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Abstract

We investigate the relation between arithmetic and type theory, in particular, we will consider: a
constructive axiomatisation of the natural numbers known as Second-order Heyting Arithmetic (HA2),
and a version of type theory known as Second-order Propositional Lambda Calculus (AP2). We give an
embedding of HA2 in AP2, as well as an interpretation of AP2 in HA2. This will allow us to prove our
main result: AP2+ ind 4+ funext + uip proves exactly the same first-order arithmetical formulas as HA2.
We will use this result to analyse the logic of AP2. De Jongh’s Theorem shows us that the propositional
logic of HA2 is constructive, and we can translate this result to show that the propositional logic of
AP2 is also constructive.
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Chapter 0O

Introduction and Background

Our motivation comes from the following phenomenon. Suppose that we have formulated a theory in
constructive logic (also known as intuitionistic logic). Then it can happen that, in practice, the logic
of the theory becomes larger. This is best explained through means of an example. A famous one is
Diaconescu’s theorem [Dia75]. It shows that the set-theoretic axioms of extensionality, pairing, choice,
and the axiom scheme of separation imply that the law of the excluded middle is valid. That is, for
every sentence A in the language of set theory, we can prove AV —A.

To reason about this phenomenon, we quickly introduce some terminology. Suppose that we have a
theory T, formulated in constructive logic. We say that a logical formula A is wvalid for T iff we have
T I o(A) for every every substitution . Such a substitution replaces every n-ary relation symbol with
a formula in the language of T that has at most n free variables. We already saw an example of this:
the law of the excluded middle PV =P is valid for T iff for every sentence A in the language of T" we
have T H AV —A. The set of formulas that are valid for T is called the (De Jongh) logic of T.

Friedman and Séedrov [FS86] give another example of this phenomenon. They show that the logic
becomes larger even when we replace the contentious axiom of choice with the more benign axiom of
finite union: extensionality, pairing, finite union, and separation imply that the (De Jongh) propo-
sitional logic of the theory is strictly larger than constructive propositional logic. We say that the
propositional logic of the theory is not constructive. These results show that the distinction between
the underlying logic, and the theory formulated in it, is not always clear cut. For a constructively-
minded mathematician, this indicates that we have to be careful with our axioms: not only to obtain
a consistent theory, but also to preserve the constructive nature of our logic.

The first results in this area are about Heyting Arithmetic (HA) and Second-order Heyting Arithmetic
(HA2). These theories are the constructive versions of Peano Arithmetic (PA) and Second-order Peano
Arithmetic (PA2), they have the exact same axioms but the underlying logic is constructive instead
of classical. We have the original theorem by Dick de Jongh (an unpublished paper, for an extended
abstract see [dJ70]):

the propositional logic of HA is constructive.
This was extended by Daniel Leivant [Lei75] in his PhD thesis:
the first-order logic of HA is constructive.
De Jongh and Smorynski [dJS76] also obtain a result for second-order logic:
the propositional logic of HA2 is constructive.

For a more detailed overview, and a brief history of De Jongh’s theorem, see [dJVV09].



Recently, Robert Passmann also achieved results for the set theories IZF and CZF. These are construc-
tive versions of ZF: the axioms are modified, however, if we add the law of the excluded middle to
either IZF or CZF, we get ZF [Cro2(]. Passmann showed [Pas20; [Pas22]:

the propositional logic of 1ZF is constructive,

the first-order logic of CZF + powerset 4 choice is constructive.

By the result of Friedman and S¢edrov that we have discusses earlier, we see that the first-order logic
of IZF is not constructive. This is because, unlike CZF, the theory IZF contains the full axiom scheme
of separation.

In this thesis we will prove similar results for type theory. Type theory can be seen in many different
ways: (a) as a foundation of mathematics and alternative for set theory, (b) as a powerful logic
that is able to talk about, and quantify over, the proofs themselves, or (c) as a theory of abstract
computation and computer programs. It has a number of properties that make it very suitable for
constructive mathematics. Important examples of this are the disjunction and existence properties:
if we can prove a sentence A V B then we can prove A or we can prove B, and if we can prove a
sentence 3z B(z) then there actually exists a term a such that we can prove B(a). These properties
are true for constructive logic itself, however if we introduce axioms, then it is possible to lose these
properties. They remain true for arithmetic: HA and HA2 both have the disjunction and existence
properties [Kle45: Bee85, Section IX.2]. However for set theory this is more intricate: CZF and IZF
both satisfy the disjunction property [Rat05; [Bee85, Chapter VIII], but not the existence property
[Swaldt FSS5]. It is possible but quite difficult to obtain the existence property in set theory: Michael
Rathjen showed that this property holds for a number of variations of CZF [Rat12]. For type theories,
these properties follow relatively easily from normalisation: a proof of a sentence AV B in type theory
consists of a proof of A or a proof of B, while a proof of a sentence 3z A(x) consists of a term a and a
proof of A(a).

To investigate the logic of type theory, we start with the following observation: if the logic of a theory
T is constructive, then for every theory T that proves no more than 7' in the language of T, we also
have that the logic of T” is constructive. Examples include subtheories and conservative extensions.
We can see this as follows: suppose a formula A is not provable constructively. Then A is not an
element of the logic of T' so there exists a substitution o to the language of T such that T ¥ o(A4). But
then, because T” proves no more than T in the language of T', we also have T" ¥ o(A). So A is not an
element of the logic of T".

This observation gives us a fruitful way to prove that the logic of type theory is constructive: we prove
that a particular type theory proves no more than a theory for which we have already established a
‘De Jongh theorem’. This immediately gives us the logic of a simple version of type theory: ML0. This
is a fragment of Martin-Lof type theory [ML84]. It is the fragment given by 0,1, +, x, ¥, II, N, =; so
we leave out type universes and W-types. It is known that MLO proves no more arithmetical formulas
than HA [Bee85, Theorem 7.5.1]. It actually proves less arithmetical formulas, see [Smi88]. So, because
we already know that the first-order logic of HA is constructive, we see the following:

the first-order logic of MLO is constructive.

We will use a similar approach for a stronger type theory known as AP2. It is a subsystem of the
calculus of constructions, and can be seen as an extension of MLO. The main new addition comes in
the form of type universes. In AP2 we have an impredicative universe, which means that types are able
to quantify over other types, including over themselves. We will construct a model of A\P2 and some
of its extensions. This model gives us an interpretation of AP2 in HA2, which we will use to show our
main result:

AP2 + ind 4 funext + uip proves exactly the same first-order arithmetical formulas as HA2.



As a corollary, because the propositional logic of HA2 is constructive, we will see:

the propositional logic of AP2 is constructive.

As we will see, our choice for AP2 has two justifications: it is the minimal system of the lambda cube
in which we can embed the formulas of HA2, and it is the maximal system of the lambda cube that
we can interpret and realize in HA2.

The structure of this thesis is as follows. In we start with an overview of arithmetic.
Here we introduce second-order logic, and formulate first-order and second-order versions of Heyting
Arithmetic (HA and HA2). In we move on to type theory. We give an overview of the
calculus of constructions and focus on AP2. In addition, we will see how the formulas of HA2 can be
interpreted as types in AP2.

In the last two chapters we will prove that AP2 4+ ind + funext + uip and HA2 prove the same first-
order arithmetical formulas. In we will extend arithmetic in a conservative way. This will
make it easier to interpret our type theory in arithmetic. We will add lambda functions, recursion,
pairs, and a computational choice principle. In we construct a model for AP2 which gives
us an interpretation of AP2 in HA2. This is a modification of a well known model that uses partial
equivalence relations (PER’s) and assemblies.



Chapter 1

Arithmetic

In this chapter we will introduce constructive theories of arithmetic. We start with an overview of
propositional, first-order, and second-order logic in Second-order logic is an extension of
first-order logic that allows us to quantify over formulas. In [Section 1.1} we will see that, in second-
order logic, we only need — and V to define all the other logical connectives. In and
we introduce first-order and second-order Heyting Arithmetic respectively. We finish the
chapter in with an overview of De Jongh’s Theorem for arithmetic.

1.0 Second-order Logic

Arithmetic, like set theory, is built on top of logic. This means that we start by establishing the logical
inference rules, and then state a number of axioms. Often, this is done in classical first-order logic.
However, this is not the only option, and there are good reasons to use alternatives. In our case,
we will use constructive second-order logic: restricting ourselves to constructive logic will give rise to
constructive proofs while extending to second-order logic allows for an elegant, minimal presentation
and allows for a finite axiomatisation.

When we introduce type theory in we will go even further than changing the underlying
logic: we will not formulate axioms in an existing logic but build type theory from the ground up using
inference rules. This will be done in a way that nicely parallels the inference rules of logic, and, for
that reason, we will see that logic can be straightforwardly and canonically interpreted in type theory.
So, with this correspondence in mind, we start by introducing second-order logic in a sequent style
that mirrors the notation we will use for type theory.

First, we introduce the grammar. We will use lowercase letters like x, vy, z, ... for first-order variables.
The terms are built up from first-order variables, their grammar is given by:

a,bye,...:=x | fM(ag,...,Qn-1),

where f" stands for a function symbol of arity n in our language. Uppercase letters like X,Y, Z, ...
are used for second-order variables. When second-order variables are used, they are annotated with
a natural number indicating the arity. For example, X' stands for a second-order variable of arity 1
which we can view as: a set, a unitary relation symbol, or as a formula with at most one free variable.
The formulas are given by:

A,B,C,...:=X"(ag,...,an_1) |a=b| L| T|AVB|AAB|A— B|3xA|VxA|3X" A | VX" A.

We use letters like I' and A for finite lists of formulas. A sequent I' = A means that from the formulas
in I we can prove the formula A; we say A holds in context I'.



Because we are using a sequent style, we begin with the following inference rules:

I'-B
—— start, — weak.
I''AF A I''AFB

For equality, which we consider to be part of our logic, we have the following rules:
I'Fa=5b 'Fa=5b I'Fb=c

=r =sym, =trans,

Thra=a 7 Trb—a Tha=c

F'a=1b 't Aa)
I'E A(b)

=subst.

For propositional logic, we add the following introduction and elimination rules:

THL
TZ, LE
=T r-c 7’
r-A : r'e-B v, PFAvB DAFC T.BFC .
I'FAV B T'FAV B TFC ’
-4 TFB - PEAAB . PEAAB .
I'-AAB r-4 7 r-B "
_LAFB - PbA-B T4
'rA— B IR :

As is convention for constructive logic, we do not consider negation to be a primitive notion: we define
-A:=A — 1. To get classical logic, we could add the law of the excluded middle stating T' - AV —A.

Now to get first-order logic we add the following inference rules:

I'+B '-dzB I'B(z)-C
¢312, z not free in I', C zB(x) , B(z) J4.&,
't 3z B(z) r-c
) 'k B(z) '+ Vz B(z)
z not free in ' ————V 7, —=V,£.
I' -V B(z) I' - B(a)

On the left side we list restrictions that determine when we are allowed to apply the rules. In this case
we have the restriction that z may not occur free, which makes sure that we do not confuse different
uses of a variable. Without these restrictions we would be able to prove things like Vz (A(z) — Yy A(y))
and Va(Jy A(y) — A(x)). As a note on our notation: A(x) can be any formula, we have no restriction
that z is the only free variable, or that x is actually a free variable at all. The reason we include x in
the notation is so that we can easily replace it with a term a: B(a) means the formula B(x) except
every free occurrence of z is replaced with a. This goes a bit against convention, however, we feel it
makes the presentation clearer; in 3z B(z) and Vz B(x) we highlight the fact that z may occur free in
B(x) without saying anything about other free variables.

In second-order logic we add the ability to quantify over second-order variables:

I'B(A T I'-3X"B(X" I'B(Z"FC
(Ao, ., Tn-1)) 37, Z™ not free in I', C (X") (Z") &,
'-3X" B(X") r-cC
. '+ B(Z") I'FVYX"B(X")
Z™ not free in T’ VoT, Vof.
VX" B(X"™) 't B(A(zg,...,Zpn-1))



With B(A(zo, ..., Tn_1)) we mean the formula B(X™) except every atom of the form X" (ao,...,an_1)
is replaced by the formula A(ag, ..., a,_1). For example, for the formulas B(X') = X (2) A=X(f*(y))
and A(z) = (z = z) we have:

B(A(x)) = (z = 2) A= (f'(y) = 2).

One helpful way to think about the second-order variable X" is as an arbitrary abstract formula with
n free first-order variables. From this viewpoint, B(A(xo,...,Z,—1)) means that we substitute the
concrete formula A for the abstract formula X™ where the variables xg,...,x,_1 in A are treated as
the n variables of X". For example, if A(x,y) is a formula, then from VX! (X (a) — X (b)) we can
conclude both A(a,y) — A(b,y) and A(x,a) — A(z,b) by treating z and y as the single free variable
in X! respectively. Furthermore, we can conclude A(z,y) — A(x,y) by treating some other variable z
as the free variable in X!. Note that in the formula VX! (X (a) — X (b)) we have stopped writing the
arity in places where it can easily be induced, we will follow this convention from now on because it
makes formulas less cluttered.

1.1 Defining Logical Connectives

One of the nice properties of second-order logic is that we really only need — and V, all other logical
connectives can be defined. This means that we can define formulas that satisfy the introduction and
elimination rules of the other logical connectives:

1L=vz"Z, (false)
T:=v2"(Z - 2), (true)
AVB=VZ°(A—= Z) = (B— Z)— 2), (disjunction)
AANB:=VYZ°((A— (B = 2)) = 2), (conjunction)

3z B(x) = VZ° (Vx (B(x) = Z) — Z), (first-order existential quantifier)
IX"B(X) =VZ° (VX" (B(X) = Z) = Z). (second-order existential quantifier)

This way of defining logical connectives is standard in second-order logic so we will not dwell on this
for too long. It is nice to note however that these definitions capture precisely how these logical
connectives are used to prove other formulas. It is an insightful exercise to show that the introduction
and elimination rules are valid for these definitions, as an example we show this for 3X™ B(X):

TVX" (B(X) = Z) - VX" (B(X) > 2) Svta: T+ B(A(#))
2

I VX" (B(X) = Z) F B(A(Z)) — Z I VX" (B(X) = Z) b B(A(Z))
I VX" (B(X) > 2) - Z
TFYX" (B(X) > Z) = Z
I'+3X" B(X)

weak

—&

VoZ,

I,B(Z)FC
I'-3X" B(X I'+B(Z C
(X) Vo€ Z not free in I", C (2) =
FWVX"(B(X)—=C)—>C FrEvX™"(B(X)— C)
I'=C

—7
VoL
—E.




We can also define first-order equality in second-order logic:
(a =0b):=VYZ"(Z(a) — Z(b)).

This is called Leibniz equality, terms are equal if they satisfy the same formulas. It is easy to show
=refl, =trans, and =subst are valid. However, showing that =sym is valid is quite tricky:

—  start
Tha=b T, Z(a)F Z(a)

Tk (Z(a) = Z(a)) = (Z(b) — Z(a)) E T Z(a) = Z(a)
T+ Z(b) — Z(a)
Thb=a

—T

—€&

VoI.

In the V5& step we fill in the formula A(z) = Z(z) — Z(a).

We can define second-order equality using the principle of extensionality: if ¥ are among the free
variables of A(Z) and B(Z), then we define:

1.2 Heyting Arithmetic (HA)

Now we are ready to introduce arithmetic. We start with first-order Heyting Arithmetic (HA), which
is an axiomatisation of the natural numbers. It has the same axioms as Peano Arithmetic (PA), the
only difference is that it uses the inference rules of constructive first-order logic instead of classical
first-order logic. The language of HA and PA consist of a nullary function symbol 0, a unary function
symbol S, and two binary function symbols + and x. We have two axioms stating that 0 and S are
jointly injective:

Yy (0 # S(y)), Va 'y (S(z) = S(y) =z =y).
In addition, we have axioms for addition and multiplication:

vy (0+y=1y), VaVy (S(z) +y = S(z +y)),

Vy (0 x y = 0), Ve vy (S(z) x y = (z x y) + ),

And we have an axiom scheme for induction, for every formula A(z) we have the axiom:
A(0) AVz(A(z) — A(S(z)) — Vo A(z).
One might wonder why we stop at + and x instead of going further and introducing exponentiation.

The reason is that addition and multiplication are enough to do recursion theory. We can already
define a pairing function (a bijection N x N — N). A nice example was given by Cantor [Can77]:

(a,b) = (5 x (a+b) x S(a+b)) +b.
This gives us arbitrary tuples:
(agy - an—1) = (ag, (a1, ..., (@n-2,0,-1))).
Now we can define y* = z to hold iff there exists a sequence (aq, ..., a;) such that:
o ay=1,
e for every i < z, we have a;11 = a; X y,
° a, = 2.

Other primitive recursive functions can be defined in a similar way. For a more detailed explanation
involving more subtleties and coding issues, see [Cail3} [HP1T; [Kay91, Chapter 5].



1.3 Second-order Heyting Arithmetic (HA2)

The only difference between HA2 and HA is that we move to constructive second-order logic and replace
the axiom scheme of induction with a single axiom:

VX (X(0) AVz(X (2) = X(S(x)) — Vo X (x)).

Working in second-order logic also allows us to leave out addition and multiplication because we can
already do primitive recursion (we will show this in the following proposition). We can define addition,
multiplication, and exponentiation with primitive recursion on x:

0+y:=uy, S(z) +y:=S(x+y);
0xy:=0, S(z) x y = (x x y) +y;
0 =1, v =yt xy.

Proposition 1.3.0 (Primitive Recursion). In HA2 without addition and multiplication, we can con-
struct, for any terms a and b(z,y), the primitive recursive function f defined by:

£(0) =a, F(S(@)) = b(z, ().
With this we mean that we can prove 3F% R(F), where:
R(F) :=Vx 3y F(z,y) A F(0,a) AV Yy (F(x,y) — F(S(z),b(z,y))).
Here 3! means ‘there exists a unique’ and is considered to be an abbreviation:

Nz A(z) = 3z (A(z) AVZ (A(z') = = =2)).

Proof. From this point onward we will be less formal when working in second-order logic and only
give the important steps of the proofs. We will build this function one piece at a time, starting with
a function that is only defined on 0 and in each step extending it to be defined for the next natural
number. First we need to define the order on natural numbers:

(x <y) =VZ" (Z(y) AVw (Z(S(w)) = Z(w)) = Z(x)),
(x <y) = (S(z) <y).

These definitions are quite straightforward to work with once you get used to second-order logic. For
instance, we can prove (z < S(y)) — (z < y) V (z = S(y)) by filling in A(w) = (w <y) V (w = S(y))
for Z1 when eliminating < S(y). Now because A(S(y)) and Vw(A(S(w)) — A(w)) hold we get A(x).

We prove the existence of initial functions g,,, by showing Vm 3G? R< (G, m) where:
R<(G,m) =V(r <m)3IyG(z,y) A G(0,a) AV (z < m)Vy (G(z,y) = G(S(z),b(z,y))).
We show Vm 3G? R<(G,m) with induction:
(0) For the base case we take Go(z,y) = (y = a) and we see R<(Gy,0);
(S) For the successor case, suppose that we have R<(G,,, m), then we can define:
Gsim)(z,y) = (2 <mAGp(z,y))V (x =S(m) ANVw(Gn(m,w) =y = b(m,w))),
and we see R<(Gs(m),S(m)).

Now we define:
F(x,y) = VG2<RS(G,1‘> — G(z,y)),

and we can use this to prove the proposition 3F2 R(F). O

10



HA2 is often formulated in a fragment of second-order logic: monadic second-order logic, where we only
allow quantifying over unary predicates. This means that we only allow second-order quantifiers of the
form VX! or 3X'. How restrictive this fragment is, depends on the availability of tuples. We can define
tuples with addition and multiplication as we have seen at the end of With tuples, the
difference between full second-order logic and monadic second-order logic becomes insignificant: we can
just replace X™(ag, ..., a,_1) with X*({(ag,...,a,_1)). Without access to addition and multiplication
however, the difference is significant: HA2 without addition and multiplication is decidable in monadic
second-order logic [Biic90]. This is of course not true for the full second-order version (or even the first
order version with addition and multiplication) as we can do recursion theory and encode the halting
problem [Bee85, Proposition 2.4]. In fact, it follows that addition is not definable using monadic
second-order logic. This is because we can define multiplication with addition [Avr03]:

(x]y) = V2" (Z(0) NYw(Z(w) = Z(w + ) = Z(y)),
(Iem(z,y) = 2) = (z #0) A (@] 2) A (y ] 2) AVw((z|w) A(y|w) = (z|w)),
(22 =2)=(x=0A2=0)V (lem(z,S(z)) = 2z + z),

)= (@+y)?=2"+2+z+y7).

8

(rxy==z

1.4 De Jongh’s Theorem

Recall the following terminology from

e a formula A is called wvalid for a theory T iff for every substitution o to the language of T' we
have T + o(A);

e the set of all propositional formulas that are valid for a language T is called the propositional
(De Jongh) logic of T

Now, we can formulate two more precise versions of De Jongh’s Theorem for HA2, which both show
that the propositional logic of HA2 is constructive. To do this, we introduce the arithmetical hierarchy,
which can be seen as a measure of the complexity of first-order formulas:

Definition (arithmetical hierarchy). We define sets of first-order formulas X% and I1% simultaneously
with induction on n:
¥ =TI) :== {A| A is logically equivalent to a quantifier-free formula},
20 .1 = {A] A is logically equivalent to 3z B(z) where B(z) € II) },
%0 ., = {A]| A is logically equivalent to Ya B(z) where B(z) € $0 1},

This hierarchy makes sense both for classical logic, and for constructive logic, which we use here.
In constructive logic, unlike classical logic, there are formulas that do no appear in the arithmetical
hierarchy [Bur(04].

The following theorems are Corollary 4.3 and 4.4 in [dJS76):

Theorem 1.4.0 (XY version of De Jongh’s Theorem for HA2). For every propositional formula A that
is not provable constructively, there exists a substitution o to HA2-formulas in £9, such that we have
HA2 ¥ o (A).

Theorem 1.4.1 (uniform ITJ version of De Jongh’s Theorem for HA2). There exists a substitution o
to HA2-formulas in I13, such that for every propositional formula A that is not provable constructively,
we have HA2 ¥ o (A).

Both of these theorems hold for HA as well (this also follows from these theorems), for HA we also
know that the first-order logic is constructive [Lei75].
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Chapter 2

Type Theory

In this chapter we will introduce a version of type theory called the calculus of constructions, this
version is minimalistic but nonetheless captures much of the expressibility of type theory. We start
with a general introduction to type theory in [Section 2.0l In [Section 2.1 we introduce the calculus
of constructions, and in we will discuss the main feature that sets this type theory apart
from other versions of type theory: impredicativity. After this, in we will show how the
calculus of constructions can be disassembled in a number of subsystems: the lambda cube.

In we will focus on a particular subsystem, AP2, and in we will see that the
logical formulas of Second-order Heyting arithmetic (HA2) can be canonically embedded as types in
AP2. After this, in we will see how we inductive and coinductive types can be defined in
AP2. We finish our discussion in by showing that these inductive and coinductive types
are quite limited, and giving a number of ways in which we can extend our type theory.

2.0 Introduction

Type theory is an alternative for set theory and can also be used as a formal foundation of mathematics.
It has a number of advantages that make it more suitable for computers. Unlike set theory, which is
built on top of first-order logic, type theory is constructed from the ground up using inference rules.
This means that a lot of important concepts, like functions, disjoint unions, and Cartesian products,
are primitive notions instead of definitions. Consequently, it is much easier to represent these concepts
inside a computer without falling back to special casing. In addition, in type theory it is decidable
whether a given object is an element/term of a given set/type. This is very important because,
through the Curry-Howard correspondence, logical propositions are interpreted as types, while proofs
are interpreted as terms. Therefore, computers can automatically check the correctness of our proofs.
This has led to computer automated proof assistants in the form of dependently typed programming
languages, notable examples include: Coq [Coq89], Agda [Agd99], and Lean [Micl3]. For a more
thorough discussion of type theory as a foundation, see [Unil3l chapter 1].

Type theory revolves around statements of the form a : A. The statement a : A is the analogue of a € A
in set theory and is read as ‘a is a term of the type A’. Such statements appear in judgements of the form
xg:Ag, ..., Tp_1: Ap_1F a: A which is read as ‘from zq : Ag,...,zn_1 : Ap_1 we can derive a : A’.
Examples from the natural numbers are given by F 0 : N and z : N, y : NF 2 +y : N. A particular
type theory is given by stating the inference rules that we can use to derive such judgements.
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An important distinction between different type theories is the way they handle type universes, that
is, types whose terms are again types. Some theories do not include universes while others include an
infinite hierarchy of universes. Such a hierarchy can be represented as follows:

a:A:A:---
—
universes
types
terms
We will follow the following notational convention: we use lowercase letters like a, b, c, ... in general,

uppercase letters like A, B, C, ... only when talking about types, and calligraphic letters like A, B,C, . ..
only when talking about universes.

2.1 Calculus of Constructions

In the calculus of constructions [CH88} [Bar91] we have two universes: Typey and Type;. We think of the
types in Type, as ‘small’ types while the types in Type; are ‘large’ types. We use letters like z,y, 2, . ..
for variables; the terms, types, and universes are introduced together by the following grammar:

a,bye,...:=z |I(z:a)b| ANz :a)b| ab| Typey | Type;.

Again, note that we will use uppercase and calligraphic letters if we refer to types and universes
respectively; this also applies to variables. In particular, A, B,C,... and X, Y, Z, ... always refer to
either Type, or Type;. The intuition for the concepts we have just introduced is as follows:

e We view II(z : A) B(x) as the type of dependent functions that send every term a in A to a term
in B(a); it is called a product. We call these functions dependent because the codomain depends
on the specific term in the domain. II(z : A) B(x) binds the variable z in B(x). If  does not
appear free in B(x) then this is just the type of functions from A to B in which case we will
write I[I(z : A) B as A — B.

o We view A(z : A)b(z) as the dependent function that sends every term a in A to b(a); we call it
a lambda function. A\(x : A) b(x) binds the variable x in b(x).

e We view f a as the application of the dependent function f on the argument a.
Lastly, contexts are denoted by letters like I' and A, and are lists of the form xg : Ag,...,Tp_1: Apn_1.

Now we are ready to state the inference rules of the calculus of constructions. First of, the universe
Type, is itself a term of the universe Type;:

univ.

F Typey : Type;
In addition, we have the following two rules that allow us to establish basic judgements:

] 'FA:A . 'FA:A I'tb: B
x not free in ' ————————start, z not free in T weak.
Tz:AFxz: A I'z:A+b: B

The restrictions make sure that there are no repetitions among the variables we introduce, the types
however can have repetitions. Indeed, a judgement like z : A,y : A+ x : A makes sense while a
judgement like z : A,z : B F x : A does not. So a type can have multiple terms but a term has in
principle only one type, this is one of the mayor differences with set theory.
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Now for the product, we have a formation rule, which determines when the product is a well-formed
type and in which universe it lives:

'A: A T,x:AF B(x) : B
'FI(x: A)B(x): B

ITF.

Note that II(z : A) B(z) always lives in the same universe as B(x), this is different in other versions
of type theory and we will discuss this in the next section. For now, we go on with the introduction,
and elimination rules, which determine how we can construct and destruct terms of the product. The
introduction rule shows us how we can construct lambda functions:

FFII(x: A) B(z): B Iyz: AFb(x): B(z)
THAax:A)bx): U(x: A) B(x)

I7.

And the elimination rule shows us how we can evaluate a dependent function:

'k f:1(z: A) B(z) Fl—a:AHS
't fa: B(a) '

Lastly we have the concept of S-reduction, which corresponds to reducing an expression by computa-
tion. For the product, S-reduction is given by (A(z : A) b(x)) a ~»4 b(a). We write =g for S-equivalence,
which is the congruence relation induced by S-reduction. More explicitly we have the inference rule:

115.

(AMz : A)b(x)) a =g b(a)
And we have inference rules stating that =3 is an equivalence relation:

a=gb a=gb b=sc
=grefl, =gsym, =gtrans.
a=ga b=ga a=gc

And inference rules stating that =g is compatible with the algebraic structure:

A=z A"  B(z)=s B'(x)
(x: A)B(z) =5 U(z : A") B'()

EﬁH]:,

A= A" b(z) =V (2)
Mz A)b(z) =5 Mz : A') b (x)

f=sf a=sd
fa=sf'd

For B-equivalence we also add the following rule:

I'ta:A A=3B TFB:A
I'ta:B

conv,

Note. We will write the type of functions right associative and function application left associative.
So if we have a function f : A - B — C, then for a : A and b : B we get fab: C. This technique
(writing a function taking multiple arguments, as a function that takes a single argument and returns
a new function) is called Currying after Haskell Curry. Moses Schonfinkel used the technique 6 years
earlier however the name ‘Schonfinkelling’ never caught on [Cur80]. It will be very useful to us because
we have yet to define the Cartesian product.
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2.2 Impredicativity

Now that we have introduced the calculus of construction, let us take the time to discuss the most
important aspect that sets it apart from other type theories: that it is impredicative (types can quantify
over themselves). This is best explained with an example: if we have T', X : Type, F B(X) : Type,,
then we get T' F TI(X : Typey) B(X) : Typey. So, although II(X : Typey) B(X) quantifies over the
types in Type, (we view II as a quantifier), we see that II(X : Type,) B(X) is itself a term of Type, in
context I'. This aspect is very useful because it allows us to define new types in Type, analogously to
the way that we can define logical connectives in second-order logic:

0:=TI(Z : Typey) Z (initial type)

1:=T1I(Z : Type,) (Z — 7)), (final type)

A+ B=1I(Z : Typey) (A= 2Z) = (B— Z) = Z), (binary sum)

Ax B :=1II(Z : Typey) (A— B = Z) = 2), (binary product)

Y(z: A)B(z) =1I(Z : Typey) (II(z : A) (B(zx) — Z) — Z), (sum)

(a=ab)=1(Z:A— Typey) (Za— Zb) (equality)
Note the similarity to the logical connectives:

1:=v2"Z, (false)

T:=v2%Z2 = 7), (true)

AVB:=VZ°(A—=Z) = (B— Z)— 2), (disjunction)

ANB=VYZ"((A— B — Z)— 2), (conjunction)

3z B(z) =VZ° (Va (B(z) = Z) — Z), (existential quantifier)

(a =0b):=VYZ"(Z(a) — Z(b)). (equality)

In addition, we can define the natural numbers:
N:=1I(Z : Typey) (Z — (Z = Z) — Z). (natural numbers)

We will discuss these new types in more detail in

This impredicativity does make it harder to find models for the calculus of construction. Because of
cardinality issues, there only exists a very simple classical set theoretic model. With such a classical
model we mean that we interpret the universe Type, as a set U such that for every set A € U U {U}
and family of sets (B, € U)qca we have [, 4 Ba € U. In particular this means for sets A, B € U that
we have A — B = [],.4 B € U. Suppose there exists such a model, and that there exists an A € U
with at least two elements; then we get a contradiction:

[ [Iper(B = A)| =X pey B) = Al (by Currying)
> P> peu B (because |A| > 2)
> |P(I1geu(B — A))| (because [] e (B — A) €U)

> [Tpeu(B = A).

This proof comes from lectures of Hyland and Streicher, see also [LM91} [Reu99]. Note that there does
exist a model where every A € U has at most one element [Smi88]. This means that it is consistent
to assume that all terms of a small type are equal. We can also construct less trivial models where
this is not the case, however, we have to carefully avoid cardinality problems. In we will
construct a model that does this by putting a restriction on function, we only consider functions that
are in some sense computable.
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2.3 The Lambda Cube

Barendregt [Bar91] showed that the calculus of constructions can be restricted in a systematic way
to yield less expressive type theories. In this way, the calculus of constructions A\C' can be viewed as
a natural extension of type theories which were already studied, most notably: simply-typed lambda
calculus A— and second-order lambda calculus A2 (also known as polymorphic lambda calculus or
System F). These subsystems are represented in the following diagram, which explains the name
‘lambda cube’; each arrow represents an inclusion:

Aw — > AC

A2 i> )\PQ/

Aw — APw

/! e

Ay ———— 4 AP

To explain this diagram we begin with by describing simply typed lambda-calculus. This subsystem
is the restriction of the calculus of constructions where we only allow the product formation rule for
(A, B) = (Typey, Typey):

r-A:A I'z: AF B(z) : B

PFI(x: A)B(x): B t7

Now, in each axis of the lambda cube we add a different way to form product types by allowing an
additional pair (A, B) in IIF:

(—) we allow (Typey, Type;) to add types that depend on terms (dependent types),
(1) we allow (Type;, Typey) to add terms that depend on types (polymorphism),
() we allow (Type;, Type;) to add types that depend on types (type operators).

This can be summarised in the following table:

System | Pairs (A, B) allowed in the product formation rule IIF

A— (Typey, Typeg)

AP (Typeg, Typey)  (Typeg, Type,)

A2 (Typey, Typeo) (Typela TypeO)

AP2 (Typeo, Typeo) (Typeo, Type;) (Typey, Typeo)

Aw (Typeo, Typey) (Typey, Typey)
APw (Typeg, Typeg)  (Typeg, Type,) (Typey, Typey)
Aw (Typey, Typey) (Typey, Typeg)  (Typey, Typey)
AC (Typey, Typeo) (T}’PGO» Type;) (Typey, Typeo) (Typela Type,)
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In fact, the lambda cube can be generalised further into what we call pure type systems. These are
type theories where we only have products as primitive notions (like the calculus of constructions).
We specify a pure type system by picking a set U of universes, a set A C U x U of universe axioms,
and a set R C U x U x U of formation rules. A pure type system uses the same rules as the calculus
of constructions except the univ and ILF rules are modified as follows:

A A I'z: AF B(z) : B
FFII(x: A) B(x): C

(A, B) € A—————univ, (A,B,C)eR ILF.

'+-A:B

Now we can generalise the calculus of constructions to have an infinite amount of universes:
e U= {Type,|u € N},
o A= {(Type,, Type, ) |u € N},
o R={(Type,, Typey, Typey) |u € N} U {(Type,, Type,, TyPeyax(u,v)) | 4,0 € N,v > 0}

Confusingly, this system (with an infinite amount of universes) is also called the calculus of construc-
tions. Note that Type, is still impredicative but that the other universes are predicative (types in
these universes can not quantify over themselves). This is necessary, only the lowest universe can be
impredicative, otherwise the system is inconsistent by Girard’s paradox [Gir72} [Coq86} [Hur95] which
can be viewed as an encoding of Russell’s paradox in type theory. Now we can also explain the funda-
mental difference between the calculus of constructions and another important version of type theory:
Martin-Lof type theory [ML84]. Martin-Lof type theory is completely predicative, it can be described
with the same universes U and universe axioms A but with formation rules:

R" = {(Type,, Type,, TYPeax(um) | % v € N}.

Besides products, Martin-Lof type theory also includes other primitive ways to construct types. These
can already be defined in the calculus of constructions as we will see in the next section.

2.4 Second-order Predicate Lambda Calculus (AP2)

In this thesis we will focus mainly on AP2. This has two reasons:
e AP2 is the minimal system of the lambda cube in which we can embed HA2 in a canonical way:

o We need terms dependent on types in order to define the natural numbers N and to define the
type constructors 0,1, +, x, 3 that we will use to interpret the first-order logical connectives
1, T,V, A, 3 respectively.

o We need types dependent on terms to form II(X : N — --- — N — Type,) B(X), which is
used to interpret the second-order V. In addition, we need it to define equality inside of our
type theory.

e A\P2 is the maximal system in the lambda cube that we can interpret in HA2, this interpretation
is based on partial equivalence relations and is discussed in detail in

For our purposes, it is more convenient to consider some of the notions that can be defined in AP2 as
primitive. This is intended to mirror the approach we took for HA2 and this means that the embedding
of AP2 in HA2 and the interpretation of AP2 in HA2 are simplified slightly. This means that, for the
rest of this thesis, we will be working with a definitional extension of AP2. In particular, we will add
N,0,1, A+ B, X(x : A) B(z), and a =4 o’ as primitive notions with associated inference rules. A x B
will be a special case of X(z : A) B(x) where & does not appear free in B(x). In the remainder of this
section we will state the different additional rules we assume, and then show how these concepts can
already be defined in \P2:
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(N) We start by adding a type of natural numbers N, it has a very simple formation rule:

——NF
FN: Type,
In addition, we have introduction rules for 0 and S:

I'Fn:N
—— N7, — NZs.
FO:N I'Sn:N

The elimination rule is more complicated, it shows that we can define a function from the natural
numbers to any other small type using recursion:

I'=C : Type, 'ke:C ref:C—-cC IW—n:NNS
T'kFreenCcefn:C

The term recy C ¢ fn is the result of taking the term ¢ and applying the function f a total of n
times, we can see this with the following S-reduction rules:

N Ngs.
reenCcf0=gc bo, recnCcf(Sn) =5 f(reenC e fn) Ps

Types and terms satisfying these rules can already be defined:
N:=1I(Z : Typey) (Z = (Z — Z) — Z),
0:=XNZ:Typeg) ANz: Z2)Nf:Z — Z) 2,
Sn:=ANZ:Typeg) Az: Z2)Nf:Z = 2Z)f(nZzf),
reenCcefn=nCcf.

It is very insightful to show that these types and terms indeed satisfy the inference rules.

In fact, we will even go one step further and add addition and multiplication as primitive concepts,
for this we add the following rules:

I'kn:N Fl—n’:NN I'kn:N 'kn':N
TFn+n:N * TFnxn':N X
———NBto, ———NBxpo,
0+n' =gn Bro 0xn' =50 B0
N5+,Sa ,NBX,S-

Sn+n' =3S(n+n') Snxn =z (nxn)+n
Types and terms satisfying these rules can also be defined:

n+n'=recyNn' (Az:N)Sz)n,
nxn' =recyNN O (Az:N)z+n")n.

This shows us how we can use recursion to define new functions.
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0)

We also add an initial type O, with formation rule:

——F—0F
I'=0: Type,

This will be the empty type so there should be no way to construct a term of 0. In fact, if we
are able to find a term of O then we say that the type theory is inconsistent, this is similar to
how a logical theory is called inconsistent if it can prove L. We have no introduction rule (for
obvious reasons), but we do have an elimination rule:

I'=C : Type, I'-o0:0
I'krecoCo:C

0¢&.

This rule is similar to the principle of explosion, if we can find a term of O then we can find a
term of any small type. This also holds in set theory: there exists a function from the empty set
to any other set (this function is also the empty set). We do not need 08 rules as there should
be no way to construct a term of type O.

Again, types and terms satisfying these rules can already be defined:

0:=1I(Z : Typey) Z,
recoCo:=0C.

Next, we add the final type 1 with formation rule:

_— 17
I'F1:Type,

This type will be a singleton, we have the following introduction rule:

—17.
'kEx:1

The elimination rule is not very useful, we add it anyway for completeness:

I'EC : Typeg F'ke:C I'Fi:1
I'trec;Cci:C

1€.

The term recy c¢i will be the same as ¢ as the following S-reduction rule states:

18.

recy Ccx =g ¢

Again, types and terms satisfying these rules can already be defined:

1:=1I(Z : Typey) (Z — Z),
* = NZ : Typey) Az : 2) z,
recy Cci=iCec.
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(4+) For the binary sum we have the following introduction rule:

'+ A: Typeg I'k B : Type,
' A+ B: Type,

+F.

We can view A 4+ B as the disjoint union of A and B, the terms of A + B will be given by the

injections of terms in A and the injections of terms in B. This is shown in the introduction rules:

'~ A+ B: Type, 'Fa:A ' A+ B: Type, I'tb: B
Tkinga: A+ B 0 Tkinb: A+ B

The elimination rule shows that for any small type C we can define a function A+ B — C'if we
have a function A — C and a function B — C"

' C : Typeq 'kf:A-C 'g:B—=>C I'Ft:A+B
I'krec, Cfgt:C

+£.
The term recy C f gt is calculated by applying f if ¢ is the injection of a term in A and by
applying g if ¢ is the injection of a term in B:

+Po, , +01.
rect C fg(inga) =g fa Po recy C fg(inib) = gb b

Again, types and terms satisfying these rules can already be defined:

A+ B :=1I(Z : Typey) (A — 2Z) = (B — Z) = 2),
inpa:= ANZ:Typeg) AM(f : A= 2Z)XNg: B — Z) fa,
ingb:= XNZ:Typeg) AM(f: A= Z)XNg: B — Z)gb,

recy Cfgt:=tCfg.

For the sum we have the following introduction rule:

' A: Type, I'z: AF B(z) : Typeg S
'k X(xz: A) B(z) : Type, '

This will be the type of dependent pairs: the specific element on the left determines the type
that the element on the right can have. We can also view it as the disjoint union of the types
B(z) over x : A. We have the introduction rule:

I'FX(z: A)B(z) : Type, 'ta:A I'b: B(a)
'k {a,b): X(xz: A) B(z)

37T.
The elimination rule shows that for any small type C, we can define a function X(z : A) B(z) — C,
if we have a function II(z : A) (B(z) — C):

' C: Type,y 'k f:I(z: A)(B(x) = C) Fkp:3(x: A) Bx)
F'krecsCfp: C

SE,

The term recs; C f p applies the function f to the two elements of p:

recs C f ((a,b)) =p fab P
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Again, types and terms satisfying these rules can already be defined:
Y(xz: A)B(z) =1I(Z : Typey) (Il(z : A) (B(z) —» Z) — Z),
(a,by == NZ : Typeg) A(f : I(x : A) (B(x) = Z)) fab,
recs C fp:=pC/f,

Similar to how A — B is special notation for II(z : A) B if  does not appear free in B, we will
write A X B as special notation for X(z : A) B if « does not appear free in B. In this case it is
just the type of pairs (the Cartesian product).

(=) The last new type we add is equality. Because we will interpret formulas as types, equality of
two terms a : A and a’ : A will also be a type a =4 a’:

'-A4:A 'a:A I'ad:A

IF'Fa=4ad: Type,
The way to show that equality holds is by reflexivity:

I'Fa=4a :Type,
I'treflAa:a=40a

=7.

The elimination rule for equality is the concept of substitution:

I'C:A— Type, I'kFe:Ca Thre:a=yd
TkreceCce:Cd

=£.

As B-reduction rule we see that substituting by reflexivity is the identity:

=8.

rec= Cc(reflAa) =5 ¢

Again, types and terms satisfying these rules can already be defined:

(a=ad)=1(Z:A— Typey) (Za— Zad'),
reflAa:= XNZ: A— Typey) AM(z: Za) z,
rec-Cce:=eCec

We also have extra =g rules stating that =g is compatible with the new algebraic structures we have
added, these rules are all analogous to the =gIIF, =gIIZ, and =3II€ rules at the end of
and we will not write them out.

These new types are examples of inductive types, which we will discuss further in First,
we want to show the embedding of HA2 in AP2 in the next section.
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2.5 Embedding Arithmetic in Type Theory

We can interpret propositions of HA2 as types in AP2 through the Curry-Howard correspondence
[dG95]. Note that we have already introduced the natural numbers in AP2, and we see that the terms
of HA2 are also terms of N in AP2 (because we have added 0, S, +, x as primitive notions). We embed
the formulas of HA2 as types in Type, as follows:

(X"(ag,.- ,an-1))* =Xag ... an_1,

(a=d)=(a=nd),

1*:=0,

T =1,
(Av B)" = A"+ B*
(AANB)" = A* x B*

(
(Vo B(z))* :H(w ) ( )*,
(X" B(X))* =%(X:N - —= N — Typey) B(X)*,
(VX" B(X))" =I(X :N = --- = N — Type,) B(X)".

This is a special example of the propositions-as-types and proofs-as-terms interpretation. With this
interpretation we view the types in Type, as propositions and we view =,0, 1, +, x, X, II as the logical
connectives =, L, T,V,A,3,V. The terms are then seen as proofs that the proposition is true.

In fact, the Curry-Howard correspondence gives us a general way to relate type theory to logic. Each
subsystem of the lambda cube corresponds to a logic that is implicative (it only includes — and V)
and constructive (no law of the excluded middle):

System | Corresponding Implicative Constructive Logic
A= First-Order Propositional Logic
A2 Second-Order Propositional Logic
Aw Weak Higher-Order Propositional Logic
Aw Higher-Order Propositional Logic
AP First-Order Predicate Logic
AP2 Second-Order Predicate Logic
APw Weak Higher-Order Predicate Logic
AC Higher-Order Predicate Logic

Note that A\P2 does indeed correspond to Second-order Predicate Logic. Here ‘predicate’ means that
we can talk about arbitrary predicates over a type A : Type,, such a predicate is interpreted as a
term of A — --- — A — Type,. In contrast, A2 which is only ‘propositional’ can only express nullary
predicates (truth values) which are interpreted as terms of Type,. This is still enough for most of our
definitions of the last section, only equality can not be defined in A2.
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2.6 (Co)inductive Types
In A2, we can define an inductive type I with constructors of the form Cy(I),...,Cr—_1(I) as follows:
I:=1I(Z : Typey) (Co(Z) = -+ = Ch—1(2) — Z).

The inductive type I is seen as the type generated by the constructors Co(I),...,Cph_1(I). We
can see it as the initial object in a category whose objects are types X : Type, with constructors
Co(X),...,Cr_1(X). This is a very powerful way to define new types, and gives the intuition behind

the new types of [Section 2.4] (except for equality which is a bit more complicated):

(N) For the natural numbers N, we want constructors 0 : N and S : N — N, so we define:

N:=TI(Z : Typey) (Z — (Z — Z) — Z).

(0) For the initial type 0, we want no constructors, so we define:

0:=1I(Z : Typey) Z.

(1) For the final type 1, we want a constructor * : 1, so we define:

1:=1I(Z : Typey) (Z — Z).

(+) For A+ B, we want constructors ing : A — A+ B and iny : B — A+ B, so we define:

A+ B =1I(Z : Typey) (A= 2Z2) = (B—Z) > Z).

(X) For X(z : A) B(x), we want a constructor pair : II(z : A) (B(x) — X(x : A) B(x)), so we define:

S(xz: A)B(z) =1I(Z : Typey) (II(z : A) (B(z) = Z) = Z)

It is important to note that there do exist some limitations on the types of the constructors that are
allowed, see |[Gir89, Chapter 11].

If we dualize inductive types which gives the concept of coinductive types. A coinductive type C' is
defined by giving the forms Do(C), ..., D,_1(C) of its destructors [Geu94l chapter 3]. We can define
the coinductive type C' as follows:

C = %(Z : Typey) (Do(Z) % -+ x Dyp_1(Z) x Z).

An example of a coinductive type is the type of streams (infinite lists of natural numbers), we want
destructors head : Stream — N and tail : Stream — Stream so we take:

Stream := X(Z : Typey) ((Z - N) x (Z — Z) x Z).
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2.7 Extensions

In this section we will introduce some of the additional inference rules that we can add to the calculus of
constructions. A reason for considering such extensions is that, although the calculus of constructions
is quite expressive, it still leaves quite some statements undecided.

On the one hand, we can define inductive types as we have seen in the previous section. In fact, all
algorithmic functions on inductive types whose termination can be proven in higher-order logic can
already be expressed in second-order lambda calculus (A2) [Str92]. For the natural numbers this means
that the functions representable in A2 are precisely those that are provably total in HA2 (which are
precisely those that are provably total in PA2) [Gir89, Chapter 15].

However on the other hand, when we try to prove things, we run into limitations, consider for example
the three axioms of HA2, their embeddings in AP2 are:

II(z : N) ((Sxz = 0) — 0),
Iz :N)II(y : N) (Sz =Sy —» =z =y),
II(X : N — Typey) (X0 xI(z:N) (X2 — X (Sz) = II(z : N) X x)).

We can not prove these axioms in AP2 (we can not construct terms of these types). In fact, Smith
showed that there exists a model of the calculus of constructions where types in Type, are interpreted
as sets with at most one element [Smi88|. Because we have defined the natural numbers in AP2 as type
in Type, this means in particular that we can not prove the first axiom in AP2. Furthermore, Geuvers
[GeuO1] showed for any N : Type, with terms o: N and s : N — N that we can not construct a term
of the type:

(X : N — Typey) (XoxI(z: N)( Xz — X (sz)) - I(z: N) X z),

showing that the third axiom is not provable in AP2, and that we have no hope for an alternative
definition of the natural numbers such that the third axiom is provable.

These limitations can be viewed as a feature rather than a bug. The calculus of constructions is a
general framework that still leaves options open for the treatment of Type,. One option is to treat
the types in Type, as propositions, for instance by adding the propext rule we will discuss in the next
paragraph. Another option are the ind-rules we will discuss on the next page.

Smiths model shows that the propositional extensionality rule is consistent:

I'F A: Type, '+ B : Type, r'-f:A—B 'g:A— B
[ I propext f g : A =1ype, B

propext.

By adding this rule, we postulate that types in Type, are equal as soon as we can find functions
between them. If we view the types in Type, as propositions, then this means that propositions are
equal if they are equivalent.
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Alternatively we can strengthen the elimination rules for the types we have introduced in
The elimination rules we have seen there only allow us to define functions, there is no way to define
dependent functions. Recall for example the XE-rule:

' C : Type, Nk f:I(z: A)(B(x) = C) Tkp:3(x: A) B(x)
I'Frecx Cfp:C

¥E.

It allows us to define the left projection:
pro: X(z:A)B(z) — A,
pro = A(p: E(x: A)B(z))recs A(A(z : A) My : B(z)) x) p.

However we can not define the right projection [Str92]. In order to define this projection we have to
strengthen the elimination rule for small types to allow for dependent functions:

Iz:3(x:A)Bx)FC(z):C TFf:Il(z: A)(y: B(x))C({x,y)) T'Fp:3(x:A) Bx)

; 3.
I'kindg fp:C(p)
With this strengthened elimination rule we can define:
pry o II(p:X(z: A) B(x)) B(pryp),
pry == A(p: X(z: A) B(z))inds (A(z : A) A(y : B(z))y)p.
We can strengthen the elimination rules of the other types we have introduced in
Iz:NFC(2):C Tre:C0O) TFf:I(n:N)(C(n)— C(Sn)) FFn:NNg/
I'kindyefn:C(n) ’
I'z:0-C(2):C FF0:005/
I'Findoo: C(o) ’
Iz:1FC(z):C TFe:C(x) FFi:llg/
[ Findyci: C(i) ’
Iz:A+BFC(2):C Tk f:I(z:A)C(ingx) TrFg:(y:B)C(in1y) FFt:A+B+g,
IFFindy fgt:C(t) ’
Iz:3(x:A)Bx)FC(z):C TFf:I(z: A)(y: B(x))C({x,y)) T'Fp:3(x:A) Bx) ser

I'kindg fp:C(p)

Dx: A2 :Az:o=2"FC(zx,2',2):C TFc:Cla,a,refla) Thre:a=4d

=£'.
I'ind=ce: C(a,d e)

The S-reduction rules for the various versions of ind are the same as those of rec. We use the language
of the HoTT Book [Unil3] where they make the same distinction between recursion and induction.
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We can use indy, to prove the induction axiom from HA2, it also proves the other two axioms:
e For the first axiom we first construct a predicate C' on N such that C 0= 0 and C (Sn) = 1:

C: N — Typey,
C = A(m :N)indym 0 (A(n: N) XX : Typey) 1).

Now we have the following proof:

axp: II(z:N)((Sx=0)—0),
axp == Az : N) A(e: Sz =0)rec= Cxe.

e For the second axiom we first construct the predecessor function:

P: NN,
P := Anpro(recn (N x N) ((0,0)) (AM(p : N x N) (pry p, S(pry p))) n).

Here we make clever use of pairs to remember the previous value.

We also prove symmetry and transitivity for equality:

sym: TI(A: Typey)H(a: A)Il(a': A)T(e:a=4a’)(a" =4 a),
sym = \(A: Typey) AMa: A) A(a' : A) Xe:a=4ad')
rec— (A(z: A) (x =4 a)) (refl Aa) e,

trans: II(A: Typey)Il(a: A)Il(a’: A)T(a" : A)Il(e:a=4a')1(e' : a' =4 ") (a' =4 a)
trans := A(A : Typey) Ma: A) A(a' : A) A(a" : A) XNe:a=4d") X' :a' =4 d"),
recc (A(z: A)(a=4x))ee.

Now we have the following proofs:

ap: II(A: Typey) II(B : Typey)Il(a: A)(a": A)II(f: A— B)(a=a0d — fa=p fd),
ap == A(A : Typey) A(B : Typeg) Aa: A) A(d' : A)XN(f: A= B)Xe:a=a4d)
recc (AN(z: A)(fa=p fx))(reflB(fa))e,

ps: II(n:N)(P(Sn) =nn),
ps := A(n : N)indy (refl0) (A(n : N) A(e: P(Sn) =y n)
apNN(P(Sn))nSe)n

With this we can prove our axiom, it looks complicated but it is just combining the equality
proofs we have already seen using the symmetry and transitivity of equality. If we have Sz =Sy
then we see x = P (Sz) =P (Sy) = v:
axy: I(z:N)II(y:N) (Sz =Sy =z =1y),
axy = Az :N)A(y:N)A(e:Sz=Sy)
transNz (P (Sz))y
(symN (psz))
(transN (P (S2)) (P (Sy) ¥
(apNN(Sz) (Sy)Pe)
(psy))-
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So we have seen that there are two directions in which we can extend the treatment of Type,: as
propositions with propext, or as inductive types with the various versions of ind. In fact, we do not
have to choose between these two options, the calculus of inductive constructions [PMI5] has an infinite
hierarchy of universes and replaces our lowest universe Type, with two lowest universes: Prop and Set.
For Prop we can take propext and use notation from logic, while for Set we allow a general way to define
inductive types with corresponding versions of ind. This is used to great effect in the proof assistants
Coq [Coq89], and Lean [Mic13].

We end this section with two other axioms which are interesting both for the calculus of constructions,
which we have discussed, and for Martin-Lof type theory. They influence the treatment of equality,
which is an important topic in type theory. First we have function extensionality:

'k f:I(z: A) B(x) Tk f :T(z: A) B(z) Phd:T(z: A)(fz=p@ [ )
I' - funextd : f =II(2:A)B(x) f/

funext,
which says that functions are equal if they have the same behaviour. The other axiom is uniqueness
of identity proofs [HS98] (equivalent to axiom K which was first introduced in [Str93]):

I'a:A I'ad:A I'e:a=4d I'ke:a=4d

I'Fuipee :e=(=,a) €

uip

We would be remiss not to mention the univalence axiom [Unil3|, which is the basis for homotopy type
theory. The precise statement of this axiom requires some more definitions, but it shows that bijective
types are actually equal. This leads to a topological interpretation of type theory where proofs of
equality are interpreted as paths. The univalence axiom proves funext and negates uip [Lic14; [Unil3l
Section 4.9].
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Chapter 3

Conservatively Extending
Arithmetic

In this chapter we will extend HA2 to allow us to construct a model of AP2 in arithmetic. Most notably,
we will add lambda functions to our arithmetic. The intuition is that Az b(z) will be a natural number
that encodes the partial recursive function (or Turing machine, or register machine, ...) that sends
each number x to b(z), while fa will be the result of applying the partial recursive function encoded
by f to a. This will give us a conservative extension HAP2 of HA2 because first-order arithmetic is
already sufficient to do basic recursion theory. Then we will show that we can add a computational
choice principle to HAP2, something that does not hold for partial recursive functions, and somehow
still end up with a conservative extension HAP2¢ of HA2.

Our approach is based on a paper by Benno van den Berg and Lotte van Slooten who use similar
extensions of HA to prove Goodman’s Theorem [vdBvSI8]. Their methods carry over to second-order
logic: we will construct second-order versions of the logic LPT and the theories HAP and HAPe.

Because we are dealing with partial recursive functions (or equivalent notions), function application
will not be total. So in we will first extend second-order logic to allow for partial function
symbols. Then in we extend HA2 with lambda functions, pairs, and recursion. Finally, in

we add a computation choice principle.

3.0 Second-order Logic of Partial Terms (LPT2)

We define LPT2, which is a second-order version of LPT: the logic of partial terms introduced by
Beeson [Bee85, section VI.1]. In LPT and LPT2 we extend logic to permit partial function symbols,
that is, we allow for terms which do not necessarily denote anything.

The terms of LPT2 are the same as those of second-order logic, they are given by:
a,bye,...:=x | fM(ag,. .., Qn-1),

where f™ is a (partial) function symbol in our language. For every term a we have a new atomic
formula a] which is read as: ‘a is defined’ or ‘a denotes’. For convenience, we define a1 := —(al).
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The following inference rules deal with these new notions:

T+ ™o, an-1)d
Thal Thal

'+ X”(ao,...,an_l)
'k ai¢

Jfun, Jrel.

The first rule states that all first-order variables denote: a variable should represent an actual object.
The second rule shows that if a term denotes, that all its subterms denote. The third rule states that
our second-order variables can only relate terms that denote.

The start and weak rules and the propositional rules remain the same as those in
For first-order logic, we add a new requirement to the 3,7 and V; & rules:

'-B '+ '3z B I',B(z)FC
(a) al 57, z not free in ', C zB(z) . B(z)
I+ 3z B(z) rrC

1€,

' B(z) Vi T I' - Va B(z) Fkaiv
1

—_ g
IFVYzB(z) T+ B(a)

z not free in T’

These changes ensure that we only quantify over actual objects.
For second-order logic, we add a restriction to the 357 and V1€ rules:
I' B(A(Z '-3x"B(X" I'B(Z"EC
A@) 5 7 70 not free in T.C (X") (Z")
I'-3X™ B(X") r-cC

4 not in A(Z) €,

I'+B(Z")
I'FYX"B(X")

I'FVYX"B(X™)

Z™ not free in I’
not free in T'F BA@))

VoL, 1 not in A(Z)

V&'

With ‘] not in A(Z)’ we mean that A(%) is a normal second-order formula, not involving | (or 1). This
restriction is needed because second-order variables should only relate terms that denote. With the
lrel rule we can prove VX! (X (a) — al); this is not true for arbitrary formulas, consider for example
A(z) == x1. The restrictions mean that we can no longer define the other logical connectives as easily
as we have done in Consider for example VZ° Z, which we have used as a definition for
1. We know that L should imply every formula by the principle of explosion, however for VZ" Z we
can only show this for formulas not involving |. We will sidestep this issue by considering all logical
connectives as primitive.

For equality we require the terms to denote:

Tk al Tha=b TFa=b Trb=c

=refl’, ———— =sym, =trans,
TFa=a I'Fb=a 'Fa=c¢
'a=b 'k A(a) I'a=0b
=subst, —  =den.
' A(b) T'Fal Ab]

It is also useful to consider a weaker version of equality which also holds if both terms are undefined:
(a~b)=(al Vbl - a=0).
For this version we can show that the following rules are valid:
Fl—a:bN 'Fa~b F'Fb~c

—————— Sy, ~trans,
I'Fb~a I'Fax~c

F'Fa~b 'k A(a)

~subst.
' A(b)
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This concludes our introduction of LPT2. Note that we can view LPT2 is an extension of second-order
logic, it is more expressive because we are now able to talk about function symbols which are not
total. Every second-order theory (where we only have total function symbols) can also be formulated
in LPT2; we just have to add the following axiom for every function symbol f™:

V.T() .. .V.’Enfl fn(.’L‘o7 “e ,,CCn,l)\L.
For HA and HA2 this means that we add the axioms:

0, vz S(z)!, Vo Vy (z+y)d, Vo Vy (z X y)l.

LPT2 is in some sense conservative over second-order logic. Recall that in a logic with only total
function symbols, we can replace every function symbol f” by a relation symbol F”*! and an axiom:

vz 3ly F(Z,y),

see for instance [TvD98al, Section 2.7]. A similar thing is true in LPT and LPT2, we can replace every
partial function symbol f™ by a relation symbol F™*! and an axiom:

VEly F(Z,y).
Here ! means ‘there is at most one’ and is an abbreviation:
lx A(x) == Va Vo' (A(z) N A(2') =z =2a').

In this way we can interpret every theory in LPT2 as a theory in second-order logic. However using
LPT2 is more insightful, since it provides a convenient language to talk about partial function symbols
and uses notation that is familiar from recursion theory.

3.1 Second-order Heyting Arithmetic of Partial Terms (HAP2)

In HAP2 we extend HA2 with a binary partial function symbol eval, we read eval(a,b) as ‘evaluating
the function encoded by a on the argument b’. Here we need the expressiveness of LPT2 because this
application is not always guaranteed to produce a result. Instead of eval(a,b) we will follow our type
theory notation and simply write a b. Like in type theory, we will write evaluation left associative, so
abc means (ab)c. We also add constants (nullary function symbols) k, s, suc, pair, pry, pry, rec which
stand for natural numbers encoding basic functions.

The constants k and s will be used to define lambda functions, they make the natural numbers into
what is called a partial combinatory algebra [Bet88]. We view them as simple functions with the
following behaviour:

VeVykxy = x,
VeVysxyl,
VeVyVzsxyz ~xz(yz).

In addition, the constant suc encodes a function that computes the successor:
Vesucx = S(z).
We also have functions for pairs:

Y Yy pry (pairz y) = x,
Va Yy pry (pairzy) =y,
Va pair (prg x) (pry z) = x.

30



And lastly, a function for recursion:
VeVyrecxy0 =z,
VeVyVzrecxyS(z) ~yz(recay z).
Note that we have not explicitly required the constants k,s, suc, pair, pr, prq, rec to denote, but that

this is a consequence of our axioms. With the partial combinatory operators k and s we can define
lambda abstraction in a simple recursive fashion:

Axx = skk,
Az b = kb, (if b is a constant or variable other than x)
Az (b(z) V' (z)) =s(Azb(z)) (A\zd (x)),

Az S(b(x)) = Az (suc b(x)),
Az (b(z) + V' (2)) = Az (add b(x)
Az (b(z) x b/ (x)) == Az (mulb(x)

b'(x)),
b'(x)),
where add and mul are defined as follows:

add := \x Ay recy (Mi Ar sucr) z,

mul == Az Ayrecl (A Araddry) .
We can prove (Azb(z))] and (Azb(z))a ~ b(a), see for instance [TvD98b, Theorem 9.3.5].

Furthermore, we can use pair to define arbitrary length tuples:

(ag, .., an—1) = pairag (pairay (...paira,—2 an_1)).
Theorem 3.1.0. HAP2 is conservative over HA2.

Proof. This is a consequence of the fact that HAP is a conservative extension of HA [vdBvSI8| Propo-
sition 2.4]. More details for this proof can be found in [TvD98bl Proposition 9.3.12]. Because HAP
and HAP2 have the same terms we see that HAP2 is a concervative extension of HA2. In particular,
eval can be defined as Kleene application, that is, to calculate ab we consider the partial recursive
function encoded by a and evaluate it on input b. O

3.2 Adding Computational Choice (HAP2¢)

We define HAP2, as the extension of HAP2 obtained by adding for each HA2-formula Jy A(Z,y) a
constant e, 4(z,,) and the following axioms:

Vf(zly A(fv y) — 6EIyA(i’,y) f\l/)a VT (€3yA(f,y) f*l’ — A(SE” 63?/14(5:?/) 'f))

This constant can be thought of as a code for a function that miraculously chooses a particular value
y if we have Jy A(x,y) in HAP2e. Note that, although we work in second-order logic, we still only add
this for first-order quantifiers. This theory is conservative over HAP2 as we will prove in the remainder
of this section. This is a bit surprising because such constants do not exist for the recursion theory we
can already define in HA2. So HAP2e¢ is not be a definitional extension of HA2, but we can show that
it is still a conservative extension. We start by adding a single relation symbol to HAP2.

Proposition 3.2.0. Suppose that Jy A(z,y) is a HAP2-formula, let HAP2F be the extension of HA2
with a relation symbol F? and the following axioms:

Valy F(x,y), Vo (Jy A(z,y) — Jy F(z,y)), Va vy (F(z,y) = Alz,y)).

So F' is a ‘partial choice function’ for A(z,y), that is, a partial function that sends a number z to a
number y such that A(z,y) holds, if such a y exists. Then HAP2 is conservative over HAP2.
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Proof. We prove this using forcing. We define a forcing condition p to be a finite approximation of the
relation F. That is, p is an encoding of a finite set of pairs {{z¢, yo),- - ., (Tn_1,Yn—1)} Where the x; are
distinct and for every i < n we have A(z;,y;). We will not concern ourselves with the precise details
of this encoding. One possible way to encode a finite set {zq,...,z,_1} is as the tuple (zg,...,Tn_1)
(which is itself as a natural number). Within HA2 we can now define notions like z € y and x C y for
this encoding.

Now we define the forcing relation. For a forcing condition p and an HAP2F-formula A we define a
HAP2-formula p IFr A with induction on A:

plkrp A = A, (if A is an atomic HAP2-formula)
plbr Flz,y)  =V(g2p)3(r2q) (z,y) €7),

plkr AV B =V(¢2p)3(r2q) ((rkr A)A(rlFr B)),

plkr ANB = (plkp A) A (plFp B),

pkrA—=B  =VY(q2p)((¢lrr A) = (¢Fr B)),

plkrp JzB(z) =V(¢2p)3(r2q) Iz (rlkr B(x)),

plkrp Ve B(z) =V(¢2p)Vz(qltr B(x)),

plkrp 3X" B(X) =V(¢g2p)3(r 2q)3IX" (r IFr B(X)),

plkp VX" B(X) = Y(g 2 p) VX" (¢ Fp B(X)).

We can prove with induction for every HAP2F-formula A that we have:

HAP2 - VpY(qg 2 p) ((plFr A) = (qIFp A)),
HAP2EVp (Vg2 p)3(r 2 q) (rlkr A) = (plFr A)),

and with induction for every HAP2-formula B that we have:
HAP2+Vp ((p IFr B) < B).

We can prove for every HAP2F-formula A that HAP2F + A implies HAP2 + Vp(p IFp A) with
induction on the proof of HAP2F + A. This is tedious but straightforward (see also the proof of
[vdBvS18|, Proposition 2.5] where they prove a similar statement).

This shows that HAP2F' is conservative over HAP2: suppose for a HAP2-formula B that we have
HAP2F F B, then we have HAP2 - Vp (p IFr B) and therefore HAP2 - B. O

Now we show that we can exchange this relation symbol for a function symbol.

Proposition 3.2.1. Suppose that A(z,y) is a HAP2-formula, let HAP2f be the extension of HA2 with
a function symbol f! and the following axioms:

Va Iy (A(z,y) = f(z)d), Vo (f(z)d — Az, f(2))).
Then HAP2f is conservative over HAP2.
Proof. This follows by reversing the remark we made at the end of a relation symbol F7*!

and an axiom VZ'ly F(Z,y) can be replaced by a partial function symbol f™. This is worked out in
[TvD98al Section 2.7]. O
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And finally, that we can exchange this function symbol for a constant.

Proposition 3.2.2. Suppose that A(z,y) is a HAP2-formula, let HAP2f be the extension of HA2 with
a constant f and the following axioms:

Ve(Jy Az, y) = fzl), Ve(fzl — Az, fx)).
Then HAP2f is conservative over HA2. Remember that f 2 stands for eval(f, z).

Proof. We work in HAP2f and use our existing evaluation eval(a,b) to define a new evaluation
eval/ (a,b), which can use the function symbol f as an oracle. This is worked out in [vO06, Theo-
rem 2.2].

The informal idea to calculate eval’(a,b) is the following. We start by calculating eval(a,b). If this
returns a value (0, o) then that means that the function a wants to ask the oracle for the result of ap-
plying f to xg. So we supply this value and run the function again, now we calculate eval(a, (b, f(xg))).
If this returns a value (0, 1) then the function a want another result from the oracle so we calculate
eval(a, (b, f(x0), f(z1))). We keep doing this until a eventually returns a value (1, ¢) in which case we
say eval’(a,b) = c.

More formally, the formula evalf(a, b) = c is true if there exists a sequence (xg,...,Z,—1) such that:
e for every i < n we have eval(a, (b, f(z0), ..., f(zi—1))) = (0, 2;);

e eval(a, (b, f(zo),..., f(zn_1))) = (1,¢).

For this new evaluation we can define new combinators k/ and sf which leads to a new lambda
abstraction Af. We can also define new versions of the other constants: suc/, pairf, prg, pr{, rec/. For

the details, see [vO06, Theorem 2.2].

We can use this to show that HAP2f is conservative over HA. For any HAP2f-formula A we can
relativize the evaluation and constants to f to get an HAP2f-formula A7, we can prove with induction
that we have HAP2f - A if and only if HAP2f - Af. For an HA2-formula B we see that Bf is the
same as B so we see that HAP2f - B implies HAP2f F B which implies HA2 + B. O

Now we are ready to prove the theorem.
Theorem 3.2.3. HAP2¢ is conservative over HA2.
Proof. We think about the constants e, 4(z,,) as choice functions (sending # to a value y with A(Z,y)

if such a value exists). We will show that every HA2-formula that can be proven using these functions
can already be proven with a single one of these functions.

Suppose that we have HAP2¢ - A for an HA2-formula A. First, note that the proof for A can only use
a finite amount of choice function, say €3, 4,(z,) for ¢ < n. For every formula A;(Z,y) we can define
a formula B;(x,y) such that B;({Z),y) holds if and only if A;(#,y). Now note that we can modify the
proof of A to a proof that only uses a single choice function esy ¢(z,,) Where C(z,y) is the formula:

C(z,y) = /\i<n(pr0 x=1i— Bi(pry z,y)).

So the theorem follows from the previous proposition. O
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Chapter 4

PER’s and Arithmetical Assemblies

In this chapter we will construct a model for AP2 + ind + funext + uip, which can also be seen as an
interpretation of AP2 in HAP2. Here ind refers to all the versions of ind that we have introduced in
Section 2.7/ (N,0,1, 4, %, =). Our construction is based on the model given by Reus [Reu99], who uses
a well-known approach of interpreting small types as partial equivalence relations (PER’s) and large
types as assemblies due to Hyland [HyI88]. We make two modifications to this model. Firstly, we
restrict ourselves to what we call ‘arithmetical’ assemblies. This is a restriction on cardinality that
makes sure that our model can be interpreted in second-order arithmetic. Secondly, we extend the
model with special cases for the types we have introduced in These special cases make
sure that we satisfy the ind-rules, and make the interpretation of first-order formulas easier.

Throughout this chapter we will use general set-theoretic notation. This is because we have more
established notation and intuition for sets, which makes sets easier to work with than formulas. All of
these constructions will also work in HAP2 through the following interpretation:

e with a set A C N, we mean a formula A(x);
e with a set A C P(N), we mean a formula A(X1);
e with a function F': A — B where A, B C N, we mean a formula F(z,y) such that:
o for every x with A(z) there exists a unique y with B(y) such that F(z,y),
o for every z and y we have that F(z,y) implies A(z) and B(y);
e with a function F : A — B where A, B C P(N), we mean a formula F(X*,Y!) such that:
o for every X! with A(X) there exists a unique Y1 with B(Y') such that F(X,Y),
o for every X! and Y'! we have that F(X,Y) implies A(X) and B(Y);

We introduce PER’s and assemblies in|Section 4.0[and [Section 4.1} In|Section 4.2} we will start defining
sums, products, and other notions which we will use in to give our interpretation of type
theory in arithmetic. In[Section 4.4] we will discuss how sums work a bit differently in our model than
in our type theory, and how we can deal with this. Finally, in we prove our main theorem:

AP2 + ind + funext + uip proves the same first-order arithmetical formulas as HA2.
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4.0 Partial Equivalence Relations (PER’s)
We will interpret the small types of our type theory (the types in Type,) as partial equivalence relations,
these are given by the following definition.

Definition (PER). A partial equivalence relation (PER) is a relation R C N x N that is symmetric
and transitive. We define:

dom(R) :={n € N|(n,n) € R} ={n e N|3(m € N) (n,m) € R}, (domain)
[n]r == {m € N| (n,m) € R}, (equivalence class)
N/R = {[n]r |n € dom(R)}. (quotient)

A partial equivalence relation morphism (PER morphism) from R to S is a function F': N/R — N/S
that is ‘tracked’ by an f € N, meaning that (n,m) € R implies (fn, fm) € S.

There are two ways to interpret f n in this definition, depending on the theory in which we are working.
In set theory we interpret fn as Kleene application: fn is the result of applying the partial recursive
function encoded by f to m. Alternatively, when working in HAP2, we have that fn is a primitive
notion (the result of applying the binary partial function symbol eval to f and n).

The intuition of interpreting a small type A : Type, as a PER R is that we consider the natural
numbers as codes for the terms of A. We take (m,n) € R if and only if the natural numbers m and n
encode the same term. It can happen that R is only a ‘partial’ equivalence relation because not every
natural number has to encode a term, so we do not necessarily have reflexivity. A morphism between
interpretations of types will be a function that is in some sense computable: it is tracked by a natural
number sending codes to codes. As an example, we can already give the interpretations of the types
0, 1, and N.

Definition (0,1,N).

(0) There should be no terms of 0, so we let no natural number encode a term of 0; we get the empty
partial equivalence relation 0 := ). For every PER R we see that there is a unique function
N/0 — N/R. This function is tracked by every natural number (there is nothing to track), so
it is a morphism 0 — R. We conclude that O is the initial object in the category of PER’s.

(1) Because * is the only term of 1, we let every natural number encode x; this gives the total
equivalence relation 1 = N x N. For every PER R we see that there is a unique function
N/R — N/1. This function is tracked by every natural number that encodes a total function, so
it is a morphism R — 1. We conclude that 1 is the final object in the category of PER’s.

(N) We can just let every natural number encode itself; this gives the diagonal equivalence relation
N := {(n,n) |n € N}. We see that there exists a function O: N/1 — N/N given by O(N) := {0}.
This function is tracked by An0 € N, so it is a morphism O : 1 — N. Similarly there exists a
function S: N/N — N/N given by S({n}) := {S(n)}. This function is tracked by AnS(n) € N,
so it is a morphism S : N — N. Now for every morphisms A : 1 — R tracked by a € N, and
F : R — R tracked by f € N we can define a function G : N/N — N/R by G({n}) = F"(A(N)).
This function is tracked by rec (a0) (Ai Ar fr) € N, so it is a morphism G : N — R and it is the
unique morphism that makes the following diagram commute:

SN \ NN \

1 o s

i R B
We conclude that N is the natural numbers object in the category of PER’s.

In general, the interpretation of a small type as a PER will depend on a context, as we will see later.
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4.1 Arithmetical Assemblies

Now the large types will be interpreted as arithmetical assemblies.

Definition (assembly/N-set). An assembly consists of a set A and a relation -4 C N x A such that
for every A € A there exists an a € N such that a I-4 A. We call A the carrier and I 4 the realizability
relation; if we have a IF4 A then we say a realizes A. An assembly morphism from A to B is a function
F : A — B that is ‘tracked’ by an f € N, that is, for every a € N and A € A we have that a lF4 A
implies falFp F(A).

Because we are working towards an interpretation in HAP2, we will restrict ourselves to what we call
‘arithmetical’ assemblies, these are assemblies A where we have A C P(N). This is where we deviate
from the model given by Reus [Reu99], which uses general assemblies. The category of arithmetical
assemblies is not as nice as the category of assemblies, most notably because it is not Cartesian closed.
This means that our model will not be able to interpret the calculus of constructions completely: we
can not interpret II(x : A) B(x) if A and B(x) are both large (we can still talk about dependent
morphisms in this case, just not about the assembly containing these dependent morphisms). If at
least one of the two is small, however, then we are able to interpret this type as a PER or arithmetical
assembly. So our model/interpretation does work for AP2.

Remark. The carrier of an assembly is completely determined by its realizability relation. This
means that we could have simply defined an arithmetical assembly as a relation IF C N x P(N) without
explicitly mentioning the carrier. The reason that we have chosen for our presentation is familiarity. It
is standard in the literature, and it lines up with notation for other categories like topologies, groups,
and vector spaces whose objects also consist of a set with additional structure.

A partial equivalence relation R can be viewed as an arithmetical assembly by considering the set of
equivalence classes N/R C P(N) with realizability relation €. This means that every natural number
realizes its own equivalence class (if it has one). In this way the category of PER’s induces a full
subcategory of the category of arithmetical assemblies. We will write PER for the category of PER’s,
PERAssem for the induced full subcategory of arithmetical assemblies, and ArithAssem for the category
of arithmetical assemblies. For A € PERAssem we write Rel(A) for the corresponding relation:

Rel(A) = {{a,a’) | (A€ A (a € And € A)}.

The arithmetical assemblies that are isomorphic to a PER assembly, are those where a natural number
realizes at most one element of the assembly.

4.2 Type Theoretic Notions

Now that we have introduced PER’s and arithmetical assemblies, we start by giving definitions that
mirror our type theory concepts. In the next section we will use these definitions to give our model of
type theory. First we develop some concepts in P(N). Recall for a,b € N that the pair (a,b) is again
a natural number. This gives us sums and products within P(N). For A, B € P(N) we define:

A+ B :={(0,a) e Nlaec A} U{(1,b) e N|b e B} € P(N),
Ax B:={(a,b) e Nlac ANbe B} € P(N).

Furthermore, for A € P(N) and B : A — P(N) we define:

Y(a € A)B(a) == {{a,b) e N|a € ANb e B(a)} € P(N),
II(a € A)B(a) ={f eN|V(ae€ A) fa e B(a)} € P(N).
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Note that every PER R is a subset of N x N, so with this definition, we can also view it as an
element of P(N). This means that we have PER C P(N). For every S C P(N) we will write VS
for the arithmetical assembly with carrier S and realizability relation N x S. In particular we have
the arithmetical assembly VPER. This arithmetical assembly will be very useful to us. We have that
Type, is itself a large type, so we have to interpret it as an arithmetical assembly. The interpretation
we will use for this is VPER.

Now we will define the small and large products of PER’s and arithmetical assemblies. These will
be the assemblies that contain the dependent morphisms. Here we first have to expand our notion of
a morphism to that of a dependent morphism. If we have A € ArithAssem and a function B : A —
ArithAssem, then a dependent morphism from A to B is a dependent function F' € I 4c 4 B(A) that is
tracked by an f € N, that is, for every A € A and a I-4 A we have fa lFg4) F(A). Note that this
definition also establishes what dependent morphisms between PER’s are because we now view PER’s
as a special kind of arithmetical assembly. As we have already noted: for arbitrary A € ArithAssem and
B : A — ArithAssem we can not always construct an arithmetical assembly containing all dependent
morphisms from A to B. This is due to cardinality issues, suppose we have A := VP(N) and for every
A € A we have B(A) := VP(N). Then every dependent function from .4 to B is a dependent morphism
(because it is trivially tracked), while:

[Maca B(A)| = [P(N) = P(N)| = [P(P(N))| > [P(N)],

so there is no way of encoding every dependent morphism from A to B as an element of P(N). We
can however define two special cases which are enough to interpret \P2:

Definition (small product). For A € ArithAssem and B : A — PERAssem we define the small product:
(A € A)B(A) = N/{(f, f') e N|V(A € A)V(a,a’ IF4 A) (fa, f ') € Rel(B(A))} € PERAssem.

Note that this PER relates natural numbers when they encode the same dependent morphism from
A to B. So the equivalence classes will correspond to dependent morphisms; hence we can view the
small product as the PER assembly whose objects encode dependent morphisms. We can introduce
the analogies of lambda abstraction and function application. For a dependent morphism F from A
to B we define A\g(A € A) F(A) as the equivalence class in IIp(A € A) B(A) that corresponds to F:

MAe A FA) ={feN|V(AceAV(alk4 A) fae F(A)} e lH(A € A) B(A).
We can also evaluate an element G € IIy(A € A) B(A) as a dependent morphism on A € A:
Evalg(G, A) == [ga] € B(A) where g € G and a IF4 A.
Note that this is indeed well-defined.
Definition (large product). For A € PERAssem and B : A — ArithAssem we define the large product:

(A€ A)B(A) = {¥(a € UA) B(a) € P(N)|3(f € N)V(a € UA) f alFpa) B(a) A
V({a,a’) € Rel(A)) B(a) = B(a')} € ArithAssem,
f “_Hl(AE.A)B(A) Y(a € UA) B(a) iff Y(a € UA) fa H_B(A) B(a).

Note that the elements of this arithmetical assembly are dependent morphisms from A to B encoded
as an element of P(N), and realizers are natural numbers that track the morphism. For this encoding
we can also give analogies of lambda abstraction and function application. For a dependent morphism
F from A to B we define:

M(A e A)F(A) =%(a € UA) F([a]) € II1 (A € A) B(A).
For G € I1;(A € A)B(A) and A € A we define:
Eval1(G,A) :={be N|3(a € A) (a,b) € G} € B(A).
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With this we we have enough to interpret A\P2, we will however continue to add special cases for
the types introduced in for two reasons, firstly because this allows us to simplify the
interpretation of first-order formulas, and secondly because this allows us to add induction.

Definition (binary sum). For A € ArithAssem and B € ArithAssem we define the binary sum:

A+ B :={Ing(A) e P(N)|A e A} U {In;(B) € P(N) | B € B},
<0,a> “_.A+B |n0(A) iff a H—A A <1, b> ”_.AJrB |n1(B) iff b “_B B.
Here we define the injections for A € A4 and B € B as follows:
Ing(A) = {(0,a) |a € A} € A+ B,
Ini(B) :={(1,b)| b€ B} € A+ B.

Note that we have A+ B € PERAssem in the case that A € PERAssem and B € PERAssem. If we have
C : A+ B — ArithAssem, then for F € I, (A € A)C(Ing(A)), G € I1,(B € B)C(In1(4)), T € A+ B
realized by f,g,t € N, we define:

] Eval,(F, A) if T = Ing(A)
Indy (F,G,T) = { Evzlu(G,B) i 7 = Iny () } € C(T).

This element of the arithmetical assembly C(T') is realized by:
indy(f,g,t) :==rec(prot)(f (prit)) (MiArg(prit)) € N.

Definition (sum). For A € ArithAssem and B : A — ArithAssem we define the sum:

Y(Ae A)B(A)={AxBeP(N)|Aec AANB e B(A)},
<a, b> |FE(A6A)B(A) Ax Biffalk4 AND |FB(A) B.
We define the projections for P € (A € A) B(A) as follows:
Pro(P) = {prop|p € P} € A,
Pri(P) == {pryp|p € P} € B(Pro(A4)).

Note that we have ¥(A € A) B(A) € PERAssem if A € PERAssem and B(A) € PERAssem. If we have
C :X(A € A)B(A) — ArithAssem, then for F' € II,,(A € A)I1,(B € B(A))C(AxB),P € ¥(A € A)B(A)
realized by f,p € N, we define:

Indx.(F, P) == Eval,(Eval,(F,Pro(P)),Pri(P)) € C(P),
This element of the arithmetical assembly C(P) is realized by:
indy(f,p) == (f (prop)) (pr1p) € N.

Definition (equality). For A : ArithAssem and A, A’ € A we define the equality assembly by:
EAAA) =N/{(e,e)|A=A"}.

So we have £(A, A, A") = {N} if A = A’ and we have E(A, A, A) = 0 if A # A'. If we have
C:3(Aec AHX(A € A)(A = A') — ArithAssem, then for every C' € C(4,A,N), E € £(A,A,A)
realized by c¢,e € N, we define:

Inde (C,E) =C € C(A, A", E).
This element of the arithmetical assembly C(A, A’, E) is realized by:

indg(c,e) :==c € N.
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We end this section by defining induction for N/N = {{n} | n € N}, which we have already introduced
in Defining induction for N/O and N/1 is trivial so we leave it out here. If we have C :
N/N — ArithAssem, then for C € C({0}), F € II,({n} € N/N)II,(C € C({n}))C({S(n)}),{n} € N/N
realized by c, f,n € N, we define:

Indn(C, F,{n}) == Eval,(Eval,(F,{n — 1}), ... Eval,(Eval,(F,{0}),C)) € C({n}).
This element of the arithmetical assembly C({n}) is realized by

indx(e, fyn) :=reccfn eN.

Most concepts we have introduced here can be straightforwardly but laboriously translated to formulas
as we explained at the start of the chapter. The one example we do want to explain further is
Indn (C, F,{n}) C N (because it is the most difficult one), This set should be translated to a formula
with a free variable x. The way we can define this formula is similar to the way we can introduce
recursion theory in HA, we say that the formula holds for x iff there exists a product of sets Agx---x A,
such that:

[ ] AO = C,
e for every i < n we have A;y; = Eval,(Eval,(F,{i}), 4;),
ez cA,.

In this way we can develop a second-order version of recursion theory in HA2.

4.3 Interpreting Type Theory in Arithmetic

Now we are finally ready to write out our interpretation of A\P2 in HA2. We will pick:

e for any well-formed context I" an arithmetical assembly G[I'] € ArithAssem,

for any large type judgement I' - A : Type;, a function A[T" - A : Type,] : G[I'] — ArithAssem,
e for any small type judgement I' - A : Type,, a function A[T'F A : Typey] : G[T'] — PERAssem,

For any term judgement I' - a : A where I' F A : Type,, a dependent morphism F[I' F a : A]
from G[T'] to A[l' - A : Type,], and a natural number f[I' - a : A] that tracks F[I' - a : A].

Note that a judgement of the form I' = A : Type, has multiple different interpretations because A is
both a small type and a term of the large type Type,:

e as a small type it is interpreted as a function A[I' + A : Typey] : G[I'] — PERAssem,

e as a term it is interpreted as a dependent morphism F[I' - A : Typey] that goes from G[I'] to
A[l - Type, : Type, ], and is tracked by natural number f[I' - A : Typeg].

We have already done the legwork for this interpretation in by defining sums, products,
natural numbers, and equality for PER’s and arithmetical assemblies. In this section we make the
interpretation precise, we give our interpretation with a giant simultaneous induction on the derivation
of the sequent.
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For well-formed contexts we define:

G[] =N/1,
gl z : A] = %(G € G[I']) A[T + A : Type, J(G).

For the start and weak rules we define:

Flyz: Ak x: A] .= AGPri(G),
fIC,x: Ak x: A :==Ag pr1 g,

FT,z: A+ b:B] == AGF[TFb: B](Pro(Q)),
fIC,z: AFb:B]==MXg f[TC'Fb: B](prog).

For our type universe we define:

A[T - Type, : Type;] :== A\G VPER,
F[I'F A : Typey] = AGRel(A[l' - A : Typey[(G)),
fICH A: Typey] == Ag 0.

For the initial type we define:

A[T'F 0 : Typey] := AGN/O,
F[T'Findgo: C(o)] =0,
fIT Findgo:C(o)] = 0.

For the final type we define:

AT 1: Typey] := A\GN/1,
F[T'Findici: C@)] == F[I'Fc: C(%)],
FIDFindyci: C@)] = fITF c: C)].

For the natural numbers we define:

Al F N : Typey] := A\GN/N,
FITF0:N] == AG {0},
FICFO:N]:=Xg0,
F[L'FSn:N]:=XG{S(n)|n e F[I'Fn:N](G)},
fICESn:N]=XgS(f[T'Fn:N]g),
F[lFn+n :N]=XG{n+n'|ne€ F[LFn:NJ(G)An' € F[L Fn':N}(G)},
fIlEn+n":N]:=Ag (f[CFn:N]g+ f[CFn":N]g),
F[TEnxn :N]=AG{nxn'|ne€ F[L Fn:NJ(G)An" € F[T +n":N](G)},
fICEnxn' :N]:=Xg (f[CFn:N]gx f[CFn":N]g),
F[C Findyefn:C(n)] = AGIndN(F[TF ¢ : CO)](G),
F[LF f:I(n:N)(C(n) = C(Sn))](G),
F[T +n:NJ|(G)),
fICEFindyefn:Cn)] =Agindn(f[TF ¢:C(0)]g,
fI0E £ :1(n:N) (C(n) = C(Sn))] g,
fICFn:N]g).
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For the binary sum we define:

AT+ A+ B : Typey] == AG (A[T + A : Typey[(G) + A[L = B : Typey|(G)),
F[CFinga: A+ B] = AGIng(F[T F a: AJ(G)),
f[CFinga: A+ B]==Xg (0, f[TFa:A]g),
F[LFingb: A+ B] = AXGIn (F[T b : B](GQ)),
fIlFimb: A+ B]:=Xg (0, f[I'+0b:B]g),

FIDFindy fgt:C(t)] = AGInds (F[T - f : Tl(a : A)

F[TFg:TI(b : B)
F[L+t: A+ B|(
fICEindy fgt:C@)] =Agind (f[TF f:T(a: A)
f[CEg:1(b: B)
fI+t:A+ B]g),

For the sum we define:
AT 3(x : A) B(z) : Typey] = AGX(X € A[T = A : Typey](G))
AL,z : AF B(z) : Typey](G x X),
F[T'F {(a,b) : Z(z: A) B(z)] = A\GF[I'F a: A](G) x
Flya: AFb: B(a)](G x F[I'F a: A](G),
fICF (a,b) : X(z: A) B(z)] = Ag{f[TFa: A]g,

flT,a: AFb:B(a)] (g, f[T'F a: A] g)),
F[CFinds fp: C(p)] == AGInds(F[U - f : 1(z : A)TI(y : B(x)) C((z,y))|(G),
F[CFp:3(z: A) B(@)](G)),
fICFinds fp: C(p)] == Aginds(f[I'F f: Tz : A)I(y : B(x)) C((z,y))] 9,
fIUFp:X(z: A) B(z)]g).

For the product we define:

A[L FTI(z : A) B(x) : Type,] == AGII,(X € AT+ A : Type,](GQ))
AL,z : AF B(z) : Typey](G x X),
F[T'F Xz : A)b(z) : T(z: A) B(z)] = MG Ay(X € A[T'F A : Type, J(G))
FT,z: AFb(z) : B(z)](G x X),
FIPE Xz : A)b(x) : (z: A) B(z)] == Mg \x
FIT 2 < Ak bla) - B@)] {g, ),
F[TF fa: B(a)] = AGEval,(F[T'F f:II(z : A) B(x)](G),
F[TFa: AJ(G)),
FI0F fa: Ba)] =g (FICF £ : Tz : 4) B(@)] g)
(ITF o Alg).
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For equality we define:

AT Fa=4a" :Type)| = AGE([T'F A: Type,], F[T Fa: Al F[TFa : A]),
F[l'krefla:a=4a] :=AGN,
fICkrefla:a=4a]:=Xg0,
Flind=ce: C(a,d',e)] = AGIndg(F[T - c: C(a,a,refla)](G),
F[ltFe:a=4d](G)),
flind=ce: C(a,ad’,e)] = Aginde(f[['Fc:C(a,a,refla)] g,
fIlkFe:a=4d]g).

Note that function extensionality and uniqueness of identity proofs follow easily because functions
in AP2 are interpreted as morphism in HA2 while equality in AP2 is interpreted as an arithmetical
assembly with at most one element, namely N. Therefore, we can define:

F[T+ funextd : f =niweayp@) '] = AGN,
fIT Ffunextd : f =pneayp@) f']:=X2g0,
F[T - uipee' : e =(4= a1 e'] == AGN,
fIT Fuipee’ : e =(q= ay €] :=Ag 0.

4.4 Size Differences

An important observation is that the size of sums behaves differently for our PER’s and arithmetical
assemblies than it does in AP2. First note that in both areas we have small and large objects:

e the small objects are the types in Type, and the PER’s,

e the large objects are the types in Type; and the arithmetical assemblies.

Now consider the way we have originally defined sums in AP2:

A+ B :=1I(Z : Typey) (A — 2Z) = (B — Z) = 2), (binary sum)
Y(xz: A)B(z) =1I(Z : Typey) (II(z : A) (B(x) = Z) — Z). (sum)
Because Z is small and appears at the very right we see that the sums are always small, regardless

of the sizes of A and B. In contrast, for our definitions for PER’s and arithmetical assemblies we see
that the sums are large as soon as either A or B is large:

A+ B:={Ing(A) e P(N)|A € A} U{In1(B) € P(N)| B € B}, (binary sum)
(0,a> ”_AJrB |n0(A) iff a ”_.A A <1, b> H—A+3 |n1(B) iff b H—B B,

S(A € A)B(A) = {Ax BeP(N)|AcAABeB(A)}, (sum)
(a, b) |FE(A€.A)B(A) Ax BiffalFy AND |FB(A) B.
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There are multiple ways we can deal with this difference. We have chosen to only add the sums A+ B
and ¥(x : A) B as a primitive notion to AP2 if A and B are both small. So, in our interpretation, we
only use the sums of PER’s and arithmetical assemblies in the case where their size is small. Even
when A and B are not small, we can still interpret the types

II(Z : Typey) (A= Z2) = (B— 2) — Z),
II(Z : Typey) (II(z : A) (B(z) = Z) — 2),

as PER’s because the size of the product works the same for our PER’s and arithmetical assemblies
as it does in A\P2.

Another option would be to add the sums A+ B and ¥(x : A) B as a primitive notion to AP2 in every
case, but with the same size behaviour as our sums for PER’s and arithmetical assemblies: as soon as
A or B is big we have that the sum is big. This has the benefit that we can also model/interpret ind
if A or B is large. We have not chosen this approach because this behaviour is hard to justify without
talking about the model first.

4.5 Conservativity

If A is a HA-formula with free variables xg, ..., z,_1 then we will write z IF, A if z is a realizer for the
PER that corresponds to A. In addition, we will write z = 2’ IF, A if 2 and 2’ are both members of
the same equivalence class of the PER that corresponds to A. More explicitly, we define:

(zlFe A) = (z,z) € Rel(AJzo : N,...,xpn—1: NF A" : Type (N x {{x0, ..., Zn-1)})),
(22 ke A) == (2,2") € Rel(Axo : N, ..., xp_1 : NF A" : Typeo](N x {{zo,...,2n_1)}))-

This definition is not easy to work with. The following proposition shows that there exists an equivalent,
inductive definition.

Proposition 4.5.0. In HAP2 we can prove the following bi-implications:

zlFca=d <a=4d,
ix~ZFea=d < a=d,
zlke AVB < (proz=0Apryzlk, A)V
proz=1Apryzlk. B),
22 ke AVB < (proz=prg2 =0Apr;z=pry 2 Ik A)V
zlke ANB < (prozlke A) A
pry z ke B),
22 ke ANB 5 (proz = pry 2 IFe A) A
(pry z ~ pry 2’ I+, B),
2lke A= B < Vuvw (w=w' ke A) = (zw =z v Ik, B)),
27 ke A= B < VoV (wxw' ke A) = (zw = 2" w' Ik, B)),
z Ike 3x B(x) <> pry z ke B(prg 2),
2z~ 2 ke 3z B(x) ¢ (prgz = pry 2’) A (pry z & pry 2’ Ik B(pry 2)),
z ke Vo B(z) > Vo (zz Ik, B(x)),
22 Ik Vo B(z) < Vo (22 ~ 2’ z -, B(x)).

(
(
(proz =proz =1Apryz=~pr, 2 I B),
(
(
(
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Proof. To show this, we write out A[Z : N = A* : Typey](N x {(Z)}) for each of the cases for A.
For equality we have:
A[Z :NF (a=ad")*: TypegJ(N x {(Z)})
=E(A[Z: NFN: TypegJ(N x {()}), F[Z: Nt a: NJ(N x {(£)}), F[Z: NFa : NJ(N x {(£)}))
= E(N/N, {a},{a'})
—N/{(z#) | =d'}.

For disjunction we have:

A[Z:NFE (AV B)* : Typey[(N x {{(Z)})
= A[Z: NF A" : Type (N x {(Z)}) + A[Z : NF B* : Typey](N x {(Z)})

=N/{(z,2")|(proz =pro 2’ =0Apryzapr 2 ke A)V (pryz=pryz =1Apryz=pr 2 I B)}.

For conjunction we have:

A[Z:NFE (AAB)" : Typey (N x {{(Z)})

=3(W e A[Z : NF A* : Type(N x {(Z)})) A[Z : Nyw : A* = B* : TypeJ(N x {(Z)} x W)
=X(W € A[Z: NF A" : Type (N x {(£)})) A[Z : N+ B* : Typey] (N x {(Z)})
=A[Z:NF A" : TypeJ(N x {{Z)}) x A[Z: NF B* : Typey](N x {(Z)})

=N/{(z,2") | (prgz ~ pry 2’ IFe A) A (pryz =~ pry 2’ - B)}.

For implication we have:

A[Z:NF (A — B)* : TypeyJ(N x {(Z)})

=TIo(W € A[Z: NF A" : Typey (N x {{Z)})) A[Z: Nyw : A" - B* : Typey(N x
=Tlo(W € A[Z: N+ A* : Typeo (N x {(¥)})) A[Z : N B* : Typeo](N x {(Z)})
=A[Z : NF A" : Type[(N x {{(Z)}) — A[Z : N+ B* : Typey[(N x {(Z)})
=N/{(z,2") |VwVw (w~w' Ik, A) = (zw ~ 2w Ik, B)}.

{(@)} xW)

For the existential quantifier we have:
A[Z : N+ (3z B(x))" : Typeg](N x {(Z)})
=3(X € A[Z : NF N : Typeg| (N x {{(Z)})) A[Z : N,z : N+ B(x)* : Typeg](N x {(Z)} x X)
=X({z} e N)A[Z: N,z : N+ B(x)* : Typeg](N x {(Z,z)})
= N/{(2,2") [ (proz = pro z') A (pry z = pry z e B(x)")}.
For the universal quantifier we have:
A[Z : NF (Vx B(z))" : Typeg] (N x {{Z)})
=IIH(X € A[Z: NF N: Typey[(N x {{Z)})) A[Z : N,z : NF B(z)" : Typey|(N x {(Z)} x X)
=Tlo({z} e N) A[Z : N,z : NF B(z)* : TypeoJ(N x {(Z,z)})
=N/{(z,2")|Vz (z2 ~ 2"z I, B)}.

Now, if we consider the definitions of z IF, A and z ~ 2’ I, A, we see that the proposition follows.
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Theorem 4.5.1. For every HA-formula A we have: HAP2¢ - A < 3z (z I, A).

Proof. This theorem is almost identical to [vdBvSI8, Theorem 3.5]. First, we can prove:
HAP2-F AVB <+ Ji(i=0— A)A(i=1— B)).

This allows us to rewrite every formula to a formula without disjunction. With the last proposition
we also see that A V B is realized if and only if 3i ((i =0 — A) A (i =1 — B)) is realized:

HAP2 3z (2 IF AV B) < 3z (2 - 3i((i =0 — A) A (i = 1 — B))).

So it is sufficient to prove the theorem for every HA-formula without disjunction. For such a formula
with free variables £ we define a ‘canonical realizer’ inductively. This is the part where we need ¢, to
allow us to make choices for the existential quantifier:

Ta=a' = )\fo7
ranB = AT (ra®,rp ),
ranp = A (rg ),

T3 B(x) = M AT (€3:8(2) T, 7B T (€3:B(x) T)),

Tvz B(z) = M Az (rp T ).

Now using the last proposition and induction on A, we can prove the following implications in HAP2e:

A 3z (z 1k A)
TA r H—e A
It follows that we have HAP2e - A < 3z (z I, A). O

This shows that the following diagram commutes for HA-formulas (up to logical equivalence):

HA2 —*— AP2 4 ind 4+ funext + uip

|

HAP2

l -]

HAP2e

With this we can prove our main theorem:

Theorem 4.5.2. For every HA-formula A we have:
HA2 - A iff AP2 + ind + funext + uip - A*.

Here AP2 + ind + funext 4 uip = A* means the following: if & are the free variables of A then there
exists a term a such that we can derive Z: NF a : A* in AP2 + ind 4 funext + uip.
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Proof. The direction from left to right follows easily. This is because the logical inference rules of
second-order logic are valid in AP2 and because we have already seen that AP2 + indy proves the three

axioms of HA2 in [Section 2.7
For the direction from right to left, assume that we have a term a such that Z: N+ a : A*. Then our
interpretation of AP2 + ind + funext + uip in HAP2 gives us the following:
fIZ:NFa: A (N x {(Z)})
€ F[Z:NFa: A" (N x {(Z)})
€ A[Z:NF A" : Typey (N x {(Z)}).

So by our definition of I, we have HAP2 - 3z (z Ik, A) so HAP2¢ - 3z (z I, A). Now by|Theorem 4.5.1
we get HAP2e - A, and because HAP2e is a conservative extension of HA2 we get HA2 - A. O

This theorem also shows that HA2 and AP2 + ind + funext + uip are equiconsistent. We can not extend
this theorem to second-order formulas, this is shown in the following theorem:

Theorem 4.5.3. There exists an HA2-formula A such that we have:

HA2 ¥ A but AP2 +indy F A™.

Proof. The HA2-formula we consider is the axiom of choice:
VZ? (Vx Iy Z(x,y) — IF? (Vo Ay F(x,y) AVa Yy (F(x,y) — Z(x,y)))
Recall that 3! means ‘there exists a unique’ which is considered to be an abbreviation:
Nz A(z) = 3z (A(z) AVZ' (A(z') — = =2)).
This means that the embedding of the axiom of choice in AP2 is:

II(Z :N— N — Typey) II(g : II(x : N) E(y : N) Zz )
¥(Z :N = N — Typeg) (
II(z : N)3(y : N) (
Fzxyx
Iy :N)(Fzy —y=y)) x
Mz :N)II(y : N) (Fay — Zxy)),

and this type is inhabited by the following closed term (which constitutes a proof):

AMZ:N—=N—= Typey) Mg : I(z : N)X(y : N) Zxy)
M@ :N)A(y : N) (Zay x (prg (gz) = y)), (
Az : N) (pry (92), (
(pry (g @), refl (prg (9 7)),
Ay = N)Af": Zay x (pro(gx) = y')) pry 1)
Mz :N) Xy : N)X(f: Zay x (pro (9x) = y)) pro f))-

Note that we use pr; for which we need the inds; axiom. So, because the axiom of choice is not provable
in HA2 [CR12] we have found a second-order formula that is provable in AP2+indy; but not in HA2. [
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The obvious follow-up question is whether AP2 itself can already prove the axiom of choice. This is
not true as shown by Streicher [Str92]. In fact, pr; is called the axiom of choice by some authors
[BB96]. This still leaves us with an open question: can AP2 already prove a second-order formula that
HA2 cannot prove? Our model that we have given here does not help us answer this question. This is
because it satisfies indy;, so it also satisfies the axiom of choice. We can therefore not use it to show
that AP2 and HA2 satisfy the same second-order formulas.

We conclude by showing two versions of De Jongh Theorem for A\P2. Using we can
translate [Theorem 1.4.0| and [Theorem 1.4.1|to get:

Corollary 4.5.4 (XY version of De Jongh’s Theorem for AP2 + ind + funext + uip). For every proposi-
tional formula A that is not provable constructively, there exists a substitution o to HA2-formulas in
¥9, such that we have AP2 + ind + funext + uip ¥ o(A)*.

Corollary 4.5.5 (uniform I19 version of De Jongh’s Theorem for AP2 + ind + funext + uip). There
exists a substitution o to HA2-formulas in I13, such that for every propositional formula A that is not
provable constructively, we have: AP2 + ind + funext + uip ¥ o(A)*.

So the propositional logic of AP2 + ind + funext + uip is constructive. This means in particular that the
propositional logic of AP2 is constructive.
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Chapter 5

Conclusion

To conclude, let us summarise what we have proven about the relation between AP2 and HA2:

e \P2 does not prove all arithmetical formulas that HA2 proves. Notable examples are the axioms
Vz (S(z) # 0) and VX! (X (0) AVx (X (z) = X(S(2))) — Vo X(z)), see
e AP2 +indy proves at least the same arithmetical formulas as HA2, see

e \P2 + indy proves more second-order arithmetical formulas than HA2. A notable example is
the axiom of choice VZ? (Vo Jy Z(z,y) — IF? (Vo Iy F(x,y) AVaVy (F(z,y) = Z(z,y))), see
Mheorem 4.5.31

e AP2 +ind + funext + uip proves exactly the same first-order arithmetical formulas as HA2, see

Mheorem 4.5.21

As a consequence, we see that HA2 and AP2 + ind + funext + uip are equiconsistent, and we can prove
a version of De Jongh’s theorem: the propositional logic of AP2 + ind + funext + uip is constructive.

This is an important improvement of our initial result for MLO, which does not include type universes
and inductive types. By proving that the propositional logic of AP2 is also constructive, we have shown
that an impredicative universe and simple inductive types are compatible with a constructive logic.

This also leaves quite some room for future work. Firstly, we can look at stronger versions of type
theory. One interesting question is: can we extend these results to the full calculus of constructions?
This type theory corresponds to higher-order logic so it would be natural to investigate the relation
with Higher-order Heyting Arithmetic [Hay80].

Another option would be to look at more general inductive types: our model works for some specific in-
ductive types (0, 1, N, +, 3, = and their ind-extensions), so: can we extend our model and interpretation
to more general inductive types? Type theories to consider are: Martin-Lof type theory [ML84] with
its inductive W-types, and the calculus of inductive constructions [BCT3} [PM15] with its universe of in-
ductive types. We can also look at coinductive types, for instance at M-types. These types can already
be constructed using the natural numbers and function extensionality [AAGO05; vdBDMOT; [ACS15]

Another direction would be to look at stronger versions of De Jongs’s Theorem. A first option would
be to look at a the first-order logic of HA2. If the first-order logic of HA2 is constructive then this

would also carry over to AP2 + ind + funext + uip with
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