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Abstract

This thesis studies Esakia’s temporal Heyting calculus tHC, a temporal intuitionistic
modal logic, by employing algebraic, topological, and frame-theoretic methods. First,
we develop a general theory of temporal Heyting algebras, showing tHC to be sound
and complete with respect to the variety and studying an important class of filters called
#-filters as well as an important class of elements called #-compatible elements. Next, we
develop a general theory of temporal Esakia spaces, studying an important class of sub-
sets called archival subsets and using this notion to define two notions of « reachability
» on our spaces : one order-topological and the other purely frame-theoretic. Next, we
establish and develop an Esakia duality between the categories of temporal Heyting
algebras and temporal Esakia spaces, including a full contravariant equivalence as
well as a congruence/filter/closed-upset correspondence. Next, we use our duality
theory to study the relational models of tHC, establishing relational soundness and
completeness, developing a method of filtration on our models, and establishing the
relational finite model property. Finally, we apply several of our duality and relational
results to prove several facts about the variety of temporal Heyting algebras, including
the algebraic finite model property. We conclude by proving the main results of the
thesis : a lattice-theoretic and order-topological characterisation of both simple and
subdirectly-irreducible temporal Heyting algebras (in both the general and finite case)
as well as a final relational completeness result that combines finiteness and a type
of « rootedness » defined in terms of the above-mentioned notion of « reachability ».
We also include, in an appendix, a brief description of an algebraic symbolic model
checker called thacheck that was authored for the variety of temporal Heyting algebras.

Keywords : intuitionistic modal logic, temporal logic, temporal Heyting algebras,
Esakia duality
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Chapter 1

Introduction

This thesis studies the temporal Heyting calculus, a temporal intuitionistic modal logic that
was defined by Esakia in 2006 in [24]. Until now, this logic has never been the subject of
an extensive treatment, but it has been investigated and presented-on at conferences by
Jibladze [30] and Alshibaia [1]. The temporal Heyting calculus is the temporal version
of the modalised Heyting calculus, which has been been studied in [24, 38, 39, 29, 30]. It
can be seen as an application of the tradition of « temporalising » classical modal logics
[48] to the intuitionistic setting.

We study this logic in three ways : algebraically, order-topologically, and frame-
theoretically. In the first case, we utilise algebraic semantics for intuitionistic logics to
establish soundness and completeness with respect to the variety of temporal Heyting
algebras. This allows us to study the temporal Heyting calculus via algebraic methods. In
the second case, we establish an Esakia duality between the class of temporal Heyting
algebras and a class of ordered topological spaces called temporal Esakia spaces. This
allows us to study the variety of temporal Heyting algebras, and, thereby, the temporal
Heyting calculus, via topological methods. In the final case, we utilise relational
semantics to establish soundness and completeness with respect to the class of temporal
transits. This allows us to study the temporal Heyting calculus via frame-theoretic
methods.

We provide the following chapter-by-chapter outline.

In Chapter 2, we establish the preliminary definitions and facts necessary to
understand the theory developed in the thesis. This includes the basics of intuitionistic
modal logic, order theory, universal algebra, lattice theory, ordered topological spaces,
and Esakia duality. We provide references for each of these fields and attempt to
present the material in a way that is extensive enough to keep the thesis self-contained
but minimal enough to never include unnecessary theory, all the while maintaining
consistency with modern literature on the topics.

In Chapter 3, we develop a general theory of temporal Heyting algebras. We first
establish algebraic soundness and completeness for the temporal Heyting calculus. We
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then study the class of filters corresponding to congruences and, subsequently, the class
of elements corresponding to both of these in the finite case.

In Chapter 4, we develop a general theory of temporal Esakia spaces. We study
a class of subsets called archival subsets which will allow us to define and study two
notions of « reachability » on temporal Esakia spaces : one order-topological and the
other purely frame-theoretic. These notions of « reachability » are analogous to the
well-known specialisation ordering as well as the notion of « topo-reachability » in [46].
We then show that the two notions coincide in the finite case.

In Chapter 5, we establish and study a duality theory between the category of tempo-
ral Heyting algebras and temporal Esakia spaces. This is an extension of Esakia duality
between the non-modal versions of these categories. We establish an extension of the
correspondence between congruences, filters, and closed upsets that is present in Esakia
duality. We also characterise the injective and surjective temporal Heyting algebra ho-
momorphisms in the dual category.

In Chapter 6, we develop a theory of relational models of the temporal Heyting cal-
culus. We use the duality established in Chapter 5 to prove relational soundness and
completeness with respect to the class of temporal transits. We then develop a method
of filtration on our models and use it to prove the finite model property for relational
models.

In Chapter 7, we apply the theory developed in Chapter 3 through Chapter 6 to
prove several theorems about the variety of temporal Heyting algebras. This includes
using the relational finite model property to establish the finite model property for alge-
braic models and subsequently proving a stronger algebraic soundness and complete-
ness result. We then prove the main results of the thesis : a lattice-theoretic and order-
topological characterisation of both simple and subdirectly-irreducible temporal Heyt-
ing algebras (in both the general and finite case), as well as a relational completeness
result combining finiteness and a type of « rootedness » defined in terms of the above-
mentioned notion of « reachability ». We distinguish the general and finite cases for the
above-mentioned characterisations because they are given in different terms (filter-wise
vs. element-wise and order-topological vs. frame-theoretic). Our final completeness re-
sult is a culmination of all of the theory developed in this thesis and provides us with a
simple class of frames, limited in both size and shape, for the temporal Heyting calculus.

In Chapter 8, we briefly summarise the path taken to our main results and subse-
quently outline several ideas for future work on temporal Heyting calculus and the re-
lated algebraic, topological, and frame-theoretic classes.

In Appendix A, we briefly describe a symbolic model checker that was written for
temporal Heyting algebras. We give a brief tour of the package and provide examples
of how it can be used.

The temporal Heyting calculus 2 D. Q. Alvarez



Chapter 2

Preliminaries

In this chapter, we present all the preliminary definitions, concepts, and results neces-
sary for the reader to understand the theory developed in Chapter 3 through Chapter
6 as well as the main results when they are presented in Chapter 7. Great effort has
been put forth to make this text as self-contained as possible, but it is assumed that the
reader is familiar with basic set theory and mathematical notions. Furthermore, readers
will definitely benefit from having studied some basic modal logic, order theory, lattice
theory, universal algebra, and topology. We include general references for each of these
fields in their respective sections. The use of theory proper to the field of category the-
ory has been intentionally kept to a minimum, but some category-theoretic notions had
to be included to fully appreciate the main duality results, which are inherently cate-
gorical. As a general reference for category theory, we recommend [41].

Before beginning, we establish some basic set-theoretic and categorical defini-
tions.

Notation 2.0.1 : Given a set X and a subsets S, T C X, we let S — T denote
set-theoretic difference, i.e. {x € S | = ¢ T}, and we let —S denote set-theoretic
complement ,ie. X —S.

Given a set X, we let the following denote the diagonal relation on X and the all
relation on X respectively.

Ax ={(z,y) e X x X |z =y} Vx=XxX
When the set X is clear from context, we simply write A and V.

Given a category C and a C-object X, we denote the identity morphism on X
by idx. When working with sets, this is the function X — X defined by the rule z — z.

Definition 2.0.1 (Isomorphism) : Given a category C and a C-morphism f : X = Y,
we call f a C-isomorphism if there exists some other C-morphism f~! : Y — X such
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that f~'o f = idg and f o f~! = idy. When working with sets, all C-isomorphisms
are bijections.

2.1 Intuitionistic modal logic

This section introduces several intuitionistic modal logics. As a general reference for
intuitionistic logic, we recommend [6] and [18]. As a general reference for classical
modal, we recommend [10], [18], and [9].

We start by defining some basic logical notation.

Notation 2.1.1 : Let Prop denote a set of propositional variables, usually denoted by
the letters p, q, . . ..

Given formulas ¢, x and a variable p € Prop, let ¢[x/p| denote the formula that
results from uniformly substituting all instances of p in ¢ for x.

Here we inductively define the languages to be used in the current text, superscript-
ing them with 7 to indicate « intuitionistic » and subscripting them with m or ¢, to indi-
cate « modal » or « temporal » respectively.

Definition 2.1.1:

Li=peProp|pAp|loVelp—e|L|T
Lo=pel|Op
Li=¢pcLly | $p

Here we define some rules of inference for our logics.

Definition 2.1.2 : Given formulas ¢,x € L' and p € Prop, we define the following
rules of inference.

(MP) Y p—X

X

us) —2

Ls) ©lx/p]

(PD) P X
o — &

Given a logic L and one of the above-defined rules (R), say that L is closed under (R)
if whenever the upper formulas of (R) are present in L, the lower formula of (R) is

The temporal Heyting calculus 4 D. Q. Alvarez
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‘ also present in L.

Now we define the Heyting calculus via the Hilbert-style axiomatisation given in [6,

§31.

Definition 2.1.3 (Heyting calculus - HC) : The Heyting calculus', denoted by HC, is
the smallest subset of £' that contains the following axioms and is closed under (MP)
and (US).

(HC1) p—= (¢ —p)

(HC2) p—=(g—=r)=((p—=q) = (p—=1))
(HC3) pAg—p

(HC4) pAg—q

(HC5) p—= (¢ = (PN )

(HC.6) p—>pVyq

(HC.7) g > pVyg

(HC8) (p—=r)—=((g—=r) = ((p—4q) — 1))
(HC9) L —p

Any logic that contains HC is called superintuitionistic.

The Heyting calculus was introduced by Arend Heyting to formalise what he and his
doctoral advisor L. E. J. Brouwer considered to be epistemologically-sound reasoning in
accordance with their philosophy of Intuitionism. For more information on the motiva-
tions and history of the Heyting calculus and Intuitionism, see [6, §2] and [36].

We now introduce the concept of an intuitionistic modal logic. Typically, when one
begins studying logic, one sees either modal or (non-classical) logics —indeed, these
concepts are treated as disjoint in well-known texts such as [18]—. In this sense, the
modalised Heyting calculus is somewhat novel in that it is both modal and non-classical.
When working in a classical context, there is a very standard way of doing basic modal
logic. This largely comes down to the fact that the negation present in classical logic
links the modalities (] and ¢ in a very obvious and intuitive way. However, when one
does not have access to classical negation, (as we do not, working within HC,) it is
a non-trivial question as to how one should do modal logic, that is, how it should be
axiomatised, what its semantics should look like, and which of its properties should be
conservative when the law of excluded middle is added, placing us in a classical setting
again.

'In other literature, this logic is sometimes known as the intuitionistic propositional calculus and denoted
by IPC [6].

The temporal Heyting calculus 5 D. Q. Alvarez
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Several intuitionistic modal logics (including first-order varieties) have been pro-
posed and studied through the years. The modalised Heyting calculus represents one
of these efforts, with several motivations and justifications which can be referenced in

[24, §2].

Definition 2.1.4 (Modalised Heyting calculus - mHC) : The modalised Heyting calcu-
lus, denoted by mHGC, is the smallest subset of £}, that contains HC, the following
axioms, and is closed under (MP) and (US).

(mHC.1) O(p — q) = (Op — Oq)
(mHC.2) p— Op

(mHC.3) Op — (¢Vq—p)

The conference slides [30] are an excellent resource on this logic, providing a great deal
of intuition.

One should note that mHC differs in expressivity from classical modal logics as it
has [J, but not ¢. While there have been attempts to add both modalities to the Heyt-
ing calculus [26, 21, 19, 12], this presents a very non-trivial task as there is no classical
negation to link the modalities. For this reason, logicians find themselves imposing extra
axioms to regain as much of classical (J/¢ duality as possible, often making trade-offs
along the way.

One of the central goals of modal logicis to study what relational structure can be de-
fined solely through the validity of formulas (in the context of some semantics). When
we augment our language, and, subsequently, our semantics, we achieve greater expres-
sive power to impose this structure. This can be done in a variety of creative ways, such
as including « global » modalities [ 10, Example 2.4], « next » modalities [33], etc., but a
very common and natural method of augmenting expressivity is through the addition
of temporal modalities. In the same way that relational semantics for the traditional [J
and ¢ are defined in terms of reachability through a forward-looking relation, relational
semantics for temporal modalities are defined in terms of reachability through a back-
ward-looking relation which is simply the inverse of the forward-looking one. In the
non-temporal setting, while we have enough expressivity to say « p is true in all of the
worlds that I can see » with the formula [(Ip, we do not have enough expressivity to say
« A world where p is true can see me ». If we take our forward-looking relation to rep-
resent the flow of time, what we cannot express is that « At one point in the past, p was
true ». This temporal reading of modal logic has been covered thoroughly in [45].

We now define the temporal Heyting calculus, which is the subject of the current
text. This logic seeks to add the above-described temporal expressivity to a non-classical
modal setting. Now in a classical modal setting, when we make a logic temporal, we
leverage our two forward-looking modalities [J and ¢ to axiomatise our backward-
looking modalities B and ¢, however, as mentioned above, in the setting of mHC, we
have no ¢ in our language and no classical negation to define it. For this reason, we are
only able to leverage our modality [J to axiomatise the behaviour of a backward-looking

The temporal Heyting calculus 6 D. Q. Alvarez
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modality 4, leading us to the following definition for our temporal Heyting calculus.

Definition 2.1.5 (Temporal Heyting calculus - tHC) : The temporal Heyting calculus,
denoted by tHC, is the smallest subset of Lit that contains mHC, the following ax-
ioms, and is closed under (MP), (US), and (PD).

(tHC.1) €(pVgq) — (#pV 4q)
(tHC.2) 6L — L
(tHC.3) p — Oép
(tHC.4) ¢Op —p

The logic tHC was first-defined in [ 24 ], but has never been presented in-depth in any
published source. Some investigation was carried out by Jibladze [30] and Alshibaia [ ]
and presented at conferences (TACL 2011 and ToLo IV respectively), but no proofs were
ever presented and only the slides and abstracts remain. In particular, [ ] posits several
facts that will be proven to be true in the current text as well as one which needed to be
slightly modified (the dual characterisation of subdirectly-irreducible temporal Heyting
algebras).

Having defined all necessary logics, we now introduce some notation useful for es-
tablishing connections between logics and classes of structures once we have defined
algebraic and relational semantics for our logics.

Notation 2.1.2 : Given a logic L and a class of structures K with some semantics |=,
KEL < ¢ecLimplies (VX € K)(X = ¢)
LFK = (VXeK)(X[¢)impliesy €L
LK = L} KandKEL
The first notational convention captures the notion of « soundness », the second

captures the notion of « completeness », and the third captures the combination of
the first two.

Given a class of structures K, we denote the class of finite structures in K by
Kfin.

We include a note on the rule of inference (US).

Remark 2.1.1 : It is well-known, often-cited [16, p. 197], and seldom-proven that in
this context, any formula that can be derived using (US) can be derived by performing
(US) only on the axioms of the logic. (The proof for this is simple, but tedious, involv-
ing an induction on the maximal number of non-(US) rules that are applied before
(US) appears in a deduction.) For this reason, when completing soundness proofs,

The temporal Heyting calculus 7 D. Q. Alvarez
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we need only check that (US) preserves validity on the axioms, which will always be
obvious from the proofs of the validity of the axioms themselves. In this sense, the
rule of inference (US) is not entirely necessary in our context : we could have removed
(US) entirely and opted for the corresponding schemata to each axiom (i.e. ¢ — Oy
instead of p — [p) and all proofs would proceed identically. However, we decided to
include (US) for the sake of conformity with the definitions of HC and mHC given
in [6] and [24] respectively and simply include the current remark.

Finally, we define the finite model property.

Definition 2.1.6 (Finite model property (FMP)) : Given a logic L and a class of struc-
tures K such that L =||- K, we say that L has the finite model property (FMP) if

L= K.

Establishing the FMP is of crucial importance when studying a logic as its presence
implies that to decide whether a formula is present in a logic, we only need check its
validity on finite models. One can imagine that if we are working with an actual model-
checking algorithm (as will be presented in Appendix A), this means the difference
between a routine that is guaranteed to terminate and one that could potentially run
forever. For this reason, the FMP is tightly linked to questions of decidability [10, §6.2].
Furthermore, even outside the realm of computation, it is often much simpler to work on
finite structures. To give an example, when we begin working with relational semantics
on topological spaces in §2.6, we will see (Fact 2.6.2) that in the finite case, the topolog-
ical aspects of our structures trivialise, allowing us to concern ourselves with only their
relational structure.

2.2 Frames

Here we turn to the field of order theory, which studies sets with binary relations. Several

well-known properties of these relations, such as transitivity, reflexivity, antisymmetry,

etc., can be combined in different ways to define different classes of structures called

frames. This section defines several such classes which turn out to be closely linked to

the logics defined in §2.1. As a general reference for order theory, we recommend [20].
We begin by establishing some notation when working with binary relations.

Notation 2.2.1: Given a set X, a binary relation R C X 2 asubset S C X,and a point
reX,

R[S]:={y e X[ (Fz € S)(z Ry)}
Rla] := R[{x}]
RS :={we X |3z eS)(wRxz)}.

Given more points x1, 2, 3 € X, the notation z1 R x2 R x3 is taken to mean =1 R x»

The temporal Heyting calculus 8 D. Q. Alvarez
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and z3 R x3. The same goes for longer chains.

Given another binary relation R C X 2 and another point z € X, we define
the composition of R and R’, denoted by R; R/, as follows.

r(R;R)z = @yeX)xRyR 2)

Definition 2.2.1 (Frame) : A frame is tuple (X, Ry,..., R;) where X is a set and
R; C X2. Given a tuple X := (X, Ry, ..., Ry, =) such that = is not a binary relation,
we call (X, Ry, ..., Ry) the frame of X. This is the frame that results from « forgetting
» the additional structure on X. (In the case of relational models (§2.3), = will be
a relational valuation ; in the case of ordered topological spaces (§2.6), = will be a

topology.)

Frames will be denoted by the symbols X and Y.

We now define several frame-theoretic properties and, subsequently, several classes
of frames.

Definition 2.2.2 : Given a a set X and a binary relation R C X 2 we define the follow-
ing properties of R.

(Transitivity) (Vz,y,z€ X)(x RyRz =z R z)
(Reflexivity) (Vx € X)(z R )

(Antisymmetry) (Vz,y € X)(tRyRz =z =1y)
(Symmetry) (Vz,y € X)(z Ry =y Rx)

Relations satisfying transitivity are called transitive. Relations satisfying reflexivity are
called reflexive while relations failing to satisfy reflexivity are called irreflexive. Rela-
tions satisfying antisymmetry are called antisymmetric. Relations satisfying symmetry
are called symmetric.

Definition 2.2.3 (Quasi-ordered set) : A quasi-ordered set (or qoset) is a frame (X, R)
satisfying the following conditions.

(QOS.1) R is transitive
(QOS.2) R is reflexive

The class of quasi-ordered sets is denoted by QOS.
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Definition 2.2.4 (Transit) : A transit is a frame (X, R) satisfying the following condi-
tions.

(Tran.1) R is transitive

(Tran.2) R is antisymmetric

The class of transits is denoted by Tran.

The terminology « transit » was introduced by [24], though a slightly different, but
equivalent, definition was given.

Definition 2.2.5 (Temporal transit) : A temporal transit is a frame (X, RY, R”) satisfying
the following conditions for all z,y € X.

(tTran.1) (X, R") is a transit
(tTran.2) z R” yifand onlyify Rz

The class of temporal transits is denoted by tTran.

Beginning in Definition 2.2.6, we sometimes define a category as opposed to simply
a class of structures. This is only done when it is necessary, for the results of the cur-
rent text, to have a more definitive understanding of the morphisms associated with a
particular class of structures.

Definition 2.2.6 (POS - Partially-ordered set) :
We define the category POS.

A POS-object, called a partially-ordered set (or poset), is a frame (X, <) satisfy-
ing the following conditions.

(POS.0.1) < is transitive

(POS.0.2) < isreflexive

(POS.0.3) < is antisymmetric

A POS-morphism, called a monotone map, is a function f : X — Y satisfying the
following conditions for all z1, 22 € X.
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(POS.m.l) I < ) implies f:el < fxg

Ty —— f— fx2
T g
< <
|
|
ry —f—— fIl

We now state several definitions and facts related to posets.
Notation 2.2.2 : Given (X, <) € POSand S C X,
1S :={yeX|(FrxeS(z<y)} S={weX|(Fzrel)(w<)}

(These are equivalent to <[S] and >[S] respectively, but the above notation is standard
for posets.)

Givenz,y € X,

[z,yl =10 ly  [zy)=[z,y]-{y} (z,9] = [r,y] - {z}.

Definition 2.2.7 (Upset/Downset) : Given X := (X, <) € POSand S C X, we call S
an upset if for all z,y € X,

z € Sand x < yimplies y € S.
We call S a downset if for all w,z € X,
x € Sand w < x implies w € S.

We denote the sets of upsets and downsets of X by Up(X) and Down(X) respectively.

Fact2.2.1: Given S C X € POS

SeUpX) <= -85 €Down(X).
Finally, we define notation and facts relating transits and posets.

Definition 2.2.8 (Reflexivisation/Irreflexivisation) : Given a set X and a binary re-
lation R C X?, the reflexivisation of R, denoted by R, is defined as follows for all

z,y € X. .
xRy < zRyorz=y
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The irreflexivisation of R, denoted by R, is defined as follows for all z,y € X.

:L‘Ry <= zcRyandx #y

Fact 2.2.2 : Given (X, R) € Tran, we have (X, k) € POS.

Notation 2.2.3 : Given X := (X, R) € Tran,
Refl(X) :={x € X |z Rz}.

Due to Fact 2.2.2, there is always an 1mp11c1t posetal structure on any transit. For this

reason, we make use of the notation < := R and < := R. This means that we always
have < C R C <.

Fact 2.2.3: Given (X, R) € Tran and z,y € X, wehave R = ; R; <, i.e.

rRy <= @2,y)(x<2 Ry <vy).

Proof (:>) Givenz Ry, wehavez < x Ry < y. (<) Givenz < 2’ Ry’ < y, equiv.
zRa' Ry Ry, we distinguish four cases: (1) z =2’ and y' =y, (2) z R2’and ¢’ =y,
(3)zx=2"andy Ry,and (4) x R2’ and ¥/ Ry. (1) Here we have x = 2’ Ry’ =y, so
we have z Ry. (2) Here we have z Rz’ Ry’ = y, so, by (Tran.1), wehave z Ry’ =y, so
we have « Ry. (3) Here we have x = 2’ Ry’ Ry, so, by (Tran.1), we have z = 2’ Ry,
so we have z Ry. (4) Here we have x Rz’ Ry’ Ry, so, by (Tran.1), we have z Ry. X

2.3 Relational models

Here we define the relational models of our logics. These are frames paired with maps
called relational valuations that assign atomic facts (i.e. propositional variables), to the
elements of the structure where they are taken to be « true ». In the case of classical
logics, these valuations are completely unrestricted, but in the non-classical case, they
must satisfy the so-called heredity or persistence [6, §3.3] condition. We follow [19, §2.2]
and say, equivalently, that they must map into the upsets of the structure.

Definition 2.3.1 ((Intuitionistic) Relational valuation) : Given a frame
(X, R1,...,Ry), arelational valuation on X is a function v : Prop — © X.

Given X € POS and a relational valuation v on X, we call v intuitionistic if
v : Prop — Up(X).
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Definition 2.3.2 (Relational model) : A relational model (or Kripke model) is a tuple
(X,Ryq,...,Ry,v)such that (X, Ry,..., Ry) is a frame and v is a relational valuation
on X.

Relational models will be denoted by the symbol M.

We now define the relational models corresponding to the logic HC.

Definition 2.3.3 (Intuitionistic Kripke model) : An intuitionistic Kripke model is a rela-
tional model (X, <, v) satisfying the following conditions.

(IKM.1) (X, <) isa poset
(IKM.2) v is an intuitionistic relational valuation on X

The class of intuitionistic Kripke models is denoted by IKM.

Next, we define the relational models corresponding to the logic mHC.

Definition 2.3.4 (Frontal intuitionistic Kripke model) : An frontal intuitionistic Kripke
model is a relational model (X, R, v) satisfying the following conditions.

(fIKM.1) (X, R) is a transit
(IKM.2) (X, R,v) is an intuitionistic Kripke model

The class of frontal intuitionistic Kripke models is denoted by fIKM.

Finally, we define the relational models that will be shown to correspond to the logic
tHC.

Definition 2.3.5 (Temporal intuitionistic Kripke model) : An temporal intuitionistic
Kripke model is a relational model (X, R, R”, v) satisfying the following conditions.

(tIKM.1) (X, RY, R”) is temporal transit.
(tIKM.2) (X, R",v) is a frontal intuitionistic Kripke model

The class of temporal intuitionistic Kripke models is denoted by tIKM.

Given these relational models, we now define relational semantics on tIKM.

Definition 2.3.6 (Relational semantics) : We let M := (X, R?, R”,v) be a temporal
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intuitionistic Kripke model. We also let z € X and p € Prop and ¢, x € L.

, ) EDp T EVD
,x) =T True
,x) = L False

(M, z) = pand (M, z) = x

(M z) = por (M, z) = x

(Vy € X)(z < yand (M,y) = ¢ implies (M, y) |= x)
(

(

Jw € X)(z R wand (M, w) [ ¢)
Vy € X)(z R y implies (M, y) = ¢)

SEREEEEEEER
8 B B 8 R B B R

MMMM

o~ o~ o~ o~ o~ o~~~

(Recall that in the case of tTran, we have < := RD.) In all these cases, when the
model M is clear from context, we simply write z |= ¢ instead of (M, z) = .

Note that, given these semantics, we can augment a relational valuation
v : Prop — © X to a relational valuation v : £{ — ¢ X by defining

vp:={z e X | (Mz) = ¢}

If v intuitionistic, it can be easily checked that v : £} — Up(M) (i.e. that vy € Up(M)
forall ¢ € L}).

Next, we extend our semantics to the model level for M € tIKM.
MEg¢ = (VoeM)(Mz) k)
Finally, we extend our semantics to the frame level for X := (X, R, R*) € tTran.

X[ ¢ <= For all intuitionistic relational valuations v, we have (X, R*, R”, V) |= .

Given this semantics, we state some relevant well-known relational soundness and
completeness results.

Fact 2.3.1 : The following soundness and completeness results are well-known.

HC =}- POS mHC =|- Tran

The former of these results was established by Kripke in [31] while the latter was stated
by Esakia in [24].

We conclude this section with the following remark addressing a potential point of
confusion for readers familiar with basic results in classical modal logic.
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Remark 2.3.1: Readers may recall that the logic K4 [10, p. 36] is sound and complete
with respect to the class of transitive frames [ 10, Theorem 4.27]. Now our class Tran
is a strict subclass of the class of transitive frames (as Tran stipulates antisymmetry
(Tran.2)), but readers may be familiar with the idea that antisymmetry is essentially a
modally-insignificant frame-theoretic property : classical modal formulas cannot distin-
guish those frames that are antisymmetric from those that are not. (See the first few
paragraphs of [10, §4.5] for an enlightening discussion on this fact.) For this reason,
the reader may wonder if K4 is also complete with respect to Tran. Readers familiar
with the well-known method of unravelling [ 10, Definition 4.51] may guess that it can
be used on the canonical modal of K4 to make the canonical model antisymmetric as
was done for the logic S4 (which contains K4) in [10, Theorem 4.54]. The answer
to this question is yes : we can prove that K4 is complete with respect to Tran in just
this way. This, however, does not imply that mHC and K4 are equivalent. The key
insight here is that in the setting of K4, our semantics is different. At a point level,
the semantics for — is Boolean in the classical case and relational in the intuitionistic
case. At a frame level in the classical case, relational valuations are not required to be
intuitionistic and are defined directly in terms of the relation on the frame. At a frame
level in the intuitionistic case, relational valuations are required to be intuitionistic
and are defined in terms of the reflexivisation of the relation on the frame (B.?D). So we
are working with a distinct semantics both point-wise and frame-wise, allowing us
to have soundness and completeness results for two different, non-equivalent logics
with respect to the same class of frames. This ambiguity could be resolved by skip-
ping frame-level semantics altogether and only stating soundness and completeness
results with respect to classes of models (i.e. mHC =||- fIKM), which would make
it very clear which valuations are being considered, but logicians have long stated
soundness and completeness results with respect to classes of frames and this text will
not be the one to make them change their ways.

2.4 Universal algebra

Here we introduce several basic concepts in universal algebra. Since all of the alge-
bras relevant for the current text are lattices (§2.5), our treatment of universal algebra
is sometimes less than completely general, often taking advantage of methods of sim-
plifying concepts that are available when restricting our study to these structures. We
mention this so the reader is not puzzled when referencing other definitions of concepts
like algebraic semantics or subdirect-irreducibility. As a general reference for universal
algebra, we recommend [13]. Indeed, most proofs involving universal algebra in the
current section rely on facts proven in [13].

Definition 2.4.1 (Type) : A type is an element of N” for some n € N (eg. (2,3,1,0,2)).
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Definition 2.4.2 (Algebra) : An algebra is a tuple A := (A, fi1,..., fx) such that Ais a
setand f; : A" — A for some n € N. Given a type (ny,...,n;) € N¥, we say that A is
of type (n1, ..., ng) if f; is of arity n;. (We typically arrange the f;’s so that the type of
A is in descending order.) We call two algebras of the same type similar.

Algebras will be denoted by the symbols A, B, C and D.

In some settings, algebras are also allowed to have infinitely-many operations of infinite
arity, but we follow [13, Definition 1.3], only considering finitely many operations of
finite arity.

Definition 2.4.3 (Homomorphism) : Given two similar algebras (A4, f1,..., fx) and
(B,g1,--.,9x), we call a function h : A — B a homomorphism if for all f; : A" — A and
allay,...,a, € A™, we have

hfi(ay,...,an) = gi(hay, ..., hay).

We now define several notions that will allow us to relate logic to algebras.

Notation 2.4.1 : Given a class of similar algebras K, we denote the K-algebra freely
generated by Prop by Term(K). (See [13, Definition 10.4] for details.) This can be
thought of as the completely syntactic K-algebra with as little structure as possible,
satisfying only the constraints of the class K. Because this algebra has such minimal
structure, it can be homomorphically mapped into any K-algebra [27, Lemma 1.1].

Definition 2.4.4 (Equation) : Given a class of similar algebras K, a K-equation is a
string of the form ¢ ~ x where ¢, x € Term(K). When K is clear from context, we
simply call ¢ ~ x an equation.

Definition 2.4.5 (Equational algebraic semantics) : Given a class of similar algebras
K, an algebra A € K, and a K-equation ¢ = X, we define the following semantics.

AE o~y :<= Forall K-morphismsv: Term(K) — A, we have vy = vy.

Such K-morphisms v are called algebraic valuations on A.

It should be noted that « algebraic semantics » can refer to a much more general notion
(see [27,83.2]). Fortunately, the algebras that we work with in the the current text allow
for the use of the equational definition given above.
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Definition 2.4.6 (Congruence) : Given an algebra (A, fi,..., fr) and an equiva-
lence relation § C A2?, we call 6 a congruence if for all f; : A" — A and all
aly...,0p,01,...,bp € A",

a19b1 and ... andan0bn - fi(al,...,an)Hfi(bl,...,bn).

Given that an algebra A can often be considered to be of several different types
(by considering its reducts or obvious extensions), we denote the collection of K-
congruences on A by Cong*(A) (where K is assumed to be a class of similar algebras).

The relations Ay and V, are congruences on all algebras A and are the small-
est and largest congruences respectively.

We use the notion of a « congruence » to define several types of algebras.

Definition 2.4.7 (Subdirectly-irreducible algebra) : Given a class of similar algebras
K and A € K, we call A subdirectly-irreducible if Cong*(A) has a second-least element.
Given a class of similar algebras K, we denote the class of subdirectly-irreducible el-
ements of K by K and the class of finite subdirectly-irreducible elements of K by
K-

There is a more categorical definition of subdirect-irreducibility which is given in terms
of subdirect products and embeddings [ 13, Definition 8.3 ], but since the two definitions
are well-known to be equivalent [ 13, Theorem 8.4], the above-definition was given as it
is more relevant for the work to be done in the current text.

Definition 2.4.8 (Simple algebra) : Given a class of similar algebras K and A € K, we
call A simple if Cong®(A) = {A, V}.

Note that all simple algebras are subdirectly-irreducible as V serves as the second-least
congruence.

Definition 2.4.9 (Semisimple) : We call a class of similar algebras K semisimple if every
subdirectly-irreducible algebra in K is simple. Given the remark immediately above,
this is equivalent to the condition that the class of subdirectly-irreducible algebras and
the class of simple algebras are identical.

All of the algebras to be defined in the current text will be defined using only equa-
tions. This need not be the case for classes of algebras in general, but when it is the case,
we have a special kind of class called a variety.

Definition 2.4.10 (Variety) : A variety is a class of similar algebras V for which there
exists a set of V-equations I" such that the following holds for all algebras A.

AeV = WNMeormyeD)AEp=Y)
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Given a class of similar algebras K, we denote that smallest variety containing K by
Var(K).

(This definition is technically non-standard, but is well-known to be equivalent to the
standard definition [ 13, Definition 9.3].)

Here we define some well-known class-operators and state some well-known facts
about varieties.

Definition 2.4.11 (H, S, P) : Given a class of similar algebras K, we define the follow-
ing.

H(K) := {A | A is the homomorphic image of some algebra in K}
S(K) := {A | A is a subalgebra of some algebra in K}
P(K) := {A | A is the product of some set of algebras in K}

Readers unfamiliar with any of these terms should reference [13, Ch. II], though, in
reality, they will play a very small role for our purposes.

We now state two foundational theorems in the theory of varieties that relate them
to the class-operators defined above as well as the notion of « subdirect-irreducibility

Fact 2.4.1 (Birkhoff’s Theorem) : Given a variety V, we have V = HSP(Vy).

Proof : See [13, Theorem 8.6]. X

Fact 2.4.2 (Tarski’s Theorem) : Given a class of similar algebras K, we have Var(K) =
HSP(K).

!

|

!

Proof : See [13, Theorem 9.5]. X

Finally, we relate the class-operators to equation-satisfaction.

Fact 2.4.3 : Given a class of similar algebras K and a K-equation ¢ ~ ¥,

KEprx < HEK) Femx
KEerx < SK)EFeprx
KEp~x < PEK)Fo~x

| Proof : See [13, Lemma 11.3]. X

The temporal Heyting calculus 18 D. Q. Alvarez



Chapter 2 - Preliminaries §2.5 - Lattices

VikEprx = VEop=X

Proof : Arguing via the contrapositive, we assume V | ¢ ~ , implying there exists
some A € V such that A £ ¢ ~ x. Since A € V, Fact 2.4.1 implies that A € HSP(Vy),
implying that A is the homomorphic image of some algebra B € SP(Vy;), that B is a
subalgebra of some algebra C € P(V;), and that Cis the product of some set {D; };ic; C
V. By Fact2.4.3, A };é ¢ ~ x implies B J;é ¢ ~ x, implying C J;é ¢ ~ x, implying there
exists some D}, such that Dy, J;é ¢ =~ x. Welet A’ := Dy, and observe that since A’ € V,

Fact 2.4.4 : Given a variety V, an algebra A € V, and a V-equation ¢ ~ y,
!

!

!

!

!

|

!

!

!

|

!

| we have Vg £ ¢ ~ . X
!

2.5 Lattices

We now shift to definitions and facts from lattice theory, which studies algebras with
operations A and V (called meet and join respectively) that mirror the logical connectives
«and » and « or ». As a general reference for lattice theory, we recommend [20] and

[13].
Definition 2.5.1 (BDL - Bounded distributive lattice) :
We define the category BDL.
A BDL-object, called a bounded distributive lattice?, is an algebra (A, A,V,0,1) of
type (2,2,0,0) satisfying the following conditions for all a, b, c € A.
(BDL.0.1) aAb=bAa
(BDL.0.2) aVb=bVa
(BDL.0.3) aA(bAc)=(aNb)Ac
(BDL.o.4) aV (bVec)=(aVb) Ve
(BDL.0.5) aNa=a
(BDL.0.6) aVa=a
(BDL.0o.7) aA(aVd)=a
(BDL.0.8) aV (aAb)=a
(BDL.0.9) a A0 =0
(BDL.0.10) aV1=1

’In other literature, BDL-objects are sometimes known as simply distributive lattices.
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(BDL.0.11) aA (bVec)=(aAb)V(aAc)
(BDL.0.12) aV (bAc)=(aVb)A(aVc)
A BDL-morphism is a homomorphism over the type of BDL-objects.

We also define some notation on bounded distributive lattices.

Notation 2.5.1: Given A € BDL and a finite subset {a;}_; C A,

n n
/\{Gi}?zl = /\ a;:=ai1N...Nay \/{ai v= \/ a;:=ai1 V...V ay.
i=1 =1

Bounded distributive lattices have been studied extensively and are the subject of what
is known as Priestley duality, a generalisation of Stone’s celebrated Stone duality [43].
They also form the basis of an algebraic semantics for many substructural logics such as
wK, in [17]. As a general reference for bounded distributive lattices, we recommend
[28].

We now state a particular case of our equational algebraic semantics which we will
refer to as our algebraic semantics. Note that this is only available to us when working
with a subvariety of BDL.

Definition 2.5.2 (Algebraic semantics) : Given a variety V C BDL, an algebra A € V,
and a formula ¢ € Term(V), we define the following shorthand.

AEp = AEpxT

Note that, since vT = 1 for all algebraic morphisms on A, this is equivalent to the
following definition.

A= ¢ <= For all algebraic morphisms v on A, we have vy = 1.

Here we state several facts relating bounded distributive lattices to posets.

a,be A,

Fact 2.5.1 : Given A € BDL, one can always define a partial order < on A. Given
a<b <— aAb=a <= aVb=hb.
\
|
|

Proof : See [13, p. 8]. X

The above fact is crucial to note because several of the algebraic structures to be de-
fined in the current section are defined in terms of < as opposed to =. Fact 2.5.1 en-
sures that such constraints are equivalent to equations, keeping us within the realm of
educationally-defined classes, i.e. varieties.
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Fact 2.5.2: Given a BDL-morphism ~ : A — B and a1, a2 € A,
a] < ay — ha1 < hGQ.

Given an injective BDL-morphism h : A — B and a;, a2 € A,

a; L ay < hCL1 < hag.

Now we define and state several facts about two important classes of subsets on
bounded distributive lattices called filters and ideals.

Definition 2.5.3 ((Prime) Filter/Ideal) : Given F' C A € BDL, we call F a filter if the
following condition holds for all a,b € A.

e lcF
® a,bc FimpliesaAbec F
o F'eUp({(4 <))

GivenI C A € BDL, we call F' an ideal if the following condition holds forall a, b € A.

e 0l
e a,bc limpliesaVbel
e [ € Down((4, X))

The sets of filters and ideals on A are denoted by Filt(A) and Ideal(A) respectively.

Given {a;}icr C A, the filter generated by {a;};cr is defined as follows.

[mm@yT{AajJCJMMJﬁmm}

=

Similarly, the ideal generated by {a;}icr is defined as follows.

({aitier] =14 \/ ;| J € Tand J finite
jed
Given F' € Filt(A), we call F prime if F' # A (equiv. 0 ¢ F') and the following condition
is met for all a,b € A.
aVbe F = acForbeF
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Given I € Ideal(A), we call I prime if I # A (equiv. 1 ¢ I') and the following condition
ismet forall a,b € A.
aNbel = aclorbecl

The sets of prime filters and prime ideals on A are denoted by PrFilt(A) and Prldeal(A)
respectively.

Prime filters will be denoted by the letters v, w, x, y, 2.

Fact 2.5.3 : Given z C A €¢ BDL
x € PrFilt(A) <= —x € Prldeal(A).
Fact 2.5.4 (Prime Filter Theorem (PFT)) : Given A € BDL and F' € Filt(A) and I €

Ideal(A) such that F' NI = o, there exists some x € PrFilt(A) such that ' C x and
NI =a.

| Proof : See [28, Theorem 3.10]. X

We now define and state several facts about the algebraic structures corresponding
to the logic HC.

Definition 2.5.4 (HA - Heyting algebra) :
We define the category HA.
An HA-object, called a Heyting ulgebm3, is an algebra (A4,A,V,—,0,1) of type
(2,2,2,0,0) satisfying the following conditions for all a, b, ¢ € A.
(HA.0.1) (A,A,V,0,1) is a bounded distributive lattice
(HA02) a—wa=1
(HA03) (a—b)Ab=1b
(HA0.4) aN(a—b)=aANbd
(HA.05) a— (bAc)=(a—b)A(a—c)
(HA0.6) (aVb) wc=(a—=c)AN(b—¢)

An HA-morphism is a homomorphism over the type of HA-objects.

*In other literature, HA-objects are sometimes known as pseudo-Boolean algebras.

The temporal Heyting calculus 22 D. Q. Alvarez



Chapter 2 - Preliminaries §2.5 - Lattices

Notation 2.5.2 : Given a,b € A € HA,

a<rb:=(a—b)A(b—a).

Remark 2.5.1 : HA-objects can be equivalently defined as algebras (A, A, V,—,0, 1)
such that (A, A, V,0,1) € BDL and for all a, b, c € A,

aANb<c¢c < a<b—ec
In particular, this implies

a<b < 1ANa<b <= 1<a—b < 1l=a—b.

On Heyting algebras, there is a well-known correspondence between the congru-
ences of an algebra and its filters. This allows us to study congruences, which are of
great importance from a universal algebra perspective, via the lattice structure on the
algebra. This correspondence is often present on subclasses of Heyting algebras as well,
sometimes tweaking the type of filter.

Definition 2.5.5: Given A € HA, we define the following maps.

5,0 Cong™(A) — A o Filt(A) — A
0— [1]p F»—>{<a,b>€A2|a<—>b€F}

The above-defined maps turn out to POS-isomorphically map between congruences
and filters on a given algebra.

Fact 2.5.5: Given A € HA,
(Cong™(A), C) =" (Filt(A), ©).

Proof : It is well-known that that:;, and :* are monotone inverses of each other [23,
Proposition 2.4.9]. X

We now define and state several facts about the algebraic structures corresponding
to the logic mHC.

Definition 2.5.6 (fHA - Frontal Heyting algebra) :
We define the category fHA.

An fHA-object, called a frontal Heyting algebra®, is an algebra (A, A, V,—,[,0,1) of
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type (2,2, 1,0, 0) satisfying the following conditions for all a,b € A.
(fHA.0.1) (A, A,V,—,0,1) is a Heyting algebra
(fHA.0.2) O(aAb) =Oa AL
(fHA.0.3) a <0Oa
(fHA.0.4) Oa < bV (b—a)

An fHA-morphism?® is a homomorphism over the type of fHA-objects.

Frontal Heyting algebras have been discussed in [24] and studied in greater depth in

[15].
Fact 2.5.6 : Given a,b € A € fHA,
!
!
!
|
|

a<b = Oa<0Ob

Proof : Given a < b, wehave aAb = a, implying (l(aAb) = Oa, implying aALb = a,
implying Oa < Cb. X

Fact 2.5.7 : Given A € fHA,

(Cong™(A), ©) = (Filt(A), C).

Proof : Well-definedness of : ;, and :_* and be easily checked. The former follows from
Fact 2.5.5 and the latter follows easily, relying on the following inequalities.
a—b < Ol@—b) < Oa—0Ob
L

a+b
N}
b—a < Ob—a) < Ob— Oa

X

We now define and state several facts about the algebraic structures that will be
shown to correspond to the logic tHC.

Definition 2.5.7 (tHA - Temporal Heyting algebra) :

We define the category tHA.

*In other literature, fHA-objects are sometimes known as mHC-algebras [38].
°In other literature, fHA-morphisms are sometimes known as frontal Heyting morphisms [15].
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A tHA-object, called a temporal Heyting algebra, is an algebra (A, A, V,—, 4,0,0, 1) of
type (2,2,1,1,0,0) satisfying the following conditions for all a, b € A.

(tHA.0.1) (A, A,V,—,0,0,1) is a frontal Heyting algebra
(tHA.0.2) 40 =0

(tHA.0.3) #(aVb) =4aV &b

(tHA.0.4) a < [O4a

(tHA.0.5) #a < a

A tHA-morphism is a homomorphism over the type of tHA-objects.

Fact 2.5.8 : Given a,b € A € tHA,

a<b = ¢a< b

Proof : Given a < b, we have a Vb = b, implying #(a VvV b) = 4b, implying #a Vv ¢b = b,
implying #a < 0. =

®a<b <= a<[b

Proof : (=) #a < bimplies [(J4a < b, implying, since a < [J4a, that a < [Ob. (<)

Fact 2.5.9: Given a,b € A € tHA,
|

| a<Ob implies #a < 40b, implying, since 4(Jb < b, that ¢a < b. X
I

Given Fact 2.5.9, we say that on tHA, the operation ¢ is the left adjoint to (1. This relation-
ship is the main algebraic justification for studying tHC as the addition of a left-adjoint
to [0 on fHA corresponds to the temporal extension of mHC. The structure gained
when adding an adjoint to a modal operator as well as the naturality and tradition of
this practice has been covered thoroughly in [35], in which the variety tHA makes an
appearance as Example 3.3.

The following remark is included to provide readers with intuition with respect to
adjoints to modal operations.

Remark 2.5.2 : Given a,b € A € tHA such that a < (b (equiv. 4a < b), we have the
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following.

Céa b
o~ b
e

¢0a Il
N e N
$a LY

We now present a pair of facts about prime filters on temporal Heyting alge-
bras.

“ Fact 2.5.10 : Given A € tHA and z € PrFilt(A), we have 0~ ![z] € Filt(A).

' Proof : First, note 01 = 1 € z,s01 € O ![z]. Now, given a,b € O ![z], we have
Ca, Ob € , implying Cl(a Ab) = Oa Ab € z, finally implying a A b € (07! [z]. Finally,
given a € O ![z] and a < b, we have (a € z and, by Fact 2.5.6, a < b, implying
(b € z, finally implying b € O~ ![x]. X

‘ Fact 2.5.11 : Given A € tHA and z € PrFilt(A), we have ¢ ![—2] € Ideal(A).

Proof : First, note that, by Fact 2.5.3, —z € Prldeal(A), so 40 = 0 € —z, implying
0 € ¢ [—z]. Now, given a,b € 4~ ![—z], we have #a, #b ¢ x, implying #(a V b) =
4aV # ¢ z, finally implying a vV b ¢ ¢ -z Finally, given b € ¢ ![—z]and a < b,
we have b € —x and, by Fact 2.5.8, ¢a < b, implying #a € —z, finally implying
z € ¢ 2] X

To conclude, we state some relevant well-known algebraic soundness and complete-
ness results.

Fact 2.5.12 : The following algebraic soundness and completeness results are well-

known.
HC H- HA mHC |- fHA

For an in-depth look at the former result, the reader should reference [6, §4.3]. The latter
was stated by Esakia in [24].

2.6 Ordered topological spaces

Since we are in a non-classical setting, all of the topological spaces considered in the
current text will be ordered, that is, they will be equipped with at least one binary rela-
tion whose interaction with the topology is governed by some constraints. As a general
reference for ordered topological spaces, we recommend [28, §2.3].
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In this text, it is assumed that the reader is familiar with basic topological notions
such as bases and subbases, common separation axioms, and compactness. As a general
reference for topology, we recommend [22].

Definition 2.6.1 (Ordered topological space) : An ordered topological space is a tuple

(X,Ryq,..., Ry, Q) such that (X, Ry,..., Rg) is a frame and (X, () is a topological
space.

Ordered topological space will be denoted by the symbols X and Y.

Notation 2.6.1 : Given a topological space X := (X,Q) and S C X,

Q := thesetofclosedsetsinX = {CCX|-CeQ}
Clop(X) := thesetofclopensetsinX = QNQ.

Given an ordered topological space X := (X, <, Q) such that (X, <) € POS,

OpUp(X) := QN Up({X, <)) ClUp(X) := QN Up((X, <))
OpDown(X) := Q2 N Down((X, <)) ClDown(X) := QN

ClopUp(X) := Clop((X,9)) N Up({X, <))
ClopDown(X) := Clop({X, £2)) N Down({X, <)).

Here we define the category of spaces dual to HA.

Definition 2.6.2 (ES - Esakia space) :
We define the category ES.

An ES-object, called an Esakia space®, is an ordered topological space (X, <,Q)
satisfying the following conditions for all z,y € X and all K C X.

(ES.0.1) (X, <) isa poset

(ES.0.2) (X,Q)is a compact topological space

(ES.0.3) z Xy implies 3K € ClopUp(X) such that z € K >y

(ES.0.4) K € Clop(X) implies | K € Clop(X)

The condition (ES.o0.3) is often known as the Priestley Separation Axiom (PSA).

%In other literature, ES-objects are sometimes known as Heyting spaces [15] or strict hybrids [23].
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An ES-morphism, called a Esakia morphism’, is a function f : X — Y satisfying
the following conditions for all z; € Xand y € Y.

(ES.m.1) f:(X,<) — (Y, <) is a monotone map

(ES.m.2) f:(X,Q) — (Y,Q) is a continuous map

(ES.m.3) fz; < yimplies 3z2 € X such that 1 < x2 and fzo = y.

f—

=
I\

PN

<
|

N—> <

xry — f— fx1

Here we state some well-known facts about Esakia spaces that will be utilised to develop

our duality theory for tHA.
Fact 2.6.1 : The following are well-known and stated without proof.

e All Esakia spaces are Hausdorff [22, p. 37].

e Given z € X € ES, we have 1tz € ClUp(X).

o All Esakia morphisms are closed [22, p. 31] .

Fact 2.6.2: Given X := (X, 2) € ES, the following are equivalent.

1. Xis finite
2. Q=X (ie. all sets are open)

3. Clop(X) = ¢ X (i.e. all sets are clopen)
, p-278]. X

| Proof : This follows from Fact 2.6.1 and |

I
We now define the category of spaces dual to fHA.

Definition 2.6.3 (fES - Frontal Esakia space) :
We define the category fES.

An fES-object, called a frontal Esakia space®, is an ordered topological space (X, R, Q)
satisfying the following conditions for all z € X and all K C X.

7In other literature, ES-morphisms are sometimes known as continuous p-morphisms [28] or continuous

strongly isotone maps [23].
8In other literature, fES-objects are sometimes known as R f-Heyting spaces [15]

D. Q. Alvarez
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(fES.0.1) (X, R) is a transit

(fES.0.2) (X, R, () is an Esakia space

(fES.0.3) K € ClopUp(X) implies —R~[-K] € ClopUp(X)
(fES.0.4) R[] €Q

An fES-morphism, called a frontal Esakia morphism, is a function f : X — Y satisfying
the following conditions for all 1,292 € X and y € Y.

(fES.m.1) f:(X,<) — (Y, <) is an Esakia morphism
(fES.m.2) 1 Rxo implies fJJ1 R fxg

Ty — f— fao
T T
R R
\ 1

xrg, — f— fx1

(fES.m.3) fz1 Ry implies 3x3 € X such thatz; Rz3 and fzz =y

xrs3 f—y
+ T
i 1
ry —f— fx;

Finally, we define the category of spaces that will be shown to be dual to tHA.

Definition 2.6.4 (tES - Temporal Esakia space) :
We define the category tES.

A tES-object, called a temporal Esakia space, is an ordered topological space
(X, R, R”, Q) satisfying the following conditions for all z € X and all K C X.

(tES.0.1) (X, R", R”) is a temporal transit

(tES.0.2) (X, R",Q) is a frontal Esakia space
(tES.0.3) K € ClopUp(X) implies R”[K] € ClopUp(X)
(tES.0.4) RYz] €

An tES-morphism, called a temporal Esakia morphism, is a function f : X — Y satisfy-
ing the following conditions forall zo € X and y € Y.
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(tES.m.1) f is a frontal Esakia morphism
(tES.m.2) fxp Ry implies 3x; € X such thatzy Rz and y < fz

X2 ! f{L‘Q

A

-

r —f— f.%'l R<

r
<
Y

The reader should take note of condition (tES.m.2). In the classical case, (duality for
classical temporal logic [47, §8.1],) this condition would be a mirror image of the condi-
tions for the forward-looking relation (fES.m.2) and (fES.m.3). But in our non-classical
setting, we have this weaker condition. This is due to the fact that when we turn to
studying duality for tES, the morphisms in the dual category are not strong enough to
fulfil the classical condition.

To conclude the section, we mention that, given a temporal transit, we can always
build a temporal Esakia space in a trivial way.

H Fact 2.6.3 : Given (X, RY, R”) € tTran, we have (X, RY, R”, 9 X) € tES.

2.7 Esakia duality

Here we define the basics of Esakia duality, that is, the duality between the categories
HA S ES, as well as how this has been extended to the categories fHA = fES.

Definition 2.7.1: Given A € HA and X € ES, we define the following maps.

ma A — ©(PrFilt(A)) 7%+ X — ©(ClopUp(X))
a— {x € PrFilt(A) | a € =} x+— {K € ClopUp(X) | x € K}

The map 7,” is known as the spectral map of A. When the algebra A and space X are
clear from context, we simply write 7 and .

We construct the functors that will witness the contravariant equivalence [41, §1.5] be-
tween the categories HA = ES and fHA = fES.

°In other literature, the symbol @ is sometimes used instead of wa [28].
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Construction 2.7.1 : We define the contravariant functor::, : HA — ES as follows.
On objects, A maps to (PrFilt(A), C, Q4 ) where 2, is the topology generated [22, §1.2]
by the subbasis 7[A] U —[r[A]], i.e.

{ma|a€ A} U{—ma|a € A}.
On morphisms, h : A — Bmaps to h 1] : B, — A,.

We also define the contravariant functor :** : ES — HA as follows. On objects, X
maps to (ClopUp(X),N, U, =, &, X) where, given K, Ky € ClopUp(X),

K| — Ky .= _l«(Kl N —KQ).
On morphisms, f : X — Y maps to f~1[] : Y* — X*.
The functors :;, and " can be extended to fHA = fES as follows.

For fHA — fES, the object (A4,A,Vv,—,[0,0,1) maps to (X,R,Q2) where
(X,C,Q) :=(A,A,V,—,0,1), and forall z,y € X,

xRy <= (VaeA)(Qa€x=acy).

It can be checked that R = Cand R = C [15, p. 208].

For fES — fHA, the object (X,R,2) maps to (A,A,V,—,00,0,1) where
(A, AV, —,0,1) == (X, R>,Q) and forall K € 4,

OK := —R![-K] = {2z € X | Rlz] C K}.

For convenience, we follow [46] and also define the function :":; which maps an alge-
bra A to the frame of A,. This maps HA — POS and fHA — Tran.

Fact 2.7.1 : The functors :;, and "+ and their appropriate extensions are pseudo-
inverse between the categories HA = ES and fHA < fES. These facts were estab-
lished in [25] and [15] respectively. This establishes a HA /fHA-isomorphism be-
tween an algebra A € HA /fHA and ClopUp(A.) as well as an ES/fES-isomorphism
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between a space X € ES/fES and PrFilt(X*).
A y—m—» AL X —r— X
(HA/tHA) h h \J[ : (ES/fES)
BFWJB*»ELI Y%Wﬁ»{}:

Having established the duality between the categories HA = ES, we present a well-
known correspondence between filters on Heyting algebras and closed upsets on Esakia
spaces.

Fact 2.7.2: Given A € HA and X € ES, the following maps are POS-isomorphisms.
() : (File(A), C) — (ClUp(A.), D)
Fr—{zecA, | FCuz}

(7] : (CQUp(X), €) — (Filt(X*), 2)
Cr— {KeX"|CCK}

| Proof : It can be checked that [ : ClUp(A.) — Filt(A) and () : Filt(X*) — ClUp(X)
| are monotone inverses of (" 7[:{] and () 7[:] respectively (keeping in mind that the
| subset relation is flipped in some cases). X
!

Corollary 2.7.1: Given A € HA and X € ES,

(Filt(A), €) =7 (ClUp(A.),2)  (ClUp(X), ) =" (Filt(X"), 2)

A similar correspondence is present between ideals on Heyting algebras and open
downsets on Esakia spaces.

Fact 2.7.3 : Given A € HA and X € ES, the following maps are POS-isomorphisms.

Uw[-:’f_f_‘::] : (Ideal(A), C) — (OpUp(A,), C)
I—{rcA.|znI# T}

T £ (OPUR(X), ©) —> (Ideal(X*), C)
O—{KeX"'|KNO # &}

Finally, we present a correspondence between the congruences on Heyting algebras
and closed upsets on Esakia spaces.
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Corollary 2.7.2: Given A € HA and X € ES,
(Cong™(A), C) =" (ClUp(Ay), D) (ClUp(X), C) = (Cong™*(X™), D).
!
|
I

Proof : This follows directly from Theorem 3.2.1 and Theorem 5.2.1. X

Chapter conclusion

Having established all of the necessary preliminaries for the current text, we return to
universal algebra and lattice theory to study the structure of temporal Heyting alge-
bras.
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Temporal Heyting algebras

In this chapter we study the structure of temporal Heyting algebras. We provide the
following section-by-section outline.

§3.1 We prove algebraic soundness and completeness for tHC and
tHA.

§3.2 We define a class of filters on tHA and subsequently establish a
correspondence between this class and tHA-congruences.

§3.3 We define a class of elements on tHA and subsequently estab-
lish a correspondence between this class, #-filters, and tHA-
congruences in the finite case.

3.1 Soundness and completeness

Here we prove soundness and completeness for algebraic models of tHC. Due to the
intuitionistic base of our logic, this proof is largely routine, so only the novel steps are
provided.

H Theorem 3.1.1: tHC =||- tHA.

| Proof : (}-) This can be shown via a standard argument using the Lindenbaum-

Tarski algebra for tHA [27, §2][6, §4.3]. (In fact, this method is so formulaic that
Font outlines what he calls « the Lindenbaum-Tarski process » in [27, p. 74].) Ar-
guing via the contrapositive, we take some ¢ ¢ tHC. We then define a congruence
= C Term(tHA)? by

X=Y = x> ¢etHC
We then let A := Term(tHA)/= and show that A € tHA and A }£ ¢, implying that

tHA £ . Since this argument is so standard, we prove only the key fact that = is a

!
|
!
!
!
!
!
!
!
|
!
!
i
} congruence over 4. Given y = v, we have x « ¢ € tHC, implying x — ¢ € tHC
|
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and vy — x € tHC. By (PD), we have 4y — 4y € tHC and 4y — #x € tHC,
implying that ¢y <> ¢y € tHC, finally implying that ¢x = 4.

!

!

|

!

| () Given Fact 2.5.12, all that needs to be checked is the validity of (tHC.1)
. through (tHC.4) on tHA and that (MP), (US), and (PD) preserve validity on
| tHA. Since the axioms, (MP), and (US) are quite trivial to check, we give only a
| proof for (PD). We assume tHA = ¢ — x and show tHA = ¢y — &x. Given
. A € tHA and an algebraic valuation » on A, we have A = ¢ — x, implying
L1 = v(p = x) = v — vy, implying, by Fact 2.5.1, that v¢ < vx. By Fact 2.5.8, we
. have #vp < $vy, implying

|

!

!

!

!

!

!

|

I

1=40vp — v =vép — véx =v(bp — #X),

finally implying that A |= 4@ — #x. Since A was taken arbitrarily in tHA, we can
conclude that tHA = ¢p — #x. X

Having established Theorem 3.1.1, we can leverage Fact 2.4.4 to make an even
stronger statement.

Proof : (}-) Given tHA = ¢, we have tHA, = ¢ ~ T, implying, by Fact 2.4.4,
that tHA |= ¢ ~ T, finally implying that tHA = ¢. Since tHA = ¢, Theorem
3.1.1 implies that ¢ € tHC. (=) Since tHAs C tHA, Theorem 3.1.1 implies that

H Theorem 3.1.2: tHC |- tHA;.

!

!

!

|

| tHAg = tHC, X
I

With these algebraic soundness and completeness results established, we continue
in our investigation of the variety tHA, with the knowledge that several of the algebraic
notions covered will have direct logical analogues in tHC.

3.2 Congruences and ¢-filters

Here we establish a correspondence between congruences and a class of filters on tempo-
ral Heyting algebras called #-filters. This is analogous to the correspondence established
for Heyting algebras in Fact 2.5.5. Such a class of filters is of interest both logically and
algebraically. Logically, these filters correspond to subsets of the logic that are closed
under all rules of inference, i.e. a deductively-closed theory of the logic in some sense. Al-
gebraically, such a correspondence allows us to use lattice theory to study congruences,
which are central in studying some of the universal-algebraic properties of the variety
in question, such as conditions for simplicity and subdirect-irreducibility.
Now we define our special class of filters on temporal Heyting algebras.
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Definition 3.2.1 (#-filter) : Given A € tHA and F' € Filt(A), we call F" a $-filter if for
alla,b e A,
a—becF = ¢&a— #ck

We denote the set of ¢-filters on A by #Filt(A).

In the following two lemmas, we establish the well-definedness of our operations :,
and " respectively.

Lemma 3.2.1: Given A € tHA and 6 € Cong™*(A), we have 0, ¢ #Filt(A).

Proof : Since # € Cong™*(A), we have # € Cong™*(A) implying, by Fact 2.5.7, that
6. € Filt(A), so it only remains to show that 6, satisfies the additional condition to be
a ¢-filter. Givena — b € 0,, wehavea — b0 1, implyingaAb=aA(a — b)faAl = a.
Now since a A b6 a, we have #(a A b) 0 4a, implying #a 0 4(a A D). Also, sincea Ab6O a,
we have b = (a Ab) Vb6 a Vb, implying 4b6 4(aV b). Note that sincea Ab < a Vb, we
have ¢(a A D) < #(a VD), implying ¢(a Ab) — #(aV b) = 1. Finally, since 4a 0 #(a A D)
and 4b 6 #(a V b), we have

o — 0 @(and) — #(aVd) =1,

implying #a — #b € 0, as desired. X

Lemma 3.2.2: Given A € tHA and F < #Filt(A), we have F* € Cong™(A).

Proof : Since F' € #Filt(A), we have F' € Filt(A), implying, by Lemma 2.5.7, that
F* € Cong™(A), so it only remains to show that F* is a congruence over 4, i.e. that
(Va,b € A)(a F* b= 4a F* 4b). Given a F* b, we have a +» b € F, implying a — b,b —
a € F,implying 4a — 4b, b — #a € F, implying 4a <> b € F, finally implying
®a F* ¢b. X

We combine these lemmas to state the following theorem.
Theorem 3.2.1: Given A € tHA,
(Cong™(A), C) =" (#Filt(A), C).

Proof : This follows from Lemma 3.2.1, Lemma 3.2.2, and the fact that {* and ¢, are
monotone inverses of each other ([23, Proposition 2.4.9]). X

We now leverage Theorem 3.2.1 to prove a proposition about the variety

tHA.
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‘ Proposition 3.2.1 : The variety tHA is not semisimple.

Proof : We give an example of an A € tHA with a ¢-filter F' such that #Filt(A) =
{{1}, F, A}. In light of Theorem 3.2.1, this implies that Cong™*(A) = {{1}*, F*,A*},
implying that A is subdirectly-irreducible (as witnessed by F*), but not simple.

1

/
¢
X

~O=

a

0
Letting F' := Ta, it can be easily checked that F' € #Filt(A) and #Filt(A) = {{1}, F, A}.
X

3.3 #-compatible elements

Here we study a particular class of elements called ¢-compatible on a given temporal
Heyting algebra. These elements are interesting for two main reasons. The first is that,
in the finite case, they will be shown to correspond to ¢-filters and, thereby, congru-
ences, giving us the ability to characterise simple and subdirectly-irreducible algebras
element-wise, as is done using the notion of an opremum on Heyting algebras [23, The-
orem 2.4.11]. The second reason is that they simulate « compatibility », a notion that is
of interest from a universal-algebraic point of view. This latter point will be discussed
in greater detail in Remark 3.3.1.

Definition 3.3.1 (#-compatible) : Given a € A € tHA, we call a ¢#-compatible if for all
beA,
a#b< #(aNbd).

We denote the set of ¢-compatible elements of A by 4Com(A).

We now include a fact about temporal Heyting algebras and a subsequent remark
on the notion of « compatibility ».

Fact 3.3.1: Given a,b € A € tHA,
aNdb=aN®laNb) <= aNeéb< ®(aNd).

Proof : (=) By weakening, we have a A 4b < aA\#(aAb), implying that a A #b < #(aAb).
(<) Conversely, given a A 4b < 4(a A b), we have

\
\
\
i
} aNdb=aNaN®b<aN®aND).
\
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| Also, since a A b < b, Fact 2.5.8 implies 4#(a A b) < #b, implying a A #(a Ab) < a A 4b.
| Combining these facts, we get a A b =a A #(a A D). X
I

Remark 3.3.1: The terminology introduced in Definition 3.3.1 comes from [ 14 ] where,
given A € HA, we call a function f : A" — A compatible if for all a, by, ...,b, € A,

aA f(bi,....bn) =aA flaNbi,...,aNby).
In the case of ¢, Fact 3.3.1 shows that this is equivalent to the condition
a4b< #(aNnd).

In general, 4 is not a compatible function. This can be seen in the following temporal
Heyting algebra.

1

a

X
g
/

k’\

0

Here we have
aN®l=aANl=a£0=4¢a=4eaN]).

However, though 4 is not compatible in general, there are elements such as 0 and
1 (Proposition 3.3.4) that make 4 behave like a compatible function when fixed in
the place of a. It is for this reason that these elements have been referred to as ¢-
compatible elements in the current text.

We now prove several propositions about the lattice-theoretic and universal-
algebraic structures that correspond to ¢-compatible elements in the finite case.

ac #Com(A) <= ‘ta c #Filt(A).

Proof : (=) Clearly, Ta € Filt(A), so we show only the additional condition. Given
b — ¢ € ta, wehave a < b — ¢, implying a A b < ¢, implying #(a A b) < 4c. Since
a € 4Com(A), we have a A ¢b < #(a AD), soa A ¢b < #¢, implying a < b — 4¢,
finally implying 40 — #c € Ta. (<) Arguing via the contrapositive, we assume
a ¢ 4Com(A), implying there is some b € A such that a A\ 4b < #(a A b), implying that
a X 4b— #(aNb). Nowsincea Ab < aAb wehavea < b— (aAb). Sowehave

Proposition 3.3.1: Given a € A € tHA,
\
\
\
\
\
\
\
|
\
\
i
| b— (aNnb) € Ta=4b— #(aND),
\
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| implying that ta ¢ #Filt(A). X

(®Filt(A), C) = (#Com(A), =).

Proof : In light of Proposition 3.3.1, it can be easily checked that A : #Filt(A) —
#Com(A) and 1 : 4Com(A) — @Filt(A). With this established, one need only check

that basic facts that these maps are order-reversing and inverses of one another, that

Proposition 3.3.2 : Given A € tHAg,,
!
!
!
|
| is, ] \F = Fand Ata = a. X
|

(Cong™™(A), C) = (#Com(A), >).

Proposition 3.3.3 : Given A € tHAg,,
} Proof : This follows from Theorem 3.2.1 and Proposition 3.3.2. X
|

’ Proposition 3.3.4 : Given A € tHA, the set 4Com(A) forms a sub-BDL of A.

Proof : Let a,b € #Com and ¢ € A. We check that 4Com(A) is closed under the
operations {0, 1, A, V}.

(0)0ONGc=0<40AC).
(D) 1INGc=4c=4(1Ac0).

(N) First observe that, since b € 4Com(A), we have b A #c < 4(b A ¢). This implies
thata ANbA#c < aN@bAc). Sincea € $Com(A), wehavea A ¢(bAc) < #laNbAc).
So we have (a A b) A #c < #((a A b) A ¢) as desired.

(V) First observe that, since a,b € 4Com(A), we have a A ¢c < #(a A ¢) and
b A &c < (bAc). This implies that

(andc)V (bN&c)< @(anc)VeDbAcC),

implying (aVb) A #c < #((aAc)V (bAc)), finally implying (a VD) A #c < #((aV b) Ac)
as desired. X

Remark 3.3.2 : For the reader who has studied closure algebras [23, Definition 2.2.1]
(also called interior algebras [11]), we remark that ¢-compatible elements are highly
analogous to open elements [ 23, Definition 2.2.3]. Open elements also form a sub-BDL
of their algebras and also correspond to open filters (also called skeletal filters or modal
filters) [23, Proposition 2.4.14] in the finite case. Because of this, they also correspond
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to congruences in the finite case. The analogy between these classes of elements sug-
gests that there may be more to say about the structure of ¢-compatible elements. This
idea will be expanded upon in Chapter 8 as potential future work.

Finally, we define a notion that will be of use in §7.3.

Definition 3.3.2 (¢#-opremum) : Given a € A € tHA, we call a a ¢-opremum if a
is the second-greatest element of (#Com(A), <). Since Proposition 3.3.4 shows that
1 € 4Com(A), this is equivalent to a satisfying the following conditions.

e o c 4Com(A)

o a#1l
o (Vbe A)(bc 4Com(A) and b # 1 implies b < a)

Chapter conclusion

Having gained a better understanding of the structure of temporal Heyting algebras, we
continue on to study the structure of temporal Esakia spaces.
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Chapter 4

Temporal Esakia spaces

In this chapter we study the structure of temporal Esakia spaces. We provide the fol-
lowing section-by-section outline.

§4.1 We define and study a class of subsets on tES relevant to duality
theory.

§4.2 We define and study the notion of « topo-reachability » on tempo-
ral Esakia spaces.

§4.3 We define and study the notion of « Z-reachability » on finite tem-
poral Esakia spaces.

§4.4 We prove the coincidence of « topo-reachability » and « Z-
reachability » in the finite case.

4.1 Archival subsets

Here we define a class of subsets on temporal Esakia spaces analogous to the hereditary
subsets of [42], which considered modal algebras and modal Stone spaces. The termi-
nology « archival » was chosen to draw attention to the fact that they are defined in
terms of the past-viewing relation R®. They will similarly play a role in characterising
the subdirectly-irreducible algebras of tHA once duality is established.

Consider the following situation. We have a point € X € tES that can « see » into
a subset S C X from outside of the subset.

yesS

[

x ¢S

Now if X were R”-reflexive (equiv. R%-reflexive), we would know that = can « see »
something in S that y can see through the R¥-relation, namely y itself.

41
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yes
es » T T
y <
x_/ < \yES
T | <«
/
x ¢S x ¢S

However, due to the sometimes-irreflexive nature of temporal Esakia spaces, this is not
always the case. We could be in the irreflexive situation described above in which 2 N
RylnS=w2.

Here we define the class of archival subsets: subsets which are guaranteed to avoid
the situation described above.

Definition 4.1.1 (Archival) : Given S C X € tES, we call S archival if for all z, z € X,
zr¢S3dzandz <z = TzNRYINS#2.

This is depicted as follows.

:L‘¢S/

We denote the set of archival subsets of X by Arc(X), the set of archival upsets of X by
ArcUp(X), and the set of closed archival upsets of X by ClArcUp(X).

The reader might have noticed that given the situation described in Definition 4.1.1, we
now find ourselves, once again, in the situation z < y and ¢ S > y, implying that
the closure principle will apply again and again, ad infinitum. If X is infinite, then it
is entirely possible that we always have a new, distinct witness as, exemplified in the
following example.

Example 4.1.1 : Consider the algebra A € HA (depicted on the left) and its dual
A, € ES (depicted on the right).
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w 1
2

2

1 w

0

(In the dual space, a is taken to mean ta for all a € A. This can be done because all
prime filters on A are principal.) Here we have

Q={0CA,|w¢Oand O finite} U{O C A, | w € O and O cofinite}.
By Fact 2.7.1, we also have ClopUp(A,) = 7[A] = {Tz | v € A,}.

Now if we define the relation R” := < U {(w,w)} and define R to be the inverse of
R", we get the following.
1

It can be checked, via several simple calculations, that this is a temporal Esakia space.

Finally, we consider the subset N, which we claim to be archival. Observe the
fact that w < nand w ¢ N > n for all n. However, we always have w < n+ 1 R" n
with n + 1 € N, implying that fw N RY[n] NN # @. So we can see that N is an archival
subset with an infinitely descending chain of distinct irreflexive witnesses.

However, if our space is finite, there can be no such infinite chain. For this reason, if a
subset S is to be archival, we must always descend until we encounter a reflexive point.
This intuition is formalised in the following lemma.
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Proposition 4.1.1 : Given S C X € tESg,, we have S € Arc(X) if and only if the
following holds for all z,y € X,

r<zandz ¢ S>3z = TzNlzNRefl(X)NS # 2.

This is depicted as follows.

ze S

¢S

Proof : (=) Welettz N R2N S # @ and show that Tz N |z N Refl(X) NS # @. Since
Xis finite, every subset is well-founded, so consider some minimal y € Tz N R¥[z] N S.
Now since y € T2 N RY[z], we have z < y and z R%y, implying y R z, further implying
z <y < 2,50 we know that y € Tz N ]z N S. So we need only show that y € Refl(X)
for y to witness the truth of the desired statement. Since we have x < yandx ¢ S > y
and S € Arc(X), there exists some w € 12 N RYy] N S. Now since w € R[y], we have
wRPy, implying w < y. Butsince y was assumed to be minimal, it must be the case that
y = w R" y, implying that y € Refl(X) as desired. (<) Welet tzN/zNRef(X)NS # @
and show that tx N RY[z] NS # @. Let z < y < z such that y € Refl(X) N S. Since
y <y R”y < z, Fact 2.2.3 implies that y R” z, implying that y € Ttz N R9[z] N S. X

Having defined archival subsets and characterised them in the finite case, we con-

clude by stating an important lemma to be used in the following section.

Lemma 4.1.1: Given X € tES,

{Ui}iz, € ArcUp(X)  — ﬂ U; € ArcUp(X)
i=1

Proof : Arguing via induction on n, the base case is trivial and the inductive case
reduces to a binary case. So given U;, Uy € ArcUp(X), we show U; N Uz € ArcUp(X).
Obviously, Uy N Uz € Up(X), so we show that U; N U; is archival. Consider some
z,z € Xsuch thatz < zand z ¢ Uy NUsz > z. Without loss of generality, we can
assume z ¢ U, implying, since U, is archival, that there exists some y; € U; such that
z < y1 R” z. Now if y; € U, then we are done (because y; € tx N RYz] N Uy N Us),
so we assume y; ¢ Us, implying y; < z and y; ¢ Uz > z, which implies, since Us is
archival, that there exists some iy, € U; such that y; < y2 R” z. Now since y; < y2 and
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U, € Up(X), we have yy € Uj.

|
|
} UinNnUs; >z
| “r
eUNnU
i R>/y2 1 2
| Ui sy
: <
} mglfUl
!
| So yo € UyNUzand x < y; < y2 R” z, implying y2 € Ntz N RYz] N Uy N Us. X
!

We now continue on to study two notions of « reachability » on temporal Esakia
spaces that will be very closely tied to the notion of « archival subsets ».

4.2 Topo-reachability

Here we define a notion of « reachability » on a temporal Esakia space in terms of its
order-topological structure. For this reason, it is referred to as topo-reachability. This ter-
minology comes from [46], which considered Boolean algebras with operators (BAOs)
(which correspond to classical modal logics) and showed that, having established a
Stone duality with a variety of BAOs V, one can characterise the simple and subdirectly-
irreducible elements of V via the notion of « topo-reachability » on their dual spaces.
Subsequently, [8] generalised this work to provide these characterisations in the setting
of « distributive modal algebras ». We will see in Theorems 7.2.1 and 7.3.1 that our
notion of « topo-reachability » allows to accomplish the same thing for tHA.

We first define an function ©: : X — ©X that will be used to define « topo-
reachability ».

Definition 4.2.1: Given S C X ¢ tES,

S:=({C € CArcUp(X) | S C C}.

Given z € X, we write 7 instead of {z}.

We now establish an important lemma about the function A

Lemma 4.2.1: Given S C X € tES, the set S is the smallest closed archival upset
containing S, i.e.

SCSeCArcUp(X) and (VC e 9X)(S C C e ClArcUp(X) = S C O).
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Proof : Clearly, if we can show that § C S € ClArcUp(X), it will the smallest such set,
so we need only show this fact. However, it should be clear that .S C §, and since S is
the intersection of closed upsets, it is itself a closed upset, so it only remains to show
that S is archival. Assume, toward a contradiction, that S is not archival, implying
there exists some z,z € Xsuchthatz < zandz ¢ § 3 zand 2N R[] NS = .
Recall that this means

t2 N Rz N[ ){C € ClArcUp | S C C} = 2.

Now, since X is compact and Tz and R[] are closed (by Fact 2.6.1 and (tES.0.4) re-
spectively), there is a finite subcollection {C;}_ ; C {C € ClArcUp | S C C'} such that
tz N RYz] N C, = @ where C, := (I, C;. Now since {C;} | C Q, we know C, € Q.
And since {C;}7~; C ArcUp(X), Lemma 4.1.1 implies that C, € ArcUp(X), so we can
conclude that C, € ClArcUp(X). Now since = € Tz N RY[z], we know z ¢ C,, and
since z € Sand C, € {C € ClArcUp | S C C}, we know z € C,. But then z < z and
z ¢ Cy 5 zand Tz N RYz] N C, = &, contradicting the fact that C, is archival. X

We now define our notion of « topo-reachability ».

Definition 4.2.2 (Topo-reachability) : Given z,y € X € tES, we say that y is topo-
reachable from x and write x Jy, if y € Z.

Given Lemma 4.2.1, this implies that if y is topo-reachable from z if and only if y is
in every closed archival upset containing x. This can be see as a type of specialisation
ordering [28, p. 37] where, given some topological space (X, Q) with points z,y € X, we

say
r<y = VMCe)(zeC=yecl) < ycx

(though in [28], an order-inverse definition is given in terms of open sets). Compare
this with our situation:

xdy <= (MC eClArcUp(A))(zeC=yel) «<— yei.

This analogy goes even further as the closed sets of Stone spaces correspond to the con-
gruences of Boolean algebras and we will see, symmetrically, that the closed archival
upsets of temporal Esakia spaces correspond to the congruences of temporal Heyting
algebras (Theorem 5.2.2).

Here we state a fact for the reader to gain some intuition on topo-
reachability.

H Fact 4.2.1: Given X € tES, we have (X, <) € QOS.
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Proof : (QOS.1) Given x Jy<Jz, wehave z € yand y € 7. By Lemma 4.2.1, this implies
thaty C z, implying that z € Z, implying that z <z. (Q0S.2) This is obvious as = € Z,
implying < . X

We now define two order-topological notions in terms of « topo-reachability » .

Definition 4.2.3 (Topo-root) : Given = € X € tES, we call x a topo-root if every point
in X is topo-reachable from x. This is equivalent to the condition (Vy € X)(x <y) and
the condition z = X. If there exists such an z in X, we call X topo-rooted. We denote
the set of topo-roots of X by ToRo(X).

Definition 4.2.4 (Topo-connected) : Given X € tES, we call X topo-connected if every
point in X is a topo-root, i.e. ToRo(X) = X.

Finally, we prove a lemma that will be critical in proving Theorem 7.3.1, a main result

of the current text.

Lemma 4.2.2 : Given X € tES, we have —ToRo(X) € ArcUp(X).
Proof : We show that (1) —ToRo(X) € Up(X) and (2) —ToRo(X) is archival.

(1) To show that —ToRo(X) € Up(X), Fact 2.2.1 implies that it suffices to show
that ToRo(X) € Down(X). We take w, x € X such that w < xz and = € ToRo(X). Now
since z € ToRo(X), we have Zz = X. Since @ € Up(X) and w < z, we have z € ©,
implying, by Lemma 4.2.1, that  C @. So we can conclude that X = 2 C @, implying
that X = @ and, therefore, w € ToRo(X).

(2) Now to see that —ToRo(X) is archival, we take some z,z € X such that
z < zand x ¢ —ToRo(X) > z, implying z = X D z. Now since z C X, we know that
x ¢ Z (because X is the smallest closed archival upset containing x). So we have = < z
and z ¢ Z > z, implying that there exists some y € z such that z < y R” z. Now since
y € z, Lemma 4.2.1 implies that y C z C X, implying that y C X, finally implying that
y ¢ ToRo(X). So we have found our y € T2 N R¥[z] N —ToRo(X) as desired. X

4.3 Z-reachability

Here we define a completely frame-theoretic alternative notion of « reachability » on
finite temporal Esakia spaces. Given Fact 2.6.1, we know that all finite temporal Esakia

spaces are discrete, implying that their topological structure is trivial. This means that

throughout this section the reader can essentially imagine that we are simply studying
finite temporal transits.
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Definition 4.3.1 : Given w,z € X € tESg, we define the following binary relation
B C X2

rBw <= w<zand (w,z]NRefl(X) =02.
The relation B formalises the idea of moving « backward » until encountering either
a reflexive or minimal point. Note that z B x because x < x and (z, z| = .

We also define the following relations for all n € N.

ZO = AX
Zny1 = Zn; B; <

Z::UZm

meN

The relation Z formalises the idea of « zig-zagging » down via B and back up via
< a finite number of times. (This is reminiscent of the zig-zagging relation that
can be used to characterise simple and subdirectly-irreducible bi-Heyting algebras [7,
Corollary 3.4].)

Note that, given S C X, we have S C Z][S] because given z € S, we have
x Zy x, implying = € Z[S]. We also have 1S C Z[S] because given z € S and = < y,
we have x B x < y, implying x Z; y, implying y € Z[5].

We now introduce some terminology defined in terms of our relation Z.

Definition 4.3.2 (Z-reachability) : Given z,y € X € tESg,, we say y is Z-reachable
fromzifx Z y.
The following example is included to provide readers with more intuition on Z-

reachability.

Example 4.3.1 : Observe the following X € tESg,.

o Zolz] = {z}
e BlZ[2]] = {w,, 2}
/ Z
I / i \ / ’ Z[2] =A{x,y, 2,2y, 2"}
T 2! " B[Zl[ZH = {x,yvzafay”«z"y"}
% / y ZQ[Z] = {x7yvzaxlvy,7zl7y//7y///}
Y ’
R‘;/ x w
T Zl2) = {z,y, 22y, 2y "}
w
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Here, everything is Z-reachable from z except for w and w’. This is because B allows
us to descend from z to x, but does not allow us to descend to w because = € (w, z] N
Refl(X). Once we have descended as far as possible, we take upsets and repeat the
process again.

We note that Z-reachability is not symmetric in general, as exemplified in Example
4.3.2.

Example 4.3.2 : Consider the following finite temporal Esakia space with two points

x and y.

PR
R

>

%r\/
T

Here we have = B = < y, so we have = Z y. However, since y € (z,y] N Refl(X), we do
not have y B x, so we do not have y Z x.

We now define two more frame-theoretic notions in terms of « Z-reachability », mirror-
ing Definitions 4.2.3 and 4.2.4.

Definition 4.3.3 (Z-root) : Given z € X € tES5,, we call x a Z-root if every point in
X is Z-reachable from x. This is equivalent to the condition (Vy € X)(x Z y) and the
condition Z[z] = X. If there exists such an z in X, we call X Z-rooted.

Definition 4.3.4 (Z-connected) : Given X € tESg,, we call X Z-connected if every
point in X is a Z-root.

Now we prove three lemmas relating Z-reachability to archival subsets.

Lemma 4.3.1: Given w,z € X € tESg, and S € Arc(X),

rzeSandzBw = w¢ES.

Proof : This will be proven via induction on the length of the longest chain in (w, z],
denoted by n. This chain must be finite because X is assumed to be finite. (n = 0)
This means that w = xz, implying, since € S, thatw € S. (n = m + 1) This means
that we have a chain of unique elements {y;}7*! C (w, z] such that

Now since (w, z] N Refl(X) = &, we have (y1, z] N Refl(X) = @. Combining this with
the fact that y; < z, and that the length of the longest chain in (y;,z] is < m, we
can apply our induction hypothesis, implying that y; € S. Now assume, toward a

!
!

!

\

|

!

|

|

|

| W<y << Ym < Ymgl = T

\

|

!

|

|

!

!

} contradiction, that w is not in S. This implies that w < y; and w ¢ S > y;, implying,
|
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since S € Arc(X), that there exists some y € S such that w < y R” y;. Now we cannot
have y = y; because then y; R” y;, contradicting y; ¢ Refl(X). We also cannot have
w = y because w ¢ S > y. So it must be the case that w < y < y;. But observe that
this contradicts the fact that {y;}7"! was taken to be the longest chain in (w,z]. X

Lemma 4.3.2: Given z,y € X € tESy, and U € ArcUp(X),

reUandzZy — yel.

Proof : Since x Z y, we have = Z,, y for some n € N. We proceed via induction on n.
(n =0) Given z Zyy, we have z = y, implying thaty € U. (n = m+1) Givenz Z,, 11y,
we have x Z,,, v Bw < y for some v, w € X. By induction hypothesis, we have v € U.
Since v Bw and v € U € ArcUp(X), we know, by Lemma 4.3.1, that w € U. And since
w < yand w € U € Up(X), we can conclude that y € U. X

Lemma 4.3.3 : Given S C X € tESg,, we have Z[S] € ArcUp(X).

Proof : To see that Z[S] € Up(X), take some y € Z[S] such that y < z. Now since
y € Z[S], wehave v € S such thatv Z, y forsomen € N. If n =0, thenv Zyy By < z,
implying that v Z; z, further implying that z € Z[S], so we consider the inductive case
where n = m+ 1 for some m € N. This implies that v Z,,, w Bx < y for some w, z € X.
But, since y < z, we have v Z,,, w B x < %, implying that v Z,,1; 2, finally implying
that z € Z[9].
z
A
<
/
vVES —Zm— w Y

Now, to see that Z[S] is archival, we let x < z and = ¢ Z[S] 5 z. Recall Proposition
4.1.1 implies that it suffices to show that Tz N |z N Refl(X) N Z[S] # @. Now since
x ¢ Z[S], it cannot be the case that z B x as we would then have z B z < z, implying
x € Z[9]. Since x < z and z B z, it must be the case that (z, z] N Refl(X) # @. Since
X is finite, let y be some maximal point in (z, z] N Refl(X). This implies that y < z and
(y, 2] N Refl(X) = @, implying that z B y, implying, by Lemma 4.3.1, that y € Z[S]. So
we have found our point y € 12 N [z N Refl(X) N Z[S]. X

4.4 Coincidence of notions of reachability

In this section, we establish that the order-topological notion of « topo-reachability » and
the frame-theoretic notion of « Z-reachability » coincide in the finite case. This implies
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that in the finite case, all the universal-algebraic theory that will be expressible in terms
of « topo-reachability » will also be expressible using only the frame-theoretic notion of
Z-reachability.

Theorem 4.4.1: Given z,y € X € tESg,,
y is topo-reachable from » <= yis Z-reachable from =z

ie.
zdy <= zZ2y.

Proof : (=) Since y is topo-reachable from z, we have y € Z. Now, by Lemma 4.3.3, we
know that Z[z] € ArcUp(X). Since X is finite, Fact 2.6.2 implies that X is discrete, so
Zlx] € Q, implying Z[z] € ClArcUp(X). Finally, since 7 is the smallest closed archival
upset containing = (Lemma 4.2.1), we have  C Z[z], implying y € Z[x], finally im-
plying that y is Z-reachable from z. (<) Since y is Z-reachable from x, we have z Z y.
By Lemma 4.3.2, x € € ArcUp(X) and = Z y imply y € Z, so we can conclude that y
is topo-reachable from x. X

We now establish the coincidence of the notion of a « topo-root » and a « Z-root » as

well as the notion of « topo-connectedness » and « Z-connectedness ».

Corollary 4.4.1: Given z € X € tESy,,
x is a topo-root <= =z isa Z-root.

Proof : x is a topo-rootif and only if (Vy € X)(y is topo-reachable from z). By Theorem
4.4.1, this is the case if and only if (Vy € X)(y is Z-reachable from x), which is the case
if and only if = is a Z-root. X

Corollary 4.4.2 : Given X € tESg,,
X'is a topo-connected <= Xisa Z-connected.

Proof : X is topo-connected if and only if (Vz € X)(x is a topo-root). By Corollary
4.4.1, this is the case if and only if (V2 € X)(xz is a Z-root), which is the case if and
only if X is Z-connected. D

Finally, we observe that Example 4.3.2 applies to < and Fact 4.2.1 applies to

Corollary 4.4.3 : Given X € tES,

e (X, Q) is not symmetric in general.
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H e If X s finite, then (X, Z) € QOS.

Chapter conclusion

Having gained a better understanding of the structure of temporal Esakia spaces, we
apply the theory developed in Chapter 3 as well as the current chapter to develop a
duality theory between the categories tHA and tES.
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Chapter 5

Duality for tHA S tES

In this chapter, we establish and study a duality theory between the categories tHA
and tES. Establishing such a duality in the context of superintuitionistic logics has
proven to be extremely valuable as, given an algebraic soundness and completeness
theorem, it allows us to study the associated logic (in this case t HC) from both algebraic
and order-topological perspectives. Important examples of such dualities include the
already-mentioned HA S ES [25] and fHA < fES [15] as well as BDL with Priestley
spaces [40], Boolean algebras with Stone spaces [43], modal algebras with modal spaces
[4], and tense algebras and tense spaces [45]. We provide the following section-by-
section outline.

§5.1 We establish a full contravariant equivalence between the cate-
gories tHA < tES.

§5.2 We establish a correspondence between ¢-filters on tHA and
closed archival upsets on tES. We connect this to previous results
about congruences in §3.2.

§5.3 We give a dual characterisation of injective and surjective tHA-
morphisms.
5.1 Contravariant equivalence

We begin by augmenting our functors :x, : fHA — fES and " : fES — fHA (as
defined in Construction 2.7.1) so that they map to and from the desired categories.

Construction 5.1.1 : We extend the functors 3, : fHA — fES and :+* : fES — fHA
to the categories tHA < tES as follows.

For tHA — tES, the object (4, A, V, —, 4¢,00,0,1) maps to (X, R, R”, ) where

(X,R”,Q) = (A A, V,—,0,0,1),
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and forall w,z € X,
zR'w <= (Va€ A)(a € w= 4ac€x).
For tES — tHA, the object (X, RY, R*,{2) maps to (4, A, V,—, 4,0,0, 1) where
(A, NV, —,0,0,1) := (X, R”, Q)"
and forall K € A,
¢K =R°[K|={zr e X | Rz|NK # 2}.

The well-definedness of this extended functor will be shown in Lemmas 5.1.1 through
5.1.4, culminating in Corollary 5.1.1 which establishes a contravariant equivalence be-
tween the categories. Note that, when this well-definedness is established, it will be
the case that::; now maps tHA — tTran.

The following lemma establishes the well-definedness of ::, : tHA — tES on ob-
jects.

H Lemma 5.1.1: Given A € tHA, we have A, € tES.

' Proof : Let X := (X,R%,R",Q) := A,. Since it was established in [15] that
(X,R",Q) € fES, it remains only to show that X satisfies (tTran.2), (tES.0.3), and
(tES.0.4).

(tTran.2) Assuming = R” y, we show y R® z. Given a € =z, (tHA.0.4) implies
that CO4a € z, implying that 4a € y. Now, assuming y R® x, we show = R” 3. Given
Oa € x, we have #(a € y, implying, by (tHA.0.5), thata € y.

(tES.0.3) Given K € ClopUp(X), we know, by Fact 2.7.1, that there is some a € A
such that K = ma. We claim that R”[K]| = m#a. Note that if this is the case, then
R"[K] € ClopUp(X) as desired. (C) Given z € R"[K], we have w € K and w R" z,
implying that « R® w. Since w € ma, we have a € w, implying 4a € x, which implies
that z € 7#a. (2) Given x € w4a, we find a prime filter w such that w € 7a = K and
w R” x. Consider the filter Ta and the ideal 4 ~![—z]. Assume, toward a contradiction,
that these sets are not disjoint. Then there is some b € ta N ¢~![—z|, implying that
a < band b €¢ —z. Since a < b, we have ¢a < #b, so, since —z is a downset, we have
¢c € —z, implying #a ¢ z, contradicting our assumption that + € 74a. So, since
ta N 47 [—2] = @, we know, by the PFT, that there exists some w € PrFilt(A) such
that ta C w and w N 4~ ![—z] = @. Since ta C w, we have w € ma = K. To see that
z R w, observe that given #b ¢ z, we have b € ¢ ![—z], implying b ¢ w. So w R”
and w € K, implying z € R”[K].

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| (tES.0.4) Given z € X, we claim that R[z] = —(J[# '[~z]|. Note that if this
|
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is the case, then since 4 ![—z] € Ideal(A) (Fact 2.5.11), Fact 2.7.3 will imply that
U [®1[-z]] € OpUp(X), implying that R*[z] = — [ ![—2]] € CIDown(X).
we RYr] <= xRw

< (Va € A)(a € w= 4a € x)

<= (—da € A)(a € wand ¢a € —x)

< (-Ja € A)(a cwandac ¢ '[-z])

—Swnél-z]=0

= wg (el

= we - ¢ -a]

X

The following lemma establishes the well-definedness of : i, : tHA — tES on mor-
phisms.

Lemma 5.1.2 : Given a tHA-morphism h : A — B, the map h : B, — A, is a tES-
morphism.

Proof : Let X := B, and Y := A, and f := h, : X — Y. Since (tES.m.1) was shown
in [15], we again focus only on (tES.m.2). Letting y € Y and x2 € X be such that
fxo Ry, we show that there exists an 21 € X such that 2o Rz and y C fz;.

T2 f Jx2
qu
(X = B,) P fo R (Y = A,)
\9
.

Consider the filter 1h[y] and the ideal ¢ ~![—z5]. Assume, toward a contradiction, that
these sets are not disjoint. Then there is some b € Thly] N 4~ ![—x2], implying that
a € yand ha < band b ¢ x3. Now since ha < b, we have héa = #ha < 4b
(using that fact that i is homomorphic over 4). Also, since a € y and fze Ry, we
have #a € fzo = h™![zy], implying that hé#a € x5. But this implies that b € x,
contradicting our assumption that b ¢ 2. So, since Thly] N ¢ 1 [—x2] = @, we know,
by the PFT, that there exists some z; € B, such that Th[y] C z1 and 21N ¢ ] =2
Now we claim that 9 R?xz1 and y C fx1. To see that o R x1, consider some b ¢ x5
and observe that b € ¢ 1[—x5], implying that b ¢ x;. To see the y C fx;, consider
some a € y and observe that ha € hly] C Thly] C z1, implying a € h™1[z1] = fo;. X

The temporal Heyting calculus
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The following lemma establishes the well-definedness of ;" : tES — tHA on ob-
jects.

H Lemma 5.1.3 : Given X € tES, we have X* € tHA..
\

Proof : Let A := (A,N,U,—,¢,0,2,X) := X*. Since it was established in [15]
that (4,n,U,—,0,@,X) € fHA, it remains only to show that A satisfies (tHA.0.2)
through (tHA.0.5).

To address well-definedness, note that K € X* implies ¢ K = R°[K]| € X*, im-
plying that ¢ : X* — X*.

(tHA.0.2) 42 = {z € ClopUp(X) | RV[z] N @ # &} = @.
(tHA.O.?)) Given Kl, Ky e A,

¢(K1 U K») = {z € ClopUp(X) | R°[z] N (K1 U K2) # @}
= {z € ClopUp(X) | (R"[z] N K1) U (R[] N K3) # &}
= {z € ClopUp(X) | R¥[z] N K} # @ or R [z]N Ky # &}
= {x € ClopUp(X) | RY[z] N K1 # @}
U {z € ClopUp(X) | R[z] N Ky # @}
= 4K U $Kos.

[z

(tHA.0.4) Given K € A, we show that K C [J4K via the contrapositive. Given
x ¢ (14K, we have R"[z]| Z 4K, implying « R” y, (and, therefore y R z,) as well as
y ¢ ¢K.Sincey ¢ 4K, wehave R[y|N K = @, implying, since z € R[y|, thatz ¢ K.

|
\
\
\
\
\
\
\
|
\
\
\
\
\
\
|
\
\
\
\
\
\
\
|
\
\
\
\
\
\
|
\
\
\
\
\
\
\
i
} (tHA.0.5) Given K € A, we show that 400K C K. Given x € 40K, we have
| RYz]NOK # @, implying R w, (and, therefore w R” z,) as well as w € (K. Since
| w € OK, we have R” [w] C K, implying, since z € R”[w], that z € K. X
|

The following lemma establishes the well-definedness of :i* : tES — tHA on mor-
phisms.

Lemma 5.1.4 : Given a tES-morphism f : X — Y, the map f* : Y* — X*isa
tHA-morphism.

Proof : Let A := Y*and B := X* and h := f* : A — B. Since the fact that h is a
fHA-morphism was shown in [ 15], we focus only on showing h to be homomorphic
over ¢. Letting K € A, we show that LK = ¢hK.

(C) Let 73 € h4K = f~'[¢K], implying that fzo € 4K. This implies there is
some y € Y such that y € RY[fz2] N K, implying that fzo R®y. Now since f is a
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tES-morphism, there exists some z; € X such that 9 R* z; and y < fx;. Also,
since y < fr1 and y € K, we have fr; € K, implying x1 € f~}[K] = hK. So since
z1 € RYxo] NhK, we have zo € #hK.

(2) Given z2 € #hK, we have RYzy] N hK # @, implying zo R z; (equiv.
r1 R” x3) and 1 € hK = f~![K], implying fz; € K. Since x1 R” x9, (fES.m.2)
implies that fx1 R” fxo, implying fz1 € RY[fxo] N K. This implies that fzo € 4K,
finally implying that zo € f~[#K] = h¢ K. X

Lemmas 5.1.5 and 5.1.6 establish the fact that 7= and y can still serve as our natural

isomorphisms in the categories tHA and tES respectively.

Lemma 5.1.5 : Given A € tHA, the map 7 : A — A} is a tHA-morphism.

Proof : Since [15] establishes that 7 is a fHA-morphism, all the remains to show is
that for all a € A, we have 74a = $7a. (2) Given = € $ma, we have Rz N 7a # &,
so we let z R* w and w € ma. This implies that a € w implying that ¢a € z, finally
implying that = € 74a. (C) Given = € w4a, we have ¢a € x. Now, by Fact 2.5.11, we
have 4 ![—z] € Ideal(A). Now we claim that ta N 4~ ![—z] = @. If this were not the
case, then we would have ¢ < b and 4b ¢ z. But by Fact 2.5.8, this would imply that
4o < 4b, implying that 4b € z, giving us a contradiction. Since ta N ¢ ![—z] = 2, the
PFT implies that there exists some w € A, such that fa C w and w N ¢~ [—z] = 2.
Now we claim that w € RY[z] N wa. Since ta C w, we have a € w, implying w € ma.
And given b € w, we have b ¢ ¢~ ![—z], implying #b ¢ —z, implying #b € z. This
shows that z R? w. So since R¥[z] N ma # &, we have = € §7a as desired. X

Lemma 5.1.6 : Given X € tES, the map v : X — XJ is a tES-morphism.

Proof : Since [15] establishes that v is a fES-morphism, all the remains to show is
(tES.m.2), sowelet 2 € X and y € X} and yz2 R"y and find an z; € X satisfying the
following.

x2 v Yx2
|
R<1
.
T T— 771 R<
r’\\
C
Y

Assume, toward a contradiction, that no such x1 exists, i.e.

(=dz1 € X) (1 € R¥xg] and y C yz1) .
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It can be easily checked thaty C yz; < 21 € )y, so we have
(—\3951 S X)(:Cl S Rq[l‘g} and x7 € ﬂy),

implying that R¥[z2] N[y = @. Since (tES.0.4) implies that R[x] is closed and y
consists of clopen, and, therefore, closed subsets of X, compactness implies that there
is a finite subfamily {K;}!" ; C y such that

Riz]NnKiN...NK, =2.

Since y € PrFilt(X*), we know that y is closed under finite meets, implying K, € y
where K, = K; N ...N K,. So we have Rz3] N K, = @, implying that zo ¢ #K,,
implying that 4K, ¢ ~yxo. But this gives us a contradiction, as it was assumed that
~vxo RYy, but we have K, € y and ¢ K, ¢ yxo. X

Combining Lemmas 5.1.1 through 5.1.6, we can state the following theorem.

Theorem 5.1.1 : The extended functors::, : tHA — tES and :* : tES — tHA are
pseudo-inverse.

Proof : Having shown these functors to be well-defined (Lemmas 5.1.1 through 5.1.4),
and that 7 is a tHA-morphism and v a tES-morphism (Lemma 5.1.5 and Lemma
5.1.6 respectively), one need only reference the well-known fact that 74 : A — A} and
vx : X — X} are bijections (and, therefore, in this context, isomorphisms) and that
for all A € tHA and X € tES, the following squares commute.

A y—m— AL

X

|

(tHA) h h ! : (tES)

! ! l l
Y

B ~— m™= —» B

Finally, in light of Theorem 5.1.1, we can establish our duality.

H Corollary 5.1.1 : The categories tHA = tES are contravariantly equivalent.

5.2 ¢-filters and closed archival upsets

This section extends the filter/closed-upset correspondence that is present in HA and
its subvarieties (as discussed in §2.7 and formally established in Corollary 2.7.1) to the
categories tHA = tES. On these categories the correspondence will be shown to be
between the ¢-filters of §3.2 and the closed archival upsets of §4.1.
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We first establish the well-definedness of () 7[:] from the set of ¢-filters on a tem-

poral Heyting algebra to the set of closed archival upsets on its dual space.

Lemma 5.2.1: Given A € tHA and F € #Filt(A), we have (7[F] € ClArcUp(A.).

Proof : Let X := A,. Since Corollary 2.7.1 implies that (| 7[F] € ClUp(X), it remains
only to show that () 7[F] is archival. Given z, z € X such thatz C zand z ¢ (\7[F] 3
z, we show that there exists some y € (| 7[F] such that z C y R” z. First note that
since z ¢ (\7w[F| > z, we have © # z, implying that z R” z. Now consider the filter
[FUz) and the ideal 4 ![—z]. Assume, toward a contradiction, that these sets are
not disjoint. This is the case if and only if there exists some @ € F and some b € «
such that a A b € ¢ ![—z], implying that #(a A b) ¢ 2. Now since b € z, we have
a — b € z, implying, since z R” z, that 4(a — b) € z. Also,sincea A (a = b) =a b,
we have, by weakening, that a A (a — b) < a A b, implying thata < (a — b) — (aAb),
implying that (e — b) — (a A b) € F. Since (a — b) = (a A b) € F € #Filt(A), we
have ¢(a — b) — #(a A D) € F C 2z, implying, since #(a — b) € z, that #(a A D) € 2,
contradicting our assumption that #(a A b) ¢ z.

(a—0b)— (aNDb) ¢a—c)—> #bAc)eF a—b
| —
ac€lF bex
\a/\b/ ¢(a—b)ez
|
(aNnd) ¢z

So the filter [ F U x) and the ideal 4 ![—2] are indeed disjoint, implying, by the PFT,
there exists some y € X such that [FUz) C y and y N ¢~ [—2] = 9. Now we claim
that y € (n[F] and  C y R” z. To see that y € (7[F] and = C y, simply observe
that F,z C [FUz) C y. To see that the y R” z, take some #a ¢ z, implying that
a € #71[—2]. This implies that z ¢ y, allowing us to conclude that z Ry, equiv. y R” z.
X

Continuing, we establish the well-definedness of () [ from the set of closed archival
upsets on a temporal Esakia space to the set of -filters on its dual algebra.

Lemma 5.2.2: Given X € tES and C € ClArcUp(X), we have () 7[C] € #Filt(X*).

Proof : Let A := X*. Since Corollary 2.7.1 implies that (| v[C] € Filt(A), it remains
only to show that [ v[C] satisfies the additional condition. Assume, toward a con-
tradiction, that () v[C] does not satisfy this condition. This implies there exists some
K1, K, € Asuch that K1 — Ky € (7[C] but ¢K; — #K3 ¢ (7[C], or, equivalently,
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C CK; — KybutC Z¢K; — $K,, implying there exists some w € X such that
Co>w ¢ K| — ¢K5 = —\L(’Kl N —‘Kg).

Now since w € | (¢#K; N —4K>), there exists some z € X such thatw < zand z € ¢K;
and z ¢ #K,. And since z € 4K, there exists some = € X such that z € K; and
z R% z equiv. x R” z. Also, since z ¢ K3, we have RYz] N Ky = &, s0 z ¢ Ky. Now
sincex < x and x € K1 N —Ky, wehave z € [(K; N —K>),s0x ¢ K1 — K», implying
xz ¢ C (because C' C K; — K3). Now since z R” z, we have = < z, and since w < z
and w € C € Up(X), we have z € C. Sowe have z < zand x ¢ C > z, implying, since
C' is archival, that there exists some y € C such that z < y R” z.

zeC

xgéC’/

However, since y > x € K; € Up(X), we have y € K;. And since y € R%[z] and =z ¢
¢ K, wehavey ¢ K>. Soy € K1 N —K», implying, since y < y, thaty € [(K; N —K>),
further implying that y ¢ K; — K. Butthen C 5 y ¢ K; — Kj, implying that

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
} C Z K1 — K, contradicting our assumption that K; — Ky € (v[C]. X
|

We now state a result for the categories t HA St ES analogous to Corollary 2.7.1.

(#Filt(A), C) = (ClArcUp(A.), 2)  (ClArcUp(X), C) = (#Filt(X"), 2).

Theorem 5.2.1: Given A € tHA and X € tES,
| Proof : This follows from Fact 2.7.2, Lemma 5.2.1, and Lemma 5.2.2. X
I

We also state a result for the categories t HA St ES analogous to Corollary 2.7.2.

Theorem 5.2.2 : Given A € tHA and X € tES,

(Cong™*(A), C) =% (ClArcUp(Ay), D) (ClArcUp(X), C) =7°% (Cong™*(X™), D).
|
|
\

Proof : This follows from Theorem 3.2.1 and Theorem 5.2.1. X

Moving to the finite case, we state two propositions mirroring the two theorems
above.
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Proposition 5.2.1: Given A € tHA§, and X € tESy,,

(#Com(A), <) =% (ArcUp(A,), C) (ArcUp(X), C) =" (4Com(X™¥), C).
Proof : This follows from Proposition 3.3.2, Theorem 5.2.1, and Fact 2.6.2. X

Proposition 5.2.2: Given A € tHA§, and X € tESg,,
(Cong™*(A), C) =% (ArcUp(A,), D) (ArcUp(X), C) =79 (Cong™*(X™), D).

Proof : This follows from Proposition 3.3.3 and Proposition 5.2.1. X

5.3 tHA-morphisms

To conclude the chapter, we characterise injective and surjective tHA-morphisms via
their dual tES-morphisms. Since injective and surjective homomorphisms are well-
understood and very prevalent in universal algebra, this provides us with a dual under-
standing of a great deal of the universal-algebraic theory of temporal Heyting algebras.

We begin with injective homomorphisms.
Theorem 5.3.1: Given a tHA-morphism h : A — B,

h injective <= h, surjective.

Proof : (=) To show that h, is surjective, we take some x € A, and show that
there exists some y € B, such that h.y = x. Let F' := Th[z] and I := |h[—z]. We
claim that F' € Filt(B) and I € Ideal(B) and F NI = @. Clearly F € Up(A) and
I € Down(A). Since 1 € z, we have 1 = hl € hlz] C Th[z] = F,so 1 € F. Since
0 € —x, we have 0 = h0 € h|—z] C |h[—z] = I,s00 € I. For A-closedness, given
bi,by € F = Th[z]|, we have a;,a2 € x such that ha; < by and hay < bg, implying
h(a1 A az) = hay A hay < by A ba. Since a; A az € z, we have h(ay A a2) € hlz],
so by A by € thlz] = F. A symmetrical argument shows [ is VV-closed. Finally, if it
were the case that F' NI # @&, we would have a; € x and a2 € —z and b € B such
that ha; < b < has. This would imply that ha; < hag, implying, by Fact 2.5.2, that
a1 < ay, finally implying that ay € x, contradicting our assumption that ax ¢ =.
Having shown F € Filt(B) and I € Ideal(B) and F' NI = &, we can conclude, by the
PFT, that there exists some y € B, such that I/ C y and y N I = &. We now claim
that h,y = z. (C) Assume, toward a contradiction, that h=1[y] = h,y > a ¢ z. This
implies that ha € y N h[—z|, contradicting the fact thaty NI = @. (D) Givena € z,
we have ha € h[z] C thlz] Cy,s0a € h1y] = hyy.

(<) Let us assume that h, is surjective and take a;,a2 € A such that a; # a»
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and show that ha; # has. We can assume, without loss of generality, that a; K as,
implying that ta; N las = @, implying, by the PFT, that there exists some = € A, such
that Ta; C z and 2 N Lagz = @. In particular, this implies that a; € x 2 as. Since h, is
surjective, we have some y € B, such that z = h,y = h~![y], so a1 € h~![y] > az. This
implies that ha; € y 2 has, implying that ha; # has. X

We now characterise surjective homomorphisms.

Theorem 5.3.2: Given a tHA-morphism h : A — B,

h surjective <= h, injective.

Proof : (=) We assume h is surjective and take y;,y> € B, such that y; # y2 and
show that h.y1 # h.y2. We can assume, without loss of generality, that y; £ o,
implying, by the PSA, that we have K € ClopUp(B,) such that y; € K > y2. By Fact
2.7.1, this implies that we have b € B such that 7b = K, implying y1 € 7b = y»,
implying y; > b ¢ y2. Since h is surjective, we have a € A such that ha = b, implying
that y1 > ha ¢ yo. This implies that h,y1 = h™1[y1] 3 a ¢ h™tys] = h.ys, implying
hey1 # haya.

(<) We assume h, is injective, take some b € B, and show that there is some
a € A such that b = ha. Now, recalling that the following square commutes, we have
h:ﬂ']glohiowA.

A —m—» A

h R

l |

B —m —» B

So b = ha if and only if 7b = h}(mwa). Now consider the sets h.[7b] and h,[—mb].
By Fact 2.6.1, we know h, is closed, so we know that both h.[rb] and h.[—mb] are
closed in A,. Using (ES.m.3), it can be easily checked that h.[7b] is an upset and
h.[—mb] is a downset. So we know that h,[7b] € ClUp(A,) and h.[—7b] € CIDown(A.),
implying that —h.[—7b] € OpUp(A.). By Corollary 2.7.1 and Fact 2.7.3, that there exist
F € Filt(A) and I € Ideal(A) such that

(\x[F] = halmd] | J7ll] = —ha[-7D].

Now I claim that F' NI # &. For if we had F NI # &, then we would have some
xz € A, such that FF C z and z N I = &. This would mean that x € (7 [F] = hy[rb]
and z ¢ |J7[I], implying x € —|Jn[I] = h.[—nb]. By the injectivity of h,, this would
mean that x = h,y and y € wb N —=xb, which is a contradiction. So since F NI # &,
we take a € F'N [ and claim that 7b = h}(ma). (C) Given y € wb, we have h,y €
hy[mb] = (\7[F]. This implies that F' C h,y, implying that a € h,y, further implying
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that h.y € ma, finally implying that y € h;'[ra] = hi(ra) as desired. (2) Given
y € hi(ma), we have h,y € ma, implying a € h,y, further implying that h,y N 1 # @.
This implies that h,y € |J7[I] = —hy[—=b], implying that h,y ¢ h.[—7b]. By the
injectivity of h,, this implies that y ¢ —nb, finally implying that y € 7b. X

Chapter conclusion

Having established and studied a duality theory between the categories tHA < tES,
we leverage this duality to begin studying relational models of tHC in the following
chapter.
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Chapter 6

Relational models of tHC

In this chapter, we study the relational models of tHC. This method of studying tHC
is more akin to the classic model-theoretic modal logic many readers will have come to
know and love. We provide the following section-by-section outline.

§6.1 We define a method for transforming algebraic models of tHC
into relational models of tHC. We prove several results about the
preservation and reflection of formula-satisfaction through this
transformation.

§6.2 We prove relational soundness and completeness for tHC and
tTran.

§6.3 We define the method of filtration on our models and use it to es-
tablish the FMP for relational models of tHC .

6.1 Starting from algebra

Readers may have noticed that in establishing Lemma 5.1.5, our proof had a very similar
flavour to the relational semantics defined for #¢ in §2.3 if we take ¢ to be the clopen
upset ma. This was far from a coincidence. In this section, we establish a means of doing
relational modal logic on the dual space of a temporal Heyting algebra by formalising
this intuition. This method, paired with our algebraic completeness result (Theorem
3.1.1), will be invaluable in establishing relational completeness in §6.2.

First, we establish that, given an algebraic valuation on some temporal Heyting al-
gebra, we can always build a temporal intuitionistic Kripke model.

Notation 6.1.1 : Given A € tHA and an algebraic valuation v on A,
MY :=(X,R%,R”,mov)

where (X, RY, R”) := A,.

64



Chapter 6 - Relational models of tHC §6.1 - Starting from algebra

[

Lemma 6.1.1 : Given A € tHA and an algebraic valuation v on A, we have M} ¢
tIKM.

Proof : Let (X,R% R”) := A,. Since Lemma 5.1.1 establishes that A, € tTran
(tIKM.1), we need only show that (X, R* mov) € fIKM (tIKM.2). Furthermore,
since [15] establishes that (X, R”) € Tran (flKM.1), all that remains to show is that
(X, R mo v) € IKM (fIKM.2). To see this fact, simply observe that, by Fact 2.2.2,
(X, R*) € POS and, by Fact 2.7.1, 7 o v maps onto ClopUp(A, ), implying that it maps
into Up(A.). X

We now establish a result analogous to what is often referred to as the Truth Lemma
, Lemma 4.21]. This establishes that a formula belongs to a prime filter if and only if

the filter satisfies the formula with respect to the given relational semantics on the dual
space. This proof typically requires a good deal of work, but it becomes completely
painless with our having established Lemma 5.1.5.

Lemma 6.1.2 (Algebraic Truth Lemma) : Given A € tHA, an algebraic valuation v
on A, a formula ¢ € Eit, and x € MY,

vpex <<= (M}, z)E e

Proof : Arguing via induction on the complexity of ¢, we skip the non-modal cases
(as they are by definition or trivial to check) and focus on the cases where ¢ is of the
form x — v or [y or 4#x. Note that these proofs rely heavily on the fact that 7 and v
are both tHA-morphisms as established in Lemma 5.1.5.

(X =)

vix > ) €x <=z €y — V)
= x € VY = TVY
<~z ¢ (rvx N —7r)
< (—Jy)(zr Cyand y € vy and y ¢ wv1)
Vy)(z C yand y € vy implies y € mv1))
Vy)(x C yand vy € y implies vy € y)
Vy)(x Cyand (MY, y) k= x implies (MY, y) k= 1)

<~
<~
— (Mj,z) Ex — v

= (
(
(
{
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vy € z < x € mvy
<= x € Unrryx
< R"[z] C vy
< (Vy € X)(z R” y implies y € mvy)
< (Vy € X)(z R” y implies vx € y)
< (Vy € X)(z R y implies (M, y) = x)
= (MY, 2) = Ox

VX E T < x € TV¥X
<~ 1 € $TVY
< RYz]|N7vyx # @
< (Fw € X)(z R*w and w € 7ry)
< (Gw € X)(z R w and vx € w)
(Elw € X)(z R*w and (MY}, w) | x)
= (M, z) |= #x

X

We now establish some results relating satisfaction on a temporal Heyting algebra
and satisfaction on its dual frame. In particular, here we prove that every formula valid
on the dual frame is also valid on the algebra, implying that our transformation is truth-
reflecting.

Lemma 6.1.3 : Given A € tHA and ¢ € L},

ArEy = Ako

| Proof : Let (X, RY, R”) := A. Arguing via the contrapositive, we let A £ ¢, implying
. that we have an algebraic valuation on A such that v # 1. This implies, by Fact
271, that 7vyp # w1 = X, implying that there exists some = € X such that = ¢ 7y,
 further implying that v ¢ z. By Lemma 6.1.2, this implies that (M, ) }£ ¢. Since
| MY € tIKM (Lemma 6.1.1), we have A j;é ©. X
I

Given Lemma 6.1.3, we can modify our statement at the beginning of the current section
to the following : « Given an algebraic valuation on some temporal Heyting algebra, we
can always build a temporal intuitionistic Kripke model that reflects the truths of A ».

Unfortunately, the converse of Lemma 6.1.3 is not true in general as exemplified in
the following example.
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Example 6.1.1 : Consider, the following temporal Heyting algebra A (depicted on the
left) and its dual temporal Esakia space (depicted on the right).

w 1
/ “N 2
¢ | O
x|y
2
/ K
¢ | O
x|y e
1 w R>
/ N ~—"
¢ | O
x|y
0

(As in Example 4.1.1, in the dual space, a is taken to mean fa for all a € A.) Here we
have [w := w and $w := w and Refl(A,) = {tw}.

Consider, now, the so-called Kuznetsov-Muravitsky formula ¢ = (Op — p) — p
of [32, 37]. We claim that A |= ¢, but A; £ .

To see that A |= ¢, let v be an algebraic valuation on A and distinguish the
cases where (1) vp = w and (2) vp # w. In case (1), we have

vo=0Ovp—vp)—vp=Mw—>w) sw=(w—ow) Sw=w—w=uw.
In case (2), we have
vo=(Ovp—vp)—wvp=(On—n)—=n=((n+1) =n)—=>n=n—-n=uw.
So in either case we have vy = w, implying that A = .

To see that A, j;é o, consider some intuitionistic relational valuation v such
thatp — {1,2,...}. We claim that w J;é @ under this valuation. Since w J;é p, it suffices
to show thatw = Op — p. Weletw < y and y = Op and show that y = p. Since wj;ép
and w € Refl(A,), we have w J;é Op, so it must be the case that w # y. But then w < v,
implying that y € {1,2, ...}, implying that y € vp, implying that y |= p as desired.

This example implies that our transformation is not truth-preserving in general. At the
core of this Example 6.1.1 lies the fact that we have selected an intuitionistic relational
valuation such that vp ¢ ClopUp(A,). The key insight is that there are simply too many
possible intuitionistic relational valuations on the dual frame for the converse of Lemma
6.1.3 to be true in general.
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However, if A is finite, then both directions of Lemma 6.1.3 hold, as will be estab-
lished in Lemma 6.1.5 with the help of Lemma 6.1.4.

Lemma 6.1.4: Given (X, RY, R*,v) € tIKMy,, the map v is an algebraic valuation on
(X, R, R”, 0 X)*.

Proof : Let A := (X,R%,R”, 9 X)". Beginning with well-definedness, we let ¢ €
Term(tHC) and show v¢ € ClopUp(X). Now since v is an intuitionistic relational val-
uation, we have vy € Up(X). Since X is finite, Fact 2.6.2 implies that vy € ClopUp(X)
as desired. It can be easily checked that v is homomorphic over all operations. X

AlFye <= AFo

Lemma 6.1.5 : Given A € tHAg;, and ¢ € L},
|
| Proof : (=) This follows directly from Lemma 6.1.3. (<) Let (X, R%, R”) := A, and
| observe that A¥ = (X, R, R”, ¢ X)". Arguing via the contrapositive, we let A, J;é ©,
| implying that we have v : Prop — Up(A ;) such that (X, R%, B>, ) £ ¢, implying that
| vo # X. Since A is finite, we know, by Lemma 6.1.4, that v : Term(tHC) — A% is an
| algebraic valuation. Since X is the top element of A%, we have A} £ ¢, implying A £ .
X
I

So given a temporal Heyting algebra, we have, in general, a truth-reflecting means
of transforming it into a temporal intuitionistic Kripke model. In the finite case, this
transformation is truth-preserving as well.

6.2 Soundness and completeness

Now we establish soundness and completeness for relational models of tHC.
We first establish that all formulas in our logic tHC are valid on tTran.

Lemma 6.2.1 (Relational soundness) : Given ¢ € L,

¢ € tHC = tTran = ¢.

Proof : Since we have mHC =}~ Tran (by Fact 2.3.1), it suffices to show the validity
of (tHC.1) through (tHC.4) on tTran and that (MP), (US), and (PD) preserve valid-
ity on tTran. Since (MP) and (US) are quite trivial to check, their proofs are omitted.

implying that we have some & € M € tIKM such that (M, z) £ $(pV q) — (épV 4q).
This implies there exists some y € Misuch thatz < yandy = 4(pV¢q) and y};ébp\/ 4q.
Since y = #(p V q), there exists some w € M such that y R* w and w = p V q. We

|
|
\
\
\
|
\
| (tHC.1) Assume, toward a contradiction, that tTran (£ #(p V q) — (¢p V 4q),
|
\
\
|
\
} can assume, without loss of generality, that w = p. But this implies that y = 4p,
|
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implying, by weakening, that y = 4p \VV #¢, giving us a contradiction.

(tHC.2) Assume, toward a contradiction, that tTran (% ¢L — L, implying that
we have some z € M € tIKM such that (M, z) £ 41 — L. This implies there
exists some y € M such thatz < yand y = 4L and yj;é L. Since y = ¢, there exists
some w € M such that y R*w and w |= L, giving us a contradiction.

(tHC.3) Assume, toward a contradiction, that tTran j;é p — [ép, implying
that we have some z € M € tIKM such that (M, z) }£ p — O#p . This implies
there exists some y € M such thatx < yand y = pand y J;é Oép. Since y j;é Oép, we
must have some z € M such that y R* z and z J;é #p. But since y R” z, we have z Ry
implying, since y |= p, that z |= #p, giving us a contradiction.

(tHC.4) Assume, toward a contradiction, that tTran (£ 400p — p, implying
that we have some z € M € tIKM such that (M, z) £ 240p — p . This implies there
exists some y € M such that x < yand y = 40p and y J;é p. Since y = 40p, there
exists some w € M such that y R* w and w = Op. But since y R w, we have w R" y,
implying, since w |= Op, that y |= p, giving us a contradiction.

(PD) Let us assume that tTran = ¢ — x and assume, toward a contradiction,
that tTran [~ 49 — 4y, implying that we have some 2 € M € tIKM such that
(M, z) £ ~4p — #x. This implies there exists some y € M such that z < y and
y E ¢pand y j;é 4. Since y = #¢, there exists some w € M such that y R w and
w = ¢. But since tIKM |= ¢ — x, we have w = ¢ — x, implying that w |= ¥, finally
implying that y |= 4y, giving us a contradiction. X

We now establish the completeness of tHC with respect to t Tran. The reader should
note that completeness can also be achieved —without ever having studied algebraic
models of tHC— via the well-known method of canonical models [10, §4.2] as we have
checked that the logic tHC is, indeed, canonical. However, given that we already have
algebraic completeness and a truth-reflecting transformation from algebraic models to
relational models, we have opted to pursue what could be called « completeness via
representation ».

Lemma 6.2.2 (Relational completeness) : Given ¢ € L,

tTran =9 =— ¢ € tHC.

| Proof : Arguing via the contrapositive, let ¢ ¢ tHC. Given Theorem 3.1.1, this implies
| that there exists some A € tHA such that Aj;éap, implying, by Lemma 6.1.3, that A”;égp
| . Since A, € tTran (Lemma 5.1.1), we have tTran }74 ©. X
I

We can now state our relational soundness and completeness result.
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H Corollary 6.2.1 : tHC =|- tTran.
| Proof : This follows directly from Lemmas 6.2.1 and 6.2.2. X
I

6.3 Finite model property for relational models

Here we establish the FMP for relational models of tHC via the well-known method of
relational filtration [10, Definition 2.36]. The idea here is to define a class-operation on
relational models that shrinks them to a finite cardinality while preserving and reflect-
ing enough structure that a formula refuted on the original model is still refuted on the
finite model.

It should be noted that an algebraic analogue of filtration exists and has been stud-
ied in the context of superintuitionistic logics [3], so it is entirely likely that the FMP
for algebraic models of tHC could have been established without having established
tHC =||- tTran in §6.2. However, we believe that future investigators of tHC are more
likely to be familiar with and interested in relational filtration as opposed to algebraic.
For this reason, the FMP is established relationally and the algebraic FMP follows as
essentially a corollary in Theorem 7.1.1.

Definition 6.3.1 (Quotientable) : Given a set of formulas 3, we call X quotientable if ¥
is finite and closed under subformulas.

There are many ways of preforming filtration. A look at the definition of a filtra-
tion reveals that they need only meet a few basic requirements ; specifically, they must
preserve existing structure while not adding so much structure that they contradict
formula-satisfaction in the original model. With two relations in play —or three if you
count the implicit <—, one could write a good deal solely on what sizes and combi-
nations of relation-filtrations preserve the property of being a temporal intuitionistic
Kripke model. Such an investigation falls outside the scope of the current text, so we
have opted to define and work with only the smallest transitive filtration [2, p. 4], i.e. the
transitive closure of the filtration that relates the fewest elements of the filtrated models,
adding the least amount of structure while ensuring transitivity. Since our interest in
filtration is purely extrinsic (motivated by a desire to establish the FMP), this will be
more than sufficient for our purposes. An in-depth investigation into filtration methods
on temporal intuitionistic Kripke models is included in Chapter 8 as potential future
work.

Construction 6.3.1 (Smallest transitive filtration) : Given M := (X, R R*,v) €
tIKM and a quotientable set ¥ C £, we construct a model My, € tIKMjg,.

We define the binary relation ~ on X as follows.

z~y = (VpeX)((Mz) Fee My E o)
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It is clear that ~ is an equivalence relation. We let Xy, := X/~ and we use the
shorthand [z] := [z]. ={y € X |z ~ y}.

We then define

[z] 7 [w] = (@2’ v € X)(z ~2' R°w ~ w)
[y] = @',y e X)z~2 Ry ~vy)

and define RS, and R, to be the transitive closures of 75, and 7%, respectively.
Next we define vy, : ¥ — X5, by the rule
p— {[z] € X5 | z € vp}.

Finally, we define My, := (X, RS, RS, vx). It will be shown in Lemma 6.3.3 that My,
is indeed a temporal intuitionistic Kripke model.

Having defined the smallest transitive filtration, we prove two lemmas that will aid
us in proving that the class tIKM is closed under the class-operation (—)s.

Lemma 6.3.1: Given z,y € M € tIKM, a quotientable set > C Eit, and ¢ € 3,

(M, z) = ¢ and [2] RS [y] = (M,y) = .

Proof : Given [z] RY, [y], we have a finite path [z] 75, - - - 75, [y]. We proceed via induction
on the length of the path. (1) Here we have z ~ 2’ R* ¢/ ~ y, implying that 2’ <
y'. Since p € Y and z ~ 2/, we have 2’ = ¢. Since 2’ = ¢ and 2/ < ¢/, we have
y' = ¢. And, finally, since y’ = ¢ and y ~ y, we have y = ¢. (n + 1) Here we have
[z] 75, - 5 [20] 75 [y], implying that 2z, = ¢ and 2z, ~ 2z, R” 3y ~ y. By the same
argument as the previous case, we have y |= ¢. X

Proof : We have [z] %, [y] if and only if we have © ~ 2’ R” y/ ~ y, which is the case if

Lemma 6.3.2: Given z,y € M € tIKM, a quotientable set ¥ C Li,and p € %,

|

| and only if y ~ y' R* 2’ ~ z, which is the case if and only iff y r§ . X
!

We now establish that performing the smallest transitive filtration of a temporal intu-
itionistic Kripke model results in a finite temporal intuitionistic Kripke model.
‘ Lemma 6.3.3 : Given M € tIKM and a quotientable set ¥ C LI, we have My, €
tIK Mgy,
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Proof : Let (X, RY, R”,v) := M. First, to see that the resulting structure is finite, con-
sult the simple argument in [ 10, Proposition 2.38]. Now we move to the preservation
of relational structure. To show that My, € tIKM, we must show (Tran.1), (Tran.2),
(tTran.2), and (fIKM.2).

(Tran.1) Observe that (Xy, R5,) is transitive by construction as it is the transi-
tive closure of (Xx,75,).

(Tran.2) We let [z] RS, [y] and [y] RS, [z] and show that [z] = [y, ie. 2 ~ y,
which is the case if and only if (V¢ € ¥)(z = ¢ © y = ¢). Butif 2 |= ¢, then Lemma
6.3.1 implies that y = ¢. Likewise, if y = ¢, Lemma 6.3.1 implies that x |= ¢. So we
have z ~ y, implying [z] = [y].

(tTran.2) We have [z] R%, [y] if and only if there is a finite path [z] 75, [22] 75 -+ 15
[2n—1]75 [y]. By Lemma 6.3.2, this is the case if and only if [y] 75 [z, —1] 75 - -5 [22] 5 [2],
which is the case if and only if [y] Ry, [z].

(fIKM.2) Since (Xyx,R5) € Tran implies (Xy, RE) € POS (Fact 2.2.2), we
need only show (IKM.2) : that vy, is an intuitionistic relational valuation on ( Xy, R§>
Given p € PropN ¥ and [z] € vx(p) and [z] RDE [y], distinguish two cases : (1) [z] = [y]
and (2) [z] RS, [y]. Note that, in either case, [z] € vs(p) implies z € vp. (1) In this case,
we have © ~ y, so x € vp implies y € vp, implying [y] € vs(p) as desired. (2) In this
case, we have = = p and [z]| RS, [y], implying, by Lemma 6.3.1, that y = p, implying
[y] € vs(p) as desired. X

Here we establish some facts about the relational structure that is preserved

and reflected by the smallest transitive filtration of a temporal intuitionistic Kripke
model.

Lemma 6.3.4 : Given (X, R, R>,v) € tIKM and a quotientable set ¥ C £}, the fol-
lowing hold for all w, z,y € X.

1. = R” y implies [z] RY. [y]

2. [x] By, [y] implies (VOp € ¥)(z = O =y = ¢)
3. = R® w implies [z] R5, [w]

4. [z] Ry, [w] implies (V4p € X)(w = ¢ = = = 4p)
5. z < y implies [z] <y [y]

6

. [z] <z [y] implies (Vy € ¥)(z = ¢ = y | ¢)
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Proof : (1) Givenz Ry, wehave z ~ xR”y ~ y, so we have [z]r§,[y], implying [x] R, [y].

(2) We assume that [z] R, [y] and = Og and show that y = ¢. Given [z] RS, [y],
we have some finite path [z] 75, - - - 75, [y]. We proceed via induction on the length
of the path. (1) Here we have z ~ 2/ R” y' ~ y. Since x |= Oy, we have 2’/ = Cp.
Since 2’ R” y/,we have y’ |= ¢. Finally, since y' ~ y, we have y = ¢. (n + 1) Here we
have [z] 75, [22] 15, - - - 15, [25] 75 [y], implying that 2, = ¢ and [z,] RY, [y], implying, by
Lemma 6.3.1, that y |= ¢.

(3) Given z R* w, we have x ~ z R* w ~ w, so we have [z] r§ [w], implying
[2] RS [w].

(4) We assume that [z] RS, [w] and w |= ¢ and show that z |= 4¢. Given
[z] RS, [w], we have some finite path [z] 5, - - - r$ [w]. We proceed via induction on the
length of the path. (1) Here we have 2 ~ 2’ R?w’ ~ w. Since w |= ¢, we have v’ |= .
Since 2’ R* w’, we have 2’ |= #¢. Finally, since 2’ ~ x, we have = |= #¢. (n + 1) Here
we have [z] 75 [22] 75 -+ - 75 [2,] 75y [w], implying that 22 |= #¢ and [z] RS, [22]. This
implies that [2;] RY, [z], implying, by Lemma 6.3.1, that z |= 4.

(5) Given = < y, we distinguish the cases where (a) z = y and (b) z < y. (a)
If z = y, then [z] = [y], implying [z] R, [y], equiv. [z] <y [y]. (b) If z < y, we have
x R” y, implying, by (1), that [z] R5, [y], implying that [z] RS, [y], equiv. [z] <y [y].

(6) We assume that [z] <y, [y] and « |= ¢ and show that y = ¢. Given [z] <y, [y], we
distinguish the cases where (a) [z] = [y] and (b) [z] < [y]. (a) If [z] = [y], we have
x ~ y, implying, since « |= ¢, that y = ¢. (b) Here we have [z] RS, [y] and = = ¢,
implying, by Lemma 6.3.1, that y = ¢. X

We now establish a correspondence between the formulas satisfied at a point and

those satisfied by its corresponding point in the filtrated model.

Theorem 6.3.1 (Filtration Theorem) : Given z € M € tIKM, a quotientable set X C
Li,and p € &,
(M,z) ¢ < (Mg, [z]) = .

Proof : We proceed via induction on ¢. Now if ¢ has non-modal semantics, this follows
either by definition or by a trivial argument, so we consider the cases —, 4, and [J (—)
Having shown in Lemma 6.3.4 that <y, is a valid intuitionistic filtration |3, Definition
2.1], this follows from the « Filtration Lemma » of [3, Lemma 2.3]. (¢ and (1) Having
shown in Lemma 6.3.4 that RS, and R%, are valid modal filtrations [ 10, Definition 2.36],
this follows from the « Filtration Theorem » of [ 10, Theorem 2.39]. X

Having established these preservation results, we can prove the FMP for relational

models of tHC.
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’ Theorem 6.3.2 (Finite model property : relational models) : tHC =||- tTrang,,.

| Proof : (}-) Arguing via the contrapositive, we let ¢ ¢ tHC, implying, by Corollary
| 6.2.1, there exists some 2 € M € tIKM such that (M, x) . If we let
!
!
!
!
!
!
!
!
!
!
!

Yi={xe€ ﬁit | x is a subformula of ¢},

then Theorem 6.3.1 implies that (M, [z]) £ ¢, implying My, }£ ¢, implying, by Lemma
6.3.3, that tTrang, J;é ¢. (=) Since tTrang, C tTran, Corollary 6.2.1 implies that
tTrang, = tHC. X

Chapter conclusion

The relational theory developed in the current chapter will allow us, in the coming chap-
ter, to establish the FMP for algebraic models of t HC. In combination with a subsequent
characterisation of the simple and subdirectly-irreducible elements of tHA, this will en-
able us to prove a final relational completeness result for t HC in the final section of the
text.
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Chapter 7

Duality applications for tHA

This chapter applies results established in Chapter 3 through Chapter 6 to study proper-
ties of the variety tHA, and, thereby, the logic tHC. It contains the main results of the
current text in §7.2 through §7.4. We provide the following section-by-section outline.

§7.1 We establish the FMP for algebraic models of tHC and use it to
arrive at a stronger algebraic soundness and completeness result.

§7.2 We characterise simple temporal Heyting algebras both lattice-
theoretically and order-topologically (in both the general and fi-
nite cases).

§7.3 We characterise subdirectly-irreducible temporal Heyting algebras
both lattice-theoretically and order-topologically (in both the gen-
eral and finite cases).

§7.4 We prove a final relational completeness result combining finite-
ness and Z-rootedness.

7.1 Finite model property for algebraic models

Here we leverage the FMP for relational models of tHC to establish the FMP for alge-
braic models of tHC. Readers curious as to why the FMP was not established purely
algebraically should reference the comments at the beginning of §6.3

’ Theorem 7.1.1 (Finite model property : algebraic models) : tHC =||- tHAg,.

| Proof : (J-) Arguing via the contrapositive, we let ¢ ¢ tHC, implying, by Theorem
| 6.3.2, there exists some (X, R, R”) € tTrang, such that (X, R%, R”) % ¢. Fact 2.6.3
| implies that X := (X, R*, B>, 9 X) € tESy, implying that (X*) }# . This implies,
| by Lemma 6.1.5, that X* £ ¢ and X* € tHAg,, implying that tHAg, }£ ¢. (=) Since
| tHA¢, C tHA, Theorem 3.1.1 implies that tHAg,, = tHC. X
I
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We can apply Theorem 7.1.1 to arrive at an even stronger version of Theorem
3.1.2.

H Theorem 7.1.2: tHC |- tHAg;.

| Proof : () Arguing via the contrapositive, we let ¢ ¢ tHC, implying, by Theo-
I rem 7.1.1, there exists some A € tHAg, such that A J;é ¢ ~ T. By [13, Corollary
| 8.7], we know that A is isomorphic to the subdirect product of a finite set of finite
| subdirectly-irreducible algebras in tHA. This implies that A = B and B € S(C) and
} C € P({D;}_,) where D; € tHAg. Since A J;é ¢~ T,wehave B J;é ¢ ~ T, implying,
| by Fact 2.4.3, that C £ ¢ ~ T, finally implying that there exists some Dy, such that
| Dy £ ~ T. Since D, € tHAg;, we have tHA; £ . () Since tHAg; C tHA,
| Theorem 3.1.1 implies that tHA¢; = tHC. X
I

7.2 Simple algebras

We now apply the theory developed throughout this text to characterise simple temporal
Heyting algebras both lattice-theoretically and order-topologically as in [46, Theorem 1]
and [8, Theorem 2].

Theorem 7.2.1: Given A € tHA, the following are equivalent.

1. Aissimple
2. #Filt(A) = {{1}, A}

3. A, is topo-connected

Proof : Let X := A,.
(1 < 2) This follows directly from Theorem 3.2.1.

(2 = 3) Here we take some z,y € X and show that y is topo-reachable from .
Since #Filt(A) = {{1}, A}, Theorem 5.2.1 implies

i ClArcUp(A) = <ﬂ7r[{1}],ﬂ7r[A]> — (X, 2.

This implies that # = X, implying that y € 7, finally implying that y is topo-reachable
from z.

(2 < 3) Arguing via the contrapositive, suppose we have #Filt(A) # {{1} A},
implying that there is some F' € #Filt(A) such that {1} C F' C A. This implies, by
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§7.3 - Subdirectly-irreducible algebras

Theorem 5.2.1, that (" 7[F] € ClArcUp(X) and

X = («l{1}] 2 N*[F) 2 (rlal = 2.

N 7 [F] € ClArcUp(X), Lemma 4.2.1 implies that we have z C (| n[F] Zy, implying that
y ¢ z, further implying that y is not topo-reachable from z, finally implying that X is

not topo-connected.

!
!
!
!
|
|
. Since X 2 n[F] 2 9, we have some z,y € X such that x € (7[F] 2 y. Since
!
!
!
!
|
!

X

If we restrict our focus to the finite case, we can state an element-wise and frame-
theoretic analogue to Theorem 7.2.1.

Theorem 7.2.2 : Given A € tHA§,, the following are equivalent.

1. Ais simple
2. 4Com(A) ={1,0}

3. A, is Z-connected

(1)
A N

Thm.7.2.1 Thm.7.2.1

" X
#Filt(A) = {{1},A} <=Thm.721= A, topo-connected

i

Prp.3.3.2 Cor. 4.4.2

Y
(2) (3)

7.3 Subdirectly-irreducible algebras

We now apply the theory developed throughout this text to characterise subdirectly-
irreducible temporal Heyting algebras both lattice-theoretically and order-topologically

asin [

, Corollary 3] and [&, Theorem 1].

Theorem 7.3.1: Given A € tHA, the following are equivalent.

1. A is subdirectly-irreducible

2. #Filt(A) has a second-least element
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3. ToRo(A.,) is non-empty and open
Proof : Let X := A,.

(1 < 2) This follows directly from Theorem 3.2.1.

(2 = 3) Let F be the second-least ¢-filter. Note that this implies that {1} C F
and that () 7[F] is the second-greatest closed archival upset (by Theorem 5.2.1). We

claim that
() 7[F] = —ToRo(X).

Note that if this is the case, then, by Theorem 5.2.1, we have —ToRo(X) € ClArcUp(X),
implying that ToRo(X) is open. Also, since {1} C F', we'll have (7[F] C N=[{1}] =
X, implying that —ToRo(X) = (#[F] C X and, therefore, @ C ToRo(X), implying
that ToRo(X) is non-empty as desired. So we show that (\7[F] = —ToRo(X). (Q)
Given x € (7[F], we have z C (7[F] C X, implying that z ¢ ToRo(X). (D) Given
z € —ToRo(X), we have 7 C X, implying, since (| 7[F] is the second-greatest closed
archival upset, that z C (| n[F], implying that « € (" 7 [F].

(2 <= 3) Assume toward a contradiction, that ToRo(A) is non-empty and open,
but ¢Filt(A) does not have a second-least element, implying that

(VF #{1HEF # {1)(F £ F')
(where F, F' are taken to range over #Filt(A)). By Theorem 5.2.1, this implies that
(VO #X)3C" £ X)(C'Z0)

(where C, C” are taken to range over ClArcUp(X)). But observe that if ToRo(X) is non-
empty and open, then —ToRo(X) is non-total and closed, implying, by Lemma 4.2.2,
that —ToRo(X) € ClArcUp(X). So there exists some C’ € ClArcUp(X) such that X #
C' Z —ToRo(X), implying that we have C’ 5 x ¢ —ToRo(X). But this implies that z €
ToRo(X), implying that 7 = X, implying, since z € C’, that X = z C C’, contradicting
the fact that ¢’ # X. X

It had been posited in previous work [1] that given A € tHA, we have A subdirectly-
irreducible if and only if ToRo(A,) is non-empty. While Theorem 7.3.1 confirms the for-
ward direction of this statement, Example 7.3.1 provides a counterexample to the back-
ward direction, i.e.,, an A € tHA such that ToRo(A,) non-empty, but A not subdirectly-
irreducible.

Example 7.3.1 : Consider the algebra A € tHA (depicted on the left) and its dual
A, € tES (depicted on the right).
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w
KN
™M R
~
KN
2 R
2 ~
1
KN
Tw R
0 ~

Here we have [1: a — a and ¢ : a — a and Refl(A,) = A,.

It can be checked that ToRo(A,) = {fw} (as o= 1n C X), so ToRo(A,) is
non-empty. Note, however, that ToRo(A,) is not open. For if ToRo(A,) were open,
it would belong to OpDown(A.,), which would mean —ToRo(A,) would belong to
ClUp(A.), which would imply, by Fact 2.7.2, that there is some F' € Filt(A) such that
—ToRo(A,) = 7[F] = {z € A, | F C z}. But one can see quite clearly that there is
no such filter F' which is a subset of all Tn but not a subset of tw.

It can also be checked that 4Com(A) = A (asa A = a Ab = &(a AD)),
implying, by Proposition 3.3.1, that (Va € A)(ta € #Filt(A)), implying that A
cannot have a second-least ¢-filter, finally implying, by Theorem 3.2.1, that A is not
subdirectly-irreducible.

So here we have ToRo(A,) non-empty, but A not subdirectly-irreducible.

If we restrict our focus to the finite case, we can state an element-wise and frame-
theoretic analogue to Theorem 7.3.1.

Theorem 7.3.2 : Given A € tHAj§,, the following are equivalent.

1. A is subdirectly-irreducible
2. A has a 4-opremum

3. A, is Z-rooted
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(1)
= .
Thm. 7.3.1 Thm. 7.3.1

/

1 1

|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
| Prp.3.3.2 Fct. 2.6.2
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

Y
(2) A, topo-rooted
Cor. 4.4.1
(3)

7.4 A final completeness result

When possible, it is desirable to combine finiteness (achieved by the FMP) and the
frame-condition dual to subdirect-irreducibility to arrive at a simple class of frames for
our logic. This allows us, when working with relational models of our logic, to not only
restrict our consideration to finite frames, but finite frames of a certain shape. In the
case of HC, we can do just this, proving that HC is sound and complete with respect to
the class of finite, rooted posets [44, Theorem 6.12] (where rootedness corresponds to
subdirect-irreducibility in the finite case [5, Theorem 2.3.16]). Here, we state an analo-
gous result for our logic tHC.

” Theorem 7.4.1: tHC =J|- The class of finite Z-rooted temporal transits.

Proof : Let the above-described class be denoted by Z. (|-) Arguing via the contra-
positive, we let ¢ ¢ tHC, implying, by Theorem 7.1.2, there exists some A € tHA;
such that A £ ¢. By Theorem 7.3.2, this implies that A, is Z-rooted. By Lemma 6.1.3,
we have A, J;£<p. So since A, is a finite Z-rooted temporal transit, we can conclude that
Z j;é ¢. (=) Since Z C tTran, Corollary 6.2.1 implies that Z = tHC. X
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Chapter 8

Conclusion and future work

In this thesis, we studied the logic tHC by developing an Esakia duality between its cor-
responding category of algebras and the category of temporal Esakia spaces, allowing
us to subsequently develop a theory of the relational models of the logic. We utilised
the developed duality theory to dually characterise simple and subdirectly-irreducible
temporal Heyting algebras. In combination with the established FMP, this allowed us to
state a completeness theorem combining finiteness and the frame-condition correspond-
ing to the subdirect-irreducibility of temporal Heyting algebras, giving us a simple class

of frames, limited in both size and shape, for our logic tHC.

To conclude this thesis, we state several ideas resulting from the theory developed

in this thesis that could be investigated in future work on tHC.

1.

Remark 3.3.2 points out the analogy between open elements of closure
algebras and ¢-compatible elements of temporal Heyting algebras. It
is well-known that open elements of a closure algebra C := (B, ¢, )
form a Heyting algebra that is not, in general, a sub-Heyting algebra
of B (the Boolean algebra reduct of C) [23, Proposition 2.2.4]. On
this Heyting algebra, we have a — b := [(—a V b). We conjecture
that there may be additional structure definable on the ¢-compatible
elements ; in particular, that a co-Heyting algebra may be definable. The
topological representation of the co-implication would likely be (&N
—K>5) (where K, Ky € ClopArcUp(A)), but it is not clear how this
would be represented algebraically. This problem reduces to defining
a co-implication a — b on a, b € 4Com(A) such that 7(a — b) = T(ma N
—ma).

In Chapter 4, we define two notions of « reachability » on temporal
Esakia spaces and show that they coincide in the finite case. « Topo-
reachability » was given in terms of closed archival upsets and « Z-
reachability » was given in terms of a zig-zagging relation, but only
defined in the finite case. We believe that the relation Z could be ex-
tended to the infinite case, using a transfinite definition along the lines
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of Zy := U,<y Za for limit ordinals . Indeed, this was investigated
and several of the lemmas in §4.3 can still be proven, but the main dif-
ficulty lies in making the topology behave well with this relation. If we
are to maintain coincidence with « topo-reachability » in the infinite
case, we want Z[S] to be closed (to correspond to S), but Z is defined
using unions, so proving closedness is very non-trivial. Defining Z
in the infinite case and showing coincidence with < would likely re-
quire the development of a great deal of additional theory on temporal
Esakia spaces.

3. In §6.3, we define the smallest transitive filtration on a temporal in-
tuitionistic Kripke model and show that tIKM is closed under this
class-operation (—)x. As mentioned immediately before Construction
6.3.1, we opted to work with only the smallest transitive filtration be-
cause our goal was to establish the FMP for relational models. It is an
open question as to what other methods of filtration can be defined
without leaving the class tIKM. In particular, since we have two re-
lations R and R”, it is not clear which filtrations preserve (tTran.2).
Also, it is not clear how large a filtration of R” can be such that R'g is
still a valid intuitionistic filtration of <:= R

4. In [24, Corollary 21], Esakia established a modal companionship be-
tween the intuitionistic modal logic mHC and the classical modal
logic K4.Grz!. For reference, the connection between these logics
was then studied in great depth in [38]. The modal companionship
was accomplished by combining the Godel translation [6, Definition
33] with the so-called « splitting map » [24, p. 357] studied by Boolos,
Goldblatt, and Kuznetsov. The resulting map # commutes with the
connectives {T, L, A, vV,[0} and is otherwise defined as follows.

#p:=pA0p  #(p— X) = (F#v = #x) ANOFHe — #x)

Future work could extend this translation to the language £} by defin-
ing #4¢ = ##¢p and establishing a modal companionship with a
temporal version of K4.Grz. A temporal version of this logic was
briefly mentioned in [34, p. 203] and appears to be a good candidate
for modal companionship with tHC.

5. To arrive at Theorem 7.4.1, we essentially took the route of refuting ¢
on an algebra A, then refuting it on a finite algebra B, the refuting it on
a subdirectly-irreducible C that is used to generate B, then transferring
this refutation to its dual frame C,, which we knew to be finite and

'In other literature, this logic is sometimes known as weak Grzegorczyk logic and denoted by wGrz [34].

The temporal Heyting calculus 82 D. Q. Alvarez



Chapter 8 - Conclusion and future work

Z-rooted. Essentially, we took the route « {":; o Thm. 7.1.2 o FMP ».

tHA i tTran
FI\‘/IP}m. 312 FMP/ c‘v
X_\if}
tHAfm t:’I‘ran]c,n Z- rooted tTran
Thm 7.1.2
tHAfs, Fin. Z- rooted tTran

It is not clear if there exist class-operations o and 3 such that the
other paths become available. In particular, does there exist a truth-
reflecting o that makes a temporal transit Z-rooted ? This could be
seen as analogous to the well-known model-operation of taking « gen-
erated submodels » [ 10, Definition 2.5], which forces a model to be-
come rooted. Also interesting : does there exist a truth-reflecting
B that makes a Z-rooted temporal transit finite without breaking Z-
rootedness ? This would likely be some kind of filtration designed to
preserve the relation Z, but the smallest transitive filtration does not
preserve Z or Z-rootedness in general.

zevpNug
Rl>
| (")
/yEupﬂl/q\ [yl = [2]
w E vp —vq x Evqg—Uvp [w] [z]
) )T )

In the model on the left, we have y Z w, and y Z x but if we per-
form the smallest transitive filtration through ¥ := {p,q} (depicted
on the right), then we do not have [y] Z [w] or [y] Z [x] because
[y] € ([w],[y]] N Refl(Xy) and likewise for [z]. Indeed, the original
model is Z-connected and the filtrated model is not even Z-rooted.
So it is an open problem how to preserve Z in a filtration and more
generally, how to define o and 3 so that the paths « bo avo i, » and «
B oy o Thm. 3.1.2 » become available to us.

The temporal Heyting calculus 83 D. Q. Alvarez



Bibliography

[10]

Phridon Alshibaia. On algebraic analysis of temporal Heyting calculus. International
Workshop on Topological Methods in Logic IV (ToLo IV). June 26, 2014. urL:
https://rmi.tsu.ge/tolo4/pres/Alshibaia.pdf (visited on 2024-08-26).

Johan van Benthem and Nick Bezhanishvili. Modern faces of filtration. Institute for
Logic, Language, and Computation, 2019. urt: https:/ /eprints.illc.uva.nl/id/
eprint/1680.

Guram Bezhanishvili and Nick Bezhanishvili. “An algebraic approach to filtra-
tions for superintuitionistic logics”. In: Liber Amicorum Alberti. Ed. by Jan van Eijk,
Rosalie Iemhoff, and Joost J. Joosten. London : College Publications, 2016, pp. 47—
56.

Guram Bezhanishvili et al. “Irreducible Equivalence Relations, Gleason Spaces,
and de Vries Duality”. In: Applied Categorical Structures 25.3 (June 2017), pp. 381-
401. por: 10.1007/s10485-016-9434-2.

Nick Bezhanishvili. “Lattices of intermediate and cylindric modal logics”. PhD
thesis. University of Amsterdam, 2006. urt: https://eprints.illc.uva.nl/id/eprint/
2049/.

Nick Bezhanishvili and Dick de Jongh. Intuitionistic Logic. Institute for Logic, Lan-
guage, and Computation, 2006. urL: https://eprints.illc.uva.nl/id/eprint/200.

Nick Bezhanishvili, Miguel Martins, and Tommaso Moraschini. “Bi-intermediate
logics of trees and co-trees”. In: Annals of Pure and Applied Logic 175.10 (2024). por:
10.1016/j.apal.2024.103490. urL: https://www.sciencedirect.com/science/article/
pii/S0168007224000940.

Be Birchall. “Duals of Simple and Subdirectly Irreducible Distributive Modal Al-
gebras”. In: Logic, Language, and Computation. Ed. by Balder D. ten Cate and Henk
W. Zeevat. Springer Berlin Heidelberg, 2007, pp. 45-57. por: 10.1007/978-3-540-
75144-1_4.

Patrick Blackburn, Johan van Benthem, and Frank Wolter, eds. Handbook of Modal
Logic. 1st ed. Elsevier, 2007. 1sBN: 9780444540409.

Patrick Blackburn, Maarten de Rijke, and Yde Venema. Modal Logic. 1st ed. Cam-
bridge Tracts in Theoretical Computer Science. Cambridge University Press, 2001.

84


https://rmi.tsu.ge/tolo4/pres/Alshibaia.pdf
https://eprints.illc.uva.nl/id/eprint/1680
https://eprints.illc.uva.nl/id/eprint/1680
https://doi.org/10.1007/s10485-016-9434-2
https://eprints.illc.uva.nl/id/eprint/2049/
https://eprints.illc.uva.nl/id/eprint/2049/
https://eprints.illc.uva.nl/id/eprint/200
https://doi.org/10.1016/j.apal.2024.103490
https://www.sciencedirect.com/science/article/pii/S0168007224000940
https://www.sciencedirect.com/science/article/pii/S0168007224000940
https://doi.org/10.1007/978-3-540-75144-1_4
https://doi.org/10.1007/978-3-540-75144-1_4

Bibliography

[15]
[16]

[17]

[22]
[23]

[24]

Wim Blok. “Varieties of Interior Algebras”. PhD thesis. University of Amsterdam,
1976. urc: https://eprints.illc.uva.nl/id/eprint/1833/.

Joseph Boudou et al. “Exploring the Jungle of Intuitionistic Temporal Logics”. In:
Theory and Practice of Logic Programming 21.4 (2021), pp. 459-492.

Stanley Burris and H. P. Sankappanavar. A Course in Universal Algebra. 1st ed.
Graduate Texts in Mathematics. Springer New York, 1981.

Xavier Caicedo and Roberto Cignoli. “An Algebraic Approach to Intuitionistic
Connectives”. In: Journal of Symbolic Logic 66 (Dec. 2001), pp. 1620-1636. por: 10.
2307/2694965.

Jose Castiglioni, Marta Sagastume, and Hernan San Martin. “On frontal Heyting
algebras”. In: Reports on Mathematical Logic 45 (Jan. 2010), pp. 201-224.

Charles E. Caton. “A Stipulation of Logical Truth in a Modal Propositional Cal-
culus”. In: Synthese 14.2/3 (1962), pp. 196-199.

Sergio Arturo Celani and Ramon Jansana. “A Closer Look at Some Subintuition-
istic Logics”. In: Notre Dame Journal of Formal Logic 42 (Oct. 2001), pp. 225-255.
por: 10.1305/ndjfl/1063372244.

Alexander Chagrov and Michael Zakharyaschev. Modal Logic. 1st ed. Oxford Uni-
versity Press, 1997. 1seN: 9780198537793.

Ivan Chajda. “Algebraic axiomatization of tense intuitionistic logic”. In: Central
European Journal of Mathematics 9 (July 2011), pp. 1185-1191. por: 10.2478 /511533~
011-0063-6.

B. A. Davey and H. A. Priestley. Introduction to Lattices and Order. 2nd ed. Cam-
bridge University Press, 2002. 1sBN: 9780521784511.

J. M. Davoren. “On intuitionistic modal and tense logics and their classical com-
panion logics : Topological semantics and bisimulations”. In: Annals of Pure and
Applied Logic 161.3 (2009), pp. 349-367. por: 10.1016/j.apal.2009.07.009.

Ryszard Engelking. General Topology. 6th ed. Heldermann Verlag, 1989. 1sBN:
3885380064.

Leo Esakia. Heyting Algebras. 1st ed. Trends in Logic. Springer Cham, 2019. por:
10.1007/978-3-030-12096-2.

Leo Esakia. “The modalized Heyting calculus : a conservative modal extension of
the Intuitionistic Logic”. In: Journal of Applied Non-Classical Logics 16.3-4 (2006),
pp- 349-366. por: 10.3166/jancl.16.349-366.

Leo Esakia. “Topological Kripke models (Russian)”. In: Doklady Akademii Nauk
SSSR 214.2 (1974), pp- 298-301.

Gisele Fischer Servi. “On modal logic with an intuitionistic base”. In: Studia Logica
36.3 (Sept. 1977), pp. 141-149. por: 10.1007/BF02121259.

Josep Maria Font. Abstract Algebraic Logic. 1st ed. Vol. 60. Studies in Logic. College
Publications, 2016.

The temporal Heyting calculus 85 D. Q. Alvarez


https://eprints.illc.uva.nl/id/eprint/1833/
https://doi.org/10.2307/2694965
https://doi.org/10.2307/2694965
https://doi.org/10.1305/ndjfl/1063372244
https://doi.org/10.2478/s11533-011-0063-6
https://doi.org/10.2478/s11533-011-0063-6
https://doi.org/10.1016/j.apal.2009.07.009
https://doi.org/10.1007/978-3-030-12096-2
https://doi.org/10.3166/jancl.16.349-366
https://doi.org/10.1007/BF02121259

Bibliography

[28]

[29]

[30]

[31]

[32]

[33]

[41]

[42]

Mai Gehrke and Sam van Gool. Topological Duality for Distributive Lattices : Theory
and Applications. Cambridge Tracts in Theoretical Computer Science. Cambridge
University Press, 2024.

Iris van der Giessen. “Admissible rules for six intuitionistic modal logics”. In:
Annals of Pure and Applied Logic 174.4 (2023), p. 103233. por: 10.1016/j.apal.2022.
103233.

Mamuka Jibladze. Intuitionistic modalities in topology and algebra. The Fifth Inter-
national Conference on Topology, Algebra and Categories in Logic (TACL 2011).
July 2011. ure: https:/ /pageperso.lis-lab.fr/~luigi.santocanale /tacl2011 /slides/
102.pdf (visited on 2024-08-26).

Saul A. Kripke. “Semantical Analysis of Intuitionistic Logic I”. In: Formal Systems
and Recursive Functions. Ed. by J. N. Crossley and M. A. E. Dummett. Vol. 40. Stud-
ies in Logic and the Foundations of Mathematics. Elsevier, 1965, pp. 92-130.

A. V. Kuznetsov. “The proof-intuitionistic propositional calculus (Russian)”. In:
Doklady Akademii Nauk SSSR 283.1 (1985), pp. 27-30.

O. Lichtenstein and A. Pneuli. “Propositional temporal logics : decidability and
completeness”. In: Logic Journal of the IGPL 8.1 (Jan. 2000), pp. 55-85. por: 10.1093/
jigpal/8.1.55.

Tadeusz Litak. “The Non-reflexive Counterpart of Grz”. In: Bulletin of the Section
of Logic 36 (Jan. 2007), pp. 195-208.

Matias Menni and Clara Smith. “Modes of Adjointness”. In: Journal of Philosophical
Logic 43.2 (June 2014), pp. 365-391. por: 10.1007/510992-012-9266-y.

Joan Moschovakis. “Intuitionistic Logic”. In: The Stanford Encyclopedia of Philoso-
phy. Ed. by Edward N. Zalta and Uri Nodelman. Summer 2024. Metaphysics Re-
search Lab, Stanford University, 2024.

Alexei Muravitsky. “A correspondence between extensions of the Proof-
Intuitionistic logic and extensions of the Provability Logic (Russian)”. In: Soviet
Mathematics Doklady 31.2 (1985), pp. 345-348.

Alexei Muravitsky. “Interconnection of the Lattices of Extensions of Four Logics”.
In: Logica Universalis 11 (June 2017), pp. 253-281. por: 10.1007/s11787-017-0165-4.

Alexei Muravitsky. On Some Syntactic Properties of the Modalized Heyting Calculus.
2022. arXiv: 1612.05273 [math.LO0]. urL: https://arxiv.org/abs/1612.05273.

H. A. Priestley. “Representation of Distributive Lattices by means of ordered Stone
Spaces”. In: Bulletin of the London Mathematical Society 2.2 (July 1970), pp. 186-190.
por: 10.1112/blms/2.2.186.

Emily Riehl. Category Theory in Context. 1st ed. Aurora : Dover Modern Math Orig-
inals. Dover Publications, 2016.

Giovanni Sambin. “Subdirectly Irreducible Modal Algebras and Initial Frames”.
In: Studia Logica 62.2 (Mar. 1999), pp. 269-282. por: 10.1023/A:1026407804348.

The temporal Heyting calculus 86 D. Q. Alvarez


https://doi.org/10.1016/j.apal.2022.103233
https://doi.org/10.1016/j.apal.2022.103233
https://pageperso.lis-lab.fr/~luigi.santocanale/tacl2011/slides/102.pdf
https://pageperso.lis-lab.fr/~luigi.santocanale/tacl2011/slides/102.pdf
https://doi.org/10.1093/jigpal/8.1.55
https://doi.org/10.1093/jigpal/8.1.55
https://doi.org/10.1007/s10992-012-9266-y
https://doi.org/10.1007/s11787-017-0165-4
https://arxiv.org/abs/1612.05273
https://arxiv.org/abs/1612.05273
https://doi.org/10.1112/blms/2.2.186
https://doi.org/10.1023/A:1026407804348

Bibliography

[43]

[44]

M. H. Stone. “The Theory of Representation for Boolean Algebras”. In: Transac-
tions of the American Mathematical Society 40.1 (July 1936), pp. 37-111.

A. S. Troelstra and D. van Dalen. Constructivism in Mathematics. 1st ed. Vol. 121.
Studies in Logic and the Foundations of Mathematics. Elsevier, 1988.

Paola Unterholzner. “Algebraic and relational semantics for tense logics”. In: Ren-
diconti del Seminario Matematico della Universita di Padova 65 (1981), pp. 119-128.

Yde Venema. “A Dual Characterization of Subdirectly Irreducible BAOs”. In: Stu-
dia Logica 77.1 (June 2004), pp. 105-115. por: 10.1023/B:5TUD.0000034188.80692.
46.

Yde Venema. “Algebras and Co-algebras”. In: Handbook of Modal Logic. Ed. by
Patrick Blackburn, Johan van Benthem, and Frank Wolter. Elsevier, 2007. Chap. 6,
pp. 331-426. 1sBN: 9780444540409.

Yde Venema. “Temporal Logic”. In: The Blackwell Guide to Philosophical Logic. John
Wiley & Sons, Ltd, 2017. Chap. 10, pp. 203-223. 1sBn: 9781405164801.

The temporal Heyting calculus 87 D. Q. Alvarez


https://doi.org/10.1023/B:STUD.0000034188.80692.46
https://doi.org/10.1023/B:STUD.0000034188.80692.46

Appendix A

thacheck : a symbolic model checker
for tHA

We briefly present a symbolic model checker for temporal Heyting algebras called
thacheck, authored in Python 3.12 and available for reference and use at the following
url.

https://gitlab.com/dqalombardi/thacheck/

This checker proved to be very valuable for the preliminary work on this thesis when
it was used to generate all temporal Heyting algebras of cardinalities less than or equal
to 5. This provided a good deal of initial intuition as to what these algebras as well as
their ¢-filters and 4-compatible elements look like. It was also used to keep a database
of temporal Heyting algebras and periodically test hypotheses against them. This saved
a great deal of time that would have been spent trying to prove facts that were very
quickly shown to have a counterexample among the algebras in this database.

This package is very extensible ; it can be used as a model checker for any
class of algebras that the user might want to define. In particular, BoundedLattice,
HeytingAlgebra, FrontalHeytingAlgebra, and TemporalHeytingAlgebra are all al-
ready included in the package. In addition, the functors ;i and ¥ could be easily
added to the package as the notion of a « prime filter » is already present as well as the
logic necessary to define relations and generate topologies. This addition would allow
us, in light of Lemma 6.1.5, to consider this a relational symbolic model checker as well.

We give a brief tour of the package and how it can be used.

The source directory is as follows.
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src/thacheck
| -- exceptions.py
| -- language
| | -- connectives.py
| -- equations
| | -- equation.py
| ‘-- equations.py
| -- formula.py
‘-- variables
|-- free_variable_store.py
|-- variable_database.py
‘-- variable.py

|
|
|
|
|
|
|
|
|-- logging.py
| -- models
| |-- algebras
| | |-- algebra.py
| | | -- bounded_lattice.py
| | |-- frontal_heyting_algebra.py
| | |-- heyting_algebra.py
| | |-- lattice.py
| | ‘-- temporal_heyting_algebra.py
| | -- element.py
| ‘-- poset.py
| -- set_theory.py
‘-- types

| -- serialisable.py

‘-- types.py

Users can define equations using the Equation class. Below, we show how (fHA.0.3)
can be defined equationally, i.e. p A (p = p, and stored in the variable F2. Indeed, all of
the axioms for BDL, fHA, and tHA have been included in the enum Equations.

_pl = FreeVariableStore.get("p", 1)

_P1

_GP1 = Formula(
node=Connectives .G,
subformulas=(_P1,),

F2 = Equation(
lhs=Formula (
node=Connectives .MEET,
subformulas=(
_P1,
_GP1,
),
),
rhs=_P1,
)

Users can then define algebras by defining their elements and operations.

Formula(node=_pl, subformulas=None)
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class TemporalHeytingAlgebra (FrontalHeytingAlgebra):

def __init__(
self,
elements: FrozenSet[Element],
meet_map: BinaryOperation,
join_map: BinaryOperation,
imp_map: BinaryOperation,
p_map: UnaryOperation,
g_map: UnaryOperation,
bot_map: NullaryOperation,
top_map: NullaryOperation,
check: bool = False,
name: str = None,

) -> None:

Here, p_map refers to 4 and g_map refers to [J (following the tradition of denoting a
past diamond and a future box by P and G respectively). If the keyword argument
check=True is passed, then the symbolic model checker will check that all axioms are
satisfied on the passed structure, i.e. that it is indeed a temporal Heyting algebra.

At the core of how the checker works lies the satisfies method, which is inherited
by any subclass of Algebra.

def satisfies(self, equation: Equation, assignment:
AssignmentMap) -> bool:
lhs_evaluation = self.evaluate(formu1a=equation.1hs,
assignment=assignment)
rhs_evaluation = self.evaluate(formu1a=equation.rhs,
assignment=assignment)
return lhs_evaluation == rhs_evaluation

This will check if a given assignment (a map Prop — A) makes the 1hs and rhs of an
Equation equal.

To see if an equation is valid on an algebra regardless of the valuation (as in Defini-
tion 2.4.5), the user can use the method validates, which generates all possible assign-
ments on A and tests them using satisfies.

def validates(self, equation: Equation) -> bool:
for assignment in self.get_assignments(equation.variables
):
if not self.satisfies(equation, assignment):
return False
return True

Finally, we recognise that defining an algebra by defining all of its operations can
be tedious, so we mention that a user can also provide a minimal ordering and use the
method Poset . from_view_map to generate a poset. This will take the reflexive, transitive
closure of whatever ordering is passed. If this poset is a bounded distributive lattice,
then the user can then pass this poset to HeytingAlgebra.from_poset, which will return
a HeytingAlgebra (since all finite bounded distributive lattice are Heyting algebras).
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Thus, to generate the Heyting algebra
a4
ag as
ay

one need only define
a; < az a1 < as ag < ay az < a4.

Once the user has this HeytingAlgebra, they can pass its operations (meet_map,
join_map, etc.) along with their manually-defined p_map and g_map, to the construc-
tor of the TemporalHeytingAlgebra and begin checking their equations.
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