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Abstract

This thesis is a proof-theoretical study of various systems of inquisitive logic. In the
first part, we consider the basic system of propositional inquisitive logic, denoted by
IngB (see, e.g., Ciardelli 2022). We construct a natural deduction system for IngB,
prove a normalization theorem and establish a restricted subformula property. Our
system is based on an extended natural deduction formalism in which not only for-
mulas, but also rules can act as assumptions that may be discharged in the course of
a derivation. We then present a G3-style labelled sequent calculus with internalized
support semantics for IngB. Our system is shown to satisfy a number of conve-
nient structural properties such as cut-admissibility, height-preserving admissibility
of weakening and contraction, and height-preserving invertibility of all rules. After-
wards, we modularly adapt our sequent calculus to other systems of inquisitive logic,
including an intuitionistic variant of IngB described by Ciardelli et al. (2020) and ex-
tensions of InqB with Kripke modalities. We provide a general method that allows to
construct cut-free labelled sequent calculi for all inquisitive Kripke logics character-
ized by a certain type of first-order formulas, known as geometric implications. This
generalizes a famous result for ordinary modal logic established by Negri (2005).
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Introduction

This thesis is devoted to the proof theory of inquisitive logic. Inquisitive logic provides a semantic
framework for propositional and first-order logic that allows to formalize not only the informative
content of sentences in natural language, but also the issues raised by such a sentence. This makes
it possible to account for the meaning of both statements and questions in a uniform way. The
basic system of propositional inquisitive logic was first described by Ciardelli (2009), Groenendijk
and Roelofsen (2009) as well as Ciardelli and Roelofsen (2011). Roughly speaking, this system is
obtained by enriching classical propositional logic with a new connective V, referred to as the
inquisitive disjunction operator. This connective is used in order to form alternative questions
such as ‘Have you lost your wallet or your keys?’ within the language of the system. Thus,
intuitively, ¢\V1) stands for the question whether ¢ or1). The familiar truth-conditional semantics
of classical logic is extended to a more general state-based semantics centered around the notion
of support. That is, rather than specifying what it means for a formula to be true or false with
respect to an atomic valuation (or with respect to a possible world), inquisitive semantics specifies
what it means for a formula to be supported by an information state, representing a certain body
of information. In inquisitive logic, information states are modelled as sets of possible worlds—
namely, those worlds that are compatible with the information conveyed by the state. Intuitively,
aformula ¢ is said to be supported by an information state s, just in case s implies the information
conveyed by ¢ and s resolves the issue raised by ¢. From a technical point of view, standard
inquisitive logic can be conceived from two different perspectives: on the one hand, it can be
seen as a conservative extension of classical logic; on the other hand, it can be seen as a logic
that is intermediate between intuitionistic and classical logic. However, inquisitive logic is not
an intermediate logic in the usual sense, since it is not closed under uniform substitution. This
makes it particularly difficult to define simple, analytic proof systems for inquisitive logic.

Recent years have seen a growing interest in the semantic features of inquisitive logic, its
linguistic applications and its relationship to other frameworks (see, e.g., Ciardelli et al. 2019;
Ciardelli 2022). However, the proof-theoretical properties of the system have received little atten-
tion in the literature so far. In fact, apart from a few exceptions (namely, Frittella et al. 2016; Chen
and Ma 2017), there exists no work on the proof theory of inquisitive logic. The present thesis
aims to fill this gap, by providing an extensive proof-theoretical investigation of basic inquisitive
logic and related systems. The achievements of this thesis are manifold: on the one hand, we
will construct various analytic proof systems for basic inquisitive logic and some of its variants,
including a system of intuitionistic inquisitive logic described by Ciardelli et al. (2020) and a wide
range of inquisitive modal logics; on the other hand, we will carefully investigate the properties
of our proof systems and provide a solid ground for further research in this direction.

Roughly speaking, a proof system is said to be analytic, if every valid formula ¢ of the under-
lying logic has a proof containing only formulas that are, in some sense, ‘relevant’ to ¢. In most
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vi Introduction

cases, this simply means that the proof system satisfies a suitable version of the subformula prop-
erty: every valid formula ¢ should have a proof containing only subformulas of ¢. Since this is a
very demanding requirement, weaker forms of the subformula property are usually also accepted
as being sufficient for an analytic proof system. In the case of natural deduction systems, ana-
lyticity is usually established by means of a normalization theorem, stating that every deduction
in the system can be transformed into a deduction without ‘detours’ (cf. Troelstra and Schwicht-
enberg 1996, pp. 178-189). In the case of sequent calculi, there are two different methods. If
the cut rule is assumed to be included in the calculus, then analyticity is typically established
by a suitable cut-elimination theorem, i.e., by providing a constructive procedure that allows to
transform any derivation in the system into a cut-free derivation. If the cut rule is not included
in the calculus, then the system is already analytic by design. However, in order to establish the
completeness of such a system proof-theoretically, one has to show that the cut rule is admissible
in the system, i.e., whenever the premises of the rule are derivable, then so is the conclusion of
the rule (cf. Negri and Von Plato 2001; Troelstra and Schwichtenberg 1996).! In this thesis, we
will always opt for the second strategy, so all our sequent calculi are cut-free by definition.

While analyticity is taken to be the most important criterion for the quality of a proof system
in this thesis, we will occasionally also evaluate our systems against other criteria. For example,
in a well-designed system of natural deduction, we expect each connective to have exactly one
introduction rule and exactly one elimination rule, and these rules should exhibit some kind of
‘harmony’ or ‘symmetry’ (a similar requirement should be adopted for the left and the right rules
of a sequent calculus). Another important property is modularity: if one logic is an extension or
a slight modification of another logic, then there should be an easy way to turn a proof system
for the latter into a proof system for the former (ideally just by adding a few rules).

The main contributions of this thesis can be summarized as follows. In the first part, we con-
sider the basic system of propositional inquisitive logic, denoted by InqB. We provide an ele-
gant natural deduction system for IngB, establish a normalization theorem and derive a weak
form of the subformula property for our system. This is achieved by adopting an extended nat-
ural deduction formalism inspired by the so-called calculus of higher-level rules developed by
Schroeder-Heister (1981; 1984). In the extended setting, not only formulas, but also rules can
serve as assumptions that may be discharged in the course of a derivation. Afterwards, we con-
struct a cut-free labelled sequent calculus for IngB. Labelled sequent calculi extend the traditional
sequent-style formalism introduced by Gentzen (1935a; 1935b) with labels, allowing to incorpo-
rate the semantics of a logic directly into the syntax of the proof system. Our sequent calculus is
shown to have a number of convenient structural properties. In particular, we will see that the
structural rules of weakening, contraction and cut are admissible in our system, i.e., whenever
the premises of these rules are derivable, then also the conclusion is derivable. In the case of
weakening and contraction, admissibility also preserves the height of derivations. We also show
that each rule of our system is height-preserving invertible, i.e., if the conclusion of one of these
rules is derivable, then so is each premise of the rule, with at most the same derivation height.

In the second part, we consider various extensions and modifications of basic inquisitive logic.
First, we provide a labelled sequent calculus for an intuitionistic variant of InqB described by
Ciardelli et al. (2020). Our sequent calculus for this variant is obtained from the sequent calculus
for IngB in a modular way, and is shown to have the same structural properties. Finally, we
consider various systems of inquisitive Kripke logic, i.e., extensions of InqB with modal operators
interpreted over ordinary Kripke models (see Ciardelli 2016b, Chapter 6). We provide a generic
method that allows to construct cut-free labelled sequent calculi for all inquisitive Kripke logics
characterized by a certain type of first-order frame conditions, known as geometric implications.
This generalizes a well-known result of Negri (2005) from the proof theory of ordinary (i.e., non-

! Alternatively, one can use a semantic argument in order to give a direct completeness proof for the cut-free calculus.
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inquisitive) modal logic. Each of our sequent calculi is shown to satisfy cut-admissibility, height-
preserving admissibility of weakening and contraction, and height-preserving invertibility of all
rules. Below, we provide a more detailed, chapter-by-chapter overview of the thesis.

Structure of the Thesis

Chapter 1. Preliminaries. In this chapter, we give a short introduction to inquisitive semantics
and provide a detailed exposition of the basic system of propositional inquisitive logic (InqB). We
also present some standard axiomatizations of InqB, including a natural deduction system intro-
duced by Ciardelli (2016b) and a Hilbert-style system described by Ciardelli and Roelofsen (2011).
However, from a proof-theoretical point of view, none of these axiomatizations is well-behaved.

Chapter 2. Natural Deduction for InqgB. We define a new natural deduction system for InqB and
establish a normalization theorem for our system. More precisely, we provide a constructive pro-
cedure that allows to transform every deduction in our system into a deduction without ‘detours’.
Our system is based on an extended natural deduction formalism in which not only formulas, but
also rules can act as assumptions. The basic idea is inspired by the work of Schroeder-Heister
(1981; 1984; 2014). We also prove a restricted subformula property for our system, which turns
out to be rather weak though. However, for a certain special case, a full subformula property
will be obtained. Moreover, we will see that the subformula property is still strong enough to
establish some interesting properties of inquisitive logic in a purely proof-theoretical way.

Chapter 3. Labelled Sequents for IngB. In this chapter, we provide a cut-free labelled sequent cal-
culus for IngB. Our system, denoted by GLingB, can be regarded as a G3-style sequent calculus in
the sense of Ketonen (1944) and Kleene (1952), so weakening and contraction are fully ‘absorbed’
into the axioms and the remaining rules of the system. Labelled formulas will be used in order
to incorporate the support semantics of InqB directly into the proof rules of GLingB. We care-
fully investigate the structural properties of our system. In particular, we show that GLingB en-
joys cut-admissibility, height-preserving admissibility of weakening and contraction, and height-
preserving invertibility of all rules. The completeness of GLingB is established proof-theoreti-
cally, by exploiting the admissibility of the cut rule in our system. We also discuss a possible proof
search strategy for GLingB and prove a normal form result for the labels used in our system.

Chapter 4. Intuitionistic Inquisitive Logic. We define a labelled sequent calculus for a variant of
IngB in which the background logic for statements is no longer classical logic, but intuitionistic
logic. This variant is denoted by Inql and was first described by Ciardelli et al. (2020). Our sequent
calculus for Ingl is obtained from the system GLingB in a very elegant way and is shown to have
the same structural properties. The completeness is again established proof-theoretically.

Chapter 5. Inquisitive Kripke Logic. In this chapter, we consider various inquisitive logics obtained
by enriching InqB with a modal operator U, interpreted over ordinary Kripke models. For every
normal modal logic £, we will define a corresponding inquisitive system Inq£. The weakest logic
obtained in this way is denoted by InqK and can be seen as an inquisitive extension of the basic
modal logic K. The most important contribution of this chapter is a general strategy that allows
to construct a cut-free labelled sequent calculus GLinq£, for every inquisitive Kripke logic Inq£
determined by a finite set A of geometric implications, i.e., first-order frame conditions of the form
V(¢ — 1), where ¢ and v do not contain implications or universal quantifiers. The construc-
tion is based on a method described by Negri (2003; 2005), which allows to generate sequent rules
from geometric implications in a schematic way. Each of the systems GLinq{, is shown to en-
joy cut-admissibility, height-preserving admissibility of weakening and contraction, and height-
preserving invertibility of all rules. Our completeness proof is based on the construction of an
infinite proof search tree and the extraction of a countermodel from an open branch of this tree.



Chapter 1

Preliminaries

In this chapter, we will give a short introduction to inquisitive logic, explain the semantics of
the system and describe some of its standard axiomatizations. The basic system of propositional
inquisitive logic is denoted by InqB and goes back to the work of Ciardelli (2009), Groenendijk
and Roelofsen (2009) as well as Ciardelli and Roelofsen (2011).! From a technical point of view,
IngB is obtained by enriching classical propositional logic with an inquisitive disjunction operator
V, allowing to form alternative question within the language of the system. Thus, intuitively, a
formula ¢ \V ¢ represents the question whether o or 1. The ordinary truth-conditional semantics
of classical logic is replaced by a more general support semantics, specifying the conditions under
which a formula is supported by some body of information. This allows to define a generalized
notion of entailment, capable of dealing not only with statements, but also with questions.

The chapter is organized as follows. In Section 1.1, we will sketch the basic ideas underly-
ing inquisitive logic and motivate the semantic setup from an informal point of view. We will
see that, in inquisitive logic, the main semantic difference between questions and assertions lies
in the concept of truth-conditionality: a proposition is non-inquisitive, just in case it is truth-
conditional. In Section 1.2, we will then provide a formal exposition of the system IngB. The key
concept is the so-called support relation, determining the support conditions for all formulas of
IngB. Afterwards, in Section 1.3, we will define the notion of a Harrop formula and show that any
such formula is guaranteed to be truth-conditional in InqB. In Section 1.4, we will describe some
further properties of the system. It will turn out that InqB can be considered from two different
angles: on the one hand, it may be seen as a conservative extension of classical logic; on the other
hand, it can be seen as a non-standard intermediate logic. In Section 1.5, finally, we will present
some well-known axiomatizations of IngB, including a non-normalizing natural deduction sys-
tem and a Hilbert-style axiomatization based on the Kreisel-Putnam axiom. We also provide a
new Hilbert-style system for InqB and establish its completeness in a proof-theoretical way.

1.1 Information States and Inquisitive Propositions

We start by giving an informal explanation of the fundamental semantic concepts and the basic
ideas underlying inquisitive logic. A more comprehensive exposition of the material is provided
by Ciardelli (2016b, Chapter 1) as well as Ciardelli et al. (2019, Chapter 2).

Traditionally, logic is considered to be the study of valid inference patters between a specific
type of linguistic entities, namely declarative sentences, or statements, or assertions.” In classical

! Important predecessors of modern inquisitive logic include the partition theory of questions (Groenendijk and
Stokhof 1984), Groenendijk’s logic of interrogation (Groenendijk 1999; ten Cate and Shan 2007) and inquisitive pair
semantics (Groenendijk 2009; Mascarenhas 2009). For further details, we refer to Ciardelli (2022, pp. 41-49).

% Throughout this thesis, the terms ‘declarative sentence’, ‘statement’ and ‘assertion’ will be used synonymously.



2 Chapter 1. Preliminaries

logic, the semantic content of such a sentence is usually assumed to be given by its truth condi-
tions, i.e., by the conditions that must be satisfied by a state of affairs in order to make the sentence
true. In this section, any formal specification of a complete state of affairs will be referred to as
a possible world. In particular, we do not care about the concrete way in which possible worlds
are represented; instead, we simply assume an intuitive understanding of this concept.

It is well known that there is also an alternative way of formalizing the meaning of a declarative
sentence. Under this approach, which is very common in the literature on intensional logic, the
semantic content of an assertion is identified with its truth-set, i.e., the set of all possible worlds
making the assertion true. The truth-set of an assertion « is also referred to as the proposition
expressed by a (cf. Stalnaker 1976, p. 80). Thus, in this setting, a proposition simply amounts to a
subset P C W, where W stands for the entire logical space (i.e., the set of all possible worlds).

This standard way of formalizing the semantic content of sentences works well, if only asser-
tions are involved. However, it falls short as soon as one wishes to formalize also the meaning
of questions. For one thing, it is not clear what it could mean for an interrogative sentence to be
true or false at a possible world; for another, an appropriate formalization of questions should
take into account not only the informative content of a sentence, but also the issues it raises.

Inquisitive logic overcomes this limitation by employing a more general semantics centered
around the notion of support. That is, rather than specifying what it means for a sentence to be
true or false at a possible world, inquisitive semantics specifies what it means for a sentence to be
supported by an information state. Formally, an information state is modelled as a set of possible
worlds—namely, those worlds that are compatible with the information conveyed by the state.’®
Writing again W for the entire logical space, we thus adopt the following definition.

Definition 1.1.1 (Information State). An information state is a set of possible worlds s C W.

Intuitively, every information state represents a certain body of information, since it locates
the actual world within a particular sphere of the logical space. More formally, a state s C W
conveys the information that the actual world is one of the worlds in s and that all worlds in
W\ s are ruled out. Note that, if we have s C ¢ for some states s,t C W, then every world ruled
out by t is also ruled out by s, so s contains at least as much information as ¢. For this reason,
any subset s C ¢ of an information state ¢ is also referred to as an enhancement of t.

Observe that the empty set, (), and the set of all possible worlds, TV, are also information states.
Intuitively, W is the least informative state, because it does not rule out any candidate for the
actual world. In this sense, one might say that W is the trivial information state. The empty
state (), on the other hand, rules out every candidate for the actual world, so it represents an
inconsistent body of information. For this reason, we refer to () as the inconsistent state.

Using the notion of an information state, it is now possible to represent the semantic con-
tent of both questions and assertions in a uniform way. In inquisitive semantics, this is achieved
by enriching the structure of propositions, enabling them to encode not only the information
conveyed by a sentence, but also the issues it raises. But how could such an issue be modelled
formally? The basic idea is to identify an inquisitive proposition with a set of information states:
those states that contain enough information to resolve the issue raised by the proposition.

There are now two things to consider. First, it seems natural to assume that every issue can be
resolved by at least one information state, so propositions should always be non-empty. Secondly,
if the issue raised by a proposition is resolved by some state s, then it should also be resolved by
every enhancement of s. In other words, we should require propositions to be downward closed.

Definition 1.1.2 (Proposition). A proposition is a set of information states P C P(W) such that:
(i) P is non-empty,ie., P # (),
(ii) P is downward closed, i.e., for all s,t C W,if s € Pandt C s, thenalsot € P.

* This way of modelling information is also used outside inquisitive logic (see, e.g., Hintikka 1962; Stalnaker 1978).
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Figure 1.1: Some propositions.

The informative content of a proposition P is denoted by info(P) and defined to be the union
of all states in P. That is, info(P) is the information state given by info(P) := (J P. Clearly,
every proposition P must contain the inconsistent state: because P is non-empty, there must be
at least one state s € P. But then, since P is downward closed and () C s, it also holds @ € P. In
inquisitive logic, the most fundamental semantic concept is taken to be support, rather than truth.
Intuitively, a state s supports a proposition P, just in case it implies the information conveyed
by P, i.e. s C info(P), and it resolves the issue raised by P, i.e., s € P. Observe that the first of
these two conditions is implied by the second. Thus, support can simply be defined as follows.

Definition 1.1.3 (Support). An information state s supports a proposition P, if s € P.

Using the notion of support, one can now also define a suitable notion of truth. Intuitively, P
is true at a world w, if w is compatible with the information conveyed by P, i.e., w € info(P).
But this just means that P is supported by the singleton state {w}, so we define truth as follows.

Definition 1.1.4 (Truth). A proposition P is true at a world w € W, if P is supported by {w}.

In order to make sense of the notions just introduced, let us consider some examples. Figure 1.1
depicts a number of propositions over the set of worlds W = {wy, wa, w3, w4 }. For simplicity,
only the maximal elements of the propositions are displayed. The reader should bear in mind,
however, that all enhancements of these maximal elements are also assumed to be included in the
propositions.* The maximal elements of a proposition P are also referred to as the alternatives
of P. The proposition in Figure 1.1 (a) has only one alternative, so it does not raise any issue,
but simply conveys the information that the actual world is a member of {w;, w2, w3}. The
very same information is conveyed by the proposition in Figure 1.1 (b), but this proposition also
raises the issue as to whether the actual world is contained in {w;, w2} or in {wq, ws}. In order
to resolve this issue consistently, an information state has to establish either that the actual world
is in {w1, wy} or that the actual world is in {w;, w3 }. The proposition in Figure 1.1 (c) does not
convey any (non-trivial) information, but raises the issue as to which of the four worlds is the
actual one. Thus, an information state supports this issue, just in case it is either inconsistent or
it contains exactly one candidate for the actual world. The proposition in Figure 1.1 (d), finally,
corresponds to the power set P(WW), so it is trivially supported by every state s C W.

In inquisitive logic, the semantic difference between questions and assertions is captured by the
concept of inquisitiveness. Intuitively, a proposition P is inquisitive, if the information conveyed
by P does not suffice to resolve the issue raised by P. This leads to the following definition.

Definition 1.1.5. A proposition P is inquisitive, if info(P) ¢ P.

Intuitively, an inquisitive proposition represents the semantic content of a question, whereas a
non-inquisitive proposition represents the semantic content of a statement. One readily sees that,

* So, for example, the proposition in Figure 1.1 (a) actually corresponds to the set of states P({w1, w2, w3 }).
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for propositions containing only finitely many states, the concept of inquisitiveness is closely
related to the number of alternatives of a proposition: a finite proposition P is inquisitive if and
only if P has at least two alternatives. For infinite propositions, however, this connection breaks
down, since there may also be inquisitive propositions that do not have any alternatives.” To
see some examples, consider again the propositions depicted in Figure 1.1. An easy inspection
shows that the propositions in (b) and (c) are inquisitive, but the ones in (a) and (d) are not.

So far, we have characterized non-inquisitive propositions solely in terms of their informative
content. However, it is also possible to characterize non-inquisitive propositions differently, by
using the concept of truth-conditionality. This concept is defined in the following way.

Definition 1.1.6 (Truth-Conditionality). A proposition P over W is truth-conditional, if for ev-
ery state s C W, we have: s supports P if and only if, for all worlds w € s, P is true at w.

In other words, a truth-conditional proposition is a proposition for which support at a state s
simply comes down to truth at every world in s. It is now easy to show that P is truth-conditional
if and only if info(P) is the unique alternative in P, i.e., if P is non-inquisitive. Hence, truth-
conditionality represents the fundamental semantic difference between questions and assertions:
every non-inquisitive proposition is truth-conditional, and every inquisitive proposition is not.

Fact 1.1.7. A proposition P is non-inquisitive if and only if P is truth-conditional.

Finally, one can now also define a notion of semantic entailment between propositions. Intu-
itively, a proposition P entails another proposition @), if the information conveyed by P implies
the information conveyed by @, i.e., info(P) C info(Q), and every state that resolves the issue
raised by P also resolves the issue raised by @), i.e., P C (). But note that the first of these two
conditions is implied by the second, so entailment can simply be defined as follows.

Definition 1.1.8 (Entailment). A proposition P entails another proposition @, if P C Q.

Note that, in inquisitive semantics, entailment is not restricted to statements, but may also
involve questions. For example, a statement « entails a question p, if the information conveyed
by « resolves the issue raised by p. And a question p entails a statement «, if i presupposes the
information conveyed by «. For further information, we refer to Ciardelli (2022, p. 16).

1.2 Propositional Inquisitive Logic

Let us now give a more formal exposition of the system. The basic framework of propositional
inquisitive logic is denoted by InqB and was first described by Ciardelli (2009), Groenendijk and
Roelofsen (2009) as well as Ciardelli and Roelofsen (2011). It may be conceived as the result of
enriching classical propositional logic with a question-forming operator \, referred to as the in-
quisitive disjunction operator. Intuitively, \V is used in order to form alternative questions within
the language of IngB, so a formula of the form ¢ \V v is intended to denote the question whether
© or1. To make things precise, we henceforth assume a countably infinite set P of atomic propo-
sitions, denoted by the meta-variables p, g, r, etc. The formulas of IngB are now built up from
the atoms in P and the falsum constant | by means of the binary connectives A, — and V.

Definition 1.2.1 (Language of InqB). The language of InqB is denoted by £ and consists of all
formulas generated by the following grammar, where p ranges over atomic propositions from P:

pu=p|Llonple—=0]oVe.

® To see an example, consider the infinite proposition P defined by P := {[n] | n € N}, where [n] := {0,...,n}
for every n € N. Clearly, we have info(P) = Nand N ¢ P, so P is inquisitive. But since every element of P is
included in some larger element, P does not have any alternatives (cf. Ciardelli et al. 2019, p. 20).
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We will adopt the usual abbreviations familiar from classical logic. That is, the verum constant
T, the negation operator — and the classical disjunction operator V are taken to be defined by
T :=-1,-p:=¢ = Land ¢ V1 := =(—=p A ), respectively. As we will see below,
the semantics for V is quite different from the one for V, so these two operators should not be
confused. In addition, we also introduce the question mark operator 7, which is defined as follows.

Definition 1.2.2 (Question Mark Operator). For every o € L8, we put 7¢ := ¢ V —.

Intuitively, 7 represents the polar question whether . By what was said above, the connective
V plays a special role in IngB, because it allows us to form interrogative sentences within the
language of the system. Conversely, we thus expect any formula not containing V to be purely
declarative. In the system IngB, the underlying background logic for declarative sentences is
assumed to be classical logic, so V-free formulas will also be referred to as classical formulas.

Definition 1.2.3 (Classical Formula). A formula ¢ € LB is said to be classical, if ¢ does not
contain any occurrences of \V. The set of all classical formulas in £? is denoted by £B.

In what follows, we will always use «, 3, 7, etc., as meta-variables for classical formulas, while
©, Y, X, etc., will be used for arbitrary formulas of IngB. Let us now turn to the semantics of the
system. The formulas of InqB are evaluated with respect to so-called propositional information
models. Any such model consists of a non-empty set of possible worlds W and a valuation func-
tion V, assigning a truth value to each atomic proposition p € P at each possible world w € W.

Definition 1.2.4 (Information Model). An information model is a pair M = (W, V'), where W
is a non-empty set of possible worlds, and V : W x P — {0, 1} is a valuation function.

Recall that, in inquisitive logic, the most fundamental semantic concept is taken to be support,
not truth. Thus, instead of defining what it means for a formula to be true at a possible world, we
have to define what it means for a formula to be supported by an information state. Formally,
information states are modelled as sets of possible worlds, so we adopt the following definition.

Definition 1.2.5. Let M = (W, V') be a model. An information state over M is a subset s C W.

Following the terminology introduced in the previous section, we will refer to () as the incon-
sistent state and to every non-empty state s # () as a consistent state. Moreover, a subset s C t of
a state ¢ is also said to be an enhancement of t. We are now ready to give an inductive definition
of the support conditions for all formulas in the language of IngB (cf. Ciardelli 2016b, pp. 47-50).

Definition 1.2.6 (Support Semantics for InqB). Let M = (W, V') be amodel. The support relation
= between states s C W and formulas ¢ € LB is inductively defined in the following way:

(i) M,sk=p & V(w,p)=1forallw € s,

(i) M,sE=EL & s=10,

(i) M,sE=EpAY & M,sk=pand M, skE= 1),

(iv) M,sEp —1 & forallt Cs,if M,tE= ¢, then M, t =),

v) M,sEeVyY & M,sEypor M,skE 1.

If M, s = ¢ holds, then we say that  is supported by s in M. The support clauses can be read
as follows. An atomic formula p is supported by a state s, just in case p is true at every world in s.
The falsum constant | is supported only by the inconsistent state (). A conjunction is supported
by a state s, if each of the two conjuncts is supported by s. An implication is supported by s, if
every enhancement of s which supports the antecedent also supports the consequent. And an
alternative question is supported by s, if s supports at least one of the two alternatives.
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Using Definition 1.2.6, one can now also derive support conditions for the defined connectives
—and V. For the sake of simplicity, let us say that a state s over some model M is incompatible
with a formula ¢, notation s I ¢, if there exists no consistent enhancement ¢ C s such that
M, t = . It is now possible to prove the following proposition (cf. Ciardelli 2022, p. 58).

Proposition 1.2.7. Let M be a model, let s be a state over M and let p,1) € LB be formulas.
(i) M,sE—p < ste,
(ii)) M,sE @V < thereis no consistentt C s such that botht I ¢ andt 1.

As outlined in Section 1.1, the notion of truth can be recovered from the notion of support in a
natural way: a formula is true at a world w, just in case it is supported by the singleton state {w}.

Definition 1.2.8 (Truth). Let M = (W, V) be a model, let w € W be a world and let ¢ € L8 be
a formula. We write M, w = ¢ and say that ¢ is true at w, if we have M, {w} = ¢.

By an easy inspection of the support conditions given above, one can now spell out the truth
conditions for all formulas of InqB. We summarize the resulting clauses in the next proposition.

Proposition 1.2.9 (Truth Conditions). Let M = (W, V') be a model and let w € W be a world.
(i) MiwEp < V(w,p) =1,
(ii) M,w k- L,
(iii) M,iwEp ANy < M,wkEyand M, wE 1,
(iv) MiwkEp =19 < M,wk- ¢ or M,wkE= 1,
v) MiwE VY & MwkEporM,wkE,
i) MiwkE -9 < M,wk o,
wii) MiwE VY < M,wkEporM,wE1p.

As can be seen, the classical connectives simply have their usual truth conditions familiar from
classical logic. Moreover, the truth conditions for the inquisitive disjunction V are exactly the
same as those for the classical disjunction V. That is, if we restrict ourselves to singleton states,
then V and V become indistinguishable. This, however, is no longer the case as soon as we
consider states of arbitrary size. For example, if s is a state containing a world where p is true
and another world where p is false, then p VV —p is supported by s, but 7p = p V —p is not.

The truth-set of a formula ¢ in a model M is now defined to be the set of all worlds in M
where ¢ is true. And the support-set of ¢ in M is the set of all states that support ¢ in M.

Definition 1.2.10. Let M = (W, V) be a model and let ¢ € £® be a formula.
(i) The truth-set of ¢ in M is the information state given by ||y := {w € W | M, w E ¢}.
(i) The support-set of p in M is the set of states given by (p)yr :={s C W | M, s &= p}.

An important feature of support in InqB is persistency: if a formula is supported by an infor-
mation state s, then it is also supported by every enhancement ¢ C s. In addition, it is possible
to show that each formula of IngB is supported by the inconsistent state (). In a sense, this may
be seen as a semantic version of the well-known principle of explosion (ex falso quodlibet).

Proposition 1.2.11. Let M be a model, let s and t be states over M and let o € LB be a formula.
(i) Persistency: if M,s = ¢ andt C s, then M, t = .
(ii) Empty state property: M, () = .

Both statements are proved by induction on the structure of . As a consequence of this result,
one readily sees that, for any formula ¢ € £P and any model M, the support-set () is in fact
a proposition in the sense of Definition 1.1.2: it is downward closed by the persistency of support
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Figure 1.2: The propositions expressed by some formulas of IngB. In the figures, pg stands
for a world where p and ¢ are both true, pq for a world where p is true and q is false, etc.

in IngB; and it is non-empty, since ¢ is always supported by (). Clearly, the truth-set ||5s simply
v =U@)n

Let us now consider some examples. Figure 1.2 depicts a number of propositions expressible
by formulas in the language of InqB. The underlying model is assumed to contain four possible
worlds: pq represents a world where both p and q are true, pg represents a world where p is true
and q is false, and so on. As usual, only maximal elements are displayed, so all enhancements
of the depicted states are also assumed to be included in the propositions. First, consider the
formulas in Figure 1.2 (a—d). Each of these formulas is classical and the associated propositions
have exactly one alternative, so they are all non-inquisitive in the sense of Definition 1.1.5. In fact,
as we shall see below, this can be generalized: classical formulas are always truth-conditional in
IngB. Note that the maximal elements are simply the usual truth-sets familiar from classical
logic. So, for example, the unique alternative for p A q is just the set of worlds where p and ¢ are
both true, and the unique alternative for p — ¢ is the set of worlds where p is false or g is true.

Consider now the formulas in Figure 1.2 (e-h). Each of these formulas is non-classical and
the associated propositions are inquisitive. Figure 1.2 (e) depicts a polar question 7p = p \V —p
such as ‘Have you lost your wallet?” An information state resolving this question should either
establish that p or that —p. Thus, in particular, it does not suffice to establish that at least one of
p and —p must be true: an information state really has to choose one of the two alternatives. A
similar observation holds for the formula p\ g, depicted in Figure 1.2 (f). Intuitively, this formula
represents an alternative question such as ‘Have you lost your wallet or your keys?’ The formula
in Figure 1.2 (g), on the other hand, is a conjoined question, which corresponds to a sentence of
the form ‘Have you lost your wallet, and are you upset?’ In order to resolve the issue expressed
by this question, an information state has to resolve each of the two conjuncts. The formula in
Figure 1.2 (h), finally, is a conditional question of the form p — 7q. In order to resolve the issue
expressed by this question, one has to resolve 7q under the assumption that p. That is, a state s
supports p — 7q, just in case q is either true at all p-worlds in s, or it is false at all p-worlds in s.
This corresponds to a sentence of the form ‘If you have lost your wallet, will you be upset?’

amounts to the informative content of this proposition, so we have |

Using the support relation for InqB, one can now also define a suitable notion of entailment.
In fact, entailment can simply be characterized as preservation of support: a formula ¢ entails
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another formula ), just in case every state that supports ¢ in a model M also supports ¢ in M.

Definition 1.2.12 (Entailment). Let TU{p} C LB be a set of formulas. We write I = (0 and say
that I entails ¢, if for every model M = (W, V') and for every state s C W, we have: M,s =T
implies M, s = . Here, M, s =T is used as an abbreviation for ‘M, s =1 for all ¢ € T".

Observe that we have ¢ = ¢ if and only if (©)yr C (1) for every model M. Hence, with
respect to the semantic content of formulas, entailment in InqB simply amounts to set-inclusion,
as anticipated in Definition 1.1.8. The notions of logical equivalence and validity are now defined
in the usual way. That is, two formulas are called equivalent, if they mutually entail each other.
And a formula is said to be valid, if it is supported by every information state over ever model.

Definition 1.2.13 (Equivalence and Validity). Let ¢, € L® be formulas.
(i) We say that ¢ and 1) are equivalent, notation ¢ = 1), if we have both ¢ =1 and ¥ = .
(ii) We say that ¢ is valid, notation = ¢, if it holds M, s = ¢ for all models M and all states s.

Finally, it is worth noting that IngB also validates the well-known deduction theorem, i.e., for
every subset I' C £B and for all formulas ¢, ¢ € L8, wehave: T, ¢ =1 ifand only if T = ¢ — 9.

1.3 Truth-Conditionality

In Section 1.1, we have already seen that truth-conditionality represents the fundamental seman-
tic difference between questions and assertions: a proposition is non-inquisitive if and only if it is
truth-conditional. For formulas of InqB, the concept of truth-conditionality is defined as follows.

Definition 1.3.1 (Truth-Conditionality). A formula ¢ € £B is truth-conditional, if for all models
M and for all states s over M, we have: M, s = ¢ if and only if M, w = ¢ for all w € s.

Observe that, by persistency, the left-to-right direction of the equivalence is satisfied by every
formula. Hence, the important part of the definition is the converse implication: the support
conditions of a truth-conditional formula are always completely determined by its truth condi-
tions. We might now say that a formula ¢ € LP is an assertion, if ¢ is truth-conditional, and we
might say that ¢ is a question otherwise. As pointed out in the discussion above, formulas not
involving \ behave in essentially the same way as in classical logic. Thus, it should not come as a
surprise that classical formulas—in the sense of Definition 1.2.3—are always truth-conditional in
inquisitive logic. In fact, it is even possible to identify a richer syntactic fragment of IngB that is
guaranteed to have this property. The formulas in this fragment are known as Harrop formulas.®

Definition 1.3.2 (Harrop Formulas). The set of Harrop formulas is denoted by L%, and consists of
all formulas generated by the following grammar, where ¢ € £8 ranges over arbitrary formulas:

az=p|Lllaraley—a

In other words, by a Harrop formula, we simply mean any formula of IngB in which all occur-
rences of \V are contained in the antecedent of an implication. Observe that, in particular, every
classical formula is also a Harrop formula. However, the converse of this statement is not true.
For example, (p\V q) — pis a Harrop formula, but it is not a classical formula, because it contains
an occurrence of V. By overloading notation, we will henceforth use the meta-variables «, 3, v,
etc., for both classical formulas and Harrop formulas. No confusion will arise, since it will always
be clear from the context whether a classical formula or a Harrop formula is meant. We are now
ready to prove the desired statement: in InqB, Harrop formulas are always truth-conditional.

¢ Harrop formulas were introduced by Ronald Harrop (1956; 1960) in order to strengthen the well-known disjunction
and existence property for intuitionistic logic (cf. Troelstra and Schwichtenberg 1996, p. 107). We will come back to
this concept in Chapter 2 in order to give a purely syntactical proof of the disjunction property for InqB.
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Proposition 1.3.3. Every Harrop formula o € L%, is truth-conditional.

Proof. By induction on the structure of a.. The base case and the inductive step for A are straight-
forward. Thus, we only need to consider the case in which « is of the form o« = ¢ — [ for some
arbitrary formula ¢ € £® and some Harrop formula 8 € £%,. Let M be an arbitrary model and
let s be an arbitrary state. By what was said above, it suffices to show that, if M, w = ¢ — (3 for
all w € s, then M, s = ¢ — (3. We prove the contrapositive: if M, s B~ ¢ — [, then there exists
aworld w € s such that M, w = ¢ — (. Suppose that we have M, s = ¢ — [, i.e., there exists
some ¢t C s such that M, t = ¢ and M, t B~ 8. By induction hypothesis, we know that 3 is truth-
conditional. Hence, because M, ¢ = 3, there must be some world w € ¢ such that M, w F S.
Since M,t = ¢ and w € t, this world also satisfies M,w = ¢ by persistency (see Proposi-
tion 1.2.11). But then, by Proposition 1.2.9, we may conclude M, w B ¢ — 3, as desired. O

As an immediate corollary, it follows that every classical formula of InqB is truth-conditional
and therefore purely declarative. Note that, since classical formulas have their usual truth con-
ditions in InqB, we thus arrive at the following general conclusion: a classical formula o € £B is
supported by an information state if and only if « is classically true at every world in the state.

Corollary 1.3.4. Every classical formula o € LB is truth-conditional.

In addition, recall that —¢ was defined to be an abbreviation for ¢ — L, which is a Harrop
formula. Hence, not only classical formulas, but also every negated formula is truth-conditional
in IngB. In order to conclude this section, let us now mention some alternative ways of character-
izing truth-conditionality in inquisitive logic. First, we introduce the following terminology: the
classical variant of a formula ¢ is denoted by ¢ and defined to be the classical formula obtained
from ¢ by replacing every occurrence of \V by an occurrence of V. It is now possible to show that
a formula ¢ is truth-conditional if and only if ¢ is equivalent to ¢°. Consequently, every truth-
conditional formula can equivalently expressed as a classical formula. Using this fact, one easily
checks that there is a tight connection between truth-conditionality and the double negation law:
aformula ¢ is truth-conditional if and only if ¢ is equivalent to =— (cf. Ciardelli 2022, pp. 65-66).

Proposition 1.3.5. Let p € L® be a formula. The following three conditions are equivalent:
(i) p is truth-conditional,
(ii) o satisfies p = @,

(iii) @ satisfies p = ——.

1.4 Properties of InqB

We now want to give a brief outline of some further properties of inquisitive logic. First of all, a
characteristic feature of IngB is the fact that truth-conditional assumptions always distribute over
inquisitive disjunctions: an alternative question ¢\ is entailed by some set of truth-conditional
formulas T" if and only if at least one of the two alternatives is entailed by I'. This is usually
referred to as the split property and may be seen as a variant of the famous disjunction property
under hypotheses known from intuitionistic logic (cf. Troelstra and Schwichtenberg 1996, p. 106).

Proposition 1.4.1 (Split Property). Let I' C LP be a set of truth-conditional formulas and let
@, € LB be arbitrary formulas. It holds T = ¢ \/ v if and only if T = ¢ or T = 4.

A proof is provided by Ciardelli (2022, p. 80). Closely related to this is another interesting
property: if « is truth-conditional, then any formula of the form o« — (¢ \V 9) is equivalent to
the formula (& — )V (o — ). This is known as the split equivalence (cf. Ciardelli 2022, p. 82).
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Proposition 1.4.2 (Split Equivalence). Let o € L® be a truth-conditional formula and let p, 1) €
LB be arbitrary formulas. It holds o — (o V 1) = (a — ) V (o — ).

Proof. Let a, ¢, € LB be arbitrary such that « is truth-conditional. Moreover, let M be an
arbitrary model and let s be an arbitrary state. First of all, one easily checks that, for any y € £5,
we have M, s = o — x iff M, s N |a|y B x by the truth-conditionality of «. Hence, it follows:

M, sEa—(pVY) & MsnlalyEeVy
& M,sN|ajlpyEpor M,sN|alyEy
& M,sEa—porM,sEa—
& M,sE(a—¢)V(a— ). O

Observe that, in inquisitive logic, the split equivalence has a very natural interpretation: a
declarative sentence « resolves an alternative question, just in case the information conveyed by
« establishes at least one of the two alternatives. Another important property is a well-known
normal form result, established by Ciardelli (2016b, pp. 56—-57). It says that every formula of InqB
is equivalent to an inquisitive disjunction of classical formulas. As we shall see below, this normal
form of a formula plays a crucial role in the completeness proof for the standard axiomatization of
IngB (see Section 1.5). In order to prove this result, one first defines, for every formula ¢ € L8,
a finite set of classical formulas R (), representing the different ‘ways’ in which ¢ might be
settled by an information state. The elements of R(y) are also referred to as the resolutions of .

Definition 1.4.3 (Resolutions). Let ¢ € LB be a formula. The set of resolutions of ¢ is denoted
by R(p) and inductively defined in the following way:
(i) R(p) := {p} forall p € P,
R(L):={Ll},
(i Rp hg) = L § |« € Rip) and € R}
(iv) R(p = ¢) := {/\aeR( (@ = fla) | f:R(p) = R}
V) R(p V) :=R(p)U 73(1/))-

By induction on ¢, one easily verifies that R(¢) is in fact finite and contains only classical
formulas. Resolutions can also be defined for sets of formulas. Given any subset I' C LB, we say
that f : T' — LB is a resolution function of T, just in case f satisfies f(p) € R(¢p), forall ¢ € T.
A resolution of T" is now defined to be a set of classical formulas A C LE such that, for some
resolution function f of I', we have A = {f(¢) | ¢ € I'}. In other words, a resolution of I is
just a set of classical formulas containing one resolution for each element of I'. The set of all reso-
lutions of T" is denoted by R(T"). It is now possible to prove the desired normal form result: every
formula is equivalent to the inquisitive disjunction of its resolutions (cf. Ciardelli 2016b, p. 57).

Proposition 1.4.4. Forany ¢ € L8, it holds ¢ = a1 V...V ay,, where R(p) = {aq,...,an}.

Finally, let us say a bit more about the relationship between inquisitive logic and classical
propositional logic, henceforth denoted by CPL. We already observed that, in IngB, classical
formulas are always truth-conditional, with the same truth conditions as in classical logic. Con-
sequently, if we treat \V as a new connective that is added to the language of classical logic, then
IngB can be seen as a conservative extension of CPL: if we restrict ourselves to classical formulas,
then entailment in InqB simply amounts to entailment in classical logic (cf. Ciardelli 2022, p. 78).

Proposition 1.4.5 (Conservativity over Classical Logic). Let I'U {a} C L? be a set of classical
formulas. We have ' = «v if and only if « is entailed by T in classical propositional logic.



1.5. Standard Axiomatizations of InqB 11

However, one can also take a different perspective on inquisitive logic. This perspective was
examined in detail by Ciardelli (2009) as well as Ciardelli and Roelofsen (2011) and treats InqB
as logic which is intermediate between CPL and intuitionistic propositional logic (IPL). Let us
elaborate a bit more on this. First of all, if we identify \ with the ordinary disjunction operator of
classical logic, then every formula falsified by some possible world in CPL is clearly also falsified
by the corresponding singleton state in InqB. As a consequence, CPL can be conceived as an
extension of IngB, so we have InqB C CPL.” Observe that this inclusion must be strict: for
example, the formula 7p = p V —p is only valid in CPL, but not in IngB. On the other hand, it is
also possible to show that, if \V is identified with the ordinary disjunction of intuitionistic logic,
then IngB can be seen as an extension of IPL, i.e., we have IPL C IngB. Again, note that this
inclusion is strict: for instance, the formula =—p — pis only valid in InqB, but not in IPL. Putting
things together, we thus obtain the following proposition (cf. Ciardelli and Roelofsen 2011, p. 71).

Proposition 1.4.6. Suppose that the inquisitive disjunction \/ is identified with the disjunction
operator of intuitionistic and classical logic, respectively. Then we have IPL C InqB C CPL.

In this sense, inquisitive logic is in fact ‘intermediate’ between IPL and CPL. This, however,
does not mean that InqB is also an intermediate logic in the usual sense.® The reason is that InqB
is not closed under uniform substitution: for example, the classical formula -—p — p is valid in
IngB, but the substitution instance =—?p — ?p is not (cf. Ciardelli and Roelofsen 2011, p. 67).

1.5 Standard Axiomatizations of InqB

In preparation of the main part of this thesis, we now want to recall some standard axiomatiza-
tions of inquisitive logic. Throughout this thesis, we will often make use of these axiomatizations
in order to establish the completeness of our proof systems in a proof-theoretical manner. Ar-
guably the most widespread axiomatization of InqB today is a system of natural deduction, which
was first described by Ciardelli (2016b). This system, henceforth denoted by NingB, is obtained
by extending a standard natural deduction system for intuitionistic propositional logic (see Fig-
ure 1.3) with two additional rules, denoted by (split) and (dne), respectively (see Figure 1.4).

Let us briefly comment on the rules of this system. As can be seen, the intuitionistic base calcu-
lus presented in Figure 1.3 simply comprises the usual introduction and elimination rules for the
connectives, together with the intuitionistic absurdity rule (efq), accounting for the validity of
the principle of explosion (ex falso quodlibet). Observe that, in the rules VI and \V F, the inquisi-
tive disjunction operator \ now takes the role of the ‘ordinary’ disjunction of intuitionistic logic.
Consider now the special rules depicted in Figure 1.4. Importantly, these rules come with a side
condition, saying that a must be a classical formula in the sense of Definition 1.2.3. Without this
restriction, neither of the two rules would be sound for InqB.” The split rule, denoted by (split),
allows to distribute a classical antecedent over an inquisitive disjunction, which accounts for the
left-to-right direction of the split equivalence established in Proposition 1.4.2 (the other direction
of the equivalence is already derivable by means of the intuitionistic rules). The double negation
rule, on the other hand, is denoted by (dne) and allows to infer a classical formula « from its dou-

7 Here and in the following, we adopt the convention of identifying a logic with the set of its validities. Thus, InqB

refers to the set of all formulas valid in inquisitive logic and CPL refers to the set of all formulas valid in classical logic.
Recall that an intermediate logic is a consistent extension of IPL that is closed under modus ponens and uniform
substitution (see, e.g., Chagrov and Zakharyaschev 1997, p. 109). For further information about the connections
between intermediate logics and InqB, we refer to Ciardelli (2009) as well as Ciardelli and Roelofsen (2011).

For example, if we would allow « to range over arbitrary formulas in the rule (split), then we would be able to derive
the invalid formula (?p — p) V (?p — —p) from the intuitionistically valid formula ?p — ?p. And if we would
allow « to be non-classical in the rule (dne), then NingB would simply be a proof system for classical logic.
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Figure 1.3: A natural deduction system for intuitionistic propositional logic (IPL). The
inquisitive disjunction operator V is identified with the ordinary intuitionistic disjunction.
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Figure 1.4: Special rules of the natural deduction system NingB described by Ciardelli
(2016b). In either case, we require « to be a classical formula, so we must have o € LB,

ble negation ——a. This accounts for the fact that, in virtue of Proposition 1.3.5, every classical for-
mula does indeed behave ‘classically’ in InqB, in the sense that we have & = =—a forall o € £8.

Definition 1.5.1 (The System NinqB). We define NingB to be the natural deduction system con-
sisting of the ‘intuitionistic’ rules given in Figure 1.3 and the special rules given in Figure 1.4.

The provability relation of NingB is denoted by I—y and defined in the usual way. That is, given
any set of formulas I'U {¢} C LB, we write I' -y ¢ and say that ¢ is provable from I" in NingB,
if there exists a deduction D in NingB such that ¢ is the conclusion of D and all open hypotheses
of D are contained in I'. In this case, D is also said to be a deduction forI' -y .

The completeness of NingB is established by a canonical model construction. To make things
precise, let I' C L8 be a set of classical formulas.'® We say that I" is consistent, if I' -y L. And we
say that I' is maximally consistent, if I is consistent and there is no proper extension A 2 I" with
A C LB such that A is also consistent. The canonical model for InqB is defined to be the pair
M, := (W,,V.), where W, is the set of all maximally consistent sets of classical formulas and
Veisgivenby V.(I',p) = 1: & p el forallI' € W, and p € P. As shown by Ciardelli (2016b,
pp. 90-91), one can now prove a support-based generalization of the well-known truth lemma,
familiar from completeness proofs for classical logic. This is known as the support lemma and
says that, for every state S C W.. and for every formula ¢ € £8, we have M., S = ¢ if and only
if M., S =~ . Using this fact, it is now possible to establish the desired completeness result.

Theorem 1.5.2 (Soundness and Completeness). The system NingB is sound and complete with
respect to InqB. That is, for every ' U {} C LB, we have: T -y ¢ if and only if T = .

A proof is provided by Ciardelli (2016b, pp. 85-92). The soundness is shown by a straightfor-
ward induction on the structure of a deduction for I" =y ¢ in NingB. For the completeness part,

' The restriction to classical formulas is not essential here. It is only used in order to simplify the discussion a bit.
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Axioms:
A1) = (Y — ),
(A2) (p—= (W —=x) = (p—=1) = (= X))
(A3) (p A1) = pand (0 Ap) — 9,
A4 o — (¥ — (p A1),
(A5) @ = (pVy)andy — (o V1),
(A6) (¢ —=x) = (¥ —=x) = (¢ V1Y) = X)),
)

1L =0

The only rule of inference is modus ponens: fromI' = @ and I' = ¢ — ), infer I' - 4.

Figure 1.5: A Hilbert-style system for intuitionistic propositional logic (IPL). The inquisitive
disjunction operator V is again identified with the ordinary intuitionistic disjunction.

Axioms:

(IPL)  All axioms of the ‘intuitionistic’ system given in Figure 1.5,
(Split) (= (¢ V) = ((a = @) V (o — 1)), where a € L is classical,
(DN)  —=—a — «a, where o € L8 is classical.

The only rule of inference is modus ponens: fromI' = @ and I' = ¢ — ), infer I' - 4.

Figure 1.6: The Hilbert-style system HingB.

assume that " by ¢. One can then show that there exists some resolution A € R(I") such that,
for all @ € R(yp), it holds A Ay «a. Suppose now that R(¢) = {ai,...,a,} and let i with
1 < i < n be arbitrary. Since A F~N «, it is clear that the set A U {—«;} must be consistent.
Hence, by a suitable version of Lindenbaum’s lemma, it can be extended to a maximally consis-
tent set ©; C LB, Let now S C W, be the state given by S := {©1,...,0,}. Using the support
lemma, one can then show that we have M., S =T and M., S = ¢, so it follows T" B~ ¢.

For our purposes, it will often be more convenient to base our considerations on a Hilbert-style
system for InqB, rather than on a natural deduction system. Such a Hilbert-style system can eas-
ily be obtained by converting the natural deduction rules of NingB into corresponding axiom
schemes. The resulting proof system, henceforth denoted by HingB, is presented in Figure 1.6.
As can be seen, HingB is obtained by extending a standard Hilbert-style system for intuitionistic
logic (see Figure 1.5) with two additional axiom schemes, denoted by (Split) and (DN), respec-
tively. These axiom schemes are used in order to simulate the effect of the split rule and the double
negation rule included in the natural deduction system NingB. Note that, as before, we require
« to be a classical formula. Furthermore, in HingB, the only rule of inference is modus ponens.

Definition 1.5.3 (The System HinqB). We define HingB to be the Hilbert-style system depicted
in Figure 1.6. The provability relation of HingB is denoted by Iy and inductively defined in the
usual way. That is, for every set of formulas I' U {¢} C LB, we write I' = ¢ and say that ¢ is
provable from I' in HingB, if at least one of the following three conditions is satisfied:

(i) @ isan element of T',

(ii) ¢ is an instance of one of the axiom schemes of HingB,



14 Chapter 1. Preliminaries

(iii) There exists some 1) € £8 such that ' -y ¢ and I’ | ¢ — .

If the last condition is satisfied, we also say that I' - ¢ is obtained from I" 4 ¢ and
I' 4 1 — ¢ by an application of modus ponens. The easiest way to prove the soundness and
completeness of this system is to show that HingB is equivalent to the natural deduction system
NingB, in the sense that everything provable in HingB is also provable in NingB and vice versa.
First of all, using induction on the definition of I' -y ¢, it is easy to show that the provability
relation F is monotonic, i.e., for all ', A C £B and NS LB if we have ' pand ' C A,
then also A |y . Using this fact, it is now possible to prove the deduction theorem for HingB.

Theorem 1.5.4 (Deduction Theorem). In HingB, we have I', ¢ |—n ¢ if and only if I = ¢ — .

Proof. We first prove the right-to-left direction. Suppose that I' — ¢ — 1. By monotonicity,
this yields I, ¢ = ¢ — 1. Furthermore, by definition of I, we also have I, ¢ — ¢. Now,
fromT', o @ and I', o -y ¢ — 9, it follows I, ¢ F— 1 by an application of modus ponens.

In order to prove the left-to-right direction, suppose I', ¢ | 1. We show I' = ¢ — 9 by
induction on the definition of I', ¢ —y . By Definition 1.5.3, there are the following possibilities.

Case 1: Suppose that ) € TU{p},i.e., wehavey € T"or¢ = . Ifitholds ¢ € T, then we also
have I" =y v by definition of . Using axiom (A1) and an application of modus ponens, this
yields I' = ¢ — 1. On the other hand, if 1) = ¢, then ' = ¢ — 9 follows immediately from
the fact that ¢ — ¢ is already provable in the intuitionistic base calculus given in Figure 1.5.

Case 2: Suppose that v is an axiom of HingB. Then, by definition of -, we also have I - .
Now, using axiom (A1) and an application of modus ponens, it follows I' - ¢ — ).

Case 3: Suppose that I', ¢ [ 1 is obtained from I', o Iy x and I', o = x — ¢ by an
application of modus ponens. Then, by induction hypothesis, we must also have I' 3 ¢ — ¢
and 'y ¢ — (x — ). Because (¢ — (x = ¥)) — ((¢ = x) — (¢ — )) is an instance of
axiom scheme (A2), we now obtain I' - ¢ — % by two applications of modus ponens. O

We are now ready to prove that HingB is equivalent to the natural deduction system NingB.

Theorem 1.5.5. Let ' U {p} C LB be a set of formulas. We have ' =y ¢ in the Hilbert-style
system HingB if and only if T =\ ¢ holds in the natural deduction system NingB.

Proof. For the left-to-right direction, one proceeds by induction on the definition of I" - . This
is very easy, since all axioms of HinqB are clearly derivable in NingB and modus ponens corre-
sponds to — F. For the right-to-left direction, one can use induction on the structure of a natural
deduction proof D for I" =y (. This is also straightforward, since most of the rules of NingB cor-
respond directly to some axiom of HinqB and the discharging of hypotheses can be ‘simulated’
using the deduction theorem for HingB. For example, suppose that D ends with an application
of —1I. In this case, ¢ is of the form ¢ = ¥ — x and D contains an immediate subdeduction
for I', ¢ N x. By induction hypothesis, we now have I', ) -y x in our Hilbert-style system
HingB. But then, by the deduction theorem, it follows I" =y 1) — x and therefore I' = ¢. [

Corollary 1.5.6 (Soundness and Completeness). The system HingB is sound and complete with
respect to InqB. That is, for every ' U {¢} C LB, we have: T' -y ¢ if and only if T = .

Proof. The statement follows immediately from Theorems 1.5.2 and 1.5.5. O

It is worth noting that there is also an alternative Hilbert-style axiomatization for InqB, which
was shown to be sound and complete by Ciardelli (2009) as well as Ciardelli and Roelofsen (2011).
This system, presented in Figure 1.7, is defined in the same way as our system HinqB, except that
the double negation axiom is now restricted to atomic formulas and the split axiom is replaced



1.5. Standard Axiomatizations of InqB 15

Axioms:

(IPL)  All axioms of the ‘intuitionistic’ system given in Figure 1.5,

(KP) (= = (¥ VX)) = ((me = ¢) V (= = X)),
(ADN) —=—p — p, where p € P is atomic.

The only rule of inference is modus ponens: from ' = @ and ' = ¢ — ), infer I" - 4.

Figure 1.7: The Hilbert-style system HingB.

by the so-called Kreisel-Putnam axiom (KP).!! Observe that (KP) has almost the same form as our
split axiom: the only difference is that the classical formula involved in (Split) is now replaced by
a negated formula —¢. In virtue of Proposition 1.3.5, the two axiom schemes are easily seen to be
equivalent in InqB. For one thing, every negated formula — is equivalent to its classical variant
=, so (Split) entails (KP). For another, every classical formula « is equivalent to its double
negation ——a, so (KP) entails (Split). However, later on in this thesis, we will also consider an
intuitionistic variant of IngB, in which \V-free formulas do not in general validate the double
negation law. In order to allow for a smooth transition to this modified setting, we decided to
adopt the Hilbert-style system HingB rather than the alternative system presented in Figure 1.7.

"'The Kreisel-Putnam axiom has some historical significance: Lukasiewicz (1952) famously conjectured that IPL is
the strongest intermediate logic having the disjunction property. This was disproved by Kreisel and Putnam (1957),
who used the axiom scheme (KP) in order to construct a proper extension of IPL which still satisfies this property.



Chapter 2

Natural Deduction for InqB

Readers familiar with proof theory may have noticed that there is a serious lack of ‘harmony’
in the standard natural deduction system for inquisitive logic: the split rule (split), depicted in
Figure 1.4, appears to be rather artificial and does not fit into the scheme of introduction and
elimination rules typical of natural deduction systems in the style of Gentzen (1935a; 1935b) and
Prawitz (1965). As a result, it is difficult to come up with a reasonable notion of a ‘detour’ in a
deduction and to establish a suitable normal form result for NingB. In order to overcome these
limitations, we will now present a more well-behaved natural deduction system for IngB. Our
system, henceforth referred to as NingB™, is based on an extended natural deduction formalism
in which not only formulas, but also rules can act as assumptions that may be discharged in the
course of a derivation. The basic idea is inspired by the so-called calculus of higher-level rules de-
veloped by Schroeder-Heister (1981; 1984; 2014) as a ‘natural extension of natural deduction’. We
will see that, in the extended setting, the split rule can be fully ‘absorbed’ by a suitably reformu-
lated version of the elimination rule for . This makes it possible to prove a normalization theorem
for our system: every deduction in NinqB™ can be reduced to a deduction without detours.

The chapter is structured as follows. In Section 2.1, we will define some basic notions and
give a detailed exposition of the natural deduction system NingB™. In Section 2.2, we will then
show that NingB™ is equivalent to the standard natural deduction system for inquisitive logic:
everything which is provable in NingB™ is also provable in NingB and vice versa. The sound-
ness and completeness of NingB™ then follows as an immediate corollary. In Section 2.3, we will
provide a precise definition of the notion of a detour and give a brief outline of the normalization
procedure for our system. Afterwards, in Section 2.4, we will turn to the proof of our normaliza-
tion theorem. More precisely, we will describe an effective procedure that allows to transform
any deduction in our system into a deduction containing no detours. This requires an extension
of the technique used in classical and intuitionistic logic and will make up the main part of this
chapter. In Section 2.5, finally, we will derive several corollaries from our normalization theorem.
It will turn out that our system only satisfies a weak form of the subformula property, so it is not
an analytic proof system in a strict sense. However, for a certain special case, a full subformula
property will be obtained. Moreover, the subformula property for NingB™ is still strong enough
to establish various properties of inquisitive logic in a purely proof-theoretical way.

2.1 The Natural Deduction System NinqB™

We start by providing a formal exposition of our proof system. As explained above, we will use
an extended natural deduction formalism which is strongly inspired by the so-called calculus of
higher-level rules introduced by Schroeder-Heister (1981; 1984; 2014). The basic idea can be ex-
plained as follows: in ordinary natural deduction systems, formulas can be used as assumptions

16
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or hypotheses, and by applying certain rules of inference, these assumptions may become dis-
charged in the course of a derivation. The extended setting considered here generalizes this idea:
instead of allowing only formulas to act as assumptions, we now also allow rules to be assumed
and discharged in a natural deduction proof. More precisely, every proof tree in our system will
be constructed from two types of rules: on the one hand, our system comprises a finite number
of primitive rules—namely, an introduction rule and an elimination rule for each connective and
certain additional rules for the falsum constant L. The primitive rules are considered to be a
‘static’ component of our proof system, so applications of these rules never get discharged by
other rules. On the other hand, we also allow proof trees to contain one or more applications of
so-called non-primitive rules. These rules are treated as assumptions (made purely for the sake of
argument) and have to be discharged by other rule applications in the proof tree.

Let us now turn to the technical details. In many respects, our system is much simpler than the
framework described by Schroeder-Heister (1981; 1984). Most importantly, Schroeder-Heister
also considers non-primitive rules that are able to discharge other non-primitive rules, which in
turn may discharge further non-primitive rules, and so on. In other words, Schroeder-Heister’s
system is capable of dealing with rules of arbitrary level, where the level of a rule is taken to rep-
resent the complexity of the rule: formulas are identified with rules of level 0 and a rule of level
n > 1 is built up from rules of level at most n — 1 (cf. Schroeder-Heister 1981, p. 47).! In our sys-
tem, the discharging of non-primitive rules will be accomplished only by one rule—namely, a suit-
ably reformulated version of the elimination rule for the connective V. Thus, in particular, non-
primitive rules are never allowed to discharge any other non-primitive rules or open hypotheses
in a proof tree. Instead, every non-primitive rule of our system will simply be of the form

a1 (o) e (o779
¥

where a1, . .., o, € LB are classical formulas (acting as the premises of the rule) and ¢ € LB isan
arbitrary formula (acting as the conclusion of the rule).? Given any finite set of classical formulas
© = {ai,...,a,} and an arbitrary formula ¢, we will also use ‘© = ¢’ as a name for the non-
primitive rule with premises o, . . ., &, and conclusion ¢.> There are now two important things
to note here. First of all, we always require the premises of a non-primitive rule to be classical
formulas, so these premises are not allowed to contain occurrences of the inquisitive disjunction
operator V (see Definition 1.2.3). The importance of this restriction will become apparent later on,
when we will establish the soundness of our proof system. Secondly, every non-primitive rule is
assumed to be non-schematic, in the sense that both the premises o, . . . , o, and the conclusion ¢
are considered to be fixed formulas, rather than syntactic meta-variables that may be substituted
by arbitrary formulas from the language. In other words, the non-primitive rules of our system
are always specific: they allow us to infer one specific formula ¢ from a fixed set of n specific
formulas «, ..., ay. As soon as one of the formulas ¢, ay, ..., a, is replaced by some other
formula, we obtain a distinct non-primitive rule that will not be identified with the original one.

Definition 2.1.1 (Non-Primitive Rule). By a non-primitive rule, we mean any (non-schematic)
rule that allows to infer a specific formula ¢ € LB from a specific set of n classical formulas
at,...,a, € L8 Given any finite set of classical formulas © C £P and an arbitrary ¢ € £8, we
will also write © = ¢ for the non-primitive rule with conclusion ¢ and set of premises ©.

As we will see below, every application of a non-primitive rule in a proof tree will be either open
or it will be discharged. The notational conventions regarding the discharging of non-primitive

! In his 1984 paper, Schroeder-Heister uses a slightly different level assignment, but the basic idea is the same.
2 So, using the terminology of Schroeder-Heister (1981), one could say that all our non-primitive rules are of level < 1.
? Thus, in particular, we do not assign any order to the premises a1, . . ., auy, of a non-primitive rule.
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Figure 2.1: Primitive rules of the natural deduction system NingB™. In the rule VE, we
require O to be a finite set of classical formulas. And in the rule (raa), a must be classical.

rules will be essentially the same as those used for ordinary hypotheses in natural deduction. So,
given a non-primitive rule © = ¢ and a proof tree D with conclusion 1, we will use the notation

0=y

D

(G
in order to emphasize the fact that D contains some (possibly zero) undischarged applications
of the rule ® = ¢. By enclosing a non-primitive rule in square brackets, as in [©@ = ¢], we
indicate that the corresponding applications of the rule have been discharged. Note that, as an
important special case, we also allow the set of premises © of a non-primitive rule to be empty.
Clearly, using a non-primitive rule of the form () = ¢ in a proof tree has exactly the same effect
as assuming ¢ as a hypothesis in the tree, so ) = ¢ may simply be identified with (.

We are now ready to define our natural deduction system NinqB™. The primitive rules of
our system are presented in Figure 2.1. As can be seen, NingB™ is obtained from the natural
deduction system given in Figure 1.3 by omitting the ordinary elimination rule for V, and by
adding two special rules, denoted by \/ F; and (raa), respectively.* Let us give a brief explanation
of these special rules. The rule (raa) is a restricted version of reductio ad absurdum and formalizes
the principle of proof by contradiction: if we can derive L from a hypothesis —«, then we are
entitled to infer o and to discharge all open occurrences of the hypothesis —a. Note that, in
order to make sure that NingB™ is sound with respect to IngB, this rule is restricted to classical
formulas (without this restriction, we would simply obtain a proof system for classical logic).

The rule V E, on the other hand, is a generalization of the ordinary elimination rule for \ and
should be read as follows: let D; be a proof tree ending with some formula ¢ V 1) and suppose
that there exists a finite set of classical formulas © C £8 such that each element of © occurs as
an open hypothesis in D;. Moreover, let D and D3 be two proof trees ending with x such that
D, contains some undischarged applications of the non-primitive rule © = ¢, and D3 contains
some undischarged applications of the non-primitive rule © = 1. Then, using the rule VE,
we are entitled to infer x and to discharge all open occurrences of the hypotheses from © in
D;, all undischarged applications of the non-primitive rule © = ¢ in Dy, and all undischarged
applications of the non-primitive rule © = 1 in D3. Note that, by choosing © = () in an
application of WV E_, one can also obtain the ordinary elimination rule for \ as a special case:

— U — U

® (2
Dy D, D,
VY o x XwEi

X

* Of course, by the ‘ordinary elimination rule for \’, we always mean the rule which is just like the standard elimina-
tion rule for disjunction in intuitionistic logic, except that \V is identified with the intuitionistic disjunction operator.
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where the label u is used in order to indicate that the corresponding applications of the rules
() = ¢ and () = 1 are discharged by the application of VE . at the bottom of the proof tree.

Definition 2.1.2 (Primitive Rules of the System NingB™). We define NingB™ to be the ‘higher-
level’ natural deduction system whose primitive rules are the ones given in Figure 2.1.

Any proof tree built up using the primitive rules of our system and arbitrary (open or dis-
charged) applications of non-primitive rules will be referred to as a quasi-deduction. Throughout
this chapter, quasi-deductions will be denoted by the meta-variables D, D1, D, etc. Given a for-
mula ¢ € £8 and an arbitrary set of formulas and non-primitive rules T, we will write I' - ¢
and say that ¢ is derivable from I, if there exists a quasi-deduction D such that ¢ is the con-
clusion of D and all open hypotheses and open applications of non-primitive rules in D are
contained in I'. In this case, D is also said to be a quasi-deduction for T’ I—‘,: . By a deduction
in the system NingB™, we mean a quasi-deduction in which all applications of non-primitive
rules are discharged by some application of VE . So, in particular, every deduction is also a
quasi-deduction, but not the other way around. Given any set of formulas I'U{p} C L8, we will
say that ¢ is provable from I in our system, if there exists a deduction D for I" I—JNr ¢ in NingB™.
In order to see a concrete example, let o, 3 € L8 be classical formulas and let ¢, ), x € LB be
arbitrary formulas. We may then construct the following quasi-deduction in our system:

[—x]" X

W%Eg angE %(efq)

o= (B (pVe) [a]* T e R
B — (¢ V) [5]“_}E X — @ VI X — VI
oV (X = )V (=x =) (x—w)\v(ﬁx—ﬂb)\vEu
+

(X = @) V(X =)
As indicated by the label v, all applications of the non-primitive rules o, 8 = p and o, 5 = ¢ in
this quasi-deduction are discharged by the application of \V E; at the bottom. Hence, this quasi-
deduction contains no undischarged applications non-primitive rules, so it is also a deduction.
In order to conclude this section, let us now introduce some useful terminology. The set of
classical formulas © involved in an application of \V E | will be referred to as the set of auxiliary
formulas of this application. By the auxiliary rules of an application of VV E, we will henceforth
mean the non-primitive rules © = ¢ and © = v which are discharged in the course of this
application. And the side formulas of an application of VI are the two formulas ¢ and v serving
as the conclusions of the auxiliary rules ©® = ¢ and © = 1. It is easy to see that applications
of the rule VE may also involve some redundancy. For example, if one of the auxiliary rules
O = p and © = ¥ of such an application does not occur in the corresponding quasi-deduction
ending with y, then the application of WV E can always be eliminated. The process is illustrated
below, where we assume that © = ¢ does not occur as an undischarged rule in the subtree Ds:

Gl [© = y]*
D Dy Ds converts to e
eV o x X B X
X

Furthermore, if an auxiliary formula a does not occur as an open hypothesis in the quasi-
deduction ending with the premise ¢ \ 1), then one can always simplify the application of VE
by removing « from the set of auxiliary formulas. This is illustrated by the following conversion:

e  [O,a=¢"  [0,a=yY" e [O=¢" [0=y*

Dy Ds Ds converts to Dy Dy Ds
0V X X B VY X
X X

X
VEY
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where « is assumed not to occur as an open hypothesis in Dy, and the quasi-deductions D, and
D4 are obtained from D, and D3 by replacing all open occurrences of the rules ©,a = ¢ and
©, a = 1) by the simplified rules © = ¢ and © = 1), respectively.’ For technical reasons, we
will henceforth assume that applications of \V E | never involve any redundancy of this kind. In
particular, every quasi-deduction under consideration is assumed to satisfy the conditions men-
tioned in the following lemma, which is a direct consequence of the observations made above.

Lemma 2.1.3. Let p € L8 be a formula and let T be a set of formulas and non-primitive rules. If
@ is derivable from I in our system, then there exists a quasi-deduction D for T’ I—JNr @ such that
every auxiliary rule and every auxiliary formula of an application of VE in D does in fact have
at least one undischarged occurrence in the corresponding subtree belonging to this application.

For later purposes, we also need to define a suitable notion of substitution. To this end, let D
be a quasi-deduction containing some undischarged applications of a non-primitive rule © = ¢
and let D’ be a quasi-deduction for ', © | ¢, where T is an arbitrary set of formulas and
non-primitive rules. In this case, we will write D{D’ : © = ¢} for the result of replacing every
undischarged application of the rule © = ¢ in D by an occurrence of the tree D’. For example,
let O be the set of classical formulas © = {«a, §} and let D be the following quasi-deduction:

a [B]* =81Y 8"
Ld ’ s A — (raa)” oF
oA I B
o= (pAB) Y

eAB -

o B AE

#

Y

B—¢

In this quasi-deduction, there are three undischarged applications of the non-primitive rule © =
¢, marked with the symbol #. Let now I be a set of formulas and non-primitive rules and let D’
be a quasi-deduction for I', © |- . The quasi-deduction D{D’ : © = ¢} is then of the form

(6% ,D[/ﬂ}u [_\ﬁ}v [ﬁ}u *)E
J_ v
: Aﬁ[mu Al o B
% D’
o — (pAB) -1 ©
A B —F
o @5 AE
DI
b "
350 —1

In other words, D{D’ : © = ¢} is obtained from D by simultaneously substituting the quasi-
deduction D’ for every undischarged occurrence of the rule © = ¢. Note that, if some formula
from O does not actually occur as an open hypothesis in 7/, then every subtree in D ending with
the corresponding premise of © = ¢ will simply be omitted in the course of the substitution
(in this case, some open hypotheses or undischarged rules in D may get ‘lost’, but this is un-
problematic). Clearly, by performing such a substitution, we do not change the conclusion of the
quasi-deduction D, and D{D’ : © = ¢} cannot contain any new undischarged rules or open hy-
potheses that were not already present in D or D'. In fact, it is easy to verify the following claim.

> Note that, by performing this conversion, all subtrees ending with the premise « of the corresponding applications
of the rules ©, @ = ¢ and ©, a = 1) are simply omitted from D5 and Ds3. The details are left to the reader.
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Fact 2.1.4. Let I and A be arbitrary sets of formulas and non-primitive rules, let © C LB be a
finite set of classical formulas and let p, 1) € L® be arbitrary formulas. If D is a quasi-deduction for
A, 0 = ¢ 1 (soD possibly contains some undischarged applications of the rule © = ) and if
D' is a quasi-deduction for T, © = @, then D{D’ : © = } is a quasi-deduction for T, A = 1.

2.2 Soundness and Completeness

Before turning to the main part of this chapter, let us first establish the soundness and complete-
ness of our proof system. We have to show that, for any set of formulas I' U {¢} C LB, there
exists a deduction for I' I—”NL @ in NingB™ if and only if ¢ is entailed by I in InqB. To this end, we
will prove that NingB™ is equivalent to the standard natural deduction system NinqB introduced
in Definition 1.5.1, i.e., everything that is provable in NinqgB™ is also provable in NingB and vice
versa. First, we show that NinqB™ is sound with respect to NingB: if a formula ¢ is provable
from a set of hypotheses in NinqB™, then it is also provable from these hypotheses in NingB.

Lemma 2.2.1. LetT'U {@} C LB be a set of formulas. If it holds T' =y  in our natural deduction
system NinqB™, then we also have I |-\ ¢ in the standard natural deduction system NingB.°

Proof. We will show that every deduction in NingB™ can be transformed into a deduction in
NingB. For this purpose, let NinqB® be the auxiliary system which is just like NingB™, except
that NingB® also includes the ordinary elimination rule V E from Figure 1.3 and the special rules
(split) and (dne) from Figure 1.4. As before, by a quasi-deduction in NinqB®, we mean any proof
tree built up using the primitive rules of NinqB® and arbitrary (open or discharged) applications
of non-primitive rules. And a deduction in NinqB® is a quasi-deduction in which all applications
of non-primitive rules are discharged by applications of \V F/ . The derivability relation of NinqgB®
is denoted by |y, so we write I' = ¢, if there exists a quasi-deduction D in NingB® such that
 is the conclusion of D and all undischarged rules and open hypotheses of D are in I".

We will prove the following more general claim: for any set of formulas TU{¢} C LB, if there
exists a deduction D for I' I, ¢ in the auxiliary system NinqB?, then there also exists a deduc-
tion D’ for I' -y ¢ in the standard system NingqB (since every deduction in NinqB™ is also a
deduction in NinqB?, this is sufficient to establish the claim). Let TU{¢} C LB be an arbitrary set
of formulas and let D be an arbitrary deduction for I I, ¢ in the auxiliary system NingB® (so,
in particular, D cannot contain any undischarged applications of non-primitive rules). Moreover,
let n be the number of applications of the modified elimination rule VE_ in D. Using induction
on n, we show that there is also a deduction D’ for I' -y ¢ in the standard system NingB.

For the base case, assume that D contains n = 0 applications of VE. In this case, D cannot
contain any applications of non-primitive rules since every such application would have to be
discharged by some application of \V F ;.. Hence, we only need to get rid of all applications of (raa)
in D. Let D’ be the proof tree obtained from D by rewriting every application of (raa) as follows:

U [—\Oz]"
[-a] .
DN D
converts to 1
— (raa)” « 1"
« — (dne)
a

Then, clearly, D’ is a deduction for I" =} ¢ which contains no applications of non-primitive
rules and no applications of the rules VE and (raa). Consequently, D’ is also a deduction in
the standard natural deduction system NingB, so we may conclude I -y ¢, as desired.

¢ Recall that we write }*I for the provability relation of NingB™ and [ for the provability relation of NingB.
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For the inductive step, assume that D contains n > 1 applications of the rule WV E . In this
case, we select a topmost application of VE in D. In other words, we write D in the form

[e]" [© =" [0= 1]

Ds D, D,
V1 Vo X X yEe
X
Dy
where none of the quasi-deductions Dj, Dy and Dj3 contains an application of VE . By as-
sumption, O is a finite set of classical formulas, so we must have © = {ay,..., o} for some
ai,...,ap € LB Let now i = 1,2 be arbitrary and consider the subtree D; ending with the

premise X of the selected application of VE . Let A; be the set of all open hypotheses and
undischarged rules other than © = ¢); in this subtree. That is, A; is the smallest set such that D;
is a quasi-deduction for A;, © = v; =\ x. Furthermore, let D be the quasi-deduction obtained
from D; by rewriting every undischarged application of the rule © = 1; in the following way:

D, D, D1 D
oy o Qo k NI
o O = 1, converts to /\ O — 1 /\ [S) N
D Vi
D//

where /\ O stands for the conjunction of the elements of © and the dashed line indicates k— 1 ap-
plications of the rule AI. Then, clearly, D; contains no undischarged applications of the rule © =
1; anymore, but it contains an additional open hypothesis A\ © — 1); instead. In other words,
D} must be a quasi-deduction for A;, A © — 1; =Y x. Using the quasi-deductions Dj and D3
thus obtained, we may now transform the whole deduction D into the proof tree D* of the form

(AO]"
B~ AE
Ds
1 V aho N N© = ¥1]? [ANO — ]
ANO — (P1 V ha) (split) Dy D3
(ANO = 1) V(AO = 1) - X X g
Dy

where VE refers to the ordinary elimination rule for V. Note that, since every element of O is
assumed to be a classical formula, the conjunction /\ © of these elements must also be a classical
formula, so the indicated application of (split) is in fact correct. It is now easy to see that D* does
not contain any new undischarged rules or open hypotheses that were not already present in D.
Hence, D* must still be a deduction for I" I ¢. Furthermore, by construction, D* contains only
n — 1 applications of the modified elimination rule V E/ . Therefore, using the induction hypoth-
esis, we now obtain the desired deduction D’ for I' =y ¢ in the standard system NingB. O

Next, we will show that our system is also complete with respect to NingB: if ¢ is provable
from a set of hypotheses in NingB, then it is also provable from these hypotheses in NingB™*.

Lemma 2.2.2. Let ' U {p} C LB be a set of formulas. If T |-\  holds in the standard natural
deduction system NingB, then we also have ' | ¢ in our new natural deduction system NingB™.

Proof. By what was said in the previous section, every instance of the ordinary elimination rule
\VE can be identified with an instance of the generalized rule WV E in which the set of auxiliary
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formulas © is taken to be the empty set. Therefore, it suffices to show that the special rules (split)
and (dne), depicted in Figure 1.4, are derivable in our system NingB*.” In order to show the
derivability of (split), let & € £8 be a classical formula and let o, 1) € LP be arbitrary formulas.
Using the generalized rule \VE ;, we may then construct the following deduction in NinqB™:

[a]* [a]”
® N Ju 1’0 Jv
a— (pV) [a]™ a—)go_> I oz—>w_> s
PV E LS ovie=e) Y lasoviaoe)

VEY

(@=¢)V(e=1y) !
Note that, as indicated by the label w, all applications of the non-primitive rules @ = ¢ and
« = 1 in this deduction are discharged by the application of \V E' at the bottom. Hence, the rule
(split) is in fact derivable in our system. The derivability of the rule (dne), on the other hand, can
be established by the following deduction in NinqB™, where o € L? is again a classical formula:
- (raa)

As we have seen, each of the rules \VE, (split) and (dne) is derivable in NinqgB™. Consequently,
given any subset I' U {¢} C £B and a deduction D for I' -y ¢ in the standard system NinqB,
one can always transform D into a corresponding deduction D’ for I" -, ¢ in NinqB™¥. O

By combining the previous two lemmas, we may now conclude that our system is in fact equiv-
alent to the standard natural deduction system for inquisitive logic: everything that is provable
in NingB™ is also provable in the standard system NingB and vice versa. Since NingB is sound
and complete with respect to IngB, this yields the desired completeness result for our system.

Theorem 2.2.3 (Soundness and Completeness). The system NinqB™ is sound and complete with
respect to InqB. That is, for any set of formulasTU{@} C L8, we have: T I—JNr pifandonlyifT" = .

Proof. The statement follows directly from Theorem 1.5.2, Lemma 2.2.1 and Lemma 2.2.2. O

2.3 Cut Segments and Conversions

In this and the next section, we will establish a so-called normalization theorem for our system,
i.e., we will show that every deduction in NingB™ can be transformed into a detour-free deduc-
tion. The underlying technique goes back to Gentzen, who started thinking about normalization
in the early 1930s as part of his work on the consistency of Peano arithmetic (cf. Von Plato 2008;
2012). Unfortunately, Gentzen did not succeed in proving normalization for classical natural de-
duction, which led him to develop the sequent calculus and to prove a cut-elimination theorem
instead. (For intuitionistic logic, however, Gentzen had already found a direct normalization
proof, but never published it. This became known in 2005, when a handwritten manuscript of
his doctoral thesis was found. See Von Plato 2008). The first published proof of normalization
for both classical and intuitionistic logic was provided by Prawitz (1965). Let us start by giving a
brief explanation of the basic idea. Roughly speaking, by a cut formula in a deduction, we mean
an occurrence of a formula that is introduced by an application of an introduction rule or an ap-
plication of a rule for the falsum constant, and which is eliminated right away by an application

7 Roughly speaking, a rule is said to be derivable in our system, if it satisfies the condition that, whenever there is a
deduction for each of the premises of the rule, then there is also a deduction for the conclusion of the rule.
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of an elimination rule (so, in a sense, a cut formula may be regarded as a ‘detour’ in a deduction,
since a formula which has just been introduced gets instantly eliminated again). For example,
consider the following deduction in our system, where « is assumed to be a classical formula and
the two applications of @« = ¢ and a = v are discharged by the application of VE at the end:

[a]wv
P ) [Oz]u
a—p [a]? 5 1 (ef—;E P U%Iu
B 7@ ere Y ® an [o]®
m pve V! o M oo F
VEY
a_>¢_>]w

This deduction contains three cut formulas, marked with (1), (2) and (3), respectively. The first
one is the formula marked with (1), since this formula is obtained by the introduction rule for
\V and eliminated right away by the corresponding elimination rule. The second cut formula is
(2), because this formula is introduced by an application of a falsum rule and eliminated by the
elimination rule for conjunction. And the last cut formula is (3), since this formula is obtained
by the introduction rule for — and instantly eliminated again by the respective elimination rule.
In order to make things precise, let us introduce some further terminology. Given any appli-
cation of a (primitive or non-primitive) rule of inference, we will call the formula occurrences
directly above the line the premises, and the formula occurrence directly below the line the con-
clusion of this application. For each of the binary connectives A, — and V, our system comprises
exactly one introduction rule and exactly one elimination rule.® In addition, NinqB™ also includes
the rules (efq) and (raa), which we will refer to as falsum rules. In elimination rules, we distinguish
between two types of premises, referred to as major premises and minor premises, respectively.

Definition 2.3.1 (Major Premise, Minor Premise). In an application of an elimination rule, the
premise which contains the corresponding occurrence of the logical connective is said to be the
major premise of this application. All other premises (if any) will be referred to as minor premises.

So, for example, in an application of — F, the major premise is the formula of the form ¢ — ¥
and the minor premise is the formula ¢. And in an application of VE', the major premise is the
formula ¢V 1) and the minor premises are the two occurrences of x standing immediately above
the line. Without loss of generality, we will assume that the major premise of an elimination rule
is always the leftmost premise of this rule. It might now seem that a cut could simply be defined as
an occurrence of a formula which is both the conclusion of an introduction rule or the conclusion
of a falsum rule, and the major premise of an elimination rule. However, things are actually a bit
more complicated, since applications of the rule V F/ allow us to produce repetitions of formulas
in deductions. For example, one could also construct a deduction of the following form:

D D
o Y
. — Al .
. X1V xe AP AP
91\\/92 (p/\w
AP

VE .
oAy

VE,

ANE

This deduction contains a sequence of three consecutive occurrences of the formula /A1), starting
with the conclusion of an introduction rule and ending with the major premise of an elimination
rule. Clearly, our definition of a cut should also account for detours of this kind. Thus, rather than

® Note that, for the inquisitive disjunction operator V, the elimination rule is now the ‘higher-level’ rule VE, rather
than the ordinary elimination rule for disjunction used in classical and intuitionistic natural deduction.
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considering single occurrences of formulas, we must actually consider sequences of consecutive
occurrences of the same formula. A sequence of this kind will be referred to as a segment.

Definition 2.3.2 (Segment). Let D be a quasi-deduction in our system. By a segment of length n
in D, we mean a sequence &1, . . ., &, of n consecutive occurrences of a formula ¢ in D such that:
(i) & is not the conclusion of an application of VE .,
(if) each &; with 1 < ¢ < n is a minor premise of an application of VI,
(iii) &, is not a minor premise of an application of VFE,.

A cut segment is now defined to be a segment that begins with the conclusion of an introduction
rule or the conclusion of a falsum rule, and ends with the major premise of an elimination rule.

Definition 2.3.3 (Cut Segment). Let D be a quasi-deduction in NingB™. By a cut segment of
length n in D, we mean a segment &, . . ., &, in D such that &; is the conclusion of an introduction
rule or the conclusion of a falsum rule, and &, is the major premise of an elimination rule. If 7 is
a cut segment, then the unique formula occurring in 7 will also be called the cut formula of 7.

The main goal of this chapter is to show that any deduction can be transformed into a deduction
containing no cut segments. A cut-free deduction will also be referred to as a normal deduction.

Definition 2.3.4 (Normal Deduction). A deduction D is said to be a normal deduction, if D
contains no cut segments and all conclusions of falsum rule applications in D are atomic formulas.

The overall structure of our normalization proof will be as follows: first, we will show that
the falsum rules can be restricted to instances in which the conclusion is an atomic formula.
Afterwards, we will describe a procedure that allows to get rid of all cut segments starting with
the conclusion of an introduction rule. The argument is based on the observation that any cut
segment of length n > 1 can be transformed into a cut segment of length one by permuting the
major premise at the end of the segment over the minor premises of V E | in the middle of the
segment. This is achieved by performing the following permutation conversion, where (E) stands
for an arbitrary instance of an elimination rule with major premise x and conclusion u:

O [©= " (0= ©=el* Oy
Ds D, Do ] Dy e
A ;(( X vE! . converts to @1\3/3 " X/7LD4 (E) XTM gE)
y (E) . VB
Ds Ds

Unfortunately, naive applications of the permutation conversion do not necessarily yield the
desired result. The reason is that (E) itself might be an instance of VE which discharges some
hypotheses occurring in the subtree Ds. In this case, permuting the major premise of (E) upwards
would cause the respective hypotheses in D3 to become open hypotheses. For example, consider
the following deduction in our system, which contains two consecutive applications of VE,:

O QY  [O=e]" [Q" [0= e [Q"

Ds Dy Dy [Q = ] [ = 1h]"
01V o Py V aho 1 Vg VE D, Ds
Vg " X X
wl 2 \\/Ei
X
Ds

In this deduction, the upper application of VE (i.e., the one with label u) is associated with
the set of auxiliary formulas © and the lower application of VE (i.e., the one with label v) is
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associated with the set of auxiliary formulas 2. Since some of the auxiliary formulas from (2 also
occur as hypotheses in the subtree D3, we cannot simply apply the aforementioned permutation
conversion, since this would cause these hypotheses to become open. However, this problem
can easily be resolved, since it is always possible to ‘shift’ all occurrences of the hypotheses
from € in Ds to the subtrees D; and Dy. To make this more precise, let us assume that it holds
© ={ai,...,ap} and Q = {B,...,Bm}, where each a; and each f; is a classical formula.
Moreover, let k = 1,2 be arbitrary and let D; be the quasi-deduction obtained from D), by
rewriting every open application of the non-primitive rule © = ¢y, in the following way:

D} D, D} D,
a a a .« .. a “ e
! O =y converts to ! n B Brm 0,0 = ¢
Pk Pk
D" iy

In other words, we simply replace all undischarged applications of the rule © = ¢, in Dy by
undischarged applications of ©, = . Note that, in the course of this conversion, we add
a number of new occurrences of the open hypotheses 31, ..., 8, to the proof tree. Using the
quasi-deductions D and D3 thus obtained, we can now transform the whole deduction into

0,9 [©:,2=u]" Q" [6,2= p]* [

Dy Dj 2 [Q=1]"  [Q= ]
01V P2 P1 V) 1 V1o VE" Dy Ds
WV 1y N X X
1 VEY
X
D¢

In this deduction, the lower application of VE does not discharge any hypotheses in D3 any-
more, since all open hypotheses from €2 in D3 are now discharged by the upper application.
Therefore, we can now safely apply our permutation conversion in order to permute the major
premise of the lower application of WV E | over the minor premises of the upper application.
Using successive applications of the permutation conversion, it is possible to transform any cut
segment into a cut segment containing only a single occurrence of the cut formula. The cut itself
can then be eliminated using the following logical conversions for cut segments of length one:

D1 Do
D;
PL_¥2 g
p1 N pa converts to Vi
— AE
©i Ds
Ds
[¢p] Dy
D1 o
i Ly Ju e converts to Dy
= ®
—E L
v D
3
Ds
Clis
CES w e = w
D?) [ 991] [ ()02] DZ{Dg . (_) = S02}
Pi Dl DQ
VI V24 converts to X
$1V P2 X X VEY D,
X
Dy

Observe that, in the last conversion, we use the substitution operator defined in Section 2.1, so
Di{Ds : © = ;} stands for the result of replacing every undischarged application of the non-
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primitive rule © = ¢; in D; by an occurrence of the quasi-deduction Djs (this is in fact legitimate,
since Ds is assumed to end with the conclusion ;). Using Fact 2.1.4, it is easy to verify that this
conversion does not affect the conclusion or the set of open hypotheses of the whole deduction,
i.e., for any set of formulas T' U {¢} C LB if the full proof tree was a deduction for I" I—f\ﬁ %)
before the conversion, then it will also be such a deduction after the conversion.

The main difficulty in our normalization proof arises from the fact that each of the logical con-
versions may produce new cut segments and the last two conversions may even increase the total
number of cut segments in a deduction. Therefore, it is not obvious from the outset that repeated
applications of these conversions will eventually yield a normal deduction. For example, in the
conversion rule for cut formulas of the form ¢ — 1), each of the two formulas ¢ and ) may be-
come a new cut formula and all cut segments occurring in the subtree Dy might be duplicated, de-
pending on how often ¢ occurs as an open hypothesis in D;. Furthermore, in the conversion rule
for cut formulas of the form 1 \V 2, not only ; but also every formula in the set © may become
a new cut formula, and these formulas can be arbitrarily ‘complex’. In addition, all cut segments
in D3 might be duplicated, depending on how often © = ¢; occurs as an undischarged rule in D;.

2.4 Normalization

Let us now turn to the proof of normalization for our system. We first show that the falsum rules,
(efq) and (raa), can be restricted to instances in which the conclusion is an atomic formula.” Note
that, since major premises of elimination rules are never atomic, this also shows that cut segments
starting with the conclusion of a falsum rule can always be avoided in a deduction. In order to
prove the desired claim, we will argue that one can successively reduce the complexity of the
conclusion of a falsum rule application until it finally becomes an atomic formula. Here, the com-
plexity of a formula will be measured in terms of its degree, which is defined in the following way.

Definition 2.4.1. The degree of a formula ¢, notation deg(¢p), is inductively defined as follows:
(i) deg(p) := 0 for all atoms p € P, and deg(L) := 1,
(i) deg(v ® x) := deg(¥)) + deg(x) + 1 for ® € {A,—,V}.

In other words, the degree of a formula simply amounts to the number of occurrences of the
logical symbols L, A, —, \V in this formula. The basic idea of our argument is to decrease the
degree of the conclusion of a falsum rule application step by step, by applying suitable conver-
sions to the deduction. To make this more precise, let us first introduce some useful terminology.
The conclusion of a falsum rule application will also be referred to as a falsum rule conclusion.
A falsum rule conclusion ¢ in a deduction D is said to be maximal, if there is no falsum rule
conclusion of higher degree in the deduction, i.e., if for every falsum rule conclusion ¢ in D, we
have deg(v) < deg(¢). And the falsum rank of a deduction D is the pair of natural numbers
fr(D) = (m,n) defined in the following way: if all falsum rule conclusions in D are atomic, then
we put fr(D) := (0, 0). Otherwise, we put fr(D) := (m,n), where m is the degree of a maximal
falsum rule conclusion in D and n is the number of maximal falsum rule conclusions in D.

We will show that any deduction of falsum rank greater than (0, 0) can be transformed into
a deduction of lower falsum rank (by iterating this argument, we will then finally arrive at a
deduction containing only atomic falsum rule conclusions). In order to make this notion of
‘greater than’ and ‘lower than’ precise, we will assume that falsum ranks are ordered lexico-
graphically. That is, given a deduction D with fr(D) = (m,n) and another deduction D’ with
fr(D') = (m!,n'), we will write fr(D) < fr(D') and say that the falsum rank of D is smaller
than the falsum rank of D', if we either have m < m/, or we have both m = m’ and n < n’. We
will also write > for the inverse relation of the lexicographic ordering <. Using these notions, we

® To be clear: by an atomic formula, we will always mean a propositional letter from the set P introduced at the
beginning of Section 1.2. Thus, in particular, the falsum constant L will not be treated as an atomic formula.
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can now prove the desired result: if ¢ is provable from a set of hypotheses I" in our system, then
one can always find a deduction of ¢ from I' in which all falsum rule conclusions are atomic.

Lemma 2.4.2. LetT'U {¢} C LB be a set of formulas. If T | ¢ holds in our system, then there
exists a deduction for T’ I—;]“ @ in which the conclusion of every falsum rule application is atomic.

Proof. Let ' U {p} C LB be arbitrary and suppose that there exists a deduction D for I I—JNr %
in our system. If all falsum rule conclusions in D are atomic, then we are finished. Otherwise,
D contains at least one non-atomic falsum rule conclusion and we must have fr(D) = (m,n) >
(0,0) for some integers m,n > 0. We first show that D can be transformed into a deduction D’
with smaller falsum rank. To this end, let # be a maximal falsum rule conclusion in D such that all
falsum rule conclusions above 6 in D are of smaller degree than 6. That is, 6 satisfies deg(0) = m,
and it holds deg(u) < m for all falsum rule conclusions y in the subtree ending with 6.

First, suppose that 6 is the conclusion of an application of (raa). In this case, # must be a clas-
sical formula. Depending on the form of 6, we now perform one of the following conversions:

[a A B]" [a A B]*
A o Y A
[~(a A )" I I

D, ~anp 1 ~anp) 1

1 u converts to D, D,
o B (raa) . N )

Dy — (raa) 7 (raa)

i
aNp
D,
[a = p]"  [a]*”
[-8]" B _ o —E
[~(or = B e

Dy —(a— B)

1 u converts to D,
o (raa) 1 .

Dy 5 (raa)

a—f -1
Dy

[~L]" [L]™

D, o1 —I

1 u converts to D,

T (raa) 1

Do D,

Let D’ be the deduction arising from the conversion and let fr(D’) = (m’, n’) be the falsum rank
of D'. In the first two conversions, the old application of (raa) is replaced by one or more new ap-
plications of (raa) and the conclusions of these new applications are of lower degree than the con-
clusion 6 of the old application. Moreover, although the quasi-deduction D; is used twice in the
first conversion, this cannot increase the the total number of maximal falsum rule conclusions: by
assumption, all falsum rule conclusions occurring in D; are of lower degree than §. On the other
hand, in the last conversion, the application of (raa) is completely eliminated. Hence, if  was the
only maximal falsum rule conclusion in D, then the degree of a maximal falsum rule conclusion
in D’ must be smaller than m, so it holds m’ < m. And if # was not the only maximal falsum rule
conclusion in D, then the number of maximal falsum rule conclusions in D’ must be smaller than
n, so we have both m’ = m and n’ < n. In either case, it follows fr(D’) < fr(D), as desired.
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Assume now that 6 is the conclusion of an application of (efq). In this case, the conversions for
the classical connectives are similar to the ones presented above, so we only need to consider the
case in which 6 is of the shape § = 1 \V x. The corresponding conversion has the following form:

D
D, !
= (efo)
(efq) converts to ) q
YV x VI
D YV x
2 D,

In this conversion, the new falsum rule conclusion is again of lower degree than the old one.
Therefore, if D’ is the deduction arising from the conversion, then we must have fr(D’) < fr(D).

Now, as we have seen, each of the conversions reduces the falsum rank of D. Thus, by repeating
the procedure, we can construct a sequence of deductions with strictly decreasing falsum ranks.
Since the lexicographic ordering on falsum ranks is well-founded, this finally yields a deduction
D" for T' |, ¢ such that fr(D") = (0,0), so all falsum rule conclusions in D" are atomic. [

It is easy to check that this proof would fail, if the conclusion of (raa) would be allowed to
contain the inquisitive disjunction operator V. This is an interesting observation, because the
restriction posed on (raa), tracing back to Ciardelli’s (2016) double negation rule, was initially
motivated on purely semantic grounds. It thus seems that there might be a deeper connection be-
tween non-inquisitiveness in natural language and normalization in natural deduction systems.

Next, we need to show that one can also eliminate all cut segments starting with the conclu-
sion of an introduction rule. The overall strategy will be similar to the technique employed in
the previous lemma: we always select a cut segment with maximum complexity, transform the
deduction in such a way that the complexity is decreased and repeat the procedure until each
cut segment has been eliminated. However, as we have seen in Section 2.3, the ‘higher-level’
elimination rule VE now causes some additional complications. In particular, by performing
the logical conversion for cut segments ending with the major premise of an application of VF |,
each of the auxiliary formulas of this application (i.e., each of the formulas from the set ©) may
become a new cut formula, and these formulas can have an arbitrarily large degree. In order to
solve this problem, we need a more sophisticated measure of the ‘complexity’ of a formula.

Definition 2.4.3 (Inquisitive Degree, Classical Degree, Rank). Let ¢ € £8 be a formula.

(i) The inquisitive degree of ¢ is denoted by deg;(¢) and defined to be the number of occur-
rences of the inquisitive disjunction V in ¢. And the classical degree of ¢ is denoted by
deg.(y) and defined to be the number of occurrences of the connectives A and — in ¢.

(i) The rank of ¢ is defined to be the ordered pair given by rank(y¢) := (deg,; (), deg.(¥)).

In what follows, we will assume that ranks of formulas are ordered lexicographically. That is,
we will write rank(y) < rank(i)) and say that the rank of ¢ is smaller than the rank of 1, if we
either have deg;(p) < deg;(1)), or we have both deg,(p) = deg,;(1)) and deg.(p) < deg.(¥).
The following lemma summarizes some immediate consequences of the preceding definitions.

Lemma 2.4.4. Let o1,y € LB be arbitrary formulas. It holds:
(i) rank(p;) < rank(p1 @ 2) fori =1,2 and ® € {A,—,V},
(ii) rank(a) < rank(p1 \V @9) for every classical formula o € LB.

Proof. We only prove statement (ii), the other part is trivial. Let 1, 92 € LP be arbitrary for-
mulas and let @ € L? be a classical formula. Since 7 \ 2 contains an occurrence of \, its
inquisitive degree must satisfy deg,;(¢1 V p2) > 1. On the other hand, because « is a classical
formula, we also know that it holds deg;(«) = 0. Therefore, it follows deg; () < deg;(v1V @2),
so we may conclude rank(«) < rank(e1 \V ¢2) by definition of the lexicographic ordering. [
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Most importantly, this lemma tells us that the logical conversions described in Section 2.3 do
indeed decrease the complexity of cut segments in a deduction: if a new cut formula arises from
one of these conversions, then it must always be of smaller rank than the original one. Using
the rank of a formula, we may now define some useful concepts. First of all, by the rank of a
cut segment, we will henceforth mean the rank of the cut formula occurring in this segment.
For convenience, the rank of a cut segment 7 will also be denoted by rank(w). The notion of a
maximal cut segment and the cut rank of a deduction are now defined in the following way.

Definition 2.4.5 (Maximal Cut Segment, Cut Rank). Let D be a deduction in our system.
(i) By a maximal cut segment in D, we mean a cut segment 7 in D such that 7 has maximal
rank, i.e., for every cut segment o in D holds rank (o) < rank(w) or rank(o) = rank(rw).
(ii) The cut rank of D is the triple c¢r(D) = (m, n, p) defined as follows: if D contains no cut seg-
ments, then we put cr(D) := (0, 0,0). Otherwise, we put cr(D) := (m,n, p), where (m, n)
is the rank of a maximal cut segment in D and p is the number of maximal cut segments in D.

As with the ranks of formulas, we assume that cut ranks of deductions are ordered lexico-
graphically. In other words, given a deduction D with ¢r(D) = (m, n, p) and another deduction
D' with ¢r(D') = (m/,n/,p), we will write ¢r(D) < c¢r(D') and say that the cut rank of D is
smaller than the cut rank of D/, if one of the following three conditions is satisfied: (1) m < m/,
or(2)m=m'andn <n’,or(3)m =m/,n =n"and p < p. It is now possible to show that cut
ranks of non-normal deductions can always be decreased: every deduction containing at least
one cut segment can be transformed into a deduction of smaller cut rank.

Lemma 2.4.6. Let T'U {¢} C LB be a set of formulas and let D be a deduction for T' I ¢ such
that all falsum rule conclusions in D are atomic. If cr(D) > (0,0,0), then there exists a deduction
D' for T\ ¢ such that cr(D') < cr(D) and all falsum rule conclusions in D' are still atomic.

Proof. Let T' U {p} C LB be an arbitrary set of formulas, let D be a deduction for T' I ¢ and
suppose that all falsum rule conclusions in D are atomic. So, in particular, D cannot contain
any cut segments starting with the conclusion of a falsum rule application.!® Furthermore, let
cr(D) = (m,n, p) be the cut rank of D and assume that it holds cr(D) > (0,0, 0). Then, clearly,
D must contain at least one cut segment (which, by assumption, must start with the conclusion
of an introduction rule). Let now 7 be a maximal cut segment in D such that all cut segments
occurring above 7 in D are of lower rank than 7. In other words, 7 is a cut segment with
rank(m) = (m,n), and it holds rank(o) < rank(m) for every cut segment o occurring in the
subtree ending with the conclusion of the elimination rule at the bottom of 7. Let £ be the cut for-
mula occurring in 7 and let k be the length of the segment 7. If & > 1, then we first perform the
following permutation conversion, possibly in combination with a prior ‘shifting’ of hypotheses,
in order to avoid hypotheses in D3 to become open in the course of the permutation:'!

O] [0 = 1] [0 = pa]* [© = p1]" [© = o]
D3 Dy Dy Gl D Dy
pLV p2 § § VEY converts to Ds § D (E) § Ds (E)
§ ) 01V po w H VEY
1 m
D5 D5

Note that, although this conversion produces two identical copies of Dy, this cannot increase the
cut rank of the deduction: by assumption, 7 is an uppermost maximal cut segment, so all cut seg-
ments occurring in Dy are of lower rank than 7. Each application of the permutation conversion

19 Again, this follows immediately from the fact that major premises of elimination rules are always non-atomic.
"That is, if (E) is an instance of \VE ;. that discharges some open hypotheses in the subtree D3, then we first apply
the procedure described in Section 2.3 in order to ‘shift’ these hypotheses from D3 to the subtrees D; and Ds.
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reduces the length of the cut segment by one, so after k—1 steps, we must arrive at a deduction D*
for I" -, ¢ in which 7 contains only a single occurrence of the cut formula ¢. Since neither the
‘shifting’ of hypotheses nor the permutation itself can produce any new maximal cut segments,
this deduction D* must have the same cut rank as D, so it holds ¢r(D*) = (m, n, p). Depending
on the form of the cut formula £, we now perform the corresponding logical conversion:

D1 Do
D;
L2 g
1 N P2 converts to Pi
— AF
i D3
D3
[0 D,
D,
X — I 2 converts to 11)/}
— 1
v X v —F X
D3
e
. O = w 6= w
Pi D, Dy ts t
v V24 \ N converts to X
P1V P2 \\/El_,’t_ D,
X
Dy

We consider in detail only the case in which £ is of the form £ = (1 V (2, so we assume that
the last of these three conversions has been performed. Let D’ be the deduction arising from the
conversion and let ¢rr(D") = (m/,n/, p’) be the cut rank of D’. First of all, it is easy to see that D’
is still a deduction for I’ I—”NL 0 and all falsum rule conclusions in D’ are still atomic. Moreover,
recall that D;{D3 : © = ¢; } stands for the result of replacing every undischarged application of
the rule © = ¢; in D; by an occurrence of D3. Hence, the only new cut formulas possibly aris-
ing from the conversion are the formula ¢; and the classical formulas contained in the set ©. By
Lemma 2.4.4, we know that it holds rank(y;) < rank(p1 V ¢2) and rank(a) < rank(e1 V 2)
for every classical formula o € ECB. Therefore, all new cut formulas must be of lower rank than
the original cut formula & = (1 \V 5. Furthermore, by assumption, all cut segments occurring in
Dj are of rank smaller than (m, n), so we are not in danger of duplicating maximal cut segments.
Thus, if £ was the only maximal cut segment in D*, then we have (m/, n’) < (m,n). Otherwise,
we have (m/,n’) = (m,n) andp’ < p. In either case, it follows cr(D’) < cr(D), as desired. [

Observe that this proof would fail, if the set of auxiliary formulas © of an application of VE
would be allowed to contain non-classical formulas. Again, this is an interesting observation,
since the restriction to classical formulas, inherited from the split rule depicted in Figure 1.4,
was initially motivated purely semantically. We are now ready to prove the main result of this
chapter: every deduction in our natural deduction system reduces to a normal deduction.

Theorem 2.4.7 (Normalization Theorem). LetT'U{p} C LB be a set of formulas. Every deduction
D forT I—,J\f © in the system NingB™ can be transformed into a normal deduction D’ for T’ I—ﬁ ®.

Proof. Let T U {¢} C LB be arbitrary and let D be an arbitrary deduction for T' = ¢. By
Lemma 2.4.2, we may assume that all falsum rule conclusions in D are atomic. If D is already nor-
mal, then we are finished. Otherwise, we can repeatedly apply Lemma 2.4.6 in order to construct
asequence Dy, Ds, D3, etc., of deductions for I I—;S @ such that the corresponding cut ranks form
a descending chain cr(D) > ¢r(Dy) > cr(Ds2) > ... After a finite number of steps, this must
result in a deduction D’ with ¢r(D’) = (0,0, 0). But then, clearly, D’ is a normal deduction. [
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2.5 Properties of Normal Deductions

In order to conclude our treatment of natural deduction, let us now investigate some conse-
quences of our normalization theorem. To this end, we first need to introduce some terminology.
Recall that, by an auxiliary rule of an application of \V /| with major premise V) and set of aux-
iliary formulas ©, we mean any occurrence of the non-primitive rules © = ¢ and © = 1) which
is discharged in the course of this application. And the side formulas of such an application of
\V E . are the occurrences of the formulas ¢ and v serving as the conclusions of the auxiliary rules
O = ¢ and © = 7. The notion of a track in a deduction is now defined in the following way.

Definition 2.5.1 (Track). Let D be a deduction in NingB™. By a track in D, we mean a sequence
of formula occurrences ¢1, . .., ¢, in D such that each of the following conditions is satisfied:
(i) 1 is an open or discharged hypothesis in D.
(if) Each ¢; with 1 < i < n is not a premise of a non-primitive rule and not the minor premise
of an application of —F, and it holds:
(a) If p; is not the major premise of an application of \V F/y, then its successor ;1 is simply
the formula occurrence standing immediately below ;.
(b) If ¢; is the major premise of an application of VW F, then its successor ;41 is one of
the side formulas of this application.
(iii) ¢y, is either a premise of a non-primitive rule, or it is the minor premise of an application
of —F, or it is the conclusion of the deduction D.

In other words, a track in a deduction D is a sequence of consecutive formula occurrences
in D, beginning with a hypothesis and possibly ending with the conclusion of D, except that
(1) a track passing through the major premise of an application of VVE is always continued at
one of the side formulas of this application, and (2) a track always stops as soon as a premise
of a non-primitive rule or the minor premise of an application of —E is encountered. So, as a
consequence, none of the formula occurrences in a track, except possibly the last one, can be a
premise of a non-primitive rule or the minor premise of an application of —E. In what follows,
a track 7 in a deduction D will be referred to as a main track, if the last formula occurrence in 7
is the conclusion of the deduction D. To see an example, let us consider the following deduction:

(10) [aAB]” N
(11) o u
© [o] ® [anp]® (12) —p (15 o
W @Vl eve) @avi e a 5 Lo "
2 eV (B) (14) Y VE"
+

@ v
) (@np) =
A straightforward inspection shows that this deduction contains exactly six tracks. The main
tracks of the deduction are the two sequences 71 = (1,2,3,4,5) and 7o = (12,13, 14,4, 5). And
the other four tracks are the sequences 73 = (1,2,15), 74 = (6,7), 75 = (8,9) and 75 = (10, 11).
It is easy to see that every deduction in our system must have at least one main track. In fact, such
a main track can always be found by going upwards from the conclusion of the deduction in such

— 1"

a way that, if a side formula of an application of \VE | or the conclusion of an application of —FE
is encountered, then the search is always continued at the major premise of this application. In
addition, one can show that every formula occurrence in a deduction belongs to at least one track.

Proposition 2.5.2. Let D be a deduction in our system. Then D has at least one main track.
Furthermore, every formula occurrence in D belongs to some track in D.
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Proof. The basic idea is as follows: first, we define a pre-track in a quasi-deduction D in exactly
the same way as a track, except that a pre-track is also allowed to start with the conclusion of
an undischarged application of a non-primitive rule. A pre-track is said to be maximal, if it ends
with the conclusion of the deduction. Using induction on the structure of a quasi-deduction, it is
then possible to show that each quasi-deduction must have at least one maximal pre-track and
that every formula occurrence in a quasi-deduction belongs to at least one pre-track. The desired
statement now follows from the observation that, if D is a deduction (i.e., if all applications of
non-primitive rules in D are discharged), then every pre-track in D is also a track. O

Obviously, every track can also be divided into a sequence of segments rather than into a se-
quence of formula occurrences. The first segment in a track will be referred to as the top segment of
the track and the last segment will be referred to as its end segment. For simplicity, we also say that
a segment is the conclusion of a rule of inference, if the first formula occurrence in the segment is
such a conclusion. And a segment is said to be a (major or minor) premise of a rule application, if
the last formula occurrence in the segment is such a premise. Recall that, in a normal deduction,
no segment can be both the conclusion of an introduction rule or the conclusion of a falsum rule,
and the major premise of an elimination rule. As a consequence, we now obtain the following fact.

Proposition 2.5.3 (Structure of Tracks). Let D be a normal deduction and let T be a track in D. All
major premises of elimination rules in T precede all premises of falsum rules and all premises of intro-
duction rules in T. Moreover, there can be at most one premise of a falsum rule in T and this premise
succeeds all major premises of elimination rules and precedes all premises of introduction rules.

Proof. Let D be a normal deduction, let 7 be a track in D and let 7y, ..., 7, be the sequence of
segments in 7. We start by proving the first claim. Towards a contradiction, suppose that there
exists a premise of an introduction rule or a premise of a falsum rule in 7 that precedes a major
premise of an elimination rule. Then, clearly, there must be a segment m; which is both the con-
clusion of an introduction rule or falsum rule, and the major premise of an elimination rule. But
this is a contradiction to the assumption that D is normal. Hence, all major premises of elimina-
tion rules in 7 precede all premises of falsum rules and all premises of introduction rules in 7.
For the second claim, suppose for a contradiction that there is a premise of an introduction rule
which precedes a premise of a falsum rule in 7. Consider the last such premise ;. By what was
said above, the successor ;1 cannot be the major premise of an elimination rule, so it must be
the premise of a falsum rule. But in this case, the formula occurring in 7; 1 is L, which is impos-
sible since L cannot be the conclusion of an introduction rule. Thus, all premises of falsum rules
succeed all major premises of elimination rules and precede all premises of introduction rules in 7.
This also shows that there can be at most one premise of a falsum rule in 7: otherwise, there would
be a premise of a falsum rule that is immediately followed by another premise of a falsum rule,
which is a contradiction to the assumption that all falsum rule conclusions in D are atomic. [

Proposition 2.5.3 tells us that every track in a normal deduction can be divided into two (possi-
bly empty) parts: an elimination part containing only major premises of elimination rules, and an
introduction part containing only premises of introduction rules and the end formula of the track.
In order to strengthen this result, we first define the concept of a strictly positive subformula.

Definition 2.5.4. The strictly positive subformulas of ¢ € L? are inductively defined as follows:
(i) ¢ is a strictly positive subformula of itself.
(i) If ¢ ® x with ® € {A,\V} is a strictly positive subformula of ¢, then so are both 1) and .
(iii) If¢» — x is a strictly positive subformula of ¢, then so is .

In other words, an occurrence of a subformula is strictly positive, if it is not contained in the
antecedent of an implication. Note that, in particular, a Harrop formula might now simply be
described as a formula that does not contain any strictly positive subformulas of the form ¢ V v
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(see Definition 1.3.2). By inspection of the primitive rules of our system, it is now easy to check
that, if a track contains a premise of an introduction rule, then this premise must always be a
strictly positive subformula of its immediate successor in the track. And if a track contains a
major premise of an elimination rule, then this premise always contains its immediate successor
as a strictly positive subformula.!? As a consequence, we now obtain the following proposition.

Proposition 2.5.5. Let D be a normal deduction, let T be a track in D and let 1, ..., T, be the
sequence of segments in 7. There is a segment T, in T, called the minimum segment of 7, such that:
(i) Each m; with 1 < ¢ < k is a major premise of an elimination rule and the formula occurring
in ; is a strictly positive subformula of the formula occurring in the top segment 1.
(ii) m, is a premise of an introduction rule or the premise of a falsum rule or it is the conclusion of D.
(iii) Each m; with k < © < n is a premise of an introduction rule and the formula occurring in m;
is a strictly positive subformula of the formula occurring in the end segment T,.

Proof. Let D be a normal deduction, let 7 be a track in D and let 7y, ..., 7, be the sequence of
segments in 7. If 7 contains a premise of an introduction rule or a premise of a falsum rule, then
let 7y, be the segment that ends with the first such formula in 7. Otherwise, let 7 be the end
segment of the track 7. Then, by Proposition 2.5.3, all segments preceding 7y, in 7 must be major
premises of elimination rules and all segments succeeding 7, in 7 are premises of introduction
rules. The second part of statements (i) and (iii) can now be established by a straightforward
induction on the length of the elimination part and the introduction part, respectively. O

Note that, by definition, every track in a deduction either ends with a premise of a non-
primitive rule, or with the minor premise of an application of — E, or it ends with the conclusion
of the deduction. Thus, one can assign an order to all tracks in a deduction in the following way:
a main track is assigned the order 0, and a track ending with the minor premise of an instance of
—FE is assigned the order m + 1, if the major premise of this instance belongs to a track of order
m. Finally, if 7 is a track ending with a premise o of a non-primitive rule © = ¢, discharged by
some application of WV E, then we assign 7 the order m+1, where m is the maximum order of all
tracks starting with the auxiliary formula « of this application of VE . So, for example, let D be
an arbitrary deduction and suppose that D contains an application of \V E ;. of the following form:

e [O=¢" [©=y"

D, Dy Dy
p Vi X X\ pu
X
Consider an arbitrary auxiliary formula o € © and let 71, . . . , 7, be the collection of all tracks in

Dj that start with an occurrence of the discharged hypothesis «. In this case, every track in D5 or
D5 that ends with the premise « of one of the auxiliary rules © = ¢ and © = 1 will be assigned
the order m + 1, where m is the maximum order of the tracks 7, ..., 7,. In what follows, the
order of a track 7 will also be denoted by ord(7). We can now prove the following statement.

Proposition 2.5.6. Let D be a normal deduction and let T be a track in D. If T contains the
major premise of an application of VE ., then every track starting with an auxiliary formula of
this application is of order strictly greater than ord (7). As a consequence, a main track of a normal
deduction can never begin with an auxiliary formula of an application of \VE ;..

Proof. Let D be a normal deduction and suppose that D contains a major premise ¢ V ¢ of some
application of \V E; with set of auxiliary formulas ©. Let 71, . . ., 7, be the collection of all tracks
containing this major premise ¢ \ ) and let D’ be the subtree ending with ¢ \ 1. Then, clearly,

'2Note that, for this observation to hold, it is in fact essential that tracks passing through the major premise of an ap-
plication of VE; are always continued at one of the side formulas (rather than at the conclusion) of this application.
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the initial parts of 71, . .., 7,, ending with ¢ \V ¢ are the only main tracks of D’ and the auxiliary
formulas from © can occur as hypotheses only in D’. Therefore, either there exists an o € O
which is the top formula of some 7;, or every track starting with an auxiliary formula from ©
is of order greater than ord(7;) for all 1 < ¢ < n. Towards a contradiction, assume that there
exists an o € © which is the top formula of some 7;. By Proposition 2.5.5, ¢ V % occurs in the
elimination part of 7;, so it must be a subformula of c. But this is impossible, since « is a classical
formula and ¢ \ ¥ is not. Thus, every track starting with an auxiliary formula from © must be
of order greater than ord(r;), for all 1 < ¢ < n. This establishes the first claim. The second claim
follows as an immediate consequence: for, if a main track of a normal deduction would start with
an auxiliary formula of an application of VE, then also the major premise of this application
would have to belong to this track. However, as we have just seen, this cannot be the case. [l

It is well known that, for the standard system of intuitionistic natural deduction, one can
prove an unrestricted version of the so-called subformula property: every formula occurring in a
normal intuitionistic deduction is either a subformula of the conclusion of the deduction, or it is
a subformula of some open hypothesis of the deduction (cf. Prawitz 1965, p. 53). Unfortunately,
for the natural deduction system NingB™, this is not in general the case. As in classical logic,
one problem arises from the presence of the reductio ad absurdum rule, since this rule allows to
construct normal deductions like the one below, where p € P is an arbitrary atomic formula:

[—p] P .

" (raa)"

As can be seen, this normal deduction contains an occurrence of the negated formula —p and a
subsequent occurrence of |, but neither of these two formulas is a subformula of the conclusion
or a subformula of an open hypothesis of the deduction. Consequently, in our system, a normal
deduction for '}~ ¢ might in general also contain the constant L or the negation of an atomic
formula occurring in ¢ or in I'.!* For convenience, we will henceforth say that a formula ¢ is a
weak subformula of some formula v, just in case ¢ is either a subformula of 1), or it is the negation
of an atomic subformula of v, or it is of the form ¢ = L. So, in our system, a normal deduction
may contain not only subformulas, but also weak subformulas of the conclusion or the open hy-
potheses of the deduction. However, there is also a more severe problem arising from the intricate
structure of the ‘higher-level’ elimination rule \/ £, . For example, in the system NinqB ™, one can
also construct a normal deduction of the following form, where o, 3 € LB are classical formulas:

[ A B a B a B

— N\E
a— (Vo) a N anp N aNp N
v —F u u
PV @ ¥ w\\/Eft_
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In this deduction, there are three occurrences of the auxiliary formula o A 3, belonging to the
application of VE' at the bottom of the deduction. However, this formula is neither a subformula
of the conclusion nor a subformula of an open hypothesis of the proof tree. Note that, in a sense,
a A B behaves just like a cut formula here: it is the conclusion of an introduction rule in the two
subtrees ending with the minor premise ; and it is, at the same time, the major premise of an
elimination rule in the subtree on the left-hand side. Given these observations, we cannot hope to
obtain a strong subformula property for NingB ™. In fact, in our system, the subformula property
only holds up to the first track starting with an auxiliary formula of an application of VE.

3 Note that, since all falsum rule applications in normal deductions are restricted to instances in which the conclusion
is an atomic formula, this is in fact sufficient in order to account for the effect of the rule (raa).
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Theorem 2.5.7 (Restricted Subformula Property). Let T'U {p} C LB be a set of formulas and let
D be a normal deduction for T' =\ . Moreover, let m be the largest number such that no track
of order < m begins with an auxiliary formula of an application of VE.'* Then every formula
occurring in a track T of D with ord (1) < m is a weak subformula of some formula inT' U {¢}.

Proof. LetT'U {p} C LB be arbitrary, let D be a normal deduction for I" —; ¢ and let m be the
largest number such that no track of order < m in D begins with an auxiliary formula of some
application of VE . Consider an arbitrary track 7 in D such that ord(7) < m. Then, clearly, 7
cannot start with an auxiliary formula of an application of V£ and it cannot end with a premise
of a non-primitive rule. We now proceed by induction on the order of 7. Let ord(7) = k and
suppose that the statement holds for all tracks of order less than k. Moreover, let ¢y, ..., ¥,
be the sequence of formulas in 7 and let v; be arbitrary. First, assume that 1; occurs below the
minimum segment in 7. Then, by Proposition 2.5.5, 9; is a subformula of the end formula )y,
which must be either the conclusion of D or a minor premise of —FE. If 1), is the conclusion of
D, then we are finished. And if ¢,, is a minor premise of — F, then the associated major premise
must belong to a track of order less than &, so the claim follows from the induction hypothesis.
Assume now that 1); occurs in the minimum segment or above the minimum segment. Then, by
Proposition 2.5.5, ¢; is a subformula of the hypothesis 1; at the top of 7. If this hypothesis is
not discharged, then we are done. Otherwise, it must be discharged by an application of (raa) or
— 1. If 91 is discharged by (raa), then v; must either be of the form L or it must be the negation
of an atom occurring in the introduction part of 7 or in the introduction part of some track of
order less than k. Hence, using the induction hypothesis, we may conclude that 1); is a weak
subformula of some formula in I" U {(}. And if ; is discharged by an application of — I, then
the conclusion of this application must belong to the introduction part of 7 or to the introduction
part of some track of order less than k, so the statement follows in the same way as above. [

This result is rather weak and shows that applications of VE | may have a very disturbing
impact on the structure of normal deductions. However, there is also an important special case in
which the subformula property for our system can be strengthened: if I" I—JNr  can be established
by a deduction in which all auxiliary formulas of applications of VE, are implication-free, then
one can always find a normal deduction for I" I—”NL 0 which satisfies a full subformula property.'

Proposition 2.5.8. Let'U{¢} C L8 and let D be a deduction for T = o such that all auxiliary
formulas of applications of VE . in D are implication-free. Then there is a normal deduction D’ for
r I—JNr  such that every formula occurring in D' is a weak subformula of some formula inT U {p}.

Proof. We only sketch the basic idea. Let I' U {¢} C LB be arbitrary and let D be a deduction
for ' I ¢ such that all auxiliary formulas of applications of \VE, in D are implication-free.
Moreover, let us say that a formula v is a prime formula, if it is either atomic of it is of the form
1 = L. We first show that all applications of VE in D can be restricted to instances in which
the auxiliary formulas are prime. To this end, we select a topmost application of VE in D
which has at least one non-prime auxiliary formula ~. By assumption, ~y is implication-free, so
we must have 7 = a A 3 for some classical formulas o, 3 € £8. Let © = {71, ...,7,} be the set
of all other auxiliary formulas of this application of VE . We can then write D in the form

O]" [a AP [©,aANB=P1]"  [©,aN b = o]
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4 Recall that, by what was said in Proposition 2.5.6, no main track of D can begin with an auxiliary formula of an
application of \VE . Thus, because main tracks are the only tracks of order 0, we must always have m > 1.
5 Of course, by an implication-free formula, we mean a formula not containing any occurrences of the connective —.
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Let now ¢ = 1,2 be arbitrary and let D} be the quasi-deduction obtained from D; by rewriting
every undischarged application of the non-primitive rule ©, a A 8 = 1); in the following way:

D’ D’
Dy D, T D D aAp aAp
m  n aAB@a/\ﬁ:w converts to . . o AE ] AE
1/%‘ ’ ! n T @7 «, 6 = wz
v U
D//

Thus, in the resulting quasi-deduction D}, every undischarged application of the rule ©,a A5 =
1; is replaced by an undischarged application of the rule ©, «, 5 = ;. Using the quasi-deduc-
tions D} and Dj thus obtained, we can now transform the whole deduction D into

"
[@]u a B [970‘75 = 7/)1}“ [67 avﬁ = 1/’2]“
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Observe that, in the resulting deduction, the old auxiliary formula o« A 3 is now replaced by
two new auxiliary formulas o and (8, which are of lower degree than the old one. Therefore,
by repeating the procedure, we must finally arrive at a deduction D* for I I—JNr © in which all
auxiliary formulas of applications of \VE | are prime. We now apply the procedure described in
Section 2.4, in order to transform D* into a normal deduction D’ for T I—,J\T . Clearly, this does
not affect the auxiliary formulas in the deduction, so these formulas must still be prime in D’.
We will now prove that every formula in D’ is a weak subformula of some formula in ' U {}.
To this end, let £ be an arbitrary formula occurrence in D’. Then, by Proposition 2.5.2, £ must
belong to some track 7 = /11, ..., ¢, in D. We now proceed by induction on the order of 7. Most
cases are treated in the same way as in the proof of Theorem 2.5.7. We only need to consider
the case in which 7 starts with an auxiliary formula discharged by an application of VE, and
the case in which 7 ends with a premise of a non-primitive rule. First, assume that 7 starts with
an auxiliary formula. By assumption, this formula is prime, so the elimination part of 7 must be
empty and £ must occur in the introduction part of 7. But then, by Proposition 2.5.5, £ is a subfor-
mula of the formula 1),, occurring at the bottom of 7, which must be either the conclusion of 7',
or aminor premise of — F, or a premise of a non-primitive rule. If ¢, is the conclusion of D', then
we are finished. And if ¢,, is a minor premise of — F or a premise of a non-primitive rule, then v,
must also occur as a subformula on some track of order less than ord(7), so the statement follows
from the induction hypothesis.!® Assume now that 7 ends with a premise of a non-primitive rule,
belonging to some application of \V E . By assumption, this premise is prime, so the introduction
part of 7 must be empty and £ occurs in the elimination part of 7. Hence, by Proposition 2.5.5,
¢ is a subformula of the hypothesis 1); at the top of 7. If this hypothesis is open, then we are
done. Otherwise, ¥; must be discharged by some application of VE | or it must be discharged
by an application of (raa) or —1. If ¢ is discharged by \V E, then we use the same argument as
above. And if 1 is discharged by (raa) or —1, then £ must occur as a weak subformula in some
track of order less than ord(7), so the statement follows from the induction hypothesis. O

Although one cannot in general hope to obtain a strong subformula property for our system,
it is nevertheless possible to establish some interesting properties of inquisitive logic in a purely

1 Note that, if 1, is a premise of a non-primitive rule, then this rule must be discharged by some application of V..
Consequently, ¥, also occurs as a (discharged) hypothesis in the subtree ending with the major premise of this appli-
cation of VE . And by definition of ord(7), every track starting with such a hypothesis is of order less than ord (7).
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proof-theoretical way. For example, using Theorem 2.5.7, we can now prove that our system is
conservative over classical logic: if a classical formula is provable from a set of classical hypothe-
ses, then it is also provable from these hypotheses in classical logic (see also Proposition 1.4.5).

Proposition 2.5.9 (Conservativity over Classical Logic). Let ' U {a} C LB be a set of classical
formulas. If it holds T’ I—,J\,r « in our system, then « is provable from I in classical natural deduction.

Proof. Let T'U{a} C L8 be a set of classical formulas and suppose that T' =% «. Then, by Theo-
rem 2.4.7, there exists a normal deduction D for I' = a. Let m be the largest number such that
no track of order < m in D begins with an auxiliary formula of an application of VE,. Towards
a contradiction, suppose that there is a formula with main connective \V in D. Let 7 be a track
containing such a formula ¢ 1) and suppose that no track of order less than ord(7) also contains
such a formula. Then, in particular, all major premises of applications of VE | must occur on
tracks of order > ord(7). Hence, by Proposition 2.5.6, the corresponding auxiliary formulas can
occur only on tracks of order > ord(7), so it follows ord(7) < m. Thus, by Theorem 2.5.7, ¢ \V ¢
must be a weak subformula of some formula in I" U {}. But this is impossible, since all formulas
in'U{a} are classical. Therefore, D does not contain a formula with main connective \. Conse-
quently, D contains no applications of VI or VE_, so it is also a deduction in classical logic. [

Furthermore, by exploiting the structure of normal deductions, one can also give a purely
syntactical proof of the disjunction property for inquisitive logic: if an inquisitive disjunction is
provable from a set of Harrop formulas, then at least one of the two disjuncts must be provable
from this set. This can be seen as a special case of the split property described in Proposition 1.4.1.

Proposition 2.5.10 (Disjunction Property). Let I' C L% be a set of Harrop formulas and let
@, € LB be arbitrary. If it holds T }—3 ¢ \V ¢ in our system, then also T | ¢ or T' = 1.

Proof. Let I' C L be a set of Harrop formulas, so no formula in I" has a strictly positive sub-
formula with main connective \V. Moreover, let ¢, 1) € LB be arbitrary and suppose that it holds
r |—§ ¢\ 9. Then, by Theorem 2.4.7, there exists a normal deduction D for " - ¢ \ ¢. Con-
sider the conclusion ¢ Vv of this deduction. We show that ¢V 1) must have been obtained by an
application of V1. First, suppose for a contradiction that ¢\ ¢ is the conclusion of an application
of VE . Consider the major premise 1 \V x2 of this application and let 7 = 1, .. ., £, be a track
to which x1 V x2 belongs. By Proposition 2.5.5, x1 \V x2 occurs in the elimination part of 7, so it
must be a strictly positive subformula of the hypothesis £; at the top of 7. As a consequence, this
hypothesis cannot be discharged by V E ., since this would require &; to be a classical formula. In
addition, &; can also not be discharged by an application of (raa) or —1, since no such application
occurs below x1 V x2 in D. Thus, £; must be an open hypothesis. But this implies £; € I', which
is a contradiction to the assumption that I' contains only Harrop formulas. Hence, ¢ \V % is not
the conclusion of an application of VVE . However, it can also not be the conclusion of another
elimination rule: for, if it were, then ¢ \V 1 would be the minimum segment of a main track 7 in
D and therefore a strictly positive subformula of the hypothesis at the top of 7. Using the same
argument as above, one could then show that this hypothesis must be open, in contradiction to
the assumption that I is a set of Harrop formulas. Furthermore, since ¢\ ¢ is non-atomic, it can
also not be the conclusion of a falsum rule. Hence, (1) must be the conclusion of an application
of V1. But then, clearly, D contains an immediate subdeduction for I I—,J\,r porfor’ I—,J\]r . O



Chapter 3

Labelled Sequents for InqB

In this chapter, we will provide a cut-free labelled sequent calculus for InqgB. Labelled sequent
calculi play an important role in the proof theory of non-classical logics and can be seen as
an extension of the traditional sequent-style formalism developed by Gentzen (1935a; 1935b).
The systematic study of these proof systems was primarily promoted by Negri, who developed
labelled sequent calculi for a wide range of modal and intermediate logics (see Negri 2005; Dy-
ckhoff and Negri 2012).! The basic idea is to enrich the language of ordinary sequent calculi in
order to incorporate the semantics of a logic directly into the syntax of the proof system. In the
extended setting, sequents are no longer built up from ordinary formulas, but from expressions
of the form 7 : ¢, where 7 is a label and ¢ is a formula. In our sequent calculus, labels will be
used to represent information states and 7 : ¢ will be interpreted as ‘g is supported by 7.

The chapter is structured as follows. In Section 3.1, we will provide a detailed description of our
labelled sequent calculus for IngB. Our system will be denoted by GLingB and can be regarded
as a G3-style sequent calculus in the sense of Ketonen (1944) and Kleene (1952), so weakening
and contraction are fully ‘absorbed’ into the axioms and the remaining rules of the system. In
Section 3.2, we will investigate some important properties of our sequent calculus. Above all, we
will prove that the structural rules of weakening, contraction and cut are admissible in GLingB,
i.e., whenever the premises of these rules are derivable in our system, then also the conclusion
is derivable. In the case of weakening and contraction, admissibility also preserves the height of
derivations. In addition, we will show that each rule of GLinqB is height-preserving invertible, i.e.,
whenever the conclusion of one of these rules is derivable, then also each premise of the rule is
derivable, with at most the same derivation height. In Section 3.3, we will then prove the sound-
ness and completeness of our sequent calculus. The completeness will be established proof-the-
oretically, i.e., instead of giving a semantic argument, we will exploit the admissibility of the cut
rule in our system in order to show that GLingB is complete with respect to the Hilbert-style sys-
tem HingB introduced in Chapter 1. In Section 3.4, finally, we will outline a possible proof search
strategy for our sequent calculus and discuss some issues that have to be resolved in order to make
sure that the procedure is terminating. We also establish a normal form result for the labels used
in our system, which might play an important role in an effective proof search procedure for
GLingB. However, the full specification of the desired algorithm will be left for future work.

3.1 The Sequent Calculus GLinqB

Let us start by giving a formal exposition of our labelled sequent calculus for IngB. Our system,
henceforth denoted by GLingB, can be seen as a non-trivial extension of a labelled sequent cal-

! Important predecessors of modern-day labelled sequent calculi include the modal sequent calculus with ‘spotted
formulas’ provided by Kanger (1957), the ‘prefixed tableaux’ of Fitting (1983), the ‘indexed’ sequent calculi described
by Mints (1997) and the labelled natural deduction systems of Vigano (2000). See also Goré and Ramanayake (2012).
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culus for intuitionistic logic previously described by Dyckhoff and Negri (2012). An alternative
labelled sequent calculus for IngB has been provided by Chen and Ma (2017), but their system is
not as well-behaved as the system GLingB presented here. For one thing, Chen and Ma (2017)
do not provide a modular construction, capable of being easily adapted to variants of InqB such
as the system of intuitionistic inquisitive logic discussed in the next chapter. For another, our
system is also much simpler and allows for a more elegant cut-admissibility proof.

From a technical point of view, GLingB may be regarded as a G3-style sequent calculus in the
sense of Ketonen (1944) and Kleene (1952). Sequent calculi of this type usually enjoy very strong
structural properties, arising from the fact that the structural rules of weakening and contraction
are fully ‘absorbed’ into the axioms and the remaining rules of these systems. For further details
about the family of G3-style calculi, we refer to Troelstra and Schwichtenberg (1996, pp. 77-85).

Labelled sequent calculi were systematically developed by Negri (2005) and may be seen as
an extension of the traditional sequent-style formalism originating with Gentzen (1935a; 1935b).
The basic idea is to enrich the underlying language of a sequent calculus so as to incorporate
some kind of semantic information directly into the syntax of the proof system. In the extended
setting, sequents are no longer built up from ordinary formulas, but from expressions of the form
7 : @, where 7 is some label and ¢ is a formula. The interpretation of the extended language now
varies, depending on the semantics of the underlying logic. So, for example, in a labelled sequent
calculus for modal logic, m might be a representation of a possible world in a Kripke model and
an expression of the form 7 : ¢ could stand for the statement ‘¢ is true at 7’ (cf. Negri 2005).

In our labelled sequent calculus for InqB, we have to incorporate the more complicated support
semantics described in Chapter 1. For this reason, labels will not be used in order to represent
possible worlds, but in order to represent information states (i.e., sets of worlds). An expression
of the form 7 : ¢ is then interpreted as ‘p is supported by 7. In order to make this precise, we
henceforth assume two countably infinite sets of state variables, defined by & := {w; | i € N}
and U := {x; | i € N}, respectively. In what follows, the variables in & are used for singleton
states and the variables in *J are used for states of arbitrary size. In order to avoid confusion, we
will always use the meta-variables u, v, w, etc., for elements of G and the meta-variables z, y, z,
etc., for elements of . The set of labels is now built up from the variables in & and 0 by means
of additional symbols representing the intersection and the union of two information states.

Definition 3.1.1 (Labels). The set of labels is denoted by A(&,U) and consists of all expressions
generated by the following grammar, where w € & and x € U are arbitrary variables:

ro=wlz |07 -7|7T+7.

Throughout this thesis, we will use the meta-variables 7, o, 7, etc., for arbitrarily complex
labels. Intuitively, a label of the form 7 - o represents the intersection of the states described by 7
and o, while 7 + o stands for the union of  and 0. The constant (}, on the other hand, represents
the inconsistent state. For simplicity, we will also use 7o as an abbreviation for 7 - ¢. We can now
define two types of expressions, referred to as labelled formulas and relational atoms, respectively.

Definition 3.1.2 (Labelled Formula, Relational Atom). By a labelled formula, we mean an expres-
sion of the form 7 : o, where m € A(&, ) is alabel and ¢ € L® is a formula. A relational atom,
on the other hand, is an expression of the form 7 < o, where 7,0 € A(&,*J) are both labels.

As outlined above, labelled formulas will be used in order to incorporate the semantic support
relation of IngB directly into the syntax of our proof system. Thus, intuitively, 7 : ¢ should be
read as ‘@ is supported by 7. Relational atoms, on the other hand, are used in order to represent
the subset ordering on information states, so ™ < o stands for the statement ‘7 is a subset of o”.

The elements of our proof system will be referred to as sequents. Formally, a sequent is defined
to be an expression of the form I' = A, where I is a finite multiset containing labelled for-
mulas and relational atoms, and A is a finite multiset containing only labelled formulas (but no
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relational atoms). Hence, in particular, we allow relational atoms to occur only on the left-hand
side of a sequent, but not on the right-hand side. This will simplify our treatment and is more in
line with the intuitionistic system described by Dyckhoff and Negri (2012).? Given any sequent
I' = A, we also call I' the antecedent and A the succedent of the sequent. As in ordinary se-
quent calculi, sequents are assumed to have a ‘conjunctive’ reading on the left and a ‘disjunctive’
reading on the right. Moreover, the sequent arrow = will be interpreted as an implication in
the meta-language. Thus, intuitively, a sequent I' = A is considered to be ‘valid’, if it satisfies
the condition that, whenever all expressions in I are ‘true’, then at least one expression in A is
‘true’.? A precise definition of this notion of ‘validity’ and ‘truth’ will be provided in Section 3.3.
For the moment, we content ourselves with an intuitive interpretation of sequents.

We are now ready to define our labelled sequent calculus for IngB. Our system will be denoted
by GLingB and can be found in Figure 3.1. Throughout this chapter, any finite tree of sequents
built up from the axioms and the rules of our system will be referred to as a derivation or a proof
tree in GLingB. Moreover, given any finite set of formulas I' U {¢} C LB, we will say that ¢
is provable from I, if there exists a derivation for the sequent z : I' = z : ¢ in our system,
where z is an arbitrary state variable from U and x : I is the set of labelled formulas defined by
(x : T) :={x : ¢ | ¢ € T'}. Intuitively, this accounts for the fact that, in IngB, entailment is
defined as preservation of support: o is entailed by I', if every state which supports all formulas in
I" also supports ¢ (see Definition 1.2.12). As we shall see below, the concrete choice of the variable
x is actually irrelevant when it comes to provability in our system: if a sequent z : I' = z : @ is
derivable in GLingB, then also y : I' = y : ¢ will be derivable, for every state variable y € .

Definition 3.1.3 (The System GLinqB). We define GLingB to be the labelled sequent calculus de-
picted in Figure 3.1. A sequent I' = A is called derivable in our system, if there exists a proof tree
in GLingB ending with this sequent. For any finite subset TU{¢} C £B, we also say that ¢ is prov-
able from T in GLingB, if there is some ' € ¥ such that z : I' = x : ¢ is derivable in GLinqB.*

A proof tree ending with a sequent I' = A is also referred to as a derivation forI' = A. In
what follows, derivations will be denoted by the meta-variables D, Dy, Do, etc. By a branch in a
derivation D, we mean any sequence [ of consecutive sequents in D such that the first sequent
in (3 is the conclusion (i.e., the root node) of D and the last sequent in [ is one of the axioms (i.e.,
a leaf node) in D. The length of a branch (3 is taken to be the number of sequents occurring in .
And the height of a derivation D is defined to be the length of a longest branch in D.

As can be seen from Figure 3.1, the components of our system may roughly be divided into
three groups. The first group consists of axioms or, as they are sometimes called, initial sequents.
Each axiom reflects the idea that certain sequents are trivially ‘valid’ given the intuitive interpre-
tation of labelled formulas and relational atoms outlined above. For example, Az accounts for
the fact that L is only supported by the inconsistent state (). Therefore, if w is a variable repre-
senting a singleton, then w : | must always be ‘false’, so any sequent of the formw : 1,I' = A
will be ‘valid’. Observe that, in the first axiom Az, we require p to be an atomic formula.

Let us now turn to the second group, consisting of the logical rules of our system. As in
traditional sequent calculi, each logical connective is assigned a pair of rules, consisting of a left
rule and a right rule. In addition to that, we now also have a left and a right rule for atomic
formulas and for the falsum constant L. Intuitively, the logical rules are used in order to reflect
the support conditions for the formulas of InqB presented in Definition 1.2.6. So, for example, the

? Nevertheless, it also possible to define an extension of our system in which relational atoms may occur on both sides

of a sequent. For a large class of modal logics, systems of this kind have been described in detail by Negri (2005).
Note that, in particular, every sequent in our system should be interpreted as a statement in the meta-language,
rather than as a formula in the object language. This is an important difference to ordinary (i.e., label-free) sequent
calculi, where the meaning of a sequent I" = A can usually also be described by the formula AT — \/ A.

Note that, since every set is also a multiset, the notion of derivability is actually defined for z : I' = = : .
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Axioms:

Az A.TL —Aa:@
w:p, = Aw:p w: 1L, I'= A w<h,T'= A

Logical Rules:

w:p,wgw,ﬂ':p,l‘:AL w<mI=Aw:p
w<mr:p, = A P I'=sAn:p
w: liwLmr: L,LI'=A w<<mI=Aw: L

wr,r: L,T=A LL F=Anr:1 RL

i, = A F'sAnr:p T'=SAwn:9
T AP, = A LA F'=sAn:pAY
o, l=A w:¢T=A F=Anr:p,m:9
TV, I'= A Lv F=A7r:oVy
r<o0:p—=>Y.I=An:¢ wm<Loo:p—>Y,m:,=>A
T<o,0:0 =P, =A L=

Rp

RA

RV

r<mr:o,l'=Ax: ¢
F=Anr:p—9¢

R—

Order Rules:

r<T,n<oo<7,I=A
r<oo<7,I'=A

n<no+nrr,r<o+7,I=A

(tr)

(dis)

™
7T<O’T,7T<O’,’/T<T,F:>A(.) T+7<or<oT7<0l=A
in

)
T<or<n,[=A T<oT1<o0l=A

(un)
mo<m I =A or<mI'=A r<rm+o,=A
Y Y S r-a

r<o+m = A r<hr<w,I'=A w<mr<wl'=A

I'=A (ur) r<w, = A (sg)
7r<7T,P:>A(rf) wmw<rt+ol = A wLow<n+ol=A
I'=A w<r+ol=A

(cd)

Figure 3.1: The system GLingB. In each case, w ranges over variables from &, = ranges over
variables from U, and 7, o, 7, etc., stand for arbitrary labels. In applications of Rp and R,
w must be a fresh variable not occurring in the conclusion of the rule and 7 is required to be
a non-singleton label, so we must have m ¢ &. Similarly, 2z must be a fresh variable in R—.

rules Lp and Rp account for the fact that an atom p € P is supported by a state 7 if and only
if this atom is true at every world in 7, i.e., if p is supported by every singleton state w C .
The rules L— and R—, on the other hand, reflect the support clause for implication: a formula

© — 1 is supported by a state 7, if every enhancement of 7 that supports ¢ also supports .

Importantly, each of the rules Rp, Rl and R— is subject to a side condition, imposing certain
restrictions on the variables involved in applications of these rules. In particular, in an applica-
tion of Rp or R1, we require w € G to be a fresh variable, i.e., a variable not occurring in the
conclusion of the rule. And in an application of R—, we require x € U to be fresh. Throughout
this thesis, the fresh variables involved in applications of Rp, R and R— will also be referred to
as the eigenvariables of these rules. Moreover, a rule with eigenvariables is said to be a dynamic
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rule, and all other rules are called static rules. Note that, for the rules Rp and R, there is also
another restriction, saying that 7 must be a non-singleton label satisfying m ¢ &. As we shall see
below, this restriction is necessary in order to make sure that the rules Rp and R_L are height-
preserving invertible, in the sense that, whenever the conclusion of one of these rules is derivable,
then also the corresponding premise is derivable, with at most the same derivation height.’
Finally, let us consider the third group, consisting of the so-called order rules. The purpose
of these rules is to formalize the set-theoretic properties of information states. For example, the
rules (rf) and (tr) account for the reflexivity and the transitivity of the subset ordering C. And the
rule (in) says that, if a state 7 is a subset of two other states o and 7, then 7 is also a subset of their
intersection o N 7. A similar property of the union operator is formalized by the rule (un): if two
states 7 and 7 are both subsets of some other state o, then also their union 7w U7 must be a subset
of 0. The rules (sg) and (cd) are somewhat special, since they allow to make a case distinction
in a derivation. Intuitively, (sg) says that, if a state 7 is a subset of a singleton w, then m must
either be empty (in which case 7 is a subset of (}) or 7 must be equal to w (in which case w is also
a subset of 7). The rule (cd), on the other hand, accounts for the fact that, if a singleton w is a
subset of the union of two states m and o, then w must also be a subset of at least one of 7w and o.
Note that, by instantiating the meta-variables 7, o, 7, etc., with labels, one might sometimes
also produce a duplication of relational atoms (i.e., two copies of the same relational atom) in the
conclusion of an order rule. In order to avoid certain technicalities arising from such a duplica-
tion, we henceforth need to adopt the so-called closure condition going back to Negri (2003).°

Convention 3.1.4 (Closure Condition). If an instance of an order rule produces a duplication
of an atom 7 < ¢ in the conclusion of the rule, then also the contracted instance of the rule (in
which the two copies of m < o are replaced by a single 7 < o) is assumed to be part of our system.

So, for example, the instance of the rule (un) depicted on the left-hand side below is also
allowed to be replaced by the corresponding contracted instance shown on the right-hand side:

T+r<Lorn<Lon<ol=A
T<onr<ol=A

T+rn<onr<ol=A

(un)  can be replaced by T <oT=A

(un)

Clearly, for every order rule, there is only a finite number of contracted rules to be added to our
system, so this convention is unproblematic (see also Negri and Von Plato 1998; Negri 2005).

As we have seen in Chapter 2, our natural deduction system for InqB only satisfies a weak form
of the subformula property, so it is not an analytic proof system in a strict sense. For the system
GLingB, this problem no longer occurs. In fact, using induction on the structure of a derivation,
one can easily prove that GLingB satisfies an unrestricted version of the subformula property,
provided that we ignore all labels (and therefore all relational atoms) occurring in a derivation.

Fact 3.1.5 (Subformula Property). Ifalllabels are ignored, then every formula occurring in a deriva-
tion D forI' = A is a subformula of some formula inI" or a subformula of some formula in A.

In this sense, our proof system is indeed fully ‘analytic’. However, for labelled sequent cal-
culi, it is also reasonable to consider another kind of analyticity, which can be expressed by the
so-called subterm property. Roughly speaking, a labelled sequent calculus is said to satisfy the
subterm property, if in this proof system, every label occurring in a derivation for I' = A is ei-
ther an eigenvariable or a label occurring in I' = A (cf. Negri and Von Plato 2011; Dyckhoff and
Negri 2012). Clearly, this constraint is not satisfied by the proof system GLinqB. For example, by

> Strictly speaking, the constraint 7 ¢ & is only needed for the rule Rp, but not for the rule RL. However, adopting
the constraint for both Rp and R has some technical advantages that will become apparent later on.

% The importance of the closure condition will become clearer in Section 3.2.2. For the moment, it suffices to under-
stand that, without the closure condition, our system would lose some important structural properties.
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performing a root-first application of the order rule (un) in a derivation D, one can create a new
label of the form 7 4 o, which is not guaranteed to occur in the conclusion of D.

We conclude this section by introducing some useful terminology. In each of the rules and
axioms presented in Figure 3.1, the multiset I is called the left context and the multiset A is called
the right context. In the conclusion of each rule, and also in the axioms, the labelled formulas
and relational atoms not belonging to the context are said to be principal. The corresponding
expressions occurring in the premises of a rule are called active. So, for example, in an application
of R— with premise x < m, 2 : ¢,I' = A,z : ¢ and conclusion ' = A, 7 : ¢ — 1), the labelled
formula 7 : ¢ — 9 is principal, and each of the expressions x < 7, z : ¢ and x : ¢ is active. On
the other hand, in an application of (ul) with premise 7 < 7+ o,[' = A and conclusion I' = A,
there is no principal expression and the only active expression is 7 < 7+ ¢. Observe that, in the
order rules and in each of the logical rules Lp, L L and L—, the principal expressions occurring
in the conclusion are always repeated in each of the premises of the rule (a rule of this type is also
said to be ‘cumulative’). This repetition of expressions is necessary in order to make sure that
these rules are invertible, in the sense that, whenever their conclusion is derivable, then also each
of their premises is derivable. We will return to the concept of invertibility in the next section.

3.2 Properties of GLinqgB

In this section, we will investigate some important properties of our proof system. Most impor-
tantly, we will show that the cut rule and the rules of weakening and contraction are admissible
in GLingB. That is, whenever the premises of one of these rules are derivable in our system, then
also the conclusion of the rule is derivable. In the case of weakening and contraction, admissi-
bility also preserves the height of derivations. In addition to that, we will prove that all rules
of GLingB are height-preserving invertible, i.e., whenever the conclusion of one of these rules is
derivable, then also each premise of the rule is derivable, with at most the same derivation height.

3.2.1 Generalized Initial Sequents

We first show that one can derive generalized versions of the initial sequents of our system. For
the initial sequent Az, this is accomplished by the following lemma. Note that, intuitively, the
first sequent in the lemma also reflects the persistency of the support relation: if ¢ is supported by
a state o and if 7 is an enhancement of o, then ¢ is also supported by 7 (see Proposition 1.2.11).

Lemma 3.2.1. All sequents of the following form are derivable in GLinqB:
(i) m<o,0: 0, = A m:,
(ii) m: o, ' = A, 2 .

Proof. The derivability of (i) is established by induction on the structure of ¢. For the base case,
assume that ¢ = p is atomic. If 7 satisfies 7 ¢ S, then we construct the following derivation:

Az

w:pwlows<nr<oo:pl=Aw:p

wéa,wéﬂ,ﬂéa,a:p,FiA,w:p(tr)

w<m,r<o0:p,=Aw:p
n<o,0:p, = Am:p

Rp

If we have m € G, then the derivation is the same, except that we omit the applications of (tr)
and Rp at the bottom of the derivation. The case ¢ = L is treated in essentially the same way. In
the inductive step for conjunction and implication, we construct the following two derivations:’

7 In the following, we will use dashed lines in derivations in order to indicate the use of an assumption or the appli-
cation of a previously established result (such as, e.g., a lemma saying that a certain rule is admissible). If necessary,
we will also write . .. to indicate that some expressions in a sequent are not shown explicitly due to a lack of space.
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By ind. hyp By ind. hyp
r<o,0: 0, =Am:9 Wia,o:@[},azx,F:&A,W:XL
T<o0: A, [ =An:9Y ﬂéa,a:@/}/\x,f‘iA,w:XR/\/\

T o0 YA, =A TP Ax

r<a,..,x: 0, L= Ax:x
v, = Ax:x,x: iz, = Axx
mgo,azéﬂ',wSa,a:w%x,x:d),F:A,x:X(tr)
r<mr<Loo0:Y—=>x,c: v, =Ax:x
T<o0:p =, =>A 19—y R

(rf)
L—

The inductive step for inquisitive disjunction is similar to the inductive step for conjunction. The
sequent in (ii) can now be obtained from the sequent in (i) by an application of the rule (rf). [

The following lemma shows that there are also derivable generalizations of Az? and Azt
Intuitively, the first two sequents account for the fact that, in IngB, every formula is supported
by the inconsistent state (). This corresponds to the empty state property expressed by Proposi-
tion 1.2.11. The last two sequents reflect the support conditions for the falsum constant: since L is
supported only by (), any enhancement of a state supporting | also supports every other formula.

Lemma 3.2.2. All sequents of the following form are derivable in GLinqB:
i) 7 <0, = Am:p,

(i) T = A,0: ¢,

(iii) 7 < o,0: L,LI'=A7: ¢,

(ivi m: LT = A, 7: .

Proof. The derivability of (i) and (iii) is established by induction on . We only prove the deriv-
ability of (iii). For the base case, let ¢ = p be atomic. If 7 ¢ &, then we construct the derivation
Azt

Ll

w: lLiwLown,tr<o0: L,LT=Aw:p

(tr)

wLowsm,r<o0o: Ll=Aw:p
wm,r<o0o: L,LT=>Aw:p
r<o,0: L, T'=Axn:p

Rp

If 7 € G, then the derivation is the same, except that we leave out the applications of (tr) and Rp.
The case ¢ = L is similar. In the inductive step for A and V, the statement follows directly from
the induction hypothesis. And in the inductive step for —, we construct the following derivation:

r<orx<mr<oo: Lz I'=Ax:x
r<mr<o,0: Lx:ypT'=Ax:x
n<o0: L,Ll=Anr:9—x

(tr)
R—

This concludes the induction. For the sequent in (i), the induction works in essentially the same
way. The sequents in (ii) and (iv) can be derived from (i) and (iii) by an application of (rf). O

3.2.2 Basic Admissibility and Invertibility Results

Next, we want to establish some important structural properties of our proof system. In partic-
ular, we will see that the structural rules of weakening and contraction are height-preserving
admissible in our system and that each rule of GLingB is height-preserving invertible. For the
sake of clarity, let us first define the relevant notions. By the rules of weakening and contraction,
we will henceforth mean the six rules depicted in Figure 3.2. As can be seen, the weakening rules
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= A r=A r=A <

7T:<p,F:>ALW F:>A,7T:<pRW 7T<U,F:>AW

i, = A F:>A,7r:g0,7rchRO r<orm<ol=A
T, = A F'=An:p T<ol=A

Figure 3.2: The structural rules of weakening and contraction.

(displayed in the first row) allow us to introduce a new expression in the antecedent or the succe-
dent of a sequent. And the contraction rules (displayed in the second row) are used in order to
remove multiple occurrences of the same expression in a sequent. Note that, in particular, weak-
ening and contraction are applicable not only to labelled formulas, but also to relational atoms.
A rule of inference is said to be admissible in GLingB, if it satisfies the condition that, when-
ever each premise of the rule is derivable, then also the conclusion of the rule is derivable. Thus,
intuitively, an admissible rule may be regarded as a rule that is redundant: if something is deriv-
able by using an admissible rule, then it is also derivable without using the admissible rule. If
the admissibility of a rule preserves the height of derivations, then the rule is also said to be
height-preserving admissible (cf. Troelstra and Schwichtenberg 1996; Negri and Von Plato 2001).3

Definition 3.2.3 (Admissibility). Let R be a rule with premises P, ..., P, and conclusion C.
(i) We say that R is admissible in our system if, whenever an instance of Py, ..., P, is deriv-
able in GLingB, then also the corresponding instance of C' is derivable in GLingB.
(ii) We say that R is height-preserving admissible (or hp-admissible) in GLingB if, whenever an
instance of P, ..., P, is derivable by a proof tree of height at most n in GLingB, then also
the corresponding instance of C' is derivable by a proof tree of height at most n in GLingB.

On the other hand, we will say that a rule is invertible if, whenever the conclusion of the
rule is derivable, then also each of the premises of the rule is derivable. And a rule is said to be
height-preserving invertible, if the invertibility of the rule preserves the height of derivations.

Definition 3.2.4 (Invertibility). Let R be a rule with premises P4, . .., P, and conclusion C'.
(i) We say that R is invertible in GLingB if, whenever an instance of C' is derivable in GLingB,
then also the corresponding instance of P; is derivable in GLingB, for every 1 <1¢ < m.
(ii) We say that R is height-preserving invertible (or hp-invertible) in GLingB if, whenever an
instance of C' is derivable by a proof tree of height at most n in our system, then also the
corresponding instance of P; is derivable by a tree of height at most n, for every 1 < i < m.

For technical reasons, we also need to show that our system allows to perform height-preserving
substitutions on labels. To this end, we first define a substitution operator in the following way.

Definition 3.2.5 (Substitution). Let s € GUY be a variable and let 7 € A(S, ) be an arbitrary

label. The result of substituting 7 for s in a label is inductively defined by the following clauses:
(i) for any variable t € & UY, we put t(n/s) := 7, if s = ¢, and we put t(n/s) :=t, if s # t,
(i) O(rw/s) :== 0,

(iii) (e ®7)(n/s) :=o(rw/s)®7(r/s) for® € {-,+}.

IfT" is a multiset of labelled formulas and relational atoms, we also write I'(7/s) for the result of
substituting 7 for s in every label occurring in I'. The substitution rules are defined to be the rules

'=A w/w r=A T/
O N and T(/z) = A(n/z) /%)

® Recall that, by the height of a derivation D, we mean the length of a longest branch in D.
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where u and w are variables from G, x is a variable from ®U, and 7 is an arbitrary label. Thus, in
particular, we allow singleton variables to be replaced only by other singleton variables, but not
by any other label. Variables from U, on the other hand, can be replaced by arbitrary labels.

Proposition 3.2.6. The substitution rules are hp-admissible in GLinqB.

Proof. For the sake of brevity, we only prove the hp-admissibility of the first substitution rule
(for the second rule, the proof is similar). Let D be an arbitrary derivation for I' = A and let
u,w € & be arbitrary singleton variables. Using induction on the height of D, we show that
I'(u/w) = A(u/w) is also derivable, with at most the same derivation height. For the base case,
assume that D has height n = 1. In this case, I' = A must be an instance of an axiom. But then,
clearly, the sequent I'(u/w) = A(u/w) is also an instance of this axiom, so the claim follows.’
For the inductive step, suppose that D has height n > 1. We consider the last rule applied in
D. If this rule does not have an eigenvariable from the set G, then we simply apply the induction
hypothesis to the premises of the rule, and then the rule itself. On the other hand, if the last rule
in D has an eigenvariable from &, then we first use the induction hypothesis in order to rename
the eigenvariable, before performing the desired substitution (u/w). To see an example, let us

suppose that the last step in D is an application of Rp. In this case, D must be of the form

D/
v<m[=06v:p
I'=06,r:p

Rp

where v € G is a fresh variable, 7 is a non-singleton label and D’ is a derivation of height n — 1.
By applying the induction hypothesis to the subderivation D', we first replace the eigenvariable
v by a fresh variable v € & satisfying the condition v’ # w. This yields a derivation D" of height
at most n — 1 for v/ < m,I' = ©,v' : p. We can now apply the induction hypothesis again in
order to perform the substitution (u/w) in the derivation D”. Using a subsequent application of
Rp, we thus obtain the desired derivation of height at most n for I'(u/w) = A(u/w). O

Recall that, according to Definition 3.1.3, a formula ¢ is said to be provable from I' in GLingB,
if for some variable x € U, the sequent z : I' = x : ¢ is derivable. The previous proposition tells
us that, in fact, the concrete choice of this variable does not matter: if the sequentz : I' = x : ¢
is derivable in GLingB, then also y : I' = y : ¢ is derivable, for any y € J. We are now ready to
prove the desired admissibility and invertibility results: weakening and contraction are height-
preserving admissible in our system and each rule of GLingB is height-preserving invertible.

Proposition 3.2.7. The weakening rules are hp-admissible in GLingB.

Proof. We only prove the hp-admissibility of LW . For the other two weakening rules, the proof
is similar. Let D be an arbitrary derivation for I' = A and let 7 : ¢ be an arbitrary labelled
formula. Using induction on the height of D, we show that 7 : ¢, I" = A is also derivable, with
at most the height of D. For the base case, suppose that D has height n = 1. This means that
I' = A is an instance of an axiom. But then, clearly, 7 : ¢, I' = A is also an axiom.

For the inductive step, assume that D has height n > 1. We consider the last rule applied in
D. If this rule does not have an eigenvariable, then we apply the induction hypothesis to the
premises of the rule, and the the rule itself. Otherwise, we first use Proposition 3.2.6 in order
to introduce a fresh eigenvariable not occurring in the weakening formula 7 : ¢. For example,
suppose that the last step in D is an application of R— with eigenvariable x, so D is of the form

D/
r<L oz, I'=0,x:x
I'=0,0:9—x

R—

° Note that, for this step, it is in fact essential that « is also a variable from &. Otherwise, it might be the case that
I' = A is an instance of an axiom, but the sequent resulting from the substitution is not an axiom anymore.
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where D’ is a derivation of height n — 1. By performing a height-preserving substitution in the
subderivation D', we obtain a derivation of height at mostn — 1 fory < o,y : ¢, = 0,y : x,
where y € ‘U is a fresh variable not occurring in w. By induction hypothesis, this yields a
derivation of height at mostn— 1 for 7 : ¢,y < o,y : ¢,I' = O,y : x. Hence, by an application
of R—, we obtain the desired derivation of height at mostnform: o, I'= 0,0 : 0 = x. O

Proposition 3.2.8. All rules of GLingB are hp-invertible.

Proof. For the ‘cumulative’ rules of our system (that is, for the rules Lp, L1, L— and for the
order rules), hp-invertibility follows immediately from the hp-admissibility of weakening. For
all other rules of GLingB, the proof proceeds by induction on the height of a derivation for the
conclusion of the rule. We illustrate the basic idea for the rule Rp. Let 7 ¢ S be a non-singleton
label, let D be an arbitrary derivation for the sequent I' = A, 7 : p and let n be the height of D.
Moreover, let w € & be an arbitrary variable not occurring in I' = A, 7 : p. Using induction on
n, we show that w < w,I" = A, w : p is also derivable by a proof tree of height at most n.

For the base case, assume that D has height n = 1. Then, clearly, I' = A, 7 : p must be an
instance of an axiom. Since we have 7 ¢ S by assumption, one readily sees that the labelled
formula 7 : p cannot be principal in this axiom (recall that, in an instance of Az, the principal
formula must always be labelled with a variable from &). Hence, the sequentw < 7,I' = A w :
p is also an instance of an axiom and therefore derivable by a proof tree of height n = 1.1

For the inductive step, suppose that D has height n > 1. If the last step in D is a rule for which
7 @ pis not principal, then we apply the induction hypothesis to the premises of the rule (possibly
together with a height-preserving substitution), and we then use the same rule again. On the
other hand, if D ends with an application of Rp for which 7 : p is principal, then D is of the form

D/
u<ml=Au:p
F'=Anr:p

Rp

where u € G is a fresh variable and D’ is of height n— 1. By substituting w for u in the subderiva-
tion D', we now obtain the desired derivation of height at most n forw < 7, ' = A jw:p. O

Proposition 3.2.9. The contraction rules are hp-admissible in GLingB.

Proof. The hp-admissibility of the three contraction rules is established simultaneously, by in-
duction on the height of a derivation for the premise of the respective rule. More generally, let
D be an arbitrary derivation for some sequent I' = A, let n be the height of D and suppose
that either the antecedent or the succedent of I' = A contains a duplication of some relational
atom or a duplication of some labelled formula. Using induction on n, we show that also the
contracted version of the sequent I' = A is derivable by a proof tree of height at most n.

For the base case, assume that D has height n = 1, so ' = A is an instance of an axiom. But
then, clearly, also the contracted version of I' = A must be an instance of this axiom.

For the inductive step, suppose that D has height n > 1. There are the following possibilities.

Case 1: Suppose that the duplicated expression in I' = A is a relational atom 7 < o. In this
case, ' = A must be of the form 7 < 0,7 < 0,0 = A. We now consider the last rule applied
in D. If at most one of the two occurrences of 7 < ¢ is principal in this rule, then we simply
apply the induction hypothesis to the premises of the rule, and then the same rule again. And
if both occurrences of m < ¢ are principal in the last rule applied in D, then we use the closure

'“Note that, without the restriction ¢ &, this argument would no longer work. In fact, in this case, it might be the
case that ' = A, 7 : pis an axiom, but w < 7,I' = A, w : p is not (namely, if 7 : p is the principal formula of
the axiom). Thus, the restriction m ¢ & makes sure that the invertibility of Rp is in fact height-preserving.
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condition (Convention 3.1.4). For example, suppose that the last step in D is an application of
(un) for which both occurrences of m < ¢ are principal. In this case, D must be of the form

D/
T+rn<o,nr<o,nm<0,0=>A
r<o,rm<0,0=A

(un)

where D’ is of height n — 1. By applying the induction hypothesis to D’, we get a derivation of
height at most n—1form+7 < 0,7 < 0,0 = A. Now, by the closure condition, we can use the
contracted version of (un) in order to obtain a derivation of height at most n for 7 < 0,0 = A.
Case 2: Suppose that the duplicated expression in I' = A is a labelled formula 7 : ¢. Without
loss of generality, assume that the duplication occurs in the succedent, so I' = A is of the form
I'= 0,7 : ¢, m: @ (ifthe duplication is in the antecedent, the proof'is similar). We now consider
the last rule applied in D. If 7 : ¢ is not principal in this rule, then both occurrences of 7 : ¢
also appear in each of the premises of the rule. Thus, by applying the induction hypothesis to the
premises and then the same rule again, we obtain the desired derivation for I' = O, 7 : ¢. On
the other hand, if 7 : ¢ is principal in the last rule applied in D, we consider the following cases.
Case 2.1: Let ¢ = pbe atomic. In this case, D ends with an application of Rp, so it is of the form

D/
w<m'=060,w:pr:p
I'=s06,m:pm:p

Rp

where w € & is a fresh variable, 7 satisfies 7 ¢ & and D’ is of height n — 1. By applying the
hp-invertibility of Rp and a subsequent height-preserving substitution to the subderivation 7',
we get a derivation of height at most n — 1 for the sequentw < m,w < 7,I' = O, w : p,w : p.
Now, using the induction hypothesis and a subsequent application of Rp, this yields the desired
derivation of height at most n for I' = ©, 7 : p. The case ¢ = L is treated similarly.

Case 2.2: Let ¢ = 1) A\ x. In this case, the last step is an application of RA, so D is of the form

Dl DQ
'soe,rm:Yv,n:vAxy TI'=060,7m:x,7m:9YANx
I'=s060,7m:YAx,T: Y AYx

RA

where D; and D5 are of height at most n— 1. By applying the hp-invertibility of RA to each of the
two derivations D; and Dy, we obtain derivations of height at mostn—1forI' = O, 7 : ¢, 7 : ¢
andI[' = ©, 7 : x, 7 : x. By induction hypothesis and a subsequent application of RA, this yields
the desired derivation of height at most n for I' = ©, 7 : ) A x. The case ¢ = ¥ \V x is similar.

Case 2.3: Let ¢ = 1) — . In this case, D ends with an application of R—, so it is of the form

D/
r<mzr:p,I'=0,z:x,m:9—x
I'==060,m:¢p—->x,7m:¢9—x

R—

where x € U is fresh and D’ is of height n — 1. We now apply the hp-invertibility of R— and a
subsequent height-preserving substitution to D’ in order to obtain a derivation of height at most
n—1lforz <max<ma:Y,x:,I'=0,x:x,x: x. Byinduction hypothesis and an appli-
cation of R—, this yields the desired derivation of height at most n forI' = O, 7 : ¢ — x. O

3.2.3 Admissibility of the Cut Rule

In this section, we will show that the structural rule of cut is admissible in GLingB. This can be
seen as the most important structural property of our proof system and will help us to establish
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the completeness of GLingB in a purely proof-theoretical manner (see Section 3.3). First, let us
introduce some terminology. By the cut rule, we will henceforth mean the sequent rule given by

F=A7r:¢ 7:¢,3X=0
NYxX=A0

(cut)

where 7 : ¢ is an arbitrary labelled formula, referred to as the cut formula of the corresponding
application of the cut rule. Note that, if we take A = () and read the sequent arrow = as an impli-
cation in the meta-language, then the cut rule has a very natural interpretation: if a statement 7 :
 follows from some set of assumptions I, and if © follows from 7 : ¢ and ¥, then we can always
infer © directly from I' and ¥, without using the intermediate step represented by 7 : ¢ (so, in a
sense, the occurrence of 7 :  is ‘cut out’ by the rule). The formulation of the cut rule given above
is also said to be context-mixing (or multiplicative), since we allow the contexts of the left and the
right premise to be distinct. There is also a context-sharing (or additive) version of the cut rule,
in which these contexts are required to be the same. However, due to the admissibility of weak-
ening and contraction, the two formulations are easily seen to be equivalent: adding one version
of the cut rule to GLingB has exactly the same effect as adding the other version to GLingB.!!
Importantly, our admissibility proof for the cut rule will be fully constructive, in the sense that
it can easily be turned into an effective procedure that allows to transform any given derivation
containing applications of the cut rule into a corresponding cut-free derivation. The general idea
goes back to Gentzen (1935a; 1935b), who first proved a cut-elimination theorem for classical and
intuitionistic first-order logic (this is known today as Gentzen’s Hauptsatz). Since then, many
extensions and variations of Gentzen’s method have been developed. Our argument will be
somewhat similar to the standard cut-admissibility proof for G3-style systems outlined by Negri
and Von Plato (2001, pp. 35-40).1? The basic idea is to consider an arbitrary application of the cut
rule and to prove the admissibility of the rule by induction on the complexity of this application.
However, when measuring the complexity of a cut formula 7 : , we must now also take into
account the complexity of the label 7, rather than considering only the complexity of the formula
, as it is done in standard cut-admissibility proofs for labelled and unlabelled sequent calculi
(see, e.g., Negri 2005). To this end, we first define the degree of a label in the following way.

Definition 3.2.10. The degree of a label 7 is denoted by deg () and defined as follows: if 7 € &
is a singleton variable, then we put deg(m) := 0, and if 7 ¢ &, then we put deg(7) := 1.

In other words, we simply assign the degree 0 to every singleton variable w € & and the
degree 1 to every non-singleton label 7 ¢ &. The degree of a formula ¢ is now defined to be the
number of occurrences of the logical symbols in ¢, so we adopt the following definition.

Definition 3.2.11. The degree of a formula ¢, notation deg(y), is inductively defined as follows:
(i) deg(p) := 0 for all atoms p € P, and deg(L) := 1,
(i) deg(vp @ x) := deg(v) + deg(x) + 1 for ® € {A, —,V}.

Finally, using the degree of a label and the degree of a formula, we define the rank of a labelled
formula 7 : @ to be pair of natural numbers rank(w : @) := (deg(p), deg()), where deg(p)
is the degree of the formula ¢ and deg(7) is the degree of the label 7. In order to compare
the ranks of labelled formulas, we will employ a lexicographic ordering. That is, we will write
rank(m : @) < rank(c : 1) and say that the rank of 7 : ¢ is smaller than the rank of o : 1, if
we either have deg(¢) < deg(1)), or we have both deg(y) = deg()) and deg(w) < deg(c). The
following lemma summarizes some immediate consequences of the preceding definitions.

"' Moreover, the cut-admissibility proof given below can easily be adapted to the context-sharing version of the rule.
"2 A corresponding cut-elimination strategy is described by Troelstra and Schwichtenberg (1996, pp. 94-101).
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Lemma 3.2.12. Let 7 and o be arbitrary labels and let w € & be a singleton variable. It holds:
(i) If 7 ¢ &, then rank(w : p) < rank(m : @),
(ii) rank(m : ;) < rank(o : p1 ® p2) fori = 1,2 and ® € {\,—, V}.

Proof. For the first part, suppose that w € & and 7 ¢ &. Then, by Definition 3.2.10, we have
deg(w) = 0 and deg(m) = 1, so it follows deg(w) < deg(m). Using the definition of the lex-
icographic ordering, this yields rank(w : ¢) < rank(m : ¢), as desired. For the second part,
it suffices to observe that we have deg(y;) < deg(p1 ® p2), so the rank of 7 : ¢; must be
lexicographically smaller than the rank of o : 1 ® 9, regardless of the degrees of m and 0. [

We are now ready to define a suitable measure of the complexity of a cut rule application. To
this end, let us consider the following cut, where D; and Dy are two derivations in our system:

Dy Dy
F=A7r:¢p @m:ipX=0
YX=A0

(cut)

The rank of the indicated cut rule application is defined to be the rank of the associated cut for-
mula 7 : . Thus, in particular, we assume that ranks of cut rule applications are ordered lexico-
graphically. The height of the cut rule application is defined to be the sum h(D;) + h(Dz), where
h(Dy) is the height of the derivation D; and h(D>) is the height of the derivation D5.'* In other
words, the height of a cut rule application is the sum of the heights of the two derivations for the
premises of this application. In order to prove our cut-admissibility theorem for GLinqB, we will
now use a main induction on the rank of a cut rule application, together with a subinduction on
the height of this application. That is, given an arbitrary application of the cut rule, we will show
that the corresponding derivation can be transformed in such a way that all new applications of
the cut rule are either of lower rank than the original one, or they are of the same rank but have
lower height. Using this strategy, we are now able to prove the desired admissibility result.

Theorem 3.2.13 (Cut-Admissibility). The cut rule is admissible in GLingB.
Proof. Throughout this proof, we consider an arbitrary application of the cut rule given by

Dy D,
F=Anr:¢p @m:ip,X=06
YxX=A0

(cut)

where D) and D; are two derivations in GLingB. Let d; := deg(y) be the degree of the formula
@, let do := deg(m) be the degree of the label 7, and let h := h(D;) + h(D3) be the height of the
selected cut rule application. In order to prove the admissibility of the cut rule, we proceed by a
main induction on the rank (dy, d2) of the cut rule application, with a subinduction on the height
h of the cut.'* In other words, we have to show that the proof tree can be transformed in such a
way that all new cut rule applications are either of rank smaller than (dy, d2), or they are also of
rank (d1, dg), but their height is less than h. Note that, in particular, there are now two induction
hypotheses: we have a main induction hypothesis, saying that all cuts of rank smaller than (d;, d2)
are admissible; and we have a subinduction hypothesis, saying that all cuts of rank (d;, d2) and
of height smaller than h are admissible. We need to consider the following three main cases:

(1) At least one of D; and Ds is an instance of an axiom.
(2) D; and D, are not axioms, and the cut formula is not principal in at least one of D; and Ds.

(3) D1 and D; are not axioms, and the cut formula is principal on both sides.

'3 Again, by the height of a derivation, we mean the length of a longest branch in this derivation.
" Or, to put it differently, we perform a well-founded lexicographic induction on the triple (d1, dz, h).
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Case 1: Suppose that at least one of D; and D5 is an axiom. There are the following possibilities.

Case 1.1: At least one of D and D3 is an instance of an axiom and the cut formula 7 : ¢ is not
principal in this instance. In this case, the conclusion of the cut rule application must also be an
axiom, so we can eliminate the cut completely. For example, suppose that the left premise of the
cut rule application is an instance of Az for which 7 : ¢ is not principal, so the cut is of the form

D,

w:p,I‘:>A,w:p77r:gpA$ T, N =0
w:p, X =A0w:p

(cut)

As can be seen, the conclusion w : p,I', ¥ = A, ©,w : pis also an instance of Az, so it can be
derived without any applications of the cut rule. For the other axioms, the argument is similar.
Case 1.2: Dy is an instance of Az for which 7 : ¢ is principal, and Dy ends with a rule R
for which 7 : ¢ is not principal. In this case, we permute the cut upwards over the application
of R on the right, possibly in combination with a height-preserving substitution in order to re-
name the eigenvariable of R. To see a representative case, let us assume that D, ends with an
application of the rule Rp for which the cut formula is not principal, so the cut is of the form

Dy
u<Lo,w:p,X=0u:
Az b ? Rp
w:p, = Aw:p w:p,X=0,0:q
(cut)

w:p, X =A0,0:¢q

where o is a non-singleton label and v € & is a fresh variable not occurring in the sequent w :

p, 2 = 0,0 : q. Using the hp-admissibility of substitution, this proof tree is transformed into
Dy
uLow:p,X=0,u:q
wipTsRup ™ 20w ps500q Y
w:p,v<o,X=A0,v:q (cut)
w:p, XY= A0,0:¢q

where v € G is a fresh variable not occurring in the sequent w : p,I', ¥ = A, 0,0 : q. In this
proof tree, the new application of the cut rule is of lower height than the original one, so it can
be eliminated by the subinduction hypothesis in order to obtain the desired cut-free derivation.

Case 1.3: Dy is an instance of Az for which 7 : ¢ is principal, and Dy ends with an application
of Lp for which 7 : ¢ is also principal. In this case, the cut rule application must be of the form

D
uip,u<ww:p,u =0
w:p,F:A,w:pAI u<Lww:p X =06
u<Lw,w:p [, X=A0 (cut)

Using the admissibility of weakening, we can now eliminate the cut by constructing the following
proof tree, where ‘W’ refers to a sequence of multiple applications of the weakening rules:

D,
up,u < ww:p, =0
u<Lw,w:p X=0

uLw,w:p,[[Y=A0

Case 1.4: Both of the derivations Dy and D are instances of Az and the cut formula 7 : ¢ is
principal on both sides. In this case, the application of the cut rule must be of the following form:

Az
(cut)

w:p,F:A,w:pr w:p,X=0,w:p
w:p, X =A0,w:p
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As can be seen, the conclusion is also an instance of Az, so the cut can be eliminated completely.

Case 1.5: Dy is an instance of Az for which 7 : ¢ is principal, and D; ends with an application
of some rule R. Note that, since 7 : ¢ is the principal formula of the instance of Az" on the
right, it must be of the form w : L for some singleton variable w € &. Consequently, the cut
formula cannot be principal in the application of R on the left: this would only be possible, if
‘R would be an instance of R_L; but in this case, 7 would have to be a non-singleton label, i.e.,
7 ¢ &. Therefore, we may assume that w : L is not principal in D;. Using this fact, we can now
permute the cut upwards over the application of R on the left, possibly in combination with a
height-preserving substitution in order to rename the eigenvariable of R. For example, if D; ends
with an application of R— for which the cut formula is not principal, then the cut is of the form

D/
1
r<ox: ., = Az:x,w: L 1L
Y X Ry — Az
I'=sAoc:y—x,w: L w: 1, YX=0

'Y=A,0,0:9%—x (cut)

where x € U is a fresh variable not occurring in the sequent I' = A, o : ¢ — x,w : L. Using
the hp-admissibility of substitution, we can now eliminate the cut by constructing the proof tree

D/
1
tsomiy lofzipw:il 0y Agt
y<oy: v, '=Ay: x,w:L w:J_,E:G( H
Cu

y<oy:,05=A0,y:x
'Y= A0,0:¢—x

R—

where y € U is some fresh variable not occurring in the conclusion. In this proof tree, the new
cut is of lower height than the old one, so it can be eliminated by the subinduction hypothesis.

Case 1.6: Dy is an instance of Ax for which 7 : ¢ is principal, and D; ends with an application
of some rule R. In this case, we proceed in the same way as in the previous case.

Case 2: Suppose that neither D; nor Ds is an axiom and the cut formula 7 : ¢ is not principal in
at least one of D; and D,. Without loss of generality, assume that 7 : ¢ is not principal in the left
derivation D1, and let R be the last rule applied in Dy (if 7 : ¢ is not principal on the right, then
the argument is similar). Since 7 : ¢ is not principal in Dy, we can now permute the cut upwards
over the application of R on the left, possibly in combination with a height-preserving substitu-
tion in order to rename the eigenvariable of R. To see a concrete example, let us assume that D;
ends with an application of the two-premise rule (sg). In this case, the cut must be of the form

D} DY
c<ho<w,I'=Ar:¢p w<oo<w,I'=Ar:p D5

c<w,I'=sAm:p (s8) Tip, X =0
c<w, Y= A0

(cut)

We now permute the cut upwards over the application of (sg) by constructing the proof tree

Dy D, DY D,
c<ho<w,I'=Am:p 77:4,0,2:>@(cut) w<oo<wl=Ar:p WSQD,Z:>®( 9
c
c<o<w ' X=A0 w<oo<w,XY=A0 !

s<w %= A0 (s8)
Note that, in this proof tree, both of the two new applications of the cut rule are of lower height
than the original one, so they can be eliminated according to the subinduction hypothesis.

Case 3: Suppose that neither D; nor Ds is an instance of an axiom, and the cut formula 7 : ¢
is principal in both premises of the cut rule application. There are the following possibilities.
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Case 3.1: Suppose that ¢ = p is an atomic formula. In this case, the cut must be of the form

Dy Dy
w<m,T=Aw:p u:p,ugﬂ',wzp,Eé@L
F=Anr:p b um,mT:p, Y =0 P
(cut)

u<m[,Y=A0

where m ¢ & isanon-singleton label and w € & is a fresh variable not occurringinI" = A, 7 : p.
Using the admissibility of substitution and contraction, this proof tree is now transformed in the
following way, where ‘C” stands for a sequence of multiple applications of the contraction rules:

D}
2 w<aT=Aw:p , D),
w<mI=Aw:p ' An:p b uipu<<mTTIp, N =0

fffffffffff (u/w)

u<m,I=Au:p

u:pu<m Y= A0 (cut)

u<musT I\ [Y=A A0

u< [, YX=A0

(cut)

In this proof tree, the uppermost of the two new cuts (i.e., the one with cut formula 7 : p) has
lower height than the original one, so it can be eliminated according to the subinduction hypoth-
esis. On the other hand, since 7 ¢ & and u € S, we also have rank(u : p) < rank(w : p) by
Lemma 3.2.12 (i). Therefore, the lowermost cut (i.e., the one with cut formula v : p) has lower
rank than the original one, so it can be eliminated by the main induction hypothesis.
Case 3.2: Let o = L. This case is treated in essentially the same way as the previous case.
Case 3.3: Let ¢ = 1) A x. In this case, the cut rule application must have the following form:

D} Dy D,

I'=An: I'=s A n: Y, TN, L = 0
(U X pr T Y, m:X A
F'=An:¢YAx 71':1/1/\)(,2:@( 9
Y= A0 v

Using the admissibility of contraction, we now transform the proof tree into

D] D
DY F'=Anr:¢v @w:¢,7m:xX=0
' Anm:x T:x, [, 2= A0 (cut)
T.T.> = AA,0 (cut)
"Tysae ¢

In the resulting tree, all new cuts are of lower rank than the old one, so they can be eliminated by
the main induction hypothesis (i.e., we first use the induction hypothesis in order to remove the
topmost cut, and we then use the induction hypothesis again in order to remove the second cut).
Case 3.4: Let ¢ = 1) \V x. This case is similar to the previous case.
Case 3.5: Let ¢ = 1) — x. In this case, the cut rule application must have the following form:

24 D, Dy
xéw,x:w,FiA,m:XR o< > X, L=0,0:19 ogﬂ,w:'zﬁﬁx,azx,Eé@L
F=An:¢9—>x — o<,y =X, L =0 —

c<mIX= A0 (cut

where x € 2 is a fresh variable. This derivation is now transformed into the proof tree
D’ D"
(e <) T2 = A%20,0:x o<mo:x,[,X=A0
(o <m)3, 3,22 = A% 6?2

c<m Y= A0

(cut)
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0,0 KT, 4,071":>A(I) wT=Aw:
U<7r,7r.g0,F:>A &P Ir'=Anr:«a

(grp)

Figure 3.3: Admissible generalizations of Lp and Rp. In the rule (grp), w must be a fresh
variable not occurring in the conclusion of the rule and o € £¥; must be a Harrop formula.

where D’ and D” are the following two derivations:
Dy
r<mar:p, = Ax:x D D,
F:>A,7T:¢—>x _>0'<7T7T Y=, L=0,0: w r<mar:p, = Ax:x
AT S= A6 0 ”t>52*ﬁ*5*¢*f;»*53*;§ o/z)
(e <m)A T2 Y= A%20,0:x cut)

D/
1
r<mz: Y, I'=Ax:y Dy
F=An:¢y—>x R o<,y —=> X, 0:X, 5 =0
c<mo:x,[,X=A,0

(cut)

As can be seen, the original cut is now replaced by four new cuts. An easy inspection shows that
the two uppermost of these cuts (i.e., those with cut formula 7 : 1) — x) are of lower height than
the original one, and the two other cuts are of lower rank. Thus, using the subinduction hypothe-
sis and then the main induction hypothesis, we can successively remove each of the four cuts. [

3.2.4 Further Admissibility Results

Using the results obtained in the previous sections, we now want to present a number of addi-
tional rules that can be shown to be admissible in GLingB. First, we will prove the admissibility
of the rules (glp) and (grp), depicted in Figure 3.3. In a sense, the rule (glp) can be seen as a gen-
eralization of the rule Lp, reflecting the persistency of the support relation in inquisitive logic: if
a formula ¢ is supported by some state 7 and if ¢ is an enhancement of 7, then ¢ must also be
supported by o (see Proposition 1.2.11). The rule (grp), on the other hand, generalizes the rule Rp
and accounts for the truth-conditionality of Harrop formulas in InqB: if a Harrop formula « is true
at every world in a state 7, then « is supported by 7 (see Proposition 1.3.3).1> Note that the truth-
conditionality of « is in fact essential here (without this restriction, the rule would not be sound).

Proposition 3.2.14. The rules (glp) and (grp) are admissible in GLingB.

Proof. We first show that (glp) is admissible. To this end, assume that o : p,0 < 7,7 : ¢, ' =
A is derivable by a proof tree D. Using this proof tree, we may then construct the following
derivation, where ‘C” stands for a sequence of multiple applications of the contraction rules:

By Lemma 3.2.1 (i) D

c<mTip=0:9p o:p0<TTp,=>A

(cut)

Hence, by the admissibility of the cut rule, it follows that (glp) is admissible. In order to prove the
admissibility of the rule (grp), we proceed by induction on the structure of the Harrop formula .

Recall that, by a Harrop formula, we mean any formula ¢ in which all occurrences of \V are contained in the an-
tecedent of an implication. For an inductive definition of the set of all Harrop formulas, we refer to Definition 1.3.2.
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For the base case, let @« = p be an atomic formula and suppose that w < 7,I' = Ajw : pis
derivable, where w € G is a fresh variable not occurring in the sequent I' = A 7 : p. If we
have m ¢ &, then the derivability of I' = A, 7 : p follows immediately from the derivability of
w < m,[' = A, w : p by an application of the rule Rp. Thus, let us now assume that we have
7 € G. In this case, we can apply the substitution (7 /w) to the sequentw < 7,I' = A,w : pin
order to obtain a derivation for 7 < 7w, ' = A, 7 : p. Now, using an application of the rule (rf),
this yields the desired derivation for I' = A, 7 : p. The case a = L is treated similarly.

In the inductive step, we only have to consider the following two cases.

Case 1: Let a be of the form o = 3 A 7 for some Harrop formulas 3, € L%. Suppose that
the sequent w < m,I' = A, w : § A~y is derivable, where w € G is again a fresh variable. By the
invertibility of the rule RA, this implies that there is also a derivation D; for the sequent w <
m,I' = A w : [ and a derivation D for the sequent w < m,I' = A, w : 7. Using these deriva-
tions and the induction hypothesis, we now obtain the desired derivation in the following way:

Dy Do
wgw,FﬁA,w:BI w<T, = Aw ,YIH
I'=An:p = An:y
RA

Case 2: Let o be of the form o = ¢ — [3 for some arbitrary formula ¢ € £? and some Harrop
formula 3 € L. Suppose that the sequent w < 7,T' = A,w : ¢ — S is derivable, where
w € G is fresh. By the invertibility of the rule R—, this implies that, for some fresh variable
x € U, there is also a derivation D for the sequent z < w,w < m,z : p,I' = A,z : §. Using
this derivation and the induction hypothesis, we may now construct the desired derivation in the
following way, where ‘W’ refers to a sequence of multiple applications of the weakening rules:

D
r<ww<<mr:p,l'=Az:p
wxwwimw gl s Aw: g W0
@%ﬂi@?&ﬁ[{%jﬂ{@i%%ﬂf@ifé&i@?@2%
wigwsmwsnrsmripl=Awif o,
wmw<Lr,e<mr: o, =Aw:p ()
wLr,e<mzr: o, = Aw:p
T i<maipl=Az.p M
F'sAnr:p—=p L
This concludes the induction. Therefore, the rule (grp) is admissible in GLingB. O

As a corollary of this proposition, we can now prove that, if  is a Harrop formula, then every
sequent of the form 7 : a,0 : a,I' = A, 7 + 0 : « is derivable in GLingB. Intuitively, this
accounts again for the truth-conditionality of Harrop formulas in InqB: if a Harrop formula « is
supported by two states 7 and o, then it must also be supported by the union of 7 and o.

Corollary 3.2.15. Ifa € L% is a Harrop formula, then every sequent of the formm : i, 0 : o, T’ =
A, 7+ o : « is derivable in GLingB.

Proof. For an arbitrary Harrop formula o € £%, we may construct the following proof tree:

By Lemma 3.2.1 (i) By Lemma 3.2.1 (i)

wT,w<r+o,nm:a,0:a,] = Aw:a wLow<t+on:a,0:al=>Aw:«a

(cd)

w<r+or:a0:a =>Aw:

T TriameiaTmAntoia | &P

Thus, by the admissibility of (grp), the desired sequent is derivable in GLingB. O
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ﬂ@o%d@ﬂ,FéA(com) T®c®T)~(r®o)®T,T = A
I=A I=A (ass)
TO®TRT . m(o+71)=m0o+7T , | T+or~(r+o)(r+T) .
—— F (id - -
= A (id) = A (i-dis) = A (u-dis)
m(r+o)=n,T=A T+mo~m,I = A
= A (i-abs) = A (u-abs)

Figure 3.4: Some further admissible rules. In each case, we assume that ® € {-,+}. The

5

notation ‘m &~ ¢’ is used as an abbreviation for the pair of relational atoms ‘mr < 0,0 < 7.

Finally, it is worth noting that our system also allows to derive the usual algebraic properties
of the intersection and the union operator. In Figure 3.4, we summarize a number of additional
rules that can be shown to be admissible in our sequent calculus. Note that, in the figure, the
symbol ® acts as a placeholder, representing either the intersection or the union operator, and
‘T &~ ¢’ is used as a shorthand for the pair of relational atoms ‘m < 0,0 < 7. Intuitively, the
rules (com), (ass) and (id) account for the commutativity, associativity and idempotence of union
and intersection. The other four rules account for the usual distributivity and absorption laws.

Proposition 3.2.16. Each of the rules depicted in Figure 3.4 is admissible in GLingB.

Proof. For the sake of brevity, we only show the admissibility of the two absorption rules (i-abs)
and (u-abs). In order to prove the admissibility of (i-abs), let D be a derivation for the sequent
m(m+ o)~ m,I' = A. Using this derivation, we may then construct the following proof tree:

D

m(r+o)<mnr<r(r+0), I =A -

(i

m(r+o),r<mr<n+o=A
r<m,r<n+o=A
(rf)
7r<7T+J,F¢A( I)
'=A !
Thus, (i-abs) is admissible. In order to prove the admissibility of (u-abs), let us now suppose that
7+ mo ~ 7, = A is derivable by a proof tree D. We may then construct the derivation

D
m+mo <m,a<w+wo, [ = A

(in)

T4+mo<m,r<mao<T,[=A
r<rmao<ml=A
mo <m,I'= A (rf)
r=A (i
This show that (u-abs) is admissible. For the other rules from Figure 3.4, the proof'is similar. [J

(un)

3.3 Soundness and Completeness

In this section, we will prove the soundness and completeness of our sequent calculus, i.e., we
will show that, for every finite set of formulas I'U {(} C £B and for every variable z € 3, there
exists a derivation for z : I' = z : ¢ in GLingB if and only if ¢ is entailed by I" in InqB.
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To begin with, let us establish the soundness of our system. For this purpose, we have to prove
that every sequent derivable in GLingB is also ‘valid’ with respect to the support semantics of
IngB. In order to give a precise definition of what it means for a sequent to be ‘valid’, we first
need to specify how the labels of our proof system are interpreted in an information model.

Definition 3.3.1 (Interpretation). Let M = (W, V') be an information model.'® An interpretation
over M is a function I : & UY — P (W) such that, for all singleton variables w € &, the state
I(w) € W is a singleton. Given any interpretation I over some model M, it is inductively
extended to a function from the set A(S,J) of all labels to the set P(W) in the following way:
@) I(0):=0,
(i) I(m-o0):=1I(m)NI(0),
(i) I(m+o):=I(m)UI(0).

In other words, an interpretation is a function that assigns a singleton state to each variable
from & and an arbitrary state to each variable from 2. Such a function is then extended to arbi-
trary labels in the obvious way. So, in particular, the constant () is interpreted as the inconsistent
state, - o is interpreted as the intersection of the states I(7) and I(¢), and 7+ o is interpreted as
the union of I(7) and I (o). Given any interpretation I over some model M, we will now say that
a labelled formula 7 : ¢ is satisfied by I, just in case ¢ is supported by the state I(7) in M. And
a relational atom 7 < o is said to be satisfied by I, if the state I(7) is an enhancement of I(o).

Definition 3.3.2 (Satisfaction). Let I be an interpretation over some model M. The notion of
satisfaction is defined in the following way: we say that a labelled formula 7 : ¢ is satisfied by 1,
if we have M, I(7) = . And a relational atom 7 < o is satisfied by 7, if it holds I(7) C I(0).

We are now able to define a suitable notion of validity for sequents. As explained in Section 3.1,
every sequent is assumed to have a ‘conjunctive’ reading on the left and a ‘disjunctive’ reading
on the right. In line with this, we will call a sequent I' = A wvalid in a model M, if every
interpretation over M that satisfies all expressions in I" also satisfies at least one expression in A.

Definition 3.3.3 (Validity). Let M be a model. We say that a sequent I' = A is valid in M,
if for every interpretation I over M, the following holds: if I satisfies all labelled formulas and
relational atoms in I, then there exists a labelled formula 7 : ¢ in A such that I satisfies 7 : .

Using this notion of validity, we can now establish the soundness of our labelled sequent calcu-
lus: if a formula ¢ is provable from I" in GLingB, then ¢ is entailed by I" in the basic system IngB.

Proposition 3.3.4 (Soundness). For every finite set of formulas T' C LB and for every formula
@ € LB, if the sequent x : T = x : ¢ is derivable in GLinqB for some x € 0, then T = .V’

Proof. We first prove that, if a sequent I' = A is derivable in GLingB, then I' = A is valid in
every information model M. For this purpose, let I' = A be an arbitrary sequent and suppose
that there exists a derivation D for I' = A in GLingB. Moreover, let M = (W, V') be an arbitrary
model. Using induction on the structure of D, we show that I' = A is valid in M.

In the base case, we have to show that all axioms of GLingB are valid in M. This is straight-
forward. For example, let us assume that D is an instance of Az". In this case, I' = A must
be of the form w : L,© = A for some singleton variable w € &. By Definition 3.3.1, every
interpretation over M must assign a singleton state to w. Hence, because _L is supported only by
the inconsistent state (), there can be no interpretation over M that satisfies w : L, so the sequent
w: 1,0 = Ais trivially valid in M. Similar arguments can be found for the other axioms.

!Recall that W stands for a non-empty set of possible worlds and V' stands for a valuation function, assigning a truth
value to each atomic formula p € P at each possible world w € W. For further details, we refer to Definition 1.2.4.

17 As before, we write x : T" for the set given by (z : T') := {x : 9 | 1 € T'}. Moreover, recall that I' =  was defined
to hold, if for every model M and for every state s, it holds: M, s =T implies M, s = © (see Definition 1.2.12).
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For the inductive step, let us assume that D ends with an application of one of the logical rules
or one of the order rules of GLingB. For simplicity, we only consider a few representative cases.
Case 1: Suppose that the last step in D is an application of the rule Rp, so D is of the form
D/
w<mI'=0,w:p
'=06,r:p

Rp

where 7 ¢ & is a non-singleton label and w € & is a fresh variable not occurring in the conclu-
sion of D. By induction hypothesis, we know that the sequent w < 7,I' = O, w : p is valid in
M. We have to show that this also holds for I' = O, 7 : p. Towards a contradiction, assume that
I' = O, 7 : pis not validin M, i.e., there exists an interpretation I over M such that I satisfies all
expressions in I, but I satisfies neither 7 : p nor any expression in ©. By the support conditions
for atomic formulas (see Definition 1.2.6), this implies that there exists some world u € I(7) such
that M, u F p. Let now I* be the interpretation which is just like I, except that the variable w
is mapped to the singleton state {u}, so we put [*(w) := {u}. Then, by assumption, I* satisfies
w < m and each expression in I'. Hence, by induction hypothesis, I* must also satisfy w : p
or some expression in ©. If I* satisfies w : p, then we must have M, u = p, which is a contra-
diction to the fact that M, u F~ p. And if I* satisfies some element of ©, then also the original
interpretation I must satisfy this element, which is a contradiction to our assumption about I.
Case 2: Suppose that D ends with an application of L. In this case, D is of the form
'D/
w:lLiw<m,m:1,0=A
w<T,m:1L,0=A

Ll

By induction hypothesis, w : L,w < 7,7 : 1,0 = Aisvalidin M. Suppose for a contradiction

thatw < 7w, 7 : L, © = Ais not valid. Then, in particular, there must be an interpretation I over

M such that [ satisfies both w < mand 7 : L, so we have I(w) C I(m) and M, I(m) = L. Since

1 is only supported by the inconsistent state (), this implies /() = (). But then, because I(w) is

non-empty by Definition 3.3.1, it follows I (w) € I(r), which is a contradiction to I(w) C I ().
Case 3: Suppose that D ends with an application of L—, so D is of the form

Dy Do
T<o,0:0—=1Y,0=>A T WSU,J:<p—>1/),7r:¢,@z>AL
T<o,0:0—1,0=A -

By induction hypothesis, 7 < 0,0 : ¢ = 0,0 = A/ m:pandr < 0,0 : o > P, m: 9,0 = A
are both valid. In order to show that this also holds for the conclusion of D, let I be an arbitrary
interpretation over M and suppose that [ satisfies 7 < 0, 0 : ¢ — 1) and each expression in ©.
Then, by induction hypothesis, I must also satisfy 7 : ¢ or some element of A. If the latter holds,
then we are finished. Thus, let us assume that I satisfies 7 : . By assumption, we also have
I(m) C I(0) and M, I(0) &= ¢ — 1. Using the support conditions for implication (see Defini-
tion 1.2.6), one readily sees that this yields M, I(7) B~ ¢ or M, I() = 1. Therefore, since I satis-
fies m : ¢, it follows M, I(m) = 1. As we have seen, [ satisfies each of the expressions 7 < 0, 0 :
@ — 1, 7 : 1Y and every element of ©. But then, by induction hypothesis, I must also satisfy some
element of A. Because I was arbitrary, this shows that the conclusion of D is in fact valid in M.
Case 4: Suppose that the last step in D is an application of R—, so D is of the form
D/
r<mr:e =029
'=so0,1m:¢p—vy

where z € U is a fresh variable not occurring in the conclusion. By induction hypothesis, we
know that z < 7w,z : p,I' = O, x : ¢ is valid in M. In order to show that this also holds for the
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conclusion of D, suppose for a contradiction thatI' = ©, 7 : ¢ — 1) is not valid in M, i.e., there
exists an interpretation I over M such that I satisfies each element of I', but I neither satisfies
7 : ¢ — 1 nor any element of ©. Then, since M, I(7) = ¢ — 1), there must be some state
s C I(m) such that M, s = ¢ and M, s B 1. Let now I* be the interpretation which is just
like I, except that the variable x is mapped to s, so we put I*(x) := s. Then, clearly, I* satisfies
x < 7,2 : @ and each element of I". Therefore, by induction hypothesis, it must also satisfy = : ¢
or some element of ©. If I* satisfies x : v, then we have M, s = v by definition of I*, which
is a contradiction to M, s B~ 1. And if I* satisfies some element of ©, then also the original
interpretation I must satisfy this element, which is a contradiction to our assumption about /.
Case 5: Suppose that D ends with an application of the rule (un). In this case, D is of the form

D/
T+7<o0nr<0,7<0,0=A
<o0,7<0,0=A

(un)

By induction hypothesis, 7 + 7 < 0,7 < 0,7 < 0,0 = A isvalid in M. We have to show
that this also holds for the conclusion of D. To this end, I be an arbitrary interpretation over
M and suppose that [ satisfies 7 < 0, 7 < ¢ and each expression in ©. Then, in particular, we
have I(7) C I(o) and I(7) C I(0), so it follows I(7w) U I(1) C I(o). Hence, I also satisfies
the relational atom 7 + 7 < 0. Therefore, by induction hypothesis, some element of A must be
satisfied by I. Since I was arbitrary, this shows that 7 < 0,7 < 0,0 = A is valid in M.

Case 6: Suppose that the last step in D is an application of (sg), so D is of the form

D, D,
< r<w,O0=>A w<<mr<w,0=A
T<w,0=A

(sg)

By induction hypothesis, 7 < 0,7 < w,© = Aandw < 7,7 < w,© = A are both valid in M.
In order to show that this also holds for the conclusion of D, let I be an arbitrary interpretation
over M and suppose that I satisfies 7 < w and each element of ©. Since (w) is a singleton
and I(7) C I(w), we must either have I(7) = () or I(w) = I(w). In the first case, I satisfies
7 < (), and in the second case, I satisfies w < 7. Hence, by induction hypothesis, I satisfies some
element of A, as desired. Because I was arbitrary, this shows that 7 < w,© = A is valid in M.

The other rules are treated similarly. This concludes the induction. Let now I' U {¢} C LB be
an arbitrary finite set and suppose that z : I' = x : ¢ is derivable in GLingB for some x € V.
As we have just seen, this implies that, for every model M and for every interpretation I over
M,if M, I(x) =1 forally € T, then M, I(z) E . But then, clearly, we also have I' = ¢. [

Next, we will establish the completeness of our sequent calculus. This will be achieved in a
purely proof-theoretical manner, i.e., instead of giving a semantic argument, we will use our cut-
admissibility theorem in order to show that GLingB is complete with respect to the Hilbert-style
system HingB depicted in Figure 3.5. As demonstrated in Section 1.5, this Hilbert-style system
is sound and complete with respect to InqB. Therefore, in order to prove the completeness of
our sequent calculus, it suffices to show that every formula provable in HingB is also provable
in GLingB. To this end, we first need to show that every axiom of HingB is derivable in GLingB.

Lemma 3.3.5. Let ¢ be an instance of one of the axiom schemes of HingB. Then, ¢ is provable in
GLingB, i.e., for any variable x € 3, there exists a derivation for the sequent = x : ¢ in GLingB.

Proof. For the ‘intuitionistic’ axioms given in Figure 1.5, the proof is a matter of routine (in fact,
the only non-trivial case is the axiom | — ¢, but this axiom can be easily derived from part (iv)
of Lemma 3.2.2). Therefore, we only need to show the derivability of the split axiom (Split) and
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Axioms:

(IPL)  All axioms of the ‘intuitionistic’ system given in Figure 1.5,
(Split) (o= (¢ V) = ((a = @) V (o — 1)), where a € L is classical,
(DN)  —==a — «a, where a € L8 is classical.

The only rule of inference is modus ponens: from ' = p and ' = ¢ — ), infer I" - 4.

Figure 3.5: The Hilbert-style system HingB.

the double negation axiom (DN). In order to derive the split axiom, let o € L? be a classical for-
mula and let ¢, 1) € LB be arbitrary formulas. We may then construct the following derivation:

By Corollary 3.2.15 D
RO Zy = 20,20 1,21+ 20 e Z1 2z VY = 21,20 10 I
stz <Y<y, <yYSnyia—> (@EVY),z o nia= 20,209 (un)
2Ly, SYYSTyia—> (V)21 ia,z i a= 219,200 R
21<yay<$»y3aﬁ(90\v¢)azliaézliwayiaﬁw
R—
y<z,y:a—(pVY) =y a—- oy a—9
RV
y<zy:a—=(eVyY)=y:(a—e)V(ia—)
R—
=z (= (p V) = (= @) V(a— 1))
where the subderivation D is of the form
By Lemma 3.2.1 (i) By Lemma 3.2.1 (i)
1< 21+ 29,281 F 22 0= 210,201 Y (ul) 20K 21+ 29,251 F 22 Y= 210,29 0 Y (ur)
el 2= 21 i, 20t el 2 Y= 2,29 Y I

e 21t 2oV =21 i, 20 01
Note that, since « is a classical formula, it is also a Harrop formula, so Corollary 3.2.15 is in fact
applicable here. In order to derive the double negation axiom (DN), let & € LB be again a classical
formula. Then, using the admissible rule (grp) from Figure 3.3, we may construct the derivation

By Lemma 3.2.2 (i) By Lemma 3.2.1 (i)
2<0,...sw:a,z2: L w<z,.. ., zia>wia,z J_( )
S
z<w7w<y,y<m,y:ﬁﬁa,z:a:w:a,z:J_R & Azt
%
WLY, YL T,Y: A= W Q,W A ...,w:L:>w:aL
—
WLY, YL T,Y: 0@ => Wi
ffffffffffffffff (grp)
YL T,Y: e =Y
R—

=T o — o

Again, observe that « is also a Harrop formula, so the application of (grp) is in fact correct. [J

In a similar way, one can also derive the axioms of the alternative Hilbert-style system HinqB,
presented in Figure 1.7. The derivations are almost the same. In particular, in the derivation for
the Kreisel-Putnam axiom (KP), one can again use Corollary 3.2.15, since negated formulas, too,
are always Harrop formulas. In the derivation for the atomic double negation axiom (ADN), one
can also use Rp instead of (grp). For the next step, let now (mp) be the modus ponens rule given by

ST =Tip—Y
=z

(mp)

Using our cut-admissibility theorem, it is easy to verify that (mp) is admissible in GLingB.
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Lemma 3.3.6. The modus ponens rule (mp) is admissible in GLingB.

Proof. Suppose that there is a derivation D; for = z : ¢ and a derivation Ds for = z : ¢ — 1.
We have to show that there is also a derivation for = z : 1. By applying the invertibility of the
rule R— to the derivation Ds, we first obtain a derivation D), for y < x,y : ¢ = y : 1, where
y € U is a fresh variable. Using D; and D), we may now construct the following derivation:

Therefore, by the admissibility of the cut rule, it follows that (mp) is admissible in GLingB. [

By combining the previous two lemmas, we can now prove that our labelled sequent calculus
is weakly complete with respect to HingB: if a formula ¢ is provable in the Hilbert-style system
HingB, then it is also provable in the sequent calculus GLingB. The strong completeness of
GLingB is then obtained as an immediate corollary, by using the deduction theorem for HingB.

Theorem 3.3.7. For every formula o € LB, if we havel—y ¢ in the Hilbert-style system HingB,
then the sequent = x :  is derivable in GLingB, for any variable x € 0.'®

Proof. The statement is proved by induction on the structure of a Hilbert-style proof for -y ¢
(see Definition 1.5.3). This is trivial, since we already know that all axioms of HingB are provable
in GLingB and that modus ponens is admissible in GLingB (see Lemma 3.3.5 and 3.3.6). O

Corollary 3.3.8 (Soundness and Completeness). The labelled sequent calculus GLingB is sound
and strongly complete with respect to InqB. That is, for every finite set of formulasT'U {¢} C LB,
we have I' = ¢ if and only if x : I' = x : @ is derivable in GLingB, for any variable x € 0.

Proof. The soundness of GLinqB has been established in Proposition 3.3.4. For the completeness
part, let T'U {o} C LB be an arbitrary finite set of formulas and suppose that I' = . By the
completeness of HingB (see Corollary 1.5.6), this yields I" = . Now, because I is finite, we
have I' = {4, ..., %y} for some formulas 1, ..., 1, € L8 Thus, from I |-y ¢, it follows -4
1 — (Y2 — ... (Yn — ¢)...) by the deduction theorem for HingB (see Theorem 1.5.4). One
readily sees that this implies =3 A T' — ¢, where AT is the conjunction of the formulas in T".
Hence, by Theorem 3.3.7, we may conclude that = = : A" — ¢ is derivable in GLingB, for any
x € 0. Therefore, by the invertibility of the rules R— and LA, the sequenty < z,y: ' =y : ¢
is also derivable, where y € U is fresh. But then, by performing the substitution (z/y) and a
subsequent application of (rf), we obtain the desired derivation for x : I' = z : ¢ in GLingB. O

3.4 Towards a Proof Search Procedure for Inquisitive Logic

In the previous section, we have seen that GLingB is sound and complete with respect to inquis-
itive logic, so a formula ¢ is provable in our system if and only if ¢ is valid in IngB. It would now
be desirable to have an effective proof search procedure for our sequent calculus, i.e., an algorithm
that, given any formula ¢ as input, either outputs a derivation for a sequent of the form = x : ¢,
or a finite countermodel for the formula ¢. In this section, we want to take a first step towards
such an algorithm. In particular, we will outline the overall structure of a possible proof search

18 Recall that we write [ for the provability relation of the Hilbert-style system HingB (see Definition 1.5.3).
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strategy for GLinqB and discuss some problems that have to be resolved in order to make sure
that the procedure is terminating. The full specification of the desired algorithm and the corre-
sponding termination proof will be left for future work. We start by defining some basic notions.

Definition 3.4.1 (Proof Search Tree, Branch). Let ¢ € £B be a formula. A proof search tree for ¢
is a finite tree of sequents T, built up from a root node of the form = x : ¢ with x € 5, by root-
first applications of the rules of our system.!” A branch in a proof search tree ¥ is a sequence 3 of
consecutive sequents in T, starting with the root node and ending with one of the leaf nodes of X.

A branch 3 in a proof search tree is said to be closed, if the topmost sequent in 3 is an instance
of one of the axioms of our system. Otherwise, the brach is said to be open. And a proof search
tree ¥ is called closed, if every branch in ¥ is closed, and it is called open otherwise. Recall that,
by a dynamic rule, we mean a sequent rule that allows to introduce a fresh variable (i.e., an eigen-
variable) in the course of a derivation. In the sequent calculus GLinqB, this includes the logical
rules Rp, R1 and R—. All other rules of our system are said to be static rules (see Section 3.1).

As explained above, we are interested in an algorithm that allows to find sequent proofs for
formulas in a systematic and mechanical way. The basic idea is to use a ‘bottom-up’ search
strategy in the style of Schiitte (1956) and Takeuti (1987). That is, given any formula ¢ € L? as
input, our algorithm should start to construct a proof search tree ¥ for ¢ by successively applying
all rules of our system root-first to the topmost sequents in the tree. If the input formula ¢ is
valid, then the search tree T should become closed after a finite number of steps. In this case, our
algorithm should output ¥, which is now a derivation for the root node = z : ¢. Otherwise, the
procedure should stop as soon as some open branch in ¥ satisfies a suitable saturation condition.
Intuitively, a branch § is said to be saturated, if the topmost sequent in [ is not an instance of
an axiom and [ is closed under non-redundant applications of all rules of our sequent calculus.
If a branch f in the search tree ¥ becomes saturated at some stage of the construction, then our
algorithm should be able to use this branch in order to construct a finite countermodel Mg and
an interpretation function I3 such that Mg, I3(z) # ¢, where ¢ stands for the input formula.

In order for this strategy to work, one has to design the search procedure and the saturation
condition for branches in such a way that the algorithm is guaranteed to terminate on each input,
so every branch in the proof search tree should in fact become either closed or saturated after
a finite number of steps. In addition to that, a saturated branch should always allow us to ‘read
off’ the desired countermodel for the input formula. Unfortunately, finding a suitable saturation
condition for our sequent calculus turns out to be quite difficult. In order to get an idea of the
difficulties, let us discuss some technical problems that may arise during the search process.

One problem is related to the complex syntax of the labels used in our proof system. In par-
ticular, by performing a root-first application of an order rule, we may introduce a new label in a
branch which can then be used in order to introduce further labels and so on. This might cause our
algorithm to get stuck in an infinite loop of order rule applications, producing increasingly more
complex labels. For instance, using only the rule (un), we may create an infinite loop of the form

(x+y)+x)+y<z,(@e+y)+ae<z,e+y<z, 2 < z,y< 2, = A
(z+y)+er<z,e+y<z,e<2,y< 2= A
r+y<z,e<z,y< z,I'=> A
r<z,y< 2, I'= A

(un)

(un)

(un)

From a semantic point of view, the repeated applications of (un) in this loop do not yield any new
information, since the relational atoms x +y < 2z, (z+y)+z < zand ((z+y)+z)+y < zall

By a root-first application of a rule, we mean that the rule is applied ‘bottom-up’, i.e., if one of the leaf nodes of T is
an instance of the conclusion of the rule, then we write the corresponding premises of the rule above this leaf node.
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have exactly the same ‘meaning’.?’ In order to avoid loops of this kind, one has to find a suitable
mechanism that prevents our algorithm from producing ‘equivalent’ relational atoms in a branch.

Luckily, this problem has an easy solution, since it is possible to show that every label of our
system can be reduced to a suitable normal form. To make this more precise, let us introduce some
terminology. First of all, we say that two labels 7 and o are equivalent, notation 7 = o, if for
every model M and for every interpretation I over M, it is the case that I(7) = I(o0). In other
words, 7 and o are equivalent, if they denote exactly the same information state under every
possible interpretation. By an intersection of variables, we mean any label of the form s1s9 - - - s,
where each s; is a variable, i.e., s; € © U U for all 1 < 7 < n. Given an intersection of variables
T = 81 Sy, we will also write S(7) for the set of variables given by S(7) := {s1,...,sp}. Itis
now possible to show that each label of our system can be transformed into an equivalent label
of the form 71 +. . . +m,, where each 7; is an intersection of variables. In order to make sure that
this normal form is unique, we have to require that the intersections 71, . . . , 7, and the variables
occurring in these intersections are ordered in a fixed way. To this end, we henceforth assume a
strict total order < on the set of all labels A(S, ), i.e., an irreflexive, asymmetric, transitive and
connected relation between labels.?! The notion of a normal form can now be defined as follows.

Definition 3.4.2 (Normal Form). A label 7 is said to be a normal form, if 7 is either of the form

(), or it is of the form m = w1 + ... + 7, and each of the following three conditions is satisfied:
(i) Each mr; is an intersection of variables m; = s1 - - - s such that s; < s;foralll <7 < j <k.
(ii) For all intersections 7; and m; with 1 <i < j < n, we have m; < ;.

(iii) There are no intersections m; and 7; with i # j such that S(m;) C S(7;).

Observe that, by the first two conditions, no variable can occur more than once in any of
the intersections 7; and these intersections must always be pairwise distinct. The last condition
ensures that normal forms do not contain any ‘superfluous’ intersections: if we would have
S(m;) C S(m;) for two distinct intersections 7; and 7;, then it would follow I(7;) C I(m;) for
every interpretation I, so the label 7r; could also be removed from the union 71 +. . . 4+, without
changing the ‘meaning’ of the normal form. Using the concept of a normal form, it is now possible
to avoid redundant applications of order rules during the search process. Let us make this idea
more precise. First of all, given any branch 3 in a proof search tree, we write &z for the set of all
variables from & that occur in 3, and we write U for the set of all variables from U that occur
in 8. Moreover, let Agf be the set of all normal forms built up from the variables in G5 U .
Note that, since every branch in a search tree is finite, both of the sets G5 and U3 must be finite
as well. Using this fact, it is easy to see that Agf contains only finitely many normal forms.

Proposition 3.4.3. For every branch 3 in a proof search tree, A%f is finite.

Proof. Let (3 be an arbitrary branch in a proof search tree, let V3 := G5 U Ug be the set of all
variables occurring in 3 and let n := |Vj| be the cardinality of V. Clearly, every normal form
m1+. ..+ 7 from A%f can be uniquely encoded by the set {S(71), ..., S(m)}, which is a subset
of P(Vj). Since there are exactly 22" such subsets, A?_jf can contain at most 22" elements. O]

In addition, we can now prove the desired normal form result for the labels of our system.

Proposition 3.4.4 (Existence of Normal Forms). For every label m, there exists a unique normal
form o withm = 0. Moreover, there is an algorithm that computes this normal form, for any label .

Proof. Let 7 be an arbitrary label. In order to compute the normal form of 7, we may perform the
following steps: first, we use the left-to-right direction of the equivalences o (71 +72) = o711 +072
and (1] + 7)o = 710 + 720 in order to distribute all intersections in 7 over the unions in 7.

20This follows immediately from the way in which labels are interpreted in a model (see Definition 3.3.1).
2 We do not care about the exact definition of this relation—all that matters is that such a relation can be defined.
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After a finite number of steps, this must result in a label of the form 71 4. . . 4+ 7, where each 7;
is an intersection built up from variables and the constant (). If each 7; contains an occurrence
of (), then the desired normal form is taken to be (). Otherwise, we delete all intersections 7; that
contain () and all intersections 7; for which there is another intersection 7; with S(7;) C S(m;).
Finally, we use the equivalences 07 = 70 and 0 + 7 = 7 + ¢ in order to arrange the remaining
intersections m; and the variables occurring in these intersections in the right order. Clearly, each
of the transformations preserves equivalence, so this finally yields a normal form ¢ with 7 = o.

In order to prove the uniqueness of normal forms, it suffices to show that distinct normal forms
are always non-equivalent. To this end, let 7 and o be arbitrary normal forms and suppose that
7 # 0. We have to show that it also holds 7 # o. If one of 7 and ¢ is of the form (), then the argu-
ment is trivial. Thus, assume that 1 = 71 +...+7, and ¢ = o1 +...+0}, where each 7; and each
0; is an intersection of variables. Moreover, let IT := {my,...,m,} and ¥ := {01,...,0%}. By a
distinguishing term for m and o, we mean an intersection of variables 7 which is contained in only
one of the two sets I and X, but not in the other one. Since we have 7 # o by assumption, there
clearly exists at least one distinguishing term for 7 and 0. Let now 7 be a smallest distinguishing
term, i.e., suppose that there is no other distinguishing term 7" # 7 with S(7') C S(7). Without
loss of generality, suppose that 7 € ITand 7 ¢ ¥, i.e., there exists some 7; with 7 = 7; and it holds
T # ojforalll < j < k. Towards a contradiction, suppose that there is a o with S(o;) C S(m;).
Then, by Definition 3.4.2 (iii), this o; cannot be contained in II. Hence, o; is a distinguishing term
that is smaller than 7 = m;, in contradiction to our assumption about 7. Thus, for every j with
1 < j < k,wehave S(o;) € S(m;). Letnow M be a model with two distinct worlds w and u and
let I be the interpretation that assigns the singleton {w} to all variables in S(7), and the singleton
{u} to every other variable. Then, clearly, we have I(7) = I(m;) = {w}, so it follows w € I (7).
However, since S(o;) € S(7) forall1 < j < k, we must have w ¢ I(o;) for each 0; € 3,
which implies w ¢ (o). Now, from w € I(7) and w ¢ I(c), we may conclude 7 # o. O

In what follows, we will also write nf(7) for the unique normal form of a label 7. Using
our normal form result, it is now possible to circumvent the aforementioned problem in a very
elegant way. The basic idea is as follows: first, we can define a variant GLingB" of the proof
system GLingB by reformulating all order rules in such a way that the new labels introduced by
these rules are always required to be in normal form. So, for example, the old formulation of the
rule (un) presented in Figure 3.1 would be replaced by the following reformulated version:

nf(r+7)<on<or<o = A
T<oT<o0l=A

(un)

In the modified sequent calculus GLingB"™, we can now use a suitable loop-checking mechanism
in order to avoid redundant applications of order rules during the construction of a proof search
tree. For instance, before performing a root-first application of the rule (un) in a branch 3, we first
check whether the resulting atom nf(7 +7) < o does already occur in the topmost sequent of .
If this is the case, then the application is taken to be redundant and we refrain from applying the
rule. Otherwise, the application is carried out in the usual way. Note that, in the system GLinqB",
all new labels introduced by order rule applications in a branch (8 are taken from the finite set
Agf, so there are only finitely many order rule applications to be performed at each step.?? This
avoids the problem of infinite loops constructed from redundant applications of order rules.
However, there is also a more severe problem that has not been fully resolved yet. This problem
arises from the interaction between the dynamic rules and the rule L— and might cause our
algorithm to generate infinitely many new variables in the course of the search process. For

22 Strictly speaking, this also requires to impose a suitable restriction on those order rules that do not have any principal
atoms in the conclusion of the rule. However, such a restriction is unproblematic. The details are left to the reader.
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example, using alternating applications of the rules R— and L—, our procedure might create an
infinite loop of the following form (in applications of L—, only the left premise is displayed):

zéx,zéy,yéx,xéx,m:ﬂﬂgo,y':ga,z:gaéxch,y:J_,z:J_,z:—w

(tr)

R—

2L, 2< Y, YL T, e <, Yy, zio=>x 0,y Lz L L=

<Y YSTT<T,ri o yipzip=ripyr Lzl

YST,ESTTI ooyt =xi9y Lyiop

L—

Yy<r,r LT,y =>x:p,y: L
R—

TLT,T: Q=T QTP

(rf)

TLT, T Q=T L=

TP =T

As can be seen, each application of L— in this loop introduces an occurrence of the formula —¢
in the succedent of the corresponding premise. This formula is then used in an application of
R— in order to introduce a fresh variable, giving rise to another application of L—, and so on.
Similar loops can also be constructed by using the dynamic rules Rp or R_L instead of R—.

In order to resolve this problem, one would have to define a suitable saturation condition that
tells our algorithm to refrain from applying a dynamic rule as soon as an ‘essentially identical’
application of the rule already occurs in the branch. For example, in the loop given above, the
variable z does not yield any new information, since everything which can be obtained from the
formulas labelled with z can also be obtained from the formulas labelled with y. The desired satu-
ration condition should be able to detect this kind of redundancy in a search tree and should block
the application of dynamic rules at an appropriate stage of the construction. For an intuitionistic
labelled sequent calculus, such a saturation condition has been formulated by Negri (2014, pp. 39—
41). Unfortunately, this condition cannot be easily adapted to our labelled sequent calculus for
IngB. The main problem lies in the complex syntax of the labels used in our system, which makes
it much more difficult to detect loops of the type mentioned above and to construct the desired
countermodel in an adequate way. A detailed solution to this problem is left for future work.



Chapter 4

Intuitionistic Inquisitive Logic

Recall that, in the basic inquisitive system IngB, the underlying background logic for declarative
sentences was assumed to be classical: every truth-conditional formula of InqgB behaves in essen-
tially the same way as a formula of classical propositional logic. We will now turn to a variant
of inquisitive logic in which the logic of statements is no longer classical logic, but intuitionistic
logic. This system, denoted by Inql and referred to as intuitionistic inquisitive logic, was intro-
duced by Ciardelli et al. (2020). Roughly speaking, Inql may be regarded as the result of adding
the question-forming operator \V to the basic system of intuitionistic propositional logic. In this
chapter, we will present a cut-free labelled sequent calculus for Inql, investigate the structural
properties of our proof system and establish its completeness in a proof-theoretical way.

The chapter is organized as follows. In Section 4.1, we will first provide a formal exposition of
intuitionistic inquisitive logic. The language of Inql is obtained by enriching the language of basic
inquisitive logic with a new primitive connective V, representing the non-inquisitive disjunction
operator of the system. The formulas of Inql are evaluated with respect to ordinary intuitionistic
Kripke models and the new connective V is interpreted in the same way as the so-called tensor
disjunction adopted in dependence logic (see, e.g., Vadnédnen 2007; Yang and Véddninen 2016). In
Section 4.2, we will present a completeness result by Ciardelli et al. (2020) and define a sound and
complete Hilbert-style system for intuitionistic inquisitive logic. Afterwards, in Section 4.3, we
will turn to the description of our labelled sequent calculus for Ingl. Our system will be denoted
by GLinqgl and can be seen as a careful modification of the sequent calculus GLingB considered in
the previous chapter. In fact, apart from a few minor changes, most of the rules of GLingB can be
easily transferred to the system GLinql. In addition to that, GLinqgl also includes a number of new
rules, reflecting the semantics of the tensor disjunction V and the properties of the accessibility
relation of an intuitionistic Kripke model. In Section 4.4, we will explore the structural properties
of our system. We will see that GLingl enjoys cut-admissibility, height-preserving admissibility
of weakening and contraction and height-preserving invertibility of all rules. In Section 4.5,
finally, we will prove the soundness and completeness of our system. As before, the completeness
will be established proof-theoretically, by exploiting the admissibility of the cut rule in GLingl.

4.1 An Intuitionistic Variant of Inquisitive Logic

Let us first give a brief introduction to the system of intuitionistic inquisitive logic, henceforth
referred to as Inql. A much more comprehensive exposition of the material is provided by Cia-
rdelli et al. (2020). As explained above, Inql differs from the standard system of inquisitive logic
in terms of the underlying background logic for declarative sentences: in InqB, the background
logic was taken to be classical logic, whereas in Inql, it is assumed to be intuitionistic logic. At the
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syntactic level, this means that, in Inql, the non-inquisitive disjunction operator V can no longer
be viewed as a defined connective (as it was done in IngB), but has to be added to the language as
a primitive operator. To make things precise, we assume again a countably infinite set P of atomic
propositions, denoted by the meta-variables p, g, , etc. The formulas of Inql are now built up from
the atoms in P by means of the usual connectives of IngB and the new disjunction operator V.

Definition 4.1.1 (Language of Inql). The language of Inql is denoted by £' and consists of all
formulas generated by the following grammar, where p ranges over atomic propositions from P:

pu=p|Llohpleo—=0leVe|lpVe.

The negation operator and the question mark operator are again treated as abbreviations, by
putting ¢ = ¢ — L and 7¢ = ¢ V —p. Moreover, we will refer to \ as the inquisitive
disjunction and to V as the standard disjunction of Inql. As in the classical setting, the operator
V is used in order to form interrogative sentences within the language of our system, so ¢ \V ¢
represents the alternative question whether ¢ or). Conversely, any formula not containing V is
intended to represent a purely declarative sentence. In Inql, the underlying background logic for
declarative sentences is no longer classical logic, but intuitionistic logic. For this reason, \-free
formulas are now referred to as standard formulas, rather than classical formulas.

Definition 4.1.2 (Standard Formula). A formula ¢ € L' is said to be a standard formula, if ¢
contains no occurrences of \V. The set of all standard formulas is denoted by £..

Throughout this chapter, standard formulas will be denoted by the meta-variables «, 3, 7, etc.,
whereas ¢, v, x, etc., will be used for arbitrary formulas of Inql. The formulas of our system
are evaluated with respect to ordinary intuitionistic Kripke models. As usual, any such model
consists of a set of possible worlds W, a reflexive and transitive accessibility relation R between
these worlds, and a valuation function V' satisfying the well-known persistency requirement.

Definition 4.1.3. An intuitionistic Kripke model is defined to be a triple M = (W, R, V'), where
(i) W is a set whose elements are referred to as possible worlds,
(i) R C W x W is a preorder, i.e., a reflexive and transitive relation on W'
(i) V : W x P — {0,1} is a valuation function satisfying the persistency condition: for all
worlds w,w € W and for all atoms p € P, if V(w, p) = 1 and wRu, then also V (u, p) = 1.

Intuitively, every world in an intuitionistic Kripke model may be regarded as an incomplete
state of affairs, determining certain aspects of reality and being indeterminate with respect to
certain other aspects. In line with this, wRu can be interpreted as saying that u is a refinement of
w, in the sense that everything which is determined at w is also determined at u (but not neces-
sarily the other way around). This is also reflected by the persistency condition: if a proposition
p is determinately true at some world w, then it must stay so at every refinement of w.?

Let us introduce some terminology. Given an intuitionistic Kripke model M = (W, R, V') and
arbitrary worlds w,u € W, we will say that u is a successor of w in M, just in case we have
wRu. The upset of a world w € W in M is denoted by R(w) and defined to be the set of all
successors of w, so we put R(w) := {u € W | wRu}. As usual, a set of worlds s C W is also
referred to as an information state over M. And the upset of a state s C W, notation R(s), is the

! Strictly speaking, Ciardelli et al. (2020) also require R to be antisymmetric (and thus a partial order). However, it is
easy to see that this additional requirement does not affect the set of formulas valid with respect to the support se-
mantics given below, so the two notions of an intuitionistic Kripke model give rise to essentially the same semantics.

? Itis well known that there is also another natural interpretation of the components of an intuitionistic Kripke model.
According to this interpretation, the worlds of a model are viewed as points in time and the accessibility relation
describes the temporal order of these points. If an atom p has the value 1 at some world w, then this means that p has
been proved at w. And if p has value 0 at w, then this means that p has not yet been proved at w (cf. Kripke 1965).
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set of all successors of the elements of s, so we define R(s) := |J,,c R(w). Note that, as before,
every state can be thought of as representing a certain body of information, because it locates the
actual world within a particular region of the logical space.> However, contrary to the classical
setting, there are now two ways in which a state s may be strengthened: on the one hand, s
may become more informative by eliminating some worlds from s, thus reducing the number of
possible candidates for the actual world. On the other hand, s may also become more informative
by replacing some of the worlds in s by other worlds that are more refined with respect to the
preorder RR. Hence, it is natural to define the notion of an enhancement in the following way.

Definition 4.1.4 (Enhancement). Let M = (W, R, V) be an intuitionistic Kripke model and let
s,t C W be states. We say that s is an enhancement of t in M, just in case s C R(t).

As shown by the following proposition, one can also describe the reflexivity and transitivity of
an accessibility relation in terms of states, rather than worlds. This will be useful later on, when
we will translate the properties of an accessibility relation into corresponding sequent rules.

Proposition 4.1.5. Let W be a set of worlds and let R C W x W be a binary relation on W.
(i) R is reflexive if and only if, for every state s C W, it holds s C R(s).
(ii) R is transitive if and only if, for all states s,t C W, if s C R(t), then R(s) C R(t).

Proof. We only prove part (ii), the other part is trivial. For the left-to-right direction, suppose
that R is transitive. Moreover, let s,t C W be arbitrary states and assume that s C R(t). We
need to show that it holds R(s) C R(t). To this end, let u € R(s) be an arbitrary world. Then,
by definition of R(s), there exists some world v € s such that vRu. Since v € s and s C R(t),
we also have v € R(t), so there must also be a world w € t with wRv. Now, from wRv and v Ru,
we may conclude wRu by the transitivity of R. But then, because w € t, it follows u € R(t).
Since u was an arbitrary world with u € R(s), this shows that R(s) C R(t), as desired.

For the right-to-left direction, suppose that, for all states s,t C W, it is the case that, if s C
R(t), then R(s) C R(t). Let u,v,w € W be arbitrary worlds and assume that it holds uRv and
vRw. We have to show that uRw. For this purpose, let s,¢ C W be the singleton states given by
s := {v} and t := {u}. Then, clearly, since uRv, we have s C R(t), so it follows R(s) C R(t)
by assumption. On the other hand, from v Rw, we may also conclude w € R(s). Together with
R(s) C R(t), this implies w € R(t). But then, because t = {u}, we also have uRw. O

We can now give an inductive definition of the support conditions for all formulas of Inql.

Definition 4.1.6 (Support Semantics for Ingl). Let M = (W, R, V') be an intuitionistic Kripke
model. The support relation = between states and formulas is inductively defined as follows:
(i) M,sEp & V(w,p)=1forallw € s,
(i) M,sk=1 o s=0,
(i) M,sEpAY = M,sE=pand M, skE= 1),
(iv) M,sE=E¢@ — 1 & forallt C R(s),if M,tE ¢, then M, t = 1,
V) M,sEeVyY & M,sEypor M,skE 1,
(vi) M,sE=@ V1 & therearety,to C W such that s = t1 Uty, M, t1 = @ and M, to = 1.

If M, s = ¢ holds, then we say that ¢ is supported by the state s in M. Note that, for atomic
formulas and for the logical symbols L, A and V, the support clauses are exactly the same as
in the basic system IngB (see Definition 1.2.6). The support clause for implication, on the other
hand, has now been reformulated in order to account for the different notion of an enhancement
in intuitionistic inquisitive logic: whereas in InqB, we only had to consider subsets t C s, we

® More precisely, a state s C W conveys the information that the actual world corresponds to one of the states of
affairs in s and that all states of affairs not contained in s are ruled out as possible candidates for the actual world.
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now have to consider subsets t C R(s). A genuinely new component is the support clause for
the standard disjunction V, which reads as follows: a formula ¢ V v is supported by a state s,
just in case it is possible to divide the worlds in s into two substates ¢; and t2 such that ¢ is
supported by ¢; and 1) is supported by t2. This corresponds to the semantics of the so-called
tensor disjunction adopted in dependence logic, which in turn resembles the semantics of tensor
in linear logic (cf. Vadnédnen 2007; Yang 2014; Yang and Vdanédnen 2016; Ciardelli 2016a).

As in the classical setting, entailment in Inql is simply defined as preservation of support. That
is, given any set of formulas I' U {p} C L', we will write I' = ¢ and say that ¢ is entailed by
I, if for every intuitionistic Kripke model M and for every state s over M, it is the case that
M, s =T implies M, s = ¢ (where, as usual, M, s =T is used as an abbreviation for ‘M, s = v
for all 1) € I"). We will say that two formulas @, € L' are equivalent, notation ¢ = 1), if
these formulas mutually entail each other, i.e., if we have both ¢ =1 and ¢ = . And a formula
¢ € L'is said to be valid in Inq], if it is supported by every state over every model, i.e., if for every
intuitionistic Kripke model M and for each state s, we have M, s = ¢ (cf. Ciardelli et al. 2020).

We now want to point out some interesting properties of Inql. First of all, it is easy to show that
support in Inql is again persistent: if a formula ¢ is supported by a state s, then it is also supported
by every enhancement of this state. Importantly, this now also holds for the refined notion of an
enhancement given by Definition 4.1.4. In addition, we also have the usual empty state property,
familiar from the basic system: in Inql, every formula is supported by the inconsistent state ().

Proposition 4.1.7. Let M be an intuitionistic Kripke model, let s andt be states and let o € L',
(i) Persistency: if M, s = ¢ andt C R(s), then M, t = .
(ii) Empty state property: M, () = .

As before, both statements are proved by induction on ¢. The notion of truth at a possible
world is defined in exactly the same way as in the classical setting (see Definition 1.2.8). That is,
given any formula ¢ € £' and a world w in a model M, we will write M, w = ¢ and say that
is true at w in M, just in case ¢ is supported by the singleton state {w}. Moreover, a formula ¢ is
said to be truth-conditional, if for every model M and for every state s over M, we have M, s = ¢
if and only if M, w = ¢ for all worlds w € s. In other words, a formula is truth-conditional, if its
support conditions are completely determined by its truth conditions, in the sense that support
at a state simply comes down to truth at every world in the state. As usual in inquisitive logic,
truth-conditionality is again taken to be the fundamental semantic difference between declara-
tive and interrogative sentences: a formula ¢ represents an assertion, if it is truth-conditional,
and it represents a question otherwise. As anticipated above, it is now possible to show that
standard formulas are always truth-conditional and therefore purely declarative in Inql.

Proposition 4.1.8. Every standard formula o € L., is truth-conditional *

Proof. By induction on the structure of a.. Most cases are treated in essentially the same way as
in the classical setting (see the proof of Proposition 1.3.3). Thus, we only need to consider the case
in which « is of the form o = 3\ for some 3,7 € L.. Let M = (W, R, V') be an arbitrary intu-
itionistic Kripke model and let s be an arbitrary state. We have to show that M, s = 5V y if and
onlyif M, w = BV forallw € s. The left-to-right direction follows directly from the persistency
of support and from the fact that, for all w € s, we have {w} C R(s) by the reflexivity of R. For
the right-to-left direction, suppose that we have M, w = 3V~ for all w € s. Using the semantics
of V, one readily sees that this yields M, w = 3 or M, w = v forall w € s. Let now t1,t2 C s be
given by t1 := {w € s | M,wk= B} and t3 := s\ 1. Then, clearly, we must have M, w = 3 for

* As in our treatment of IngB, it is actually possible to extend this proposition to the class of those formulas in
which V occurs only in the antecedent of an implication (one might refer to such a formula as an ‘extended Harrop
formula’). However, for our purposes, it is sufficient to prove the truth-conditionality of standard formulas only.
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allw € t1, and M, u =~ for all u € to. Therefore, by induction hypothesis, it follows M, t1 = 8
and M, to = . Since s = t1 U to, this implies M, s = 3V 7y by the semantics of V. O

Using this result, one can now also prove that, for standard formulas, the truth conditions
determined by the support semantics of Inql are simply the familiar ones from intuitionistic logic.

Proposition 4.1.9 (Truth Conditions for Standard Formulas). Let M be an intuitionistic Kripke
model, let w be a world in M and let o, 3 € L. be standard formulas. We have:

(i) MiwkEp & V(w,p) =1,

(i) M,wk- 1,

(iii) MiwkEaANB & M,wkEoaand M,wkE=(,

(iv) MiwEa — < forallu € R(w), if M,ut= «, then M, u = B,

v) MfwEaVvp & MwEao M,wkEp.

Proof. We only prove part (iv), the other parts are trivial. For the left-to-right direction, suppose
that M, w = a — (. Letu € R(w) be arbitrary such that M, u = «. Then, since {u} C R(w) is
an enhancement of {w}, it follows M, u = 3 by assumption. For the right-to-left direction, sup-
pose that, for all worlds u € R(w), it is the case that M, u = « implies M, u = (. Let s C R(w)
be an arbitrary enhancement of {w} such that M, s = a. Then, by Proposition 4.1.8, we must
have M, u = aforallu € s. Using the assumption and the fact that s C R(w), this yields M, u =
B for all u € s. But then, by Proposition 4.1.8, we may conclude M, s = §3. Since s C R(w) was
an arbitrary enhancement with M, s = a, this shows that M, w = o« — 3, as desired. ]

Thus, putting things together, it follows that standard formulas do indeed behave ‘intuition-
istically’ in Inql: they are always truth-conditional, so their support conditions are completely
determined by their truth conditions; and these truth conditions are simply the ordinary ones
from intuitionistic Kripke semantics. In other words, a standard formula « is supported by an
information state s if and only if « is intuitionistically true at every world in s. Using this fact, it
is easy to show that Inql is a conservative extension of intuitionistic logic: if we restrict ourselves
to standard formulas, then entailment in Inql simply amounts to intuitionistic entailment.

Proposition 4.1.10 (Conservativity over Intuitionistic Logic). LetT'U{a} C L. be a set of stan-
dard formulas. We have I = « if and only if a is entailed by I in intuitionistic propositional logic.

Hence, with respect to standard formulas, Inql has exactly the same expressive power as or-
dinary intuitionistic logic. One might now ask whether this can be generalized to all truth-
conditional formulas of Inql. In other words, does the presence of questions in the language
allow us to express new truth-conditional meanings, going beyond the expressivity of intuition-
istic logic? As shown by Ciardelli et al. (2020, p. 101), the answer is negative: for every truth-
conditional formula of Inql, there exists an equivalent standard formula. Consequently, standard
formulas are in fact representative of all truth-conditional meanings expressible in Inql.

Proposition 4.1.11. A formula ¢ € L' is truth-conditional if and only if there exists a standard
formula o € LY, such that p = c.

Finally, one can show that the inquisitive disjunction still validates the usual split property
and the split equivalence familiar from our treatment of InqB (see Propositions 1.4.1 and 1.4.2).

Proposition 4.1.12 (Split Property, Split Equivalence). Let I' C L' be a set of truth-conditional
formulas, let o € L' be a truth-conditional formula and let ¢, € L' be arbitrary formulas.

(i) Split property: T'F= ¢ \V ¢ if and only if T' = ¢ or T = ).

(ii) Split equivalence: « — (p V ¥) = (a — ) V (a — ).
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Figure 4.1: Special rules of the natural deduction system Ninql described by Ciardelli et al.
(2020). In the rules \VE and (split), we require « to be a standard formula, i.e., o € L.

4.2 Standard Axiomatizations of Inql

In their paper, Ciardelli et al. (2020) provide a sound and complete natural deduction system
for Inql. Their proof system, henceforth denoted by Ningl, consists of the usual rules of the
‘intuitionistic’ base calculus given in Figure 1.3, and the special rules for the new connective V
depicted in Figure 4.1. Let us give a brief explanation of the special rules of this system. First
of all, the rules VI and VE are very similar to the ordinary rules for disjunction in classical
and intuitionistic logic. However, in the elimination rule VE, the conclusion « is now required
to be a standard formula. This restriction is necessary in order to make sure that Ningl is sound
with respect to Inql. In particular, an unrestricted elimination rule for V would allow us to derive
standard formulas that are not intuitionistically valid, in contradiction to Proposition 4. 1.10.° Due
to the restriction on the elimination rule for V, it is now necessary to include additional rules,
accounting for those properties of \ that are not derivable in terms of VI and V E. The rule (com)
accounts for the commutativity of V, and (dis) accounts for the fact that standard disjunctions
distribute over inquisitive disjunctions. The rule (ex), finally, allows to replace each disjunct in a
standard disjunction by some other formula derivable from the disjunct. In addition to the special
rules for V, the system also includes the usual split rule (split) familiar from the standard natural
deduction system for InqgB. The double negation rule (dne), however, is now excluded from the
system: as before, this is necessary in order to make sure that Ningl is sound with respect to Inql.

Definition 4.2.1 (The System Ninql). We define Ningl to be the natural deduction system com-
prising each of the rules presented in Figure 1.3, together with the special rules from Figure 4.1.

In what follows, we will write —y for the provability relation of Ningl. The soundness of the
system is established by an easy induction on the structure of a derivation in Ningl. In order to
prove the completeness of Ningl, one can first generalize the definition of resolutions and the
normal form result for IngB (see Definition 1.4.3 and Proposition 1.4.4) to the extended language
of Inql. The completeness of Ningl is then established in very much the same way as in the classi-
cal setting (see Theorem 1.5.2). For further details, we refer to Ciardelli et al. (2020, pp. 102-103).

Theorem 4.2.2 (Soundness and Completeness). The system Ningl is sound and complete with
respect to Inql. That is, for every ' U {p} C L', we have: T |-\ ¢ if and only if T = .

For our purposes, it will be more convenient to have a Hilbert-style system for Inql, rather
than a natural deduction system. As in the case of IngB, such a Hilbert-style system can be eas-
ily obtained by converting each of the natural deduction rules of Ninql into corresponding axiom

> A concrete example is the Kreisel-Putnam axiom (—p — (g V7)) — ((—=p — q) V (—=p — 7)), which is known to
be invalid in intuitionistic logic. By dropping the restriction on V E, this formula would become provable in Ningl.
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Axioms:

(IPL)  All axioms of the ‘intuitionistic’ system given in Figure 1.5,

(Intro) @ — (pV¢)andy — (o V1),

(Elim) (¢ = a) = (¥ = ) = ((¢ V¢) — «)), where « is a standard formula,
(Com) (pV¥) = (VV o),

(Dis) (¢ V(¥ VX)) = ((p V) V(o VX)),

(Ex) Ew—MO) ()(¢—>¢) = ((p V) = (¢ Vi),

(

Split) (= (¢ V1)) = (@ = ¢) V (a = 1)), where « is a standard formula.

The only rule of inference is modus ponens: from I' = @ and I' = ¢ — 1), infer T" — ).

Figure 4.2: The Hilbert-style system Hinqgl.

schemes. The resulting proof system, henceforth referred to as Hinql, is presented in Figure 4.2.
The provability relation of the system Hingl is denoted by I and inductively defined in the usual
way. That is, given any set of formulas T'U{p} C L', we will write I -  and say that ¢ is prov-
able from I' in Hingl, if ¢ is either an element of I', or ¢ is an axiom of Hingl, or there exists some
formula ) € £' such that we have both I' F— 1) and I" = ¥ — ¢ (in the last case, we also say
that I y ¢ is obtained from I" = ¢ and T" b~y 1) — ¢ by an application of modus ponens). Us-
ing induction on the definition of " |- ¢, it is again easy to show that the provability relation
is monotonic: if we have I' =y ¢ and T' C A, then also A |-y ¢. In order to establish the sound-
ness and completeness of our Hilbert-style system, we will now prove that Hingl is equivalent to
the natural deduction system Ninql, in the sense that everything provable in Ninql is also prov-
able in Hingl and vice versa. To this end, one first has to establish the deduction theorem for Hinql.

Theorem 4.2.3 (Deduction Theorem). In Hingl, we have I', ¢ -y v if and only if T' -y o — ).

The proof works in exactly the same way as in the classical setting (see Theorem 1.5.4). That
is, the left-to-right direction is established by a straightforward induction on the definition of
I, ¢ =4 1. For the right-to-left direction, one uses the fact that, from I' = ¢ — 1), it follows
I, o 4 ¢ — 1 by the monotonicity of . Together with I", ¢ Iy ¢, this yields I", ¢ -y 9 by
an application of modus ponens. Using the deduction theorem, it is now easy to show that our
Hilbert-style system is in fact equivalent to the natural deduction system provided by Ciardelli
et al. (2020). The soundness and completeness of Hinqgl then follows as an immediate corollary.

Theorem 4.2.4. Let T U {¢} C L' be a set of formulas. We have T |-y  in the Hilbert-style
system Hingl if and only if T =\ ¢ holds in the natural deduction system Ningl.

Proof. The left-to-right direction is proved by induction on the definition of I' F— ¢. This is
straightforward, since all axioms of Hingl are obviously derivable in Ninql and modus ponens
corresponds to — E. For the right-to-left direction, one proceeds by induction on a natural de-
duction proof for I' —y ¢. This is also not difficult, since most of the natural deduction rules
correspond directly to some axiom of Hingl and the discharging of hypotheses can be ‘simulated’
using the deduction theorem for Hingl. For further details, see the proof of Theorem 1.5.5. [

Corollary 4.2.5 (Soundness and Completeness). The system Hingl is sound and complete with
respect to Inql. That is, for every ' U {p} C L', we have: T = ¢ if and only if T = ¢.

Proof. The statement follows immediately from Theorem 4.2.2 and Theorem 4.2.4. O
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4.3 'The Sequent Calculus GLinql

We are now ready to introduce our labelled sequent calculus for Inql. Our proof system will
be denoted by GLinql and can be seen as a slight modification of the labelled sequent calculus
GLingB described in Section 3.1. As before, we will assume two countably infinite sets of state
variables, denoted by G and U, respectively. The variables in & are used for singleton states and
the variables in U are used for arbitrarily large information states. In order to avoid confusion,
we will again use the meta-variables u, v, w, etc., for variables from &, and the meta-variables
x, Y, 2, etc., for variables from U. The labels of our system are now defined in the following way.

Definition 4.3.1 (Labels). The set of labels is denoted by A(&,U) and consists of all expressions
generated by the following grammar, where w € & and x € 0 are arbitrary state variables:

Tu=w|x|0 |7 -7 |7+7|R(m).

As in our labelled sequent calculus for IngB, labels will be denoted by the meta-variables T,
o, T, etc. Intuitively, every label can be seen as a description of an information state. So, in
particular, 7 - o stands for the intersection and 7 + o stands for the union of the states represented
by 7 and 0. A label of the form R(7), on the other hand, is intended to denote the upset of the
state described by T, i.e., the set of all successors of the worlds in 7 (see Section 4.1). Following
the convention adopted in the previous chapter, we will also write 7o as a shorthand for 7 - o.

Let us recall some terminology. By a relational atom, we will mean an expression of the form
m < o, where m,0 € A(G,0) are arbitrary labels. A labelled formula, on the other hand, is
defined to be an expression of the form 7 : ¢, where 7 € A(&,%) is a label and ¢ € L'is a
formula. Relational atoms and labelled formulas are interpreted in the usual way. Thatis, 7 < o
stands for the statement ‘7 is a subset of ¢” and 7 :  stands for the statement ‘p is supported by
7. By a sequent, we will mean any expression of the form I' = A, where I is a finite multiset
containing labelled formulas and relational atoms, and A is a finite multiset containing only
labelled formulas (but no relational atoms). The intended meaning of a sequent is the same as in
our treatment of InqB. Thus, intuitively, I' = A is considered to be ‘valid’, if it is the case that,
whenever all expressions in I are ‘satisfied’, then at least one of the expressions in A is ‘satisfied’.
Given any sequent I' = A, we will also call I the antecedent and A the succedent of the sequent.

Our labelled sequent calculus for Inql is presented in Figure 4.3. As can be seen, most of the
rules of our system are very similar to the corresponding rules of the sequent calculus GLingB
discussed in the previous chapter. However, there are also some important differences. First of all,
in the rules Lp and Rp, each of the relational atoms w < 7 is now replaced by a relational atom of
the form w < R(w). This change has been made in order to account for the ‘internal’ persistency
associated with the preorder R of a Kripke model (as opposed to the ‘external’ persistency of the
support relation of Inql). That is, an atomic formula p is supported by a state 7 if and only if p is
true at every world in the upset R() of this state. A similar modification has also been adopted
for the rules L_L and R_L. The rules for implication have been slightly reformulated in order to
accommodate the refined notion of an enhancement in intuitionistic inquisitive logic: whereas in
IngB, an enhancement of a state s was simply defined to be a subset ¢t C s, it is now defined to be a
subset ¢ C R(s) (see Definition 4.1.4). In addition to that, our sequent calculus now also includes
the new rules LV and RV, which mirror the support conditions for standard disjunctions: a
formula ¢ V 1) is supported by a state 7, just in case 7 can be divided into two subsets such that
the first subset supports ¢ and the second subset supports ). Note that, in applications of LV,
we require x and y to be fresh variables not occurring in the conclusion of the rule.

The order rules of our system are now divided into two groups, referred to as internal order
rules and external order rules, respectively. The internal order rules are used in order to formalize
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Axioms:

Az A.Z‘L —Aa:@
w:p, = Aw:p w: 1L, I'= A w<h,T'= A

Logical Rules:

w:p,w< R(m),7:p, T = A w< R(r),l'=Aw:p
w< R(n),n:p,T' = A I'sAnx:p
w:J_,ng(ﬂ'),ﬂ':J_,FéALJ_ w< R(r), = Aw: L
w< R(r),m: L,T'= A s Ar: L
T, = A '=sAr: F'=Anr:
T Y A Ty LKA
T AP, T = A F'=A7n:pA
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Internal Order Rules:
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External Order Rules:
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(un)
o < 7TI‘:>A(]) o < 7rF:>A() 7T\7T+O',F=>A(])
r=sA : '=sA " '=sA u
W<0+W,F¢A(ur) r<hr<w,Il'=A w<rnr<w,=A
'=A r<w, = A
7T<7T,F:>A(rf) w<mw<r+ol'=A wow<r+ol'=A
I'=sA w<r+o,l'=A

(sg)

(cd)

Figure 4.3: The system GLinql. As usual, w ranges over variables from &, x and y range over
variables from U, and 7, o, 7, etc., stand for arbitrary labels. In the rules Rp and R, w must
be a fresh variable and 7w must be a non-singleton label, i.e., 7 ¢ &. Similarly, in R—, x must
be fresh. In applications of LV, we require = and y to be fresh and distinct from each other.
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the model-internal properties of the preorder R of an intuitionistic Kripke model. In particular,
the rules (r-rf) and (r-tr) account for the state-based characterization of reflexivity and transitivity
provided in Proposition 4.1.5. And the order rules (r-emp) and (r-dis) reflect the observation that
we have R(()) = 0 and R(mrUo) = R(m)UR(0), for all states m and ¢.° The external order rules,
finally, are simply the usual order rules familiar from our labelled sequent calculus for IngB.

Definition 4.3.2 (The System GLingl). We define GLingl to be the sequent calculus depicted in
Figure 4.3. A sequent is derivable in GLinq]l, if there exists a proof tree ending with this sequent
in GLingl. Given any finite subset I' U {¢} C L', we say that ¢ is provable from T in GLinql, if
for some (or, in fact, any) variable z € U, the sequent x : I' = x : ¢ is derivable in GLinql.”

In order to make sure that contraction on relational atoms is admissible in our system, we will
again assume the closure condition discussed in the previous chapter: if an instance of an order
rule produces a duplication of relational atoms in the conclusion of the rule, then also the con-
tracted instance of the rule is added to our system (a more detailed explanation of the closure con-
dition is provided in Section 3.1). To end this section, let us briefly recall some basic vocabulary.
First of all, the fresh variables involved in applications of the rules Rp, R1, R— and LV are again
referred to as the eigenvariables of these rules.® Furthermore, in each of the axioms and rules de-
picted in Figure 4.3, the multiset I is referred to as the left context and the multiset A is referred
to as the right context. In an instance of an axiom or in the conclusion of a rule of inference, all ex-
pressions not belonging to the context are said to be principal. The corresponding expressions in
the premises of a rule are called active. So, for example, in an instance of LV with premise 7 < z+
y,x @,y 1, I = Aandconclusion 7 : Vi), ' = A, the labelled formula 7 : ¢V is principal
and each of the expressions 7 < x+vy, = : w and y : ¢ is active. On the other hand, in an applica-
tion of (r-tr) with premise R(7) < R(0), 7 < R(0),I' = A and conclusion 7 < R(0),I' = A,
the relational atom m < R(0) is principal, whereas both R(7) < R(o) and m < R(o) are active.

4.4 Basic Properties of GLinql

We will now point out some important features of our sequent calculus. As in the classical setting,
we will see that GLingl enjoys cut-admissibility, height-preserving invertibility of all rules and
height-preserving admissibility of weakening and contraction. To begin with, we show the deriv-
ability of generalized initial sequents for our system. Note that, intuitively, the first sequent in the
following lemma also reflects the more general notion of persistency in Inql: if ¢ is supported by
a state o and if 7 is a subset of R(c), then ¢ must also be supported by 7 (see Proposition 4.1.7).

Lemma 4.4.1. All sequents of the following form are derivable in GLinql:
(i) < R(0),0: o, = A 7 : ¢,
(ii) < o,0:p, ' = A7,
(iii) m: o, T = A 72 .
Proof. The derivability of (i) is established by induction on the structure of ¢. For the base case,
let us suppose that ¢ = p is atomic. If it holds 7 ¢ &, then we construct the derivation

Ax
Lp

w:p,w< R(o),w < R(rm),R(m) < R(o), 7t < R(o),0 :p,I'=Ajw:p
ng( ), w < R(m), R(ﬂ')<R(o),7r<R(0),0:p,F:>A7w:p(tr)
< R(m),R(r) < R(o), 7 < R(o),0: p,T = Aw:p
w< R(n),t < R(o),0:p,T = Aw:p (r-tr)
T < R(o),0:p, T = A,7:p

Rp

¢ Both of these statements follow immediately from the definition of the upset operator given in Section 4.1.
7 As usual, we write x : I for the multiset of labelled formulas given by (z : T') := {x : ¢ | ¥ € T'}.
8 So, in particular, in an application of the rule LV, there are now two eigenvariables, rather than just a single one.
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If it holds m € &, then the derivation is the same, except that we leave out the applications of
(tr), (r-tr) and Rp at the bottom of the derivation. The case ¢ = L is treated similarly. In the
inductive step for A and V, the statement follows immediately from the induction hypothesis.
And in the inductive step for — and V, we construct the following two derivations:

By ind. hyp By ind. hyp
< R@),...,z: ¢, T=ANz:x,x:¢ (1) x < R),...,z:x,z: v, T =Ax:x (1)
oz, = Az x,x: oz, =Ax:x

L—

x < R(o),z < R(m),R(m) < R(o), 7 < R(U),JSi/}‘)X,%SI/),FéA,ISX(tr)

z < R(m),R(m) < R(o),w R()U:w—>x,x:MF:>A,xzx(t)
r-tr
x < R(m),m < R(o),0:¢ = x,z:, T = Ajx:x

T < R(o),c:v—>x,T=A,7m:9—>x

R—

,,,,,,,,, %Y}rid-,fam,,,,,,,,, ________Byidhyp
R(z) < R(z),...,z:¢,T = A,. (m):zﬁ(ﬁ) R(y)<R(y)7...,y:x,F:A,...,R(y):X(rf)

e, D= A () Ly = A R(y) : x Ry

., m < R(z) + R(y), R(o) < R(z) + (y)TrSR():c Yoy, I'= A va(t)

L R(o) < R(z) + R(y), m < R(o),z:,y: x,I' = A m:pVx (tn
R Rl ) o 01 € T £ R0 7 € R vy T = 87707 )
,R(0)<Rx+y) ﬂf+y7w+y<R(wﬂ/)ﬂr<R(U),x:w,y:x,F:Am:wvx(Hr)

oS R@+y),o<z+yr+y<R@+y) . n<Ro)z:dy:x, I =Ar:9pVy
a<x+y,x+y<R(x+y),7r<R(0),z:w,y:x,FﬁAﬂT:w\/x( f
r-r
c<z+ynm<Ro)z:Y,y:x,T=Am:9Vyx
7 < R(o),c:yVx, T =Anm:¢YVyx
Finally, the sequents in (ii) and (iii) can be derived from (i) by using the rules (r-rf) and (tr). O

(tr)

Lv

Lemma 4.4.2. All sequents of the following form are derivable in GLinql:
(i) 7 <0, T = A,m:
(i) T = A,0: p,
(iii) 7 < o,0: L,LI'=A7: o,
(ivi m: LT = A, 7: .
Proof. As before, the derivability of (i) and (iii) is established by induction on ¢. We only show
the derlvablhty of (i). For the base case, suppose that ¢ = p is atomic. If 7 € G, then (i) is an

instance of Az” , so the proof is trivial. And if 7 ¢ &, then we construct the derivation
Az?

(tr)

w < 0,w < R(D),w < R(w), R(m) < R(B),R(D) <, < RD),m<0,0 < RD),I'=Aw:p
@), < 0,0 <R0),T=Aw:p

(r-tr)

w < R(0),w < R(m), R(7) < R(D), R(0) <, <R "
w < R(m). R(r) < RO).R(0) < 0.7 < F®).w < 0.0 < RO.T > Acwp ()r
w< R(r), R(m) < R0), 7 < R0),7 < 0,0 < RO), T = Aw:p, o "
0

(tr)

(r-rf)

The case ¢ = L is treated in essentially the same way. In the inductive step for A, — and V, the
proof is easy. And in the inductive step for V, we construct the following derivation:

W§7T+7T,W§(7J,F:>A7T'1/J\/X,7r'w r<r+m <O T=An:Vyx,m:x
<Km+mr<0l=An: w\/x(l)
<O T=Am:9Vy

RV




78 Chapter 4. Intuitionistic Inquisitive Logic

This concludes the induction. For the sequent in (iii), the induction is similar. Finally, the sequents
in (ii) and (iv) can be derived from (i) and (iii), respectively, by an application of (rf). O

Next, we will show that GLingl also preserves the structural properties of the labelled sequent
calculus considered in the previous chapter. As before, a branch in a derivation D is defined to
be a sequence [ of consecutive sequents in D such that the first sequent in [ is the conclusion
of D and the last sequent is one of the leaf nodes of D. By the length of a branch 3, we mean the
number of sequents occurring in 3. And the height of a derivation D is defined to be the length
of a longest branch in D. A rule of inference is now said to be height-preserving admissible (or
hp-admissible), if it satisfies the condition that, whenever all premises of the rule are derivable
by a proof tree of height at most n, then also the conclusion of the rule is derivable by a proof
tree of height at most n. If the admissibility of a rule is not height-preserving, then the rule
is simply called admissible. Furthermore, we say that a rule is height-preserving invertible (or
hp-invertible), if it satisfies the condition that, whenever the conclusion of the rule is derivable
by a proof tree of height at most n, then also each of the premises of the rule is derivable by
such a proof tree. For a more precise definition of the relevant concepts, the reader is referred
to Section 3.2.2. The substitution operator for labels is defined in exactly the same way as in the
classical setting (see Definition 3.2.5), except that, for any state variable s € & U*J, we now also
put R(o)(mw/s) := R(o’), where ¢’ is the label given by ¢/ = o(n/s). The definition is then
extended to multisets in the usual way, so we will write I'(7/s) for the result of substituting 7
for s in every label occurring in I'. As before, the substitution rules are defined to be the rules

= A =A
NI and T(n/a) = A(n/a) /%)

where u and w are variables from &, x is a variable from U, and 7 is an arbitrary label.
Proposition 4.4.3. The substitution rules are hp-admissible in GLingl.

Proof. By induction on the height of a derivation for I' = A. For the base case, suppose that
I' = A is derivable by a proof tree of height n = 1. In this case, I' = A must be an axiom of
GLingl. But then, clearly, I'(u/w) = A(u/w) and I'(7/z) = A(w/z) are axioms as well.

For the inductive step, suppose that I' = A is derivable by a proof tree D of height n > 1. We
consider the last rule applied in D. If this rule does not have eigenvariables, then we simply apply
the induction hypothesis to the premises of the rule, and then the same rule again. On the other
hand, if the last rule in D has eigenvariables, then we first appeal to the induction hypothesis in
order to rename the eigenvariables, before performing the desired substitution. So, for example,
suppose that we want to substitute a label 7 € A(S,Y) for some variable z € 2. Moreover,
assume that the last step in D is an application of the rule LV, so D is of the form

D/
cLy+z,y:90,2:9,0=A
c:eVY,0=A

Lv

where y and z are the eigenvariables of the indicated application of LV, and D’ is a derivation of
height n—1. By applying the induction hypothesis to D', we first replace the eigenvariables y and
2 by fresh variables 3y’ and 2/, respectively, such that z, 3/ and 2’ are pairwise distinct. This yields
a derivation D" of height at most n — 1 foro < ¢y +2',y : ¢,2' : 1,0 = A. We now apply the
induction hypothesis again in order to perform the substitution (7 /z). By a subsequent applica-
tion of LV, we then obtain the desired derivation of height at most n for I'(7 /x) = A(n/x). O

We are now ready to prove the desired results: the structural rules of weakening and contrac-
tion, given in Figure 4.4, are hp-admissible in GLinql and each rule of our system is hp-invertible.
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I'= A I'=A = A

_l==4a 1 =8 <
7T:<p,F:>ALW F:>A,7T:<pRW 7T<U,F:>AW

i, = A F:>A,7r:g0,7rchRO r<orm<ol=A
T, = A F'=An:p T<ol=A

Figure 4.4: The structural rules of weakening and contraction.

Proposition 4.4.4. The weakening rules are hp-admissible in GLinql.

Proof. For each of the three weakening rules, we proceed by induction on the height of a deriva-
tion D for the premise of the respective rule. In the inductive step, we distinguish cases, depend-
ing on the last rule applied in D. If this rule does not have eigenvariables, we simply apply the
induction hypothesis to the premises of the rule, and then the same rule again. Otherwise, we first
use Proposition 4.4.3 in order to introduce fresh eigenvariables not clashing with the variables
occurring in the weakening formula. For further details, see the proof of Proposition 3.2.7. [

Proposition 4.4.5. All rules of GLingl are hp-invertible.

Proof. The hp-invertibility of the logical rules for atomic formulas, the falsum constant and the
connectives A, \V and — is established in the same way as in the previous chapter (see Propo-
sition 3.2.8). Furthermore, the hp-invertibility of the ‘cumulative’ rules (including the new rule
RV and the internal and external order rules) follows immediately from the hp-admissibility of
weakening.’” Thus, we only need to show that LV is hp-invertible. For this purpose, let D be an
arbitrary derivation for 7 : ¢ V), I' = A and let n be the height of D. Moreover, let x,y € U be
arbitrary but distinct variables not occurringin 7 : V1, I' = A. Using induction on n, we show
that there is also a derivation of height at most n for the sequent ™ < z 4y, : p,y : Y, I' = A.

For the base case, assume that D has height n = 1. In this case, 7 : ¢ V ¢, = A must be
an instance of an axiom. Since ¢ V 9 is not atomic, the labelled formula 7 : ¢ V 1) cannot be
principal in this instance. Hence, the sequent 7 < z + y,z : ¢,y : ¥,' = A must also be an
instance of an axiom, so it is derivable by a proof tree of height n = 1, as desired.

For the inductive step, suppose that D has height n > 1. If the last step in D is a rule for
which 7 : (o V 9 is not principal, then we simply apply the induction hypothesis to the premises
of the rule (possibly in combination with a height-preserving substitution in order to take care
of eigenvariables), and we then use the very same rule again. On the other hand, if D ends with
an application of the rule LV for which 7 : ¢ V 9 is principal, then D must be of the form

D/
T2+ 20,21 0,200, T = A
TV, I'= A

Lv

where 21 and 2, are the eigenvariables of the indicated application of LV and D’ is a derivation
of height n — 1. By substituting x for 21 and y for 25 in the subderivation D', we now obtain the
desired derivation of height at most n for the sequent 7 < x +y,z : o,y : ¥, [ = A. O

Proposition 4.4.6. The contraction rules are hp-admissible in GLinql.

? Recall that, by a ‘cumulative’ rule, we mean a rule in which the principal formulas and the principal atoms from
the conclusion are always repeated in each of the premises of the rule. See also Section 3.1 for further details.
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Proof. For each of the three contraction rules depicted in Figure 4.4, the proof is done simulta-
neously, by induction on the height of a derivation for the premise of the respective rule. For
simplicity, we only sketch the inductive step for the rule LC.!° Let D be a derivation for some
sequent of the form 7 : ¢, 7 : ¢,I' = A and let n > 1 be the height of D. We show that there
is also a derivation of height at most n for the contracted sequent 7 : ¢,I' = A. To this end,
consider the last rule applied in D. If 7 : ¢ is not principal in this rule, then both occurrences of
7 : ¢ must also be present in each of the premises of the rule. Hence, by applying the induction
hypothesis to the premises and then the same rule again, we obtain the desired derivation of
height at most n for  : ¢, I' = A. On the other hand, if 7 : ¢ is principal in the last rule applied
in D, then we distinguish cases, depending on the form of . If ¢ is not a standard disjunc-
tion, then the argument is the same as in the classical setting (see the proof of Proposition 3.2.9).
Therefore, let us assume that ¢ = 1) VV x for some 1, ¥ € £L'. In this case, D must be of the form

D/
T4y x:v,y:x,m:vVyx,[ = A
TV, T VY, =A

Lv

where z,y € U are fresh variables and D’ is of height n — 1. By applying the height-preserving
invertibility of LV and subsequent height-preserving substitutions to the conclusion of the sub-
derivation D', we now obtain a derivation of height at most n — 1 for the sequent 7 < x +y, 7 <
r+y,x:Y,x 0,y xY: X, = A. Using the induction hypothesis and a subsequent appli-
cation of LV, this yields the desired derivation of height at most n for 7 : ¢y V x,I' = A. 0

Next, we will prove that the cut rule is admissible in GLinql. As before, this rule is of the form

F=Anr:¢p @w:ip,X=06
rY=A0

(cut)

where 7 : @ is an arbitrary labelled formula, referred to as the cut formula. The overall structure
of the cut-admissibility proof will be the same as in our treatment of InqB. We thus proceed by a
main induction on the rank of an arbitrary cut rule application, with a subinduction on the height
of this application. Moreover, as in the previous chapter, the rank of a cut formula 7 : ¢ will be
measured not only in terms of the complexity of the formula ¢, but also in terms of the complexity
of the associated label 7. To this end, we first define the degree of a label in the familiar way.

Definition 4.4.7 (Degree of a Label). The degree of a label 7 is denoted by deg(7) and defined
as follows: if m € G, then we put deg(7) := 0, and if 7 ¢ &, then we put deg(7) := 1.

That is, as usual, we simply assign the degree 0 to every singleton variable w € & and the
degree 1 to every non-singleton label m ¢ &. The degree of a formula ¢ € L', on the other hand, is
now defined to be the number of occurrences of the logical symbols L, A, =, V, V in ¢. The rank
of a labelled formula : ¢ is again defined to be the pair rank(m : ) := (deg(y), deg()), where
deg(¢p) is the degree of the formula ¢ and deg(m) is the degree of the label 7. As in the previous
chapter, ranks of labelled formulas are compared using a lexicographic ordering, so we will write
rank(m : @) < rank(c : 1) and say that the rank of 7 : ¢ is smaller than the rank of o : 1, if
we either have deg(¢) < deg(1)), or we have both deg(y) = deg(1)) and deg(m) < deg(o).

Lemma 4.4.8. Let  and o be arbitrary labels and let w € & be a singleton variable. It holds:
(i) Ifm & S, then rank(w : p) < rank(w : ),
(ii) rank(m : ;) < rank(o : o1 ® @2) fori =1,2 and ® € {A\,—,V,V}.

10 As before, the contraction rules RC and C'S can be treated similarly. Note that, in order to show the hp-admissibility
of CS, one has to appeal to the closure condition. For further details, we refer to the proof of Proposition 3.2.9.
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Both statements are proved in exactly the same way as in the classical setting (see the proof of
Lemma 3.2.12). We now define the height of a cut rule application to be the sum of the heights of
the two derivations for the premises I' = A, 7 : p and 7 : ¢, ¥ = O of this application (where
the height of a derivation is again taken to be the length of a longest branch in this derivation).
And the rank of a cut rule application is defined to be the rank of the associated cut formula 7 : .

Theorem 4.4.9 (Cut-Admissibility). The cut rule is admissible in GLinql.

Proof. As before, we select an arbitrary application of the cut rule and proceed by a main induc-
tion on the rank of the cut formula, with a subinduction on the height of the cut. The general
structure of the argument is the same as in the proof of Theorem 3.2.13. In particular, we need
to consider the same main cases, and we perform essentially the same conversions in each case.
The most interesting new part of the proof is the case in which the cut formula is of the form
7 : ¢ V 1 and principal on both sides. In this case, the cut rule application must be of the form

Dl DQ
<o+, I=An1:pVYy @w:pV),X=0
r<o+7,1,X= A0

(cut)
where the left and the right subderivation are given by
D DY

Di=qn<o+1,T=Am:0V,0:¢ 7T<0’+T,FZ>A,7TZQD\/’(/J,T:¢RV
<o+, I=An:pVY

D;
Do=drn<a+yz:0,y:9,%=0
TV, N =0

Lv

Note that, without loss of generality, we may assume that the variable y does not occur in the label
o (if this condition is not satisfied, then we simply perform a height-preserving substitution in the
subderivation DY in order to replace y by some fresh variable). Hence, using the hp-admissibility
of substitution and contraction, we may now transform the whole derivation into the proof tree

Dy
r<r4+y,x:oy:,N=0
D T<o Aoy inss6 )
D <o+ T2 =A0,0:¢ 1<o+T1,0:0,7:0),L=0 ((Z-u/g)
r<o+7,, 2= A0,7:9¢ (r<o+7)2%,7:4,,32= A 02
(r <o+ )12 55 = A2, 0 (eut)
S a<o+Tn,T,Y=A0
where D’ and D” are the following two derivations:
Dy
D — 24 7T<x+y,m:<p,y:1/},2:$@Lv
<o+ I=An:pVio:p TV, N =0
<o+, X=A0,0:¢p (cut)
Dy
D DY W<x+y,x:g0,y:¢72:>@Lv
<o+, I=An:pV,1:9 TV, X =0
<o+, [N=>A0,7:9 (cut)




82 Chapter 4. Intuitionistic Inquisitive Logic

R(m) < R(0),T = A
r<ol=A

R(R(m)) = R(m), T = A
I'=s A

(rel)

(idem)

R(n+o0)~ R(r)+ R(0),I' = A ) R~ 0,T = A
o) 2RI B2 gdis =012 gemp)

5

Figure 4.5: Further admissible rules. In each case, ‘m ~ ¢’ stands for ‘m < 0,0 < 7.

As can be seen, the original cut rule application is now replaced by four new cuts. The two up-
permost of these new cuts (i.e., those with cut formula 7 : ¢ V ¢) are of lower height than the
original one, and the two other cuts are of lower rank. Thus, using the subinduction hypothesis
and then the main induction hypothesis, one can successively remove each of the four cuts. [

In order to conclude this section, let us point out some further properties of our sequent cal-
culus. Figure 4.5 comprises a number of additional rules that can be shown to be admissible in
GLingl. Note that, in the figure, the notation ‘mr ~ ¢’ is used as a shorthand for the pair of re-
lational atoms ‘m < 0,0 < 7. Intuitively, the rule (rel) accounts for the observation that, if a
state 7 is a subset of some state o, then also R(7) must be a subset of R(c). The rule (idem)
reflects the idempotence of the upset operator: applying the R-operator multiple times to a state
has exactly the same effect as applying R only once to that state. The rules (g-dis) and (g-emp),
finally, can be seen as simple generalizations of the internal order rules (r-dis) and (r-emp).

Proposition 4.4.10. Each of the rules depicted in Figure 4.5 is admissible in GLingl.

Proof. We only show the admissibility of the rules (rel) and (idem). For this purpose, suppose
that the premise of (rel) is derivable by a proof tree D; and the premise of (idem) is derivable by
a proof tree Ds. Using these proof trees, we may then construct the following two derivations:

7 < R(o),mr< o

(tr)

< o,0 < R(o),T'= ;

<ol =A (rrf)

Dy
R(R(r)) < R(m), R(r) < R(R(7)), T = A
R(R(m)) < R(n), B(r) < R(R{x)), R(x) < R(x),T = A "V
(r-rf)
R(R(m

Hence, (rel) and (idem) are admissible. For the other rules from Figure 4.5, the proofis similar. [J

For later purposes, we also need to show that the truth-conditionality of standard formulas
can be reflected by means of formal derivations in the system GLingl. This is accomplished by
the following lemma. Intuitively, both of the sequents in the lemma express the fact that, if a
standard formula « is supported by two states, then it is also supported by the union of these
states. The proof proceeds by a routine induction on the structure of « and is therefore omitted.
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Lemma 4.4.11. For any standard formula o € L', the following sequents are derivable in GLinql:
(i)m:a,0:a,'=An1+0:q,
(ii) tr<o+4+7,m0:a,m7:a, = A1

4.5 Soundness and Completeness

In order to conclude our treatment of intuitionistic inquisitive logic, we will now prove that
GLingl is sound and complete with respect to Inql. First, let us establish the soundness of our
proof system. The notion of an interpretation is defined in exactly the same way as in the classical
setting, except that we now also need to specify how labels of the form R() are interpreted.

Definition 4.5.1 (Interpretation). Let M = (W, R, V) be an intuitionistic Kripke model. An
interpretation over M is a function I : & UY — P(W) such that, for all singleton variables
w € &, the state I(w) C W is a singleton. Given any interpretation I over some model M, it is
inductively extended to a function from the set of all labels to the set (W) in the following way:
M 1(0) =
i 1007 = 1) ),
111) I(m+o0):=1(r)U (o),
I(R(r)) = R(I()).

Labelled formulas and relational atoms are interpreted in the usual way. That is, given any
interpretation I over some intuitionistic Kripke model M, we will say that a labelled formula
7 @ p is satisfied by I, just in case ¢ is supported by the sate I(), i.e., if we have M, I(7) = .
And we will say that a relational atom 7 < o is satisfied by I, if I () is a subset of I(0), i.e., if
it holds I(w) C I(0). A sequent I' = A is said to be valid in a Kripke model M, if for every
interpretation I over M, the following holds: if I satisfies all expressions in I', then there exists a
labelled formula 7 : ¢ in A such that [ satisfies 7 : . We are now ready to prove the soundness
of our sequent calculus: if a formula ¢ is provable from I" in GLingl, then ¢ is entailed by I in Inq].

Proposition 4.5.2 (Soundness of GLinql). For every finite set of formula ' C L' and for every
formula o € L', if the sequent x : T' = x : ¢ is derivable in GLinql for some x € U, then T = .!!

Proof. We first show that, if a sequent I' = A is derivable in GLinql, then I' = A is is valid in
every intuitionistic Kripke model. Let D be an arbitrary derivation for some sequent I' = A and
let M = (W, R, V') be an arbitrary intuitionistic Kripke model. Using induction on the structure
of D, we prove that I' = A isvalidin M. Most cases can be treated in the same way as in the clas-
sical setting (see the proof of Proposition 3.3.4). Therefore, we only consider the following cases.
Case 1: Suppose that the last step in D is an application of the rule LV, so D is of the form

D/
T<rty,x:py:,0=>A
T:eVi),0=A

Lv

where z,y € U are fresh variables not occurring in the conclusion of D. By induction hypothesis,
weknow thatm < z+y,x: @,y : 1,0 = Aisvalid in M. In order to show that this also holds
form: pV1,© = A, let I be an arbitrary interpretation over M and suppose that [ satisfies 7 :
V1) and each expression in ©. Since [ satisfies 7 : V1), we must have M, I(7) = ¢V, so there
exist two states t1,to C W such that I(7) = ¢ Uty, M, t; = pand M, ty = 1). Let now I* be the
interpretation which is just like I, except that x is mapped to ¢; and y is mapped to t3, so we put
I*(z) := t; and I*(y) := to. Then, clearly, I* satisfies 7 < x4y, x : ¢, y : ¢ and each expression
in ©. Hence, by induction hypothesis, there must be some labelled formula in A which is also

"'Recall that we write z : T for the set of labelled formulas given by (x : T') := {z : 4 | ¢ € T'}.
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Axioms:

(IPL)  All axioms of the ‘intuitionistic’ system given in Figure 1.5,

(Intro) @ — (pVy)andy — (o V1),

(Elim) (¢ = a) = (¥ = ) = ((¢ V¢) — «)), where « is a standard formula,
(Com) (pV¥) = (VV o),

(Dis) (¢ V(¥ VX)) = ((p V) V(o VX)),

(Ex) Ew—MO) ()(¢—>¢) = ((p V) = (¢ Vi),

(

Split) (= (¢ V1)) = (@ = ¢) V (a = 1)), where « is a standard formula.

The only rule of inference is modus ponens: from I' = @ and I' = ¢ — 1), infer T" — ).

Figure 4.6: The Hilbert-style system Hinqgl.

satisfied by I*. Since neither = nor y occurs in A, this labelled formula must also be satisfied by
the original interpretation /. Thus, because I was arbitrary, it follows that 7 : o V9,0 = A is
valid in M. If the last step in D is an application of RV, then the argument is similar.
Case 2: Suppose that D ends with an application of (r-tr). In this case, D is of the form
D/
R(n) < R(o), 7 < R(0),0 = A
™ < R(0),0 = A

By induction hypothesis, we know that R(7) < R(o),m < R(0),© = A isvalid in M. Let
now I be an arbitrary interpretation over M and suppose that I satisfies 7 < R(o) and each
expression in ©. Then, in particular, we must have I(7) C R(I(c)). Because R is transitive,
this implies R(I(7)) € R(I(o)) by Proposition 4.1.5. Hence, [ also satisfies R(w) < R(o).
Therefore, by induction hypothesis, there must be some labelled formula in A which is satisfied
by I. Since I was arbitrary, this shows that 7 < R(c), 0 = A isvalid in M. If D ends with an
application of one of the other internal order rules, then the argument is similar.

This concludes the induction. Hence, if I' = A is derivable in GLingl, then I' = A is valid in
every intuitionistic Kripke model. Let now I' U {o} C L' be an arbitrary finite set of formulas
and suppose that x : I' = z : ¢ is derivable in GLinql for some x € 2. As we have seen, this
implies that, for every model M and for every interpretation I over M, if M, I(x) = v for all
¢ € I', then also M, I(x) = ¢. But then, by definition of entailment, we clearly have I' = . [

(r-tr)

Next, we will establish the completeness of our sequent calculus. To this end, we will exploit
the completeness of the Hilbert-style system Hingl introduced in Section 4.2 and displayed again
in Figure 4.6. First, we need to show that each of the axioms of Hingl is provable in GLinql.

Lemma 4.5.3. Let o be an instance of one of the axiom schemes of Hingl. Then, @ is provable in
GLingl, i.e., for any variable x € ‘U, there exists a derivation for the sequent = x : ¢ in GLinql.

Proof. As before, showing the derivability of the axiom schemes from Figure 1.5 is straightfor-
ward. Therefore, we only need to prove that the special axioms given in Figure 4.6 are derivable.
For the axiom schemes (Intro), (Com) and (Dis), we may construct the following derivations:'?

By Lemma 4.4.1 (iii) By Lemma 4.4.2 (ii)

y<y+0y<R@),y:o=....y:¢p y<y+thy<R@),y:9o=..,0:9
y<y+@,y<R(x)7y:sD$y:<pvw(u])
y<SR@),y:p=y:pVy
=r:i0 = (pV)

"2 For simplicity, we only give a derivation for the first variant of (Intro). The other variant can be derived similarly.

R—
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By Lemma 4.4.1 (iii) By Lemma 4.4.1 (iii)
R R R VR TR VAVAGRE- SRR 1) R 222 L TR AR R s
Rv
~~,y<22+21,y<R($)721190a221¢=>y¢¢v@ (tr)
<zt aoatn<nta,y<SR@), 00y Ve (un)
y<21+z2721<22+217Z2<Z2+21,Q<R(l‘),211<P7221¢:>y31/)\/80(u])
y<21+2’2721<2’2+21,y<R($),213%2251/):>y¢¢\/§0(ur)
y<z+2,y<R@), 210,200 = y: Y Vo
Lv
y<SR(@),y:pVo=y:¢p Ve
R—
=z (pVY) = (PVe)
By Lemma 4.4.1 (iii) By Lemma 4.4.1 (iii) By Lemma 4.4.1 (ili) By Lemma 4.4.1 (iii)

Yrp =Yg 2 = ,zrva Yo=Yyt JEIX T2 X by
o <ytzyipziv= .00 VY ...,a?'<y—|—z,y:gp,z:xé...,a?':go\/XL\v
m’<y+z,1”<R(x),y:90,2:1/)\vx:‘x’:wvw,x’:wvxm
2 < R(@),z :oV(@Vyx) =2 pVia' i pVyx Ry

' < R(x),2" 1 oV (PVx) =2 (p V) V(pVx)
=z:(pV (VX)) = (V) V(pVX))

In order to show the derivability of the axiom scheme (Elim), let now o € L. be a standard
formula and let ¢, ¢ € L' be arbitrary formulas. We may then construct the following derivation:

By Lemma 4.4.1 (ii)

Iol‘lgxl,...7l‘1Zﬁp:>1‘020£,.1701’1:(p/ir) D
(
C, TP = T QL TTY P coosg S R(2),moxy sy, x0 i) = X0t @

oo xox; S R(y),x0 S R(2),mo S x1 4+ 22,y p 2,290 = a,1 1 9, T2 = Tp: &

cony 2oz S o, o S R(y), 20 S R(2),z0 Sz14+ 22,y 0 >, 2: 0 = a,x1 1 0,21 = T :
(tr)

o0 S R(2),R(2) S R(y),x0 S 1+ 22,¥ 1 0 =, 219 =, 1,2 1) = Tp

20 < R(2),2< Ry),y < R(x),zo <z1+ T2,y p > ,2:% > ,21: 9, Ta: 1) = To: «
20 < R(2),2< Ry),y<Rx),y: ¢ = a,z:%—>a,z0: V)= x0: L

< Ry),y<Rx),y:p—>a,z:p ma=z:(pVY) =«
y<R@)y:p—ma=y: (¥ —oa)=(pVy) =2 a)
=z:(p—=a)=>((¥—=a)=((pVY) =)

(tr)
(
(

il

oo S Ry), o S R(2),20 ST1+ X2,y 0 20,2100 = 1 1 9, Z2 1 ) = Tp &«

where the subderivation D is of the form

By Lemma 4.4.1 (ii)
ToTy < Tay...,To Y = X Q,ToLy : Y i BﬁyﬁLSn}n}a}fL.}li(iii) 7777777

ey X2t =T, ToT Y ey o K T1 4+ T2, Tox1 P QL TET2 L X = To L

cony otz < R(2),m0 < 21 + 22,2021 s,z ) = 201 = 20t

(tr)
(i)

e e < Xo, ko < R(2), 20 < X1 + X2, Tox1 t 0,21 — e 1) = X0k @

cooso S R(2),x0 S ®1 + To, Tox1 s, 2 1Y — @, T ) = Xp k@

The derivation for the axiom (Ex) is similar to the derivation for (Elim). And the split axiom (Split)
can be derived in exactly the same way as in the classical setting, by using part (i) of Lemma 4.4.11
(see also the proof of Lemma 3.3.5). Therefore, all axioms of Hingl are provable in GLinql. [

We are now ready to prove the desired completeness result for our sequent calculus. To this
end, we first show that GLingl is weakly complete with respect to the Hilbert-style system Hinq],
i.e., if a formula ¢ is provable in Hinql, then it is also provable in GLingl. The strong completeness
of GLingl then follows as an immediate corollary, by using the deduction theorem for Hingl.
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Theorem 4.5.4. Let ¢ € L' be an arbitrary formula. If we have —y ¢ in the Hilbert-style system
Hingl, then the sequent = x : @ is derivable in GLinql, for any variable x € *J.

Proof. By induction on the structure of a Hilbert-style proof for |— . In the base case, one has
to show that all axioms of Hinql are provable in GLingl. This has been done in Lemma 4.5.3. For
the inductive step, it suffices to show that the rule of modus ponens, given by

ST =ST:p—=Y
=z

(mp)

is admissible in GLinql. This follows directly from the invertibility of R— and the admissibility of
the cut rule in GLinqgl. For further details, the reader is referred to the proof of Lemma 3.3.6. [

Corollary 4.5.5 (Soundness and Completeness). The labelled sequent calculus GLingl is sound
and strongly complete with respect to Inql. That is, for every finite set of formulas T U {p} C L',
we have ' = @ if and only if x : I' = x : ¢ is derivable in GLinql, for any variable x € ‘0.

Proof. The soundness of GLinqgl has been established in Proposition 4.5.2. For the completeness
part, one may use essentially the same argument as in the proof of Corollary 3.3.8. We only sketch
the basic idea. Let I' U {(p} C L' be an arbitrary finite set of formulas and suppose that I' = ¢.
Then, by the completeness of Hingl (see Corollary 4.2.5), we must have I' - ¢. Now, using the
deduction theorem for Hinql (see Theorem 4.2.3), one readily sees that this yields—y AT — ¢,
where A I stands for the conjunction of the formulas in I". Hence, by Theorem 4.5.4, we may
conclude that = = : A T' — ¢ is derivable in GLinql, for an arbitrary variable = € 0. Using the
invertibility of R— and LA, this implies that y < R(x),y : ' = y : ¢ is also derivable, where
y € U is some fresh variable. But then, by performing the substitution (z/y) and a subsequent
application of (r-rf), we obtain the desired derivation for z : I' = x : ¢ in GLingl. O



Chapter 5

Inquisitive Kripke Logic

In this chapter, we will extend our labelled sequent calculus for IngB to various systems of modal
inquisitive logic. In the literature on this topic, two general settings have been discussed so far,
both of which originate with the work of Ciardelli and Roelofsen (see Ciardelli 2014; Ciardelli
and Roelofsen 2015; Ciardelli 2016b). In this chapter, we will only consider the first of these two
settings, which is known as inquisitive Kripke logic (cf. Ciardelli 2016b, Chapter 6). The second
setting extends the first one with ‘properly inquisitive modalities’ and will not be treated in this
thesis. For further information about this second setting, we refer to Ciardelli (2016b, Chapter 7).

Roughly speaking, inquisitive Kripke logic is the result of enriching InqB with a modal opera-
tor [, interpreted over ordinary Kripke models—or, to put it differently, the result of adding the
question-forming operator V to ordinary modal logic. The weakest logic obtained in this way will
be called IngK and constitutes an inquisitive extension of the basic modal logic K. Although IngK
has some advantages over ordinary modal logic when it comes to formalizing modal statements
in natural language more uniformly, we will see that the presence of questions in the language
does not allow us to express new truth-conditional meanings: given any truth-conditional for-
mula in InqK, one can always find an equivalent formula in ordinary modal logic.

Just as in standard modal logic, it is possible to construct various extensions of InqK by re-
stricting the semantic consequence relation to specific classes of Kripke frames. So, for example,
by restricting the semantics to the class of all reflexive and transitive frames, we may construct an
inquisitive extension InqKT4 of the standard modal logic KT4 (which is also known as S4). More
generally, for every normal modal logic £, one can define a corresponding inquisitive system
IngL. Furthermore, as shown by Ciardelli (2016b), there exists a general strategy that allows to
transform any sound and complete axiomatization of a canonical normal modal logic £ into a
sound and complete axiomatization of its inquisitive counterpart, Inq£. Unfortunately, the proof
systems obtained in this way are not analytic and Ciardelli’s strategy only yields a recursive
axiomatization for Inq&, if a decidable set of axioms for £ is already known in advance.

For this reason, we will henceforth focus on a specific class of inquisitive Kripke logics. This
class comprises all logics Inq€ whose characteristic frame property can be described by a number
of geometric implications, i.e., first-order formulas of the form Vi (¢ — 1)), where ¢ and 1) are not
allowed to contain implications or universal quantifiers. The most important contribution of this
chapter is a general method that allows to construct a cut-free labelled sequent calculus GLinq£,
for every inquisitive system Inq£ determined by some finite set A of geometric implications. This
generalizes a famous result for standard modal logic established by Negri (2005).

The chapter is structured as follows. In Section 5.1, we will define the basic system of inquis-
itive Kripke logic, denoted by InqK. The formulas of the language are evaluated with respect to
ordinary Kripke models and the support clause for [ can be seen as a natural generalization of
the ordinary truth-conditional semantics for [J familiar from standard modal logic. We will see
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that, although [J may now also embed questions (rather than just assertions), any formula of the
form Uy will be truth-conditional and therefore non-inquisitive. In Section 5.2, we will consider
various extensions of the basic framework. For every normal modal logic £, we will define a cor-
responding inquisitive system Inq%, obtained from InqK by restricting the semantics to Kripke
models based on £-frames. After presenting a generic completeness result by Ciardelli (2016b),
we then give a precise definition of the class of all geometric extensions of IngK. In Section 5.3, we
will turn to the construction of labelled sequent calculi for the full class of geometric extensions
of IngK. To this end, we will describe a general strategy that allows to transform any set of ge-
ometric implications into a corresponding set of sequent rules. For every inquisitive logic Inq£
determined by some finite set of geometric axioms A, we thus obtain a cut-free labelled sequent
calculus GLinq£,. In Section 5.4, we will investigate the properties of our sequent calculi. We
will see that each of our proof systems enjoys cut-admissibility, height-preserving admissibility
of weakening and contraction and height-preserving invertibility of all rules. In Section 5.5, we
will prove the soundness of our calculi and show that, for some concrete choices of the under-
lying base logic £, the completeness of GLinq€, may also be established indirectly, by using a
suitable Hilbert-style system for Inq£. In Section 5.6, finally, we will give a general completeness
proof, covering each of the calculi GLinq£,. The argument is based on the construction of an
infinite proof search tree and the extraction of a countermodel from an open branch of this tree.

5.1 Kripke Modalities in Inquisitive Logic

Let us start by introducing the basic framework of inquisitive Kripke logic. The system described
in this section will be called InqgK' and may be considered from two different angles: on the one
hand, it may be seen as the result of adding the question-forming operator V to the standard
system K of basic modal logic. On the other hand, it can be conceived as the result of adding the
Kripke modality [J to the system InqB of basic inquisitive logic. As before, we will assume an
infinite set P of atomic propositions, denoted by p, ¢, 7, etc. The formulas of InqK are now built
up from the atoms in P by means of the usual connectives of InqB and the modal operator L.

Definition 5.1.1 (Language of InqK). The language of InqK is denoted by £X and consists of all
formulas generated by the following grammar, where p ranges over atomic propositions from P:

pu=p|lLloAplo—=0leVe|Op.

As in the basic system InqB, the connectives = and V will be treated as abbreviations, by
putting —¢ := ¢ — L and ¢ V 1 := =(—¢p A —)). In addition, the dual modality < is taken to
be defined by &g := —[—¢. The symbols [ and <> will also be called the box operator and the
diamond operator, respectively. By adopting the terminology used in the previous chapters, we
will refer to \V as the inquisitive disjunction and to V as the standard disjunction of our system.
Moreover, a formula not containing occurrences of \V is said to be a standard formula. As before,
standard formulas will be denoted by the meta-variables «, 3, v, etc., whereas ¢, 1, x, etc., will
be used for arbitrary formulas. Moreover, the set of all standard formulas is denoted by £X.

For the sake of illustration, we will usually adopt an epistemic interpretation of the modalities.
Under this interpretation, [ is used to express the knowledge of an agent, so Ll may be read as
“The agent knows ¢’ and <@ may be read as ‘¢ is compatible with the knowledge of the agent’
or ‘The knowledge of the agent does not rule out ¢’. The reader should bear in mind, however,
that the epistemic reading is not the only possible interpretation and different readings of [J and
< can be given as well. A short overview is provided by Ciardelli (2022, pp. 249-250, 252).

! It should be noted that Ciardelli (2016b) uses the name InqBK instead of InqK. In order to avoid an overly complicated
nomenclature (especially when introducing our sequent calculi), we will henceforth deviate from this notation.
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Note that, in the language £X, the modality [J can be used to embed both questions and asser-
tions. This is an important difference to standard modal logic, where [J can only be applied to
statements. To appreciate this fact, let us consider the following sentences in natural language:

(1) Alice knows that Bob is lying.
(2) Alice knows whether Bob is lying.

In the first sentence, Alice’s knowledge is directed towards a purely declarative proposition, say-
ing that Bob is lying. Thus, if we take [J to express Alice’s knowledge, then (1) can be repre-
sented by a standard formula of the shape Up. Intuitively, we expect this formula to be true at
a possible world, if Alice’s knowledge state at this world entails the information conveyed by p.
Now, consider sentence (2). In this sentence, Alice’s knowledge is directed towards an inquisitive
proposition—namely, the proposition whether Bob is lying. In the language L, this corresponds
to a formula of the form [17p, where [] now embeds the alternative question 7p.2 Intuitively, this
formula is true at a world, just in case Alice’s knowledge state at this world settles the issue raised
by 7p. Note that, by the semantics of \V, this is equivalent to saying that Alice’s knowledge either
entails p or it entails —p, so we expect L17p to be equivalent to the standard formula Ulp vV O—p.
In fact, as we will see later on, the modal operator [ always distributes over inquisitive disjunc-
tions, turning them into standard ones, so InqK validates the equivalence O(¢ V1) = Op Vv 0.
As a consequence, an inquisitive disjunction occurring in the scope of a box operator can al-
ways be paraphrased away by means of a standard disjunction. So, what is the point of allowing
questions to be embedded under [J in IngK? The answer is that, by adding V to standard modal
logic, IngK allows for a uniform treatment of sentences like (1) and (2). This is an advantage over
standard modal logic, where paraphrasing is necessary in order to cope with sentences like (2).
We now want to give a brief outline of the semantics of InqK and sketch some important prop-
erties of the system. Our presentation mainly follows the exposition given by Ciardelli (2016b,
Chapter 6), which is also an excellent source for further details. To start with, the formulas of
IngK are evaluated with respect to ordinary Kripke models, which are defined in the usual way.

Definition 5.1.2 (Kripke Frame, Kripke Model). A Kripke frame is defined to be a pair F' =
(W, R), where W is a set whose elements are called worlds, and R C W x W is a binary relation
on W, referred to as the accessibility relation of the frame. By a Kripke model, we mean a triple
M = (W, R,V), where (W, R) is a Kripke frame and V' : W x P — {0, 1} is a valuation function.

Given a Kripke frame F' = (W, R) and worlds w,u € W, we will say that u is a successor of
w in F, just in case we have wRu. Furthermore, the neighbourhood of a world w in F' is denoted
by R(w) and defined to be the set of all successors of w, so we put R(w) := {u € W | wRu}.
As before, a set of worlds s C W is also referred to as an information state over F'.

Intuitively, every world in a Kripke model may be conceived as a possible state of affairs. This is
similar to the interpretation of worlds in the basic inquisitive system InqB. However, in contrast
to the standard setting, the state of affairs represented by a world w is now determined not only
by the propositional atoms true at w, but also by the information state R(w) assigned to w.
Under the epistemic interpretation of [J explained above, R(w) could be taken to represent the
information available to an agent at world w—or, to put it differently, the set of worlds considered
to be possible according to the current knowledge of the agent at that world.

Since formulas of inquisitive logic are evaluated with respect to information states, rather than
worlds, we cannot simply adopt the usual truth-conditional semantics for [ known from standard
modal logic. Instead, we have to find a suitable support clause for formulas of the shape Up. But
how could such a support clause look like? Recall that, under the epistemic interpretation, a

% As usual, ?¢ is defined to be an abbreviation for ¢ V —p.
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formula of the form Oy is read as “The agent knows ¢’. Now, given a specific world w in a
Kripke model, we would expect an agent to know a proposition ¢ at w, just in case the agent’s
knowledge state R(w) at w entails the information conveyed by ¢, and R(w) settles the issue
raised by ¢. In other words, the agent knows ¢ at world w if and only if R(w) supports ¢. By
generalizing this observation to information states, we thus find that a formula Uy should be
supported by a state s if and only if, for every world w € s, the formula ¢ is supported by R(w).
This yields the following support semantics for the language of InqK (cf. Ciardelli 2016b, p. 202).

Definition 5.1.3 (Support Semantics for InqK). Let M = (W, R, V') be a Kripke model. The
support relation =between states s C W and formulas ¢ € £LX is inductively defined as follows:
(i M,sEp & V(w,p)=1forallw € s,
(i) M,sE=1 & s=10,
(i) M,sEpAY = M,skE=pand M, skE= 1),
(iv) M,sE=¢p —1 & forallt Cs,if M,tkE= @, then M, t k=),
v) M,sEeVyY & M,sEypor M,skE 1,
(i) M,sEOp <= M,R(w)kE¢forallw € s.

If M, s = ¢ holds, then we say that ¢ is supported by s in M. Observe that, in InqK, the notion
of support is defined in exactly the same way as in the basic system IngB, except that we now
also have a support clause for the modal operator [J. Using the support relation =, we can now
define some important semantic concepts. To begin with, given a Kripke frame F' = (W, R) and a
formula ¢, we write F' = ¢ and say that ¢ is valid in the frame F, if for every model M = (F, V),
based on F', and for every state s C W, we have M, s = ¢. A formula ¢ is said to be valid in IngK,
denoted = ¢, if ¢ is valid in every frame. Furthermore, given a formula ¢ and a set of formulas
I, we write I' = ¢ and say that ¢ is entailed by T, if for every Kripke model M = (W, R, V)
and for every state s C W, it is the case that M, s =I" implies M, s = ¢.? Finally, two formulas
¢ and 1 are called equivalent, notation ¢ = 1, if we have both ¢ = 1) and ¢ = ¢.

We now want to highlight some basic properties of InqK. For a more detailed account, we
refer to Ciardelli (2016b, Chapter 6). First of all, it is easy to check that the support relation of
IngK is persistent and that every formula ¢ € £LX is supported by the empty information state.

Proposition 5.1.4. Let M be a Kripke model, let s and t be states and let ¢ € LX be a formula.
(i) Persistency: if M, s = @ andt C s, then M, t = .
(ii) Empty state property: M, () = .

Both statements can be proved by a straightforward induction on the structure of ¢. Next,
we can show that InqK validates the usual principle of necessitation: if a formula ¢ € L is
valid in IngK, then so is . In addition, [J distributes over implications, so InqK validates the
well-known axiom scheme K familiar from standard modal logic (cf. Blackburn et al. 2001, p. 33).

Proposition 5.1.5 (Validity of K and Necessitation). For all p, 1) € LX, the following holds:
) EO(p = ¢) = [Op = Ty),
(ii) if &= ¢, then = Q.

Proof. The proof of the first part is easy and therefore omitted. In order to prove the second part,
suppose that we have = (. Let M be an arbitrary Kripke model and let s be an arbitrary state
over M. Because = ¢, we must have M, R(w) = ¢ for all worlds w € s. Hence, by the support
clause for [J, it follows M, s = . Since M and s were arbitrary, this shows that =Oy. [

We now want to work out some more exciting properties of InqK. As in our treatment of
basic inquisitive logic, InqB, we will say that a formula ¢ is true at a world w of a model M,

3 As before, M, s =T is used as a shorthand for ‘M, s =1 for all ¢y € I".
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if ¢ is supported by the singleton state {w}. In this case, we also write M, w = ¢ instead of
M, {w} &= ¢. Moreover, a formula ¢ is said to be truth-conditional, if for every model M and
every state s, we have: M, s = ¢ if and only if M, w = ¢ for all w € s. That is, a truth-
conditional formula is a formula for which support at a state simply boils down to truth at every
world in the state. Now, by a straightforward inspection of the support clause for [ given in
Definition 5.1.3, one readily sees that every formula of the form U is truth-conditional in IngK.

Proposition 5.1.6. For every ¢ € L, the formula Oy is truth-conditional.

In our exposition of the basic system InqB, we have already seen that all standard formulas of
classical logic remain truth-conditional in the inquisitive setting (see Corollary 1.3.4). Proposi-
tion 5.1.6 tells us that this can be generalized to all formulas of standard modal logic, i.e., to all
formulas in £X not containing V. In fact, since [J always yields a truth-conditional formula—
even when applied to a question—we may even identify a richer syntactic fragment of InqK that is
guaranteed to have this property. The formulas in this fragment will be referred to as declaratives.

Definition 5.1.7. The declarative fragment of InqK is the set of formulas £ generated by the
following grammar, where p ranges over atoms and ¢ ranges over arbitrary formulas in £K:

az=p|L|Op|larala— a.

By overloading notation, we will henceforth use the meta-variables «, 3, 7, etc., for both
declarative formulas and standard formulas. In any case, no confusion will arise, since it will
always be clear from the context whether a declarative or a standard formula is meant. Note that
every standard formula is also a declarative formula but not vice versa: for instance, C(p \V q)
is a declarative, but not a standard formula, since it contains an occurrence of V. Now, using
Proposition 5.1.6 and the fact that truth-conditionality is preserved by the connectives 1, A and
—, we may conclude that every formula in the declarative fragment of InqK is truth-conditional.

Proposition 5.1.8. Every formula in the fragment L is truth-conditional.

By the support clause for [, we know that Uy is true at a world w of a Kripke model M, just
in case ¢ is supported by the neighbourhood R(w) of w. Consequently, if ¢ is a truth-conditional
formula, then the truth conditions for [y, as determined by our support semantics, are simply
the familiar ones from standard modal logic, so we have M, w = Oy if and only if M, u E ¢
for all worlds u with wRu. Now, because every standard formula is truth-conditional—with the
same truth conditions as in standard modal logic—it is easy to see that InqgK must be a conservative
extension of the basic modal logic K. That is, a standard formula o € L’f is valid in InqK if and
only if « is valid in K. As shown by Ciardelli (2016b, p. 209), there is even a more intriguing
connection between IngK and standard modal logic: a formula of IngK is truth-conditional if
and only if it is equivalent to some standard modal formula o € £X. Therefore, with respect to
statements, IngK has exactly the same expressive power as standard modal logic.

Proposition 5.1.9. A formula ¢ € L is truth-conditional if and only if there exists a standard
formula o € LX such that p = a.

The right-to-left direction of the proposition is trivial, since standard formulas are always
truth-conditional by Proposition 5.1.8. For the other direction, one uses the observation that
every ¢ € LK can be translated to a standard formula * € £X in such a way that ¢ and * have
the same truth conditions. Thus, if ¢ itself is truth-conditional, then ¢°® will be equivalent to ¢
(cf. Ciardelli 2016b, pp. 208-209). We already mentioned above that, intuitively, a formula of the
form [7p should be equivalent to [pV—p. The following proposition confirms this intuition: in
IngK, the modality U distributes over inquisitive disjunctions, turning them into standard ones.
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Proposition 5.1.10 (Distributivity of (] over \V). Forallp,) € LK, it holds ((p\1)) = OpVIhp.

Proof. By Proposition 5.1.8, we know that (J(¢ \ v) and Oy V [t are both truth-conditional.
Hence, it suffices to check that they have the same truth conditions. This is achieved as follows:

M,wEDOEVY) < MRw)FEeVY
& M,R(w)FEpor M,R(w)E1y
& M,wkEOpor M,wE DTy
& M,wkEOpVvOy.

Observe that, in the last step, we used the ordinary truth conditions for the defined connective
V, which clearly remain valid in IngK (see also Proposition 1.2.9). O

Using the support semantics given in Definition 5.1.3, one may now also derive a support clause
for the defined modality < (for the other defined operators, the clauses are the same as in IngB).

Proposition 5.1.11 (Support-Conditions for ). For every Kripke model M and for every state s,
we have M, s = O ifand only if, for everyw € s, there exists someu € R(w) such that M, u = .

Note that, as a consequence, O is true at a world w of a model M, just in case we have
R(w)N|e|apr # 0, where || denotes the truth-set of ¢ with respect to M (see Definition 1.2.10).
Thus, as expected, O expresses that the agent’s knowledge is compatible with the information
conveyed by ¢. For later purposes, we also need the following lemma, saying that failure of
support can be restricted to states of finite size: if a formula ¢ is not supported by some state s,
then one can always find a finite enhancement ¢ C s such that ¢ is not supported by ¢.

Lemma 5.1.12. Let M be a Kripke model. For every formula o € LX and for every state s over
M, if it holds M, s i ¢, then there exists a finite substatet C s such that M, t = ¢.

Proof. By induction on the structure of . The base case and the inductive step for A are trivial.
Consider now the case in which ¢ is of the form ¢ = ¢ — x. Suppose that we have M, s B
1 — x for some state s over M. By the semantics of —, there must be some  C s such that
M,r =1 and M, r F x. Hence, by induction hypothesis, there exists a finite subsett C r C s
such that M, t £ x. Since we have M,r = v and ¢t C r, we must also have M, t = 1 by the
persistency of support in IngK. Therefore, ¢ is a finite substate of s such that M, ¢ ¢ — x.
Let now ¢ be of the form ¢ = 1)V x and suppose that we have M, s B ¢\ x. By the semantics
of \, this yields M, s = 1) and M, s = x. Thus, by induction hypothesis, there are finite subsets
t1,to C s such that M, ¢; = 1) and M, t5 B x. Consider the union ¢ := t1 U t5. Since t; and ¢
are both finite, ¢ must be finite as well. Now, suppose for a contradiction that M, ¢ = 1 \V x. This
yields M, t =1 or M, t E x, so it follows M, t; = 1) or M, to = x by the persistency of support.
But this is a contradiction to our assumption about ¢; and ¢5. Hence, we have M, t ¢\ x.
Finally, let us consider the case ¢ = [Ji. Suppose that we have M, s B~ i for some state s
over M. By the semantics of [J, there must be some world w € s such that M, R(w) F~ ). But
then, clearly, for the finite state ¢ C s given by ¢ := {w}, we also have M, t B~ (. O

5.2 Extensions of IngK

In the previous section, we constructed InqK as an inquisitive extension of the basic modal logic
K. It is well known that K can be seen as the weakest standard modal logic, since validity in K
simply boils down to validity in all Kripke frames. For this reason, in standard modal logic, one
usually also defines various extensions of K: either by imposing further restrictions on the acces-
sibility relation of a Kripke frame, or by requiring frames to validate certain additional axioms.
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In this section, we will do something analogous for the inquisitive system InqK. More precisely,
for every normal modal logic £, we will define a corresponding inquisitive extension Inq£. After
introducing some standard terminology, we will see a general completeness result by Ciardelli
(2016b), covering all those systems Inq£ for which the underlying base logic £ is canonical. At the
end of this section, we will also introduce a special class of inquisitive logics, referred to as geo-
metric extensions of InqK. Roughly speaking, this class comprises all systems Inq£ that can be de-
termined by first-order frame conditions of the form Vi (¢ — 1)), where ¢ and 1) are not allowed
to contain implications or universal quantifiers. This will become important in Section 5.3, where
we will define cut-free labelled sequent calculi for the full class of geometric extensions of InqK.

5.2.1 Some Basic Notions

To begin with, let us recall some basic terminology from standard modal logic. For a more com-
prehensive exposition of the material, we refer to Blackburn et al. (2001, Chapter 4). First, a
normal modal logic is a set of standard formulas £ such that £ contains all propositional tautolo-
gies and all instances of the K-schema, and £ is closed under modus ponens and necessitation.

Definition 5.2.1 (Normal Modal Logic). By a normal modal logic, we will mean any set of stan-
dard modal formulas £ C £X such that each of the following four conditions is satisfied:
(i) £ contains all instances of propositional tautologies,
(i) £ contains all formulas of the form (o — 5) — (Oa — Op),
(iii) fo € £and (« — B) € £, then § € £,
(iv) f o € £, then Oa € £.

Observe that normal modal logics are characterized in a purely syntactic manner. In fact, Defi-
nition 5.2.1 can be seen as a straightforward generalization of the concept provability in Hilbert-
style systems for modal logics. It is a generalization, since it does not talk directly about proofs
in such a system, but focuses on what is actually important: the availability of certain axioms
and the closure under modus ponens and necessitation. In line with this syntactic perspective,
we will also say that a standard formula o € £X is a theorem of a normal modal logic £, notation
¢ «, if a is an element of £. More generally, given any set of standard formulas I' U {a} C £X
and a normal modal logic £, we write I' =¢ « and say that « is deducible from T" in £, just in
case we have ¢ « or there are formulas 31, ..., 3, € ' such thatt—¢ (81 A ... A B,) = .

Note that, according to Definition 5.2.1, the set of all standard formulas is also a normal modal
logic (one might call this the ‘trivial’ or the ‘inconsistent’ modal logic). Furthermore, it is easy
to verify that any (finite or infinite) intersection of normal modal logics is again a normal modal
logic. As a consequence, one can show that, for every set of standard formulas I' C ,CE, there
exists a smallest normal modal logic £r containing I, i.e., £ satisfies I' C £r, and for every
normal modal logic £ with I' C £, we have £ C £. In what follows, we will call £ the normal
modal logic generated or axiomatized by I', and we say that [ is an axiom system for £r.

Let us consider some examples of normal modal logics. The normal modal logic generated by
the empty set is denoted by K and may be conceived as the smallest or the weakest normal modal
logic, since we clearly have K C £ for every normal modal logic £. Now, let us turn to some ex-
tensions of K. In Table 5.1, we list a number of well-known axiom schemes from standard modal
logic. For every combination of these schemes, we may obtain an extension of the basic system
K by constructing the normal modal logic generated by the schemes. It is common practice to
denote the systems obtained in this way simply by attaching the names of the corresponding
schemes to the letter K. So, for example, KT refers to the normal modal logic generated by the
scheme T, whereas KD4 stands for the modal logic generated by the schemes D and 4. How-
ever, some logics also carry traditional names that are often more common in the literature. For
instance, instead of KT, KD, KT4 and KT5, one also writes T, D, S4 and S5, respectively.
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Axiom Scheme Frame Condition First-Order Formula

T UOa—a Reflexivity Yu.Ruu

4 Oa— 00« Transitivity Vuvw.(Ruv A Rvw — Ruw)
5 <Oa — UOOa  Euclideanness Vuvw.(Ruv A Ruw — Row)
B a— 00« Symmetry Yuv.(Ruv — Rou)

D Hoa— Ca Seriality Yu3dv. Ruv

Table 5.1: Some famous axiom schemes and the corresponding frame properties.

It is well known that axiom schemes of standard modal logic can also be used to characterize
certain classes of Kripke frames. Roughly speaking, we say that a class C of Kripke frames is
defined by a scheme ©, just in case, for every frame F’, we have F' € C if and only if F’ validates
all instances of ©.* The classes of frames defined by the schemes T, 4, 5, B and D are presented
in the second column of Table 5.1. Thus, for example, one can show that a Kripke frame F is
reflexive if and only if all instances of the T-schema are valid in F'; and a frame F' is transitive if
and only if all instances of axiom scheme 4 are valid in F'. As indicated in the last column of the
table, many properties of frames can also be characterized by a formula of first-order logic. This
will become important in Section 5.2.3, where we want to consider the class of all Kripke frames
that are characterized by a certain type of such formulas, known as geometric implications.

So far, we have considered normal modal logics mainly from a syntactic point of view. But
there is also a semantic perspective. To make things precise, we must introduce some further ter-
minology. Given a normal modal logic £, we say that a frame F'is an £-frame, if F' validates every
formula in £. Moreover, for every set of standard formulas I' U {a} C £, we write I' =¢ a and
say that « is entailed by I in £, if for every Kripke model M, based on an £-frame, and for every
world w in M, it is the case that M, w =T implies M, w = «. In other words, =g is the conse-
quence relation obtained by restricting the usual notion of entailment in standard modal logic to
Kripke models based on £-frames.> The link between the syntactic and the semantic perspective
is provided by the concepts of soundness and completeness which are defined in the usual way.

Definition 5.2.2 (Soundness and Completeness). Let £ be a normal modal logic. We say that £
is sound, if for every set of standard formulas I' U {a} C LK, we have: ' -¢ a implies I F=¢ o
And £ is called complete, if for any ' U {a} C LK, it is the case that I" F=¢ « implies " ¢ o

A useful tool for showing the completeness of a normal modal logic are canonical models.
Towards a definition of this concept, consider an arbitrary normal modal logic £ and an arbitrary
set of standard formulas I' C £K. We say that I is £-consistent, if ' /¢ 1. And we say that I is
maximally £-consistent, if I is £-consistent and no proper extension A 2 I' is also £-consistent.

Definition 5.2.3 (Canonical Model for £). Let £ be a normal modal logic. The canonical model
for £ is the Kripke model M¢ = (W, Re, Vi) defined as follows:
(i) Wg is the set of all maximally £-consistent sets,
(i) (T,A) € R :& foralla € LX,if Oa € T, then o € A,
(i) Ve(l'yp) =1 & pel.
The Kripke frame Fg¢ := (Wg¢, Rg) is also referred to as the canonical frame for £. Crucially,

in the canonical model for any normal modal logic £, truth at a world I' simply boils down to
membership in the set I'. This is known as the truth lemma (cf. Blackburn et al. 2001, p. 199).

* Recall that, in standard modal logic, a formula « is said to be valid in a Kripke frame F, just in case « is true at every
world of every Kripke model M based on F'. Since standard modal formulas are guaranteed to be truth-conditional
in IngK, this coincides with the notion of validity introduced in Section 5.1.

> One may also define entailment more generally, by relativizing consequence to an arbitrary class of frames C (cf.
Blackburn et al. 2001, p. 31). Our definition can then be seen as the special case in which C is the class of all £-frames.
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Proposition 5.2.4 (Truth Lemma). For every normal modal logic £, for every maximally £-consis-
tent set ' C LX and for every standard formula o € LX, we have: Mg, T' = « if and only if o € T

The usefulness of canonical models stems from the fact that, for many modal logics, they
provide us with a simple completeness proof. However, this only works if the frame F¢ actually
validates the formulas in £. A normal modal logic satisfying this constraint is said to be canonical.

Definition 5.2.5 (Canonicity). A normal modal logic £ is canonical, if F¢ is an £-frame.

It is well known that every normal modal logic generated by one or more of the axiom schemes
given in Table 5.1 is canonical. However, there are also normal modal logics that are not canoni-
cal. A famous example of such a logic is KL, the normal modal logic generated by the Léb axiom:
O(0a — a) — Oa. A proof of this fact is provided by Blackburn et al. (2001, p. 211). As outlined
above, canonicity always implies completeness, so we have the following general result.

Proposition 5.2.6. If a normal modal logic £ is canonical, then it is complete.

The general idea of the proof can be described as follows: suppose that £ is canonical and
I'#¢ o Then, I' U {—a} is £-consistent. Thus, by a suitable variant of Lindenbaum’s lemma, it
can be extended to a maximally £-consistent set A. We now have M¢, A =T and Mg, A B «
by the truth lemma. Since £ is canonical, Mg is based on an £-frame, so this yields I' F~¢ a.

5.2.2 Extensions of InqK Based on Normal Modal Logics

For every normal modal logic £, we may now define a corresponding inquisitive system Inq£
which extends the system InqK introduced above. Formally, Inq£ is obtained from InqK by
restricting entailment to Kripke models based on £-frames, so we adopt the following definition.

Definition 5.2.7 (The Systems Inq£). Let £ be a normal modal logic. For any set of formulas
TU{p} C LK, we write ' =89  and say that ¢ is entailed by T in InqL, if for every Kripke model
M, based on an £-frame, and for every state s over M, we have: if M, s =T, then M, s &= ¢.

Given any normal modal logic £, we will also say that Inq£ is the inquisitive system based on
£. Observe that, in particular, IngK is the system based on the smallest normal modal logic, K.
Moreover, it is easy to see that, for every normal modal logic £, Inq£ is in fact an extension of
IngK, in the sense that every formula valid in IngK is also valid in Inq£ but not necessarily the
other way around. In other words, if InqK and Inq£ are identified with the sets of their validities,
then IngK C Inq£. As an immediate consequence of this, we obtain the following facts.

Proposition 5.2.8. For every normal modal logic £ and for all formulas @, € LX, we have:
() B¢ O(p = v) = (Op — Oy),
(i) E¢9 O(e V) — (Op v Oy),

(iii) If =39 @, then =19 Oe.

Proof. The statements follow immediately from Propositions 5.1.5 and 5.1.10. O

In Section 5.1, we already mentioned that InqK is a conservative extension of the normal modal
logic K. Thus, a standard formula is valid in InqK if and only if it is valid in K. The following propo-
sition shows that this can be generalized to each of the logics Inq€ (cf. Ciardelli 2016b, p. 213).

Proposition 5.2.9 (Conservativity over £). Let £ be a normal modal logic. Then, for every set of
standard formulasT'U {a} C LX, we have: T =09 o if and only if T F=¢ .
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a— (pV) , O —v) ,
@SV (=g P O, 5 op 99
oo Olewvey) . N
T (dne) m (\\/dlS) Dgp (nec)

Figure 5.1: Special rules of the natural deduction system for Inq€ given by Ciardelli
(2016b). In the rules (split) and (dne), o € [Z!( must be a declarative formula. Moreover, the
rule (nec) can only be applied if the subdeduction ending with ¢ has no open hypotheses.

However, note that this correspondence between a normal modal logic £ and its inquisitive
counterpart, InqZ, is restricted to standard formulas only. In particular, it may very well be the
case that £ validates certain axiom schemes for standard formulas that do not remain valid in
Inq£ when instantiated with arbitrary formulas from £X. For example, consider the modal logic
T, axiomatized by the scheme Ulav — . By Proposition 5.2.9, we know that this scheme remains
valid in InqT for all standard formulas o € LK. However, for arbitrary ¢ € LX, the scheme
Op — ¢ turns out to be invalid in InqT. To see this, let M be a reflexive Kripke model with two
worlds u and w such that R = {(u, u), (w,w)}, V(u,p) = 0 and V (w, p) = 1. Then, clearly, for
the state s = {u, w}, we have M, s = ?p and M, s B ?p, so it follows FA'9 O?7p — ?p.

In order to conclude this section, we now want to present a generic completeness result by
Ciardelli (2016b) that holds for all systems Inq€ which are based on a canonical modal logic £.
More precisely, we will describe a general strategy that allows to turn any axiom system © for
a canonical modal logic £ into a sound and complete natural deduction system Ninq£g for its
inquisitive counterpart, Inq£. Recall that, by an axiom system for a modal logic £, we mean
any set of standard formulas © C LX such that £ is the smallest normal modal logic containing
©. Thus, for example, the empty set would be an axiom system for the logic K, and the set
containing all standard instances of LJa — «a would be an axiom system for the logic T. Note
that, in principle, it would also be legitimate to take £ itself as an axiom system for £.°

Now, given any canonical modal logic £, Ciardelli (2016b, pp. 214-217) provides us with a gen-
eral recipe that allows to transform any axiom system © C LK for £ into a sound and complete
natural deduction system for the corresponding inquisitive logic Inq£. The system obtained by
Ciardelli’s method will be referred to as Ninqg£g and can be defined in the following way.

Definition 5.2.10 (The Systems Ninq£g). Let £ be a canonical modal logic and let © C £X be an
axiom system for £. The natural deduction system Ninq£g comprises all rules of the system pre-
sented in Figure 1.3, together with the axioms from © and the special rules depicted in Figure 5.1.

In what follows, we will write I—g for the provability relation of the system Ninq£g. Note
that, for every canonical modal logic £, Definition 5.2.10 does not give us a single proof system
for Inq£, but a whole family of such systems—namely, one system for each possible choice of ©.

Furthermore, by definition, all elements of the underlying axiom system © for £ are also taken
to be axioms of the natural deduction system Ninq£g. So, for instance, in the natural deduction
system for InqT, we might adopt all instances of the schema Ula — «, and in the system for
InqgK4, we might adopt all instances of (Jo — [C«.” This is necessary in order to account

¢ As we will see later on, this has some notable consequences for the decidability of Ciardelli’s proof systems.
7 Note that, in either case, we require « to be a standard formula, ie., o € Ef.
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for the fact that InqL is a conservative extension of £, so Ninq€g should allow us to derive the
characteristic schemes of the underlying base logic £ and all logical consequences thereof.

Let us now say a bit more about the special rules given in Figure 5.1. First of all, in the rules
(split) and (dne), the meta-variable « is now allowed to range over arbitrary declarative formulas
and not just over standard formulas. Thus, « is allowed to contain occurrences of \, provided
that they are in the scope of a box operator. This is necessary in order to account for the truth-
conditionality of declarative formulas in Inq£ (see Proposition 5.1.8). The rules (—dis), (\Vdis)
and (nec), on the other hand, are used to account for the fact that [ distributes over both — and
V, and that necessitation is valid in each of the systems Inq.£ (see Proposition 5.2.8). Note that, in
the necessitation rule (nec), we require all hypotheses of the deduction to be discharged. Without
this restriction, our systems would allow us to prove invalid formulas such as p — Cp.® It is now
possible to show that each of the systems Ninq€g is sound and complete with respect to Inq£.

Theorem 5.2.11 (Soundness and Completeness). Let £ be a canonical modal logic and let® C L
be an axiom system for £. For everyT' U {p} C LK, we have: Ty ¢ if and only if T =29 .

A proof is provided by Ciardelli (2016b, pp. 217-221). For the completeness part, he uses the
canonical model My for £. The basic idea is as follows: suppose that we have I L~y . Using a
support-based generalization of the truth lemma, this allows us to find a state S over Mg such
that Mg, S =T and Mg, S B . But then, since £ is canonical, it follows ' 09 .

5.2.3 Geometric Extensions of IngK

Ciardelli’s completeness result for the Kripke logics Inq£ obviously has some limitations. For one
thing, his natural deduction systems Ninq£g are clearly not analytic in the sense that one might
prove a normalization theorem for them and derive a suitable version of the subformula property
thereof. For another, Ciardelli’s general strategy is only applicable in practice, if a suitable axiom
system © for £ is already known in advance. In order to be a bit more specific about this, suppose
that we want to use Ciardelli’s method in order to find a sound and complete natural deduction
system for some Inq£, where £ is assumed to be canonical. If an appropriate set of axioms © for
£ is not given to us in advance, all we can do is to use the set £ itself as an axiom system for £
when constructing the natural deduction system Ninq€£g.” However, in this case, we are facing
the problem that £ might not be a decidable set of formulas, so the resulting axiomatization for
InqL is not guaranteed to be recursive.!’ Furthermore, rather than considering modal logics from
an axiomatic point of view, we are often more interested in modal logics given to us by a frame
condition such as ‘the logic of all reflexive frames’ or ‘the logic of all transitive frames’.

For this reason, we will henceforth only consider inquisitive systems based on a certain type of
canonical modal logics. The logics belonging to this type are known as geometric extensions of the
basic system K and they are determined by a first-order frame condition of the form Vi (p — 1),
where ¢ and ) are not allowed to contain implications or universal quantifiers. A frame con-
dition of this kind is also known as a geometric implication (see Negri 2003; 2005).!! To make

8 Strictly speaking, Ciardelli (2016b, pp. 214-217) uses a slightly more general version of the necessitation rule, which
may be described in the following way: given a subdeduction of ¢ from I' and additional premises [Ji) for each
v € I, we may infer Ly and discharge all hypotheses in I'. However, due to the presence of the rule (—dis), the
two formulations of the necessitation rule are easily seen to be equivalent.

’ As mentioned in the previous section, this would in fact be a legitimate choice in Ciardelli’s construction.

!%Recall that an axiomatization of a logic is said to be recursive, if it has a decidable set of axioms (cf. Blackburn et al.
2001, p. 342). By Craig’s theorem, this is equivalent to saying that the set of theorems of the logic is recursively enu-
merable (cf. Craig 1953; Putnam 1965). Observe that, since Ninq£e comprises all formulas from © as axioms, it will
only be a recursive axiomatization for Inq £, if © is a decidable axiom system for £ (see also Ciardelli 2016b, p. 216).

"'This terminology actually comes from the field of topos theory, where first-order theories axiomatized by geometric
implications are an important subject of study. For further details, we refer to Mac Lane and Moerdijk (1994).
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things precise, let us import some further terminology from standard modal logic. In what fol-
lows, properties of frames will be described by first-order formulas taken from a so-called frame
language. It comprises all first-order formulas built up from a binary relation symbol R, which
is interpreted as the accessibility relation of a Kripke frame (cf. Blackburn et al. 2001, p. 126).

Definition 5.2.12 (Frame Language). The frame language over a set of variables & is denoted £
and consists of all first-order formulas built up from a binary relation symbol R and the variables
in G by means of the constants | and T, the connectives A, VV and —, and the quantifiers V and 3.

In standard modal logic, it is usually assumed that the frame language also includes the identity
predicate =. For simplicity, we will henceforth neglect the issues arising from this predicate and
restrict ourselves to the simplified frame language without equality. Nevertheless, this is not an
essential restriction and the reader can easily adjust our results to the more general setting.

As usual in first-order logic, we will say that a formula ¢ € £P is closed, if it does not contain
free variables. Note that, by interpreting the binary relation symbol R as the accessibility relation
of a frame, every Kripke frame may now be considered as a model for the first-order language
LS. Hence, given a frame F and a closed formula ¢ € LF, we will write F' |- ¢ and say that F
satisfies o, if IV satisfies ¢ in classical first-order logic. For any set of closed formulas ® C LS,
we will also use the notation F' |~ ® as an abbreviation for ‘F' [~ ¢ for all ¢ € ®’.

Let now ® C L be an arbitrary set of closed formulas. The class of frames determined by ®
is denoted by Fr(®) and defined to be the class of all Kripke frames satisfying the formulas in ®.
In other words, we put Fr(®) := {F | F is a frame with F' [~ ®}. On the other hand, the modal
logic determined by ® is denoted by £(®) and consists of all standard formulas that are valid in all
frames from Fr(®), so we define £(®) := {a € LK | F=aforall F € Fr(®)}.!? A modal logic
determined by at least one set of sentences ® C LY is also said to be elementarily determined.

Let us consider some examples. As indicated in Table 5.1, the class of all reflexive Kripke frames
is determined by the first-order sentence Vu.Ruu and the corresponding standard modal logic
is known as KT or T. On the other hand, the class of all transitive frames is determined by the
sentence Yuvw.(Ruv A Rvw — Ruw) and the very same sentence also determines the standard
modal logic K4. These two first-order sentences together determine the class of all frames that
are both reflexive and transitive, which corresponds to the modal logic known as KT4 or S4.

It was already mentioned that we are only interested in frame conditions of a specific type—
namely, those conditions that can be described by a number of geometric implications. Towards a
definition of this concept, let us say that a first-order formula ¢ € L¥ is geometric, if it does not
contain occurrences of — or V. We now import the following notions from Negri (2003; 2005).

Definition 5.2.13 (Geometric Implication, Geometric Axiom). By a geometric implication, we
will mean a closed formula of the shape Vii(¢ — 1), where ¢, 1 € ,CFG are geometric formulas.
A geometric axiom, on the other hand, is a closed formula of the form Vi (p — Ji(¢1 V... Viby,)),
where each , 1, ...,y is a conjunction of atomic formulas from the frame language £F6.13

In the definition of a geometric axiom, we also allow the special case in which some of the
conjunctions ¢, 11, ..., Y, are empty. In particular, if the antecedent ¢ of the implication is
empty, we identify it with T and write the geometric axiom in the form Va3iu(¢1 V ... V y).
Similarly, if each of the formulas 1, ... %, is an empty conjunction, the whole consequent
(1 V ...V 1hy,) will be identified with L, so the geometric axiom has the form Vii—.

We are now ready to introduce the most important concept of this section: the class of all
geometric extensions of the basic modal logic K. This class comprises all standard modal logics
that are determined by at least one finite set of geometric implications from the frame language.
For the sake of simplicity, such an extension of K will also be referred to as a geometric modal logic.

12Recall that F' = o was defined to mean that « is valid over F in the inquisitive system InqK. However, by the truth-
conditionality of standard formulas, this is equivalent to saying that « is valid over F in the standard modal logic K.

BTo be clear: by an atomic formula from EFe, we mean any formula of the form Ruv, where u,v € &. Thus, in
particular, the logical constants L and T will not be considered as atomic formulas.
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Definition 5.2.14 (Geometric Modal Logic). A standard modal logic £ C £K is said to be geomet-
ric, if there exists a finite set of geometric implications ® C £E such that £ is determined by ®.!*

An inquisitive system Inq £ will be called geometric, if the underlying base logic £ is geometric.
In order to see some examples, let us consider the first-order sentences depicted in Table 5.1. One
readily sees that each of these sentences is a geometric implication (and, in fact, even a geometric
axiom)."®> Consequently, every normal modal logic generated by some combination of the axiom
schemes T, 4, 5, B and D is a geometric modal logic. As we have seen above, this includes a wide
range of very famous modal logics such as, for example, T, B, D, S4, S5 and many others.

It is easy to see that every geometric axiom is also a geometric implication, but not the other
way around. Nevertheless, it is possible to show that every geometric implication is equivalent
to a conjunction of geometric axioms. As a consequence, we obtain the following proposition.

Proposition 5.2.15. A standard modal logic £ C LX is geometric if and only if there exists a finite
set of geometric axioms A C L such that £ is determined by A.

Proof. The right-to-left direction is trivial, since every geometric axiom is also a geometric im-
plication. For the other direction, suppose that £ C ESK is geometric, i.e., there exists a finite
set ® C L of geometric implications such that £ is determined by ®. Consider an arbitrary
such implication V(¢ — 1) from ®. As observed by Palmgren (2002, p. 298), ¢ and 1) are
equivalent to formulas of the form 3v(¢1 V...V ¢y, ) and Ju(y1 V... V1)y,), respectively, where
each ; and 1; is a conjunction of atomic formulas and 4, ¢ and W are assumed to be pairwise
disjoint. But then, clearly, V(¢ — 1)) is equivalent to the conjunction of the geometric axioms
Vii(p; — Ju(p1 V...V ihy,)) where 1 < ¢ < m. By repeating this procedure for the other
elements of ®, we thus obtain a finite set of geometric axioms A C Lf? that determines £. O

Proposition 5.2.15 shows that every geometric modal logic can also be determined by a set of
geometric axioms, rather than by a set of geometric implications. This will play a crucial role
in the next section, where we will see a general strategy that allows to transform any set of
geometric axioms into a corresponding set of sequent rules. Using this strategy, we will obtain
cut-free labelled sequent calculi for all geometric extensions of the inquisitive system InqK.

Finally, let us say a bit more about the relationship between geometric modal logics and the no-
tions introduced in Section 5.2.1. First, it is easy to verify that every geometric modal logic is also
a normal modal logic in the sense of Definition 5.2.1. In fact, it is even possible to prove a stronger
claim: every geometric modal logic is canonical. This follows from a more general result by Fine
(1975), saying that any modal logic determined by first-order frame conditions is canonical.® As
shown by Goldblatt et al. (2003), however, the converse of this statement is not true, i.e., there
exist canonical modal logics that are not elementarily determined (and therefore not geometric).
We thus arrive at the following picture: the geometric modal logics form a proper subclass of the
canonical modal logics, which in turn form a proper subclass of the normal modal logics.

5.3 Sequent Calculi for Geometric Extensions of InqK

We now want to define labelled sequent calculi for the full class of geometric extensions of the
basic system IngK. More specifically, for every geometric standard modal logic £ determined by
a finite set of geometric axioms A C LS, we will construct a cut-free labelled sequent calculus

" Strictly speaking, the finiteness of ® is not a necessary condition for the results we will obtain in this chapter.
Nevertheless, we will keep this constraint, as it greatly simplifies the completeness proof given in Section 5.6.

15 Observe that, in the first-order formulas corresponding to reflexivity and seriality, the antecedent of the implication
is taken to be T and therefore not displayed in the table.

'6This result is also known as Fine’s canonicity theorem. See Goldblatt (2020) for further details.
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GLing£, that is sound and complete with respect to the corresponding inquisitive system Inq£.
The construction is based on a general strategy described by Negri (2003; 2005), which allows to
generate sequent rules from geometric axioms in a schematic and uniform way.

As before, we will assume two countably infinite sets of state variables, denoted by G and ‘5,
respectively. The variables in & are used for singleton states and the variables in 2 are used for
arbitrary information states. For convenience, we shall assume that G is also the set of variables
that we used in our definition of the frame language £ (see Definition 5.2.12). Following the
convention adopted in the previous chapters, we will use the meta-variables u, v, w, etc., for
elements of © and the meta-variables x, ¥, z, etc., for elements of . The set of labels is defined
in exactly the same way as in our treatment of intuitionistic inquisitive logic, except that the
R-operator can no longer be used to embed arbitrary labels, but only variables from &.

Definition 5.3.1 (Labels). The set of labels is denoted by A(S, ¥) and consists of all expressions
generated by the following grammar, where w € & and x € U are arbitrary variables:

mu=w|z|0 |7 -7|7+7| Rw).

Labels are interpreted in the usual way as descriptions of information states. Thus, intuitively,
7 -0 stands for the intersection and m+ o for the union of the states denoted by 7w and 0. As before,
we will also use the notation 7o as a shorthand for 7 - 0. A label of the form R(w) represents
the neighbourhood of a world w, i.e., the set of all worlds accessible from w in a Kripke model.

Let us recall some basic vocabulary. A relational atom is defined to be an expression of the form
7 < 0, where 7 and ¢ are arbitrary labels. A labelled formula, on the other hand, is an expression
of the form 7 : ¢, where 7 is a label and ¢ € LX is a formula. Relational atoms and labelled
formulas have their usual (intended) meaning. That is, 7 < ¢ should be read as ‘7 is a subset of
o’ and 7 : ¢ should be read as ‘p is supported by 7’. By a sequent, we mean any expression of
the form I' = A, where I is a finite multiset containing labelled formulas and relational atoms,
and A is a finite multiset containing only labelled formulas (but no relational atoms). Given a
sequent I' = A, we also call I' the antecedent and A the succedent of the sequent.

We start by defining a labelled sequent calculus GLingK for the basic system InqK of inquis-
itive Kripke logic. Afterwards, we will describe how GLinqK can be extended to a proof system
for arbitrary geometric systems Inq£.!” Our sequent calculus for IngK is presented in Figure 5.2.
As can be seen, the axioms, the rules for the propositional connectives and most of the order rules
are exactly the same as in our labelled sequent calculus for InqB. The only new ingredients are the
rules LU, R[] and (nb). Intuitively, (nb) says that, if a singleton state w is a subset of another sin-
gleton state u, then also the neighbourhood of w is a subset of the neighbourhood of w. The rules
L and RO, on the other hand, mirror the support clause for [ introduced in Definition 5.1.3.
Note that R[] comes with a side condition, saying that w must be a fresh variable not occurring
in the conclusion of the rule. Moreover, as usual, we assume that order rules always satisfy the
closure condition: if an instance of an order rule produces a duplication of relational atoms in the
conclusion of the rule, then also the contracted instance of the rule is added to our system.!®

Definition 5.3.2 (The System GLingK). We define GLingK to be the sequent calculus depicted
in Figure 5.2. A sequent I' = A is derivable in our system, if there exists a proof tree in GLingK
ending with this sequent. Given any finite subset 'U{p} C £X, we say that ¢ is provable from I'
in GLingK, if for some (or, in fact, any) variable = € %0, the sequent x : I' = x : ¢ is derivable.'’

We adopt the usual terminology from the previous chapters. That is, in an instance of an
axiom or a rule of inference, the multiset I" is called the left context and the multiset A is called

"Recall that an inquisitive system Inq< is called geometric, if the underlying standard modal logic £ is geometric.
18 As before, this is necessary in order to ensure that contraction on relational atoms is admissible in our system.
' As in the previous chapters, we write x : I for the set of labelled formulas defined by (z : ') := {z : % | ¥ € T'}.



5.3. Sequent Calculi for Geometric Extensions of IngK

101

Axioms:
Az A.TL —Aa:@
w:p, = Aw:p w: 1L, I'= A w< 0, T=A
Logical Rules:
w:p,w L W p,I‘:AL wgﬂ',F:A,w:pR
w<7r,7r.p,Fz>A P I'=sAn:p P
w:L,wgﬁ,w:J_,FiALL w<7r,I‘z>A7w:J_RJ_
wr,r: L,T=A F=Anr:1
i, = A ' Ar: = Ar:
o, IA T LEK A
T AP, = A F'=sAn:pAY
o, l=A w:¢T=A F'=An:p,7:
© v Iv QT wR\v
TV, I'= A F=A7r:oVy

r<o,0: o>, =Anr:¢p 7w<Lo0:p—=>Y,T: w,F:>A
T<o,0:0 =P, =A

X
r<mr:o,l'=Ax: ¢

F=Anr:p—9¢ R
R 2w Op, T'= A w< T '= A Rw):
(w) : p,w % 0 (w) Y rO
w0, I'= A = A,7:Op
Order Rules:
T<7,7m<0,0< TF:>A(tr) T <o+ 7T, T < 0—|—TF:>A(d,S)
r<oo<n,['=A r<o+7,I'=A !
T<on,T<Lo,T< 7'1":>A(m) T+7<0,m<0,T< UF:>A(un)
r<or<n=A r<oT7<o0l=A
o < 7TF2>A(]) o < 7rF:>A() W<7T+U,F:>A(])
= A [ '=A " '=A !
7r<0+7T,I‘¢A(ur) r<hr<w,Il'=A w71 wF:>A()
'=A r<w, = A %8
7r§7r,F:>A(f) w<mT,w<rt+o,l'=A w<ow< 7T—|—0F:>A(d)
r=Aa w<r+0o,l=A
R(w)<R(u),w<u7F:>A( b
w<u, = A nb)

Figure 5.2: The system GLingK. In each case, w and u range over variables from &, x ranges
over variables from U, and 7, o, 7, etc., stand for arbitrary labels. In Rp and R, w must
be a fresh variable not occurring in the conclusion of the rule and 7 is required to be a non-
singleton label, i.e., 7 ¢ &. Similarly, w must be fresh in R[], and = must be fresh in R—.

the right context. In the conclusion of each rule, and also in the axioms, the labelled formulas
and relational atoms not belonging to the context are said to be principal. The corresponding
expressions occurring in the premises of a rule are called active. So, for example, in an application
of R[] with premise w < 7,I' = A, R(w) : ¢ and conclusion I' = A, 7 : Oy, the labelled

formula 7 : Oy is principal, while the expressions w < 7 and R(w) : ¢ are both active.
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Figure 5.3: Some instances of the geometric rule scheme. The rules correspond to reflexiv-
ity, symmetry, seriality, transitivity and Euclideanness, respectively. Rule (D) has a side con-
dition, saying that v € & must be a fresh variable not occurring in the conclusion of the rule.

We now want to extend our calculus GLingK to a proof system for arbitrary geometric in-
quisitive systems Inq£. To this end, we will employ a general method by Negri (2003; 2005) that
allows to transform any given set of geometric axioms into a corresponding set of proof rules.
The basic idea is as follows: consider an arbitrary inquisitive system Inq£ such that £ is a ge-
ometric standard modal logic. Then, by Proposition 5.2.15, there exists a finite set of geometric
axioms A C LP such that £ is determined by A. We choose an arbitrary geometric axiom 6 € A.
By Definition 5.2.13, the axiom # must be of the form V(¢ — 3d(¢1 V ... V 1,)), where each
©, Y1, ...,%n is a conjunction of atomic formulas from the frame language. For simplicity, we
restrict ourselves to the case in which # contains only one variable, and we distribute the ex-
istential quantifier over the disjunctions. More precisely, we transform 6 into a formula of the
shape V(¢ — (Ju191 V...V Jupipy,)), where none of the variables u; occurs free in ¢. Let now
® be the multiset of all atoms occurring in ¢ and let ¥; be the multiset of all atoms occurring
in v;. Furthermore, given any set of atoms from the frame language > C L£¥, let us write X°
for the result of replacing each atomic formula Rv; vy in X by the corresponding relational atom
v2 < R(v1). The geometric axiom 6 is then converted into the sequent rule (6-grs) of the form

U (v /up), @2, T = A U2 (v /), ®°, T = A
*r=A

(6-grs)

where each v; is a fresh variable from & and ¥ (v; /u;) stands for the result of substituting v; for
u; in each relational atom occurring in the multiset ¥7. The generic rule (0-grs) is also referred
to as the geometric rule scheme (cf. Negri 2003; Dyckhoff and Negri 2012).2° To see an example,
consider the geometric axiom Yuvw.(Ruv A Rvw — Ruw), expressing the transitivity of a
Kripke frame. The corresponding instance of the geometric rule scheme takes the form

w < R(u),w < Rv),v < R(u),I' = A

w< R(w),v < R(u),I'= A @

which can be seen as a proof-theoretical formulation of axiom scheme 4. In the same way, one
can also generate instances of the geometric rule scheme for each of the other geometric axioms
presented in Table 5.1. The resulting sequent rules are depicted in Figure 5.3. For every inquisitive
system Inq£ given by some set of geometric axioms A, we may now construct a sequent calculus
GLing£, by extending GLingK with the respective instances of the geometric rule scheme.

2OTf the consequent of § is empty (that is, if § is of the form Vii—), then (6-grs) is taken to be a zero-premise rule
(and thus an axiom). Moreover, one can also extend the rule scheme to the more general setting in which the frame
language includes the identity predicate =. In this case, an atomic formula of the form v; = vz should be translated
as the pair of relational atoms v1 < v, v2 < v1. As mentioned above, however, we will not deal with this case here.
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Definition 5.3.3 (The Systems GLinq£,). Let Inq€ be a geometric inquisitive logic and let A C
LS be a finite set of geometric axioms such that £ is determined by A.?! We define GLing&,
to be the labelled sequent calculus obtained by adding, for each geometric axiom 6 &€ A, the
corresponding instance (f-grs) of the geometric rule scheme to the basic system GLingK.

For example, in order to obtain a sequent calculus for the inquisitive system InqKT, we may
enrich the proof system GLingK with the sequent rule (T) presented in Figure 5.3. And in order
to obtain a sequent calculus for the logic IngKD4, we may add the rules (D) and (4) to GLingK.

As usual, we say that a formula ¢ is provable from a finite subset I' C £ in one of the calculi
GLinq£,, if there is a variable z € U suchthatx : I' = x : pisderivable in GLinq£,. In order to
make sure that contraction is admissible in each of the systems GLinq£,, we also adopt the famil-
iar closure condition for instances of the geometric rule scheme. That is, if an instance (/-grs) of the
scheme produces a duplication of relational atoms in the multiset ®° occurring in the conclusion
of the rule, then also the contracted version of (f-grs) is taken to be part of our sequent calculi.

The rest of this chapter is organized as follows. In Section 5.4, we will highlight some remark-
able structural properties of our proof systems. We will see that each of the calculi GLinq€,
enjoys cut-admissibility, height-preserving invertibility of all rules, and height-preserving admis-
sibility of weakening and contraction. In Section 5.5, we will establish the soundness of our proof
systems and show that, if £ is determined by some combination of the geometric axioms pre-
sented in Table 5.1, then the completeness of GLinq£, can also be established indirectly, by using
a suitable Hilbert-style system for Inq£. In Section 5.6, finally, we will use a countermodel con-
struction in order to provide a general completeness proof covering each of the calculi GLinq£,.

5.4 Basic Properties

Let us start by pointing out some important features of our proof systems. Throughout this
section, let A C L be an arbitrary but fixed finite set of geometric axioms and let GLinq£, be
the corresponding labelled sequent calculus introduced in Definition 5.3.3. We first show that
the generalized initial sequents, familiar from the previous chapters, are derivable in GLinq£,.

Lemma 5.4.1. All sequents of the following form are derivable in GLinq£,:
(i) t<o,0:p, = A 7m:0,
(i) m: 0, ' = A 72 .

Proof. The derivability of (i) is proved in the usual way, by induction on the structure of ¢. Most
cases are treated in the same way as in the classical setting (see the proof of Lemma 3.2.1). The
only new case is the inductive step for L. In this case, we construct the following derivation:

™
<L o000, = A R(w) : ¢
<L o000, = A Rw) : ¢
Loo:00, = An: Y

(tr)

S
N
S

RO

The sequent in (ii), on the other hand, can be derived from (i) by an application of (rf). O

Lemma 5.4.2. All sequents of the following form are derivable in GLinq£,:
i) 7 <0,T=Am:¢p,

(i) T = A,0: ¢,

(iii) 7 < o,0: L,LI'=A,7: 0,

(ivi m: LT = A, 7: .

?Recall that, by Proposition 5.2.15, such a set of geometric axioms does in fact exist.
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Proof. The derivability of (i) and (iii) is established by induction on ¢ (see Lemma 3.2.2). The only
new part is the inductive step for [J, which is covered by the following two derivations:

Az”
(tr)

w<bw<T,r<O,T=A Rw): ¢
w<T,m<0, = A Rw): ¢
7<0.T = A 7:0OY

RO

Azt

Ll

N

w: Liw<ow<mnr<oo: L,I'=ARw):¢
wLowmr<o,0: L, T=ARw):¢ (tr)

wmr<o0o: L, T=ARw):y
r<o,0: L, T=Ax:Y

RO

As before, the sequents in (ii) and (iv) can be obtained from (i) and (iii) by the rule (rf). O

Next, we want to show that GLinq£, also preserves the structural properties of the labelled
sequent calculi considered in the previous chapters. As usual, we say that a rule of inference
is height-preserving admissible (or hp-admissible), if it satisfies the condition that, whenever all
premises of the rule are derivable by a proof tree of height at most n, then also the conclusion
of the rule is derivable by a proof tree of height at most n (where the height of a tree is taken to
be the length of its longest branch). If the admissibility of a rule is not height-preserving, then
the rule is simply called admissible. In addition, a rule is said to be height-preserving invertible
(or hp-invertible), if it is the case that, whenever the conclusion of the rule is derivable by a proof
tree of height at most n, then also each of its premises is derivable by such a proof tree.

The substitution operator for labels is defined in exactly the same way as in our sequent cal-
culus for Inql (see Section 4.4). Thus, in particular, if u, v, w € & are singleton variables, then
we put R(w)(u/v) := R(u), if v = w, and R(w)(u/v) := R(w), if v # w. The definition is

extended to multisets in the usual way. The substitution rules are now defined to be the rules

I'= A w/w I'= A ol
/o) = Afuwjw) M) and T(n/z) = A(n/z) ™)

where v and w are variables from G, x is a variable from U, and 7 is an arbitrary label.
Proposition 5.4.3. The substitution rules are hp-admissible in GLinq£,.

Proof. By induction on the height of a derivation for I' = A. The base case is treated in the same
way as in the proof of Proposition 3.2.6. For the inductive step, suppose that I' = A is derivable
by a proof tree D of height n > 1. Consider the last rule applied in D. If this rule does not have
eigenvariables, then we simply apply the induction hypothesis to the premises of the rule, and
then the rule itself.?* And if the last rule in D has eigenvariables, then we first use the induction
hypothesis in order to rename the eigenvariables, before performing the desired substitution. So,
for example, suppose that we want to substitute a variable u € & for some other variable w € G.
Moreover, assume that D ends with an application of the geometric rule scheme having the form

Dl Dm

Uy (vy/uqg), @, T = A’ U (U ftUn), D, T = A/
oI = A/

(6-grs)

where each v; € & is an eigenvariable of the rule. By applying the induction hypothesis to the
m premises, we first replace the eigenvariables v; by fresh variables v, satisfying v, # w. For

%2 As in our labelled sequent calculus for IngB, a rule is said to have an eigenvariable, if a root-first application of this
rule allows to introduce a fresh variable in a derivation. In the proof system GLinq£,, this includes the rules Rp,
R1, R—, Rl and possibly some instances of the geometric rule scheme. For further details, we refer to Section 3.1.
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= A r=A r=A <

7T:<p,F:>ALW F:>A,7T:<pRW 7T<U,F:>AW

i, = A F:>A,7r:g0,7rchRO r<orm<ol=A
T, = A F'=An:p T<ol=A

Figure 5.4: The structural rules of weakening and contraction.

each ¢ with 1 < i < m, this yields a derivation D} for ¥;(v}/u;), ®,I" = A’ such that D, is of
height at most n — 1. We now use the induction hypothesis again in order to perform the sub-
stitution (u/w) in each of these m derivations. Finally, by an application of the rule (9-grs), we
obtain a derivation D’ for ®(u/w), " (u/w) = A’(u/w) such that D’ is of height at most n. This
concludes the proof. For the other rules involving eigenvariables, the argument is similar. [

We can now prove that the structural rules of weakening and contraction, depicted in Figure 5.4,
are hp-admissible in GLinq£,. In addition, we show that all rules of our system are hp-invertible.

Proposition 5.4.4. The weakening rules are hp-admissible in GLinq£,.

Proof. For each of the three weakening rules, the proof proceeds by an easy induction on the
height of a derivation D for the premise of the rule. In the inductive step, we consider the last
rule applied in D. If this rule does not have eigenvariables, then we apply the induction hypoth-
esis to the premises of the rule, and then the rule itself. Otherwise, we first use Proposition 5.4.3
in order to introduce a new eigenvariable not clashing with the variables occurring in the weak-
ening formula. For further details, the reader is referred to the proof of Proposition 3.2.7. O

Proposition 5.4.5. All rules of GLinq&€, are hp-invertible.

Proof. The hp-invertibility of the rules for the propositional connectives is established in the same
way as in the proof of Proposition 3.2.8. Moreover, the hp-invertibility of L[] and the order rules
(including instances of the geometric rule scheme) follows immediately from the hp-admissibility
of weakening. Thus, we only need to show that R[] is hp-invertible. To this end, let D be an
arbitrary derivation for I' = A, 7 : Oy and let n be the height of D. Using induction on n, we
show that, for every singleton variable w € & not occurring in the sequent I' = A 7 : U,
there is also a derivation D’ for w < 7,I' = A, R(w) : ¢ such that D’ has height at most n.

For the base case, assume that D has height n = 1. In this case, ' = A, 7 : [y must be
an instance of an axiom and 7 : Oy cannot be principal (recall that the principal formula of an
instance of Az is always of the form w : p for some atom p). Hence, w < w,I' = A, R(w) : ¢
is also an instance of an axiom and therefore derivable by a proof tree D’ of height n = 1.

For the inductive step, suppose that D has height n > 1 and let w € & be an arbitrary variable
not occurring in I' = A, 7 : Oep. If the last step in D is a rule for which 7 : O is not principal,
then we apply the induction hypothesis to the premises of the rule (possibly together with a
height-preserving substitution), and we then use the same rule again. On the other hand, if the
last step in D is an application of R for which 7 : O is principal, then D must be of the form

D
u<mI'=AR(u): ¢
= A,7:Op
where u € G is a fresh variable not occurring in I' = A, 7 : Oy. By substituting w for u in the
subderivation D*, we now obtain the desired derivation D’ for w < 7,I' = A, R(w) : ¢. Ul

RO
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Proposition 5.4.6. The contraction rules are hp-admissible in GLinq£,.

Proof. For each of the three contraction rules, the proof is done simultaneously, by induction
on the height of a derivation for the premise of the respective rule. The overall structure of the
argument is the same as in the proof of Proposition 3.2.9. For the sake of brevity, we only consider
the inductive step for the rule RC.?* Suppose that the sequent I' = A, 7 : o, 7 : ¢ is derivable
by a proof tree D of height n > 1. We need to show that there also exists a derivation D’ for
' = A, 7 : ¢ such that D’ is of height at most n. For this purpose, consider the last rule applied
in D. If the labelled formula 7 : ¢ is not principal in this rule, then both occurrences of 7 :
also appear in each of the premises of the rule. Thus, by applying the induction hypothesis to the
premises and then the same rule again, we obtain the desired derivation D’ forI' = A 7w : . On
the other hand, if 7 : ¢ is principal in the last rule applied in D, we distinguish cases, depending
on the form of ¢. If ¢ is atomic or if the main operator of ¢ is one of the propositional connectives,
then the argument is the same as in the classical setting. Therefore, let us assume that ¢ is of the

shape ¢ = [y for some formula ) € £X. In this case, the derivation D must be of the form

D

w< T, L= A Rw): 70Oy

F=An: 0,7 : Oy

where w € & is a fresh variable not occurring in the end-sequent of D. By applying the height-
preserving invertibility of R[] and a subsequent height-preserving substitution to the premise of
the indicated application of R, we now obtain a derivation of height at most n—1 for the sequent
w<mw< T, '= A R(w) : ¢, R(w) : 1. Using the induction hypothesis and an application
of RO, this yields the desired derivation D’ of height at most n for I' = A, 7 : 0. O

RO

Next, we will prove that the cut rule is admissible in GLinq£,. A definition of this rule was
given in Section 3.2.3. The overall structure of our argument is the same as in the previous chap-
ters. We thus proceed by a main induction on the rank of the cut formula, with a subinduction
on the height of the cut rule application. First, we restate our definition of the degree of a label.

Definition 5.4.7. The degree of a label 7 is denoted by deg(7) and defined as follows: if 7 € &
is a singleton variable, then we put deg(7) := 0, and if 7 ¢ &, then we put deg(7) := 1.

The degree of a formula ¢ is denoted by deg(p) and defined to be the number of occurrences of
the logical symbols L, A, =, VV and U in . The rank of a labelled formula 7 : ¢ is defined in the
familiar way, so we put rank(w : @) := (deg(p), deg(r)), where deg(yp) is the degree of ¢ and
deg () is the degree of 7. Ranks are again compared using a lexicographic ordering. That is, we
write rank(m : ¢) < rank(c : 1) and say that the rank of 7 : ¢ is smaller than the rank of o : 9,
if we either have deg(¢) < deg(1)), or we have both deg(p) = deg(1)) and deg(m) < deg(o).

Lemma 5.4.8. Let m and o be arbitrary labels and let w € & be a singleton variable. It holds:
(i) If 7 ¢ &, then rank(w : p) < rank(w : ¢),

(ii) rank(m : ;) < rank(o : 1 @ p2) fori = 1,2 and ® € {\,—,V},

(iii) rank(m : ) < rank(o : Ogp).

Proof. The first two statements are proved in the same way as in our treatment of IngB (see
Lemma 3.2.12). The last claim follows directly from the fact that we have deg(¢) < deg(Oyp). O

As in the previous chapters, the height of a cut rule application is taken to be the sum of the
heights of the two derivations for the premises I' = A, 7 : pand 7 : ¢, ¥ = O of this
application.?* And the rank of a cut rule application is the rank of the associated cut formula 7 : .

% As before, the rule LC' is treated symmetrically. Moreover, the hp-admissibility of the rule C'S can be easily estab-
lished by exploiting the closure condition for the order rules and for instances of the geometric rule scheme.
** Again, by the height of a proof tree, we mean the length of a longest branch in this tree.
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c:rpo<mT:p,=A w<m = Aw: a

|
oc<mm:p,[=A (lp) s An:« (erp)
u< Rw),u:p,I'=A u< Rw), T =Au:e
Lo RO
w: O, = A u< R(w), L = Aw: Op

Figure 5.5: Some further admissible rules. In the rule (grp), w must be a fresh variable and
o must be a declarative formula, i.e., o € EIK. In the rule L, the variable v must be fresh.

Theorem 5.4.9 (Cut-Admissibility). The cut rule is admissible in GLinq€,.

Proof. We proceed by a main induction on the rank of the (labelled) cut formula with a subinduc-
tion on the height of the cut. Most cases are treated in the same way as in our sequent calculus
for IngB (see Theorem 3.2.13). One of the new parts is the case in which the cut formula is of the
form 7 : O and principal on both sides. In this case, the cut rule application must be of the form

Dl D2
w<T,I'= A Rw):¢ . R(u) : p,u < m,m:Op, ¥ = 6
= A,7:O¢p R v 0p,2=0

W<t T.S=A0 (cut)

Using the hp-admissibility of substitution and contraction, this derivation is transformed into

D
D1 wmI=A Rw): ¢ Dy
= A,7n:0Op RDR(U)S@,U<W,W:D@,E:>@
Ru):p,u<m,[,2= A0
u<musT I, [ X=A A0

uLm I, X=A0

(cut)
(cut)

where the first application of the cut rule is of lower height and the second application is of lower
rank than the original one (the latter assertion follows from part (iii) of Lemma 5.4.8). O

Finally, let us sketch some further admissibility results. Figure 5.5 comprises four additional
rules that can be shown to be admissible in GLinq . As before, the rule (glp) can be seen as a gen-
eralization of the rule Lp, reflecting the persistency of the support relation: if a formula ¢ is sup-
ported by a state 7 and if ¢ is an enhancement of 7, then ¢ is also supported by o. The rule (grp),
on the other hand, generalizes the rule Rp and accounts for the truth-conditionality of declarative
formulas: if a declarative « is true at every world w of a state 7, then « is also supported by 7.
The rules L and RO, finally, reflect the truth conditions for <> described above: a formula G
is true at a world w, just in case there exists some world v € R(w) such that ¢ is true at u.

Proposition 5.4.10. Each of the rules depicted in Figure 5.5 is admissible in GLinq£,.

Proof. The admissibility of (glp) is proved in exactly the same way as in the classical setting, by
exploiting the admissibility of the cut rule in GLinq¥€, (see Proposition 3.2.14). In order to prove
the admissibility of (grp), we proceed by induction on the structure of the declarative formula
a € LK. Again, most cases are treated in the same way as in the proof of Proposition 3.2.14. The
only difference is that, in the base case, we also need to consider the case in which « is of the
form e = Oy for some arbitrary formula ¢ € £K. For this purpose, let w € & be a fresh variable
and suppose that w < 7,I' = A, w : Oy is derivable. Then, by the invertibility of the rule R[],
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there must also be a derivation D for the sequent u < w,w < 7,I' = A, R(u) : ¢, whereu € &
is again a fresh variable. Using this derivation, we now obtain the following proof tree:

This concludes the proof. The admissibility of the rules L and R< can easily be established by
deriving the conclusion of the corresponding rule directly from the associated premise. O

5.5 Indirect Completeness Proofs

As an interlude, we will now establish the soundness of all calculi GLinq€, and show that, if £ is
a standard modal logic determined by some combination A of the geometric axioms presented in
Table 5.1, then the completeness of GLinq£, can also be established indirectly, by using an appro-
priate Hilbert-style system for Inq£. In Section 5.6, we will then use a countermodel construction
in order to provide a general completeness proof, covering each of the systems GLinq£,.

Let us start by proving the soundness of our calculi. First of all, if w € W is a world of a Kripke
model M = (W, R, V) and if s = {w} is the corresponding singleton state, then we will also
write R(s) instead of R(w), where R(w) refers to the neighbourhood of w in M. The labels used
in our systems are now interpreted in the obvious way, so we adopt the following definition.

Definition 5.5.1 (Interpretation). Let M = (W, R, V) be a Kripke model. An interpretation
over M is a function I : & UY — P (W) such that, for all singleton variables w € &, the state
I(w) C W is a singleton. Given an interpretation I over some Kripke model M, it is inductively
extended to a function from the set A(&, ) of all labels to the set P (W) in the following way:

() 1(0) ==

i 1007 = 1) 1),
111) I(r+o0):= I(ﬂ') I(o),

1(R(w)) = R(I(w).

We will adopt the familiar terminology. In particular, given any interpretation I over some
Kripke model M, we will say that a labelled formula 7 : ¢ is satisfied by I, if ¢ is supported by
the state I (), i.e., if we have M, I(7) = . Furthermore, we say that a relational atom 7 < o
is satisfied by I, just in case we have I(7) C I(0). A sequent I' = A is called valid in a Kripke
model M, if it satisfies the condition that, for all interpretations I over M, if [ satisfies all labelled
formulas and relational atoms in I, then there exists a labelled formula 7 : ¢ in A such that 1
satisfies 7 : (0. We are now ready to prove the soundness of our calculi: if ¢ is provable from I" in
any of the systems GLinq£,, then ¢ is entailed by I in the corresponding inquisitive logic Inq£.

Proposition 5.5.2 (Soundness of GLinq€,). LetInqL be a geometric system, let A be a finite set of
geometric axioms determining £, and let GLinq£, be the proof system given by Definition 5.3.3. For
any finite TU{p} C LX,ifx : T = x : p isderivable in GLinqL, for somex € T, thenT |='£”q 0B

Proof. Let Inq€ be an arbitrary geometric inquisitive system, let A be a finite set of geometric
axioms such that £ is determined by A, and let GLinq£, be the corresponding sequent calculus

% Recall that ?L was defined to be the semantic consequence relation associated with the inquisitive Kripke logic
Ing£. Thus, we have I" ?L  if and only if, for every Kripke model M based on an £-frame and for every state s
over M, it is the case that M, s =T implies M, s = . For further details, the reader is referred to Definition 5.2.7.
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introduced in Definition 5.3.3. Consider an arbitrary Kripke model M = (W, R, V') such that
F = (W, R) is an £-frame (thus, in particular, I satisfies each of the geometric axioms in A).%

We first prove that, if a sequent I' = A is derivable in GLinq£,, then I' = A is valid in M.
To this end, suppose that there exists a derivation D for I' = A in GLing£,. Using induction
on the structure of D, we show that I' = A is also valid in M. Most cases can be treated in the
same way as in the classical setting. We only need to consider the case in which the last step in
D is one of the rules for [, an instance of (nb), or an instance of the geometric rule scheme. First,
assume that D ends with an application of the rule R[. In this case, D must be of the form

D/
w< T, =% Rw):e
=X 7:0p

where w € & is a fresh variable not occurring in I' = ¥, 7 : Uyp. By induction hypothesis, we
know that the sequent w < 7,I" = X, R(w) : ¢ is valid in M. We need to show that this also
holds for the sequent I' = X, 7 : [y. Towards a contradiction, suppose that I' = X, 7 : Uy is
not valid in M, i.e., there exists an interpretation I over M such that I satisfies all expressions
in I, but [ satisfies neither 7 : [y nor any expression in X.. By the semantics of [, this implies
that there exists some world v € W such that u € I(7) and M, R(u) K ¢. Let now I* be the
interpretation which is just like I, except that the variable w is mapped to the singleton state
{u}, so we put I*(w) := {u}. Then, clearly, I* satisfies w < 7 and each of the expressions in
I". Therefore, by induction hypothesis, I* must also satisfy R(w) : ¢ or some labelled formula
in X, If I* satisfies R(w) : ¢, then we must have M, R(u) = ¢ by definition of I*, which is a
contradiction to the fact that M, R(u) = ¢. And if I* satisfies some element of 3, then also the
original interpretation I must satisfy this element, which is a contradiction to our assumption
about I. Thus, in either case, we arrive at a contradiction, so I' = X, 7 : U is valid in M.

If the last step in D is an application of L[ or (nb), then the proof is similar. In order to show
the soundness of the geometric rules, let now 6 € A be an arbitrary geometric axiom. Without
loss of generality, assume that 6 is given to us in the form V(¢ — (3ui91V...VIuyidy,)), where
each ¢, 1, ..., 1, is a conjunction of atomic formulas from the frame language E?. Moreover,
suppose that D ends with an application of the corresponding geometric rule, so D is of the form

RO

D, D,

US(vy fup), @0, 2 = A - U (v /i), P°, 8 = A (0-grs)

.y = A

where each v; is a fresh variable not occurring in the conclusion, ®° is the set of relational atoms
corresponding to the atomic formulas in ¢, and W7 is the set of relational atoms corresponding
to the atomic formulas in ;.7 By induction hypothesis, we know that each of the sequents
U2 (vi/u;), ®°,3 = A is valid in the Kripke model M. We need to prove that this also holds for
®° 3 = A. To this end, let I be an arbitrary interpretation over M and suppose that I satisfies
all expressions in ° and X. Since M is based on a frame F’ satisfying the geometric axiom 6,
there must be some world w; € W such that F' satisfies the first-order formula 1;, provided that
the variable w; is interpreted as w; and all free variables in 1); are interpreted in accordance with

I. Let now I* be the interpretation which is just like I, except that the variable v; is mapped
to the singleton state {w; }, so we put I*(v;) := {w;}. Then, clearly, I'* satisfies all expressions
in ¢ (v;/u;), ®°, X. Hence, by induction hypothesis, there must be some element of A which
is satisfied by I* and therefore also by I. Since I was an arbitrary interpretation satisfying all
expressions in ®° and ¥, this shows that the sequent ®°, > = A is valid in M, as desired.

% As explained above, F'is an £-frame, if F' validates every formula in £. Here, £ is assumed to be the standard
modal logic determined by A, so this is equivalent to saying that F’ satisfies each of the geometric axioms in A when
considered as a model of first-order logic. For a more detailed explanation of the relevant notions, see Section 5.2.3.

"By what was said in Section 5.3, given any set ® C Lf of atomic formulas from the frame language, we write ©°
for the result of replacing every atomic formula Ruv in © by the corresponding relational atom v < R(u).
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Axioms:

(IPL) All axioms of the ‘intuitionistic’ system given in Figure 1.5,

(—Dis) O(p = ¢) = (Op — Oy),

(VDis) DO(p V1) — (Op Vv Oyp),

Split) (= (e V) = (o = @) V(o — 1)), where o € L is declarative,
(DN) ——a — «, where a € L is declarative.

The rules of inference of our system are modus ponens (from I' = g and I' = ¢ — ),
one can infer I' = 1)) as well as necessitation (from = ¢, one can infer — ().

Figure 5.6: The Hilbert-style system HinqK.

This concludes the induction. Thus, if I' = A is derivable in GLinq£,, then I' = A is valid in
all Kripke models M based on an £-frame. Let now I' U {o} C £X be an arbitrary finite set and
suppose that z : I' = x : @ is derivable in GLinq€,, where x € . As we have just seen, this im-
plies that, for every Kripke model M, based on an £-frame, and for all interpretations I over M,
it is the case that M, I(z) =T implies M, I(z) = . But then, clearly, it follows T' =59 . [

We now want to establish the completeness of GLinq£, for the special case in which A C £
consists of one or more of the geometric axioms presented in Table 5.1. The overall structure of
our argument will be the same as in the previous chapters. Thus, given any standard modal logic
£ determined by some combination A of the geometric axioms from Table 5.1, we will first define
a Hilbert-style system HingLg for InqL, where © C {T,4,5,B, D} is the set of standard axiom
schemes associated with the geometric axioms in A. Afterwards, we will show that Hinq€g is
equivalent to the corresponding natural deduction system NinqLg introduced in Section 5.2.2,
which allows us to conclude that HinqLg is sound and complete with respect to Inq£. Finally,
we will use the system Hinq€g in order to establish the completeness of GLinq£,.

A sound and complete Hilbert-style proof system for the basic logic InqK is depicted in Fig-
ure 5.6. As can be seen, our system is denoted by HinqK and comprises all axioms of the system
from Figure 1.5, together with the distributivity axioms (— Dis) and (\ Dis), the split axiom (Split)
and the double negation axiom (DN). The only rules of inference are modus ponens and necessi-
tation. Observe that, in the axiom schemes (Split) and (DN), « is allowed to range over arbitrary
declarative formulas, and not just over standard formulas. Moreover, the necessitation rule can
only be applied, if the premise of the rule is derived without using hypotheses. We will now ex-
tend HingK to a proof system Hinq£g for the inquisitive logic Inq£, where £ is an arbitrary stan-
dard modal logic generated by some combination © of the axiom schemes presented in Table 5.1.

Definition 5.5.3 (The Systems Hinq£g). Let £ be a standard modal logic generated by some
combination © C {T, 4,5, B, D} of the axiom schemes from Table 5.1.?® The Hilbert-style system
HinqLe is obtained by adding all axioms from O to the basic system HingK given in Figure 5.6.

So, for example, in order to construct a Hilbert-style system for IngKT, we can add all instances
of the scheme Ula — « to HingK. And in order to obtain a Hilbert-style system for InqKkD4 we
may add all instances of Ua — Oaand Do — OO to HingK. Note that, in each case, v must
be a standard formula, so we require o € LX. The provability relation associated with the system

Recall that a standard modal logic £ is generated or axiomatized by ©, if £ is the smallest normal modal logic
containing O (see Section 5.2.1). Thus, strictly speaking, © should be a set of standard formulas, rather than a set of
axiom schemes. However, for simplicity, we will also identify an axiom scheme with the collection of its instances.
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HinqLe is denoted by - and inductively defined in the usual way. Thus, we will write ' - ¢
and say that ¢ is provable fromI' in Hinq£e, if one of the following three conditions is satisfied:

(1) ¢ isan element of I" or an axiom of HinqLe.
(2) There exists some formula v € £X such that both I" I—g Yand T I—g U = .
(3) There exists some 1) € LK such that ¢ = (i) and I—g 1.

Using induction on the definition of I' I—g (, it is easy to prove that the relation I—g is monotonic,
ie., if we have I' I—g pand I' C A, then also A I—E) . We now want to show that each of the
calculi HingLg is equivalent to the corresponding natural deduction system Ninq£g given by
Definition 5.2.10. To this end, one first has to prove the deduction theorem for HinqCe.

Theorem 5.5.4 (Deduction Theorem). Let © be some combination of the axiom schemes from Table
5.1and let £ be generated by ©. Then, in HinqLg, we havel’, ¢ I—g v if and only if T’ I—g o — .

The argument is essentially the same as in the classical setting (see the proof of Theorem 1.5.4).
Using the deduction theorem, one can now prove that each of the Hilbert-style calculi Hing€g
is equivalent to the corresponding natural deduction system NinqLg given by Definition 5.2.10.

Theorem 5.5.5. Let © be some combination of the axiom schemes from Table 5.1 and let £ be gener-
ated by ©. It holds T -  if and only if T -8 o, wherel— is the provability relation of NingLe.

Proof. For the left-to-right direction, one proceeds by induction on the definition of T" -, (. This
is straightforward, since all axioms depicted in Figure 5.6 are clearly provable in Ninq€g and
modus ponens and necessitation are also available in Ninq£g. Moreover, by Definition 5.2.10,
each of the special axioms from O is also an axiom of Ninq£g. For the right-to-left direction, one
can use induction on the structure of a natural deduction proof for I' I—g . This is also not diffi-
cult, since most of the natural deduction rules correspond directly to some axiom of Hinq€g, and
the discharging of hypotheses can be ‘simulated’ using the deduction theorem for Hinq€g. O

As a corollary, it follows that Hinq£g is sound and complete with respect to Inqgf. We now
want to use our Hilbert-style systems in order to prove the completeness of GLinq£, for the spe-
cial case in which A C L¥ is some combination of the geometric axioms presented in Table 5.1.
To this end, we first show that each of the axioms from Figure 5.6 is provable in GLingK.

Lemma 5.5.6. Let ¢ be an instance of one of the axiom schemes depicted in Figure 5.6. Then, ¢ is
provable in GLingK, i.e., for any x € °3, there exists a derivation for = x : ¢ in GLinqK.

Proof. For the axioms from Figure 1.5, the proof is straightforward. Thus, we only need to show
the provability of the two distribution axioms, the split axiom and the double negation axiom.
For the axiom schemes (—Dis) and (DN), we may construct the following derivations:

By Lemma 5.4.1 (ii) By Lemma 5.4.1 (i)

G Rw) o= Rw) ¢, R(w) ¢ ...,R(w):¢,R(w): ¢ = Rw): ¢
-, R(w) < R(w), R(w) : ¢ = ¢, R(w) : p,w < y,w < 2,y: O(p = ¢¥),2: 0p = R(w) : ¢
R(w) : ¢ =1, R(w) : p,w <y,w < z,2<y,y <z,y:0(@—=1),2:0p= Rw): ¢
z,2<yy<2,y: 0@ = ¢),2:Op= Rw) :
<z,y:0(p — ), 2: Op = R(

L—
(rf)
La

N

R(w):p,w <y, w <
(w) :p,w <y : 0

wLy,w< 2,2 <Y, w)”’b(t)
;
z<y,y<z,y:0@—=v),z:0p=z: 0y
%

y<z,y:0—=vY)=y:0p— Y
=x:0(p =) = (Dp — OyY)

#The reader might wonder whether this statement is in fact true, since textbook sources sometimes claim that the
deduction theorem fails for modal proof systems containing the necessitation rule. However, as shown by Hakli and
Negri (2012), this is actually a misconception: if necessitation is restricted to cases in which the premise does not
depend on assumptions (as in our proof systems), then the usual version of the deduction theorem can be obtained.
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>z =ST:p—=Y =T
=>x:Y (mp) = x: Uy

(nec)

Figure 5.7: Modus ponens and necessitation. In either case, we require x € Q.

By Lemma 5.4.2 (i) By Lemma 5.4.1 (i)
z <0, w:az: 1l w<Kz,...,2 aéw:a,z:J_( )
s
zgw,wéy,yga:,y:ﬂ—'a,z:aéw:oz,z:J_R & Azt
%

wLY,Y<LT,Y: =W A,W T Lahwil=wia
WLY,YLT,Y: A=W
***g*\*i*****i*** (8rp)
YL T,y A=y
=T o — A
Note that, in the derivation for (DN), we use the admissible rule (grp) from Figure 5.5. This is legit-

imate, since o € EF is assumed to be declarative. The axiom (\Dis) can be derived as follows:*

L—

R—

D Azt
G Rw) VY = L w e Op,w: Oy ...,w:J_é...,w:DgoL_> e
Lw< 2z, R(w) : <p\\/1/1,z:—|Dg0,z:ﬂD1/J:>w:J_,w:D<p owrl=w: L
wLy,w<z,z<y,y <z, Rw): oV,y:OeV),z: Oy, z: -0 =w: L L=
TR R TN O TV B CR T ST s =t h
wL<y,w< 2,2 <YY<,y D(@\/w)z.ﬂDwAﬂDw:Mu:J_(tr) =
w<z,z2<y,y<z,y:0@VY),z: OpA-0p =>w: L
z<y,y<z,y:O@VY),z: OpA-0p=2z: L
y <,y :OeVy) =y -(-0p A -Oy)
=z : (e V) = ~(=0Op A -0)
where the subderivation D is of the form
By Lemma 5.4.1 (i) By Lemma 5.4.1 (i)
., R(u) < R(w), R(w) : p = ..., R(u) Lp(nb) . R(v) < R(w),R(w) : ¢ = ..., R(v) d)(nb)
2 u<w,R(w): o= ...,R(u): ¢ o< w, R(w) 1y = .. () wL\\/

Suv<wu<w, Rw): oV = ... ,Ru): g Rw):
u<w, Rw): pVi=...,Ru): o w: Y
G Rw) VY =L w: Op,w: Oy

The split axiom (Split), finally, can be derived in the same way as in the proof of Lemma 3.3.5. [

Next, we need to show that modus ponens and necessitation are admissible in GLingK.
Lemma 5.5.7. The rules (mp) and (nec), depicted in Figure 5.7, are admissible in GLingK.

Proof. The admissibility of (mp) is proved in the usual way, by using the admissibility of the cut
rule. For further details, the reader is referred to the proof of Lemma 3.3.6. In order to show the ad-
missibility of (nec), assume that = x : ¢ is derivable in GLingK, where x € 0. For any singleton
variable w € G, this yields a derivation for w < x = R(w) : ¢ by the admissibility of substitu-
tion and weakening. But then, by an application of R[], we obtain a derivation for = z : Op. [

We now want to prove the completeness of GLinq£, for the special case in which A consists
of one or more of the geometric axioms given in Table 5.1. To this end, we first show that every
formula provable in the corresponding Hilbert-style system for Inq£ is also provable in GLinq£,.

*Recall that V was defined by ¢ V 1) := = (= A —).
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Theorem 5.5.8. Let £ be determined by some combination A of the geometric axioms from Table 5.1
and let © C {T,4,5,B,D} be the corresponding set of standard axiom schemes.®' If we have I—g ©
in the Hilbert-style system HinqLe, then = x : ¢ is derivable in GLinq€, for any x € ‘U.

Proof. The statement is proved by induction on a Hilbert-style proof for I—g . By Lemma 5.5.6
and 5.5.7, we already know that all axioms of the basic system HingK are derivable in GLinq{,
and that modus ponens and necessitation are admissible in GLinq£,. Hence, it suffices to show
that each of the special schemes in {T,4,5,B,D} is derivable in terms of the corresponding
sequent rule depicted in Figure 5.3. For T, 4 and B, we may construct the following derivations:*?

By Lemma 5.4.1 (i)

w< Rw),Rw) :a,w<y,y<z,y:Oa=w:

. : : M
Rw):aq,w<y,y<z,y: o= w:a
wLy,y<Lr,y:Ua=w:a«a
***;**Ti***i***(grp)
y< 3,y aéy.aR
=z:Ua—a -
By Lemma 5.4.1 (i)
v < R(w), R(w) : a,v < R(u),u < R(w),w <y,y<z,y:Da=wv a(4)
R(w):a,v < Rlu),u < Rw),w<y,y<z,y:ODa=v:a
v< R(u),u < Rw),w <y, y<z,y:Da=wv: a( )
,,,,,,,,,,,,,,,,,,,,,,,,,, r
u< Rw),w<y,y<z,y:00= Ru):«a RDgp
w<y,y<x,y: D= Rw) : Do
y<z,y:UOo=y: 00«
R—
=z : Ua — 00
,,,,,,,, Bylemma541@) Az*
ww<yy<oyia,z:Oa=u: Liw:a cawil=url I
w < R(u),u < R(w), R(u) : ~a,u < z <R(w),w<y,y<x,y:a,z:[|—\oz:>u:L(B)—>
uiR(w),R(u):—\au< 2,2 < R(w),wSy,yéx,y:a,z:lﬂ—\aéuzi

(tr)
Ru):—a,u<z,z< Rw),w<y,y<z,y:a,z:0a=>u:L

u<z gR()w<y,y<x,y:a,z:D—|a:>u:J_

zgR(w)7 <y,y<z,y:a,z:0a=z2:1
w<y,y<xy:a= Rw): O«

R—

O
y<z,y:a=y:O-0O-« R

= z:a— O-O-«

R—

Note that, in each case, the application of the admissible rule (grp) is indeed correct, since o € LK
is assumed to be a standard formula (and therefore also a declarative formula). For the axiom
schemes 5 and D, similar derivations can be found. The details are left to the reader. O

Corollary 5.5.9. Let £ be determined by some combination A of the geometric axioms from Ta-
ble 5.1. Then, GLinq<, is sound and complete with respect to Inq£, i.e., for any finite TU{p} C LK,
we have I’ |=|2”q @ ifandonly ifx : I' = x : ¢ is derivable in GLinq€, for any x € 0.

Proof. The soundness of GLinq£, has been established in Proposition 5.5.2. For the completeness
part, let TU{¢} C LK bean arbltrary finite set of formulas and assume that it holds ' =% . By
Theorem 5.2.11, this yields I" I—@ ©, where O is the set of standard axiom schemes corresponding
to the geometric axioms in A, and I—g is the provability relation associated with the natural

*!So, for example, if A contains the geometric axiom expressing reflexivity, then © includes all instances of Do — «,
and if A contains the geometric axiom corresponding to transitivity, then © includes all instances of Oa — Cla.
321n the derivation for axiom scheme B, we use the fact that <> was defined by Gy = —O-ep.
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deduction system Ninq£g. But then, by Theorem 5.5.5, we also have I' I—g  in the Hilbert-style
system HinqLe. Using the deduction theorem for Hinqg£g (see Theorem 5.5.4), one readily sees
that this implies -5, A T' — ¢, where A T is the conjunction of the elements of T'. Therefore, by
Theorem 5.5.8, the sequent = x : AT' — ¢ is derivable in GLinq£, for any x € . Now, by the
invertibility of the rules R— and LA, it follows thaty < z,y : I' = y : pisderivablein GLinq£,,
where y € U is a fresh variable. But then, by performing the substitution (z/y) and a subsequent
application of (rf), we obtain the desired derivation for x : I' = x : ¢ in GLinq£,. t

5.6 Completeness via Countermodels

In the previous section, we have seen a restricted completeness proof, covering a limited class of
the proof systems GLinq€,. We now want to give a general completeness proof, applicable to
each of our labelled sequent calculi. More precisely, given any inquisitive logic Inq€ such that
£ is determined by some finite set of geometric axioms A C £P, we will show that GLinq&, is
sound and complete with respect to Inq€. Consequently, the strategy described in Section 5.3
is in fact adequate in order to generate cut-free labelled sequent calculi for the full class of ge-
ometric extensions of the basic system InqK. This generalizes a famous result by Negri (2005),
who provides a general method for the construction of cut-free labelled sequent calculi for all
geometric extensions of the standard modal logic K (see also Negri and Von Plato 1998; Negri
2003; Dyckhoff and Negri 2012). Our argument is based on the construction of an infinite proof
search tree and the extraction of a countermodel from an open branch of this tree.*
Throughout this section, let InqC be an arbitrary geometric inquisitive system, let A C £
be an arbitrary finite set of geometric axioms determining £, and let GLinq£, be the sequent
calculus for Inq£ given by Definition 5.3.3. We start by introducing some basic terminology.

Definition 5.6.1 (Proof Search Tree, Branch). Let ¢ € LK be a formula. A proof search tree for ¢
is a possibly infinite tree of sequents ¥, constructed from a root node of the form = z : p with
x € U, by root-first applications of the proof rules of GLinq€,. By a branch in a proof search
tree ¥, we mean any sequence (3 of consecutive sequents in ¥ such that the first sequent in [ is
the root node = z : ¢ of T, and S is either infinite or it ends with one of the leaf nodes of T.

In what follows, proof search trees are assumed to be upward growing, so the root node is
always written at the bottom and leaves are written at the top of the tree. Given a proof search
tree T and a branch 3 in T, we say that (3 is closed, if 3 is finite and the topmost sequent in [ is an
instance of one of the axioms of GLinq£,. If a branch is not closed, it is said to be open. The tree T
is called closed, if every branch in ¥ is closed, and it is said to be open otherwise. For any branch
B ofthe form 'y = Ag,I'1 = A1,y = As, ..., we also define the sets Fg and Aé by putting

= U T; and AE = U A,

i>0 i>0

SO FE is the union of all the antecedents of sequents in (3, and AE is the union of all the succedents
of sequents in (5. Note that, if 3 is infinite, then each of the sets I't and Ai can be infinite as well.
Finally, for any finite branch /3, we will also write T P P = Al P JP for the topmost sequent in 3.

We now want to use a countermodel construction in order to establish the completeness of
the calculus GLinq£,. The basic idea of our argument can be summarized as follows: first, we
will describe a procedure that allows to construct proof search trees for formulas in a systematic
way. More precisely, given any formula ¢ € LX as input, our algorithm starts to construct a
proof search tree T for ¢ by successively applying the rules of GLinq£, root-first in all possible

3 A similar strategy was also used by Negri (2009; 2014) in order to prove the completeness of her labelled sequent
calculi for geometric extensions of K and for intermediate logics characterized by geometric frame conditions.
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ways. If ¢ is valid in Inq£, then the search terminates and our algorithm outputs a derivation
for = z : . Otherwise, the search goes on forever and ¥ becomes infinite. By Konig’s lemma,
T will have at least one infinite branch, which is then used to extract a countermodel for .

In order for this strategy to work, we have to make sure that our proof search algorithm
is exhaustive, i.e., if the input formula ¢ is provable in GLinq€,, then the procedure should
actually be able to find a derivation for = x : ¢ after a finite number of steps. In other words, if
the search tree produced by our algorithm has an infinite branch, then this branch should always
be saturated, in the sense that every rule applicable to the branch is in fact applied at some stage.

To make sure that this condition is met, we must consider some difficulties that might arise
during the search procedure. One problem is associated with the ‘cumulative’ rules of our system,
i.e., those rules in which the principal formulas and the principal atoms are always copied in the
premises of the rule. This includes all order rules of GLinq£,, but also the logical rules Lp, L1,
L— and L. The problem is that these rules allow us to create repetitions of rule applications
that are essentially identical, which might cause our algorithm to get stuck in an infinite loop.
For example, naive applications of the rule LU might produce an infinite loop of the form

R(w) : ¢, R(w) : ¢, R(w ) p,w<mm:Op, I'= A
R(w): o, R(w) : pyw < m,m: O, T = A
Rw) :p,w < m,m:Op, T = A
w0, T'= A

L0

Clearly, such a loop is undesirable, since the repeated applications of L[] do not yield any new
formulas and prevent the other rules of our system from being applied to the branch. In order
to resolve this issue, we have to employ a loop-checking mechanism that prevents our algorithm
from performing redundant applications of rules. In particular, whenever our algorithm wants
to perform a root-first application of a ‘cumulative’ rule to a sequent in a branch £, it first checks
whether the result of this application is already contained in 3. If this is the case, then the appli-
cation is taken to be redundant and our algorithm does not apply the rule. Otherwise, the rule ap-
plication is carried out in the usual way. So, for example, before performing an application of L[]
with principal expressions w < 7 and 7 : (i in a branch (3, we always check whether R(w) : ¢
does already occur in FE. If so, we refrain from applying the rule. Otherwise, the application is
allowed and will be performed by our algorithm. Similarly, before performing an application of
L— with principal expressions 7 < o and 0 : ¢ — 1), we need to check whether (7 : ¢) € Ai
or (m:) € F¢ The rule is now only applied, if neither of these two conditions is satisfied.
Another problem arises from the fact that applications of order rules can create new labels,
which can then be used for further applications of order rules, and so on. This might cause our
algorithm to produce infinite sequences of rule applications, creating increasingly more complex
labels. For instance, using only the rule (in), we might produce an infinite loop of the form

T <oror,r Lorto,r Lor, i <o,n<7,I'=A

(in)

(in)

T<Loro,r<on,r<o,r<T,[=A
T<or,m<0o,T< TF:>A()
in

rLor<nl=A

In order to avoid loops of this kind, we have to make sure that, at any point in the procedure, only
a finite number of order rule applications can be performed. The basic idea is to assign a weight
to each possible instance of an order rule and to divide the construction of the proof search tree
into different stages: at stage 0, only order rule applications of weight at most 0 are performed;
at stage 1, only order rule applications of weight at most 1 are performed, and so forth.
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Algorithm 1 The Procedure PROOFSEARCH

Input: A formula ¢ € £K.
Output: If ¢ is provable, the program outputs a derivation for = z : . Otherwise, it runs forever.

1 n < 0;
2 Initialize T as the tree consisting only of the root node = x : ¢, for some x € U;
3 while true do

4 % < ExTENDTREE(%,n);

5 if T is closed then return T;
6 n<+<n+1;

7 end

Let us make this idea more precise. First, recall that any label 7 is essentially a finite string of
symbols, built up from the constant () and a countable set of variables & U0 by means of a finite
number of function symbols. As is well known, any such string can be encoded by a natural num-
ber, in such a way that the code number of each string is effectively computable and any string
can be reconstructed from its code number in a unique way. A concrete way of doing this is the
well-known Gddel numbering, i.e., the encoding used by Godel in the proof of his famous incom-
pleteness theorems (cf. Godel 1931; Smith 2013, pp. 136—139). We thus obtain the following fact.

Fact 5.6.2. There exists a function # : A(S,0) — N, assigning to each label m € A(&,*0) some
natural number #(7) € N, such that each of the following three conditions is satisfied:

(i) # is injective, i.e., distinct labels are assigned distinct numbers under #.

(ii) # is computable, i.e., there exists an effective procedure that computes #(), for any label 7.
(iii) Given any numbern € N, one can compute the set of all labels T with #(m) < n.

In what follows, we will assume a fixed numbering function # : A(S, ) — N satisfying each
of the conditions mentioned in Fact 5.6.2. Note that we do not care about the exact specification
of this function—all that matters is that such a function can be defined. Given any label 7, we
also call #(7) the weight of m. The set of all labels of weight at most n will be denoted by A", so
we put A" := {m | #(7) < n}. Recall that, for any natural number n, the set A" is computable
by the last condition mentioned in Fact 5.6.2. Now, let us say that a label 7 is dominant in an
application of an order rule, if 7 has an occurrence in the conclusion of this application which
does not belong to the context of the rule. For instance, in an application of the rule (in) with
premise 7 < o7,m < o,m < 7,I' = A and conclusion 7 < o,7 < 7,I' = A, each of
the labels 7, 0 and 7 would be dominant. For order rules that do not have principal atoms in the
conclusion—such as, e.g., the rules (rf), (il) or (ur)—we assume that the dominant labels are simply
the labels from which the active expressions of this rule are constructed. So, for example, in an
application of (il) with premise 7o < 7,I" = A and conclusion I' = A, both of the labels 7 and
o are dominant (but 7o is not dominant). The weight of an order rule application is now defined to
be the maximum of the weights of the dominant labels of this application. Thus, for instance, the
weight of the aforementioned application of (il) would be the number n = max{# (), #(o)}.

We are now able to avoid the problem sketched above, by bounding the weight of legitimate
order rule applications at each stage of the search procedure: at stage 0, we only allow order
rule applications of weight at most 0; at stage 1, we only allow order rule applications of weight
at most 1, and so on. Clearly, by the injectivity of #, there are only finitely many order rule
applications at each stage, but every possible application will be reached at some point.

We are now ready to describe the construction of our proof search tree. The overall structure
of the procedure is presented in Algorithm 1. As can be seen, given any formula ¢ € LK as
input, our algorithm first assigns the value 0 to a variable n and initializes ‘T as the proof search
tree consisting only of the root node = z : ¢, where x € U is some state variable. Afterwards,
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Algorithm 2 The Procedure EXTENDTREE (Excerpt)

Input: A finite proof search tree T and a natural number n.
Output: An extension of <.

% Perform all root-first applications of Lp with loop-checking:
1 while ¥ has an open branch § such that I‘ﬁp contains w < T and7r p with (w : p) ¢ 1"l do
2 ‘ Extend ¥ by writing the sequent w : p, F;P = Aﬁp above F ;P = Amp
3 end
% Perform all root-first applications of Rp
4+ while T has an open branch 3 such that A5 WP is of the form A, m : p form ¢ & do
5 | Choose afreshw € & and extend T by writing w < T, I‘ ;¥ = A, w : pabove I‘tOP = Amp
¢ end
% Perform all root-first apphcatlons of L— with loop-checking:
7 while T has an open 3 s. t. Fﬁptcontamsw Lo,0: 0> wztth (7 : ga) ¢ A (7 t P) ¢ Fi do
8 ‘ Extend T by writing both I' 5 = A ,m:pandm: ), T Op = Aﬁp above Ly o = A
9 end
% Perform all root-first applications of R—:
10 while T has an open branch 3 such that A is of the form A, 7 : ¢ — 1) do
11 | Choose a fresh z € 2 and write 2 < 7r x: cp,l"to’) = A,z : 1 above I‘ ;7 = Ato’)
12 end
% Perform all root-first applications of L[] with loop-checking:
13 while ¥ has an open branch (3 such that FBP containsw < 7,7 : Oy with (R(w) : ¢) ¢ Fé do
1 | Extend T by writing R(w) : ¢, Fmp = Aﬁp above F ;L= Amp
15 end
% Perform all root-first applications of R[I:
16 while T has an open branch (3 such that Awp is of the form A, 7 : Oy do
17 | Chooseafreshw € & and extend T by wrltlngw <, Ft P = A, R(w) : pabovel'; P = AtOP
18 end
% Perform all root-first apphcatlons of (in) having weight at most n:
19 while T has an open [3 s. t. F ;¥ containsm < o, < 7 withm, 0,7 € A" and (7w < o7) ¢ Fé do
20 | Extend T by writing 7 < oT, I‘mp = At P above I‘ ;= Awp
21 end
% Perform all root-first apphcatlons of (cd) having weight at most n:
22 while T has an open 3 s. t. F ;¥ containsw < 7r—|—<7 withw,m+0 € A", (w < ), (w < o) ¢ Fé do
23 | Extend T by writing both w < T, FtOP = A andw < o, Fmp = A above Fgfp = Atﬁo
24 end
% Perform all root-first applications of (ul) having weight at most n:
25 for each open branch 8 in ¥ andfor allm,o € A" with(r < m+0) ¢ I‘L do
26 | Extend T by writing 7 < 7 + 0, I‘to’) = Aﬂ above I‘mp = AwP
27 end
% Add similar loops for the other rules ...
28 return ¥

the algorithm enters a (possibly infinite) while-loop. At each iteration of the loop, the procedure
calls a subroutine EXTENDTREE, which will be described in detail below. Roughly speaking, this
subroutine updates the tree T, by performing all non-redundant applications of logical rules,
all weight-n applications of order rules and all possible applications of the geometric rules of
GLing£,. Once the subroutine is finished, our program checks whether the updated tree ¥ is
closed. If this is the case, then ¥ is a derivation for = x : ¢, so the algorithm halts and outputs
T. Otherwise, n is incremented and we proceed with the next iteration of the loop.

Let us now turn to the description of the subroutine EXTENDTREE. An excerpt from the pseu-
docode for this subroutine is provided in Algorithm 2. Given any finite proof search tree ¥ and
any natural number n as input, the procedure EXTENDTREE executes the following steps:
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(1) First, we perform all non-redundant applications of Lp to the open branches of X. That is,
our algorithm selects an arbitrary open branch § in ¥ such that the topmost sequent of 3
is of the form w < m,7 : p,I' = A with (w: p) ¢ T E and it then extends this branch
by writing w : p,w < w, 7 : p,I’ = A above the topmost sequent of 5. Afterwards, we
proceed with the next branch in ¥ until no further applications of Lp are possible. This cor-
responds to the while-loop in lines 1-3 of Algorithm 2. Note that, due to the loop-checking
mechanism, this step must terminate after a finite number of iterations of the loop.

(2) Once this is done, we perform all possible applications of Rp. Thus, while ¥ contains an
open branch [ such that the topmost sequent of 3 is of the form I' = A 7 : p with
m ¢ &, we select a fresh variable w € & not occurring in the tree and extend ¥ by writing
w < 7, ['= A,w : p above the topmost sequent of 3. This corresponds to the while-loop
in lines 4-6 of Algorithm 2. Observe that, since w is a singleton label, the new formula
w : p cannot be used in further applications of Rp, so this step must terminate as well.>* In
the subsequent steps, we execute similar while-loops for the rules L1 and R_1. The details
are essentially the same as in the first two steps and therefore left to the reader.

(3) Next, we perform all possible applications of LA and RA. That is, while T has an open
branch /5 with topmost sequent of the form 7 : ¢ A ¢),I' = A, we extend the branch
by writing 7 : ¢, 7 : ¢,I' = A on top of 8. Similarly, while ¥ has an open branch 3
with topmost sequent of the form I' = A, 7 : ¢ A 9, we split the branch and write both
I'= A, 7m:pandI’ = A, 7 : ¢ ontopof 8. Therules LV and RV are treated analogously.

(4) Afterwards, all possible applications of the rules L—, R—, LI and R[] are performed.
The corresponding while-loops are displayed in lines 7-18 of Algorithm 2. Note that, for
L— and L[, we use our loop-checking mechanism, so this step is guaranteed to terminate.

(5) In the subsequent steps, we perform all order rule applications of weight at most n. Let us
consider a few representative cases. In order to perform all weight-n applications of the
rule (in), we execute the loop in lines 19-21 of Algorithm 2. That is, while T has an open
branch 3 with topmost sequent of the form 7 < 0,7 < 7,I" = A such that each of the
labels 7, 0 and 7 has weight at most n and m < o7 does not already occur in I’é, we extend
this branch by writing 7 < o7, 7 < 0,7 < 7,I" = A on top of 3. The rules (tr), (dis), (un)
and (nb) are treated similarly. For order rules involving a branching—that is, for (sg) and
(cd)—we perform a loop-checking for each of the two premises. The corresponding while-
loop for (cd) is displayed in lines 22—-24. For order rules without principal atoms, we simply
iterate over all weight-n instances of the rule. For example, in order to close the tree under
weight-n applications of (ul), we just add all relational atoms of the form 7 < 7 + ¢ with
m,0 € A" to each open branch f3. This corresponds to the for-loop in lines 25-27 of our al-
gorithm. The rules (il), (ir), (ur) and (rf) are treated in the same way. Clearly, since every or-
der rule can only have finitely many instances of weight at most n, this step must terminate.

(6) Finally, we perform all possible applications of the geometric rules of GLinq€,. To this

end, we select an arbitrary geometric axiom ¢ € A and consider the corresponding rule

U (v1/u1), @°, = A -+ U (v /), P, ' = A
= A

(0-grs)

For each open branch /3 in T, our algorithm first determines all subsets @/f Y @’g - Fgfp
in the topmost sequent that are instantiations of the set of principal atoms ®°.%°> Note that
we do not require these subsets to be disjoint, so some formula occurrences in I’g’p may also

**Recall that, in the rule Rp, the principal formula must be of the form 7 : p for some non-singleton label 7 ¢ &.
% By an instantiation of ®°, we mean any set of relational atoms obtained from ®° by uniform substitution of variables.



5.6. Completeness via Countermodels 119

be contained in more than one of the sets @B For every open branch 3 in ¥ and for each
of the subsets G)/B cr! 3 JP, our algorithm now performs the corresponding root-first appli-
cation of (f-grs) to the respective branch 3, in such a way that the k applications of (6-grs)
in [ are executed all at once and all branches of ¥ are expanded at the same time. Thus,
if the topmost sequent of a branch /3 contains k instantiations of ®°, then this will cause
the branch §3 to be split into m* new branches. After that, our algorithm selects the next
geometric axiom in A and proceeds in the same way. Because A is finite and since every
geometric rule (A-grs) is applied only a finite number of times, this step clearly terminates.

Once this is finished, our algorithm returns the updated tree ¥ to the program in Algorithm 1.
This concludes the description of the procedure ExTENDTREE. Note that, by what was said above,
this procedure must be terminating, i.e., given any tree ¥ and any natural number n as input,
ExTENDTREE will in fact halt and return an updated version of ¥ after a finite number of steps.
Let us now consider the tree T constructed by Algorithm 1 for some input formula ¢. Clearly,
if T becomes closed at some stage of the construction, our algorithm will halt and output %,
which is now a derivation for = z : ¢. Otherwise, Algorithm 1 will run forever and T becomes
infinitely large. In this case, T must contain an infinite branch /3, and such a branch will always
be saturated, in the sense that every rule applicable to the branch is in fact applied at some stage
(this follows directly from the specification of ExXTENDTREE and the iterated executions of this
subroutine during the construction of ¥). In other words, an infinite branch in ¥ will always be
closed under all possible applications of the rules of GLinq£,, so we obtain the following facts.

Lemma 5.6.3 (Closure under Logical Rules). Let 8 be an infinite branch in the tree constructed by
Algorithm 1. Then, ( is closed under root-first applications of the logical rules, so we have:
(i) If it holds (w < 7) € I’i and (7 : p) € I'Y, then also (w : p) € I’i And if (7 : p) € A,
then there exists a varzable w € & such that both (w < m) € I‘ and (w:p) e Ai
(ii) If it holds (w < 7) € I’i and (m: 1) € F then also (w : J_) € F And if (7 J_) € Aé,
then there exists a varzable w € 6 such that both (w < m) € I‘é and (w:1)e AB
(iii) If we have (7 : A1) € T'%, then both (w : ) € T and( 1)) €Th. Andif (1 - o A ) €
Ag then at least one of(ﬂ' <p) € Ai and (7 : ) G A is the case.
(iv) If we have (7 : ¢ \V 1) e F , then at least one of(7r cp) € F and( () € Fg is the case.
And if (7 : go\\/1/1)€A5, thenboth(ﬂ' cp)GA and (m @ZJ)GA
(v)If(7r<a)€I‘ and( o =) € then( : )GA or( :w)GFJ’ Andlf
(m: 9 =) EA thentherezsanxeiﬁwzth(az<7r) (x: ) GF and (x @b) EA
i) If (w < ) € F‘L and( :Op) € F‘L then also (R(w) : ¢) € F‘L And if (m: Op) € A
then there exzsts a variablew € & such that both (w < ) € I’i and (R(w) : @) € Ai

Proof. We only prove statement (vi), the other parts are similar. First, suppose that we have both
(w <) e Fg and (7 : Op) € Fg. Then, at some point in the execution of Algorithm 1, some
initial segment of 8 must end with a sequent of the form w < 7, 7 : Uy, I’ = A. Hence, during
the next execution of the subroutine EXTENDTREE, our algorithm will perform the correspondlng
root-first application of L to this initial segment, so it follows (R(w) : ¢) € I'} 5» as desired.
Now, assume that (7 : Oy) € Ai Then, at some stage, an initial segment of 5 must end with
a sequent of the form I' = A, 7T : Op. Thus, during the next execution of EXTENDTREE, the
procedure will perform the corresponding root-first application of R[] to this initial segment, so
there must be some variable w € & such that (w < 7) € 1—% and (R(w) : p) € Ag. O

Lemma 5.6.4 (Closure under Order Rules). Let 3 be an infinite branch in the tree constructed by
Algorithm 1. Then, ( is closed under root-first applications of the order rules, so we have:
(i) All atoms of the formm < m and mymy < m; and 7; < w1 + 7T2 are in fori=1,2.

ﬁ)
(ii) If we have both (m < o) € Fg and (o < 7) €T, then (m < 7) € Fi
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(iii)) If(t<o+7) € I‘i then also (1 < wo + 7T) € F‘L

(iv) If we have both (mr < o) € Fg and (7'(' <7)€E Fi then (m<oT) € I’i
(v)Ifboth(ﬂ<cr)€F¢and( )EFE then(7T+7'<J)€Fé

(i) If (m < w) GF then(7r<@) EFi or(w<7r) EF

(vii) If (w < ™+ o) GF then(w<7r) 61" or (w < o) GFi

(viii) If (w < u) € Fﬁ, then also (R(w) < R( ) € Fi

Proof. We only prove part (viii). Suppose (w < u) € Fé. Then, clearly, there must be somen > 0
such that, starting from the n-th iteration of the while-loop in Algorithm 1, the topmost sequent
of the current initial segment of 3 always contains w < « in the antecedent. Let now k be given
by k := max{n, #(w), #(u)}. Then, during the k-th execution of EXTENDTREE, our algorithm
performs the corresponding root-first application of (nb), so it follows (R(w) < R(u)) € Fé. O

It is also possible to prove similar closure properties for the geometric rules of GLinq€,. The
details are left to the reader. We now want to use a countermodel construction in order to prove
the completeness of GLinq£, with respect to Inq£. In order to understand the basic idea, let T be
the tree constructed by Algorithm 1 for some input formula . We will show that, if ¥ contains an
infinite branch 3, then this branch can be used to construct a Kripke model Mg and an interpreta-
tion functlon Ig over Mg such that all expressions in F are satisfied under /5 and all expressions
in A are not satisfied under I3. As a consequence, it then follows that the labelled formula z : ¢,
occurrlng in the root of T, is not satisfied under I, so Mp is the desired countermodel for ¢.

A small technical difficulty arises from the fact that It could also contain relational atoms of
the form w < u, for some singleton variables w, u € &. In order for these atoms to be satisfied
in our model, we have to make sure that the singleton states denoted by w and u are identified
in Mg. For this purpose, we first define an equivalence relation ~3 on & in the following way.

Definition 5.6.5 (The Relation ~g). Let 3 be a branch in some proof search tree. The binary
relation ~g on & is defined by w ~g u & (w < u) € I‘%, for all singleton variables w, v € &.

Lemma 5.6.6. If 3 is an infinite branch in the tree constructed by Algorithm 1, then ~g3 is an
equivalence relation on G, so ~g is reflexive, symmetric and transitive.

Proof. The reflexivity and transitivity of ~ 3 follows immediately from parts (i) and (ii) of Lemma
5.6.4. Thus, it suffices to show that ~ 3 is symmetric. For this purpose, let w,u € & be arbitrary
and suppose that w ~3 u, so we have (w < u) € I“i By Lemma 5.6.4 (vi), thlS implies (w < 0) €

Fi or (u < w)€ FE Because [ is infinite, we cannot have (w < @) eTt 5 as this would mean
that 3 contains an instance of Az’. Hence, it follows (u<w) e F and therefore u ~g w. [

In what follows, we will write [w]s for the equivalence class of a variable w € & with respect
to ~g. Using the equivalence relation ~3, we are now able to define the desired Kripke model
Mg and the interpretation I for each infinite branch in the tree constructed by our algorithm.

Definition 5.6.7 (The Kripke Model Mpg). Let 3 be an infinite branch in the tree constructed by
Algorithm 1. We define Mp to be the Kripke model Mg = (W3, Rg, V3) given by:

(i) Wp :={[w]g | w € &}, so Wy is the set of all equivalence classes of the relation ~g,

(i) ([w]g,[u]g) € Rg :< thereare w' € [w]s and v’ € [u]g such that (u < R(w')) e FJ’
(iii) Vz([w]g,p) =1 :& there exists some u € [w]g such that (u : p) € F

Definition 5.6.8 (The Interpretation Ig). Let 3 be an infinite branch in the tree constructed by
Algorithm 1. For all w € & and x € ¥, we define an interpretation /3 over Mg as follows:

(i) Ig(w) := {[w]g}, so Ig(w) is the singleton containing only [w]g,

(i) Ig(x) := {{w]g € W3 | there exists u € [w]g such that (u < z) € FB}
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We assume that /3 is extended to arbitrary labels in the usual way (see Definition 5.5.1). More-
over, in the following, we will also write Fg for the Kripke frame given by Fg := (Wpg, Rg). One
can now prove that, for every label , the state /g(7) simply amounts to the set of all equivalence
classes [w] for which w < 7 occurs in T’ 5 This is expressed by the following lemma.

Lemma 5.6.9. Let 3 be an infinite branch in the tree constructed by Algorithm 1. For every singleton
variablew € & and for every label 7, we have: [w]g € Ig(7) if and only if (w < ) € I’E.

Proof. Let w € G be arbitrary. We proceed by induction on the structure of the label 7.

Case 1: Let m = u for some u € &. Using the definitions of I3 and ~g, one readily sees that
we have the following equivalences: [w]g € Ig(u) iff [w]g = [u]g iff w ~g wiff (w < u) € I’i

Case 2: Let m = x for some variable x € *U. For the left-to-right direction, suppose that it holds
[w]g € Ig(x). Then, by definition of I3, there exists some u € [w]g such that (u < z) € Fi
Since u € [w ]f we also have (w < u) € Fl by definition of ~g. Now, from (w < u) € I‘i and
(u < @) € I';, we may conclude (w < ) € I'" by Lemma 5.6.4 (ii). The converse d1rect10n is
stralghtforward since (w < z) € Fl directly implies [w]g € Ig(x) by definition of I3.

Case 3: Let m = (). By Definition 5 5.1, we have I3(0)) = () and so [w]g ¢ I3(0). And since ﬂ is
infinite, we also have (w < ) ¢ I‘ , because otherwise 3 would contain an instance of Az”.

Case 4: Let m = o7. For the left- to -right direction, suppose that it holds [w]s € Ig(oT). Since
we have Ig(o7) = Ig(0) N Ig(7) by Definition 5.5.1, this yields [w ] € Ig(o) and [w]g € I@( 7).
Therefore, by induction hypothesis, we must have (w < o) € I‘ and (w < 1) € F , SO it
follows (w < JT) € FE, by Lemma 5.6.4 (iv). For the converse d1rect10n assume that 1t holds
(w < oT) € F By Lemma 5.6.4 (i), We also have (o7 < 0) € F and (o7 < 7) € Fﬁ, so this
implies (w < U) € F and (w < 7) € F by Lemma 5.6.4 (ii). Now by induction hypothesis, we
may conclude [w]g 6 Ig(0) and [w]g € Iﬁ( ). But then, because I3(o7) = Ig(o) N Ig(T), w
also have [w]g € Ig(0T), as desired. If 7 is of the form 7 = ¢ + 7, then the argument is similar.

Case 5: Let m = R(u) for some variable u € &. For the left-to-right direction, suppose [w]|z €
Is(R(u)). Since we have Ig(R(u)) = Rg([u]g) by definition of I, this yields ([u]s, [w]g) € Rg
Hence, by definition of R, there are some v’ € [u]gand v’ € [ w]p such that (w' < R( ) e F
Because v € [u]g and v’ € [w] o we must have (v < u) € I'} pand (w < w') € F by deﬁn1t10n
of ~g. From (w < w') € F,B and (v < R()) € Fg, it follows (w < R( ) € Fi by
Lemma 5.6.4 (ii). And since (v’ < u) € Fé, we also have (R(u') < R(u)) € I‘¢ by Lemma 5 6.4
(V111) Now, from (w < R(u')) € Fl and (R(v") < R(u)) € I’i we may conclude (w < R( ) €
I 5 by Lemma 5.6.4 (ii). The rlght -to-left direction is trivial, s1nce (w < R(u)) € F directly
implies ([u]g, [w]|g) € Ra and therefore [w]|z € Ig(R(u)) by definition of Rz and /3. O

Next, we can show that our interpretation does in fact have the desired properties. That is, all
expressions in I‘E are satisfied under I3 and all expressions in Ag are not satisfied under /3.

Lemma 5.6.10. Let 3 be an infinite branch in the proof search tree constructed by Algorithm 1. For
every relational atom (7 < o) € Fé, it is the case that Ig(m) C I5(0).

Proof. Let (m < o) € Fi be arbitrary. Moreover, let w € & be an arbitrary variable and suppose
[w]g € I(). ByLemmaS 6.9, thls yields (w < ) € l“i Now, because (w < 7) € Fﬁ and (7 <

o) € Fl it follows (w < o) € I 5 by Lemma 5.6.4 (11) But then, using Lemma 5.6.9 again, we
may conclude [w]g € Iz(0). Since [w]g € Iz(m) was arbitrary, this shows Ig(m) C Ig(o). O

Lemma 5.6.11. Let 5 be an infinite branch in the tree constructed by Algorithm 1. For every labelled
formulam : o, if (7 : @) € Fé, then Mg, I3(m) = @, and if (7 : ¢) € Aé, then Mg, 1g(m) = .

Proof. Let B be an arbitrary infinite branch in the tree constructed by Algorithm 1 for some input.
Moreover, let 7 be an arbitrary label. We proceed by induction on the structure of .
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Case 1: Let ¢ = pbe atomic. For the first part, assume (7 : p) € F‘L Letw € & be arbitrary and
suppose [w]g € Iz(m). By Lemma 5.6.9, this implies (w < 7) € I‘é Now, as we have both (w <
) € I‘ and (7 : p) € I'y * it follows (w:p)€ Fl by Lemma 5.6.3 (i). But then, by definition of
Vg, we also have Vz([w ] p) = 1. Thus, as [w]g 6 Ig(m) was arb1trary, it holds Mg, Ig(m) = p
by Definition 5.1.3. For the second part, assume that (m:p) € A ’Ihen by Lemma 5.6. 3 (1)
there exists some w € & such that (w < 7) € F and (w : p) € A From (w < m) € P
follows [w]g € Ig(m) by Lemma 5.6.9. Towards a contrad1ct1on suppose Va([w]g,p) = 1. 'Ihen
by definition of Vj, there exists some u € [w]g such that (u : p) € I';. Thus, u satisfies (w <
u) € Thand (u: p) € F ,soitholds (w : p) € Fi by Lemma 5.6.3 (i). But now we have both (w
p) € Ff and (w : p) € Aé, so [ must contain an 1nstance of Az, which is a contradiction to the
assumption that (3 in infinite. Therefore, we have Vz([w]g, p) = 0. But then, since [w]g € I(7),
it follows Mg, I3(7) = p by Definition 5.1.3. The case ¢ = L is easy and can be treated similarly.

Case 2: Let o = ¢ A x. For the first part, suppose that (m : ¥ A x) € I’i By Lemma 5.6.3
(iii), this yields (7 : ¢) € F and (7 : x) € F Hence, by induction hypothe51s we must have
Mg, Ig(m) = 1 and Mg,]g( ) E X, so 1t follows Mg, Ig(m) = 9 A x by Definition 5.1.3. For
the second part, assume (7 : ¥ A x) € A Then, by Lemma 5.6.3 (iii), we have (7 : ¢) € AE
or (m:x) € Ag, which implies Mg, Iz(7 ) F 1) or Mg, Ig(m) E~ x by induction hypothesis.
Therefore, we may conclude Mg, Ig(7) F= 1) A x. The case ¢ = 1) \V X is treated similarly.

Case 3: Let ¢ = ¢ — x. For the first part, suppose (7 : p — x) € Fg. Towards a contra-
diction, assume Mg, Ig(m) = 1) — ¥, i.e., there exists a state s C Ig(m) such that Mg, s = ¥
and Mg, s B~ x. Then, by Lemma 5.1.12, there exists a finite substate t C s C Ig(7) such that
Mg, t B x. By persistency, ¢t must also satisfy Mg,t = 1. Moreover, because ¢ is finite, we
can write ¢ in the form t = {[wi]g, ..., [wy]g} for some wy,...,w, € &. Hence, t can be
represented by the label o given by 0 := wy + ... + wy, so we have Ig(0) = t. But then,
from Mg,t = 1 and Mg, t B ¥, it follows Mg, Ig(c) = 1 and Mg, Ig(c) = x. Now, since
we have Ig(0) C Ig(m) and Ig(o) = {[wi]s,...,|wn]s}, we must have [w;]g € Ig(m) for all
1<i<n. Thus by Lemma 5.6.9, it holds (w; < ) € Fi forall 1 < i < n, so we may conclude
(c <) e Fﬂ byLemma564(V) But then as we have (o <m) e Fé and (7 : 9 — x) € Fi
it follows (o : ¥) € A or (o :x) € F by Lemma 5.6.3 (v). By induction hypothesis, tl’llS
yields Mg, I5(0) F~ 1 or M 5, 13(0) E x, wh1ch is a contradiction to the fact that we have both
Mg, I3(0) =1 and Mg, Ig(o) = x. Therefore, we must have Mg, Ig(7) =1 — X, as desired.

For the second part, assume ( t) = x) € A¢ Then, by Lemma 5.6.4 (v), there is an z € U
with (z < 7) € Fg, (x:0) € F and (z: x) € A By induction hypothesis and Lemma 5.6.10,
this yields Ig(x) C Ig(m), M/B,I,g( ) E 1 and M/g,[ﬁ( ) B~ x. Hence, Mg, Ig(m) = ¢ — x.

Case 4: Let ¢ = ). For the first part, assume (7 : (J¢) € I’%. Moreover, suppose for a contra-
diction that Mg, I5(m) B [h), i.e., there exists some [w]g € Ig(m) such that Mg, Rg([w]g) K~ .
Since [w]g € Ig(m), we must have (w < 1) € I‘g by Lemma 5.6.9. But then, because (w < 7) €

ﬁ) and (7 : ) € l" , we may conclude (R(w) : 9) € FE by Lemma 5.6.3 (vi). Thus, by induc-
tion hypothesis, we have Mg, I3(R(w)) E v and so Mg, Rg([w]g) E 9, which is a contradiction
to the assumption that Mg, R3([w]g) F~ 1. Therefore, we must have Mg, I3(7) = [ip. For the
second part, assume (m: ) € Ag. Then by Lemma 5.6.3 (vi), there exists some w € & such
that (w < 7) € F and (R(w) : ¢) 6 A By induction hypothesis and Lemma 5.6.9, this implies
[w]g € I3(m) and Mg, Rg([w]g) K= 1, so it follows Mg, I3(m) = Oy by Definition 5.1.3. O

Finally, we need to prove that our countermodel M3 does in fact have the frame properties
expressed by the geometric axioms in A. In other words, we have to show that Fj3 is an £-frame.*

*Recall that, by an £-frame, we mean any Kripke frame F' that validates all formulas in the standard modal logic £.
Here, £ is assumed to be determined by A, so this simply means that F’ satisfies each of the geometric axioms in A.
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Lemma 5.6.12. Let 8 be an infinite branch in the proof search tree constructed by Algorithm 1. The
Kripke frame Fj, defined by F := (W3, Rg), is an £-frame.

Proof. It suffices to show that Fz satisfies each of the geometric axioms in A when considered
as a model of first-order logic. To make things precise, let us recall some notation. Given any
first-order formula 6 € EFG and any variable assignment g : & — Wjg, we write Fg |, 0, if F
satisfies 6 with respect to g in first-order logic. And if ¥ C LY is a set of atomic formulas, we
write ° for the result of replacing each Ruv in ¥ by the relational atom v < R(u).

Let now 6 € A be an arbitrary geometric axiom and assume that ¢ is given to us in the form
V(e — (Juithy V...V Junthy)), where & = wy - - - wy, is some vector of variables from & and
each ¢, 11, ..., 1, isaconjunction of atomic formulas from EFG. We write ® for the multiset of all
atoms in ¢ and ¥; for the multiset of all atoms in v;. Let g : & — W3 be an arbitrary variable as-
signment and suppose Fj3 [=, ¢. By definition of W3, there must be some variables w7, . .., wj €
& such that g(w;) = [w]]g forall 1 < i < k. Moreover, from Fj |, ¢, it follows Fj [F=; ®.
Using the definition of Rg and Lemma 5.6.4 (viii), one readily sees that this yields ®* C F%,

where ®* is the multiset of relational atoms given by ®* := ®°(w7, ..., w}/wi,...,wy). Now,
since (3 is infinite, it must be closed under root-first applications of the geometric rule (6-grs).
Therefore, for some multiset U¥ := W¢ (w7, ..., wy/wi, ..., wy), we must have ¥} (v; /u;) C FE,

where v; € G is the eigenvariable used in the corresponding application of (f-grs). Let now g*
be the variable assignment which is just like g, except that u; is mapped to [v;]g, so we have
g% (u;) := [v;]g. Using the fact that U} (v; /u;) C FE and the definition of Rg, it is now straight-
forward to verify that we have Fg |4« U, so it holds Fjg [+ 1);. But then, by definition of ¢,
we must also have F |l=4 Ju;1); and therefore Fig ll—; Juit)y V ...V Ju,1hy,. Because g was an
arbitrary assignment such that Fjz [, ¢, this shows that Fjg satisfies 6, as desired. O

We are now ready to give a general completeness proof, covering each of the proof systems
GLing£,. As a consequence of this, it follows that our generic method described in Section 5.3 is
in fact adequate in order to generate cut-free labelled sequent calculi for all geometric extensions
of the basic inquisitive system InqK. This can be seen as the main result of this chapter and
generalizes the corresponding result for standard modal logic established by Negri (2005).

Theorem 5.6.13 (Soundness and Completeness). Let Inq€ be an arbitrary geometric system, let
A C L beafinite set of geometric axioms determining £, and let G LinqL, bethe proof system given
by Definition 5.3.3. Then, GLinq£, is sound and complete with respect toInq&, i.e., for any finiteI'U
{p} C LK, we have: T |=|£”q wifandonlyifx : I' = x : @ isderivable in GLinq£,, foranyz € °0.

Proof. The soundness of GLinq£, has been established in Proposition 5.5.2. For the completeness
part, let TU{p} C LX be an arbitrary finite set of formulas and assume that the sequent z : I’ =
x : ¢ is not derivable in GLingL,. Suppose for a contradiction that = = : AT' — ¢ is derivable
in GLinq€,, where A I stands for the conjunction of the elements of I'. By the invertibility of
the rules R— and LA, this implies that y < z,y : I' = y : @ is derivable, where y € U is a fresh
variable. But then, by performing the substitution (x/y) and a subsequent application of (rf), we
also obtain a derivation for z : I' = z : ¢, which is a contradiction to our assumption. Therefore,
the sequent => x : \I' — ¢is not derivable in GLinqL,. Let now ¥ be the proof search tree con-
structed by Algorithm 1 for the input A\ I' — ¢, so the root node of T has the form = z : AT —
¢ for some x € 0. By what was said above, this sequent is not derivable in GLinq£,, so ¥ must be
infinite. Hence, by K6nig’s lemma, ¥ must have an infinite branch . Let now M3 be the Kripke
model and let /3 be the interpretation defined above. Then, by Lemma 5.6.11, none of the labelled
formulas in Aé is satisfied under Ig, so it follows Mg, Ig(x) = A\ I' — . Therefore, by the se-
mantics of — and A, there exists a state s C Ig(x) such that Mg, s = 1) forall¢) € I"and Mpg, s B~
. Thus, because Mg is based on an £-frame by Lemma 5.6.12, we may conclude I" I;élgq p. O
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In this thesis, we developed and investigated various proof systems for propositional inquisitive
logic. After giving a short introduction to inquisitive semantics, we presented a very elegant nat-
ural deduction system for InqB, established a normalization theorem for this system and derived
a restricted version of the subformula property from it. Our system was based on an extended
natural deduction formalism in which not only formulas, but also rules can act as assumptions
that may be discharged in the course of a derivation. Afterwards, we provided a G3-style labelled
sequent calculus GLingB for basic inquisitive logic. In this calculus, labels were used in order to
incorporate the support semantics of inquisitive logic directly into the syntax of the proof system.
Special attention was paid to a thorough investigation of the structural properties of our calculus.
In particular, we proved that GLingB enjoys cut-admissibility, height-preserving admissibility of
weakening and contraction, and height-preserving invertibility of all rules. The completeness of
our system was established proof-theoretically, by using a suitable Hilbert-style axiomatization
of InqgB. We also sketched a possible proof search strategy for GLinqB and established a normal
form result for the labels used in our system. In the second part of the thesis, we constructed cut-
free labelled sequent calculi for various extensions and modifications of basic inquisitive logic.
First, we considered an intuitionistic variant of InqB introduced by Ciardelli et al. (2020). Our se-
quent calculus for this variant was obtained from the system GLingB in a modular way and was
shown to preserve the structural properties of the latter. Finally, we considered various systems
of inquisitive Kripke logic. We provided a general method that allows to construct a cut-free
labelled sequent calculus GLinq£, for every inquisitive Kripke logic Inq€ determined by some
finite set of geometric implications A. This generalizes a famous result for standard modal logic
established by Negri (2005). Our completeness proof was based on the construction of an infinite
proof search tree and the extraction of a countermodel from an open branch of this tree.

We conclude this thesis by outlining some directions for future work. As pointed out in Chap-
ter 2, our natural deduction system NinqB™ only satisfies a weak form of the subformula prop-
erty, so it is not an analytic proof system in a strict sense. It would therefore be desirable to
have a natural deduction system for InqB that allows for an unrestricted subformula property
(at least to the extent to which classical natural deduction does). First investigations suggest
that such a system might possibly be obtained by extending NinqB™ with non-primitive rules of
arbitrary level, i.e., we should maybe allow the non-primitive rules of our system to discharge
other non-primitive rules in a proof tree. A solution of this kind could most likely also be adapted
to other non-classical logics such as, e.g., Kreisel-Putnam logic or Gédel-Dummett logic. To the
best of our knowledge, higher-level natural deduction systems have not been used so far in order
to obtain normalization theorems for logics that otherwise would not have an analytic natural
deduction system, so this seems to be a very promising subject for further research.

Regarding our labelled sequent calculi, it would also be of great importance to develop effec-
tive proof search procedures, i.e., algorithms that, given any formula ¢ as input, either output a
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derivation for a sequent of the form = x : ¢, or a finite countermodel for . In Section 3.4, we
have already discussed some of the problems encountered in trying to construct such an algo-
rithm for the system GLingB. The main difficulty arises from the complex syntax of the labels
used in our system, which makes it hard to define a suitable saturation condition for branches
in a proof search tree. Our normal form result for labels (see Proposition 3.4.4) might play an
important role here, since it allows to reduce the complexity of labels in a uniform way.

Finally, it would also be interesting to extend the labelled sequent calculi presented in this the-
sis to other systems of inquisitive logic such as, e.g., the classical antecedent fragment of first-order
inquisitive logic (see Grilletti 2021) or extensions of InqB with properly inquisitive modalities (see
Ciardelli 2016b, Chapter 7). We expect this to be relatively easy. In addition, it would be desirable
to construct other sequent-style proof systems for inquisitive logic such as, e.g., display calculi
and nested sequent calculi (see Belnap 1982; Briinnler 2006). Concerning display calculi, a first
step in this direction has already been taken by Frittella et al. (2016) and Greco et al. (2017), who
provide a so-called multi-type display calculus for inquisitive logic (see also Frittella et al. 2014).
As far as we know, nested sequent calculi for inquisitive logic have not been studied so far.
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