoting the equation s (%) < tx(7), for k € {1,...,n}. By the assump-
tion that ¢ is analytic we have that each term sj is a, possibly empty, meet of
left variables and each term ¢ either 0 or a single right variable. Furthermore,
the set ¥ = {xy,...,2;} of left variables and the set ¥ = {yi,...,y,} of right
variables are disjoint and each left variable occurs exactly once in exactly one of
the terms s; and similarly each right variable occurs exactly once in exactly one
of the terms ¢;, with j € {m+1,...,n}.
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In the following we write Pr(Z,y) for the left-hand side of the clause ¢, and
for k€ {1,...,n} welet xy,,..., x4, denote the variables occurring in the term
sk (), if any, and let yi, denote the variable occurring in the term tx (), if any.

Let IP be a poset. With the notation above we then have that P* [~ ¢ if, and
only if, there are upsets Uy,...,U; and Vi, ..., V, of P such that
si(0) c i (V), (2.1)

7

foralli € {1,...,m}, and

S5 (0) g 5 (V), (2.2)
forall j € {m+1,...,n}. We see that Property 2.2 holds if, and only if, there is
p; € P such that p; € sg-”([j') and p; & tg”( ). Since both sw( )=, U, and
tﬁﬁ([j ) are upsets of [P, this in turn is equivalent to the existence of some p; € P
such that 1p; C s?((j ) and tw( V) C (Ip;)¢. Unraveling the definitions of the
terms s; and ¢; we obtain that Property 2.2 is equivalent to the existence of a
pj € P such that

ij - Uj1 and ... and ij C Ujrj and Vjo C (ipJ'O)C'

The special syntactic shape of the clause ¢ ensures that the left variables @ only
occur negatively in Pr(Z,¢) and that the right variables ¢ only occur positively
in Pr(Z,y). Moreover, every variable among &, i/ occurs exactly once somewhere
on the right-hand side of the clause q. This implies that, salva veritate, we may
substitute Tp; for U;, and ({p;,)¢ for Vj, everywhere in Equation 2.1. This is
essentially an application of the Ackermann Lemma, see, e.g., [68, Sec. 4] for the
version used here. From this we may conclude, with some renaming, that P [~ ¢
if, and only if, there are p,,11,...,p, € P such that

m szd g (\l/pio)ca
d=1

for each i € {1,...,m}. Consequently, P™ |= ¢ if, and only if, for all elements
DPmt1,---,Pn € P there is some i € {1,...,m} such that

ﬂ is T (Ipiy)°
We easily see that (,_, Tpi, € (Ipi,)¢ precisely when there is ¢ € P such that
pi, < gqforallde{l,...,r;} and ¢ < p;,. We therefore obtain that
Pt | q < Pk Vaw3dv ORY (AND!, (w;, <v) and v < w;,).

Thus q is equivalent to a formula in the first-order language of posets. In fact, it
is easy to see that the formula

Vaidv ORI, (ANDYL | (w;, < v) and v < w;,),
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is equivalent to the formula
Vaw3v ORI, (AND/L, (w;, < v) and v = w,).

Thus we obtain a formula (W, v), which is a disjunction of conjunctions of atomic
formulas of the form w < v and w = v, such that

P' | q < Pk Vv ¢(d,v).

Finally, letting 7, be the formula YwoVi (ANDyeg(wo < w) = v ¢(w,v)),
for wy some fresh first-order variable, we obtain a simple geometric axiom such
that -, is equivalent to ¢ on rooted posets. O

2.4.10. PROPOSITION. Any variety of Heyting algebras generated by a (A,0,1)-
stable universal class of Heyting algebras is elementarily determined by a class of
posets defined by simple geometric implications.

Proof:

Let V be a variety of Heyting algebras generated by a (A, 0, 1)-stable universal
class, say Y. By Lemma 2.2.7 is axiomatized by a collection of structural clauses,
say {¢;}icr, which by Lemma 2.1.7 we may assume to be analytic. By an argu-
ment completely similar to the one presented in the proof of Proposition 2.4.8,
V will be generated by the class F* = {F": Vi e I (F = ~,)}, where ; is the
simply geometric implication corresponding to ¢; obtained from Lemma 2.4.9. O

We summarize our findings by amending Theorem 2.1.9 with additional items.

2.4.11. THEOREM. Let V be a variety of Heyting algebras and let L be its corre-
sponding logic. Then the following are equivalent.

1. The variety V admits a structural hypersequent calculus.

The variety V admits an analytic structural hypersequent calculus.
The logic L admits a structural hypersequent calculus.

The logic L admits an analytic structural hypersequent calculus.
The variety V 1s axiomatizable by Ps-equations.

The logic L is aziomatizable by Ps-formulas.

The class (ISp01(Vgsi))® is contained in V.

The logic L is (0, A, 1)-stable.

© % RS S e e

The variety V is determined by a class of posets defined by simple geometric
implications.

~
=

The logic L is sound and complete with respect to a class of posets defined
by simple geometric implications.
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2.5 Comparison with (A, V,0,1)-stable logics

What we have done so far shows, perhaps somewhat surprisingly, that the seem-
ingly very restrictive notion of (A, 0, 1)-stability yields interesting and, indeed
well-known, varieties of Heyting algebra, or equivalently, intermediate logics. In
this section we will compare the class of (A, 0, 1)-stable intermediate logics to the
class of (A, V, 0, 1)-stable intermediate logics.

2.5.1. PROPOSITION. The set of (A,0,1)-stable logics is a proper subset of the
set of (N, V,0,1)-stable logics.

Proof:

Evidently each (A,0, 1)-stable logic is also a (A, V,0,1)-stable logic. To show
that there exist (A, V,0,1)-stable logics which are not (A,0,1)-stable, consider
the following pair of Heyting algebras

A B

We easily see that A is isomorphic to a (A,0, 1)-subalgebra of B but not a
(A, V,0,1)-subalgebra of B. Let V be the variety axiomatized by the (A, V,0,1)-
stable equation exv,01(A) associated with A. Then the intermediate logic L
corresponding to this variety is (A, V, 0, 1)-stable |29, Prop. 5.3]. Since B is well-
connected and A <, v 01 B, we may conclude that B belongs to V [29, Prop. 5.1].
Consequently, assuming that L is (A, 0, 1)-stable A must also belong to V. But
then A |= exv01(A) which, since any finite well-connected Heyting algebra re-
futes its own (A, V, 0, 1)-stable equation [29, Prop. 5.1|, is a contradiction. O

Despite the fact that there are (A, V, 0, 1)-stable logics which are not (A, 0, 1)-
stable, all the examples of (A, V,0,1)-stable logics considered so far |25, Sec. 7|
are in fact (A,0,1)-stable. The following theorem may be seen as explaining
why this indeed the case. Furthermore, this also provides us with examples of
(A, V, 0, 1)-stable logics which are not (A, 0, 1)-stable.

2.5.2. THEOREM. For A a finite subdirectly irreducible Heyting algebra the fol-
lowing are equivalent.
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1. The (A, V,0,1)-stable clause qn v 01(A) associated with A is equivalent to a
collection of (N, 0, 1)-stable clauses.

2. The (A, V,0,1)-stable clause qnv,01(A) associated with A is equivalent to
the (A, 0,1)-stable clause qpo1(A) associated with A.

3. The lattice reduct of A is projective in the class of distributive lattices.

Proof:
Evidently Item 2 entails Item 1. Conversely, to see that Item 1 entails [tem 2, it
suffices, due to Lemma 2.2.6, to show for any Heyting algebra B that

A “—A0,1 B lf7 and Only lf7 A = AV,0,1 B.
Since {A,0,1} C {A,V,0, 1}, for each Heyting algebra B, we evidently have
A " ALV,0,1 B 1mphes A “—A0,1 B.

To establish the converse let B be given and suppose that A —,; B, say via
h: A — B. If A %yxv1 B then B = g5y 01(A) and so since, by assumption,
qav.01(A) is equivalent to collection of (A, 0, 1)-stable clauses and such clauses are
preserved by (A, 0, 1)-embeddings we must have that A = gn v0.1(A) which is a
contradiction as every Heyting algebra refutes all of the stable clauses associated
with it.

To see that Item 2 entails Item 3 suppose that the lattice reduct of A is not
projective in the class of distributive lattices. We exhibit a Heyting algebra B
such that

A —=,01B and A v B,

showing that the universal clauses gn o1(A) and ga v 01(A) are not equivalent. To
this effect let P := J(A)?, be the order dual of J(A), the poset of join-irreducible
elements of A. Note that as A is finite the Heyting algebra P* of upsets of P is
isomorphic to A. By Theorem A.7.1, the lattice reduct of A not being projective
entails the existence of aj,ay € J(A) such that a1 A as & Jo(A) = J(A) U {0},
in particular a; and as must be incomparable. Let b{,...,b, be an anti-chain of
maximal join-irreducible elements below a; A as, such that \/?:1 b; = a; N ag In
A. Necessarily, n > 2. Given this, let Py be the poset obtained from P by adding
a new element ag covering aq, as and covered by by,..., b, as shown below

b2 bl bn—l bn bQ bl bn—l bn

Qo

ai az ai a2
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Thus |Fy| = |P| + 1. Evidently there can be no order-preserving surjection from
Py onto P. Letting B denote the dual Heyting algebra P} of Py, this shows that
A £, v01 B. We claim, however, that A <, ¢, B. To see this, observe that P
is a subposet of Py, whence by duality we have a surjective map h: B —, v 01 A.
Moreover, we may easily verify that h='(0) = {0} and A~'(1) = {1}. Being
a finite distributive lattice the meet semi-lattice reduct of A is projective as a
meet semi-lattice by Theorem A.7.4. Therefore, we obtain a meet semi-lattice
homomorphism h: A — B such that h o h is the identity on A. In particular,
h must be injective. Moreover, as h(h(0)) = 0 and h(h(1)) = 1 it follows that
h(0) =0 and h(1) = 1. Thus we have h: A <, B.

To see that Item 3 entails Item 2 suppose that the lattice reduct of A is
projective in the class of distributive lattices. We claim that the (A, V,0,1)-sta-
ble clause ga v.01(A) associated with A is equivalent to the (A, 0, 1)-stable clause
qrn0.1(A) associated with A. As before it suffices to show that A <, o, B implies
A —, 01 B. This however follows immediately from Corollary A.7.3. 0O

2.5.3. REMARK. Theorem 2.5.2 can be seen as explaining why all of the exam-
ples of (A, V, 0, 1)-stable logics considered in [25, Sec. 7] are in fact (A, 0, 1)-stable
logics, as all of these logics are axiomatized by (A, V, 0, 1)-stable equations associ-
ated with finite well-connected Heyting algebras the lattice reducts of which are
projective in the class of distributive lattices.

We conclude this section by showing that the (A, 0, 1)-stable logics can be
characterized among the (A, V, 0, 1)-stable logics as the ones which can be axiom-
atized by V-free formulas. For this we will need the following definition.

2.5.4. DEFINITION. A poset Q is cofinal in a poset P provided that Q is a sub-
poset of P and for all p € P there is ¢ € @ with p <g.

We will make use of the following well-known characterization of intermediate
logics axiomatizable by V-free formulas.

2.5.5. THEOREM (|254, Thm. 5.7(ii)]|). Let L be an intermediate logic. Then the
following are equivalent.

1. The logic L is axiomatizable by \V-free formulas.

2. For all posets P and Q with Q cofinal in P, ¢f P I L, then QIF L.

Intermediate logics satisfying either of the equivalent conditions of Theo-
rem 2.5.5 are called cofinal subframe logics see, e.g., [51, Chap. 11.3]. They
enjoy many good properties such as the finite model property, canonicity, and
elementarity.
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2.5.6. LEMMA. Let R C P x Q be an order-compatible relation between finite
posets P = (P, <p) and Q = (Q, <g). Then there is a poset Py cofinal in P and
an order-preserving surjection f: P — Q.

Proof:

Let P, = {p € P:3q € Q (R[p] = 1Tq)} and let Py be the corresponding
subposet of P. Then we see that mapping each p € P, to the necessarily unique
element ¢ € @ such that R[p] = 1¢ determines a map ¢g: Py — @ which must be
surjective as R is onto. Furthermore, because R is order-compatible we have by
Lemma 2.4.2, that p; <p py implies R[ps] C R[p1| and consequently that g is an
order-preserving map from the poset Py to the poset Q.

Let P, = Py Umax(P) and let P; be the corresponding subposet of P. Ev-
idently P; is cofinal in P. We then note that for any p € max(P), since R is
total, we have ¢ € @) such that pRq. Moreover, if for some py € Fy we have
po <p p then by Lemma 2.4.2, R[p] C R[po] = T¢(po). This shows that the map
[ PyUmax(P) — @ defined by letting f(p) = g(p), if p € Py and letting f(p)
be some element of R[p] if p € max(P)\ P, is a well-defined and order-preserving
surjection from Py to Q. O

2.5.7. LEMMA. Let R C P x Q be an order-compatible relation between finite
posets P = (P, <p) and Q = (Q, <g), with P rooted. Then there is a rooted poset
Py cofinal in P and an order-preserving surjection f: Py — Qi such that Q is
cofinal in the poset Q.

Proof:

From Lemma 2.5.6 we know that there is a poset P; cofinal in P together with
an order-preserving surjective f: Py — Q. Let r be the root of P. If » € P, then
the proposition follows. If r is not in P, then letting P .= P, U {r} we obtain
a rooted poset P} cofinal in P. Similarly, by adjoining a new root s to @ we
obtain a rooted poset Q; in which Q is cofinal. Evidently, the map f extends to
a surjective order-preserving map from P} to Q; by mapping r to s. O

2.5.8. PROPOSITION. Let L be an intermediate logic. Then the following are
equivalent.

1. L is (A, 0,1)-stable.
2. Lis a (A,V,0,1)-stable and axiomatizable by \V-free formulas.

Proof:
Every (A, 0, 1)-stable logic is evidently (A, V, 0, 1)-stable. Furthermore, by Propo-
sition 2.1.11 every (A, 0, 1)-stable logic can be axiomatized by V-free formulas.
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Conversely, suppose that L is a (A, V, 0, 1)-stable logic which can be axioma-
tized by V-free formulas. We show that if A and B are finite Heyting algebras
with B € V(L)s; and A <01 B then A € V(L). Therefore, let P be the dual
poset of B and let Q be the dual poset of A. Since A —,; B we have, by
Theorem 2.4.3 a total and onto order-compatible relation R C P x ). More-
over, since the algebra B is subdirectly irreducible we have that the poset P is
rooted and hence by Lemma 2.5.7 that Q is cofinal in an image Q; under an
order-preserving map of a rooted poset P; cofinal in P. By Theorem 2.5.5 we
must have that Py IF L. Moreover, since P; is rooted and L is (A, V, 0, 1)-stable
we obtain that Q; IF L, see [25, Thm. 6.7], and so, again using Theorem 2.5.5,
we see that Q IF L. We may therefore conclude that A € V(L), as desired. Since
L is (A, V,0, 1)-stable we have that V(L) is generated by its finite members |25,
Thm. 6.8]. Thus by Theorem 2.2.13 it follows that the logic L is (A, 0, 1)-stable. O

2.5.9. REMARK. It is known that there are continuum-many (A,V,0,1)-stable
logics |25, Thm. 6.13] just as it is known that there are continuum-many logics
axiomatized by V-free formulas [51, Thm. 11.19]. However, it is not immediately
clear if the techniques used to establish these two results can also be used to con-
struct continuum-many (A, 0, 1)-stable logics. Thus we leave as open the problem
of determining the cardinality of the set of (A, 0, 1)-stable logics.

2.6 Summary and concluding remarks

In this chapter we have looked at intermediate logics admitting structural hy-
persequent calculi. Using the correspondence between (analytic) structural hy-
persequent rules and (analytic) structural universal clauses we have shown that
the intermediate logics which admit an analytic structural hypersequent calculus
are precisely the (A, 0, 1)-stable logics. This supplements the previous syntactic
characterization of logics admitting structural hypersequent calculi [57, 60] with a
purely algebraic characterization. Our semantic characterization has also allowed
us to obtain negative results showing that certain logics, such as BD,,, for n > 2,
do not admit a structural hypersequent calculus, let alone an analytic structural
hypersequent calculus. We have also provided a characterization of the (A, 0, 1)-
stable logics in terms of the relational semantics. In particular, we have shown
that any (A,0, 1)-stable logic is sound and complete with respect to a class of
poset defined by certain Il;-sentences which we called simple geometric implica-
tions. We have also remarked how the simple geometric implications are related
to the simple sentences appearing in the work of Lahav [188| and Lellmann [192,
Sec. 6.1] concerned with constructing analytic hypersequent calculi for modal log-
ics. Finally, we have compared the (A, 0, 1)-stable logics to the (A, V,0, 1)-stable
logics and shown that the (A, 0, 1)-stable logics are exactly the (A, V, 0, 1)-stable
logics which can be axiomatized by V-free formulas.
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Further directions and open problems As mentioned earlier, the work of
Ciabattoni, Galatos, and Terui [57, 59, 60|, on which the findings in this chapter
rely, is carried out in the much more general context of substructural logics. Tt
is therefore natural to ask if a semantic characterization of substructural logics
admitting structural (analytic) sequent and hypersequent calculi similar to the
ones presented in this chapter can also be found for substructural logics. However,
the fact that the comma in the left-hand side of the sequent arrow is interpreted in
a (pointed) residuated lattice as the monoidal product and not as the meet raises
a number of non-trivial technical issues. Nevertheless, one could hope that some
appropriately modified version of (-, V,e)-stability introduced by Bezhanishvili,
Galatos, and Spada [35, Sec. 4] would also play a role in the substructural setting.

It is also natural to ask for semantic characterizations of intermediate logics
admitting different types of proof calculi, such as structural display calculi, where
good syntactic characterizations already exist [62, 141, 140], or labeled sequent
calculi where good descriptions of the first-order theory of the corresponding
posets are available [203, 81].

As we have seen there is a close connection between the (A, 0, 1)-stable inter-
mediate logics and the modal logics considered by Lahav [188] and Lellmann [192,
Sec. 6.1]. Tt would be interesting to explore this connection further, e.g., by
providing a purely semantic characterization of the modal logics they consider.
Furthermore, this connections also indicates that the cut-admissibility argument
using the relational semantics due to Lahav should have a counterpart in the
setting of intermediate logics, and similarly, that the algebraic cut-admissibility
arguments used by Ciabattoni, Galatos, Terui, and others should have a coun-
terpart in the setting of modal logics, cf. [21, Sec. 6] for an algebraic proof of
cut-admissibility in sequent calculi for a few modal logics.

Finally, we believe that it would be worthwhile to systematically explore the
consequences of having a cut-free structural hypersequent calculus. For instance:
(i) Conservatity results showing that certain fragments of two logics coincide.
(i) Interpolation results using the calculi to extract procedures for computing
interpolants and ideally allowing for further analysis of their complexity, see [186,
Sec. 3] and [187] for existing work along these lines. (iii) Complexity results such
as obtaining uniform upper, and ideally optimal, bounds on the complexity of
proof search as, e.g., already considered in the setting of modal logic [192, Sec. 6].






Chapter 3

MacNeille transferability

As we have outlined in the introduction, there is an interesting link between
completions of lattice-based algebras and proof theory. For example, analytic
structural hypersequent calculi give rise to universal classes of lattice-based al-
gebras closed under MacNeille completions. In particular, if V is any variety
of Heyting algebras axiomatized by Ps-equations then the universal class Vy,; of
its finitely subdirectly irreducible members is closed under MacNeille comple-
tions [58, Thm. 4.3|. This is particularly interesting since the only non-trivial
varieties of Heyting algebras closed under MacNeille completions are the variety
of all Heyting algebras and the variety of all Boolean algebras [151]. Drawing
on the connection between the level P; and the notion of stability established in
Chapter 2, in this chapter, based on [31], we look, from a purely algebraic point
of view, at the phenomenon of universal classes of lattices being closed under
MacNeille completions.

Our starting point is the notion of (ideal) transferability originally introduced
by Grétzer [133, Sec. 10(ii)]. A finite lattice L is (ideal) transferable if for any
lattice K, the lattice L is a sublattice of the lattice of ideals of K only if L
is a sublattice of K. We introduce analogous notions of MacNeille and canoni-
cal transferability and show how finite transferable lattices give rise to universal
classes of lattices which are closed under completions. Thus the problem of finding
universal classes of lattice-based algebras closed under MacNeille completions can
in some cases be reduced to the problem of finding finite MacNeille transferable
lattices.

While we are mainly interested in MacNeille transferability, we also explore the
relationships between ideal, MacNeille, and canonical transferability. Concretely,
we show that under mild assumptions MacNeille transferability entails canonical
transferability which in turn entails ideal transferability.

We provide necessary conditions for a finite lattice to be MacNeille transfer-
able for the class of all lattices. In particular any such lattice must be distributive.
This highlights some of the crucial differences between ideal and MacNeille trans-
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ferability. Nevertheless, we show that, just as in the case of ideal transferability,
the concept of (weak) projectivity plays an important role in understanding the
concept of MacNeille transferability.

Using the connection between MacNeille transferability and projectivity, we
obtain an alternative proof of the fact, first established by purely syntactic meth-
ods, that if V is any variety of Heyting algebras axiomatized by Ps-equations then
the universal class Vy; is closed under MacNeille completions.

We then focus on MacNeille transferability with respect to the class of Heyting
algebras and the class of bi-Heyting algebras. In this setting we are able to
say much more about necessary and sufficient conditions for different types of
MacNeille transferability. In particular, we show that all finite distributive lattices
are MacNeille transferable with respect to the class of bi-Heyting algebras.

Finally, we discuss how canonical and MacNeille transferability of finite dis-
tributive lattices relate to intermediate logics. In particular we consider the prob-
lem of whether all (A, V,0, 1)-stable logics are (i) canonical, and (ii) elementary
[164, Chap. 3]. In this respect a number of partial results of a positive nature are
obtained.

Outline The chapter is structured as follows: In Section 3.1 we give a brief sum-
mary of the theory of (ideal) transferability. Then in Section 3.2 we introduce a
general notion of transferability and compare different notions of transferability
of finite lattices. Section 3.3 is concerned with MacNeille transferability of lat-
tices while Section 3.4 focuses on MacNeille transferability relative to the class
of distributive lattices. In Section 3.5 and Section 3.6 we consider MacNeille
transferability relative to classes of Heyting algebras and bi-Heyting algebras,
respectively. In Section 3.7 we show how transferability relates to questions of
canonicity and elementarity of varieties of Heyting algebras and in Section 3.8 we
draw some consequence of our results for the (A, V, 0, 1)-stable logics. Finally, we
conclude by discussing some possible directions for further research and listing a
number of concrete open problems in Section 3.9.

3.1 Ideal transferability

We shall here recall some basic definitions and results concerning the notion
of transferability due to Gratzer. Since we will be considering other analogous
notions of transferability later in this chapter we shall include the qualifier “ideal”
when talking about what is known in the literature as “transferability” simpliciter.

3.1.1. DEFINITION ([133, Sec. 10(ii)]). A lattice L is ideal transferable if when-
ever there is a lattice embedding h: L — Idl(K) of L into the ideal lattice Idl(K)
of a lattice K, then there is a lattice embedding h': L — K. Tt is sharply ideal
transferable if the embedding 1’ can be chosen so that h/(a) € h(b) if, and only



3.1. Ideal transferability 25

if, a < b, for all a,b € L. If we restrict K to belong to some class of lattices IC,
we say L is transferable for, or with respect to, the class IC.

Throughout the 1970s and early 1980s an extensive body of work related to
ideal transferability was produced, see [133, 105, 106, 205, 14, 134, 107, 189, 138,
20, 137, 214]. Recently the topic has been taken up again by Wehrung [250]. We
shall here only mention two of the most striking results which will also be useful
later on, referring to [136, pp. 502-503] for a historic account.

3.1.2. THEOREM ([136, Thm. 557|). Let L be a finite lattice. Then the following
are equivalent.

1. The lattice L is ideal transferable for the class of all lattices.
The lattice L s sharply ideal transferable for the class of all lattices.
The lattice L is projective in the class of all lattices.

The lattice L is a sublattice of a free lattice.

The lattice L is semi-distributive and satisfies Whitman’s condition.

Recall that a lattice is called meet semi-distributive if it satisfies the quasi-equa-
tion
tANyrRrzAhz = zAy=zAyVz),

join semi-distributive if it satisfies the quasi-equation
rVyraVz = zVyxzV(yAz),

and semi-distributive if it satisfies both. Together with the following universal
clause, know as Whitman’s condition, semi-distributivity characterizes the finite
sublattices of free lattices [202, 174].

T ANyYy<uVv = x<uVvory<uVvorzAy<uorxAy <.

3.1.3. REMARK. Note that being semi-distributive and satisfying Whitman’s
condition are both decidable properties of finite lattices. Consequently, the prop-
erty of being ideal transferable, and therefore also sharply ideal transferable, with
respect to class of all lattices is a decidable property of finite lattices.

The assumption in Theorem 3.1.2 that the lattice L is finite is necessary.
There exist infinite lattices which are ideal transferable for the class of all lattices
but not sharply ideal transferable for the class of all lattices, see [244|. Similarly,
as shown by Wehrung [250] even for finite lattices the equivalence between ideal
transferability and sharp ideal transferable can also fail when restricting to other
classes of lattices such as the variety of modular lattices.

The situation becomes very different when we consider ideal transferability
with respect to the class of distributive lattices.
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3.1.4. DEFINITION. A finite lattice L is faithfully ideal transferable for some class
of lattices K if for all lattice embeddings h: L — Idl(K) with K € K there is a
lattice embedding h': L — K such that h(a) = Jx implies h/(a) = z for all a € L
and z € K.

We will say that a finite lattice L is simultaneously sharply and faithfully
ideal transferable for some class of lattices IC, provided that L is both sharply
and faithfully ideal transferable for K and furthermore for all lattice embeddings
h: L — Idl(K) with K € K there is a lattice embedding h': L — K witnessing
both that L is sharply and faithfully ideal transferable for K.

3.1.5. THEOREM ([105, 205]). Every finite distributive lattice is simultaneously
sharply and faithfully ideal transferable for the class of all distributive lattices.

Thus any distributive lattice has, up to isomorphism, the same finite sublat-
tices as its ideal lattice. In fact, sharp and faithful transferability allow us to
say something about the preservations of bounds. If K is a distributive lattice
with a least element 0, then {0} is the least element of Idl(K). In this case it is
easy to see that if L is a finite distributive lattice and h: L — Idl(K) is a lattice
embedding which preserves the least element, i.e., h(0) = {0}, then the lattice
embedding h': L < K obtained from Theorem 3.1.5 must map the least element
of L to the least element of K. A similar comment can be made in case K has
a greatest element. In particular, we have that if K is a bounded distributive
lattice then the lattices K and Idl(K) have, up to isomorphism, the same finite
bounded sublattices.

3.2 General notions of transferability

We here introduce and compare several notions of transferability for different
types of completions. By a completion type for a class of lattices IC we shall
understand a class function associating to each lattice K € K a complete lattice
C(K) together with a lattice embedding ec: K — C(K). In this chapter we shall
only be considering three different completion types: The ideal completion®, the
MacNeille completion, and for bounded lattices the canonical completion. See
Appendix A.8 for definitions.

For 7 C {A,V, 0,1}, a 7-lattice is a lattice, or lattice with one or both bounds,
whose basic operations are of type 7. A 7-homomorphism is a homomorphism
with respect to this type, and a 7-embedding is an injective 7-homomorphism.
As in Chapter 2 we will sometimes write h: K <. K’ to indicate that h is a

!Note that when K is a lattice without a least element the ideal lattice Idl(K) will not
be complete for want of a least element. Nevertheless, we will, with some minor abuse of
terminology, allow ourself to speak about the ideal completion also in such cases.
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T-embedding of 7-lattice K and K’. Similarly, we write K <, K’ to indicate
that there exists some T-embedding from the 7-lattice K to the 7-lattice K'.
Throughout this chapter we will assume that if C' is a completion type for a
class K of 7-lattices then C'(K) is also a 7-lattice and the embeddings ec: K —
C(K) preserve bounds the type of which belongs to 7, for each K € K. This
assumption is satisfied by the ideal, the MacNeille, and the canonical completions.

3.2.1. DEFINITION. Let 7 C {A,V,0,1}, L be a 7-lattice, K a class of 7-lattices
and C' be a completion type for L. Then L is (7, C)-transferable for K if for any
h: L —, C(K) where K € K, there is h': L <, K. If the embedding /' can be
chosen so that ec(h/(a)) < h(b) if, and only if, a < b for all a,b € L we say that L
is sharply (1, C)-transferable for KC. Finally, if A’ can be chosen so that h'(a) =
whenever h(a) = ec(z) for some a € L and x € K, we say that L is faithfully
(1, C')-transferable for K.

When the completion type C'is the ideal completion, MacNeille completion or
the canonical completion we will use the terms 7-ideal transferable, 7-MacNeille
transferable and T-canonically transferable, respectively, and when 7 = {A,V}
we will use the terms ideal transferable, MacNeille transferable and canonically
transferable, respectively. Similar conventions apply in the presence of the words
“sharply” and “faithfully”.

As we have seen, the finite lattices which are ideal transferable for the class
of all lattices are well understood. There are obvious examples of lattices L that
are MacNeille and canonically transferable for the class of all lattices. Any finite
chain, and the 4-element Boolean lattice provide examples. Since the property
of being modular is not a property of lattices which is preserved by MacNeille
completions [94] nor by canonical completions [147, 150], the pentagon Nj is
neither MacNeille nor canonically transferable for the class of all lattices. Infinite
chains can be problematic, as is seen by a simple cardinality argument. For
example the chain of real numbers embeds into the MacNeille completion of the
chain of rational numbers but of course not into the chain of rational numbers
itself. Such difficulties arise also with the traditional study of ideal transferability.
Therefore, in this chapter we will only consider transferability of finite lattices.

3.2.1 Transferability and preservation of clauses

Just as in Chapter 2 for every 7 C {A,V,0,1} and every finite lattice L we
can find a universal clause ¢,(L) in the language of T-lattices such that for any
7-lattice K we have that

K |~ ¢ (L) if, and only if, L —, K.

Given 7 C {A,V,0,1}, a class J of finite lattices and KC a class of 7-lattices we
define,
K(J)={KeK:VLe J (KE¢(L))}.
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When J is a finite set, say {Li,...,L,}, we write K. (Lq,...,L,) for the class
K(J). Thus K, (J) consist of the members of I not having any 7-sublattices
isomorphic to a member of 7. Typically, K will be a universal class of lattices
or a class of 7-lattice reducts of some variety of 7-lattice based algebras. In this
case the class IC,(J) is universal for any choice of 7 and J. When K is a class of
T-lattices and C is a completion type for I such that C'(K) belongs to K for all
K € K we say that K is closed under C-completions.

3.2.2. PROPOSITION. Let 7 C {A,V,0,1}, K be a class of T-lattices and C a
completion type for K. If J is any class of finite lattices (1,C')-transferable for
IC then K. (J) is closed under C-completions.

Proof:

Let K € K be given. If C(K) ¢ K.(J), then there is some L € J such that
K [~ ¢.(L). Consequently, L —, C(K) and so by the assumption that L is
(1, C')-transferable for K we have that L <, K. But then K }~ ¢, (L) and there-
fore K & K, (J). O

Proposition 3.2.2 thus provides a template for constructing (universal) classes
of lattices closed under different types of completions.

3.2.2 Relationships between notions of transferability

We first compare the finite ideal and canonically transferable lattices. For a
bounded lattice K, let K° denote the canonical completion of the lattice K, as
defined in [111].

3.2.3. PROPOSITION. Let K be a class of bounded lattices and let 7 C {A,V,0,1}.

If a finite lattice L is T-canonically transferable for IC, then L is T-ideal transfer-
able for K.

Proof:

Suppose that L is a finite lattice which is 7-canonically transferable for K and
assume that L —, Idl(K) for some K € K. The ideal lattice Idl(K) is isomor-
phic to the bounded sublattice of open elements of the canonical extension K?°
of K [111, Lem. 3.3], whence L —, K°. Therefore, by the assumption that L is
T-canonically transferable for the class K, we must have that L —, K, showing
that L is 7-ideal transferable for /C. O

We now compare the finite canonically and MacNeille transferable lattices.
Recall that for a lattice K we use K to denote the MacNeille completion of K.

3.2.4. PROPOSITION. Let K be a class of bounded lattices closed under ultrapow-
ers and let T C {A\,V,0,1}. If a finite lattice L is T-MacNeille transferable for KC
then L is T-canonically transferable for K.
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Proof:

Suppose that L is a finite lattice which is 7-MacNeille transferable for X and
assume that L <, K?° for some K € K. By [112, Thm. 3.2 there is an ultra-
power K¥ /U of K such that K° is isomorphic to a bounded sublattice of KX /U.
Consequently, L —, KX/U. By assumption K*/U belongs to K and hence
L —, K*/U. Therefore, K* /U satisfies the universal clause ¢,(L) associated
with L and, by Los§” Theorem, so does K. Thus, K has a 7-sublattice that is
isomorphic to L, showing that L is transferable for . O

For a lattice K, we let K* be the result of adding a least element to K if
it does not have one, and adding a greatest element to K if it does not have
one. Note that for a finite lattice L, there is a lattice embedding of L into K if,
and only if, there is a lattice embedding of L into K*. Following the convention
that the empty set is not an element of the ideal lattice, but is an element of the

MacNeille completion when viewed as a lattice of normal ideals, it is easily seen
that Idl(K) is a sublattice of Idl(K™) and K+ = K.

3.2.5. PROPOSITION. Let KC be a class of lattices closed under ultrapowers. If a
finite lattice L is MacNeille transferable for KC then L is ideal transferable for IC.

Proof:

Let K be a class of lattices which is closed under ultrapowers, and assume that
L is a finite lattice MacNeille transferable for IC. If there is a lattice embedding
L — Idl(K) then we also have a lattice embedding L — Idl(K™). As in the
proof of Proposition 3.2.3 we then obtain an embedding of lattices L — (K*)°.
Similarly to the argument in the proof of Proposition 3.2.4 we then obtain that
L is isomorphic to a sublattice of

(KH)X/U = (KX /U)* = KX/U.

By assumption K*/U € K and consequently we obtain a lattice embedding
L — K*/U. Finally, since L is finite Lo§’ Theorem gives an embedding L — K
of lattices. O

3.2.3 Transferability and ultrapowers

Recall, e.g., from [46, Def. 11.10.14] that an algebra is locally finite if all of its
finitely generated subalgebras are finite. Evidently, being locally finite as a lattice
is independent of whether the type of any existing bounds are taken to be part
of the type of the lattice.

3.2.6. THEOREM. Let 7 C {A,V,0,1}, K be class of T-lattices which are locally
finite as lattices and C some completion type for IC. If K is closed under C-
completions then the following are equivalent.



60 Chapter 3. MacNeille transferability

1. All finite lattices are (1,C')-transferable for .

2. For all K € K the completion C(K) is isomorphic to a T-sublattice of an
ultrapower of K.

Proof:

First assume that all finite lattices are (7, C')-transferable for . Let K € K
be given and let 7/ = 7 U {A,V}. Any algebra is an ultraproduct of its finitely
generated subalgebras [46, Thm. V.2.14|. By assumption C'(K) € K and as such
must be locally finite as a lattice and therefore also as a 7'-lattice. Consequently,
C(K) must be isomorphic to a 7/-sublattice of an ultraproduct of its finite 7'-
sublattices, say [[,.;L;/U. For each such 7'-sublattice L; of C'(K) we must
have that L; <, C(K) and hence by assumption L; <, K. From this we may
conclude that [[.., L;/U <, K!/U, see, e.g., [179, Prop. 4.2, and hence that
C(K) =, K!/U.

Now assume that for all K € K the completion C'(K) is isomorphic to a
T-subalgebra of an ultrapower of K. Then consider a finite lattice L such that
L —, C(K) for some K € K. By assumption there is an ultrapower, say KX /U,
such that C(K) <, K*/U. But then KX /U [~ ¢.(L) and so by Lo§” Theorem
K # ¢.(L), showing that L —, K. O

el

Since all distributive lattices are locally finite we obtain the following corollary
from Theorem 3.1.5.

3.2.7. COROLLARY. Let 7 C {A,V,0,1} with {A\,V} C 7. For any distributive
T-lattice D, there is an ultrapower DX /U of D such that 1dl(D) <, DX /U.

This corollary may be seen as a strong version of the Baker-Hales Theorem [14,
Thm. A], see Lemma 3.3.6 below, showing that for any lattice K the ideal lattice
[dl(K) is a homomorphic image of a sublattice of an ultrapower of K.

3.3 MacNeille transferability for lattices

In the rest of this chapter we will focus on 7-MacNeille transferability with respect
to several classes of lattices for different choices of 7 C {A,V,0,1}. In this section
we will consider finite lattices which are 7-MacNeille transferable for the class of
all T-lattices.

3.3.1 Transferability with both lattice operations

Our first result in this respect is an immediate consequence of a result due to
Harding [145] which states that any lattice can be embedded into the MacNeille
completion of a distributive lattice. Consequently, any lattice which is MacNeille
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transferable for a class of lattices containing the class of all distributive lattices
must be a sublattice of a distributive lattice and hence distributive.

3.3.1. THEOREM. Let K be a class of lattices containing the class of all distrib-
utive lattices. If L s a finite lattice MacNeille transferable for IC, then L is
distributive.

From Proposition 3.2.5 we obtain that any finite lattice which is MacNeille
transferable for the class of all lattices is also ideal transferable. Therefore, by
Theorem 3.1.2, it follows that if a finite lattice is MacNeille transferable for the
class of all lattices it must be a sublattice of a free lattice. Thus Theorem 3.3.1
entails that any finite lattice MacNeille transferable for the class of all lattices is a
finite distributive sublattice of a free lattice. Galvin and Jonsson [103] character-
ized the finite distributive sublattices of free lattices as exactly those that do not
contain a doubly reducible element, viz., an element that is both a non-trivial join
and a non-trivial meet. From this we obtain the following result as an immediate
consequence of Theorem 3.3.1.

3.3.2. COROLLARY. If a finite lattice is MacNeille transferable for the class of
all lattices, then it is distributive and has no doubly reducible elements.

3.3.3. REMARK. In fact, as one of the earliest results on ideal transferability
Grétzer [134] showed that any lattice which is ideal transferable for the class of
all lattices cannot have any doubly reducible elements.

Galvin and Jonsson [103] further characterized all distributive lattices that
have no doubly reducible elements. This will be of use in later considerations for
us as well. To state their result we will need the following definition.

3.3.4. DEFINITION. Let I be a set with a total order <;, and for each ¢ € I let
K, = (K;,<;) be a lattice. Then the linear sum, denoted @@; K;, of the family
{K;}ics is the disjoint union of the sets K; with the ordering < given by setting
a<biff a € K; and b € K; for some ¢ <; j, or a,b € K; for some ¢ and a <; b.

For any pair of lattices (K;, Ks) we write Ky @ K for the linear sum of the
family {K;, Ky} obtained from the total order 1 < 2. The operation (K;, Ks) —
K, ®Ks is evidently an associative operation and so we may unambiguously write
K, a&...®K,, for lattice Ky, ...,K,. In particular, for a lattice K, the lattice
1 ® K will be the result of adding a new bottom element 0 to K, the lattice K& 1
will be the result of adding a new top element 1 to K, and the lattice 1 8 K ® 1
will be the result of doing both.

3.3.5. THEOREM ([103]). A distributive lattice has no doubly reducible elements
if, and only if, it is a linear sum of lattices each of which is isomorphic to an
etght-element Boolean algebra, a one-element lattice, or 2 x C for a chain C.
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Consequently, the finite lattices MacNeille transferable for the class of all
lattices must be of the form @) | K; with each lattice K; either the Boolean
algebra 23, the one-element lattice 1, or the direct product 2 x C for some finite
chain C.

3.3.2 Transferability without both lattice operations

If instead of considering MacNeille transferability, i.e., 7-MacNeille transferability
for 7 = {A, V}, we consider 7-MacNeille transferability for 7 C {A,V,0, 1} such
that {A,V} € 7, the situation changes considerably. For what follows we will
need the following slight extension of a result of Baker and Hales [14].

3.3.6. LEMMA (cf. [14, Thm. A|). For a lattice K, there is a sublattice S of an
ultrapower KX /U of K and an onto lattice homomorphism h: S — IdI(K). If
K has a least (resp. greatest) element, then the least (resp. greatest) element of
KX /U belongs to S and is the only element of S mapped by h to the least (resp.
greatest) element of 1dl(K).

Proof:
We follow |14|. Let X be the set of all finite subsets of K partially ordered
by set inclusion. The collection of principal upsets of X is closed under finite
intersections and does not contain the empty set and may therefore be extended
to an ultrafilter, say U. Let M be the set of order-preserving maps from X to
K. Then M is a sublattice of K*. Let S be the image of M in K* /U under the
canonical projection. So the elements of S are equivalence classes o/U of order
preserving functions o: X — K. Define h: S — Idl(K) by letting h(c/U) be the
ideal generated by the image of o. In [14] it is shown that & is a well defined onto
lattice homomorphism.

If K has a least element 0, then the constant map from X to K taking value
0 belongs to M, and the equivalence class determined by this map is the least
element of KX /U. Since h is onto, it must map least element to least element.
If o: X — K is order preserving and h(o/U) is the least element of Idl(K), then
the ideal generated by the image of o is the zero ideal {0}, whence o must be
the zero function. So the least element of S is the only element mapped to the
least element of 1d1(K). Similarly, if K has a greatest element 1 then the greatest
element of KX /U is the equivalence class of the constant function 1. It belongs
to S, and since h is onto it maps greatest element to greatest element. Suppose
h(o/U) is the greatest element of IdI(K). Then the element 1 belongs to the ideal
of K generated by the image of o, and since o is order-preserving and the partial
order on X is in fact a lattice, 1 must be in the image of ¢. But then there is a
finite subset Ky C K with o(Kjy) = 1. Since o is order-preserving, o takes value
1 on the upset of X generated by K, hence o is in the equivalence class of the
constant function 1. O
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3.3.7. THEOREM. Let L be a finite distributive lattice and let 7 C {A,V,0,1}
be such that {\,V} € 7. Then L is 7-MacNeille transferable for the class of all
T-lattices.

Proof:

Assume K is a 7-lattice and that h: L —. K. By symmetry, we may assume that
7 does not contain V. We consider first the case that 7 does not contain A, i.e.,
7 C {0,1}. If K is finite, then K = K and there is nothing to show. Otherwise,
since L is finite, there is a T-embedding of L into K.

Assume that 7 contains A. Viewing the MacNeille completion K as a set of
normal ideals we have an embedding K — 01 1dl(Ky), where K is taken to be
the lattice 1K if K does not have a least element and K otherwise. We therefore
obtain a 7-embedding j: L <, Idl(Kg). By Lemma 3.3.6 we have an ultrapower
(Ko)* /U of Ky and a bounded sublattice S < (K)* /U with bounded lattice
homomorphism h: S — Idl(Kg). Thus we have a diagram

S — (Ko)X/U

L —— Id1(Ky)

of 7-homomorphism. Since L is distributive, by Theorem A.7.4, the meet semi-
lattice reduct of L is projective in the class of meet semi-lattices. Therefore, there
is a meet semi-lattice homomorphism ¢g: L. — S making the diagram

S (K)X/U
/ lh

commute. Since j is injective, so is ¢g. Since the composite h o g preserves the
bounds whose type belongs to 7, and h is injective on those bounds, this shows
that g preserves bounds whose type is in 7. Thus, S has a 7-sublattice isomorphic
to L, and hence so does (Kg)*/U. Therefore, the ultrapower (Ky)* /U refutes
the clause ¢,(L) associated with L, and hence by fLo§” Theorem, so does Kj,
whence L —, K. If Kqg = K, in particular if 0 € 7, then we must have L — . K.
Otherwise L <, 1 ® K, in which case K does not have a least element. In par-
ticular 0 € 7 and so we may conclude that also L —, K. O

3.3.8. REMARK. We note that the proof of Theorem 3.3.7 also shows that any
finite distributive lattice is 7-ideal transferable for the class of all 7-lattices when
T C{A,0,1}.
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From Propositions 3.2.2 and Theorem 3.3.7 it follows that if K is any class
of finite distributive lattice and 7 = {A,0, 1} then the universal class of Heyting
algebras H.A.(K) consisting of Heyting algebras not containing any 7-sublattice
isomorphic to a member of K is closed under MacNeille completions. This pro-
vides us with an alternative proof of the fact, first established by Ciabattoni,
Galatos, and Terui [58, Thm. 4.1], that structural clauses, i.e., universal clauses
in the {A, 0, 1}-reduct of the language of Heyting algebras, are preserved by Mac-
Neille completions of Heyting algebras.

3.3.3 Adding bounds

We conclude this section by discussing the addition of bounds to a given type.

For a lattice K and k € K, we can consider the principal ideals (Jk)x and
(4k)%- Using the abstract characterization of the MacNeille completion of a given
lattice as its, up to isomorphism, unique join- and meet-dense completion, it is
easily seen that (lk)k = (Jk)g. We say that a class K of lattices is closed under
principal ideals if for each K € K and each k € K, the lattice ({k)k belongs to
KC. Similarly, K is closed under principal filters if each (1k)k belongs to K.

For 7 C {A,V,0,1} we write 75 and 7, for the sets 7 U {0} and 7 U {1},

respectively. Similarly, we write 7y, for the set 7 U {0,1}.

3.3.9. PROPOSITION. Let L be a finite lattice, let T C {A,V,0}, and let K be
a class of T -lattices that is closed under principal ideals. If L is 7-MacNeille
transferable for IC, then L ® 1 is 7i-MacNeille transferable for KC. Similar results
hold for T C {A,V,1} and 1 & L when K is closed under principal filters, and
T C{N,V} and 1 L @ 1 when K is closed under both.

Proof:

We prove the result for 7 C {A, V, 0}, the case 7 C {A, V, 1} follows by symmetry,
and the result for 7 C {A, V} follows from these two results combined. Suppose
K e Kand h: L& 1 <, K for some K € K. Let T be the top of L and 1 be
the top of L @ 1. Then h(T) = z for some z < 1 in K. Since the MacNeille
completion is meet-dense, there is £ € K with x < k < 1. Then the restriction
h|L: L — (Jk)g = (Jk)k is a T-embedding. Since by assumption (Jk)k € K and
L is 7-MacNeille transferable for /C, there is a 7-embedding L — (|k)k. Since
k < 1, there is evidently also a 7-embedding of L ® 1 into K. O

3.3.10. REMARK. We note that (A, V, 0, 1)-MacNeille transferability is an elusive
concept when lattices are not of the form 1 @ L or L & 1, i.e., when the bottom
element is meet-reducible or the top element join-reducible. For the real unit
interval [0,1], the bounded lattice K = ([0,1] x [0,1]) \ {(1,0),(0,1)} has no
complemented elements other than the bounds, while its MacNeille completion
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K = [0,1] x [0,1] does. Thus, even the 4-element bounded lattice 2 x 2 is not
(A, V,0,1)-MacNeille transferable for the class of distributive lattices. We return
to this matter in the Section 3.5 on MacNeille completions of Heyting algebras
where it takes particular significance.

3.4 MacNeille transferability for distributive lat-
tices

One can consider MacNeille transferability for the class of distributive lattices.
However, since distributive lattices are not generally closed under MacNeille com-
pletions [94], to do so one would also have to consider non-distributive lattices.
Therefore, when establishing negative results we consider MacNeille transferabil-
ity for the class DM of distributive lattices whose MacNeille completions are
distributive. This class includes many well-known classes of lattice such as (the
lattice reducts of ) Heyting algebras, co-Heyting algebras, and bi-Heyting algebras.
Since MacNeille transferability for DM holds vacuously for any non-distributive
lattice, we consider only the case when a finite distributive lattice is MacNeille
transferable for DM.

In contrast to Theorem 3.1.5, which says that every finite distributive lattice
is ideal transferable for the class of all distributive lattices, we have the following.

3.4.1. THEOREM. There is a finite distributive lattice L that is not MacNeille
transferable for the class DM.

Proof:

Consider the lattices L, in Figure 3.1 at the left, and K, in Figure 3.1 at the
right. Here the shaded middle portion of K is ([0, 1] x [0,1]) \ {(0, 1), (1,0)}, the
product of two copies of the real unit interval with the “corners” removed. The
MacNeille completion K simply reinserts the missing “corners”, and there is a
lattice embedding of L into the distributive K. Using the fact that [0, 1] x [0, 1]
does not contain a sublattice isomorphic to an eight-element Boolean algebra and
(0,1} x [0,1]) \ {(0,1),(1,0)} does not have any complemented elements, it is
easily seen that L is not isomorphic to a sublattice of K. O

Before moving to some positive results, we note that a lattice being projective
in the class of distributive lattices is not the same as it being distributive and
projective in the class of all lattices. The finite lattices that are projective in the
class of distributive lattices are characterized in [17] as exactly those where the
meet of two join-irreducible elements is either join-irreducible or the least element
0, see Theorem A.7.1.
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L K

Figure 3.1: The distributive lattices L and K.

3.4.2. THEOREM. Let 7 C {A,V,0,1} with {0,1} € 7. FEvery finite lattice that
is projective in the class of distributive lattices is T-MacNeille transferable for the
class of all distributive T-lattices.

Proof:

Assume that 7 C {A, V,0}. Since the order dual of a projective distributive lattice
is again a projective distributive lattice the case where 7 C {A,V, 1} follows by
Symmetry.

Let P be a finite distributive lattice that is projective in the class of distribu-
tive lattices. Let K be a distributive 7-lattice with P <, K. By Theorem 3.3.7,
we have that P — . K, where 7/ = 7\{V}. Since P is projective among the dis-
tributive lattices, applying Proposition A.7.2 we obtain a 7-embedding P —, K.
O

Our next theorem will show that there are finite non-projective distributive
lattices that are MacNeille transferable for the class of distributive lattices. Let
D, be the seven-element distributive lattice that has a doubly reducible element
shown in Figure 3.2. Since the lattice D4 contains join-irreducible elements whose
meet is a non-zero join-reducible element it is not projective as a distributive
lattice.

3.4.3. THEOREM. The lattice Dy is MacNeille transferable for the class of dis-
tributive lattices.

Proof:

Suppose that K is a distributive lattice that does not contain D, as a sublattice.
We must show that K does not contain Dy as a sublattice. By Theorem 3.3.5,
K is a linear sum of lattices @; K; with each K; isomorphic to either an eight-
element Boolean algebra, a one-element lattice, or 2 x C for a chain C, for some
totally order set I. We describe the MacNeille completion of K.
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D,

Figure 3.2: A seven-element non-projective distributive lattice.

Let I denote the MacNeille completion of the totally order set I. For z € I,
let M, = K, if z € I, and let M, be a one-element lattice otherwise. Let 0, be
the least element of M, and 1, be the greatest element of M,. Set M = 7 M,.

IfSCMlet S"={zxel:SNM,#0}, and let z = \/75. Then it is
not difficult to see that \/y; (SN M.), where it is understood that the join of the
empty set in M, is 0., is the least upper bound of S in M. Similar remarks hold
for the greatest lower bound of S in M. Thus, M is complete and evidently K is
a sublattice of M.

We show that K must be a join- and meet-dense subalgebra of a quotient
of M. To this end define a special covering pair in M to be an ordered pair
(1,,0,) where x,y € I with x covered by y and either 1, ¢ K, or 0, ¢ K,.
This implies that 1, is join-irreducible in M, or 0, is meet-irreducible in M, or
both. Let 6 be the set of all special covering pairs together with the diagonal
of M?. It is easy to see that special covering pairs cannot overlap, and hence
the relation 6 is a lattice congruence on M. Evidently, M /6 is complete and K
may be identified with a sublattice of M/#. We claim that the quotient M /6
is the MacNeille completion of K. To see that K is join-dense in M/6 consider
a special covering pair (1,,0,) such that p = 0,/0 = 1,/6 does not belong to
the image of the embedding a — a/6 of K into M/#. Then 1, ¢ K, and so
1, must be the join in M, of the non-zero elements of the set K, showing that
p = V{a/0 : a € K,}. Similarly, 0, ¢ K, whence p = A{a/8 : « € K,}. If
a € M, for some z € I and a is not part of some special covering pair then it is
easy to see that a/0 = \/{b/0 :be laN K.} and a/0 = \{b/0 : b€ tan K,}. It
remains to consider elements of I\I. For z € I\I we have that z is the join of the
elements in [ strictly below it and the meet of the elements of I strictly above
it. Therefore, letting S = (J{K, : 2 >z € [} and &' = |J{K, : 2 <y € I}, for
a € M, we must have that a/0 = \/{b/6 : b € S} and a/0 = N\{b/0 : b € 5'}.
This shows that a — a/6 is indeed a join- and meet-dense embedding of K into
M/6.

It remains to show that K = M/f has no doubly reducible elements, and
hence does not have a sublattice that is isomorphic to D4. Along the way, we will
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show that M /@ is in fact distributive. Let z € I. Then M, is either a one-element
lattice, the MacNeille completion of an eight-element Boolean algebra, which is an
eight-element Boolean algebra, or 2 x C for some chain C. The MacNeille com-
pletion 2 x C depends on whether C is bounded. If it is, then 2 x C = 2 x C.
If C has a greatest, but no least element, then 2 x C = (2 x C) \ {(1,0g)},
and similarly if C has a least, but no greatest element. In any case 2 x C is a
sublattice of 2 x C. Therefore, each summand M, is distributive and has no
doubly reducible elements. Thus, M is distributive and has no doubly reducible
elements. In forming the quotient M/6 we only collapse covering pairs (1,,0,)
where either 1, is not a proper join, or 0, is not a proper meet, and hence intro-

duce no doubly reducible elements into the quotient. O

3.4.4. REMARK. Note that even though the lattice D4 is not projective in the

class of distributive lattices it is projective in the class of relatively complemented
lattices [250, Thm. 4.2].

Theorems 3.4.1 and 3.4.3 shows that MacNeille transferability for the class
of distributive lattices is rather different than ideal transferability for the class
of distributive lattices. However, it is not clear how robust Theorem 3.4.3 is, in
the sense that the argument provided cannot easily be adapted to show that the
lattice Dy is 7-MacNeille transferable for the class of all bounded distributive
lattices when 7 contains one or more bounds.

3.5 MacNeille transferability for Heyting algebras

In this section we consider 7-MacNeille transferability for the class H.A of Heyting
algebras for 7 = {A,V,0,1}. Here we treat members of H.A as bounded lattices
and note that the notion of MacNeille transferability does not involve the Heyting
implication. Since the MacNeille completion of a Heyting algebra is distributive,
and in fact is a Heyting algebra, see [16, p. 238] or [151, Thm 2.3], results of the
previous section also apply to the class of Heyting algebras as well.

Using Theorem 3.4.2, Proposition 3.3.9, and the fact that for a Heyting algebra
K each principle ideal (|k)kx and filter (k) are Heyting algebras, gives the
following result.

3.5.1. THEOREM. For a finite distributive lattice P that is projective in the class
of distributive lattices, the lattices 1P and P®1 are (A, V, 0, 1)-MacNeille trans-
ferable for HA, and for the seven-element distributive lattice Dy of Figure 3.2,
the lattice 1 @ Dy @ 1 is (A, V,0,1)-MacNeille transferable for H.A.

We consider a closely related result, but one that to the best of our knowledge
requires a completely different approach.
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3.5.2. THEOREM. For the seven-element distributive lattice Dy shown in Fig-
ure 3.2, the lattice Dy @ 1 is (A, V, 0, 1)-MacNeille transferable for H.A.

Proof:

Let K be a Heyting algebra and suppose there is a bounded sublattice of K
isomorphic to Dy @ 1. Then there are normal ideals P, Q), R, S of K situated as in
Figure 3.3. We will show that K has a bounded sublattice isomorphic to D, & 1.
If there are 0 < p; < p € Pand 0 < ¢ < q € @, then since PAQ = 0 we

1

Figure 3.3: The lattice D, ® 1 as a bounded sublattice of K

have that p A ¢ = 0, hence also that p; A ¢ = 0. Furthermore, it follows from
applications of the distributive law that

(pVa)A(gVp)=(@Va)AgV((pVa) Ap)
=((pAg)V(ang) V(AP V(g Apr))
=O0Vaq)V(pVo)

=pVa

Consequently, {0, p1,q1,p1 V ¢1,0V q1,q V p1,p V ¢, 1} is a bounded sublattice of
K isomorphic to Dy & 1.

Thus it remains to consider the case where one of the normal ideals P and
Q, say without loss of generality P, is an atom of K. In this case P = |p for
some atom p of K. Choose r € R\ S and s € S\ R with p < r;s. Since
K is a Heyting subalgebra of K, see, e.g., [151, Sec. 2|, the pseudo-complement
—p of p in K is the pseudo-complement of p in K. Therefore, =p > Q, giving
pV-p>PVEQ=RANS>rAs. It follows that

pV(rAsA=p)=((pV(rAs)ApV-p) =@TAs)A(PV-p) =rAs.

Thus, as p A (r A s A —=p) = 0 we see that {0,p,r AsA—p,rAs,rs,rVs,1}isa
bounded sublattice of K isomorphic to D4 @ 1. O
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3.5.3. REMARK. Note that in the proof of Theorem 3.5.2 we only made use of
the existence of pseudo-complements and the fact that the embedding a Heyting
algebra into its MacNeille completion preserves pseudo-complements. Since the
MacNeille completion of any pseudo-complemented lattice is again pseudo-com-
plemented and the embedding into the MacNeille completion preserves pseudo-
complements we may in fact conclude that the lattice Dy @1 is (A, V, 0, 1)-trans-
ferable for the class of all pseudo-complemented lattices.

To make further progress with positive results, we consider more restrictive
classes of Heyting algebras. We will make use of Esakia duality for Heyting
algebras, see, e.g., [87, 24] or Appendix A.6. For the Esakia space X of a Heyting
algebra K, the maximum of X, denoted max(X), is the set of maximal elements
of the underlying poset of X.

3.5.4. DEFINITION. Let K be a Heyting algebra with dual Esakia space X and
let n > 1 be a natural number. We say that K and X

(i) have width n if n is the maximal cardinality of an anti-chain in X,
(ii) have top width n if n is the cardinality of the maximum max(X) of X.

We say that K and X have finite (top) width if they have (top) width n for some
natural number n. We let H.A, denote the class of Heyting algebras of finite
width, and HA; the class of Heyting algebras of finite top width.

Let K be a Heyting algebra. We call S C K orthogonal if a A b = 0 for any
distinct a,b € S. An element a of K is regular if a = ——a. Since the regular
elements form a Boolean algebra Rg(K) that is a (A, 0)-subalgebra of K, see Ap-
pendix A.5, an orthogonal set in Rg(K) is an orthogonal set in K. The following
two lemmas are easily proved, see, e.g., [25, Thm. 7.5(1) and Thm. 7.5(3)].

3.5.5. LEMMA. Let K be a Heyting algebra and n > 1 a natural number. Then
K has width at most n if, and only if, the algebra 2" is not isomorphic to a
sublattice of K.

3.5.6. LEMMA. Let K be a Heyting algebra and n > 1 a natural number. The
following are equivalent.

~

The algebra K has top width at most n.

do

The algebra 2" @ 1 is not isomorphic to a bounded sublattice of K.
3. The mazimal cardinality of an orthogonal set in K is at most n.

4. The cardinality of the algebra Rg(K) is at most 2".
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If a finite distributive lattice D is MacNeille transferable for HA, i.e., 7-
MacNeille transferable for 7 = {A,V}, then by definition it is also MacNeille
transferable for HA,. The converse holds as well, since D is a sublattice of a
finite Boolean algebra, hence of any Heyting algebra that is not of finite width.
Similar reasoning shows that D & 1 is MacNeille transferable for H.A; if, and only
if, D @ 1 is MacNeille transferable for H.A. However, the notion of (A, V,0,1)-
MacNeille transferability for H.A,, and H.A; differs from that of HA. We begin
with the following, first recalling that an element a in a Heyting algebra A is
complemented if a N\ —a = 0, or equivalently —=—a = a.

3.5.7. LEMMA. If K is a Heyting algebra of finite top width, then the comple-
mented elements of the MacNeille completion K belong to K.

Proof:

Let x be a complemented element of K. Since K is a Heyting subalgebra of
K, for a € K, we have that —a is the pseudo-complement of ¢ in both K and
K. Suppose ¢ < z. Then a < ——a < =—z = x and hence the normal ideal
N ={a € K : a < 2} must be generated by the regular elements of K below
x. Since K has finite top width, by Lemma 3.5.6, there are only finitely many
regular elements of K. The regular elements of K form a join semi-lattice with
——(a V b) the least upper bound of a,b in Rg(K). Consequently, there must be a
largest regular element in NV, showing that N is a principal ideal of K. Since K
is join-dense in K, we have z = \V/ N, hence z € K. O

3.5.8. REMARK. Lemma 3.5.7 may be false without the assumption of finite
top width as is seen by considering the MacNeille completion of an incomplete
Boolean algebra.

3.5.9. THEOREM.

1. The class of finite lattices that are (A, V, 0, 1)-MacNeille transferable for the
class HA; is closed under finite products.

2. The class of finite lattices that are (A, V,0,1)-MacNeille transferable for the
class HA,, is closed under finite products.

Proof:

Let D; and Dy be finite lattices that are (A,V,0,1)-MacNeille transferable for

HA;. Suppose that K € HA, and h: D; x Dy — K is a bounded lattice

embedding. Let h(1,0) = z and h(0,1) = y. Then z,y are complemented

elements of K, and since K is of finite top width, Lemma 3.5.7 implies z,y € K.
The restrictions h|l(1,0): }(1,0) — (Jx)g and h|}(0,1): L(0,1) — (Jy)g

are bounded lattice embeddings. But [(1,0) and }(0,1) are isomorphic to D,
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and D, respectively, while (Jz)g and (Jy)g are isomorphic to ({x)k and (ly)k
respectively. Since D; and Dy are (A, V, 0, 1)-MacNeille transferable for the class
H.A; and the Heyting algebras (/x)k and ({y)k belong to H.A,, there are bounded
sublattices of (Jx)kx and ({y)k isomorphic to D; and D, respectively. Since K
is isomorphic to (Jz)k X ({y)k, we may conclude that K has a bounded sub-
lattice isomorphic to D; x Dy. The argument for H.A,, is identical, using that

HA, C HA,. O

As we will see below, the class of finite lattices that are (A, V, 0, 1)-MacNeille
transferable for H.A is not closed under binary products. In fact, Theorem 3.5.12
shows that the product of any two non-trivial finite distributive lattices is not
(A, V,0,1)-MacNeille transferable for the class H.A. Thus, the results of Theo-
rem 3.5.9 fail if we replace H.A; or HA, by HA. To establish this we require a
preliminary definition and lemma.

Let Ty,..., T, be trees with respective roots ri,...,7r,. Suppose for each
i € {2,...,k — 1} there are two distinct maximal nodes t; and ¢ of the tree T;
such that ¢/, =tland T,_, NT; = {t7_,}, and T,NT; =0 for j ¢ {i —1,4,i+ 1},
as shown in Figure 3.4.

r r
tk72 tkfl

Tk—1 Tk

Figure 3.4: A tree sum of posets.

Let T be the union of the trees T;. Any poset of this form is called a tree sum.
The following very simple tree sums will play an important role.

3.5.10. DEFINITION. For a natural number n > 1 let S,, be the finite connected
poset shown in Figure 3.5.

3.5.11. LEMMA. For each finite connected poset P, there is a natural number
n > 1 and an order-preserving map from S, onto P.

Proof:
By [30, Lem. 16], for every finite connected poset P there is a tree sum T such
that P is the image of T under an order-preserving map. Therefore, without loss



3.5. MacNeille transferability for Heyting algebras 73

Y1 Y2 Yn—1 Yn
T X2 Tp—1 Tp

Sh

Figure 3.5: The poset S,,.

of generality, we may assume that PP is a tree sum, say Ule T;, with nodes labeled
as in Figure 3.4. We then define recursively

ny = |T1|—1
ni1+|T;| —2 for2 <i<k.

n;

Let n = nj and define an order-preserving map f: S, — P as follows. Let f
map Y1, .. ., Yn,_1 bijectively onto Ty \ {r1,t5}. The exact nature of this bijection
is irrelevant. Let f map z1,...,z,, to r; and y,, to tlQ. Foreach2 <i < klet h
MAap Yn. 41, -, Yn,—1 bijectively onto T; \ {r;, ¢\, 17}, map .., 11,...,ZTn, tO 14,
and map y,, to t]. Finally, let f map y,, ,+1, ...,y bijectively onto Tj,\{rs, t;,_,}
and map z,, ,+1,...,%, to 7,. Then f is the desired map. O

3.5.12. THEOREM. Any finite distributive lattice (A, V,0,1)-MacNeille transfer-
able for the class HA is directly indecomposable.

Proof:

We first consider the case of a finite directly decomposable distributive lattice D
of the form D x Dy with D; and D, directly indecomposable. We will construct a
Heyting algebra K such that D is isomorphic to a bounded sublattice of K but not
to a bounded sublattice of K. This will show that D is not (A, V, 0, 1)-MacNeille
transferable for H.A.

To this effect let X be the Esakia space whose domain is the countable set
{4, yi,wi, z; 1 > 1} U {oo} topologized as the one-point compactification of the
discrete topology on {z;,y;,w;, z; : © > 1} with compactification point oo and
whose ordering is as shown in Figure 3.6.

Let K be the Heyting algebra of clopen upsets of X. Since @ and X are the
only clopen upsets of X that are also downsets, the only complemented elements
of K are the trivial elements 0,1. Thus K has no non-trivial complemented
elements and consequently D is not isomorphic to a bounded sublattice of K

It is easy to see that K is in fact a bi-Heyting algebra. Therefore, the elements
of the MacNeille completion of K are the regular open upsets of X, see [151,
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Y1 Y2 22 21

Ty T2 Wy Wy

X

Figure 3.6: The Easkia space X.

Thm. 3.8]. It follows that {x;,y; : ¢ > 1} and {w;,2; : @« > 1} are the new
complemented elements of K. Thus, letting X denote the dual Esakia space
of the algebra K we see that this space is isomorphic to a space with domain
{2, yi, w;, z; 11 > 1} U{001, 009} topologized as the two-point compactification of
{x;,yi,w;, 2 : i > 1}. Consequently, X is the disjoint union of two Esakia spaces
X7 and X5, each of which carries the topology of the one-point compactification
of the discrete topology on {x;,y; : i > 1} and {w;, z; : i > 1}, respectively; see
Figure 3.7.

Y1 Y2 29 2

/\/\/\/\ L /\/\/\/\

T T2 Wy W1

Figure 3.7: The Esakia space X.

To show that D is isomorphic to a bounded sublattice of K, by duality, it
is suffices to show that the Esakia dual Y of D is a continuous order-preserving
image of X. Since D is a product of two finite directly indecomposable distributive
lattice its dual Esakia space must be discrete and order-disconnected. Let Y =
Y1 UY5 be the decomposition of the dual space Y of D into its two order-connected
components Y; and Y5.

We show that there is a continuous order-preserving map from X onto Y.
By Lemma 3.5.11, there are natural numbers n; and n, together with order-
preserving onto maps f1: .S,, — Y; and fo: S,, — Y5. We have that X is the
disjoint union of X; and X5 and we can regard S,, as a subposet of the underlying
poset of X; and S,,, as a subposet of the underlying poset of X, in the obvious
way. Let m; be a minimal element of Y; that is below fi(y,,) and let my be a
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minimal element of Y5 that is below f5(y,,). Define

fi(s) ifs€ S,
fa(s) if s € Sy,
my if s € X7\ Sy,
ms  if s € Xo\ Sy

fls) =

Then f is the desired continuous order-preserving map from X onto Y, showing
that D is a bounded sublattice of K.

The general case may then be established as follows. Consider a finite directly
decomposable distributive lattice D of the form [] , D;, with n > 3 and each
factor D; directly indecomposable. By the above D; x D5 is a bounded sublattice
of K. Therefore, letting D" be the direct product []}_, D; we must have that D
is isomorphic to a bounded sublattice of the Heyting algebra K x D’ = K x D/,
but not to a bounded sublattice of K x D’. This shows that the lattice D is not
(A, V,0,1)-MacNeille transferable for the class H.A. O

To conclude this section, we give an example which shows that even in the
setting of Heyting algebras, sharp MacNeille transferability and MacNeille trans-
ferability is not the same.

3.5.13. PROPOSITION. The lattice Dy of Figure 3.2 is not sharply MacNeille
transferable for the class HA.

Proof:
Let K’ be the sublattice of the Euclidean plane R? with domain

{(z,y) | 0<2r<1,0<y <z}U{(r,y) |1 <2<2,0<y <1}

and let K be the quotient of the lattice K'@®22, displayed at the left in Figure 3.8,
obtained by identifying the greatest element of lattice K’ with the least element
of lattice 22. Tt is routine to verify that K is a Heyting algebra. The MacNeille
completion K of K inserts the “missing” line {(1,5) € R? | 0 < y < 1}. The
black circles in the picture of K at right in Figure 3.8 define a lattice embedding
h from D, into K. Suppose there is a lattice embedding #': D, — K that is
sharp, meaning that h'(a) < h(b) if, and only if, a < b, for all a,b € D,. Recall
that Dy is a quotient of the linear sum of two four-element Boolean algebras.
Because h' is sharp, the maps h and A’ must agree on the top element and the
two co-atoms of D4. Consequently, A’ must map the doubly reducible element
of Dy to the element (2,1) of K. Since h: Dy < K maps the bottom element
of Dy to the element (1,0), it follows that A': Dy, — K must map the bottom
element of Dy to some element (a,0) of K with a < 1. However, there do not
exist elements in K whose meet is (a, 0) for some a < 1 and whose join is (2,1). O
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— O -----

~
~

Figure 3.8: The Heyting algebras K and K as sublattices of the Euclidean plane.

3.5.14. REMARK. The lattice D4 also plays a central role in the work of Weh-
rung [250] where it is shown that Dy is sharply ideal transferable for a variety of
lattice V if, and only if, V is contained in the variety of lattice generated by the
class of all lattices of length 2.

3.6 MacNeille transferability for bi-Heyting alge-
bras

Restricting attention to the class biH.A of bi-Heyting algebras, stronger results
of a positive nature can be obtained. Recall that a Heyting algebra K is a bi-
Heyting algebra if the order dual of K is also a Heyting algebra. We note that the
property of being a bi-Heyting algebra is preserved under MacNeille completions,
see, e.g., [151]. Recall further that a subset U of a topological space X is regular
open provided that IC(U) = U, where | and C denote the interior and closure
operator on X, respectively.

3.6.1. LEMMA. Let X be an Esakia space of finite width. If U,V are reqular open
upsets of X, then so is the union U UV

Proof:
Suppose the width of X is n. Then, by [72, p. 3|, X can be covered by n
maximal chains C,...,C,. By [87, Lem. II1.2.8], each of these maximal chains

are closed in X. To show that U UV is regular open, it is enough to show that
IC(UUV)CUUV.

Let x € IC(UUYV). Then there is a clopen set F with z € F C C(UUV) =
COYUCV). Let S={i<n:zxzeC}and T ={i <n:z ¢&C;}. Consider the
following statement

UNC; CC(V) foreachieS. ()

Suppose (*) holds. Then since D := | J{C; : i € T'} is a closed set and = & D,
there is a clopen F’ with z € ¥ C F C C(U) U C(V) and F’ disjoint from
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D. In particular, F/ C (F'NC(U)) U C(V). Since C; U---U C, covers X and
F’ is disjoint from D, and hence disjoint from each C; = C(C;) for i € T, we
have F'NCU) = (H{F' N CUNC;) : i € S}. Then condition (%) gives that
F'nC(U) C C(V), hence F" C C(V). Thus, x € IC(V) = V.

Suppose that the condition (x) does not hold. Then there is i with z € C; and
UNC; £ C(V). Let y € UNC; with y ¢ C(V). Note that if z € U, then a fortiori
x € UUV. On the other hand if x € U, then since z,y belong to the chain C;
and U is an upset, we must have x < y. Since y ¢ C(V), there is a clopen G
with y € G and G disjoint from V. So G is disjoint from C(V'). Since X is an
Esakia space and V' is an upset, C(V') is an upset, see, e.g., [151, Lem. 3.6(3)].
Therefore, the fact that G is disjoint from C(V') implies that the clopen set |G is
disjoint from the closed up C(V'). Thus, F” = F N ]G is a clopen neighborhood
of x disjoint from C(V'). Since F” C F C C(U) U C(V), we have F” C C(U).
Consequently, z € IC(U) = U. O

3.6.2. PROPOSITION. If K is a bi-Heyting algebra of finite width, then K is a
bounded sublattice of 1d1(K).

Proof:

Let X be the dual Esakia space of K. It is well known that Idl(K) is isomor-
phic to the lattice of open upsets of X, and since K is a bi-Heyting algebra, by
[151, Thm 3.8], K is isomorphic to the lattice of regular open upsets of X. By
Lemma 3.6.1, the lattice of regular open upsets of X is a bounded sublattice of
the lattice of open upsets of X. O

3.6.3. REMARK. Note that the assumption of finite width cannot be dropped
from Proposition 3.6.2 as for example considering the dual Stone spaces of in-
complete infinite Boolean algebras shows.

As a consequence, we obtain the following, letting biH.A,, denote the class of
bi-Heyting algebras of finite width.

3.6.4. THEOREM. Let D be a finite distributive lattice.

1. The lattice D is simultaneously sharply and faithfully MacNeille transferable
for the class biHA,,.

2. The lattice D is MacNeille transferable for the class biHA.

Proof:
If K is a bi-Heyting algebra of finite width and h: D < K is a lattice embedding,
then since K is a sublattice of Idl(K) by Proposition 3.6.2, we have a lattice
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embedding h: D — Idl(K). Then simultaneous sharp and faithful MacNeille
transferability follows directly from Theorem 3.1.5.

That D is MacNeille transferable for the class of all bi-Heyting algebras then
follows from the fact that D is a sublattice of a finite Boolean algebra, and hence
by Lemma 3.5.5, of any bi-Heyting algebra of infinite width. O

For any finite lattice L, being simultaneously sharply and faithfully Mac-
Neille transferable with respect to a class of bounded lattices K entails that L is
(A, V, 0, 1)-transferable with respect to K. Thus, we obtain the following corollary.

3.6.5. COROLLARY. Any finite distributive lattice is (A, V, 0, 1)-transferable with
respect to the class of bi-Heyting algebras of finite width.

This together with Theorem 3.2.6 yields the following result.

3.6.6. COROLLARY. If K is a bi-Heyting algebra of finite width then K is iso-
morphic to a bounded sublattice of an ultrapower of K.

3.7 Canonicity and elementarity

In this section we will show how classes of finite distributive 7-canonically and
7-MacNeille transferable lattices give rise to varieties of Heyting algebras which
are canonical and elementarily determined, respectively. This will allow us to
obtain results about 7-stable logics in Section 3.8. As we are concerned with
applications to (A,0,1)- and (A, V,0,1)-stable intermediate logics we will here
mainly focus on the cases 7 = {A,0,1} and 7 = {A,V, 0, 1}.

3.7.1 Transferability and canonicity

We show how 7-canonical transferability can be used to establish canonicity of
varieties of Heyting algebras. If A is a Heyting algebra then the canonical com-
pletion A? is also a Heyting algebra and A is not only a sublattice, but in fact a
Heyting subalgebra, of A°, see, e.g., [109, Prop. 2|.

3.7.1. PROPOSITION. Let 7 C {A,V,0,1} and let J be a class of finite dis-
tributive lattices which are all T-canonically transferable for the class of Heyting
algebras. Then the variety of Heyting algebras generated by the class HA(J) is
canonical.

Proof:

Since all members of J are 7-canonically transferable for the class of Heyting
algebras, we obtain that the class H.A,(J) is closed under canonical completions
by Proposition 3.2.2. Evidently, H.A,(J) is a universal class of Heyting algebras
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and by [111, Thm. 6.8] any universal class closed under canonical completions
generates a canonical variety. O

By Proposition 3.7.1 any finite lattice which is 7-MacNeille transferable for
the class of all Heyting algebras is also 7-canonically transferable for the class of
all Heyting algebras, whence we obtain the following corollary.

3.7.2. COROLLARY. Let T C{A,V,0,1} and let J be a class of finite distributive
lattices which are all T-MacNeille transferable for the class of Heyting algebras.
Then the variety of Heyting algebras generated by the class HA,(J) is canonical.

We will show that the assumption in Proposition 3.7.1 that J is a class of
finite distributive lattices which are all 7-canonically transferable for the class of
all Heyting algebras can be replaced with a weaker assumption.

3.7.3. DEFINITION. We say that a Heyting algebra is pseudo-finite if it is a model
of the first-order theory, in the language of Heyting algebras, of the class of all
finite Heyting algebras. Given a class of Heyting algebras K we let K/ denote
the class of pseudo-finite members of K.

3.7.4. REMARK. It is not difficult to see that the property of being the reduct of a
co-Heyting algebra is expressible in the first-order language of lattices. Thus as all
finite Heyting algebras are (reducts of) bi-Heyting algebras so are all pseudo-finite
Heyting algebras. Similarly, it can be shown that any element in a pseudo-finite
Heyting algebra must be the join of the join-irreducible elements below it and the
meet of the meet-irreducible elements above it.

The following lemma is essentially a variation of [111, Thm. 6.8]. Recall that
for a class of algebras K we write Ky and Ky, for the classes of subdirectly
irreducible and finitely subdirectly irreducible members of K respectively.

3.7.5. LEMMA. Let V be a wvariety of Heyting algebras generated by its finite
members. If A° €V for all A € Vfif, then V is canonical.
Proof:
Consider A € V and let K = |A|. Then A is a homomorphic image of the freely
r-generated V-algebra Fy (k). Since by assumption V is generated by its finite
members the algebra Fy(x) embeds into a direct product of finite subdirectly
irreducible members of V, say [],.; A;. Since canonical completions of Heyting
algebras preserve surjective and injective homomorphisms [111, Thm. 5.4] the
algebra A’ is a homomorphic image of a subalgebra of the algebra ([],.; A;)°.
Let 5(I) be the set of all ultrafilters over the set I. As the dual Stone space
of the Boolean algebra p(I) the set 5(I) carries a Stone topology. In fact, the

direct product [[,.; A; has a Boolean product representation over §(I), with
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stalks Ay given by the ultraproduct []..; A;/U, for each U € 3(I), see, e.g.,
[115, Thm. 3.17].

The canonical completion of a Boolean product is the direct product of the
canonical completions of the stalks, see, e.g., [111, Lem. 6.7], whence,

(H Ai)é =11 )Ag.

icl Uep(I

By Lo$” Theorem the algebra Ay is evidently pseudo-finite for each U € S([).
Similarly, since the property of being a subdirectly irreducible Heyting algebra
is first-order definable in the language of lattices Ay € sz, for all U € B(1).
Consequently, by assumption A%, € V for all U € (I), showing that (ILies A)°
and therefore also A° belongs to V. O

In the rest of this section we will focus on the case 7 = {A,0,1} or 7 =
{Nn,V,0,1}.

3.7.6. LEMMA. Let 7 be either {A\,0,1} or {A,V,0,1}. IfV is a variety of Hey-
ting algebras generated by the universal class HA(J), for some class of finite
distributive lattices T, then Vi, C HA(J).

Proof:
In case 7 = {A,0,1} this follows from Lemmas 2.2.6 and 2.2.10 and in case
T ={A,V,0,1} from |29, Prop. 5.1, Claim. 5.2|. 0

3.7.7. PROPOSITION. Let 7 be either {A,0,1} or {A,V,0,1}, let T be a class of
finite distributive lattices, and let V the variety of Heyting algebras generated by
the universal class HA.(J). If all members of J are T-canonically transferable
for the class Vflf, then the variety V is canonical.

Proof:

That V is generated by its finite members follows from Theorem 2.2.5. Thus by
Lemma 3.7.5 it suffices to show that A% € V for all A € V¥,

Let A € V¥ be given. If A% ¢ V then A° ¢ HA,(J) C V. But then there will
be D € J such D <, A’. Since A is subdirectly irreducible, by Lemma 3.7.6, we
must have that A € HA.(J), whence D <. A. This is in direct contradiction
with the assumption that all members of 7 are T-canonically transferable for the
class V. O

Since for any variety of Heyting algebras V the class Vflf is closed under ultra-
powers combining Propositions 3.7.7 and 3.7.1 we obtain the following corollary.
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3.7.8. COROLLARY. Let 7 be either {N,0,1} or {A,V,0,1}, let J be a class of
finite distributive lattices, and let V the variety of Heyting algebras generated by
the class HA(J). If all members of J are T-MacNeille transferable for the class
VI then the variety V is canonical.

st 7

3.7.2 Transferability and elementarity

We show how classes of finite distributive lattices 7-MacNeille transferable for
the class of all Heyting algebras give rise to elementarily determined varieties
of Heyting algebras. Recall that a variety of Heyting algebras V is elementarily
determined if there exists a first-order definable class of posets F such that V
is generated by the class F© = {P* : P € F}, where P* denotes the dual
Heyting algebra of upsets of the poset P. It is well known that being elementarily
determined implies being canonical, see, e.g., [51, Thm. 10.22]|.

A version of the following theorem for Boolean algebras with operators can
be found in Givant {123, Thm. 1.35]. We supply a proof of the analogous result
for Heyting algebras.

3.7.9. THEOREM (cf. [127, Lem. 3.6.5]). Let {P;: i € I} be a set of posets and
let U be an ultrafilter on I. Then,

HJP+ JU = (HP /U>
el el

Proof:

The algebra (HzeI]P’ JU)" is evidently complete and so it suffices to show that

[Le, P /U is join- and meet-dense in ([[,.,; P;/U)*. To this end we define a map
he [Ler P /U = (ILe; Pi/U)™ as follows,

h(A/U) = {p/U € [[Pi/U: [p e N] € U},
icl
where [p € \] denotes the set {i € I : p(i) € A(i)}. Note that if p/U = ¢/U and
AU = ¢ /U then we have that [p € \] € U if, and only if, [¢ € o] € U, hence h
does in fact define a function from [],., P/ /U to the povverset of [[,c;Pi/U. To
see that h(A\/U) is indeed an upset for all A € []..,; Pi let p/U > q/U € h(\/U).
Then letting [¢ < p] denote the set {i € I : q(i) < p(i)} we see that

[per]2[g<plnlaeA] €U,

and hence p/U € h(A/U). This shows that h is a well-defined function from
[Le;PH/U to ([1,c;Pi/U)". Moreover, h is easily seen to be an order embedding.
Given V € (J[,c;P;/U)" we have that

V=\/{tp/U):p/U €V} and V= AN{(L(p/V)) :p/U &V}
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Thus it suffices to show that the upsets of ([[,.; P;/U)" of the form 1(p/U) and
(L(p/U))¢ are in the image of the map h.
Given p € [[,c; Pi, we define \,o € [[,,

A(t) =tp(i) and  o(i) = (Ip(2))",

and hence we obtain elements A/U,0/U €[], ;P /U. We then observe that

hAU) ={q/U € [[Pi/U: [a € N] € U}

el

P} as follows

={g/Ue]]P/U:[p<q] €U}
icl
={q/U € [[P:/U : p/U < q/U} = 1(p/V),
icl
and similarly, letting [¢ € p] denote the complement of the set [¢ < p] we see
that

h(o/U) = {q/U € HR/U: [q € o] € U}
={q/U € HR-/U: [ £ p] € U}
={q/U € HlP’i/Urp/U £ q/U} = (L(p/U))",

which concludes the argument. O

3.7.10. PROPOSITION (cf. [129, Cor. 3.2| and [112, Thm. 4.10]). LetU be a uni-
versal class of Heyting algebras such that A € U for all bi-Heyting algebras A € U,
then

U ={P:P"ecu}

15 an elementary class of posets.

Proof:

The class U~ is evidently closed under isomorphisms. For any poset P the algebra
Pt is in fact a bi-Heyting algebra. Moreover the property of being a bi-Heyting
algebra is preserved by the formation of ultraproducts. Thus by Theorem 3.7.9
the class U~ is closed under the formation of ultraproducts and reflects ultra-
powers, i.e., IP belongs to U~ whenever some ultrapower of P does. It is a classic
result from model theory, see, e.g., [157, Cor. 8.5.13|, that these three properties
characterize the first-order definable classes of structures in a give language. O

We conclude this section with a theorem which will play an important role in
the following section.
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3.7.11. THEOREM (cf. [112, Thm. 3.8|). Let 7 be either {A,0,1} or {A,V,0,1},
let J be a class of finite distributive lattices, and let V the variety of Heyting
algebras generated by the universal class HA(J). If all members of K are T-
MacNeille transferable for the class of bi-Heyting algebras belonging to Vi, then
the variety V is elementarily determined and hence canonical.

Proof:

By Theorem 2.2.5 the variety V will be generated by its finite members. In par-
ticular, letting U/ be the universal class Vy,; we must have that V' is generated by
the class {P*: P e U™}, where U~ = {P: PT € U}. Thus it suffices to show that
U~ is elementary and hence by Proposition 3.7.10 that A € U for all bi-Heyting
algebras A € U. Therefore, let A € U be a bi-Heyting algebra. If A ¢ U = Vj,
then, since the property of being finitely subdirectly irreducible is preserved by
passing to the MacNeille completion, A ¢ V and therefore A ¢ HA.(J). Con-
sequently, we must have D € J such that D <, A. Since by assumption D is
7-MacNeille transferable for the class of bi-Heyting algebras belonging to Vi, it
follows that D <, A. By Lemma 3.7.6 we have that Vi; C HA.(J) and hence
D 4. A, which is a contradiction. We may therefore conclude that A ¢ /. O

3.8 Connections to logic

In this section we will show how the results obtained so far relate to intermediate
logics. Recall from Chapter 2 that an intermediate logic L is 7-stable for some
T C{A,V,0, 1} provided that the corresponding variety of Heyting algebras V(L)
is generated by a 7-stable class of Heyting algebras.

We have already seen, Proposition 2.3.1, that all (A, 0, 1)-stable logics are
canonical and elementarily determined. Using the method developed in this chap-
ter we will establish analogous results for (A, V,0, 1)-stable logics [25, 29, 164].
Unlike (A, 0, 1)-stable logics it is still not known whether all (A,V,0,1)-stable
logics are elementarily determined [164, Prob. 2| or even canonical [164, Prob. 1].
We will establish some partial results related to these problems and point to some
strategies for a positive solution.

For a natural number n > 1 we let BTW,, and BW,, denote the varieties
of Heyting algebras generated by the class of Heyting algebras of top width at
most n and width at most n, respectively. We let BTW,, and BW,, denote the
intermediate logics corresponding to the varieties BT W,, and BW,,, respectively.
It is not difficult to see that all the finitely subdirectly irreducible members of
BTW,, and BW,, have top width and width at most n, respectively. Moreover,
these logics are all (A, V, 0, 1)-stable |25, Thm. 7.3] and in fact (A, 0, 1)-stable.

Recall that an intermediate logic L is elementarily determined provided that its
corresponding variety of Heyting algebras V(L) is generated by a class of Heyting
algebras {P* : P € F} with F a an elementary class of posets.
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Theorems 3.7.11 and 3.3.7 provide an alternative argument to the effect that
all (A,0,1)-stable intermediate logics are elementarily determined and therefore
also canonical. Therefore for the rest of this section we will focus on the case
T={AV,0,1}.

3.8.1. PROPOSITION. Any (A,V,0,1)-stable logic containing the logic BW,,, for
some natural number n > 1, is elementarily determined and hence canonical.

Proof:
Let L be a (A,V,0,1)-stable logic with BW,, C L, for some n > 1. By Theo-
rem 2.2.5 the variety V(L) is generated by a universal class of Heyting algebras
of the form HAx v 01(T), for some class of finite distributive lattices 7. More-
over, since BW,, C L we have that V(L) C BW,, and so in particular any finitely
subdirectly irreducible member of V(L) has width at most n.

By Corollary 3.6.5 we have that all members of J are (A,V,0,1)-MacNeille
transferable for the class of bi-Heyting algebras belonging to Vj; whence the
proposition is a direct consequence of Theorem 3.7.11. O

To show that Proposition 3.8.1 includes logics which are not covered by Propo-
sition 2.3.1 we construct a family of (A, V,0, 1)-stable logics none of which are
(A, 0,1)-stable but all of which contain BW,, for some n > 1. For each natural
number n > 1 let J,, be the set

(D,@1,2" 120 2" g1 1@ 2" @ 1),

Let V, be the variety generated by the (A, V,0,1)-stable class H.Ax v 01(7,) and
let L, be the corresponding intermediate logic.

3.8.2. PROPOSITION. For each n > 1 the logic L, is (A, V,0,1)-stable but not
(A, 0,1)-stable and contains the logic BW,,. Furthermore, the logics L,, and L,
are different for natural numbers m,n > 1 with m # n.

Proof:
Let n > 1 be given. By construction V(L,) =V, is generated by the (A,V,0,1)-
stable class HAx v 0.1(Tn), whence L, is (A, V, 0, 1)-stable.

By [29, Prop. 5.1] a subdirectly irreducible Heyting algebra A validates L, if,
and only if, none of the algebras in 7, are isomorphic to a bounded sublattice of A.
From this we may conclude that the algebra 22 22®1 is a subdirectly irreducible
algebra belonging to V,. Since Dy @ 1 is isomorphic to a (A, 0, 1)-sublattice of
this algebra, we deduce from Theorem 2.2.13 that L, is not (A, 0, 1)-stable.

Similarly, since non of the subdirectly irreducible members of V,, has a bounded
sublattice of the form 2"+! 1@ 2"t 2" @1, or 1@ 2" @© 1 none of them has
a sublattice isomorphic to 2", By Lemma 3.5.5 it follows that each subdirectly
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irreducible member of V), is of width at most n, whence V,, C BW,, and therefore
BW,, C L.

Finally, if m > n, then 1 ® 2" @& 1 is a subdirectly irreducible member of
V,n but not of V,, showing that V,, # V,, and therefore that L,, # L,,. O

We conclude this section by making a few observations showing how finding
a positive answer to the question of whether every (A, V,0, 1)-stable logic is ele-
mentarily determined can be reduced to a question about (A, V,0,1)-MacNeille
transferability.

By a proper intermediate logic we shall understand an intermediate logic not
equal to IPC.

3.8.3. PROPOSITION. Any proper (A,V,0,1)-stable intermediate logic contains
the logic BTW,, for some natural number n > 1.

Proof:

Let L be a proper (A, V,0,1)-stable logic. We show that there exist a natural
number n > 1 such that V(L) C BTW,, and therefore that BTW,, C L. Suppose
not, then for each natural number n > 1 there is A € V(L) such that A & BTW,,.
Without loss of generality we may assume that A is subdirectly irreducible. It
follows that A has top width strictly greater than n. By Lemma 3.5.6 we have
that 2" @ 1 is isomorphic to a bounded sublattice of A. Since by assumption
L is a (A, V,0,1)-stable logic the class of finite subdirectly irreducible members
of V(L) is closed under taking bounded sublattices, see Theorem 2.2.5. We may
therefore conclude that 2" &1 belongs to V(L). Moreover, since each finite sub-
directly irreducible Heyting algebra is a bounded sublattice of 2™ & 1, for some
natural number m, we obtain that V(L) contains all finite subdirectly irreducible
Heyting algebras. As these generate the variety of all Heyting algebras, it follows
that V(L) = H.A, in direct contradiction with the assumption that the logic L is
proper. O

Two 7-stable universal classes may generate the same variety and hence give
rise to the same 7-stable intermediate logic while one of them is closed under
MacNeille completions and the other is not. For instance, for 7 = {A,V, 0,1} the
two classes HA,(2%) and HA.(1 @ 2?) both generate the variety of all Heyting
algebras H.A, but by Theorems 3.5.2 and 3.5.12, respectively, HA,(1 & 22) is
closed under MacNeille completions while H.A,(2?) is not.

However, from Theorem 2.2.5 we know that if L is a (A, V,0, 1)-stable inter-
mediate logic, then the corresponding variety V(L) of Heyting algebras is gener-
ated by a (A, V,0,1)-stable universal class H.Ax v 01(J) with J a class of finite
distributive lattice of the form D & 1. Thus Proposition 3.8.3 together with The-
orem 3.7.11 entail that all (A, V,0, 1)-stable intermediate logics are elementarily
determined provided that all finite distributive lattice of the form D & 1 are
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(A, V,0,1)-MacNeille transferable for the class of bi-Heyting algebras of finite top
width. Similarly, invoking Corollary 3.7.8, we obtain that any (A, V,0, 1)-stable
intermediate logic is canonical if all finite distributive lattice of the form D & 1
are T-canonically transferable for the class of pseudo-finite Heyting algebras of
finite top width.

3.9 Summary and concluding remarks

In this chapter we have considered three different notions of transferability for
finite lattices, namely ideal, MacNeille and canonical transferability. Our main
motivation for this was to find universal classes of lattices closed under comple-
tions and we have shown how such classes can indeed be obtained from fami-
lies of finite transferable lattices. We have compared the three notions of ideal,
MacNeille and canonical transferability, showing that, under mild assumptions,
MacNeille transferability implies canonical transferability which in turn implies
ideal transferability.

Our main focus has been on MacNeille transferability. We have provided
necessary conditions for a finite lattice to be MacNeille transferable for the class
of all lattices just as we have given necessary conditions for a finite distributive
lattice to be (A,V,0,1)-MacNeille transferable with respect to the class of all
Heyting algebras.

In terms of sufficient conditions for transferability we have shown that every
finite projective distributive lattice is (A, 0, 1)-MacNeille transferable with respect
to the class of all lattices. Moreover, we have shown that every finite projective
distributive lattice of the form D@1 or 1 @ D is (A, V, 0, 1)-MacNeille transfer-
able with respect to the class of all distributive lattices. However, we have also
seen examples of finite non-projective distributive lattices which are MacNeille
transferable and (A, Vv, 0, 1)-MacNeille transferable for the class of all distributive
lattices and the class of all Heyting algebras, respectively. Furthermore, we have
shown that every finite distributive lattice is MacNeille transferable with respect
to the class of all bi-Heyting algebras.

Finally, we have discussed how considerations on MacNeille and canonical
transferability can yield results about canonicity and elementarity of certain
classes of intermediate logics.

Further directions and open problems Although we have mainly consid-
ered notions of MacNeille transferability we believe that the concept of canonical
transferability for various classes of lattices is well worth looking into. We would
also like to look at the notions of transferability in the context of lattices with
operators. In particular, 7-MacNeille and 7-canonical transferability for Heyting
algebras when 7 C {A,V, —,—,0, 1}. Using [152, Prop. 4.2| the results concerning
MacNeille transferability with respect to the class of Heyting algebras obtained
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in this chapter can be transfered to the setting of S4-algebras for appropriately
defined notions of MacNeille transferability of modal algebras. Other than that,
the concept of transferability of modal algebras is still completely unexplored.

Having shown how syntax independent methods can be used to find universal
classes of lattice-based algebras closed under various types of completions, we
would like to see if syntactic methods like the ones found in [58] can be of help
for establishing new results about transferability. In particular, adapting the
ALBA-framework, see, e.g., [141, 68, 67|, to find purely syntactic descriptions
of universal clauses preserved by MacNeille completions of bi-Heyting algebras
seems to be promising, cf. [124, 245]. For an early discussion on syntactic issues
related to ideal transferability see |14, §2.3, §5.2].

We end this chapter with a selection of concrete open problems.

1. Is there a variety of lattices V such that the property of being ideal, or
MacNeille, transferable for V' is not a decidable property of finite lattices?

2. Is every (A, V,0,1)-stable intermediate logic determined by a (A, V,0,1)-
stable universal class closed under MacNeille, or canonical, completions?

3. Give a complete characterization of the finite distributive lattices which are
7-MacNeille transferable for K in the following cases:

(i) 7={A,V} and K is the class of all lattices,

(i) 7 ={A,V} and K is the class of all Heyting algebras,

7={A,V,0,1} and K is the class of all Heyting algebras,

7 ={A,V,0,1} and K is the class of all pseudo-finite Heyting algebras,

(v) 7={A,V,0,1} and K is the class of all bi-Heyting algebras,

(vi) 7 = {A,V,0,1} and K is the class of all bi-Heyting algebras of finite
top width.

(i

(iv

)
)
)
iv)
)
)






Chapter 4

Hyper-MacNeille completions of Heyting
algebras

In connection with their proof of the admissibility of the cut-rule in certain types
of structural hypersequent calculi, Ciabattoni, Galatos, and Terui [60] introduced
a new type of completion of (pointed) residuated lattices which they called the
hyper-MacNeille completion. Among other things they established that any va-
riety of Heyting algebras axiomatized by Ps-equations must be closed under this
type of completion. Thus closure under hyper-MacNeille completions is a neces-
sary condition for a variety of Heyting algebras to be determined by Ps-equations
and consequently for the corresponding intermediate logic to admit an analytic
structural hypersequent calculus.

In this chapter, based on [153], we consider more closely this type of com-
pletion in the context of Heyting algebras. We first identify the concept of a
De Morgan supplemented Heyting algebra as being helpful for understanding
the hyper-MacNeille completions of Heyting algebras. These algebras may be
viewed as Heyting algebras equipped with a “co-negation” satisfying both of the
De Morgan laws. We prove that for De Morgan supplemented Heyting algebras
the MacNeille and hyper-MacNeille completions coincide. This generalizes the
fact that the MacNeille and hyper-MacNeille completions coincide for subdirectly
irreducible algebras [60, Prop. 6.6], at least in the context of Heyting algebras.

We also show that the De Morgan supplemented Heyting algebras are pre-
cisely the Heyting algebras which are isomorphic to Boolean products of finitely
subdirectly irreducible Heyting algebras. This connection allows us to draw in-
spiration from previous work on MacNeille completions of Boolean products of
lattices [146, 73]. Concretely, we establish the following close connection between
MacNeille and hyper-MacNeille completions of Heyting algebras.

1. The hyper-MacNeille completion of a Heyting algebra A is the MacNeille
completion of some De Morgan supplemented Heyting algebra Q(A).

2. A variety V of Heyting algebras is closed under hyper-MacNeille completions

89
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if, and only if, the class of De Morgan supplemented members of V is closed
under MacNeille completions.

Specifically, the last item allows us to turn the question of which varieties of
Heyting algebras are closed under hyper-MacNeille completions into the question
of which varieties of De Morgan supplemented Heyting algebras are closed under
MacNeille completions.

Our analysis also allows us to show that any finitely generated variety of
Heyting algebras is closed under hyper-MacNeille completions. From this and the
results of Chapter 2 it follows that being axiomatizable by Ps-equations is not a
necessary condition for being closed under hyper-MacNeille completions. In fact,
there are varieties of Heyting algebras, such as the variety BD, corresponding
to the logic of posets having depth at most 2, which are closed under hyper-
MacNeille completions but which are neither axiomatizable by Ps-equations nor
finitely generated.

Finally, we show that the sufficient conditions for the hyper-MacNeille com-
pletion to be regular, identified by Ciabattoni, Galatos, and Terui [60, Thm. 6.11],
are in fact also necessary, at least in the context of Heyting algebras.

Outline The chapter is structured as follows: Section 4.1 contains some basic
results concerning supplemented distributive lattices. Section 4.2 introduces the
hyper-MacNeille completion of a Heyting algebra. Section 4.3 describes how the
hyper-MacNeille completion of any Heyting algebra can be obtained as the Mac-
Neille completion of its algebra of dense open sections. In Section 4.4 a number of
examples of varieties closed under hyper-MacNeille completions are considered.
Section 4.5 determines central and supplemented elements of the hyper-MacNeille
completion and it is shown that the hyper-MacNeille completion is always Haus-
dorff with finitely subdirectly irreducible stalks. Section 4.6 gives necessary and
sufficient conditions for the hyper-MacNeille completion to be regular. Finally,
Section 4.7 contains a few concluding remarks.

4.1 Supplemented distributive lattices
We here cover some basic facts about supplemented lattices which will be used

throughout this chapter. Since we will only consider lattices which are bounded
we will simply leave out this qualifier.

4.1.1. DEFINITION. A supplemented lattice is a distributive lattice D such that
every a € D has a supplement, i.e., a, necessarily unique, element ~a € D

satisfying 1 = a V b if, and only if, ~a < b, for all b € D.

The following examples of supplemented lattices will play an important role.
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4.1.2. EXAMPLE. The following types of lattice are always supplemented:
(i) Boolean algebras,
(ii) Finite distributive lattices,

(iii) Distributive lattices with a join-irreducible top element.

Evidently, the supplement of an element a in a distributive lattice D is the
least element b € D such that a Vb = 1. Thus it is easy to see that a distributive
lattice D is supplemented if, and only if, its order dual is pseudo-complemented,
see Appendix A.3. In particular, any result about pseudo-complemented lattices
holds for supplemented lattices in an order dual version.

4.1.3. LEMMA. Let D be a supplemented lattice, then for all a,b € D we have
1. ~(aNb)=~aV ~b.

2. ~(aVb) < ~aN~b.

Proof:

As the supplement operation is order-reversing we must have ~aV~b < ~(aAb)

for all a,b € D. Conversely, since both ~aV~bVa=1and ~aV~bVb=1,by

distributivity we have that 1 = ~aV ~bV (a Ab), whence ~(a Ab) < ~aV ~b.
To establish Item 2 we simply note that by distributivity 1 = (aVb)V(~aA~b)

whence ~(a V b) < ~a A ~b. O

However, the equation ~zA~y < ~(zVy) will in general not be satisfied, as is
easily seen, e.g., by considering the five-element lattice 16 (2 x 2). Supplemented
lattices which do satisfy this equation will play an important role.

4.1.4. DEFINITION. A supplemented lattice D is De Morgan supplemented pro-
vided that it validates the equation ~(z Vy) = ~x A ~y.

Again we will list some important examples of such lattices.

4.1.5. EXAMPLE. The following lattices are supplemented with a De Morgan
supplement:

(i) Boolean algebras,
(ii) Distributive lattices with a join-irreducible top element,

iii) Any direct or Boolean product of distributive lattices with join-irreducible
iii) Any direct or Bool duct of distributive latti ith join-irreducibl
top elements.
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4.1.6. DEFINITION. Let D be a supplemented distributive lattice. An element
a € D is co-regular provided that ~~a = a. We denote by CoRg(D) the set of
co-regular elements of D.

Since the co-regular elements are simply the regular elements of the order dual
the following is well known, see also Appendix A.5.

4.1.7. LEMMA (cf. [16, Thm. VIII.2.1(xi), Thm. VIIL.4.3|). Let D be a supple-
mented lattice.

1. CoRg(D) ={~a € D:a€ D}.
2. CoRg(D) is a Boolean algebra which is a (V,0,1)-subalgebra of D.

3. The assignment a — ~~a is a supplemented lattice homomorphism from
D onto CoRg(D).

4.1.8. DEFINITION. An element ¢ of a distributive lattice D is central if there
is, a necessarily unique, element ¢ € D such that 0 =cAcd and 1 =cV . We
denote by Z(D) the set of central elements of D.

It is easy to see that if D is pseudo-complemented then the central elements
of D are precisely the elements with ¢V —¢ = 1. Similarly, in a supplemented
lattice the central elements are precisely the elements with cA~c=0. If D is a
distributive lattice which is both pseudo-complemented and supplemented then
—a < ~a, for all a € D. Consequently, in any such lattice the central elements
must be those for which the pseudo-complement and supplement coincide.

4.1.9. PROPOSITION (cf. [16, Thm.VIIL.7.1]). Let D be a supplemented lattice
then the following are equivalent.

1. Z(D) = CoRg(D).
2.DE~z A~~~z x0.

3. The supplement on D is a De Morgan supplement.

Proof:
That Items 1 and 2 are equivalent is easy to verify just as the fact that Item 3
implies Item 2.

To see that Item 2 entails Item 3 let a,b € D be given. It suffices to show
that ~a A ~b < ~(a Vb). We first observe that ~a < ~(a V b) V b since
1=~(aVb)VaVb. But then

~aVb)VbV ~~a>r~aV~~a =1,
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and hence also ~b < ~(a V b) V ~~a. From this we then see that
~(aVb)=~(aVb)V0

~(@Vb)V(~aNh~r~a)

= (~(aVb)V~a)A(~aVb)V~r~a)

>n~a/~Db,

which concludes the proof. O

4.1.10. REMARK. Proposition 4.1.9 shows that the distributive lattices with a
De Morgan supplement are precisely the distributive lattices with order duals
being so-called Stone lattices, see [139] or [16, Chap. VIIL.T7].

When a distributive lattice is both pseudo-complemented and supplemented
computing infinitary joins and meets of central elements is particularly easy.

4.1.11. PROPOSITION. Let D be a distributive lattice which is both pseudo-com-
plemented and supplemented. If D is complete then so is Z(D).

Proof:

To see that Z(D) is complete it suffices to show that any set of central elements
in D has a greatest lower bound in Z(D). Therefore, let {¢;};c; be a collection of
central elements. As D is complete a greatest lower bound ¢ := A,_; ¢; of the fam-
ily {ci}ier exists in D. We claim that c is central with complement ¢’ :=\/,_; —¢;.
For all © € I we have —¢; A ¢ < —¢; A ¢; = 0 and hence —¢; < —¢. Therefore,
¢ < —¢ which implies that ¢ A ¢ = 0. Furthermore, since each ¢; is central we
have ¢; V¢ > ¢; V —¢; = 1 and hence ~ ¢ < ¢;. Therefore, ~ ¢ < ¢ which implies
that ¢ Ve=1. O

4.1.12. REMARK. Note that Proposition 4.1.11 also proves that if {c;}ics is a
collection of central elements in a complete distributive lattice D which is both
pseudo-complemented and supplemented then = A, ; ~¢; = \,c; ¢ = gy i
Consequently, also the join, taken in D, of any family of central elements in D
must be central. This shows that Z(D) is in fact a complete sublattice of D.

4.1.1 Minimal prime filters

As we will see, the minimum of the dual Esakia space X of a Heyting algebra A
will play an important role in describing the hyper-MacNeille completion of A.
The set of minimal prime filters will in general not be a closed subset of X and
therefore not a Stone space when equipped with the subspace topology determined
by X. We first characterize the distributive lattices with the property that the
minimum of their dual Priestley space is closed. We refer to Appendix A.6 for
basic concepts from duality theory.
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4.1.13. DEFINITION. Let D be a distributive lattice. An element a € D satisfy-
ing
VoeD (1=aVb = b=1)

is called co-dense. We denote by CoDn(D) the set of co-dense elements of D.

4.1.14. REMARK. It is easy to see that in a supplemented lattice D the co-dense
elements are precisely the elements a € D such that ~a = 1.

4.1.15. DEFINITION (cf. [237]). A bounded distributive lattice D is called a V-
lattice if for all @ € D there is an element b € D such that ¢ Vb = 1 and
aAb e CoDn(D).

Since in any supplemented lattice elements of the form a A ~ a are always co-
dense it is easy to see that such lattices will be V,-lattices. However, V,-lattices
need not be supplemented, as is easily seen, e.g., by considering the order dual of
the bounded distributive lattice (w x 2) @ 1, obtained by adding a top element
to the lattice w x 2, cf. [237, Sec. 4.

As the next proposition shows, the V,-lattices pick out exactly the distributive
lattices, and so in particular the Heyting algebras, for which the set of minimal
prime filters is closed.

4.1.16. PROPOSITION (cf. [237, Thm. 1|). Let D be a distributive lattice and let
X be its dual Priestley space. Then the following are equivalent.

1. The set min(X) is a closed subset of X.

2. The lattice D is a V.-lattice.

Proof:

First, assume that min(X) is closed in X. Let U be a clopen upset of X. Then
Cy = (UNmin(X)) and Cy := 1(X\U) are two disjoint closed down- and upsets,
respectively. Consequently, we have a clopen upset V such that C; NV = ()
and Cy C V, see, e.g., [74, Lem. 11.21(ii)(b)]. It follows that U UV = X and
that U NV is disjoint from min(X). Therefore any clopen upset W such that
WU(UNV) = X must contain min(X) and hence be equal to X. This means that
U NV is co-dense, showing that the lattice of clopen upsets of X is a V,-lattice.

Second, assuming that D is a V,-lattice we show that

min(X) = [ {X\@: a € CoDn(D)},

and so being the intersection of closed sets, the set min(X) must be closed. As-
sume first that € min(X) and that a € CoDn(D). Hence for all b € D we have
that bV a = 1 entails b = 1. It follows that the ideal I generated by (D\z) U {a}
must be proper and as such it may be extended to a prime ideal, say y O I O D\z.
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But then we have that D\y C z is a prime filter and so, by the minimality of x,
that D\y = = whence a ¢ x. This shows that min(X) C ({X\a : a € CoDn(D)}.
Conversely, if z € (J{X\a : a € CoDn(D)} and y C x then, since D is a V,-lat-
tice, for any a € x we have b € D such that a Vb =1 and a A b € CoDn(D). So,
as y is a prime filter, we obtain that either a € y or b € y. Furthermore, since
a/Ab € CoDn(D) we have that aAb & x, whence b € = as a € x by assumption. It
follows that b € y whence a € y. As a € x was arbitrary, we obtain that y = x and
therefore that x € min(X), showing that (J{X\a : a € CoDn(D)} C min(X). O

4.1.17. REMARK. It is worth noting that the proof of Proposition 4.1.16 shows
that min(X) C ({Xp\a : a € CoDn(D)} holds for any distributive lattice D.
In particular, this means that if a € D is co-dense and = € min(X) then z ¢ @,
which is to say, a ¢ .

4.1.18. COROLLARY. Let D be a supplemented lattice with dual Priestley space
X. Then min(X) is a closed subspace of X.

The following is most likely already known in the order dual formulation.
However, as we have not be able to find a direct reference we include a proof.

4.1.19. PROPOSITION. Let D be a supplemented lattice with dual Priestley space
X. Then min(X) is a Stone space the dual Boolean algebra of which is isomorphic

to CoRg(D).

Proof:

Since D is a supplemented lattice min(X) is a closed subset of X by Corol-
lary 4.1.18. Consequently, being a closed subset of a Stone space, the set min(X)
equipped with the subspace topology is again a Stone space. By [217, Lem. 12| the
dual space of the Stone space min(X) is the homomorphic image of D determined
by the congruence 6 defined as

afb if, and only if, Vz € min(X) (a € x < b€ x).

We show that afb if, and only if, ~a = ~b, for all a,b € D. If ~a = ~b and
x € min(X) is such that @ € x then ~b = ~a & z, as a A ~a is co-dense, and so
bexasbV~b=1. Conversely, if ~a # ~b, then ~a <> ~b < 1 and so there is
x € X such that ~a <> ~b ¢ x. Since X is a Priestley space, by Proposition A.6.6
there is y C z, with y € min(X) and consequently ~a <> ~b & y. Therefore, y
separates ~ a and ~ b, say, without loss of generality, ~a € y and ~b & y. Since
y is minimal and ~a A a is co-dense we have that a € y. On the other hand as
~b & y we must have b € y, implying that y separates a and b. This shows that
abb if, and only if, ~a = ~b.

Recall from Lemma 4.1.7 that a — ~~a is a surjective homomorphism
D — CoRg(D) of supplemented lattice. Since the equation ~~~z &~ ~z is
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always satisfied in a supplemented lattice, we see that the kernel of this map co-
incides with the congruence 6. From this we may conclude that D /@ is isomorphic
to CoRg(D), as desired. O

4.1.2 Hausdorff lattices

Mimicking the construction of the Pierce sheaf of a commutative regular ring
[212] one can represent any lattice as a weak Boolean product over its center,
see Appendix A.2 for definitions. We describe the construction for distributive
lattices noting that something very similar can be done for arbitrary lattices, see
[73]. Given a distributive lattice D let X be the dual Stone space of its center
Z(D). Then for each = € X we obtain a congruence =, on D by letting

a=,b if, and only if, Je€x (aNc=bAc).

Then, with D, denoting the quotient D /=, it may be shown that D — [[ . D,
is always a subdirect representation of D as a weak Boolean product of the family
{D, : 2 € X}. Following [73] we refer to this as the usual representation of D
over its center.

4.1.20. DEFINITION ([73]). A distributive lattice is Hausdorff if the usual rep-
resentation over its center is a Boolean product.

The terminology comes from the fact that when viewing the usual presentation
of a distributive lattice D over its center as a sheaf presentation, then the induced
sheaf space is Hausdorff if, and only if, the lattice D is Hausdorff 195, 146].

4.1.21. REMARK. It is easy to verify that when D is a Heyting algebra then
the congruence =, is in fact a Heyting algebra congruence and so the embedding
obtained from the usual representation of D over its center is an embedding
of Heyting algebras. A similar remark applies, mutatis mutandis, when D is a
supplemented lattice.

Knowing that a lattice D is Hausdorff will usually not be very useful if the
stalks of D are not in some way simpler than D itself. The case where the stalks
are directly indecomposable or in some other sense irreducible is often of inter-
est. In the following we will determine the Heyting algebras which are Boolean
products of a family of finitely subdirectly irreducible (fsi) Heyting algebras. The
finitely subdirectly irreducible Heyting algebras have a particularly simple de-
scription, namely, they are the well-connected Heyting algebras, viz., Heyting
algebras satisfying the universal clause

l=zVy = z~=lory~1.

See Appendix A.4 for details.
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4.1.22. PROPOSITION. Let A be a Heyting algebra. If A is a Boolean product
with fsi stalks then A is supplemented with a De Morgan supplement.

Proof:

Suppose that A is a Boolean product of a family of fsi Heyting algebras {A, :
x € X}. Then for all a € A we have that the set [a = 1] = {x € X : a(x) = 1}
is clopen. Hence by the patchwork property there is an element o’ € A such that

ooy )1 ifa(z) <1,
@) = {0 if a(z) = 1.

As each of the stalks A, of A are well-connected it is easy to see that a’ is
the supplement of @ in A. Moreover, because the stalks are well-connected, for
a,b € A and x € X we must have that

(~(aVb))(x) =0 < (aVb)(z)=1
< a(z)=1lorb(z)=1
< (~a)(x)=0or (~b)(x)=0
< (~aA~b)(x)=0.
Similarly, again using the fact that the stalks are well-connected, we see that
(~(aVvb)(z)=1 <= (aVb)(z) <1
< a(r) <landb(z) <1
<= (~a)(x)=1and (~b)(z) =1

— (~aA~b)(z)=1

Consequently, since for each ¢ € A and all z € X we have that (~c¢)(z) =0 or
(~c)(x) = 1, this shows that ~(a V b) = ~a A ~b. |

Let A be a Heyting algebra with dual Esakia space X. Since each z € X is a
filter on A we obtain a Heyting algebra congruence 6, on A by

af,b if, and only if, a <+ b€ x.

Moreover, since each x € X is prime, the quotient A /6, is well-connected or
equivalently finitely subdirectly irreducible.

4.1.23. LEMMA. Let A be Heyting algebra with dual Esakia space X. Then A is
a subdirect product of the family {A /0, : x € min(X)}.

Proof:
It suffices to show that for all a,b € A, if a # b then there exists z € min(X') such
that (a,b) € 6,. If a # b then a <> b < 1 and so there must be a prime filter 2’
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of A not containing a <> b. Since X is a Priestley space we have that x’ extends
some minimal prime filter, say x C z/. Evidently, a <> b & x, whence (a,b) & 60,,
as desired. O

The subdirect presentation of A over the minimum of its dual Esakia space
determined by Lemma 4.1.23 can be seen as a generalized version of the usual
weak Boolean product representation of A over its center. Furthermore, as we
will see in Section 4.3 given a Heyting algebra A with dual Esakia space X,
the space min(X) and the family of quotients {A /6, : x € min(X)} completely
determine the hyper-MacNeille completion of A. We first show that when A is
supplemented with a De Morgan supplement then the subdirect representation
of A given by Lemma 4.1.23 is in fact (isomorphic to) the usual representation
of A over the center of A.

4.1.24. THEOREM (cf. [247, Thm. 9.5|). Let A be a Heyting algebra. Then the
following are equivalent.

1. The algebra A is supplemented with a De Morgan supplement.

2. The algebra A is a Hausdorff lattice with finitely subdirectly irreducible
stalks.

Proof:
That Item 2 entails Item 1 has already been established in Proposition 4.1.22.
Thus it only remains to establish the converse implication.

Suppose that A is supplemented with a De Morgan supplement, and let X be
the dual Stone space of the center of A. We must show that [a = b] is a clopen
subset of X for all a,b € A. Therefore, let a,b € A be given. As the relation =,
is in fact a congruence of Heyting algebras we see that

[a=0b]={x€X:a+b=,1}.

Let d be the element a <> b. Then for x € X we see that d =, 1 if, and only
if, there is ¢ € x such ¢ < d. As any central element is evidently co-regular and
~~d < dwe see that ¢ < d, if and only if, ¢ < ~ ~d, for any central element ¢ of
A. From Proposition 4.1.9 we know that co-regular elements of A are all central.
In particular ~ ~d must be central. It follows that d =, 1 precisely when ~~d
belongs to z. This shows that [a = b] is the clopen subset ~~dof X.

To see that the stalks are A, are finitely subdirectly irreducible let z € X
be given and consider a,b € A such that a Vb =, 1. Then there is ¢ € = such
that ¢ A (a V b) = ¢, implying that ¢ < a V b. But then ~~c¢ < ~~(a V).
Since the central and the supplemented elements of A coincide we obtain that
¢ < ~~(aVb). Moreover, using the De Morgan laws we see that ¢ < ~(~aA~D).
As ~(~aA~b) is co-regular and therefore central we obtain that ~(~aA~b) € .
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Another use of the De Morgan laws shows that ~~aV ~~b € z and hence that
either ~~a € x or ~~b € x, as x is a prime filter. In the first case we must have
that a =, 1 and in the second that b =, 1. This shows that A, is well-connected
and hence finitely subdirectly irreducible. O

4.1.25. REMARK. We note that (~(z <> y) Az)V (= ~(z <> y) Az) is a discrimi-
nator term on any fsi Heyting algebra, viewed as a supplemented Heyting algebra,
cf. [229, Sec. 5] as well as [241]. Consequently, Theorem 4.1.24 shows that the
class of De Morgan supplemented Heyting algebras forms a discriminator variety
of supplemented Heyting algebras, see, e.g., [46, Chap. IV.9].

When A is supplemented with a De Morgan supplement not only will A be
Hausdorff but, as the following proposition will show, the stalks can be give a
more familiar description.

4.1.26. PROPOSITION. Let A be a supplemented Heyting algebra with dual Esa-
kia space X. Then for any x € min(X) and any a,b € A we have that afb if,
and only if, there is c € x N Z(A) such that ¢ Na = cNb.

Proof:
If af,b then we have that d .= a <> b € . Then ¢ := ~~d is a co-regular, and
hence by Proposition 4.1.9 central, element below d. Consequently,

cha=(cNd)Na=cAN(dNa)=cAN(dNb)=cAb.

Thus it suffices to show that ¢ € x. If not, then ~¢c € x but ~¢c = ~d and so
d N\~ d € x which is a contradiction since x is assumed to be minimal and as such
does not contain any co-dense elements. Conversely, if we have ¢ € xtNZ(A) such
that cAa = cAb, then ¢ < a <+ b and hence a <+ b € x showing that af,b, as
desired. O

By Corollary 4.1.18 we know that when A is a supplemented Heyting algebra
with dual Esakia space X then min(X) is closed in X and hence is a Stone
space in the subspace topology. Moreover, by Propositions 4.1.9 and 4.1.19,
when A is De Morgan supplemented the dual Stone space of the center of A
may be identified with min(X). This, together with Proposition 4.1.26, yields
the following corollary.

4.1.27. COROLLARY. A Heyting algebra A with dual Fsakia space X is supple-
mented with a De Morgan supplement if, and only if, the subdirect embedding
A—T]] (x) A /0. is a Boolean product representation of A.

reEmin

As mentioned before when computing the hyper-MacNeille completion of a
Heyting algebra A the subdirect presentation A — HwEmin(X) A /6, will play an
essential role also when A is not (De Morgan) supplemented.
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4.2 Hyper-MacNeille completions

In this section we will provide the definition of the hyper-MacNeille completion of
a Heyting algebra. We first give a presentation of the hyper-MacNeille completion
of Heyting algebras which is slightly simpler than the original. We then recall the
original definition from [60, Sec. 6.2| and show that the two presentations indeed
determine the same Heyting algebras.

4.2.1 Heyting frames and complete Heyting algebras

To define the hyper-MacNeille completion of a Heyting algebra it will not be
necessary to introduce the notion of a residuated hyper-frame as done in [60,
Sec. 5.1]. Instead, following [242|, we will make use of Heyting frames [243,
Sec. 6.1] which are essentially the residuated frames [97] giving rise to complete
Heyting algebras.

4.2.1. DEFINITION (|243]). A structure W = (W, Wy, N,0,e,~») is called a
Heyting frame provided that

(i) (Wy, W1, N) is a polarity,
(i) (Wy,o0,€) is a monoid,
(iii) ~: Wy x Wy — W is a function satisfying,
Ywy, we, € WoVu € Wy ((wy o we) Nu <= wyNw; ~ u),
Vw € WoVu € Wy ((wow)Nu = wiNu),

Vw € WoVu € Wy (eNu = wNu),
Ywy, wy € WoVu € Wy ((wy o we)Nu = (ws 0 wy)Nu).

Recall from Appendix A.8 that any polarity (Wy, Wi, N) induces a pair of func-
tions

L: p(Wy) = p(Wy) and U: (W) — (W),
defined by
LX) ={weWy:Yue X (wNu)} and UY)={ueW;:YweY (wNu)},

for X C W; and Y C Wy. The composition of these functions determines a
closure operator vy = LU: p(Wy) — ©(Wy), the closed elements of which form
a complete lattice with meets and joins defined as

NZ=(Z and \/Z =y (UZ)

iel iel iel iel

respectively.
The point of introducing the additional structure of a Heyting frame is to
insure that lattice induced by the polarity (Wy, Wi, N) will be a Heyting algebra.
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4.2.2. THEOREM (|243, Lem. 13|). Let W = (W, W1, N, 0,e,~) be a Heyting
frame. Then the lattice W induced by the polarity (Wo, W1, N) is a complete
Heyting algebra, with Heyting implication defined as

X=>Y={weW,:Yve X (voweY)},
and with least element yn(0) and greatest element W.

It is not difficult to verify that any Heyting algebra A gives rise to a Heyting frame
Wi = (AL, Ar, <A, 1, —), such that the induced complete Heyting algebra W,
is in fact isomorphic to the MacNeille completion A of A. One can also construct
“Lindenbaum-Tarski” Heyting frames on the basis of sequent and hypersequent
calculi. However, the exact definitions are somewhat more intricate, and so for
details we refer to [243, 60, 97, 59|.

4.2.2 Definition and basic properties

Let A = (A,A,V,—,0,1) be a Heyting algebra. The algebra A induces two
monoids, namely the monoids A, = (A, A, 1) and A, = (A, V,0). Consequently,
forming the direct product M = Ay, x A, we obtain a monoid with monoidal
operation o given by

(s,a) o (t,b) == (s Vit,aAD),

and unit (0,1). We then define a relation N C A% x A? by letting
(s,a)N(t,b) if, and only if, sVtV(a —b)=1.

Furthermore, letting
(s,a) ~ (t,b) = (sVt,a—b),

we see that

((s1,a1) 0 (s2,a2))N(t,b) <= s1Vsa VIV ((a1 Nag) = b) =1
< 55V (s1VE)V(ag = (ag — b)) =1
<= (s9,a2)N(s1 Vt,(a; — b))
<= (s9,a2)N(s1,a1) ~ (t,b).

The monoid My is evidently commutative and idempotent. Furthermore, for
all (t,b) € A% we have that (0,1)N(¢,b) if, and only if, t Vb = 1. There-
fore, since the Heyting implication is order-reversing in its first argument, for
all (s,a), (t,b) € A? we see that (0,1)N(¢,b) entails (s,a)N(t,b). Thus the struc-
ture Ja = (Ma,Ma, N,o0,(0,1),~>) is a Heyting frame. Consequently, by The-
orem 4.2.2, we obtain a complete Heyting algebra J5. Tt turns out that this is in
fact a completion of A.
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4.2.3. PROPOSITION (cf. [60, Thm. 5.20]). There is an embedding of Heyting al-
gebras e: A — I3 given by b— L(0,b) = {(s,a) € A? : sV (a — b) = 1}.

Proof:

As a general fact about closure operators induced by polarities we have that
the elements of the algebra Ji are precisely the elements of the form L(X) for
X C A2 In particular this shows that the map e is well defined. For each
b € A we have that (0,b) € L(0,b). Consequently, if L(0,b;) < L(0,b2) then
(0,b1) € L(0,by) whence by — by = 1 and hence b; < by. This shows that the
map e is injective.

Evidently, we have that e(1) = L(0,1) = A% Moreover, ¢(0) = {(s,a) € A?:
sV —a = 1} and so since the Heyting implication is order-preserving in its second
argument we see that (s,a)N(¢,b) for all (s,a) € e(0) and all (¢,b) € A% Thus
e(0) C L(X) for any X C A? and hence ¢(0) must be the least element of the
algebra J5. This shows that the map e preserves the bounds.

From the fact that the Heyting implication preserves binary meets in its second
argument, for by, by € A we see that

e(by Aby) = {(s,a) € A% : 5V (a — (by Aby)) =1}
={(s,a) € A% :5V ((a— b)) A(a— b)) =1}
={(s,a) € A*: (sV(a—=b))A(sV(a— b)) =1}
={(s,a) € A : (sV(a—b))=1and (sV (a— b)) =1}
=e(by) Ne(by)
= e(b1) A e(ba).

Thus the map e preserves binary meets. In particular e must be order-preserving.
Form this we may conclude that e(b)Ve(b;) < e(byVby) and e(by — be) < e(by) —
e(be), for all by, by € A.

In order to show that e preserves binary joins it will be sufficient to show that
e(b1 Vby) < e(by) Ve(by), for all by, by € A. Therefore, let by, by € A be given, and
let (s,a) € e(by V by). By definition we have that e(by) Ve(by) = LU (e(by) Ue(bs))
and so to show that (s,a) € e(by) V e(by) we must show that (s,a)N(t,b) for
all (t,b) € U(e(by) Ue(by)). Therefore, let (t,b) € Ule(by) U e(bz)) be given.
Then (t,b) € U(e(b;)) for each i € {1,2}. As (0,b;) € U(e(b;)) it follows that
tV (b; = b) =1 for i € {1,2}. Consequently, we must have

1= (tV (b = b)) AtV (b — D))
=tV ((by — b) A (by — b))
=tV ((by V by) — b).

By the assumption that (s,a) € e(by Vby) we also have that sV (a — (b1 Vbg)) = 1.
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Using distributivity we then see that

(sV(a— (b Vb)) A(tV ((by V) —D))

((s V) V(e = (b VD)) A((s V)V ((by VD) = D))

=(sVt)V((a—= (by Vb)) A((b1 Vby) — b))
sVtV(a—0b).

IA

/\

This shows that (s,a)N(t,b), as desired.

Finally, to show that e preserves the Heyting implication it suffices to show
that e(by) — e(be) < e(by — by), for all by,by € A. Therefore, let by,by € A be
given. By definition the set e(b;) — e(bs) consist of the elements (s,a) € A% such
that (s,a) o (s1,a1) € e(by) for all (s1,a;) € e(by). Since (0,b1) € e(by) it follows
that (s,a) o (0,b1) € e(by), for all (s,a) € e(by). For each (s,a) € A* we see that
(s,a) o (0,b1) = (s,a Aby). Therefore, if (s,a) € e(b;) then

sV ((aANb) — b)) =5V (a— (b = b)) =1,

showing that (s,a) € e(by — by). Therefore, e(by) — e(be) < e(by — by), as
desired. O

4.2.4. DEFINITION (cf. |60, Sec. 6.2|). For a Heyting algebra A we define the
hyper-MacNeille completion of A to be the algebra Ji, and denote it by AT.

The original definition of the hyper-MacNeille completion due to Ciabat-
toni, Galatos, and Terui [60, Sec. 6.2] was based on a slightly different Heyting
frame. Namely, given a Heyting algebra A let F(A?) be the free commutative
monoid on the set A%. For h,g € F(A?) we write h | g for their product in
F(A?%). The universal property of F(A?) then induces a monoid homomorphism
(—)*: F(A?%) — A, by letting (a,b)* = a — b, for each (a,b) € A% This map has
a section (—),: A — F(A?) given by a — (1, a), which is however not a monoid
homomorphism. We then obtain a monoid M} = F(A?) x A,, with monoidal
operation e given by

(h,a) e (g,b) = (h|g,a AD),

and unit (g,1), where ¢ denotes the unit in F(A?%). Just as before it is easy to
verify that the structure Hy = (M3}, M3}, N* o (c,1),~) is a Heyting frame
with

(h,a)N*(g,b) if, and only if, A"V g*"V (a —b) =1,

and
(h,a) ~ (g,0) = (h|g,a —b).



104 Chapter 4. Hyper-MacNeille completions of Heyting algebras

4.2.5. THEOREM. If A is a Heyting algebra, then the induced Heyting algebras
Ji and Hy are isomorphic.

Proof:
To avoid confusion we will here write and U* and L* for the functions induced
by the relation N*.

For Z € Hy let J(Z) = {(h*,a) : (h,a) € Z}. We claim that this assignment
is an isomorphism between Hf and Ji. To see that this assighment indeed
defines a map from Hy to J{ let Z € H and (s,a) € LU(J(Z)) be given.
Observe that if (¢,b) € U*(Z) then h* V g* V (a — b) = 1 for all (h,a) € Z.
But then (¢%,0) € U(J(Z)) and so (s,a)N(g*,b). Consequently, 1 = sV g*V
(@ — b) = (s4)*Vg"V(a — b), and hence (s.,a)N*(g,b). This shows that
(ss,a) € L*U*(Z) = Z, and therefore (s,a) = ((s«)*,a) € J(Z). We have thus
established that LU(J(Z)) C J(Z) and hence that J(Z) € J, showing that the
map Z — J(Z) is well defined.

To see that this map is in fact an isomorphism we first observe that since the
partial orders on Hy and J{ are given by set-theoretic inclusion we have that
Zy < Zyimplies J(Z1) < J(Z,) for all Zy, Z, € Hy . Conversely, if J(Z1) < J(Z,)
for some 7y, Z, € Hy then for (h,a) € Z; we have that (h*,a) € J(Z,), implying
that hf = h for some hy such that (hg,a) € Zy. Given (g,b) € U*(Zy) we
then have that (hg,a)N*(g,b) and hence that (h*,a) = (hg,a)N(g*,b), whence
(h,a)N*(g,b) yielding (h,a) € L*U*(Z3) = Zy. This shows that Z — J(Z) is an
order embedding. Thus it suffices to prove that it is also surjective. Therefore,
given Z € J& we let

H(Z) = L'U*({(s.,a) : (s,a) € Z}).

Evidently, H(Z) € H). We claim that J(H(Z)) = Z. Tt is easily seen that
Z C J(H(Z)). On the other hand, for each (t,0) € U(Z) we have (t,,b) €
U*({(s«,a): (s,a) € Z}). Consequently, if (h,a) € H(Z), then for all (¢,b) €
U(Z) we have (h,a)N*(t.,b) and therefore also (h*,a)N((t.)*,b) = (t,b). This
implies that (h*,a) € LU(Z) = Z for all (h,a) € H(Z). From this we may con-
clude that J(H(Z)) C Z, as desired. 0

The following are completely standard facts, see, e.g., [60, Lem. 5.3|, but
included here for easy reference.

4.2.6. LEMMA. For all Z € AT and all b € A we have that
1. Z=N{L(t,b) e AT : Z C L(t,b)},
2. Z=\{LU(s,a) € AT : (s,a) € Z},

3. LU(0,b) = L(0,b).
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Proof:
We first observe that since LU(—) is an order-preserving function on p(A?) such
that LU(Z) = Z for all Z € A", we must have

Z =LU(Z) = N\{L(t,b) € A*: (t,b) € U(2)},

for each Z € A™. Now, Item 1 follows from the easy observation that (¢,0) €
U(Z) if, and only if, Z C L(t,b).

To see that Item 2 holds note that if (s,a) € Z then LU(s,a) C LU(Z) = Z,
hence \/{LU(s,a) € A*: (s,a) € Z} C Z. Conversely, since (s,a) € LU(s,a) we
have that Z C |J{LU(s,a) € A": (s,a) € Z} yielding,

Z = LU(Z) C LU <U{LU(S, a) € A*: (s,a) € Z})
= \/{LU(s,a) € A*: (s,a) C Z}.

Finally, to see that Item 3 holds we observe that since (0,b) € U(0,b) then
LU(0,b) C L(0,b). Conversely, if (u,c) € U(0,b) then 1 = u V (¢ — b) and so if
(s,a) € L(0,b) then 1 = sV (a — b) yielding

l=uVvsV((a—=bANDb—=c)<uVsV(a—c).

This shows that (s,a)N(u,c) and so since (u,c) € U(0,b) was arbitrary that
L(0,b) C LU(0,b). O

Recall that an embedding of algebras e: A < B is essential if for any homo-
morphism A: B — C we have that h is a monomorphism whenever hoe: A — C
is a monomorphism. The MacNeille completion A — A of a Heyting algebra
A is always an essential extension. We show that the same is the case for the
hyper-MacNeille completion.

4.2.7. LEMMA. An embedding of Heyting algebras e: A — B is essential if for
allb € B with b < 1 there is a € A with a < 1 such that b < e(a).

Proof:

Suppose that e: A — B is an embedding of Heyting algebras satisfying the con-
ditions of the lemma. Let h: B — C be a Heyting algebra homomorphism such
that hoe: A — C is an embedding. As congruences of Heyting algebras are
determined by the equivalence class of the top element 1, to see that h is an
embedding, it suffices to show that A71(1) = 1. Therefore, let b € B be such that
b < 1. Then by assumption we have a € A with a < 1 such that b < e(a). But
then h(b) < h(e(a)) < 1, showing that b & h=1(1). O
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4.2.8. LEMMA. Let A be a Heyting algebra and let (t,b) € A% then L(t,b) <
L(0,t Vv b). Moreover, L(0,tV b) # 1 when L(t,b) # 1.

Proof:
We claim that ¢t V (e — b) < (a — (¢t Vb)) and therefore that sVtV (a — b) =1

implies sV (a — (t Vb)) =1 for all (s,a) € A?, showing that L(¢,b) < L(0,tVb).
We have that

tVia—=b) <(a— (tVbh) < aA(tV(a—Db)<tVb
<~ (aAt)V(aA(a—b) <tVb
< (aANt)V(aAb)<tVD
< aA(tVb) <tVb,

establishing the desired result. Finally, it is easily seen that if ¢ V b = 1 then
L(t,b) = 1 thus if L(¢,b) # 1 then, as a — L(0,a) is an injection, we must have
L(0,tVvb) # 1. O

4.2.9. PROPOSITION. If A is a Heyting algebra, then e: A — AT is an essential
extension.

Proof:
Since the set {L(t,b) € AT : (t,b) € A?} is meet-dense in AT this is now a direct
consequence of Lemma 4.2.7 and Lemma 4.2.8. O

4.2.3 Hyper-MacNeille completions of De Morgan supple-
mented lattices

As established in [60, Prop. 6.6] the hyper-MacNeille completion coincides with

the MacNeille completion for subdirectly irreducible algebras. We will show that

in fact the hyper-MacNeille completion coincides with the MacNeille completion

for an even larger class of algebras, namely the class of supplemented Heyting

algebras with a De Morgan supplement or equivalently the class of Boolean prod-
ucts of fsi Heyting algebras.

4.2.10. LEMMA. If A is supplemented with a De Morgan supplement, then
L(t,b) = L(0,~t —b) and U(s,a)=U(0,~sADb),

for all (s,a), (t,b) € A2,
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Proof:
Since A is De Morgan supplemented we have that ~(sVt) = ~s A ~t for all
(s,a),(t,b) € A% Consequently, for (t,b) € A% we have that

(
(s,a) € A% : ~(sVt) < a— b}

(s,a) € A% . ~(s Vi) ANa < b}

(s,a) € A>: ~sA~tANa<b}

(s,a) € A> :~sAha<~t— b}
(s,a) € A2 :~s<a— (~t—b)}
(s,a) € A>:1=5V(a— (~t—=b)}

U(s,a) ={(t,b) € A>:1=5VtV(a—b)}
={(t,b) € A2 . ~sA~tANa<b}
={(t,b) € A : ~t < (~sAa)—b}
={(t,b)e A% : 1=tV ((~sha)—=b)}
=U(0,~sAa),
which concludes the proof. O

4.2.11. PROPOSITION. If A is supplemented with a De Morgan supplement, then
A' is isomorphic to A.

Proof:

By Lemmas 4.2.10 and 4.2.6 we have that A is both join- and meet-densely em-
bedded into A*. As A" is complete we may conclude that AT is isomorphic to
the MacNeille completion A of A. O

It is worth noting that Proposition 4.2.11 applies to Boolean algebras.

4.2.12. COROLLARY. If A is a Boolean algebra, then AT is isomorphic to the
MacNeille completion of A.

Furthermore, since the Heyting algebras with a De Morgan supplement are
precisely the Boolean products with fsi stalks, we obtain the following corollary.

4.2.13. COROLLARY. Let A be a Heyting algebra. If A is a Boolean product of
fsi Heyting algebras, then At is isomorphic to A.
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Thus to determine the hyper-MacNeille completion of an arbitrary Heyting
algebra we must as a special case be able to determine the MacNeille completion
of Boolean products of fsi Heyting algebras. Unfortunately, not much is known
about how to compute MacNeille completions of Boolean products of lattices.
However, what we do know is the following.

Let D be any distributive lattice’ and let D < [], . D, be the usual weak
Boolean product representation of D over its center as defined in Subsection 4.1.2.
It can be shown, see [146, 73|, that there is a homomorphic image of a subalgebra
of the direct product [, v D, called, the algebra of dense open sections of D and
denote by R(A), with the property that D is join- and meet-densely embedded
in R(D) whenever D is Hausdorff?. However, the algebra R(D) need not be
complete. Nevertheless, there are natural criteria for R(D) to be complete and
therefore the MacNeille completion of D. Namely, as established by Harding [146],
when the size of the stalks of D are uniformly bounded on a dense open set, then
R(D) will be complete.

4.2.14. PROPOSITION (|146, Prop. 4|). Let D be any Hausdorff lattice and let X
be the dual Stone space of the center of D. If there is a natural number n and a
dense open U C X such that D, has size at most n for all x € U, then D = R(D).

From this, and the fact that De Morgan supplemented Heyting algebras are
Hausdorff, we immediately obtain the following corollary.

4.2.15. COROLLARY. Let A be a De Morgan supplemented Heyting algebra with
dual Esakia space X. If there is a natural number n and a dense open U C min(X)
such that |A /0| < n for all x € U, then A" is isomorphic to R(A).

This discussion also shows that in general there is little hope of giving a bet-
ter description of the hyper-MacNeille completion of an arbitrary Heyting algebra
without first being able to determine the MacNeille completions of Boolean prod-
ucts of (fsi) Heyting algebras. In fact, in Section 4.3 we will obtain a description
of the hyper-MacNeille completion of an arbitrary Heyting algebra A as the Mac-
Neille completion of some Boolean product of fsi Heyting algebras.

4.3 Algebras of dense open sections

In this section we will show that the hyper-MacNeille completion of Heyting
algebra A is the MacNeille completion of some Hausdorff Heyting algebra Q(A)
determined by A. This makes the hyper-MacNeille completion of A much like the

IFor what follows the assumption that the lattice in question is distributive is not essential,
see [73].
%In fact, a slightly weaker condition suffices, see [73, Lem. 6.8].
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MacNeille completion of a Boolean product, where the subdirect representation
A — HxEmin(X) A /6, plays the role of a Boolean product representation.

Given a Heyting algebra A with dual Esakia space X we will always con-
sider A as a subalgebra of [],c i,x)A/0:. Consequently, for a € A and z €
min(X ), we have that a(x) denotes the image of a under the canonical projection
[Locminx) A/0z — A /0. 1t is easy to verify that for a € A and z € min(X),

a(x) =1 if, and only if, a € x.
For any f, 9 € [ L cmin(x) A/0z, we let
[f = 9] = {x € min(X) : f(x) = g(2)},

and likewise, mutatis mutandis, for [f < g] and [f < ¢].

As we have seen, the algebra of dense open sections plays a crucial role when
considering MacNeille completions of Boolean products of lattices. This is also
the case when considering hyper-MacNeille completions. However, in this case we
will be working with a sheaf of algebras the base space of which is not necessarily
compact and so in particular not a Stone space.

4.3.1. LEMMA. Let A be a Heyting algebra with dual Esakia space X. For each
a € A and each x € min(X)Na there is s <1 such that aVs=1 and v ¢ 5.

Proof:

Since z is minimal we have that {z} and 1(X\a) are disjoint closed down- and
upsets, respectively. As X is a Priestley space we have clopen upset s such that
{z} N5 =0 and N(X\a) C 5. It follows that x ¢ 5. Furthermore, we see that

—

aVs=aUs2DaUTN(X\a) =X,
from which it follows that a vV s = 1. O

Recall from Appendix A.6 that any Priestley space (X, <,7) gives rise to
two spectral spaces (X,7") and (X, 7+) with 77 the collection of open upsets of
(X,<,7) and 7+ the collection of open downsets of (X, <, 7).

4.3.2. PROPOSITION. Let A be a Heyting algebra with (X, <,7) its dual Fsakia
space. The subspace topology on min(X) inherited from the Priestley topology T
on X coincides with the subspace topology on min(X) inherited form the spectral
topology ™ on X.

Proof:

Since 7+ C 7 it suffices to show that for each basic open U € 7 there is V € 7+
such that U Nmin(X) = V Nmin(X). The sets of the form @, and @ = X\a, with
a € A, form a basis for the topology 7. Consequently, as @ € 7+ for all a € A
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we only need to show that the elements of the form @ N min(X) are open in the
subspace topology on min(X) inherited from 7+. To see this let z € @ N min(X)
be given. By Lemma 4.3.1 we have s, < 1 such that aV s, = 1 and x € s,.
Furthermore, if y € 5, N min(X) then y & §, and therefore s,(y) < 1. As A/6,
is well-connected this entails that a(y) = 1 and hence y € @. This shows that
x € 5, Nmin(X) € aNmin(X) from which it follows that the set @ N min(X) is
open the subspace topology on min(X) inherited from 7+. O

In this section we will always consider min(X) as a topological space equipped
with the subspace topology inherited from the spectral space (X, 74). That is,
the topology determined by basic opens of the form s N min(X) for s € A. Note
that by Proposition 4.3.2 the sets [s = 1] for s € A are open in this topology.

Given a Heyting algebra A with dual Esakia space X we would like to equip
the disjoint union of the quotients {A/6, : x € min(X)} with a topology allowing
us to talk about continuity of elements of the direct product [, ¢ i) A/0z- In
order to avoid cumbersome notation we will always assume that the underlying
sets of the algebras A /0, are disjoint, knowing that we can always replace them
with isomorphic copies to satisfy this assumption.

4.3.3. PROPOSITION. Let A be a Heyting algebra with dual Fsakia space X. The
collection of sets

O(a,s) ={a(z) : z € [s < 1]},

with (s,a) € A2, forms a basis for a topology on Usemincx) A/0z-

Proof:

We have that each element of |J,c,(x) A/0: is of the form ¢(z) for some ¢ € A
and some x € min(X). Because z is a prime filter and as such proper, we must
have s € A such that s ¢ z, implying that s(x) < 1. This shows that the sets of
the form O(a, s) cover U, pin(x) A/ 0z-

If c € A and = € min(X) are such that ¢(z) belongs to O(ay, s1) N O(az, s2)
then we have that c(x) = ai(z) = az(x) and s1(z) < 1 and sy(z) < 1. In
particular, for a := a; <> ag we have a(x) = 1, implying that x € a. Consequently,
by Lemma 4.3.1 we must have s € A with s < 1 such that sVa =1 and x € 5.
This means that s(z) < 1 and that s(y) < 1 entails a(y) = 1, which is to say that
a1(y) = as(y) whenever s(y) < 1, for all y € min(X). From this we may conclude
that,

c(x) € Oay Nag,sV sV se) C O(ay, s2) NO(az, s2),

by using the fact that each of the factors A /6, are fsi Heyting algebras and as
such well-connected, implying that (s V s; V s9)(y) < 1 if, and only if, s(y) < 1,
s1(y) < 1, and sy(y) < 1. O
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Given a Heyting algebra A with dual Esakia space X we will equip the (dis-
joint) union | (x) A/0,, with the topology determined by the family {O(a, s) :
(s,a) € A?}.

Recall that a function f: X — Y between topological spaces is continuous at
a point © € X provided that for any open neighborhood V' of f(x) there is an open
neighborhood U of = such that f[U] C V. Furthermore, a function f: X — Y
between topological spaces is continuous on a set U C X if f is continuous at
each z € U.

rEmin

4.3.4. LEMMA. Let A be a Heyting algebra with dual Esakia space X, [ €
H:tEmin(X) A/0, and x € min(X). Then f is continuous at x if, and only if,
there is (sz,a,) € A% such that s,(x) <1 and

Vy € min(X) (s.(y) <1 = a.(y) = f(y)).

Proof:
Suppose first that there is (s;,a,) € A% such that s,(z) < 1, and s,(y) < 1
entails a,(y) = f(y) for all y € min(X). Then given any open neighborhood V
of f(x), since the sets O(a, s), with (a,s) € A2, form a basis for the topology on
the co-domain, we have (s,a) € A? such that f(z) € O(a,s) C V. This entails
that f(x) = a(z) and s(z) < 1. But then [s V s, < 1] is an open neighborhood
of x such that f[[sV s, < 1]] € O(a,s) C V, showing that f is continuous at z.
Conversely, suppose that f is continuous at x. Evidently there must be an
element a, € A with a,(z) = f(z) and an element s, € A such that s(z) < 1.
We then have that O(a,, s;) is an open neighborhood of f(z). Consequently,
since f is continuous at x there must be an open neighborhood of x, say U, such
that f[U] C O(as,s). As the sets [t < 1], with ¢t € A, form a basis for the
topology on the domain we must have s, € A with [s, < 1] € U and hence
flls. < 1]] € O(ay,,s), showing that s,(y) < 1 entails a,(y) = f(y) for all
y € min(X). O

4.3.5. DEFINITION. For a Heyting algebra A with dual Esakia space X let D(A)
be the set of elements of || A /6, which are continuous on some dense open
subset of min(X).

z€min(X)

4.3.6. REMARK. Note that A — [ ..
product; the base space min(XX) might not be compact and the patchwork prop-
erty is not guaranteed to hold. Therefore, the subalgebra of Ha:émin(X) A/b,
consisting of elements which are continuous at every point will not necessarily
coincide with the algebra A, but might be larger.

(x)A /0, is not in general a Boolean

For f € [ cmin(x) A/0z we let Up be the interior of the set of points at which
f is continuous. Thus f € D(A) if, and only if, Uy is a dense open set.
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4.3.7. PROPOSITION. Let A be a Heyting algebra with dual Esakia space X.
Then D(A) is a Heyting subalgebra of the direct product Hzemin(X) AJb,.

Proof:
It is easy to see that the least and the greatest elements of [T, (x) A /0. are con-
tinuous everywhere and so belong to D(A). Let f1, fo € D(A) and * € {A,V,—}
be given. We claim that f; * fy is continuous on Uy N Up. To see this let
x € Uy, NU, be given. By Lemma 4.3.4 we have pairs (s, al),(s2,a2) € A?
witnessing that f; and fy are continuous on z. If (si V s2)(y) < 1 for some
y € min(X), since the algebra A/, is well-connected, sl(y) < 1 and s2(y) < 1
whence (al * a2)(y) = (f1 * f2)(y). Similarly, we have that (sl Vv s2)(z) < 1.
Thus by, again by Lemma 4.3.4, the pair (sl V s2,al x a?) witnesses that fi * f5

is continuous at x. Since the intersection of two dense open sets is again dense
open this concludes the proof. O

Given a Heyting algebra A and f € D(A) we define
A(f) ={(s,a) € A*:Vz € U; (s(z) <1 = a(z) < f(z))}

4.3.8. PROPOSITION. Let A be a Heyting algebra. Then A(f) belongs to AT for
all f € D(A).

Proof:

We need to show that A(f) = LU(A(f)). Therefore, as we always have A(f) C
LU(A(f)), it suffices to argue that LU(A(f)) € A(f). We first observe that for
all z € Uy, since f is continuous at  we have by Lemma 4.3.4 a pair (s,,a,) € A?
such that s,(x) < 1, and a,(y) = f(y) whenever s,(y) < 1. Suppose that a
choice of such pairs (s;,a,) has been made for each z € U;. Then for z € U;
and (s,a) € A(f) we must have that Uy C [s, VsV (@ — a;) = 1]. As the set
[s:VsV(a— a;) = 1] is closed in min(X) and Uy is dense, we may conclude that
sz VsV(a—a,) =1, for all (s,a) € A(f). But then (s.,a,) € U(A(f)), for all
x € Us. Consequently, if (s,a) € LU(A(f)) it follows that sV s, V (a = a,) =1
for all x € Us. As s,(z) < 11it follows that s(z) < 1 implies a(z) < a,(z) = f(z),
for each = € Uy, and hence (s,a) € A(f). O

4.3.9. LEMMA. For any Heyting algebra A and fi, fo € D(A) we have that
A(f1) < A(f2) if, and only if, [fi < f2] contains a dense open set.

Proof:

We first observe that for each x € U, we have (s;,a,) € A(fy) for any pair
(8z,a,) € A% witnessing the fact that fi is continuous at z. Thus, if A(f;) <
A(fz), then for z € Uy, we have that (s,,a,;) € A(f), implying that s,(y) < 1
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entails a,(y) < fo(y). As s.(r) < 1 and a,(z) = fi(z), we see that the dense
open set Uy, is a subset of [fi < fo.

Conversely, if [f; < fo] contains a dense open set, say U, then for all y €
UNUy, and all (s,a) € A(f;) we have that s(y) < 1 implies a(y) < fo(y). Given,
x € Uy, we let (s,,a,) € A? be a pair witnessing that f is continuous at . Then
we have that UN Uy C [s, VsV (a = a,) = 1]. Since the intersection of two
dense open sets is again a dense open set and since [s, V sV (a — a,) = 1] is
closed we must have that s, VsV (a = a,) = 1, for all © € Up,. Since s,(z) <1
for each « € Uy,, we obtain that s(z) < 1 implies a(z) < a,(x) = fo(x), for all
such x € Uy,. This proves that (s,a) € A(fs), as desired. 0

Let © be the relation on D(A) defined by letting
f1©fs if, and only if, [fi = f2] contains a dense open set.

Since the collection of dense open sets is closed under binary intersections, we
see that O is in fact a Heyting algebra congruence. Thus by Proposition 4.3.7 we
have that D(A)/© is a homomorphic image of a subalgebra of the direct product
[Lcmin(x) A/0z. In particular, for any Heyting algebra A, the algebra D(A)/©
belongs to any variety of Heyting algebras containing A.

4.3.10. DEFINITION (cf. [146]). By the algebra of dense open sections of a Hey-
ting algebra A we shall understand the algebra D(A)/O, which we will denote

by Q(A).

4.3.11. REMARK. The construction of the algebra QQ(A) from the algebra A is
akin to the construction of the maximal ring of quotients of a commutative semi-
simple ring [18], in particular of the ring of all real-valued functions on some
completely regular space, see, e.g., [89, Chap. 2|. Of course, for each Boolean
algebra B the MacNeille completion B considered as a Boolean ring is exactly
the maximal ring of quotients of B considered as a Boolean ring [44].

4.3.12. PROPOSITION. Let A be a Heyting algebra. Then there is an order-
embedding Q(A) < AT of posets.

Proof:
We claim that the map f/© — A(f) is an order-embedding. That this maps is
well defined follows directly from Lemma 4.3.9. To see that it is order-preserving
we observe that if f;/© < f,/O then f1/© = fi/OA f2/© = (fi A f2)/© whence
[fi = fi A f2] contains a dense open set. Since [f1 < fo] = [f1 = f1 A f2] we
obtain from Lemma 4.3.9 that A(f1) < A(f2).

Similarly, to see that the map is also order-reflecting we observe that if
A(f1) < A(fy) then the set [f1 < fo] = [f1 = f1 A f2] contains a dense open set
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and therefore f1/0© = f1/© A fo/© which shows that f,/0 < f,/0. O

In the following we will show that this embedding is both join- and meet-dense
and therefore that Q(A) = A'.

4.3.13. DEFINITION. Let A be a Heyting algebra with dual Esakia space X. For
(s,a), (t,b) € A? we define functions f(,b),g(s,a) € [ Tecmin(x) A/0z as follows

1 if t(z) =1

b(x) otherwise

0 if s(z) =1

a(x)  otherwise

f@W@:{ wdg@@@:{

4.3.14. LEMMA. For any Heyting algebra A and any (s,a), (t,b) € A? the func-
tions g(s,a) and f(t,b) are everywhere continuous.

Proof:

Let (t,b) € A? be given. By Lemma 4.3.4 we have that f(¢,b) is continuous at
r € X if, and only if, there is (s,a) € A? such that s(z) < 1, and s(y) < 1
entails a(y) = f(t,b)(y) for all y € min(X). From the definition of f(¢,b) we
see that a(y) = f(t,b)(y) precisely when a(y) = t(y) = 1 or when #(y) < 1 and
a(y) = b(y). Given this it is easy to see that if ¢(z) < 1, then (¢, b) witnesses that
f(t,b) is continuous at x. Thus the set of points at which f(¢,b) is continuous
contains the open set [t < 1]. Moreover, if s € A is such that

[t <1]n[s<1] =0,

then s(y) < 1 entails t(y) = 1 for all y € min(X), and so for any z € [s < 1]
we have that (s, 1) will witness that f(¢,b) is continuous at xz. Consequently, we
obtain that f(¢,b) is continuous on the open set

[t<1JuJls<1]: [t <1 n]s < 1] =0} = [t < JUI([t = 1]),

where |(—) denotes the interior operator on min(X). By Proposition 4.3.2 we
have that I([[t = 1]) = [t = 1] and so f(¢,b) is continuous everywhere.

A similar argument shows that for each (s,a) € A? the corresponding function
g(s,a) is continuous everywhere. O

4.3.15. PROPOSITION. For any Heyting algebra A and any (s,a), (t,b) € A? we
have that

A(f(t, b)) = L(t,b) and A(g(s,a)) = LU(s,a).
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Proof:
Let X denote the dual Esakia space of A. Using the fact that f(¢,b) is continuous
everywhere we see that

A(f(#0)) = {(s,0) : Vo € Uspy (s(x) <1 = alx) < f(t,0)(x))}
Vr e min(X) (s(z) <1 = (t(z) <1 = a(z) <b(2)))}

(s,a):
(s, a):
(s,a) :min(X) C[sVtV(a—0b) =1]}
(s,a):
).

s, a

{
{
{(s,a) :sVtV(a—b) =1}

L(t,b

To see that A(g(s,a)) = LU(s,a), we first show that A(g(s,a)) € LU(s,a).
Therefore, let (sg,a0) € A(g(s,a)) be given and let (¢,b) € U(s,a). Then sV
tV (a — b) = 1, showing that s(x) < 1 implies t(x) < 1 or a(x) < b(x). Since
g(s,a) is continuous everywhere we have that so(x) < 1 implies ag(x) < g(s,a)(x)
for all z € min(X). If ¢(z) < 1 and so(x) < 1 then either s(z) = 1 or a(x) <
b(z). In the former case g(s,a)(z) = 0 and so ap(z) < b(x). In the latter case,
ap(x) < g(s,a)(z) = a(x) < b(z). In either case ag(x) < b(x). This shows that
So VitV (ag — b) =1, ie., (so,a0) € L(t,b). Since (t,b) € U(s,a) was arbitrary
we may then conclude that (sg,ag) € LU(s,a).

Finally, we show that LU(s,a) C A(g(s,a)). For each x € min(X) we
have (t,,b,) € A? witnessing that g(s,a) is continuous at x. That is to say
t:(z) < 1 and t,(y) < 1 implies b,(y) = g(s,a)(y) for all y € min(X). It is
not difficult to see that this entails that sV ¢,V (e — b,) = 1 and hence that
(tz,b:) € U(s,a). Consequently, we have that if (sg,ag) € LU(s,a) then in par-
ticular, so VitV (ag — b;) = 1 for all z € min(X). But then, as t,(z) < 1 for each
x € min(X), we may conclude that so(z) < 1 entails ag(x) < b,(x) = g(s,a)(z).
This shows that (so, ag) € A(g(s,a)). O

Since by Lemma 4.2.6 the sets {L(¢,b) € A" : (t,b) € A?} and {LU(s,a) €
AT : (s,a) € A?} are meet- and join-dense in AT, respectively, we obtain that the
order-embedding Q(A) — AT given by Pr0p051t10n 4.3.12 is both meet- and join-
dense. Consequently, since A" is complete, the MacNeille completion of Q(A)
must be isomorphic, as a poset and therefore also as a Heyting algebra, to A™.
We have thus established the following theorem.

4.3.16. THEOREM. Lel A be a Heyting algebra. Then AT = Q(A).

4.3.17. REMARK. Constructing different types of completions of lattice-based
algebras using sheaf representations is by no means a new idea as references
|44, 146, 73] show. We point to two more examples of this phenomenon. Given
a completely regular Baire space X, the Dedekind completion of the Riesz space
C(X) of real-valued continuous functions with domain X may be obtained as the
Riesz space consisting of certain bounded real-valued functions from X which are
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continuous on a dense set and identified by equality on a dense set [77, Thm. 6.1],
see also [89, Chap. 4|. Similarly, lateral completions of /-groups may be obtained
from sheaf representations in a way resembling the construction of Q(A), see
[226].

On the face of it Theorem 4.3.16 does not appear to say much about the hyper-
MacNeille completion of A. Nevertheless, since the algebra QQ(A) may have a
richer structure than A, some useful information can still be gained. For example,
the algebra Q(A) will always belong to any variety containing A. Moreover, as
the following proposition shows, this algebra will always be supplemented with a
De Morgan supplement.

4.3.18. PROPOSITION. For any Heyting algebra A the algebra Q(A) is supple-
mented with a De Morgan supplement.

Proof:
We show that D(A) is supplemented with a De Morgan supplement. It is then
easy to see that the congruence © will also be a congruence with respect to the

supplementation operation. B
Let X denote the dual Esakia space of A. Then for f € D(A) we define f by

~ 0 if f(z)=1
) —
1 otherwise.

It is not hard to see that f is a supplement of f in [ yA/0, and that it

satisfies the De Morgan laws. Thus, it remains to be shown that fis continuous
on a dense open set. Therefore, let Uy be the interior of the set of points at which
f is continuous. By assumption Uy is a dense open set. We show that the set of
points at which f is continuous contains the open set ([f < 1] Up) UI([f = 1]).
If € [f < 1] N U then we have that f is continuous at x with f(x) < 1.
Consequently, we must have (s,a) € A? such that s(z) < 1, and s(y) < 1 implies
a(y) = f(y), for all y € min(X). It is then easy to see that (s V a,1) witnesses
that f is continuous at . If = € I([f = 1]) then we have s € A such that
z € [s < 1] C [f = 1] and hence (s,0) witnesses that f is continuous at .
Finally, we show that ([f < 1]NU;)UI([f = 1]) is dense. Therefore, let [s < 1]
be a non-empty basic open subset of min(X). If [s < 1JNUN[f < 1] =0
then, as Uy is dense, we have that [s < 1] N [f < 1] = 0 and hence that
[s < 1] € [f = 1]. But since [s < 1] is a non-empty open set we must have that

[s <1 nI([f =1]) # 0. O

r€min(X

4.3.19. REMARK. From Proposition 4.3.18 and Theorem 4.1.24 we obtain that
the algebra Q(A) is Hausdorff with fsi stalks for all Heyting algebras A.
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4.3.1 MacNeille completions of De Morgan supplemented
Heyting algebras

From Proposition 4.3.18 and Theorem 4.3.16 it follows that one can understand
the hyper-MacNeille completions of Heyting algebras by looking at MacNeille
completions of De Morgan supplemented Heyting algebras.

4.3.20. PROPOSITION. The MacNeille completion of a De Morgan supplemented
Heyting algebra is again a De Morgan supplemented Heyting algebra.

Proof:

Let A be a De Morgan supplemented Heyting algebra. It is well known that the
MacNeille completion of a Heyting algebra is also a Heyting algebra, see, e.g.,
[151, Thm. 2.3]. We show that A is also supplemented.

For x € A we claim that 2z :== \/{~a € A:x < a € A} is the supplement of
x in A. To see this, we first note that if y € A is such that y V 2 = 1 then for
each a € S with a > x we have that yVVa = 1. Consequently, for each b € A with
b > y we have ~a < b. Since A is meet-dense in A this shows that ~a < y and
hence that z < y. To see that xV z = 1, consider a € A such that 'V z < a then
r < a and z < a from which we may conclude that ~a < a and therefore that
a = 1. Since A is meet-dense in A we then obtain that x V z = 1. This shows
that \/{~a € A: 2z < a € A} is indeed the supplement of x in A.

It remains to show that the supplement on A is a De Morgan supplement. By
Proposition 4.1.9 it suffices to show that ~z A~ ~x = 0 for all z € A. Therefore,
let z € A be given. By the above we have that ~2 = \/{~a € A: 2 < a € A}.
Since A is a Heyting algebra it follows that

Nx/\NNx:\/{Na/\Nb:xSaEA, ~r<be A}.

If a,b € A are such that x < a and ~z < b, then ~b < ~~zx < x < a and
therefore ~a < ~ ~b. It then follows that ~aA~b < ~~bA~b. But as A was
assumed to be supplemented with a De Morgan supplement, by Proposition 4.1.9,
we obtain that ~~b A ~b = 0. We may then conclude that ~x A ~~x =0, as
desired. O

Given any class I of Heyting algebras we denote by K4, the class of De
Morgan supplemented members of K.

4.3.21. THEOREM. A wvariety of Heyting algebras V is closed under hyper-Mac-
Neille completions if, and only if, the class Vans s closed under MacNeille com-
pletions.

Proof:
Let V be a variety of Heyting algebras. For each A € V we have that Q(A) be-
longs to V and hence to Vg,s by Proposition 4.3.18. Thus if V is such that Vg,
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is closed under MacNeille completions, then QQ(A) belongs to V for all A € V.
Therefore, by Theorem 4.3.16 the variety V is closed under hyper-MacNeille com-
pletions. Conversely, if V is closed under hyper-MacNeille completions, then in
particular At € V for each A € Vy,,s. However, by Proposition 4.2.11 we have
that At is isomorphic to A and hence A € V. Finally, by Proposition 4.3.20
we may conclude that A € V,,,,, showing that this class is indeed closed under
MacNeille completions. O

As we will see in the following section, MacNeille completions of supplemented
Heyting algebras are already fairly easy to work with compared to the general
case.

4.4 Varieties closed under hyper-MacNeille com-
pletions

In this section we discuss two methods of finding varieties of Heyting algebras
closed under hyper-MacNeille completions based on the results obtained so far.
We also give more direct descriptions of the hyper-MacNeille completion of special
classes of Heyting algebras.

4.4.1 ALBA-type arguments

The existence of a supplement operation makes it possible to use syntactic meth-
ods analogous to the ones developed in [124, 245|, or, alternatively, ALBA-type
methods as in, e.g., [68, 236, 141, 255], to establish preservation of equations un-
der MacNeille completions. In particular, this allows us to prove that there are
varieties of Heyting algebras closed under hyper-MacNeille completions which
are not determined by Ps-equations. Consider, for example, the variety BDs of
Heyting algebras satisfying the equation

~xyV(rg — (21 V —my)). (bds)

This variety is not determined by Ps-equations, see Proposition 2.3.3. Neverthe-
less, we claim that the variety BDs is closed under hyper-MacNeille completions.
By Theorem 4.3.21 it suffices to show that the class of supplemented members of
BD, is closed under MacNeille completions.

We first observe that on supplemented Heyting algebras the defining equation
for BDs is equivalent to the equation

NI’Q/\ZEQ S.Tl\/_'.l‘l. (41)

Let A be a supplemented Heyting algebra. Since the set A is both join- and meet-
dense in A we have that A validates Equation (4.1) if, and only if, the following
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two-sorted quasi-equation holds
(a <~zyAx9and 1V -z <b) = a<b, (4.2)

where a, b are understood to be universally quantified over A and x1, x5 universally
quantified over A. This is essentially mimicking the “approximation” step of the
ALBA algorithm. The crucial observation is that the polarities have been reversed
in the antecedent and so the operations now appear in a position where they are
invertible. This shows that the quasi-equation (4.2) is equivalent to the quasi-
equation

(a<~zganda<zyand zy <band ~z; <b) = a<b. (4.3)

Finally, it is not difficult to see that the quasi-equation (4.3) is equivalent to the
quasi-equation
(a<~aand 7b<b) = a<b. (4.4)

This last step is essentially a version of what is known as the Ackermann Lemma or
the minimal valuation argument in the context of correspondence theory, see, e.g.,
[68]. Now, the quasi-equation (4.4) only depends on A, it is expressing that every
co-dense element is below every dense element. Moreover, the above reasoning
also shows that the quasi-equation (4.4) is equivalent to the equation (4.1) on all
supplemented Heyting algebras. Hence since by assumption A belongs to BDs,
the quasi-equation (4.4) is valid on A and hence A belongs to BDs.

It is not difficult to show that a similar kind of argument works for other
varieties of Heyting algebras such that £C and KC.

4.4.2 Hyper-MacNeille completions of finitely generated va-
rieties

There is another way to provide examples of varieties of Heyting algebras closed

under hyper-MacNeille completions but not necessarily determined by Ps-equa-

tions. Namely, by finding conditions on a variety of Heyting algebras V ensuring
that the algebra of dense open sections QQ(A) is complete for all A € V.

4.4.1. LEMMA. Let A be a Heyting algebra with dual Esakia space X and let
f,9 € D(A). If f/© = g/O then f(x) = g(z) for all x € min(X) at which both

f and g are continuous.

Proof:
Suppose that f and g are both continuous at € min(X). By Lemma 4.3.4 there
are (s, a), (t,b) € A% such that s(z),t(x) < 1 and,

[s<1]C[f=a] and [t<1] < [g=0].
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Consider the open set U = [s VtV (a <> b) < 1]. It is easy to see that
UNn[f =g9g] =0. As f/© = g/O the set [f = g] contains a dense open set
and consequently has a non-empty intersection with every non-empty open set.
We may therefore conclude that U = () and hence that s VitV (a > b) = 1.
Because the factor A /6, is well-connected and both s(z) < 1 and t(x) < 1 we
must have that (a <> b)(z) = 1, proving that f(z) = a(z) = b(x) = g(x). O

The proof of the following theorem follows that of [146, Prop. 4] closely.

4.4.2. THEOREM (cf., |146, Prop. 4|). Let A be a Heyting algebra with dual Esa-
kia space X. If the cardinalities of the quotients {A/6, : x € min(X)} are
uniformly bounded on a dense open set of min(X), then Q(A) is complete.

Proof:

Assume that there exists n € w and dense open set U C min(X) such that
|A/0,] < n for all x € U. We show that for any non-empty set 7" C D(A) the
set {f/© : f € T} has a least upper bound in Q(A), from which it follows that
Q(A) is complete. Therefore, let a non-empty set 7' C D(A) be given. For each
f € T fix a dense open set Uy on which f is continuous, and let Ur = UfeT Us.
Now pick g € JT,cpmin(x) A/0z such that g(z) = V{f(z) : f € T and = € Uy} for
each x € Upr NU. We show that g is continuous on a dense open set. To this
end we prove that each non-empty open set V' C min(X) contains a non-empty
open set on which ¢ is continuous. Given a non-empty open set V' C min(X) let
Sy be the set of finite sequences of triples (s;, a;, fi)%;, with (s;,a;) € A? and
fi € D(A), such that,

() VO[s1<1]D[s2<1] 2... D [sx < 1] #0,

(i) [si <1] C[fi =a;] for each i € {1,... k},

(iii) the chain fi(x) < (fiV fo)(z) < ... < (\/f:1 fi> (x) is strictly increasing,
for each = € [s < 1].

Since V' is non-empty open and 7" is non-empty we have that there exists at least
one sequence in Sy of length 1. Since the sets of the form [s < 1] are open and
as such have non-empty intersection with the set U, we have that the maximal
length of a sequence in Sy is at most n. Therefore, let (s;, a;, f;)i—; be a sequence
in Sy of maximal length. We claim that ¢ is continuous at any point of [s, < 1].

Let a .= \/{_, a;, by Lemma 4.3.4 it suffices to show that g agrees with a on
[sq < 1]. If this is not the case then we have = € [s, < 1] such that a(x) # g(z)
By construction f; is continuous at x for all i € {1,...,¢q} and so we must have
that a(z) < g(z). So since a(x) # g(x) we must have f, 1, € T with x € Uy,
and f,i1(x) £ a(z). Because f,41 is continuous at x we have by Lemma 4.3.4 a
pair (s,a,41) € A? such that x € [s < 1] C [f,+1 = ag11]. In particular, we must
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have that a,41(z) £ a(x). Thus letting s,41 = s,V sV (a441 — a), we obtain
that [s, < 1] 2 [sq+1 < 1] 3 2. Moreover, [s,11 < 1] C [s < 1] C [fy41 = ag41]-
Finally, if y € [s451 < 1] then (VL £)(y) = a(y) < (aVag1)(y) = (VL £) ().
Consequently, the chain fy(y) < (fiV f2)(y) < ... < (V] fi)(y) must be strictly
increasing. This shows that (s;, a;, fz)fill € Sy, contradicting the choice of ¢ as
the maximal length of a sequence in Sy .

We now show that ¢/© is the least upper bound of the set {f/© : f € T}.
Given f € T we have that [f < g] contains the dense open set U N Uy and
consequently, that f/© < ¢g/©. Thus ¢/O is an upper bound of {f/O : f € T}.
Suppose that h/© € Q(A) is also an upper bound of {f/© : f € T'}. Then for
each f € T we have that (fVh)/O = h/© and so by Lemma 4.4.1 we obtain that
f(z) < h(z) for all x at which both f and h are continuous. Thus if & is continuous
at x, then f(x) < h(x) for all f € T such that z € U;. Consequently, letting U, be
a dense open set of points at which h is continuous we have that g(z) < h(zx) for
all points in the dense open set UrNUNU,, proving that g/© < h/O, as desired. O

Thus in case the cardinalities of the algebras {A /6, : x € min(X)} are uni-
formly bounded on a dense open subset of min(X) we have that A" = Q(A).
By Jonsson’s Lemma, see [172, Sec. 6] or Appendix A.2, if V is a congruence
distributive variety generated by a finite set of finite algebras IC, then the finitely
subdirectly irreducible members of VV must all be a homomorphic image of a subal-
gebra of some member of . Since all varieties of Heyting algebras are congruence
distributive, we obtain that if A belongs to a finitely generated variety of Hey-
ting algebras V), then the cardinalities of the algebras {A /6, : x € min(X)} are
uniformly bounded by the cardinality of any algebra generating V. Since Q(A)
always belongs to any variety containing A we obtain the following corollary.

4.4.3. COROLLARY. IfV is a finitely generated variety of Heyting algebras, then
V 1s closed under hyper-MacNeille completions.

Again, using the characterization from Chapter 2 of varieties of Heyting al-
gebras determined by Ps-equations it is not hard to come up with examples of
finitely generated varieties of Heyting algebras which are not axiomatizable by
such equations, e.g., the variety generated by the Heyting algebra (2 x 2) & 1,
obtained by adding a new top element to the four element Boolean algebra. Note,
however, that not all varieties determined by Ps-equations are finitely generated.

4.4.3 Isolated minimal points

We conclude this section by considering Heyting algebras A for which the hyper-
MacNeille completion is easily determined in terms of the quotients A /6,, with
x € min(X), where X is the dual Esakia space of A.

When the isolated points of min(X) are dense then the algebra of dense open
sections, and therefore also the hyper-MacNeille completion, of A is particularly
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easy to describe. For a topological space X we denote by iso(.X) the set of isolated
points of X.

4.4.4. PROPOSITION. If A 1is a Heyting algebra with dual Esakia space X and
iso(min(X)) a dense subset of min(X), then A" = [, cicomin(x)) A/ 0z

Proof:

As the MacNeille completion of a direct product is the direct product of the
MacNeille completions of the factors, by Theorem 4.3.16 it suffices to show that
Q(A) = [ cisominx)) A/0z- As the set of isolated points of min(X) is assumed
to be dense, it follows that for f,g € J[,c,pin(x) A/0 we have f/© = ¢/© if, and
only if, f and g agree on all the points of iso(min(X)). Consequently, we have an
Qrder—eml?eQding Q(A) — H.zeiso(mm(x)) AJo, given by f/.@ — f iso(min(X)),
i.e., restricting a representative to the set of isolated points. Moreover, since
any function is continuous at any isolated point this map must be surjective and

therefore Q(A) =[] (x)) A/bz, as desired. O

z€iso(min

4.4.5. REMARK. The fact that the hyper-MacNeille completion coincides with
the MacNeille completion for Heyting algebras with a De Morgan supplement, in
particular for Boolean algebras, shows that Proposition 4.4.4 is not true uncondi-
tionally. In the Boolean case the only non-trivial finitely subdirectly irreducible
Boolean algebra is the two element chain 2. Consequently, if Proposition 4.4.4
were to hold in general then the MacNeille completion of any Boolean algebra
would be isomorphic to a power of 2. This, however, is not the case as the latter
is always atomic but the former not. In fact, for any Boolean algebra B with
dual Stone space X we have that min(X) = X. Since for Boolean algebras the
MacNeille and the hyper-MacNeille completions coincide, Proposition 4.4.4 im-
plies that if B is a Boolean algebra with iso(X) dense in X then B = 2°(X),
It is well known, see, e.g., [180, Prop 7.18|, that the isolated points of X are in
one-to-one correspondence with the atoms of B and that iso(X) is dense in X if,
and only if, B is atomic. Thus as a special case of Proposition 4.4.4 we obtain
the easily verifiable fact that B = p(At(B)), for atomic Boolean algebras B with
At(B) the set of atoms of B.

For any Heyting algebra A with dual Esakia space X, given distinct elements
z,y € min(X) we can always find a,, € A with a,,(x) = 1 and a,,(y) # 1.
Suppose one choice of such a,, has been made for each z # y. If min(X) is finite
we may then define elements a, = Af{a., : y # =} and o, = \/{a, : v # =z}
of A. It is clear that a,(y) = 1 if, and only if, y = z. That a/(y) = 1 if,
and only if, y # z follows from the assumption that A /6, is finitely subdirectly
irreducible and hence well-connected. As [a/, < 1] = {z} we may then conclude
that min(X) is a discrete space. Thus as a special case of Proposition 4.4.4 we
obtain the following corollary.
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4.4.6. COROLLARY. Let A be a Heyting algebra with dual Esakia space X. If
min(X) is finite then AT =[] A/b,.

z€min(X)

4.5 Central and supplemented elements

Even though in the general case a complete and transparent description of the
hyper-MacNeille completion AT of A might be out of reach, we will still be able
to determine a number of properties of AT both absolutely as well as in terms of
data given by A. Most importantly, we will show that AT is always supplemented
with a De Morgan supplement or equivalently by Theorem 4.1.24 a Hausdorff
lattice with finitely subdirectly irreducible stalks. Furthermore, we will be able
to determine the center of AT,

4.5.1. THEOREM. If is A a Heyting algebra then A" is a Hausdor[f lattice with
fsi stalks.

Proof:

By Theorem 4.1.24 it suffices to show that A" is supplemented with a De Morgan
supplement. From Theorem 4.3.16 we know that A" is the MacNeille completion
of the Heyting algebra Q(A). As this algebra is supplemented with a De Morgan
supplement it follows from Proposition 4.3.20 that so is A", O

Thus At will always have a somewhat well-behaved Boolean product repre-
sentation. In this section we will make some initial attempts at understanding
the local structure of A" for an arbitrary Heyting algebra A. We will give a de-
scription of the center Z(A™) of A, but the stalks of AT do not appear to admit
a simple description. In fact, let A be a complete Heyting algebra which is also
a Hausdorff lattice with fsi stalks at least one of which is incomplete, e.g., the
lattice described in [73, Prop. 7.9]. Then A* = A = A. This shows that the
stalks of the hyper-MacNeille completion of an arbitrary Heyting algebra will not
necessarily be complete.

Recall that for any Heyting algebra A we have an embedding of Heyting
algebras e: A — AT given by e(a) = L(0,a), where

L(t,b) = {(s,a) € A> : sV tV (a—b) =1},
for all (t,0) € A%
4.5.2. PROPOSITION. Let A be a Heyting algebra and let c € A. Then L(c,0) is a

central element of A*. Moreover, L(c,0) =1 precisely when ¢ = 1, and L(c,0) =
0 precisely when ¢ € CoDn(A).
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Proof:
We claim that L(c,0) V =L(¢,0) = 1. To see this we make two observations.
Firstly, (i) by definition of the Heyting implication in A"

=L(c,0) = {(t,b) € A*: ¥(s,a) € L(c,0) ((s Vt,a Ab) € L(0,0))}.

Consequently, (¢, 1) € =L(c,0), since if (s,a) € L(c,0), then 1 = sV ¢V —a =
(sVe)V=(anl), and hence (sVe,aAl) € L(0,0). Secondly, (ii) (d,1) € L(c,0)
for all d € A such that 1 =cVd.

Then let L(t,b) € A* be such that L(c,0) VvV —=L(c,0) C L(t,b). Then L(c,0)U
—L(c,0) C L(t,b), hence by (i) we must have (¢,1) € L(t,b) and therefore also
that 1 = cVtV (1 — b) =cV (tVb). Consequently, (tVb,1) € L(c,0) by (ii). But
then (tVb,1) € L(t,b) and hence 1 =tV (tVb) V(1 — b) =tV b. This, however,
entails that L(t,b) = A? since for (s,a) € A% we always have tVb < sVtV(a — b).
By Lemma 4.2.6(1) we must have that L(c,0)V—L(c, 0) = A?, showing that L(c, 0)
is indeed central.

Finally, we see that L(c,0) = 1 if, and only if, sVcV—a = 1 for all (s,a) € A?,
which is easily seen to happen only when ¢ = 1. Similarly, L(c,0) = L(0,0) if,
and only if, sV ¢V —a = 1 implies s V—a = 1 for all (s,a) € A% As all elements of
A are of the form sV —a we obtain that L(c,0) = L(0,0) if, and only if, cVd = 1
implies d = 1, which is to say that c is co-dense. O

4.5.3. PROPOSITION. The map ®: A — Z(AT) given by ¢ — L(c,0) is a bounded
lattice homomorphism.

Proof:
We have already seen that ®(0) = 0 and that ®(1) = 1. Furthermore, for
¢,d € A we have

d(cnd)={(s,a) € A% 1 =5V (cAd)V—a}
={(s,a) € A%: 1= (sVeV-a)A(sVdV-a)}
={(s,a) € A*>: 1=sVeV-aand1l=sVdV-a}

— &(d) A B(d).

To see that ®(cV d) = ®(c) V ®(d) we first note that ®(cV d) > (c) vV O(d)
since ® is order-preserving. For the converse, let (s,a) € ®(cV d) be given. To
show (s,a) € ®(c)V®(d) we must show that (s,a) € LU(P(c)UP(d)). Therefore,
let (t,b) € U(®(c) U ®(d)) be given. From (s,a) € ®(cV d) we may deduce
(s Ve,a) € &(d) and hence that sVeViV(a — b) =1, as (t,b) € U(P(d)).
Therefore, letting u == sVtV(a — b) we see that (u, 1) € ®(c). As (t,0) € U(P(c))
it follows that

l=uVtV(l—=b=uVtvb=sVtV(a—bVtVb=sVtV(a—b).
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Because (t,b) € U(®(c)UP(d)) was arbitrary, this shows (s,a) € LU(®(c)UP(d)),
from which we may conclude that ®(cV d) < ®(c) vV &(d). O

By Proposition 4.1.9 we know that in a distributive lattice which is De Mor-
gan supplemented the central and the co-regular elements coincide. To obtain a
description of the co-regular elements of AT requires that we first compute the
supplements of elements of the form L(t,b).

4.5.4. LEMMA. Let A be a Heyting algebra and let (t,b) € A% Then —®(t V b)
is the supplement of L(t,b) in AT.

Proof:
By the definition of the Heyting implication in At we have that

L1 — Loy = {(S,CL) € A% V(t,b) €z ((S Vi, aN b) S ZQ)},
for Z,,Z, € AT, In particular,
SL(tVb,0) ={(s,a) € A*:V(s',d) € L(t Vb,0) (sVsV-alana)=1)}

We first show that L(¢,b) V Z = 1 entails =L(t V b,0) < Z, for all Z € A*. Since
Z = N{L{,V): Z < L(t'V)} it suffices to establish the claim for elements of the
form L(t',0"). Therefore, assume L(t,b)VL(t',b") = 1, then since L(t,b), L(t', V') <
L(tVt',bVb') we must have that L(tVt',bVb') = 1 and hence tV#'VbV = 1. From
this it follows that (¢ V ¥',1) € L(bV t,0). Consequently, if (s,a) € =L(t V b,0)
then in particular we must have (sV (t'Vb'),aA1l) € L(0,0), i.e., sV'VH'V-a = 1.
But then,

l=sVt'VEV-aa<sVt'VEV(a—=bt)=sVtV(a—=1),

showing that (s,a) € L(t',b"). Thus, we have shown —L(t V b,0) < L(', V).

To see that L(t,b) V —L(t vV b,0) = 1 we first observe that since (¢ V b,1) €
-L(t V b,0) we have that if =L(¢ Vv b,0) < L(¢',0/) then t VbVt VY =1
meaning that (¢ VvV 0/,1) € L(t,b). Consequently, if also L(¢,b) < L(¢',') then
(t'VUV,1) € L(t', V) and hence t' VI’ = 1 from which we may conclude L(#',b") = 1.
So L(t,b) V =L(t vV b,0) < L(t', V) entails L(#,b') = 1. Since the elements of the
form L(t',b") are meet-dense in AT we obtain that L(t,b) Vv =L(t vV b,0) = 1, as
desired. O

Since ®: A — Z(A") is a homomorphism of bounded lattices, the quotient
A /ker @ is a bounded sublattice of Z(A™).

4.5.5. PROPOSITION. Let A be a Heyting algebra. Then Z(A') is the MacNeille
completion of the free Boolean extension of the distributive lattice A /ker ®.
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Proof:
Since A/ker ® embeds into Z(AT) as a bounded distributive lattice we have
that the free Boolean extension B(A /ker ®) of A /ker ® is a Boolean subalgebra
of Z(A"). This follows from the fact that the category of Boolean algebras
and Boolean algebra homomorphisms is a reflective subcategory of the category
of bounded distributive lattices and bounded lattice homomorphism with the
free Boolean extension a reflector preserving monomorphisms [16, Cor. V.4.3|.
Since A" is complete and supplemented we have that Z(A") is complete by
Proposition 4.1.11. Moreover, all meets and joins in Z(A") are computed as in
A*. As both Z(A") and B(A /ker ®) are Boolean algebras it suffices to show that
B(A /ker @) is meet-dense in Z(A™).

Therefore let Z € A" be a central element. Then ~Z = —~Z. By Lemma 4.2.6
the elements of the form L(¢,b) are meet-dense in AT. Consequently, since each
element in the image of ® is central we may conclude that

Z=-nZ
—~~(A{L@n) €4tz <L)}

:ﬂ<\/{~L(t, b) € AT Z<Ltb}>
—-(V{-e@vb)eat: z<Lwb)})
= N\{——®(tVvb) e A" : Z < L(t,b)}
:p@¢tvbeA%:ZgL@mn,

where we used that by Lemma 4.5.4 ~L(t,b) = =®(tV b), for all (¢,b) € A% This

shows that the image of ® is meet-dense in Z(A™). O

Thus one way to understand the structure of Z(A") is to understand the
structure of the distributive lattice A /ker ®. We will do so by showing how the
dual Priestley space of A /ker ® can be obtained from the dual space of A in a
natural way.

4.5.6. PROPOSITION. The kernel of the map ®: A — Z(A") consists of the pairs
(c,d) € A% such that

VacA(l=aVe < 1=aVd).

Proof:
We have that ®(c) = ®(d) precisely when

V(s,a) € A> (1=s5VecV-a < 1=sVdVa).

Thus as any element of A is of the form sV —a, for some (s,a) € A? the statement
of the proposition follows. O
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4.5.7. REMARK. The distributive lattice congruence ker ® has also been studied
in its order dual version by Speed, see, [238, Sec. 5| and [237].

In order to characterise the dual Priestley space of the distributive lattice
A /ker @ the following lemma will be useful.

4.5.8. LEMMA. Let D be a distributive lattice with dual Priestley space X. Then
CoDn(D) ={a € D :min(X)Na=0}.

Proof:

By Remark 4.1.17 min(X) € ({X\a@ : a € CoDn(D)}. Thus for each a €
CoDn(D) we have that min(X) C X\a, which implies that min(X) Nna = 0.
Conversely, if a ¢ CoDn(D) then we have ¢ < 1 such that a V¢ = 1. Conse-
quently, for any x € X either a € x or ¢ € x. Since ¢ < 1 we have a prime filter
x € X such that ¢ € x. Moreover, since X is a Priestley space we must have
y C x for some y € min(X). But then ¢ € y whence a € y, i.e., y € a, showing
that @ N min(X) # 0. 0

4.5.9. PROPOSITION. Let A be a Heyting algebra with dual Esakia space X.
Then the dual Priestley space of A /ker @ is the closure in X of the set min(X).

Proof:

Under the correspondence between homomorphic images of a distributive lattice
and closed subspaces of its dual space, see, e.g., [217, Lem. 12|, we have that the
dual Priestley space of A /ker ® is determined by the closed set

Y={xeX:V(ab) cker® (a€x < bex)}.

We show that this set coincides with the closure of min(X).

First we determine the closure of min(X). As the sets a = {z € X : a € z},
for a € A, and their complements form a basis for the topology on X, the closure
C(9S) of any set S C A consist of points = satisfying

VacA(laer = JyeSacy))and(agr = Jye S(advy))).

By Proposition A.6.6 any prime filter on A contains a minimal prime filter, and
so for all a € A, if a & x for some x € X then also a ¢ y for some minimal prime
filter y € X. Therefore, we may conclude that

Cmin(X)) ={zr € X :Va€ A (a €z = anmin(X) #0)} = X\ Ja.
a€CoDn(A)

where the last equality follows from Lemma 4.5.8. We then observe that if z € Y,
then since x is proper we must have that 0 € x and hence a & z, for all a € A



128 Chapter 4. Hyper-MacNeille completions of Heyting algebras

such that (a,0) € ker . By Proposition 4.5.6 it follows that (a,0) € ker ® if, and
only if, a € CoDn(A), whence

Y € X\ J{@:a € CoDn(A)} = C(min(X)).

Lastly, we observe that min(X) C Y. To see this, let € min(X) be given and
suppose that (a,b) € ker & with a € z. By Lemma 4.3.1 we have s € A with
s < 1such that aVs=1and s ¢ z. Since (a,b) € ker & we have that bV s =1
and hence b € x, from which we may conclude that x € Y. This shows that

min(X) CY C C(min(X)),
and since Y is closed this entails Y = C(min(X)), as desired. O

The Stone space of the free Boolean extension of a distributive lattice D
is the underlying Stone space of the dual Priestley space of D, see, e.g., [130,
Prop. 1.1.14]. Moreover, the MacNeille completion of a Boolean algebra B is
isomorphic to RO(X), the algebra of regular open subsets of dual Stone space X
of B, see, e.g., [151, Thm. 3.8|. Putting these two facts together we obtain that
for any Heyting algebra with dual Esakia space X the center of AT is isomorphic
to the algebra of regular opens of the Stone space C(min(X)). It is not difficult
to show that if X C Y is a dense subspace of a topological space Y, then the
map U — U N X is an isomorphism of Boolean algebras RO(Y) and RO(X).
Consequently, since min(X) is dense in C(min(X)), when both are considered as
subspaces of X, we obtain the following description of the center of AT,

4.5.10. COROLLARY. If A is a Heyting algebra with dual Fsakia space X, then
Z(A") is isomorphic to RO(min(X)).

Finally, we compare the center of A* to that of Q(A), the algebra of dense
open sections of A.

4.5.11. PROPOSITION. For any Heyting algebra A, the center of Q(A) is iso-
morphic to the center of A*.

Proof:
Let X denote the dual Esakia space of A. For each open U of min(X) let
xv denote the characteristic function for U. We show that U — xy/© is an
isomorphism from RO(min(X)) to Z(Q(A)).

To see that this map is indeed well defined let U be an open subset of min(X).
If x € U, then, since U is open, we have s € A such that z € [s < 1] C U.
Thus by Lemma 4.3.4, the pair (s, 1) will witness that yy is continuous at x. If
x € l(min(X)\U), then we have s € A such that z € [[s < 1] € min(X)\U. Thus
the pair (s,0) will witness that xy is continuous at . We have thus shown that
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Xv is continuous on the dense open set U U l(min(X)\U). Therefore, i € D(A)
for all open subsets U of min(X). Furthermore, for each open U C min(X),
letting U’ = I(min(X)\U), we see that xy A xor = 0 and that yy V xy agrees
with 1 on the dense open set U U U’. Consequently, xy will be central in Q(A)
with complement x.

Evidently, U — xy/© is an order-preserving map. If Uy, Us € RO(min(X))
are such that xp, /O < xp,/© then we have a dense open subset U contained in
[xv, < xv,]- But then UNU; C Uy and hence IC(UNU;) C IC(Us) = Us,. Because
U is dense we have that IC(U N U;) = IC(U;) = U; and therefore Uy C Us. This
show that U +— xy//© is also order-reflecting and hence an order-embedding,.

For each open subset U of min(X) we have that xy and xic) agree on a
dense open set, namely U U (min(X)\ C(U)). Therefore, since IC(U) is always a
regular open subset of min(X), to establish that the map U — x¢/© is surjective
it suffices to show that for f/O central in Q(A) we have f/© = xy /O for some
open subset U of min(X).

Suppose that f € D(A) is such that f/© is central in Q(A). Then there
is f' in D(A) with f'/© the complement of f/© in Q(A). Let U be a dense
open set on which both f and f’ are continuous. Let Vi = [f = 1] N U and
Vo =[f=0]NU. If x € V; then by Lemma 4.3.4 we have (s,,a,) € A? such that
sz(x) < 1, and s,(y) < 1 implies a,(y) = f(y), for all y € min(X). Consequently,
the set [[s, < 1]N[a, = 1]NU is an open neighborhood of = contained in V;. This
shows that V7 is open. Similarly, we see that 14 is open. We claim that V; UV} is
dense. By assumption the sets [f V f' = 1] and [f A f" = 0] both contain dense
open sets, say Uy and Uy. As each of the quotients A /6, is well-connected we
obtain that if z € U; N U, then f(x) =1 or f(x) = 0. Consequently, the dense
open U NU; N U, is contained in V7 UV, which must therefore be dense. This
shows that f/© = yy/0O. O

Since Z(A") is complete we obtain that the center of Q(A) is a complete
Boolean algebra for each Heyting algebra A. Even if the algebra Q(A) is itself
not always complete, some suprema are guaranteed to exist. Recall from [73]
that in a lattice L with a least element 0 a family of elements {a; € L : 7 € I} is
pairwise disjoint if a; A aj = 0 for ¢ # j. Recall further that a lattice L with a
least element is orthogonally complete if for any family of pairwise disjoint central
elements {¢; € Z(L) : ¢ € I} and every I-indexed family {a; € L : i € I}, the
family {a; Ac; € L : i € I} has a least upper bound in L.

4.5.12. PROPOSITION. The algebra Q(A) is orthogonally complete for any Hey-
ting algebra A.

Proof:
Let X denote the dual Esakia space of A and let {¢; € Z(Q(A)) : i € I} be
a family of pairwise disjoint central elements of Q(A). By Proposition 4.5.11
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we have a family {U; € RO(min(X)) : ¢ € I} of pairwise disjoint regular open
subsets of min(X) such that ¢; = xy,/O. Let U = |J,c;U;. Given a family
{fi/© € Q(A) :i € I} we define [ € [],cpinx)A/bz by letting f(z) = fi(x) if
x € U; and f(x) = 0if x € U. Evidently, f is continuous on the dense open set
U U l(min(X)\U) and therefore a member of D(A). We claim that f/O is the
least upper bound of the family {f;/O A xy,/© € Q(A) : i € I}. By construction
of f we have that f; A xy, < f and hence f/© must be an upper bound of the
family {f;/© A xv,/© € Q(A) : i € I}. If g/© is another upper bound of this
family, then for each i € I we have a dense open V; with V; C [fi A xu, < ¢]-
Consequently, letting W = |, (Vi N U;), we see that W C [f < g]. Given open
V with WNV =0 we must have that V, NU; NV =0 for all i € I. As each Vj is
dense this entails that U; NV = () for each i € I and hence that V' C min(X)\U.
It follows that W U I(min(X)\U) is a dense open set. Since f agrees with 0 on
[(min(X)\U) we obtain that W U l(min(X)\U) C [f < ¢] and therefore that
f/e <g/e. D

4.5.13. REMARK. Let D be a Hausdorff lattice with X the dual Stone space of
its center. If D has complete stalks on a dense subset of X, then by |73, Thm. 7.8|,
the lattice D is complete if, and only if, it is orthogonally complete. This together
with Proposition 4.5.12 and Jonsson’s Lemma can be used to give an alternative
proof of the fact that finitely generated varieties of Heyting algebras are closed
under hyper-MacNeille completions.

4.6 Regular hyper-MacNeille completions

Recall that a completion e: D < C of a lattice D is regular if the embedding
preserves all infima and suprema which exist in D. The MacNeille completion of
a lattice is always regular while for instance the canonical completions is never
regular except in trivial cases, see, e.g., [148, Sec. 3]. There is at least one
variety of Heyting algebras which is not closed under MacNeille completions but in
which every algebra regularly embeds into some complete algebra belonging to the
variety, namely the variety V(3) generated by the three element chain, see, [149].
It is currently not known whether there are other varieties of Heyting algebras
with this property. In this section we will give necessary and sufficient conditions
for the completion e¢: A < A" to be regular. In particular, this will show that
the hyper-MacNeille completion will not provide examples of varieties of Heyting
algebras which are not closed under MacNeille completions but nevertheless admit
regular completions.

4.6.1. DEFINITION (cf. [60, Def. 6.10]). A distributive lattice D is called exter-
nally distributive if

(VseS(avs=1) = a\//\S:L
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for all SU{a} C D such that S has a greatest lower bound in D.

4.6.2. REMARK. Any supplemented Heyting algebra is externally distributive.
However, not every externally distributive Heyting algebra is supplemented. To
see this, consider any non-supplemented algebra with only essentially finite meets
such as the linear sum w @ (2 x w?). Of course, for complete distributive lattices
being externally distributive is equivalent to being supplemented.

4.6.3. LEMMA. Let A be a Heyting algebra. Then for all (t,b) € A? and allc € A
we have that (t,b) € U(0,¢) if, and only if, L(0,c) C L(t,b).

Proof:
First let (¢,b) € A% and ¢ € A be such that (¢,b) € U(0,¢). Then tV (c — b) = 1.
If (s,a) € L(0,c) we have sV (a — ¢) = 1. From this it follows that

1

(tV(c—=b)A(sV(a— )
<((svt)V(c—=b)A((sVt)V(a—c))
=(sVt)V((a—=c)A(c—b))
sVtV(a—c).

IN

Consequently, (s,a) € L(t,b) and hence L(0,¢) C L(t,b). Conversely, let (¢,b) €
A% and ¢ € A be such that L(0,¢) C L(t,b). Since (0,¢) € L(0,c) we must have
that (0,c¢) € L(t,b) and hence that (¢,b) € U(0,¢). 0

4.6.4. THEOREM (cf. [60, Prop. 6.11]). If A is an externally distributive Heyting
algebra then the embedding e: A — A" is regular.

Proof:
Let C' C A be a subset with a greatest lower bound in A. Then we have that

e(/\C’):{(s,a)€A2:1:3\/(a—>/\C)}
:{(s,a)€A2:1:s\//\{a—>c€A:c€C}}
{(s,a) e A?:¥eeC (1=sV(a—0))}

where the third equality from the top follows from the assumption that A is
externally distributive. Similarly let C' C A be a subset with a least upper bound
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in A. Then we have that

v(eVe) =

{(t,b)eA2 1=tV ( \/C—>b}
{(t,b)€A2 1—t\//\{c—>bEA CGC}}
{(t,b)eA2 Vee C (1=tV(c—b)}

U0
eC

o

where again the third equality from the top follows from the assumption that A
is externally distributive. By Lemma 4.6.3 we then obtain that

e(\Vc)=r(0\/c)
=10(0,\/ )

- L(ﬂ{U(O,C) icé€ C’})
— L({(t,b) € A% : Ve € C (L(0,¢) C L(1,b))})

= [{L(t,b) : Ve € C (L(0,¢) C L(t, b))}

=N {L(t,b) | J L(0,e) € L(t,b)}
— \/ L(0,c)

ceC

:\/ec

ceC

Thus e preserves all existing meets and joins in A. O

Using the fact that the hyper-MacNeille completion of a Heyting algebra is
always supplemented we also obtain that being externally distributive is in fact
a necessary condition for the hyper-MacNeille completion to be regular. More
precisely we have the following.

4.6.5. THEOREM. Let A be a Heyting algebra and let e: A — A" be the embed-
ding a — L(0,a), then the following are equivalent.

1. The embedding e: A — A" is reqular.
2. The embedding e: A — AT is meet-reqular.

3. The algebra A 1is externally distributive.



4.7. Summary and concluding remarks 133

Proof:

We have already seen, Theorem 4.6.4, that A being externally distributive is a
sufficient condition for the embedding e: A — A" to be regular. Thus it suf-
fices to show that A is externally distributive if the embedding e is meet-regular.
Therefore, assume that S C A is a subset having a greatest lower bound in A and
that a € A is such that sVa =1 for all s € S. Using the fact that every element
in the image of e is supplemented we see that ~e(a) < e(s) for each s € S. From
this it follows that ~e(a) < A, ge(s) and so by meet-regularity we obtain that
~e(a) <e(/AS) and therefore that 1 =e(a) Ve(AS) =e(aV A\ S), showing that
avVA\S=1. O

4.6.6. REMARK. Let A; be the Heyting algebra of empty and co-finite subsets of
the natural numbers. It is easy to see that A; belongs to the variety of Heyting
algebras V(3) generated by the chain 3 and hence to any variety of Heyting
algebras properly containing the variety of Boolean algebras. The algebra A is
evidently not externally distributive. Let V be a variety of Heyting algebras such
that BA C V C HA. Since V is not closed under MacNeille completions [151]
we must have an algebra A, € V such that A, ¢ V. In particular Ay must be
incomplete. It follows that the direct product As = A; x A, is an incomplete
member of the variety V which is not externally distributive. Furthermore we
must have that Az does not belong to V and that the embedding e: Az — Aj
is not regular. This shows that hyper-MacNeille completions will not in any
immediate way yield non-trivial varieties of Heyting algebras, other than the
variety of Boolean algebras, admitting regular completions.

4.7 Summary and concluding remarks

In this chapter we have looked at the hyper-MacNeille completion, first intro-
duced by Ciabattoni, Galatos, and Terui [60], from a more algebraic perspective.
In particular we have shown how in the context of Heyting algebras tools from
universal algebra and duality theory can be used to obtain both new results, as
well as new proofs of some already known facts, about the hyper-MacNeille com-
pletion. Concretely, we have identified the notion of a De Morgan supplemented
Heyting algebra as central for understanding the hyper-MacNeille completion of
Heyting algebras. We have shown that the MacNeille and hyper-MacNeille com-
pletions coincide for De Morgan supplemented Heyting algebras. Moreover, we
have established that the hyper-MacNeille completion of a Heyting algebra A
is the MacNeille completion of some De Morgan supplemented Heyting algebra
Q(A) belonging to the variety generated by A. As a consequence of this, we
obtained that a variety of Heyting algebras is closed under hyper-MacNeille com-
pletions if, and only if, the class of its De Morgan supplemented members is closed
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under MacNeille completions. Using this characterization we have provided ex-
amples of varieties of Heyting algebras closed under hyper-MacNeille completions
but not axiomatizable by Ps-equations. In particular, we have shown that all
finitely generated varieties of Heyting algebras must be closed under hyper-Mac-
Neille completions. We have also provided a description of the center of the
algebra QQ(A) for an arbitrary Heyting algebra A and shown that Q(A) is al-
ways orthogonally complete. Finally, we have identified necessary and sufficient
conditions for the hyper-MacNeille completion to be regular.

Further directions and open problems One obvious question which remains
to be answered is how to use our new perspective on the hyper-MacNeille comple-
tion to show that all varieties of Heyting algebras axiomatized by Ps-equations
are closed under hyper-MacNeille completions [60, Thm. 6.8]. One would hope
that the results about varieties of Heyting algebras axiomatized by Ps-equations
obtained in Chapter 2 should turn out to be helpful in relation to this problem.

As we have seen the hyper-MacNeille completion is always a Hausdorff Heyting
algebra with finitely subdirectly irreducible stalks. Thus one possible strategy for
determining which varieties of Heyting algebras are closed under hyper-MacNeille
completions would be to obtain a better description of the stalks of A*. It is
tempting to conjecture that for any Heyting algebra A with dual Esakia space X
the stalks of AT, and therefore AT itself, belong to the variety of Heyting algebras
generated by the algebras A /6, for z € min(X).

Another line of further investigation would be to establish a relationship be-
tween the hyper-MacNeille completion of a Heyting algebra A and the canonical
completion of A. We also believe that it will be worthwhile to systematically
develop syntactic methods for showing that equations are preserved under Mac-
Neille completions of (De Morgan) supplemented Heyting algebras. As mentioned
in Section 4.4 this can either be done pursuing topological methods presented by
Givant and Venema [124] and Theunissen and Venema [245] or by emulating
ALBA-like arguments, see, e.g., [68, 236, 141, 255, with the MacNeille comple-
tion taking the place of the canonical completion.

Finally, we would like to have a better understanding of the class operation
which takes a Heyting algebra A to its algebra of dense open sections Q(A). In
particular, we would like to understand exactly how it relates to seemingly similar
constructions in other areas of algebra.




Chapter 5
Integrally closed residuated lattices

In this chapter, based on [122], we change perspective in two respects. First, we
switch from considering Heyting algebras to considering residuated lattices and
various closely related types of algebras. Second, instead of being concerned with
properties related to hypersequent calculi and Ps-equations we look at a specific
Ns-equation and an equivalent non-standard sequent calculus for the equational
theory of residuated lattices determined by this equation. As we will see, even
though this equation belongs to the level A5, the approach of Ciabattoni, Galatos,
and Terui [59] cannot be applied to obtain an equivalent cut-free structural sequ-
ent calculus. Nevertheless, we show that algebraic methods can still yield some
proof-theoretical insights, although of a different type than those found in [59].

Concretely, we look at residuated lattices satisfying the equation x\z ~ e,
or equivalently the equation x/x =~ e, viz., the so-called integrally closed resid-
uated lattices [92, Chap. XII.3]. These structures encompass a large number of
well-known residuated lattices, such as integral residuated lattices, (-groups |6],
cancellative residuated lattices [13]|, and GBL-algebras [102]. Moreover, as we
will show, integrally closed residuated lattices are also connected to Dubreil-Ja-
cotin semi-groups [78, 93, 218, 41], pseudo BCl-algebra [165, 178, 181, 79|, sir-
monoids [219, 83| and algebras for Casari’s comparative logic [48, 49, 50, 210, 198|.

We show that any integrally closed residuated lattice satisfies the equation
x\e =~ e/x. Consequently, we may expand the type of integrally closed residuated
lattices with an additional unary operation, interpreted in each integrally closed
residuated lattice A as the function mapping a € A to the element a\e = ¢/a,
which we denote by —a. Composing this operation with itself gives rise to a
nucleus on any integrally closed residuated lattice analogous to the well-known
double negation nucleus on Heyting algebras. Using this nucleus we show that
the variety ZcRL of integrally closed residuated lattices admits a Glivenko the-
orem [126, 100] with respect to the variety £G of (-groups. That is, for any
residuated lattice terms s,t we have

LG s <t if and only if, ZcRL | ——s < ——t.

135
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This relationship between the varieties ZcRL and LG allows us to establish the
soundness, with respect to the variety ZcRL, of the following non-standard ver-
sion of the weakening rule

Nil=u ):ggA:>e
LA II=u

(LG-w)

where the premise =g A = e may be understood as a side-condition for weak-
ening. Variants of this rule have already been considered before in the context of
BCl-algebras [178] and Casari’s comparative logic [198]. Adding this rule to the
ordinary sequent calculus for the equational theory of residuated lattices we ob-
tain a sound and complete calculus for the equational theory of integrally closed
residuated lattices. Furthermore, using a standard argument we show that the
cut-rule is eliminable in this calculus. From this the decidability of the equational
theory of integrally closed residuated lattices follows.

Finally, we use the cut-free calculus for the equational theory of integrally
closed residuated lattices to obtain conservativity results concerning the equa-
tional theories of pseudo BCI-algebra, sirmonoids, and the algebras for Casari’s
comparative logic.

Outline The chapter is structured as follows: In Section 5.1 we establish some
basic facts about the structure of integrally closed residuated lattices and in Sec-
tion 5.2 we use these to prove that the variety of integrally closed residuated
lattices enjoys the Glivenko property with respect to the variety of f-groups.
Then in Section 5.3 we construct a sequent calculus for the equational theory of
the variety of integrally closed residuated lattices which we show admits cut-elim-
ination. Section 5.4 contains a discussion of the relationship between integrally
closed residuated lattices and sirmonoids, while in Section 5.5 the relationship
between integrally closed residuated lattices and the algebras for Casari’s com-
parative logic is discussed. Finally, Section 5.6 contains a few concluding remarks.

5.1 The structure of integrally closed residuated
lattices

In this section we establish some basic facts about the structure of integrally closed
residuated lattices. We refer to Appendix A.3 for the definition of residuated
lattices. By an integrally closed residuated lattice we shall understand a residuated
lattice satisfying the equations

\r~e and z/r=e.

We denote by Zc¢RL the variety of integrally closed residuated lattices. As we
shall see the equations x\z ~ e and z/x ~ e are in fact equivalent and so either
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one of them suffices to define the variety ZcRL relative to the variety of all
residuated lattices.

Recall that an element a of a residuated lattice A is idempotent provided that
a? = a. The following proposition shows that the property of being integrally

closed is completely determined by the structure of the idempotent elements.

5.1.1. PROPOSITION. Let A be a residuated lattice. Then the following are equiv-
alent.

1. The residuated lattice A 1s integrally closed.

2. The residuated lattice A satisfies the quasi-equations

ry<zr = y<e and yr<r = y<e.

3. The monoidal unit e s the largest idempotent element of A.

Proof:

That Item 1 implies Item 2 follows immediately by applying residuation. That
Item 2 implies Item 3 is likewise easy to see. We show that all elements of A
of the form a\a and a/a are idempotent from which it follows that Ttem 3 im-
plies Ttem 1. Therefore, let a € A be given. Since a(a\a) < a we must have
a(a\a)(a\a) < a(a\a) < a and hence (a\a)? < (a\a). On the other hand, since
e < a\a we also have a\a < (a\a)?, which shows that a\a is indeed idempotent.
The fact that the element a/a is idempotent for all a € A follows from a com-
pletely analogous argument. O

5.1.2. REMARK. This shows that the variety ZcRL of integrally closed resid-
uated lattices is (-,V,e)-stable in the sense of definition [35, Def. 4.6], even in
the stronger sense that any residuated lattice which is a (-, V, e)-subalgebra of an
integrally closed residuated lattice must also be integrally closed.

Thus Proposition 5.1.1 shows that whether or not a residuated lattice is inte-
grally closed is completely determined by the structure of its underlying partially
ordered monoid. We note that partially ordered monoids with a largest idem-
potent element are special instances of what is known as Dubreil-Jacotin semi-
groups which have been studied extensively, see, e.g., [41, Chap. 12-13] and [42,
Chap. 3.25| for an overview. Proposition 5.1.1 also allows us to easily identify
many examples of integrally closed residuated lattices. For example any integral
residuated lattice is integrally closed. Similarly any cancellative residuated lat-
tice [13] must be integrally closed. In particular, any ¢-group will be integrally
closed. Consequently, any direct product of an integral residuated lattice and an
(-group must be integrally closed, whence, by |[102, Cor. 5.3|, all GBL-algebras
will be integrally closed. Of these four types of algebras only integral residuated
lattices and (-groups will play a role in this chapter. We refer to Appendix A.3
for definitions.
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5.1.3. LEMMA. Any upper or lower bounded integrally closed residuated lattice is
integral.

Proof:

Suppose that T is the greatest element of an integrally closed residuated lattice
A. Then T -a < T and hence a < T\T = e for all a € A. So A is integral.
Moreover, any residuated lattice with a least element | has a greatest element,
namely 1\ L, and so any lower bounded integrally closed residuated lattice must
also be integral. O

Since every finite residuated lattice is bounded, we obtain the following descrip-
tion of finite integrally closed residuated lattices.

5.1.4. COROLLARY. A finite residuated lattice is integrally closed if, and only if,
it us integral.

Also, since there are integrally closed residuated lattices that are not integral, e.g.,
any non-trivial /-group, the variety ZcRL of integrally closed residuated lattices
does not have the finite model property.

5.1.5. COROLLARY. ZcRL is not generated by its finite members.
A residuated lattice A is called e-cyclic if the two unary operations
ar—a\e and awre/a

on A coincide. The next result shows that integrally closed residuated lattices
are e-cyclic and that either one of the defining equations for this variety, relative
to the variety RL of all residuated lattices, suffices to imply the other.

5.1.6. PROPOSITION. Any residuated lattice satisfying either x\x ~ e orxz/z ~ e
15 e-cyclic and integrally closed.

Proof:
Let A be a residuated lattice satisfying z\x = e, noting that the case where A
satisfies x /x &~ e is symmetrical. Consider any a € A. By residuation, a(a\e) < e,
so a(a\e)a < a, giving (a\e)a < a\a = e and hence a\e < e/a. But also
(e/a)a <e,s0a < (e/a)\e <e/(e/a), giving a(e/a) < e and hence e/a < a\e. So
A satisfies x\e =~ e/, i.e., A is e-cyclic.

Consider now again any a € A. Since, as shown above, (a\e)a < e, we also
have a < (a\e)\e. But then, using the fact that the equation z\(y/z) =~ (z\y)/z
is valid in all residuated lattices,

afa < ((a\e)\e)/a = (a\e)\(e/a) = (a\e)\(a\e) =e.



5.1. The structure of integrally closed residuated lattices 139

Hence A satisfies z/z =~ e and is therefore integrally closed. O

For any e-cyclic residuated lattice A and a € A, we write —a to denote the
element a\e = e/a of A. We will consider the type of e-cyclic residuated lattices to
be (2,2,2,2,2,1,0), with the additional unary operation interpreted as a — —a
on any e-cyclic residuated lattice. The next lemma collects some useful properties
of this operation.

5.1.7. LEMMA. Fach of the following equations and quasi-equations axiomatizes
the variety ZcRL relative to the variety of e-cyclic residuated lattices:

(1) —(z\y) = —y/-x,

(1) —(y/x) = —x\—y,
(iii) z(—2)y <e = y<e,
() y(—z)r <e = y<e.

Proof:

To see that the equation (i) axiomatizes the variety Z¢RL relative to the variety
of e-cyclic residuated lattices, let A be any e-cyclic residuated lattice and consider
a,b € A. Since a(—a)b < b, it follows that (—a)b < a\b < ——(a\b) and hence
—(a\b)(—a)b < e, yielding —(a\b) < —b/—a. Note also that

a(a\b)(=b/—a)(—a) < b(~b) <e.

Hence if A is integrally closed, it follows that (a\b)(—b/—a) < (—a)/(—a) = e
implying —b/—a < —(a\b), which shows that A satisfies —(z\y) ~ —y/—x.
Conversely, if A satisfies —(z\y) =~ —y/—z, then we have that

a\a < (—a/=a)(a\a) = —(a\a)(a\a) <e,

implying that A satisfies x\x &~ e and so is integrally closed. The proof showing
that the equation (ii) axiomatizes the variety Z¢RL relative to the variety of
e-cyclic residuated lattices is symmetrical.

To see that the quasi-equation (iii) axiomatizes the variety Zc¢RL relative
to the variety of e-cyclic residuated lattices, consider first any integrally closed
residuated lattice A and a,b € A. If a(—a)b < e, then (—a)b < —a and hence
b < —a\—a = e, implying that A satisfies z(—z)y < e = y < e. Suppose
next that A is an e-cyclic residuated lattice that satisfies z(—z)y <e — y <e
and consider a € A. Then a(—a)(—a\—a) < e yields —a\—a < e. But also
—a(a/a)a < e, implying a/a < —a\—a < e. Therefore, A satisfies x/x ~ e and
so is integrally closed. The proof showing that the quasi-equation (iv) axiom-
atizes the variety ZcRL relative to the variety of e-cyclic residuated lattices is
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symmetrical. O

For any e-cyclic residuated lattice A, the map a: A — A given by
a— ——a

<,-,e), i.e., an increasing,
< ( b) for all a,b € A,
under « can be equipped

is a nucleus on the induced partially ordered monoid (A,
order-preserving, idempotent map satisfying a(a)a(
see, e.g., [100, Lem. 5.2|. Consequently, the image of
with the structure of a residuated lattice

Aa = <a[AL N Vas “ay \7 /7 e>7

where a V, b:=a(aVb)and a-, b:= a(a-b), for all a,b € a[A]. See Section A.5
of the appendix for details.

Suppose now that A is an integrally closed residuated lattice satisfying the
equation ——x ~ x. Then for any a € A we have,

a(~a) = ~—(a(~a)) = ~(a\(~~a) = ~(a\a) = —e =e.

That is, A satisfies the equation x(z\e) ~ e and is therefore an ¢-group. In this
case, the operation a — —a is the group inverse operation and « is therefore the
identity map on A, whence A = A,. On the other hand, if A is an integral
residuated lattice, then —a = e for all « € A and o maps every element to the
unit e, so A, is trivial. More generally, if A is integrally closed, then o and its
image enjoy the following properties. Call a homomorphism h: A — B between
residuated lattices A and B e-principal provided that h=1(eB) C |e®, cf. |41,
Chap. 12.2].

b)
A

5.1.8. PROPOSITION. Let A be an integrally closed residuated lattice.
1. The map a: A — A, is a surjective homomorphism of residuated lattices.
2. The residuated lattice A, is an (-group.

3. Any homomorphism h: A — G with G an (-group factors through the (-
group A,.

4. The residuated lattice A, s, up to isomorphism, the unique e-principal
homomorphic image of A which is an (-group.

Proof:

To establish Item 1 we first note that any nucleus on the induced partially ordered

monoid of a residuated lattice preserves the monoidal structure and joins, see,
g., [98, Thm. 3.34(2)]. By parts (i) and (ii) of Lemma 5.1.7, this nucleus also

preserves the residual operations. Moreover, a(e) = e. It therefore suffices to
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show that « preserves binary meets. First note that since (—a)(——a) < e, also
a(—a)(——a) < a, and, since b(—b) < e, it follows that a(—a)b(—b)(——a) < a.
Similarly, a(—a)b(—b)(——b) < b, and hence

a(—a)b(=b)(——a A —=b) <aAb< ——(aAb).

)
By residuation, a(—a)b(—b)(——aA——b)(—(aAb)) < e, and hence, applying part
(iii) of Lemma 5.1.7 twice, (——a A ——b)(—(a A b)) < e. By residuation again,

——aA——b< ——(aNb).

Since « is order-preserving, ——(a A b) = ——a A ——b, as desired.

To establish Item 2 we observe that by Item 1 A, is an integrally closed
residuated lattice. But also for any a € A, we have ——a(a) = a(a(a)) = a(a),
so A, satisfies the equation ——x ~ x and is therefore an /-group.

For Item 3 suppose that h: A — G is a homomorphism of residuated lattices
with G an f(-group. We claim that kera C ker h. To see this let a,b € A be
given such that (a,b) € ker o, meaning that ——a = ——b. But then from the
assumption that h is a homomorphism we obtain ——h(a) = ——h(b). Since
G is assumed to be an f-group this entails that h(a) = h(b), which implies
(a,b) € ker h. By the universal property of quotients we obtain a homomorphism
h: A, — G, such that h = ho a.

Finally, to establish Item 4 we first observe that by Items 1 and 2 the algebra
A, is a homomorphic image of A which is an /-group. Furthermore, we see that
if a € A is such that o(a) = e then a < e, as «, being a nucleus on A, is increas-
ing. This shows that a: A — A, is indeed e-principal. Now assume that G an
(-group and h: A — G is a surjective e-principal homomorphism of residuated
lattices. Then by Item 3 we must have a, necessarily surjective, homomorphism
h: A, — G. Now if (a,b) € A% belongs to ker h then since G is an f-group, and
so in particular integrally closed, we have h(a\b) = h(a)\h(b) = e. Consequently,
as h is assumed to be e-principal we obtain that a\b < e. By Lemma 5.1.7(i) it
follows that e < —(a\b) = —b/—a, whence —a < —b. A completely analogous
argument shows that —b < —a, and hence that —a = —b. But then ——a = ——0b,
which shows that (a,b) € ker a. Consequently, ker b C ker @ from which we may
conclude that A is injective and hence an isomorphism. O

The following theorem may be seen as a version of an analogous theorem for
ordered semi-groups see, e.g., [78], [92, Thm. XI1.3.1] and [41, Thm. 12.5].

5.1.9. THEOREM. Let A be a residuated lattice. Then the following are equiva-
lent.

1. The residuated lattice A 1s integrally closed.

2. The residuated lattice A admits an e-principal homomorphic image which
15 an L-group.
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Proof:

That Item 1 entails Item 2 follows from Proposition 5.1.8. To see that Item 2
entails Ttem 1, assume that G is an /-group, and so in particular integrally closed,
with an e-principal homomorphism A: A — G. Then since h preservers the resid-
uals, we immediately see that h(a\a) = h(a)\h(a) = e, for all « € A. Since h is
e-principal this entails that a\a < e for each a € A, showing that A is integrally
closed. O

The connection between integrally closed residuated lattices and /-groups al-
lows us to deduce that certain properties are enjoyed by the former by knowing
that they are enjoyed by the latter. The following proposition serves as an exam-
ple of this.

5.1.10. PROPOSITION. FEwvery integrally closed residuated lattice is torsion-free,
i.e., satisfies the quasi-equation

e = rRe,

for every natural number n > 1.

Proof:

Let A be an integrally closed residuated lattice. We prove by induction on natural
numbers n > 1 that A satisfies the quasi-equation 2" ~ e = x =~ e. The case
n = 1 is trivial. For the inductive step, suppose that n > 1 and o™ = e for some
a € A. Then, since a: A — A, is a homomorphism, a(a)” = a(a") = afe) =
e. But (-groups are torsion-free, see, e.g., |6, Prop. 1.1.6(b)], so a(a) = e and
therefore —a = ———a = —a(a) = —e = e. Moreover, since by assumption a" = e
we also have a"~! < —a by residuation. From this we see that

Hence a"! = e and, by the induction hypothesis, a = e. O

We turn our attention now to varieties of integrally closed residuated lattices.
Given any class K C ZcRL, we denote by K, the class {A, | A € K} C LG,
recalling that £G denotes the variety of ¢-groups.

5.1.11. PROPOSITION. Let V be any wvariety of integrally closed residuated lat-
tices.

1. The class V), forms a variety of {-groups.

2. If V is defined relative to ZAERL by a set of equations E, then V), is defined
relative to LG by E.
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Hence the map V — YV, is an interior operator on the lattice of subvarieties of
ZcRL whose image is the lattice of subvarieties of LG.

Proof:
Let V be a variety of integrally closed residuated lattices defined relative to ZcRL
by a set of equations E and let VW be the variety of /-groups defined relative to
LG by E. Clearly W =W, C ). But also each A, € V), is, by Proposition 5.1.8,
an (-group and a homomorphic image of A € V. So V, C W.

The second item of the proposition then follows from the observation that
V, =V if, and only if, V C LG. O

5.2 A Glivenko theorem for /-groups

In this section we will establish a correspondence between the validity of equa-
tions in an integrally closed residuated lattice A and the corresponding ¢-group
A, analogous to the one between Heyting algebras and Boolean algebras first
established by Glivenko [126], see also [16, Thm. IX.5.3]. In addition, we will
consider the relationship between the equational theories of integrally closed and
integral residuated lattices as well as the quasi-equational theories of integrally
closed residuated lattices and ¢-groups.

We will here denote by Tm the term algebra for residuated lattices over a
fixed countably infinite set of variables.

5.2.1. LEMMA. For any integrally closed residuated lattice A and s,t € Tm,
A, Es<t if, and onlyif, AkE——s< ——t.

Proof:
Suppose first that A = ——s < ——t. Since A, is a homomorphic image of A,
also A, F ——s < ——t. But A, is an {-group, and so A, | s < t.

Now suppose that A £ ——s < ——t. Then there exists a homomorphism
v: Tm — A such that v(——s) £ v(——t). Since « is a homomorphism from A
to A,, we obtain a homomorphism oo v: Tm — A, such that

(ov)(s) = alv(s) = —=v(s) = v(==s) £ v(=—t) = a(¥(t)) = (aov)(t).

Hence A, [~ s <t as required. O

Following [100], we will say that a variety V of residuated lattices admits the
(equational) Glivenko property with respect to a variety W of residuated lattices
if for all s,t € Tm, both of the equivalences

ViEe/(s\e) <e/(t\e) if, and onlyif, W E s <t,
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and
V= (e/s)\e < (e/t)\e if, and only if, W ks <t,

are satisfied. It may then easily be observed that if V' is a variety of e-cyclic
residuated lattices, this simplifies to the condition,

ViE-——s<——t if,and only if, Wk s <t
Let us also note the following useful consequence of this property.

5.2.2. PROPOSITION. If V s a variety of residuated lattices admitting the Gli-
venko property with respect to a variety of residuated lattices VW, then for all
s € Tm,

ViEs<e if, and onlyif, WgEks<e.

Proof:
The equation = < e/(z\e) and quasi-equation x < e = e¢/(z\e) < e are valid
in all residuated lattices. Hence for all s € Tm,

Wiks<e <= VIe/(s\e)

<e
<~ VEe/(s\e) <e
— VEs<e,

/(e\e)

establishing the proposition. O

For integrally closed residuated lattices, we obtain the following pivotal result.

5.2.3. THEOREM. Any variety V of integrally closed residuated lattices admits
the Glivenko property with respect to the variety of {-groups V).

Proof:

Suppose that V), = s < t. For any A € V, it follows that A, = s < t, and hence
A E ——s < ——t, by Lemma 5.2.1. So V | ——s < ——t. The other implication
follows from the fact that V), CV and V), F ——z =~ z. O

In particular, the decision problem for the equational theory of a variety of
integrally closed residuated lattices V is at least as difficult as the decision problem
for the equational theory of the corresponding variety of ¢-groups V,.

Applying Theorem 5.2.3 to the variety of all integrally closed residuated lat-
tices we obtain the following.

5.2.4. COROLLARY. The wvariety of integrally closed residuated lattices admits
the Glivenko property with respect to the variety of (-groups, and hence for all
s € Tm,

LG Es<e if, and only if, TcRLE s<e.
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As the next result demonstrates, Z¢RL is in fact the largest variety of resid-
uated lattices which admits the Glivenko property with respect to the variety of
all /-groups.

5.2.5. THEOREM. Let V be a variety of integrally closed residuated lattices that
is axiomatized relative to ZcRL by equations of the form s < e. Then V is the
largest variety of residuated lattices admitting the Glivenko property with respect
to the variety V.

Proof:

By Theorem 5.2.3, V admits the Glivenko property with respect to },. Now sup-
pose that W is any variety of residuated lattices admitting the Glivenko property
with respect to V),. By assumption, V is axiomatized relative to ZcRL by a set
of equations E of the form s < e, so, by Proposition 5.1.11, the variety )}, is
axiomatized relative to LG by E. But also by Proposition 5.2.2, all members of
the variety W must satisfy all the equations in E as well as z\x <e. SoW C V. O

Applying Theorem 5.2.5 to the varieties ZRL and Triv of all integral and all
trivial residuated lattices, respectively, we obtain the following.

5.2.6. COROLLARY.

1. The variety ZcRL is the largest variety of residuated lattices that admits
the Glivenko property with respect to the variety LG.

2. The variety TRL is the largest variety of residuated lattices that admits the
Glivenko property with respect to the variety Triv.

It is not the case that every variety V of integrally closed residuated lattices
is the largest variety of residuated lattices admitting the Glivenko property with
respect to the corresponding variety )V, of /-groups. For example, if V is the
variety of commutative integrally closed residuated lattices then 1), is the variety
of Abelian /-groups. However, for any integral residuated lattice A, the /-group
A, is trivial, so the largest variety admitting the Glivenko property with respect
to the variety of Abelian /-groups must contain all integral residuated lattices.

5.2.1 Two additional translations

We conclude this section by describing further syntactic relationships existing
between the variety ZcRL and the varieties ZRL and L£G. Recall, e.g., from
[170, Sec. 5| that for any residuated lattice A, the negative cone of A is the
residuated lattice A~ with universe A~ = {a € A | a < e}, monoid and lattice
operations inherited from A, and residuals defined by

a\-b:=(a\b)ANe and b/l a:=(b/a)Ae,
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for a,b € A~. For each term s € Tm we define a corresponding term s~ by the
following recursion:

e =e and z =ux Ae foreach variable x,

(s*t)” =s xt forx e {A,V,},
(s\t)" =(s"\t")Ae and (s/t)” =(s"/t7)Ae.

It is then straightforward, see, e.g., [170, Lem. 5.10], to prove that for any resid-
uated lattice A and s,t € Tm,

A" Es~t if,andonly if, AEs ~t .

Since the negative cone of an integrally closed residuated lattice is integral and
an integral residuated lattice is integrally closed, we obtain the following result.

5.2.7. PROPOSITION. For any s,t € Tm,
IRLEs~t if, and onlyif, ZcRLEs ~t .

Thus the decision problem for the equational theory of integrally closed residuated
lattices is at least as difficult as the decision problem for integral residuated
lattices.

Corollary 5.2.4 shows how the equational theory of /-groups may be inter-
preted in the equational theory of integrally closed residuated lattices. We now
show that also the quasi-equational theory of /-groups can be interpreted in the
quasi-equational theory of integrally closed residuated lattices. To this end we
define for each term s € Tm a corresponding term s® by the following recursion:

e*=e and z%=——x for each variable x,

(sxt)* =sxt* for x € {A,\,/},
(s-t)*=——(s"-t*) and (sVt)*=——(s"Vit?).
5.2.8. PROPOSITION (cf. [168, Prop. 28]). For each quasi-equation q in the lan-
quage of residuated lattices there is a quasi-equation q© effectively computable from

q such that
LG Eq if, and only if, ZcRL = q°.

Proof:
Suppose that ¢ is the quasi-equation

S &~ 1 and ... and Sm Rty = Syl R tm—l—l;
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with {x1,...,x} the set of variables occurring in q. Let p be the following
conjunction of equations,

——z1~xand ... and ——x; &~ T}.
We then let ¢ be the quasi-equation,

pand st ~t{ and ... and s, =t = s, =l

A straightforward induction shows that for any s € Tm the term function (s%)#
on A induced by the term s and the term function s« on A, induced by the
term s agree on their common domain, viz., {a € A: ——a = a}.

Now assume that £LG = g. To see that ZcRL = ¢* let A be an integrally
closed residuated lattice and let aq,...,a; € A be such that ——a; = a;, for all
ie{l,...,k}, and (s9)*(a) = (t9)*(@) for all j € {1,...,m}. Then by the above
observation we have that sf“(c?) = tf“(ﬁ), for all j € {1,...,m}. Consequently,
as LG = ¢ we have that A, = ¢ from which we may conclude that

(1) (@) = 57054(0) = £51(@) = (t7,11)™ (@)

This shows that A | ¢“ and therefore also that ZcRL = ¢®. To establish
the converse implication we observe that since all /-groups satisfy the equation
x ~ ——x it follows that LG | s ~ s* for each s € Tm. Consequently, the
quasi-equations ¢ and ¢* are equivalent on any /-group and so as LG C ZcRL we
obtain that

IcRL E ¢¢ = LG Eq,

as desired. O

This shows that the word problem for integrally closed residuated lattices is
at least as difficult as the word problem for /-groups.

5.3 Proof theory and decidability

In this section we will construct a sequent calculus for the equational theory of in-
tegrally closed residuated lattices by adding a non-standard weakening rule to the
standard sequent calculus RL, presented in Figure 5.1, for the equational theory
of residuated lattices. We prove that this calculus admits cut-elimination and ob-
tain as a consequence a proof of the decidability, indeed PSPACE-completeness,
of the equational theory of integrally closed residuated lattices.

In the following we shall by a (single-succedent) sequent understand an ex-
pression of the form I' =t where I' is a finite, possible empty, sequence of
terms si,...,8, € Tm and t € Tm. Sequent rules, calculi, and derivations
are defined in the usual way, see, e.g., |98, 199] or Chapter 2. We say that
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Identity Axioms Cut Rule
(1p) I'y=s P1,S,F3:>u( )
ID cuT
s=s I',I'2,I's = u
Left Operation Rules Right Operation Rules
Typle=u (o)
TLely=u e
lFo=s I'i,t,I's=u I's=1t
(/=) = =)

Fl,t/s,rg,rgju I‘:>t/s

I'o=s I'y,t,I's=u s, I'=1
=) = =V

', To,s\t,I's = u I'= s\t
I'i,s,t,T's = u =) I'=s I'sg=>t (=)
Fl,S't,F2:>U Fl,F2:>8-t

Fl,S,FQ = U I'= s
Fl,sAt,F2:>u(/\:)1 F:>s\/t(:>v)1

F17tar2 = U I'=1¢
Fl,s/\t,l“géu(/\ﬁ)2 F:>s\/t(:$v)2
I'i,s,'e=u I',t,Ty = =5 I'=t

I',svt,I's = u v=) '=sAt &n)
Figure 5.1: The Sequent Calculus RL
a sequent si,...,s, =t is valid in a class IC of residuated lattices, written as

Ex S1,--, 80 = &, if K =81+ 8, <t, where the empty product in a residuated
lattice is understood to be the monoidal unit e. A sequent is derivable in the
calculus RL if, and only if, it is valid in the variety RL of all residuated lattices,
see, e.g., |98, 199], and RL admits cut-elimination, i.e., there is an algorithm that
transforms any derivation of a sequent in RL into a derivation of the sequent that
does not use the cut-rule.

We define IcRL to be the sequent calculus consisting of the rules of RL together
with the non-standard rule

Nil=u ):EQA:>6
LA Il = u

(LG-w)

where the premise =g A = e may be understood as a side-condition for weak-
ening that is decidable [158], indeed co-NP-complete [99]. In fact, the condition
Frg A = e can be understood proof-theoretically as requiring a derivation in
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some calculus for /-groups, such as the hypersequent calculus admitting cut-elim-
ination provided in [99]. Thus the rule (£LG-W) may be viewed as a special case
of the standard weakening rule

NIl =u )
TAN=u

in which the sequence A is restricted by some (decidable) side-condition.

5.3.1. PROPOSITION. A sequent is derivable in the calculus IcRL if, and only if,
it 1s valid in all integrally closed residuated lattices.

Proof:
Assume first that s;,...,s, = t is a sequent valid in all integrally closed resid-
uated lattices. We show that sq,...,s, = t is derivable in the calculus IcRL via

a Lindenbaum-Tarski algebra construction. Namely, as usual, it is easy to verify
that the binary relation © on Tm defined by

u © v if, and only if, the sequents u = v and v = w are derivable in IcRL,

is a congruence on the term algebra Tm. Moreover, since the sequent z\z = e
is derivable in IcRL, the quotient Tm/© will be an integrally closed residuated
lattice which must satisfy

u/O <wv/O© if and only if, the sequents u = v is derivable in IcRL.

Consider the homomorphism from Tm to Tm/© mapping each term u to the
equivalence class u/©. Since by assumption the equation sy ---s, < t is true in
the residuated lattice Tm/0O, it follows that s;---s,/0© < t/© and hence that
the sequent s ---s, = t is derivable in IcRL. An application of (CUT) with the
derivable sequent sq,...,s, = s1---s, shows that also s1,...,s, = t is derivable
in IcRL.

Conversely, to show that any sequent derivable in IcRL is valid in all inte-
grally closed residuated lattices, we recall, e.g., from [98, 199|, that the rules
of RL preserve validity of sequents in RL and it therefore suffices to show that
the rule (£LG-w) preserves validity in Z¢RL. Suppose that Fz.re I, 1T = u and
Frg A = e. Writing s, s9, and t for the products of the terms in I, IT, and A,
respectively, we have that ZeRL = 150 < wand LG =t < e. By Corollary 5.2.4,
we obtain that ZcRL =t < e and hence that ZcRL |= s1tsy < u, yielding that,
Fzere Ty AL = u, as desired. O

5.3.2. PROPOSITION. The calculus IcRL admits cut-elimination.
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Proof:
It suffices, as usual, to prove that if there are cut-free derivations d; of the sequent
I's = s and dy of the sequent I'1,s,I's = w in IcRL, i.e.,

tdy 2 dy
I'y=s I'y,s,I'35=u
F17F27F3 = u

(cut)

then there is a cut-free derivation of the sequent I';,I'5,I's = u in IcRL. We
proceed by induction on the lexicographically ordered pair (c,h) where ¢ is the
term complexity of s and h is the sum of the heights of the derivations d; and
ds. The cases where the last steps in the derivations d; and dy are applications
of rules of RL are standard, see, e.g., |98, Chap. 4.1]. We therefore just consider
the cases where the last step is an application of the rule (£G-w). Suppose first
that F2 = Hl, A, HQ and dl ends with

Sd)
Hl,H2:>8 ):£gA2>e (£G-w)
M, AT, = s ™

By the induction hypothesis, we obtain a cut-free derivation ds of the sequent
[y, I, 115, T's = w in IcRL, and hence a cut-free derivation in IcRL ending with

tds
Fl,Hl,Hg,ngu ):EQA:>
FlanlaAaﬂ%Fi% = U

e
(LG-w)

Suppose next that I's = II;, A, II, and ds ends with

:
F17S,H17H2:>’LL ):EQA:>Q
FhS,Hl,A,Hg = U

(LG-w)

By the induction hypothesis, we obtain a cut-free derivation ds of the sequent
'y, Ty, 111, I, = w in IcRL, and hence a cut-free derivation in IcRL ending with

tds
Fl,Fg,Hl,Hgiu ):[:gA:>e
PlaFQaHhAvHQ = u

(LG-w)

The analogous case where I'y = I, A, I, is very similar.
Suppose finally that ', s,I's = 111, A1, s, Ag, IIy and dy ends with

L,
Hl,Hgﬁu ’:Lg Al,S,Agie
H17A1787A27H2 = U

(LG-w)



5.8.  Proof theory and decidability 151

By Proposition 5.3.1, we have that =7z, ['s = s and hence that |,g I's = s.
But then also g A1, T, Ay = e and so we obtain a cut-free derivation in IcRL
ending with

d
Hl,H2:>u ):Lg Al,FQ,AQ:e
H17A17F27A27H2 = U

(LG-w)
This takes care of all the possible cases and so concludes the proof. O

The cut-elimination argument of Proposition 5.3.2 applies also to sequent
calculi for other varieties of integrally closed residuated lattices. First, let V be any
variety of residuated lattices axiomatized relative to RL by a set of equations in
the {V, -, e}-reduct of the language of residuated lattices. It is shown in [97, Sec. 3]
that V can then be axiomatized by so-called simple equations, viz., equations of
the form s < t; V...V t, where each of s,t1,...,t, is either e or a product of
variables and s contains at most one occurrence of any variable. Moreover, a
sequent calculus for the equational theory of V that admits cut-elimination is
obtained by adding to the calculus RL for each such equation s <t V...Vt,, a
so-called simple rule

DW), M=u ... D)1= u
[LU(s),II=u

where U(e) is the empty sequence and ¥(z; - - - x,,), for not necessarily distinct
variables xq,...,x,,, is the sequence of meta-variables I';,,...,I'; . We then
obtain a sequent calculus for the equational theory of the variety W of integrally
closed members of V that also admits cut-elimination by adding the rule

In particular, a sequent calculus for the equational theory of commutative inte-
grally closed residuated lattices is obtained by adding to IcRL the (left) exchange

rule
F17H27H17F2 = U

F17H17H27F2 = U

(mr)

and replacing £G with the variety AbLG of Abelian /-groups in the rule (£LG-w).
We use the cut-elimination of Proposition 5.3.2 to establish the decidability
of the equational theory of ZcRL.

5.3.3. THEOREM. The equational theory of integrally closed residuated lattices is
decidable, indeed PSPACE-complete.
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Proof:

For PSPACE-hardness, it suffices to recall that the equational theory of inte-
gral residuated lattices is PSPACE-complete [160, Thm. 5.2] and consider the
translation described in Proposition 5.2.7. For inclusion, it suffices by Savitch’s
theorem [230] to observe that a non-deterministic PSPACE algorithm for decid-
ing validity of sequents is obtained by guessing and checking a cut-free derivation
in IcRL, recording only the branch of the derivation from the root to the current
point. Note that for the application of the rule (£LG-W), we use the fact that the
equational theory of £G is co-NP complete [99] and therefore in PSPACE. O

The decidability of the equational theory of integrally closed residuated lat-
tices should be contrasted with the following fact.

5.3.4. PROPOSITION. The quasi-equational theory of integrally closed residuated
lattice is undecidable.

Proof:

Since the word problem for ¢-groups is undecidable [125] so is the quasi-equa-
tional theory of l-groups. Consequently, we obtain from Proposition 5.2.8 that
the quasi-equational theory of Z¢RL is likewise undecidable. O

We continue with a few more consequences of Propositions 5.3.1 and 5.3.2.

5.3.5. PROPOSITION. Any freely generated integrally closed residuated lattice sat-
isfies Whitman’s condition

TiNT2 SY1VYs = T3 Ax2 Syp of T3 A2y S Yg or T3 S Y1 Vya of To < Yy V.

Proof:

Let F(k) be the free integrally closed residuated lattice on k-many generators
and let sy, s9,t1,t2 be residuated lattice terms in at most k-many variables. If
in F(k) we have st A sb® < (78 (70 then ZeRL | s1 A sy < 1V b,
and so by Proposition 5.3.1 the sequent s; A s5 = t; V t5 must be derivable in
the calculus IcRL. Consequently, by Proposition 5.3.2 there must be a cut-free
derivation of the sequent s; A sy = t; V ty in the calculus IcRL. By inspecting
the rules of IcRL we see that the last rule applied in a cut-free derivation of the
sequent $; A Sy = t; V ty must either be one of the rules (A =); or (A=)s, or
one of the rules (= V), or (= V),. In the former case we obtain that either the
sequent s; = t1 V ty or the sequent sy = t; V ty is derivable in IcRL. In the latter
case we obtain that either the sequent s; A sy = t; or the sequent s; A so = 15 is
derivable in IcRL. Consequently, by Proposition 5.3.1 we have that there must be
i € {1,2} such that ZeRL = s1 A sy < t; or ZERL = s; < t1 V to. But then we

may conclude that st A sh ™ < (70 op FO <40 for some i € {1,2},
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showing that the algebra F(r) satisfies Whitman’s condition. O

Following [98, Chap. 5.1.1] we say that a variety of residuated lattices V enjoys
the disjunction property provided that

VEe<sVt implies VEe<sorVlEe<t,

for all residuated lattice terms s,t. By an argument very similar to the proof of
Proposition 5.3.5 we obtain the following result first established, in a much more
general context, by Hor¢ik and Terui via an algebraic argument.

5.3.6. PROPOSITION ([160, Sec. 3|). The variety ZcRL enjoys the disjunction
property.

Proof:

Let s,t be residuated lattice terms such that ZeRL = e < sV t. Then by Propo-
sition 5.3.1 the sequent e = sV t is derivable in the calculus IcRL. Consequently,
by Proposition 5.3.2 there must be a cut-free derivation of the sequent e = sV ¢
in the calculus IcRL. By inspecting the rules of IcRL we see that the last rule
applied in a cut-free derivation of the sequent e = sV t must be either the rule
(e =), or one of the rules (= V); or (= V)s. In the latter case we may imme-
diately conclude that either the sequent e = s or the sequent e = t is derivable
in IcRL. In the former case we obtain that the sequent =-sV t has a cut-
free derivation in the calculus IcRL, which by the same reasoning as above can
only be the case if the sequent = s or the sequent =t is derivable in IcRL.
In all cases Proposition 5.3.1 then yields that ZCRL e < sorZcRL Ee <t. O

We conclude this section by discussing how some simpler proof formalisms
fail to capture the equational theory of Z¢RL in an analytic manner. Evidently,
the equations z\z ~ e and z/x ~ e belong to the class N5 described in [59], but
are not acyclic in the sense defined there. Therefore, the method for construct-
ing equivalent analytic sequent calculi in that paper does not apply. Indeed, the
defining equations for Z¢R L cannot be equivalent to any set of analytic structural
sequent rules as defined in [59] and including the simple rules of [97]. If this were
the case, then, by [59, Thm. 6.3|, the variety ZcRL would be closed under Mac-
Neille completions. However, by Lemma 5.1.3, any bounded, hence in particular
complete, integrally closed residuated lattice is integral. Consequently, the com-
pletion of an integrally closed residuated lattice A will be integrally closed only if
A is already integral. This shows that the variety Z¢R L is not closed under Mac-
Neille completions. Furthermore, since ZcRL is not a subvariety of the variety
of integral residuated lattices we must have a subdirectly irreducible integrally
closed residuated lattice which is not integral whence its MacNeille completion
will not be integrally closed. Thus the class of subdirectly irreducible integrally
closed residuated lattices is not closed under MacNeille completions and so by
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[60, Prop. 6.6] it follows that the variety Z¢RL is also not closed under hyper-
MacNeille completions. Consequently, by [60, Thm. 6.8], the equations z\z ~ e
and x/x ~ e are also not equivalent to any collection of analytic structural hy-
persequent rules.

5.4 Sirmonoids and pseudo BCI-algebras

In this section we relate suitable reducts of integrally closed lattices to semi-
integral residuated partially ordered monoids, studied in [219, 83], and pseudo
BCl-algebras, defined in [79] as non-commutative versions of BCI-algebras [165].

A residuated partially ordered monoid is a structure M = (M, <, -\, /, e) such
that

(i) The structure (M, -, e) is a monoid,
(ii) The structure (M, <) is a partial order,
(iii) The structure (M, -,\,/) is an algebra of type (2, 2,2) satisfying

y=a\z <= -y <= = 32z/y.

Such a structure is called semi-integral if the monoidal unit e is a maximal element
of (M, <). We will refer to semi-integral residuated partially ordered monoids as
sirmonoids. We call an element a in a residuated partially ordered monoid M
square-increasing provided that a < a?.

5.4.1. PROPOSITION. Let M = (M, =<,-\,/,e) be a residuated partially ordered
monoid. Then the following are equivalent.

1. The residuated partially ordered monoid M is semi-integral.

2. The residuated partially ordered monoid M satisfies

Ty <= x\y=e <= y/r=ec.

3. The monoidal unit e is the largest square-increasing element of M.

Proof:
Assume first that M is semi-integral. Let a,b € M be given. If a < b, then by
residuation e < a\b and e < b/a, whence a\b = e and b/a = e by semi-integrality.
Of course, if a\b = e then in particular e < a\b and hence by residuation a < b.
Similarly, if b/a = e then a < b.

Next assume that M is such that « < b <= a\b=¢ <= b/a = ¢, for
all a,b € M. Then if a € M is a square-increasing element, i.e., a < a? then
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e = a\a®. However, by residuation we have that a < a\a?, showing that the
monoidal unit e is the largest square-increasing element of M.

Finally, assume that the monoidal unit e is the largest square-increasing el-
ement of M. If a € M is such that e < a then, since the monoidal operation
preserves the order, we must have a < a?, whence a is square-increasing and
consequently a < e, showing that M is semi-integral. O

5.4.2. REMARK. By Proposition 5.4.1 every semi-integral residuated partial or-
dered monoid M must be such that the monoidal unit e is the largest idempotent
element of M. Thus every such structure is a so-called integral Dubreil-Jacotin
semi-group, see [41, Chap. 13.3]. However the converse is not true. To see this,
consider any residuated lattice A = (A, A, V, -\, /,e). Letting < be the lattice or-
der on A we obtain a residuated partially ordered monoid My = (A, <,-,\,/,e).
Since < is a lattice order it is easy to see that Mi is semi-integral if, and only if,
A is integral. Thus, if A is any non-integral integrally closed residuated lattice,
e.g., a non-trivial /-group, then the corresponding residuated partially ordered
monoid M3 will have the monoidal unit as its largest idempotent element but
will not be semi-integral.

It is not difficult to verify that any sirmonoid satisfies the following equations
and quasi-equation:

(1) ((2\2)/(y\2))/(\y) ~ e,
(i) (y/2)\((z/y)\(z/2)) = e,
(i) e\z ~ ,
(iv) /e~ z,
(v) (- y)\z = y\(z\2),
i) \y~e & Plore = .

Conversely, as the following proposition shows, any structure (S, -, \, /, e) sat-
isfying (i)—(vi) gives rise to a sirmonoid.

5.4.3. PROPOSITION. Let S = (S,-,\,/,e) a structure satisfying (i)—(vi) above.
Then (S, =,-,\,/,e) is a sirmonoid with the relation < on S defined by

a=b if, and only if, a\b=e.

Moreover, any sirmonoid arises in this way.
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Proof:
We first observe that if a,b € S are such that a\b = e then

b/a = ((e\b)/e)/(e\a) = ((e\b)/(a\b))/(e\a) = e.
And similarly, if b/a = e then a\b = e. We may therefore conclude that
a=<b <= a\b=e <= bla=ce,

for all a,b € S.
We then show that the relation =< is indeed a partial order. To see this, we

first observe that by Items (ii), (iii), and (iv),

a\a = e\(a\a) = (e/e)\(a\a) = (e/e)\((a/e)\(a/e)) = e,
for each a € A. Hence the relation < is reflexive. To see that < is transitive,
let a,b,c € S be such that « < b and b < ¢. Then b/a = ¢/b = e whence by
Items (iii) and (ii) we see that
c/a = e\(e\(c/a)) = (b/a)\((¢/b)\(c/a) = e,

showing that a < c. Hence the relation < is transitive. Since by assumption S
satisfies the quasi-equation (vi) the relation =< is antisymmetric and therefore a
partial order on S.

It remains to establish the residuation property. For this we first show that

the equation z\(z/y) =~ (x\z)/y is satisfied by the structure S. To see this, let
a,b,c € S be given. Applying Items (i) and (iii) we first observe that

(¢/(a\c))/a = ((e\e)/(a\c))/(e\a) = e,

whence a < ¢/(a\c). An application of Item (ii) then shows that

((@\e)/D)\((¢/ (a\e)\(¢/b)) = e,
and hence that (a\c)/b < (¢/(a\c))\(c/b). Lastly, applying Items (i) and (iv)
shows that the operation x +— x\d is antitone for each d € S and so we may

conclude that
(a\c)/b = (¢/(a\e))\(¢/b) = a\(c/b).
Therefore, by transitivity of the relation <, we obtain that (a\c)/b < a\(c/b).
That a\(c/b) = (a\c)/b is shown by a completely symmetric argument, so that
we have a\(c/b) = (a\c)/b
Applying Item (v) we then see that,

(a-b) 2c <= (a-b)\c=¢e
b\(a\c) =e
b=<a\c
(a\c)/b=e
a\(c/b) =e

a < c/b,

111ty
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for all a,b,c € S. Thus (S, =,-,\,/,e) is indeed a residuated partially ordered
monoid which is evidently semi-integral.

Finally, as any sirmonoid (S, <, -\, /,e) is such that the structure (S,-,\, /, )
satisfies (i)—(vi) the last part of the proposition follows from Proposition 5.4.1. O

It follows that a sirmonoid may be identified with an algebraic structure S =
(S,-,\,/,e) of type (2,2,2,0) satisfying (i)—(vi). We let STRM denote the quasi-
variety of sirmonoids.

5.4.4. PROPOSITION. A residuated lattice is integrally closed if, and only if, its
{-,\, /,e}-reduct is a sirmonoid.

Proof:
Let A be a residuated lattice. If its {-,\,/,e}-reduct is a sirmonoid, then, by
Proposition 5.4.3 the relation < on A given by

a=b <<= a\b=e < b/a=ce,

is a partial order and so must in particular be reflexive. We must therefore have
that a\a = a/a =efor all a € A, ie., A is integrally closed.

Conversely, suppose that A is integrally closed. It is easy to see that the
equation ((z\2)/(y\z))/(x\y) =~ e is satisfied in any ¢-group whence by Corol-
lary 5.2.4 we have that ZcRL = ((z\2)/(y\z))/(x\y) < e. Since the equa-
tion e < ((2\2)/(y\z))/(x\y) holds in any residuated lattice we may conclude
that indeed A E ((z\2)/(y\2))/(z\y) ~ e. A similar argument shows that
A E (y/x)\((z/y)\(z/z)) =~ e. As any residuated lattice satisfies the remaining
items (ili)—(vi) of the quasi-equational definition of a sirmonoid we obtain that
the {-,\, /,e}-reduct of A is indeed a sirmonoid. O

5.4.5. REMARK. By Proposition 5.4.4 any integrally closed residuated lattice
A = (A NV, -\, /,e) gives rise to two residuated partially ordered monoids,
namely Mi =(A,<,-,\,/,e), where < is the lattice order determined by A, and
M3 = (A, =,-,\,/,e), where < is the partial order determined by the residuals
of A, ie., a < b, if, and only if, e = a\b. We always have that the order < is
stronger then < and that they coincide if, and only if, A is integral.

An algebraic structure B = (B, \, /, e) of type (2,2, 0) satisfying the equations
(i)-(iv) and quasi-equation (vi) is called a pseudo BCI-algebra, see, |79, 83|. The
{\,/, e}-reduct of any sirmonoid is clearly a pseudo BCI-algebra. More notably,
we have the following result first established by Raftery and van Alten [219,
Thm. 2| in the commutative setting.

5.4.6. THEOREM (|83, Thm. 3.3|). Every pseudo BCI-algebra is a subreduct of a
strmonoid.
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It follows from Theorem 5.4.6 that the quasi-equational theory of sirmonoids
is a conservative extension of the quasi-equational theory of pseudo BCI-algebras.

We first observe that the analogue of Theorem 5.4.6 fails in the context
of sirmonoids and integrally closed residuated lattices. That is, not every sir-
monoid is a subreduct of an integrally closed residuated lattice. By Proposi-
tion 5.1.10, {-,\, /, e}-subreducts of integrally closed residuated lattices must sat-
isfy the quasi-equation 2" ~ e = 1z = e for any natural number n > 1.
However, it follows from Proposition 5.4.8 below that there are sirmonoids that
do not satisfy all of these quasi-equations. On the other hand, it is known that
any sirmonoid satisfying x < e is a subreduct of an integral, and hence integrally
closed, residuated lattice [184].

The quasi-equational theory of integrally closed residuated lattices is, as we
have just seen, not a conservative extension of the quasi-equational theory of
sirmonoids. However, as we will show in Theorem 5.4.14, such a conservative
extension result does hold if we restrict to equational theories. To establish this
we follow the strategy developed in Sections 5.1 and 5.3.

5.4.1 A Glivenko theorem for groups

In order to obtain a version of Theorem 5.2.3 in the setting of sirmonoids we
need to show how groups may be identified with a certain class of sirmonoids.
For this we need a few basic facts about sirmonoids. We first note that since any
sirmonoid satisfies the equations z\z ~ e and z/z = e, an argument completely
similar to the proof of the first part of Proposition 5.1.6 shows that any sirmonoid
satisfies the equation z\e ~ e/z. Consequently, as before, we denote by —a the
element a\e = e/a for a € S. Thus we may consider the type of sirmonds to be
(2,2,2,1,0) with the unary operation interpreted on all sirmonoids as a — —a.

5.4.7. LEMMA. The following equations are satisfied by any sirmonoid.
(i) —(2\y) = (—y)/(—2),
(i) —(y/z) = (—2)\(-y),
(iii) —(z-y) = y\(—2),
(iv) —(x- (-

Proof:

Let S be a sirmonoid. Notice that for a,b € S we have a(—b)b =< a and therefore
—b < a\(a/b). That is, (=b)\(a\(a/b)) = e. But also (—b)b(a\(a/b)) = a\(a/b)
and hence b(a\(a/b)) < (=b)\(a\(a/b)) = e, yielding a\(a/b) < b\e = —b. So S
satisfies z\(z/y) &~ —y. Analogously, S satisfies (z\y)/y ~ —x and hence for all
a,be s,

(=b)/(=a) = ((a\D)\((a\b) /b)) /(=a) = ((a\b)\(=a)) /(—a) = —(a\D).
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That is, S satisfies the equation —(x\y) =~ (—y)/(—x). A symmetric argument
shows that S also satisfies the equation —(y/z) ~ (—2)\(—y).
To see that the equation —(zy) ~ y\(—=x) is valid let a,b € S be given. Then

—(a-b) = (a-b)\e =0b\(a\e) = b\(—a),

which implies that this equation is indeed valid.
Finally, recall from the proof of Proposition 5.4.3 that, being a sirmonoid, S
satisfies the equation z\(z/y) ~ (z\z)/y. From this it follows that

—(a-b) = b\(=a) = b\(e/a) = (b\e)/a = (=b)/a,

for all a,b € S. Consequently, S satisfies the equation —(z - y) =~ (—y)/z. O

5.4.8. PROPOSITION ([82],[83, Sec. 2|). The class of sirmonoids satisfying the equa-
tion ——x =~ x s term equivalent to the variety of groups.

Proof:
Given a group G = (G, -, 7, e), let S(G) be the structure (G, -,\, /,e) defined by
letting

a\b:=a'-b and b/a:=b-a ",

for a,b € G. Tt is straightforward to show that this defines a sirmonoid in which
the equation ——x ~ z is satisfied. Conversely, given a sirmonoid S = (S,-,\,/,e)
satisfying the equation ——z ~ x we observe, by Lemma 5.4.7(iii), that

a(~a) = ==(a(~a) = ~(~a\~a) = —e =,

for each a € S. Similarly,

(—a)a = —=((—a)a) = —(a\-—a) = —(a\a) = —e =,

for each a € S. Thus the element —a is the inverse of a € S in the monoid (S, -, e)
which is therefore a group which we shall denote by G(S).

Evidently, G(S(G)) = G for all groups G. Conversely, given any sirmonoid S
satisfying the equation ——z ~ z, Lemma 5.4.7 shows that for a,b € S, we have

(~a)b = ——((~a)h) = ~(~b/~a) = (~—a)\(~—b) = a\p
Similarly, b(—a) = b/a, showing that S(G(S)) = S, which concludes the proof. O

In light of Proposition 5.4.8 we will call a sirmonoid a group provided that it
satisfies the equation ——z ~ x. We denote by Grp the class of such sirmonoids.
As before, given any sirmonoid S = (S, -, \, /, e) we obtain a nucleus a: S — S
on the partially ordered monoid (S, <, -, e) given by a — ——a. Consequently, for
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each sirmonoid S = (S,-,\,/,e) we have a corresponding residuated partially
ordered monoid

Sa = (@]5], =, 0y \, /,€), where a-,b:=ala-b).

Following the terminology of Section 5.1 we call a homomorphism h: S — T of
sirmonoids S and T e-principal provided that h~(eT) C |eS. We then obtain
the following analogue of Proposition 5.1.8.

5.4.9. PROPOSITION. Let S be a sirmonoid.
1. The map a: S — S, is a surjective homomorphism of sirmonoids.
2. The sirmonoid S, 1S a group.

3. Any homomorphism h: S — G of sirmonoids with G a group factors
through the group S,.

4. The sirmonoid S, s, up to isomorphism, the unique e-principal homomor-
phic image of S which is group.

Proof:

To establish Ttem 1 we observe that since a: S — S is a nucleus on the partially
ordered monoid (S, =, - e) and a(e) = e, it follows that « is a surjective monoid
homomorphism between (S, -, e) and («a[S], -a,€). Moreover, by Lemma 5.4.7 we
see that for all a,b € S,

a(a\b) = ——(a\b) = —=((=b)/(=a)) = (==a)\(==b) = a(a)\a(b).

Analogously, a(b/a) = a(b)/a(a), so « is a sirmonoid homomorphism.

To see that Item 2 holds we note that since o is a homomorphism, any equation
satisfied by S is also satisfied by S,. In particular S, satisfies Items (i)—(v) of
the definition of a sirmonoid. Moreover, since S, is a {\, /, e}-subreduct of S it
follows that S, also satisfies Item (vi) of the definition of a sirmonoid. To prove
that S, is a group, it suffices to show that it satisfies the equation ——x ~ =x.
But « is idempotent and hence ——a(a) = a(a(a)) = ala) for every a € S, as
required.

For Item 3 assume that h: S — G is a homomorphism of sirmonoids with G a
group and let a, b € ker a be given. Then ——a = ——b whence ——h(a) = ——h(b)
and consequently, by the assumption that G is a group also h(a) = h(b). This
shows that ker o C ker h and therefore we obtain an induced homomorphism of
sirmonoids h: S, — G such that h = ho a.

Finally, to establish Item 4 we first note that the homomorphism a: S — S,
is an e-principal surjection. Consider a surjective e-principal homomorphism of
sirmonoids h: S — G with G a group. If (a,b) € ker h then since G is a group
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we must have that a\b € h™1(e). By e-principality it follows that a\b < e. But

then e < —(a\b) = —b/—a whence —a < —b. Similarly —b < —a, showing that
—a = —b and hence that (a,b) € kera. Consequently, ker h C ker a whence the
induced map h: S, — G must be an isomorphism. a

In every sirmonoid S = (S, =<,-,\,/,e) the map a — —a is both antitone,
by residuation, and monotone, because S = —(z\y) ~ —y/—x. Therefore, as
S | ———x ~ —z, we must have that

SE —s=<—t if and only if, Sk —s=~ —t,

for all terms s, ¢ in the language of sirmonoids. Consequently, for any sirmonoid
S the nucleus image «[S] consists precisely of the set of maximal elements of
the poset (M, <). In particular, for any group G the order < must be discrete,
whence

G Es=t if,and only if, G| s=~t,

for all sirmonoid terms s, t.
The proof of the following result now mirrors the proof of Lemma 5.2.1 and
is therefore omitted.

5.4.10. LEMMA. For any sirmonoid S and residuated monoid terms s,t,
Se Esxt if, and only if, SkE ——s~ ——t.

Given any class IC of sirmonoids, we let I, denote the corresponding class of
groups {S, | S € K}. The proof of the following Glivenko-style result proceeds
very similarly to the proof of Proposition 5.1.11 and is therefore omitted.

5.4.11. PROPOSITION. Let Q be any quasi-variety of sirmonoids defined relative
to SiIRM by a set of equations E. Then O, is a variety of groups defined relative
to Grp by E, and for any residuated monoid terms s,t,

Q. st if, and only if, QFE ——s=~ ——t.

In particular, we obtain the following Glivenko-style property for STRM with
respect to the variety of groups.

5.4.12. COROLLARY. For any residuated monoid terms s,t,
gplEs~t if, and only if, SIiRME ——s~ ——t.

We use this result to prove that the equational theory of Z¢RL is a conserva-

tive extension of the equational theory of STRM. We call a sequent sq,...,s, =t
an m-sequent if sq,...,s,,t are residuated monoid terms, and say that it is valid
in a class K of sirmonoids, denoted ¢ s1,...,8, =, if K E s1---8, =,

recalling that the empty product is understood to be the monoidal unit e.
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5.4.13. PROPOSITION. An m-sequent is derivable in the calculus IcRL if, and
only if, it is valid in all sirmonoids.

Proof:

Suppose first that ' = t is an m-sequent which is valid in all sirmonoids. By
Proposition 5.4.4, it is also valid in all integrally closed residuated lattices, and
hence, by Proposition 5.3.1, derivable in the calculus IcRL.

To establish the converse implication it suffices to show that all the rules of
IcRL apart from (cuUT) preserve validity in SiRM. For the key case of (£LG-W),
suppose that Fsirm [, 11 = v and =g A = e. Letting sq, $o, and t denote the
products of the terms in I', II, and A, respectively, we obtain SiIRM |= 5152 < u
and LG E t < e. We claim that Grp = t = e. Otherwise, the equation ¢t ~ e
would fail in the free group on countably infinitely many generators. Since this
group can be totally ordered, see, e.g., [62, Thm. 3.4|, we would then have an
¢-group in which e < ¢, contradicting LG =t < e. Hence, by Corollary 5.4.12, we
obtain SiIRM =t <e. So SiRM |= sitsy = u; that is, Fsirm I, A Il = w. O

5.4.14. THEOREM. The equational theory of integrally closed residuated lattices
s a conservative extension of the equational theories of sirmonoids and pseudo
BCl-algebras.

Proof:

Since the equational theory of sirmonoids is a conservative extension of the equa-
tional theory of pseudo BCl-algebras, see Theorem 5.4.6, it suffices to show that
the equational theory of integrally closed residuated lattices is a conservative ex-
tension of the equational theory of sirmonoids. Therefore, let s,¢ be terms in the
language of sirmonoids. By Proposition 5.4.4 we have that

SiRMEs~t implies ZcRL E s~ t.

Conversely, if Z&RL |= s & t, then both of the m-sequents s = t and ¢ = s are
valid in Z¢RL and hence, by Proposition 5.3.1, derivable in the calculus IcRL.
But then by Propositions 5.4.13 we must have SiRM | s ~ t. We have thus
shown that

SiRM Es~t if and only if, ZcRL E s~ t,
for all terms s, ¢ in the language of sirmonids. O

By the previous result and the fact that the equational theory for Zc¢RL is
sound and complete with respect to the cut-free version of the calculus IcRL,
we obtain that the sequent calculus consisting of the rules of IcRL restricted to
m-sequents and omitting the rules for A and V is sound and complete for the
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variety of sirmonoids and admits cut-elimination. Similarly, if we further remove
the rules for -, we obtain a sound and complete calculus for the variety of pseudo
BClI-algebras that admits cut-elimination.

5.4.15. COROLLARY. The equational theories of sirmonoids and pseudo BCI-
algebras are decidable.

Similar results hold for BCI-algebras [165], axiomatized relative to pseudo
BCl-algebras by the equation z\y ~ y/x, and sircomonoids [219], axiomatized
relative to sirmonoids by the equation z\y ~ y/x or the equation z -y ~ y - .
In particular, the equational theory of commutative integrally closed residuated
lattices is a conservative extension of the equational theories of sircomonoids and
BCl-algebras. Let us remark also that the decidability of the equational theory of
BCl-algebras was first establish in [178] using a sequent calculus with a restricted
version of the rule (LG-w).

We conclude this section by noting that by an argument completely analogous
to the proof of Proposition 5.2.8 we obtain the following.

5.4.16. PROPOSITION. For each quasi-equation q in the language of sirmonoids
there is a quasi-equation q% effectively computable from q such that

Grp = q if, and only if, SiRM E ¢“.

Since the word problem for groups is undecidable, see, e.g., [225, Chap. 12.§],
so is the quasi-equational theory of groups, leading to the following corollary.

5.4.17. COROLLARY. The quasi-equational theory of sirmonoids is undecidable.

5.5 Casari’s comparative logic

The results of the previous sections extend with only minor modifications to the
setting of pointed residuated lattices, or FL-algebras, viz., residuated lattices with
an extra constant operation f. As before, we call such an algebra integrally closed
if it satisfies the equation z\z =~ e, or equivalently, the equation z/x ~ e. It is
then straightforward to prove analogues of Lemma 5.1.3 and Proposition 5.1.6,
simply adding the word “pointed” before every occurrence of the word “residuated
lattice”.

An /-group can be identified with an integrally closed pointed residuated lat-
tice satisfying (z\e)\e ~ x and f ~ e. However, to show that the map a: A — A
given by a — ——a on an integrally closed pointed residuated lattice A defines a
homomorphism onto an ¢-group A, = (a[A], A\, Va, “a, \, /; €, a(f)), we need also
that a(f) = e. Assuming this condition, we obtain analogues of Propositions 5.1.8
and 5.1.11, and Theorem 5.2.3 for integrally closed pointed residuated lattices sat-
isfying the equation f\e ~ e. Note, however, that our definition of the Glivenko
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Identity Axioms

S=S (ir)

Structural Rules
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f F:>A1,f,A2
F2:>S,A2 Fl,t,F3:>A1 (=) F,8:>t,A (=)
— — —
Fl,S—)t,FQ,ngAl,AQ F:>S*>t,A
Fl,S,t,F2:>A (=) F1:>S,A1 F2:>t,A2 )
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Fl,S,F2:>A (A=) F:>A1,S,A2 (=)
I'i,sAnt,I's = A ! I'= Aq,sVit, Ay !
I',t,Tyo= A (A=) I'= Ayt Ao (=)
I'i,sAnt,I's = A ? I'= A,sVit, Ay ?
I'y,8,To=u I',t,To=A I'=Aq,5,A T'= Aq,t, Ay
(V=) =)

Iy,svt, o= A I'= Ay, sAt, Ay

Figure 5.2: The Sequent Calculus InCPRL

property for pointed residuated lattices now diverges from the definition of [100],
which considers the operations a — f/(a\f) and a — (f/a)\f.

We now turn our attention to a particular class of algebras introduced by
Casari in [49], see also [48, 50, 210, 198|, to model comparative reasoning in
natural language. For any commutative pointed residuated lattice A, we write
a — b for the common result of a\b and b/a; we also define —a := a — f and
a+b:=-a — b and say that A is involutive if it satisfies -—x ~ x. We call an
involutive commutative integrally closed pointed residuated lattice satisfying the
equation f — e = e, or equivalently the equation f - f ~ f, a Casari algebra, also
called a lattice-ordered pregroup in [49]. We denote the variety of Casari algebras
by CA and the variety of Abelian ¢-groups (Casari algebras satisfying f ~ e)
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by AbLG. The reasoning described above yields the following Glivenko-style
property for Casari algebras, first established in [198|.

5.5.1. PROPOSITION ([198, Prop. 1]|). For any pointed residuated lattice terms
3,8,

AbLG = s <t if, and only if, CAE ——s < ——t.

A sequent calculus for the equational theory of Casari algebras was defined by
Metcalfe in [198]. We consider here multi-succedent sequents defined as expres-
sions of the form I' = A where I' and A are finite, possibly empty, sequences of
pointed residuated lattice terms. Generalizing our definition for single-succedent
sequents, we say that a multi-succedent sequent sq,...,s, = ti,...,t,, is valid in
a class KC of pointed residuated lattices, denoted by =i s1, ..., 80 = t1, ..., by, if
Kl s sy <ty + -+ ty, where the empty product is understood as being
the monoidal unit e and the empty sum as being the constant f.

The multi-succedent sequent calculus CA consists of the calculus InCPRL for
involutive commutative pointed residuated lattices defined in Figure 5.2 extended

with the rule
F1:>A1 ):.Abﬁg F2:>A

2
AbLG-w
', Iy = Ay, Ay ( )

The next proposition collects some results from [198], noting that these can also
be easily established using the methods of the previous sections.

5.5.2. PROPOSITION ([198, Thms. 3, 4, and 7).

1. A multi-succedent sequent is derivable in the calculus CA if, and only if, it

is valid in CA.
2. The calculus CA admits cut-elimination.

3. The equational theory of Casari algebras is decidable.
We are now able to establish the main result of this section.

5.5.3. THEOREM. The equational theory of Casari algebras is a conservative ex-
tension of the equational theories of commutative integrally closed residuated lat-
tices, sircomonotds, and BCI-algebras.

Proof:

The equational theory of commutative integrally closed residuated lattices is a
conservative extension of the equational theories of sircomonoids and BCl-alge-
bras by Theorem 5.4.14. Hence it suffices to show that the equational theory of
Casari algebras is a conservative extension of the equational theory of commuta-
tive integrally closed residuated lattices.
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Let CIcRL be the sequent calculus CA restricted to single-succedent sequents,
i.e., sequents of the form I' = t where the constant f does not occur in I" or ¢.
Then a single-succedent sequent is derivable in the calculus ClcRL if, and only
if, it is valid in all commutative integrally closed residuated lattices. It therefore
suffices to show that if a single-succedent sequent is derivable in the calculus CA,
then it is also derivable in the calculus ClcRL. To this end, a simple induction on
the height of a cut-free derivation shows that whenever a sequent I' = A not con-
taining any occurrence of the constant f is derivable in CA, the sequence A must
be non-empty. In particular, no sequent of the form I' = , where the constant
f does not occur in I', is derivable in CA. But then a straightforward induction
on the height of a cut-free derivation shows that any single-succedent sequent
derivable in CA, must also be derivable in ClcRL. O

5.6 Summary and concluding remarks

In this chapter we have investigated the structure of integrally closed residuated
lattices. In particular, we have shown that the variety of integrally closed residu-
ated lattices enjoys the Glivenko property with respect to the variety of ¢-groups.
This fact was then used to establish the soundness of a certain non-standard
weakening rule giving rise to a cut-free sequent calculus for the equational the-
ory of integrally closed residuated lattices. As a direct consequence we obtained
the decidability of the equational theory of integrally closed residuated lattices.
Finally, we showed how the integrally closed residuated lattices enjoys a close
connection to many other well-known structures, such as Dubreil-Jacotin semi-
groups, (pseudo) BCl-algebras, sir(co)monoids and algebras for Casari’s compar-
ative logic.

Further directions and open problems As we have seen the {A, V}-free sub-
reducts of a integrally closed residuated lattices are always sirmonoids. However,
as we have also seen not all sirmonoids are subreducts of integrally closed resid-
uated lattices. We leave the characterization of the quasi-variety of sirmonoids
which are subreducts of integrally closed residuated lattice as an open problem. In
fact, the analogous problem for groups, see, e.g., [6, Thm. 5.9] and [66, Thm. 2.2],
appears to be open [88, Rem. 3.9].

Finally, we believe that it would be worthwhile to investigate the concept of
non-standard structural rules in a more systematic way, by (i) identifying side-
conditions on different kinds of structural rules which are compatible with the
standard cut-elimination procedure, and (ii) determining more varieties of resid-
uated lattices with an equational theory admitting an analytic sequent calculus
consisting of the rules from RL together with a set of non-standard structural
rules.



Appendix A

Technical preliminaries

This appendix contains a brief account of some of the central technical background
for this thesis. Almost everything presented here is already known and in most
cases well known. We did not aim at providing an extensive historical account of
the material but simply to define concepts and explain results used in the thesis.
Often the references we give to a definition or result will not necessarily be to the
original sources.

A.1 Partially ordered sets

For the material covered in this section see, [74, 85| and [98, Chap. 3.1]

Posets A partially ordered set, or poset, is a structure P = (P, <) with < a
binary relation on a set P which is (i) reflexive, (ii) transitive, and (iii) anti-
symmetric, i.e., for all p,q,r, € P,

(i) p<p,
(ii) p < qand ¢ <r implies p <r,
(iii) p < ¢ and ¢ < p implies p = q.

If p < q we say that p is less than or equal to ¢ which in turn is said to be greater
than or equal to p. In case p < q and p # ¢ we write p < ¢ and say that p is
strictly less than g which in turn is said to be strictly greater than p.

Infima and suprema Let P = (P, <) be a poset and let S C P. We callp € P
a lower, respectively upper bound of S provided that p < s, respectively p > s,
for all s € S. We denote by L(S) and U(S) the collection of lower and upper
bounds of S, respectively. A poset P = (P, <) is called a meet semi-lattice if
every two elements p, g of P have a greatest lower bound in P, denoted by p A ¢,
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and called the meet or infimum of p and g. Similarly, a poset P = (P, <) is called
a join semi-lattice if every two elements p, ¢ of P have a least upper bound in P,
denoted by p V ¢, and called the join or supremum of p and q. A poset which
is both a meet and a join semi-lattice is called a lattice. A lattice P = (P, <) is
called distributive provided that

pA(@Vr)=({@AgV(pAr) and pV(gAT)= (Vg A(pPVr),

for all p,q,r € P.

Bounds A poset with a least, or greatest, element is called lower bounded, or
upper bounded, respectively. A bounded poset is a poset which is at the same
time lower and upper bounded. Least and greatest elements are also referred to
as bottom and top elements, respectively. The least element of a lower bounded
poset is sometimes referred to as the root of the poset. Hence lower bounded
posets may also be referred to as being rooted.

Complete posets A poset P is complete provided that every subset S C P
has a greatest lower bound in P, denoted A S, and called the meet or infimum of
S. As is easily seen this is equivalent to requiring that every subset S C P has
a least upper bound in P, denoted \/ S, and called the join or supremum of S.
Any complete poset is necessarily a bounded lattice.

Order duals Given any partial order P = (P, <) we obtain another partial
order <% on P by letting

P Sa q if, and only if, ¢ <p,

for all p,q € P. We will refer to the poset P? := (P, <?) as the order dual of the
poset P. It is easy to see that if P is a lattice then so is P?. Moreover, if P is a
complete or distributive lattice, then so is P?.

Irreducible elements An element p in a lattice P = (P, <) is called meet-
irreducible if p = g A r entails p = q or p = r for all ¢, € P. An element p
in a complete lattice P = (P, <) is called completely meet-irreducible if p = \ S
entails p € S for all subsets S C P. In case P is upper bounded we will in
addition require (completely) meet-irreducible elements to be different from the
top element of P. An element p in a (complete) lattice P is called (completely)
join-irreducible provided p is (completely) meet-irreducible in the order dual P?.

Filters A non-empty subset F' C P of a poset P = (P, <) is called a filter if it
is (1) upward closed and (ii) downward directed, i.e., for all p,q € P,

(i) if p€ F and p < ¢, then ¢ € F,
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(i) if p,q € F there is r € F such that r < p and r < q.

We note that when P is a meet semi-lattice, condition (ii) may be replaced with
the requirement that F' is closed under binary meets, i.e., that p A ¢ € F for
all p,g € F. A filter is proper if its set-theoretic complement is non-empty.
Evidently, in a poset P = (P, <), any set of the form {qg € P: p < ¢}, forp € P,
is a filter. Filters of this form are called principal. A subset FF C P of a poset
P is a normal filter provided that UL(F) = F. It is not hard to see that any
non-empty normal filter is indeed a filter. An ideal of P is then defined to be a
filter of the order dual P?. Similarly, a normal ideal of P is a normal filter of the
order dual P?.

Maps between posets A function f: P — @ between posets P = (P, <p) and
Q = (Q, <g) is called order-preserving provided that

p <pq implies f(p) <qg f(q), for all p,q € P.

Similarly, a function f: P — () between posets P and Q is called order-reversing,
or antitone, if f is an order-preserving map from the poset P to the poset Q7.
An order-preserving function f: P — Q between posets P = (P, <p) and Q =
(@, <g) is called an order-reflecting provided that

f(p) <q f(q) implies p <pgq, for all p,q € P.

A function between posets which is both order-preserving and order-reflecting
is called an order-embedding. A subposet of a poset P = (P,<p) is a poset
Q = (Q, <g) such that @ C P and the inclusion map from @) to P is an order-
embedding. An isomorphism is a surjective order-embedding and two posets are
said to be wsomorphic if there exists an isomorphism between them.

Closure and interior operators An order-preserving function f: P — P on
a poset P = (P, <) is called a closure operator provided that

p<flp) and ff(p)<f(p)  forallpe P,

An interior operator on a poset [P is then a closure operator on the order dual P?.
If f: P— Pis a closure (interior) operator on a poset P we call the elements in
the image f[P] = {f(p) € P: p € P} f-closed (f-open) or simply closed (open)
if the map f is clear from the context. One may readily verify that the closed
(open) elements are precisely the fized points of f, i.e., the elements p € P such
that f(p) = p. We denote by Py the poset obtained by restricting the order on P
to the set of closed (open) elements.

A.1.1. PROPOSITION. Let f: P — P be a closure operator on a poset P.
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1. If S C f[P] has a greatest lower bound N\ S in P then \S € f[P].

2. If T C f[P] has a least upper bound \/ T in P then f(\/T) is the least upper
bound of T' in Py.

In particular, if P is a (complete) lattice then Py will also be a (complete) lattice.

A corresponding proposition holds, mutatis mutandis, of the open elements of any
interior operator.

Adjoints An adjunction from a poset P = (P, <p) to a poset Q = (Q, <g) is a
pair (f,g) of order-preserving maps f: P — @ and ¢g: Q — P such that

f(p) <g q if, and only if, p <p ¢(q), for all p € P and q € Q.

The pair (f,g) is called an adjoint pair with the map f called the left or lower
adjoint of the map g which in turn is called the right or upper adjoint of f. We
say that an order-preserving map f: P — Q has an upper adjoint if there is an
order-preserving map ¢g: Q — P making (f,¢) an adjoint pair. The notion of
having a lower adjoint is defined analogously. A Galois connection' from a poset
P to a poset Q is an adjunction from the poset P to the poset Q7.

A.1.2. PROPOSITION. Let f: P — Q be an order-preserving map between com-
plete posets.

1. The map f has an upper adjoint if, and only if, f preserves all suprema.

2. The map f has a lower adjoint if, and only if, f preserves all infima.

A.1.3. PROPOSITION. Let (f,g) be a Galois connection from a poset P to poset

Q.
1. The maps go f: P — P and fog: Q — Q are both closure operators.

2. The (g o f)-closed elements of P are precisely the element in g|Q] and the
(f o g)-closed elements of Q are precisely the element in f[P].

3. The posels Pyor and Q?Og are 1somorphic.

A.2 Universal algebra

Unless stated otherwise all the material in this section can be found in [46, 16, 65].
We assume that the reader is familiar with the most basic concepts of model
theory, from, e.g., [157].

! Also in places referred to as an antitone Galois connection.
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A.2.1 Types, algebras, terms, and equations

Operations Given a natural number n € w and a set A, an operation of arity
n on A is a function f: A” — A. An operation on a set A is then an operation
on A of arity n for some n € w. We take the empty product A° to be a singleton
set and hence operations of arity 0 may be identified with elements of A.

Types A finitary algebraic type, or simply type, is a function Q: k — w, for
some cardinal x. The cardinal k is called the order of €2 and is denoted by
o(2). A subtype of a type Q is a type €y together with an injective function
i: 0() — 0(£2) such that Qp(a) = Q(i(a)) for all a < 0()

Algebras An Q-algebra or algebra of type (), or simply algebra if the type is
understood from the context, is a pair A = (A, O) with A a non-empty set, called
the carrier or universe of A, and O an o(§2)-indexed list (fa)a<o(q) of operations
on A such that the operation f, has arity Q(a). As we will only be concerned
with algebras with finitely many operations a type may simply be indicated by a
finite list of natural numbers. By a class of similar algebras we will understand
a class of 2-algebras C for some fixed but unspecified type 2. We will generally
use the same symbol to denote the operations with index a on all algebras of a
fixed type 2. Furthermore, in the presence of multiple algebras of the same type
it can be useful to indicate that an operation f,, for a < 0(2), belongs to an
algebra A by writing f2.

Reducts Let Q be a type and Qg a subtype. An Qg-algebra B = (B, 0’} is called
an Qg-reduct of an Q-algebra A = (A, O) provided that A = B and fB = i"("a),
for all o < 0(Qy).

Languages To each type 2 and each cardinal \ corresponds a language Lg
consisting of a function symbol F,, of arity Q(«) for each o < 0(€2), together with a
set of variables X = {z¢ : £ < A} of cardinality A\. We will also use z,y, z, u, v, w
to denote members of X,. Each Q-algebra is a model of the language L in
the standard sense, interpreting each function symbol F, with index « as the
operation f, with the same index. In practice, given a class of (2-algebras we will
not explicitly distinguish between an operation and its corresponding function
symbol.

Terms Let Q: x — w be a type and let A be a cardinal. For each X C X,
We define the set Tm(Q2, X) of Q-terms with variables in X by the following
recursion:

(i) any variable z¢ € X belongs to Tm(2, X),
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(i) if & < o(2) and t4,...,tq@) belong to Tm(Q, X), then F,(t1,..., tow))
belongs to Tm(Q2, X).

In case X = X, we write Tm(Q2, \) for the set Tm(2, X). Furthermore, when
the type is clear from the context we will simply talk about terms and denote
the set of terms in at most A\-many variables by Tm(\), or simply Tm in case
A = Nj. Given a term t and set of variables X = {x¢,,..., 2, } we may write
t(ze,, ..., x¢,) to indicate that ¢ € Tm(€2, X) and say that the variables occurring
in t are among X . Note that every term belongs to t € Tm(€2, X) for some finite
set X.

Term functions Given a type () along with an (-algebra A for any ()-term
t(zg,, ..., x¢,) we define a function t4: A" — A, called the term function of arity
n determined by ¢, by the following recursion:

(i) if ¢ is the variable z¢, € X, then for all a4, ..., a, € A,

tA(al, CeGp) = ag,

ii) if t is the term F,(t1,...,tow)) for a < o(2) and t4,...,tq.) are terms in
(@) (@)
Tm(2, X), then for all a4, ...,a, € A,

t*ay, ... an) = 2t ay, ... ay), . .. ,tg(a)(al, ce Q).

A function f: A" — A is called a term function if f = t* for some Q-term
t(!)ﬁ'gl, N ,ngn).

Term equivalence Given types €2y and (), an (2;-algebra A; is said to be
term equivalent to an ()y-algebra A, provided that the algebras A; and A, have
the same universe and for every o < o(€2;) there exists an s-term ¢ such that
A = tA2 and conversely for every a < o(§)y) there exists an Q;-term s such that
fA2 = sA1. We say that a class K; of Q;-algebras is term equivalent to a class
ICo of (2y-algebras provided that any member of K is term equivalent to some
member of Ky and vice versa.

Equations Let X C X, be given. An Q-equation in X is a pair of terms
s, t € Tm(£, X), written s ~ t. A universal Q-clause in X is an expression of the
form

erand ... and €,, = €,,11 0r ... Or &,

where m € w and ¢; is an Q-equation for all i € {1,...,n}. A universal -clause
of the form
erand ... and ,, = €41,
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is called a quasi Q-equation in X. Again when the type Q is clear from the
context we will simply refer to equations, quasi-equations and universal clauses
in X. Similarly, when the set of variables X is clear from the context we simply
speak of equations, quasi-equations and universal clauses. Given equations €, and
g9 we will write

€1 < &9

to denote the conjunction of the quasi-equations

€1 = &9 and &g — ¢;.

Validity We say that an (2-algebra A validates, or satisfies, an equation s ~ t in
some finite set X = {z¢,,...,z¢, } provided that the corresponding term functions
sh tA: Ak — A coincide. In this case we write A = s~ t. Note that this notion
does not depend of the choice of finite X such that s,¢ € Tm(, X). Similarly,
an (-algebra A walidates, or satisfies, a universal (2-clause

sy~tyand ... and s, X t,, = Spi1 X byl OF ... OF S, & by, (q)

in X = {xg,,..., ¢}, written A |= ¢, provided that for all aq,...,a, € A if

st(an, . ap) =t (ar, .. ar)
for each ¢ € {1,...,m}, then thereis j € {m +1,...,n} such that
st (ar, .. ap) =t ar, ... ap).

Again this notion is independent of the choice of finite X such that all the terms
si,ti with @ € {1,...,n} belong to Tm(2, X). If @ is a set of clauses we write
A = @ to indicate that A = ¢ for all g € Q.

Valuations A wvaluation on an -algebra A is a function v: X — A for some
X C X,. We say that an Q-equation s ~ tin X = {x¢,,...,z¢ } is true under a
valuation v: X — A on an Q-algebra A, written (A, v) = s ~ t, provided that
A A
s (V(ZL’&), S 7V(x§k)) =1 (1/(5(351), R V(xﬁk))'
Similarly, a universal (2-clause

sy~tyand ... and s, X t,;, = Syl X byl OF ... OF S, & by, (q)

in X = {xg,,...,2¢} is true under a valuation v: X — A on an Q-algebra A,
written (A, v) |= ¢, provided that if

S?(V(ZE&), .- "V(xfk)) = t?(y(x&)’ .- '7V(xfk))

for each ¢ € {1,...,m}, then thereis j € {m +1,...,n} such that

5?(”(1151)7 R V(xfk)) = t?(y(x§1)7 R V(ng)).

It is not difficult to see that an equation or universal clause is satisfied on an
algebra A if, and only if, it is true under all valuations.
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A.2.2 Operations on class of similar algebras

Homomorphisms A homomorphism from an (2-algebras A to an ()-algebra B
is a function h: A — B such that

h(fc?(ala e aaQ(a))) = fc])?(h(al)a R h(aﬂ(a)))7

for all o < o(2) and all ay,...,a0@w) € A. We write h: A — B to indicate
that h is a homomorphism from an algebra A to an algebra B of the same type.
Similarly, we write A — B to indicate that there is a homomorphism from the
algebra A to the algebra B.

Subalgebras An injective homomorphism between two algebras of the same
type is called an embedding. We write h : A — B to denote that h is an
embedding from A to B and A — B to denote that there is an embedding from
A to B. An isomorphism is a surjective embedding and two algebras of the same
type are isomorphic if there is an isomorphism between them. A subalgebra of
an algebra A is an algebra B of the same type such that B C A and the identity
function on A restricted to B is an embedding from B to A. When () is a
subtype of a type 2 we call an ()y-subalgebra of the {2p-reduct of an (2-algebra A
an Qg-subreduct of A. Given any {2-algebra A the collection of its subalgebras is
closed under arbitrary intersections. Consequently, for every subset S C A there
is a least, with respect to the partial order of set-theoretic inclusion, subalgebra of
A containing the set S. We denote this algebra by (S) and call it the subalgebra
generated by S. We say that an algebra A is generated by a subset S C A if
A = (S). An algebra is finitely generated if it is generated by one of its finite
subsets. An algebra A is locally finite provided that all of its finitely generated
subalgebras are finite. A class of algebras K is locally finite if all of its members
are.

Homomorphic images A homomorphic image of an algebra A is an algebra
B of the same type such that there is a surjective homomorphism from A onto
B. We write h : A — B to denote that h is a surjective homomorphism from A
to B and A — B to denote that B is a homomorphic image of A.

Congruences A binary relation R C A? on a set A is compatible with an
operation f: A" — A if

f(CL17 e ,an)Rf(bl, e 7bn)7

for all aq,bq,...an, b, € A such that a;Rb; for all : € {1,...,n}. A congruence on
an (-algebra A is an equivalence relation # C A? compatible with the operation
fo for all @ < o(€2). The set of congruences on an algebra A is closed under arbi-
trary intersections and hence forms a complete lattice under the partial order of
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set-theoretic inclusion. We denote this lattice by Con(A). We let A, or Aa, de-
note the least element and V, or V4, the greatest element of the lattice Con(A).
Evidently, A, is the identity relation on any algebra A and V4 is the relation
A% We call an algebra A congruence distributive when the lattice Con(A) is dis-
tributive. Similarly, we call a class of similar algebras K congruence distributive
provided all members of IC are congruence distributive. The compatibility condi-
tion insures that the set A/6 of equivalence classes under a congruence relation ¢
on an (-algebra A may be equipped with the structure of an (2-algebra which we
denote by A /0. Namely, letting a/0 denote the equivalence class of a € A under
6, we define for all a < o(€2) an operation f, on A/6 by

f(ﬁ/e(al/ea s 7CLQ(01)/6) = faA(ala .- '7aQ(a))/97

for all ai,...,a0@) € A. The projection map my given by a — a/6 is then a
surjective homomorphism of 2-algebras and so any congruence of A determines
a homomorphic image of A. The algebra A /0 is often referred to as the quotient
of A under 6 or simply a quotient of A.

Kernels Conversely, any homomorphism h: A — B of (-algebras determines
a congruence

ker h = {(a,b) € A%: h(a) = h(b)}

on A, called the kernel of h. Given any congruence 6 on A such that 6 C kerh
we obtain a homomorphism h: A/ — B of Q-algebras with the property that
h = h o my by letting h(a/6) = h(a), for all a € A. In diagrammatic form:

A" B

" A

A/6

The map h is injective, if, and only if, ker h C 6. Consequently, if h: A — B
is a surjective homomorphism of -algebras, then the quotient A /ker h of A is
isomorphic to B. This establishes a bijective correspondence between congruences
on A and homomorphic images of A.

Reduced and direct products A direct product or simply product of a family
of Q-algebras {A; : i € I} is an Q-algebra, denoted by [[..; A;, with carrier
set the Cartesian product [],.; A; of the family {A; : ¢ € I} of the underlying
universes and operations given by

o A . . 4 4

fAE M an, aaw) () = FA4a(0), - aag) (@),

for all o < 0o(€2), all ay,...,a0@) € [[;c; Ai and all @ € I. The algebras A; are
often called the factors of the direct product [[..; A;. For each i € I the map
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given by a — a(i) is a surjective homomorphism from [],.; A; to A;. We denote
this map by m; and refer to it as the canonical projection. In case I = () we will
use the convention that the direct product [[,.; A; is a trivial algebra , i.e., a one
element algebra. Given a family of Q-algebras {A; : i € I}, any two elements
ay, ap of [[,o; A; give rise to a subset of J

[ar =as] ={i € I : a1(i) = az(i)},

called the equalizer of ay,as. A filter over a set I is a filter of the partially ordered
set (p([),C) of subsets of I. Given any family {A; : ¢ € I} of similar algebras
each filter F' over I determines a congruence ¢r on the direct product [[,.; A;
given by

ai 9F oy < [[a1 :CLQ]] e F.

The resulting algebra [],.; A;/0p, denoted by [[,.; A;/F, is called a reduced
product and in case F'is an ultrafilter over I, i.e., a proper maximal filter of the
poset (p(I), C), an ultraproduct. For an ultrafilter U over a set I and an algebra
A we call the ultraproduct of the family {A; : i € I}, obtained by letting A; = A
for all i € I, an ultrapower of A and denote it by Af/U. We will be using the
convention that a reduced product on the empty family is a trivial algebra. The
central result about ultraproducts is due to Los, see, e.g., [157, Thm. 8.5.3| for a
proof.

A.2.1. THEOREM (Los). Let Q be a type, {A; : i € I} a non-empty family of
Q-algebras, and x a sentence in the first-order language of Q-algebras. Then for
any ultrafilter U on I we have

[[A/UEx if andonlyif, {icl:A;l=x}eU.

el

In particular, any Q-algebra 1s elementarily equivalent to any of its ultrapowers.

Subdirect products Let {A; :i € I} be a family of 2-algebras. An Q-algebra
A is a subdirect product of the family {A,; : i € I} provided that
(i) the algebra A is a subalgebra of the direct product [, , A,
(ii) for each i € I the canonical projection 7;: [[,.; A; = A, is surjective when
restricted to A, i.e., m[A] = A;.

A subdirect embedding is an embedding e: A — [],.; A; of similar algebras such
that the image of A under e is a subdirect product of the family {A; : i € I}.
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Boolean products Let {A, : x € X} be a family of similar algebras indexed
by a set X carrying a Stone or Boolean topology, i.e., topology which is compact,
Hausdorff, and zero-dimensional. We call a subdirect product A of the family
{A, : x € X} a weak Boolean product if,

(i) the equalizer Ja; = as] is open for all a;,as € A,

(ii) for each aj,ay € A and each clopen? subset U of X there is a3 € A such
that
[ay =a3] =U and [as = a3] = X\U.

The last condition is often referred to as the patchwork property. A Boolean
product A of the family {A, : z € X} is a weak Boolean product where for all
a1, ap the equalizer [a; = as] is also closed and hence clopen. If A is isomorphic
to a (weak) Boolean product of {A, : z € X} we may refer to X as the base
space, the factors A, as the stalks of A, and the elements of A as sections. This
terminology comes from the fact that a Boolean product is essentially the same
as an algebra of global sections of a sheaf of algebras over a Boolean space, see,
e.g., |47].

Class operations Given a class of similar algebras C we denote by
) I(K) the class of all algebras isomorphic to some member of K,
) S(K) the class of all subalgebras of some member of K,
) H(K) the class of all homomorphic images of some member of I,
(iv) P(K) the class of all products of families of members of I,
) Pr(KC) the class of all reduced products of families of members of IC,
) Pu(K) the class of all ultraproducts of families of members of IC,
) Ps(
)

KC) the class of all subdirect products of families of members of IC,

Pg(KC) the class of all Boolean products of families of members of K.

A.2.3 Subdirectly irreducible algebras

An algebra A is (finitely) subdirectly irreducible if for each subdirect embedding
e: A = [[,c; Ai of similar algebras (with I finite) there is an index i € I such
that the homomorphism m; o e: A — A, is an isomorphism. Given a class IC of
similar algebras we denote by

2That is, simultaneously closed and open.
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(i) Ky the class of subdirectly irreducible members of K.
(i) Kp; the class of finitely subdirectly irreducible members of K.

Evidently, we always have Ky; C K. The property of being (finitely) subdirectly

irreducible is completely determined by the structure of the congruence lattice.
A.2.2. THEOREM (|46, Thm. I1.8.4]). Let A be a non-trivial algebra.

1. The algebra A is subdirectly irreducible if, and only if, the least congruence
An is completely meet-irreducible in the lattice Con(A).

2. The algebra A is finitely subdirectly irreducible if, and only if, the least
congruence Aa is meet-irreducible in the lattice Con(A).

It follows that a non-trivial algebra A is subdirectly irreducible precisely when
Con(A) has a second least element, namely ({6 € Con(A) : 0 # Aa}. A central
fact is the following result, originally due to Birkhoff, showing that any algebra
of any type always has “enough” subdirectly irreducible quotients, see, e.g., [46,
Thm. 11.8.6] for a proof.

A.2.3. THEOREM (Birkhoff). Any algebra is isomorphic to a subdirect product of
its subdirectly irreducible homomorphic tmages.

A.2.4 Varieties, quasi-varieties, and universal classes

Let Q be a type. By an equational Q2-theory we understand a set of 2-equations
in the countably infinite set of variables Xy,. The notions of quasi-equational and
universal 2-theories are defined completely analogously. A class C of (2-algebras
is called

(i) a variety if it is the class of models of some equational Q-theory,
(i) a quasi-variety if it is the class of models of some quasi-equational Q-theory,
(iii) a universal class if it is the class of models of some universal Q-theory.

These types of classes are completely determined by the closure properties with
respect to certain class operations. The first item of the following theorem is due
to Birkhoff, the second item is due to Mal’cev, and the last item appears to be
folklore. For proofs, see, e.g., [46, Thm. I1.11.9, Thm. V.2.25, Thm. V.2.20|.

A.2.4. THEOREM (Birkhoff, Mal'cev). Let IC be a non-empty class of similar al-
gebras.

1. The class K is a variety if, and only if, its is closed under the formation of
direct products, homomorphic images, and subalgebras.
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2. The class IC is a quasi-variety if, and only if, it is closed under the formation
of reduced products, subalgebras, and isomorphic copies,

3. The class K is a universal class if, and only if, its is closed under the
formation of ultraproducts, subalgebras, and isomorphic copies.

It turns out that these closure conditions may be expressed more succinctly. The
first item of the following theorem is due to Tarski, the second item is due to
Mal’cev, and the last item appears to be folklore. For proofs, see, e.g., [46,
Thm. 11.9.5, Thm. V.2.20, Thm. V.2.25].

A.2.5. THEOREM (Tarski, Mal'cev). Let IC be a non-empty class of similar alge-
bras.

1. The class K is a variety if, and only if, K = HSP(K),
2. The class K is a quasi-variety if, and only if, K = ISPr(K),
3. The class K is a universal class if, and only if, K = ISPy (K).

We say that a variety ) of similar algebras is generated by a class L C V if V
is the least variety containing the class IC, or equivalently, if V = HSP(K). Thus
a class K generates a variety V if, and only if, Z C V and each equation which
is refuted by some algebra in V is also refuted by some algebra in K. We say
that V is finitely generated if it is generated by a finite class of finite algebras.
Finally, we say that a class is finitely approximable or has the finite model property
if it is generated by the class of its finite members. Similar definitions apply,
mutatis mutandis, to quasi-varieties and universal classes. The following is then
an immediate consequence of Theorems A.2.3 and A.2.5(1).

A.2.6. THEOREM (Birkhoff). Any variety of similar algebras is generated by its
(finitely) subdirectly irreducible members.

A.2.5 Joénsson’s Lemma

The following useful property of congruence distributive varieties is sometimes
referred to as Jonsson’s Lemma [172, Sec. 3|. See also [46, Thm. 1V.6.8| or [169,
Cor. 1.5] for proofs.

A.2.7. THEOREM (Jonsson). Let V be a congruence distributive variety of simi-
lar algebras. If V is generated by K C 'V, then

Visi € HSPy(K),

and consequently,
YV = IPsHSPy(K).
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In particular, since Py(K) C I(K) whenever K is a finite set of finite similar
algebras, see, e.g., |46, Lem. IV.6.5|, we must have that if VV is a finitely generated
congruence distributive variety, then

Visi € HS(K),

for any finite set of finite algebras K generating V. From this it follows that in
a finitely generated congruence distributive variety all finitely subdirectly irre-
ducible algebras are finite.

A.2.6 Free algebras

Let  be a type and let C be a class of (2-algebras, A € K and S C A. For a
cardinal A\ we say that A is freely \-generated over K provided that

(i) the cardinality of S is A,
(ii) the set S generates the algebra A,

(iii) for any B € K and function f: S — B there is a homomorphism h: A — B
of Q-algebras making the following diagram

S—— B

%

commute.

An algebra A is freely generated over K, for K some class of similar algebras
if it is freely A-generated over K for some cardinal A. It is easy to show that
if A\ is a cardinal and A, B are both freely A\-generated over a class of similar
algebras K, then A and B must be isomorphic as (2-algebras. Consequently, for
each cardinal A there is (up to isomorphism) at most one member of IC which is
freely A-generated over K. In case there exists a member of K which is freely \-
generated over K we denote it, or rather some (canonically chosen) representative
of it, by Fx(\) and call it the free A\-generated K algebra or the free IC algebra
on A\-many generators. A free KC-algebra is then a member of I which is a freely
A-generated over K for some cardinal A\. The following result is originally due to
Birkhoff, see, e.g., [46, Thm. 11.10.12] for a proof.

A.2.8. THEOREM (Birkhoff). Let 2 be a type and let IC be any class of Q-algebras
such that ISP(KC) C KC. Then free A-generated K-algebras exist for all cardinals
A > 0. Moreover, if Q(a) = 0 for some o < o(Q) then free \-generated K-algebras
exist for all cardinals \.
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In particular any variety of similar algebras has free A-algebras for all cardi-
nals A > 0. We conclude by noting that if V is a variety of (-algebras and
S(xey, ..., xe, ), t(&, . .., xg,) are Q-terms, with n > 1, then

VEs~t if, and only if, Fr(\) | s~t,

for all A > n, see, e.g., [46, Cor. I11.11.15] for a proof. In particular, any variety is
generated by its free algebras.

A.3 Algebras

We here recall the definitions of the various algebraic structures which play a role
in this thesis.

Semi-groups A semi-group is an algebra A = (A, ) of type (2) satisfying the
equation
- (y-2)=(x-y)- 2

In any semi-group (A4, -) we may simply write ab for the product a - b. Similarly,
we may also leave out parentheses writing a-b-c for the element a-(b-c) = (a-b)-c.
Finally, for a € A and natural number n > 1 we write a” for the n-fold product
of a with itself, i.e., a' = a and a"™' = a"a. A monoid is an algebra A = (A, - e)
of type (2,0), with (A, -) a semi-group, satisfying the equations

r-e~e and e-xz~e.

We refer to the element e as the (monoidal) unit of A. If a,b € A are elements
of a monoid A = (A, -, e) such that

a-b=e and b-a=e,

we call b the inverse of a and vice verse. A group is a monoid in which every
element has an inverse. It is not difficult to show that any element of a monoid
can have at most one inverse. Thus, a group may be identified with an algebra
A = (A - 71 e) of type (2,1,0), with (A, - e) a monoid, satisfying the equations

z-z l~e and z 'l -z~e
An algebra A with a semi-group reduct (A,-) is commutative provided that the
equation
rTYy=y-z,

is satisfied. Similarly, an algebra A with a semi-group reduct (A, -) is idempotent
if the equation
T-T AT,

is satisfied.
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Lattices A semi-lattice, respectively bounded semi-lattice, is an idempotent,
commutative semi-group, respectively, monoid. A lattice is an algebra (L, A, V)
of type (2,2) with (L, A) and (L, V) a pair of semi-lattices satisfying the equations

r~zV(rAy) and zrzA(zVy).

A bounded lattice is an algebra (L, A, V,0, 1) of type (2,2,0,0) such that (L, A, V)
is a lattice and (L, A, 1) and (L, V,0) are bounded semi-lattices. A lattice L =
(L, N\, V) is distributive if either one of the following two equivalent equations are
satisfied

zA(yVz)=(xAy)V(zAz) zV(yAz)=(xVy AV z).

We denote by DL the class of distributive lattices.

Lattices as algebras and as posets Given a lattice L = (L, A, V) we obtain a
partial ordered set (L, <) by letting a < b if, and only if, a Ab = a, or equivalently
aVb = b. This partial order is such that every pair of elements a,b € L has a least
upper bound, namely a V b, and a greatest lower bound, namely a A b. Thus the
poset (L, <) is a lattice in the sense of Section A.1. Conversely, given any poset
P = (P, <) which is a lattice in the sense of Section A.1 we obtain an algebra
(P, A\, V) by letting a Ab be the greatest lower bound of a and b in P and similarly
letting a \VV b be the least upper bound of a and b in P. Given any type {2 with the
property that all 2-algebra have a lattice reduct, for (2-terms s and ¢ we will let
the expression s <t be an abbreviation for the equation s At &~ s and also refer
to it as an equation.

Pseudo-complemented distributive lattice A pseudo-complemented distrib-
utive lattice is an algebra (D, A, V, =, 0, 1) of type (2,2, 1,0, 0) such that the struc-
ture (D, A, V,0,1) is a bounded distributive lattice satisfying the quasi-equations

rANy<0 <+— y<-o.

Similarly, a supplemented distributive lattice is an algebra (D, A, V,~,0, 1) of type
(2,2,1,0,0) such that (D,A,V,0,1) is a bounded distributive lattice satisfying
the quasi-equations

1<zvy <= ~ax<ly.

Thus a bounded distributive lattice is the reduct of a supplemented distributive
lattice if, and only if, its order dual is the reduct of a pseudo-complemented
distributive lattice and vice versa. The class of pseudo-complemented (supple-
mented) distributive lattices forms a variety, see, e.g., [16, Thm. VIIL.3.1|. An
element a € A of a pseudo-complement distributive lattice (D, A,V,—,0,1) is
called central or complemented if aV —a = 1. A Boolean algebra is a pseudo-com-
plemented distributive lattice in which every element is central. Consequently,
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Boolean algebras may be identified with pseudo-complemented distributive lat-
tices satisfying the equation
rV-rrl

or supplemented distributive lattices satisfying the equation
AN~z

Thus the class of Boolean algebras forms a variety which we denote by BA.

Residuated lattices A lattice-ordered monoid is an algebra (A, A,V,- e) of
type (2,2,2,0) with (A, A, V) a lattice and (A, -,e) a monoid satisfying the equa-
tion

r-(yVz) wx(r- -y -w)V(r-z w).
A residuated lattice-ordered monoid or simply residuated lattice is an algebra

(A, NV, -\, /,e) of type (2,2,2,2,2,0) such that (A, A, V, -, e) is a lattice-ordered
monoid satisfying the following quasi-equations

ry<z <<= y<z\z <= z<z/y.

The class of residuated lattices is in fact a variety, see, e.g., [98, Thm. 2.7], which
we denote by RL. A residuated lattice (A, A, V,-,\,/,e) is integral if it satisfies
the equation

z <e.

We denote by ZR L the variety of integral residuated lattices. A pointed residuated
lattice, or FL-algebra, is an algebra (A, AV, -\, /, e 1) of type (2,2,2,2,2 0,0)
such that (A, A,V,-,\,/,e) is a residuated lattice. We will use the convention
that a property defined for residuated lattices holds for an FL-algebra provided
it holds for its residuated lattice reduct.

l-groups A lattice-ordered group, or simply (-group, is a residuated lattice
(A, N, V, -\, /,e) satisfying the equation

(e/x) -z ~e.

It is not difficult to see that the class of /-groups is term equivalent to the class
of algebras A = (A, A, V,-, 71 e) of type (2,2,2,1,0) such that

(i) the structure (A, A,V, -, e) is a lattice-ordered monoid,
(i) the structure (A,-, 71 e) is a group.

We denote the variety of all /-groups by LG.
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Heyting algebras A Heyting algebra is an algebra (A A, V,—,0,1) of type
(2,2,2,0,0), with (A, A, V,0,1) a bounded lattice, satisfying the quasi-equations

TANYy<z <<= y<z—>=z2
or equivalently, see, e.g., [16, Thm. IX.4.1|, the equations
(i) zA(x = y)=z Ay,
i) cA(y—=2)=azA((xANy) = (A 2)),
(iii) zA ((x ANy) = z) = 2.

Consequently, the class of Heyting algebras is a variety which we denote by H.A.
The Boolean algebras are up to term equivalence the Heyting algebras satisfying
the equation

V-1,

where —z is an abbreviation for the term z — 0. Thus the variety of Boolean
algebras may be identified with a subvariety of Heyting algebras. Furthermore,
we note that the class of Heyting algebras is term equivalent to the class of
commutative, integral and idempotent FL-algebras satisfying the equation

f <uz.

Consequently, the variety of Heyting algebras may be identified with a subvariety
of FL-algebras.

Bi-Heyting algebras A co-Heyting algebra is an algebra (A, A,V,<,0,1) of
type (2,2,2,0,0), with (A, A, V,0,1) a bounded lattice, satisfying the quasi-equa-
tions,

2<zVy < z+x <.

A bi-Heyting algebra® is then an algebra (A, A, V, —, <. 0, 1) of type (2,2,2,2,0,0)
such that (A, A,V,—,0,1) is a Heyting algebra and (A, A, V, <, 0, 1) is a co-Hey-
ting algebra. Since any bounded distributive lattice can be the reduct of at most
one Heyting algebra and at most one co-Heyting algebra, we will say that a Hey-
ting algebra is a bi-Heyting algebra when its bounded lattice reduct is also the
reduct of a co-Heyting algebra.

A.4 Heyting algebras

We here collected a number of useful facts about Heyting algebras, see, e.g, [16,
Chap. IX] or [221].

3Sometimes also called a double Heyting algebra, see, e.g., [229].
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Pseudo-complements For any Heyting algebra A = (A, A, V,—,0,1) we de-
fine a unary operation =: A — A by —a :=a — 0, for all a € A. One may then
easily verify that the algebra (A, A,V,—,0,1) is a pseudo-complemented distrib-
utive lattice.

Infima and suprema If A is a Heyting algebra and {a} US UT C A is such
that S has a greatest lower bound in A and 7 has a least upper bound in A, then

a/\\/T:\/(a/\tL \/T—>a:/\(t—>a), and a—)/\S:/\(a—>s).

teT tet seS

In particularly, =\/7T = A,., —t. In fact, this holds true of any pseudo-comple-
mented distributive lattice.

Filters and congruences It is easy to verify that a non-empty intersection of
a family of filters is again a filter. Since any Heyting algebra A has a greatest
element, namely 1, any filter on A must contain 1 whence it follows that the
intersection of any non-empty family of filters on A is again non-empty and hence
a filter. Consequently, the collection of filters on A forms a complete lattice, with
partial order given by set-theoretic inclusion, which we denote by Fil(A). Given
any filter F' on a Heyting algebra A one may show that the relation 6 on A
defined by

afpb if and only if, (a — b) A (b—a) € F,

is a Heyting algebra congruence on A. Conversely, given any Heyting algebra
congruence # on A the equivalence class 1/6 of the top element 1 is filter on A.
This establishes a one-to-one correspondence between Heyting algebra congru-
ences and filters on A.

A.4.1. PROPOSITION ([16, Lem.IX.4.4]). For any Heyting algebra A there is an
isomorphism of lattices Con(A) and Fil(A).

In particular, since Fil(A) is readily seen to be a distributive lattice for any Hey-
ting algebra A, it follows that the variety H.A of Heyting algebras is congruence
distributive.

Subdirectly irreducible Heyting algebras As another application of Propo-
sition A.4.1 we obtain an intrinsic description of the subdirectly irreducible and
finitely subdirectly irreducible Heyting algebras.

A.4.2. THEOREM (|16, Thm.IX.4.5]). A Heyting algebra is subdirectly irreducible,
of and only if, it has a second greatest element.
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It is easy to see that any upper bounded lattice with a second greatest element
must satisfy the universal clause

rVyr1l —= xx=lory~1.

Upper bounded distributive lattices satisfying this clause are called well-con-
nected. Thus all subdirectly irreducible Heyting algebras are well-connected but
not vice versa. The following is already known but since we have been unable to
find a direct reference we provide an argument here.

A.4.3. PROPOSITION. A Heyting is finitely subdirectly irreducible, if, and only
if, ot is well-connected.

Proof:

Let A be a finitely subdirectly irreducible Heyting algebra and suppose that
ai,as € A are such that a; V ay = 1, then the principal filters Ta; = {b € A : a; <
b}, for i € {1,2} are such that ta; Ntay = {1}. Letting 6; be the corresponding
congruences bs,,, for i € {1,2}, we have, by Proposition A.4.1, that 6; Afy = Ax.
Consequently, by Theorem A.2.2(2), §; = A for some ¢ € {1,2}. But then
ta; = {1}, and hence a; = 1, which shows that A is well-connected.

Conversely, let A be a well-connected Heyting algebra and let 6y, 05 be con-
gruences on A such that 6; Ay = A and 6 # Ax. Then by Proposition A.4.1
we must have ay € 1/0, with as # 1. Now, for each a; € 1/6; we must have that
a; V as (01 A 62)1 and hence that a; V as = 1. By the assumption that A is well-
connected we obtain that a; = 1 for each a; € 1/6, showing that 1/6, = {1} and
hence by Proposition A.4.1 that ; = Aax. Thus A4 is meet-irreducible in the lat-
tice Con(A), whence A is finitely subdirectly irreducible by Theorem A.2.2(2). O

Finite model property We conclude this section by establishing that the
variety of Heyting algebras enjoys the finite model property. In fact, a stronger
statement holds which is useful on its own. Given Heyting algebras A and B we
write B <, v 01 A to indicate that the bounded lattice reduct of B is a subreduct
of A.

A.4.4. LEMMA ([29, Lem. 4.3]). Let A be a Heyting algebra and q a universal
clause in the language of Heyting algebras. If A [~ q then there is a finite Heyting
algebra B <, v 01 A such that B = q.

From this it follows that every equation which is refuted on some Heyting algebra
is also refuted on some finite Heyting algebra. Therefore, the equational theory
of the class of finite Heyting algebras coincides with the equational theory of all
Heyting algebras. From this the following theorem is an immediate consequence.

A.4.5. THEOREM. The variety of Heyting algebras is generated by its finite mem-
bers.
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A.5 Nuclei

We here introduce the concept of nuclei on partially ordered monoids and dis-
cuss some of their most fundamental properties. Nuclei were first considered by
Schmidt and Tsinakis [231], Simmons [233|, and Rosenthal [223] in the context
of implicative semi-lattices, locales, and quantales, respectively. Our exposition
follows closely the one in [98, Chap. 3.4.11] and [97, Sec. 2].

Nuclei A partially ordered monoid is a structure (P, <, -, e) such that (P, <) is
a poset and (P, -, e) is a monoid with the property that

p<gq implies r-p<r.-q and p<gq implies p-r<q-7,

for all p,q,r € P. One may readily verify that if (P, <,-) is a partially ordered
monoid then so is the order dual (P, <?.-). A residuated partially ordered monoid
is a structure (P, <,\, /, -, e) with (P, <, -, e) a partially ordered monoid such that

p-r <gq if, and only if, r <p\g if, and only if, p < q/r,
for all p,q,r € P.

A.5.1. PROPOSITION (See, e.g., [98, Lem.3.33|). Let P = (P, <,-,e) be a par-
tially ordered monoid and let v: P — P be a closure operator on (P,<). Then
the following are equivalent.

1. v(p)-(q) <~(p-q), for all p,q € P.

2. v(v(p) - v(q)) = v(p-q), for all p,q € P.

In case P is a residuated partially ordered monoid, say (P, <,-,\,/,e), the above
conditions are equivalent to the condition that the elements p\y(q) and v(q)/p are
closed for all p,q € P.

A nucleus on a partially ordered monoid (P, <, -, e) is a closure operator y: P — P
on the poset (P, <) satisfying either of the equivalent conditions of Proposi-
tion A.5.1. A co-nucleus on a partially ordered monoid (P, <, - e) is then a
nucleus on the order dual (P, <7, - e).

Retractions Given a partially ordered monoid P = (P, <, - e) with a nucleus
v: P — P we let P, be the structure (y[P],<,-,7v(e)) with p-, ¢ = v(p - q)
for all p,q € «[P]. Similarly, given a residuated partially ordered monoid P =
(P,<,-,\,/,e) and a nucleus v: P — P we let P, be the structure (y[P], <
v, \s /,7(e)). By Proposition A.5.1, p\q,q/p € v[P] for each p,q € v[P], and
so this is indeed well defined. In both cases we refer to the structure P, as the

~v-retraction of P.
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A.5.2. PROPOSITION (See, e.g., [98, Thm.3.34(1)(2)]). IfP is a (residuated) par-
tially ordered monoid and v: P — P is a nucleus, then P, is also a (residuated)
partially ordered monoid. Furthermore, the map v: P — P, is an order-preserv-
ing monotd homomorphism.

Given a lattice-ordered monoid A = (A, A,V,-,e) and a nucleus v: A — A
on the induced partially ordered monoid (A, <,-,e) we let A, be the struc-
ture (y[A], A, Vs, -y, v(e)) with the operation V. defined as in Proposition A.1.1,
ie, aVyb = v(aVb), for all a,b € A. Similarly, given a residuated lattice
A = (A AV, \,/,e) with a nucleus y: A — A we let A, be the structure
(Y[A], A, Vs, 45 \s /,7(e)). In both cases we refer to the structure A, as the y-re-
traction of A.

A.5.3. PROPOSITION (See, e.g., [98, Thm.3.34(1)(2)]). If A is a (residuated) lat-
tice-ordered monoid and v: A — A s a nucleus on the induced partially ordered
monoid (A, <,-,e), then A, is also a (residuated) lattice-ordered monoid. Fur-
thermore, the monoid homomorphism v: A — A, is join-preserving.

Regular elements If A = (A, A,V,—,0,1) is a pseudo-complemented distrib-
utive lattice then the map a — ——a is a nucleus on the induced partially ordered
monoid (A, <, A, 1) see, e.g., [16, Thm. VIIT.2.1]. The closed elements determined
by this nucleus are usually called regular and the set of all such elements is de-
noted by Rg(A). Since both the least element 0 and the greatest element 1 of
A are closed with respect to this nucleus we obtain as a special case of Propo-
sition A.5.3 that the set of regular elements carries the structure of a bounded
lattice Rg(A) = (Rg(A), A, V_-,0,1).

A.5.4. PROPOSITION (See, e.g., [16, Thm. VII1.4.3]). Let A = (A, A,V,—,0,1)
be a pseudo-complemented distributive lattice. Then Rg(A) is a Boolean algebra
and the map a — ——a s a homomorphism of pseudo-complemented lattices.

By order duality we then obtain that if A = (A4, A,V,~,0,1) is a supplemented
distributive lattice then the map a — ~ ~a is a co-nucleus on the induced par-
tially ordered monoid (A, <,V,0). The open elements determined by the co-nu-
cleus a — ~~a are called co-regular. We denote by CoRg(A) the set of co-
regular elements of A. Completely analogously to Proposition A.5.4 we obtain
that the set CoRg(A) of co-regular elements of any supplemented distributive lat-
tice A carries the structure of a Boolean algebra which we denote by CoRg(A).
Finally, since any Heyting algebra A = (A, A,V,—,0,1) determines a pseudo-
complemented distributive lattice, namely (A, A,V,—,0,1) we obtain a nucleus
a +— ——a on the induced partially ordered monoid (A, <,A,1). As before we
refer to closed elements of this nucleus as the regular elements of A and denote
the corresponding Boolean algebra by Rg(A).
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A.6 Dualities

We here review some different types of dualities for various classes of bounded
distributive lattices and Heyting algebras. We will assume that the reader is
familiar with the rudiments of category theory, see, e.g., [194, 191].

A.6.1 Discrete duality

We first consider certain subcategories of the category of bounded distributive
lattices and bounded lattice homomorphisms for which the opposite categories
admit a fairly natural description. The material presented here can be found in
[23, Sec. 7], [119, Sec. 4-5], and [252].

Up- and downsets Given a poset P = (P, <) and U C P we define
W={peP:3qgeU (p<q)} and tU:={peP:3¢eU (¢<p)}

A subset U of a poset P = (P, <) is upward closed, or simply an upset, if tU = U.
A downward closed, or simply downset, of a poset P is then an upset of its
order dual P?. The collection of all upsets of a poset P, ordered by set-theoretic
inclusion, is a lattice which we denote by P+.

Perfect lattices For any poset P the lattice P will be complete and completely
distributive in the sense that arbitrary meets distribute over arbitrary joins and
vice versa, see, e.g., [220, Def. 3]. We call a complete and completely distributive
lattice perfect® provided that every element is the join of the set of completely join-
irreducible elements below it, see, e.g., [115, Thm. 2.1] or |74, Thm. 10.29] for an
alternative characterization of such lattices. Conversely, any perfect distributive
lattice D will be isomorphic to P* for some poset, which we denote by D, namely
the order dual of the poset J*(D) = (J*(D), <) of completely join-irreducible
elements with the partial order determined by D.

Birkhoff-Raney duality Any order-preserving function f: P — Q between
posets P and Q induces a complete lattice homomorphism, i.e., a function pre-
serving arbitrary meets and joins, fT: QT — P* by letting fT(U) == f~}(U) for
all upsets U of Q. By Proposition A.1.2 any complete bounded lattice homo-
morphism hA: D — E between perfect lattices has a lower adjoint h, : E — D.
It is easy to verify that h, maps completely join-irreducible elements to com-
pletely join-irreducible elements and hence restricts to an order-preserving map
from the poset J*(E) to the poset J>°(D). Consequently, we may consider h
as an order-preserving map from the poset E, to the poset D, . This gives rise

4These lattices are also known as: bi-algebraic, doubly algebraic [115], completely join-
generated [119] or completely prime-algebraic [252].



190 Appendiz A. Technical preliminaries

to a dual equivalence of categories originally due to Raney [220] in the form of a
representation theorem.

A.6.1. THEOREM (Raney). The category of perfect distributive lattices and com-
plete lattice homomorphisms is dually equivalent to the category of posets and
order-preserving functions.

As the functors involved map finite objects to finite objects we obtain the following
corollary originally due to Birkhoff [37] in the form of a representation theorem.

A.6.2. COROLLARY (Birkhoff). The category of finite distributive lattices and
bounded lattice homomorphisms is dually equivalent to the category of finite posets
and order-preserving maps.

We note the following useful properties of this duality which is straightforward
to establish.

A.6.3. PROPOSITION. Let f: P — Q be an order-preserving map between posets.

1. The map f: P — Q s surjective if, and only if, the corresponding homo-
morphism fT: QY — PT is injective.

2. The map f: P — Q s injective if, and only if, the corresponding homomor-
phism fT: QT — PT is surjective.

de Jongh-Troelstra duality It it not difficult to see that for any poset P the
lattice P* is a Heyting algebra with Heyting implication defined by

U=V =P\UO\V),

for all upsets U,V of P. As observed by de Jongh and Troelstra [171], for any
order-preserving map of posets f: P — Q, the induced lattice homomorphism
ft: Q" — P* will be a homomorphism of Heyting algebras if, and only if, the
map f: P — Qis a so-called p-morphism?®, meaning that for all p € P and ¢ € Q,

f(p) <g q implies f(r) = ¢ for some r € P such that p <p r.
This, in combination with Theorem A.6.1, yields the following duality.

A.6.4. THEOREM. The category of perfect Heyting algebras and complete Hey-
ting algebra homomorphisms is dually equivalent to the category of posets and
p-morphisms.

Since the functors involved map finite objects to finite objects the duality restricts
to finite objects.

A.6.5. COROLLARY. The category of finite Heyting algebras and Heyting algebra
homomorphisms is dually equivalent to the category of finite posets and p-mor-
phisms.

®Sometimes also called strongly isotone [171], bounded |39], or open [119].
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A.6.2 Topological duality

We now describe the opposite categories of both the category of bounded distrib-
utive lattices and bounded lattice homomorphism and the category of Heyting
algebras and Heyting algebra homomorphisms. We will assume that the reader
is familiar with basic concepts from topology, see, e.g., [84| or [74, App. A]. A
thorough treatment of the material covered here can be found in |74, 201, 27, 109].

Ordered topological spaces A Priestley space is a, possibly empty, partially
ordered, compact, and totally ordered disconnected topological space, i.e., a tuple
(X, <, 7) such that

(i) The pair (X, <) is a partial order,
(ii) The pair (X, 7) is a compact topological space,

(iii) For every z,y € X such that x £ y there is a clopen upset U of X such
that x € U and y ¢ U.

We will often refer to a Priestley space (X, <, 7) by the set X. We note that not
every poset can be equipped with a topology resulting in a Priestley space. Given
a Priestley space (X, <, 7) we write min(X) and max(X) for the sets of minimal

and maximal elements of X, respectively. The following useful property was first
observed by Esakia [87], see also |33, Thm. 2.3.24] for a proof.

A.6.6. PROPOSITION. Let (X, <,T) be a Priestley space. Then for each v € X
there are xo € min(X) and x; € max(X) such that xo < x < z;.

Priestley duality The collection ClpUp(X) of all clopen upsets of a Priestley
space X evidently forms a bounded distributive lattice, with meets and joins
being set-theoretic intersection and union, respectively. We denote this lattice
by X*. Conversely, let D = (D, A,V,0,1) be a bounded distributive lattice. A
proper filter F' of D is prime if

aVbeF implies a€ Forbe F for all a,b € D.

We denote the set of prime filters of D by D,. Given any a € D we obtain two
sets of prime filters

a={reD,:aczx} and a={reD,:aduz}.

The family {a,a : a € D} generates a topology 7 on the set D, such that the re-
sulting partially ordered topological space (D, C, 7) is a Priestley space. We refer
to this space as the dual Priestley space of D. If f: X — Y is a function between
Priestley spaces X and Y, which is both continuous and order-preserving, then



192 Appendiz A. Technical preliminaries

we obtain a homomorphism of bounded distributive lattices f*: Y* — X* by let-
ting f*(U) = f~1(U) for all Y € ClpUp(Y"). Conversely, for any homomorphism
h: D — E of bounded distributive lattices we obtain a function h,: E, — D,
which is both continuous and order-preserving by letting h.(z) = h~'(x) for
all x € E,. This determines the following dual equivalence of categories first
established by Priestley [216].

A.6.7. THEOREM (Priestley). The category of bounded distributive lattices and
bounded lattice homomorphisms is dually equivalent to the category of Priestley
spaces and continuous order-preserving maps.

Spectral spaces For any bounded distributive lattice (D, A, V, 0, 1) each of the
families {a@ : @« € D} and {a : a € D} also generates a topology on the set of
prime filters of D, denoted by 7" and 7+ respectively. The resulting topological
spaces (D,,7") and (D,, ") are what is known as spectral spaces and all spectral
spaces arise in this way [156]. The lattice D may be recovered as the lattice of
compact open subsets of the space (D,, 7") while its order dual may be recovered
as the lattice of compact open subsets of the space (D,, 7+). This forms the basis
of a purely topological description of the opposite category of the category of
bounded distributive lattices and bounded lattice homomorphisms originally due
to Stone in the form of a representation theorem [240].

Stone duality It is easy to see that the topology on any Priestley space is both
Hausdorff and zero-dimensional, i.e., has a basis of clopen sets. Zero-dimensional
compact Hausdorff spaces are known as Stone spaces®. Thus any Stone space
may be identified with a Priestley space in which the partial order is trivial,
i.e., is the equality relation. It is not hard to show that a bounded distributive
lattice is a Boolean algebra if, and only if, its dual Priestley space is a Stone
space. Furthermore, since the category of Boolean algebras and Boolean algebra
homomorphisms is a full subcategory of the category of bounded distributive
lattices and bounded lattice homomorphisms, we obtain, as a special case of
Theorem A.6.7, the following theorem originally due to Stone [239] in the form
of a representation theorem.

A.6.8. THEOREM (Stone). The category of Boolean algebras and Boolean algebra
homomorphisms is dually equivalent to the category of Stone spaces and continu-
ous maps.

Esakia duality An Esakia space is a Priestley space in which [U is open for
any open set U. A bounded distributive lattice is a (reduct of a) Heyting algebra
precisely when its dual Priestley space is an Esakia space, in which case we refer

60ften also referred to as Boolean spaces.
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to it as its dual Esakia space. Just as in the discrete case, a bounded lattice
homomorphism h: A — B between Heyting algebras is a Heyting algebra homo-
morphism if, and only if, the dual continuous order-preserving map h,: B, — A,
is a p-morphism. Consequently, we obtain the following dual equivalence of cat-
egories originally established by Esakia [86].

A.6.9. THEOREM (Esakia). The category of Heyting algebras and Heyting alge-
bra homomorphisms is dually equivalent to the category of Esakia spaces and
continuous p-morphisms.

Finally, we note that a completely analogous version of Proposition A.6.3 holds
for all the topological dualities discussed above.

A.7 Projective lattices

We here collect a few useful results concerning (weakly) projective distributive
lattices and semi-lattices.

Projectivity Let C be a class of similar algebras. An algebra P € K is said
to be weakly projective in, or relative to K see, e.g., [16, Chap. 1.20.13], if any
diagram

A

}

P——B

of homomorphisms between K-algebras can be completed to a commutative dia-

gram
A
P——B

of homomorphism between K-algebras. Since we are only considering weakly

projective algebras in this thesis we will simply use the word projective to mean
weakly projective.

Finite projective distributive lattices Given a bounded distributive lattice
D = (D,A,V,0,1,) we let Jo(D) denote the poset of join-irreducible elements of
D including the least element 0, and let Jo(D) denote the underlying set of this
poset. Recall that DL denotes the class of distributive lattices.

A.7.1. THEOREM ([17]). For any finite distributive lattice D the following are
equivalent.
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1. The lattice D is projective in the class DL.
2. For all a,b € Jo(D) the meet a Ab belongs to Jo(D).

From this it may be deduced that a finite distributive lattice is projective if, and
only if, its order dual is, see also [15, Thm. 7.1|. Given any two algebras A, B
with (semi-)lattice reducts and appropriate 7 C {A,V} we write h: A —, B to
indicate that h: A — B is a function preserving all the operations from 7 and
h: A <, B (h: A —, B) to indicate that h is moreover injective (surjective). In
case the reducts have one or more bounds we use similar notation for appropriate
T C {A,V,0,1}. The following useful property of finite projective distributive
lattices is a straightforward consequence of [17, Thm. 4]. However, as we have
been unable to find a direct reference we supply a proof.

A.7.2. PROPOSITION. Let P = (P, A,V,0,1) be a finite distributive lattice which
is projective in the class DL and let D be a (lower bounded) distributive lattice.
Then for any h: P —, D (h: P —,0 D) there is g: P =,y D (g: P —xv0 D).
Furthermore, the function g is injective whenever h is.

Proof:

Let h: P —, D be given. Since P is assumed to be projective in the class DL it
follows from Theorem A.7.1 that the poset Jy(P) is a meet semi-lattice which is
a subalgebra of the meet semi-lattice reduct of P. Consequently, restricting A to
Jo(P) we obtain a function hy: Jo(P) <, D. Because the lattice reduct of P is
projective in the class DL, it follows from [17, Thm. 4| that by letting

g(a) == \/{ho(b) € D : Jo(P) 3 b < a},

we obtain a function g: P —, D. If D is lower bounded with least element 0
then ¢(0) = ho(0) = h(0) and so ¢g(0) = 0, provided that h(0) = 0.

For the last part of the statement assume that the function A is injective.
Since the function A preserves meets, it follows that A must be order-reflecting.
It is easy to see that g(a) < h(a) for all a € P. It follows that if a,b € P are such
that g(a) < g(b), then for all ¢ € Jy(P) with ¢ < a we have

h(c) = g(c) < gla) < g(b) < h(b),

and consequently ¢ < b. Because P is finite a must be a join of the join-irreducible
elements below it and hence a < b. This shows that g is injective. O

Recall that an upper bounded distributive lattice is well-connected precisely
when its top element is join-irreducible. Knowing this the following is an imme-
diate consequence of Proposition A.7.2 above.

A.7.3. COROLLARY. Let P = (P, A, V,0,1) be a well-connected finite distributive
lattice which s projective in the class DL and let D be a bounded distributive
lattice. Then for any h: P —,01 D there is g: P —5 v 01, D which is injective
whenever h is.



A.8. Lattice completions 195

Finite projective semi-lattices We conclude this section by recalling a useful
description of a large class of projective meet semi-lattices.

A.7.4. THEOREM ([159, Cor. 5.4]). The meet semi-lattice reduct of any finite dis-
tributive lattice is projective in the class of meet semi-lattices.

As an immediate consequence we obtain that for any surjection h: D —, E
between finite distributive lattices there must be a function g: E —, D such that
h o g is the identity on E. In particular, the function g must be injective.

A.8 Lattice completions

We here collect some basic facts and definitions concerning different types of
completions of lattices.

Completions A lattice L = (L, A, V) is complete provided that every subset S
of L has a least upper bound, denoted by \/ S and referred to as the join of S,
or equivalently every subset S of L has a greatest lower bound, denoted by A S
and referred to as the meet of S. A completion of a lattice L is a complete lattice
C together with an embedding of lattices L — C. A lattice completion L — C
which preserves all existing meets (joins) in L is called meet-regular (join-regular).
A lattice completion which is both meet-regular and join-regular is called regular.

Polarities We now describe a general template for constructing completions of
lattices going back to Birkhoff [38, Chap. IV], see, e.g., also [104, 108, 148, 113|.
A polarity is a tuple (Wy, Wi, N) where N C W, x W is a binary relation. Any
polarity (Wy, Wi, N) induces a pair of functions

LNI p(Wl) — @(Wo) and UNI p(Wo) — p(Wl)
given by
Ly(X)={weWy:Vue X (wNu)} and Uy(Y)={w e W;: Vv €Y (vNw)}.

In cases where no confusion can arise we may simply omit the subscripts. It
is easy to see that, considered as maps between posets Wy = (p(W;), C) and
Wy = (p(W7),C), both Ly and Uy are antitone and satisfy

Y C Ly(X) if, and only if, X C Uy(Y),

for all X € p(W;) and Y € p(W,). Consequently, these maps form a Galois
connection from the poset Wy to the poset W;. Therefore, by Proposition A.1.3
we obtain two closure operators LyUy: Wy — Wy and Uy Ly : Wiy — Wy, which
we denote by vy and dy respectively. Since the poset Wy is complete, it follows
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from Proposition A.1.1 that the set of yy-closed elements forms a complete lattice
under set-theoretic inclusion with meets and joins given by

NZ =% and \/Z =y (UZ>

iel i€l el i€l

for all sets {Z; : i € I} of yy-closed elements. A similar construction is given by
considering the dy-closed sets resulting in a complete lattice which is the order
dual of the lattice of yy-closed sets.

Ideal completions Given a lattice L with a least element, the set of ideals is
closed under arbitrary intersections and hence by Proposition A.1.1 we obtain
a closure operator on the poset (p(L), C) by mapping every subset to the least
ideal containing it. In case L does not contain a least element we obtain a
closure operation on the poset (p(L)\{0}, C) by mapping any non-empty set to
the least ideal containing it. In either case we obtain by Proposition A.1.1, a
lattice consisting of all ideals of L which we denote by Idl(L). The map a — Ja
is evidently a lattice embedding from L into Idl(L). In case L has a least element
the lattice Idl(L) will be complete and hence a completion of L called the ideal
completion. If L does not have a least element then neither does Idl(L). In
particular, this lattice will not be complete. However, the lattice Idly(L) obtained
by adding a least element to Idl(L) will be complete and hence a completion of L.
Nevertheless, we may in some cases still refer to Id1(L) as the ideal completion of L
even when L lacks a least element. For any lattice L the ideal completion Idl(L),
or Idlp(L) in case L lacks a least element, of L may alternatively be characterized
as the, up to isomorphism, unique completion e: L — C of L satisfying the
following two properties

(i) every element of C'is a join of elements of the set e[L],

(i) all subsets {a}UT C L satisty e(a) < \/e[T], if, and only if, there is a finite
subset Ty C T such that a < \/Tp.

In case D is a bounded distributive lattice the ideal completion Idl(D) may be
identified with the lattice of all open upsets of the dual Priestley space of D, see,
e.g., |27, Cor. 6.3].

MacNeille completions Since the set of normal ideals of any lattice L is closed
under arbitrary intersections we obtain a closure operator on the poset (p(L), C)
by mapping every subset to the least normal ideal containing it. Recall that,
unlike ideals, normal ideals are allowed to be empty. Thus by Proposition A.1.1
we obtain a complete lattice which we denote by L. As before we may readily
verify that the map a — Ja is a lattice embedding. Thus L is a completion of
L which we call the MacNeille completion. The MacNeille completion L of a
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lattice L may alternatively be characterized as the, up to isomorphism, unique
completion e: L — C of L with the following two properties

(i) every element of C' is a meet of elements of the set e[L],
(ii) every element of C is a join of elements of the set e[L].

A completion satisfying (i) is often referred to as being meet-dense, while a com-
pletion satisfying (ii) is often referred to as being join-dense. From these two
properties it can be deduced that the MacNeille completion is always regular. In
case D is a bounded distributive lattice the MacNeille completion of D may be
identified with the lattice of so-called regular open upsets of the dual Priestley
space of D, i.e., open upsets U of D, such that JD(U) = U, where for S C D,,
we denote by J(S) and D(S) the largest open upset contained in S and the least
closed upset containing S, respectively. Note that this lattice will not necessarily
be distributive. When D is the (reduct of a) bi-Heyting algebra we have that
JD(U) = IC(U), for all open upsets U of D,, with I(—) and C(—) denoting the
interior and closure operator respectively. We refer to [151, Sec. 3| for details.

Canonical completions Let L be a bounded lattice. As shown by Gehrke and
Harding [111] there is, up to isomorphism, a unique completion e: L < C of L
with the following three properties

(i) every element of C'is a meet of joins of elements of the set e[L],
(ii) every element of C is a join of meets of elements of the set e[L],

(iii) all subsets S,T C L satisfy that A e[S] < \/e[T], if, and only if, there are
finite subsets Sy C T and Ty C T such that A Sy <\ Tp.

This completion is called the canonical completion” of L and is denoted by L°.
Various special cases of this type of completion have been studied independently
see, e.g., [175, 176, 114, 120]. The canonical completion of any bounded distribu-
tive lattice is again a bounded distributive lattice [114] and similarly the canonical
completion of any Heyting algebra is again a Heyting algebra [109, Sec. 2|. In
case D is a bounded distributive lattice, the lattice D? may be identified with the
lattice of all upsets of the dual Priestley space of D, see, e.g., [114, Sec. 2|.

A.9 Intermediate logics

We here review the basic definitions concerning intermediate logics. For an in
depth treatment of intermediate logics see, e.g., [51].

7Often also referred to as the canonical extension.
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The language of intuitionistic propositional logic Fix a countable set of
propositional letters Py, == {p, : n € w}. For each P C Py, let Fm(P) be the set
of formulas produced by the following grammar

pr=L|pleAeleVelp—=¢p, peP.

We write Fm for Fm(Py, ) and call the elements of this set formulas in the language
of intuitionistic propositional logic. In this language both the connectives <+ and
— as well as the constant T are definable, e.g., as (¢ = V) A (¥ — @), ¢ — L,
and L — L, respectively. If P = {pn,,...,pn,} we may write ©(pn,,...,pn,) to
indicate that ¢ belongs to Fm(P).

Intermediate logics By an intermediate (propositional) logic we shall under-
stand any proper subset of Fm containing the formulas

(i) po = (p1 = p1),
(i) (po = (p1 = p2)) = ((po = p1) = (Po = p2)),
(iii) (po A p1) = po,
(iv) (po Ap1) = p1,
(v) po = (p1 = (po A p1)),
(vi) po = (po V p1);
(vii) pr = (po V p1),
(vil) (po = p2) = ((p1 = p2) = ((po V p1) = p2))),
(ix) L — po,

and closed under the rules

w Sp(an;pnk)
w (MP) and 90(%7 T 7wk’) (SUB)

where ¢(11,...,1;) denotes the result of uniformly substituting, for all ¢ €
{1,...,k}, the formula ¢; for the propositional letter p,,. Since the collection
of intermediate logics is evidently closed under arbitrary intersections there will
be a least, with respect to set-theoretic inclusion, intermediate logic which we
will call (the) intuitionistic propositional logic® and denote by IPC.

8 Also called (the) intuitionistic propositional calculus.
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Algebraic semantics To any formula ¢ € Fm we may associate a Heyting
algebra term tm(y) in the evident way. Consequently, to any non-trivial variety
of Heyting algebras } we may associate a collection of formulas

Ly ={p € Fm: V = tm(p) = 1},

which is easily seen to be an intermediate logic. Conversely, to any intermediate
logic L we may associate a class of Heyting algebra equations,

E(L) = {tm(g) ~ tm(): o ¢ € L}
and hence also a variety of Heyting algebras
V(L) ={AeHA: A= E(L)},

which must necessarily be non-trivial. This establishes a one-to-one correspon-
dence between the class of non-trivial varieties of Heyting algebras and inter-
mediate logics. One part of this correspondence may be viewed as an algebraic
completeness theorem.

A.9.1. THEOREM. Let L be an intermediate logic and let ¢ € Fm. Then,
wel i, and only if, V(L) = tm(p) =~ 1.

Thus any intermediate logic is completely determined by its corresponding variety
of Heyting algebras.

Relational semantics The algebraic completeness of IPC together with the
discrete duality for Heyting algebras A.6.1 leads to an alternative semantics for
IPC based on posets. This is the so-called Kripke semantics [183], see also [142].
A waluation on a poset Q = (@, <) is a function V: P — Q*. We may then
define the relation Ik between tuples (Q, V) q), with ¢ € @, and formulas ¢ € Fm
by the following recursion:
Q,V,qlF L never,
Q,V,qlFp; if, and only if, ¢ € V(p;),
Q,V,qlF o ANy if, and only if, Q,V,qlF¢ and Q,V, q - 1,
Q,V,qlFpVvy if and only if, Q,V,qlF¢ or Q,V,qlF 1,
Q,V,qlF ¢ — 1 if, and only if, forall r > ¢q, Q,V,rIF ¢ implies Q,V,r I .

If QV,qIF ¢ for all ¢ € ) we write Q,V I . Similarly, if Q,V I+ ¢ for all
valuations V' on Q we simply write Q IF . Finally if F is a class of posets
we write F IF ¢ if Q IF ¢ for all Q € F. A straightforward induction on the
complexity of ¢ € Fm shows that

QIF ¢ if, and only if, Q" | tm(p) ~ 1,
where tm(p) is the Heyting algebra term associated with the formula ¢.
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Basic properties of intermediate logics Let L be an intermediate logic and
let F be a class of posets. We say that

(i) the logic L is sound with respect to the class F if ¢ € L implies F I ¢ for
all ¢ € Fm,

(i) the logic L is complete with respect to the class F if F I ¢ implies ¢ € L
for all p € Fm,

(iii) the logic L is determined, or characterized, by the class F if L is both sound
and complete with respect to F,

(iv) the logic L is (Kripke) complete if is determined by some class of posets,

(v) the logic L has the finite model property if it is determined by some class of
finite posets,

(vi) the logic L is elementary if it is determined by a first-order definable class
of posets,

(vii) the logic L is canonical if the corresponding variety V(L) is closed under
canonical completions.

It is not hard to see that an intermediate logic L is complete if, and only if, the
corresponding variety of Heyting algebras V(L) is generated by {P* : P € F} for
some class of posets F. In particular, since all finite Heyting algebras are of the
form P* for some poset P we have that L enjoys the finite model property if, and
only if, the variety V(L) is generated by its finite members. Finally, since the
canonical completion of any Heyting algebra is a perfect lattice we have that any
canonical logic is necessarily complete.

Some intermediate logics Given a set of formula ® in the language of intuitio-
nistic propositional logic we write IPC+® to denote the least set of formulas in the
language of intuitionistic propositional logic which contains the set IPCU® and is
closed under the rules (MP) and (SUB). In case ® is finite, say ® = {¢1,...,¢n},
we write IPC 4+ ¢1 + ... 4+ ¢, in place of IPCU ®. We here give a list of some
of the intermediate logics which we often consider in this thesis. For any natural
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number n > 1 we define

BW,, == IPC + \n/ pi — \/pj> :
i=0 ji
BTW, =IPC+\/ [ \p; — —|—\pi> ,
i=0 \j<i
BC, ::|PC+\n/ /\pj —>pz‘>;
=0 \j<¢

BD,, = IPC+ 4,
where the formula 3, is defined by the following recursion:

B1:=po V —po and Bn+1 = Png1 V (pn+1 — 6n)

The logic BW; is often called the Gddel-Dummett logic and is denoted by LC
while the logic BTW; is often called the Jankov logic, or the logic of weak excluded
middle, and is denoted by KC. The width of a poset P is the least cardinal x such
that any anti-chain in P is of size at most x. Similarly, the top width of a poset
P is the cardinality of the set of maximal element of P. Finally, the depth of
a poset P is the least cardinal x such that any chain in P is of size at most k.
With these definitions the following characterizations may be established for any
natural number n > 1, see, e.g., [51, Chap. 2.5]|.

1. The logic BW,, is the logic determined by the class of posets of width at
most n.

2. The logic BTW,, is the logic determined by the class of posets of bounded
top width at most n.

3. The logic BC, is the logic determined by the class of posets of cardinality
at most n.

4. The logic BD,, is the logic determined by the class of posets of bounded
depth at most n.

Furthermore, all these logics are canonical and enjoy the finite model property,
see, e.g., [51, Chap. 10-11].






[1]

2]

13l

4]

[5]

[6]

17l

18]

19]

Bibliography

M. D’Agostino and M. Mondadori. The taming of the cut. Classical refu-
tations with analytic cut. J. Logic Comput., 4(3):285-319, 1994.

A. Akbar Tabatabai and R. Jalali. Universal proof theory: Semi-analytic
rules and uniform interpolation. arXiv:1808.06258, 2018.

M. Alizadeh, F. Derakhshan, and H. Ono. Uniform interpolation in sub-
structural logics. Rev. Symb. Log., 7(3):455-483, 2014.

A. R. Anderson and N. D. Belnap, Jr. Entailment. Princeton Univ. Press,
Princeton, N.J., 1975.

A. R. Anderson, N. D. Belnap, Jr., and J. M. Dunn. Entailment. The logic
of relevance and necessity. Vol. II. Princeton Univ. Press, Princeton, N.J.,
1992.

M. Anderson and T. Feil. Lattice-Ordered Groups. D. Reidel Publishing
Co., Dordrecht, 1988.

F. Aschieri, A. Ciabattoni, and F. A. Genco. Godel logic: from natural de-
duction to parallel computation. In 2017 32nd Annual ACM/IEEE Sympos.
on Logic in Computer Science (LICS), pages 1-12. IEEE, NJ, 2017.

F. Aschieri, A. Ciabattoni, and F. A. Genco. Classical proofs as parallel
programs. In Proc. Ninth Int. Sympos. on Games, Automata, Logics, and
Formal Verification, volume 277 of Electron. Proc. Theor. Comput. Sci.
(EPTCS), pages 43-57. EPTCS, 2018.

A. Avellone, M. Ferrari, and P. Miglioli. Duplication-free tableau calculi
and related cut-free sequent calculi for the interpolable propositional inter-
mediate logics. Log. J. IGPL, 7(4):447-480, 1999.

203



204

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

[20]

[21]

[22]

23]

[24]

Bibliography

A. Avron. A constructive analysis of RM. J. Symbolic Logic, 52(4):939-951,
1987.

A. Avron. Hypersequents, logical consequence and intermediate logics for
concurrency. Ann. Math. Artificial Intelligence, 4(3-4):225-248, 1991.

A. Avron. The method of hypersequents in the proof theory of propositional
non-classical logics. In Logic: From foundations to applications (Stafford-
shire, 1993), Oxford Sci. Publ., pages 1-32. Oxford Univ. Press, New York,
1996.

P. Bahls, J. Cole, N. Galatos, P. Jipsen, and C. Tsinakis. Cancellative
residuated lattices. Algebr. Univ., 50(1):83-106, 2003.

K. A. Baker and A. W. Hales. From a lattice to its ideal lattice. Algebr.
Univ., 4:250-258, 1974.

R. Balbes. Projective and injective distributive lattices. Pacific J. Math.,
21:405-420, 1967.

R. Balbes and Ph. Dwinger. Distributive Lattices. Univ. of Missouri Press,
Columbia, 1974.

R. Balbes and A. Horn. Projective distributive lattices. Pacific J. Math.,
33:273-279, 1970.

B. Banaschewski. Maximal rings of quotients of semi-simple commutative
rings. Arch. Math., 16:414-420, 1965.

B. Banaschewski and G. Bruns. Categorical characterization of the Mac-
Neille completion. Arch. Math., 18:369-377, 1967.

B. Banaschewski and G. Bruns. A proof that J(L) belongs to HSP{L}.
Algebr. Univ., 9(3):395, 1979.

F. Belardinelli, P. Jipsen, and H. Ono. Algebraic aspects of cut elimination.
Studia Logica, 77(2):209-240, 2004.

N. D. Belnap, Jr. Display logic. J. Philos. Logic, 11(4):375-417, 1982.

G. Bezhanishvili. Varieties of monadic Heyting algebras. Part II: Duality
theory. Studia Logica, 62(1):21-48, 1999.

G. Bezhanishvili, editor. Leo Fsakia on Duality in Modal and Intuitio-
nistic Logics, volume 4 of Qutstanding Contributions to Logic. Dordrecht:
Springer, 2014.



Bibliography 205

[25]

26]

27]

28]

29]

[30]

[31]

[32]

33]

[34]

[35]

[36]

37]

38

G. Bezhanishvili and N. Bezhanishvili. Locally finite reducts of Heyting
algebras and canonical formulas. Notre Dame J. Form. Log., 58(1):21-45,
2017.

G. Bezhanishvili, N. Bezhanishvili, and D. de Jongh. The Kuznetsov-Ger¢iu
and Rieger-Nishimura logics. The boundaries of the finite model property.
Logic Log. Philos., 17(1-2):73-110, 2008.

G. Bezhanishvili, N. Bezhanishvili, D. Gabelaia, and A. Kurz. Bitopological
duality for distributive lattices and Heyting algebras. Math. Structures
Comput. Sci., 20(3):359-393, 2010.

G. Bezhanishvili, N. Bezhanishvili, and R. Temhoff. Stable canonical rules.
J. Symbolic Logic, 81(1):284-315, 2016.

G. Bezhanishvili, N. Bezhanishvili, and J. Ilin. Cofinal stable logics. Studia
Logica, 104(6):1287-1317, 2016.

G. Bezhanishvili and M. Gehrke. Completeness of S4 with respect to the
real line: Revisited. Ann. Pure Appl. Logic, 131(1-3):287-301, 2005.

G. Bezhanishvili, J. Harding, J. Ilin, and F. M. Lauridsen. MacNeille trans-
ferability and stable classes of Heyting algebras. Algebr. Univ., 79(3):Art.
55, 21, 2018.

G. Bezhanishvili and R. Jansana. Priestley style duality for distributive
meet-semilattices. Studia Logica, 98(1-2):83-122, 2011.

N. Bezhanishvili. Lattices of Intermediate and Cylindric Modal Logics. PhD
thesis, University of Amsterdam, 2006.

N. Bezhanishvili and D. de Jongh. Stable formulas in intuitionistic logic.
Notre Dame J. Form. Log., 59(3):307-324, 2018.

N. Bezhanishvili, N. Galatos, and L. Spada. Canonical formulas for k-potent
commutative, integral residuated lattices. Algebr. Univ., 77(3):321-343,
2017.

N. Bezhanishvili and S. Ghilardi. Multiple-conclusion rules, hypersequents
syntax and step frames. In R. Goré et al., editors, Advances in Modal Logic,
volume 10, pages 54-73. College Publications, 2014.

G. Birkhoff. Rings of sets. Duke Math. J., 3(3):443-454, 1937.

G. Birkhoff. Lattice Theory. American Mathematical Society, New York,
N. Y., second edition, 1948.



206

[39]

[40]

[41]

42|

[43]
[44]

[45]

|46]

[47]

48]
[49]

[50]

[51]
[52]

[53]

Bibliography

P. Blackburn, M. de Rijke, and Y. Venema. Modal Logic. Cambridge
Univ. Press, Cambridge, 2001.

W. J. Blok and D. Pigozzi. Algebraizable logics. Mem. Amer. Math. Soc.,
77(396), 1989.

T. S. Blyth. Lattices and Ordered Algebraic Structures. Springer-Verlag
London, Ltd., London, 2005.

T. S. Blyth and M. F. Janowitz. Residuation Theory. Pergamon Press,
Oxford-New York-Toronto, Ont., 1972.

G. Boolos. Don’t eliminate cut. J. Philos. Logic, 13(4):373-378, 1984.

B. Brainerd and J. Lambek. On the ring of quotients of a Boolean ring.
Canad. Math. Bull., 2:25-29, 1959.

J. P. Burgess. Philosophical Logic. Princeton Univ. Press, Princeton, N.J.,
2009.

S. Burris and H. P. Sankappanavar. A Course in Universal Algebra: The
Millennium Edition. Springer, 2012. Available online: http://www.math.
uwaterloo.ca/“snburris/.

S. Burris and H. Werner. Sheaf constructions and their elementary proper-
ties. Trans. Amer. Math. Soc., 248(2):269-309, 1979.

E. Casari. Comparative logics. Synthese, 73(3):421-449, 1987.

E. Casari. Comparative logics and abelian /-groups. In C. Bonotto, R. Ferro,
S. Valentini, and A. Zanardo, editors, Logic Colloquium ’88, pages 161-190.
Elsevier, 1989.

E. Casari. Conjoining and disjoining on different levels. In M. L. D. Chiara,
editor, Logic and Scientific Methods, pages 261-288. Kluwer, Dordrecht,
1997.

A. V. Chagrov and M. Zakharyaschev. Modal Logic. Clarendon Press, 1997.

L. A. Chagrova. On the first order definability of intuitionistic formulas
with restrictions on occurrences of the connectives. In M. L. Kanovich,
editor, Logical Methods for Constructing Effective Algorithms, pages 135—
136. Kalinin State Univ., Kalinin, 1986. (Russian).

L. A. Chagrova. An algorithm for constructing first order equivalents for
disjunction free formulas. In Y. M. Gorchakov, editor, Logical and Algebraic
Constructions, pages 96-100. Kalinin State Univ., Kalinin, 1987. (Russian).


http://www.math.uwaterloo.ca/~snburris/
http://www.math.uwaterloo.ca/~snburris/

Bibliography 207

[54] A. Ciabattoni and M. Ferrari. Hypertableau and path-hypertableau calculi
for some families of intermediate logics. In R. Dyckhoff, editor, TABLEAUX
2000, Proc., volume 1847 of LNCS, pages 160-174. Springer, 2000.

[55] A. Ciabattoni and M. Ferrari. Hypersequent calculi for some intermediate
logics with bounded Kripke models. J. Logic Comput., 11(2):283-294, 2001.

[56] A. Ciabattoni, D. M. Gabbay, and N. Olivetti. Cut-free proof systems for
logics of weak excluded middle. Soft Comput., 2(4):147-156, 1998.

[57] A. Ciabattoni, N. Galatos, and K. Terui. From axioms to analytic rules
in nonclassical logics. In Proc. 23th Annual IEEE Sympos. on Logic in
Computer Science, LICS 2008, pages 229-240. IEEE Computer Society,
2008.

[58] A. Ciabattoni, N. Galatos, and K. Terui. MacNeille completions of FL-
algebras. Algebr. Univ., 66(4):405-420, 2011.

[59] A. Ciabattoni, N. Galatos, and K. Terui. Algebraic proof theory for sub-
structural logics: Cut-elimination and completions. Ann. Pure Appl. Logic,
163(3):266-290, 2012.

[60] A. Ciabattoni, N. Galatos, and K. Terui. Algebraic proof theory: Hyper-
sequents and hypercompletions. Ann. Pure Appl. Logic, 168(3):693-737,
2017.

[61] A. Ciabattoni, P. Maffezioli, and L. Spendier. Hypersequent and labelled
calculi for intermediate logics. In D. Galmiche et al., editors, TABLEAUX
2013, Proc., volume 8123 of LNCS, pages 81-96. Springer, 2013.

[62] A. Ciabattoni and R. Ramanayake. Power and limits of structural display
rules. ACM Trans. Comput. Log., 17(3):17, 2016.

[63] A. Ciabattoni, R. Ramanayake, and H. Wansing. Hypersequent and display
calculi—a unified perspective. Studia Logica, 102(6):1245-1294, 2014.

[64] A. Ciabattoni and K. Terui. Towards a semantic characterization of cut-
elimination. Studia Logica, 82(1):95-119, 2006.

[65] P. M. Cohn. Universal Algebra. D. Reidel Publishing Co., Dordrecht-
Boston, Mass., second edition, 1981.

[66] P. Conrad. Right-ordered groups. Michigan Math. J., 6:267-275, 1959.

[67] W. Conradie, Y. Fomatati, A. Palmigiano, and S. Sourabh. Algorithmic
correspondence for intuitionistic modal mu-calculus. Theoret. Comput. Sci.,
564:30-62, 2015.



208

[68]

[69]

[70]

[71]

72]

73]

[74]

[75]

[76]

7]

78

[79]

[80]

[81]

Bibliography

W. Conradie and A. Palmigiano. Algorithmic correspondence and canon-
icity for distributive modal logic. Ann. Pure Appl. Logic, 163(3):338-376,
2012.

G. Corsi. A cut-free calculus for Dummett’s LC quantified. Z. Math. Logik
Grundlag. Math., 35:289-301, 1989.

D. Coumans, M. Gehrke, and L. van Rooijen. Relational semantics for full
linear logic. J. Appl. Log., 12(1):50-66, 2014.

P. Crawley. Regular embeddings which preserve lattice structure. Proc.
Amer. Math. Soc., 13:748-752, 1962.

P. Crawley and R. P. Dilworth. Algebraic Theory of Lattices. Prentice-Hall,
1973.

G. D. Crown, J. Harding, and M. F. Janowitz. Boolean products of lattices.
Order, 13(2):175-205, 1996.

B. A. Davey and H. A. Priestley. Introduction to Lattices and Order. Cam-
bridge Univ. Press, New York, second edition, 2002.

R. Dedekind. Essays on the theory of numbers. I: Continuity and irrational
numbers. II: The nature and meaning of numbers. Dover Publications, Inc.,
New York, 1963.

H. van Ditmarsch, W. van der Hoek, and B. Kooi. Dynamic FEpistemic
Logic. Springer Publishing Company, 2007.

N. Danet. The Dedekind completion of C'(X) with pointwise discontinuous
functions. In Ordered Structures and Applications, Trends Math., pages
111-126. Birkhéuser/Springer, Cham, 2016.

M.-L. Dubreil-Jacotin. Quelques propriétés des équivalences réguliéres par
rapport a la multiplication et a I'union, dans un treillis & multiplication
commutative avec élément unitée. C. R. Acad. Sci. Paris, 232:287-289,
1951.

W. A. Dudek and Y. B. Jun. Pseudo-BCI algebras. Fast Asian Math. J.,
24(2):187-190, 2008.

J. M. Dunn, M. Gehrke, and A. Palmigiano. Canonical extensions and

relational completeness of some substructural logics. J. Symbolic Logic,
70(3):713-740, 2005.

R. Dyckhoff and S. Negri. Proof analysis in intermediate logics. Arch. Math.
Logic, 51(1-2):71-92, 2012.



Bibliography 209

[82]

83

[84]

[85]

[86]

187]

83

[89]

190]

91

[92]

193]

[94]

[95]

[96]

G. Dymek. p-semisimple pseudo-BCl-algebras. J. Mult.-Valued Logic Soft
Comput., 19(5-6):461-474, 2012.

P. Emanovsky and J. Kiihr. Some properties of pseudo-BCK- and pseudo-
BCl-algebras. Fuzzy Sets and Systems, 339:1-16, 2018.

R. Engelking. General Topology. Heldermann Verlag, Berlin, second edition,
1989.

M. Erné, J. Koslowski, A. Melton, and G. E. Strecker. A primer on Galois
connections. In Papers on general topology and applications (Madison, WI,
1991), volume 704 of Ann. New York Acad. Sci., pages 103-125. New York
Acad. Sci., New York, 1993.

L. L. Esakia. Topological Kripke models. Dokl. Akad. Nauk SSSR, 214:298—
301, 1974. (Russian).

L. L. Esakia. Heyting Algebras. 1 Duality theory. “Metsniereba”, Thilisi,
1985. (Russian) with an English translation forthcoming.

B. Fine, A. Gaglione, G. Rosenberger, and D. Spellman. Orderable groups,
elementary theory, and the Kaplansky conjecture. Groups Complex. Cryp-
tol., 10(1):43-52, 2018.

N. J. Fine, L. Gillman, and J. Lambek. Rings of Quotients of Rings of
Functions. McGill Univ. Press, Montreal, Que., 1966.

M. Fitting. Prefixed tableaus and nested sequents. Ann. Pure Appl. Logic,
163(3):291-313, 2012.

J. M. Font. Abstract Algebraic Logic. College Publications, London, 2016.

L. Fuchs. Partially Ordered Algebraic Systems. Pergamon Press, Oxford-
London-New York-Paris; Addison-Wesley Publishing Co., Inc., Reading,
Mass.-Palo Alto, Calif.-London, 1963.

L. Fuchs. On group homomorphic images of partially ordered semigroups.
Acta Sci. Math. (Szeged), 25:139-142, 1964.

N. Funayama. On the completion by cuts of distributive lattices.
Proc. Imp. Acad. Tokyo, 20:1-2, 1944.

D. M. Gabbay. Labelled Deductive Systems, Volume 1. The Clarendon
Press, Oxford Univ. Press, New York, 1996.

D. M. Gabbay and L. Maksimova. Interpolation and Definability. The
Clarendon Press, Oxford Univ. Press, Oxford, 2005.



210

[97]

98]

[99]

[100]

[101]

[102]

[103]

[104]

[105]

[106]

[107]

[108]

[109]

[110]

[111]

Bibliography

N. Galatos and P. Jipsen. Residuated frames with applications to decid-
ability. Trans. Amer. Math. Soc., 365(3):1219-1249, 2013.

N. Galatos, P. Jipsen, T. Kowalski, and H. Ono. Residuated Lattices: An
Algebraic Glimpse at Substructural Logics. Elsevier, 2007.

N. Galatos and G. Metcalfe. Proof theory for lattice-ordered groups. Ann.
Pure Appl. Logic, 8(167):707-724, 2016.

N. Galatos and H. Ono. Glivenko theorems for substructural logics over
FL. J. Symbolic Logic, 71(4):1353-1384, 2006.

N. Galatos and H. Ono. Cut elimination and strong separation for substruc-
tural logics: An algebraic approach. Ann. Pure Appl. Logic, 161(9):1097—
1133, 2010.

N. Galatos and C. Tsinakis. Generalized MV-algebras. J. Algebra,
283(1):254-291, 2005.

F. Galvin and B. Jonsson. Distributive sublattices of a free lattice. Canad.
J. Math., 13:265-272, 1961.

B. Ganter and R. Wille. Formale Begriffsanalyse. Springer-Verlag, Berlin,
1996.

H. S. Gaskill. On the relation of a distributive lattice to its lattice of ideals.
Bull. Austral. Math. Soc., 7:377-385, 1972. Corrigendum: ibid. 8 (1973),
317-318.

H. S. Gagkill. On transferable semilattices. Algebr. Univ., 2:303-316, 1972.

H. S. Gaskill and C. R. Platt. Sharp transferability and finite sublattices
of free lattices. Canad. J. Math., 27(5):1036-1041, 1975.

M. Gehrke. Generalized Kripke frames. Studia Logica, 84(2):241-275, 2006.

M. Gehrke. Canonical extensions, Esakia spaces, and universal models. In
G. Bezhanishvili, editor, Leo FEsakia on Duality in Modal and Intuitionistic
Logics, pages 9-41. Springer, Dordrecht, 2014.

M. Gehrke. Duality in computer science. In Proc. of the 31st Annual ACM-
IEEE Sympos. on Logic in Computer Science (LICS 2016), page 15. ACM,
New York, 2016.

M. Gehrke and J. Harding. Bounded lattice expansions. J. Algebra, 238:345—
371, 2001.



Bibliography 211

[112]

[113]

[114]

[115]

[116]

[117]

[118]

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

M. Gehrke, J. Harding, and Y. Venema. MacNeille completions and canon-
ical extensions. Trans. Amer. Math. Soc., 358(2):573-590, 2006.

M. Gehrke, R. Jansana, and A. Palmigiano. Aj-completions of a poset.
Order, 30(1):39-64, 2013.

M. Gehrke and B. Jonsson. Bounded distributive lattices with operators.
Math. Japon., 40(2):207-215, 1994.

M. Gehrke and B. Jonsson. Bounded distributive lattice expansions. Math.
Scand., 94(1):13-45, 2004.

G. Gentzen. Untersuchungen iiber das logische Schliefsen. I. Math. Z.,
39(1):176-210, 1935.

G. Gentzen. Untersuchungen {iber das logische Schliefen. 1I. Math. Z.,
39(1):405-431, 1935.

S. Ghilardi. Unification through projectivity. J. Logic Comput., 7(6):733~
752, 1997.

S. Ghilardi. A First Introduction to the Algebra of Sentences. Available
from the authors website https://homes.di.unimi.it/ghilardi/, 2000.

S. Ghilardi and G. Meloni. Constructive canonicity in non-classical logics.
Ann. Pure Appl. Logic, 86(1):1-32, 1997.

S. Ghilardi and M. Zawadowski. Sheaves, Games, and Model Completions.
Kluwer Academic Publishers, Dordrecht, 2002.

J. Gil-Férez, F. M. Lauridsen, and G. Metcalfe. Self-cancellative residuated
lattices. arXiv:1902.08144, 2019.

S. Givant. Duality Theories for Boolean Algebras with Operators. Springer,
Cham, 2014.

S. Givant and Y. Venema. The preservation of Sahlqvist equations in com-
pletions of Boolean algebras with operators. Algebr. Univ., 41(1):47-84,
1999.

A. M. W. Glass and Y. Gurevich. The word problem for lattice-ordered
groups. Trans. Amer. Math. Soc., 280(1):127-138, 1983.

V. Glivenko. Sur quelques points de la logique de M. Brouwer. Bull. Cl.
Sci., Acad. R. Belg., Ser. 5, 15:183-188, 1929.

R. Goldblatt. Varieties of complex algebras. Ann. Pure Appl. Logic,
44(3):173-242, 1989.


https://homes.di.unimi.it/ghilardi/

212

[128]

[129]

[130]

[131]

[132]

[133]

[134]

[135]
[136]

[137]

[138]

[139]

[140]

[141]

[142]

Bibliography

R. Goldblatt. Logics of Time and Computation, volume 7. Stanford Univ.,
Center for the Study of Language and Information, Stanford, CA, second
edition, 1992.

R. Goldblatt. Persistence and atomic generation for varieties of Boolean
algebras with operators. Studia Logica, 68(2):155-171, 2001.

S. J. van Gool. On Sheaves and Duality. PhD thesis, Radboud Universiteit
Nijmegen, 2014.

S. J. van Gool, G. Metcalfe, and C. Tsinakis. Uniform interpolation and
compact congruences. Ann. Pure Appl. Logic, 168(10):1927-1948, 2017.

V. Goranko and D. Vakarelov. Elementary canonical formulae: Extending
Sahlqvist’s theorem. Ann. Pure Appl. Logic, 141(1-2):180-217, 2006.

G. Grétzer. Universal algebra. In Trends in Lattice Theory (Sympos.,
U.S. Naval Academy, Annapolis, Md., 1966), pages 173-210. Van Nostrand
Reinhold, New York, 1970.

G. Gritzer. A property of transferable lattices. Proc. Amer. Math. Soc.,
43:269-271, 1974.

G. Gratzer. Universal Algebra. Springer, New York, second edition, 2008.

G. Grétzer. Lattice Theory: Foundation. Birkhduser/Springer Basel AG,
Basel, 2011.

G. Grétzer and C. R. Platt. A characterization of sharply transferable
lattices. Canad. J. Math., 32(1):145-154, 1980.

G. Gritzer, C. R. Platt, and B. Sands. Embedding lattices into lattices of
ideals. Pacific J. Math., 85(1):65-75, 1979.

G. Grétzer and E. T. Schmidt. On a problem of M. H. Stone. Acta Math.
Acad. Sci. Hungar., 8:455-460, 1957.

G. Greco, P. Jipsen, F. Liang, A. Palmigiano, and A. Tzimoulis. Algebraic
proof theory for LE-logics. arXiv:1808.04642v1, 2018.

G. Greco, M. Ma, A. Palmigiano, A. Tzimoulis, and Z. Zhao. Unified
correspondence as a proof-theoretic tool. J. Logic Comput., 28(7):1367—
1442, 2018.

A. Grzegorczyk. A philosophically plausible formal interpretation of in-
tuitionistic logic. Nederl. Akad. Wetensch. Proc. Ser. A 67, 26:596-601,
1964.



Bibliography 213

[143]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

[152]

[153]

[154]

[155]

[156]

[157]

[158]

S. Haack. Dewiant Logic. Cambridge Univ. Press, Cambridge, 1974.

P. Hajek. Metamathematics of Fuzzy Logic. Kluwer Academic Publishers,
Dordrecht, 1998.

J. Harding. Any lattice can be regularly embedded into the MacNeille
completion of a distributive lattice. Houston J. Math., 19(1):39-44, 1993.

J. Harding. Completions of orthomodular lattices. II. Order, 10(3):283-294,
1993.

J. Harding. Canonical completions of lattices and ortholattices. Tatra Mt.
Math. Publ., 15:85-96, 1998.

J. Harding. Completions of ordered algebraic structures: A survey. In
Interval /Probabilistic Uncertainty and Non-Classical Logics, volume 46 of
Advances in Soft Computing, pages 231-244. Springer, 2008.

J. Harding. A regular completion for the variety generated by the three-
element Heyting algebra. Houston J. Math., 34(3):649-660, 2008.

J. Harding. Modularity is not canonical. Algebr. Univ., 80(1):80:8, 2019.

J. Harding and G. Bezhanishvili. MacNeille completions of Heyting alge-
bras. Houston J. Math., 30(4):937-952, 2004.

J. Harding and G. Bezhanishvili. MacNeille completions of modal algebras.
Houston J. Math., 33(2):355-384, 2007.

J. Harding and F. M. Lauridsen. Hyper-MacNeille completions of Heyting
algebras. manuscript, 2019.

J. Harding and Q. Yang. Regular completions of lattices. Houston J. Math.,
38(3):685-691, 2012.

J. Hintikka. Knowledge and Belief: An Introduction to the Logic of the Two
Notions. Cornell Univ. Press, Cornell, 1962.

M. Hochster. Prime ideal structure in commutative rings. Trans. Amer.
Math. Soc., 142:43-60, 1969.

W. Hodges. A Shorter Model Theory. Cambridge Univ. Press, Cambridge,
1997.

W. C. Holland and S. H. McCleary. Solvability of the word problem in free
lattice-ordered groups. Houston J. Math., 5(1):99-105, 1979.



214

[159]

[160]

[161]

[162]

[163]

[164]

[165]

[166]
[167]

168

[169]

[170]

[171]

[172]

[173]

[174]

Bibliography
A. Horn and N. Kimura. The category of semilattices. Algebr. Univ.,
1(1):26-38, 1971.

R. Hor¢ik and K. Terui. Disjunction property and complexity of substruc-
tural logics. Theoret. Comput. Sci., 412(31):3992-4006, 2011.

T. Hosoi. Gentzen-type formulation of the propositional logic L.Q. Studia
Logica, 47(1):41-48, 1988.

R. Iemhoff. On the admissible rules of intuitionistic propositional logic.
J. Symbolic Logic, 66(1):281-294, 2001.

R. Iemhoff. Uniform interpolation and the existence of sequent calculi.
Arch. Math. Logic, 58(1-2):155-181, 2018.

J. llin. Filtrations Revisited: Lattices of Stable Non-Classical Logics. PhD
thesis, University of Amsterdam, 2018.

K. Iséki. An algebra related with a propositional calculus. Proc. Japan
Acad., 42:26-29, 1966.

E. Jefabek. Canonical rules. J. Symbolic Logic, 74(4):1171-1205, 2009.

E. Jefabek. A note on the substructural hierarchy. Math. Log. @Q., 62(1-
2):102-110, 2016.

P. Jipsen and F. Montagna. The Blok-Ferreirim theorem for normal GBL-
algebras and its application. Algebr. Univ., 60(4):381-404, 2009.

P. Jipsen and H. Rose. Varieties of lattices, volume 1533 of Lecture Notes
in Mathematics. Springer-Verlag, Berlin, 1992.

P. Jipsen and C. Tsinakis. A survey of residuated lattices. In J. Martinez,
editor, Ordered Algebraic Structures, pages 19-56. Kluwer, 2002.

D. H. J. de Jongh and A. S. Troelstra. On the connection of partially
ordered sets with some pseudo-Boolean algebras. Nederl. Akad. Wetensch.
Proc. Ser. A 69, 28:317-329, 1966.

B. Jonsson. Algebras whose congruence lattices are distributive. Math.
Scand., 21:110-121 (1968), 1967.

B. Jonsson. On the canonicity of Sahlqvist identities. Studia Logica,
53(4):473-491, 1994.

B. Jonsson and J. E. Kiefer. Finite sublattices of a free lattice. Canad. J.
Math., 14:487-497, 1962.



Bibliography 215

[175]

[176]

[177]

[178]

[179]

[180]

[181]

[182]

[183]

|184]

[185]

[186]

[187]

188

B. Jonsson and A. Tarski. Boolean algebras with operators. I. Amer. J.
Math., 73:891-939, 1951.

B. Jénsson and A. Tarski. Boolean algebras with operators. II. Amer. J.
Math., 74:127-162, 1952.

R. Kashima. Cut-free sequent calculi for some tense logics. Studia Logica,
53(1):119-135, 1994.

R. Kashima and Y. Komori. The word problem for free BCIl-algebras is
decidable. Math. Japon., 37(6):1025-1029, 1992.

H. J. Keisler. The ultraproduct construction. In Ultrafilters across Mathe-
matics, volume 530 of Contemp. Math., pages 163-179. Amer. Math. Soc.,
Providence, R.I., 2010.

S. Koppelberg. Handbook of Boolean Algebras, Volume 1. North-Holland
Publishing Co., Amsterdam, 1989. Edited by J. D. Monk and Robert Bon-
net.

T. Kowalski and S. Butchart. A note on monothetic BCIL. Notre Dame
J. Form. Log., 47(4):541-544, 2006.

M. Kracht. Power and weakness of the modal display calculus. In Proof
Theory of Modal Logic (Hamburg, 1993), volume 2 of Appl. Log. Ser., pages
93-121. Kluwer Acad. Publ., Dordrecht, 1996.

S. A. Kripke. Semantical analysis of intuitionistic logic. I. In Formal Systems
and Recursive Functions (Proc. Eighth Logic Colloq., Ozford, 1963), pages
92-130. North-Holland, Amsterdam, 1965.

J. Kiihr. Pseudo BCK-algebras and residuated lattices. In Contributions
to General Algebra 16, pages 139-144. Heyn, Klagenfurt, 2005.

A. V. Kuznecov and V. J. Ger¢iu. The superintuitionistic logics and finitary
approximability. Dokl. Akad. Nauk SSSR, 195:1029-1032, 1970.

R. Kuznets. Multicomponent proof-theoretic method for proving interpo-
lation properties. Ann. Pure Appl. Logic, 169(12):1369-1418, 2018.

R. Kuznets and B. Lellmann. Interpolation for intermediate logics via
hyper- and linear nested sequents. In Advances in Modal Logic, volume 12,
pages 473-492. College Publications, London, 2018.

O. Lahav. From frame properties to hypersequent rules in modal logics.
In 2013 28th Annual ACM/IEEE Sympos. on Logic in Computer Science
(LICS 2013), pages 408-417. IEEE Computer Soc., Los Alamitos, CA, 2013.



216

[189]

[190]

[191]

[192]

[193]
[194]

[195]

[196]

[197]

[198]

[199]

[200]

[201]

[202]

[203]

[204]

Bibliography

H. Lakser. Finite projective lattices are sharply transferable. Algebr. Univ.,
5(3):407-409, 1975.

F. M. Lauridsen. Intermediate logics admitting a structural hypersequent
calculus. Studia Logica, 107(2):247-282, 2019.

T. Leinster. Basic Category Theory. Cambridge Univ. Press, Cambridge,
2014.

B. Lellmann. Hypersequent rules with restricted contexts for propositional
modal logics. Theoret. Comput. Sci., 656:76-105, 2016.

B. Lellmann. Private Communication, 2017.

S. Mac Lane. Categories for the Working Mathematician. Springer-Verlag,
New York, second edition, 1998.

A. Macintyre. Model-completeness for sheaves of structures. Fund. Math.,
81(1):73-89, 1973.

H. M. MacNeille. Partially ordered sets. Trans. Amer. Math. Soc.,
42(3):416-460, 1937.

S. Maehara. Lattice-valued representation of the cut-elimination theorem.
Tsukuba J. Math., 15(2):509-521, 1991.

G. Metcalfe. Proof calculi for Casari’s comparative logics. J. Logic Comput.,
16(4):405-422, 2006.

G. Metcalfe, F. Paoli, and C. Tsinakis. Ordered algebras and logic. In
H. Hosni and F. Montagna, editors, Uncertainty and Rationality, pages
1-85. Publications of the Scuola Normale Superiore di Pisa, Vol. 10, 2010.

G. E. Minc. On some calculi of modal logic. In V. Orevkov, editor, The
Calculi of Symbolic Logic I, volume 98 of Proc. of the Steklov Inst. of Math.,
pages 97-124, 1971.

P. J. Morandi. Dualities in Lattice Theory. Available from the authors
website https://wordpress.nmsu.edu/pamorand/, 2005.

J. B. Nation. Finite sublattices of a free lattice. Trans. Amer. Math. Soc.,
269(1):311-337, 1982.

S. Negri. Contraction-free sequent calculi for geometric theories with an
application to Barr’s theorem. Arch. Math. Logic, 42(4):389-401, 2003.

S. Negri and J. von Plato. Structural Proof Theory. Cambridge Univ. Press,
Cambridge, 2001.


https://wordpress.nmsu.edu/pamorand/

Bibliography 217

[205] E. Nelson. The embedding of a distributive lattice into its ideal lattice is
pure. Algebr. Univ., 4:135-140, 1974.

[206] M. Okada. Phase semantic cut-elimination and normalization proofs of
first- and higher-order linear logic. Theoret. Comput. Sci., 227(1-2):333—
396, 1999.

[207] M. Okada. A uniform semantic proof for cut-elimination and completeness
of various first and higher order logics. Theoret. Comput. Sci., 281(1-2):471—
498, 2002.

[208] M. Okada and K. Terui. The finite model property for various fragments of
intuitionistic linear logic. J. Symbolic Logic, 64(2):790-802, 1999.

[209] H. Ono. Closure operators and complete embeddings of residuated lattices.
Studia Logica, 74(3):427-440, 2003.

[210] F. Paoli. The proof theory of comparative logic. Logique et Analyse,
171:357-370, 2000.

[211] F. Paoli. Substructural Logics: A Primer. Kluwer Academic Publishers,
Dordrecht, 2002.

[212] R. S. Pierce. Modules over Commutative Regular Rings, volume 70 of Mem-
oirs of the Amer. Math. Soc. American Mathematical Society, Providence,
R.I., 1967.

[213] A. M. Pitts. On an interpretation of second-order quantification in first-
order intuitionistic propositional logic. J. Symbolic Logic, 57(1):33-52, 1992.

[214] C. R. Platt. Finite transferable lattices are sharply transferable. Proc.
Amer. Math. Soc., 81(3):355-358, 1981.

[215] G. Pottinger. Uniform, cut-free formulations of T, S4, S5, (abstract).
J. Symbolic Logic, 48:900, 1983.

|216] H. A. Priestley. Representation of distributive lattices by means of ordered
Stone spaces. Bull. London Math. Soc., 2:186-190, 1970.

[217] H. A. Priestley. Ordered topological spaces and the representation of dis-
tributive lattices. Proc. London Math. Soc., 24(3):507-530, 1972.

[218] J. Querré. Plus grand groupe image homomorphe et isotone d’un monoide
ordonné: Caractefrisations des anneaux “clos”. Acta Math. Acad. Sci. Hun-
gar., 19:129-146, 1968.



218 Bibliography

[219] J. G. Raftery and C. J. van Alten. Residuation in commutative ordered
monoids with minimal zero. Rep. Math. Logic, 34:23-57, 2000. Corrigen-
dum: ibid. 39 (2005), 133-135.

[220] G. N. Raney. Completely distributive complete lattices. Proc. Amer. Math.
Soc., 3:677-680, 1952.

[221] H. Rasiowa and R. Sikorski. The Mathematics of Metamathematics. Panst-
wowe Wydawnictwo Naukowe, Warsaw, 1963.

[222] P. H. Rodenburg. Intuitionistic Correspondence Theory. PhD thesis, Uni-
versity of Amsterdam, 1986.

[223] K. I. Rosenthal. Quantales and their Applications. Longman Scientific &
Technical, Harlow, 1990.

[224] R. Rothenberg. On the Relationship Between Hypersequent Calculi and
Labelled Sequent Calculi for Intermediate Logics with Geometric Kripke Se-
mantics. PhD thesis, University of St Andrews, 2010.

[225] J. J. Rotman. An Introduction to the Theory of Groups. Springer-Verlag,
New York, fourth edition, 1995.

[226] W. Rump and Y. C. Yang. Lateral completion and structure sheaf of an
Archimedean [-group. J. Pure Appl. Algebra, 213(1):136-143, 2009.

[227] V. V. Rybakov. Admissibility of Logical Inference Rules. North-Holland
Publishing Co., Amsterdam, 1997.

[228] H. Sahlqvist. Completeness and correspondence in the first and second
order semantics for modal logic. In Proc.of the Third Scand. Logic Sympos.
(Univ. Uppsala, Uppsala, 1973), pages 110-143. Stud. Logic Found. Math.,
Vol. 82. North-Holland, Amsterdam, 1975.

[229] H. P. Sankappanavar. Heyting algebras with dual pseudocomplementation.
Pacific J. Math., 117(2):405-415, 1985.

[230] W. J. Savitch. Relationships between nondeterministic and deterministic
tape complexities. J. Comput. Syst. Sci., 4(2):177-192, 1970.

[231] J. Schmidt and C. Tsinakis. Relative pseudo-complements, join-extensions,
and meet-retractions. Math. Z., 157(3):271-284, 1977.

[232] D. J. Shoesmith and T. J. Smiley. Multiple-Conclusion Logic. Cambridge
Univ. Press, Cambridge-New York, 1978.



Bibliography 219

[233]

[234]

[235]

[236]

[237]

[238]

[239]

[240]

[241]

[242]

[243]

[244]

[245]

[246]

[247]

H. Simmons. A framework for topology. In Logic Colloquium 77 (Proc.
Conf., Wroctaw, 1977), volume 96 of Stud. Logic Foundations Math., pages
239-251. North-Holland, Amsterdam-New York, 1978.

A. K. Simpson. The Proof Theory and Semantics of Intuitionistic Modal
Logic. PhD thesis, University of Edinburgh, 1994.

O. Sonobe. A Gentzen-type formulation of some intermediate logics. J.
Tsuda College, 7:7-14, 1975.

S. Sourabh. Correspondence and Canonicity in Non-Classical Logic. PhD
thesis, University of Amsterdam, 2015.

T. P. Speed. Some remarks on a class of distributive lattices. J. Austral.
Math. Soc., 9:289-296, 1969.

T. P. Speed. Two congruences on distributive lattices. Bull. Soc. Roy. Sci.
Liege, 38:86-95, 1969.

M. H. Stone. The theory of representations for Boolean algebras. Trans.
Amer. Math. Soc., 40(1):37-111, 1936.

M. H. Stone. Topological representations of distributive lattices and Brouw-
erian logics. Cas. Mat. Fys., 67(1):1-25, 1938.

C. J. Taylor. Expansions of dually pseudocomplemented Heyting algebras.
Studia Logica, 105(4):817-841, 2017.

K. Terui. Herbrand’s Theorem via Hypercanonical Extensions, 2013. Pre-
sentation delivered at ThiLLC 2013 in Gadauri on September 24.

K. Terui. MacNeille completion and Buchholz’ omega rule for parameter-
free second order logics. In Computer Science Logic 2018, volume 119 of
LIPIcs. Leibniz Int. Proc. Inform., pages Art. No. 37, 19. Schloss Dagstuhl.
Leibniz-Zent. Inform., Wadern, 2018.

T. Tey. On transferable distributive lattices. Nanta Math., 8(2):50-60,
1975.

M. Theunissen and Y. Venema. MacNeille completions of lattice expansions.
Algebr. Univ., 57(2):143-193, 2007.

A. S. Troelstra and H. Schwichtenberg. Basic Proof Theory, volume 43.
Cambridge Univ. Press, Cambridge, second edition, 2000.

D. J. Vaggione. Locally Boolean spectra. Algebr. Univ., 33(3):319-354,
1995.



220

[248]

[249]

[250]

[251]

[252]

253

[254]

[255]

Bibliography
L. Vigano. Labelled Non-Classical Logics. Kluwer Academic Publishers,
Dordrecht, 2000.

H. Wansing. Displaying Modal Logic. Kluwer Academic Publishers, Dor-
drecht, 1998.

F. Wehrung. Relative projectivity and transferability for partial lattices.
Order, 35(1):111-132, 2018.

A. M. Wille. A Gentzen system for involutive residuated lattices. Algebr.
Univ., 54(4):449-463, 2005.

G. Winskel. Prime algebraicity. Theoret. Comput. Sci., 410(41):4160-4168,
2009.

A. Wronski. Intermediate logics and the disjunction property. Rep. Math.
Logic, 1:39-51, 1973.

M. Zakharyaschev. Canonical formulas for K4, part II: Cofinal subframe
logics. J. Symbolic Logic, 61(2):421-449, 1996.

Z. Zhao. Unified Correspondence and Canonicity. PhD thesis, Delft Uni-
versity of Technology, 2018.



Symbols:
—a, 139
~a, 90
a, 191
a, 191
4, 189
., 30
— ., 30
T, 189
a1 = as], 109, 176
C(—), 76, 127
Xu, 128
CoDn(—), 94
CoRg(—), 188
D(—), 112
A(—), 112
57’(_)7 33
=, 96
Ik, 199
H(—), 177
I(—), 177
I(—), 76, 114
Idl(—), 196
iso(—), 122
ker, 175
L(-), 100
L, 196
L%, 197
Ly(-), 100, 195
max(—), 191

221

Index



Un(—), 100, 195
Z(_)a 92

Calculi:

CA, 165
CIcRL, 166
HLJ, 18
IcRL, 148
InCPRL, 164
RL, 148

Classes of algebras:

AbLG, 151
BA, 183
BC.,, 29
BD5, 118
BD,,, 38
biHA, 76
biHA,, 77
BTW,, 29, 83
BW,,, 29, 83
CA, 164
DL, 182
Grp, 159
HA, 184
HA;, 70
HA,, 70
IcRL, 136
IRL, 183
K, 31

Ko, 142, 161
KC, 29, 119
Kams, 117
Ky 31
Pl 79

K, 31
]CT(_)7 57
LC, 29, 119
LG, 183
RL, 183
SiRM, 157
Triv, 145
V(-), 199

Intermediate logics:

BC,,, 42, 200

Index;

BD,,, 38, 42, 200
BTW,,, 42, 83, 200
BW,,, 42, 83, 200
IPC, 198

KC, 20, 201

LC, 20, 201

Ackermann Lemma, 24, 26, 44, 119
adjunction, 170
ALBA, 87, 118, 134
algebra, 171
congruence distributive, 175
finitely generated, 174
finitely subdirectly irreducible, 177
free, 180
locally finite, 59, 174
of dense open sections, 108, 113
projective, 193
similar, 171
subdirectly irreducible, 177
trivial, 176
analytic
calculus, 2
rule, 25
universal clause, 23
antitone, 169
arity, 171

BCl-algebra, 163
bi-Heyting algebra, 184
Boolean algebra, 182
Boolean product, 177
Boolean space, 192

calculus
cut-free, 19
display, 3, 5, 6, 39, 51
hypersequent, 3, 18, 19
labeled sequent, 3, 39, 51
nested sequent, 3
path-hypersequent, 39
path-hypertableau, 39
sequent, 2
structural hypersequent, 19



Index

tableau, 15
canonical completion, 7, 197
canonical extension, 197
Casari algebra, 164
central element, 92, 182
closure operator, 169
co-dense element, 94
co-Heyting algebra, 184
co-nucleus, 187
co-regular element, 92, 188
commutative, 181
complemented element, 71, 182
completion

by cuts, 6

canonical, 197

closed under, 58

Dedekind, 115

hyper-MacNeille, 103

ideal, 196

join-dense, 197

lateral, 116

MacNeille, 196

meet-dense, 197

regular, 130, 195

type, 56
congruence, 174
congruence distributive, 175
continuous at a point, 111
correspondence theory, 43, 119
cut-elimination, 3

derivation, 18

direct product, 175

disjunction property, 153

distributive lattice, 168, 182
V-, 94
De Morgan supplemented, 91
externally distributive, 130
projective, 193
pseudo-complemented, 182
supplemented, 90, 182

downset, 189

duality, 189

223

discrete, 189

Esakia, 192

for (A, 0, 1)-homomorphisms, 41
Priestley, 191

Stone, 192

e-cyclic, 138
e-principal, 140
embedding, 174
equalizer, 176
equation, 172
N,-, 26
Pr-, 26
satisfied, 173
simple, 151
stable, 33
valid, 173
equational theory, 178
Esakia space, 192

factor, 175
filter, 168
prime, 191
principal, 169
proper, 169
finite model property
logic, 200
variety, 179
FL-algebra, 163, 183
full Lambek calculus, 3, 5

Galois connection, 170
GBL-algebra, 137

generalized Priestley morphism, 40
Gentzen frame, 4

geometric implication, 41

Glivenko property, 143, 164

group, 159, 181

Heyting algebra, 184
finite model property, 186
finitely subdirectly irreducible, 186
pseudo-finite, 79
subdirectly irreducible, 185



224

well-connected, 186
Heyting frame, 100
homomorphic image, 174
homomorphism, 174

7-, 30
hyper-MacNeille completion, 6, 103
hypersequent, 16

analytic rule, 25

calculus, 18

component, 16

meta-hypersequent, 17

multi-succedent calculus, 38

reduced rule, 17

rule, 17

structural calculus, 19

structural rule, 19

valid, 20

ideal, 169
ideal completion, 196
idempotent, 137, 181
infimum, 167, 168
interior operator, 169
intermediate logic, 197
(A, 0,1)-stable, 32
T-stable, 30
canonical, 200
cofinal stable, 31
cofinal subframe, 31
complete, 200
determined by posets, 200
elementarily determined, 40
elementary, 200
sound, 200
stable, 31, 83
stable-(A,0,1), 78
stable-(A, V,0,1), 78
subframe, 30
intuitionistic propositional logic, 1, 198
inverse, 181

Jonsson’s Lemma, 121, 179
join, 168

join-irreducilbe, 168
kernel, 175

(-group, 116, 137, 183
lattice, 168, 182
bounded, 168
complete, 195
completion, 195
distributive, 168, 182
Hausdorff, 96
orthogonally complete, 129
perfect, 189
semi-distributive, 55
lattice-ordered group, 183
lattice-ordered monoid, 183
lattice-ordered pregroup, 164
linear sum, 61
locally finite, 174
lower bound, 167

MacNeille completion, 6, 196
many-valued logic, 1

maximal ring of quotients, 113
meet, 168

meet-irreducible, 168

modal logic, 1, 8, 16, 42, 51, 87
monoid, 181

negative cone, 145
non-classical logic, 1
normal filter, 169
normal ideal, 169
nucleus, 187

operation, 171

order, 171

order dual, 168
order-compatible relation, 40
order-embedding, 169
order-preserving, 169
order-reflecting, 169
order-reversing, 169
orthogonal, 70

Index;



Index

p-morphism, 190

partially ordered monoid, 187

patchwork property, 177

pointed residuated lattice, 163, 183

integrally closed, 163

involutive, 164
polarity, 5, 195
poset, 167

bounded, 168

cofinal subposet, 48

complete, 168

depth, 201

subposet, 169

top width, 70, 201

width, 70, 201
Priestley space, 191
product, 175
proof theory, 1, 12

algebraic, 4, 7
pseudo BCI-algebra, 157
pseudo-complemented, 182

quasi-equation, 173
quasi-equational theory, 178
quasi-variety, 178

quotient, 175

reduced product, 176
reduct, 171
regular element, 70, 188
regular open, 76, 128
relevance logic, 1
residuated hyper-frame, 100
residuated lattice, 183
cancellative, 137
integral, 137, 183
integrally closed, 136
pointed, 163, 183

residuated lattice-ordered monoid, 183
residuated partially ordered monoid,

154, 187
semi-integral, 154
rule

admissibility, 4
analytic, 25

cut-rule, 2
eliminability, 4
invertible, 26

modus ponens, 2, 198
multi-conclusion, 19
redundant, 19
simple, 151
structural, 19

section, 177

dense open, 108, 113, 134

semantics

algebraic, 3, 199
Kripke, 199
relational, 199

semi-group, 181

Dubreil-Jacotin, 137
integral Dubreil-Jacotin, 155

semi-lattice, 182

projective, 195

sequent

m-sequent, 161
meta-sequent, 17
multi-succedent, 15, 165
rule, 17
single-succedent, 16, 147
valid, 148, 165

sheaf, 96, 115, 177

Pierce, 96

simple formula, 42

simple geometric implication, 41
sirmonoid, 154, 163

spectral space, 192
square-increasing, 154

stable

(+,V,e), 5l

class, 30

equation, 33

logic, 30

stably generated, 30
universal clause, 31

225



226

stalk, 177
Stone space, 192
stoup, 16
subalgebra, 174
subdirect product, 176
subframe logic

cofinal, 48
subreduct, 174
substructural hierarchy, 5, 15, 26
substructural logic, 1, 51
supplement

De Morgan, 91
supplemented, 90, 182
supremum, 167, 168

term, 171, 172
meta-term, 17
term equivalent, 172
term function, 172

torsion-free, 142

transferable, 57
canonically, 57
faithfully, 56, 57
ideal, 54
MacNeille, 57
sharply, 54, 57
simultaneously sharply and faith-

fully, 56
tree sum, 72
type, 171

ultrapower, 176
ultraproduct, 176
unit, 181
universal class, 178
universal clause, 172
analytic, 23
satisfied, 173
stable, 31
structural, 23, 64
valid, 173
universal theory, 178
universe, 171

Index;

upper bound, 167
upset, 189
usual representation, 96

valuation, 173

variable, 171
left, 23
meta-variable, 17
occurring, 172
right, 23

variety, 178
(A, 0,1)-stably generated, 32
N, 26
Pr-, 26
elementarily determined, 81
finite model property, 179
finitely generated, 179
stably generated, 30

weak Boolean product, 177
Whitman’s condition, 55, 152



Samenvatting

In dit proefschrift, met de titel Snede en Completeringen: Algebraische aspecten
van structurele bewijstheorie, kijken we naar verschillende aspecten van het samen-
spel tussen structurele bewijstheorie en algebraische semantiek voor verschillende
niet-klassieke propositionele logica’s. We verkennen verbanden tussen bewijsthe-
orie en algebra zoals ze betrekking hebben op structurele sequenten en hyperse-
quenten calculi voor intermediaire and substructurele logica’s. Deze verdanden
zijn in het bijzonder sterk voor logica’s die worden geassocieerd met de niveaus Py
en N, van de substructurele hiérarchie van Ciabattoni, Galatos en Terui. Daarom
onderzoeken we verschillende algebraische aspecten van deze twee niveaus, waar-
bij completeringen van tralies and tralie-algebra’s een prominente rol spelen.

Hoofdstuk 2 gaat over de kwestie welke intermediaire logica’s een structurele
hypersequenten calculus toelaten. Deze vraag wordt beantwoord door de notie
van (A, 0, 1)-stabiele logica’s te introduceren, welke een versterking is van de notie
van (A, V,0,1)-stabiele logica’s, geintroduceerd door Guram en Nick Bezhan-
ishvili. We laten zien dat de (A, 0, 1)-stabiele logica’s precies de intermediaire
logica’s zijn die een structurele hypersequenten calculus toelaten. We onder-
zoeken deze logica’s verder op zichzelf en laten zien, in het bijzonder, dat ze
correct en volledig zijn ten opzichte van een eerste-orde definieerbare klasse van
partieel geordende verzamelingen.

In Hoofdstuk 3 introduceren we verschillende noties van MacNeille en canon-
ieke overdraaghaarheid voor eindige tralies, analoog aan Gritzers notie van ideaal-
overdraagbaarheid. We demonstreren hoe eindige overdraaghare tralies leiden tot
universele klasses van tralies gesloten onder completeringen. We concentreren ons
hoofdzakelijk op het leveren van de noodzakelijke of voldoende voorwaarden voor
een eindig distributief tralie om MacNeille overdraagbaar tralie voor verschillende
klasses van Heytingalgebra’s te zijn. Als laatste bespreken we hoe MacNeille en
canonieke overdraagbaarheid van eindige distributieve tralies gerelateerd zijn aan
het probleem van het bepalen van de elementairheid en canonicteit van (A, V, 0, 1)-
stabiele logica’s.
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Hoofdstuk 4 bevat een verkenning van het concept hyper-MacNeille comple-
tering, geintroduceerd door Ciabattoni, Galatos en Terui, zoals het van toepass-
ing is in de context van Heytingalgebra’s. We isoleren de notie van een De
Morgan gesupplementeerde Heytingalgebra als centraal voor het begrip van de
hyper-MacNeille completeringen van Heytingalgebra’s. We laten zien dat de
MacNeille en hyper-MacNeille completeringen overeenkomen voor De Morgan
gesupplementeerde Heytingalgebra’s. Verder laten we zien dat de hyper-Mac-
Neille completering van een Heytingalgebra de MacNeille completering van een
De Morgan gesupplementeerde Heytingalgebra is. Als laatste geven we noodza-
kelijke en voldoende voorwaarden voor de hyper-MacNeille completering van een
Heytingalgebra om een reguliere completering te zijn.

Uiteindelijk stellen we, in Hoofdstuk 5, een eigenschap vast, in de stijl van
Glivenko, voor de variéteit van integraal gesloten geresidueerde tralies in relatie
tot de variéteit van tralie-groepen. Dit wordt gebruikt voor een niet-standaard se-
quenten calculus voor de equationele theorie van integraal gesloten geresidueerde
tralies. Met deze calculus bewijzen we de beslisbaarheid van de equationele theo-
rie van integraal gesloten geresidueerde tralies. Ten slotte vergelijken we de equa-
tionele theorie van integraal gesloten geresidueerde tralies met de equationele the-
orieén van pseudo BCI-algebras, semi-integrale geresidueerde partieel geordende
monoiden en algebras voor Casaris comparatieve logica.



Abstract

In this thesis, entitled Cuts and Completions: Algebraic aspects of structural proof
theory, we look at different aspects of the interplay between structural proof the-
ory and algebraic semantics for several non-classical propositional logics. Con-
cretely, we explore connections between proof theory and algebra as they relate
to structural sequent and hypersequent calculi for intermediate and substructural
logics. Such connections are particularly strong for logics associated with the lev-
els P3 and N; of the substructural hierarchy introduced by Ciabattoni, Galatos,
and Terui. Therefore, we investigate different algebraic aspects of these two levels.
Among the algebraic aspects considered, completions of lattices and lattice-based
algebras take on a prominent role.

In Chapter 2 we consider the question of which intermediate logics admit a
structural hypersequent calculus. This question is answered by introducing the
notion of (A, 0, 1)-stable logics which is a strengthening of the notion of (A, Vv, 0, 1)-
stable logics introduced by Guram and Nick Bezhanishvili. We show that the
(A, 0, 1)-stable logics are precisely the intermediate logics which admit a structural
hypersequent calculus. We further investigate these logics in their own right,
showing in particular that they are all sound and complete with respect to a
first-order definable class of partially ordered sets.

In Chapter 3 we introduce various notions of MacNeille and canonical trans-
ferability for finite lattices analogous to Grétzer’s notion of (ideal) transferability.
We show how finite transferable lattices give rise to universal classes of lattices
closed under completions. We focus mainly on providing necessary or sufficient
conditions for a finite distributive lattice to be MacNeille transferable for different
classes of Heyting algebras. Lastly, we discuss how MacNeille and canonical trans-
ferability of finite distributive lattices is related to the problem of establishing the
elementarity and the canonicity of (A, V, 0, 1)-stable logics.

Chapter 4 contains an investigation of the concept of hyper-MacNeille com-
pletions introduced by Ciabattoni, Galatos, and Terui as it applies in the setting
of Heyting algebras. We single out the notion of a De Morgan supplemented Hey-
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ting algebra as being central for understanding the hyper-MacNeille completions
of Heyting algebras. We show that the MacNeille and hyper-MacNeille comple-
tions coincide for De Morgan supplemented Heyting algebras. Furthermore, we
show that the hyper-MacNeille completion of any Heyting algebra is the Mac-
Neille completion of some De Morgan supplemented Heyting algebra. Lastly, we
provide necessary and sufficient conditions for the hyper-MacNeille completion of
a Heyting algebra to be a regular completion.

Finally, in Chapter 5 we establish a Glivenko-style property for the variety of
integrally closed residuated lattices with respect to the variety of lattice-ordered
groups. This is used to construct a non-standard sequent calculus for the equa-
tional theory of integrally closed residuated lattices. Using this calculus we prove
the decidability of the equational theory of integrally closed residuated lattices.
Lastly, we compare the equational theory of integrally closed residuated lattices
with the equational theories of pseudo BCl-algebras, semi-integral residuated par-
tially ordered monoids, and algebras for Casari’s comparative logic.
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