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Abstract. We introduce Arbitrary Public Announcement Logic with Memory (APALM), obtained by
adding to the models a ‘memory’ of the initial states, representing the information before any communi-
cation took place (“the prior”), and adding to the syntax operators that can access this memory. We show
that APALM is recursively axiomatizable (in contrast to the original Arbitrary Public Announcement
Logic, for which the corresponding question is still open). We present a complete recursive axiomatiza-
tion, that includes a natural finitary rule, and study this logic’s expressivity and the appropriate notion
of bisimulation. We then examine Group Announcement Logic with Memory (GALM), the extension of
APALM obtained by adding to its syntax group announcement operators, and provide a complete finitary
axiomatization (again in contrast to the original Group Announcement Logic, for which the only known
axiomatization is infinitary). We also show that, in the memory-enhanced context, there is a ‘natural’
reduction of the so-called coalition announcement modality to group announcements (in contrast to the
memory-free case, where this natural translation was shown to be invalid).
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1 Introduction

Arbitrary Public Announcement Logic (APAL) and its relatives are natural extensions of Public Announcements Logic
(PAL), involving the addition of operators Og and O¢, quantifying over public announcements [f]¢ of some given type.
These logics are of great interest both philosophically and from the point of view of applications. Motivations range
from supporting an analysis of Fitch’s paradox [30] by modeling notions of ‘knowability’ (expressible as ©GK¢), to
determining the existence of communication protocols that achieve certain goals (cf. the famous Russian Card problem,
given at a mathematical Olympiad [31]]), and more generally to epistemic planning [[16], and to inductive learnability in
empirical science [10]. Many such extensions have been investigated, starting with the original APAL [6]], and continuing
with its variants CAL (Coalition Announcement Logic) [26], GAL (Group Announcement Logic) [1]], Future Event Logic
[35]], FAPAL (Fully Arbitrary Public Announcement Logic) [39], APAL* (Positive Arbitrary Announcement Logic) [34],
BAPAL (Boolean Arbitrary Public Announcement Logic) [33] etc. Similar ideas for arbitrary-quantification modalities
have been adopted in other contexts, see [22] for a modality quantifying over action models in Arbitrary Action Model
Logic and [17] for a quantifier over the set of all refinements of a given model (a variation on a bisimulation quantifier)
in Refinement Modal Logic.

One problem with the above formalisms, with the exception of BAPALB is that they all have infinitary axiomatiza-
tions. It is known that APAL and GAL are undecidable [20l4]. It is therefore not guaranteed that the validities of these
logics are recursively enumerableﬂ The seminal paper on APAL [6] proved completeness using an infinitary rule, and

“This work is an extended version of our paper [12].

'BAPAL is a very weak version, allowing O¢ to quantify over only purely propositional announcements - no epistemic
formulas.

2APAL" is known to be decidable, hence its validities must be r.e., but no recursive axiomatization is known. Also,
note that APAL" is still very weak, in that it quantifies only over positive epistemic announcements, thus not allowing
public announcements of ignorance, which are precisely the ones driving the solution process in puzzles such as the
Muddy Children.



then went on to claim that in theorem—provini] this rule can be replaced by the following finitary rule: from y — [0][ple,
infer ¢ — [0]O¢, as long as the propositional variable p is “fresh”. A similar method is adopted in the completeness proof
of GAL in [1]] and it was claimed that the infinitary rule used in the completeness proof could be replaced by the finitary
rule ‘from y — [0][A;eq Kip:il¥ infer y — [0][Gly’, where p;’s are “fresh” and [G] is the group announcement operator,
quantifying over updates with formulas of the form A ,.; Ki¢;. These are natural O and [G]-introduction rules, similar to
the introduction rule for universal quantifier in First Order Logic (FOL), and they are based on the intuition that variables
that do not occur in a formula are irrelevant for its truth value, and thus can be taken to stand for any “arbitrary” formula
(via some appropriate change of valuation). However, the soundness of the O-introduction rule was later disproved via
a counterexample by Kuijer [23]. Moreover, a slightly modified version of Kuijer’s counterexample also proves that the
aforementioned [G]-introduction rule for GAL is unsound. Thus, a long-standing open question concerns finding ‘strong’
versions of APAL and GAL for which there exists a recursive axiomatization. Here, by ‘strong’ version we mean one
that allows quantification over a sufficiently wide range of announcements (sufficiently wide to avoid Liar-like circles) as
intended by a similar restriction in the original APAL.

In this paper, we solve these open questions for both APAL and GAL, starting with a diagnosis of the APAL coun-
terexample, that leads naturally to our proposed solution. The framework for the ‘strong’ version of GAL will be de-
veloped analogously, as an extension of the one for APAL. Due to the similar syntactic and semantic behaviours of the
group announcement ([G]) and arbitrary announcement (O0) operators, most of our analysis of the latter also applies to the
former.

Our diagnosis of Kuijer’s counterexample is that it makes an essential use of a known undesirable feature of PAL and
APAL, namely their lack of memory: the updated models “forget” the initial states. As a consequence, the expressivity of
the APAL O-modality reduces after any update. This is what invalidates the above rule. We fix this problem by adding to
the models a memory of the initial epistemic situation W°, representing the information before any non-trivial commu-
nication took place (“the prior”). Since communication — gaining more information — deletes possibilities, the set W of
currently possible states is a (possibly proper) subset of the set W? of initial states. On the syntactic side, we add an opera-
tor ¢° saying that “¢ was initially the case” (before all communication). To mark the initial states, we also need a constant
0, stating that “no non-trivial communication has taken place yet”. Therefore, O will be true only in the initial epistemic
situation. It is convenient, though maybe not absolutely necessary, to add a universal modality U that quantifies over all
currently possible statesE] In the resulting Arbitrary Public Announcement Logic with Memory (APALM), the arbitrary
announcement operator O quantifies over updates (not only of epistemic formulas but) of arbitrary formulas that do not
contain the operator O itsele] As a result, the range of O is wider than in standard APAL, covering announcements that
may refer to the initial situation (by the use of the operators 0 and ¢°) or to all currently possible states (by the use of
Uy).

Although APALM is inspired from APAL and designed specifically to avoid the aforementioned flaws that affect
the soundness of the ‘natural’ axiomatization of APAL, the exact relationship between APAL and APALM is not easy
to elucidate. This is because of the extreme sensitivity to context of the “arbitrary public announcement” operator: since
its semantics quantifies over the remaining syntax, any addition to the syntax changes its meaning. One way to look at
APALM is to say that we simply added new operators to the syntax, while essentially keeping “the same” semantics
for the arbitrary announcement operator O, namely in terms of quantifying over the announcement of all sentences in
the language that do not contain O itself. However, this does change the semantics of O by enlarging the scope of the
quantifier. This is a very unusual situation in Logic. Although it may look like a stronger language (and from a conceptual
and intuitive perspective it is indeed a form of strengthening), APALM is not necessarily stronger than APAL from a
logical point of view. In fact, we conjecture that its expressivity is incomparable to the one of APAL. Proving this claim
is a highly non-trivial task, which remains an open question for now.

3This means that from any proof of a theorem from the axioms that uses the infinitary rule we can obtain a finitary
proof of the same theorem, by using the finitary rule instead.

“From an epistemic point of view, it would be more natural to replace U by an operator Ck that describes current
common knowledge and quantifies only over currently possible states that are accessible by epistemic chains from the
actual state. We chose to stick with U for simplicity and leave the addition of Ck to APAL for future work.

SThis restriction is necessary to produce a well-defined semantics that avoids Liar-like vicious circles. In standard
APAL, the quantification restriction of < is present in its semantics and with respect to formulas of the form (6)¢ and
O@. Formulas of the form (Op)e are allowed in the syntax of APAL. APAL and APALM expressivities seem to be
incomparable, and that would still be the case if we dropped the above restriction.



We show that the original finitary rule proposed in [6] is sound for APALM and, moreover, it forms the basis of a
complete recursive axiomatizationﬁ] It can therefore be applied to all the puzzles and examples that motivated APAL,
with the difference that one can now also use the complete proof system to reason axiomatically about them. Besides its
technical advantages, APALM is valuable in its own respect. Maintaining a record of the initial situation in our models
helps us to formalize updates that refer to the ‘epistemic past’ such as “what you said, I knew already” [29]. This may
be useful in treating certain epistemic puzzles involving reference to past information states, e.g. “What you said did not
surprise me” [24]. The more recent Cheryl’s Birthday problem also contains an announcement of the form “At first I
didn’t know when Cheryl’s birthday is, but now I know” (although in this particular puzzle the past-tense announcement
is redundant and plays no role in the solution)[] See [29] for more examples.

Note though that the ‘memory’ of APALM is very limited: our models do not remember the whole history of com-
munication, but only the initial epistemic situation (before any communication). Correspondingly, in the syntax we do
not have a ‘yesterday’ operator Y, referring to the previous state just before the last announcement as in [27], but only
the operator ¢° referring to the initial state. We think of this ‘economy’ of memory as a (positive) “feature, not a bug” of
our logic: a detailed record of all history is simply not necessary for solving the problem at hand. In fact, keeping all the
history and adding a Y¢ operator would greatly complicate our task by invalidating some of the standard nice properties
of PAL and APALﬂ We will briefly return to this connection with the yesterday operator in Section@

So we opt for simplicity, enriching the models and language with just enough memory to recover the full expressivity
of O after updates, and thus establish the soundness of the O-introduction rule. Such a limited-memory semantics is
sufficient for our purposes, but it also has an intrinsic naturality and simplicity, similar to the one encountered in some
Bayesian models, with their distinction between ‘prior’ and ‘posterior’ (aka current) probabilitiesﬂ

Having established the desired results for APALM, we also study a version of GAL with the same memory mechanism
— Group Announcement Logic with Memory (GALM) — obtained by extending APALM with group announcement oper-
ators. In this logic, the group announcement operators [G]e quantify over updates with formulas of the form A ;s Ki¢:,
thus, represents what a group of agents can bring about via simultaneous public announcements. In order to avoid Liar-
like vicious circles, these updates can have occurrences of every component of the language but 0 and [G] (see footnote
[). A related modality is the coalition announcement operator ([G])p, which says that the members group G can bring
about ¢ by simultaneous public announcements no matter what other public announcements are simultaneously made by
the ‘outsiders’ (i.e. the agents not in G). The resulting logic was called Coalition Announcement Logic (CAL) [2]. In the
memory-free context, it was shown in [19] that the natural and apparently ‘obvious’ translation of ([G])¢ into GAL is in
fact invalid@] Moreover, no recursive axiomatization is known for CAL, or for any of its extensions. In contrast, in this
paper we show that, in our memory-enhanced framework, the obvious translation is valid: the analogue of the coalition
announcement modality is definable in GALM. Further, we provide a complete finitary axiomatization for GALM, thus
proving that validities of both GALM and CALM (the memory-enhanced variant of CAL) are recursively enumerable.

®We use a slightly different version of this rule, which is easily seen to be equivalent to the original version in the
presence of the usual PAL reduction axioms.

"Cheryl’s Birthday problem was part of the 2015 Singapore and Asian Schools Math Olympiad, and became viral
after it was posted on Facebook by Singapore TV presenter Kenneth Kong.

8E.g. the standard Composition Axiom (stating that any sequence of announcements is equivalent to a single an-
nouncement) fails in the presence of the Y operator. As a consequence, a logic with full memory of all history would lose
some of the appealing features of the APAL operator (e.g. its $4 character: Op — OO¢p). Moreover, this would force us
to distinguish between “knowability via one communication step” ¢K versus “knowability via a finite communication
sequence” O K, leading to an unnecessarily complex logic.

°In such models, only the ‘prior’ and the ‘posterior’ information states are taken to be relevant, while all the inter-
mediary steps are forgotten. As a consequence, all the evidence gathered in between the initial and the current state can
be compressed into one set E, called “the evidence” (rather than keeping a growing tail-sequence of all past evidence
sets). Similarly, in our logic, all the past communication is compressed in its end-result, namely in the set W of current
possibilities, which plays the same role as the evidence set E in Bayesian models.

10But it is not known if another, valid translation exists.



This is done by following the same steps as for APALM, and showing that the finitary [G]-introduction rule that was
originally proposed for GAL in [1] is in fact sound for GALME]

On the technical side, our completeness proof involves an essential detour into an alternative semantics for APALM
and GALM (‘pseudo-models’), in the style of Subset Space Logics (SSL) [25/18]]. This reveals deep connections between
apparently very different formalisms. Moreover, this alternative semantics is of independent interest, giving us a more
general setting for modeling knowability and learnability (see, e.g., [13U14110]]). Various combinations of PAL or APAL
with subset space semantics have been investigated in the literature [9l41/40I36/37I13I11I10]], including a version of SSL
with backward looking public announcement operators that refer to what was true before a public announcement [8].
Following the SSL-style, our pseudo-models come with a given family of admissible sets of worlds, which in our context
represent “publicly announceable” (or communicable) propositionsE] We interpret O in pseudo-models as the so-called
‘effort’ modality of SSL, which quantifies over updates with announceable propositions (regardless of whether they are
syntactically definable or not). The modality [G] on the other hand quantifies over updates with those announceable
propositions that are known by some agents in G. The operator [G] is thus modelled as a restricted version of the effort
modality. The finitary O-introduction rule is obviously sound for the effort modality, because of its more ‘semantic’
character. Similarly, the finitary [G]-introduction rule is also sound for this effort-like group announcement operator.
These observations, together with the important fact that our models for APALM and GALM (unlike original APAL
models) can be seen as a special case of pseudo-models, lie at the core of our soundness and completeness proofs.

The paper is organized as follows. In Section |2| we introduce the syntax and semantics of APALM (Section [2.1));
then discuss Kuijer’s counterexample for the soundness of the finitary O-introduction rule of the original APAL (Section
[22); present a complete finitary axiomatization for APALM (Section[2.3); and define a notion of bisimulation appropriate
for the language of APALM and prove expressivity results comparing fragments of this language (Section 2.4). Section
presents first the syntax and semantics of GAL and CAL, as well as their problems; then proceeds to introduce our
group announcement logic with memory GALM, providing a complete finitary axiomatization, and showing that the
coalition announcement modality is definable in this memory-enhanced framework. In Section ] we prove soundness,
and in Section [5] we prove completeness, for both APALM and GALM. Section [f] contains some concluding comments
and ideas for future work.

For readability, most of the rather technical proofs are omitted from the main text and presented in the appendix.

2 Arbitrary Public Announcement Logic with Memory

We start by introducing APALM, obtained by enriching the models of APAL with a record of the initial information
states (representing the informational situation before any communication took place) and the language of APAIPE] with
operators that can refer to this memory.

2.1 Syntax and Semantics of APALM

Let Prop be a countable set of propositional variables and AG = {1,...,n} be a finite set of agents. The language L of
APALM (Arbitrary Public Announcement Logic with Memory) is defined by the grammar:

¢ = plTI01¢° | ~@l (@A) | K| Up| Ol Op,

where p € Prop,i € AG, and 0 € L_,, is a formula in the sublanguage £_,, obtained from £ by removing the < operator.
Given a formula ¢ € L, we denote by P, the set of all propositional variables occurring in ¢. We follow the standard
rules for omission of the parentheses. We define L as —T. The propositional connectives Vv, —, and < are defined as

"'We again use a slightly different version of this rule, which can easily be proven to be equivalent to the original
version in the presence of the PAL reduction axioms. This choice is clearly cosmetic and made in order to simplify the
soundness and completeness proofs.

12In SSL, the set of admissible sets is sometimes, but not always, taken to be a topology. Here, it will be a Boolean
algebra with epistemic operators.

3The language of APAL is defined recursively as ¢ ::= p| =@ | (¢ A @) | Kip | (@) | O, where p € Prop.



OV Y = =(=p A=), > = =(pA-Y),and ¢ & ¥ = (¢ > ¥) A (Y — ¢). The dual modalities are defined as
Rip := =Ki—p, Ep := =U=-p, Op := =O—g, and [0]p = —|(9)—up

We read K@ as “g is known by agent i”’; (f)¢ as “0 can be truthfully announced, and after this ¢ is true”. U and
E are the universal and existential modalities quantifying over all current possibilities: Uy says that “yp is true in all
current alternatives of the actual state”. O¢ and Oy are the (existential and universal) arbitrary announcement operators,
quantifying over updates with formulas in £_.. We can read Oy as “p is stably true (under public announcements)”, i.e., ¢
stays true no matter what (true) announcements are made. The constant 0, meaning that “no (non-trivial) announcements
took place yet”, holds only at the initial time. Similarly, the formula ¢° means that “initially (prior to all communication),
@ was true”.

In some of our inductive proofs pertaining to APALM, we need a complexity measure on formulas that is different
from the standard one based on subformula complexity. The standard notion requires only that formulas are more complex
than their subformulas, while we also need that &g is more complex than (f)¢ for all 6 € L_. A similar complexity
measure is also required for the language of Group Announcement Logic, denoted by L, that we define in Section[3] In
order to avoid repetitions, we prefer to present the relevant syntactic definition for both £ and L together in Appendix
[A1] where the reader can find the definition of a (proper) subformula in L, O-depth of a formula, and a well-founded
strict order < on formulas of L (similarly for the language of L;). Here we only state the core lemma pertaining to this
complexity measure that will be useful in our expressivity and completeness proofs.

Lemma 1. There exists a well-founded strict partial order < on L such that:

1. if ¢ is a proper subformula of ¥, then ¢ < i, 6. (6 — ¢°) < [0]¢°,

2. (0 - p) <[0lp,

3.0 > —[610) < 6], ;' (6 — Ulbly) < [61Ug,

4. (0 - Ki[01y) < [61K, . (0 — (U A0)) < [60]0,

5. K&ply < [60lplx, 9. (O < O, forall € L_.

Proof. The proof is via easy arithmetic calculations following the definitions in Appendix @ restricted to language L.
Note that, Definition [[3]is redundant for the cases restricted to language £_o.

Definition 1 (Model, Initial Model, and Relativized Model).

— A model is a tuple M = (WO, W, ~\,...,~u|l - |I), where W € W° are non-empty sets of states, ~,C WO x W° are
equivalence relations labeled by ‘agents’ i € AG, and || - || : Prop — P(W°) is a valuation function that maps
every propositional variable p € Prop to a set of states ||p|| € W°. WO is the initial domain, representing the initial
informational situation before any communication took place; its elements are called initial states. In contrast, W is
the current domain, and its elements are called current states.

— For every model M = (WO, W, ~1,...,~ul - |I), we define its initial model M°® = (WO, WO, ~,..., ~,, | - |I), whose
both current and initial domains are the initial domain of the original model M.
— Given a model M = (WO, W, ~\,...,~u |l - |I) and a non-empty set A C W, we define the relativized model M|A =

(WO, A~ s~ D

For states w € W and agents i, we will use the notation w; := {s € W : w ~; s} to denote the equivalence class of w
modulo ~; restricted to W.
Definition 2 (Semantics). Given a model M = (WO, W, ~,, ..., ~,,|I-1I), we recursively define a truth set [¢]| o1 for every
Sformula ¢ € L as follows:
wo  ifw=w
o1 = .
(0] otherwise
[Pl =lplnW [°] = [ellpo NW
[ri=w

14“The update operator (8)¢ is often denoted by (!6)¢ in Public Announcement Logic literature. We skip the excla-
mation sign, but we will use the notation (!) for this modality and [!] for its dual when we do not want to specify the
announcement formula 6 (so that ! functions as a placeholder for the content of the announcement).



W iflel =W
0 otherwise

[—¢l = W - [[¢]

[Ue] ={
e Ayl = Tel NIyl

_ JUelmper i 161 # 0
Lol = {0 otherwise
[Kiell = {we W:w; C[ell} [Cell = U{[Kg)‘p]] che L)

In this definition and elsewhere, we skip the subscript and simply write [¢]] when the current model M is understood. In
particular, M|[[6] is here an abbreviation for M|[6] 5. More generally, we use this notation also in iterated contexts, with
the formula being evaluated in the last model that is being relativized e.g. (M|[[0])|[[o]l stands for the further relativization
M |[pllar of the relativised model M’ := M|[0] m.

Observation 1 Note that we have
w € [[0le]l iff we 0] implies w € [@llpey, and
we [oell iff we [l0lel forevery 6 e L .

A straightforward consequence of this fact and of the semantics of (0)¢ is the following:

Observation 2 Given a model M = (WO, W, ~\,..., ~,,|I-1|) and formulas 6, p, ¢ € L, if [0m = [pllp, then [{0)llpm =
<o) m and [[6]elm = [lelelm.

Proposition 1. We have [[¢]l € W, for all formulas ¢ € L.
Proof. See the proof of Proposition|[8]in Appendix [A3]
Lemma 2. For all models M = (W, W, ~1,...,~,, |- |I) and formulas 6,p € L_o: (MII6DIIe]l = MII{8)p].

Proof. The model (M|[6])I[e]l is obtained by first relativizing M to the set [#]] o, then relativizing the resulting model
again to [pllaqey S [6Tam. But overall this is the same as the model obtained by directly relativizing M to the set

Lelamer = KOs i.e. MBI

What we study in this paper is information update via public announcements. But the models given in Definition [I]
are too general for this purpose: their current domain W can be any subset of the initial domain W°. Our intended models
(which we call “announcement models”) will thus be a subclass of these models, in which the current domain comes from
updating the initial domain with some public announcement.

Definition 3 (Announcement Models and Validity). An announcement model (or a-model, for short) is a model M =
(WO, W, ~1,...o~n || - |I) such that W = [[6]] 0 for some 8 € L_,; equivalently, M = M°|[6], i.e. M can be obtained by
updating its initial model M° with some formula in L_.. A formula ¢ is APALM valid (or valid, for short) if it is true in
every current state s € W (i.e. [@lly = W) of every announcement model M= (WO, W, ~, ..., ~u - 1).

Given this definition and the semantics, the following fact is obvious:

Lemma 3. If M = (WO, W,~,...,~ull - ) is an a-model and 6 € L_ is a formula such that M = MO|[], then for all
formulas ¢ € L, we have:

[elm = 1K) Tm.

More generally, for all formulas p € L_, we have:

o A @l = [)(0@) T

Proof. The first identity follows from the sequence of equalities: [({8)¢)°Im = [{¢lre = el mogep = Lellm, where
we used first the semantics of ¢/ and then the semantics of (6)¢.
For the second identity, we use the first one to get the equalities: [{0)((0)¢)° Tm = [0 Troyen = [N Nneiepien =
L0 Troepn = LO@Iro N [KOPTp0 = Telpoye N [elsogey = [elm N Lplam = [p A @Iy, Where at key points
we used the semantics of (o), then Lemma then the semantics of ° in the model MC|[(8)p]l (Whose set of worlds is
given by [{(6)p]l sp0), then the semantics of (9.



Example 1. Consider the a-model M = (WO, W, ~,, ~p, || - ) given in Figure where the initial states include all the
nodes of the graph and the current states are the nodes in the shaded area. It is easy to see that the current domain W is
obtained by updating the initial domain by K, p: the shaded area corresponds to [K,pll pp. The representation in Fi igure
makes it clear that the a-model does not lose the initial domain and specifies the current domain as a subset of the initial
one. Since W° # W (the shaded area does not cover the whole initial domain), 0 is false everywhere in the model, that is,
[01 = 0. Moreover, while K,K,K,r was initially true at w, it currently is not: w € (K, R K, T but w ¢ [K,K,K,r] (as
[l =0).

p r
w b a——e
a
b a ——e
p

Fig. 1: An a-model M. All nodes in the graph are initial states, while the current states are the nodes in shaded
areas. Valuation is given by labeling the nodes, and epistemic relations by labeling arrows with agent names.

2.2 An Analysis of Kuijer’s counterexample

The language of APAL is defined recursively as

piu=plopl@Ae) | Kel|{pe|Op

where p € Prop. In APAL, O quantifies only over updates with epistemic formulas. More precisely, the APAL semantics
of O is given by
we [O¢]l iff w e [[6]e] for every 6 € L.,

where £, is the sublanguage generated from propositional variables p € Prop using only the Boolean connectives — and
A, and the epistemic operators K;. The finitary O-introduction rule proposed for the original APAL: “from y — [6][ple,
infer ¢ — [A]O¢ (where p ¢ P, U Py U P,)” [, p. 323].

Kuijer’s counterexample [23] shows the unsoundness of this rule, by taking the formula y := p A K,—p A K,K,p,
and showing that [K,p]ao—y — [¢]—y is valid in APAL models, i.e., in multi-agent epistemic models with equivalence
relations. (In fact, it is also valid in our a-models.) By the above O-intro rule, the formula [K,plo—~y — O—y should also
be valid. But this is contradicted by the model M in Figure

The premise [K,plO—y is true at w in M, since O—y holds at w in the updated model MK, p]l in Figure a):
indeed, the only way to falsify O~y in Figure[3{a) would be by deleting the node u, while keeping (at least) node u;. But
in M|[K,p]l, u; and u, cannot be separated by epistemic sentences: they are bisimilar!

In contrast, the conclusion O—y is false at w in the original model M, since there u; and u, could be separated.
Indeed, we could perform an alternative update with the formula p v K,r, yielding the epistemic model M|[p V K,r] in
Figure[3(b), where y is true at w (so that O~y was false in M).

To see that the counterexample does not apply to APALM, notice that a-models keep track of the initial states. The
a-model corresponding to our initial model M is the one drawn in Figure[d]- where the initial states and current states are
the same:

The updated a-model MK, pl (consisting now of the initial structure together with current set of worlds W from
Figure [3(a)) is now drawn in Figure [5a} where the nodes in the shaded area are the current states. But in this a-model,



p r

w h—eo——a——o
up

a

Lb+a%

p u

Fig.2: An epistemic model M. Worlds are nodes in the graph (e.g. w, u;, uy), valuation is given by labeling
the nodes with the true atoms (e.g. p and r), and epistemic relations are given by labeled arrows.

p p
w b——o w h—eo——a—o
up up

a a

b J

p 1253 p
(@) MITK,p]l (b) Millp v K71l

Fig. 3: Two updates of M.

p r
w b a
up
a
b a
p 125}

Fig.4: M as an a-model. As before, initial states are all nodes in the graph and current states are represented
by the nodes in the shaded area. So this is an initial model: all initial states are current states.



Oy is no longer true at w (and so the premise [K,plOo—y was not true in M when considered as an a-model!). Indeed,
we can perform a new update of the a-model MI[[IA(;, pll with the formula (p vV IA(ar)O, which yields the updated a-model
given in Figure [5b]

p r p r
w b a——o w b a
Uy up
a a
b a ——e o Hh——e— (1 —eo
p 1) P L)
(a) MILK,pll, when M is an a-model (b) MITK,pDIL(P v Kar)) D rggic,

Fig.5: Two updates of M, when M is an a-model. Initial states are nodes in the graphs and current states are
represented by the nodes in shaded areas.

Note that, in this new model, y is the case at w (- thus showing that O—y was not true at w in MIIK,pT). So the
counterexample simply does not work for APALM.

Moreover, we can see that the unsoundness of [!]O-intro rule for APAL has to do with its lack of memory, which
leads to information loss after updates: while initially (in M) there were epistemic sentences (e.g. p V K,r) that could
separate u; and u, , there are no such sentences after the update.

APALM solves this by keeping track of the initial states, and referring back to them, as in (p V K,r)°.

2.3 Axiomatization

TableE]presents a complete proof system APALM for our logic APALM (where recall that P, is the set of propositional
variables in ).

The notion of derivation, denoted by , in APALM is defined as usual. Thus, + ¢ means ¢ is a theorem of APALM.
For any set of formulas I” € £ and any ¢ € L, we write I" +- ¢ if there exists a finitely many formulas ¢y, ..., ¢, € I such
that - (o1 A+ Aw,) — . We say that I' is APALM-consistent if I" ¥ 1, and APALM-inconsistent otherwiseE] We drop
mention of the logic APALM when it is clear from the context.

Intuitive Reading of the Axioms Parts (I) and (II) should be obvious. The axiom R[T] says that updating with tautologies
is redundant. The reduction laws that do not contain °, U or 0 are well-known PAL axioms. Ry is the natural reduction
law for the universal modality. The axiom R says that the truth value of ¢° formulas stays the same in time (because
the superscript * serves as a time stamp), so they can be treated similarly to atoms. Ax, says that O was initially the case,
and Ry says that at any later stage (after any update) O can only be true if it was already true before the update and the
update was trivial (universally true). Together, these two say that the constant 0 characterizes states where no non-trivial
communication has occurred. Axiom 0-U is a synchronicity constraint: if no non-trivial communication has taken place
yet, then this is the case in all the currently possible states. Axiom 0-eq says that initially, ¢ is equivalent to its initial
correspondent ¢°. The Equivalences with © express that ° distributes over negation and over conjunction. Imp says that
if initially ¢ was stably true (under any further announcements), then ¢ is the case now. Taken together, the elimination
axiom [!]O-elim and introduction rule [!]O-intro say that ¢ is a stable truth after an announcement 6 iff ¢ stays true after
any more informative announcement (of the form 6 A p). E]

5Notions of derivation and (in)consistent sets for GALM studied in Sectionare defined similarly.
16The “freshness” of the variable p € P in the rule [!]O-intro ensures that it represents any generic announcement.



(CPL)
(S5k,)
(S5v)

(U-K3)

Ky

(Necy)

(RE)

Reduction laws:
R[TD

Rp)

R-)

(Rg;)

Rpy)

R
Ry)

(Ro)

(Axo)

0-U)

(0-eq)

(Nec?)
Equivalences with °:
(Eq))

(Eq?)

(Eq))
Implications with °:
(Impf))

(Imp))

(Impy)

(['o-elim)
([']o-intro)

(I) Basic Axioms of system APALM:

all classical propositional tautologies and Modus Ponens

all §5 axioms and rules for knowledge operator K;

all §'5 axioms and rules for U operator

Up — Kip

(IT) Axioms and rules for dynamic modalities [!]:

Kripke’s axiom for [!]: [0](¥ — ¢) — ([8ly — [0l¢)
Necessitation for [!]: from ¢, infer [6]ep.

Replacement of Equivalents [!]: from 8 < p, infer [6]p < [ple.

[Tlp o ¢

[6lp < (6 — p)

[0]-y < (6 — —[0lY)
61Ky < (6 — K;[6]y)
[Olloly < KOply

[61¢° & (6 — ¢°)

[01Up & (8 — Ul8lp)

[6]0 & (8 — (U6 A 0))

(II1) Axioms and rules for T, 0, and initial operator °:
00

0—- U0

0- (oo o)

Necessitation for °: from ¢, infer ¢°

pPPep
(=)’ & ="
(@A)’ & (" AY°)

(Up)’ = Uy’

(KiQO)O - ;900

@p)° — ¢

(III) Elim-axiom and Intro-rule for O:

[610¢ — [0 A ple

from y — [0 A ple, infer y — [6]0¢ (for p ¢ P, U Py U P,).

Table 1: The axiomatization APALM. (Here, ¢, y, y € £, while ,p € £L_.)

Proposition 2. |'/|The following schemas and rules are derivable in APALM, for o,y € Land 0 € L_:

S NS

1. from+v ¢ &, infer + [0lp & [0]y 9.
2. F(6)0 & (0AUO)
3.
4
5

FLOW < (0 A [0lY)

. (O-elim): + Op — [0]@
. (O-intro): from v+ x — |[ple, infer v y — Op

(pEP,UP,)

all S4 axioms and rules for O
Fp =) o @ =y

- <)000 PN <)00

FOg’ & ¢, and + O@° & ¢°

10. + (Op)® — O¢®

1. F(OA ") — ¢

12. Fo— (0AOp)°

13. v ¢ = Y ifand only if - (O A Op) —
14, + 1610 A @) & (1610 A [6]0)

15, + [6llply © [0 A ply

16. + [0]L & =0

17See Appendix [A.2|for proof.
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We arrive now at one of the main results of our paper.

Theorem 1 (Soundness and Completeness of APALM). APALM validities are recursively enumerable. Indeed, the
axiom system APALM in Tablemis sound and complete wrt a-models.

Soundness is proved in Section[d and completeness in Section ] and 3]

2.4 Expressivity: Comparisons and Bisimulation

To compare APALM and its fragments with basic epistemic logic (and its extension with the universal modality), consider
the static fragment L_,, .1y, obtained from L by removing both & operator and the dynamic modality (¢)y; as well as the
present-only fragment L_ ., o .0, obtained by removing operators 0 and ¢° from L_ «1y; and finally the epistemic fragment
L, i, obtained by removing U from L_g, 1y o ,0-

For every a-model M = (W, W, ~|, ..., ~p, - I), consider its initial epistemic model M@ = (W, ~\, ..., ~,,|-ID
and its current epistemic model M = (W,~ N(WXW),...,~, N (WX W),|-[|NnW).

Proposition 3. The fragment L_,, is co-expressive with the static fragment L_ (. In fact, every formula ¢ € L_ is
provably equivalent to some formula ¢ € L_oy (by using APALM reduction laws, given in Table |ZI) to eliminate
dynamic modalities, as in standard PAL).

Proof. Use step-by-step the reduction axioms (given in Table[T} Section[2-3), as a rewriting process, and prove termination
by <-induction on ¢ by using Lemma []

Proposition 4. The static fragment L_s y (and hence, also L_.) is strictly more expressive than the present-only frag-
ment L_g 1y 0,0, Which in turn is more expressive than the epistemic fragment L, ;. In fact, each of the operators 0 and
¢° independently increase the expressivity of L 10,40

Proof. Consider the a-model in Figure while u; and u, are indistinguishable for £_, (1 0, the sentence (p V R,
distinguishes the two. This shows that £, (¢ is strictly more expressive than L_ 1y 0. To see that £_, . .0 is strictly
more expressive than L—o,<!>.0,¢°’ we just need to consider two a-models M; = WO W, ~1,...,~pll - D) and M, =
W, W~ n(WXW),...,~, 0N (Wx W), -|) such that W c W°. As both models have the same underlying current
models, they make the same formulas of £_, 1, .0 true at the same states in W. However, only the latter makes 0 true (at
every state) since it is an initial model. Finally, note that the present-only fragment, £_, 1y .0, is precisely the extension
of L,,; with the universal modality and it is well-known that .L,,; is strictly less expressive than its extension with the
universal modality (see, e.g., [L5, Chapter 7.1]). Thus, £_, ¢ 0 is more expressive than L,;.

Kuijer’s counterexample presented in Section [2.2] shows that the standard epistemic bisimulation is not appropriate
for APALM. In the following, we define an appropriate notion of bisimulation for APALM that leads to modal invariance
and Hennessy-Milner property. We then also compare the expressive power of L, and the static fragment L_, 1y in
Proposition[7, whose proof uses the notion of APALM bisimulation.

Definition 4 (Total/APALM Bisimulation).

’

— A total bisimulation between epistemic models (W, ~,...,~, |- ) and (W', ~,...,~, |- ') is a non-empty binary
relation B C W X W’ such that
1. if sBs’, then s € ||pl| iff s € ||pll' for all p € Prop,
2. if sBs" and s ~; t, then there exists t' € W’ such that tBt' and s’ ~; t' (the forth condition),
3. if sBs and s' ~| t, then there exists t € W such that tBt" and s ~; t (the back condition), and
4. forevery s € W there exists some s’ € W’ with sBs’; and dually, for every s € W’ there exists some s € W with
sBs’.

— An APALM bisimulation between a-models M; = (W?, Wi ~1s oo ~m -1l and My = (Wg, W, ~1 o~ e ll) is
a total bisimulation B (as defined above) between the corresponding initial epistemic models M’i"“ial and Mé””’"”, with
the property that: if s Bs,, then s; € Wy iff s, € W, . Two current states s; € Wy and s, € W, are APALM-bisimilar
if there exists an APALM bisimulation B between the underlying a-models such that s, Bs;.
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Since a-models are always of the form M = MC|[4] for some § € L£_,, we have a characterization of APALM-
bisimulation only in terms of the initial models as stated in Proposition EI To prove Propositions E] and @ we need the
following auxiliary Lemmas [ and 5]

Lemma 4. Let B be a total epistemic bisimulation between initial epistemic models M and M4t (or equivalently,
an APALM-bisimulation between initial a-models M‘]) and Mg ), and let s; € W?, sy € Wg be two initial states such that
s1Bs;. Then we have

s1 € [[(Z]]M[lj iff s, € I[a]]Mg

for all formulas « € L_,.

Proof. By Proposition@ it is enough to prove the claim for all formulas @ € L_, (1,. Let B be an APALM bisimulation be-
tween initial a-models M¢ and MY. The proof is by subformula induction on e, using the following induction hypothesis
(IH): for all B € Sub(a), we have s, € IIﬁ]]M? iff 5, € ﬂﬂ]]Mg forall s; € WY, s, € WY such that s, Bs,.

Base case a := p: Since s Bs,, 51 € [p]l M iff s, € [p]l M follows by DeﬁnitionE} valuation condition.

Base case @ := T: Since 5; € W¥ = [Thye and s, € WY = [Thpq. we trivially obtain that s; € [T] 0 iff 52 €
[[T]] Mg'

Base case @ := 0: Since M(l) and Mg are initial a-models, by the semantics, we have s; € W? = [[0] M and
s, € Wg = [[0] M- We therefore trivially obtain that s; € [0]] MO iff s, € [[0]) M-

Case @ := 8 Ay and @ := —f follow straightforwardly by the semantics and IH.
In the following sequence of equivalencies, we make repeated use of the semantic clauses in Defn. 2]
Case a :=f°
5] € [[50]]/\4‘1’ iff s, € [[B]]M(IJ NWYiff s, € [[,8]]M<2) N W) (by IHand 5, € WY) iff s, € [[BO]]Mg.
Case a := UB
s1 € [[Uﬁ]]M(]) iff Vse W0, s e [[ﬁ]]M(l) iff Vs’ € Wg, s’ € [[ﬁ]]Mg (since B is total and IH) iff s, € [[Uﬁ]]Mg.
Case a := Ki8
s1 € [KBlyp iff (Vs € WO(s ~; s, implies s € 8T y0) iff (Vs € W)(s ~/ s, implies s € [A150) (back and forth
condition, IH) iff s, € [K;8]] M-

Lemma 5. Let B be a total epistemic bisimulation between initial epistemic models M gnd Ml (or equivalently,
an APALM-bisimulation between initial a-models M? and Mg ), and let s, € W0, s, € Wg be two initial states such that
s1Bs,. Then, for all ¢ € L, we have

s1 € el o iff 52 € [Kadellpg
for all formulas « € L_,.
Proof. Let B be an APALM bisimulation between initial a-models M(l) and Mg. The proof goes by <-induction on ¢,

using Lemma. We assume the following induction hypothesis: for all < ¢ in £ and all states s; € WY, s, € W? with
s1Bs,, we have: 5| € [[(a/)d/]]M(l) iff s, € I[(a)w]]Mg, forallw € £L_.

Base cases ¢ := p, ¢ := T, and ¢ := 0 follow directly from Lemmaf]and the fact that the formulas (@)p, (@)T, and
(a)0 are in L_,.
In the following sequence of equivalencies, we make repeated use of the semantic clauses in Defn. |Zl

Case ¢ :=y°
51 € [[(CIWO]]M? iff 51 € [[w‘)]]M?ml,]]Mo iff 51 € [yl po Nlladl o (since M?H[G]]M? =Wy, [T p0s ~1s- -5 ~nsll-11)) iff 55 €
1

[[lp]]Mg N [[a']]Mg (by IH, Lemma ae L) iff s, € [[WO]]MQ\[[a]]Mo (since Mgl[[cx]]Mg = (Wg, [[a/]]Mg, ~ree s~ |l R2)
2
iff 55 € [0l

Cases ¢ := K;i and ¢ := Uy follow similarly as in LemmaE} We spell out here only the case ¢ := Uy. We have two
sub-cases:

12



Sub-case [«]] M= 0: This implies that s; ¢ [«]] MO> thus, by Lemmaf4] s, ¢ [a]] M- Therefore, s; ¢ [(@)Uy]l MO and
s, ¢ [[<Q>U¢]]Mg- This implies that, if 5, € [[(a)Uw]]M? then s, € [[(a')Uw]]Mlz) (as the antecedent is false).

Sub-case [[a]]M? # (: Observe that s, € [[(a)Ul//]]M? iff 51 € [[U'/’]]M‘f\[[al]Mo iff Vs € [[a]]M(lJ, s € II‘M]M?IHH]]MO iff Vs €
[[a]]M(]], s € [(a)t//]]Mrl). Suppose that s; € |I<C¥>U¢]]M? and let s’ € IIa]]Mgl. Since B is a total bisimulatiori, there is
ANS W? such that s{Bs’. Since @ € L_,, by Lemma we have 5| € [«] M- Then, by the above observation, we have
s1 € Koyl M- Thus, by IH, we obtain that s € [{a)y]l M- As s, € W;’, we then conclude, via similar steps as in the
above observation, that s, € [{@)Uy]l M- The other direction is similar. For the case ¢ := Ky, we also use the back and
forth conditions of B.

Case ¢ := (6)y uses the validity of the formula (@){0)¢ < ((@)8)¢ which can be easily verified.
s1 € [aXOylpe iff s1 € KOl pe by F (a)O) o (a))p) iff 5o € [0l g (IH, using ¢ < () iff 5, €
X0 yq-

Case ¢ 1= QY
s € [[(a’)Ol//]]M(I) iff 51 € [[Ol//]]M(l]‘[[a]]M? iff 51 € Ueezj,o [I<9>W]]M?‘H(,DM? iff 51 € UHGL,O [[(CZ)(H)I//]]M? iff 5, € Uyej;o [[(CXX@)(I/]]Mg
(IH, <0 < O) i 52 € Uges_, [[<0>l//]]Mg|"""M‘2’ iff 5, € [[Ql//]]Mgm(,"Mg iff 5, € [[(C‘K)Ol//]]Mg

Proposition 5. Let M, = (W?, Wi, ~1see s~ - ll1) and My = (Wg,Wz,~’l,...,~:,,|| - |l2) be a-models, and let B C
W? X Wg. The following are equivalent:
1. Bis an APALM bisimulation between My and M,

2. B is a total epistemic bisimulation between M"l”"”"” and Mg’“’“” (or equivalently, an APALM bisimulation between
M? and M(z)), and M, = M?I[[G]]M(]J, M, = Mg”[@]]Mg for some common formula 6 € £_,.

Proof. (1) — (2): Let B be an APALM bisimulation between M; and M,. Then it is obvious (from the definition) that
B is also a total bisimulation between M’i’”'”"‘l and Mg’”’"‘l . Since M, and M, are a-models, there must exist 8;,6, € £L_
st My = M?|[[91]]M?, M, = Mg|[[92]]/v[g~ Hence, Wi = [[61] 50 and W, = [[62]] 50 To show that [0 50 = [62] 0. let
first s; € [[91]]/\4? = W,. By the definition of APALM bisimulation, there must exist s, € Wg such that s, Bs,. Again by
the definition, s; € W, implies that s, € W, = [6,]] M- This, together with s, Bs,, gives us by Lemma ELthat s1 € [62]] MO+
For the converse, let s; € [[6,]] M by the definition of APALM bisimulation, there must exist s, € W, such that s, Bs;.
By LemmaE} we have s, € [[6'2]]M(2] = W,, and again by the definition of APALM bisimulation (and the fact that s, Bs,),
this implies that s; € W; = [[61]]M?. Given that M, = M?IIIQI]]M? and M, = Mgl[[@z]]Mg such that I[HII]M? = [[62]]M?, we
can take 0 := 6,. Then M, = M?I[[Ql]]Mtl) = M‘fl[[()z]]M(lJ.

(2) — (1): Suppose that B is a total bisimulation between M7« and Ml and M; = MO|[6]] mos Mo = M6 o for
some common formula 8 € £_,,. Hence, W; = [[0] M0 and W, = [[0]] M- We need to verify that M; and M, are APALM-
bisimilar. For this we just need to verify the property that if s, Bs,, then s; € W, holds iff s, € W, holds. Suppose s;Bs»
and let s; € W, = [6] M C W?. By the totality of the bisimulation B, there must exist some s, € Wg with s;Bs,. By
LemmaE} s1 € 6] M0 implies that s, € [6] M= W,. The converse is analogous.

So, to check for APALM-bisimilarity, it is enough to check for total bisimilarity between the initial models and for

both models being updates with the same formula.
Next, we verify that this is indeed the appropriate notion of bisimulation.

Corollary 1. APALM formulas are invariant under APALM-bisimulation: if s, Bs, for some APALM-bisimulation rela-
tion B between a-models M; = (W?, Wi, ~1s s ~ull - |l1) and My = (Wg, W, ~ o~ ), then: sy € [ollm, iff
52 € l@lipm, forall p € L.

Proof. Let B be some APALM-bisimulation relation between a-models M; = (W?, Wi ~tseeos~nll - ll1) and M, =
(Wg, Wa, ~1, o~ - ll2). By Proposition there exists some formula 8 € £_, such that M; = M?l[[f)]]M(l), M, =
M6 M- By the same proposition, B is a total epistemic bisimulation between the initial epistemic models M and
Mg’i’i“l. Thus, for every formula ¢, we have the sequence of equivalences: s, € [pllp, iff 51 € [(O)¢]l M iff (by Lemma
EP 52 € [l v iff 52 € [ellp,-
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Proposition 6 (Hennessy-Milner). Let M; = (WY, Wi, ~1,...,~u, |l - II}) and My = (W3, Wa, ~,...,~0 |l - 1) be a-
models with W? and WS finite. Then, s, € W and s, € W, satisfy the same APALM formulas iff they are APALM-bisimilar.

Proof. We only need to prove the left-to-right direction. Let s, € W, and s, € W, such that for all ¢ € L, 51 €
[elipq, iff 2 € [elia,. This implies that for all ¢ € L, 51 € [[<p]]M<l) iff s, € [[rp]]Mg. To see this, let ¢ € L such that
s1 € [l M- This means, by the semantics, that s; € [¢°] M- As s;in M; and s, in M, satisfy the same APALM
formulas, we obtain that s, € [¢°] My thus, s, € [¢]l M The opposite direction is analogous. We then show that the

modal equivalence relation in W? X Wg between the models M? and Mg is an APALM bisimulation. We thus need to
show the following:

— (Totality) For all s € W?, there exists s € W9 such that, s € [¢] o iff 5" € [l forall g € £, and for all 5" € w9,
there exists s € W? such that s € |I<p]]M(]) iff s’ € |I<p]]M(2> forallp € L.
Let s € WY and suppose, toward contradiction, that for no element s’ of WY we have that s € [¢]] M iff s € [[¢]l M

for all ¢ € L. Since Wg is finite, we can list its elements Wg = {wy,wa,...,w,}. The first assumption then implies
that for all w; € W;’, there exists ¢; € L such that s € Iw"l]”‘? but w; ¢ [Iw,-]]Mg. Thus, s; € [E@ A--- A zﬁ,,)]]M(l)
but 55 ¢ [E@W1 A -+ A )]l . contradicting the assumption that s; in M and s, in M) satisfy the same APALM
formulas. The second clause follows similarly.

— (Valuation) This follows immediately from modal equivalence.

— (Forth for ~;) Let wi,w| € W? and w, € WY such that w; € [[ga]]M? iff wy € [[90]]/\/(‘2) forall ¢ € L and w; ~;
w}. Suppose, toward contradiction, that for no element w) € Wg with wy ~7 w, /\/(?,w’l and Mg, w) satisfy the
same APALM formulas. Since Wg is finite, the set ~/(w;) = {t € Wg : wy ~; t} is finite, thus, we can write

~i(wy) = {t1,...,1}. As in the proof of (Totality), the assumption implies that for all z; with w, ~! ¢;, there exists

¥; € Lsuchthatw] € [y;] 50 butt; ¢ [4;]] - Therefore, w; € LKW1 A~ Ay but wy & [Ki(s A-- Ay,
contradicting the assumption that M?, w; and Mg,wz satisfy the same APALM formulas. Back condition for ~;
follows analogously.

We have therefore proven that the modal equivalence relation in W9 x WY between the models M? and M) is an
APALM bisimulation between M® and M). By Proposition it suffices to further prove that M; = MJ|[6]] M- M, =

Mgl[[@]] e for some common formula 6 € L_. It then suffices to show that [[6,]] M= [6-1 M where W| = [[6,] M and
W, = lwzj] M-

- [[62]]M<2> - [[01]]M9: Observe that 5, € [[UH?]]M] , since W, = [[‘91]]/\4‘1’- Moreover, as M;, s; and M,, s, satisfy the same
APALM formulas, we obtain that s, € [U 0?]] M, Therefore, for all y € [6,]] M We have y € [[0‘1)]] M,» implying that
ye [[91]]M2. Hence, [[92]]/\4‘2’ c [[91]]M<2>.

- [[91]]M<2) C I[Gg]]M(Z): Observe that s, € I[UHg]]MP since W, = [[92]]/%3- Moreover, as M, s; and M,, s, satisfy the
same APALM formulas, we obtain that s; € [U 6’{2)]] M, - Now suppose, toward contradiction, that [, ]] M Z [6:] M
i.e., thereis y € Wg such that y € [[6]] M buty ¢ [6,] M- By the totality of the modal equivalence relation, there
exists x € W? such that x € [6;]] M0 but x ¢ [[6-]] M- The former implies that x € W,. Therefore, by the latter, we
have that x ¢ [63] », . This implies, since s, x € Wy, that s; € [U69]1u, , contradicting s; € [U&] u,.

Therefore, we obtain that [611y0 = [62]]50. Given that M, = M6 T mo and My = M6, 1 mo such that [0 =
[621 0 We can take 6 := 6. Then M, = Mgl[[@z]]Mg = M(Z)HI@l]]Mg-

As alast result in this section, we compare the expressive powers of £ and £_.
Proposition 7. L is strictly more expressive than L_., and, therefore, than the static fragment L_ .

Proof. By Proposition EL it suffices to show that L is strictly more expressive than £_ ;. Wlog, we assume that AG =
{a, b}. The proof follows by a similar argument as in [6, Proposition 3.13] via contradiction: suppose that £ and £_, (1
are equally expressive for a-models, i.e., for all ¢ € L there exists ¥ € L_, (1, such that = ¢ < . Consider the formula
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p
wo ﬁ a j wi
b b
a wa a w3
q p.q

Vo Vi

@M (b) M’

Fig.6: M= (W, W, ~g, ~p, |- |)) and M’ = (W', W', ~,~}. |- II) in Proposition 7}

O(K,p N =KpK,p) in L. By the assumption, there must be ¢ € L_, 1y such that | O(K,p A =K, K,p) < . To reach the
desired contradiction, we now construct two a-models M and M’ (similar to the ones in the proof in [6]) which agree
on i at the actual world but disagree on O(K,p A —=K,K,p). For this argument it is crucial to observe that any such ¥
contains only finitely many propositional variables. As we have countably infinitely many propositional variables, there is
a propositional variable ¢ that does not occur in ¢ (that is also different from p). Without loss of generality, suppose ¢ is
built using only one variable p. Consider the a-models M = (W, W, ~4, ~, || |[) and M’ = (W', W', ~, ~ .|| -|I') given in
Figure[f] It is easy to see that both M and M’ are initial a-models. Moreover, they are also APALM-bisimilar with respect
to the language of APALM constructed from using only the propositional variable p and agents a and b. In particular,
the corresponding bisimulation relation is B = {(vo, wo), (vo, 2), (vi, w1), (vi, w3)}. Then, by LemmaE], we have, e.g., that
vi € [Ylm iff wy € [¥llpr. However, while v; ¢ [O(K,p A =K, K,p)IIm, we have wy € [O(K,p A =K, K p)lar, since

wp € [[([7 v q)(Kap A _'KbKap)l]M"

All the expressivity results of this section are summarized by the diagram in Figure[7]

L—o,(!),() i -[.:—Q

Lo ———— L o o0 L

£—<><,(Y>V<P0 - ‘C*OK!)

Fig. 7: Expressivity diagram. Arrows point to the more expressive languages.

15



3 Group Announcement Logic with Memory

In this section we turn our focus on the Group Announcement Logic (GAL), and we propose a memory-enhanced version
GALM. As in the case of APALM, the addition (to both models and logic) of a memory of the initial states helps to
provide a recursive axiomatization, by re-establishing the soundness of the natural GAL inference rule (already proposed
in [1]], but later shown to be unsound). Moreover, the same move makes possible the reduction of the related Coalition
Announcement Logic CAL (or more precisely, its memory-enhanced version CALM) to a fragment of GALM, via an
intuitively ‘obvious’ equivalence (-which was proved to be invalid on memory-free models, but becomes valid in the
memory-enhanced version).

3.1 GAL, CAL and their problems

Like APAL, Group Announcement Logic GAL (first introduced in [1]]) is also an extension of PAL, involving group
announcement operators [G]y and (G)g (instead of the arbitrary announcement operators O¢ and Oy). More precisely,
the language of GAL is defined recursively as

pu=pl-gl@Ae) | Kpl e (G

where p € Prop, i € AG, and G C AG.
The group announcement operator can be seen as a restricted version of the arbitrary public announcement operator
in the sense that it quantifies only over updates with formulas of the form A K;6;, where 6, € L,,; andi € G € AG.

Agotnes et al. [1] interpret the operator [G]y on epistemic models M = (W, ~,...,~,, | -||) as
w e [[Glell iff forevery set {y; : i € G} C Leopnw € [ A Kilell. 1)
i€G

This operator intends to capture communication among a group of agents and what a coalition can bring about via
public announcements. While GAL seems to provide more adequate tools than APAL to treat puzzles involving epistemic
dialogues, the axiomatization of GAL presented in [1]] has a similar shape as the one for APAL in [6]. To recall, [[1]] proves
completeness of GAL also by using an infinitary rule and claims that it is replaceable in theorem-proving by the finitary
rule

from ¢ — [6][ /\ Kip;ly infer > [6][Gly, (RIGY)
i€G
where p; ¢ P, U P, U Py. However, Kuijer’s counterexample presented in Section@]constitutes a counterexample also
for the soundness of this rule. Consider again the formulay := p A I%b—\p A IA(aKbp and let G = {a}. We first show that

[K,pl[G1~y — [Kuq)~y

is valid on epistemic models. For this, suppose that [K,p][G]—y — [K,q]—y is not valid on epistemic models, i.e., that
there is an epistemic model N = (W, ~y,...,~, || - ||) and w € W such that w € [[K,pl[G1=y1 but w ¢ [[K.q]-y]. The
latter means that w € [(K,q)y]l. Therefore, w € [K,gll and w € [¥]Inji.q1- The latter implies that w € ||p|| and there are
two states wy, w, in N|[K,q]l such that (1) w; is ~,-connected to w and wy ¢ ||pll, and (2) w, is ~,-connected to w and
wy € [K,plinvik.qn- In other Yvords, the model in Figllreis guaranteed to be a submodel of N|[K,q].

Moreover, since w € [[Kp][G]—y] and w € [K,p]l, we also have that w € [[G]—y] NIR, 1 Recall that w € [K,q]l.
Therefore, neither w nor w, have ~,-access to a states in N that makes ¢ false. Furthermore, since K,q is a positive
knowledge formula, we have w € [K,qllyp for any 6 such that w € [0]ly. Then, w € [[G]—yl NIRypl implies that
w € [-y] NI P DK gk, = [[_‘VI]W\[[(I%;, PYKagl) It is not difficult to see that the model in Figureﬁis also a submodel

of NI[{K,p)K.q]l (recall that w; is in N|[K,q]), thus, w € 1Y Tnvinck, pykagny- This contradicts the assumption that w €
[[[[A(bp] [G]=y]. Therefore, [IA(bp][G]—\y — [K,q]—y is indeed valid on epistemic models.
If the R[G]-rule were sound, then by applying it we obtain that

[Kypl[Gl—y = [Gl=y
should be valid. But this is not the case: the model M in Figureconstitutes a counterexample, since w € II[IA(,, PIIG]=YIms
but w € [(K.Ku(p V 1))ylIm, and thus w ¢ [[G]-y].
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Fig. 8: Submodel of N|[K,q]l

Coalition modality. A related operator is the coalition announcement modality ([G])¢ that lies at the core of Coalition
Announcement Logic (CAL), introduced in [2]]: this is a coalition logic in the style of [26], but where the actions that
agents can perform are restricted to public announcements. CAL is simply the extension of multi-agent epistemic logic
with such coalition announcement modalities. Agotnes et al. [2] interpret {[G])¢ on epistemic models M = (W, ~,...,~,

SRDES
we (Gl iff Hyi:i€GYC LoyWy;: je AG-GIC L we I\ Kw AL N\ Katialel. @

i€G MmeAG

The semantics of group and coalition announcement operators suggests at the first sight that the latter might be defined
in terms of the former as ([G])¢ < (G)[AG — Gly. However, this ‘obvious’ equivalence is proved to be invalid in [19].

Our diagnosis for the failure of this rather intuitive equivalence is the same as our explanation for the unsoundness
of the finitary O-introduction rule for APAL or GAL: the models’ lack of memory is the reason for the non-equivalence
between the coalition announcement operator {[G])¢ (which expresses coalition G’s ability to bring about ¢ by a joint
announcement against any simultaneous joint announcement by the anti-coalition AG — G) and the expression (G)[AG —
Gy (which captures a similar ability of group G against any subsequent joint announcement by the anti-coalition).

As in the case of APAL, the same lack of memory leads also to difficulties in obtaining a recursive axiomatization
for GAL, CAL and related logics. To the best of our knowledge, there are no known recursive axiomatizations for GAL,
CAL ethE]In fact, the same state of affair applies to any logic that contains coalition announcement operators [[2132|3[4].

3.2 A principled solution: GALM

In this section, we develop a Group Announcement Logic with Memory (GALM), obtained by extending the syntax of
APALM with group announcement operators interpreted on a-modelsE] Moreover, we show that the memory-enhanced
version (CALM) of CAL is indeed embeddeded in GALM, via the natural analogue of the above-mentioned equivalence.
Finally, we give a complete recursive axiomatization of GALM.

The language L of GALM is defined recursively as

¢ == plTI01¢° =@l (@A) | K| Up|{Be| 00l (Ge,

where p € Prop,i € AG, 0 € L, and G C AG. Note that L_ is the same as before, namely, it is the set of
sentences in L that do not include ¢ or (G). In the context of GALM, the elements of £_. are called ¢, (G)-free
formulas. The dual modality for this new operator is defined as [Gly := —(G)—¢p. (G)¢ and [G]yp are the (existential and
universal, respectively) group announcement operators, quantifying over updates with formulas of the form A,.; K;6;,

8But in [21]], the authors introduce a combination of an extension of GAL and CAL and present an infinitary axiom-
atization with two rules that resemble the infinitary rule in GAL.

“We note that the language of the original GAL in [1]] does not include the arbitrary announcement operator 0. The
fragment of GALM without the arbitrary announcement operators can be studied in a similar way. We prefer to work with
a larger language here, subsuming both APAL and GAL-type modalities, in order be able to present the soundness and
completeness proofs for both APALM and GALM in a unified way.
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where 0; € L_,, and i € G. This restricted quantification over £_,, captures the assumption that each agent can announce

only the (¢ and G-free) propositions she knows and nothing else. Analogous to the reading of 0O, we read [Gly as “p is

stably true under group G’s public announcements”, i.e., “p stays true no matter what group G truthfully announces”.
We introduce the following abbreviation of relativized knowledge for notational convenience:

Kly = Ki(p = ),

where ¢, € L; and i € AG.
The following lemma will be useful in the completeness proof.

Lemma 6. There exists a well-founded strict partial order < on Lg, such that:

1. if ¢ is a subformula of , 2. (O)p < ¢ forall 0 € Lo,
then ¢ <, 3. (O <{(G)p, foralld € L_,.

Proof. Similar to LemmalT]
The language L is interpreted on the same models introduced in Definition|[T]

Definition 5. Given a model M = (WO, W, ~\,...,~u, |- |I), the semantics for Lg is defined recursively as in Definition
Blwith the following additional clause for (G):

Gl = _JIC\ Kbl : (6, i€ Gy L),
icG
Observation 3 Note that we have

w e [[Glell iff we [[[/\ K01l forevery{0;:ie G} C L .

i€G
The GALM analogue of Observation [2]is again a straightforward consequence of the semantics:

Observation 4 Given a model M = (WO, W, ~\, ..., ~,,|Ill) and formulas 0, p, ¢ € L, if [61m = [l then [{6)llpm =
[Ko)plim and [101pm = [lplplm.

Proposition 8. We have [[¢]l € W, for all formulas ¢ € L.
Proof. See Appendix [AJ3]

As for APALM, the intended models for GALM are the announcement models (a-models, introduced in Definition[3).
So GALM validities are defined with respect to a-models, as in Definition 3] It should also be obvious that the analogue
of Lemma Bl still holds for GALM:

Lemma7. If M= (WO, W,~,...,~u|l - ) is an a-model and 6 € L_ is a formula such that W = [6] yp, then for all
formulas ¢ € L and all formulas p € L_, we have:

[l = Ol po = [(O) Tas
o A llp = XY T m.

The proof is exactly the same as the proof of Lemma[3] This result can be used to prove that in the memory-enhanced
environment of GALM, the (memory-enhanced) coalition announcement modalities {[G])¢ are in fact definable using
group announcement modalities (in contrast to the situation in memory-free GAL):

Proposition 9. Let M = (WO, W, ~(,...,~. - ||) be an a-model, and 6 € L_, be a formula such that W = [[0]] yp. For
every group G C AG and every formula ¢ € Lg, we have:

w e GOIAG - Glelm iff Hpi:i€GYS LoVig;: je AG-GIC Loswe I\ K AL J\ Knthulply.

ieG meAG
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Proof. For the right-to-left implication: suppose there exists a set of formula {; : i € G} € L_, satisfying the property
in the right-hand side of the above Proposition, i.e.:

Vi, je AG-GI S Loswe T\ K AL J\ Knthulely.

ieG meAG

Let {y; : j € AG — G} € L_,, be some arbitrary set of formulas in £_,, indexed by agents in AG — G. By applying the
above claim (from the right-hand side of the Proposition) to the set {[ A\,.g Kiily; : j € AG — G}, we obtain that

wel A\ Kuinl/\Kwin [\ KT\ Kl il
i€G i€G JEAG-G ieG
Applying to this Proposition then Axiom (Rg;), then Axiom (R)) and finally Proposition [2J3again, we obtain that
wel A K AN\ Ky N\ Kol = TN\ K AL Kl \ Kol = I\ Kdl N\ Kl
i€G i€G JEAG-G i€G i€G JEAG-G i€G JEAG-G
So we established that
Wit i€ Gy Loy je AG-GIC Lo, wel(/\ Kudl N\ Kujlelm
ieG JEAG-G

which by the semantics of GALM is equivalent to w € [{G)[AG — Glellm, as desired.
For the left-to-right implication: suppose that we have w € [(G)[AG — Glellm, By the semantics, there exists a set
of formula {¢; : i € G} C L ¢ s.t.

w e [ /\ KgdIAG — Gl = [1AG - Glelmin g k-
ieG
Let {; : j € AG - G} € L_, be any arbitrary set of formulas in £_,, indexed by agents in AG — G. Applying the
semantics of [AG — Gl in M|[\cc Kii] to the set {({O) Ky j)O : j € AG — G}, the last displayed formula implies that:

w € MA jeng-6 (K Welmn g s = i K((0) A jeng-c Kss) Tela = Tviee KA Aveg Kih) (69 M jeg-c K ) Tl
But by Lemma(/] we have

0
@ N Kjw,-) Iv=TA\KwiA N\ Kpla=1 /\ Kl

JEAG-G ieG JEAG-G meAG

I\ K

i€G
By Observation@ the above facts imply that w € [ A jec Kithi A [Aneag Kn¥mlellm, as desired.

So, in contrast to the situation in the memory-free case of Coalition Announcement Logic, the memory-enhanced
version is essentially a fragment of GALM.

We move now to the main result of this section.

Theorem 2 (Soundness and Completeness of GALM). GALM validities are recursively enumerable. In fact, the sound
and complete axiomatization GALM wrt a-models is obtained by extending APALM with the axiom and rule given in
Table

Elim-axiom and Intro-rule for [G]:
(['1[G]-elim) [61[Gle = [0 A Nieg Klpile
(["][G]-intro) from y — [0 A Ajeg Kfp,-](p, infer y — [6][Gle (for p; ¢ P, U Py U P,).

Table 2: The additional axioms of GALM
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The axiom and rule in Table 2] are very similar in spirit (and in what they express) to the [!]O-elim axiom and [!]O-
intro rule, respectively. Together, the elimination axiom [!][G]-elim and rule [!][G]-intro say that ¢ is a stable truth under
group G’s announcements after an announcement 6 iff ¢ stays true after any more informative announcement from the
group G (of the form 6 A A KPp)).

4 Soundness via Pseudo-model Semantics

As GALM is an extension of APALM, we present the soundness and completeness proofs directly for the former. The
same results for APALM are obtained following similar steps.

To start with, note that even the soundness of our axiomatic systems is not a trivial matter. As we saw from Kuijer’s
counterexample, the analogues of our finitary 0O and [G]-introduction rules were not sound for APAL and GAL, respec-
tively. To prove their soundness on a-models, we need a detour into an equivalent semantics, in the style of Subset Space
Logics (SSL) [25018]: pseuda—modelsEo]

We first introduce an auxiliary notion: ‘pre-models’ are just SSL models, coming with a given family A of “admis-
sible sets” of worlds (which can be thought of as the communicable propositions). We interpret O in these structures as
the so-called “effort modality” of SSL, which quantifies over updates with admissible propositions in A. Analogously,
(G) quantifies over updates with conjunctions of those admissible propositions in the scope of an epistemic operator
labeled by an agent in G. Our ‘pseudo-models’ are pre-models with additional closure conditions (saying that the family
of admissible sets includes the valuations and is closed under complement, intersection, and epistemic operators). These
conditions imply that every set definable by a &, (G)-free formulc@ is admissible, and this ensures the soundness of our
O-elimination and [G]-elimination axioms on pseudo-models. As for the soundness of the long-problematic O and [G]-
introduction rules on (both pre- and) pseudo-models, this is due to the fact that both the effort modality and [G] operator
interpreted on pseudo-models have a more ‘robust’ range than the arbitrary announcement versions of them: they quantify
over admissible sets, regardless of whether these sets are syntactically definable or not. Soundness with respect to our
a-models then follows from the observation that they (in contrast to the original APAL models) are in fact equivalent to
a special case of pseudo-models: the “standard” ones (in which the admissible sets in A are exactly the sets definable by
O, (G)-free formulas).

Definition 6 (Pre-model). A pre-model is a tuple M = (WO, A, ~1,...,~p, || - 1), where WO is the initial domain, ~; are
equivalence relations on W°, ||-|| : Prop — P(W°) is a valuation map, and A < P(W°) is a family of subsets of the initial
domain, called admissible sets (representing the propositions that can be publicly announced).

Given a set A C W and a state w € A, we use the notation wf‘ = {s € A : w ~; s}to denote the restriction to A of
w’s equivalence class modulo ~;. We also introduce the following abbreviation for the semantic counterpart of relativized
knowledge: KAB = {we W°:w;NAC B}.

Definition 7 (Pre-model Semantics for £). Given a pre-model M = (WO, A, ~\, ..., ~, || - ), we recursively define a
truth set [@]l4 for every formula ¢ and A € A:
' o] {A A=W
A =

0 otherwise

[T = ellyo N A
[plla =llplinA [—¢lla = A —[ella
[Tls=A

20 A more direct soundness proof on a-models is in principle possible, but would require at least as much work as our
detour. Unlike in standard EL, PAL or DEL, the meaning of an APALM formula (and therefore of a GALM formula)
depends, not only on the valuation of the atoms occurring in it, but also on the family A of all sets definable by £_,,-
formulas. The move from models to pseudo-models makes explicit this dependence on the family A, while also relaxing
the demands on A (which is no longer required to be exactly the family of £_.-definable sets), and thus makes the
soundness proof both simpler and more transparent. Since we will need pseudo-models for our completeness proof
anyway, we see no added value in trying to give a more direct soundness proof.

215, (G)-free formulas are the sentences in £_.
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[elyey, 604 #0

0 otherwise

e Aylla = Tella N [ ]a [{Oells = {

[oels = (_Jillgls : Be A BCA)

[Kiglls = fw e Az wi' C l[¢lla) G = | Wi kom, < Bi i€ Gl €AY
A i =A

LUl = { Tlels
0 otherwise

Observation 5 Note that, for allw € A, we have

1. welloplls iff VBe A(we BCA=welg¢ls)
2. we [[Glella iff forevery{B;:i€ G} C A (we AN K[.AB,- = w € [ellann., k48
3. lella CAforall Ae Aand p € L.

Observation [3][T| shows that our proposed semantics of O on pre-models fits with the semantics of the effort modality
in SSL [23018]. The proof of Observation 3|J]is similar to that of Proposition 8]

Definition 8 (Pseudo-models and Validity). A pseudo-model is a pre-model M = (WO, A, ~\, ..., ~u, || - ), satisfying
the following closure conditions:

1. |Ipll € A, for all p € Prop, 4. ifA,Be Athen(ANB) e A,
2. Whe A, 5. if A € Athen K;A € A, where KA := (weW®:Vse
3. ifA € Athen (W' - A) e A, Wow ~; s = s € A)}.

A formula ¢ € Lg is valid in pseudo-models if it is true in all admissible sets A € A of every pseudo-model M, i.e,
[ella = A forall A € A and all M.

Lemma 8. Given a pseudo-model M = (WO, A, ~1,...,~,|-|) and A, B € A, we have K;‘B e A

Proof. First note that by Definition 8]5]and Boolean operations of sets we have,
KiB={weW’:wiNACB)}={weW :Vsec W((s€Aandw ~; 5) = s € B)}

=weW :¥VseWw~ s=>G5cA=>seB)={we W :Vse Wi(w ~; s = (s € (W —A)ors € B)}
=weW:VseWo'w~; s= s (W' —A)UB)} = K(W°-A)UB).

Then, by Definition and A, B € A, we obtain KB = K;(W° — A) U B) € A.

Proposition 10. Given a pseudo-model (WO, A, ~,...,~u |- 1), A € A, and 0 € L_,, we have [0]4 € A.

Proof. The proof is by subformula induction on 6. The base cases and the inductive cases for the Booleans are immediate
(using the conditions in Definition [g).

Case 6 := y°: By the semantics, [¥°]l4 = [¥]wo NA € A, since [Y]lyo € A (by the fact that W' € A and [H), A € A
(by assumption), and A is closed under intersection.

Case 6 := Ky: Note that [Kiylla = {(w € A wf C[Yla} = AN {we W :wt Clyla) (by Deﬁnition
=An{weW’:Vse Wo(se Aandw ~; 5) = s € [¥]l4)}. We then obtain, by CPL and Boolean operations of sets that
[Kylla =An{we W' : Vs e Woi(w ~; s = s € (W° = A) U [¥Tl4)}. Moreover, AN {w e W° : Vs e WoX(w ~; s = s €
(W — A) U [yll)} = AN K((W° — A) U [¥]la) by Definition [8|@]S) (since A € A and [y]l4 € A by IH). Therefore,
[Kiyla = AN K((W° —A) U [y]s) is in A.

Case 6 := Uy: By Definition[§] [Uy]l4 € {0,A} C A.

Case 6 := (p)y: Since A € A, we have [[p]l4 € A (by IH on ¢), and hence [{p)¢]la = [¥ ]y, € A (by the semantics
and IH on y).

To prove the soundness of our axioms, we need the following lemmas:
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Lemma 9. Given a pseudo-model M = (WO, A, ~,...,~n|l- 1), A € Aand 6 € L_, such that w € [0]l4, w €
[Kolls iff we K"™[pllforallpe £ .

Proof. Observe that K,."g"”‘ [ella = K:((W° = [[6]l4) U [pll4) (as in Lemma. Moreover, it’s easy to see that, [K/plla =
K6 - p)lla ={(weA:wtCl0—plal=Anfwe W' :V¥seWiw~ s=s5e (W \[O]U lplla))} (since
[[61l4a € A). We therefore obtain that [[Kf’p]]A = AN K;(W° - [[6]l4) U [e]la) (by Boolean operations of sets and the defn.
of K;). Thus, [K’%Ilx = A N K(W° = [6]1) U llplla) = A N KM [p]ls. Therefore if w € [64 € A, w € [K’plla iff
we KM [pl,.

Lemma 10. Let M = (WO, A, ~, ...~ |- D and M' = (WO, A, ~\,...,~u|l - II') be two pseudo-models and ¢ € Lg
such that M and M’ differ only in the valuation of some finite number of propositional variables pi, ..., p, ¢ P,. Then,
forall A € A, we have I[c,o]]f\"l = [[cp]]f‘w.

Proof. The proof follows by subformula induction on ¢. Let M = (W°, A, ~,...,~u |- [Dand M’ = (WO, A, ~|,..., ~,
,1I-1I") be two pseudo-models such that M and M’ differ only in the valuation of some py, ..., p, € P, andlet A € A. We
want to show that [[<p]]1’4” = [[go]]f;"'. The base cases ¢ := g(¢ P,), ¢ := T, ¢ := 0, and the inductive cases for Booleans are
standard.

Case ¢ = zpo. Note that P¢o = Py. Then, by IH, we have that [[w]]ﬁ‘w = [[w]]j‘“ for every A € A, in particular for
W0 € A. Thus [y} = [y1),. Then, [y12 N A = [¥]%, N A forall A € A. By the semantics of the initial operator on
pseudo-models, we obtain [y = [yIM.

Case ¢ := K;y. Note that Pg,, = P,. Then, by IH, we have that I[;b]]ﬁ" = I[z/z]]ﬁ"’. Observe that I[K,-z//]]ﬁ" ={weA:
wh C WA} and, similarly, [KyT2* = {w € A : w! C [¥]A'}. Then, since [¥]4' = [¥1}", we obtain [Ky ] =
KT}

Case ¢ := Uy. Note that Py, = Py. Then, by IH, we have that [y} ' = [[g[/]]//:" for every A € A. We have two case:
W IFQYIY = [wI}" = A, then [UT}" = A = [UYI}. @) If [w1}" = [v1)' # A, then [UYT)" = U1} = 0.

Case ¢ := (). Note that Py, = Py U P,. By IH, we have [0]4" = [6]}" and [y]1" = [¥]}" for every A € A. By

Proposition we know that [[9]]2” = I[O]]jqw € A. Therefore, in particular, we have [[l//]][’l‘;[]'] = [[1#]];[‘:" - Therefore, by
A A

the semantics of (!) on pseudo-models, we obtain [{F)y1 = |I<9>lﬂ]]2"-

Case ¢ := Oy. Note that Py, = Py. Since the same family of sets A is carried by both models M and M’ and since
(by TH) [yT4" = [y} forall A € A, we get:

oul}’ = Jiw1} : Be A BC AL = Jilwl}' : BeA B CAl= [0yl

Case ¢ := [G]y. Note that PGy, = P,. Then, by (IH), we have that [y/]); "= [[w]]g” for every B € A. In particular,
[y 1}" = [y} for the B’s of the form A N KAC with A, C € A (recall that pseudo-models are closed under K operation
and conjunction, see Deﬁnitionand Lemma. Since the same family of sets A is carried by both models M and M’,
we obtain:

LW = (I} oy s BirieGIC A = WD) 4, ¢ (Bi i€ Gl S A) = IIGWIL"

Proposition 11. The system GALM is sound wrt pseudo-models. Therefore, the system APALM is also sound wrt
pseudo-models.

Proof. The soundness of most of the axioms follows simply by spelling out the semantics. We present here only the
validity of the axioms [!]O-elim, [!][G]-elim, and that the rules [!]O-intro and [!][G]-intro preserve validity:

For the elimination axioms, let M = (W%, A, ~,...,~,.| - ||) be a pseudo-model, A € A, and w € A arbitrarily
chosen:

([']o-elim): Let p € .L_, and suppose (1) w € [[#]0¢]l4 and (2) w € [[OAp]la. We need to show that w € [[@]ljgnp, - As-
sumption (1) means thatif w € [6]l4 then w € [O¢]ljey, - Then, by assumption (2) and since w € [6 A plla € [6]l4, we have

22



w € [O¢lljen, - Thus, by the semantic clause for O, we have w € {u € [0]l4 : forall B€ A € B C [0l4 = u € [¢lls}.
Therefore, for B := [0 A plla C [6]l4 (since by Proposition@ [[6 A plla € A) we have w € [[@lljonpi, -

(['1[G]-elim): Let {p; : i € G} € L_, and suppose (1) w € [[0][Glella and (2) w € [0 A Ajeg Kf’p[]]A. By assumption
(1) and the semantic clause for [G], we have that if w € [#]|4 then forall {B; : i € G} C A, w € II"D]][IH]]Anﬂ- KM By (2)

we have that w € [0]l4 and w € [A;cg Klp:lla- Thus, by (1), we obtain w € II(p]]llﬂﬂmﬂ,-ec K g, = I Do rettoms =
[olyonpseq k¥pi1s BY Proposition and LemmaEI). Thus, by assumption (2), we obtain that w € [0 A Aec Kipil@lla-

([!]o-intro): Suppose F x — [0 A ply and ¢ xy — [6]O¢, where p ¢ P, U Py U P,. The latter means that there
exists a pseudo model M = (W, A, ~|,...,~,,| - ||) such that for some A € A and some w € A, w ¢ [y — [9]|:|<p]];‘w.
Therefore w € [y A =[]0¢]}". Thus we have (1) w € [T} and (2) w € [=[6]0¢]1}". Because of (2), w € [(8)O—=¢]}",
and, by the semantics, w € [[Oﬂgo]]f[\;tﬂ v~ Therefore, applying the semantics of O, we obtain (3) there exists B € A s.t.

A

weBC[01Y cAandw €[]}

Now consider the pre-model M’ = (W°, A, ~1, ..., ~, ||-|I') such that ||p|' :== B and ||g||' = ||gl| for any g # p € Prop.
In order to use Lemma [10] we must show that M’ is a pseudo-model. For this we only need to verify that M’ satisfies
the closure conditions given in Deﬁnition First note that ||p||" := B € A by the construction of M, so ||p||’ € A. For
every g # p, since |lg|l" = ll¢ll and ||g|| € A we have ||lg||" € A. Since A is the same for both M and M’, and M is
a pseudo-model, the rest of the closure conditions are already satisfied for M’. Therefore M’ is a pseudo-model. Now
continuing with our soundness proof, since p ¢ P, U Py U P,, by Lemma , we obtain IL\/]]j,‘w = [[)(]]ﬁ‘“, [[9]]2"' = [[9]]2"
and [-¢]l; "= [[—mp]]j‘w. Since ||p||" = B C [[0]]2’(’ C A we have ||pll = [pl} " Because of (3) we have that w € [[Gl];\w
and w € -]} = [[w]]m]M, = [{p)~¢l". Thus, w € [pI4", sow € [6 A pIA* = 1612 N [pIA* = [p1)" simply

A M

onp1}"

and w € [[—w,o]]{[‘;/A o We obtain that w € [(8 A p)—¢]}" and w € [x]}" . Therefore w € [x A (8 A p)~]I¥", which
Plix

contradicts the validity of y — [6 A ple.

because [[pr c [[0]];\‘4’. Since w € [[ﬂga]];[‘;;] A We obtain w € [-¢]] . Putting everything together, w € [0 A p]]j\w
A

(['][G]-intro): Suppose E ¥ — [0 A Aie Kf’p,-](p and ¢ y — [0][Gle where p; ¢ P, U Py U P,. The latter means
that there exists a pseudo model M = (W, A, ~1,...,~,, | - |) such that for some A € A and some w € A, w & [y —
[61[Glel}". Therefore w € [y A =[01[Glell}". Thus we have (1) w € [¥]}", and (2) w € [=[6][G]p]}'. Item (2) means
w € I[(H)(G)—'go]]ﬁ". Then, by the semantics of (!), we have w € [[<G>"‘P]]f[\2ﬂm- Therefore by the semantics of (G) we

A

obtain: (3) there exists {B; : i € G} C As.t.w € I[—m,o]]M M-
191 0 NieG K,-“ Mg,

Now consider the pre-model M’ = (W°, A, ~1, ..., ~,|I-|I') such that ||p;||' = B; and ||gl|" = ||g|| for any ¢ # p; € Prop
for all i € G. Observe that since [[6]la4 € A, by Boolean operations of sets we obtain that Kl.[[e]]*‘ (AN B) = K,.[[g]]*‘ B;. In
order to use Lemma |10| we must show that M’ is a pseudo-model as in the soundness proof of [!]O-intro. First note that
for every g # p;, since ||g|I" = |lgl| and ||g]| € A, we have ||g||' € A. Moreover, since for every i € G, ||pi||' = B; € A, we
conclude that M’ satisfies Deﬁnition@m Since A is the same for both M and M’, and M is a pseudo model, the rest of
the closure conditions are satisfied already. Therefore M’ is a pseudo model. Now continuing with our soundness proof,
given that p; ¢ P, U Py U P, foralli € G, by Lemma we obtain [[,\/]]zw = [[,\/]]j:’[ and [[9]]j‘w = [[9]]2". We moreover
have that

M M M M
[l n = [l wo = el w o = [el v
M 160y M LA M oy M oIy
101 Nieg K; A Bi 01 i K; 4 B 161" nieg K; 4 il o0} nNieg K; 4 Anllpill)
by the above observation. And by Lemma[J] we obtain
M M M
=l . top? ==l " oM T [I_'(p]][[%/\-ec KepaM”

615" N K; 4 (Anlipill’) o1y NN K; A Wpill}") e TitTA

M )
16A Aiec K pilly"
that w € [y A (0 A Nieg Kfp,-)—-cp]]ﬁ”/, contradicting the validity of ¥ — [0 A A K? pile. Therefore, | x — [01[Glep.

Therefore, w € [—¢]l Le.,we [0 A ANicg Kf’pi)—'go]]ﬁ’[’. Since we also have that w € [[/ﬂ]/w, we conclude
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Definition 9 (Standard Pre-model). A pre-model M = (W°, A, ~1,...,~n, || - |I) is standard if and only if A = {[6]yo :
0e L o}

Proposition 12. Every standard pre-model is a pseudo-model.

Proof. Let M= (W, A, ~,...,~,,|-|I) be a standard pre-model. This implies that A = {[@]0 : 6 € L_}. We need to
show that M satisfies the closure conditions given in Deﬁnition@ Conditions (1)) and @) are immediate.

For : let A € A. Since M is a standard pre-model, we know that A = [[6]]0 for some 6 € L_,,. Since 6 € L_,,, we
have -6 € L_,, thus, [-6]y0 € A. Observe that [-8] 0 = W° — [f]l0, thus, we obtain W' — A € A.

For (E[): let A, B € A. Since M is a standard pre-model, A = [6,]ly0 and B = [6;]l0 for some 6,6, € L_,. Since
01,0, € L_,wehave ) A6, € L_, thus, [0; A 6;]ly0 € A. Observe that [[6; A O ]lywo = [611yo N [621yw0 = AN B, thus,
we obtain A N B € A.

For : let A € A. Since M is a standard pre-model, A = [0]y0 for some § € L . Since § € L_,, we have
K0 € L_, thus, [K;8]0 € A. Observe that [K;f]yo = {w e W0 : Vs e Wo(w ~; s = s € [0]y0)} = Ki[[6]ly0, thus, we
obtain K;A € A.

Equivalence between the standard pseudo-models and announcement models. For Proposition [[3] only, we use the
notation [[zp]]f"s to refer to pseudo-model semantics (as in Deﬁnition and use [[¢]] o to refer to the semantics on a-models
(as in Definition 3).

The proof of Proposition [[3]needs the following lemmas.
Lemma 11. The sentence (Ki(¢ — ¥))° & Ki(Ki(@ — ¥))° is valid on pseudo-models.

Proof. We only prove the direction from left-to-right since the direction from right-to-left is an instance of the T-axiom
for K;. Let M = (WO, A, ~\,...,~u |l - ) be a pseudo-model, A € A, and w € A such that w € [(K;(¢ — ¥))°]4. This
means, by the semantics of , that w € [Ki(¢ — ¥)llyo N A. Let v € A such that w ~; v, that is, v € w?. Since ~; is
transitive and w € [K;(¢ — ¢¥)]lyo, we obtain that v € [K;(¢ — ¥)]lyo. Moreover, by the assumption, we have v € A.
Therefore, v € [Ki(¢ — ¥)]lyo N A, that is, v € [(Ki(¢ — #))°]l4. As v has been chosen arbitrarily from W?9 we obtain
that w! C [(Ki(p — ¢))°Ta, i.e., that w € [K(Ki(p — ¢))°Ta.

Lemma 12. Let M = (WO, A, ~,...,~u, | - ||) be a standard pseudo-model, A € A and ¢ € L. Then we have the
following:

1. [O¢lla = UIIKO¢la : 0 € L o},
2. [{G)plla = Ul Aieg Kibidella : {6i 1 i€ G} € L o}

Proof.

1. For (©): Letw € [O¢ll4. Then, by the semantics of ¢ in pseudo-models, there exists some B € A suchthatw e BC A
and w € [[¢]l. Since M is standard, we know that A = [y]l0 and B = [x ]l for some ¢, xy € L_.,. Moreover, since
B = [xllyo € A = [¥liyo, we have B = [xlwo N [¥Dwo = Ix°Tuwno = [x°Da, and so w € [@lls = [glyoy, =
[x"¢lla € U0 : 6 € L o).
For (2): Let w € U{[[{O)¢ll4 : 0 € L_,}. Then we have w € [(0)¢lla = [¢lljey,, for some 6 € L_,,. Moreover, since
[0]l4 € A (by Proposition@) and [[6]l4 € A (by Observation E), it follows that w € [O¢]l4 (by the semantics of ¢ in
pseudo-models).

2. For (©): Let w € [{(G)¢ll4. Then, by Definition , we have w € [l 40N, KAB; for some {B; : i € G} C A. Since M is
a standard pseudo-model, we know that each B; = [[p;]lyo and A = [y/]lyo for some p;, ¥ € L_,,. Thus,

w € [[¢]l = [ellwn,onnicotsiw—pinyo = Lelwa,0nAes Kiw—polyo

(2]
WlyonNiec K; 7 Toillyo

by LemmaJ]and the semantics. By the semantics of 0 and Lemma TT] we obtain

[ Tnwn,0ninies Kiw—ptyo = IPTiA K- = [PT1Ae KiKiw—p 014 -

Thus, for 6; := (K;(y — p))°, w € [elipie kioma = [{Aieg Kifd@lla. For (2): Let {6; : i € G} € L_,, such that
w € [@llipwe ko1, - Note that [Aeg Kibilla = NiclKifilla = A N Nieg K2 16:]14- Since M is a standard pseudo-
model, we know that B; := [[6;]l4 € A for every i € G and by our initial assumption w € [[¢]] A e KATOfT,» SO WE
obtain w € [(G)¢]la-
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Proposition 13.

1. For every standard pseudo-model M = (W°, A, ~\,...,~n || - ||) and every non-empty set A € A, we denote by M,
the model My = (WO, A, ~1,...,~u |l - ). Then:
(a) Forevery ¢ € Lg, we have [¢llm, = [[cp]]f;s.
(b) My is an a-model.

2. For every a-model M = (WO, W, ~,...,~u |l - |I), we denote by M’ the pre-model M’ = (WO, A, ~1,...,~u |- D
where A = {[0llyp : 0 € L_o}. Then
(a) M’ is a standard pseudo-model.
(b) Forevery ¢ € Lg, we have [¢lIlm = IIQD]]’VJVS.

Proof. See Appendix[A4]

Corollary 2. Validity on standard pseudo-models coincides with validity on the a-models.

Proof. This is a straightforward consequence of Proposition[T3]

Corollary 3. The system GALM is sound wrt a-models. Moreover, the system APALM is sound wrt a-models.
Proof. Follows immediately from Proposition[[T]and Corollary [2]

It is important to note that the equivalence between standard pseudo-models and a-models (given by Proposition
[[3] above, and underlying our soundness result) is not trivial (the proof is in Appendix [A:4). It relies in particular on
the equivalence between the effort modality and the arbitrary announcement operator O (see Lemma @m}, and on the
equivalence between the purely syntactic and purely semantic descriptions of the group announcement operator [G] on
standard pseudo models (see Lemma [T2]2). In turn, the equivalences between these operators hold only because our
models and language retain the memory of the initial situation, i.e., having W° in a-models and in pseudo-models, and
having the operators 0 and ° in the language L. Note that the most important steps in the proof of Lemma [12| make
necessary use of the operator °. Hence, a similar equivalence of models fails for the original, memory lacking, APAL and
GAL.

5 Completeness

In this section we prove the completeness of GALM and APALM. First, we show completeness with respect to pseudo-
models, via an innovative modification of the standard canonical model construction. This is based on a method previously
used in [L1]], that makes an essential use of the finitary O and [G]-introduction rules, by requiring our canonical theories
T to be (not only maximally consistent, but also) “witnessed”. Roughly speaking, a theory T is witnessed if: every <o
occurring in every “existential context” in 7' is witnessed by some atomic formula p, meaning that (p)¢ occurs in the same
existential context in 7', and for every (G)¢ occurring in every “existential context” in T is witnessed by some formula
Niec Kipi, meaning that (A,.cK;p;)¢ occurs in the same existential context in 7. Our canonical pre-model will consist
of all initial, maximally consistent, witnessed theories (where a theory is ‘initial’ if it contains the formula 0). A Truth
Lemma is proved, as usual. Completeness for (both pseudo-models and) a-models follows from the observation that our
canonical pre-model is standard, hence it is (a standard pseudo-model, and thus) equivalent to a genuine a-model.

We now proceed with the details. The appropriate notion of “existential context” is represented by possibility forms,
in the following sense.

Definition 10 (Necessity forms and possibility forms). For any finite string s € ({°} U {p— | ¢ € L} U(K; 1 i €
ALU{UL U {p | p € L o})* = NF, we define pseudo-modalities [s] and (s). These pseudo-modalities are functions
mapping any formula ¢ € Lg to another formula [s]e € L (necessity form), respectively (s)¢ € L (possibility form).
The necessity forms are defined recursively as [€lo = ¢, 5,010 = [s1¢, [s,¥—]e = [s10 = @), [s, Kl = [s1Kip,
Ls, Ule = [s]Ue, [s,ple = [sllple, where € is the empty string. For possibility forms, we set {(s)¢ := —[s]-.
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Example: [K;, ¢°, &p—,0, U] is a pseudo-modality such that [K;, ¢°, Op—,0, Ulp = Ki(Op — [0]U¢)°.

Definition 11 (Theories: witnessed, initial, maximal). A theory I is a consistent set of formulas in L wrt the ax-
iomatization of GALM, that is, ' C L such that I' ¥ L. A formula ¢ is consistent with I" if I' U {¢} is consistent
(or, equivalently, if I’ ¥ —p). A maximal theory is a theory I that is maximal with respect to C among all theories; in
other words, I' cannot be extended to another theory. A witnessed theory is a theory I' such that, for every s € NF and
v € Lg, (1) if (s)O¢ is consistent with I then there is p € Prop such that (s){p)¢ is consistent with I" (or equivalently:
if ' v [s]lpl—e for all p € Prop, then I' + [s]O-¢) and (2) for every G C AG, if (s){G)y is consistent with I" then there
is {p; : i € G} C Prop such that (s){NicgKip:)p is consistent with I'. A theory I' is called initial if 0 € I'. A maximal
witnessed theory I is a witnessed theory that is not a proper subset of any witnessed theory. A maximal witnessed initial
theory I is a maximal witnessed theory such that 0 € I'.

Lemma 13. For every s € NF, there exist formulas 6 € L_o and y € Lg, with Py, U Py C Py, such that for all ¢ € Lg,
we have
Fsle iff F iy — [6le.

Proof. See Appendix [A3]
Lemma 14. The following rules are derivable in GALM:

1. if v [sllple then v [s]0p, where p ¢ P, U P,
2. if v [sl[Aicg Kipilp then + [s][Gle, where p; & Py U P,.

Proof. For (1), suppose + [s][ple. Then, by Lemma[T3] there exist 6 € L_, and ¢ € Lg such that - ¢ — [6][ple. By the
auxiliary reduction in Proposition2J[T3] we get + ¢ — [0 A ple. By the construction of the formulas y and 6, we know that
P, UPyC Py, andso p ¢ Py, UPyU P,. Therefore, by ([!]0-intro), we have + ¢ — [#]0¢p. Applying again Lemma@ we
obtain +- [s]0¢. The proof of (2) goes in a similar way as the one before given that (%) [1[Aiec Kipile © [0A Nieg KU pilp
is derivable in GALM (by using the appropriate reduction axioms and RE). Let s € NF? such that + [s][ A Kipile
where p; ¢ P, U P,. Then, by Lemma @ we obtain that + y — [0][Aicg Kipile. Therefore, by (%), we have that
Fx = [0A Aieg Kf’pi]ga. By the [!][G]-intro rule we then obtain + y — [0][G]e. Again by Lemma we get + [s][G]ep.

Lemma 15. For every maximal witnessed theory I', and every formula ¢,y € Lg,

1. T'roiffeel 4. 9eland o — ¢ € I'impliesy €I
2. p¢liff~pel,
3. onyeliffeelandy €T, 5. GALM CTT.

Proof. The proof is standard. We prove only item @: suppose GALM ¢ I'. This means that there is a sentence ¥ € L
such that y € GALM but y ¢ I'. The former means that + , thus, I" + . Items @) and (I) implies that if ¢ I' then
I' + —y, contradicting consistency of 1.

Lemma 16. For every I’ C Lg, if I is a theory and I" ¥ —¢ for some ¢ € Lg, then I' U {¢} is a theory. Moreover, if I is
witnessed, then I' U {¢} is also witnessed.

Proof. The proof of the first claim is standard. We only prove the second claim. Suppose that I" is witnessed but 1" U {¢}
is not witnessed. By the previous statement, we know that I" U {¢} is consistent. Since I" U {¢} is not witnessed, it violates
either (1) or (2) in Deﬁnition First suppose I" U {¢} does not satisty (1), that is, there is s € NF and y € L; such that
I" U {¢} is consistent with (s)Oy but I U {¢} F —(s){p)¢ for all p € Prop. This implies that I" U {¢} + [s][p]—-y for all
p € Prop. Therefore, I' + ¢ — [s][p]—y for all p € Prop. Note that ¢ — [s][p]l-¢ = [¢ —, s][p]-¥, and [¢p—, s] € NF'.
We thus have I" + [¢ —, s][p]—y for all p € Prop. Since I is witnessed, we obtain I" + [¢ —, s]O0—. By unraveling
the necessity form [p—, 5], we get I + ¢ — [s]O—y, thus, I" U {¢} + [s]O, i.e., I" U {p} F =~(s)OY, contradicting the
assumption that I"U{¢} is consistent with (s)Oy. Now suppose I"U{p} does not satisfy (2). This means that there is s € NF
and ¢ € L such that for some group G C A, the set I" U {¢} is consistent with (s){G)¢ but I" U {¢} F ~(s)}{ N\icg KiD:)¥
for all {p; : i € G} € Prop. This implies that I" U {¢} + [s][Aiec Kipi]-¢ for all {p; : i € G} € Prop. Therefore,
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't ¢ = [sI[Aieg Kipil=y for all {p; : i € G} C Prop. Note that ¢ — [s][ ;g Kipil=¢ = [¢ —., sl[Aieg Kipil=, and
[¢p—,s] € NF. We thus have I" + [¢ —, s][Ajec Kipi]—y for all {p; : i € G} € Prop. Since I' is witnessed, we obtain
I + [¢ —, s][G]-y. By unraveling the necessity form [p—, 5], we get I' + ¢ — [s][G]—, thus, I" U {¢} + [s][G]-y,
ie., I' U {p} F ~(s){G)¢, contradicting the assumption that I" U {¢} is consistent with (s)(G)y. Altogether we obtain that
I' U {¢} is a witnessed theory.

Lemma 17. If {[";};ay is an increasing chain of theories such that I'; C I'i.1, then \J ey Iy is a theory.

Proof. Let {I';};an be an increasing chain of theories with I'; C I';;; and suppose, toward contradiction, that | ey I 1S
not a theory, i.e., suppose that | ), I, + L. This means that there exists a finite 4 C |J, I such that 4 + L. Then,
since | J,en I 18 @ union of an increasing chain of theories, there is some m € N such that 4 C I',,. Therefore, I',, + L
contradicting the fact that I',, is a theory. Hence, |, I is a theory.

Lemma 18. For every maximal witnessed theory T, both {6 € L : K;0 € T} and {0 € L; : U € T} are witnessed
theories.

Proof. Observe that, by axiom (Tk,), {# € L; : K6 € T} C T. Therefore, as T is consistent, the set {§ € L; : K6 €
T} is consistent. Let s € NF, ¢ € L, and G C AG such that {§ € L; : K8 € T} + [s][p]-e for all p € Prop
and {6 € Lg : K € T} + [sl[\jg Kipil—y for all {p; : i € G} C Prop. By normality of K;, T + K;[s][p]-¢
for all p € Prop and T + Ki[s][Ajec Kipi1—y for all {p; : i € G} € Prop . Since K;[s][pl-¢ = [Ki, sl[p]-¢ and
Kilsl[ Nieg Kipil—¥ = [K;, sll[\ieg Kipi]—¢ are necessity forms and T is witnessed, we obtain 7 + [K;, s]O0—¢ and
T + [K;, sG], ie., T + Ki[slo-g and T + K;[s][G]—-¢. As T is maximal, we have K;[s]Oo—-¢ € T and K,[s][G]-p € T,
thus [s]O-¢ € {6 € L | K0 € T} and [5s][G]-¢ € {6 € L | K;6 € T}. The proof for {6 € L : UO € T} follows similarly.

Lemma 19 (Lindenbaum’s Lemma). Every witnessed theory I can be extended to a maximal witnessed theory Tr.

Proof. See Appendix[AZ3]

Lemma 20 (Extension Lemma). For any 6 € Lg, if {0, 6} is a theory then there is a maximal witnessed initial theory I’
such that {0,0} C I

Proof. See Appendix[A.3]
To define our canonical pseudo-model, we first put, for all maximal witnessed theories 7', S and for every i € AG:
T~y S iff Yoe L(Up e T implies ¢ € S), and
T~ S iff Voe Ls(KipeT implies p € S).
Lemma 21. For everyi e AG, ~; € ~y.

Proof. Leti € AG, let T and S be maximal witnessed theories such that T ~; S. Towards contradiction, suppose that
T ~y S is not the case. From the former we have that Yo € L (Kip € T implies ¢ € S). From the latter, we have that
there is y € L suchthat Uy € T and ¢ ¢ S. Since - Uy — K and T is a maximal witnessed theory, Uy — K € T.
Therefore Ky € T and ¢ ¢ S, contradicting that 7" ~; S.

Definition 12 (Canonical Pre-Model). Given a maximal witnessed initial theory T, the canonical pre-model for T is
a tuple M = (W, A, ~S, ...~ |- | such that:

- Wwe =A{T : T is a maximal witnessed theory such that Ty ~y T},
- A={0 : 0€ L Y wherep={T € W° : p €T} forany ¢ € Lg,
— for every i € AG we define:

~ =~ N(WE X WO).

i

= lipllc ={T e We : peT}=D.
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As usual, it is easy to see (given the S5 axioms for K; and for U) that ~y and ~{ are equivalence relations.
To prove that the canonical pre-model is indeed a pseudo-model, we first need to prove the truth lemma. For that we
need the following lemmas.

Lemma 22 (Existence Lemma for ~). Let T be a maximal witnessed theory, @ € L_, and ¢ € Lg such that « € T
and Ula)e ¢ T. Then, there is a maximal witnessed theory S such thatT ~y S, a € S and [a]p ¢ S.

Proof. Leta € L_sand ¢ € L suchthat@ € T and Ula]y ¢ T. The latter implies that {yy € L : Uy € T} ¥ [a]e, hence,
{y € Ls: Uy € T} ¥ =—[ale. Then, by Lemmas@and@ we obtain that {iy € L : Uy € T} U {=[a]ep} is a witnessed
theory. Note that - ~[a]p < (aAla]-p) (see Proposition|Z|E|). We therefore obtain that {¢y € L : Uy € T}U{=[a]p} + a,
thus, { € L; : Uy € T} U {=[ale} ¥ —a (since {y € L : Uy € T} U {=[a]p} is consistent). Therefore, by Lemma@
{y € Ls: Uy € T}U {—[ale} U {a} is also a witnessed theory. We can then apply Lindenbaum’s Lemma (Lemma@)
and extend it to a maximal witnessed theory S suchthat S ~y T, @ € S, and [e]p ¢ S.

Corollary 4. For ¢ € Lg, we have l’]?a = W¢eifg = W< and (/Jtp = 0 otherwise.

Proof. If ¢ = W¢, suppose 177,0 # W¢. The latter means that there is a T € W¢ such that Uy ¢ T. Then, by Lemma
(when @ := T), there is a maximal witnessed theory S such that 7 ~y S and ¢ ¢ S. Since Ty ~y T ~y S and ~y is
transitive, we have Ty ~y S, thus, S € W¢. Therefore,  # W¢, contradicting the initial assumption. If ¢ # W¢, then
thereisa 7 € W¢suchthat ¢ ¢ T. Since T ~y S for all S € W¢, we obtain by the definition of ~; that Up ¢ S for all
S € W¢. Therefore, @ =0.

Lemma 23 (Existence Lemma for ~;). Let T be a maximal witnessed theory, a € L_, and ¢ € L such that « € T and
Kilalp ¢ T. Then, there is a maximal witnessed theory S such thatT ~; S, € S, and [a]p ¢ S.

Proof. Leta € L_ and ¢ € L such that @ € T and K;[a]p ¢ T. The latter implies that { € L : Ky € T} ¥ [ale,
hence, (¢ € L; : Kiy € T} ¥ ==[a]e. Then, by Lemmas [T6] and [T8] we obtain that {y € L : Ky € T} U {=[ale} is
a witnessed theory. Note that + —[a]y & (@ A [a]—¢) (see Proposition |Z|E[) We therefore obtain that {y € L; : Ky €
TYU{-[ale} F a, thus, {y € Ls : Ky € TYU{=[aly} ¥ —a (since {y € L : Ky € TU{=[a]y} is consistent). Therefore,
by Lemma@, (e Ls: Ky eT}u{-[alp}U {a}is also a witnessed theory. We can then apply Lindenbaum’s Lemma
(Lemma([T9) and extend it to a maximal witnessed theory S suchthat S ~; T,a €S, and [e]o ¢ S.

Corollary 5. Let Ty be a maximal witnessed initial theory and M = (W, A°,~{, ..., ~, |l - ) be the canonical pre-
model for Ty. For all T e M, a € L_ and ¢ € Lg, if @ € T and K;[a]p € T then there is a maximal witnessed theory
S eWesuchthatT ~{ S, a €S and [a]p & S.

Proof. LetT € M, leta € L_, and ¢ € L be such that @ € T and K;[a]p ¢ T. By Lemma 23] there is a maximal
witnessed theory S such that 7 ~; S, @ € S and [a]y ¢ S. By Lemma@ T ~y S. Since Ty ~y T, by transitivity of ~;
we have Ty ~y S. Therefore § € Weandso T ~¢ S.

Lemma 24. Every element T € W is an initial theory (i.e. 0 € T).

Proof. Let T € W¢. By the construction of W¢, we have Ty ~y T. Since 0 — UOQ is an axiom and T is maximal,
(0 — U0) € Ty. Thus, since 0 € Ty, we obtain U0 € T, (by Lemma [T5]d). Therefore, by the definition of ~; and since
To ~y T,wehave that0 e T.

Corollary 6. Forall ¢ € LY, we have g = .

Proof. Since 0 € T for all T € W¢, we obtain by axiom (0-eq) that ¢ < ¢° € T for all T € W¢. Therefore, ¢ = JO‘

Lemma 25 (Truth Lemma). Let N¢ = (W€, A, ~{s oovy ™, VO) be the canonical pre-model for some Ty and ¢ € L.
Then, for all @ € L_, we have [¢llz = {a)e.
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Proof. The proof is by <-induction on ¢, using the following induction hypothesis (IH): for all ¢ < ¢, we have [y]lz =
(ay forall @ € L_,.

Base case ¢ := p. Then [plls = lplF N@=pNa =pAa = {a)p, by Defn the defn. of || - ||, R,,, and Proposition
213!

Base case ¢ := T. Then [T]lz =@ = (EF, by Defn and the fact that + @ & (@)T.

Base case ¢ := 0. Then [O]l; = W¢ if @ = W¢, and [[0]]z = 0 otherwise. Also, (71/)\0 =0AUa=0nUa=Ua (by
Propositionsand Lemma. By Corollary Ua = Weif@ = W¢, and Ua = 0 otherwise. So [0z = (E>\O.

Case ¢ := —y. Then we have: T € [z iff T e @vand T ¢ [yl if T e @and T ¢ (E}Tb (by IH) iff T € @ and
T e m iff T e m// iff T e (a/):p (by the definition of [a]y and Prop. .

Case ¢ := iy A y. First observe that - (@)(f A ) < (@) A {a)y), which can easily be derived from Propositions|Z|E|
and 2] [T4] We then have: - - S S

TellwnAxlgif T ellyllgand T € [xlziff T € (@) and T € (a)y (by IH) iff T € (o) A )y iff T € (@)(yy A x)
(by the above theorem).

Case ¢ := y°. First note that [y°Tlz = @ N [ ]we (by Definition [7) = @ N [¥]+ (since T = W) = @ Ny (by IH
on [yl and by R[T) =a N :/70 (by Corollary El) By ) in Propositionand R is easy to see that W) =an 1’//\0
Therefore, [/°]z = W .

Case ¢ := K.

(=) Suppose T € [[K;y]lz. This means, by Deﬁnition that T € @ and T,f‘; C [y ]lz. We need to show that T € m.
Since + (@)K & a A K;[a]y, we therefore only need to show that T e @ and T € m. We already know the former,
so we just need to prove the latter. Towards contradiction, suppose T ¢ m. By Corollary there is § € W¢ such that
T~{S,a€S,and [a]y ¢ S. Since - ()¢ — [a]y, we have that {(a) ¢ S. Thus, S ¢ (E)Tb. By IH, S ¢ [¥]lz whichis a
contradiction since T}A’ C [¥]ls- Therefore, T € m.

(<) Suppose T € m, ie., (a)Kyy € T. Since + ()Kyy < a A Ki[aly, we th/ere\fore know that @ € T and
K;[a]y € T. We need to show that T € [Ki¢/]lz. Let S € @ such that T ~¢ §.Since T € Ki[aly, [a]y € S. Since a € S,

(ayp € S. This implies, by IH, that S € []ls. Since this holds for all S € @ such that T ~¢ S, we have that 7% C [y]lz
and, thus, T € [Kiy]ls.

Case ¢ := Uy. Follows similarly to the case for K; using + (@)Uy < a A Ula]y and LemmalZZlfor U.

Case ¢ := (y). We will use the fact that + (@){(x)¥ & (a)x)¥ (by Rpy).

T € [Tz iff T € Ills and T € [ylig, (by Deﬁnition iff 7 € {a)yand T € W15 (by TH on [yT) iff
T € (ay)y (by IHon [yl —~).

(@

Case ¢ 1= QY.

(=) Suppose T € [¢y]lg. This means, by Deﬁnition that @ € T and there exists B € A such that T € B C @ and
T € [¥]s (see Observation . By the construction of A, we know that B = 9 for some 6 € L_. Therefore, T € [¥]5
means that T € [y]l;. Moreover, since @ C @ and, thus, 0 =@ N = a//\\G, we obtain T € [[w]]a//\\g. By Lemma we

have ¥ < Oy. Therefore, by IH, we obtain T € (m. Then, by axiom ([!]O-elim) and the fact that 7' is maximal, we
conclude that T € m.

(<) Suppose T € m, i.e., (@)Oy € T. Then, since T is a maximal witnessed theory, there is p € Prop such that
(a)p € T.By Lemma@@ we know that (p) < Oy. Thus, by IH on (p)y, we obtain that T € [{p)y]lz. This means, by
Definition [7|and Observation , that T € [y]ly,y, S [plls. Since p < Oy, by IH on p, we obtain that [pllz = @7 cua.
By the construction of A¢, we moreover have @J € A°. Therefore, as T € [¥] @ and (Eﬁ) Ca,by Deﬁnition we
conclude that 7' € [Oy]lz.

Case ¢ 1= (G
(=) Suppose T € [(GW]z. This means by Definition [7| that T € @ and there exists {B; : i € G} € A° such
that T € [[y] . By the construction of A° we know that for all i € G, B; = 6; for some 6; € L_. Therefore

T € [Y¥lznn,,; 75 - 1t suffices to show that: @NNieg K?a = a A i K['6;. First we need to show that K?a = @ Note

@NieG Ki' Bi
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that K%6; = Ki(@ — 6;) = Ki(a — 6;) and K6, = Ki(a — 6,). For (C): Let T € K%, then forall S ~; T, S € a@ — 6,.
Therefore T € m) andso T € I?,“\G, For (Q): LetT € I?;'\Gi, this means that K;(w — 6;) € T. Thus forall S ~; T,
a — 6; € S. Therefore T € Kl‘ﬁfH\, Using this, it is easy to see that @ N (e K?@ = ami. We then obtain that
T e [[z//]]ami. Since ¢ < (G)¢¥, by LH. we have that T € (mz//. Thus (@ A N\ K0 € T. By
(['][G]-elim) we have (@){(G)¥y € T.

(<) Suppose T € m//, i.e., (a){G)y € T. Since T is a maximal witnessed theory, there is {p; : i € G} € Prop
such that (@){\,cc Kipiyy € T. By Lemma|§|E|, we know that (A ;.c Kipi)¥ < (G). Thus, by IH on (A ;g Kipi)¥, we

obtain that T € [{A;cq Kipi)¥]lz. This means, by Deﬁnition that T € [¥llgp 6 kipil- BY TH on Ajeq Kipi, we obtain
that 7" € [[y] (ﬁ . By Proposition and the reduction axioms (Rg;) and (R)), it is easy to see that the formula
@) J\ieG KiPDi

(@) Nieg Kipi © @ A N\ K} pi is derivable in GALM. Therefore,

@y o kin = Wham Ng K = Wenna i

Thus T € [[¢] . Since B; := p; € A° for every i € G, we obtain that T € [{G)¥]l5.

@ ieG K7 Pi
Corollary 7. The canonical pre-model M is standard (and hence a pseudo-model).
Proof. A°=1{0:0€ Lo} ={(T)0:0€ Lo} =1{l0lF:0€Lo}= ([0 :0€Lo)
Lemma 26. For every ¢ € Lg, if ¢ is consistent then {0, O} is an initial theory.

Proof. Let ¢ € Lg s.t. ¢ ¥ L. By the Equivalences with © in Table |1} we have + 1° & (p A =p)° & (p° A =p°) &
(p A =p) & L. Therefore, -  — 1 iff - ¢ — L for all € L. Then, by Proposition [2l13] we obtain ¢ — L iff
F(OAQCp)— L. Since p ¥ L, we have 0 A O ¥ L, i.e., {0, Oy} is a theory. Since 0 € {0, O¢}, it is an initial one.

Corollary 8. GALM is complete with respect to standard pseudo models.

Proof. Let ¢ be a consistent formula. By Lemma@ {0, O} is an initial theory. Then, by Extension Lemma (Lemma@),
there is a maximal witnessed initial theory T such that {0, Oy} C T,. We can then construct the canonical pseudo-model
M for Ty. Since Gp € Ty and T is witnessed, there exists p € Prop such that (p)¢ € T(. By Truth Lemma (applied to
a = p), we get Ty € [[¢ll;. Hence, ¢ is satisfied at T in the set P € A

Theorem 3. APALM is complete with respect to standard pseudo models.

The completeness proof for APALM with respect to standard pseudo models is obtained by following the same
steps in the completeness proof of GALM without the parts required for the operator (G). This involves, for example,
defining the witnessed theories only with respect to ¢ and modifying the auxiliary lemmas accordingly. A reference to
the completeness proof of APALM is omitted for the purpose of blind reviewing.

Corollary 9. GALM is complete with respect to a-models. Moreover, APALM is complete with respect to a-models.

Proof. GALM completeness follows immediately from Corollaries [8|and [J} APALM completeness follows from Theo-
rem [3|and Corollary 2]

6 Conclusions and Future Work

This paper solves the open question of finding a strong variant of APAL and GAL that is recursively axiomatizable. Our
system APALM is inspired by our analysis of Kuijer’s counterexample [23]], which lead us to add to APAL a ‘memory’ of
the initial situation. We then used similar methods to obtain a recursive axiomatization for the memory-enhanced variant
GALM of GAL. The soundness and completeness proofs crucially rely on a Subset Space-like semantics and on the
equivalence between the effort modality and the arbitrary announcement modality (and on the equivalence between their
[G] counterparts), thus revealing the strong link between these two formalisms.
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We just want to note again that the problems with finding a recursive axiomatization apply to many other variants
of APAL and GAL. As far as we know, there is no complete axiomatization for Coalition Announcement Logic (CAL)
introduced in [2], though an extension of it (subsuming both GAL and CAL) was completely axiomatized in [21] using
infinitary rules. But no recursive axiomatization is known for GAL, CAL, or any of their extensions [2132|3[4]. In contrast,
in this paper we showed that the memory-enhanced version of CAL is embeddable in the (recursively axiomatized)
GALM. We believe that our methods could also be used to provide a direct recursive axiomatization of CALM (the
memory-enhanced variant of CAL), but we leave this for future work. Another open question is to elucidate whether
GALM and CALM are equally expressive. In the memory-free case, [19] provided a counterexample: there exists a
property expressible in GAL that is not expressible in CAL. Is that still the case for the memory-enhanced versions? We
leave this problem for future research as well.

A further comment is on the connection of our logic with the yesterday operator. The limited form of memory
provided by APALM is in fact enough to ‘simulate’ the yesterday operator Y¢ on any given model, by using context-
dependent formulas. For instance, the dialogue in Cheryl’s birthday puzzle (Albert: “I don’t know when Cheryl’s birthday
is, but I know that Bernard doesn’t know it either”; Bernard: “At first I didn’t know when Cheryl!’s birthday is, but I know
now”’; Albert: “Now I also know”), can be simulated by the following sequence of announcements{?} first, the formula
0 A =K,c A K,~K,c is announced (where 0 marks the fact that this is the first announcement), then (=K,c)° A Kpc is
announced, and finally K,c is announced.

For another example: if instead we change the story so that the third announcement (by Albert) is “I knew you
knew it (just before you said so)”, then the last step of this alternative scenario corresponds to announcing the formula
([0 A =K,c A K,~K,c]K,K,,c)’ (saying that, just after the first announcement but before the second, Albert knew that
Bernard knew the birthday). This shows how the logic can simulate the use of any (iterated) Y’s in concrete examples,
although at the cost of repeating the relevant part of history inside the announcement in order to mark the exact time when
the announced formula was meant to be true.

Therefore, APALM combines in a way the expressivity and advantages of APAL with some of the expressivity of
TPAL (the extension of PAL with the yesterday operator, introduced in [28l27]]), without any of “defects” of either of
them: unlike APAL, it has a natural, straightforward recursive axiomatization, with intuitive axioms and rules; unlike
TPAL, its semantics is not computationally much more demanding than the one of basic epistemic logic: instead of
keeping track of a growing and unbounded number of past Kripke models, APALM keeps only the initial model and
the current one. Nevertheless, a more systematic treatment of the yesterday operator on (a version of) our announcement
models and its connection to arbitrary and group announcements deserves a closer look. Yet another line of further work
concerns other meta-logical properties, such as decidability and complexity, of APALM and GALM.
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A Appendix

A.1 Definition of the complexity measure for the Proofs of Lemmas|T]and [6]

In some of our inductive proofs, we need a complexity measure on formulas that is different from the standard one based
on subformula complexity. The standard notion requires only that formulas are more complex than their subformulas,
while we also need that Gy and (G)¢ are more complex than (f)¢ for all 6§ € L_,,. To the best of our knowledge, such a
complexity measure was first introduced in [5] for the original APAL language from [6]. A similar measure is also used
in [7]] and has later been introduced for topological versions of APAL in [37I38|11]]. Definitions below are given for our
largest language L. Their counterparts for L are obtained simply by eliminating the clauses for (G)¢.

Definition 13 (Subformula). Given a formula ¢ € Lg, the set S ub(p) of subformulas of ¢ is recursively defined as

Sub(p) ={¢} ifpisp, Tor0,

Sub(=p) = Sub(p) U {—¢} Sub(p N) = Sub(p) U Sub(y) U {p A ¢}
Sub(¢’) = Sub(e) U {¢"} Sub({p)y) = Sub(p) U Sub(y) U {{p)¢}

Sub(Kip) = Sub(e) U {Kip} Sub(Op) = Sub(p) U {Op}

Sub(Uyp) = Sub(p) U{Uy} Sub({G)p) = Sub(p) U {{G)y}.

Any formula in S ub(p) — {¢} is called a proper subformula of .
Definition 14 (Size of formulas in L;). The size s(p) of formula ¢ € L is a natural number recursively defined as:
s(p) = s(T) = s(0) = 1,
s(=p) = 5(¢°) = s(Kig) = s(Ug) = 5(0p) = s(GW) = s(¢) + 1,
s(e AY) = s(@) + s(¥) + 1,
s = (5 + s(@)) - s(P).

Definition 15 (<&, G-Depth of formulas in L). The ¢, G-depth d(p) of formula ¢ € L is a natural number recursively
defined as:

d(p) = d(T) = d(0) = 0,
d(~) = d(¢") = d(Kip) = dU) = d()
d(p AY) = d((@)p) = maxid(p), dW))},
d(Op) = d({GYp) = d(p) + 1.
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Finally, we define our intended complexity relation < as lexicographic merge of ¢, G-depth and size, exactly as in

150}

Definition 16. For any ¢,y € L, we put

@ < Y iff either d(¢) < d¥), or d(p) = d() and s(p) < s).

A.2 Proofs of results in Section 2]

Proof of Proposition 2]

[} from + ¢ & y, infer + [0]p & [8]y: Follows directly by (K;) and (Nec)).

[ ()0 & (0 A U6): Follows from the definition of (6)0 := =[#]-0 and the axiom (R-.)

EI (O < (8 A [0]y): Follows from the definition (6)y := —=[0]—¢ and the axiom (R-.)

Bl oe — [ple (p € L, arbitrary):

1. +Op & [T]ogp

2. H[T]og — [T A ple, (for arbitrary p € L_)

3. H[T A ple = [ple, (for arbitrary p € L_o)
4. +O¢ — [ple, (for arbitrary p € L_¢)

B} from + x — [ple, infer - y — O¢ (p ¢ P, U P,):

-kx — [ple
-kx = [Tllple
-kx = KT)ple
.ty = [T Aple
.ky — [T]lop

. I-X b D(,O

AN AW N =

R[TD

([!]o-elim)

(+ (T Ap) © p and (RE))
(1-3, CPL)

(assumption)

R[TD

Rpyp)

(PropPJ3} R,,, RE)

(p & P, U P, and [!]O-intro)
R[TD

@ all $4 axioms and rules for O: The derivation of the necessitation rule for O, (Necy), easily follows from (Nec,)

and Prop. 2J5] The T-axiom for O follows from Prop. [2Jd]and R[T].
For the K-axiom:

L. HO(p — ) A Op) = ([pll@ = ¥) A lple)
2. +([ple = ¥) A lple) — [ply

3. H@(p = ¥) ADOg) — [ply

4. HO(p — ¥) AOp) = OY

For the 4-axiom:
1.+rOp — [p A qle

2. r0p — [plOg
3. +O¢ — OOg

(p ¢ P, U Py, Prop.2JA)
(K»)

(1,2, CPL)

(p ¢ P, U Py, Prop.2J5)

(for some p,q ¢ P, Prop.|Z|E[)
([!]O-intro)

(p ¢ Py, Prop.2J5)

(¢ = ¥)° & (¢° — ¥°): This is straightforward by the set of axioms called Equivalences with °.
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"9000 (_)()00:

L0 — (o & ¢")
2.H0 = (¢ & ¢)°
300" 5 (¢ & ¢)
4.+0° - (¢* & ™)
5. +0°

6

. I—(po L (,000

(0-eq)

( Nec?)

( Prop2I[7)
(Prop2J7)

(Axo)
4,5, MP)

El 0¢’ < ¢° and ¢° & O¢": From left-to-right direction of both cases follow from the T-axiom for 0. From
right-to-left direction we will first prove that + ¢° — O¢:

For - 0@ — ¢°, we have:

F (Op)® — O’

[ - (0A 0" — ¢

2 Fe— (0A0p)°

L+’ - (p—¢)
2.+¢" > [pl¢’
3. k" — o

1. FH(=¢)® — O(-¢)°
2. k¢’ = O’
3. k0" — ¢

l.rOp — ¢

2. +H@ap - ¢)°
3. Hop) - ¢
4. r(@p)® — og°

L0 - (¢" & ¢)
2.+0 - (¢ > )
3.+0 = (0’ = o)
4. +HOAOP") > @

HE-e) > =g
P — —(0-g)°
Lo > (ﬂEI—l(p)O
Fp > (0p)

Fp = (0° A (09))
ko — (0 A Op)°

[ L B S O R N
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(for p ¢ P, CPL)
(R

(Prop. 23)

(by the above result)
(Eq2)

(contraposition of 2)

(S4 for o)
(Nec?)
(Prop2J[7] 2, MP)

(Prop2I9)

(0-eq)
(CPL)

(Prop2I9)

(CPL)

(Imp})
(contraposition of 1)
(Eq%)

(the defn. of O, CPL)
(Axp)

(Eqy)



F o — ¢ if and only if F (0 A Op) > ¥
From left-to-right: Suppose + ¢ — /° and show: (0 A Op) — .
L HO A OY%) — ¢
2. k0 — Y’
3. 10 A Op) = (0 A OY°)
4. FOAOCp) = ¥

From right-to-left: Suppose + (0 A Gp) — ¥ and show + ¢ — ¥°.

L. ko = (0 A Op)°
2.FOAOQ) = ¥
3.H(0 A Op) = ¥)°
4.+0 A 0p)° — y°
S5.Fp — wo

@ [0](p A ) & ([6]e A [0]y): Follows from (K,) and (Nec;).

[3] [61[ple < [6 A ple

- HOllple © KO plp

-FOplp < [0 A [O]ple

FOA [6lple & [0 A6 — Pl
HOA (O — plle < [0A ple

- HOllple « [0 A ple

[ R S

6 [0]L © -6

- HOIL < [01(p A =p)

- HOl(p A =p) & [0lp A [0]-p

-HOlp A [6]=p < (6 — p) A (@ — =(0 — p)))
L H(@ > p) A (O > =0 > p)) & -0

CHO1L & -8

[ N O N S

A.3 Proofs of results in Section

(Prop 2J[TT)

(by assumption and Nec)
(2 and CPL)

(1-3, CPL)

(Prop2J[T2)

(assumption)
(Nec?)

(Prop27)

(1-4, CPL)

(Rpy)
(Prop2J3] RE)
(R,, RE)
(CPL, RE)
(1-4, CPL)

(the defn. of 1)
(Prop2|[T4)
Ry, R-)

(CPL)

(1-4, CPL)

Proof of Proposition [ The proof is by <-induction on ¢, using Lemma [6] and the following induction hypothesis (IH):
for all Y < ¢ and all models M = (W, W, ~y,...,~,I - II), we have [y]] € W. The base cases ¢ := p, ¢ := T, and
¢ := 0 are straightforward by the semantics given in Defn@ The inductive cases for Booleans are immediate. Similarly,

the following cases make use of the corresponding semantic clause in Defn[2]

Case ¢ := y°: [¥°] = [¥lpo N W C W.
Case p := Kiy: [Kyll ={we W :w; Clel} € W.
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Case ¢ := Uy: [Uy] € {0, W}, thus [Uy] € W.

Case ¢ := (O): Since 6 < (A)y (Lemma EHD by the IH on 6, we have that [0] € W. Moreover, since ¢ < ()
(Lemma , by the IH on y, we also have that [/l pqgey € (61 (recall that MI[O] = WO, 161, ~1, ... ~w Il - 1D)).
Therefore, by DefanI, we obtain that [{O)¢] = [¥agey € 161 € W.

Case ¢ := Oy By Lemma|§||2|, it follows that for each 6 € L_, (0)¢ < Oy Then, by the IH, we have that for all
0e L o, [0 € W. Thus (O] : 6 L} C W, ie, [Oy] € W.

Case ¢ := (G)y: By Lemma@@ it follows that for each 8 € £_,, (O) < (G). Then, by the IH, we have that for all
0; € Lo, [{Nieg Kibi) 1l € W. Thus UI{Aieg KiOW] : 0; € Lo} S W, ie, [KGyI S W.

A.4 Proofs of results in Section 4

Proof of Proposition[T3]
1. Let M = (W, A, ~1,...,~n |l - |) be a standard pseudo-model. Then, A € A implies A = [[19]]:;,5O C W for some 6,
hence My = (W°, A, ~|,...,~ul - ) is a model whenever A in non-empty.
(a) The proof is by <-induction from Lemmal6] The base cases and the inductive cases for Booleans are straight-

(b)

forward.
Case ¢ := y°. We have [y°1}° = [Wl5 N A = [Wlyo NA = [¥Da, (by Defn IH, and Defn..

Case ¢ := Kyp. We have [Ky]5S = (we A:w? C[Yl5S) ={weA:w C[Ylm,) = [Klm, (by Defn
IH, and Defn.[2).

Case ¢ := Uy. By Definitions 2]and [7} we have:
A ifflylim, =A
0 otherwise

A fulES = A

0 otherwise

[UYIIm, = { [Uyls® = {
By IH, [¥1%* = [¥lm,. therefore, [UYNLS = [U¢ I m,.
Case ¢ := (Y)y. By Defn. EI, we know that [{¥dxTam, = Dxllmar My Now consider the relativized model

Mallvlm, = WO, T¥lag - ~1s- oo ~a Il - ). By Lemmal6][l] and TH, we have [¥]lx, = [¥]45. Moreover, by
the definition of standard pseudo-models, we know that A = [[6)]]‘;/50 for some 0 € L_,. Therefore, [Yllm, =

[y15s = Myl 5 = |[(9)g[/]]€vf). Therefore, [W]m, € A. We then have

nen’s

@ a = Dy, = Dxlag, s = DeD s = KOXIE,

(s

by the semantics and IH on  and on y (since [y 55 € A).
Case ¢ := Oy. By Defn]2] Lemma [f]2} IH, the fact that M is a standard pseudo model, and Lemma -
applied in this order - we obtain the following equivalences:
[owllm, = 00wl < x € Lo} = IO : x € Lo} = ol
Case ¢ := (G)y. By Defn Lemma IH, the fact that M is a standard pseudo model, and Lemma -

applied in this order - we obtain the following equivalences:

LG In, = [ JIA Kibdelae, < 162 i€ G) € Loo) = [N\ Kl 16121 € GY € Loo).
ieG ieG
Therefore [{GYWIm, = [<GWIES.

By part (a), [[¢llyg = [,
6e L ., s0 My, isan a-model.

= IIgp]]’;V{) for all ¢. Since M is standard, we have A = |[9]]’V’VSO = [0]l 5 for some
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2. Let M = (WO, W,~(,...,~uIl - |I) be an a-model. Since A = {[@llp0 : 0 € Lo} S PWP), the model M’ =
(WO, A, ~\,...,~n |l is a pre-model. Therefore, the semantics given in Deﬁnitionis definedon M’ = (W°, A, ~,
e~ |l D

(a) By Proposition it suffices to prove that the pre-model M’ = (W°, A, ~1,...,~, || - ||) is standard, i.e. that
{[6p0 : 0 € Lo} = {[[0]]‘;;3(J : 6 € L_,)}. For this, we need to show that for every a-model M = (W%, W, ~,
seees~us -1, we have [0 = 61} forall § € L .

We prove this by subformula induction on 6. The base cases and the inductive cases for Booleans are straight-
forward.

Case 0 := y°. Then [Y° T = [¥po N W = [W155 0 W = [W°15 (by Defn IH, and Defn.

Case 6 := K. We have [Kyylp = {w € W :w; C[ylml = {weW:wV Cylh} = [Kylh (by Defn IH,
and Defn[7).

Case ¢ := Uy. By Definitions 2] and[7} we have:

W if[ylm =W

0  otherwise

Wiyl = w

®  otherwise

(UM = { oyl = {

By IH, [y} = [¥Im, therefore, [Uy Ty} = [U¥TIm.
Case 0 := (¢y)y. By Definition @ we know that [ )xIm = DxImpyy,- Now consider the relativized model

ML = WO, T lat ~1s -« s~ |l - D). By Lemmaand IH on y, we have [y]ly = [¥1% . Moreover, by
the definition of a-models, we know that W = [0]], for some 6 € L_,. Therefore, [y Iym = [yl Mol =

[{6)¥ T r0. Hence, since (O)y € L_., the model M|l is also an a-model obtained by updating the initial
model M° by (9)y. We then have [ )xIm = Dy, (bY Defn = DeDpqgpes (by IHony) = [y rs . (by

0713
IH on y, MI[¥]p is an a-model) = [y)x 15 (by Defn.
(b) The proof of this part follows by <-induction on ¢ (where < is as in Lemma [6). All the inductive cases are
similar to ones in the above proof, except for the cases ¢ := Oy and ¢ := (G)y¥, shown below.
Case ¢ := Oy. By Defn2] Lemma [6]2] IH, the fact that M’ is a standard pseudo model, and Lemma -

applied in that order - we obtain the following equivalences:
[owlin = 0wl x € Lo} = | 0w < x € Lo} = Tovl

Case ¢ := (G)y. By Defnf5] Lemma [g]3] IH, the fact that M’ is a standard pseudo model and Lemma [T2]2] -
applied in that order - we obtain the following: equivalences,

KGWIm = I Kbl < 162 i€ GY € Lo} = | N Kibdellf 46 : i€ Gy € L),

ieG ieG

Therefore, [(GYlm = KGW LS.

A.5 Proofs of results in Section

Proof of Lemma |1;3| We proceed by induction on the structure of s € NF. For s := €, take ¢ := T and 6 := T, then
it follows from the axiom R[T]. For the inductive cases we will verify only s := s’, e°
s:=s,p. The case s := s, K is analogous to the case s := 5, U.

;s =8, —; s :=s,U;and

Case s := s, o°

ks, 0%l iff + [s'1¢° (by Defn.[I0) iff + ¢/ — [6'1¢° (for some ¢’ € L; and & € Lo, by TH) iff + ¢/ —
@ — @) by R iff + (W AE) — ¢ iff F (0OAOW AE)) — ¢ (by Prop. ll13) iff + ¢ — [6]e (where
Ui=0AOW ANO)e Loand O :=T € L_,).
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Case s := s',n —

F s n —leiff F [s'](n = ¢) (by Defn.@ iff ¢ — [0](n = ¢) (for some ' € L and ¢ € L, by [H)
iff Fy — (0] = [0']p) (by K) iff + @ AL0I) — [0]e iff +y¢ — [0lp (where ¢ := ¢ A[0']n € L and
0:=0 €L ).

Case s := 5", U

F s, Uliff + [s']Ug (by Defn.[T0) iff +y’ — [¢'1Ugp (for some y’ € Lg and @ € L, by IH) iff +y' — (¢ —
Ul&']e) (by Ry) iff -+ (W A€) — Ul& e iff + EQW A6) — [6']e (pushing U back with its dual E, since U is an
S5 modality) iff Fy = [0l W :=EW AN0)e Lsand 0 :=60 € L o).

Case s := §',p

F 8", pleiff F [s'][ple (by Defn.[T0) iff + ¢ — [¢1[ple (by IH) iff -y — [(@)ple (by Ry) iff +y — [6le
(where y := ¢/’ € Lgand 0 :=(0")p € L_o)

In each case, it is easy to see that P, U P, C P;.

Proof of Lemma 19| (Lindenbaum’s Lemma) The proof proceeds by constructing an increasing chain Iy, € I € ... C
I', ... of witnessed theories, where Iy := I', and each [I; is recursively defined. Since we have to guarantee that each
I'; is witnessed, we follow a two-fold construction, where I'y = I'j := I'. Let yo,71,..., ¥y, ... be an enumeration of all
pairs of the form y; = (s;, ¢;) consisting of any s; € NF and any formula ¢; € L. Let (s,,¢,) be the nth pair in the
enumeration. We then set

I+ = rn U {<Sn>()0n} lfrn ¥ <sn>‘pn
n r, otherwise

Note that the empty string € is in NF and for every € L; we have ()¢ := by the definition of possibility forms. There-
fore, the above enumeration of pairs includes every formula ¢ of Ls in the form of its corresponding pair (€, ). By
Lemma each I'; is witnessed. Then, if ¢, is of the form ¢, := ¢8 for some 6 € L, there exists a p € Prop such that
I’} is consistent with (s,)(p)@ (since I'; is witnessed). Similarly, if ¢, is of the form ¢, := (G)8 for some 6 € L, there
exists {p; : i € G} € Prop such that I} is consistent with (s,){\;cc Kip;)0. We then define

r; if I, ¥ =(s, )¢, and ¢, is not of the form &6 or (G)6
o= I U {(s, )P0} if I, ¥ =(s,)¢p, and ¢, := OO for some 6 € Lg
"7 T U)X N Kipid8) if Ty ¥ ~(5,)¢, and @, := (G)8 for some 0 € L
r, otherwise

where p € Prop and {p; : i € G} C Prop such that I is consistent with (s, ){p)8 or consistent with (s,){ A\ e Kip:)0,
respectively. Again by Lemma it is guaranteed that each I, is witnessed. Now consider the union 7r = U, -
By Lemmalm we know that T is a theory. To show that T is witnessed, first let s € NF and ¥ € L and suppose
(s)Oy is consistent with T'r. The pair (s, Oy) appears in the above enumeration of all pairs, thus (s, O) = (s, @) for
some m € N. Hence, (s)Oy := (s,,)¢m. Then, since {s)Oy is consistent with T and I',, € T, we know that (s)Oy is
in particular consistent with I,. Therefore, by the above construction, (s){p)¢ € I',,,; for some p € Prop such that I},
is consistent with (s){p)y. Thus, as T is consistent and I,;; € T, we have that (s){p)¥ is also consistent with 7.
Thus (s){(p)¢ is also consistent with T for some p € Prop. Now, let us check the witnessing condition for (G). Let
G C AG, s € NF, and ¥ € L; and suppose that (s)(G)y is consistent with 7. The pair (s, (G)y) appears in the above
enumeration of all pairs, thus (s,{(G)) := (Su, @) for some m € N. Hence, (s){G){ := (S;)¢n. Then, since (s)}{GW
is consistent with 7, and I',, € Tr, we know that (s){G)¥ is in particular consistent with I',,. Therefore, by the above
construction, (s){ \;cc Kipi)¥ € I'y+1 for some {p; : i € G} C Prop such that I'}, is consistent with (s){ \;cc Kip:)¥. Thus,
as Tr is consistent and I',,,; € Tr, we have that (s){/\,.c Kip:)¥ is also consistent with 7. Hence, we conclude that
Tr is witnessed. Finally, 7 is also maximal by construction: otherwise there would be a witness theory T such that
Tr ¢ T. This implies that there exists ¢ € Ls with ¢ € T but ¢ ¢ Tr. Then, by the construction of 7, we obtain I'; F -
for all i € N. Therefore, since T C T, we have T + —¢. Hence, since ¢ € T, we conclude T + L (contradicting T being
consistent).
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Proof of Lemma@(Extension Lemma) Let 6 € £ and assume that {0, 8} is a theory. Moreover, let o, ¥1,. .., Vs, ... an
enumeration of all pairs of the form (s,, ¢,) consisting of any s, € NF, and every formula ¢, € L of the form ¢, := Oy
or ¢, := (G with ¢ € L . We will recursively construct a chain of initial theories I'y € ... C I, C ... such that

1. I'y =1{0,6},

2. P,:={pe P: poccursin [} is finite for every n € N, and

3. for every y, := (s,, ¢,) With s, € NF and ¢, € Lg, if I, ¥ =(s,)p, Where ¢, := Oy then there is p,, “fresh” such
that (s, {pm)¥ € I'y41, and, if I, ¥ —=(s,)¢, where ¢, := (G)y for some G C A then there is {p,, : i € G} where p,,
is “fresh” for every i € G such that (s,){\cc Kipm;)¥ € I'y+1. Otherwise we will define I',.; = T,.

For every v, let P’'(n) := {p € P’ | p occurs either in s, or ¢,}. Clearly every P’(n) is always finite. We now construct
an increasing chain of initial theories recursively. We set I'y := {0, 8}, and let

rn U {<5n><]7m>¢} if Fn ¥ _'<Sn>§0n and Pn = <>l//
Fn+1 = rn U {(sn></\iEG szm)l/’} if Fn ¥ _'<Sn>()0n and @n = <G>l/’
r, otherwise,

where m, m; are, in each case, the least natural number greater than the indices in P, U P(n), i.e., py, ps, for alli € G are
fresh in each case (since P, U P(n) is finite and Prop is countably infinite, we always have enough fresh propositional
variables). We now show that I" := J, [, is an initial witnessed theory. First show that I" is a theory. By Lemma
it suffices to show by induction that every I', is a theory. We are given that I is a theory. For the inductive step
suppose I, is consistent but I, is not. Hence, I, # I',+; and moreover I, + L. Then, I,y = Iy U {{s,)pu)¥}
(when @, := Oy) or I'yyy = Iy U {(S0){Aicg Kipm ¥} (When ¢, := (G)y). Here we will only check the latter case since
the former case is analogous. Since Iy = Iy U {{8,){\icg Kipm)¥} we have ', + [s,][Ajcg Kipm;1-. Therefore there
exists {6;,...,6¢} C I, such that {6, ...,6} F [$,][Aicg Kipm, 10 Let 0 = A . 6;. Then + 6 — [s5,1[Ajeg Kipm; 17,
so + [0—, s,1[Aieg Kipm - with p,,, ¢ Py UP, UP, forevery i € G. Thus, by the admissible rule in LemmalE”Zl,
we obtain + [6—, 5,][G]-Y, ie., v 8 — [s,][G]=. Therefore, 6 + —(s,){GW. Since {6y, ...,6;} € I,, we therefore
have I, + —=(s,){G)¥. But, this would mean I, = I',,;;, contradicting our assumption (that I, # I',). Therefore I, is
consistent and thus a theory. Hence, by Lemma [T7] I is a theory. Condition (3) above implies that I” is also witnessed.
Then, by Lindenbaum’s Lemma (Lemma @) there is a maximal witnessed theory 7 such that I" C Tr. Moreover, since
0 eI’ C T, the set Tr is in fact a maximal witnessed initial theory.
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