


1 Tnruirionisvic versus Classicat Logi

The common conversational ploy  that Clasacdt logie s more degont
than wtuitioniseic bogic' iy losag ity force . From vanous pousts of
view  ( norabwy that of natwiat deouction) , it iy ratner iR honiskic
logic Which has the advantagt  From anoths angle, t was noRd
van Bentress (1980) how &  Henkww competenes PIOOL  FOr  nFUILIONISRC
logic \nvoives the NATUERL Yoialdy o alt Consisient theones, whreas the
Cassical proock has o pas On W an WM maximadlly (onsTiet
theoy Thiy Same probum of the wrelevant oxtension’ dlo olews
in Classical  applications of ulrapodutks  Ihus, g, non.Stand ¥d
analysis does not produwe One Struckew  OF  @xkended redlg
one thusks of 'any' wirapowe of TR ofn without Usuny meve
thon the filler shuciwe oF the Set of tads on tha wdex set N,

Agbu\,this Situahon may be unproved by pasivy on o vt onew
MO \s. Suppou we have a famiwy of classical modats {MiHeI},with
2 Hiws Foon T For the usual 4oy Egunalna | we need an
ultwva ke Fr 2F, v\ orur 4 Show

Tee M E9 I@EL i eI IMEG IF®I € e
And Ve ned  Suth A CguNalny e Show Hhat  the  produck
St behaves W (many of) b componants  Now, hy changuy
over 46 N nkudonisne poduct', We N have  ERIC Y DR
For @ model Whith 1§ uaique  marmatical object  Fixed oy F.
TOSQ,Q this conside the famiy ©f Teduwd procucts EMG M.,

Wit Rach G iy a R on T Contdwing F . Thare oxist natwd
morphismy  bewates trese | @s follows

W (@YY iz o S
Just by way a exampe, consider a first_ordw (wguag
with 1 (108), Adng, 3 (therexists). In  tha above mMultipe situduw
of reduted products, one pow gney Agation ks Infwtionit fladuy s
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sy

Qs brue for (dy), n TTFW if

. )

G ok S each Gl o TN, wik 626
Then ;T SUNPE W BEwon O Thg CONSRACHR N OfF  Foy mauatdy 85 L ks

WM EQ LWaCT it feT I MrgldlieG

i FO 1, 10 1wl |l MiEgldy € G.

Thus, a0 WHUBRONISRC powe of VW in (lassical Mozt baoy "R d
NOF LONSISE LN Mere uiidhon | OF g akizahon of ciassic et ROWNGULS:
LE MAay bL AN improventeNt Wpon Ehese.

Ve Shail inveshgate this powat of vikw , albthough - perhaps

SWHTSINGlY — fetauwng & classicat Wyt In the Studted  first—order

Llanguage . . Why thit iy ©© will betome (LY U\ the Aext RCWow,

2 Possibe Worlds Smantics For  Intwitionistic  and Classicet Logk

Kripke modals [or inkui biomghic g are pyrhally ordered Rt

Of WOrds , @ACh With & AOMBAN  Growiny N HA dw@cron OF th
orderung  relamion. Thus, We have fuples

M=< W DI>,
Ve L for each we W, <D TS i an vy st dive  Suck thik
v Ww=v o oonwy it D, b,
o owEV  ony i, b TP e TP

for an predicar Wi P, owd d e Dy

The Frukh t Raiow  then o nes  the notron

Mi‘zk?[w,?:‘\ (ngiSMw\MMVFWa%@DJ)
ERrougn the  Clauwes

M e PR Iw,d] it I, D

M 1 [w a1 (‘tha Falsum)

M F Qs Tw 8] t for 3 vaw,

i MEYTIVET hen MEY IV TT
ME @Ay [wv 31 1 MEGDWET ag MEWV I a]
M E vy [uw ] 1 Mew [wdl o ME @ Iw3D

M E Wiy @] i for N vIWv, ke i de D,
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ME @oo Ly, d.d]
ME 3Ixeto Tw a7 e thare exists de D, suon that Mt:wﬁv,?,d].
Negation T IS de hned 1n the UsUst way ay —>L
Dowill e Thet Some 8spuchy of bR 0g AATRIW (A W VIS @d -
NOtably , & Sulvabu map ow D, o D, (whan wev) will
Wve just ay well ¥ dctual wdason. (Al 1, T niunNe
Plchue bthind the above semManhcs |, Whith 13 thdk OF 10N UU 23Uy .
‘S\e\g&s of knowledygd' may allow for  jdemkkcdo oF dd oby ecks ,
besdides /mimin of aw onas) “
Tho effect of ths truth definmon is Cumuldron of knowWdye '
/Zeredfgy; i{ MEY [w,c?’:\ N WEV, s MEY Iv,"if‘l
' for ait formutas <.
At & sup@Raet euel, all Clauses th [he doove e 'classical’
butfor the cases —s, V. This 98 Tather Surprising:
one wWould  oxPret Hha Fypiead ‘tonemac hue ! aspeck oF inkhuh onitm
o revde un the teedtmant of Vo oand 3 Bur, ay was pousied out
by Kit Fine, Such comparisons need & propes seitung for cdsdey
logic first. And the posshle worlds Clauses oy daure v,
Wil B rong ditks el not  immaediaw Choite |, bukb ‘eventuat thoig
MEGORY Twd] i For of vaw rase exin uZv
with ME@udl oo MEY ‘ifufﬁ'l)
and W wiwe for B @ivkenhat Qu K ey . (Ciaggs(eyi Logr 18 in lewy
of a hucry PR Inbuiong e l@qi'{.,)
Now , such clauses by ramieiots do nor peoke e bogr classital
one. For, 29, implicaken femaws W dbfedted — A i U5 @
Vel-known fack thet  ntuonige waplication Adoes not Satishy
. the Classical 'haw of Peirce
' (CEESU NNV ) BN
RU*,H\.L N Clauws  Suggest @ Nw foatwuw o ‘Classi kr\aww)\ge':
‘Qventual abh imples a dudl k- (o equiN ey,
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Rl MR Iphes pOSShle e futation) -
fo/ma/,gy-. i For A vaw rhe Oxisks u@V Juch thyk MEQLud]

than M E@ Lv T, for all formuias @ .
The oM of thw conamran (when Vaid) if to verify Fa Doubl Negkon few
MY -4 ;

and the validy of Pera’s haw then follows from the obser valon {hat
& —=y)—>w)— T1y
s mtumonishealy valid

Tf\us, classicl possible wovids models  ae Sthuchees e abae,
With One Adddiond Mequur o pant
o Yvawduav I, (MW oy it T, O@) |, Hor o P ot ded,,
The above clauses for | -, A and Ve revaued.
D‘asjum\‘m\ Wil B dehned as Hollows
VY =4, by A 1Y)
Nd  OXIVEAR M UK RCShon H\muqh
Axpo =gy TVX T .
21 hemme: Herediy holds  fox att Formules.
22 hamme:  Cohnaly holds  for 3 formutas
Proof @ Induckon.
Cae A: 771 (@AW implus 1 A TTY
Cae = 77 (=) mps 7@ — T, and hene
o> (oy haredmy 3 rfuxivwg) 3 hen sy by the
INUMCRVE Ry POHRL ST for W)
Case V: ket de D, ,vaw We wa;\k"k} Show Hhak (p(x)(‘g,d)
3t V, assumung thar T Wx o (d) at W, By (a induchue
hy pothgsis , RS prove  that T 00 (a'm. Bus bhis
follows becaux 1 \v’x(p(x\_(:f) hotds ek v a3 well , by harediy. L]
23 Corollyry  The denirons of v,3  work out Accorduy W Hhe
‘Cofmwﬂ\y (duws  pfesented on p.3,

e
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The Usud methods OF genic brancNey  @Stablish @ Connechon
between  these possmie woridy models and Old-fashioned classical modets.
et M be a clawsical possie wortds modal.

24 Definivion . A gemtric branck 15 & —— B _chein OF worlds
= . |

Such that , fov eadh Fovmuta (@ N Qadh  d occwvag dlong

the Chaun,

® Qikher cp(&') O Some WOYld on the bvdrdh | o edw “Hf(a’))

o iF T VXQOOC) O some world on tha brGA,

Ehon ch(x)(}?,d) v SomMe d aF Jome word on the branck.
Each (gaorwsic) brangh pinduces @ sungle classical mo del Mﬁ , Viz.
the nim ©OF thiy (hwa .

25 Theorem = My = [d] i MrEQDVZT Hr some W ep

Proot @ The dehaiRon of GnQicty RBy Prepared Fhe wdy fr o

Obvious uNUUCRON O . 0
26 Corollsy. M E@Tv,dl MarQIET o all gwic A2,

Proot RIS InVaerion OF Hawem 2.7 - 18 immeciate

‘Onkj i direcy  from 2.6

T it ME QUL dT s by Cohnatty , MET19Iv,d]

For some vaw , ad oy gewie A kvough Wy faisik . O

That Fare s an dbundent Suppy O QUM branches it guaraitkeed
by ERNZ USUBA enumes ALY MEHOd, 1 LOMBATHIN WA FAz Tt
cduses X Nagkon Ind UAN OIS Guanhific akon.

Foo eain modet M, ong way dene ik @aok exasm GE (MY,
Addung sl goneric eNd pounks  foltowing gemeric branches

23 Theorem: Foc @, we W,
GEMO E o [w,d1 i Meg Wil

Thux, N IC oXRANGNS  pfeseryve T Uth.



TE

3 The Tree of Knowledge

™ mohy MOl of  POSSHW Wortds  SCMRINRGY 1 Hepkin modes
OF dll consis®at Stk of formulas W PR langudy , Mepuiennng
expresible Stamy oF know@age. Mayke the most natural exampl i
the followng = taw il fmikly dxomarzdd conmen Sevs  (With QS peck
bo classical derivabilly) |, ordared by ovdwny Mk The el Mk
Claus (ovrespind pucuely to e Pollowwy  decompoykian  proyer rus -

TRy ity VZ'23 i P S INTVN Sy

2Ry Ay 1 Ty ad TRy

paR= Vx 1) e VZ'27 Vnwmn ¢ J'@ic)
(We ¥¢ prasupposing & 1guag wih & Ctoble Whniky of ndividud
constnts here.) v, do ok decompox Wy Faa Way ), buk 04

2 Qv W VZ'23 3727 T%¢ o TR
T}\qobwv&(m embody wWell-kndwn Fadh  abour  ClRsHCY deduchon !
the 'deducion horem 1> Behund  Hhah (ARG NING —b, the ‘constant lemma
bernd thak for V. ~

Notite Fhak W FRL InFUmON SRL (X, Just consiteAE b will nor do -
CONSMUCRUE HIGUACKON noquires  in Srnrngous d@camposthon of v,
WRRAC infumonisht MHenkey completeness  proofs  require Spitng  Sers

The Interesk ofF the  Heaun mode!  does AOF Stop Ne .
Ong featune s WS Mciusin Sacing, Wch S MUEh IS HRAA & M
PYKaA ordtsing. Eg, Hwreds @ Iathe smuciwwe for megk and faimest!
Foc join . (Not Quuy deduchue union Yulds @ ConsisrAr st
but one Mmight eyl dllow  Soma ‘vapisdu\y’ INCNSIAKAE wond $o
Srea L e staCkine ) TOr (NSIRe, Ond ight Add  tha exiskia
OF gredtest lower bounds to the (eguuements on clssdol Models;
WRCh vould Faciiraie soree of  Hha develop mash o folidw.
In [, an wnWigung guasken s Hha Follouing

Pracisely whak is v Fiesr_ovdw inclusien ooy Of Ha Hemkwn modal.)

T & recusNely axiomanzabe , than We have v @fiechve  MQIN
OF MEZMBATCRAY producny  bogicel  mMmeta—thaorems
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Here 15 one pyviad answer.
31 m The Unkeod sk —ordw Theowy oF the Henkoy mode! with 1nciusiem

IS axiomatied by the pyWeA Ordw axmwns.

Proot: Each purety unveisal non-theoren of these axioms

15 refutdable wn Soma fok PR ord (hy the Conapiaey theorum,

Md AN ohows e alon Tusult) . And  2adh hate parhdd ordir caa

be iSovnorphTRAl 2mbrated i P dbare Haakn modad.
Inskead of @ Rt proot, here s AN oXemple.

& '{P ) \
./._—.7 ' {ﬂ” plapq,g {P{)plipl’pq’ps}
o 1) 1Pbsd

ety i

1hal  Tog. 04 h’y’ PePck
o

How cnraderiske is e Honkin modet foe o/ Cassicek modil of some
theowg In & glowdl Sense , b conmacken  is Thia -
€ach bk { gengmre of nob) i ducty & TR moded,
QRN Mode! dekermungs & WG Fhrough M Birdk - ordw FRD ¢y
Buk rhare ¢xidr wave ushmoke (onng oRons.
32 Theorem: For eadh 4 and ek woudel K,
M FQ 1 M wenrwy Somg Chankdbla Qlemantay SABSTAA ¢ AL H’
Wheh 15 @ branch mode! for seme gonsic A > {e)
T words o explazahion -
'Qmﬂ‘u\}eﬁj' WIVR Fespeck to the L ngu Ry o @ (L3ung mhafiely Mmany
Furthas indbdudl CoMsEanks tn Ha \aagueg of Ha Hzakon model,

i ) ”
BY M model 1N Ma SeAx  Fhyr B QLA N the daada e

Nk putakens of  the Consranks  otcwrwy on Fhe branch.

Proo:

T @ hods w such brAck modets MY (hy Fhaocem 2.5), 3 Ao w W
b(\bj e Startuyg win Stﬂg, 0N canstucthy 3 gowsic hyanch A

Quided by WA ive i M. Thug, Qg Phe A UNS Vhon @, .-

~



P
i3 Chostn whan e 5 Wi -\ (s ¢, =TYXPR) < @ Sudable naw
INAM AU Constant € S unrprered ¥y Some  iIndMdudt s M falslyen g P (x).
The koteAm of Al ndMdudls ;v M chosen iy this way  Formg the fequired
ounrable submodet M\ TR v o aumentary Tollows fom vhe Fack Fhat
borh M and H VUil b Fame formuly on bha byndh. O
TR RNs Us Somethong Bhowk Phe Conneckon  beieen Ha Hoakuy modat
W ordunary cRssel models Bur, B forme may also have an important
POSIKON amony M POSIdL wontds  moduls  for cassicl Logr, ;
In its 'ful' formulakon  whk all bhaowes Funiiely axiomaried or not,
Fhe  HOALW Modei h¥ vrious  Satusakion properies  whith make -
UANQSRL Mg Sahwrdted  possihle worids models . ( TR may be provea
2 MG UOgous bo Bine (1975) , Which trea the (3 of modat logrc)

4 fundamentat Operations on Possihie Worlds Modeis
The cldmses oF e unm defusrion  onw (s Ho  Ober wOrUs
WNTR are E_sucwsirs oF Inox @ whith 2vdludiion Fahes place.

TR TOMRL W\SETes Ha follouwdng NORen , Wel-hagwn From modat logR -
40 Depnmon: MY oic @ generard sbmosr o M (novaken: M'G M)
b is 2 submodet S3KES Pying tha Additiond  (onditions
¢ for we W |, D, =D, ("same clomans')
» for we W o ,ve W, wov oy i ve W' (‘= _closwu ')
TN PUHNGAE SCMISRC fadk is  the SO- Caiud | Ggenerakon mg,wem‘.‘;
42 m . For 2 formutasy, W W‘,?e b;, p
MeE@Iw,d1 6 ME@lwdl
TRe Herm ‘genardhon ' dsives from b fadk bRk 2ach W Gengs aky
A Tk G Sked Suhn\odu(ﬂ,\v),w&k doman{ ve W [wevy
43 Corovvay: A Aigomr i o modes 1M, e T} vesikes 2 farmule
@ (@) ar we W, e M vetkes @@ of w
Progy i Eacn Swngle M hes as a g Aed Submodel W
SUh 3 diLjount waion. |
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Anoinr  BPPNCIRON ERRE S @Ry Visudlized 1Y 'rooRAY
law any oty of modets (Mo wy) ) made disjont u Some Faghion,
bub ABAURY D RO Cmpry Ut sechon Dx Dy, - Add o new word w
W Py NS domany, Connecg b all Wy Fuinadly,
Kt IW(P)(?) i Ivi(P)Ca') fr ol el Ong eadly sees
thet the models (M5w,) remaunn Ak | presung e Saime formulzs,
Moreoser , @ OURAL (NdUCRON  ShOWS bR
44 lomme: TRe foor W verikes exddly rhox Foomas @ (d)
WhICR e e i 3l worlds wy (e T)
It follows SWaighrawdy that rooring pusgves Haredy and Cohnatiy .
Anothes reishon beRKen modens Which has proven useial 1n modal logi
6 bhak of 3 ‘pomorphem' o ' po Taiken | (el Van Benbham (1982)).
TRis s Q knd OF Zigzggun\g LONMRORon  belseen E . Sucussive wortds
WNth mey b Oxkaded 30 He pudicate—tognal (48 by Addduing a
FORUSE Aype Z1gzagyny ides for Individus ¢
45 Denimen - M iy Riy23y - (onneded  \iivh M' Enoraken. M MY
rougin C 16 C iy &, by meishion  betuees Sequants of e form
<w,3> (wa wond, 4 a hake s qung. from D)
Such that
(ow) o the domawn of C comsis of all Suck Sequances from M,
i Tang OF Al SUh wquanus W M
(29-2dp & i( <‘w,a+':> C <v,&> and wew,deb o,
Hhan e oxe viav ,eed,  Such Fh <v,3‘d\> C<vf‘8,e>1
and converwy . (The specah case wothr die it incluce d)
(o f  <wd>C <y@> man LT i I,
1SOMVpiAn)
for all predicar lewey P
Agau\ : Fhe | DM equiN denwe Mmay be [ Thed by inducken on (¢ to prove
46 Lemea T C s o zigeey comnmackon newsen Moana M
and <w,3l’>(\<v,é?>, Fan, For ® fermulas o,
MEe @ tw,&'] i M Eg Dy g1
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Agan, OnL Sumpe PSR COnGrne TOOKS
43 Corollyy: Each modat M is zigzag-coneacied o the digjont union
ok All iks rookd Submodel (Muw)  (we W)
Prooi -+ The cbvious zigzay conmeckon  WOrks 0
Fundly, We Furn do @ Mg complox Ops Shon | ViZ. b FOr madion
of [fit poduch. Brady, b ided of te oliowdny hobion s vhat
of & Wwo-sorkd  ( 'wortas',indMduats) famiby of reduced producie,
4% Dpnivon: her {M;11€T3 b a famly of modeh, and F some’
T filkr podudt TTe Mi is ve modal

Piker on T
<W,..L:, DTI> where ('w','v','d' now denor the 2pprop rR fanchons)

W conviss of all indexed equivalince classes WG ={ v | W~ v

L]
Whae G i a Rt oxmadng F o,
W v dk el ) wy=wadeg,
o WiE VO o 626 e {HeTlwiE vt ¢
e D assign w wC & s domam W cqundtene clasees @ @

For whitn  $4e¢T) dye D), e G (Thisois weli- dehned
! .

becawe G is a fes.)
el : : e T e )
¢ T ¢ (PCTO danony tf el I, ®(d) e €

Tha usual induckon on @ A euaminhes the K0S Equialence

49 Theorom:
T‘-FM‘ Egl w1 i el I MjeQL Wﬁ;_a??.§e5~.

PYDOL
L is dromic: by defuniimm
@ S YA, by Hhe wslersechon propary of Ry

P 18 @ |

T Suppose tha (¢, Nolds ve g w

19T T W 5w, el [ M=y Duwg, @373 (hy e asswm pivn
Pus G S G as well 25 {el | My k@ vy, 333 (by B vhdu che

i T~ (onkaAns

hypotuscs). $o , G contans the inkrRckon , Whith 15 @ Jubsets of

'{TEI’ Hi F Y, L‘v,-,Z—']}.
; -~
Ony if': Suppoe vk el | MiF s vq,4:1} € G
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Then G UTiel | Mooy Twy, & 3%} gonwaks a new b G

For QAN 1 N PR AW 3, (RO V3, Wy SUCh R gy holds b vy,
while 9y 15 refuted  Choosuy Vw3 crhe coordonvakes ¥ biv iy,

e yuds @ funchon Vo for WRIch ¥ follows  y Phe i duchve hy porhgii |

, 4
A SIS (VWY S ve' ,whie Gy s kalse. Moreoes | obwouswy, wo e VO

O AL (>, Ny R Nehaded o W
@ s Vx@x):  FhB (e my e Wedkd  iaude , FAwy Fune A0 Choosuyg
3 Sul bl DNUMAUB W Fhe Chostn wevtd O
Noha thet Hhgie oxivs 3N Obwvious MO pRLm  from DwG' N DVQ:,
whan Wiz v®  For db a bwff , e USey  Ehe availaniny
n G oof {1 T d, ¢ DL’} N i€ T| Wy S5 Va1 v combinakon
Witk Fhe domaan condivon in rha cowdingkey My Bur nohe dlso R
PRis morcohaan May  well davRly indimdudti (cf. rhe remark on pag 3).
InQ pufecry AT drearmen, Fhi ok SRowtd he  burle w Tight
Ao P Srark ) of (owe
Findily |, the o conddons on classical moclls Should i chac Wd
410 e Fites producs sakishy Heredny and (ofunaly

Proof: Hereddy 15 stramght forward  fromn nerediy Ry b coordunek,
&

/

Uiy Hhx £of Equivainu As tor Cotnly , i+ ¢ Fails o w
Ry {1l 1M Fo Ywha:]}f{ G, than,by Cofndiy for e cotrduoks,
VeI My 1@ Iy, T fosome vy 3w, b Convdung {1el ) Hq}z‘tew,,ﬂ”.
M\aﬂermagbeadwcmmmm o Gt oo & nw Ak G veilyuy 1y
o+ v,ET ,owhile o=y ¢ [
As 3 oxanp ob wun R poduch, one mey e do bk
Of My some sl ke exampe, Sy wr T =412} M=M=
PR Sunge world St Gl @ ,ad F =41y
o of Sotne mysterous  whol@  sudh s _H—F ®
whase Foos ke Frdonat Fiter oF M tasls o kg wndex sk N
Fundiuy, Ha aboe procks did nob uw Hho roralby of a4 fikrs extandug T
Te Subhces w Nave Jme Ser of such Al (losed uwndes  Aniz addiions
We will relax the g hton oF 'Rl produc' accocdungly
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host v & objected that this infroduces a8 New form of AR Munawy
WVRIrees Fhus WRS pracnsely one of o ObjRCROny W\ the wihodu cien |

i Shoutd W edded thok Hhart exwbs a minmad ek o AWers  (onvanning F
hew\g Ha doose closwre propuiy. Another uniguely defined - mathemahical Object

s the Set of Al /ountably gererdied Fitters over B, and IS will Subfica in the sequel.

5 Classca aehadbilyg of (3RS oF STMCire

Various mool- FROrent quaskons arse wn PRI IO PR seried Rar,
Tnaeed , Whar becomis of ordwnary modet ooy on Fiy now gzy}m\‘g?
TRO (x5 spechive SO QoIS 3RS qUASK Oy of Tty Eq, ov wowd i
B 2 maeadRA Chyadwizdhon OF 8 oW ofs ation Sudh g
‘Gowsic oxtensivn’ T bnis MRput We ConhaL OwWselves o checking
ENSE Fo Dhase R Oprdkons on moden Ve undied Chdraties g

by proving & Keltw. yp dwhn bty Mesuit

SiOToem: A claws of  posoibw Worlds model s

e fndhie by means O
Some set of CRYSICU Firt-Order RN @S

it and ony 1p b 1S closed
WAdw Ene formation of Qenas ated Submodsts, disjoint unions,
Zigzag images, Rirc produtts and fiiter bases.
EXplanaRon  the b T defow the G K if K onsdks of all models
of AN Of Whow WOYids euely iymula v 2§ My 5
i TeM is & 'Rt powes' oF M
than M s & filke base o T M.

Proof: By rhe @anke propositions, dehndbe ¢lass possest M 4 fve

(e, eroh My i tha (emiy equat i)

Closute progertes. 1R Cenvis Cf the Yheurgen voquees somne  Fanmihiy paberny
Frove moael theoy.

het M &= Th (&) Taep TUW LY i hue Hooughouk  eech modet 1 K4
We wanr o Show Hha M actudly Riongs o K. For then,
S = MOD (TR KY) |, &N WE dre den.

For @ st hore & & usehul Teduckn following fom corotiey 47,
Each roored submodel (Mud verties Th (%) a8 well, and M g g zytey

N
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IMAage of +he disjoln union of Qi thes. Heone, by e assumed (loswis
MOpTLs ik SUubAGes o Show rhat (Mw) e

First, we find (Nyv) e Vetlyuy (R V) preuxiy tha sams Foymulss
as (Mw)  (aF w). kLot AT Conwsr of A Fovmules e a W, AT 3N okars.
Each finde AL, A7 is reaiad in some model (My ¥p ) e,

For, et ¢ ¢ By Th AT LY v nor meadngd Ny whare m"K
then TTAT ¢ beiong TR B R b would g A (m)

quod non. Bub then, We cn "o alnz /omd! Ag By Sunulreazcsly A

by taking @ Funle W produck  oF sudk mocels by A5 g} Lo Hing
tha R consmr of rha antire indgy ser mwy At gk root, Ao Wil shl ke
Vrihed  (heung Tat 3k 8l Coordinams), whiy no Qe O 15 ( Nokre how

Such Atrs produch behare a1 ke direct poduch |, buk Wik more

Up WArd WM SnGIon OF Aruen, ! from the factas 4o the  whol.) ,
That thare Are aiways rockd reatizations follows fram mma 4.2,

NQX&, Fhe Qeswved mogut (\!\5,\:) i loud as W a (non ~Uurdhis
Prook OF the vapRO NG thaovem  For each fua e Qe we have (HAO Vs h
Tha Ater PrOduck MBYy NOW B Fakgn GXer Haa NdUX Sk, wirh s pect o
b Fulr fwr Foconraung sl sers of the Form

{Ag Fie | 4 247, a7 2 45}
TTF (Mg, V) 1S SU fookd , g byt Aof Equn alang,
Foverihes AFwhik omitting all o A

Thif Statuing pouv iy now used o eredt hwo ik PO s
e M), TN, e Fois e Frodonar e aver N,

M Al Fiys Myvolved are countanly generskd over F (¢ pi2). In g diagram :

) L (Nv)
) (M‘Wf KM({? Lr¢5\’ }
e
T (s T (N

S Using Gsrain SakucSRON plopewy o Fhex ATRS powens, W Shall Show
K » \ Fham.
bhat EAe Oxists @ ZigZAggug WANiren  hadgung  the gap DR H
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The rele vent dehniion of a fetaken C 1y sumply
<u,&'>C <E,§‘> 1 PNese  Sequances VaUify bha Samg N
Nowa thar C does hod wwoen <W, &> , <V, g>
What we haoe 1o esvabiieh 18 Hae zigzag prrty. (Al obhers
Pollow from A& by the deniun of C,3nd Hha Fack Fhat those Rk
Powes UL QNS IRA by rhaur roors ) Evidenty, i osubies o conside
One direTRen onyy .
So,et Cu,d>( (t,3> , A Suppoe A us s, deDy
We wnt % fad roe suc thy tor ee Dy 3 <5,5’,d>c<t,3,e>.
In orkr words, exacly the type o dd s IS o readized N Some
Sucessor of E AQawy, We distnguith @ 'hnike' d 3 ordl' .
Foreach fiile 43,45 roalaed o <5,4,d>, k 0 eaviy 5een a3 before,
that A 4y} s redndble o some Eosuccesser of t(for each e A7)
(Comsiaer tha formua Wx (TTA] @) The Fine , Hhe PAshng togere '
bo Ona gl Sucasser verflyuy A7 W omitng at of A5 is mare involved.
W e gowy o U a mixing (onshuchan , ity Vfous
combuinareial preluninaiws. The SAuAkon 3 as foliows
t= tGhas £ - Su Q@S ovg t"G:---,tk‘G".“t-’\ vailyng DF |, whie
nor vorllgwg @5 (1< 3k, Mespechvely) for e,88 (1sgs<h)
(Hee Ay is Rwen o & {q,..¢)) Now dehna o
T) =y, DeN| &5, ¢ A;(tf.,é’(ﬂ,e")anq not (3,80 2)
By e¥w nasuis , I s @ Lase comisRy win G
The hQuwishe ided ¢ tae followng Conshucken i W MIX t1, Ltk
in properhon T TH (3 e wne wk @ gK) i such @ wey
Ehat e Mesutheg sequead becomnes @ - Suctswr of t Wik
MesPet 40 He munimal R @ricdked by Gu gI‘)} .
Wnich VEches Al while amitting O . Bud | as-uug SN
T' . T% may hdwe too muoch axlap for @ Smooth dafinitfon,
when(e the followig pruming prowdwe
We defve a Sequanu Il, --,I\; ol ://\;/umf ¥,



slffes

wha t Ii c IJ (A<jsh) , nd each I))‘ ¢ Cconsisent with G
I wve sucwed »n downg thoy, Ha  Hhe abooe Consmachim  Qoes FhFagh. .
For, ben, chook v, e Ay wdiakd s (opyny tj'e'i.eJ'(” ovy Iﬂ
G<jsn). Chaw, A Wil hod W Nesp o e Al gnerased by
GO I} CHhans ® 49) uhle 2l of &7 Wil fad, For, it ed;
wese 4o be M, tan {1e N | 1¢ 6)111 W@ s et tby,e e
will beleny to the R, Whenw JS:J,J:A JZ does By tne constuckon of
bhe R, ERL impues Rt Some Xe G hay an inRICCRUN WATh Ha
whole 3\2 Ii dvoidug I';. Consequaniy, T,
ontvRery o tha 3dbWe  Asyumprion

It emams w ey find b abog Sequence .
Start with I'  Nexr, as for tha iferakive skp,
Suppox et I:, I:‘

IS not consisren wih G,

have been Found SRHS gy Ha abae Condiions |
Conwider T™. Thare ve 4o cases. Fiest i ™ ~ oLl i
cmsistat With G, Haa I':‘ may b takean 4o be H\js:l rem 2ande .
Othwwie, T™ n QJ,’ mutt be convisrat with G ( sSma , & Least
T™ o5 conmmions Witk G Wiengs o a AR Gpy O¥RAdny C)
By o famdy dgumert, i+ follows vy T™ A T2 mus be consioknt
WA G e 3 watk one ) (1gjen) We will SPUY bhe Inhide (1)

Sek I,J, WO W0 NN Seks | both (ONSR AL Witk G

&“0“‘4\11 N\
(Surabie) Ratk 38 I Rawng e fumends e the oo e

1o do this, we noN@ that e followny pOposhion holds yeneraly
for Files G vt pusen special bype o Rikr product .
_CM. it X i Consrsient wivh G, A thare oxitk cisjont X4,%,

bOth CONSIStoN Wik G Such Ehat X=¥,UY;.

TRy Ne2d nov By iy tho (3% 3 hut hart We know HAY G i
QeBel by Ha Frécnt R of ol tails bogeihas wih Some unlasle
Jet Oof adartions  Y4,Y;, .. . Now, puk two diggoint sequendes
"33, ,-- AN byby, . Ay follows
First, take dishine a.bh o X0Yy  (Becaug X i womsisent wnw G,
XA, i non-emply ; Wdizd & B mpaake L ds G 18 Fee Fiiker
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Nex\,suppox PR distunct 34,.,80 5 bgyooby  hAve een found

SUCh  Ehat 81,b1 ¢ Xa Yﬁ\...nY, ( 1gisn) . Convide
XAYAN - NAYA A Y ths by sh inhade | 3\ 5o one My Conhawe |
preking O A By

Thus, hwo sets A={a.2,, Y, B=ibby, o} de obtawed, bo UTies Sechag
Al guaerares of G, A heawe bobh (onsiskat wak G

Jo, for the required X1, o (an hawe, say, Xq=A, ¥, < X-A.

Faaly, agewn e uwrisechm of IT™ Wk o oF asc ser mut
Be consistey WM G that WISECRIN b (owas T’:‘) while tha
FESt OF the Lt btcomes W now Ii.

Thus. the "havie " Case f part € (page M) has BRen €5 abirhed

A rotursten Aquement WAl now i NS o b ol (ak

Fix oaumas iiens Pabi . oF AT, @ty OF AT ( recall <S,J,d>).
For eadn b, § Wy, Y, 1wy, H @ YT 18 veRined ¥ some £ sucasor rOF t,
Wirh nespect do S TE follows et { 1 N| N, reabizes {0 ¥ SOy
fore,,e'.j dsome M3 bF s consisen w6 » N NAw
(21 Mrus eeyg Ker) 5o s tho ik crem Xj o i b wih Tl ).
Ihus , W have & desendey  Sequance X4 2%, 2 -~ Whox W seckun
IS empty, Al oF whowe membes e (onsivient with G
Togerw win G, hax gsar 2 Rl G whok Conmbaon fo vy
s h followng. For 16N, et y() e the gredest | Suck thek e X >
Y@ =0 & no Sun L exists (Nonw It yM>m e e X, )
For eadh 1+ win YO >0 choew Jome 120t o 5:, i readlizuyg
W Wy @ L @)} Now, we (on see that Fat Such Hha
A* s votud at (e ) % whl allof AT i omaned
The zigzay promity oF € Ras heen 291ah 1iyned
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G The And dgumen 4 Show HE (MW) € X merely foliows Ha
Jihama o B clock wwx
(Rt b (M) e (NV) €K (by pat A

(ngn, 1) T(‘—:(H,w) £ g .\TF(NJV) X ( Fiirs produd) A

O]
TS Complies @ [iesh axescise n the now Classicdd model Mooy

Viswg o POSG LOS S anie s -
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