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ABSTRACT. This paper explores a new language of neighborhood structures where existential in-
formation can be given about what kind of worlds occur in a neighborhood of a current world.
The resulting system of ‘instantial neighborhood logic’ INL has a non-trivial mix of features from
relational semantics and from neighborhood semantics. We explore some basic model-theoretic
behavior, provide a matching notion of bisimulation, and give a complete axiom system for which
we prove completeness by a new normal form technique. In addition, we relate INL to other modal
logics by means of translations, determine its precise SAT complexity, and formulate an adequate
tableau calculus that can be used for automated deduction supporting INL inference. As for a
broader setting, we discuss some motivations for INL in dynamic logics of evidence, consider some
special cases in the realm of topology and of powers for players in games, and we point at general
model-theoretic and especially, coalgebraic backgrounds for what is achieved in this paper. Many
of these final themes suggest follow-up work of independent interest.

1. INTRODUCTION

Neighborhood semantics for modal logic [22, 27, 11, 19] is a generalization of both standard
relational semantics and topological semantics, in which worlds are related to sets of worlds called
‘neighborhoods’, and a universal modality [y holds if at least one neighborhood has only points
satisfying ¢. There are many motivations for this generalization, from a desire to model weaker
modal logics than the usual minimal system K to representing and reasoning about significant
semantic structures that are not simply graph-like. However, when we extend a realm of semantic
structures for a language, there is always an inevitable issue of whether that language is still
adequate for capturing all structural features of the richer models. In particular, neighborhood
models suggest that the composition of neighborhoods may be important, and for that, we need
not just universal, but also existential information: what different kinds of worlds occur in given
neighborhoods? There are several motivations for making such a move to an appropriate richer
language, as we shall see in this paper: ranging from topology to games, and from modeling notions
of evidence to belief revision. Their common core is a new ‘instantial neighborhood modality’ to
be defined in the following section.

We will study the resulting extension INL of basic modal logic in quite some detail, and show that
it has significant properties, many of them due to the fact that INL mixes features of neighborhood
modal logic with features from relational semantics. To set the scene, in Section 2, we discuss ba-
sics of the system: language, truth definition, bisimulation, and some typical model constructions
such as tree unraveling. In Section 3 we prove a Hennessy-Milner result for bisimulation, and also
give some applications to undefinability. Section 4 presents a sound minimal logic for reasoning
with the neighborhood modality. Section 5 follows up with a completeness proof based on normal
forms and matching canonical models. Section 6 introduces semantic tableaux for INL which adds
further information on validity reductions, and potential Gentzen-style calculi as well as automated
deduction with the system. More details on this tableau analysis are are presented in the appendix
following our bibliography. Section 7 positions INL in between the basic neighborhood modal logic
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and normal modal logics on relational models via translations that also allow us to determine the
precise complexity of validity. Several further directions are then considered in Section 8, includ-
ing links with topology, game logics, dynamic logic of evidence change, and especially, promising
extensions toward coalgebra. Section 9 gives our general conclusion.

2. A NEW NEIGHBOURHOOD LANGUAGE

2.1. Basic definitions. In this section we introduce a new system of ‘instantial neighbourhood
logic’ INL that generalizes basic modal logic over neighborhood models, using largely standard
modal techniques, though with a number of non-trivial adaptations.

Let Prop be the set of propositional letters. We assume that the propositional language has
primitive connectives —, A, while |, V, —, > are defined in the standard way. The language of INL
extends the propositional language by a modal operator [J creating new formulas

D(@la SERE) 90/671/})
for any INL-formula v and any (possibly empty) finite sequence @1, ..., ¢ of INL-formulas.

Definition 2.1 (Modal depth). The modal depth of a formula is defined by induction as follows:
md(p) = md(L) =0, md(pAp) = maz{md(p), md(¥)}, md(—p) = md(e), md(O(er, . .., pr; 1)) =
1+ mal:{md((pl)? R md((pn)7 md(w)}
Definition 2.2 (Neighbourhood frames and models). A neighbourhood frame is a pair § = (W, N)
where W is a non-empty set called a domain, and N : W — PP(W) is a map called a neighborhood
function, where P(W) is the powerset of W. A valuation on W is a map V : Prop — PW.

A triple MM = (W, N, V) is called a neighbourhood model or a neighbourhood model based on
(W, N) if (W, N) is a neighbourhood frame and V' is a valuation on it.

Definition 2.3 (Truth of INL-formulas). Let 9 = (W, N, V) be a neighbourhood model, w € W,
and « a formula. We inductively define when O satisfies « in a state w, written M, w = « :

M, w = p iff weVip),
M, w = —a iff  Mw  «,
MwEaAf iff  MwE o and Mw = B,

M w = O(p1, -y 0k30) iff  there is S € N(w) such that for all s € S we have M, s = and
foralli e {1,....k} there is s; € S such that M, s; = ¢;.

We say that a formula « is satisfiable in 9 = (W, N, V) if there is w € W such that 9, w = a.
We say that « is satisfiable if there is a neighbourhood model 9t = (W, N, V') satisfying a. We say
that « is valid in a neighbourhood frame (W, N) if for each model 9t based on (W, N) and each
w € W we have M, w = «a, and « is valid if it is valid in every neighbourhood frame.

Remark 2.4. We also recall the truth of the standard modal operators in neighbourhood models.

M, w=0p iff thereis S € N(w) such that for all s € S we have M, s |= ¢,
Mw = Op iff for any S € N(w) there is s € S such that I, s = ¢.

Bisimulations for neighborhood models that fit our language are defined as follows:

Definition 2.5 (INL-Bisimulation). Let 9 = (W, N, V) and 9 = (W', N', V') be neighbourhood
models. A binary relation Z C W x W’ is called a INL-bisimulation if for each (w,w') € Z
(alternative notation w =z w') we have:
LM wEp iff M,w' E=p for each proposition letter p,
Vs' € 8’'ds € S(s =z s') and
!/ ! /
2.V¥S € N(w) 35" € N'(uv') Vs € S35 € S'(s =y )
Vs e S3s' € S'(s =z §') and
( )

! /! /
3. VST € N'(w') IS EN(W) | vy ¢ 9135 € §(s =g &
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Following standard terminology, states (or worlds — we will use both of these common terms
interchangeably in this paper) w and w' are called INL-bisimilar (written, w = w') if there exists
an INL-bisimulation Z such that w =7 w'.

2.2. Warm-up results. We begin by proving some basic semantic results about INL. Our first
result is completely as expected: formulas of INL are invariant under INL-bisimulations.

Definition 2.6 (Modal Equivalence). Let 9t = (W, N, V) and ' = (W', N', V") be neighbourhood
models and let w € W and w' € W'. We say that w and w' are modally equivalent (written,
w «~ w') if for any INL-formula o we have M, w = a iff M, w' = a.

Theorem 2.7. Let M = (W, N, V) and M = (W', N', V') be neighbourhood models with w € W

and w' € W'. Then w = w' implies w «~ w'.

Proof. Suppose there is a bisimulation Z such that w =z w’. We show, by induction on the
complexity of INL-formulas as defined earlier, that w and w’ agree on all INL-formulas. The cases
for proposition letters, = and A are trivial. Now suppose M, w = O(¢1, ..., ¥k;¥). Then there is
U € N(w) such that for all u € U we have M, u = 1 and for all i € {1,...,k} there is u; € U such
that M, u; = ¢;. Since w =z w' and U € N(w), there is U’ € N’'(w’) such that for all v’ € U’
there is u € U with u =z v/ and for all u € U there is v/ € U’ with u =4 u’. Let v be an arbitrary
state in U’. Because Z is a bisimulation, there exists u € U with w =4 v. Since for all u € U
we have M, u = 1, and the complexity of v is smaller than the complexity of O(ip1, ..., ox; 1), by
the induction hypothesis, we obtain that 9, v = ¢. Furthermore, for any i € {1,...,k}, we have
that 9, u; = ¢; for some w; € U, and as Z is a bisimulation, for each u; there is v, € U’ such that

u; =z u,. The same argument as above entails that for each ¢ € {1,...,k} we have M, u} | ;.
In conclusion, we showed that 9V, w’ = O(ep1, ..., ;). The other direction is similar. Therefore,
we obtain that w e w'. O

Similarly to bounded morphisms (p-morphisms) in relational semantics, we may also consider
special functions that preserve structure of neighborhood models:

Definition 2.8. Let MM = (W, N, V) and 9 = (W', N’ V') be neighborhood models. Then a map
f: W — W' is called a bounded morphism if, for all u € W:

o ucV(p) iff f(u) € V'(p), for every proposition letter p,
o N'(f(u)) ={f[Z]| Z € N(u)}, where f[Z] is the image of Z for the map f.

This definition gives the expected result:

Proposition 2.9. Let M = (W, N, V) and M’ = (W', N, V') be neighborhood models. Then a map
f W — W' is a bounded morphism from O to M’ if and only if its graph is an INL-bisimulation.

We have the following immediate corollary of Proposition 2.9 and Theorem 2.7.

Corollary 2.10. Let MM = (W, N, V) and M = (W', N', V') be neighborhood models, and a map
f W — W' a bounded morphism from 9 to M'. Then for each w € W and each INL-formula ¢,

M, w = ¢ if and only if M, f(w) = .

Next, we show that some of the basic model theoretic constructions familiar from standard
relational semantics have simple counterparts in neighborhood semantics. For this purpose we
shall require the following notion:

Definition 2.11. Given a neighborhood model M = (W, N,V), we define the support relation
Son C W x W by setting, for u,v € W:

(u,v) € Son if and only if v € UN(u)
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We let S3, denote the reflexvive-transitive closure of Son. Moreover, if there exists some u € W
such that, for all v € W there is a unique Son-path from u to v, then we say that the model M is
tree-like and rooted at wu.

Using this definition we can introduce an obvious analogue of the standard notion of generated
submodels known from basic modal logic:

Definition 2.12. Let MM = (W, N, V) be any neighborhood model, and let w € W. Then the point-
generated submodel of M at u, denoted M[u|, is defined to be the structure (W', N', V') where:

o W ={veW]|(uv)e Sk}

e N'=N [W’;

o V' =V [y
Proposition 2.13. For any u € W, the obvious inclusion map v : W' — W is a bounded morphism
from M[u] to M. Hence, for all formulas ¢, we have:

M, u b= @ iff Mu,u =

Next, we turn to tree unraveling. Here our goal is to show that INL has the “tree model property,”
i.e. every satisfiable formula is satisfiable in some tree-like model. The question is exactly what
“tree-like” means in this context. Since trees are characterized by the property that there is some
distinguished node, the root, from which there is a unique path to any other given node, the question
we really need to answer here is what is a “path” in a neighborhood model. A first answer is to say
that a path in a model 9 is any tuple (wo, ...., w,) where, for each i < n, we have (w;, w;+1) € Son.
This suggests the following definition:

Definition 2.14. A model M is said to be tree-like if the support relation Son is a tree.

Definition 2.15. Let M = (W, N, V) be any neighborhood model and let w € W. We define the
tree-unraveling of M at u, denoted MY, to be the structure (W', N', V') where:

o W' is the set of all finite sequences (vo, ..., vy,) over W with vg = u and (v;, vi+1) € Son
for0<i<n.

e Given a sequence (vo,...,v,) and Z' C W' we set Z' € N'(vg, ..., vn) if and only if
there is some Z € N(vy) such that

Z" = {(vo, ey vp,w) | w € Z}.
o The valuation V' is defined by (vy, ...,v,) € V'(p) iff v, € V(p).
Clearly img is a tree-like model, with root u. Furthermore, we have:
Proposition 2.16. There is a bounded morphism f : MY — M given by the assignment:
(V0 +eey V) > Uy
From this the desired tree model property follows immediately:
Proposition 2.17. Any satisfiable formula is satisfiable at the root of some tree-like model.
A second possibility is to say that a path in 9 is any tuple
(wo, 20, W1y Z1yeeeey Zp—1, Wr)

where, for each i < n, Z; is a neighborhood of w; and w;+1 € Z;. Let us call such a tuple a strong
path from wq to w, in .

Definition 2.18. A model 9N is said to be strongly tree-like if there is some w € W such that for
every w' € W, there is a unique strong path from w to w' in M.

It is not hard to see that every strongly tree-like model is tree-like, but the converse implication
does not hold. Now let us consider tree unraveling again.
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Definition 2.19. Let M = (W, N, V) be any neighborhood model and let w € W. We define the
strong tree-unraveling of 9 at u, denoted i)ﬁf, to be the structure (W', N', V') where:

o W' is the set of all strong paths in M beginning with u.
e Given a strong path (vo, Zo, ..., Zn—1,vp) and Z' C W' we set Z' € N'(vo, Zo, ..., Zn—1,n)
if and only if there is some Z € N(vy,) such that
7' ={(vo, Zoy ey Zp—1,0n, Z,w) | w € Z}.
o The valuation V' is defined by (vo, Zo, ...y Zn—1,vn) € V'(p) iff v, € V(p).
The strong tree-unraveling of any model is strongly tree-like.
Proposition 2.20. There is a bounded morphism f : im;f — M given by the assignment:
(V05 Z0y vy Zn—1,Un) — Up
We now get the following strengthened version of the tree model property:

Proposition 2.21 (Strong tree model property). Any satisfiable formula is satisfiable at the root
of some strongly tree-like model.

Finally, we establish a finite-depth property for instantial neighborhood logic:

Definition 2.22. Let M = (W, N, V) be any neighborhood model, let w € W, and let k be any
integer. Then the depth k point-generated submodel of M at u, denoted by M[u, k|, is defined to
be the structure (W', N', V') where:

o W' is the set of all v € W such that there is a Sop-path from u to v of length < k.

e Forv € W', we set N'(v) = N(v) if there is a Sop-path from u to v of length < k, and
N'(v) = 0 otherwise. That is, N'(v) = 0 if the shortest Sop-path from u to v has length k.

o V' =V fW/.

A fairly simple argument will establish the following:
Fact 2.23. Let ¢ be any formula of modal depth < k. Then:
M, u ’: ¥ Zﬁm[uak]au |: ¥

Corollary 2.24 (Finite-height model property). Any satisfiable formula of modal depth k is sat-
isfiable at the root of some tree-like model with an underlying tree of height at most k.

3. BISIMULATION CHARACTERIZATION

In this section we show that our notion of bisimulation makes sense, by proving a Hennessy-
Milner theorem for INL. More precisely, we show that over finite models, the relation of modal
equivalence is an INL-bisimulation.

Theorem 3.1. Let M = (W, N,V) and M = (W', N', V') be finite neighbourhood models with
weW and w' € W'. Then w e w' iff w = w'.

Proof. Our aim is to show that the relation «~ is an INL-bisimulation between 9t and M’'. We
show only one direction of the back-and-forth conditions, since the other direction can be proved
using a symmetric argument.

First, pick any w € W and w’ € W’. We define a formula 6 (w,w’) as follows:

o If w e W', set d(w,w’) =T.
e Otherwise, pick some formula ¢ such that 9, w | ¢ and M, w' = —¢ and set 6(w, w’) = .
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So 0(w,w") either provides some witness that w and w’ are not modally equivalent, or is set to T
if they are modally equivalent. Now, for w € W, set

x(w) = /\{5(w,w’) | w' e W'}

This conjunction is well defined because W’ is a finite set. Note that 9, w E x(w) for all w € W.
It is easy to prove the following claim:

Claim: For all w € W and all w’ € W', we have:
w e w' iff M w' = y(w).

Now suppose that w «~ w', for w € W and w' € W’. Let U be a neighborhood of w, say
U = {ug,...,u}. It is easy to see that we have:

M, w = O (wo)s o X () X(110) V o V ().

Hence, we must also have

M, w' = O(x(uo), -, X(ur)i x(uo) V...V x(ug)).

This means there must be some neighborhood U’ of w’ such that every formula y(u;) is true
somewhere in U’, and conversely every member of U’ satisfies x(u;) for some i < k. By the Claim,
it follows that the relation «~ satisfies the appropriate back-and-forth conditions with respect to
U and U'. O

Much more can be said about INL-bisimulations. For further notions and results, we refer to
Section 8. The formulas that appear in our proof of the Hennessy-Milner theorem bear a strong
resemblance to the normal forms for INL-formular that we etablish later in Section 5, which play a
crucial role in the completeness proof for our axiomatization of INL. The proof also has a coalgebraic
flavor, and this theme will be taken up in Section 8.4.

For now, however, we pursue another question. How does INL relate to more standard modal
languages on neighborhood models? To see this, we recall the notion of bisimulation for the standard
basic modal language on neighbourhood models.

Definition 3.2 (Standard Bisimulation). Let 9 = (W, N, V) and ' = (W', N', V') be neigh-
bourhood models. A binary relation Z C W x W' is called a standard bisimulation if for each
(w,w") € Z (alternative notation w <z w') we have:

L.MwEp iff M, w' =p for each proposition letter p.
2.VS € N(w) 35" € N'(w')Vs' € §" Is € S such that (s 2z ).
3.VS" e N'(w') 35S € N(w)Vs € S 3’ € S such that (s 2z §').

It is easy to check that each INL-bisimulation is also a standard bisimulation. Below we will give
an example that the converse, in general, is not true. Since standard bisimilarity entails modal
equivalence for the basic modal language, this implies that over the neighbourhood models INL is
more expressive than the standard modal language.

Example 3.3. We will now give an example of two neighbourhood models and states in these
models which are bisimilar in the standard sense, but which are not INL-bisimilar. Start by choosing
M = (W,N,V) and M = (W' N, V') where W = {wg, w1, w2}, N(wo) = {{w1},{w1,ws}},
V(p) = {w17w2}7 V(q) = {wQ} and W' = {w()vwll}ﬂ N/(wé)) = {w/1}7 V/(p) = {w/1}7 V/(Q) = 0.
Then it is easy to see that wy and wy are standard bisimilar (consider a relation linking wy with
w(, and wy with w]), but not INL-bisimilar. To see this, by Theorem 3.1, it is sufficient to note that

M, wo = O(g;p), but M, wy = DO(g; p).
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From Example 3.3 we immediately derive that
Proposition 3.4. Owver neighbourhood models INL is not definable in the basic modal language.

Next we will show that the universal modality is not definable in the INL-language. Recall that
the truth condition for the universal modalities E and A is as follows:

M w = Ep iff thereis s in 9 such that M, s = .
M w = Ap iff for any s in 9 we have M, s = .

Example 3.5. Let 9 = (W, N, V) and 9" = (W', N’, V') be neighbourhood models such that

W ={w,v}, N(w) =0, V(p) ={v}, and W = {w'}, N(w') =0, V'(p) = 0. Then it is easy to see
that Z = {(w,w’)} is an INL-bisimulation. On the other hand, 9, w = Ep, while 9, w’ £~ Ep.

Thus, we arrive at the following proposition.

Proposition 3.6. Owver neighbourhood models the universal modality is not definable in INL.

4. AXIOMATIZATION AND SOUNDNESS

In this section we provide a Hilbert-style proof system for INL, prove soundness and derive some
basic properties. Completeness of the axioms will be shown later in Section 5.

Our basic proof calculus has as axioms schemes all propositional tautologies, together with the
following axiom schemes:

(NW) - O(v1;-7539) =001, %3¢V X),

(SW) O, v, 59) =0, v, @V B3 9),

(SR) Byt -7, 039) = 0y, -5, 0 A3 9),

(SC)  —0O(L;v),

(NT) Oy, - 753%) = B0y, 75, 69) VO, -0 539 A 26,
(AD)  O(71, -0y Y5 @5 015 o0y O3 0) = E(y15 o0y V55 015 -ony O3 ),

(AI) D(’yl, '-'7’7]'7517 ...,5n;¢)—>|:|(’)/1, ...,vj,go,él, ...,5n;¢), provided ¢ € {’71, ...,’)/j,(sl, ,5n}

The system has only two rules, modus ponens and substitution of equivalents:
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a—p «
(MP) — 5
acfB g
RE) Bl

where [a/] is the result of possibly replacing some occurrences of « in ¢ by S.

Ezplanation. To understand these principles intuitively, note that some just express the set char-
acter of the finite sequence of instances at the start of our modalities, others state obvious upward
monotonicity properties in all arguments, while we also have distribution over disjunction for in-
stanced formulas. In addition, (SR) expresses the compatibility of the universal condition with
all instances, while (NT) essentially shows how we can either add instances to a given modality
witnessing a formula d or strengthen the universal condition of the modality with the negation of

J.

The following standard lemma will simplify some of our proofs.

Lemma 4.1. The following rules are admissible in the proof system:

(TR) a—p =y
a—

vy 428 P
Y

We write F ¢ to say that the formula ¢ is provable in this system, and I' - ¢ as a shorthand
for = AT — ¢ if T is a finite set of formulas. We are now ready to derive some basic schemes and
admissible rule schemes of the logic INL.

Lemma 4.2. The following theorem and rule schemes are provable (‘admissible’) in INL.
(EX) D<717 ) PYJ? 07 (p7 517 ) 5m; w) %D(’717 A PYJ? (P7 07 617 M) 5m; w)7
(SC/> _‘D(717-"77j7J—7517"'a5m;¢);

(NC)  —0O(y; 1),

/ =X
NW
( ) Oy, - ¥3 %) = 0071, 755 X))
(SW") a—f

D(717 ‘”7’7‘7'7 Q; ¢)—>D(’Yl7 77]7/87 ¢)7

(55) D0y aV Bi) =00, v a5 9) VO, 0075, 85 9)-
Proof. For (EX), use (TR) to chain together the following implications:

D(lev"'77j707907617"'75m;w) l_ D(Vla"'77j7@767907617"'75m;¢) (AI>
D(’Ylv"'77‘77@707907617"'75m;w) '_ D(fyla"'77j7%0767617"'75m;w) (AD)

For (SC”), just apply (MT) to the axiom —[J(_L,1) and the following instance of (AD):
\:‘(’yl, ces Vi J_, 51, ceny 6m; 'lﬂ) —)D(J_, w)
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We derive (NC) as follows:

O(y; L) O(yAL;Ll) (SR)

l_

F AL+« 1L Classical logic
Oy L)+ DL, 1) (RE)

Fo=0O(L; 1) (SC)

-0 L)  (MT)

For (NW'), suppose that - ¢ — . We derive the conclusion of the rule as a theorem as follows:

Oy, -50) B O, e Vx) (NW)
F x<eVy Classical logic

Oy, v559) B OO, 755 X) (RE)

(SW') can be derived similarly. Finally, for (S.5):

+ D(Wl»,%»a\/ﬁﬂf}) — D(Vb e Vi & Vﬂa%d’) \ D(717 ...,’Yj,a\/ ﬁadj A _|Oé) (NT)’ (1)

O, v,V By atp) = Oy, .o, vy, 5 ) (AD)

FOO, Y eV B A na) = Oy, v, (@ V B) A (Y A —a); ¥ A —a) (SR), (2)
FlaVB)A (@ A-a)—p Classical logic
F@A—a) =y Classical logic
O, 7 (@V B) A (Y A =) A—a) = D, %5, Bi ) (NW?),(SW’)
= D(fylw-')’)/j)avﬂ;w A ﬁO‘) — D(’Yh 77]7ﬁ7¢) (TR)’ (3)
OO, sy aV B39) = Oy, e v5, @ 9) V O, 005755 B3 4) (1)-@©)

O

The proof system for INL presented above is sound and complete. Completeness will be proved
in the next section. Here, we prove that the system is sound:

Theorem 4.3 (Soundness of INL). If - ¢, then ¢ is valid in the neighborhood semantics.

Proof. Since our two inference rules clearly preserve validity, we only have to check that all our
axioms are valid. Most of the axioms in the above list are straightforward to check, so we give only
the proofs for (SR) and (NT).

For (SR), we want to show that O(y1,...,75, ¢;¢) = O(71, ..., ¥j, @ A ;1) is a valid formula.
Take an arbitrary model 9t = (W, N, V) and some state w € W. Assume w = O(71, ..., 7j, ¥; ),
then there is S € N(w) such that (1) ¢ is satisfied at each state in S, (2) 7; is satisfied at some
state in S for each ¢ € {1,...,j}, and (3) ¢ is satisfied at some state, say v in S. Since u € S, by
(1) we also have u |= v, and hence u = ¢ A 9. Therefore, w = O(y1, ..., 75, ¢ A ;).

For (NT'), we want to show validity of the formula

D(717 773,¢)—>D(717 - Vg 5,?/}) \ D(’}/h 77j,w A _'5)

Again take an arbitrary model Mt = (W, N, V') and state w € W. Assume that w = O(71, ..., 75 ).
Then there is S € N(w) such that (1) v is satisfied at each state in S, (2) ~; is satisfied at some
state in S for each i € {1, ..., j}. Now, assume furthermore that the formula O(v1, ...,7;, d;9) is not
satisfied at w. Then it must be the case that ¢ is satisfied nowhere in S, so —J is true everywhere
in S, giving w = O(v1, ..., 75,% A =6). From the assumption that w = O(v1, ...,7;; %) we have now
derived that

w ): D(ryly vy Vs 5,¢) \ D(717 7%,7# A _‘6)>

which concludes the argument. O
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5. NORMAL FORMS AND COMPLETENESS

5.1. A normal form theorem. Our goal in this section is to prove a completeness theorem for
the axiom system presented above. The proof will proceed via a normal form theorem.

Throughout the section, we assume a fixed well-ordering over the set of all formulas of INL. With
this in mind, the following notation will be useful: given a finite set of formulas I' and a formula
v, we denote by L(I'; ) the formula (41, ..., ¥n; ) where 1, ..., ¢, is a list of all the formulas in
I', without repetitions, in the order dictated by our fixed well-ordering over the language.

Lemma 5.1. For any formula of the form O(1, ..., ¢¥n; @), we have:

Proof. Use (AD) and (AI) to remove repetitions, and use (EX) to rearrange the formulas 91, ..., ¢y,
in the order consistent with the fixed well-order over the language. O

As a first application this leads to the following lemma:

Lemma 5.2. Leti € w and let P be a finite set of propositional variables. Then there are, up to
provable equivalence, only finitely many formulas of modal depth < i and variables in P.

Proof. A straightforward induction on the modal depth of a formula. The crucial step is to show
that there are only finitely many formulas up to provable equivalence of the form ()1, ..., ¥n; )
where 11, ..., ¥y, @ are all of depth < k. But by the previous lemma, each such formula is equivalent
to a formula of the form C(I'; ) where ¢ is of depth < k and I is a finite set of formulas of depth
< k. It is now easy see that the number of formulas up to provable equivalence of the form
O(¥1, ..., ¥n; @) where 91, ..., 10y, @ are all of modal depth < k is bounded by 2™ x m, where m is
the number of formulas of modal depth < k up to provable equivalence. O

Definition 5.3. Let P be a finite set of propositional variables, and let i be any natural number.
An i-type over P is a consistent set of formulas I' of modal depth < i and variables in P such that,
for every formula ¢ of depth < i and variables in P, we have ¢ € I or —p € I'. In other words:
an i-type over P is a maximal consistent set of formulas of modal depth < i and variables in P.

We denote the set of i-types over P by T'(i, P). We can associate a formula with each i-type
as follows: for each formula in 7, pick the least formula that is provably equivalent to it. The
collection of all these formulas is then finite by Lemma 5.2, so we can take the conjunction of all
of them and denote it by 7. If I" is a set of i-types then we write I' = {# | 7 € I'}.

Lemma 5.4. Let ¢ be any formula with variables from P and modal depth at most i. Then:
I—<p<—>\/{%]T€T(z',P)&<p€T}
We are now ready for our normal form theorem:

Theorem 5.5. Let ¢, 11, ..., be formulas with variables in P and all of modal depth < i. Then
the formula O({t1, ..., Yk}, p) is provably equivalent to a formula of the form:

VIO D) T e F)
where F is a family of sets of i-types over P such that, for each I' € F, the following facts hold:

(1) For each j € {1,...,k} there is some T € I" with v; € T.
(2) For each T € I' we have ¢ € T.

Proof. We know that (¢, ..., ¥y; ) is provably equivalent to CI({t1, ..., Y1 }; ¢). Note that we can
assume that O({t1,...,¥x}; p) is consistent, since otherwise it is provably equivalent to \/ (), which
is a disjunction of the right shape. We perform the reduction in two steps.
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Claim 1: The formula O({t1, ..., %% }; @) is provably equivalent to a formula of the form:

VBT [T e Fy

where F' is a family of sets of i-types over P such that conditions (1) and (2) hold.
Claim 2: Any formula of the form [(T'; ), where T is a set of i-types over P each containing
¢, is provably equivalent to a disjunction of formulas of the form O(®;\/ ®), where each ®

is a set of i-types over P for which conditions (1) and (2) hold.
The theorem obviously follows from these two claims, so we prove them one by one.

For Claim 1: First, we use Lemma 5.4 together with the uniform substitution rule to rewrite the
formula O({t1, ..., Yr }; ) as:

O\ 1, \ Bk )

where, for each j € {1,...,k}, we denote by U, the set {7 € T'(i, P) | ¢; € 7}. At this point, we
can repeatedly apply the theorem scheme (SS) to obtain the equivalent disjunction

VO o fdso) [ 11 € U1 & &7y € Ty}

Clearly condition (1) holds for each set {7i,...,7%}. All that is left to do to finish Claim 1 is to
remove those disjuncts of the form O({71, ..., 7 }; ¢) where for some j € {1,...,k}, ¢ ¢ 7;. But for
each such disjunct, we have —¢ € 7, so

O, T} ) = O(—s; )

But then we can apply (SR) together with (SC) to show that the disjunct provably entails L.
Hence, the whole disjunction is provably equivalent to the smaller disjunction where this disjunct
is removed, by basic propositional logic. With this observation, we are finished with Claim 1.

For Claim 2: Let D(f;gp) be a formula of the shape described in the premise of the claim.
Again, we apply Lemma 5.4 to rewrite the formula as O(I'; \/ @) where ® = {7 € T'(i, P) | ¢ € 7}.
Generally, call a formula of the shape D(f‘; V @) where I' and ® are sets of i-types over P such
that T C ® an almost normal box formula. For any almost normal box formula O(I; \/ ®), let the
error degree of O(I'; \/ ®) be defined as the size of the set ®\ T'. Since there are only finitely many
i-types over P, the error degree of an almost normal box formula is always a finite ordinal, which
equals 0 if and only if I' = ®. So, to prove Claim 2, it now suffices to show:

Claim 3: Any almost normal box formula C(T;\/ ®) of error degree m, where m > 0, is
provably equivalent to a disjunction of almost normal box formulas of error degree m — 1.
Also, for each disjunct O(I';\/ ®’) of this disjunction, we have I' C IV and &’ C ®.

To prove Claim 3, let O(I'; \/ @) be an almost normal box formula of error degree m. Since m > 0
there is some 7 € ® \ I'. Using the axiom (NT') we find:

FOM @) < @@ u{rh\/ @) vor;\/ &A1)

But clearly, the formula \/ & A —7 is provably equivalent to \/((i) \ {7}) just by propositional logic.
So the whole disjunction on the right side takes the shape:

O U\ &) vO; \/(@)\ (7))

Each of these two disjuncts is an almost normal box formula of error degree m — 1, and so we are
done with the proof of Claim 3, and the proof of the theorem is complete. O
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5.2. The model construction. Fix a finite set of propositional variables P. We construct a
canonical model M = (W, N, V) as follows. Let W be the (disjoint) union of all the type sets T'(i, P)
for i € w. The neighborhood structure N is now defined by setting N(7) = 0 for 7 € T'(0, P) and,
for T € T'(3, P) with i > 0:

N(r)={r CT(i—1,P)|O(;\/T) € 7}
Finally, for p € P we set V(p) ={r e W |p e 7}

Lemma 5.6 (Truth lemma). Let ¢ be a formula with propositional variables only in the set P, and
of modal depth at most i. Then for any T € T(i, P), we have:

MrEeiffeer

Proof. The proof proceeds by induction on ¢. The case for ¢ = 0 is simple and left to the reader.
Suppose the lemma holds for ¢, and consider an i + 1-type 7. It suffices to show that the lemma
holds for all formulas of the form O(t1, ..., ¥x; @), where 1, ...,¢ and ¢ are all of depth i. A
simple argument will then extend the claim to arbitrary formulas of depth ¢ + 1.
First, suppose that (1, ..., ¥x; ¢) € 7. By Theorem 5.5, this formula is then equivalent to a
disjunction of the form

VO \/ 1) T e F}

where F' is a family of sets of i-types over P satisfying conditions (1) and (2). So at least one of
these disjuncts CJ(I'; \/ I') must be in 7 since it is an i 4+ 1-type, which means that I' € N (7). Using
conditions (1) and (2) for I, together with the induction hypothesis applied to all i-types, we now
easily show that 9, 7 = O(¢1, ..., Yg; ).

Conversely, suppose that I, 7 = O(¥1, ..., ¥g; ). Using the induction hypothesis for i-types,
we see that there is a set of i-types I' € N(7) such that ¢ € (T and, for every j € {1,...,k}, we
there is some 7 € T' with ¢; € 7. But then O(I';\/T') € 7. To show that (31, ..., ¥x; @) € T it now
suffices to show the following;:

F O/ D) =00, s s )

But since ¢ € (T we clearly have - \/T' — ¢, and if Y € T then =7 — ;. We now only have to
apply (NW), (SW) and (AD) to obtain the required implication, and so we are done. O

Theorem 5.7 (Completeness). For any formula ¢, if = ¢ then b .

Proof. Suppose ¥ ¢, so that - is consistent. Let ¢ be the modal depth of ¢ and let P be the
propositional variables that occur in ¢. Construct the model 9t as above. By Lemma 5.4, there is
an i-type 7 with = € 7, hence ¢ ¢ 7, and by the Truth Lemma, we have (9, 7) ¥ . Therefore
¥ ¢, which completes the proof. [l

This completeness proof was inspired by normal form techniques from [14, 23], suitably adapted to
modal neighborhood semantics. We have been unable to find a more standard Henkin construction
to establish our main result, and leave this as an open problem.

Finally, our proof method clearly produces finite counter-examples to non-derivable formulas ¢,
whose size can be effectively computed from that of . Therefore we have established an effective
finite model property, and in particular:

Corollary 5.8 (Decidability). Derivability and validity for the logic INL are decidable.
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6. SEMANTIC TABLEAU SYSTEM

We have now given a semantic and a proof-theoretic analysis of INL, even including its decidabil-
ity. But the true combinatoric behavior of a logical system often comes out more concretely with
a semantic tableau system that allows for controlled search of counter-examples and proofs, and
even for automated deduction analysis. Virtues of tableaux also include providing cut-free Gentzen
calculi for logics, and their attendant combinatorial methods.

However, since tableau systems are notorious for requiring many syntactic book-keeping details,
we have divided this material into two. In this section, we sketch a tableau system for INL, and state
its basic properties. For further details of the actual mechanism, based on the format of Fitting [15],
we refer to the Appendix at the end, which contains more information on the definition of tableaux,
including various kinds of nodes and subtrees, plus the complete set of rules producing these. The
Appendix also presents some concrete examples. To understand what follows, it is enough if the
reader has some understanding of classical and modal tableau systems (cf. [6, 15, 18]).

6.1. Modal tableau rules and validity reductions. Tableaux for modal logics search for coun-
terexamples using standard decomposition rules for the Boolean operators, but the heart of what
they do is the tableau rule that describes decomposition of modalities. Typically, at a tableau
node where all Boolean rules have been applied, one has some proposition letters to made true and
others to be made false, while some modalized formulas are to be made true and some others false.
In this case, the tableau rule creates a subtree for a counterexample, since more than one accessible
world or neighborhood may need to be created for the world corresponding to the current node. In
the description of the starting nodes for the successors in the subtree, one layer of modalities has
disappeared, so syntactic complexity goes down, and termination of tableaux is assured.

Before we state the key modal tableau rule for our INL system, we sketch some background putting
it in perspective. It is known that the related simpler systems of modal logic over neighborhood
models or over relational models satisfy some very strong reductions of validity that match their
tableau rules. As a warm-up then, consider sequent validity, with antecedents read conjunctively,
and consequents disjunctively as usual. The following results are in [6].

Proposition 6.1. Let p1,...pn, q1,-- -, gm be propositional variables and let o1, ..., ¢0n ¥1,...,Um
be modal formulas. Then

(1) Ower relational models, p1,...Pn,Ov1, ..., Ovn E @1y -« Gm, D1, ..., Othy, iff
PG # 0D, or there is some i < m such that g = ;.

(2) Owver neighbourhood models, p1,...pn, 01, ....00n E q1,- s Gm, D1, ..., Oy, iff
PNG# D, or there are i < m and j < n such that ¢; = ;.

Note what this says. For the basic normal modal logic, modal consequences only hold when, right
underneath the top boxes, the antecedents together imply at least one consequent. For the basic
modal logic on neighborhood models, something even more startling holds: a modalized consequence
holds only if, right underneath the top boxes, some antecedent implies some consequent. !

While we have stated these principles as validity reductions, they do have an immediate connec-
tion to tableau rules. Read in one direction, they drive a tableau rule for finding counter-examples.
If the modalized sequent consequence is invalid, then the negation of its reduction statement pro-
vides a tableau decomposition rule. But also, if a tableau closes, and we can assume inductively
that the sequents in the reduction statement are already derivable, then the original modalized
sequent is derivable in a cut-free Gentzen system read off from the tableau system.

There is a similar reduction principle for our system INL, but it is much more complex syntac-
tically, owing to the combination of distributive and merely monotonic behavior of arguments in

IThat is, modalized antecedents cannot even work together to produce significant conclusions, an extreme form
on ‘non-distribution’ of modalities over conjunctions.
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our modalities. In this case, we merely display the essential modal tableau rule, where we use some
technical terminology about book-keeping nodes whose details need not concern us here:

Modal tableau rule. If a path has an unmarked node r labeled by O(aq, ..., o5 ag) and nodes
rl,...,7% such that, for each m € {1, ..., k}, the node r™ is labeled by the formula =0(37", ..., S B5),
then do the following: Put a mark at each unmarked regular node on the path for that path, and

k
for each I € H{O, 1,...,7:}, add a hyper node h; together with a hyper edge from the end node of
i=1
the path to hy, where hy is

aono A N\ (BN B o €{an, .o} U{=B|I(i) =0}
1()#0
A tableau can be seen as an attempt to refute the root formula, and is considered succesful

if each branch closes. Thus we should understand the modal rule scheme as follows: if we have
some unmarked node labelled O(ay, ..., a5, o), and a set of unmarked nodes 71, ...,r, with each

m labelled —CI(BT", ..., B ), A7), then intuitively we want to show that every attempt to create a
neighborhood witnessing truth of the formula O(ay, ..., o, ), in a way which is consistent with the
information —CJ(B7", ..., ;:Ln), Bg') for m € {1,...,m}, must fail. So we consider all the possibilities

in which such a neighborhood could be constructed, and create a hyper-node corresponding to
each of the available options with the aim of constructing a closed sub-tableau from each of these
nodes. This is where the combinatorial heart of the tableau system lies: the modal rule tells us
that we have one possibility to consider for each I € Hle{O, .., Ji}, in the sense that each such I
corresponds to one way in which a neighborhood U of the required sort might be created, and it
tells us precisely what formulas should be true at each of the worlds that U is composed of.

6.2. Properties of the tableau system. As we shall show in our Appendix, the tableau system
for INL based on the preceding rule satisfies the usual meta-theoretical adequacy properties, where
we use the obvious notions of tableaux being closed or staying open. 2

Theorem 6.2. Open INL tableaux contain a subtree structure that induces a neighborhood model
which satisfies the formula placed at the top node. 3

Next, there is also a well-known connection with proofs for valid laws.

Theorem 6.3. Closed INL tableaux can be transformed effectively into Gentzen-style sequent proofs
for the negations of the formulas placed at their top node.

For proofs of these results, which involve more combinatorial details than those for standard
modal tableaux, we refer to the Appendix. In combination with the fact that tableaux either close
or stay open, this results in adequacy of the algorithm that constructs tableaux.

Theorem 6.4. An INL formula is satisfiable if and only if none of its tableaux are closed. A
formula is valid if and only if its negation has a closed tableau.

The usual surplus of the tableau-based Gentzen proof system is its cut-free nature, which also
leads to proofs of interpolation theorems, that we do not pursue here.

However, there is also an obvious issue of how tableau-based proofs relate to the complete
axiomatic proof system that we have defined and studied in the preceding sections. The two

2We already stated that tableaux terminate, unlike the case for first-order logic that admits infinite branches.

3Beth’s original tableau format has a list of formulas to be made true, and a list for formulas to be made false.

4We even suspect that there are concrete links between our tableau calculus and the proof systems for coalgebraic
logic studied in [26]. For more connections with coalgebraic approaches see Section 8.4.
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formats can be transformed effectively into each other, but for details, again, we refer to the
Appendix which proves all of the results mentioned here in a parsimonious way.?

7. TRANSLATIONS AND COMPLEXITY

Our new logic extends earlier systems of modal logic, but what is the precise formal relation?
The answer lies in a number of faithful translations. In this section we show how to embed the
basic modal logic K and the basic neighbourhood logic E into INL. We also embed INL into the
bimodal logic K @ K and eventually even into K itself.

All the proofs to follow are based on semantic arguments, and could be used as semantic validity
reductions. However, as all the aforementioned logics are complete with respect to the corresponding
(relational or neighbourhood) semantics, we formulate our results in proof-theoretic terms.

Recall that K is the basic modal logic. For the next translation it is easier to use the -
presentation of the basic modal language. Later in this section we will also use [J-presentations.
We define a translation § from the basic modal language into the language of INL as follows:

e §(p) = p for each propositional variable p.
e ) preserves Boolean connectives.
* 5(0p) =D(6(); T).
Theorem 7.1. For each formula a of basic modal language we have:
KFa if INLF d(a).
Proof. Suppose K I/ a. Then by the completeness of K with respect to relational models, there
is a relational model M = (W, R,V) and w € W such that MM, w = a. For each x € W we let

N(z) = {R[z]}. Then MM = (W, N,V) is a neighbourhood model. It is easy to show by induction
on the complexity of formulas that for each £ in the basic modal language we have

M,w | piff M w = 6(B8).

So M’ w B~ §(«), and INL I/ ().

Conversely, suppose INL I/ 6(«). Then by the completeness of INT with respect to neighbourhood
models, there is M = (W, N, V) and w € W such that M, w = §(«). We define R on W by setting
for each z,y € W, xRy if y € U for some U € N(z). Then M" = (W, R,V) is relational model.
It is easy to show by induction on the complexity of formulas that, for each 8 in the basic modal
language, we have ©

M w = B i M, w = 0(5).
Thus, M’ w = « and K/ a. O

Recall that E is the basic neighbourhood logic. We consider the following translation 7 from the
basic modal language into the language of INL:

e 7(p) = p for each propositional variable p,
e 7 preserves Boolean connectives,

o 7(0p) =0(0; ().
Lemma 7.2. For any neighbourhood model M = (W, N, V') and w € W we have
Mw = o iff Mw = T7(a).

Proof. An easy induction on the complexity of a. O

Theorem 7.3. For each formula o of basic modal logic we have:

5Behind this result lies a Cut Elimination Theorem for INL that we do not spell out in this paper.
6we emphasize that the crux of this construction is as follows: the relation R defined above works thanks to the
very special nature of the translated formulas that the model has to preserve.
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EF a iff INLF 7(a).

Proof. Suppose E t/ a. Then by the completeness of E with respect to neighbourhood models,
there is a neighbourhood model 9t = (W, N, V) and w € W such that 9, w = «. By Lemma 7.2
M, w = 7(a). So INL I/ 7(c). The converse direction is similar and follows from the completeness
of INL with respect to neighbourhood models. ([l

It is important to see that the above result is not trivial. E is weaker than INL. So it is
not surprising that there is an embedding of E in INL. But the crucial further point is that our
embedding is also faithful.

Let K@ K be the fusion of K with itself. We define the following translation of the language of
INL into the bimodal language with two unary modalities.” Let

e o(p) = p for each propositional variable p.
e o commutes with the Boolean connectives.

o o(0W1, ., ¥n;9)) = 01((O20 (Y1) A+ -+ A Q20 (¢hn)) Ao ().
Theorem 7.4. For each formula o in the language of INL we have:
INLF a iff KEKE o(a).

Proof. Suppose INL I/ a. Then by the completeness of INL with respect to neighbourhood models,
there is a neighbourhood model 9 = (W, N, V) and w € W such that MM, w E a. We let X =
W U P(W). For each z,y € X we set zRyy if x € W, y € P(W) and y € N(z) and zRay if
xe€P(W),ye€ X andy € xz. We also let V'(p) = V(p). Then M’ = (X, Ry, Ry, V') is a birelational
model of bimodal logic. Moreover, by an easy induction on the complexity of formulas one can
show that for each formula 3 in the language of INL we have

M,w = piff M w = o(f).

Therefore, M, w = o(a) and K® K I o(a).

Conversely, suppose K®&K f o(a). Then by the completeness of K&K with respect to birelational
models, there is a birelational model 9t = (W, Ry, Re, V') and w € W such that M, w = o(a). For
each x € W we let N(z) = {U : U = Ra[y] for some y € W with xR1y}. Then 9 = (W, N,V)
is a neighbourhood model. Moreover, by an easy induction on the complexity of formulas one can
show that for each formula £ in the language of INL we have

M w = B iff Mw E o(B).

Thus, M, w £ a and so INL I a.
]

The preceding translation is in line with the natural two-sorted nature of neighborhood models
when viewed as generalized Henkin models for second-order logic. However, we can do better in a
way that may be surprising to the reader.

Consider the special case of ¢ when ¢1 = {9, and write this modality simply as ¢, while still
using o for the translation. Then ¢ embeds the language of INL into the uni-modal language.

Theorem 7.5. For each formula o in the language of INL we have:
INLF a iff K- o(a).

Proof. The proof is similar to the proof of Theorem 7.4. For the right to left direction, with any
neighbourhood model M = (W, N, V), as above, we associate a relational model (X, R, V"), where
R = R{URs. ® Conversely, given a relational model (W, R, V') we construct a neighbourhood model
(W, N,V), as above, by assuming R; = Rs = R. The rest is a matter of a routine verification. [

A similar translation for the basic neighborhood language can be found in Parikh [24], and van Benthem [5].
8Here7 technically, we consider worlds and sets of worlds as disjoint sets of objects, to avoid confusion.
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Translations go only so far. The preceding result may look like equating INL with the language of
normal modal logic, but this is not quite right. The special semantic and proof-theoretic behavior
of instantial neighborhood logic only comes out when we study its concrete presentation.

Still, syntactic translations often do give useful information. For instance, the above observations
allow us to determine the precise computational complexity of our new neighborhood logic.

Corollary 7.6. The complexity of the satisfiability problem for INL is PSpace-complete.

Proof. We “sandwich” INL between two PSpace-complete logics. That the satisfiability problem for
INL is in PSpace follows from Theorems 7.4 or 7.5, since satisfiability for K and K® K is in PSpace
[10, 16]. That it is PSpace-hard follows from Theorem 7.1, since K is PSpace-hard [10]. O

However, not every special feature of our logic follows automatically by translations. For instance,
our results on bisimulation and on axiomatic completeness required additional serious labor.

8. FURTHER DIRECTIONS

This paper has presented the modal basics of the system INL of instantial neighborhood logic.
Even so, we have not exhausted all standard topics in modal logic.

One such topic is correspondence theory for special INL axioms on neighborhood frames, which
would require an extension of the correspondence analysis in [19].9 Another standard topic would
be algebraic analysis and extensions of modal algebras with operations that are monotonic in some
arguments and distributive in others. See [12] and the references therein for generalizations of
modal algebra in this direction.

However, in this final section, we list some further directions that may be slightly less obvious,
with illustrations of what lies ahead, although we cannot pursue these directions in depth in the
short compass of this paper. We start with a few concretizations of INL, and after that, we consider
language redesign, as well as other more general issues.

8.1. Specializing to concerete settings, reductions and expansions. The system INL pre-
sented in this paper is a general modal logic over arbitrary neighborhood structures. Yet, it is also
of interest to see what becomes of it in more concrete settings. We consider a few such cases.

Ordinary relational semantics. As we have seen already in our Section 7 on translations,
every standard relational model 9t = (W, R, V') induces a neighborhood structure as follows. For
each world w, we set NwX if R[w] C X. In these special neighborhood models, our INL modality
O(p; %) becomes definable as follows, where on the right-hand side, the box modality is standard
relational, and F is the existential modality over any worlds in the model, accessible or not.

Proposition 8.1. Let 9 be as above. For each w € W and any INL-formula @1, ..., on, ¥ we have

n
M, w = D1, on;¥) < DY A N\ E(pi Av))
i=1
Proof. The direction from left to right is obvious by the truth definition for the INL modality. From
right to left, we have that is true in all R-successors of the current world, and if we add just k
worlds satisfying the ¢; A1 (1 < i < k) to this set then we obtain a neighborhood of the current
world that witnesses ((¢1, ..., ¢n;¥) as required. O

What we see in this special case is that INL is definable in the basic logic of O and F. And
something even stronger holds.

Proposition 8.2. Owver relational models, INL is equivalent with the basic logic of O and E.

9For instance, a Sahlqvist theorem now gets harder because of the underlying OO logical form of antecedents with
INL modalities: even one iteration will produce modality sequences going beyond the usual Sahlqvist syntax.
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Proof. The existential modality Ep can be defined as O(p; T). O

The reason why the preceding definition works is that the whole set of worlds W is a neighborhood
of every world, while neighborhoods are also closed under supersets. We will look at further reasons
for reducibility after looking at one more example in the next section.'’

Topological semantics. Next consider another well-known source for neighborhood models:
topological spaces.

Proposition 8.3. Over topological spaces, INL is definitionally equivalent with ML(O, E).

Proof. The existential modality E in INL is defined as in Proposition 8.2, while Oy = O(0; ¢).
Conversely, in ML([J, E') over topological spaces, the INL modality C(¢1, ..., ¢n;¥) is definable as

E(p1r AOW) A~ A E(pn A DY) AT

It is easy to show that this reduction holds, and this time, the main reason behind it is the fact
that topological opens are closed under unions — while also the whole space is an open set. O

We note that ML(OJ, E') is a natural logic for describing topological structure [1], and INL may
be viewed as an interesting notational variant. Another way of seeing the close connection is this
observation that we state without proof:

Proposition 8.4. On topological models, the INL-bisimulations of this paper are precisely the total
topo-bisimulations in the sense of [1].

Yet other specializations. Neighborhood structures abound in many places. INL can also
be studied in specific areas such as agency, including logics for belief revision based on partially
ordered similarity spheres (Girard [17]), or logics for players’ powers in games (Parikh [24]). In
the latter case, neighborhoods of the root in a game are those sets of endpoints that a player can
force the game to end in by playing one of her strategies against any play by the opponent. On
this interpretation, one thinks of minimal such sets: each point in it represents an actual outcome
of the game that one’s opponent could achieve by following a suitable strategy of his own. In that
case, the above structural conditions on neighborhoods for reducing the INL modality fail.'!

In such settings of non-reducibility, we can also think differently about the utility of INL. Con-
sider any logic that has been proposed over neighborhood models, but using only the basic modal
language. Have we perhaps missed generality, and could there be extended completeness theorems
or other relevant results if we introduce the full language of INL?

One such case is the game logic of players’ powers we mentioned earlier (see the extended ex-
position in van Benthem [7]). Its standard “power modalities” {G,i}¢ say that in game G, player
1 has a strategy forcing the game to end in a set of outcomes all of which satisfy ¢, whatever the
other players do. This emphasizes a power of player i. However, it is natural here to also introduce
an extended INL notation {G,i}(p;1) that gives information about limits to the player’s power:
namely, what might still happen at the end of the game, which is a mixture of the player ¢ exercising
her strategic powers while other players also influence outcomes by choosing moves.

Proposition 8.5. Dynamic game logic with INL modalities is completely axiomtizable.

Proof. 1t is easy to adapt the usual reduction axioms of dynamic game logic, that work for the
basic game constructions G UG’ (choice), G; G’ (sequence) and G¢ (dual), to full INL versions. [J

10We could also reformulate the definability results in this subsection in terms of syntactic translations between
logics, whose definition will be clear from our text.
Hhere might still be reductions for the INL modality here if we add further reachability modalities on game trees.
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Remark 8.6. We do not want to suggest that logics of agency are our only or even main paradigm
for INL. For instance, neighborhood structures also arise naturally in the form of hypergraphs, that
is, families of subsets of a domain, where each set is a “generalized arrow” [9, 29]. 12" Tn this
setting, once more, no obvious reducibilities arise to other modal logics, and the INL fragment of
hypergraph theory may be well-worth exploring.

8.2. Redesigning the basic language. The language of INL is not sacrosanct, and there are
options.

Fragments. A more linguistic way of specializing the logic is by looking at fragments. While
the full language of INL allows arbitrary finite sets of instances, a natural restriction would be to
having just one single instance, in a format [C(p;1)). It is easy to see that the main proofs in this
paper specialize to this fragment, so we have completeness, and even Pspace-complexity, since the
lower bound reduction that we gave only uses the single-instance fragment.

Of slightly greater interest is the matching notion of bisimulation Z. Here we modify Defini-
tion 2.5 as follows.

Definition 8.7. Given two models M and N, a relation Z C W x W' is said to be a single-instance
bisimulation if, whenever wZw’:

L.MwEp iff M, w' =p for each proposition letter p,
Vs € §'3s € S(sZs') and
/ ! /
2. VS € N(w)vt € § 35" € N'(w') { 3 € S'(t2t)
Vs e S3s' € S'(s =z ¢) and

i 1o / !
3. VS e N'(w")vt' € S HSEN(“’){ Jte Szt

We can easily prove an invariance result for the single-instance fragment of INL with respect to
single-instance bisimulations, and we leave the details to the reader. With this invariance result in
place, we can prove an undefinability result showing that INL has strictly greater expressive power
than the single-instance fragment:

Proposition 8.8. The single-instance fragment cannot define the two-instance formula O(p, q;r).

Proof. Consider the models 9 = (W, N,V) and M’ = (W', N, V') such that W = {w,v,u},
W= {0}, N(w) = {{o}, {u}}, N(w') = {, '}, V(p) = {v}, V(@) = {u}, V'(p) = {o'},
and V'(q) = {u'} (see figure below). Then it is easy to see that w and w' are single-fragment
INL-bisimilar (consider a relation linking w with w’, v with v’ and u with «’). Consequently they
satisfy the same formulas in the single-fragment of INL. However, they are not INL-bisimilar. In
particular, it is easy to see that 9, w’ = 0O(p,¢; T), but M, w ¥~ O(p,q; T).

M om’

W @ oW

Cue )

12Hypergraphs as generalized graphs have their origins in mathematics, but they have also been proposed for
modeling ‘hyperintensionality’ in philosophy: Leitgeb [21].
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n

Similarly, we could define the “k-instance fragment” of INL for each positive integer k, and the
proof we gave above could be modified without trouble to prove that INL does not collapse into any
of its k-instance fragments. In other words, the k-instance fragments of INL form a strict hierarchy.

Language extensions. Going in the opposite direction, as in the case of normal modal logics
over relational models, various language extensions make sense. In particular, it is easy to see
that our bisimulations preserve much more than just our base language. We can also add Kleene
iteration, or even a full propositional dynamic logic version of our language with a family of atomic
neighborhood relations and complex operations over these. Van Benthem [3] has several results in
this setting, including a discussion of operations forming new neighborhood relations that are “safe”
for basic neighborhood simulations. It would be of interest to extend this analysis to our extended
INL bisimulations. Another line of extension would be a mu-calculus over INL, which would be a
natural extension of current work on mu-calculus over basic neighborhood models [24, 13].

There are also less obvious extensions. For instance, we can translate INL into a two-sorted
first-order logic, with one sort for points and one sort for neighborhoods, plus two distinguished
relations: one for the neighborhood relation, and one for the (abstract) element relation. This
framework would allow us to formulate a preservation theorem complementing our bisimulation
analysis, showing how INL is the bisimulation-invariant fragment of a suitable first-order logic for
neighborhood models. (But cf. Pauly [25] for possible difficulties along this line.) 3

Dynamics of model change A further important language extension goes right back to the
original motivation for introducing INL. Van Benthem and Pacuit [8] introduces “evidence mod-
els” where the neighborhood relation links worlds to sets of worlds that are the output of some
device generating evidence. This evidence can be of any sort, no structural closure conditions are
imposed, and it is even allowed, for instance, that two evidence sets are disjoint: the sources then
contradict each other. The original static evidence logic had a standard neighborhood modality
describing what pieces of evidence are available, as well as a universal modality standing in, to a
first approximation, for knowledge that the agent has.

But in inquiry, evidence is in constant flux: it can be added, deleted, or modified. Van Benthem
and Pacuit [8] therefore introduce ‘dynamic modalities’ that refer to what is true in a model after
evidence has changed. In particular, there are three basic operations for such change.

First of all, an event !¢ of hard information that ¢ is the case intersects all available evidence
sets with [[¢]] and keeps all non-empty ones. A dynamic modality [l¢]ty) then says in the current
model (9, s) that ¢ is true at the current world s after this change has taken place, producing
an updated model M!y. Now the heart of an axiomatization for such a dynamic modality is a
“recursion law” that states what new static neighborhood modalities will hold after the update.
And significantly, this recursion law leads to an extension of the basic neighborhood language with
a conditionalized neighborhood modality:

le]O¢ < O?[lp]ep.
The latter says that there was evidence compatible with ¢ such that 1 holds after the !¢ update.

But 0%« is of course a formula from the single-instance fragment of INL: [O(¢;a). Indeed, the
following can be shown:

Proposition 8.9. The closure of the basic neighborhood language under [\p] is contained in the
single-instance fragment of INL, and this fragment is closed under [\¢].

We have not been able to determine yet whether the single-instance fragment of INL is in fact
the closure of the basic neighborhood language under the modality [!¢].

L3 There might even be natural guarded fragments on neighborhood models in this first-order setting.
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A similar analysis can be given for a second basic operation +¢ of soft information that ¢ is the
case which adds the set of p-worlds as an evidence set to the current model.

However, the origins of full INL in this setting arise with the third basic dynamic operation —p,
that of retracting a proposition ¢, which removes all evidence for ¢, branch and root. What this
does is remove all evidence sets from the model that are contained in [[¢]]. Now, when we write
a recursion axiom for the basic neighborhood modality [—¢]|0, we need to state the existence of
evidence sets in the original model that are compatible with —¢, and that validate [—p]t. This
is in the single-instance fragment of INL. But this time, when we apply the dynamic retraction
modality once more to close the system, we need two instances, as is easily seen when analyzing a
formula [—¢]0(a; ). In general, we then get:

Proposition 8.10. The closure of the basic neighborhood language under [—p] is contained in INL,
and INL is closed under applying the dynamic modality [—y].

Again, we have an open problem:

Question 8.11. Is INL equal to the closure of the basic neighborhood language under the dynamic
retraction modality?

This would be of great interest, since it would motivate a static modal language like INL in terms
of dynamic considerations of model change. However, we have no proof for this assertion, and our
current conjecture is that the answer to the question is negative. In that case, dynamic extensions
of INL might well be sui generis.'*

8.3. Further model theory and infinitary INL languages. Our analysis of INL-bisimulation
can be extended in a standard style, involving yet one more language extension. This time con-
sider an infinitary INL, allowing arbitrary set conjunctions and disjunctions, and arbitrary sets
of instances in the instantial part of the INL-modality. The following results can be proved by
straightforward adaptations of results for modal logic over relational models, keeping in mind our
analysis of INL-bisimulations in Section 3.

Proposition 8.12. INL-bisimulation preserves infinitary INL-formulas on all pointed models.

Proposition 8.13. For each model M, s, there exists an infinitary INL-formula §(IN, s) that defines
M, s up to INL-bistmulation.

The proof of this result is a standard construction of so-called Scott formulas [20, 2] in standard
semantics for first-order logic or modal logic. In particular, going along the ordinals, in the successor
step a+ 1, we enumerate INL descriptions up to depth « for all neighborhoods of the current world
s, and add a statement that no other neighborhoods exist.!

Discussion. There are some interesting connections here with our completeness proof in Sec-
tion 5. The normal form of disjunctions of complete types that we used there may be compared to
the following statement in the present setting. Every infinitary INL-formula is equivalent to a dis-
junction of Scott formulas describing available types in the model. But note that the inductive step
used in this model description is not of the form used earlier, but ‘one level up’. Scott sentences
describe what sort of neighborhoods are available, they do not confine themselves to describing
what is exactly the case in one neighborhood. The proper setting for understanding these analogies
and differences may be the coalgebraic perspective of Section 8.4 below. °

lpq above, it is also natural to have several evidence relations, for instance, when modeling what evidence a
group of agents has available, and what notions of collective evidence make sense.

15T he size of the set of instances can be bounded by the cardinality of the model. The limit fixed-point argument
producing the total description is as usual.

16For finite models, we can do better. The Scott construction stops at some finite stage. But there are alternative
descriptions. One describes the given model in terms of unique proposition letters for each world, encoding the
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8.4. Co-algebraic perspectives. Instantial neighborhood semantics has strong connections with
coalgebra. First of all, readers familiar with universal coalgebra may have noticed that neighbor-
hood frames are coalgebras for the double covariant powerset functor, PoP : Set — Set, and more
importantly our definition of a bounded morphism f : 9T — 9 of neighborhood models requires
precisely that the map f is a coalgebra morphism for the underlying neighborhood frames. The
usual equation for coalgebra morphisms takes the form:

N'of=PPfoN

where N, N’ are the neighborhood maps of the two neighborhood frames, now viewed as coalgebras
of the form N : W — PPW and N’ : W' — PPW’. The usual commutative square depicting this
condition is displayed below:

prw 7L ppw

N

W—Ww
f

Our definition of INL-bisimulations now simply follows as a consequence of this coalgebraic anal-
ysis: the functor P o P preserves weak pullback squares, and so comes equipped with a relation
lifting known as the Barr extension. Generally, for a set functor T, the Barr extension T of T
assigns to every binary relation R C X x Y the “lifted” relation TR C TX x TY given by:

(a, 8) € TR iff, for some v € TR: Trx(y) = @ and Try (y) = 3

where 7x : R — X and ny : R — Y are the projection maps. A T-bisimulation between T-
coalgebras (X, f) and (Y, g) is then defined to be a relation R C X x Y such that:

(u,v) € R = (f(u),g(v)) € TR

For the special case of T = P o P, this condition amounts to precisely the back-and-forth conditions
used in our definition of bisimulations. We refer to [28] for more details.

Turning to the language, it is easy to see that the box modalities we use to construct formulas
O(y1, .., V&5 %) correspond to k + l-ary predicate liftings for P o P in the usual sense. More in-
terestingly, since P o P preserves weak pullback squares we may also introduce a Moss-style nabla
modality whose semantics is based on the Barr extension for P o P. This language is defined so
that, for every finite collection I'y, ..., 'y of finite sets of formulas, we may construct the formula

VA{T1,....,Tx}

which then gets the following semantics: given a neighborhood model 9t = (W, N, V) and w € W,
we have M, w = V{T'y,...,['t} if and only if:
Forth: For every Z € N(w) there is some I'; such that:
e For every u € Z there is some ¢ € T'; with u =1
e For every ¢ € I'; there is some u € Z with u = 1

Back: For every I'; there is some Z € N(w) such that:
e For every u € Z there is some ¢ € I'; with u =1
e For every ¢ € I'; there is some u € Z with u |= 1

We plan to further explore this language, and its relation to the “box-modality” based language
of neighborhood models presented here, in a future paper.

accessibilities between them, and prefixing it all by one PDL iteration modality, or alternatively, a greatest fixed-
point operator, [4]. We can also do this with existential second-order quantifiers over the world-defining p-predicates.
In the modal case, this reduces to mu-calculus form by the Janin-Walukiewicz theorem. Is there an analogue for this
result in neighborhood semantics? And how would such an analysis extend to infinite models?
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9. CONCLUSIONS

In this paper we introduced instantial neighbourhood logic INL. This logic provides a new modal
language and new semantics to reason about neighbourhood frames and models. We defined INL-
bisimulations and showed that these bisimulations preserve the truth of INL-formulas and that for
finite models the converse is also true. We also provided a sound and complete axiomatization for
INL on neighbourhood frames. By embedding INL into well-known modal logics we showed that it
is PSpace-complete. We also reviewed a number of other connections of INL with existing logical
formalisms and outlined a number of future research directions in this area.

1]

NS

S

= — —_————
SRS N =2

N = O

27]
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REFERENCES

M. Aiello, J. van Benthem, and G. Bezhanishvili. Reasoning about space: The modal way. J. Log. Comput.,
13(6):889-920, 2003.

J. Barwise. Admissible sets and structures. Springer-Verlag, Berlin-New York, 1975.

J. van Benthem. Exploring Logical Dynamics. Studies in Logic, Language and Information. CSLI Publications
& Cambridge University Press, 1996.

J. van Benthem. Dynamic odds & ends. ILLC Prepublication Series Report ML-1998-08, 1998.

J. van Benthem. Logic games are complete for game logics. Studia Logica, 75(2):183-203, 2003. Game logic and
game algebra (Helsinki, 2001).

J. van Benthem. Modal logic for open minds. CSLI Publications, 2010.

J. van Benthem. Logic in games. MIT Press, Cambridge, MA, 2014.

J. van Benthem and E. Pacuit. Dynamic logics of evidence-based beliefs. Studia Logica, 99(1-3):61-92, 2011.

C. Berge. Hypergraphs: Combinatorics of finite sets. North-Holland, 1989.

P. Blackburn, M. de Rijke, and Y. Venema. Modal Logic. Cambridge University Press, 2001.

B. Chellas. Modal logic. Cambridge University Press, Cambridge-New York, 1980. An introduction.

W. Conradie, S. Ghilardi, and A. Palmigiano. Unified correspondence. In Johan van Benthem on logic and
information dynamics, volume 5 of Outst. Contrib. Log., pages 933-975. Springer, Cham, 2014.

S. Enqvist, F. Seifan, and Y. Venema. Expressiveness of the modal mu-calculus on monotone neighborhood
structures. CoRR, abs/1502.07889, 2015.

K Fine. Normal forms in modal logic. Notre Dame J. Formal Logic, 16:229-237, 1975.

M. Fitting. Proof Methods for Modal and Intuitionistic Logics. Reidel, Dordrecht, 1983.

D. M. Gabbay, A. Kurucz, F. Wolter, and M. Zakharyaschev. Many-dimensional modal logics: theory and
applications, volume 148 of Studies in Logic and the Foundations of Mathematics. North-Holland Publishing
Co., Amsterdam, 2003.

P. Girard. Modal Logic for Belief and Preference Change. For ordering. PhD thesis, Stanford University, 2008.
R. Goré. Tableau methods for modal and temporal logics. In Handbook of tableau methods, pages 297-396. Kluwer
Acad. Publ., Dordrecht, 1999.

H. Hansen, C. Kupke, and E. Pacuit. Neighbourhood structures: Bisimilarity and basic model theory. Logical
Methods in Computer Science, 5(2), 2009.

J. Keisler. Model theory for infinitary logic. Logic with countable conjunctions and finite quantifiers. North-
Holland Publishing Co., Amsterdam-London, 1971. Studies in Logic and the Foundations of Mathematics, Vol.
62.

H. Leitgeb. New foundations of hyperintensional semantics? In preparation, 2015.

R. Montague. Universal grammar. Theoria, 36:373-398, 1970.

L. Moss. Finite models constructed from canonical formulas. J. Philos. Logic, 36(6):605-640, 2007.

R. Parikh. The logic of games and its applications. In Topics in the theory of computation (Borgholm, 1983),
volume 102 of North-Holland Math. Stud., pages 111-139. North-Holland, Amsterdam, 1985.

M. Pauly. Logic for Social Software. PhD thesis, ILLC, University of Amsterdam, 2001.

L. Schréder and D. Pattinson. Pspace bounds for rank-1 modal logics. ACM Transactions on Computational
Logic (TOCL), 10(2):13, 2009.

D. Scott. Advice on modal logic. In Philosophical Problems in Logic. Some Recent Developments, pages 143—-173.
Reidel, Dordrecht, 1970.

Y. Venema. Algebras and coalgebras. In P. Blackburn, J. van Benthem, and F. Wolter, editors, Handbook of
modal logic, volume 3 of Studies in Logic and Practical Reasoning, pages 331-426. Elsevier, 2007.

V. I. Voloshin. Introduction to Graph and Hypergraph Theory. Nova Science Publishers, Inc.,, 2009.



24 JOHAN VAN BENTHEM, NICK BEZHANISHVILI, SEBASTIAN ENQVIST, JUNHUA YU

10. APPENDIX: TABLEAU SYSTEM

While we have given a semantic and a proof-theoretic analysis of INL, the true combinatorics of
a logical system often come out more concretely with a tableau system that allows for automated
analysis. Virtues of tableaux also include providing cut-free Gentzen calculi, and attendant combi-
natorial methods. In this Appendix, we sketch how a tableau system for INL works, and state its
basic properties.

10.1. Defining the tableaux. Tableau systems are notorious for requiring many syntactic book-
keeping details. The system to be presented here is in the line of the well-known textbook [15], but
we will rigorously suppress details wherever possible.

Our tableau system 7jyL involves a collection of rule schemes working on tableau trees. Each
‘regular node’ (or node for short) of the tree is labeled by a formula. In addition, there are ‘hyper
nodes’, finite (possibly empty) sets of regular nodes. Likewise, there are ‘regular edges’: directed
links from a regular node to another, and ‘hyper edges’: directed links from a regular node to a
hyper node. When extending a tableau, regular nodes/edges are created by applications of Boolean
rules, and hyper nodes/edges are created by applications of modal rules. A series of regular nodes
linearly linked by regular edges is called a path. Each regular node can be marked for each path
it resides in, indicating that the node has been treated on that path. Defined as usual, paths and
nodes can be open or closed. Specifically, a hyper node is closed if one of its elements is so. To
find a counter-example for given formula ¢, we start with a unmarked root regular node labeled
by —¢, and then start applying rules creating more nodes and edges, of either sort, putting marks
at nodes that have been treated.

There are four rule schemes in 7Ty, three Boolean and one modal. The Boolean schemes are
standard, namely, (a) suppression of double negations, (b) following up on a conjunction with both
its conjuncts, and (c) splitting a tableau path for a true disjunction. The heart of the tableau
system is the scheme for the instantial modality.

Modal rule scheme. If a path has an unmarked node r labeled by O(ax, ..., a;; ) and nodes
rl, ...,7¥ such that, for each m € {1, ..., k}, the node 7™ is labeled by the formula —=0J(5}", ..., i 6§,
then do the following: Put a mark at each unmarked regular node on the path for that path, and

k
for each I € H{O, 1,...,7i}, add a hyper node h; together with a hyper edge from the end node of

=1
the path to hy, where hy is

ag Ao A /\ (B A _‘5}'(1')) c o €{ag,...,a U {=B411(i) = 0}
1()#0

This scheme reflects the complexity of reasoning with instantial neighborhood modalities. 7

Definition 10.1. A tableau T is said to be complete if none of the tableau rules apply to any of its
unmarked nodes. A branch of a tableau T is said to be closed if it contains some unmarked reqular
node labeled with p and some unmarked regular node labeled —p, for some propositional letter p.

A formula ¢ is said to be provable in the tableau system Ty if it is possible to construct a
complete tableau with root labeled —p, in which every branch is closed.

A tableau can be seen as an attempt to refute the root formula, and is considered succesful
if each branch closes. Thus we should understand the modal rule scheme as follows: if we have
some unmarked node labelled O(a, ..., o, ap), and a set of unmarked nodes 71, ..., 7 with each
rm labelled -0(87", ..., ]’:‘n), B§"), then intuitively we want to show that every attempt to create a

17Analyzing the tableaux that arise in this way yields some facts that can help work with the system. For instance,
no regular node can have both regular successors and hyper successors.
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neighborhood witnessing truth of the formula O(aq, ..., @, o), in a way which is consistent with the
information -0(87", ..., 5;’;), Bg') for m € {1,...,m}, must fail. So we consider all the possibilities
in which such a neighborhood could be constructed, and create a hyper-node corresponding to
each of the available options with the aim of constructing a closed sub-tableau from each of these
nodes. This is where the combinatorial heart of the tableau system lies: the modal rule tells us
that we have one possibility to consider for each I € Hle{o, .., Ji}, in the sense that each such I
corresponds to one way in which a neighborhood U of the required sort might be created, and it
tells us precisely what formulas should be true at each of the worlds that U is composed of.

No simple figure can display the tableau system in a perspicuous manner, but the reader can
check some simple examples for herself. We recommend, for instance, searching for a proof (i.e.,
a failed refutation attempt) for the formula O(; ) — O(8 V =f;«). This involves a special case
where j = 0, where the tableau starts with its root label —=—(0(; &) A =0O(=(=8 A ==3);«)). For
an example of non-validity, one can write a tableau for refuting the formula —O(0(a; 8); =5).

As in general tableau systems, sometimes the choice of the rule to be applied to a path is forced
upon us, but sometimes also there are choices available. We do only one example in greater detail
to show what can happen.

Example 10.2. We prove O(a V 6;0) Ad(aV 5;0)—0(a; 0) vV O(5;0) in Tine.
Writing the formula with —, A, J, we have

~(O(~(=a A =6);6) A O(~(= A =5);6) A =D(x; 6) A =T(5; 6)).

Starting a tableau with the negation of this formula and applying Boolean rule schemes, we get 4
unmarked regular nodes on the only path: n; with label O(=(—-a A —0); 8), ne with label O(=(—a A
—5);0), ng with label =(a; ), and ny with label =C1(3; 0).

Since no Boolean rule schemes can be applied at this stage, we are forced to try the modal one.
According to the modal rule scheme, exactly one of n; and ng, as well as a subset of {ns,n4} are
active, and hence there are 8 options. We take ng with {ns,n4} to proceed, and readers may try
other options to see where they lead.

Taking ng with {ns, n4}, the modal rule scheme is applied with parameters k = 2 and j; = jo = 1,
and hence we get 4 hyper successors.

hyper number of . labels of regular nodes
SUCCeSSOors regular nodes in
0 A =(=aA=p),
h(0,0) 3 O A0,
0N -0
L 9 ON=(—aN=B)NO AL,
©.1) OAN—OANON—S
L 5 ON—(—~aAN=p)AO A,
(1,0) ON=0 NN -
ha1) 1 {OA-(—aA=B)AOA-aAbOA-B}

In each of these hyper nodes, there is obviously a regular node that can be closed by applying
Boolean rule schemes on (h(l,l) requires a disjunctive branching). This closes the main path as well
as the whole tableau.

10.2. Termination and adequacy. Our tableaux for INL must always terminate. This can be
shown using the following auxiliary notion measuring syntactic complexity.

Definition 10.3 (Degree). Inductively define the degree of a formula as follows:

e dg(p) :=1.
e dg(—y) :=dg(p) + 1.
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e dg(p A1) :==dg(p) +dg(y) + 1.

J
e dg(O(ou,...,a5a0)) == (Z dg(e)) - w, where w is the minimal infinite ordinal.
=0

The degree of a regular node on a path is 0 if that node is marked for that path, and the degree
of its label otherwise. The degree of a path is the sum of the degrees of all the reqular nodes on it.

Theorem 10.4 (Termination Theorem). Starting with a node labeled by a formula, no matter
witch strategy is employed, the procedure of constructing a tableau terminates.

Proof. For each of Boolean rule schemes, an application either reduces the degree of a path, or
breaks a path into two with lower degrees.

For the modal rule schemes, recall that in its definition, we have a bunch of o’s and ’s. Let e
be the maximum of degrees enjoyed by a’s and 5’s. An application of a modal rule puts marks on
each unmarked node in a path for that path. Hence, the modal rule scheme can be applied only
once on each path. Since Boolean rules do not put marks on nodes with [-prefixed or =[J-prefixed
labels, all active formulas for that application (where a’s and ’s occur) is unmarked when the rule
is to be applied. So in one hand, that application defuses a path with degree at least e - w. On
the other hand, that application creates finitely many hyper nodes, each consists of finitely many
regular nodes. That is to say, that application creates finitely many new paths each has exactly
one nodes. Each of these regular nodes is labeled by a formula, which in turn is a (finite) Boolean
combination of o’s and £’s. Hence degrees of these formulas, as well as these new paths, are strictly
smaller than e - w. In summary, an application of the modal rule scheme defuses a path, and feeds
back with finitely many paths with lower degrees. (|

Our next major result says that tableaux indeed test for the right semantic notion. There are two
halves to this: (1) From the overall but failed attempt to construct a closed tableau from a root,
we can collect information from open tableaux and construct a counter-model of the formula that
labels the root; (2) Closed tableaux correspond to validity of the negation of the formula labeled
at their root. It is possible to work these closed tableaux into a Gentzen-style sequent calculus for
our logic INL, though we leave this task for another occasion.

For the first half, we have:

Theorem 10.5. If ¢ is valid, then ¢ is provable in TinL-

This theorem is proved constructively by offering a counter-model of ¢. Due to space limits, we
give here only main ideas and refer to extended version of this paper for a complete proof.

The tableau system itself is semantically orientated. For a general idea, one images a regular
node as a state and a hyper node as a neighborhood. Regular edges are totally Boolean, and hence
a path displays Boolean facts of a state. As usual, branching of regular edges (by disjunction)
displays multiple possibilities of Boolean facts of a state. A hyper edge from a regular node (state)
to a hyper node (neighborhood) displays that the neighborhood is enjoyed by the state.

Following the above idea, one can extract a model from the assumption that all tableaux for a
formula are open. Similar to tableau systems for modal logics, our modal rule scheme is destructive,
as in each application, only one [-prefixed formula is active, whereas all O-prefixed formulas get
inactivated on that branch. In general, applying this scheme loses information, and even if a tableau
can be closed, one may miss that chance by choosing the wrong active formulas. '8

Readers can try other options when applying the modal tableau scheme in Example 10.2 to see
what may happen.

In order to overcome this difficulty, one should extend tableaux in such a way that best postpones
applications of modal scheme, and once that scheme is to be applied on a path, one should make

18This observation is connected with the higher computational complexity of modal logic over propositional logic.
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copies of the current tableau and apply parallel on each O-prefixed formula. If a tableau cannot
be closed, then each of this parallel application leads to an open end, and offers counter-submodels
via IH. In general, for each [-prefixed formula we need a counter-submodel typically for it.

For the second half, we show that refutability of negation of a formula in 7y implies axiomatical
provability of the formula. Combined with soundness of INL, we get validity of the formula.

Theorem 10.6. If ¢ is provable in TinL, then = ¢ (in INL).

Again, we briefly sketch the idea here, and leave the full proof for later.

Along with the development of a closed tableau, associate a (finite) set of formulas to each
regular node. Then, by an induction, show that if a regular node is closed, then the associated set
is inconsistent. The only interesting step is for the modal rule scheme, in which we need to show
from inconsistencies of sub-goals to that of the main goal. In our formulation of the modal rule
scheme, it is sufficient to show

k
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This is done by another induction which is not presented here due to space limits.

Combining the above two theorems with INL soundness, we have the equivalence of (a) ¢ is INL
provable; (b) = has a closed Tjy. tableau; and (c¢) ¢ is valid. This gives tableau adequacy as well
as an alternative proof of completeness.

We conclude with some statements about what this machinery achieves over and above what we
had in our main text. Tableaux test for validity in a terminating precise mechanical manner, that
is provably correct for the intended semantic interpretation of our logic INL. Tableaux also suggest
an alternative proof theory based on Gentzen sequence rather than in Hilbert style. Indeed, it
would be a very interesting proof-theoretic exercise to provide direct back and forth translations
between axiomatic proofs in our earlier sense and closed tableaux.

Moreover, there is also a computational benefit to the present approach. While at work, tableaux
break down validity problems into Boolean combinations of simpler validity problems of lower degree
(in some suitable sense of the term ‘degree’). Indeed, as we remarked in Section 6, it would be
possible to work this into a reduction of valid sequences like the ones that we displayed in Section 2
for the basic modal neighborhood logic, and the basic normal modal logic on relational models. This
provides another proof of the computational complexity for our system that we found indirectly
via translation in Section 7, but it may also be the key to computational implementations.



