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You fling the book on the floor, you would hurl it out of the window, even
out of the closed window, through the slats of the Venetian blinds; let them
shred its incongruous quires, let sentences, words, morphemes, phonemes
gush forth, beyond recomposition into discourse; through the panes, and if
they are of unbreakable glass so much the better, hurl the book and reduce it
to photons, undulatory vibrations, polarized spectra; through the wall, let
the book crumble into molecules and atoms passing between atom and atom
of the reinforced concrete, breaking up into electrons, neutrons, neutrinos,
elementary particles more and more minute; through the telephone wires,
let it be reduced to electronic impulses, into flow of information, shaken by
redundancies and noises, and let it be degraded into a swirling entropy.

— Italo Calvino, If on a Winter’s Night a Traveler



Contents

1 Interactions between quantum information and many-body physics 1
1.1 Many-body groundstates . . ... ... ... ... ... ... . ..., 2
1.2 Unitary quantum dynamics . . . . . . . .. ..o 10
1.3 Quantum information and quantum gravity . . .. .. ... .. ....... 13

I Entanglement renormalization and wavelets

2 Introduction to entanglement renormalization 21
2.1 Entanglementrenormalization . . . .. .. ... ... ... ... ... .. 21
2.2 Summary of contributions . . . . .. ... L. Lo Lo L 28

3 Wavelet theory 33
3.1 Waveletbases . ... ... ... .. .. ... 34
3.2 Biorthogonalwavelets . ... ... ... ... .. ... . ... . ... . ..., 39
3.3 Wavelet pairs with phaserelations . . . ... .................. 40
3.4 Constructionoffilters . . ... ... ... ... ... .. .. . ... ... 42
3.5 Construction of linear circuits fromfilters . . . ... ... ... ... .... 47
3.6 Wavelet approximations . . . . .. ... .. ... .. 49

4 Fermionic entanglement renormalization 59
4.1 Fermions and second quantization . ... ................... 59
4.2 Entanglement renormalization circuits . . . . ... .. ... ... ... 65
4.3 Approximation of correlation functions . . . . ... ... ... ... ... .. 76

5 Bosonic entanglement renormalization 87
5.1 Bosonsand second quantization . . . . ... .. ... ... L L. 87
5.2 Entanglement renormalization circuits . . . . ... ... ... .. ...... 90
5.3 Approximation of correlation functions . . . . ... ... ... . oL, 98

II Index theory for approximately local dynamics

6 Introduction to quantum cellular automata 109
6.1 Quantumcellularautomata . . . . . . . . . . . ... 109
6.2 Lieb-Robinson bounds and approximate locality . ... ... ........ 113
6.3 Summaryof contributions. . . . ... ... . Lo Lo Lo oL 116

7 Operator algebras and stability of subalgebras 119

7.1 Near inclusions and stability properties . . . . .. .. ... ... ....... 123



viii

7.2 ProofofTheorem 7.6 . . ... ... .. .. . ...

8 Index theory for quantum cellular automata

8.1 One-dimensional QCAs and the GNVWindex .. ..... ...
8.2 The GNVWindexrevisited . . . ... ... ... ..........

9 Index theory for approximately locality preserving unitaries

9.1 Lieb-Robinson bounds and approximate locality ... ... ..
9.2 Indextheory of one-dimensional ALPUs . ... .........

III Entanglement in random tensor networks

10 Introduction to quantum information in quantum gravity

10.1 The black hole information paradox . . . ... ..........
10.2 Quantum information in holography . .. ... ... ... ...
10.3 Summary of contributions . . . . ... ... ... L L.

11 The replica trick in quantum gravity

11.1 The replica trick and Euclidean path integrals . . .. ... ...
11.2 States at a minimal surface phase transition . .. ... ... ..

12 Random tensor network states

12.1 Random tensor network states . . . . .. ... ..........
12.2 Random tensor networks with general background states . . .

13 Link states with bounded spectral variation

13.1 Random matrices and free probability . . . . . . ... ... ...
13.2 Entanglement spectrum of random tensor network states . . .
13.3 Nontrivial link states and entanglement negativity . ... ...

14 Link states with unbounded spectral variation

14.1 One-shotentropies . . . . . . . ... ... .. ..
14.2 Recoveryisometries . . .. ... ... ... ... ...
14.3 Random tensor network states and split transfer. . . . . . . ..

Bibliography
Abstract
Nederlandse samenvatting

Acknowledgements

CONTENTS

139

....... 139
....... 143

151

....... 151
....... 158

185

....... 185
....... 189
....... 195

199

....... 199
....... 203

209

....... 210
....... 214

219

....... 219
....... 224
....... 230

237

....... 237
....... 239
....... 252

259

279

281

282



CHAPTER 1

Interactions between quantum
information and many-body physics

The advent of computers has revolutionized the field of physics, in the first place
by enabling the numerical simulation of complex physical models that were out of
reach of theoretical understanding. Besides this, the theory of computation as well
as the closely related field of information theory have had a profound impact on our
understanding of nature, especially with regards to statistical mechanics and thermody-
namics [Jay57, Lan91]. Conversely it has been fruitful to use insights and principles from
physics in understanding the theory of computation [MM11, MMO09] for instance in the
use of models from statistical mechanics to understand approximation and learning
algorithms.

Our best theories of small-scale fundamental physics are quantum theories, as
developed from the early 20th century onwards. We have an excellent understanding
of how to formulate such theories and their equations of motion (the Schridinger
equation). Nevertheless, actual computation of the results of these equations of motion
can be challenging, even more so than for classical physics. This is especially the case for
quantum many-body systems, which are quantum systems consisting of a large number
of local degrees of freedom or particles. For instance, one can think of the electrons in a
solid metal which can ‘move around’ and interact with one another, of the structure of a
large molecule, or of the quantum particles described by the Standard Model. In such
systems the number of parameters needed to describe the system (the wave function)
typically scales exponentially with the number of particles. This poses fundamental
computational problems. While surmountable in some cases by using appropriate
approximations, there are many systems of interest which remain extremely challenging
to simulate. This has led to the proposal of a quantum computer, a computer consisting
of quantum particles and which has as its logical operations local quantum operations.
The initial idea was that such a quantum computer could potentially simulate quantum
systems more efficiently [F"82], while later it was realized that quantum computers may
have unrelated applications and provide algorithmic speed-ups for various problems
(the most famous of which may be Shor’s algorithm for period finding and prime
factorization, and Grover’s algorithm for black-box search [NC02]). Similarly, the fact
that nature appears to be of a quantum nature has motivated the development of a
theory of quantum information [Wat18, Wil13] which has fundamental differences with
the classical theory of information.
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If quantum computers and quantum communication are to be realized at large
scale, will this again revolutionize physics? While there is strong evidence that the
development of quantum computers would tremendously improve our abilities to
simulate quantum systems, there are still many interesting questions to answer in this
regard: which quantum systems can be simulated accurately and efficiently, and what
are good principles for designing quantum simulation algorithms? In some ways, the
theory of quantum information and quantum computation has already had a profound
impact on quantum many-body physics, as it has been very fruitful to study many-
body physics through the lens of quantum information theory, providing both new
techniques and new questions to ask.

In the introduction to this dissertation we identify three broad themes in the inter-
action between quantum information theory and many-body physics:

(i) The structure of many-body ground states
(i) Understanding unitary quantum dynamics
(iii) The relation between quantum information and quantum gravity.

Each of these comprises a large body of research; in this dissertation we have tried
to add a (minor) new insight to each. The aim of this introduction is to provide in a
pedagogical manner a context for the results in this dissertation and, highlighting the
guiding questions we have tried to answer. As opposed to most of the remainder of
the dissertation, we will be rather informal. Each of the three parts of this dissertation
provides an introduction where we focus further on the relevant objects of study.

We assume that the reader is familiar with the basic theory of quantum computation
and quantum information theory, for instance at the level of standard works such as
[NC02, Wat18] or the lecture notes [DW19, Pre98] A textbook providing an overview of
quantum information theory and many-body physics is [ZCZ*19].

1.1 Many-body ground states

Many quantum mechanical phenomena are determined by their low-energy physics.
In this section we will describe the problem of finding the lowest energy states of a
quantum mechanical system and how tools from quantum computation and quantum
information theory are relevant to this problem. Quantum mechanical systems are
described by Hamiltonians, which describe the interactions between different compo-
nents of the system. Formally speaking, if /# is the Hilbert space of quantum states, a
Hamiltonian is a self-adjoint operator H acting on .#. The spectrum of H is interpreted
as the energy levels of the system. A minimal assumption is that the spectrum of H is
bounded from below, and in this case the lowest eigenvalue is the ground state energy
of the system. Models of physical systems are typically such that the Hilbert space is
decomposed into local Hilbert spaces. For instance, one can have a lattice spin system,
where we have sites in a lattice I, and a local Hilbert space .#, = C% at each lattice
site x € I'. For convenience assuming a finite lattice, the full Hilbert space is then given
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by the tensor product!

7= Q) T, (1.1)

xel

If the system consists of a large number of subsystems, we speak of a many-body system
and we will call the number of sites in I the system size. The Hamiltonian will typically
be k-local for some k, meaning that

H=) Hy (1.2)
Xcrl’

where the sum is over subsets X € I'" of size at most k where Hy = Ixc® hx is a Hermitian
operator which acts only on the sites in X. Moreover, physical systems often have
geometrically local Hamiltonians, meaning that sites which are far apart do not interact,
or interact only weakly. This can be formalized by demanding that the Hy are zero for
sets X which have diameter larger than some prescribed value, or by demanding that
the size of the local terms || Hx| decays with the size of the diameter of X.

Let us give two paradigmatic sources of examples.

(i) In quantum chemistry the most important Hamiltonians are those describing
electrons in a molecule. The electrons have 2-local interactions with the nuclei
and with each other. These models have limited geometric locality. In this case,
we have a fermionic system, with degrees of freedom labelled by the orbitals of
the atoms in the molecule.

(ii) Lattice spin systems modelling a condensed matter system. In this case we may
take a regular lattice, and the Hamiltonian has geometric locality. A basic example
is the one-dimensional Ising model

H=-]) XuXps1+hZy (1.3)

nez

where X and Z are the Pauli matrices and /h and J are real parameters.

In this introduction we will focus on lattice spin systems, rather than problems
from quantum chemistry. Such systems are not just important for condensed matter
physics and material science, but can also be used as a discretization for quantum
field theories. For instance, QCD (which models quarks in the standard model) is often
numerically studied by approximating it by a model of lattice fermions [Smi02]. We
order the spectrum of the Hamiltonian H as Ey < E; <.... Then a ground state |y) is
an eigenvector with minimal eigenvalue H |y) = Ey |y), where Ej is the ground state
energy. The ground state energy could be degenerate (but in the following we assume
for convenience that it is unique). The difference A = E, — Ej is the ground state energy
gap. We say that a family of Hamiltonians of increasing system sizes |I'| is gapped if A is
lower bounded by a constant. From the perspective of statistical physics, the state |y)
describes the system at zero temperature. For low temperature physics, it is therefore
crucial to understand the ground state and the ground state energy gap. For example,
the Ising model (which can be analytically solved) has two parameter regimes with

! Another possibility is that one has indistinguishable particles with bosonic or fermionic statistics, in
which case the notion of locality is different (which we will ignore for the purpose of this introduction).
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different behaviour and a phase transition in between. However, for other Hamiltonians
finding ground states or understanding the phase diagram can be a difficult problem,
analytically as well as numerically. The Hilbert space has exponential dimension in
the system size, so naive linear algebra methods are typically limited to small system
sizes. Many useful classical algorithms have been designed to nevertheless simulate
many-body quantum systems, but numerical simulation of strongly interacting quan-
tum systems remains a highly challenging problem. For instance, there are powerful
methods based on quantum Markov Chain Monte Carlo sampling; however, in strongly
interaction systems the so-called sign problem can make this method unreliable [TWO05].
On the other hand, one could use quantum computers for the simulation of quantum
ground state properties. This seems to be a promising direction, both for quantum
chemistry and condensed matter or field theories [CRO™ 19, Pre18]. However, as we will
see in a moment, finding ground states is not an easy problem, even for a quantum
computer.

1.1.1 Quantum computation and ground states

What can we say in general about ground states of physical (condensed matter) systems,
that is, of geometrically local Hamiltonians? It can be proven that this is a hard ques-
tion in a precise sense. Recall that QMA is, informally speaking, the class of decision
problems for which a quantum computer can efficiently verify positive instances, given
access to a (quantum) witness. In other words, it is the quantum generalization of
the class NP, and QMA-complete problems are widely believed to be hard to solve for
quantum computers. A seminal result in quantum complexity theory is that for general
local Hamiltonians it is QMA-hard to find its ground state energy [KSVV02, KKR06]. To
be more precise, let H be a 2-local Hamiltonian on 7 sites, and assume that we know
that Ej is either smaller than 0, or Ey = Q(m). Then it is QMA-hard to decide which
of these two is the case. This remains true in various situations where one restricts
the class of Hamiltonians, for instance to nearest-neighbour Hamiltonians on a two-
dimensional lattice of qubits [OT05] as well as various other physically realistic models
[SV09, CGW14]. This result strongly indicates limits to the application of quantum
computers to simulate ground state physics. On the other hand, it does not exclude the
possibility of efficient quantum algorithms for finding ground states for more restricted
classes of physical systems. There are systems which can be solved exactly analytically
(such as the one-dimensional Ising model in Eq. (1.3)), there are systems which can be
solved numerically by a classical computer (such as one-dimensional systems with a
constant gap, as we will see in Section 1.1.2) and, as we saw above, there are systems
which are likely hard for a quantum computer. An important open question is whether
there are classes of interesting and physically relevant quantum systems for which one
can approximate ground state physics more efficiently with a quantum computer than
with a classical computer. There are various ‘generic’ algorithms which find approxima-
tions to the ground state (all of which have limitations, in line with the hardness of the
problem). Here we discuss two of the most well-known approaches.

(i) The most well-established algorithms are based on a version of phase estimation.
Suppose that U is a unitary, and |y) is an eigenvector with eigenvalue e’?. Phase
estimation is a quantum algorithm which, given access to an oracle implementing
the unitary U, and an initial state |y) which has nonzero overlap with |y), allows
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you to estimate ¢. One may now, for instance, implement (an approximation
of) the unitary U = e’ in some way on a quantum computer, which will have
an eigenvalue e, and apply phase estimation to U to find E, [AL99]. While
a powerful generic algorithm and running in polynomial time in the number
of qubits n, it requires one to have a sufficiently good starting state to have a
reasonable probability of success (for instance, it may be hard to find an initial
state |y) which has Q(m) overlap with |y)).

(ii) A second, more heuristic approach is the class of variational quantum eigen-
solvers (VQE). Here, one considers a class of ansatz states which can be efficiently
prepared on a quantum computer, for instance a collection of short depth local
circuits with some free continuous parameters in the circuit gates. One then uses
a hybrid quantum-classical algorithm to optimize the parameters in this ansatz
class: one uses the quantum computer to compute energy expectation values and
gradients with respect to the parameters, and a classical algorithm (for instance
gradient descent) to find a (local) minimum in the parameter space. This is a
classical optimization problem, using a quantum computer only for a subroutine
which evaluates energies (and energy gradients), which means that one needs
a relatively small number of qubits and relatively short coherence times. This
provides the main advantage of this approach: it may be relatively amenable to
near-term noisy devices, which are not yet able to perform fully fault-tolerant
quantum computation. The main downside is that it is hard to get (rigorous)
guarantees for good approximations and we do not yet know whether using such
methods will be accurate in practice. First of all, one has to choose an ansatz
class which can indeed approximate the ground state to some accuracy, which
is often not clear, and secondly, the optimization problem may be non-convex
and the minimization algorithms may not converge. Finally, when using noisy
devices, one needs to understand the dependence of the noise on the accuracy of
the approximation. For a review and references, see [CAB*21].

In conclusion, an important question with respect to the use of quantum computers
for ground state finding is to determine which systems are amenable to certain types
of simulations and how we can design useful algorithms. A useful lesson seems to be
that in the design of quantum algorithms (and this is especially true for VQE) we should
try to use physical insights and principles. See [BBMC20] for a good overview of the
prospects for quantum computing in many-body physics.

1.1.2 Tensor networks

Quantum information theory has had a profound impact on classical simulation meth-
ods for ground states as well, especially in the form of tensor network methods. A typical
property of gapped geometrically local Hamiltonians on a lattice is that they satisfy an
area law for the entanglement entropy [ECP10]. Here by an area law we mean that if we
have a domain X in the lattice (where | X| is much smaller than the system size) then the
entanglement entropy H(X), scales approximately as |6 X|, the size of the boundary
of X. A closely related fact is that we expect exponentially decaying correlations between
different sites. That is, if O, and O, are hermitian operators on sites x and y, then we
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expect
1tr[0,0,y] — tr[Ox ] tr[O, ]| = B (e ¢4 ™)) (1.4)

where d(x, y) is the distance between x and y and ¢ is the correlation length. This has
motivated the introduction of fensor network states. A good introduction can be found
in [Orul4]. We will sketch the basic concepts. Suppose we have a quantum state |y) on
a tensor product Hilbert space /£ = # ® #5 ® ... ® A, where Ay = C%, then we may
expand |y) in a product basis

W) = Wiriy..in 111) ®li2) ®...® |in).

{ig}

The collection of numbers v, ;,.;, defines a tensor. Of course, in general, the size of
this collection is exponential in 7. Tensor networks provide a method to parametrize a
relevant subset of tensors in an efficient manner, by ‘breaking up v in smaller tensors’.
Given two tensors A and B with coefficients A; ;, ...;, and Bj, j, ... j,, we may for instance
contract A and B along the first indices (provided the corresponding dimensions are
equal) to get a tensor with coefficients

Z AirigyeeinBir j2re jm
i

Now, if we are given a collection of tensors, then we may contract indices along a
graph which is defined by letting the tensors correspond to vertices with a number of
dangling half-edges corresponding to the number of indices the tensor has; we then
indicate which indices are contracted by connecting half-edges to form an edge in the
graph. The resulting tensor has uncontracted indices on all unconnected half-edges.
The dimensions along the contracted edges are called bond dimensions, while the
dimensions along the uncontracted edges are the physical dimensions. See Fig. 1.1 for a
simple illustration. This notation is consistent with the usual diagrammatic notation
for quantum circuits (interpreting the gates as tensors). An equivalent perspective on
this contraction scheme is that one places maximally entangled states along the edges
of the graph and projects the states defined by the local tensors onto these maximally
entangled states. For this reason, such tensor network states are also known as projected
maximally entangled pair states (PEPS). The key idea behind the use of PEPS is that if
you know that the state you are interested in has some restrictions on its entanglement
structure, there may be a natural tensor network ansatz which approximates the state.
An example of a two-dimensional PEPS tensor network is given in Fig. 1.2. In general,
if we have a tensor network state p = |y)(y|, and we let A denote a subset of the
dangling half-edges, then it is easy to see that an upper bound to the rank of p4 is
given by D'74l, where |y 4| is the number of bond edges we have to cut in order to
disconnect A from its complement A€ in the tensor network graph, and where D is the
bond dimension. It follows that the entanglement entropy H(p) 4 is upper bounded
by |y allog(D). From Fig. 1.2 it is clear that on a lattice this upper bound matches an
area law.

Depending on the graph and the bond dimensions, a tensor network representation
can be much more efficient than simply encoding the full state as a tensor. This can be
exploited numerically by performing a variational optimization over this class of tensor
network states to find approximations to the ground state.
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Aij Bjk 2j AijBijk
o~ 0 - “o—-0

Ay A\

Al] Bj,' tr(AB] = Zi,j Aiiji

iz kl i2 kl
i1 /I\ j J k> N i
| i3 |k3 iS kS

Ajliyisj Bijkikoks 2 AirigisjBjkykaks

Figure 1.1: Examples of tensor network contractions, in particular corresponding to matrix
multiplication, the trace of a product of matrices, and in the bottom row, a matrix
product state.

To make this concrete, we will briefly discuss one of the most powerful examples,
which is the class of matrix product states (MPS), which is the one-dimensional version
of PEPS. In this case we consider a one-dimensional chain of N qudits. For convenience
of notation we assume periodic boundary conditions. Fix a local physical dimension d
and a bond dimension D. Then an MPS state is defined by N tensors of size d x D x D,
which we write as Ag.’]?)k forn=1,...,N(s0i=0,...,d-1and j,k=0,...,D—1). Denote

by Ag.”) the D x D matrix with entries {AE.’;}C} j k- Then the associated MPS state is a state
of N qudits, defined by the following product of matrices

) = {izk}tr[Ag.})Ag) A iy i)
The associated tensor network graph is illustrated in Fig. 1.1. For MPS, if we let A < [N]
be an interval, then the entanglement entropy H(A), for p = |y){y/| is upper bounded
by 2log(D) (since we only need to cut two edges to separate A from its complement)
which again is consistent with an area law, since A has a constant size boundary, no
matter the length of the interval! We would like to emphasize that the total number of
parameters in the description of the MPS state |y) is N dD?, so for fixed D this number
of parameters is linear in the system size rather than exponential. If one increases the
bond dimension D to a size exponential in N one can write any quantum state as an
MPS (but one is usually interested in the regime where D is constant or polynomial in N).
For one-dimensional spin systems, the space of ground states of gapped Hamiltonians
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Figure 1.2: A PEPS tensor network on a two-dimensional lattice (with open boundary condi-
tions). We see that if we take a subsystem A, we can separate A from A° by cutting a
number of bonds proportional to the boundary size |0 A|, which matches area law
behaviour of the entanglement entropy.

is well understood. If H is gapped, it is known that the ground state satisfies both an
area law and exponential decay of correlations. One can approximate the ground state
to precision € by an MPS state with bond dimension D = & (poly(N, %)) [Has07], see also
[DB19] for approximations with constant bond dimension which are locally accurate.
Moreover, such an approximation can be found in & (poly(V, %)) by a classical computer
[LVV15]2. From this we conclude that, while in general the problem of finding ground
states of local Hamiltonians is QMA-hard, when we restrict to one-dimensional gapped
Hamiltonians the problem can be solved in polynomial time on a classical computer.
In higher spatial dimensions PEPS tensor networks (as in Fig. 1.2) can also be used to
approximate ground states of Hamiltonians. Nevertheless, this poses various challenges.
On the theoretical side, there are no rigorous approximation results available and there
are various open questions with regards to which states can be accurately represented
by PEPS [CGRPG19]. Applying numerical techniques is also much more challenging.
To compare with MPS, if we would like to contract an MPS state and, for instance,
compute the value of a particular coefficient of the resulting tensor, we simply have to

ZHistorically, the development of tensor networks started with the density matrix renormalization
group (DMRG) algorithm [Whi92] which, in hindsight, was an algorithm for finding MPS approximations
to ground states [Sch11]. While yielding excellent results in practice, there is no rigorous proof for the
correctness of DMRG.
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_______________________________________________

Figure 1.3: A MERA tensor network. The blue tensors are unitaries U, whereas the red tensors
are isometries W. Each layer implements a real-space renormalization by a factor
of two. If we want to cut the tensor network to separate a subsystem A we can do
so by cutting a number of bonds logarithmic in | A|, which allows for a logarithmic
correction to the one-dimensional area law. If the tensor network describes a state
which is translation invariant and scale invariant, all the unitaries may be taken to
be a fixed unitary, and all the isometries may be taken as a fixed isometry.

multiply matrices. For general PEPS the contraction of the tensor network state can
be much more complicated (in general, computing the contracted PEPS tensor from a
collection of N tensors is #P-hard [SWVC07, HHEG20]). Nevertheless, the use of PEPS
tensor network states has become a crucial tool both for theoretical developments in
condensed matter physics (for instance to obtain better understanding of topological
order, see [CPGSV21] for an overview and references) and for numerical computations
in strongly interacting two-dimensional systems.

1.1.3 Entanglement renormalization

When we discussed MPS we focussed on gapped systems. In condensed matter systems
gapless systems typically occur at a phase transition (a critical point) between two dif-
ferent gapped phases. Such systems have polynomially decaying correlation functions,
and in one spatial dimension they have a logarithmic correction to the area law for the
entanglement entropy, that is, the entanglement entropy of an interval A scales with
the logarithm of the size of the interval H(A), ~log(|Al). One can still use MPS states
with bond dimension increasing with the system size to accommodate this entropy
scaling [VCO06]. Another approach is to use that critical points typically satisfy a form of
scale invariance and their continuum limit is described a conformal field theory (CFT)
[FMS12]. Such systems are described by a fixed point of the renormalization group. The
idea of the multi-scale entanglement renormalization ansatz (MERA) is to implement
the renormalization group by a quantum circuit, which can also be seen as a tensor
network [Vid08, Vid07]. This structure is illustrated in Fig. 1.3. We will introduce MERA
in more detail in Chapter 2.

As we saw there is a well-developed theory for MPS states in one-dimensional sys-
tems. For MERA, this theory is much less developed and our understanding is largely
based on numerical experiments. A second motivation to obtain deeper understanding
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of MERA comes from quantum computing. As we saw in Section 1.1, future applica-
tions of quantum computers to simulation of ground state physics might benefit from
carefully considering physical principles in designing algorithms. Real-space renormal-
ization could be such a foundational principle, again especially for critical systems. As
MERA is a tensor network with a unitary structure it is well suited to use in a quantum
computer for VQE algorithms, an idea which has been advocated in [KS17a]. Thus, there
is s strong twofold motivation for developing theory and design principles for MERA,
leading to one of the guiding questions for Part I of this dissertation:

Can we prove that MERA is an accurate ansatz class for critical quantum systems?

In this dissertation we work out an idea from [EW16, HSW™ 18]: for free theories one
can analytically construct MERA tensor networks by second quantization of discrete
wavelet transforms. A wavelet transform is a localized analog of the Fourier transform,
and has a similar dyadic recursive structure as MERA. We show that the connection
between MERA and wavelets can be extended to a wide class of free bosonic systems.

Numerically, it can be seen that many properties of the limiting CFT of a critical
lattice system are approximately encoded in a MERA tensor network for the lattice
model. This leads to a second question we explore in Part I:

What is the relation between entanglement renormalization and quantum field
theory?

We show that there is a close relation to the quantum field theory limit of the lattice
models we consider and the continuous wavelet transform, which is itself a continuous
limit of the discrete wavelet transform. We use this correspondence to show that MERA
can be used to approximate correlation functions of these field theories, providing a
new approach to quantum simulation of quantum field theories. While this work is
for a class of free theories (which can therefore be simulated efficiently in any case),
we hope this provides a foundation for further work on understanding entanglement
renormalization for other classes of critical quantum systems. In Part [ we start with an
introduction and review of entanglement renormalization in Chapter 2 and we review
relevant aspects of wavelet theory in Chapter 3. Then, in Chapter 4 we come to our first
main result: a construction of fermionic entanglement renormalization circuits and an
analysis of their accuracy for a fermionic quantum field theory. Our second main result
is in Chapter 5, where we work out an analogous construction for bosonic systems.

1.2 Unitary quantum dynamics

In Section 1.1 we discussed the problem of understanding the structure of ground
states in many-body quantum physics, and using quantum and classical computers
to simulate these states. We now move to the topic of understanding the dynamics of
quantum systems. Given a Hamiltonian H on a Hilbert space ./, and an initial state |y),
after time ¢ the system will have evolved (assuming we have a closed system which is
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completely described by H) to a state |y (1)) = exp(—i Ht) |yv) = U; |yw) where Uy is the
unitary exp(—iHt). Or, if we start with a density matrix p, the time evolved density
matrix is given by U;pU;

More generally, if H(1) is time dependent, the state evolves along the Schodinger
equation

Ocly () =—iH@®) |w(1).

with initial condition |¥(0)) = [y). The solution to the Schédinger equation defines uni-
tary operators U; such that |y (1)) = U, |y) for any initial state |y). The above describes
time evolution in the Schrodinger picture, where one keeps track of how the quantum
state changes. Equivalently, one can keep the initial state fixed, and instead evolve
observables. Recall that if O is some self-adjoint operator on ./ then the expected value
of O in the state p is given by tr[pO]. If we time evolve

tr[p() 0] = tr[UypU; O] = tr[pU; OU;] = tr[pO(1)]

where we defined the time evolved observable as O(¢) = U;OU;. This is called the
Heisenberg picture and for technical reasons this perspective can be more convenient
for infinite dimensional systems (which we encounter in Part II).

1.2.1 Lieb-Robinson bounds

In Section 1.1 we saw that if we consider geometrically local Hamiltonians, the ground
states have certain restrictions (such as an area law). What are the implications of the
geometrically local nature of Hamiltonians to time evolution? Intuitively, if we have
a system with only local interactions, information will travel through the system at
most at some finite speed. This intuition is correct and is quantified by the so-called
Lieb-Robinson bounds [LR72]. We study this question in the Heisenberg picture. Let H
be a geometrically local Hamiltonian on a lattice I'. Consider an operator Ox which has
support on a finite subset of sites X c I' (that is, Oy is a tensor product of some operator
on X and the identity operator on I' \ X). Then, we claim that after time evolution
along H for time t, Ox(f) is approximately supported in a ball of some finite radius
around X. Equivalently, Ox(#) approximately commutes with all operators which are
outside this ball. The precise formulation is given by the Lieb-Robinson bounds, which
state that for any Oy supported on sites Y < I' it holds that

110X (), Oy]|l < Ce *@XYI=vDg Oy| (1.5)

where «, v and C are constants (which depend on I and H and where C may depend
on the size of the sets X and Y) and d(X, Y) is the distance between the sets X and Y.
From Eq. (1.5) we see that when Y has distance from X greater than v, the commutator
decreases exponentially, so Ox(?) is approximately supported on a ball of radius of
the order v¢. The constant v is called the Lieb-Robinson velocity and bounds the
information propagation speed.

It may be instructive to compare these results with the situation for a quantum
field theory. There, one assumes a different form of locality which implies a strict
lightcone of influence. That is, v is analogous to the speed of light ¢, but in a quantum
field theory [Ox (1), Oy] = 0 if the distance between X and Y is greater than ct. We
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have presented a simple version of the Lieb-Robinson bounds, but there are many
variations, for instance for interactions which are not strictly local but have (exponential
or polynomial) decay with the interaction distance, see [NSY19] for a general discussion
of Lieb-Robinson bounds. We provide further detail in Section 9.1. The Lieb-Robinson
bounds show that in quantum lattice systems, while there is no fundamental speed
limit, an approximate speed limit nevertheless arises (as it should, as one expects that
the continuum limit of the spin system can be approximated by a quantum field theory).

The Lieb-Robinson bounds are a fundamental result, and have found various appli-
cations, amongst which a rigorous proof for the decay of correlations as in Eq. (1.4) for
gapped systems [HKO06].

1.2.2 Quantum simulation of dynamics

The possibility of simulating unitary quantum dynamics given a description of the
Hamiltonian is potentially one of the most important applications of a quantum com-
puter. It was in fact one of the original motivations for Feynman to propose the concept
of quantum computation [F82]. It is crucial for a good understanding of quantum
many-body systems, and moreover the problem is BQP-complete, and therefore likely
to be hard in general on a classical computer. The difference between classical and
quantum computers is therefore more clearly visible for this problem than for prob-
lems involving ground states: while we do not know of any subexponential classical
algorithms to simulate quantum dynamics, a quantum computer is (almost by def-
inition) well-suited to perform such simulations. In our description of using phase
estimation for ground state finding we needed to implement time evolutions along
some Hamiltonian as well, and therefore these algorithms also benefit from accurate
and fast quantum algorithms for Hamiltonian evolution.

There are two main approaches to simulation of evolution along a local Hamiltonian
on a quantum computer.

(i) The first method is known as Trotterization and was first suggested as a quantum
algorithm in [L1096]. The basic idea is that if we are given a local Hamiltonian H
as in Eq. (1.2) where the local terms || Hx| have bounded norm. Suppose that
we can write H = H; + H, where H; and H, consist of local terms which do not
overlap. For example, for the Ising Hamiltonian in Eq. (1.3) we could take H;
to be the sum over all terms with n even and H, the sum over all terms with n
odd. By the Baker-Campbell-Hausdorff we have the Suzuki-Trotter expansion
given by e/ ! = (g!h!/NglH2tINYN +@(t—]\2]). If we take N = @(%2) we thus obtain
an O (¢)-approximation to the time evolution. Since H; and H» are sums of dis-
joint local terms we can write e’ 177 and e'f1!/" a5 a layer of quantum gates. This
yields a quantum circuit of depth N = ﬁ(%z) which approximates the unitary time
evolution. There are many refinements and generalizations of this procedure,
in particular for Hamiltonians which need not be geometrically local, and ap-
proaches involving higher order commutators in the Baker-Campbell-Hausdorff
formula leading to better scaling (for instance, a (near) linear scaling in ¢ is desir-
able). See [CST*21] for state of the art results on Trotterization.

(ii) A second approach uses Lieb-Robinson bounds to approximate dynamics for a ge-
ometrically local Hamiltonian [HHKL18, TGS™ 19]. In this approach one uses that
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if A, B and C are lattice subsystems with AUBUC =T, and we write Hy, for the re-
strictions of the Hamiltonian to a subset Y < T (that is, it consists of all terms which
have support inside Y), then we can approximate e~ '#? = e=iHaus! giHpt p=iHpuct
if we choose the regions such that A and C are separated by a sufficiently large
distance. The approximation error is then bounded by the Lieb-Robinson bounds.
This decomposition can be used in an iterative fashion to decompose e~*/* into a
quantum circuit.

There are also various other approaches, for instance methods based on qubitization
[LC19] and quantum signal processing [LC17].

1.2.3 Quantum cellular automata

A useful model to study locality in quantum dynamics is that of a quantum cellular
automaton (QCA). A QCA of radius R is a unitary which maps any local operator Ox
supported on a set X to an operator supported on sites within radius R of X. Straight-
forward examples are local quantum circuits and translations. In one spatial dimension,
QCAs are completely classified [GNVW12]. Using an index which measures an informa-
tion flow it was shown that any such QCA can be written as a composition of a local
circuit and a shift operator. Here the index can be thought of as an obstruction to writing
the QCA as a circuit. As we saw that physical dynamics typically only preserve locality
approximately, it is interesting to generalize the notion of a QCA to a version with ap-
proximate locality. In Part Il we introduce this generalization as approximately locality
preserving unitaries (ALPUSs). As for QCAs, there is no continuous time evolution, but
rather a single time step. The analog of quantum circuits is formed by time evolutions
along time-dependent Hamiltonians. This leads to the following natural question:

Given a unitary satisfying Lieb-Robinson bounds (i.e. an ALPU), can it be generated
by some time-dependent local Hamiltonian? If not, what are the obstructions?

We show that in one spatial dimension, the index theory of [GNVW12] can be ex-
tended to ALPUs, leading to a similar classification, with Hamiltonian evolutions being
the analog of quantum circuits. In particular, this gives a criterion for when an ALPU
can be written as a Hamiltonian evolution.

As we saw, Hamiltonian evolutions can be approximated to arbitrary accuracy by
quantum circuits. This raises a second fundamental question:

Can any ALPU be approximated to arbitrary accuracy by a QCA?

Since the ALPU consists of a single time step and there is no Hamiltonian, Trotter-
ization is not applicable. The Lieb-Robinson bounds based methods for simulation
are already closer in spirit, but also in that case one fundamentally uses the Hamil-
tonian. However, we are nevertheless able to affirmatively answer this question for
one-dimensional systems.

In Chapter 6 we introduce the theory of QCAs. In Chapter 7 we review elements
of the theory of operator algebras and a result on perturbations of algebras which is
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the key technical ingredient for our results. Next, in Chapter 8 we review the index
theory of [GNVWI12] and give a new expression for this index in terms of the mutual
information. Chapter 9 contains our main results: the approximation of ALPUs by QCAs
and an extension of the index theory to ALPUs.

1.3 Quantum information and quantum gravity

A third domain in which there is a lively dialogue between quantum information theory
and many-body physics is in the study of quantum gravity. Quantum gravity poses one
of the deepest open problems in theoretical physics. Of the fundamental physical forces
known to us it is the only one which has not been incorporated in the Standard Model
of particle physics. In almost all practical situations gravity is a very weak force and can
be treated semi-classically. Nevertheless, understanding quantum gravity is required to
understand some of the most fascinating phenomena in the universe, such as the Big
Bang and black holes, both of which involve situations where gravity is a strong force
compared to the length scales at which quantum effects become relevant, and a fully
quantum theory of gravity is necessary. Naive approaches to formulating a theory of
quantum gravity immediately run into problems: quantizations of general relativity are
in general not renormalizable, and hence do not provide a well-defined quantum theory.
The fact that gravity is such a weak force also implies that it is extremely challenging to
study quantum gravity empirically, as one would need access to energy scales which are
far out of reach for current experiments. One particular physical phenomenon where
quantum gravity plays a crucial rol is in black holes. While classically, any observer
passing the black hole horizon will never be able to return, it has been shown that black
holes are radiating objects quantumly, emitting Hawking radiation [Haw75]. However,
it appears that this radiation is completely thermal, containing no information about
the mass that collapsed to form the black hole. This poses a puzzle: the black hole can in
fact completely evaporate, but it seems there is information loss which is incompatible
with global unitary evolution of the universe.

Below we will discuss one specific approach to quantum gravity, which is strongly
motivated by understanding black hole physics.

1.3.1 Entropies in holography

An important observation from the study of black holes and Hawking radiation is that
black holes appear to have an entropy which scales with the surface area of the black
hole (as can be deduced from the temperature of the Hawking radiation) and has later
been confirmed by string theory calculations [Haw76, Bek20, SV96]. This is rather re-
markable: naively one expects that the entropy of matter scales with volume rather
than area. This has led to the proposal that quantum gravity could be of a holographic
nature: if we consider some volume of four-dimensional space-time, the full informa-
tion content of this region can be described by information on the three-dimensional
boundary, or in other words, the four space-time dimensions we observe are really an
emergent phenomenon of a theory which is fundamentally three-dimensional. This
idea has found considerable theoretical support from the discovery of the AdS/CFT
correspondence [Mal99], in which it can be shown that various string theoriesona d +1-
dimensional Anti-de Sitter (bulk) space are equivalent to a nongravitational conformal



(a) Hlustration of the RT-formula Eq. (1.6)
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(b) A tensor network toy model for a holo-
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bolic space, and minimal cuts in the
graph correspond to minimal surfaces.

field theory (CFT) on a d-dimensional (boundary) space. Here the AdS space is a type
of space which has negative curvature (as opposed to the observed universe) and has
the property that light rays reach its conformal boundary in finite time. A useful way of
thinking about this property is that AdS is gravity ‘confined in a box’ to make the analysis
easier. Intriguingly, in the AdS/CFT correspondence, weak and strong interaction are
reversed: a strongly coupled boundary CFT corresponds to bulk gravity with weak (semi-
classical) gravity. This means that AdS/CFT is not only an example of a well-defined
theory of quantum gravity, but also a powerful tool in the study of certain strongly
coupled quantum field theories. See [AE15] for an introduction and applications of
holography. Quantum information theory has taken a centre stage in understanding
how the bulk space-time arises from the boundary theory. One crucial insight which ties
quantum information theory to holographic quantum gravity is the Ryu-Takayanagi
(RT) formula [RT06a, RT06b]. This formula states that if one takes a state p which is dual
to a stationary bulk space-time, and we consider a subregion A of a spatial slice of the
boundary theory (which is the boundary of a bulk spatial slice), then the entanglement
entropy H(A), can be computed (on suitable regularization) as

Arealys) + .

H(A)p = min G
N

(1.6)
where we consider the minimization over the areas of surfaces y 4 in a spatial slice of
the bulk space-time which separate A from its complement, as in Fig. 1.4a. In this
formula Gy is the Newton constant and the corrections to the area term are quantum
corrections which are small for large Gy. A further question is what ‘information’ about
the bulk can be reconstructed from p 4. Since the bulk and boundary theories are equiv-
alent, one can reconstruct the bulk state from knowing the full boundary state. If we
restrict to the reduced state p 4 it turns out we can ‘reconstruct’ the part of space which
is bounded by the minimal surface in Eq. (1.6). This region is called the entanglement
wedge, and the corresponding reconstruction procedure is called entanglement wedge
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reconstruction. See for instance [CMMN19] for a quantum information perspective on
entanglement wedge reconstruction. These considerations make clear that quantum in-
formation in the boundary theory plays a crucial role in the spatial structure of the bulk
gravity and motivates the slogan ‘space-time emerges from the entanglement structure
of the boundary theory’ In the above discussion of the RT formula, we restricted to
the most straightforward situation where we have a stationary state; generalizations
for general time-dependent states and states with entropic matter in the bulk have
been proposed as well [HRT07, FLM13, EW15]. These generalizations have played an
important role in recent advances in understanding the black hole information paradox.

1.3.2 Holographic toy models and random tensor networks

Holographic theories of quantum gravity may be relatively well-controlled, they are still
complicated strongly-coupled quantum field theories. For this reason, it has been very
helpful in our understanding of quantum information principles in holography to study
simple toy models which mimic holographic theories in important aspects. One exam-
ple are relatively simple models of gravity (such as JT gravity, and its approximation by
the SYK model as a boundary theory) in which more explicit computations are possible.
Other prominent examples of toy models are constructed as tensor networks. Recall
that for a tensor network, if we look at a subsystem A, any edge cut y 4 in the network
separating A from its complement gives an upper bound on the entropy of log(D)|y al,
where D is the bond dimension. Thus, we get an upper bound given by the minimal cut
in the tensor network. If this upper bound is (approximately) saturated, one could think
of this as a version of the RT-formula, where one has dangling edges (on which the state
lives) as the ‘boundary’ and internal nodes of the network as the ‘bulk’. This analogy is
illustrated in Fig. 1.4b. There are various methods to construct such tensor networks.
One of the first developments in this regard was the observation that the structure of
MERA bears similarity to the holographic principle [Swil2a]: it models a CFT, and the
circuit extends into an additional ‘scale dimension’. Moreover, the tensor network is
reminiscent of a hyperbolic (AdS) space, and the cut shown in Fig. 1.3 is similar to an RT
surface. Another example is provided by the HaPPY tensor network [PYHP15] which can
be constructed on an arbitrary graph with vertices with fixed degree, and which uses
perfect tensors (tensors which are isometries under any bipartition of the half-edges)
to ensure that for relevant cuts the minimal cut upper bound is saturated. This can
also be used as a toy model for bulk reconstruction: one can construct tensor networks
which also have degrees of freedom in the bulk. This perspective has been helpful in
thing about bulk reconstruction in terms of an error correcting code: a code space of
bulk degrees of freedom is encoded in the boundary Hilbert space, and restricting to
a boundary subregion corresponds to an erasure error on the complement [Har17].
The error correction perspective has been useful for understanding the emergence of
locality in the bulk [ADH15, Har18].

Finally, a very useful and versatile toy model has been the class of random tensor
networks [HNQ"16], which will be the topic of Part III. This is simply a PEPS tensor
network where the tensors are taken to be uniformly random tensors. It can be shown
that, with high probability, these models approximately satisfy the RT formula and
have the desired error correction (bulk reconstruction) properties. It has been argued
that there is a strong correspondence between fixed-area states (which do not take into
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account that there are fluctuations in the size of the minimal surface and have a flat
entanglement spectrum) in holography and random tensor network states [DHM19].
One may wonder:

Can random tensor networks be used as a toy model for holographic quantum
gravity beyond fixed area states?

We study a model where the maximally entangled states in the PEPS construction are
replaced by arbitrary entangled states. This reproduces non-flat entanglement spectra.
Moreover, this is particularly well suited to study interesting recent developments
in the connection between one-shot quantum information theory and holography
[AP20, AP22] which allows for a more general understanding of the RT formula and bulk
reconstruction. To test the usefulness of this model, we study the following fundamental
holographic question:

What happens at a phase transition between two different RT surfaces?

That is, what happens to the RT formula and its generalization when there are
two competing minimal surfaces of approximately the same minimal size. This is an
important question: such a phase transition is the basis for holographic computations
of the Page curve. Also, it is close related to a phase transition between two disjoint
regions, which are either entangled or not (their entanglement wedge is connected
or disconnected). We study this question for random tensor network states with two
competing minimal cuts, and we show that there are corrections to the RT formula and
the entanglement spectrum, confirming and mirroring computations for holographic
systems [PSSY19, MWW20, AP20], using methods from random matrix theory and one-
shot quantum information theory.

In Chapter 10 we introduce aspects of quantum information theory in holographic
quantum gravity, elaborating in Chapter 11 on the use of the replica trick. Then, in Chap-
ter 12 we introduce the random tensor network model formally and discuss the replica
trick for random tensor networks. Chapter 13 and Chapter 14 contain our main re-
sults of Part I11: proofs of convergence of the entanglement spectra of random tensor
networks with nontrivial link states in two different regimes.

Notation and conventions

We now introduce some general notations and conventions we will use throughout
the dissertation. Given a Hilbert space /#, we write (:,-) for the inner product and ||-|
for the norm of vectors. We denote by B (/) the space of bounded operators on .4
and the operator norm of an operator A by || A|. We denote Hermitian adjoints by A*,
and we write A < A’ if the difference A’ — A is positive semidefinite. We denote identity
operators by I 7 and leave out the subscript if the Hilbert space is clear from the context.

1
For a linear operator A we write | All, = tr[(A* A) §] r for the Schatten p-norm (mostly
the cases p = 1,2 will be relevant). For the finite dimensional Hilbert space C", we



use bra-ket notation and write |0),...,|n— 1) for the standard basis. If |¢) is a vector
in bra-ket notation, we use the convention that ¢ = |¢)(¢| is the associated projector
(quantum state if [¢) is normalized). For n € N, we write [n] := {1,..., n} and for a set X
we write | X| for the number of elements of the set. Apart from these generalities, we will
introduce notation and recall definitions throughout the main body.
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CHAPTER 2

Introduction to entanglement
renormalization

One of the most promising applications of quantum computers is the simulation
of strongly correlated quantum systems. A problem of special interest is finding the
ground state of some given Hamiltonian. As we saw in Section 1.1 this is generally a
difficult problem, but there is good hope that ground states for physically relevant quan-
tum systems can be found efficiently by a quantum computer. In this light, a closely
related (weaker) question is whether the ground state of a Hamiltonian of interest can
be prepared or approximated by a quantum circuit of low depth. From the perspective
of classical computation, a similar question is whether this ground state can be approx-
imated by a tensor network state in an ansatz class with a relatively small number of
parameters.

In this part of the dissertation, which is based on [WW21c, WSSW22], we will ad-
dress this question for a very specific class of one-dimensional quantum systems (free
fermions and free bosons) and provide a theoretical analysis of one approach to such
quantum circuits (and associated tensor networks) which is known as entanglement
renormalization using wavelets. In the current chapter we provide a brief introduction
to entanglement renormalization and give an informal overview of our results. In Chap-
ter 3 we review basic wavelet theory and provide proofs of various useful results. We
first discuss fermionic entanglement renormalization in Chapter 4. Then, in Chapter 5
we discuss the bosonic version.

2.1 Entanglement renormalization

An important task in the study of quantum many-body systems is finding useful pa-
rameterizations of physically relevant quantum states. In Section 1.1.2 we encountered
one particular approach, which is by using tensor network states, which are defined
by contractions of local tensors according to a network or graph structure. This gives
a natural way to prescribe the entanglement structure of the state, while retaining the
ability to describe interesting states such as low energy states of local Hamiltonians. Ten-
sor networks are particularly useful to implement real-space renormalization inspired
numerical methods for strongly interacting quantum many-body systems. In one spatial
dimension, prominent examples are the density matrix renormalization group [Whi92],
with the associated tensor network class of matrix product states (MPS) we defined
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Figure 2.1: The structure of an entanglement renormalization circuit. Each layer is a constant
depth quantum circuit that is supposed to implement a real-space renormalization.
Every layer takes as input the output of the previous layer and a product state,
resulting in an entangled quantum state at the bottom. Layers further up in the
figure correspond to structure at larger scales.

in Section 1.1.2 and entanglement renormalization [Vid07], with the corresponding
multiscale entanglement renormalization ansatz (MERA) states [Vid07, Vid08]. The
idea of entanglement renormalization is to perform real-space renormalization (so the
renormalization is spatially local) in a unitary fashion. Intuitively, it can be described as
follows. We start with the ground state |y) of a Hamiltonian H on a one-dimensional lat-
tice Z, which is a potentially highly entangled state. We apply a local quantum quantum
circuit to |y) which is such that it maps |¥) — [0oqd) ® |Peven). That is, |y) is mapped to
a state which is a product state (e.g. the |0) state) on the odd sublattice, and to a state |¢)
on the even sublattice which is still entangled, and can be thought of as the ground state
of a new (renormalized) Hamiltonian. If the model was at a critical point, this could
be the same Hamiltonian. We can interpret this process as ‘disentangling the short
range entanglement’ and |¢) contains the remaining long-range entanglement. We may
then apply the same procedure to |¢p) and iterate this process, each time reducing the
nontrivial degrees of freedom by a factor of two. If the model is critical, we may take each
layer to be identical. Importantly, this process can be applied in two different directions.
Either one can see it (as described above) as taking the state |y) and disentangling it
layer by layer. Alternatively, we can read the circuit in the other direction, and use it to
prepare the state |y) starting from a product state on each layer and some appropriate
state at the ‘top’ layer. Typically, given a (critical) Hamiltonian one can not prepare
the ground state exactly in this way, but only approximately, where the approximation
becomes more accurate with increasing circuit depth.

Importantly, this process can be applied in two different directions. Either one
can see it (as describe above) as taking the state ) and disentangling it layer by layer.
Alternatively, we can of course read the circuit in the other direction, and use it to prepare
the state |y) starting from a product state. Typically, given a (critical) Hamiltonian one
can not prepare the ground state exactly in this way, but only approximately, where the
approximation becomes more accurate with increasing circuit depth. We have not yet
specified what the state at the ‘top’ layer of the circuit should be. However, one can show
that for a sufficiently large number of layers (logarithmic in the system size), the choice
of state on the top level does not influence the resulting MERA state by much [KK17].
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Figure 2.2: (a) A single layer in the MERA ansatz. Here u is a unitary, and w an isometry. If the
local degrees of freedom are qubits, this would be a MERA with bond dimension
x = 4. (b) Every entanglement renormalization circuit can be written as a MERA (the
converse need not be true) by grouping the unitaries in the circuit appropriately as
shown here, see also [KK17].

In general MERA tensor networks, the renormalization layer is often described as the
application of first a unitary to a number of neighbouring sites (which can be thought
of as disentangling the sort range entanglement of these sites) and then applying (the
adjoint of) an isometry to the output of neighbouring unitaries (which can be thought
of as projecting onto the renormalized state). This structure is shown in Fig. 1.3. In
other words, a MERA tensor network state prepares an (approximate) ground state
through a series of layers, each of which consists of isometries followed by local unitary
transformations. The dimension of the input Hilbert space for the isometry is called the
bond dimension. For a scale-invariant theory, each of the layers can be taken identical.
The MERA described here is a so-called binary MERA, other structures (for instance
ternary MERA [EV(09a]) are also possible.

The way in which MERA is typically used for computational problems is in vari-
ational algorithms. That is, one takes the MERA states as an ansatz class and then
minimizes the energy (Wmgeral H|Wmera) over this class. A crucial aspect of MERA
which allows one to perform this optimization relatively efficiently is that the unitary
structure of the network gives rise to a causal cone, so one can perform the optimization
with respect to local terms in the Hamiltonian on a local patch of the tensor network.
See for instance [EV09a, HVDH21] for gradient descent based numerical methods to
perform this optimization.

Unfortunately our analytic understanding of entanglement renormalization is still
limited (as compared to for instance MPS). Ideally, one would like to know conditions
under which the ground state of a Hamiltonian can be approximated as a MERA state,
and how the approximation accuracy scales with the bond dimension.
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2.1.1 Entanglement renormalization and quantum computing

In our constructions we actually obtain low-depth local quantum circuits implementing
the entanglement renormalization layer, as shown in Fig. 2.1, and for this reason we will
often use the term entanglement renormalization circuits rather than MERA throughout
this part of the dissertation. This is a relevant distinction, as this class of states can be
prepared efficiently on a quantum computer, which makes them a promising ansatz
class for variational optimization on a quantum computer. This latter perspective was
introduced in [KS17a], where the corresponding class was called DMERA. In Fig. 2.2 it is
illustrated how an entanglement renormalization circuit is a special case of MERA, by
blocking together gates in the circuit to form the unitaries and isometries in the usual
binary MERA. One also sees that increasing circuit depth corresponds to exponentially
increasing bond dimension. The main bottleneck in classical algorithms for MERA is
the contraction of the tensor network state to compute for instance expectation values
of observables (which is necessary for all variational algorithms). These contractions
scale polynomially in the bond dimension y, for instance in practice as @(y°) for the
binary MERA [EV09a]. While polynomial in y, this quickly becomes computationally
expensive. If we consider an entanglement renormalization circuit, y is exponential in
the circuit depth, so the contraction cost using known classical contraction algorithms
increases exponentially with increasing circuit depth. On the other hand, the ansatz
is already given as a quantum circuit, so the computation of expectation values of ob-
servables is efficient on a quantum computer: the number of layers required is typically
logarithmic in the system size, and the circuit depth of a single layer typically scales
polylogarithmically in the desired error. This suggests that one may use a quantum
computer to perform the tensor network contractions, and a classical computer to
perform the optimization over the parameters in the circuit [KS17a], in other words,
to use entanglement renormalization circuits for a VQE as discussed in Section 1.1.
Note that entanglement renormalization circuits are a subclass of general MERA, and
potentially MERA could be more expressive with the same number of parameters. How-
ever, from numerical evidence [HGPC21] it appears that the accuracy of entanglement
renormalization circuits (DMERA) still scales favorably with the number of variational
parameters compared to regular MERA.

A final appealing property of entanglement renormalization circuits is that they are
robust to small errors (a phenomenon we will also encounter in our results). Naively, ap-
plying multiple short-depth circuits would lead to an accumulation of errors. However,
the scale-invariant nature of MERA ensures that errors in ‘deep’ layers will not contribute
too much. This property makes them interesting candidates for noisy intermediate-
scale quantum (NISQ) devices [KS17a, BCSF21, Pre18] which are not capable of fault-
tolerant quantum computation.

2.1.2 Entanglement renormalization and quantum field theory

Entanglement renormalization is especially interesting and useful for critical systems
(i.e. systems at a phase transition, where the energy gap from the ground state to
the first excited state vanishes). In physical systems, at a critical point, it typically
happens that the system becomes scale invariant. Intuitively, this means that the
system is invariant under ‘zooming in and out’ when renormalizing (that is, the state
is a fixed point of the renormalization group). This means that the behaviour of the
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Figure 2.3: Under the MERA superoperator a discretization O of a field operator with scaling
dimension A is an eigenvector with eigenvalue approximately equal to 272.

system at this point is described by a scale-invariant quantum field theory, a conformal
field theory (CFT) [FMS12]. Correspondingly, one can take identical layers in a MERA
description of the state. Interestingly, one can reconstruct various properties of the
CFT that describes the state from the MERA superoperator. The MERA superoperator
is the operation of applying a single layer of entanglement renormalization. From
the field theory perspective this superoperator should correspond to ‘zooming out’
by a factor of two. In a CFT, the fields are conveniently organized by their behaviour
under rescaling transformations, determined by the scaling dimensions. If ¢, is a field
with with scaling dimension A, one expects that under rescaling by a factor 2 the field
transforms as ¢(x) — Z_A(,b(g). It turns out that if one computes at eigenvalues of the
MERA superoperator one approximately recovers some of the scaling of the theory,
as illustrated in Fig. 2.3. It is also possible to recover OPE coefficients [EV13]. This
phenomenon is intuitively plausible, but a thorough theoretical understanding of which
conformal data are captured, and how this depends on the bond dimension, is still
lacking. We will see that in the wavelet construction of entanglement renormalization for
free theories there is a natural connection to the corresponding quantum field theories
and one can exactly reproduce various scaling dimensions (with a clear interpretation).

To provide a broader perspective, we mention that several approaches have been
proposed to extend the notion of quantum circuits and more generally of tensor net-
works to quantum field theories. Roughly speaking there are two distinct routes: one
is to define a variational class of continuum states, whereas the other is to consider a
restricted set of observables and try to approximate correlation functions of these ob-
servables. An example of the former is cMERA [HOVV13], which defines a class of states
that arise from a real-space renormalization procedure. In this case the ‘quantum circuit’
that performs the entanglement renormalization is also continuous. Another example
is cMPS [VC10], which can be interpreted as a path integral [BHJ " 12]. Both cMERA and
cMPS have been successfully demonstrated numerically for free theories, and these
classes of states have also been used as a basis for perturbation theory [CMMN19]
and variational algorithms [HCO™10] for 1+1 dimensional quantum field theories. In



26 Chapter 2. Introduction to entanglement renormalization

particular, cMPS can be used as a variational ansatz to study interacting field theories
at very high precision, see for instance [VC10, GRV17]. Yet rigorous proofs have largely
been elusive. We will follow the second route, by considering correlation functions
of smeared operators. These operators are discretized at an appropriate scale and an
ordinary (entanglement renormalization) quantum circuit is used to prepare a state
with which to compute their correlation functions.

A final motivation to investigate tensor networks for conformal field theories is
provided by the wish to study holography and the AdS/CFT correspondence, which
we encountered in Section 1.3. It has been remarked that entanglement renormaliza-
tion has a structure reminiscent of this duality [Swil2b], as the circuit reorganizes a
critical one-dimensional system to a two-dimensional structure that is a discretization
of AdS space, although the precise connection to holographic theories is still being
developed [BCC* 15, MV18a]. Any MERA tensor network can be extended to a unitary
quantum circuit by extending the isometries to unitaries with an auxiliary input, so that
the MERA is recovered by applying the circuit to an appropriate product state. Such
extensions are not unique. In contrast, the wavelet based constructions naturally yield
unitary quantum circuits that reorganizes the degrees of freedom of the Dirac theory in
one higher dimension, by position and scale, cleanly separating positive and negative
energy modes of the Dirac fermion. Thus it can be seen as a circuit realization of a holo-
graphic mapping for an actual conformal field theory, complementing tensor network
toy models of holographic mappings as proposed in [PYHP15, YHQ16, HNQ* 16, NW16].
Of course, the relation to holography should be seen here as merely an analogy, as
actual holographic quantum field theories with an AdS dual gravity theory are strongly
interacting theories rather than free field theories.

2.1.3 Entanglement renormalization and wavelets

Unfortunately our analytic understanding of entanglement renormalization is still
limited (as compared to for instance MPS). Ideally, one would like to know conditions
under which the ground state of a Hamiltonian can be approximated as a MERA state,
and how the approximation accuracy scales with the bond dimension. One direction in
which progress to such analytic understanding has been made, and as will be described
in detail in this part of the dissertation, is in connection to wavelets.

Wavelet transforms decompose a signal as a linear combination of localized wave
packets or ‘wavelets’ at different scales (as compared to the Fourier transform, which
uses plane waves). We will review the wavelet transform in some detail in Chapter 3. For
now we give a brief informal description so we can explain the relation to entanglement
renormalization.

In each step of the discrete wavelet transforms a signal f is decomposed into a high-
frequency component f;, (the ‘details’ of the signal) and a low-frequency component f;
(the ‘large scale structure’ of the signal) by applying a high-frequency (wavelet) filter g,
and low-frequency (scaling) filter g; and subsampling the result on the even sublattice.
The wavelet transform then proceeds iteratively on the low-frequency component of
the signal. The original signal can be reconstructed using the filters g,, and g, as
well. In fact, if one iterates this reconstruction procedure, one can construct a limiting
continuous function ¥ from the filters. This leads to the continuous wavelet transform:

it turns out that shifted and scaled versions of v, given by v ; . (x) = 2%1//(21 x— k) form
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Figure 2.4: An illustration of the (discrete) wavelet decomposition map W. It decomposes a
signal f into a scaling (low-frequency) signal f; and a wavelet (high-frequency) signal
fw- This can be applied iteratively to the scaling signal; each layer of W ‘zooms out’
by a factor of 2. The transform W can be written as a classical circuit which can be
second quantized to obtain an entanglement renormalization circuit.

an orthonormal basis for the space of square-integrable functions. The fact that these
functions are compactly supported, yet allow for a Fourier-type function decomposition
has led to the nomenclature wavelet function for v.

The structure and philosophy of the discrete wavelet transform is very similar to
real-space renormalization, and its original development was partially motivated by
applications in real-space renormalization [Bat99]. In particular, the iterative nature
of the wavelet transform bears a close similarity to entanglement renormalization: in
this case each layer of the circuit disentangles the ‘high frequency’ (short scale) entan-
glement, and then proceeds iteratively with the remaining ‘low frequency’ (long scale)
degrees of freedom, which are now organized on a coarse-grained lattice. Moreover, to
deepen the analogy, the discrete wavelet transform can be written as a ‘circuit’, which
is a ‘classical’ (or single-particle) circuit in the sense that it acts on direct sums of de-
grees of freedom rather than a tensor product. In [EW16, HSW*18] it was shown that
this more than just an analogy: second quantization of an appropriate pair of discrete
wavelet transforms gives rise to fermionic entanglement renormalization circuits for
a critical lattice fermion. In other words, one considers the second quantization of a
single-particle circuit, which is given by a wavelet transform. Through a Jordan-Wigner
transformation this is equivalent to a quantum circuit on a chain of qubits approximat-
ing the ground state of the critical Ising model. These ideas are illustrated in Fig. 2.4.
In fact, the wavelet-based entanglement renormalization circuits from [EW16] have
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recently been implemented on an ion trap quantum computer in [S]21].

2.2 Summary of contributions

In this part of the dissertation we will outline how second quantization of wavelet trans-
forms gives rise to entanglement renormalization for one-dimensional free fermions
and bosons. Here, a free Hamiltonian is a Hamiltonian which is quadratic in the
(fermionic or bosonic) creation and annihilation operators. In practice, ground states
for one-dimensional systems can be simulated very accurately using MPS methods
(such as DMRG) even at critical points (which are numerically more challenging than
gapped phases). Also, the Hamiltonians of the free systems we study in this part of
the dissertation are actually analytically solvable. Nevertheless, our results provide a
potentially useful perspective on the simulation of many-body quantum systems: as
discussed above using entanglement renormalization circuits as a variational ansatz
can potentially speed up computations for (critical) lattice systems in one dimension for
non-free systems as well. Secondly, entanglement renormalization can also be applied
in higher spatial dimensions [EV09b], in which case classical tensor network methods
quickly become computationally expensive. Understanding in detail the solution for
free systems is a crucial first step to obtain better understanding of these applications.

2.2.1 Informal statement of results

Fermionic entanglement renormalization

In Chapter 4 we investigate entanglement renormalization for a free fermionic system.
From previous work [EW16, HSW* 18] it was known that from second quantization
of an appropriate ‘Hilbert pair’ of discrete wavelet transforms one obtains fermionic
entanglement renormalization circuits for a critical lattice fermion.

In Chapter 4, based on [WSSW22], we extend the results of [EW16, HSW*18] by
showing that the continuum limit of the wavelet transform, and the associated wavelet
and scaling functions have a natural interpretation for the continuum limit of the
fermion, a Dirac quantum field theory [FMS12].

To be precise, we consider the free massless Dirac fermion in 1+1 dimensions, with
action

1
SW) =2 f PlyOyHe, ¥ dxdt

for a two-component complex fermionic field ¥ on the line (or on a circle). We take the
algebraic approach to quantum field theories, which allows for a rigorous description
of (free) quantum field theories [Haal2]. To have bounded operators we ‘smear’ the
fields. For a smearing function f we define the bounded operator ¥ (f) which should
be thought of (informally) as

Y (f) :ff(x)‘P(x)dx.

From a physical perspective the smearing function is justified by the fact that one can
only probe the system at some finite scale.
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We will now describe a procedure which approximates correlation functions of
smeared operators. Informally, the procedure is that we first discretize the operators at
some scale (i.e., we impose a UV cut-off), and then, in order to obtain the free fermion
ground state, we need to ‘fill the Dirac sea’ up to the relevant scale. So, the circuit,
starting from the Fock vacuum, has to fill all the negative energy modes over the range
of scales that are relevant for the inserted operators, directly analogous to a real-space
renormalization procedure.

We know the negative energy states explicitly in Fourier space, but the non-trivial
problem is that we want to construct a local circuit, while the Fourier basis for the
negative energy solutions is very non-local. In order to obtain a circuit that is compatible
with scale invariance and translation invariance, but is still local, we thus use a wavelet
basis for the space of negative energy solutions. It is not possible to construct a basis that
is both completely local and consists of exactly negative energy solutions, but it turns
out it is approximately possible by using a pair of wavelets that approximately satisfy a
certain phase relation, leading to a so-called Hilbert pair of wavelets. This construction
takes as input two integer parameters K and L, such that the support of the wavelet is of
size 2(K + L), and there is an approximation parameter € which measures how accurately
the phase relation is satisfied. The wavelet functions give rise to a ‘classical’ circuit,
which implements the decomposition of a function in the wavelet basis at different
scales. This circuit should be thought of as a circuit on the single-particle level, and the
fermionic quantum circuit is obtained as its second quantization.

Now let {O;}, i = 1,...,n be a set of smeared operators that are either linear in the
fields or normal-ordered quadratic operators, and which are compactly supported. We
would like to compute correlation functions

G{Oi}) =(O0q - Op). 2.1)

The procedure sketched above discretizes the operators O; and constructs a quan-
tum circuit that computes an approximation Ggl\é]?;A({Oi}) of the correlation function,
where £ is the number of layers of the circuit, and ¢ is an error parameter.

The following is a simplified version of our main result. A precise formulation is
given by Theorem 4.7, where we also specify precisely which operators we consider and
give explicit bounds for the approximation error.

We assume that we are given a family of wavelet filters with uniformly bounded
scaling functions, of support NV and approximating the Hilbert pair relation to accuracy €.
The constructed circuits have depth D = (%1 for a single circuit layer, and the bond
dimension of the corresponding MERA tensor network is given by y = 2P. For simplicity
we consider a two-point function (see Theorem 4.7 for the error scaling with the number
of operator insertions).

Theorem (Informal). Let Oy, O, be Dirac field creation or annihilation operators or
normal-ordered quadratic operators, smeared by a differentiable function with compact
support. Then the approximation error for a MERA state with £ layers is bounded by

Z
{0102) = (0102)meral = O(N?275) + 0 (elog 1.
The constants in the O -notation depend the support and smoothness of the O;.

Our main theorem provides a justification for the numerical success of MERA for
quantum field theories by providing rigorous bounds on the approximation of correla-
tion functions. A Dirac fermion can be decomposed into two Majorana fermions. Our



30 Chapter 2. Introduction to entanglement renormalization

construction is compatible with this decomposition, so we also obtain quantum circuits
for Majorana fermions. It remains an open problem to prove analytic bounds on the
decay of € with N. For the construction of [Sel02] where N = 2(K + L), numerically the
parameter ¢ is seen to decrease exponentially with min{K, L}.

As mentioned above, the wavelet construction gives rise to an entanglement renor-
malization circuit rather than an (unstructured) MERA tensor network in a canonical
way. We also show that the scaling dimensions of the fermionic fields (and of a number
of descendents) are captured exactly by the MERA superoperator. Our work therefore
elucidates the relation between entanglement renormalization and quantum field the-
ory, and provides a new perspective on quantum simulation of quantum field theories.

Bosonic entanglement renormalization

In [EW16] it was suggested that wavelet constructions could also be relevant for free
bosonic systems, and in Chapter 5, based on [WW21c], we confirm this suggestion. In or-
der to formulate what this entails, we will work with bosonic quantum circuits. Just as for
free fermionic systems, we will look at second quantizations of single-particle circuits, or
Gaussian circuits. This is also known as linear optics circuits, and means that each local
operation is implemented by time evolution along a quadratic Hamiltonian. This is sub-
class of all bosonic quantum circuits which can be efficiently simulated (upon adding a
single non-Gaussian bosonic quantum gate to the set of allowed operations, however,
bosonic quantum circuits are able of universal quantum computation [KLMO01]). In con-
trast to more usual notions of quantum circuits and tensor networks, the Hilbert spaces
are infinite dimensional. In particular, the usual definition of a tensor network with a
finite bond dimension has no immediate analogue. However, finite-depth quantum
circuits such as entanglement renormalization circuits of the form of Fig. 2.1 are still
meaningful even in this infinite-dimensional bosonic setup. The notion of Gaussian
bosonic entanglement renormalization has been introduced and studied in [EV10a], in
which an extensive explanation of the formalism can be found.

In Chapter 5 we show that one can indeed construct a Gaussian bosonic entangle-
ment renormalization scheme for bosonic quadratic one-dimensional Hamiltonians,
using the second quantization of biorthogonal wavelet filters, a generalization of the
usual orthogonal wavelet filters. Interestingly, in the bosonic case our results are not
restricted to the scale-invariant case, but can be used to construct entanglement renor-
malization circuits for arbitrary translation invariant quadratic bosonic Hamiltonians.
Given such a Hamiltonian, we explain how a corresponding (approximate) entangle-
ment renormalization circuit can be found by solving a filter design problem. We also
give a general heuristic for constructing such filters in Section 3.4, similar to the con-
struction of the Daubechies wavelets. This is in contrast to the fermionic case, where
the only known constructions are for massless (critical) fermions. Finally, as in the
fermionic case, the continuum limit of the discrete system is directly related to the
continuous scaling and wavelet functions, associated to the continuous limit of the
discrete wavelet transform. Moreover, for the free massless boson our construction
reproduces various scaling dimensions exactly. If the system is not scale-invariant, we
explain how one can still define versions of the wavelet and scaling functions which are
not scale-invariant.

We prove anr approximation theorem, formally stated as Theorem 5.3, for the cor-
relation functions of the MERA state, given biorthogonal wavelet filters with certain
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properties, similar to the fermionic results of [HSW*18]. In this case we focus on the
discrete setting. In Theorem 5.3, we prove a general result which applies to an arbitrary
quadratic Hamiltonian. In the particular case of the harmonic chain with Hamiltonian

H= %(Z P+ m’ g+ i(c/n - ),
nez

specializes as follows. We measure the error in the two-point functions (p; p;) and (g, q )
(or covariance matrix). We assume that we are given an appropriate wavelet pair (which
we are not guaranteed to exist in general, but for which we provide a numerical con-
struction) which satisfies a certain relation up to error ¢, with support N and which
is stable in the sense that the wavelet decomposition map and scaling functions are
uniformly bounded. Then we have the following:

Theorem (Informal). For the harmonic chain with mass m, the approximation error us-
ing the MERA state resulting from &£ layers of entanglement renormalization is bounded
by
3,2 I
KpiPj)exact — (PiPjIMERAl = (@(sz 2) +@(510gg)) m?+1,

1
m )
the latter assuming m > 0. In the massless case, the latter bound is replaced by

(i G Yexact — (Giqinmeral = (O(N2277) + @(elog X)) \/Ti— jI.

In the massless case, there is an IR divergence and (g;q;) is only defined up to a
constant, so we define (g;q;) by subtracting the divergence; see Eq. (5.33) in Section 5.3
for details.

The intuition behind the proof of both the fermionic and the bosonic result is that
the contribution of the Z-th layer to the correlation function is bounded by @(2_%),
so we need & (log %) layers to get within error § (even with perfect filters). In principle,
each layer contributes an additive factor of @ (¢), due to the error in the filter relation,
so naively this would yield an error bound of size 6(Z¢), which does not scale in
the desired way for large £. However, deeper layers do not contribute much to the
correlation function, so we effectively have only log(%) layers where the inaccuracy of the
phase relation is relevant, leading to an error of size G(e log(%)). If we denote by N the
circuit depth of a single layer, then we find numerically that € can be made exponentially
small as a function of N, whereas the other wavelet-dependent parameters we have
suppressed above only grow polynomially. Hence, the total required depth of a single
layer of entanglement renormalization for a desired error is polylogarithmic in £7!.
This shows that our entanglement renormalization circuits prepare the ground state
very efficiently: a circuit of overall depth & (polylog(%)) achieves an accuracy 6 on
the correlation functions. Overall, we believe that our work, in [WSSW22, WW21c],
together with [EW16, HSW* 18], essentially completes our conceptual understanding
of Gaussian entanglement renormalization for free one-dimensional theories as the
second quantization of wavelet decompositions.

i exact — (Gidjmeral = (B(N2277) +G(elogY))

2.2.2  Prior work

The only rigorous results and constructions that are known for entanglement renor-
malization and MERA in one-dimensional critical systems rely on wavelet theory. Our
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work adds extensively to this line of research by extending the work of [EW16, HSW* 18]
to the continuum and to bosonic systems. The idea to use wavelet theory for renor-
malization is very intuitive and in fact dates from the early phases of wavelet theory
(see for instance [Bat99]). In Refs. [Qil13, Leel7] Haar wavelets were used as a fermionic
holographic mapping, and in Ref. [SB16] Daubechies wavelets were used as a bosonic
holographic mapping. The connection to quantum circuits and entanglement renor-
malization was made in Refs. [EW16, EW18]. For us Ref. [HSW™18] is especially relevant.
In this work a systematic method to construct circuits for lattice fermions was described
based on the discrete wavelet transform of a pair of wavelets with special properties, a
so-called approximate Hilbert pair. It is a well-known that there is both a discrete and a
continuous perspective on wavelet transforms, but from previous work it was unclear
whether and how continuous wavelet theory relates to the quantum field theory limit of
the lattice systems. We show that the extension of the discrete to the continuous wavelet
transform precisely relates the entanglement renormalization circuits in a natural way
to the Dirac fermion. This offers a new perspective on the relation between MERA
and its continuum limit. For instance, it becomes very clear why the entanglement
renormalization superoperator captures some scaling dimensions of the theory exactly
in this construction.

For the bosonic case a natural idea is to simulate bosonic quantum field theories
on a bosonic quantum computer [MPSW15], and wavelets are a very efficient choice
of basis to discretize a quantum field theory for this purpose [BRSS15]. We explain
that for any free 1+1-dimensional bosonic field theory, one can use suitably chosen
biorthogonal wavelets to discretize the theory and use the corresponding wavelet de-
composition to prepare its (approximate) ground state using the bosonic Gaussian
entanglement renormalization circuit. The idea to use wavelets to discretize a field
theory is been suggested before, see for instance [BP13, BRSS15, SMMT20] for some
recent discussions of discretizing bosonic field theories using wavelets. Our approach
however fundamentally differs from these works in that we use biorthogonal wavelets
(as is natural in the bosonic setting), which moreover are specifically designed to target
the Hamiltonian of the field theory (rather than using off-the-shelf wavelets such as the
Daubechies wavelets).



CHAPTER 3

Wavelet theory

Our entanglement circuits will be obtained by second quantization of a wavelet
transformation. In Chapter 4 and Chapter 5 we will explain fermionic and bosonic
second quantization and how it leads to entanglement renormalization. In the current
chapter we review the basic theory of wavelets. We will use orthogonal wavelets for
fermionic circuits and biorthogonal wavelets for bosonic circuits. In Section 3.1 we
explain the definition of an orthogonal wavelet basis, and how a choice of wavelet basis
stratifies a function space into different scales. The difference with Fourier analysis is
that the basis functions are not plain waves but ‘wavelet’ functions, which are spatially
localized wave packets. We also explain how different scales in this decomposition
are related through a filtering procedure. Then, in Section 3.2 we generalize this to
biorthogonal wavelet bases. In Section 3.3 we discuss how to construct (biorthogonal)
wavelet filters which satisfy certain prescribed phase relations, which is crucial to the
entanglement renormalization construction. In particular we define and construct (ap-
proximate) Hilbert pairs of wavelet filters. Next, we explain how (biorthogonal) wavelet
transforms are implemented by a classical linear circuit (which can be interpreted as a
single-particle quantum circuit) in Section 3.5. Finally, in Section 3.6 we will prove vari-
ous technical results on approximations using wavelets which are the core ingredient
for our entanglement renormalization approximation theorems. For a more extensive
introduction to wavelets we refer the reader to, e.g., Chapter 7 in [Mal08]. Most of the
material in this section is a review of wavelet theory. However, the general construction
of circuits for biorthogonal wavelet filters, the construction of biorthogonal wavelet
filters in Section 3.3 and the results of Section 3.6.1 are our own contribution.

Notation

We now introduce some notation and conventions with respect to function spaces and
Fourier analysis that we will use throughout Part I. We define the circle S' = R/Z as the
interval [0, 1] with endpoints identified. We write L?(R), L?>(S!), etc. for Hilbert spaces
of square-integrable functions with respect to the Lebesgue measure that assigns unit
measure to unit intervals, and we denote by ¢2(7) the Hilbert space of square-integrable
sequences. The Fourier transform of a function ¢ € L?(R) is denoted by ¢ € L*(R)
and is given by ¢(w) = IS f (x)e""*@dx if ¢ is absolutely integrable. Similarly, the
Fourier transform of a function ¢ € L?(S!) is denoted by ¢ € £?(Z) and can be computed
as ¢p(n) = fol f(x)e""*?""dx. Lastly, we define the Fourier transform of a sequence f €
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¢2(Z) to be the 27-periodic function f € L2(R/217) given by f(0) = ¥ ez flnle 1071
For 7€ = L[2(R), L2(SY), or £2(Z), and A a bounded function on the Fourier domain,
i.e. an element of Loo(R), Loo(Z) or Loo(S1) respectively, we will denote by m(}) € B(A)
the Fourier multiplier with symbol A, defined by multiplication with A in the Fourier
domain (equivalently, convolution with the inverse Fourier transform A in the original
domain). In order for m(1) to be a bounded operator we need that A is a bounded
function On ¢2(Z), we define the downsampling operator | by (| f)[n] = f[2n]; its
adjoint is the upsampling operator { given by (1 f)[2n] = f[n] and (1 f)[2rn+1] =0
for f e 02%(7). We will also use the Sobolev spaces HX(R) and HX(S!), which consist of
functions that have a square-integrable weak K-th derivative, denoted £, All p-norms
for p # 2 will be denoted by || f |l ,, while we write || fI| = || fll2 = /{f, f). We write 1 for
the constant function equal to one, and 1x for the indicator function of a set X.

3.1 Wavelet bases

An (orthogonal) wavelet basis is an orthonormal basis for L?(R) consisting of scaled
and translated versions of a single localized function v € L?(R), called the (orthogonal)
wavelet function. In this case we define

Wi=1{y;r:kez}, where wv;(x)= zéw(zfx— k),

so L2(R) = @ j Wj. We can therefore interpret of W; as the space of functions at scale j,
also called the detail space at scale j, where large j corresponds to fine scales and
small j to coarse scales.

In signal processing, wavelet bases are often constructed from an auxiliary func-
tion ¢ € L?(R), known as the scaling function. We let

Vi=span{p;:keZ}, where ¢ji(x)= 2%¢(2jx— k)

and we demand that the V; form a complete filtration of L2(R), i.e.,

Olc...cVicVjc...c*®), JV;=L*®.
i

One can show that in this case there exists an associated wavelet function ¥ which is
such that the wavelets at scale j span exactly the orthogonal complement of V; in Vj:

Visi=W;eV; 3.1)

forall j € Z. A sequence of subspaces {V;} jez as above is said to form a multiresolution
analysis, since Eq. (3.1) allows to recursively decompose a signal in some V; scale by
scale. It follows that V; is the space spanned by all y; ¢ for [ < j, i.e.

Vi=DwW,

I<j

Note the choice of factors of 27 in these conventions. These have been chosen so as to be compatible
with the integer shift structure of the wavelet basis.
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Figure 3.1: (a) Scaling and wavelet function for the Haar wavelet (¢ = 1j91), ¥ = L1y = 1[%'1)).
(b) Scaling and wavelet functions for the approximate Hilbert pair with parame-
ters K = L = 2 due to Selesnick (¢", w" in black; ¢8, 8 in gray). See Section 3.4
and Table 3.1 for further detail.

and the ¢; ; are an orthonormal basis for V;. Note that for any fixed j

"R =V;ePw,.
I=j

Thus we can decompose any function f € [%(R) as

F=) skpje+d. > wirWik

kez I=j kez

where

Sk =P ) wi k= Wik ).

In conclusion, we can interpret V; as the space of functions up to (but excluding) details
at scale j. Intuitively, the scaling function can be thought of as a ‘bump function’ and
the wavelet function as a ‘wave packet’. This intuition, and the orthogonality between
scaling and wavelet function are well-illustrated by the Haar wavelet (see Fig. 3.1, (a)).
We will use pairs of wavelets that are tailored to target the vacuum of the Dirac theory
(see Section 3.3 below).

Wavelet bases as above can be obtained by deriving them from filters. A real-valued
sequence g, € £%(Z) is called a scaling filter (or low-pass filter) if its Fourier transform
satisfies, forall0 e R/2nZ,

180> +1g50+m)>=2 and g(0) = V2. (3.2)

Under mild technical conditions on g; (see, e.g., [Mal08, Thm 7.2]), which we always
assume to be satisfied, we can define scaling and wavelet functions ¢, v € L?>(R) by

v(x) =v2 Y gulnlp@x—n),

nez

b)) =V2 Y ginlp@2x—n)

nez
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and these functions satisfy the conditions above and hence define a wavelet basis (and
associated multiresolution analysis). The sequence g,, € £?(Z) is known as the wavelet
filter (or high-pass filter) and it can be computed via

Suw@®=e"g0+m), ie gulnl=(D""gll-nl (3.3)

Thus, the expansion coefficients of the wavelet and scaling function at scale j = 0 in
terms of scaling functions at scale j = 1 are precisely given by the wavelet and scaling
filters, respectively (cf. Eq. (3.1)). This generalizes immediately to arbitrary scales: For
all j,kez,

Vik= Y guwlnlj2kn (3.4)
nez

Gik=Y. &lnldjiizken. (3.5)
nez

In Fourier space, these relations read

“ | T ANE())
0= J58(3)i(3)
o 1  (w)y.(w
b =—8(5)9(3) 3.7)

for all w € R. The Fourier transform of the scaling function can be expressed as an
infinite product of evaluations of the scaling filter:

. 0 ]
(w) = - 3(2 w) (3.8)
¢ I}:[l 758

In particular, it is bounded by one, i.e., ||(/3||oo = 1. Itis also useful to note that the wavelet
function averages to zero, i.e., [0 w(x)dx =0.

Throughout this article, we will always work with filters of finite length (the length
of a sequence f € ¢%(Z) is defined as the minimal number N such that f is supported
on N consecutive sites). Specifically, we will assume that the support of the scaling
filter is {0,..., N —1}. In the signal processing literature, such filters are called finite
impulse response (FIR) filters with N taps. It is clear from Eq. (3.3) that in this case the
wavelet filter is supported in {2 - N, ..., 1}, hence has finite length N as well. If the filters
have finite length then the wavelet and scaling functions are compactly supported on
intervals of width N [Mal08, Prop 7.2].

3.1.1 Wavelet decomposition and reconstruction

Suppose that we would like to express a given function f € L?(R) in a wavelet basis. As
a first step, we replace f by P;f € V;, where P;: L2(R) — V; denotes the orthogonal
projection onto the space of functions below scale j. This is corresponds to removing
high frequency components (in signal processing) or to a UV cut-off (in physics). We
explain in Lemma 3.3 below how to bound the error || f — P; f| in terms of a Sobolev
norm. To express P;f in terms of the orthonormal basis {¢; r}rez of V;, define the
partial isometries

aj: *R) = 2(2),  (a;)kl=(Pjr [, (3.9)
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where we note that P; = a}f aj. We show below that, if f is sufficiently smooth, the
scaling coefficients a; f can be well-approximated by sampling f on a uniform grid
with spacing 27/ (Lemma 3.4).

Next, we iteratively obtain the wavelet coefficients of P; f at all scales n < j. For this
purpose, let

Bj: L*®) — 2(2), (B PIkl= Wk f),
and define the unitary operator
W: 02(2)— (@) eC?  Wf=(m@uwf el m@g)f), (3.10)

where the downsampling operator is given by (| f)[n] = f[2n]. Then, Egs. (3.4) and (3.5)
imply that

Wajf=pjfeajf

for all f € L?(R) and j € Z. That is, applying W to the scaling coefficients at some scale j
yields in the first component the wavelet coefficients and in the second component
the scaling coefficients at one scale coarser. Note that, due to the scale invariance of
the wavelet basis, the operator W does not depend explicitly on j. We can iterate this
procedure to obtain a map

WD 2@2) - e CrT, WY =(Upgece1 @ W) (pg @ W)W, (3.11)

which decomposes through successive filtering the scaling coefficients at scale j + 1
into the wavelet coefficients at scales j to j — % + 1 and the scaling coefficients at
scale j — £ + 1. That is:

W(“%))aj:ﬂj_léBW(g_Daj_l:---Zﬁj_l@ﬁj_zéB...GB,Bj_gEBa’j_g,

or

ZL-1
Whaf=Y Bioifell+aj-ofelL)
=0

for all f € L?(R). The unitaries W and W) are known as (& layers of) the (orthogonal)
discrete wavelet transform. W) can be readily implemented by a scale-invariant linear
circuit consisting of convolutions and downsampling circuit elements (see Section 4.2.4
and Fig. 3.2 for a visualization). The wavelet decomposition map W is an orthogonal
map, i.e. W = WT = W* (note that the filters are real valued). The inverse can be
thought of as a reconstruction of the signal from the scaling and wavelet components
and is given by

W P@)eC— 2@, W' (fuef)=m@ul fu)+m@E)lf),  (3.12)

where the upsampling operator is given by (1 f)[2n] = f[n] and (1 f)[2n+1] =0.
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Figure 3.2: Illustration of the various maps defined in Section 3.1.1 in the case of the Haar
wavelet.

3.1.2 Periodic wavelets

Given a wavelet ¥ on R with scaling function ¢ and filters g; and g,,, one can con-
struct a corresponding family of periodic wavelet and scaling functions on the circle S'.
Following [Mal08, Section 7.5], we define for j =0and k=1,...,2/ the functions

YL =) vkl m),
meZ

L) =) jlx+m)
meZ

in L?(S'), which again form orthogonal sets of functions. If we set
per _ per . ;. j per _ per . ;. j
Vj —span{(l)].',C tk=1,...,27}, W]. = span{u/].,k tk=1,...,2/}
then we have

Cl=VocVic---cL*SH, UV,=L*S"), and Viy=W;eV;.
j=0
The space V) is one-dimensional and consists of the constant functions, i.e., <pgelr(x) =1
for x € S1). Thus, the wavelet functions {1//?5; } i20,k=1,...,27 together with ¢ = 1 form an

orthonormal basis of L?(S'). Similarly to before, we denote by a?er, ﬁ?er: L3S —¢?
denote the partial isometries that send a function to its expansion coefficients with
respect to the periodized scaling and wavelet basis functions (for fixed j), and we denote
by P;.)er = (a?er) * a?er to be the orthogonal projection onto V; < L*(S1).

Since the radius of the circle sets a coarsest length scale, the corresponding filters
are now scale-dependent and given by

gornl= Y gln+2/m]

meZ

gl =) guln+2m

meZ

for j=0and n=1,...,2/. As before, they give rise to unitary maps

£-1

P )
W(Z),per: 0:2 _ @ G:zf eC, W(f)yperagr _ ggr_l @ @ﬂgeréB ager (3.13)
j=0
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that expand a signal at a certain scale into (all) its wavelet coefficients and the remaining
scaling coefficient (which is the average of f).

We note that gsj.r = gs and ggf; = g, for sufficiently large j (namely when 2/ is
at least as large as the cardinality of the filters’ supports). This is intuitive since at
sufficiently fine scales the periodicity of the circle is no longer visible.

3.2 Biorthogonal wavelets

In Section 3.1 the wavelet functions y were such that v ; ; formed an orthogonal basis.
The wavelet decomposition operator W, which consisted of filtering and upsampling a
signal, was an orthogonal map and was such that it could be inverted by upsampling
and filtering by the same filter. These two properties are generalized by biorthogonal
wavelets. In this case we consider a pair of real-valued sequences gs, his € 0%(2), as the
scaling (or low-pass) filters. We demand that these filters satisfy the perfect reconstruc-
tion condition on their Fourier transforms, generalizing Eq. (3.2)

850 hg(0) + 850+ m) I (0 + 1) =2, (3.14)

and we define the corresponding wavelet (or high-pass) filters by

gw@ =e"hy@+m) and h,0)=e 8,0 +n). (3.15)

As in the case of the orthogonal discrete wavelet transform these filters can be used to
separate a signal f € £2(Z) into a low-frequency and a high frequency component, and
conversely to reconstruct the original signal from these components. For this, we let

Wy: 02(2) — 2 (2)eC?,  Wef=(m@Gw el mg)f

as in Eq. (3.10) and we similarly define W}, using the filters kg and h,, in place of g;
and g,, respectively. Iterating these maps we also obtain Wéz ) and W}(ZZ ). Tt follows
from Eq. (3.14) that f can be reconstructed from its decomposition Wy f by applying
the transposed operation W, so Wy 1= WJ. The roles of g and / can be exchanged in
this procedure.

3.2.1 Biorthogonal scaling and wavelet functions

Given biorthogonal wavelet filters g, h, the associated scaling functions ¢&, ¢" are de-
fined in Fourier space for a = g, h by

=11= A (2 w) (3.16)

and the associated wavelet functions y$,y" by

() = % o(5)°(3) (3.17)
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generalizing Eq. (3.6) and Eq. (3.7). Both have compact support if the filters are finite;
an example is shown in Fig. 3.5. Again, we can define rescaled and shifted versions

o ) =27y - b,
EE 25 (2T x— k).

It then follows that the sets {1//? i jikez and {1//;‘, i jikez form a dual basis pair for L?(R),
in the sense that

g h _

(ijk) wj’,k’> - 6j,j’6k,k’-
Moreover,
h

<¢}g'y]€, (pj,k'> = 6k,k’-

If the filters are finite and the scaling functions are square-integrable functions (which

is closely related to the discrete wavelet decomposition being sufficiently stable) the
sets {wf. }jkez and {1//7 .}j,kez form a Riesz basis of L*(R) [CDF92]. This means that we

can write any function f € L?(R) as
F=rws o Nl e=2 Wl u v,
Ik j.k
By construction of the scaling and wavelet functions, these are such that if
f=Y snig,,
n
then we can rewrite Y
f=Y Ywlikiy§ +3 skes, (3.18)
1=0 n k

where we find the coefficients w|j, k] and §[k] precisely by applying the discrete wavelet
transformation Wj, to the signal s.

3.3 Wavelet pairs with phase relations

In order to obtain entanglement renormalization circuits from wavelet transforms we
will need wavelet filters which satisfy certain relations. For fermionic entanglement
renormalization, we need to find a pair of orthogonal wavelets with wavelet filters g,
and h,, which are such that

Frp(0) =~ —isgn(@)e'? g, (0) (3.19)

for 6 € (—m, ) as we will explain in Chapter 4. For definiteness we choose the convention
that sgn(0) = 1, but note that here this choice is inconsequential, as 71,,(0) = §,,(0) = 0.
Such a pair of wavelets is called an approximate Hilbert pair.

For biorthogonal wavelets, given a 2r-periodic function E(0) we would like to find
a pair filters g, and h,, which are such that they form a biorthogonal pair of wavelet
filters and

8w(0) =~ EO)h,(0). (3.20)

The function E(0) will have the interpretation of the dispersion relation of a bosonic
Hamiltonian. We will start by discussing in detail the notion of an approximate Hilbert
pair. In Section 3.4 we provide an explicit construction method to find filters which
satisfy Eq. (3.19) and Eq. (3.20).
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3.3.1 Approximate Hilbert pairs

The construction of fermionic entanglement renormalization circuits is based on ap-
proximating the Hilbert transform using wavelets, which is closely related to the phase
relation Eq. (3.19). The Hilbert transform is the unitary operator on L?(R) defined by

jt’?(w) =—i sgn(w)f(w).

We will need a pair of wavelet and scaling filters g,,, g5 and h,, hs (note that this refers
two orthogonal wavelets, and not to a biorthogonal pair of wavelets) such that the
associated wavelet functions 18 and v satisfy

wh = 7098, (3.21)

Such a pair of wavelets is called a Hilbert pair, and this condition is equivalent to the
filter condition in Eq. (3.19). We can also formulate this as a condition on the scaling
filters, which leads to the following two equivalent conditions to generate a Hilbert
pair [Sel01]

hs(0) = us(0) g5(6), (3.22)
B (0) = 1w (0) 8., (6),

where s and p,, are periodic functions in L*(R/2rZ) defined by
ps(0) =e7'%, (3.23)
Hw(0) = —isgn(@)eig

for |0| < n. Note that there is a discontinuity at 8 = +7 (but it suffices to define s and
1 almost everywhere). In this situation, Egs. (3.6) and (3.7) implies that the scaling
functions ¢¢ and ¢, will be related by

" (@) = A5(@) P8 (), (3.24)
where A € L°(R) is defined by
As(@) = —isgn(w) py (—w) (3.25)

and we have extended p,, to a periodic function in L*°(R). We refer to [Sel01, Sel02] for
further detail. Since the Hilbert transform does not preserve compact support, we can
not hope for exact Hilbert pair wavelets using compactly supported wavelets. However,
an approximate version can be realized. The following definition describes the notion
of approximation that is appropriate in our context.

Definition 3.1. An e-approximate Hilbert pair consists of a pair of wavelet and scal-
ing filters, g,,, &, hw, hs, with corresponding wavelet functions 1§, w" and scaling
functions ¢¢, </)h, such that

1725 — psslloo < €. (3.26)
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That is, the error in the phase relation (3.22) for the scaling filters is bounded by €.
This condition can be checked numerically. In Section 3.6.1 we will show that this
condition translates into a good approximation of the Hilbert pair relation in Eq. (3.21).
If we periodize an (approximate) Hilbert pair as described in Section 3.1.2, we get
periodic wavelets that are (approximately) related by the Hilbert transform on the circle.

We can also formalize Eq. (3.20). Lete >0 and E: (—n,7m) — C.

Definition 3.2. An e-approximate E-dispersion pair consists of a biorthogonal wavelet
and scaling filters, g,, g5, hw, hs, with corresponding wavelet functions 8, " and
scaling functions ¢8, ¢", such that

s — Egslloo < €. (3.27)

That is, the error in the dispersion relation (3.20) for the wavelet filters is bounded by ¢.

3.4 Construction of filters

We will explain how to construct filter pairs that yield a good approximation of a given
phase relation as in Section 3.3. We start with a construction due to Selesnick [Sel02,
Sel01], who introduced the notion of an approximate Hilbert pair. His construction
depends on two parameters, K and L, where K is the number of vanishing moments
of the wavelets (relevant for the approximation power of the wavelet decomposition
and for the smoothness of the wavelets) and where L is essentially the number of terms
in a Taylor expansion of the relation in Eq. (3.22) at @ = 0. By construction, the filters
are real and have finite length N = 2(K + L), so the wavelet and scaling functions are
compactly supported on intervals of width N. In this construction, we let d[n] be a
so-called maximally flat all-pass filter with delay }1 of degree L, given by

n
din] = (-1)" 2 - -
[n] = ( )(L)k:1 T

for n=1,...,L. This is such that e‘iLgci(—H)/d(H) ~ e'ig = pus(0) for 0 € (—m, ) where
the approximation is accurate around 0 = 0. The idea is now that in order to get h(0) =
us(0)g+(0), we impose the relation

d©)hs(©) = e d(-6)4(6)
This is ensured if we make the following ansatz for the filters
hs©) = e d(=0)1 + e f(0)
80 =d©O) 1+ fO)
where f is the Fourier transform of a finite sequence which needs to be determined.
The parameter K determines the number of vanishing moments of the biorthogonal
wavelets, just as in the Daubechies wavelet construction. We need to solve for f such

that the resulting filters are indeed wavelet filters. The condition in Eq. (3.2) translates
to

SO F O fF(-0)+50+m)fO+m) fr—0)=2
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Figure 3.3: The results of using K = 2, L =4 in the Selesnick construction: (a) scaling filters g
and hg, (b) wavelet filters g, and h,,, (c) absolute value squared of the Fourier
transforms of the scaling filters | gS(H)I2 and |h5(0)]2, (d) absolute value squared
of the Fourier transforms of the wavelet filters |g,,(0)> and |h,(0)[?, (e) scaling
functions ¢8 and ¢", and (f) wavelet functions w8 and y".

where s(0) = d(0)d(—0) (2 cos(g))ZK. We then try to solve this by letting 7(0) = f(@)f(—@)
and take r to be a solution to

SOFO)+8O+m)FO+m) =2
which is equivalent to the linear system

Y sl2n—1r(l] = &oln).
l

Finally, if possible, we perform a spectral factorization #(0) = f(0) f(—0). A necessary
and sufficient condition for this is that 7#(0) = 0 for all 8. Unfortunately, there is no guar-
antee for this (although there is upon a small modification of the procedure [ACGR20]).

Numerically, one can see that Selesnick’s construction described above produces
e-approximate Hilbert pairs where ¢ decays exponentially with min{K, L} [HSW™"18]. In
Section 3.6 we will encounter various other relevant parameters for error bounds which
depend on the wavelet filters. It can be seen numerically that these parameters remain
bounded or increase only slowly, as shown in Table 3.1. For a more extensive treatment
of the theory of approximate Hilbert pairs, see [SBK05, YO05, CU09, CU10] and the
more recent work [ACGR20]. See Fig. 3.3 for an illustration of Selesnick’s wavelets with
parameters K = L = 2 and Fig. 3.4 for a numerical evaluation of the approximation
errors.
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Figure 3.4: Approximation errors for € = maxy |g,, (0)—| sin(g) |hy (0)| and maxg [w8 (6)— ‘%'wh @]
for different values of K and L for approximate Hilbert pairs arising from the Selesnick
construction. For fixed K the error appears to decrease exponentially in L.

B
h

N € Cuv Cr Cy Cy Cop

4 0.264099  0.619741  2.542073 1.166423 1.142220 1.254999
8 0.068221  0.622182 1.217454 1.155488  0.295133  2.296890
12 0.018338  0.624782 1.190944 1.154757  0.079283  2.116091
16  0.005020  0.626782 1.150151 1.154705  0.021691 1.251461
20 0.001389  0.628374 1.130260 1.154701 0.005999  2.120782
24 0.000387  0.629686 1.120354 1.154701 0.001671  2.106891
28 0.000108  0.630795 1.114293 1.154701  0.000468 1.234832
32 0.000030  0.631752 1.108135 1.154701  0.000132  2.434899
36  0.000009 0.632674 1.106718 1.154701 0.000037 1.923738
40  0.000003  0.638023 1.440101 1.154701 0.000011  5.752427

© 0 N O G Wi~
© 0N O Gk Wi~

—
o
—
o

Table 3.1: Numerical values of various constants for Selesnick’s approximate Hilbert pairs with
parameters K = L. It appears that € decays exponentially with increasing K = L, while
the other constants from Lemma 3.3, Lemma 3.4, Lemma 3.5 and Lemma 3.8 are
well-behaved.
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A straightforward generalization of this procedure allows us to construct an &-
approximate E-dispersion pair of biorthogonal filters as in Definition 3.2, that is, such
that Eq. (3.20) holds, for a broad class of functions E(0). Let us assume that E(0) = E(-6),
and E(0) is real-valued. We would like to construct a biorthogonal filter pair (g, h) such
that

8w(0) = E0)hy(0) (3.28)

or equivalently
hs(0) =~ E6 + ) §5(6) (3.29)

To modify the procedure above, we need an arbitrary rational approximation

B0 +m~20,
b(®)

where a and b are real finite symmetric sequences on [—L, L]. The approximation only
has to be accurate around 0 = 0. We then make the following ansatz for the Fourier
transform of the scaling filters

g:0) =bk)(1+ X f0),

N . N (3.30)

hs(0) = a(k)(1+ €)X f(0)
where again f (0) is the Fourier transform of a real finite sequence f[n] that still needs
to be determined and K is the number of vanishing moments. By construction, g(0)
and 74(0) are small near 6 = 7, and Eq. (3.29) is satisfied. In order for Eq. (3.30) to
generate biorthogonal wavelet filters, they need to satisfy the condition in Eq. (3.14)
which now translates to

3OO F(=0)+50+m) fO+m) fr—0)=2

where §(0) = a(0)b(0) (2 cos(g))ZK . One can try to solve this in exactly the same way as
before by introducing 7(0) = f G} f (-0), solving

Y sl2zn—1r(l] = 8o(n]
l

and, if possible, performing a spectral factorization to obtain f. Unfortunately, we do
not know of a condition on the product @b that guarantees the existence of a solution. If
a solution exists, the resulting filters (g, h) will have support of size 2N where N = K+2L.
One particularly useful phase relation is when E(0) = Isin(g)l (which will correspond
to a harmonic massless bosonic chain). In this case, an appropriate choice for a and b
is given by

a() = > (@ d(6) + e d(-0)",
2 (3.31)

b(6) = d(6)d(-6).

where d[n] is as in the Selesnick construction. Indeed, we find that

10) 1,00 400 0N 1t ity
b 2\ do) de) | 2 2
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B
h

N B € K

6 5.508287  0.319609 1.505577
12 1.587766  0.060920 1.459265
18 1.321713  0.016613 1.490601
24 1.282064  0.004152 1.501892
30 1.211855  0.001087 1.513364
36  1.090349  0.000282 1.522019
42 1.853832  0.000063 1.596999

N OO W N =
N OO W~

Table 3.2: Numerical values of various constants for the construction of biorthogonal wavelet
filters in Eq. (3.31) with parameters K = L. Here € = maxy|g,,(0) — Isin(g)lhw(H)l.
The parameters B = max{[|$¢ [loo, " o} and x = max({]| Well, IWy I} are relevant for
Theorem 5.3.

for 0 € (-, m). In Fig. 3.6 we show the goodness of the approximation in Egs. (3.28)
and (3.29) as a function of K and L. The resulting filters and wavelets for K =2, L =4
are shown in Fig. 3.5. We remark that the construction in Eq. (3.31) is not necessarily
optimal. From numerical evidence in Fig. 3.6 it again appears that the accuracy of the
approximation improves exponentially with increasing support. An interesting open
problem is to rigorously prove the existence of approximate solutions to Eq. (3.28) with
(exponentially) improving approximation accuracy as the filter size increases.

3.5 Construction of linear circuits from filters

The construction of entanglement renormalization circuits will be by ‘second quantizing’
a single-particle circuit for the wavelet transforms, as will be explained in Chapter 4
and Chapter 5. We now explain how to explicitly construct a single-particle circuit for a
(biorthogonal) wavelet transform. We emphasize that the type of circuit we construct is
not a quantum circuit but will have the interpretation of being a circuit in the single-
particle picture. By a single-particle nearest neighbour circuit of depth N we mean a
composition Ayo...o A; for a sequence of maps Aj,... Ay on ¢?(Z) which are such that

(a;) 0
Ai= @ @)nnn = pnntl

n=even 0 (ai)l’l+2,l’l+3

for i even, and similarly a sum over odd terms if i is odd. Here each (a;) ,,,+1 is a two
by two matrix, acting on sites n and n + 1. In other words, each layer of the circuit A; is
a block diagonal map, and the circuit acts as a linear map with a direct sum structure
rather than a tensor product structure.

Motivated by the fermionic setting it has been extensively discussed in [EW18] how
to construct unitary local circuits from orthogonal wavelet filters (so each A; is unitary).
The construction for biorthogonal wavelet filters is very similar and the symmetric case
has already been discussed in [EW18], but for completeness we provide it here. Given
a pair of biorthogonal filters (gs, g,) and (hg, k) (in particular we could have g = h
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Figure 3.5: The results of using K = 2, L =4 in the construction of Eq. (3.31): (a) scaling filters g
and hg, (b) wavelet filters g, and h,,, (c) absolute value squared of the Fourier
transforms of the scaling filters | g5(9)|2 and |1,(0)]?, (d) absolute value squared
of the Fourier transforms of the wavelet filters |g,,(0)|*> and |h,,(0)|?, (e) scaling
functions ¢8 and ¢", and (f) wavelet functions w8 and y".

max|§s(6) — |cos(6/2)hs(6)]

-
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Figure 3.6: Approximation errors for € = maxy | g, (0)— Isin(g) |hy (0)| and maxg [w8(6)— '?liu/h @]
for different values of K and L for a filter pair constructed using Eq. (3.31). For fixed
K the error appears to decrease exponentially in L.
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in which case we have an orthogonal wavelet filter) of support 2N we will construct a
binary circuit of depth N that implements the wavelet decomposition map. We will
assume that g; and h; are supported on [-N + 1, N], which we can always achieve by a
shift. We let W, 0%(7) — ¢%(C?) denote a single layer of a discrete wavelet transform,
defined as in Eq. (3.10). By putting the scaling and wavelet outputs on the even and odd
sublattice, respectively, we obtain a unitary

W': 0(Z) — (7(Z), Wy:=1W,
where
1: 0%(2) ®C* — 0?(2)
l(fw Est)[zn] = fw[n]r
fwe fi)2n+1] = fsn]

for all f,,, fs € £(2).

We would like to construct a circuit A= Ayo...o A} which implements the wavelet
reconstruction map in the sense that A = (Wg’)T and (A~ 1= (W,;)T, asin Fig. 5.1. By
shift invariance this is equivalent to

A51 = gs

A52 = 8w
(A")7'81 = h 552
(AN 16, = hy,

as illustrated for g in Fig. 3.7. So, we need construct the matrices a; given the filters g
and h. We will need the perfect reconstruction condition Eq. (3.14) which becomes

Y gsl2n+ k[l = 6(n]
1

upon applying the inverse Fourier transform. In particular, the vectors
(gs[=N+11, g[-N+2)" and (hs[N - 1], hs[N])"
are orthogonal, and so are
(gsIN—1],gs[NDT and (hs[~N + 1], h[-N +2]).
Furthermore we will use that the wavelet filters are derived from the scaling filters as

gwlnl = (DY h(1 - nj 533
hwlnl = (1) g 1 - n] '

which follows directly from Eq. (3.15). First suppose that N = 1. In that case we let

(gs[O] gw[O])
g1l guwlll)’

Using the perfect reconstruction condition we may now check that

T _1_ hs[o] hw[o]
(ay) ‘(hsm hwm)
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Figure 3.7: Illustration of Eq. (3.32), which gives the equations the a; have to satisfy in order for
the circuit to implement Wy.

so this satisfies Eq. (3.32). For N > 1 we will construct the A; recursively. Let

_ gIN-1] g;[-N+2]
gIN] g [-N+1]
1

—F—8
\/ det(gN) N

then it is clear that A&l maps g to a sequence ggN Von[-N+2,N-1]and A]TV maps hg

ayn =

to a sequence th Don[-N+2,N-1] using the orthogonality properties derived from
the perfect filter condition. In the non-generic degenerate case that det(gy) = 0, the
size of the support can only be decreased by 1 and an additional layer is needed. More-
over, since Ay is invariant under shifts of 2, it is easy to see that g§N ~U and th =
still satisfy the perfect reconstruction property. Finally, if we let @ denote the map
defined by ax[n] = (-1)~"x[1 — n], then in order to see that A&l maps g, to the
wavelet filter g{{,V D defined by ahN™Y it suffices to check that Az_vl a= aAITV or equiv-
alently AJ‘V1 = aA]TVa. This follows from the inversion formula for two by two matrices

with determinant 1, i.e.,
a b\"' (d -b
c d ~\-c a)

Now we can recursively apply the same procedure to the filters (g'N =", hN=1) to con-
struct Ay-1,..., A;. We have now seen that we can construct a nearest-neighbor single-
particle circuit of depth N from a biorthogonal filter pair.

Conversely, given a nearest-neighbor single-particle circuit of depth N, which can
be written as A= Ay o...o A; where each A; is invertible, we may define filters g and h
by Eq. (3.32). We can then check that these filters form perfect reconstruction filters,
in the sense that W,I = Wg‘l. If we assume det(a;) =1 fori =1,..., N, the wavelet and
scaling filters are related as in Eq. (3.33).

3.6 Wavelet approximations

An important question in wavelet theory is how accurately a function f is approximated
ifitis truncated to a finite number of scales. In this section we will state three results
that give quantitative bounds assuming that the wavelets are compactly supported
and bounded. The results are standard, but we provide proofs in Section 3.6.2, in
particular to keep careful track of the constants in the bounds. Using an argument from
Fourier analysis in Lemma 3.10 we show in Lemma 3.3 an approximation result for a
‘UV cut-off’ for a sufficiently smooth f, where we discard all detail at fine scales, or
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alternatively in Lemma 3.4, if we sample f on a grid. Next we show in Lemma 3.5 that
for compactly supported functions we can also discard large scale wavelet components
up to a small error, which should be thought of as an ‘IR cut-off*. In this section we
restrict to orthogonal wavelets. Under additional assumptions similar results are true
for biorthogonal wavelets. In Section 3.6.1 we explain how the error in the filter relation
for approximate Hilbert pair wavelets impacts other approximation properties.

We know that the shifted and rescaled wavelet functions form an orthonormal basis
for L2(R), so we can write

=Y BiNkly;k.

j€Zkez

We will be interested in approximating the function f over a finite number of scales,
that is, we will try to approximate f by

J1
f=Y Y BiNKY k.

Jj=Jjo kezZ

Recall that j > 0 corresponds to small scale structures in f, and j « 0 to large scale
structure. In this section we will give quantitative bounds which show that one can
approximate f to good precision using a finite number of scales if f is sufficiently
smooth and compactly supported. To be precise, in Lemma 3.3 we show that large j
can be discarded with small error if f is sufficiently smooth (so this bounds the error
incurred by leaving out detail), and in Lemma 3.5 we show that we can truncate in the
other direction if f is compactly supported (bounding the error of leaving out large
scale structure).

We start with the first result (cf. Theorem 7.6 in [SN96]), corresponding to a UV
cut-off. Recall that the Sobolev spaces HX (R) and HX(S') consist of functions f with
square-integrable weak K-th derivative, denoted fX,

Lemma 3.3 (UV cut-off). Assume that the Fourier transform of the scaling filter §;(0) has
a zero of order K at0 = 7. Then there exists a constant Cyy such that for every f € HX(R)
and j € Z, we have that

1P; f - fll =27 X cyvll F5).
Similarly, for every f € H'(S!) and j = 0, we have that

1PY f = fll <27% Cuvll £2I.

If the scaling filter is supported in {0, ..., N — 1}, we may take K = 1 and Cyy < 2N?.

Under mild technical conditions the ‘UV cut-off’ from Lemma 3.3 can be well-
approximated by sampling the function on a dyadic grid, as shown in the following
lemma (see for instance Theorem 7.22 in [Mal08]).

Lemma 3.4 (Sampling error). There exists a constant Cy such that the following holds:
For every f € H'(R) and f; the sequence defined by (fj)x:=27/"2f(277k) for k€ Z (we
identify f with its unique representative as a continuous function), we have

le; f—fill <27 Cyl f'Il.
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Likewise, for every f € H'(S') and fi€ C?' the vector with components
(fr=271"f2 k),
we have
12 f = Fill <277 Cyll 1.
If the scaling filter is supported in{0,..., N — 1}, then these estimates hold with Cy < 2N2Z,

The final lemma of this section (adapted from [W0j97]) bounds the error incurred
by leaving out coarse scale components from compactly supported functions, corre-
sponding to an IR cut-off.

Lemma 3.5 (IR cut-off). Assume that the scaling function ¢ satisfies

219y —k)I? < Cr
kez

forall y € R. Then for every f € L*>(R) with compact support,

IP; fll <22\ /D(HCrIIfI

where D(f) is the size of the smallest interval containing the support of f. If ¢ is bounded
and supported in an interval of width N, we have Cig < VN |}l oo-

3.6.1 Approximate Hilbert pair wavelets

The following lemma is an improved version of [HSW*18, (A7)]. It controls the error
incurred by using approximate instead of exact Hilbert pairs both on the line and on the
circle.

Lemma 3.6. Consider an ¢-approximate Hilbert pair. Let Wé"% ) and W;(l‘g ) denote the
corresponding wavelet transforms for £ layers, defined as in Egs. (3.10) and (3.11) using
the filters g and h, respectively. Then,

1P (WS = WD muw) < e, (3.34)
I1Ps(WSD = WD mp) fl <eLIfI+2PWEDfIl - (Vfelr@),  (3.35)

where Py, = Ip2z) ® Z‘;C%; 51 |k) (k| denotes the projection onto the wavelet coefficients
and Ps = I — Py, the projection onto the scaling coefficients.

Proof. AsinEq. (3.10), denote by Wg, Wj,: ¢2(Z) — ¢*(Z) ® C* the unitaries correspond-
ing to a single layer of the wavelet transform:

We=(m@n) e m@) and W= mhy) e mhy)
One may easily verify the relation

m(uy) | m(us) =] m(y).
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This allows us to rewrite

Wy m(pw) = (| m(w)) ® (| m(hs) m(uw)
= (| m(pwhy)) ® (| m(uw)mhy))

=(/ m(uwfz_w)) ®(muy) | m(usfl_s))
= (Ip2z) ® M(uyp)) Wi,

(3.36)

where we introduced
Wi = (| m(whw) ® (| m(ushs)).

Now consider Z layers of the transform. For [ =1,..., %, define Wé = Ippzyect-1 ® Wy

and similarly W/ and W}, so that Wy™*’ = W, --- Wy etc. By using Eq. (3.36), we find
that

WD mpw) = Wil - Wim(pw) = (Ipgyece ® mpw)) Wil - W,

Our assumption (3.26) on the scaling filter error in an approximate Hilbert pair implies
that, for all /,

IW, = Wl = | Wg = Wil < max{ll g5 — s s lloos | §uw — uwhuwlloo} < . (3.37)
Next we write a telescoping sum

Wég) — W}(;%)m(llw) = Wé%’ te ng - (I[Z(Z)®C$ 2] m(llw)) W}? et W}i
= (I[Z(Z)®C§€ & m(ﬂw)) (Wg e ng — W];% cen W]i)

+ (042(2)@32’ & (I- m(/.tw)))ng - ng
<
= (IIZ(Z)®C$ ® m(/lw)) Z ng e ng+1 (ng _ Wli) W}i—l . Wé
=1
+(0@ (I - m(u)) W2 - Wy

Using Eq. (3.37) and the fact that || Wéll = W}ll | =1 for all /, we can therefore bound
% K% & 1 1isl
1P (Wg? =W mun)l < Y 1 Wg - Wil < e
I=1
and, since furthermore ||[m(u,)ll =1,

4
1P (WS = W mua)) fl < Y NWS = Wil £ 1l + 21 Ps W7 - Wy f
=1
<eL|fll+21PWS £,
Thus we have established the desired bounds. [ |

A completely similar argument establishes a version for the periodized wavelets:
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Lemma 3.7. Consider an -approximate Hilbert pair. Let W‘é"%)’per and W,iz)’per de-
note the periodized wavelet transforms for £ layers, defined as in Eq. (3.13) using the
periodizations of the filters g and h, respectively. Then,

IPE (WP = W muly")) | < (3.38)

and forall f € c2”
| PR (W P = W muh)) F1l < e LI fll+ 20 PET WP £ (3.39)
where ,uper [n] := ,u(2_°(£ +*11n) and where P{’ff denotes the projection onto the 2¢ 1

many wavelet coefficients and P = I — PY"" the projection onto the scaling coefficient.

Next, we will show that expanding a function f in the scaling basis for an approxi-
mate Hilbert pair results in approximately the same coefficients as if one were to expand
the function in the scaling basis for an exact Hilbert pair (cf. Eq. (3.24)).

Lemma 3.8. Consider an ¢-approximate Hilbert pair. Then there exists a constant Cy > 0,
depending only on the scaling filters, such that the following holds: For every f € H'(R),

||Of?f - a}gm(/lsyj)*f” < 2_jCX 1.
where As,j(w) 1= As(2™)w). Similarly, for f € H'(S") we have that

h,per ,per er —j !
PO = adP mAY) =27 Cyll .

(04
o

where AEE.I [n]:= As,j27n). If the scaling filters are supported in {0, ..., N — 1} then these
bounds hold with Cy < 2N?.

Proof. ByEqs. (3.2) and (3.23), fi;— 158, vanishes at 6 = 0, so there exists a constant C > 0
such that

1 - A
Elhs(m - us(0)85(0)| < Cl0)| (3.40)
forall 6 € [-m, 7]. As a consequence, we can derive the following bound on the Fourier
transform of y := ¢" — m(As)p8: For all w € [-7, 7],

(o]

A N x© 1 .
mwn=|¢h(w)—7ts(w)¢g(w)|:|1‘[—Zhs(z—kw) H us(z “w)g;2  w)
k=1

=1 (3.41)

— @ *w) - ps 2w g2 w)| < Z Cl2 %w| < Clo|

\/_ =1

using a telescoping series and the fact that || fzslloo = |s8slloo = V2. Moreover, ¥ lloo < 2.
Thus, Lemma 3.10 shows that, for all f € H'(R),

la; "f-af m(/lsﬂ [l = ZI((P]k,f) ((P]k,m(/lsﬂ Ne

kez

=Y KXo O

kez
=2 2 12
<272 C2If11%,

i MS
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where C7 = C* +4/3. The case when f € H'(S') works analogously.
Finally, assume that the scaling filters are supported in {0,..., N — 1}. In this case, we
know from Lemma 3.9 that, for all 6 € [, 7],

2 2
%g}(e) 1)< N7|e| and \i@ms(e) Y N7|9|
and hence
L1 2s(0) = 15 0)85(0)] < —=125(6) 1+ —=18(0) = 1]+ —=11 = ps(=0)|
V2 V2 V2 V2

1
s(N2+—) 10
2

for 0 € [-m, ]. Thus Egs. (3.40) and (3.41) hold with C = N2 +1/2, hence we have Cy<
2N2. [ |

The bounds in Lemma 3.8 hold for any pair of wavelets, not only for approximate
Hilbert pairs. For the latter, not only is the constant C small in practice, but one can
also use the relation between the filters Eq. (3.26) and a slightly adapted version of
Lemma 3.10 to show that in fact Lemma 3.8 holds with

C;( =3(C+e).

For the Selesnick approximate Hilbert pairs this leads to significantly smaller constants,
see Table 3.1, but since this does not substantially impact our the scaling of our final
bounds on correlation functions we do not pursue this direction further.

3.6.2 Proofs of wavelet lemmas

In this section we will prove some technical lemmas involving wavelets, amongst which
Lemma 3.3, Lemma 3.4, Lemma 3.5. We first state a simple Lipschitz bound for the
Fourier transforms of wavelet and scaling filters.

Lemma 3.9. Let g; be scaling filter supported in {0,..., N —1}. Then the corresponding
wavelet filter g,,, defined in Eq. (3.3), is supported in {2 — N,..., 1} and we have that

NZ
185(0) — V2| < Em

N(N+1)
5, (0)] < ——10].
1§ | NG 0]

forall@ € [-m,m].
Proof. ByEq. (3.2), 1&sllco = V2 and gs(0) = V2. Hence,
N-1

. N(N-1)
I&¢lloo < ( Y n) l8slloo = ——F——8sllcc =

n=0 2

2
\/5)
where we used that || f o < % I f (P f o for any trigonometric polynomial. There-
fore,

N(N-1) .
T”gs”ooS

2

N
185(0) = V2| <185(0) - &5(0) < 1 8¢lloc 161 < — 16)].
8s 8s 8s 8s NG
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Now consider the corresponding wavelet filter g,, which by Egs. (3.2) and (3.3) satis-
fies |8wlloo = V2 and £,,(0) = 0 and is supported in {2 — N,...,1}. Then, similarly as
above,

1 N(N+1) N(N+1)
187,100 < InlIgwlleo < ————l18wlloc < ——,
Su (n:;—N ) Su 2 Su \/z
so we obtain
N(N+1)
18w(0)=18w©0) — w0 < 18, llo010] = ———— 1.
8w 8w 8w 8w NG

In practice, the bounds in Lemma 3.9 can be pessimistic. In principle, as the number
of vanishing moments of the wavelets increases, one expects better dependence of the
bounds on the size of the support. However, we are not aware of better bounds than
those in Lemma 3.9 for approximate Hilbert pair wavelets.

We now proceed to prove the lemmas in Section 3.6. Our main tool is the following
technical lemma.

Lemma3.10. Lety€ H “K(R) such that X € L™°(R) and there exists a constant C > 0 such
that|}(w)| < Clw|X for all|w| < 7. Define Cy := (C*+ | 2112,/3)'2. Then, for all f € HX(R)
and j € Z we have that

Yl NE=272K ) pE)2,
kez

where x j j(x) := Zéx(zfx — k). Similarly, for all f € HX(S') and j = 0 we have that

2]
Y10 HIE=272K IR,
k=1

per

where Xik (X) =X mez Xjk(x+m).

Proof. For f € HX(R), we start with

1 PN 2
Z |<Xj,krf>|2 = Z g<7(],k’f>

kez kez

1 2

0 - N I
=Y |—= [ 2772k 2iw) f(w)dw
kez 27 J-oo

2
(3.42)

1 [ . . . )
= gf 2123 (w) f 2 w)e'* dw

We can interpret this as the squared norm of the Fourier coefficients of the 27-periodic
function defined by

F@):= Y 27230 +2mm) 2/ (0 +27m)),

meZ
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provided the latter is square integrable. To see this and obtain a quantitative upper
bound, we note that, for every 0 € [, 7],

70 +2mm)|? Z
O +2mm)K| =,
70 +2mm) |?
@ +2mrm)K

FO)F <2/ Y (9+2nm)Kf(2j(9+2nm))‘2

meZ

— 9~ (2K-1)j y

meZ

@/ (O +2nm)X F (27 (0 +2nm)) (2 (3.43)

)3

meZ

by the Cauchy-Schwarz inequality. To bound the left-hand side series, we split off the
term for m = 0 and use the assumptions on j to bound, for 0| < 7,

5 RO +2mwm) 2:'5((9) 2+ 5 R0 +27m) |? sy |0 +27m)?

= 10+ 2mm)K oK mZol @+2mm)K| — wZo 10+2mm|?K
st § 2 ety W2 (3.44)
- X = (mm)2K ~ 3 '

If we plug this into Eq. (3.43) then we obtain

IFO)F <27 C%Dick 3 |(

mEZ

@70 +2mm)K F I @ + an))‘

and hence

1 C?
L " @ rap <2-@x-vi Xf (@ few)| do
27 J—x

2

C o .
=272 2—" f |0® f(w)|” do =272KC2) £ 502,
T J-c0

which is finite since f € HX(R). This shows that F € L?(R/27Z). By Parseval’s theorem
we can thus bound Eq. (3.42) by

Y [ I <2725 002 < 272K 2 £ 2
kez

as desired.
The proof for f € HX (s proceeds similarly. First note that g/ﬁf(m) =g(2nm) if we
periodize a function g € L2(R) by g (x) := Y. ,cz g(x + 1), so

2
Z 0=JI2 gi2mma~ ]kmf(m) (3.45)

meZ

ZW?? | = Z\%E’? | = Z

which we recognize as squared norm of the inverse discrete Fourier transform of a
vector v with 2/ components

v;:=212 Y yeam+2m2-inf@Im+ 1),

meZ
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where it is useful to take [ € {-2/71 +1,...,2/71}. To see that the components of this
vector are well-defined and obtain a quantitative bound, we estimate

2

2 =27 | Y g@rm+2m2-iDf@/ m+1)

meZ

2

)3

meZ

T@rm+2m2771)
QRam+2m2-I1HK

<2/

. 2
rm+2m27/ l)Kf(Zf m+ l)‘

meZ
2

)3

mezZ

X(an+2n2‘fl)

_ 9-@K-D)j .
@rm+2n2-iHK

. N 2
e m+ )X Feim+ l)‘ .

meZ

Since |22/ 1| < 7, we can upper-bound the left-hand side series as in Eq. (3.44),

2 -2K-1)j ~2
lo|? <2780 Y

meZ

. ~ . 2
er@im+ )X feim+ l)’ :

and obtain

—2K-1)7 A 2 —2K-1)7
lvlz <2780 cy 3 e fm]” =27k DI c) FO)1%,

nez

which is finite since f € HX(S'). As before we conclude by using the Plancherel formula
in Eq. (3.45) and plugging in the upper bound.

2/ 2 2 )

S pl =27 X n <272 2o,
k=1' " k=1

which concludes the proof. [

We next use Lemma 3.10 to prove Lemma 3.3 and Lemma 3.4, which are wavelet
approximation results for sufficiently smooth functions.

Proof of Lemma 3.3. For f € HX(R) and j € Z, we have

1Pif=f12=Y 3 i O

I>jkez

because the wavelets form an orthonormal basis. We would like to bound the inner
series by using Lemma 3.10. For this, note that since g; is a trigonometric polynomial
with a zero of order K at 6 = 7, there exists a constant C such that

1 1
V2 V2
Using Eq. (3.6) and IIc/A)IIOo =1, it follows that

18,(0) = —1&s0 +m)| < ClOIX. (3.46)

@) = —=gu(2p(2) < L jwik

Since moreover |||l = 1, we can invoke Lemma 3.10 with y = ¢ and obtain that

IP;f—flI2< Y 272Kc2 N f 02 < 272KI G2 )1 5013,
I>j
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where C3,, = C?/4X +1/3 < C*+1/3.
In the same way we find that, for any fe HX(S"Y and j =0,

IPYf=fI7=3 Z|<1//per HIE<272Kic2 ) 792,
I>j k=1
again by Lemma 3.10.
For the last assertion, we use Lemma 3.9 to see that, for K = 1, Eq. (3.46) always
holds with C = N(N +1)/2, hence we have Cyy < 2N?. [ ]

Proof of Lemma 3.4. The trigonometric polynomial g satisfies g;(0) = v/2, so there is a
constant C > 0 such that

1
|—8,(0)—1] = C|6| (3.47)
Noad
forO e [—n,m]. Using the infinite product formula (3.8), it follows that, for all |w| < 7,
x C C
|p(w)—1] = |1'[ gs(Z “w)-1| < Zl—gs(Z OBSTEDY Vil lol = —|ol
k=1 k=1 V2

(3.48)

using a telescoping sum and the fact that |g;| < V2 (in fact, this holds for all w € R, but
we will not need this). Now recall from Sobolev embedding theory that f € L'(R) for
any f € H'(R). Thus, the continuous representative of f can be computed by the inverse
Fourier transform, i.e.,

1 4 iwx
f(x)ng_oof(w)e dw

for all x € R. As a consequence,
lajf = £l = ¥ | r-2712 (2 fk)) Y e O
kez kezZ
where y := ¢ —0¢. Now, § = (,b —1, hence | Jlloo < 2. Together with the bound in Eq. (3.48)
we obtain from Lemma 3.10 that
lajf - fil> <272 Cyll 1117,
where Cy := C? + %. The proof for H'(S') proceeds completely analogously. Finally,

Lemma 3.9 shows that if the scaling filter is supported in {0, ..., N — 1} then Egs. (3.47)
and (3.48) always hold with C = N?/2. Thus, Cy < 2N°. [

Finally, we prove Lemma 3.5, which is an approximation result for compactly sup-
ported functions, and which has been adapted from [Woj97].

Proof of Lemma 3.5. Let us denote by S the support of f. Since the scaling functions for
fixed j form an orthonormal basis of V;, and using Cauchy-Schwarz, we find that

||ij||2:Z|<¢j,k,f>|2s||f||22f8|¢j,k(x)|2dx 1% Z|¢>(y K> dy.

kez kezZ Skez
This allows us to conclude that
IP; fII* < I 122/ CRD(f),
which confirms the claim. If ¢ is bounded and supported on an interval of width N, we
can bound Y iez|p(y — k)2 < N opl|%,. u
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Open questions

An interesting open problem is to determine the existence of a family of approximate
Hilbert pair wavelets where the approximation error decreases sufficiently fast with
the support of the wavelets, as discussed above [Sel02, ACGR20]. Similarly, it would be
desirable to identify conditions under which the procedure outlined in Section 3.4 is
rigorously guaranteed to find good e-approximate E-dispersion pairs of biorthogonal
filters.






CHAPTER 4

Fermionic entanglement
renormalization

We will first give a brief review of the fermionic formalism in Section 4.1. Then we
describe the precise relation between Hilbert pair wavelets and entanglement renormal-
ization, both on the level of lattice fermions and fermionic field theory. In Section 4.2
we describe the construction of fermionic entanglement circuits and how one can take
a ‘continuum limit’ to compute correlation functions for a quantum field theory. In
Section 4.3 we prove various results about the approximation accuracy of wavelet based
entanglement renormalization, which are the main technical contribution of this chap-
ter. The results in this chapter are an extension of results in [HSW™18] which discussed
the case of lattice fermions. Our main contribution is a careful analysis of the relation to
the corresponding quantum field theory.

4.1 Fermions and second quantization

In this section, we briefly review the second quantization formalism for fermions and
quasi-free (or Gaussian) fermionic many-body states (see, e.g., [BR03] or [CR87] for
further details), and we describe the vacuum state of one-dimensional massless free
fermions on a lattice and in the continuum in terms of this formalism.

4.1.1 The CAR algebra and quasi-free states

If /¢ is a complex Hilbert space (which is the single particle space), then let </, ()
be the algebra of canonical anti-commutation relations or CAR algebra on . It is
the free unital C*-algebra generated by elements a(f) for f € # such that f — a(f) is
anti-linear and subject to the relations

{a(f),a(g)} =0,
{a(f),a* (@} =(f,8

where {x, y} = xy + yx denotes the anti-commutator.

An important class of states on this algebra are the gauge-invariant quasi-free (or
Gaussian) states. These states have the property that they are invariant under a global
phase f — e? f and that all correlation functions are determined by the two-point
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functions. More precisely, for every operator Q on ./ such that 0 < Q < I there exists a
unique gauge-invariant quasi-free state on </, (/¢), denoted w(, such that we have the
following version of Wick’s rule:

wQ(a*(fl) ... d*(fn)a(gl) a(gm)) = 6n,m det[(gir Qf])]

Thus, the state is fully specified by its two-point functions wq(a* (f)a(g)) = (g, Qf). The
operator Q is called the symbol of wg. The state wq is a pure state if and only if Q is a
projection. In this case, Q can be interpreted as a projection onto a Fermi sea of negative
energy modes. We will only be interested in this case, and henceforth we assume that Q
is a projection.

To obtain a Hilbert space realization, we consider the fermionic Fock space

(e, 0)
F\T) = P 7"
n=0

with the standard representation of o, (#°), defined by a(f) — ao(f) where
as(NHlv=fAv.

Let |Q) denote the Fock vacuum vector 1 € #° = C. Then |Q) is the pure state corre-
sponding to symbol Q = 0. Now let Q be an arbitrary orthogonal projection and choose
a complex conjugation (-) (that is, an anti-unitary involution) that commutes with Q.
Then the map a(f) — aq(f), where

ao(f) = ao((I- Q) f) +ag(Qf), 4.1)

defines a representation of the CAR algebra such that wq corresponds to the Fock
vacuum vector |2).

4.1.2 Second-quantized operators

Next we recall the second quantization of operators on /. If U is a unitary on A
then U defines an automorphism of <, (#°), known as a Bogoliubov transformation,
through a(f) — a(Uf). Provided that [U, Q] is Hilbert-Schmidyt, this automorphism can
be implemented by a unitary operator I'g(U) on Fock space, which is unique up to an
overall phase. It is defined by the property that for every f € A,

To(W)ag(fIToU)* = ag(U ).

Now consider a unitary one-parameter subgroup {e'’4} generated by a bounded Hermi-
tian operator A on /. We would like to know when e’/ can be unitarily implemented
in the form

eitdFQ(A)aQ(f)e—iter(A) — dQ(eitAf) (42)

for teRand f € A. For this, decompose A into blocks with respect to .#,, which we
define as the range of the projections Q, = I — Q and Q- = Q (corresponding to positive
and negative energy modes), respectively:

C(Ary A
A= 3
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In [CR87, Lun76] it is shown that, if A is bounded and the off-diagonal parts A,_, A_;
are Hilbert-Schmidt, then there exists a self-adjoint generator dI'g(A) on %, () such
that (4.2) holds. We can moreover fix the undetermined additive constant by demanding
that

(Q,dI'o(AQ) =0,

which corresponds to normal ordering with respect to the state w.
If Ais trace class then dI'g(A) is bounded and in fact can be defined as an element
of A/, (A€). In general, dI'g(A) is unbounded, but we still have the bound [CR87, (2.53)]

1Al (A, = 4(n+ 2) max{ll A++ I, IA——Il, 1 A~ ll2, | A—+1l2}, (4.3)

where I1,, denotes the orthogonal projection on the subspace of %, (/) spanned by
states of no more than n particles EBZ:O SNk Combining [CR87, (2.14), (2.24), (2.25),
(2.49)], one can similarly show that

I(dTo(A) —dT o/ (A)) [l < 4(n +2) max{[|Qs AQs - Q5AQ;1I, 1Q5 AQ—5 — Q5 AQ  51I2}
(4.4)

for any two projections Q and Q’. This estimate will be useful in our error analysis in
Section 4.3.2. Finally, if h: # — A is a bounded Hermitian operator, then we may
interpret H = dI'(h) as a Hamiltonian on the Fock space &, (#), and we can describe
its ground states. By the spectral theorem we may write h as a direct sum of 4_ and hy
where (f,h_f <0and (f, h_ f =0forall f € /. If h has trivial kernel, the unique ground
state is the Gaussian state with symbol the orthogonal projection Q onto the image of /1
(i.e. in the finite dimensional case Q is the projection onto all eigenspaces with negative
eigenvalue); informally, the ground state has all negative energy modes filled. If / has
nontrivial kernel, this gives rise to a ground state degeneracy (if P is any orthogonal
projector onto a subspace of the kernel of /2 and Q is the orthogonal projection onto the
image of /_, then the state with symbol Q + P is a ground state).

4.1.3 Massless free fermions

We will discuss two relevant models. The first is that of fermions on a lattice, and the
second one is its continuum limit, the free Dirac fermionic field theory.

We consider a one-dimensional lattice Z, and we let # = ¢2(Z). As usual, we abbre-
viate a,, = ald ] for the annihilation operator of a particle on site n. The Hamiltonian

H=-) ayap.+a,,, an. (4.5)
nez

can be thought of as describing particles ‘hopping’ between neighbouring sites. These
particles are massless and the Hamiltonian is gapless. The Hamiltonian H can be
written as dI'(h) where h: ¢?(Z) — ¢*(Z) given by

hflnl=-(fIln+1]+ f(n—-1]) (4.6)

and correspondingly, as discussed in Section 4.1.2, its ground state is given by the quasi-
free state which has as symbol the projection onto the space spanned by all negative
eigenvectors of Eq. (4.6). In physics terminology, this is the state where we have filled the
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‘Dirac sea’ consisting of negative energy solutions to the single particle Hamiltonian. We
can split the lattice into even and odd sites Z = Z; ® Z, and decompose # = ¢*(Z) ® C?
accordingly. We may correspondingly redefine the fermionic operators a;,, = dz,+1
and ay , = ayp, and finally apply a phase, writing b; , = (-1)"a; ,,. Then the Hamiltonian
in Eq. (4.5) is transformed to

H=- Z b;,nbl,n - bikynbg,n.,_l + binbgyn - b;,n+1b1yﬂ' 4.7)

nez

This Hamiltonian can be written in Fourier space as

T 46 (bl(G))*( 0 el — 1) (bl(e))
e

H= —_— .
L2n\ba@) \e—1 0 by (6)

To see what the symbol corresponding to the ground state is, we observe that for each 6
the matrix
0 ef-1
e-1 0
has a negative eigenvalue with eigenvector

V2 1

which means that the space of negative energy modes consists of all functions f = fi& f>
in ¢%2(7) ® C2 which are such that their Fourier transforms satisfy the phase relation

.0
1 (— sgn(@)ie’i)

710) = —sgn@)ie'? f,(0),

or in other words, fi = m(uy) f>, with u,, defined in Eq. (3.23). This implies that the
symbol Q is the projection

1 ( I m(uw)) 4.8)

=5l T

which projects onto the space of functions f = fi @ f, for which f; = m(uy) f>-
The continuum limit of this model is given by the free massless Dirac fermion. This
theory has action

1
S(¥) = Ef\l’*yoy’“‘au‘l’dxdt

for a two-component complex fermionic field ¥ on the line (or on a circle). The fields
have correlation function

1
(P (0P () =——.
x—y

The stress energy tensor is a normal-ordered product of the fields and its derivatives. In
complex coordinates z = x+it and z = x—it, the stress-energy tensor has a holomorphic
component T, for which one may deduce that

1/2

T,, T;, =T
el e = G
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and hence the theory has central charge ¢ = 1. For details from the conformal field
theory point of view, see [FMS12]. To be able to make rigorous statements about this
theory we would like to describe this theory in the algebraic framework. In the algebraic
approach described in Section 4.1.1 the fields W*(x) are not bounded operators. In
order to have well-behaved operators, one usually ‘smears’ the fields. That is, for some
function f one informally defines

Y(f) :ff(x)‘lf(x)dx.

In this framework, the operator W(f) will be formally defined by the framework in
Section 4.1.1 as a bounded operator (while W(x) can not be defined as a bounded
operator).

We now describe the vacuum state of this quantum field theory in terms of the
second quantization formalism. It will be convenient to consider the Dirac equation,
derived from the action, in the form

iyto,p =0,
with the Dirac matrices y° = io; = () %) and y' = -0, = (% ). In other words
01 +i0,y2=0
6;1/12 - iaxWZ =0

The equation is easily seen to be solved by

iD=+ (x+D+x-(x—1)
Yo(x, 1) =i (y+ (x+ 1) — y—(x— 1)

for arbitrary functions y, and y_, which we take to be in L?(R) in order for the solutions
to be normalizable. The energy of such a solution is given by

o0
E= f (—wli+ (@ +olf-()) do.
—0o0
Thus, the space of negative energy solutions is spanned by solutions for which y; has
a Fourier transform with support on the positive half-line (is analytic) and y- has a

Fourier transform with support on the negative half-line (is anti-analytic).

We obtain a single-particle Hilbert space # = L?(R) ® C? corresponding to v (x, £ =0).
Again, the symbol of the vacuum state is given by the projection onto the ‘Dirac sea’ of
negative energy solutions. It can be expressed as
1 ( I Jf)

Q=5l_# 1

> (4.9)

in terms of the Hilbert transform, which we recall is the unitary operator on L2(R)
defined by

757((1)) =—i sgn(w)f(w).

Indeed, it follows from #* = —# that Q is an orthogonal projection, and Qy =y if ¢ is
the restriction to # = 0 of a negative-energy solution. We further note that the symbol Q
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commutes with the component-wise complex conjugation on #. We thus obtain a
Fock space realization as described above in Section 4.1.1. The smeared Dirac field can
be defined as W (f) := aq(f) for f € .

We will also be interested in free Dirac fermions on the circle S'. In this case, we
take A = [2(S!) ® C. For periodic boundary conditions, the symbol QP*" has the same
form as in (4.9), where we now let

Jm[n] = —isgn(n)f[n]

where there is some ambiguity in the sign function for n = 0 (reflecting a ground state
degeneracy). For definiteness, we choose sgn(0) = 1.

For anti-periodic boundary conditions, corresponding to the Dirac equation on the
nontrivial spinor bundle over S!, we define a unitary operator T on % by

Tf(x)=e " f(x) (4.10)

for x € (0,1). Then the symbol is given by T* QP T

4.1.4 Self-dual CAR algebra and Majorana fermions

Suppose that A, = A_, as in the preceding section. Given an anti-unitary involution C
on /¢ such that CQs = Q_5C for 6 = £, we can also define the following operators on
the Fock space F\ () € Fa(A),

cQ(f) = ao(Q+ f) + ag (CQ-f) (4.11)

These satisfy the relations of the self-dual CAR algebra, /5% (#€) [Ara71], which is gener-
ated by elements c(f) for f € # such that f — c(f) is antilinear and

{c(f),c*(@}=(f 8,
c*(f) =c(Cf).

for f,g € A. The second equation implies that a unitary U on ./ only defines an
automorphism I'(U) ofd,fd(if) by c(f) — c(Uf) if [U, C] = 0 commutes with C. We
can also second quantize generators as in Eq. (4.2). That is, if A is a bounded operator
with Hilbert-Schmidt A,_, A_,, and if A* = —CAC, we can define its second quantiza-
tion chQ (A), such that

LG co (f)e—itdrg(A) — cQ(e”Af). (4.12)

We can apply this construction in the situation Section 4.1.3 to obtain a descrip-
tion of massless free Majorana fermions. Define the anti-unitary involution C as the
following charge conjugation operator which exchanges positive and negative energy
modes:

Cf = (é _Ol)f (4.13)

Then it is clear from (4.9) that CQ = (I — Q)C, so the above construction applies. We
denote by ®(f) := co(f) the smeared Majorana field.
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Gaussian unitaries an — Y Up,mam for U unitary
Hamiltonian H=-Y,a,a,:1+a,, a,

Wavelet filters g, h orthogonal wavelet filters

Filter relation guw@) =—i sgn(H)eig h,,(0) for 6 € (-m, )
Application of wavelet transform bip=(=D"azy, ban=(-1"azp+1,

and apply W), to the by fermions
and W, to the b fermions

Disentangling circuit Apply wavelet decomposition, then H on wavelet modes.
Continuum theory Free Dirac fermion
Wavelet functions 78 (w) = —isgn(w)i" ()

Table 4.1: Overview of the construction of MERA from wavelets for fermions as described
in [EW16, HSW*18, WSSW22], to be compared with the corresponding results for
bosonic systems in Table 5.1.

4.2 Entanglement renormalization circuits

In this section we will describe how an appropriate quantization of Hilbert pair wavelets
yields an entanglement renormalization scheme for free fermions. For a discussion of
Gaussian fermionic MERA, see [EV10b], and for fermionic MERA in general, see [CV09].
An overview of fermionic wavelet MERA is provided in Table 4.1.

4.2.1 Entanglement renormalization for lattice fermions

We start by reviewing the construction of entanglement renormalization circuits for
massless free fermions, as worked out in [EW16, HSW*18]. The exposition is based
on [HSW*18].

Recall that the hopping fermion Hamiltonian could be rewritten as Eq. (4.7)

* * * *
H=- Z bl,an,n - bz,nbl,nﬂ + bz,nbl,n - bl,n+1b2.nr

nez

and that the ground state symbol was given by Eq. (4.8)

I

1 I m(ty) 0
Q ) 0 m(uw))

I 0
=5 \muw)* I :( )(I®|+><+|)

0 m(Hw)*

as a projection on the single-particle Hilbert space £2(Z) ® C2. Recall that m(u,,) is a
Fourier multiplication operator, where 6,,(0) = —isgn(B)eig for |0| < m. This symbol is
straightforward to prepare in Fourier space. For instance, if one would like to prepare the
ground state, one could apply (the second quantization of) the Fourier transform, which
relates the ground state to a product state. However, we are interested in performing
a circuit which is local in real space (recall that entanglement renormalization is a
quantum circuit which implements a real-space renormalization). For this goal it is
natural to replace a Fourier analysis of the ground state symbol by a wavelet analysis.
We now consider an approximate Hilbert pair as in Definition 3.1. As before, we
denote by gy, hy, &5, hs the wavelet and scaling filters, and we let W and W}, denote
the corresponding wavelet decomposition maps. Since W, and W}, are unitary maps
we can apply the fermionic second quantization of W}, to the by fermions and Wy to the
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b, fermions and we write
W=W,e W,.

Since we have an approximate Hilbert pair, the filters are such that for 6 € (-, 7)
hy=m(uy)guw (4.14)

This will allow us to renormalize the ground state. Suppose we had an exact Hilbert
pair (we will see in detail in Section 4.3 how this derivation is influenced by the er-
ror in Eq. (4.14)). Then the second quantization of W will be such that if we let |Q)
denote the ground state of Eq. (4.7) with symbol Q, (so |Q) is the Fock vacuum with
representation ag as in Eq. (4.1)), then we may consider the state

LW D) QT (W),

which lives on the Fock space with single particle space (02(2)®C% & (¢2(7) ® C?), where
the first factor in the direct sum collects the wavelet outputs of W @ W}, and the second
factor in the direct sum collects the scaling outputs of W @ W),. This state will have
symbol WQW*. We note that for an exact Hilbert pair we have

(Iem(uy))Wg =Wrm(iy)

as follows from the observations in the proof of Lemma 3.6. Then it is easy to verify,
using that Wy is unitary, that

wr 0

Wy, s
0 m(@w)W;

0 Wem(uy)®
={I’|+)(+) e Q.

WQW* = )(I®|+> <+|)(

In other words, after applying a layer of the wavelet pair decomposition, the state is
in a product state between the wavelet output and the scaling output, and moreover,
the state on the scaling output is again the ground state of the Hamiltonian Eq. (4.7),
while the state on the wavelet output is a product state. Thus we have implemented a
layer of entanglement renormalization: we have separated the high frequency (wavelet)
and low frequency (scaling modes), and moreover disentangled the high frequency
modes, and done so in a scale invariant way. We can now repeat this construction on the
scaling modes, and the £-layer wavelet decomposition will give rise to an entanglement
renormalization procedure of depth Z. If we have a finite number of layers, we obtain
the following approximation of the symbol (where we insert the Fock vacuum state on
the top scaling input):

Definition 4.1 (Approximate symbol for lattice fermion). For any approximate Hilbert
pair, Z €N, define the approximate symbol for the lattice fermion in Eq. (4.7) as the
following projection on ¢2(Z) ® C?:

Qut= WD (P & 1+) (+) W'D, (4.15)

where W) .= W}(l'ip )@ Wé‘g )and P, is the projection onto the wavelet output.
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Note that P, ® |+) (+| is the symbol of a state for which correlation functions can be
straightforwardly evaluated. Indeed, we can intuitively think of P,, ® |[+) (+] as the sym-
bol of a ‘Fermi sea’ where on the part of the lattice corresponding to the wavelet output
of the transform we have a have occupied a product mode. Equivalently, after apply-
ing the second quantization of a Hadamard gate and a Jordan-Wigner transformation
this state corresponds to an ‘infinite product state’ where the wavelet qubits are in
state [101010...) and the scaling qubits in |0000...).

We may thus conclude that the second quantization of an appropriate discrete
wavelet transform defines an entanglement renormalization map. The relation in
Eq. (4.14) will not be satisfied exactly by a pair of finite filters, but as we saw in Section 3.3
it can be approximated. In [EW16] it was shown that a construction using Daubechies D4
filters already gives a good result, and in [HSW™ 18] it was shown that any approximate
Hilbert pair leads to a good approximation of the ground state using the approximate
symbol Q{;“. This result will be extended in Theorem 4.7 to correlation functions for
the corresponding quantum field theory.

Discrete wavelet transform and single-particle circuits

Let us now recall how discrete wavelet transforms can be written as single-particle (‘first
quantized’ or ‘classical’) linear circuits, using the construction in Section 3.5, and show
that the entanglement renormalization procedure described above indeed gives rise
to an entanglement renormalization circuit. Recall that ‘single-particle’ means that
the state space is a direct sum of local state spaces (such as ¢?(Z) = @,z C). Thus
let W: £2(Z) — ¢%(C?) denote a single layer of a discrete wavelet transform, defined as
in Eq. (3.10). Recall that by putting the scaling and wavelet outputs on the even and odd
sublattice we obtain a unitary

W': 02(7) — 0*(Z), W' :=1W,
where

1: 0%(2)® C? — 0?(2)
l(fw®fs)[2n] = fw[n]»
fwe fo)2n+1] = fin]

for all f,,, f; € £?(Z). From Section 3.5, and as previously shown in [EW18], we know
that if the scaling filters are real and have length N then W’ can be decomposed into a
product W' = Wy, --- Wi, where each Wy : 0%(2) — 0%(2) is ablock-diagonal real-valued
unitary of the form

W Drodd Ur,r+10) if k odd,
k= .
D even Ur,r+10f) if k even.

Here, the 0j are suitable angles and u,,,+1(0) denotes the unitary which acts on the
subspace £2({r, r + 1}) € £?(Z) by the rotation matrix

cos(@y) sin(0y)

—sin(@y) cos(@y))’ (4.16)

u@) = (
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Thus, we obtain a decomposition of W¢ into a single-particle linear circuit composed
of 2-local unitaries (see Fig. 3.7, (a)). In the same way we can implement £ layers of the
discrete wavelet transform.

Given an approximate Hilbert pair (or any pair of wavelets) let W := Wy, & Wy, corre-
sponding to performing both discrete wavelet transforms in parallel. If we apply the
preceding construction to both wavelet transforms W), and W, we obtain two circuits,
one for W;l and one for Wg’,, parametrized by angles QZ and 65 fork=1,...,N/2. These
can be assembled into a single single-particle circuit for

W' 0?(2)eC*— *(2)oC?, W':=W,eW,

As shown in Fig. 4.1, (a), we take each site to carry two degrees of freedom (correspond-
ing to the two components of the Dirac spinor). Instead we could also arrange the
two wavelet transforms on the even and odd sublattices (by conjugating with ¢). It is
straightforward to see that the corresponding circuit can be implemented by 2-local
unitaries and swap gates. Thus

latt _ 77(£),* (&)
Q:Lp = UMERAPUMERA, (4.17)

where P := P, ®|0) (0| is a symbol on ¢?(Z) ® CZ*! ® C?> and

U D) e C — ()9 CH o C?

is the single-particle unitary defined by

%
Uli/IEiRA = Upecz-1oc2 ® UMERA) - (I2(2)0c2 ® UMERA) UMERA,

UMERA = (I[Z(Z) ® h) @ (Iéz(Z) ® Ic2))W,

where h is the Hadamard matrix h = %({ 1) which maps h10) = |+). Just like W,

the unitary Uyvgra can be implemented by a single-particle circuit of depth N/2 +1,
where N is the length of the filters, obtained by composing the circuit for W with an
additional layer of Hadamard unitaries acting on the wavelet outputs (see Fig. 4.1). The

unitary UI%}{A consists of Z such circuit layers.

Quantum circuits from single-particle circuits

Since we seek to describe a quantum many-body state of fermions, the circuit that
we will construct naturally arises as a quantum circuit that acts on a fermionic Fock
space Fx(£?(Z)). We define a Gaussian fermionic quantum circuit to be the second
quantization I'(U) of a single-particle circuit. Note that this is, a priori, different from
the standard notion of a quantum circuit on a Hilbert space which is a tensor product
of local qudit Hilbert spaces. However, in the one-dimensional setting, if one takes a
so-called Jordan-Wigner transformation (see below, at Eq. (4.21))of a Gaussian fermionic
quantum circuit, one obtains a local quantum circuit on a chain of qubits. The resulting
circuits are matchgate circuits [JM08] (which can be defined as the class of circuits
which can be written as the Jordan-Wigner transformation of a one-dimensional nearest
neighbour Gaussian fermionic circuit).

In our case, we can obtain a quantum circuit by second-quantizing the single-
particle circuit Uﬁﬁm for the wavelet transforms described above. Thus, I'(Umgra),
applied to the Fock vacuum, prepares the state with symbol Qﬁ%RA, and hence we
have constructed a fermionic entanglement renormalization circuit to approximate the
ground state of a critical lattice fermion.
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Entanglement renormalization for the Ising chain

In [EW16] it has been worked out how, for the particular case of Daubechies D4 wavelets,
one obtains approximate entanglement renormalization circuits for the Ising model. It
is well known that the one-dimensional quantum Ising model, with Hamiltonian

H==) XpXpi1+Zn (4.18)
n

can be solved by relating it to free fermions. The Hamiltonian in Eq. (4.18) acts on a
chain of qubits, and X;, and Z,, are Pauli operators which are given by an identity at
every site except n, where they are given by X and Z respectively. In fact, under an ap-
propriate Jordan-Wigner transformation, the Hamiltonian Eq. (4.7) can be transformed
to two independent copies of Eq. (4.18). To this end, recall that we had fermions with
annihilation operators b, and b . If we let

*
Cl2n = bl,n + bl,n
.7k
C1,2n+1 = l(bg,n - bZ,n)
.1k
Co.2n = 1(by , — b1,n)

C22n+1 = b5, + Doy
then the c; , are Majorana fermions and we can rewrite Eq. (4.7) as H; — H, where

i

H; =
=

Z CinCjn+1-

nez

Thus, we see that the Hamiltonian decouples into two uncoupled Majorana Hamiltoni-
ans. If we take H;, we may now map this to the Ising Hamiltonian in Eq. (4.18) by the
Jordan-Wigner transformation

C1,2n — (1'[ Zr) Xy, (4.19)
r<n

C1,2n+1 " (H Zr) Y. (4.20)
r<n

Because our single-particle circuit consists of orthogonal maps, it decouples into
two separate circuits acting on the two decoupled Majorana modes. Denote by Hi
and Hl’cl the sequence of angles associated to an approximate Hilbert pair, as in Eq. (4.16),
and let Hlf = 9§ +0 Z Then after application of the Jordan-Wigner transformation we
obtain the following two-qubit gate for the k-th layer in a single layer of entanglement
renormalization:

cos(6;) 0 0 —sin(6,)
3 0 cos(0;) —sin(0}) 0
Ue=1 sin(0;)  cos(6;) 0 (4.21)
sin(6,) 0 0 cos(6,)

This provides a generalization of the circuits in [EW16]. The resulting circuits are entan-
glement renormalization circuits with the structure shown Fig. 2.1 and in this case itis a
(matchgate) circuit in the ‘usual’ sense, acting on qubits rather than fermionic modes.
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4.2.2 Entanglement renormalization for the Dirac fermion

From Section 4.2.1 we have learned that the second quantization of a discrete wavelet
transform for an approximate Hilbert pair corresponds to an entanglement renormaliza-
tion procedure for a critical lattice fermionic Hamiltonian. It is now natural to wonder
whether the second quantization of the wavelet decomposition of L?(R) ® C? as defined
in Section 3.1.1 using an (approximate) Hilbert pair of wavelets can be interpreted as
entanglement renormalization of the continuum limit of Eq. (4.7) i.e. the massless
Dirac fermion. This is indeed the case, as we will explain in this section. The way we
approach this problem is by describing a procedure which approximates correlation
functions of smeared operators. Informally, the procedure is that we first discretize the
operators at some scale (i.e., we impose a UV cut-off), and then, in order to obtain the
free fermion vacuum, we need to fill the Dirac sea’ up to the relevant scale. So, the
circuit, starting from the Fock vacuum, has to fill all the negative energy modes over
the range of scales that are relevant for the inserted operators, directly analogous to a
real-space renormalization procedure. The approximate Hilbert pair is exactly such that
it allows one to construct such modes over a range of scales.

To make this more precise let {O;}, i = 1,...,n be a set of smeared operators that
are either linear in the fields (such as W (f), ¥* (f) for a smearing function), or normal-
ordered quadratic operators (such as smeared components of the stress-energy tensor),
and which are compactly supported. We denote the correlation functions by

G{Oi}) =(O01--- Op). (4.22)

We would like to approximate such correlation functions using an entanglement renor-
malization circuit.

4.2.3 Quantum circuits for correlation functions

We now explain how we the construction of entanglement renormalization circuits can
be used to compute correlation functions for free Dirac and Majorana fermions.

We now explain how the latter can be computed by a fermionic quantum circuit
of MERA type. Loosely speaking, we will do the following, in order to compute some
correlation function G({O;}):

(i) We discretize the operators using the scaling functions. This gives a set of opera-
tors { Oll.VIERA} on the lattice. One can also consider this procedure the other way
around: this embeds a discrete theory in the continuous theory by smearing all
operators with appropriate scaling functions.

(ii) We compute the correlation function of the operators {O?’[ERA} using the state

obtained by applying the second quantization of Ul%im (illustrated in Fig. 4.1) to
the Fock vacuum.

Let us first discuss the case of the free Dirac fermion on the real line in more detail.

Recall from Eq. (4.9) that the symbol of the vacuum state of the free Dirac fermion on
the real line is given by the following operator on L?(R) ® C2, which is the single-particle
Hilbert space:

1 Wi I 0 I 0
(—Jf ! ) - (0 Jf*) (ILZ([R) Q|+) (+|) (0 Jf)’ (4.23)
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where |+) = —5(10) +]1)).

To obtain a suitable approximation, consider an approximate Hilbert pair as in
Definition 3.1. As before, we denote by g, hy, g5, hs the wavelet and scaling filters,
by a}g. and a? discretization maps (defined as in Eq. (3.9)) and by Wég ) and W;l:’“p ) the -
layer discrete wavelet transforms (defined in Eq. (3.11)). We now approximate Eq. (4.23)
by first truncating to a finite number of scales, using one of the two wavelet transforms,
and then by replacing the Hilbert transform of the one wavelet basis by the other wavelet
basis. Schematically,

Lo ~ a?'*wﬁ)’*PwWﬁ)a?, P,W A a7 Png(ff’a?’,
where Py, = I2z) ® Z;i 61 |k) (k| denotes the orthogonal projection onto the wavelet
coefficients.

Definition 4.2 (Approximate symbol for the Dirac fermion). For any approximate Hilbert
pair, j € Z, and Z € N, define the approximate symbol as the following projection
on L*(R) ® C*:

Q2= a; W (Py o |+) (+)W P ay, (4.24)

where «; := a;’ ® a?’ and W) .= W}(l'ip) ® Wé"%).

In other words, Q e = a;f Qgta j- The symbol Q < should be seen as an approximation

of the true symbol at scales ranging from 27/*! to 27/*% In Section 4.3 we will derive
that this is indeed a good approximation to the symbol, and bound the error that derives
from taking only a finite number of scales and from the inaccuracy in the Hilbert pair
relation.

The key point is that we can now compute an approximation to the correlation
function G({0O;}) as follows.

Definition 4.3 (MERA correlation functions). Consider an approximate Hilbert pair
with filters g, i. Given a correlation function (4.36), j € Z, and £ = 0, we define the
corresponding MERA correlation function by

GYZ A0 = QIO 0)F A, (4.25)
where OMFRA s obtained from O; by replacing W (f) by Wnra(f) = ap(Uina @i f)
and dI'q(4) by dTvigra (A) := AT p (Uyiipa @ A@; Uyiihh). Here, P:= Py, ®0) (0],

More precisely, using Eq. (4.1), we find that

Wniera(f) = ao (L= PYUGEL o, )+ a; (PUSE) o f), (4.26)
where a(()*) are the ordinary creation and annihilation operators on Fock space. If f

is a smearing function then in order to find Wvgra (f) we first compute « f either by
expanding the scaling basis or simply by sampling on a (dyadic) grid (Lemma 3.4),
then we apply £ layers of the local circuit Uygra (Fig. 4.1), and finally we apply the
projections P and I — P. One can proceed similarly for dI"yigra (A). This shows that the
correlation functions (4.37) can be efficiently calculated in the single-particle picture.
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scaling
components
(a) b 1 I 1
| UMERA |
us T T T wavelet
| UMERA | components
UMERA U
I I
(m C)( UMERa
LI L L L | L | o LI I I O B

Figure 4.1: (a) A single MERA layer Uprra, acting in the single-particle picture as a wavelet de-
composition. The Hadamard unitary h (dis)entangles the modes of the two wavelet

transforms that make up the Hilbert pair. We abbreviate uy := ullz ® ui . (b) Ilustration

of the unitary UI%}{A corresponding to £ MERA layers before second quantization.

Each layer is a local circuit of depth N/2 + 1, as in (a).

Finally, we need to take into account that in concrete computations we have finite
systems. Let us assume that we would like to approximate a correlation function in-
volving W™ (f;) and dI'(A;), where the smearing functions f; and the kernel of A; are
compactly supported. In this case, it is easy to see that Eq. (4.25) will involve creation
and annihilation operators that act only on finitely many sites S < Z (which can be
computed from the supports as well as the parameters j, £, and N). In this case,
we can replace £2(Z) by £%(S), P by its restriction Ps onto .#s := £%(S) e CZ*! ® C?,
and the infinitely wide layers Uygra by finitely many local unitaries. Let us denote
by |Ps) the corresponding Gaussian state in the fermionic Fock space %, (#s) and

we denote by FO(U&Z&{A) = Z‘;O(Uﬁé}m)’\k the second quantizations of the single-
particle unitaries Ulf/[‘sgm Since second quantization commutes with convolution, this

can be written as a fermionic quantum circuit composed of £ many identical layers,
each of depth N/2 + 1 (which structurally looks like Fig. 4.1, (b)). Thus, we recognize
that MERA ¢) :=T (Ul%im) * | Pg) is precisely the quantum state prepared by a fermionic
MERA. Moreover, we can compute the MERA correlation functions by

G} ({0:) = (MERAZ O} --- O}, IMERA %), (4.27)
where O}, is obtained from O; by replacing
Y(f)—Y'(f):=aola;f)
dl'g(A) — dlo(ajAa}) - (MERAg |dTo(ajAa}) MERA ).

Note that (MERA & |dI'y(a jAa;f) IMERA &) is actually finite because we truncated the
range of wavelet scales, so this normal ordering is well-defined (even if the original
operator A was not trace class). Thus, Eq. (4.27) can be interpreted as an ordinary
correlation function in a fermionic MERA. This at last justifies our notation.

4.2.4 Circle, boundary conditions, Majorana fermions

On the circle S' we proceed similarly, except that there is now a natural largest scale.
We will only discuss the continuous case. For periodic boundary conditions, we use the
following symbol, which intuitively approximates the true symbol at scales above 277
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Definition 4.4 (Approximate symbol Dirac fermion, periodic case). For any approxi-
mate Hilbert pair and Z € N, define the approximate periodic symbol as the following
projection on L?(S') ® C2:

QY = aly WP (P @ | +) (+] + Py ® | L) (L) W Perg T, (4.28)

where a?, := af;per ®ab’” and Wper .= W}(ff)’per ® Wg(g)’lDer refer to the periodic
versions as defined in Section 3.1.2; P projects onto the single scaling coefficient
and |L) := % (10y—1 1)) to ensure compatibility with our choice for the Hilbert transform
on constant functions. Had we made a different choice for the value of the Hilbert
transform on constant functions this would only change the top level state (it is a well-
known fact that the Dirac fermion with periodic boundary conditions has a two-fold
ground state degeneracy). We also observe that |L) (L| = %(I +09) = %(I + Ychir) is the
chiral projector, where ychir = Yoy1 = 02. Had we chosen the convention sgn(0) = —1 we
would take the state |R) := %00) +i[1)), and |R) (RI = (I — Y chir)-

Given Eq. (4.28), we start with

2£),per, L), per _ 77(£),per,=* (&), per
WP (P, @ |4+) (+] + Py @ | L) (L) WP = Ul o Uy,

for a suitably defined unitary UYPer and Pper = Py ®10) (0| + Ps ® | L) (L|. This is al-

MERA
o ) . 2 .
ready a symbol on a finite-dimensional Hilbert space C>~ ® C2. As before, Uﬁ,ﬁz’gﬂ is

a product of unitaries, one for each layer, but now these unitaries will depend on the
scale j =0,...,Z —1 (cf. Section 3.1.2). Since taking the periodization of composition
of convolutions is the same as convolving their periodizations, we can obtain the uni-
tary Uf,legf’{A for the j-th layer simply by ‘periodizing’ the two-local unitaries Uygra and
analogously construct the circuit. Just like the filters, the MERA layers become identical
for sufficiently large j.

This leads to an approximation of the exact correlation functions GP*"({0;}) for

periodic boundary conditions

G AP ((0,)) = (QIOMERA ... OMERA )
where OII;/IGEEA is obtained from O; by replacing ¥ (f) by ‘PII\’ERA( f)= APy (U&%kﬁeragzr 1D,

and dI'g(A) by dI'ypga (A) :=dl’ pper(UlfiggeragrAagr'* Uﬁﬁkﬁer'*). As before, this can
be interpreted as a correlation function of local operators in a fermionic MERA on a
circle!, and we will show in Theorem 4.7 that this gives an accurate approximation.
For anti-periodic boundary conditions on the circle, recall that the symbol was given
by T*QP®' T (see Eq. (4.10)). This means that we can compute correlation functions for
anti-periodic boundary conditions with the same circuit as for the periodic fermion, but
replacing a; by a; T. We note that the smearing functions f in this case are naturally

anti-periodic (they are sections of a nontrivial bundle), so T f is periodic and our results
apply.

LGiven a 2-local circuit for a wavelet transform, as constructed in Section 3.5 it is not hard to see that
taking the corresponding circuit with periodic boundary conditions will give the periodized version of
the wavelet transform.



76 Chapter 4. Fermionic entanglement renormalization

Finally we discuss the case of Majorana fermions. For simplicity, we only consider
the case of the line (cf. Section 4.1.4). Suppose that we want to approximate a correlation
function of the form

G ({fi}) = (QID(f1)... D(f)Q), (4.29)

where the smeared Majorana field is given by ®(f) = ao((I — Q) f) + a(’)k (CQf) in terms of
the symbol Q of the free Dirac fermion, and the charge conjugation operator C defined
in Eq. (4.13). Consider the self-dual CAR algebra on the range of P’ = P, ® I-» which is a
subspace .#' of £%(Z) ® C> ® C**! (that is, the subspace corresponding to the wavelet
coefficients) with charge conjugation C’ given by the anti-unitary operator on #’ which
acts by x = (9 1) in the second tensor factor and componentwise complex conjugation
in the standard basis. Similarly to Eq. (4.26), define
OYEFA(f) = ao((P' - P) Ul aif)+as(C'PUGE) a;f).

We note that the above formula defines a representation of the self-dual CAR alge-
bra <754 (#") since, clearly, C'P = (P’ — P)C'. As before, we can approximate the correla-
tion function (4.29) by

G?@RA’maj({ﬂ}) = (QIONEAf) . YA,

which for compactly supported f; can be computed by an ordinary fermionic MERA.
Note that
k% 5% &
C'Untiera @) () = Uyt Ca () = Uy @ (C)

where, with a slight abuse of notation, also write C for the similarly defined operator

on £%(Z)®C2. Thus, we can also implement FC(U]%;R 4) asacircuit of Majorana fermions,

mapping the state on <754 (#") corresponding to P to the state on < ,ﬁd(U(x ) (A7) with

MERA
symbol UI%QP Ul%%m

4.2.5 Scaling dimensions

For MERA tensor networks, it has been observed that the (local and global) symmetries
of the underlying theory can be approximately implemented in terms of the tensor
network itself [MV18b]. In particular, a single layer of the MERA should always corre-
spond to a rescaling by a factor two, and as in Fig. 2.3, its eigenvalues should be related
to scaling dimensions of the CFT. In the wavelet construction, the relation between a
single MERA layer and rescaling is very explicit.

In fact, we can easily show that the operator corresponding to a fermionic field has
exact scaling dimension %, as was already observed (but not proven) in [EW16]. For this,
consider (formally) the Dirac fermion field W;(x), where 6 is a delta function centered

at x and i € {1,2}. Its MERA realization at scale j € Z is given by

YY) = a* (@ (6. ®10) = Y jrx)a* (k) ®1i). (4.30)
kez

Since the scaling functions are compactly supported, the right-hand side expression
is well-defined and we take it as the definition of ‘I’?/IERA(x). Now note that the scaling
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superoperator for a single MERA layer consists of a conjugation by the second quanti-
zation of Uygra and a contraction with the quasi-free state with symbol 12z ® |+) (+]
on the wavelet output. Thus, any creation operator a* (f) gets mapped to a*(PsW f),
where P denotes the projection onto the scaling modes. Using Eq. (4.30), it follows that
the scaling superoperator maps

WMERA (1) Y B (at (PW Ky @ 1) = Y ¢ x(x)a” (| m(hy) 1K) ®11))

kez kez

=Y ¢jx(0) Y hlk-2nla*(Iny@ 1) = Y. j_1n(x)a*(n) @|1))
kez nez nez

= Y2 gyaG)at(m e ) =27 W),
nez

where we used Egs. (3.5) and (3.10). We can argue similarly for the other compo-
nent, as well as for the adjoints. Thus, we conclude that a single MERA layer coarse-
grains WMERA () — 2‘%\PMERA(§). The interpretation is that a single layer of the MERA
corresponds to a rescaling of the fields by a factor two (as it should) and that it exactly
reproduces the correct scaling dimension of % for the fermionic fields.
If the scaling function is differentiable, we see that by differentiating we get that if
we let 0, WMERA(x) 1= ¥ e 7(0:) (27 x — k) a* (k) ® [i)) it holds that
0, PMERA (1) o 272715, WMERA (X)
which should be interpreted as a descendent, in CFT language, with a scaling dimension
of % In fact, if the wavelet function ¢ has K vanishing moments (or equivalently, a

factor (1 + /%)X in the scaling filters g [Mal08]), then there exist a vector (/)g'l € (2(2)
for I =1,..., K with the same support as ¢ such that

1
202

even if ¢8 is not I time differentiable (note that ¢8 is only defined at integer values), see
Theorem 7.1 in [SN96], and similarly for (,bh’l . This implies that if the wavelets have K
vanishing moments, the MERA captures K descendents of the fermion fields exactly. At
this point we observe that a wavelet filter leading to K vanishing moments must have
support at least 2K, so one needs (as expected) a larger circuit depth to capture more
descendent scaling dimensions. In general the other scaling dimension of the theory
are only approximately reproduced and it would be interesting to prove quantitative
bounds (for example, using our Theorem 4.7).

¢&'ml =Y gi[nlp8'2m - n]

4.2.6 Numerical examples

Since the quantum circuits we obtain are the second quantization of a single-particle
circuit we can simulate them classically for high circuit depth (bond dimension). In
Fig. 4.2, (a) and (b) we show approximations to the smeared two-point functions for
the fermionic fields and for the stress-energy tensor for K=L=1and K =L =3 in
the wavelet construction, corresponding to MERA tensor networks with bond dimen-
sions y =4 and y = 64 respectively. Another statistic is the entanglement entropy of
an interval. In order to define this one needs a cut-off, for which we use the wavelet
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Figure 4.2: (a) Correlation function (W*(g,) ¥ (g,)) evaluated using our approximate quantum
circuits where the smearing functions gy, g, are Gaussians with standard devia-
tion o = 0.05 peaked at x and y, respectively; correlation functions (T(gx) T (gy))
evaluated using our approximation quantum circuits. The stress-energy tensor is
smeared in both space and time; see Section 4.3.2 for details. (c) Subsystem en-
tropies for the corresponding quantum states. The logarithmic fits show that we
obtain excellent agreement with the Cardy formula for central charge ¢ = 1 already
for K+ L=6.

discretization. The Cardy formula [Car86] predicts that for a conformal field theory the
entanglement entropy of an interval scales as Sg = 5log(L) + ¢’ where c is the central
charge, L is the size of the interval, and ¢’ a non-universal constant depending on the
cut-off. In Fig. 4.2, (c) we have plotted the entanglement entropies obtained from our
construction (for the same wavelets). For K = L = 3 the agreement with the Cardy for-
mula for ¢ = 1 is already very accurate. As another numerical illustration of the accuracy
of approximation, one may compute eigenvalues of the entanglement renormalization
superoperator and extract scaling dimensions of the conformal field theory from its
eigenvalues [PEV09]. One way to do so is by applying a Jordan-Wigner transformation to
the circuit for the Majorana fermion to obtain a (matchgate) circuit for the Ising model.
The results are illustrated in Table 4.2.

4.3 Approximation of correlation functions

In this section we prove our main technical result on the approximation of correla-
tion functions of the Dirac fermion. To achieve this we adapt the approach pioneered
in [HSW* 18], which proves the accuracy of the construction in Section 4.2.1, to the
continuum setting. In Section 4.3.1 we discuss the approximation of the symbol by a
wavelet construction. The key difference to [HSW*18] is that we consider the symbol in
the continuum setting, and we argue that the discretization maps a‘j’.’ and a:;.’ allow us to
relate the continous and discrete symbols. We determine how the wavelet approxima-
tion results in Section 3.6 can be used to bound the corresponding errors. Moreover,
we extend the results to the periodic case, and we provide a slightly improved scaling
of the error bounds. In Section 4.3.2 we discuss how the approximation of the symbol
leads to approximation of correlation functions. One main difference to [HSW* 18] is
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X E AE/E Ag Ay

Exact -2 0.125 0.125
K=1,L=1 2 -1.2560 0.0135 0.0968 0.1696
K=1,L=2 4 -1.2705 0.0021 0.1360 0.1173
K=2L=1 4 -1.2630 0.0081 0.1031 0.1563
K=1,L=3 8 -1.2727 0.0005 0.1226 0.1283
K=2,L=2 8 -1.2722 0.0008 0.1310 0.1204
K=3L=1 8 -1.2655 0.0061 0.1052 0.1522
K=1,L=4 16 -1.2731 0.0001 0.1261 0.1242
K=2,L=3 16 -1.2731 0.0001 0.1238 0.1264

Table 4.2: Values of the Majorana fermion energy density E, the relative error in energy density
(E + %)/ E and the scaling dimensions A, and A, for the Majorana CFT (or, equiva-
lently, of the Ising CFT). Some other scaling dimensions, in particular those of the
fermion fields themselves, are exactly reproduced because of the structure of the
wavelet transform, as discussed in Section 4.2.5. These values were computed by
first decoupling the circuit obtained from an approximate Hilbert pair of wavelets
for the Dirac fermion into two circuits for Majorana fermions, and then taking a
Jordan-Wigner transform. This yields an entanglement renormalization circuit for
the Ising model, in which the spin and disorder fields o and p are local. For details on
this procedure, see [EW16].

that we need to consider the dependence on the smoothness of operators we insert,
which follows naturally from our approximation of the symbol. The result we prove is
also more general than the discrete result [HSW™ 18] since we also allow normal ordered
quadratic operators (such as smearings of the stress-energy tensor) in the correlators.

4.3.1 Symbol approximations from Hilbert pairs

We will first show that Eq. (4.24) and Eq. (4.28) provide accurate approximations of
free fermion symbols. We will restrict to compactly supported smearing functions f €
L*(R) ® C%; and we denote by D(f) the size of a minimal interval which contains the
support of f.

Lemma 4.5. The following relation holds: a?m(&s,j)*% = m(,uw)af.'. Similarly, in
the periodic case it holds for all f € L2(SY with zero mean that ag’perm(/lf:e.r)*tiff =

i ]
per, _gper
m(u w, )Y f.

)
Proof. We want to show that af.(m(/ls,j)*%”f) = m(,uw)a*]g.’(f) for f € L?(R). By rescal-
ing f it is easy to see that it suffices to show the result for j = 0. We know that by
Eq. (3.25), &£ = m(Ag)m(uy), so ag(m(/ls)*iff) = ag(m(,uw)f). Next we take a Fourier
transform and observe that

l o,
as (o) = > Y p8©O +27n) f(O +27n).

nez
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Since p,, is 27-periodic the result follows. In the periodic case it holds that

STl = Y §Ererin-+2im) fin+ 2 m).
meZ

which similarly implies the desired result. Note that the ambiguity in our choice of sgn(0)
in the definition of . is not relevant if we assume that f has mean zero. [ |

The following result shows that the symbols in Eq. (4.24) and Eq. (4.28) indeed yield
reasonable approximations when restricted to appropriate functions.

Proposition 4.6. Consider an ¢-approximate Hilbert pair with scaling filters supported
in{0,...,N—1}.

(i) Let f € H'(R) ® C*> with compact support. Then, forall j€ Z, £ €N, and &' =
0,...,.%,

1(Q-Qj,) I <3eL'Ifll +2Y=227, [IND(f)BI fll + 2~ I5N?| '],
where B := max{ll¢glloo, IPnlloo}-

(i) Let f € H'(SY)® C2. Then, forall ¥ eNand ¥'=0,..., %,

1(QP = Q%) Fll <26 /Il f1I +27% IN?| f]I.

In Theorem 4.7, we will describe how to choose j and £’ optimally for a given number
of layers Z.

Proof. (i) Let

I 0 \ (! 0
Qj:= (0 Jf*m(ﬂts,j)) @ e et (+)a; (0 m(ls,j)*vﬁ”)
_aj 0 m(,uw)*

(4.31)

1 0
Jeaem @)y )

where we used Lemma 4.5. Then, using the first formula,

1 * * %
1(Q-Q)) FI =5 (I -a " al il + 1~ mAs paf” af mds, )7 o)
U= mAgpal”al fil +10 - o afmd )7 foll
1
= S(IT=PO A+ 1= PHmAs )" 2 fol
HIU=mA pas”al fil +10 - o S m )7 foll
1
= (1= POAI+ 1T = PHA LI+ 1T = PHmAs )" fil
I = PHmAs )" Z Lol + 1(@§ms )" —a Al

+l@Ems p* - a7l
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The norms in the first line can be upper-bounded by using Lemma 3.3 (for the second,
note that || (m(?ts,j)*f,-)’ll = ||fl.’|| for i =1,2). For the norms in the second line we use
Lemma 3.8. Together, we find that

I(Q-Qj) fll= %(Z_jCUV(leffH +21 2 1)+ 277 ¢, (11 + 1721

T ' (4.32)
<5277 (2Cuv+ C) V21 £l <27 TSN £

where we used that the Hilbert transform preserves the norm of the derivative (|| # fz’ | =

I£31D-

Next, we define

R 0 (&), * () I 0 .
Q],;,g._aj(o m(uw)*)(wh PyW, ®|+><+|)(0 m(uw))af'

Using the second expression in Eq. (4.31), we can then split the remaining error as

1(Qj—Qj.) fll < 1(Qj - Qj,2) fl+1(Qj, 2 — Qj ) FI+11(Qj, 2 — Qj,ez) fIl  (4.33)

The third term in Eq. (4.33) can be estimated using Lemma 3.5:
1(Qj. 2~ Qjz) Fl < Nt W™ (Pe@ 4y (+ )W e Fl < I1Pj_ o f
<2012, IND(f) max{lldglloo, dnllo} (I fill + 1 f21)

<2U=£12\/3 . IND(f)BI fI.

For the second term in Eq. (4.33), we use Eq. (3.34) in Lemma 3.6:
1Qj,2r = Qj. 20l < IPw (WS mpw) = W + Im(pa)* W2 = WS < 26 2

Finally, for the first term in Eq. (4.33), we would like to apply Lemma 3.5, but we need to
be careful because m(u,) does not preserve compact support. So we first use Eq. (3.35)
in Lemma 3.6 to get rid of m(u,), and then apply Lemma 3.5:

W(I 0
||(Qj—Qj,.<£')f||=||(Ps®|+><+|)W,§2)(O e ))ajfu

< 1P (W) mpw) = Wl fl + I(Pse DW ) £
<eZllaf ol +20P Wi a Fl+1(Pse DW af |
<eZ/If1+3(1PE_ o Sl +1PE 4 fill

<eZL'|fll+29=%)25, [ND(f)BIfI.

Thus, we can upper bound Eq. (4.33) by

1(Q; - Q) Il <3 L' f 1l + 29227, IND(H)BI . (4.34)

Combining Egs. (4.32) and (4.34) we obtain the desired bound.
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(ii) Using 37" = gbh P = 1, it is easy to see that our choice of input to the scaling
layer ensures that

Qperl — Qper
so we can assume without loss of generality that f has zero mean or, equivalently,

that Py f = 0 and we may apply Lemma 4.5. Similarly as before (but without having to
worry about an IR cut-off), we introduce

I 0 I 0
per . per,* (&),per, (&), per per
Q%"= o’ (0 ()" )(W Py W, ®|+><+|)(O m(uw))“ff’

and use a triangle inequality

1(QP = Q%) 1 = I(Q™" = Q%) Fll+1(Q% = Q%) £+ 1(Q% = Q%) £

For the first term, we use Lemmas 3.3 and 3.8 and obtain

1(QP = Q%) Fll =2~ sN2|I £l

in complete analogy to Eq. (4.32). For the second term, note that we can ignore the
scaling part in Eq. (4.28) since we assumed that Py f = 0. Thus, we can use Eq. (3.38) in
Lemma 3.7 and find

1Q5 — Q% I <22
Finally, the third term can be upper bounded by using Lemma 3.3,
1(Q% - Q%) fl = I = PYNfI <27 V2Cuvll 'l <27 aN?| £

(note that here we are comparing different UV cut-offs, in contrast to before). By
combining these bounds we obtain the desired result. [ |

If we keep track of all the wavelet constants in the proof of Proposition 4.6 rather than
bounding them in terms of N then the proof shows in fact the bound

- , o 1 ,
1(Q-Qj.2) fl =3 L'l fll + 29227,/ D(f)CrI £ Il +2 ]E(Zcuv+Cx)||f I, (4.35)

which will be useful if we want to investigate numerically how fast our error bounds
converge.

We note that the error bounds in Proposition 4.6 are closely related to the quantum
error correcting properties or MERA, see [KK17] which argues that if one encodes
a quantum state by applying an entanglement renormalization circuit to it (so the
information is encoded in the ‘IR degrees of freedom’) this is insensitive to localized
perturbations.
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4.3.2 Approximation bounds for correlation functions

The bounds on the approximate symbol from Proposition 4.6 can be used to estimate
the approximation error for correlation functions. We start with the Dirac fermion
on the line, whose vacuum state is the quasi-free state wg with symbol Q defined in
Eq. (4.9). We are interested in correlation functions of the form involving the smeared
Dirac field ¥ (f) and normal-ordered quadratic operators. In the Fock representation,
the two-component Dirac field is implemented by the operators W(f) := aq(f), defined
as in Eq. (4.1), and the normal-ordered quadratic operators the dI'o(A) defined in
Section 4.1.2. Thus, we wish to approximate correlation functions of the form

GH{Oi}) :=(Q[01 - Onl€2), (4.36)

where each O; is either a component of W (f) or its adjoint ¥*(f), or a normal-ordered
operator dI'g(A).

We would like to approximate such correlation functions by using the symbol Q i
defined in Eq. (4.24). Thus we fix an approximate Hilbert pair, j € Z, and £ > 0, and
consider

G 2({0:}) :=(Q|0; - 0,]Q), (4.37)

where the O; are obtained from the O; by replacing ¥ (f) by ¥(f) := ag; 4 (P; f) and by
replacing dI'o (A) by dl"Qj' P (PjAPj).

On the circle, we denote the corresponding correlation functions for periodic bound-
ary conditions by GP*'({0;}) and G, ({0;}), respectively. They are defined in terms of
the symbol QP*" and its approximation Q%" defined in Eq. (4.28).

The following theorem is our main technical result. It states that G{O;}) = G .2 {0}
under appropriate conditions (and similarly in the periodic case), which shows that
entanglement renormalization circuits can accurately compute correlation functions,
justifying the construction in Section 4.2.3.

Theorem 4.7. Consider an €-approximate Hilbert pair with scaling filters supported
in{0,..., N —13}, scaling functions bounded by B, and € € (0,1).

G) Let fi,..., fu be compactly supported functions in H' (R) ® C?> and let Ay, ..., A, be
Hilbert-Schmidt integral operators with compactly supported kernels in H' (R?) ®
M,(C), all with L?>-norm at most 1. Let O; = V(f;) or Y*(f;) fori =1,...,n
and Opy; =dl'g(A;) fori=1,...,m. Then we can find, for every £ >0, a scale j € Z
such that

3

- 3C°D
\G({Oi})—Gj,z({Oi})|SSmm!(n+m) 6elog, +CDY32 % |.

The constant C := 14(vV2NB + N?) depends only on the Hilbert pair, and the
constant D := max{1,d(f, A)D(f, A)} depends only on the smoothness and sup-
port of the smearing functions, where d(f, A) := max{|| /|, IVA;ll} and D(f, A) :=
max{D(f;), D(A;)}; VA; denotes the gradient of the kernel of A; and D(A;) denotes
the side length of the smallest square supporting the kernel.
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(i) Let fi,..., fu be functions in H'(S) ® C? and let A,,..., A,, be Hilbert-Schmidt
integral operators with kernels in H (S') ® M, (C), all with L?>-norm at most 1.
Then we have, for every £ >0, that

2

- 59N“D
|GP({0:) — G5, (10;1)| < 8™ m!(n+ m) | 6elog, +26N°D277|.
The constant D is defined as D := max({l, ||fl.’ I, IVA;|I}, with V A; the gradient of the
kernel of A;.

Before giving the proof, we comment on some aspects of the theorem. The main idea
behind the theorem and its proof is that the approximation of the correlation functions
is accurate as long as the approximation to the symbol is accurate on the scales at which
the system is probed. Quite intuitively, large support requires us to accurately approxi-
mate large scales, and strong fluctuations (large derivatives) require accuracy at small
scales. The constant D = max{1,d(f, A)D(f, A)} reflects the number of scales needed for
accurate approximation for given smearing functions f; and kernels A;. Intuitively, D is
invariant under dilatations, reflecting the scale invariance of the theory. On the circle S,
there is a natural largest scale, allowing for a slightly simpler formulation. While we
state the theorem for the Dirac fermion, Proposition 4.6 readily implies a similar result
for correlation functions of the Majorana fermion (Section 4.1.4).

Our assumptions on the operators A; imply that they are in fact trace class. Thus,
the operators dI'(A;) and dI'g(A;) can be directly defined in the CAR algebra, so we
could work directly with the state wg on the algebra rather than in the Fock space
representation. Such an approach could improve the dependence on m of the bounds,
since one can estimate [|dI'o(A;) || = [[A['(A;) —wq(dT'(A)) || < 2] A;ll;.

While in Theorem 4.7 we order the insertions in G({O;}) in a particular way, other
orderings are also possible. This follows either from using the commutation relations
(leading to terms depending on Ay f;) or by directly adjusting the proof (leading to a
change in the dependence on n and m, since in the proof we would insert the particle-
number projections I, in different places).

Theorem 4.7 takes an approximate Hilbert pair as input. While, as discussed in
Section 3.4, we are not aware of a rigorous proof for the existence of approximate Hilbert
pair with a superpolynomial scaling between the filter error and the wavelet support,
the Selesnick construction does provide a family of wavelet pairs which numerically
have all the desirable properties. For this reason, we kept careful track of the constants
in our error bounds.

We note that in the proofs of both Proposition 4.6 and Theorem 4.7 we bound the
wavelet parameters Cyy, Cr, and C, from Lemmas 3.3, 3.5 and 3.8 in terms of the
support N to arrive at simpler expressions. Sharper numerical bounds can be obtained
by using Cyv, Cig, and C, directly (see Table 3.1 for the Selesnick construction). If one
tracks these constants throughout the proof, using Eq. (4.35) rather than Proposition 4.6,
one sees that C can be taken to be

C= 2(4CUV + CX) +20CyR. (4.38)

The precise numerical constants are not very important, but we can use this to illustrate
Theorem 4.7 numerically for two-point functions (using Table 3.1 to evaluate Eq. (4.38)),



4.3. Approximation of correlation functions 85

10 103
102
8
101!
-~ —
(o)
I 100 &
¥ L
4 1071
1072
2
1073
10 20 30 40 50
L

Figure 4.3: The error bound from Theorem 4.7 illustrated for a two-point function. It is obtained
by evaluating Eq. (4.38) using Table 3.1 for an approximate Hilbert pair with parame-
ters K = L. The smearing functions are taken to be translates of a function f with
| £l = 1 and optimal trade-off between smoothness and support (thatis, D = v/2 in
the formulation of Theorem 4.7).

see Fig. 4.3. We see that, even for relatively small circuit depth, our Theorem 4.7 com-
bined with numerical results of Table 3.1 yields a reasonably small upper bound on the
approximation error.

Proof of Theorem 4.7. (i) We first estimate the error in the correlation functions in terms
of the corresponding symbols for fixed j € Z and £’ € {0,..., £}. We define Q- := Q,

Q+:=1-Q,0-:=Qj¢,and Q, :=Pj - Qj ¢ (). Fori=1,...,n,
10; - O;ll = laq(f) - ag, ,(Pjfill < Qs = Q) fill + Q- — Q) fill,

where we used the definition of the operators O; described above, Eq. (4.1) and the fact
that Q¢ P; = PjQj ¢ = Qj,«. By Proposition 4.6, we have the estimate

Q== Q) fill =3eZ' I fill + 2227, IND(f) Bl fill + 2 /5 N?| £ .
Moreover, using Lemma 3.3,
1Qs = QI fil < IPj fi = fil + Q- = Q) fill = 27 TaN?|| ]I + 11(Q- — Q) fill.
Thus we find that
10; = Oill < 662" + 24214, /ND(f;) B+ 27/ 14N?| f/| (4.39)

using || fill < 1. Fori =n+1,...,n+ m, if we let [1,, denote the projection onto the n-
particle subspace of the Fock space then by Eq. (4.4) we have the bound

MOr—OJH%HS4Qk+E%§§WQ&%Q5—OM%QMLW%Aﬂlﬁ—Q&%Q4ﬂﬂ

<42k +2) Igl:a}{ll(Qa—Qa)Ai||2+ 1Ai (Qs — Qs) 12}
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To estimate || (Qs — Qs) A;ll2, let {e,,} be an orthonormal basis of L?(R) ® C?, so
1(Qs — Q) Aill3 = Y 11(Qs — Qs) Asenll®
n

<Y ((3e2' + 207727 \/ND(A) B) I Aieall +27 19N I(Asen) 1]
n

using Proposition 4.6 and Lemma 3.3 (for 6 = +) and the fact that, by our assumption
on the support of the kernel of A;, the support of A;e, is contained in an interval of
size D(A;). Since A; has a kernel k; in H' (R) ® M, (C), it holds that (A;e,)’ = (0, A;) ey,
where 0, A; denotes the integral operator with kernel 0, h;. Thus, we conclude using
Cauchy-Schwarz

1(Qs — Qs) Aill2 < 36 L' Al + 29227\ /ND(A)) Bl Aill + 2 TIN? 0. A |12

Since the adjoint of an integral operator has the transposed and conjugated kernel, we
obtain the same bound on [|A;(Qs — Qs)ll2 = (Q5 — Qs) A |2 but with |6, A;|| in place
of |04 A;|l, and hence

1(0; = 0;) Tl < 42k +2) (6.9.55’ + 202127 /ND(A;)B +2 I 14N?|V A, ||2) (4.40)

using [l A;ll2 = Il k;ll < 1, and where we have written V A; for the operator which has the
gradient of h; as kernel. To estimate the error in the correlation functions, we use a
telescoping sum

n+m

|G{O:H - Gj »{ON| = . 65, (4.41)
i=1

where
5;=1QI0; -+ 0;-1(0; = 01) 041+ Opy Q).

Now, [|O;l| < 1fori=1,...,nby| fill <1. Fori=1,...,m,we canreplace O,; by Oy Ilo(m-i),
and similarly for O,,+i. Since | Op+illogm—pll <8(m—i+1) by Eq. (4.3) and | Ap+ill2 =1,
we find that, fori =1,...,n,

5;<8"m (65,99’ +2U=2"1214, IND(f)B +2‘j14N2||fl.’||)

by Eq. (4.39) and, fori =1,...,m,
Spei<8™m! (65.2’ 4+ 2U=%214./ND(A})B + 2 1 14N? |V 4; ||)
by Eq. (4.40). If we plug these bounds into Eq. (4.41) we obtain
|GHO}H - G20}
<8"ml(n+m) (653’ +2U=2Y1214 IND(f, AB +2 7 14N?d(f, A)) , (@42

where we used the definitions of D(f, A) and d(f, A). We have thus obtained a bound
on the approximation error which holds for all j € Z and ¥’ =0,..., %£.
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We now choose j and %’ to obtain that vanishes as the number of layers % increases

2
and € goes to zero. We first choose j = [%’ + %1og2 %({}—’A/;)] and obtain

|GUO}) - G} 2(10:})| < 8™ mi(n+m)(6e %L’
+14(VZNB + N)d(f, A D(f, 41 P2~ F)
= 8™ ml(n +m) (6555’ + CD”?’z—%'),

using the definitions of C and D. We now choose £’ = min{.%#, [logZ(C?’D/ &)1}, which is
always nonnegative, and obtain

3
|G({Oi}) - Gj,g({Oi})| <8"m!(n+m) (68 (log2 % + 1) + max{CDl/sz_%,s})

3

D
<8"™m!(n+m) (Gf:log2 +CD1/32_%),

which proves the desired bound.

(ii) The proof for the circle goes along the same lines using the corresponding bound
from Proposition 4.6 and j = £. Instead of Egs. (4.39) and (4.40), we find that, for
al £’ €{0,..., ¢Yandfori=1,...,n,

10; = Oill 42’ + 27 18N?| f | + 274N f]|| < 4e L'+ 274 22N?| £,
whilefori=n+1,...n+m,
1(0; - 0) Mokl <82k +2) (622" + 27 26N* |V A1)
Thus we obtain
|GPer 0 - G, (0uD)| < 8™ mi(n + m) (6e.2' +26N2D2 )

26N%D
E

in place of Eq. (4.42). Finally, we choose %' = min{.%#, [log,
nonnegative, and arrive at

1}, which is always

2

. 59N2D
|GP({0:1) — G5, (10| < 8" ml(n + m) (Gzzlogz + 26N2D2‘3’) :

This is the desired bound. [ ]

To illustrate Theorem 4.7 and to show that the class of operators considered is an
interesting class, we now describe how to compute correlation functions involving
smeared stress-energy tensors. The stress-energy tensor is a fundamental object in
conformal field theory. Its mode decomposition form two copies of the Virasoro algebra,
encoding the conformal symmetry of the theory [FMS12]. It is convenient to choose a
different basis and write the Dirac action in the form

1 (..(0 0
S(\P)_Zf\y (0 a)‘{’dxdt

where d =0, +0; and d = 3, — ;. Then, formally, the holomorphic component T = T,,
of the stress-energy tensor, is the normal ordering of W{0¥;. Solutions of the Dirac
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equation in this basis are of the form y (x, t) = y+ (x+ 1) ® y_(x—t). The unsmeared stress
energy tensor T(x) (which is only a formal expression in the algebraic formalism) is
given by T'(x) = dI'g(Dy) where

o) =)

where 0, is a 0-function centered at x. To smear this operator, consider two smearing
functions hy and h;. The h; should be thought of as a smearing in the time direction
and we use the Dirac equation to interpret this on our Hilbert space corresponding
to t = 0. Thus, we define

h
fo
where * denotes convolution. We then define the smeared stress-energy tensor by
the normal-ordered second quantization: T'(h) = dI'o(D(h)). If hy and h, are com-
pactly supported functions in H 1(R), then the operator T (h) satisfies the conditions of
Theorem 4.7. In Fig. 4.2, (b) we show the numerical result of computing two-point func-
tions (T'(h;) T (hy)) using our quantum circuits, where the h; are taken to be Gaussian
smearing functions. In agreement with our theorem, we find that the two-point func-
tions are approximated accurately for approximate Hilbert pairs of suitably good quality.
(Strictly speaking, the Gaussians need to be approximated by compactly supported
functions so that Theorem 4.7 applies.)

i (] (1201 17)

Discussion and open questions

One question which immediately arises is to extend the wavelet construction to gen-
eral free models (not just the critical model described in the current chapter), such as
massive fermions or bosonic models. In the next chapter we will see that this is straight-
forwardly possible for a general class of models in the bosonic case; in the fermionic
case it is less clear how to do so. One challenge for more general free fermionic models
is how to deal with ground states which are not at half-filling.

In future work we hope to construct entanglement renormalization circuits for more
general classes of conformal field theories. A challenging open problem is to extend the
relation between wavelet analysis and quantum circuits for conformal field theories
to interacting models. It is not at all clear that this is possible, but a natural starting
point could be Wess-Zumino-Witten theories, as many of these can be constructed
algebraically as symmetries on a finite number of free massless fermions [Fuc95]. The
algebraic construction of these theories is closely related to the representation theory of
loop groups [Was98], and one starting point could be to revisit this analysis of the loop
group in terms of wavelet theory. See [0S21a, OS21b] for a related perspective.

Another direction would be to investigate entanglement renormalization from the
perspective of vertex algebras. A recent attempt to discretize vertex algebras to a spin
chain model, with a view towards quantum computer simulation of conformal field
theories can be found in [ZW18]. For MPS tensor networks it has been shown that they
are sufficiently expressive to compute correlation functions for a very general class of
conformal field theories using vertex algebra techniques [KS16, KS17b].
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From a computational point of view it would be interesting to investigate whether
a wavelet circuit can serve as a starting point for perturbation theory, and get faster
convergence of MERA optimization algorithms.






CHAPTER 5

Bosonic entanglement renormalization

In Section 5.1 we will briefly review the bosonic formalism. We will then explain the
relation between entanglement renormalization and biorthogonal wavelet filters. In
particular, in Section 5.2 we derive a relation the filters have to satisfy to disentangle
the ground state of a given Hamiltonian and explain how this gives rise to a circuit. We
also explain how this extends to quantum field theory correlation functions. Finally, we
prove an approximation theorem for correlation functions for bosonic entanglement
renormalization in Section 5.3. In this chapter we will occasionally be slightly less formal
than in Chapter 4, on the one hand for the prosaic reason that [WW21c] was written
with a physics audience in mind, but also in order to make sure that the emphasis is
on concepts rather than formalism. With this motivation in mind we have also chosen
to work out in detail the error bounds for approximation of lattice observables, to
complement the fermionic setting, where we have focussed on the field theory.

5.1 Bosons and second quantization

In this section we will review second quantization for bosons and quasi-free (or Gaus-
sian) many-body states. Further details may be found for instance in [BR0O3] or [Pet90].
We describe ground states of quadratic bosonic Hamiltonians on a one-dimensional
lattice, and the vacuum state of a free bosonic field theory in this formalism. In the con-
text of quantum information theory the bosonic formalism is also known as continuous
variable quantum information.

5.1.1 The CCR algebra and Gaussian states

If # is a complex Hilbert space (which is the single particle space), let o (f, g) = Im(f, g)
be the canonical symplectic form on the corresponding real vector space. Let <, (A)
be the algebra of canonical commutation relations or CCR algebra on ./ which is the
free unital C*-algebra generated by elements W (f) for f € # subject to the relations

W(HW(g) = e 2 LOW ()W (f)
W = W(=F).

To obtain a Hilbert space realization, we consider the Fock state which is defined by

ik

W () =e 2
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and we consider the corresponding GNS representation. This defines a semi-group ¢ —
e'8U) for t € R-g, and by Stone’s theorem there must exist a generator B(f) such
that W(¢f) = e'B). The operators B(f) will be unbounded and allows us to define
the creation and annihilation operators

a(f) = \%(B(f) +iB(if))
L
V2

These satisfy the more familiar form of the canonical commutation relations

a*(f)=—=(B()—iB(if)

la(f),a” (@] =(f, 8.

With this interpretation, the GNS Hilbert space from the Fock state is in fact given by

Fu () =P V",
n=0

with a(f) and a*(f) acting as the usual annihilation and creation operators, acting
as a*(f)v= f v v. Welet |Q) denote the Fock vacuum vector 1 € #"°.

The most basic example is when # = C with the standard inner product. Inter-
preting this as a real vector space, this is isomorphic to R? and o is the standard sym-
plectic form. In this case, we may write g = B(1) and p = B(i), and a = %(q +1ip)
and a* = % (g —ip), corresponding to the usual harmonic oscillator, satisfying [q, p] = i
and the commutation relation [a, a*] = 1.

An important class of states on this algebra are the gauge-invariant quasi-free (or
Gaussian) states. In continuous-variable terminology, the gauge-invariance condition
corresponds to zero displacement Gaussian states. These states have the property that
all correlation functions are determined by the two-point functions.

More precisely, let y be a positive symmetric bilinear form defined on . as real
Hilbert space, which is moreover such that y — io is positive semidefinite. Then we may
define a state w, which is such that

W, (W(f) = e 271,
Then
wy(B(f)B(g) =y(f, & +io(f,8) (6.1
and in particular
v(f.8) = %(wy(B(f)B(g)) +B(g)B(f)).
Both the bilinear form y and the two-point functions completely determine the state.

We will typically identify y with a real linear operator on . so the form is given by (f,yg)
and refer to it as the covariance matrix.
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5.1.2 Second-quantized operators

Next we recall the second quantization of operators on /. If S is a symplectic real linear
map on # (now interpreting ./ as a real vector space), i.e.

o(Sf,S58)=0(f,8)

forall f, g € A, then S gives rise to an automorphism of «#/, (#°), known as a Bogoliubov
transformation or Gaussian map, through W (f) — W(Sf). Gaussian states transform
as wy — wg+y, where S*y = SyST, under this transformation. We will in fact only need
the setting where we write /# = H @ i H, with H a real vector space, and where we
let S= A® (AT)~!, which is symplectic for any invertible real linear map A: H — H.

5.1.3 Free bosons

We will discuss two relevant models. The first is that of translation invariant chains of
harmonic oscillators. We let 7 = ¢?(Z), and we abbreviate g, = B(§,) and p,, = B(i5 ).
We then consider quadratic Hamiltonians of the form

—(an Y quVin-miqgn), (5.2)

nez n,mezZ

where V € ¢%(Z,R) is such that V is a positive function (so the Hamiltonian is bounded
from below). The ground state of such a quadratic Hamiltonian is a quasi-free state and
can be written as w, with
_[r? o
= ( 0 yP )

where we decompose A = ¢?(Z) = ¢*(Z,R) ® i¢*(Z,R), and y? and y?P have matrix
entries v, = wy(Pnpm) and Yo = wy(gnqm). Upon taking a Fourier transform we
find that y” and 79 are multiplication operators in the Fourier domain y” = m(%E)
and y7 = m(%) where E(0) = V(0) is the dispersion relation of the Hamiltonian.

A paradigmatic example is the harmonic chain with mass M,

2(2 P+ Mqy, —(qn qn+1)2), (5.3)
nez

which has dispersion relation E(0) = \/M? +sin?(4). In partlcular the massless har-
monic chain is gapless and has dispersion relation E(0) = |sm( )|. For details about
quadratic bosonic Hamiltonians and Gaussian states from the perspectlve of quantum

information and computation, see for instance, [AEPW02, PEDC05, WM07, KLMO1].
The second relevant model is the continuum limit of the harmonic chain with
mass M, which yields a free bosonic field theory with mass M. We denote by . the
single-particle space, which is an space of functions on the real line. Let the dispersion
relation be given by E(w) = Vw? + M?. In order for the theory to be well-defined we
need to impose some decay bounds on .. We may take /£ = H_%yM(R), which is a

Sobolev space with inner product

PO
(f,8_1m= <frEg>L2([R{)'
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Gaussian unitaries Gn— An,mqm and p, — By, mpm with Al=BT
Hamiltonian H= %(Znez P% + X n,mez GnVn-m Qm)
with dispersion relation E(6)
Wavelet filters (g, h) pair of biorthogonal wavelet filters
Filter relation gwO) =E@) hy(k)
Application of wavelet transform A=Wg, B=Wj

Apply squeezing to normalize dispersion relation,
then apply the wavelet decomposition.
Continuum theory Free bosonic scalar field (for the harmonic chain)
Wavelet functions W8 (w) = "j;—‘ﬁ/h (w)

Table 5.1: Overview of the construction of MERA from wavelets for bosons as described in the
current chapter, to be compared with the corresponding results for fermionic systems
in Table 4.1.

As we will not prove any rigorous approximation bounds for field theory correlation
functions in this chapter we will further ignore technical subtleties relating to this
construction and choice of Hilbert spaces, such as those occurring for M = 0, and refer
to [GJ12] for technical details on the rigorous construction of bosonic quantum field
theories. Given a real valued f € # we let ®(f) = B(f) and I1(f) = B(i f) (which are
unbounded operators on the Fock space & (#)). Formally, we may write ®(x) = ®(dy)
and IT(x) =T1(6 ) where d is a -function centered at x. The free boson with mass M,
which is the continuum limit of a harmonic chain with mass M, has Hamiltonian

H= %fH(x)2+M2<D(x)2+(6<I)(x))2dx.

which has E as its dispersion relation. The covariance matrix is given by y” = m(%E)

and y? = m(ﬁ) where now E(w) = Vw? + M? (and note that these operators are now
well-defined by our choice of .#°). We are particularly interested in the massless case,
which gives rise to a conformal field theory.

5.2 Entanglement renormalization circuits

In this section we investigate how second quantization of an an appropriate biorthog-
onal wavelet transform gives rise to entanglement renormalization circuits for free
bosons. A general discussion of entanglement renormalization for free bosons can be
found in [EV10a], which introduced the notion of free bosonic entanglement renormal-
ization and provides variational algorithms for finding such circuits. Table 5.1 provides
an overview of the bosonic wavelet MERA, also compare Table 4.1.

5.2.1 Entanglement renormalization for lattice bosons

As in the previous chapter, we define a Gaussian circuit to be the second quantization of
single-particle symplectic circuit. Here, as we consider systems in one spatial dimension,
a single-particle (symplectic) circuit, of depth N is a symplectic map S: ¢%(2) — ¢*(2)
which can be written as S = Sy o...S; where each §; is such that acts strictly locally on
nearest neighbour sites, as in Section 3.5 In contrast to the fermionic case, the involved
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Hilbert spaces are infinite dimensional, even when restricting to a finite number of
sites and there is no exact mapping to a finite number of qubits such as the Jordan-
Wigner transformation. On the other hand, these circuits are such that they could be
implemented directly on a continuous-variable based quantum computer, for instance
using linear optics [KLMO1].

Given a quadratic Hamiltonian as in Eq. (5.2) we would like to construct a Gaussian
circuit which maps the ground state of Eq. (5.2) to an unentangled state on the odd
sublattice and to the ground state of a new Hamiltonian on the even sublattice. If the
original Hamiltonian was at a critical point we expect this new Hamiltonian to be the
same Hamiltonian, otherwise it will be some new renormalized Hamiltonian.

If we were to perform renormalization in Fourier space this would be straightforward,
by just ‘squeezing’ each Fourier mode separately. However, again we are interested in a
procedure that is local in real space, and we will use a wavelet transform.

Consider a biorthogonal pair of wavelet filters (g5, g,») and (hg, hy,) as in Section 3.2,
with the corresponding discrete wavelet transforms W, and Wj,. Since the filters which
implement W, and W), are real, it is possible to consider the wavelet decomposition
maps as Wg, Wy, : 0%(Z,R) — ¢?(Z,R), and we will do so throughout this chapter. Then,
as Wy 1= WII the map W = W ® W), defines a symplectic map on ¢2(2) for any pair
of biorthogonal wavelet filters. Reinterpreting this map as mapping the scaling and
wavelet output to the even and odd sublattice (i.e. by considering the map Wé, ®Ww,
as in Section 3.5) we see that its second quantization will have the structure of a layer
of entanglement renormalization, and it has the right interpretation as it ‘splits’ the
high and low frequency modes. However, just as in the fermionic case, we need to
choose the filters such that W actually disentangles the state, and the wavelet output
is unentangled. We consider a general Hamiltonian as in Eq. (5.2) with dispersion
relation E. We normalize the dispersion relation such that E(x) = 1, which can be
implemented by the symplectic (squeezing) map (v E(r)I) ® (1/v/E()I) (note that this
map can be seen as a product of maps acting on single sites). Then the condition for the
wavelet output to be disentangled is that the Fourier transforms of the filters satisfy

8w(0) = E®)h, ). (5.4)

Intuitively, what happens is that W separates the bosonic modes in high frequency and
low frequency modes, and Eq. (5.4) makes sure that the high frequency modes are not
entangled to the low frequency modes in the ground state. To derive Eq. (5.4) recall
that the ground state of the Hamiltonian in Eq. (5.2) is determined by its covariance
matrix y = y9 @ y”, which are such that

Y7 = m(i)
%E (5.5)
yP = m(EE).

The covariance matrix of an unentangled (uncorrelated) product state (i.e. the Fock
vacuum) is 3 I. Under a map of the form A& (AT)_1 the covariance matrix transforms as

¥ — A)/qAT
yP—(AT) P a
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Again, we normalize such that E(xr) = 1, by the squeezing map (v E(r)I) & (1/+E(m)I).
Suppose we have biorthogonal filters (g5, g,») and (hs, hy,) satisfying Eq. (5.4), then W =
W, & W), disentangles the ground state. To see that this is indeed true, we compute
the result of applying the wavelet decomposition map to the ground state covariance
matrix y = y9 & yP given in terms of the dispersion relation by Eq. (5.5). For this, we
remark that from g,,(0) = E6),,(0) it follows that /15(0) = E(0 + 1) §(0). Then,

E0)h,©0) f(20) = 8,0) f(26),
E0)h(0)f(20) = g,0)EV 2k) f (26),

where E is the renormalized dispersion relation on the scaling output defined By
EY©0)=EZ)E(¢ +n), (5.6)
This shows that m(E)W,] = Wy o (m(E") & I) and hence
piuT TopM ol pm, L
Wiy? Wy, = WpWg (PP e D=yl eI
1
yP = m(EEm)'

Similarly, it holds that
1
Wey Wy =y e >

y*V = m—m).

2EM)

We thus see that W has unentangled the high-frequency modes to a product state, and
the low frequency modes are renormalized to a Gaussian state with a new dispersion
relation E! given by Eq. (5.6).

We can now recursively apply the same construction to the scaling output, as in
Fig. 2.1, now with the renormalized dispersion relation. To introduce some notation, we
let E® be the dispersion relation after I layers of renormalization, recursively defined
by (cf. Eq. (5.6), note that we first normalize the dispersion relation by a factor E D (1))

00y g0
EO& EV G +m
ED (1) ED (1)

EUD @) = (5.7)

The normalization by E\”) () could also be absorbed in the filters, but we would like
the filters to be such that ,(0) = hs(0) = v/2, as is standard in the signal processing
literature and convenient for the analysis. Then at the I-th layer we need filters g, h(?

satisfying gf,? 0 = Mﬁ(ul}) (@) (cf. Eq. (5.4)), and we let

ED ()
Rg(n = Wg(l) \/ ED(m),

1 (5.8)
Ry =W,

h(l) y——
VED (1)

Finally, we define the £-layer renormalization map as R = Ré‘g ) e R;l“%) ), where

RE;%) =(Ryz-n® 1° D)o o (Ryo ® I) o R0



5.2. Entanglement renormalization circuits 97

for a = g, h. Then, R“Y) maps the state with dispersion relation w to a product state
with covariance matrix %I on the £ high frequency levels, and a state with dispersion
relation E**) on the remaining low frequency level. While we motivated the procedure
from the perspective of disentangling a given entangled state, the resulting transforma-
tion can also be used in the opposite direction, to prepare the ground state by applying
the circuit to a product state, thus realizing the state as a bosonic MERA state.

Finally we note that if the wavelet filters have compact support (i.e. they are FIR
filters) of size 2N, then by Section 3.5 W (reinterpreted as W') gives rise to a Gaussian
circuit of depth N that maps the low-frequency modes to the odd sublattice and the
high-frequency modes to the even sublattice as shown in Fig. 5.1. We conclude that this
is exactly the structure of an entanglement renormalization circuit. The converse to this
construction is also true: any Gaussian entanglement renormalization circuit which is
of the form A® (A7)~} gives rise to a biorthogonal pair of wavelets, as follows from the
discussion in Section 3.5.

In general, Eq. (5.4) can not be satisfied exactly for compactly supported wavelet
filters (in particular if E(0) is not a ratio of trigonometric polynomials). In this case
we may still approximate this relation, just as for the approximate Hilbert pairs in the
fermionic case. Suppose we are given a family of filter pairs (gél), g&l,)) and (hgl), h%))
forl=1,...,%, where the /-th pair represents the [-th layer such that

E(l) ) -
5 _ 0 —
18, ©) E(l)(n)hw(9)|58 vi=1,...,%, (5.9)
so they approximately reproduce the dispersion relation at each layer (up to normaliza-
tion). Then we define

Definition 5.1 (Approximate covariance matrix lattice boson). For any family of pairs of

biorthogonal wavelet filters (gél) , gg)) and (hgl), h(ul,)), forl=1,...,%, define the approxi-

mate covariance matrix yl(\ﬁ)RA as the following operator on £2(Z):

< (&) (ZL)
Yl(\/IE)RA = Yg/IERA ® Yf/{ERA (5.10)

where

@ ._ 1 T ,@
YMERA -~ ERh R,

p) 1 o1 o9
YMERA -= ERg Rg™,

and R;l’(é) ) and Ré‘f ) are defined as in Eq. (5.8).
This definition raises two interesting questions:

(i) Do there exist filters which approximately satisfy Eq. (5.9)? We have provided a
partial answer to this question by giving a general heuristic procedure for con-
structing such filters in Section 3.4.

(ii) Secondly, one can wonder whether a good approximation of the dispersion re-
lation at the level of a single layer as in Eq. (5.9) will indeed give rise to a good
approximation of the ground state. We answer this question in the affirmative in
Section 5.3, given certain conditions on the wavelet filters.
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— 5885598855

Figure 5.1: Decomposition of a single layer of the entanglement renormalization map RV as a
circuit. The wavelet transform W = W, @ W), is decomposed as a circuit with two-

w

local gates a;, and follows the bottom layer which squeezes by E (n)% oF (n)_% to
normalize the dispersion relation. This figure can be interpreted both as a linear
circuit implementing a symplectic transformation, and as its second quantization,
which is a bosonic Gaussian circuit.

Finally, we make the observation that if we are only interested in an approxima-
tion, and the theory flows to either a critical theory or a trivial theory under renor-
malization, then we only need a small number of ‘transition layers’ and can pick fixed

filters (ggl), gi,l,)) and (h(l) E,l,)) for sufficiently large /.

Entanglement renormalization for the harmonic chain

For the massless harmonic chain, Eq. (5.6) amounts to E(0) — Isin(ﬁ) cos(%)l = % sin(g),
so the dispersion relation is invariant under the renormalization step if we include the
subsequent normalization. Hence the state on the scaling output of the entanglement
renormalization will be the same after any number of layers. This implies that we can
keep iterating the same entanglement renormalization layer with identical filters at
each layer, giving a scale-invariant bosonic entanglement renormalization procedure
for the massless harmonic chain.
In the massive case, the mass renormalizes as

M — 2V M? + M4, (5.11)

This is a relevant perturbation to the massless chain [EV10a], and with increasing
number of layers the dispersion relation becomes flat; correspondingly we can let the
filters at the deeper layers approach orthogonal wavelet filters.

5.2.2 Entanglement renormalization for the free bosonic field

In Chapter 4 we saw that the continuous wavelet basis corresponding to an approximate
Hilbert pair had a natural interpretation as an entanglement renormalization scheme
for the Dirac fermionic field theory. We recall that the key point was that the scaling
functions are a natural UV cut-off that is compatible with the entanglement renormal-
ization circuits. In this section we will argue that there is a similar natural connection in
the bosonic case.
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Entanglement renormalization for the massless bosonic field

We first suppose that the biorthogonal wavelet filters are exactly related by the dispersion
relation of the massless harmonic chain, that is,

sin(7)

We claim that, in this case, the scaling functions defined in Eq. (3.16) are related as

$w(0) = h,,(0). (5.12)

A |w| “n
(W)= ———
¢° (w) 2|sin(%)|¢ (w). (5.13)

To verify this claim, we note that as a consequence of Eq. (5.12) and the relation in
Eq. (3.15) we have hs(0) = Icos(g)lgs(ﬂ). Next, from Eq. (3.16) it follows that the scaling

functions are related as ¢" (w) = y(w) 8 (w), where

y() = []lcos@™ " w)|.
n=1

This expression implies that y(w) has to satisfy y(w) = Icos(%) Iy(%), and we can easily
2[sin(3)|

verify that y(w) = —ar which has the right normalization y(0) = 1. This proves
Eq. (5.13), which in turn, using Egs. (3.17) and (5.12), also implies that

90 = u(3)8(3)

V2
1. 7 b
= S5l ) (%)
i %y}h(w). (5.14)

Equation (5.14) shows that the wavelet functions are related precisely by the linear
dispersion relation of the massless free boson. This shows that if we take a discrete
(biorthogonal) wavelet transform, with dispersion relation for a bosonic lattice model
(in this case the massless harmonic chain), then the associated continuous wavelet
transform is closely related to the continuum limit of the lattice model (in this case the
massless free boson).

We now assume that we have filters which (approximately) satisfy Eq. (5.12). We
would like to compute correlation functions of smeared fields ®(f) and I1(f) for real
valued single particle functions f. Analogous to the fermionic case we will do the
following, in order to compute some correlation function:

(i) We discretize the operators using the scaling functions at some appropriate scale,
or equivalently, we embed the discrete theory into the continuous one using the
scaling functions.

(ii) We compute the correlation function of the discretized operators using the state
prepared by the (discrete) entanglement renormalization circuit.
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Let us denote by a:;l, af : L2(R,R) — ¢%(Z,R) the discretization maps (a;lf) (k] = <1//;.’ o
and (a}g Ilk] = (wf.' © f). Then in the above procedure the discretization procedure is

given by
O(f) =Y al(Nngn=Y @7, ) an

()= Y aS(Nnlpn=Y 5. ) pn-

(the inner product here is the usual L?(R) inner product). Using . layers of entangle-
ment renormalization gives the following approximate covariance:

(5.15)

Definition 5.2 (Approximate covariance massless bosonic field). For any pair of filters
(8s, 8w) and (hg, hy,) which approximately satisfy Eq. (5.12),j € Z, and £ € N, define the
approximate covariance matrix by )/MERA as the following bilinear form:

(G,<2) q,(j,<%) p.(j,Z)
YMERA YMERA ® YMERA (5.16)

where

(. 2) Y ) n L) h
Yo (fl,fz).=5<R§l o i, R a ),

(), 2) 1 h &
Taira (o f2)i= S (R el fi, RV af fo)

for any real-valued functions fi, f>.

To confirm that this a reasonable approximation, consider the case where we have
smeared fields ®(f) with f of the form f =), s[n](p*;”n and I1(f) with f of the form

=Y slnl¢},,
n

and with Eq. (5.12) satisfied exactly. Because the wavelet functions are precisely related
by the correct dispersion relation, in order to compute correlation functions, it suffices
to express the functions f and f in the wavelet bases {1//?,,”,} and {u/f”,,n,}. To see this
it suffices to look at two-point functions, and suppose that we want to compute the
correlation (IT1(f1)I1(f2)), where f; =), si[n](/)?n. We rewrite f; =3 ; , w;ll, n]w?n and

we note that m(ﬁ)wh =¥ and hence Zlm(ﬁ)w?n = w‘lgn, SO

Y 27w (1, nlw, 1, n) (Zun[l nly),, Y 27! "wsl, n]wl, ")

Ln I',n

<Z will, g}, Y wsll',n ]m(_)Wz/ "

I',n'
= (fl) m(ﬁ)f2>

which is indeed the correct correlation function. A similar computation holds for
correlation functions involving the field ®. By Eq. (3.18) the w;[[, n] are computed
from s;[n] precisely by applying the discrete wavelet transform, and the factor of 27!
derives from our normalization of the dispersion relation (the ‘squeezing layer’ in
Fig. 5.1). In other words, the correlation functions will be given precisely by applying
the entanglement renormalization circuit to the operators ), s[nlq, and Y, S[nlp,.
In this chapter we do not prove that Eq. (5.16) provides an accurate approximation,
but it should be relatively straightforward to adapt the arguments in Theorem 4.7 and
Theorem 5.3.
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Scaling dimensions

As an application, we can consider the entanglement renormalization superoperator,
which coarse-grains operators by conjugating with a single layer of the renormalization
circuit. Recall that for critical lattice models, entanglement renormalization superoper-
ator has been proposed to approximately encode the conformal data of the continuum
limit of the theory [EV13] and Fig. 2.3. We will now verify that, similar to the fermionic
case, the entanglement renormalization superoperator reproduces exactly the scaling
dimensions of the ® and II fields in the massless case, as well as the scaling dimension
of a number of descendants (equal to the number of vanishing moments of the wavelet
filters), similar as for the fermionic wavelet MERA as we saw in Chapter 4. In this case
we consider the operators ®yra(x) =2, d)h(x —n)q, and [yppa(X) =Y., 8 (x — 1) pp
for any x € R, which are the discretizations of the operators ®(x) and I1(x). It can be
easily seen that the entanglement renormalization superoperator maps these operators

Dyipra(X) — Y V2R 119" (x—2n—Dgy

n,l
= ;C/’h(g - n) qn = q)MERA(g)

where we use that for the scaling function Eq. (3.16) it holds that [Mal08]

%d)h(g) = ;hs[nm’“(x—n). (5.17)

Similarly one finds ITyggra (x) — %HMERA(g)- This corresponds, as expected, to scaling
dimensions 0 and 1. As in Section 4.2.5 if the wavelets have K vanishing moments, the
superoperator reproduces K descendents exactly.

The massive bosonic field

Since in the bosonic case the construction is not limited to a critical model, we may
approach the free massive boson with mass M in a similar manner. In this case, we

suppose we have two families of filters (gfgl), g;l,)) and (hgl), h%)), now with / € Z and

such that v (M©0)2+1800) = \/ (MD)2 +5sin?($) A} () where M© = m and M® is
the mass after [ layers of renormalization, as defined by Eq. (5.11). If these filters are
chosen in a way that they converge to a fixed orthonormal filter as I goes to infinity, and
to a fixed pair of biorthogonal filters as in the massless case for / to —oo, it makes sense
to define a new type of scaling and wavelet functions which are different at each level /
as a generalization of of the scaling and wavelet functions:

o g+ (27 w)
K L
1//1 (w) = \;E (l+1)( )(pl+1( )

for a = g, h as a generalization of of the scaling and wavelet functions defined in
Eq. (3.16) and Eq. (3.17). Again, the wavelet functions y{ (x) = 2_%wl(2‘lx — n) for
filters a = g, h form a dual basis (provided they exist). The behaviour for I — +oo is

(5.18)



102 Chapter 5. Bosonic entanglement renormalization

consistent with the fact that the mass term is a relevant perturbation of the conformal
field theory and the theory flows from a critical massless boson to a trivial theory. As
before, we can now discretize the theory using the scaling functions at some given scale
and use the discrete circuit to compute correlation functions.

5.2.3 Numerical examples

In Section 3.4 we have provided a construction of filters approximately satisfying Eq. (5.4)
for the massless harmonic chain. This construction depends on two integer parame-
ters K and L, where K controls the number of vanishing moments of the filters and L
controls the accuracy of the approximation of the dispersion relation. This corresponds
to a circuit depth of N = K + 2L for a single layer. In Fig. 5.2 we illustrate our approxima-
tion result by numerically computing correlation functions of the massless harmonic
chain using these filters [WW21b] (using that we can easily simulate the circuits in the
single-particle picture).

5.3 Approximation of correlation functions

In this section we formulate and prove a general approximation result for translation-
invariant quadratic Hamiltonians of the form in Eq. (5.2). Our proof strategy is inspired
by the techniques in [HSW™*18], with the technical complications that the wavelet
transforms are not unitary and are allowed to vary layer by layer.

Recall that if gg, ks € /%(Z,R) are a pair of scaling filters that satisfy the perfect
reconstruction condition in Eq. (3.14), then we can define corresponding wavelet fil-
ters gy, hyw € ¢%(Z) and single-layer decomposition maps Wg, Wj,: £%(Z,R) — ¢*(Z,R)
such that W[ W, = W/ W), = I.

Now suppose that we are given a sequence of filters ggl), hgl) as above. Here, [ € N
for convenience of notation. In practice, one is usually interested in a finite number of
layers; in this case we may choose the sequence of filters to eventually become constant.
For a = g,hand £ €N, we define the £-layer decomposition maps

W 02(2,R) — 02(Z,R)°1HE),
Wc(l‘j’p) = (Wa(gq) @ Ie;(.ff—l)) 0...0 (Wa(n ® I) oW,w),

and write W) = W}(lg ‘o Wéx ). We assume that the family is stable in the sense that the
corresponding (generalized) scaling functions ¢} defined in Eq. (5.18) exist, are square
integrable, and bounded in L*°-norm. We can also define the wavelet decomposition
maps starting at layer £’ > 0, that is,

thzl,fﬁ) . 62 (Z, R) _ gz (Z, R)®(1+$—$’) ,

Wa(Z,’g) = (Wa(f] &b Ie;(_,%’—ff’—l)) 0...0 (Wa($'+1) &b I) o Wa(g’) .
For £’ = 0 we recover Wég ) as defined earlier. We assume that the wavelet decompo-
sition maps are bounded. Finally, we shall assume that the filters have finite support.

Then the same is true for the scaling functions. In the case that the filters are indepen-
dent of /, the above notion of stability is equivalent to the familiar notion from wavelet
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Figure 5.2: Approximation of correlation functions for the massless harmonic chain by the
MERA. We used the filter construction of Section 3.4 and £ = 20 layers of renor-
malization. The former depends on parameters K and L which are explained in the
main text. We show the correlation functions (pop,) and {pop.), as well as their
approximation errors A} := [{PoPnYexact — {PoPn)MERal and Ag,, = KqGoqn)exact —
(qoqn)MERAI.
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theory. For finitely supported filters there exists an easy criterion to determine this,
see [CDF92].

Recall that for the entanglement renormalization circuit we also insert a squeezing
operation between each wavelet decomposition layer, defining R o), Rﬁf“p) and RZ
for a= g, h asin Eq. (5.8). Our approximation to the covariance matrix is then given by

q,(ZL) _ (“),T (3)
MERA = 5 Rh Ry

@ 1 o1 (5.19)

p, (L), (2’)
YMERA = > SR Ry

Suppose the filter pairs g, ¥ form an e-approximate E'”-dispersion pair at each
level, that is

D 6)

EAOR Em Fig 0 O)1=18©) - &)@ <e, (5.20)
where we have introduced the filter
A 0
g0 := o )h(” ©). (5.21)

E(l)( )

This filter, together with 1D @) := ED (1)1 ED (9) x 8'0(#), forms a pair of biorthogonal
wavelet filters, with corresponding scaling filters gg”, h(l) that satisfy Eq. (3.14). However,
these filters are almost never finitely supported. By construction, the pair g, h¥
satisfies the dispersion relation Eq. (5.4) exactly.

We now state an approximation theorem for general dispersion relations, which
is the main result of this chapter. We measure the approximation error in terms of

quantities

P ._,P p.(&)
Anm = 1Ynm = Vygra) nmls

q,(Z)

q (5.22)
Apm = 1Ynm = Vygra) nml-

If E(0) = 0, then it is also interesting we have to regulate the covariance matrix y9.
Since E(0) = 0, the value of y{,, is not unambiguously defined, and if one computes
(f1,7 f2) one has to restrict at least one of the test functions to a subspace of functions
f; for which £;(0) = 0 (so f; sums to zero). With this in mind we define

Fom=Yom—"Ym (5.23)

which equals ?Zm =(0n,v?(m—0,)) and consider

X ~ <
A = 1T = Ty ol (5.24)

Theorem 5.3. Consider a translation-invariant Hamiltonian of the form of Eq. (5.2), with
dispersion relation E(0) such that E? (1) <1 and E?©0)<Q forl=1,...,% forQ=1.
Suppose we have a sequence of filters such that Eq. (5.20) holds for € < 1, with finite
support of size at most N and scaling functions that are uniformly bounded by || llc < B
fora=g handl=1,...,%. Assume moreover that the wavelet decomposition maps are
uniformly bounded by || chll’l) | <« foralla=g,h,gandl <1<l <%, whereD > 1.
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Then the approximation error of the covariance matrices can be bounded as follows:
&z C
AP < KZ(C2_7 +3exlog, Z),

C
A < ZKZ(CZ_% +3exlog, ;) ly960ll,
~ _Z C
Atm=2x%(C272 +3exlog, ~) Iy '@ =0,

where C = 4AB2N3 Q.
To interpret the error bounds, we note that
T do
a50112 = f , 5.25
ly*ooll T2 (5.25)
7 sin?(3(n—m)k)
NS p—8m)l% = f 2 5.26
ly?(0n—0mll . E0)? ( )

We will first bound the error that arises from only taking a finite number of layers.

Let pg‘g ) denote the projection onto the first tensor factor of £2(Z,R)®*1 and pg;(f) =

I- péf ) the projection onto the remaining tensor factors. Thus, pg‘g ) Wa(z ) £ is the scaling
component of the decomposed signal and pE;%)) Wf“p ) its wavelet component. The fol-
lowing lemma is a straightforward adaptation of Lemma 3.5 and Lemma 1 in [HSW 18],
which confirms the intuition that for finitely supported signals, lower-frequency wavelet

modes contribute less.

Lemma 5.4. Suppose we have sequence of filters as above, with finite support of size at
most N and scaling functions that are uniformly bounded by || llo < B for a= g, h and
[=1,...,.%. Then,

Z-1 3
Ip W D5, <2772 B2N? (5.27)

N

where 8, is the unit signal concentrated at n.

Proof. Let b denote the filters dual to a (i.e., b = h if a = g, and vice versa). We note
that pl2' W\?6,lm) = (¢3n,(pflg n)» where ¢%,  (x) := 2‘3/2¢?£(2‘$x — m) are the
translated and shifted scaling functions. This follows from the fact that

«P(l)),n’(rbg,m) = 6”"1
and by applying inductively the fact that by definition of the scaling functions ¢, | ==

Yu agl“) (2m—n)¢7, . Now we can proceed as in the proof of Lemma 3.5 and estimate
A s 12 * b -Z a =% 2
IpsOW 6,017 =) || dxdg(x—m2 2L 2" x—m)|
m -0

Xo+n+N-1 b % P 2
:Z|f dx¢pg(x— )2~z p% 2™ x—m)|
m JXpo+n

b2 Xo+n+N-1 % P )
<> gl dx[272 %% x— m)|
m Xot+n
@ bu2 Xo+n+N-1 P )
=27 NP7 Y dx|¢p% 2 x—m)|
m JXxpt+n

—L+1 A2y 1b 2 2
<2 Nl 1719 s,
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where in the second line we use that ¢ is compactly supported on [xg, xo + N — 1]
for some xy, in the third inequality we use Cauchy-Schwarz, and for the final inequal-
ity we use that at most 2N terms in the sum have nonzero overlap. Finally we may
estimate IIcngI2 < NB? and ||(,b7ip||c2>O < B2, which yields Eq. (5.27). [ |

The following lemma bounds the approximation error for £ layers as a function of an
intermediate layer £’ that will later be chosen appropriately.

Lemma 5.5. Suppose we have a sequence of filters such that Eq. (5.20) holds, with finite
support of size at most N and scaling functions that are uniformly bounded by || ¢l < B
fora=g handl=1,...,%. Assume moreover that the wavelet decomposition maps are
uniformly bounded by || Wél"l) |<x foralla=g,h,gandl <1<l <%, whereD = 1.
Finally, let £' € {1,...,%£}. Then we have the following bounds:

(i) Forall f € ¢*(Z,R) andneN,
7,(L) -1

< 3
(O alyT = yihal ) = 2% (e 2L +27 72 BEN> max(2lly” @1, 1) Iy £1.
(5.28)

(ii) Assuming EDm <1 foralll =0,...,£ -1, we have the following bound for all
neN:

107 = Ygn)Snll <62 (e2'x + 2757 BN max Iy 01 1)) (5.29)

Here, we recall that y9(0) = m(ﬁ) andyP D (0) = m(%E(l)).

. (£) . . .
To interpret these bounds, we note that [|y”?)|| = max; E 5 © which is typically O(1).

As a remark, for the critical harmonic chain we that E® (1) = %, in which case it is not
hard to see that the scaling of Eq. (5.29) can be improved to 2_%‘% "

Proof of Lemma 5.5. (i) To prove Eq. (5.28), we first observe that by definition of g it
holds that

R,wE®6) = (E""Y @ DRy

and hence
1
Ryl = (PP e EI)RE.;’S’D ) (5.30)

where 77(%)(0) = 3 E“)(0) denotes the covariance matrix defined using the renormal-
ized dispersion relation. We use this, together with the fact that 4y”y9 = I on the domain
of Y9 to write

(L) (L)
Yl —yhieaf = U=yhe dayP)y? f

= WETWEE) - REOTRS 2y Py f
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for f in the domain of y9. Thus,

) $ ! ! !
(O nly? = YAl P < KSR WS T pEO WLy )
G W LT (W) W)y )

HEAWT YD o WS - W TpEIW )y 1.
(5.31)
We will bound the three terms separately, starting with the second term. By our as-
sumption on the filters (Eq. (5.20)), [Wgn — Wi |l < 2e. Hence, using a telescoping
sum,

£'-1
! ! 1 !
IWg?) =Wl < 3 W D Wea - Wan I WL | < 262/, (5.32)
I=0

so we obtain the estimate

(Bal W2 T G (W) = W) iy I < IWs 2w - w2y £
<2eL"CIyIfI.

The first term in Eq. (5.31) can be bounded directly using Lemma 5.4,
i ! l ! l ! _& 3
(Ol Wy 2T pEOWED 131 < IO W8, WSy fll <2777 BENZxlly £,
and the third term may be similarly bounded as

|<6n|(W}(l$),T(2YP.(§£’) &) Wéff) _ W}(lff’),Tp(L;%’) Wégl))h’qf)l
_ |<5n|(W,(l$,)'T(W;E$,'$)’T ® I@,ﬁf')(z,yp,(ﬁé’) o [2ZL-Z) ®0@$,)W§2)I7qu>l
_ |<5n|(W,E$,)'TP§$,)(W;(,z/"g)'T ® 0@2’)(2Yp,($) ® IQZ)Wé,’%)Iqu)I

< Ip2 W8 W 2y @ LWy £

<275 BN max 21yP 1, 1y £

By combining the three estimates we obtain Eq. (5.28).
(ii) To prove Eq. (5.29) we use Egs. (5.19) and (5.30) to write

1 / / 1
p_ o2& _p LoaTo@ _ ppe)To@) Lot @
Y =YMmera =Y zRg R =y"R,"™ " Rg 2Rg Rg

I A 1 ! 1
— pE) T p (L) o 2 (&) _ 2 pEAT p@)
= Rg (y & 2I)Rg 2Rg Rg .

Therefore,

(&L LT p (L' ' '
107 = yRigaa)Onll < IRS Ty 0 p I RS |

1 A ! ! I
+S IR =R p R 5

1 ! A !
+S IR R — RETRE 0
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As before we bound the three terms separately, starting with the second term. Since for
each [ we have EWY (1) < 1, we may estimate IIRg ) < Wg(“% ) | < D and, by a telescoping
sum as in Eq. (5.32), IIRg‘pl) - Ré,g/) | <2e%'x?. Thus:

1 / ' ' / 1 ’ ’ /
£, T (&N, Ty (L) p(&L) £, T (£N, T (&) 1,3
E”(Rg —Rg” " )py Rg 6n||55”(Rg — R VIR T =seZLx.

! i
For the remaining terms, we note that E D) <1 also implies that || pg‘f )Ré‘z ) nll <
/1

! ’ <L 3
I pg‘g ) Wé‘s“p )5n | <2="2 B2?N: using Lemma 5.4. We can thus bound the first term by
! T ! ! ! A T i ! !
£'-1 3 ’
<2772 B2N2k|yPEL),
and similarly the third term, where we find
1 ! ! ! 1 ! ! !
DT p(& T (L) pl& _ (DT p(L, L) (L) p(&L
SR R =R py VRSl = SIRg™ Rg™ ps” R0l
L o@T y pl & N (&L
< SIRTIIRGS PRG54
£'-1 3
<-2""7 B2Nix?
By combining the three estimates we obtain Eq. (5.29). |
We finally prove our general approximation theorem.

Proof of Theorem 5.3. Choosing %’ = min{|2log, %J , £}, we see that

/1

eL'x+2777 BN maxi2ly? )|, 1} < e L'k +27 77 BEN?Q

C _Z
< 2exlog, - +max{C2™ 2,¢&}

C _Z
<3exlog, —+C27 2,
£

where we have used that % > 2. Now the result follows from Eq. (5.29) and Eq. (5.28)
in Lemma 5.5, choosing f =, or f =6, — 0, in the latter (and using that ||y96 |l =
ly98ol). n

Finally, let us specialize to the case of the harmonic chain with mass M (as in the
informal statement of our result in Section 2.2.1. The numerical values from Theorem 5.3
using the filter construction in Section 3.4 are illustrated in Fig. 5.3. The correlation
functions are related to the covariance matrices as follows:

(pipj) =7}
@iap =vl
the latter assuming m > 0. If m = 0 then the latter has a divergence, so we instead define

@iap =yl -vi =77 (5.33)
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Figure 5.3: The error bound from Theorem 5.3 (Theorem 4.7) illustrated for a two-point function
(pipj). Itis obtained by evaluating the bound in Theorem 5.3 using Table 3.2 for an
aappropriate biorthogonal filter pair with parameters K = L. This is only an upper
bound to the error, see Fig. 5.2 for an example of the actual approximation error.

where 79 is the regulated covariance matrix defined in Eq. (5.23). Accordingly, we
would like to bound the quantities Afj as well as A?j (in the massive case) or A?j (in
the massless case), which are defined in Egs. (5.22) and (5.24). This is exactly achieved
by Theorem 5.3. We first normalize the dispersion relation of the harmonic chain E(0)
by a factor V. M2 + 1 to Wnorm, SO that wnerm () = 1. There a)fll())rm(e) < 1 and we may
apply Theorem 5.3 with Q = 1. We write y for the original covariance matrix of the
harmonic chain and yporm for the covariance matrix where the dispersion relation has
been normalized, that is, Y5, = ———7v" and v, ,;,, = VM2 + 1y9. Then,

VMZ+1
1 q 2 2 fﬂ i fﬂ 40 -
Y formBoll® = Iy 80l1® = - e
pp 1 Tl = V80012 | po = | s sin (@) = 2

so applying Theorem 5.3 using the covariance matrix ynorm and restoring the fac-
tor vV M? + 1 yields the results for Al’.’j and A?j. In the massless case we can use Eq. (5.26)
and estimate

. i— 716
7 sz(ll 2JI )

||y‘7(6i—6,-)||2:f do

- sinz(g)

% 21 212 T 2
<2 f / ud6+f 740
0 4 ”g_jlez

<2nm?li - j|,

since |sin(§)| > 'g—' and |sin(”79)| < min{%ﬂ|

mate for A?j.

,1} on the interval (-, ), yielding the esti-
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Discussion and open questions

In this chapter we have explained how Gaussian entanglement renormalization circuits
can be naturally contructed from the second quantizations of biorthogonal wavelet
transforms. Moreover, as observed in Section 5.2.1 any Gaussian entanglement renor-
malization circuit of the form A® (AT)~! (so it does not mix the p and g modes) gives
rise to a biorthogonal wavelet filter. There are a certain technical aspects that would be
interesting to study in more detail. For example, if the system is not scale invariant then
our notion of wavelet functions goes beyond the standard framework of wavelet theory,
and one would have to identify suitable conditions on the filters that ensure that the
wavelet and scaling functions as defined in Eq. (5.18) are well-behaved functions and
that standard wavelet theory generalizes. Relatedly, one could extend the analysis of
Chapter 4 to prove approximation bounds for correlation functions of smeared bosonic
field.

The idea that wavelet theory should be a natural tool to discretize a field theory in
order to perform renormalization has a long history [Bat99]. This approach differs from
other works such as [BP13, BRSS15, SMMT20] which investigate the use of wavelets to
discretize quantum field theories, in that we use biorthogonal wavelets, which moreover
are specifically designed to target the Hamiltonian of the field theory. There is also a dif-
ferent approach to entanglement renormalization for quantum field theories, known as
cMERA [HOVV13, FRV17]. This takes a different perspective by formulating a variational
class of states directly in the continuum, rather than considering a discretization. In
both cases, the correlation functions of the theory are accurately reproduced up to some
cut-off. The precise relation between MERA and cMERA is not very well understood, for
instance it is not clear that discretizing a cMERA state could yield a MERA. Intriguingly,
cMERA is formally strongly reminiscent of the continuous wavelet transform (CWT).
The continuous wavelet transform [Mal08] can be defined for a much broader class
of wavelet functions v, and if ¥ is a biorthogonal wavelet the CWT can be discretized
to a discrete wavelet transform. Reformulating cMERA as the second quantization of
a CWT would therefore give a clear relationship between MERA and cMERA for free
bosonic systems. A starting point could be the cMERA in [ZGV19], which reproduces
some scaling dimensions exactly. However, the CWT appears to break some of the
symplectic properties of the discrete biorthogonal wavelet transform and it remains an
open problem to make this connection more explicit.
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CHAPTER 6

Introduction to quantum cellular
automata

While quantum dynamics of closed systems are always unitary, systems of inter-
est often possess an additional property: information propagates at finite speeds. In
quantum field theories or local quantum circuits, information is strictly constrained
to spread within a region called the light cone, or causal cone. Systems with strict
causal cones are called quantum cellular automata (QCA) [Mar86, SW04]; or sometimes
locality-preserving unitaries. However, the effective theories governing real physical
systems are often only constrained by an approximate causal cone, see Fig. 6.2. For
instance, nontrivial time evolution by a fixed local lattice Hamiltonian never satisfies
a strict causal cone, but it does exhibit an approximate causal cone, given by the Lieb-
Robinson bounds [LR72]. We can ask general questions about this class of dynamics, e.g.
when can the evolution be generated by some local Hamiltonian, or when can one evo-
lution be continuously deformed into another? These fundamental questions also have
application in the study of topological phases in many-body physics [PFM* 16, HFH18].

In this part of the dissertation, we will generalize a well-known classification of
QCAs on spin chains to approximately local dynamics. In the current chapter we will
review some basic notions of the theory of QCAs, and provide motivation and context
for our results. In Chapter 7 we introduce the operator algebra formalism and present a
theorem on stability of subalgebras due to Christensen which is a key ingredient for our
results. In Chapter 8 we review in detail the GNVW index and provide some additional
properties and alternative definition. Chapter 9 contains the main contribution: a
generalization of the GNVW index to approximately local dynamics. These chapters
closely follow [RWW20].

6.1 Quantum cellular automata

We start by giving a (slightly informal) definition of a QCA (which we will make com-
pletely formal in Definition 8.1). The idea is that a QCA is a quantum operation which is
both unitary and local. To formalize this we consider a lattice I and at each site n € Z
we have a local Hilbert space C% . We let o), = Ma,xa, the algebra of d, by d;,, complex
matrices. This is the algebra of observables at site n. If T is a finite lattice we let

nel
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which is the full algebra of observables on the lattice I'. If I' is an infinite lattice it may
not be immediately clear how to define an ‘infinite tensor product’. The appropriate
algebra of observables on all of I will be the quasi-local algebra. For now we will ignore
this technical subtlety and for the purpose of this introduction we simply use a finite
lattice. We will also write

Ax = Q) oy
neX
for any (finite) subset X < I', which is the algebra of all observables supported in X. The
algebra «fx is a subalgebra of </, simply by tensoring with identity operators.

We will define a QCA « in the Heisenberg picture, that is, we need to define how it
acts on observables. Recall that in the Heisenberg picture, if x is some operator, and u
is a unitary, the operator is mapped to u* xu, where u* is the Hermitian adjoint (and
hence inverse) of u. If T is a finite lattice with some distance measure d, then a is a QCA
if there exists a unitary u € o/ such that

ax)=u"xu

and if this unitary preserves locality in the sense that if x is an operator that is supported
on a set of sites X c I', then a(x) is supported on the set of sites within distance R
of X. Here R is a fixed value, and we say that a has radius R. This definition is illus-
trated in Fig. 6.1. Another way to say that a(x) = u*xu is by demanding that « is a
*-automorphism of the algebra of observables (see Chapter 7, this is equivalent for
finite systems, but will be the correct formal definition for infinite systems).

Let us give some concrete examples. First of all, any local quantum circuit will give
rise to a QCA. Here a local quantum circuit is a unitary of the form

U=Uuyo...0U20U]
where

ue= [T ugx
XcrI'
and where 1y x is supported on X, and the subsets X range over a collection of disjoint
bounded subsets (which may be different for each k). An obvious example are one-
dimensional ‘brick-layer’ circuits.

A second fairly obvious example consists of automorphisms which simply permute
the sites. For this example, consider the case where all local dimensions d,, are equal.
Then, any permutation of I' which maps every site n € I' to a site within distance R
of n defines a QCA. Such QCAs are known as shifts. A one-dimensional example is the
translation shift, which corresponds to a unitary u which shifts every site to the right by
one. These two examples are illustrated in Fig. 6.1.

The composition of two QCAs with radius R; and radius R; is again a QCA with
radius R; + R, so in particular any composition of a circuit and a shift is also a QCA.
Can we find any other examples of QCAs? Perhaps surprisingly this is not very easy, and
such examples do not exist when the lattice has dimension one or two.

There is an extensive literature on QCAs. They have found application in computa-
tional theory (as QCAs are capable of universal computation) and in many body physics,
for which we will describe a few applications in this introduction See [Far20, Arr19] for
recent reviews on the theory of QCAs.
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L

Figure 6.1: (a) Illustration of a QCA a with radius R = 2 mapping an operator x supported on
three sites to an operator a(x) supported on seven sites. (b) A local circuit QCA
(left) and a translation QCA o (right).

6.1.1 Index theory of one-dimensional QCAs

If the lattice has is one-dimensional (i.e. given by the integers Z, or by a periodic chain),
there is a beautiful classification of QCAs, which is based on an index theory provided
by [GNVW12] (the GNVW index), based on ideas in [Kit06]. The intuition behind this
index is that it measures the ‘flow of information’ in the QCA a. Roughly, it is defined by
taking a cut along the chain and letting

ind(a) = number of qubits moving to the right over the cut

— number of qubits moving to the left over the cut

Of course this is a very informal definition (we will provide details in Chapter 8). If a is
the translation QCA with local dimension d it is clear that from the above ‘definition’
that we should have ind(a) =log(d). On the other hand, it seems reasonable that if « is
a quantum circuit it moves the same amount of information to the left as to the right,
and we have ind(a) = 0. The index turns out to have various useful properties. For
instance, it is additive under composition: ind(a o ) = ind(a) +ind(f). It takes discrete
values in the set Z[{log(p;)}] where {p;} is the set of prime factors occurring in the local
dimensions d,,. Finally, it can be shown that ind(a) = 0 ifand only if a can be written as
a circuit. This allowed [GNVW12] to classify one-dimensional QCAs: any such QCA can
be written as a composition of a circuit and a tensor product of shifts.

6.1.2 QCAs in higher dimensions

In this dissertation we will focus on one-dimensional local dynamics. Higher dimen-
sional lattices give rise to some very interesting open questions, and for this reason we
give a brief overview of what is known about the structure of QCAs in higher dimensions.

One way to understand the GNVW index is by the notion of a boundary algebra. To
define this notion we consider the algebra «/x on some set of sites X, and a QCA a or
radius R. The interior of X is the set of sites which are distance more than R away from
the complement of X. Then if we look at a(«fx) this certainly contains all operators
which have support on the interior of X. The full algebra a(«fx) is generated by the
algebra of operators on the interior of X, and a boundary algebra. If we have a one-
dimensional QCA, and we take X to be a sufficiently large interval, we find that the
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boundary algebra consist of two commuting simple algebras, one supported on the left
hand boundary of the interval and one supported on the right hand boundary of the
interval. The GNVW index can now be computed as the logarithm of the ratio of the
dimensions of these two algebras.

One can also study such boundary algebras in higher lattice dimensions. For a
two-dimensional lattice it turns out that for a sufficiently large simply connected region
its boundary algebra has a very specific structure. In this case, the boundary region
is an annulus, and in [FH20] it was shown that the boundary algebra factorizes into
a number of simple algebras «; for i = 1,...,n, where «f; has strictly local support,
and the algebra <; has overlapping support only with «/; for j =i+1 mod n. This
structure allowed [FH20, Haa21] to prove that any two-dimensional QCA can be written,
similarly to the one-dimensional case, as a composition of a circuit and a tensor product
of shifts. An example of an application is given in [CX22], where the classification of
two-dimensional QCAs is used to classify two-dimensional fermion-to-qubit mappings.

However, in [HFH18] it has been shown that (under assumption of a widely believed
conjecture) the situation in three spatial dimensions is different. That is, there exist
three-dimensional QCAs which can not be written as a composition of shifts and circuits.
Similar examples where constructed in [FHH20, SCD"22]. The idea in the construc-
tion of these examples is that the QCA disentangles a three-dimensional model with
topological order. Then, one can show that the QCA is not a composition of a shift
and a circuit, conditional on the conjecture that the three-dimensional model with
topological order can not be described by a Hamiltonian which can be written as a sum
of commuting local projectors. It is also known that the set of QCAs in a fixed dimension,
modulo circuits and shifts, forms an abelian group under composition [FHH22]. As
observed above, this group is trivial in one and two dimensions, but likely nontrivial in
higher dimensions. For three spatial dimensions it has been conjectured that this group
is given by the categorical Witt group of modular tensor categories [Haa21, SCD*22].
Thus, there is a close connection between QCAs and certain aspects of topological order.
Another approach to the classification problem is to study Clifford quantum cellular
automata, which are QCAs which map Pauli operators to Pauli operators. For this class,
modulo Clifford circuits and shifts, the group of Clifford QCAs is still trivial in one and
two spatial dimensions, and nontrivial in three dimensions [Haa21].

6.1.3 Physical applications of QCAs

Locality is an important feature of quantum many-body physics, and in this light the
notion of a QCA is very natural. Maybe the most fundamental appearance of locality
is the fact that quantum field theories have strict causal cones (i.e. light cones). That
is, if we consider a strictly local operator x on domain D in a spatial slice, then if we
look at the time-evolved operator, it will be supported strictly in the light cone of D.
This strict locality property is reminiscent of the definition of a QCA. A quantum field
theory has both continuous space and time components. A natural thought is to use
QCAs as a potential discretization (with space and time both discrete) which preserve
the strict locality of the quantum field theory. For example [DP17, ABF20, BDPT18] and
the review [Far20]. This perspective could be useful for simulation of quantum field
theories on a quantum computer.

Another active line of research is the use of QCAs to study quantum hydrodynamics.
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Here one starts from a QCA and iterates this QCA. Such models can be easier to solve
than (integrable) spin chains, but still have interesting dynamics. For instance, one can
study hydrodynamics and operator growth [ADM19, GHKV18, GNP21] in such models.

To mention a few other recent applications, QCAs have also been studied to con-
struct symmetry-protected phases [SNBV'19] and have been investigated from the per-
spective of tensor networks and matrix product operators [CPGSV17, SSBC18, GSSC20,
PC20]. Finally, they have been used to classify topological phases of many-body local-
ized dynamics [PFM* 16, ZL20], which we will briefly explain in Section 6.2.1. Also, as
we saw above, three-dimensional QCAs are closely related to topological order.

6.2 Lieb-Robinson bounds and approximate locality

While in some contexts it is natural that quantum dynamics are strictly local (such as
quantum field theory or in computational applications), for many realistic physical
systems dynamics is only approximately local. The most iconic example is a lattice of
spins where the dynamics is governed by a (quasi-)local Hamiltonian, in which case the
so-called Lieb-Robinson bounds show that the dynamics induced by the Hamiltonian
are approximately local. To formulate the Lieb-Robinson bounds, we again assume we
have a lattice T (for instance Z"), and we assume that we have a local Hilbert space C%
at each site n € I'. Moreover, we assume that the systems has a Hamiltonian

H=) Hy
Xer
where each term Hy is supported on X. For instance, we could take a nearest neighbour
Hamiltonian, where the subsets X are pairs of neighbouring sites, or we could more
generally restrict X to local sets of some fixed bounded size k, so the interactions are
k-local and spatially local. In this case it is well known that if we let u(t) = et and if we
let x,, be an operator supported at site n, and x(t) = u(t)xu(t)*, then it holds that

X (8), Yl ll < Ce®E@mM=20 |yl (6.1)

where y,, is any operator supported on site m, d(n, m) is the distance between sites n
and m and C, @ and v are positive constants. These estimates are known as the Lieb-
Robinson bounds, and the optimal possible v is the Lieb-Robinson velocity. The inter-
pretation of Eq. (6.1) is that information spreads at most at linear speed (given by v)
in the system. Indeed, at time ¢, x,(f) commutes up to an exponentially suppressed
term with all operators supported at sites which are farther away than v¢ from n. Or
in other words, x,(f) approximately has support in a ball of radius proportional to v¢
around site n. We introduce the Lieb-Robinson bounds more formally in Chapter 9. The
key point is that in any discrete quantum many-body system one expects approximate
locality rather than strict locality; hence for the application of theory of QCAs to many
realistic physical systems it will be crucial to determine whether such results generalize
to approximately local dynamics. In Chapter 9 we will generalize the notion of a QCA to
an approximately locality preserving unitary (ALPU). Informally speaking, an ALPU is
an automorphism a (i.e. conjugation by a unitary) which is such that it satisfies bounds
of the type in Eq. (6.1), so for x supported on X it holds that

e (x), Y11l < f(dX, Y)xIyll
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a(x)
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Figure 6.2: Illustration of an automorphism a with an approximate lightcone (an ALPU). Given
such an a, does there exist a continuous dynamics a[f] with ¢[0] = and ¢[1] = a
which remains approximately local at all times?

for any operator y supported on a set Y, where d(X, Y) is the distance between these
sets, and f is some fixed decaying function that determines how fast the tails decay (this
could for instance be an exponentially decaying function or an inversely polynomially
decaying function).

6.2.1 Floquet many-body localization and index theory

We will now provide an example of an ALPU which is not given as time evolution
along a local Hamiltonian and where the GNVW index can be applied to understand
quantum phases. This type of quantum systems are systems with dynamical many-
body localization for Floquet systems in two dimensions [PFM*16]. The intuitive idea
is that on the two-dimensional lattice, under certain localization assumptions, time
evolution of a subsystem with boundary defines an associated evolution on the one-
dimensional boundary, and this evolution will be an ALPU in general, not necessarily
given by a Hamiltonian evolution. The GNVW index of this boundary automorphism
then captures whether the boundary has chiral transport, which is related to whether
the two-dimensional system has vortex-like behavior.

Below we sketch the setup described by [PFM*16]. See [HR17, DDP18, FPPV19,
71.20] for extensions. We consider a (time-dependent) local Hamiltonian H on a two-
dimensional lattice, and we let U be the unitary obtained by time evolution for some
fixed time 7. The system exhibits many-body localization (MBL) if U can be written as a
product of commuting unitaries which are all approximately local, i.e. when there exists
a complete set of approximately local integrals of motion. More precisely, one says U is
MBL in the sense of [PFM*16] when it can be written

X

where uy is approximately supported in a set X of some bounded size and [ux, ux/] =0
for all X, X’. What “approximately supported” means here depends on one’s definition
of many-body localization. A reasonable definition may be

Izex, Y1l < Ce iyl

for any operator y which is supported on sites at least distance r away from X, and C >0
and y > 0 some constants. That is, the uy satisfy Lieb-Robinson type bounds. To define
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the invariant we let D denote the upper half plane (or in fact any simply connected
infinite subset of the lattice) and we let Up denote time evolution for time T using only
the terms in the Hamiltonian strictly supported inside D. Also, we use (6.2) to define

Up=[] Ux.
XeD

Then we let V = UBIUI'), so that the map a — VaV~! approximately preserves the
algebra supported on a thick boundary strip 0D of D. More precisely, the Lieb-Robinson
bounds and (6.2) together show that for an operator a on a single site in dD, VaV* is
approximately supported within 0D.

The key point is that while the original dynamics is generated by a two-dimensional
lattice Hamiltonian, the induced dynamics on the boundary strip need not be gener-
ated by a Hamiltonian on the boundary strip. In [PFM*16], one implicitly assumes
that a small deformation of V actually defines a QCA on dD. Given this assumption,
that MBL dynamics define a QCA on 0D, one could then apply the index theory of
one-dimensional QCAs to obtain a classification of MBL Floquet evolutions in 2D. The
intuition is that if the Floquet dynamics has a ‘vortex-like’ behavior, the induced bound-
ary dynamics will have a nonzero information flow, which is then captured by the GNVW
index. To make this application of the GNVW index theory completely rigorous, it is re-
quired to study the robustness of the GNVW index, and see to what extent it generalizes
to ALPUs.

6.2.2 Approximating approximately local dynamics by strictly local dy-
namics

It is well known that for Hamiltonian evolutions there is a close relationship between
the approximately local time evolution and an approximation by strictly local quantum
circuits. As explained in Section 1.2, given time evolution along a local (possibly time-
dependent) Hamiltonian for time T, we can approximate the induced dynamics with
alocal quantum circuit. The most straightforward method is by Trotterization of the
Hamiltonian. By increasing the depth of the circuit (i.e. decreasing the size of the time
step in the Trotterization) one increases the accuracy of the approximation to arbitrary
precision. A local quantum circuit is a QCA, and increased depth corresponds to a
larger radius for the QCA. A key question, which we will address for one-dimensional
systems, is whether one can generalize ‘Trotterization’ for more general approximately
local dynamics. That is, given an ALPU, is there a sequence of QCAs of increasing radius
which approximates the ALPU to arbitrary precision, and if so, what is the scaling of
the radius with the precision of the approximation? An answer to this question will
have to use methods which are fundamentally different from Trotterization, as this
relies heavily on the fact that we have a Hamiltonian along which we evolve, and we
can ‘break up’ this evolution in many small steps. In contrast, for an ALPU we are only
given a single time step and there is no obvious way to approximate it by a QCA. There
also exist methods for Hamiltonian simulation which are based more directly on the
Lieb-Robinson bounds [HHKL18, TGS 19], as mentioned in Section 1.2. Nevertheless,
these are still based on the existence of a Hamiltonian and the possibility of restricting
this Hamiltonian to a local region; therefore it is not clear how to apply such methods
directly to an ALPU.
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L R
(a) (b) l l
< </R, - ‘\/R,

Figure 6.3: Illustration of (6.3). For the translation on a qudit with local dimension 4 in (a) we
have I(L': R)y =2log(d) and I(L: R’)¢ =0, so the index equals d. For a circuit, one
can show that applying a local unitary as in (b) gives I(L': R)y = I(L: R)y, so the
index is zero.

6.3 Summary of contributions

6.3.1 Informal statement of results

A first result of this part of the dissertation is that we observe that one can re-formulate
the definition of the index as follows: one divides the chain into a left half L and right
half R, and one considers the Choi state ¢ /g of the automorphism a. Then the
mutual information difference

I(L':R)p—I(L: Ry
2

ind(a) = , (6.3)
is precisely the index of [GNVW12], but also well-defined for ALPUs with appropriately
decaying tails! This formula is illustrated in Fig. 6.3. In addition, the mutual information
enjoys much better continuity than the related expression for the index in Eq. (45)
of [GNVW12], which (in hindsight) can be understood as a difference of Rényi-2 en-
tropies. We show that the expression in Eq. (6.3) generalizes to the approximately local
setting.
Our first main result consists of Theorems 9.16 and 9.18, summarized as

Approximation Theorem (informal). Suppose that a is an ALPU in one dimension. Then
there exists a sequence of QCAs a j of increasing radius such that a j(x) converges to a(x)
for any local operator x, and thatind(«a ;) stabilizes for large j. We define

ind(a) = lim ind(a;).
j—oo

If @ has O (=) -tails for § > 0, the index defined in (6.3) is finite and equal toind(a). The

1+6
exact index may also be computed locally through a rounding procedure.

To be precise, the error bounds are such that if a has tails like G (f(r)), and a; has
radius j, then for an operator x supported on an interval of 7 sites,

laj(x) — )| :@’(f(j)(? 1))
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The key technical ingredient we use is a stability result for inclusions of possibly infinite
algebras which we state as Theorem 7.6, an extension of results from [Chr77a, Chr80].
This result deals with the situation where </ and 28 are algebras of observables and «/
is “nearly” included in 98, meaning that for each x € &/ there is an element y € 98 such
that ||x — y|| < €|l x|| for some small e. Then (under some technical but very general
assumptions on the algebras), there exists a unitary u € B(#) close to the identity in
the sense that ||u — I|| = @ (¢) with error independent of dim(#°), such that usf/ u* is
strictly contained in 98. Loosely speaking, we construct the QCAs a; by “localizing”
the images a(«/,) of the algebra <, at each site n, by rotating a(«/,) into an algebra
supported within some radius of site n. The main technical effort in the construction is
to ensure the rotations are compatible and the errors do not accumulate.

The index defines equivalence classes of ALPUs. These are characterized in our
second main result, Theorem 9.25, sketched below:

Classification Theorem (informal). Suppose « and p are ALPUs with f (r)-tails in one
dimension. Then the following are equivalent conditions:

(i) ind(a) =ind(f).
(ii) a = Py whereind(y) =0.

(iii) There exists a “blended” ALPU which (up to small error) matches « on the left of
the chain and matches [ on the right.

(iv) There exists a strongly continuous path from a to  through the space of ALPUs
with g(r)-tails for some g(r) = o(1). If such a path exists, then it can be generated
by evolving a time-dependent quasi-local Hamiltonian for unit time.

In particular, (iv) provides a converse to the Lieb-Robinson bounds in one dimension:
an automorphism can be generated by evolution along a time-dependent Hamiltonian
with certain locality bounds if and only if it has index zero. Thus we see that the index
theory of [GNVW12] completely generalizes to ALPUs and does not “collapse,” with as
only essential difference that the role of quantum circuits is replaced by time evolutions
along time-dependent geometrically local Hamiltonians.

As an application, it follows immediately that the translation operator cannot be
implemented by a finite time evolution of any (time-dependent) Hamiltonian satisfying
Lieb-Robinson bounds. Moreover, there cannot exist a quasi-local “momentum density”
that generates a lattice translation and also satisfies Lieb-Robinson bounds with o(1)-
tails at all times. To show that it is necessary to impose some bound on the decay of the
ALPU tails in our constructions, we give an example of a strongly continuous path of
automorphisms generated by a Hamiltonian with %—decaying interactions that connects
the identity map to a translation on a chain of qubits, showing that at this point the
index theory does indeed collapse.

6.3.2 Prior work

To generalize the GNVW index to ALPUs, a natural concern is the sensitivity of the
index to small perturbations of the QCA. However, the dependence of the sensitivity
on the local Hilbert space dimension and the radius of the QCA is not immediately
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clear from the considerations in [GNVW12], which yield a relatively weak continuity
estimate. Without stronger bounds, it would have been possible that the homotopy
classes established in [GNVW12] could collapse when considering ALPUs: two QCAs
with different GNVW index might still be connected by a strongly continuous path
through the space of ALPUs with some prescribed tails. Another concern was whether
the generalized index would take values in the same discrete set as the GNVW index.

These questions are recognized in existing literature. In fact, one of the main open
questions in the original work [GNVW12] was how to extend the index theory to some
class of automorphisms with only approximate locality. Later work asked specifically
whether ALPUs could be approximated by QCAs [Has13]. In the review [Far20] such
questions were raised again, highlighting their relevance for the application of index the-
ory to actual physical systems. Other recent work [FH20] also suggested the extension
to ALPUs as an avenue for research, proposing that one approach might involve Ulam
stability results for operator algebras. This is precisely the approach taken in this work.
The stability results we use [Chr77a, Chr80] and augment were developed throughout
the 1970s and 80s for studying how operator algebras behave under perturbation. In-
triguingly, related questions about perturbations were tackled under a different guise
in [CRSV17] (cf. their Theorem 3.6), in the context of quantum device certification.

Regarding the converse to the Lieb-Robinson bounds, see [WW20] for interesting
work which develops a related converse with different assumptions. They show that if
you already know a is generated by a k-local Hamiltonian satisfying a Lieb-Robinson-
like condition, then the evolution can also be generated by a geometrically local k-local
Hamiltonian. Their condition can be checked at infinitesimal times. In contrast, we do
not assume the ALPU is generated by any k-local Hamiltonian.

Finally, our reformulation of the GNVW index in terms of the mutual information
is similar to an expression which has been derived in [DDP18] in the context of two-
dimensional Floquet phases. This expression has also been rederived, shortly after the
appearance of our work [RWW20], in [GPC21].



CHAPTER 7

Operator algebras and stability of
subalgebras

For infinite dimensional quantum mechanical systems it is often more convenient
to work with operator algebras (algebras of observables) rather than Hilbert spaces,
and use the Heisenberg rather than Schroédinger picture of quantum mechanics. A
standard reference for operator algebras and their relation to quantum physics is [BR12];
see [Naal3] for an accessible introduction. We review C*-algebras and von Neumann
algebras, focusing especially on facts used in subsequent proofs. Then we turn to
methods for “perturbations” (e.g. small rotations) of operator algebras in Section 7.1.

7.0.1 C~*-algebras

The notion of an operator algebra is formalized by a C* -algebra, which is a complex
algebra o/ with a norm ||-|| and an anti-linear involution x — x*, satisfying

* o is complete in |-,
o llxyll < llxllyll,

2
o Jlx* x| =[xl

We will only use algebras with an identity element /. An important example is the
C*-algebra B(#) of operators on some Hilbert space #, where we take the operator
norm as the norm, and the adjoint as the *-operation. In finite dimensions this reduces
to the algebra .# ;4 of complex d x d matrices with the spectral norm and Hermitian
conjugate. A C*-algebra < is called approximately finite-dimensional (AF) if it contains
a directed collection of finite-dimensional subalgebras whose union is dense in . If
o/ < 9B are C*-algebras we define the commutant of o/ in 28 to be the set

o' = {x € %A such that [x, /] = 0},

which is again a C*-algebra. We denote by U(«/) the set of elements u € of that are
unitary, meaning that uu* = u*u=1.

A x-homomorphism a: of — 98 between C*-algebras is an algebra homomorphism
which also preserves the x-operation, a(x*) = a(x)*. Such a *-homomorphism is
automatically continuous and indeed contractive, i.e., [[a(x)|| < || x||. The latter can also
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be written as ||a|| < 1, where we define the notation || §]| = sup; ;<1 | 8(x) || for any linear
map f between C*-algebras. A (x-)automorphism is a bijective *-homomorphism. The
inverse of an automorphism is again a *-homomorphism, and any automorphism is
automatically unital and isometric. We write I for the identity automorphism. Finally,
a state on a C*-algebra «f is given by a linear functional w: &/ — C which is positive
(meaning that w(x*x) = 0 for all x € «/) and normalized (meaning that w(I) = 1).

It turns out that any C*-algebra can be realized as a subalgebra of B(#), the algebra
of bounded operators on some Hilbert space .. This is proven by the following result
known as the Gelfand-Naimark-Segal (GNS) construction or representation:

Theorem 7.1 (Gelfand-Naimark-Segal). Given a state w on </, there exists a Hilbert
space A, a x-homomorphismn: o/ — B(AC), and a cyclic vector ¢ (meaning n(<f)¢p is
dense in /€) such that

w(x) ={p, m(x)P)

Moreover, if (#',7',¢") is another triple as above then there exists a unique unitary
u: € — H' such that ¢’ = up and ' (x) = un(x)u* forallx € o .

If w is such that w(x*x) = 0 implies x = 0, then the GNS representation is faithful
(meaning that 7, is injective). In that case, one way to construct the Hilbert space in
Theorem 7.1 is by letting (x, y) = w(x* y) define an inner product on «f and letting A
be the completion of «f with respect to this inner product. Then <« acts on / by left
multiplication, which defines the *-homomorphism 7: o/ — B(#). The identity I € &«
gives rise to a cyclic vector ¢ € A.

7.0.2 Von Neumann algebras

A special class of C*-algebras are von Neumann algebras. A C*-algebra o«f < B(/) is a
von Neumann algebra if it is equal to its double commutant in B(A°),

o =d".

In fact, for any subset S € B(#), the double commutant S” is always a von Neumann
algebra, called the von Neumann algebra generated by S. It is the smallest von Neumann
algebra that contains S. There are various relevant topologies on B(#). The strong
operator topology is such that a net x; converges to some operator x if and only if
it holds that x;v — xv for each vector v € /. The weak operator topology is such
that a net x; converges to some operator x if and only if (w, x;v) — (w, xv) for each
pair v, w € /. The weak operator topology is weaker than the strong operator topology,
and both are weaker than the topology induced by the norm. Sometimes also the
weak-* topology is relevant, induced by interpreting B(#) as the dual space of the
trace class operators on /. The weak operator topology is weaker than the weak-
topology, but the two coincide on norm-bounded subsets of B(.#°). On convex subsets
the weak operator closure and strong operator closure coincide. The von Neumann
bicommutant theorem states that for unital *-subalgebra «f < B(#), of" is the weak
operator closure of 7, so &/ is a von Neumann algebra if and only if «¢ is weak operator
closed. Any *-automorphism of a von Neumann algebra is continuous with respect to
the weak-* topology. Moreover, norm balls are compact in the weak operator topology
(Theorem 5.1.3 in [KR97], a consequence of the Banach-Alaoglu theorem).
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A useful fact in the study of von Neumann algebras is the Kaplansky density theorem,
which states that for any self-adjoint subalgebra </ < B(/°) the unit ball of the strong
operator closure of & equals the strong operator closure of the unit ball of o/ . We refer
to [BR12, §2.4] for more details. Another useful fact is that the norm is lower semi-
continuous in the weak operator topology, i.e., if a net x; converges to x in the weak
operator topology then || x| < liminf; | x;].

In infinite dimensions, working with a von Neumann algebra often confers advan-
tages over more general C*-algebras. For instance, the output of the Borel functional
calculus (taking functions of operators) on a C*-algebra o« < B(#°) produces operators
that sometimes lie outside </, but they always lie in the weak operator closure </”. Avon
Neumann algebra therefore allows one to use spectral projections and other technical
tools.

A von Neumann algebra «f < B(#) is called a factor if it has trivial center, in other
words o/’ N/ = CI. In particular, o/ = B(/) is a factor (a so-called type I factor). Any
finite dimensional factor is of this form (for a finite dimensional Hilbert space), but
there also exist infinite dimensional factors not of the form B(#°) (so-called type II
and type III factors). A von Neumann algebra «f is called hyperfinite (or approximately
finite-dimensional) if it contains a directed collection of finite-dimensional subalgebras
whose union is dense in the weak operator topology (equivalently, the weak-* topology).
Equivalently, «f is hyperfinite when there exists an AF C*-subalgebra </, < o such
that o) = o .

Finally, if # < B(H) and .4 < B(.#") are von Neumann algebras, we use 4 ® A <
B(A ® &) to denote the von Neumann algebra tensor product, given by the weak
operator closure of the algebraic tensor product of 4 and A in B(A# ® X).

7.0.3 The quasi-local algebra

We will apply the formalism of operator algebras in the setting of lattice spin systems.
If we have a system of a finite number of spins C# ® --- ® C%, the corresponding op-
erator algebra is simply the full matrix algebra . x4, ® -+- ® M 4,xa,. However, for
infinitely many spins the tensor product structure becomes ambiguous. If the spins
form a lattice the physically appropriate choice of C*-algebra is the quasi-local algebra.
Consider a lattice I', and associate a finite-dimensional matrix algebra ¢, = 4, x4, to
each element n of the lattice. We assume that there is a uniform upper bound on the
dimensions d,. For any finite subset X < I' we can define the algebra «/x = ®,c x <.
These algebras naturally form a local net, meaning that for any two subsets X < X’ we
have a natural inclusion «/x < «/xs (by tensoring with the identity on X'\ X), and for any
two disjoint subsets X N X’ = @ we have that [«/x, «/x/] = 0 (we embed the two algebras
into any «/x» such that X u X’ < X”). This allows us to define the algebra of all strictly
local operators as

dstrict — oAy,
: Xc Hnite X
This is a *-algebra which inherits a norm from the «/x, but it is not complete for this
norm. We define the quasi-local algebra </r to be the norm completion of ,szfﬁtri“.
Thus, o1 is a C*-algebra. For infinite subsets X < I', we define «/x correspondingly
as a norm-complete C*-subalgebra of «/r. Then we have inclusions «/x < </ for any
subset X < I'. If x € «/x, we say x is supported on X.
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The quasi-local algebra has a natural state 7, called the tracial state, which can be
thought of as the generalization of the maximally mixed state to an infinite lattice. It is
defined on x € «/x for finite X < A by

1
= —t ,
7(x) dx r(x)
where dx =[1,ex d,, and can be extended to the full algebra.
We consider the GNS representation 7 : «/r — B(#°) from Theorem 7.1 of the quasi-
local algebra using the tracial state 7, and we let

AN = ()" < B(#), (7.1)

denote the von Neumann algebra generated by the GNS representation of the quasi-
local algebra. The right-hand side is also the weak operator closure of the image 7 (/).
It turns out ,er"N is a proper subalgebra of B(#°), which remains true even for I' finite;
in our case that I is infinite, </ N'is the (unique up to unique isomorphism) hyperfinite
type I, factor. This algebra is extensively studied, but for our purpose we will only
need to observe that this factor is hyperfinite (as follows directly from its construction).
If X < T we denote o/} = n(«/x)". Each &} is hyperfinite and has the property
that (o/3™)' N /N = o/} Since the tracial state is faithful, we may think of each </x as
a subalgebra of d}N. Moreover, it holds that .szf}‘éN Nely = oy forany X 7.1

The reason for introducing .szfr"N is purely to be able to use technical tools, espe-
cially Theorem 7.6, from the study of von Neumann algebras. Our main results are all
formulated in terms of the quasi-local algebra.

We observe that an automorphism « of </ extends naturally to the associated von
Neumann algebrain (7.1), as follows. If 7 is the tracial state on the quasi-local algebra </,
then for any automorphism of </ this state is left invariant, i.e., 7o a = 7. (One way to
see this is by using that 7 is the unique state for which 7(xy) = 7(yx) for all x, y € o.)
By the uniqueness of the GNS construction this implies that @ can be implemented
by a unitary u on /, in the sense that w(a(x)) = un(x)u*. Therefore, a extends to an
automorphism of the hyperfinite von Neumann algebra ,Q%F"N, which we denote by the
same symbol « if there is no danger of confusion. Note that this extension is necessarily
unique.

We will mostly consider the situation where I' = Z is the discrete line. If

X ={m e Z such that m < n}

ISince d)‘éN = (dg{\lx)’ NN it suffices to show that (dg{\IX)’ Nafz7 = ofx. We will argue that (szf%’l\\lx)’ N
o7 € ofx, since the other inclusion is immediate. To this end, let x € (,QQ’{\IX)’ N<f7. Since x € «f7, we can
choose a sequence x; € «/x; converging to x in norm and such that each X; is a finite set. On the other

hand, x € (d%’{\lx)’ implies that, for any y € o7\ x it holds that

Iy, 21 = 1y, x; — x1 < 20 yllllx — %3l (7.2)

Now let £; = fU(dx-mzm) ux;u* du, similarly as in Eq. (7.4). Then X; € «/x,nx S «/x, since it is an element
of #/x,; that commutes with «/x, 7\ x) = #x;\x. On the other hand, Eq. (7.2) implies (cf. Egs. (7.5) and (7.6))
that

||fi—xi||sf ||ux,-u*—xi||dusf e, i1 du < 211 = xl.
UleZx;nz\x)) Ulex;nz\x)

Therefore || X; — x|l <3|lx — x;|| — 0 and since each X; € o«/x, we conclude that x € ofx.
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we will write o/, := o/x and similarly if X = {m € Z such that m = n} we will write
of>p := ofx. We use the same notation to describe subalgebras o/, o/ of o/3N.

7.1 Near inclusions and stability properties

We now define our notion of near inclusions of algebras and discuss related stability
properties. The notion of a near inclusion follows e.g. [Chr80].

Definition 7.2 (Near inclusion). For a C*-algebra 2 < B(#°) and an operator a € B(/),
we write a € % when there exists b € % such that la— bl < €|lall. Likewise for two
C*-algebras of , 8 < B(A°), we write <f € % and say there is a near inclusion whenever
it holds that a € % for all a € o.

We note that if 28 is a von Neumann algebra, we have a € #ifand only if

inf |la— bl <elal.
be %

That is, the infimum is attained by some b € 4. Indeed, let b; be a sequence in 28 such
that lim;|la — b;|l < €llall. In particular, | b;|l is bounded. Since (any multiple of) the
closed unit ball in B(.#) is compact in the weak operator topology (e.g., Theorem 5.1.4
in [KR97]), the sequence b; has a limit point b € 98 in the weak operator topology.
Because the norm is lower semi-continuous in the weak operator topology,

la— Dbl <lim|la—-b;|l < ellall,
1

which concludes the argument.
When 2 < B(#) is a C*-algebra and x € 8(A) is an operator that is nearly con-

. . £ .
tained in its commutant, say x € 98’, then it is easy to see that, for any b € %,

Ilx, bIII < 2ellxl1I DIl (7.3)

Indeed x € %' means there exists y € %' such that ||x — y|| < €|l x||. Then we have for
any b € 4 that

I, b1 = l[x = y, bIll < 2l x = yllIbll < 2l x| DIl

We will be interested in the converse of this statement, which is rather less clear.

To gain some intuition, we consider the finite-dimensional setting. Suppose that
we have a tensor product of finite-dimensional Hilbert spaces A = #4 ® #5, and let
% = 1® B(Ap) < B(A) be the algebra of operators supported on the second tensor
factor. Then we can define a projection onto the commutant of 98 by twirling using
Haar probability measure on the group U(28) of unitaries on 28:

Eg : B(A) — B', Eg(x) :f uxu™ du. (7.4)
U(B)

In fact, the commutant is simply «f = %’ = B(#,) ® I, and the projection can equiva-
lently be written in terms of the normalized partial trace, Eg (x) = d—lB trg(x), where dg =
dim /5. The projection exhibits the desirable property that if

ILx, bIII < el xII DIl (7.5)
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for all b € 48, then

le—[Egaf(x)IISf IIx—uxu*IIdu=f I[x, ulldu < gl x]. (7.6)
U(9B) U(AB)

€Z]

This shows that, in the finite-dimensional setting, the commutator bound (7.5) implies

that x € 4.

In infinite dimensions, where no Haar integral is available, we need a different way to
define the projection. One way to do so is using the so-called “property P” If 88 < B(A#)
is a von Neumann algebra, it has property P if for any x € B(#), there exists some y € %’
such that y is also in the weak operator closure (equivalently, the weak- * closure) of
the convex hull of {uxu* : u € U(%)}. Note that in the finite-dimensional setting this
is immediate from the definition in terms of the Haar integral. We can also generalize
the notion of twirling by a (non-commutative) conditional expectation E . onto a von
Neumann algebra «f < B(#°). This is defined to be contractive completely positive
linear map E, : B(#) — of < B(#°) which is such that for x € B(#) and a,a’ € of we
have ./ (a) = a and E (axa’) = aE.s(x)a’. A von Neumann algebra «f < B(A) is called
injective if there exists such a conditional expectation [Bla06, IV.2.1.4].

For von Neumann algebras acting on separable Hilbert spaces, these properties are
equivalent to each other and to hyperfiniteness as defined earlier:

Theorem 7.3. Let B < B(#) be a von Neumann algebra with A€ separable. Then the
following are equivalent:

(i) 9B is hyperfinite.
(ii) B’ is hyperfinite.
(iii) 9B has property P
(iv) A’ is injective.

If € is not assumed to be separable, it is still true that (i) implies (iii) and (iii) implies (iv).
Moreover, 2 has property P if and only if B’ has property P and the same is true for
injectivity.

For a comprehensive account of the theory and classification of von Neumann algebras
see [Tak03, Bla06]. Theorem 7.3 is proved in Proposition 4.1 of [NSW13] in the case
that 48 is a factor. The general case follows similarly by combination of well-known
results, as we sketch for convenience.

Proof. The implications (i)=(iii) and (iii)=(iv) are explained in [Bla06, IV.2.2.20], as
is the fact that 98 has property P if and only if 9’ has property P. Moreover, [Bla06,
IV.2.2.7] asserts that 4 is injective if and only if &’ is injective. Now assume that # is
separable or, equivalently, 28 has a separable predual. In this case, injectivity implies
hyperfiniteness [Bla06, IV.2.6.1], so it follows that (iv)=(ii). Since 8" = %, (i)=(ii) also
yields (ii)= (i), so that (i)—(iv) are all equivalent. [ |

When 2 is hyperfinite and x € B(#) is such that | [x, b]| < €llx||||b| for all b € &,

then x € %/, providing a converse to the discussion above Eq. (7.3). Indeed, since %
has property P by (i)=(iii), there exists some y € %’ in the weak operator closure of the
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convex hull of {uxu™ : u € U(%)}. Using lower semicontinuity of the norm with respect
to the weak operator topology, we find

Ix=yl< sup lx—uxu™ll= sup |[x,ulll <elxl,
uelU (%) ueU (%)
. £
which shows that x € 98’. Moreover, suppose that x € .4, 9 < .4 for a von Neumann

algebra ./ < B(#), then we have that x € B'n.A . Indeed, in this case {uxu* : u e U(RB)}
is contained in ./, and the same is true for the weak operator closure of its convex
hull. Since y was constructed as an element of the latter, it follows that y € ' n.# and

hence x € B' N .
In turn, the above implies that any conditional expectation Eg : B(A#) — %' (and
such conditional expectations exist due to (iii)= (iv)) satisfies

IEgg (x) — x| < [Egg (x) =B (V)| + Iy — x|l < 2¢l| x]],

using that Eg/ (y) = y and that conditional expectations are contractions. When 98
is a factor, a different proof strategy shows that the constant 2 can be omitted; see
Proposition 4.1 in [NSW13].

As an easy consequence we obtain:

Lemma 7.4 (Near inclusions and commutators [Chr77b, Theorem 2.3]). Let <f,%8 <
&
B(A€) be two C* -algebras. If o/ < 9B’ is a near inclusion, then
I[a, bl < 2¢llallllbl.

holds forall ae «f and b € 3.
Conversely, if 9B is a hyperfinite von Neumann algebra and

Ila, blll < ellallbl

holds for all a € of and b € 9, then we have a near inclusion </ B If moreover o , 98 <
A for some von Neumann algebra 4 < B(F), then <f EBNM.

Proof. The first claim follows from Eq. (7.3), since <« é %' means that a € A’ for ev-
ery a € /. For the converse claim, the discussion above the lemma shows that for ev-

ery a € «f we have a € B/, hence </ € B'; moreover, if a € .4, B < .4 then a€ B' N .M,
and hence o € B' N 4. ]

As a straightforward consequence of Lemma 7.4, we in turn obtain the following:
Lemma 7.5 (Near inclusion of commutants). Let¢,2 < B(#) be von Neumann algebras
with € hyperfinite. If € & 9, then 2' ZC_g €'. If moreover € < . for a von Neumann
algebra M < B(A), then D' n .U E€' .

Proof. 1t suffices to prove the second statement, since it reduces to the first if we

choose .4 = B(#f). Since € cp= (2", the first claim in Lemma 7.4 (with o = €
and 2 = 2') shows that

Ila, b1l < 2ellallibll = 2ellalllIb]

for all a € € and b € 2'. Since ¥ is hyperfinite, we can now use the converse in
2
Lemma 7.4 (with of =2'n 4 and B =€ < .#) to conclude that 2’ N .« S nu. |
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We now come to a central and nontrivial result. For hyperfinite von Neumann

£
algebras, if of < 28 for sufficiently small €, there exists a unitary close to the identity that
rotates & into 2.

Theorem 7.6 (Near inclusions of subalgebras). For hyperfinite von Neumann algebras

oA, B < B(F) with o4 € B for some € < 6%1, there exists a unitary u € («f U A)" such
that u* of u < 9B and we have:

i) |I-ul <12e.
(ii) Ifz € B(A) satisfies || [z, cl|| < 6|zl llcll forallc € «f U, then |u* zu—z| <106| z|.

Moreover, if oy < o is an AF C* -algebra such that ,szf(;’ =/, then u can be chosen such
that also:

0 0
(iii) If z € B(A) satisfies z € <ty and z € 9B, then |u*zu — z|| < 165] z||.

This theorem extends Theorem 4.1 of Christensen [Chr80]. The first item re-states
his result, and we develop the remaining claims. A self-contained proof appears in Sec-
tion 7.2. Similar stability theorems exist for various other classes of C*-algebras [Chr80,
CSS*12]. The stability of subalgebra inclusions is closely related to what is often (es-
pecially in the context of groups) referred to as Ulam stability [Ula60, BOT13]. There,
one is given a map that “almost” satisfies the homomorphism properties, and one
asks whether the map can be slightly deformed into a true homomorphism. See for
instance [Joh88, Par04] for Ulam stability results on C*-algebras. The proof of Theo-
rem 7.6 implicitly involves one such Ulam stability property: a completely positive
map on a hyperfinite von Neumann algebra that is almost a homomorphism is then
deformed to a true homomorphism; see e.g. [Joh88] more generally.

Using related methods, we also obtain the following useful lemma. Here, we control
the global error between two homomorphisms using the sum of errors on their local
restrictions.

Lemma 7.7. Consider two injective weak-* continuous unital x-homomorphisms
ay1,qd2: o — B

between von Neumann algebras o/ < B(A) and 9B < B(X'), with hyperfinite von Neu-
mann subalgebras <y, ...,y S of that pairwise commute, i.e., [f;, /] =0 fori # j, and
generate </ in the sense that (U?zldi)” = of. Define

=) ll{ar—az)lzll

n
i=1

Then ife <1,

1
la; —as|l 52\/56(1+ (1—52)%) 2 <2V2¢,

where we note that the expression in the middle is 2& + O (€?).
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The proof appears in Section 7.2. We find the difference between the homomor-
phisms a; and a; is controlled by the sum of their local differences. It appears possible
that in general, a tighter bound ||a; — az|| < €+ O (e2) may be correct. An easy example
demonstrates the bound is optimal to within a constant factor. Let &/ = o/ ®---® A,
for matrix algebras A;, and let a;(x) = x and a»(x) = u* xu for u = u; ® --- ® u,, choos-
ing any u; € U(«#;) with spectrum {1, ei%}, so that |u; — I|| = % + 0 (e and hence we
find |u—I| = € + G(¢?). Note that by e.g. Theorem 26 of [JKP09], the map on opera-
tors x — vxv* — x for unitary v has norm given by the diameter of the smallest closed
disk containing the spectrum of v. For u; and u, that diameter is given by £ + & (%)
and € +0 (&%), respectively. Then ||(a; — @2)|o; | = £ +6’((%)2), while [|a; —ay |l = e +0(€?).

7.2 Proof of Theorem 7.6

In this section, we prove Theorem 7.6 about near inclusions of von Neumann alge-
bras. The result is an extension of Theorem 4.1 of Christensen [Chr80], but we give a
self-contained proof. We follow closely the exposition in [Chr80, Chr77a]. Note that
in [Chr80] it is assumed that injective von Neumann algebras have a property called D;.
However, whether this is true is unknown, see comments in [PTWW14]. We slightly
adapt the arguments of [Chr80] to avoid this issue.

We start by two lemmas which bound commutators [x, f(y)] in terms of commuta-
tors [x, yl, assuming that y is near the identity, which are relevant to our extension of
the result in [Chr80].

In this appendix we bound commutators [x, f(y)] in terms of commutators [x, y],
assuming that y is near the identity.

Lemma 7.8 (Commutators with powers). Let «/ be a C*-algebra and let y € <f be a

normal element with |1 — yll <€ < 1. Then, forany s [-1,1] and x, y € &, we have

|s|
e IERAIE

Ilx, y°1I SW

For fractional powers, y° is defined using the functional calculus, with branch cut on
the negative imaginary axis (away from the spectrum because ||y — I|| < 1).

Proof. We assume that s ¢ {0, 1} since otherwise the claim holds trivially. Let z = I - y.
The function ¢ — (1 — t)°® is holomorphic on the open unit disk, so we may expand

V=U-2°=) cp2".

n=0
The exact form of the coefficients ¢, here is unimportant, but note sgn(c,) = —sgn(s)
for n =1 by our assumption that s ¢ {0, 1}.
I, ¥ = 11x, (U= 2°1 = Y leal I1x, 2"]1 < —sgn(s) Y cpnllzl™ " x, 21l
n=1 n=1
= gL a-w?| el = — ey =
dw w=|zl 1—zlht=s (1-g)l-s

as desired. [ |
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Lemma 7.9 (Commutators with polar decompositions). Let </ be a C*-algebra and
ye <l anelement with||y—1I|| <€ < %. Let y = uly| be its polar decomposition, with |y| =
(y*y)%. Then, forany x € «,

I, wlll < 31T, Y11+ 21 Lx, y 111

More generally for any € < v/2 — 1, an estimate of the above form holds for some choice
of constants on the right-hand side depending only on ¢.

Proof. Note |y —I|| < € < 1 implies that y is invertible, hence the unitary u in the
polar decomposition is uniquely given by u = y|y|™! = y(y* y)_%. Moreover, we must
have ||yl <1+eand | y*y—I| < (2+¢)e, which also implies that

1 1
I* Y72l <(1-2+e)e) 2,
since € < v/2— 1. We obtain

Il = 10yt ) 21 < Dyl 7 ) 21+ 1 )™ 2 1]

1
<1 +&)llx, (") 2+ ————llx, Y1
(1-2e-¢?)?
1+¢ "
s——lxy yll+ T I, y1l
2(1-2e—¢€?)z2 (1-2e-¢€?)?
1+¢)? 1
<Ly T+ I )+ ———— i
2(1-2e—¢€2)2 (1-2e—€2)2
(1+e)?2+2(1-2¢e—¢?) (1+¢)? .
= 3 I, yIll + ———————=lllx, ¥y 1l
2(1-2e—¢2)2 2(1-2e—¢?)2

Here we use the above comments to bound the relevant norms, as well as Lemma 7.8
fors= —%. Using e < 1 this implies the desired bounds. [ |

We continue with Proposition 7.10, which generalizes Proposition 4.2 of Chris-
tensen [Chr77a]. There Christensen considers two subalgebras «f, 8 < B(#’) that are
isomorphic via an isomorphism ®: &/ — 28. Note that @ is defined only on «, and not
on B(#). Roughly speaking, the theorem says that if the isomorphism nearly fixes <, it
is inner and implemented by a unitary near the identity. Our Proposition 7.10 below
extends this result to the case of multiple commuting subalgebras «7;. Our generaliza-
tion will be useful for Lemma 7.7. We also extend Christensen’s result with the following
observation: for elements of B(#) that nearly commute with « and 28, the distance
these elements are moved by the inner automorphism is controlled by the size of their
commutator with «/ and 2.

Proposition 7.10 (Making homomorphisms inner). Consider C*-algebras <f;, B; <
B(A) fori=1,...,n, such that each /" is hyperfinite and [f;, <4;] = [9B;, B;] = 0 for i #
J. Consider unital *-homomorphisms ®;: of; — B;, with ||®;(a;) — a;ll < yila;l forall
ai€ol;iandi=1,...,n. Denote of = (u;‘zl.szf,-)”, B = (U?ﬂ%i)”, ande=Y" v, Ife<1,
then there exists a unitary u € (sf UB)" such that ®;(a;) = u* a;u for all i and a; € <f;,
with

1= ull < vV2e(l+(1—£2)2)"3 < V2,
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where we note that the expression in the middle is in fact € + O (€?).
Moreover, for e < %, u can be chosen such that for any z € B(A), if |z, clll < 8l zlllIcll
forallce o/ U, then |u*zu—z| <100] z||.

Note c € o U 28 refers to the union of sets, i.e. ¢ € & or ¢ € 8. The proof extends the
proof of Proposition 4.2 in [Chr77a].

Proof of Proposition 7.10. We will define an element y € («/ U 98)” whose polar decom-
position yields the desired unitary u. We construct the element y to satisfy the proper-
ties [ I -yl < Z?zly,- and y®;(u;) = u;yforall u; e U(«#;) and i = 1,...,n.2

By Proposition 7.11 further below, each homomorphism ®;: «/; — 98; can be ex-
tended to a *-isomorphism CD’Z. : ,sz¢l.” — ®; (o))" %;’. Moreover, IICI);(ai) —a;ll <vyilla;ll.
Without loss of generality, we may assume «/; is a hyperfinite von Neumann algebra
and @; is a weak-* continuous unital homomorphism (this can always be achieved by
replacing <f; by «f/', ; by B!, ®; by ®; the latter is weak-+* continuous because it is a
*-isomorphism of von Neumann algebras).

Consider B(# @ #) with pairwise commuting subalgebras

€ = {(0 <Di(a,-)) L a; edl}gB(erBJf).

Since @; is weak-* continuous, the map a; — a; ® ®;(a;) is a weak-*-continuous unital
x-homomorphism. Therefore, €;, which is its image, is a von Neumann algebra is
isomorphic to «; and hence hyperfinite.

Therefore, by Theorem 7.3 €6; has property P and for

0 I
xO:(O O)EB(JKGB%)

there exists an element x; € € l’ that is also in the weak operator closure of the convex
hull of {¢] xoc1 : ¢1 € U(€61)}. Note that unitaries ¢; € U(%)) are of the form

(5 o)
0 @i(uy)
for u; € U(#), so elements c; xgc; are of the form
uy 0 0 I\(u 0 [0 ui® ()
0 @1(14;‘) 0 0 0 @1(u1) B 0 0 ’
Hence x; is of the form

0
X = (0 J(’)l) 7.7)

2In finite dimension, one can define the element y using

y=f dur--f duy up - uy @y (1) -+ Oy (uy),
Ul(st) U(<ty)

using the Haar measure of the unitary groups U(<#;). This y is easily seen to satisfy the aforementioned
properties.
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for some y; € (o U2B,)". By direct calculation, x; € 6] implies y;®(u;) = u; y; for any
unitary u; € <1, and hence

nei(a) =ay1

for any a, € o).

If n =1, we take y; = y. Otherwise, we repeat the above construction but with x;
taking the place of xy, and applying property P of 6,. We obtain x, € %6, and associ-
ated y,, with y»®,(az) = axy» for all a, € «f,. Also note x, € Cél’, so 2 ®1(ay) = a; y» for
all a; € U(«f1). We continue in this way, until we obtain y := y,, with the property

y®i(a;)=a;y (7.8)

foralla;eof;andi=1,...,n.
By construction, y; is in the weak operator closure of the convex hull of the set

{uy @1 (u1) : uy € U(A)},
and likewise y» is in the weak operator closure of the convex hull of
{uy 1@2(Up) : Up € U(at)},
and so on. Then y is in the weak operator closure of the convex hull of
S:={uy,... u; @1 (wy)...On(uy) : g €U (), ..., up € U(sty)}. (7.9
Elements of this form are near the identity,
1= tyy...uy @1 (1) ... Pp(up)ll < 11— uyy ... uy Po(Up) ... Pp(un) | + 1D1 (11) — 1l

n
< ) 1D (wi) — uill,

i=1

and thus, by convexity and lower semicontinuity of the norm in the weak operator
topology,

n
II-yl<) yi=e.
i=1

Define u = y|y|™! as the unitary in the polar decomposition of y. By the above estimate,
it generally follows (Lemma 2.7 of [Chr75]) that

lu—Il < V2e(1+(1-€%)72)72 < V2.
We now show
u*aju=2;(a;)
forall a; € o/; and i = 1,..., n. To see this, first note that (7.8) implies

V'y=0;u)"y" y®(u;)
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for any u; € U(«f;), so that [®;(u;), y* y] = 0. Then, since any a; € <f; can be written as a
linear combination of unitary elements, [®;(a;), y* y] = 0, hence [®;(a;),|y|!] = 0 and

wraiu=y"  y aiylyl ™ = 1y Yy y®i(anlyl T = 1y Ty vyl T i (a) = ©(ay)

where we first used (7.8) and then that [®;(qa;), |y|_1] =0.

Finally, we show the last claim of the theorem. Consider any z € B(/#°) with the
property that ||[z,c]ll < dllzlllic|l for all c € «f UZB. Then, ||[z,s]] < 26| z| forany s€ S,
since any element of S is a product of a unitary in U(«/) and a unitary in U(48), and
likewise || [z, s*]]l < 25|l z||. We find that

Iz, y]ll < 261 2l

using that y is in the weak operator closure of the convex hull of S as defined in (7.9). To
see this, let y; be a net of elements in the convex hull of S that converges to y in the weak
operator topology. Since the elements in S have norm at most one, by convexity it holds
that || y;|l <1 as well and hence ||[z, y;]ll < 20| z|l. The norm is lower semicontinuous in
the weak operator topology which implies that ||[z, y]|| < liminf;||[z, y;]ll < 20| z|. The
above reasoning holds for y* as well. Then we can apply Lemma 7.9, where we use
that [I-yll<e< é. We find

lu*zu—zll = Iz, ulll <3z, y1l +2ll[z, y*1l <104 z||
as desired. ]

The above proof is completed by the technical proposition below. The proof follows
from the proof of Theorem 5.4 in [Chr77a].

Proposition 7.11. Let o/ < B(A) be C*-algebra and let ®: of — B(H) be a unital
x-homomorphism with |®(a) — all < €llal forall ac «f and somee < 1, then ® can be
extended to a -isomorphism ®': of" — ® ()" with |®(a) — al <€llal forallac /" .

Proof. To extend ®, consider B(# & #°) with subalgebra

a 0
%:{(O q)(a)).aed}gB(Jf@Jf).

We first show that for any a € o/”, there exists unique b € ®(A)” such that

_[a 0O I
c-(o b)e‘é.

For a € «/", by Kaplansky’s density theorem, there exists a net {a;} in &/ converging in
the strong and hence in the weak operator topology to a, with ||a;| < ||all. Then we
have | ®(a;) — a; || < €llal, and | (a;)| < (1 +¢€)|lall, so we can define a net

_(ai 0
“Zlo o)

within a ball of finite radius in B(#). Since such balls are compact in the weak operator
topology, ¢; must have a convergent subnet, which then converges to some

_(a O I
c—(o b)e%,
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as claimed. To see the uniqueness of b given a, suppose otherwise that there exist
corresponding by, b, € ®(A)” with (a, by), (a, bo) € €”, so that z = by — by € D (/)" with

By Kaplansky’s density theorem, there exists a net {c;} in € converging strongly to ¢
with |l¢c; ||l < llcll = l|z]l. Write ¢; = (a;,P(a;)) for a; € «/. Then | a;| < ||zl {a;} converges
strongly to zero, and {®(a;)} converges strongly to z, so ®(a;) —a; converges strongly to z
and hence also weakly. By the lower semicontinuity of the norm for the weak operator
topology, ||zl < liminf;[|®(a;) — a;ll < €llzl|, so that || z|]| = 0 and b; = b», demonstrating
uniqueness.

A similar argument shows that for any b € ®(<¢)", there exists unique a € /" such
that

_(a 0 I
c—(o b)e‘é.

The above maps a — b and b — a define a bijection ®': o/ — ®(«f)". The linearity,
multiplicativity, and *-property of @' follow from the above uniqueness. Thus @’ is a -
isomorphism. Finally, we show [|®'(a) — a| < ||all¢ for all a € «/". By Kaplansky’s density
theorem, there exists a net {a;} strongly converging to a for a; € o with | a;| < ||lall. By
the above constructions, there exists a subnet such that ®(a;) converges in the weak
operator topology to ®'(a). Then, again by the lower semicontinuity of the norm, we
find that |®'(a) — a|| < liminf;|®(a;) — a;| < €l all, as desired. [ ]

Now we turn to Theorem 7.6. In Theorem 4.1 of [Chr80], Christensen proves that if a
subalgebra < is approximately contained in another subalgebra 2 then there exists a
unitary near the identity that rotates o into 98. Our Theorem 7.6 extends his result with
the following observations. First, elements of B(#) already close to both < and 28 are
not moved much by the automorphism. Second, elements that nearly commute with
both «f and 28 are are not moved much either. Thus the automorphism “does no more
than it needs.”

For convenience, we recall the notion of near inclusions in Definition 7.2. We

write a é 28 when there exists b € 28 such that

la—Dbl <elal,

and we write o/ € 98 when a € % for all a € of. Also recall the notion of hyperfinite
von Neumann algebras, reviewed in Section 7.0.2. Then we are equipped to state
Theorem 7.6, repeated below.

Theorem 7.6 (Near inclusions of subalgebras). For hyperfinite von Neumann algebras

o, B < B(A) with of 7 for some € < é, there exists a unitary u € (f U%B)" such
that u* of u < % and we have:

(i) II—ul <12¢.

(ii) Ifz € B(AC) satisfies || [z, clll < 6l zlllcll forallc € of U, then |u* zu—z| <106]|z|.
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Moreover, if oty < o is an AF C* -algebra such that o4 = o/, then u can be chosen such
that also:

5 5
(iii) If z € B(A) satisfies z € oy and z € 9B, then |u* zu — z|| < 166 || z||.

The first item re-states Theorem 4.1 of Christensen [Chr80], or specifically part (b) of
his Corollary 4.2 (noting that hyperfinite algebras are injective). The remaining items
constitute our extension.

Now we proceed with the proof of Theorem 7.6, closely following and elaborating
on some technical details and then extending the proof of Theorem 4.1 in [Chr80].

Proof of Theorem 7.6. By Theorem 7.3, since 2 is hyperfinite, it is injective and hence
there exists a conditional expectation

Eg: B(A) — PB < B(A).

This map is completely positive and unital, and thus it has a Stinespring dilation [Sti55].
That is, there exists a Hilbert space £, a unital *-homomorphism 7: B(#°) — B(X%),
and an isometry v: /& — A such that

Ez(x)=v'n(x)v Vxe B(A). (7.10)

Let p = vv* € B(X) be the projection onto the image of v. Then p € 7(9%)’, since Eg
restricted to 4 is an isomorphism.3*
Next we show that p nearly commutes with (<) as well. For any a € «/, we

choose b e B with |la-b| < ¢l all, using «f é 2. Then,
1
I [7(a), plll = Ell[ﬂ(a—b),ZP—I]II <|z(a-DbD)lI2p-II <elall, (7.11)

noting that for any projection, [12p - I]| = 1.

Note that although «f itself is hyperfinite, 7(</)" is not immediately guaranteed hy-
perfinite, because 7 is not guaranteed weak- * continuous. On the other hand, since < is
hyperfinite, there exists an AF C*-algebra <, < «f such that dé’ = ¢/, asin the theorem
statement. Then 7 (=) is also AE and 7 ()" is hyperfinite.

Because 7 (s#)" hyperfinite, it satisfies property P, so there exists p in the weak
operator closure of the convex hull of {upu* : u € U(n(s4)")} such that p € w(=)’. By

3In more detail, to see p € (%), first note n(B) — B(X), 1(b) — pr(b)p is a *-homomorphism.
Then note the following general fact: for any algebra «f ¢ B(/°) and projection p € B(#), if the map
f(a) = pap is a x-homomorphism, then p € «/'. To see this, note for any a € o/, f(a*a) = f(a*) f(a) =
pa*pap and f(a*a) = pa*ap = pa*(p+ pHap = pa*pap + pa* p*ap, so the difference yields 0 =
pa*ptap = (ptap)*(ptap), so ptap = 0. The same is true for a*, so pap* = 0 also. Then [p,a] =
(p+pYHip,al(p+pt) = papt - ptap=0.

“It may be helpful to understand the Stinespring dilation explicitly in finite dimensions where 7 =
Ay ® Ap and B = [, ® B(Ap), with commutant B’ = of = B(#4) ® Iz. Then the conditional expectation
is the normalized partial trace Eg(x) = d—lA try/ (x). For a minimal Stinespring dilation we can take the
Hilbert space % = #) ® H ® 75 ® 75, where the 7, are three copies of the Hilbert space #,. We
define n: B(/#) — B(%') by identifying operators on .# with operators on Jf}i ® #p. Finally, we take
the isometry v as adding a maximally entangled state on J‘f}{ ® Jﬁi. Note that the projection p onto the
image of v commutes with 71(%) = I ;1 42 43 ® B(AB).
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convexity of the norm and lower semicontinuity of the norm with respect to the weak
operator topology,

Ip-pll=s  sup lp-upul= sup |lupll<e.

ueU(n ()" ueU(m(efp)")
The final inequality follows from Eq. (7.11) in the following way. First we observe
that || [u, p]ll < € for any u € n(U(«/)). By the lower semicontinuity of the norm in the
weak operator topology, this estimate extends directly to the weak operator closure
of 7(U(«/)). Accordingly, it suffices to show that any u € U(n(s#)") is contained in
the weak operator closure of 7(U(«)). This can be seen as follows. By Theorem 5.2.5
in [KR97] there exists self-adjoint y € m(«#)” such that u = e’?. By a version of the
Kaplansky density theorem, there exists a net {y,} of self-adjoint elements y,, € 7 (<))
converging strongly to y, with ||y, |l < [l yll. Then {e'Yn} is a net of elements in (U (<)),
since we can always write y, = 7(x,,) with self-adjoint x,, € <%, hence e!¥» = ¢!¥n) =
n(e'*7) and e is unitary. On the other hand, by Proposition 5.3.2 in [KR97], {e!V"}
converges strongly to e’? = u. We conclude that u is in the strong (and hence in the
weak) operator closure of 7(U(«)), hence in particular of 7(U(«/)). Note that, by
construction, ||pll < lIpll = 1.

Next we would like to project p onto (m(B(A#)) U {p})”, the von Neumann alge-
bra generated by 7 (B(#)) and the projection p inside B(%#).° By Corollary 1.3.2
in [Arv69], (m(B(#)) U {p}) is isomorphic to %’. Because the commutant of an in-
jective von Neumann algebra is injective, and 28 is injective, 98’ is also injective, hence
also (m(B(#)) U {p})’ and (m(B(#)) U {p})”. Thus we can use a conditional expectation
to define

X = EgBueyuipy (P) € (B(A)) U ph", lx-pl<e,

where the norm bound follows from || p — p|| < ¢, because the conditional expectation
is a contraction. Moreover, it holds that x € n(=/)’. To see this, compute [x,z] = 0
for z € n(s4y), using that p € n(ef)' and n(efp) < (T(B(A)) U {p})”, and the general
property of conditional expectations that Ez(zyyz2) = z1Ex(y)z, for 21,20 € Z.

The next steps follow Lemma 3.3 of [Chr77a]. Note that because x is self-adjoint,we
have || x—pll < ¢,and || x|| <1 (as conditional expectations are contractions), its spectrum
isin [—¢,e] U [1 — ¢, 1]. Define the projection g € 7 (<)’ as the spectral projection of x
corresponding to the part of the spectrum in [1—-¢,1]. Then, |[g—x|| < eand ||[g—p| < 2e.

Using the projection p € (%)’ and the nearby projection g € (<), define

y=qp+qp*,
where p* = (I - p) denotes the projection onto the orthogonal complement. Then
ly=1Ill=12qg-Dp-@l<lp-ql=2e. (7.12)

In particular, y is invertible. Now consider the unitary w = y|y|™! from the polar de-
composition y = w|y|. Because y is near the identity, w must be as well. Namely, by
Lemma 2.7 of [Chr75], we find

lw-1I|<2V2e. (7.13)

51n the finite-dimensional setting of Footnote 4, where again % = Jﬁé ® Jfﬁ ® Jfg ® A, we have
(m(B(#)) u{p}) = B(#73) and hence (n(B(#)) U{p})" = B(#) ® 765 ® 7).
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Since y*y = pgp + ptq*+p*, we have [p,y*y] = 0 and hence [p,|y|”!] = 0. More-
over, yp = qy, so

wpw* = ylyl " plyl ™y = yplyl Ty Ty = gylyl Tyl Ty = q. (7.14)

With the unitary w € (pun(B(#)))", we can finally define the homomorphism to which
we soon apply Proposition 7.10. Let

D: oAy — B B(A), Pa)=vw'rnawr.

This is a unital *-homomorphism, since it clearly preserves the *-operation and we
have for all a1, a; € o, that

O(a))®(ap) = v w n(a)wpw n(a) wv = v* w*n(a) gn(az) wv
=v'w'n(aa)qwv=v*w*n(a,a)wpv =®(aay),

using (7.14), g € n(=)’, p = vv*, and that v is an isometry. To see that its image lies
in %, note that w*(a)w € (p U T(B(A#)))" and recall the original construction of the
Stinespring dilation in (7.10). Moreover, for any a € ), by assumption there exists b € 98
with ||b—all < €|l al|, so that

|®(a) —all < |P(a) - bl +1b-all
= v* (w*n(@w - b)) vl +Ib-al
<llw*n(@w-nb)|l+b-all
<lw*n(@w-n(a)ll+2|b-al
= (@), wlll +2(1b— all (7.15)
=|ln(a), w— 11+ 2||b-al
<2|w-Illlal +2[b-al <8¢|all

using b =Eg(b) = v*m(b)v in the second step and (7.13) in the last step.

We can thus apply Proposition 7.10 (for n = 1) to obtain a unitary u € («/ U %)"
which is such that |u — I|| < v/2- 8¢ < 12¢ such that u*au = ®(a) € & for all a € <A,
and we extend the map ®: o/ — 2 by ®(a) = u*au for a € of = <f;’. Moreover, by
Proposition 7.10, we are already ensured the desired property of Theorem 7.6 that
if z € B(A) satisfies ||[z,c]|| < Ozl c| for all c € of U A, then ||uzu* — z|| < 106| z||.

8
Finally, we need to show the additional property that for any z € B(#°) with z €

5
and z € 9, we have |u*zu — z| < 166| z||. First take a € oy with ||z — all < | z|. Then,
luzu—zl|l=|u"(z—a)u—(z—a) + u*au—al <26|z| + |®(a) — al|.

Now take b € 28 with ||z— b| < 0| z||, hence also ||a— b| < 26| z||. Then we can bound
just like in (7.15) to obtain (note that a € <))

[®(a)—all < |[n(a), wlll +2lla— bl
< l[n(a), w]l + 46|z
<3|lx(a), yll +2ln(a), y*1Il + 45 z|,
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where we used Lemma 7.9 in the last line, noting that ||y — I]| < 2¢ < % by Eq. (7.12)
and our assumption on . To bound the commutators’ norms, recall that p € (%)’
and g € m(</)’. Hence,

(@), Il = (@), gp + gt ptil = 12q - Dix(a), pl
1
< |r(a), plll = lx(a-b), plll = EII [m(a—Db),2p—1lll < lla- bl <26|zl,

and likewise for [(b), y*]. Therefore, |®(a) — all < 145] z||, and hence
lu*zu—z|| < 166] z||

as desired. [ |

As another application of Proposition 7.10, Lemma 7.7 controls the distance between
homomorphisms using the distance between their local restrictions. We repeat the
statement for convenience.

Lemma 7.7. Consider two injective weak-* continuous unital *-homomorphisms
a,ar: o > B

between von Neumann algebras o/ < B(A) and 9B < B(X'), with hyperfinite von Neu-
mann subalgebras <y, ...,y < of that pairwise commute, i.e., [f;, ] =0 fori # j, and
generate o/ in the sense that (U, </;)" = &/ . Define

€= ZH(OH —a2)|qll.

i=1

Thenife <1,

D=

oy — ata| szxfzs(l + (1—52)%)_ <22,

where we note that the expression in the middle is 2e + O (¢?).

Proof. Since we assume the a; to be weak-* continuous, @ («#;) and @ (<;) are von Neu-
mann algebras which are isomorphic to «/; (and in particular are hyperfinite). Define
*-isomorphisms ®@; between a; («/;) and a»(«;), given by a;(a;) — a2(a;) for a; € ;.
Then we apply Proposition 7.10 (with a;(«#;) as <}, az(<;) as %B;, and where we
lety; = (@1 —a2)l«, ) to find a unitary u € 98 such that ay(a;) = u* a;(a;)uforall a; € o#;
fori=1,...nwith

NI~

1—ul < \/Ee(1+ a —52)%)_ .

This implies that a,(a) = u*a;(a)u for all a € <7, and hence

D=

oy — asll 52\/55(1 + (1—52)%)_ .
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Finally, we mention another result about simultaneous near inclusions. If sev-
eral mutually commuting subalgebras «; each nearly include into 28, then so does
the algebra they generate. We use this lemma to prove Lemma 9.3 which shows that
Lieb-Robinson type bounds for single site operators imply Lieb-Robinson bounds for
operators supported on arbitrary sets.

Lemma 7.12 (Simultaneous near inclusions). Let<; € B(A€) fori=1,...,n and let B <
B(A) be von Neumann algebras, where the <f; are hyperfinite and [sf;, 4] =0 fori # j.

If ot d A for each i, then fore:= Y} | €; we have

1 2€ /
B < (Vi) (7.16)
If additionally «f; < M for some von Neumann algebra 4 < B(A€) fori=1,...,n, then

2
B M (Ut N M. 7.17)

Finally, if B' is hyperfinite then
(Ui,szfi)// 498 9B.

Proof. First we show %8’ nearly includes into (U;«#;)". By hyperfiniteness (and therefore
property P) of o#), for each by, € 98’ there exists b € <] in the weak operator closure of the
convex hull of {u} bju; : u; € U(«#)}. Then by property P of <, there exists b, € <, in
the weak operator closure of the convex hull of {u; bju, : u € U(sf)}. Note that by, € of/
still, using [«#, o/] = 0. We continue in this way until we find b; in the weak operator
closure of the convex hull of®

{uy - uibyuy - uy : uy € U(), ..., uy € Ulsely)}.

£
Note |[[u;, b(’)] | <2¢; IIb(’)II, by «/; € 98 and Lemma 7.4. Thus, elements in the above set
are near by, since by a telescoping sum

! ! /
”bo_u;;"'uikboul un”S l+1b0ul+1 un_u;;"’u;kboul"'un”

n
2 lu
9
= 2 1bh i byl = > s, il < 2615

i=1

and hence, using the convexity of the norm and its lower semicontinuity with respect to
the weak operator topology,

Iy — by, Il < 2el by .

By construction, b), € &/ for each i, so b}, € (U;«#;)'. The above construction held for
any by € ', so Eq. (7.16) follows. Note that if we assume that each «¢; < .4 and we
take by, € %' N .4, then also b}, € .4, which shows Eq. (7.17). Finally, by Lemma 7.5 and

4e
the assumption that %’ is hyperfinite we conclude that (U;<f;)" € 2. [ |

6In the finite-dimensional case, we could immediately define

b'”:f dul-uf duy uj--ui byuy -+ uy
U(eh) U(ty)

using the Haar integral, rather than make use of property P.






CHAPTER 8

Index theory for quantum cellular
automata

In this section we first give a careful definition of QCAs. Next, we will discuss the
index theory of one-dimensional QCAs, following [GNVW12]. We prove some useful
properties on the robustness of this index, and we provide an alternative expression
for the index in terms of the mutual information. We start by giving a formal definition
of the notion of a QCA in Definition 8.1. In Section 8.1 we review the definition and
some of the most important properties of the GNVW index as proven in [GNVW12]. In
Section 8.2 we prove new results about the GNVW index: in Section 8.2.1 we provide
an alternative formula for the index in terms of a difference of mutual informations. In
Section 8.2.2 we prove some results about QCAs in one dimension which are locally
close to each other. These results are interesting in their own right, but will also be
crucial when extending the index to ALPUs.

We define a QCA as an automorphism of the quasi-local algebra, with a notion of
strict locality. To this end, consider a spin system on a lattice I with some metric d and
the associated quasi-local algebra /.. If X < T" we will denote by

B(X,r)={neT suchthatd(n,X) <r}
the set of sites within distance r of X.

Definition 8.1 (QCA). A quantum cellular automaton (QCA) with radius R is an auto-
morphism a: /. — </ such that if x is an operator supported on a finite subset X < T,
then a(x) is supported on B(X, R). We call R the radius of the QCA.

In this dissertation we will only be concerned with QCAs on a one-dimensional
lattice, which we simply take to be I' = Z. In Chapter 9 we will generalize this notion to
an approximately local version (an approximately locality preserving unitary, or ALPU).

8.1 One-dimensional QCAs and the GNVW index

One-dimensional QCAs have a beautifully simple structure theory, which we will now
review. The material in this section is based on [GNVW12], which we recommend for a
more extensive discussion. The same material is also covered in the review [Far20].
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Suppose that « is a nearest-neighbour QCA, which we may assume without loss of
generality after blocking sites. Let

By = Apn2n+1)

(8.1)
Cn=Apn-1.2n

be algebras on pairs of adjacent sites; with 98, and 6, corresponding to pairs staggered
by one. In particular, a(%;,,) € €, ® €,+1. Define

Ly =a(B)NE,

(8.2)
Rn=a(Bn) N Cn+1.

See Fig. 8.1 as a mnemonic. These are manifestly algebras, but naively they might be
trivial. Instead, it turns out that they provide factorizations of €6, and %,,. Using the
notation 4 ® A := (4 U A)" for finite-dimensional mutually commuting subalge-
bras .4, & c «f7, one has the following result.

Theorem 8.2 (Factorization [GNVW12]).

6= =52¢{2n—1,2n} =Lp®Rn-1 (8.3)
B = Apnont1y = a_l(zn) oa”! (Zn). (8.4)

Thus a~!(%,) is the part of %, that a sends to the left, and a~!(%,,) is the part of %,
that a sends to the right. Likewise, %}, is composed of a part £, that was sent leftward
from %,,, and a part Z,,—; that was sent rightward from %,,_;.

Proof. Recall from Eq. (7.4) that in general, for a finite-dimensional subalgebra .4 c /7,
we have the conditional expectation E 4 (x) = [;; ,, uxu* du. We first show

Ly =a(@By)NE, = [E<g,’l+l (a(%1)) (8.5)
Rp-1:=a(Bn-1)NE, = [E<gl’171 (a(Bn-1)). (8.6)

Clearly, %, < Ecg;l+l(a(%n)). To show the reverse inclusion, let y = Egr (a(x) for
some x € A, i.e.

y=Eg (a(x)= f ua(x)u* du.
U(6n+1)

From this expression, we see [y, a(%8,-1)] = 0 because we have [a(x),a(%B,-1)] =0
and [6),+1, @ (%B;,-1)] = 0 (the latter because a(%,,-1) S €,,—1 ® €5). On the other hand,
it follows from a(2,) < €, ® 6,1 that y € €,. Moreover, a~! is again a nearest
neighbour QCA, so we have a (€, c B, ® B, sowe find that Y€ a(@Bn-1®By).
Then [y, a(98,,-1)] = 0 implies y € a(%8,). We conclude Eq. (8.5) holds; a similar argu-
ment shows Eq. (8.6).

Finally we demonstrate €6, < £, ® %£,-1, which then becomes an equality. For
any c € €y, we can express a '(c) € %B,_1 ® B, as a '(c) = ¥; a;b; for some ele-
ments a; € 98,,_1,b; € %,,. Then

¢=Fe, Bq,, (=2 Fq Fe (@@alb)
1

=2 Eq (ala)Eq (b)) € Ln® Rn-1,
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cgn Cgn+1
=(£n féle-l
Rn-1 Rn
PBn
1
a " (Zy)
_1 %
a (%)
2n-2 2n-1 2n 2n+1 2n+2 2n+3

Figure 8.1: The factorization Theorem 8.2 decomposes every two-site algebra into a left-moving
and right-moving part.

as desired. The final equality follows from a(a;) € €,,-1 ® €, and a(b;) € €, ® €+1, and
the final inclusion is manifest from Eqgs. (8.5) and (8.6). Thus we have proved Eq. (8.3).

Noting again that a~! is a nearest neighbour QCA, similar logic applied to a ! yields
Eq. (8.4). Specifically, Egs. (8.5) and (8.6) are replaced by

@ (&)= Bun @ (6) =Eg (a7 (),
@ (Rn) = BN @ (Gns1) =Egy (@ (€i1))),

which follow using the inclusions a (€, S By1 ® By, &N (€pni1) S By ® Bri, aS
well as a(%8,,) < €, ® €,+1, and one then uses this to prove the nontrivial inclusion

Brnca ' (L)) ea (Ry).
[ |

For later use in Section 9.2, below we note Theorem 8.2 also holds for weaker as-
sumptions, by an identical argument.

Remark 8.3. Although in Theorem 8.2 we assumed the automorphism a was a QCA, the
only locality properties of a required to achieve €, = £, ® #,_1 were

a(PBp-1) S ECn-1® 6y, a(By) S €n®ECnit, a—l(cgn) S Bn1©By.
Similarly, to achieve %, = a1 (£,) ® @~} (%) we need only
a_l((gn) S%Bn-1© By, a,—l(cgm_l) S%Bn®Bni, a(Bn) S6€n®6Cpi1.

Based on Theorem 8.2 we can show that the ratio of dim(%,;) and dim(ef,,) is
independent of n, motivating the following definition:

Definition 8.4 (Index of QCA). Suppose « is a one-dimensional nearest neighbour QCA.
Let £, and %, be defined as in (8.2), then the index of a is given by

1
ind(a) := E(log(dim(ffn)) —log(dim(st2y,))) (8.7)

1
= 5 (log(dim(s#2,+.1)) ~log(dim(22,.))).
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The value of ind(a) is independent of the choice of n [GNVW12]. We choose to take
the logarithm of the original definition. The index of a QCA with radius R > 1 may be
defined by blocking sites such that the resulting QCA is nearest neighbour, and one can
show that the index is independent of the choice of blocking. This index can be thought
of as a ‘flux’, measuring the difference between how much quantum information is
flowing to the right vs. left. From the definition it is clear it cannot take arbitrary values,
but is restricted to integer linear combinations Z[{log(p;)}] where the p; are all prime
factors of local Hilbert space dimensions d,,.

The index can be used to characterize all one-dimensional QCAs. In order to do
so, we introduce two types of QCAs: circuits and shifts. We will say a QCA « is a block
partitioned unitary if it can be written as

o= (7 {11

where the u; are a family of local unitaries, the u; having disjoint and finite support. We
will say a is a circuit (in [GNVW12] a similar notion is called locally implementable) if it
can be written as a composition of block partitioned unitaries where each local unitary
is supported on a uniformly bounded finite set. In one dimension any circuit QCA of
radius R can be written as a composition of at most two block partitioned unitaries
where each local unitary is supported on at most 2R contiguous sites. We denote by O'Z
the translation QCA which has local Hilbert space dimension d and which translates

any operator by k sites, mapping ag(dn) = afy,k. Here k can be negative. We will say a

k

QCA s a shift if it is a tensor product of translations of the form o ;.

Theorem 8.5 (Properties of GNVW index [GNVW12]). Let a, B be one-dimensional QCAs.
Then:

(i) ind(a ® B) =ind(a) +ind(pB)

(i) If a and B are defined on the same quasi-local algebra (i.e., with the same local
dimensions), ind(a ) = ind(a) + ind ().

(iii) «a is a circuit if and only ifind(a) = 0.
(iv) ind(c%) = klog(d).
(v) Every one-dimensional QCA is a composition of a shift and a circuit.!

(vi) If a and B are defined on the same quasi-local algebra the following are equivalent:

(a) ind(a) =ind(f).
(b) There exists a circuity such that a = By.

(c) There exists a strongly continuous path from a to (3 through the space of QCAs
with a uniform bound on the radius.

IStrictly speaking this only makes sense if all the local dimensions are equal. We can always achieve
this by taking a tensor product with the identity automorphism on a quasi-local algebra with appropriate
local dimensions.
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(d) There exists ablending of a and 3, meaning a QCAy which is identical to a
on a region extending to left infinity and equal to 8 on a region extending to

right infinity.

The “classification” of one-dimensional QCAs refers to the set of QCAs modulo an equiv-
alence relation, given either by circuits (b), continuous deformations (c), or blending (d).
These equivalence classes are identical and characterized by the index, as expressed
in (vi). If @ and f are not defined on the same quasi-local algebra (i.e. have different
local dimensions), analogous statements to (b), (c), (d) hold after separately tensoring a
and f with appropriate identity automorphisms, i.e. adding extra tensor factors on
which they act trivially, such that @ and 8 then have the same local dimensions. The
notion of equivalence between QCAs that further allows extra tensor factors is called
‘stable equivalence,” discussed in [FH20]. We will prove generalizations of all these
properties for ALPUs.

As observed in [GNVW12], the tensor product property together with the normaliza-
tion on shifts and circuits completely determines the index.

Lemma 8.6. Suppose I assigns a real number () to any one-dimensional QCA « such
that

(i) I(a®p)=I(a)+ I(P) for all one-dimensional QCAs a and .

k

(ii) I takes the same values asind on circuits and on o pe

Then I(a) = ind(a) for any one-dimensional QCA «.

Proof. Let a be any one-dimensional QCA and let  be a shift with I(f) = ind(f) =
—ind(a), using (ii). Then I(a ® B) = I(a) + I(B) = I(a) —ind(a) by (i). On the other hand,
ind(a ® ) = 0 so it is a circuit. Again by property (ii) this implies that I(a ® §) = 0,
showing that I(a) = ind(a). [

8.2 The GNVW index revisited

We will now discuss some new results regarding the GNVW index for QCAs. First,
in Section 8.2.1 we provide an alternative formula for the index in terms of a difference
of mutual informations. In Section 8.2.2 we prove some results about QCAs which are
locally close to each other. These results are interesting in their own right, but will also
be crucial when extending the index to ALPUs.

8.2.1 An entropic definition of the GNVW index

Here we provide a new formula for the index in terms of the mutual information, which
can also be defined for infinite C*-algebras. This reformulation is not strictly necessary
to develop an index theory for ALPUs, but it does allow us to give a clean expression for
the index of an ALPU.

We consider two copies of the quasi-local algebra /7. Then the tensor product
algebra «/7 ® /7 is uniquely defined as a C*-algebra since <7 is nuclear (so there is no
ambiguity in the norm completion of the tensor product). We choose a transposition on
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L R

" >~

Figure 8.2: Illustration of (8.11). The index measures the difference in information flows, left to
right minus right to left, as ind(a) = % (ILL':R)y—I(L:R"y).

each local algebra, which gives rise to a transposition x — x’ on <. Let 7 be the tracial
state on «/7. Then we define the maximally entangled state w by

w(x®y) =1(xyh) (8.8)

for x® y € of7 ® of7. Itis not hard to see that if we restrict to a finite number of sites, w
indeed restricts to the usual maximally entangled state. Then we define

d=(a'eD(w).

where I is the identity channel, and a' is the adjoint channel. In other words, ¢ is the
Choi state of a.
Split the algebra «/7 at any point 7 in the chain, letting

(8.9)

and similarly split the copy as ;' and <. For a QCA with radius r, we will also consider

'«Q{Ll = vQ{n—r+1 ..... n ~52¢L2 = dSn—ry

(8.10)
..... n+r» ng :dzn+r+1-

We will define the index in terms of a difference of mutual informations of the Choi
state. If ¢, y are states on a C*-algebra we may define the relative entropy D(¢, w) [OP04].
The mutual information of a state ¢ on o/4 ® </ can then defined using the relative en-
tropy as I(A: B)y = D(¢, Pl.z, ® Ployg). On finite dimensional subsystems this definition
coincides with the usual one. The only property we need is that relative entropies, and
hence mutual informations, on the full algebra can be computed as limits:

Proposition 8.7 (Proposition 5.23 in [OP04]). Let </ be a C* -algebra and let {<{;}; be an
increasing net of C* -subalgebras so that U;<?; is dense in «/ . Then for any two states ¢, v
on <« the net D(¢p;,y;) converges to D(¢p,y) wheredp; = Plo,, Wi =Ygy,

Proposition 8.8. For any choice of n in Eq. (8.9) the index of a one-dimensional QCA a
is given by

1
ind(a) = > (ILL'":R)p—I(L:R)g). (8.11)
For a QCA with radius r, this can also be computed locally as

ind(a) = = (I(L} : R)gp— I(L1: R)g) - (8.12)

Do =
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Here, the mutual information terms are computed with respect to the corresponding
subalgebras of of7 ® f7 (with primed systems corresponding to subalgebras of the second
factor).

Proof. Denote by I(a) the expression in (8.11). First we will argue that

I(L':R) = I(L}: Ry)
I(L:Rg=1(Li:Ry).

One sees this by verifying that

PrrR=Pr R ®T LR,

bLr = PrLir ® TR,

where the 7 denote tracial (i.e maximally mixed) states. Next, to see that I(a) = ind(a)
we will apply Lemma 8.6. From the definition it is clear that I(a ® §) = I(a) + I(f), so it
suffices to compute I(a) for a circuit and a shift. For a shift a = 0’; itis clear from the
definition that for positive k

I(L':R)y = 2klog(d)
I(L:R)y=0

and for negative k

I(L':R)p=0
I(L: Ry = 2klog(d).

Finally, for a circuit , notice that we can ignore any unitaries that act only on L or R
as they keep the mutual information invariant. In this way, we may also reduce to the
finite subsystem Ly R; L’1 Ri. In order to see that I(a) = 0 we thus only need to check that

I(LY: R = I(L1: R}y

where |¢) = U ® I |w) for some unitary U acting on L, R; and where |w) is a maximally
entangled state between L; R; and L R} . In that case |¢) is a maximally entangled state
between L, R; and L, R, and

H(L)y=H(L1g
H(R))p=H(R1)g
H(L|R) = H(L,R))y-

The first two equalities hold because ¢ is maximally entangled, and the third equality
holds because ¢ is pure. Thus we see that

I(L}:R)p = H(L)p+HR)y—HL Ry
= H(L)g+ HR)p— H(L1R))y
=1I(L1:R)g. o
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The expression of the index in (8.11) is intuitive: I(L': R) and I(L: R") measure
the flow of information to the right and left respectively. Notice that depending on the
choice of cut I(L': R) and I(L: R")¢ can vary individually, but the total flux as defined
by (8.11) is invariant. One reason this expression for the index is useful is that, contrary
to the original definition, it is plausibly well-defined for automorphisms which are not
strictly local (or for channels which are not automorphisms). In Theorem 9.18 we will
show that taking the limit of the finite subalgebras in (8.10) with increasing radius gives
a well-defined and finite limit for any ALPU with appropriately decaying tails, and hence
using Proposition 8.7 we conclude that both mutual information terms in (8.11) are
finite and (8.11) gives a finite, quantized answer also for an ALPU.

In [GNVW12], a similar numerical expression for the index is provided in terms of
overlaps of algebras (their Eq. 45). In fact, their formula (or rather its logarithm) can be
interpreted as (8.11) but with the entropies replaced by Rényi-2 entropies,

ind(a) = = (L(L": R)g — I(L: R")g),

N |~

where I>(A: B), := Hz(A)p+Hz(B) ,— H2(AB),. While the values of the individual mutual
information terms depend on the choice of Rényi-2 or von Neumann entropy, for QCAs,
the difference of mutual informations used to define the index does not depend on this
choice, and in the proof of Proposition 8.8 one can simply replace the entropies H by
Rényi entropies H,. However, the mutual information has better continuity properties
with respect to the dimension of the local Hilbert spaces compared to the Rényi-2
mutual information (compare the following with the continuity bound in Lemma 12
of [GNVW12]):

Theorem 8.9 (Continuity of mutual information [AF04, Win16, Wil13]). Suppose p,o
are states on S, ® g, and%IIpAB —0aglli<e<1. Then

|I(A:B), - I(A: B)y| < 3elog(dy) +2(1 + &)k (ﬁ) <3clog(dy) + £log L

where dy = dim(#4) and h(x) = —xlog(x) — (1 — x)log(1 — x) is the binary entropy.

This continuity is important for the extension to ALPUs, where we need to compute
the approximation to the index on a sequence of increasing finite subalgebras. In that
case, the indices defined using the Rényi-2 and von Neumann entropies give different
answers when restricted to the finite subalgebras. A final remark is that (8.12) can also
be rewritten as an entropy difference

ind(@) = = (I(L} : R)g— I(L1 : R)g)

| = DN =

5 (HL1R) g~ HL{ Ry)y). 8.13)

However, the extension of this expression to infinite-dimensional setting is less clear,
because both terms diverge.

8.2.2 Robustness of the GNVW index

Because the index can be computed locally, it appears that two QCAs with different index
should be easy to distinguish locally. We make this quantitative in Proposition 8.11: two
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QCAs which look locally similar must have equal index. We begin with a cruder but
more general estimate, describing how the mutual information of the Choi state varies
continuously with respect to the automorphism that defines it. This estimate applies to
general automorphisms which may not be QCAs, proving useful in the argument for
Theorem 9.18.

Let a be an automorphism of «/7. Even when «a is not a QCA, we can mimic the
local definition of the index in (8.12) using finite disjoint regions L, R. We denote this
quantity ind Lr(@) to emphasize @ may not be a QCA nor even an ALPU,

indpp(@) == (I(L': Ry~ I(L:R)), (8.14)

N =

where the mutual information terms are computed with respect to the correspond-
ing subalgebras of <7 ® «/7. (As above, primed systems refer to the second copy
of «#7.) Clearly, Eq. (8.14) only depends on the restriction of the Choi state to «/x ® <y,
where X = LUR, i.e. on the state ¢y := $legy oo, Which is given by

Pxx(x) = w (@ D(x)
for all x € o/x ® o/x’. Then we have the following continuity estimate.

Lemma 8.10. For two automorphisms a; and a, of «/7 with maximum local dimension
d, the quantityindy g in (8.14) obeys

|ﬁaL,R(a1) - BHL,R(OLZH =0 (el X|log(d) +elogl),

wheree = ||(a1 — a2)l gy . The same continuity estimate with respect to a; and ay holds
for the individual terms in (8.14).

Proof. First we compare the restricted Choi states $ xx1 and (} xx',2 of @1 and ay, re-
spectively. For any x € ofx ® ofx with [ x| =1,

|Pxx1 () = Pxxr2(0)], = |w(@ @ I—az® DX)| < (@1 ® ] — a2 ® Dlyeuw, .

Thus the trace distance between the two Choi states is bounded by

Pxxn—Pxxpl < (@ ® I—az® Do, || <26 +6 ()

using Lemma 7.7 for the last inequality (with &) = #x®1, ofp = [®lx and o = A x @Al x/
finite-dimensional and 2 = ,sz@’N). The conclusion follows from the continuity of mutual
information in Theorem 8.9 with respect to the state, noting the region X has associated
Hilbert space of dimension at most d'X!, u

If @) and a, are one-dimensional QCAs of radius r, then because the index takes
discrete values, there exists £ such that if € < #go(d) then ind(a;) = ind(a3). However,
we can do better and eliminate the dependence on the local dimension, as a simple
application of Theorem 7.6. By blocking sites, we may assume without loss of generality
that the QCA is nearest neighbour.
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Proposition 8.11 (Robustness of GNVW index for QCAs). Suppose a; and a, are two
nearest-neighbour QCAs defined on the same quasi-local algebra <7 such that

(@1 = a2)lezponin | < €

for some n with € < 145 Thenind(a1) = ind(ay).
Moreover, the algebras £\ and £ defined by (8.2) using a; and a- respectively
are isomorphic, with the isomorphism implemented by a unitary u € «jp,—1 2y Which

satisfies |u— I|| < 36¢.

Note that when working with a coarse-grained QCA, where each site is composed of
many smaller sites, the hypotheses like [[(a1 — @2)|e,,,,.,, | < € constraining error on
coarse-grained sites may always be replaced by hypotheses constraining the sum of
errors on fine-grained sites, using Lemma 7.7. (In other words, upper bounds for errors
on small regions control errors on larger regions.)

Proof. By the structure theory for QCAs in Theorem 8.2 there exist algebras LW '%51”—1
for i =1,2 defined as in (8.2) that satisfy

Apn-1om =L, 8 Ry |
To prove that ind(a;) = ind(a,), by (8.7) it suffices to show that £ and £ are
isomorphic. To see the isomorphism, take x € ff,(ll) with [[x||=1andlet y = az(afl(x)).
Then

lx—yll = lai(a;' (x) —azx(ai (X)) < e

using the assumption [[(a1 — a2)le,,,,,,, | < € and noting that al‘l (x) € Apppn2n+1) SiNCE
we assume X € 2,21). Using the conditional expectation from (7.4), define

z=E (y) = uyu*du
b U(tion+1,2n+2))

such that z € £'? by the characterization of £, in (8.5). Note
Ila, ylll = llla, y — x1ll < 2¢| all
for all a € «2,,+1,2n+2), SO by its definition z satisfies ||y — z|| < 2¢, so we can bound

lx-zll<llx-=yl+Iy—zl <3e.

3¢ 3¢
We conclude £V € £?, and by a symmetric argument we see Z\> € £'. By The-

orem 7.6, noting that 3¢ < é, we obtain that £V and £ are isomorphic, and the

isomorphism is implemented by a unitary u € <212, with [|u— I|| < 36¢. [ |

For later use in Section 9.2, below we build on Remark 8.3 to note that Proposi-
tion 8.11 also holds for weaker assumptions, by an identical argument.
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Remark 8.12. Although in Proposition 8.11 we assumed the automorphisms @; and a;
were QCAs, the only locality properties required to achieve the isomorphism between
the algebras 55,3” and 3,32) are the properties listed in Remark 8.3 as those required
to achieve 12, = 55,2” ® %51’)_1 for i = 1,2. More explicitly, we only require the
inclusions

ai(Hpn-22n-13) € A2n-3,..2n ai(Hpn2n+1y) S Hpn-1,.2n+2h

as well as the inclusion al._l (Aon-1,2n) € Hpn—2,.2n+1 fori=1,2.

This also allows us to confirm the intuition that a one-dimensional QCA which
is locally close to the identity can be implemented locally with unitaries close to the
identity.

Proposition 8.13. Suppose a is a one-dimensional QCA with radius R and suppose that

fore < 19%2 we have ||a(x) — x|l < gllx|| for any x € «/7 supported on at most 2R sites. Then

a can be implemented as a composition of two block partitioned unitaries u =[], un
andv =11, vy, iLe.

a(x)=v u"xuv
with each of the unitaries uy, v, acting on 2R adjacent sites and satisfying
lun—1Il=0C(€), lvy,—II=0(e).

Proof. By blocking sites in groups of R sites, we may assume without loss of generality
that a is nearest neighbour. Let a; = [ and a» = «a in Proposition 8.11. Clearly, we
have 3,5“ = gy, and 9?;111 = afy,—1. Proposition 8.11 provides a unitary v, € &,-1,2n
such that vnz,?) v, = by with v, = I| = O(¢). It follows that vn%glv,’; = abop_1.
We let v =[]v, and let @ = va(x)v*. Then &(Hj2n2n+1}) = H2n,2n+1;- Moreover, for
all x € &jp,,210+1}, We estimate

la(x) - x|l < lva(x)v” —aX)| + |a(x) - x|
<2[vp ® vps1 — Il xll + €l xll
<2(lvn = I+ lvp1 = IIDIxN + €l x|l
=0)llx|.

Then Proposition 7.10 shows that &|,,,,,;, can be implemented by a unitary u,
on pppon+1y With ||u, — Il = O (€). u






CHAPTER 9

Index theory for approximately locality
preserving unitaries

One of the reasons to study QCAs is that many physical quantum dynamics preserve
locality in some form. However, the locality in Definition 8.1 is very stringent, and one
the most important classes of automorphisms violates strict locality, while preserving
a form of approximate locality: evolution by a geometrically local Hamiltonian. The
locality of these evolutions is expressed by so-called Lieb-Robinson bounds [LR72].
In Section 9.1 we discuss the Lieb-Robinson bounds and explain how they lead us to
define ALPUs as a natural generalization of QCAs. The main results are in Section 9.2
where we show that any ALPU can be approximated by a sequence of QCAs and that
this allows us to extend the index theory of Chapter 8.

9.1 Lieb-Robinson bounds and approximate locality

We will state a fairly general form of the Lieb-Robinson bounds which also holds for
Hamiltonians which are not strictly local, but have a sufficiently fast decay, following
e.g. [NSY19] or [Has10]. Suppose that I is a lattice with a metric d. Then a monotonically
decreasing function F: R>¢ — Ry is called reproducing (implying fast decay) if there
exists a constant C >0 such thatforall n,meT,

Y F(d(n,)F(d(l,m)) < CF(d(n,m)),
1

sup)_F(d(x,y)) < oo.
Yy o x

These conditions are related to a convolution and integral, respectively. For I = ZP with
the Euclidean distance, the function F(r) = (1 + r)~P+8 is reproducing for any € > 0.
Note the reproducing property is not strictly a measure of fast decay: an exponential
decay alone is not reproducing, despite having faster decay than the previous power
law, because it fails the first inequality. Meanwhile, F(r) = (1+ )~ P8 e~%" forany a > 0
is again reproducing ([NSY19], Appendix 8.2).

Now we consider the automorphism a on the quasi-local algebra </ which is gener-
ated by time evolution for some fixed time T by a Hamiltonian

H=) H,+ ) Hy.
nel’ Xcr
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The terms H,, act only on site n, and the terms Hx act on the sites in X. Then, if the
interaction terms Hx have sufficient decay, we have the following bounds on the decay
of a(x) = et xe~'H! 1 We state them without the dependence on the time ¢, which only
affects the constant C below, and which is irrelevant for our purposes:

Theorem 9.1 (Lieb-Robinson [NSY19]). Fora(x) = e!"*xe™** gs above, if F is reproduc-
ing and

H
sup Z & <00 9.1)

n,mel’  Xcr F(d(n,m))
s.t.nmeX

then there exists a constant C > 0 such that forall X, Y €T and forall x € ox, y € oy we
have

Iax), I < Clixllyll 3. Y. F(d(n,m)). 9.2)

neX meY

Here, the Hamiltonian is also allowed to be time-dependent, as long as (9.1) holds
uniformly. See [NSY19] for a proof and extensive discussion.

We are particularly interested in the one-dimensional case, where I' = Z and the
metric d(x,y) =|x— y| for x, y € Z. In that setting we consider the case where X is an
interval (a finite or infinite sequence of consecutive sites) and Y has bounded distance
away from X. A consequence of the Lieb-Robinson bounds in (9.2) is that certain
algebras form near inclusions.

Lemma 9.2. Suppose a is an automorphism of «#7 and suppose there exists a monotoni-
cally decreasing function F: Z>y — Rx¢ such that forall X,Y < T,

e (), I <lxlliyl . Y. Fln—mi). 9.3)

neX mey

and suppose }.5° | ¥5°_, F(n+ m) < co. Then for any (finite or infinite) interval X € Z,
we have

fn
alex) € X,

where

f(=4 ) Fn+m+r+1).

n,m=0

Proof. We first prove the near inclusion for finite X. By Lemma 7.4, it suffices to show
that for any x € «/x and any y € «/(x,r)c we have

Ila(x), yll < fm)xyl

as in that case .szfg&r) = o(x,r)- By Eq. (9.3), we know that

Ha@), il <lxllyl Y. Y Fln-m)

neX meB(X,r)¢

!n fact, one generally needs these bounds to prove that the time evolution defines a dynamics on the
quasi-local algebra, i.e. that time-evolved quasi-local operators are still quasi-local [NSY19].
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Let

X = {n € X such that d(n, X°) = k},
Y;={me X suchthatd(m,X)=r+1},

using the notation d(n, X) = min,ex|n — x|. Since X is an interval the size of each of
these sets is upper bounded by 2. We can therefore estimate

Y > Fln-mph<) ) Y ) Flk+l+r-1)

neX meB(X,r)¢ k=11=1neX; mey;
<4) Y Fk+l+r-1)
k=121
= fn).
f)

We conclude that a(«/x) < «/px,r) for any finite interval X.

If X is infinite and x € «/x, we can take a sequence x; such that lim; x; = x in norm
and each x; is supported on a finite interval inside X. By what we showed above, for
each i there exists some y; € «/(x,) such that [|a(x;) — y;ll < f(r)lx]. Then

inf [la(x) -yl <liminf|a(x) — y;|
yEéZfB(X,r) l

<liminf(la(x) - a(x)ll + la(x) - yil)
= fNllxll. u

For instance, if F(r) = r%,, then f(r) = @’(%); if F(r) = e“"% for a > 0, then we
have f(r) = O(e”?"). As a side note, we observe that one can use Lemma 7.12 on
simultaneous near inclusions to show that (in any dimension) Lieb-Robinson type
bounds for single-site operators imply bounds for operators on arbitrary sets (which
has already been remarked upon in a more restricted setting in [WW20]):

Lemma 9.3. Suppose a is an automorphism of the quasi-local algebra </t and suppose
there exists a function G: I xI' — Ry such that foranyn,mel, x € o, and y € <)y,

e (x), Y1l = [IxI ¥ G(n, m).
Then for any finite sets X,Y T and x € ofx, y € Ay,

e,y < 128lxllyl >, > G(n,m).

neX mey
Proof. By assumption and Lemma 7.4 with ./ = of" N we have

G(n,m)
alsty) S AN = N
forall m,neT. Applying Lemma 7.12 we find that

4% 1ex Gn,m)
alety) e i,

for all m € T. Lemma 7.5 with .4 = o/~ shows that

8% nex G(n,m)
T aletn) 0N = ety 0N = AT,
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Again applying Lemma 7.12 and Lemma 7.5 as above yields

643 nex,mey G(n,m)

a(slx) < FVARS
which implies the desired commutator bound by Lemma 7.4. |

Following [Has13] we would like to generalize the notion of a QCA to the case where
the automorphism does not preserve strict locality, but only approximate locality. Such
an automorphism is often called quasi-local. There are various choices of definition that
require different decays or dependence on support size; see for instance [NSY19]. For
our purpose, the definition should at least include Hamiltonian evolutions satisfying
Lieb-Robinson bounds. We will restrict to the one-dimensional case, where Theorem 9.1
and Lemma 9.2 inspire the following definition:

Definition 9.4 (ALPU in one dimension). An automorphism a of the quasi-local algebra
/7 is called an approximately locality-preserving unitary (ALPU) if for all (possibly
infinite) intervals X < Z and for all r = 0 we have

[
aldx) € Apx,r

for some positive function f(r) with lim,_ f(r) = 0. Here we use the notation in
Definition 7.2.

We say a has f(r)-tails when it satisfies the above, or G (g(r))-tails if f(r) =0 (g(r)).
We will always assume, without loss of generality, that f(r) is non-increasing.

Note that by definition, if @ has f(r)-tails, it also has h(r)-tails for any function h(r)
with h(r) = f(r) for all r, i.e., f(r) only serves as an upper bound on the spread of a.
Furthermore, note that any ALPU has o(1)-tails, by definition.

It suffices to check the conditions in Definition 9.4 either for all finite or for all
infinite intervals (see Lemmas 9.8 and 9.9 below). If the above conditions on a are
satisfied for all intervals X of some fixed size (and arbitrary r = 0), but f(r) decays
exponentially, then in fact a is an ALPU with & (f(r))-tails by Lemma 9.3. We note an
equivalent definition of ALPUs when passing to von Neumann algebras in Remark 9.7.

Remark 9.5. In [Has13] what we call an ALPU is simply called a locality-preserving
unitary (LPU). Moreover, there it is said that an automorphism is a locally generated
unitary (LGU) if it arises from time evolution by some time-dependent Hamiltonian.
We have chosen the more explicit term ALPU instead of LPU, since in the literature the
latter has also been used as a synonym for QCA (e.g. [SSBC18]).

We note that to call such automorphisms “unitary” is perhaps slightly misleading:
there need not be a unitary u € o/7 such that a(x) = u*xu (but there will be a unique
unitary implementing a on the GNS Hilbert space with respect to the tracial state, as
discussed in Section 7.0.3).

Example. Lemma 9.2 states that for the class of local Hamiltonians in Theorem 9.1 (Lieb-
Robinson), the automorphism a/(x) = el Ht yo=iH jg an ALPU at fixed ¢. It turns out that if
the Hamiltonian has exponentially decaying tails in the sense that the local Hamiltonian
terms decay as | Hx| = @ (e ¥1X!) decays exponentially with the size of the support X,
then for any k’ < k we may take f(r) = @ (e ¥") and a has @ (e~¥")-tails [NSY19, Has10].
Such evolutions composed with translations are also ALPUs.
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To use Theorem 7.6, we would like to work in the von Neumann algebra &Q’N. How-
ever, in the definition of an ALPU we consider an automorphism of <7, not d%’N. We
therefore prove some results allowing us to translate between the tails for automor-
phisms of «#7 versus .QQ’N.

Lemma 9.6.

(i) Suppose a is an automorphism ofd%’N and a(sfx) & &Q’N for some X, Y € Z
and e =0. Then a(d}N) & sz@’N. In particular, any ALPU with f (r)-tails extends to

. f .
an automorphism a of o\ such that a(fy") 'S 3ty ., for any interval X and
anyr =0.

£
(i) Suppose a is an automorphism of Ay such that a(y™) € Ay, ) for any inter-

4
val X and some fixed r,e = 0. Then a™! (eszf;N) < dgg{ n for any interval X.

iG]
(iii) Suppose « is an automorphism ofgng such that a(«fx) < g{l‘g’&” for any interval
X and any r =0, where f(r) is a function withlim,_., f(r) =0. Then « restricts to

an ALPU with f(r)-tails.
(iv) Ifa isan ALPU with f(r)-tails, then a~ ! isan ALPU with 4f(r)-tails.

Proof. (i) Let x € ,QQN . Using the Kaplansky density theorem, choose a net x; € ofx
with ||x; || < I|x]l, converging to x in the weak operator topology, hence also in the weak- *
topology (since these topologies are the same on bounded subsets). Because a is weak- *
continuous, a(x;) converges to a(x) in the weak-* and hence also in the weak operator

topology. Meanwhile, by our assumption that a(«/x) & .szfl‘,’N, there exist y; € dl‘,’N such
that |a(x;) — y;ll < €llx|l. In particular, | y;|| < (1 +¢)llx|l. Hence the net y; is bounded in
norm. Since norm balls are compact in the weak operator topology, this implies there
must be a converging subnet, which we also denote by y;. Denoting the limit of y; by y,
then y € d;N, and by lower semi-continuity of the norm in the weak operator topology,

ly—ax)| =< limiinfllyi —a(x)| <ellxll.

This shows that a(x) € d;N, proving (i).
(ii) Note that Z\ B(X, r) is a disjoint union of at most two intervals Y; and Y», and we

have B(Y;,r)cZ\ X fori=1,2,so0 a(.szfl‘,’il\]) é dg{vx. Then applying (7.17) in Lemma 7.12

to these two near inclusions with .4 = ,Q{%’N,
!/
BN = (A0 0 BN E (et Uty 02N = (@) 0 (@) 0t
= al(«y) netf™) nal(ty) Nty
al(=y™) 0 () N o)

vIN vN § _ vIN
a(ty\y, Npy,) = allpx 1)

and the conclusion follows by applying o~

(iii) We need to show that if x € o/7, then a(x) € of7. First consider x strictly local, on

some finite interval X. Then by assumption there is a sequence y, € .sz@’& = <Bx,n
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such that |la(x) — y-Il < f(r)lx|l. Hence, y, is a sequence of strictly local operators
converging in norm to a(x) and hence a/(x) € of7. If x € &7 is not strictly local, let x; be a
sequence of strictly local operators converging in norm to x. Then a(x;) € /7 and a(x;)
converges in norm to a(x). Similarly, al maps 7 into «/7 (using that (ii) implies
locality bounds for a™!) and hence we conclude that « restricts to an automorphism of
7.

This implies the desired result, as then

a(fx) f(gr) .Qfgl(\;('r) Ntz = dB(X,r)

using the general fact that d}N N7 =y forany Y € Z.

(iv) By (i), a extends to an automorphism of dgN with f(r)-tails, by (ii) the inverse
of this extension has 4 f(r)-tails, and by (iii) the restriction of the latter is an ALPU
with 4 f (r)-tails. [ ]

Recall that any automorphism «a of the quasi-local algebra «/7 extends uniquely to
an automorphism of the von Neumann algebra d%’N, which we denote by the same
symbol a@. Then Lemma 9.6(i) and (iii) together allow an equivalent definition of ALPUs
with f(r)-tails using the von Neumann algebra, rather than using the quasi-local algebra
as in Definition 9.4. We summarize below.

Remark 9.7. Any automorphism « : o7 — «/7 with f(r)-tails, i.e., which is such that for
all intervals X and r = 0 we have

f
aldx) S Apx,r)

uniquely extends to an automorphism a : d%’N - a@’N that has the same tails, i.e. that

. fn e
satisfies a(«/y") 'S oy ). Conversely, any a : /)N — o/}N satistying the latter (for
all X and r) restricts to an ALPU a : o7 — /7 with f(r)-tails. Hence we may identify an

ALPU « with its extension to dgN and refer to the latter also as an “ALPU with f(r)-tails.”

We can use Lemma 9.6 to show that in Definition 9.4 we may in fact restrict to either
only finite intervals or only half-infinite intervals, as shown by the following lemmas.
. . fo
Lemma 9.8. Suppose a is an automorphism of «#7 such that a(«/x) < <px,r for any
finite interval X < Z and any r = 0, where f (r) is a positive function withlim,_, f(r) = 0.
Then « is an ALPU with f (r)-tails.

Proof. As explained earlier, we can extend a to an automorphism of d%’N (denoted
again by ). Let X € Z be an infinite interval, r > 0, and 0 # x € ofx. We first show that
forany 6 >0,
1+6) f(r)

a(x) € dB(X,r)' 9.4)
By definition of «/7, we can approximate x with a sequence x; — x converging in norm,
with x; € «/x,, where each X; € X is a finite interval. Then a(x;) — a(x) converges in
norm as well, and

inf ly-a(ol<liminf inf |y-aCel+lat) - atx)l)
YEABX,n) i \yesdpx,n

<timinf( /()31 + &) - €() ) = £,
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so for any 6’ > 0 there exists some y € «/g(x,r) such that |y — a(x) || < f(x)l|x|| +6'. If we
apply this with 6’ = f(x)d| x|l then Eq. (9.4) follows. Next, we claim that

r)

I
ax) € Ay - (9.5)

Indeed, by Eq. (9.4) we can for any n > 0 take some y, € «/p(x,) such that

1
la(x) = ynll =1+ E)f(r)'

In particular, y, is a bounded sequence in dg& »- Since norm balls are compact in the

weak operator topology, there is a subsequence y,, converging to some y € dgl& - and

la(x) - yll liminfla(o) - yy, | < lirniinf(l 4 ni) £ = f.

Thus we have proved Eq. (9.5). As a consequence, we have for any interval X < Z and
any r =0,

f)
alelx) S dyy -

Now the lemma follows from Lemma 9.6(iii). [ |

f)

Lemma 9.9. Suppose a is an automorphism ofd%’N such that a(H<,) < AN, and

<n+r
f . . . .
a(t=p) S AIN . for any n € Z and r = 0, where f(r) is a positive function with

lim,_. f(r) =0. Then a restricts to an ALPU with 8 f (r)-tails.

Proof. By (iii) of Lemma 9.6 we only need to show that for any finite interval
X={nn+1,...,n+m}

it holds that

8f(r)
alelx) S Ay

Now, by (i) of Lemma 9.6 we have

f

N N

a('gfglﬁm) < d;]n+m+r’
f

a(fSN) e AN

=n-r’

hence we obtain by taking commutants and applying Lemma 7.5 with .4 = ,Q{%’N that

2f(r)
N N N N N
'Qf;n+m+r+l < a(.szf;’ner), ﬁ.szfg = a('gfgn+m+l) < “(dg\x)’
2f(r)
N N N N N
;n—r—l c a(d;n)'ﬂ.szfg Za(dgn_l)ga(dg\x).

By Eq. (7.17) of Lemma 7.12 it follows that

NG

a(elx) = alsty™) = alet ) Nty S (AN, parir U o1) NN = ol ).
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If we consider an ALPU, we may coarse-grain the lattice by grouping together (or
‘blocking’) sites. This yields again an ALPU, but with faster decaying tails. In particular,
for any fixed € > 0, we can always coarse-grain by sufficiently large blocks of sites so

£
that on the coarse-grained lattice, a(«/x) S </p(x,1) for any interval X. This motivates
the following definition:

Definition 9.10 (¢-nearest neighbour automorphism in one dimension). An automor-
phism «a of o7 is called e-nearest neighbour for some € = 0 if for any (finite or infinite)
interval X < Z we have

alely) S AB(X,1)- (9.6)

If a is an automorphism of sz@’N we instead require the weaker condition that

a(tx) S Ay 1) 9.7)

for all intervals X < Z. Note that the condition in Eq. (9.7) is equivalent to the condi-

: vNy & vN
tion a(.szfX )g‘dB(X,l)

by Lemma 9.6(i).

If an automorphism of ,QQ’N extends an automorphism of «/7, as will usually be
the case for us, then Egs. (9.6) and (9.7) are equivalent, since dgg( i a7 = dpx,) for
any X € Z. As such, Definition 9.10 is unambiguous.

9.2 Index theory of one-dimensional ALPUs

In this section we develop the index theory of ALPUs in one dimension. Just like in the
rest of the paper, all ALPUs will be one-dimensional.

For a general ALPU «a, we show in Theorems 9.16 and 9.18 that there always exist
an approximation of @ by a sequence of QCAs ;. We can use the limit of the indices of
the latter (which become stationary for large j) as the definition of the index of a. If
has @ (r~19)-tails for some & > 0, we further show that this index can be computed as a
difference of mutual informations,

ind(a) = % (ILL':R)y—I(L:R)y), (9.8)

with both terms being finite, just like we saw in Eq. (8.11) for QCAs. The local computa-
tion of the index in (8.12) does not yield the exact index for ALPUs. However, the exact
index can still be computed locally; we show that on sufficiently large regions, the local
index computation gives the exact answer when rounded to the nearest value in the
fixed set of discrete index values.

In the remainder of the section, we discuss the properties of this index. We find
that once circuits are replaced by evolutions by time-dependent Hamiltonians, the
results of [GNVW12] stated in Theorem 8.5 generalize in a natural way. Our results are
summarized in Theorem 9.25.
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9.2.1 Approximating an ALPU by a QCA

We sketch the general strategy for approximating an ALPU a by a QCA. We first develop
a method for deforming a into an ALPU «,, that behaves as a QCA with a strict causal
cone in the proximity of the site n, exhibited by Proposition 9.14 and Fig. 9.2. In Propo-
sition 9.15 we then we stitch the different a, together into a QCA f using the structure
theory for one-dimensional QCAs, obtaining a QCA approximation to a. If we apply this
result to increasingly coarse-grained lattices, in Theorem 9.16 we obtain a sequence of
QCAs of increasing radius that approximate a with increasing accuracy.

To achieve Proposition 9.14 localizing an ALPU «a on a local patch, we compose a
with a sequence of unitary rotations. Some individual rotation steps are described
by Lemma 9.11 and Lemma 9.13, with proof illustrated in Fig. 9.1. Each step uses

Theorem 7.6 to rotate nearby subalgebras, e.g. rotating an algebra a(«/x) < &y to obtain
an exact inclusion. We start with these two lemmas. Lemma 9.11, Lemma 9.13 and
Proposition 9.14 are each divided into two parts, (i) and (ii). In each case, part (i) is
valid for e-nearest neighbour automorphisms (which need not be ALPUs), while part (ii)
gives a more refined statement when assuming an ALPU as input. For the majority
of the further development in this paper, in fact only the parts (i) will be necessary,
and so the first-time reader may wish to skip part (ii) of these results, as well as the
supporting Lemma 9.12. Those parts will only be necessary for later results about
blending, following Definition 9.23.

Lemma 9.11.

(i) There exist universal constants Cy, € > 0 such that if a is an €-nearest neighbour
automorphism ofd%’N with e < gy and

a (AN € XN

n —

for some site n € Z, then there exists an automorphism of ,Qf%’N, which is of the

form @(x) = u* a(x)u for some unitary u € .sz@’lrj_l with |u—1I|| < Cye and

a(tN ) c N, (9.9)
TEAQ R AN (9.10)

(ii) If additionally a is an ALPU with f (r)-tails, we can take u such that & is an ALPU
with O (f (r — 1)) -tails and such that we have, for r — oo,

[l (- ml&@’qq I=0(f(r)), (9.11)
II(a—d)IﬂZvlrjﬂll =0(f(r-1) 9.12)

and, forall x € o>y r41,
lu*xu—x|l =0(f()lxI). (9.13)

Proof. (i) Note a~!is 4e-nearest neighbour by (ii) of Lemma 9.6. Thus

4e
-1 vN vN
a ('Q{En+l) = 'Q{En
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4
and then o'V, | < a(«/¥Y). By Theorem 7.6 with oy = oo i1, of = o) = 2N, | and
with 8 = a(s£2)), provided that ¢ < 51, there exists a unitary u € (o2, U a(«/23))"

such that
sy U < aledly)

and |lu— I| < 48¢. Because a(o/3)) < /YN |, we also have u € oY . We define a new
automorphism @(x) = u*a(x)u that satisfies @ (/%) 2 «/¥N |, and then satisfies (9.9)
by taking commutants. Moreover,

~ vIN * vN * _4VN VN
alds,) =u ald,ucu oo, u=9d, 4

1,;] , and the fact u € AN Then a also satis-

using the assumption a(o2)) < /YN 1"
fies (9.10).
(ii) Now we further assume « is an ALPU with f(r)-tails and show (9.11). By our use

of Theorem 7.6 to construct u € (N, ; U a(«#¥)))", we know that for x € o3,
Ix, Y1 < Slxllyll Vy € o2y, ValesYy) = uxu— x| =0@]x)).

Forr=0and x € a(d%’l,j_r_l), the above condition is satisfied for 6 =2 f(r + 1) because
fo+
€

1))
we have x AN (using Lemma 7.4) and x € a (<), so

l@=@l o I=0(f(r+1)

and Eq. (9.11) follows.
Our application of Theorem 7.6 also implies that for x € #/3N,

5 5
X € o>y and xea(dg,f) = |u*xu-x|=00|x|). (9.14)

For r =1 and x € a(sf~,+,), those conditions are satisfied for § = f(r — 1) because we

I e
have x* € fopy1 and x € a(e£y))), so

Ia =@l Il = O (f(r—1))

and hence Eq. (9.12) follows.

Next, we prove Eq. (9.13). Recall that by Lemma 9.6(iv), a™! is also an ALPU,
fo+1)

with @ (f(r))-tails. Therefore, forany r >0 and x € o>, ;41 wehave a1 (x) " € ooy,
(r+1)
hence xf r€+ a(gz@’}f), and now Eq. (9.14) shows that |[u*xu— x| = O (f(r + 1)1 x|) and
Eq. (9.13) follows.
Finally we show that @ is an ALPU with & (f(r — 1))-tails. To this end we apply
Lemma 9.12 below and the fact that

luxu®™ — x|l =0 (f(r—Dxl)

holds for the following x and all » = 0: for x € o/<;,_,_» since u € ,9@’1,;1_1, forx € olepiri

by Eq. (9.13), for x € a(«f<;,—,—1) by Eq. (9.11) and for x € a(<e/>,+,) by Eq. (9.12). [ |

The following lemma is used in the proof above (and in similar proofs below) that
the construction gives rise to an ALPU when the input is an ALPU.
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Figure 9.1: (a) [llustration of the construction in Lemma 9.11. The dashed lines indicate causal
cones. (b) Analogous illustration of Lemma 9.13.

Lemma 9.12. Suppose that a is an ALPU with f(r)-tails and & is an automorphism
of 3N of the form @(x) = u* a(x)u for some u € /3N and all x € /3N, which satisfies

(A1) S AN,

A(tsp) S AN

>n—-1

(9.15)

forsomesitene Z. If foranyr =0 and x € d<y—r_2 U l>piri1Ud(A<p—r_1) Ualsnir)
we have

lu*xu—x| < g lxl,

where g(r) is non-increasing withlim,_., g(r) =0, then & isan ALPU withO (f (r)+g(r))-
tails.

Proof. We abbreviate h(r) = f(r)+ g(r). By Lemma 9.9, it suffices to show

~ O (h(r)) ~ O (h(r))
A(te) < AN and @(eley) < AN

=m+r =m-r

for all m € Z and r = 0. We only prove the former, since the proof of the latter proceeds
analogously. We distinguish two cases:

e m<n: Then m=n- k-1 forsome k =0. By assumption, &(«/<,_r-1) .sz@’l,f, SO
it remains to show

_ O (h(r))
A Aepr1) < AN

<n—-k-1+r"

for 0 < r < k. This holds since, by assumption, |[u*xu— x|| < g(k)|| x| for all x €
a(A<p—k-1), and hence (@ —a)lq, , < g(k)<g(r)forany0<r<k.

e m=n: Then m = n+ k for some k = 0. To prove that

_ O (h(r)
A(Aepsr) < AN

<n+k+r

by Lemma 7.4 it suffices to show that for all x € o/<,, and for all y € g@’l’j kb ral?

& (x), y1ll = G (h(r)IIxI yll.
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By assumption
luyu* -yl =llu*yu—-yl<gk+nlyl<gnlyl

forall y € o~ 1 +r+1 and thus for all d;’llj +k+r+1 @nd hence we indeed have that

@ (x), Y1l = e (x), uyu 1l < e (x), y1 + la(x), uyu™ =yl = OCh(r) x|y,

using that [|[a(x), yII < 2f(r)]lx|llly]l by Lemma 7.4, since & is an ALPU with f(r)-
tails. [ ]

Lemma 9.13.

(i) There exist universal constants C/,, 86 > 0 such that if a is an €-nearest neighbour
automorphism ofd%’N with € < €, and

a(AN) € gIN

n <n+l1

for some site n € Z, then there exists an automorphism odeVN of the form a(x) =
a(uxu™) for some unitary u € *Q@/l;jﬂ with|\u—-1| < C(’)s and

LICABRYISIC AT (9.16)
a(tN)y c ¥, L. (9.17)

In fact, it holds that &| v = @] .

(ii) If additionally a is an ALPU with f (r)-tails, we can take u such that & is an ALPU
with O (f (r — 1))-tails and such that for r — oo,

l@=@) o =0, 9.18)

Proof. (i) This follows by application of Lemma 9.11 to f = a~!. Here we use that if a

is an e-nearest neighbour automorphism of dgN, then f is a 4e-nearest neighbour

automorphism by Lemma 9.6(ii). Now, a(«/3)) < sz@’l,j .1 implies that AN ﬂ(d;’lr\gﬂ)
and hence (<N ,,) < /YN, |. Let €] := £9/4 and C, = 4C, for Cp, &g > 0 the constants

from Lemma 9.11. Thus we may apply Lemma 9.11 to  (with n +2 in place of n) to find
an automorphism S of a@’N that is of the form B(x) = u* (x) u for a unitary u € g@’l,f o
with ||u—I|| <4Cye = C(’)e and which satisfies

B(d;N )< ‘dgr\gﬂ’

n+1

B('Q@/IILZ) < 'Q@dr\zll'

We then see that a@ = ,3_1 is given by @(x) = a(uxu™) and satisfies the desired properties
in (i). In particular, note that u € ,52@’1,\11 .1 immediately implies that a| ,w = @] ,w.

(ii) If & is an ALPU with f(r)-tails, then by Lemma 9.6(iv) § is an ALPU with G ( f(r)-
tails. Hence by part (ii) of Lemma 9.11, § is an ALPU with @ (f (r — 1))-tails and thus the

same is true for &, again by Lemma 9.6(iv). Eq. (9.18) follows since by Eq. (9.13) we have
luxu™ — x| = lu”xu-xl =0 (f () lxl)

forall x € o4 r43. [ |
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Figure 9.2: Illustration of the construction of @' for i = 1,2,3,4 in the proof of Proposition 9.14.
Each row depicts an equation, and the solid strips on the left depict applications of
unitary operators supported on those regions. The second, third, and fourth row use
Lemma9.11, Lemma 9.13, and Lemma 9.11 again respectively. Dashed lines indicate
causal cones.

We iteratively apply Lemma 9.11 and Lemma 9.13 to show that for an e-nearest
neighbour automorphism, for any small patch, one can find a nearby 0 (¢)-nearest
neighbour automorphism that is strictly local on that patch. Below we work with a
patch near site 2n, and the modified automorphism is denoted «,.

Proposition 9.14.

(i) There exist universal constants Cy, €1 > 0 such that for any €-nearest neighbour
automorphism « of,szQ’N with € < €1 and for any site n € Z, there exists an auto-
morphism ay, ofd%’N such that for k € {0,1,2,3},

vN vN
Un(Appiok-1) S Feopiop
vN vN
n(Aoppio0) S Foppiok-1)

la, —al < Ce.

In particular, denoting By, = Aiom2m+1y and €y = Lipm-1.2my as in Eq. (8.1), we
have

an(Bm) SEn®Eme1 formein,n+1,n+2},
@, (€m) S Bm-1® By, forme{n+1,n+2}
(ii) Moreover, if a is an ALPU with f(r)-tails, we may take a,, to be an ALPU with
O (f (r —7))-tails and such that, for r — oo,
I (a— 06;1)|‘52@12NYH71 I=0(f(r-1)), (9.19)
l@=anl  I=6(fr=7). 9.20)
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(i) 8)

Proof. (i) We define a sequence of automorphisms «,,’, i = 1,...,8 to obtain a,, := a,,

with the desired properties. To begin,
&
a(&¢g§;)§5&¢;§2—1

so by Theorem 7.6, where we let o) = a(sts2,), o = o) = a(4Y5) and B = A5

=2n =2n-1’
there exists u € (a(«/2) )UZYY )" such that

uy af >2n) up < éz¢>2n 1
with || u1 —I|| < 12¢. We define a(l) (x) = ufa(x) uy1, which by construction satisfies

oy (425,) € 21,
na—a?u=@wm
Then aE,D is an O'(¢)-nearest neighbour automorphism by the above, and we are in

a situation where we can apply Lemma 9.11 (but replacing n with 2n) to obtain an
automorphism a'? (x) = u; al (x)uy for unitary u, € d;’z _1» such that

vN

(2)
( Zn 1)-— 2n’
2
aP (AN AN,
M _ @ =
la,’ —a;” | =0 ().

Then ag) is again an O (¢)-nearest neighbour automorphism, and hence we can apply
Lemma 9.13 (but replacing n with 25 — 1) to obtain a new automorphism a'? defined

by @ (x) = a\? (usxu) for unitary us € oY) , such that

VN
2n+2) >2n+1’

|m@ a? | =0e).

(3) (.

Since u3 € d;’an, a® also satisfies the locality properties listed for a(z)
for an illustration of the construction.

We continue to apply Lemma 9.11 and Lemma 9.13 alternatingly. Explicitly, we
apply Lemma 9.11 (with n — 2n + 2) to define a'P, as illustrated in the figure, and then
Lemma9.13 (with n — 2n+1) to define a(S) followed by Lemma 9.11 (with n — 2n+4) to
define a!® and Lemma 9.13 (with n — 21+ 3) to deﬁne a'?. Finally we use Lemma 9.11
(with n — 2n + 6) to obtain a'®. We take a, := a'¥; then a,, has the desired locality
properties in the proposition statement. We must assume ¢ is sufficiently small to meet
the conditions of these lemmas at each step, determining the universal constant €, in
the proposition statement.

(ii) Now we further assume «a is an ALPU with f(r)-tails, to demonstrate Egs. (9.19)
and (9.20) and prove that a, is an ALPU.

We first show that a'?) is an ALPU with @ (f (r — 1)) tails, using Lemma 9.12 (where we
take n— 2n). Note that am (x) = v*a(x)v for v = uyup, and a(Z) satisfies the necessary
locality properties in Eq. (9.15) (unlike a(l)'), so in order to apply the lemma we only

need to show that

above. See Fig. 9.2

lv*xv—xll=0(f(r—1)xl, (9.21)
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forall r =0and x € of<2y, r 2 UA5op1r41 U (<o r—1) Ua(ef>2,4 ). To this end, re-
call that for u; we applied Theorem 7.6 using o = a/(ets2p), of = o) = a(«/YN ) and

>2n
with %8 = &5 |, and in the construction of u, € &Y | in Lemma 9.11 (with n— 2n)
we applied Theorem 7.6 with o) = efo0p41, o = o) = ‘d;ZNrHl and & = ag) (d;’an).
. . fr+1)
First consider x € opp_r—2. As (YY) < " &A¥N |, wehave

10, U =2f(r + Dixlyl

forall y e a(a@’é\]n) by Lemma 7.4. Since moreover [x,y] =0 forall y € gigan_l, Theo-
rem 7.6(ii) shows that [[u; xu; — x|l = G(f (r + 1)[|x])). In addition, we have u; xu, = x

since u, € d;’an_l. Together we find that

lv*xv—xl=0(f(r+DlxI).

Next consider x € o>, +1. By Lemma 9.6, &~ ! is an ALPU with @ (f(r))-tails, so we
have

1, L O(fr+D)

a (x) € sy (9.22)
O(f(r+1)) , N
and hence x € a(sf>2,). Since moreover x € d;’zH_l, Theorem 7.6(iii) shows
that ||u} xu; — x|l = G(f(r + Dlxl). Since (@)™ (x) = a~ (w3 xu}), the latter along
O(f(r+1)

with Eq. (9.22) in turn implies that x € ag) (HA=25). Also, x € of~2,,11, hence we
obtain || ué"xuz — x| = O(f(r + 1)), again by Theorem 7.6(iii). Together we find that
lv*xv—xll=0(f(r+Dlxl).

Now consider x € a(«f<2,,—r_1), i.e., x = a(z) for some z € of<5,,_r_1. Then x com-
. fir-1
mutes with a(<£Y) ). Moreover, x* € </<2,_», hence ||[x, yil <2f(r—-Dlxllyl for

>2n
all ye oY . Thus we obtain [ u; xu; — x|l = 0(f (r — 1)|| x|)) by Theorem 7.6(ii). The
preceding in turn implies that for all y € o225 .,
T @), Il = 1u} xuy, Y1 < 20lui xus = x|yl + 11x, Y1 = @ (F (r = DIyl

Also, a(nl) (z) commutes with ag) (d;’an). Therefore, again by Theorem 7.6(ii) we see that

lv*xv—uf xup |l = llus @tV (2)up — P (2 = G (fF(r = DI x])).

We conclude that [[v*xv—x|| =G (f (r — 1) || xI]).

Finally, let x € a(sf>2,4r), i.€., X = a(z) for some z € o/>2,4,. Then x € a(el>2,)
(r+1)
and x ! r€+ RAN So, by Theorem 7.6(iii) we find that

>2n-1°

luy xu; — x| =0 (f(r + Dllx|).

(r-1)
Using the latter, as well as IIa%)(z) —a(2)|l = luj xu; — x| and a(z) / re A=on+1, We find

O(f(r-1))
that a(nl) (2) €  of-25+1. Moreover, ag)(z) € aﬁ}) (YN, so by Theorem 7.6(iii) we

=>2n
obtain that

lv*xv—ufxull = lusal (@Duz — aP @2 =6 (F(r - DIxl),



170 Chapter 9. Index theory for approximately locality preserving unitaries

and hence ||[v*xv— x|l = O (f(r —1)| x||). Altogether we have verified that Eq. (9.21) holds
forallr =0and x € o<y r—2 Uto2p4r+1 U @(A<2p—r—1) U a(A>25+,). We may therefore
apply Lemma 9.12 and conclude that a(nZ) is an ALPU with O (f (r — 1))-tails.

For i = 3,...,8, we simply observe that by our applications of Lemma 9.11 and
Lemma 9.13, the automorphisms ag) are guaranteed to be APLUs with G (f(r +1 —1))-
tails.

To see that Eq. (9.19) holds, note that Eq. (9.21) implies that

la'? (x) — a()ll =G (f(r = Dlxl)

for all x € «/<5;,_r_1. Moreover, a,(x) = aﬁf) (x) for such x, since a;, = af) is obtained

from o by conjugating the input with unitaries in .sz@’an (leaving x unchanged) and the
output by unitaries in ,szf;’ZNn 4 (leaving a&f) (x) € ,QQ’ZNn unchanged). Thus Eq. (9.19) fol-
lows.

Finally, Eq. (9.20) follows since the ad fori=3,...,8 satisfy analogs of Egs. (9.12)
and (9.18) and we have IIaE,Z) (x)—aX)|l =6 (f(r—=Dlx|) for all x € o~2,+,, again by
Eq. (9.21). [

Proposition 9.15 (QCA approximation of e-nearest neighbour automorphism). There
exists a universal constant €, > 0 such that if « is an € -nearest neighbour automorphism
of of7 with € < €,, then there exists a QCA B with radius 2 such that

(@ = By |l = O (| XT)
for all regions X with | X| sites.

Proof. Recall that a can be extended to a e-nearest neighbour automorphism of .Q{ZVN
by Lemma 9.6, which we will denote by the same symbol. Let C; and € be the constants
from Proposition 9.14, and take €, := min{%, ﬁCl}. As usual, we write %, = A2 2n+1}
and 6, = pn-12n. Now apply part (i) of Proposition 9.14 to find a collection of
automorphisms a, for each m € Z, which satisfy the locality properties

am(%n) c an ®c€n+l

forne{m,m+1,m+2} aswell as a,‘nl (€n) € Bp-1© B, forne {m+1,m+2}. Then by
Theorem 8.2 and the subsequent Remark 8.3, we can define

gr(lm) = am(Bn) NEn,
%Eﬁ)l =am(Bu-1)NEn

such that, forme{n—-1,n-2},
Cn=2" R (9.23)
Moreover, again by Theorem 8.2 and Remark 8.3, we have
By =a, (L Dea,l (@), (9.24)

which we will use below.
Note that ||a;-1 — ap—2ll < @1 —all + |ap_2 — all < 2Cie < ﬁ. Because a,_;
and a,_, are nearby ALPUs with locality properties satisfying Remark 8.12, we can apply
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the argument from Proposition 8.11 to a1 and a,_, finding that £~ and £"V
are related by a unitary u, € €,, i.e. u, L Vu’ = L2, with | u, — I| = G (e). Finally
we define

Pn: Bn— €n®6Cn+1, Pn(x)=uya,_1(x) u;;
Each §,, is an injective homomorphism and by (9.24) we obtain

Bn(B) =ty (L VeV ul =22 ez, (9.25)

n

where the second equality holds because u, € €, and 9251"_1) C 6,41 commute. From
Eq. (9.25) we conclude that ,,(%,,) and B,,(%8,,) commute for n # m. Hence we can de-
fine a global injective homomorphism g that acts as ,, on each 23,,. By (9.23) and (9.25),
this homomorphism is surjective. Indeed,

Bn-1(Bn-1)® Pu(Bn) 2 RV P 0 L =6,

for all n. Thus the map f is an automorphism. By construction it is clear that this
automorphism is a QCA with radius 2. For any single site operator x we have that x € %,,
for some n, so

18(x)—aX)l <2llu,—Ill+lla—a1l
<0(¢).

We showed (8 — @), || = O(¢) for all single sites n, and the desired result holds by
Lemma 7.7. [ |

By Proposition 9.15 and coarse-graining, we obtain the main result of this section,
which shows that any ALPU in one dimensions can be approximated by a sequence of
QCAs.

Theorem 9.16 (QCA approximations). If« is a one-dimensional ALPU with f(r)-tails,
then there exists a sequence of QCAs {3 ‘]X; | of radius 2 j, such that for any finite X  Z,

l(@= Blary |l = O(f(ymin{ x|, | G222 ), 9.26)

Moreover, there is a constant Cy > 0, depending only on f(r), such that the following
holds for all j and finite X c Z:

(@~ Bl < Cp F(ymin{| x|, | om0 ]} 9.27)

In particular, the ; converge strongly to a, meaning thatlim; .| a(x) — f;(x)|| = 0 for
all x € of7.

Proof. By blocking j sites we obtain an ¢ j-nearest neighbour QCA on the coarse-grained
lattice where ¢ = f(j). For j > jo sufficiently large, we can apply Proposition 9.15 to
obtain a QCA §; of radius 2 on the coarse-grained lattice satisfying

(@ = B)lery | = O(f(jIm)
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for all regions X composed of m coarse-grained sites. If we now consider ; as a QCA
of radius 2j on the original lattice (before coarse-graining), we arrive at (9.26). To
obtain (9.27), for smaller j < jo, we may choose some arbitrary QCA ; and we may use
that |la — Il <2 at the expense of incurring a tails-dependent constant C¢ > 0.

We now show that the sequence of QCAs 3; converges strongly to a. For x € /7
arbitrary, let x,, be a sequence of strictly local operators, where x,, is supported on n
contiguous sites, such that lim,_.., x,, = x converges in norm. Then,

limsup | @(x) - (0 < limsup (@ (0) - @) | + @) = B (el + 185 0ea) = B (01
J—0o0 J—0o0
<2[lx = xull +limsup [[a(x,) = Bj(xp) | = 2| x — xpll.

J—oo

The second inequality holds since @ and the 3 are *-homomorphisms; the final equality
follows by (9.27). Since the above holds for all n, we conclude that

]lirgolla(x) - Bj(x)lI=0.

9.2.2 Definition of the index for ALPUs

We now use the QCA approximations developed in the preceding to define an index for
general ALPUs. In addition, we give two alternative ways of computing the index for
ALPUs with appropriately decaying tails, and we prove that the index is stable also for
ALPUs.

Definition 9.17 (Index for ALPUs). Let a be a one-dimensional ALPU with f(r)-tails and
let 5; be a sequence of QCAs of radius at most 2 j such that for any finite subset X c Z,

(@ Byl = Cr f(j) | 22222, (9.28)
where Cr > 0 is the constant from Theorem 9.16. We define the index of a by

ind(a) := lim ind(5;). (9.29)
Jj—oo

Note that by Theorem 9.16 such a sequence f; always exists. The following theorem
shows that the index is a well-defined, finite quantity.

Theorem 9.18 (Index for ALPUs). Let @ be a one-dimensional ALPU with f (r)-tails and
let B be a sequence of QCAs as in Definition 9.17. Then the following hold:

(i) There exists jo, depending only on f(r), such that ind(B;) is constant for j = jo.
Accordingly, the limit (9.29) exists and is in Z[{log(p;)}], where the p; are the finitely
many prime factors of the local Hilbert space dimensions d,, and Z|-] denotes
integer linear combinations. Moreover, this limit does not depend on the choice of
sequence [ ;. Thus, ind(a) is well-defined by (9.29).
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(ii) There is a constant ry, depending only on f (r), with the following property: Let o'
be another one-dimensional ALPU with f(r)-tails. Then, for any interval X with
diameter | X|=r,

1
(@ —a)luyll < 381 — ind(a) = ind(a)).

In particular, the index is completely determined by a|s, for any such X.

(iii) If f(r) = 0(%) then there exist a constant r,, depending only on f(r) and the local
Hilbert space dimensions d,,, such that the index may also be computed locally as
in(8.12),

: 1
ind(a) = roundz gog(p,); 5 (I(Ly:R)p—I(L1:RY)g),

where ¢ denotes the Choi state, the intervals Ly, Ry, L’l, Ri must be of size at least r,
and the notation means that we round to the nearest value in Z[{log(p;)}].

(iv) If f(r) = @(ﬂ%) for some 6 > 0, then the index can also be computed as in (9.8), by

ind(a) = = (I(L': Ry — I(L: R")y),

DN =

where both I(L': R)y and I(L: R")y are finite.

In both calculations (iii) and (iv) of the index, the cut defining the regions L, R may be
chosen anywhere on the chain.

Proof. Throughout this proof, the implicit constants in the & notation are allowed to
depend on the tails f(r).

(i) and (ii): To see that ind(f3;) stabilizes at large j and hence the limit (9.29) exists,
consider ; and ;1. After coarse-graining by blocking 2(j + 1) sites, both §; and ;1
are nearest neighbour. Moreover, on any subset X; that consists of two neighbouring
coarse-grained sites,

1B) = B Dlore I < 1B = @l | + 1@ = Byl | = O () (9:30)

by Eq. (9.28). Since f(r) = o(1) this implies that |[(5; — ﬁjH)Ide | approaches zero
as j — oo. By Proposition 8.11 this implies that ind(f;) = ind(8;+1) for sufficiently
large j = jo, where the constant jj can be taken as the minimum j such that the right-
hand side of Eq. (9.30) remains below ﬁ. Thus we conclude that the limit (9.29) exists
and equals ind () for j = jo. Moreover, ind(a) € Z[{log(p;)}], since the same is true for
the index of the QCAs £;.

To conclude the proof of (i), we still need to argue that the index is well-defined. We
will demonstrate this together with (ii). Consider an ALPU a' that also has f(r)-tails, and
let ,B’j be a corresponding sequence of QCAs as in Definition 9.17. Note that ind(f;) and
ind(ﬂ’j) stabilize for j = jo, with the same constant jo. We claim that ind(§;) = ind(ﬁ’].)
for some (and hence for all) j = jo. To see this, we consider §; and f'. as nearest-
neighbour QCAs on a coarse-grained lattice obtained by blocking 2 sites. Then by

Proposition 8.11, it is sufficient to show [|(8; — ,6’].)| sy ll < ﬁ for aregion Y consisting of
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two neighbouring coarse-grained sites. Note Y then consists of 4 sites on the original
lattice. Now,

1B = Bt I < 1CBs = @)lagy |+ @ = @)y I+ 1@ = By |
<O+ Ia—a)lugl.

Since f(r) = o(1), we can find j; = j, large enough such that the G (f(j)) term is
smaller than ﬁ. Take r; := 8; to ensure that any interval X with r; sites contains two
neighbouring sites of the coarse-grained lattice, so that [|(@ — a) |, | < ﬁ by assump-
tion. Then, [|(6;, - ,B’J.l)ldy | < ﬁ, and Proposition 8.11 implies that ind(5;) = ind(ﬁ’j)
for j = j; and hence forall j > jy. This implies that the index is well-defined (take a = a),
concluding the proof of (i), and it also establishes (ii).

(iii) Let Lj = {-2j +1,...,0t and R; = {1,...,2j}. Since ; is a QCA of radius 2 j, by
Proposition 8.8 we can compute

) 1
ind(5,) = ; (1L Ry = (L R, ) 9.31)
where ¢ ; = (ﬁ; ® I)(w), with w a maximally entangled state on «/7 ® «/7. We let

— — 1

ind; (@) := indy, x, (@) = 5 (1)1 Rpg = 1L 2 R}y 9.32)
as in (8.14), where ¢ = (a' ® I)(w). By Eq. (9.28), (& — ,Bj)lAXj | = @(f(j)), where we
let X; = Lj U R;. Thus Lemma 8.10 shows that

|lind(8;) —ind;(a)| = G(j f(j)log(d) + f(j) log ﬁ) (9.33)

where d = max;, d,, is the maximum of the local Hilbert space dimensions associated
to of7. Assuming that f(j) = o() the above approaches zero as j — co. Because the
sequence ind(f3;) stabilizes to ind(a) by definition in (9.29), this implies that
lim ind (@) = ind(a). 9.34)
j—oo
Since ind(a) takes values in the nowhere dense set Z[{log(p;)}], rounding ind j(@) must
yield ind(a) for sufficiently large j, proving (iii).
(iv) Even though the quantities in Egs. (9.31) and (9.32) converge with j, we have not
yet shown that the individual mutual information terms converge. We will show this

next, assuming that f(r) =0( r11+5) for some 6 > 0. We consider the subsequence {f,}.
Then, by Eq. (9.28)

1Bo = @)l I = O(f2Y)), (9.35)
and thus
1(Box = Boxet)lry 1= O(f(25)).

Hence by Lemma 8.10, noting that I(L,,,, : Ryks1)g,, = (L}, : Ryk)g,, since f,r has
radius 25*1, as similarly observed in the proof of Proposition 8.8, this implies

1Ly Ry, — 1Ly Ry ) | =0 (2k f@5)log(d) + f(25)log 1)
=0 27%.
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Thus I (L’zk  Ryr)g,, is a Cauchy sequence and hence converges. Moreover, using
Lemma 8.10, Eq. (9.35) also implies that

(L : Ry = I(L: Rypdy, 1= 0 (25 F2) log(d) + f 25 log 45
=027%).

Thus I (L’Zk : Ryk)g also converges, with the same limit as 1 (L’z,C : Rzk)(pzk. Then using
Proposition 8.7, this implies that

I(L':R)y = Jim I(Ly : Ryr)g = Jim (L : Ryi)g,,

is finite. A similar argument shows that I(L: R')4 is finite and can be computed as
I(L':R)p= Jim I(Ly R = Jim I(Ly PR

It follows that

ind(a) = = (I(L': R)p— I(L: R)y),

1
2
as a consequence either of Eq. (9.34) or of Eq. (9.29).

In parts (iii) and (iv) we took the cut between L and R to be at n =0, but the index
may be calculated using regions translated anywhere along the chain, which follows
from the same fact for the QCAs §;. [

The proof of Theorem 9.18 also shows that in part (iv), the two mutual information
quantities can be computed as limits of corresponding mutual information quantities
for finite intervals.

9.2.3 Properties of the index for ALPUs

In this section we will show that the index for ALPUs defined in Theorem 9.18 inherits
essentially all properties of the GNVW index for QCAs stated in Theorem 8.5.

We first use Theorem 9.16 to construct a path between any ALPU a with ind(a) =0
and the identity automorphism I, using a one-parameter family of ALPUs §[¢] for
time ¢ € [0,1], with B[0] = I and B[1] = a. The path will be strongly continuous, in the
sense that for all x € o7, 1y € [0,1],

tli_r)%lla[l‘] (x) — altol ()] = 0. (9.36)

Theorem 9.19 (Continuous deformations). If a is a one-dimensional ALPU with f (r)-
tails with ind(a) = 0, then there exists a strongly continuous path a|(t] starting at a[0] =
I and a[1] = a such that a[t] has g(r)-tails for all t, for some g(r) = O(f(Cr)) and
some universal constant C > 0. Moreover, this path may be given by a time evolution
using a time-dependent Hamiltonian H(t) evolving for unit time. For every t <1 there
exists | such that the Hamiltonian H(t) has only terms Hy on (nonoverlapping) sets X of
diameter at most 161, and it holds that | Hx ()|l = O (f (1) log(1)).
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Figure 9.3: Illustration of the construction of a[¢] in Theorem 9.19. The evolution consists
of successive evolutions by different time-independent Hamiltonians, depicted as
successive layers, with interaction terms increasing in diameter but decreasing in
strength.

The above H(t) is constructed as piecewise-constant for ¢ € [0,1). The idea of the proof
is that we continuously interpolate between consecutive QCAs f3,; as constructed in
Theorem 9.16. For large j we need to use a Hamiltonian with a correspondingly large
support to interpolate between f3,; and f3,;+1, but on the other hand f,; and §,;+1 are
locally close, so the interaction strength is small. As we increase j, we “speed up” the
interpolation, so we get to a in unit time. In particular, the Hamiltonian is piecewise
constant on time intervals that decrease in size as t goes to 1, and the support of the
Hamiltonian increases as ¢ goes to 1. This procedure is illustrated in Fig. 9.3 and leads
to the given bound on the terms Hx (f) of the Hamiltonian. For f(r) = O ((log 1Y the
norms || Hx(t)|| are uniformly bounded as ¢ — 1; more generally for f(r) = o(1) the terms
may diverge in norm as ¢ — 1, but nonetheless the path H(¢) is strongly continuous
on the interval [0, 1]. Of course, the path a(#) and associated Hamiltonian H(t) are not
unique; we just provide one particular construction.

Proof. We apply Theorem 9.16 to obtain a sequence of QCA approximations ; with

radius 2 j with error [[(a — )] | = O (f(}) [%]) as j — oo. Therefore

1B2j = Blerll < (@ = B PLosl + (@ = Ba sy | = O(F ([ FHET,

having used that f is non-increasing, and hence

1278 = Dlarc I < 1(B2j = BP sty | = OF () [T

We can therefore define QCAs
Yk = Bakn ﬁz_kl

which have at most radius Ry = 2¥*% and satisfy || (yx — Dlary |l = @(f(zk)) foronXcZ
with diam(X) < 2Ry = 2k+4 For sufficiently large k = ko, ind(f,«) = ind(a) = 0, and
hence ind(yx) = 0.

By Theorem 8.2 and Theorem 8.5, any index-0 QCA of radius R can be decomposed
as a two-layer circuit with unitaries on blocks of diameter 2R. If the QCA is e-near the
identity when restricted to intervals of size 2R, the individual unitaries in the circuit
are O (¢)-near the identity by Proposition 8.13. Therefore y; may be implemented by a
two-layer unitary circuit for k = ky. We proceed to describe this circuit as a Hamiltonian
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evolution, with a different time-independent Hamiltonian generating each layer, in the
straightforward way. To be precise, from Proposition 8.13 we obtain that

yi(x) = (ED)* (peDy* gD (k2)

where for each layer a € {1,2}

pba — H v;k,a)
n

and where the {v,(lk’“)} n are unitary gates acting on disjoint regions with a diameter

of 2Ry = 2k+4 Moreover, each gate satisfies || v,(f’“) -I=0(f (2%)). Each gate is gener-
ated by a Hamiltonian H*® = —ilog(v%®), defined using the principal logarithm, with
bounded norm || H&?| = (£ (25). Let H*® =¥, H%% denote the total Hamiltonian
generating the a-th layer. Then we can define a Hamiltonian evolution y[#] for ¢ € [0,1]
with y[0] = I, yi[1] = y:

i gk _o;HgkD

for t € [0, %] and

igk2) r_ 1y k1) _igkl) _oipp(k2) 41
,)/k[t](x):eZZH (t 2)elH (x)e iH e 2iH (t 2)

for t € (,1]. Note that the gates implementing y[¢] are all of the form (v,(lk’“))s for
2 g gY

some s € [0,1]. From this it is clear that y[f] defines a strongly continuous path and the
evolution is gentle in the sense that y[f] never strays far from I:

I(yxlt] = Dl | = G (F25).

for diam(X) < 2Ry. By construction, y[f] is a QCA with radius at most 3Ry for every
time ¢ € [0, 1].

We let aj.1 (] := yi[t] 85k, which is a strongly continuous path with a41[0] = B«
and a1 (1] = Byk+1. Forall £ €[0,1]

k1 (t] = )y Il < [1(y i = Do, M+l = By L | =0(f(2") (9.37)

(X,2k+l
for diam(X) < Ry. Moreover a1 [t] is a QCA with radius 3Ry + 2K+ < 4R;.

We defined a[t] only for k > ko. Let ay,[t] be the Hamiltonian evolution imple-
menting the index-0 QCA B,, for ¢ € [0,1], in the same way we defined y[f]. Let

oo 1 k-1 1
T = o=y — .
,é)1+k2 k ;‘)T(l+lz)

We define a[t] by gluing together the a[7], “speeding up” ay,x by a factor T(k* +1) in
order to make this a unit time evolution:

t— I

alt] = agy+k T+ D

] ifre (trs ti+1)

for t € 10,1) and a[1] = a. The construction of the path «|¢] is illustrated in Fig. 9.3.
Going through yy, + « faster by a factor T'(k*+1) is equivalent to rescaling the Hamiltonian
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by T(k? + 1), and is still strongly continuous. Hence /(] is strongly continuous for at
any t € [0,1). The strong continuity at ¢ = 1 follows from the fact that the sequence f,«
converges strongly to a. Indeed, let x € «/x for finite X. Then consider k such that
diam(X) < Ry, +k, thenwe see thatfor / = ko+k [[a 41 [s](x)—a(x)]| = @(f(zl)) for se [0,1].
Hence, ||a[f](x) — a(x)|l goes to zero as t — 1. As in the proof of Theorem 9.16 we see
that the same holds for general x € «/7. Moreover, we see that at each point in time
the Hamiltonian will have terms Hy with support of diameter 161 = 28* for some k
with | Hx[ =0 (f (25 k?) = @(f (1) log(D)).

Finally, we need to show that a[f] has uniform tail bounds for 7 € (0,1). (We already
have tail bounds at the initial and final time.) Let X < Z be an arbitrary (finite or infinite)
interval. Take some r > 4Ry, = ro. There will be some k such that 4Ry < r < 4Ry,
and there will be some [ and s € [0, 1] such that a[?] = a;.;[s]. If k = [, by construction
we have an inclusion a[t](«/x) S Apx4r) S #px,r)- On the other hand, suppose
that k < [. Write X = X; U X, where Xj is the (possibly empty set) of elements with
distance from the boundary larger than 4R;. Then a;,[s](«x,) € «/x. Moreover, since
the set X, consists of at most two intervals of size 4R; we have, using Lemma 7.7 and
(9.37) that || (@ — a4 [s])lbdx2 | = @’(f(zl)). Since a has f(r)-tails,

O(f(r)
alx,) < Apx,n
and since r < 4R; = 2!*5 we see that
G(f(n+f2h)
a+1(8](x,) c AB(X,r)
Of (%)

aalslefx,) < Apx,n.

Lemma 7.12 allows us to conclude that

Of(H)
altl(fx) = anlsl(fx) < Apxn-

Remark 9.20. If a has @(rl—lm)-tails for a > 0, then for 0 < b < a and with reproducing
function F(r) = W the Hamiltonian constructed in Theorem 9.19 satisfies the
hypotheses in Theorem 9.1 (Lieb-Robinson). However, notice that the locality estimates
you get from applying the Lieb-Robinson bounds to these bounds are weaker than the
original locality bounds on a|f].

Remark 9.21. The Hamiltonian evolution constructed in Theorem 9.19 cannot always
be approximated by a 2-local quantum circuit of constant depth. Likewise, even QCAs
of radius r may have circuit complexity exponential in r when using 2-local gates.

Remark9.22. Finally, we observe that in Theorem 9.19 if we have exponential tails, which
decay as f(r) = G(e"%"), one obtains that a[t] has @ (e~“C")-tails. This is not entirely
optimal, and for exponential tails one can slightly change the proof, by considering the
sequence f rather than ,« and correspondingly v = Bi+1 ,6;1 instead of Y = Byi+1 /32_,}
The same arguments as in the proof of Theorem 9.19 then lead to a path a[¢] where a|[1]
has G (f(r + C)) = O(e”“")-tails, which is implemented by a Hamiltonian H(¢). In this
case the Hamiltonian is such that for every ¢, there exists k such that H(¢) has only
terms Hx on (nonoverlapping) sets X of diameter at most k, with || Hx (£)|| = O (k2e=%),
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Next we discuss blending. We need a slightly weaker notion than for QCAs.

Definition 9.23. Two ALPUs a; and > in one dimension can be blended (at the origin)
if there exists an ALPU 8 on some dgN such that

lim (B — a1l I =0,
r—00

Lim 16 - a2)ls., Il = 0.
Proposition 9.24. Two ALPUs a1, a; can be blended if and only ifind(a;) = ind(a>).

Whenind(a;) =ind(a») and both ALPUs have f(r)-tails, the approximation requirement
of the blending as defined in Definition 9.23 can be refined as in (9.40) as discussed in
the proof. The blending proceeds similarly to the construction in Proposition 9.15.

Proof. First we assume a; and a; can be blended and show ind(a;) = ind(a2). Consider
a blended ALPU g as in Definition 9.23. By Theorem 9.18(ii), one may compute ind (/)
locally on either half of the blended chain. Both calculations must yield the same
index, which does not depend on where it is locally calculated. By (ii) of Theorem 9.18,
the index computed locally at the sufficiently far left must be ind(a;), and the index
computed at the far right must be ind(a»). Thus, ind(a;) = ind(a>).

Next we show that ifind(a;) = ind(a>»), then a; and a, can be blended. We assume
both ALPUs are defined on the same <7 (i.e., the local dimensions are the same) and
address the general case afterward. Both ALPUs extend to automorphisms of ,QQ’N as
in Remark 9.7. Coarse-grain the lattice until both a; and a, are e-nearest neighbour
ALPUs, with € smaller than a universal constant determined by the remainder of the
proof. Then we can apply Proposition 9.14 (if € < €;) separately to @; and a; at site n = 0.
Denote the ALPUs resulting from Proposition 9.14 as &; and &3, respectively. Then by
construction || &; — a;|| < Cy¢ for i = 1,2. Moreover by Theorem 9.18(ii), we can take €
small enough that ind(«;) = ind(&;) for i = 1,2, hence ind(&;) = ind(&>).

As usual, we write %8, = A, 2n+1; and €, = Hppp-1,2n. Then by their construc-
tion, &; for i = 1,2 both satisfy the locality properties &;(%,) € €, ® €,+1 forn=0,1,2,
as well as di_l(cgn) C Bp-1®%B, for n =1,2. Then by Theorem 8.2 and subsequent
Remark 8.3, for each i = 0,1 and n = 1,2 we can define

LY = @;(B) N6y,
R | = @i(Bn1) N n

such that
n=2"oR" (9.38)
and, forn =1,
By =a; (LM ea;t(RD). (9.39)

Following the structure theory of QCAs in Theorem 8.2, one can for each i = 1,2 find
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..........

rem 9.18, (ii) implies (if we have sufficiently coarse-grained in our initial step) that
ind(&;) =ind(B;). Recalling that ind(&;) = ind(&»), we then have ind(f;) = ind(f2), so
from Eq. (8.7) we conclude that %81) and 92(()2) have the same dimension and hence are
isomorphic finite-dimensional subalgebras of 6,. Hence there exists a unitary u € 6,
such that u%é” u* = .%"(()2).

Now we are in position to define the blended ALPU . For x € «/<; we define
as B(x) = ua;(x)u*. Welet Bl.., = G2l..,. Then

Blet<1) = (st<oURY)"
and
Pt=2) = (31(2) Udzs)”

commute by construction, so f is a well-defined injective unital *-homomorphism.
Moreover 6, = 21(2) ® %82) from (9.38), so B is surjective, hence a well-defined ALPU. By
construction of &; and @ using Proposition 9.14, for r — oo,

1B—ale, ,II=0O(f(r—1)),

(9.40)
1(B—a2)ler, sl =O(f(r=7).

Above we assumed both a; and a, were defined on the same <7 (i.e., that both chains
use algebras <, of the same dimensions). If a; and a, have different local dimensions,
then in the region where we blend them above, we can first pad them with extra tensor
factors so that they have identical local dimensions within that region. |

The following theorem extends all properties in Theorem 8.5 for QCAs to ALPUs, re-
placing the role of circuits by Hamiltonian evolutions, and allowing strongly continuous
paths through the space of ALPUs with uniform tail bounds.

Theorem 9.25 (Properties of index for ALPUs). Suppose a and  are ALPUs in one
dimension. Then:

(i) ind(a ® B) =ind(a) +ind(f).
(ii) If a and B are defined on the same algebra, ind(a ) = ind(a) +ind(f).
(iii) The following are equivalent:

(a) ind(a) =ind(f).
(b) a and B may be blended.

the action of §; on the remainder of /7 as follows. We focus on defining ; for «/<_;; the definition for
o/~ is directly analogous. An easy argument shows that féi) 1= a;(%By) N6 is a factor and moreover
Eq. (9.39) also holds for n = 0. Then Eq. (9.38) will also hold for n = 0 if we define %(_li alternatively as the
complementary factor to ffom C %). For each n < —1, choose an arbitrary factorization 6,, = 3,? )® QZEZ’)_I
with ffr(li) = 31(” and %(n’)_l = c%(_’i = %éi) = %g” (using that, by assumption, all local dimensions are the
same). For each n < -1, choose an arbitrary factorization %,, = iﬂ’,(,i) ® @(,f) into factors isomorphic to
those used for %, in Eq. (9.39) for n = 1. Then we have Zy(f) = ff,(li) and Q%) = ;%%), so we can define ;
to act as ﬁi(,@,(,i)) = e%,(,i) and ﬁi(@(n")) = 92(,5) for n < —1. This completes the definition of §; for «/<_;.
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(c) There exists an index-0 ALPU y such that a = (y.

(d) Thereexists g(r) = o(1) and a strongly continuous path «[t] through the space
of ALPUs with g(r)-tails such that «[0] = a and a[1] = .

In (d), if a and B have f(r)-tails, we may take g(r) = O(f(Cr)) for a universal
constant C. If they have O (e~ “")-tails, we may take g(r) = O(e"*"). In general,
the path in (d) may be implemented by composing a (or ) with a Hamiltonian
evolution with time-dependent Hamiltonian H(t), with interactions bounded as
in Theorem 9.19 and Remark 9.22.

In (c), if @ and B do not have the same local dimensions, the statement only holds after
separately tensoring @ and  with appropriate identity automorphisms, such that a
and f then have the same local dimensions. The analogous modification is needed
for (d).

Proof. 1f a and p are ALPUs with approximating sequences a, and f3,, as in Theo-
rems 9.16 and 9.18, then a, ® §,, and a»,f, approximate a ® f and af respectively.
Then (i) and (ii) follow from the corresponding property for QCAs (Theorem 8.5). For (iii)
the equivalence (a) < (b) is stated by Proposition 9.24. The equivalence (a) < (c) fol-
lows from ind(ﬁa‘l) = ind(B) —ind(a), using property (ii). The implication (a) = (d)
follows from Theorem 9.19 applied to Ba~!. The comment about exponential tails
follows from the remark after Theorem 9.19. Next we show (d) = (a), i.e. that the index
must remain constant along a strongly continuous path. Because all ALPUs in the path
are assumed to have g(r)-tails for some fixed g(r), by Theorem 9.18(ii) there exists a
finite interval X such that any two ALPUs y and y’ with ||(y —y')|, || sufficiently small
must have ind(y) = ind(y’). By the strong continuity (9.36) of the path, the index must
then be constant along the path. [

In the terminology of [Has13], Theorem 9.25 shows that an (A)LPU is an LGU (locally
generated unitary) if and only if it has index zero. We can also interpret Theorem 9.25
as a converse to the Lieb-Robinson bounds in one dimension. Again, recall that Lieb-
Robinson bounds demonstrate that local Hamiltonian evolution exhibits an approx-
imate causal cone, quantified by the bound. Conversely, we ask whether evolutions
that satisfy Lieb-Robinson-type bounds (i.e. ALPUs) can be generated by some time-
dependent Hamiltonian. We find the following converse, emphasized below.

Corollary 9.26 (Converse to Lieb-Robinson bounds). Suppose « is an ALPU in one
dimension with f(r)-tails. If (and only if) ind(a) = 0, @ can be implemented by a
strongly continuous path a|t] generated by some time-dependent Hamiltonian H(t),
such that a[0] = I, a[1] = a, and a(t] has g(r)-tails for all t, for some g(r) = o(1). Ifa
has f(r)-tails, we may take g(r) = G(f(Cr)) for a universal constant C. If the ALPU «
has O (e~ *")-tails, we may take g(r) = O(e"*"). The Hamiltonian H(t) can be taken to
have interactions bounded as in Theorem 9.19 and Remark 9.22.

More generally, every ALPU in one dimension is a composition of a shift and a Hamil-
tonian evolution as above.

Proof. The equivalence follows immediately from (iii) in Theorem 9.25. The final state-
ment follows by letting o be a shift with ind(¢) = ind(a), then ind(ao™!) = 0 by (ii) in
Theorem 9.25 so there exists a Hamiltonian evolution y such that y = ao~! and hence
we have a =yo. [
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The use of time-dependent rather than time-independent Hamiltonians is necessary,
as [ZFFM20] shows that there exist QCAs with index 0 that cannot be implemented by
any time-independent local Hamiltonian.

9.2.4 Finite chains

We developed the above structure theory of ALPUs on the infinite one-dimensional
lattice. The statements are easily be adapted to the case of a finite one-dimensional
chain with non-periodic (“open”) boundary conditions. The statements as well as the
proofs essentially hold unchanged, but we make some clarifying remarks. In summary,
the theorems only become nontrivial when the length |I'| of the chain is taken larger than
some finite threshold, but this threshold depends only on the tails and local dimensions
of the ALPU. Meanwhile, the index is always zero.

We work with the algebra </, where I' is now a finite interval I' c Z. By non-periodic
boundary conditions, we mean that I is considered as an interval rather than a circle,
i.e. I' inherits the metric from Z, and the sites at either end of the interval are not
considered neighbours. We again consider ALPUs on </ with f(r) tails, where f(r) is
only meaningful for r < |I'|. In our arguments, </, becomes the finite-dimensional
algebra corresponding to all sites left of n + 1, and so on.

With this modification, Lemma 9.11 holds as stated, and the proof is identical.
Importantly, all unspecified constants appearing as @(-) in e.g. (9.11) are independent
of the chain length |T|.

We then arrive at Theorem 9.16 for finite one-dimensional lattices, describing QCA
approximations to ALPUs. Given ALPU a with f(r) tails, the theorem describes an
increasing sequence of QCA approximations §; of radius j. For finite I', we restrict
attention to j < |I'|, so that the notion of a QCA of radius j remains meaningful. Re-
call the QCA approximations §; were only guaranteed to have the listed properties in
Theorem 9.18 for j > jy, with jy chosen such that f(jy) is smaller than some universal
constant independent of |I'|. Then we only need |I'| > j, for Theorem 9.18 to yield non-
trivial QCA approximations, and this threshold size is determined only by the tails f(r).
Finally, the assumption f(r) = 0(%) used for the latter claims of Theorem 9.18 may
expressed more explicitly as the assumption that f(jo) jo is smaller than some constant
depending only on the local dimensions d;, of o/-. This assumption then increases
the minimum length |I'| for the theorem to become nontrivial, but with the minimum
depending only on the tails and local dimensions, rather the details of a.

While Theorem 9.18 holds as written for finite T, it also reduces to a special case:
the index is always zero. Calculating the index as the entropy difference in (8.13), we
see the entropies correspond to complementary regions of a pure state, yielding zero.
In fact, the trivial index was inevitable. On the infinite lattice, ALPUs with nonzero
index implement shifts, and these shifts have no analog on the finite interval with
non-periodic boundary conditions.

We can therefore apply Theorem 9.19 about Hamiltonian evolutions to every ALPU
on finite I' = Z. As above, the theorem becomes nontrivial lattices of a certain size, using
the same threshold discussed above. We then obtain a local Hamiltonian evolution
generating the ALPU, with locality as specified by Theorem 9.19.

While finite chains with non-periodic boundary conditions descend as a special
case from the infinite lattice, the case of periodic boundary conditions (i.e. I' inherits the
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metric of a circle) appears more difficult. Many of the tools we develop appear useful
there, but the key Lemma 9.11 has no obvious analog. Therefore we cannot offer a
rigorous index theory of ALPUs on finite chains with periodic boundary conditions. The
question is nonetheless important, and perhaps crucial for a generalization to higher
dimensions. We leave the question to future work.

9.2.5 Translations cannot be implemented by local Hamiltonians

In this section, we discuss how our result answers the following natural question: do
local ‘momentum densities’ on the one-dimensional lattice exist? In quantum many-
body systems, local conserved quantities dramatically influence dynamics. For instance,
under local Hamiltonian evolution, energy itself is a local conserved quantity, and after
the system has locally equilibrated, the dynamics are often governed by energy diffusion.
More generally, when a system admits more local conserved quantities in addition
to energy, the near-equilibrium dynamics are often governed by the hydrodynamics
of these quantities [LMMR14, DNBD19, BMEK17]. For translation-invariant systems,
one expects momentum is also a local conserved quantity. For instance, in scalar
quantum field theory, the i’th component of the total momentum operator may be
expressed as Pl = f 7m(x)0;¢(x)dx which is manifestly local, with local momentum
density m(x)0;¢p(x).

The long-wavelength, low-energy regime of a lattice system like a spin chain is often
described by a field theory, and a local momentum density is well-defined under this
approximation. However, we might also ask for a local momentum operator P =}, px
on the spin chain that generates translations, yielding U = e’? as the one-site translation
operator. If P were constructed with local terms p,, and if P commuted with some
translation-invariant Hamiltonian, this exactly conserved momentum density might
play an important role in dynamics.

The existence of such alocal P is precisely the question of whether the shift QCA can
be generated by a local “Hamiltonian,” referring now to P as a Hamiltonian. We show
such a local Hamiltonian cannot exist. In particular, on the infinite one-dimensional
chain, it is impossible to implement the translation operator by time evolution us-
ing any time-dependent Hamiltonian satisfying Lieb-Robinson bounds, if the Lieb-
Robinson bounds lead to an ALPU with o(1)-tails. This follows immediately from
Theorem 9.25(iii) (d). For instance, we have:

Corollary 9.27 (No-go for local momentum densities). If P is a local Hamiltonian

P=) Py

X<z

on an infinite one-dimensional spin chain which has decaying interactions such that for
allnez,

Y IIPx]l = 6 (diam(x)~*?)

X<z
s.t.neX

for some e >0, then e'?

by one site.

cannot be the unitary lattice translation operator that translates
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Recall our notation that e.g. Px is a term local to region X c Z on the lattice Z. The
no-go result is also robust: Theorem 9.18 constrains how well e’” can approximate
the translation operator locally. (Note that while [GNVW12] already demonstrated that
finite-depth circuits cannot achieve translations, their statements about circuits cannot
be easily re-cast as claims about Hamiltonian evolution, at least not without further
robustness results such as those developed here.)

Given that the translation operator cannot be generated by a finite-depth circuits,
our analogous for claim for sufficiently local Hamiltonians might seem in intuitive.
However the claim is not obvious, as demonstrated by the following example: if we allow
evolution generated by Hamiltonians with %—decaying interaction terms (which then
violate Lieb-Robinson bounds), we can implement a translation. The example involves
a chain of qubits; we only sketch the construction but the details are easily verified. A
Jordan-Wigner transformation maps the chain of qubits to a chain of fermions (or for-
mally, it maps the quasi-local algebra to the CAR-algebra). Let CE and ¢, be the fermionic
creation and annihilation operators at site n € Z. The Jordan-Wigner transform of the
translation automorphism T is again the translation automorphism, T'(c;) = ¢;-1. Tak-
ing a Fourier transform we see that

T(Cr) = eikék
Hence time evolution for time ¢ = 1 using Hamiltonian

T
H=| kéleedk

=7

implements T. In real space

n,me”Z

where the coefficients &, (of which the precise form is not important) have magnitude %
Of course, we can also take the inverse Jordan-Wigner transform of this Hamiltonian to
obtain a Hamiltonian on the spin chain

H= Z hyn—m0 nm
n,m

where 0, ,,, is a Pauli operator supported on sites min{n, m}, ..., max{n, m}. In this way
we can construct a Hamiltonian nof satisfying Lieb-Robinson bounds which does imple-
ment 7. This shows that our demand that the ALPUs have o(1)-tails in our construction
of the index is not arbitrary; the classification by index collapses once we allow evo-
lutions such as those generated by H above with %-decaying interactions. In fact, by
Theorem 9.25 we conclude that e~*F cannot have o(1)-tails.

For the case of a single-particle Hamiltonian (i.e. a quantum walk), the obstruction
to generating the translation operator with a local Hamiltonian hinges on the non-trivial
winding of the dispersion relation [GNVW12]. It has been observed that for quadratic
fermion Hamiltonians, every such Hamiltonian that implements the translation opera-
tor will need to have a discontinuity in its dispersion relation (in our example at k = +)
and hence at least %—tails in real space [ZFFM20, WW20]. These single-particle and free
fermion results do not permit obvious generalization to the broader many-body case;
our results allow us to draw conclusions for all local many-body Hamiltonians satisfying
Lieb-Robinson bounds.
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Discussion and open questions

In this chapter we have defined and studied the index for approximately locality-
preserving unitaries (ALPUs) on spin chains. Various open questions remain, and
at this point we will speculate on a few of these.

(i)

(ii)

(iii)

(iv)

)

Our results are restricted to the infinitely extended chain, or an open finite chain
as in Section 9.2.4. One could also investigate what happens with a finite periodic
chain with an e-nearest neighbour automorphism for small . It appears that our
proof technique relies on the fact that the chain is infinite (or open), so probably
a different strategy is needed for finite periodic chains.

An obvious question of interest is the generalization to higher dimensions. The
index theory generalizes to higher dimensions, but is not known to provide a
complete classification in dimensions larger than two [FH20] as discussed in
Section 6.1. Although the classification is less well understood, one could still
hope that for any ALPU «a there exists a sequence of QCAs « ;j approximating a
as in Theorem 9.16. Our constructions of approximating QCAs for an ALPU
rely rather heavily on the structure theory (i.e., the GNVW index theory) of one-
dimensional QCAs. Hence, it is not immediately clear how to generalize to higher
dimensions. In fact, we have not even given a definition of what an ALPU is in
higher dimensions, where some choices exist. For two-dimensional QCAs the
notion of a boundary algebra allows one to classify all two-dimensional QCAs (in
which any QCA is a composition of a circuit and a generalized shift). Potentially,
this structure theory, as developed in [FH20, Haa21] can be used in a similar
fashion to construct the a ;. This could involve proving stability results for the
notion of a “visibly simple algebra” as introduced in [FH20]. A direct physical
application of this would be a rigorous understanding of the index discussed in
Section 6.2.1.

A basic open question is a generalization of Proposition 8.13, that is, to show that
it is also true in spatial dimension greater than one that if a is a QCA which is
sufficiently close to the identity, it is a circuit.

Another direction to generalize in is to channels which preserve locality but which
are not unitary (i.e. an automorphism), see [PC20] for definitions and a recent
discussion. In other words, what happens if the dynamics is slightly noisy? Is the
index robust under small amounts of noise? One could hope to show that any
locality preserving channel which is almost unitary can be approximated by a
QCA.

There is also a notion of fermionic QCAs, with a corresponding GNVW index. It
should be possible to use similar arguments to extend the index to fermionic
ALPUs.

Some of these open questions are closely related. For instance, it is easy to see that
for any ALPU one can approximate by a strictly locality preserving channel (which is
then not necessarily unitary). Thus, a solution for Item (iv) immediately provides a
solution for approximating ALPUs by QCAs and could also be helpful for (i). Secondly, a
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natural approach to two-dimensional systems could be a localizing in a radial direction,
and approximation results for the periodic chain could be useful here. A final comment
is that one method to show that on a finite chain e-nearest neighbour automorphisms
are close to QCAs would be by adapting the proof of Theorem 8.2. For this, consider an
automorphism a, then, in the notation of Theorem 8.2, one could define a quantum
channel

D:%B, — 6y, D (x) = kg, (a(x))

and let ¥ = ®'® where @' is the adjoint channel of ®. If @ were a nearest neighbour
QCA, by the proof of Theorem 8.2 we would find that W is a conditional expectation onto
the subalgebra Z,,. On the other hand, if a is an e-nearest neighbour automorphism
we find that WV is a unital channel which is almost idempotent. It is a known fact that
unital idempotent channels are always equivalent to a conditional expectation onto a
subalgebra, so if we were able to show that W is actually close to a strictly idempotent
unital channel we could use this to establish, as in Theorem 8.2, a factorization result
and construct a nearby strict QCA. Thus, in this approach the challenge would be
to extend stability results and show that if a unital channel ¥ is almost idempotent
(which means that | W?(x) — ¥ (x)|| < €]l x|]), this implies that there exists a nearby unital
idempotent channel ¥ with [P (x) =P (x0)| < f@llx| for some function f. This could
also provide alternative proofs for the results in this chapter which would not rely on
infinite dimensional algebras.
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CHAPTER 10

Introduction to quantum information in
quantum gravity

Since the discovery of the AdS/CFT correspondence and holography there has been
a fruitful interaction between quantum gravity and quantum information. In this part of
the dissertation we contribute to this interaction. We start by giving a brief introduction
to the role of quantum information theory in quantum gravity. One of the basic results
is the computation of CFT entanglement entropies by areas of minimal surfaces. In
Chapter 11 we introduce a basic tool for computing entropies in quantum field theories
and in holography: the replica trick. We review recent work which computes the entan-
glement entropy in situations where there are multiple relevant minimal surfaces. The
material in the current introduction and in Chapter 11 gives a very brisk review of holo-
graphic quantum gravity and the computation of entropies and is not mathematically
rigorous, but serves to explain the relevance of the precise computations in Chapter 12,
Chapter 13 and Chapter 14. The results and exposition follow based on [CPWW].

In Chapter 12 we introduce the toy model we will study in this part of the dissertation:
random tensor network states. We explain how a similar replica trick can be used to
compute entanglement entropies for this model as well. We introduce a generalization
of the random tensor network model, allowing arbitrary link states, which we will see
reproduces holographic theories more realistically.

Our main contributions can be found in Chapter 13 and Chapter 14, where we
show that random tensor network states reproduce the entropy computations reviewed
in Chapter 11. In this case we can make these computations completely rigorous.
The methods are related to the theory of free probability and to one-shot quantum
information theory.

10.1 The black hole information paradox

Black holes provide one of the main motivations for studying quantum gravity. What
happens to an object when it disappears into a black hole? In classical general relativity
one can more or less avoid answering this question, since the object can never be
retrieved from the black hole. A famous calculation by Hawking shows that an analysis
of quantum field theory near the black hole horizon implies that the black hole is a
radiating object (sending out Hawking radiation) at some nonzero temperature [Haw75].
This calculation can be performed without knowledge of a complete theory of quantum
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gravity, since the gravitational force at the black hole horizon is still sufficiently weak
to treat semiclassically. Mysteriously, this radiation appears to be completely thermal,
in the sense that it contains no information about what has formed the black hole. By
emitting Hawking radiation the black hole loses mass, and in the end the black hole will
completely evaporate. This poses serious conceptual difficulties. If one believes that
any quantum theory of a closed system must be unitary (that is, reversible), this is in
conflict with black hole evaporation as described above: the process of matter falling
into the black hole, and returning as Hawking radiation, appears to be irreversible, and
there seems to be a loss of information. This forms the basis for what is known as the
black hole information paradox. Another perspective on information in the process
of black hole evaporation is the Page curve. This is the conjectured development of
the entanglement entropy between the emitted radiation and the black hole interior.
Initially, while the black hole is emitting Hawking radiation, as this radiation is purely
thermal (so one can roughly think of the state of the radiation as maximally mixed), the
entanglement entropy increases (and one can think of the radiation as being maximally
entangled with the black hole interior). However, if we have unitary evolution, after
evaporation of the black hole the entanglement entropy must be zero, so if one assumes
unitarity there will be a point at which the entanglement entropy between the black
hole and the radiation starts to decrease. The point at which this happens is essentially
when the number of degrees of freedom of the radiation system becomes larger than
the number of degrees of freedom in the black hole interior, see Fig. 10.1a. At this point,
we generally still do not need a theory of quantum gravity near the black hole horizon,
which is still sufficiently far from the singularity for semiclassical quantum gravity to
apply; this makes the expected decrease of entropy puzzling. A sharp version of the
black hole information paradox was formulated as the AMPS paradox in [AMPS13].
The black hole information paradox has been the starting point for a large body of
research on widely differing potential resolutions [Pre92, HM04, HP07, ST08, AMPS13,
HH13, PR13, PR14]. See [Har16] for a review of quantum information and black hole
physics, and quantitative statements of the black hole information paradox. Below we
will discuss one specific approach based on insights from holographic quantum gravity.

An important insight is that the entropy of a black hole is proportional to the area of
its horizon. To be precise, the thermodynamic entropy is give, in ¢ = /i = 1 units, by

A
Hpgy=—— (10.1)
4Gy

where A is the area of the black hole horizon. Initially, this expression for the entropy was
based on analogies to thermodynamics and from the computation of the temperature
of the Hawking radiation. Later, it was also shown that if one counts the number of mi-
crostates corresponding to a black hole in certain string theories one recovers Eq. (10.1)
[SV96], providing strong evidence that Eq. (10.1) can really be seen as the number of
microstates corresponding to a macroscopic black hole of a prescribed area.

10.1.1 Random unitary model for black hole evaporation

To make sense of the black hole information paradox we will consider very basic toy
models for black hole evaporation which show qualitatively similar behavior based on
random unitaries [Pag93b, HP07]. We start with a toy model which reproduces the Page
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Hgu R
logdp
[ v
H(R) E A
— 1
(a) A sketch of the Page curve. (b) A random unitary model which reproduces the Page

curve, and the set-up for an old black hole in the
Hayden-Preskill model.

Figure 10.1: The entanglement entropy of a radiating black hole develops along the Page curve:
initially, the entanglement entropy of the black hole equals the number of radiation
qubits log dp, but at some point the total number of degrees of freedom of the black
hole, given by Eq. (10.1) is smaller, and gives an upper bound on the entanglement
entropy.

curve. If we assume unitary time evolution, and we assume that the emitted Hawking
radiation is approximately maximally mixed, then during the evaporation process the
entanglement entropy between the radiation and the black hole interior has to grow
linearly. However, during the evaporation process, the black hole shrinks, and therefore
the total entropy of the black hole (which is proportional to its horizon area) decreases.
At some point (the Page time), the black hole entropy will be smaller than the linearly
increasing entropy of the radiation system. This is an upper bound on the entanglement
entropy as well (as it is an upper bound on the system size). The Page curve is the
conjecture that the actual entanglement entropy between the radiation and the black
hole interior is given by the maximal possible entanglement entropy: it is the minimum
between the (increasing) size of the radiation entropy and the (decreasing) size of the
black hole entropy.

A very basic model reproducing this behavior is the following. Let B be a finite-
dimensional quantum system with Hilbert space .#p of dimension dp and consider a
fixed initial state |0). Then we ‘model’ the black hole evaporation process by applying a
Haar-random unitary U to the initial state, and splitting up the system B = B'R, where R
is a system of dimension dg, representing the emitted radiation and B’ is a system of
dimension dp representing the remainder of the black hole. The result is a Haar-
random state |y) = U |0) (corresponding to a uniformly random unit vector in .#3), see
Fig. 10.1b. It is a well-known result that such a state has, with high probability, almost
maximal entanglement [Pag93a, HLW06]. That is, with high probability

H(R)y ~ min{logdpg,logdp} (10.2)

which corresponds to the Page curve: the entropy grows linearly with the number of
quanta of Hawking radiation which are emitted, up to the point where the black hole
entropy is too small.

Let us also consider a slightly more elaborate model, proposed by [HP07]. Here
we investigate the following question: suppose we have an already existing black hole,
and we throw in some object, when can we recover the object from the radiation? First
we must explain what we mean by Tecovering. Suppose we have an observer Alice,
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who has a quantum system system A of dimension d4. We let |¢}, .) be a maximally
entangled state between Alice and a reference system E of the same dimension. Then,
after disposing the A system into the black hole, and collecting radiation R, we say
that we can recover A if R is again maximally entangled with E. This is a standard
notion of recoverability in quantum information theory. It implies that we can now
apply a channel to the radiation to get back the original state ¢ 4, which would recover
any initial state of the A system, preserving correlations with a reference system E An
approximately maximally entangled state suffices for approximate recovery. Let us
apply this to set up a toy model for black hole evaporation. Let B denote the system
of the original black hole. We consider two different scenarios. The first scenario is
where we have a ‘young’ black hole; in this case the B system is initially in a state |0).
The second situation models an ‘old’ black hole, where we have already collected a
large amount of Hawking radiation in a system F, which we assume to be maximally
entangled with B, see Fig. 10.1b. So, the initial state is given by [¢, .) ® |0p) for a young
black hole or I(/)j[‘ 2 ® I(,bg 7 for an old black hole. Then one can show, using decoupling
techniques from quantum information theory that for a young black hole, and has
to wait until just after the Page time before you can (with high probability) recover A.
On the other hand, for an old black hole, one can recover A from the total radiation
system RF almost immediately after A falls into the black hole! That is, one only needs
O (1) qubits of radiation R to recover. For this reason, [HP07] called old black holes
‘information mirrors’.

We may say that after the Page time the black hole interior is partially encoded in the
radiation system. This conflicts with usual notions of locality for quantum field theory.
However, the actual process of recovery can be very complicated; in fact, this may be so
complicated that for all practical purposes recovery is not possible. See [HH13, KTP20]
for arguments that the decoding process (after the Page time) may have exponential
complexity, and that for this reason observers with polynomial computational resources
will not be able to observe potential breakdowns of locality.

While clearly a very crude model, we would like to comment on why using random
unitaries makes sense as a toy model for a black hole. It has been argued that black
holes should have highly chaotic dynamics [SS08, SS14, MSS16]. The intuition for this
is roughly as follows: if matter falls into a stationary black hole, there is a perturbation
of the black hole which is damped exponentially. After a very short time, the black hole
is again in a stationary state, and the black hole has equilibrated. This fast equilibration
should mean that the black hole is highly chaotic (in some sense, maximally chaotic,
as argued in [MSS16]), and the scrambling time of the black hole as a quantum system
should correspond to the equilibration time as computed gravitationally. For times
longer than the scrambling time we can therefore model the black hole dynamics by
arandom unitary, as chaotic quantum dynamics behave similar to random dynamics,
and one can actually use random matrix theory to understand black hole dynamics
[CGAH"17].

The random unitary toy models should be seen as an indication of what will happen
to quantum information provided we assume the black hole dynamics are unitary. They
do not provide sufficient detail to ‘solve’ the black hole information paradox: they do not
propose a mechanism to correct the entropy computations for the Hawking radiation.
In this dissertation we will study a more sophisticated random matrix theory model for
quantum gravity, and we will make extensive use of similar decoupling results. We will
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investigate what happens in this model at the Page transition, where logdr =~ logdp
in Eq. (10.2). We will do so in the context of holographic quantum gravity.

10.2 Quantum information in holography

More than twenty years after its discovery, the AdS/CFT correspondence [Mal99] re-
mains arguably the only known example of a theory of quantum gravity; indeed it is
unique in being a nonperturbatively defined theory for which we have strong evidence
for the existence of a semiclassical limit consisting of Einstein gravity coupled to quan-
tum field theory. Holography states that there is an equivalence between two theories:
on the one hand a quantum gravity theory on a asymptotically Ant-de Sitter space (the
bulk), and on the other hand a conformal field theory on its conformal boundary. This
phenomenon is also known as holography [Hoo093, Sus95] and is inspired by the fact
that the black hole entropy scales with the area as we saw in Eq. (10.1). The strongest
statement of the AdS/CFT correspondence is the conjecture that there is an equiva-
lence of partition functions. Suppose that there exist bulk fields ¢ (amongst which the
gravitational metric), then we let

Znaslpol = f Depe5rds(@)

Plarv=do

be the path integral over the bulk fields, where Spgs(¢) is the (quantum) gravity action,
and we have set boundary conditions at the conformal boundary 0M. On the other
hand, we may consider the CFT partition function

Zcrr ol :fDl[/e_SCFT(W)_faM%(x)O(x)

where we perform the path integral over the CFT fields, and we have added opera-
tors O using the (classical) fields ¢y as sources. Then one statement of the AdS/CFT
correspondence is that these partition functions coincide:

Zaaslpol = Zcrr o).

This allows one to relate various quantities in the gravitational and CFT theories, a
correspondence known as the AdS/CFT dictionary. Known examples of holographic
duality are typically such that the bulk theory is a string theory and the boundary theory
is a supersymmetric model. The boundary CFT has a central charge c, which effectively
counts the number of degrees of freedom of the theory. For example, for the most well-
known example of A" = 4 supersymmetric Yang-Mills theory with SU (V) gauge fields,
which is dual to a type IIB string theory, we have ¢ = N2. It turns out that correspond-
ingly on the gravitational side Gy ~ ¢!. This means that weakly interacting gravity
corresponds to large c, or large N. In this limit we may approximate the gravitational
path integral

Zaaslpol ~e™ 19 4. (10.3)

by its saddle point, corresponding to the classical solution ¢ of the gravitational equa-
tions of motion with boundary conditions ¢y, and where I(¢) is the action of the classical
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limit of the gravitational theory (for instance, this is a supergravity action in the case of
type IIB string theory). The vacuum state of the CFT is dual to empty AdS space. As we
turn on sources in the boundary, we find states which are dual to other semiclassical
geometries. Below we will assume that we are in the semiclassical regime (with ¢ > 1)
and we consider states p in the CFT which are dual to semiclassical geometries in the
bulk.

10.2.1 Computing entropies

A crucial feature of the AdS/CFT correspondence is that the emergence of a (classical)
space-time is closely related to the entanglement structure of the boundary theory.
One of the ways to see this is by computing entanglement entropies for the boundary
theory. An extensive introduction to entanglement entropies in holography can be
found in [RT17]. We first consider the case where we have a (pure) CFT state p which
is dual to a static space-time (so the space-time looks like R x X for some fixed spatial
manifold Z). We then consider the boundary CFT on the conformal boundary 0%, and
we let A be a subregion. What is the entanglement entropy H(p4)? At this point we
comment that strictly speaking it is not very clear what the reduced density matrix’ p 4
should be: in a quantum field theory we do not have a factorization of Hilbert spaces
with respect to a spatial region and its complement. Also, the entropy of the A-system
will be infinite. We implicitly place a UV cut-off on the theory and throughout this
chapter and Chapter 11 pretend that we have finite dimensional Hilbert spaces, a useful
and not too harmful fiction.

To give a prescription for H(p 4), consider the set C(A) of all co-dimension 1 sur-
faces y 4 in Z which are homologous to A4; in particular this means that 0y 4 = d A. Then,
the Ryu-Takayanagi (RT) formula [RT06a, LM 13] states that

H(pa) = min M+@’(1) (10.4)

y4€C(A) 4G N

where |y 4l is the area of the surface y 4, and the corrections are of constant order with
respect to Gy. The expression in Eq. (10.4) has suppressed the dependence on the cut-
off. Formally, both H(p 4) and |y 4| are infinite, and we regulated p 4 by a UV cut-off, and
we may similarly regulate the area of the surface by cutting off y 4 some distance from the
boundary. This can be done such that the regulated expressions match. The RT formula
is strongly reminiscent of the area formula for the black hole entropy in Eq. (10.1).

Various generalizations exist. One can allow for non-stationary space-times; in this
case, we consider a subsystem A of a spatial slice of the boundary, and we consider
the set X(A) of all co-dimension 2 surfaces y 4 which are homologous to A (but now
not restricted to a fixed spatial slice) and which are an extremal point of the area func-
tional. Then the Hubeny-Rangamani-Takayanagi (HRT) formula [HRT07] extends the
RT-formula by expressing the entropy as

H(ps) = min M+@’(1). (10.5)

Ya€X(A) 4GN
Another possibility is to allow the bulk space to have ‘entropy’ itself, for instance in the
form of matter or a black hole, in which case the dual boundary state need not be pure.
For this, given an extremal surface y 4 on a spatial slice, let I'4 be the bulk region region
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enclosed by y 4 and A. This is known as the entanglement wedge. We denote by Sy (I"4)
the entropy of the bulk state reduced to I' 4. It has been conjectured [EW15] that we can
now compute the entropy of p 4 by the quantum extremal surface formula:

) 1y al }
H = —+ S T +0(1). 10.6
(pa) . j?;l(?m{ 4G bulk (' 4) (1) (10.6)

Given y 4, let Hors(y 4) = % + Spuik (I' 4) The quantum extremal surface formula is highly
relevant for the black hole information paradox, as was shown in [Pen20, AEMM19]. To
see this, consider a state p which is dual to a black hole. We collect the Hawking radiation
R at the boundary system, and we would like to reproduce the Page curve by computing
the entropy of the radiation H(pr). One can show that there are two potential quantum
extremal surfaces [Pen20]. One candidate is the empty surface. In this case I'4 is the
complete spatial slice, and Hqgs(y 4) equals the entropy of the black hole, which equals
the entropy of the Hawking radiation collected and grows linearly. The other option
is a surface y 4 just inside the black hole horizon. For this surface, Hggs(y 4) is given
by (approximately) the black hole horizon area. Taking the minimum of these two
options we indeed find the Page curve. This idea has lead to a better understanding of
the black hole information paradox. In this derivation, the assumption in the paradox
which is broken is a locality assumption: after the Page time the black hole interior
is partially encoded in the radiation. Here, the derivation of the Page curve relies
on Eq. (10.6), which is still of a conjectural nature. However, Eq. (10.6) can be verified
in certain restricted situations [PSSY19, AHM"20], and is closely related to so-called
replica wormholes (which we will discuss in Chapter 11). The surprising feature of
this approach to the black hole information paradox is that is that the encoding of the
black hole interior in the radiation can be realized with an essentially semiclassical
computation. A review of these recent developments can be found in [AHM*21].

An interesting subtlety in the quantum extremal surface formula is the precise
conditions that p has to satisfy. We demanded that p should be dual to a classical
geometry (in order for the notion of a minimal surface to make sense). However, if
the Spu(I'4) term becomes relevant in the minimization problem we also need the
bulk matter to be sufficiently well-behaved, as was pointed out in [AP20], where the
application of one-shot quantum information theory was introduced to understand the
conditions under which the quantum extremal surface is valid.

10.2.2 Recovery and entanglement wedge reconstruction

An extension of the entropy computations by means of minimal surfaces is subregion-
subregion duality, or entanglement wedge reconstruction. Informally speaking, this
states that the reduced state p 4 on a boundary subsystem A is dual to the entanglement
wedge I'4, which is the bulk region bounded by A and the minimal surface y 4 for A.
What does it mean for I'4 to be ‘dual’ to p4? The idea is that if we act with a local
operator in I' 4, this is equivalent to acting with a local operator on A. However, we
should be careful: if we act with an operator which actually deforms the geometry, or
creates a superposition of different geometries this becomes ambiguous. For this reason
we consider a code subspace S of bulk states, which all have the same bulk geometry;,
with some low-energy excitations. Then, each of these states is dual to a boundary
state. As in our discussion of the black hole information paradox, let ¢sg be a maximally
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entangled state between the code subspace S and a reference system E. Then, the
state ¢ is dual to a state p which is a maximally entangled state between E and the
boundary, from which we can completely recover the bulk state ¢sg. If we restrict to a
boundary subsystem A, so we have the reduced state p 4r, what can we still recover? The
answer turns out to be ¢r , g, the reduced bulk state on the entanglement wedge. This
can be framed in the language of error correcting codes: we have quantum information
encoded in the bulk theory, and the information which is encoded in the entanglement
wedge I'4 is protected against erasure error on the complement of A. See [CHP*19] for
an information-theoretic perspective on entanglement wedge reconstruction. A good
introduction, with an emphasis on the relation to notions on locality in the bulk, can be
found in [Har18]. Finally we comment that for entanglement wedge reconstruction the
role of one-shot information theory has also been investigated in [AP20, AP22].

10.2.3 Holography from random tensor networks

A careful study of quantum information principles in holography is complicated by the
fact that one has to deal with complicated strongly interacting field theories. It has been
useful to construct toy models which are not themselves realistic models of quantum
gravity, but nevertheless capture certain structural aspects of holography. One of the
most powerful such models are random tensor network states, which are the topic of this
part of the dissertation. Random tensors and tensor networks also arise in a number
of other fields of physics, including quantum information, where they have been used
to explore generic entanglement properties of quantum states [HLW06, CNZ10, Aub12,
ASY12, AN12, CGGPG13, CNZ13, CN16, AS17, Has17, NW20, WW21a, MB21, LPG21]
and condensed matter physics, e.g. in the study of random circuits and measurements
[VPYL19, LPWV20, NRSR21, MVS21, YLFC21, LC21, LVFL21].

A random tensor network can be seen as a PEPS state where the choice of tensors
is random. The most basic version of a random tensor network is characterized by a
choice of bond dimension D and a graph G = (V, E), where the vertices V =V, LI V3 of G
are partitioned into “bulk” vertices V}, and “boundary” vertices Vj. To each edge e € E,
we associate a maximally entangled state

1 D
— i) (10.7)
D
i=1

on two D-dimensional Hilbert spaces, one of which is associated to each endpoint of e;
each vertex v € V is therefore associated with a Hilbert space %, of dimension D8("),
Finally, we project each bulk vertex y € Vj, into a Haar random state |y/y) € /). The
resulting ‘random tensor network state’ lives in the Hilbert space ./ = ® ycv, # associ-
ated to the boundary vertices x € Vj;, as shown in Fig. 10.2.

To characterize the typical entanglement structure of random tensor network states,
we can compute the von Neumann entropy H(p 4) of the reduced density matrix p4 on
a subset A c V; of the boundary vertices. In the limit where the bond dimension D is
very large, this entropy can be shown to converge with high probability to log(D)|y al,
where y 4 is the set of edges crossing the minimal cut (for the moment, assumed to be the
unique such cut) in the graph separating A from its boundary complement V3 \ A (see
Fig. 10.5a). This formula is closely analogous to the holographic RT formula. Similarly,
if we allow entropy in the bulk, one can show that an analog of the quantum extremal
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(a) The skeleton of a random tensor network. (b) A close-up picture of a random tensor network.

We take the green-colored vertices to be We first associate each vertex v € V with a Hilbert
the boundary vertices V; and the remain- space #, of dimension D98 (here, deg(v) = 3).
ing, orange-colored vertices to be the bulk Then maximally entangled states are distributed
vertices V},. The structure is reminiscent of according to the graph’s edges, after which the
a (hyperbolic) AdS spatial slice. state at each bulk vertex v € V}, is projected onto

a Haar random state |y) € A,.

Figure 10.2: The basic structure of a random tensor network.

surface prescription is valid, and prove subregion-subregion duality for random tensor
networks.
In quantum field theories it is often convenient to study the k-th Rényi entropies

1
1-k

Hi(pa) = — logtr[pX].

For integer k > 1, these are more amenable to direct computation than the von Neu-
mann entropy, and one can often extract the von Neumann entropy by analytic continu-
ationto k=1.

The computation of Rényi entropies in random tensor network models is in fact
closely analogous to holographic computations. In both cases, the idea is to use the
replica trick — essentially this is the observation that tr[p’/j] = tr[rpik] where 7 is an
operator which permutes the k copies of p 4 cyclically. In the holographic computation,
this can be written as a path integral, on k copies of the theory, glued together in an
appropriate way. By the holographic dictionary this path integral can then be computed
by the action of a bulk geometry with certain boundary conditions [LM13]. We will re-
view this in Chapter 11. For random tensor networks, one finds that tr[p ’j‘] concentrates
around its expectation, and that this can be computed as the partition function of a
classical spin model on the bulk vertices, with boundary conditions dictated by the
choice of boundary subsystem [HNQ*16]. This computation will be explained in detail
in Chapter 12.

10.2.4 A single random tensor and non-crossing partitions

For now, let us review some well-known results for the easiest version of this computa-
tion, which is the case of a single random tensor. Consider a tensor |y) of size d4 x d ;.
We have two boundary systems, A of dimension d4 and A of dimension d ;. There are
two edges, and the edge with minimal dimension is a ‘minimal’ cut. We are especially
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interested in the case where d4 and d ; are of the same order of magnitude. In this case
there are two competing ‘minimal cuts’. This can be thought of as the point of the ‘phase
transition’ in the Page curve in Eq. (10.2). This situation leads to &' (1) corrections to the
entropy which is of order min{logda,logd ;}.

We introduce some notation for permutations 7 € S, the symmetric group on k
elements. Given 7 € S, let C(r) be the cycle type of the permutation, i.e. the collection
of lengths of the disjoint cycles in 7. Then |C(x)| is the number of cycles of #. For
T, 72 € S weletd(my,mp) = k— |C(7T1_17T2)|, which gives a metric on Si (see Chapter 13
for details). We let T = (12... k) be the full cycle. The replica trick allows one to show
that if we let p denote the associated random tensor network state (which, in this case,
simply is a normalized version of ), then

[Etr[pff‘] =) dZ(T’”)dg(”’id)

TESK

We will derive a generalization of this expression for general random tensor networks in
Chapter 12. Afirst observation is thatif d4 < d 3, there is a single dominant contribution,
given by 7 = 7. Similarly, if d4 > d;, the dominant contribution arises from 7 = id.

We now would like to investigate the regime where d4 = D and d ; = aD, where D
is large and a goes to some constant. We need a property of permutations: for any
permutation 7, d (7, )+ d(m,id) = k—1. The permutations for which we have equality in
this expression correspond to non-crossing partitions NC(k) (again, see Chapter 13 for
details). These are permutations which can be ‘drawn’ in the the plane without crossing.
This means that

k| _ n-(k-1) |IC(m)|-k -k
Fu|ph|=D HENZC(k)a +0(D)

For large D we may ignore the ©(D~%) contributions, and use this to show that the spec-
trum of Dp 4 converges to a Marchenko-Pastur contribution MP(a) (see Chapter 13 for
details). In particular, this allows one to compute &'(1) corrections to the log(D) leading
contribution to the entropy. For instance, one can show that, with high probability for
large D

1
H(p.) ~log(D) - —.

One of our goals will be to generalize this result to a wide class of random tensor
networks.

10.3 Summary of contributions

In Section 10.2.1 we saw that the quantum extremal surface prescription for holographic
entropies leads to a derivation of the Page curve. In particular, at the Page time there is
a ‘phase transition’ in which surface is the quantum extremal surface. A similar phase
transition occurs when we consider a boundary region A consisting of two disjoint
subregions A; and A,. Then, upon varying the size or location of A; and A, there can
be a change in whether the entanglement wedge for A is connected, or is the disjoint
union of the entanglement wedges for A; and A, separately, see Fig. 10.4. In both cases,
we would like to understand what happens at this transition point.
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A A
o—C0OC—=0
(a) A random tensor network  (b) A tensor network interpretation of the quantum extremal
with a single bulk vertex and surface formula. The boundary subsystem consists of the
two boundary vertices. radiation system R which is entangled with a black hole.
The minimal cut is either a cut yp around the black hole

horizon, or a cut yr at the purifying system (corresponding
to the total entropy of the radiation).

Figure 10.3: The most basic example of a random tensor network with a single tensor corre-
sponds to the model in Fig. 10.1b. Tensor network models provide intuition for the
quantum extremal surface formula.

\ A
\ N

La
A,

Figure 10.4: If the boundary subsystem A consists of two connected components A; and A,
there are two possibilities for the RT-surfaces. Either the RT surface y 4 for A is the
union of the RT surfaces for A; and A, in which case the entanglement wedge is
disconnected, or this is not the case and the entanglement wedge I 4 is connected.
In the first case, there is essentially no entanglement between A; and A,, whereas
in the second case there is entanglement between A; and As.
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While there is a strong analogy between random tensor networks and holographic
CFT states, from the replica trick computations one finds that holographic CFT states
and random tensor network states have Rényi entropies which behave quite differently
when k # 1. For random tensor network states the Rényi entropies are approximately
independent of k in the large D limit. This means that their entanglement spectrum is
close to ‘flat), or, in other words, that the boundary state p 4 is approximately maximally
mixed within a certain subspace.

On the other hand, CFT states that are dual to semiclassical spacetime geometries
have Rényi entropies that vary non-trivially with k, as we will see in Chapter 11. It
has recently been argued that fixed-area states in AdS/CFT do have flat spectra, and
more generally have an entanglement structure that closely matches random tensor
network states [AR19, DHM19, BPSW19, MWW20, DQW21]. Such states have a well-
defined semiclassical geometry associated to a fixed spatial slice; however, thanks to the
uncertainty principle, they cannot describe a single semiclassical spacetime geometry
[BPSW19].

In the random tensor network model, the flatness of the spectrum can be traced to
the maximally-entangled states used as ‘link states’ (see Eq. (10.7) and Fig. 10.2b) on the
edges of the graph, which themselves have flat entanglement spectra. To take results
about random tensor networks beyond the fixed-area state regime, it is natural — see,
e.g., discussion in [HNQ™ 16, BPSW19] - to replace the maximally entangled link states
by general states

D
lpe) = Y VA lii). (10.8)
i=1

If one considers a random tensor network with non-trivial link states, where we
simply replace each maximally entangled state by some fixed other state, it is perhaps
not very surprising to see that if there is a single minimal cut for a subsystem A then the
resulting density matrix p 4 will have an entanglement spectrum that converges to that
of |y al copies of the link state along the minimal cut as D — oo; indeed this was already
suggested in [HNQ™16].

A more interesting question, and the main focus of this work, is the case where
there are two minimal cuts, as in Fig. 10.5b. This situation is motivated by questions in
holography: it can be used to study the phase transition at the point where there are
two competing minimal surfaces [MWW20]. Moreover, as we saw in Section 10.2.1 this
situation is relevant to understand the Page transition in the black hole evaporation
process. For a single random tensor we sketched how the replica trick can be used to
compute €0(1) corrections to the entanglement entropy. We would like to be able to
understand such corrections for random tensor network states with non-trivial link
states.

For our first result, we consider the situation where the ratios A;/A; of different
eigenvalues remain bounded in the D — oo limit; we refer to this as the bounded spectral
variation limit. Formally, we consider a family of link states with increasing bond
dimension D as in Eq. (10.8). For each D, the link state has an associated distribution

o _ 1L
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NIV
< N

(a) The boundary domain A has a unique minimal (b) The boundary domain A has two minimal
cutI'y. The set of edges crossing this minimal cuts I' 4 ; with cut-sets y 4;. In the notation of
cut is denoted by y 4. Section 12.1.2, the red region is ' 41 = V3, the

blue regionisI'y 2 \I'4; = V» and the green re-
gionis V\I'4» = V3. Note thatI"4 ; has two con-
nected components, while I 4 » is connected.

Figure 10.5: Tensor networks with one and two minimal cuts, compare with the competing
surfaces in Fig. 10.4.

We then require that the moments

D

D) _ k-1 k

m;” =D Y A
01

of the distributions p, converge to a finite limit as D — oo for all positive integer k. This
means, in particular, that we must have A; = O(1/D) for almost all eigenvalues A;.

If we let y 4 denote a minimal cut (more precisely, the set of edges crossing a minimal
cut) for a boundary domain A, then we may similarly define the associated distribution

1
(D) _
uYA = DlYAl . Z 6DWA|/1[-1 .../liIYAl »

ll""'iWA|

and assume that it converges weakly to a some distribution u,,. Now consider the
spectrum of the reduced state p 4, and denote its eigenvalues in non-increasing order
by A4,;. Consider the empirical distribution of eigenvalues

plral
o _ 1

lu’A - D|YA| ,:Zi 6D|7A|A,A,i'

In the case where there are two non-intersecting minimal cuts y 4,1 and y 4,2, we have
weak convergence u'”) = u4, where the limiting distribution u4 will be given by a
free product of distributions MP(1) X uy, , My, ,, a notion from the theory of free
probability. Here, MP(1) is the Marchenko-Pastur distribution of parameter 1. The
situation is summarized by our first main result, which we state more precisely as
Theorem 13.4:
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Theorem (Informal). Consider a family of link states in the bounded spectral variation
limit. If the tensor network has a unique minimal cuty 4 for a boundary subsystem
A, then ,uff) converges weakly, in probability, to iy ,. If there are exactly two minimal

cutsya, andyaz, then :UE?) converges weakly, in probability, to MP(1) Xy, , Ky, ,.

We also briefly discuss the closely related problem of computing the entanglement
negativity spectrum in the same regime.

In Chapter 14, we investigate a different regime, in which link states are allowed
to have unbounded spectral variation in the large D limit. This is the more relevant
regime for holography, where fluctuations in the area of a surface (in Planck units) grow
sublinearly but without bound in the semiclassical limit.

When the spectral variation is unbounded, one has to be careful about how to
define the notion of a “minimal cut.” A sensible way to formalize this is by using one-
shot entropies: we say that a cut is minimal if the rank of the state along the cut is
smaller than the inverse of the largest element in the entanglement spectrum along
any other cut. This condition, while intuitive, is a little too restrictive, and one can use
smooth entropies to get a weaker, but still meaningful, condition. In Theorem 14.6,
we give a general condition for what it means for a cut to be “minimal,” and show that
the spectrum of a reduced density matrix p 4 will be close to the spectrum along the
minimal cut.

Finally, one can also consider a further generalization of the random tensor network
model, where the link state &, ¢, is replaced by a general state. This can be used to
model holographic states with bulk entropy. We show a version of subregion-subregion
duality, and relate this to the quantum information processing task of split transfer.



CHAPTER 11

The replica trick in quantum gravity

In this chapter, we give a heuristic description of certain Euclidean gravity path inte-
grals in holography. This section serves as a motivation for the random tensor network
models we study, and shows how the holographic computations closely mirror random
tensor network computations, but is not needed to understand the random tensor
network results. In this chapter we will depart with our convention that logarithms are
to base 2 and use natural logarithms (as this is standard in the physics literature).

11.1 Thereplica trick and Euclidean path integrals

How can one compute entropies in quantum field theories? If one would like to compute
the von Neumann entropy, one would have to ‘compute the logarithm of the density
matrix’, but it is not clear how to translate this into a field theory computation. The
standard way to avoid this is by combining two basic observations. The first observation
is that if p is a density matrix, we can compute its Rényi entropies

Hi(p) = ﬁlogtr[pk].

In principle, this formula is a legitimate definition for all k£ € (0,1) U (1,00), and its
limit for kK — 1 corresponds to the von Neumann entropy H(p). Moreover, for a finite-
dimensional Hilbert space Hy(p) is analytic in k. If we just know the integer values, and
the analytic continuation is unique (for instance because the function does not grow
too fast and using Carlson’s theorem), then we may use this to deduce H(p). The second
basic observation is that for integer £,

tr[pk] :tr[R(T)p®k (11.1)

where R(7) is the operator which sends |i1) ®...® |ix_1) ® |ig) — |ix) ® |i1)... ® |ix-1),
that is, it cyclically permutes the k copies of p. This is particularly useful because this
allows us to compute Rényi entropies using path integrals for quantum field theories.
We consider a pure quantum field theory state |p) on a space M which is prepared by a
Euclidean path integral on M x (—o0,0]. Correspondingly, {p| is prepared by the time-
reflected path integral on M x [0,00). If we let ®(x, 7) denote the fields of the theory, S
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¢(x) = A

®(x,7) I 1T

(a) A pure state prepared by a Eu-  (b) Path integral representation of the reduced density
clidean path integral. matrix on a subsystem A.

Figure 11.1: Quantum field theory state prepared by a path integral.

the Euclidean action, then |p) is the state which computes expectation values through
the path integral

tl'[p(/)] :f D(D@(x,())z(p(x)e_s(q))
M x (—00,0]

Let A be some subregion of M. Then the reduced density matrix on A is given by
taking | p) and (p|, gluing together (and integrating over the fields on A, the complement
of A). We now use the observation in Eq. (11.1), and take k copies of this path integral,
and glue the boundaries at the A system cyclically, integrating over the fields. This is
illustrated in Fig. 11.2. We conclude that tr[p ffl] is computed by a path integral Z, x ona
manifold M k., allowing us to compute Hy(p 4). Of course, this is formally infinite. First
of all, the path integral is not normalized, so one has to ‘normalize’ that path integral
appropriately by normalizing by Z; which can be thought of as tr[p]. Then
Hi(pa) :log%. (11.2)
1
Moreover, to get a finite result one has to impose a UV cut-off of size €. There will be
divergences in ¢, and the ‘interesting’ part (that is, the part which is independent of
the regularization scheme) will be the divergences of order log(¢~') and potentially a
constant part.

If the quantum field theory is a CFT, this is especially pleasant. By the operator-state
correspondence all states may be prepared as Euclidean path integrals. If the theory is
1+1-dimensional, one may use the conformal symmetry to show that in general (after
regularization with an UV cut-off of size ) the Rényi entropy of an interval A of length
| Al is given by

|Al

Hi.(0y) (1+1)Cl —
= ——0
koA 6 ge

k

where c is the central charge of the CFT, leading to the Cardy-Calabrese formula for the
entanglement entropy as k — 1

H(pa) = Elog@.

3 £
This result matches the RT formula in AdS3 / CFT>, as this corresponds (upon correct
choice of units and regularization) to the length of a geodesic which is ankered to the

boundary at the endpoints 0 A of the interval A.
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A
A
A
T
A

(a) For the replica trick the path integral is glued (b) The holographic version of the replica trick.
cyclically along A to obtain My . The space The boundary manifold is glued as M4 g,
M 4 i is a k-fold cover of M, branching at the and the bulk manifold is glued along a cyclic
boundary dA. In this case k = 3. permutation 7 adjacent to A, and along the

identity permutation along a region adja-
cent to the complement A. These two re-
gions are separated by a brane y 4 .

Figure 11.2: The path integral replica trick to compute tr[p If\]'

11.1.1 The holographic replica trick

What happens if the quantum field theory is a holographic CFT? Recall that we have
a correspondence between the path integral of the CFT on the one hand, and the
bulk quantum gravity path integral on the other hand, which we may approximate
by its semiclassical saddle. We will use this to sketch a derivation of the RT formula.
The original argument is due to [LM13], we follow the closely related approach of
[Donl6, DHM19]. We consider a state | p) which is dual to a semiclassical geometry, and
we fix a boundary subsystem A. Then, the k-th Rényi entropy is given by Eq. (11.2), and
we use holographic duality to compute the value of these path integrals. For sufficiently
large effective central charge we may approximate by a saddle-point approximation,
using the semiclassical gravitational action [ to obtain

Zap~ e 1Ban

where By i is a (Riemannian) manifold which has M, i as its conformal boundary and
is a solution to the gravitational equations of motion. We note that M, ; has a Zj
symmetry, by shifting the k replicas. Let us assume that the saddle point By . also
satisfies this replica symmetry. Then we may consider the orbifold B Ak = Bar!Z,
which then satisfies

IBax) = kI(Bap).

This yields
k .
Hi(pa) = -1 (I(Bax) —I(B)).

The bulk solution B, ; will have two domains, one where the replicas in B x are glued
cyclically (adjacent to A) and a complementary region (adjacent to the complement
of A) as shown in Fig. 11.2b. Let y4 i be the surface where these two regions meet.
We may write the action as I (B Ak)= Iaway(B A k) + Ibrane (B A k), where Iaway(B A k) is the
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action away from y 4 i, and where Iprane (B A,k) corresponds to a conical deficit aty 4 i
of size W—_” This conical deficit arises from the orbifold construction and can be
1nterpreted as a ‘cosmic brane’ in the action with tension +—=
cancels against I(B;) and we are left with

4G . The term Iaway(B Ak)

R k—
I(Bag)—I(By) =
(Ba,k) —I(B1) = 1Gnk

IYAkI

where |y 4 | is the area of the brane. This may be analytically continued to non-integer
values k, and

1y 4, k!
4Gy

Hi(pa) = (11.3)
where y 4 i is the brane in the saddle-point solution. In particular, continuation to k =1
yields the RT formula

|YA|

H
(pa) = Gy

(11.4)
where one can show that the equations of motion for the brane impose that y 4 is now
the minimal area surface homologous to A.

What can we say about the spectrum of p 4?2 This spectrum can be recovered from
the Rényi entropies. In Eq. (11.3), we see that |y 4 x| depends on k but is otherwise fixed
as we let Gy go to zero in the classical limit. It was argued in [BPSW19] that this behavior
implies that we can approximate the spectrum to be such that for A in the spectrum,
the value of —logA lies in an interval

_1 _1
[H(pa) —O(Gpy?), H(pa) + O (G2,

which can be rephrased as the interval

[H(pa) —O(/H(pa), H(pa) + O/ H(pa)l.

This situation can be made more precise in the language of one-shot information
theory and smooth entropies, and we will do so in the random tensor network setting
in Chapter 14. This shows that the large ¢ limit in a holographic CFT is similar to
considering the many-copy limit in quantum information theory, where one also finds
that for a fixed state po, one can approximate the spectrum of p§" such that for A in the
spectrum, —logA lies in the interval

[nH(po) —O(v/n),nH(pg) + G (v/n)].

11.1.2 Fixed area states

A useful variation on the derivation of the RT formula is to consider fixed-area states
[DHM19]. We consider the ‘area operator’ y 4 for a subsystem A, which measures the
area of a minimal surface. The operator y 4 actually has fluctuations, and we may write

[o) =fda|wa>
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where 7, is an eigenvector of A with eigenvalue a, so |p) is a superposition of fixed area
states. The state |y) is a fixed area state, and can be thought of as prepared by a bulk
path integral where we have restricted to bulk geometries for which |y 4| = a. The same
derivation as above now leads to

Hipa) =
k\pA) = AGn’
since the area of the minimal surface is fixed to be a. Thus, in this case, all Rényi
entropies are (to good approximation) equal which implies that the state has flat entan-
glement spectrum (i.e. all nonzero eigenvalues of p 4 are approximately equal).

11.2 States at a minimal surface phase transition

Consider now a CFT state p on the boundary, which is prepared by a Euclidean path
integral. We would like to investigate what happens if the minimal surface for A is not
unique, but there are two surfaces of the same order of magnitude, as in Fig. 10.4. In
order to study the entanglement spectrum of a reduced state p 4, we will again use the
replica trick. In the case where there was a unique minimal surface, we saw how the
replica trick lead to the derivation of the RT formula. Let us denote the two competing
minimal surfaces in the bulk by y4; and y42. In [MWW20], it was shown how the
entanglement entropy should behave at this phase transition between the two minimal
surfaces. A similar computation was performed in [AP20] for the setting with two
competing minimal surfaces and bulk matter. We will briefly sketch their argument,
referring the interested reader to [AP20] for more details.

11.2.1 Fixed area states with two minimal surfaces

We begin by considering bipartite fixed-area states p 45, which are states prepared by
a gravitational Euclidean path integral, and in which we have fixed the size of the two
competing surfaces y 41 and y 4. In this case, saddle points of the path integral have
to satisfy the equations of motion everywhere except at the surfaces y 4 ;, where there
could be conical singularities. The two surfaces divide the bulk into 3 regions: a;, a,
and as.

The saddle points are states with smooth geometries in the regions where the copies
of regions a; are glued to each other - the k copies of region a; are glued cyclically, while
the copies of region a3 are glued without permutation. On the middle region a,, we are
free to glue along an arbitrary permutation . This breaks the replica symmetry.

Let us label such a saddle solution by B, 5, and let us write ¢; for the conical sin-
gularity angle at y, ;. It turns out that these saddle points lead to an action of the
form

Iy a1l + (kpy — 271CE 1)) 1y 4,21

I(Bayx) = kIaWay(BA,n) + (k1 —27|C(m)D) 811Gy 87[GN’

where g is the saddle corresponding to a single copy of the state, I,way[g] is the action
away from the surfaces, ¢; is the angle of the conical singularity at y 4 ;, [y a,;| is the area
of the surface y 4,;, |C ()| is the number of cycles of 7, and 7 is the full cycle (12...k). In
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particular, for k = 1 we have

1y a1l 1y 4,2l
— + (2 —2 —,
SJTGN ((PZ ) 87l'GN

so when we look at the normalized path integral, and sum over all permutations

I(BA,n) = Iaway(BA,n) + (¢ — 27)

| | | |
Zak_ g JCmI-R g ICa m ik g
(2:&1)k meSy

. a1l Y42l
— Z e—d(ld,ﬂ)m—d(ﬂ,‘[)m .

meSk

This is very similar to the situation in Section 10.2.4. As in that case, in this expression
not all permutations will be relevant. The areas y 4 ; are of the same order of magnitude,
and are divergent. As a result, only the permutations for which d(id, 7) + d(x, 1) are
minimal will contribute, as all other permutations are suppressed by at least a factor
of the area of y 4,; in the action. The relevant permutations are again the non-crossing
permutations NC(k). We conclude that

7 o lranl 1y Y42l
Ak e(IC(n)I k) g6y tUCET mI=k) Gy (11.5)

(ZAvl)k neNC(k)

This computation is in one-to-one correspondence with the computation in for a
single random tensor we discussed in Section 10.2.4, as also observed in [PSSY19]. It also
corresponds more generally to a random tensor network computation with two minimal
cuts, as will be clear from the computations in Chapter 12. One can also add bulk matter
in this path integral computation, which will again be in correspondence to a similar
computation in a random tensor network [AP20]. From the moment computation in
Eq. (11.5) and applying the results for the entanglement of a single random tensor,
we observe that for two fixed surfaces of exactly equal size, the (appropriately scaled)
entanglement spectrum is a Marchenko-Pastur distribution, giving an (1) correction
to the entanglement entropy, agreeing with the gravitational replica trick computation
in [MWW20].

11.2.2 General states at the minimal surface phase transition

We now relax the fixed-area restriction, and study similar calculations performed in
[DHM19], [MWW20], and [AP20]. Denote by Z, r(a1, a») the path integral where we
have fixed the areas of y4,; to be a;. Then, following section 2.3 in [DHM19], the full
path integral is given by

Zpk= fdaldaz Zi(aq,az).

Again, we consider the semiclassical limit, so we take our saddle-point approximation
of Zy(ay,a2) in Eq. (11.5), and we also take a saddle-point approximation for the integral
over a; and a». This saddle point will be at the values for a; where the deficit angles are
given by ¢; = 27” (since then the saddle point geometry is smooth), which leads to

Zak -k " ca! k—lyxc')z‘
ko Z e(l (m)|—- )Wﬂl (7 'm)|— )4GN (11.6)

(Za*  reNew
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where y%f)l. are now minimal surfaces, with a dependence on k. Analytic continuation to
k = 1yields the usual surface prescription. In particular, if there are two surfaces that
are of almost equal area, the contribution of the larger term is exponentially suppressed
for any (1) or larger difference in areas.

To zoom in on the region where the two surfaces are nearly equal, we write the
state as a superposition of fixed area states. We may discretize the area size a; and a»
over poly(GiN) values and approximate the state as a (finite) sum

|W>AB: Z V p(al,az)Wm,az)

ay,a

where |4, «,) is the state where the areas are fixed as |y 4 ;| = @; and p is a probability
distribution over the possible areas. Then a straightforward calculation of the reduced
density matrix p 4 yields a state of the form:

pa= Y pla,a)dpaa,at ). \/p(al,az)p(a’l,a’z)trg War,00) Wal |5

@,az a o, axtal
= Y plai, a2)paa,a + ODa,
ay,a2

where OD 4 are the off-diagonal elements of p 4. One can argue that the states p 4 4, ,a,
are all mutually orthogonal by entanglement wedge reconstruction — the area operator
can be reconstructed on A, and hence, each p 4 ¢, «, is perfectly distinguishable from
each other. Then the entropy of the diagonal part of the state is easily computed as

H| Y pla,adpaana|= Y. plan,a)HQaa,w) — Y. pla,a)logplar,az).

ay,a2 ap,az ay,az
(11.7)

The second term is the so-called entropy of mixing, and it is a standard argument that
this term is suppressed relative to the first term [MWW20] as @ (In Gy ) or smaller. The
entropies appearing in the first term can be computed using the methods in the previous
subsection.

Returning to the off-diagonal terms OD 4, [MWW20] argued that such terms should
be subleading in the analytic continuation due to the relevant surfaces breaking replica
symmetry. At the same time, [AP20] argued that such terms should be subleading due to
reasons similar to those for the orthogonality of the diagonal elements: complementary
entanglement wedge reconstruction implies one may reconstruct the bulk area operator
on B, and hence, such states are perfectly distinguishable on B. Therefore, the partial
trace over B vanishes for a; # a’l, Ay # a’z.

At any rate, one reaches the conclusion:

min{aq, as}
Hpa) = Y play,a)————2+0(nGy), (11.8)
al,a2 4GN

In this computation the € (1) corrections due to the Marchenko-Pastur distribution
along each pair of minimal cuts of equal size (or equivalently, the degeneracy in the
contributions to the saddle point approximation) is irrelevant, as the entropy of mixing
already leads to O (In Gy) deviations.



210 Chapter 11. The replica trick in quantum gravity

my

V)

(a) Path integral which (b) Replica trick for JT gravity. On the left side two diagrams that show
prepares |y/;). up when computing matrix elements of u/f{’s 4 on the right a diagram
contributing a factor Z5 Zy mim to tr[y3_1.

Figure 11.3: Path integrals and the replica trick for JT gravity. See [PSSY19] for a detailed expla-
nation of the diagrammatic notation.

11.2.3 Replica wormholes and JT gravity

One of the most basic models of quantum gravity is JT gravity, a 1+ 1-dimensional model
of gravity; see [Sar17] for a review. JT gravity is also a useful model for the near-horizon
dynamics of extremal black holes in any dimension. In this case, the dual theory should
be 0 + 1-dimensional. In other words, it should be regular quantum mechanics rather
than a quantum field theory. Indeed, in [SSS19], it was shown that JT gravity theory is
dual to a random matrix model, where the Hamiltonian is a random self-adjoint matrix
according to some distribution, providing another strong connection between quantum
gravity and random matrix theory. It also appears that such gravitational systems may
be dual to an ensemble of boundary theories [BW20], rather than a single one. Whether
this is fundamental, a special feature of 1+1-dimensional models, or due to averaging
over microscopic features of the gravity theory, is a line of active research [SSSY21].

We now sketch a variation on a calculation in [PSSY19], providing proof-of-principle
that the free probability techniques we introduce in Chapter 13 provide an elegant
framework to understand such results. We refer the interested reader to [PSSY19] for
more in-depth motivation and detailed computations.

We consider JT gravity with an end of the world (EOW) brane containing a large
number 7 of internal states. This model has action

I:I]T"'H ds,

brane
where the action of a manifold M with metric g, induced boundary metric £, extrinsic
curvature K, and dilaton ¢ is given by

2715

Lp[M, g] = -0 [1fM\/§R+faM\/EK] - [%fM\/g¢(R+2)+faM\/ﬁ<pK].

The details of this action are not very important for us; we just note that we will take
the Sy parameter to be large, and that this suppresses contributions where the mani-
fold M has genus y > 0 in the Euclidean path integral.

Such systems are of interest when studying a simple version of an evaporating black
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hole. Let

33
— 2_|¥B,i) lirad)
Vg
where |y p ;) is the state of the black hole with the EOW brane in state i, and |igaq) is
a reference state, which can be thought of as the radiation system. Notice that the
entanglement spectrum of this state is flat. We generalize this to

ly) =

W) =) V/Pilws,i) lirad) »
i=1

where the entanglement between the black hole and the radiation has some nontrivial
spectrum, which we will assume to be close to uniform, so that % is bounded by a
constant for all i. In Chapter 13, we will formalize this assumption as having bounded
spectral variation. We let

n

k-1 k

me=) np;
i=1

be the (appropriately scaled) moments of the spectrum of the entanglement spectrum
of the EOW brane. Moreover, we write the path integral on a disc geometry with k
boundary components and k EOW branes as e~ Z. Then following the arguments
of [PSSY19], one can compute the k-th moment of the radiation system for large n
and large e> (large n enforces a planar limit with only non-crossing partitions, while
large % ensures that only genus y = 0 geometries contribute), as illustrated in Fig. 11.3b.
The contributions of path integral configurations connecting different replicas are called
replica wormholes. This diagrammatic computation shows that

Lol gy
afyk 1= % ) mﬂ—;kfn did) g=Sod(m), (11.9)
teNC(k) 1

In this expression, we use the notation Z; = [[;cc (o) Zi1, where C(o) is the cycle type
of o, and [ € C(0) are the lengths of the cycles of o, and similarly for m,. This expres-
sion implies that if n > ¢50, the dominant contribution in Eq. (11.9) has 7 = 7. On the
other hand, if n < e%, the dominant contribution in Eq. (11.9) is given by 7 = id. This
corresponds to the situation where there is a unique minimal surface (more precisely,
a unique quantum extremal surface). We are interested in the regime at the phase
transition, which is analogous to the Page time of an evaporating black hole, so we
assume ne~% — 1. The coefficients m,, correspond to the weight of the o configuration,
as determined by the number and length of the cycles in o, and the probability distribu-
tion of eigenstates p;. In the case of the flat entanglement spectrum, this number equals
the number of closed loops between the connected components. This will also be the
case for the non-trivial entanglement spectrum, but each loop will have a different
weight that depend on the p;’s.

The my are the (scaled) moments of a probability distribution. While the explicit
expression itself is not important for our purposes, the Z; can be written as the [-
th moments of a probability distribution [PSSY19]. Hence, Eq. (11.9) is a product of
moments, summed over all non-crossing partitions of length k. As a result, we can
express tr[i,(/f{a 4/ in the planar limit by way of free probability theory.
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More precisely, we may define moment-generating functions for EOW, JT, and Rad:

Mjr(2) = Z —kzk,
k=144

(e, 0)

k

Mgow(2) = ) myz",
k=1

o0

So (k-1 k k

MRgad = Z et )tr[wRad]z .
k=1

Given a moment generating function M(z), which is a formal power series, denote by
M~1(z) the power series which is its formal inverse and let

1+z
S(Z):TM (Z)

be the S-transform, and we use this to define the S-transforms Sjt, Spow and Sgraq. We
will see in Theorem 13.2 that the relation between the moments in Eq. (11.9) implies
that these are related as

1
SRad(2) = ESIT(Z) Seow (2). (11.10)

In Section 13.1 we will explain how this means that the spectrum of yg,q can be de-
scribed using notions from free probability theory.

A recursion relation for the resolvent

Given a moment generating function M(z), we may also define the resolvent function

R(z) by
ria) = 1+ m[3]
z z

To relate to previous results, we consider the case where the entanglement with the
radiation is maximally entangled. In this case, Sgow(z) = 1 and Sgaq(2) = ﬁZSJT(z). By
definition of the S-transform and setting z — Mp,q(z), this implies

1+ MRad(Z)
—S M - v -
1+ Mpaq(2) 11 (Mraa(2)) MRad(2)

which we may rewrite as (again using the definition of the S-transform):

M

MRad(2) = Mjr[z(1 + MRaq(2))].

In terms of the resolvent this becomes

1 1 1
R(z) ==+ —Mp (—)
Z Z <
1 1
=—+—-Mj1(R(2))
V4 Z
1 X éR(z)k

=24y

k
z (i Zf oz

which is a recursion relation previously derived in [PSSY19] by a diagrammatic argument.
More generally, we can interpret Eq. (11.10) as a (complicated) recursion relation that
directly generalizes the above recursion relation.
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Random tensor network states

In this chapter we set the stage for our results and introduce the random tensor
network model in detail. We start by introducing conventions and notation. Then in
Section 12.1 we introduce random tensor network models with nontrivial link states and
discuss the replica trick for such states. In Section 12.2 we give a further generalization,
of random tensor networks with general background states.

Notation and conventions

Recall that we denote by [ al, the £,-norm of a vector a, defined by ||a||§ =Y la;ilP.
If a and b are vectors of different dimension, we extend the shorter vector by zeros and
still write ||p — ¢ll, for their distance. For example, if a € C% and b € C% with d» > dy,

we write ||a—b|; = Z?illai - bi| + Z?id1+1|bi|- If # is a Hilbert space, we introduce
the notation 22 (A) for the set of positive semidefinite operators on .. In this chapter
often refer to positive semidefinite operators as ‘density operators’ or ‘states’, without
requiring them to be normalized to unit trace. We write 22_(#) for the set of p € 22(A)
with unit trace, tr[p] = 1, and we denote by Z2.(#) the set of subnormalized states,
that is, p € 22(A) with tr[p] < 1. Also, we recall that we use the convention that for a
vector |¢p) we denote the corresponding pure state by ¢, so ¢ = |¢)(¢|. Given a positive
semidefinite operator p, we denote by spec(p) the vector containing its spectrum in
non-increasing order, and we write spec, (p) for the nonzero part of the spectrum. It is
a well-known fact that

Ispec(p) —spec(o) |1 = lIspec, (p) —spec, . (0)l1=llp—0ol1 (12.1)

(in the second expression we use the convention for the distance of vectors of pos-
sibly different dimension introduced above). If A is a quantum system with Hilbert
space A4, we write P (A) = P (A y), P-(A) = P_(Hy), and P.(A) = P_(A4), and we
use subscripts, e.g. p4 € £ (A), to indicate which system and Hilbert space a quantum
state is associated with. Finally, we adopt the standard notation that if y, is some
sequence of finite measures, we write u, = u if u, converges weakly (or in distribution)
to a finite measure u, meaning that for any bounded continuous function f € C,(R),

ff(x)d,un(x)ﬁff(x)du(x). (12.2)
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If u, is a sequence of random finite measures on R, we say that the sequence p,, con-
verges weakly, in probability, to a finite measure p, if, for any bounded continuous
function f € C,(R), it holds that for every € > 0

r}ilgoP(lff(x)dun(x)—ff(x)du(x)l 26) =0,

in other words, Eq. (12.2) converges in probability. In this and later chapter, all loga-
rithms are again to base 2.

12.1 Random tensor network states

We first review the random tensor network model, closely following [HNQ™ 16, DQW21].
Let G = (V,E) be a connected undirected graph, and let V = V1 V}, be a partition
of the vertices into a set of boundary vertices V; and bulk vertices V;,. If A <V, we
write A = V3\ A. We assign a bond dimension D, to each edge, and we will consider
families of states with increasing bond dimensions; for example, we may take equal
bond dimension D, = D for all edges and let D increase. For each vertex x € V, let 0{x}
denote the set of edges e = (xy) € E connecting x to some y € V. We define Hilbert
spaces S, x = CPe for each e € d{x}, and we let A, := Qeeorx #e,x- We call the pair (e, x)
a half-edge. Moreover, for an edge e = (xy) € E we write A, = Hp  ® He,y. Let Dy =
dim(#). For a subset A < V, we write /4 = Q (¢ a4 #x, and similarly, for a subset S < E
we write s = Qs . Similarly, for a set T of half-edges we write A1 = @ ¢, e T e x-
At each edge e = (xy) € E we place a link state ¢, € P_(A,)

D,
|(Pe>:Z Aeilii) € Hop = Fpx ® Hp,y. (12.3)
i=1

Then, ¢pe x = e,y = Z?: 1 Ae,i 10)(i| is the reduced density matrix of the link state on either
of the two subsystems. We refer to the vector spec(¢e x) = spec(¢e,y), which is ordered
in non-increasing fashion, as the entanglement spectrum of ¢,. Let ¢ € 2_(V) be the
link state given by

19) = Q) pe) - (12.4)

eeE

At every bulk vertex x € V}, we place a random vector |y ,) € A, where the entries
of |v,) are independent standard (circularly-symmetric) complex Gaussian random
variables: each entry of the tensor can be written as %(x + iy) where x and y are
independent real Gaussian random variables of mean 0 and unit variance. We note
that, in the model of [HNQ™ 16], the tensors |y ,) were not chosen as random Gaussian
vectors, but as uniformly random vectors on the unit sphere. However, for our choice of
Gaussian |y ), the norm |||wy) || is independent of the normalized vector [y ) /||y I,
and |y ) /lllwy) || will be a uniformly random vectors on the unit sphere. Therefore,
these two models only differ by their normalization. We write |¢) = ® ey, [¥x). The
resulting random tensor network state p € 2 (V) is defined by

1p) = Iy, ® (W) |¢). (12.5)



12.1. Random tensor network states 215

The random tensor network state is obtained by projecting the link states onto random
vectors, so that the final state lives in the boundary Hilbert space. We can make this
manifest by using the cyclicity of the trace to write the density matrix:

p= (IVa ® <1//|)¢(IV6 ® W/)) =y, [(IVo ®1V) (P] (12.6)

Note that this state need not be normalized, but we chose the standard deviation of
the [y ) such that p is normalized on average, given that the link state ¢ is normalized:

Etr[p] = tr[¢]. (12.7)

In Section 12.2.1, we prove the stronger statement that p is normalized with high prob-
ability for appropriately connected tensor networks and large bond dimension. Note
also, that in Eq. (12.3), we have chosen states which have a Schmidt decomposition in a
fixed basis (the standard basis). Since we project onto uniformly random tensors, we
can choose to do so without loss of generality.

12.1.1 The replica trick for random tensor networks

We now consider a boundary subset A < V; and use the replica trick to study the
Rényi entropies of the reduced density matrix p 4. The replica trick for random tensor
network models was first studied in [HNQ™ 16], and it is the key tool we apply throughout
this work. Let /# be a Hilbert space. The Rényi entropies of a (normalized) density
matrix p € Z_(A) are defined by

1

Hi(p) = -

log(tr[p*
T og(tr[p™])
for k€ (0,1) U (1,00). For k=0, 1,00, there are well-defined limits, given by

Hy(p) :=log(rank(p))
Hy(p) := —tr[plog(p)] (12.8)
Hy := _log(”p”oo)

In particular, we see that H(p) = H;(p) is the von Neumann entropy. For reduced
density matrices we also write H(A), := H(p ) and Hy(A), := Hi(pa). If p € 2_(A) is
subnormalized, we let

1 tfp¥]

_klog ol (12.9)

Hi(p) = !

Denote by R the representation of Sy on #°* which permutes the k copies of #
according to the action of Si. We will write Ry () when /£ = A and Ry () if /0 = Ay
for Ac V. We let T denote the standard k-cycle in Sy, i.e.,

T=(12...k).

The key idea of the replica trick is the observation that the k-th moment of p € 22(A4)
can be written as

tr[pk] :tr[R(T)p®k]. (12.10)
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Recall the notion of the cycle type of a permutation 7: if 7 can be written as as a product
of m disjoint cycles of lengths [y, ..., [;;;, then & has cycle type C(x) = {l1,..., l;}. Then,
for an arbitrary 7 € Sy,

tr[R(n)p®k

- 11l

[eC(m)

Note that this is the generalization of the well-known swap trick for two copies of a
state p. The other crucial ingredient is a property of the Gaussian random vectors:

yi = X Relm. (12.11)

meSy

E

Using Eq. (12.6), we may then compute
Fir|pf | = Etr| Ra(r)pS|

=Etr[(Ra() ® Rypalid) p°F

(12.12)
=Etr|(Ra(0) @ Ry alid) (1, 9 9)*F ¢°F
= tr| (Ra() ® Ry alid) E| (Iy, 0 9)** ] K.
To further simplify this expression, we define the following set:
Fao={{Mxlxev : 75 €Sk, where =0 forxe Aand 7y =id forxe A},  (12.13)

forany o € Si and A € V. An element of .#, , assigns a permutation to each vertexin V
subject to a ‘boundary condition.” Now, using Eq. (12.11), we find that

[Etr[pff‘]: Y ot

{”x}eyA,r

& Ry ="

xeV

Finally, we observe that for e = (xy)
u[R) e R | =[] wlgl.],
leCmy'my)

where we recall that ¢, , is the reduced density matrix of the link state on edge e = (xy).
Thus, we conclude that

eufpf]= X M1 TT ufel] 1214
{”x}eyA,‘r e=(xy)eE lEC(ﬂglﬂy)
We can interpret the expectation as the partition function of a classical spin model
[E’[I‘[pllf‘] = Z 2_Z€=[xy)€E]e(7[xy7Ty), (12.15)
{Hx}ESpAJ

where the site variables in the spin model are permutations 7 € S, the interaction at
the edges between sites is given by

Jerom)=- ¥ logr|gh.)= ¥ (U-DH(@e0,
leCmy'my) leCmy'my)

with H; the [-th Rényi entropy, and the model as boundary conditions such that the
permutation must be 7 on A and id on A. Similarly, we may place an arbitrary permuta-
tion 7 on A instead of 7, which yields (by exactly the same reasoning)

Er|Rmp|= ¥ [T [1 ufgh.] (12.16)

{nx}eyA,ﬂ e=(xy)eE ZEC(T[;IT[J,)
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12.1.2 Maximally entangled link states and minimal cuts

We will now discuss the special case where all the link states are maximally entangled
states of dimension D, which has been studied extensively in [HNQ™ 16]. We will gen-
eralize the results we discuss here to a wider class of link states in Chapter 13. In this
case, the entanglement spectra of the link states are flat: for e € E, we have 1, ; = %
fori=1,...,D. In particular, for all / € N we have H;(¢,) =log(D) and hence

Je(mx,7y) =log(D) Z (I-1).

leClnyimy)
This leads to the so-called Cayley distance on Sk:

dmgmy)= Y (-1 =k-|Cl;'my)l,

leC(n;IHy)

where |C(r)| is the number of cycles in 7. Moreover, d (7, 7,) is a metric and equals the
minimal number of transpositions needed to transform 7, into 7,. We say that 7 € Sy
is on a geodesic between m; and n, if d(my, ) + d(m, o) = d(my,72) (recall that d is a
metric). We can rewrite the spin model in terms of this distance:

Etl’[pﬁ] — Z 9~ 108(D) Y e=(xy)er d(mx,my) (12.17)
{ﬂx}eyA,U

The physically inclined reader may observe that the logarithm of the bond dimension
has the role of an inverse temperature, and for large D, the dominant contribution to
the partition function will be the ground state of the spin model, subject to the relevant
boundary conditions.

To describe the dominant contribution to the sum in Eq. (12.17) for large D, we
need the minimal cuts for Ain G. A cut for A is a subset of the vertices I'y € V such
that 'y n V3 = A. Throughout this work, we will denote the set of all cuts for A by C(A).
We will use the convention of denoting cuts (i.e. subsets of vertices) by capital Greek
letters. Given a cut I' 4 € C(A), we will denote the set of edges crossing the cut, that is,
edges connecting a vertex in I' 4 with a vertex in V' \I'4, by lowercase Greek letters y 4
(and by an abuse of language, also refer to this set as a ‘cut’). A minimal cut for Ais a
cut such that the number of edges |y 4| is minimal. We write m(A) = |y 4| for a minimal
cutys € C(A). If 'y € C(A), we write I'y, = V\T 4. Note that I'Y, is a cut for A=V3\ A

In the simplest case, there is a unique minimal cut y 4. For this case, one can show
that the dominant configuration is the one in which 7, = 7 for x e 'y and =, = id
for x € V\T'4, see [HLWO06], or Proposition 13.3. That is, there are two domains in
the spin model corresponding to 7 and id, and the minimization of the domain wall
corresponds to the minimal cut in the graph.

We will also be interested in the case of exactly two non-intersecting minimal
cuts I'y; and I'4». In this case, we have that I'y; c I'42, or I'y; c I's2. After rela-
beling, we may assume that the first is the case, and define the following three domains
inthe graph: V=ViuVouVzgivenby V; =T 41, Vo =T42\I'41 and V\T 4. If there are
exactly two minimal cuts, then multiple dominant configurations contribute equally to
the partition function Eq. (12.17). These dominant configurations can be constructed
as follows: for each 7 on a geodesic between 7 and id, set 7y =7 for xe V}, n, =7
for x € V5 and 7, = id for x € V3. That these are the dominant configurations follows
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immediately from the fact that d(r, ) + d(m,id) = d(7,id), with equality if and only if =
is on a geodesic between 7 and id.

To understand this degeneracy, we use the following fact [NS06]: the set of permu-
tations m on a geodesic between 1 and id is in a one-to-one correspondence with the
set of non-crossing partitions NC(k) of [k]. See Section 13.1 for a definition and prop-
erties of the non-crossing partitions. Thus, the degeneracy for the the k-th moment

is INC(k)| = Cy where
Co = 1 k
k12K

is the k-th Catalan number. These are the moments of the Marchenko-Pastur distribu-
tion MP(t)

MP(t) =max(1—1¢,0)00+Vv;

\/4t—(x—1—t)2 (12.18)

dV[(x) = 2]‘[_)(: l(x_l_t)254tdx.

This allows one to show the folklore result (which we prove and extend to more general
link states in Theorem 13.4) that upon an appropriate rescaling, the empirical distribu-
tion of the spectrum of p 4 converges to a Marchenko-Pastur distribution. This is in line
with the case of a single random tensor, which precisely yields a Wishart matrix (see
Section 13.1.1 for a brief introduction to these objects). In the first case, where there is a
unique minimal cut, the entanglement spectrum of p 4 is flat, while, as we have seen, in
the second case, the degeneracy gives rise to a nontrivial spectrum in the right scaling
limit.

12.2 Random tensor networks with general background
states

In Eq. (12.15), we computed the result of the replica trick for the k-th moment for a
random tensor network state. We will also consider the more general setting where the
link state is replaced by some arbitrary state ¢y . In this case there need not be a graph
structure, and the Hilbert space at each vertex x € V can be some arbitrary Hilbert space,
rather than a tensor product of Hilbert spaces labelled by half-edges. In this case, we
will refer to ¢y as a “background state” instead of a “link state” (as the interpretation of
links along the edges does not necessarily make sense in this situation). That is, where
before we had a link state

1) = Q) ¢pe),

eeE

we will now consider some arbitrary possibly mixed and subnormalized ¢y € Z2.(V) in
the tensor network construction. We can generalize Eq. (12.6) to also apply for general
background states to obtain a state p € 22(Vj;) given by

p=try,[(Iv, 2 ) v 12.19)
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Figure 12.1: The structure of a (purified) random tensor network with a general background
state.

where |y) is a tensor product of random states at the bulk vertices. If ¢ is pure, then so
is p. If ¢ is not pure, we can consider a purification ¢y r € Z2.(VR) and consider R as an
additional boundary system; this leads to a random tensor network state py,g which is
a purification of py;. This set-up is illustrated in Fig. 12.1. While formally very similar,
the resulting state is no longer a PEPS tensor network state in general.

There are multiple reasons to also allow general background states. The first reason is
of a technical nature: they are useful for estimates based on smooth entropies, which we
discuss in Chapter 14. In this application, the link state is still pure, but no longer a tensor
product along the edges. A second motivation for considering general background states
is that they can be used as a toy model for holographic systems where there is “bulk
entropy” present. Finally, these states are closely related to protocols for the quantum
information processing task of split transfer [DH10]. We comment on this connection
in Chapter 14.

Even for a general background state, a version of the replica trick still applies. Con-
sider a boundary subsystem A < V with corresponding boundary state p 4. Then, the
computation in Eq. (12.12) is still valid, and we find

Q Ry ()" (12.20)

xeV

Etrlpfl= Y try

{ﬂx}eyA,r

where 7 = (12... k). However, Eq. (12.20) no longer has the interpretation of a spin model
with local interactions.

For general background states, we will only need the replica trick for k = 2. Since S,
has only two elements, each configuration of permutations is completely characterized
by the domain A4 = {x € V such that 7, = 7}. Because of the boundary conditions
in %4 ¢, the collection of these sets coincides with C(A), and hence

Etlpfl= Y tlgi )= Y trlpl2 B, (12.21)
AyeC(A) AaeC(A)

Another useful fact is that by Eq. (12.11),
Epvy, = dv,. (12.22)

We remark that if one only uses the k = 2 replica trick, one could also use tensors
which are drawn from a projective 2-design, a distribution which produces tensors
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with the same first and second moments as uniformly random tensors of unit norm
[KRO5, GAEO7]. An example of a projective 2-design is the set of uniformly random
stabilizer states. For tensors |i,) drawn from a projective 2-design of dimension D, it
holds that

o0 1 1
Ey®? = I+
Dx(Dx—1)  Dx(Dx-1)

Rx (T)r

and hence

Dy

Y tlef ],

Etr[o%] =
Pl Dyx+1,,cC

which is close to Eq. (12.21) for large D,. Thus, it is not hard to see that all random
tensor network results which only use the k = 2 replica trick are also valid for states with
tensors drawn from projective 2-designs. This was already observed in [HNQ™16] and
random tensor networks with random stabilizer tensors were further studied in [NW20].
The results of Chapter 14 only use the k = 2 replica trick, and thus will extend to states
with tensors drawn from projective 2-designs. This will not be true for the results in
Chapter 13, which requires usage of the replica trick for all k € N.

12.2.1 Normalization of random tensor network states

One immediate consequence of the replica trick for k = 2 is that the random tensor
network state p will be approximately normalized with high probability, so long as a
mild condition on the background state is satisfied: the bulk needs to be connected,
with sufficiently entangled edges. Let

= tr[p3] = tr[p]2~H2Bo 12.23
T~ AV hso el ACV, Aro ] ( )

If the the state has enough correlations along each cut (or more precisely, if Hz(A)y is
large for each A), then 7 is small. Concretely, if we consider a random tensor network
state with maximally entangled link states of bond dimension D, we will have n < %. We
then have

Lemma 12.1. For any background state ¢ € Z.(V), with associated p € Y(Vy) as in
Eq. (12.19), it holds that for any € > 0

P(ltr[p] —tr[p]l = €) < 2|vb|;7_2

wheren is defined in Eq. (12.23).

Proof. This follows from a special case of Eq. (12.21). In this case, the empty cut con-
tributes tr[gb]z, so we find

Var(tr[p]) = Eltr[p] — tr[¢p]|* = E|tr[p]? — tr[¢p]?| < 2'> Agr‘l/}flgc#@tr[(pi],

where we have used the normalization of p in expectation Etr[p] = tr[¢p], as in Eq. (12.7).
The result follows by an application of Chebyshev’s inequality. |
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We can improve this result by taking advantage of the fact that our random projectors
are random Gaussian vectors, allowing us to use Gaussian concentration of measure
rather than the Chebyshev’s inequality. For instance, using a concentration bound for
Gaussian polynomials (see for instance [AS17], Corollary 5.49) one can show that for
any € = (\/Qe)zvbn:

P(Itrlp] — trll| = €) < exp (_'le'gv%lnﬁ),

where 7) is defined as in Eq. (12.23). We will not need this refinement.






CHAPTER 13

Link states with bounded spectral
variation

In this chapter, we study random tensor network states with link states that have
bounded spectral variation, meaning that there is an effective bond dimension D such
that the Schmidt coefficients of the link state are of the order %.

We start by providing background material on random matrix theory and free proba-
bility, which is a key tool in the study of products of random matrices. In Section 13.2,
we will precisely define the notion of bounded spectral variation and generalize the
results in Section 12.1.2 for random tensor network states with maximally entangled
link states to this wider class of link states. This leads to the main result of this chapter,
Theorem 13.4, which shows that the asymptotic entanglement spectrum can be ex-
pressed in terms of a free product of distributions. We will see that the results are similar
to the quantum gravity set-up described in Section 11.2.3. Finally, in Section 13.3, we
investigate the entanglement negativity for random tensor network states with link
states of bounded spectral variation.

13.1 Random matrices and free probability

13.1.1 Random matrix theory and Wishart matrices

We start by reviewing relevant concepts from probability and random matrix theory
that are relevant for our analyses. This material can be found in any introduction to
random matrix theory, e.g. [AGZ10, BS10, PB20].

A fundamental question in random matrix theory is as follows: given a family of nx n
matrices with entries selected according to some distribution, what is the asymptotic
distribution of the eigenvalues as n — oco? This question has been extensively studied,
and in many cases has an elegant and concise answer. We discuss a basic example
which is closely related to our purposes: Wishart matrices. Consider a n x m matrix X
whose entries are drawn i.i.d. from a Gaussian distribution with mean zero and unit
variance. The sample covariance matrix of X is the n x n matrix defined as

1
Yom=—XXT. (13.1)
m

Such random matrices are called (real) Wishart matrices, and can be thought of as a
sample second moment matrix (where one has m realizations of an n-dimensional
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random variable). One can also consider complex Wishart matrices: in this case the
entries of the n x m matrix X are complexi.i.d. standard (circularly symmetric) complex
Gaussian random variables. We then let Y}, ,, = --XX'. We would like to understand
the spectrum of Y}, ,,, and to that end, we consider the empirical distribution of the
eigenvalues. This empirical distribution is itself random, depending on the particular
realization of Y}, ;,. To characterize the convergence, we recall that if {{,,} ,en is a se-
quence of random finite measures on R, we say that the sequence u, converges weakly,
in probability, to a finite measure y, if, for any bounded continuous function f € C,(R),
it holds that for every € > 0

,}LII(}OP(Jf(x)dNn(X) —ff(x)d,u(x)l 28) =0.

The asymptotic distribution of the eigenvalues of Wishart matrices is known to obey
the Marchenko-Pastur law (see, for instance, Theorem 3.6 and Theorem 3.7 in [BS10]):

Theorem 13.1. Consider (real or complex) Wishart matrices Yy, ,, and let

1
Hnm = — Z (o)
n Aespec(Yy,m)

be the empirical distribution of its eigenvalue spectrum. Suppose that the ratio of di-
mensions nl/ m converges to a constant t >0 as n — oco. Then i, , converges weakly, in
probability, to the Marchenko-Pastur distribution MP(t) with parameter t > 0, as defined
in Eq. (12.18).

Generalizations to this result are possible. For example, one still has convergence if
the entries of X are chosen according to non-Gaussian distributions with mean zero
and unit variance. Also, one can prove weak convergence, almost surely (rather than
just in probability); see [BS10].

IfY,m= %X X" is a complex Wishart matrix, X can also be interpreted as as a
uniformly random pure quantum state on C"®C™, and Y}, ,,, up to normalization, as the
reduced density matrix on C” [HLWO06]. Note that %Yn, m is normalized in expectation
in the sense that [E% Y, m = 1. So, complex Wishart matrices can be used as a model for
the reduced state of a random bipartite quantum state, and this allows one to quantify
the ‘typical entanglement’ of a random state. Equivalently, in the tensor network setting,
the matrix ﬁX can be thought of as a random tensor network state with a single bulk
vertex, two boundary vertices, and maximally entangled link states. We can then can
interpret %Yn, m as the reduced density matrix on one of the boundary vertices. We will
provide a generalization of Theorem 13.1 for the entanglement spectrum of random
tensor network states in Theorem 13.4.

13.1.2  Free probability

The topic of probability distributions in random matrix theory is closely related to free
probability and, in particular, to the notion of the free product. We provide a brief
introduction here; the material in this section is very standard, and we only review a
few relevant aspects. For an extensive treatment, see, for instance, Chapter 5 in [AGZ10]
or the books [NS06, MS17, PB20]. As we will see later, the free product will allow us to
concisely formulate replica trick results involving multiple minimal cuts.
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A non-commutative probability spaceis a pair (<, w), where <f is a C*-algebra and w
is a state on «/. An element a € &/ is called a non-commutative random variable. The
key example to have in mind is the space of n x n random matrices, where the matrix
entries are distributed according to some probability distribution, and w(a) = [E% tr[al
defines a tracial state. If a € o, the distribution (or law) u, of a is defined as a map
on polynomials, which evaluates on a polynomial p as u,(p) = w(p(a)). If a is self-
adjoint, it has real spectrum and we can extend the domain of u, to all bounded
continuous functions f € C,(R), by using the functional calculus to define f(a) and
by letting u4(f) = w(f(a)). In this case we can identify u, with a distribution such
that, for f € C,(R), we have u,(f) = [ f(x)dug(x). In particular, if a is an n x n self-
adjoint random matrix, then p,(f) = %[EZ Aespec(a) f (1), and we may identify u, with
the empirical measure of the eigenvalues of a. If o/ is a commutative algebra, these
notions reduce to the usual notions of probability theory, where w is the expectation.

We call a set of » non-commutative random variables {a;} on a non-commutative
probability space (<, w) freely independent or just free if, for any set of k = 2 polynomi-
als {p;}, the variables satisfy

w(p1(ai)...prlai)) =0

whenever w(p,(a;,)) =0 forall 1 = m < k and no two adjacent indices i, and i,,4+1
for 1 < m < k—1 are equal. One can see that two freely independent variables a;, a,
satisfy:

0=0w((a; —w(a))(az - w(ay)) = w(a az) —w(a)w(ay), (13.2)

which, in the commutative case with random variables x;, X, is the classical bivariate
independence condition E[x;x2] = E[x;]E[x2]. While the definition of free indepen-
dence is stronger than independence (commuting independent random variables are
generically not free), the role of free independence is analogous to the role of classical
independence for commuting random variables: it allows one to, in principle, compute
the joint mixed moments of the variables.

We will be interested in the multiplicative free convolution or free product (there also
exists an additive convolution or just free convolution) of distributions. Suppose a, b are
non-commutative self-adjoint free random variables on (<, w) with distributions u,
and up. Then we denote the distribution of ab by p 4, = usXup. Note that, generally, ab
need not be self-adjoint. However, if w is tracial (as in the random matrix case) and a
is positive, the distribution of ab coincides with that of v/ab+/a which is self-adjoint,
and we can identify u,p, with a distribution on R. If 1, and up, are compactly supported
distributions, then so is p, X .

As a concrete example of the freeness and the free product, let X,, and Y}, be two
families of random 7 x n positive diagonal matrices with uniformly bounded norm, such
that their spectrum converges weakly to probability distributions p and v respectively.
Let U, be a family of Haar random unitary n x n matrices. Then as n goes to infinity, X,
and Y, =U,Y, U,J; will be freely independent (so they are asymptotically free), and we
would like to study their product. The product of positive matrices need not be self-
adjoint, so we consider Z, = v/ X, Y,,v/ X, which is a positive matrix. One may then show
that the distribution of the spectrum of Z,, weakly converges in probability to uXv. See
Corollary 5.4.11 in [AGZ10] for a precise statement and proof.

The free product may be analyzed using generating functions. If we are given a
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(non-commutative) random variable a with distribution p,, let

ma,k:kad,ua(x)

be the k-th moment of u,. Then the moment generating function is the formal power
series

o0
My (2) =Y mgrz~. (13.3)
k=1
We define the S-transform to be the formal power series
I+z 4
Sp,(2) = TM“ (2),

where M (z) is the power series corresponding to the formal inverse of M, (z) under
composition, which is well-defined as long as m,,; # 0. For compactly supported
distributions, the moment generating function, and hence the S-transform, uniquely
determines the distribution.

If a and b are non-commutative self-adjoint free random variables, then

Syaﬂyh (2) = S,Uab (2) = S,u,l (Z)S,ub (2). (13.4)

This also provides a completely combinatorial interpretation of the free product, with-
out reference to the associated non-commutative probability spaces. That is, given
compactly supported distributions p and v, we can define uXv by Eq. (13.4): it is
the compactly supported distribution with moments prescribed by S, 5, (z), which
determines M,,,x,, (z). The free product is commutative and associative.

Example. As an example, we compute the S-transform of the Marchenko-Pastur distri-
bution p ~ MP(1). The distribution function is given by

1
du(x) = g\/ 4x~1—1dx.

The moments can be computed directly:
k-1
1 (kl[k—-1
= S 13.5
"k i;oi+1(i)( i ) (15:5)

After some work, one can show that the moments above lead to a closed-form moment
generating function

2z-1-v1-4z
M(z) = .
2z
One may then invert the expression and obtain the S-transform
1
S(z) = —.
1+z

Similarly, for the Marchenko-Pastur distribution M P(t) with parameter ¢, which has
distribution as given in Eq. (12.18), we find that

S(2) !
z)=——0.
t+z

See, for instance, [BBCC11].
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13.1.3 Non-crossing partitions

Given the set k € N, let NC(k) denote the set of non-crossing partitions of [k]. A non-
crossing partition of [k] is a partition [k] = X UI... U X, which is such that, if for some a
we have i < j € X, then there areno k,l € Xgfor Zawithk<i<lI<jori<k<j<lL
To any non-crossing partition, we associate a permutation 7 € S by mapping each
subset {i1,..., i;} to the cycle (iy,..., ;) with i; <... < i;. In a slight abuse of notation, we
will write 7 € NC(k). For any 7 € S, and for a sequence of numbers f; for k=1,2,...,
we write
=11 fi (13.6)
leC(m)
where C(n) is the cycle type of 7. We will need the following result, which is a straight-
forward consequence of the combinatorics of the S-transform.
Theorem 13.2. Consider compactly supported probability distributions v, p. Suppose
that the moments of p are given by
P _ Iz
my= Y my mya,
meNC(k)

wherety = (12...k) is the full cycle. Then
p=MP()XuXwv.

Proof. We let & be the transformation that sends a formal power series f(z) to the
power series % f~(z). This is such that for some distribution y, the S-transform is
given by Sy (z) = (1 +2)& (M,)(z). Moreover, given two power series f(z) = > frzk
and g(z) =) & gkzk, define a convolution operation ® by

Zk

(f®g)(Z)=Z( Y. [n&nir,

k \meNC(k)

where 7 is the full cycle in Sx. Then Theorem 18.14 in [NS06] states that for any two f
and g with f; #0 # g, it holds that

F(f®g)(2) =F(f)2)F(g)(2).
Then the S-transform of p can be written:

Sp(2) = (1 +2)F (Mp)(2) = (1 + 2)F (M) (2) F (M) (2)

1
= msp(z)sv(z)-
This implies the desired result, as the S-transform of MP(1) is given by ﬁ, and the
S-transform uniquely determines a compactly supported distribution. [ |

We remark briefly that free independence can equivalently be formulated in terms
of the vanishing of free cumulants, which are themselves defined in terms of sums over
non-crossing partitions. We refer the interested reader to any of the previously cited
references for a more in-depth discussion on the role of non-crossing partitions in free
probability. For our purposes, the fact that non-crossing partitions are intimately related
to free independence will allows us to later phrase random tensor network results in
terms of free probability.
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13.2 Entanglement spectrum of random tensor network
states

We now return to studying random tensor network states. Consider a family of link
states in 22_(V) with states ¢, along the edges e € E as in Eq. (12.3), and assume that
along each edge, the bond dimensions scale with a parameter D, so D, = ©(D). Our key
assumption is that the link states have bounded spectral variation — we formalize this
condition by demanding that the empirical distribution of the rescaled entanglement
spectrum of the link states

De 1
D=3 —bp,a., (13.7)
i=1 e
has all moments converging to the moments m, ;. of a compactly supported probability
distribution p,, as D goes to infinity. We assume that the link states are normalized,
so m,,1 = 1. This condition implies that all elements of the entanglement spectrum of
the link state are of order D!,
For a minimal cut y 4, let /JEYDA) be the distribution for the spectrum of the tensor
product of the link states in y 4:

1
(D) _ (D) _
IJ')’A - ® He " = D Z(SDJ/AHeeyAfle,ie
YA

€eYa {ie}

where i, =1,..., D, and Dy, = [[ccy, D.. We define the tensor product of distributions
as follows: if X; and X, are independent real valued random variables with distribu-
tions uyx;, then ux, ® ux, is defined as the distribution of the product X; X;. The distri-
: (D) . (D) _ (D) (D)
bution ;" has k-th moment given by m, o= Heey,my 5 and we can see that m ok

converges to m,y, , the moments of the distribution

Hya = ® He-
eEY A
Letspec(pa) = {A4,;} (recall that spec(p 4) is ordered in non-increasing order). Let y 4
be a cut for A. By a standard argument, the number of nonzero eigenvalues of p 4 (that
is, rank(p 4)) is upper bounded by D, ,. If y 4 is the unique minimal cut, then we define

1

D) ._

T ; 8Dy A (13.8)
If there are multiple minimal cuts, it is ambiguous which y 4, and hence, which Dy,
we should pick; we choose the cut for which D, , is minimal in Eq. (13.8), and we will
denote this minimal cut by y 4 ;. The moments of ,uff) are given by

Dy,
mffl)c::fzkduA(z) =Dy Y (Aan".
i=1

Note that the distribution u%)) is random, and correspondingly, the moments mff])c are

(D)

random variables. In contrast, the moments m, .

only on the bond dimension.

and m(ylz ) .. are numbers depending
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The theorem we want to prove will follow straightforwardly from a key intermediate
result: as D goes to infinity, all the moments of the boundary distribution ,u? converge
to the moments of yy,. We use the notation in Eq. (13.6) to write expressions like

My = H My 1
leC(m)

for a permutation 7 € Si. We will then apply the method of moments to show that
convergence of moments implies convergence in distribution. As a remark on notation,
in the error bounds in both the current section and Chapter 14, when we use 0-notation,
the constants may depend on the graph underlying the tensor network (typically our
bounds scale as 2!V?!, where V}, is the set of bulk vertices).

Proposition 13.3. If there exists a unique minimal cuty 4 for A, then

lim [Em(A?}C = My, k- (13.9)

If there exist exactly two minimal cutsy 5,1 and y 42, which do not intersect (meaning

D
thatyai1 Nya2 = @) and for which % converges to a constant t < 1, then
A2

. D i
glm [Equ',)c = Z ¢0id) My r1n My g e (13.10)
—© TENC(k)

Moreover, in both cases the variance goes to zero as D goes to infinity: for every k

o)

Proof. We first provide a sketch of the proof. It proceeds via the following steps:

El (57 (D)])z

(mA,k _[E[mA,k

(i) Write the expectation of the moments of /J(f) as the partition function for a classi-
cal spin model, as in Section 12.1.1.

(ii) Show that the contributions from terms of the form given in the statement of the
proposition dominate the partition function by carefully tracking the powers of D,
and showing that all other contributions are suppressed polynomially in D.

(iii) Show that the variance of the moments vanishes in the limit D — oo by direct
computation.

We begin with Step 1. First, we observe that the k-th moment of ,u(f) is given

by m(A’:y)])C = Df L[ p%]. Consider the expression in Eq. (12.16) for the replica trick with

permutation 7 on A:

zk,,,;:[Etr[RA(n)pik]: | [1 tr[cbé,x

{”x}ey/],n e=(xy)eE leC(n)—clny)

. (13.11)

Recall that the set .#, 7, as defined in Eq. (12.13), consists of assignments of permuta-
tions to each x € V, subject to 7, = 7 for x € A and 7, = id for x € A. As in Eq. (12.14),
if 7 = 7, then we indeed have Z; ; = [Etr[p’/j], S0

[Emff,)c =D} Zr. (13.12)
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On the other hand, ifwelet k=2nand7=7T=(12...n)(n+1n+2...2n), then we see

that Zy. , = [E[tr[pl’fl]2 , and hence
D)*| _ pen-2
E(mD)| = D22 2 (13.13)
Recall that m.)) = D} tr[¢} ], and write

Zin= ), Zilmdd)

{ﬂx}eyA,n

where

zimh= 1 1 ufel.

e=(xy)€E [eC(mytmy)

_ |Cry ! my)l-k (D)

= [l D [T m, (13.14)
e=(xy)eE leC(rylmy)

— ng(”x,ﬂy)m(D)_l .
e=(xy)eE G Ty

This accomplishes Step 1: we have recast the problem of computing moments into
a question of computing a partition function for a classical spin model with fixed
boundary conditions.

For Step 2, we want to show that the dominant contribution(s) to Zi ; as D goes
to infinity are those given in the statement of the proposition. This will simply be a
matter of checking powers of D, and using the triangle inequality property of the Cayley
distance. If T4 is the unique minimal cut, then we let 7" = 7 for x € T 4 and 7" = id
for x € V\T'4, and we have

minyy _ —d(r,id) (D) _ —d(m,id) (D)
Zp(in$"") = D, | B Mg =Dy "V my (13.15)
eEY A

If there are exactly two minimal cuts I'y;; < I'42, we partition V = V; u V, U V3 into
three sets of vertices, with V; =T'4 1, Vo =T42nN l"f“ and V3 = l"fqyz. Now consider the
permutations o € Sy that are on a geodesic between 7 and id (recall that this implies
that d(mr,0) + d(o,id) = d(r,id)), and consider the configuration given by

=g for xe Vy,

g
JTX

=g forxe Vs,

(o)
”x

o’ .
ny =id for x € V3.

By hypothesis, y4,1 and y4,2 do not intersect, and hence, the edges in each cut are
distinct. Then this configuration has weight

o\ _ —d(m,0) (D) —d(o,id) (D)

Zmn =[] Dy [T my, Il D [T m;

€1EY A1 LeCnlo) e2€Y A2 lheC(o)

. d(o,id)
_ —=d(mid) (Pra (D) (D)
=Dy, (_Dy ) [T m o, 1 mew (13.16)
42 e1€Y41 €2€Y A2
= podimid) (Dw )d(g’ld) m®D (D)
VAL DYA,Z YA,IJT_IU Y A,2,0°
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where Dy, 1/Dy, » converges to f, by assumption. Now, to show that these configura-
tions yield the dominant contributions, we will need to use that D, = ©(D), so let us
write D% = CP”) =©(1). Then for general configurations labeled by 7, we may rewrite
Eq. (13.14) as

Zi({my}) = H D_d(”x'”y) (CéD))d(ﬂley)m(D)_l

e=(xy)eE &Mx Ty

The configurations we claimed to be dominant satisfy Z({rr}) = ©(D~"Wdmid)y \where
we recall that m(A) is the size of a minimal cut for A. Now we will show that all other
configurations satisfy Z;({n}) = O (D~ MAd@id -1 T4 this end, consider some arbitrary
configuration {m,} € ¥, ;. Let P be a maximal set of edge-disjoint paths in G from A
to A. It is a well-known fact that such a set has size m(A), by the max-flow min-cut
theorem. Let

C,(CD) = max (C(D))l_l)( max m(D)).
eeE,l=1,...,k

Then we may bound

Zr(rh) = (CPHYE TT D 9mem) < (CPYE ] D Eestmepdttemy) - (13.17)
e=(xy)eE peP

(D)
k

simply restrict to a subset of the edges we sum over. Note that C](CD ) =6(1). Then, by the
triangle inequality for the Cayley distance d, it holds that

The first inequality is clear from the definition of C;”’, and in the second inequality, we

Y. d(mymy) =dn,id)
e=(xy)ep

with equality if and only if the only edges (xy) for which 7, # 7, are on a path in P, and
each of the paths is a geodesic. Then we conclude

Z (i) < C](CD) l_[ D—d(ﬂ',id) — CI(CD)D—m(A)d(n,id)’
peP

and we see that the weight of every configuration can be bounded by the product of
a 0(1) number and a polynomial in D.

Now, as promised, we show that if {m} is not one of the minimal configurations
described above, we actually have

Zi(fny)) = O(DNATIT), (13.18)
To see this, we rewrite the triangle inequality for the Cayley distance as:

l_[ D_d(”xyﬂy) < l_[ D_Ze:(xy)epd(ﬂxyﬂy) < D_m(A)d(T[;id) (1319)
e=(xy)eE pepP

with equality if and only if the 7, are on a geodesic path in P. We now show that this is
satisfied only for the configurations we claimed to be minimal. Assume that {7} € 4
is such that the inequalities in Eq. (13.19) are equalities and let

A, ={x € V suchthat d(m, ) < n}.
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Then A, € C(A) for 0 < n < d(m,id), and we denote by 6, the associated set of edges
crossing the cut. Each edge (xy) € §,, must be such that 7, # 7, so it must be on a
path in P, and because the permutations are geodesics along the paths, they must
be on different paths. Hence [6,| < |P| = m(A), implying each A, is a minimal cut.
This immediately implies the claim if there is a unique minimal cut, since we must
have Ag(rid)-1 = Ao = I'4. If there are exactly two minimal cuts, then we must have
that 7, =  for x € V4, m, = id for x € V3, and there must be some [ such that for
all x e V, we have d(n,m,) =l and d(my,id) = d(m,id) — [. Then in order to have equality
in Eq. (13.19), we must have that for all x € V5, 7, equals some fixed permutation o,
because the assumption of having exactly two cuts implies that V5 is connected, and we
must have d (7, 7,) = 0 for all (xy) € E with x, y € V. This proves Eq. (13.18).
In conclusion, if there is a unique minimal cut, then by Eq. (13.15) and Eq. (13.18),
we find
an — D—d(n id) (D) +@»(D—m(A)d(7r id)— )’ (13.20)

YA”

and if there are exactly two (non-intersecting) cuts, then by Eq. (13.16) and Eq. (13.18),
we find

m®D) (D)

d(o,id)
) YAI o YA20

_ —d(m,id) (Pray
Zig = Z DYA,l (DYA B
o,d(m,0)+d(o,id)=d (r,id) ’

+ @(D—m(A)d(n,id)—l)-

(13.21)

Finally, we set 7 = 7 for the full cycle 7 and we use Eq. (13.12). For a unique minimal
cut y 4, by Eq. (13.20)

[Em“ k=D Zk s
(D) +@>(Dk lD—m(A)(k 1)- 1)

My yn (13.22)
1
-, e0(3).
Y A D
using d(7,id) = k—1and Dy, = (D™ This proves Eq. (13.9) as miﬁ)k converges

to my , k.

Fr)r two non-intersecting minimal cuts, we saw that the dominant contribution is
due to configurations {7} for o on a geodesic between 7 and id. Then applying the
observation that o is on such a geodesic if and only if o is a non-crossing partition
similarly yields that by Eq. (13.21)

k-1
Emy, k= DYA Lkt

D
k-1 YA
-Df! ¥ (g
Ya D
oeNCk) © 142

(D) (D) k-1 -m(A)(k-1)-1
e " 1323
)
|
(D)

Yazo — Myasoand Dy, /Dy, , — t, this proves Eq. (13.10). .
This accomplishes Step 2: we have shown that the configurations {z}'""} (in case
of a unique minimal cut for A) and {77} (in case there are exactly minimal cuts for A)

d(o,id
= ) (—D“'l) (Ul)m(D) mP  +o
- D Tl YA2,0
oeNC(k) © 142 YaLt o

Since m
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dominate in the computation of the expectation of the k-th moment of p14 in terms of
powers of D.

We complete the proof by showing that the variance of m 4 ; vanishes as D — oo.
We use the observation in Eq. (13.13), applying the analysis of Z, , to the case where
wetaker =7 = (12...k)(k+1k+2...2k). If there is a unique minimal cut, then using
Eq. (13.20) and the fact that d(7,id) = 2k — 2, we find

2
(D)
E (mA,k)

_ 2k-2 o (D) 2k-2 ~—m(A)(2k-2)-1
=Dy, Zopi = l ];L) m +0(Dy, "D )
eCl(T

By Eq. (13.22) we know that ([Em(D))2 = (m(D) +@(%))2, and we conclude that the
variance obeys

E

1
(D) (D) _ (D) (D) 1
(- e[mD]) | —e[on?] - (em ) =0 | 5)
For the case with exactly two minimal cuts, a similar argument holds. Here, the key
observation is that o is on a geodesic between T and id ifand only if 0 = 010, where 0 is
on a geodesic between (12... k) and id and o, is on a geodesic between (k+1k+2...2k).
Using Eq. (13.21), this implies that we can bound [E(m(D ))2 = D%’:‘ngk,f as

¥ (Dm,l )d(‘“’id”d(az'id) © D) D 0 e[
01,026 NC(k) Pra YauTlor YAt oy VAR OLTYAZO D
2
D d(o,id) 1
_ Z (DYA,l) mD » mDP) s ro(=].
geNCk) © A2 TanTe AR D
By Eq. (13.23), we see that this coincides with ([Em(D))2 up to @’(%), and hence Eq. (13.11)
holds. [

We now have the ingredients to prove that the entanglement spectrum of random
tensor networks with link states with bounded spectral variation can be written in a
simple fashion. We will use the method of moments to translate the above result on
convergence of moments to convergence in distribution. The basic statement is that,
given certain conditions on the distributions in question, if the moments of a sequence
of distribution u, converge to those of u, then u, = p - see for instance Theorem 30.8
in [Bil08].

The method of moments is valid, so long as a distribution u is completely determined
by its moments. This occurs if the k-th moment m,, ;. is bounded as

my, < ABFK! (13.24)

for constants A, B for all k. If the distributions have compact support, as in Proposi-
tion 13.3, then this condition is satisfied.

1A basic example of a distribution which does not have compact support, but is nevertheless
uniquely determined by its moments is a standard Gaussian distribution. On the other hand, a stan-
dard example of distributions that are not determined by their moments are the densities on R>( with
dur (x) = V2rx e 108924 x and dps, (x) = (1 + sin(@7logx))dp; (x), for which it can be verified that the
n-th moments of both distributions are equal to e‘”zl 2 while the distributions are clearly not identical.
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Now that we have established the convergence of moments in Proposition 13.3,
we have our main result of the (conditional) convergence in distribution. As in Propo-
sition 13.3 we consider a family of random tensor network state with link states with
bounded spectral variation with increasing D, as defined in the beginning of this section.

Theorem 13.4. If there exists a unique minimal cuty 4 for A, then ,u(D) = Uy ,, in prob-
ability, as D — oo. If there exist exactly two minimal cutsy a,1 andy a2, which do not

D
intersect and for which limp_., DY“ =t =<1, then u'’ => MP() R py,, Ky, (D), in
probability, where iy, , (1) = (1 - t)60 + Iy,

Proof. Itis straightforward to see that the k-th moment of uy, , (¢) is given by k=1 My, 5k

and then the result follows immediately from Proposition 13.3, Theorem 13.2, and the
method of moments. Because we assumed that for any minimal cut y 4 for A, the
limiting distributions y,, are compactly supported, they are uniquely determined
by their moments. Hence, the method of moments is valid, and the convergence of
moments implies convergence in distribution. |

Remark 13.5. In Theorem 13.4 we assumed that the two cuts where non-intersecting.
What happens if there are still only exactly two minimal cuts, buty 41Ny 42 is nonempty?
This extension is straightforward. Let yff) :=Ya,1NYaz2andlet yff) =Yai \yff) fori=1,2.
In line with previous notation, let Hy@ and Ky denote the correspondlng limiting distri-

butions of the entanglement spectra along these sets, with moments m Yk and mw .
A’

The only step in the proof of Proposition 13.3 where we used that the cuts were non-
intersecting is when we computed the value of Z. ({m}) for the optimal configuration. If
the cuts do intersect, and we consider the configuration with 7, = 7 for x € V; with t
the complete cycle, 7, = o for x € V, ando € NC(k), and 7, = id for x € V3, then a quick
calculation shows

—d(m,id d(o,id
Zi(mh) — Dy SV (Dy 1 /Dy, )Y [T mere T[] Mepnio [1 Meso

eey? e ey% e eyff)z

Apart from this modification, the proof of Proposition 13.3 is still valid, leading to

d(o,id
Zkr =M@ Y e )mY(b) 16T 0) -
A oeNC(k) Al A2’

If, in Theorem 13.4, we do not assume that the cuts are nonintersecting, then the
partition function above leads to a limiting distribution given by

Hyo ® | MP R o Bt (1)

13.3 Nontrivial link states and entanglement negativity

As another application of the theory of free probability, we will compute the entan-
glement negativity spectrum for random tensor network states with link states with
bounded spectra. In [DQW21], it was shown how to compute the entanglement negativ-
ity spectrum for a random tensor network state with maximally entangled link states
using a replica trick. Using the methods from the previous section, we can analyze
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the negativity for entangled link states with bounded spectral variation. We remark
that similar computations have recently been performed in [DMW21] in the context
of replica wormholes, and our assumption on the link states is a generalization of the
“pairwise connected regime” in [DMW21]. Another work investigating nontrivial entan-
glement negativity spectra in random tensor networks is [KFNR21], where they focus
on the effect of having multiple minimal cuts in the network. As our analysis will be a
straightforward combination of the arguments in [DQW21] and Section 13.2, we will
be rather concise; the main message of this section is to show that the language of free
probability applies to other random tensor network computations as well.

We first recall how negativity functions as an entanglement measure for mixed
states. Let I be the superoperator which maps an operator X — X', and .# the identity
superoperator. For p 45 € Z2(AB),

pib = (I4® T5)(pap)

is the partial transpose of psp on the B system. The logarithmic or entanglement
negativity is given by

o —Io TR
Nn(pap) =log——.

P 8 tr[p]
Itis a measure for the entanglement of the mixed state p ap: if Ex(p ap) > 0 the state must
be entangled. We call spec(| pﬁ% |) the entanglement negativity spectrum. In analogy to
the Rényi entropies, we can generalize the logarithmic negativity to a one-parameter
family of negativities. The k-th Rényi negativity is given by
)k

Ni(pap) = tr[(pi%

Ifwe let N (0 45) = Nam(p a5), then the logarithmic negativity is obtained an analytic
continuation in the Rényi index m — 1 of log(N\s"*” (p45)). More precisely, in the
expression

log Y A%

Aespec(pgg)

we may take a — % to obtain En(pap) + logtr[p].

In the context of random tensor networks, we partition the boundary in three re-
gions: V3 = ALBUC, and we would like to compute the Rényi negativities of the reduced
state p a4p. We will then use this to determine the entanglement negativity spectrum,
and compute the entanglement negativity. The idea is that the k-th Rényi negativity
can be computed using a replica trick, by placing the full cycle 7, = (12...k) € Sy on A
and 7' = (kk+1...1) on B:

Ne(pan) =tr| p5% (Ratm) © Ry ™)
=tr|p%kc (Ra(m ® Ry(r™) @ Re(id) |.

Let us first discuss the case with maximally entangled link states, following [DQW21].
The same arguments as in Section 12.1.2 show that one can compute the expectation
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(a) Nlustration of the case where yc =y4Uvyp,  (b) lllustration of the case where yc #y4U Y5,
where the dominant configuration is given where the dominant configuration is given
by 7 onTy, 73! onTpandidonTc. by 75 on T4, 7;' on I'p and id on I'c and
some non-crossing pairing 7; on the do-
main V;.

Figure 13.1: Tensor networks with one and two minimal cuts. The relevant ground state config-
uration domains are denoted by I 4.

of Ni(p ap) for arandom tensor network state using a spin model, now with boundary
conditions of 7. on A, TEI on B and id on C. We will assume that the minimal cutsI'4, I'g
and I'c are unique. Note that the minimal cut for AB is given by I'y3 = I'{.. From the
theory of multi-commodity flows, it is known that there exist sets of edge-disjoint
paths P = P4p U Psc U Ppc, where P4p consists of paths from A to B, and similarly for
sets of paths P4¢ and Ppc, and which are such that

|PaBl +1Pacl =1y al, |Pagl+|Ppcl=1yBl, |[Pacl+|Pgcl =lycl.

This can be used to show (in analogous fashion to the proof of Proposition 13.3)
that, if k = 2n is even, any spin model configuration contributing to ENy(p ap) is of
order @ (D~ ("=DUraltlysD=nlycly If k = 25 + 1 is odd, any spin model configuration con-
tributing to ENy(p 4p) is of order of magnitude @ (D=7 al+lvsl+lycD),

In order to determine what happens as D — co, we need to determine the dominant
configurations. Let r be the number of connected components of V\ (T'yuT'guUT¢).
There are two distinct cases. The first is when the the minimal cut for AB (which is the
complement of the minimal cut for C) is the union of the minimal cuts for A and B,
sol'yp =T 4Ul'g and hence y 4p = Y 4UYp. Then the minimal cuts naturally partition the
bulk vertices into three cutsI' 4, I'g and I'c, and we have r = 0. In this case, the dominant
configurations in the spin model are those where the vertices in I' 4 are assigned 7,
those in I'g are assigned 1;1 and those in I'¢ are assigned id. This is illustrated in
Fig. 13.1a.

The second case is when I'y UT'p C I'4p and hence ysp # Y4 UYp. Now, we have
again the domains I'4, ' and I'¢, but upon removing these vertices, there may also
be connected components Vi,..., V; which are not connected to A, B or C. Here, the
minimal configurations are those for which, again, the vertices in I'4 are assigned 7,
those in I'p are assigned r;l and those in I'¢ are assigned id, and where in each compo-
nent V; the vertices are assigned a permutation 7; which is such that it satisfies three
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conditions: it must be on a geodesic between 7} and 1;1, on a geodesic between 7
and id and on a geodesic between T;l and id. If k = 2n is even, such permutations are
given by non-crossing pairings: permutations corresponding to non-crossing partitions
in which each cycle has length 2. The set of non-crossing pairings on 2n elements is
in bijection with the set of non-crossing partitions on n elements, so the number of
non-crossing pairings on 2n elements is given by [NC(n)| = C,. One way to obtain
this correspondence is as follows. If 7 is a non-crossing pairing, 72,7 will map even
numbers to even numbers, and restricting to the even numbers and relabeling 2i — i
yields a non-crossing partition o € NC(n). Moreover, restricting to the odd numbers and
relabeling 2i + 1 — i yields the non-crossing partition 6!z € NC(n). This leads to C,
dominant contributions to EN»,(p a3) which are of size D=~ D{ral+lysD=nlycl since we
can choose a non-crossing pairing 7; for each component. Such a configuration is
illustrated in Fig. 13.1b.

For odd k = 2n + 1, we similarly have permutations which correspond to a non-
crossing partition. These permutations have a single fixed point and all other cycles
with length 2. This leads to ((2n+1)C,)" dominant contributions to EN»,(p 4p), of size
D~ =Dlval+lysh=niycl 'we also note that rank(p %) < DV4I*7al 1f spec(p %) = {s;}, then
we define the measure
1 Dlral+lygl

(D) _

FaB = piyarirsl Zi 6D%“YA'+'YB'+WC”si' (13.25)
1=

This has moments given by

k k
D k D 51 + +5
me‘B),k _fx d 543) (X) _ D(Z Yyal+lysl 2 lYClNk(pAB)-

If we take the expectation of the moments, we again need to distinguish the two cases.
If [y al + lypl = lycl, we see that the powers of D cancel for the dominant configurations,

o) mfg,k — 1 for all k. On the other hand, for |y | + |ygl > |ycl, we see that for D — co
(D)

with odd k, we have EmAB k
configurations, leading to

— 0. For even k, we recover the degeneracy of the dominant

1 if [yal+1ysl=lycl,

EqDB),k =40 if k odd and [y al +|ysl > lycl, (13.26)
Cr

ki2

lim m
D—oo

if k even and |yl + 1yl > lycl,

where r is the number of connected components of V\ (I'y Ul'gsuT¢). In fact, one
can show that, as in Proposition 13.3, the variance goes to zero as well, and hence the

method of moments allows one to conclude that p(ADB) converges weakly, in probability,
to
o®" if r >0,
HAB = %514—%6_1 if r =0and lyal+1ysl>lycl, (13.27)
61 if r=0andlyal+lysl=lycl,

where o is the semi-circle distribution with density

1
do(x) = g\/4—x2]l|x|52 dx
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Alternatively, one may study the empirical distribution of the squared entanglement
negativity spectrum

1

D

Vi = DIy al+lysl Z 5D'YA‘+'YB|+WC|3§- (13.28)
1

(D) . . o
AB.2K’ and on comparison with the limiting

(D)

This distribution has k-th moment given by m

moments in Eq. (13.26), one can conclude that Vg = VaB, in probability, where
vag = MP(1)®". (13.29)

The logarithmic negativity can be computed using the distribution ,u(ADB) or V(ADB) as

En(pas) = log f A ) + 282 41+ 1y sl = yeD ~ logt[ o] (13.30)

=log f VadviD () .

(|YA|+|YB|_|YC|)—10gtr[p]. (13.31)

The convergence of v%) to VAR implies2 that En(pap) — 10%[) (Iyal+lysl—=1lycl) converges
in probability to

8
logf \/deAB(/l) = rlogs—.
b4

See Appendix D of [DQW?21] for details and proofs.

A straightforward combination of the arguments in Section 13.2 and [DQW21]
shows that the same configurations are the dominant contributions for link states
with bounded spectral variation as in Section 13.2. To determine the limiting distribu-
tion in this case, we can generalize Eq. (13.27) in the same fashion as in Section 13.2. We
assume the minimal cuts I'4, I'p and I'¢ are unique. We also assume thatysnyp = @,
and in the case where yc =yap #YaUyB (so |yal+|ysl > lycl), all pairwise intersec-
tions between y 4, yp and y¢ are empty. This excludes the case where |y s| + [ygl > lycl,
but r =0. Welety 4,; and yp,; denote the components of y 4 and y g which are connected

to V;, and we let ,u(D ) and ,uYB) denote the distribution of the link state spectrum along
Yok My
to the moments m,,, , x, My, , k of compactly supported distributions yy , ; and gy ;. For
convenience, we assume D, = D for all edges e € E.

We can now compute the dominant contributions to ENg(pag). If yc = yaUvB,
then there is a unique dominant configuration, which contributes D=~ Delm, .
If [y al +1lysl > lycl and k = 2n is even, consider the configuration which assigns 7; to V;,
where each 7; is a non-crossing pairing. For each edge e € y¢, we have mg?,)l (m(D hn,

so this configuration contributes

these sets, with associated k-th moments m which we assume to converge

r
== (yal+lysh—nlycl (D) mP)
b ( Yc 2) U( YAz»Tgnﬂz YB,i:TZn”i)'

2The function fQ) = VA is not in Cp(R), but the method of moments actually shows a stronger
convergence, allowing test functions to have polynomial growth.
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Recalling the construction of the equivalence between NC(n) and non-crossing pairings
on 2n elements, we see that

(D) — D) (D)
YB,i T2nTi YBiOi Cyp 07 Ty

for some unique o; € NC(n). Similarly, one may verify
mP — 1, (D) (D)

YA Ty i YaiOi Ty, 07Ty,

This implies that the contribution of all dominant configurations is given by

.
( (D) )" MY m® m®? m® (D) )
m m m m m
2 O O o1 o1
Ye2) Ll seNem YABO VB0 Ty 07 T, Y B,i0 T T
As in the maximally entangled case, upon rescaling, the odd moments vanish as D — oco.
In conclusion, the resulting asymptotic moments are given by

My iflyal+1ysl=lycl,
,}ET;O[E’"%,;C: 0 if k odd and |y al +lysl > Iycl, (13.32)

mp if k even and |yl +|ygl > lycl

with

,
_ n
M2n =My o [10 X My p 1,0 Mypi,0 My y 0717, myg,i,a—lrn)'
i=1 0eNC(n)

As before, one can also show, in similar fashion to the proof of Proposition 13.3, that
the variance of the moments goes to zero as D — oo. For the case |yl + |yl > |ycl, we

consider v%) similar to Eq. (13.28), but with an additional rescaling by my »:

(D) 1
Vi = o -1 2.
AB D|YA|+|YB| ; DWAHWBHWC‘myé,zs?

This has moments, which compute N ,(ceven) (pAB), converging to

.

: kq,,(D) —

Dll_{n [Ef X dvAB (x) = H ( Z My p1,0 Myp 1,0 My 07117, mYB,iyU’ITn)'
* i=1 geNC(n)

Thus, by the method of moments and Theorem 13.2, it holds that V% converges weakly,

in probability, to

" vy ifr>0,
Vap = {®’:1 ' (13.33)

Ky ifr=0,
where v; is given by
Vi = (Hy,; © fy, ) BIMP(L).

This reduces to Eq. (13.29) if the link states are maximally entangled. We can use this to
compute the logarithmic negativity, as we did previously. For r > 0,

log D 1
5=y al+ 131 = Iych + 5 logmy, ~logur|o],

En(pap) =log f VAV (L) +
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from which we find that Ex(pap) — IO%D (Iyal +1yBl —lycl) converges in probability to

1
logf ﬁdvAB(A) + Elog Myc,.

For the case |yl + |ygl = lycl, it is more elegant to use the limiting distribution of u(fB),
as defined in Eq. (13.25). By the method of moments and Eq. (13.32), “(/?B) = Uy, in

probability. We may then compute the entanglement negativity as
logD
En(pp) =log f A5y + ZE= yal + 1751~ Iyeh - loguo],

and hence En(pap) — lO%D(IYAI +|ysl—Iycl) converges in probability to logfl/llduAB(/l).

Discussion and open questions

In this chapter we restricted to link states with bounded spectral variation. In the next
chapter we will investigate more general link states. Another restriction we made is
that we only considered the case with at most two minimal cuts. It would be inter-
esting, already in the maximally entangled case, to characterize the convergence of
appropriately scaled empirical distributions for any possible collection of minimal cuts.
In this case, the same arguments would allow one to show that one can again use the
replica trick to compute the moments of the reduced density matrix. The dominant
configurations of permutations will be given by configurations which are constants on
the connected components of the graph upon removing the minimal cuts. However,
in this case the combinatorial problem of counting the relevant permutations will be
more complicated.

Another avenue of investigation is to study more fine-grained properties of the
spectrum. For instance, in the context of random matrix theory one typically also
studies the behaviour of the largest and smallest eigenvalues of the random matrix.



CHAPTER 14

Link states with unbounded spectral
variation

We will now consider a different regime, where the link states have unbounded
spectral variation. Our methods in this chapter are distinct from the previous one, and
the two chapters can be considered separately.

14.1 One-shot entropies

We begin by introducing one of our main tools for studying entanglement spectra in
random tensor network states: one-shot entropies. In quantum information theory;,
the rates of certain important protocols, such as compression or state merging can be
expressed as entropic quantities. One-shot entropies are the appropriate analogs for
settings where one would like to analyze a task for a single or finite number of copies
of the relevant state. Asymptotic rates in terms of ordinary von Neumann entropies
are then recovered in the limit of infinitely many independent copies. For an extensive
introduction to this point of view, see [Tom15]; here we provide the basic definitions
and introduce the relevant concepts.

A random tensor network built from link states that are maximally entangled (or
more generally have bounded spectral variation) effectively can be analyzed using
asymptotic tools. Indeed, if we have a maximally entangled state of exponentially large
dimension D = 2", then this is equal to the n-th tensor power of a qubit maximally
entangled state, so we are effectively in a asymptotic situation. However, if we allow for
link states with unbounded spectral variation or even completely general background
states, as in Section 12.2, then it is more natural to use tools from one-shot quantum
information theory.

We take the Rényi entropies as a starting point, which we defined in Eq. (12.9) for
subnormalized states. Let .# be some Hilbert space and for p € Z2_(#°) we define the
(unconditional) min-entropy and the max-entropy by

Hpin(p) = _log”p”oo
Hmax(p) =log (tr[\/ﬁ]z)
which coincide with the Rényi entropies Hy(p) and H 1 (p) for p € Z2_(A). As usual,

if p 4 is the reduced density matrix on a system A, we may write Hyin(A)p = Hmin(04)
and Hpax(A)p = Hmax(p 4)-
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Often, when applied to study quantum information processing tasks, it is useful to
allow a small error. This leads to the introduction of smooth entropies. To this end we
define the trace distance between p,o € Z_(#) to be

T(p,0) 1|| I +1|tr[ ]l
o) ==llp—0ol1+= —-oll,
p 10 151

where the last term, which is absent in usual definitions of the trace distance, accounts
for subnormalized states. It is easy to see that T'(p,0) < |[p— ol <2T(p,o). We define
the smooth min- and max-entropies of p € Z_(S) as

Hrilin (p) = sup Hrnin (Pg)
peeP(H), T (p¢,p)<€
Hp o (0) = sup Hiax (p).

peeP< (), T (p¢,p)<€

The smooth entropies are such that one recovers the usual von Neumann entropies in
the limit of many independent copies. Indeed, the following asymptotic equipartition
property holds:

l- 1 € ®ny _ _ 1 1 € ®n

nl_r,gloszin(p )=H(p) = nl_r,IC}oEHmax(p )
for any 0 < € < 1. Variations on this definition are possible. For instance, one can choose
a different distance measure, which will yield different entropies. However, for the
usual choices, the differences go to zero as € goes to zero, so the particular choice is
often immaterial. One useful distance measure is the purified distance, which is given

for p,0 € 2_(A) by
P(p,0) =\/1-F.(p,0)?

where F, (p,0) is the generalized fidelity between p and o, which is defined by

F.(p,0) = F(p,0) +/ (1 ~tr[p])(1 - trlo])

in terms of the ordinary fidelity F(p,0) = |,/pv/0 1. The Fuchs-van de Graaff inequali-
ties relate the trace distance and purified distance:

T(p,0)=P(p,0)=<+2T(p,0) (14.1)

for p,0 € Z_(A).

There are also conditional versions of the Rényi entropies. Consider a bipartite
quantum state p 4p € Z_(AB). For the von Neumann entropy, the conditional entropy
can simply be defined as H(A|B), = H(AB), — H(B),. However, it turns out that this
is not a good definition in the Rényi case. There are various ways to define a Rényi
conditional entropy Hy (A|B); we use a version based on the so-called sandwiched Rényi
relative entropy. For k = 2, this gives a quantum conditional collision entropy, which will
be useful for defining minimal cuts and which is defined as follows. For p 4p € 22.(AB),
let

+logtr[p]. (14.2)

2
H(AIB)gj, = ~logtr|((T® pp) ™ pan(l ® py) 7]
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Finally, there are also conditional versions of the min- and max-entropy. If p a4 € 22.(AB)
and o g € 2. (B), we define

Hin(A|B) pjg = —inf{A : pap < 2 [y ®0p)
Hmax(AIB) oo =logllpap(I @ o p)II3
and we let

Hmin(A|B)p: sup Hmin(A|B)p|U
geP<(B)

Hmax(A|B)p: sup Hmax(AlB)pla-
oeP-(B)

There is a duality between max- and min-entropies. If p € Z_(ABC) is a pure state,
it holds that

Hmin(A|B)p = _Hmax(A|C)p- (14.3)
We will use the fact that for a normalized state p 45 € 22-(AB) (Corollary 5.10 in [Tom15])

Huin (A[B)p|p < Hmin(A[B)p = Hz(A|B)pjp- (14.4)

14.2 Recovery isometries

Recall that we study random tensor network states with link states, which are pure states
which are a tensor product of edge states ¢ = @ ,cg P, € P_(V) for some graph G = (V, E),
and in Section 12.2 we considered more general background states ¢y € 2. (V), where
we no longer have a tensor product structure along the edges of some graph, and
applying the replica trick does not yield a local spin model for the moments of the
tensor network state. This situation is of independent interest, but will also be useful
as an intermediate step when applying bounds based on one-shot entropies to link
states. In Chapter 13, we studied link states for which the entanglement spectrum of
the edge states ¢, had bounded variation, and we used the replica trick to compute the
moments of the spectrum of p 4 for a boundary subsystem A. For general background
states we saw that the replica trick for k = 2 extends as in Eq. (12.21). What are the
minimal cuts in this setting? Based on Eq. (12.21) a first guess would be thatT'4 € C(A)
would be a minimal cut (i.e. correspond to the dominant term in the replica trick) if
for all other cuts A4 € C(A) we would have H>(T'4)yp << H2(A4)yp. If the state is a link
state, this corresponds to adding weights to the edges of the graph corresponding to
the Rényi-2 entropies along the edges, and computing a weighted minimal cut. Indeed,
this would yield an accurate approximation of tr[pi] and hence of H»>(p 4). However, if
the spectrum of p 4 is not close to a flat spectrum, this does not imply that spec, (p 4)
is close to spec, (¢r,). We would like to show that for link states with unbounded
spectral variation, and an appropriate minimal cut condition for I' 4 € C(A), it is still
true that spec, (p 4) is close to spec, (¢r,).

We will adapt the k = 2 replica trick for general background states to get a bound
on the difference in trace norm between spec, (p 4) and spec, (¢r,) in terms of condi-
tional Rényi-2 entropies,! as defined in Eq. (14.2). In Section 14.2.1, we will use this to
formulate a condition for cut minimality in terms of smooth entropies for link states.

'Note that while H(A|B)¢ = H(AB)y — H(B)g, in general Hy(A|B)y|¢ # Ha(AB)gy — Hz(B) .



244 Chapter 14. Link states with unbounded spectral variation

The main result of this subsection is a tensor network version of one-shot decou-
pling. Let ¢y € Z2_(V). We allow ¢y to be a general state, which need not be pure and
also need not be a product state along the edges of some graph. Let R be a purifying
system and ¢y g € 2. (VR) be a purification of ¢py. Then we can construct the random
tensor network state py,gr where the boundary systems are given by V3 U R, which is a
purification of the random tensor network state py; as in Eq. (12.19) by

bv,r = try, [(Iv,r @ Y)P] (14.5)

where 1 is a tensor product of random tensors. We briefly recall our notation for bound-
ary subsystems and cuts: for a boundary subsystem A < Vj, we denote its boundary
complement by A=V3\ A and foracutT'4 € C(A), we let l"fq =V \TI'4, which is a cut
for A. The purifying system R can be thought of as an additional boundary system in
the tensor network construction.

In Theorem 14.4, we will assume that we have a cut I' 4 € C(A) which is such that
for all cuts A4 € C(A) for which Ay CT 4 we have Hy(I'g \ AaIT'YR)g|p > 1, and similarly
for all cuts A4 € C(A) for which 'y C A4 we have Hy (A4 \T'A|T' AR) g1 > 1. We sow that
this condition implies that with high probability there exist isometries V4 : #4 — AT,
and V;; : A3 — At such that

(Vae Vi Ir)|p) =I|¢P). (14.6)

The approximation accuracy will be measured in trace norm. In particular, this implies
that spec, (p4) = spec, (¢r,). If the state ¢ is a link state, spec, (¢r,) is precisely the
entanglement spectrum along the cut y 4. The isometries V4 and V}; are recovery isome-
tries, which allow us to ‘recover’ I' 4 from the A system, and similarly we can recover F;
from A.

The result is closely related to quantum error correction. One way to interpret this
is is as follows: consider a subspace #s of Ay and let R be a reference system of
dimension dim(#%), and ¢yr a maximally entangled state between S and R. Then
Eq. (14.6) can be interpreted as saying that if we encode the subspace S by projecting
onto random tensors, the information in I'4 is protected, after encoding, against an
erasure error on A. This idea is also discussed in [PYHP15] for perfect tensor network
models, and in [HNQ™16] for random tensor networks with maximally entangled link
states. In holography, the notion of local recovery isometries and their error correction
interpretation goes under the name of entanglement wedge reconstruction or subregion-
subregion duality. See [AR19, AP22] for a detailed discussion of entanglement wedge
reconstruction in holographic systems with bulk entropy, relating to one-shot entropies.
We provide more details in Section 14.3.

Our approach to showing Eq. (14.6) is that we start by projecting only on the random
tensorsinI' 4, and not on the random tensors in 1"2. This yields a random tensor network
state o on AT’ R.

We then show that, by a version of one-shot decoupling, the reduced state on Or<R
has not changed much from ¢r< . By Uhlmann’s theorem, this implies that there exists
an isometry V4 such that (V4 ® Irf4 r)10) = |¢p). Combining this with a similar result
for I', we obtain Eq. (14.6), as will be made precise in Theorem 14.4.

In our construction of o, we can relabel the vertices in the graph, and think of the
vertices in I'4 \ A as the bulk vertices V}, the boundary subsystem A as the complete
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boundary Vj,, and relabel all other subsystems as the reference system R. Then we
prove the following result, which is closely related to the one-shot decoupling results in
[DBWR14].

Proposition 14.1. Consider a random tensor network state py,r as in Eq. (14.5) with a
(purified) background state pyr € P.(VR). Let A= Vy and letT 4 = V and suppose that
forany cut Ay € C(A) other thanT 4

HZ(FA\AA|R)¢|¢ =K

then

I :
Ellor—prli <272 /g2 2K,

Note that, since I'y = V U A, the sets 'y \ A4 for Ay € C(A) \ {T'4} are exactly the
non-empty subsets of V},. The formulation in terms of A 4 € C(A) will be natural when
we apply this result in Theorem 14.4.

Proof. We closely follow the strategy in [DBWR14, DH10]. We first note a basic fact
(Lemma 3.7 in [DBWR14]): for any operator X and w a subnormalized density matrix, it
holds that . )

XM < llo™* Xw™ 4. (14.7)

The proof is an application of the Cauchy-Schwarz inequality. We use (14.7) with w = ¢g
and Jensen’s inequality to see that

Elor—¢rlh < \/Etrl(pr—r?]

where fy,r = I8¢r) "1 pv,rU®pR) T and Gyp = (Iepp) Ty r(IedR) 1. ByEq. (12.22)
we have Epp = ¢pr, and the replica trick in Eq. (12.21) yields
Etr[(fr — pr)*] = Etr[pg] — tr[dF]

_ 72
= > P\ ]
AAEC(A),AAQFA

— Z tr[¢]2_H2(rA\AA|R)¢\¢
AAEC(A),AAQFA

using the definition of ¢ and Eq. (14.2) and hence

(Elor—prlh)* <2 trip127X.
[ |

Suppose that in the set-up of Proposition 14.1, we would have equality pg = ¢r.
Then, by Uhlmann’s theorem, their purifications p ar and ¢r,r are related by some
isometry V4 from A to I' 4. The following lemma is useful to extend to the case where
the reduced states are close in trace distance.

Lemma 14.2. Suppose p ap € P(AB) and o sc € P-.(AC) are pure states on bipartite
Hilbert spaces #4 ® #p and Ay ® H ¢ respectively. Then

minll (148 V)pa(a® V') =0 acly <2y/2lpa =l +2lp4 - 0412

where the minimum is over all isometries V : /g — F¢.
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Proof. Uhlmann’s theorem states that if p 4 € 2(AB) and 0 4¢ € £?(AC) are pure quan-
tum states with dim(#5) < dim(#%), then there exists an isometry V : #p — A such
that

P(pa,04)=P((Ia@V)papIa®V'),04c) = P(p4,04)
and, in particular, the isometry is the solution to an optimization problem:
P(pa,04) =min P((I4® V)pasa® V1), 040).
Moreover, if both p and o are subnormalized, by Eq. (14.1), we can bound

mvinll Ia®V)papUa® V) =0 aclh < mViHZP((IA ®V)papIa® V"), 040)

=2P(pa,04) <2y/2llpa—0alh.

From this it follows that if o is subnormalized and p has tr[p] > 1,

min|(Ia® V)pas(s® Vh—oaclli <2V/2trlplllpa—0oal:.

Since tr[p] < tr[o] + [|p — o, and tr[o] < 1 we conclude that

minl| (1 V)pa(a® V') =0 acly <2y/2pa =l +21p4 - 041

for arbitrary p and subnormalized o. [ |

Finally, we will need a basic lemma relating tensor network states with differing
background states:

Lemma 14.3. Suppose we consider random tensor network states py,r and py,r with
(purified) background states ¢y, pvr € P-(VR) and projecting onto the same random
tensors. Then

Elpv,r — pv,RIh < lpvr — Pyrli.

Proof. Let ¢ —¢p = A, — A_ where both A, and A_ are positive semidefinite and are
such that ||[¢ — ¢~>||1 =tr[A; + A_]. Then we can also consider the random tensor network
states o, and o_ which take A; and A_ as background states, and by the linearity of
Eq. (14.5) in the background state we have p—p =0, —0_. By Eq. (12.22), Eo, = A.. We
then estimate

Ellp—plh =Eloy—o-lh =E(loli +1lo-l1)
=Etrlo, +o_]=tr[Ay +A_] = [|[p— ;.

where we have used that o and o_ are positive semidefinite and hence ||o.||; = tr[o+].
|

With all our tools assembled, we are ready to prove the main result of this subsection.
We again let ¢y g € Z2.(VR) be a background state with R be a purifying system, and
we let py,r be the associated random tensor network state as constructed in Eq. (14.5).
Let I' 4 be an arbitrary cut for the boundary region A. In Theorem 14.4, we provide a
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criterion to determine whether I' 4 is a minimal cut in terms of conditional entropies.
Informally speaking, the following result shows that if I 4 is a minimal cut in this sense,
we can recover the subsystem I'4 from the boundary subsystem A, while we can re-
cover I', from the boundary subsystem A. For general ¢, Theorem 14.4 is closely related
to the task of split transfer, see Section 14.3 for a discussion. The following result closely
follows Proposition 18 of [DH10].

Theorem 14.4 (Recovery isometries). Let¢pvr € 2-(VR) and let py,r be the associated
random tensor network state as in Eq. (14.5). Let T 4 € C(A) and suppose that

Hy (T 4\ AA|F2R)¢|¢ =K (14.8)
forall cuts Ay € C(A) such thatAy CT 4 and

Ha(Aa\TAITAR) g = Ko (14.9)
forall cuts Ay € C(A) such thatT' y C Aa. Then

Emin||(Va® V3 ® Ir)prr(Vy ® V] @ Ip) = dpyrlh = O(tr(@] i iK1 971Ky (14.10)

Va,V;
where the minimum is over isometries Va: /0y — A, and V; : H; — Fre .

Proof. Let o ATSR be the state where we have contracted along the tensors in I'4 but
not along those in I'};, and similarly let 7 41, » be the state where we have contracted
along the tensors in I', but not along those in I" 4. We first use Proposition 14.1 to show
that orc g = ¢reg and 7r,r = ¢r,z. Indeed, for o we simply apply Proposition 14.1
with Vj, NT 4 as the set of bulk vertices, A as the set of boundary vertices and I') R as the
reference system. This gives

Elore g — re gl = 0(/ulgl2~25).

A similar application of Proposition 14.1, with V}, n T as the set of bulk vertices, Aas
the set of boundary vertices and I'4 R as the reference system, shows

ElTr,r - frolh = 6(/ulp]225).

We note that for any isometries Vs : #y — A, and V; : A5 — AT,

[(Va®Vi® IR)P(VIX ® V;—; ® Ig) —¢pyrlh = lUr, ® Vi@ Ig)T(r, ® V;—; ® Ir) —pvrlh
+lT—(Va® Izip)p(Vie Liglh,
where we have added and subtracted (Ir,® V;® Ig)T(Ir, ® Vg ® IR), applied the triangle

inequality and then used the invariance of the trace norm under isometries in the
second term. We use this to estimate

Emin||(Va® V3@ Ip)p(Vi® V)@ Iz) - pvrlh

Va,Vi

< E(minll(r, ® V3 ® I)T(r, ® V1 ® Ip) = $vl (14.11)
A

+ rr‘l/inllr— (Va® IAR)p(VX ® Iip)l1),
A
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where the minimum is over isometries V4 : #y — AT, and V; : #; — A< . For the
first term of Eq. (14.11), we apply Lemma 14.2 to get

min|(Ir, ® V3 ® [R)T(Ir, ® Vg ®Ir) = pvrli = 2\/2||TFAR = ¢rpl +1Tr R = Pr ol
A

<2V2(\/ITr,m = fr el + 1700 = $r el
and by Jensen’s inequality

[En‘l/i_nII(IrA ®V;ielIp)t(r,® Vg ® Ig) —pvrih
A

<2V2(\/ElTr,p— drulh +ElTr,e = dra,h (14.12)
= G trip] 127 1K)

For the second term of Eq. (14.11), we can think of 7 and (V4 ® IAR)p(V); ® I;5) as the

random tensor network states with ¢ and (V4 ® Ir¢ R)U(V;{ ® Ir< ) as link states, applying
random tensors in I'Y. Then, denoting by Ere the expectation value over all random
tensors in I'}, by Lemma 14.3

ErelIT— (Va® Lig)p(V) @ Iip) I = Ol pvr— (Va® ;)0 (V) & I;0)]10).
We thus estimate

Emin|z ~ (Va® Iip)p(V} ® Izp) 1 = O Er, minllgvr — (Va® 30 (Vi ® Izp) )
A A

for which we may argue exactly as in Eq. (14.12) and using Lemma 14.2 that
. 1,1
Er, minflpyr = (Va® Iy p)o (V3 ® Irqp) 1 = O (trlgp] 12735,
A

We conclude that

[E‘l}nl‘l/l ”(VA®VA®IR)p(VZ®Vg®IR)—¢VR”1 zﬁ(tr[(p]%}(z—ilﬁ +2_711K2))
AVA

We hence find that the closeness of the boundary and background state can be
bounded via conditional Rényi-2 entropies of cuts. In particular, for large Kj, K>, the
recovery isometries can recover states to good accuracy, and E| spec, (p a) —spec, (¢r )|l
is small. However, this result is not yet completely satisfying. Indeed, the conditional
Rényi-2 entropy is not a ‘robust’ quantity, in the sense that a small deformation of ¢
can drastically change the values of the conditional Rényi-2 entropies in Eq. (14.8) and
Eq. (14.9). For this reason, we would like a condition with smoothed entropies. We first
note that one can actually show that for the condition in Eq. (14.8), we can bound

HZ(FA\AA|F54R)¢|¢> > Hmin(FA\AAIquR)(p (14.13)
and similarly for Eq. (14.9),

Hy(AA\T AT AR)p1p = Hmin(Aa\T 4T AR) (14.14)
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To make the condition ‘robust’, we would like to replace these by smoothed entropies
and express a condition in terms of HY . (I'4\ AT R)y and H[ ; (Aa\T 4T 4R)¢. This
will require simultaneous smoothing: finding a state ¢7, , € 2. (V R) which is close to ¢,
such that

Hpin(T A\ AAWZR)([)E = Hriﬂn (T A\ AA|FZR)¢
or
Hmin(Aa\T AT aR) g = Hyy (Aa\TAIT AR)

for all relevant cuts A 4. If we have a general background state, it is not known how this
can be done [DF13, Dutl1]. However, if the background state is actually a link state,
we can bound the smooth conditional entropies in terms of non-conditional smooth
one-shot entropies, for which we can perform the simultaneous smoothing.

14.2.1 Approximation of the boundary spectrum

The primary result in this subsection is Theorem 14.6, which states that if the back-
ground state is actually a link state as in Eq. (12.4), then the spectrum of the boundary
state is well-approximated by the spectrum of the minimal cut link state in expectation,
where the approximation accuracy is controlled by smooth one-shot entropies. Itis a
straightforward application of Theorem 14.4. For a link state the, (unsmoothed) condi-
tion in Eq. (14.13) and Eq. (14.13) boils down to the difference between the min-entropy
along 6 4 and the max-entropy along y 4. In fact, we show a slightly stronger statement
that we can ignore the intersection y 4 N6 4.

We will now introduce notation in order to state Theorem 14.6. Let A4, and I'4 be
cuts with cut-sets 6 4 and y 4. We want to quantify the sense in which the cut along y 4
is ‘smaller’ than the one along 6 4, by showing that the smooth max-entropy along the
edge set Y4\ (6 4Ny 4) is smaller than the smooth min-entropy along 6 4\ (6 4Ny 4). We
ignore the intersection of y 4 and 6 4 intersect. To this end, we fix a cut I 4, and we define
for any cut A4 € C(A) for which A4 C I'4, the sets of half-edges

Crt=1{(e,x):e=(xy),x€Tx\ Ay, yeT4)
Dﬁf ={(e,x):e=(xy),xeTa\Ax,y€AA},
and similarly for any cut A4 € C(A) for whichT'y C Ay
Crt=1{(e,x):e=(xy),x€Ay\Tx,y €T}
D ={(e,x):e=(xy),x€As\T 4,y € AG).
We let
CTa)={Aa€C(A), Ay CTALU{AL€C(A), T4 S Anl

The sets CrA ;‘ and D? ;‘ are sets of half-edges along y 4 and 0 4 respectively (leaving out
the intersection y4 N6 4). This is illustrated in Fig. 14.1. Then we let

hf (An) = HEy (DR g = Hipa (Cr ).

A

We now define the condition for I' 4 to be a generalized minimal cut:
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A

(a) lllustration of the sets of half-edges Cﬁ: and  (b) lllustration of the sets of half-edges used in

Dlé: givenacut Ay C Ly the proof of Theorem 14.6.

Figure 14.1: Tensor networks with one and two minimal cuts. The relevant ground state config-
uration domains are denoted by I' 4.

Definition 14.5 (Generalized minimal cut). A cutT'4 is a (&, K)-minimal cut if
e (M) =K
forall Ay € €T ).

The utility of such a condition is that it controls the degree to which the spectrum of
the corresponding cut link state ¢r, is close to the boundary state p 4:

Theorem 14.6. Consider a random tensor network state p constructed with a general
link statep € 22_(V) asin Eq. (12.4). Let A be a boundary region of the network, p 5 the
corresponding boundary state, and T 4 an (g, K)-minimal cut. Then the spectra of p 4 and
the link state ¢r, on A are related as:

Ellspec, (p.4) — spec, (¢r )l = 62K + Ve).

In order to prove Theorem 14.6, we start by collecting some results relevant for the
simultaneous smoothing of the link state. For general states, joint smoothing is an open
problem [DF13, Dutl1], however, if we use a link state we can straightforwardly do so,
in similar fashion to joint smoothing of classical states [DF13]. A useful basic fact is that
if we consider a basis in which a state ¢ is diagonal, then the optimizers for both the
smooth min- and max-entropies may be taken to be diagonal in the same basis [Ren08].
To be precise, if ¢ = Z?:l Aili)(i| is a density matrix which is diagonal in the basis {|i)},
then HE . (¢) = Hpin (¢p°) where

min

¢F = Zmin{)ti,Z_HIiin((p)} 12341
i

and T (¢, %) = €. Similarly, HE,, () = Hpax () where
¢° = Ailixil

where A; < A; and T(¢, %) = &.
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Lemma 14.7. For alink state p € P_(V) as in Eq. (12.4), there exists a pure ¢p* € P_(V),
which is such that

T(,¢%) < V2IVI+1g

and

Hyin ((PA) mln (¢A)
for any vertex subset A< V.

Proof. We may assume without loss of generality that ¢ = Qg ¢ is such that each ¢,
has Schmidt decomposition in the standard basis,
De
Pey =)\ Ae,ilii)

i=1

This means we may write
¢) =3 VA
i

where I runs over all possible basis elements along each edge I = {i,}.cr and

AI: l_[/le,ie |I>:®|ieie>-

eeE ecE

If we pick some subset A € V and we let the corresponding edge cut set be §, and
write E, and E, for the sets of vertices connecting only vertices with A or A€ respectively,
then we may write |p) = |¢s) ® |PE,) ® |PpE,) and the reduced state on the vertices in A
will be given by

(PEl ® ¢e X

e=(xy)ed
XeA

An optimal smoothing for the min-entropy then is given by

¢ZA = (1[)51 ®$

where

¢:= Y. min{[] Aei,, 2" Fmin @} Q1) (el

{ie}ees eed ecE
In particular, this is the reduced state of the pure state ¢** defined by
6% = |pr,) @ l¢E,) ® [p5™)

where

ey = Y min{[] y/Aei, 272 o} @ liede)

{ie}ees eed ecE
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and which has P(¢, p**) < v/2¢, since by the Fuchs-van de Graaff inequalities Eq. (14.1)

P(¢, ") = P(pa, ¢35 < \/2T (P, $3™) = V2e.

In particular, we note that this state is of the form
=) = ; A5 T
for some nonnegative numbers 0 < A‘;’A < A;. We let
|°) = ;X‘g{} AT

We now want to bound P(¢, ¢?). To this end we observe that the fidelity can be bounded
as

1—F(¢,¢5):;m(@—gg\/ﬁf’ﬁ)
<Y VALY WVA—A5Y
1

ACV
=) 1-F@,¢*Y
ASV
and trivially for any A
1+ F(¢,¢°) <1+ F(p,p=™).

Thus, using that F(¢, ¢®) = F. (¢, ¢®) since ¢ is normalized

P(p,¢%) =\/1=F($,¢%)? = /(1 - F(¢, ) (1 + F(¢h, %))

< /(Y 1=F(, =) (A +F(,¢))

AcV

< J(X 1=F($, =)L+ F(¢p, ¢=4)
AcV

<./ 2 A-F(¢,¢=%?)
AcV

< V2IVi+lg

since 1 - F(¢, (/b‘E'A)2 = P(¢, (/)‘E'A)2 < 2¢. Thus, by the Fuchs-van de Graaff inequalities
Eq. (14.1)

T(¢, %) < P(, ¢%) < V2IVI+1g,

Moreover, in the basis {|I)} the state |(p®) has elementwise smaller coefficients than I(/bE’A),
so we see that the reduced state ¢ is elementwise smaller than <pZ'A. This implies, by

the Perron-Frobenius theorem, that the largest eigenvalue of (/)‘Z’A is larger than the
largest eigenvalue of ¢, and hence Hin(¢3) = Hmin(cpZ’A) = H: . (¢a). [ ]
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We will also use a similar result to obtain simultaneously smoothed max-entropies
and min-entropies for classical states along a single cut.

Lemma 14.8. Let E be a finite set, and let E, and E, label quantum systems with Hilbert
spaces FCp;, = QecpHei for i =1,2. For S € E, let s, = QecsHei- Now suppose
that ¢ € 2_(E\ E») is a product state

¢:®¢e

eeE

where each ¢, is a pure state on S, ® #,2. Then there exists ¢° € P_(E, E;) which is
such that

T(p, %) <2V 2lElg

and
Hmax(qbfgl.) = anax((,bsi) and Hmin((,bgl.) = Hélin((bs,-)
forall subsets SC E andi=1,2.

Proof. The proofis similar to that of Lemma 14.7. We write out ¢ in the product basis,
using the Schmidt decomposition of each |¢,)

o= Y VAlLL)

I={iclecE

where |I;) = Qccglie,i). The reduced state ¢p, is given by

dp = Y. AL

I={ic}ecE

Choose a subset S < E and and consider the following states in 22 (E;)

@eSmin =y~ qeSminipy )

I:{ie}eEE

pESmR = 3 ALK

I={ic}eek

which can be chosen such that

0=APS™ <A, T@"™Mpg)<e and  Huin(@§ ™™ = Hoy (s,
Similarly
0= AP <Ay, T@OS™¢p)<e and  Hpa (@ "™ = Hi o (@)

Then we let ¢p©51 € Z2_(E;) be given by

¢S = Y min{ASS™ ASSM Ly (1),

I={ic}eck
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Then it is easy to see that T(¢*%1, ;) < 2¢ and Hinin(¢§°) = HE,; (s,) and Hinax (5 <
Hp i (@s,). Now let ¢° € P (E; E») be given by

Pf = mln{\/ SYHIL L)

I= {le}eEE -
sO
¢f = Y. minfASSHLNLI.
I={ic}ecE S<E
Then, since ¢, < gbg we see that Hmin(¢§ ) = Hmin (¢, 5) = HE . (¢s,) and similarly
that Himax(¢§) < Hmax(qbgf) < 1S,y (gs,), and
TS, ¢r,) = ;uggigm?s} A=Y Y ASS - Al

1 SCE
< Y T(@%°,¢) <2FHle,

SSE

It is easy to see this implies that T(¢% ,¢r,) < 2v2/Fle. By symmetry under exchang-
ing E; and E», for any S € E, we must have Hf . - (dbs) = H ;0 (@s,) as well
as Hmin / max($% ) S, = Hpmin/max(® Sz)’ so ¢° satisfies all required conditions. [ ]

The last ingredient we will need for the main result of this section is a relation
between the Rényi-2 conditional entropy and the min and max-entropies:

Lemma 14.9. Letp = Pppc € P.(ABC). Then
H3(AB|C)p|¢p = Hmin(A)p — Hmax(B)y +logtr(¢l.

Proof. We prove the result for normalized ¢ € 22. (AB C), and then the result for subnor-
malized ¢ € 22_(ABC) follows by applying to ¢ = By the product structure of ¢, it is
clear that

tr[ (/)]

H,(AB|C)gip = H2(A)p + Ha(B|C) p|p-

Note that H»(A)y = Hmin(A)g by the standard monotonicity property of Rényi entropies
in the Rényi index. For the second term, let R be a purifying system and ¢pcg be a
purification of ¢p. Then

HZ(B|C)¢|¢ = Hmin(B|C)¢ = _Hmax(B|R)¢> = _Hmax(B)¢

using Eq. (14.4), Eq. (14.3) and the purity of ¢pcr, and in the last inequality, a data
processing inequality (Theorem 6.19 in [Tom15]). |

We now prove Theorem 14.6:

Proof of Theorem 14.6. Let ¢ be a (subnormalized) pure background state. By Theo-
rem 14.4 and the fact that cZ)V is pure (i.e. R = @):

Ellspec. (p4) ~spec, (¢l SEminl(Va® Vze IRp(Vi@ Ve Ir) - dlh

= O(tr[¢)i (271K 4 271Ky,
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where for any A4 with 'y C A4, we define

_ : cy_ .
Ky = Aje cfE)I,IAlAgA Hy(Ta\AallT) g1
KZZ min HZ(AA\FAH—‘A)@@-

AseC(A)TACAA

So, we need to compute K; and K>. Let E; be the set of edges (xy) for which x, y € I'y4,
and let E; be the set of edges (xy) for which x,y € '}, so E = E; U E> Uy . Then the
Hilbert space #y factorizes as #g, ® #g, ® #),,. Let us assume that the state ¢ is
a pure state such that it is a product state with respect to this factorization (we need
this condition, rather than a product state over all edges, to accommodate for the
smoothing), so

|(ﬁ> = I(Z)E1> ® I(Z)E2> ® |(7EYA> .
Then for Ay C Ty, let

D ={(e,x):e=(xy), x€T4\ Ay, y €T a}.

Then, the collection of all half-edges (e, x) for which x € 'y \ A4 equals the union CFA: L

D , and hence, by Lemma 14.9, with A = DAA B= CAA and C =T¢, and the product
structure of ¢, we obtain

Hy(Ca\ 84T i = Hinin(DE )5, — Hmax(Cp )5 +log(trll).
Thus,

_(PDAAy . Aay I
Kl > AAeC&l)lIAlACFA Hmln(DrA)(pEl Hmax(CFA )(ybYA +10gtr[(p]. (14.15)

A similar argument bounds K3 as

. (Phay. Aay _ 7
K, = AAEC{E)I?ACAA Hmm(DFA)(PEZ Hmax(CrA )(pm +logtr[¢]. (14.16)

where
D ={(e,x):e=(xy), x€Ag\T 4,y €T}

In particular, it is easy to see that this gives the desired result for £ = 0 if we take ¢ = ¢.
Let us now discuss smoothing the link state. We start with a state which is a product
along the edges E, and hence it can be written as |¢) = |¢pg,) ® |PpE,) ® [py,). We now
apply Lemma 14.7 to ¢, to obtain a pure state (,b%i such that T((,bEi,qb%i) <0 (y€) and

foreachcut Ay CT'»4
Hnin (Dp g, = Hyy

A
min (DF;‘)(I’ min (D )¢’
and a similar result for 'y C A4 and (/)%2. For ¢, we use Lemma 14.8 with E; and E;

the half-edges on either side of the cut to obtain a pure state ¢}, € 2.(y4) which is
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such that T(¢y,, ¢} ) = O (v/¢€) and which satisfies for any cut A 4 for which Ay C T 4 or
IF'nC Ag

Hmax ((:DECAA) = Hrilax(gbcﬁf )

Ta

= HE o (CPM) .

A

We then let
¢ =P, @ PL, @ P,

be the smoothed (pure) state. Let pf,a be the random tensor network state with back-
ground state ¢¢. By the € = 0 result for ¢ = ¢¢,

Ellspec, (p5) —spec, (¢f )l = O(ulpf11 2 18 4271k = g 271K 1 271K

where from Eq. (14.15) we get

,: — > i i HAA & — Aa £

Ky = Ky —logtr[¢7] Z eomm Humin (D¢, = Hmax(Cr g5,
> i HE. (D24, — HE, (C2%y =K
ppeerR p Hmin (D79 = Hinax(Cr Doy

and K, may be similarly bounded by using (14.16). We conclude, using Lemma 14.3,
that

Ellspec, (p.) - spec, ()1 < Elspec, (05) - spec, (&%)l
+Ellpv, = o5, I +r, = ¢F,In
=02 ") +0(/o) +6(/o)

as desired. [ |

14.3 Random tensor network states and split transfer

Our results involving general background states are closely related to the quantum-
information-theoretic task of split transfer introduced in [DH10], which can be under-
stood as a variant of quantum state merging. The standard setup is as follows: two
parties, Alice and Bob, share a state ¢ 4pc,..c,,, with Alice controlling system A, Bob
controlling system B, the systems Cj,...,C,, being m “helpers”. Let R be a reference
system and ¢ 4grc,...c,, @ purification of ¢. Initially, the state is shared not only by Alice
and Bob, but also with all the helper systems C;. The goal of split transfer is to try to
redistribute the state to Alice, Bob, and R, using local quantum operations and classical
communication (LOCC) between Alice, Bob and the helper systems, and possibly with
the assistance of additional maximally entangled states.
To be a little more detailed, a split transfer protocol consists of

(i) A partitioning of the set of the helper systems: T4 U Tg = {Cy, ..., Cy}.

(ii) Foreach C; € T4 anumber K, ; of shared maximally entangled qubits between
Alice and C;, and for each C; € T, a number Kp ; of shared maximally entangled
qubits between Bob and C;.
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(iii) An LOCC operation between Alice, Bob and the helper systems, which is such
that after applying the protocol Alice and Bob share a state ¥ agrc;...c,,» Which is
close to ¢ 4Brc,...c,, and such that now Alice possesses systems A and T4, whereas
Bob controls B and Tg. Moreover, after applying the protocol they may be in
possession of a number L, ; or Lp; of (approximately) maximally entangled
qubits between C;, and respectively A or B.

In this case we say that the split transfer protocol has entanglement costs K ; — L, ; for
all C; € Ty and Kp,; — Lp,; for all C; € Tp. A precise definition can be found as Definition
14 in [DH10].

Intuitively, the helper systems need to transfer their correlations with R to Alice
and Bob, but without touching R. For instance, a very naive protocol could be that
the helpers simply teleport their full system to either Alice or Bob, consuming EPR
pairs. We can construct a potentially much more efficient protocol by way of random
measurements. The precise procedure is detailed in Proposition 16 of [DH10]. Roughly
speaking, such a protocol functions because random measurements have the effect
of decoupling the helper systems from R. The helpers perform simultaneous random
measurements on their systems, and send the results of their measurements to Alice and
Bob. Then, Alice and Bob can use their share of the global state and their portions of the
maximally-entangled states to perform a decoding operation conditioned on the results
of the random measurements. The state they receive will be a purification of ¥ 45¢,...c,,,
which will then be equivalent to the original ¥ sprc,...c,, up to local isometries. The way
we set up the split transfer protocol above was in a one-shot fashion: we get a single
copy of ¢ and need to determine the optimal entanglement cost for the protocol.

One can also consider asymptotic versions (where one has many copies available
and one cares about the optimal rate). An example application is the entanglement of
assistance. Suppose that Alice, Bob and the helper systems C; get many copies of a pure
state ¢b. At what rate can they distill maximally entangled pairs between Alice and Bob,
if Alice and Bob are allowed to perform LOCC operations with all the helper systems? In
this case, the answer is that the rate is given by

min S(ATA)(/),
Ta

that is, by minimizing the entanglement entropy over all bipartitions. This rate is
reminiscent of the importance of minimal cuts in a random tensor network. This
connection was already explored in [HNQ™16].

To see in some detail how the task of split transfer relates to random tensor networks,
we consider three boundary regions, A and B, under the control of Alice and Bob, and
the purifying system R. Each of the “assisting” parties represents a bulk vertex. We would
like to know whether there exists a protocol in which the assisting parties are allowed to
perform local operations and classical communication (LOCC) such that the state ¢y r
is redistributed into a state p 4pr held by Alice and Bob that can be transformed by local
isometries, acting only on A and B, to a state close to ¢y g. The protocol given in [DH10]
consists of simultaneous random measurements by each of the helpers. This precisely
corresponds to the random projections performed in constructing the random tensor
network state with this background state!

In this light we can interpret Theorem 14.4 as a result on split transfer. Let us assume
that ¢ € Z_(ABRC;...Cy), and let us denote as usual by p 4pp the associated random
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tensor network state and choose a partitioning T4 LI T of the assisting (bulk) parties.
Since H>(A|B)p|p = Hmin(AlB)g, Theorem 14.4 directly yields

Theorem. Suppose that

Huin(SalBRTB)p = K3 (14.17)
for all non-empty subsets Sy < Ty and

Hunin(SBIART ) = Ko (14.18)
for all non-empty subsets Sp < Tp. Then

_1 _1
E‘l}ni‘I)”(VA@’VB@IR)P(V;@V;@’IR)_(,DABRCl...Cnul:@((2 Ky omakey 0 (14.09)
AVB

where the minimum is over isometries Vs : /0y — Far, and Vg : Fp — FCpTy.

This result shows that if K; and K are sufficiently large, then after measurement in a
random basis, the state possessed by Alice and Bob can, with high probability, be used to
approximately reconstruct ¢ by acting with local isometries on the systems of Alice and
Bob. If for the initial state ¢ the conditions in Eq. (14.17) and Eq. (14.17) are not satisfied,
we can use another state where we have added an appropriate number of maximally
entangled Bell pairs between the assisting parties, and this can be used to determine the
entanglement costs.> An interesting open question in this context is whether one can
generalize this result using smooth entropies in Eq. (14.17) and Eq. (14.17). The problem
is that for a general state ¢, one would need to perform simultaneous smoothing for all
the relevant subsystems, which is an open problem.

There is an alternative approach, in which it is straightforwardly possible to use
smooth entropies [DH10]. In this approach, one merges each party in 74 one by one,
and similarly for T. That is, we choose some ordering T4 = {1,..., m} = [m] and we
apply a sequence of state merging protocols where we merge the state in m steps,
where a single step merges AU T4\ [i — 1] into AU T4\ [i]. In this case it is not hard to
see that, if we allow some error the entanglement cost is determined by the smooth
conditional entropies H . ({i + 1}|BR[i] Tp)y. We perform a similar protocol for B and
the assisting Tp systems.

14.3.1 Split transfer and recovery in holography

Split transfer is closely related to subregion-subregion duality, or entanglement wedge re-
construction, in holography. Suppose we have an AdS semiclassical stationary geometry
which is dual to some boundary CFT state p. We fix a time-reversal invariant spatial slice
and partition the boundary into A and A. Let y 4 be the minimal surface for A. Then we
denote by I' 4 the entanglement wedge of A, the region which is enclosed by A and vy 4.
The claim of entanglement wedge reconstruction is that if we act with some low-energy
local bulk operator in the entanglement wedge, we can reconstruct the action of this
operator on the boundary system A.

2In fact, the protocol in [DH10] is slightly more general than what we describe; rather than measuring
arandom state one could also measure a random projection of rank greater than 1. This can be used to
obtain EPR pairs between the helpers and and Alice and Bob to get nonzero L4 ; and Lp ;.
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One way to make this more precise is by considering a code subspace of bulk states S
(which should be thought of as a subspace of states given by acting with low-energy
operators on a fixed semiclassical space-time). We may then take a reference system R
of the same dimension as S, and consider a maximally entangled state ¢ between R
and S. The AdS/CFT correspondence now provides an encoding of the bulk into the
boundary, yielding a boundary state p 4 ;5. In this set-up, the claim of entanglement
wedge reconstruction is that we can act with an isometry on A to recover ¢r,r (and I'4 is
actually the maximal such region). If the entanglement wedge for A is the complement
of I'4, then it is clear that this requirement is closely related to split transfer (if we only
consider A and I' 4 the corresponding task is state merging). These ideas and the precise
relation to quantum information theory have been developed in a large number of
works, amongst which [HNQ* 16, Har17, AP20, AP22].

In particular, in [AP20, AP22] the idea that one-shot quantum information is relevant
to entanglement wedge reconstruction has been advanced. This makes sense, as the
natural setting in holography is a single-shot setting. While the limit of large effective
central charge, and hence small Gy, is reminiscent of a many-copy limit, there are
situations of interest (for instance in relation to the black hole information paradox)
where the reference system is actually large, or in other words, we consider a situation
with large bulk entropy. In this case, where we assume we have a bulk state ¢, the RT
formula in Eq. (10.4) gets adapted to be the quantum extremal surface formula:

H(pa) = minext),A{M + H(T 4)p}
4Gy

where we minimize over extremal surfaces y 4, and we minimize the joint contribution of
the area of y 4 and the bulk entropy contained in the associated entanglement wedge I 4.
We note that this formula has a natural tensor network interpretation: consider a tensor
network state where the background state is given by ¢ = ¢, ® Py, where Py w g is
a general background state (which accounts for bulk entropy) and ¢« is a link state on
a graph G = (V, E). Let us take maximally entangled link states with dimension D. Then,
for some cut I' y with edge set y 4, we have

H(¢r,) =log(D)lyal+ H@\")

and we may hope that minimization over this quantity along the cuts gives a good
approximation to the entropy. Whether this is indeed valid, depends on the structure of
the background state ¢. A proposal put forth in [AP20] is that the surface y 4 with entan-
glement wedge I' 4 gives the max-entanglement wedgeif I 4 is the largest region which is
such that for any other surface 6 4 homologous to A, with A 4 the region enclosed by A
and 6 4, and where A 4 is contained in I 4, it holds that

Iy al =164l

HiinCa\ AAITGR) > ===

In this case, I'4 should be the largest region which can be (approximately) reconstructed
from A. Again, one can think of a random tensor network where the background state is
a tensor product of a bulk state and a maximally entangled link state of dimension D
with log(D) = @(G]‘Vl) along the discretization of the space. Then this condition is (apart
from the simultaneous smoothing problem) equivalent to Eq. (14.13). If T4 is the max-
entanglement wedge for A, and its complement I' is the max-entanglement wedge



for A, then the holographic encoding of the bulk state into the boundary can be seen
as a version of one-shot split transfer (if we restrict to just I'4 and 4, it is a version of
one-shot quantum state merging, as discussed in [AP20]). See [AP20] for a detailed
discussion of this proposal for holographic systems.

Discussion and open questions

In this chapter we explained how one can use one-shot entropies for random tensor
networks. We did not yet discuss the case where there are fwo competing minimal
cuts in this framework. This should be possible, and we hope to address this question
in forthcoming work [CPWW]. This would lead to an entropy computation similar
to Eq. (11.8). Another important, but substantially harder open question, is the joint
smoothing problem. This is relevant to random tensor network states with general
background states, but would in general be highly relevant to multiparty quantum
information tasks.
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Abstract

In this dissertation we study the fascinating interaction between quantum information
theory and many-body physics. Many-body physics broadly are physical systems which
are made up of a large number of subsystems. While the laws and principles of quantum
mechanics are well known and can be formulated in compact equations, understanding
many-body physics and the emergent phenomena related to it gives rise to a whole new
set of challenges. In this dissertation we contribute to this field by showing how in three
different domains perspectives from quantum information theory and computation
can be useful in the study of many-body physics.

In Part I we investigate quantum systems in one spatial dimension. We show that the
ground state, the lowest energy state, of a class of free systems can be prepared efficiently
on a quantum computer using a certain circuit structure. Free quantum systems can
be simulated efficiently by classical computers; so the possibility of preparing such
ground states on a quantum computer is well-known. However, we show that this is
possible using a method which implements an important physical principle: real-space
renormalization. This method is known as entanglement renormalization. There is
an associated tensor network ansatz, the multiscale entanglement renormalization
ansatz (MERA). We show that entanglement renormalization in free systems is closely
related to the theory of wavelets. Wavelets allow a decomposition of functions into
a basis set of functions, similar to Fourier analysis. However, in the case of wavelets,
the basis functions are not plane waves but localized ‘wave packets’. Quantization of
appropriately chosen wavelets yields an entanglement renormalization scheme. We
explain how to find such wavelets, and we show that if one has wavelets with the right
properties one can obtain accurate MERA approximation. We show that this has a
natural continuum limit, which is related to free quantum field theories.

In Part Il we study a different aspect of many-body quantum mechanics. Whereas in
the first part we focussed on finding ground states, here we are interested in the dynam-
ics of one-dimensional quantum systems. This means that we have a system with a state
changing over time. Closed systems have unitary time evolution. Moreover, in physical
systems with local interactions, one finds that time evolution also conserves a certain
amount of locality. Based on these two general principles we dynamics which consist
of a single time step which are both unitary and (approximately) locality preserving,
which we call approximately locality preserving unitary (ALPU). If one imposes strict
locality this is known as a quantum cellular automaton. In one spatial dimension these
have been classified by an index which measures an information flow. We show that
this classification extends to approximately local dynamics, using tools from the theory
of operator algebras. We prove that a one-dimensional ALPU can be connected by a
continuous path of ALPUs to the identity if and only if the ALPU has no net information
flow to the left or the right.

Finally, Part 111 is inspired by the interaction between quantum information theory
and gravity. Developing a theory of quantum gravity which can describe our universe
is one the great outstanding challenges of theoretical physical. An important physical
phenomenon where such a theory would be relevant are black holes. Based on general
physical principles, it appears that black holes have an entropy (that is, a number of
degrees of freedom) corresponding to their area. This has lead to the development of
holographic quantum gravity, where a d + 1-dimensional gravitational theory is dual to
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a d-dimensional non-gravitational quantum theory, which lives on the boundary of the
gravitational spacetime. We study a simple toy model for this phenomenon: while it is
certainly not describing a theory of quantum gravity, it shows in a surprisingly accurate
way certain mechanisms which are crucial in holographic gravity. The model is a tensor
network model where we choose uniformly random tensors. We generalize this model
by adapting the usual PEPS model to use different link states and we deduce properties
of the entanglement spectrum. These results closely mirror conjectured properties of
holographic systems.



285

Samenvatting

Quantuminformatie in systemen met veel deeltjes

In dit proefschrift bestuderen we de fascinerende interactie tussen quantuminformati-
etheorie en veel-deeltjes-fysica. Veel-deeltjes-fysica is een verzamelnaam voor fysische
systemen die bestaan uit een groot aantal subsystemen. Hoewel de wetten van de
quantummechanica in principe goed begrepen zijn en compact geformuleerd kunnen
worden, brengt het begrijpen van systemen die uit een groot aantal quantumdeelt-
jes bestaan een geheel nieuwe verzameling aan uitdagingen met zich mee. In dit
proefschrift bestuderen we, op drie uiteenlopende onderdelen, hoe perspectieven uit
quantuminformatietheorie een rol kunnen spelen bij een beter begrip van dit soort
systemen.

In Deel I kijken we naar eendimensionale systemen. We tonen aan dat de grondtoes-
tand van een klasse vrije systemen op een quantumcomputer kan worden geprepareerd
middels een circuit met een bepaalde structuur. Het is weinig verbazend dat dit mogelijk
is; vrije quantumsystemen zijn eveneens te simuleren op een klassieke computer. We
laten echter zien dat dit mogelijk is op een manier die een belangrijk fysisch principe
implementeert: renormalizatie. Deze methode heet verstrengelingsrenormalizatie. We
tonen aan dat verstrengelingsrenormalizatie in vrije systemen nauw verband houdt met
de theorie van wavelets. Wavelets bieden een manier om een functie te ontbinden als
een som van gelocaliseerde golffuncties. We demonstreren dat dit tevens leidt tot een
natuurlijke interpretatie van de continue limiet van het model, een quantumveldenthe-
orie.

In Deel II van het proefschrift bekijken we een ander aspect van de quantumme-
chanica. Waar we ons in het eerste deel richten op het probleem van het beschrijven
van grondtoestanden, bestuderen we hier de dynamica van eendimensionale quan-
tumsystemen. Hiermee bedoelen we hoe het systeem in de loop van de tijd verandert.
Ten eerste geldt dat in een gesloten system de tijdsevolutie van een quantumsysteem
unitair is. Ten tweede geldt dat in fysieke systemen waar de interacties lokaal zijn dat
de tijdsevolutie ook een bepaalde mate van lokaliteit bewaart. Op basis van deze twee
gegevens bestuderen we dynamica die in een enkele tijdsstap plaatsvindt en die zowel
unitair is, als bij benadering lokaal. We generalizeren eerder werk met betrekking to
strikt lokale dynamica en classificeren zulk dynamica in eendimensionale systemen.

In Deel 111, het laatste deel van het proefschrift, bestuderen we een aspect van de
interactie tussen quantuminformatie en zwaartekracht. Het blijkt dat zwarte gaten,
als quantummechanische objecten, kunnen worden beschreven op het opperviak dat
het zwarte gat begrenst. Dit is aanleiding geweest voor het ontwikkelen van holo-
grafische quantumzwaartekracht, waarin een universum met een theorie van quan-
tumzwaartekracht equivalent is aan een reguliere quantumtheorie (zonder zwaartekracht)
op de rand (en dus in een dimensie lager) van de ruimte leeft. Wij bestuderen een
model dat bedoeld is als een speelgoedmodel voor dit fenomeen: hoewel het geenszins
een realistich model voor zwaartekracht laat het op een accurate manier bepaalde
mechanismes zien die cruciaal zijn in holographische zwaartekracht. Het model is
een tensornetwerk (een bepaalde manier om quantumtoestanden te construeren) met
uniform willekeurige tensoren. We laten zien dat onze generalizatie van dit model infor-
matietheoretische aspecten van holografische quantumzwaartekracht reproduceert.
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