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MINIMAL DEONTIC LOGICS
(abstract)

§1. Variations on the minimal modal logic

In propositional modal logic (cf.[5]) the language of

propositional logic (on a set PL of proposition letters)
is enriched by adding modal operators E]("necessarily") and
<>("possibly"). This language is interpreted in Kripke models
M={W,R,VD>, where W#£{ is the set of "worlds", RS WxW is the
"alternative relation" and v¢plfa{x|xs;w} is a “valuation",
The key clauses in the truth definition are as follows:
MED@W] iff Mk@Iv]l for all veW such that ke
MEQ@[W] iff MEQ@Iv] for some veW such that li.v.
These clauses allow for a transcription of maolal iformulas into
first-order ones; e.g., Op—qu would becoume E,’ Ry A PY)—>
V%(sz-)Qz)a In view of the known recursive axiomutlzability
of universal validity in first-—order logiu, that of modal
propositional logic follows at once. A natural purely modal

complete system is the minimal modal logic XK c¢cnsicsting of a

complete propositional calculus (with the rule of Mo-ius Ponens
with the modal superstructure (1)0({):7!]7({: (definition); (2)
(@->y)- (LUe-0¢) (axiom) and (3)"from @ to Ug"(rule of
inference).

In propositional tense logic (cf.[7]) tense operators G

("always from now on") and H("always up to now") are added to
the propositional language, as well as defined operators F

(=9G7) and P(=747), The interpretation is similar, W now



standing for a set of moments and R for the relation of

temporal precedence, The important clauses are
MEGY[w] iff ME @Lv]for all veWw such that Rwv
MEHQ [w] iff ME @[Vl for all veWw such that Rvw.

Again, an obvious first-order transcription exists. The

minimal tense logic K, consists of K-for-G and K-for-H,

together with the "mixing princj_.ples" PP and Q->GPEY ,
(When G and H are interpreted in models <W’RG’RH'V>’ both
according to the clause for D, then validity of the mixing
principles ensures that RH is the converse relation of RG.)

In propositional dynamic logic (cf.[6]), with en added

operatoer D*, the above transcripiion does not work a_u}.r more,
witness the following clauses

Mt:[]*q)[w] ifye M}':(p[v] for all veW such that {w,v)» belongs
to the transitive closure of Re. (W now formalizes a sct of
computer states, R the set of possible tronsitions under some

non-deterministic program,) Still, there is a ininal dynamic

dixg e s Ka. consisting of K and K-for- D*, together witli the
mixing principles D*(p-)[](p, D*(,p _)D*D*q) and (D({) /\:]*((‘p--)aﬂf})
-—}U{P.(When D and D*ure interpreted in models <w‘,R,:<*,V> N
both according to the clause for D, then validity of these

X .
principles ensures that K be the transitive closure of R.)

Finally, in propositional deontic logic (cf.[&l and [2]),

one adds operators O("obligatory”) and P("permitted") to the
propositional base, W now stands for possible states of the
actual world, and R relates such stutes w to "deontically

perfect” alternatives (1‘rom w's point of view). The key clause



for obligation symbolizes that this notion amounts to truth
" in all perfect alternatives:
MEOg [w] irt ME@[v] for all veWw such that Rwv,
But what about permission? The usual procedure is to define
P(P as 1079, thus creating a "weak permission'", satisfying
laws like P(qVr)«s (PqVPr). According to another intuition,
however, permission should rather satisfy the law P(avr)e
PQAPr,("If I may skate or ski, I may skate and I may skit")
These two concepts of permission cannot be reconciled; for,
then, anything becomes permitted: for any g, P(qaV™q) (which
is plausible for weak permission) implies Pqg (a plausible
transition for strong permission), This is the so-called
"Ross Paradox", Henceforward, our concern will be with strong
permission., A formal analogy with the tautology ((qvr)-—s)es
({a=>s)A(r—-s)) inspired the following semnantic clauscs
MEP@ [w] iff Rwv for all veW such MLﬁﬁﬁltcp[v],
((p is permitted whenever it is "totally saie".) In tnis case
too, there is an obvious first-order transcription; Lut we

will look for a pure minimal deontic logic,

§2,Permissions only

Using the Henkin method of [:!l as a heuristic device, one

obtains the following completeness result {or the propositio-

nal language plus strong permission,

THEOREM 1, Universal validity is axiomatized Dby Kd.



Here Kd consists of a complete propositional base like the
one for K, together with the axioms
Pl (1l is the "ralsum")
(PoaPY ) (@ V)
and the rule of inference
from L{)qt}l to Py - P Q.
Compare the analogous formulation of K in terms of EYT(W_is

the "Verum"), ( D(PA Oy)— D((P AY) and "from P>y to DLP—»D\‘/ L

§3_ Permissions and obligations

In the full languageAwith both P and O- or, equivalently,
D-, the situation becomes more complicated. There is a marked
increase in expressive power (as compared to plain modal logic;
cf.[1]), witness the definability of Vx VyR_xy (by OpvPp).
This subject remains to be studied, The Henkin proof has no
immediate application here, since one is confronted with the

necessity of omitting certain types. Instead, Beth's method

of semantic tableaus may be used to find the following result,

THEOREM 2, Universal validity is axiomatized by KD.

Here hD consists of K,K 6 and the mixing principles

d
(P, 0), (Paalr) A (12, ), (anTr)),
where (7 P,Q)] » sStand for arbitrary finite sequences of TP
A

and ). For example, TT(O(PaAld@)A (aAT1q)),ice., O(PaA

[hq)—-)’\ q, is a valid mixing principle.,



§h,Permissiuns,obliagtiuns and modalities

There are ancient connections between the concepts of
logical and ethical necessity. Cf, Leibniz' "mondes possibles"
and- among these- his "le meilleur des mondes possibles";
which is reflected in the current distinction between
"ordinary" and "perfect" worlds, Modal reductions have been
proposed for obligation and permission by several deontic
logicians; e.8., 09 =0 (I3¢Y) and P@:D((p-yI), where I is the
"Good", This may be mirrored in models {W,Rk,1,V>», where I is
a subset of w(the "good" worlds), We prefer a slightly
different approach, however, using a relation R, of modal

1

alternativity and a relation R, of deontic alternativity,.

2
All deontic ("allowed") alternatives are modally possible,
though the converse need not hold, lFormally, then, models will
be L-tuples M=<W,H1,R2,V> such that R2§;R1. The key clauses
become

MEO@Iw]l iff ME@Iv] for all veW such tnat R wv

MEO @ [w]l irf ME@Lv]l for all veW such that R,wv

(MEP@ W] irt R,wv for all veW such that R.wv and ME @lv].

1

These modal additions lead to a streamlined complete logic:

THEOREM 3, Universal validity is axiomatized by KD m®
’

Here KD n consists of hyK=for-0 and Kd, together with the
?

three mixing principles

O —09, Ogore ,ad (0¢ ary)-»TO(4->q).



§5. Permissions, obligations, modalities and tenses

The addition of tenses to modal logic has been effected
by A.N,Prior (cf.[7]). For the case of deontic logic, this
was recommended by W,Stegmiiller (cf,.[8]). A combination of
the three is to be found in as yet unpublished work of
JesA.,van Eck in Groningen, Semantically, it now becomes an
issue if worlds and times should be taken separately or be
connected in some fashion, An elegant modelling in the latter
spirit is provided by U4-tuples M= {T,< ,W,Q> , where T("Time")
is a set of moments ordered by the precedence relation < ’
W("worlds") is a set of valuations from PL into {X|XET} ,or,
alternatively, from T into {XIXQ;PL} y and= finally- Q is a
"deontic selection function'" in a sense to be explained shortiy.
A time-dependent alternative relation R, is defined by R WWa

t t

JEBT W1r {ueT,ugt}z W, r{ueTlugt} (i.84y up to andinclunding iy
Wy and Wo have run the same course). Now, for any world weW
and any moment teT, Q(w,t) is the set of deontically perfect
continuations (in the sense of Rt) of w, The main clauses in
the truth definition then become:
M)::Dc.p[w,.c] itf MEWlv,t] for all veW such that R wv
MEGYIw,t] irf MEg@[w,u] tor all uel such that tlu
PiFIUP[w,t] iff ME@lw,ul for all uer such that ult
MEOWIw,t] irf M E@lv,t] for all veu(w,t)
Ml:PLp[w,t] iff veu(w,t) for all veW such that M}:\O[v,t]
and R wv .
QUESTION, lind a recursive axiomatization for universal

validity.



According to D.Lewis and B.C, van Fraassen (cf.[3]), even
more semantic machinery will be needa2d foi an adequate
treatment of "counterfactual conditionzls" and (deontic)
"secondary obligations'"; viz. a "comparability" relation

between worlds.This matter has not been investigated here,
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