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Abstract

We study provability logic in the context of intuitionistic arithmetics. In partic-
ular, we focus on the X;-provability logics of subtheories of Heyting Arithmetic
HA. In order to do so, we analyze the tools developed by Visser and Zoethout
in [13] and a method for constructing so-called slow provability predicates in-
troduced by Visser in [12]. We also study a theory distinct from HA, iIZ}f, for
which we can calculate its ¥;-provability logic.
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Chapter O

Introduction and
Background

Provability logic arises from an interaction between proof theory and modal
logic. The basic idea is to interpret the box in modal logic as provability in some
theory. As an example, the principle K from modal logic, i.e. O(¢—¢)—O¢p—0¢
can be understood as saying that the theory we are considering is closed under
modus ponens: if ¢ — ¢ is provable then ¢ provable implies ¢ provable. Note
that box can be applied multiple times. This means that the theory we are
interpreting box in must, in some sense, encode logic and its own axiomatization.
Examples of such theories are theories as strong as ZFC (Zermelo-Fraenkel set
theory), or as weak as EA (elementary arithmetic).

The first great step in provability logic was finding the axioms of GL, Godel-
Lob’s logic, in 1955 by Lob. At this point this were stated as conditions of
provp,, the provability predicate of Peano Arithmetic, not as a modal logic.
Solovay proved in 1976 of the completeness of GL with respect the arithmetical
semantics. This logic is defined as the minimal (normal) modal logic which
contains the following principle: O(0O¢ — ¢) —0O¢. Although this principle may
appear complex, if we interpret O as provability, its meaning is clear. O¢ —
¢ is related to soundness, it can be read as “if ¢ is provable then ¢ holds
(is true)”. Then, O(0O¢ — ¢) means that the theory proves soundness for the
particular formula ¢. Then, the whole implication, means that if the theory
proves soundness of a formula, then the theory proves the formula. In other
words, the theory only can prove the soundness of the theorems it already
knows to hold. Thanks to Solovay’s result it was proven that the provability
logic of PA is exactly GL. In fact, GL is the provability logic of many arithmetical
theories: any X;-sound arithmetical theory T' extending IAy+ EXP (induction
for bounded formulas and the exponentiation axiom).

Once the provability logic of PA was found, the question of calculating the
provability logic of Heyting Arithmetic, HA, was a natural step. HA is nothing
more than the same theory as PA, but changing the ambient logic from clas-



sical to constructive. This problem has been remarkably hard to solve, being
open for four decades. Recently, in [6], Mojtaba Mojtahedi solved the problem,
calculating the provability logic of HA for the first time.

Let us briefly explain the idea behinds Mojtahedi’s proof. In order to do so,
we need to introduce X;-provability logic. Note that to fully interpret modal
formulas in another first order theory like PA, it is not enough to give a mean-
ing to 0. One also need to deal with propositional variables. The idea is
straightforward: give an interpretation that translates propositional variables
into sentences of the theory, in our case arithmetical theories. ¥;-provability
logic is the modal logic that arises if we just keep the interpretations of this
propositional variables to be ¥;-formulas, in other words, a formula starting by
an existential and then having all quantifiers (non-trivially) bounded.

The idea behinds Mojtahedi’s proof is to divide the proof of completeness in
two steps. First, one calculates the 3i;-provability logic of the theory of interest,
then one lifts the result from the 3i;-provability logic to the full provability logic.
In particular, he transforms a realization making a modal formula ¢ invalid into
a X;-realization making the modal formula also invalid. This clearly signals the
importance of the ¥;-provability logic to the calculation of the full provability
logic, at least in the intuitionistic case.

Our goal is to study provability logic in the context of intuitionistic arith-
metics. In particular, we focus on the ¥;-provability logic of subtheories of HA.
In order to do so, we will use tools develop by Albert Visser and Jetze Zoethout
in [13], which where inspired by the ones developed by Mohammed Ardeshir
and Mojtaba Mojtahedi in [1]. The long term objective of this study, which
is impossible to completely solve in this exploration due to time constrains, is
to check whether the same uniformity of provability logics that occurs in the
classical arithmetical case also holds in the intuitionistic case.



Chapter 1

Preliminaries

In this chapter we are going to introduce the concepts that form the base of
the text. Clearly. before introducing the concepts of provability logic, we need
some background in arithemtical theories, modal logic and how to formalize
logic in arithmetic. Since we are going to study intuitionistic arithmetic, we
also need to briefly introduce intuitionistic logic. In particular, the structure of
the chapter is as follows:

1. Section 1.1 introduces intuitionistic logic via a Hilbert system.

2. Section 1.2 introduces the concepts we need from Arithmetic and also the
theories we will mainly work with.

3. Section 1.3 introduces the syntax and semantics of intuitionistic modal
logic and the ony modal logic that we are going to need iGLC.

4. Section 1.4 explains how to codify different constructions of logic inside
arithmetical theories.

5. Finally, Section 1.5 introduces the concepts of provability logic that we
need.

Although the reader may be familiar with these concepts already, we encourage
to read Section 1.5. In that section we introduce some notation that will be
heavily used through all the text.

1.1 Intuitionistic Logic

Officially, our formulas are natural numbers, lists of formualas are also natural
numbers and so on. The idea is that we use a codification of these concepts
in natural numbers that can be developed in iEA, i.e. intuitionistic elemen-
tary arithmetic. In this way, we bring the metatheory we reason in and the
arithmetical theory at hand a little closer. For details about these codifications,



check the last chapter of [5]. In the book it is done in a classical setting, but all
the codification can be performed in intuitinistic arithmetic.
We define a Hilbert system for intuitionistic first order logic, taken from [8].

Definition 1. We define the Hilbert system for intuitionistic predicative logic

iFOL as:
Axioms:
1. L —¢;
2. pNY =, PN —
3. p—=¢d—oNY;
4. 9=V, gV
5. (¢—x)—=(@—x)—(9Ve—x);
6. p—¢—¢;
7. (@—=d—ox)— (@ —¢) = (6 X);
8. (Vz.¢)— ¢[z/t], where t is free for z in ¢;
9. (Vz.¢—¢)—d—(vy.d[z/y]), where 2 ¢ fv(¢) and y =z or y ¢ fu(@);
10. ¢[z/t] — Iz . ¢, where t is free for z in ¢;
11. (Vo .$—¢)— (Iy. $la/y]) — ¢, where ¢ ¢ fu(¢) and y =z or y ¢ Fv(@);
12. Vz .z ~z;
13. For any n-ary function symbol f and any 72 <n we have the axiom:
VEo, ey T Ti R Ty — (e, T4 o) = f o, Ty, onn);
14. For any m-ary relation symbol R and any ¢ <n we have the axiom:
VEg, ey Ty - Ty =2 Ty — (R(eee, 24, o) & R(eee, 2y, -o0))-
Rules:
¢p—¢ ¢
MP
¢
Vz.d Gen

We will write I' - ¢ to mean that there is a derivation of with assumptions

inT.

In this case, for Gen we need the additional condition that z ¢ fv(I'). M



It is trivially true that I' - ¢ — ¢ implies I',¢ - ¢b. The reverse direction is
the deduction theorem:

Lemma 2 (Deduction theorem). I',¢ F ¢ implies that I'- ¢ — ¢.

A theory will be just a set of sentences of a given signature. Then, saying
that a theory proves a formula will be saying that there is a derivation of the
formula using as assumptions the axioms of the theory. Note that we impose
that the axioms of a theory are sentences because we want to be able to use the
rule Gen when reasoning inside a theory.

Definition 3. A theory T consists in a set Axy of sentences of a given signature.
We will write I' -7 ¢ to mean that there is a finite subset A € Axy such that
AT Hg. [ |

1.2 Arithmetical theories

In this text we will mainly work with two types arithmetical theories. The first
kind are formulated in a language with addition, multiplication and exponenti-
ation. The second kind are formulated in a language with all primitive recursive
functions. When there is no danger of confusion, we will write simply £; to
refer to the first order language. We will assume that all the theories we work
with are in one of these languages and are computably enumerable.

Both of this languages come equipped with a standard model whose domain
is N. If ¢ is an arithmetical formula, there is no ambiguity in the meaning of
En ¢. Let us define some concepts that are going to be useful for our arithmetical
theories. We start with the definition of the arithmetical hierarchy.

Definition 4. Assume we have a fixed signature with the binary relation symbol
<. Then we define the class of Ay formulas as the smallest class such that:

1. Atomic formulas belong to Ag.
2. A is closed under conjunction, disjunction and implication.

3. If ¢ is a formula in Ag, z is a variable and 7 is a term (of the given
signature) such that z ¢ fv(r), then Vz <t.¢,Jz <7.¢ are in Ay. These
are called bounded quantifiers.

One we have the class of Ay-formulas, we can define ¥y :=1IIy:= A and:
Yo ={3z.¢l¢pcll,},
Mo ={vVe.olpct,} [ |

Definition 5. Let T be an arithmetical theory and let I' be a set of formulas
from the language of T. We say that:

1. T'is Ay-sound (XZ;-sound) if for any sentence ¢ € Aj (¢ € Zy), b7 ¢ implies
En .



2. T'is Ay-complete (X;-complete) if for any sentence ¢ € Ay (¢ € Tq), Ey ¢
implies 7 ¢.

3. T'is Ap-decidable if for any formula ¢ € Ay, we have that Fp ¢V —¢.
[ |

Both languages we are going to consider have a constant 0, representing the
number 0 and function symbols S,+, X, which in the standard model are suc-
cessor, addition and multiplication. Note that with 0 and S alone, we can get a
closed term representing any natural number in the standard model: to repre-
sent the number 7 just apply S » times to 0. This is an unary representation of
the natural numbers. For matters that we are going to discuss in Section 1.4,
we need a more efficient coding of natural numbers as terms. For that purpose,
we are going to use a binary representation of the natural numbers.

Definition 6. We define the function =: N — Term as follows:
0— 6;
1— S(_);
2n+— (141) x 7, where n > 1;
2n+1+~ S((1+1) x ), where n > 1.
If n € N, then 7 is called the numeral of n. [ |

Definition 7 (Induction). Given a formula ¢ and a variable z, we define the
sentence [y ; as the universal closure of:

$lz /0| A (V2.6 — plz/Sz]) — VI 9,
where z € fv(¢). If T" is a set of formulas, we define

IT' ={Iy, ¢l and = € fv(¢)}. [ ]

Definition 8 (Collection). Given a formula ¢ and variables z,y, we define
the sentence By ; ., as the universal closure of:

(Ve <uTy.¢)— (Ve <udy<wv.¢),
where u,v € fv(¢). If T' is a set of formulas, we define

BT'={By ¢ €T ,z,y € Var}. [ |

Theories in the elementary language of Arithmetic

Definition 9. We define the elementary language of Arithmetic, Le,,, as the
first order language with the following symbols:

1. A constant 0, called zero.



2. Two unary function symbols S,exp, called succesor and exponentiation,
respectively.

3. Two binary function symbols +, x, called addition and multiplication,
respectively.

4. A binary relation symbol <.
[ ]

We start with intuitionistic Robinson’s Arithmetic with exponentiation.
This theory only contains the axioms claiming that the successor function is
injective but not surjective; the recursive definitions of addition, multiplication
and exponentiation; and the definition of the order relation.

Definition 10. The theory iQ®® is the theory over iFOL in the language of
Loy, with axioms:

1. Vz.5S(z) 0.

2. Vz,y.S(z) ~S(y) —z ~y.

3. Vz.z~0V3Iy.z~Sy.

4. Vz.z+0~z.

5. Vz,y.z+S(y) =~ S(z +v).

6. Vz.z x0~0.

7. Vz,y.z+S(y) ~S(z +v).

8. exp (6) ~ 1.

9. Vz . exp(S(z)) ~ 2 x exp(z).
10. Vz,y. z <y Jz.z+z~y.
11. Vz,y. z~yVzxy.

Also, let iQ¥® be the theory with these axioms without 3 and 11. [ ]

We will mainly work with three extensions of this theory. The first one,
intuitionistic Elementary Arithmetic, is just adding Ag-induction to this theory.
The second one does not have a name, and is just the extension of intuitionistic
Elementary Arithmetic via ¥;-collection. Finally, the last extension we are
going to work with is induction for ¥;-formulas. Let us put the three together
in the following definition.



Definition 11. We define the following theories over iFOL:

iEA == iQ%P + I A,
iEA + BS),
IIE]_ = lQe:(p-i-IE]_ [ |

In Chapter 5 we also work with an extension of il¥;, but its definition is
postponed until that chapter.
Theories in the language of Primitive Recursive Functions

First, we define the function symbols of the language of Primitive Recursive
Arithmetic.

Definition 12 (Primitive Recursive Function Symbol). We define the set
of primitive recursive function symbols, P, as the set with the following
function symbols

1. Zero,S are a unary function symbols in P».
2. Proj? where 7 <n is an n-ary function symbol in Pr.

3. If f is an n-ary function symbol in P# and gy, ...,9,_1 are m-ary function
symbols in %P7, then Compf GormG is a m-ary function symbol in P#.

4. If f is an m-ary function symbol in &P» and g is an n + 2-ary function
symbol in &7, then Recs  is an n + 1l-ary function symbol in &7

The first order language consisting in these function symbols, the constant 0
and the binary relation symbol < is denoted as L(%#). [ ]

Once we have the function symbols, we associate an axiom with each function
symbol:

Definition 13. Let f be a function symbol in &7, we define the sentence axs
recursively in f as:

aXzer0 i= V1 . Zero(z) ~ 0.
axg:=S (6) a 0.
Xproj 1= VIg, e, Tpoq - Proj;.l(xo, oy Tp_1) R T
axcompfygowgn_1 =Yg, e, Ty -
Compf,gm""gnil(mo,... v Em—1) ~ F(90(Zgy ey Tm1)s ey Gr1(T0y ey Trr—1))-
AXRec; , = (Va:l,...,xn -Recy 4 (5,w1,...,xn> %f(xl,...,:cn)) A
(Vzg, ..., Zp - Recs (S(20), 215+, Tn) =~ g(To, Rec o(T0, 1, ey Tn ), 1, 0 Tp))-



Definition 14 (Primitive Recursive Arithmetic). We define the first order
theory iPRA as the theory over iFOL in the language L(%#) with the following
axioms:

1. For any f € P, ax;.

2. Induction for quantifier-free formulas, i.e. if ¢ is quantifier free the uni-
versal closure of:

¢[z/0|A(Vz . p — @[z /Sz]) =V . P.
]

We remind the Diagonalization lemma, which is a fundamental result for
provability logic.

Lemma 15. Let ¢(zo,...,Z,_1,y) be a formula. Then there exists a formula
&(zg, .., Tp_1) such that

EA - (20, -, T 1) © D(Tg, ey Tn1,P)-

Note that if T extends iEA then the equivalence also holds in T

1.3 Intuitionistic Modal Logic

We are going to introduce some concepts of Intuitionistic Modal Logic (IML)
that we require. We will not write any proofs, but the interested reader should
consult [13]. First, let us introduce the syntax of modal logic that we are going
to use.

Definition 16. We define the modal logic language, L, as the given by the
following BNF:

L. pu=plITILI¢AGIPVPIp— |09,
where p is a propositional variable. [ |
Now we start by defining the models of intuitionistic modal logic.

Definition 17. A frame for intuitionistic modal logic is a triple ¥ = (W, <,C)
where W is a non-empty set, <, are binary relations on W and we have the
following properties:

1. X is a partial order, i.e. it is reflexive, transitive and antisymmetric.

2. (Model property) For any w,v,u € W we have that w < v C u implies
wC U.

A model for intuitionistic modal logic is a quadruple M = (W,<,c,V)
such that:

10



1. (W,<,C) is a frame of modal intuitionistic logic.
2. Vis a relation between W and propositional letters.

3. (Preservation of knowledge) If w,v € W and p is a propositional letter
such that w < v and w Vp, then vV p.

The definition of the semantics is straightforward. All the logical connectives
have their usual definition, except for — and 0. For these connectives we just
need to note that there are two binary relations. For — we use the usual clause
(in intuitionistic logic) using the intuitionistic relation, i.e.

M,iwkE ¢— ¢ iff for any v = w, M,v ¥ @ or M,vE ¢.
And for O we use the usual clause using the modal relation, i.e.
M,wEO¢ iff for any v 3w, M,vE ¢.
The preservation of knowledge gives the following result:

Lemma 18. Let M= (W,<,Z,V) be a model for IML. If w,v € Wand ¢ € L,
such that M,w F ¢ and w < v then M,v F ¢.

Now we introduce the modal logic we are interested in: iGLC. iGL is the
intuitionistic version of Godel-Lob logic. As we already discussed in the intro-
duction, the original GL is really important in (classical) provability logic. It
is the provability logic of a wide range of arithmetical theories, such as EA, 1%,
and PA. The C in iGLC comes from the completeness principle, with are the
formulas of shape ¢ —0O¢.

Definition 19. The set iGLC € £, is the smallest set that contains:

1. All L, -substitution instances of theorems of iPC (intuitionistic proposi-
tional logic).

2. For any ¢,¢ € L, O(¢ — ¢) —0O¢d —0O¢.
3. For any ¢ € L, O(O¢ — ¢) — 0.
4. For any ¢ € L, p—0¢.
And it is closed under the rules
1. (Modus ponens) If ¢ — ¢, ¢ €iGLC, then ¢ €iGLC.
2. (Necessitation) If ¢ €iGLC, then O¢ € iGLC.

We will write i) ¢ ¢ to mean that ¢ € iGLC and I' ¢ ¢ ¢ to mean that there
is a finite subset I'y C I" such that Hg c AT — ¢. [ ]

11



We want to have a characterization of the models of iGLC. With that purpose
in mind, we introduce the following properties of IML frames.

Definition 20. Let ¥= (W, <,C) be a frame for IML.
1. We say that ¥ is irreflezive iff T is irreflexive.
2. We say that F is transitive iff C is transitive.
3. We say that F is realistic iff C C <.

4. We say that ¥ is conversely well-founded iff C is conversely well-founded,
i.e. every non-empty subset of W has a C-maximal element.

Note that thanks to the model property, any realistic frame is automatically
transitive. We have the following theorem, that characterizes the models of
iGLC.

Theorem 21. Let ¢ € L. Then

1. If FgLc ¢ then ¢ is valid on all realistic and conversely well-founded
frames.

2. FigLc ¢ iff ¢ is valid on all finite irreflexive realistic frames.

1.4 Arithmetizing Logic

When we have a function f : N¥ — N it may be possible to represent it inside an
arithmetical theory T. With this, we mean to have a formula ¢¢(zo, ..., Tx—1,Yy)
such that:

L. FpVZg, e, 213 .4(T0, o, Th—1,Y)-
2. bros(ng, .., ng—1,m) iff f(ng, ..., ng—1) =m.

Note that this is the minimum we will ask, but depending on the kind of function
that f is we may ask more. For example, if f is define recursively via equations,
we also add the conditions that these equations are provable in T. Since our
weakest theory is iEA, we know that all the theories we work with represents
elementary functions. Whenever we have such a function f we may write f to
indicate the term representing this function inside 7. In case the name of f does
not contain any letter, but just symbols, we will usually add e as a superscript,
resulting in f°. We will follow a similar approach with predicates and if we
have a predicate P we will write P for the version defined inside arithmetical
theories.

In order to bring the metatheory and the arithmetical theories closer, we
will assume that all the representation of constructions used in the arithmetical
theories are the official definition of those concepts in the metatheory. This

12



means that finite lists, formulas or proofs are numbers in the metatheory and
they are defined as we defined them in arithmetical theories. This means that
whenever we have an object defined by a number n, n is a term representing
that object inside the arithmetical theories. As an example, we assume that we
use a representation of formulas that works for iEA. This means that we will
have formulas like term, form, sent claiming that a number is a term, a formula or
a sentence respectively and terms like —>',/\’,\/',V’,EI',J_',6.,—|-', x*. We also
have the usual proof (p,A) and prov_(A) predicates, where « is a formula which
represents some set of sentences. Then proofa(p,A) means that p is a proof from
axioms in « of the formula A, and prov (A):=3p. proof (p,A). We assume that
proof (p,A) implies that (p)lenght(p)ﬁ ~ A, i.e. that the last element of p is A.
This implies that the proofs are single-conclusion proofs. We will also write
der,(X,A) to symbolize the derivability predicate, in other words, provability
from a (finite) set of assumptions X.

Some elementary functions that are important in this context are also fv,bv,
of free variables and bound variables of a term/formula. Their respective terms
are fv and bv. Also, the representation of the function defining numeral, which
will be denoted as num. In case it is applied to a variable z we will denote it as
z.

Another elementary function that we are going to use widely is the represen-
tation of substitution, subst(¢, sg,s;). The idea is that ¢ is a term or a formula,
Sp is a sequence of variables and s; a sequence of terms, both sequences of the
same length. Then subst(¢, sg,s;) means the substitution in ¢ of the first vari-
able of sq for the first term of s;, the second variable of s, for the second term
of s;, and so on. In case we write things like subst(4,zg,1q,..., Ty, Tp) Where
z; are variables and t; are terms, we mean subst(@, (Vg, ..., Up ), (Tgy -, Tp)). The
function can be represented in all the theories we work with, with its recursive
equations, and as we said earlier, we will refer to it as subst.

So, for example, the theories T' we work with fulfill that:

|_T subst (E; <$07 (] Q?n), <T01 1T7L>> ~ subSt(¢1 <x0> (] $n>, <T0a 1Tn)7

and .
Frnum(n) ~n.

More concrete examples of these equalities, are:

7 subst (a: ~ y,E,E,@,g) ~TA 3,

Frnum (§) ~3,

13



and

Let ¢(zg,-..,Zn_1) be a formula whose free variables are among g, ..., Z,_1-
That formula can be understood as a function ¢ : Term™ — Form such that:

(TO) 1Tn71) = ¢(TO) 7Tn71)'

This function can be arithmetized in iEA, so we have a term ¢° such that for
any terms 7g,...,Tp_1

I_iEA ¢' (T_Oa 1T'n.—1) ~ ¢(T01 1T'n—1)'

Similarly, given a term t(zq,...,Z,_1) We have a term 7° such that

I_iEA T° (T_Oa 1T'n.—1) ~ T(T07 1Tn—1)'

Finally, let us discuss how to define O¢ in the context of arithmetical theo-
ries. Assume we have a formula ¢(z,yg, .-, Yn—_1), then we can define a function
box¢ : Form x Term™ ! — Form as

bOX¢((/J(ZO7 7Zm71)1 Toy e 7Tn71) = ¢(SUbSt((/))z_0y 2’:01 :szl)zmzfl): T0yeee )Tnfl)'

Note that the free variables of boxy(¢,7g,...,Tn—1) are the union of the free
variables of ¢, 7g,...,T,_1. In case ¢ is a formula, whose only free variable is z,
we will call boxy a box function, and we will usually denote it by O or A with
subscripts. For example, if we have a predicate o with an associated provability
predicate prov , we will write OJ, for boxprova. We will say that boxy is ¥ to
mean that ¢ is ;.

Given a formula ¢ and the function boxy, it can be represented inside iEA.
As usual, the term representing this function will be denoted by boxs and in
case [ is an alternative notation for boxy, 0° will be an alternative notation for
boxg. Let us ¢(z) be a formula with only one free variable and O denote its box
function. Then we have the following properties:

Fiea VA . form(A) — form(O° A).
FiEA VA. fV(.A) ~ fV(D. A)
Fiea VA . sent(A) — prov.., (O A «° ¢°(A)).

So the usual properties of boxy are iEA-provable.
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1.5 Provability logic

Finally, after introducing the necessary concepts from arithmetical theories and
modal logic, we can introduce the fundamental concepts of provability logic.

1.5.1 Definition of provability logic of a theory

We will be working with a box functiond that comes from an arithmetical
formula P(z). We remember that in the previous section we talked about how
to formalized a box function O inside a theory T obtaining a term O°.

Definition 22. A realization is a function o from propositional variables to
arithmetical sentences. If 0: £; — £, we can extend o with O to og: L, —
Sent as follows:

qQ

~—

D ()
T)
o(L):=

(
(
(
n(¢— (/)) = op(¢) — on(¢),
(
(
(

O

Q

O

Q Q
[

qQ

o(@ A ) = op(¢) Aog(¢),

o(¢ V)= on(9) Vog(¢),

0¢) :=D0(0on(¢))-

When it is clear from context we may drop the parenthesis in o5(¢) and write

on¢ directly.
A ¥ -realization is a realization o of shape o:£; — X;-Sent. |

Q

Q

O

Note that in the clause o5(0¢) :=0(o(¢)) one has to be careful. The O at
the left hand side of := is part of the syntax of modal logic. On the contrary,
the O at the right hand side of := is a function from arithmetical formulas into
arithmetical formulas. With realizations and its extensions one can define the
provability logic of a theory with a box function.

Definition 23. Let T" be an arithemtical theory and O0: £; — £L;. We define
the set PL(T",0) as follows:

PL(T,0):={¢ € Ly | for any realization o, Froy¢}.
We also define the set X;-PL(T",0) as follows:
% -PL(T,0):={¢ € L, | for any 3 -realization o, Fpoq¢}. [ |

Usually, theories T' will have a selected provability predicate prov, (more on
this in Subsection ). When that is the case, we talk about the provability logic
of T or the X -provability logic of T, written PL(T") and %;-PL(T") respectively,
to mean PL(T,07) and Z1-PL(T,Or).

15



1.56.2 Gobdel-Lob and Hilbert-Bernays conditions

We define some conditions that we impose to box functions to make them
adequate for provability logic. This conditions are natural conditions that would
be impose to a provability notion. The names of the conditions are the names
of the ones who proposed them first.

Definition 24 (Gédel-Léb conditions). Let U,T be theories and O be a box
function. Then we define the uniform Gédel-Léb conditions for (U,T,0) as
the following three conditions:

1. (Necessitation) For any ¢ € Ly, if b7 ¢ then FyO¢.
2. (K) For any ¢,¢ € Ly, FyO(¢p — ) —0O¢ —DO¢.
3. (Trans) For any ¢ € £y, FyO¢ —0O0O¢.

We will write GLy 75 to mean that (U,T,0) satisfy the uniform Godel-Lob
conditions. If we restrict the formulas in the conditions to be sentences we
obtain the Gdédel-Léb conditions for (U,T,0). When (U,T,0O) satisfy these
conditions we will write Gl 7 5. When U =T we will write GLy 5 and Gl
instead of GLy 1 and Gl 7. [ ]

Definition 25 (Hilbert-Bernays conditions). Let U,T be theories and O be a
box function. Then we define the uniform Hilbert-Bernays conditions for
(U,T,0) as the uniform Gédel-Lb conditions plus the additional condition

4. (Completeness) For any ¢ € &y, by ¢ —0O¢.

We will write HByy 7  to mean that (U, T',0) satisfy the uniform Hilbert-Bernays
conditions. If we restrict the formulas in the conditions to be sentences we
obtain the Hilbert-Bernays conditions for (U,T,0). When (U,T,0) satisfy
these conditions we will write Hby 7 5. When U =T we will write HBp 5 and
Hbr o instead of HBr 7 and Hby 7. |

Lemma 26. Let U,T be theories and Obe a 3 box function. ThenHBy; 7 5.Compl
implies HBy; 1 1. Trans. The same holds if instead of HB we have Hb.

Proof. Just notice that if ¢ € ¥, then by HBy; 1 o.Compl we get -y O0¢—00¢.
O

Lemma 27. Assume that HBy 1 . Then, for any ¢ € £, if Fipo ¢ then -y O¢.

Proof. Trivial, since ffoL ¢ implies -7 ¢ and then by HBy 7o we get -y 0¢.
O
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Lemma 28. Assume that HBy 7 and for any ¢ € £, fv(¢) =fv(Od¢). Then
1. FyO(Ve . ¢) — (Vo .O¢),
2. by (Fz.0¢)—0O(3z . ¢).
Proof. Note that Hiro (V. ¢) — ¢, so by HBy 75 and Lemma 27 we get
FyO(Ve . ¢) —0¢.
By generalization rule we get
FyVz.OVz . ¢)—0O¢.

which implies
Fy (Vz .0V . ¢))— (Vz .0¢).

But since z ¢ fv(Vz . ¢) we have that z ¢ fv(O(Vz . ¢)). This implies
FyO(Vz . ¢) — (Vz .O¢).

The proof of (2) is analogous. O

Lemma 29 (Monotonicity in the conditions). Let C be HB or GL (Hb or Gl).
We have that

1. If Uy c Uy, then Cy, 7 o implies Cy, 7.
2. If Ty c Ty, then Cy 1, o implies Cy 1, o

3. Assume that for any formula (sentence) ¢, by A¢p —O¢ and O is a 3 box
function. Then, HBy 7, (Hby 7 ) implies HBy 7 o (Hby o).

Proof. (1) and (2) are trivial. Let us talk about (3). We only show transitivity
since it is the trickiest. The idea is that since O¢ is &; and HBy 1 , we have
that FyO¢ — AO¢. But by assumption F; AO¢ —0O0¢ so we get the desired
FyO¢ —0O0¢. O

Finally, let us talk about how to formalized this conditions in arithmetical
theories. The idea is that instead of having a triple of two theories and a
function, we have a triple of two unary predicates and a unary term. In this
case we will denote the conditions with sans-serif font. For example, let us have
¢(z),$(z) unary predicates and 7(z) an unary term. Then HB , . denotes the
conjunction of the following four formulas:

1. VA.form(A) A¢(A) — ¢(t(4)).
2. VA, B.form(A) Aform(B) — ¢(t(A—°*B)—°t(A) —=°1(B)).
3. VA.form(A) — ¢(t(A) —° 1((4))).

17



4. VA S -form(A) — ¢p(A—°1(4)).

We do the same with GL to get GL. Note that to get Hb and Gl it suffices to
change form to sent. Then,
FrHBg -

means that T shows that (¢,,t) fulfills the Hilbert-Bernays conditons.

1.5.3 Reflection and Absorption

In this subsection we define the reflection and absorption principles. These
princples are a fundamental part of our tools.

Definition 30 (Reflection). Let O be a box function, then we define the set
RFEFNp of uniform reflection principles, as

RFNg:={0¢—¢ ¢ c Ly}

In case we want to restrict the formulas ¢’s to belong to a particular set I' we
will write ¥1-RFNp. Of particular importance is the set of sentential reflection
principles, i.e. Sent-RFN, which we will denote simply as Rfnq.

We will write things like RFNp 5 and Ring 5, where T' is an arithmetical
theory, to mean that -7 RFN7 5 and -7 Ring, respectively. |

Note that reflection is in some sense an internatization of soundness. One
of our main use for reflection will be to prove another principle that will be
fundamental for our tools: absorption.

Definition 31 (Absorption). Let 0,A be box functions. We define the set of
sentence Abs- , as:

Absy , :={0A¢—D0¢ | ¢ € Sent}.
Also, if ' € £, we define the set of sentences I-Abs , as:
Absy \ :={0A¢p—0O¢|¢p cSentNT'}.

Finally, we will write Absy, to mean that 7 Abs;, and similarly with
[-Absy 4. |

Lemma 32. Let Obe a box function and A be a ¥; box function. Then, Hbr
and Absp o, implies that for any sentence ¢, we have that Fr A¢p —0O¢.

Proof. Let ¢ be a sentence, we know that A¢ € ;. Then, by Hbr, we get
that -7 A¢—0OA¢. Since Absr , we also get that —rO0A¢—DO¢. Using these
two facts, we get -7 A9 —0O¢, as desired. O
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1.5.4 Fefermanian predicates

Definition 33. Let U,T be theories and « be a formula. We say that o enu-
merates T in U if

¢ e AXT iff |_U O((¢)
We say that o truly enumerates T if
¢ € Axp iff Eya(9).

We will say that a theory T is U-arithmetized iff there is a formula « such that
o enumerates T in U. In this case we will refer to the o as axg.

If " is a class of formulas, we will say that T'is (I",U)-arithmetized if axp € T'.
In case U =T we will say that it is self arithmetized and in case there is an «
that truly enumerates 7" we will say that it is truly arithmetized and we will
refer to this o as axq. |

In the context of an arithmetized theory T' we will write proof,, prov,, and
Or to mean proofaxT, prov,.. and 0,,,, respectively. We put here some lemmas

that allow us to derive HB conditions from provability predicates defined by
an axiomatization formula that enumerates a theory. We start with the modus
ponens condition.

Lemma 34. Let T',U be theories such that
1. iEACU.

Then, for any formulas ¢, ¢

l_UDa(¢_>¢)_’Do(¢_>Doc¢~

The necessitation condition, which is proven by induction (performed in the
metatheory) on the proof of Fr ¢.

Lemma 35. Let T',U be theories such that
1. iEACU.
2. o enumerates T in U.
Then, for any formula ¢
Fr ¢ implies 50O, ¢.
The formalized completeness principle.
Lemma 36. Let U be theory in the language of £(exp) such that
1. iEACU.
2. FyVA. prov,pes(A) — prov, (A).
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Then for any formula ¢ € ¥; we have that:

FU¢4)D(1¢'

If we want to have all the HB conditions we need one additional detail. We
need that U shows that O, ¢ is 3;. There are two alternatives: either o is Ay
or o is ¥; but U proves X;-collection. Then, we can put this corollary:

Corollary 37. Let T',U be theories in L(exp) such that
1. Either « is Ag and iEAC U or « is &y and iEA+BY; c U.
2. o enumerates T'in U.
3. Fy VA, provyes(A) — prov, (A).

Then HBy 7 -

In case U, T are theories in £(%») we just need to change iQ™P to iQ””
which is the theory based on iFOL whose axioms are those of PRA without
induction and replacing 0 # SO for Vz .0+ Sz. In particular, HBipRrA Gipra-

The proofs needed for these lemmas can be carried inside iEA, so

Corollary 38. Let T',U,V be theories in L(exp) such that
1. Vis an extension of iEA.
2. We have one of the following:

(a) o is Ag and by prov,c, (A) — prov,(A4)

EA(

(b) aris Xy and prOViEA+B21(A)

— prov,(A).
3. by VA . axp(A)— provU((x'(A)).
4. FyOy(YA. provigee(A4) — prov, (A)).

Then HBprOVU’provTﬂ;

Finally, we put two lemmas which allow to change the base theory used for
the enumeration.

Lemma 39. Let Uy,U; be Ag-complete and consistent and o be Ay. Then
o enumerates T in Uy iff o enumerates 7" in U;.

Lemma 40. Let Uy,U; be X;-sound and ¥;-complete. Further, assume that
Fy, BE;. Then

o enumerates T in Uy iff o enumerates 7" in U;.
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Truly arithmetized

Now, let us connect theories arithmetized in other theories with truly arithme-
tized theories.

Lemma 41. Let T',U be theries and o € I'.  Assume that U is I"-sound and
I'-complete. Then

o enumerates T in U iff o truly enumerates T'.
Proof. It suffices to show that for any sentence ¢,
_— (5) i By o (5) :

But this is trivial since o € I' and U is I'-sound and I'-complete. O

Lemma 42. Assume that « truly enumerates 7. Then for any formula ¢,

g iff Fy prov, (5) .

Proof. Left to right is proven by a simple induction in the proof of ¢. For right
to left we know, by definition of Prov., that there is a sequence of formulas

(¢0, -+ Pr) such that Ey proof (<¢0, ,¢n),$). Then we just need to proceed by
strong induction (in the metatheory) over the length of the sequence. O
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Chapter 2

Translations

In this chapter we give the definition of various known translations of first-order
formulas. With a translation we mean a function from £; — £;. All these
translations will have a theorem which claims that, under certain conditions on
the theories, if a theory T proves ¢ then a theory U proves the translation of
¢. What is more, all the results we are going to see here are formalizable inside
iI2;1. This is of great importance, since we will use mainly the formalized
version of the theorems in the rest of chapters. All these results are widely
known, we write them here for completeness and because some of them need
light modifications in the condititions, to be more general.

We have only included the proofs related to Visser’s translation, since it
is the most important translation for our purposes. The proofs related to the
rest of the translations can be found in Appendix A. The reader can skip this
chapter in a first reading and consult it only when needed.

2.1 Godel’s and Friedman’s Translations

First, we define a concept that is going to be fundamental for most of the results
in this chapter.

Definition 43. Let T be a theory and f: £;(T') — £1(T"). We say that T is
closed under f iff
For any ¢ € Axp, b1 f(d).

[ |
We define Godel’s double negation translation. This translation is really

useful to relate classical arithmetical theories with intuitionistic arithmetical
theories.

1In fact, they would also be provable in iEA, but seeing that they are formalizable in ilZ; is
straightforward
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Definition 44 (Gé&del’s translation, Double negation translation). Let ¢ be a
formula. We define recursively the formula (¢)q as:

)q:=¢ if ¢ atomic,
(A= (P)aN (@)as
Ja=""((¢)cV(¥)a),
(¢—¢)e:=(P)c— (¥)a,
)
)

(Vz.p)g:=Vz.(¢)a,
(E|$¢ Q= ﬁ_‘(HZE‘ (¢)G) [ |

Lemma 45. Let T be a Ap-decidable theory. Then for any ¢ € Ay we have
that

Fr(d)e < ¢
Theorem 46. Let T be a theory closed under ( )g and let ¢ € £;. Then,

FroL,r ¢ implies —;roL 7 (¢)c-
This is i3, verifiable.
Using deduction theorem it is easy to conclude the following corollary.

Corollary 47. Let T be a theory closed under ( )g andlet I' € £; and ¢ € L;.
Then,

I'~roL,r ¢ implies (I')g FiroL,r ($)a-
Now we proceed with the Frieman’s translation. The idea of this transla-

tion is to traverse the formula until it arrives the atomic subformulas and then
introduce a disjunction.

Definition 48 (Friedman’s translation). Let ¢ be a formula, we define the
formula (¢)(é) recursively in ¢ as:

(¢)$ =@V, if ¢ is atomic;
(B0081)% = (¢0)%0 (¢1)%, where o€ {—,V,A};
(Qz. ¢)ﬁ =Q. (¢)$, where Q € {V,3}. ]

We prove a fundamental property of this translation. The idea behind this
property, is the same as the axiom ¢— ¢V ¢. Note however, that the equivalent

of p— ¢V, ie ¢p— (¢)$, does not hold in general.

Lemma 49. Let ¢, ¢ be formulas such that no free variable of ¢ occurs bounded
in ¢. Then:

- - (9).
Now, two lemmas establishing that for Ay or ¥; formulas and Ay-decidable
theoreis, the translation is equivalent to the disjunction.
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Lemma 50. Let T be a Ag-decidable theory. Then for any Ag-formula ¢ and
any ¢, such that the free variables of ¢ are not bounded in ¢, we have

Fr (¢)h o ¢V .

Lemma 51. Let T be a Ag-decidable theory. Then, for any ¥;-formula ¢ and
any ¢, such that no free variable of ¢ appears bounded in ¢, we have that:

Fr(9)) o oV .

Now we need two technical lemmas, one about variables and the other one
about substitutions.

Lemma 52. For any formulas ¢,¢, such that no free variable of ¢ appears
bounded in ¢:

L fv((9)p) = fv(¢) UEv(¢).

2. If z is free for T in ¢, ¢ then z is free for 7 in (¢)$

Lemma 53. Let ¢,¢ be formulas, 7 a term and z a variable. Assume that no
free variable of ¢ occurs bounded in ¢ and z ¢ fv(¢)). Then

(8lz/T)E = (9)Flz/7]
Finally, the main theorem:

Theorem 54. Let ¢, be formulas. Assume that we have a proof r of - ¢ such
that no free variables of ¢ appears bounded in the formulas of 7 and that T is

closed under (7)$ . Then
Fr (@)

Note that in a proof we can always rearrange the name of the bound vari-
ables to make the theorem applicable. As a corollary of the theorem, using the
deduction theorem.

Corollary 55. Assume that T is closed under (_)ﬁ and we have a proof © of
I' 7 ¢ such that no free variable of ¢ apears in m or in I' bounded. Then

(O Fr (g
Corollary 56. Let T be closed under (_)ﬁ If we have a proof 7 of -7 ¢y < ¢,
where no free variable of ¢ appears bounded in 7, then F7 (¢0)$ o (¢'1)$.
Finally, we state the formalized version inside any extension of il¥;.

Corollary 57. Let U be a theory such that
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2. by VA. a(A)—sent(A).
Then, we have that

VC.a(C)ﬁprova(C)f,
Vv.—(vefv(A)ATC ep.vebv(C)),
proof (p,A)

B
Fy prov,, (A)¢ .
We note that we have written prova(C’)g instead of prova((C)jFB). This kind

of omission of brackets will be used frequently, even with other translations.

II,-conservativity over classical theory

Finally, this lemma claims that with Godel’s and Friedman'’s translations one
can prove the II,-conservativity of classical theories over intuitionistic theories.
We note that all of this is provable inside il%;.

Lemma 58. Let T be a theory such that it is closed under Goédel’s translation
and under Friedman’s translation for ¥;-formulas. Then, T with classical logic
is II5-conservative over T' with intuitionistic logic.

2.2 Visser’s Translation

In this section we will define Visser’s translation. This translation will not
only be defined over formulas, but also over theories. Then, the method for
calculating the ¥;-provability logic of a intuitionistic theory that we use here
can be understood as calculating the 2;-provability logic of the Visser translated
theory and then lift the calculation to the original theory.

2.2.1 Definition and general properties

If we are given a box function O, we will define &: £; — £ as

Cg:=¢dA0P.

We define the main translation for our purposes: Visser’s translation.
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Definition 59 (Visser’s Translation). Let O: Form — Form. We define the
function (_)\D/ : Form — Form by recursion as:

(¢ )\D/ = ¢, if ¢ atomic;
(BAD)y = (B)y A (P)ys
BV )y =(8)y V(¢)y;
(¢ —¢)y =E((9)y — ($)y);
(e ¢)y =32 . (¢)y;
(Vz . ¢), =E(Vz . (4),). |

The following lemma is the fundamental property of Visser’s translation.

Lemma 60. Let T be a theory such that HBy 5. Then, for any formula ¢

Fr(¢)y —D(9)y-

Proof. We proceed by induction on the complexity of ¢. If ¢ is atomic we use
HB7 o.Compl.
Let ¢ = ¢y A ¢1. Then by the induction hypothesis

Fr (¢:)y —0(8:)y-
Then
Fr (g0 A ¢1)\D, = (¢0)5 A (¢1)\D/
—0(d0)y AD(d1)y (by LH.)
—’D((¢0)\D,/\ (¢1)\D,) (by HBr )
=0(¢o A1),
Let ¢ = ¢y V ¢1. Then by the induction hypothesis
Fr (¢0)y =080y
Then

Fr (do Vv ¢1)\D, = (¢0)\D, v (¢1)\D,

—DO(¢o)y VO($1)y (by LH.)
H‘3'((<2"’0)-\D,\/ (¢1)\D,) (by HBr )
=0(¢o Vv ¢1)\D/
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Let ¢ = ¢y — ¢1. Then

Fr (do— ¢1)\D, = B((%)g — (¢1)5)
—0((¢o)y — (#1)y)
—’DE‘((%)\D/ — (¢1)\D,) (by HBr )
=0(¢o— ¢1)\D/
Let ¢ — 3z . ¢o. Then by the induction hypothesis
Fr (¢o)§ HE‘(@"o)\mf

Then

Fr(3z. ¢o)\D, =dz. (¢o)\D,

—3z.0(¢0)y, (by L.H.)
-0 - (¢0)y) (by HBp )
=0(3z. ¢0)3

Let ¢ =Vz . ¢g. Then

Fr (V2 . ¢o)y =E(vz . ($0);)

—0(Vz - (¢0)y)
—OE(Vz - (¢0)y) (by HBp )
=0(Vz. ¢0)\D/

O

We prove multiple lemmas that ease the calculation of the translation of a
formula.

Lemma 61. Let T be a theory such that HBr 5. Then:

Fr (VZg, ey Ty - ¢)\D/ S B(VTg, ey Ty - (¢)\D,)-

Proof. By induction in n. The case where n =0 is thanks to Lemma 60.
Case n+ 1. By the induction hypothesis we have that

Fp (Y21, e, T - B)y @ BVEL, o, T (B)).
Using iFOL reasoning

Fr (Y20 - (V21,20 - B)y) © (V2o . B(VE1, o, T - (9)7)), (i)
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and by HB7 o we also get

O

FrO(VEg - (Y21, s Ty - B)) © O(V2g . D(VE1, .o, T - (9)))-

Then

7 (Y20, oy Ty - B)y =E(VZg . (Y21, ..., 20 B))

(i)

S B(VEy . BV, ey Ty - (D)) (by (i) and (ii))

v
SE(YZg, o, T - (6)7)

Let us show < in detail.
—. Note that

FrE(VEy, .y Ty, (¢)\D/) VLY, e, Ty (¢)\D/,

e}
FT (Vmo . E‘(VCEL ey Ty - (¢)S’)) - va) weey Ty - (¢)57
and finally by HB7 ; we can conclude:

] ]

Fra(vVey . B(Vey, ... Ty - (¢)V)) —E(Vzg, ..., Ty . (¢)V).
& Tt suffices that we show
Fp (Y0, s 2y - (B)y) 2 BV . O(VE1, o, T - (8)y))
Note that by Lemma 28 we have that
FrO(Vzg, .., Ty - (¢)3) —Vzo . OV, .., Ty - (¢)3)
Then by HBr ; we have that:

FpO0(Y2g, o, T - ($)) = D(¥Z0 . O(VE1, o, T - (8)7)).

But FpO(Vag, .., Ty - ($)5) = O0(VZ0, o, T - (6)1)

Lemma 62. Let T be a theory such that HB7 5. Then:

Fr (/\@—’%) iado (/\(%)\D,—’((Pi)s) :

<n v <n

Proof. By induction in n. If n =0, then it is trivial by definition.
Case n+ 1. By the induction hypothesis we have that

Fr (/\@-’%) dc (/\(¢i)\m,—>(¢¢)3) :

i<n v <n
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Then

</\ ¢ﬁ¢z> (/\cmwz-) A (Bns1 = Pnr)y

1<n+1

_ ( /\d,ﬁ%) (Br1)— Gnn))

<n

<—>E|</\(¢¢)\D,—>(¢¢) )AE'((%H) = (¢ns1)y)

=" (by I.H.)
- ( A <¢i>sa<¢i>s) m( A <¢i>3ﬁ<¢i>3)
1<n+1 1<n+1
(bY HBT,D)
- A @) ]
1<n+1

Lemma 63. Let T be such that HBp .

Fp (VT . ¢p— (,b)\D, — (V. (¢)\D, — (¢)\D,)
Proof. We have that

Fr (Ve . ¢ — @)y =E(vz . (9 — ¢))
a(vz . =2((¢), — (¢)7))

vz . (¢)y, = (9)y)

,-\A

Ie I

Let }kls show & in detail.
—. We have that

FrB(()y — (D)) = (9)y = ()5,
but then by iFOL reasoning

Fr (Ve . ®((9)y — ()y) = (Ve . (8)y = (¢)), (i)
and then by HB7 o we get
Fro(ve . @((¢)y — (¢)y) =0z . (8)y — (9)y)- (i)

(i) and (ii) give the desire implication.
& 1t suffices to show that

FrO(vz . (8)y — ($)y) = B(ve . O((9)y — (4)y)- (1)
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First, note that thanks to Lemma 28 we have that

O

rO(vz . (9)) — (9)) - Ve .O((9)) — (¢)7). (i)

Then by HBr  we get

FrOO(v . (¢ — ()3) — O(ve . (@)L — (D)Y)).

Since FpO(Ve . (¢)\D/ — ((/))5) —0Od(Ve . (q’))\D/ — ((/))\D/) we get

[m]

FrO(ve . (¢)y — (¢)y) ~ 0¥z . O((9)y — (4)y)). (iii)
(ii) and (iii) gives (i). O
With the help of Lemmas 61 and 63 is not hard to give a prove of the

following corollary.

Corollary 64. Let T be such that HBr .

1 (Y20, Zp - § = @)y 0 B(V20, o T - (B)y = ()})-

Lemma 65. Let T be such that HBy ;. Then for n > 1 we have that:

Fr (¢n = - = Go)y < B((Bn)y — -+ — (B0)y):

Proof. By induction in n. If n =1, te result is trivial by definition of (_)D.
Now, let us prove the inductive step. So assume, by the induction hypothesis
that:

Fr(fn — - — ¢0)\D, = E‘((‘Pn)\m, — e (¢0)\D,),

which implies

o (@nin)y = @n == 8007 ) = ((Bnsn)y —E((0)5 = = (90)) ()

Also, thanks to HBr  we get

P20 ((@nen)y = (0 = = 40)7 ) = O((@nra)y ~ BBy = = (@0)]))
(i)
Then we have:

O

Fr (¢n+1 e ¢O)\D/ =0 ((¢n+1)v - (¢n e ¢0)\D/)

o 8((Gn)y ~E(B)5 = = ($0)7))
(by (i) and (ii))
E((@ns1)y == (o))
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Let us show <> in detail. -5 is easy, so let us show & Tt suffices to show
20 ((@nen)y = = (00)7) =B ((Bne)) 2 0((@0)7 =+ = ($0)7))-

Thanks to HBr and 7O ((¢n+1)\m,—’"'—>(¢o)3) —00 ((¢n+1)\m,—>'”—>(¢0)\m,)
we have that it suffices to show

O

Fr0(@ni)y == @0)7) = (@nr1)y = D((@a)5 =+ = (90))))- ()

But (i) is easily proven using Lemma 60, since then k¢ (¢n+1)\D/—)D(¢n+1)\D|£|
We prove a pair of lemmas that says that under certain conditions Visser’s
translation over Ay and ¥; formulas is equivalent to the identity.
Lemma 66. Let us have HBy . Then, for any ¢ € Ay we have that
Fr (o)l < ¢.

Proof. We proceed by induction of the definition of Aj-formulas. If ¢ is atomic
then it is trivial since (¢)\Df =¢.

The cases where ¢ is a conjunction, disjunction or an existential quantifica-
tion are trivial using the induction hypothesis

Let ¢ = ¢y — ¢1. By the induction hypothesis

Fr ((¢0)\D, - (¢1)\D,) < (o — ¢1) (i)

By HB7 4 we also have

"TD((%)\D, — (¢1)\D,) < 0O(¢o — ¢1) (ii)
So we can conclude using (i) and (ii)

FTE'((Q"’o)\D, - (¢1)\D,) (o — ¢1).
And the RHS is T-equivalent to ¢y — ¢; thanks to HBr 5.Compl on the formula
¢g — ¢1, since it is A,.

Let ¢ =Vz < 1.¢g. By the induction hypothesis we have that
Fr (¢0)5 “ ¢o.

Then by iFOL reasoning

Fr (Ve < 7. (do)y) < (Vz <7 ). (i)
By HB7 5 we also get

FrO(VE < 7. (¢0)y) > O(Vz <. ¢p). (ii)
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And then we can conclude

Fr(Vz <. ¢0),\D/ vz . (z < 1)5 — (¢0)5) (by Lemma 63)
— vz <. (40)7)

(Ve <T. ¢g). (by (1) and (ii))

O

Corollary 67. Let us have HBr . Then, for any ¢ € ¥; we have that:

Fr (@)Y < ¢

Proof. Since ¢ is a ¥; formula we have that ¢ = Jz.¢, for some Ay-formula
¢o- By lemma 66 we have that 7 ¢g « ¢y from which we can derive by iFOL
reasoning that 7 (3z.¢5) < (3z.¢y), as desired. O

We need to prove some technical lemmas related to the behaviour of Visser’s
translation with variables and subtitutions. In order to do so, we first need to
prove the following lemma about the behaviour of box functions and substitu-
tions.

Lemma 68 (Substitution). Assume HBy ;5. Then, for any formula ¢, vari-
able z and term 7 free for z in ¢:

Fy (@¢)[z/7] «O(#[z/7])-
Proof. First, let us assume that z ¢ fv(r). By HBy 7 1.Compl we have that
Fpr~z —0O(t=2z). (i)

We also have that Firoi 7~z — (¢[z/7] « ¢). Using HBy 1 5 and Lemma 27
we get that

FyO(t =z) — (O($[z/7]) < OY). (it)
(i) and (ii) implies that Fyt~z — (O(¢[z/7]) > O¢). But then
Fyt~T— (O(¢[z/7]) < O¢)[z/,

where we used that z ¢ fv(r). Using z ¢ fv(r) again, we get the following
equality of formulas

O([z/7]) = OP)[z/7] =0(¢[z/7]) = @)z /7],

so we get the desired conclusion (since t ~ T is provable).
If z € fv(r), first we do the same proof for ¢ := ¢[z/y] where y is a new
variable and then note that ¢[y/t] =¢[z/7] and (O¢)[y/7] = (O¢)[z/7]. O
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Finally, the technical lemma about variables and substitutions.
Lemma 69. For any formula ¢, variable z, and term t, if HB7 5 then

1. ¢ and (¢)y have the same free variables.

2. 7 free for z in ¢ iff 7 free for z in (¢)y.

3. If 7 free for z in ¢, then 7 (¢)y[z /7] < (¢[z/7])7-

Proof. Each of the statemens is proved by induction in ¢. The first two are
trivial and for the third it suffices to use Lemma 68. O

2.2.2 Translating theories

As we said in the introduction to this chapter, we want to show a theorem
claiming that if U proves a formula ¢, then a theory T proves the formula

(qb)\D/. For Godel’s translation U is the classical version of T and for Friedman'’s

translation U = T. In case of Visser’s translation we need to define a new theory.

Definition 70. Let T be theory and O be a box function. Then we define the

arithmetized theory (T)\D/ as:

(T)y =T +{¢ € Sent | 7 (¢)}.
In addition, if T"is an arithmetizable theory, we define the formula:

ax(T)g (A):=axp(A)V provT(A)\D;, m

O

The following result follows directly from the definition of (T)V.

Lemma 71. For any formula ¢,
7 (¢)y implies "

Proof. By definition of (T)\D/ we will have that ¢ € AX(T)D.
v

And now the desired result. It is the reverse direction of Lemma 71.

Theorem 72. Let T be a theory such that HBr 4 and let T be closed under
(_)\D[. For any formula ¢, we have that

~(ry ¢ implies 7 (#)-
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Proof. We proceed by strong induction in the length of the proof of I—(T)u ¢ and
\%

cases in the justification for the last formula. Note that thanks to the hypothesis
if ¢ is a non-logical axiom of (T)\D/ we are covered. We need to check all logical
axioms.

Propositional logic axioms (1 to 7) are easy, using Lemma 65 when necessary
to simplify the calculation of the translation.

Let us assume we have the axiom (Vz . ¢)— ¢[z/7] where z is free for 7 in
¢. The translation gives

A((ve - ¢)y — ($lz/7])y),
since HBrp ; it suffices to show
Fr (Vz . ¢)y — (¢lz /7))

Note that thanks to Lemma 69 we know that z is free for 7 in (¢)\D[. Then we
have:

1 (Ve.g)y, =B(ve . (9)y)
— ((}5).\5/[:12/‘[] (since z free for 7 in (d))s)
- (¢[:r/r]),\D/ (by Lemma 69)

Let us assume we have the axiom (Vz .¢—¢)— ¢ — (Vy. ¢[z/y]) where
z ¢ fv(¢) and (z =y or y ¢ fv(¢)). Using Lemma 65 and that HBy o we know
that it suffices to show that:

(Vz. g — @), — )y — (VY. dlz/y])y-
Using Lemma 63 we know that this is T-equivalent to

O

m(ve . ()2 - (@)9) = (@) vy ($lz/v])2).
Thanks to Lemma 69 and HBr 5 we get that this is T-equivalent to
m(ve . (@) — (@) = (@)2 >y (¢)]z/v]). (i)

Notice that thanks to Lemma 69 we have that = ¢ fv((gb)?/) and, using the same
lemma, if y # = we have that z ¢ fv((qb)\D/). This means that

(Vo . (@)y = (9)5) = )y — (V9 (#) e /3]), (if)

since it is another instance of the same logical axiom. In addition, thanks to
HB7 and (ii), we have that

O(vz . ($)y = (#)y) = D)y —0(vy - (#)ylz/9]),
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Thanks to Lemma 69 we have that ((/1)5 —>D(¢)3. From this we get

O(ve . ()7 — ($)) = ()2 0¥y - (&) 2le /), (i)

and (ii) and (iii) gives the desired (i).
The existential quantifier axioms are analogous to the universal quantifier
axioms.

All equality axioms are a block of universal quantifiers and a A, formula ¢.
But if ¢ is Ay then

Fr (Vzg, ... ,zn,l.cp)\D/ — (v, ... ,a:n,l.(q’:)\ml) (by Lemma 61)

—E(Vzg, . Ty _1.0) (by HB7 5 and Lemma 66)
But the last formula of the equivalence is clearly provable in T' using HBp .
Modus ponens. So assume that we have -7 ¢ and we have shorter proofs of

Fr¢ and -7 ¢ —¢. Applying the induction hypothesis to this shorter proofs we
obtain that k7 ((,b)\D/ and ¢ ((/)—>¢)\D/, in other words, I—E(((p)\ml — (¢)\D/) From

these is easy to derive ¢ (¢)\D/ using iFOL reasoning.
Generalization. Assume that we have -7 Vz.¢ and there is a shorter proof of
Fr ¢. By the induction hypothesis we obtain that 1 (gb)\D/, using generalization

we derive that 7 Vm.(q&)\ml. Since HB7 , we also have that D(Vm.(q&)g) s0 we
can conclude that ¢ (V:v.q’))s, as desired. O

A corollary that is easy to prove thanks to the deduction theorem.

Corollary 73. Let T be a theory such that HB7 5 and let T be closed under
(_)\D/. Then

I+ ¢ implies D)y Fr()y

Theorem 72 also allows to establish a conservativity result from (T)\D[ to T.

Corollary 74. Let us have a theory T such that HBr 5 and T is closed under
(_)\D/. For any ¢ %;-formula

}—(T)\u/ ¢ implies Fr¢.
In particular:
T is consistent if and only if (T)g is consistent.

Proof. Thanks to invariance of 3, formulas under translation (Lemma 67) and
Theorem 72. O
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And finally, the formalized version of the theorem.

Corollary 75. Let T',U be theories and let O be the box function of a -
formula with one free variable. Assume that

1. 1%, cU.
2.y HB oy, -

3. by VA . axp(A) — provT(A)\D/..
Then

A

Fu VA.prov(T)\A[(A) & prov,(

Proof. We can replicate the arguments of the section of Visser translation gen-
eral properties and the theorem of translating theories but inside of U, since
in the metatheory we only need X;-induction to show these arguments. The
conclusion, is just the formalization of the Theorem 72. O

2.2.3 Translating a provability predicate

From provability predicates of T' we need to be able to construct provability
predicates suitable for (T)\A/. The following definition explains how.

Definition 76. Let us have two formulas P(z),Q(z), where z is a designated
variable of the formula and 0, A its box translations respectively. We define the

formula P2(A) as P(A)\A/ . The box function of this formula will be denoted as
0% ¢. [ ]

Note that if P is ¥; then P? is X, since Visser’s translation is primitive
recursive.

With this lemma we prove that the new constructed box function 0O is
suitable for (T)\A[.

Lemma 77. Let us have box functions 0 and A, such that
1. O,A are ¥.
2. HBT,D and HBT,A’

3. T'is closed under (_)\A/.
Then we have that Hbs 1+ and Hb(T)A o
' v

Proof. Since Ois ¥; we know that 0” is also 31, so to check that Hbp s, Hb(T)A -
v

it suffices to check necessity, formalized modus ponens and formalized complete-
ness. Since T' C (T)é it is easy to see that it suffices to check formalized modus
ponens and formalized ¥i;-completeness for T' and necessity in the form:

}—(T)\A/ ¢ implies Fp0O% .
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Necessity. Let ¢ be a sentence such that }—(T)A ¢. By Theorem 72 we have
\%

that ¢ (¢>)\A/ and since HBy 4 we get FTD(q’))\A/. But since ¢ is a sentence, we
get 0% ¢, as desired.
Formalized modus ponens. Let ¢,¢ be sentences, we have to show that

FrO%(¢—¢) =04 ¢ —0" . (i)

We have that:

(7). ~@)

Fr (@) "~ (‘/))\A,,

A®
1 ($70) ~ (@9,
so (i) is equivalent to show that
FrO(¢— ¢)y —0(8)y —O($)y,

but this is easy to show by definition of (_)\A/, HBrp and a little of iFOL
reasoning.
Yi;-completeness. We have to show that for any ¥;-sentence

l_T ¢ — DA ¢
Since ¢ is a sentence, it is equivalent to show that
A
}_T ¢ —0 ((tb)v

Since ¢ is X1, by Lemma 67 with the assumption that HB7 , we obtain 7 ¢ «
(¢)\A/. By HBp we have -p0¢ <—>|:|(¢)\A/, so it suffices to show

FT¢HD¢1

which holds by HB7 o.Compl. O

2.2.4 Formulas whose translation implies the original for-
mula

For reasons that will become clear in Chapter 4, we need to study when the
Visser’s translation of a formula implies the original formula. In other words,
we want to prove that for certain class of formulas, we have that (¢)\Df—>¢>.
With that purpose, we define the class of formulas A.
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Definition 78. Let A be the set of L;-formulas described by the following
Backus-Naur form:

A= ANAIAVAIVz . Aldz . Alp— A,
where ¢ is an atomic formula, z is a variable and ¢ is a ¥%;-formula. [ ]

With this definition we can prove the desired lemma.

Lemma 79. Let ¢ € A and also assume that HBy 5. We have that:

Fr(8)y — ¢

Proof. We proceed by induction in ¢. If it is atomic the result is trivial. The
cases of conjunction, disjunction and universal or existential quantification are
easy using the induction hypothesis. Let us show the implication case. We have
that ¢ = ¢g — ¢, where ¢ is X7 and ¢; is A. By the induction hypothesis
we have that Frp (¢1)\D/—>¢1 and since ¢q is 27, by Lemma 67 we have that

Fp g (¢0)3. We also have that (¢0—>¢1)\D/ — (¢0)§ — (qbl)\D/, so using
these three deductions we conclude

Fr ($o— $1)y — o — ¢1- O

2.3 De Jongh’s Translation

The last translation needed for our purposes is De Jongh'’s translation. First,
let us define it. Note that it is similar to Visser’s translation, but with two
differences. The first one is that it requires an extra formula ¢. The second
difference, and the one which makes Visser’s translation and De Jongh's trans-
lation different in their nature, is that the translation is not recursively applied
inside O0.

Definition 80 (De Jongh’s Translation). Let ¢,¢ be formulas and let O be a
box function. We define [¢]5¢ recursively in ¢ as:

[V]o¢ = @, if ¢ is atomic,

[Lla(Po A é1) = [Plado A [Pl

[l V 1) = []ado V []ud,

[]o(Po — ¢1) = ([¢lago — [$lup1) AD( — ¢o — ¢1),

[$lo(Vz.¢) = (Vo . [¢]o¢) AD(¢ — Vz.¢),

o3z . ¢) =Tz . [¢]ue. u

First, we establish a lemma that proves the fundamental property of De
Jongh'’s translation.
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Lemma 81. Assume that HBy 75 Let ¢,¢ € £; such that there is no free
variable of ¢ bounded in ¢. Then:

Fu [Glag —0O(p — ¢).

We establish some lemmas that ease the calculation of De Jongh'’s transla-
tion.

Lemma 82. Assume that HBy 7 5. Then we have that:
m m m
Fu xlo (/\¢¢—>¢i> o (/\[X]D¢i_>[X]D¢i> AO (X—> (/\(pi_’(/)i)) .
i=0 i=0 i=0

Lemma 83. Let HBy 75 and zy,...,z,, be variables not free in y. Then we
have that:

Fy Xa(V2o, -, @) < (Y20, oo, T [X]0P) AD(X — VT, -ve s Ty -B).

Lemma 84. Let HBy 1 and assume that z ¢ fv(y). Then

Fu X a(Ve.¢ — ¢) & (Vo[ x]ad — [x]a$) AO(x — Vz.0 — ¢).

Lemma 85. Let HBy 7, then

o X o(@m — -+ — @0) < ([X]a®m — -+ — [X]a®o) AO(X — P — -+ — ¢P0)

A pair of lemmas proving that under certain conditions De Jongh's transla-
tion for Ay and ¥; formulas is equivalent to the identity.

Lemma 86. Assume that HBy . Let ¢ € A, such that no free variable of x
appears bounded in ¢. Then

Fu ¢ < [X]nd-

Lemma 87. Assume that HBy 7. Let ¢ € 3, such that no free variable of x
appears bounded in ¢. Then

Fu ¢ < [X]a®-

Two technical lemmas proving properties of De Jongh translation related to
variables and substitutions.

Lemma 88. We have that
1. f([xlo) < Ev(x) USv(9).
2. z is free for 7 in ¢ iff z is free for v in [x]g¢.

Lemma 89. Assume that HBy r . Let = be free for 7 in ¢, and z ¢ fv(x).
Then

Fu (Xle@)lz/t] < [x]odlz/].
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The main theorem of the De Jongh'’s translation.

Theorem 90. Let y be a formula, let T be such that if ¢ € Axp then H [x]o(¢)
and HBy 5. Then if 7 is a proof of -1 ¢ where no free variable of y appears
bounded, we have that

Fu [X]ad-

An easy corollary using the deduction theorem.

Corollary 91. Let y be a sentence, let T and U be such that ¢ € Axy implies
Fu [X]o® and HBy 7. Assume that we have a proof r of I' -7 ¢ such that no
free variable of ¢ appears bounded in 7 or in I'. Then

X]ar o DX

And finally the formalized version of the main theorem for De Jongh's trans-
lation.

Corollary 92. Let V,U, T be theories and O be a box function of a formula (so
O° exists). Assume that

1. i%, cV.

2. l_V H BprovU,provT,D° .

Then

VC'. axp(C) — prov,([B]z-C),
Vv.=(vefv(A)ATC ep.vebv(C)),
proof(p,A)

Fy provU([B]DoA).

2.3.1 Auxiliary translations

Let us define some translations resembling De Jongh translation, but from
propositional formulas to first-order formulas. These definitions will be use-
ful in Chapter 4.

Definition 93. Let ¢,¢ € L, 0 be a realization and O be a box function. Then,
we define [, 0]q¢ € L, recursively in ¢ as:

[(»b)G]Dp = U(p))
[(prU]DT =T,
[(,D,U]DL =1,

[¢1G]D(¢O /\¢1) = [¢)01D¢0 A [¢)U]D¢l)
[(pra]D(q‘)O \/¢1) = [(/})O-]D(PO N [(/})O-]D(pl)
[$,0]a(do— ¢1) = ([¢,0lapo — [¢,0]np1) AD(0Y — oo — 0 1)
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Similarly, we define [¢,0]2¢ € L, recursively in ¢ as:

[¢,0lp =0 (p),
[¢rU]ET = T,
[(,b,O']EL = J—;

[¢:U]E(¢0 /\¢1> = [¢)U]E¢O A [¢)U]E¢1)
[¢)U]%(¢O \/¢1) = [(prG]E(PO v [(//,U]E¢1,
[4,0](¢0 — 1) :==D(0¢ — g — 0¢1). u

The following lemmas are needed in Chapter 4.

Lemma 94. Let HBy r 5. Then for any ¢,¢ € £, and any %;-realization o we
have

Fyloglood < [§,olaé.
Lemma 95. Let ¢,y € L, o be a realization and O: £; — £;. Then
|_U [¢7G]D¢ - [¢ro']%¢-

Lemma 96. Assume that Rfny . Then, for any ¢,¢ € £, and realization o
we have

Fu ¢, 0lap — o([¢]9).

Lemma 97. Let O be ¥; and o a Xj-realization. Then [¢,o]3¢ is U-provably
equivalent to a %;-formula.
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Chapter 3

Solovay in the
Intuitionistic Case

In this chapter we will introduce the method from [13]. It adapts the Solovay’s
construction from classical logic to intuitionistic logic. Since in intuitionistic
modal logic there are two binary relations, an intuitionistic relation and a modal
relation, we will need two provability predicates. In addition, we will ned that
they fulfill the absorption law for ¥;-sentence, i.e. DA¢ — ¢ where ¢ is a >i1-
sentence. For this reason we include a section with a method from construcing
A from O that satisfies the absorption law. Informally, we call A a slow version
of 0. This is since thanks to the definition we have that A¢ —O¢, while A
representing the same provability predicate as O in the standard arithmetical
model. The trick is that the arithmetical theory is incapable of showing that
they are the same provability predicate.

The idea behind this construction of the slow predicate is taken from [12].
While originally this construction was used to construct non-uniform provability
predicates (i.e. predicates that only fulfill Hb), we show that it also work for
constructing uniform predicates. Finally, we will apply the intuitionistic Solovay
construction and create a slow version of Dipra, called Og;pra, to prove that

PL((iPRA){SPR*) =iGLC.

3.1 Equivalence of completeness and strong Lob

First, we are going to define two principles that we will need: the completeness
principle (the C of iGLC) and the Strong Solovay principle. We will show that
in fact, both are equivalent under some standard assumptions.

Definition 98. We define the set of formulas of the sentential completeness
principle for O, CpD as the set:

Cp,:={¢—0¢|¢ € Sent}.
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Similarly, we define the set of formulas of the strong Lob’s principle for O,
SlpD, as the set:
Slp,:=={(0¢—¢) — ¢ | € Sent}.

If T is an arithmetical theory, we will write Cp,, o to mean Fr CpD and Slp, -
to mean 7 Slp_. |

Now we show LOb’s rule using his reasoning.

Lemma 99. Assume Glr - and let ¢ be a sentence. Then,
FrO¢ — ¢ implies 1 ¢.

Proof. Assume that O is the box function of P(z). We start using diagonaliza-
tion in T for the formula P(z)— ¢. With this we obtain a sentence ¢ such that
Fr¢ — (O¢—¢) (i). In particular -7 ¢ —D0¢— ¢, using that Glp it is easy to
derive that -p0¢ —00¢ —0O¢ (ii). But since —rO¢ —0O0O¢, by Gl 5. Trans,
we have that from (ii) we can derive 7 0O¢ —0O¢. Since FpO¢ — ¢ we also
have that Fr0O¢ — ¢ (iii), but by (i), this implies 7 ¢. By necessitation, we
get FpO¢, so using (iii) we can conclude that Fr ¢, as wanted. O

We remind the reader that Gl are the sentential Godel-Lob conditions. These
are weaker conditions than Hb, and are explained in Section 1.5.

By an analogous reasoning, but having two sentences ¢, ,¢; and ¢ being the
fixpoint of P(z) —O¢y— ¢1, we obtain a variation of the rule:

Lemma 100. Assume Gl and ¢ be a sentence. Then
FrO¢o —0O¢1 — ¢y implies FpOdy— ¢.
Using this strengthened version, we can show Lob’s axiom.
Lemma 101. Assume Gl and let ¢ be a sentence. Then
FrO@O¢— ¢) —DO¢.
Proof. Just note that by Gly 5.K we have that -7 O(d0¢—¢)—0O0¢—0¢ and

using Lemma 100 directly give us: F70O0¢ — ¢) —0O¢. (]

The second part of the following proof follows Dick de Jongh’s proof of axiom
4 from Lob’s principle.

Lemma 102. Let Gl then we have that Cp,, - and Slp, o are equivalent.

Proof. Let us assume that Cp,, . Since Gl , we have that by Lemma 101:

FrO0¢ — ¢) —0¢.
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So, by Cp,, , we also have:

Fr (@O¢—¢) —0O¢.

And using intuitionistic propositional reasoning we can conclude
Fr(@O¢—¢)—¢.

Let us assume that Slp,, . Since Gly 5, we have that

l_TD(¢/\D¢)_>D¢)
o)
Fré— @(¢ADO¢) - dAOY).
Using SlpT,D we have that
Fré—@AOg,

so we can conclude by intuitionistic propositional reasoning that

Fr¢—0¢. O

3.2 Good pair theorem

In this section we are going to closely follow [13]. We just need to guarantee
the following restrictions:

1. The base theory is iEA, instead of il¥;.

2. Instead of assuming Fefermanian predicates we just require Hilbert-Bernays
predicates.

Definition 103. Let T be a theory and [0, A be ¥; box functions. We say that
(O,A) is a good pair for T iff

1. Hbp o, Hbyp 4.
2. For any sentence ¢, if FyO¢ then 1 ¢.
3. SlpT’ A
4. 31-Absp 4, i.e. the 3; sentential absorption principle.
[ |

We note that in the previous definition all the principles we use, apply to
sentences only. For the rest of this section we assume that (O, A) is a good pair
for T, a Aj-decidable extension of iEA.
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Note that since 0, A are ¥; box functions we have &, formulas P(z),Q(z)
such that O is the box function of P(z) and @Q(z). Then P(z):=3p. Py(p,z)
and Q(z):=3p.Qo(p,z), where Py and Qq are Ag. We will refer to them as
proofD(p,z;) and proofA(p,:L'), respectively.

We know that iGLC is sound and complete with respect to finite irreflexive
realistic models. That means the following:

Theorem 104. Let ¢ be a modal formula. Then
FigLc ¢ iff {F|F is finite, irreflexive and realistic} F ¢.

For our purposes let us assume that ¢ is a formula such that }%g c¢. This
means that there is a finite, irreflexive and realistic model My = (Mo, T, <, Vo)
and a world r such that Mg, ¥ ¢. Since the model is finite we are going to
assume, without loss of generality, that its worlds are the set {1,...r}. We will
extend this model, calling the resulting model M:

M :=N,
= U{(0,5) 10 <j}U{(s,7) Ir<tand 1 <j <1},
<i==, U{(0,5) 17 € N}U{(2,7) Ir <z and 1 <7 <1},

V(p):=Vo(p).

Note that the idea behind this definition is to add a tail to the original finite
model. We can picture this new model as:

r

er+2

I

s +1

!

.0

The triangle represents the original modem M, with root at r. The arrows
represents both, the modal and intuitionistic relation and we have to imagine
them as beein transitively closed. The dots (the new words) have a reflexive
intuitionistic arrow but neither have a modal reflexive arrow. The 0 is the new
root of the model, and thanks to transitivity it has an arrow to any other node.
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T has Agp-definitions of the modal and intuitionistic relations of M, defined
as:

Y= < \/ a:%b\ym}) VerOV(T<zAl<y<z),
(1.5)€<,

:m:y—( \V4 zmi/\ym}>v(zmﬁAy>6)\/(F<z/\Tgy<a:).
(4,9)€c0
In particular T knows that:

1. X isapartial order, i.e. T proves the conjunction of the following formulas:

Vz.z <Xz,
VI,Yy.TIYANYIT—T Y,
Vz,y,z2. T YN NyYytz—-c <2

2. C is irreflexive:
Frvz.zzz.

3. The model property holds:

FrVz,y,z. 2 yAyCz2—zC 2.

4. The frame is realistic:

FrVz,y.zCcy—z<y.

If the reader wants to remind what was the definitions of the model property
or of a frame being realistic, we remember that these are defined in Section 1.3.

Let us define the formulas yq(s,z,4), x1(s,z,4), xa(s,z,A) as:
X0(51$1A) = (S)x;I - (S)I/\
proof_ (x ~1,3°53°Z <" length*(5) . AA° —*(5)2 ° num((s)w)),
x1(s,z,4) = (s),.1 < (8)2/
proof . (x +1,3°53°Z <" length*(5) . AA° —*(5)2 C° num((s)z)),
X2(3)$1A) = _‘XO(sam7A) AﬂXl(SrmrA) A (S)I;I ~ (s)$
Now we define the formula ¢(s,A) as:
¢(s,A) :=seq(s) Alength(s) >0 A (s)awﬁ/\
(Vz <length(s) .z % 0— xo(s,z,A)V x1(s,2,4) V x2(s,z,4)).

Let 6(s) be the fixpoint of this formula given by the diagonal lemma. In other
words, we have that:

Fr6(s) > ¢ (s@) . (HO)
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Let us explain the meanin of . Basically, 6(s) holds iff s is a sequence calculating
an initial part of Solovay’s function. There is a little different, now Solovay’s
function can move in two different relations: the intuitionistic and the modal.
It moves through the modal relation when the input codes a [-proof claiming
that it will not stay in its position. Similarly, it moves through the intuitionistc
relation when the input codes a A-proof claiming that it will not stay in its
position. In case the input codes neither, it stays in its position.

Thanks to HO, we know that 8(s) is equivalent in T to a Ag-formula. One
trivial consequence of the definition of 8 is:

FrVsg,s1 .80 C s1A0(s1)—0(sp). (H1)
Now, we can show (using induction) that
b1 Vsg,s1 - length(sg) ~ length(s;) A8(sp) A6(s1) — s¢ ~ 5. (H2)
FrVz3s. length(s) ~ z A6(s). (H3)
To show the first formula we use induction in:
VkVsg,s1 <k .length(sg) = length(s1) AB(sg) AB(s1) — sg =~ s1.

For the second, we need to bound s. The idea is to show that s <(0,1,2,...,z)
and show that the function z — (0, ..., ) exists inside T, which does since iEA C
T and this function is of order zZ.

Now, let us define a function A such that:

h(z)~y:=3s.length(s) >z AO(s) Ay ~ (5).
Thanks to HO, H1, H2 and H3 we have that
FrVzIly. h(z) ~y.

So h(z) ~ y defines a X;-function inside 7. Informally, we can understand
h:N— N as defined by ~2(0) =0 and:

m if h(k) = m and proof_ (E, Jz.—(h(z)C ﬁ)) ,
h(k+1)=<n if h(k) < n and proof (E,Hx.ﬁ(h(x)ﬁﬁ))
h(k) otherwise.

Inside T we can show that

FpVsVzg,z, <length(s) . 8(s) Azg <Z1— (8)gy < (8)ay-

Which easily implies

FTVZIo,fEl $0S$1Hh($0)<h($1) (H4)
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Since T knows that the frame is realistic it can easily show that for any k£ € N:
r (3y. ~h(y) <¥) = (Fo. ~h(z) F)
But then using that HB7 , we have that:

BN (3y. ~h(y) <E) YN (Ela: . —h(z) :E) .

Since (Ha: .~h(z)C E) is equivalent to a 3; formula modulo T we have that we
have absorption for it. Then by Hbs 5 we have that

Fp A (Hrv . ~h(z) :E) LY (3:c . ~h(z) :E) ,

which by absorption we conclude that:

ra(Jy-~hy) <E) -0(3z. ~h(z)ck). (H5)
We also have the following two results for z € N:
FTﬂ(mﬁz)H \/ T~7, (H6)
jEM,j£i
FTﬂ(x:z)H \/ z~j. (H7)
JEM 5t
Note that this is defined since given ¢ there are only finitely many 7 such that

Jj&X1i or jZi.
By definition of M we have that:

Lemma 105. Given any formula ¢ either [[¢HM is finite or [[gb]]M =N.
The previous lemma justifies this definition:
Definition 106. For any sentence ¢ € L, we define the £;-sentence [¢] as:
—~ - . M . .
6] — \/z‘eﬂdﬂ]M Jdz.h(z)~1 if [¢]* is finite,
T if [p]M=N. ]

From now own we will omit the M in [¢]M and simply write [¢]. After all
this work we are ready for the main part of the proof. We want to show that
[ ] commutes with all the operators in propositional modal logic.

Lemma 107 (Disjunction). For any ¢,¢ € L, we have that
Frlovd] <[]V I[g].

Proof. If [¢] = N then [¢V¢] =N and then the equivalence is trivial. If [¢] =N
it is analogous, so the only case left is [¢] and [¢] finite. However, this case is
trivial by definition of [ ]. O
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Lemma 108 (Conjunction). For any ¢,¢ € £, we have that
Frlend]— [oIn[d].

Proof. Suppose that [¢] is N. Then [¢] =T and [¢ A¢] = [¢] N [¢] = [¢], so
[¢A¢]=[¢]. Then

FrlpAd] =[]
— T A [¢]
=[] A [¢].

The case of [¢] =N is analogous, so assume that both [¢] and [¢] are finite.
— is trivial, so we only show «. For this direction it suffices to show that

if 1 € [¢] and j € [¢]
o (Elac.h(:n)%;)/\(3y.h(y)m3)—>[¢/\¢]. (i)

First, we show that
. (EIm.h(m)mZ)/\(Eiy.h(y)w}) Li<jvi<i (ii)

We reason inside T. So assume we have z,y such that hA(z) ~1 a .
Since z < yVy < z using Lemma H4 we have that h(z) < h(y)Vh(y) < h(z)
which implies 2 5 7V 7 < 1. We leave T.

If ¢ and j are incomparable, by 3;-completeness, we have that Fr —(: X
JV3<1). By (ii) we get F-p— ((Elm .h(z) mZ) A (Ey. h(y) m})) in which case
(i) is trivial. If 4,5 are comparable, without loss of generality assume ¢ < j. By
knowledge persistance (outside T'), j € [¢p A ], so

Fp (ax .h(z) ~Z) A (Hy- h(y) ~J) - (ﬂy-h(y) %3)
—~[BAC]. (by 5 € [¢r¢])

O

Lemma 109 (Implication). For any ¢,¢ € £, we have that

Frig— ¢l < (9] = [¢])

Proof. 1If [¢ — ¢] =N, then [¢] C [¢]. By simple propositional reasoning, we
can show that ¢ ([¢] — [¢]) < T, so we will have the desired equivalence. So
we can assume that [¢ — ¢] is finite.

First we prove left to right. We always have that [(¢ —¢) A @] C [¢]. So by
simple propositional reasoning

Frl(@—¢)ngl—[¢].

49



By Lemma 108 we have that
Frlp— (gl —[(p— &) Adl,

and from this and the previous implication we get the left to right direction.
Now we prove right to left. Thanks to SlpT o it suffices to show that

Fr([p] = [¢) = alp— ¢l = [6— d. (1)

We show (i). Let jg,...,Js_1 be the maximal elements of M that do not belong
to [¢ — ¢] (by the shape of the model we know that these exist and that there
are only finitely many). In particular, this implies that j; € [¢] and 7;: € [¢].
Using that M is conversely well-founded and preservation of knowledge, we can
show that for any z € M,

1 € [¢— ] iff (for any t < s, iX7y). (i)
Note that if i € [¢— (] we get, for any ¢t < s, Fp h(z) ~ 1—— (h(m) < ]_t) thanks
to (ii). Using this and iFOL reasoning we can derive that for any t < s:

Frle =9l (v~ (h®) <72))-
Using this, Hby , we get that for any ¢ <s:

ae—¢lrra 3y~ (h(¥)< 7)) (i)

Now we work inside 7. Assume that [¢] —[¢] and A[¢p — ¢], we have thanks to
(iii), that there are k; (for any t <s) such that proof, (k:t,ﬂy.—' (h(y) %;))

Inside T we have that for any ¢ < s, h (k) < J:V (k) = J¢ V= (h(kt) < j_t>, since
z X yis a Ag-formula. This allows us to separate the rest of the proof in 3 cases.
1. For some t <s, h(k;) < j;. By definition of h, we get h(k;+ 1)~ j;. But

3¢ € [¢] so [¢] holds. Since [¢p] — [¢] we have that [¢] holds and since
[¢] < [¢ — ¢] we can conclude that [¢ — ¢] holds.

2. For some t < s, h(k;) ~ j;. Then, [¢— ¢] follows similarly to the previous
case.

3. For all t <s, =(h(k;) < J;). Let k ~max(kq,...,ks_1). Then, we also have
that .
for all t < s,— (h(k) < jt) . (iv)

Let us see why. Let ¢t < s such that h(k) < j;. Since k, < k we have by
H4 that h(k;) < h(k) < J;. Since T knows that < is transitive, we get that
h(k:) < J¢, contrary to this case assumption. But then, using H6 we get:

\/ h(k)~].

JEM jAd;
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And putting these together for each ¢ < s , modulo some iFOL reasoning,
we have that _
\V4 h(k)~7.
JEM, for any t < s:j%jt

But note that, outside T, {j € M | for any t < s.7%7:} = [¢ — ¢] by (ii).
Then, inside T, we got [¢ — ¢].

O
For the case of box we need two auxiliary lemmas:
Lemma 110. Let 2 € M — {0}. Then,
Fr (az h(z) mi) 0o (3y.2< h(y)) .
Proof. To show the desired lemma we are going to show two auxiliary facts.
Fr (Ely - (h(y) 42)) A (am  h(z) NZ) - (ay.2< h(y)) . (i)

. (ay. h(y) ;Z) A (39: R (:c;i) ~iAh(z)C Z) o (ay.€< h(y)) ()
Proof of lemma from (i) and (ii). We reason inside 7. We assume
that 3z . h(z) ~ 1. There exists an z which is the minimum number such that
h(z) =~ t. Note that taking this minimum is allowed in T, since Jz . h(z) ~ 1
means that there is a sequence s such that 6(s) and (s); ~ ¢. Then, it suffices by

the properties of 6 and the definition of A to find the least = such that (s), %;,
which can be done in iEA. Since 7 > 0 we have that z > 0 and then by the

definition of h, h (méi) < 1. We make a case distinction in A (méi) C 1, since
zC yis a Ag-formula.

1. Assume — (h(az;l) EZ). Then since h(z) ~ 1, by definition of & this
implies that A (Hy .o (h(y) si)) Since 3z . h(z)~1i is a &;-sentence,
we have that A (39: .h(z) %Z) Using (i) and Hbp , we can conclude
A (Ely.z< h(y)) Since Jy .1 < h(y) is a X;-sentence, we also have that
A (Ely i< h(y )HD (Ely i< h(y)) by H5, so we can conclude the desired
O3y .1 < h(y)).

2. Asssume h(:c;T) C 4. Since h(z) ~ 1 by definition of h we have that
D(Hm .~h(z) gg) or A (H:r .—h(z) ﬁZ). Using Lemma H5 we can get

that O( 3z . ~h(z) C ;) in both cases. By assumption of the case, we have
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Jdz . h(z) mZAh<x;T) C 4 and since this is a ;-sentence we conclude
| (Ha: h(z)~iAh(z=1) EZ). Finally, using (ii) and Hby ; we conclude
the desired O (Ely < h(y))

Proof of (i). First, we show that
|—Tﬁ(h(y)<i)/\h(:r)mi—ﬂ-dz(y). (ii)

We reason inside T. Assume that — (h ES Z) Ah(z)~1. If y <z by Lemma
H4 we have that h(y) < h(z) ~ 4, which is impossible. So z <y, which again by
lemma H4 we have that 1 ~ h(z) < h(y). But since — (h(y) < ;) we must have

that — (h(y) wz) so from 7 < h(y) we conclude i < h(y) and we have proven

(iii). From (iii) and some reasoning in iFOL we can conclude (i).
Proof of (ii). First, we show that

}—Tﬂ(h(y);Z)/\h(m)%%/\h(acéi) i3 <h(y). (iv)

We reason in T, assume — (h(y) C Z) AR(z)~1Ah (m;T) C ¢. Now, suppose
that y <z, then y <z-1, so by Lemma H4 we have that h(y) < h (méi) C 1.
Since T shows the model property, we have that h(y) C Z, contradiction. Then
y >z, so again by Lemma H4 we have that i ~ h(z) < h(y) and — (Zm h(y)),

s0 1 < h(y). This establishes (iv), and from it and some iFOL reasoning we can
conclude (ii). O

Lemma 111. Let 2,7 € N such that 2 < 7 and 2=7. Then

Fr (ax h(z) %Z) A <3y. h(y) %E) A (3z.3< h(z)) .

Proof. If 1 < j and 47 then since T extends iEA we have (by X;-completeness)
that 1< jA - (Z C 5) We reason inside T' and assume that (31: .h(z) zz)

and (Hy. h(y) m}) As we did in the proof of Lemma 110 we can consider the

least y such that h(y)~j. Since i < j (outside T) we have that j > 0 (outside
T), but by Z;-completeness we have that 3> 0 inside T. Then, inside T, we
have that y > 0 by the definition of h. By the definition of h we also have

that A (y;i) < j. By assumption, we have an z such that h(z) ~ 1. Assume

that y < z, then by lemma H4 we have that j~ h(y) < h(z) ~% < j. But then

since T knows that < is antisymmetric we would conclude 1 7, which is a
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contradiction since ;<3 inside T. Then z <y, so ¢ <y-—1 and then by H4 we
have that 1~ h(z) < h(y—1).
Ifh(y—1)c g, theni g h(y—1)C 7, so i C 7. But we also have that —(: = j),

a contradiction, so it must be the case that — (h(y -1)c ;) . Following the same

reasoning as in Lemma 110 in 1. we can conclude A (Elz J= h(z)), as desired.
O

Finally, we show the O case. In the proof we can notice the motivation of
making the model infinite to be able of establishing the equivalence.

Lemma 112 (Box). For any ¢ € £, we have that

Fr [D¢] < Ol¢].

Proof. If [¢] = N, then [O¢] =N and the equivalence is trivial by definition.
Assume that [¢] is finite. This implies that

0¢[O9¢], (1)

since 0 has infinitely many successors.

First we show right to left. Let jg,...,7s_1 be the C-maximal elements j of
M such that j ¢ [¢]. Note that for any ¢ < s, j; # 0, since if j; =0 is maximal
not belonging to [¢], then any n > 0 belongs to [¢]. This implies that 0 € [O¢],
contrary to (i). Also, note that there are only finitely many maximal 7 such
that j ¢ [¢] by the shape of the model. Finally, note that for any ¢t < s we have
that

jt € IID¢]]1 (11)
by the definition of the 7;'s.
Let us show that
for any ¢ < s, [¢]H3$.ﬂ(h(m)gﬁ). (ii)

It suffices to show that i € [¢] then iz7;. So let ¢ € [¢] but i C j;. Since the
frame is realistic, 7 < j; and by preservation of knowledge 7; € [¢]. This is a
contradiction with the definitions of 7;, as wanted.

We also have the following property:

(for all t < s,iz7;) implies that < € [¢]. (iv)

This can be shown using that C is transitive and conversely well-founded.
Finally, we reason inside T. Suppose that O[¢], By (iii) and Hby we get

that for all ¢ < s, D(Hx .o (h(x) ;j_t)) So we have that for each ¢t < s there

exists k; be such that proof_ <kt, dz.— (h(x) C Z)) Since z C y is A formula,

we can distinguish 3 cases:
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1. For some t < s, h(k;) C j;. By the definition of h, we get h (kt;T> ~ s,
and [O¢] follows thanks to (ii).

2. For some t < s, h(k;) ~ j;. Then [O¢] follows thanks to (ii).

3. Forallt <s, —(h(k;) C j;). Let k ~max(kg,...,ks_1). If h(k) ~ j, for some
t < s we get a contradiction to the hypothesis of the case (in particular
we would be in case 2.). Similarly, if h(k) C j; for some ¢ < s, thanks to
H4 we get that h(k,) < h(k) C j;. Since T knows that M fulfills the model
property, we have that h(k;) C ]_t which contradicts the hypothesis of the
case (it returns to case the first case). We can conclude that for any ¢ <,

- (h(k:) C ]_t) .
By H7 we get that for any t <s
\/ hlk)~7.
JEM 5L 5s
Using iFOL reasoning we get that
\V4 h(k)~7.
jeM, for all t<s:j¢jt

Outside T we have that {7 € M | for all t < s: j=7;:} = [¢] < [O¢], the
inclusion thanks to M being realistic. So, inside T, we conclude [O4¢)].

Now we show the left to right direction, i.e b7 [O¢]—0O[¢]. Let 7 € [O¢], by
(i) we have that ¢ > 0. By Lemma 110 we get that

Fp (Hzc.h(x)%Z) —>u(3y.2<h(y)). (v)

By the shape of M, we know that any k& > 0 there is a greatest n € N such that
there exists a sequence k = kg < k; < --- < k,. We call this n the <-rank of k.
Let a be the <-rank of ¢:. For any b € N we define the set:

Up={j€eN|i<7,i=j and <-rank(j)<b}.

Note that for any b, Uy is finite since ¢ # 0 implies that there are only finitely
many 7 such that : < 7. By the definition of < we know that

Fri<h(y)— \/ h(y)~J. (vi)
Jii<yg
But ¢ < j implies that < -rank(j) << -rank(z). This means that if 7 < 7 and =7
we get that 7 €U, and if 1 C j then j € [¢]. So (vi) can be written as

<) (\/ h(yM) y (\/h@w) |

j€l¢] 7€Ua
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By iFOL reasoning we get
r (3y- i< h(y)) — ¢V (\/ . h(y) ﬁ) :
J€Us
This together with (v) and thanks to Hby o we get
o (EIa:.h(m)mi)—>D<[¢]\/\/Ely.h(y)m3>. (vii)
JEU,

Our objective now will be to get rid of the right disjunction inside O in (vii).
Let 7 € Uy for some b > 1. By Lemma 111 we have that

. (31: h(z) %E) A (ay. h(y) %3) YN (3z.3< h(z)) . (viii)

Also, as we did previously for 7, we have that
FT(EIz.3<h(z) [¢]\/<\/ 32 h(z )
kEUb 1
Using (viii) and Hby , we get that
Fr (3:0 h(z) %E) A (ay. h(y) %3) A <[¢]v \/ 3z.h(z) %E)
kEUb,l
This holds for any j € Uy, so (changing also the name of some bound variables)
. (Elm h(z) Nz) (\/Ely h(y ">_>A<[¢]v \/ EIy.h(y)m})
JEU, J€Up1

Since [B] is T-equivalent to a X;-sentence, we have that 7 [¢] — A[¢]. Also
Fralgl— o (91V Vo, 39-h(y)=]), 5o

Fr (Hx.h(x)mz) A <[¢]v\/3y.h(y)w3> N <[¢]\/ \V4 3y.h(y)w3).

J€U JEUy 1
(ix)

We also have that Jz . h(z) ~1 is T-equivalent to a ;-sentence, so thanks to
Hby o we have that 7 (Elm .h(z) wz) —0O (Ela: .h(z) mZ) With this we can
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perform the following reasoning;:

}—T<Elz . h(z) wz) AD <[¢]v V - h(y) @)

J€Uy
—0O ((33: ch(z) mZ) A <[¢] \Y \/ Jy. h(y) %3))
J€EU,
—0a <[¢]v V ay.h(y>~3> (by (ix))
J€Uy 1
—0O <[¢] \% \/ Jy. h(y) m}) (32;-absorption)
J€Up1

where for the last implication we used that [¢]V \/jeUb lﬂy Ch(y)~g is T-

equivalent to a i;-sentence.
If we apply this reasoning to (vii) for b=a,...,1 we end getting

Fp (ax h(z) %Z) N ([qs]v \ . h(y) ~3> :
7€l

But Uy = @, so in fact we get

. (Elx h(z) mi) ~o([g] VL)
This holds for any 7 € [O¢], so we can conclude that -, [O¢] —O[¢]. O

Theorem 113. Let o be the 3;-realization given by o(p) = [p]. For any ¢ € £,
we have that:

Fron(e) < (9]
Proof. By induction in ¢ using lemmas 107, 108, 109 and 112. O

We establish one fundamental property of Solovay’s function: in the stan-
dard model it can be shown that it never advances from the starting node.

Lemma 114. Suppose that T is ©;-sound. Then Fy h(z) ~ 0.

Proof. Since M is conversely well-founded, we know that A must have a certain
limit « € M. Then (Ha: ch(z) m;) is a true X;-sentence, so by X;-completeness

of T we get that by 3z . h(z) ~1. Now, assume that ¢ > 0. By Lemma 110 we
get that 70O (Eiy i< h(y)) Since O (Ely i< h(y)) is a ¥;-sentence and T is

Y;-sound we have that Fy D(Ely.z< h(y)) and then, by assumption of good
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pair, we get Fr Jy. 1< h(y) and since this sentence is X; and T is X;-sound
we get Ey Jy. 1< h(y). This is impossible, since 7 is the limit of A. So 72 <0,
i.e. 1 =0, and thanks to Lemma H4 it must be the case that A is the constant
function 0. O

Theorem 115. Let T be a ¥;-sound theory. Let (O,A) be a good pair for T'
and assume that CPr . Then:

,-PL(T,0) = PL(T,0) =iGLC.

Proof. First, let us focus in %(-PL. Tt is easy to show that D, i.e. sound-
ness. Note that to prove soundness of the completness principle we need CpTYD,
even if we are dealing only with ¥;-realizations (thanks to be dealing with X;-
realization we do not need it for p—Op, but we need it for —p —O(—p), for
example). We focus in proving C, i.e. completeness.

Let ¢ € L, such that }4c c¢. By Theorem 104 we have that there exist
a finite, irreflexive, realistic model Mj and an r € M, such that Mg, r ¥ ¢.
It is clear that going from M, to M, we will still have an intuitionistic iGLC
conversely well-founded, irreflexive and realistic model and ¢ is still not true at
r, i.e. M,r ¥ ¢. We want to show that there exists a realization o such that
Vo rong.

We define the Solovay function h as described previously and the 3;-realization
o as o(p) = [p]. Assume that b7 oq¢. By Theorem 113, we have that 7 [¢].
Since [¢] is equivalent to a X;-sentence in T and T is X;-sound we have that
N E [¢]. By Lemma 114 we also have that N F h(z) ~ 0. This implies that
0 € [¢], but 0 < 7 and, by preservation of knowledge, we get that r € [¢]. But
by assumption r ¢ [¢], a contradiciton. So j#7o¢, as wanted.

Let us see why it also holds for PL with the extra assumption. To show
completeness we have shown that if }%, c¢ then there exists a ©;-realization o
such that j“70(¢). This trivially implies that there exists a realization o such
that j“705(¢), so we have completeness. We also need soundness. Clearly, the
only worrying axiom is the completeness principle, but since we have Cp,, - it
is sound. O

3.3 Theories with provability logic iGLC

First, we are going to use the good pair theorem to show a general method to
obtain predicates whose (Z;-)PL is iGLC.

Theorem 116. Assume that

1. T'is a ¥;-sound, ¥;-complete, Aj-decidable. We also assume that T is
Ag-self arithmetizable and extends iEA or that T'is ¥i;-self arithmetizable
and extends iEA + BY;.
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2. Let A be a &; box function and assume that HBrp ,.
3. For any ¥;-sentence ¢, =pOpA¢p —DOr¢.
4. For any sentence ¢, =p A¢p—DOr¢.

5. T'is closed under (_)\A/.
Then
1-PL((T)y,,0%) = PL((T)y,0%) = iGLC.

Proof. Note that iEACT C (T)\A/, 0 (T)\A/ is an extension of iEA. Our objective
is to apply Theorem 115. We divide the proof in 3 parts.

(O0f,0%)isa (T)\A[—good pair. First note that the assumption of self-arithmetization
of T gives us that 0% is ©; and also that HBr ,. The assumption that A is ¥
gives us that A% is ;.

Thanks to Lemma 77 we have that Hb(T)\A/,D% and Hb(T)$7AA.

Let ¢ be a sentence such that Fy El%qﬁ. Since ¢ is a sentence this means that
En |:|(¢)\A/. Since by the assumption of self-arithmetization of T and that T is
Yi;-sound and ¥i;-complete, we get by Lemma 41 that T is truly arithmetizable.
This means by Lemma 42 that Fy EIT(¢)\A, implies Fp (¢)\A/. Then ¢ € AXp2,
so }—(T)A ¢, as wanted. !

A

Let ¢ be a sentence and let us show that -, .o ¢ — A%¢. Using Lemma 71

(T)
we know that it suffices to show that (¢ — AAV¢)\A/. But, thanks to HBy 4,
it suffices to show b (¢)\A,—> (AAqb)\A/. Since A“¢ is 3, thanks to Lemma 67
we get that we only need to show ¢ (¢)\A/—> A%¢. Since ¢ is a sentence, this is
equivalent to showing ¢ (¢)\A/—> A(q,‘))é. But this is just Lemma 60.

Finally, we need to show X;-Abs,.a , .. S0 let ¢ be a sentence, we have
(T)V,DT,A

that:
FrOf AR HDT(AAqb)\A/ (since ¢ is a sentence)
—DOpASe (by Lemma 67 since A®¢ is ¥y and Hby -, )
HDTA(¢)\A[ (since ¢ is a sentence)
—0OpAd (by Lemma 67 since ¢ is &, Hbp o, and Hbr ,)
—0Op¢ (by El-AbsT)DT’A)
<—>DT(¢>)\A/ (by Lemma 67 since ¢ is &; and Hby - )
— 02 . (since ¢ is a sentence)

This suffices, since T' C (T)\A/.

(T)@ is X;-sound. This is direct since T' is ¥;-sound and we can apply
Corollary 74.
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Cp(T)A % Let ¢ be a sentence. Since it is a sentence it suffices to show

v

that F(T)\A, ¢—>DT(¢)\A/. While proving that (07, A%) is a good pair for (T)\A/ we

showed that }—(T)A ¢— A(qb)é. Since Fp A —Op¢ for any sentence ¢, we have
\%

that Fp A(¢)\A/—>|:|T(¢)\A/ and then it is easy to get the desired result. O

Let us show that this result can also give us theories whose Xi;-provability
logic is iGLC or whose full provability logic is iGLC. The main idea is we need to
guarantee that 0% and D(T)A are provably equal. We have the following lemma:

\%

Lemma 117. Let T be a theory such that

1. T'is A self arithmetizable and extends iEA or T'is X; self arithmetizalbe
and extends iEA + BY;.

2. HBrp 4.
3. For any sentence ¢,
"), Oy P2 ¢
Then
2-PL(T)},07) = Bi-PL((T)5).
and

PL((T)y,08) = PL((T);).

Proof. 1t suffices to show that for any realization ¢ and any ¢ € L, we have
that

.

We proceed by induction in ¢. The case of ¢ a propositional variable or 1 is
trivial. The cases where ¢ is a conjunction, disjunction of implication are easy
thanks to the induction hypothesis. Finally, let us assume that ¢ =0¢,. By
induction hypothesis we have that

o O-n@ < 0
(T)y 03¢ Sl

H .
(™) GD%‘PO « UD(T)\A/¢0

By Lemma 77, we have that Hb K With this we get

Ty By
}_(T)\A/ D(T)\A/(GD%(pO) A D(T)\A,(UD(T)\A/¢0)~
Thanks to the assumption applied to the left hand side
F(T)\A/ DIA"(UD%%) o D(T)\A/(UD(T)\A/%),
in other words
F(T)\A, 02 (O¢o) < Dirya @¢o),

as desired. O
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We put the previous theorem and the previous lemma together in a corollary:
Corollary 118. Assume that

1. T'is a ¥;-sound, ¥;-complete, Ag-decidable theory extending iEA. We
also assume that 7' is ¥;-self arithmetizable and 7 BX; or T is Ag-self
arithmetizable.

2. We have a 3; box function A and assume that HBr ,.
3. For any X;-sentence ¢, - Or A9 —DOp¢.
4. For any sentence ¢, Fr A¢ —Or¢.

A

5. T'is closed under (_),,.

6. For any sentence @, b= p2 Ojpy2 ¢ 0% ¢.
\ A

Then
£1-PL((T)y) = PL((T),) =iGLC.

3.4 Constructing predicates with absorption

We start with a provability predicate 00 and we want to construct a provability
predicate A such that Abs- , holds. In order to do this we use the construction
proposed by Visser in [12]. Note that the construction proposed by Visser is
more general that ours. This is because, due to the nature of the examples we
are going to study, our particular case suffices.

Let true be the X;-truth predicate, definable in iEA. It is of shape Jy.
trueg(y, ), where trueg is Ag(exp). We will write true®(z) := Jy < z . trueg(y, z).

Definition 119. Let a(z) be a Ag-formula such that Fgp VA . a(A) — sent(A).
We define:

1. prova,(x)(y) :==dp <z . proof (p,y). We will denote its box function as

O y(_): Term x Form — Form.

2. By-refly(z) :=VS. Bi-sent(S) Aprov, . (S) — true(S).

,(m)(

3. Sa(z):=32VS <z . By-sent(S) Aprov, . \(S) — true*(S).

(2)
|

S, will be our fundamental tool to construct the new provability predicate.
Note that the definition can be seen as a modification of %-refl, i.e. ¥;-reflection.
The modification is needed to work without B3, as the following lemma shows.
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Lemma 120. We have that

Fiea Vz . Sy (z) — Bp-refl, (2),
Fiea+By, VT - Sa(z) ¢ Ty-refly(z).

Proof. Let us omit the subscript « for the proof. The first statement is trivial.
So it suffices that we prove:

I_iEA+B21 V. El—refl(m) —>S($)

Let us show the equivalent 3;-refl(z) Figay s, S(z). First note that 3-refl is
the following formula:

VS Ti-sent(S) /\prov(z)(S)—EIz . true?(S). (i)

Since X-sent(S) A prov(z)(S) is Ag-formula we have that iEA+ BY; proves that
it is decidable. Then we have that (i) is iEA-equivalent to
vS3z. Ly-sent(S) /\prov(m)(S)—>truez(S). (i)

And note since part of the antecedent of the implication is prov(x)(S’ ), we have
that S <z and then (ii) is iEA-equivalent to

VS <z3Jz.Xi-sent(S) A prov(r)(S) —true?(S). (iii)
Using BY; then (iii) implies:
JyVvS <z Iz <y.X;-sent(S)A prov(z)(S) — true?(S), (iv)

where y is a new variable. But since, Figa 2o < 27 —true®(z) —true®l(z) we can
conclude from (iv) that:

3zVS <z . By-sent(S) Aprov,_,(S) — true?(S). O

(03)(

The idea is that, if we are given a theory T, we are going to axiomatize a new
theory ST. In the metatheory both theories coincide, inside iEA we only have
prov g(A) — prov(A) but not the reverse implication. Even T cannot show the
reverse implication. The idea for doing this is take the axiomatization of T' and
put as axioms of ST the axioms of T that are “small”. Small is nothing more
that the arithmetical predicate S,(z) carefully designed for which F7 S, (n)
holds for any n € N but j/7Vz . So(z). This makes that in the metatheory T
and ST have the same axiomatization, but T is not aware of this.

For technical reasons we will assume that the axioms of the theory T are split
in two, the a-axioms and the B-axioms. The idea is that when constructing ST
we only require the B-axioms to be small. This distinction is used in Chapter
5.
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Definition 121. Let y(z) := (a(z),B(z)), where «, are Ay. Assume that
Fiea VA.a(A) V B(A) —sent(A) and Figa VA.prov,c, (4) — provy(A). Then we
define the formulas:

ax,(A)=a(A)VB(A),
axgy(A)=a(A)V (B(A)ASy(4)),
axy <z (A) =a(A)V(B(A)NA<z). [ |

Note that ax, . is nothing more that the axiomatization provided by taking
all the a-axioms and only the f-axioms of ax, which are smaller than z. The
idea of this theory is similar the the theory consisting in taking all the a-axioms
and only the first z S-axioms of ax,.

For the rest of the section we will assume that we have an arbitrary fixed
y that fulfills the conditons of the previous definition. We need the following

result from [12].

Lemma 122. We have that

FiEA VmD),SY(a:)

Now, there are two ways of making a small theory from y. We can say
that all the S-axioms are small, as in axg,; or we can say that all the S-axioms
are bounded by a small number. The following lemma proves that the two
approaches are, in fact, equivalent.

Lemma 123. We have that
Fiea VA.provsy(A) — Elcv.provygz(A) NS, (z).

Proof. We work inside iEA. Let us show left to right. Let p be a witness of
provSy(A). Since a(z) and f(z) are Ay we can pick the biggest axiom in p
that fulfills 8 but not «, let it be B. Note that by definition of Sy it must be
the case that S,(B). For any other axiom C in p we have that either «(C) or
B(C)AC < B. This implies that p is also a witness of prov, _p. Since S, (B) we
(C)AS,(z), as wanted.

(AN Sy(z)
and let g be a witness of prov _,(4). Since iEA knows that S,(z) is downward
persistent, we can conclude that g is also a witness of prov ., @s wanted. O

can conclude that p is a witness of Elw.provy —

Finally, let us show right to left. Let z be such that prov,.

The following theorem allows us to show that Og, fulfills the absorption
principle with respect to O, in the cases we use this construction.

Theorem 124 (Absorption). Assume that HBijgap, and let ¢ be a sentence.
We have that:

Ve.0,0,, ¢ —0,¢ Hea 0, Os ¢ — 0, ¢
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Proof. We use diagonalization to find a sentence y such that
Feax < (Fz.0,,pAVy<=z. —'proofy(y,Y)).

Note that y is a X;-sentence.
Since O @) X is a Ag-formula, we have that

HEA Dy () XV "0y (2) X - (i)
But we have that F;pp 21-sent(y). Then
Figa Sy(z) — Dp-refl (z)
= (VS. Xi-sent(S) A prov,. (x)(S) —true(S))
— By-sent(x) AQy () x — true(X)
=0, () X — X (x is a Ag-sentence)
in other words
S,(2),8y,(2) X Fiea X- (i)
We also have that
~Oy (z) X Fiea Yy < z . ~proof, (v, %),
so, thanks to the fixpoint equivalence of y, we have that
Oy<z 9,0y (2) X FiEA X- (iii)
(i), (ii) and (iil) together gives us that
Os, @ Fiea X-
By assumption, we have that HBiEA,Dyv SO
0,Os, ¢ Fiea Oy X- (iv)
We have that
iea By x — 3p . proof, (p,X)
=3O, p) X
— Hp . DYDY,(P) X- (thanks to HBiEA,DY)
Let us call this implication (v). Also by definition of y and using HBiEA,DYr

0, x I—iEADV(Hm.DYSEquVy <z. ﬁproofy(y,Y)) (vi)
By (v), (vi) and the upward persistence of O,_,, provable inside iEA, we get
that

O, xFiga 30 - 5,0, <, ¢-
Then

O, x ’_iEA+(Vz.DYDY§I ¢—0,¢) 0, ¢.
This with (iv) gives us the desired

0,0s, ¢ l_iEA+(V$.DYDy£z ¢—-0,¢) Ly 9. =
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The following lemma is needed in Chapter 5 for technical purposes.

Lemma 125 (Formalized Hilbert-Bernays from base). Let T be an extension
of iEA. Let o enumerate T'in T and assume that HBy 5 and 7 HB, .. Then

l_T H Bprova ,D:gy'

Proof. Since T'is an extension of iEA and « enumerates 7" in T, it is easy to see
that
FrVA,B. prov, (O, (A—° B) = Og, A—"Og, B)

just by definition of Og,.
Since Fp HB, ;, we have that

- VA.Zy-form(A) — prov (A—°"0G A). (i)

Also, note that
FpVA.prov (4) — provsy(A),

and since HBr,O, we have that
FrOg(VA.prov  (A) — provSy(A)).

This gives
FpVA.prov (O A—°Og, A). (ii)

(i) and (ii) gives
tp VA.E-form(A) — prov (A—°Of, A).
Since - HBy ;. we have that
VA . prov (A)— prov (T (4)). (iii)
But (iii) with (ii) implies that
FpVA. prov, (A) — prov, (Og, (4)) O
Apart from the absoprtion principle we want that Og, fulfills the uniform

Hilbert-Bernays conditons. In fact, we need that these conditions are provable
in certain arithmetical theories, as the following theorem establishes.

Theorem 126 (Formalized uniform Hilbert Bernays). Assume that:
1. iEACU.
2. HBIEA,DY'

3. by VA.L;-form(A) — 3z provy(A =0 _;A).
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Then:
FyHB

provy,DfSY .

Proof. We need to check three properties. Let us start with necessitation, we
have to show that
FyVA. provy(A) — provy(El:SY(A)). (i)

Note that thanks to Lemma 123, HBiEA,y and iEA C U we get that

Fy O, (VA.provsy(A) —Jzr. provygm(A) /\S(:I:)) .
This implies that to show (i) it suffices to show

FyVA. provy(A) — provy(H'E 0, ;AN S (2)).
But for this it suffices to show:

FyVA. provy(A) —3z. provy(D;AA' S°(2)).
Thanks to Lemma 122, to show this we just need
FyVA. provy(A) —3dz. provy(D;A).
But note that:
Fu provy(A) — provy(uc(A))
=Jp. proofy(p, uc(4))

—Jp. provyép(uc(A )
—dp. provy(prov;gz.)(num(uc(A)))) (by HBiEA,DY)
—dp. provy(l:l;, < A)- (instantiation inside prov; <Z3)

Now, we need to check that
FyVA,B. provymgy(A —°*B)—>*° D:SYA —° D&YB.

But this is straightforward by definition of D:Sy'
Finally, to show that

FyVA. Z-form(4) — provy(A —°Og, 4),

we just need to use the third assumption of the theorem and perform a similar
reasoning to the one performed for the necessition rule. The essence of both rea-
sonings is that, thanks to lemmas 122 and 123, with the hypothesis of HBiEA,Dy;
it is easy to show that

FiEea provy(D}',SiAH'D:SYA) O

If the theory U that we use to establish this theorem is sound we get the
usual uniform Hilbert-Bernays conditions.
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3.5 Application: iPRA

Let us apply the intuitionistic Solovay construction to iPRA. iPRA was chosen
since we need a theory with at least X;-reflection with respect to its finite
subtheories. This does not hold with finite axiomatizable theories of HA like
iEA or il¥;.

Slow predicate

We will construct a slow predicate for iPRA using the construction of Section
3.4. In this case we will not need any a-axioms.

Definition 127. We define

axsipRA(A) = aX( L axpra) (4)
axiprA<c(4) = aX( 1 axpra)<z(4)- u
We start by proving a lemma that will give the desired ¥;-absorption.!
Lemma 128 (Formalized %;-reflection of iPRA). We have that:
Fipra VA, . B1-form(A) — prov,, o\ (Oipra<z A—" A)-

Proof. Note that the sentence we want to prove in iPRA is iPRA-equivalent to
a I1, sentence. By II,-conservativity of PRA over iPRA it suffices to show that

Fpra VA, z . Bi-form(A) — prov.p e, (Cipra<i A= A).

Note however, that PRA is capable of showing the II,-conservativity of PRA
over iPRA, since it only needs to use Godel’s and Friedman'’s translation. In
other words, we have that:

Fpra VA . IIy-sent(A) A prov A)— prov, A).

PRA( PRA(

PRA can show that Tipga; A —° A is prov,,p,-equivalent to a Ily-formula,
thanks to X;-form(A4). Then, it suffices that we show:

Fpra VA, . Bi-form(A) — provp g, (uc(@ipra<; A — A)). (i)

Let us reason inside PRA. Let A be a X;-formula, then (note that since we are
reasoning inside PRA, Fpra should be understood as provPRA):
FprA DiprA<: 4 HprA<s 4

—°A

Where the last implication holds thanks to ¥;-reflection principle of PRA with
respect to it finite subtheories. This principle can be formalized in PRA (in
particular, it can be formalized in EA, as it is said in [3], page 103 Example 7).
Clearly, from the provability of this formula we can derive the provability of the
universal closure which will give us (i) O

1We will use some conservativity results of iPRA and ilX; over its classical versions. These results
can be shown with the tools provided by Godel’s and Friedman’s translations. The intereseted
reader can find the proofs in [14]

66



We have used some conservativity principles over classical theories to prove
the result we were interested in. Developing a direct proof of this or checking
whether the original proof can be carried to the intuitionistic setting would be
interesting as future work.

Corollary 129. Let ¢ be a X;-sentence. Then

FipRA CiprAOSiPRA ® — TipRA -

Proof. We want to apply Theorem 124. Note that iPRA is (Ag,iEA)-arithmetizable,
so HBiea iPRADprs- Butb since iEA C iPRA we get that HBjgp . So all we
need to show is that for any ¥;-sentence ¢,

FiprA VZ . CipraiprA<z @ — CiprA @-

In particular, we have to show that:

FiPRA VT . Prov,p e, (subst (proviPRAg (5) ,5,3'8)) — Provio o ($>,

but thanks to properties of subst this is equivalent to showing

FipRA VT . Prov,pp (su bst (proviPRASJc (A),z,%,A, 5)) — Prov.oe (5) .

But instantiating A as 5 in Lemma 128, and since ¢ is a sentence, we obtain

FiPRA PrOVipga (provi.PRA<5v <$) _’.$>
ie. .
FiPRA ProVippa (subst <proviPRA<z(A),E,:t,A,¢> —*° ¢>

which clearly implies the desired formula. O

Lemma 130. We have that:

- HB .
iPRA T1Pprovipea:Usipra

As a corollary, since iPRA is sound, we can conclude that HBjpra qgppa-

Proof. We want to apply Theorem 126. We have that iEA C iPRA, and we
also have that iPRA is (A,iEA)-arithmetizable, which gives HBiga ipra o
HBieaA mpr,- All left to show is that

iPRA 5

Fipra VA . Zp-form(A4) — 3z . prov,p o, (A—"Cipra<; 4)-

Note that this sentence is II,, so it suffices to show it in il>;.
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Let us do an unformalized proof of this, which is straightforward to formalize
in iPRA. So let ¢ be a X;-formula and we have to show that there is an n such
that

Fipra ¢ — Dipra<s -

Since this formula is 15, we note that the idea to prove this is the same as
the classical idea to show formalized completeness in PA: use induction in ¢
and use that we have all the recursive axioms of the function symbols. The
induction is no problem, since it would be a ¥;-induction in il¥;. The problem
arises when we want all the axioms of the function symbols in ¢. We should be
careful here, in the traditional PA case there are finitely many function symbols
in the language, so for any formula ¢ we can find an uniform n that fulfills the
requirements. This is not the case in iPRA.

In this case we must go through the formula ¢, find the biggest function
symbol and take a big enough n to have the axioms of this function symbol and
all the axioms of smaller function symbols. This will be enough, because in case
we have a function symbols whose axioms depend on other function symbol by
how we defined our language the second function symbol will be smaller than
the first one. It is not hard to see that the calculation of this n can be carried
in iPRA. Just to measure how big the axioms of a function symbol can be
depending on the size of the function symbol and take an upper bound for the
biggest function symbol in ¢. O

Closure under Visser translation

Lemma 131. iPRA is closed under (_)\D/SiPRA. This is verifiable in il%;.
Proof. First, remember that thanks to Lemma 130 we have that HBjpra
and this is il¥; verifiable.

All non-induction axioms of iPRA are of shape Vzq,...,Z,_1 . g Where ¢g is

Ag. Then by Lemma 61, we have that

PRA

Og; Oe:
Fipra (Y20, -, Zn1 - B0) > < Elsipra (Y20, -, Tn—1 - ($0)TF4)-

It suffices to show Hipra Vg, ) Tp_1 - $o° "A. Thanks to ¢y being Ay and

Lemma 66, we have that ;pra (¢O)\D/SiPRA « ¢g, so we can derive the desired
result.

Finally, let us assume that ¢ is an induction axiom. Then, we have a
quantifier-free formula ¢ such that

¢ =¢le/0]A (V2. ¢— ¢lz/S(2)]) = (V. ¢).

To show that Fjpra (q,’))?/&PRA, by Lemma 63 and HBjprargpn,, it suffices to
show that:

Fipra ()5P% [2/0] ABsiprA (V2 - () SPFA = () 574z /S ()])

—Esipra(VZ - (¢)5FFA)

68



Since ¢ is Ay we have that ;pra ((/))\D/SiPRA — ¢, it suffices to show:

Fipra ¢[2/0] ABlgipra(VE . ¢ — ¢[2/S(2)]) = Elsipra(VE - ¢). (i)
Since it is an induction axiom, we already have that
Fipra ¢z /0] A (V2 . ¢ — dlz/S(2)]) = (V2 . ¢). (ii)

Using HBijpraA qgppa WE also get:

FiprA OSiPRA (¢[$/6]) AOsipra(VZ - ¢ = ¢[z/S(z)]) = Osipra(ve . ¢). (i)

Since ¢[z /0] is Ag, by HBipRrA g pra-Compl we also get

Fipra ¢[z /0] — Osipra (¢[m/5]) : (iv)

Clearly (ii), (iil) and (iv) gives (i).
For verifiability inside il3i;, we note that all the lemmas used in the proof
are il verifiable. O

Lemma 132. We have that:

l_iPRA VA. prov A) — pI’OViPRA(A)\D/‘.SiPRA.

(iPRA)\D/SiPRA (

Proof. Note that right to left is trivial by definition of ax

that we show:

(IPRA)SPRA- It suffices

Fipra VA . prov (A) — prov, A)\D/:giPRA.

(-IPRA)\D/&PRA pRA(

But note that the sentence is iPRA-equivalent to a II-sentence (as it is the
universal quantification of an implication of X;-formulas). By II, conservativity
of iIX; over iPRA we get that it suffices to show:

O,
Fis, VA PrOV ;pra) SiPRA (A) = prov,ppa (A)7FPRA.

But we obtain this from applying Corollary 75, and lemmas 130 and 131 provide
the necessary hypothesis. O

Y1-provability logic
Finally, we are able to apply Solovay’s construction.

Theorem 133.

1-PL((sPRA)[SPRA) = PIL((iPRA)SP*4) =iGLC.
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Proof. First, let us apply Theorem 116 to obtain that
51-PL((IPRA) PR, OSieRr) = PL((1PRA)SPRA OSERY) =1GLC. (i)

Note that iPRA is a sound theory, Aj-decidable and ¥i;-complete extending iEA.
Also, it is self Ag-arithmetizable. By Lemma 130 we have that HBipra qgpra-
By Corollary 129 we get that absorption law for ¥;-sentences. By definition of
axg;pra, We have that for any sentence ¢, Fipra Osipra @ —Dipra @ Finally, by
Lemma 131 we have that it is closed under (_)-SPRA,

Now, thanks to Lemma 132 we get that for any sentence ¢,

‘SiPRA N
"iPRA Dgppa)siera @ > Hipra - (ii)

(ii) and Lemma 117 gives us that:

21-PL((iPRA) SPRA SRR ) = 55,- PL((iPRA)SPRA). (ii)
PL((iPRA)[SPRA, CISIPRA) = PL((IPRA)SPRA). (iv)
Using (i),(iil) and (iv) gives the desired result. O
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Chapter 4

NNIL Algorithm

In this chapter we are going to see how to calculate the X;-provability logic
of T from the ¥;-provability logic of ((T)\A/,DC%). For this we will need to use
the NNIL algorithm. The definition of this algorithm and the proof of its main
properties is from [11].

4.1 X,-provability logic of T from (T)\A/

In this section we will see how assuming two conditions, Ar 5, and Br o A, we
get the ¥;-provability logic of T' from the X;-provability logic of ((T)\D/,D%).

We introduce the class of NNIL propositional formulas, No Nestings of
Implications to the Left.

Definition 134. We define the classes NNIL ¢ £, and NI c £, (No Implications)
of propositional formulas with the following Back-Naus form:

NNIL : p=plLITIpAPlPVPIY— ¢,
NI : Qu=plLITIYAYIYV . u

The NNIL algorithm is an elementary function (_)*: £, — NNIL, which
has the following properties:

1. For any ¢, Fpc ¢* — ¢.
2. For any ¢ € L, ¢ € NNIL if -jpc ¢ — ¢ then Fipc o — ¢*.
Definition 135. Let us have box functions 00, A. We define the sets:
Ao={0(c¢p) ~0O(c¢*) 1 ¢ € L,,0 € B;-real},
Bo,n ={0(cp) ~0%(c¢) | ¢ € NNIL, 0 € 5;-real},

where X;-real is the set of Xi; realizations.
If T is a theory, we will write &7 to mean 7 9/ and Br, to mean
Fr B p- [ |
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Having &1, and B, , are going to be fundamental to lift the calculation
of 3;-PL from ((T)\A/,D%) to (T).

We need to define an extension of the NNIL-algorithm to modal formulas.
In order to define it we need to define what it means that a propositional logic
formula ¢ is a propositional skeleton of a modal logic formula ¢.

Definition 136 (Propositional skeleton). Let ¢(3) be a modal formula. We
say that a propositional formula (3, qq,--,gr_1) (Wwith the list of g variables in
that order) is a propositional skeleton of ¢ iff there are unique xg, ..., Xn—1 € Lm
distinct with

$= (p(ﬁyDXO: )Danl)'

Note that propositional skeletons are unique up to renaming of gqg,...,qn_1
variables by other variables not appearing in the modal formula.

We extend the definition of NNIL formulas to modal logic. This class is going
to be called TNNIL, Thoroughly No Nestings of Implications to the Left.

Definition 137 (TNNIL). We define the classes TNNIL ¢ £, and NI c £, (No
Outside Implications) of modal formulas with the following Back-Naus form:

TNNIL: pu=plLITI¢AGIP¢VPIP—¢ IO,
NOI : Yu=plLITIYAYIYVYIOx,
where y is any £, formula. [ ]

With this we can extend the NNIL algorithm to the modal case.

Definition 138. We define the TNNIL-algorithm by recursion. Let ¢(P) € Ly,
let (8,90, ---,9n_1) be a propositional skeleton of ¢ and xq, ..., Xn_1 be the only
modal formulas satisfying the skeleton condition. Then we define

¢F =¢*(B,0x0 . Oxn-1)- u

According to our definition the TNNIL-algorithm is not an algorithm. These
comes from 2 problems:

1. A formula has infinitely many propositional skeletons, which may cause
distinct outputs depending on the choice of propositional skeleton.

2. We do not indicate how to calculate a propositional skeleton of a modal
formula.

It is easy to see that the particular choice of propositional skeletons that we
make is unimportant for the resulting formula, so in fact the first objection is
not a problem. The second objection is not a problem neither, since it is easy
to came up with algorithms to calculate a propositional skeleton of a modal
formula.

We have the following lemmas related to the TNNIL-algorithm:
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Lemma 139. Assume that
L drp.
2. Glpp.

Then for any ¢ € £, and o € ¥;-real, we have that:
FrO(0g¢) < O(oge™).

Proof. We proceed by strong induction in the box depth of ¢. If ¢ has no
boxes, this is simply the assumption &/7 5. Let ¢ be a propositional skeleton
of ¢ and ¢(B,0x0, --,0xXn-1) = $(P). By induction hypothesis we have that for
any ¢ <mn:

FrO(onxs) © Dlonxi)- (i)

We define the following >i;-realization:

t(p;) = o (i),
7(g;) =0(oa(x:))-

We have the following equalites:

on¢ = o(¢ (8,00, -+, 0Xn-1))
= ¢(o(8),0(0px0), -, 0(00Xn-1))
= T(,b
o™ = on(¢*B,0x3 -, 0Xn 1))
=¢*(@(3),0(00x0 )s -+, 0(00Xn-1))
T =¢*(x(8),7(d))
=¢*(o(8),0(90X0), (00 Xn-1))

With these equalities in mind, we have the following equivalences:

FrO(op¢™) < O(t¢*) (by (i) and GIT,D)
—0(t¢) (by o7 )
=0(oq9).

O

Lemma 140. Assume Br, and Glp . Then, for any ¢ € TNNIL and o €
Y;-real, we have that

FrO(op¢) © 0% (o 8).

Proof. We proceed by strong induction in the box depth of ¢. If ¢ has no
boxes, this is simply the assumption Br,. Now, assume that ¢(3,q) is a
propositional skeleton of ¢(§) and ¢(B,0x0,--,0Xn_1) = ¢, which thanks to

73



¢ € TNNIL implies that ¢ € NNIL and xg, ..., xn—1 € TNNIL. By the induction
hypothesis we have that for any 2 <n:

FrO(opx:) < 0% (0me Xs)- (i)
We define 7, a ¥;-real, as
©(p:) = o(p:),
7(g;) =0(opx:)-
We have the following equalities:
UD¢ = GD((/)(Z_?)7DX01 oo 7|:|X'n,71))
=¢(a(2),0(00x0), - 0(00Xn-1))
=T1.
UDA¢ = UDA((/}(I_)))DXm oo ,DXn,]_))
= ¢(c(P),0%(092 X0), 0" (002 Xn—1))

With these equalities in mind, we have the following equivalences:

FrO®(oge @) < 02 (t¢) (by (i) and Glp )
< 0(t¢) (by ggT,D,A)
=0(0p9).

O

Theorem 141. Assume that

1. The theory T is ¥;-complete, Aj-decidable and II5-sound. Also, assume
that either T is a self Ag-arithmetizable extension of iEA or T is a self
3i;-arithmetizable extension of iEA+ BY;.

2. HBy ,.
3. A BT iy
4. T is closed under (_)\A/.

Then
S-PL(T) ={¢ € L, | ¢+ € Ty-PL((T)y,00)}.

Proof. We have to show that
¢ € T1-PL(T) iff ¢ € 54-PL((T)y, D). (i)

By Corollary 37, we have that HBp  ; and by Lemma 77, we get HbTD%. Also,
by Lemma 42, we get that for any sentence ¢,

Fr¢ iff EyOpg. (i)
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Let o be a 3;-realization and ¢ € L, we have that:

FrOp(0m,9) < Op(on,9™) (by Lemma 139)
< Op(0¢7). (by Lemma 140)

We will denote this equivalence as (iii).
With this we can conclude:

Fron¢ it FyOr(op,¢) (by (ii))
iff FnOf(0mé™) (by (iii) and II,-soundness)
A
iff FyOp (UD%¢+>V (since oy,¢* is a sentence)
iff b (ope ™)y (by (ii))
iff gy o™ (by Theorem 72)
\%

Finally, thanks to o and ¢ begin arbitrary, we have proven (i) so we can
conclude the desired result. O

4.2 How to get o/

In this section we are going to study some conditions under which we can ensure
A o, In other words, how to prove that for any formula ¢ and ¥;-realization
o we have that:

FrOp(o¢) < Op(od™).

First, we establish a little lemma that guarantees the right to left direction.

Lemma 142. Let T be a theory such that Hby 5. Then for any propositional
formula ¢ and ¥;-realization o we have that:

FrO(o¢™) —»0(a¢).

Proof. By the properties of the NNIL-algorithm we know that ;pc ¢* — ¢.
Then it is clear that:
Frogp*—ao.

Finally, using Hbr it is easy to conclude

FrO(o¢*) —0O(c¢).
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Now we focus in getting the left to right direction of &/. In order to prove
it, we need to introduce some definitions and results from [11]. First, we define
a translation between propositional formulas:

Definition 143. We define the function [_]_:.L, x £, — L, recursively in
the second argument as:

[¢]¢:= ¢ if ¢ atomic,
[L](Po A ¢1) = [b]do A [¢]1,
[L](PoV ¢1) = []do V [4]é1,
[)(¢o — ¢1) = — P — ¢1. u

And we also need the concept of o-relation:
Definition 144. A o-relation is a binary relation > C Lp X Lp such that:
. ¢ipc ¢ implies ¢ > .

2. >, > x implies ¢ > x.

[y

3. x>¢,x>¢ implies y >PpA .
4. ¢> x,¢p > x implies ¢V > x.
5. Let us have propositional formulas ¢y, ..., P, Lo, -, Pr—_1, then

(/\¢ﬁ¢i> — > \/ l/\qbﬁgbi] ¢;.

i<k i<k Li<k

6. ¢ >¢ implies (p— @) > (p— ).
The smallest o-relation will be denoted ». [ |
We have the following result from [11]:
Theorem 145. For any ¢ € £, we have that
¢rod".
As a corollary, we have that for any o-relation b,
P> P*
We need one more ingredient:
Definition 146. Let ¢,¢ € L. Then, we say that ¢ > ¢ iff

For any y € ¥;-sent and any o € X-real, y -po¢ implies y Fro¢.
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We also define the formalization of this relation, defining the formula:

AvpB:=VC, f.Z-sent(C) A Zq-real(f,fv(A) U® fv(B)) Aderp(C, f(A))
—derp(C, f(B)). B

To define the formula A > B we need to use a the formula ¥;-real(f, X).
This formula claims that f is a X;-realization whose domain is the finite set X.
We need to specify its domain as a finite set, since only finite functions can be
represented as a number.

We note that, following [11], bp is just a preservativity relation. For classical
theories, preservativity and conservativity are dual notions. The insterested
reader should consult Remark 4.1 at page 11 in [11].

If we are capable of showing that bk = {(d),(,l)) | bpdbp E} is a o-relation
we would finish, since then by Theorem 145:

FrOp(T —0¢) = 0p(T — 0¢).

But if Hby o, we can conclude

FrOp(0¢) —Or(0¢®),

which is the desired result. It is clear, that if we prove the internalized versions of
properties 1 to 6 of o-relations inside 7" we would have that Dg fulfills properties
1 to 6, and then it is a o-relation.

To avoid making things too dense we are going to do the following. First,
we are going to show what conditions are necessary to show that Fr fulfills
properties 1 to 6. Then, we will see which conditions must have T to have
those arguments formalized inside 7. With all this done, we will put our results
together in a theorem.

Lemma 147 (Property 1).
¢ Fipc ¢ implies ¢ >r .

Proof. This lemma is trivial, since our theories are formulated in iFOL so the
assumptions implies that o(¢) 7 o(¢). From this and some propositional rea-
soning we can easily conclude that y — o(¢) b7 x — o(¢), which implies the
desired result. O

Lemma 148 (Property 2).

If ¢ > ¢1 and ¢y br ¢y, then ¢o br s
Proof. Assume that ¢g>r ¢y (1), ¢1>rPo (i) and y Fr oy (iil). Using (i) and

(iii) we get that xy Fr o, and using this and (ii) we get the desired y Frop,.
U
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Lemma 149 (Property 3).

If ¢ o7 o and @ >y g, then ¢ op (doAdy).
Proof. Assume that ¢ >p g (1), ¢ >y (i) and xy Fpo¢ (iii). From (i) and
(iii) we obtain that y Fr oy and from (ii) and (iii) that y Fro¢;. But then,
concatenating both proofs and doing a little of propositional reasoning we obtain
xFropghogy, ie. xbEro(PgAg,) as wanted. d

Properties 4 and 5 are going to be harder to prove. The idea is that we
will need a ¥;-predicate @ with box function A such that Riny , and use the
relation of >y with ¥i-formulas. Clearly, we cannot have that A = Op, since
then Fp0Op 1 — 1, i.e. Fp—Op L, contraty to Godel’s incompleteness theorems.
For this reason we will need to work with theories T}, C T, but at the same time
we will need that UneN T, =T. This last equality will be needed since the idea
will be to assume that 7 ¢ and then get that for some n € N, b7 ¢. With
this we will be allowed to use De Jongh translation, which will be fundamental
to put Or_ in crucial places and then eliminate it via Rfnp 5 . We start with
property 4':

Lemma 150 (Property 4). Let us have theories T', (T, ) cn, such that:

1. UneN T,=T.

2. For any n, HBr 1 o, -
3. For any n, ¢ € Axy, implies 7 [T]y, (¢) (translation defined in 2.3).

4. For any n, Rinp o .

Then

¢o > ¢ and ¢y > ¢ implies ¢o V ¢y br .
Proof. Let us assume that ¢g>r¢ and ¢ >p ¢, and yFrodyVop, where y
is a Xj-formula. Then, we know thanks to UneNTn =T that for some n € N,
X1, 0¢gVop;. Then by Theorem 90 we have that

[T]DTHX Fr [T]Dfna¢0 v [T]Dpna¢1~ (i)

Thanks to y being a ¥;-formula and Lemma 87 we have that [T]DT” XX
and using Lemma 81 with HBy 7, we have that br. [T]Drn¢i_’DTn ¢; so from
(i) we obtain:

XtrDOr (0¢0) VD7 (0¢1). (i)
Finally, note that by anT:DTn we have that DTn(U¢i) Fro¢, and using that cisa
¥;-realization, Oy (0@;) is a &y-formula and ¢; b1 ¢ we get that Op (0¢;) Frog.
This means that from (ii) we can conclude

xXtroy,

as wanted. 0O

1Property 4 has also an alternative proof using g-realizability, see [11]
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Lemma 151 (Property 5). Let us have theories T, (T}, ),cy and propositional
formulas ¢y, ..., dx, Yo, -, Pr_1- Let us define I := /\i<k ¢, — ¢; and
H:= \/¢<k[I’G]ETn¢i' Assume that we have

1. U T,=T.

neN~— "
2. For any n, HBr 1 o, -
1+ ny n

3. For any n, ¢ € Axy, implies 7 (/] (¢) (translation defined in 2.3).

4. For any n, Rfnp .

5. T'is closed under (_)IF{ (translation defined in 2.1).

Then

(/\¢i—>¢¢> —ror \/ l/\qsﬁwi] ¢;.

i<k i<k Li<k

Proof. Assume that

Xkr (/\U%—’U%‘) — 0Py,

1<k

where y is a Xy-formula and o a X-realization. Since UneNTn =T we have
that there is a n € N such that

X, (/\O'd’i"a(pi) — 0Py,
i<k
and then, using Theorem 90, we have
[UI]DTnXl_Tn [UI]DTn (/\G¢l _)O.le> - [UI]DTna¢k' (1)
i<k

Since y is a ¥;-formula by Lemma 87 we have that ¢ [o] ]DT X < x. Also, by
Lemma 82 we have that

[0]]n,, (/\U@HU%‘) o (/\[GI]DTn0¢i‘>[O-I]DTnG¢i> AOp, (I—1).

1<k 1<k

But since HBy 1 . we have that =707 (I—1). So from (i) we get

xtr, </\[GI]DTnU¢i - [UI]DTnU‘Pi) - [GI]DTnU¢k~ (i)

1<k
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But, by Lemma 94, we have that -1 [0]]5, 0¢; < [[,0]5, ¢; and by Lemma 95
we have that 7 [I,0]5, ¢ — [I,G]Eanﬁi. So from (ii) we get

xtFr, (/\[I7U]ETn¢i_> [GI]DTHU(/}i) —[I,0l%, k- (iii)
1<k
Now, using Theorem 54, we get:
H H H
H o 4 A o .
(Vg Fr, </> (I1.0%r,8:)_— ([of]DTna%)F) = (Lol pe) - ()
For any 1 > k we note that [I,0]3, ¢; is T-equivalent to a ¥;-formula so
H
o (1,015, 8:) 0k, ¢V H (by Lemma 51)
n F n
—H. (by definition of H)

Also ¢ ()()I;H xVH. Soin fact (iv) gives

YVHFp (/\H—> ([GI]DTna(pi):> S H. (v)

1<k
H
Since 7 y — yV H and by Lemma 49 - H— ([O’I]DT a(,bz-) . Then (v) gives
n F
X |_TH1
in other words
xtr /1,01, ¢s.
i<k
Then by Lemma 96 x -7 \/,_,[I,0]¢;, i.e x Fro([I]¢;), as wanted. O

Lemma 152 (Property 6). For any propositional formulas ¢g,¢; and any
propositional variable p we have that
$o b7 ¢1 implies (p— @) br (P— ¢1).

Proof. Assume that ¢ by and yHro(p) — o (i), where o is a 3 -realization
and y is a ¥;-sentence. Let us define ¢ := o(p), note that it is a ¥;-sentence.
By (i) we have that

XNgFpodg. (ii)
But since iEA C T, using codified pairs we know that y A ¢ is T-equivalent to a
Y;-sentence. Then, using that ¢g>r @, and (ii) we get

X/\(p}_To-¢l7
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which implies the desired
xXtrd—ogy,
in other words
xtro(p)—od;.
O

If iEA C U, lemmas 147, 148, 149 are easily provable inside U. For property
6 we need that U is capable of proving that:

Fy VA, B.E-sent(A) A Ty-sent(B) — 3C.E1-sent(C) A prov,(AA® B «° C).

But again, if U extends iEA, it is capable of showing this. Finally, let us analyze
properties 4 and 5. Notice that we need the lemmas and main theorem of
the De Jongh translation. We have already seen that in order to have those
lemmas having Z;-induction suffices?. So if the hypothesis of the theorems are
provable in U and U can perform ¥;-induction we will have the formalizations
of properties 4 and 5 inside U. So, we have the following lemma:

Lemma 153. Let U be a theory extending il¥; such that:
1. axp enumerates T over U.
2. Fy VA . axp(A) & 3z . axp (A).

3. kyVz. HBPFOVT:PYOVTIYD'TI'
4. FyVz,A,B. sent(B) Aaxy, (A) — prov([Blg:, A).

5. by VA,B.sent(B) Aaxp(A) — provT(A)g.
6. Fy VA, z . sent(A) — prov, (07, A—° A).

Then Y, is a o-relation.

4.3 How to get &

We want to see how we can prove B ,, i.e. that for any ¢ € NNIL and
¥;-realization o
FrO(o¢) < 0% (0@).

First, we focus in the right to left direction. We will check that under weak
conditions, in particular conditions that were already necessary to apply the
first part of the construction i.e. Theorem 116, are enough.

%In fact, it can be shown that iEA suffices, since the existential variable of the formula where we
perform ¥;-induction is exponentially bounded. We do not assert this because we do not want to
enter in the burden of proving it, and it is not necessary for the theories we work with.
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Lemma 154. Let ¢ € Nl and o be a X;-realization. Then o¢ is iEA-equivalent
to a ¥;-formula.

Proof. By induction in the formula ¢. If it is an atomic propositional formula
the result is trivial. The cases of conjunction and disjunction are easy, using
that the class of ¥;-formulas is closed under conjunction and disjunction up to
iEA-equivalence. U

Lemma 155. Let ¢ € NNIL and o be a ¥j-realization. Then o¢ is iEA-
equivalent to a A formula.

Proof. If ¢ is an atomic propositional formula the result is trivial, since ¥
formulas are iEA-equivalent to A-formulas. The case where ¢ is a conjunction
or a disjunction is trivial. We can just use the induction hypothesis and that
A is closed under conjunction and disjunction. Finally, for the implication case
we have that ¢ = ¢y — ¢; where ¢g € NI and ¢; € NNIL. By the induction
hypothesis we get that there is a formula ¢; € A such that

Figa 01 < 1.

Also, by Lemma 154 there is a ¢y € &; such that
Fiea 0¢o < do.
But then,

Figa (o — ¢1) < (Yo — 1),
and (,DO—H,bl eA. O

Lemma 156. Let ¢ € NNIL and o be a ¥;-realization. Let T be such that:

1. T'is a theory Ag-decidable, ¥;-complete and extends iEA. In addition, T'
is self Ag-arithmetizable or -7 BY; and T is self ¥;-arithmetizable.

2. HBy ;.

3. T'is closed under (_)A

v
Then

FpO%(o¢) —O(cd).
Proof. By Corollary 37, we get HBr, . By Lemma, 155 there is ¢ € A such
that Fpo¢ < . Since ¢ € A, by Lemma 79 we know that p (t,lz)\A/ —¢. Note
that -, o¢ « ¢ implies, by Theorem 72 , that Fp (0¢ < @)

V! which implies
Fr (a¢)$ — ((/J)\A[ Then, we have that

Fr(a¢), — 0.

Finally, using that HBr 5 and that o¢ is a sentence, we can conclude:

FrOp(0¢) = Or(a¢). =
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To get the left to right direction of B », we can use Corollary 75 together
with Figa prov,(A) — Prov g2 (A), which holds by definition of (T)\A/.
A%
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Chapter 5

1121 adding sentential
reflection

In Chapters 3 and 4 we have provided a method for calculating the 3;-provability
logic of intuitionistic theories. We have noticed that in both chapter we needed
sentential reflection of the theory for its finite subtheories. This principle is
fulfilled by HA, but it is not fulfilled by finite axiomatizable theories such as
iEA or il¥;. For this reason, it is hard to find another theory for which the
method can be applied.

In this chapter, we define such a theory. The theory will be il¥; plus senten-
tial reflection for il¥X;. This results in a theory, iIZ}IL, that proves its sentential
reflection princple for its finite subtheories. We apply the method to obtain its
Y;-provability logic.

5.1 Definition and basic properties

In this section we define ilX] and we prove that some box functions fulfill the
Hilbert-Bernays conditions with respect this theory.

Definition 157. We define the theory
iInf =iz, +Ring, . .
Let us define a (o, 8)-arithmetization of this theory as:

a(A) = axyyz, (4),
B(A):=3B < A.sent(B) A A~y B—"B.
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We assume that aximl(A) is a self Ag-arithmetization of il¥;. We will write

axzt(4):==a(A4)V B(A4),
axgjint (A) == a(A) V(B(A) A Sys+(4)),
aXgt g (A) = a(A) V(B(A)NA<z). |

Lemma 158. axim;r(A) enumerates i3] in il%;.

Proof. This is straightforward by definition of g+ (4). O

Corollary 159. Let T be a Ag-complete and consistent extension of iEA. Then

x5t (A) enumerates ilZ] in 7. This implies that HB,, =
’ 3

Proof. Just use lemmas 158 and 39. The Hilbert-Bernays property can be
shown using Corollary 37. O

Lemma 160. We have that

L Fil):ll H Bprov.

0% o
gy SlIE'l"

2. l_ilill H Bprov.

mp .
PSR

Proof. Proof of (1). We want to apply Theorem 126. We have that iEA Cil%;,
thanks to Corollary 158 we get HBiEA,D.er- All left to show is
e

Fig, VA . Z-form(A) — 3z Prov; s+ (A—>° Di.lzfgz' A). (i)
But since 5, HBPVO"‘m O, We have that
iI5y 1l
Fig, VA . Z;-form(A) — provys (A—° I:li’m1 A). (i)

But b5, VA. proviml(A) — prov,

1IE{’§6(A)’ so by HBiIleDiIEI we get

Fis, VA provy, (D, A" Di.ml*gﬁA) (i)

But (ii) and (iii) gives (i).
Proof of (2). We want to apply Lemma 125. Note that iEA C il%;, axy,
enumerates ilX; in i34, HBiIEl:DiIEI and b5, HBP'OViml:Di'IEl' So all the properties

are fulfilled. O
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Lemma 161. We have that

Fis, Vz . HB y .
i1%, Proviis, PrVist <o Hint <o

Proof. Necessitation. We have to show that

o, A).

(4) = provyz, ( st <i

}_“21 VA. prov.

iInf <z

This is provable by induction in the formula
Fig, VPVA<p. proofim?g(p,A) —dq. proofiml(q, provi’lzz,gi(/l)),

using that )
Fig, V2,4 aXiIEfgm(A) - provugl(ax;mirgi(A))’
by HBiIElxDilzl Compl
Modus ponens. We have to show that

Fin, VA, B. pro"n):l(‘:'i.m;fgz(A_"B) _"Diz:;ng_’.Dizfng)'
This is easily provable just by definition of Di’|2+<i.
i<
Completeness. We have to show that
|_i|)31 VA. pI’OViIE1 (A _).Di.lﬂ'l"gd:A)' (1)
Note that 5, VA. proviml(A—>'|:|i'|ElA) since b5, HBF""Viml'Di'IEl' Also, by

definition, is easy to show that b5, provilzl(DﬁzlAH' m A). These gives

ISt <

the desired (i). O

5.2 Closure under translations

We prove the closure of iIEIL under the translations defined in Chapter 2.

5.2.1 Closure under Visser translation

O {Im
Lemma 162. il3; is closed under (_)VS "I This is verifiable in i1z,

Proof. Thanks to Lemma 160 we have that -5, HB, Since il¥; is

S S

18-Szt

sound we also get HB;5»; Pt Note that all the axioms distinct from induction
!

are of shape Vzg,...,z, . ¢ where ¢ is Ay. Proving that the translation of this

axioms is provable is easy using HBiIEl'DS'IE . with lemmas 61 and 66.
e

The translation of the induction axioms is also easy using HBiIZl’DS'IE . and

e
lemmas 63 and 67. Note that for this we use that the induction axiom is only
of ¥;-formulas. O
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O (s
Corollary 163. For any sentence ¢, -5, Dy, ¢ — Dy, (¢>)VS "I This is veri-

fiable in il%;.
Proof. By Lemma 162 we have that

o
silgt .
Fils, VA axys, (A) = provys, (A)y (i)
We also have by Lemma 160
I_'1|):)1 HBproviml,D\'gim_{_' (11)
Then by Corollary 75 with (i) and (ii) we get
D:Gilzf
Filg, VA . prov Ot (A) & provilzl(A)V .
(i121)y
Since b5, proviml(A) SOV ogs (A) by definition, we get
(i1Z1)y
Dsust
Fig, VA. provilzl(A) — proviml(A)V o (i)
so if ¢ is a sentence, instantiating A with E we get
Usiigy
Hin, Oip, @ — s, (D)v -
From (i), using HBiIEl:DiI)Dl and Lemma 28, we get the verifiability in il3;.
U
et Osint .. . -
Theorem 164. ilX] is closed under (), ‘. This is verifiable in ilX;.

Proof. Thanks to ilX; C iIZIi|r and Lemma 162 we only need to worry about the
axioms of iIEf that are not axioms of il¥;. In particular, let ¢ be a sentence
we have to show that the translation of Oy ¢ — ¢ is ilx 7 -provable.

Now, by Lemma 160 and since il¥; is sound we have that HB“E;rD .
? SiIEl

Using this we get that it suffices to show:

DSilzf'

Figy (Diml ¢>v

Dsuzfr

- (¢)v

But using Lemma 67 since O, ¢ is a &; formula, we note that it suffices to

show
sty
Funt Gz, 9= (P)v -
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But we have

Osisy
Fisy Ciz, @ — Dz, (@)y (by Corollary 163)

Hsiimy
=Py -
The reasoning is clearly verifiable in il¥}; and all the results used are verifiable
in il¥;. Some of them are originally verifiable in iI>; and used in the proof using

sound, in the formalized proof we will use them without applying soundness.
O

(by axiom of il%])

5.2.2 Closure under Friedman translation

Lemma 165. Let ¢ be a sentence. Then il¥; is closed under (_)ﬁ This is
verifiable in il¥;.

Proof. This is simple using Lemma 51 and that il¥; is Aj-decidable, both
things are il¥;-verifiable. O

Corollary 166. Let ¢,(¢ be sentence. Then

Fis, D, @ — Dig, (¢)$-
This is verifiable in il>.
Proof. Thanks to Lemma 165 we can apply Corollary 57 to obtain that

B .
Fis, VA, B.sent(B) A proviml(A) —provys, (A)- (i)

Then, the desired results comes from instantiating A with ¢ and B with a
Verifiabilty in il¥; comes from (i) with HBiIElvDilzl and Lemma 28. O

Theorem 167. Let ¢ be a sentence. ilZ] is closed under (_)ﬁ This is verifiable
in il%;.

¢
F

of iIEf that are not axioms of il¥;. Let ¢ be a sentence, note that the translation

Proof. Since ilZ; is closed under (). we only need to worry about the axioms
: ¢ ¢ . :
of Oy, p— ¢ is (Dilzl ¢) —(¢)p- But Oy, ¢ is Ty, so by Lemma 51 this formula
F
is il¥;-equivalent to

g, @V & — (0). (i)

By Lemma 49 we have that g ¢ — (¢>)$ Then, to show (i) it suffices that we
show

Figy Cis, ¢ — (¢)$~
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And we have the following reasoning proving this

Fusy Dz, @ — O, (¢)$ (by Corollary 166)
- (¢)$~ (axiom of i)
U

5.2.3 Closure under De Jongh translation

Lemma 168. Let ¢ be a sentence and n € N. ilX; is closed under [¢]q,

s} <n
This is verifiable in il>.

(L)

Proof. By Lemma 161 and soundness of il¥;, we have that HBiIElxilzlgn:DiIEIgﬁ'
Then, for non-induction axioms, since these are the universal closure of Ap-
formulas, we just need to use Lemmas 83 and 86. For the induction axioms we
just need to use Lemmas 84 and 87.

For the verifiability in il34, just use Lemma 161 without applying soundness
and the sames lemmas about the De Jong’s translation, since they are verifiable

in il3;. O
Corollary 169. Let ¢, be sentences and n € N. Then

Fis, Cis, ¢ — D, ([¢]milzl+<n¢> :

This is verifiable in il>;.

Proof. Using Lemmas 161 and 168 to get the hypothesis of Corollary 92, we
get that

Fis, VA, B,z . sent(B) A provimfgx(A) — proviml([B]D- A). (i)

s} <z

If ¢,¢ are sentences and n € N, instantiation A with ¢, B with a and z with n
we get

Fis, Oyst <7 @ — Oy ([¢]mil21+£i¢),

as desired.
From (i), using HB;j5;, . and Lemma 28, we get the verifiability in il3;.

O

sy

Theorem 170. Let n € N and ¢, ¢ be sentences such that ¢ € Aximzr 7 Then
}—“ET [(p]Di E¢. This is verifiable in ilX;.

+
1] <
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Proof. Thanks to Lemma 168, we know that we only need to worry about the
axioms of shape Oy, x — x, where x is a sentence. We need to show two things:

Figy [Yln

st <n

Gz, x) = [4ln

+
15 <

X (i)

and
Fust Cigr < (¢ —0is, X = X)- (ii)

(ii) is trivial thanks to HBy5 st and to Oy, x — x being an axiom

=Mlist s
of iIX7 <n. To show (i) we just need to use Corollary 169 and Lemma 87,
in a similar way we did in the proof of this theorem for Visser’s translation
(Theorem 164).

This proof can be carried in il¥; straightforwardly, since one the results we

are il¥; verifiable. O

5.3 X;-provability logic

Finally, using the results of the previous sections, we are able to calculate the
Yi;-provability logic of iIEIL.

The following lemma just expresses that iIZ}]LJr proves the sentential reflec-
tion principles for ilS] for the subtheories il < n. Note that this theories
have all the axioms of il¥; but just a finite amount of the axioms of shape

Cis, ¢ — ¢-
Lemma 171 (Reflection).

Finy YA,z sent(4) — Prov; s+ (Di.IE‘l"gj; A—°A).

Proof. We show the unformalized version of this. From the proof it will become
clear that it can be shown inside ilZ;, so also in iIZ]. So let us have a sentence
¢ and a number n. We have that

<D1I21 b— ¢) — ¢>

o A (D“Zl G— ¢) ¢ (axiom of iIE7)
de{xeSent | [Gyp, x—x)=<n}
— (axiom of i)

Figt Dist <z @ — D, <
ye{xeSent | Oz, x—x)<n}

Let us explain why the first implication holds. We work inside iIEIL, assume p
is a witness of Dilzf _7®- Then, the same p is a witness of

deryz, ({Dilzl‘/)_”/) |y €{x €Sent | Tyg, x—x) Sn}}'@) .
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Using some propositional reasoning we obtain a witness g of

derp, ( Ciig, ¢—’¢,5) .

e{xeSent | ([Oyg, x—x)<n}
Then, we can obtain a proof of the desired formula using the formalized deduc-
tion theorem. (]

Lemma 172 (Absorption). Let ¢ be a sentence, then
Sy Dzt Osuzy @ — Dugy ¢

Proof. Let ¢ be a sentence. We want to apply Theorem 124. We have that
HBiEA,D.mJ, thanks to Corollary 159. So all we need to show is
e

Fusr VT Oy Ciisf <o @ — Dliny ¢

But this is a consequence of Lemma 171. O

Lemma 173. ilZ] is sound.

Proof. il¥; is sound, so we only need to show that for any sentence ¢,
FnOin, — ¢. Assume that Fy Oy, ¢, thanks to Lemma 42 we get that 5, ¢.
Since il¥; is sound we conclude Fy ¢, as desired. O

Theorem 174. We have that:

; Osimy O Ogyst

e\ Psiis SilD e+ Bsist SilD .

5;-PL ((1I21 )y Oyt ) =PL ((1I21 )y Oyt ) =iGLC.

Proof. We want to apply Theorem 116. Note that iIZ}Ir is ¥q-complete, Ap-
decidable and extends iEA. Also, it is sound by Lemma 173 and it is self
Ag-arithmetizable by Corollary 159.

By Lemma 160 and thanks to soundness of il¥; we get that HB“E;r Do
Hsiisy

We also have absortion, i.e. Absim;r - by Lemma 172. By Lemma 32

ilzf’msuzf’
we also get that for any sentence ¢, I—imr DSHET ¢—>|:|imIr ¢. Finally, by Lemma
O s
164, iI57 is closed under (_ )y ' . O

Lemma 175. We have that o5+

et
Proof. Right to left direction is trivial by HB“EIr 0. and Lemma 142.
sy

For left to right direction our objective is to apply Lemma 153. The arith-
metization condition is clear by Lemma 158. It is also clear that gy VA.
aximT(A) —Jz. aximrgx(A). By Lemma 161 we get -5y, Vz . HB o,

usfPrVist
Conditions related to closure under translations are fulfilled by lemmas 167
and 170. Finally, formalized reflection is thanks to Lemma 171. U
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Lemma 176. We have that ‘%HE*

|2+ ’ Snz*
Proof. We show the two directions of 931I21 Dt Left to right is proven
O 5] SiD]
just using that il3; proves that ilX] is closed under Visser translation and
Lemma 160 with Corollary 75
For the right to left direction we just apply Lemma 156. O

Theorem 177.
2-PLAIST) ={p € L, | ¢ €iGLC}.

Proof. Our objective is to apply Theorem 141. Note that iIZ}IL is ¥;-complete,
Ag-decidable and, by Lemma 173, it is also sound. In addition, by Lemma 159
it is self Ag-arithmetizable.
By Lemma 160 and soundness of il¥; we get HB“E+ .- By Lemma 175
Silg]
we get M“ET’DHET and by Lemma 176 we get 931IE+ Cye sy By Theorem 164,

we also have that ilZ7 is closed under (_)VS“El .

With this we get that
+ +\Psis Csiz
Di-PLAIDY) = (¢ € Ly 19T € D-PL{ (UST) S™,000" | ¢
1

But by Theorem 174 we get the desired result. O
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Chapter 6

Conclusions and future
work

Conclusions

This work initiates the study of provability logic of subtheories of Heyting Arith-
metic, after the advances made by Mojtahedi in [6], where he calculated the
provability logic of Heyting Arithmetic. Due to restriction of time, we have
mainly studied 2;-provability logic instead of full provability logic. We hope
this work helps to solve in the future if the provability logic of subtheories of
Heyting Arithmetic is as uniform as in the classical case.

In Chapter 2, we have defined some well known translations in Intuitionistic
Arithmetic with some of its fundamental properties. This translations provides
the basic conditions for the rest of the method.

In Chapter 3, we have lifted some conditions of the intuitionistic Solovay’s
construction from [13] to a more general setting. In particular, we have weak-
ened the minimum theory from ilX; to iEA (as it was already known that this
change was possible) and we have rewritten the assumptions of some lemmas
and theorems to use the Hilbert-Bernays conditions, since these offer a little of
more generality. We have also used the construction of [12] to construct pred-
icates with absorption (as it was suggested by Pakhomov in page 733, Remark
42 of [13]). Finally, we have used all of this to construct a logic, (iPRA)\D/SiPRA,
whose (2;-)provability logic is iGLC.

In Chapter 4, we have analyzed which properties of the NNIL algorithm al-
lows us to calculate the ¥;-provability logic of a theory T from the ¥;-provability
logic of (T)\D[ST.

Finally, in Chapter 5, we have constructed a theory for which the whole
method is applicable, both the intuitionistic Solovay’s construction and the
NNIL algorithm part. For this, we have added a principle that during the
writing of Chapter 3 and Chapter 4 we found in essential parts of the proofs:
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sentential reflection. With this, we have provided a theory whose ¥;-provability
logic is the same as the X;-provability logic of HA.

Future work

Our initial aim was to calculate the X;-provability logic of more mainstream
arithmetical theories, such as iEA or il¥;. However, during our research we
have found that the actual method is really hard to apply to these theories.
The main problem is that both theories are finitely axiomatizable, and as we
found sentential reflection for the finite subtheories seems to be essential in
both parts of the methods. However, finite axiomatizable theories cannot show
this principle, due to Gédel’s second incompleteness theorem. Then, the biggest
open question is to study a way of calculating the >i;-provability logic of finitely
axiomatized subtheories of HA. After this study, it is unknown to us if they will
have the same %i;-provability logic as HA or if the finite axiomatizability will
change the ¥;-provability logic in the intuitionistic setting.

A more amenable open question which is the calculation of the ¥;-provability
logic if iPRA. We have just applied the first half of the method, obtaining
the ¥;-provability of (iPRA)?/SiPRA. This was possible since for this part of
the method only ¥;-reflection is needed. For now, the NNIL part needs full
sentential reflection. We believe that the NNIL part of the method can be
improved and that then it will be applicable to iPRA, obtaining that it has the
same >i;-provability logic as HA.

Finally, an easy endevour that was not done here due to lack of time is to
generalize the construction of Chapter 5. In that chapter we add sentential re-
flection as axioms to il¥;. This was in order to create a theory distinct from HA
for which the method of intuitionistic Solovay’s construction + NNIL algorithm
can be applied. It seems that the choice of il3; is largely non-fundamental and
it was done just for matters of time and concreteness. Rewritting the section to
generalize il¥; to an arbitrary theory T and see what conditons are needed to
apply the result of Chapter 5 can put some light over the method. Also, harder
tasks, are to study if it is possible to obtain some information about the ;-
provability logic of T' from the X;-provability logic of T'+Ring , and to study if
the method of intuitionistic Solovay + NNIL is applicable to T +Un6w anDTg,
which is a weaker theory than T + Ring
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Appendix A

Proofs about translations

A.1 Godel’s and Friedman’s Translations

Lemma 45. Let T be a Aj-decidable theory. Then for any ¢ € Ay we have
that

Fr(f)c < ¢
Proof. This is a simple induction in the shape of ¢. O

Theorem 46. Let T be a theory closed under (_)g and let ¢ € £;. Then,
FroL,r ¢ implies ;roL 7 (¢)c-
This is ilX; verifiable.

Proof. This is proved by a simple induction in the proof witnessing Fro 7 ¢-
O

Lemma 49. Let ¢, ¢ be formulas such that no free variable of ¢ occurs bounded
in ¢. Then:

Fy— (@)
Proof. By induction in ¢. If ¢ is atomic, a conjunction, or a disjunction the

result is trivial.
Case ¢ = ¢y — ¢;. By the induction hypothesis, we have that - ¢ — (¢1)(é'.

From this, - ¢ — (¢0)% — (¢1), i.e. F¢— (¢o— ¢1)¢ as wanted.
Case ¢ =Vz . ¢y. By assumption, we have that z ¢ fv(¢). By the induction

hypothesis, we have - ¢ — (¢0);£. Since z ¢ fv(¢) from this we can conclude
that F¢—Vz. (¢0)(,f, ie.F¢g— (V. ¢0)$ as wanted.

Case ¢ = 3z . ¢y. By the induction hypothesis, we have that - ¢ — (¢0)(é}.
By iFOL reasoning, + (qbo)‘,f —3Jz . (¢O)$. Putting these two facts together we
get that ¢ — 3z, (¢0);f, in other words, ¢ — (Jz. ¢0);£, as wanted. O
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Lemma 50. Let T be a Ag-decidable theory. Then for any Ag-formula ¢ and
any ¢, such that the free variables of ¢ are not bounded in ¢, we have

Fr(9)4 & oV .

Proof. We proceed by induction on the shape of Ay formulas. The case where
¢ is atomic is trivial.
Case ¢ = ¢gV ¢;. By the induction hypothesis, we have that

Fr (¢i)(l£ = d V.
So we have
Fr (o v ¢1)$ = (¢0)$ Vv (¢1)$

(V) V(P1Ve) (by LH.)
= (P V1) V.

Case ¢ = ¢g A ¢;. By induction hypothesis, we have that

Fr (¢¢)$ V.
So we have
A ¢1)$ = (¢0)$ A (¢1)$

(V)N (1VY) (by L.H.)
< (PoNP1) V.

Case ¢ = ¢g — ¢,. Before proving this case we need a little lemma. If ¢,y
are Ag-formulas and ¢ is any formula, then

Fr(@vd—xVve) = (@—x)V). (i)

The implication from right to left is easy, so we will only prove the other. Note
that:

X|_T¢_>X7
_'¢}_T¢_>X)
¢\/¢*>X\/¢)¢)_'X|7T(/]

From these we can conclude that:

PVY—=x VP,V =, xVoxtr(d—x) V.

But using that ¢, y are Ag, so -7 ¢V —¢ and 1 x V—x, we can conclude that:

PVY—=xVlp(d—x) V.
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Now, we can show the implication case as follows. By the induction hypoth-
esis, we have that

Fr (¢¢)$ P V.
So

Fr (o — ¢1)£ = (¢0)$ — (¢1)ﬁ
—PoVp—P VY (by I.H.)
o (o— ¢1) V. (by (1))

Case ¢ =Vz <t.¢g. We assume that z ¢ fv(¢) and by induction hypothesis
we have that

Fr (¢o)$ P V.

We will use the lemma (i) proven in the previous case. Also we need the following
lemma: let ¢ be a Ay-formula, ¢ be a formula and 7 a term such that z ¢ fv(¢, 1),
we have that

Fr(Vz.(z<t—@)V) e (Vz<t.9) V. (ii)

Right to left is trivial. For left to right note that Vo <t . ¢ is a Ag-formula so we
know that Fp (Ve <t.¢)vV—-(Vz <71.¢). Also, Fr—~(Vz<t.¢)—> Tz <71.—9
which holds because we can do cases in 3z <t.—¢ (since it is a Ay-formula)
and since in intuitionistic logic we have that = —(3z . x) — (Vz . —x) (and also
since b7 ¢V —¢ we have that Fp——¢ — ¢). Now, if assume Vz < 7. ¢ the left to
right is trivial, otherwise we can assume the negation which implies 3z < 7. —¢,
but note that:
z<tA-P,Vz.(z<T—=Q)VPFr.

But since z ¢ fv(¢) we have that
Jz<t.—¢,Vz.(z<Tt—>@)Vlr¢.
With the lemmas (i) and (ii) we are finally able to prove this case:

Fp (VI gr.qﬁo)ﬁ: (V. (z gr)ﬁ—>(¢)ﬁ)
= (Vx.xSTV(p—»(qb)l’b)

F
o Vz.z<tVd—oVY) (by 1.H.)
o (Vo (z<t—9) V) (by (1))
o ((Vz<t.9)VY). (by (i1))

Case ¢ =dz <t.¢q. By the induction hypothesis, we have that:

Fr (¢0)$ ¢V
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Then:

Fr(Jz <. ¢0)$ =(3z.(z ST\/Qb)/\((PO)?)
o (Fz.(z<TtVP)A (P V) (by L.H.)
o (Iz.(z<TtAP) V)
o (Fz<t.¢99) V).

Where in the last equivalence we used that z is not free in ¢. O

Lemma 51. Let T be a Ap-decidable theory. Then, for any ¥;-formula ¢ and
any ¢, such that no free variable of ¢ appears bounded in ¢, we have that:

Fr(9)% e oV .

Proof. Let ¢ be a X;-formula. Then it is of shape Jz . ¢g where ¢ is a Ag-
formula. We have that:

Fr (3. ¢0)(|£ =(Jz. (¢o)$)

—dz.py V¢ (by lemma 50)
— (3z. Pg) V. (since z ¢ fv(¢))
O

Lemma 52. For any formulas ¢,¢, such that no free variable of ¢ appears
bounded in ¢:

L. fv((9)p) = fv(¢) UEv(¢).

2. If z is free for 7 in ¢,¢ then z is free for 7 in (¢)$

Proof. By induction in ¢ both statements are easy to show. O

Lemma 53. Let ¢, be formulas, 7 a term and z a variable. Assume that no
free variable of ¢ occurs bounded in ¢ and z ¢ fv(¢). Then

(¢lz/T))E = (¢)Elz /7).
Proof. By induction in ¢. O
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Theorem 54. Let ¢, ¢ be formulas. Assume that we have a proof n of - ¢ such
that no free variables of ¢ appears bounded in the formulas of 7 and that T is

closed under (_)ﬁ . Then
o ()%,

Proof. We do induction in the proof of - ¢. We need to check that for logical
axioms ¢ we have that - ¢%. We consider each logical axiom subsequently.
Assume we have the logical axiom | — ¢, after the translation it is 1 V¢ —

(¢>)$ Thanks to lemma 49 we have that - ¢ — (¢)$, so we find the desired
formula.

The other propositional axioms are easy since they are axiom schemas, and
after the translation we obtain another formula of the axiom schema.

Assume we have the logical axiom (Vz.¢)— @[z /7] where 7 is free for «
in ¢. After the translation, we have the formula (Vm(q&)?) — (¢[z /T])ﬁ By

assumption we have that z ¢ fv(¢) so we can apply lemma 53 and then it is
enough to show that:

- (vz.(9)8) — (#)2lz /1,

but this is just an instance of the same logical axiom.
Assume we have the logical axiom (Vz.¢g— ¢1) — g — (Vy.¢1[z/y]) where
z ¢ fv(¢g) and (y =z or y ¢ fv(¢;)). After the translation we have that formula:

(V2.(¢0)% — (#1)%) = ($0)% — (Yy.(¢1) 2l /v]),

where we used that z ¢ fv(¢) with lemma 53. Since we assume that in the
proof no bounded variable appears in ¢, we have that z,y ¢ fv(¢)). Then,

z ¢ fv(gg) Utv(¢) = fv((q’)o)ﬁ) by Lemma 52. Now, we have that either y =z

or y ¢ fv(¢;), so again by Lemma 52 y ¢ fv((¢1)$). In any case, after the
translation the formula is just another instance of the same logical axiom.

The existential axioms have a similar proof to the universal axioms.
¢

Finally, let us treat about the equality axioms. However, note that (Vz.z ~ a:)F

(Vz.z ~ zV¢) is easily provable. Let us show an example of the functional equal-
ity axiom and other of the relational equality axiom. Let f(z,y) be a binary
function symbol, we have the axiom

vxryyz'y%z_)f($7y)%f(m’z)'
After the translation we get:
Ve,y,z.y~zVd— f(z,y)~f(z,2)V,

but this is clearly provable by doing cases in the disjunction of the antecedent
of the implication. Let R(z,y) be a binary relation symbol and assume we have
the axiom

Vz,y,2.y ~z— (R(z,y) « R(z,2)).
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After the translation it is
Vz,y,z.y ~2V¢— (R(z,y) VY — R(z,2) V)
It suffices that we show that the following formula is provable
Vz,y,z.y ~2zV¢—(R(z,y)VY—R(z,z) V)

But note that:
y~z,R(z,y) - R(z,2)

thanks to the equality axiom. By doing cases in the disjunctions of the an-
tecedent of the implication the result is easy to prove.
Now, assume that - ¢ where there is a y such that - y and - y — ¢ with

shorter proofs. By induction hypotheis F ( X)ﬁ and - ( X)$—> (¢)$ So by apply-

ing MP we have that - (¢)$, as wanted.
Finally, assume that - Vz.¢p where there is a shorter proof of - ¢. Then

by induction hypothesis - (q,’))i . Finally, we can conclude using generalization
that FVw.(d))g, in other words, (Vm.cp)ﬁ. O

Corollary 56. Let T be closed under (_)ﬁ If we have a proof 7 of 1 ¢y < ¢y,

where no free variable of ¢ appears bounded in r, then F (¢0)$ — (¢1)$.

Proof. Just applying Corollary 55. U

[1,-conservativity over classical theory

Lemma 58. Let T be a theory such that it is closed under Goédel’s translation
and under Friedman’s translation for ¥;-formulas. Then, T with classical logic
is ITy-conservative over T" with intuitionistic logic.

Proof. First, let us show that for any ¢ € Ay we have that
FiFoL,r ~7JY - ¢ implies HiroL 73y - ¢.

Note that we can assume that no free variable of dy . ¢ occurs bounded in
the proof of iFo 7 =3y . ¢ since we can suitably rename bounded variables.
Then, by Theorem 54, we have that

Jy.
FiroL,r (m3y. ¢)Fy ?,
equivalently
Jy.
Frour ((By - ¢),” Y 3y.¢)—Ty. ¢
Thanks to Lemma 51 we have that

FroLr (Fy. )20 © (3y. ¢) v (y. ¢),
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so we get
FiroLr (Quantdyg — Jy. ¢) — Jy. ¢.
But the antecedent of the implication is clearly provable, so
FiFoL,r Y- ¢-

Now, assume that Fpop, Vzdy . ¢ where ¢ € Ag. Then Fgo Jy . ¢. By
Theorem 46 and Lemma 45,

FiroL,r 3y - 6,
but thanks to previous result
FiFoL,r Y- ¢.

By generalization we get the desired

FiroL,r V2 3y - ¢. O

A.2 De Jongh Translation

Lemma 81. Assume that HBy . Let ¢,¢ € £; such that there is no free
variable of ¢ bounded in ¢. Then:

Fu [$lo¢ —0(¢— ¢).

Proof. By induction in ¢. If ¢ is atomic, then we have that, by HBy r 5.Compl,
Fy ¢—0¢. Also, by Lemma 27 and HBy 7 o, -y O¢—0(¢—¢), we can conclude
Fy ¢ —D0(¢— @)

Let ¢ = ¢g A ¢, by the induction hypothesis for : =0, 1:

Fy [lag; — O — ¢5).

Then
Fr[la(bo A ¢1) = [lago A [Plods
—0(¢— do) AD(P — ¢1) (by L.H.)
—=0(o—= o)A (P — 1)) (by Lemma 27 and HBy 7 )
—0O(¢— Pg A d1). (by Lemma 27 and HBy 7 )

Let ¢ = ¢V ¢4, by the induction hypothesis for : =0, 1:

Py [logi —0(¢ — ¢4).
Note that using Lemma 27 and HBy 7 4

FyO(¢— ¢;) = 0(¢— ¢o V ¢1),
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Then

Fu [la(@oV ¢1) = [Plado V [¢]aés
—O(Y— oV é1).

Let ¢ = Jz.¢g, by the induction hypothesis

Fu [Plago — O — éo)-
Then

o [¢la(3z - ¢o) = 3z . [Pl

—3Jz.0(¢— ¢y) (by I.H.)
—0O(3z . p— ¢g) (by Lemma 27 and HBy 7 )
—0O(¢— 3z . ¢y)- (by Lemma 27 and HBy 7 )

In the last implication we used that z ¢ fv(¢).
The cases of implication and universal quantification are trivial. O

Lemma 82. Assume that HBy 7. Then we have that:
Fu lxlo (/\¢i—>¢’z‘> o (/\[X]m¢z'—’[)(]m¢i> ADO (X—’ (/\d’i—’(/)i)) -
i=0 i=0 i=0

Proof. By induction in m. If m =0, then it is trivial by definition. Assume it
is true for m, we need to show the case m + 1. We have:

m+1 m
Fu xlo (/\ ¢¢—>¢i> =[xz ((/\@—’%‘) A(¢m+l_)¢m+l)>
i=0

1=0

=[xz (/\ ¢ — ¢z‘> A X Ia(@mt1 = Gmeri)

1=0

o </m\[)(]m¢i_’ [X]D‘pi) AD (X—> (/m\¢i_’¢i>)
1=0

1=0
A (X ePma1 — Xlema1) AD(X — Syt — Pm1)

m+1
- (/\[X]D¢i - [X]D(pi)
1=0

AD((X-’ (}n\¢i—>¢¢>> A()(—><{L5m+1—>¢m+1)>
i=0
m+1 m+1

o (/\[X]D¢i_>[)(]m¢i> AO (X-’ </\¢i—>¢z‘>> .
1=0 1=0
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Lemma 83. Let HBy 7 and z,...,z,, be variables not free in y. Then we
have that:

l_U [X]D(va) vee 7mm¢) o (vm()’ oo 7$m[X]D¢) /\D()(_> va) e 1$m¢)

Proof. By induction in m. If m =0 it is trivial by definition. Now, assume that
it is true for m let us show the case for m + 1.

Fu XJa(VZo, - s Tmg1-®) = (V2o [X]0(VZ1, s Trg1-8)) AD(X — V20, e s Trge1-B)
© (Y20, oy T [X]a®) A (V20.0(X — Y21, o, Tirg1-9))
AO(x —Vzg, e, Typy1-P)
& (Yo, e, Ty [ X]o®) AD(X — Vo, .., Trng1-9)

For the last equivalence, to show right to left we used HBy 75 and zg ¢ fv(x).
O

Lemma 84. Let HBy 75 and assume that = ¢ fv(). Then

Fu Xa(Ve.¢ — ¢) & (Vo.[x]a¢ — [X]a¢) AD(x — V.0 — ).
Proof.
Fu Xa(Ve.¢— &) = (Vz.[x]a(¢ — ) AO(x — Vz. — )

= (Vz.[x]n¢ — [X]o¢) A (Vz.0(x — ¢ — ) AD(x — Vz.¢ — )
o (Vz.[x]o¢ — [X]o$) AD(x — Vz. — )

For the last equivalence we use that HBy 75 and that = ¢ fv(y). (]

Lemma 85. Let HBy 7, then

Fu Xlo(@m — - = @0) © ([X]oPm — = — [X]oPo) AD(X — @ — - — o)

Proof. If m =0 it is trivial by definition, so let us show the inductive case. By
the induction hypothesis we have that

Fu X o(@m — - — @0) < ([X]a®m — -+ — [X]a®o) AO(X = P — - — P0)-
Then

o Xa(@ma1 — - = ¢0) = (Xlobm+1 = Xa(Pm — -+ — $0)) AO(X — Py — -+ P0)
o (lotms1 = (g — -+ = [Xogo) ADGx— $m — -+ ¢0))
AO(X = Pmg1— -+ — o) (by LH.)
= ([Xla®m+1— XIobm — - — [X]oPo)

A X aPmer — 00X — P — - — P0))
AO(X — dmi1— - — @) (by iFOL reasoning)

< ([Xla®mar — - — X]opo) AO(X — Gy — -+ — @0)
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Let us show «*

prove that

in detail. Left to right is trivial, to show right to left let us

O(X = Pmr1— = P0), X |o®mar FuO(X — P — == — o). (i)

Note that by Lemma 81 we have that
[X]D¢m+1 l_UD(X_’¢m+1)'
Then, using Lemma 27 and HBy 74
O(xX = Pmg1— = P0), X |o®ma1 FuOX = Prmgr A Pgr — - — ¢0)) (i)

By another application of Lemma 27 and HBy 7, we get

O(X = Pmr1 A(Prmg1 — = P0)) FuB(X — G — - — o). (iii)
Clearly (ii) and (iii) gives (i). O

Lemma 86. Assume that HBy 7. Let ¢ € Ay, such that no free variable of x
appears bounded in ¢. Then

Fu ¢ < [X]n-

Proof. By induction in ¢. If ¢ is an atom it is trivial. Conjunction, disjunction
and bounded existential are easy applying the induction hypothesis.
Case ¢ = ¢g — ¢;. By the induction hypothesis

Fu @i < [X]nds-
Then
Fu Xlo($o — ¢1) = ([x]ado — [x]op1) AD(x — ¢o — ¢1)
< (o — ¢1) ANO(X — P — 1) (by LH.)
= (po— 1),
where we used:
Fu (¢0— ¢1) = O(¢o — ¢1) (3;-completeness)
—0O(x — ¢g— ¢1)- (by Lemma 27 and HBy 7 )

Case ¢ =Vz < 1.¢g. By Lemma 84, since z ¢ fv(y), it suffices to show that
FuVz < 1. [x|gpo AO(x — VT < T.¢0).
By the induction hypothesis,
Fu @0 < [X]ado-
Then

Fu (V2 <1.¢0) = (VZ < T.[X]n0)-
All left to show is that

l_U (V(IZ < T.¢0) —>D(X—7V$ < T.¢0).

But this is trivial using HBy 7 5 and Lemma 27. Note that in calculating the
translation we are using Lemma 84. U
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Lemma 87. Assume that HBy 7. Let ¢ € &y, such that no free variable of x
appears bounded in ¢. Then

Fu ¢ < [X]n-

Proof. Applying previous lemma. O

Lemma 88. We have that
L fv([x]a¢) < fv(x) Utv(¢).

2. z is free for t in ¢ iff z is free for 7 in [x]g¢.

Proof. The first point is a simple induction in ¢. Let us show the second point,
also by induction in ¢. If it is an atom it is trivial, conjunction and disjunction
are trivial by the induction hypothesis. For the implication case it suffices to
apply the induction hypothesis and note that for any formula ¢, z is free for any
term in O¢ (here we assume that we rename the bound variables of the formula
defining O if necessary). Now, let ¢ = Jy.¢g, and assume that z is free for 7 in ¢
and z ¢ fv(x). If z =y, the result trivially holds since [¢]53y.¢o = Fy.[¢]ndo. If
z # y we have that z is free for v in ¢ and y ¢ fv(r). By induction hypothesis we
have that z is free for 7 in [x|g¢o, so it is also free for v in Fy.[x]|o¢o = [X]oTY-Po-

The case where ¢ = Vz.¢ is as Jz.¢, but again we need to use that z is
free for any term in O(y — Vy.¢g) (module renaming bounded variables of the
formula defining 00). O

Lemma 89. Assume that HBy . Let z be free for 7 in ¢, and z ¢ fv(x).
Then

Fu (Xla)lz/t] < Xlo¢lz/7]-

Proof. We proceed by induction in ¢. If ¢ is atomic the result is trivial.
Conjunction and disjunction are easy using the induction hypothesis. Let
¢ = ¢dy — @1, by the induction hypothesis we have that:

Fu (Xlad)lz/t] = IxX]adilz/7].
Also note that:
FuD(x— do— #1)le /1] o D((x — do— @1z /1) (by Lemma 68)
=0(x — ¢olz/7] = ¢1[z/7]) (since z ¢ fv(x))
Let us call this equivalence (i). Then:

Fu [xlo(do — ¢1)[z/7] = (IX]ogolz /7] = [X]ada[z/T]) AD(X — ¢o — ¢1)[z/7]

< (Ixladolz/7] = [x]og1lz/7]) AD(x — ¢olz /1] — ¢1[2/1])
(by LH. and (i))

= [xlo(#olz/7] = ¢1[z/7])
= [x]a(($o — ¢1)[z/1])
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If ¢ = Jy.¢y we have two cases. If z =y the result is trivial, if z # y it
suffices to apply the inductive hypothesis. Note that to do this is fundamental
that if z is free for 7 in Jy.¢g and z # y then z is free for t in ¢y.

Finally, if ¢ =Vy.¢g is a mixture between the existential and the implication
case. First, if z =y the result is trivial and if z # y we proceed similarly to the
implication case. Again, we need to use the induction hypothesis which we can
apply since if ¢ # y and « is free for t in Vy.¢y we can conclude that z is free
for 7 in ¢g. O

Theorem 90. Let y be a formula, let T be such that if ¢ € Axy then b [x]o(¢)
and HBy 7 5. Then if 7 is a proof of -7 ¢ where no free variable of x appears
bounded, we have that

Fu [X]ad-

Proof. By induction in the proof of -+ ¢. If ¢ is a non-logical axiom we have
the desired result by hypothesis. Let us prove the case where ¢ is a logical
axiom. For that we check all the logical axioms individually.

1. Case 1. — ¢. After the translation we have the formula

(J—*> [X]n‘p)ADn(X*)J—*’(ﬁ)'

The left conjunct is another instance of the axiom, so it is provable. The
right conjunct is provable thanks to HBy 7 5 and Lemma 27.

2. Case p A¢p— ¢. Thanks to Lemma 85 it suffices to show

Fo (Xlag A xlad — [X]e@) ANO(x — oA — @).

The left conjunct is another instance of the axiom, so it is clearly T-
provable. For the right conjunct we just need to use HBy 7.

3. Case ¢ —¢p— ¢ A¢. Similar proof to the two first cases.
4. Case ¢ — ¢V (. Similar proof to the two first cases.

5. Case (pg—¢)—(p1—¢)— (g V1 —¢). Thanks to Lemma 85 it suffices
to show that

Fu XIa($o — &) — [x]a(P1 — ¢) — [X]a(do V b1 — ) (i)

and
FyO(x — (¢o— @) = ($1— ) — (o V 1 — ¢)) (ii)

(ii) is clearly provable using HBy 7. Let us show (i). But, to show (i) it
suffices to show:

Fu (xlago — [x]a¥) = (Xla#: — [X]a$) — (X]ado V [X]op: — [x]ae), (iii)
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and

Foh(x— o= ¢) —H(x = ¢1 — &) =Oh(x — (Po V$1) —¢)  (iv)

The formula in (iii) is just another instance of the axiom, so it is provable.
To show (iv) it suffices to use HBy 7.

6. Case ¢ — ¢ — ¢. Similar proof to the two first cases.
7. Case (p—¢p— x)— (¢ —¢)— (¢ — x). Similar proof to case 5.

8. Case (Vz.¢)— ¢[z /7], where 7 is free for z in ¢. After the translation we
get the formula

(Xlovz - ¢ = [X]n¢le/7]) AD()

"The right conjunct is proved by HBy 7 o and Lemma 27. Let us show the
left conjunct in U-provable. Since z is free for 7 in ¢ and by assumption
z ¢ fv(x), by Lemma 89 we have that it suffices to show

Fu (Ve . [x]o#) AD(x = Vz . ¢) = (X]og)[2 /7]

However, (Vz . [x]a®) — ([x]o¢)[z/7] is another instance of this logical
axiom. In order to have this, we use that z is free for 7 in [x|g¢ and
Lemma 88.

9. Case (Vz.p—¢)—¢p—(Vy.¢[z/y]), where z ¢ fv(¢) and y =z or y & fv(¢).
By Lemma 85 it suffices to show that

Fu IxIa(Ve . ¢ — @) = [x]a¢ — X]a(Yy - ¢z /y]) (i)

and

0 (x— (o 9 9) = ¢ (vy. 9la/ul) ). (i)

(ii) can be easily proven using HByy 7 and Lemma 27. Thanks to Lemma
84, to show (i) it suffices to show

Fu (Vo X — [X]a®) — Xla¢ — Yy - [X]a(elz/y]) (iii)

and
FyO(x—Vz. ¢ —¢) = [x]o¢ —DO(x — Vy. [z /y]). (iv)

(iv) can be proven using HBy 1 o and lemmas 27 and 81. All left to show
is (iii). Notice that, since z ¢ fv(¢) and z ¢ fv(y) due to = appearing
bounded in the proof, we can conclude via Lemma 88 that z ¢ fv([x]g¢).
Then if z =y (iii) is an instance of the same logical axiom, so it is prov-
able. Otherwie y ¢ fv(¢), which again using Lemma 88 implies that
y & tv([x]o$. This makes the formula an instance of the same logical
axiom.

10. Case ¢[z/t] — Jz.¢, where ¢ is free for z in ¢. Similar proof to case 8.
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11. Case (Vz.¢p—¢)—(Jy.¢[z/y])—¢, where z € fv(¢) and y =z or y ¢ fv(¢).
Similar proof to case 9.

12. Finally, let us cover the equality axioms together. Notice that all the
equality axioms are of shape Vzq,...,z,.¢9, Where ¢y is Ay. This makes
easy to prove them using lemmas 83 and 86.

Assume that ¢ is obtained by modus ponens of ¢ — ¢ and ¢. By L.H. we
have that:

Fu Xl — @), (i)
Fu X (ii)

Then by (i):
Fo xXlod — [X]nd,

so we can conclude the desired conclusion by (ii) and MP.
Assume that the last step is generalization of z in ¢, so -1 ¢ with a shorter
proof. By the induction hypothesis we have that:

Fu [x]og-
We can apply generalization to obtain:
Fy Ve . [X]n¢- (i)
Note also that by assumption of this case FpVz . ¢, so FyO(Vz . @) and then
FyO(x—Vz . ¢) (i)

i) and (ii) gives the desired result. O
(i) g

Corollary 91. Let y be a sentence, let T and U be such that ¢ € Axp implies
Fu [X]o® and HBy 7. Assume that we have a proof 7 of I' -7 ¢ such that no
free variable of ¢ appears bounded in 7 or in I'. Then

X]aT o DX

Proof. Just use the deduction theorem and Theorem 90. O

A.2.1 Auxiliary translations

Lemma 94. Let HBy 1. Then for any ¢, ¢ € £, and any ¥;-realization o we
have

Fy loglnod « [¢,o]qé.
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Proof. By induction in ¢. If it is T or L the result is trivial. If ¢ = p, by
Lemma 87, we get by [0¢]qo(p) « o(p). Then

Fu [o¢lno(p) « o(p)
= [(/l,d]gp.

Conjunction and disjunction are trivial by the induction hypothesis. Finally,
let ¢ = ¢g— ¢;. By the induction hypothesis we get

Fu lodln(oge — 0¢1) = ([0¢]nopo — [0¢]nod) AD(0p — oy — 1)
- ([(pa U]D¢0 - [¢1U]D¢1) /\D(U(p - U¢O - O'451)
(by I.H.)

= [, 0]n(¢o— ¢1)- O

Lemma 95. Let ¢,¢ € £, o be a realization and O0: £; — £;. Then

Fulg,olnp—[¢,0l5e.

Proof. By definition in ¢. If ¢ is an atomic propositional formula the result
is trivial. If it is a conjunction or disjunction it is trivial using the induction
hypothesis.

Finally, let ¢ = ¢g— ¢1. Then

Fu [$,0)a(o— ¢1) = ([¢, 0lapo — (¢, 0la¢1) AO(op — oy — 0y )
—0O(cp—0o¢y—0é,)
= [, 0la(do— #1)- O

Lemma 96. Assume that Rfn; . Then, for any ¢,¢ € £, and realization o
we have

Fu ¢, 0lap — o ([¢]9).

Proof. By induction in ¢. In case ¢ is an atomic propositional formula the
result is clear. The cases of conjunction and disjunction are easy applying the
induction hypothesis.

Let ¢ = ¢y — ¢1. Then

Fu b, 0la(¢o— ¢1) =0(cp—opy— 0 dy)
—op—apy—op; (by anU,D)
= ([¢](do— ¢1)). O

Lemma 97. Let O:L; — ¥; and o be a X;-realization. Then [¢,o]3¢ is
iEA-equivalent to a ¥;-formula.
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Proof. By induction in ¢, if it is a propositional atomic formula then it is trivial.
The conjunction and disjunction are easy the by induction hypothesis. For the
conjunction we need to use the codification of pairs. Finally, if ¢ = ¢g— ¢; we

have that
[,0]5(¢o— ¢1) =0(cp — 0y — 0¢1),

which is ¥; by hypothesis.
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