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Abstract

This thesis is an investigation into how to define the notion of bisimulation over parity formulas. We provide
and argue for a list of criteria against which we could judge how good such a definition is. In general, a
notion of bisimulation should be sound, closed under union and composition, easily decidable and as close
to being complete as possible. It should also guarantee the existence of a largest bisimulation, namely the
bisimilarity relation. Particular to the situation with parity formulas, a good bisimulation should also have a
'relative flavor’ in its handling of the priority condition. We propose four definitions of bisimulations over
parity formulas and evaluate each of them according to those criteria. We especially argue for one of the four
definitions to be the best by far, since it satisfies all qualitative criteria and lies in a relatively good position on
the "spectrum of completeness’. We also provide an adequate bisimilarity game for this notion of bisimulation
which makes it easier to work with the notion.
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Introduction

The modal p-calculus is the extension of basic modal logic with the addition of the least and greatest fixpoint
operators. Its root in modal logic makes it a natural candidate when it comes to specifying properties of
transition systems, and its usage of fixpoint operators endows it the taste of recursion. These two powerful
traits combined with that fact that it is decidable allow it to become an exciting and fruitful area of research
in logic and theoretical computer science.

One way to think of any formula in a logic is to think of it as a representation of a statement about one or a
class of mathematical models whose truth and falsity can be constructed or recovered in an inductive way.
The modal p-calculus is no exception. Taking the standard modal p-calculus as introduced by Kozen [1]
as an example: its formulas are generated by recusive applications of connectives starting with atoms as
the base, and its semantics is understood by seeing the atoms as given subsets of the state space and the
connectives as set operations. The former inspires graph representations of formulas based on syntax such as
subformula dag. The latter is called the algebraic semantics of modal p-calculus since it treats connectives as
(parameterized) algebraic operations on the power set algebra of the state space.

Formulas in modal p-calculus can yet be given another interpretation, where the formula and the pointed
transition system in which the formula is to be evaluated on are put together to generate a game arena for
a two-player game, and we define the truth-value of the formula in terms of whether a given player has a
winning strategy in the game. Due to the involvement of the game-theoretic concept in this definition, we call
this interpretation the game semantics of modal p-calculus.

An elegant result that bridges the two interpretations is the Adequacy Theorem, which states that these two
ways of giving semantics to modal p-calculus are actually equivalent. Given this equivalence, one may
wonder the following question. What if we take the graph representation as the primary syntax and the game
semantics as the primary semantics for modal u-calculus? This is indeed the basic idea for parity formulas,
which is the main subject of our investigation in this thesis.

Why Parity Formulas?

Parity formulas are graph-based modal formulas derived from the graph representations of modal pi-calculus.
Besides the conceptual motivation we have just mentioned, there are several benefits we can speculate to get
from considering parity formulas.

First, parity formulas themselves can be seen as coalgebra automata that run on Kripke models. Aside from
literatures that discuss in general coalgebra automata, most work in the field focus on w-automata and
sometimes tree automata. It would be interesting to look at a class of automata that take in specifically Kripke
models, and the study of parity formulas is a step towards that direction. Second, the use of parity formulas
can help simplify proofs of properties of modal p-formulas. Proofs that rely on the syntactic structure of
modal p-formulas are known to be tedious to read and write. Parity formulas give us a global view of the
connections among different elements in the closure set and the set of subformulas. This may give us a better
way to come up with or refer to the key notions that aid inductive proofs on the structure of formula, and
make such proofs easier to write and more accessible to readers.

Third, parity formulas may provide an alternative perspective that avoid the flaws of existing methods
for the study of modal p-calculus. For one, parity formulas may help circumvent the known problem of
size-explosion from a-conversion. @-conversion is the process of renaming bound variables. Two formulas
are a-equivalent if one can be obtained from the other by renaming bound variables. Formulas that are
a-equivalent are commonly accepted as ‘identical” since the intensional meaning of a formula does not
depend on the choice of name of the bound variables. However, as [2] pointed out, the size of the graph
representations can grow exponentially after a-conversion. This poses problems when one tries to extend the
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Figure 1.1: Inspiration for Parity Formulas

complexity results obtained from a sub-class of nicely behaved modal y-formulas to the whole class. The
study of parity formulas may give us some insight in resolving this issue. In parity formulas, the recursive
power from the fix-point operation is not realized by variable binding but by looping in the graph. This might
provide us with a way to give graph representation to modal p-formulas that is invariant to a-conversion.

Finally, the study of parity formulas may give inspiration to studies on objects that share structural similarity.
Besides serving as a different perspective to formulas in modal p-calculus, parity formulas are also closely
related to parity automata [3] and parity games, which we will introduce later in the chapter on preliminaries.
Given the structural similarity, discovery made on the properties of parity formulas could be translated to
these structures and provide insights on them.

Why Bisimulations?

Bisimulation is a recurrent notion in modal logic. The concept was first proposed by van Benthem [4] for
talking about models, modal languages and invariance results. It has been used as a standard tool for
investigations of modal expressivity. Bisimulations reflect, in a particularly simple and direct way, the locality
of the modal satisfaction definition.

Following are some main goals for which one explores the notion of bisimulations.

e We want to establish identity between objects of potentially infinite size using only a finite collection of
properties. For example, we can determine whether two pointed Kripke models satisfy the exact same
set of formulas by observing whether there is a bisimulation between them. Alternatively, with the
notion we will define in this thesis, one can use the existence of a bisimulation over two formulas as a
sufficient condition for two formulas having the exact same class of models in which they are true.

e We can use bisimulations to capture behavioral equivalence over transition systems. Bisimulations
establish similarity between two transition systems in global behaviors from their similarity in local
behaviors. Sometimes, these global behaviors concerns infinite processes. In such cases, bisimulations
can be seen as a tool with which we establish properties concerning infinity with a finite collection of
facts.

e We investigate notions of bisimulation to come up with ways to take the quotient of a structure, and
as a result, compress the structure while maintaining behavioral equivalence. If we have a notion of
bisimulation that satisfies some additional nice properties, e.g. there exists a largest bisimulation which
is also an equivalence relation, we can take the quotient of a structure using the largest bisimulation
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from that structure to itself to get a behaviorally equivalent structure that is minimal. Such quotienting
operations often prove useful in reducing computational costs and defining canonical structures.

This thesis is an investigation into how to define the notion of bisimulaitions over parity formulas. We will
provide and argue for a list of criteria for a good notion of bisimulation that we consider to be faithful to the
aforementioned reasons for studying bisimulations and parity formulas. We will propose four definitions of
bisimulations over parity formulas and evaluate each of them according to those criteria.

Related Work

[5] proposes a way to resolve the issue of size-explosion from a-conversion with formulas in modal p-calculus
by defining a process called ‘skeletal renaming’ that sends any modal u-formula to a unique representative
of the a-equivalence class with the minimal size in terms of its graph representation. One can look into the
functional relation induced by skeletal renaming, from a parity formula translation of a ML formula &, to a
parity formula translation of the skeletal representative of &. It is very well possible that the relation fits into
some definitions of bisimulation we proposed in this these.

In Section 4 of [6], the authors implemented a sound definition of bisimulation over parity games, utilizing
the idea of power bisimulation [7]. In a power bisimulation, for two nodes to be bisimilar, it is not enough
for their successors to satisfy the canonical 'zig-zag’ condition, but rather, there must be for both nodes
in question a particular set of nodes that together satisfy the ‘zig-zag’ condition. This can be seen as an
alternative method to deal with the global flavor of the priority condition that presents itself in both parity
games and parity formulas.

In Section 6 of [8], a ‘consequence game’ between two coalgebra automata is proposed. The game is used to
show that the coalgebras accepted by the left automata are included in that of the right automata. The game
progresses similarly as the bisimilarity game that we will propose for one of the definition in Chapter 5. We
can show the equivalence of the set of accepted coalgebras, in our setting, Kripke models, by playing two
consequence games with symmetric positions of the two coalgebras. Given the close connection between
bisimulations and bisimilarity, we might be able to derive a notion of bisimulations from this perspective.

Quite some notable work has been done on simulation, bisimulation and quotients over w automata. [9]
casts deterministic Muller automata that run on infinite words as coalgebras. They show that the coalgebraic
bisimilarity induced coincides with language equivalence. [10] uses a unified parity-game framework to give
efficient algorithms for calculating different kinds of simulation relations over Biichi automata. They also
established that one of the simulation relation, called delayed simulation, preserves the automaton language
upon taking quotients. The authors of [11] noted that automata language is not preserve if we generalize the
delayed simulation onto parity automata, and so-called biased notions of delayed simulation are proposed as
a remedy. [12] proposes several new approaches to reduce the state space of deterministic parity automata
based on extracting information from structures within the automaton. It also establishes a framework to
generalize the notion of quotient automata and uniformly describe their algorithms

Outline of the Thesis

e In Chapter 2, we prepare the readers with necessary preliminary knowledge on modal p-calculus,
games and parity formulas.

o In Chapter 3, we propose and argue for a list of criteria against which we could judge how good such a
definition is. We proposed four definitions of bisimulations over parity formulas and evaluated them
according to those criteria.

o Chapter 4 demonstrates some positive resuts when we consider Definition 3 on two special cases. One
case concerns bisimulations that can be seen as functions, which we can also see as the morphisms
over parity formulas. We show that when restricted to functional relations, Definition 3 has nice
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category-theoretical properties to be considered the “arrows’ in the category of parity formulas. We
also show that the expansion map by Kozen is indeed a morphism by our definition.

The other case concerns parity formulas with only one cluster. We show that in this restricted situation,
Definition 3 is closed under union and composition, and thus, the largest bisimulation over any two
such parity formulas always exists. In light of that, we provide a way to take the quotient of a parity
formula with only one cluster.

e In Chapter 5, we prove that Definition 4 behaves nicely in terms of the proposed list of criteria. We show
that Definition 4 is sound, closed under union and composition, and hence, guarantees the existence of
the largest bisimulation, namely the bisimilarity relation. We provide an easy decision procedure for
bisimilarity and an adequate bisimilarity game. We also demonstrate an alternative formulation of the
bisimilarity relation using fixpoints.



Preliminaries

This chapter serves to introduce to the readers the necessary prerequisites to understand the rest of the thesis.
The chapter is divided into three sections.

In the first section, we introduce the modal pi-calculus, an extension of propositional modal logic with the
least and greatest fixpoint operators that has a close connection with the subject of study of this thesis. We
will first introduce the syntax of modal u-calculus, together with the syntactical notations we use in this
thesis. Then, we show two graph representations of formulas in the modal p-calculus. Finally, we give the
algebraic semantics for modal p- calculus.

In the second section, we define the concept of board games. We first give definitions to the essential elements
of a board game, including the arena, players and (winning) strategies. Then, we introduce a particular type
of board games call parity games. Finally, we give an equivalent semantics for modal p-calculus from a game
theoretic point of view employing the concepts previously introduced in this section.

In the third section, we define parity formulas. We give its syntax and semantics, as well as ways to translate
a formula in modal pi-calculus to an equivalent parity formula.

Modal p-calculus

Modal p-calculus is an extension of propositional modal logic with least fixpoint operator u and greatest
fixpoint operator v.

Syntax

Definition 2.1 Given a set P of proposition letters, we define the sets Lit(P) and At(P) of literals and atomic formulas
over P by setting Lit(P) := {p, p | p € P} and At(P) := Lit(P) U {T, L}, respectively.

Definition 2.2 Given a set D of atomic actions, we define the collection ML of modal fixpoint formulas as follows:

p=L|T|x|X|pA@|leVe|Op|Op|ux.p|vx.e

where x is a propositional variable. There is a restriction on the formation of the formulas px. and vx.@, namely,
that the formula ¢ is positive in x. That is, all occurrences of x in @ may not be in the form of the negative literal x.

For a finite set of propositional variables P, we let uML(P) denote the set of uML-formulas ¢ of which all free
variables belong to P.

Definition 2.3 We define the set Sfor (&) of direct subformulas of a formula & € uML via the following case
distinction:

Sfor, (&) = if & € At(P)
Sfory(E0 © &1) = {&o, &1} where © € {A, V}
Sfory(VE) = {&} where © € {O, 0}
Sfory(nx.€) =A{&} wheren € {u, v}

and we write @ <o & if ¢ € Sfory(&).
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Definition 2.4 For any formula & € uML, Sfor(&) is the least set of formulas which contains & and is closed under
taking direct subformulas. Element of the set Sfor(&) are called subformulas of &, and we write @ < &E(@ < &) if @ is
a subformula (proper subformula, respectively) of &.

Syntactically, the fixpoint operators are very similar to the quantifiers of first-order logic in the way they bind
variables.

Definition 2.5 Fix a formula @. the set FV (@) and BV (@) of free and bound variables of ¢ are defined by the
following induction on @.

FV(T) =0 BV(T) =0

FV (1) =0 BV (1) =0

FV(x) ={x} BV (x) =0

FV(x) ={x} BV (%) =@

FV(p Ay) :=FV(p) UFV(¥) BV(¢ AY) :=BV(p) UBV(¥)
FV(p V) :=FV(p) UFV(y) BV(p Vv ¢):=BV(p) UBV(¢Y)
FV(¢9p) =FV(p) BV(¢9p) =BV(p)

FV(op) =FV(p) BV(op) =BV(¢p)
FV(nx.) =FV(p)\{x} BV(nx.) :=BV(p)U {x}

Formulas like x V ux.((p V x) A Ovx.Ox) may be well-formed, but in practice they are very hard to read
and to work with. In the sequel, we will often work with formulas in which every bound variable uniquely
determines a subformula where it is bound, and almost exclusively with formulas in which no variable has
both free and bound occurrences in ¢.

Definition 2.6 A formula ¢ € pML is tidy if FV () N BV (@) = @, and clean if in addition with every bound
variable x of @ we may associate a unique subformula of the form nx.6. In the latter case, we let @y = 1yx.0 denote
this unique subformula.

Now we define the recurrent operation of substitution for formulas of modal p-calculus.

Definition 2.7 Let 1,& and x be respectively two modal u-calculus formulas and a propositional variable. We say
that  is free for x in & if & is positive in x and for every variable y € FV (), every occurrence of x in a subformula
ny.x of & is in the scope of a fixpoint operator Ax in &, i.e., bound in & by some occurrence of Ax.

Definition 2.8 Let {{; | z € Z} be a set of modal u-calculus formulas, indexed by a set of variables Z, let ¢ € uML
be positive in each z € Z, and assume that, for each z € Z, 1\, is free for z in @. We inductively define the
simultaneous substitution [z [\ | z € Z] as the following operation on uML.

_J fo=peZ
blz/pzlz e 2] - {qo if @ is atomic but ¢ ¢ Z
Vplz/Y; |z € Z] =0@[z/, |z € Z]

(po @ p1)[z/Yz |z € Z] :=qpolz/Y2 |z € Z] © pr[z/¢2 |z € Z]
(mx.Q)lz/y:1z€ Z] =nx.@lz/¢;|z € Z]

In case Z is a singleton, say Z = {z}, we will simply write [z [;]

Definition 2.9 Given a formula nx.x € uML, we call the formula x[x/nx.x] its unfolding.
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Definition 2.10 Let ¢ and 1 be p-calculus formulas. We say that ¢ is a free subformula of 1, notation: ¢ <r ¢, if
U = o[x /@] for some formula Yo such that x € FV (o) and @ is free for x in py.

Proposition 2.1 Let & be a clean formula and x € BV(&). Forall ¢ < &, if x € FV(@), then ¢ < 1y.0x; if
x € BV(@), then 1x.6x < @.

Proof. Consider the subformula dag (Sfor(&),»o). Note that since & is clean, there is a unique subformula
in Sfor(&) of the form 1, x.0% for some formula 6, and that subformula is 1,x.6 . Since x € BV(£) and & is
tidy, it follows that x ¢ FV(&). This means that for all & >g g > ... >0 @y o X, there exists 0 < i < n such that
@i = Nxx.0y. Take any ¢ << & and suppose x occurs in ¢. This means that there exists & >y g > ... >0 @1 >0 X,
there exists 0 < j < n such that ¢; = 1,x.6x¢. By the previous statement, there exists 0 < i < n such that
@i =Nxx.05. If i < j, then x € BV(@) and 1, x.0y; otherwise, j < i, x € FV(p) and ¢ < 1yx.0x. O

Definition 2.11 Given a clean formula &, we define a dependency order <g on the set BV (£), saying that y ranks
higher than x if x <g y. The relation <¢ is defined as the least partial order containing all pairs (x,y) such that
y 0x & 6y

There are two canonical ways to provide a graph representation for a formula & in modal pi-calculus, one
based on the set of subformulas of &, the other based on the closure set of &.

Graph Representations
Subformula Dag

Definition 2.12 The subformula dag of a formula & is the directed acyclic graph (Sfor(&), o), where > is the
converse of the directed subformula relation <.

Closure Graph

Definition 2.13 Let — ¢ be the binary relation between tidy p-calculus formulas given by the following exhaustive
List:

1 (90 © ¢1) =c @i, forany o, 1 € uML, © € {A, V}and i € {0,1};
2. Q@ —c @, forany ¢ € uMLand © € {<&,0};

3. nx. —c e[x/nx.@], for any nx.@ € uML, with n € {u, v}.

We call a —c-path g —c Y1 —c ... =¢ Yy a (finite) trace; similarly, an infinite trace is a sequence ()icq Such
that Y; —¢ Y foralli € w.

Definition 2.14 We define the relation —»c as the relfexive and transitive closure of —c, and define the closure of a
formula v as the set

Clos(y) ={@ |y »c ¢}.
Formulas in the set Clos(y) are said to be derived from 1. The closure graph of Y is the directed graph (Clos(&), —¢).

Algebraic Semantics for Modal p-calculus

Canonically, formulas of modal u-calculus are evaluated on pointed Kripke models.
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Definition 2.15 A (labelled) transition system, LTS, or Kripke model of type (P, D) is a triple S = (S, V, R) such
that S is a set of objects called states or points, V : P — P(S) is a valuation, and R C S X S is a binary accessiblility
relation.

Elements of the set R[s] := {t € S| (s, t) € R} are called successors of s.

A pointed labelled transition system (pointed Kripke model) is a pair (S, s) consisting of a transition system S and a
designated state s in S.

The following theorem is true in general for all complete lattices. However, due to the restricted application
of this theorem in this thesis, we restrict the formulation to complete lattices induced by the powersets of
sets.

Theorem 2.2 (Knaster-Tarski, Powerset) Let S be a set and let PS denote the powerset of S. Let f : S — PS be
monotone. Then both the least and the greatest fixpoint exists for f, and these are given as

LFP.f = (") PRE(f) GFP.f =_J POs().

where LFP stands for the least fixpoint, GEP stands for the greatest fixpoint, PRE(f) := {A € @S| f(A) C A} and
POS(f):={A e PS|AC f(A)}.

Proof. We only prove the result for the least fixpoint, the proof for the greatest fixpoint is completely
analogous.

Define g := A PRE(f), then we have that g C x for all prefixpoints x of f.From this it follows by monotonicity
that f(gq) € f(x) for all x € PRE(f), and hence by definition of prefixpoints, f(q) C f(x) for all x € PRE(f),
and hence by definition of prefixpoints, f(g) C x for all x € PRE(f). In other words, f(q) is a lower bound of
the set PRE(f). Hence, by definition of g as the greatest such lower bound, we find f(g) C g, thatis, g itself is
a prefixpoint of f.

It now sulffices to prove that g C f(g), and for this we may show that f(g) is a prefixpoint of f as well,
since g is by definition a lower bound of the set of prefixpoints. But in fact, we may show that f(y) is a
prefixpoint of f for every prefixpoint y of f, by monotonicity of f it immediately follows from f(y) C y that

fFW) < fy) O

In order to define the algebraic semantics of the modal pi-calculus, we need to consider formulas as operations
on the power set of the state space of a transition system, and we have to prove that such operations indeed
have least and greatest fixpoints. In order to make this precise, we need some preliminary definitions.

Definition 2.16 Givenan LTS S = (S, V,R) and subset X C S, define the valuation V[x v X by putting

V(y) ify#x

Vix = X|(y) == {X iy = x

Then, the LTS S[x +— X] is given as the structure (S, V[x — X], R).

Now inductively assume that [¢]° has been defined for all LTSs. Given a labelled transition system S and a
propositional variable x € P, each formula ¢ induces a map @3 : ?(S) — P(S) defined by

PR(X) = [T,

In particular, it is not the case that every formula has a least fixpoint. If we can guarantee that the induced
function (pf of ¢ is monotone, however, then the Knaster-Tarski theorem provides both least and greatest
fixpoints of 3. Precisely for this reason, in the definition of fixpoint formulas, we imposed the condition in
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the clauses for nx.¢, that x may only occur positively in ¢. As we will see, this condition on x guarantees
monotonicity of the function 3.

Definition 2.17 Given a uML-formula ¢ and a labelled transition system S = (S, V, R), we define the extension
[@]®, together with the map @3 : P(S) — P(S) by the following simultaneous formula induction:

[L]° =o

[TI® =S

[PI°  =V(p)
PI°  =S\V(p)

[o v ¥1® =[el® U [¥]°
[o A ¢]° =[@]® N [W]®
[0e]°  =(R)[¢]®
[op]®  =[R][¢]®
[ux.@]® =(")PRE(p3
[[vx.(p]]S =UPOS(g0§

Here (R)(U) := {s € S | Rsu forsomeu € U} and [R(U) := {s € S | Rsu forallu € U}. The map @3 for
x € Prop, is given by ¢S (X) = [¢]SI¥X1.

Theorem 2.3 Let ¢ be an uML-formula, in which x occurs only positively, and let S be a labelled transition system.
Then [ux.¢]® = LFP.@$ and [vx.¢]® = GFP.¢S.

Proof. This is an immediate consequence of the Knaster-Tarski theorem, provided we can prove that ¢ is
monotone in x if all occurences of x in ¢ are positive. The latter is easily proven by induction on the structure
of ¢. O

Board Games

The games that appear in this thesis can be classified as board or graph games. They are played by two
agents, here to be called 0 and 1. A board game is played on a board or arena, which is nothing but a directed
graph in which each node is marked with either 0 or 1. A match or play of the game consists of the two
players moving a pebble or token across the board, following the edges of the graph. To regulate this, the
collection of graph nodes, usually referred to as positions of the game, is partitioned into two sets, one for
each player. Thus, with each position we may associate a unique player whose turn it is to move when the
token lies on position p. A match or play of the game corresponds to a (finite or infinite) path through the
graph. Furthermore, the winning conditions of a match are determined by the nature of this path.

Definition 2.18 A board or arena is a structure B = (By, B1, E), such that By and By are disjoint sets, and E C B?,
where B := By U By. We will make use of the notation E[p] for the set of admissible or legitimate moves from a
board position p € B, that is, E[p] := {q € B|(p, q) € E}. Positions not in E[p] will sometimes be referred to as
illegitimate moves with respect to p. A position p € B is a dead end if E[p] = @. If p € B, we let I, denote the
(unique) player such that p € Bry,, and say that p belongs to Iy, or that it is T1,’s turn to move at p.

A match of the game may in fact be identified with the sequence of positions visited during play, and thus
corresponds to a path through the graph.
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Definition 2.19 A path through a board B = (By, B1, E) is a (finite or infinite) sequence . € B* such that EX; Y41
whenever applicable, where Y. € B* denotes the collection of all finite and infinite sequences of elements of B. A full
or complete match or play through B is either an infinite B-path, or a finite B-path ending with a dead end. A partial
match is a finite path through B that is not a full match; in other words, the last position of a partial match is not a
dead end. We let PMry denote the set of partial matches such that I1is the player whose turn it is to move at the last
position of the match.

Each full or complete match is won by one of the players, and lost by their opponent; that is, there are no
draws. A finite match ends if one of the players gets stuck, that is, is forced to move the token from a position
without successors. Such a finite, completed, match is lost by the player who got stuck. If neither player ever
gets stuck, an infinite match arises. The flavor of a board game is very much determined by the winning
conditions of these infinite matches.

Definition 2.20 Given a board B, a winning condition is a map W : B* — {0, 1}. An infinite match ¥ is won
by W(X). A board game is a structure € = (Bo, B1, E, W) such that (B, B1, E) is a board, and W is a winning
condition on B.

Before players can actually start playing a game, they need a starting position.

Definition 2.21 An initialized board game is a pair consisting of a board game € and a position q on the board of
the game; such a pair is usually denoted €@q.

Central in the theory of games is the notion of a strategy. Roughly, a strategy for a player is a method that
the player uses to decide how to continue partial matches when it is their turn to move. More precisely,
a strategy is a function mapping partial plays for the player to new positions. It is a matter of definition
whether one requires a strategy to always assign moves that are legitimate or not; here we will not make this
requirement.

Definition 2.22 Given a board game € = (Bo, B1, E, W) and a player I1, a I1-strategy, or a strategy for I, is a
map f : PMm — B. In cases we are dealing with an initialized game 6@q, then we may take a strategy to be a map
f : PMn(q) — B. A match X is consistent with or guided by a T1-strategy f if for any ¥ which is a proper initial
segment of . with (last(X’) € Bry), the next position on X (after ©’) is indeed the element f(¥').

Definition 2.23 A Il-strategy is surviving in €@gq if the moves that it prescribes to f-guided partial matches in
PMu@p are always admissible to I'1, and winning for I in €@p if in addition all f-guided full matches starting at
p are won by I1. A position q € B is winning for I1if I1 has a winning strategy for the game €@gq; the collection of
all winning positions for I1 in € is called the winning region for Il in €, and denoted as Wing(6).

Intuitively, f being a surviving strategy in €@q means that IT never gets stuck in an f-guided match of €@g,
and so guarantees that I'T can stay in the game forever.

It is easy to see that a position in a game € cannot be winning for both players. On the other hand, whether a
position p is always a winning position for one of the players, is a rather subtle one. Observe that in such
games the two winning regions partition the game board.

Definition 2.24 The game € on board B is determined if Wing(€) U Win1(6) = B; that is, each position is winning
for one of the players.

In principle, when deciding how to move a match of a board game, players may use information about
the entire history of the match played thus far. However, it will turn out to be advantageous to work with
strategies that are simple to compute. Particularly nice are so called positional strategies, which only depend
on the current position (i.e., the final position of the partial play).
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Definition 2.25 A strategy f is positional or history-free if f(X) = f(X') for any X, ¥ with last(¥X) = last(X').

Parity Games

Now, we introduce a specific type of infinite board games called parity games. A parity game is played on
a colored directed arena, where each node has been colored by a priority — one of finitely many natural
numbers.

Definition 2.26 A coloring of B is a function T : B — C assigning to each position p € B a color I'(p) taken
from some finite set C of colors. By putting T'(pop1...) := I'(po)L'(p1)... we can naturally extend such a coloring
I''B— CtoamapT : BY — C%.

Now if I' : B — C is a coloring, for any infinite sequence X € B”, the map I' o £ € C® forms the associated
sequence of colors. But then since C is finite, there must be some elements of C that occur infinitely often in
this stream.

Definition 2.27 Let B be a board and I : B — C a coloring of B. Given an infinite sequence . € B®, we let
inf -(X) denote the non-empty set of colors that occur infinitely often in the sequence I o L.

Definition 2.28 Let B be some set; a priority map on B is a coloring ) : B — w, that is, a map of finite range. A
parity game is a board game € = (B, B1, E, Wq) in which the winning condition is given by

Wa : BY —{0,1}, Wa(X) := max(inf 5(X)) mod 2.

Such a parity game is usually denoted as € = (By, B1, E, Q).

The key property that makes parity games so interesting is that they enjoy positional determinacy.

Theorem 2.4 (Positional Determinacy of Parity Games) For any parity game € there are positional strategies fo
and f1 for 0 and 1, respectively, such that for every position q there is a player I1 such that fry is a winning strategy
forIlin €@q.

Here we omit the proof of this theorem, interested readers can refer to [13] or [14].

To end this subsection, the following is an auxiliary proposition that comes in handy in this thesis for proving
that two matches in parity games have the same winner.

Proposition 2.5 Let a, b be two function from w to w of finite range. If there exists m € w such that forall i,j > m
it holds that

1) a(i) =, b(i)
2) ifa(i) %2 a(j), then a(i) < a(j) if and only if b(i) < b(j),

then max(inf (a)) =, max(inf(b)).

Proof. Let n = m be such that a(n) = max(inf(a)). Note that such an n always exists because max(inf(a)
occurs infinitely many times in 4. Since a(n) is the maximal value that occurs in a for infinitely many times, it
follows that there are only finitely many i € @ such that a(i) > a(n). Specifically, there are only finitely many
m < i < w such that a(i) > a(n). This means that the set

{ie w|a(i) £ a(n),a(i) > a(n),i > m}
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Table 2.1: Evaluation game for modal p-calculus

Position Player | Admissible moves
(p1V @2,9) 3 {(@1,9), (p2,9)}
(P1 A p2,9) v {(p1,5), (@2, )}

(0@, s) 3 {(p,t) |t €0(s)}

@p,s) v {(p,t)|t €als)}

(L,s) 3 @

(T,s) A4 @
(p,s),peVi(s) \ @
(p,s)peVis) 3 %
(p,s),peVi(s) 3 %)

() pe&Vis) v %
(nxx-éx’ s) - {(6x,5)}
(x,s),with x € BV (&) - {(6x,5)}

Table 2.2: Winning conditions of €(&, S)

Fwins X2 YV wins X
Y is finite V got stuck d got stuck
L is infinite | max(Unf* (X)) is a v variable | max(Unf™ (X)) is a u variable

is of finite size.

Now, we show that, for all i > m, we have a(i) #; a(n) and a(i) > a(n) if and only if b(i) #, b(n) and
b(i) > b(n). Fix an arbitrary i > m

= Suppose a(i) #; a(n) and a(i) > a(n). By condition 1) of the assumption in the proposition, b(i) =
a(i) # a(n) =, b(n). By condition 2), we have that b(i) > b(n).

& Suppose b(i) #; b(n) and b(i) > b(n). By condition 1) of the assumption in the proposition, a(i) =
b(i) #2 b(n) =2 a(n). Given that we have shown a(i) #; a(n), by condition 2), we have a(i) > a(n).

In other words,
{i = m|a(i) # a(n),a(i) > a(n)} = {i = m|b(i) % b(n),b(i) > b(n)}.
Note that

[{i € w|b(i) # b(n),b(i) > b(n)}| = |{i = m|b(i) £ b(n),b(i) > b(n)} U {i < m|b(i) £ b(n),b(i) > b(n)}|
= {i 2 m|b(i) #2 b(n), b(i) > b(n)} + |{i <m |b(i) # b(n),b(i) > b(n)}|
< |{i € w|b(i) #2 b(n),b(i) > b(n),i > m}|+m
=|i€wl|a(i) # an),ad) >an),i >m}|+m

Therefore, {i € w |b(i) #; b(n),b(i) > b(n)} is of finite size. This means that for any k € @ such that
k € inf(b) and k > b(n), it most be the case that k =, b(n). Thus,

max(inf(b)) =, b(n) =, a(n) = max(inf(a)).

Game Semantics for modal p-calculus

We now provide an equivalent semantics for modal p-calculus in game-theoretic terms. We define the
evaluation game 4(&, S) associated with a (fixed) formula & and a (fixed) LTS S (player 0 and 1 are refered to
as player V and ). This game is an example of a board game.



Board Games 13

Definition 2.29 Given a clean modal pi-calculus formula & and a transition system S, we define the evaluation
game or model checking game €(&, S) as a board game with player 3 and ¥ moving a token around positions of the
form (@, s) € Sfor(&) X S. The rules, determining the admissible moves from a given position, together with the
player who is supposed to make this move, are given in Table 2.1. €(&, S)@(&, s) denotes the instantiation of this
game where the stargin position is fixed as (&, s).

Definition 2.30 Let & be a clean uML-formula, and S a labelled transition system. A match of the game €(&, S) is
a (finite or infinite) sequence of positions
L = (i, Si)iex

(where « is either a natural number or w) which is in accordance with the rules of the evaluation game — that is, ¥ is
a path through the game graph given by the admissibility relation of Table 2.1. A full match is either an infinite match,
or a finite match in which the player responsible for the last position got stuck. In practice, we will always refer to full
matches simply as matches. A match that is not full is called partial.

Definition 2.31 Given an infinite match T, we let Unf™ C BV(&) denote the set of variables that are unfolded
infinitely during X.

Proposition 2.6 Let & be a clean uML-formula, and S a labelled transition system. Then for any infinite match ¥. of
the game €(&, S), the set Unf* (L) has a highest ranking member in terms of the dependency order.

Proof. Since ¥ is an infinite match, the set U := Unf* (L) is not empty. Let y be an element of U which is
maximal (with respect to the ranking order <¢) — such an element exists since U is finite.

We claim that
from some moment on, X only features subformulas of 6. (2.1)

To prove this, note that since y is <g-maximal in U, there must be a position in X such that y is unfolded
to 6y, while no variable z > y is unfolded at any later position in . But then a straightforward induction
shows that all formulas featuring at later positions must be subformulas of 6,: the key observation here is
that if z < 6,, unfolds to 6., and by assumption z #,; y, then it must be the case that 6, < 6,,.

As a corollary of 2.1, we claim that

y is in fact the maximum of U (with respect to <¢ ). (2.2)

To see this, suppose for contradiction that there is a variable x € U which is not below y. It follows from 2.1
that 6 < 6y, and without loss of generality we may assume x to be such that 0, is a maximal subformula
of 6, such that x £: y (in the sense that z <; y for all z € U with 6, < ;). In particular, then we have
y & FV(6,). But since y is unfolded infinitely often, there must be a variable z € FV(d,) which allows X to
"leave’ O infinitely often; this means that z € U, 6, < 6, but 6, y‘g Oy. From this it is immediate that x <; z,
while from z € U and 2.1 we obtain 6, < 6. It now follows from our maximality assumption on x that
z <¢ y. But then by transitivity of < we find that x < y indeed. In other words, we have arrived at the
desired contradiction. This shows that 2.2 holds indeed, and from this the proposition is immediate. O

Definition 2.32 Let & be a clean uML-formula. The winning conditions of the game €(&, S) are given in Table 2.2.

In fact, the €(&, S) mentioned in the definition above can always be seen as a parity game. This is due to the
fact that we can always map the dependency order of bound variables onto the natural numbers in an order-
and parity-preserving way. We omit the detail of this mapping here, but interested reader can refer to [13].
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We can now formulate the game-theoretic semantics of the modal p-calculus as follows.

Definition 2.33 Let & be a clean formula of the modal pi-calculus, and let S be a transition system of the appropriate
type. Then we say that & is (game-theoretically) satisfied at s, notation S, s |=4 & if (£, 5) € Winz(€(¢, S)).

Theorem 2.7 (Equivalence of the Algebraic Semantics and the Game Semantics) Let £ be a clean uML-formula.
Then for any Kripke model S and any state s in S:

s € [&]° & (&,5) € Wins(€(&, S)).

We omit the proof of this theorem. Interested readers can refer to [13].

Parity Formula

Syntax

Definition 2.34 Let P be a finite set of proposition letters. A parity formula over P is a quintuple G = (V, E, L, Q, vr)
where

1. (V,E) is a finite, directed graph, with |E[v]| < 2 for every vertex v;
2. L:V > A(P)U{A,V, $,0, €} is a labelling function;
3Q:VSwisa partial map, the priority map of G; and

4. vy is a vertex in V, referred to as the initial node of G;

such that

1. |E[v]| = 0if L(v) € At(P), and |E[v]| = 1 if L(v) € {©, O, €}; and
2. every cycle of (V, E) contains at least one node in Dom(Q).

A node v € V is called silent if L(v) = €, constant if L(v) € {T, L}, literal if L(v) € Lit(P), atomic if it is either
constant or literal, boolean if L(v) € {A, V} and modal if L(v) € {<, O}. Elements of Dom(Q) will be called states.
We say that a proposition letter g occurs in G if L(v) € {q,q} for somev € V.

Example 2.1 Figure 2.1 shows the parity formula

G=(V=A{wuxyz}
E={(w,x),(x,y),(x,2),(y,w),
L={(w,e),(x, V), (y,0),(zp)},
Q = {(w,0)}}

v = w).

This parity formula corresponds to the modal p-formula px.0x V p.

Semantics

An example that demonstrates the following semantics can be found in Appendix A.

Definition 2.35 Let S = (S, R, V) be a Kripke model for a set P of proposition letters, and let G = (V,E, L, Q, vy)
be a parity P-formula. The evaluation game €(G, S) is the parity game (G, E, Q) of which the board consists of the
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@ w
(=
Y z
Figure 2.1: A parity formula that corresponds to the modal y-formula px.0x Vv p

Table 2.3: Evaluation game 6(G, S)

Position (v, s) Player | Admissible moves
Lv)=p&seV(p) v %)
Lw)=p&s ¢ V(p) 3 @
Lw)=p&seV(p) 3 @
Lw)=p&s ¢ V(p) v %)

Lv)=1 3 %)

Lv)=T v @

Liv)=¢€ - E[v] x {s}
Lv)=V 3 E[v] x {s}
L(v) = A v E[v] x {s}
Lv)=¢ 3 E[v] X R[s]
Lv)=0O v E[v] X R[s]

set V X S, the priority map ) : V X S — w is given by

Q(v) ifv € Dom(Q)

0 otherwise

Q'(v,s) := {

and the game graph is given in Table 2.3. Note that we do not need to assign a player to positions that admit a single
move only.

Definition 2.36 A parity formula G = (V,E, L, Q, vy) holds at or is satisfied by a pointed Kripke model (S, s),
notation: S, s |= G, if the pair (v, s) is a winning position for 3 in €(G, S). We say two parity formulas G and G’
are equivalent if they hold at the exact same class of pointed Kripke models, notation G = G'.

Definition 2.37 Let G = (V, E, L, Q, v1) be a parity formula, and let v be a vertexin V. Let G(v) := (V,E, L, Q, v)
denote the variant of G that takes v as its initial node.

From uML Formula to Parity Formula

In this subsection, we discuss two ways to construct an equivalent parity formula given a clean modal
u-formula.
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Parity Formulas on Subformula Dag

The following construction shows that for a clean formula, we can indeed obtain an equivalent parity formula
which is based on its subformula dag. The basic idea underlying the construction is to view the evaluation
games for clean formulas in ML as instances of parity games. Given an arbitrary formula & € uML, we then
need to see which modifications are needed to turn the subformula dag (Sfor(£), »o) into a parity formula Hg
such that, for any model S, the evaluation games €(¢, S) and €(Hg, S) are more or less identical. Clearly, the
fact that the positions of the evaluation game €(&, S) are given as the pairs in the set Sfor(&) X S, means that
we can take the set Vi := Sfor(&) as the carrier of Hg indeed.

Looking at the admissible moves in the two games, it turns out that we cannot just take the converse direct
subformula relation > as the edge relation of Hs: we need to add all back edges from the set

Be :={(x,6x)|x € BV(&)},

where, as usual, we let 8, denote the unique formula such that, for some 1 € {u, v} the formula nx.0, is a
subformula of &. In fact, if we write D¢ for the relation », restricted to Sfor(¢), then we can take

Ef := Dg U Bg,

as the edge relation of H;. Furthermore, the labelling L¢ is naturally defined via the following case
distinction:

ifoe{T,L}U{p,plp e FV(&)}

if @ is of the form ¢ © @1 with © € {V, A}

Ls =
£(9) if ¢ is of the form ¥y with © € {0, ¢}

IR CENORS

if @ is of the form 1, x.0, withn € {u, v}

With this definition, it is easy to see that the boards of the two evaluation games €(&, S) and €(Hy;, S) are
isomorphic, for any labeled transition system S. As the initial node v; of HE we simply take

g = E

In order to finish the definition of the parity formula Hg it is then left to come up with a suitable priority map
Q¢ on V. Since the winning condition s of the evaluation game for the formula & are defined in terms of the
priority ordering <; on the collection BV (&) of bound variables of &, it seems natural to take these bound
variables of £ as the states of H, that is, the nodes for which a priority is defined. It will be more convenient,
however, to take the unfolding of these bound variables instead; that is, we take

Dom(Qs) := {0x | x € BV(&)}.

Definition 2.38 Let & be a clean modal u-formula. Define the its parity formula translation based on the subformula
dclg Hg = (Vg, Eg, Lg, Qg, 5)

Note that for the sake of equivalence between & and Hg, it is sufficient for the the priority map Q to satisfy

the following two conditions:

1. Q(6x) < Q(6y) if and only if x <¢ y, and
2. Q(6y) is even if and only if x is a v-variable.

In light of this, we propose

he(x) - hg(x) if hg(x) — hg(x) has the same parity as 7,
he(x) - hg(x) +1 otherwise,

Qé(éx) = {
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where for any bound variable x € BV (&), hg(x) denote the maximal length of an alternating <¢-chain of
fixpoint variables starting at x, and hz(x) denote the maximal length of an alternating <-chain in the cluster
of x. Additionally, ind(Hs) = ad(&) in this construction. Hg can be shown to be equivalent to &. Interested
readers can refer to [15].

Parity Formulas on Closure Graph

For an arbitrary tidy formula, we can find an equivalent parity formula that is based on the formula’s closure
graph.

The priority map that we will define on the closure graph of a tidy formula is in fact global in the sense that
it can be defined uniformly for all (tidy) formulas, independently of any ambient formula. Furthermore,
we will base this map on a partial order of fixpoint formulas, the closure priority relation C¢ that we will
introduce now. Recall that <5 denotes the free subformula relation introduced in Definition 2.10.

Definition 2.39 We let =c denote the equivalence relation generated by the relation —c, in the sense that: ¢ =c
if  »c Y and P —»c @. We will refer to the equivalence classes of =c as (closure) clusters, and denote the cluster

of a formula @ as C(g).

Definition 2.40 Define the closure priority relation Cc on fixpoint formulas by putting @ Cc 1 precisely if
P —»g @, where —»z is the relation given by p —»z o if there is a trace p = X9 —c X1 —C ... —>C Xn = 0 such

that ¢ xiforall 0 < i <n. Wewrite p Cc ¢ if ¢ Ec Y and P Zc .

Definition 2.41 An alternating Cc-chain of length n is a sequence (0;X;.Xi)o<i<n 0f tidy fixpoint formulas such
that 0;ix;. Xi TC Ni+1Xi+1-Xi+1 and N1 = 1; forall 0 < i < n. We say that such a chain starts at n1x1.x1 and leads
up to NyXp.Xn-

Given a tidy fixpoint formula &, we let h1(&) and h\(&) denote the maximal length of any alternating Cc-chain

starting at, respectively leading up to, &. Given a closure cluster C, we let cd(C) denote the closure depth of C, i.e.,
the maximal length of any alternating Cc-chain in C.

The global priority function Qg : UML — @ is defined cluster-wise, as follows. Take an arbitrary tidy fixpoint
formula ¥ = ny.@, define

cd(C(y) = K1 () if cd(C(y)) = hT () has parity n

Q =
s9) {ed(C@)) — K@)+ 1 if cd(C(W)) — h (W) has parity 7.

Here we recall that we associate 1 and v with odd and even parity, respectively. If i is not of the form ny.q, we leave
Q¢ () undefined.

Definition 2.42 Fix some tidy formula &. Let C¢ be the closure graph (Clos(&), —c) of &, expanded with the
natural labelling Lc given by

¢ ifp € AP)
O ifp=9y

L =

c(p) o ifo =10
e fp=nxy

Let
Ge = (Cg, Qg Tcios(), &)

G¢ can be shown to be equivalent to &. Interested readers can refer to [15].
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From Parity Formula to ML Formula

In the previous section we saw constructions that, for a given uML formula, produce equivalent parity
formulas based on, respectively, the subformula dag and the closure graph of the original formula. It is also
possible to give a construction that turns an arbitrary parity formula G in to an equivalent uML formula
& € UML. Basically, this construction takes a parity formula as a system of equations, and it solves these
equations by a Gaussian elimination of variables. As a result, the transformation from parity formulas to
uML formulas can be seen as some sort of unraveling construction. We will not go into details about this
construction here, and interested readers can refer to [13].



Criteria and Evaluation

In this chapter, we will introduce a list of criteria for judging whether a definition of bisimulation is a good
one, as well as the four attempts at defining a good notion of bisimulation over parity formulas that appear
in this thesis.

We first consider a list of properties we want a definition of bisimulation to have in general before delving
into any details of the specific definitions. In Chapter 1, we mentioned that there are three main reasons
for which we want to investigate the notion of bisimulation, namely to capture behavioral equivalence over
transition systems, to establish identity of theory or extension, and to take the quotient of a structure. In our
setting, these goals inspire the following criteria for a good definition of bisimulation §.

1. §is a sufficient condition for modal equivalence.

2. There is a largest bisimulation between any two structures and it is an equivalence relation.
3. Given a relation B, it should be easily verifiable whether it is a bisimulation.

4. § should include as many pairs of modally equivalent nodes as possible.

Criterion 1 and 2 are intuitively some necessary conditions for achieving aforementioned goals. With criterion
3, we want to capture the nature of bisimulations as a tool to establish identity between infinite objects
by a finite collection of facts, while leaving enough space for interpreting counts as “easily verifiable’. If
we think of Criterion 1 as expressing the requirement of the notion of bisimulation being 'sound’, then
Criterion 4 requires the notion to be as close to ‘complete” as possible. However, completeness for any notion
of bisimulation built on the matching of labels is impossible, as is illustrated by the following two parity
formulas that are obviously modally equivalent while having two disjoint sets of labels.

o (")
ONNO
61 GZ

Figure 3.1: Two modally equivalent parity formula with disjoint labels

In the case where it is not immediately obvious whether Criterion 2 holds or not, we also propose the
following two criteria which when combined are stronger than Criterion 2, a consequence of the fact that
there are only finitely many bisimulations over any two parity formulas due to their finite nature.

5. 8§ is closed under union.
6. § is closed under composition.

Given the fact that the semantics of parity formulas is built upon parity games, one requirement particular to
the definition of bisimulation over parity formulas is that we want the treatment of priorities to have a 'relative
flavor’, since in parity games what matters is only the order between the priorities of different positions, and
not their absolute value. Consider Example 3.1.

Example 3.1 Figure 3.2 shows two parity formulas that should be counted as the same, as there is a
one-to-one correspondence between the nodes respecting the labeling, parity and relative order of the
priorities.

Accordingly, we propose the following criterion.

7. In S8, the treatment of priorities has a "relative flavor’.
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’

Figure 3.2: Two intuitively isomorphic parity formulas

In the rest of this chapter, we will introduce the aforementioned definitions of bisimulation and evaluate
them against these criteria. Table 3.11is an overview of the four definitions we discuss in this chapter. Table
3.2 summarizes the result of the evaluation.

Table 3.1: An overview of the definitions.

Definition 1 Definition 2 Definition 3 Definition 4

- modal equivalence | - Match on Labels | - Match on Labels | - Match on Labels
- Match on Priority | - Match on Parities | - Match on Parities

- Zig-zag - Zig-zag - Zig-zag from A;11\Ap to A;
- Order Preserving | - Zig-zag within Ag
in Clusters - Order Preserving in Ay

Table 3.2: An overview of the evaluation of the definitions.

Def.1 | Def. 2 | Def. 3 | Def. 4

Crit. 1 v v v v
Crit. 2 v v X v
Crit. 3 X v v v
Crit. 4 See Figure 3.3

Crit. 5 v v X v
Crit. 6 v v X v
Crit. 7 - X v v

Definition 4

Loose " . Strict
o

Definition 1 Definition 3 Definition 2

Figure 3.3: 'Completeness’ of the definitions
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Definition 1

The easiest way to ensure criterion 4 is satisfied is perhaps to take modal equivalence as the definition for
bisimulation.

Definition 3.1 (Definition 1) Let G = (V,E, L, Q) and G'(V’, E’, L', CY’) be two parity formulas. B C V X V' is
a bisimulation over G and G’ ifand only B = {(v,v")|v € V,v" € V/,G(v) = G'(v")}.

For this definition, criterion 2 and 5 are satisfied because there is exactly one bisimulation over any two parity
formulas and criterion 6 is satisfied due to transitivity of identity.

However, this approach to defining bisimulations is almost tautological and does not provide any information
about the structure of the parity formulas in question. It goes against the idea of bisimulation, which is to
show infinite properties with a finite collection of facts, and to establish similarity in global behaviors from
similarity in local behaviors. The result of this flaw is that it is unclear how to verify whether a given relation
is indeed a bisimulation, i.e., criterion 3.

Definition 2

Another inspiration for defining bisimulations over parity formulas is how bisimulations are defined on
Kripke models for the basic modal logic.

Definition 3.2 Let S; = (S1, V1, R1) and Sp = (Sz, V2, Ry) be two Kripke models. Z is a bisimulation over Sy
and S, if for any s1 € S1, Sy € Sy, 51252, we have

1) sy and sy satisfy the same proposition letters;
3) forany s| € Sy, if R1s1s] then there exists s, € Sy such that s|Zs’, and Rys,s7; and
4) for any s € Sy, if Rysys) then there exists s! € Sy such that s} Zs!, and Rys1s!.

Y S, 2 1 1452 1

If we see the valuation in Kripke models and the label and priority functions both as some sort of “coloring’,
then we can translate the definition above into a definition of bisimulation over parity:

Definition 3.3 (Definition 2) Let G = (V,E,L, Q) and G’ = (V’,E’,L’, Q') be two parity formulas. B C V XV’
is a bisimulation between G and G’ if for all (u, u’) € B we have

1) L(u) = L'(w');

2) ifu € Dom(Q), then u’ € Dom(QY’) and Q(u) = Q' ('),

3) if u’ € Dom(CY), then u € Dom(Q) and Q(u) = Q' (u’);

4) forany v € V, if Euv then there exists v’ € V' such that (v, v") € B and E'u’v’; and
5) forany v’ € V', if E'u’v’ then there exists v € V such that (v, v’) € B and Euv.

This definition satisfies criteria 1,2, 3,5 and 6. Following is the proof for criteria 1, 5 and 6. Criterion 2 then is
a result of condition 5 and 6. Criterion 3 is true because we can simply enumerate the element in a given
relation R and check for each of them if they satisfy the conditions in Definition 2.

Proposition 3.1 Let B be a bisimulation between parity formulas G and G’ in the sense of Definition 2. Then for any
(v,v’) € B it holds that
G(v) = G'(v).

Proof. This is a corollary of Proposition 3.5 and 3.4. O
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Proposition 3.2 Let By and By be two bisimulations between parity formulas G and G’ in the sense of Definition 2.
Then for any B := By U By is also a bisimulation between parity formulas G and G'.

Proof. Let (u,u’) € B = By U By. Without loss of generality, assume (u, 1) € Bj.

By assumption, L(u) = L' (u’).

By assumption, if u € Dom(Q2), then u’ € Dom(£Y) and Q(u) = Q' (u’).

Symmetric to the previous point

Let v € V be such that Euv. Then, by assumption, there exists v’ € V' such that (v,v’) € B; € B and
E'u'v’.

5. Symmetric to the previous point. O

=W

Proposition 3.3 Let G, G" and G” be three parity formulas. Let By be a bisimulation between G and G and let By
be a bisimulation between G" and G”, both in the sense of Definition 2. Then, B := By; By is a bisimulation between
Gand G”.

Proof. Let (u,u”) € B = By; By. Then, there exists u” € V’ such that (1, u’) € By. and (u’, u”) € Bs.

1. By assumption, L(1) = L’(4’) and L’(1’") = L”(u”). Thus, L(u) = L”(u”).

2. Suppose u € Dom(Q). Then, by assumption, #” € Dom(QY’) and Q(u) = Q'(u’). Again, by assumption,
u” € Dom(Q”) and Q' (1) = Q”(u”). This means that Q(u) = Q" (u”).

3. Symmetric to the previous point.

4. Letv € V be such that Euv. Then, by assumption, there exists v’ € V' such that (v, v’) € B1 and E'u’v’.
Again, by assumption, there exists v/ € V" such that (v’, v”) € B, and E”u”v”. This means that there
exists v” € V” such that (v, v”) € By; B, = Band E”u"v”.

5. Symmetric to the previous point. O

The main problem with Definition 2 is that it loses the ‘relative flavor” of the priority map, that is, what
matters is only the order between the priorities of different nodes, and not their absolute value. This loss in
the "relative flavor’ is reflected in the fact that Definition 2 does not include enough pairs of nodes that are
modally equivalent, i.e., Criterion 4. To see this, note that the relation in Example 3.1 is not a bisimulation in
the sense of Definition 2 since the priorities do not match in terms of their exact value.

Definition 1 and 2 together show the two extremes in the trade-off in defining the notion of bisimulation
between the requirement to include more pairs that are modally equivalent and the requirement to make the
decision problem for bisimilarity as easy as possible in terms of computation. A better definition should find
a subtle balance between these two extremes.

Definition 3

Since priorities only matter in infinite plays and any infinite play is eventually restricted to one cluster, one
way to strike a balance between these two extremes, as is hinted in [13], is to relax the requirement on the
priorities of the pairs in a bisimulation to only match on their parity and add another requirement that a
bisimulation preserve the relative ordering of the priorities within a cluster.

Definition 3.4 (Definition 3) Let G = (V,E,L,Q)and G’ = (V’,E’, L', CY) be two parity formulas. B C V XV’
is a bisimulation over G and G’ if for all (u, u”) € B we have

1) L(u)=L'W);
2)" if u € Dom(Q), then u’ € Dom(QY') and Q(u) =, ' (u’);
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3)" if u € Dom(Q), then u’ € Dom(CY') and Q(u) =, Q' (u’);

4) foranyv €V, if Euv then there exists v’ € V' such that (v, v’) € B and E'u’v’;

5) forany v’ € V', if E'u’v’ then there exists v € V such that (v, v’) € B and Euv; and

6) foranyu,v € V,u’, v’ € V' such that (u,u’), (v,v’) € B, u =g v, u’ =g v’ and Q(u) #» Q(v), it holds
that Q(u) < Q(v) if and only if Q' (') < ' (v').

The following proposition on the relation between Definition 2 and 3 is easy to see, so we present it without
proof.

Proposition 3.4 Let G = (V,E,L, Q) and G’ = (V',E’, L’,QY) be two parity formulas. Let B C V XV’ be a
bisimulation over G and G’ in the sense of Definition 2. Then B is also a bisimulation in the sense of Definition 3.

The advantages of Definition 3 are that it satisfies Criterion 1, as is shown by Proposition ??, that it has the
'relative flavor’, as is shown by condition 5), and that it improves Definition 2 in terms of Criterion 4, since the
red relation in Example 3.1 is now indeed a bisimulation. The disadvantage of Definition 3 is that it is no
longer closed under union and bisimulation, nor does it always allow the largest bisimulation, as is shown by
Proposition 3.6.

Proposition 3.5 Let B be a bisimulation between parity formulas G and G’ in the sense of Definition 3. Then for
any (u,u’) € B it holds that
G{u) = G u’).

Proof. We need to show that, given a transition system S with initial state s;, 3 has a winning strategy in
€(G(u), S)if and only if Fhas a winning strategy in (G’ (u’), S). By symmetry and positional determinacy of
parity games, it suffices to show that given a positional winning strategy for 3on €(G(u), S), g : VXS — VXS,
T has a winning strategy ¢’ on €(G’(u’), S). This strategy is constructed by ‘shadow playing’. To be specific,
during the game, 3 keeps track of two matches: one is the match she plays with V in €(G’(u’), S) and the
other is what we call a shadow match in €(G(u), S) which she uses together with g to decide what to do in
€(G'(u’), S) when it is her turn. At each turn, 3 updates the positions simultaneously for both games. We
write (1, s;) and (u/, s}) respectively to denote the updated positions after the i-th turn in €(G(u), S) and
€(G'(u’), S). 3 update the positions in a way such that for all applicable 7,

L s; =s;and (ui,ulf) € B, and
2. (uo, s0)(u1, 51)-.-(ti, i) is a full match if and only if (], s()(u], s7)-..(u}, s}) is a full match.

I starts from (ug, so) := (4, s1) in €(G(u), S) and (u], sy) := (u’, s1) in €(G'(u’), S). Note that s9 = s; and
(10, uy) € B by our assumption that (1, u") € B. Suppose i turns have passed in €(G’(u"), S). Assume s; = s/
and (u;, u;) € B. Then, L(u;) = L’(u;) by the definition of B. We have the following cases.

L L(u;) = L'(u}) € {¢, v} and (u;, s;) has at least one successor in €(G(u), S). In this case, 3 can make a
move in (G’ (u’), S). Let (1i+1, si+1) := (v, s). Since (u;, s;) has at least one successor in €(G(u), S)
and g is a well-defined strategy, it follows that (111, si+1) is a successor of (1, s;), and thus is a legitimate
move from (1;, s;). Let $7,, = si+1 and u/_, be an element from {z € V'|(ui+1,z) € B, E’ulfz} that we
pick out in a certain way. Note that {z € V' | (u+1,z) € B, E’'uz} is non-empty because of condition 5)

in Definition 2. Note that we have s;41 = s/ ; and (ui41,u!,,) € B and neither of (uo, so)(u1, 51)...(14i, i)
and (u(), s()(u}, s})...(u], s7) are full matches in this case.

2. L(ui) = L'(u) € {0, A} and (u], s7) has at least one successor in €(G(u), S). In this case, Y can make a
movein E(G’(u’), S). Denote the position Y chooses as (ulfH, sl’.+1). Lets;y1 := s , and u;41 bean element
from {z € V | (z,u],,) € B, Eu;z} that we choose in a certain way. Note that {z € V' | (z, u;,,) € B, Eu;z}
is non-empty because of condition 4) in Definition 2. Note that we have s;41 = s; 4 and (Ujs1, ulf +1) €B

and neither of (uo, 50)(u1, 81)...(ui, ;) and (g, s()(u], s7)...(u7, s7) are full matches in this case.



24 3 Criteria and Evaluation

3. L(u;) = L'(u}) = €. Let (4i+1,i+1) and (u],,, s’ ) be the unique successors of (u;,s;) and (u/, s’)
respectively. This means that Eu;u;1, E'ufu’ , , s; = si+1 and s} = s7 . Since s; = s/, it follows that
siv1 = s;,,. Since (u;,u}) € B and Eu;ui+1 by assumption, it follows that there exists v’ € V’ such
that E’ulfv’ and (u;+1,0’) € B. Since ”1{+1 is the only successor to ulf, it follows that v’ = ulfﬂ. Thus,
(#is1,u],,) € B. Thatis, we have s;41 = s/, and (11, 4, ;) € B and neither of (uo, so)(u1, 51)..-(14i, 5i)

and (u(), s()(u}, s})...(u], s7) are full matches in this case.
4. If none of the cases above are true, then it must be one of the following cases.

e L(v)=L'(v') € Ai(P).

o L(u;) = L'(u]) € {<¢, vV} and (4, s;) has no successor in €(G(u), S).

o L(u;) = L'(u}) € {0, A} and (u}, s}) has no successor in E(G(u), S).

We argue that in all of these cases, neither (1;, s;) has successors in 8(G(u), S) nor (1, s}) has successors
in €(G'(u’),S), i.e., both (uo, s0)(u1, 81)...(ui, s;) and (u], s()(u], s7)...(u}, s7) are full matches. This is
obvious in the first case. The argument for the third case is similar to that of the second case, so we only
show the argument for the latter.

Now we show that if L(u;) = L'(u) € {<, V} and (u;, s;) has no successor in €(G(u), S), then (u/, s7)
has no successor in (G’ (u”"), S). We make the following distinction.

e L(u;j) = L'(u]) = ©. Suppose (v’,s’) is a successor to (u],s’) in €(G'(u’),S). This means that
(si,8") = (si,s") € Rs and Euv’. Since (u;, u) € B, it follows that there exists v € V such that Eu;v
and (v, v’) € B. This means that (v, s’) is a successor to (1, ;) in €(G{u), S), which contradicts
our assumption. Thus, (], s7) has no successor in €(G'(u), S).

e L(u;j) = L'(u}) = V. Suppose (v’,s’) is a successor to (u],s;) in €(G'(u’),S). This means that
s =s; = s’ and Euv’. Since (u;, ulf) € B, it follows that there exists v € V such that Eu;v and
(v,v’) € B. This means that (v, s”) is a successor to (1, ;) in €(G{(u), S), which contradicts our
assumption. Thus, (1, s) has no successor in €(G'(u"), S).

Since (u;, ;) has no successor in €(G(u), S) and (u/, s7) has no successor in €(G'(u’), S), no move is
possible in either game and the two games end simultaneously.

Now we show that g’ is indeed a winning strategy. Suppose 3 follows this strategy. As we have shown above,
the two matches always end simultaneously. There are two possibilities.

1. The matches end after finitely many, say n, steps. Let I = (u, s;)(u1,51)...(4n, Sn) be the match
in (G'(u'),S) and I = (u’,s])(uy,s7)...(uy,, s;,) be the match in €(G'(u’),S). By a), s, = s;, and
(un,u;,) € A. Thus (uy, s,) and (uy,, s;,) belong to the same player. Since both matches are full, it follows
that the two matches are won by the same player.

2. The matches are infinite. Let [ = (1, s;)(u1, $1)... be the match in €(G’(u’),S) and I’ = (v, s;)(u{, 57)---
be the match in €(G’(u’), S). Since any infinite match is eventually restricted to one cluster on the first
coordinate, it follows that there exists 11, n’ € w such that for all i > n we have u; € C(u,) and for
all i > n” we have u’ € C(u,,). Without loss of generality, assume 1 > n’. Then for all i > n we have
u; € C(uy) and u; € C(uy,). Note that we have shown that (u;, u}) € B for all i applicable. By condition
5) of Definition 3, we have

i) Q(u;,s;) = Q’(uzf,s;), and
i) if Q(u;, s;) #2 Quj, s), then Q(u;, s;) < Q(u;, s;) if and only if Q’(ulf, slf) < Q’(u]’., s;).

By Proposition 2.5, [ and I’ have the same winner. Since [ is a match where 3 follows strategy g, it
follows that 3 is the winner in [. Thus, 3 is also the winner in I’.

Thus, ¢’ is a winning strategy for €(G’'(u’), S). O

Proposition 3.6 Definition 3 is not closed under union or composition. Futhurmore, it does not always allow the
largest bisimulation between two parity formulas. These two claims still hold true even if one relaxes condition 6) to

6)" For any infinite play f : o — Vand g : o — V' on G and G’ such that (f (i), g(i)) € B forany i € w, we
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€|3
V|a v
€5 < a’

Figure 3.4: Counterexample to closure under composition

have that max(inf (Q(f))) =2 max(inf(€(g))).

Proof. Figure 3.4 presents a counterexample to closure under composition. In Figure 3.4, Bisimulation B is
shown as the red (dashed) lines while bisimulation B’ is shown as the blue (solid) lines. Note that By; B,
is not a bisimulation since the composed line between a and a4’ and the composed line between b and b’
together contradicts condition 6).

Figure 3.5 presents a counterexample to closure under union. In Figure 3.5, bisimulation B is the union of
the red (dashed) lines and gray (solid) lines and bisimulation B, is the union of the blue (dotted) lines and
gray lines. Note that B; U B; is not a bisimulation because the red line between 4 and 4’ and the blue line
between b and b’ together contradicts condition 6).

One can replace the condition 6) with the weaker condition 6)". However, this does not make bisimulations
closed under unions or compositions and the two counter-examples above still serve their purpose. To see
that, note the fact that since 5)’ is weaker than 5), it follows that B, B’ and B, B, are still bisimulations under
the weaker definition. In both examples, the play f := (ab)” and g := (a’b’)? together satisfy the condition
that (f(i), g(i)) € B; B’ and (f (i), g(i)) € B1 U B, for all i € w respectively, but they have different winners.

The counterexample shown by Figure 3.5 also rules out in general the existence of the largest bisimulation
between two parity formulas, since any relation that contains both the red line between 4 and a” and the blue
line between b and b’ violates condition 6) for being a bisimulation. This argument is still valid if we replace
condition 6) with condition 6)". O

Despite the disadvantage that Definition 3 is not satisfying Criterion 2,5 and 6, it already shows some
promising results when restricted to special cases. We dedicate Chapter 4 to discuss these positive results.

Definition 4

Definition 3 takes into account the ‘relative flavor’ of the priorities in parity formulas, and in doing so,
includes more pairs of nodes that are modally equivalent in the definition. However, an obvious shortcoming
of Definition 3 is that it is not closed under union and composition and as a result, does not allow the
largest bisimulation over two parity formulas in general. In the next definition, we will maintain the relative
treatment of priorities while trying to make the definition closed under union and composition.

To achieve this goal, we first take another look at the counterexamples presented in the proof of Proposition
3.6. One observation is that both examples run into problems because, following the bisimulation, it is
possible to stay in the same cluster in one graph while going down to another cluster in the other. Since
the definition does not have any restriction on the priorities of nodes that are in different clusters, such
bisimulations, when united or composed, can have undesirable loops. However, we do not want to completely
get rid of such links from our bisimulation, since they still express a sense of equivalence in terms of the game
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Figure 3.5: Counterexample to closure under union

semantics. It is safe to assume that such a dilemma results from mixing two different ideas of equivalence:
equivalence as initial positions, and equivalence as positions that can be visited infinitely many times. To
reconcile these two notions, we define a notion of bisimulation in a two-step manner. First, we define the
non-trivial base case of induction, Ay, which is a collection of partial bisimulations restricted to pairs of
clusters. In these partial bisimulations, relative order of priorities is respected. Then, on top of that, we define
inductively the entire bisimulation (’U A;) over the two parity formulas, where we no longer care about
priorities. The precise definition is shlcfva\)m below.

Definition 3.5 (Definition 4) Given two parity formulas G = (V,E,L,Q,v;) and G’ = (V',E’,L’, (Y, v;), a
family of binary relations (A;)icw, with A; €V XV’ forall i € w, is a bisimulation between G and G’ if it satisfies
the conditions 1 - 6 below. Here we use A to denote U A;.
1E@W
1 Ai CAjforalli,j € w such that i < j;
2. L(v) = L'(v') forall (v,v’) € A;
3. for all (v,v") € Ay, neither C(v) nor C(v’) are degenerate, v € Dom(Q) < v’ € Dom(QY), and if
v € Dom(Q), then Q(v) =, O/ (v');
4. forany (u,u’),(v,v") € Ag such that v € C(u), v’ € C(u’) and Q(u) #» Q(v), we have that Q(u) < Q(v)
if and only if Q' (') < Q' (v');
5 foralli € w, (v,v") € Ais1\Ao;
a) forall u € V such that Evu, there exists u’ € V' such that E'v'u’ and (u, u’) € A;;
b) forall u’ € V' such that E'v’u’, there exists u € V such that Evu and (u,u’) € A;; and

6. forall (v,v’) € Ay,

a) forall u € C(v) such that Evu, there exists u’ € C(v") such that E'v'u’ and (u,u’) € Ao;
b) forall u’ € C(v’) such that E'v’u’, there exists u € C(v) such that Evu and (u,u’) € Ao;
c) forall u € V such that Evu, there exists u’ € V' such that E'v'u’ and (u, u’) € A;
d) forallu’ € V' such that E'v'v’, there exists u € V such that Evu and (u,u’) € A.

Definition 4 has the relative flavor’, i.e., Criterion 7, as is shown by condition 6). Its status in terms of Criterion
4 is shown in Figure 3.3. The following propositions explains its position in Figure 3.3.

Proposition 3.7 There exist parity formulas G = (V,E,L, Q) and G’ = (V’,E’,L’,(Y), a bisimulation (A;)icw
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Figure 3.6: Example for Def. 4 = Def. 3

Figure 3.7: Example for Def. 2 = Def. 4

between them in the sense of Definition 4, and (v, v’) € A, such that there is no bisimulation B between G and G’ in
the sense of Definition 3 with (v, v’) € B.

Proof. Consider the two parity formulas in Figure 3.6. Let (A;);e, be such that Ay is the collection of the gray
(solid) lines and A4 is Ap together with the red (dashed) line. It is easy to check that (4;);ce is indeed a
bisimulation in the sense of Definition 4. However, note that if we include (4, 4”) in any bisimulation B in the
sense of Definition 3, then to comply with condition 4)/5), we would need to include (b, b’) in B as well. But
having (a,a’) and (b, b’) in B at the same time contradicts condition 6). This means that no bisimulation in
the sense of Definition 3. contains (a, a’). O

Proposition 3.8 There exist parity formulas G = (V,E,L,Q) and G’ = (V’,E’,L’,Y) and a bisimulation B
between them in the sense of Definition 2, and (v, v") € B, such that there is no bisimulation (A;)ic. between G and
G’ in the sense of Definition 4 with (v, v’) € A.

Proof. Consider the two parity formulas in Figure 3.7. Let B be the relation represented by both the gray
lines and the red line. It is easy to check that B is indeed a bisimulation in the sense of Definition 2. Suppose
there exists a bisimulation (A;);c, in the sense of Definition 4 such that (a,a’) € A. Then either (a,4’) € Ay
or(a,a’) € Aj;1 forsomei € w.

Suppose (a, a’) € Ap. By condition 5a), when we go from a to b, we need to be able to go from a4’ to a successor
b’ of a’ in the cluster of a’ such that (b, b’) € Ap. Since C(a’) = {a’}, it has to be the case that b’ = a’. This
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means that the pair (b, a’) has to be in Ag. But this contradicts the requirement that any pair in A has to
match in both labels and parity. So the red line cannot be in Ay.

Suppose (a,4’) € Ajs1 for some i € w. By condition 4b), when we go along the self-loop of a’, we need to be
able to go from a to a successor ¢ of 4 such that (¢, a’) € A;. Since any pair in A has to match in both labels
and parity, it follows that ¢ = a. This means that the red line is in A;. Since by assumption, the red line is not
in Ay, it follows that the red line is in A;\Ao. If i = 0, then we have a contradiction. If i > 0, then repeat this
argument for 7 more times and we will run into contradiction. So the red line cannot be in A;,1\Ao for any
1€ w.

To sum up, there is no bisimulation (A;);c between G and G’ in the sense of Definition 4 with (a,4’) € A. O

Furthermore, Definition 4 also satisfies Criterion 1,2, 3,5 and 6. We dedicate Chapter 5 to proving and
discussing these properties.



Definition 3: Special cases

In this chapter, we consider some positive results when considering Definition 3 on two special cases. One
case concerns bisimulations that can be seen as functions, which we can also see as the morphisms over parity
formulas. We show that when restricted to functional relations, Definition 3 has nice category-theoretical
properties to be considered the “arrows’ in the category of parity formulas. We also show that the well-known
expansion map by Kozen [1] is indeed a morphism by our definition. The other case concerns parity formulas
with only one cluster. We show that in this restricted situation, Definition 3 is closed under union and
composition, and thus, the largest bisimulation over any two such parity formulas always exists. This provides
a way to take the quotient of a parity formula with only one cluster.

Case 1: Morphism

LetG = (V,E,L,Q,v;)and G’ = (V',E’, L/, Y, v}) be two parity formulas and B € V X V' be a binary
relation. We call B functional if, for each v € V, there exists a unique v’ such that (v, v") € B. When restricted
to functional relations, Definition 3 translates to the following.

Definition 4.1 Let G = (V,E,L,Q,v) and G = (V', E’, L', (Y, v}) be two parity formulas. A morphism from
GtoG isamap f : V — V' satisfying the following conditions, for allu,v € V :

1) L(u) = L'(f(w);

2) if Euv then E' f (1) f (v);

3) if E' f(u)v’ then Euv for some v € V such that f(v) = v’;

4) u € Dom(Q) if and only if f(u) € Dom(QY');

5) if u € Dom(Q), then

6) if u =g v and Q(u) #, Q(v), then Q(u) < Q(v) if and only if ' (f (1)) < Q' (f (v)).

Now we show that Definition 4.1 has nice category-theoretical properties to be considered the ‘arrows’ in the
category of parity formulas.

Proposition 4.1 The following holds:

1. The identity function i is a morphism of parity games.

2. Foranyu,v € V such that u # v, ifu =g v, then f(u) =g f(v).

3. Function composition works as composition of morphism of parity formulas.

4. Identity functions are identity morphisms and composition of morphisms is associative.

Let us prove each statement separately.

1. The identity function i is a morphism of parity formulas.

Proof. Forany u,v € V

1) L'(i(u)) = L(i(u)) = L(u)

2) Euv = E(i(u))(i(v)) = E'(i(u))(i(v))

3) E’(i(u))v = Euv while i(v) = v

4) u € "ifand only if i(u) € ".

5) Ifu € ", then Q(u) =, Q(i(u)) = Q' (i(u))

6) If u =g v and Q(u) %, Q(v), then it is obvious that Q(u) < Q(v) if and only if Q(i(u)) <
Q(i(v)). O

2. Forany u,v € V such thatu # v, if u =g v, then f(u) =¢ f(v).
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Proof. Assume u =g v. Then there exists u = wo, w1, ..., Wy = U, Wn41, ..., Wn+m = U € V such that
wiEw;4 for all 0 < i < n + m. By condition 2) of Definition 3 this means that f(w;)E’ f (w;41) for all
0 <i < n + m, which in turn means that f (1) =g f(v). O

3. Function composition works as composition of morphism of parity formulas.

Proof. Let G = (V,E,L,Q,v1),G" = (V/,E', L', (Y, U}), G” = (V”,E",L”,Q)", v;’) be three parity
formulas. Let f : G — G’ and g : G’ — G” be two morphisms of parity games. For any u,v € V:

1) L(gf () = L'(F(w) = L(u)

2) Euv = E'f(u)f(0) = E"gf(w)gf (0)

3) Suppose E” g f(u)v”. Then E’ f (u)v” for some v” such that g(v’) = v”. This in turn means that Euv
for some v with f(v) = v’. Note that g f(v) = v”.

4) Since both f and g are morphisms, we have u € Dom(Q) if and only if (1) € Dom((Y’) if and only
if ¢ f(u) € Dom(QY”).

5) Suppose 1 € Dom(Q). Then by condition 4), f(1) € Dom({Y’) and g f(u) € Dom(Q)”). By condition
5, Q) =2 Q'(f () =2 Q"(gf ()

6) Suppose u =g v and Q(u) #; Q(v). Then from Proposition 3 part 2 it follows that f(u) =g f(v)
and from Definition 3 condition 4) it follows that Q’(f (1)) #2 Q'(f(v)). Then Q(u) < Q(v) if and
only if O(f(u)) < Q/(f(v)) if and only if Q" (g f (1)) < Q"(gf(v)). O

4. Identity functions are identity morphisms and composition of morphisms is associative.

Proof. 1If we take the identity funtion as the identity isomorphism, it is clear that composing it with
any morphism of parity games from right or left returns that morphism. Also, the composition of
morphisms of parity formulas are associative since functional composition is associative. O

Proposition 4.2 Let f : G — G’ be a morphism of parity formulas. Then for any node v in G it holds that

G(v) = G'(f(v)).

Proof. This proposition is a corollary of Proposition 3.5 O

Expansion as Morphism

In this section, we show that the expansion map defined by Kozen [1] is indeed a morphism according to
Definition 3.

Definition 4.2 Let & € uML(P) and let BV (&) = {xo, ..., X, }, where we assume that i < j if x; <g x;. Define the
expansion expz (@) of some ¢ < & as:

exps (@) == @[x0/NxoX0-Ox |- [ X1 /1x, X1 -0, |-

For the proof that exp; is indeed a function from Sfor(&) to Clos(&) please refer to [13]. In the rest of this
section we write x1, ..., X, with this specific order in which exp, performs substitutions in mind.

Throughout this subsection, we assume & € puML(P) to be clean. First, we construct an equivalent parity
formula H; from the subformula dag in a slightly different way than that of Definition 2.38. Let H} :=
(Vg, Eg, Lé, Qg, UI) where

o Vi :=Sfor(&) — BV(&).
e Use D; to denote the relation > restricted to Sfor(¢).

Eg:={(a,b)|(a,b) € D¢,b ¢ BV(&)} U {(a,nx.6x)|(a,x) € De}.
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py. (px. (x Ay) Ay) ——— py- (ux. (x Ay) Ay) = ay

\J
px. (X Ay) Ay ————— ux. (x Aay) Aay,

Y
pux. (x Ay) px. (x Aay) = ay

XAY

Figure 4.1: Example of an Expansion Map that is not injective

o ifpe{T,L}U{p,plpeFV (&)}
Le(p) = © if @ is of the form @y © @1 with © € {V, A}
- ©  if @ is of the form Vi with © € {O, ¢}
€ if ¢ is of the form n,x.6, withn € {u, v}

e Given a bound variable x € BV (&), let hI((x) be the maximal length of an alternating <g-chain of
fixpoint variables starting at x. Furthermore, let /1:(x) be the maximal length of an alternating <s-chain
with the corresponding fixpoint subformula of each variable from the chain being in the cluster of
Nxx.0x. Then we define

he(x) - hg(x) if he(x) — hg(x) has the same parity as 1y
he(x) - hg(x) +1 otherwise

Qg(nxx.éx) = {
For ¢ € V; that is not of the shape of 1,x.6x, Qs (@) is undefined.
® U= cf

Let G¢ be the equivalent parity formula constructed from the closure graph in Definition 2.42. Before we
delve into the proof that is the goal of this subsectioin, we first provide an example of an expansion map
which at the same time shows that even for clean formulas, the expansion map is not always an injection.

Example 4.1 Note that exp; Ty, is not necessarily injective. Consider & = uy. (ux. (x A y) A y). Figure 4.1
shows He, G¢ and exp;.

In the rest of this subsection, we show a collection of propositions that gradually build up to the final
proposition in which we prove that exp; ['v, is a morphism from He to G¢ for any clean modal u-formula

é.
Proposition 4.3 For all 0 < k < j < n, it holds that x & FV (0x;,).
Proof. Suppose xj € FV(éxj) for some 0 < k < j < n. Then x; € FV(nx].xj.éx].). Since ¢ is clean, by

Proposition 2.1 the fact that xj occurs freely in U xj.éx,. means that x; < Mx; xj-éx, < Ny, Xk .0y, . This means
that x; <g x¢, and thus, j < k. However, by our assumption, k < j. Hence, contradiction. O
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Proposition 4.4 Let xy, . .., Yi, Yi+1 be all distinct variables and @, )y, ..., Yi41 be formulas in uML. Then

(P[yO/ 000 /yi/lPO/ ©00 /¢i][yi+1/¢i+l] = (P[yO/ ©00 /yi/ yi+1/)(01 ©00 /Xi/ l]ljl'+1:|

where for all j with 0 < j < i, xj = Yilyis1/Pis]

Proof. We prove this by induction on the size of ¢:
e Base case.

a) ¢ = p forsomep ¢ {yo, ..., Yi}.
plyo, - il o, o Yillyis /Vin] = plyici/Vial = pLyo, - Vi, Yier/ Xos o Xis is1]

b) ¢ = yjforsome0 < j <i.

Yilyo, - yi/bo, -, Yillyin1 [Yina] = Qjlyiv /il = Xj = yilyo, - Yi, Yisr/ Xo, -y Xis Yisa]

e Induction step.

a) @ = @o O @1 for some O € {A, V}.

elyo, - vi/ Yo, o, Villyisr /Pis]
= @olyo, - Yil/ Yo, o, Yillyis1/Yiv1] © @1lyo, .- Vil Yo, oo Yillyis1 [ Pina]

IH
= @olYo, - Vi, Viz1/ X0, s Xis Wiv1] © @1[Y0, s Yis Yis1/ X0y oo Xis Wiz1]
= ((PO © (Pl)[]/O/ ey ]/i/ ]/i+1/X0/ Ly Xi/ 1Pi-{-l]

= @[yo/ e Yiy yi+1/X0/ ceer Xis ¢i+1]

b) ¢ =9y for some © € {O, O}.

elyo, - yilo, o Yillyizt /vl
=9Y[yo, ..., Yi/Vo, ..., YillYis1/Pis]
= 9Wlyo, ..., Yi/ o, o, YillYivr /Pira])

Ig Q7(1)[}[y0/ ceey yi/ yi+1/X0/ ceer Xis 1;Z}l'+1:|)
= QU[Yo, -oos Yi, Yie1 [ X0s -os Xis Wis1]
= (P[]/Oz Y ]/i/ ]/i+1/)(0/ cecy Xi/ 11Dl'+1:|

c) @ =nx.p forsomen € {u, v}.

elyo, - vil o, s YillYis1 /Pin]
=nx.Pyo, ..., Yi/Po, ..o, Yillyie1 /Piz]
= nx.([x/qllyo, ..., vi/ Yo, .., Yillyis1 /Pivallq/x])

& nxx.(Qlx/qllvo, .. Vi, Yisr/ X0, -0 Xis Qi ]9/ x])
= 0xP[Yo, s Yi, Yie1/ X0, s Xis Pix1]

where g is a new propositional letter. O

Proposition 4.5 For any ¢ € Sfor(&), exps(@) = @[x1, X2, ...xn/exps(x1), exps(x2), ..., €xpg(xy)]. That is,
exps(¢) can be obtained from ¢ by a uniform substitution that replaces the variable x; with exps(x;) for all
0<i<n.
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Proof. Denote @[x0/1x,X0.0x,]..-[%i/Nx; Xi.0x,] by expé(qo) for all 0 < i < n. We show by induction on i that
forall0 < i < n and ¢ € Sfor(&), it holds that ‘

exp (@) = plxo, ..., xi/expl(x0), .., expy (x:)]-

e Base case, i = 0. It is easy to see that for all ¢ € Sfor(&), it holds that

@[x0/MxyX0-0x,] = @[x0/(x0[X0/Nx,X0-0x,])]-

e Induction step. Assume that the proposition holds for some 0 < i < 1. We show that the proposition
also holds for i + 1. Note that

i+1

expi () = exp(@)[Xiv1/Mxiy Xi1 01,1 ]

= ¢[xo, ..., xi/expé(xo), s expg(xi)][xm/nxiﬂxm Oxin]

Prop.4.4 ; .
= QD[XO/ e Xip Xig /explg(x())[xi+l/nx,‘+1 xi+l'6x1+1]r weey exng(xi)[xi+l /T]X,'Jrl xi+1~6x,~+1]/ Uxi+1xi+1-6x,'+1]

def : .
= (P[x()l ey Xip Xig1 /explg—l(xo)/ ceey explg—l(xl‘)/ MNxis xi+1~6xi+1]

2 plx0, s i, Xie1 /X (x0), . exp (1), exp (i)

Note that * holds because

77Xi+1xi+1'6x1'+1 = Xit+1 [xi+1 /nxi+1 xi+1'6xi+1]
= Xit+1 [XO/nxUxO~6JC0]"'[xi/nxixi-éxi][xi+1 /nxi+1xi+1-6x,'+1]

= expi L (xis1)

The case i = n is precisely the proposition we set out to prove. O

Corollary 4.6 x; ¢ FV (exp(¢)) for any x; € BV(&) and ¢ € Sfor(&).

Proof. Directly follows from Proposition 4.5. O
Proposition 4.7 For all x; € BV (&), it holds that expg(x;) = expg(1x, X;.0x,)-

Proof.

eng(xi) = xi[xo/nxoxo-éxo]-"[xn /T]xnxn-éx,,]

= Ny; Xi.Ox; [xit1 /nxi+1xi+1-6xi+1]--~[xn /nx,, xn-éxn]

Prop.4.3
£ 1, %i-Ox; [ X0/ Mg X0- O )+ [ X /1], X1 - O, ]

= expg (Mx; Xi.0x;) O

Proposition 4.8 For any ¢, € V¢, if p Ec Y, then exp: (@) —c expg ().

Proof. Suppose @ E¢ 1. There are the following cases:

1L @ =¢oO¢iand P = @; forsomei € {0,1} and © € {V, A}. Then exp: (@) = exp: (o) © exp:(¢1) and
[exps(po) © exps(p1)] —c exps(@i).



34 | 4 Definition 3: Special cases

2. ¢ =0 @iand @; = x, P = Nx.0x for some x € BV (&), i € {0, 1}. Without loss of generality, assume

. Prop.4.7

i = 1. Then exp;(¢) = exps(po) © exps(x) = exps(po) © exps(1xx.0x) and

[exps (o) © exps(1xx.0x)] —c exps(nxx.0x).
3. ¢ =9¢"and Y = ¢’ for some © € {0, ¢ }. Then expg (V') = Vexp:(¢’) and Vexp:(¢’) —c exps(¢”).
4. @ =9x and 1 = 1,x.0y for some © € {0, O} and x € BV(&). Then

Prop.4.7

exps(Vx) = Vexps(x) = Vexpg(nxx.0x) and Vexpg(nxX.0x) —c exps(1nyx.0x).

5. @ =1y,x;.0y; and ¢ = Oy, for some x; € BV(&). Then

expg (1x,%i-Ox;)

Prop.4.5
= N Xi.0x;[X0, .., X /€XPs(X0), ..., €XPe(X1)]

Zﬂxixi‘(éx,'[xO/ sy xl’*l/ xi+1xi’l /eng(xo)/ sy expé(xllfl)/ eng(xiH)/ ceey eng(xn)])
—C 6xi [xOI ey Xic1, Xit1y oees xl’l/expé(xo)/ e eng(xi—l); expé(xl'+l)/ ceey expé(xﬂ)][xi/expé(nXixi'(SXi)]

Prop.4.4
= 63(,‘ [x()/ s Xi1, Xiy Xidly eees xn/eng(xo)[xi/eng(nx,-xi~6x,')]/ ceey expé(xi—l)[xi/expé;(nxixi-éxi)]/

expg (Mx; Xi-0x;), expe (xXis1)[xi/expg(Nx; Xi.0x,)], ..., exps () [xi /€xpg (12, Xi.0x;)]]
Cor.4.6

= " 0x,[X0, ees Xic1, Xiy Xit1, ooes X0 [€XPg(X0), ..., €XPe(Xi1), €XPe (13, Xi.0x; ), €XPe(Xit1), ..., €XPe(X)]
Prop.4.7

= 63(1' [x0/ s Xi-1,Xi, Xit1, ooy Xn /expg(XO)/ Ly expé(xi—l)/ expé(xi)l eng(xiH)/ ceey expé(xﬂ)]
Prop.4.5

L expe (61).

Here we distinguish two different cases:

a) 1 = 0y,;. Then it is obvious that exps0x; = expg (1))
b) ¢ # Oy;. Then by construction, 6., must be of the form x; for some x; € BV(&). This means that
Y= nxjx]-.éxj and thus,

Prop.4.7
exps(Y) = GXPg(T)x,-xj~5x,) = expe(xj) = expg(Ox;).

Proposition 4.9 For any ¢ € Vg and ¢ € Clos(&) such that exp:(p) —c 1, there is ' € Vg such that
expe(§) = Y and @ Ec .

Proof. Suppose exp(¢) —¢ . There are the following cases:

1. Le(expg(¢)) = © for some © € {A, V}. Since exp; preserves the labels, it follows that ¢ is of the form
$o © @1 for some @g, 1 € Sfor(&). Then expg (@) = expg (o) © exps(¢1). This means that ¢ = exp:(¢;)
for some i € {0,1}. If ¢ E¢ @4, then we can let ¢’ = @;; otherwise, by construction, ¢; must be of the

Prop.4.
form x for some x € BV(¢), in which case 1) = expg(x) o7 exps(1x.0x) and @ Eg (17x.0x), so we can
let " = 1y.0y.

2. Lc(exps(¢)) = @ for some © € {0, ¢ }. Since exp; preserves the labels, it follows that ¢ is of the form
O’ for some @’ € Sfor(&). Then exps (@) = Vexps(¢’). This means that | = exps(¢”). If ¢ E¢ ¢’, then
we can let Y’ = ¢’; otherwise, by construction, ¢’ must be of the form x for some x € BV(&), in which

Prop.4.7
case ) = exps(x) =  exps(ny.0x) and @ Eg (1x.0x), so we can let 1" = 1;..0,.
3. Lc(expe(¢)) = €. Then exps(¢) is of the form n,,.6, for some x; € BV(&) and some formula 07
Since ¢ is clean, it follows that @ = 1),.0y,. By Proposition 4.8, exp: (¢) = expg(1xx.0x) —c expg(0x).

Since Lc(exps(¢)) = €, exp:(¢) only has one successor. So, ) = exp;(6x). If ¢ E¢ 65, then we can
let " = 0y,;; otherwise, by construction, it has to be that o, = Xj for some Xj € BV (&), in which
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Prop.4.7 .
case Y = exps(xj) =  expg(nx;X;j.Ox;). By construction, (¢ = 1x,xi.x;) E¢ (nx;X;.X}), so we can let
P =1 Xi.0x;. O

Corollary 4.10 exp; Ty, is surjective.

Proof. Note that & = expg(&). Proposition 4.9 shows that exp;[V] is closed under —¢. Since Clos(&) is
characterized as the smallest set that contains & and is closed under —, it follows that Clos(&) C expg[Ve].
In other words, exp: Ty, is surjective. O

Proposition 4.11 For any ¢ € Vg, if exps(¢) = expg(x) for some x € BV (&), then ¢ = 1xx.0y.

Proof. By Proposition 4.7, exp: (@) = expg(1xx.0x). Then exp: (@) = 1yx.5}, for some formula /. It follows
that @ must be of the form 1,x.6% for some formula 6%. Since £ is clean, it must be that ¢ = 1,x.6x. O

Proposition 4.12 For x, y € BV (&) such that x # y, it holds that 1, x.6x =g, 1yY.0y if and only if expg(x) =c
expe ().

Proof. We show both directions:
= Suppose 1yx.0x =g, 1yY.0y. Then there exists path
(Nxx.6x = @o) Eg ... E¢ (1 = 11yy.0y) Ec ... Eg (Quan = NxX.0x).

By Proposition 4.8,

exps(1xx.0x) —c ... =c exps(@i) —c ... =c exps(1yy.0y) —c ... —=c expe(@j) —c ... =c exps(n:x.0x).

By Proposition 4.7,

exps(x) —c ... =c expg(@i) —c ... =c exps(y) —c ... =c expg(@j) —c ... =c expg(x).

Thus, expg(x) =c expg(y).
& Suppose expg(x) =c expg(y). Then there exists a trace

exps(x) —c ... =c expg(@i) —c ... =c exps(y) —c ... =c expg(@j) —c ... —c exps(x).

By Proposition 4.9, there exists a path ¢ E ... Ez @y, E¢ ... Ec Q4 such that exps (o) = expg(@nim) =
expsx and expg(@n) = exps(y). By Proposition 4.11, it follows that @, = @u1m = 1nxX.0y and @, =
NyY.0y. S0, NxX.0x =g, NyY.0y. O

Proposition 4.13 For any x,y € BV (&), it follows that x < y if and only if expz(x) Cc exps(y).

Proof. We show both directions.

=: For this direction we show that given a path n,y.6y »0 @0 >0 ... >0 m = 1xXx.0x Witnessing that
x <g y, it holds that exp:(y) = exps(1,1.0y) —c exps(@o) —c ... —=c exps(Nyx.0x) = expg(x) and
exp:(y) df expg(¢@;) forall 0 < i < m.
We first show that for any x,y € BV(&) such that x # y and y < 1yx.0x < 1yy.0y, it holds that
expg(x) Cc exps (). Here we use the fact that for any ¢ € Sfor(&) such that y € FV(¢), it holds that
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exp:(y) <f exp:(¢), that is, exp:(y) < exp:(¢) and FV(exps(y)) N BV (exps(¢)) = @. The former is
true because by Proposition 4.5, expg (1) occurs as a subformula of exp:(¢) where y is replaced with
expg(y); the latter is true because FV (exps(y)) € FV (&) and BV (exps(¢)) € BV(&) and that ¢ is tidy.

Since y < 1xx.0x < 1yY.0y, we have a path 17,.0, >0 Qo >0 ... >0 P = NxX.0x such that y € FV(¢;)
for all 0 < i < m. To see that y is free in all ¢;, 0 < i < m, note that if y occurs in @y, it
must occur in @; for all 0 < i < m. Suppose y occurs bound in ¢;. Since £ is clean, it must
be that ,y.6, < ¢;. This implies that |p;| > |1,y.0,|. However, since n,y.6y >0 @0 >0 ... >0 @i,
we have |p;| < |n,y.0y|. Contradiction. Thus, y is free in all ¢;, 0 < i < m. By Proposition 4.8,
exps(y) —c exps(po) —c expg(p1) —c ... =c exps(¢@m) = expg(x). Furthermore, by what we have
shown in the previous paragraph, exp:(y) <y exp:(¢;) for all0 < i < m. Thus, exp:(x) Cc expg(y).

We have shown that for any x,y € BV(£) such that x # y and y < 1,x.0x < 11,y.0y, it holds that
exps(x) Cc exps (). Suppose x <¢ y. Then there is a chain of bound variables x = yo, y1,..., ¥n = ¥
such that yiy1 <1y, i.0y; <1y, Yis1.0y,, forall 0 < i < n. This means that exp;(x) = exps (o) Cc
exps (Y1) Cc ... Cc expg(yn) = expg(y). Since Cc is transitive, it follows that exp (x) Cc exps(y).

: Suppose expg(x) Cc exps(y). Let expg(y) = o —c ... =c P = expg(x) be one of the shortest

traces in the closure graph witnessing exp;(y) —»?p‘g(y) expg(x). By Proposition 4.9, there exists a path

@0 E¢ @1 E¢ ... Ec @y, such that exps(¢;) = ¢; for all 0 < i < n. By Proposition 4.1, ¢g = 1, .6, and
Qn = NxX.0x.We argue that NyY-Oy = Po>o P10 --->0 Pn = NxX.0x. To see this, assume the contrary. Let
0 < i < n be the smallest number such that ¢; o @;+1. Then ;1 is of the form exp,(1.z.0;) = expg(z)
for some z € BV (&) N FV(@;). We further distinguish the following three cases:

a) z = y. Then exp;(y) = ;i —c Yiy1 —c ... —=c Pu = expg(x) is a strictly shorter trace in the

closure graph witnessing exp;(y) —»eCXpé(y ) expg(x), which contradicts our assumption.

b) z # y and z € FV(0,). This means that z < 1, y.6, < 1,z.6, and thus, y < z. By the = direction,
it follows that exp:(y) Cc exp;(z). However, since z # y and exp:(y) = o —c ... —c ¢j =

expg(z) witnesses exps (V) —»ZXpé(y ) expg(z), we have exp:(z) Cc exp;(y). Contradiction.

c) z# yandz € BV(0y).Since z € FV(¢p;) and ¢; >0 ¢j+1 forall 0 < j < i, it follows that there exists
0 < j < isuch that ¢; =1,2z.0; and @j;1 = 0,. This means that exp:(y) = Yo —c ... —>c ¢j =
VYis1 = Yit2 —C .. ¢ Py = eXpg (x) is a strictly shorter trace in the closure graph witnessing

exps(v) —»ZXpé(y) expg(x), which contradicts our assumption.

Note that since ¢; < 1,y.6,, and that z occurs in ¢, it follows that z must occur in 17, .6, So the three
cases above exhaust all possibilities. Thus, 1,y.6y = Qo >0 @150 ... >0 Py = N X.0x.

Now we argue that for all 0 < i < 7, there exists 0 < j < i and z € FV(¢;) such that ¢; = 1,2.5,. Fixan
i. Note that |@;| < [n,y.0,] < |exps(y)| so exps(y) & @i. However, exps(y) < expg(¢;), by assumption.
As a consequence of Proposition 4.5, we know that the subformula dag of exp;(¢;) can be obtained
from the subformula dag of ¢; by simultaneously replacing the node for x; with the whole subformula
dag of exp;(x;) for all x; € FV(¢;). Under this perspective, two possibilities arise in terms of how
exps(y) appears as a subformula of exp:(¢;), or equivalently, how exp:(y) appear as a subtree in the
subformula dag of exp:(¢;):

a) The root note for the subtree exp;(y) already exists in ¢; (including the x;’s which are later
substituted). This means that there exists 1) < ¢@; such that [y, ..., Y /exps (Y1), ..., exps (Ym)] =
exps(y) = expg(nyy.0y) where {y1, ..., ym} = BV(E) N FV(¢;). Then 1) is of the form n,y.0], for
some formula 6’y. Since ¥ < & and £ is clean, it must be the case that ¥ = 1,y.6,,. Since ¢; is a
strict subformula of 1, y.6,, for all 0 < i < n, this is a contradiction.

b) The root note for the subtree exp; (1) does not exist in @;. This means that there exist z € FV (¢;)
such that exp; () < expg(z). Since z occurs in ¢; and ¢; < 17,y.0y, it follows that z also occurs in
1nyYy-0y. Thus, z € FV(n,y.6y) or z € BV (1,y.6).

i. z € FV(nyy.6y). Then y <¢ z, and by =, exps(y) T expg(z), which implies that exp:(z) <
expg (). But we have assumed that exp:(y) < exp;(z). Putting these two statements together
we have exp;(y) = expg(z), which implies that 1,y.6, = 1.2z.0,. This contradicts our
assumption that z € FV(1,y.6).
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ii. z € BV(1yy.0y). Since z € FV(¢;) and ¢; >0 ¢j+1 for all 0 < j < i, it follows that there exists
0 < j <isuchthat ¢; =1,2.6, and ;41 = 0.

In light of this, we know that there exists a finite sequence (x, 1) = (o, ko)(y1, k1)-..(Ym, km) = (y,0) of
elements from BV (&) x {0, 1, ...n} such that

o 0< ki1 <k,
® @k, =1y Yiby, forall0 < i < m,and
® yiv1 <f My, Yi-0y; LMy, Yie1.0y,,, forall0 < i <m.

Note that x = yo, y1, ..., Y = y is a chain of bound variables witnessing x <¢ y.

In conclusion, we have shown that for any x, y € BV(&), it follows that x <¢ y if and only if exp 5(x) Cc
expg(y). O

Proposition 4.14 Given a clean & € uML(P), exp; is a morphism from H to Gg in the sense of Definition 3.

Proof. We prove that exp; satisfies every condition in Definition 3.

1) It follows directly from the definition of exp; that L(¢) = L(exp:(¢)) for all ¢ € V.

2) Precisely Proposition 4.8.

3) Precisely Proposition 4.9.

4) Letv € Ve. Suppose v € Dom(Q2), then by definition v = 1, x.6, for some x € BV(&). Since exp; only
involves substitutions on v, it is easy to see that exp; is still a fixpoint formula and by definition in the
domain of Q. Suppose exp:(v) € Dom(Qg). Then by definition, exp;(v) is a fixpoint formula. Note
that exp;, consisting only of substitutions, does not change the outermost operator in a formula. This
means that v = x or v = 1,x.0, for some x € BV(&). Since the former is not in V, it follows that v is a
fixpoint formula, and therefore, v € Dom(Q).

5),6) Suppose v € Dom(Q), then by definition v = 1,x.0, for some x € BV(&). Note that for all x € BV (), it
holds that
Qg (1xx.0x) =2 1x =2 Qq(expe(1xX.0x)).

Combining Proposition 4.11, Proposition 4.12 and Proposition 4.13, we observe the following.

o If zy <¢ z1 <¢ ... <¢ zp is an alternating <¢ chain such that 1,z;.0;; is in the cluster of 1, x.6,
forall 0 < i < m, then expg(z0) Cc exps(z1) Cc ... Cc expg(zm) is an alternating Cc chain in the
cluster of exp;(x) = exps(1xx.6x);

e If 13,20.0%, Cc 1z21.07, CC ... CC 17z,Zm-0%, is an alternating Cc chain in the cluster of
exps(1xx.0x) = expg(x) for some formula 6 , 5% , ..., 0 , then1;,.z;0%, = exps(z;) forall0 < i <
m and thus, zg <g z1 <¢ ... <g zj is an alternating <¢ chain such that 1;,z;.6; is in the cluster of
Nxx.0x forall 0 < i < m.

o IfNyx.0x = 1220.02 <& 2,21.02, <¢ ... <¢ Nz,,Zm-0z, isanalternating <¢-chain then expg (1,x.0x) =
expg(1220-0z,) = expg(z0) Cc expg(z1) Cc ... Cc expg(z) is an alternating Cc chain.

o If exps(Nxx.0x) = 12,20.0%, Cc 12,21.0%, TcC ... ©C 7z, Zm-0%, is an alternating Cc chain for
some formula 6, , 06 , ..., 0, , then 1;,.2;0% = expg(z;) for all 0 < i < m and thus, 1,x.6y =

N2020-0zy <& N2,21.0z; <& ... <g N3z,,Zm-0z, is an alternating <¢ chain.

These observations sum up to the fact that cd(C(expg(x))) = he(x) and hT(expg(x)) = h(TS(x) for all
x € BV(¢). Recall the definition for Qs and (¢, we conclude that Qg (17 x.0x) = Qg(expe (1xx.6y)) for
all x € BV(&). O
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Case 2: Parity Formulas with One Cluster

In this section, we show that the notion of bisimulation given in Definition 3 is closed under unions and
compositions for parity formulas that consist of only one cluster. These properties together ensure the
existence of the largest bisimulation, i.e., the bisimilarity relation over any two parity formulas that have only
one cluster. In the end of this chapter, we provide a way to take the quotient of such a parity formula with the
help of the bisimilarity relation.

Proposition 4.15 Let G = (V,E,L,Q,v;),G' = (V',E', L', (Y, v;), G”=(V",E”,L",Q)", U;’) be three parity
formulas such that forallu,v € V, u’,v" € V' and u”,v” € V", we have that u =g v, u’ =g v’ and u” =g» v".
Let BC VX V"and B C V' X V" be two bisimulations of parity formulas. Then the composition of the two relations
B; B’ is also a bisimulation.

Proof. Let(u,u”) € B; B'. Note that this means that there exists u’ € V' such that (u, u’) € Band (u’,u”) € B'.

1) L(u)=L'w)=L"u").

2) Letv € V such that Euv. This means that there exists v’ € V' such that E'u’v’ and (v, v’) € B. It follows
that there exists v” € V” such that E”u”v” and (v’,v”) € B’. Note that (v,v”) € B; B’.

3) Letv” € V” such that E”u”v”. Then there exists v’ € V’ such that E’u’v” and (v’,v”) € B’. It follows
that there exists v € V such that Euv and (v, v’) € B. Note that (v, v”) € B; B’.

4) By condition 4, u € Dom(Q) if and only if #” € Dom(QY’) if and only if u” € Dom(Q").

5) Suppose u € Dom(Q). Then by condition 4, v’ € Dom({Y) and u” € Dom(Q)”). By condition 5,
Q(u) = Q'(u') = Q" (")

6) Suppose (v,v”) € B; B’. Then there exist v’ € V’ such that (v,v’) € B and (v’,v”) € B’. Assume that
Q(u) #2 Q(v). By condition 2) of the definition of bisimulation, we have that Q'(1") #, Q'(v’). Since
each of the three parity formulas only consists of one cluster, it follows that u =g v, u’ =g v" and
u” =pr» v”. Then, by condition 5) of the definition of bisimulations, it follows that Q(u) < Q(v) if and
only if (¥ (u") < Q'(v’) if and only if Q(u”) < Q(v"). O

Proposition 4.16 Let G = (V,E,L,Q,v;), G’ = (V',E’,L’,QY, v}) be two parity formulas such that for all
u,v € Vandu',v’ € V', we have that u =g v and u’ =g v’. Let By, By € V X V' be two bisimulations of parity
formulas. Then the union By U B is also a bisimulation.

Proof. Let (1, u’) € By U B,. Without loss of generality, assume (u, u’) € By.

1) By definition, L(u) = L'(u').

2) For any v € V such that Euv, there exists v’ € V’ such that (v,v’) € B; € By U By and E'u'v’.

3) For any v” € V’ such that Eu’v’, there exists v € V such that (v, v’) € B; € By U By and Euv.

4) By condition 4, u € Dom(Q) if and only if #” € Dom(CY).

5) By condition 5, if u € Dom(Q), then Q(u) = Q' (u’).

6) Supposev € V,v' € V', (v,v") € ByU By, u =g v, u’ =p v' and Q(u) %, Q(v). If (v,v’) € By, then
condition 5) is met by definition. Thus, assume without loss of generality that (v, v") € By, Q(u) < Q(v)
and Q' (1) > (Y (v’), and that

Q(u) = min{Q(w) | (w,w") € By, (x,x") € By, Q(w) < Q(x), Q' (w’) > Q' (x') for some w,x € V, w’,x" € V'}.

Since u’ -»ps v’, it follows that there exists v1 € V such that u - v1 and (v1,0’) € By. Since Bj is a
bisimulation and © = vy, it follows that Q(u) > Q(vq).

Since v —»E u, it follows that there exists u; € V’ such that v" g u] and (1, u;) € B,. Since B, is a
bisimulation and u; =/ v, it follows that ’(u7) < Q'(v”).

Note that (v, v”) € By, (u, u]) € Ba, Q(v1) < Q(u), Q'(v’) > Q' (u]), which contradicts our assumption
that u has the smallest priority among nodes in v that has such a property.



Case 2: Parity Formulas with One Cluster | 39

Thus, forany u,v € V,u’, v’ € V' suchthat (4, u’),(v,v") € BiUBy, u =g v,u’ =p v’ and Q(u) #, Q(v),
it holds that Q(u) < Q(v) if and only if Q'(u") < Q'(v"). O

Now that we have shown that bisimulations between parity formulas with one cluster are preserved under
finite union, We can define the bisimilarity relation over G, a parity formula that has only one cluster, as the
biggest bisimulation between G and itself.

Definition 4.3 Let G = (V, E, L, Q, v;) be a parity formula with only one cluster. Define ~¢C V X V to be the
union of all bisimulations from G to itself. Since there are only finitely many such bisimulations, their union is still a
bisimulation. When it is clear in the context, we omit the subscript and only write ~.

It is easy to see that

1. The graph of the identity function on V, graph(idy ), is a bisimulation, and
2. if R C V x V is a bisimulation from G to itself, then R7! := {(t,s)|t,s € V,(s,t) € R} is also a
bisimulation from G to itself.

These properties together with the fact that bisimulations are closed under composition mean that ~ is an
equivalence relation. This means that we can define a quotient parity formula out of G.

Definition 4.4 Let G be a parity formula with one cluster. Define the quotient parity formula
G/~=(V/~,E., L., Q. [vi].)
where E. := {([s]~,[t]~)|s,t € V,Est}, L.([s]~) = L(s) and

min({Q(t) |t € V,s ~t}) s € Dom(Q)

undefined otherwise

Q.([s]-) = {

Since ~ is a bisimulation, we have that L(s) = L(f) for any s, € V,s ~ t. So this is well-defined.

Proposition 4.17 The graph of the quotient function [-]- is a bisimulation.

Proof. We show this by checking that it satisfies all the conditions of Definition 3.

1) L(s) = L.([s]~) for all s € V by definition.

2) Forany s,t € V such that Est, by definition E([s]~)([t]~).

3) Forany s,t € V such that E.([s].)([t]~), there exists s, #' € V such that Es’t’, s ~ s” and t ~ t’. This
means that there exists t” € V such that Est” and t' ~ t”. By transitivity of ~, we have t ~ t”, or
equivalently, [¢]. = ["]-.

4) Suppose s € Dom(Q), then by definition [s]. € Dom(Q..). Suppose [s]. € Dom(£).), then there exists
t € Dom(Q) such that s ~ £, t € Dom(Q) and Q. ([s]) = Q(f). Since ~ is a bisimulation in the sense of
Definition 3, it follows from condition 4 that s € Dom(Q).
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5) For all s € Dom(Q), by definition there exists ¢t € Dom(Q2) such that s ~ t and Q. ([s]) = Q(t). This
means that Q_([s]) = Q(¢) =, Q(s).
6) Lets,t € Dom(Q) be such that Q(s) #, Q(t). We show that Q(s) < Q(v) if and only if Q.([s].) <
Q- ([t]+).
<: Note that there exists s/, ' € V such thats ~ s/, t ~ " and Q(s") = Q-([s]~) < Q-([t]~) = Q).
The fact that ~ is a bisimulation implies that w(s) < Q(f).
=: Note that there exists s’,t’ € V such thats ~ s/, t ~ t/, Q(s’) = Q.([s]~) and Q_([t]-) = Q(¥').
The fact that ~ is a bisimulation implies that w(s”) < (t’). Then it follows that Q.([s].) <
Q-([t]-)- O



Definition 4: Properties and Bisimilarity Game

This chapter is dedicated to proving the properties of Definition 4 shown in Figure 3.2. Recall Definition 4
provided in Chapter 3.

Definition 5.1 (Definition 4) Given two parity formulas G = (V,E,L,Q,v;) and G" = (V',E’, L', Y, v}), a
family of binary relations (A;)ieq, with A; €V X V' forall i € w, is a bisimulation between G and G’ if it satisfies
the condition 1- 6 below. Here we use A to denote U A;.
1E@
1 A; CAjforalli,j € w suchthati < j;
2. L(v) = L'(v') forall (v,v") € A;
3. for all (v,v’) € Ay, neither C(v) nor C(v’) are degenerate, v € Dom(Q) & v’ € Dom((Y), and if
v € Dom(Q), then Q(v) =, Q' (v');
4. forany (u,u’),(v,v") € Ag such that v € C(u), v’ € C(u’) and Q(u) #» Q(v), we have that Q(u) < (v)
if and only if ' (u") < Q' (v');
5 foralli € w, (v,v") € Aix1\Ao;
a) forall u € V such that Evu, there exists u’ € V' such that E'v'u’ and (u, u’) € A;;
b) forall u’ € V' such that E'v'u’, there exists u € V such that Evu and (u,u’) € A;; and

6. forall (v,v") € Ay,
a) forall u € C(v) such that Evu, there exists u’ € C(v’) such that E'v’u’ and (u, u’) € Ao;
b) forall u’ € C(v’) such that E'v'u’, there exists u € C(v) such that Evu and (u,u’) € Ao;

c) forall u € V such that Evu, there exists u’ € V'’ such that E'v’'u’ and (u, u’) € A;
d) forallu’ € V' such that E'v'v’, there exists u € V such that Evu and (u,u’) € A.

This chapter is divided into five sections. In section Soundness, we show that Definition 4 provides a sufficient
condition for model equivalence between parity formulas. In section Union, we prove that Definition 4 is
closed under union. Since parity formulas are by definition finite, it follows that closure under union ensures
the existence of the largest bisimulation between any two parity formulas, which we call the bisimilarity
relation. In section Fixpoint Formulation & Decision Procedure, we provide an alternative formulation of the
bisimilarity relation which leads to a decision procedure for bisimilarity. In section Bisimilarity Game, we
provide a two-player game, parameterized by two parity formulas, in the form of parity games in which 3
has a winning strategy if and only if the two parity formulas are bisimilar in the sense of Definition 4. Finally,
with the help of the bisimilarity game, we show in section Composition that Definition 4 is also closed under
composition.

Soundness

In this section, we show that Definition 4 provides a sufficient condition for model equivalence between
parity formulas.

Proposition 5.1 Given two parity formulas G = (V,E,L,Q,v;) and G' = (V', E’, L', <Y, v}), and a bisimulation
(Ai)icw from G to G, it follows that for any (u, u’) € A we have

G(u) = G'{u').
Proof. We need to show that, given a transition system S with initial state s;, 3 has a winning strategy in

€(G(u), S)if and only if Fhas a winning strategy in (G’ (u’), S). By symmetry and positional determinacy of
parity games, it suffices to show that given a positional winning 3-strategy on €(G(u),S), §: VXS — V' xS,



42 | 5 Definition 4: Properties and Bisimilarity Game

J has a winning strategy g’ on €(G’(u’), S). This strategy is constructed by ‘shadow playing’. To be specific,
during the game, 3 keeps track of the position of the token in two matches: one is the match she plays with V
in €(G’(u’), S) and the other is what we call a shadow match in €(G(u), S) which she plays according to
the aforementioned winning strategy. 3 decides what to do in €(G’(u’), S) based on the position of the two
tokens as well as ¢ when it is her turn. At each turn, 3 updates the positions simultaneously for both games.
We write (u;, s;) and (u], s?) respectively to denote the updated positions after the i-th turn in (G(u), S)
and €(G'(1’), S). 3 update the positions in a way such that for all applicable i,

a) s; =s;and (ui,ulf) €A,

b) if (u;, ”;’) € Ajy1 — Ap for some j € w and neither of the games has ended, then (u;+1, ulfH) € Aj,and
c) if (uj, u}) € Ao, uiy1 € C(u;) and u , € C(u?), then (ui41, ul,,) € Ao.

d) (u;,s;) is a dead end if and only if (ulf, sl’) is a dead end.

I starts from (uo, so) := (1, s1) in €(G(u), S) and from (u], ) := (u’, s1) in €(G'(u’), S). Note that 5o = s,
and (uo, u)) € A by our assumption that (u,u") € A. Suppose the positions after i turns are (u;,s;) and
(u},s}). We can assume s; = s” and (u;, u;) € A. Then L(u;) = L'(u) and we have the following cases.

L L(u;) = L'(u}) € {0, V} and (u;,s;) has at least one successor in E(G(u), S). In this case, by the
definition of the evaluation game, it is 3’ turn make a move in €(G’(u’), S). Let (411, Si+1) := §(ui, Si).
Since (u;, s;) has at least one successor in €(G(u), S) and g is a well-defined strategy, it follows that
(#i+1, Si+1) is a successor of (u;, s;), and thus is a legitimate move from (u;, s;). We make the following
distinction.

o If (u, ulf) € Ap and ujy1 € C(u;), then let $,q = si+1 and ul | = cv({z € V| (uis1,2) €
Ag, E'uiz}). Note that we can use cy- here because of condition 6a) in Definition 3.5.

o If (u;,ul) € Ag and uj1 ¢ C(u;), then let i,y = Siy1 and ul | = cv({z € V'|(uiz1,2) €
A, E'ulz}). Note that we can use cy- here because of condition 6¢) in Definition 3.5.

o If neither of the two cases above is true, then let (u;, u;) € Ap. Since (u;, u;) € A, it follows that
(uj, ul) € Aj41 for some j € w. In this case, s}, , := siy1 and ul,, = cv/({z € V' [(ui41,2) €

Aj,E'uz}). Note that we can use cy here because of condition 5a) in Definition 3.5.

Note that the conditions a)-c) are respected in this case.

2. L(ui) = L'(u) € {0, A} and (u], s’) has at least one successor in €(G(u), S). In this case, ¥ can make a
move in E(G’(u’), S). Denote the position V chooses as (u ). We make the following distinction.

4 S/

i+17 i+l

o If (u;,u)) € Agand u/,, € C(ul), then s;y1 := s}, and ujy1 := cv({z € V| (z,ul,,) € Ao, Eu;z}).
Note that we can use cy here because of condition 6b) in Definition 3.5.

o If (uj,u)) € Agand u; , ¢ C(u), then si1 := s, and uj41 := cv({z € V| (z,u],,
Note that we can use cy here because of condition 6d) in Definition 3.5.

o If neither of the two cases above is true, then (u;, uz’) ¢ Ag. Since (u;, uz’) € A, it follows that
(ui,u;) € Ajy for some j € w. In this case, sij+1 = s] ; and iy = cv({z € V|(z,ulf+1) IS

Aj, Eu;z}). Note that we can use cy here because of condition 6b) in Definition 3.5.

) € A, Eu;z}).

Note that the conditions a)-c) are respected in this case.

3. L(u;) = L'(u}) = €. Let (4i+1,i+1) and (u],,, 8!, ) be the unique successors of (u;,s;) and (u/, s’)
respectively. This means that Eu;u 1, E'ulu] , ,si = siy1and s] = s7 ..

e Sinces; = sl’., it follows that s;41 = Sz,'+1' Since (u;, ul’) € A and Eu;u 1, it follows that there exists
v’ € V' such that E'u/v’ and (uj+1,0’) € A. Since u’,, is the only successor of u}, it follows that

v" =u! . Thus, (uj,ul,,) € A.

o If (u;,u;) € Aji1 — Ap for some j € w, then by condition 5a) of definition 3.5, there exists u” € V’
such that E’u;u’ and (ujzq,u’) € Aj. Since u; .1 is the unique successor of ulf, it follows that

u' =u!  and (uiy1,ul,,) € Aj.

o If (uj, u;) € Ap and u;11 € C(u;), then by condition 6a) of definition 3.5, there exists u” € V' such
that E’ulfu’ and (uj4+1,u’) € Ag. Since ulfﬂ is the unique successor of ulf, it follows that u’ = ulfﬂ

and (uj+1,u ) € Ao.

Note that the conditions a)-c) are respected in this case.
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4. If none of the cases above are true, then it must be one of the following cases.

e L(v) =L'(v') € At(P).
o L(u;) = L'(u}) € {¢, vV} and (4, s;) has no successor in €(G(u), S).
o L(u;) = L'(u]) € {0, A} and (u}, s}) has no successor in E(G(u), S).

We argue that in all of these cases, neither (1, s;) has successors in €(G(u), S) nor (7, s}) has successors
in 8(G’(u’), S). This is obvious in the first case. The argument for the third case is similar to that of the
second case so we omit it. Now we show that if L(u;) = L'(u}) € {<¢, V} and (u;, s;) has no successor in
8(G(u), S), then (1], s7) has no successor in €(G’(u"), S). We make the following distinction.

e L(u;j) = L'(u]) = ©. Suppose (v’,s’) is a successor to (u/,s’) in €(G'(u’), S). This means that
(si,8") = (si,s’) € Rs and Euv". Since (u;, u}) € A, it follows that there exists v € V such that Eu;v
and (v, v’) € A. This means that (v, s”) is a successor to (u;, s;) in €(G{(u), S), which contradicts
our assumption. Thus, (], s7) has no successor in €(G'(u"), S).

e L(u;j) = L'(u}) = V. Suppose (v’,s’) is a successor to (u,s;) in €(G'(u"),S). This means that
s’ = s; = s’ and Eu/v’. Since (u;, u}) € A, it follows that there exists v € V such that Eu;v and
(v,v’) € A. This means that (v, s’) is a successor to (#;, s;) in €(G(u), S), which contradicts our
assumption. Thus, (1, s) has no successor in €(G'(u"), S).

Since (u;, ;) has no successor in €(G(u), S) and (u/, s?) has no successor in €(G’(u’), S), no move is
possible in either game and the two games end simultaneously.

Now we show that g’ is indeed a winning strategy. Suppose 3 follows this strategy. As we have shown above,
the two matches always end simultaneously. There are two possibilities.

1. The matches end after finitely many, say, #, steps. Let | = (u, s;)(u1,51)...(4n, S») be the match
in 8(G'(u'),S) and I = (u’,s])(uy,s7)...(uy,, s,) be the match in €(G’'(u’),S). By a), s, = s;, and
(ttn, uy,) € A. The latter implies that L(u,,) = L’(u},) Thus (4, s,,) and (u;,, s;,) belong to the same player.
Since both matches are full, it follows that the two matches are won by the same player.

2. The matches are infinite. Let [ = (u, s1)(u1, 51)... be the match in €(G'(u), S) and I’ = (u’, s7)(u], s7)--.
be the match in €(G’(u1’), S). Since any infinite match is eventually restricted to one cluster on the first
coordinate, it follows that there exists n,n’ € w such that for all i > n we have u; € C(u,) and for
all i > n’ we have ulf € C(u,,). Without loss of generality, assume n > n’. Then for all i > n we have
u; € C(uy) and u; € C(uy). Note that we have shown that (u;, u}) € A for all i € w. This means that
there exists m € w such that (u,, u;) € A;,. By b), there exists 0 < j < m such that (1}, u;ﬂ.) € Ap.

By c), (u;, u!) € Ag for all i > n + j. By condition 4 of Definition 3.5, we have

i) Q(ui, s;) = Q'(u},s’), and
i) if Qu;, s;) #2 Q(uj, s;), then Q(u;, s;) < Q(u;, s;) if and only if Q’(ulf, sl’,) < Q’(u]’., s;).

By Proposition 2.5, [ and I’ have the same winner. Since [ is a match where 3 follows strategy g, it
follows that 3 is the winner in . Thus, 3 is also the winner in I’.

Thus, ¢’ is a winning strategy for €(G’'(u’), S). O
Union

In this section, we show that Definition 4 is closed under union.

Proposition 5.2 Given two parity formulas G = (V,E,L,Q,v1)and G’ = (V',E’, L', (Y, v}), and two bisimula-
tions (A})iew, (A%)iem from G to G, it follows that (A’)ie, with A’ := A} U A? is also a bisimulation.

Proof. We show that (A’);e, satisfies all the conditions in Definition 3.5.
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1. Foralli,j € w such that i < j, since A} C A} and Alz, c AJZ., we have that
_ 27l 2 1 2 A7
Al =A; UA; QA]. UA]. _A]..

2. Since L(v) = L'(¢’) for all (v,?v’) € Al and (v,v’) € A?, it follows that L(v) = L’(v’) for all (v,v’) €
AVUA? = A,

3. Since for all (v,v’) € A(l) and (v,?v’) € A(z) we have Q(v) =, Q(v’) and neither C(v) nor C(v’) are
degenerate, it follows that for all (v, v’) € A(l) u A(zJ = A{, Q(v) =2 Q(v’) and neither C(v) nor C(v’) are
degenerate.

4. Suppose u,v € V, u',v' € V', u € C(v), u’ € C(v'), (u,u’),(v,v') € Aj U AJ and Q(u) %, Q(v).
Without loss of generality, suppose (1, u’) € A(l). If (v, v’) € A}, then by assumption Q(u) < Q(v) if
and only if Q’'(1’) < '(v’). Otherwise, (v,v’) € Aé. Without loss of generality, suppose Q(u) < Q(v).
To argue towards contradiction, suppose Q'(1’) > Q/(v’). Without loss of generality, also suppose
Qu) = min({Q(w) |w € D, }) where

D, ={w e Cu)|(w,w’) e A}, (x,x") € A2, Q(w) < Qx), Y (W) > Q'(x")
for some x € C(u), w’,x" € C(u')}).

e Sinceu’ € C(v') and (u,u’) € A}, it follows that there exist two paths u’ —p u] —p ... =g u; =
v’ and u —f u) > ... > Uy for some n € w such that u; € C(u), ulf € C(u') and (ui,ulf) € A(l)
forall1 < i < n.In particular, u, € C(u), v’ € C(u’) and (u,,v’) € Aé. Since Aé is a bisimulation,
it follows that Q(u) > Q(u,,).

e Since v € C(u) and (v, v’) € A2, it follows that there exist two paths v/ —p U] D ... DF Uy
and v —f 01 —E ... = Uy = u for some m € w such thatv; € C(v), v} € C(v') and (v;,v}) € Aé
forall1 < i < m.In particular, u € C(v), v}, € C(v’) and (u, v},) € AS. Since A% is a bisimulation,
it follows that Q(v/,) < Q(v’).

e So far, we have gathered enough facts to show that u, € D,. However, Q(u,) < Q(u), which
contradicts our assumption that 1 has the smallest priority in D, (red for A} and blue for A3 in
the demonstration below).

Thus, Q'(u’) # Q' (v"). Since Q' (1) =, Q(u) %, Q(v) =, Q' (v'), it follows that Q' (u”) # Q'(v’).
This means that Q' (1) < Q'(v’).
5. Leti € w and (v,?v’) € (A}+1 U A?H) - (A(l) U Aé). Without loss of generality, suppose (v,?’) €
AL, — (AL U A2), then (v,0") € Al — AL,
a) For all u € V such that Evu, by assumption there exists u” € V' such that E’v’u’ and (u,u’) €
A} QA} UA% = Al
b) Similar to (a).
6. Let (v,v’) € A} U A2. Without loss of generality, suppose (v, v’) € Al
a) For all u € C(v) such that Evu, by assumption there exists u” € C(v’) such that E'v’u’ and
(u,u’) € Ay C AJU AL = A,

b) Similar to (a).
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¢) For all u € V such that Evu, by assumption there exists #’ € V’ such that E’v’u” and (u, u’) €
Al C ATUA? = A

d) Similar to (c). O

LetG = (V,E,L,Q,v;)and G' = (V’, E’, L', (Y, v}) be two parity formulas. Suppose (A}),'Ea, and (A%)ie,u
are two bisimulations from G to G’. By the proof of Proposition 5.2, we know that (Al1 U A%),’ea, is also a
bisimulation. Since there are only finitely many bisimulations from G to G, it follows that there exists a
largest bisimulation over G to G'.

Definition 5.2 (Bisimilarity) Let G = (V,E,L,Q,v;) and G’ = (V',E’,L’, Y, v;) be two parity formulas.
Denote that largest bisimulation over G and G’ by (Sﬂi)i’g,. When the context is clear, we just write (d;)icq and si.
Note that, for any bisimulation (A;)ice over G and G’, we have A; C QﬁiG’G/ foralli € w.

Definition 5.3 Let G = (V,E,L,Q,v;) and G' = (V',E’, L', (Y, v]) be two parity formulas. Define rge :
VX V" — w U {+0c0} such that for all (v,v’) € V XV,

, min({i € | (v,v") € A;})) if (v,0") € A &F
r6,6'(v,v") := .
+00 otherwise
When G and G’ are clear, we also write g, as r. Note that r(v,v’) = 0 implies that C(v) and C(v’) are
non-degenerate but not the other way around.

Definition 5.4 Let G = (V,E, L, Q, vy) be a parity formula.

o Let <g denote the pre-order over V such that forall u,v € V, u < v if and only if vE*u.
o Let <g denote the strict partial order over V such that forall u,v € V, u <g v if and only if u <g v and
u ¢ C(v).

Note that since G is acyclic, it follows that, for any a,b € N, if aRb then b <g a. Let G’ = (V',E’,L’, (Y, v}) be
another parity formula.

o Let <g g denote the pre-order over V- X V' such that for all (u,u’), (v,v") € VX V', (u,u’) <g,e (v,?’) if
and only if u <g vand u’ <g v’.

o Let =g g denote the equivalence relation over VX V' such that for all (u,u’), (v,v’) € VX V', (u,u’) =g &
(v,0") ifand only if (u,u’) <g,& (v,v") and (v,v’) <g& (u,u’).

o Let <g g denote the strict partial order over V- X V' such that for all (u, u’), (v,v") € VX V’, (u,u’) <o
(v,v") ifand only if (u, u’) <g& (v,v")and (u,u’) =& (v,v’).

o Let <g,G,o denote the partial order over (V X V') X w such that, foranyu,x € V,u’,x’ € V'and m,n € w,
we have (u, u'), m) <g,6',0 ((x,x"),n) if and only if (u,u’) <ge (x,x’) or (u,u’) =g,6 (x,x’) and
m < n).

Lemma 5.3 For any parity formulas G and G', <g, <g,& and <g &, are all well-founded.

Proof. Since V and V"’ are finite, it follows that strict partial order <g and <g are well-founded. Since <G and
<@ are well-founded, it follows that their Cartesian product <g ¢ is also well-founded. Since both <g ' and
< on natural numbers are well-founded, it follows that their lexicographic product is also well-founded. [

Fixpoint Formulation & Decision Procedure

Recall the definition of bisimulation for Kripke models:
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Definition 5.5 Let S; = (S1, V1, R1) and S(S2, V2, Ry) be two Kripke models. Z is a bisimulation over S and
S, if for any s1 € Sy, 52 € Sy, 51257, we have

1 Vi(s1) = Va(sa);
3) forany s| € Sy, if Rys1s] then there exists s, € Sy such that s|Zs’, and Rys,s7; and
4) forany s} € Sy, if Ros)sy, then there exists s € Sy such that s]Zs} and Rys1s].

It is well-known that given any Kripke models S; = (S1, V1, R1) and S,(S2, V2, R»), there exists a largest
bisimulation, i.e. the bisimilarity relation, over S; and S,. Denote this largest bisimulation by ES1S2 or when
the context is clear, Z. It has been proven that the bisimilarity relation has the following equivalent fixpoint
account.

Definition 5.6 Let S; = (S1, V1, Ry) and Sy = (Sa, Va, Ro) be two Kripke models. Define a function gs;s, :
P(S1 %X S2) = P(S1 X Sp) (g for short) as follows. For any A C Sy X Sp and (s1,52) € S1 X Sy, we have
(s1,52) € g(A) if and only if

1) Vi(s1) = Va(s2);
3) for any s} s’ €85y, sz1515 then there exists s € Sy such that s} As and stzs and
4) for any s2 € Sy, if Ros28) then there exists s1 € Sy such that s As2 and Rqs1s].

Proposition 5.4 Let S1 = (S1, V1, R1) and Sy = (Sa, V2, Ra) be two Kripke models. Then,

% S152 = GFP.AA.g(A).

Similarly, we can give a fixpoint account for the bisimilarity relation induced by Definition 4. However, note
that this fixpoint account features a least fixpoint operator instead of a greatest one.

Definition 5.7 Given two parity formulas G = (V E,L,Q,v), G = (V' E', L', Q,v)) and a family of base
bisimulations (Bj)1<i<n between G and G’, let B := U Bi. Define the function fg e : P2(V X V') — P(V x V')
(f for short) as follows. For any A €V X V' and (v v’) € V x V', we have (v,v’) € f(B, A) if and only if

1 a) L(v) =L(v'), and
b) forall u € V such that Evu there is u’ € V' such that E'v’'u’ and (u,u’) € A, and
c) forallu’ € V' such that E’'v'u’ there is u € V such that Evu and (u,u’) € A,
or
2. a) (v,v') € B,and
b) forall (w,w’) € B Icw)xc(v)
i. forany u € V\C(v) such that Ewu, there is u’ € V' such that (u, u’) € A and E'w’u’, and
ii. foranyu’ € V'\C(v’) such that E'w’v’, there is u € V such that (u,u’) € A and Ewu.

The following proposition is easy to see. We present it without proof.

Proposition 5.5 Let B be the union of a family of base bisimulations. AA. f(B, A) is a monotone function.

Proposition 5.6 Let G = (V,E,L,Q,v;)and G’ = (V' E’, L', (Y, v;) be two parity formulas. Then,

o &€ = LFP.AA.f (4, , A).

Proof. We prove both inclusions.
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1. o C LFP.AA.f(sdp, A). It suffices to show that for all (v, v’) € of there exists a natural number 1 such
that (v, v’) € f"(dd, @). To show this, we first define a function # : § — w such that for any (v,v’) € o,
we have

max({#(u, ') | (u,u’) € A,u ¢ C(v) or u’ ¢ C(v’), there exists
#(v,v’) = (w,w’") € sy rC(v)XC(U’) s.t. Ewu and E'w’'u’}) + 1,
max({#(u, M’) | E'UM,E’U’M’, (ur M’) € dl}) + 1/ (U/ U,) € di+1\d0

(U, vl) € SﬂO

Here we assume max(@) = 0. We show that # is indeed well-defined. Suppose the contrary. Since
<6,6,0 is well-founded, let (v, v’) € of\Dom(#) that is minimal with respect to <g 6’ -

a) Suppose (v, v’) € dy. Note that by assumption all the elements in
{(u,u’)| Ewu, E'w'u’,w € C(v),w’ € C(v"),[u ¢ C(v)oru’ ¢ C(v")]}
are strictly smaller with respect to <g 6,, we have that
{(u, )| Ewu, E'w'n’,w € C(v),w’ € C(v"),[u ¢ C(v)oru’ ¢ C(v")]} C Dom(#).

Then, #(v, v’) is also defined, which contradicts our assumption.
b) Suppose (v,v') € d;q\Ho for some i € w. Note that by assumption all the elements in
{(u,w’)| Evu, E’v'u’, (u, u’) € d;} are strictly smaller with respect to <g,c’,», we have that

{(u,u')| Evu,E'v'u’, (u,u’) € od;} C Dom(#).

Then, #(v, v’) is also defined, which contradicts our assumption.

Thus, # is well-defined. Now we claim that for all (v, v") € o we have
(v,0") € FH O (s, @).

We show this by induction on #(v, v”).
a) Base case. Note that f%(d, @) = @ = {(v, v’) | #(v,v’) = 0}.
b) Induction step. Suppose for all (u, u’) in {(u, u’) |#(u, u’) < n}, we have (u,u’) € ) (d, ).
Let (v,v’) € o be such that #(v,v') = n + 1.
i. Suppose (v,v’) € dy. Define

Dy :={(u,u’)ed|u¢C(v)oru ¢ C(v'), there exists
(w,w’) € Ay cyxc) such that Ewu and E'w’u’}.

By the definition of #, #(u,u’) < n for all (u,u’) € D, . By the induction hypothesis,
(u,u’) € fH)(dy, @) for all (u,u’) € D, . Recalling basic knowledge of fixpoint theory,
we know that [ (sly, @) C fk(&ﬁo, @) for any m < k. This means that Dy, ,» C f" (4o, @).

Since (4;)iece is a bisimulation in the sense of Definition 4, it follows from condition 6 of
Definition 4 that for all (w, w’) € o I'c(v)xc(v), it holds that

(-) forany u € V\C(v) such that Ewu, there is u” € V' such that (1, u’) € of and E'w’u’, and
(-) forany u’ € V'\C(v’) such that E’w’u’, there is u € V such that (1, u’) € ol and Ewu.
From the definition of D ., we can deduce that for all (w, w’) € dy I'c(v)xc(v), it holds that
(-) for any u € V\C(v) such that Ewu, there is u’ € V’ such that (1, u’) € D, » and E'w’u’,

and
(-) for any u’ € V'\C(v’) such that E'w’u’, there is u € V such that (u,u’) € D, and Ewu.

Note that we have shown that D, v € f"(dy, @). Given the assumption that (v, v") € sy we
have the following facts.

* (v,v') € dp, and

* forall (w,w’) € B rC(v)xC(v’)
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(=) for any u € V\C(v) such that Ewu, there is u’ € V' such that (u, u’) € f"(dy, @) and
E’'w’u’, and

(=) for any u’ € V'\C(v’) such that E’w’u’, there is u € V such that (u,u’) € f"(sy, @)
and Ewu.

By the definition of AA. f (s, A), this means that
(Z), U’) c f(n+1):#(v,v’)(&q0, @),
ii. Suppose (w,w’) € o1\ for some i € w. Define
DZ),‘U’ = {(M, Ll,) | EUM, E,'U,M,, (M, M,) € dl}

By the definition of #, #(u,u’) < n for all (u,u’) € D, . By the induction hypothesis,
(u,u’) e f#(”'”/)(&ﬂo, @) for all (4, u’) € Dy . Recalling basic knowledge of fixpoint theory,
we know that f™(sly, @) C fk(sﬂo, @) for any m < k. This means that D, ,» C f"(do, @).

Since (4;)ice is a bisimulation in the sense of Definition 4, it follows from condition 5 of
Definition 4 that for all (w, w’) € sy [c(y)xc(v), it holds that

* for all u € V such that Evu, there exists u’ € V’ such that E’v’u’ and (u, u’) € ;;

* for all u’ € V’ such that E’v’u’, there exists u € V such that Evu and (u, u’) € sd;;
From the definition of D, ., we can deduce that for all (w, w’) € o ['c(w)xc(v), it holds that

* for all u € V such that Evu, there exists u” € V' such that E’v’u’ and (1, u’) € Dy »;
* for all u’ € V’ such that E’v’u’, there exists u € V such that Evu and (4, u’) € Dy »;

Note that we have shown that D, v € f"(sdp, @). Given the assumption that (v, v’) € o we
have the following facts.
* L(v) = L(v"), and
* forall u € V such that Evu there is u’” € V' such that E’v’u’ and (1, u’) € f"(sdp, @), and
* for all u’ € V’ such that E’v’u’ there is u € V such that Evu and (u, u’) € f"(sdoy, @),

By the definition of AA.f(dy, A), this means that
(0,0) € FU=HR c1y, ),

Therefore, o € LFP.AA.f(dly, A).

2. o 2 LFP.AA.f(sp, A). Tt suffices to show that o is a postfixpoint, i.e., df 2 f(sdy, d). Suppose the
contrary. Then there exists (v, v") € f(sdo, sd)\9f. Since sy C o, it follows that condition 1 of Definition
411 is true for (v, v’), that is,

a) L(v) = L(v’), and
b) forall u € V such that Evu there is u’” € V’ such that E’v’u’ and (1, u’) € o, and
) forall u’ € V' such that E’v’u’ there is u € V such that Evu and (u, u’) € d.

Let
n = max{r(u,u’) | Evu, E'v'v’, (u,u’) € d}.

where 7 is the rank in Definition 5.3.
Define (A;)icw as follows:

A; i<n
Aj = , i
d;U{(v,v")} i>n

It is easy to see that (A;)iee is a bisimulation that is strictly larger than (o;);e,, which contradicts that
fact that the latter is the largest bisimulation between G and G’. Thus, 9 2 f(so, o), and therefore,
sl D LEP.AA. f(sly, A).
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This fixpoint account gives us the following decision procedure for bisimilarity. Let G = (V, E, L, Q, vr) and
G =(V',E,L'Q, v}) be two parity formulas. Let UC be the set of non-degenerate clusters in G and UC’
the set of non-degenerate clusters in G'.

1. For each C € UC, C’ € UC’, calculate the biggest base bisimulation over C x C’, B¢ ¢/. This can
be done by a width-first search in the rooted search tree I = (T,R,r) where T = P(C x C’),
R[S]={S" € S|S" =5S\{s},s € S} and r = C X C’, the root of the tree.

2. Inductively calculate f"(B, @), where B = U Bc ¢/, until we reach a fixpoint.
ceuc,c’euc’

Bisimilarity Game

In this section, we provide a two-player game, parameterized by two parity formulas, in the form of parity
games in which 3 has a winning strategy if and only if the two parity formulas are bisimilar in the sense of
Definition 4.

Bisimilarity Game: Preliminaries

Before we delve into the details of the bisimilarity game, we introduce some concepts and their properties,
which will help us simplify the definition of the game and the proofs of its properties. First, we introduce the
following concepts from relation lifting.

Definition 5.8 Let S” and T” be two sets. Let R € " X T".
o Define 93;1{ to be the collection of (S, T) € S’ X T such that, S € S’, T C T and, for any x € S, there is
y € T such that (x,y) € R.

o Define 512 to be the collection of (S, T) € S’ X T’ such that, S € S’, T C T and, for any y € T, there is
x € S such that (x,y) € R.

o Let PR denote (§;R) N (§R).

— - —
Following are some properties of %, % and %. These properties are easy to verify, so we present them here
without proof.

Proposition 5.7 Let S” and T be two sets. Let S,51,5, € S’, T, T, T, CT' and R,R1,Ry, € S’ X T".

If(S,Ti) € PR and Ty C T, then (S, Tp) € FR.

If(S1,T) € PR and Sy C Sy, then (Sa, T) € PR.

If(S1,T) € PRy and (Sy, T) € PRy, then (S1 U Sy, T) € B(Ry U Ry).
If(S,Ty) € PRy and (S, Ty) € PRy, then (S, T; U Tz) € P(Ry U Ry).
If(S,T) € PRy and Ry C Ry, then (S, T) € PR,

If(S,T) € Ry and Ry € Ry, then (S, T) € PRy, _ B
7. 9 is monotone, that is, given Ry € Ry € S7 X S}, if (S1,52) € PRy, then (S1, S2) € PRo.

SEES RN

Let P’ be another set. Let P C P’ and Q C T’ X P’.

8 If(S,T) € PR and (T, P) € $Q, then (S, P) € P(R; Q).

9. If(S,T) € PR and (T, P) € Q, then (S, P) € P(R; Q).
10. If(S,T) € PR and (T, P) € Q, then (S, P) € P(R; Q).

Now, we define the following three kinds of partial bisimulations.
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Definition 5.9 (Local Bisimulation) LetG = (V,E,L,Q,v;)and G’ = (V',E’, L, (Y, 1) be two parity formulas.
Letv € Vand v’ € V'. Let LocB(v, v denote the collection of R € V x V' such that (E[v], E'[v']) € PR. We
call elements of LocB(v, v") local bisimulations at (v, v").

Definition 5.10 (Base Bisimulation) Let G = (V,E,L,Q,v;) and G’ = (V’,E’,L’, Q’,v;) be two parity
formulas. Let C and C’ be non-degenerate clusters in G and G’, respectively. Let BaseB(C, C’) be the collection of
B € C X C’ such that, for all (u,u’) € B,

1 L(u)=L'u);
2. u € Dom(Q) if and only if u” € Dom(QY’);
3. ifu € Dom(Q) and u” € Dom(CY), then Q(u) =, ' (u’);
4. (E[u]nC,E'[u']NnC’) € PB;
and that, for all (u,u’), (w,w’) € B,
5. if Qu) # Q(w), then Q(u) < Q(w) if and only if ' (1) < Q' (w’).

We call elements of BaseB(C, C”) base bisimulations at (C, C’).

Definition 5.11 (Exit Bisimulation) Let G = (V,E,L,Q,v;) and G’ = (V’,E’,L’,Q’,v}) be two parity
formulas. Let B € BaseB(C, C”) for some non-degenerate cluster C and C” in G and G', respectively. Let ExitB(B)

denote the collection of R € V X V' such that for all (u,u’) € B, it holds that (E[u]\C,E’[u’]) € §;R and
(E[u], E’'[w']\C) € §R. We call elements of ExitB(B) exit bisimulations at B.

The following propositions demonstrate some useful properties of these partial bisimulations in terms of
how they combine with, or convert to, each other.

Proposition 5.8 Let G = (V,E,L,Q,v;), G = (V',E’, L, Q’,v}), and G” = (V”,E”,L”,Q)", v}’) be three
parity formulas. Let v € V, v’ € V' and v € V”. Let Ry € LocB(v,v’) and Ry € LocB(v’,v”). Then
Ri; R, € LOCB(U, U”)

Proof. Since Ry € LocB(v,v’) and R; € Loclﬁv’, v”), it follows from the definition of local bisimulations that
(E[0], E'[v']) € PRy and (E[v’], E’[v"]) € P R,. By 10. of Proposition 5.8, this means that (E[v], E”[0"]) €
P(Ry; R2), which is precisely the definition for Ry; Ry € LocB(v, v”). O

Proposition 5.9 Let G = (V,E,L,Q,v;), and G' = (V',E’, L', (Y, v}) be two parity formulas. Let C and C’
be non-degenerate clusters in G and G’, respectively. Let B € BaseB(C, C’). Then for all (u,u’) € B, we have
B € BaseB(C(u), C(u)).

Proof. Fix (u,u’) € B. By the definition of base bisimulations, B € C X C. This means that u]inC and u’ € C’,
or equivalently, C = C(u) and C(u’). Therefore, B € BaseB(C(u), C(u")). O

Proposition 5.10 Let G = (V,E,L,Q,v1), and G’ = (V’,E’, L', Y, v}) be two parity formulas. Let C and C’ be
non-degenerate clusters in G and G’, respectively. Let B € BaseB(C, C’) and R € ExitB(B). Then for all (u, u’) € B,
we have (R U B) € LocB(u, u’).

Proof. Since (1, u’) € B, it follows from Prop. 5.9 that | Given the definition of exit bisimulations, we have

(E[u]l N C(u),E'[u'] N C(u)) € PB. (5.) (E[u\C(u), E'[']) € PR (5.2)



and

(E[u], E'[']\C(1')) € PR. (5.3)

Combining (5.1) with the definition of P, we have

(E[u] N C(u), E'[u'] N C(u')) € FB (5.4)
and
(E[u] N C(u), E'[w'] N Cw')) € #B.  (5.5)
Combining (5.4) and 1. from Prop. 5.7, we have
(E[u] N C(u), E'[u']) € FB. (5.6)
Combining (5.5) and 2. from Prop. 5.7, we have
(E[u], E'[u'] N C(u')) € PB. (5.7)
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Combining (5.2), (5.6) and 3. from Prop. 5.7, we have

(E[u], E'[u']) € (R U B). (5.8)

Combining (5.3), (5.7) and 4. from Prop. 5.7, we have

(E[u], E'[u']) € (R U B). (5.9)
Combining (5.8), (5.9) and the definition of P, we
have

(E[u], E’[u']) € ?(R U B), (5.10)

which is precisely the definition for (R U B) €
LocB(u, u’).

Proposition 5.11 Let G = (V,E,L,Q,v;), G’ = (V',E’, L', (Y, v}), and G” = (V" ,E”,L",Q)", U}’) be three
parity formulas. Let C, C" and C” be non-degenerate clusters in G, G’ and G”, respectively. Let By € BaseB(C, C’)

and B, € BaseB(C’, C"). Then By; B, € BaseB(C, C”)

Proof. We prove that By; B, € BaseB(C, C”) by show that By; B, satisfies all the conditions from the definition
of base bisimulations. Fix (u, u’), (v,v’) € By, (u’,u”),(v’,v”) € By. In this proof, when we mention the
‘condition x” we mean the condition x of the definition of base bisimulations unless it is explicitly stated

otherwise.

1. Note that L(u) = L’(1') and L’(1’) = L”(u”). This means that (L(u) = L”(u”).

2. Note that # € Dom(Q) if and only if #’ € Dom((Y’) if and only if u” € Dom(Q").

3. Suppose 1 € Dom(Q) and u” € Dom({)”). Since By is a base bisimulation, it follows from condition 2
that u’ € Dom(QY’). By condition 3, Q(u) =, Q' (u’) =, Q" (u”).

4. By condition 4, we have (E[u] N C,E'[u’] n C’) i§31 and (E’[u'] N C’,E'[u”] N C") € PB,. By 10.
from Proposition 5.7, (E[u] N C, E”[u”] N C"”) € P(By; Bo).

5. We show that if Q(u) < Q(v), then Q”(u”) < Q”(v”). The argument for Q" (u”) < Q”(v”) implying
Q(u) < Q(v) is complete symmetric. Let Q1) # Q(v) and Q(u) < Q(v). To argue towards contra-
diction, suppose Q”(u”) > ”(v”). Without loss of generality, assume Q(u) = min({Q(y) |y € D})

where

D:={yeC|3axeC, y’', x" e€C’st.(y,y") (x,x”) € Bi; By, Qy) < Q(x), Q"(y") > Q" (x")}).

e Since u” € C”, it follows from the definition of clusters that there exists a path u” —g» u;’ —p»
... =pr uy = 0" such that u!” € C” forall 1 < i < n.Since (u’,u”) € By, it follows from condition

4 that there exist a path u” —p uj —p ...

— g uj, such that ulf € C’ and (ulf,ulf’) € B, for all

1 < i < n.Inparticular, u, € C’, v” € C” and (u},,v”) € By. By condition 5, Q(u") > Q(uj,). Since
(u,u’) € By, it follows from condition 4 that there exists a path # —f 11 —f ... =g U, such that
u; € C,and (ui,u;) € By forall1 < i < n. In particular, u, € C, u;, € C" and (u,, u;,) € By. By
condition 5, Q(u) > Q(uy). Since (uy,, u;,) € By and (u},,v”) € By, it follows that (u,,v”) € B1; By.
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e Since v € C it follows from the definition of clusters that there exists a path v —¢ v1 —p ... —E

v = u such that v; € C forall 1 < i < n. Since and (v, v’) € By, it follows from condition 4
that there exists a path v’ —p 0| —p ... —p v}, such that v; € C’ and (Ui,Z);) € Bj for all
1 < i < m.In particular, u € C, v}, € C" and (1, v},) € B;. Since Bj is a bisimulation, it follows
that Q(v),) < Q(v’). Since (v/,v”) € By, it follows from condition 4 that there exists a path
0" —pr v =g ... —>pr vy such that v;/ e C”,and (U;,U;') € By forall 1 < i < m. In particular,
vy € C”, vy, € C"and (v},,v),) € By. By condition 5, Q(v);) < Q(v”). Since (u, v},) € By and
(v}, v1) € By, it follows that (1, v),) € By; Ba.

In the two bullet points above we have shown that Q(u) > Q(uy,), (u,, v”) € B1; By, Q(vy,) < Q(v”)
and (u,v/) € By; By. This means that u,, € D. However, Q(u,) < Q(u), which contradicts our

assumption that u has the smallest priority in D (red for By and blue for B; in the demonstration
below).

Thus, Q”(u”) # Q"(v”). Since Q”(u’') =, Qu) # Qv) = Q”(v”), it follows that Q" (u”) #
Q”(v”). This means that Q”(u”) < Q”(v”).

To sum up, we have shown that By; B, € BaseB(C,C”). O

Proposition 5.12 Let G = (V,E,L,Q,v;), G = (V',E’', L', (Y, U;), and G' = (V”,E"”,L”,QY, U}’) be three
parity formulas. Let C, C" and C” be non-degenerate clusters in G, G’ and G”, respectively. Let B; € BaseB(C, C’)
and B, € BaseB(C’, C”). Let Ry € ExitB(B1) and R, € ExitB(B;). Then

(Rl; (Bz U Rz))U((Bl U Rl),' R2)€ EXiTB(Bl,' Bz)

Proof. Let (u,u’) € By and (u’,u”) € By. From the | and .
definition of exit bisimulations, we have (E'[u'],E"[u"]) € P(By URy),

and

By the proof of Proposition 5.10, we have

(E[N\C, E'lu']) € FR (5.11) | Which implies

(E'[u'],E"[u"]) € P(BaURy),  (5.14)

E'[u'], E"[u”"]\C) € PR 5.12
(Elw] [W"\C) € ZR, (512) Combining (5.11), (5.14) and 9. from Prop. 5.7, we have

(E[ul\C,E"[u"]) € ?(Ri;(B2URz)) (515
Combining (5.12), (5.13) and 8. from Prop. 5.7, we

(E[u], E'[w']) € P(B1 U Ry),

which implies have

(E[u], E'[u']) € (B, URy), (5.13) (E[u], E"["\C) € $((Bi UR1);Rs)  (5.16)

Combining (5.15) and 5. from Prop. 5.7, we have

(E[u], E"[u"]\C) € 5((1?1;(32 U R2)) U ((B1 UR1);Ry)). (5.17)
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Combining (5.16) and 6. from Prop. 5.7, we have

(E[u]\C,E"[u"]) € 2((R1; (B2 U R2)) U ((B1 U Ry); R2)) (5.18)
Note that (5.17) and (5.18) is precisely the definition for

(Rl;(Bz U Rz))U((B1 URy); Rz)E ExitB(B1; By).

Bisimilarity Game: Definition
We now come to the definition of the bisimilarity game.

Definition 5.12 (Bisimilarity Game) Let G = (V,E,L,Q,v;) and G' = (V',E’, L', (Y, v}) be two parity
formulas. The bisimilarity game B(G, G') is a parity game played by two players: 3 (0) and ¥ (1). Positions and
possible moves of each player are shown in Table 5.1. The game starts from position (vy, v}). A player loses if it is
their turn to move and the set of admissible moves is empty. Infinite matches are always won by V.

Table 5.1: Positions and possible moves of each player in B(G, G’)

Position Player Admissible moves
L(v) # L'(v') 3 >
C(v) or C(v") ,
degenerate 3 {(@,R)|R € LocB(v,v")}

(v,v)e VxV’ {(@,R)|R € LocB(v, v’)}

L(v) = L' (v")

C(v) and C(v’) 3 U
non-degenerate {(B,R)|(v,v") € B € BaseB(C(v), C(v")),
R € ExitB(B)}
(B,R),B,RCV xV’ v R

To form an intuitive understanding of this definition, recall the definition for local bisimulations and the
bisimilarity game for Kripke models (c.f. Def. 3.2):

Definition 5.13 (Local Bisimulation) Let S = (S, V, R) and S’(S’, V', R") be two Kripke models. Let s € V
and v’ € V'. Let LocBK(s, s”) denote the collection of Z C S x S’ such that (R[s], R’[s"]) € PZ. We call elements
of LocBK(s, s”) local bisimulations at (s, s’).

Definition5.14 LetS = (S, V, R) and S'(S’, V', R") be two Kripke models. The bisimilarity game B((S, s1), (S, s7))
is a parity game played by two players: 3 and V. Positions and possible moves of each player are shown in Table 5.2.
The game starts from position (sy, ;). A player loses if it is their turn to move and the set of admissible moves is
empty. Infinite matches are always won by 3.

Table 5.2: Positions and possible moves of each player in %(S, S’)

Position Player Admissible moves
, , | V(s)# V'(s') 3 @
(5,87 € SXS o Ve [ 3 [ {ZCSxS[Z € Lo, s)]
ZCSx§ Y Z

One can notice some immediate similarities between the two definitions for bisimulation. To start with,
both games process in an alternatioin between 3’s turns and V’s turns, with similar admissible moves for



54 | 5 Definition 4: Properties and Bisimilarity Game

each player: 3 provides a partial bisimulation at each of her turn, and V pick one element from that partial
bisimulation. Also, local bismulations feature in both games as admissible moves for 3. Furthermore, at
a position that is a pair whose labeling/valuation does not complete match, 3 immediately loses. These
similarities reflect the shared idea behind the two definitions, which is to depict equivalence in global
behaviors by a collection of equivalence in local behaviors.

However, the differences between these two definitions could help us understand Def. 5.12 even better.
First, note that infinite games are always won by V in Def. 5.12 while they are always won by 3 in Def. 5.14.
Second, sometimes it is allowed for 3 to propose a base bisimulation together with a exit bismulation. These
differences illustrate the dissimilar approaches of handling behaviors of infinite nature. Def. 5.14 is a classic
example of defining bisimulation by coinduction, and as we have mentioned in the previous chapter, the
resulting bisimilarity relation is a greatest fixpoint. This is in syn with the fact that infinite matches are won
by 3.

In contrast, Bisimilarity in the sense of Definition 4 is defined by induction with base bisimulations, which
are defined by neither induction nor coinduction as the base case. As we have mentioned in the previous
section, this results in the bisimilarity relation in the sense of Definition 4 being a least fixpoint. This means
that from any two bisimilar nodes, 3 can always force the token to a position that is in a base bisimulation or
a dead end within finitely many steps. In the former case, 3 can use an exit bisimulation exit at least one of
the two clusters that the base bisimulation is based on. This can only happen finitely many times given the
finite partial order among clusters in a parity formula that we will establish in the next section. In the latter
case, Y loses immediately for being stuck. This is why infinite matches are always won by V in Def. 5.12.

Bisimilarity Game: Strategy Graph

Before we delve into the details of the proof of adequacy for the bisimilarity game, we first define some
auxilary concepts and proof their properties.

Definition 5.15 Let G = (V,E,L,Q,v;)and G’ = (V',E’, L, Y, U}) be two parity formulas. Given a positional
Fstrategy, g : VX V' — (P(V X V"))? in B(G, G), define the strategy graph

G=(N,B:N > PV xV'),R:N > PV xV))

where N = {(u,u’) € VXV’ |(vr,v))R*(u,u’)} and for each (u,u’) € N, B(u,u’) = m(g(u,u’)) and
R(u,u’) = mo(g(u, u')).

Note that for any (4, u”) € N, R(u, u’) is precisely the set of admissible moves for V after 3 make the suggested
move g(u,u’) = (B(u,u’), R(u,u’)). This means that N is precisely the collection of possibly positions for 3
given that she plays according to strategy g. One implication of this observation is that if ¢ is a winning
strategy, then all the positions in N are winning for 3. Another implication is that if ¢ is a winning strategy,
then Gy is acyclic.

Definition 5.16 Let G = (N, B, R) be an acyclic strategy graph.

o Let < denote that pre-order such that, forany a,b € N, a <¢ b ifand only if bR*a.
o Let =¢ denote that equivalence relation such that, for any a,b € N, a =¢ b ifand only if a = b.
o Let < be the strict partial order such that, forany a,b € N, a <g b ifand only ifa <g b and a #¢ b.

Let G’ = (N’, B’, R’) be another acyclic strategy graph.

o Let <g, denote the partial order over N X N’ such that, for any (a,a’),(b,b’) € N X N’, we have
(a,a’) <g,c (b,b’)ifand only if (a <g band a’ <g' V') or (a <g band a’ <g' V’).
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Lemma 5.13 Let G = (N, B, R) be a strategy graph induced by a positional winning strategy. Then G is acyclic and
<¢ is well-founded. Let G" = (N”, B’, R’) be a strategy graph induced by a positional winning strategy. Then <g g
is well-founded.

Proof. Since g is a winning 3-strategy and every infinite match (which corresponds to a branch in G) is won
by V, it follows that G has no infinite branches, and therefore is acyclic. Since N is finite and <¢ is a pre-order,
it follows that < is well-founded. Since both < and <’ are well-founded, <g ¢ is also well-founded. O

Bisimilarity Game: Adequacy
For the rest of this section, we prove the adequacy of the bisimularity game.

Proposition 5.14 Let G = (V,E,L,Q,v;) and G’ = (V’,E’, L', Y, v;) be two parity formulas and let v € V and
v e V. If(v,0") € A &%, then (v,v’) € Wina(B(G(v), G'(v"))). In particular, if (v, v’) € &406’@,, then3 has a
positional winning strategy in B(G(v), G'(v’)) that starts with a move (B, R) where B # @.

Proof. Suppose (v, v’) € d. The following describes a positional winning strategy for 3,
Qa2 sl = PV X V'), (x,x") = (By, Ryx).
Suppose the token is at position (x, x") € V X V" and rg 6/ (x, x") < +00.

1. If rg,e(x,x’) =i+ 1 for some i € w, then 3 chooses the move (By,x = @, Ry /) where
Ry ={(u,u’) e di|u € E[x],u’ € E'[x']}.

By condition 5 of Definition 3.5, this is an admissible move. Note that here for any (4, 1’) € Ry, we
have rg g/ (1, u’) < 400, (u,u’) <g& (x,x’) and rg,o (1, u’) < rg o (x, x’).

2. If rg g/(x, x") = 0, then 3 chooses the move (By »/, Ry x) where By v := sy [c(x)xc(x) and

Rew = | ((EIINCGH) x E'w) U (E[u] x E'[w NCw)) e
(u,u’)eB

By condition 3 and 6 of Definition 3.5, this is an admissible move. Note that here for any (1, u”) € Ry v,
we have rg ¢/ (1, u’) < 400 and (1, u’) <ga (x, x’).

Since (v, v’) € d, it follows that rg 6/ (v, v") < +0c0. As we have seen, at any position (x, x”) € o, the strategy
above gives a move (By ', Ry ) such that Ry v C o, so no matter which element (1, u") € Ry V chooses,
we will have rg,g (1, #’) < +00. Thus, gg is a well-defined strategy.

Now we show that this is a winning strategy. We have already shown that this strategy provides an
admissible move at any reachable position where it is 3’s turn to move. What is left to show is that the
game always ends within finitely many steps. Note that at any position (x, x’), for all (u, u’) € Ry -, we have
((u,u"),re o (u,u)) <g,6,0 ((x,x),1r6,6/(x,x")). Since <g,G,o is well-founded, it follows that each match is
finite.

Finally, let us now consider the special case where (v,v’) € dy. In this case, rge = 0. By the case b)
above, we have B := dly I'c(v)xc(v)- Since (v,7") € dy [cw)xc (), We know that B # @. This means that the
positional winning strategy above provides (B, R) for some B # @ as the first move in B(G(v), G'(v’)). Thus,
if (v, v") € dy, then 3 has a positional winning strategy in %B(G(v), G'(v’)) that starts with a move (B, R)
where B # @. O
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X
a €l0 ) a’ (b,x"); @
b en)v
G G’ (a,a’);{(a,a’),(b,b")}

Figure 5.1: ACC and a strategy tree for g 6,6/

Example 5.1 Consider G, G’ and G” in Figure 5.1 and 5.2. The bisimilarity relation AC G 466" are shown
with the number denoting the rank of the link. The strategy tree for g e and g e e are shown in the

same figures. The nodes in the strategy tree are shown in the format (1, u"); B(u, u’)’, and R is represented
by the solid directed arrows.

Proposition 5.15 Let G = (V,E,L,Q,v;) and G' = (V' E’, L', QY v}) be two parity formulas and let v € V
and v’ € V'. Then (v,v’) € 1 ©© if (v,v") € Win3(B(G(v), G'{v"))). In particular, (v,v’) € &40@,@’ if 3 has a
positional winning strategy in B(G(v), G'(v’)) that starts with a move (B, R) where B #+ @.

Proof. Suppose that 3 has a positional winning strategy ¢ : V x V' — (?(V x V”))? in B(G(v), G'(v’)). Let
G = (N, B, R) be the strategy graph induced by g. Define a bisimulation (A;);e, from G to G’ as follows.

AO = U B(M,M,), Ai+l = {(ulu/) EN | R(u/u/) c Al} UAO
(u,u’)eN

First, notethat A= NU |J B(u,u’). We show this from both directions.
(u,u’)eN
e Since G is acyclic and connected, and all the (1, u’) € N that have no successors in G are in A; by
definition, it is easy to show by induction on the structure of G that (u, u’) € A for all (u, u’) € N. That
is, N € A. By definition, B(u, u”) € A for all (1, u’) € N. Thus,

ADNuU | J B(u,u).
(u,u’)eN

e By definition, Ag € U B(u,u’)and A; € N U A for all i > 0. Thus
(u,u’)eN

AcCNuU () B(u,u).
(u,u’)eN

We claim that (A;);c is a bisimulation in the sense of Definition 3.5.

1. It suffices to show that A; C A;4; for all i € w. We show this by induction on i. The base case where
i = 01is true by definition. For the induction step, suppose (1, u’) € A; for some i > 0. We make the
following two case distinctions.

o (u,u’) € Ap. Then by definition (1, u’) € Aj41.
e (u,u’) ¢ Ap.Since (u,u’) ¢ Agand (1, u’) € A;, it must be the case thati > 0 and R(u, u’) C Aj_1.
By the induction hypothesis, A;—1 C A;. This means that R(u, u’) € A; and thus, (u, u’) € Ai1.
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V4
(x',z");
y//
Y
x" (@', y"); o
a” v
(b/, x//); @
€|1 b"
Y
G’ G” (ﬂ’, a//); {(ﬂ,, ﬂ”), (Z’J’, b//)}

Figure 5.2: A%6” and a strategy tree for ¢ 67,67

2. Note that if the token arrives at a position (u, u’) where L(u) # L’(u’), then 3 loses. As we have
observed, if G = (N, B, R) is the strategy graph induced by a winning strategy, then all positions in
N are winning. This means that L(u) = L’(u’) for all (u,u’) € N. Also, from the definitioin of base
bisimulations, it follows that that L(u) = L’'(u’) for all (u,u’) € B(w,w’) for all (w,w’) € N. Since
A =N U Ug,wen B(w, w’), it follows that L(u) = L'(u’) for all (u, u’) € A.

3. Let (u,u’) € Ap. According to the definition of (A;)icq, since Ay is the union of base bisimulations, it
must be the case that there exists B € BaseB(C(u), C(1’)) such that (1, u’) € B. By the definition of
base bisimulations, we have that neither C(u) nor C(u’) are degenerate, u € Dom(Q) & u’ € Dom((Y'),
and if u € Dom(Q), then Q(u) =, Q' (1)

4. Suppose (u,u’), (x,x") € Ao, u € C(x), u’ € C(x’), and Q(u) #, Q(x). By the definition of Ay, there
exist n1,ny € N such that (u,u’) € B(n1) and (x, x") € B(ny). Without loss of generality, suppose
Q(u) < Q(x). To argue towards contradiction, assume (' (u") > (¥’ (x”). Without loss of generality, also
suppose Q(u) = min({Q(w) |w € D, }) where

D, :={w € C(u)|(w,w’) € B(ny), (x,x") € B(ny), Q(w) < Q(x), A (w’) > Q' (x")

for some x € C(u), w’,x" € C(u')}).

e Since u” € C(x’) and (u, u’) € B(ny), it follows that there exist two paths u” —g u; —g ... =g
u, = x" and u —g w3 —g ... > Uy, for some n € w such that u; € C(u), ulf € C(u’) and
(ui,u}) € B(n) forall 1 < i < n. In particular, u, € C(u), x’ € C(u’) and (uy, x’) € B(n1). By the

last condition for base bisimulations, Q(u) > Q(uy,).

e Since x € C(u) and (x, x") € B(n2), it follows that there exist two paths X’ —p v] —p ... = v,
and x —p v1 —f ... =g Uy = u for some m € w such that v; € C(x), v; € C(x') and
(vi,v}) € B(nz) forall 1 < i < m. In particular, u € C(x), v;, € C(x’) and (u, v;,) € B(n2). By the
last condition for base bisimulations, Q(x") > Q(v?,).

e So far, we have gathered enough facts to show that u,, € D,,. However, Q(u,,) < Q(u), which
contradicts our assumption that u has the smallest priority in D,, (red for B(n;) and blue for B(n;)
in the demonstration below).
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Thus, Q'(1’) # Q'(x’). Since Q' (1) =, Qu) #;, Q(v) =, (), it follows that Q' (u’) # Q'(x’).
This means that Q' (1”) < Q' (x).

5. Suppose (u, u’) € Air1 —Ag. By definition, R(u, u’) € A;. Note that, forall (w,w’) € N, if B(w, w’) # @,
then by the definition of the admissible moves for 3, we have (w, w’) € B(w, w’). This means that for all
(w,w’) € N such that B(w, w’) # @, we have (w, w’) € Ay.Since (u, u’) 3 nAy, it follows that B(u, u’) =
@. By definition, this means that R(u, u’) € LocB(u, u’), and thus, (E[u], E’[u’]) € P(R(u, u’)). Given
that P is monotone and that R(u, u’) C A;, we have (E[u], E’[u’]) € P(A;), which is precisely condition
5.

6. Suppose (u,u’) € Ap. According to the definition of Ay, there exists (w, w’) € N such that (u, u’) €
B(w,w’). Since B(w, w’) is non-empty, it follows that B(w, w’) is a base bisimulation. Furthermore, by
Proposition 5.9, B(w, w’) is a base bisimulation at (C(u), C(u”)). By the condition 4 of the definition for
base bisimulations, we have

(E[u] N C(u), E'[u’'] N C(u’)) € P(B(w,w")).
Given the fact that 2 is monotone and that B(w, w’) C Ao, we have
(E[u] N C(u), E'[u'] N Cu')) € PA,.

This means that the conditions 6a) and 6b) are satisfied.

Now we show that the conditions 6c) and 6d) are also satisfied. Since B(w, w’) # @, it follows from the
admissive moves that R(w, w’) € ExitB(B(w, w’)). Since (1, u’) € B(w, w’), it follows from the proof of
Proposition 5.10 that

(E[u], E'[u']) € P(R(w,w) U B(w, w")). (5.19)
Note that
R(w,w)UB(w,w') S NUBw,w)SNU [ ) B(x,x)=A (5.20)
(x,x")eN

Combining 5.19 and 5.20 and 5. from Propositioin 5.7, we have
(E[u], E'[u']) € PA.

This means that the conditions 6¢) and 6d) are satisfied.

To sum up, we have shown that (A;);e is a bisimulation in the sense of Definition 4. Note that
(v,v)eNCACH.

Thus, (v,v’) € o if (v,v") € Wing(B(G{v), G'(v"))).

Finally, let us now consider the special case where B(v,v’) # @. In this case, by the definition of base

bisimulations, we have (v, v) € B(v, v’), and by the definition of (A4;),cw, we have B(v, v') C Ay. Note that

Ao € do. Thus, (v, v’) € dy if 3 has a positional winning strategy in B(G(v), G'(v’)) that starts with a move
(B, R) where B # @. O
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Composition

Now that we have proven the adequacy of the bisimilarity game, we can show that Definition 4 is closed
under composition. An example that demonstrates the construction described in proof of the following
proposition can be found in Appendix B.

Proposition 5.16 Given three parity formulas G = (V,E,L,Q,v;), G' = (V',E’, L', Y, v}) and G” = (V",E”,
L”,Q", v}’), we have o ©€'; 5 6" C o G.G",

Proof. We show an equivalent proposition: of ®'; s 6" C o ©6" Let(v,v") € o ©F and (v’,v”) € o &,

Strategy. Like some of the proofs we have seen in this thesis, we prove the statement by constructing a
winning 3-strategy in B(G(v), G”(v")) employing the technique of 'shadow playing’. Recall that 'shadow
playing’ is a technique used for constructing winning strategy for a player I1 in a two-player game, which we
call the ‘'main game’, utilizing given winning strategies for I'l in one or more 'shadow games’. While playing
a match in the main game, player IT also simultaneously updates the position of the token in each of the
shadow games. At each of her turns, she plays according to the current positions of the tokens in the shadow
games as well as the given winning strategies for the shadow games. After either player has moved the token
in the main game, she moves the token in the shadow games accordingly. Specific ways in which player
IT performs these actions may differ given the different circumstances under which the shadow playing
technique is applied.

In this specific case, the main game is B(G(v), G”(v”)) and we utilize two shadow games, B(G(v)), G'(v’))
and B(G'(v’), G”(v"))). Since (v, v’) € 9 @€ and (v/,v”) € o4 €€, it follows from Proposition 5.14 that 3
has a positional winning strategy g : V X V' — P2(V x V') in B(G(v), G’'(v’)) and a positional winning
strategy ¢’ : V' X V" — P2(V' x V") in B(G'{v’), G”(v"”)). Recall that in a bisimilarity game, 3's and ¥’s
turns alternates and the first turn always belongs to 3. In our construction, the way 3 updates the positions
of tokens in the shadow games depends on V’s moves in the main game, so 3 does not update the positions
of the tokens after her own moves, but only after V’s moves. When she updates the position of either of the
two shadow tokens, she either does not move it, or she moves it from a 3-position to another 3-position,
omitting the intermediate situation where the tokens are at V-positions. The key to this construction is that we
make a shadow token wait in the base bisimulation after it arrives at one, if the other shadow token has not
arrived at a base bisimulation. The specific structure of a match in B(G’(v’), G” (v”")) where 3 employs the
technique of 'shadow playing’ is shown in Figure 5.3. We call each node in Figure 5.3 a stage. The following is
a summary of the stages in Figure 5.3.

INIT: 3 sets the initial positions for the two shadow tokens, (x, x”) and (y’, y”), as well as a
helper node uj € V.
PLAY3: I makes a move from position (1, #”) in the main game according to g(x, x") and g’(y, ¥’).
PLAYy: V makes a move.
UPDATE: 3 picks out u’. With the help of u’, 3 updates (x, x’) and (y’, y”).

We use (u;, u') to denote the position of the token in the main game after ¥ has made i moves, and we use
(x;.x}) and (y7, y;') to denote positions of the shadow tokens after i times UPDATE. We call the process of
going from stage 2 to stage 3, then to stage 4, and then back to stage 2, one step. Now we flesh out the details of
INIT, PLAY and UPDATE in the i + 1'th step. Let Gg = (Ng, B, R¢) and G¢» = (N¢/, By, R¢/) be the strategy
graph induced by ¢ and g’, respectively.

INIT: At the start of the game, I sets x := v, x; = y := v/, y := v” and u, = v’". Note that in the begining of
the the main game, up = v and uj = v”.
PLAY3: In the i + 1'th step, 3 moves the token to (B/, R). Here we assume
a) (xi,x!) € Ngand (y,y”) € Ng/;
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LINIT

|

2. PLAY5
(AM3 non-empty? [y/N])

|y

3. PLAYy NS
(AMy non-empty? [y/N]) —> 6.V loses

I

4. UPDATE

N
—> 5. 3 loses

Figure 5.3: Structure of a match with “shadow playing’; AMj=the set of admissible moves for player I

With these assumptions, we can define
By == Bg(xi,x]), By :=Bg(yi,y/), Ry:=Ry(xi,x), Ry :=Rg(yiy!)

We also assume
b) if (x;, x}) # (u;, u?), then (u;, u)) € Bi,and if (i, y’) # (u;,u’), then (u;,u’) € B;/;
o) if Bfg # @, then (u;, u}) € BL; if B;, # @, then (u!,u’’) € B;,.
It is easy to see that these assumptions are true when i = 0.
a) True by definition.
b) True since the antecidents are true.
o) If Bg(v,v") = Bg # ©, then by the definition of admissible moves, we have (ug, uy) = (v,?’) €
By(v,v’) = BY.
Later, in the description of UPDATE, we will see that if these assumptions hold true for i = 1, then they
also hold true fori = n + 1.
Define B' := B é ; B;,. We make the following case distinction for defining R’. We also show for each
case that (B!, R') is an admissible move for 3 at (u;, u?’).
) B’g = Blgf = 0. Define R' := ng;ng,.
Since B’g = B;, = @, it follows from b)' that (x;, x;) = (u, ul’) and (ylf, yl’.’) = (ulf, ulf’). By
the definition of the admissible moves, R}, € LocB(x;, x}) and R;, € LocB(y;, y;'). Combining
these two observations, we have Ré € LocB(u;, u;) and Rg, € LocB(u/, u"). By Propostion 5.8,
R! € LocB(u;, u!’) and therefore, (B, R") an admissible move for 3 at (u;, u?’).
. B;, B;/ # @. Define R’ := (R%; (B;, U R;,)) U ((Bé U Ré); R;,).
Since B(’é # @, it follows from c) that (u;, u}) € Bé. By Proposition 5.9, Bé € BaseB(C(u;), C(u))).
Similarly, Bé, € BaseB(C(u]), C(u]")). By Proposition 5.11, B'i € BaseB(C(u;), C(u!)). By Proposi-
tion 5.12, R* € ExitB(B;). Therefore, (B, R") an admissible move for 3 at (u;, u)’).
* B, = @,Blg, ;t @. Define R* := ng;(Blg, v ng,). | | |
3 3 1 : ’ ” 1 TF 1 1
i. Since Bg, # @, it follows form c) that (u},u}’) € Bg,. By Proposition 5.10, Bg, U Rg, €
LocB(u;, u!’).
ii. Since Bé = @, it follows from b) that (x;, x; ) = (u;, ulf ), and from the definition of admissible
moves that R; € LocB(x;, x}). This means that Ré, € LocB(ui, u;).
By Propostion 5.8, Rl = Ré; (B;, U ng,) € LocB(u;, ulf’), and therefore, (B!, R?) is an admissible
move for 3 at (u;, u}’).
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* By # @,B;, = @. Define R’ := (B, U R}); ng
i. Since B;, # @, it follows form ¢) that (u;, ulf) € B;. By Proposition 5.10, qu U Ré € LocB(u;, ulf).
ii. Since B;, = @, it follows from b) that (y;, y') = (u], u]’), and from the definition of admissible
moves that R;, € LocB(y}, 7). This means that R;, € LocB(u], u!)).
By Propostion 5.8, Ri = (B;g U Ré); R;, € LocB(u;, ulf’), and therefore, (B, RY) is an admissible
move for 3 at (u;, u}’).

PLAYy: V picks (uj1,ul, ) € R'.

UPDATE. Inthei+1'thstep, picksoutau , € V’ina certain way. With the help of u_,, 3 updates the positions
of the two shadow tokens to (x1+1, xi,)and (v, v +1) The following case distinction are made for
the definition of uz +1- Note that since (Ui, u ; +1) € R' # @, it follows that, in each case distinction, a
node in V' that satisfies the description always exists.
° ’g = B; = @.Letu/ , beanodein V' such that (Ujy1,u
By, Bl # @. Let u/, , be anode in V' such that (w41, u]
(u1+1, ) € B’ U R’ and (”z+1' l+1) € R’
° =g, Bl * Q. Let ui+1 be anodein V' such that (u,ﬂ, 1) € R’ and (u/

ul,,) € R and (1]
) € Rl and (u/

)eR’
)EB’ UR,,or

i+17 H—l

1+1 i+17/ z+1

u” i i
)€ Bg, URg,.

1+1’

° Bz # @,Bl, = @.Letu! , beanodein V' such that (u;41,u],,) € Bl U R’ and (ul“, u’,) € R;,.
Now we update (x, x”) and (y y") with the help of u/_.
(Xi41, %)) = (ivi, i), (i, i) € Ré Wyl (“1{+1'”;’,+1 o (g, ufy) € Rl
" (xi, x}), (wiv1,ul,,) € BE\RL, VI (g, (k) € B’ ARG

Now we show that if a)-c) are true for i = 1, then they are also true for i = n + 1. Suppose a)-d) are
true for i = n. We only show the first half of each statement since the argument for the other half is
complete analoguous.
a) We make the following two case distinctions.
i (Ujp1,u 1,+1) € Ri In this case, (x;41, x
follows that (x,+1, 1+1) € Ng.
il (wiy1,ul,,) € B! \RZ By the mduc’aon hypothesis, (x;, x}) € Ng, and (x;41, X}, ,) = (x;, x}) €
N,.
b) Suppose (xj41, X},,) # (i1, u},,), then (xi1, ¥}, ) = (x;,x)) and (ujq, ul, ) € B! \Rg. The latter
implies that Bz # @. This means that B’Jr1 Bg(xiv1,X,,,) = Bg(xj, x!) = BZ + 2.
¢) Suppose B(’;l ¢ @. In other words, B g(xl+1, ; +1) # @. By the definition of adm1551ble moves, this
means that (x;11, x; +1) € Bg(xit1, x; +1). We make the following two case distinctions.

o) = (Ui, uf,,). Since (uj,ul,,) € Ré C Ny, it

i (i, ul,)) € R;. In this case, (xi+1, X7, ;) = (ui41, ], ). Then
(i, uf ) = (Ui, uf,,) € Bg(xi+1/x;+1) = B;H
i, (uie1,ul,,) € Bé\ng. In this case, (x;+1, X}, ;) = (x;, x7). Then
(i1, u],,) € By = Bg(xi, x]) = Bg(xis1, x},,) = B

Correctness. We claim that the strategy we have just described is a winning strategy. We have already shown
that this strategy provides an admissible move at any reachable position where it is 3’s turn to move. What
is left to show is that the game always ends within finitely many steps. We show this by pointing out that
((xi, x0), (v}, v?), applicable forms a strictly decreasing sequence in terms of <g,G,,-

Since both ¢ and ¢’ are winning strategies for 3, as we have observed before, both G; and G, are
acyclic. By definition, (z,z") <g, (w,w’) for all (z,z"), (w, w’) € Ny such that (w, w")Rg(z, z). Recall that
R; := Rg(xi, x}). When comparing (x;4+1, X}, ) and (x;, x}), we distinguish the following two cases.
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1. If (uj41, u;H) € Rf , then (Uis1, ”z{+1) € Ry, and therefore, (x;41, x;+1) <G, (x4, x;).
2. If (wip1, ul, ) € B;\R’g, then (x;41, x7,,) = (x;, x}), which implies (x;+1, x7,,) =G, (xi, x7).

Similarly, we can deduce that
3. I (u,q ufy) € R;" then (Wi Vi) <cg (Wi Y7
4. If (ui+1,ulf+1) € Blg,\ng,, then (ylfﬂ,yl’,;l) =Gy (yl{’ yl{/).

Finally, observe that, due to the definition of R, forall applicable 7, either (141,
Summarizing these facts, we have arrive at the conclusion that, for all i,

’ i ’ ” i
ul,,) € R, or(ul,,,ul",) € Rg,.

((xi+1’ x;+1)’ (yz{+1’ y::—l)) <Gg/Gg’ ((xi/ x;)/ (yl,/ ]/:/)) .

Since <¢,,G,, is well-founded, the match ends after finitely many steps. O



Conclusion and Future Work

This thesis is an investigation into how to define the notion of bisimulations over parity formulas. We provided
and argued for a list of criteria against which we could judge how good such a definition is. In general, a
notion of bisimulation should be sound, closed under union and composition, easily decidable and as close
to being complete as possible. It should also guarantee the existence of a largest bisimulation, namely the
bisimilarity relation. Particular to the situation with parity formulas, a good bisimulation should also have a
'relative flavor” in its handling of the priority condition. We proposed four definitions of bisimulations over
parity formulas and evaluated them according to those criteria. We especially argued for Definition 4 to be
the best by far, since it satisfies all qualitative criteria and lies in a relatively good position on the 'spectrum of
completeness’. We also provided an adequate bisimilarity game for Definition 4 which makes it easier to
work with the notion.

In terms of future work, it would be interesting to look into whether Definition 4 could give us a way to take
quotients of, or minimize, parity formulas. It also remains to be investigated what notion of equivalence it
would give us if we call two uML formulas equivalent if their parity formula translation are bisimilar. Given
the close relation among parity formulas, parity games and parity automata, it would not be surprising if
Definition 4 could be translated to the setting of the latter two.

Recall that, in Section 4 of [6], the authors implemented a sound definition of bisimulation over parity games,
utilizing the idea of power bisimulation [7]. In a power bisimulation, for two nodes to be bisimilar, it is
not enough for their successors to satisfy the canonical "zig-zag’ condition, but rather, there must be for
both nodes in question a particular set of nodes that together satisfy the ‘zig-zag’ condition. It is left to be
investigated whether we can employ power bisimulation similarly to provide a notion of bisimulation over
parity formulas.

The final note is on a more conceptual level. Note that the best notion we have come up with so far uses
inductive definition and a non-trivial base case. It is not clear how the base case itself could be represented
in an inductive or co-inductive way. This goes against the strong association between bisimulation and
co-induction. What this shows is that parity formulas are not coalgebras and the priority condition of parity
formulas is intrinsically a global condition. More works needs to be done to capture the essence of such
structures, whose winning/accepting condition has a global flavor.
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Example for Semantics of Parity Formulas

Consider the parity formula G shown in Example 2.1. As we have mentioned, this parity formula is equivalent
to the modal p-formula ux.0x V p. The latter is usually interpreted to mean ‘on any infinite path, p eventually
holds. Consider pointed Kripke models

S = (Sl = {arb}r Vi= {(P/ {b})}rRl = {(Cl,b), (br Ll)})

and

Sy =(S, ={c,d}, Vo =3,Ry, ={(c,d),(d,c)}).
We show €(G, (S1, a)) and €(G, (S, ¢)) as follows.

This is the start position (w, a) for €(G, ($1, a)).

0 * \ o ) Sifn(: L(lw) = €, by de(fiin;cion 1i(t is neither
e @ i ~—_—"p of the p .ayers turn and the t.o. en moves on
automatically to the only legitimate successor
y z $ (x,a).
@ w Since L(x) = V, it is I’s turn, and she can

choose to move the token to (y, a) or (z, a).
Note that (z, a) is a dead end. Since L(z) = p

and a ¢ V(p), it follows that it is I’s turn
\ — again at (z,a). This means that 3 will lose

strategy f, if there is any, will suggests that 3

x
) p . . . . .

e a A L immediately for being stuck. So any winning
y z $ goes to (y, a). So the token moves to (y, a).
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° p . — . . ,
e e L Since L(y) = 0O, it follows that it is V’s turn
now. Note that (y, a) has only one successor
y z S (w, b), so Y moves the token to (w, b).
O
0 X . o ) / Sifntcf L(lw) = ’ i, by de(ﬁir;ﬁio{‘fl 1i(t is neither
@ @ A e of the players’ turn and the token moves on
automatically to the only legitimate successor
y z S (x, D).

Since L(x) = V, itis 3’s turn, and she can

0 / choose to move the token to (y, b) or (z,b).
x . ) 7
. o ) No(;ebtheat ‘Sz&;)l)?) .1tsfali1ead te}?c’:..tSl.ncleEz) =p
an , it follows that it is ¥’s turn
e G b again at (z,b). This means that at (z, b), 3 will
y z $ win immediately for making V stuck.

ONOs R

y z $ So 3 moves the token to (z,b) and wins.

This analysis shows that S;, a [= G. This fits our expectation because S;,a |= px.0Ox V p.

Now let us look at €(G, (S,, ¢)).



Following is the start position (w, c) for

€(G, (Sz, c)). Since L(w) = €, by definition

it is neither of the players’ turn and the token
moves on automatically to the only legitimate
successor (x, ¢).

Since L(x) = V, it is ’s turn, and she can
choose to move the token to (y, ¢) or (z, ¢).
Note that (z, ¢) is a dead end. Since L(z) = p
and ¢ ¢ V(p), it follows that it is 3's turn
again at (z, c). This means that 3 will lose
immediately for being stuck. So any winning
strategy f, if there is any, will suggests that 3
goes to (y, ¢). So the token moves to (y, ¢).

Since L(y) = 0O, it follows that it is V’s turn
now. Note that (v, ¢) has only one successor
(w, d), so Y moves the token to (w, d).

Since L(w) = ¢, by definition it is neither
of the players’ turn and the token moves on
automatically to the only legitimate successor

(x,d).

i}
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Since L(x) = V, it is J’s turn, and she can @ w
choose to move the token to (y,d) or (z,d).

Note that (z,d) is a dead end. Since L(z) = p

and d ¢ V(p), it follows that it is 3’s turn

again at (z,d). This means that 3 will lose “ x

immediately for being stuck. So any winning SO
A g » "
strategy f, if there is any, will suggests that 3
goes to (y,d). So the token moves to (y, d). y z S,
O
O%
Since L(y) = 0O, it follows that it is V’s turn ° C *
now. Note that (y, d) has only one successor _) e ‘ a
(w, ¢), so the VY moves the token to (w, c). y z )
O
Note that now we are at the starting position ° x \
again, and 3 has no way to break out from SOl
A ) ) e c ~—_— 4
this repetition without losing. Also note that
the only priority visited in this repetition is 0. y z S,

This means that V (player 0) can force an infinite match where the biggest priority visited infinitely many
times is 0. This means that V ,instead of 3, has a winning strategy at (w, c), and thus S, ¢ [¢ G. This fits our
prediction because Sy, ¢ [ px.0Ox V p.



Example for Composing Winning Strategies

As an example of how the construction in Proposition 5.16 works, we revisit G, G’ and G” from Example
5.1, and illustrate how to build a winning strategy for 3 in %B(G, G”)@(b, z”) using g4ee (g for short) and
g6 (g’ for short) as the positional winning strategy in &(G, G”)@(b, x’) and B(G’, G”)@(x’, z”’). Figure
B.1, B.2, B.3 and B.4 show the positions of the token (x, x’), (y’, y”), (u, u”") and the helper node u’, as well as
where the two shadow tokens are located with respect to the strategy graph of the two positional winning

strategy.

INIT: Jsets xo := b, xj = y; := x’, yg := z” and uj = x’. Note that in the begining of the the main game,
ug = b and uy = z”. This is shown in Figure B.1.

Step 1:

PLAY3

PLAYy:

UPDATE:

Step 2:

PLAY3 .

PLAYy:

UPDATE:

Step 3:

PLAY3 .

PLAYy:

: Since Bg = Bg(x0, x})) = @ and Bg, = By/(y), y) = @, 3 moves the token to (@, R"), where

R = Ry;Rg = {(a,a")};{(a,y")} = {(a, y")}.

Since R is a singleton, ¥ has no choice but move the token to its only element, (, y”). This means
thatuy = a and u}’ = y”.

Since Bg = Bg, = @, A needs to find u; such that (a,u;) € Rg ={(a,a’)} and (uj,a”) € Rg, =
{(a’, y”)}. It is easy to see that it has to be the case that u] = a’. Since (u1, u]) = (a,a’) € Rg and
(u],u}) = (a’,y") € R%, we let (x1,x}) := (u1,u}) = (a,a’) and (v}, y}) = (u},u}) = (a’,y").

8
This is shown in Figure B.2.

Since B}g = Bg(x1,x]) # @ and B;, = By (v}, y;) = @, I moves the token to (2, R'), where
R!:= (B; U R;); Ri,, ={(a,a’),(b,b")};{,x")} = {(b,x")}.

Since R! is a singleton, ¥ has no choice but move the token to its only element, (b, x”’). This means
thatup = b and uy = x”.

Since By # @ and B;, = @, Aneeds to find u} such that (uy = b, u}) € By UR, = {(a,a’), (b, b")}
and (uy, uy = x") € Rélz, = {(b’, x")}. It is easy to see that it has to be the case that u; = b’. Since
(12, u}) = (b, b”) € Bg\Ry, it follows that (x2, x}) := (x1,x}) = (a,a’). Since (u}, u3) = (', x") €

”y .

R}Q,, it follows that (y5, y5) := (u3, ;) = (b, x”"). This is shown in Figure B.3.

Since Bé = Bg(x2,x}) # @ and B;, = By/(y}, ¥)) = @, 3 moves the token to (@, R?), where
R? i= (B} URYRY = {(a,a'), (0,00} (@, 0"} = {(a, ")},

Since R? is a singleton, ¥ has no choice but move the token to its only element, (2, a”). This means
thatuz = a and u} = a”.
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Figure B.1: Composition: INIT

Figure B.2: Composition: step 1

(b,x'); @

lcg

(ll, al); {(ﬂr al)/ (br b’)}

x,z");

l

(l/'l,, yu); )

e

v, x");@

l

(@’,a");{(a’,a”), (b", b")}

-

(b,x"); @
| @
(a,a’);{(a,a’),(b,0')}
(x/, Z//),, @
(a/’y//); >
-
(b/’ x//),, @

|

(a// a/l)[, {(a/, al/), (b/, b/l)}

J
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(b,x'); @

lcg

(a/ a,); {(d, LZ’), (b/ b/)}

- J
( M)
(x',2"); @

(aI, y/l)l. @

| o
(b, X");

l

(ul’ ﬂ”); {(ll’, a//), (b/l b”)}

- J

Figure B.3: Composition: step 2

UPDATE: Since Bézz # @ and Bi,, = @, I needs to find u] such that (u3 = a,u}) € BZ, U Ré ={(a,a’),(,b")}

Step 4:

and (u}, uf = a”) € Ré, = {(a’,a”)}. It is easy to see that it has to be the case that u} = a’. Since

(u3, u}) = (a,a’) € BZ\Ry, it follows that (x3, x}) := (x2, x3) = (a,a’). Since (u}, u3) = (a’,a") €
Ré,, it follows that (5, y5) := (u}, uy) = (a’,a”). This is shown in Figure B.4.

PLAY5: Since B; = Bg(x2,x}) # @ and B;, = By (v}, y5) # @, 3 moves the token to (B3, R3), where

B® :=Bj; BZ,, R3 :=(R3; (Bg, U Rz,)) U ((B3 UR); R‘Z,,)
={(a,a;),(b,b")};{(a’,a”), (", b")} =(2;(B}, UR},)) U((B} UR}); )
:{(LI,LZ”), (brb”)} =@.

PLAYy: Since R® is a singleton, the set of admissible moves for Y is empty and V loses for getting stuck.
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( R
z" (b,x'); 2
y” (a/ a/); {(a,a’), (b/ b/)}
(x',2"); 2
X’ X" l
(ﬂ/, y//); )
X3 =U3 =4 €|O €|0 yé’ :Llé’ =a” l Gg,
(b’, x//); )
b b l
(a/, a//); {(all 61"), (bfl b//)}
G G’ G”

- J

Figure B.4: Composition: step 3
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