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\Nulla pluralitas est ponenda nisi per rationem vel experiantiam vel

au
toritatem illius, qui non potest falli ne
 errare, potest 
onvivi."

(A plurality should only be postulated if there is some good reason,

experien
e, or unfallible authority for it.)

{ William of O
kham (
. 1285 { 
. 1349)
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Introdu
tion

To be able to fore
ast future events, s
ien
e wants to infer general laws and prin
iples

from parti
ular instan
es. Roughly speaking, this pro
ess of indu
tive inferen
e is the


entral theme in statisti
s, pattern re
ognition and the bran
h of Arti�
ial Intelligen
e


alled `ma
hine learning'. The Minimum Des
ription Length (MDL) Prin
iple is a

relatively re
ent method for indu
tive inferen
e [128℄. The fundamental idea behind

the MDL Prin
iple is that any regularity in a given set of data 
an be used to 
ompress

the data, i.e. to des
ribe it using fewer symbols than needed to des
ribe the data

literally. The more regularities there are in the data, the more we 
an 
ompress it.

Formalization of this idea leads to the 
on
ept of Kolmogorov Complexity [93℄,

whi
h measures the 
omplexity of a set of data by the length of the shortest 
omputer

program that prints the data and then halts. The shortest program for the data is

then regarded as the optimal model for the data. By equating `short' with `simple',

we see that this amounts to a mathemati
al version of O

am's Razor [93℄: if several

explanations (programs) of a given phenomenon (data) exist, then we should pi
k the

simplest (shortest) one

1

.

The Minimum Des
ription Length Prin
iple

It 
an be mathemati
ally shown that data 
ompression in terms of Kolmogorov Com-

plexity is almost always the best way to pro
eed [160℄. However, Kolmogorov Com-

plexity is un
omputable and 
annot dire
tly be used in pra
ti
e. The MDL Prin
iple

s
ales down the ideas behind Kolmogorov Complexity in order to make them appli
a-

ble in pra
ti
al settings. Rather than 
onsidering all 
omputer programs as possible

models for the data, one fo
uses on a 
lass of modelsM that is simple enough to allow

us to 
ompute, for ea
h model or hypothesis H in the 
lass M, how mu
h the data


an be 
ompressed on the basis of that model. To des
ribe or equivalently, en
ode

the data on the basis of a model H , one �rst en
odes H itself and one then en
odes

the data with the help of hypothesis H . Choosing the H that minimizes the total


ode length of the data automati
ally leads to the sele
tion of a hypothesis that in
or-

porates a trade-o� between the 
omplexity and the goodness-of-�t of the hypothesis.

The reason for this is that the better a hypothesis �ts the data at hand, the more

information it gives us about the data. The more information we have about the data,

the fewer bits we need to en
ode it. Intuitively, this is be
ause we do not have to

1

See page v for a formulation that 
an a
tually be found in O

am's work ([40℄, pages 115{117).
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Figure 1: A simple (1.1), 
omplex (1.2) and a trade-o� (3rd degree) polynomial.

en
ode the full data, but only the `dis
repan
ies' between the hypothesis and the data.

It is always possible to �nd a very 
omplex hypothesis that �ts the data extremely

well but that does not tell us anything interesting about it. En
oding the data with

the help of su
h a hypothesis takes only very few bits, but to en
ode (des
ribe) the

data we need to des
ribe the hypothesis itself too. The more 
omplex a hypothesis,

the more bits we need to des
ribe it. As a result, the gain in des
ription length of

the data using a very 
omplex hypothesis is more than o�set by the large number of

bits needed to des
ribe su
h a hypothesis. An overly 
omplex hypothesis will therefore

not lead to the shortest possible des
ription length. On the other hand, using a very

simple hypothesis, the opposite e�e
t o

urs: the des
ription length of the hypothesis

is very small, but the des
ription length of the data when en
oded with the help of

the hypothesis will be very high. Assuming that we have `meaningful' data, that is, it

does not 
onsist of purely random noise, the shortest possible des
ription length will

usually be attained for relatively simple hypotheses that �t the data reasonably well;

a

ording to MDL, these should be preferred both over overly 
omplex hypotheses that

have no error at all and over overly simple hypotheses that have very high error. We

give a little example. Suppose we want to �t a polynomial to the set of points depi
ted

in Figure 1. Classi
al linear regression will give us the leftmost polynomial - a straight

line that seems overly simple: it does not 
apture the regularities in the data well.

Sin
e for any set of k points there exists a polynomial of the (k � 1)-st degree that

goes exa
tly through all these points, simply looking for the polynomial with the least

error will give us a polynomial like the one in the se
ond pi
ture. This polynomial is

overly 
omplex: it re
e
ts the random 
u
tuations in the data rather than the general

pattern underlying it. It seems more reasonable to prefer a simple polynomial with

small but nonzero error, as in the rightmost pi
ture. This intuitively right polynomial

is exa
tly the polynomial that the MDL Prin
iple will me
hani
ally give us.

Overview

Here we report the resear
h the author has 
ondu
ted over the last four years. Most of

this resear
h is, either dire
tly or indire
tly, related to the MDL Prin
iple. The main

resear
h goals were to provide additional justi�
ations for the MDL Prin
iple and to

investigate MDL's view on probabilities. We 
onsider both goals in turn.
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Justi�
ations of MDL The results of applying the MDL Prin
iple are generally

very intuitive. However, mere intuition does not provide enough justi�
ation to adopt

it for pra
ti
al use. In this thesis we 
onsider additional justi�
ations for the MDL

Prin
iple. Indu
tive prin
iples like MDL 
an be justi�ed in di�erent ways. In a theo-

reti
al justi�
ation, one typi
ally proves that under 
ertain 
onditions the hypothesis


hosen by the prin
iple leads to provably optimal predi
tion or 
lassi�
ation of future

data. Another theoreti
al means of justi�
ation is to show that a prin
iple 
an be

interpreted as a formal extension of other, existing prin
iples that are already su

ess-

fully used in pra
ti
e. A third, pra
ti
al means of justi�
ation is to a
tually apply

the prin
iple in pra
ti
e and show that this leads to good results. This thesis 
ontains

justi�
ations of both theoreti
al and pra
ti
al nature.

Probability and Reasoning under Un
ertainty Both in the statisti
al and in the

`reasoning under un
ertainty' literature there is �er
e debate between those who hold

the view that `all un
ertainty should be handled using probability theory' and those

who think that probability theory in itself is not enough. In the �eld of statisti
s, the

two sides in this dispute are o

upied by the Bayesian

2

or subje
tivist statisti
ians on

the one hand and the frequentist (also 
alled 
lassi
al or obje
tivist) statisti
ians on the

other hand [17℄. In the �eld of reasoning under un
ertainty, the dis
ussion is between,

on
e more, the Bayesians on one side, and a menagerie of resear
h 
ommunities on

the other side; we mention the �elds of fuzzy logi
 and possibility theory [41℄, 
ertainty

fa
tors, [114℄, Dempster-Shafer theory [138℄ and nonmonotoni
 reasoning [56℄.

One of the most 
ontroversial aspe
ts of the subje
tivist view (a
tually, it is so


ontroversial that there even are Bayesians who do not a

ept it

3

) is the Prin
iple

of InsuÆ
ient Reason, advo
ated as a basis of subje
tive probability by the great

probability theorist P.S. Lapla
e (1749-1827) [91℄:

If we know that one of k possible alternatives will a
tually take pla
e,

but we have no idea whatsoever whether any of these alternatives is more

likely than any other one, then we should assign ea
h of the alternatives

probability 1=k .

The question of whether this makes sense or not has divided philosophers, logi
ians

and statisti
ians into two 
amps for over 180 years now [158℄. More re
ently (1957),

E.T. Jaynes (1922-1998) extended Lapla
e's Prin
iple to the `Prin
iple of Maximum

Entropy' [73℄ whi
h allows one to assign probabilities in the presen
e of partial knowl-

edge. In prin
iple, Maximum Entropy 
an be used in most if not all of the problems of

`reasoning under un
ertainty'. It has a
tually been applied in lots of pra
ti
al settings,

generally with good results. Nevertheless, it remains as 
ontroversial as Lapla
e's

original prin
iple and is still reje
ted by many [77℄.

MDL's View on Probabilities It so happens that the notions of `des
ription

method' and `probability distribution' are very 
losely 
onne
ted: every des
ription

2

Named after Thomas Bayes (1702-1761).

3

Interestingly, R.T. Cox who provided a very strong justi�
ation of the subje
tivist viewpoint

strongly disagreed with Lapla
e's prin
iple. See [31℄, page 31.
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method or 
ode 
an be re-interpreted as a probability distribution and vi
e versa. If

data 
an be 
oded with the help of model H in only a few bits, then this may be

reinterpreted as saying `the data has a high probability under H - one 
an de�ne

`probabilities' in this way even for non-probabilisti
 models like polynomials. From

the MDL point of view, a model of the data is really a means of des
ribing properties

of the data, and hen
e a `model' 
oin
ides with a `des
ription method'. Be
ause of the


orresponden
e referred to above, a probability distribution 
an also be seen simply as

a means to des
ribe properties of the data.

This view of probabilities, mainly developed by Rissanen [128℄, is not so di�erent

in prin
iple from the view that is held by some of the Bayesians [36, 38, 77℄. What

is new is the expli
it interpretation of probability distributions in terms of des
ription

methods. As dis
ussed informally by Rissanen [128℄, this interpretation sheds new

light on the dis
ussion between the subje
tivists and the obje
tivists. In this thesis,

we work out and extend Rissanen's ideas. Brie
y, we rea
h the following 
on
lusion:

Probabilities 
an { and should { indeed be used in many situations where they are not

related to frequen
ies; the `maximum entropy prin
iple' 
an indeed be used to assign

probabilities in the presen
e of ignoran
e. However, the way su
h probabilities should

be used to arrive at predi
tions and de
isions is di�erent from the way probabilisti


knowledge is usually applied.

Contents of this Work

The thesis 
onsists of three parts. Ea
h part starts with a brief, informal introdu
tion.

Part I o�ers a self-
ontained introdu
tion to the MDL Prin
iple (
hapters 1 and 2) and

to Maximum Entropy (Chapter 3). Chapters 4 and 5 introdu
e some new theoreti
al


on
epts 
on
erning MDL. In an Epilogue (page 119) to Part I, it is argued that with

the help of these 
on
epts one 
an identify 
onditions under whi
h overly simple models


an be used unproblemati
ally; this leads to the 
on
lusions about the appli
ability of

probabilisti
 methods that we sket
hed above.

In part II, we give an empiri
al 
omparison between MDL and some other methods

for indu
tive inferen
e by testing their performan
e on real-world data. Spe
i�
ally, in

Chapter 6 we 
ompare MDL to the related but distin
t Bayesian and maximum likeli-

hood methods of inferen
e. In Chapter 7 we 
ompare MDL to its nearest `
ompetitor':

the Minimum Message Length Prin
iple [161, 162℄.

Part III reports on additional resear
h we have done in the �eld of `Reasoning under

Un
ertainty' within a non-probabilisti
 paradigm: non-monotoni
 temporal reasoning

[56℄. Chapter 8 gives an introdu
tion to this �eld. Chapters 9 and 10 report on the

basi
 resear
h we performed in this �eld, whi
h is 
onne
ted to the rest of this thesis

through its impli
it use of probability, whi
h in turn is impli
itly treated from an MDL

perspe
tive. In an Epilogue to part III (page 269) we make these 
onne
tions expli
it.
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Part I

Theory of MDL
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Introdu
tion to Part I

In 1996, the present author attended a 
onferen
e at whi
h a well-known statisti
ian

gave a talk on Bayesian networks, a parti
ular kind of probabilisti
 model. He arti�-


ially generated a set of data by sampling from a quite 
ompli
ated Bayesian network.

He used a `learning algorithm' to �nd a good model for the data, and this learning

algorithm 
ame up with a mu
h simpler Bayesian network. While this network was

obviously not the `
orre
t' one, it did work quite well in predi
ting and 
lassifying

future data. Sin
e the predi
tions of the overly simple model 
ould be 
al
ulated mu
h

more eÆ
iently than those of the 
orre
t model, the statisti
ian suggested to use the

simple model instead of the 
orre
t one for doing su
h predi
tions.

A member of the audien
e (a
tually, another well-known statisti
ian) strongly ob-

je
ted. He said that modeling data with an overly simple model 
an potentially lead to

disastrous results (he even 
laimed that the explosion of the Challenger spa
e shuttle

in 1987 was 
aused by using overly simple models). Of 
ourse, he said, `O

am's Razor'

is useful: if we do not have any further knowledge about the pro
ess generating our

data, it makes sense to pi
k a reasonably simple model with small error rather than a


omplex model with zero error. But if we really know that the data is better modeled

by a 
omplex model, we should 
ertainly not use an overly simple one.

This led to �er
e dis
ussions among the audien
e. On the one side there were those

who said that there was nothing wrong in prin
iple with using a model that is overly

simple; on the other side were those who agreed that using an overly simple model is

always a risky thing to do. Unfortunately, neither of the two sides in this debate had

any means of proving they were right: all arguments were based on intuition.

When observations arrive sequentially, the MDL Prin
iple will often pi
k an overly

simple model for the �rst few observations. In the polynomial example (Figure 1 on

page x), MDL may prefer a straight line for the �rst n observations. Only when there

is enough data available will the lower error a
hieved by a third degree polynomial

outweigh its extra 
omplexity. Hen
e, the dis
ussion at the 
onferen
e is highly relevant

to MDL: is the MDL Prin
iple only useful in that it sele
ts a good model when enough

data is available? Or 
an the overly simple model that will be sele
ted in the presen
e

of few data be fruitfully used as well, without potentially `disastrous' results?

It is this question whi
h we attempt to answer in part I of this thesis. Rather than

being based merely on intuition, our answer will be mathemati
ally pre
ise. The ques-

tion is relevant not only to MDL, but a
tually to most of 
urrent statisti
al pra
ti
e.

For most models we use in pra
ti
e are evidently too simple: we �t straight lines to

data that are 
learly not really linearly related (as an example, think about models in

e
onomi
s); we model several parts of data as if they were independent while we know

they are not independent at all (an example is spee
h re
ognition [148℄). Does this

lead to potentially disastrous results? If so, how 
ome we have got away with this for

so long?

A se
ond goal of part I of this thesis is to provide an introdu
tion to MDL that


an be read without any previous knowledge of either information theory or statisti
s;

this introdu
tion will also provide the ne
essary ba
kground needed for parts II and

III. Chapter 1 gives a self-
ontained introdu
tion to the MDL Prin
iple that avoids

3
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ompli
ated mathemati
s. In Chapter 2, we dis
uss the fundamental 
on
ept of MDL:

the sto
hasti
 
omplexity. Chapter 3 gives an introdu
tion to the Maximum Entropy

Prin
iple that we mentioned on page xi and 
onne
ts it to the MDL Prin
iple. Both

Chapter 1 and Chapter 2 mention some problemati
 issues that, we think, are not fully

satisfa
torily handled by the existing theory. In Chapter 1 this is the issue of what

exa
tly a model says about the modeled situation. In Chapter 2 this is the question of

whether and how non-probabilisti
 model 
lasses 
an be re
ast in probabilisti
 terms.

Chapter 3 reviews an argument that has led many resear
hers to reje
t Maximum

Entropy. In 
hapters 4 and 5 we show that all three issues are just aspe
ts of the basi


question whether or not one 
an justify the use of an overly simple model (or more

generally, a model that 
aptures some, but not all regularities underlying the data),

and we make an attempt to answer the question.



Chapter 1

A First Introdu
tion to the

MDL Prin
iple

This 
hapter aims to give a self-
ontained introdu
tion to the MDL Prin
iple. In

Se
tion 1.1 we explain the fundamental ideas and intuitions behind MDL. Se
tion 1.2

provides the information-theoreti
 ba
kground that is ne
essary to formalize MDL. We

pro
eed to formalize the MDL Prin
iple for probabilisti
 model 
lasses (Se
tion 1.3) and

for non-probabilisti
 model 
lasses (Se
tion 1.4). Se
tion 1.5 dis
usses an important

aspe
t of the MDL Philosophy, namely, that the goal of indu
tive inferen
e should be

to look for a `good', and not for a `true' model.

In order to make the introdu
tion self-
ontained and at the same time not too


ompli
ated we avoid dis
ussion of two very important topi
s: both the treatment

of the sto
hasti
 
omplexity and of the exa
t relation between MDL and Bayesian

statisti
s are deferred to Chapter 2.

1.1 The Fundamental Idea

The task of indu
tive inferen
e is to �nd laws or regularities underlying some given set

of data. These laws are then used to gain insight in the data or to 
lassify or predi
t

future data. In the statisti
s literature, the data we are given are usually 
alled the

`sample' or the `observations'. The aim of �nding laws underlying the data is usually


ast in terms of �nding a good model for the data. The pro
ess of �nding su
h a model

is 
alled statisti
al inferen
e. In the ma
hine learning and neural network literature

[110, 111, 72℄, the sample is usually 
alled the training set, a model is often 
alled

a hypothesis and future data is often 
alled the test set. The pro
ess of �nding a

good model is 
alled `learning'. Throughout this thesis, we use statisti
al and ma
hine

learning terminology inter
hangeably.

Example 1.1 We start by 
onsidering binary data. Consider the following three

sequen
es. We assume that ea
h sequen
e is 10000 bits long, and we just list the

5



6 CHAPTER 1. A FIRST INTRODUCTION TO THE MDL PRINCIPLE

beginning and the end of ea
h sequen
e.

000100010001000100010001 : : : 0001000100010001000100010001 (1.1)

011101001101000010101010 : : : 1010111010111011000101100010 (1.2)

000110000010100101000000 : : : 0100010000010000001000110000 (1.3)

The �rst of these three sequen
es is a 2500-fold repetition of 0001. Intuitively, the

sequen
e looks regular; there seems to be a simple `law' underlying it; it might make

sense to 
onje
ture that future data will also be subje
t to this law, and to predi
t

that future data will behave a

ording to this law. The se
ond sequen
e has been gen-

erated by tosses of a fair 
oin; this means that there is de�nitely no `law' or regularity

underlying it. Indeed, we 
annot seem to �nd su
h a law either when we look at the

data. The third sequen
e 
ontains exa
tly four times as many 0s as 1s. It looks less

regular, more random than the �rst; but it looks less random than the se
ond. There

is still some dis
ernible regularity in this data, but of a statisti
al rather than of a

deterministi
 kind. Again, noti
ing that su
h a regularity is there and predi
ting that

future data will behave a

ording to the same regularity seems like a sensible thing to

do.

1.1.1 Regularity and Compression

What do we mean by a `regularity'? The fundamental idea behind the MDL Prin
iple

is the following insight: every regularity in the data 
an be used to 
ompress the data,

i.e. to des
ribe it using less symbols than the number of symbols needed to des
ribe the

data literally. Su
h a des
ription should always uniquely spe
ify the data it des
ribes -

hen
e given a des
ription or en
oding D

0

of a parti
ular sequen
e of data D, we should

always be able to fully re
onstru
t D using D

0

.

For example, sequen
e (1.1) above 
an be des
ribed using only a few words { we

have a
tually done so already: we have not given the 
omplete sequen
e - whi
h would

have taken about the whole page - but rather just a one-senten
e des
ription of it that

nevertheless allows you to reprodu
e the 
omplete sequen
e if ne
essary. Of 
ourse,

the des
ription was done using natural language and we may want to do it in some

more formal manner.

If we want to identify regularity with 
ompressibility, then it should also be the


ase that non-regular sequen
es 
an not be 
ompressed. Sin
e sequen
e (1.2) has been

generated by fair 
oin tosses, it should not be 
ompressible. As we will show below,

we 
an indeed prove that whatever des
ription method C one uses, the length of the

des
ription of sequen
e (1.2) will, with overwhelming probability, be not mu
h shorter

than sequen
e (1.2) itself.

Noti
e that our des
ription of sequen
e (1.3) as given above does not uniquely de�ne

sequen
e 3. Therefore, it does not 
ount as a `real' des
ription: one 
annot regenerate

the whole sequen
e if one has the des
ription. A unique des
ription that still takes only

a few words may look like this: "Sequen
e (1.3) is one of those sequen
es of 10000 bits

in whi
h there are four times as many 0s as there are 1s. In the lexi
ographi
al ordering

of those sequen
es, it is number i". Here i is some large number that is expli
itly spelled

out in the des
ription. In general, there are 2

n

binary sequen
es of length n, while
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there are only

�

n


n

�

sequen
es of length n with a fra
tion of 
 1s. For every rational

number 
 ex
ept 
 = 1=2, the ratio of

�

n


n

�

to 2

n

goes to 0 exponentially fast as n

in
reases (this is shown formally in Chapter 3, page 59; by the method used there one


an also show that for 
 = 1=2, it goes to 0 as O(1=

p

n)). It follows that 
ompared

to the total number of binary sequen
es of length 10000, the number of sequen
es

of length 10000 with four times as many 0s than 1s is vanishingly small. Therefore,

i� 2

10000

and to write down i in binary we need approximately (log

2

i)� 10000 bits.

Des
ription Methods and Codes In order to formalize our idea, we have to

repla
e the part of the des
riptions that made use of natural language by some formal

language. For this, we need to �x a des
ription method that maps sequen
es of data

to their des
riptions. Throughout this thesis, we assume that our data D always


onsists of a sequen
e of symbols 
oming from some �xed �nite or 
ountably in�nite

data alphabet. Ea
h su
h sequen
e will be en
oded as another sequen
e of symbols


oming from some �nite or 
ountably in�nite 
oding alphabet. An alphabet is simply

a 
ountable set of distin
t symbols. An example of an alphabet is the binary alphabet

B = f0; 1g; the three data sequen
es above are sequen
es over the binary alphabet.

A sequen
e over a binary alphabet will also be 
alled a binary string. Sometimes our

data will 
onsist of real numbers rather than binary strings. In pra
ti
e however, su
h

numbers are always trun
ated to some �nite pre
ision d. We 
an then again model

them as symbols 
oming from a �nite data alphabet.

We let A

n

stand for the n-fold Cartesian produ
t of alphabet A. We de�ne � as

the empty sequen
e and de�ne A

0

= f�g. We let A

�

=

S

1

i=0

A

i

and �nally we write

A

+

as an abbreviation of A

�

nA

0

.

In our problem setting we are given a sample or equivalently data sequen
e D =

(x

1

; : : : ; x

n

) 2 A

�

where ea
h x

i

2 A. We 
all x

i

a single observation or, equivalently,

a data item. We sometimes use the notation x

i

for (x

1

; : : : ; x

i

). Similarly, whenever

the sample size or equivalently data sequen
e length n is not 
lear from the 
ontext,

we write x

n

in stead of D. For 
onvenien
e, it will sometimes be useful to write x

0

� �

(A � B is to be read as `A is de�ned to be equal to B').

As argued in [128℄, without any loss of generality we 
an always des
ribe our data

sequen
es as binary strings. Hen
e all the des
ription methods we 
onsider map data

sequen
es to sequen
es of bits. We use the term `
ode' as a spe
i�
 
ase of a `des
ription

method

1

'.

De�nition 1.2 Let A be some data alphabet. A 
ode C is a one-to-one map from

A

+

to B

+

. A des
ription method is a one-many relation over A

+

�B

+

.

Codes and des
ription methods have in 
ommon that given any en
oding, it is always

possible to re
onstru
t the data sequen
e that it des
ribes. Des
ription methods are

a more general notion than 
odes in that for a 
ode, there should always be only one

possible en
oding of every data sequen
e. For a des
ription method, there may be data

sequen
es that 
an be en
oded in several ways.

1

Our de�nition of `des
ription method' 
oin
ides with what Rissanen [128℄ 
alls a `
oding system'.

Our de�nition of `
ode' 
oin
ides with Rissanen's [128℄. In the standard textbook [30℄, what we here


all a 
ode is 
alled `uniquely de
odable 
ode'.
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Here is a simple example (
opied from Rissanen [128℄) of a 
ode C

1

for a data

alphabet A

1

= fa; b; 
g. C

1

is de�ned as follows: C

1

(a) = 0; C

1

(b) = 10; C

1

(
) = 11;

for all x; y 2 A

+

1

; C

1

(xy) = C

1

(x)C

1

(y). We 
all C

1

(a) the 
odeword of a. For example,

data sequen
e aaba
 is en
oded as C

1

(aaba
) = 0010011. It is easy to see that no two

di�erent data sequen
es 
an have the same 
ode word; hen
e from an en
oded sequen
e

C

1

(x) we 
an always retrieve the original sequen
e x.

Compression and Small Subsets We are now in a position to prove our 
laim

that it is impossible to substantially 
ompress sequen
es that have been generated by

fair 
oin tosses. Let us take some arbitrary but �xed des
ription method C over the

binary data alphabet A = f0; 1g. Suppose we are given a data sequen
e of length n

(in our example, n = 10000). Clearly, there are 2

n

possible data sequen
es of length

n. We see that only two of these 
an be mapped to a des
ription of length 1 (sin
e

there are only two binary strings of length 1: `0' and `1'). Similarly, only a subset of

at most 2

m

sequen
es 
an have a des
ription of length m. This means that at most

P

m

i=1

2

m

< 2

m+1

data sequen
es 
an have a des
ription length � m. The fra
tion of

data sequen
es of length n that 
an be 
ompressed by more than k bits is therefore at

most 2

�k

and as su
h de
reases exponentially in k. If data are generated by n tosses of

a fair 
oin, then all 2

n

possibilities for the data are equally probable, so the probability

that we 
an 
ompress the data by more than k bits is smaller than 2

�k

. For example,

the probability that we 
an 
ompress the data by more than 20 bits is smaller than

one in a million.

Seen in this light, having a short 
ode for the data is equivalent to identifying

the data as belonging to a tiny, very spe
ial subset out of all a priori possible data

sequen
es.

1.1.2 Solomono�'s Breakthrough

It seems that what data is 
ompressible and what not is extremely dependent on the

spe
i�
 des
ription method used. In 1964 { in a pioneering paper that may be regarded

as the starting point of all MDL-related resear
h [145℄ { Ray Solomono� suggested to

use a universal 
omputer language as a des
ription method. By a universal language we

mean a 
omputer language in whi
h a Universal Turing Ma
hine 
an be implemented.

All 
ommonly used 
omputer languages, like Pas
al, LISP, C, are `universal'. Every

data sequen
e D 
an be en
oded by a 
omputer program P that prints D and then

halts. We 
an de�ne a 
ode that maps ea
h data sequen
e D to the shortest program

that prints D and then halts

2

. Clearly, this is a 
ode in the sense of De�nition 1.2

above in that it de�nes a 1-1 mapping from sequen
es over the data alphabet to binary

sequen
es. The shortest program for a sequen
e D is then interpreted as the optimal

model for D. Let us see how this works for sequen
e (1.1) above. Using a language

similar to C, we 
an write a program

for i = 1 to 2500 ; do fprint

0

0001

0

g ; halt

2

If there exist more than one shortest program, we pi
k the one that 
omes �rst in enumeration

order.



1.1. THE FUNDAMENTAL IDEA 9

whi
h prints sequen
e (1.1) but is 
learly a lot shorter than it. If we want to make a fair


omparison, we should rewrite this program in a binary alphabet; the resulting number

of bits is still mu
h smaller than 10000. The shortest program printing sequen
e (1.1)

is at least as short as the program above, whi
h means that sequen
e (1.1) is indeed

highly 
ompressible using Solomono�'s 
ode. By the arguments of the previous se
tion

we see that, given an arbitrary des
ription method C, sequen
es like (1.2) that have

been generated by tosses of a fair 
oin are very likely not substantially 
ompressible

using C. In other words, the shortest program for sequen
e (2) is, with extremely high

probability, not mu
h shorter than the following:

print

0

01110100110100001010::::::::111010111011000101100010

0

; halt

This program has size about equal to the length of the sequen
e. Clearly, it is nothing

more than a repetition of the sequen
e.

Kolmogorov Complexity We de�ne the Kolmogorov Complexity of a sequen
e as

the length of the shortest program that prints the sequen
e and then halts. `Kol-

mogorov Complexity' has be
ome a large subje
t in its own right; see [93℄ for a 
om-

prehensive introdu
tion.

The lower the Kolmogorov 
omplexity of a sequen
e, the more regular or equiva-

lently, the less random, or, yet equivalently, the simpler it is. Measuring regularity

in this way 
onfronts us with a problem, sin
e it depends on the parti
ular program-

ming language used. However, in his 1964 paper, Ray Solomono� [145℄ showed that

it does not matter exa
tly what programming language one uses, as long as it is uni-

versal: for every sequen
e of data D = (x

1

; : : : ; x

n

), let us denote by L

U

(D) the

length of the shortest program for D using universal language U . We 
an show that

for every two universal languages U

1

and U

2

, the di�eren
e between the two lengths

L

U

1

(D)�L

U

2

(D) is bounded by a 
onstant that depends on U

1

and U

2

but not on the

length n of the data sequen
e D. This implies that if we have a lot of data (n is large),

then the di�eren
e in the two des
ription lengths is negligible 
ompared to the size of

the data sequen
e. This result is known as the invarian
e theorem and was proved

independently by Solomono� [145℄, Kolmogorov [86℄ (hen
e the name `Kolmogorov'


omplexity) and Chaitin [23℄. The proof is based on the fa
t that one 
an write a


ompiler for every universal language U

1

in every other universal language U

2

. Su
h

a 
ompiler is a 
omputer program with length L

1;2

. For example, we 
an write a pro-

gram in Pas
al that translates every C program into an equivalent Pas
al program.

The length (in bits) of this program would then be L

C,Pas
al

. We 
an simulate ea
h

program P

1

written in language U

1

by a program P

2

written in U

2

as follows: P

2


onsists of the 
ompiler from U

1

to U

2

, followed by P

1

. The length of program P

2

is

bounded by the length of P

1

plus L

1;2

. Hen
e for all data D, the maximal di�eren
e

between L

U

1

(D) and L

U

2

(D) is bounded by maxfL

1;2

; L

2;1

g, a 
onstant whi
h only

depends on U

1

and U

2

but not on D.

1.1.3 Making the Idea Appli
able

There are two problems with applying Kolmogorov Complexity to pra
ti
al learning

problems. First, the Kolmogorov Complexity as su
h 
annot be 
omputed { there is no
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omputer program that, for every sequen
e of data D, when given D as input, returns

a shortest program that prints D and halts. Neither 
an there be a program, that for

every set of data D returns only the length of the shortest program that prints D and

then halts. Assuming su
h a program exists leads to a 
ontradi
tion [93℄. Another

problem is that in many realisti
 settings, we are 
onfronted with very small data

sequen
es for whi
h the `invarian
e theorem' is not very relevant sin
e the length of D

is small 
ompared to the 
onstant L

1;2

.

The idea behind the MDL Prin
iple is now to s
ale down Solomono�'s approa
h so

that it does be
ome appli
able: instead of a universal 
omputer language as a des
rip-

tion method, we should use des
ription methods C whi
h still allow us to 
ompress

many of the intuitively `regular' sequen
es but whi
h nevertheless also allow us to 
om-

pute, for every D, the length of the shortest des
ription of D attainable using C. The

pri
e we pay is that, using the `pra
ti
al' MDL Prin
iple, there will always be some

regular sequen
es whi
h we will not be able to maximally 
ompress. But we already

know that there 
an be no method for indu
tive inferen
e at all whi
h will always

give us all the regularity there is - simply be
ause there 
an be no automated method

whi
h for any sequen
e D �nds the shortest 
omputer program that prints D and then

halts. Moreover, it will often be possible to guide a suitable 
hoi
e of C by a priori

knowledge we have about our problem domain. For example, we will see below that

it is possible to pi
k a 
ode C with whi
h we 
an 
ompress all sets of 2-dimensional

data whi
h are `regular' in the sense that the x-values are related to the y-values by

some simple polynomial. If we have a priori reasons to believe that our data points

are related by some polynomial, but we just do not know whi
h, then this C may be

good 
hoi
e.

1.1.4 Two-Part Codes; First Instantiation of the MDL Prin
i-

ple

Let M be some given 
lass of models, for example, the 
lass of all polynomials. To

make our idea work, we need a 
ode that 
ompresses those data sets that are well-

des
ribed by one of the models in M . For the model 
lass M

U


onsisting of all


omputer programs written in some universal language U , the 
orresponding 
ode C

M

would simply be the 
ode mapping ea
h D to the shortest program that prints D and

then halts. For model 
lasses like the polynomials, whose elements do not dire
tly

de�ne a des
ription method, one 
an 
onstru
t the 
odes C

M

in several ways. In this


hapter, we 
on
entrate on the so-
alled two-part 
odes, whi
h are just one possible

instantiation of C

M

. We should stress at the outset that there are more possibilities.

Sin
e the two-part 
odes are 
on
eptually the simplest (and also histori
ally the �rst

ones to have appeared [161, 126℄), we defer dis
ussion of other possibilities to Chapter 2.

The idea behind the two-part 
ode is to des
ribe a data sequen
e D by �rst de-

s
ribing some hypothesis H 2 M and then des
ribing the data with the help of the

hypothesis, whi
h usually amounts to spe
ifying the errors the hypothesis makes on

the data.
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MDL Prin
iple (two-part 
ode version) Among the set of 
andidate hypothe-

ses M , the best hypothesis to explain a set of data is the one whi
h minimizes

the sum of

� the length, in bits, of the des
ription of the hypothesis; and

� the length, in bits, of the des
ription of the data when en
oded with the

help of the hypothesis.

A hypothesis with a long des
ription length is what we would intuitively 
all a `
om-

plex' one. A des
ription of the data `with the help of' a hypothesis means that the

better the the hypothesis �ts the data, the shorter the des
ription will be. A hy-

pothesis that �ts the data well gives us a lot of information about the data. Su
h

information 
an always be used to 
ompress the data (we will see a spe
i�
 instan
e of

this phenomenon in the example below). The better the �t, the more information the

hypothesis gives about the data and the less bits we need to des
ribe the data with the

help of the hypothesis. The MDL Prin
iple thus gives us a trade-o� between hypothesis


omplexity and goodness-of-�t on the data set. We pro
eed with an example.

Example 1.3 [under- and over�tting℄ Let D = ((x

1

; y

1

); : : : ; (x

n

; y

n

)) be a se-

quen
e of data 
onsisting of pairs (x; y) where the x and y are real numbers. We are

interested in �nding a fun
tional relationship between x and y: we look for a fun
-

tion H su
h that H(x) predi
ts y reasonably well. Again we may want to use the H

we found for predi
ting future data. The 
lassi
al statisti
al solution to this problem

is to do a standard regression: we sele
t the linear fun
tion that is optimal in the

least-squares sense, i.e. the linear fun
tion H for whi
h the sum of the squared errors

P

1�i�n

(H(x

i

)� y

i

)

2

is as small as possible (Figure 1.1 on page x). We end up with a

line that seems to 
apture some of the regularity in the data, but de�nitely not very

mu
h - it seems to under�t the data. A more interesting task is to look for the best


urve within a broader 
lass of possible 
andidates. For example, let us look for the

best polynomial. A naive extension of the 
lassi
al statisti
al solution will now typi
ally

pi
k a polynomial of degree n � 1 that 
ompletely 
overs the data: it will go exa
tly

through all the points (x

i

; y

i

) (Figure 1.2). Intuitively, this may not be the polynomial

we are looking for { we run a large risk of over�tting. Again intuitively, we might

prefer a third-degree polynomial (Figure 1.3): one that has small (but not 0) error and

still is relatively simple (i.e. has few 
oeÆ
ients). In other words, we are looking for

an optimal trade-o� between model 
omplexity (i.e. the number of 
oeÆ
ients in the

polynomial) and goodness-of-�t. The more 
oeÆ
ients a polynomial H has, the more

bits we need to des
ribe it. On the other hand, we 
an use a polynomial H to 
ompress

the des
ription of data points (x

n

; y

n

). Rather than des
ribing them literally by a list

(x

1

; : : : ; x

n

; y

1

; : : : ; y

n

) (en
oded in binary), we en
ode the list (x

1

; : : : ; x

n

) and the

list of errors (y

1

�H(x

1

))

2

; : : : ; (y

n

�H(x

n

))

2

). If the polynomial H �ts the data well,

the range of the errors will be mu
h smaller than the range of y

i

. Therefore, we need

less bits to en
ode the errors than to en
ode the y

i

. The two-part 
ode MDL Prin
iple

opts for the hypothesis that minimizes the sum of the two des
ription lengths involved
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and therefore a
hieves the desired trade-o�. It 
an be shown [14℄ that su
h a trade-o�

is not just intuitively, but in many 
ases also provably a good 
hoi
e.

1.2 Probabilisti
 Preliminaries

We have informally presented the basi
 ideas behind the MDL Prin
iple. To make these

ideas more formal, we review some basi
 fa
ts of probability theory and information

theory. We �rst introdu
e mu
h of the notation that will be used throughout this

thesis:

Notational Conventions We work with probability distributions P de�ned over a

sample spa
e E. Throughout this thesis, E will always be either �nite, 
ountably

in�nite or a subset of R

k

. Here R stands for the real numbers and k � 1. If E � R

k

then we 
all E 
ontinuous.

Let X

n

be a random variable that 
an take on values in E

n

. In the 
ase of 
ountable

E, we abbreviate P (X

n

= x

n

) to P (x

n

). In the 
ase of 
ontinuous E, f : E ! [0; 1℄

denotes the density fun
tion of P . We often deal with sample spa
es that are allowed

to be either 
ountable or 
ontinuous. In that 
ase, we will give the formulas only for

the 
ountable 
ase. The appropriate formulas for the 
ontinuous 
ase 
an be arrived at

by substituting f(x) for P (x) and repla
ing all sums by 
orresponding integrals. For

example,

P

x2E

P (x)�(x) be
omes

R

x2E

f(x)�(x)dx.

The de�nition of A

+

and A

�

(page 7) is extended to sample spa
es E. We use `log'

for logarithm to base two, and `ln' for natural logarithm. For x 2 R, the 
eiling of x,

denoted by dxe, stands for the smallest integer that is greater than or equal to x. For

a �nite set X, we use jXj to denote the number of elements in X.

For all D 2 E

�

, we denote by L

C

(D) the length (number of bits) of the des
ription

of D when the des
ription is done using 
ode C. In some 
ases we will use indexed


odes C

i

. We then use L

i

as shorthand for L

C

i

.

We extend the de�nition of 
odes to partial odes:

De�nition 1.4 Let A be some alphabet. Let A

0

be some subset of A

+

. A partial 
ode

for the set A

0

is a one-to-one map from A

0

to B

+

.

If, for a partial 
ode C, C(D) is not de�ned, then we write L

C

(D) =1. Hen
eforth,

we use the word `
ode' to denote both proper (as in De�nition 1.2) and partial 
odes.

1.2.1 Probabilisti
 Models

Many interesting model 
lasses are probabilisti
 in the sense that ea
h model in the 
lass

represents a probability distribution over all possible data sequen
es. Examples are the


lass of all Bernoulli pro
esses, the 
lass of all Markov Chains, the 
lass of all normal

distributions et
. Intuitively, a probabilisti
 model is a probability distribution de�ned

over arbitrarily long samples

3

. To formally de�ne probabilisti
 models as a parti
ular

3

Our de�nition of a probabilisti
 model 
oin
ides with what Rissanen [128℄ 
alls an information

sour
e and what is 
alled a `random pro
ess' in probability theory.
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lass of probability distributions requires measure theory, whi
h we want to avoid here.

We therefore adopt a standard alternative de�nition:

De�nition 1.5 Let E be a sample spa
e. A probabilisti
 model over E is a fun
tion

P : E

�

! [0; 1℄ su
h that for all n � 0, all x

n

2 E

n

we have:

1.

P

z2E

P (x

n

z) = P (x

n

) (this is usually 
alled the 
ompatibility 
ondition).

2. P (�) = 1 where � is the empty sequen
e.

The two 
onditions above simply say that the `event' that data x

n

z arrives is equivalent

to the event that data x

n

arrives �rst and data z arrives afterwards [128℄. If E is


ontinuous then the sum in the de�nition above is repla
ed by an integral but otherwise

nothing 
hanges.

Let P be a probabilisti
 model over E

�

. If for all n, all x

n

2 E

n

and x

n+1

2 E,

P (x

n+1

jx

n

) = P (x

n+1

), we say that the data are i.i.d. (independently and identi
ally

distributed) a

ording to P . We 
all a 
lass of probabilisti
 models an i.i.d. model


lass if it fully 
onsists of probabilisti
 models whi
h render the data i.i.d.

1.2.2 Conne
ting Codes and Probability Distributions

In this subse
tion we establish a very fundamental 
onne
tion between 
odes and

probability distributions; it is this 
onne
tion whi
h brings MDL into the realm of

probability theory and traditional statisti
s.

We �rst re
onsider the 
ode C

1

for alphabet A

1

= fa; b; 
g introdu
ed in Se
-

tion 1.1.1. An interesting feature of this 
ode is that we do not need any 
ommas

separating the 
ode words. This is possible be
ause no extension of a 
ode word 
an

itself be a 
ode word. Hen
e if we de-
ode from left-to-right, we always know at what

point the subsequen
e used to en
ode one parti
ular data symbol ends and the en
od-

ing of the next symbol starts, thus eliminating the need for 
ommas. Codes with this

property are usually 
alled instantaneous or pre�x 
odes (sin
e no 
ode word 
an be

a pre�x of any other 
ode word).

Noti
e that if it were ne
essary to use 
ommas in our des
ription, we would really

be working with a ternary, not a binary alphabet. So on
e we have de
ided to en
ode

all our data in binary, we should use only zeroes and ones and no 
ommas. We already

impli
itly demanded this in De�nition 1.2 where a 
ode was de�ned as a mapping into

B

+

= f0; 1g

+

, not f0; 1; `,'g

+

. Not all su
h 
omma-free 
odes are also pre�x 
odes.

However, one 
an show (see [30℄, Theorem 5.2.2, 
ombined with Theorem 5.5.1) that,

for every 
omma-free 
ode C : A

+

! B

+

, there exists a pre�x 
ode C

0

su
h that for

all D 2 A

+

, L

C

(D) = L

C

0

(D). Sin
e MDL is only 
on
erned with 
odelengths rather

than a
tual en
odings, it follows that we may restri
t ourselves to pre�x 
odes without

any loss of generality. Hen
eforth, whenever we use the word `
ode', we therefore really

mean a `pre�x 
ode'. One 
an relate pre�x 
odes to probability distributions, and this

has some very important 
onsequen
es. At this point, the reader who only wants to

get a qui
k overview of MDL may wish to skip the te
hni
alities below and only read

about these 
onsequen
es; they are summarized in Se
tion 1.2.3.
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0
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Figure 1.1: Binary 
ode tree for the Kraft inequality using alphabet fa; b; 
g and 
ode

C

1

(a) = 0;C

1

(b) = 10;C

1

(
) = 11

The Kraft Inequality

As was dis
ussed on page 8, a 
ru
ial property of 
odes is the fa
t that ea
h 
ode for

E 
an assign short 
ode lengths only to very few elements in E.

Probability distributions P over E have the property that

P

x2E

P (x) = 1. Hen
e,

ea
h P 
an only assign high probability to very few elements in E.

There is an analogy here. Indeed, it turns out that short 
ode lengths 
an be for-

mally related to high probabilities. The exa
t relation is given by the Kraft Inequality

[88℄:

Theorem 1.6 (Kraft Inequality) For any instantaneous 
ode (pre�x 
ode) C :

A! B

�

for a �nite alphabet A = f1; : : : ; kg, the 
odeword lengths L

C

(1); : : : , L

C

(k)

must satisfy the inequality

X

x2A

2

�L

C

(x)

� 1: (1.4)

Conversely, given a set of 
odeword lengths that satisfy this inequality, there exists an

instantaneous 
ode with these word lengths.

Proof: [adapted from [30℄℄ We write l

max

for the length of the longest 
odeword in

the set of 
odewords: l

max

= max

x2A

L

C

(x). We write l

i

as an abbreviation of L

C

(i).

Consider the full binary tree of depth l

max

, where ea
h bran
h is asso
iated with

either 0 or 1 (see Figure 1.1). In this tree, ea
h 
odeword 
orresponds to a unique path

starting at the root node: the �rst (leftmost) bit of the 
odeword determines whi
h of

the two 
hildren of the root node is visited; the se
ond bit determines whi
h of the two


hildren of the �rst visited node is visited et
. The length of the path is equal to the
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length of the 
odeword. As an example, Figure 1.1 shows the paths for our example


ode C

1

of the previous subse
tion. With ea
h 
odeword we asso
iate the node at the

end of the path that 
oin
ides with the 
odeword. For example, the node `10' is the

node at the end of the path taking bran
h 1 at the root node and then taking bran
h

0.

We de�ne the i-th level (denoted by level

i

) of the tree to be the set of all nodes of

the tree at depth i. The pre�x 
ondition on the 
odewords implies that no 
odeword

is an an
estor of any other 
odeword on the tree. Hen
e, ea
h 
odeword eliminates

its des
endants as possible 
odewords. The 
odeword i, together with its des
endants,

de�nes a subtree of possible extensions of the 
odeword up to depth l

max

. If l

i

= l

max

,

this subtree 
oin
ides with the node i itself. If l

i

= l

max

� 1, the subtree 
onsists of

the node i together with its two 
hildren, and so on. Let d

i

be the set of leaves of

the subtree belonging to i. We have 2

�l

i

= jd

i

j � 2

�l

max

. Also jlevel

l

max

j2

�l

max

=

2

l

max

2

�l

max

= 1. Sin
e the pre�x property implies that all d

i

are disjoint, we have

X

i2A

2

�L

C

(i)

=

X

1�i�m

2

�l

i

=

X

1�i�m

jd

i

j � 2

�l

max

� jlevel

l

max

j2

�l

max

= 1

whi
h implies the Kraft inequality (1.4).

Conversely, given any set of 
odeword lengths l

1

; : : : ; l

m

satisfying the Kraft in-

equality, we 
an always 
onstru
t a tree like the one in Figure 1.1. Label the �rst node

(lexi
ographi
ally) of depth l

1

as 
odeword of 1. Label the �rst node (lexi
ographi-


ally) that has depth l

2

and that is not a des
endant from the node 1 as 
odeword of

2 et
. In this way, we 
onstru
t a pre�x 
ode with the spe
i�ed l

1

; : : : ; l

m

. 2

Let E be �nite and C be a 
ode for E. From the Kraft inequality we immediately

see that there exists a probability distribution P de�ned over the spa
e E [ f2g su
h

that for all x 2 E, P (x) = 2

�L

C

(x)

(we need the extra symbol `2' to ensure that

P

x

P (x) = 1).

Similarly, let P be a probability distribution over the �nite spa
e E. By the Kraft

inequality (1.4) we see immediately that there exists a 
ode C for E su
h that for all

x 2 E: L

C

(x) = d� logP (x)e. This 
ode is 
alled the Shannon-Fano 
ode [30℄.

We will ignore the e�e
t of rounding up and drop the integer requirement for 
ode

lengths. On
e we have done this, we obtain a a 
orresponden
e between probability

distributions and pre�x 
odes : to every P , there is a 
orresponding C su
h that the


ode lengths L

C

(x) are equal to � logP (x) for all x 2 E. At the same time, for every

C there is a 
orresponding P su
h that the 
ode lengths L

C

(x) are equal to � logP (x)

for all x 2 E.

Sin
e an analogue to the Kraft Inequality 
an be proven for 
ountably in�nite

alphabets, the 
orresponden
e still holds for 
ountably in�nite E ([30℄). We now


onsider the 
ase where E � R

k

. As �rst noted on page 7, in pra
ti
e we will always

be 
onfronted with data that is re
orded up to a �nite pre
ision d. That is, instead of

using a probability distribution P with density fun
tion P de�ned over E, in reality we

use a dis
retized version P

0

of P , with probability mass fun
tion P

0

, de�ned on a large

but �nite subset E

0

of E. For this P

0

and all x 2 E

0

, we have P

0

(x) = (1=K)P (x) for

some 
onstant K whi
h depends on the pre
ision that is being used. Using the 
ode

lengths of the 
ode C

0


orresponding to P

0

we �nd that L

C

0

(x) = � logP (x)+logK for
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all x 2 E

0

. Sin
e logK does not depend on x, we may safely negle
t it in our analyses

(see [128℄ for details). We 
an then on
e more regard � logP (x) as an `idealized' 
ode

length.

1.2.3 Identifying Codes and Probability Distributions

The above 
an be summarized as follows:

Corresponden
e between Probability Distributions and Pre�x Codes

Let E be a sample spa
e. Let P be a probability distribution over E

n

, the set of

sequen
es of length n. Then there exists a pre�x 
ode C for E

n

su
h that for all

x

n

2 E

n

, L

C

(x

n

) = � logP (x

n

). C is 
alled the 
ode 
orresponding to P .

Similarly, let C

0

be a pre�x 
ode for E

n

. Then there exists a probability distri-

bution P

0

su
h that for all x

n

2 E

n

, � logP

0

(x

n

) = L

C

0

(x

n

). P

0

is 
alled the

probability distribution 
orresponding to C

0

.

The 
orresponden
e allows us to identify 
odes and probability distributions, su
h

that a short 
ode length 
orresponds to a high probability and vi
e versa.

In this 
orresponden
e, probability distributions are treated as mathemati
al obje
ts

and nothing else. If we use a 
ode C to en
ode our data, this de�nitely does not ne
es-

sarily mean that we assume our data is drawn a

ording to the probability distribution


orresponding to C.

The identi�
ation of probability distributions and 
odes allows for a probabilisti


reinterpretation of the minimum des
ription length prin
iple as a maximum probability

prin
iple, sin
e short 
ode lengths 
orrespond to high probabilities and vi
e versa. This

reinterpretation will be worked out in the se
tions to 
ome.

1.3 Formalizing the Two-Part Code

Let M be some 
lass of models and let D be a given data sequen
e. As we saw in

Se
tion 1.1.4, the (two-part 
ode) MDL Prin
iple tells us to look for the hypothesis

H 2 M that minimizes the sum of the des
ription length of H plus the des
ription

length of the data when en
oded with the help of H . This means that two di�erent


odes are involved: a 
ode C

1

to en
ode our hypotheses, and a 
ode C

2

to en
ode

our data D using the hypothesis. In mathemati
al notation, the MDL Prin
iple then

be
omes: we should pi
k the H

mdl

2 M with

H

mdl

= arg min

H2M

fL

C

2

(DjH) + L

C

1

(H)g (1.5)

Here the notation argmin f(x) denotes the x minimizing f(x). If there is more than

oneH 2 M for whi
h L

C

2

(DjH)+L

C

1

(H) is minimized, we pi
k the one with minimum

hypothesis 
omplexity L

C

1

(H). If this still leaves us with several possible H , we do
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not have a further preferen
e among them. For ea
h di�erent H , C

2

will en
ode the

data D in a di�erent way: it en
odes it `with the help of H '. Therefore, C

2

is not

really one single 
ode but rather a fun
tion that maps ea
h H 2M to a di�erent 
ode

C

2

(�jH). The notation L

C

2

(DjH) in Equation. (1.5) is used to denote the length of

en
oding C

2

(DjH).

The single 
ode over data sequen
es D that results from 
oding ea
h D using the

H

mdl

that is optimal for this spe
i�
 D is 
alled the two-part MDL-
ode. We denote

the 
ode lengths resulting from this 
ode by L

2-p

(�jM):

L

2-p

(DjM) = L

C

2

(DjH

mdl

) + L

C

1

(H

mdl

) (1.6)

where H

mdl

depends on D and is given by (1.5).

1.3.1 Two-Part Codes for Probabilisti
 Model Classes

Most of traditional statisti
s is 
on
erned with 
lasses 
onsisting of probabilisti
 mod-

els. We assume su
h 
lasses to be parameterized by a ve
tor � 
oming from some set

of possible parameter ve
tors �. The 
lass of models 
an then be written as

M = fP (�j�) j � 2 �g

where the P (�j�) are all probabilisti
 models for the same sample spa
e E. P (�j�) 
an

be read as `the probability of the data given that the model used is �'; examples will

be given below. Noti
e that, stri
tly speaking, � does not denote a model but a name

for a model. This di�eren
e will be
ome relevant in later 
hapters. For now, we simply

use H to denote non-probabilisti
 models and � to denote probabilisti
 models and

write, with some slight abuse of notation, � 2M instead of � 2 �.

By the remarks in Se
tion 1.2.3, we know that there exists a 
ode C su
h that

� logP (Dj�) = L

C

(D) for all D of length n. It is this 
ode we will use for C

2

: for

every � 2 M, we get L

C

2

(Dj�) = � logP (Dj�) for all D. Noti
e that this 
hoi
e for

C

2

gives a short 
ode length to sequen
es whi
h have high probability a

ording to �

while it gives a high 
ode length to sequen
es with low probability. The 
ode length

thus re
e
ts the goodness-of-�t of the data with respe
t to �, sin
e the higher the

probability of D a

ording to �, the better � �ts D. As explained at the beginning

of this se
tion, our aim is a trade-o� between goodness-of-�t and 
omplexity. This

makes the 
hoi
e of C

2

su
h that L

C

2

(Dj�) = � logP (Dj�) a natural one. Whether

this is really the only reasonable possibility for C

2

is a subtle issue. It will be dis
ussed

further in Chapter 2 (Se
tions 2.2) and then, at length, in Chapter 5, Se
tion 5.4). For

now, we assume C

2

is de�ned as indi
ated above. The MDL Prin
iple for probabilisti


model 
lasses thus tells us to pi
k the following model �

mdl

when given data D:

�

mdl

= arg min

�2M

f� logP (Dj�) + L

C

1

(�)g (1.7)

where C

1

still has to be spe
i�ed.

MDL and ML In the well-known method of Maximum Likelihood (ML) Estimation

(see any introdu
tory textbook on statisti
s, for example [6℄), we estimate a proba-

bility distribution from a given set of data D by taking the probabilisti
 model � that



18 CHAPTER 1. A FIRST INTRODUCTION TO THE MDL PRINCIPLE

maximizes the probability of D. We denote this � by

^

�. Sometimes we write

^

�(D)

rather than

^

�, in order to stress that

^

� a
tually depends on D. If we pi
k our models

from model 
lass M, we 
an write

^

�(D) =

^

� = argmax

�2M

P (Dj�) = arg min

�2M

f� logP (Dj�)g (1.8)

where the last equality follows from the fa
t that log and `�' are monotonous trans-

formations. Combining (1.7) and (1.8), we see that the ML estimator

^

� 
an be seen as

an approximation of the MDL estimator �

mdl

: the MDL estimator be
omes the ML

estimator

^

� if we negle
t the 
omplexity term L

C

1

(�).

Example 1.1 (
ontinued) We 
onsider the 
lass of Bernoulli models for the binary

sequen
es given in Example 1.1 on page 5. Ea
h model is identi�ed with a parameter

� 2 [0; 1℄:

De�nition 1.7 Let E = f0; 1g. The Bernoulli model P (�j�) is de�ned as follows: for

all n, all x

n

2 E

n

, P (X

n+1

= 1jX

n

= x

n

) = P (X

1

= 1) = �.

In other words, we regard the data as being generated by independent tosses of a

biased 
oin with probability � of 
oming up `heads' (whi
h we identify with `1'). Let

us 
onsider sequen
e (1.3) of Se
tion 1.1 again. This sequen
e 
ontains four times as

many 0s than 1s. Clearly, the ML estimator for this sequen
e is

^

� = 1=5. In general,

for a sequen
e D of length n with a fra
tion of 
 1s, we have

^

�(D) = 
: the ML

Bernoulli model 
oin
ides with the frequen
y of 1s. We have:

� logP (Dj

^

�(D)) = � log 



�n

(1� 
)

(1�
)�n

� log

�

n


n

�

: (1.9)

where the rightmost (approximate) equality will be shown to hold in Chapter 3, Se
-

tion 3.5, page 59. In Se
tion 1.1, we suggested to 
ode sequen
e (1.3) by �rst stating 
,

the frequen
y of 1s in the data string D, and then giving its index in the lexi
ograph-

i
al ordering of all sequen
es with the same fra
tion 
 of 1s. We saw that the se
ond

part of this 
ode would take approximately log

�

n


n

�

bits. We now see that if we 
ode

the data D using the 
ode 
orresponding to a Bernoulli model, we are really doing

something similar: we �rst, using 
ode C

1

, en
ode the number

^

�, whi
h 
orresponds

to the frequen
y of 1s in D. Then we 
ode the data `with the help of'

^

�, whi
h takes

approximately log

�

n

^

��n

�

bits, about the same amount of bits as it would take to spe
ify

the index in the ordering referred to above.

However, there is also a big di�eren
e between 
oding by giving an index and


oding using the 
ode 
orresponding to a distribution �: in the se
ond 
ase, we 
an

also en
ode data strings D

0

for whi
h the frequen
y of 1s is not equal to �, and this will

take us � logP (D

0

j�) bits. To fully des
ribe the data D, we also need to des
ribe the

parameter �

mdl

itself. �

mdl

is not ne
essarily equal to

^

�. To en
ode

^

�, we need to work

with a fairly high pre
ision. Often, there is another � 2 M for whi
h � logP (Dj�) is

just a little lower but whi
h 
an be en
oded using mu
h lower pre
ision. For su
h a �,

the sum (1.7) will be lower than for

^

�. We now show how to en
ode values of �.
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The Code C

1

- Des
riptions as Messages To explain the 
ode C

1

, it will be

useful to interpret des
riptions as messages. We 
an always think of a des
ription as

a message that some sender or en
oder, say Mr. A, sends to some re
eiver or de
oder,

say Mr. B. Before sending any messages, Mr. A. and Mr. B. meet in person. They

agree upon a des
ription method that will be used by A to send his messages to B.

On
e this has been done, A and B go ba
k to their respe
tive homes and A sends his

messages to B in the form of binary strings. The fa
t that a des
ription method must

be one-to-many (page 7) implies that, when B re
eives a message, he should always be

able to de
ode it in a unique manner.

In the 2-part 
oding s
heme, A �rst sends a parameter value � 2 M to B; only

then does he send an en
oding of the data D. If M 
ontains only one single model �

1

,

then B knows beforehand what A wants to send. So A does not have to send anything

and the des
ription of �

1

takes 0 bits.

If we 
onsider a model 
lass 
ontaining a �nite number of elements k, then there

are k di�erent possible messages. Hen
e A and B must agree on a des
ription method

that assigns di�erent en
odings to all these k messages. If k = 2

d

for some d, then

there exists a des
ription method for doing this that assigns 
ode length d to all k

possibilities. Similarly, if, as in our Bernoulli example, we want to des
ribe a parameter

� 2 R, we have to trun
ate � to a �nite pre
ision. If we use a �xed pre
ision d, then

we need d bits to send one of the 2

d

possible trun
ated parameter values.

Sin
e, for every � 2 M (M still denoting the Bernoulli models), we would like to

be able to des
ribe parameter values that are as 
lose to � as we want, we need to work

with a pre
ision that is not �xed. Therefore, when sending a value �

d

, we �rst need

to en
ode the parti
ular value d with whi
h � will be en
oded, otherwise a de
oder

would not know how many bits the des
ription of � would take. We have to en
ode

d using a pre�x 
ode, otherwise the de
oder 
annot de
ide on
e more at what point

he has �nished de
oding the number d and should start de
oding the value of � itself.

To see how to 
ode d, �rst 
onsider a primitive pre�x 
ode whi
h en
odes the natural

numbers n > 0 as follows: the number n is en
oded as 0

n�1

1, i.e. (n� 1) 0s followed

by a 1. We 
all this the trivial 
ode for n. Clearly, this 
ode has the pre�x property.

We 
an turn this 
ode into a more eÆ
ient one that is still pre�x as follows: we �rst

en
ode, in the `trivial' way, the length that the des
ription of n would have if it were

written in binary in the standard (non-pre�x) manner (that is, we write `1' as 0, `2' as

1, `3' as 10 and so on). This length is dlogne. We let this �rst en
oding be followed

by the en
oding of n in this standard non-pre�x manner. This 2-part message will

take 2dlogne bits. A de
oder 
an now �rst de
ode the length of n; he then knows how

many bits the 
oding of n will take so he 
an start de
oding it and will know exa
tly

when he is done de
oding it: the resulting 
ode still has the pre�x property. Hen
e the

number n is en
oded using 2 � dlogne bits. But we 
an also repeat the tri
k, and �rst

en
ode the length of the length of n in the trivial manner, and then en
ode �rst the

length of n and then n itself in the non-pre�x free manner. Again, the resulting 
ode

will be pre�x free. In this way, we need 2 � dlogdlognee + dlogne � 2 log logn + logn

bits.

If we en
ode the pre
ision d in this way, the de
oder 
an �rst de
ode d. He then

knows that d more bits follow for the parameter value itself, so he also knows at what

point he will be done de
oding � and 
an start de
oding the data using �: the resulting
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ode C

1

takes

L

C

1

(�) � d+ log d+ 2 log log d bits. (1.10)

One 
an show that asymptoti
ally, the optimal pre
ision d for en
oding a sample of

size n is given by

d(n) =

1

2

logn+ 
 (1.11)

where 
 is a 
onstant that 
an also be 
omputed ([128℄, page 57). So, alternatively,

in our en
oder-de
oder setting, sender and re
eiver may opt for a 
ode in whi
h the

pre
ision is given by (1.11). Then the re
eiver always knows what pre
ision the sender

will use in 
oding the value � and 
an uniquely de
ode it (we assume here that the

sample size n is known to both sender and re
eiver in advan
e). In this way, the


ode length L

C

1

(�) be
omes equal to d(n) as given in (1.11): 
oding the parameter �

takes 1=2 logn + 
 bits, while d itself does not have to be en
oded any more, so the

log d + 2 log log d term disappears. For large n, (1.11) will lead to a slightly shorter


ode length than the 
ode with lengths (1.10).

In this 
ase of a model 
lass with a single parameter, L

C

1

(�) (growing logarithmi-


ally in n) will in general be mu
h smaller than L

C

2

(Dj�) whi
h 
learly grows linearly

in n for all 0 < � < 1. Hen
e, negle
ting L

C

1

(�) will not lead to mu
h trouble. This is

in sharp 
ontrast with the many-parameter setting, as shown in the next example.

There is one important detail in the 
oding pro
edure that we have glossed over so

far: how do we map parameters to their en
oded values? If we use pre
ision d = 2,

we 
an en
ode four possible parameter values (�

00

; �

01

; �

10

; �

11

). Whi
h four should

we take? (0; 1=3; 2=3; 1)? Or (1=5; 2=5; 3=5; 4=5)? Or something else? This tri
ky

question has been given a full answer only very re
ently [129℄; see also Chapter 7. In

most pra
ti
al situations, 
odes with equal spa
ing between the parameter values will

work reasonably well.

1.4 Two-Part Codes for Non-Probabilisti
 Model

Classes; Supervised Learning

We now dis
uss how to 
onstru
t two-part 
odes for non-probabilisti
 model 
lasses.

As in the probabilisti
 
ase, we must �rst 
onstru
t the 
ode C

2

and then the 
ode

C

1

, where C

1

and C

2

are used as in Equation 1.6. We show how to do this using our

polynomial example:

Example 1.3 (
ontinued) Let the model 
lass M 
onsist of the 
lass of all poly-

nomials. We seek a polynomial H that provides a good trade-o� between 
omplexity

and goodness-of-�t as measured by the total squared error

P

1�i�n

(H(x

i

) � y

i

)

2

. In

Se
tion 1.5 (and more 
ompletely in Chapter 5, Se
tion 5.3.5) we dis
uss why it makes

sense to take the squared error fun
tion here.
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Supervised Learning The 
ode C

1

will be used to en
ode polynomials; the 
ode

C

2

will be used to en
ode data D = (x

n

; y

n

) with the help of a polynomial H . Sin
e

we are only interested in �nding out how the y

i

depend on the x

i

, we may regard the

x

i

as given. Indeed, after one has sele
ted a polynomial H on the basis of (x

n

; y

n

)

and one is asked to use it to predi
t future data, one will usually also be given some

new value of x and one will then predi
t y as H(x). Learning fun
tions H : E

x

! E

y

with the goal of predi
ting y-values on the basis of H(x) is 
alled supervised learning

in the ma
hine learning/neural network literature [72℄; it 
orresponds to regression in

statisti
s [6℄.

Regarding the x

i

as given means that we do not have to en
ode them

4

. In the

en
oder-de
oder setting introdu
ed in the previous se
tion, this 
orresponds to the

situation that x

1

; : : : ; x

n

are known both to en
oder and de
oder.

The Code C

2

In the 
ase of probabilisti
 model 
lasses, we turned ea
h model into

a 
ode su
h that high probability of the data 
orresponded to a short 
ode length

of the data; our goal in doing this was to get the 
ode length of data D to re
e
t

the goodness-of-�t of D with respe
t to the hypothesis: the higher the probability of

the data a

ording to a hypothesis, the better the hypothesis �ts the data. In the

present (polynomial) example, goodness-of-�t is de�ned in terms of squared errors:

polynomial H gives a better �t on the set of points (x

i

; y

i

) than on the set of points

(x

i

; z

i

) i� er

sq

(y

n

jH; x

n

) < er

sq

(z

n

jH; x

n

) where er

sq

is the total squared error:

er

sq

(y

n

jH; x

n

) =

P

n

i=1

(y

i

�H(x

i

))

2

. In analogy to the 
ase of probabilisti
 models,

we would like the des
ription length of the data y

1

; : : : ; y

n

given hypothesis H and

x

1

; : : : ; x

n

to re
e
t how well H �ts data (x

n

; y

n

): the shorter the 
ode length, the

better the �t. This will be a
hieved if we 
an manage to 
onstru
t a 
ode C

2

su
h that

for all D = ((x

1

; y

1

); : : : ; (x

n

; y

n

)) and all H :

L

C

2

(y

1

; : : : ; y

n

jH; x

1

; : : : ; x

n

) = er

sq

(y

n

jH; x

n

) +K (1.12)

where K is a 
onstant that may depend on n but not on H or any of the y

i

. To see

why a 
ode with lengths given by (1.12) is what we want, note that (1.12) implies for

all (y

1

; : : : ; y

n

) and all (z

1

; : : : ; z

n

) that

�L

C

2

= L

C

2

(z

n

jH; x

n

)� L

C

2

(y

n

jH; x

n

) =

= �er

sq

= er

sq

(z

n

jH; x

n

)� er

sq

(y

n

jH; x

n

)

(1.13)

whi
h means that the di�eren
e in goodness-of-�t between every two datasets is pre-


isely re
e
ted in the di�eren
e in 
ode length. It turns out that we 
an indeed 
on-

stru
t su
h a 
ode C

2

. The reason is that for ea
h H 2 M there exists a probability

distribution P (�jH) su
h that, for all (x

n

; y

n

),

� logP (y

n

jH; x

n

) = er

sq

(y

n

jH; x

n

) +K (1.14)

We know from Se
tion 1.2.3 that the existen
e of P (�jH; x

n

) implies the existen
e of a


ode C(�jH) with 
ode lengths given by L

C

(y

n

jH; x

n

) = er

sq

(y

n

jH; x

n

) +K. Below

4

En
oding the x

i

after all does not 
hange anything really essential though, as will be shown at

the end of this se
tion.
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we verify that the probability distribution P whi
h a
hieves this for us is simply the

n-fold produ
t distribution of a 
onditional

Gaussian (normal) distribution. More pre
isely, it has density fun
tion f given by:

f(y

n

jH; x

n

) =

n

Y

i=1

f(y

i

jH; x

i

) where

f(yjH; x) =

1

p

2��

exp(�

(y �H(x))

2

2�

2

) with varian
e �

2

= (2 ln 2)

�1

:

(1.15)

Hen
e, 
onditioned on x

i

the y

i

are independently normally distributed with mean

�

i

= H(x

i

) and 
onstant varian
e �

2

. We 
an now verify at on
e that (1.14) holds:

� log f(y

n

jH; x

n

) = �

n

X

i=1

log f(y

i

jH; x

i

) = er

sq

(y

n

jH; x

n

) +K

where both equalities follow by plugging in the expressions for f(y

i

jH; x

i

) given in

(1.15).

The Code C

1

and the Sum En
oding a polynomial H

k;d

of the (k � 1)-st degree

up to d bits pre
ision per parameter is done by a straightforward extension of the

pro
edure used for Bernoulli models: we �rst 
ode d and k in a pre�x-free manner, and

then we en
ode the k parameter values using kd bits. We omit the details. Combining

the resulting L

C

1

with L

C

2

as given by (1.12), the sum of the two des
ription lengths

be
omes:

L(y

n

;H

k;d

jx

n

) =

error term

z }| {

n

X

i=1

(y

i

�H

k;d

(x

i

))

2

+


omplexity term

z }| {

2(log log k + log log d) + log kd+ kd+K

(1.16)

Here K is a term that does not depend on H

k;d

and that therefore does not play any

role when �nding the H

k;d

that minimizes (1.16) (but see below!). A

ording to the

MDL Prin
iple, we should now prefer the H

k;d

for whi
h (1.16) is minimized. This is

the optimal trade-o� between the error term (y

i

�H

k;d

(x

i

))

2

and the 
omplexity terms

involving k and d. The overall optimum depends on both the degree of the polynomial

and the pre
ision with whi
h to en
ode the parameter values.

If we want to optimize the behaviour of MDL, the 
onstant K be
omes important

after all. Matters get a lot more 
ompli
ated on
e we start involving K, and we defer

their dis
ussion to Chapter 5, Se
tion 5.2.

Let �

1

; : : : ; �

k

be the parameters of a (k � 1)-st degree polynomial. Just like in the
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Bernoulli example, it 
an be shown that asymptoti
ally, the optimal pre
ision for ea
h

parameter �

i

is given by d

i

= 1=2 logn+


i

for some 
onstant 


i

([128℄, page 56). Using

this pre
ision (whi
h 
an be derived from the sample size n) the value d does not have

to be en
oded any more and (1.16) be
omes:

L(y

n

;H

k;d

jx

n

) =

n

P

i=1

(y

i

�H

k;d

(x

i

))

2

+

k

2

logn+ 2 log log k + log k +K

0

(1.17)

for some 
onstant K

0

.

When x

i

are not regarded as given The MDL Prin
iple tells us that we should

�nd a short des
ription for all our data (Se
tion 1.1.1). One may argue that, sin
e the

data in
lude x

n

, we should also des
ribe x

n

whi
h would lead to a 
ode length larger

than (1.16). However, this will still lead us to pi
k the same optimal H

k;d

as shown by

the following argument: suppose we �rst en
ode the x

i

using some 
ode C

3

. We then


ode a polynomial H using 
ode C

1

, followed by an en
oding of the y

i

based on the


ode C

2

. We then get as a total 
ode length:

L(x

n

; y

n

;H

k;d

) = L(y

n

;H

k;d

jx

n

) + L

C

3

(x

n

) (1.18)

where L(y

n

;H

k;d

jx

n

) is as in (1.16). Clearly, for every �xed D, the H

k;d

minimizing

(1.18) 
oin
ides with the H

k;d

minimizing (1.16).

Semi-Probabilisti
 Interpretation of Non-probabilisti
 Model Classes

The squared error fun
tion led to a spe
i�
 
ode C

2

. We have seen that this 
ode


oin
ided with the 
ode 
orresponding to a distribution that makes the y

i

indepen-

dently distributed around H(x

i

) with Gaussian noise of a spe
i�
 varian
e. It seems

as if using the squared error fun
tion implies an impli
it assumption of Gaussian noise.

But this is not true: at this point we should stress on
e again that this probability dis-

tribution is just a means of des
ribing, or equivalently modeling our data. We dis
uss

in the next se
tion (and prove in Chapter 5) that even if the data is generated (drawn)

a

ording to a 
ompletely di�erent distribution, it may still be useful and harmless to

model it using a normal distribution.

1.4.1 MDL and the model that best �ts the data

It 
an be shown [128℄ that an analogue to Equation 1.17 holds in great generality;

for all suÆ
iently regular model 
lasses the optimal number of bits needed to en
ode

the parameters is 1=2 logn for ea
h parameter. If we use a 
lass M

k


ontaining only

models with a �xed number of parameters k (for example, the 
lass of (k�1)-st degree

polynomials), then the number k does not have to be en
oded, and we get:

L(y

n

; �

d

jx

n

) = � logP (y

n

j�

d

; x

n

) +

k

2

logn+O(1) (1.19)
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This formula 
an be used both for the 
ase of probabilisti
 and non-probabilisti
 model


lasses; for, as we shall see in the next 
hapter, the tri
k we applied to the squared

error to turn our hypotheses into 
odes, and hen
e probability distributions, 
an be

employed in general.

From (1.19) we see that for a 
lass with a �xed number of parameters, as n in
reases,

the model inM that maximizes the likelihood and the model �

mdl

inM that minimizes

the des
ription length (1.19) 
onverge: for in
reasing n, the pre
ision with whi
h

parameters �

d

are en
oded be
omes higher and higher, while the 
omplexity term

k=2 logn is independent of �

d

if k is �xed. Therefore, �

mdl

and

^

� must be
ome 
loser

and 
loser.

However, if k is not �xed (for example, when the model 
lass of all polynomials is

used), and when the data 
omes from a noisy sour
e, the model in M that maximizes

the likelihood or, if a non-probabilisti
 model 
lass is used, minimizes the error will

generally `jump around' as the size of the data in
reases: one 
an show that if we have

k data points, we will generally sele
t a k-th degree polynomial (as, for example, in

Figure 1.2 on page x).

In su
h a 
ase though, the MDL estimator will keep 
hoosing simple polynomials.

One 
an show that if the data are truely `generated' by some polynomial H

�

of degree

k with Gaussian noise, then the MDL estimator will generally, on
e the size of the

data set be
omes large enough, 
onverge to the `true' polynomial H

�

with probability

1 [14℄. However, if the true degree k is high, then for small samples, MDL will usually

`under�t': it will pi
k a polynomial of degree lower than k. This 
an be seen from

Equation 1.17: the lower error term for the high degree polynomial does not yet

outweigh its higher 
omplexity term. In the next se
tion we will 
onsider the question

of whether su
h a provisional, overly simple model 
an still be useful.

1.5 MDL is Looking for a Good, not for a True

Model

indexreliable!predi
tion We just saw that, if not enough data is available, MDL will

sometimes pi
k a model that is `too simple'. It is important to realize that this does

not mean that MDL assumes that `simple models are a priori more likely to be true',

or that `nature prefers simpli
ity' or anything like that: the rationale behind pi
king

only simple models when few data is available is rather that the data set is too small to

identify a 
omplex model with any reliability. This is ni
ely illustrated for very 
omplex

models in Figure 1.2 on page x: if the model 
lassM 
ontains just as many parameters

as your sample size n, then for ea
h possible realization of the data you will �nd a

model with a perfe
t �t to the data; if the data is generated by a pro
ess that is prone

to small random 
u
tuations, su
h a model 
learly does not give you any information

about the data: the probability that you will hit upon the right model is about 0. On

the other hand, if you pi
k the model that best �ts the data within a small (simple)

enough model 
lass then the model you pi
k will typi
ally be 
lose to the model within

your 
lass that will give the best predi
tions of future data (in Chapter 2, Se
tion 2.7

we make this more pre
ise and 
onsider how the error you make when predi
ting on
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the basis of a model inferred from a k-dimensional 
lass depends on k).

The fa
t that MDL may pi
k an overly simple model if only few data are available

raises the question whether we 
an `provisionally' use the overly simple model to make

reasonable predi
tions of future data. We give an example:

Example 1.8 [Bernoulli and Markov℄ Suppose you are given a sequen
e of 0s and

1s where the 0s and 1s are not really independent. You are not aware of this fa
t, and

you de
ide to model your data using the Bernoulli model 
lass (De�nition 1.7) whi
h

treats the data items as if they were independent.

To make the example 
on
rete, suppose the data are really distributed a

ording

to a �rst-order Markov 
hain [47℄: a distribution su
h that the probability of 1 at the

(i+1)-st out
ome depends on the i-th out
ome. Let us assume that the `true' Markov


hain P

�

is given by

P

�

(X

i+1

= 1jX

i

= 1) =

2

3

; P

�

(X

i+1

= 1jX

i

= 0) =

1

6

(1.20)

It is easy to show that under su
h a distribution the frequen
y of 1s in a sequen
e

x

1

; x

2

; : : : will, as its length n in
reases, tend to 1=3 with probability 1.

Therefore, if enough data is available and you model the data using the Bernoulli

model 
lass, your optimal model �

mdl

(x

n

) will 
onverge to 1=3 with probability 1 (re
all

that the MDL and the maximum likelihood estimator 
onverge). On the other hand,

if data were truely distributed a

ording to a Bernoulli distribution with P (X = 1) =

1=3, then your model would also, with probability 1, 
onverge to �

mdl

(x

n

) = 1=3:

in both 
ases you would end up with the same optimal model, whi
h, also in both


ases, you would 
onsider to be a reasonable model for your data sin
e it allows for


onsiderable 
ompression: you would need approximately

�

n

3

log

1

3

�

2n

3

log

2

3

+O(log n) (1.21)

bits to 
ode the data

5

(see page 18), whi
h is smaller (by a linear amount) than n, the

number of bits you would have needed if you had en
oded the data literally.

However, in the 
ase where data are distributed a

ording to the Markov 
hain,

you would be able to a
hieve a lot of additional 
ompression if you had used the model


lass 
onsisting of all Markov 
hains rather than the Bernoulli model 
lass. One 
an

show [30℄ that with probability 1, 
oding the data using the 
ode based on the `true'

Markov 
hain will allow for additional (by an amount linear in n) 
ompression of the

data. The �rst-order Markov 
hain itself 
an be en
oded by two parameters. Again,

the optimal pre
ision for doing this will be on the order of 1=2 logn per parameter,

whi
h means that as n gets larger, the total two-part 
odelength based on the 
lass of

Markov 
hains will be smaller than the two-part 
ode length based on the Bernoulli

model 
lass by an amount linear in n.

In pra
ti
e one will often use a model 
lass M

1

and not be aware that there exists

another model 
lass M

2

with whi
h one 
an a
hieve mu
h more 
ompression. The

5

Equation 1.21 needs some additional justi�
ation sin
e both the model �

mdl

(x

n

) and the frequen
y

of 1's will, for �nite n, not be 
ompletely equal to 1=3. However, using results from [26℄ it is not hard

to show that asymptoti
ally, (1.21) will indeed hold with probability one.
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only way to avoid this would be to use the 
lass of all 
omputer programs relative to

some universal 
omputer language; but we have already seen that we 
annot do that

in pra
ti
e. If one uses a more restri
ted 
lass, it 
an always happen that one does not


apture all regularity in the data (Se
tion 1.1.3): if one uses the Bernoulli model 
lass,

it may be that the 
lass of all Markov 
hains provides a better (more 
ompressing)

model

6

. If one uses the 
lass of all Markov 
hains, then it may be that some 
ompletely

di�erent model 
lass a
hieves more 
ompression. One 
an of 
ourse `lump together'

several di�erent model 
lasses into one big model 
lass, but in general, it will simply

be unknown what the optimal model 
lass is for the data at hand and one will use a

suboptimal one.

Su
h a suboptimal model 
lass will 
ontains models that allow for substantial 
om-

pression of the data but that are (a) not in any respe
t `true' and (b) lead to mu
h

less 
ompression of the data than a shortest 
omputer program that prints the data and

then halts.

A

ording to Rissanen's MDL Philosophy [128℄, this is the situation we will typ-

i
ally be in - and we agree. In fa
t, in every appli
ation of MDL we know of, the

model 
lass is immediately seen to be not 
ompletely 
orre
t or even 
learly in
orre
t.

A 
on
rete example of this 
an be found in part II of this thesis, where we use the

very simple `naive Bayes' model 
lass to model e
onomi
, biologi
al and medi
al data,

whi
h obviously has not been generated by any `naive Bayes' model. Nevertheless, the

naive Bayes model allows us to dis
ern regularities in the data whi
h 
an be used to

predi
t and 
lassify future data with surprisingly high a

ura
y.

The MDL philosophy even goes one step further and says that there is no su
h

thing as a `true model' at all: all our models will always be wrong to some extent.

Nevertheless, it is of interest to study the hypotheti
al situation where some `true

model' exists but is quite di�erent from any of the models in our 
lass. If we 
an show

that MDL is well-behaved in su
h a situation, then this 
an serve as an indi
ation

that it will work well in pra
ti
al settings. In this thesis we will study the situation

where data are distributed a

ording to some unknown P

�

that is not ne
essarily

related to any of the models in the model 
lassM used (the models inM may even be

non-probabilisti
). Su
h a situation has been studied before [14, 167℄. It is relatively

easy to show that, under quite general 
onditions, the MDL estimator �

mdl

(x

n

) will


onverge to the model

~

� in M that in some pre
isely de�ned sense is 
losest to P

�

.

However, one may ask what will happen if one uses su
h a model

~

� - whi
h is

partially wrong - instead of P

�

for predi
ting aspe
ts of future data. It is this question

whi
h we will study further in 
hapters 4 and 5. Roughly, in those 
hapters we show

that a model that is quite di�erent from the `true' P

�


an nevertheless be `safe' to

use in the sense that it gives you a 
orre
t impression of how well you 
an predi
t

future data. Let us assume on
e more, as in Example 1.8, that data are generated by a

Markov 
hain but modeled by the Bernoulli 
lass. If we used the model �

mdl

(x

n

) = 1=3

to predi
t the value of the next bit, we would predi
t that a 0 will o

ur rather than a

1. Our model tells us that this will be right in about 2=3 of the 
ases. If future data

6

Of 
ourse there are also 
ases where one has additional reasons for assuming that the data are

independent (for example, they are out
omes of a repeatable experiment). But generally speaking it

is nearly always the 
ase that there may exist some alternative model 
lass for the data at hand that

is better than the one one is using.
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will still be distributed a

ording to the Markov 
hain, then this will give a 
orre
t

impression of the frequen
y of mistakes we will make. As is 
lear from (1.20), if we

use the `true' Markov 
hain instead for predi
ting future data, we will predi
t a 1 if

our last seen out
ome was a 1 and a 0 if it was a 0. This will lead to a mu
h lower

frequen
y of error in predi
ting - the 
omplex model is better. However, using the

simpler Bernoulli model we never expe
ted to predi
t better than with a

ura
y 1=3.

Therefore, though the model is too simple, it is so in a relatively harmless way, sin
e

the model itself tells us that it is not very a

urate: its average performan
e over

future data will be reasonably 
lose to its expe
ted performan
e over future data. In

other words, when using the overly simple Bernoulli model for the data generated by

the Markov 
hain, you do not know very mu
h about the data generating pro
ess, but

you know that you do not know very mu
h.

It turns out (Chapter 5) that a similar statement holds in general: the optimal

model in M for present data will give a 
orre
t impression of the error you will make

if you use it to predi
t future data { provided present and future data are generated

by the same probability distribution. However, this distribution need not be identi
al

or even `
lose' to any of the models in M.

Let us give another example, involving on
e again the 
lass of polynomials. We

assume throughout this example that data are a
tually sampled independently from

the third-degree polynomial depi
ted in Figure 1 with some noise (not ne
essarily

Gaussian), and that we model the data using only the 
lass of �rst degree polynomials.

In that 
ase, the optimal two-part 
ode MDL model as well as the model maximizing

the �t to the data will, with probability 1, 
onverge to the same �rst-degree polynomial

e

H (this will be shown in Chapter 5, Lemma 5.14). This polynomial will look like the

one depi
ted in Figure 1.1. It is 
learly too simple; if we look at the average error

per data item (x

i

; y

i

), we see that it is quite high; the third degree polynomial would

be a better model for the data at hand. Nevertheless, as we will show in Chapter 5

(Theorem 5.19), if we use

e

H as a basis of predi
ting future data, then, with high

probability, we will make approximately the same error on average as we have made

on the data D we have seen so far: the error we will make in predi
ting future data is


lose to the error we would expe
t to make if our model

e

H were a
tually true. Hen
e,

also in this 
ase, using the overly simple model is `safe' in that the model does not

promise you more than you will get.

Modeling versus Generating Distributions Model 
lasses that do not 
ontain

the `true' probabilisti
 model are usually 
alled `misspe
i�ed'. We show in Chapter 5

that under a wide variety of probabilisti
 underlying laws, basing estimates on a `mis-

spe
i�ed' model 
lass will be `safe' in the sense above. Also, it turns out (Chapter 5,

Theorem 5.19) that if we use the squared error fun
tion and hen
e model the data

as if it were subje
t to Gaussian noise, we will still obtain good, `safe' (in the sense

above) results even if the data generating distribution is not Gaussian at all!

We obtain this result (whi
h in itself is not new) as a spe
ial 
ase. It partially

explains why modeling errors using a Gaussian distribution generally leads to good

results. People have often wondered how this is possible, sin
e when we inspe
t obser-

vational data, we �nd more often than not that the empiri
al distribution of the errors
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is not really Gaussian. We quote from Jaynes' forth
oming book ([77℄, Chapter 7):

\In the middle 1950's the writer heard an after-dinner spee
h by Professor

Willy Feller (writer of the 
lassi
 [47℄, PG) , in whi
h he roundly denoun
ed

the pra
ti
e of using Gaussian probability distributions for errors, on the

grounds that the frequen
y distributions of real errors are almost never

Gaussian. Yet in spite of Feller's disapproval, we 
ontinued to use them,

and their ubiquitous su

ess in parameter estimation 
ontinued."

By always keeping in mind that our modeling probabilities are monotone transforms

of 
ode lengths and not frequen
ies, we see that Feller's reasoning is not ne
essarily


orre
t.

What does a model say about the world? On
e we a
knowledge that our models

always have a 
han
e of being partially wrong, a new diÆ
ulty arises, for it follows

that we should not just a
t as if our model were true in all respe
ts. Let us return to

the example where we assume data to be generated by the Markov 
hain (1.20) and

we inferred the Bernoulli model �

mdl

(x

n

) = 1=3. A

ording to our Bernoulli model,

whi
h models the data as being independently distributed, the frequen
y of `11' over

future data will be 1=3 � 1=3 = 1=9. But this will not be the 
ase (neither in the given

sample nor in future data): an easy 
al
ulation shows that it tends to 2=9 instead. So

the 
on
lusion that the frequen
y of 1's in future data will be approximately 1=3 seems

more `safe' than the 
on
lusion that the frequen
y of `11' will be approximately 1=9: it

is less sensitive to whether or not our model is really `true' in any sense. In general, it

may be unwise to draw just every 
on
lusion whi
h would follow if an inferred model

for data really were `true' and would generate the data. You 
ould, of 
ourse, for

ea
h new 
on
lusion you would like to draw from your model inspe
t the given data

D on whi
h your model is based to see whether it really holds for D, but then you

would not be able to use your model as a `stand-alone' whi
h is what you usually want.

Apparently, some 
on
lusions about the model are mu
h more sensitive to the model

`really being true' than others. This raises the important question of what 
an and

what 
annot be reliably inferred from a statisti
al model for the data: what exa
tly

does a model say about the modeled situation? We deal with this question at length in

Chapters 4 and 5; but in order to do so, we need to introdu
e the fundamental 
on
ept

of MDL, the sto
hasti
 
omplexity. This will be the subje
t of the next 
hapter.



Chapter 2

Sto
hasti
 Complexity

In this 
hapter we introdu
e the fundamental 
on
ept of MDL: the sto
hasti
 
om-

plexity. We start by motivating the need for the 
on
ept. In Se
tion 2.2 we prepare

the formal de�nition of sto
hasti
 
omplexity by arguing that every model together

with every reasonable error fun
tion 
an be re-interpreted as a probabilisti
 model or,

equivalently, a des
ription method.

In Se
tion 2.3 the sto
hasti
 
omplexity is introdu
ed formally. This is followed

by dis
ussions of various interpretations and appli
ations of sto
hasti
 
omplexity.

Se
tion 2.7 provides an alternative derivation of sto
hasti
 
omplexity by reinterpreting

the whole theory in terms of proportional betting. Sto
hasti
 
omplexity is 
losely

related to the `marginal distribution' of Bayesian statisti
s. The relation is dis
ussed

in some detail in Se
tion 2.8. The 
hapter ends with a short summary.

2.1 Motivation

We 
an distinguish between the general MDL Prin
iple and its instantiations. The

general MDL Prin
iple tells us the following: the more we 
an 
ompress our data, the

better we have 
aptured the regular features of the data and hen
e the more we have

learned about it. In Chapter 1 we instantiated this to the two-part 
ode MDL Prin
iple

given on page 11, where a parti
ular 
ode C

2-p

was de�ned relative to a model 
lass

M so as to allow 
ompression of those data sequen
es that are well-des
ribed by one

of the models in M.

Let E be a sample spa
e and let C and C

0

be 
odes over E. We 
all C

0

more

eÆ
ient than C if for all D 2 E, L

C

0

(D) � L

C

(D) while for at least one D 2 E,

L

C

0

(D) < L

C

(D). If, for a 
ode C, there exists a more eÆ
ient 
ode C

0

, we 
all C

redundant.

A

ording to the general MDL Prin
iple, a 
ode C

0

that is more eÆ
ient than the

two-part 
ode C

2-p

is preferable over C

2-p

: it will 
ompress some data sequen
es more,

and no data sequen
es less. We now show that C

2-p

is indeed redundant, so su
h a

preferable C

0

must exist.

Note �rst that the two-part 
ode instantiation of MDL is based on a des
ription

29
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method that is a
tually not a 
ode: it is based on a one-many relation and not on a

one-to-one mapping (see Chapter 1, De�nition 1.2). For example, using the model 
lass

of polynomials we 
an des
ribe ea
h set of points D = ((x

1

; y

1

); : : : ; (x

n

; y

n

)) in an

in�nite number of ways: for ea
h k, we 
an des
ribe D by �rst des
ribing a polynomial

H

k

of degree k and then des
ribing the data with the help of that polynomial. By

pi
king always the k for whi
h the overall des
ription length is minimized, we turned

our des
ription method into a 
ode, but the fa
t remains that the 
oding s
heme as a

whole allows ea
h data set to be en
oded in an in�nite number of ways. This means

that an in�nite number of 
odewords are reserved for ea
h data sequen
e where only

one is needed; it follows that there must exist some 
ode C

0

whi
h is more eÆ
ient (in

the sense de�ned above) than C

2-p

.

This leads us to sear
h for an alternative 
ode whi
h does give the shortest possible


ode lengths to those data sequen
es for whi
h there exists a good model in M. A
-


ording to MDL, this would be the truly optimal 
ode to use in indu
tive inferen
e;

the two-part 
ode would serve only as approximation. To �nd this 
ode, we have to

make mathemati
ally pre
ise the notion of `the shortest possible 
ode lengths for all

data sequen
es for whi
h a good model in M exists'. This is tri
ky but possible; we

will do it in Se
tion 2.3. On
e this has been done, the optimally 
ompressing 
ode 
an

be de�ned expli
itly. The 
ode length of D when en
oded using this MDL-optimal 
ode

is 
alled the sto
hasti
 
omplexity of D with respe
t to the model 
lass M.

This gives only a �rst idea; on
e we will have formally established the 
on
ept, we

will see that it 
an be interpreted in several di�erent ways. This is done in Se
tion 2.4.

We will then also see how sto
hasti
 
omplexity 
an be applied to two very important

problems that arise in statisti
al pra
ti
e: model 
lass sele
tion and predi
tion.

2.2 The Con
ept of `Model'

In this se
tion we will argue that all models (hypotheses) 
an be interpreted as 
odes

and therefore also as probability distributions. We start with a dis
ussion on the notion

of `model'.

2.2.1 Models are Fit-measurers

In Chapter 1 we 
onsidered probabilisti
 and non-probabilisti
 models. The latter were

impli
itly taken to be fun
tions over the data (in our example we 
onsidered the 
lass of

polynomials). Now a fun
tion H is really an in
omplete spe
i�
ation of a model, sin
e,

given data D, H in itself does not tell us how well it �ts D. It is for this reason that a

fun
tion be
omes a model only if it is a

ompanied by an error fun
tion whi
h spe
i�es

for ea
h possible realization of the data how well H �ts that data, or, equivalently,

how well that data is explained by H . In the polynomial example, this was a
hieved

by asso
iating with ea
h polynomial the squared error fun
tion. Hen
eforth we shall


all a model that gives a `�t' to all possible realizations of the data 
omplete:

De�nition 2.1 A 
omplete model M for sample spa
e E is a fun
tion

M : E

�

! R. For ea
h realization of the data D, M(D) measures how well M �ts D.
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We use the 
onvention that the higher M(D), the higher the error M makes on D and

hen
e the worse M �ts D.

We note that a probabilisti
 model is a spe
ial 
ase of a 
omplete model. Spe
i�
ally,

for a given probabilisti
 model P we 
an de�ne M

P

(D) = g(P (D)) where g is some

monotone de
reasing fun
tion. In this way, the higher the probability, the better M

P

�ts the data.

De�nition 2.2 Let M be a set and E be a sample spa
e. An error fun
tion for M is

a total fun
tion er : E �M ! U where U � R. For x 2 E and H 2 M, we write

er(xjH) rather than er(x;H). We restri
t ourselves to additive error fun
tions

1

: er

is extended to out
omes x

n

2 E

n

by er(x

n

jH) =

P

n

i=1

er(x

i

jH).

Obviously, we 
an de�ne a mapping su
h that ea
h H 2 M is mapped to a 
omplete

model M

H

with for all D 2 E

�

:

M

H

(D) = er(DjH) (2.1)

The set 
ontaining M

H

for all H 2 M forms a 
lass of 
omplete models. In the

supervised setting (Chapter 1, Se
tion 1.4), E = E

x

� E

y

and the data D 
an be

written as D = (x

n

; y

n

) where the x

n

may be regarded as given. The models M will

then be fun
tions from E

x

to E

y

. In this 
ase, we should 
onsider 
onditional 
omplete

models M

H

(y

n

jx

n

) where, for ea
h (x

n

; y

n

), M

H

(y

n

jx

n

) measures the error that H

makes on y

n

given x

n

. Here is an example:

Example 2.3 Let E

y

= R. LetM be a 
lass of fun
tions from E

x

to E

y

(for example,

the polynomials). The typi
al error fun
tion to use in this 
ase is the squared error

with er

sq

(x

n

; y

n

jH) =

P

n

i=1

(y

i

�H(x

i

))

2

. We usually write er

sq

(yjH; x) rather than

er

sq

(x; yjH) in order to express the fa
t that x may be regarded as given. For every

H , we 
an arrive at a 
omplete model M

H

by setting M

H

(y

n

jx

n

) := er

sq

(y

n

jH; x

n

).

Here is another example:

Example 2.4 [
on
ept learning℄ An important form of `supervised learning' is 
on-


ept learning. Here E = E

x

� E

y

, E

y

= f0; 1g and the model 
lass M 
onsists of

fun
tions H : E

x

! E

y


alled `
on
epts'. If H(x) = 1, then x `belongs to the 
on
ept';

otherwise x falls outside the 
on
ept. Most of the model 
lasses usually 
onsidered in

Computational Learning Theory [2℄ are 
lasses of 
on
epts. A natural way to measure

how well a 
on
ept H �ts given data D = (x

n

; y

n

) is simply to 
ount the number of

mistakes H makes on D. For this, we de�ne the 0/1-error fun
tion er

01

(using the

same notational 
onvention as for er

sq

) as

er

01

(yjH; x) =

(

0 if H(x) = y

1 otherwise.

1

We 
an, of 
ourse, de�ne non-independent error fun
tions su
h that the error H makes on x

i

depends on one or more of the out
omes x

i�1

; x

i�2

; : : : but we will not 
onsider su
h 
ases in this

thesis.
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This is extended to sequen
es of out
omes by

er

01

(y

n

jH; x

n

) :=

n

X

i=1

er

01

(y

i

jH; x

i

):

Using Equation 2.1 we 
an turn ea
h 
on
ept H into an equivalent 
omplete model

M

H

.

Hen
eforth, we assume ea
h model 
lass to 
onsist either of 
omplete models or to be

asso
iated with an error fun
tion er so that it 
an be turned into an equivalent 
lass

of 
omplete models in the way indi
ated above.

Dis
ussion Is this reasonable? One may argue that, in realisti
 situations, we want

to learn a model from the data and we then want to use this model to give good

predi
tions under all kinds of loss fun
tions. For example, we may want to �nd a

polynomial that allows for good predi
tion of future data not only in the squared error

sense, but also when other loss fun
tions are used. Nevertheless, as long as we are in

the learning stage, we must have some means to determine how well a model �ts the

given data, otherwise there may appear data D su
h that, for two di�erent models H

1

and H

2

, we have no way of de
iding whi
h of the two better �ts the data. Therefore

we must use some error fun
tion when learning from a sample D - irrespe
tive of

whether or not that same fun
tion will be used later to measure predi
tion loss over

future data. Indeed, in Chapter 4 we will distinguish between `error fun
tions', used

in the learning phase, and `loss fun
tions', used for predi
tion of future data. In the

Epilogue to Part I of this thesis (page 269), we will see that under some 
ir
umstan
es,

learning using error fun
tion er will give good predi
tions under some loss fun
tions

loss 6= er. However, there are also 
ir
umstan
es under whi
h using a loss fun
tion

di�erent from the error fun
tion may lead to bad results.

2.2.2 Complete Models 
orrespond to Probability Distribu-

tions

etM be a 
lass of 
omplete models. It so happens that, under quite general 
onditions

on M (we will identify these 
onditions in Chapter 5, Se
tion 5.2), there exists a 
or-

responding 
lass of probabilisti
 modelsM

pr

that is `equivalent' toM in the following

sense: there exists a bije
tion g that maps ea
hM 2 M to a P (�jM) 2M

pr

su
h that,

for all n, all x

n

2 E

n

,

� logP (x

n

jM) =M(x

n

) +K

n

(2.2)

where K

n

depends only on n, and not on either M or x

n

(see [127, 128℄).

In the 
ase that M itself is the 
omplete model 
lass 
orresponding to a 
lass of

fun
tions M

h

and an error fun
tion er, this gives by (2.1) that for all x

n

2 E

n

:

� logP (x

n

jM

H

) =M

H

(x

n

) +K

n

= er(x

n

jH) +K

n

(2.3)

Hen
e � logP (x

n

jM

H

) is equal to the errorH makes on x

n

up to an additive 
onstant.

In the 
ase of supervised learning, where D = (x

n

; y

n

) and M

H


onsists of fun
tions
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from E

x

to E

y

, we should regard the x

n

as given. Therefore, we should map M

H

to a


onditional distribution yielding:

� logP (y

n

jM

H

; x

n

) =M

H

(y

n

jx

n

) +K

n

= er(y

n

jH; x

n

) +K

n

(2.4)

Example 2.5 In the 
ase of the squared error, the probability distribution

P (y

n

jM

H

; x

n

) in (2.4) is the 
onditional normal distribution that was de�ned in Chap-

ter 1, Equation 1.15 on page 22.

Example 2.6 For the 0/1-error, let us de�ne

P (y

n

jH; x

n

) =

n

Y

i=1

P (y

i

jH; x

i

) where

P (yjH; x) =

1

Z

2

�er

01

(yjH;x)

with Z =

P

y2f0;1g

2

�er

01

(yjH;x)

= 3=2:

whi
h is immediately seen to satisfy (2.4).

2.2.3 Probability Distributions are Codes are Models

Rissanen [127, 128℄ 
laims that every reasonable model 
lass 
an be transformed into

an asso
iated 
lass of probabilisti
 models in the manner indi
ated above. This requires

that, for every model 
lass M and every n, a suitable 
onstant K

n

exists su
h that

(2.3) holds. Sin
e the 
onstant K

n

plays no role in the inferen
es made

2

, this leads

dire
tly to the further 
laim that, in developing a theory of indu
tive inferen
e, we

need 
onsider only probabilisti
 models

3

. Bayesian statisti
ians [17, 38℄ arrive at that

same 
on
lusion on quite di�erent grounds. For the time being, we will assume that

Rissanen and the Bayesians are right, sin
e this greatly fa
ilitates the treatment of

sto
hasti
 
omplexity. However, we will have mu
h more to say on this issue in the

Epilogue to Part I of this thesis, page 119.

Let us assume then that every reasonable model 
lass has a 
orresponding 
lass of

probabilisti
 models. By the arguments of Chapter 1, Se
tion 1.2.3, for �xed sample

size n su
h a 
lass 
an be seen as a 
lass of probability distributions P over E

n

all

of whi
h have a 
orresponding 
ode C

P

su
h that L

C

P

(x

n

) = � logP (x

n

) for all

x

n

2 E

n

. Putting everything together, we 
an interpret all models, probabilisti
 or

not, as 
odes. The obvious advantage of doing this is that it allows for a uni�ed

treatment of probabilisti
 and non-probabilisti
 model 
lasses.

2.2.4 All models are `probabilisti
'

From now on, following Rissanen [128℄, we identify models, 
odes and probability

distributions. Therefore, all model 
lasses (unless expli
itly stated otherwise) will

be assumed to 
onsist of probabilisti
 models. For example, we will regard the 
lass

2

This is a
tually true only if the 
onstant has the same value among all the models being 
ompared.

Let us assume for the moment that it is true (it is immediately seen to be true for the squared error

and the 0/1-error). We dis
uss this further in Chapter 5, Se
tion 5.2.

3

See [128℄, page 18/19.
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of polynomials as being probabilisti
 too, identifying ea
h polynomial H with the

asso
iated P (�jH) as given by Equation 1.15 on page 22.

In Chapter 1, pages 11 and 16, we de�ned the two-part 
ode length L

2-p

(DjM) as

the sum of the 
ode length of a hypothesis � and the 
ode length of the data D when

en
oded `with the help of �'. The latter term was denoted L

C

2

(Dj�). From now on,

we regard � itself simply as a 
ode and drop the subs
ript C

2

. Coding the data `with

the help of �' now be
omes equivalent to 
oding the data `using the 
ode �'.

We stress on
e more that it is a subtle issue whether one should asso
iate non-

probabilisti
 models with probabilisti
 ones on the basis of Equation 2.3 (rather than

in some other way) and whether one should asso
iate probabilisti
 models � with 
odes

with lengths L(x

n

j�) = � logP (x

n

j�) (rather than in some other way). In Chapter 5,

se
tions 5.4 and the Epilogue to Part I of this thesis this is dis
ussed further. For now,

we will simply go along with it and assume that it is unproblemati
.

Modeling vs. Generating Distributions It is very important to keep in mind

that our probabilisti
 models are not ne
essarily related to the traditional notion of

probability distributions `a

ording to whi
h the data are drawn'. Indeed, as we show

in Chapter 4, only in some spe
ial 
ases will probabilities have anything to do with

frequen
ies. From this it follows that we may not just take expe
tations over proba-

bilisti
 models the way we are used to. What we 
an and what we 
annot do with our

probabilisti
 models will be dis
ussed in Chapter 4.

Sometimes we do want to speak of a `
lassi
al' probability distribution. Whenever

we do that, we 
all it a (data) generating distribution; we denote su
h a distribution

by P

�

and a parameter ve
tor that indexes it by �

�

. In 
ontexts where there 
ould

arise 
onfusion, we 
all probability distributions that are used as hypotheses `modeling

probability distributions'.

Model a
hieving Least Error for given data D =

Probability Distribution a
hieving Maximum Likelihood of D =

Code a
hieving Minimum Codelength for D

If the data D is then su
h that the maximum likelihood estimator

^

�(D) 2M exists,

we see by Equation 1.8 (Chapter 1) that

^

�(D) 2 M 
oin
ides with the 
ode in M

whi
h yields the shortest 
ode length of D. In 
ase that M is a probabilisti
 version

of a non-probabilisti
 model 
lass M

0

, we see by Equation 2.3 that

^

�(D) 
orresponds

to the model in M

0

under whi
h D has the least error. Hen
e we 
an identify the

best-�tting model with the maximum likelihood model and the minimum-
ode length


ode.

2.3 Sto
hasti
 Complexity

From the previous se
tion we know that, without any loss of generality, we may 
on�ne

ourselves to probabilisti
 model 
lasses. We also know that, for given data D, the

model H in model 
lassM that maximizes the likelihood of D is also the model that,

interpreted as a 
ode, assigns the shortest des
ription length to D. These are the
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two ne
essary ingredients for a formal treatment of sto
hasti
 
omplexity, whi
h now

follows.

Re
all that at the beginning of this 
hapter we de�ned the sto
hasti
 
omplexity

of data D relative to model 
lass M as the des
ription length of D obtained when it

is en
oded using some spe
ial 
ode C

s


. We now derive a mathemati
al expression for

C

s


. For simpli
ity, we only 
onsider the 
ase where M 
an be parameterized by a

�xed number of parameters k. This is formalized in the following de�nition:

De�nition 2.7 Let M be a 
lass of probabilisti
 models over sample spa
e E and let

� � R

k

. We say that M is �nitely parameterized by � if

1. There exists a bije
tion g : �!M.

2. Let D 2 E

�

be arbitrary but �xed. Then P (Dj�) as a fun
tion of � is the restri
-

tion to domain � of a 
ontinuous fun
tion R

k

! R.

3. If E is 
ontinuous, then for all n, the density fun
tion f(x

n

j�) as a fun
tion of

x

n

is 
ontinuous at ea
h x

n

in the interior of E

n

.

Throughout this se
tion we will assume a setting with a sample spa
e E and a model


lass M of models over E su
h that

C1 All out
omes fall within E

�

� E where, if E is dis
rete, E

�


ontains a �nite number

of elements and if E is 
ontinuous, E

�

is 
ompa
t

4

(
losed and bounded).

C2 For all x

n

2 E

n

, the ML estimator

^

�(x

n

) exists.

C3 M is �nitely parameterized by some � � R

k

. Hen
e M 
an be written as M =

fP (�j�) j � 2 �g.

Let D 2 E

n

be our observational data. The MDL Prin
iple tells us to look for an

en
oding of D that is as short as possible. As noted above, the model in M that

permits the shortest en
oding is the maximum likelihood model

^

�(D). It seems we

should 
ode our data D using the ML model, in whi
h 
ase the MDL Prin
iple would

redu
e to the maximum likelihood method of 
lassi
al statisti
s!

However - and this is the 
ru
ial observation whi
h makes MDL very di�erent

from ML - we are looking for a single, �xed optimal 
ode C

s


, whi
h 
ompresses all

data samples that are well modeled by M. But the 
ode 
orresponding to

^

�(D), i.e.

the 
ode that en
odes any D

0

using L(D

0

j

^

�(D)) = � logP (D

0

j

^

�(D)) bits, only gives

optimal 
ompression for some data sequen
es (among whi
h D). For most other data

sequen
es D

0

6= D,

^

�(D) will de�nitely not be optimal: if we had been given su
h a

di�erent data sequen
e D

0

(also of length n) instead of D, then the 
ode 
orresponding

to

^

�(D

0

) rather than

^

�(D) would give us the optimal 
ompression. In general, 
oding

D

0

using

^

�(D) (i.e. using L(D

0

j

^

�(D)) bits) may be very ineÆ
ient.

Ideally, we would like to have a single 
ode C

1

su
h that L

C

1

(D) = L(Dj

^

�(D)) for

all possible D. However, su
h a 
ode does not exist as soon as our model 
lass 
ontains

more than one element { the reason being the familiar fa
t that, whatever 
ode we

4

Note that if E itself is either �nite or 
ompa
t, we may 
hoose E

�

= E.
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use, only very few data sequen
es 
an re
eive short 
ode lengths (Chapter 1, Se
tion

1.1.1). It therefore makes sense to de�ne the regret R

C

(�jM) of a 
ode C relative to

a 
lass M as the fun
tion that, for ea
h D of length n, gives the ex
ess 
ode length

relative to the 
ode length based on the ML estimator:

R

C

(DjM) = L

C

(D)� L(Dj

^

�(D)) (where

^

�(D) 2 �) (2.5)

We de�ne the sto
hasti
 
omplexity 
ode C

s


(�jM) as the 
ode that minimizes the

worst-
ase

5

regret. The worst-
ase regret is

max

D2E

n

fR

C

(DjM)g (2.6)

The 
onditions on E ensure that this maximum exists. In general, there may exist

several 
odes a
hieving the worst-
ase regret but they will share the same 
ode lengths

L

s


(�jM). The 
ode length L

s


(DjM) is 
alled the sto
hasti
 
omplexity of data D

with respe
t to model 
lass M:

De�nition 2.8 [sto
hasti
 
omplexity℄ LetM = fP (�j�) j � 2 �g be a probabilisti


model 
lass over E su
h that 
onditions C1-C3 hold. Let n > 0 and let L be the set

of fun
tions L : E

n

�

! R whi
h satisfy the Kraft Inequality

P

x

n

2E

n

�

2

�L(x

n

)

� 1. Let

D 2 E

n

. The sto
hasti
 
omplexity of data D relative to model 
lass M is the 
ode

length L

s


(DjM) de�ned by

L

s


(�jM) := argmin

L

0

2L

max

x

n

2E

n

�

^

�(x

n

)2�

fL

0

(x

n

)� L(x

n

j

^

�(x

n

))g (2.7)

In the de�nition above, the set L is the set of all fun
tions L whi
h 
an be interpreted

as (idealized) 
ode lengths.

The regret R

s


(DjM) = L

s


(DjM)�L(Dj

^

�(D)) must be equal for all D of length

n (otherwise it would be possible to 
onstru
t a 
ode C

0

with a smaller worst-
ase

regret). We 
an therefore de�ne K

s


(njM) = R

s


(DjM) and write

L

s


(DjM) = L(Dj

^

�(D)) +K

s


(njM) (2.8)

Whenever the model 
lass M is 
lear from the 
ontext, we write L

s


(D) and K

s


(n)

rather than L

s


(DjM) and K

s


(njM).

The Trade-o� The term L(Dj

^

�(D)) in (2.8) is 
alled the goodness-of-�t term. It

re
e
ts for ea
h D how well D is �tted by the model in the 
lass that �ts D best. As a

fun
tion of n, K

s


(�jM) is 
alled the model 
ost of M or equivalently the 
omplexity

term. It measures the extra 
ode length needed to en
ode the data due to the ri
hness

ofM. The sto
hasti
 
omplexity thus embodies a trade-o� between �t and 
omplexity.

To see this for the polynomial example, let us 
ompare the polynomials in Figure 1 on

page x of the introdu
tion: let M

i

be the 
lass of all polynomials of the i-th degree.

5

The reasons why we are interested in the worst-
ase over all D will be dis
ussed in Se
tion 2.4.2,

page 39.
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Let

^

�

i

(D) be the ML model for data D within 
lass M

i

. By equations 1.12 and 1.13

(page 21), the di�eren
e in the �rst terms of L

s


(DjM

1

) and L

s


(DjM

12

) is equal to

the di�eren
e in the squared errors on D of the best-�tting models in these 
lasses.

We have

L

s


(DjM

1

)� L

s


(DjM

12

) =

L(Dj

^

�

1

(D))� L(Dj

^

�

12

(D)) +K

s


(njM

1

)�K

s


(njM

12

) =

�er

sq

+�
omplexity

K

s


(njM

1

) will be mu
h smaller than K

s


(njM

12

): M

12


ontains well-�tting models

for many many more data sequen
es thanM

1

. Sin
e every 
ode 
an only give a short


ode length to very few data sets, K

s


(njM

12

) must be mu
h larger than K

s


(njM

1

).

We give an expli
it value for K

s


(njM

12

) in Se
tion 2.6.

Formula (2.8) is reminis
ent of the two-part 
ode (1.6) whi
h also 
ontains an error

term and a 
omplexity term. The di�eren
e lies in the des
ription methods used; while

the two terms in (1.6) were based on an en
oding of the data in whi
h some hypothesis

� was en
oded expli
itly , the two terms in (2.8) are arrived at by looking dire
tly for

the 
ode lengths that are, in a 
ertain sense, as small as possible. The result is that the

total length as given by (2.8) will in general be shorter than that given by the two-part


ode. However, as we dis
uss in Se
tion 2.6, asymptoti
ally the di�eren
e between the

two 
ode lengths will be very small.

The Sto
hasti
 Complexity Distribution Sin
e L

s


(�jM) is a 
ode length fun
-

tion, we 
an map it to a probability distribution P

s


(�jM) over E

n

�

su
h that for all D

of length n, L

s


(DjM) = � logP

s


(DjM). We 
all P

s


(�jM) the sto
hasti
 
omplexity

distribution with respe
t to M. Just like C

s


(�jM) is the 
ode that gives the shortest

possible 
ode length to those data sets for whi
h there exists a well-�tting model inM,

P

s


(�jM) is the distribution that gives as mu
h probability as possible to those data

sets for whi
h there exists a good-�tting model in M. From (2.8) we have (dropping

M from the 
onditionals whenever M is understood from the 
ontext):

L

s


(D) = � logP

s


(D) = � logP (Dj

^

�(D)) +K

s


(n) (2.9)

Hen
e we 
an write P

s


(D) = P (Dj

^

�(D))=F (n); where K

s


(n) = logF (n). If E

�

is

�nite, then the sum S(n) =

P

D2E

n

�

P (Dj

^

�(D)) is �nite too. F (n) � S(n), otherwise

P

s


is not a probability distribution. Sin
e, by de�nition, L

s


minimizes the worst-
ase

regret (2.6), P

s


must maximize

min

x

n

2E

n

�

fP (x

n

)=P (x

n

j

^

�(x

n

))g:

From this it follows that F (n) = S(n), and therefore we 
an write:

P

s


(D) =

P (Dj

^

�(D))

P

D2E

n

P (Dj

^

�(D))

(2.10)

If E is 
ontinuous, the normalizing sum gets repla
ed by the 
orresponding integral.

Our regularity 
onditions C1-C3 ensure that the integral is well-de�ned and �nite.
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2.4 Interpretation of the SC Distribution as a

Single Hypothesis - Appli
ations of SC

Let P

s


= P

s


(�jM). In light of the seemodel dis
ussion in Se
tion 2.2, we may regard

P

s


as a hypothesis, i.e. a single model: just like any other hypothesis, P

s


de�nes

for every possible realization of the data how well that data is explained by P

s


- so

why not look at P

s


as if it where a hypothesis itself? It may then be regarded as the

hypothesis that `summarizes' all individual hypotheses in M. Note however that only

in spe
ial 
ases will P

s


itself be a member of M.

In analogy to the 
ase for single models (see page 34), we use the terminology `the


ode length of D when D is en
oded with the help ofM' to denote the 
ode length of

D when D is en
oded using the 
ode C

s


(�jM).

A Simpler De�nition of Sto
hasti
 Complexity On
e we have made the 
on-


eptual step of interpreting P

s


as de�ning a single hypothesis, we 
an rephrase the

verbal de�nition of sto
hasti
 
omplexity in a mu
h simpler way.

The sto
hasti
 
omplexity of data D relative to model 
lass M is the de-

s
ription length of D when D is en
oded with the help of 
lass M.

2.4.1 Appli
ations of SC

The sto
hasti
 
omplexity 
annot dire
tly be used to �nd the best single hypothesis

H 2 M; en
odings of data using the 
ode C

s


(�jM) do not 
ontain substrings that


ode for a parti
ular H 2 M, so there is no way in whi
h L

s


(�jM) tells one what

the optimal single H is. If the goal is to identify su
h a single hypothesis, then the

2-part 
ode of Chapter 1 remains the 
ode of 
hoi
e. But if we are interested solely in

predi
tion or model 
lass sele
tion, then sto
hasti
 
omplexity 
an be fruitfully applied

(see Yamanishi [167℄ for more appli
ations). The 
ase of predi
tion will be treated in

detail in Chapter 6. Here we brie
y sket
h the 
ase of model 
lass sele
tion.

MDL Prin
iple for Model Class Sele
tion Given data D and two model 
lasses

M

1

andM

2

, we should prefer model 
lassM

1

if and only if the sto
hasti
 
omplexity

of D with respe
t to M

1

is smaller than the sto
hasti
 
omplexity of D with respe
t

to M

2

, i.e. if

L

s


(DjM

1

) < L

s


(DjM

2

) (2.11)

IfM

1

has a smaller sto
hasti
 
omplexity thanM

2

, then apparently it 
aptures more

of the regularity in the data and as su
h should be preferred. The larger the di�eren
e,

the higher the 
on�den
e that D is better modeled usingM

1

than usingM

2

. We 
an

use this de�nition to �nd out whether, for example, the given data is better modeled

by the 
lass of se
ond degree polynomials or by the 
lass of third degree polynomials.

More interestingly, we 
an also 
ompare 
ompletely di�erent model 
lasses to ea
h

other. For example, we 
an de
ide whether the 
lass of 3rd-degree polynomials or the
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lass of ba
kpropagation neural networks [72℄ with 5 hidden units is better for the data

at hand.

One 
an extend the de�nition of sto
hasti
 
omplexity to model 
lasses that do not

have a maximum number of parameters [128, 129℄. Having done this, one 
an even use

sto
hasti
 
omplexity to de
ide whether the data is better modeled by the 
lass of all

polynomials or by the 
lass of all ba
kpropagation neural networks. We note that in

traditional statisti
s, this kind of indu
tive inferen
e problem 
an be dealt with only

in ad ho
 ways [128℄.

2.4.2 Dis
ussion

The de�nition of sto
hasti
 
omplexity whi
h we gave in the previous se
tion was a

very `pessimisti
' one: we minimized the worst-
ase regret R(D), where the worst-
ase

was taken over all data of length n. One reason for taking the worst-
ase regret is that

it leads to Equation 2.8 (page 36): it pre
isely re
e
ts for all D how many bits are

needed to en
ode D on the basis of the model inM that �t D best. Hen
e it 
aptures

the intuitive idea of `
oding with the help of M'. One may nevertheless ask whether

there is no other 
ode C

0

whi
h for some, very few, data sequen
es gives a very long


ode length while giving a shorter 
ode length than C

s


to all others. If one takes a

more traditional point of view and assumes that the data is a
tually generated by one

of the distributions in the model 
lass, then su
h a 
ode C

0

may be preferable over

C

s


. One may, in fa
t, de�ne the 
ode C

0

that gives the shortest worst-
ase expe
ted

regret, where the expe
tation is taken over a distribution P

�

2 M that is assumed

to generate the data and the worst-
ase is taken over all distributions in the 
lass

M (rather than all data D as in our de�nition). Rissanen [129℄, using results from

Clarke and Barron [26, 27℄ , shows that asymptoti
ally the 
ode C

0

whi
h a
hieves

this minimum worst-
ase expe
ted regret is (under some regularity 
onditions on M)

identi
al to C

s


. This provides an important additional justi�
ation of using the 
ode

C

s


as a basis of sto
hasti
 
omplexity.

2.5 Former De�nition of Sto
hasti
 Complexity

It turns out that if we average over all models in a given model 
lass, we obtain

something that is very 
lose to the sto
hasti
 
omplexity. Assume, just for the moment,

that our 
lassM has a �nite number of elements, all of whi
h are probabilisti
 models

P (�j�). In this 
ase we may de�ne a new probability distribution P

av

(�jM) as a mixture

of all the models in the 
lass:

P

av

(DjM) =

X

�2�

P (Dj�)�W (�) (2.12)

Here W (�) is a probability distribution over the models in M that is introdu
ed for

normalization. If we let W (�) > 0 for all � 2 �, then for large samples D, P

av

(DjM)

will be approximately equal to P

s


(DjM). More pre
isely, whereas � lnP

av

(DjM)

and � lnP

s


(DjM) both grow linearly in the size n of D, there di�eren
e is bounded

by some 
onstant independent of n. Intuitively, the reason for this is that the models
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in the 
lass that give the highest probability to data D automati
ally 
ontribute the

most to the probability P

av

(DjM). If D is large, then the 
ontribution ofW (�) to ea
h

term in the summation be
omes negligible 
ompared to the 
ontribution of P (Dj�).

For model 
lasses indexed by parameters ranging over a 
ontinuous domain the

sum gets repla
ed by an integral and we obtain

P

av

(DjM) =

Z

�2�

P (Dj�)w(�)d� (2.13)

Here w(�) must be some prior density over �, usually just 
alled a `prior'. Dis-

tribution (2.13) plays a 
entral role in Bayesian statisti
s [17℄ where it is 
alled the

marginal distribution or eviden
e. Rissanen gave the verbal de�nition of sto
hasti



omplexity in 1986 but did not 
onne
t it to formula (2.10) until 1996. Until that

time, � logP

av

(DjM) served as the working de�nition of sto
hasti
 
omplexity, sin
e

it was the 
losest thing to his verbal de�nition whi
h he 
ould 
ome up with - just how


lose depends on the prior w as we will show in the next se
tion. Formally, we de�ne

L

av;w

(DjM) = � log

R

P (Dj�)w(�)d� as the mixture approximation (with prior w) to

sto
hasti
 
omplexity.

2.6 Asymptoti
 Expansion of SC

In this se
tion we give an expli
it formula for L

s


(x

n

jM), whi
h will allow us to

quantify mu
h more pre
isely the exa
t trade-o� involved in formula (2.8).

As proved by Rissanen [129℄, for model 
lasses that satisfy 
ertain regularity 
on-

ditions, we get the asymptoti
 expansion of L

s


(x

n

jM) given in formula (2.14) below.

The pre
ise regularity 
onditions 
an be found in [129℄. Essentially, they state that the

CLT (Central Limit Theorem) should hold for the maximum likelihood estimators for

all elements in the model 
lasses. Generally speaking, this is the 
ase for model 
lasses

whi
h 
onsist of i.i.d. probabilisti
 models but also, for example, for some non-i.i.d.


lasses like the 
lass of Markov models.

Let M

k

be a 
lass of probabilisti
 models parameterized by a set � � R

k

. We

have, for all n > 0 and all x

n

with

^

�(x

n

) in the interior of �:

L

s


(x

n

jM) = � logP (x

n

j

^

�(x

n

)) +

k

2

log

n

2�

+ log

Z

p

jI(�)jd� + o(1) (2.14)

where the integral goes over all � 2M and lim

n!1

o(1) = 0.

The �rst term measures the goodness-of-�t of the data using the best-�tting model

in the 
lass. From (2.8) we see immediately that the model 
ost K

s


(njM) is equal

to the sum of the se
ond, third and fourth term. The se
ond term measures the part

of this 
omplexity term that is due to the number of parameters k; note that it grows

linearly in k and logarithmi
ally in n. The third term involves the determinant jI(�)j

of the (expe
ted) Fisher information matrix jjI(�)jj; the de�nition of this matrix is

given in Chapter 6. It measures the part of the 
omplexity term that is due to lo
al

geometri
al properties of the model spa
e.

To get an idea of what this notion means, note that if we have a model 
lass


onsisting of an enormous number of hypotheses, all of whi
h, however, are the same,
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then the model 
lass is really not that 
omplex at all. For example, we may have a

parameter set � = R

2

but all parameters are names for the same probabilisti
 model

P . Hen
e in reality, the model 
lass 
ontains only one model with many di�erent

names and it is not 
omplex at all. The regularity 
onditions needed for (2.14) to

hold rule out this situation, but they do not rule out the following possibility: there

may be regions in a (
ontinuous) parameter spa
e 
ontaining only extremely similar

models in the sense that P (�j�

1

) � P (�j�

2

) for all �

1

and �

2

in the region. In other

regions of the spa
e, P (�j�

1

) and P (�j�

2

) may be mu
h further apart even though the

regions are equally large. Intuitively, su
h a region is more `dense': it 
ontains more

distinguishable, `truly di�erent' models. The term log

R

p

jI(�)jd� 
orre
ts for this

phenomenon.

While the �rst two terms in (2.14) grow with n the third term does not. Hen
e,

for very large n, it 
an be safely negle
ted. The model 
lass sele
tion 
riterion whi
h

arises if we indeed negle
t it has, somewhat 
onfusingly, been 
alled the MDL Model

Sele
tion Criterion [128℄. We see that this 
riterion amounts to the following: For

given data D and 
ompeting model 
lasses M

1

; : : : ;M

m

, we should pi
k the M

k

whi
h minimizes � logP (Dj

^

�

k

(D)) +

k

2

logn where

^

�

k

(D) is the maximum likelihood

estimator of D within 
lass M

k

. This 
riterion 
an be used as a �rst approximation,

but sin
e the negle
ted term does depend on k and 
an vary quite a lot for di�erent

k, one really needs a lot of data to be able to safely negle
t it.

In 
ases where the integral in this term diverges (for example, when the 
lass of

normal distributions is used as the model 
lass), Rissanen [129℄ gives a 
orre
tion to

the formula (2.14).

How 
lose do the approximations get? Both the two-part 
ode and the 
ode

based on P

av

are good approximations to the sto
hasti
 
omplexity. If the model 
lass

M

k

satis�es suitable regularity 
onditions similar to those needed for (2.14) to hold,

one 
an prove that, for all x

n

with

^

�(x

n

) in the interior of the parameter spa
e, the

two-part 
ode length L

2-p

(x

n

jM) approa
hes L

s


(x

n

jM) to within a 
onstant:

L

2-p

(x

n

jM) = � logP (x

n

j

^

�(x

n

)) +

k

2

logn+O(1) (2.15)

and hen
e be
omes a better and better approximation as n in
reases. In Chapter 7

we des
ribe a modi�
ation to two-part 
odes (introdu
ed in [129℄) whi
h removes their

inherent redundan
y that was noted in Se
tion 2.1. For this improved 2-part 
ode,

we get the same asymptoti
 expansion as (2.14). We 
all su
h a 
ode `asymptoti
ally

perfe
t', sin
e, for all x

n

, the di�eren
e in des
ription length of data x

n

between this


ode and the sto
hasti
 
omplexity 
ode C

s


goes to 0 as n goes to in�nity. The mixture

L

av;w

(x

n

jM) 
an - on
e more under similar regularity 
onditions - be rewritten exa
tly

as (2.15). A spe
ial 
ase is obtained if we take the prior w to be Je�reys' prior [78, 17℄.

Je�reys' prior is given

6

by �(�) /

p

jI(�)j where jI(�)j is the determinant of the Fisher

information matrix that also appeared in Equation 2.14. Balasubramanian [9℄ showed

6

The symbol / denotes proportionality: �(�) /

p

jI(�)j means that there exists a 
onstant 
 su
h

that for all � 2 �: �(�) = 


p

jI(�)j.
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that the asymptoti
 expansion of L

av;�

(x

n

jM) is given by (2.14). Hen
e the eviden
e

approximation of sto
hasti
 
omplexity using Je�reys' prior is asymptoti
ally perfe
t.

Using the 
ode based on Je�reys' prior has some advantages over the 
ode C

s


(�jM),

as we will dis
uss in Chapter 6. Therefore, it 
an be regarded as an alternative de�ni-

tion rather than approximation of sto
hasti
 
omplexity [129℄.

2.7 A Reinterpretation in Terms of Money

In this se
tion, we show that the MDL Prin
iple 
an be obtained in a rather di�erent

way: minimizing des
ription length of a sequen
e of out
omes turns out to be equiva-

lent to sequentially pla
ing proportional bets on the out
omes in an optimal manner.

This reinterpretation forms an additional justi�
ation of the identi�
ation of hypothe-

ses with 
ode lengths; it also allows us to view the sto
hasti
 
omplexity in a di�erent

way.

Proportional Betting Imagine you take part in a betting game. You are asked to

pla
e bets on possible out
omes. The set of possible out
omes is E = fe

1

; : : : ; e

k

g.

The odds in the game are k-to-1 on all out
omes e

i

. This means that you are o�ered a

ti
ket for e

i

at the pri
e of 1 Euro. If you buy the ti
ket and the out
ome of the game

is indeed e

i

, then you re
eive k Euroes. Upon any other out
ome e

j

6= e

i

, you re
eive

nothing and your investment is lost. We 
onsider an `idealized' game in that you are

allowed to buy any number f of ti
kets, where f may be every rational number. If you

buy f ti
kets for out
ome e

i

, then we say that you `pla
e a bet of f on out
ome e

i

'.

You are allowed to bet on several di�erent out
omes at the same time. This implies

that the bets are `fair' in the following sense: suppose your start out with a 
apital f .

By equally dividing f over the possible out
omes (i.e. pla
ing a bet of f=k on all e

i

)

your 
apital after the game will always be equal to your starting 
apital. Hen
e it is

always possible to pla
e a `safe bet' so that even if you are 
ompletely ignorant about

the pro
ess generating the out
omes, you are guaranteed not to lose anything.

Noti
e that this setup is very similar to the game that is a
tually o�ered to you

at the horse ra
es [30℄; the only essential di�eren
e is that in the a
tual horse ra
e,

the odds will be di�erent for di�erent horses, set up in su
h a way that they allow the

book maker to make money.

Now suppose you have a probability distribution P over the k possible out
omes.

You want to take part in the game des
ribed above su
h that the amount you bet on

out
ome e

i

is proportional to P (e

i

). You de
ide to invest f Euroes, so your bet on e

i

is fP (e

i

). We refer to this way of dividing your investments as proportional betting.

Now your remaining 
apital after playing the game is 
learly kfP (x) where x 2 E is

the out
ome that a
tually took pla
e.

Next suppose the game involves a sequen
e of out
omes x

n

= (x

1

; : : : ; x

n

) 2 E

n

,

and you have a probability distribution P : E

n

! [0; 1℄. Playing the game as before,

you now pla
e bets on every di�erent x

n

2 E

n

proportionally to P (x

n

). Sin
e there

are k

n

possible out
omes, the odds are 1-to-k

n

and your end 
apital will then be

f � k

n

� P (x

n

) (2.16)
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where x

n

is the sequen
e that a
tually o

urred. But you may also play another

game 
onsisting of n sub-games. In the �rst sub-game, you divide all your 
apital

among bets on the �rst out
ome, x

1

. The amount you put on out
ome e 2 E is

f � PfX

1

= eg =

P

x

2

;::: ;x

n

P (ex

2

: : : x

n

). After this �rst sub-game, your remaining


apital is f �kP (x

1

) where x

1

is the out
ome that a
tually o

urred. You now invest all

remaining 
apital in bets on the se
ond out
ome x

2

using the 
onditional probability

distribution P (x

2

jx

1

) = P (x

1

x

2

)=P (x

1

). Hen
e

PfX

2

= ejX

1

= x

1

g =

P

x

3

;::: ;x

n

2E

n�2

P (x

1

ex

3

: : : x

n

)

P

x

2

;x

3

;::: ;x

n

2E

n�1

P (x

1

x

2

x

3

: : : x

n

)

After the se
ond out
ome, your remaining 
apital is f �k

2

P (x

1

)P (x

2

jx

1

) where x

1

and

x

2

are the two out
omes that a
tually o

urred. Clearly, if you 
ontinue betting on

x

i

using the 
onditional distribution P (x

i

jx

1

; : : : x

i�1

) where x

1

; : : : ; x

i�1

are the �rst

i � 1 out
omes that a
tually o

urred, then after the n-th and last sub-game your


apital is:

fk

n

�

n

i=1

P (x

i

jx

i�1

) = fk

n

P (x

1

)

1

P (x

1

x

2

)

P (x

1

)

P (x

1

x

2

x

3

)

P (x

1

x

2

)

: : :

P (x

n

)

P (x

n�1

)

= fk

n

P (x

n

)

(2.17)

This 
oin
ides with (2.16) and we see that both ways of playing the game are equivalent!

As shown below, this allows us to interpret the MDL Prin
iple in an alternative way.

We 
an identify `predi
ting that x will happen with probability p' with `pla
ing a bet

on x proportional to p'.

Gambling Interpretation of Sto
hasti
 Complexity LetM be a 
lass of proba-

bilisti
 models over a dis
rete spa
e E. Consider the ML estimator

^

�(x

n

). Suppose we

predi
t the x

i

sequentially by pla
ing a bet on x

1

proportional to P (x

1

j

^

�(x

n

)), a bet on

x

2

proportional to P (x

2

jx

1

;

^

�(x

n

)), et
. By Equation (2.17) our end 
apital is propor-

tional to P (x

n

j

^

�(x

n

)). Had we played the same game using any other �

0

6=

^

�(x

n

), our

end 
apital would have been proportional to P (x

n

j�

0

) whi
h by de�nition is lower than

P (x

n

j

^

�(x

n

)). Hen
e if we had predi
ted all the x

i

on the basis of the ML estimator

^

�(x

n

), our end 
apital would have been maximized.

Unfortunately, we 
an only know the optimal predi
tor

^

�(x

n

) after the fa
t: we

only know what would have been the optimal predi
tions after the data has been made

available to us. From a `minimax' viewpoint, the best way to predi
t is then to use a

predi
tor P

opt

whi
h we 
an 
onstru
t a priori (before seeing any data) and whi
h is

always as 
lose as possible to the predi
tor that turns out to be optimal a posteriori.

We pro
eed to show that P

opt

is identi
al to the sto
hasti
 
omplexity distribution

P

s


= P

s


(�jM) as de�ned on page 37. Using predi
tor (probability distribution) P , the

worst possible data that may appear for that predi
tor is the data whi
h maximizes the

proportion between the end 
apital arrived at using the a-posteriori optimal P (�j

^

�(x

n

))

and the end 
apital arrived at using P , given by

max

x

n

P (x

n

j

^

�(x

n

))

P(x

n

)

(2.18)
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P

opt

is the distribution whi
h minimizes this worst-
ase dis
repan
y. Comparing Equa-

tion (2.18) to Equation (2.7) and rewriting probabilities as 
ode lengths, we see that

P

opt

and P

s



oin
ide.

Logarithmi
 Loss Let E = fe

1

; : : : ; e

k

g and let P be a probability distribution

over E. Suppose we predi
t that e

1

happens with probability P (e

1

), e

2

happens with

probability P (e

2

) et
. Then some x 2 E arrives and we are 
harged with a loss that

measures the dis
repan
y between our predi
tions P (e

1

); P (e

2

); : : : and the a
tual

out
ome x. The logarithmi
 loss is de�ned as loss

lg

(x) = � logP (x). Note that

the higher the probability assigned to the a
tual out
ome, the lower the logarithmi


loss. In the statisti
al literature, this loss fun
tion is often used as a `generi
' loss

fun
tion for probabilisti
 predi
tion [127℄. By the arguments above, we see that we


an regard the logarithmi
 loss both as the 
ode length needed to en
ode x or as the

logarithm of the fa
tor by whi
h our 
apital is multiplied if we bet proportionally on

the e

i

a

ording to P .

Four Ways of Looking at MDL Summarizing, we see that we 
an alternatively

interpret the goal of MDL as minimizing des
ription length, maximizing probability,

maximizing end 
apital in proportional betting, or, �nally, minimizing logarithmi
 loss.

Predi
tive MDL We have seen that the sto
hasti
 
omplexity 
an be approximated

by the two-part 
ode length and by a `mixture' approximation. At this point we should

mention that there is a very important third way of approximating it whi
h has its

roots in the gambling interpretation. It is 
alled `predi
tive MDL' and was introdu
ed

independently with somewhat di�erent motivations by Rissanen [127℄ and Dawid

7

[36, 37℄. For details we refer to Rissanen [128℄.

2.8 MDL and Bayesian Statisti
s

Some authors use this approa
h so that they 
an use Bayesian methods

in disguise without being ridi
uled by their anti-Bayesian 
olleagues.

Wray Buntine on MDL

At this point we have dis
ussed all main ingredients of MDL: the two-part 
odes, the

sto
hasti
 
omplexity and the idea of viewing all model 
lasses as `probabilisti
'. It

is now instru
tive to 
ompare MDL to Bayesian Statisti
s [17, 38, 18, 77℄. Bayesian

Statisti
s and MDL are 
losely related. Some people have even { wrongly { 
laimed

that, philosophi
al di�eren
es notwithstanding, the two are really the same for all

pra
ti
al purposes. This 
laim probably stems from the fa
t that the mathemati
al

formulas used in appli
ations of MDL and Bayesian statisti
s 
oin
ide in two important


ases:

7

Stri
tly speaking, it 
an be seen as a spe
ial 
ase of Dawid's `prequential assessment' when used

with the logarithmi
 loss.
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Eviden
e and Sto
hasti
 Complexity In Bayesian statisti
s we always use a

prior distribution w for all elements in the 
hosen model 
lassM. We 
an then simply


al
ulate the 
onditional probability of the data D given model 
lass M as

P (DjM) =

Z

�2�

P (Dj�)w(�)d�

whi
h 
oin
ides with our P

av

as given by Equation (2.13). Bayesian model 
lass sele
-

tion [163℄ works as follows: if we are given some data D and we have to de
ide whether

it is better explained by model 
lass M

1

or by model 
lass M

2

, then we 
hoose the


lass M

i

for whi
h the eviden
e P (DjM

i

) is highest.

If we are willing to use P

av

with priorw as the `mixture approximation' to sto
hasti



omplexity (see Se
tion 2.5) then, be
ause of the monotoni
ity of `�' and log, this is

equivalent to 
hoosing the 
lass with the lowest sto
hasti
 
omplexity.

MAP and 2-part MDL Bayesians often approximate the eviden
e P (DjM) by

P (Dj

�

�),

�

� being the maximum a posteriori (MAP) model for D. This is the model

that has `maximal probability in light of the data':

�

� = argmax

�2M

P (�jD) = argmax

�2M

P (Dj�)w(�)

P (D)

= argmax

�

P (Dj�)w(�) (2.19)

where the se
ond equality follows from Bayes' rule [17℄ and the third follows from the

fa
t that P (D) does not 
hange if we vary �.

We know that for probabilisti
 model 
lasses, the MDL estimator �

mdl

is given by

minimizing � logP (Dj�) + L

C

1

(�). By the arguments of Se
tion 1.2.3 in Chapter 1,

there exists a probability distribution w su
h that for all D, � logw(D) = L

C

1

(�). For

this w we have:

�

mdl

= arg min

�2M

f� logP (Dj�) + [� logw(�)℄g (2.20)

Comparing (2.19) and (2.20) we see that they are equivalent!

What, then, is the essential di�eren
e between the two approa
hes? Though it

remains somewhat hidden in the two examples above, the aim of Bayesian statisti
s

is usually to make inferen
es and de
isions based on data D that maximize expe
ted

utility. Here the `utility' of an inferen
e or de
ision is some fun
tion depending on

the problem domain. A

ording to MDL, rather than maximizing expe
ted utility we

should base inferen
es on minimizing 
ode length (how to deal with `de
isions' will be

explained in Chapter 4). Summarizing:

Roughly speaking, the aim of MDL is to 
ompress data as mu
h as possible; the

aim of Bayesian statisti
s is to maximize expe
ted utility.

MDL's fo
us on 
ompression reveals itself in several ways. First, the de�nition of

sto
hasti
 
omplexity L

s


(�jM) does not depend on any parti
ular prior distribution.

This is how it should be, sin
e it is de�ned with respe
t to D and M and should
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thus depend only on D and M and nothing else. If we approximate L

s


(�jM) using

L

av;w

(�jM), we should pi
k the prior with whi
h we obtain 
ode lengths that are as

short as possible in the worst-
ase. Under suitable 
onditions, this will be Je�reys'

prior as introdu
ed in Se
tion 2.6.

In the same vein, Rissanen [129℄ shows that the two-part 
ode length given by (1.5)

is suboptimal only: there exists a somewhat more eÆ
ient version of the two-part 
ode

length that 
annot be reinterpreted in MAP terms (see Chapter 7). There are di�erent

sub-s
hools of Bayesian Statisti
s and the proponents of ea
h propose di�erent priors

for di�erent reasons [17℄; usually however, the purpose of su
h priors does not seem to

be to 
ompress as mu
h as possible.

Sin
e the in
uen
e of the prior distribution is typi
ally almost negligible ex
ept for

very small sample sizes, MDL and Bayesian methods will often lead to similar results

in pra
ti
e. However, `non-typi
al' 
ases where the prior has a large in
uen
e even

for relatively large sample sizes do o

ur in pra
ti
e [129℄. In su
h 
ases MDL and

Bayesian methods may lead to di�erent results.

No Expe
tations Most Bayesians do not seem to hesitate to take expe
tations over

priors (see Chapter 7, Se
tion 7.2 for an example). A

ording to MDL, a prior should

be used only as a tool to arrive at short des
riptions. Therefore it is not what we

would 
all a `generating' probability: the hypothesis � 
an 
ertainly not be viewed

as `being drawn a

ording to prior w'. MDL holds the view that taking expe
tations

over non-generating probabilities should be done with 
are and is meaningful only in


ertain spe
ial 
ases (see Chapter 4).

MML and Prequential Analysis indexMinimumMessage Length Prin
iple o 
om-

pli
ate the situation further, there are two bran
hes of Bayesian statisti
s (or at least,

bran
hes of statisti
s that have their roots in the Bayesian view), whi
h are parti
ularly


losely related to MDL. These are (1) Dawid's `Prequential Analysis' [36, 37℄ and (2)

Walla
e's Minimum Message Length (MML) Prin
iple [161, 162℄. The MML Prin
iple


ombines Bayesian ideas with data 
ompression; it is dis
ussed at length in Chapter 7.

Prequential analysis and MDL share the view that probability distributions are to be

seen as models of data and not as something `a

ording to whi
h data are a
tually

distributed'. The relationship between Prequential analysis and MDL is investigated

by Dawid in [37℄.

The di�eren
es between Bayesian methods and MDL be
ome more pronoun
ed in the

idealized setting where we allow the 
oding to be done by a universal programming

language. This situation has been analyzed in detail by Vit�anyi and Li [160℄.

2.9 Con
lusion and Outlook

In 
hapters 1 and 2 we have provided a general overview of the MDL Prin
iple. Sum-

marizing, we 
an state that the following views are fundamental to MDL:
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1. Indu
tive inferen
e should be done on the basis of a 
ode, or, more generally, a

des
ription method.

2. The shorter su
h a 
ode length assigns to the given data D, the better we have


aptured the regularities in D.

3. Models should always be viewed as, or be asso
iated with, 
odes.

4. Classes of models M 
an be `summarized' by a single 
ode: the sto
hasti
 
om-

plexity 
ode based on M.

We dis
ussed several ways of approximating the sto
hasti
 
omplexity; we provided a

reinterpretation of `des
ription methods' in terms of `betting strategies' and we 
om-

pared MDL to Bayesian statisti
s.

However, there are still two unresolved issues we mentioned in passing but did not

go into further: in Chapter 1, we argued that overly simple models, or, more generally,

models that allow for 
ompression but are nevertheless not in any sense `true', 
an

nevertheless be useful in predi
ting or making de
isions with respe
t to future data.

This 
laim still has to be veri�ed. The other issue 
on
erns Se
tion 2.2 in the present


hapter, where we 
onne
ted non-probabilisti
 model 
lasses to probabilisti
 ones in

a somewhat arbitrary manner (Equation 2.3, page 32). Indeed, as we will show in

Chapter 5, Example 5.1, there is something inherently arbitrary about the pro
edure

used in Se
tion 2.2. In Chapter 5 we propose a new idea to deal with both issues raised

here. But in order to do so, we need to introdu
e the 
on
ept of Maximum Entropy

and relate it to MDL. This will be the subje
t of the next 
hapter.
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Chapter 3

Introdu
tion to Maximum

Entropy

This 
hapter dis
usses the Maximum Entropy Prin
iple and shows how it is related to

MDL. In se
tions 3-3.6 we give a brief and basi
 introdu
tion to maximum entropy.

We start by informally introdu
ing maximum entropy, giving several examples of its

use and relevan
e. This is followed in se
tions 3.2-3.4 by formal de�nitions of entropy,

relative entropy, maximum entropy distributions and 
lasses of these distributions.

Se
tion 3.5 dis
usses the `
on
entration phenomenon' whi
h lies at the heart of the

maximum entropy method. Ever sin
e their introdu
tion, the appropriateness of max-

imum entropy prin
iples has been �er
ely debated. Se
tion 3.6 reviews some of the

issues in this debate. In Se
tion 3.7 we show that Maximum Entropy 
an be seen as

a spe
ial 
ase of the MDL Prin
iple. The 
hapter ends with a brief 
on
lusion. se
-

tionMotivation It is a dream of Arti�
ial Intelligen
e to build intelligent robots. These

should be 
apable of making rational de
isions on the basis of in
omplete and par-

tially unreliable information 
oming from their sensors and their database. If a robot's

knowledge were represented by a probability distribution (where the probability of e

indi
ates a robot's degree of belief in proposition e), then it 
ould use de
ision theory

[17℄ to arrive at rational de
isions. This is only possible if the probability distribution

is 
omplete, assigning a probability to ea
h 
on
eivable event e. Where do we get these

probabilities from? Some probabilities may be 
al
ulated from past experien
e; but for

most of them there is not enough past experien
e to determine them with any degree of


orresponden
e to the `real' probabilities. The Maximum Entropy Prin
iple provides

a means to arrive at probabilities in the presen
e of partial knowledge: given 
ertain


onstraints on a probability distribution, it 
onstru
ts a single probability distribution

over all possible out
omes. On
e su
h a single distribution has been 
onstru
ted, all

the tools of de
ision theory and probability theory be
ome available to make de
isions

and predi
tions.

Su
h a means of arriving at a single distribution from partial knowledge has appli-


ations in many other �elds. Within the �eld of AI, we should mention expert systems

[114℄ and automated natural language pro
essing [16℄. Some su

essful appli
ations

49
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of Maximum Entropy outside of AI are in protein modeling [89℄, psy
hologi
al mod-

eling [113℄, sto
k market analysis [32℄ and analysis of geneti
 algorithms [140℄; for a

mu
h longer list, see [144℄. We will now �rst dis
uss maximum entropy in an informal

manner.

3.1 Informal Introdu
tion to Maximum Entropy

Let E be a sample spa
e and let �

1

; : : : ; �

n

be fun
tions on E with rangesU

1

; : : : ;U

n

.

For simpli
ity we assume that all U

i

's are intervals in R

1

. We are given a �nite

(possibly empty) set C of 
onstraints regarding the expe
ted values of the fun
tions

�

i

:

C = fE[�

1

(X)℄ = t

1

; : : : ; E[�

m

(X)℄ = t

m

g (3.1)

where the t

i

are values in the interior of U

i

.

We ask the following question: if the only knowledge we have about a probability

distribution P are the 
onstraints given by (3.1), what is then our best guess for P ?

It is of 
ourse not well-de�ned what a `best guess' really is. A possibility is to look

for the P that allows for the best possible predi
tion of future data. Another option

is to sear
h for the P that is in some sense, `the most likely', given the 
onstraints. A

third option is to assume that, at several stages, new information about P will be made

available. The aim would then be to pi
k a P a

ording to a s
heme that 
onverges as

qui
kly as possible to the `true' P a

ording to whi
h the data is a
tually drawn.

A

ording to some authors, all these aims 
oin
ide, and are realized by adopting

the P that maximizes the entropy subje
t to the given 
onstraints. The entropy of a

distribution P is the expe
tation of � logP (X). It is a measure of the amount of

randomness or `disorder' inherent in P . Sin
e logP (x) determines the goodness-of-�t

of data x under model P , the entropy of P may be interpreted as minus the expe
ted

goodness-of-�t under P . A distribution with high entropy has a low expe
ted goodness-

of-�t. Adopting the probability distribution with the maximum entropy is 
alled the

Maximum Entropy Prin
iple. It has been introdu
ed by Jaynes in 1957 [73℄ but has

its roots in the work of Boltzmann and Gibbs on statisti
al me
hani
s [77℄. Our �rst

example shows that Maximum Entropy is a generalization of Lapla
e's Prin
iple of

InsuÆ
ient Reason [91℄ whi
h we introdu
ed on page xi.

Example 3.1 Let E = f1; : : : ; kg. As will be veri�ed shortly, the distribution over E

without any 
onstraints (ex
ept

P

i2E

P (i) = 1) with maximum entropy is given by

P (i) = 1=k for all i 2 E; the entropy of this distribution is

E[� logP (X)℄ =

k

X

i=1

P (i)[� logP (i)℄ = �k �

1

k

log

1

k

= log k

The expe
ted log-likelihood E[logP (X)℄ is � log k. Intuitively, data drawn a

ording

to a more skewed distribution over E will, with high probability, be more regular than

data drawn a

ording to P . Indeed the entropy of P de
reases (and the expe
ted

log-likelihood in
reases) as P (i) drifts away from 1=k, and in the limit for P (i) !

1; P (j)! 0 (j 6= i) the entropy be
omes 0.
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Before moving on to formal de�nitions, we give a few more examples of `MaxEnt', as

it is usually abbreviated:

Example 3.2 Let E = fa; b; 
g. We are given the 
onstraint P (a) = 1=2. To see

that it is of the form demanded by Equation 3.1, note that P (a) = p is equivalent to

E[I(X = a)℄ = p, where I is the indi
ator fun
tion de�ned as follows:

I(x = e) =

�

1 if x = e

0 if x 6= e

(3.2)

For �xed e, I(x = e) is a fun
tion of x only. In su
h a 
ase we write I

e

(x) instead of

I(x = e) whenever this does not give rise to any 
onfusion.

In the 
ase of 
onstraint P (a) = 1=2, the maximum entropy distribution is given

by P (a) = 1=2; P (b) = P (
) = 1=4.

Example 3.3 [independen
e℄ Let the bias of a 
oin be p and the bias of a se
ond


oin be q. Let 1 stand for `heads' and 0 for `tails'. The maximum entropy distribution

over the joint spa
e E = f0; 1g

2

is given by P (11) = pq; P (10) = p(1 � q); P (01) =

(1� p)q; P (00) = (1� p)(1� q). We see that this is the distribution 
orresponding to

two independent 
oins.

Example 3.4 [uniform and normal distribution℄ Let E = [a; b℄. Otherwise no


onstraints are given. The maximum entropy distribution is the uniform distribution

over E. As another example, let E = (�1;1). Let the 
onstraints E[X ℄ = � and

VAR[X ℄ = �

2

be given. The maximum entropy distribution under these 
onstraints is

the normal distribution with mean � and varian
e �

2

.

Summarizing the previous examples, 
omplete ignoran
e about the relative likelihood

of k out
omes is translated into a uniform distribution on these out
omes. Complete

ignoran
e about dependen
ies between random variables X and Y is translated into a

distribution that renders X and Y independent.

3.2 Entropy and Relative Entropy

Preliminaries and Notation Let P be a probability distribution over a sample

spa
e E. In the dis
rete 
ase, the expe
tation E

P

[�(X)℄ of a fun
tion of the data �

is given by

P

x2E

P (x)�(x). If E is 
ontinuous, then E

P

[�(X)℄ =

R

x2E

f(x)�(x)dx

where f(x) is the density fun
tion of P . Whenever we use an indexed probability

distribution like, say, P

i

, we use E

i

[�(X)℄ as short for E

P

i

[�(X)℄. We de�ne the

support of a distribution P over sample spa
e E as the set fx 2 E j P (x) > 0g. We

say that P has full support if the support 
oin
ides with E.

It will be 
onvenient to 
hange our unit of measurement and work in `nats' in stead

of `bits' throughout the remainder of this 
hapter. Hen
e in this 
hapter, we use L

P

(x)

as an abbreviation of � lnP (x), the 
ode length (measured in nats) of x obtained by

using the 
ode based on P . In 
ase E is 
ontinuous, we adopt the same 
onventions

as in Chapter 1, Se
tion 1.2. Spe
i�
ally, � lnP (X) should then be read as � ln f(x)

where f is the density fun
tion of P .
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Whenever we write P (x

1

; : : : ; x

n

) for x

i

2 E, we are referring to the produ
t

distribution: P (x

1

; : : : ; x

n

) = �

n

i=1

P (x

i

).

De�nition 3.5 The entropy of a distribution P is

H(P ) = E

P

[L

P

(x)℄ (3.3)

The relative entropy or Kullba
k-Leibler (KL) Divergen
e between distributions P

and Q is given by

D(P jjQ) = E

P

[L

Q

(x)� L

P

(x)℄ =

X

x2E

P (x) ln

P (x)

Q(x)

The entropy has a dire
t interpretation as the expe
ted number of nats needed to

en
ode an out
ome that is distributed a

ording to P , using the 
ode L

P

based on P .

If we 
ode the data using the 
ode based on a distribution Q rather than on P ,

then the expe
ted number of nats needed to en
ode an out
ome drawn a

ording to

P will be E

P

[� lnQ(x)℄. Hen
e the KL divergen
e has a dire
t interpretation as the

expe
ted di�eren
e in the number of nats needed to en
ode su
h an out
ome using the


ode based on P versus the 
ode based on Q. The following result is of fundamental

importan
e (see [30℄ for a proof):

Theorem 3.6 (Information Inequality) For any two probability distributions P

and Q de�ned over the same spa
e E ,

D(P jjQ) � 0 (3.4)

with equality holding if and only if P = Q.

We see that if data are a
tually distributed a

ording to P , then the optimal (in the

sense of minimizing expe
ted 
ode length) 
ode for the data is the 
ode based on

P : every other 
ode will yield a larger expe
ted 
ode length. The di�eren
e in the

expe
ted number of nats needed 
an be interpreted as a kind of `distan
e' between the

distributions P and Q. Note however that in general, D(P jjQ) 6= D(QjjP ) so the KL

divergen
e is not really a distan
e in the usual mathemati
al sense of the word.

3.3 Maximum Entropy Distributions

Preliminaries We are given the sample spa
e E and a set of 
onstraints C pertaining

to an otherwise unknown probability distribution P . We assume C to be of the form

given by Equation 3.1 on page 50. We often abbreviate Equation 3.1 to

E[�(X)℄ = t

where �(X) stands for the ve
tor (�

1

(X); : : : ; �

m

(X)) and t stands for the ve
tor

(t

1

; : : : ; t

m

). In this way, the set of 
onstraints C 
an be equivalently seen as a single


onstraint on the ve
tor-valued fun
tion �. We write C(�; t) to denote the spe
i�



onstraint E[�(X)℄ = t. We say a probability distribution satis�es 
onstraint C(�; t)
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i� E

P

[�(X)℄ = t. The set of probability distributions P over E satisfying C(�; t) is

denoted by M(�; t): M(�; t) = fP j E

P

[�(X)℄ = tg.

In most pra
ti
al appli
ations, we are not really given expe
ted values but rather

measured average values of fun
tions over large sets of data. Let �(x)

n

be the average

value of � over n observations:

�(x)

n

=

1

n

n

X

i=1

�(x

i

)

For a given 
onstraint C(�; t), we de�ne the 
orresponding empiri
al 
onstraint C

e

(�; t)

as follows:

C

e

(�; t) = f�

1

(x)

n

= t

1

^ : : : ^ �

m

(x)

n

= t

n

g = f�(x)

n

= tg (3.5)

In this 
ase C

n

(�; t) denotes the set of data of length n for whi
h the 
onstraint C(�; t)

holds:

C

n

(�; t) = fx

n

j �(x)

n

= tg:

3.3.1 Expli
it Expression for the MaxEnt Distribution

We are given a 
onstraint C(�; t) for some fun
tion � = (�

1

; : : : ; �

m

) with range

U = U

1

� : : :�U

m

. We look for the distribution P

me

that maximizes the entropy H

as given in Equation 3.3 under the 
onstraint C(�; t):

P

me

= arg max

P2M(�;t)

H(P ) (3.6)

We verify below that in the dis
rete 
ase the maximum entropy distribution P

me

is

given by

P

me

(x) =

1

Z(�)

e

��

T

��(x)

(3.7)

where � = (�

1

; : : : ; �

m

) 2 R

m

is a set of m parameters; �

T

is the transpose of � (and

hen
e �

T

��(x) denotes the inner produ
t

P

m

i=1

(�

i

��

i

(x)). The quantity Z(�) is used

as a normalization fa
tor:

Z(�) =

X

x2E

e

��

T

��(x)

(3.8)

For all n, x

n

2 E

n

, P

me

(x

n

) is given by the produ
t distribution of P

me

: P

me

(x

n

) =

�

n

i=1

P

me

(x

i

).

(3.7) only holds under 
ertain mild regularity 
onditions. In parti
ular, it must

be the 
ase that the sum (integral) in (3.8) 
onverges and that, in the integral 
ase,

when di�erentiating (3.8) we 
an swap the order of di�erentiation and integration. It

is straightforward to show that the following 
onditions are suÆ
ient to ensure that

there exists a unique value of � su
h that (3.7) de�nes a probability distribution for

whi
h the 
onstraint E[�(X)℄ = t holds.
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Conditions for Existen
e of Maximum Entropy Distributions

Let � = (�

1

; : : : ; �

m

) be a fun
tion with domain E and range U = U

1

� : : : �U

m

.

Let t = (t

1

; : : : ; t

m

) 2 U. We require the 
onstraint E[�(X)℄ = t to be su
h that for

i = 1; : : : ;m:

C1 U

i

is the smallest interval in R su
h that 8x 2 E : �

i

(x) 2 U

i

.

C2 If E is 
ontinuous, then �

i

is 
ontinuous. More pre
isely, if E � R

k

, then �

i

is

the restri
tion to domain E of some 
ontinuous fun
tion  : R

k

! R.

C3 In the dis
rete 
ase E 
ontains a �nite number of elements. In the 
ontinuous


ase, E 
an be written as E

1

� : : :E

l

for some l � 1, where for ea
h E

j

with

1 � j � l:

1. E

j

is a 
losed interval in R

or

2. E

j

= R and there exist � > 0 and C 2 R su
h that

8x

1

; : : : ; x

l

: �

i

((x

1

; : : : ; x

j

; : : : ; x

l

)) � jx

j

j

�

� C:

C4 t

i

lies in the interior of U

i

.

These 
onditions are suÆ
ient but by no means ne
essary to ensure the existen
e of a

maximum entropy distribution. However, they 
over all the 
ases needed in this thesis

(
ondition C3.2 may seem a bit 
ounterintuitive; it is added to make sure that, if in the

evaluation of (3.8) we have to integrate over R, the integral 
onverges). Hen
eforth,

whenever we speak of a maximum entropy distribution for fun
tion � : E ! U and


onstraint E[�(X)℄ = t we ta
itly assume C1-C4 to hold.

To see that P

me

indeed maximizes the entropy subje
t to the 
onstraint �(x) = t, let

Q be any distribution other than P

me

satisfying the 
onstraint and noti
e that:

H(Q) = E

Q

[� lnQ(X)℄ < E

Q

[� lnP

me

(X)℄ = E

Q

[�

T

�(X) + lnZ(�)℄

= �

T

E

Q

[�(X)℄ + lnZ(�)

(1)

= �

T

t+ lnZ(�) (3.9)

where the inequality follows from the information inequality (3.4) and (1) follows from

the fa
t that we de�ned Q to satisfy the 
onstraint and hen
e E

Q

[�(X)℄ = t. On the

other hand,

H(P

me

) = E

me

[� lnP (X)℄ = E

me

[�

T

�(x) + lnZ(�)℄

= �

T

E

me

[�(X)℄ + lnZ(�)

(1)

= �

T

t+ lnZ(�) (3.10)

where (1) follows from the fa
t that, by de�nition, the maximum entropy distribution

satis�es the 
onstraint and hen
e E

me

[�(X)℄ = t.

Together, (3.9) and (3.10) give that H(P

me

) > H(Q) for all Q 6= P

me

satisfying the


onstraint, whi
h is what we had to prove.
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The proper value of � 
an be obtained from the equality:

t

i

= E

me

[�

i

(X)℄ = �

�

��

i

lnZ(�)

whi
h is easy to 
he
k (see Proposition 3.9).

It 
an now easily be veri�ed that the distributions mentioned in examples (3.1)-

(3.4) are indeed the maximum entropy distributions for the respe
tive 
onstraints;

see [30℄ for details. As an example, the `empty' 
onstraint, leading to the uniform

distribution P (x) = 1=k, 
an always be written as E[0(X)℄ = 0 where 0(x) is the

fun
tion that maps ea
h x to 0. The optimal � for this 
onstraint turns out to be 0

and (3.7) be
omes the uniform distribution.

3.4 Maximum Entropy Model Classes

As will be seen in the next 
hapter, it is very useful to 
onsider the 
lass of all Maximum

Entropy distributions that satisfy 
onstraints of the same fun
tional form. These


lasses of distributions play a fundamental role in statisti
s, where they are known

as the `exponential families'. Many of the model 
lasses that are typi
ally used in

statisti
al pra
ti
e are of this form; a few examples are the Bernoulli, multinomial,

Normal, Beta- and Gamma-distributions.

The maximum entropy model 
lass for a fun
tion � : E ! U 
ontains exa
tly the

maximum entropy distributions for the (ve
tor of) 
onstraints E[�(X)℄ = t for all t in

the interior of U. Formally,

De�nition 3.7 Let a fun
tion � : E ! U be given. Let P

me;�

(�jt) be the maximum

entropy model for 
onstraint E[�(X)℄ = t. The maximum entropy model 
lass M

me

for fun
tion � is given by

M

me

= fP

me;�

(�jt) j t 2 int(U)g

where int(U) stands for the interior of U.

Note that if 
onditions C1-C3 of page 54 hold for E, �(x) = (�

1

(x); : : : ; �

m

(x)) and

U = U

1

�: : :U

m

, then the 
lassM

me

for fun
tion � is guaranteed to exist. Hen
eforth,

whenever we speak of a maximum entropy 
lass for a fun
tion � we ta
itly assume E,

� and U to be su
h that C1-C3 are satis�ed.

Example 3.8 Let E = f0; 1g. The maximum entropy model for 
onstraint P (X =

1) = � is the 
orresponding Bernoulli model P (X = 1) = � (Chapter 1, De�nition 1.7).

This 
an be seen by substituting � = ln(1 � �) � ln � in Equation 3.7. Hen
e the

Bernoulli model 
lass restri
ted to 0 < � < 1 is the maximum entropy model 
lass for

E = f0; 1g and 
onstraint P (X = 1) = �. Note that � = 0 
orresponds to the uniform

distribution � = 1=2. As � ! 1, � ! 0 and as � ! �1, � ! 1: the smaller j�j, the


loser the distribution is to uniform and hen
e the higher the entropy. This relation 
an

be shown to hold for maximum entropy model 
lasses in general, see Proposition 3.9.
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How to parameterizeM

me

We 
an parameterize maximum entropy model 
lasses

in two useful ways. Note that the maximum entropy 
lass M

me

for fun
tion � 
on-

tains exa
tly one element for every t 2 int(U). Therefore we 
an identify the set of

parameters � with int(U). This way of 
hara
terizing models is 
alled mean-value

parameterization [82℄. Alternatively, as we know from Se
tion 3.3.1, ea
h element of

M

me

may be written as in (3.7) for a parti
ular value of �. Sin
e, again by (3.7),

E

�

[�(X)℄ is a 
ontinuous fun
tion of �, it follows that the 
lass M

me


an also be


hara
terized as follows:

M

me

= fP (�j�) j E

�

[�(X)℄ 2 int(U)g

where P (�j�) is given by (3.7) and extended to x

n

2 E

n

by taking the produ
t distribu-

tion. This indexing of elements of M

me

by the 
orresponding � is 
alled the `natural'

parameterization [82℄.

Exponential Families and Maximum Entropy Model Classes A k-parameter

exponential family is a family of probability distributions or densities that 
an be

written in the form

P (xj�) =

1

Z(�)

e

��

T

��(x)

h(x) (3.11)

where �(x) = (�

1

(x); : : : ; �

k

(x)), � 2 R

k

and Z(�) =

P

x2E

exp(��

T

�(x))h(x). h(x)

and �(x) are fun
tions de�ned for all x 2 E. The natural parameter spa
e of an

exponential family is given by

�

nat

= f� 2 R

k

j Z(�) <1g

An exponential family is said to be full if it 
ontains a model for every � 2 �

nat

.

The dimension of an exponential family is the dimension of its asso
iated �

nat

. An

exponential family is said to be of irredu
ible dimension if there is no (k�1)-parameter

exponential family expressing the same 
lass of probability distributions.

From the point of view of measure theory, the fun
tion h(x) may be absorbed in a

dominating measure [82℄. One 
an then drop the fa
tor h(x) from (3.11). We see that

maximum entropy model 
lasses and exponential families essentially 
oin
ide.

Some Useful Fa
ts about Maximum Entropy Model Classes The fol-

lowing proposition lists some useful (and well-known) fa
ts about maximum en-

tropy/exponential model 
lasses that will be used several times in the 
hapters to


ome.

Proposition 3.9 LetM

me

be a maximum entropy 
lass for fun
tion �(x) = (�

1

(x); : : :

; �

m

(x)) with range U = U

1

� : : : �U

m

. Let � = (�

1

; : : : ; �

m

) 2 �

nat

, where �

nat

is the spa
e of parameters in the natural parameterization of M

me

. Let 1 � i; j � m.

Then
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1. The �rst two (
entral) moments of P (�j�) are determined by the �rst two deriva-

tives of Z(�):

�

��

i

lnZ(�) = �E

�

[�

i

(X)℄

�

2

��

i

��

j

lnZ(�) = 
ov[�

i

(X); �

j

(X)℄ =

= E[(�

i

(X)�E[�

i

(X)℄)(�

j

(X)�E[�

j

(X)℄)℄:

2. Let �

1

; : : : ; �

m

all be �xed ex
ept �

i

. Then

(a) E

�

[�

i

(X)℄ as a fun
tion of �

i

is stri
tly de
reasing.

(b) If �

i

> 0, then H(�) is a stri
tly de
reasing fun
tion of �

i

. If �

i

< 0, then

H(�) is a stri
tly in
reasing fun
tion of �

i

.

3. The log-likelihood lnP (x

n

j�) as a fun
tion of �

i

is 
on
ave, rea
hing its maximum

at the point where E

�

[�

i

(X)℄ = �

i

(x)

n

. More generally:

4. Let E

�

stand for the expe
tation under the model P (�j�) 2 M

me

de�ned by the

mean-value parameterization (i.e. E

�

[�(X)℄ = �). Assume that �(x)

n

lies in the

interior of U. Then:

E

^

�(x

n

)

[�(X)℄ = E

^

�(x

n

)

[�(X)℄ = �(x)

n

=

^

�(x

n

) (3.12)

5. �(�) := E

�

[�(X)℄ as a fun
tion of � is a 
ontinuous bije
tion from �

nat

to

int(U).

Proof: All of these properties are straightforward to verify by di�erentiation, and

realizing that when we take derivatives of Z(�) we are allowed to swap the order of

di�erentiation and integration by our regularity 
onditions on �. Otherwise, see [82℄,

Chapter 1. 2

3.5 The Con
entration Phenomenon

The Maximum Entropy distributions

1

have a very spe
ial property: almost all out-


omes that satisfy a given empiri
al 
onstraint have frequen
ies extremely 
lose to the

maximum entropy probabilities. Jaynes [75℄ has termed this the `
on
entration phe-

nomenon'. It shows that, among all distributions that one may 
onsider as 
andidates

for having generated the a
tual out
omes, the maximum entropy distribution has a

unique status. This is used by some as a justi�
ation of the maximum entropy prin
i-

ple (though others reje
t it, as will be dis
ussed in the next se
tion).

Below we show how the 
on
entration phenomenon arises. It will allow us to prove

some of the 
laims we have made in earlier 
hapters, and it will play an important

1

At least in the 
ase of dis
rete sample spa
es.
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role in Chapter 4. We only 
onsider �nite sample spa
es E = f1; : : : ; kg. Let P

me

be the maximum entropy distribution for the distributional 
onstraint E[�(X)℄ = t

that 
orresponds to the empiri
al 
onstraint �(x)

n

= t. For simpli
ity, we make the

following assumption: we assume that for ea
h n, there exist x

n

su
h that the empiri
al


onstraint C

e

(�; t) holds. The arguments 
an be easily extended to the situation where

this is not the 
ase.

Notation Con
erning Frequen
ies We �rst introdu
e some notation and termi-

nology regarding frequen
ies. A tuple of positive rational numbers 
 = (


1

; : : : ; 


k

)

is 
alled a frequen
y distribution if

P

n

i=1




i

= 1. For a given sequen
e x

n

, we let n

i

(where 1 � i � k) stand for the number of times that out
ome i o

urs in x

n

. Hen
e




i

= n

i

=n. We write 
(x

n

) = (


1

(x

n

); : : : ; 


n

(x

n

)) = (n

1

=n; : : : ; n

k

=n) to denote the

tuple of frequen
ies belonging to the set x

n

.

Clearly, a sequen
e x

n

satis�es 
onstraint �(x)

n

if and only if




1

(x

n

)�(1) + : : :+ 


k

(x

n

)�(k) = t: (3.13)

Hen
e whether or not a sequen
e satis�es a 
onstraint is 
ompletely determined by the

frequen
y distribution 
. We say that 
 satis�es 
onstraint �(x)

n

i� (3.13) holds.

The Con
entration Phenomenon Let us de�ne

G

n

(
) = G

n

(


1

; : : : ; 


k

) = fx

n

j
(x

n

) = 
g:

In words, G

n

(
) stands for the set of sequen
es in E

n

with frequen
ies 
. Observe

that

jG

n

(
)j =

�

n

n

1

; : : : ; n

k

�

=

n!

n

1

! � � �n

k

!

(3.14)

Straightforward appli
ation of Stirling's approximation,

lnn! = n lnn� n+ ln

p

2�n+O(

1

n

); (3.15)

together with (3.14) gives:

jG

n

(
)j = e

nH(


1

;::: ;


k

)

� 
(n) (3.16)

Here H(


1

; : : : ; 


k

) stands for the empiri
al entropy

2

of 
; 
(n) = e

C=n

for some


onstant C and hen
e goes to 1 with in
reasing n.

Now de�ne C

n

= fx

n

j �(x)

n

= tg as the set of data x

n

for whi
h the 
onstraint

�(x)

n

holds. Let 
 = (


1

; : : : ; 


k

) be two sets of frequen
ies that satisfy the given


onstraint (so that (3.13) holds for both 
 and 


0

). Note that both G

n

(
) and G

n

(


0

)

are subsets of C

n

. Suppose H(
) < H(


0

). By (3.16), the ratio between the number of

2

The empiri
al entropy H(
) = H(


1

; : : : ; 


k

) is de�ned analogously to the entropy for probability

distributions: H(


1

; : : : ; 


k

) = �

P

k

i=1




i

ln 


i

.
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elements in C

n

with frequen
ies 
 and the number of elements in C

n

with frequen
ies




0

de
reases exponentially with n:

jG

n

(
)j

jG

n

(


0

)j

!

exp(nH(
))

exp(nH(


0

))

= e

�n�

for some � > 0: (3.17)

We denote by 


me

the tuple of frequen
ies that maximizes the empiri
al entropy H(
)

subje
t to the 
onstraint �(x)

n

= t. By (3.17), as n in
reases, the number of elements

in C

n

with frequen
ies 


me

be
omes exponentially larger than the number of elements

in C

n

with frequen
ies 
 for every �xed 
 6= 


me

. This is the `
on
entration phe-

nomenon' [75℄. It says that nearly all out
omes x

n

satisfying 
onstraint �(x)

n

= t will

have empiri
al frequen
ies (n

1

=n; : : : ; n

k

=n) extremely 
lose to the maximum entropy

frequen
ies 


me

= (


me;1

; : : : ; 


me;k

). These in turn are equal to the maximum entropy

probabilities (P

me

(1); : : : ; P

me

(k)) for 
onstraint E[�(X)℄ = t.

The 
on
entration phenomenon enables us to prove some 
laims we made earlier:

(3.16) shows that Equation 1.9 of Chapter 1, page 18 holds. Also, (3.17) shows the

validity of the 
laim that the ratio of

�

n


n

�

to 2

n

goes to 0 exponentially fast for all 


ex
ept 
 = 1=2 (page 7).

In the next se
tion, we show how the 
on
entration phenomenon may be used to

justify the Maximum Entropy Prin
iple.

3.6 Pros and Cons of MaxEnt

Jaynes �rst published about maximum entropy in 1957. The idea as a whole and

its range of appli
ability has been a topi
 of �er
e debate ever sin
e. Perhaps the

most impressing argument in favor of MaxEnt is the simple fa
t that it works very

well in many appli
ations [113, 16, 77℄. However, we would like to know why. There

are lots of arguments in favor of MaxEnt; but there are just as many against it. We

will sket
h some of the most well-known of these arguments. Before presenting them,

we give Jaynes' example of the `Brandeis Di
e'. This is the standard example of a

`toy' MaxEnt appli
ation. Opponents and proponents of the prin
iple alike use it to

illustrate their arguments.

Example 3.10 [Brandeis Di
e℄ Let a six-sided die be given, together with the ad-

ditional information that the expe
ted number of spots 
oming up in a throw is 4:5

rather than 3:5. We let p

i

stand for P

me

(X = i). In other words, E = f1; 2; 3; 4; 5; 6g

and E[X ℄ =

P

6

i=1

ip

i

= 4:5. Jaynes [74, 76℄ 
al
ulated the MaxEnt probabilities as

follows:

(p

1

; : : : ; p

6

) = (0:05435; 0:07877; 0:11416; 0:16545; 0:23977; 0:34749) (3.18)

The question is now, of 
ourse, how to interpret these probabilities.

3.6.1 What's good about MaxEnt

One 
an justify MaxEnt in many ways [77, 114, 115, 144, 153, 152℄. Most of these

justi�
ations fall in either of two 
ategories. We dis
uss these in turn.
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Almost all out
omes are typi
al for the MaxEnt distribution The approa
hes

belonging to the �rst 
ategory are all based on the 
on
entration phenomenon we

dis
ussed in the previous se
tion. We �rst show how the 
on
entration phenomenon 
an

be used as a dire
t justi�
ation of maximum entropy. The justi�
ations work only for

the 
ase of �nite sample spa
esE = f1; : : : ; kg. Let x

n

be some sequen
e. Suppose that

we are given a 
onstraint �(x)

n

= t for some large n. By the 
on
entration phenomenon

we know that the overwhelming majority of x

n

that satisfy the 
onstraint will have

frequen
ies of o

urren
e (


1

; : : : ; 


k

) (where 


i

is the number of times out
ome i o

urs

in x

n

) extremely 
lose to the maximum entropy probabilities (P

me

(1); : : : ; P

me

(k)).

For la
k of any more spe
i�
 knowledge, it may now seem reasonable to infer as a

`best guess' that the frequen
ies really will be very 
lose to the maximum entropy

probabilities. Going one step further, one may also infer that the maximum entropy

distribution is a `best guess' as a model for the data.

This argument 
onsists of two steps, both of whi
h may be subje
t to 
riti
ism: the

�rst step is the `indu
tive prin
iple' that the frequen
ies that 
an be realized in the

greatest number of ways are a best guess of the a
tual frequen
ies. The se
ond is that

these frequen
ies may then be identi�ed with probabilities. The �rst step 
an be seen

as a straightforward extension of Lapla
e's Prin
iple of InsuÆ
ient Reason. Hen
e if

one a

epts this prin
iple, then one may be in
lined to a

ept the �rst step. Namely,

let us assume, in line with the Prin
iple of InsuÆ
ient Reason, that all sequen
es

x

n

satisfying the given 
onstraint are equally likely (hen
e uniformly distributed).

Then the 
on
entration phenomenon tells us that with overwhelming probability, the

frequen
ies will indeed be 
lose to the maximum entropy probabilities.

Rationality Requirements In the other 
ategory of MaxEnt justi�
ations, one

postulates a number of axioms that should be satis�ed by any rational inferen
e pro-


edure. A typi
al example would be an axiom expression `permutation invarian
e':

giving di�erent names to out
omes should not a�e
t the results of the inferen
e pro-


edure.

Shore and Johnson [144℄ formulated this `permutation invarian
e' and several other,

similarly inno
uous-seeming `rationality requirements'. They were able to show that

the only pro
edure satisfying the requirements is to adopt the maximum entropy dis-

tribution for the given 
onstraints. These results were later extended by other writers

[115, 153℄ who gave even simpler and even more intuitive axioms and showed that only

maximum entropy satis�es them. It should be noted though that UÆnk [157, 158℄

demonstrates that some of the requirements may not ne
essarily be so `rational' as it

seems, and that in some of the approa
hes, there are hidden additional assumptions

used in proving the unique status of MaxEnt.

3.6.2 A Problem with MaxEnt: Ex Nihilo Nihil

MaxEnt has been 
riti
ized on lots of di�erent grounds by many di�erent people [130,

49, 141, 116, 157, 158℄. It would mu
h too ambitious to try and list all obje
tions here.

Instead, we fo
us on a single, `
lassi
' one, that stands at the basis of many (though

by no means all) of the other ones. Here it is:
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If you are only given the information that P satis�es 
onstraint E

P

[�(X)℄ = t for some

� and t, how then, in prin
iple, 
an you 
on
lude anything more than what follows

logi
ally from the 
onstraint? By a `logi
al 
onsequen
e' we mean everything that 
an

be derived from E

P

[�(X)℄ = t in 
onjun
tion with the axioms of probability theory

(e.g. Kolmogorov's axioms [85℄).

In the Brandeis di
e example, how 
an you de
ide upon distribution (3.18)? The

distribution with p

4

= p

5

= 1=2 and all other probabilities zero will satisfy the 
on-

straints just as well, but it will lead to 
ompletely di�erent predi
tions! Never mind

{ from this point of view { that MaxEnt is the only inferen
e pro
edure satisfying

some rationality requirements, or that the frequen
ies 
orresponding to the p

i

's 
an

be realized in the greatest number of ways: the very attempt to arrive at a 
omplete

probability distribution from partial knowledge is 
awed!

This argument goes ba
k to Leslie Ellis ([44℄; see also [157, 158℄) who obje
ted on

the same grounds to Lapla
e's Prin
iple of InsuÆ
ient Reason. In 1850 he 
oined the

phrase `ex nihilo nihil' (literally, `nothing out of nothing'). We quote from [44℄: `Mere

ignoran
e is no ground for any inferen
e whatsoever. Ex nihilo nihil. It 
annot be that

be
ause we are ignorant of the matter we know something about it.'

In Chapter 4, Se
tion 4.2 we propose a `weakened' version of Maximum Entropy that

partially answers the `Ex Nihilo Nihil' argument given above. But in order to do this,

we �rst have to establish the relation between MDL and Maximum Entropy. This is

done in the following se
tion.

3.7 Maximum Entropy as a Spe
ial Case of MDL

In the previous se
tions we have introdu
ed the Maximum Entropy Prin
iple. We now

relate it to the Minimum Des
ription Length Prin
iple. The 
onne
tion between the

two prin
iples 
an be understood from two points of view. The �rst point of view is

to assume that the given 
onstraints pertain to some otherwise unknown distribution

generating the data. In this setting, the 
ode based on the maximum entropy distribu-

tion turns out to yield the shortest worst-
ase expe
ted 
ode length, where `worst-
ase'

is de�ned with respe
t to all generating distributions that satisfy the 
onstraint. The

se
ond point of view is to make no distributional assumptions and to assume that one

is given an empiri
al 
onstraint 
on
erning a
tual data; it turns out that in this 
ase

too, a 
lose 
onne
tion between MDL and Maximum Entropy exists. Here, we fo
us

on the �rst point of view, essentially following [128℄. The se
ond point of view (no

distributional assumptions) is explored in [46, 93℄.

3.7.1 The Maximum Entropy Distribution Minimizes the Max-

imum Expe
ted Codelength

Let us assume then that data are a
tually generated by repeated sampling of some

`true' distribution P

�

satisfying the 
onstraint E[�(X)℄ = t. Let M(�; t) be the 
lass

of all probability distributions over E that satisfy this 
onstraint. If we 
ode the data
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Let Q and R be two distributions over E satisfying E[�(X)℄ = t. Let P

me

be the

maximum entropy distribution for this 
onstraint. We have:

H(Q)

(1)

= E

Q

[� lnQ(X)℄

(2)

� E

Q

[� lnP

me

(X)℄

(3)

= E

me

[� lnP

me

(X)℄

(4)

= H(P

me

)

(5)

� E

me

[� lnR(X)℄

(3.19)

If Q 6= P

me

, inequality (2) be
omes stri
t; if R 6= P

me

, inequality (5) be
omes

stri
t.

(1) and (4) follow from the de�nition of entropy. (2) and (5) follow from the

information inequality (3.4) on page 52. (3) follows from equations (3.9) and (3.10)

on page 54. (1)-(5) imply H(Q) � H(P

me

) whi
h expresses the fa
t that P

me

maximizes entropy. It is also implied that E

Q

[� lnP

me

(X)℄ � E

me

[� lnR(X)℄

whi
h expresses the fa
t that P

me

minimizes worst-
ase des
ription length.

Figure 3.1: Maximum Entropy and Minimum Des
ription Length

using the 
ode based on P

me

, the maximum entropy distribution for this 
onstraint,

then we see from Figure 3.1 (whi
h summarizes equations (3.9) and (3.10) of page 54)

that the expe
ted 
ode length of x

n

= (x

1

; : : : ; x

n

) be
omes

E

P

�

[� lnP

me

(X

1

; : : : ; X

n

)℄ = nH(P

me

): (3.20)

This quantity is independent of the `true' distribution P

�

.

Let us now 
onsider the spe
ial 
ase in whi
h the `true' distribution is P

me

. For

every R 6= P

me

, the 
ode based on R satis�es (by Figure 3.1, Inequality (5)):

E

me

[� lnR(X

1

; : : : ; X

n

)℄ = n(H(P

me

) + �) for some � > 0;: (3.21)

and hen
e the extra 
ode length needed to en
ode n out
omes due to using R rather

than P

me

is on the order of n. It follows that when the only information that is given

is that the data are distributed a

ording to a distribution P

�

satisfying the given


onstraint, then P

me

, the maximum entropy distribution for this 
onstraint, minimizes

the worst-
ase expe
ted 
ode length among all possible probability distributions over

the same sample spa
e:

P

me

= arg inf

P

sup

P

�

2M(�;t)

E

P

�

[� lnP (X)℄ (3.22)

This is shown graphi
ally in Figure 3.2, where the spe
i�
 example of the probability

distributions over E = fa; b; 
g are used to illustrate the general phenomenon.

Conne
tion to MDL What is the relation between `minimizing worst-
ase expe
ted


ode length' and MDL? The strong law of large numbers [47℄ says that if data are
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0.5

1

1.5

2

2.5

0 0.1 0.2 0.3 0.4 0.5
p

The �gure depi
ts both the entropy and the worst-
ase expe
ted des
ription length

of distributions P over fa; b; 
g satisfying the 
onstraint P (a) = 1=2. The x-axis

depi
ts P (b) and ranges over all distributions for whi
h the 
onstraint holds. The

dashed 
urve depi
ts H(P ), the solid 
urve depi
ts max

P

�

2M(�;t)

E

P

�

[� lnP (X)℄.

The 
urves tou
h at P = P

me

whi
h gives both the maximum entropy and the

minimum worst-
ase expe
ted des
ription length. A

ording to MDL we should

pi
k P

me

be
ause it minimizes the upper 
urve, not be
ause it maximizes the

lower 
urve. Note that

E

P

�

[� lnP (X)℄ = �P

�

(a) lnP (a)� P

�

(b) lnP (b)� P

�

(
) lnP (
):

The term �P

�

(a) lnP (a) must be equal to �1=2 ln(1=2) for all P

�

and P that sat-

isfy the 
onstraint. For P (b) < 1=4, the worst-
ase des
ription length is rea
hed

for generating distribution P

�

(b) = 1=2;P

�

(
) = 0. For P (b) > 1=4, it is given

by P

�

(b) = 0;P

�

(
) = 1=2. For P (b) = P

me

(b) = 1=4, every P

�

satisfying the


onstraints yields the same expe
ted des
ription length. The worst-
ase des
rip-

tion length max

P

�

2M(�;t)

E

P

�

[� lnQ(X)℄ for distributions Q not satisfying the


onstraint is not depi
ted, but by equations 3.20 and 3.21 it is easily seen to be

larger than max

P

�

2M(�;t)

E

P

�

[� lnP

me

(X)℄ = E

me

[� lnP

me

(X)℄.

Figure 3.2: The entropy vs. the worst-
ase expe
ted des
ription length.
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drawn by repeated sampling a

ording to a �xed distribution P

�

, then, for every


oding distribution P , with probability 1 the average 
ode length n

�1

P

n

i=1

� lnP (x

i

)

will 
onverge to its expe
ted value E

P

�

[� lnP (X)℄. Hen
e if we are willing to assume

that the data are drawn a

ording to some unknown distribution P

�

satisfying the

given 
onstraint, and we have no idea as to whether there are any other 
onstraints

underlying the data, then modeling our data using (the 
ode based on) P

me

is in the

spirit of the MDL Prin
iple.

It would go too far to say though that the MDL Prin
iple tells us to use this


ode. The reason is that the 
ode based on P

me

is not ne
essarily the best one

to use in this s
enario: there are many distributions P

0

for whi
h, for all n, all

x

n

2 E

n

, � lnP

0

(x

n

) � � lnP

me

(x

n

) + 
 for an arbitrarily small 
onstant 
. If

data are generated by independent sampling from some P

�

satisfying the 
onstraints,

then the average 
ode length of the 
ode based on P

0

will 
onverge to some value

L � E

P

�

[� lnP

me

(X)℄. As an example, 
onsider the distribution P

0

with P

0

(x

n

) =

(1=2)P

me

(x

n

) + (1=2)P

00

(x

n

) where P

00

(x

n

) is some 
ompletely di�erent distribution.

Then � lnP

0

(x

n

) � � lnP

me

(x

n

) + ln 2. If the data happens to be generated by a P

�

su
h that E

P

�

[� lnP

00

(X)℄ < E

P

�

[� lnP

me

(X)℄ then the 
ode based on P

0

will give

(with P

�

-probability 1) shorter average 
ode lengths than the 
ode based on P

me

; if

P

�

is su
h that E

P

�

[� lnP

00

(X)℄ � E

P

�

[� lnP

me

(X)℄ then the average 
ode length

based on P

0

will (with P

�

-probability 1) 
onverge to the length based on P

me

.

3.8 Con
lusion and Outlook

We have introdu
ed the Maximum Entropy Prin
iple and shown its relation to MDL.

In the next 
hapter we will dis
uss an important property of maximum entropy model


lasses; in Chapter 5 the 
onne
tion between MDL and Maximum Entropy will be

exploited to optimize MDL's trade-o� between hypothesis 
omplexity and goodness-

of-�t.



Chapter 4

Safe Statisti
s

This Chapter introdu
es the notion of reliable inferen
es, leading to `safe statisti
s'.

Se
tion 4.1 introdu
es reliable inferen
es in the 
ontext of maximum entropy model


lasses. Reliable inferen
es allow one to make good predi
tions and de
isions regarding

future data under a mu
h wider variety of assumptions than do `unreliable' inferen
es.

This is extended in Se
tion 4.2 where two forms of applying maximum entropy are

distinguished: safe and risky maximum entropy. The distin
tion applies not only to

maximum entropy, but to statisti
al pro
edures in general.

All this is done in preparation of Chapter 5, where `safe statisti
s' will be put to

use. Essentially, it will allow us to establish in what way we 
an and in what way we


annot use overly simple models (or, more generally, models that a
hieve 
ompression

but are not in any way related to the `true' model generating the data). In order to

keep the treatment as general as possible, in this 
hapter we abstra
t away from the

spe
i�
 statisti
al pro
edure used and do not fo
us spe
i�
ally on MDL. In the next


hapter `safe statisti
s' will be 
onne
ted to MDL.

4.1 You 
an trust Maximum Entropy models

(in some respe
ts)

This se
tion introdu
es the 
entral ideas of this 
hapter. We start by noting an

extremely important property shared by all Maximum Entropy model 
lasses. Let

M = fP

me;�

(�j�) j � 2 Ug be a 
lass of maximum entropy distributions for fun
tion

� : E ! U with �(x) = (�

1

(x); : : : ; �

m

(x)). Let x

n

2 E

�

be an arbitrary data se-

quen
e su
h that �(x)

n

lies in the interior of U. The following proposition says that

the expe
ted value under

^

� =

^

�(x

n

) of linear transformations of � is equal to their

average value over x

n

. In parti
ular, this implies that the expe
ted 
ode length a
-


ording to the maximum likelihood model

^

�(x

n

) is equal to the a
tual average 
ode

length a
hieved by

^

�(x

n

). More pre
isely,

Proposition 4.1 Let M, �, x

n

and

^

�(x

n

) be as above.

65
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For arbitrary � = (�

0

; �

1

; : : : ; �

m

) 2 R

m+1

, let  (x) =

P

m

i=1

�

i

�

i

(x) + �

0

. We have:

E

^

�

[ (X)℄ =  (x)

n

(4.1)

E

�

[ (X)℄ 6=  (x)

n

for all � 2 U with � 6=

^

�. (4.2)

In parti
ular this implies:

E

^

�

[� lnP (X j

^

�)℄ = �

1

n

lnP (x

n

j

^

�) (4.3)

Proof: (4.1) and (4.2) are immediate from Proposition 3.9 (page 56) and the fa
t that

both expe
tation and averaging are linear operations. To prove (4.3), observe that,

from the natural parameterization (Equation 3.7, page 53) of a maximum entropy

model P (�j�) one 
an see that there exists a � su
h that for all x 2 E, it holds

that � lnP (xj�) = ��(x) + Z(�). Hen
e there exist �

0

; �

1

su
h that for all x 2

E, � lnP (xj�) = �

0

�(x) + �

1

, whi
h, by (4.1) and independen
e (

P

n

i=1

lnP (x

i

) =

lnP (x

n

)) implies (4.3). 2

This proposition has a very important 
onsequen
e whi
h is best introdu
ed by means

of an example.

Example 4.2 [Brandeis on
e more℄ As in Chapter 3, Example 3.10, 
onsider a

six-sided die. This time, let the sequen
e of throws x

n


onsist of n=2 4's and n=2 5's,

but suppose we are only given the partial information that x

n

= 4:5. Let M

me

be the

maximum entropy model 
lass for 
onstraints E[X ℄ = t where 1 < t < 6. By (4.1)

and (4.2) the maximum likelihood model P (�j

^

�) in the model 
lass M

me

is equal to

the maximum entropy model P

me

for the 
onstraint E[X ℄ = 4:5. The probabilities

P

me

(X = i) were given on page 59; we repeat them for 
onvenien
e:

(p

1

; : : : ; p

6

) = (0:05435; 0:07877; 0:11416; 0:16545; 0:23977; 0:34749)

Clearly, these probabilities do not 
oin
ide with the frequen
ies of 1; : : : ; 6 in the

sequen
e x

n

. Still, it holds that

� lnP (x

n

j

^

�) = �

n

2

ln p

4

�

n

2

ln p

5

= E

^

�

[� lnP (X

n

j

^

�)℄ = nH(

^

�)

where the se
ond equality follows from (4.3) in the proposition above but 
an also

be 
he
ked numeri
ally. If we had used the model

^

� all the time for predi
tion (for

example, be
ause we already knew from some previous data that E[X ℄ = 4:5), and we

had predi
ted using the logarithmi
 loss loss

lg

(e;

^

�) = � lnP (ej

^

�) (Chapter 2, Se
-

tion 2.7), then our predi
tion error would have been exa
tly equal to what we expe
ted

it to be (namely E

^

�

[� lnP (X

n

j

^

�)℄) even though the frequen
ies of a
tual out
omes

(


1

; : : : ; 


6

) = (0; 0; 0; 1=2; 1=2; 0) would have been very di�erent from their expe
ta-

tions E

^

�

[I(X = 1)℄ = p

1

; : : : ; E

^

�

[I(X = 6)℄ = p

6

. (here I denotes the indi
ator

fun
tion de�ned as in Equation 3.2 on page 51).

From Chapter 2, Se
tion 2.7 we know that the logarithmi
 loss with respe
t to a

probability distribution P 
an be interpreted as a generi
 kind of loss fun
tion, but
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also as the number of bits needed to en
ode an out
ome using the 
ode based on P

and as the a

umulated loss in 
apital when betting proportionally on the basis of P .

It follows that, if we had pla
ed bets on x

1

; : : : ; x

n

proportionally on the basis of

^

�,

the (logarithm of the) a

umulated loss we would have made would have been exa
tly

as large as we would have expe
ted it to be on the basis of

^

�. This holds even though

other aspe
ts of x

n

(like the frequen
ies) may be 
ompletely di�erent from what we

would expe
t them to be on the basis of

^

�. Note that the equality of expe
ted and

a
tual loss does not just hold for our parti
ular x

n

with n=2 4's and n=2 5's; rather,

by (4.3) in Proposition 4.1 above it holds for every x

n

with x

n

= 4:5. Hen
e it also

holds for many less `suspi
ious' samples for whi
h 


i

> 0 for ea
h 1 � i � 6.

Reliable Predi
tion Apparently, some aspe
ts of the data (
ode length, predi
tion

loss in proportional betting, the average of x) 
an be reliably predi
ted on the ba-

sis of the maximum entropy model while others (for example, the frequen
ies of the

out
omes) 
annot. This is the 
entral point of this 
hapter.

In general, we will be interested in what 
an be reliably predi
ted and what not

from a model that is only partially 
orre
t. In the present example, we assumed that

we were only given the information that x

n

= 4:5; therefore, we 
ould not simply

estimate the underlying probability distribution by setting the probabilities equal to

the frequen
ies and we were for
ed to use a model that is potentially in
orre
t. In

other examples, the whole sequen
e x

n

may be available, but our model 
lass does

not 
ontain a model that 
aptures all of the regularity in the data. For example, in

Chapter 1, Se
tion 1.5, we showed the 
ase of data being generated by a Markov 
hain

with stationary distribution 1=3 that was modeled by a Bernoulli distribution. In su
h

a situation, we would like to be able to infer that the optimal Bernoulli model for the

data,

^

� � 1=3 
an be reliably used to predi
t the frequen
y of 1s in future data but

not to predi
t the frequen
y of 11 (two 1's in a row) (page 24).

We will now put the 
entral idea of the example in more abstra
t terms. Suppose we are

trying to learn the parameters of a probability distribution from a sample x

1

; : : : ; x

k

.

We then use the values we found to predi
t future data, say x

k+1

; : : : ; x

n

. Clearly, the

model in the 
lass that �ts best the future data is

^

�(x

k+1

; : : : ; x

n

). By the arguments

in Chapter 2, Se
tion 2.2 this is also the model that, on
e it is given, allows us to 
ode

x

k+1

; : : : ; x

n

using a minimal number of bits; �nally, had we predi
ted x

k+1

; : : : ; x

n

on the basis of

^

�(x

k+1

; : : : ; x

n

) we would have obtained the minimal possible loss in

the game of proportional betting des
ribed in Chapter 2, Se
tion 2.7. We see that

this model is optimal for data x

k+1

; : : : ; x

n

in several di�erent ways. We will 
all this

`model that will turn out to be the best' the future-optimal model and denote it by

^

�

fut

.

Suppose now that for some reason or other, our guess

�

� based on x

1

; : : : ; x

k

is

equal to

^

�

fut

=

^

�(x

k+1

; : : : ; x

n

). In other words, by some 
oin
iden
e we hit upon the

model that will turn out to yield the best predi
tions of future data. Now if our model


lass is a maximum entropy model 
lass for fun
tion �(x) = (�

1

(x); : : : ; �

m

(x)) and we

use

�

� =

^

�

fut

then not only will our predi
tion error (as measured in logarithmi
 loss) be

minimal, the error will also be exa
tly equal to what we expe
t it to be: a

ording to

^

�

fut

, our expe
ted error will be E

^

�

fut

[� lnP (X

k+1

; : : : ; X

n

j

^

�

fut

)℄. By Proposition 4.1
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this 
oin
ides with the error � lnP (x

k+1

; : : : ; x

n

j

^

�

fut

) whi
h we will a
tually make.

The proposition further implies that if we estimate the averages �

1

(x); : : : ; �

m

(x), by

E

^

�

fut

[�

1

(X)℄; : : : ; E

^

�

fut

[�

m

(X)℄ respe
tively, then our estimates will be perfe
t.

Reasonable Inferen
e Pro
edures In a more realisti
 situation, if given enough

initial data x

1

; : : : ; x

k

and a good pro
edure for estimating

�

� (for example, two-part


ode MDL, Chapter 1, Se
tion 1.3), then

�

� may be quite 
lose, but not equal to

^

�

fut

.

In Chapter 5.2, Se
tion 5.3 (Lemma 5.14) it will be shown formally that, if

�

� is based

on a large enough sample and data are generated by independent sampling a

ording

to some arbitrary distribution P

�

, then under fairly general 
onditions on the model


lass M, exa
tly this situation will o

ur with probability 1.

It is this situation that we will study in this se
tion and the next: the results we

present will only be useful if the assumption that the estimator

�

� will be 
lose to

^

�

fut

is justi�ed. To keep the dis
ussion general, we will not restri
t ourselves to MDL

estimators. Rather, we will assume that we use some reasonable inferen
e pro
edure

that, for those sequen
es x

1

; x

2

; : : : that are su
h that there really is `something to

infer', is guaranteed to work well for large enough samples:

De�nition 4.3 Let M be a model 
lass that is �nitely parameterized by some �. Let

L

M

be an estimation pro
edure that, for ea
h n, x

n

2 E

n

outputs an estimator

�

�(x

n

) 2

�. We 
all L

M

reasonable if for every sequen
e x

1

; x

2

; : : : for whi
h

^

�(x

n

) 
onverges

to some value,

�

�(x

n

) 
onverges to that same value; that is

if lim

n!1

^

�(x

n

) exists and is equal to

^

�

fut

for some

^

�

fut

2 �,

then lim

n!1

�

�(x

n

) must also exist and be equal to

^

�

fut

.

Hen
e if the model in M that maximizes the likelihood 
onverges to some value

^

�

fut

then a reasonable estimator should 
onverge to that same value. Note that we assume

M to be �nitely parameterized. It 
an then be seen by the argument in Chapter 1,

Se
tion 1.4.1 that the 2-part 
ode MDL estimator and the ML estimator will 
onverge

to the same value, hen
e the MDL estimator is reasonable. Similarly, one 
an show

that (if a reasonable prior is used) the Bayesian MAP estimator and of 
ourse, the

ML estimator itself are `reasonable'. Our de�nition of `reasonable estimator' does not

mean that we think the ML estimator is superior to the other estimators; we do not

rule out the possibility that for �nite n, a di�erent estimator

�

�(x

n

) may in some 
ases

with high probability be 
loser to

^

�

fut

than

^

�(x

n

). The point is that if there exists

a value

^

�

fut

to whi
h

^

�(x

n

) 
onverges then this value will in the limit for large n �t

the data better than any other model in M. For this reason we demand `reasonable'

estimators to 
onverge to

^

�

fut

.

Guaranteed Performan
e Sin
e for every maximum entropy model 
lass M

me

,

the expe
tation E

�

[�(X)℄ is a 
ontinuous fun
tion of � (Proposition 3.9), it follows by

Proposition 4.1 that in a situation in whi
h the estimate

�

�(x

k

) based on x

k

is 
lose

enough to the future-optimal

^

�(x

k+1

; : : : ; x

n

) :
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1. The expe
ted value of (every linear 
ombination of) the fun
tions �

1

; : : : ; �

m

under the estimator

�

�(x

k

) will be 
lose to the a
tual average value they will get

on future data x

k+1

; : : : ; x

n

.

2. In parti
ular, sin
e the logarithmi
 loss is a linear 
ombination of the fun
tions

�

1

; : : : ; �

m

, the expe
ted value of logarithmi
 loss under

�

� will be 
lose to the

a
tual average logarithmi
 loss that will be a
hieved when predi
ting future data.

In order to get su
h a guaranteed performan
e, it is essential that

1. We use a maximum entropy model 
lass, and

2. We only 
onsider fun
tions  that 
an be written as linear 
ombinations of the

�

i

.

In Chapter 5.2, Example 5.1 we shall see an example of a non-maximum entropy 
lass

for whi
h it 
an happen that even though

�

� is a very good estimate of

^

�

fut

(in the

sense that

�

� is very 
lose or even equal to

^

�

fut

), still E

�

�

[ (X)℄ is quite di�erent from

lim

n!1

 (x)

n

for some fun
tion  (x) that we would like to estimate: the expe
tation

of  (X) based on

�

� may be quite di�erent from the average value this fun
tion will

attain on future data. (we have no proof though that this 
an happen for all fun
tions

 and all model 
lasses M that are not maximum entropy 
lasses; Rissanen ([128℄,

page 112) 
laims that this is the 
ase but provides no proof). Nevertheless, we shall

see in the next 
hapter that if the fun
tions to be predi
ted depend themselves on the

model

�

� (in other words,  is a fun
tion of both x and

�

�) then we 
an get around the

maximum entropy requirement after all.

If we do use a maximum entropy model 
lass M

me

for � but 
onsider a fun
tion

 that is not a linear 
ombination of the �

i

, then we may get the same disagreement

between expe
tations and averages on
e more (again, we have no formal proof that

this 
an happen for all non-linear  and allM

me

). We have seen an instan
e of this in

Example 4.2 at the beginning of this se
tion. However, at least for dis
rete maximum

entropy model 
lasses, the disagreement between expe
tations and averages will only

take pla
e for an exponentially small fra
tion of the data: as we saw in the previous


hapter (Se
tion 3.5), for large enough n, nearly all out
omes for whi
h �(x)

n

= t

will have frequen
ies (almost) equal to the probabilities of the MaxEnt distribution

for the 
onstraint E[�(X)℄ = t, whi
h (Proposition 4.1) 
oin
ides with the maximum

likelihood model in M

me

for 
onstraint �(x)

n

= t. One veri�es immediately that for

su
h sequen
es, we have E

^

�

[ (X)℄ �  (x)

n

for every fun
tion  : E ! U, and not

just for linear 
ombinations of the �

i

. Nevertheless in many pra
ti
al situations the

a
tual sequen
e x

n

will indeed be su
h that the frequen
ies are very di�erent from

the maximum entropy probabilities (see the next 
hapter; for a 
on
rete example, see

Example 5.24 in the Epilogue to part I, page 120).

In the next se
tion we will 
onstru
t a framework to formally deal with the notion

of `guaranteed performan
e'.
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4.2 Reliable De
isions

It was shown in the previous se
tion that if the estimate

�

� of the parameters of a

distribution in a maximum entropy model 
lass M

me

is 
lose to the future-optimal

model

^

�

fut

, then we 
an reliably estimate averages of some fun
tions over E while we


annot reliably estimate averages over some other fun
tions. In realisti
 settings, we

would not only like to estimate averages of fun
tions but also, more generally, to arrive

at optimal de
isions 
on
erning future data. How to make su
h de
isions is the subje
t

of de
ision theory [17, 39℄. Below we �rst review some basi
 notions of de
ision theory.

We will then de�ne the notions of `reliable' and `unreliable' estimates and de
isions.

4.2.1 De
ision Theory

A standard 
on
ept in de
ision theory is the loss fun
tion. We will restri
t ourselves

here to loss fun
tions loss : E�D ! R[f1g. Here E is a spa
e of possible out
omes

and D is a spa
e of possible de
isions. loss(e; Æ)

stands for the loss that is in
urred if, in a situation where, after the de
ision Æ

has been made, the out
ome e o

urs. De
isions have to be made before the data

o

urs; hen
e we 
annot simply make the de
ision that minimizes the loss for the

a
tual out
ome. Instead, we should make some de
ision that is likely to lead to a

small loss. Let us assume that we model our data using a probability distribution P .

P will often be arrived at on the basis of previously seen out
omes (data). We may

now pi
k the Æ

�

that minimizes our expe
ted loss :

Æ

�

= Æ

�

(loss; P ) = argmin

Æ

E

P

[loss(X ; Æ)℄ (4.4)

We 
all Æ

�

(loss; P ) the optimal de
ision

1

based on P and loss(�; �).

Predi
ting is a Spe
ial Case of De
iding A `predi
tion' 
an be seen as a spe
ial

kind of a `de
ision'. We 
onsider two kinds of predi
tion in this thesis: set-wise and

point-wise predi
tion. We have already en
ountered set-wise predi
tion in Chapter 2,

Se
tion 2.7. It amounts to dividing a unit investment over the spa
e E of possible

out
omes. Hen
e you have to assign ea
h e 2 E a weight w(e) su
h that

P

e2E

w(e) = 1.

The loss you in
ur if the a
tual out
ome is e then depends on both e and the fun
tion

w. In this 
ase the de
ision spa
e is the spa
e of all possible weight assignments,

whi
h 
orresponds to the 
lass of all possible probability distributions over E. In

Chapter 2, Se
tion 2.7 we 
onsidered the logarithmi
 loss where loss(e; w) = � logw(e)

(we interpreted w as a probability distribution there).

Pointwise predi
tion works somewhat di�erently: here we have to spe
ify a single

value ê 2 E and we are then 
harged with a loss loss(e; ê) where e is the a
tual

out
ome. A loss fun
tion loss : E�E! R[f1g is also 
alled a distortion fun
tion.

1

The Æ

�

optimizing (4.4) is usually 
alled the `Bayes a
tion' [17℄. Stri
tly speaking, it is a 
on
ept

belonging to Bayesian, not frequentist de
ision theory. However, it is also used outside of Bayesian

statisti
s; see for example [166℄.
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An example of a distortion fun
tion is the squared error fun
tion for a �xed value

of x. It takes the form er(yjH; x) = (y � ŷ)

2

where ŷ = H(x). Hen
e di�erent values

of H lead to di�erent predi
tions ŷ of y.

4.2.2 Reliable De
isions

We will now formally de�ne the notions of reliable estimations and de
isions. The

following de�nition 
aptures the idea of reliable estimation as explained on page 67.

In the de�nition, int(U) stands for the interior of the set U.

De�nition 4.4 LetM be a 
lass of probabilisti
 models over E parameterized by some

�. Let  : E! U be a given fun
tion. If, for all n, all x

n

2 E

n

with

^

�(x

n

) 2 int(�),

we have

E

^

�(x

n

)

[ (X)℄ =  (x)

n

(4.5)

and, moreover, E

�

[ (X)℄ is a 
ontinuous fun
tion of �, then we say that averages of

 
an be reliably estimated on the basis of M. Otherwise we say that averages of  


annot be reliably estimated on the basis of M.

Note that we require E

^

�

[ (X)℄ to be a 
ontinuous fun
tion of �. As dis
ussed on

page 68, in realisti
 situations, we will not be able to �nd an estimator

�

� that is

equal to the future optimal

^

�

fut

; rather, we will have j

�

� �

^

�

fut

j = � for some small �;

the 
ontinuity requirement makes sure that the estimates E

�

�(x

n

)

[ (X)℄ will still be

reasonably 
lose to the average of  over future data.

The de�nition be
omes slightly more involved in the de
ision-theoreti
 
ase. We

�rst note that when the loss fun
tion loss is known from the 
ontext, we will write

Æ

�

(x

n

) as short for Æ

�

(loss; P (�j

^

�(x

n

))). Hen
e Æ

�

(x

n

) is the de
ision that minimizes

the expe
ted loss where the expe
tation is under the maximum likelihood model for

data x

n

.

De�nition 4.5 Let M be as above. Let loss be a given loss fun
tion with domain

E �D. Let, for data x

n

2 E

n

, Æ

�

(x

n

) be the optimal de
ision based on Equation 4.4

for loss fun
tion loss and probability distribution P (�j

^

�(x

n

)). If, for all n, all x

n

2 E

n

with

^

�(x

n

) 2 int(�), we have

E

^

�(x

n

)

[loss(X ; Æ

�

(x

n

))℄ =

1

n

n

X

i=1

loss(x

i

; Æ

�

(x

n

)) (4.6)

and, moreover, for all Æ 2 D, E

�

[loss(X ; Æ)℄ is a 
ontinuous fun
tion of �, then we say

that loss 
an be reliably used on the basis of M. Otherwise we say that loss 
annot

be reliably used on the basis of M.

In other words: let x

n

be arbitrary but �xed. Then the expe
ted loss under

^

�(x

n

)

on the basis of the de
ision Æ

�

(x

n

) that minimizes this expe
ted loss is equal to the

average loss of Æ

�

(x

n

) over x

n

. So, if we base our de
isions to predi
t x

1

; : : : ; x

n

on an

estimate

�

� that turns out to be su
h that

�

� �

^

�(x

n

), and we always opt for the de
ision
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that minimizes expe
ted loss, then our average loss over x

n

will be 
lose to the loss

we expe
t to make based on our de
isions (this will be illustrated in Example 4.11 on

page 74).

Having de�ned what fun
tions and loss fun
tions 
an be reliably estimated (used),

we pro
eed to de�ne reliable estimates and de
isions :

De�nition 4.6 Let L

M

be a reasonable estimation pro
edure based on a 
lass M as

in De�nition 4.3. Let

�

�(x

n

) be the estimator that is output by L

M

for given data x

n

.

The estimates E

�

�(x

n

)

[ (X)℄ of  (x) are 
alled reliable if and only if the average of  


an be reliably estimated on the basis of M. The de
isions Æ

�

(loss;

�

�(x

n

)) are 
alled

reliable i� loss 
an be reliably used on the basis of M.

Suppose you issue the estimate

�

�(x

k

) for data x

1

; : : : ; x

k

. As explained on page 67,

the essen
e of `reliability' is that if future data x

k+1

; : : : ; x

n

is su
h that

�

�(x

k

) =

^

�(x

k+1

; : : : ; x

n

), then your estimate E

�

�(x

k

)

[ (X)℄ is equal to  (x), the average being

taken over x

k+1

; : : : ; x

n

. This explains the important point that, while on the one hand

there is no reason that

�

�(x

k

) should itself be the maximum likelihood estimator, on the

other hand the de�nition of `a fun
tion  that 
an be reliably estimated' does make

use of the maximum likelihood estimator. For present data we allow every estimator

that has a reasonable possibility of being 
lose to the maximum likelihood estimator

over future data.

The following two propositions are now straightforward:

Proposition 4.7 Let M

me

be the maximum entropy model 
lass for a fun
tion � :

E! U with �(x) = (�

1

(x); : : : ; �

m

(x)). Let  be a fun
tion that 
an be written as a

linear 
ombination of the �

i

. Then

1. Averages of the fun
tion  
an be reliably estimated on the basis of M

me

.

2. Let P

me

be the maximum entropy distribution for given 
onstraint �(x)

n

= t.

The estimates E

me

[ (X)℄ of  (x) are reliable.

Proof: Item (1) is immediate from Proposition 4.1. By item (1). and De�nition 4.6 the

estimates E

^

�(x

n

)

[ (X)℄ of  (x) are reliable. Sin
e the maximum entropy distribution

P

me

for given 
onstraint �(x)

n

= t 
oin
ides with the maximum likelihood model

P (�j

^

�(x

n

)) (Proposition 3.9), the estimates E

me

[ (X)℄ of  (x) are also reliable. 2

Proposition 4.8 Let M

me

and � be as above. Let loss

lg

(x; �) := � logP (xj�) be the

logarithmi
 loss fun
tion. Then:

1. Æ

�

(x

n

) = Æ

�

(loss

lg

; P (�j

^

�(x

n

))) =

^

�(x

n

) (`the optimal weight assignment over E

when expe
tation is taken over

^

�(x

n

) 
oin
ides with

^

�(x

n

)').

2. loss

lg


an be reliably used for predi
tion on the basis of M

me

.

Proof: We �rst prove (1). We have to �nd the probability distribution w over E mini-

mizing E

^

�(x

n

)

[� logP (X jw)℄. By the Information Inequality 3.4 (Chapter 3, page 52),
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this expression is minimized for w =

^

�(x

n

). Hen
e Æ

�

(x

n

) = w =

^

�(x

n

). This

proves (1). Now for (2). By (1). and Proposition 4.1 we have loss

lg

(y; Æ

�

(x

n

)) =

loss

lg

(y;

^

�(x

n

)) = � logP (yj

^

�(x

n

)) =

P

m

i=1

�

i

�

i

(y) + �

0

for some (�

0

; : : : ; �

m

).

This is a linear 
ombination of the �

i

. Hen
e, by Proposition 4.7, averages of

loss

lg

(y; Æ

�

(x

n

)) 
an be reliably estimated. Then by de�nitions 4.4 and 4.6 loss

lg


an be reliably used on the basis of M

me

. 2

Summary We summarize the meaning of `reliable': if

�

� is a good estimate in the

sense that it will turn out to be 
lose to

^

�

fut

, then de
isions whi
h are `reliable' a
-


ording to De�nition 4.4 are guaranteed to give a loss over future data that is 
lose to

the

�

�- expe
ted loss over future data; for de
isions whi
h are `unreliable' we have no

su
h guarantee.

4.2.3 What we 
an and 
annot do

It seems that, if we restri
t ourselves to making only provably reliable de
isions, then

we 
an hardly 
on
lude anything about what de
isions to take. However, there are at

least three situations in whi
h we 
an still do something useful:

Proportional Betting In the 
ase of �nite E, we 
an pla
e bets on out
ome e

i

pro-

portionally to P (e

i

j

�

�). In Chapter 2, Se
tion 2.7 we showed this to be equivalent

to predi
ting with the logarithmi
 loss fun
tion. Hen
e by Proposition 4.8 pro-

portional betting is reliable: the logarithm of our a

umulated 
apital after n

bets will be 
lose to our expe
tation of the logarithm of our a

umulated 
apital

after n bets.

Indi
ator Fun
tions Consider the 
ase of �nite E = f1; : : : ; kg where the fun
tion

� is the ve
tor of all indi
ator fun
tions

�(x) = (I(x = 1); : : : ; I(x = k)):

In this situation there are no strong restri
tions, sin
e we 
an reliably predi
t

future values of all fun
tions  with domain E. The reason is simply that all

fun
tions of dis
rete data 
an be written as linear 
ombinations of indi
ator

fun
tions. In the Brandeis example, �(x) = x =

P

6

i=1

iI(x = i) whi
h is 
learly

a linear 
ombination of indi
ator fun
tions. From this example we immediately

see how to write an arbitrary fun
tion on a �nite domain as a linear 
ombination

of indi
ator fun
tions.

Moment Constraints The �rst two moments (E[X ℄ and E[X

2

℄) determine some

interesting aspe
ts of a probability distribution. If E is 
ontinuous and � =

(x; x

2

), then we 
an reliably estimate �

1

(x) = x and �

2

(x) = x

2

. A good

estimate

�

� is then guaranteed to have E

�

�

[X ℄ and E

�

�

[X

2

℄ 
lose to E

^

�

fut

[X ℄ and

E

^

�

fut

[X

2

℄ respe
tively. Using only these �rst two moments, we may use for

example Chebyshev's inequality to get bounds on the probability that an out
ome

is more than k standard deviations away from the mean E

�

�

[X ℄ � E

^

�

fut

[X ℄.
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There are also many things we 
annot do if we want to make only reliable estimates

and de
isions. Roughly stated, we 
annot add and multiply probabilities any more in

all the situations where we used to.

Below we give several examples of what is possible and what is not with reliable

estimates and de
isions.

Example 4.9 [some probabilities 
an be added, some 
annot℄ For a six-sided

die, suppose we are given that 


1

= I(x = 1)

n

and 


2

= I(x = 2)

n

. These are the

observed frequen
ies of 1s and 2s in n throws. In this 
ase P

me

is given by P

me

(1) =




1

; P

me

(2) = 


2

; P

me

(3) = : : : = P

me

(6) = (1 � 


1

� 


2

)=4. P

me

is also the ML

distribution for the sample x

n

with respe
t to the maximum entropy model 
lassM

me

of fun
tion �(x) = (�

1

(x); �

2

(x)) = (I(x = 1); I(x = 2)). Let us regard P

me

as

an estimate to be used for predi
ting future data. As I(x = 1 _ x = 2) = I(x =

1)+I(x = 2), we see that I(x = 1_x = 2) is a linear 
ombination of the fun
tions �

i

.

By Proposition 4.7 we 
an reliably use P

me

to predi
t that the frequen
y of the event

of throwing a number of spots less than 3 will be E

me

[I(X = 1 _X = 2)℄ = 


1

+ 


2

.

Sin
e I(x = 3) 
annot be written as a linear 
ombination of �

1

and �

2

, we 
annot

use this proposition to prove that it 
an be reliably predi
ted. Indeed, it 
annot: the

sequen
e x

n

may of 
ourse be su
h that 


3

6= P

me

(3).

Example 4.10 [if P (A) 
an be reliably predi
ted, then so 
an P (:A)℄ Suppose

the indi
ator fun
tion I(A), where A is some proposition regarding the data, is a linear

fun
tion of � and hen
e 
an be reliably predi
ted if we use the maximum entropy model


lassM

me

for �. Then :A, the negation of A, has as indi
ator fun
tion 1�I(A) and


an therefore also be reliably predi
ted.

Example 4.11 [de
ision theory℄ Let E = f0; 1g and let x

n

2 E

n

. We model x

n

by

the Bernoulli model 
lass, whi
h (Example 3.8, page 55) is equivalent to the maximum

entropy model 
lass for the fun
tion �(x) = x. Let n

0

be the number of 0s and n

1

be

the number of 1s in x

n

. Let

^

�(x

n

) = 
 = n

1

=n, i.e. the frequen
y of 1s in x

n

is 
.

Suppose for some reason or other we are in possession of a perfe
t estimate

�

� =

^

�(x

n

)

whi
h we will use to predi
t the x

n

. Note that every fun
tion  over E 
an be written

as  (x) = ax+ b whi
h is a linear 
ombination of �(x). Every loss fun
tion loss(x; Æ)


an, for ea
h �xed Æ, be thought of as a fun
tion over E. It follows, by Proposition 4.7

that we 
an make reliable predi
tions against every loss fun
tion. We 
an also dire
tly

show this as follows: Let loss be an arbitrary loss fun
tion su
h that the optimal

de
ision Æ

�

= argmin

Æ

E

�

�

[loss(X ; Æ)℄ exists. At ea
h time step 1 � i � n we take

de
ision Æ

�

. Our total loss after n de
isions will be

n

X

i=1

loss(x

i

; Æ

�

) = n

0

loss(0; Æ

�

) + n

1

loss(1; Æ

�

)

= n((1�

�

�)loss(0; Æ

�

) +

�

�loss(1; Æ

�

)) = nE

�

�

[loss(X ; Æ

�

)℄;

where the se
ond equality follows from the fa
t that

�

� was de�ned as

�

� =

^

�(x

n

) = n

1

=n.

Hen
e the loss we expe
t to make based on our optimized de
ision will be equal to the

loss we will a
tually make.
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This result generalizes to E = f1; : : : ; kg and the 
lass M of multinomial distri-

butions over E. Why then don't we always use this 
lass in 
ase there are k possible

out
omes per trial? The answer is given on
e again by the MDL prin
iple: M 
on-

tains k � 1 parameters - if k is large, we would need an awful lot of data to obtain

a

urate estimates for all of these (note that what we 
all `reliable' only means that if

the estimate of � is 
lose to

^

�

fut

, then predi
tions of some fun
tions of the data will be

reliable; if we have too many parameters, then we need a lot of data in order for the

premise of this impli
ation to be true. It may then often be more reasonable to use a

simpler (in the sense of less parameters) model 
lass; the pri
e we pay is that not all

our de
isions are reliable any more. Obviously, on the basis of a small data sample we


annot reliably predi
t a 
omplex phenomenon.

Example 4.12 [non-i.i.d. data℄ We 
ontinue the example above. While all fun
-

tions of single out
omes 
ould be reliably estimated based on

�

� =

^

�(x

n

) = 
, we 
annot

reliably estimate properties of the data like `the frequen
y of two ones in a row'. We

may be tempted to say that this will be P (X

i+1

= 1jX

i

= 1;

�

�) �P (X

i

= 1j

�

�) = 


2

. But

this is un-reliable. For example, the data may be generated by a Markov Chain P

�

with stationary distribution P (�j

�

�), while P

�

(X

i+1

= 1jX

i

= 1) is highly di�erent from

P

�

(X

i+1

= 1jX

i

= 0). In su
h a 
ase, for large n, with high probability

^

�(x

n

) � 1=3

while the frequen
y of two one's in a row is, with high probability, di�erent from 1=9.

We saw an example of this already in Chapter 1, Se
tion 1.5.

If we look at the indi
ator fun
tion for two ones in a row: �(x

i+1

; x

i

) = I(x

i+1

=

x

i

= 1), we see that it has domain E

2

rather than E. Therefore Proposition 4.7 does not

apply and, as expe
ted, we 
annot prove that the fun
tion 
an be reliably estimated.

One 
ould extend the whole formalism by allowing 
onstraints and fun
tions pertaining

to more than one out
ome, but we will not pursue that idea further.

The previous examples notwithstanding, it seems 
lear that the requirement of making

only reliable de
ision and predi
tions will often restri
t us too mu
h. In the next


hapter we shall see how to partially get around this problem.

4.3 Safe and Risky Statisti
s

In this se
tion we explore what happens if, based on an estimate

�

�(x

k

), one restri
ts

oneself to making only reliable predi
tions and de
isions for future data x

k+1

; : : : ; x

n

.

This leads to a distin
tion between `safe' and `risky' statisti
s. In safe statisti
s, only

provably reliable predi
tions and de
isions are allowed on the basis of

�

�(x

n

)). In risky

statisti
s the estimate

�

�(x

n

) is used as if data were a
tually generated a

ording to it.

We start by treating the spe
ial 
ase of maximum entropy. Restri
ting this prin
iple

so that only reliable inferen
es 
an be drawn makes it very weak but it ni
ely illustrates

the general idea. Afterwards, we dis
uss safe statisti
s in general.

4.3.1 Safe and Risky Maximum Entropy

Let a 
onstraint �(x)

n

= t be given and let P

me

be the maximum entropy distribution

for this 
onstraint. In almost all appli
ations of maximum entropy, one deals with



76 CHAPTER 4. SAFE STATISTICS

Let �(x)

n

= t be a given 
onstraint. Let P

me

be the maximum entropy distribution

for this 
onstraint and letM

me

be the maximum entropy model 
lass for fun
tion

�.

We distinguish between two forms of applying the Maximum Entropy formalism:

Safe MaxEnt We use the MaxEnt distribution P

me

only to make provably

reliable de
isions and predi
tions, where `reliable' is de�ned with respe
t to the


lass M

me

(De�nition 4.4; Proposition 4.7).

Risky MaxEnt We use the MaxEnt distribution as if data were a
tually dis-

tributed a

ording to it.

Figure 4.1: Safe vs. Risky Maximum Entropy

empiri
al 
onstraints of this form rather than 
onstraints regarding expe
ted values

of unknown probability distributions. We 
an then view the adoption of P

me

as a

model for data x

n

as being equivalent to maximum likelihood estimation of x

n

using

the maximum entropy model 
lassM

me

for � as the model 
lass. Sin
e n will usually

be large, P

me

will also be hardly distinguishable from other reasonable (De�nition 4.3)

estimators based on M

me

.

While the examples of the previous se
tion show that `reliable' de
isions do give

us the possibility to predi
t some aspe
ts of future data using this P

me

, we may still

want more; sometimes, we 
an also do more. For example, we may have additional

reasons for assuming that all sequen
es of data satisfying the 
onstraints are about

equally likely to o

ur; in that 
ase, by the 
on
entration phenomenon (Chapter 3,

se
tions 3.5 and 3.6), the frequen
ies (


1

; : : : ; 


k

) will with very high probability almost


oin
ide with the maximum entropy probabilities (P

me

(1); : : : ; P

me

(k)). Sin
e the

frequen
ies are the averages of the indi
ator fun
tions (I(x = 1); : : : ; I(x = k)), in

this `typi
al' 
ase the average over x

n

of every fun
tion  over E will be 
lose to

its expe
ted value under P

me

and P

me

will serve as a good basis for all predi
tions

and/or de
isions 
on
erning the data. In 
ases where we know that the data are

subje
t to additional 
onstraints, but we just do not know whi
h, no data sequen
es

satisfying the known 
onstraint but not the unknown 
onstraints 
an arise. In that


ase, the 
on
entration phenomenon is not appli
able and we 
annot guarantee that

 (x)

n

= E

me

[ (X)℄ ex
ept for fun
tions  that are linear 
ombinations of the �. If

we are interested in estimating the average of a fun
tion  (x) that 
annot be written

as a linear 
ombination of the �(x), it may still be a reasonable guess to predi
t that

 (x)

n

= E

me

[ (X)℄ { but this predi
tion has a fundamentally di�erent status from a

`reliable' predi
tion.

This 
onsideration leads us to identify two forms of maximum entropy: a safe and

a risky form. They are de�ned in Figure 4.1. Several people, in
luding Jaynes, have

hinted at this di�eren
e [77, 24℄ but, as far as we know, nobody has ever formalized it

before.
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Ex Nihilo Nihil (almost) Restri
ting oneself to `safe' maximum entropy takes the

sting out of the prin
iple, as we now show. The pri
e to pay is that with `safe' maximum

entropy we 
an hardly make any non-trivial inferen
es any more.

Assume that the 
onstraint �(x)

k

= t is given and that we use the maximum

entropy distribution P

me

for this 
onstraint only to make `safe' estimates regarding

future data x

k+1

; : : : ; x

n

.

By De�nition 4.4, we are then only allowed to estimate the average value of fun
-

tions  that provably satisfy the following property:

if

1

k

n

X

i=k

�(x

i

) �

1

n� k

n

X

i=k+1

�(x

i

) then E

me

[ (X)℄ �

1

n� k

n

X

i=k+1

 (x

i

) (4.7)

In words, if future data (almost) behaves in a

ordan
e with the given 
onstraint �(x)

k

over present data, then the average of  (x) must be (almost) equal to our estimate of

it.

The only thing that is needed for the estimates of averages of fun
tions  satisfying

(4.7) to be a

urate is that the average of �(x) over future data will be approximately

equal to t, its average over present data. This is still an assumption, or perhaps more

aptly `indu
tive prin
iple' of 
ourse. However, for large k and large n � k it is an

assumption that is fundamental to make predi
tions based on i.i.d. model 
lasses work

at all: `the future should behave similarly to the past'. This indu
tive prin
iple will be

a

eptable to many statisti
ians who have diÆ
ulties a

epting the maximum entropy

prin
iple in general. That is the good news. The bad news is that we 
an hardly make

any non-trivial inferen
es at all: the only fun
tions  that 
an be provably reliably

predi
ted are linear 
ombinations of the �. The only non-obvious linear 
ombination

of the � is the 
odelength fun
tion � logP (�), whi
h allows us to reliably use P

me

in

proportional betting (Se
tion 4.2.3).

4.3.2 Safe and Risky Statisti
s

The notions of `safe' and `risky' 
an be extended to parametri
 statisti
al estimation

in general - whether two-part 
ode MDL, Bayesian MAP estimation or any other suÆ-


iently reasonable pro
edure is used. Let L

M

be some reasonable statisti
al inferen
e

pro
edure (De�nition 4.3), that on input x

n

outputs

�

�(x

n

). Following Figure 4.1, we

may 
all estimates, de
isions and predi
tions based on

�

�(x

n

) that are provably reliable

`safe statisti
s'; we may 
all them `risky' otherwise. The 
ru
ial di�eren
e between

safe and risky statisti
s is that the assumptions that have to be made about `how the

world works' are mu
h weaker in the 
ase of safe statisti
s than in the 
ase of risky

statisti
s.

To get a 
learer idea of `safe statisti
s', let us look at a fun
tion  over E that


annot be reliably estimated. In that 
ase, the following holds: there exist x

n

and y

n

in E

n

su
h that

^

�(x

n

) =

^

�(y

n

) but

1

n

n

X

i=1

 (x

i

) 6=

1

n

n

X

i=1

 (y

i

)
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Hen
e, while x

n

and y

n

share the same optimal model in the 
lass, using the fun
tion

 one is able to `dete
t' that x

n

and y

n

are really di�erent. Therefore, the value

^

� =

^

�(x

n

) =

^

�(y

n

) simply does not give suÆ
ient information to determine the average

of  (it is, in other words, not a suÆ
ient statisti
 for  ). This means that we 
an

informally rephrase `safe statisti
s' as follows:

Safe Statisti
s Use an estimator

�

� =

�

�(x

k

) for given data x

k

only to predi
t

those properties of future data x

k+1

; : : : ; x

n

that are shared by all x

k+1

; : : : ; x

n

for whi
h

�

� �

^

�(x

k+1

; : : : ; x

n

).

We end this se
tion by analyzing `safe' statisti
s from two more points of view:

Safe Statisti
s and Data Compression As argued in Chapter 1, Se
tion 1.1.3,

there 
an be no pra
ti
ally appli
able statisti
al inferen
e pro
edure whi
h, for every

data sequen
e D, outputs a model that 
aptures all regularities in D (in the sense

that it maximally 
ompresses D using a universal 
omputer language as a 
ode). This

means that it will always be possible that the model for data D as found by a pra
ti
al

instantiation of two-part MDL (or any other reasonable inferen
e pro
edure) does

not 
apture all (
omputable) regularity in the data. We already dis
ussed this in

Chapter 1, Se
tion 1.5 where we modeled non-i.i.d. data using the Bernoulli model


lass. We saw that this leads to unreliable predi
tions as soon as one tries to estimate

aspe
ts of the data like the frequen
y of `11'. `Safe statisti
s' allows us to use an overly

simple model with less danger. The only thing that is still required from the data

generating pro
ess is that the estimate

�

�(x

n

) is 
lose to

^

�

fut

, the maximum likelihood

model for future data. We emphasize at this point that this is still a requirement

that may not hold in pra
ti
e. Nevertheless, safe statisti
s 
an be seen as a safeguard

against the 
on
lusion that an estimate 
aptures all the regularity in the data: it

ensures that we predi
t only those aspe
ts of the data on the basis of estimate

�

� that

are shared by all x

n

for whi
h

�

� =

^

�(x

n

), even `spe
ial' x

n

that 
an be 
ompressed

further on the basis of another, more 
omplex model.

Classi
al Statisti
s is Risky Let � be a given fun
tion over sample spa
e E. It is

useful to 
onsider the 
ase in whi
h data are generated by repeated sampling of some

distribution P

�

. We will assume that E

P

�

[�(X)℄ = t for some t in the range of �. Let

M be a model 
lass that is �nitely parameterized by some �. Under fairly general


onditions (as we shall prove in Chapter 5, Se
tion 5.3), there exists a model

~

� 2 �

su
h that

~

� = argmin

�2�

E

P

�

[� logP (X j�)℄ (4.8)

Hen
e

~

� maximizes the expe
ted log-likelihood. By the law of large numbers, as n !

1, we obtain �(x)

n

! t and, if M is regular enough, also

^

�(x

n

)!

~

� with probability

1 (the latter to be shown in Chapter 5, Lemma 5.14). But it may very well be possible
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that E

~

�

[�(x)℄ 6= E

P

�

[�(x)℄ and hen
e E

^

�(x

n

)

[�(X)℄ 6! �(x)

n

. In su
h a 
ase, with

high probability we end up with a model that gives a wrong idea of the average of �.

There are two ways to avoid this: the �rst is to adhere to `safe statisti
s' and to use as

fun
tions � only those fun
tions whose averages we 
an reliably predi
t on the basis of

our model 
lassM; it is 
lear that the problem 
an then not o

ur. The se
ond way is

a kind of 
heating: simply de
lare that the dis
repan
y mentioned will never happen

by making the additional assumption that P

�

= P (�j�

�

) for some �

�

2 � (`the true

model is in the 
lass'). Then by the Information Inequality (Equation 3.4, page 52),

~

� = �

�

. In this 
ase, we 
an apply the law of large numbers to obtain that for all

fun
tions � over E, E

^

�(x

n

)

[�(X)℄! �(x)

n

with probability 1.

The assumption that data are a
tually generated by a model P

�

= P (�j�

�

) in the


lassM under 
onsideration is fundamental to mu
h of 
lassi
al statisti
s (
onsider, for

example, 
lassi
al hypothesis testing [6℄). Unfortunately, it 
an hardly ever be justi�ed

[128℄. In our view, it is a form of `risky' statisti
s. The alternative assumption that data

are generated by i.i.d. sampling from some distribution - not ne
essarily 
ontained in

one's model 
lass - is, of 
ourse, still an assumption that is diÆ
ult to justify, but it is

nevertheless mu
h weaker. Whereas in 
lassi
al statisti
s, one freely draws 
on
lusions

that stri
tly speaking only follow (with high probability) if one's model 
lass 
ontains

the true distribution, in safe statisti
s one only draws 
on
lusions that already follow

(with high probability) under the mu
h weaker assumption that the data is generated

by i.i.d. sampling from some distribution su
h that the minimizing

~

� in (4.8) exists.

What to use: safe, risky, or in between? We are not saying that one should

only use `safe' statisti
s. There is nothing wrong in using risky statisti
s, as long as one

is aware that one is then impli
itly making some additional assumptions. It 
an also

be the 
ase that one has additional knowledge about the `data generating ma
hinery'

that make some of the `risky' predi
tions less risky. For example, if the data 
onsists

of repeated trials of some physi
al experiment (like di
e throwing), it is reasonable to

assume that the out
omes are truely (almost) independent. LetM

me

be on
e more the

maximum entropy 
lass for �(x) = x and let P

me

be the maximum entropy model for

x

n

= t. Our knowledge of physi
s allows us to predi
t that the event fX

i

= a;X

i+1

=

bg will o

ur with probability P

me

(X

i

= a;X

i+1

= b) = P

me

(X

i

= a)P

me

(X

i+1

= b)

even though this is, stri
tly speaking, not a safe inferen
e (see Example 4.12).

4.4 Con
lusion and Outlook

We have introdu
ed a distin
tion between `reliable' and `unreliable' inferen
es, leading

to `safe' and `risky' statisti
s. In the next 
hapter we will put the distin
tion to use.
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Chapter 5

How to Make Predi
tions

Reliable

A

ording to the MDL Prin
iple, models of data are always probabilisti
: if a 
lass

of non-probabilisti
 models is used to model the data at hand, it is �rst mapped to a


orresponding probabilisti
 
lass (Chapter 2, Se
tion 2.2). On the other hand, as was

repeatedly stressed in 
hapters 1 and 2, these models are to be interpreted as 
odes

for the data - not as traditional probability distributions a

ording to whi
h data are

generated. This raises the question of what 
on
lusions (predi
tions) about future data


an and what 
on
lusions 
annot be drawn on the basis of su
h `probabilisti
' models.

The question be
omes all the more diÆ
ult if we a
knowledge, in line with the MDL

philosophy, that our models will always be partially wrong { even if they allow us to

substantially 
ompress the data.

Main Con
epts and Results of this Chapter In this 
hapter, we identify 
on-

ditions under whi
h a probabilisti
 model, inferred from the data, 
an be used to

reliably predi
t future data even if that model is really a probabilisti
 representation of

a non-probabilisti
 model and/or if the model is wrong . We show that given a model


lassM with a �xed number of parameters (M is not ne
essarily probabilisti
) and an

error fun
tion er, we 
an turnM into a probabilisti
 version hMi

er

that is essentially

equivalent toM ex
ept that it leads to `reliable' estimates of the error fun
tion (where

`reliable' is de�ned as in De�nition 4.4 of the previous 
hapter). We 
all hMi

er

the

entropi�
ation of M. Entropi�
ation stands at the basis of the main results of this


hapter (theorems 5.16-5.18) whi
h 
an be summarized as follows:

1. Under the assumption that the data are i.i.d. a

ording to an essentially arbitrary

P

�

, we 
an infer from a large enough data set D, with high probability, a model

~

� in hMi

er

that is

(a) the optimal model in hMi

er

for predi
ting future data against error fun
tion

er: among the models in hMi

er

,

~

� minimizes the `true' expe
ted error

E

P

�

[er(Y j

~

�;X)℄.

81
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(b) 
an be `reliably' used, sin
e it gives a truthful impression of its own perfor-

man
e in the sense that E

~

�

[er(Y j

~

�;X)℄ = E

P

�

[er(Y j

~

�;X)℄).

Essentially, this means that whenever the assumption that data are i.i.d. 
an be

justi�ed and the fun
tion er a

ording to whi
h errors will be measured is known, the

model

~

� 
an be used (1) to arrive at optimal predi
tions (relative to the model 
lass

hMi

er

) of future data against er and (2) as an a

urate estimator of how good these

predi
tions will be - even if M is a wrong (`misspe
i�ed') model 
lass that does not


ontain any model that is similar to the `true' P

�

.

While

~

� 
an be inferred from data by many statisti
al inferen
e pro
edures (not

ne
essarily MDL), the `entropi�
ation' ofM turns out to yield additional results when


ombined with MDL, leading to the other two important results of this 
hapter:

2. Entropi�
ation removes an inherent arbitrariness in MDL's trade-o� between

error and model 
omplexity that o

urs if non-probabilisti
 model 
lasses are

used (Se
tion 5.4)

3. Entropi�
ation allows us to asso
iate 
odes with non-probabilisti
 model 
lasses

in an optimal manner, in the sense that the `worst-
ase expe
ted 
odelength' is

minimized (Proposition 5.22).

Preliminary Status The material presented in this 
hapter has a very preliminary


hara
ter; it 
ould 
ertainly be rephrased in a simpler, 
learer and more 
ompa
t

fashion. Nevertheless, we de
ided to in
lude it in this thesis, sin
e it does serve to

justify our view of probability distributions as 
odes, whi
h, on one hand, 
annot be

used to predi
t just any aspe
t of the data, but whi
h, on the other hand, 
an be used

to reasonably predi
t some aspe
ts of the data even if they are very di�erent from the

`true' distribution generating the data.

Organization of the Chapter We will start (Se
tion 5.1) with a motivating ex-

ample. In Se
tion 5.2 we formally introdu
e the 
on
ept of `entropi�
ation', present

some of its basi
 properties and give some examples of its use. Se
tion 5.3 presents our

main results (item 1 in the listing above). In Se
tion 5.4 we show how entropi�
ation


an be used in the 
ontext of MDL.

Atta
hed to the 
hapter is an Epilogue to Part I of this thesis in whi
h we argue that

`entropi�
ation' resolves the problemati
 issues 
on
erning MDL that were mentioned

at various pla
es in Chapters 1{3.

5.1 An Introdu
tory Example

In the next se
tion we will formally introdu
e the 
on
ept of `entropi�
ation'. In this

se
tion we present an introdu
tory example.

Example 5.1 Consider on
e more the �tting of polynomials. Let data D = (x

n

; y

n

)

be given. In a non-probabilisti
 approa
h to this problem, we would use some algorithm

that, for ea
h D, when input D, outputs a polynomial

�

H that it regards as an optimal
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Figure 5.1: Two sets of points with the same least-squares �rst-degree polynomial.

The distan
es between f(x

i

) and y

i

in the pi
ture on the right are exa
tly twi
e as

large as those in the pi
ture on the left.

hypothesis for D. Su
h a polynomial

�

H in itself does not give any information on how

good it will be on future data, and this 
an be problemati
. For example, imagine

that a 
ompany uses some sophisti
ated tool to infer

�

H from lots of data, and then

sells

�

H to a 
lient so that the 
lient 
an use it to predi
t future data (

�

H may, for

example, be a model for some data from the sto
k ex
hange and the 
lient may use it

as a guideline for future investments). If the 
ompany only gives

�

H to the 
lient, then

the 
lient has no means of knowing how well

�

H a
tually will predi
t future data. This


an be most easily demonstrated if we imagine that the model 
lass M is restri
ted

to the 
lass of �rst-degree polynomials. In Figure 5.1 we show two sets of points

that have the same optimal (in the sense of minimizing squared error) �rst degree

polynomial

b

H . Let us denote by D

1

the set of points depi
ted on the left of Figure 5.1

and by D

2

the set of points depi
ted on the right. Assuming that the 
ompany uses

a reasonable (see Chapter 4, De�nition 4.3) method to infer the best polynomial, it

will infer a polynomial reasonably 
lose to

b

H for both data sets depi
ted. However, if

future data behaves like present data, then in the 
ase of D

1

,

b

H will be a mu
h better

predi
tor than in the 
ase of D

2

. The 
lient (who has not seen the `training' data)

would probably like to know how good the hypothesis

�

H �

b

H is before he de
ides

whether to buy it or not; but

�

H does not reveal this information. Therefore, the 
lient

may rather want the 
ompany to sell a tuple (

�

H; ��

2

) where ��

2

is some reasonable

estimate of the error

�

H will make on future data. In this way, he will get a reliable

impression of the performan
e of

�

H .

When using two-part 
ode MDL, we do not estimate a polynomial for data D dire
tly.

Rather, we turn ea
h polynomial H 2 M into a probability distribution P (�jH) and

we look for the polynomial H

mdl

minimizing � logP (DjH) + L(H). Spe
i�
ally, in
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Chapter 1, Se
tion 1.4 and Chapter 2, Se
tion 2.2 we showed how to 
hange M to

a 
orresponding 
lass of (
onditional) probability distributions M

pr

su
h that ea
h

polynomial H is mapped to a 
orresponding P (�jH; �) with for all D = (x

n

; y

n

):

� logP (y

n

jH; x

n

) = er

sq

(y

n

jH; x

n

) +K (5.1)

We showed that the P (�jH; �) a
hieving this for us is a produ
t distribution of Gaussians

with density given by:

P (y

n

jH; x

n

) =

n

Y

i=1

P (y

i

jH; x

i

) where

P (yjH; x) =

1

p

2��

exp(�

(y �H(x))

2

2�

2

): (5.2)

with the varian
e �

2

given by �

2

= (2 ln 2)

�1

. The advantage of turning ea
h H into

a probability distribution is that we 
an express the error H makes on D in terms of

bits and 
an therefore add to it a 
omplexity term whi
h is also expressed in bits.

Now, as we saw above, the optimal polynomial H

mdl

for data D tells us nothing

on how good it will be in predi
ting future data. However, the probabilisti
 version

P (�jH

mdl

; �) does make su
h a statement, for it de�nes an expe
ted error over future

data er

1

= E

P (�jH

mdl

)

[er

sq

(Y jH

mdl

; X)℄. We may be tempted to use er

1

as an esti-

mate of the error we will make when predi
ting future data. But this 
annot work,

sin
e we have for all H 2M:

E

P (�jH;�)

[er

sq

(Y jH;X)℄ = �

2

(5.3)

(this is a standard fa
t about regression; see [6℄). Returning to Figure 5.1, if we are

asked to use P (�jH

mdl

; �) to make an estimate of the average squared error we will make

on future data, we would answer �

2

= (2 ln 2)

�1

both in the 
ase where H

mdl

is based

on D

1

and in the 
ase where H

mdl

is based on D

2

. Clearly, the answer will ne
essarily

be false for at least one of the two sets D

1

or D

2

(and in general, for almost all D for

whi
h H

mdl

is the optimal two-part 
ode model).

We 
ould solve this problem by never using the optimal polynomial H

mdl

in its

probabilisti
 form P (�jH

mdl

; �) and instead supply it, just as the non-MDL estimate

�

H we referred to above, by a separately obtained estimate ��

2

of the error that H

mdl

will make on future data. But this is not in line with the general MDL Prin
iple

(Chapter 2, Se
tion 2.1), whi
h says that we should hunt for the model that gives

optimal 
ompression of our data, and hen
e best 
aptures the regular features of the

data. The reason is that the estimate ��

2


an be used to further 
ompress the data: it

gives additional information about the data over and above the information 
ontained

in H

mdl

. Therefore, we should rather try to �nd a single model for the data whi
h


ombines the regularities expressed by H

mdl

and those expressed by ��

2

. This is the

�rst 
entral idea of this 
hapter. It 
an be a
hieved as follows: instead of mapping

ea
h H 2 M to a single probability distribution P (�jH; �) with a �xed value of �

2

,

we will map it to a whole 
lass of distributions P (�jH; �

2

; �) (one for ea
h �

2

> 0)

where P (�jH; �

2

; �) is the 
onditional normal distribution given by (5.2) with varian
e
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�

2

. The resulting 
lass of models 
ontains, for ea
h H 2 M, the probabilisti
 models

P (�jH; �

2

; �) for all �

2

> 0. By (5.3), E

P (�jH;�

2

;�)

[er

sq

(Y jH;X)℄ = �

2

. Hen
e, the

models P (�jH; �

2

; �) restri
ted to �xed H all 
orrespond to a di�erent expe
ted squared

error of H . We 
an now use two-part 
ode MDL (but, if we like, also another method)

to �nd the optimal probabilisti
 model (H

mdl

; �

2

mdl

) for the data. This probabilisti


model does give a reliable idea of its own performan
e over future data. Formally, let

H 2M be arbitrary and let �̂

2

H

stand for the maximum likelihood estimator of D for

this H . That is, among all models (H; �

2

) with this �xed H it maximizes the likelihood

of D. The following is a standard result about regression (also easy to verify): for all

n, all D = (x

n

; y

n

) and for every x 2 E

x

,

E

(H;�̂

2

H

)

[er

sq

(Y jH;X)jX = x℄ = �̂

2

=

1

n

n

X

i=1

er

sq

(y

i

jH; x

i

)

In words, for every H 2 M, a

ording to the maximum likelihood estimate �̂

2

H

, the

expe
ted squared error of predi
ting Y given that X = x is independent of x and

equal to the average squared error over the training data. This implies that for ea
h

�xed H , the average error of H 
an be reliably estimated. Here `reliable' is de�ned as

in De�nition 4.4 of Chapter 4. The advantage of reliable estimation has been amply

dis
ussed in the previous 
hapter (see page 73). Roughly, it implies that if future data

is similar to the training data, then the expe
ted value of the error a

ording to an

estimate based on the training data will be 
lose to the a
tual average error obtained

when this estimate is used to predi
t future data. In our example, it implies that, if

(

�

H; ��

2

) is estimated from data D

1

by a reasonable (Chapter 4, De�nition 4.3) method,

then ��

2

will be approximately equal to the average error of

�

H overD

1

; if it is estimated

from D

2

, then ��

2

will be approximately equal to the average error of

�

H over D

2

.

One 
an use the reliability of error estimates to prove (as we will in Se
tion 5.3)

that if the data are independently generated a

ording to an essentially arbitrary dis-

tribution P

�

, then every reasonable inferen
e pro
edure will, for large enough D, out-

put a model P (�j

�

H; ��

2

; �) su
h that the following holds: let, among all H 2 M,

e

H

be the model that minimizes the `true' expe
ted error E

P

�

[er

sq

(Y jH;X)℄ and let

~�

2

= E

P

�

[er

sq

(Y j

e

H;X)℄ be the `true' expe
ted error of this optimal

e

H . Then, with

probability 1, (1)

�

H is arbitrarily 
lose to the optimal model

e

H and (2) ��

2

itself is

arbitrarily 
lose to ~�

2

.

What is new?

It is well-known that modeling errors using the normal distribution with varying �

2

works even when the errors are not truely normally distributed [20℄, so this far, there

is nothing really new here. Our own 
ontribution lies in the fa
t that we 
onsider the

general 
ase of (almost) arbitrary error fun
tions er and model 
lasses M. In the

next se
tion, we will give a re
ipe of how, given M and er, one 
an de�ne a new

probabilisti
 model 
lass hMi

er

that has some spe
ial properties. We 
all the model


lass hMi

er

the entropi�
ation of M with respe
t to er. hMi

er

is 
onstru
ted from

M by adding a single extra real-valued parameter � as part of the hypotheses: models

in hMi

er

are indexed by parameters � = (H; �) for some H 2 M and � 2 R. If
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(H; �) is inferred from data D, then the � asso
iated with H 
an be interpreted as a

reliable estimate of the error H will make on future data. � will also determine the

entropy of the model (H; �), hen
e the name `entropi�
ation'. We give three examples


orresponding to three often used error fun
tions.

IfM is a 
lass of 
ontinuous fun
tions and er is the squared error, then hMi

er

turns

out to be equivalent to the 
lass fP (�jH; �

2

; �) j H 2M;�

2

> 0g where P (�jH; �

2

; �) is

as given by (5.2). This 
oin
ides with the 
ase 
onsidered above: if (H; �

2

) is inferred

from D, then �

2


an be interpreted as an estimate of the squared error H will make

on future data.

If M is a 
lass of 
on
epts (fun
tions from E

x

to E

y

= f0; 1g) and er is the 0/1-

error (see Chapter 2, Example 2.4), then, as we will see in Example 5.3, hMi

er

is

equivalent to a 
lass of distributions fP (�jH; �; �) j H 2M; 0 < � < 1g where

E

P (�jH;�;�)

[er(Y jH;X)℄ = �

� 
an be interpreted as the probability that H(X) 6= Y . If (H; �) is inferred from D,

then � 
an be interpreted as an estimate of the 0=1-error that H will make on future

data.

If M is a 
lass of probabilisti
 models fP (�j�) j � 2 �g, and er is the logarithmi


error (Chapter 2, Se
tion 2.7), then (roughly) hMi

er

will turn out to be equivalent to a


lass fP (�j�; �) j � 2 �;� 2 Rg; an expli
it formula for the distributions P (�j�; �) will

be given later (Example 5.4). If (�; �) is inferred from D, then � 
an be interpreted

as an estimate of the logarithmi
 error that � will make on future data.

Other Error Fun
tions The possibility of making estimates of errors er reli-

able by using the model 
lass hMi

er

raises the following interesting question: what

happens if we use a model (H; �) in the 
lass hMi

er

to predi
t against other er-

ror fun
tions er

0

6= er? The models (H; �) we infer from data D are still, in the

�rst pla
e, to be interpreted as 
odes rather than 
lassi
al probability distributions.

Therefore, when er

0

6= er, it is not a priori 
lear whether it makes any sense to use

E

P (�jH;�;�)

[er

0

(Y jH;X)℄ as an estimate of the average error H will make over future

data. It turns out that su
h an estimate (of er

0

) 
an still be seen as a `reasonable

guess', but it has a status fundamentally di�erent (weaker) from the estimate of er.

This will be seen in the Epilogue to this 
hapter (page 119).

The Goals of Entropi�
ation: reliable estimates of errors + appli
ations in

MDL Summarizing, `entropi�
ation' will serve as a generi
 means to make estimates

of errors reliable. This fa
t will be used in Se
tion 5.3 to prove our main results,

whi
h we already summarized at the beginning of this 
hapter (items 1(a) and 1(b),

page 82). It turns out that, in 
onne
tion with MDL, entropi�
ation serves several

other purposes besides making estimates of errors reliable; these were also already

summarized on page 82. They will be treated in Se
tion 5.4.

Now that we have given a �rst idea of `entropi�
ation' and have mentioned its main

goals, we pro
eed to de�ne the 
on
ept formally.
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5.2 Entropi�
ation of a Model Class

In this se
tion we formally introdu
e the 
on
ept of `entropi�
ation' and give some

examples of its use. This will be done in (sub-) se
tions 5.2.1 and 5.2.2. Se
tion 5.2.3

presents some of the basi
 properties of entropi�
ation and Se
tion 5.2.4 summarizes

the essentials of these properties.

5.2.1 Preliminaries

We will assume throughout the remainder of this 
hapter that all error fun
tions er


onsidered are suÆ
iently regular. More pre
isely, let E = E

x

� E

y

, and let er :

E�M! R be an error fun
tion de�ned as in Chapter 2 on page 31. Our assumption

is that, for all �xed H 2M, er(yjH; x) 
onsidered as a fun
tion of x and y 
an be used

to de�ne a maximum entropy model 
lass. Spe
i�
ally, we assume that for all H 2M,

the fun
tion �

H

over E

x

� E

y

de�ned by �

H

(x; y) := er(yjH; x) satis�es 
onditions

C1-C3 of page 54. This ensures that the maximum entropy model 
lass for �

H

(x; y)

exists. But we need something stronger than merely the guaranteed existen
e of this


lass, as we will now explain.

Conditional and Un
onditional Case Throughout this 
hapter, we 
onsider two


ases. In the �rst 
ase, the hypothesis 
lass M 
ontains models relating to E

y

and

not E

x

(for example, ea
h H 2 M is itself a probabilisti
 model over E

y

or ea
h H

is a relation over E

y

not involving E

x

). In su
h a 
ase E

x

does not really play any

role and we 
ould have equally well set E = E

y

. In this situation, the entropi�
ation

of a model 
lass M with respe
t to error fun
tion er : E �M ! R is the 
lass of

probabilisti
 models 
ontaining, for ea
h H 2 M, the 
lass of distributions P (�jH; �)

de�ned by

P (yjH; �) =

1

Z

H

(�)

exp(��er(yjH)) (5.4)

where Z

H

(�) is a normalizing fa
tor:

Z

H

(�) :=

X

y2E

y

exp(��er(yjH)) (5.5)

and � ranges over all � 2 R for whi
h P (yjH; �) is well-de�ned. As 
an be immediately

seen from equations 3.7 and 3.8 (Chapter 3, page 53), the distributions (5.4) are

formally equivalent to maximum entropy distributions.

The formal de�nition of entropi�
ation we give below uni�es the un
onditional


ase with the more 
ompli
ated 
onditional or supervised 
ase. In this 
ase, we as-

sume that the out
omes x 2 E

x

do play a role, and we are interested in the 
on-

ditional version of (5.4), P (yjH; �; x) = Z

�1

H;x

(�) exp(��er(yjH; x)) with Z

H;x

(�) :=

P

y2E

y

exp(��er(yjH; x)). However, all our results will only hold if the resulting dis-

tributions are still `essentially' maximum entropy distributions. For this reason, we

must additionally assume that the following 
onditions hold:

C4 E

x

is either �nite or 
ompa
t.
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C5 er is su
h that for ea
h �xed H and ea
h �xed � 2 R, Z

H;x

(�) is either equal for

all x 2 E

x

or it diverges for all x 2 E

x

.

C5 turns out to hold for most error fun
tions er of interest. These in
lude (as will

be shown formally in Proposition 5.11) error fun
tions like the squared and 0/1-error.

C5 allows us to drop the subs
ript x in Z

H;x

(�) and write, for arbitrary x 2 E

x

:

Z

H

(�) =

X

y2E

y

exp(��er(yjH; x)): (5.6)

In the remainder of this 
hapter, we ta
itly assume er to satisfy 
onditions C1-C3 of

page 54 and 
onditions C4 and C5 listed here.

5.2.2 Formal De�nition of Entropi�
ation

We are now ready to de�ne entropi�
ation formally.

De�nition 5.2 (Entropi�
ation) Let E = E

x

�E

y

. The entropi�
ation of a model


lass M with respe
t to error fun
tion er : E �M ! R is the 
lass of (
onditional)

probabilisti
 models

hMi

er

= fP (�j�; �) j � = (H; �);H 2M;� 2 �

nat

(H)g (5.7)

Here P (�j�; �) = P (�jH; �; �) is a 
onditional probabilisti
 model de�ned as follows:

1. For ea
h x 2 E

x

, P (�j�; x) = P (�jH; �; x) is a probability distribution over E

y

de�ned by

P (yjH; �; x) =

1

Z

H

(�)

exp(��er(yjH; x)) for all y 2 E

y

: (5.8)

Here Z

H

(�) is as in (5.6).

2. For all (x

n

; y

n

) 2 E

n

, P (y

n

jH; �; x

n

) =

Q

n

i=1

P (y

i

jH; �; x

i

).

For ea
h H, the set of � su
h that P (�jH; �; �) 2 hMi

er

is given by

�

nat

(H) = f� j Z

H

(�) <1g:

If E is 
ontinuous, the sum in Z

H

(�) gets repla
ed by the 
orresponding integral.

Z

H

(�) a
ts as normalizing 
onstant.

Codelengths based on models in hMi; �rst interpretation of � The 
ode


orresponding to P (�jH; �; :) leads to the following 
ode lengths (expressed in nats):

L(y

n

jH; �; x

n

) = � lnP (y

n

jH; �; x

n

) = �

n

X

i=1

er(y

n

jH; x

n

) + n lnZ

H

(�) (5.9)

We see that the 
ode length of y

n

given H; �; x

n


ontains an error term and a `uniform'

term n lnZ

H

(�) that grows linearly in n and is equal for all y

n

. This shows that �
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an be interpreted as determining how strongly the error should be weighed in the


ode length 
orresponding to hypothesis (H; �). The extreme 
ase � = 0 
orresponds,

for ea
h x

i

, to the uniform distribution over all out
omes in E

y

. For �xed H , in

the limit for � ! 1, the probability under (H; �) of an out
ome y

n

given x

n

with

er(y

n

jH; x

n

) > 0 be
omes 0.

Obtaining �; se
ond interpretation of � We 
an estimate � by any statisti
al

means, for example, by two-part 
ode MDL (Chapter 1). In that 
ase, we would pi
k

as optimal hypothesis for given data D the �

mdl

= (H

mdl

; �

mdl

) that minimizes the

sum of (5.9) and L

C

(H

mdl

; �

mdl

), the des
ription length of the (extended) hypothesis.

In general, if the tuple (H; �) is estimated from data D, then � 
an be interpreted as

(a monotoni
 transform of) an estimate of the error H will make on future data, as

will be made 
lear in the examples below. This gives a se
ond interpretation of �; we

will en
ounter even a third. These interpretations will be summarized in Se
tion 5.2.4.

Example 5.1, 
ontinued Let M be a 
lass of 
ontinuous fun
tions H : E

x

! E

y

.

From the de�nition of entropi�
ation (De�nition 5.2) we 
an see (by substituting � =

(1=2�

2

)) that hMi

er

sq

, the entropi�
ation of M with respe
t to the squared error,

is equivalent to the model 
lass that supplies M with a normal error distribution of

arbitrary varian
e �

2

> 0. Formally,

hMi

er

sq

= fP (�jH; �

2

; �) j H 2M;�

2

> 0g (5.10)

with P (�jH; �

2

; �) as given by (5.2) (page 84). In this 
ase, the value of Z

H

(�) is

independent of H and �nite for all � > 0. The parameter spa
e will be �

nat

(H) =

f�j� > 0g independently of H , 
orresponding to all varian
es �

2

= 1=(2�) > 0. Note

that, by Equation 5.3, E

P (�jH;�

2

;�)

[er

sq

(Y jH;X)℄ = �

2

. Hen
e when the tuple (H; �)

is inferred from data, then �, whi
h determines �

2

, 
an be seen as an estimate of the

expe
ted squared error of H .

Example 5.3 [
on
ept learning and Bernoulli parameters℄ LetM be a 
lass of


on
epts over E = E

x

�f0; 1g and let er

01

be the 0/1-error fun
tion (Chapter 2, Exam-

ple 2.4). Let the observational dataD = (x

n

; y

n

). Let hMi

er

01

be the entropi�
ation of

M with respe
t to error fun
tion er

01

. Let hHi

er

01

= fP (�jH; �) j � 2 �

nat

(H)g be the

restri
tion of hMi

er

01

to models with �xed H 2 M. Substituting � := ln(1� �)� ln �

in De�nition 5.2, we �nd that hHi

er

01

is just the 
lass of Bernoulli models 
ontaining

one model for ea
h possible probability of error (see also Chapter 3, Example 1.1):

E

�

[er

01

(Y jH;X)℄ = P

�

fer

01

(Y jH;X) = 1g = P

�

fH(X) 6= Y g =

=

1

Z(�)

e

���1

= � (5.11)

and

E

�

[j1� er

01

(Y jH;X)j℄ = P

�

fer

01

(Y jH;X) = 0g = P

�

fH(X) = Y g =

=

1

Z(�)

e

���0

= 1� � (5.12)
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It follows that the 
lass hMi

er

01


an equivalently be parameterized as hMi

er

01

=

fP (�jH; �; �) j H 2M; 0 < � < 1g, su
h that, if er

01

(y

n

jH; x

n

) = k, then

P (y

n

jH; �; x

n

) = �

k

(1� �)

n�k

(5.13)

This expresses that the probability of error of H is equal to � for ea
h observation,

independently of any other observations. (5.11) shows that, if (H; �) is inferred from

data D, then � (whi
h determines �) 
an be interpreted as an estimate of the expe
ted

0/1-error of H , whi
h is just the probability that H mis
lassi�es D. Just as in the

previous example, � serves to estimate the expe
ted (in this 
ase, 0/1-) error.

MDL is usually applied to 
on
ept 
lasses in a way that does not involve entropi-

�
ation [122, 84℄. In Se
tion 5.4, Example 5.21 we show that the `traditional' way of

applying MDL to a 
on
ept 
lass M is essentially equivalent to applying MDL to the

probabilisti
 
lass hMi

er

, thus re
on
iling the two views.

Example 5.4 [Entropi�
ation of probabilisti
 model 
lasses℄ What happens

if we try to entropify a probabilisti
 model 
lass M? For simpli
ity, we only 
onsider

the 
ase where M = fP (�j�) j � 2 �

M

g is a 
lass of i.i.d. probabilisti
 models over

E

y

. Similarly, we 
onsider only error fun
tions er : E

y

�M ! R. The values of

x

i

are therefore irrelevant and M 
onsists of full rather than 
onditional probability

distributions. De�nition 5.2 is seen to simplify in this 
ase to

hMi

er

= fP (�j(�; �)); � 2 �

M

;� 2 �

nat

(�)g where

P (yj(�; �)) =

1

Z

�

(�)

exp(��er(yj�));

P (y

n

j(�; �)) =

n

Y

i=1

P (y

i

j(�; �)) (5.14)

A natural error fun
tion for probabilisti
 models is the logarithmi
 error

er

lg

(y

n

j�) = �

P

n

i=1

lnP (y

i

j�); see Chapter 2, Se
tion 2.7. Using the logarithmi


error, we obtain:

P (yj�; �) =

1

Z

�

(�)

exp(� lnP (yj�)) =

P (yj�)

�

P

y2E

y

P (yj�)

�

(5.15)

We now 
onsider two 
ases:

M is an exponential family If M is a full exponential family (Chapter 3, Se
-

tion 3.4) then hMi

er

lg

=M as 
an easily be seen from substituting Equation 3.11 on

page 56 into (5.15). If M is an exponential family that is not full and that 
ontains

a model for some � 6= 0, then entropi�
ation serves to make it full (to see this, 
he
k

Equation 3.11 on
e more).

We see that full exponential families, and hen
e `full' maximum entropy model


lasses, are 
losed under entropi�
ation.
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M is not an exponential family This 
ase is more interesting. Many useful prob-

abilisti
 model 
lasses are not of the exponential form; as a simple example, 
onsider

hidden Markov Models [123, 125℄. For su
h model 
lasses, entropi�
ation 
an never-

theless be useful, for two reasons: (1) it leads to reliable estimates of the logarithmi


error in the sense of De�nition 4.4 (this fa
t will be put to use in Se
tion 5.3.4); and

(2), using hMi

er

lg

instead of M 
an often lead to additional 
ompression of the data

when data is en
oded using the MDL 2-part 
ode (as will be dis
ussed in Se
tion 5.4.2).

5.2.3 Properties of Entropi�
ation

In this subse
tion we present some useful properties of entropi�ed model 
lasses hMi

er

.

These properties will be used in the proofs of our main results in Se
tion 5.3.

The key to proving all the properties is that for ea
h �xed H 2 M, the sub
lass

of models hHi

er


ontaining (H; �) for all � 2 �

nat

(H) (that is, hHi

er

:= f(H; �) j

(H; �) 2 hMi

er

g) is essentially (though not stri
tly) a maximum entropy model 
lass

(
ompare De�nition 5.2 with De�nition 3.7 on page 55). The reason that the 
orre-

sponden
e is not stri
t is that hHi

er

is a 
lass of 
onditional models. This leads to

some te
hni
al, but not essential 
ompli
ations in proving the properties. In order to

fo
us on what is really essential, we moved some of the proofs of these properties to

an appendix to this 
hapter (Appendix 5.6, page 111).

The Properties

Throughout the remainder of this subse
tion, we assume that we are given a sample

spa
e E = E

x

�E

y

, a model 
lass M and an error fun
tion er.

Brie
y, we will show that (1) even though the distributions indexed by (H; �) are


onditional, one 
an de�ne entropy and expe
tation of error with respe
t to these

distributions; (2) entropi�
ation leads to `reliable' estimates of error (in the sense of

De�nition 4.4); (3) for �xed H , the models (H; �) are all, in an important sense,

equivalent, but they di�er in that they all have di�erent entropy; and (4) there exists a

parti
ularly well-behaved 
lass of error fun
tions whi
h we will 
all `simple'. Below we

show all properties in detail. In stating them, we need to use the maximum likelihood

estimator for �xed hypothesis H and similarly, for �xed �, whi
h we now de�ne:

De�nition 5.5 Let D = (x

n

; y

n

) 2 E

n

. The maximum likelihood estimator of D for

�xed H with respe
t to hMi

er

, denoted by

^

�(DjH), is (if it exists) given by

^

�(DjH) = argmax

�2�

nat

(H)

fP (y

n

jH; �; x

n

)g (5.16)

The maximum likelihood estimator of D for �xed � with respe
t to hMi

er

, denoted by

b

H(Dj�), is (if it exists) given by

b

H(Dj�) = argmax

H2M

fP (y

n

jH; �; x

n

)g (5.17)
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Notational Conventions

The �rst property we show allows us to simplify notation. Re
all that we assume

throughout this 
hapter that Z

H

(�) does not depend on x (page 88). As will be shown

in Appendix 5.6 this implies that for �xed H and �, the expe
tation of the error under

(H; �) is independent of the given x. The same holds for the entropy. Formally, we

let E

(H;�)

denote expe
tation under the model P (�jH; �; �) 2 hMi

er

. Then for all

(H; �) 2 hMi

er

and all x

1

; x

2

2 E

x

, we have

E

(H;�)

[er(Y jH;X)jX = x

1

℄ = E

(H;�)

[er(Y jH;X)jX = x

2

℄ (5.18)

Also, for all x

1

; x

2

2 E

x

, the entropy H(P (�jH; �; �)) satis�es:

H(P (�jH; �; x

1

)) = H(P (�jH; �; x

2

)) (5.19)

(5.18) and (5.19) will be proven formally in Appendix 5.6. They imply that the

expe
tation E

(H;�)

[er(Y jH;X)℄ over the 
onditional model (H; �) supplied with an

arbitrary distribution P

x

over E

x

does not depend on P

x

. This allows us to write

E

(H;�)

[er(Y jH;X)℄ instead of E

(H;�)

[er(Y jH;X)jX = x℄. Similarly, we will write

H(H; �) instead of H(P (�jH; �; x)).

Entropi�
ation and Reliable Estimates of Errors

We pro
eed to show that entropi�
ation leads to reliable estimates of error. This will

be the key to proving the theorems on entropi�
ation whi
h we prove in the next

se
tion. In Example 5.1 we dis
ussed why `reliability' is a desirable property.

Proposition 5.6 [reliability℄ Let D = (x

n

; y

n

). For ea
h H 2M, E

(H;�)

[er(Y jH;X)℄

as a fun
tion of � is 
ontinuous. Moreover,

E

(H;

^

�(DjH))

[er(Y jH;X)℄ =

1

n

n

X

i=1

er(y

i

jH; x

i

)

This proposition will be proven in Appendix 5.6. It shows that, for ea
h model

(H;

^

�(DjH)), its expe
ted error over future data is equal to its average error over

the given data. By De�nition 4.4 (Chapter 4), this implies that for ea
h H 2 M, the

average error er(yjH; x) 
an be reliably estimated on the basis of the restri
tion of the


lass hMi

er

to models 
ontaining this spe
i�
 H .

The Name `Entropi�
ation'

We now state two properties that explain why we have 
hosen the name `entropi�-


ation': let H 2 M be arbitrary but �xed. The models (H; �) in hMi are, for all

� 2 �

nat

(H) ex
ept � = 0, partially equivalent to H as stand-alone in the sense that

they leave the ordering (in terms of goodness-of-�t) that they impose on the data

un
hanged: the ordering with respe
t to the original error fun
tion equals the new

ordering with respe
t to the logarithmi
 error. Yet the models (H; �) are all di�erent

in the sense that they all have di�erent entropies. We show both properties below.
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Proposition 5.7 Let H 2 M and let x

n

, y

n

and z

n

be su
h that er(y

n

jH; x

n

) >

er(z

n

jH; x

n

). Then for all � 2 �

nat

(H) with � > 0,

� lnP (y

n

jH; �; x

n

) > � lnP (z

n

jH; �; x

n

):

while for all � < 0, � lnP (y

n

jH; �; x

n

) < � lnP (z

n

jH; �; x

n

):

Proof: Immediate from De�nition 5.2. 2

Hen
e for ea
h H , entropi�
ation either leaves un
hanged or reverses the ordering in

terms of goodness-of-�t that H imposes on the data: for every �, the ordering with

respe
t to er(�jH; x

n

) is identi
al or reversed to the ordering with respe
t to the 
ode

length (or `logarithmi
 error') � lnP (�jH; �).

For the se
ond property mentioned above, re
all thatH(H; �) stands for the entropy

of the model P (�jH; �; x) (for arbitrary x) restri
ted to single out
omes in E

y

.

Proposition 5.8 For all � 2 �

nat

(H) with � > 0, the entropy H(H; �) is a stri
tly

de
reasing fun
tion of �. For all � < 0, H(H; �) is a stri
tly in
reasing fun
tion of �.

The proposition is proven in Appendix 5.6. Together with Proposition 5.7 it tells

us that for �xed H and varying �, the 
ompound models (H; �) 
an all be seen as

`versions' of H with di�erent entropies.

Entropy and Expe
ted Error

Suppose � > 0. As � in
reases, the entropy H(H; �) de
reases. One may expe
t that,

with de
reasing entropy (and thus de
reasing `inherent disorder'), the expe
ted error

E

(H;�)

[er(Y jH;X)℄ also de
reases. This relation indeed holds, but only if � > 0 (the


ase � < 0 will be explored brie
y in Se
tion 5.3.3): if � < 0, then (as we saw above),

the entropy is an in
reasing fun
tion of � while the expe
ted error remains a de
reasing

fun
tion of �. In general, let, for �xed H , U

H

be the smallest (possibly unbounded)

interval in R su
h that 8(x; y) 2 E : er(yjH; x) 2 U

H

. Then

Proposition 5.9 E

(H;�)

[er(Y jH;X)℄ is a stri
tly de
reasing fun
tion of �. For ea
h t

in the interior of U

H

there exists a unique value of � su
h that E

(H;�)

[er(Y jH;X)℄ = t.

The proposition is proven in Appendix 5.6.

Simple Error Fun
tions

Some error fun
tions, among whi
h the squared error and the 0/1-error, turn out to

have a useful additional property whi
h automati
ally makes them satisfy our regular-

ity 
onditions for error fun
tions and whi
h makes sure that entropi�
ation leaves the

relative ordering of hypotheses in terms of goodness-of-�t for given data un
hanged.

We 
all su
h hypotheses simple:

De�nition 5.10 If er is su
h that for all H

1

; H

2

2M and all �,

Z

H

1

(�) = Z

H

2

(�);

where Z

H

(�) is de�ned as in Equation 5.6, then we 
all er a simple error fun
tion for

M.
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The two error fun
tions we have en
ountered earlier are both simple, as shown by the

following proposition:

Proposition 5.11 Let E = E

x

� E

y

, let M be an arbitrary 
lass of fun
tions H :

E

x

! E

y

. If E

y

= R, then the squared error fun
tion er

sq

is simple for M. If

E

y

= f0; 1g, then the 0/1-error fun
tion er

01

is simple for M.

Proof: In the squared error 
ase, Z

H;x

(�) =

R

y2E

y

exp(��er

sq

(yjH; x))dy =

R

exp(��(y �H(x))

2

)dy =

p

�=� whi
h does not depend on either H or x. The 
ase

of the 0/1-error is analogous. 2

For model 
lasses entropi�ed with simple error fun
tions we 
an drop the subs
ript

from Z

H

(�) and simply write Z(�). By 
al
ulating the entropy H(H; �) of the model

(H; �) it follows immediately that this entropy depends only on � and not on H .

Simple error fun
tions have an additional important property whi
h is dual to the

property expressed by Proposition 5.7. Whereas in that proposition, we showed that

the ordering in goodness-of-�t imposed on data by a hypothesis (H; �) is identi
al

for all � (up to their sign), the present result shows that in the 
ase of simple error

fun
tions, a reverse property holds too: the ordering in goodness-of-�t imposed on

hypotheses (H; �) by given data D is identi
al for all � (up to their sign):

Proposition 5.12 Let er be a simple error fun
tion for M and let D = (x

n

; y

n

). For

ea
h �

1

; �

2

2 �

nat

with �

1

; �

2

> 0 or �

1

; �

2

< 0 and ea
h H

1

; H

2

2 M we have:

P (y

n

jH

1

; �

1

; x

n

) > P (y

n

jH

2

; �

1

; x

n

) ) P (y

n

jH

1

; �

2

; x

n

) > P (y

n

jH

2

; �

2

; x

n

)

and, in parti
ular, if �

1

; �

2

> 0 and there exists a single H that minimizes the empiri
al

error er(y

n

jH; x

n

), then:

b

H(Dj�

1

) =

b

H(Dj�

2

) = argmin

H2M

fer(y

n

jH; x

n

)g (5.20)

Hen
e the H in the tuple (H; �) that maximizes the likelihood is independent of �

(ex
ept for the sign of �) and (if � > 0) is equal to the H 2 M that minimizes the

empiri
al error.

Proof: Immediate from instantiating P (y

n

jH

i

; �

i

; x

n

) using De�nition 5.2 and the

fa
t that Z(�) does not depend on H . 2

We have now established all basi
 properties of entropi�
ation. We will use these

properties to prove the main results of this 
hapter, 
on
erning its behaviour in the

i.i.d. 
ase. Before we do this, we give a summary of the possible interpretations of �.

5.2.4 Interpretations of �

The parameter � as part of the hypothesis (H; �) 
an be interpreted in the following

ways:

1. � determines the expe
ted error E

(H;�)

[er(Y jH;X)℄ (Proposition 5.9); hen
e : : :
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2. : : : when (H; �) is inferred from data D, � serves as an estimate of the error H

will make on future data.

3. � determines the entropyH(H; �) (Proposition 5.8): the 
loser j�j to 0, the larger

H(H; �).

4. � determines how strongly the error er(y

n

jH; x

n

) is weighed in the 
ode based

on P (�jH; �; �), whi
h has lengths L(y

n

jH; x

n

) = �er(y

n

jH; x

n

) + n lnZ

H

(�)

(Equation 5.9): the 
loser j�j to 0, the 
loser P is to the uniform distribution.

The last two items show that � 
an be interpreted as a kind of `noise' level, measuring

for ea
h �xed H the apparent randomness of the data with respe
t to hypothesis H (we

use the word `apparent' be
ause a small value of � does not mean that the data are

random in any general sense; it only means thatH does not give very mu
h information

about the data). From the polynomial example we see by the substitution � = 1=(2�

2

)

that small � means large varian
e �

2

and hen
e a large amount of `noise' with respe
t

to H . From the 
on
ept learning example (Example 5.3) we see by the substitution

� = ln(1� �)� ln(�) that a hypothesis H together with a small (absolute) value of �

expresses the extended hypothesis that the probability that H makes a mistake is �,

where � is 
lose to 1=2 (uniform). � = 0 
an
els the e�e
t of the hypothesis altogether

and makes P (�jH) equal to the uniform distribution.

� and temperature The idea to turn an error fun
tion er(�j�) into a 
lass of proba-

bility distributions P (�j�; �) = Z(�)

�1

exp(��er(�j�)) is a
tually not new: it is 
ommon

pra
ti
e in Statisti
al Me
hani
s [155, 69℄ where the error fun
tion is 
alled `energy

fun
tion' and in stead of a parameter � one uses a parameter T (
alled a `temperature')

satisfying � = 1=T . Su
h `energy fun
tions' and `temperatures' are frequently used

outside of a purely physi
al 
ontext. As far as we know, the role of the temperature T

is somewhat di�erent from our � sin
e T is not treated as a parameter to be estimated

from data.

5.3 Entropi�
ation and Generating Distributions

In this se
tion we present our main results 
on
erning entropi�
ation. We study the

behaviour of entropi�ed model 
lasses when data are independently distributed a
-


ording to some unknown `true' distribution P

�

. Roughly, it is shown that with an

entropi�ed model 
lass hMi

er

, if given enough data, we 
an �nd the model in hMi

er

with the smallest expe
ted predi
tion error under P

�

. Additionally, this model will

provide a 
orre
t estimate of the average predi
tion error over future data that it will

a
hieve; hen
e the model gives a good impression of `how good it really is' when errors

are measured by er. The important thing is that this model that is both optimal

and `reliable' will be found even if P

�

is not 
ontained in hMi

er

. Below we state a

te
hni
al lemma that is needed in our theorems, whi
h follow in se
tions 5.3.1-5.3.5.

The proof of the lemma is quite involved and is not dire
tly related to entropi�
ation.

Therefore it has been deferred to an appendix (Appendix 5.7, page 114). The proofs

of the theorems are dire
tly related to the main properties of entropi�
ation, so they
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an be found in this se
tion. These theorems 
on
ern the general 
ase (Se
tion 5.3.2),

the 
ase of simple error fun
tions (Se
tion 5.3.3), the 
ase of the logarithmi
 error

(Se
tion 5.3.4) and the 
ase of the squared error (Se
tion 5.3.5). The lemma and the

theorems all assume that the data are i.i.d. a

ording to some unknown but �xed prob-

ability distribution P

�

. We have to impose some mild 
onditions on P

�

. These amount

to there being some `window' (i.e. a bounded set 
ontaining more than one element)

within whi
h all data will fall. The reason is that otherwise the required expe
tation

E

P

�

[er(Y jH;X)℄ may not exist. Here is a formal de�nition of this 
ondition:

De�nition 5.13 (Regularity Condition for the True Distribution)

Let a sample spa
e E = E

1

� : : :�E

m

be given for m � 1. Whenever in the following

we speak of a `true', or `generating' distribution P

�

, we assume P

�

to be a distribution

over E

P

�

= E

P

�

;1

� : : : � E

P

�

;m

with full support su
h that for 1 � i � m, (a)

E

P

�

;i

� E

i

(b) E

P

�

;i


ontains more than one element and (
) if E

i

is 
ontinuous, then

E

P

�

;i

is 
ompa
t.

We now state our te
hni
al lemma. Essentially, it says the following: ifM is 
ompa
tly

parameterized, then the average 
ode length of x

n

based on the maximum likelihood

model for x

n


onverges (with probability 1) to the expe
ted 
ode length based on the

model in the 
lass that minimizes this expe
ted 
ode length. This holds if data are

i.i.d. a

ording to some P

�

satisfying De�nition 5.13. Note that P

�

is not required to

be a member of M.

Lemma 5.14 Let M = fP (�j�) j � 2 �g be a 
lass of i.i.d. probabilisti
 models over

sample spa
e E that is �nitely parameterized by � � R

k

where � is 
ompa
t. Let the

data be i.i.d. a

ording to some P

�

satisfying De�nition 5.13. Then the following

minima exist for all n, all x

n

2 E

n

:

^

L(x

n

) := min

�2�

f� lnP (x

n

j�)g

e

L(P

�

) := min

�2�

fE

P

�

[� lnP (X j�)℄g

We have with P

�

-probability 1:

lim

n!1

1

n

^

L(x

n

) =

e

L(P

�

)

The proof is given in Appendix 5.7. Lemma 5.14 is the key to the theorems whi
h will

be proven in the next subse
tions.

5.3.1 The Theorems

This subse
tion gives an informal overview of the theorems we are about to prove.

We start by de�ning an analogue of the de�nition of `reliable' (De�nition 4.4) for the

setting where some true (i.i.d.) distribution is assumed to exist.

De�nition 5.15 Let the data be i.i.d. a

ording to some distribution P

�

. Let P be

some given probabilisti
 model over E and let  : E! U be some given fun
tion. We


all P reliable with respe
t to  under P

�

if

E

P

[ (X)℄ = E

P

�

[ (X)℄:
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A model P that is reliable with respe
t to  under P

�

is (with probability 1) guaranteed

to give a 
orre
t impression of the average  (x)

n

for large n: by the law of large

numbers,  (x)

n

! E

P

�

[ (X)℄ = E

P

[ (X)℄ as n in
reases, with P

�

-probability 1.

Informal Dis
ussion of the Theorems Let hMi

er

be a model 
lass entropi�ed

with respe
t to an error fun
tion er. Let the data be i.i.d. a

ording to some arbitrary

P

�

(not ne
essarily in hMi

er

). The main point of Theorem 5.16 is that for ea
h H 2

M, there exists a unique

~

�

H

su
h that (1) E

(H;

~

�

H

)

[er(Y jH;X)℄ = E

P

�

[er(Y jH;X)℄

(hen
e (H;

~

�

H

) is reliable with respe
t to er under P

�

), and (2),

^

�(DjH), the maximum

likelihood estimator for �xed H (De�nition 5.5), 
onverges with P

�

-probability 1 to

~

�

H

. Hen
e for ea
h H , a reliable estimate of its performan
e 
an, with probability 1,

be obtained.

If the error fun
tion er is simple (De�nition 5.10), then in addition, the stronger

Theorem 5.17 applies. Its essen
e is (roughly) that the maximum likelihood estimator

(

b

H;

^

�) 
onverges with P

�

-probability 1 to the model (

e

H;

~

�) where

e

H is the optimal

model in M, minimizing the `true' expe
ted error E

P

�

[er(Y j

e

H;X)℄, and

~

� is su
h

that E

(

e

H;

~

�)

[er(Y j

e

H;X)℄ = E

P

�

[er(Y j

e

H;X)℄; and so (

e

H;

~

�) is reliable for er(�j

e

H; �)

under P

�

. Hen
e the optimal

e

H and a reliable estimate of its performan
e 
an both,

with probability 1, be obtained.

If the error fun
tion is not simple, then things get more 
ompli
ated. Nevertheless,

Theorem 5.18 shows that in the spe
ial 
ase of the (non-simple) logarithmi
 error

fun
tion, an analogue to the above (maximum likelihood estimators 
onverging to an

optimal and reliable model) still holds.

The squared error fun
tion is simple but satis�es an additional interesting property,

as will be shown in Theorem 5.19.

Use of ML Estimators in the Theorems In the theorems we make use of the

maximum likelihood estimator

^

�(DjH) for �xedH whi
h is de�ned as in De�nition 5.5.

It is straightforward to show that, under our 
onditions for the sample spa
e of the

generating distribution P

�

, a unique value of

^

�(DjH) always exists. Sometimes we will

also make use of the full maximum likelihood estimator (

b

H;

^

�)(D). In all these 
ases,

it is straightforward to show that there exists at least one maximum of the likelihood.

We use the 
onvention that, if several (H; �) maximizing the likelihood exist, then

(

b

H;

^

�) denotes the �rst one a

ording to some prespe
i�ed ordering over hMi

er

.

5.3.2 General Error Fun
tions

In this subse
tion we present Theorem 5.16 whi
h is appli
able to all regular error

fun
tions.

Theorem 5.16 Let E = E

x

�E

y

. LetM be a 
lass of models and let er : E�M! R

be an error fun
tion for M. Assume that data (x; y) are generated by independent

sampling from a distribution P

�

over E

P

�

as in De�nition 5.13. Then for all �xed

H 2M, E

P

�

[er(Y jH;X)℄ exists, and
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1. there exists a unique

~

�

H

depending on H su
h that

E

(H;

~

�

H

)

[er(Y jH;X)℄ = E

P

�

[er(Y jH;X)℄: (5.21)

and at the same time, for all � 2 �

nat

(H) with � 6=

~

�

H

,

E

P

�

[� lnP (Y j�;H;X)℄ > E

P

�

[� lnP (Y j

~

�

H

; H;X)℄ (5.22)

2. with P

�

-probability 1,

lim

n!1

^

�(x

n

; y

n

jH) =

~

�

H

(5.23)

and hen
e

lim

n!1

E

(H;

^

�(DjH))

[er(Y jH;X)℄ = E

P

�

[er(Y jH;X)℄ (5.24)

Proof: We only prove the theorem for 
ontinuous E

x

and E

y

. The 
ase where E

x

or

E

y

or both are dis
rete is 
ompletely analogous.

We �rst prove existen
e of E

P

�

[er(Y jH;X)℄. De�nition 5.13 tells us that P

�

is

de�ned over a 
ompa
t subspa
e of E . Conditions C1-C3 on er (see the remark at

the beginning of Se
tion 5.2) make sure that er(yjH; x) is 
ontinuous at all (x; y) 2 E.

For 
ontinuous E, we only 
onsider P

�

with asso
iated 
ontinuous density fun
tions

(see Chapter 1, Se
tion 1.2). Existen
e of E

P

�

[er(Y jH;X)℄ now follows.

Now to prove item 1, note that by De�nition 5.13, E

P

�

[er(Y jH;X)℄ must lie in

the interior of U

H

. Therefore, by Proposition 5.9 there must be a unique value

~

�

H

for

whi
h (5.21) holds.

We have, for ea
h �, E

P

�

[� lnP (Y jH; �;X)℄ = �E

P

�

[er(Y jH;X)℄ + lnZ

H

(�). By

di�erentiating with respe
t to � one veri�es that E

P

�

[� lnP (Y jH; �;X)℄ as a fun
tion

of � is 
onvex and rea
hes its unique minimum at the value

~

�

H

for whi
h (5.21) holds.

This proves (5.22).

Con
erning item 2, we will �rst prove (5.24). Sin
e the data are i.i.d. we 
an

apply the strong law of large numbers [47℄ whi
h gives that with P

�

-probability 1,

n

�1

P

n

i=1

er(y

i

jH; x

i

) 
onverges to E

P

�

er(Y jH;X). (5.24) then follows by the relia-

bility of estimates of er (Proposition 5.6). (5.23) is now immediate by (5.24) and the

fa
t (whi
h we just showed) that E

P

�

[� lnP (Y j�;H;X)℄ as a fun
tion of � is 
onvex

and rea
hes its single maximum at � =

~

�

H

. 2

We now pro
eed to the spe
ial 
ase where er is a simple error fun
tion.

5.3.3 Simple Error Fun
tions

For simple error fun
tions Proposition 5.12 applies: if � > 0, then minimization of

logarithmi
 error � lnP (y

n

jH; �; x

n

) 
orresponds to minimization of the error fun
tion

er. This allows us to prove Theorem 5.17, whi
h says that the maximum likelihood

estimator (

b

H;

^

�) for data D 
onverges to a model (

e

H;

~

�) where, if

~

� > 0, then

e

H

minimizes the `true' expe
ted error E

P

�

[er(Y jH;X)℄ over all H 2 M. Let us brie
y
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onsider the 
ase

~

� < 0. In the 
ase of the squared error, �

nat

(H) only 
ontains

positive parameter values, so then always

~

� > 0 and the problem does not o

ur. In the

spe
ial 
ase of the 0/1-error, something interesting happens whi
h we illustrate with an

example. Suppose our 
on
ept 
lassM 
ontains only two models H

1

and H

2

. Suppose

P

�

to be su
h that E

P

�

[er(Y jH

1

; X)℄ = 0:3 and E

P

�

[er(Y jH

2

; X)℄ = 0:9. Then the

hypothesis minimizing the expe
ted 0/1-error is 
learly H

1

. However, H

2


an be

trivially modi�ed into another `inverse' hypothesis H

2

with E

P

�

[er(Y jH

2

; X)℄ = 0:1:

H

2

(x) predi
ts 1 if H

2

(x) = 0 and 0 otherwise. This trivial modi�
ation 
an be

a
hieved by entropi�
ation: the entropi�ed model (

e

H;

~

�) that leads to the shortest

expe
ted 
ode length will in our example be given for

e

H = H

2

and

~

� < 0; the fa
t that

~

� < 0 makes H

2

behave like its inverse H

2

. H

2

will lead to mu
h shorter (expe
ted)


ode lengths than H

1

(all this 
an be easily 
he
ked using equations 5.11 and 5.12 of

Example 5.3, page 89).

Theorem 5.17 Let E, data (x; y), P

�

and E

P

�

be as in the statement of Theo-

rem 5.16. Let er be a simple error fun
tion and assume M to be su
h that hMi

er

is

�nitely parameterized by �

M

� �

nat

where �

M

is 
ompa
t. Then

1. The following minima exist:

f

er(P

�

) := min

H2M

E

P

�

[er(Y jH;X)℄ (5.25)

e

L(P

�

) := min

P (�j�;�)2hMi

er

E

P

�

[� lnP (Y j�;X)℄ (5.26)

Let

~

� be one of the models for whi
h the minimum in (5.26) is obtained. Then

2.

~

� = (

e

H;

~

�) for some

~

� 2 �

nat

. If

~

� > 0, then

e

H is (one of) the hypothesis

(hypotheses) for whi
h the minimum in (5.25) is obtained (

~

� is identi
al for all

su
h

e

H).

Let (

b

H;

^

�) := (

b

H;

^

�)(D) denote the maximum likelihood estimator in hMi

er

.

3. We have:

lim

n!1

E

(

b

H;

^

�)

[er(Y j

b

H;X)℄ =

E

(

e

H;

~

�)

[er(Y j

e

H;X)℄ = E

P

�

[er(Y j

e

H;X)℄ (5.27)

Hen
e, for ea
h `true', `generating' distribution P

�

there exists an optimal model (

e

H;

~

�)

su
h that the `true' expe
tation under P

�

of the error er(Y j

e

H;X) is minimal and equal

to the expe
tation of this error under (

e

H;

~

�): when given enough data, every reasonable

(Chapter 4, De�nition 4.3) inferen
e pro
edure will hit upon a model that is optimal

in this sense.

Proof: We only prove the theorem for 
ontinuous E

x

and E

y

. The 
ase where E

x

or

E

y

or both are dis
rete is 
ompletely analogous.
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Con
erning items 1 and 2, existen
e of

f

er(P

�

) is straightforward by 
ompa
tness

of �

M

. Existen
e of

e

L(P

�

) and item 2 will now be proven at the same time. First

write

E

P

�

[� lnP (Y j�;X)℄ = �E

P

�

[er(Y jH;X)℄ + lnZ(�) (5.28)

for (H; �) = �. Sin
e we assume er to be simple here, Z(�) does not depend on H .

This shows that for ea
h �xed � > 0, E

P

�

[� lnP (Y j(H; �); X)℄ rea
hes its minimum

for the set H

+

of H minimizing E

P

�

[er(Y jH;X)℄. By di�erentiating with respe
t

to � and the fa
t that Z(�) does not depend on H , one �nds that there exists a

single

~

�

+

whi
h minimizes E

P

�

[� lnP (Y j(H; �); X)℄ for all H 2 H

+

. For �xed � <

0, E

P

�

[� lnP (Y j(H; �); X)℄ rea
hes its minimum for the set H

�

of H maximizing

E

P

�

[er(Y jH;X)℄ (whi
h exists by 
ompa
tness of �

M

). In this 
ase there exists a

single

~

�

�

whi
h minimizes E

P

�

[� lnP (Y j(H; �); X)℄ for all H 2 H

�

. If � = 0, then

E

P

�

[� lnP (Y j(H; �); X)℄ rea
hes its minimum for all H 2 M. From this it easily

follows that a (

~

�;

e

H) minimizing (5.28) exists, that all minima of (5.28) have the same


omponent

~

� and that if

~

� > 0, then

e

H 2 H

+

. This proves both existen
e of

e

L(P

�

)

and item 2 of the theorem.

The key to the proof of item 3 is the result (5.33) below. In order to obtain this

result we need to apply Lemma 5.14 of page 96. The lemma 
annot be simply applied to

model 
lasses hMi

er

, sin
e these 
ontain 
onditional rather then regular probabilisti


models. To avoid this problem we 
hange hMi

er

into a 
lass of essentially equivalent

regular probabilisti
 models over E

x

�E

y

by extending it with the uniform distribution

over E

x

(this is possible sin
e E

x

is 
ompa
t by 
ondition C4; see the beginning of

Se
tion 5.2) (for motivation, see Lemma 5.23 in Appendix 5.6 where a similar tri
k is

used).

Let P

u

be the uniform distribution over E

x

and let

P

u

(x

n

; y

n

jH; �) = P (y

n

jH; �; x

n

)P

u

(x

n

) (5.29)

be the distribution that extends ea
h 
onditional distribution P (�jH; �; �) to a full

distribution over E

x

�E

y

. We have for all H 2 M:

� lnP

u

(x

n

; y

n

jH;

~

�) = � lnP (y

n

jH;

~

�; x

n

) + C � n (5.30)

for some 
onstant C. Here

~

� is as in the statement of the theorem, item 2. Let

e

L

u

(P

�

) := min

H2M

E

P

�

[� lnP

u

(X;Y jH;

~

�)℄ =

e

L(P

�

) + C (5.31)

Here C is the same 
onstant as in (5.30). Finally, let hMi

~

�

= fP (�; �jH;

~

�) j H 2 Mg

be the 
lass of probabilisti
 models of form (5.29) for whi
h � =

~

�.

It is straightforward to 
he
k that hMi

~

�

is su
h that Lemma 5.14 of page 96 applies.

Substituting

^

L(x

n

) = �n

�1

lnP

u

(x

n

; y

n

j

b

H;

~

�), this gives that with P

�

-probability 1,

lim

n!1

�

1

n

lnP

u

(x

n

; y

n

j

b

H;

~

�) =

e

L

u

(P

�

) (5.32)
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(5.30), (5.31) and (5.32) give us (with P

�

-probability 1):

lim

n!1

�

1

n

lnP (y

n

j

b

H;

~

�; x

n

) =

e

L(P

�

) = E

~

�

[� lnP (Y j

e

H;X)℄ (5.33)

for all the

e

H minimizing (5.25), where the last equality follows from item 2 in the state-

ment of the theorem whi
h we proved already. By the identity � lnP (y

n

jH; �; x

n

) =

�er(y

n

jH; x

n

) + n lnZ(�) this gives with P

�

-probability 1:

lim

n!1

�

1

n

~

�er(y

n

j

b

H; x

n

) + lnZ(

~

�) =

~

�E

~

�

[er(Y j

e

H;X)℄ + lnZ(

~

�) (5.34)

By reliability of estimates of er (Proposition 5.6) we have n

�1

er(y

n

j

b

H; x

n

) =

E

(

b

H;

^

�)

[er(Y j

b

H;X)℄. Plugging this into (5.34) proves (5.27). 2

5.3.4 Non-Simple Error Fun
tions; Logarithmi
 Error

It is, in general, diÆ
ult to analyze for non-simple error fun
tions whether an analogue

of Theorem 5.17 holds. The proof of Theorem 5.17 is based on the fa
t that, for

simple error fun
tions, minimization of logarithmi
 error 
orresponds to minimization

(or maximization) of the error fun
tion er. For non-simple error fun
tions this need

not be the 
ase sin
e Z(�) varies with H . However, a spe
ial 
ase o

urs if M is

probabilisti
 and we entropify with respe
t to the logarithmi
 error. In that 
ase, the

fun
tion er = er

lg

measures itself the log-likelihood of the data, while the optimal

model in hMi

er

is also optimal with respe
t to expe
ted log-likelihood. This allows an

analogue to Theorem 5.17 to be proven after all; it is embodied in Theorem 5.18 below.

Sin
e in this situation, it turns out to be somewhat harder to identify exa
t 
onditions

under whi
h the required minima exist, we will keep things simple and simply assume

M to be su
h that they exist. Spe
i�
ally, let M be a 
lass of probabilisti
 models

over sample spa
e E that is �nitely parameterized by �

M

and let hMi

er

lg

be the

entropi�
ation of M under the logarithmi
 error. hMi

er

lg


an be parameterized by

�

M

� �

nat

(H). Let data x

1

; x

2

; : : : be generated by independent sampling from a

distribution P

�

over E

P

�

where P

�

is as in De�nition 5.13. We assume that (1) E

P

�

is su
h that for all n, x

n

2 E

n

P

�

, the maximum likelihood estimator of x

n

in hMi

er

lg

,

denoted by

^

� :=

^

�(x

n

) exists and falls within a 
ompa
t subset of �

M

� �

nat

(H), and

(2),

e

L(P

�

) := min

�2�

M

��

nat

(H)

E

P

�

[� lnP (X j�)℄ (5.35)

exists and is obtained by a single model

~

�.

Theorem 5.18 Let M, P

�

and

~

� be as above. Then with P

�

-probability 1:

lim

n!1

E

^

�(x

n

)

[� lnP (X j

^

�(x

n

))℄ = E

~

�

[� lnP (X j

~

�)℄ = E

P

�

[� lnP (X j

~

�)℄:

(5.36)



102 CHAPTER 5. HOW TO MAKE PREDICTIONS RELIABLE

Proof: In the proof we assume the notation of Example 5.4. Spe
i�
ally, P (�j�) stands

for the model in M indexed by �. P (�j(�; �)) = Z

�1

�

(�) exp(� lnP (�j�)) stands for the

model in hMi

er

lg

indexed by (�; �). Note also that

^

� = (�̂;

^

�). By reliability of the

estimates of er

lg

when the 
lass hMi

er

lg

is used (Proposition 5.6) we �nd

E

(�̂;

^

�)

[� lnP (X j�̂)℄ = �

1

n

n

X

i=1

lnP (x

i

j�̂)

By straightforward 
al
ulation this gives

E

(�̂;

^

�)

[� lnP (X j(�̂;

^

�))℄ = �

1

n

n

X

i=1

lnP (x

i

j(�̂;

^

�)) (5.37)

Let hMi

0

er

lg

be the restri
tion of hMi

er

lg

to models with parameter values in the


ompa
t set within whi
h

^

�(x

n

) must fall (we assumed that su
h a set exists). Clearly,

~

� must be a member of this set. Now we 
an apply Lemma 5.14 (page 96) to hMi

0

er

.

This gives, with P

�

-probability 1,

lim

n!1

�

1

n

lnP (x

n

j

^

�(x

n

)) =

e

L(P

�

): (5.38)

Together, (5.37) and (5.38) show that (5.36) holds. 2

5.3.5 Spe
ial Status of the Squared Error

In 
lassi
al statisti
s, the problem of 
urve-�tting is 
ast in the following terms: one

assumes data to be independently generated by some unknown distribution P

�

and

one tries to identify the fun
tion H

�

(
alled the `regression fun
tion') that, for ea
h

x, gives the expe
ted value (the mean) of Y given that X = x. (some would prefer to

say: one assumes that data are generated by some fun
tion H

�

with errors distributed

a

ording to P

�

). Whatever the distribution of the errors, this 
an be a
hieved by using

the squared error fun
tion in the learning phase, as will be shown in Theorem 5.19

below. Su
h results have been known for a long time [20℄. For 
ompleteness and sin
e

it is not diÆ
ult, we have in
luded Theorem 5.19 nevertheless.

Let E = E

x

� E

y

where E

x

� R and E

y

= R. We assume data to be generated

by independent sampling from P

�

as in De�nition 5.13. Let H

�

(x) = E

P

�

[Y jX =

x℄. That is, H

�

(x) gives the mean of Y for ea
h x 2 E

x

. We will assume that

H

�

(x) is 
ontinuous at all x 2 E

x

. Let (�

�

)

2

= E

P

�

[(Y � H

�

(X))

2

℄. Hen
e (�

�

)

2

denotes the `expe
ted true varian
e' of Y . We already know that, for a given 
lass

M of fun
tions E

x

! E

y

, hMi

er

sq


onsists of 
onditional Gaussian distributions as

given by Equation 5.2 on page 84 (Example 5.1). These distributions are obtained

from the natural parameterization of hMi

er

sq

by substituting � = 1=2�

2

. Under

the natural parameterization, theorems 5.16 and 5.17 are appli
able. The following

theorem extends these theorems for the spe
i�
 
ase of hMi

er

sq

. Brie
y, the only non-

trivial results that are added are the following: (1) for every P

�

, the optimal model
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P (�j~�

2

;

e

H) = P (�j

~

�;

e

H) will be su
h that

e

H is the fun
tion in M that is 
losest (in the

mean squared error sense) to the `true' fun
tion H

�

and (2) ~�

2


an be interpreted as

the mean squared error of

e

H. Sin
e, for every P

�

, (

b

H; �̂

2

) will 
onverge to (

e

H; ~�

2

) with

P

�

-probability 1, this implies that in the spe
ial 
ase with H

�

2 M,

b

H will 
onverge

to the true H

�

and �̂

2

will 
onverge to the true varian
e (�

�

)

2

with P

�

-probability 1.

This holds independently of whether P

�

(�jx) is Gaussian or not.

In the following theorem, we assume models in hMi

er

sq

to be spe
i�ed by (H; �

2

)

rather than (H; �).

Theorem 5.19 Let E, M, hMi

er

sq

and P

�

be as above. Then:

1. For all H 2 M, E

P

�

[er

sq

(Y jH;X)℄ exists, and there exists a ~�

2

H

depending on

H su
h that

E

(H;~�

2

H

)

[(Y �H(X))

2

℄ = (5.39)

E

P

�

[(Y �H(X))

2

℄ = (�

�

)

2

+E

P

�

[(H

�

(X)�H(X))

2

℄

2. Further assumeM to be su
h that hMi

er

sq

is �nitely parameterized by �

M

��

nat

where �

M

is 
ompa
t. Then the following minimum exists:

~�

2

:= min

H2M

E

P

�

[(Y �H(X))

2

℄ =

= (�

�

)

2

+ min

H2M

E

P

�

[(H

�

(X)�H(X))

2

℄ (5.40)

Let

e

H be one of the models for whi
h the minimum in (5.40) is obtained. We

have:

lim

n!1

E

(

b

H;�̂

2

)

[(Y �

b

H(X))

2

℄ = E

(

e

H;~�

2

)

[(Y �

e

H(X))

2

℄ = ~�

2

=

= (�

�

)

2

+min

H2M

E

P

�

[(H

�

(X)�H(X))

2

℄ (5.41)

In parti
ular, if H

�

2M, then �̂

2


onverges with probability 1 to the true varian
e

(�

�

)

2

and

b

H 
onverges to the true hypothesis H

�

.

Proof: Most of item (1) of the theorem is straightforward from Theorem 5.16; the

only thing that still needs to be proven is the fa
t that

E

P

�

[(Y �H(X))

2

℄ = (�

�

)

2

+E

P

�

[(H

�

(X)�H(X))

2

℄ (5.42)

Item (2) follows Theorem 5.17. The only thing that is not immediate from this theorem

is, on
e more, (5.42), and additionally

E

(

e

H;~�

2

)

[(Y �

e

H(X))

2

℄ = ~�

2

: (5.43)

It is a standard fa
t of regression [6℄ (also straightforward to verify by 
al
ulation)

that for all �

2

and H , we have E

(H;�

2

)

[(Y �H(X))

2

℄ = �

2

. This shows (5.43). (5.42)
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is a variation of the well-known bias-varian
e de
omposition [55℄, also straightforward

to prove:

E

P

�

[(Y �H(X))

2

℄�E

P

�

[(Y �H

�

(X))

2

℄

(1)

=

E

P

�

(X)

[E

P

�

(Y jX)

[2Y H

�

(X)� 2Y H(X) +H(X)

2

�H

�

(X)

2

jX = x℄℄

(2)

=

E

P

�

[(H(X)�H

�

(X))

2

℄ (5.44)

(1) follows from using the linearity of expe
tation, working out the squares and 
on-

ditioning on X . (2) is obtained by using E

P

�

[Y jX = x℄ = H

�

(x). From (5.44), the

equality (5.42) is immediate. 2

5.4 Entropi�
ation and MDL

Is entropi�
ation merely a 
onvenient tool to make predi
tions reliable or are there

additional reasons as to why we should `entropify' our model 
lasses? In this se
tion

we show that if we use the MDL Prin
iple as our statisti
al inferen
e pro
edure, then

it is often a good idea to use an entropi�ed model 
lass for at least two further reasons:

�rst, entropi�
ation 
an serve to optimize the trade-o� between hypothesis 
omplexity

and goodness-of-�t as needed in the two-part MDL 
ode and the sto
hasti
 
omplexity.

Se
ond, it leads to 
odes for non-probabilisti
 model 
lasses that 
an be justi�ed in

terms of minimizing expe
ted 
ode length. These points are dis
ussed in Se
tion 5.4.1

and Se
tion 5.4.2 respe
tively.

5.4.1 Entropi�
ation and Model Sele
tion

There have been di�erent proposals in the literature on how to deal with two-part


odes and sto
hasti
 
omplexity 
odes for non-probabilisti
 model 
lasses in the MDL

framework. For simpli
ity we will restri
t our dis
ussion to the two-part 
odes. Re
all

that in the basi
, probabilisti
 
ase, we sele
t the H minimizing

� logP (x

n

jH) + L

C

1

(H) (5.45)

where C

1

is some 
ode used for en
oding the parameters indexing the hypothesis.

Rissanen ([128℄, page 18/19) proposes to turn a non-probabilisti
 model 
lass into a

probabilisti
 
lass M

pr

(whi
h essentially 
orresponds to entropi�
ation with � = 1).

This leads to �nding the H minimizing

�er(y

n

jH; x

n

) + n lnZ

H

(�) + L

C

1

(H) (5.46)

with � = 1. The problem here is that 
hoosing � = 1 is essentially arbitrary but 
an

have large 
onsequen
es: 
hoosing a di�erent value of � we may end up, at least for

small n, with H of very di�erent 
omplexity (the 
loser � to 0, the larger the relative

weight of the 
omplexity term in (5.46)).

Barron [13℄ proposes to sele
t the hypothesisH minimizing the sum of the empiri
al

error er(y

n

jH; x

n

) and the square root of the 
omplexity term times the sample size,



5.4. ENTROPIFICATION AND MDL 105

p

n � L

C

1

(H). While this 
riterion 
an be shown to have some strong asymptoti


properties, it is in a sense not faithful to the MDL prin
iple sin
e the resulting sum

does not have a natural interpretation as a 
ode length.

Yamanishi [167℄ proposes to minimize �er(y

n

jH; x

n

) + L

C

1

(H) for some � whose

value is made dependent on the size of the training set. Again, this has strong asymp-

toti
 properties, but again, it is not 
lear how to interpret the resulting sum from a

purely 
oding-theoreti
 point of view.

Instead, we propose to entropify M and then use (5.46) (now with an additional

term L

C

1

(�) added to a

ount for the number of bits needed to en
ode �). We think

there are several advantages to using entropi�ed model 
lasses. We �rst note that,

at least non-asymptoti
ally, using the entropi�ed 
lass hMi

er


an lead one to 
hoose

di�erent models for the same data than when using M

pr

for �xed �. We give a little

example.

Example 5.20 Consider a 
lass of 
ontinuous fun
tions M entropi�ed with the

squared error (as in Example 5.1, page 82). Let data D = (x

n

; y

n

) and model H 2M

be given. Denote the average squared error H makes on D by er

sq

. Using the 
ode

(5.46) for �xed �, we obtain as total des
ription length of the y

n

given the x

n

:

L(y

n

;H jx

n

) = n(er

sq

+

1

2

ln

�

�

) + L

C

1

(H) (5.47)

while using (5.46) for the entropi�ed model (H; �) where � =

^

�(DjH) is the parameter

that maximizes the likelihood of D given H , we obtain:

L

0

(y

n

;H jx

n

) =

1

2

n(1 + ln 2� + ln er

sq

) + L

C

1

(�) + L

C

1

(H) (5.48)

whi
h depends logarithmi
ally rather than linearly on the average error. (both equa-

tions 
an be easily veri�ed by substituting � = 1=2�

2

as in Example 5.1). When

two-part 
ode MDL is used, the MDL-optimal �

mdl

for given D and �xed H will not

be equal to

^

�, but nevertheless it will be reasonably 
lose. L

C

1

(�) will be equal to

1=2 logn + 
 for some 
onstant 
 (for both fa
ts see Chapter 1, Se
tion 1.4). This

implies that there 
an very well be hypotheses H

1

and H

2

with a di�erent number of

parameters (so L

C

1

(H

1

) 6= L

C

2

(H

2

)) su
h that H

1

minimizes (5.47) while H

2

mini-

mizes (5.48). In su
h a 
ase, two-part 
ode MDL based on the entropi�ed model 
lass

leads to a di�erent optimal H .

Using (5.46) with entropi�ed model 
lasses M

er

allows the sum (5.46) (now with

the additional term L

C

1

(�)) to be interpreted as a 
ode length. By learning the

optimal value of � from the data (whi
h is what entropi�
ation in the two-part 
ode

setting amounts to), we essentially 
hoose the value that allows for the shortest 
ode

length of the data, whi
h is in line with the general MDL philosophy. Moreover, sin
e

ea
h model in hMi

er


orresponds to a 
ode, we 
an also de�ne sto
hasti
 
omplexity

with respe
t to su
h model 
lasses in the usual way and use it as a basis of model


lass sele
tion; it allows us to 
ompare di�erent model 
lasses based on di�erent error

fun
tions for the same data, sin
e the performan
e of all the 
lasses are measured using

the same 
riterion, namely, the 
odelength. This is on
e again in line with the general
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MDL philosophy of using 
ode lengths as a `universal yardsti
k' [128℄, to be employed

whenever di�erent models or model 
lasses are to be 
ompared for the same data.

Another thing to be said for entropi�
ation is that it uni�es di�erent instantiations

of MDL. In the existing literature on MDL, the question of how to 
ode the data

given an hypothesis has been given di�erent answers depending on the 
ategory of

model 
lass used. For probabilisti
 model 
lasses, generally the Shannon-Fano 
ode

with L(D) = � logP (D) is used [128, 14℄. For 
on
ept 
lasses (
lasses 
onsisting of

fun
tions E

x

! f0; 1g; see Chapter 2, Example 2.4), the usual approa
h (see e.g.

[122, 84℄) has been to expli
itly 
ode the mistakes a hypothesis H makes on data

D; see Example 5.21 below for details. This is di�erent from all the versions of the

two-part 
ode we have seen before. For the 
ase of non-probabilisti
 model 
lasses

with arbitrary error fun
tions er, there have been several proposals, as we saw above.

Entropi�
ation (where data D = (x

n

; y

n

) given hypothesis (H; �) is en
oded using

the 
ode with lengths � logP (y

n

jH; �; x

n

)) is an approa
h to handle non-probabilisti


model 
lasses that 
ontains the existing treatments of probabilisti
 and 
on
ept 
lasses

as spe
ial 
ases. In the probabilisti
 
ase, as long as the model 
lass is a full exponential

family, then entropi�
ation will not 
hange anything; we showed this in Example 5.4.

In the 
ase whereM is a 
on
ept 
lass, the 
ode based on entropi�
ation with respe
t

to the 0/1-error (Example 5.3), while super�
ially di�erent, is essentially equivalent

to the traditional approa
h of 
oding the mistakes H makes on D. We show this

formally in Example 5.21 below. This suggests (but does not prove of 
ourse) that

entropi�
ation 
an serve as the general `prepro
essing' tool to make a single version of

two-part 
ode MDL appli
able to essentially arbitrary model 
lasses.

Example 5.21 [
on
ept learning and Bernoulli parameters II℄ Let M be a


lass of 
on
epts (Chapter 2, Example 2.4) over E = E

x

� f0; 1g and let the obser-

vational data D = (x

n

; y

n

). Two-part 
odes for 
on
ept 
lasses are traditionally (e.g.

in [122℄ and [84℄) based on the following 
oding s
heme: the x

i

are regarded as given.

The y

i

are en
oded by �rst en
oding an hypothesis H 2 M and then en
oding the

ex
eptions to H , whi
h are all the indi
es i for whi
h y

i

6= H(x

i

). We assume that

hypotheses are en
oded using some �xed 
ode C

1

:M! B

�

. Clearly, given the x

i

, H

and the list of ex
eptions M = fi

1

; : : : ; i

k

g we 
an fully re
onstru
t y

1

; : : : ; y

n

(for x

i

with i 62M we set y

i

= H(x

i

); for x

i

with i 2M we set y

i

= j1�H(x

i

)j).

If H makes k mistakes on a sample D of length n, there are

�

n

k

�

di�erent ex
eption

sets M = fi

1

; : : : ; i

k

g. Hen
e we need ln

�

n

k

�

+L(k) nats to en
ode all these mistakes.

Here L(k) = O(ln k) equals the number of nats needed to en
ode k using some pre�x


ode for the numbers 0; : : : ; n (note that k has to be en
oded too to allow unique

de
oding). The total des
ription length of the y

i

given the x

i

be
omes:

L(y

n

; H jx

n

) = ln

�

n

k

�

+ L(k) + L

C

1

(H) (5.49)

Another way to arrive at a two-part 
ode for the data would be to �rst entropify the


on
ept 
lass M with respe
t to the 0=1-error fun
tion and then to en
ode data by

�rst 
oding some H , then some parameter � (using a �xed 
ode C

0

1

) and then en
oding
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the y

i

using the 
ode based on P (�jH; �). This would take

L(y

n

; H; �jx

n

) = � lnP (y

n

jH; �; x

n

) + L

C

0

1

(�) + L

C

1

(H) nats. (5.50)

We pro
eed to show that (5.49) and (5.50) approximately 
oin
ide and hen
e that both

ways of 
oding the data are essentially equivalent.

We saw in Example 5.3 (page 89) that, by substituting � := ln(1 � �) � ln �, we

�nd that the 
lass hMi

er

01


an equivalently be parameterized as follows: hMi

er

01

=

fP (�jH; �; �) j H 2M; 0 < � < 1g, su
h that, if er

01

(y

n

jH; x

n

) = k, then

P (y

n

jH; �; x

n

) = �

k

(1� �)

n�k

(5.51)

Instead of 
oding � we 
an also 
ode the � 
orresponding to it. We 
an therefore

rewrite (5.50) as follows:

L(y

n

; H; �jx

n

) = � lnP (y

n

jH; �; x

n

) + L

C

0

1

(�) + L

C

1

(H) nats. (5.52)

where P (y

n

jH; �; x

n

) is given by (5.51). The ML estimator

^

� maximizing (5.51) for

�xed H and (x

n

; y

n

) is given by

^

� = k=n. Based on H and

^

�, the number of nats

� lnP (y

n

jH;

^

�; x

n

) needed to 
ode the data be
omes

� lnP (y

n

jH;

^

�; x

n

) = � ln

^

�

k

(1�

^

�)

n�k

(1)

= nH(

^

�)

(2)

� ln

�

n

k

�

where (1) follows by straightforward 
al
ulation and (2) by Stirling's approximation

(3.15) (page 58) (or by applying (3.16) on page 58 with 
 = k=n) (for pre
ise bounds on

jnH(

^

�)� ln

�

n

k

�

j see [30℄, Chapter 12). Sin
e

^

� = k=n and hen
e, when n is known (as

we assume in this example), 
an be re
onstru
ted from k only, we need approximately

L(k) nats to des
ribe

^

�, where L(k) is de�ned as above. The total des
ription length

of the y

i

then be
omes:

� lnP (y

n

; H;

^

�jx

n

) � ln

�

n

k

�

+ L(k) + L

C

1

(H) (5.53)

whi
h is seen to 
oin
ide with (5.49). Hen
e if we 
ode the data based on the entropi�ed

model 
lass hMi

er

01

and use the optimal � (
orresponding to the optimal �) for given

D and H , then the number of bits we need 
oin
ides with the number of bits needed

to eÆ
iently en
ode the ex
eptions.

5.4.2 Worst-Case Optimality of the Shannon-Fano Code

The arguments given in the previous subse
tion suggest that entropi�
ation 
an serve

as a general means to apply two-part 
ode MDL to non-probabilisti
 model 
lasses.

Of 
ourse, they do not prove that entropi�
ation will be as well-behaved as either

Barron's or Yamanishi's approa
h to this problem. Whether it really is or not is a


hallenging (and diÆ
ult) question at the time of writing this thesis. We did prove

one small result though that provides some extra justi�
ation for entropi�
ation. This

is dis
ussed in the present subse
tion.
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In Chapter 1 we saw that when a probabilisti
 model 
lass is used in two-part


ode MDL, data is en
oded by �rst en
oding some model � and then 
oding the

data based on the Shannon-Fano 
ode L(x

n

j�) = � logP (x

n

j�). At page 17 we al-

ready asked ourselves why to use this 
ode and not any other one. There are many

other possibilities; to give an example, we 
ould map ea
h model � to the 
ode with

lengths L

0

(x

n

j�) = � log(

p

P (x

n

j�)=

P

z

n

inE

n

p

P (z

n

j�)) whi
h, by the Kraft Inequal-

ity (Theorem 1.6) also 
orresponds to a probability distribution over E

n

. Why does

the Shannon-Fano 
ode have a spe
ial status? In Chapter 1 we gave the justi�
ation

that, using the Shannon-Fano 
ode, the 
ode length of the data pre
isely re
e
ts the

probability: if P (D

1

j�) = a � P (D

2

j�), then L(D

1

j�) = L(D

2

j�) + log a.

Some authors prefer a di�erent (or at any rate, additional) justi�
ation based on the

Information Inequality (Equation 3.4 on page 52): if � turns out to be the `true' model,

i.e. data is generated by repeated sampling from �, then the expe
ted 
ode length

E

�

[L(X

n

)℄ is minimized if we set L(x

n

) := � logP (x

n

j�). By using the Shannon-Fano


ode, we map ea
h model � to the 
ode that will be optimal if � is a
tually true; hen
e

it is the 
ode that best `suits' �. This justi�
ation of the use of the Shannon-Fano 
ode


an be found in, for example [37, 162, 160℄.

We have always had some doubts about this argument, for two reasons: (a) it does

not say anything about the (realisti
) 
ase where the model 
lass 
ontains models that

allow us to 
ompress the data (hen
e we 
an learn something about the data) yet none

of these models are 
lose to the `true' one generating the data; (b) it is not 
lear how

to extend this argument to non-probabilisti
 model 
lasses.

Proposition 5.22 below shows how entropi�
ation allows us to extend the Shannon-

Fano argument to a more general 
ase whi
h in
ludes non-probabilisti
 model 
lasses.

Whereas we still assume the existen
e of some true probability distribution generating

the data, we do not assume any more that it is 
ontained in the model 
lassM under


onsideration. For simpli
ity, we will 
onsider only the un
onditional, `unsupervised'


ase, where we are interested in 
oding the 
omplete out
omes (and not just y-values


onditioned on x-values). Formally, we 
onsider a 
lass M of models and an error

fun
tion er : E�M! R (in 
aseM is probabilisti
 we take er to be the logarithmi


error). We let � = (H; �) index a model in hMi. Let G be the 
lass of probability

distributions P

�

over E satisfying

E

(H;�)

[er(X jH)℄ = E

P

�

[er(X jH)℄: (5.54)

Let L be the 
lass of all 
ode length fun
tions L : E ! R [ f1g satisfying the Kraft

Inequality

P

x2E

2

�L(x)

� 1.

We are now ready to state our proposition. We dis
uss its impli
ations after the

proof.

Proposition 5.22 Let M, er, G, � and L be as above. Let L(�j�) 2 L be the 
ode

length fun
tion of the Shannon-Fano 
ode for � = (H; �), restri
ted to one out
ome

x 2 E. That is,

L(xjH; �) = � logP (xjH; �) = �er(xjH) + lnZ

H

(�)

We have:
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1.

L(�j�) = arg inf

L2L

sup

P

�

2G

E

P

�

[L(X j�)℄ (5.55)

That is, L(�j�) gives the shortest worst-
ase expe
ted 
ode lengths, the worst-
ase

being taken over all distributions satisfying (5.54).

2. Let, for given H, U

H

be the smallest interval su
h that 8x : er(xjH) 2 U

H

. For

every H 2M and for every P

�

2 G for whi
h E

P

�

[er(X jH)℄ lies in the interior

of U

H

, there exists a � su
h that (5.54) holds.

Proof: De�ne t := E

(H;�)

[er(X jH)℄ = E

P

�

[er(X jH)℄. As is 
lear from our regularity


onditions for error fun
tions (page 87), the probability distribution P (�jH; �) is the

maximum entropy distribution for 
onstraint E[er(X jH)℄ = t. By Figure 3.1 on

page 62 we have that E

P

�

[L(X jH; �)℄ = E

(H;�)

[L(X jH; �)℄ = H(H; �) for every P

�

2

G. On the other hand, let L

0

2 L be a 
ode length fun
tion di�erent from L(�jH; �).

By Figure 3.1 there exists a P

�

2 G (namely, P

�

= P (�jH; �)) su
h that E

P

�

[L

0

(X)℄ >

H(H; �). This proves (1).

To prove (2), note that the 
lass of maximum entropy models for fun
tion er(X jH)


oin
ides with the 
lass of models in hMi

er

restri
ted to �xed H . Let us denote this

sub
lass by M

me

. By Proposition 3.9 (Chapter 3, page 56), for ea
h t in the interior

of U, M

me


ontains a model satisfying E[er(X jH)℄ = t. This proves (2). 2

This proposition shows that the Shannon-Fano 
ode for models � in entropi�ed

model 
lasses (a) leads to 
odes that are worst-
ase optimal if the probability distribu-

tion � is `true' only in the sense that its expe
tation of the error 
oin
ides with the true

expe
tation of error, and (b) that entropi�ed model 
lasses always (ex
ept possibly for

P

�

with expe
ted errors at the boundaries of the error spa
e) 
ontain a model that is

`true' in this weak respe
t.

If one uses a non-probabilisti
 model 
lass M, one usually does not have a 
lear

idea about the distribution generating the data. If one is at all willing to assume

that su
h a distribution nevertheless exists

1

, then it seems reasonable to make as few

assumptions as possible about it. This dire
tly leads to our worst-
ase s
enario, whi
h

really says that every i.i.d. distribution is a possible 
andidate for generating the data.

That is why we regard this proposition as justifying the use of the Shannon-Fano 
ode

for the entropi�
ation (probabilisti
 version) of M.

We hasten to add though that there do exist 
odes (based on non-i.i.d. model


lasses) whose expe
ted 
ode lengths under every P

�

are arbitrarily 
lose to that of

the Shannon-Fano 
ode. An example is the 
ode based on the universal 
omputer

language that was dis
ussed in Chapter 1, Se
tion 1.1.2.

The proposition also has something to say about the 
ase where M itself is prob-

abilisti
 and we entropify with respe
t to the logarithmi
 error er

lg

. If M is itself an

exponential family, this will not 
hangeM (Example 5.4), and the proposition tells us

1

Of 
ourse, one may argue that if one uses a non-probabilisti
 model 
lass, then the data generating

pro
ess may be inherently non-probabilisti
. But then it be
omes very hard to prove anything about

it. In any 
ase, the present setting (assuming an underlying distribution while working with non-

probabilisti
 model 
lasses) is taken for granted by many resear
hers [167, 13, 69℄.
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that the Shannon-Fano 
ode for M is optimal not only in the 
ase that data is gener-

ated by one of the models inM, but also in the 
ase that it is generated by some i.i.d.

model not in M. If M is not an exponential family, then the usual optimality of the

Shannon-Fano 
ode holds for the models inM, while the `worst-
ase' optimality holds,

by Proposition 5.22, for the models in hMi

er

lg

. Whether one should entropify or not

then depends on whether one thinks that one of the models in the 
lass will be very


lose to being `truely a true model': if one entropi�es, one adds an extra dimension to

the parameter spa
e. This 
an lead to logarithmi
ally larger 
ode lengths; if M 
on-

tains the true model, then it will lead even with probability 1 to larger 
odelengths of

the data, when data is en
oded using either the sto
hasti
 
omplexity or the two-part

MDL 
ode. However, if the true model is not in M, then using hMi

er

lg

instead of M


an sometimes lead to a linear de
rease in 
odelengths. We brie
y show why.

To see that if M 
ontains the true model, one will need more bits to en
ode the

data based on hMi

er

lg

rather thanM, we use a result by Clarke and Barron [27℄. They

proved an analogue of the asymptoti
 expansion of sto
hasti
 
omplexity (Chapter 2,

Se
tion 2.6) for the 
ase where data is distributed a

ording to one of the models in

a (probabilisti
) model 
lass M. Let M be a probabilisti
 model 
lass 
onsisting of

i.i.d. models. Clarke and Barron showed that, if the data are generated by one of the

models �

�

in M, then under some mild further 
onditions on M,

L

s


(x

n

jM) = � logP (x

n

j�

�

) +

k

2

logn+O(1) (5.56)

with �

�

-probability 1. Here L

s


(x

n

jM) is the sto
hasti
 
omplexity of x

n

with respe
t

toM and k is the number of parameters needed for parameterizingM. By the results

dis
ussed in Chapter 2, Se
tion 2.6, the two-part 
ode length is within O(1) of the

sto
hasti
 
omplexity. Observe that if the true model �

�

is in M, then it is also in

hMi

er

lg

; therefore, by (5.56), using hMi

er

lg

, the number of parameters k is in
reased

by 1 whi
h results in a logarithmi
 in
rease in 
odelength (with probability 1).

If �

�

is not in M then, supposing M is �nitely parameterized by � 2 R

k

, the

asymptoti
 expansion of both sto
hasti
 
omplexity and two-part 
ode (Chapter 2,

Se
tion 2.6) gives

L

s


(x

n

jM) = � logP (x

n

j

^

�(x

n

)) +

k

2

logn+O(1)

By applying Lemma 5.14, one sees that with �

�

-probability 1,

lim

n!1

�

1

n

L

s


(x

n

jM) = min

�2�

E

�

�

[� lnP (X j�)℄

This will hold for both the original model 
lassM and its entropi�ed version hMi

er

lg

(in the latter 
ase, the values in � have to be restri
ted to a 
ompa
t set). By Propo-

sition 5.22, there exist �

�

su
h that

min

�2h�i

er

lg

E

�

�

[� lnP (X j�)℄ < min

�2�

E

�

�

[� lnP (X j�)℄;

where we used h�i

er

lg

to denote the parameterization of hMi

er

lg

. In su
h a 
ase,

both the two-part and the sto
hasti
 
omplexity 
ode based on hMi

er

lg

will 
learly
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a
hieve more 
ompression (by a linear amount) than the 
odes based on M. Sin
e

M � hMi

er

lg

, the opposite event (the 
ode based on M a
hieving a linear gain in


ompression 
ompared to the 
ode based on hMi

er

lg

) has zero probability for any �

�

.

5.5 Con
lusion

We have introdu
ed the 
on
ept of `entropi�
ation' and shown how it 
an be used in

the 
ontext of estimating predi
tion error and in the 
ontext of MDL. We leave detailed


on
lusions to the Epilogue to Part I of this thesis (page 119), where we dis
uss how

the results obtained in this 
hapter 
an be used to partially resolve the problemati


issues 
on
erning MDL that were raised in the Introdu
tion and in Chapters 1-3.

5.6 Appendix: Entropi�
ation and Maximum En-

tropy

Model Classes

In this appendix we prove the properties of entropi�
ation that we presented in Se
-

tion 5.2.3 (Equations 5.18 and 5.19; Propositions 5.6-5.9).

Let M be a 
lass of models, er be an error fun
tion and hMi

er

be the entropi-

�
ation of M. hHi

er

, the sub
lass of models from M restri
ted to �xed H (i.e.

hHi

er

:= f(H; �) j (H; �) 2 hMi

er

g) is essentially a maximum entropy model 
lass.

The properties we want to show would follow immediately if it were really su
h a 
lass.

However, sin
e hHi

er

is a 
lass of 
onditional models, we need to use a tri
k: we ex-

tend hMi

er

to a 
lass of distributions over E

x

� E

y

by supplying it with the uniform

distribution over E

x

; this distribution exists sin
e we assume E

x

to be either �nite

or 
ompa
t. As will be shown below, the resulting model 
lass, whi
h we denote by

hMi

u

er

, is a maximum entropy model 
lass. We then use standard results about su
h


lasses to prove 
ertain properties for hMi

u

er

, and we then show that if these properties

hold for hMi

u

er

, they must also hold for the 
lass of 
onditional distributions hMi

er

.

This will be done in Lemma 5.23 below. After having proved the lemma, we will show

that the properties presented in the main text follow as immediate 
orollaries from

this lemma.

Lemma 5.23 Let E = E

x

�E

y

and let er : E�M! R[f1g be an error fun
tion.

Let P

u

(�) be the uniform distribution over E

x

. Let hMi

u

er

be the 
lass of probabilisti


models P

u

(�; �jH; �) where, for ea
h (H; �) in M, for ea
h (x

n

; y

n

), P

u

(x

n

; y

n

jH; �) =

P (y

n

jH; �; x

n

)P

u

(x

n

). We have:

1. There exists a 
onstant 
 2 R su
h that for all n, all (x

n

; y

n

) 2 E

n

,

P (y

n

j�;H; x

n

) � 


n

= P

u

(x

n

; y

n

j�;H) (5.57)

Let, for �xed H 2 M, hHi

u

er

= f(H; �)j(H; �) 2 hMi

u

er

g be the restri
tion of hMi

u

er

to models with �xed H.
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2. hHi

u

er

is the maximum entropy model 
lass for the fun
tion �(x; y) := er(yjH; x)

with range U. Here U is the smallest (open or 
losed) interval in R su
h that

8(x; y) 2 E : �(x; y) 2 U.

Let x be an arbitrary element of E

x

. Let P (�jH; �; x) be the distribution over E

y

given

by P (yjH; �; x) = Z

H

(�)

�1

exp(��er(yjH; x)) and let H(P (�jH; �; x)) stand for the

entropy of the distribution P (�jH; �; x)).

3. We have for all (H; �):

E

P

u

(�;�jH;�)

[er(Y jH;X)℄ = E

P (�jH;�;x)

[er(Y jH;X)jX = x℄ =

= �

�

��

lnZ

H

(�) (5.58)

4. We also have for all (H; �):

H(P (�jH; �; x)) = H(P

u

(�; �jH; �)) + ln 
 (5.59)

Proof: Item (1) is straightforward. Item (2) follows dire
tly by our assumptions on er

(see the remark at the beginning of Se
tion 5.2, page 87) and the de�nition of hMi

er

(De�nition 5.2). To prove item (3), note that for ea
h P (�jH; �; �) the 
orresponding

un
onditional model P

u

(�; �jH; �) is given by

P

u

(x; yjH; �) =




Z

H(�)

exp(��er(yjH; x))

Sin
e hMi

u

er

is a maximum entropy model 
lass, we 
an apply Proposition 3.9 on

page 56 to get:

E

P

u

(�;�jH;�)

[er(Y jH;X)℄ = �

�

��

(lnZ

H

(�)� ln 
) = �

�

��

lnZ

H

(�) (5.60)

Now 
hoose an arbitrary x 2 E

x

. Let hH(x)i

er

be the 
lass of models 
ontaining,

for ea
h � 2 �

nat

(H), the distribution P (�jH; �; x) de�ned as in the statement of

item (3) of the lemma. hH(x)i is a 
lass of maximum entropy models for fun
tion

 (y) := er(yjH; x) (note that  is a fun
tion of y only; x is kept �xed). This is

straightforward to verify by our assumptions on er, see page 87. We 
an therefore

apply Proposition 3.9 on page 56 to give us:

E

P (�jH;�;x)

[er(Y jH;X)jX = x℄ = �

�

��

lnZ

H

(�) (5.61)

(5.60) and (5.61) 
oin
ide. Sin
e we pi
ked x arbitrarily, (5.58) follows.

Now for item (4). By straightforward 
al
ulation we see that the entropy of

P (�jH; �; x) is equal to

�E

P (�jH;�;x)

[er(Y jH;X)jX = x℄ + lnZ(�):



5.6. APPENDIX: ENTROPIFICATION AND MAXENT CLASSES 113

while the entropy of P (�; �jH; �) is given by

�E

P (�;�jH;�)

[er(Y jH;X)℄ + lnZ(�)� ln 
:

Together with (5.58) in item (3) of the proposition, equality (5.59) follows. 2

Having proven Lemma 5.23, we 
an pro
eed to prove the properties stated in Se
-

tion 5.2.3.

Proving the Properties

We �rst note that Equations 5.18 and 5.19 (page 92) follow trivially from items 3 and

4 of Lemma 5.23. This leaves us with propositions 5.6, 5.8 and 5.9, whi
h we now

restate and prove.

Proposition 5.6 Let D = (x

n

; y

n

). For ea
h H 2 M, E

(H;�)

[er(Y jH;X)℄ as a

fun
tion of � is 
ontinuous. Moreover,

E

(H;

^

�(DjH))

[er(Y jH;X)℄ =

1

n

n

X

i=1

er(y

i

jH; x

i

) (5.62)

Proof: Let H 2 M be �xed. By Lemma 5.23, item (1), the model P

u

(�; �jH;

^

�)

that maximizes, for �xed H , the likelihood of D within the 
lass of un
onditional

models hHi

u

er

(as de�ned in Lemma 5.23) is indexed by the same value

^

� as the model

P (�jH;

^

�; �) that maximizes the likelihood of D within the 
lass of 
onditional models

hHi

er

. Also by Lemma 5.23, hHi

u

er

is a maximum entropy model 
lass. Therefore,

using Proposition 4.7 about the reliability of estimates for maximum entropy model


lasses, we have that the expe
tation under the un
onditional model indexed by H

and

^

�(DjH) is equal to the average over data D:

E

P

u

(�;�jH;

^

�(DjH))

[er(Y jH;X)℄ =

1

n

n

X

i=1

er(y

i

jH; x

i

) (5.63)

By Lemma 5.23, item 3 this shows (5.62). 2

Proposition 5.8 For all � 2 �

nat

(H) with � > 0, the entropy H(H; �) is a stri
tly

de
reasing fun
tion of �. For all � < 0, H(H; �) is a stri
tly in
reasing fun
tion of �.

Proof: We know from Lemma 5.23, item (4) that H(H; �) = ln 
 +H(P

u

(�; �jH; �))

for some 
onstant 
. The se
ond term in this expression stands for the entropy of

a maximum entropy distribution with parameter � (Lemma 5.23, item (2)). Hen
e

we 
an apply Proposition 3.9 of page 56, item 2(b) (whi
h says that for maximum

entropy distributions, the entropy is a stri
tly in
reasing (de
reasing) fun
tion for

� > 0 (� < 0)) and the result follows. 2

Let, for �xed H , U

H

be the smallest (possibly unbounded) interval in R su
h that

8(x; y) 2 E : er(yjH; x) 2 U

H

.
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Proposition 5.9 E

(H;�)

[er(Y jH;X)℄ is a stri
tly de
reasing fun
tion of �. For ea
h t

in the interior of U

H

there exists a unique value of � su
h that E

(H;�)

[er(Y jH;X)℄ = t.

Proof: We know from Lemma 5.23, item (3) that for all � 2 �

nat

(H); E

(H;�)

[er(Y jH;X)℄

= E

P

u

(�;�jH;�)

[er(Y jH;X)℄. Here (Lemma 5.23, item (2)) P

u

(�; �jH; �) is a maximum

entropy distribution with natural parameter �. Hen
e we 
an apply Proposition 3.9 of

page 56. The �rst part of the proposition above follows immediately from item 2(a) of

Proposition 3.9 (whi
h says exa
tly that E

P

u

(�;�jH;�)

[er(Y jH;X)℄ is a stri
tly de
reas-

ing fun
tion of �). The se
ond part of the proposition above follows immediately from

item 5 of Proposition 3.9. 2

5.7 Appendix: Proof of Lemma 5.14

In this appendix we prove Lemma 5.14, whi
h is restated below. Essentially, it says

the following: if M is 
ompa
tly parameterized, then the average 
ode length of x

n

based on the maximum likelihood model for x

n


onverges (with probability 1) to the

expe
ted 
ode length based on the model in the 
lass that minimizes this expe
ted


ode length. This is reminis
ent of the `uniform laws of large numbers' that are 
entral

to Vapnik's work [159℄. The exa
t 
onne
tion needs to be further investigated.

Lemma 5.14 Let M = fP (�j�) j � 2 �g be a 
lass of i.i.d. probabilisti
 models over

sample spa
e E that is �nitely parameterized by � � R

k

where � is 
ompa
t. Let the

data be i.i.d. a

ording to some P

�

satisfying De�nition 5.13. Then the following

minima exist for all n, all x

n

2 E

n

:

^

L(x

n

) := min

�2�

f� lnP (x

n

j�)g (5.64)

e

L(P

�

) := min

�2�

fE

P

�

[� lnP (X j�)℄g (5.65)

We have with P

�

-probability 1:

lim

n!1

1

n

^

L(x

n

) =

e

L(P

�

) (5.66)

Proof: In the proof we assume that E is 
ontinuous. Adaption to the 
ase of E

P

�

=

E

P

�

;1

� : : :�E

P

�

;m

where some of the E

P

�

;i

are dis
rete is 
ompletely straightforward.

By 
ompa
tness of E

P

�

and � and the fa
t that we only 
onsider P

�

with asso
iated

density fun
tions (see Chapter 1, Se
tion 1.2) the minima (5.64) and (5.65) evidently

exist. We 
an 
over � with a grid of k-dimensional re
tangles with side width s.

The set � is thus partitioned into a �nite number, say M , of re
tangles R

i

. Let, for

1 � i � M , �

i

be the model in � 
orresponding to the 
enter of R

i

. In this way we

obtain a redu
ed parameter set �

s

= f�

1

; : : : ; �

M

g.



APPENDIX: PROOF OF LEMMA 5.14 115

We �rst 
onsider the simple 
ase where M is su
h that the following four minima

are all attained by a unique value for ea
h n, x

n

2 E

n

:

~

� = argmin

�2�

fE

P

�

[� lnP (X j�)℄g

~

�

s

= argmin

�

s

2�

s

fE

P

�

[� lnP (X j�

s

)℄g

^

�(x

n

) = argmin

�2�

f� lnP (x

n

j�)g

^

�

s

(x

n

) = argmin

�

s

2�

s

f� lnP (x

n

j�

s

)g (5.67)

We now show in two stages that (5.66) holds in the 
ase where these single minimizing

values exist.

Stage 1 Let n and � > 0 be given. We 
laim that if we pi
k the re
tangle side width

s small enough both of the following equations will hold:

jE

P�

[� lnP (X j

~

�

s

)℄�E

P�

[� lnP (X j

~

�)℄j <

1

3

� (5.68)

j �

1

n

lnP (x

n

j

^

�

s

(x

n

)) +

1

n

lnP (x

n

j

^

�(x

n

))j <

1

3

� for all x

n

2 E

�

P

�

(5.69)

We �rst show (5.69). Let

f

n

(�; x

n

; �

0

) :=

�

1

n

lnP (x

n

j�) +

1

n

lnP (x

n

j�

0

) =

1

n

n

X

i=1

[� lnP (x

i

j�) + lnP (x

i

j�

0

)℄ (5.70)

M is �nitely parameterized by �. Che
king De�nition 2.7 on page 35, we see that for

all x 2 E

P

�

, f

1

(�; x; �

0

) regarded as a fun
tion of � must be 
ontinuous at all � 2 �.

By 
ompa
tness of E

P

�

it is easy to show that

f

max

(�

0

; �) := max

x2E

P

�

f

1

(�; x; �

0

) and

f

min

(�

0

; �) := min

x2E

P

�

f

1

(�; x; �

0

)

are well-de�ned 
ontinuous fun
tions of � with f

max

(�

0

; �

0

) = f

min

(�

0

; �

0

) = 0. By


ompa
tness of �, it is 
lear that the following fun
tion is well-de�ned for all Æ > 0:

g

max

(Æ) := max

U(Æ)

f jf

max

(�

0

; �)j g; (5.71)

where the maximum is taken over the set U(Æ) = f�; �

0

2 � j j� � �

0

j � Æg. Moreover

(
ompa
tness of �) one 
an easily show that lim

Æ#0

g

max

(Æ) = g

max

(0) = 0. The same

holds for g

min

(Æ) whi
h we de�ne analogously to g

max

. These properties of g

max

and
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g

min

show the following: for every � > 0, we 
an pi
k the re
tangle width s small

enough su
h that the following impli
ation holds for all �; �

0

2 � and all x

n

2 E

n

P

�

:

if � and �

0

both fall in the same re
tangle R

i

then

f

max

(�

0

; �) < �=3 and f

min

(�

0

; �) > ��=3 (5.72)

It 
an be seen from (5.70) that for n � 1, for all x

n

2 E

P

�

,

f

min

(�

0

; �) � f

n

(�; x

n

; �

0

) � f

max

(�

0

; �) (5.73)

(5.69) now follows by 
ombining (5.72) and (5.73) and substituting

^

�(x

n

) for �

0

.

A similar but simpler argument shows that (5.68) holds. We omit the details.

Stage 2 By the strong law of large numbers [47℄, we have with P

�

-probability 1

that for all �

s

2 �

s

, for all Æ > 0, there exists an n

0

su
h that n � n

0

) j �

n

�1

P

lnP (x

n

j�

s

) � E

P

�

[� lnP (X j�

s

)℄j < Æ. Sin
e �

s


ontains only a �nite number

of elements, this implies that, for all � > 0, with P

�

-probability 1 there exists an n

0

su
h that for all �

s

2 �

s

:

n � n

0

) j �

1

n

lnP (x

n

j�

s

)�E

P�

[� lnP (X j�

s

)℄j <

1

3

� (5.74)

In addition, we also have for all x

n

2 E

�

:

E

P

�

[� lnP (X j

^

�

s

(x

n

))℄ � E

P

�

[� lnP (X j

~

�

s

)℄ (5.75)

�

1

n

lnP (x

n

j

^

�

s

(x

n

)) � �

1

n

lnP (x

n

j

~

�

s

) (5.76)

By �rst applying (5.74) with �

s

:=

^

�

s

(x

n

) and then (5.75) we �nd

�

1

n

lnP (x

n

j

^

�

s

(x

n

)) � E

P

�

[� lnP (X j

~

�

s

)℄�

1

3

�: (5.77)

Using (5.76) and then applying (5.74) with �

s

:=

~

�

s

we �nd

�

1

n

lnP (x

n

j

^

�

s

(x

n

)) � E

P

�

[� lnP (X j

~

�

s

)℄ +

1

3

�: (5.78)

Combining (5.68), (5.69), (5.77) and (5.78) we �nd that for all � > 0, there exists an

n

0

su
h that with P

�

-probability 1, for all n � n

0

,

j �

1

n

lnP (x

n

j

^

�(x

n

))�E

P

�

[� lnP (X j

~

�)℄j < � (5.79)

whi
h is equivalent to (5.66). This proves the lemma for the 
ase that the four minima

in (5.67) are all attained by single values in the parameter spa
e.

If this is not the 
ase, we pro
eed as follows: by 
ompa
tness all minima exist; the

only problem is that they may be attained for several values. This 
an be handled by

de�ning

e

� as the set of all � minimizing E

P

�

[� lnP (X j�)℄ (analogously to the �rst line
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of (5.67)) and de�ning

e

�

s

,

b

� and

b

�

s

similarly. By the same reasoning as in Stage 1

of the proof, we 
an now prove the following existentially quanti�ed version of (5.68)

and (5.69): `Let n and � > 0 be given. We 
laim that if we pi
k the re
tangle side

width s small enough then there exist

~

�

s

2

e

�

s

,

~

� 2

e

�,

^

�

s

(x

n

) 2

b

�

s

and

^

�(x

n

) 2

b

�

su
h that (5.68) and (5.69) hold'. By the same reasoning as in Stage 2 of the proof,

we 
an also prove a universally quanti�ed version of (5.68) and (5.69): `if n is large

enough, then for all

^

�

s

(x

n

) 2

b

�

s

and all

~

�

s

2

e

�

s

equations (5.77) and (5.78) hold with

P

�

-probability 1.' Combining these new versions of (5.68), (5.69), (5.77) and (5.78)

we 
an pro
eed as above to show that (5.79) holds. The lemma then follows. 2
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Epilogue: Using Models in a

Careful Way

In this Epilogue to Part I of the thesis we study whether we have resolved the prob-

lemati
 issues 
on
erning MDL raised in the Introdu
tion and in Chapters 1-3. Brie
y,

these were:

1. Can we use models that are partially wrong to give reasonable predi
tions of

future data? If so, what 
an we do with them and what not? (`What does a

model say about the world?' as we wrote on page 28).

2. What to do if we are asked to use our model to predi
t against various loss

fun
tions? (Chapter 2, Se
tion 2.2)

3. When using a probabilisti
 model 
lass, why should we use the Shannon-Fano


ode L(Dj�) = � logP (Dj�) to en
ode the data with the help of model? When

using a non-probabilisti
 model 
lass, why should we use the 
ode for whi
h

L(DjH) = er(DjH) +K for all D (Chapter 2, Se
tion 2.2)?

Can we use models that are partially wrong? From the point of view of the

MDL philosophy, we 
hoose a model 
lassM be
ause we think it will help us to 
apture

some of the regularity inherent in the data - but we have no hope that it will 
apture

all (ex
ept if M 
orresponds to the 
lass of all 
omputer programs written in some

language- but then the inferen
e pro
ess be
omes non
omputable). In Chapter 1 and

in the Introdu
tion to Part I of this thesis, we argued that this is the situation we will

usually be in: all our models will always, to some extent, be wrong; therefore, though

the question 
ame up in 
onne
tion with the MDL philosophy, it should be relevant

not only to MDL, but to all statisti
al inferen
e pro
edures.

On
e we a

ept the fa
t that our modelH for dataD will always be partially wrong,

we are fa
ed with the question of what 
an be reliably inferred from su
h a model and

what not. In Chapter 5, we showed that we 
an always 
hange our model 
lasses in su
h

a way that we 
an reliably estimate the predi
tion error over future data. We proved

(in Se
tion 5.3) that this will lead, with high probability, to a

urate estimates of error

over future data even if data are independently drawn a

ording to a distribution that

is 
ompletely di�erent from our model. Hen
e, if we are willing to make the i.i.d.

assumption, then as long as we measure the error our model makes when predi
ting

119
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future data using the same error fun
tion as the one that was used in inferring the

model from the data, we 
an use the model H reliably: even though it is partially

wrong, it will give a 
orre
t impression of how a

urate it is in predi
ting future data.

Note however, that this result was proved only under the i.i.d. assumption

2

{ so

we still have to assume something about `the truth out there'. Hen
e, we have not

resolved in general whether using an overly simple (that is, partially wrong) model


an lead to `disastrous' results, as was feared by the statisti
ian mentioned in the

Introdu
tion (page 3). We have only shown that predi
tion errors may be a

urately

estimated under mu
h wider assumptions than the 
lassi
al assumption that one's

model 
lass 
ontains the true model. The question remains of whether this is not too

weak; whether we will not always be interested in estimating more aspe
ts about the

data than just their predi
tion error. The example below shows at the same time that

sometimes `reliable' predi
tions are enough, while `unreliable' predi
tions 
an lead to

very misleading results.

Example 5.24 [Classi�
ation℄ Re
all that in 
on
ept learning the model 
lass 
on-

sists of fun
tions H : E

x

! f0; 1g. Frequently the goal will be to use the 
on
ept

�

H

learned on the basis of data D to 
lassify new data: one is given a value x 2 E

x

and

one has to predi
t the 
orresponding y 2 f0; 1g. Suppose one uses a 
lass of 
on
epts

M entropi�ed with the 0/1-error for this. Suppose further that, for given data D, the

estimate inferred is (

�

H;

�

�). In Example 5.3 on page 89 it was shown that this estimate

says that `if the model

�

H is used, then the probability of making a wrong predi
tion

is

�

�. Let us assume that data are i.i.d. a

ording to a model P

�

(De�nition 5.13) so

that Theorem 5.17 applies; this theorem tells us that if D is large enough and one

uses a reasonable estimation pro
edure (De�nition 4.3), then

�

� � P

�

f

�

H(X) 6= Y g (see

Example 5.3). This means that if we are only interested in 
lassifying future data, the


omponent

�

� of our model (

�

H;

�

�) will give us a good idea on just how well we 
an do

that. Hen
e if we use our model only for 
lassi�
ation, we will have neither an overly

optimisti
 nor an overly pessimisti
 idea of how good our model is at this task.

Now let us 
onsider a spe
i�
 example where the model (

�

H;

�

�) as issued by our

estimation pro
edure on the basis of a large data set D = (x

n

; y

n

) has

�

� = :95. By

Theorem 5.17 this means that, if D is really large, we 
an predi
t future data with 95%

a

ura
y. However, it may be the 
ase that, for the x

i

where

�

H(x

i

) = 1, y

i

is always

equal to 1 while for the 
ases where

�

H(x

i

) = 0, y

i

6=

�

H(x

i

) half the time. If

�

H(x

i

) = 1

in 90% of the 
ases, then we will have

�

� � :95 while, if a new value x is given su
h

that

�

H(x) = 0 and we use

�

H(x) for predi
tion, we will only be right in about 50%

of the 
ases. Hen
e our model is very bad for new data with

�

H(x) = 0, and if a loss

fun
tion is used su
h that predi
ting a `false zero' leads to a mu
h higher loss than

when predi
ting a `false one', then our model will really be quite worthless. Predi
tion

against su
h a loss fun
tion is not reliable - and indeed, if we sti
k to `safe statisti
s', we

are not allowed to make su
h a predi
tion. We used an extreme example, but similar

examples, where there exists a very simple rule that gives a

urate predi
tions for a

large subset of the x

i

while being quite bad on the remaining x

i

do o

ur in pra
ti
e.

2

One might 
onje
ture though that the results 
an in some 
ases be extended to non-i.i.d. sour
es.

For example, in the 
ase of stationary ergodi
 non-i.i.d. sour
es the law of large numbers, whi
h was

the key to Theorems 5.16-5.18 remains appli
able.
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The `naive Bayes' model 
lass that we will use in the next 
hapter sometimes yields

exa
tly su
h models based on real-world data sets.

This automati
ally brings us to the next question:

Predi
ting against arbitrary loss fun
tions If we use an entropi�ed model 
lass

hMi

er

, and we want to use our estimate (

�

H;

�

�) to make predi
tions or de
isions against

loss fun
tions loss that 
annot be written as a linear 
ombination of er we see that,

at least if the sample spa
e E is dis
rete, this will often still work { but it will also

often be unreliable. That is, be
ause the model 
lass hMi

er

restri
ted to models with

�xed H is essentially a maximum entropy model 
lass, one 
an apply the 
on
entration

phenomenon (Chapter 3, Se
tion 3.5). In this 
ase, it tells us that for an exponentially

large majority of those data sets to whi
h (

�

H;

�

�) gives a good �t, the frequen
ies

(


1

; : : : ; 


k

) will be approximately equal to the probabilities P (1j

�

H;

�

�); : : : ; P (kj

�

H;

�

�).

If future data indeed belongs to this majority, then the average of every fun
tion (hen
e

also every loss fun
tion) over future data will be approximately equal to its expe
tation

over (

�

H;

�

�), and the predi
tions will be a

urate. Only in the few 
ases where the

frequen
ies and the probabilities do not 
oin
ide will the predi
tions not be a

urate -

nevertheless, as we saw in the example above, these 
ases may 
ertainly o

ur.

The Universal Yardsti
k This leaves us with the question of justifying the use

of the Shannon-Fano 
ode and how to asso
iate 
odes with non-probabilisti
 models.

In Se
tion 5.4.2 we showed that, when using entropi�ed model 
lasses, the Shannon-

Fano 
ode 
an be justi�ed in terms of minimizing worst-
ase expe
ted 
ode length for

probabilisti
 and non-probabilisti
 model 
lasses alike. This makes `entropi�
ation' a

quite general means of turning model 
lasses into 
odes. As su
h, it is in line with the

general MDL philosophy, in whi
h all models are viewed as `probabilisti
' (Chapter 2.3,

Se
tion 2.2), or more properly, as 
odes. Let us 
onsider a quote by Rissanen ([128℄,

page 20):

\ : : : we then see that the uni�
ation obtained by interpreting all models

as probabilisti
 has given us an immutable yardsti
k, the 
ode length, whi
h

we never 
an redu
e to zero by s
aling or other devi
es. The same 
annot

be said about the usually suggested predi
tion error measures, whi
h we

easily 
an s
ale to any size, and whi
h therefore will never be able to serve

as a universal yardsti
k for model sele
tion."

We agree that it is desirable and probably even possible to 
ompare all models and

model 
lasses for given data D in terms of the 
ode length they assign to D. But we

also think that Rissanen's view leaves open two questions: �rst, how to base predi
tions

and de
isions on a `probabilisti
' model - sin
e the main interpretation of the model is

a 
ode rather than a probability distribution a

ording to whi
h data are distributed,

it is not a priori 
lear how this should be done. The se
ond question is how to 
hange

model 
lasses that are normally viewed as being `non-probabilisti
' into asso
iated

probabilisti
 model 
lasses in a prin
ipled way. As we see it, the 
on
ept of `reliable

estimation' is a step towards answering the �rst question, while `entropi�
ation' is a

step towards answering the se
ond question.
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Part II

Experiments with MDL
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Introdu
tion to Part II

There are several theorems whi
h say that, under reasonable 
onditions, using MDL

leads to good or even optimal results [128, 14℄. But su
h theorems are not suÆ
ient

to guarantee that it will work in the real world! First of all, while the mathemati
al


onditions under whi
h our optimality theorems hold may be reasonable, in pra
ti
e

they will never be 
ompletely met (is data ever generated by independent sampling

from a �xed probability distribution?) Furthermore, when applying a theoreti
ally

optimal pro
edure in a pra
ti
al setting, one always en
ounters additional problems.

For example, parts of the data are missing; or data has to be dis
retized and it is not


lear how to do this in an optimal manner; or the data turns out to have outliers of a


ompletely unexpe
ted kind; or the model 
lass used is stru
tured in a way that makes

it 
omputationally too hard to �nd the optimal model et
. In pra
ti
e one always has

to 
ompromise, and it is not at all 
lear whether the theoreti
ally optimal pro
edures

will work well in pra
ti
e.

Experiments with an Overly Simple Model

If one bases pra
ti
al indu
tive inferen
e on model 
lasses that are suÆ
iently simple,

then at least one of the problems mentioned above disappears: it be
omes possible

to eÆ
iently 
ompute, for arbitrary D, the single optimal model for D. For most

sophisti
ated model 
lasses this is not possible (or at least, no algorithm is known for

doing this), and one has to sear
h for a good model using heuristi
 sear
h strategies

that do not ne
essarily 
onverge to the global optimum. Examples of su
h more so-

phisti
ated model 
lasses are feed-forward neural networks with hidden layers, �nite

mixture distributions in statisti
s, hidden Markov models et
.

In the following two 
hapters, we base predi
tions on the so-
alled Naive Bayes

model 
lass whi
h is simple enough so that we 
an eÆ
iently �nd the optimal model.

This 
lass has been repeatedly shown to lead to results 
ompetitive with (sometimes

even better than) those obtained by using mu
h more sophisti
ated model 
lasses

[50, 90℄. Yet it is evidently too simple (`naive') to provide realisti
 models for the

domains of real-world data we will 
onsider. We will use domains from areas as diverse

as �nan
e, forensi
 s
ien
e, biology and medi
ine. We give a 
on
rete example of the

latter. The `heart disease database' (see page 146) 
ontains 270 observations. Ea
h

observation represents data 
on
erning a single 
ase (patient) and 
ontains 14 attribute

entries . Some of these attributes are age, sex, type of 
hest pain the patient su�ers

from (there are 4 possibilities), blood pressure, blood sugar level, `maximum heart

rate a
hieved' et
. The 14th attribute has a spe
ial status and is 
alled the 
lass

attribute. It is either 1 (presen
e of heart disease) or 2 (absen
e of heart disease). All

datasets we use have a similar de
omposition in several attributes (either dis
rete or


ontinuous-valued) one of whi
h is a 
lass attribute (always dis
rete-valued).

Throughout part II of this thesis, we use several methods to learn from a subset

of the observations, the training set in order to 
lassify new 
ases that are randomly

pi
ked from the test set. This is the subset of observations that are not 
ontained in

the training set. `Classi�
ation' means that we are given all attribute values of a new


ase ex
ept for the 
lass value. We then have to 
ome up with a good predi
tion of

125



126 INTRODUCTION TO PART II

the 
lass value. In our example, we would be given age, sex et
. of a patient and we

would be asked to predi
t whether or not that patient has heart disease.

When given enough training data from the heart disease database, the optimal

Naive Bayes model 
lass 
an predi
t whether or not a patient has a heart disease with

about 84 % a

ura
y. (whereas, by simply predi
ting in a

ordan
e with the majority

of 
ases would give us an a

ura
y of only 55 %). Similar a

ura
ies are rea
hed for

the other data sets 
onsidered.

The key idea of the Naive Bayes model 
lass is that all the attributes are 
onsidered

independent of ea
h other on
e the 
lass value has been given. To give a 
on
rete ex-

ample, a

ording to a Naive Bayes model, given the fa
t that a patient does not have

a heart disease, the fa
t whether or not he has high blood pressure is independent of

his age. A

ording to a general pra
titioner we asked, this independen
e assumption

is 
ontrary to general medi
al wisdom. But note that we are only interested in pre-

di
ting whether or not a patient has heart disease: sin
e we are not asking about other

attributes (like whether or not the patient has high blood pressure), we do not really


are so mu
h that the interrelations between other attributes are wrongly modeled.

The Power of Naive Bayes Of 
ourse, there may exist more sophisti
ated model


lasses, making less independen
e assumptions, that lead to better 
lassi�
ations of the

heart disease data. But for these model 
lasses, it is often not possible to eÆ
iently


ompute the globally optimal model and/or predi
tion for the data at hand. We

then have to settle for a suboptimal solution. It is perfe
tly possible that su
h a

suboptimal solution is worse than the optimal Naive Bayes solution, whi
h 
an be

eÆ
iently 
omputed. The good overall behaviour of Naive Bayes suggests that this

phenomenon frequently o

urs in pra
ti
e.

Comparing MDL to Bayesian Statisti
s and Maximum Likelihood

Spe
i�
ally, we will use the Naive Bayes model 
lass to 
ompare the 
lassi�
ation

a

ura
ies obtained by MDL to those obtained by several other methods of indu
tive

inferen
e. In Chapter 6, we 
ompare MDL to some Bayesian methods and to the

Maximum Likelihood method of 
lassi
al statisti
s. This also involves some theoreti
al

work: we have to instantiate the sto
hasti
 
omplexity to the Naive Bayes model 
lass,

whi
h involves 
omputing Je�rey's prior for this model 
lass. To make our results

more widely appli
able, we instantiate sto
hasti
 
omplexity to the 
lass of Bayesian

networks with arbitrary but �xed stru
ture. This widely used model 
lass [116, 137, 92℄


ontains the Naive Bayes 
lass as a spe
ial 
ase.

Comparing MDL to MML

The Minimum Message Length Prin
iple [161, 162℄ is a method for indu
tive inferen
e

that is very 
lose in spirit, yet di�erent from, the Minimum Des
ription Length Prin
i-

ple. When investigating the relations between MDL and MML, we found a signi�
ant

oversight in the derivation of MML estimators as given in [162℄. We give a theoreti
al

analysis of MML estimators and present a revised version of them. The original MML

estimators di�er from MDL estimators in an essential manner; but the revised MML
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estimators turn out to be 
losely related to Rissanen's 1996 re�nement of the MDL

Prin
iple. Sin
e all our theoreti
al results are asymptoti
, it is not 
lear whether they

lead to any signi�
ant di�eren
es in a pra
ti
al setting. We therefore tested the original

MML estimators, our revised MML estimators and an MDL-based predi
tion method

on real world data, using on
e more the Naive Bayes model 
lass. Our pra
ti
al results

turn out to be in agreement with our theoreti
al ones: MDL and our revised MML

estimators perform slightly better than the original MML estimators.
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Chapter 6

Predi
tive Distributions for

Bayesian Networks

6.1 Introdu
tion

This 
hapter is about dis
rete predi
tion problems where the task is to sele
t one

out
ome from a �nite set of possible alternatives. This is done by determining a

predi
tive distribution over all the possible out
omes. A predi
tive distribution is

simply a probability distribution over the sample spa
e, 
onditioned on the training

data D. The purpose of this 
hapter is to 
ompare di�erent alternatives for 
omputing

su
h a predi
tive distribution. We will 
onsider two Bayesian and two MDL-based

methods to arrive at a predi
tive distribution. All four methods satisfy some optimality


riterion, and all four of them are, under reasonable 
onditions, guaranteed to work

well for very large training samples. The question is then how well they work for small

sample sizes { the theoreti
al results about the four distributions 
onsidered do not

say too mu
h about this situation.

More spe
i�
ally, our predi
tive distributions will be based on a 
lass of 
andidate

models M, whi
h throughout this 
hapter we assume to be a �nitely parameterizable


lass of probabilisti
 models over a �nite sample spa
e. Given some sample data (the

training data), and an in
omplete query ve
tor, where the values of some of the problem

domain variables are not given, the task is to 
ompute the predi
tive distribution for

the missing part of the query ve
tor.

In the Bayesian maximum a posteriori (MAP) approa
h, the predi
tive distribu-

tion is determined by using the model in M with the highest posterior probability,

given the training data and a prior distribution for the parameters. In the Bayesian

eviden
e approa
h, the predi
tive distribution is obtained by averaging over all the dis-

tributions representable by the 
hosen model form. In the third and fourth approa
hes


onsidered here, we de�ne the predi
tive distribution by using Rissanen's re
ent [129℄

de�nition of sto
hasti
 
omplexity based on minimizing worst-
ase regret (Chapter 2,

De�nition 2.8). In the third approa
h, a form of the sto
hasti
 
omplexity is used

that 
annot be interpreted as a probabilisti
 model (Chapter 1, De�nition 1.5). In
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the fourth approa
h, a probabilisti
-model version of sto
hasti
 
omplexity is used.

This form happens to 
oin
ide with the Bayesian eviden
e approa
h with the prior

instantiated to Je�reys' prior.

6.1.1 Overview of this 
hapter

In the theoreti
al part of this 
hapter (se
tions 6.2-6.3), we derive expli
it formulas for

the four distributions 
onsidered so as to make them appli
able in a pra
ti
al setting.

In the pra
ti
al part of the 
hapter (se
tions 6.5-6.6, we 
ompare the performan
e

of the distributions on several publi
ly available data sets 
oming from `real-world'

problem domains.

The details of the dis
rete predi
tion problem 
onsidered here, together with the

MAP, the eviden
e and the sto
hasti
 
omplexity predi
tive distributions for solving

this problem are des
ribed formally in Se
tion 6.2. In Se
tion 6.3, we introdu
e the

Bayesian network model 
lass [116, 92℄. In Se
tion 6.4, we instantiate the general

results of Se
tion 6.2 to this 
lass. Spe
i�
ally, we show how to de�ne ea
h of the

above mentioned predi
tive distributions for a given Bayesian network stru
ture and

we show how to 
ompute Je�reys' prior for su
h stru
tures.

We then (Se
tion 6.5) use these formulas in experiments on real-world data sets.

To avoid 
omputational diÆ
ulties, in the experiments we restri
t ourselves to simple


lassi�
ation problems, using the `Naive Bayes' model 
lass [42℄, whi
h is a spe
ial


ase of a Bayesian network model 
lass.

The experiments indi
ate that the eviden
e approa
hes produ
e the most a

urate

predi
tions in the log-s
ore sense, outperforming both the MAPmethod and the version

of sto
hasti
 
omplexity that 
annot be seen as a probabilisti
 model. The eviden
e

approa
hes are also quite robust in the sense that they predi
t surprisingly well even

when only a small fra
tion of the full training set is used. We analyze the reasons for

this behaviour in Se
tion 6.5.3.

Our Contributions To enhan
e readability of this 
hapter, we have not kept a

stri
t separation between results that were already known and our own, original 
on-

tributions. We therefore indi
ate brie
y what our 
ontributions are, apart from the

very idea of applying sto
hasti
 
omplexity to Bayesian networks: on the theoreti
al

side, there are two 
ontributions: �rst, we show how the sto
hasti
 
omplexity 
an be

used to arrive at a predi
tive distribution in a dire
t manner (se
tions 6.2.3 and 6.4.2).

Se
ond, we show how to 
ompute Je�reys' prior for Bayesian networks (Se
tion 6.4.4).

All the empiri
al work reported in this 
hapter (se
tions 6.5 and 6.6) is 
ompletely

ours.

6.2 Predi
tive Distributions for Dis
rete Domains

6.2.1 The Predi
tion and Classi�
ation Problems

Let E = E

1

� : : :�E

m

be a sample spa
e that 
an be de
omposed into m subspa
es.

Ea
hE

i


ontains a �nite number k

i

of elements: E

i

= fe

i1

; : : : ; e

ik

i

g. To emphasize the
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distin
tion between ve
tors and their 
omponents we denote throughout this 
hapter

an out
ome of E by ~x. An out
ome of E

i

is denoted by x

i

. Hen
e ~x = (x

1

; : : : ; x

m

)

T

.

Our training data will 
onsist of a sample D of n out
omes: D = (~x

1

; : : : ; ~x

n

). Here

~x

i

= (x

i1

; : : : ; x

im

).

In the simplest setting, we want to use the training data D to arrive at a good

predi
tion of a single new observation ~x 2 E. We will 
all this observation the test

ve
tor. We do all our predi
tions on the basis of a predi
tive distribution P(�jD) where

P(

~

X = ~xjD) is to be read as `the probability that the test ve
tor is ~x given that the

training data was D'.

In most realisti
 settings some of the 
onstituent variables of the test ve
tor are

given to us and are to be used for predi
tion of the remaining variables. We 
all

the variables of the test ve
tor that are given 
lamped and the variables that are to

be predi
ted free. Spe
i�
ally, let ~x = (x

1

; : : : ; x

m

) be the test ve
tor. Without

loss of generality we may assume that the ve
tor ~u of 
lamped variables 
oin
ides

with (x

1

; : : : ; x

u

) for some u < m while the ve
tor ~v of free variables 
oin
ides with

(x

u+1

; : : : ; x

m

). The 
lassi�
ation problem is a spe
ial 
ase of our predi
tion problem.

In the 
lassi�
ation problem we are given a ve
tor of `feature variables' (x

1

; : : : ; x

m

0

)

whi
h has to be 
lassi�ed into one of K 
ategories or 
lasses. We 
an represent this

by setting m = m

0

+ 1 and letting E

m

= fe

m1

; : : : ; e

mK

g where ea
h e

mi

stands for a


lass. The `
lamped' variables are then (x

1

; : : : ; x

m

0

) and the free variable, also 
alled

the 
lass variable, is x

m

.

We 
an now state our aim more pre
isely as follows: we wish to 
ompute, for all

possible ~v, the probabilities

P(~vj~u;D) =

P(~v; ~ujD)

P(~ujD)

=

P((~v; ~u)jD)

P

~v

P((~v; ~u)jD)

; (6.1)

where the summation is over all ~v 2 E

u+1

� : : :�E

m

.

Consequently, we see that the 
onditional distribution for the free variables 
an

be 
omputed using the 
omplete data ve
tor predi
tive probabilities P(~xjD) for ea
h

of the possible 
omplete ve
tors ~x = (~v; ~u). It should be noted that the number of

terms in the summation over possible ~v grows exponentially with the number of free

variables. Therefore, predi
ting the values of many variables given the values of only

a few may be diÆ
ult. However, in many 
ases of pra
ti
al interest we only want to

predi
t the values of a very small number (in 
lassi�
ation problems just one) of the

variables and then su
h diÆ
ulties do not arise.

We model our data using a model 
lass M that is �nitely parameterized by some

� � R

k

( De�nition 2.7 of page 35). Hen
eM 
an be written asM = fP (�j�) j � 2 �g.

We further assume that all models in M render the data i.i.d. Hen
e for every � 2 �,

P (~x

n

j�) = �

n

i=1

P (~x

i

j�).

In the next se
tion we 
onsider four di�erent ways to 
ompute predi
tive distribu-

tions P(�jD) based on the model 
lass M.
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6.2.2 The Bayesian Predi
tive Distributions P

map

and P

av

Given a prior density P (�) de�ned for all � 2 �, we 
an arrive at a posterior distribution

P (�jD) by using Bayes' rule:

P (�jD) / P (Dj�)P (�): (6.2)

In themaximum a posteriori (MAP) probability approa
h, the predi
tive distribution P

is identi�ed with the distribution 
orresponding to the single model

�

�(D) maximizing

the posterior distribution (6:2),

�

�(D) = argmax

�2�

P (�jD):

The 
orresponding predi
tive distribution is

P

map

(~x j D) := P (~x j

�

�(D)): (6.3)

If we assume the prior distribution P (�) to be uniform, then (6.2) be
omes P (�jD) /

P (Dj�) and the MAP model be
omes equal to the Maximum Likelihood (ML) model ;

see Chapter 1, page 18.

We 
an get more sophisti
ated predi
tions by averaging (integrating) over all the

models inM instead of using a single model

�

�. The resulting distribution is 
alled the

marginal or eviden
e distribution in the Bayesian literature; we denote it by P

av

. For

~x

n

2 E

n

, P

av

(~x

n

) is given by:

P

av

(~x

n

) =

Z

P (~x

n

j�)P (�)d�: (6.4)

where the integration goes over all the models � in M. The resulting predi
tive dis-

tribution then 
oin
ides with the eviden
e distribution 
onditioned on training data

D:

P

av

(~x j D) := P

av

(~x j D) =

P

av

(~x;D)

P

av

(D)

(6.5)

For more details about the Bayesian MAP and eviden
e approa
hes we refer to Chap-

ter 2, Se
tion 2.8.

6.2.3 The `dire
t' Sto
hasti
 Complexity Predi
tive Distribu-

tion P

s


In Chapter 2 we introdu
ed the sto
hasti
 
omplexity distribution P

s


(�) = P

s


(�jM)

as the distribution that minimizes the worst 
ase ex
ess 
ode length, or equivalently,

the regret (see equations 2.5-2.7 of Se
tion 2.3). In Se
tion 2.7 we further showed that

sequential proportional betting on the basis of P

s


minimizes the worst-
ase ex
ess loss

in 
apital. Here the `ex
ess' is over the loss we would have made if we had bet on the

basis of the model in the 
lass that, with hindsight, would have given us the least loss

of 
apital; see page 43. This property of P

s


provides a strong reason for using it in

a
tual predi
tion tasks.
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For the model 
lassesM we will 
onsider in our experiments, a unique ML estimator

^

�(D) exists for all D 2 E

�

. In addition E is �nite, and this means (Chapter 2,

Equation (2.10), page 37) that the sto
hasti
 
omplexity distribution 
an be expli
itly

written as follows:

P

s


(D) =

P (Dj

^

�(D))

P

D2E

n

P (Dj

^

�(D))

= (F (n)

�1

)P (Dj

^

�(D)) (6.6)

Here F (n) is de�ned as F (n) =

P

D2E

n

P (Dj

^

�(D)). At �rst sight, using (6.6) as the

predi
tive distribution may seem infeasible in pra
ti
e sin
e 
omputing the normalizing

sum F (n) involves summing over a number of terms exponential in n. The problem

disappears if one 
omputes a predi
tive distribution for a data set D of length n in the

following straightforward manner:

P

s


(~x j D) =

P

s


(~x;D)

P

~x

0

P

s


(~x

0

; D)

=

P (~x;D j

^

�(~x;D)) � (F (n+ 1))

�1

P

~x

0

P (~x

0

; D j

^

�(~x

0

; D)) � (F (n+ 1))

�1

=

P (~x;D j

^

�(~x;D))

P

~x

0

P (~x

0

; D j

^

�(~x

0

; D))

i.i.d.

=

P (~x j

^

�(~x;D))P (D j

^

�(~x;D))

P

~x

0

P (~x

0

j

^

�(~x

0

; D))P (D j

^

�(~x

0

; D))

: (6.7)

The sto
hasti
 
omplexity predi
tive distribution P

s



an now be identi�ed with the


onditional sto
hasti
 
omplexity distribution P

s


(~x j D) as given in Equation (6.7):

P

s


(~xjD) := P

s


(~xjD): (6.8)

6.2.4 Conne
ting P

av

and P

s


: the P

jef

Predi
tive Distribution

P

s


is not a probabilisti
 model

Though P

s


(�) is de�ned with respe
t to a 
lass of probabilisti
 modelsM (Chapter 1,

De�nition 1.5), it is not itself a probabilisti
 model: in general,

X

z2E

P

s


(D; z) 6= P

s


(D):

Let us 
ontrast this with a P that does 
onform to the de�nition of probabilisti
 model:

let P be a probabilisti
 model and let n

1

< n

2

. Let P

n

i

be the restri
tion of P to

sequen
es of length n

i

. Both P

n

1

and P

n

2

are probability distributions (over E

n

1

and E

n

2

respe
tively). The fundamental property of a probabilisti
 model is that, for

all D 2 E

n

1

, P

n

1

(D) =

P

D

0

2E

n

2

�n

1

P

n

2

(D;D

0

) = P

n

2

(D): P

n

2


an be seen as an

extension of P

n

1

.
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SC has been de�ned so as to minimize the worst-
ase regret. The distribution

whi
h a
hieves this for us for sample size n

2


annot be interpreted as an extension

of the distribution whi
h a
hieves it for sample size n

1

. Therefore, the sto
hasti



omplexity distributions de�ned for data sequen
es of length 1, of length 2 et
. are

really all di�erent: perhaps a better notation would be to write P

n

s


for the sto
hasti



omplexity distribution over sequen
es of length n.

Let us now on
e more 
onsider the game we introdu
ed in Chapter 2, Se
tion 2.7,

page 43: we are given a model 
lassM and we sequentially predi
t x

i+1

on the basis of

x

i

. We saw on page 43 that sequentially predi
ting on the basis of P

s


minimizes the

worst-
ase regret. However, the P

s


we used there was really the sto
hasti
 
omplexity

distribution as de�ned for data of length n. So we really predi
ted x

1

on the basis of

P

n

s


(x

1

), x

2

on the basis of P

n

s


(x

2

jx

1

) et
. In pra
ti
al settings, the total number n of

predi
tions we want to make is often unknown. In that 
ase, we do not know whether to

use P

1

s


, P

2

s


or any other P

i

s


for predi
tion. Using a di�erent n for di�erent predi
tions

will 
ertainly not make our predi
tions optimal! But this is what will happen if we use

P

s


as de�ned in Equation 6.8 for predi
tion. To see this, note that in Se
tion 6.2.3 we

impli
itly used P

n+1

s


to de�ne the predi
tive distribution (6.8): P

s


(~xjD) was de�ned in

terms of P

s


(D;~x) and the sample (D;~x) is of length n+1. So if we would sequentially

predi
t on the basis of (6.8), this would amount to predi
ting x

1

on the basis of P

1

s


,

x

2

on the basis of P

2

s


(�jx

1

), x

3

on the basis of P

3

s


(�jx

1

; x

2

) et
., whi
h is not optimal

in general.

Things are not ne
essarily as bad as they seem, however. Rissanen [129℄ proved

that under suitable regularity 
onditions on the 
lass of models M, as n grows larger,

P

n

s


starts to behave more and more like a probabilisti
 model - the restri
tion of

distribution P

n+1

s


to out
omes of length n will be almost identi
al to the distribution

P

n

s


. At least for the 
lass of Bernoulli models, this `
onvergen
e' to a probabilisti


model seems to take pla
e very fast [129℄. For this reason we de
ided to use the

predi
tive distribution P

s


in our experiments after all.

Nevertheless, we 
ould ask ourselves whether there exists a probabilisti
 model that

a
hieves a worst-
ase regret that is almost as small as that of the sto
hasti
 
omplexity.

We present su
h a model below.

A Probabilisti
-Model Version of P

s


The eviden
e distribution P

av


an be seen as a probabilisti
 model irrespe
tive of the

prior w used, sin
e for all D 2 E

�

we have

X

z2E

Z

P (D; zj�)w(�)d� =

Z

P (Dj�)w(�)d�:

Under 
ertain regularity 
onditions on the 
lass of models M, one 
an prove that the

prior over the models inM whi
h yields the lowest regret R

L

av;w

(D) = � logP

av

(D)�

[� logP (Dj

^

�(D))℄ is the so-
alled Je�reys' prior �(�) [129℄ whi
h we de�ne below. We

will denote the marginal distribution P

av

with the prior instantiated to Je�reys' prior

by P

jef

= P

jef

(�jM).
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The spe
i�
 form of Je�reys' prior depends on the model 
lassM that is used. For

the model 
lasses we will 
onsider in our experiments, Je�reys' prior is proper

1

. In

that 
ase it is given by (see for example [129℄ or [17℄):

�(�) =

jI(�)j

1=2

R

jI(�)j

1=2

d�

: (6.9)

Here jI(�)j is the determinant of the Fisher information matrix I(�). Denoting � =

(�

1

; : : : ; �

k

), entry (i; j) of matrix I(�) is de�ned as

[I(�)℄

i;j

= �E

�

"

�

2

logP (

~

Xj�)

��

i

��

j

#

:

Originally, Je�reys' prior was derived by invarian
e arguments [78, 17℄: the value of

�(�) is invariant under 1-1 transformations of the parameter spa
e. We will show be-

low that if the model 
lass M is an exponential family (Chapter 3, Se
tion 3.4), then

P

jef

essentially minimizes the worst-
ase regret. In the next se
tion we introdu
e the

model 
lass of Bayesian networks whi
h we will use in our experiments. We show there

that this 
lass is an exponential family. This means that we 
an use the predi
tive

distribution based on P

jef

as an alternative version of the sto
hasti
 
omplexity pre-

di
tive distribution P

s


. In Se
tion 6.4, we derive an analyti
 expression for Je�reys'

prior �(�) for the 
ase where � indexes a Bayesian network, and show how to 
al
ulate

P

jef

for the 
lass of Bayesian networks with a �xed but arbitrary stru
ture.

To show that P

jef

minimizes regret we need the following fundamental result (a

spe
ial 
ase of a theorem to be found in [26℄).

Theorem 6.1 (Clarke & Barron) Let M be an exponential family of irredu
ible

dimension k (as de�ned in Chapter 3, Se
tion 3.4) over sample spa
e E. Let M be

parameterized by some � � R

l

su
h that (1) there exists a bije
tion g : �!M and (2)

lnP (xj�) as a fun
tion of � is di�erentiable in�nitely often for all x 2 E at all � 2 �.

Let w(�) be a proper prior density over � with w(�) > 0 for all � 2 �. Let x

n

2 E

n

be generated by repeated sampling from P (�j�

�

) where �

�

is an arbitrary member of �.

Then, with �

�

- probability 1,

� lnP

av

(x

n

) = � lnP (x

n

j

^

�(x

n

)) +

k

2

ln

n

2�

+ ln

p

jI(�

�

)j

w(�

�

)

+ o(1): (6.10)

where P

av

is the eviden
e distribution (6.4) with prior w.

If we substitute Je�reys' prior �(�) (Equation 6.9) for the prior w(�), then the term

ln(

p

jI(�

�

)j=w(�

�

)) in Equation 6.10 be
omes independent of the data generating

model �

�

. This means that whatever this `true' �

�

is, we obtain, with probability

one, the same asymptoti
 expansion

� lnP

jef

(x

n

) = � lnP (x

n

j

^

�(x

n

)) +

k

2

ln

n

2�

+ ln

Z

p

jI(�)jd� + o(1): (6.11)

1

A prior w is proper if

R

w(�)d� = 1.
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Let w be a proper prior su
h that within the parameter spa
e there exists a region R

of non-zero volume with

R

R

w(�)d� 6=

R

R

�(�)d�. Let P

av

be the marginal distribution

with su
h a prior w. Sin
e both w and � are proper the parameter spa
e must also


ontain a region R

0

of non-zero volume su
h that w(�) < �(�) for all � 2 R

0

. By

Theorem 6.1 above it follows that for every �

�

2 int(R

0

), it holds with �

�

-probability 1

that � lnP

av

(x

n

) = � lnP

jef

(x

n

) +K + o(1) for some K > 0. Hen
e for all P

av

based

on proper priors w as de�ned above, there exists �

�

for whi
h they perform worse than

�, while � itself rea
hes (with probability 1) the same asymptoti
 expansion (6.11)

for all �

�

2 �. It follows that, among all proper priors, Je�reys' prior minimizes the

worst-
ase regret that is rea
hed with probability 1. Here `worst-
ase' is with respe
t

to generating distributions instead of data sequen
es.

This provides a justi�
ation for basing predi
tions on P

jef

instead of the sto
hasti



omplexity whenever the model 
lass is an exponential family: First, P

jef

is a prob-

abilisti
 model (so we 
an use it without knowing the number of predi
tions to be

made). Se
ond, within the 
lass of models that 
an be written as a Bayesian marginal

distribution P

av

(�jM), it is the one that minimizes worst-
ase regret (where worst-


ase regret is de�ned with respe
t to a worst-
ase generating distribution instead of a

worst-
ase data sequen
e). Third, all su
h marginal distributions with priors w(�) > 0

for all � 2 � are asymptoti
ally good approximations of the sto
hasti
 
omplexity; see

[128℄.

Formally, we de�ne the predi
tive distribution based on P

jef

by equating it to P

jef


onditioned on D:

P

jef

(~xjD) := P

jef

(~xjD) (6.12)

Dis
ussion The line of reasoning just presented su�ers from two weaknesses: �rst,

Equation 6.10 has only been proven to hold (with probability 1) under the assumption

that there is some true model inM generating the data. Se
ond, it is not yet 
lear how


lose � lnP

jef

(x

n

) really is to � lnP

s


(x

n

), or whether there does not exist a di�erent

probabilisti
 model that 
annot be written as a Bayesian marginal distribution, but

that nevertheless a
hieves a smaller regret.

Both weaknesses 
an most likely be removed: very re
ently (a week before this

thesis had to go to the printer's), Takeu
hi and Barron [149℄ announ
ed that they

have proven theorems stating that for all exponential families the following holds:

First, (6.11) is the 
ase not just with probability 1 but, independent of any underlying

distribution, uniformly for all x

n

2 E

n

whi
h are su
h that

^

�(x

n

) lies in the interior

of the parameterspa
e. Se
ond, � lnP

s


(x

n

) = � lnP

jef

(x

n

) + o(1) also uniformly for

all x

n

2 E

n

whi
h are su
h that

^

�(x

n

) lies in the interior of the parameter spa
e.

Therefore, using P

jef

should lead to approximately the same (and hen
e by de�nition

minimal in the worst-
ase) regret as P

s


. This would resolve both weaknesses. No

proofs of these theorems have yet been published however.
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6.3 Bayesian Networks

A Bayesian (belief) network [116, 79, 92℄ is a graphi
al high-level representation of

a probability distribution over a �nite set of dis
rete random variables X

1

; : : : ; X

m

.

Bayesian networks have their roots in the notion of `
onditional independen
e' in statis-

ti
s [35℄ and the method of `path analysis' in the so
ial s
ien
es [165℄. Nowadays, they

are used extensively in the �eld of `reasoning under un
ertainty' [116, 114℄. Before

de�ning Bayesian networks themselves we need to say something about the sample

spa
e over whi
h they are de�ned.

The Sample Spa
e The variablesX

1

; : : : ; X

m

take on values in E

1

; : : : ;E

m

respe
-

tively. In our setting, we assume the E

i

to be �nite. Previously we denoted elements

in E

i

as follows: E

i

= fe

i1

; : : : ; e

ik

i

g. Whenever in the sequel we refer to an out
ome

x of one of the random variables X

1

, X

2

, : : : or X

m

, it will be 
lear from the 
ontext

to whi
h of these random variables x belongs. We 
an therefore denote out
ome e

ij

by

the number j without introdu
ing any ambiguity. When de�ning Bayesian networks

this will allow for a 
onsiderable simpli�
ation of notation. Hen
e, from now on we

write E

i

= f1; : : : ; k

i

g.

6.3.1 De�nition of Bayesian Networks

A Bayesian network 
onsists of a stru
ture G and a parameter set �. We dis
uss both

in turn.

The Bayesian Network Stru
ture The Bayesian network stru
ture is a dire
ted

a
y
li
 graph (DAG), where the nodes 
orrespond to the domain variablesX

1

; : : : ; X

m

.

An example Bayesian network stru
ture is shown in Figure 6.1. Below we �rst intro-

du
e the 
on
epts involved an a Bayesian network stru
ture; we then give an example

based on Figure 6.1.

The graph G is represented by a set of m � 1 Parent variable sets Pa

i

�

fX

i+1

; : : : ; X

m

g where 1 � i < m. For ea
h node (
orresponding to) X

i

, the set

Pa

i

represents the nodes in the graph that are the parents of X

i

. We de�ne E

pa

i

to be the set of all possible 
on�gurations of the values of the parents Pa

i

of vari-

able X

i

. Ea
h q

i

2 Pa

i

stands for a ve
tor of values of random variables. We write

P (Pa

i

= q

i

) to denote the probability that the parent variables of X

i

take on the

values 
orresponding to 
on�guration q

i

. Hen
e P (Pa

i

= q

i

) is an abbreviation of

P (X

j

1

= x

j

1

; : : : ; X

j

m

0

= x

j

m

0

) where X

j

1

; : : : ; X

j

m

0

are the elements of Pa

i

and

q

i

= (x

j

1

; : : : ; x

j

m

0

).

From the de�nition of 
onditional probability one sees that ea
h probability distri-
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X

X6

X

X7

X

X2X1

3 4 5

Figure 6.1: An example Bayesian network.

bution over E = E

1

� : : :�E

m


an be written su
h that, for all ~x 2 E,

P (~x) = P (X

1

= x

1

; : : : ; X

m

= x

m

) =

P (X

1

= x

1

j X

2

= x

2

; : : : ; X

m

= x

m

)� P (X

2

= x

2

j X

3

= x

3

; : : : ; X

m

= x

m

)�

� � � � P (X

m

= x

m

) =

m

Y

i=1

P (X

i

= x

i

jX

i+1

= x

i+1

; : : : ; X

m

= x

m

) (6.13)

The key idea behind Bayesian Networks is to use a given network stru
ture G to

de�ne a set of independen
e assumptions su
h that, in the de
omposition (6.13), the

distribution of ea
h X

i

depends not on all of the variables X

i+1

; : : : ; X

m

, but only on

the subset of variables given by Pa

i

. Hen
e a stru
ture G restri
ts the set of possible

distributions over E to the set of distributions that 
an be written as follows:

P (~x) = P (X

1

= x

1

; : : : ; X

m

= x

m

) =

P (X

1

= x

1

j Pa

1

= q

1

)� P (X

2

= x

2

j Pa

2

= q

2

)�

� � � � P (X

m

= x

m

) =

m

Y

i=1

P (X

i

= x

i

jPa

i

= q

i

); (6.14)

where for notational 
onvenien
e we write P (X

m

= x

m

jPa

m

= q

m

) instead of P (X

m

=

x

m

) (q

m


an be thought of as always taking on a single value, independent of the

out
ome of any of the X

i

).

Example 6.2 Consider Figure 6.1 again. Suppose that in this �gure, E

4

= f1; 2g and

E

5

= f1; 2; 3g. Then Pa

2

= fX

4

; X

5

g;E

pa

2

= f(1; 1); (1; 2); (1; 3); (2; 1); (2; 2); (2; 3)g.

Let now q

2

2 E

pa

2

; as an example, take q

2

= (1; 2). Then P (Pa

2

= q

2

) = P (X

4

=

1; X

5

= 2).
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Intuitively, the independen
e assumption en
oded in a Bayesian network stru
ture

G is the following: given the values of its parents, a variable X

i

be
omes independent

of all variables in the graph ex
ept its des
endants. To get some (quite rough) idea

of what this means, 
onsider variables X

3

and X

4

in the �gure. Let j 2 f2; 4; 5; 7g.

The fa
t that the probability distribution over X

1

; : : : ; X

7


an be written in the form

(6.14) implies that , for all x

3

2 E

3

; x

6

2 E

6

and all x

j

2 E

j

, we have P (X

3

=

x

3

jX

6

= x

6

; X

j

= x

j

) = P (X

3

= x

3

jX

6

= x

6

): on
e the value of X

6

is known (given),

the distribution of X

3

be
omes independent of any of the other out
omes ex
ept its

des
endants (whi
h, in this 
ase, 
onsist only of X

1

). However, if the value of X

6

is not known, then the distribution of X

3

may very well depend on other out
omes.

For example, it is easy to 
ome up with a distribution of the form (6.14) for whi
h

P (X

3

= x

3

jX

4

= 1) 6= P (X

3

= x

3

jX

4

= 2).

The Bayesian Network Parameter Set A Bayesian network stru
ture G =

fPa

1

; : : : ; Pa

m�1

g represents the 
lass of all probability distributions P on variables

X

1

; : : : ; X

m

su
h that P (

~

X = ~x) 
an, for all ~x, be written as in (6.14). Consequently,

in the Bayesian network model 
lass indu
ed by a graph G, a single distribution P is

uniquely determined by �xing the values of the probabilities (6.14). We will there-

fore parameterize su
h a 
lass by using one parameter for ea
h of these probabilities.

The parameter 
orresponding to probability P (X

i

= x

i

jPa

i

= q

i

) will be indi
ated by

�

i

x

i

jq

i

. Hen
e for all 1 � i � m, all q

i

2 E

pa

i

and all x

i

2 E

i

:

P (X

i

= x

i

jPa

i

= q

i

) = �

i

x

i

jq

i

(6.15)

The parameter ve
tor 
onsisting of the values �

i

x

i

jq

i

for all x

i

2 E

i

and q

i

2 Pa

i

will be

denoted by �

i

(we assume the parameters �

i

x

i

jq

i

to be ordered in some �xed manner).

Summarizing:

De�nition 6.3 (Bayesian Network) A Bayesian network (�;G) 
onsists of a stru
-

ture G = fPa

1

; : : : ; Pa

m�1

g and a parameter ve
tor � = (�

1

; : : : ; �

m

). Here the �

i

are

themselves ve
tors with 
omponents �

i

x

i

jq

i

for all x

i

2 E

i

and q

i

2 Pa

i

. The Bayesian

network probability distribution P

�


orresponding to Bayesian network (�;G) is de�ned

su
h that for all ~x 2 E, all 1 � i � m, all q

i

2 E

pa

i

and all x

i

2 E

i

, Equations 6.14

and 6.15 hold.

De�nition 6.4 (Bayesian Network Model Class) The 
lass �

G

of parameter val-

ues for Bayesian networks with stru
ture G 
ontains exa
tly those � with, for all

1 � i � m and all q

i

2 E

pa

i

:

1. for all x

i

2 E

i

: �

i

x

i

jq

i

> 0

2.

P

x

i

2E

i

�

i

x

i

jq

i

= 1.

The 
lass of Bayesian networks with stru
ture G, denoted by M

G

, is given by M

G

=

fP

�

j� 2 �

G

g.
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In the following we assume an arbitrary but �xed stru
ture G and we 
onsider the


lass of probability distributions M

G

. Note that our de�nition ofM

G

ex
ludes points

at the boundaries of the parameter spa
e. Note further that, by (6.14) 
onditional

distributions of variables given values for their parent values are multinomial: X

i

jq

i

�

Multi(1; �

i

1jq

i

; : : : ; �

i

k

i

jq

i

).

In the sequel, we will sometimes use the notation P (�j�) to denote P

�

(�).

6.3.2 Parameter Priors for Bayesian Networks

The family of Diri
hlet distributions is 
onjugate (see e.g. [39℄ or [17℄) to the family of

multinomials: when a Diri
hlet density is used as a prior for the family of multinomials,

then the fun
tional form of the parameter distribution remains invariant in the prior-

to-posterior transformation. It is therefore 
onvenient to use prior distributions from

this family. Moreover, as we will see, all theoreti
ally motivated prior distributions

for Bayesian network model 
lasses that we 
onsider in our experiments in this and

the next 
hapter turn out to be Diri
hlet. We now give the de�nition of the Diri
hlet

distributions in terms of their densities (adapted from [17℄):

De�nition 6.5 Let �

1

; : : : ; �

k

be su
h that

P

k

i=1

�

i

= 1 and 0 � �

i

� 1 for all i. The

Diri
hlet density 
orresponding to hyperparameters (�

1

; : : : ; �

k

) is given by

P (�

1

; : : : ; �

k

j�

1

; : : : ; �

k

) = 
 �

k

Y

i=1

(�

i

)

(�

i

�1)

(6.16)

where 
 is a 
onstant needed for normalization. If �

1

; : : : ; �

k

are distributed a

ording

to (6.16), we write

(�

1

; : : : ; �

k

) � Di(�

1

; : : : ; �

k

)

For our Bayesian network distributions, we will assume that for ea
h 1 � i � m, for

ea
h q

i

2 E

pa

i

,

(�

i

1jq

i

; : : : ; �

i

k

i

jq

i

) � Di(�

i

1jq

i

; : : : ; �

i

k

i

jq

i

)

for some (�

i

1jq

i

; : : : ; �

i

k

i

jq

i

). We further assume that the parameter ve
tors (�

i

1jq

i

;

: : : ; �

i

k

i

jq

i

) are independent, so that the joint prior distribution of all the parameters �

be
omes

P (�) /

m

Y

i=1

Y

q

i

2E

pa

i

Y

x

i

2E

i

(�

i

x

i

jq

i

)

(�

i

x

i

jq

i

�1)

; (6.17)

whi
h is itself a Diri
hlet distribution.

Observe that the uniform prior is a Diri
hlet density. It is obtained when the

values of all hyperparameters �

i

x

i

jq

i

are set to 1, sin
e in that 
ase all the exponents

in 6.17 be
ome 0.
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6.3.3 Bayesian network familiesM

G

are exponential families

As explained in Se
tion 6.2.4, for model 
lasses that satisfy the regularity 
onditions

of Theorem 6.1, the Bayesian eviden
e (6.4) with the prior instantiated to Je�reys'

prior 
an serve as an approximation of sto
hasti
 
omplexity. The following theorem

demonstrates that Bayesian network model 
lasses M

G

satisfy these 
onditions:

Proposition 6.6 Let M

G

be the 
lass of probability distributions 
orresponding to an

arbitrary Bayesian network stru
ture G and let �

G

be the 
lass of asso
iated parameters.

Then (1) the 
lass M

G

is an exponential family of irredu
ible dimension k for some

k, and (2) there exists a bije
tion g : �

G

!M

G

su
h that P (~xj�) = g(�) as a fun
tion

of � is di�erentiable in�nitely often for all ~x 2 E at all � 2 �

G

.

Proof: To see that M

G

is an exponential family let a = jEj, order the elements of E

from 1 to a and, for 1 � i � a, let ~x

i

be the element in E 
orresponding to index i in

this ordering. Now write:

P (

~

X = ~xj�) =

1

Z(�)

exp(�

a

X

i=1

�

i

I(~x = ~x

i

)) (6.18)

where I is the indi
ator fun
tion (Chapter 3, page 51). Clearly, this distribution is of

the form (3.11) required for the exponential family (page 56). One easily 
he
ks that

ea
h model P 2 M

G


an be written in the form (6.18). One 
an show [82℄ that for

ea
h exponential family there exists some minimal k su
h that it 
an be written in the

form (3.11) with � = (�

1

; : : : ; �

k

). Hen
e M

G

must be irredu
ible for some k, whi
h

proves (1).

We now prove (2). The only part of (2) that is not immediate is the 
ondition that

g must map ea
h parameter ve
tor to a di�erent model. We prove this by showing

that for all parameter values �; �

0

2 � with � 6= �

0

we have P (�j�) 6= P (�j�

0

). By

renaming random variable X

i

to X

m�i+1

and renaming all the elements in Pa

i


or-

respondingly, we see that the following de�nition of a Bayesian network stru
ture is

equivalent to the one we gave in Se
tion 6.3.1: a Bayesian network stru
ture over a

set of m dis
rete random variables X

1

; : : :X

m

is de�ned by a set of parent variable

sets fPa

1

; : : : ; Pa

m

g where Pa

i

� fX

1

; : : : ; X

i�1

g. This alternative way of ordering

variables will be adopted in the proof.

Clearly, for 1 � l � m, the set G

l

= fPa

1

; : : : ; Pa

l

g forms a Bayesian network

stru
ture for the set of variables X

1

; : : : ; X

l

. For any set of parameter values � =

(�

1

; : : : ; �

m

) 2 � we let �


l

stand for the restri
tion of � to (�

1

; : : : ; �

l

)

Let �

l

be the set of parameters 
orresponding toM

G

l

. We now prove by indu
tion

on l that for 1 � l � m, for all �

1

; �

2

2 �

l

, P (�j�

1

) 6= P (�j�

2

), from whi
h our desired

result follows as a spe
ial 
ase. The base 
ase, l = 1, is immediate: if �


1

6= �

0




1

, then

for some x

1

2 E

1

, P (x

1

j�


1

) 6= P (x

1

j�

0




1

).

Now for the indu
tion step. Suppose for every �


l

and �

0




l

su
h that �


l

6= �

0




l

we

have P (x

1

; : : : ; x

l

j�


l

) 6= P (x

1

; : : : ; x

l

j�

0




l

) for at least one (x

1

; : : : ; x

l

) 2 E

1

� : : :�E

l

.

Now 
onsider any � and �

0

su
h that �


l+1

6= �

0




l+1

. For these � and �

0

we either (�rst


ase) have �


l

6= �

0




l

or (se
ond 
ase) �


l

= �

0




l

and �

l+1

6= (�

0

)

l+1

. In the �rst 
ase,
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suppose by means of 
ontradi
tion that

P (x

1

; : : : ; x

l+1

j�


l+1

) = P (x

1

; : : : ; x

l+1

j�

0




l+1

) for all x

1

; : : : ; x

l+1

(6.19)

It follows that for all x

1

; : : : ; x

l

P (x

1

; : : : ; x

l

j�


l

) =

X

x

l+1

P (x

1

; : : : ; x

l+1

j�


l+1

) = P (x

1

; : : : ; x

l

j�

0




l

)

where the se
ond equality follows from Equation (6.19). But this 
ontradi
ts our

indu
tion hypothesis.

In the se
ond 
ase, there must be a q

l+1

and an x

l+1

su
h that �

l+1

x

l+1

jq

l+1

6=

(�

0

)

l+1

x

l+1

jq

l+1

. There must also be an assignment X

1

= x

1

; : : : ; X

l

= x

l

su
h that

Pa

l+1

= q

l+1

. Consider the data ve
tor ~x = (x

1

; : : : ; x

l

; x

l+1

) for the x

1

; : : : ; x

l

and x

l+1

just de�ned. It is easy to see that P (~xj�


l+1

) = 
 � �

l+1

x

l+1

jq

l+1

while

P (~xj�

0




l+1

) = 
 � (�

0

)

l+1

x

l+1

jq

l+1

for the same 
onstant 
, so P (~xj�


l+1

) 6= P (~xj�

0




l+1

)

whi
h is what we had to prove. 2

6.4 Predi
tive Distributions for Bayesian Networks

In the previous se
tion we de�ned the model 
lass of Bayesian networks together with

the fun
tional form of the prior distributions we will use for this model 
lass. This

allows us to write the predi
tive distributions P

map

(6.3) and P

av

(6.5) more expli
itly,

as will be shown in the next two se
tions. The dire
t sto
hasti
 
omplexity predi
tive

distribution P

s


(6.8) is instantiated for the Bayesian network 
ase in Se
tion 6.4.3.

In order to determine the P

jef

predi
tive distribution (6.12), we show in Se
tion 6.4.4

how to 
ompute Je�reys' prior for Bayesian network model 
lasses.

6.4.1 The P

map

Predi
tive Distribution for Bayesian Networks

Let M

G

be a Bayesian network family for arbitrary network stru
ture G. We now

interpret the elements in M

G

as i.i.d. probabilisti
 models: P (�j�) 2 M

G

stands

for the hypothesis that the data are i.i.d., ea
h single observation being distributed

a

ording to P (�j�). We denote by X

1

; : : : ; X

m

the random variables in G, su
h that

(X

1

; : : : ; X

m

) takes on values in E = E

1

� : : :�E

m

. Let D = (~x

1

; : : : ; ~x

n

) 2 E

n

. We

denote by X

ji

the instan
e of random variable X

i

for the j-th out
ome. We denote

by Pa

ji

the instan
e of random variable Pa

i

for the j-th out
ome. Let x

i

2 E

i

and

let q

i

2 E

pa

i

. We will use indi
ator fun
tions (see Chapter 3, page 51) I(X

ji

= x

i

)

(abbreviated to I

j

(x

i

)) and I(Pa

ji

= q

i

) (abbreviated to I

j

(q

i

)):

I

j

(x

i

) =

(

1; if X

ji

= x

i

;

0; otherwise.

, and I

j

(q

i

) =

(

1; if Pa

ji

= q

i

;

0; otherwise.

(6.20)

For a test ve
tor ~x we simply omit the subs
ript j and write I(x

i

) and I(q

i

).
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As already noted in Se
tion 6.2.2, the MAP predi
tive distribution 
an be deter-

mined by 
omputing the likelihood of a test ve
tor ~x = (~u;~v):

P

map

(~x j D) = P (~x j

�

�(D)) =

m

Y

i=1

Y

q

i

2E

pa

i

Y

x

i

2E

i

(

�

�

i

x

i

jq

i

)

I(x

i

)I(q

i

)

; (6.21)

where I(x

i

) and I(q

i

) are indi
ator variables for the test ve
tor ~x and

�

�

i

x

i

jq

i

is the

MAP model given by (see, for example, [71℄)

�

�

i

x

i

jq

i

=

f

i

x

i

jq

i

+ �

i

x

i

jq

i

� 1

P

k

i

l=1

�

f

i

ljq

i

+ �

i

ljq

i

�

� k

i

;

Here �

i

x

i

jq

i

are the hyperparameters as de�ned in Se
tion 6.3.2 and f

i

x

i

jq

i

are the suÆ-


ient statisti
s of the training data D: f

i

x

i

jq

i

is the number of data instantiations where

random variable X

i

has taken on value x

i

and the parents of X

i

have 
on�guration q

i

:

f

i

x

i

jq

i

=

n

X

j=1

I

j

(x

i

)I

j

(q

i

)

With the uniform prior all the hyperparameters �

i

x

i

jq

i

are set to 1 (Se
tion 6.3.2), in

whi
h 
ase we get the standard maximum likelihood estimator,

^

�

i

x

i

jq

i

=

f

i

x

i

jq

i

P

k

i

l=1

f

i

ljq

i

:

6.4.2 The P

av

Predi
tive Distribution for Bayesian Networks

The eviden
e predi
tive distribution (6.5) is de�ned as an integral over the parame-

ter spa
e. As shown in [29, 71℄, with Bayesian networks this integral 
an be solved

analyti
ally, yielding

P

av

(~x j D) =

m

Y

i=1

Y

q

i

2E

pa

i

Y

x

i

2E

i

(

�

�

i

x

i

jq

i

)

I(x

i

)I(q

i

)

(6.22)

where

�

�

i

x

i

jq

i

=

f

i

x

i

jq

i

+ �

i

x

i

jq

i

P

k

i

l=1

�

f

i

ljq

i

+ �

i

ljq

i

�

:

From (6.22) we see that (perhaps somewhat surprisingly) similarly to the P

map

pre-

di
tive distribution 
ase, the resulting predi
tive distribution 
an be regarded as a

likelihood of the test ve
tor ~x

t

, but now taken at the mean of the posterior rather than

at the mode (maximum).
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6.4.3 The P

s


Predi
tive Distribution for Bayesian Networks

The sto
hasti
 
omplexity predi
tive distribution is proportional to the likelihood of

the 
ombined data set D

+

= D [ ~x at the maximum likelihood point:

P

s


(~x j D) / P (D

+

j

^

�(D

+

)) =

m

Y

i=1

Y

q

i

2E

pa

i

Y

x

i

2E

i

(

^

�

i

x

i

jq

i

)

(f

i

x

i

jq

i

)

+

;

where

^

�

i

x

i

jq

i

=

(f

i

x

i

jq

i

)

+

P

k

i

l=1

(f

i

ljq

i

)

+

;

and (f

i

ljq

i

)

+

are the suÆ
ient statisti
s ofD

+

. Consequently, the predi
tive distribution


an also in this 
ase be regarded as a likelihood of the test ve
tor ~x, but the maximum

likelihood estimator is now 
omputed from the extended data set, 
onsisting of the

original data set together with the test ve
tor itself.

6.4.4 The P

jef

Predi
tive Distribution for Bayesian Networks

As 
an be seen from (6.9), Je�reys' prior is proportional to the square root of the

determinant of the Fisher information matrix I(�). We pro
eed to 
ompute this matrix.

Observe that, for a Bayesian network distribution P (�j�) 2 M

G

, the log-likelihood of

a single data ve
tor ~x 
an be written as

logP (~x j �) =

m

X

i=1

X

q

i

2E

pa

i

I(q

i

)

 

k

i

�1

X

x

i

=1

�

I(x

i

) log �

i

x

i

jq

i

�

+ I(k

i

) log �

i

k

i

jq

i

!

: (6.23)

where I(q

i

) and I(x

i

) are de�ned as in (6.20).

Let us 
onsider the element (�

i

1

l

1

jq

i

1

; �

i

2

l

2

jq

i

2

) of the se
ond derivative (Hessian) matrix

of (6.23). If either the variable indi
es i

1

; i

2

or the parent 
on�gurations q

i

1

; q

i

2

are

di�erent, then 
learly the se
ond derivative is zero, and thus also the 
orresponding

element of the information matrix is zero. It follows that the only non-zero elements

of the information matrix are in sub-matri
es where both parameters in question have

the same variable and 
on�guration index. Consider one of these sub-matri
es I

i

q

i

(�),

where i is the variable index and q

i

the parent 
on�guration. After some simple 
al
ulus

we get

�

�

2

logP (~x j �)

��

i

l

1

jq

i

��

i

l

2

jq

i

=

8

>

>

<

>

>

:

I(q

i

)I(k

i

)

(�

i

k

i

jq

i

)

2

; if l

1

6= l

2

;

I(q

i

)I(l

i

)

(�

i

l

i

jq

i

)

2

+

I(q

i

)I(k

i

)

(�

i

k

i

jq

i

)

2

; if l

1

= l

2

:

(6.24)

The elements of the Fisher information matrix are now the expe
tations of (6.24) over
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the set of all possible data ve
tors ~x 2 E. For the 
ase where l

1

6= l

2

we get

E

�

"

��

2

logP (~x j �)

��

i

l

1

jq

i

��

i

l

2

jq

i

#

=

X

~x2E

P (~x j �)

I(q

i

)I(k

i

)

(�

i

k

i

jq

i

)

2

= (6.25)

=

P (Pa

i

= q

i

; X

i

= k

i

j �)

(�

i

k

i

jq

i

)

2

=

P (Pa

i

= q

i

j �)

�

i

k

i

jq

i

: (6.26)

Similarly, with l

1

= l

2

we get

E

�

"

��

2

logP (~x j �)

�(�

i

ljq

i

)

2

#

=

P (Pa

i

= q

i

j �)

�

i

ljq

i

+

P (Pa

i

= q

i

j �)

�

i

k

i

jq

i

: (6.27)

whi
h gives the (k

i

� 1)� (k

i

� 1) sub-matrix I

i

q

i

(�) of the Fisher information matrix:

I

i

q

i

(�) =

0

B

B

B

B

B

B

B

�

(

P

i

q

i

�

i

1jq

i

+

P

i

q

i

�

i

k

i

jq

i

) (

P

i

q

i

�

i

k

i

jq

i

) � � � (

P

i

q

i

�

i

k

i

jq

i

)

(

P

i

q

i

�

i

k

i

jq

i

) (

P

i

q

i

�

i

2jq

i

+

P

i

q

i

�

i

k

i

jq

i

) � � � (

P

i

q

i

�

i

k

i

jq

i

)

.

.

.

.

.

.

.

.

.

.

.

.

(

P

i

q

i

�

i

k

i

jq

i

) (

P

i

q

i

�

i

k

i

jq

i

) � � � (

P

i

q

i

�

i

k

i

�1jq

i

+

P

i

q

i

�

i

k

i

jq

i

)

1

C

C

C

C

C

C

C

A

; (6.28)

where P

i

q

i

= P (Pa

i

= q

i

j�). One 
an show by performing a sequen
e of Gaussian

elimination steps on this matrix (see [18℄) that its determinant is given by

jI

i

q

i

(�)j =

(P

i

q

i

)

k

i

�1

Q

l2E

i

�

i

ljq

i

: (6.29)

The whole Fisher information matrix I (�) is a blo
k diagonal matrix, where the blo
ks

are the sub-matri
es I

i

q

i

(�). The determinant of a blo
k diagonal matrix is the produ
t

of the determinants of the blo
ks, and thus

jI (�)j =

m

Y

i=1

Y

q

i

2E

pa

i

(P

i

q

i

)

k

i

�1

Q

l2E

i

�

i

ljq

i

: (6.30)

Finally, as noted in Se
tion 6.2.4, �(�) /

p

jI(�)j, so we get

�(�) /

m

Y

i=1

Y

q

i

2E

pa

i

(P

i

q

i

)

k

i

�1

2

Y

l2E

i

(�

i

ljq

i

)

�

1

2

/

m

Y

i=1

Y

q

i

2E

pa

i

(P

i

q

i

)

k

i

�1

2

Y

l2E

i

(�

i

ljq

i

)

�

1

2

: (6.31)

Computing Je�reys' prior as formulated above requires 
omputing for ea
h variable

the marginal distribution of its parents. Unfortunately, for multi-
onne
ted Bayesian

networks, this problem is NP-hard [28℄. In the experiments reported in Se
tion 6.5,

we used a simple tree-stru
tured Bayesian network, in whi
h 
ase Je�reys' prior is of

a proper 
onjugate (Diri
hlet) form, and it 
an be 
omputed eÆ
iently.
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X6

X X2 X3 X X1 4 5

Figure 6.2: An example Naive Bayes stru
ture. In this 
ase, m = 6 and the feature

variables are X

1

; : : : ; X

5

. Given the value of X

6

(the 
lass value), the feature variables

be
ome independent.

6.5 Empiri
al Results

6.5.1 Experimental Setup

In our experiments, we 
on
entrated on the standard 
lassi�
ation problem, where the

task is to predi
t the value of the single 
lassi�
ation variable X

m

, given the values of

all the other variables. As explained in Se
tion 6.2.1, this is a
hieved by 
omputing

probabilities of the form P(x

m

j x

1

; : : : ; x

m�1

; D).

We used as our model 
lass the 
lass of Naive Bayes 
lassi�ers [42℄. In a Naive

Bayes model the 
lamped variables X

1

; : : : ; X

m�1

are assumed to be independent,

given the value of variable X

m

. Consequently, we 
an regard the Naive Bayes model

as a simple tree-stru
tured Bayesian network, where variable X

m

forms the root of

the tree, and variables X

1

; : : : ; X

m�1

are represented by the leaves. Figure 6.2 gives

an example of a Naive Bayes stru
ture. An informal introdu
tion to the Naive Bayes

model 
lass was given on page 125.

De�nition 6.7 (Naive Bayes) Let E = E

1

� � � � � E

m

. Let for 1 � i � m �

1, Pa

i

= fX

m

g and let G = fPa

1

; : : : ; Pa

m�1

g. The Naive Bayes model 
lass for

feature variables X

1

; : : : ; X

m�1

and 
lass variable X

m

is the 
lass of Bayesian network

distributions with stru
ture G.

LetM

nb

be the 
lass of Naive Bayes models over m� 1 feature variables and K = k

m

di�erent 
lass values. In this 
ase the Je�reys' prior formula (6.31) redu
es to (writing

�

m

k

as short for �

m

kj1

= P (X

m

= kj�)):

�(�) /

K

Y

k=1

(�

m

k

)

�

1

2

m�1

Y

i=1

K

Y

k

0

=1

(�

m

k

0

)

k

i

�1

2

Y

l2E

i

(�

i

ljk

0

)

�

1

2

=

K

Y

k=1

(�

m

k

)

1

2

(

P

m�1

i=1

(k

i

�1)�1)

m�1

Y

i=1

K

Y

k

0

=1

Y

l2E

i

(�

i

ljk

0

)

�

1

2

; (6.32)

whi
h by De�nition 6.5 
an be seen to be a Diri
hlet density.

For our experiments with the Naive Bayes 
lassi�er, eight publi
 domain 
lassi�
a-

tion data sets of varying size were used (the data sets 
an be obtained from the UCI
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data repository

2

). Table 6.1 des
ribes the size (n), the number of attributes (m), and

the number of 
lasses (K) for ea
h of these data sets. All 
ontinuous attributes were

dis
retized. To get an idea of how su
h a data set looks like we refer ba
k to page 125

where the `heart disease' set was dis
ussed in some detail.

Dataset Data ve
tors Attributes Classes CV folds

Heart Disease (HD) 270 14 2 9

Iris (IR) 150 5 3 5

Lymphography (LY) 148 19 4 5

Australian (AU) 690 15 2 10

Breast Can
er (BC) 286 10 2 11

Diabetes (DB) 768 9 2 12

Glass (GL) 214 10 6 7

Hepatitis (HE) 150 20 2 5

Table 6.1: The datasets used in the experiments

For 
omparing the predi
tive a

ura
y of di�erent predi
tive distributions, we used

two di�erent s
ore fun
tions: the log-s
ore and the 0/1-s
ore. The log-s
ore of a

predi
tive distribution P(�j~u;D) when the a
tual out
ome is X

m

= k, is de�ned as

� logP(X

m

= kj~u;D). It thus 
oin
ides with the logarithmi
 loss; see Chapter 2,

page 44 for several interpretations of this loss fun
tion.

For the 0/1-s
ore, we simply �rst determine the k for whi
h the probability P(X

m

=

kj~u;D) is maximized, and the 0/1-s
ore is then de�ned to be 1, if the a
tual out
ome

indeed was k, otherwise it is de�ned to be 0.

Two separate sets of experiments were performed on ea
h data set by using the

following predi
tive inferen
e methods with the Naive Bayes model
lass:

� ML: The P

map

predi
tive distribution (6.3) with uniform prior (equivalent to the

predi
tive distribution with the maximum likelihood model).

� EV: The P

av

predi
tive distribution (6.5) with uniform prior.

� SC: The P

s


predi
tive distribution (6.8).

� EJ: The P

jef

predi
tive distribution (6.12), whi
h 
oin
ides with the P

av

distri-

bution (6.5) with Je�reys' prior (6.32).

Note that all these predi
tive distributions are `
onsistent' [164℄ in the following sense:

in the hypotheti
al situation in whi
h the data are truly generated by repeated sam-

pling from a Naive Bayes model �

�

, then as D gets larger all four predi
tive distribu-

tions P(�jD) will 
onverge, with probability 1, to P (�j�

�

). For the ML approa
h, this

follows from the 
onsisten
y of maximum likelihood estimators for exponential families

(re
all that Naive Bayes is an exponential family); see [164℄. For the SC approa
h, we

see from (6.8) and (6.7) that P

s


(�jD) 
onverges to P (�j

^

�(D)) as the size of D in
reases.

2

\http://www.i
s.u
i.edu/�mlearn/".
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Consisten
y of the EJ and EV approa
h 
an be seen to follow from the 
onsisten
y

of the ML approa
h: 
ompare the expli
it formula for the ML predi
tive distribution

P

map

(� j D) (Equation 6.21) with that of the EJ and EV approa
hes P

av

(� j D) (Equa-

tion 6.22) and observe that the estimates of the single parameters

�

�

i

x

i

jq

i

and

�

�

i

x

i

jq

i

o

urring in these equations 
onverge to the same value for in
reasing sample size.

We see that for very large samples all predi
tive distributions 
onsidered here are

optimal in the sense that they are `
onsistent'. Interesting di�eren
es will therefore

only o

ur for samples of limited size. In that 
ase, all four distributions have properties

whi
h make them an interesting 
hoi
e to base predi
tions on: ML sin
e it embodies the

standard method of 
lassi
al, `Fisherian' statisti
s [48℄; EV sin
e the uniform prior is

more or less the standard way of using the Bayesian eviden
e in dis
rete domains when

there is no prior knowledge; SC sin
e it is based on minimizing worst-
ase logarithmi


loss; and EJ on the one hand sin
e it is also based on minimizing worst-
ase logarithmi


loss but is not dependent on knowledge of the sample size; and on the other hand

be
ause, a

ording to some Bayesians, Je�reys' prior, rather than the uniform one, is

the sole prior expressing `no prior knowledge' [17℄.

In the �rst set of experiments (Se
tion 6.5.2) we measured the 
rossvalidated pre-

di
tion performan
e by using the two s
ore fun
tions des
ribed above for training

sets 
ontaining a substantial amount of data. In our se
ond set of experiments (Se
-

tion 6.5.3), we studied how the predi
tion quality of our various approa
hes depends

on the size of the training set D.

6.5.2 Crossvalidation Results

In the ma
hine learning literature, 
ross-validation has be
ome a standard means of

testing an algorithm's predi
tion and 
lassi�
ation performan
e; here we brie
y explain

how k-fold 
ross-validation works; for more details about the pro
edure we refer to [22℄.

The k-fold 
ross-validation pro
edure for a sample D of size n starts by (randomly)

partitioning D into k sets D

1

; : : : ; D

k

of size (as 
lose as possible to) n=k. These sets

are 
alled the folds. The idea is now to use the data in the union of k � 1 of these

sets as training data and to use the data in the remaining set as test data. We a
hieve

this by setting i := 1 and determining the predi
tive distribution P(~xjD nD

i

) where

D nD

i

stands for the training sample D with the subsample D

i

removed. We use this

distribution to predi
t all items in D

i

and we denote by s
ore(D

i

) the a

umulated

s
ore obtained in these predi
tions. For example, in 
ase of the log-s
ore, let D

i

=

(~x

1

; : : : ; ~x

n

i

). Then s
ore(D

i

) := loss

lg

(D

i

) = �

P

1�j�n

i

logP(~x

j

jD n D

i

) . We

repeat this pro
edure to determine s
ore(D

i

) for all 1 � i � k. We then divide

ea
h s
ore s
ore(D

i

) by the number of items in D

i

to obtain the average s
ore for

test-set D

i

. Finally, we add the k average test-set s
ores and divide by k to obtain the


ross-validated predi
tion s
ore.

In our experiments, we initially used with ea
h of the datasets the same number of

folds as in the major experimental 
omparison performed in the Statlog proje
t [111℄

(the number of folds used in ea
h 
ase 
an be found in Table 6.1). It should be noted

though that although the result of one 
rossvalidation run is an average of n numbers,

where n is the number of folds used, the result depends of 
ourse on how the n folds

are sele
ted from the sample data. To see how mu
h the results vary with di�erent
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fold partitionings, we performed 100 independent 
rossvalidation runs where the data

was randomly partitioned into n folds, and 
omputed the minimum, the average, and

the maximum of the 
rossvalidated predi
tion a

ura
ies obtained. As 
an be seen in

Figures 6.3 (in the log-s
ore 
ase) and 6.4 (in the 0/1-s
ore 
ase), the 
rossvalidation

results 
an vary quite a lot depending on the spe
i�
 fold partitioning used.

Though the di�eren
es in 
rossvalidation results between di�erent predi
tion meth-

ods are small, we see that for the log-s
ore, eviden
e with uniform prior performs 
on-

sistently better than the other methods, followed very 
losely by the eviden
e with

Je�reys' prior. The ML approa
h produ
es the worst results. For the 0/1-s
ore, the

pi
ture is not as 
lear-
ut. It should be noted that in this 
ase the ML approa
h

produ
es the best results with two of the data sets (GL and HE). A partial explana-

tion for this fa
t may be that for the mu
h 
oarser 0/1-s
ore, it is in many 
ases not

important exa
tly what probability we atta
h to a 
lass value being k; all probability

distributions over the 
lass values for whi
h k gets the maximum probability will lead

to the same predi
tion. Thus it 
an very well happen that, while the ML predi
tion


aptures less well the regularities underlying the data (and hen
e performs worse with

respe
t to log-s
ore), it still 
aptures them well enough to give maximum probability

to the 
lass value that should a
tually re
eive maximum probability.

In addition to 
omparison purposes between the di�erent predi
tive distributions,

the results in Figures 6.3 and 6.4 are interesting as they show surprisingly good perfor-

man
e of the Naive Bayes model when 
ompared to the results reported in the ma
hine

learning literature. This highly 
ompetitive behaviour of `Naive' Bayes has been noted

before by several authors [50, 90℄.

The high varian
e of the results obtained indi
ate that one single n-fold 
rossvalida-

tion run 
annot be used as a reliable measure for 
omparing various predi
tive inferen
e

methods, unless the same spe
i�
 fold partitioning is used in all 
ases. If, however, a

number of independent runs is performed, then some statisti
al measure, su
h as the

average, 
an be used for this purpose. Alternatively, the leave-one-out results

3

seem

to follow the behavior of the averaged 
rossvalidation results quite a

urately. For this

reason, we de
ided to restri
t ourselves to leave-one-out 
rossvalidation in the next

se
tion.

6.5.3 Results with Varying Amount of Training Data

To see how the predi
tion quality of our various approa
hes depends on the size of

the training set D, we performed a set of experiments using only small fra
tions of

the available training data. In these experiments, leave-one-out 
rossvalidation was

used, but at ea
h step, only the k �rst ve
tors from the training set were used in order

to predi
t the single test ve
tor that was \left out", and this pro
edure was repeated

for k = 1; : : : ; n � 1. As this setup is dependent on the ordering of the data ve
tors,

the whole leave-one-out 
rossvalidation 
y
le was then repeated 100 times with 100

randomly generated permutations of the dataset. The averaged (over the 100 leave-

one-out 
rossvalidation runs) results are plotted as a fun
tion of k in Figures 6.5{6.8

3

`leave-one-out 
rossvalidation' over a data set of n observations is de�ned as n-fold 
rossvalidation

over this data set.
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Figure 6.3: The minimum (lower end of the bla
k line), the average (grey bar), and the

maximum (upper end of the bla
k line) of the 
rossvalidated log-s
ore (= predi
tion

error with logarithmi
 loss fun
tion) obtained by 100 independent 
rossvalidation runs.

The 
orresponding leave-one-out 
rossvalidation results are marked with small 
ir
les.

The y-axis represents the log-s
ore, so the smaller the s
ore, the better. The predi
tion

methods used are ML (denoted here by M), EV (E), EJ (J), and SC (S).
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Figure 6.4: The minimum (lower end of the bla
k line), the average (grey bar), and the

maximum (upper end of the bla
k line) of the 
rossvalidated 0/1-s
ores obtained by

100 independent 
rossvalidation runs. The 
orresponding leave-one-out 
rossvalidation

results are marked with small 
ir
les. In this pi
ture higher s
ore is better. The

predi
tion methods used are ML (denoted here by M), EV (E), EJ (J), and SC (S).
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for the eight datasets used. These statisti
s of the behavior of di�erent predi
tive

distributions as a fun
tion of in
reasing amount of training data should now give us

some idea as to the typi
al behavior of our predi
tion methods. For small sample

sizes, the ML method will sometimes yield in�nitely bad log-s
ore. In order to prevent

s
aling problems when presenting the results graphi
ally, the pr-s
ore (the probability

of the 
orre
t 
lass, instead of its logarithm) was used in these tests as the alternative

s
ore for the 0/1-s
ore, and not the log-s
ore.

All in all, the results with all the eight data sets used show very similar behavior:

the eviden
e-based EV and EJ approa
hes perform surprisingly well even in 
ases

where the training data 
onsists of only a few data ve
tors, whi
h shows that the data

sets used here are quite redundant, and when properly used, only a very small sample

of these data sets is needed for 
onstru
ting good models.

We now analyze three further interesting aspe
ts of the results.

ML vs. the Rest It is a well-known fa
t that, for small sample sizes, the ML

predi
tor is too dependent on the observed data and does not take into a

ount that

future data may turn out to be di�erent. Our results support this observation and

show that 
ompared to the other methods, the ML predi
tive distribution appears

to be mu
h more sensitive to the amount of data available. This phenomenon 
an be

explained by the fa
t that the EV and EJ approa
hes are more 
onservative methods as

they base their predi
tions on averaging over all the parameter values, while ML makes

more \eager" predi
tions based on the single maximum likelihood estimator. Let us


onsider a very simple example to illustrate this point. Suppose our data 
onsists of a

string of ones and zeros generated by some i.i.d. Bernoulli-pro
ess p = P (X = 1). If

we have seen an initial string 
onsisting of one `1', and no zeros, then the ML predi
tor

will determine that the probability of the se
ond symbol being a '1' is unity. However,

using the EV predi
tion, this probability is

2

3

. If the next data item turns out to be a

'0', then the log-s
ore of the ML (ML) predi
tor will be �1 while that of the EV will

be log 2 � log 3. The behavior of the SC and EJ methods lies somewhere in between

that of ML and EV. In our Bernoulli example, the probability of the se
ond symbol

being a '1' would be

3

4

for EJ and

4

5

for SC.

EJ vs. SC We see in the �gures that for small sample sizes, EJ usually performs

somewhat better than SC. Though this may have something to do with the fa
t that

SC is not based on a probabilisti
 model (Se
tion 6.2.4), we 
onje
ture there is another

reason: P

s


as we use it here is de�ned so that the method would give a maximally

high probability for full unseen ve
tors (x

1

; : : : ; x

m

), but the methods were tested

in the restri
ted 
ase, where only one variable (the 
lass variable x

m

) was a
tually

predi
ted. The optimization of the SC method for the supervised 
lassi�
ation 
ase

would require the use of a 
onditional maximum likelihood estimator of data D instead

of the un
onditional ML estimator used in equations 6.7 and 6.8. Using the notation

of Se
tion 6.2, this is the model � in model 
lass M that maximizes the 
onditional

probability P (~v

1

; : : : ; ~v

n

j~u

1

; ~u

n

; �). In other words, it is the model maximizing the

probability of the sequen
e that is to be predi
ted 
onditioned on the sequen
e that is

given. Apparently the eviden
e-based predi
tions are not so sensitive to exa
tly what
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kind of predi
tive performan
e is being optimized. We have no proof of this; it is

strongly suggested though by some additional experiments we performed but do not

present here. In general, the non-asymptoti
 di�eren
e between EJ and SC seems an

interesting topi
 for further resear
h.

EV vs. EJ and SC Predi
tions based on EV usually give slightly better results

than predi
tions based on EJ. This may be due to the fa
t that � logP

jef

(D) ap-

proximates the sto
hasti
 
omplexity (Equation 2.7, page 2.7) and as su
h optimizes

worst-
ase regret: whatever the data D is, � logP

jef

(D) will be about equally 
lose

to � logP (Dj

^

�(D)), the best-�tting model in the 
lass for D. For the model 
lass of

Bernoulli pro
esses, Rissanen [129℄ showed that this leads to a 
onsiderable gain (in

the sense of smaller number of bits needed to 
ode the data and hen
e better pre-

di
tions in the log-s
ore sense) over P

av

with the uniform prior for highly `skewed'

data sets. These are data sets for whi
h the ML estimator lies near the boundary of

the parameter spa
e M. The pri
e to pay is that for all other, more `average' data

sets, using P

jef

leads to a slightly larger 
ode length than using P

av

with the uniform

prior. We 
onje
ture that something similar is happening in our experiments in that

the datasets are just not `skewed' enough for EVP to outperform EV.

6.6 Con
lusion

We have des
ribed how to obtain four di�erent predi
tive distributions, one based

on the Bayesian MAP estimator, one based on the Bayesian eviden
e distribution,

one based on a dire
t but possibly non-optimal appli
ation of sto
hasti
 
omplexity

and one based on a version of sto
hasti
 
omplexity that 
oin
ides with the eviden
e

distribution using Je�reys' prior. We have shown how to 
ompute these predi
tive

distributions for the model 
lass of Bayesian networks.

In the experimental part of the 
hapter, the predi
tive a

ura
y of the ML pre-

di
tive distribution (the MAP predi
tive distribution with uniform prior distribution),

the eviden
e predi
tive distribution (with both uniform and Je�reys' prior), and the

sto
hasti
 
omplexity distribution was evaluated empiri
ally by using publi
ly avail-

able 
lassi�
ation data sets. For 
omputational reasons, the spe
i�
 model used in the

tests was the stru
turally simple Naive Bayes model. In the experiments performed,

in the 0/1-s
ore 
ase with substantial training data there was no 
lear winner. In the

other three 
ases (0/1-s
ore 
ase with small amount of training data and log-s
ore 
ase

with either substantial or small amount of data), the eviden
e-based predi
tive dis-

tributions outperformed the other methods. The e�e
t of using either the uniform or

Je�reys' prior was extremely small, but fairly 
onsistent in that it o

urred in nearly

every experiment we performed: the best results were obtained by using the uniform

prior. One reason for the eviden
e predi
tive distribution performing just a little bit

worse with Je�reys' prior may be 
aused by the fa
t that Je�reys' prior is in a sense

a \worst-
ase" prior as we indi
ated in the last se
tion.

The results with de
reasing amount of training data show that the eviden
e-based

approa
hes predi
t surprisingly well even with small training sets. The behavior of

the SC method usually 
onverges 
lose to that of the EJ method as the training set
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size in
reases. As indi
ated in the last se
tion, the somewhat worse results with small

training sets may be explained by the fa
t that the SC predi
tive distribution was

de�ned so that the method would give a maximally high probability for full unseen

ve
tors, but the methods were tested in the restri
ted 
ase, where only one variable

(the 
lass variable) was a
tually predi
ted.

As a �nal remark we repeat that the a
tual 
lassi�
ation a

ura
ies obtained with

the Naive Bayes model are surprisingly high, when 
ompared to the results obtained

by alternative models. This has a
tually been noted before by several authors (see

for example [90, 50℄); the results reported here strengthen these previous 
on
lusions

in that they indi
ate that, when the eviden
e predi
tive distribution based on Naive

Bayes is used, very good performan
e may already be a
hieved for quite small sample

sizes. This suggests that in many natural domains, using the Naive Bayes model may

not be so naive after all.
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Chapter 7

MML vs. MDL

7.1 Introdu
tion

In this 
hapter we 
ompare MDL to the 
losely related Minimum Message Length

(MML) prin
iple. MML was introdu
ed by Walla
e and Boulton in 1968 [161℄, nine

years before Rissanen independently introdu
ed the MDL Prin
iple [126℄. Like MDL,

MML is based on the idea that the more we are able to 
ompress a given set of data,

the more we have learned from that set of data. Nevertheless, as dis
ussed in [15℄, there

are subtle di�eren
es between these two approa
hes in both the underlying philosophy

and the proposed formal 
riteria.

Re
ently [129℄, Rissanen has re�ned his MDL approa
h to in
orporate e�e
ts on

the des
ription length of the data that are due to lo
al geometri
al properties of the

hypothesis spa
e. Walla
e and Freeman (WF) already took these properties into a
-


ount earlier, in their 1987 paper [162℄ on MML estimation. It has been informally


laimed by several people at several 
onferen
es that a large part of Rissanen's 1996

work is already impli
it in WF's 1987 paper. In this 
hapter we investigate this 
laim,

and show that it does not hold: though super�
ially similar, the re�nement of MDL

proposed in [129℄ is quite di�erent from the MML approa
h proposed in [162℄. The

di�eren
e is even quite dramati
 in the sense that in the MDL approa
h the likelihood

of the data, given a model �, is multiplied by a fa
tor 
orre
ting for the lo
al stru
ture

of the model spa
e near �, while in the MML approa
h it is divided by the very same

fa
tor. Trying to a

ount for this di�eren
e, we dis
overed an oversight in Walla
e and

Freeman's 1987 derivation of MML estimators. Based on our analysis, we present two

revised versions of MML: a pointwise estimator whi
h gives the MML-optimal single

parameter model, and a volumewise estimator whi
h gives the MML-optimal region in

the parameter spa
e. Of these estimators, the pointwise MML estimator turns out to


oin
ide with the standard Bayesian MAP estimator, at least if a uniform `subje
tive'

prior is used. The volumewise MML estimator is found to be related to Rissanen's

MDL estimator.

Our theoreti
al analysis indi
ates that both the revised MML estimators and the

MDL approa
hes should lead to better predi
tive performan
e than the original MML

159
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estimator. However, these results (1) are asymptoti
 in nature (2) are stri
tly speaking

only valid if the uniform prior is used as the subje
tive prior and (3) they are based on

a worst-
ase analysis whi
h may not ne
essarily be optimal for pra
ti
al purposes. For

these reasons it is not a priori 
lear what will happen in pra
ti
al settings with small

sample sizes. Therefore we studied this question empiri
ally. The results suggest that

with small data sets, the MDL approa
h yields more a

urate predi
tions than both

the MML estimators. The empiri
al results also demonstrate that the revised versions

introdu
ed here indeed perform better than the original Walla
e and Freeman MML

estimator.

We would like to emphasize at the outset that we do not 
laim that there is anything

wrong with the MML prin
iple per se: the problem we dis
overed 
on
erns only what

WF 
all `MML estimators', whi
h are an approximation of the theoreti
ally optimal

(but usually not eÆ
iently 
omputable) `stri
t' MML estimators. Our results do not

say anything about either the stri
t MML estimators or the MML prin
iple in general.

7.1.1 Stru
ture of this Chapter

Se
tion 7.2 reviews the MML prin
iple and dis
usses some di�eren
es and similarities

between MML and MDL. Se
tions 7.3-7.5 
ontain our theoreti
al work. In Se
tion 7.3,

we review in detail how the MML estimators were derived in [162℄, and point out

the oversight in the derivation. Based on this analysis, we present our two `revised'

versions of MML. In Se
tion 7.4, we 
ompare both the original and the revised MML

estimators to Rissanen's re
ent [129℄ re�nement of MDL.

In Se
tion 7.5 we dis
uss how to 
onstru
t di�erent predi
tive distributions based

on the MML and MDL estimators 
onsidered. In Se
tion 7.6 we 
ompare their per-

forman
e on several real-world datasets. The empiri
al results obtained demonstrate

di�eren
es in performan
e that are 
onsistent with the theoreti
al analysis.

7.2 The MML Prin
iple

7.2.1 De�nitions

We assume throughout this 
hapter that all data is re
orded to a �nite a

ura
y,

whi
h implies that the set E of all possible data values is 
ountable. Let the model


lass M = fP (�j�) j � 2 �g be �nitely parameterized (Chapter 2, De�nition 2.7) by

� where � is a bounded region of R

k

and k is a positive integer. For simpli
ity we

assume that M 
onsists only of i.i.d. probabilisti
 models.

Two-part Codes

Re
all that a two-part des
ription method (Chapter 1, page 17) 
onsists of a 
ode

C

1

for parameter values (`hypotheses') and a set of 
odes C

2

(�j�) for en
oding data

sequen
es with the help of those parameter values. Sin
e the set of parameter values

� is un
ountable, the 
ode C

1


annot have 
odewords for all of them; rather, C

1

will

be a fun
tion C

1

:

�

�! B

�

where

�

� is some 
ountable subset of �.



7.3. MML ESTIMATORS 161

A data sequen
e x

n


an be en
oded in two steps by �rst en
oding a parameter

value

�

� 2

�

�, and then en
oding x

n

by the 
ode C

2

(�j

�

�). The number of bits needed to

en
ode data x

n

on the basis of model

�

� then be
omes:

L

1;2

(x

n

;

�

�) = L

C

2

(x

n

j

�

�) + L

C

1

(

�

�) = � logP (x

n

j

�

�) + L

C

1

(

�

�) (7.1)

7.2.2 The Minimum Message Length (MML) Prin
iple

The basi
 idea behind MML modeling is to �nd a two-part 
oding system and an

asso
iated estimator minimizing the expe
ted message length (number of bits needed

to en
ode the data), where the expe
tation is taken over the Bayesian marginal dis-

tribution P

av

(�jM) =

R

�2�

P (x

n

j�)w(�)d� (see Chapter 2, Se
tion 2.8). Hen
e every

MML analysis depends on a prior distribution w over the set of parameter values �.

This prior is interpreted in a subje
tive Bayesian manner: it is taken to represent the

prior knowledge one has about the parameter values [162℄.

MML thus seeks to �nd, for ea
h n, the 
ombination of (i) the subset

�

� of �, (ii)

the 
ode C

1

and (iii) the estimator

�

� : E

n

!

�

� minimizing the sum

X

x

n

2E

n

P

av

(x

n

)[� logP (x

n

j

�

�(x

n

)) + L

C

1

(

�

�(x

n

))℄: (7.2)

The estimator

�

� that is optimal in the above sense is 
alled the stri
t MML (SMML)

estimator [162℄. In pra
ti
e, it is very hard to �nd this SMML estimator. For this

reason, Walla
e and Freeman (WF) propose an approximation to the SMML estimator

whi
h they simply 
all the MML estimator. The derivation of the WF MML estimator


an be found in Se
tion 7.3.

7.2.3 Di�eren
es between MML and MDL

A 
ru
ial di�eren
e between the MDL and MML prin
iples is that the latter is based

on �nding a 
ode minimizing expe
ted 
ode lengths, while the former is based on

�nding a 
ode that yields short 
ode lengths for all datasets that are well-modeled by

M. Another important di�eren
e is that the goal of the MML approa
h is to �nd an

eÆ
ient 
ode together with the asso
iated estimator, while MDL is not, in general,


on
erned with estimators. What is more, the MML approa
h uses for this purpose

always two-part 
odes; for MDL there are several options, of whi
h the two-part 
ode

MDL is only one spe
ial 
ase.

It should also be noted that while MML is Bayesian in the sense that the approa
h

is dependent on a subje
tive prior provided by an external observer, the MDL prin
iple

does not depend on any spe
i�
 prior distribution. To be sure, priors do arise in MDL

modeling, but they are merely used as te
hni
al tools and not as representing prior

knowledge about the problem at hand.

7.3 MML Estimators

The stri
t MML estimator is usually very diÆ
ult to �nd, but there are several ways

for 
onstru
ting an MML estimator approximating SMML. In Se
tion 7.3.1 we present
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the approximating estimator suggested by Walla
e and Freeman in [162℄ whi
h they

simply 
all the `MML estimator'. We will refer to it as the WF MML estimator of the

WF estimator for short. Our 
ritique towards the WF estimator 
on
erns the 
ode for

en
oding the parameter values, whi
h is suboptimal. In Se
tion 7.3.2 we present an

alternative 
ode that is optimal under worst-
ase assumptions. We show how using this


ode leads to a revised pointwise MML estimator. In Se
tion 7.3.3 we go on to show

that, using the revised MML estimator and looking at large sample sizes, the optimal

MML region in the parameter spa
e does not ne
essarily 
ontain the single optimal

revised MML estimator. Basing MML estimators on the optimal region in parameter

spa
e turns out to be 
losely related to Rissanen's 1996 formulation of MDL. Se
tion 7.4

reviews this work and summarizes the di�eren
es between the WF MML estimator,

the revised MML estimator, the region-based MML estimator and the re
ent form of

MDL. The reader who only wants to get a qui
k look at the essential di�eren
es may

wish to skip the remainder of this se
tion and turn to Se
tion 7.4 immediately.

7.3.1 The Walla
e and Freeman MML Estimator

In this subse
tion we summarize the original derivation of the MML estimator as

presented in [162℄. We 
on
entrate �rst on the 
ase of a model 
lass M 
ontaining

models depending on a single parameter (hen
e � � R

1

). Rather than trying to

�nd the stri
t-MML 
ode optimizing (7.2), Walla
e and Freeman [162℄ 
onsider the

following problem: given an observed data sequen
e x

n

, we are asked to 
hoose an

estimate �

0

2 � together with a pre
ision quantum q, so that if x

n

is en
oded by

�rst stating �

0

with pre
ision determined by q and then stating x

n

using the 
ode


orresponding to the stated estimate, then the length of the en
oding is minimized.

This means that the estimate �

0

is 
oded using only a limited number of binary pla
es;

in other words, a trun
ated value

�

� is obtained from �

0

by sele
ting a value from a

quantized s
ale in whi
h adja
ent values di�er by q: j

�

� � �

0

j � q=2. Note that the

pre
ision quantum q gives the width between adja
ent parameter values, whereas the

word `pre
ision' per se is used in this thesis to denote the number of bits needed to

en
ode a parameter value.

While in the SMML setup the goal was to minimize (7.2), now we only ask for a

`target' estimate �

0

together with a pre
ision quantum q. Consequently, in 
ontrast to

SMML, here we do not require the detailed 
oding of the a
tually used estimate

�

� to

be spe
i�ed. This makes the approa
h feasible; the pri
e we pay is that the exa
t e�e
t

of en
oding the data using the quantized value

�

� instead of �

0


annot be predi
ted,

and the 
ode length 
an be minimized only in expe
tation.

We assume that the quantization has the following e�e
t:

E[�

0

�

�

�℄ = 0 (the quantization is unbiased) (7.3)

E[(�

0

�

�

�)

2

℄ = q

2

=12 (as for a uniform distribution) (7.4)

Let w be the prior density of the parameters � 2 �. The prior probability that �

lies within �q=2 of a quantized value

�

� is approximately q � w(

�

�). Let C

wf

:

�

� ! B

�

be the 
ode 
orresponding to this probability. En
oding the estimates

�

� using C

wf

,

the expe
ted length of the �rst part of the message stating �

0

to pre
ision quantum
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q is � log qw(�

0

). In the se
ond part of the message, we 
ode x

n

using the 
ode


orresponding to

�

�, whi
h requires � logP (x

n

j

�

�) bits.

The length of the se
ond part 
an be approximated by the following Taylor series

expansion:

� logP (x

n

j

�

�) = � logP (x

n

j�

0

)

� (�

0

�

�

�)

�

��

logP (x

n

j�

0

)�

1

2

(�

0

�

�

�)

2

�

2

��

2

logP (x

n

j�

0

) + : : : (7.5)

Using the expe
tation of the e�e
ts of quantization as given by Equation (7.3) and (7.4),

the total length is expe
ted to be (to se
ond order)

� log qw(�

0

)� logP (x

n

j�

0

) +

q

2

24

I(x

n

; �

0

); (7.6)

where I(x

n

; �

0

) is short for ��

2

logP (x

n

j�

0

)=��

2

. The expe
ted 
ode length (7.6) is

minimized by 
hoosing

q

2

=

12

I(x

n

; �

0

)

: (7.7)

Substituting this optimal pre
ision quantum, we get the expe
ted 
ode length to be

� logw(�

0

) +

1

2

log

I(x

n

; �

0

)

12

� logP (x

n

j�

0

) +

1

2

: (7.8)

The value �

0

whi
h minimizes this is 
alled the MML estimate.

It is 
lear that in order to de
ode a two-part message as used here, one must �rst

de
ode the parameter value

�

�. For this, one must know the pre
ision quantum q that

was used to en
ode

�

�. Sin
e the optimal quantum depends on x

n

, it is not 
onstant

and hen
e it seems that it must be made part of the 
ode too (see Chapter 1, page 19).

However, WF showed that the minimum of the expe
ted message length rea
hed for

the optimal pre
ision quantum q

2

= 12=I(x

n

; �

0

) is very broad with respe
t to q. This

implies that using a quantum q based on the expe
tation of I(x

n

; �

0

), rather than

I(x

n

; �

0

) itself, will be reasonably eÆ
ient for most data values. Hen
e we 
an use

q

2

= 12=I

n

(�

0

), where I

n

(�

0

) is the Fisher (expe
ted) information for n observations:

I

n

(�) = �E

�

�

d

2

logP (x

n

j�)

d�

2

�

: (7.9)

The advantage of using I

n

(�

0

) is that now the optimal q is independent of the

observed data and be
omes a fun
tion of �

0

only.

This means that there is only one set of possible trun
ated estimates whi
h 
an

be 
onstru
ted without referen
e to the data. We 
an thus 
onstru
t a 
ode for the

estimate whi
h does not need a pre
ision quantum preamble (for more details about

the whole derivation, we refer to [162℄). From (7.8) we see that the �nal de�nition of

the WF MML estimator, from now on denoted by �

0

wf

, be
omes

�

0

wf

= argmax

�2�

P (x

n

j�)w(�)

p

I

n

(�)

: (7.10)
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7.3.2 The MAP/ML Estimator as a Revised Pointwise MML

Estimator

In this subse
tion we point out an oversight in Walla
e and Freeman's derivation of

MML estimators as given in the previous subse
tion. For the spe
ial 
ase where a

uniform prior is used, we present an alternative derivation that leads to a revised

MML estimator whi
h 
oin
ides with the Bayesian MAP (maximum a posteriori; see

Chapter 6, Se
tion 6.2.2) estimator. Sin
e the uniform prior is used the MAP estimator


oin
ides with the ML estimator.

Let us de�ne q : �! R as a fun
tion whi
h gives for ea
h value �

0

the 
orresponding

optimal pre
ision quantum q(�

0

). Using this notation, and substituting I

n

(�

0

) for

I(x

n

; �

0

) (as pres
ribed at the end of the previous se
tion), the expe
ted total length

(7.6) 
an be rewritten as

L

mml-wf

(x

n

; �

0

) � � log q(�

0

)� logw(�

0

)� logP (x

n

j�

0

) +

q(�

0

)

2

24

I

n

(�

0

): (7.11)

We now make two assumptions. First, we assume that the value �

0

whi
h min-

imizes the expe
ted 
ode length may in prin
iple lie anywhere in the interior of the

parameter spa
e. Se
ond, we assume that the number of di�erent possible trun
ated

parameter values is �nite, say N . Consequently, we 
an write

�

� =

�

�

N

= f

�

�

1

; : : : ;

�

�

N

g.

Both assumptions are quite reasonable. For example, the �rst assumption follows from

the requirement that �

0

should be 
onsistent, together with the (mu
h stronger) as-

sumption that there exists a true value � a

ording to whi
h data are a
tually drawn,

and whi
h may lie at any point in the interior of �. The WF MML estimator as

given in Equation (7.10) is indeed 
onsistent for all 
ombinations of priors and i.i.d.

model 
lassesM for whi
h the Bayesian maximum posterior (MAP) estimator is 
on-

sistent. In the 
ase of the WF MML estimator, the reason is that the in
uen
e of the

denominator

p

I

n

(�) vanishes as n gets larger. It will be seen that the two revised

MML estimators we introdu
e below are also 
onsistent whenever the MAP estimator

is 
onsistent.

The se
ond assumption (�nite number of trun
ated parameter values) is reasonable

as long as we allow N to grow with the number of observations n, as we indeed do.

We only assume that for ea
h �xed n there is a �nite number of 
andidates N .

Now the point that (in our view) has been overlooked by WF is that nobody for
es

us to 
ode the parameters using the 
ode C

wf

with lengths � log q(�

0

) � logw(�

0

).

Another 
ode may sometimes, or even under fairly general 
ir
umstan
es lead to shorter


odelengths. Spe
i�
ally, the expe
ted extra number of bits you need to 
ode the data

given a trun
ated model

�

� instead of �

0

ne
essarily depends on the pre
ision quantum

q(�

0

). But why should we let the en
oding of the parameters themselves depend on

the q(�

0

)? Below we present an alternative 
ode where q(�

0

) does not in
uen
e the


odelength of the parameters. The 
ode will be optimal under worst-
ase assumptions.

In our derivation, we will only 
onsider the spe
ial 
ase that w is the uniform prior

(w(�) = 
 for some 
onstant 
). In this 
ase, our alternative 
ode 
oin
ides with the

uniform 
ode C

uni

rather than the 
ode C

wf

. The uniform 
ode is simply the 
ode that


odes ea
h element of

�

�

N

using the same number of bits logN . It follows dire
tly from
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the Kraft inequality (Chapter 1, Theorem 1.6) that for every other 
ode C

0

:

�

�

N

! B

�

,

we have max

�

�

i

2

�

�

N

L

C

0

(

�

�

i

) > max

�

�

i

2

�

�

N

L

C

uni

(

�

�

i

). We say that C

uni

has the optimal

worst-
ase 
ode length (here `optimal' is used in the sense of `shortest').

Using C

uni

instead of C

wf

, the 
ode length to en
ode

�

� be
omes logN instead of

� log q(�) � w(�) = � log q(�) � 
, and the right hand side of (7.11) be
omes

logN � logP (x

n

j�

0

) +

q(�

0

)

2

24

I

n

(�

0

): (7.12)

For some �

0

this will yield shorter 
ode lengths than (7.11) while for others it will yield

larger ones. However, using our assumption that �

0

may in prin
iple lie everywhere in

the interior of �, it makes sense to take a worst-
ase point of view. We will take this

view for granted for the remainder of this se
tion; whether it 
an always be justi�ed

will be dis
ussed in Se
tion 7.3.4.

For the worst-
ase �

0

, the expe
ted 
ode length (7.12) is 
learly smaller than the

expe
ted length (7.11) with w(�) instantiated to 
. A

ording to the worst-
ase view-

point, C

uni

should then be preferred over C

wf

, and indeed over every other possible


ode over the set

�

�

N

.

Using C

uni

and denoting the total length needed to 
ode x

n

by L

mml-p

(x

n

; �

0

),

Equation 7.12 be
omes

L

mml-p

(x

n

; �

0

) � logN � logP (x

n

j�

0

) +

q(�

0

)

2

24

I

n

(�

0

): (7.13)

We see from this equation that using C

uni

for en
oding the parameter values is worst-


ase optimal independently of the way q(�

0

) is instantiated. Hen
e we should base

our two-part 
odes on (7.13) rather than (7.11), and furthermore instantiate (7.13) by

using the fun
tion q(�

0

) that gives shortest expe
ted 
ode lengths. Sin
e we assume

that �

0

may lie everywhere in �, the optimal q(�

0

) be
omes the fun
tion that minimizes

the maximum value of the last term in (7.13):

q = argmin

q

max

�

0

2�

q(�

0

)

2

I

n

(�

0

); (7.14)

whi
h is 
learly attained for q(�

0

)

2

/ I

n

(�

0

)

�1

(
hoosing q(�

0

) = 0 everywhere is not

an option sin
e we assume that there exist only N parameter values). By substituting

this optimal q ba
k into (7.13), we obtain

L

mml-p

(x

n

; �

0

) � � logP (x

n

j�

0

) + logN +K; (7.15)

whereK depends only onN and n, and not on �. The �

0

whi
h minimizes this, however,

is simply the standard Bayes posterior mode (or equivalently, the ML estimator); from

now on we denote it by �

0

p

:

�

0

p

= argmax

�2�

P (x

n

j�) (7.16)

Thus, interestingly, we �nd that in our alternative derivation of MML estimators, if

the uniform prior is used, then the optimal MML estimate is just the (Bayesian) MAP
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estimate. On the other hand, as we see from (7.14), the optimal pre
ision quantum

q(�

0

p

) at point �

0

p

remains inversely proportional to

q

I

n

(

�

�), just like in the original

derivation by WF:

q(�

0

p

) /

1

p

I

n

(�

0

p

)

(7.17)

7.3.3 A Volumewise MML Estimator

Using C

uni

, we 
an 
ode the data by �rst stating a

�

�

i

2

�

�

N

using logN bits, and then

stating x

n

using � logP (x

n

j

�

�

i

) bits. Using Bayes' rule, this 
an equivalently be re
ast

as determining the posterior probability of

�

�

i

given data x

n

, using the uniform dis
rete

prior W (

�

�

i

) = 1=N . We denote this posterior probability by P

W

:

P

W

(

�

�

i

jx

n

) / P (x

n

j

�

�

i

): (7.18)

In this probabilisti
 formulation, (7.16) tells us that the single value �

0

p

whi
h maxi-

mizes the expe
ted value of P

W

(

�

�

i

jx

n

) (where

�

�

i

is the trun
ated version of �

0

p

), is given

by the ML estimate. However, it tells us nothing about the width of the maximum

attained at �

0

p

. As we shall see, its width may depend on the region in the parameter

spa
e where �

0

p

lies. It may therefore be more interesting to 
hoose a small (but non-

zero) width s, and look for the interval in � of width s with the maximal posterior

probability mass (or, equivalently, the shortest 
ode length) a

ording to (7.18).

To obtain this interval, let us adapt an idea introdu
ed by Rissanen in [129℄ in a

somewhat di�erent 
ontext, and look at the MML two-part 
ode in another manner.

We partition the parameter spa
e � into a set of adja
ent regions R

1

; : : : ; R

M

, ea
h

of width s, where s is su
h that M � N . Let us now determine the region R

i

with

maximum posterior probability mass P

W

(R

i

jx

n

). We �rst asso
iate with ea
h region

R

i

the element �

i

that lies in the 
enter of R

i

, so R

i

= [�

i

� s=2; �

i

+ s=2℄. We 
an

now extend the density P (x

n

j�

i

), determined by a single value �

i

, to a probability

determined by a region in the parameter spa
e R

i

in the obvious way by de�ning

P (x

n

jR

i

) =

R

R

i

P (x

n

j�)�(�)d�, where � is an arbitrary proper prior with support R

i

.

In the limit for small s, we have P (x

n

jR

i

) = P (x

n

j�

i

). This implies

P

W

(R

i

jx

n

) / P (x

n

jR

i

)W (R

i

) (if s is small); (7.19)

where W is the uniform prior. Marginalizing over the values

�

� 2

�

�

N


ontained in R

i

,

we �nd that

W (R

i

) =

jR

i

\

�

�

N

j

N

: (7.20)

In the limit for large N , we may sele
t s as small as we want so that for all regions R

i

,

we 
an regard P (x

n

j�) and

p

I

n

(�) as approximately 
onstant for all � within the single

interval R

i

. For the optimal pre
ision quantum q(�), we have by Equation (7.17) that

q

2

(�) / I

n

(�)

�1

. Basing

�

� on this optimal pre
ision quantum, it follows that in the
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limit for large N the density of parameter values

�

� in region R

i

be
omes proportional

to

p

I

n

(�

i

):

jR

i

\

�

�

N

j � s

p

I

n

(�

i

) � 
 for N large; (7.21)

where 
 is a 
onstant not depending on i. In the limit for large N , we have from (7.20)

and (7.21) that

W (R

i

) / s

p

I

n

(�

i

): (7.22)

We now 
on
lude from (7.19), together with the fa
t that s does not depend on i, that

P

W

(R

i

jx

n

) / P (x

n

j�

i

)

p

I

n

(�

i

):

The regionR

i

whi
h maximizes this is the most probable posterior region if the uniform

prior is 
hosen. Assuming that I

n

is a 
ontinuous fun
tion of �, the � 2 � yielding the

shortest expe
ted 
ode length in its neighborhood is thus given by

�

0

v

= argmax

�2�

fP (x

n

j�)

p

I

n

(�)g: (7.23)

We 
all this estimator the revised volumewise MML estimator. We see that in our

alternative MML derivation, 
hoosing the parameter value with the highest probability


ontent in its neighborhood (7.23) gives us an estimate whi
h maximizes the likelihood

times

p

I

n

(�). This is in sharp 
ontrast with the original MML estimate (7.10) whi
h

maximizes the likelihood divided by

p

I

n

(�)! There is a 
aveat here; see the Dis
ussion

below. For simpli
ity, our derivations above have been only for the 
ase where � � R

1

.

The generalization to the multiple-parameter 
ase is 
ompletely straightforward: it

suÆ
es to repla
e the intervals R

i

of width s by re
tangles R

i

of volume s. In this


ase, the square root of the Fisher information

p

I

n

(�) be
omes

p

jI

n

(�)j, the square

root of the determinant of the Fisher information matrix.

7.3.4 Dis
ussion

Let us summarize what our foregoing derivations show and what they do not show.

We did show in Se
tion 7.3.2 that in general there is no reason to do as Walla
e

and Freeman and 
ode parameter values using the 
ode C

wf

with expe
ted lengths

� log q(�

0

)� logw(�

0

): another way of 
oding the parameter values may be better.

We provided an alternative 
oding s
heme, but we did not show that it is in general

better than Walla
e and Freeman's 
ode: we only showed that it leads to optimal

estimators under worst-
ase assumptions. We should mention that there is a weakness

1

in the derivation of �

0

v

as given by (7.23): in the derivation, we assumed that the optimal

pre
ision quantum was given by (7.17). However, (7.17) was derived in the derivation

of the pointwise, not the volumewise MML estimator. It is not 
lear whether this

remains the optimal pre
ision quantum for the volumewise analysis. Hen
e, �

0

v

has

been proven to be `volumewise optimal' only under the 
ondition that the pre
ision

quantum (7.17) is used.

1

Thanks to Kenji Yamanishi for pointing this out.
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7.3.5 A Bold Assumption

We have derived our revised MML estimators �

0

p

and �

0

v

only for the spe
ial 
ase of the

uniform prior w(�) = 
. In the following we shall simply assume that the derivations


an also be done for the 
ase of non-uniform priors. The de�nitions of �

0

p

and �

0

v

are

therefore extended in the obvious way:

�

0

p

= argmax

�2�

P (x

n

j�)w(�) (7.24)

�

0

v

= argmax

�2�

fP (x

n

j�)w(�)

p

I

n

(�)g: (7.25)

We should note that we have not proven the validity of these two formulas. However,

all priors we shall use in our experiments are ESS-priors (see Se
tion 7.5.2). As we

shall see, using ESS-priors for data D is always equivalent to using the uniform prior

for an extended data set D [ D

+

(hen
e the ESS-priors embody some `virtual data'

on top of the a
tually given data). This gives an extra indi
ation that the formulas

(7.24) and (7.25) are theoreti
ally valid for use in our experiments. Nevertheless, this

is a very weak spot in our analysis, to whi
h we shall return in the Con
lusion.

7.4 Re�ned MDL Two-part Codes and their Rela-

tion to the Three MML Estimators

7.4.1 1996 MDL Two-part Codes

In Chapter 2, Se
tion 2.1 we showed that the 2-part 
ode L

2-p

is redundant. We used

this fa
t as a motivation for introdu
ing the sto
hasti
 
omplexity 
ode as the 
ode

with the minimal worst-
ase regret (see De�nition 2.8). The sto
hasti
 
omplexity


ode is `one-part': no single parameter value is en
oded expli
itly. In his 1996 paper

Rissanen [129℄ showed that one 
an revise the two-part 
ode in su
h a way that the

inherent redundan
y gets removed, but the 
oding is still two-stage: �rst a parameter

value is en
oded, then the data is en
oded with the help of that parameter. While the

resulting 
ode still has larger regret than the sto
hasti
 
omplexity 
ode C

s


for all

�nite n, in the limit for large n the 
ode lengths 
oin
ide.

We give a brief sket
h of Rissanen's argument. For simpli
ity we assume that

�

�


ontains a �nite number of parameter values, say N . We 
an thus write

�

� =

�

�

N

=

f

�

�

1

; : : :

�

�

N

g. We also assume uniform 
ode lengths for the models: L

C

1

(

�

�

i

) = logN

for all

�

�

i

2

�

�

N

. Rissanen observed that a de
oder, after having de
oded

�

�

i

, already

knows something about the data x

n

whose des
ription will follow. Namely, she knows

that x

n

must be a member of a proper subset D

i

of the set of all possible data E

n

.

This D

i

is the set of all data x

n

for whi
h

�

�

i

gives the shortest two-part 
ode length:

D

i

= fx

n

2 E

n

j

�

�

i

= argmin

�2

�

�

N

fL

C

1

(�) � logP (x

n

j�)gg

= fx

n

2 E

n

j

�

�

i

= argmax

�2

�

�

N

fP (x

n

j�)gg:
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The reason for the de
oder knowing that x

n

2 D

i

after de
oding

�

�

i

is the following:

looking at Equation (7.1), we see that if x

n

62 D

i

, then the de
oder would not have

de
oded

�

�

i

, but rather some other

�

�

j

6=

�

�

i

. This fa
t 
an be exploited to 
hange

the 
ode C

2

(�j�) that was used in the original two-part 
ode (7.1), to a 
ode C

0

2

(�j�)

with stri
tly shorter lengths. Using C

0

2;�

, we 
ode x

n

not by the 
ode 
orresponding

to probability distribution P (x

n

j

�

�

i

), but rather by the 
ode based on the normalized

probability distribution

P (x

n

j

�

�

i

)

P

x

n

2D

i

P (x

n

j

�

�

i

)

:

In this 
ase the total des
ription length be
omes

logN � logP (x

n

j

�

�

i

) + log

X

x

n

2D

i

P (x

n

j

�

�

i

)

rather than just logN � logP (x

n

j

�

�

i

) bits. In general,

P

x

n

2D

i

P (x

n

j

�

�

i

) < 1, whi
h

implies that the revised two-part 
ode has a stri
tly shorter 
ode length than the

original one.

Rissanen showed [129℄ that the normalization tri
k des
ribed above 
an be opti-

mally exploited (for large N) if, for every � 2 �, the density of parameter values in

�

�

N

in the neighborhood of � is proportional to

p

jI(�)j, where jI(�)j is the determinant of

the Fisher information matrix I(�) = I

1

(�) as given by Equation (7.9) . This means

that either the spa
ing between any two adja
ent values

�

�

i

and

�

�

i+1

in

�

�

N

should be

made proportional to 1=

p

jI(�)j, or the 
ode giving 
ode lengths logN to every

�

�

i

2

�

�

N

should be 
hanged. Rissanen 
hooses the se
ond option, but expli
itly mentions that

the �rst one is possible too [129, page 43℄.

7.4.2 Relation between the Four Approa
hes

We mentioned in the introdu
tion that it has been { wrongly { 
laimed that Rissanen's


onsiderations in [129℄ are already impli
it in Walla
e and Freeman's work on MML

estimators. We now dis
ern a possible reason for this 
onfusion: a

ording to Walla
e

and Freeman, the optimal pre
ision quantum (width between adja
ent parameter val-

ues in

�

�) for en
oding parameter values in the neighborhood of a point �

0

2 � is given

by q(�

0

) / 1=

p

jI

n

(�

0

)j (Equation 7.17). For i.i.d. model 
lasses, jI

n

(�)j = njI

1

(�)j for

all � 2 � [17℄. This implies that for su
h model 
lasses, both a

ording to Rissanen

(see above) and a

ording to Walla
e and Freeman one should pi
k the width between

two adja
ent parameter values proportional to 1=

p

jI

n

(�

0

)j. In this sense they seem to

rea
h the same 
on
lusion. However, this same width was 
hosen for a very di�erent

reason. What is more, as we shall see in Se
tions 7.5 and 7.6, making predi
tions

of future data on the basis of Walla
e and Freeman's (1987) MML-estimators 
an be

quite di�erent from making predi
tions on the basis of Rissanen's 1996 re�nement of

MDL.

To understand how the same optimal pre
ision 
an lead to di�erent estimators and

predi
tions, it is instru
tive to study the graph of

p

jI(�)j. As an example, in Figure 7.1

we depi
t this graph for the 
ase of the Bernoulli model 
lass. Observe that the optimal
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Figure 7.1:

p

jI(�)j as a fun
tion of � for the Bernoulli model de�ned by P (X = 1) = �.

This graph 
an be interpreted as giving for ea
h � the optimal density of quantized

parameter values

�

� in the region around �.

width between two trun
ated parameter values at point � is inversely proportional to

p

jI(�

0

)j. Therefore, the optimal density of trun
ated parameter values near � is

proportional to

p

jI

n

(�

0

)j. The graph of

p

jI(�)j as a fun
tion of � 
an therefore be

interpreted as giving, for ea
h �, the density of the parameters in

�

�

N

in the region

around �. In Walla
e and Freeman's derivation of MML estimators, a `subje
tive' prior

density w de�ned for all � is impli
itly transformed into a probability mass fun
tion

W de�ned for all

�

� 2

�

�

N

. In our analysis we restri
t ourselves to the situation where

the subje
tive prior density w is 
hosen to be uniform (whi
h is the only situation

for whi
h we have a
tually proven anything). In this 
ase, in Walla
e and Freeman's

original derivation, it is impli
itly assumed that regions R in the parameter spa
e of

equal volume should obtain equal prior probability mass

P

�

�2R\

�

�

N

W (

�

�). If we 
hoose

�

�

N

with the optimal widths between the parameter values, then in regions with high

p

jI(�)j, there will be many trun
ated values

�

� 2

�

�

N

. To obtain equal prior densities

in regions of equal volume, the prior probability mass assigned to a single

�

� 2

�

�

N

must

be made inversely proportional to

p

jI(�)j.

In 
ontrast, both in our volumewise MML-estimator (with uniform subje
tive prior)

and in Rissanen's revised two-part 
ode all single trun
ated parameter values

�

� 2

�

�

N

re
eive equal prior probability 1=N . In this 
ase, for large N , the graph of

p

jI(�)j 
an

also be interpreted as giving, for ea
h �, the prior density of the region around �: the

prior probability be
omes proportional, instead of inversely proportional, to

p

jI(�)j.
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7.5 MML and MDL in Pra
ti
e

A

ording to both the MML and MDL Prin
iples, it should be the 
ase that the more

we 
ompress the data at hand, the better we are able to predi
t future data 
oming

from the same sour
e. We therefore expe
t the following: �

0

v

gives better predi
tions

than �

0

p

, whi
h in turn should give better predi
tions than �

0

wf

. From an MDL (not

MML) point of view we additionally expe
t that predi
tion based on P

jef

, the eviden
e

distribution with Je�reys' prior will work even better, sin
e P

jef


an be interpreted as

a form of sto
hasti
 
omplexity, and hen
e leads to maximal 
ompression of the data;

see Chapter 6, Se
tion 6.2.4.

However, there are two possible 
aveats: �rst, as dis
ussed in Se
tion 7.3.4, �

0

v

and

�

0

p

will only give shorter 
odelengths than �

0

wf

under worst-
ase assumptions regard-

ing the value of �

0

p

, and it is not 
lear whether these are justi�ed. Se
ond, for the

i.i.d. model 
lasses we have jI

n

(�)j = njI

1

(�)j. This implies that the in
uen
e of the

`
orre
tion fa
tors'

p

jI

n

(�

0

)j and 1=

p

jI

n

(�

0

)j in equations 7.23 and 7.10, respe
tively,

be
omes negligible as n grows to in�nity. Therefore, asymptoti
ally predi
tions based

on �

0

wf

, �

0

p

and �

0

v

all 
oin
ide with the Bayesian MAP predi
tion, whi
h in turn asymp-

toti
ally 
oin
ides with Bayesian eviden
e predi
tion for all reasonable priors w; see

Chapter 6, Se
tion 6.5.1. Consequently, the di�eren
es between the three MML estima-

tors and the MDL (sto
hasti
 
omplexity) approa
h are relevant only for small sample

sizes. Unfortunately, sin
e both Rissanen's [129℄ and our derivations are asymptoti


in nature, they do not say very mu
h about this situation. It is therefore an interest-

ing empiri
al question, whether either Rissanen's MDL approa
h or our revised MML

estimators lead to a more a

urate predi
tive distribution than the WF estimator in


ases where only a limited amount of data is available. Below we des
ribe how the

four methods 
onsidered 
an be used to arrive at predi
tive distributions. In the next

se
tion, we study the predi
tive performan
e of these di�erent predi
tive distributions

empiri
ally by using small, real-world datasets.

7.5.1 Predi
tive Distributions based on MML and MDL

Hen
eforth we assume the setting of Chapter 6, Se
tion 6.2.1: our out
ome spa
e E


an be written E = E

1

� : : :�E

n

and out
omes are written as ve
tors ~x 2 E. Re
all

from Chapter 6 that in predi
tion and 
lassi�
ation problems for dis
rete data, we are

given some training data D whi
h we use to arrive at predi
tions of a single test ve
tor

~x. The predi
tions are done using some predi
tive distribution P . We now de�ne the

predi
tive distributions based on the three di�erent MML estimators:

P

mml-wf

(~xjD) := P (~xj�

0

wf

(D)) (7.26)

P

mml-p

(~xjD) := P (~xj�

0

p

(D)) = P

map

(~xjD) (7.27)

P

mml-v

(~xjD) := P (~xj�

0

v

(D)) (7.28)

The MDL-based predi
tive distribution P

mdl

is de�ned to be the eviden
e predi
tive

distribution with the prior set to Je�reys' prior �(�) /

p

jI(�)j. In Chapter 6, Se
-
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tion 6.2.4, Equation 6.12 this distribution was introdu
ed under the name P

jef

. Hen
e:

P

mdl

(~xjD) := P

jef

(~xjD) =

P

jef

(~x;D)

P

jef

(D)

(7.29)

Keeping D �xed and regarding P

mdl

(�jD) as a fun
tion of ~x, the denominator in (7.29)

be
omes a 
onstant and we see that

P

mdl

(~xjD) /

Z

P (~x;Dj�)�(�)d� (7.30)

It is interesting to 
ontrast this with the WF MML estimator and the volumewise

MML estimator when a uniform subje
tive prior w is used. In that 
ase:

�

0

v

(D) = argmax

�

fP (Dj�)�(�)g (if w uniform) (7.31)

�

0

wf

(D) = argmax

�

fP (Dj�)

1

�(�)

g (if w uniform) (7.32)

and we see that, while the MDL predi
tions are based on the Bayesian eviden
e-

predi
tions with Je�reys' prior, the volumewise MML predi
tions are equivalent the

Bayesian MAP-predi
tions with Je�reys' prior and the WF MML predi
tions are based

on the MAP-predi
tions with an inverse Je�reys' prior.

7.5.2 The Model Class and the Subje
tive Prior

We wanted to apply our predi
tive distributions for a model 
lass M sophisti
ated

enough to yield good predi
tive performan
e in prin
iple, while simple enough to allow

the predi
tive distributions to be 
omputed eÆ
iently. We de
ided to use the Naive

Bayes model 
lass whi
h has exa
tly these properties. We introdu
ed Naive Bayes

in the previous 
hapter (page 146) where (Equation 6.32) we also showed how to


ompute

p

jI(�)j for this 
lass. We repeat the formula for Je�reys' prior �(�) and

for

p

jI(�)j where � is a member of the 
lass of Naive Bayes models for sample spa
e

E = E

1

� : : :�E

m

; for details about the notation we refer to the previous 
hapter):

�(�) /

p

jI(�)j =

K

Y

k=1

(�

m

k

)

1

2

(

P

m�1

i=1

(k

i

�1)�1)

m�1

Y

i=1

K

Y

k

0

=1

k

i

Y

l=1

(�

i

ljk

0

)

�

1

2

(7.33)

From Equation (7.29) we see P

mdl

= P

jef

. This implies that the instantiation of P

jef

for the Naive Bayes 
ase has been 
al
ulated already in Chapter 6. It is given by

Equation (6.22).

The MML predi
tive distributions depend on a subje
tive prior. As 
andidate

priors we used the so-
alled ESS (Equivalent Sample Size) priors [70℄. ESS priors have

a 
lear interpretation in terms of prior knowledge: ESS priors are indexed by a virtual

data set D

0

. The ESS(D

0

)-prior is de�ned su
h that, for every data set D and every

test ve
tor ~x, the eviden
e predi
tion P

av

(~xjD) with prior ESS(D

0

) is identi
al to the

maximum likelihood predi
tion P (~xj

^

�(D [ D

0

)). In other words, the ESS(D

0

)-prior
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an be regarded as a `summary' of data D

0

: if, in a previous experiment, data D

0

was observed, then the 
orresponding prior 
an be used to 
ombine this with the data

D from the present experiment. Here we 
onsider ESS(D

0

) only for the 
ase where

D

0


ontains all possible ~x 2 E equally often, say f times. We will allow fra
tional

f . It is straightforward to show the following proposition; we omit the proof. In the

proposition we freely use the notation introdu
ed in Chapter 6, Se
tions 6.3 and 6.5.1.

Proposition 7.1 LetM

G

be a Naive Bayes model 
lass for random variables X

1

; : : : ; X

m

.

Let

a =

m�1

Y

i=1

k

i

and b

i

=

Q

m�1

j=1

k

j

k

i

:

The ESS prior w(�) 
orresponding to a sample 
ontaining ea
h x 2 E exa
tly f times

is given by

w(�) /

K

Y

k=1

(�

m

k

)

f �a�1

m�1

Y

i=1

K

Y

k

0

=1

k

i

Y

l=1

(�

i

ljk

0

)

f �b

i

�1

(7.34)

Consequently, the ESS-prior densities we 
onsider are proportional to a produ
t of

parameters, whi
h means they are Diri
hlet densities (De�nition 6.5). From (7.33)

we see that

p

jI(�)j is also proportional to a produ
t of the parameters. The fa
tors

by whi
h the likelihood is multiplied in determining the three MML estimators are

w(�)(

p

jI(�)j)

�1

for �

0

wf

, w(�) for �

0

p

and w(�)

p

jI(�)j) for �

0

v

respe
tively. Equations

(7.33) and (7.34) together imply that these fa
tors 
an be written as a simple produ
t

of parameters. Therefore, they may themselves be treated as Diri
hlet densities. This

means that the predi
tive distributions P

mml-wf

, P

mml-p

and P

mml-v

may all be re-

interpreted as MAP predi
tive distributions with Diri
hlet priors. We 
an therefore

dire
tly apply the formula (6.21) (page 143) to 
ompute all three MML predi
tive

distributions.

Why we 
annot use the uniform prior Let

wf(�) = P (x

n

j�)w(�)(

p

jI(�)j)

�1

:

�

0

wf

is equal to the � maximizing wf(�). Observe that wf(�) 
an be written as a simple

produ
t of parameters. We see from (7.33) that the exponent of �

m

k

in (

p

jI(�)j)

�1

may be
ome negative up to an amount of �

1

2

(

P

m�1

i=1

(k

i

� 1) � 1). Therefore, even

with reasonably large training set sizes, wf(�) may still 
ontain two fa
tors �

m

k

1

and

�

m

k

2

with a negative exponent. In su
h a 
ase, wf(�) does not have a maximum. To see

this, �x all 
omponents of � ex
ept �

m

k

1

and �

m

k

2

. We 
an now view wf(�) as a fun
tion

of �

m

k

1

as follows: as �

m

k

1

is varied, all parameter values in � remain 
onstant ex
ept �

m

k

1

and �

m

k

2

. The latter must be varied along to keep

P

i

�

m

i

= 1. We see immediately that

lim

�

m

k

1

#0

wf(�) =1 and lim

�

m

k

1

"G

wf(�) =1 where G = 1�

X

i 6=k

1

;k

2

�

m

i

while for 0 < �

m

k

1

< G, wf(�) is a 
ontinuous fun
tion of �

m

k

1

. It follows that the MML

WF estimator �

0

wf

is unde�ned.
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In parti
ular, this odd behaviour o

urs if we pi
k as our subje
tive prior w(�)

the uniform prior. Therefore we de
ided to use in our experiments only ESS priors,

where the fra
tion f was 
hosen to be the smallest possible number with whi
h the

above mentioned te
hni
al diÆ
ulty does not o

ur. Experiments with di�erent ESS

subje
tive priors seemed to produ
e similar results.

7.6 Empiri
al Results

For 
omparing empiri
ally the four predi
tive distributions dis
ussed in the previous

se
tion, we turned on
e more to the six publi
 domain 
lassi�
ation data sets that

were already used in Chapter 6. These datasets are des
ribed in detail in Table 6.1 on

page 147; see also page 125. We performed two sets of experiments.

Experiments with 0=1-S
ore

In the �rst set of experiments, we 
omputed the 
rossvalidated 0/1-s
ores for ea
h of the

four methods by using 5-fold 
rossvalidation (following the testing s
heme used in [50℄).

The de�nition of 0/1-s
ore and n-fold 
rossvalidation 
an be found in Se
tion 6.5.2 of

the previous 
hapter. As the results appeared to be strongly dependent on the way the

data was partitioned in the 5 folds to be used, we repeated the whole 
rossvalidation


y
le 10000 times with di�erent, randomly 
hosen partitionings of data. The results

are given in Table 7.1. In the MML-WF 
ase the predi
tive distribution P

mml-wf

was

used; MML-P stands for P

mml-p

, MML-V stands for P

mml-v

and MDL stands for P

mdl

.

We 
an observe that, �rst of all, with respe
t to the 0/1-s
ore, there seems to be

MIN MEAN MAX

MML MML MML

WF P V MDL WF P V MDL WF P V MDL

AU 83.5 83.6 83.5 83.6 84.9 84.9 84.8 84.9 86.2 86.1 86.1 86.2

DB 73.4 73.6 73.3 73.2 75.5 75.4 75.4 75.3 77.1 77.2 77.2 77.3

GL 56.5 56.5 56.1 58.4 62.6 62.6 62.7 64.9 67.3 68.2 67.3 70.1

HD 81.9 81.9 81.9 81.1 84.5 84.4 84.4 84.1 87.0 87.0 87.0 87.0

IR 93.3 92.7 92.7 92.0 94.4 94.3 94.3 94.4 96.0 96.0 96.7 96.7

LY 79.1 78.4 78.4 79.1 84.2 84.0 83.6 83.9 88.5 87.8 88.5 88.5

Table 7.1: Classi�
ation 0/1-s
ores with 10000 independent 5-fold 
rossvalidation runs.

no 
lear winner between the di�erent predi
tive distributions used, and the di�eren
es

between the results are usually small. Se
ondly, for all data sets used, the average

results obtained here (i.e. the �gures in the middle 
olumn) are very 
lose to the

optimal results for the Naive Bayes 
lass that 
an be found in the literature (whi
h are

often arrived at using other inferen
e methods). In two 
ases (`diabetes' and `heart

disease') our results seem to be optimal. For extensive referen
es on results obtained

by other methods we refer to [154℄ and [50℄. Apparently, the minimum en
oding

approa
hes work very well independently of exa
tly whi
h of the four versions is used.



7.6. EMPIRICAL RESULTS 175

Experiments with log-s
ore

In the se
ond set of experiments, instead of predi
ting only the value of the 
lass

variable X

m

, we used the predi
tive distributions for 
omputing the joint probability

for the unseen testing ve
tors as a whole. In this 
ase there is no useful analogue to the

0=1-s
ore, so the a

ura
y of the methods was now measured by using the log-s
ore,

whi
h is simply the logarithmi
 loss; see Chapter 2, page 44 for several interpretations

of this loss fun
tion.

To prevent the large 
u
tuation in the results, we used in this experiment the leave-

one-out form of 
rossvalidation, where the task is at ea
h stage to predi
t one data

ve
tor, given all the others. The results of this experiment 
an be found in Table 7.2.

From these results we 
an now see that the MDL approa
h produ
ed 
onsistently the

best s
ore, and of the MML estimators 
onsidered here, the MML-V estimator was

more a

urate than the MML-P estimator, whi
h performed better than MML-WF

(with the ex
eption of the Lymphography database).

10% training data 100% training data

MMLWF MMLP MMLV MDL MMLWF MMLP MMLV MDL

AU 16.68 16.61 16.54 14.98 14.64 14.63 14.62 14.44

DB 13.80 13.79 13.77 13.65 13.25 13.25 13.24 13.23

GL 14.22 14.19 14.13 12.14 11.38 11.34 11.30 10.25

HD 12.99 12.95 12.90 12.41 11.75 11.74 11.73 11.67

IR 4.34 4.22 4.08 3.60 3.20 3.17 3.14 3.07

LY 19.27 19.27 19.25 16.78 15.85 15.89 15.90 14.73

Table 7.2: Leave-one-out 
rossvalidated log-s
ores in the joint probability estimation

task. The lower the log-s
ore, the better the predi
tive performan
e.

To study the small sample behavior of the methods in more detail, we rerun the

leave-one-out 
rossvalidation experiments, but used at ea
h stage only s (randomly


hosen) ve
tors of the available n�1 ve
tors for produ
ing the predi
tive distribution,

where s varied between 1 and n�1. In this 
ase, the results obtained are quite similar

with all six datasets: the results with s = 0:1n 
an be found in Table 7.2.

In �gures 7.2-7.4 we plotted the behavior of the methods as a fun
tion of the amount

s of training data. In these �gures, the log-s
ores are s
aled with respe
t to the s
ore

produ
ed by the MMLWF method so that the MMLWF method gets always a s
ore

0, and a positive s
ore means that the a
tual log-s
ore was better than the MMLWF

log-s
ore by the 
orresponding amount.

From �gures 7.2-7.4 we now see two interesting things: �rstly, the di�erent predi
-

tive distributions seem to 
onverge with in
reasing amount of training data, as was

expe
ted from the dis
ussion in Se
tion 7.5. Se
ondly, the relative di�eren
es between

the methods seem to grow when the amount of available data is de
reased. We see in

parti
ular that for extremely small sample sizes, the three MML approa
hes are 
om-

parable while the MDL approa
h may even be a bit worse. Then, for still very (but not

extremely) small sample sizes all datasets show the same pattern: MDL outperforms

MML-V, whi
h in turn outperforms MML-P whi
h in turn outperforms MML-WF. As
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the sample size grows, the ordering between the four approa
hes remains un
hanged

(ex
ept for the lymphography database) but the di�eren
es be
ome smaller.

The fa
t that the results are 
onsistent over datasets pertaining to six 
ompletely

di�erent domains suggests that the di�eren
es between the various approa
hes pre-

sented here may be pra
ti
ally signi�
ant in 
ases with small amount of data.

We note that the di�eren
e in performan
e between MDL and the three MML

approa
hes is probably largely due to the fa
t that the MDL predi
tive distribution

is based on `using all models in the 
lass at on
e' (whi
h is a
hieved by averaging

over the models) while the other three are based on predi
tion using a single model;

we saw in the previous 
hapter that, with the uniform prior, there is, for very small

sample sizes, mu
h to be gained by predi
ting using the eviden
e and predi
ting using a

single model (Se
tion 6.5.3). Di�erent experiments we reported elsewhere [87℄ suggest

the same phenomenon. This means that the results reported here 
annot be simply

interpreted as telling us that `MDL works better than MML'. They do suggest the

following though: the in
uen
e of using Fisher information in (what we 
onsider) the

wrong way, as done in MML-WF, versus not using it at all (as in MML-P = MAP)

vs. using it in the `right' way (as done in MML-V) is really very small, even for small

sample sizes. Small as it is though, it has fairly 
onsistent e�e
ts (MML-V performing

better than MML-P performing better than MML-WF) and is thus in agreement with

our asymptoti
 theoreti
al analysis whi
h depended on taking a worst-
ase point of

view and assuming a uniform subje
tive prior.

Looking at �gures 7.2-7.4 again, we hypothesize that for extremely small sample

sizes, our asymptoti
 results simply give no eviden
e; as more data arrives, we enter a

region where they be
ome signi�
ant and the performan
e of the three MML methods

is as predi
ted by the asymptoti
 theory. Then, as the sample size grows truly large,

the law of large numbers `takes over' and the di�eren
es between the three methods

be
ome negligible.

7.7 Con
lusion and Future Work

We have shown that the 
laimed similarity between Walla
e and Freeman's MML

approa
h and Rissanen's 1996 MDL approa
h is super�
ial, and that when applying

the approa
hes for predi
tive modeling, we arrive at quite di�erent methods in pra
ti
e.

We pointed out a te
hni
al oversight in the derivation of the WF MML estimator

and introdu
ed two revised versions of the MML estimator, of whi
h the volumewise

optimal estimator was shown to be related to Rissanen's MDL estimator.

Theoreti
ally, the revised MML estimators should allow for more 
ompression of

the data than the WF MML estimator, at least in a worst-
ase sense. As this was

theoreti
ally shown to be the 
ase only asymptoti
ally and only for uniform subje
tive

priors, this raised the question of the pra
ti
al small sample behavior of these methods.

To be able to study this question empiri
ally, we tested the di�erent predi
tion methods

for the Naive Bayes model 
lass.

In the empiri
al tests performed, it was observed that while in simple 
lassi�
ation

tasks the methods showed quite similar performan
e, in joint probability distribution

estimation the MDL approa
h produ
ed 
onsistently the best results. Moreover, the
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revised MML estimators introdu
ed here usually gave better results than the WF MML

estimator. The di�eren
es were largest for small amounts of training data (ex
ept for

extremely small ones). They be
ame smaller with an in
reasing amount of training

data, as was expe
ted from the theory.

Future Work In future work we hope to be able to show that our formulas for the

two revised MML estimators are also valid for subje
tive non-uniform priors. Also,

it would be interesting to 
onsider alternative, more sophisti
ated ways of testing the

small sample behaviour of the predi
tive distributions based on these estimators.
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Figure 7.2: The upper pi
ture shows the HD dataset leave-one-out 
rossvalidated

results as a fun
tion of the training data available, s
aled with respe
t to the MMLWF

s
ore. The lower pi
ture shows the same fun
tion for the AU dataset. The higher the

s
ore, the better the predi
tion a

ura
y.
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Figure 7.3: The upper pi
ture shows the DB dataset leave-one-out 
rossvalidated re-

sults as a fun
tion of the training data available, s
aled with respe
t to the MMLWF

s
ore. The lower pi
ture shows the same fun
tion for the GL dataset. The higher the

s
ore, the better the predi
tion a

ura
y.
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Figure 7.4: The upper pi
ture shows the IR dataset leave-one-out 
rossvalidated results

as a fun
tion of the training data available, s
aled with respe
t to the MMLWF s
ore.

The lower pi
ture shows the same fun
tion for the LY dataset. The higher the s
ore,

the better the predi
tion a

ura
y.
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Introdu
tion to Part III

The previous parts of this thesis have been 
on
erned with indu
tive inferen
e. Indu
-

tive inferen
e 
an be seen as an aspe
t of reasoning under un
ertainty, the problem

of how to make rational inferen
es and de
isions in the presen
e of in
omplete and

unreliable information.

Default Reasoning

In part III of this thesis we explore other kinds of reasoning under un
ertainty. We will

mostly be 
on
erned with default reasoning. Default reasoning is 
on
erned with rules

that typi
ally (by default) hold but that may in some ex
eptional 
ases be violated.

Below we give an informal introdu
tion to default reasoning. In an epilogue to part

III (page 269) we explore 
onne
tions between default reasoning and MDL.

The prototypi
al example of default reasoning involves the rule ([56℄, page 2) `Typ-

i
ally, birds 
y'. If we are told that Tweety is a bird, and we are then asked whether

it 
an 
y or not, we would be in
lined to say that it 
an. If, later on, we are told that

Tweety is a penguin, we would like to retra
t our 
on
lusion that it 
an 
y and instead


on
lude that it 
annot 
y after all.

Common Sense Reasoning

It has always been one of the major goals of Arti�
ial Intelligen
e to formalize 
ommon

sense reasoning, the kind of every-day reasoning that we humans perform when making

plans or de
isions. An important part of 
ommon sense reasoning is really default

reasoning; we give a little example to illustrate this general point. Imagine a situation

in whi
h your friend gives you a phone 
all and asks whether you 
an meet him in an

hour. You reason as follows: the drive to your friend takes about 45 minutes; you have

to drive to the gas station �rst whi
h will take an additional 10 minutes. Therefore,

you say that you will be able to make it.

In your reasoning, you did not take into a

ount any of the following eventualities:

your 
ar keys may be lost; your 
ar may be stolen or towed away; the gas station may

be 
losed; the road may be blo
ked; you may get a traÆ
 a

ident et
. If you would


onsider all pre
onditions that must hold in order for you to arrive in time, you will

never be able to 
on
lude that you a
tually will arrive on time. Yet in pra
ti
e, you

do jump to this 
on
lusion. This means that even though you do not know whether

your 
ar has been stolen, you impli
itly assume that it has not; even though you do

not know whether the road is blo
ked, you assume it is not et
. These are all default

assumptions: typi
ally roads are not blo
ked, 
ars are not stolen et
., whi
h leads you

to assume that your own 
ar has not been stolen, that you will not en
ounter a road

blo
k et
. Assumptions of this kind are ubiquitous in 
ommon sense reasoning.

The Frame Problem; Nonmonotoni
 Temporal Reasoning

The following default assumption is 
entral to 
ommon sense reasoning: most prop-

erties of the world are persistent, that is, they usually do not 
hange over time. The

problem of how to properly formalize this `law of persisten
e' or equivalently, inertia,
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is known as the `frame problem' [107℄. We have already en
ountered several instan-

tiations of this law: in the reasoning des
ribed above, you impli
itly assumed that

your 
ar would still be in the same lo
ation as where you last parked it; you impli
itly

assumed that your 
ar keys would still be in the same lo
ation as where you last put

them; you assumed that your 
ar would still work et
.

Solving the frame problem, that is, formalizing the law of persisten
e, has turned

out to be a surprisingly diÆ
ult task. It is one of the main 
hallenges of the sub�eld of

Arti�
ial Intelligen
e that is known as `nonmonotoni
 temporal reasoning' or `
ommon

sense reasoning about a
tion and 
hange' [135℄. In the next 
hapters we present a

fairly general theory of nonmonotoni
 temporal reasoning.

Formalizing Nonmonotoni
 Reasoning: Nonmonotoni
 Logi


Default rules 
annot be readily expressed in 
lassi
al (propositional or �rst-order) logi
.

The reason is that 
lassi
al logi
 is monotoni
: as your set of knowledge grows, so does

the set of 
on
lusions that 
an be drawn from it. On the other hand, the inferen
es

we made above are nonmonotoni
; in the `birds 
y' example, if we are only told

that Tweety is a bird, we 
on
lude that it 
an 
y, whereas if we are given additional

knowledge (namely, that Tweety is a penguin) we would like to retra
t our previous


on
lusion.

This has led resear
hers to sear
h for an extension of 
lassi
al logi
 that allows for a


orre
t treatment of default rules [106, 109, 124, 56, 21℄. The resulting logi
s are 
alled

nonmonotoni
. Most nonmonotoni
 logi
s 
an be viewed from a unifying perspe
tive

if one 
hara
terizes them in terms of their semanti
s [142℄: they modify 
lassi
al logi


by introdu
ing a preferen
e order on models. In standard logi
, when given a theory

T , a senten
e � is entailed by T i� � holds in all models of T . In nonmonotoni
 logi
,

the models for T are (roughly speaking) ordered a

ording to some partial order and

a senten
e � is entailed by T i� it holds in the models that are the most preferred

models in this order.

The order on models indu
ed by su
h a `preferential semanti
s' (a term due to

Shoham [142℄) is often determined by one or more abnormality predi
ates. We use

the `birds 
y' example for illustration. In this 
ase we need only one abnormality

predi
ate Ab, where Ab(x) stands for the fa
t that x is in some sense `abnormal', that

is, `atypi
al' or `unusual'. The rule `typi
ally birds 
y' would be expressed as follows:

8x: [ Bird(x) ^ :Ab(x) ℄ � Can Fly(x) (7.35)

(� standing for standard material impli
ation

2

). In words, if x is a bird and x is not

abnormal, then x 
an 
y. Let us 
onsider a logi
al theory 
onsisting of (7.35) together

with the fa
t that Tweety is a bird:

Bird(Tweety) (7.36)

A

ording to standard �rst-order logi
, there exist models for this theory in whi
h

Tweety is not an abnormal bird and 
an therefore 
y (:Ab(Tweety)^Can Fly(Tweety))

2

So A � B is equivalent to :A _B.
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while there also exist models in whi
h Tweety is abnormal and 
annot 
y. The idea

behind `preferential semanti
s' is to order the models of the theory a

ording to how

`normal' they are. More pre
isely, model M

1

is preferred over M

2

if and only if the

interpretation of Ab in model M

1

is a proper subset of the interpretation of Ab in

model M

2

. The set of allowed 
on
lusions is then restri
ted to those senten
es that

hold in all most-preferred models. In our example, there exist models M in whi
h no

abnormalities at all are the 
ase (M j= 8x:Ab(x)). Su
h models will be preferred over

all other models. Therefore, if M is a most preferred model, then M j= :Ab(Tweety)

and hen
e, by axiom (7.35), M j= Can Fly(Tweety).

Does this work?

Can nonmonotoni
 logi
s be su

essfully applied for any but the simplest reasoning

domains? The answer depends on one's point of view.

When nonmonotoni
 logi
 was introdu
ed in the late 1970s, it was hoped that a

large 
lass of reasoning problems 
ould be su

essfully handled by variations of the

simple me
hanism introdu
ed above: �rst add a large amount of abnormality predi-


ates Ab

1

;Ab

2

; : : : to one's language, then express all default rules by axioms of the

form a(x)^:Ab

i

(x) � b(x) and then 
hoose the models for the theory with the smallest

interpretations of Ab

i

(x). However, in the 1980s it gradually be
ame 
lear that this

simple idea of minimizing abnormalities only works for a very restri
ted 
lass of rea-

soning domains. One of the most famous 
ounterexamples is Hanks and M
Dermott's

`Yale Shooting Problem' (YSP) [67℄, whi
h is 
on
erned with the law of persisten
e

(`things usually stay the same') introdu
ed above. It shows that a straightforward

formalization of this law using abnormalities will lead to 
ounterintuitive results for all

but the simplest reasoning domains. To make things worse, the YSP turned out to be

just the �rst member of a long 
hain of problemati
 examples (this will be dis
ussed

at length in the next 
hapter). When taken together, these examples strongly suggest

that the original goal of nonmonotoni
 reasoning - employing a single, simple extension

to standard logi
 for handling a wide variety of default rules - is impossible to obtain.

In this sense nonmonotoni
 logi
 turned out to be a failure (in
identally 
ausing one of

its originators, D. M
Dermott, to be so disappointed that he quit the �eld altogether

[108℄). On the other hand, if one views nonmonotoni
 formalisms merely as te
hni
al

tools and uses them to extend 
lassi
al logi
 in various di�erent ways, not just by rules

of the form (7.35), then they turn out to be reasonably su

essful, as the slow but

steady progress in the �eld of nonmonotoni
 temporal reasoning shows [151, 12, 104℄.

Conne
tion to Probability and MDL; what do defaults stand

for?

From the subje
tivist (Bayesian) view on probability theory, probabilities 
an be used

to model `degrees of belief' [77, 38℄: if an agent (for example, a human or a robot)

assigns a high probability to proposition A, this means he (it) has a high degree of

belief in A. This leads to the identi�
ation of `abnormalities' with `events having

small probability'. Whether probability theory should or should not be used to model

default reasoning is still a matter of debate (see [25℄ for a review of the arguments for
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and against probability; see also [56, 106, 116℄). The appropriateness of probability is

related to the question of what exa
tly one is trying to model when one is using default

rules. In one view, nonmonotoni
 reasoning systems should be used by (implemented

in) `agents' (for example, robots) whi
h have some knowledge about the world (given by

axioms) and whi
h re
eive additional information through their sensors. One assumes

that this information is prepro
essed so that it 
an also be en
oded as axioms. The

agent 
an then use its nonmonotoni
 reasoning system to arrive at sensible 
on
lusions

from its given knowledge. In this view, `abnormalities' 
an be quite literally seen as

`things that happen with small probability': if the robot sees that a 
ar is in a parking

lot at time t, it should be able to infer that it will still be there at time t = t+1, sin
e

the probability that this will be the 
ase is very high (at least if the unit of time is


hosen appropriately). In this view, default rules should be seen as being analogous

to laws of physi
s: they des
ribe how the world works. The only di�eren
e to what

we usually 
all the `laws of physi
s' is that the des
ription is at a di�erent level of

abstra
tion and deals with di�erent phenomena.

A

ording to another point of view, defaults may also stand for 
onventions [121, 1℄

that humans impli
itly use in 
ommuni
ation: if one reads a story in whi
h a bird is

mentioned and no 
lues are given as to whether or not it 
an 
y, the reader will typi
ally


on
lude that it 
an 
y. If one regards defaults as 
onventions, then it is not so 
lear

whether or not they should be treated probabilisti
ally.

In a very in
uential book [116℄, J. Pearl argues that un
ertainty should be handled

probabilisti
ally (even when one is modeling 
onventions rather than `physi
al laws'),

and he shows how many of the problems asso
iated with a probabilisti
 interpretation

of defaults 
an be over
ome. However, he 
on
edes that in pra
ti
al appli
ations, it

may often be useful to work with nonmonotoni
 logi
 instead of probability theory.

He then proposes to use nonmonotoni
 logi
 after all, but with a semanti
s that is


onsistent with probability theory in the sense that it 
an be given a probabilisti


interpretation.

In our own work on nonmonotoni
 temporal reasoning, to be presented in 
hapters 9

and 10, we impli
itly take a similar (yet di�erent) view: though all nonmonotoni
ity

will be dealt with in entirely non-probabilisti
 terms, most of it 
an in prin
iple be

interpreted probabilisti
ally. The reason that a probabilisti
 interpretation is not avail-

able for all our uses of nonmonotoni
ity will be explained in the Epilogue to part III

of this thesis. There we shall argue that when nonmonotoni
 logi
 is used to model

defaults, it should indeed have a probabilisti
 interpretation. However, we shall also

argue that in applied work, nonmonotoni
ity is often used only to arrive at 
on
ise de-

s
riptions of a domain; in su
h 
ases, a probabilisti
 semanti
s is inappropriate. In the

Epilogue we shall review our own theory of 
hapters 9 and 10 and show that indeed, all

defaults used there 
an be interpreted probabilisti
ally. We shall also demonstrate that

the 
onne
tion between defaults and probability arises most naturally if probabilities

are treated from an MDL perspe
tive, thereby 
onne
ting part III to parts I and II of

this thesis.



Chapter 8

Introdu
tion to

Nonmonotoni
 Temporal

Reasoning

8.1 Introdu
tion

In this 
hapter we give a short overview of the �eld of Nonmonotoni
 Temporal Reason-

ing (NMTR). We will dis
uss the 
entral problems, the main goals and the methodology

of the �eld. The main purpose is to provide the ne
essary ba
kground for the following

two 
hapters 9 and 10, in whi
h we will develop our own theory of NMTR.

We start (Se
tion 8.2) by introdu
ing the �eld by means of an histori
al overview.

In Se
tion 8.3 we give a 
riti
al dis
ussion of the 
urrent resear
h methodology and

the main resear
h goals of the �eld. In Se
tion 8.4 we dis
uss our own view on these

issues and indi
ate how some of the problems raised in Se
tion 8.3 
an be over
ome.

We end with a summary of 
hallenges fa
ed by the �eld. For more details about both

the history and the problems of the �eld we refer to Sandewall and Shoham's overview

arti
le [135℄ and Shanahan's re
ent book [139℄.

8.2 Introdu
tion to and History of the Field

Nonmonotoni
 Temporal Reasoning, also 
alled 
ommon-sense reasoning about a
tion

and 
hange is a sub�eld of Arti�
ial Intelligen
e (AI). The original goal of this �eld

was to 
ome up with a logi
 that allows for 
ommon-sense reasoning about a
tion

and 
hange. This would be part of the grander goal of developing a general `logi
 of


ommon-sense reasoning', the 
entral goal in the logi
ist view of AI [108℄; see also Se
-

tion 8.3. Before we start our histori
al overview of the �eld, we introdu
e a formalism

for representing statements about a
tion and 
hange as senten
es in �rst-order logi
.
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The Language We use a many-sorted �rst-order language L. L 
ontains three sorts:


uents (variables of the sort denoted by f), events (e) and time points (t). Fluents and

events 
orrespond to the basi
 entities of our domains. Fluents are those properties of

a domain whi
h usually do not 
hange over time. Fluents 
an hold (`be the 
ase') or

not at any point in time t. If 
uent f holds at time t we write Ho(f; t). A
tions or

events in
uen
e the (truth) value of 
uents

1

. If an event e takes pla
e between time t

and t+ 1, we will also say that e `holds' at time t and write Ho(e; t). Time-points are

identi�ed with the integers. Apart from Ho, L 
ontains the following fun
tions and

predi
ates: `+', `=' and Ab. `+' and `=' will re
eive their usual interpretation. Ab

is de�ned over 
uent-time pairs. Ab(f; t) denotes that there is something `abnormal'

about 
uent f at time t. We will assume all formulas to be impli
itly universally

quanti�ed.

The Frame Problem The �eld got started in 1969 when M
Carthy and Hayes [107℄

�rst formulated the frame problem. This is the problem of how to properly formalize

the 
ommon-sense law of inertia or persisten
e, whi
h says that most properties of the

world do not 
hange over time, unless there is some a
tion that a�e
ts them. This

notion turns out to be surprisingly diÆ
ult to model.

As an example of what we mean by `persisten
e', 
onsider a very simple reasoning

domain 
onsisting only of a person who 
an either be walking or not (denoted by 
uent

Walking) and who 
an be alive or not (denoted by 
uent Alive). Only one a
tion may

take pla
e in the domain, whi
h is to sit down (denoted by event Sit down). The e�e
t

of sitting down is that the person is not Walking any more. This 
an be formalized as

Ho(Sit down; t) � :Ho(Walking; t+ 1) (8.1)

Su
h an axiom is usually 
alled an e�e
t axiom. Let it further be given that (1) the

person is alive and walking at t = 0, and (2) the person takes a seat at time t = 2; no

other events take pla
e. This is formalized as

Ho(Walking; 0) ^ Ho(Alive; 0) (8.2)

Ho(Sit down; 2) ^ (t 6= 2 � :9e:Ho(e; t)) (8.3)

These axioms are usually 
alled observation axioms.

We want our domain to be subje
t to persisten
e. Hen
e we would like to be able

to infer that the person remainsWalking until t = 2, remains :Walking thereafter and

remains Alive throughout. Clearly, this 
annot be inferred from axioms (8.1){(8.3)

alone. We 
ould enfor
e persisten
e by adding the following so-
alled frame axioms :

Ho(Alive; t) � Ho(Alive; t+ 1) (8.4)

:Ho(Sit down; t) � [Ho(Walking; t) � Ho(Walking; t+ 1)℄ (8.5)

However, handling persisten
e in this way leads to theories that are unwieldy and

brittle (see [139℄, page 10): unwieldy in the sense that for ea
h 
uent, we have to

1

In the simple domains we will en
ounter in this 
hapter we need not make any distin
tion between

`a
tions' and `events'.
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spe
ify the 
omplete list of a
tions that do not interfere with its persisten
e. In the

present 
ase this was a
hieved by the simple axioms (8.4) and (8.5), but when we move

on to domains 
onsisting of thousands of a
tions and 
uents, it will make our theories

in
onveniently large. Our theories would also be brittle in two ways: �rst, if we want

to add knowledge to a pre-existing theory, we may have to 
hange most axioms (rather

than just adding new ones). Se
ond, our theories would be
ome in
onsistent if the

observations would 
ontradi
t persisten
e { as will sometimes happen in the real world

(see Example 8.4, page 191). If a theory is in
onsistent then all reasoning breaks down;

we would prefer a system that 
on
ludes that something unexpe
ted has happened and

keeps making rational inferen
es about other aspe
ts of a domain.

It seems a better idea to express the law of persisten
e by a single me
hanism, to

whi
h only axioms of the form (8.1) and (8.3) but not of the form (8.4)-(8.5) have

to be supplied. The obvious idea is to use a simple form of nonmonotoni
 reasoning

(page 184) that allows one to infer that 
uents do not 
hange value whenever there is

no eviden
e to the 
ontrary. In terms of a preferred model semanti
s, this amounts to

sele
ting only those models for a theory in whi
h the smallest number of 
hanges take

pla
e. However, in their 
lassi
 1986 paper, Hanks and M
Dermott introdu
ed the

Yale Shooting Problem (YSP) whi
h essentially shows that this idea fails for all but

the simplest reasoning domains. In order to dis
uss the YSP, we �rst need to extend

our formalism so that it 
an handle nonmonotoni
ity.

Models and Preferred Models A stru
ture M for our language L 
onsists of

universes for all the sorts and interpretations for all fun
tion and predi
ate 
onstants in

L. For a fun
tion or predi
ate 
onstantK, we writeM[[K℄℄ to denote the interpretation

ofK inM (whi
h is then a fun
tion or a set, respe
tively). A model of a set of senten
es

� is any stru
ture M su
h that � is true in M, where truth of sets of senten
es is

de�ned as usual. If M is a model of �, we write M j= � . To keep things simple

we will only 
onsider models in whi
h all time points are interpreted as integers and

all 
uent and event 
onstants as themselves. Moreover, we will assume that only one

event happens at a time (the latter restri
tion will be dropped in later 
hapters). Our

nonmonotoni
 formalism is simply to prefer the models of a theory T with the fewest

(in the subset sense) abnormalities. Summarizing:

De�nition 8.1 A 
andidate modelM for a theory T is a model satisfying (1)M j= T ,

(2) M interprets time points as the integers and all event and 
uent 
onstants as

themselves, and (3) (9! denoting `there exists exa
tly one):

M j= 8t9!e: Ho(e; t)

De�nition 8.2 A model M is a preferred model for theory T i� M is a 
andidate

model for T and there is no other 
andidate model M

0

for T with M

0

[[Ab℄℄ $M[[Ab℄℄.

In what follows, we assume the set of 
uent and event 
onstants to 
ontain just those

elements that are mentioned in the relevant axioms. When we write `M

0

has fewer

abnormalities than M' we mean `fewer' in the subset sense, i.e. M

0

[[Ab℄℄ $M[[Ab℄℄.
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8.2.1 The Yale Shooting Problem

Using the formalism just introdu
ed, a straightforward formalization of the law of

persisten
e would look as follows:

8f; t : :Ab(f; t) � [Ho(f; t) � Ho(f; t+ 1)℄ (8.6)

In words, (8.6) says that if property f holds at time t and there is nothing abnormal

about f at time t, then it will still hold at time t+1. Combining this with axioms (8.1)-

(8.3) and using De�nition 8.2 to pi
k the preferred models, we essentially 
hoose the

models with the fewest possible 
hanges. We will 
all the 
ombination of De�nition 8.2

with (8.6) the naive persisten
e formalization.

Example 8.3 (Yale Shooting Problem) Assume again there is a person (in this


ontext typi
ally named Fred) that 
an be either Alive or not. Furthermore someone

points a gun at Fred that 
an either be Loaded or not. There are three possible a
tions

in the domain: Load, Wait and Shoot. A Load a
tion loads the gun; a Wait a
tion

has no e�e
ts whatsoever; a Shoot a
tion kills Fred if it is performed when the gun

is loaded. We are given the following information: initially, Fred is alive and the gun

is unloaded. At t = 0, the gun is loaded. At t = 1, nothing happens (a Wait a
tion

takes pla
e) and at t = 2 Fred is shot at. We will assume our domain to be subje
t

to persisten
e; this means that intuitively, the gun remains loaded during the Wait

a
tion; therefore, Fred is shot at with a loaded gun and will therefore not be alive any

more at time t = 3.

The following theory T

h-m

is a straightforward formalization of our domain. T

h-m

is the union of Axiom (8.6) (persisten
e) together with axioms (8.7){(8.10) below.

Ho(Load; t) � Ho(Loaded; t+ 1) (8.7)

Ho(Loaded; t) ^Ho(Shoot; t) � :Ho(Alive; t+ 1) (8.8)

Ho(Alive; 0) ^ :Ho(Loaded; 0) (8.9)

Ho(Load; 0) ^ Ho(Wait; 1) ^ Ho(Shoot; 2) (8.10)

In their YSP paper Hanks and M
Dermott showed that the naive persisten
e formal-

ization does not handle this domain 
orre
tly: the set of preferred models does not


oin
ide with the set of intended models . By an `intended' model we mean a model

that is intuitively admissible. Intuitively we would 
on
lude that Fred is not alive any

more at t = 3. Hen
e for all intended modelsM for T

h-m

we haveM j= :Ho(Alive; 3).

There indeed exists a preferred model M

1

for whi
h this is the 
ase. But there is also

another preferred model M

2

with M

2

j= Ho(Alive; 3). In the model M

1

everything

happens as we would intuitively expe
t. It 
ontains two abnormalities, Ab(Loaded; 0)

(the gun be
omes Loaded at time t = 0) and Ab(Alive; 2) (Fred dying at t = 2). M

2

also 
ontains two abnormalities: Ab(Loaded; 0) and additionally Ab(Loaded; 1): the

gun mysteriously be
omes unloaded again during the waiting. Therefore, Axiom (8.8)

does not apply and Fred remains alive at t = 3. Noti
e that there is nothing in our

axioms whi
h is in 
ontradi
tion with the spurious 
hange of Loaded; moreover, both

M

1

andM

2

have two abnormalities and, as is easy to show, there is no model for T

h-m

with only one abnormality. Hen
e M

1

and M

2

are both preferred and the intended


on
lusion :Ho(Alive; 3) 
annot be drawn.
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The YSP is not 
on�ned to the spe
i�
 nonmonotoni
 formalism we introdu
ed above;

Hanks and M
Dermott showed that in most (but not all; see Se
tion 8.2.3) stan-

dard nonmonotoni
 logi
s, a naive formalization of the law of persisten
e in terms

of minimizing 
hange leads to the same problem [67, 135℄. Also, more sophisti
ated

representations of time than the integer-valued time points we used here do not help

[67, 135℄.

Solutions to the YSP The YSP has provoked a very large number of solutions [143,

83, 95, 96, 68, 7, 116, 4, 136℄. In some of these a di�erent pre-existing nonmonotoni


logi
 was used for whi
h the problem did not o

ur after all; in other approa
hes, more


ompli
ated persisten
e axioms involving new predi
ates were introdu
ed and/or new

and more 
ompli
ated minimization poli
ies were proposed. We mention 
hronologi
al

minimization [83, 96, 143℄, 
ausal minimization [95, 68, 112, 98, 51℄, logi
 programming

[4, 45℄, 
ounterfa
tual (also known as `state-based') [7, 8, 81℄ and explanation 
losure

[136, 101℄ approa
hes; there are many more. Apart from these approa
hes, whi
h

were all developed within the nonmonotoni
 reasoning 
ommunity, a fundamentally

di�erent approa
h based on Bayesian networks and Pearl's ideas on 
ausality started

to evolve in the probabilisti
 reasoning 
ommunity [116, 51, 33℄.

The Cy
li
 Pattern All these approa
hes had two things in 
ommon: (1) they

solved the original YSP, but (2) they were soon 
onfronted with their own `
oun-

terexamples', that is, examples of very simple reasoning domains for whi
h they gave


ounterintuitive results. This led to a 
y
li
 pattern, where 
ounterexamples triggered

new proposals, whi
h in turn triggered new 
ounterexamples et
. To give the reader a

feel of what happened, we will brie
y sket
h two of the better known approa
hes that

were proposed: 
hronologi
al minimization and logi
 programming approa
hes.

8.2.2 Chronologi
al Minimization

The �rst three proposals to solve the YSP [83, 143, 96℄ were all based on essentially

the same idea: reasoning should follow the dire
tion of time, that is, the default

assumptions should be applied in temporal order. In our semanti
al setting, this

`
hronologi
al minimization' (a term due to Shoham [143℄) amounts to the following:

instead of simply 
hoosing the models with the fewest abnormalities, we sele
t the set

of our preferred models in a `pointwise' fashion: from the 
lass of all 
lassi
al models


onsistent with a theory T , we �rst sele
t the set with the fewest abnormalities at time

t = 0. Among the remaining models, we sele
t those with the fewest abnormalities at

time t = 1; we then further restri
t ourselves to those with the fewest abnormalities

at t = 2 et
. The reader may (easily) 
he
k that this minimization poli
y indeed

solves the YSP, preferring only the model M

1

with M

1

j= :Ho(Alive; 3). However, it

fails to give the intended models for almost every other reasoning problem proposed

thereafter. Here is a simple example:

Example 8.4 [Stolen Car Problem℄ In Kautz' Stolen Car s
enario [83℄, a 
ar is

left behind in a parking lot at the initial point in time t = 0. The 
ar driver leaves

the lot and then returns at some later point in time, say, t = 10, to �nd that the
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ar is not there any more (it might have been stolen, or towed away for example).

We model this domain using a theory 
onsisting of persisten
e axiom (8.6) and the

following observation axiom:

Ho(Car In Lot; 0) ^ :Ho(Car In Lot; 10)

If we determine our preferred models a

ording to 
hronologi
al minimization as de-

�ned above, we �nd that in all sele
ted models we have Ho(Car In Lot; t) for all

1 � t < 10: we 
an infer that the 
ar disappears as late as is 
onsistent with the

observations, whi
h 
learly does not 
orrespond to our intuitive understanding of the

situation.

Sandewall [131℄ proposed to over
ome the Stolen Car and similar problems by sup-

plying 
hronologi
al minimization with a tri
k 
alled `�ltered preferential entailment'

[135℄. This yielded the intended models for the Stolen Car s
enario but it still failed on

some other domains. For this reason, another 
on
ept 
alled `o

lusion' was invented

and put on top of 
hronologi
al minimization and �ltered preferential entailment. At

that point, the development took an interesting turn to whi
h we shall return later.

8.2.3 Logi
 Programming Approa
hes

In this example we assume the reader to be familiar with the basi
s of logi
 program-

ming; see for example [3℄. Most approa
hes to Logi
 Programming use negation as

failure whi
h is an inherently nonmonotoni
 
onstru
t; see [10℄. However, the non-

monotoni
ity is a
hieved in a manner quite di�erent from our simple minimization of

abnormality; we may therefore wonder what happens when temporal reasoning do-

mains are expressed as logi
 programs.

Interestingly, as noted independently by Apt and Bezem [4℄, Elkan [43℄ and Evans

[45℄, if the Yale Shooting domain is formalized as a logi
 program then the Yale Shoot-

ing problem does not o

ur. We now show the logi
 program P , a variation of Apt

and Bezem's formalization that has been adjusted to our use of integer time. We

adopt PROLOG syntax: 
apitals stand for variables; :- stands for impli
ation and

not stands for negation-as-failure. s(T) denotes the su

essor of T, i.e. T + 1. ho f

denotes the Ho-predi
ate for 
uents; ho e denotes the Ho-predi
ate for events.

ho_f(F,s(T)) :- ho_f(F,T), not ab(F,T).

ho_f(loaded,s(T)) :- ho_e(load,T).

ho_f(dead,s(T)) :- ho_e(shoot,T), ho_f(loaded,T).

ab(alive,T) :- ho_e(shoot,T), ho_f(loaded,T).

ho_f(alive,0).

ho_e(load,0). ho_e(wait,s(0)). ho_e(shoot,s(s(0))).

Anyone familiar with PROLOG will see that the answer to either of the queries

ho f(alive,s(0)) and ho f(alive,s(s(0))) will be `yes' while the answer to the

query ho f(alive,s(s(s(0)))) will be `no'. Apt and Bezem showed that the pro-

gram P also solves the shooting problem from a semanti
al point of view: several
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di�erent ways of de�ning the semanti
s of logi
 programs all lead to the adop-

tion of the same unique model M for P . This is the intended model, satisfying

M j= ho f(alive; s(s(0))) and M 6j= ho f(alive; s(s(s(0)))).

As formulated above, all negation is handled as `negation as failure' in this ap-

proa
h. This is undesirable in general; for example, it is not immediately 
lear how

to represent versions of the YSP in whi
h it is not known whether the gun is initially

loaded or not. To see why, note that in the program P listed above the answer to

the query ho f(loaded,0) will be `no' though we have not spe
i�ed anything about

loaded at time 0 expli
itly.

To address this kind of problems, Gelfond and Lifs
hitz [53℄ introdu
ed `extended

logi
 programs'. These are 
apable of dealing with both negation-as-failure and 
lassi-


al negation. However, the 
lass of reasoning domains that 
ould be handled by a basi


formalization of persisten
e in an extended logi
 program was still quite restri
ted (for

example, it had problems with the Stolen Car domain). To be able to handle larger


lasses of reasoning domains, the logi
 programming 
ommunity has gradually adopted

a di�erent methodology altogether, as we shall see in Se
tion 8.3.1.

8.2.4 The Rami�
ation Problem

We have just seen two typi
al examples of the kinds of solutions that were proposed,

and one typi
al example of the kind of 
ounterexamples (the Stolen Car problem)

this led to. As the 
y
le between solutions and 
ounterexamples 
ontinued, it be
ame

in
reasingly 
lear that the most 
hallenging of these 
ounterexamples were all interre-

lated: they were all instan
es of the rami�
ation problem [135℄. This is the problem

of how to properly deal with the side e�e
ts of a
tions. Sometimes it is viewed as

part of the frame problem, sometimes it is seen as a problem in its own right [135℄. It

o

urs in domains where an a
tion or event has only a small number of dire
t e�e
ts

while it 
an have a very large number of indire
t e�e
ts. For example, if a person is

shot at, he/she will stop being alive (a dire
t e�e
t), but he/she will also stop walking,

breathing, eating et
.; these are indire
t e�e
ts. Theories in whi
h all su
h indire
t

e�e
ts of an a
tion are stated expli
itly would qui
kly be
ome unmanageably large;

one would prefer to state them in more general and impli
it ways. Here we will give

just one example (due to Baker [7℄) of the rami�
ation problem - there are many more,

all of them highlighting di�erent aspe
ts of it; some of these will be dis
ussed in the

next 
hapter, Se
tion 9.5.

Example 8.5 [The Walking Turkey - Rami�
ation℄ Imagine a turkey that 
an

be either Alive or not and that 
an be either Walking or not. If the turkey is shot at

(we assume a gun that is always loaded here) it will stop being alive. Initially, the

turkey is alive. Then somebody shoots at the turkey. We 
an formalize this as follows:

Ho(Alive; 0) ^ Ho(Shoot; 0) (8.11)

Ho(Shoot; t) � :Ho(Alive; t+ 1) (8.12)

We now want to en
ode the additional rule that if the turkey stops being alive, it will

also stop walking. In light of the dis
ussion above, we do not want to add a rule of

the form Ho(Shoot; t) � :Ho(Walking; t+1); su
h a methodology would lead to overly
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large and in
onvenient theories in domains where there are several a
tions with dire
t

e�e
t :Ho(Alive; t) and/or where :Ho(Alive; t) has many indire
t e�e
ts. Instead, it

seems more reasonable to try the following state 
onstraint axiom:

:Ho(Alive; t) � :Ho(Walking; t) (8.13)

Unfortunately this will not work in general. We note �rst that our naive persisten
e

formalization will lead to 
ounterintuitive results, as the reader may (easily) 
he
k: let

T be the union of (8.11){(8.13) and persisten
e axiom (8.6). By axioms (8.6), (8.11)

and (8.12), the preferred models for T all have abnormality Ab(Alive; 0). There is only

one modelM with no further abnormalities, therefore,M is the single preferred model.

By (8.13),M j= :Ho(Walking; 1). By persisten
e,M j= :Ho(Walking; 0). This means

that, while nothing is known about whether the Turkey is initially Walking or not, we


an infer that it is not, 
learly an unintended (overly strong) result. The two other

approa
hes introdu
ed here also have problems with this example, but we shall not

dis
uss these further.

It seems we should look for a solution in whi
h the 
uentWalking is somehow `released'

that is, not subje
ted to persisten
e, whenever Alive is a�e
ted by an a
tion. This kind

of solution was indeed proposed [135℄, but was later found to be inadequate by several

authors [99, 103℄. Brie
y, the reason is that there may be other 
uents in a domain for

whi
h the domain 
onstraint :Ho(A; t) � :Ho(B; t) should also hold in all intended

models, but for whi
h B should not be released from persisten
e when A is a�e
ted

by an a
tion. In the next 
hapter, Se
tion 9.5 this will be dis
ussed in detail.

8.2.5 Rami�
ation and the Resurgen
e of `Causal' Approa
hes

Let us now return to the histori
al development. The rami�
ation problem was identi-

�ed as a problem shortly after the YSP was presented (1986). From that time onwards,

reasoning domains involving it have been gradually a

umulating. A few early solu-

tions were proposed [7, 97℄, but none of them of any reasonable generality. Then,

around 1995, several authors, apparently independently, su

eeded in de�ning rela-

tively simple and elegant formalisms that where suÆ
iently general to a

ount for a

substantial number of examples (in
luding the Walking Turkey) [99, 103, 66℄. These

formalisms were all 
losely related to one another; in the following we 
on
entrate on

one of them, namely Lin's [99℄ approa
h. It is based on the intuition that some e�e
ts

of a
tions 
ause other e�e
ts while for other e�e
ts, this is not the 
ase. Lin introdu
es

an additional predi
ate Caused. To give an example, in Lin's formalization, the fa
t

that :Walking is an indire
t e�e
t of :Alive would be expressed as:

:Ho(Alive; t) � Caused(Walking; false; t) (8.14)

to be read as `:Alive 
auses :Walking'. This proposal is related to the early 
ausal

minimization approa
hes to the Yale Shooting Problem. These used a 
ausal predi
ate

and a philosophy similar to Lin's. However, there were a few small but essential di�er-

en
es whi
h allowed Lin to solve a mu
h wider 
lass of domains than these forerunners.

In Chapter 10 we shall treat Lin's proposal in detail.
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Interestingly, around the same time as Lin's approa
h was published, M
Cain and

Turner [103℄ independently made a very similar proposal. Moreover, several of the

originally non-
ausal approa
hes to the frame problem seemed to develop naturally,

as it were, into approa
hes that were 
losely related to Lin's approa
h. We already

mentioned that in the 
hronologi
al minimization s
hool, the 
on
ept of `o

lusion'

had been introdu
ed. Later, Gustafsson and Doherty [66℄ showed that one 
an also

treat persisten
e and rami�
ation based only on o

lusion without 
ombining it with


hronologi
al minimization. They showed that the resulting theories are 
losely related

to Lin's. In the logi
 programming 
ommunity, people gradually 
ame to adopt a

di�erent methodology whi
h we shall des
ribe in Se
tion 8.3.1. The methodology

formalizes domains in some `high level a
tion des
ription language'. Su
h languages

invariably have a primitive 
auses whi
h fun
tions in a way similar to Lin's Caused-

predi
ate [54, 57, 12℄. In Shanahan'sevent 
al
ulus-based approa
h [139℄, a 
onstru
t

Initiates is used in way similar to Lin's use of Caused ([139℄, Chapter 16). Finally,

Lin's own approa
h really had developed as an extension of the explanation 
losure

approa
hes of S
hubert [136℄ and Lin and Reiter [101℄ rather than one of the original


ausal approa
hes.

The Present Situation Summarizing , many di�erent resear
h groups nowadays

use a 
onstru
t similar to Lin's Caused. Approa
hes to persisten
e developed in the

probabilisti
 
ommunity are all based on some version or other of Pearl's ideas about


ausation. It seems that among all the originally proposed approa
hes to persisten
e,

the 
ausal approa
h is the 
lear winner.

However, Caused is just a predi
ate with a 
ertain semanti
s. It has been 
alled

`Caused' be
ause it 
an often su

essfully be used in 
ontexts whereM j= Caused(f; t)

seems to 
orrespond to the statement `
uent f is 
aused to hold at time t'. Unfortu-

nately, 
ausality is a notoriously diÆ
ult 
on
ept and it seems quite un
lear what su
h a

statement really means. Gustafsson, Doherty [66℄ and Shanahan [139℄ do not interpret

their Caused-like 
onstru
ts as being ne
essarily related to 
ausation. Thiels
her [151℄

even shows that the Caused predi
ate 
an sometimes be fruitfully used in a 
ontext

where it does not 
orrespond to the use of `
auses' in natural language (see the next


hapter, Se
tion 9.5.3). At the time of writing this thesis, one of the main 
on
erns of

the �eld is the question whether the 
ausal road is really the one to take.

8.3 Resear
h Goals, Criti
isms and Methodology

Having introdu
ed the �eld by giving examples of the problems it is dealing with, we

now stand ba
k a little and dis
uss the major resear
h goals and the methodology of

the �eld. Both of these have been subje
t to mu
h 
riti
ism [108, 135℄. Re
all that the

original goal was to develop a theory of a
tion and 
hange as part of a grand `logi
 of


ommon-sense reasoning'. Later, when it was realized that this goal was hard or even

impossible to a
hieve, many resear
hers s
aled down their ambition.

The Resear
h Goal The goal now be
ame to �nd an engineering solution: to

develop a formalism (preferably, but not ne
essarily a logi
) 
apable of handling a rea-
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sonably large 
lass of reasoning domains involving a
tion and 
hange. Here `handling'

is meant in the following sense: the domains are represented in a 
lear and 
on
ise

manner, the inferen
es that 
an be made from a representation of a domain are all


orre
t (in the sense that they agree with our intuitive understanding of the domain)

and eÆ
ient (in the sense that relevant inferen
es 
an be made in a small number of


omputation steps). The system developed 
ould then be installed as a spe
i�
 
om-

ponent of the reasoning- and planning system of some intelligent agent (e.g. a robot).

Even the a
hievability of this more modest goal 
an be questioned. The main problem

is that for suÆ
iently 
omplex reasoning domains, it is really not 
lear what a `
orre
t'

representation of su
h a domain would be. We dis
uss two reasons:

Clashes of Intuitions A `
orre
t' representation of a domain should allow us to make

those inferen
es that we 
onsider intuitively 
orre
t. Unfortunately, di�erent

resear
hers often make in
ompatible statements about what are the admissible

(intuitive) 
ommon-sense inferen
es for a given example. In the next 
hapter

(page 218 and 221) we shall see examples of reasoning domains where di�erent

people think that di�erent, 
on
i
ting inferen
es are admissible. More in general,

one sometimes gets the feeling that the 
ommunity really is trying to formulate

a logi
 that permits those inferen
es that are judged admissible by the members

of the 
ommunity itself (and not ne
essarily by others) (see [156℄).

Arbitrariness of Translations Formalizing a domain always involves a step where

our intuitive understanding of the domain is translated into a formal representa-

tion of it. This step itself is, however, ne
essarily informal: there is no formally

de�ned translation fun
tion that, when input a des
ription of a domain in natu-

ral language, would output a des
ription of the same domain in the many-sorted

�rst-order language we use in this 
hapter. The same holds of 
ourse for any

other formalism. The inherent informality makes it un
lear what parts of a

problem are really solved by a 
lever translation and what parts are solved by

the formalism itself. It then, on
e more, be
omes very hard to judge whether a

given formalism 
an be 
onsidered adequate or not: if somebody dismisses it on

the grounds that it leads to 
ounterintuitive results, somebody else may always


laim that the formalism 
an handle the task after all; one merely has to express

the domain knowledge in a di�erent way.

A third 
riti
ism is dire
ted against the methodology of the �eld rather than its goals:

Chaoti
 Methodology Even if the overall goal of the �eld 
an be a
hieved, it is

very doubtful whether we get any 
loser to it by a

umulating more and more

spe
i�
 examples of problemati
 domains and adjusting existing formalisms to


ope with them. All past proposals were soon 
onfronted with simple 
ounterex-

amples (page 191). This suggests that if an approa
h handles a bun
h of spe
i�


examples 
orre
tly, this does not give any guarantee that it really handles a `wide


lass' of domains 
orre
tly.

In rea
tion to these and similar 
riti
isms, an alternative methodology, often 
alled

`systemati
' [135℄ has developed in re
ent years. As we shall see, this methodology

partly (but only partly) resolves the issues raised above.
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8.3.1 The Systemati
 Methodology

Originally proposed around 1992 [132, 102, 54℄, the systemati
 methodology nowadays

underlies the work of a substantial part of the resear
hers in this �eld. There are

two main variations of this methodology, one developed by Sandewall [132℄ and one

by Gelfond and Lifs
hitz [54℄. We will 
on
entrate on the latter variation, whi
h

has mainly been developed in the 
ontext of the logi
 programming approa
hes but

whi
h by now has been applied to many other approa
hes as well [80℄. Roughly, it

works as follows: instead of dire
tly formalizing domain knowledge as axioms in some

logi
, one uses a high-level `a
tion des
ription language' (ADL) [54℄ with a restri
ted

syntax. The idea is that by using a restri
ted, tailor-made language rather than a full

�rst-order language, it is possible to endow su
h a language with very simple and 
lear

semanti
s. We shall see an example of su
h a language, the language L

3

, in Chapter 10,

Se
tion 10.4.

ADLs together with their semanti
s are regarded as de�nitions of a 
lass of rea-

soning domains. The language de�nes what reasoning domains belong to the 
lass

(namely, pre
isely those that 
an be represented by the language). The semanti
s

determine for every element of the 
lass what the 
orre
t inferen
es for that element

are. For any given ADL+semanti
s and any given logi
al formalism L, one 
an de-

�ne a formal translation fun
tion � mapping domain des
riptions written in the ADL

to domain des
riptions written in the language of L. The ADL+its semanti
s + a

translation fun
tion `resolve' all three issues raised above: there 
an be no 
lash of

intuitions about what is 
orre
t and what not, sin
e this is de�ned by the semanti
s of

the ADL. There is no informal translation step any more, for translations are done by

a pre
isely de�ned fun
tion �. Finally, one 
an often formally prove that a proposal

L in 
ombination with � is 
orre
t for a whole 
lass of reasoning domains by proving

that for every domain des
ription D written in the ADL, the models assigned to D

(by the semanti
s of the ADL) 
orrespond to the models assigned to �(D) (by the

semanti
s of L).

Begging the Question Unfortunately, this solution evades all the diÆ
ulties rather

than fa
es them: they all re-o

ur one level higher, in the question of how to de�ne the

proper semanti
s for an ADL; but this question is simply moved outside the s
ope of

investigation. Nevertheless, the idea of ADLs, in our opinion, has two merits: �rst, by

the restri
ted syntax of an ADL, it be
omes mu
h easier (though still hard) to judge

whether it assigns the `
orre
t' semanti
s to all the problems that 
an be represented in

it. Se
ond, the idea of formally translating des
riptions of approa
h A to des
riptions

of approa
h B is, we think, fundamental to any advan
es of the �eld. It allows us, when

introdu
ing a new approa
h, to show exa
tly in what ways it is related to previous

approa
hes.

8.4 An Alternative View: NMTR as Modeling

In the previous se
tion we saw some serious 
riti
isms of the goals and methods of our

resear
h �eld and we presented a methodology that partially answers them. As we see
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it, at least part of the 
riti
isms 
an be better met by a more radi
al shift of the fo
us

and goals of the �eld. In this new view, the theories to be developed should be models

about the physi
s of a
tion and 
hange. To explain what we mean by this and why it

is really di�erent from the resear
h goal as stated before, we need to say a little about

modeling in general.

8.4.1 Two Aspe
ts of Modeling

In our view, the �eld of NMTR is basi
ally 
on
erned with �nding good Models for

s
enarios 
on
erning a
tion and 
hange. A logi
al theory (i.e. a set of axioms) together

with a nonmonotoni
 semanti
s 
an be 
onsidered as a Model of the domain of interest

(from now on we write the word `Model' with 
apital M to indi
ate that it is used

not in the logi
ian's, but rather in the general sense of a `model of some phenomenon'.

When written un
apitalized, it denotes the logi
ian's notion of `mathemati
al stru
ture

in whi
h all axioms of some theory hold'). A Model of a domain 
an be spe
i�ed by

giving the list of laws to whi
h the basi
 entities in the domain are subje
t (or, more


orre
tly, would be subje
t if the Model where in any sense `true'). However, for many

interesting domains, this list will be very long. Yet it is often possible to spe
ify a

Model in a 
on
ise manner, by using some pre
isely de�ned 
onvention about how the

short spe
i�
ation 
an be translated into the full list of laws 
orresponding to it. In

su
h a 
ase, there are two fundamentally di�erent aspe
ts to the pro
ess of modeling:

1. Finding a good Model for a domain, that is, identifying a list of `laws' to whi
h

the domain is subje
t.

2. Finding a method to spe
ify su
h a Model in a 
ompa
t manner.

Mu
h of the NMTR literature 
an be 
hara
terized by a 
onfusion of these two issues.

Yet (at least in our view) they should be 
learly separated in order to make any real

progress in the �eld. Perhaps the best example of this 
onfusion is given by what we


alled the `naive persisten
e formalization', that is persisten
e axiom (8.6) together

with the minimization of Ab. Let us stand ba
k a little and analyze what rôle the

resear
hers who proposed it had intended it to play. We see that it was meant to


apture some quite di�erent things at the same time:

a. Modeling persisten
e per se: if at time t no a
tion takes pla
e that a�e
ts 
uent

f , then the value of f usually remains un
hanged at time t + 1. For example,

this says that if Fred is alive and none of the a
tions that 
an kill Fred take pla
e

at time t, then he will usually still be alive at time t+ 1.

b. Expressing that a
tions a�e
t no more things in the world than those we expli
itly

state they a�e
t. For example, if a Load a
tion takes pla
e, then this should

have no e�e
ts on Alive ; if a Wait a
tion takes pla
e, this should neither have

an e�e
t on Loaded nor on Alive, et
.; yet none of this is stated expli
itly. These

laws about non-e�e
ts are assumed to be enfor
ed by the persisten
e axiom and

the minimization of Ab.

(a) 
an be seen as a kind of `physi
al law'. It is part of a Model of the domain as

referred to in item (1) above. (b) is an attempt to express some of these laws (namely,
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the laws involving the non-e�e
ts of a
tions) in a very 
on
ise manner. As su
h it is

related to item (2) above. Item (1) is about determining whi
h things are generally

the 
ase in our domain of interest; item (2) is about determining how to spe
ify these

things.

8.4.2 Models, models, and Two Uses of Nonmonotoni
ity

To 
larify our distin
tion we will give an alternative, more pre
ise 
hara
terization of

what we mean by a Model and by a `
on
ise representation' of it.

We �rst de�ne the notion of `Model' in a simplisti
 way; a more realisti
 de�nition

follows later. For now, a (modeler's)Model of a domain is de�ned as a set of (logi
ian's)

models. Intuitively, ea
h model M in the Model M 
an be identi�ed with a single

instantiations of the domain. For example, the `intended' model M

1

with M

1

j=

:Ho(Alive; 3) (page 190) should be an element of any reasonable Model of the Yale

Shooting domain.

Let M be a Model of some domain de�ned in this way. For a senten
e � we write

M j= � if for ea
h model M2M we have M j= �.

The Contingent and the General; Generi
 Models Now note that the problem

domains we deal with in NMTR 
an usually have several instantiations: typi
ally there

are general laws (that hold in all possible instantiations of the domain) and 
ontingent

fa
ts (whose truth value di�ers from instantiation to instantiation). For example,

in the Yale Shooting domain, a senten
e like Ho(Loaded; 0) is a 
ontingent fa
t. A

senten
e like

Ho(Load; t) � Ho(Loaded; t+ 1)

is a general law.

For simpli
ity, we will only 
onsider `generi
' Models of domains. These are Models

in whi
h none of the 
ontingent fa
ts have been instantiated (for example, a `generi
'

Model of the Yale Shooting domain should 
ontain both a model M

a

with M

a

j=

Ho(Alive; 0) and a model M

b

with M

b

j= :Ho(Alive; 0)).

Theories as Spe
i�
ations of Models Generi
 Models 
an be 
hara
terized by a

set of logi
ian's models, but, at least if they are not too 
ompli
ated, also by a logi
al

theory. We 
all a theory T a sound spe
i�
ation of a Model M if, for all senten
es �,

T j= �)M j= � (8.15)

We 
all a theory T a 
omplete spe
i�
ation of a Model M if, for all senten
es �,

M j= �) T j= � (8.16)

We 
all T an in
omplete spe
i�
ation of M i� it is not a 
omplete spe
i�
ation of M.

One of the main goals of NMTR is to spe
ify the Models of our reasoning domains

in a 
ompa
t manner (re
all that we wanted to avoid using all the `frame axioms'

(page 188)). This is almost always done by giving a theory T that is a sound but
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in
omplete spe
i�
ation of the Model M we have in mind. This theory is then turned

into a 
omplete spe
i�
ation by using some nonmonotoni
 entailment relation j� (T j� �

denoting that � holds in all most-preferred models of T ). Hen
e, in the pra
ti
e of

NMTR one uses a theory T to spe
ify M whi
h is su
h that (8.15) holds, (8.16) does

not hold, but it does hold for all senten
es � that

T j� �,M j= � (8.17)

There would be nothing wrong with this, were it not for the fa
t that a good Model

for the kind of domains we are a
tually interested in is usually not so simple that it


an be identi�ed with a plain set of logi
ian's models. We often want su
h a Model to

have a preferen
e stru
ture over the possible instantiations (logi
ian's models) of the

domain. In su
h a 
ase, a ModelM be
omes an ordered set of logi
ian's models rather

than a plain set. For example, the generi
 Model of the Stolen Car domain (page 191)

should 
ontain a modelM with M j= 8t::Ho(Car In Lot; t) among its most-preferred

models; but, among the less preferred models, it should also 
ontain a model M

0

with

M

0

j= Ho(Car In Lot; 0) ^ :Ho(Car In Lot; 10): after all, if we want to model the

fa
t that persisten
e may be broken without dis
ernible reason, then M

0

should be a

possible instantiation of the domain.

Hen
e, more realisti
 Models M 
an be identi�ed with a set of logi
ian's models

together with a preferen
e ordering over these models. Let us 
all the preferen
e

ordering of this kind that belongs to a Model M the internal preferen
e stru
ture of

M. In 
ontrast, we will 
all the nonmonotoni
 mapping performed by the relation j�

of Equivalen
e 8.17 a 
ompletion mapping, sin
e it is meant to turn theories that are

in
omplete spe
i�
ations of a Model M into 
omplete spe
i�
ations of M.

The Confusion Both 
ompletion mappings and internal preferen
e stru
tures are

nonmonotoni
 
onstru
ts. In many approa
hes to NMTR, they are implemented by

the same, single, me
hanism. We already saw the example of the naive persisten
e

formalization, where all nonmonotoni
ity is handled by minimization of Ab. We 
laim

the same thing happens in 
hronologi
al minimization, early 
ausal approa
hes and in

state-based approa
hes [83, 96, 143, 95, 7℄). In our view, the problemati
 behaviour

of these approa
hes is partly due to their treating both uses of nonmonotoni
ity by a

single me
hanism. For these two uses are really very di�erent: the nonmonotoni
ity

inherent in the 
ompletion mapping is 
on
erned with how the Model of the domain

is to be spe
i�ed, while the internal preferen
e stru
ture (whi
h is de�ned relative to

a model M) is part of that Model itself.

Further Uses of the Distin
tion In the next 
hapter, we shall present our own

theory of nonmonotoni
 reasoning. In this theory the two di�erent uses of nonmono-

toni
ity will be stri
tly separated. In the 
on
lusion to the next 
hapter (page 234)

this will be veri�ed and some examples will be given. In the Epilogue to part III, we

shall further see that the use of nonmonotoni
ity to make in
omplete spe
i�
ations


omplete is not related to default reasoning. Finally, we shall point out there how

the distin
tion between the two uses helps in understanding the relationship between

probability theory and nonmonotoni
 logi
.
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8.4.3 A New Resear
h Goal

The distin
tion introdu
ed above leads to a di�erent view of the goals of the �eld. The


hallenge now be
omes:

Alternative Resear
h Goal First, to �nd good Models for domains of a
tion and


hange; and se
ond, to �nd 
on
ise and 
omputationally eÆ
ient representations of

these Models.

A Model should 
onstrain the possible instantiations of a domain so that they obey

some set of `laws of nature'. A 
on
ise and eÆ
ient representation of a model M

may be a logi
al theory T that in
ompletely spe
i�es M together with a 
ompletion

preferen
e ordering j�, but we see no reason why to 
onstrain ourselves in this way.

The `laws of nature' implied by a model should be transparent: it should be 
lear what

assumptions one has to make about the world in order for them to hold. For example,

the persisten
e law that we will formulate in our own theory of NMTR (Se
tion 9.6)


an be read as follows:

If a 
uent f holds at time t and there are no interventions in the domain

at time t that 
an in
uen
e the value of f , then with high probability f

still holds at time t+ 1.

We 
all this a `physi
al law' sin
e it des
ribes what really happens in the world if it

is regarded at a 
ertain level of abstra
tion. To 
larify, we give an example of a `law'

used in the existing literature that 
learly 
annot be viewed as a physi
al law:

A 
uent f 
hanges value as late as possible.

This is just `
hronologi
al minimization

2

' dis
ussed in Se
tion 8.2.2, page 191. Whereas

our own formalization of persisten
e applies for many properties f and events e that

exist in the real world, the se
ond formalization, at least in our view, does not.

If, as in 
hronologi
al minimization, one does not separate the issues of 
on
ise

representation and Modeling, then the preferen
e ordering over models one 
omes up

with needs to serve two purposes at on
e; therefore, even if a single preferen
e ordering

of this kind exists that leads to intuitive results, it will probably not 
orrespond in any

way to `what happens in the real world'.

The `modeling' view of the �eld is adopted not only in our own work. It is also

impli
it in the works of some of the other resear
hers in the �eld; we mention Sande-

wall's `traje
tory semanti
s' [133℄ and Thiels
her's work on 
ausality [151℄. The work

on a
tion and 
hange done in the probabilisti
 
ommunity [33, 34, 52℄ invariably takes

a `modeling' perspe
tive.

2

Of 
ourse, the inventors of 
hronologi
al minimization did not believe that 
uents 
hange as late

as possible in the real world. Rather, they wanted to formalize the idea that when people reason

about a
tion and time, they sometimes do so in temporal order. However, the law that 
uents 
hange

as late as possible is a dire
t 
onsequen
e of the formal de�nition of 
hronologi
al minimization.
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8.4.4 The Clash of Intuitions Revisited

In Se
tion 8.3 the �eld was 
riti
ized be
ause of the inherent diÆ
ulty in determining

whether a proposed formalism is really `
orre
t', the reason being that di�erent people

may have 
on
i
ting intuitions about what is and what is not an admissible inferen
e

for some given domain.

We think these `
lashes of intuitions' are better understood, and 
an be partially

alleviated, if one adopts the alternative resear
h goal as stated on the previous page.

In our view, there are really two di�erent kinds of `
lashes of intuitions':

1. Clashes 
on
erning the question `what is a good Model for a given domain', whi
h

is the 
entral question of the �rst part of the resear
h goal.

2. Clashes 
on
erning the question `what is a 
on
ise yet intuitive way to spe
ify

a Model of a domain?', whi
h is a question related to the se
ond part of the

resear
h goal.

The 
lashes of intuitions of kind (1) are problemati
, but they seem not mu
h worse

than 
lashes of intuitions that appear when Models are developed in �elds di�erent

from NMTR, i.e. e
onomi
s, biology. As in these �elds, one 
an use, at least in

prin
iple, empiri
al eviden
e to determine what a good Model is: when in doubt, one


an think of a robot, equipped with the Model under investigation. The question of

whether a Model is `
orre
t' then be
omes: will the robot draw sensible 
on
lusions

and fun
tion sensibly, in the domains we intend to pla
e it in?

The 
lashes of kind (2) are more serious; they are 
lashes of a kind that simply

does not seem to o

ur in other �elds 
on
erned with modeling (at least in statisti
s,

Models are always des
ribed by a 
omplete spe
i�
ation). In our view, there are bound

to be di�ering intuitions here. For this reason, we think it is a good idea to drop

the requirement of intuitive spe
i�
ations: in our view, in a proper approa
h to the

�eld, the mapping from 
on
ise representations to Models should just be simple and

pre
isely de�ned, but not ne
essarily intuitive - simpli
ity and pre
ision are all we 
an

ask for.

Let us explain this a bit further. We think that the a
tual 
lashes of intuitions thus

far en
ountered in the literature are really mainly about 
lashes of kind (2). Re
all that,

in order to arrive at a 
ompa
t representation, the general approa
h of the �eld has

been to spe
ify only some of the laws that should hold a

ording to the Model. To make

this work, one needs pre
isely de�ned rules (for example, a nonmonotoni
 semanti
s)

to map an in
ompletely spe
i�ed theory to the Model it is supposed to 
orrespond

to. Something similar o

urs in natural language, where it is 
ommonpla
e to leave

out 
ertain things from a des
ription. Most speakers of a language use approximately

the same narrative 
onventions [1℄ to (un
ons
iously) determine what somebody really

means if he/she gives an in
omplete des
ription of a situation. But when an in
omplete

des
ription of a Model is expressed in the language of �rst-order logi
 (i.e. as a logi
al

theory), it seems quite strange to assume that di�erent users of this (arti�
ial) language

will share the same intuitions about how in
omplete des
riptions should be mapped to

Models: �rst-order logi
 is a re
ent, man-made invention. It would be really surprising

if a set of `logi
al narrative 
onventions' existed that would be judged intuitive by
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most or all people. This is espe
ially so sin
e, as we shall see in the next 
hapter, the

rule `if an e�e
t of an a
tion is not spe
i�ed, then it is not an e�e
t', is not enough;

as domains get more 
ompli
ated, mu
h more 
ompli
ated 
onventions are needed, at

least if 
on
ise theories (des
riptions) are what is asked for.

Summarizing, we think that by simply not attempting to do the 
ompa
t spe
i�-


ation of Models in an intuitive manner, the 
lashes of intuitions are redu
ed to those

o

urring for 
omplete spe
i�
ations; but there, they will not be mu
h more serious

than in other �elds, and, at least in prin
iple, there are empiri
al means (by testing

a Model or an a
tual robot equipped with it in a
tual domains) to help resolve su
h


lashes.

8.5 Summary; Main Challenges

We end this 
hapter with a summary and an overview of what we regard the main


hallenges of the �eld. We have seen that NMTR is based on an elusive goal, the

`logi
 of 
ommon-sense'. Many problemati
 reasoning domains show that this goal is

not at all easy to a
hieve. Most modern approa
hes dealing with these problems are

interrelated in that they are based on expli
itly expressing 
ausal relationships. One

of the main 
urrent 
hallenges of the �eld is therefore, in our view:

� Find out the exa
t relations between all these approa
hes. Gain a better under-

standing of the use they make of 
ausality.

More generally one may question some of the assumptions behind the goals and meth-

ods of the �eld. This leads to what we personally regard as another fundamental


hallenge (though, unlike the �rst, most resear
hers seem not to be too 
on
erned

about this issue):

� Sear
h for a better methodology; gain a better understanding of the possibilities

and limitations of the �eld.

In Se
tion 8.4 we proposed a di�erent, more modeling-oriented view of the �eld, based

on separating the modeling of a domain and �nding a 
on
ise representation of a Model.

In the next 
hapter, we shall present a theory of NMTR that adheres to this separation.

Its treatment of 
ausality is based on a su

essful approa
h developed outside the �eld.

Hen
e, our approa
h will have impli
ations for both 
hallenges mentioned here.
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Chapter 9

Causal Theories for

Nonmonotoni
 Temporal

Reasoning

In this 
hapter we present our own theory of Nonmonotoni
 Temporal Reasoning. Our

theory is based on an approa
h to 
ausality that has been developed in a statisti
al

rather than an NMTR 
ontext. Nevertheless it turns out to be 
losely related to

several re
ent approa
hes developed within the NMTR 
ommunity. Before presenting

our theory, we give an introdu
tion in whi
h we dis
uss what we wish to a
hieve with

our theory and what its basi
 features are.

9.1 Introdu
tion

By and large, the most su

essful existing approa
hes to NMTR are `
ausal' in the sense

that they use a predi
ate or logi
al 
onne
tive to expli
itly express 
ausal relationships.

[103, 105, 104, 99, 151, 12, 52℄; we dis
ussed this at length in the previous 
hapter

(page 194). Causal approa
hes seem required espe
ially in domains involving the

rami�
ation problem. It has even been argued [151℄ that the expli
it modeling of 
ausal

relationships is a ne
essary ingredient of any solution to the rami�
ation problem. Still,

witness the frequently heated debates on the issue taking pla
e during workshops and


onferen
es, it seems that many resear
hers remain skepti
al about the power and

appli
ability of 
ausal approa
hes. A reason for this may be that hardly any of these

approa
hes has addressed the basi
 issue of 
ausality dire
tly: what has to be the 
ase

in the world in order for the assertion `A 
auses B' to be valid? In other words, it

is not attempted to de�ne 
ausal relationships in non-
ausal terms. Instead, 
ausal

domain knowledge is formalized expli
itly, typi
ally as rules of the form `A 
auses B'

{ and the approa
hes rely on the assumption that their semanti
s will yield the right

inferen
es from su
h assertions.

On the other hand, J. Pearl has provided an empiri
al semanti
s for 
ausation that

205
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has met with 
onsiderable su

ess in statisti
al appli
ations [117, 118, 119, 120℄. How-

ever, as will be explained below, Pearl's theory as su
h 
annot be dire
tly applied to


ommon-sense reasoning about a
tion and 
hange. The theory we present in this 
hap-

ter extends Pearl's theory in a straightforward way so as to over
ome this hindran
e.

In this way we arrive at a 
ausal theory that has the advantage that it 
an also be

understood in non-
ausal terms, namely as a theory that gives a 
ertain semanti
s to

`a
tions'. The theory will be 
apable of handling wide 
lasses of reasoning domains,

spe
i�
ally involving persisten
e, (
ompli
ated) rami�
ations (page 193), a
tions with

disjun
tive and non-deterministi
 e�e
ts, domains with in
omplete spe
i�
ation of the

events that o

ur and 
on
urrent events, furthermore unknown 
uent dependen
ies,


ausal 
hains of events and surprises. All these terms will be explained in due 
ourse.

In this 
hapter we will show that the theory gives intuitive results for spe
i�
 examples

of domains with all these features; in the next 
hapter we shall provide eviden
e that it

deals well with 
omplete 
lasses of reasoning domains involving most of these features.

As we will see, the theory turns out to be 
losely related to, yet di�erent from

several other existing approa
hes. The theory will therefore allow us to interpret

these approa
hes (and spe
i�
ally, the use they make of 
ausality), in a new way.

Summarizing:

Resear
h Goal Our aim is to develop a theory that allows us to

1. gain a better understanding of the rôle of 
ausality in NMTR by showing its re-

lation to Pearl's theory of 
ausation; spe
i�
ally, we will show how 
ausal notions


an be understood in non-
ausal terms.

2. deal with a wide range of domains involving a
tion and 
hange; moreover, to

provide eviden
e that the way we deal with these domains is, in some sense

`
orre
t'.

3. show how some of the existing approa
hes are interrelated and explain their

su

esses and failures.

These goals will be pursued in the 
ontext of the more general resear
h goal we for-

mulated in the previous 
hapter (Chapter 8, Se
tion 8.4): we separate the issues of

�nding a good model for a domain and 
ompa
tly spe
ifying su
h a model.

Stru
ture of this Chapter

In the present 
hapter we fo
us on the development of our theory. We show how it

arises as an extension of Pearl's theory and we illustrate its use by applying it to several

reasoning domains. At the end of the 
hapter we shall return to the goals mentioned

above and see whether they have been a
hieved. A truely detailed 
omparison to other

approa
hes will be the subje
t of the next 
hapter.

In the next se
tions we will gradually build up our theory. In Se
tion 9.2 we provide

an informal introdu
tion to Pearl's semanti
s of 
ausation. We then introdu
e `
ausal

theories' whi
h are a simple, propositional extension of Pearl's 
ausal theories. In

Se
tion 9.4 we rea
h our �rst `milestone' when we instantiate our theories to domains
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involving persisten
e. The resulting theories are 
apable of representing and dealing

with most aspe
ts of the rami�
ation problem as well as the problem of handling

disjun
tive and indeterministi
 e�e
ts of a
tions. We illustrate this by applying the

theories to several examples in Se
tion 9.5.

In order to represent an arbitrary number of time points, our 
ausal theories must

be extended to the �rst-order 
ase. This allows us to treat a mu
h wider variety of

domains. Se
tion 9.6 dis
usses the extension to the �rst order 
ase; it is shown how

this allows us to handle the original YSP and related problems, `dependent' 
uents,


on
urrent events, 
ausal 
hains of events and surprises. This is followed by a 
on
lu-

sion. The 
hapter ends with an appendix in whi
h we show formally how our theory

arises as an extension of Pearl's.

The End Before the Beginning

Sin
e we will develop our theory gradually, starting with a simple version and then

adding more and more features as we en
ounter more and more 
ompli
ated examples,

it may be useful to �rst give an idea of what we will end up with. Our general theory

will be instantiated to several `
ausal theories'. The most sophisti
ated version of


ausal theories will be given in De�nition 9.27 on page 232. In the box on page 208

we provide an outline of how these sophisti
ated 
ausal theories will look like.

9.2 Informal Introdu
tion to Causal Theories

9.2.1 A
tions Remove Some Dependen
ies, but Keep

Others Inta
t!

Causal theories are about domains of variables whose values may be in
uen
ed by

interventions. Ea
h variable X in the domain depends in some deterministi
 manner

on a subset S(X) of all the other variables; here `deterministi
' means that the value

of X is 
ompletely determined by the values of the variables in S(X). Now if an

intervention takes pla
e that sets the value of a variable X to some value, then some

of the variables in S(X) be
ome independent of X while the rest of the variables in

S(X) keep their dependen
e. If we equate an a
tion with a set of interventions, this

indu
es a semanti
s for the 
on
ept of `a
tion'. This resulting semanti
s, whi
h will be

dis
ussed in more detail below, has sometimes been 
alled the suÆ
ient 
ause prin
iple

[34, 33℄. An a
tion that sets the value of a variable X is then 
alled a `suÆ
ient 
ause'

for X .

We give a simple example: let us denote by Alive(t) whether or not some turkey

is alive at time t. Normally, i.e. if no interventions take pla
e, we have that if it is

given that the turkey is alive at time t + 1, we 
an dedu
e that it will also be alive

at time t + 2 and that it already had been alive at time t. Now if an intervention

takes pla
e that sets Alive(t + 1) to false (for example, if somebody shoots at the

turkey), then the value of Alive at time t be
omes independent of the value of Alive at

time t+ 1: we 
an no longer infer anything on whether or not the turkey was alive at

time t (disappearan
e of a dependen
y). On the other hand, the dependen
y between
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Causal Theories The basi
 entities of �rst-order 
ausal theories are 
uents

(properties of the world that persist), events and (nonnegative integer) time-

points. The main predi
ates used are Ho, Do and Ab.

� Ho(f; t) denotes that 
uent f holds at time t; Ho(e; t) denotes that

event e takes pla
e at time t.

� Do(x; b; t) denotes that `an intervention takes pla
e that sets 
uent or

event x to value b' at time t.

� Ab

1

(x; t);Ab

2

(x; t) both denote that something abnormal is the 
ase


on
erning 
uent or event x at time t. In our use of Ab

1

and Ab

2

, an

`abnormality' 
an always be seen as something unexpe
ted or surprising.

Causal Models We determine the `
ausal' models of 
ausal theories in several

steps. We start with a theory 
onsisting of two sets of axioms: 
ons and

eq. 
ons 
ontains all axioms spe
i�
 to the domain under 
onsideration; eq


ontains general axioms involving persisten
e and the e�e
ts of interventions.

Then we:

1. 
ir
ums
ribe (minimize) the Do-predi
ate in 
ons, keeping Ho;Ab

1

and

Ab

2

�xed.

2. add the axioms in eq to the theory resulting from (1).

3. minimize the Ab-predi
ates in the theory resulting from (2).

The models resulting from step (3) are the preferred 
ausal models of the


ausal theory de�ned by 
ons and eq. Note that we use nonmonotoni


inferen
e in steps (1) and (3).

Essential Features of our Theory Our theory is 
hara
terized by two fea-

tures:

1. It follows the alternative resear
h goal stated in Se
tion 8.4 of the pre-

vious 
hapter, page 197. The distin
tion introdu
ed there is re
e
ted

in our use of nonmonotoni
ity: in step (1) above, nonmonotoni
ity

serves to enable a 
on
ise representation of 
ausal theories. In step

(3), nonmonotoni
ity serves to determine the `most expe
ted', or `least

surprising' models of a fully spe
i�ed 
ausal theory.

2. It follows Pearl's theory of 
ausation. This is embodied in the seman-

ti
s and the use of Do. The semanti
s of Do is derived from Pearl's

`suÆ
ient 
ause prin
iple'. The use of Do involves one of the 
entral

ideas in Pearl's theory: observations and interventions should be mod-

eled di�erently. Observations are modeled using Ho, interventions are

modeled using Do.
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Alive(t) Alive(t+1) Alive(t+2)

Figure 9.1: A Very Simple Causal Graph.

Alive(t + 1) and Alive(t + 2) has not disappeared: we 
an still infer that the turkey

will not be alive at time t+ 2.

Hen
e if we have a 
ausal theory for a domain, and we know the interventions that

take pla
e in the domain, we end up with a new, updated 
ausal theory. We now

dis
uss two equivalent ways of de�ning how su
h a new theory may be arrived at.

Causal Graphs and Stru
tural Equations

We 
an depi
t the dependen
ies between the di�erent variables of a given 
ausal theory

as a (possibly 
y
li
) 
ausal graph

1

[34, 33℄. Figure 9.1 shows the 
ausal graph for

the example above. The semanti
s of a
tions 
an be 
hara
terized in terms of these


ausal graphs: if an a
tion takes pla
e that sets the variable X to some value, then

that variable be
omes independent of all its non-des
endants in the graph. Hen
e

the intervention 
hanges the theory into a new, updated one that is 
hara
terized by

the 
ausal graph in whi
h all in
oming ar
s into the node 
orresponding to X have

been removed while all other ar
s remain. The graph does not give any information

about the exa
t fun
tional relationships between the variables in the domain, but only

about whi
h variables be
ome independent in the presen
e of an intervention; we 
an

now either regard 
ausal theories as 
ausal graphs together with a des
ription of the

fun
tional relations between parents and 
hildren in the graph, or, as has been done

by Pearl in his more re
ent papers [119, 120℄ we 
an avoid using graphs by writing

the fun
tional relations in the form of stru
tural equations : these are equations with a

dire
tionality atta
hed to them. A set of stru
tural equations for our example would

look as follows: fAlive(1) = Alive(0) ; Alive(2) = Alive(1) ; : : : g. Our a
tion semanti
s,

i.e. the suÆ
ient 
ause prin
iple, 
an now be rephrased like this: if an intervention takes

pla
e that sets variable X to value x, then the stru
tural equation X = : : : is repla
ed

by the new equation X = x. In our example, if just one intervention takes pla
e, and

this intervention sets Alive(2) to false, then the equation Alive(2) = Alive(1) gets

repla
ed by Alive(2) = false, while all other stru
tural equations remain un
hanged.

In Pearl's terminology, ea
h stru
tural equation 
an be seen as a mi
ro theory [34℄.

It des
ribes a single `me
hanism' whose input and output are given by, respe
tively, the

right-hand and the left-hand side of the equation. All these me
hanisms are 
oupled

to form a 
omplete theory. But if an intervention takes pla
e, some of the me
hanisms

get de
oupled from the rest and the output they normally provide is repla
ed by the

result of the intervention. In other words, in Pearl's theory interventions are de�ned

as surgeries on the set of me
hanisms: an intervention keeps some of the me
hanisms

1

Histori
ally, 
ausal graphs have arisen as an extension of the Bayesian networks we saw in Chap-

ter 6.
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inta
t, while `turning o�' others, thereby 
hanging the behaviour of the system of

me
hanisms as a whole.

Why we need to extend Pearl's theories

In 
ommon-sense reasoning about a
tion, we are typi
ally interested in domains where

the fa
t whether or not an intervention takes pla
e may depend on the values of some

of the variables in the domain; this is impossible to model in Pearl's [119, 120℄ basi


theory. Pearl's theory also la
ks the representational power needed to express global

domain 
onstraints. For example, we may have Alive(t) � :Dead(t) irrespe
tive of any

a
tion that in
uen
es the value of Alive; this formula should always hold in our domains

and should not be repla
ed when Alive is set to false. It is therefore not a stru
tural

equation. All 
onstraints between variables in Pearl's basi
 theory must be given in the

form of stru
tural equations, so it is impossible to model su
h a global 
onstraint. In

our work we extend Pearlian 
ausal theories in a way that allows us to represent both

kinds of domain knowledge mentioned here. We do this by simply adding to the set of

stru
tural equations a set of global 
onstraints, 
onsisting of formulas that should hold

in all models of our theories irrespe
tive of what interventions take pla
e. These global


onstraints are also allowed to mention interventions. To be able to express those, we

introdu
e for ea
h propositional variable X in our domain two additional propositional

variables Do(X;true) and Do(X; false), representing interventions setting X either

to true or to false.

9.3 Propositional Causal Theories

Our propositional 
ausal theories are a straightforward extension of Pearl's 
ausal

theories. In an appendix to this 
hapter (page 235) we show exa
tly how they are

related to Pearl's 
ausal theories as de�ned in [119, 120℄.

Preliminaries

Let B = ftrue; falseg. A truth value is an element of B. Let X be a set of propo-

sitional variables, i.e. variables taking on truth values. We assume a standard propo-

sitional language for X 
ontaining the additional symbols true and false whi
h are

abbreviations of X _ :X and X ^ :X respe
tively; here X is any variable in X. A

valuation or interpretation of X is an assignment of truth values to the variables in X.

A valuation M is a model for a set of propositional formulas � (written as M j= �)

if � is true in M; here truth of propositional formulas with respe
t to interpreta-

tions is de�ned as usual. Hen
e, from now on,`j=' will stand for standard propositional

entailment, later it may also stand for standard �rst-order entailment.

Causal Theories and their Models

Here is our initial de�nition of 
ausal theories:

De�nition 9.1 A propositional 
ausal theory T is a 4-tuple T = hV;U; eq;
onsi

where
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1. V = fX

1

; : : : ; X

n

g is a set of observable propositional variables

2. U = fU

1

; : : : ; U

m

g is a set of unobserved propositional variables

3. eq is a set of stru
tural equations, i.e. propositional formulas of the form

X

i

� �

i

(X

1

; : : : ; X

n

; U

1

; : : : ; U

m

) (9.1)

where �

i

is a formula involving zero or more of the variables X

1

; : : : ; X

n

;

U

1

; : : : ; U

m

. For ea
h X

i

2 V, eq 
ontains at most one stru
tural equation with

X

i

on the left-hand side.

4. 
ons, the set of 
onstraints, is a �nite set of propositional formulas over vari-

ables V [U [A(V). Here A(V) is de�ned as the set of propositional variables

fDo(X

i

;true);Do(X

i

; false) j X

i

2 Vg

Noti
e that expressions of the form `Do(X

i

; b)' simply stand for propositional variables

here. The set U 
an be used to model external in
uen
es we are ignorant about or

that we 
onsider unlikely; we will only need it in Se
tion 9.5.4.

Example 9.2 Let T = hV;U; eq;
onsi be a 
ausal theory with V = fAlive(0);

Alive(1)g, U = ;, eq = fAlive(1) � Alive(0)g, 
ons = fAlive(0);:Do(Alive(1);

false);:Do(Alive(1);true)g. The equation in eq expresses that the value of Alive

persists (from time 0 to 1) if there are no interventions; the formulas in 
ons ensure

that Alive(0) should hold in all models of T and that there is no intervention at time

1.

We now introdu
e the notion of models for 
ausal theories. Condition (1) below simply

ensures that all 
onstraints hold in all models; 
ondition (2) implements the `suÆ
ient


ause prin
iple'.

De�nition 9.3 A 
ausal model for a propositional 
ausal theory

T = hV;U; eq;
onsi is a valuation M for the variables in V [U [ A(V) su
h that

1. M j= 
ons

2. The restri
tion of M to the variables in V[U is a model for the set of equations

eq

0

, i.e. M j= eq

0

. Here eq

0

is obtained from eq and M as follows:

For all X

i

2 V; b 2 B su
h that M j= Do(X

i

; b), we delete (if present)

from eq the equation X

i

� �

i

(: : : ) and we add the equation X

i

� b.

If M is a 
ausal model for T and it is 
lear from the 
ontext that T is a 
ausal theory

rather than a set of propositional formulas, then we simply write `M is a model for

T '.
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Example 9.2, 
ontinued Let T be as in Example 9.2 above. Condition (1) of

De�nition 9.3 ensures that all 
ausal modelsM for T haveM j= Alive(0) and that for

all b 2 B, M j= :Do(Alive(1); b). By 
ondition (2), eq

0

= eq for all models and so we

also have Alive(1) in all models for T : Alive persists. Now 
onsider a theory T

0

identi
al

to T ex
ept that 
ons is now equal to 
ons = fAlive(0);Do(Alive(1); false)g. By


ondition 1 of De�nition 9.3 we now have M j= Alive(0) ^ Do(Alive(1); false) for all


ausal modelsM. By 
ondition 2 of that de�nition, we have eq

0

= fAlive(1) � falseg

for all these models and thus all models for T

0

must have :Alive(1).

9.4 Causal Theories Involving Persisten
e

Throughout this and the next 
hapter we 
onsider domains in whi
h two basi
 kinds

of entities exist: 
uents, whi
h are properties of the world that, if no interventions

take pla
e, do not 
hange over time, and events, whi
h will stand for the `triggers'

of interventions. We use the term `event' rather than `a
tion' here sin
e our `events'

do not ne
essarily have to be performed by some agent { the di�eren
e however is

not 
ru
ial in what follows. Causal theories for our domains of interest will thus be

de�ned with respe
t to a set of 
uents F and a set of events E; we assume these sets

to be �nite. Spe
i�
ally, from now on we assume that for any 
ausal theory for the

sets E and F, the set of observables V 
an be partitioned into two subsets: V

E

, the

set of event { time pairs, and V

F

, the set of 
uent { time pairs. In this se
tion and

the next, we are only interested in the behaviour of our domains dire
tly before and

dire
tly after some a
tions happen. We therefore restri
t ourselves to 2-state 
ausal

theories whi
h represent domains using only two points in time: the initial point in

time t = 0 and the �nal point in time t = 1. Given the set F = fF

1

; : : : ; F

n

g, V

F


an now be written as V

F

= fF

1

(0); : : : ; F

n

(0); F

1

(1); : : : ; F

n

(1)g. Here F

i

(t) denotes


uent i at time t. We assume that all a
tions we are interested in happen at the same

time, namely dire
tly after the initial point in time. Hen
e we do not have to index

a
tions by time points and 
an simply let V

E

= E.

We de�ne a 
uent literal to be an expression of the form F or :F where F is some


uent in F. The initial state of a 
ausal model M for a 
ausal theory for sets E and

F is the set fF j M j= F (0)g [ f:F j M j= :F (0)g. The �nal state of a 
ausal model

M is the set fF j M j= F (1)g [ f:F j M j= :F (1)g .

Example 9.4 We now extend our turkey domain with a new 
uent Dark. Dark(t)

will denote that it is dark at time t; shooting at the turkey will have its intended e�e
t

only if it is not dark (so that one 
an aim properly). For this, let T be a 
ausal theory

su
h that V

E

= fShootg, V

F

= fAlive(0);Dark(0);Alive(1);Dark(1)g; U = ;. eq


ontains two equations: fAlive(1) � Alive(0) ;Dark(1) � Dark(0)g. 
ons 
ontains the

single axiom

[ :Dark(0) ^ Shoot ℄ � Do(Alive(1); false) (9.2)

There are potentially four di�erent initial and �nal states for T , 
orresponding to the

four possible interpretations of Alive and Dark. Let us look at the set of valuations

M in whi
h no Shoot-event and no interventions take pla
e; i.e. we have :Shoot
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and :Do(X; b) for any X 2 V; b 2 B. Clearly, for any member M of M we have

M j= 
ons; hen
e 
ondition (1) of De�nition 9.3 is satis�ed. Sin
e, a

ording to


ondition (2) of that de�nition, the updated set of equations eq

0

is equal to eq, the

valuations inM whi
h also satisfy this 
ondition are 
learly exa
tly those in whi
h the

values of both Alive and Dark persist. Thus M 
ontains four models, ea
h of whi
h

has the same initial and �nal state. Hen
e in models in whi
h no interventions take

pla
e, we have persisten
e, whi
h is in a

ord with intuition.

9.4.1 We need more...

Let us now look at the set of all 
ausal models M

0

for T in whi
h the Shoot-event

does take pla
e and in whi
h it is not dark in the initial situation. Hen
e for all

M 2 M

0

it holds M j= :Dark(0) ^ Shoot. By axiom (9.2) all M 2 M

0

have M j=

Do(Alive(1); false). The set eq

0

for these models must therefore 
ontain Alive(1) �

false so ea
hM2M

0

also hasM j= :Alive(1). But noti
e that there is also a model

M

0

2M

0

with

M

0

j= :Dark(0) ^ Dark(1) ^Do(Dark(1);true);

sin
e both 
onditions (1) and (2) of De�nition 9.3 are satis�ed for M

0

.

This is not what we would intuitively expe
t! Intuitively, we would reason as

follows: (1) there are no interventions ex
ept those triggered by the Shoot-event; (2)

Shoot does not a�e
t Dark, so the value of Dark should remain un
hanged after the

Shoot-a
tion.

What we have yet forgotten to model are the impli
it assumptions behind (1) and

(2), namely that (a) there are no external interventions and that (b) a
tions a�e
t no

more things in the world than those we expli
itly state they a�e
t. Noti
e that, unlike

assumption (a) and the assumption of persisten
e, assumption (b) is not an assumption

about the physi
s of our reasoning domains, i.e. it is not an assumption about how the

world works. Rather it is an assumption about what we really mean when we spe
ify our

domain knowledge in a 
ertain way. It allows us to spe
ify domains in a 
ompa
t way

and as su
h 
orresponds to the se
ond part of the distin
tion indi
ated in Chapter 8,

Se
tion 8.4 (page 198). In 
ontrast, the persisten
e assumption (expressed by the

axioms in eq), the e�e
t laws (expressed by the axioms in 
ons) and the suÆ
ient


ause prin
iple (expressed by the semanti
s of 
ausal theories, i.e. De�nition 9.3) are

dire
tly about the `physi
s' of our domains: they des
ribe how the domains under


onsideration really work, and as su
h belong to the �rst part of the distin
tion made

on page 198.

In order to �nd a way to deal with assumption (b), we need to ask ourselves

when exa
tly an `intervention' takes pla
e, or equivalently: under what 
onditions is

a variable set to a value? Variables are always set to a value in a spe
i�
 
ontext : for

example, Alive(1) is set to false only in a 
ontext in whi
h Shoot and :Dark(0) is

true. Now suppose we are in one spe
i�
 
ontext; let us 
all it C. If there is a model

M

1

with this 
ontext and with M

1

j= Do(X

i

; b) while there is also a model M

2

with

the same 
ontext C and with M

2

j= :Do(X

i

; b), then we 
an be sure that nothing in

our axioms states that in 
ontext C the 
uent X

i

is set to value b. By assumptions
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(a) and (b) above, we should now prefer model M

2

. Apparently, we should partition

our models into 
lasses sharing the same 
ontext, and then within ea
h su
h 
lass pi
k

the model whi
h has :Do(X

i

; b) for as many X

i

and b as possible.

Now what does it mean that two models `have the same 
ontext'? Clearly, the


ontext should 
ontain at least every fa
t in the world that 
an possibly in
uen
e

whether or not an intervention takes pla
e. Sin
e we assume (assumption (a)) that

there are no external events, we may safely say that two models in whi
h exa
tly the

same events take pla
e and the same 
uents hold at the same time share the same


ontext. Any two su
h models interpret all the variables in V and U the same; hen
e

we should partition our models into equivalen
e 
lasses where ea
h 
lass 
orresponds

to one parti
ular interpretation of the variables in V [ U and 
ontains all models

with that parti
ular interpretation. For ea
h equivalen
e 
lass we should then pi
k

the models whi
h have a minimal interpretation (see below) of Do. But noti
e that

we must do all this before we repla
e the stru
tural equation set eq by eq

0

(step 2 of

De�nition 9.3), sin
e this repla
ement will only work if the Do-propositions already

have the right interpretations in ea
h model.

We thus have to make pre
ise the notion of `models that are minimal within a


ontext'. First we need some notation: let X be any set of propositional variables; let

Y be some subset of X and let M be any interpretation of the variables in X. We

write M


Y

to denote the restri
tion of M to Y, i.e. the set of assignments that M

atta
hes to the variables in Y.

Now let again X be any set of propositional variables; let Y and Z be subsets of

X with Y \ Z = ;. Let M and C be two interpretations of the variables in X and let

� be a set of formulas over X.

De�nition 9.5 We 
all M a minimal model for � of the variables Y within 
ontext

C


Z

i�:

1. M j= � and M


Z

= C


Z

.

2. there is no M

0

with M

0

j= �, M

0




Z

= C


Z

and

fY 2 Y j M

0

j= Y g $ fY 2 Y j M j= Y g

We will thus be looking for the models M for 
ons with a minimal interpretation of

A(V) in 
ontext M


V[U

. It is important to realize that the minimization 
an never


ompletely rule out any interpretations of V and U: if M j= 
ons, then there must

exist some minimal model M

0

for 
ons of A(V ) with the same 
ontext, i.e. with

M

0




V[U

=M


V[U

We 
all 
ausal theories in whi
h Do still has to be minimized partially spe
i�ed

(sin
e it is only spe
i�ed whi
h 
uents are a�e
ted by events and it is not spe
i�ed

whi
h 
uents are not). In both this 
hapter and the next, we will assume that all

our 
ausal theories are a
tually partially spe
i�ed ones. This brings us to the �nal

de�nition of 2-point 
ausal theories and their models. De�nition 9.6 de�nes 2-point


ausal theories as a spe
ial 
ase of the general propositional 
ausal theories as de�ned

in De�nition 9.1: ea
h 2-point 
ausal theory is also a propositional 
ausal theory.

De�nition 9.6 A 2-point 
ausal theory for the set of 
uents F and the set of events

E is a tuple T = hV;U; eq;
onsi su
h that
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� V = V

F

[V

E

with V

F

= fF

i

(0); F

i

(1) j F

i

2 Fg and V

E

= E.

� U = fU

1

; : : : ; U

m

g is a set of unobserved propositional variables

� eq = fF

i

(1) � F

i

(0) j F

i

2 Fg

� 
ons, the set of 
onstraints, is a �nite set of propositional formulas over variables

V [U [ A(V). Here A(V) is de�ned as the set of propositional variables

fDo(F;true);Do(F; false) j F 2 Vg

Noti
e that the following de�nition only di�ers from De�nition 9.3 in its �rst 
ondition.

De�nition 9.7 A 
ausal model for a 2-point 
ausal theory T = hV;U; eq;
onsi is a

valuation M for the variables in V [U [A(V) su
h that

1. M is a minimal model for 
ons of the variables A(V) within 
ontext M


V[U

.

2. The restri
tion of M to the variables in V[U is a model for the set of equations

eq

0

, where eq

0

is obtained from eq and M as follows:

For all X

i

2 X; b 2 B su
h that M j= Do(X

i

; b), we delete (if present)

from eq the equation X

i

� �

i

(: : : ) and we add the equation X

i

� b.

If M is a 
ausal model for a 2-point 
ausal theory T , we write M j=




T .

We have now rea
hed our �rst `milestone'; that is, a theory that 
an be su

essfully

applied.

9.5 The Power of Two-Point Causal Theories

2-point 
ausal theories allow us to handle many interesting problem domains, spe
i�-


ally involving rami�
ations and a
tions with disjun
tive or non-deterministi
 e�e
ts.

In this se
tion we will give several examples to illustrate this fa
t. We will brie
y

indi
ate how other approa
hes handle these examples and how our approa
h avoids

some of their diÆ
ulties. Problem domains whi
h involve more than two points in time

have to wait until the next se
tion, where our theory is extended to deal with them.

The key to all the examples presented in this se
tion is that we are allowed the

use of Do in domain 
onstraints and e�e
t axioms. Using Do, we are able to ex-

press the di�eren
e between an observation (e.g. :Alive(1)) and an intervention (e.g.

Do(Alive(1); false)).

9.5.1 Rami�
ations

The rami�
ation problem 
on
erns the problem of 
on
isely and 
orre
tly representing

indire
t e�e
ts of a
tions. It was introdu
ed in Chapter 8, Se
tion 8.2.4. The key to

our handling of rami�
ations are axioms of the form

Do(F

1

; b) � Do(F

2

; b

0

) (9.3)
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Su
h axioms 
an be interpreted as saying that any event in the domain that sets the

value of F

1

to b also sets the value of F

2

to b

0

. Forms of (9.3) will be used in all the

examples we are about to present.

Before turning to more 
ompli
ated issues, we start with two standard examples

involving rami�
ations: the extended `walking turkey' problem and the `two swit
hes

problem'.

Example 9.8 [The Walking Turkey℄ We introdu
ed the `walking turkey' in Chap-

ter 8, Example 8.5, page 193. Re
all that it was about a turkey that may be Alive or

not and that may be Walking or not. In the basi
 version of the domain, we want to

express that if a turkey stops being alive (for example, be
ause it is shot at), then it

should also stop walking: :Walking is a rami�
ation of :Alive. Later, a more 
ompli-


ated version of the domain was proposed by M
Cain and Turner [103℄. They noted

that if the turkey is not alive and somebody tries to make it walking (for example,

by performing the a
tion Enti
e), it will not suddenly be
ome alive! Alive is not a

rami�
ation of the e�e
t of Enti
e; rather, Alive is a quali�
ation of Enti
e (by `A is a

quali�
ation of B' we mean that the a
tion B will have its usual e�e
t only in situa-

tions in whi
h A is the 
ase). Clearly, a senten
e of the form :Alive(t) � :Walking(t)

is not enough to express this knowledge, sin
e it treats Alive(t) and :Walking(t) in an

equivalent manner. Therefore it 
annot represent the di�erent `dynami
s' of Alive and

:Walking.

Let us formalize our domain. Consider the 2-point 
ausal theory T

wt

for the

event and 
uent sets E = fShoot;Enti
eg and F = fAlive;Walkingg. U = ;.

eq = fAlive(1) � Alive(0) ;Walking(1) �Walking(0)g. 
ons 
onsists of the following

four axioms:

Shoot � Do(Alive(1); false) (9.4)

Enti
e � Do(Walking(1);true) (9.5)

:Alive(t) � :Walking(t) (9.6)

Do(Alive(t); false) � Do(Walking(t); false) (9.7)

Here axioms of the form �(t) should be read as �(0)^ �(1). At �rst sight, axiom (9.7)

seems a 
onsequen
e of (9.6). However, axiom (9.6) denotes a stati
 domain 
onstraint

(`there 
an be no state in whi
h a turkey is both walking and not alive') while ax-

iom (9.7) denotes its 
orresponding `dynami
s'. Axiom (9.7) will allow us to infer that

interventions that set Alive to false also setWalking to false. Note that it is an example

of an axiom of form (9.3). By the minimization of Do in De�nition 9.7, we will not

be able to 
on
lude that an intervention whi
h sets Walking to true also sets Alive to

true. We now show this in detail.

Let us denote by M the set of 
ausal models for T

wt

in whi
h Shoot takes pla
e

while Enti
e does not; by axioms (9.4) and (9.7) we have Do(Alive(1); false) and

Do(Walking(1); false) in all su
h models. By 
ondition (1) of De�nition 9.7, we also

have :Do(X

i

; b) for all other (X

i

; b). Hen
e, the updated set of stru
tural equations

eq

0

for the models in M (De�nition 9.6) be
omes:

Alive(1) � false ; Walking(1) � false
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Hen
e all models in M have as their �nal state f:Alive;:Walkingg. We also see (by


he
king whether all the axioms in 
ons and eq

0

hold) that M 
ontains models for

three di�erent initial states: fAlive;Walkingg, fAlive;:Walkingg, f:Alive;:Walkingg.

So the 
ase in whi
h the domain 
onstraints should entail a rami�
ation of the Shoot-

event works �ne. Now for the models in whi
h no Shoot but an Enti
e event takes

pla
e. All su
h models have Do(Walking(1);true). By the minimization of Do in


ondition (1) in De�nition 9.7 they also have :Do(Alive(1);true). Hen
e the set eq

0

in 
ondition (2) of that de�nition be
omes

Alive(1) � Alive(0) ; Walking(1) � true

By axiom (9.6) all modelsM must then also haveM j= Alive(1), and, sin
eM j= eq

0

also M j= Alive(0). This means that there are no 
ausal models for T

wt

with both

:Alive(0) and Enti
e: Enti
e has Alive as an impli
it quali�
ation.

Our next example is due to Lifs
hitz' [97℄. It is 
losely related to Lin's [99℄ `suit
ase

problem' and to Ginsberg's `stu�y room problem' [135℄.

Example 9.9 [The Suit
ase & Swit
hes Problem℄ Imagine a light that is 
on-

ne
ted to two swit
hes; the light is only on if both of the swit
hes are in the on-position:

any event that puts a swit
h into the on-position in a 
ontext in whi
h the other swit
h

is on, will have as a rami�
ation that the light goes on. However, if the event takes

pla
e in a 
ontext in whi
h the other swit
h is not on, the light will not be a�e
ted.

The main importan
e of this example is that some previous approa
hes 
annot express

the domain properly: they 
annot rule out models in whi
h, as a result of turning on

one swit
h in a 
ontext in whi
h the other one is on already, the other swit
h may

jump into the o�-position while the light remains out; see Lin [99℄ for details. We

formalize the domain using event and 
uent sets E = ; and F = fSwi

1

;Swi

2

;Lightg.

Swi

i

denotes that swit
h i is in the on-position. Let T

sw

be a 
ausal theory for E and

F with U = ;, eq as usual and 
ons as follows:

[ Swi

1

(t) ^Do(Swi

2

(t);true) ℄ � Do(Light(t);true) (9.8)

[ Swi

2

(t) ^Do(Swi

1

(t);true) ℄ � Do(Light(t);true) (9.9)

Do(Swi

1

(t); false) � Do(Light(t); false) (9.10)

Do(Swi

2

(t); false) � Do(Light(t); false) (9.11)

(Swi

1

(t) ^ Swi

2

(t)) � Light(t) (9.12)

Here axiom (9.12) des
ribes a domain 
onstraint that must hold in all models of the

domain; the other axioms des
ribe the `dynami
s' of the domain. Let us see whether

we get the expe
ted models for T

sw

: suppose �rst we turn on the �rst swit
h while the

se
ond one is o�; i.e. we add the axiom :Swi

2

(0)^Do(Swi

1

(1);true) to 
ons. By the

minimization of Do, we get :Do(Swi

2

(1); b) for all b in all models. Hen
e eq

0


ontains

Swi

2

(1) � Swi

2

(0), so all models for T

sw

must have :Swi

2

(1). But in all models with

:Swi

2

(1), we already have (again by the minimization of Do) :Do(Light(1);true) and

:Light(1). It follows that all models will have :Light in their �nal state; it is easy to

see that su
h models indeed exist. One 
an show in a similar manner that one obtains

the intended models in all other possible s
enarios.
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9.5.2 A First Glimpse at Other Approa
hes

We have seen in the introdu
tion that, in Pearl's terminology, the proposition Do(X

i

; b)


an be read as `there is a suÆ
ient 
ause for X

i

to take on the value b'. Indeed, usage

of `Do' in axioms often 
orresponds to the 
olloquial use of the word `
auses'. It turns

out that if the word Do is repla
ed by the word 
auses, then our axioms start to look

very similar to those used in various other approa
hes. We leave detailed 
omparisons

for Chapter 10 and give only a suggestive example for the time being. This will serve to

make 
lear that existing approa
hes solve the rami�
ation problem in a quite similar,

yet subtly di�erent manner. The di�eren
e 
auses problems for domains involving

`
ausal 
y
les', whi
h we are about to present.

In Thiels
her's work, the equivalent of axiom (9.7) looks as follows ([151℄, page

330):

:Alive 
auses :Walking

In Lin's work [99, 100℄, we would get:

Caused(Alive; false; s) � Caused(Walking; false; s)

In M
Cain & Turner's approa
h [103, 104, 105℄, it would be formalized as:

:Alive) :Walking (9.13)

where `)' is to be read as `if :Alive, then the fa
t that :Walking is 
aused' [104℄.

M
Cain & Turner's semanti
s interprets (9.13) as something like

:Alive(t) � Do(Walking(t); false) (9.14)

In the turkey example, repla
ing (9.7) by (9.14) does not make any di�eren
e: it is easy

to show that one obtains exa
tly the same models in both 
ases. However, as we will

see below, in general, (X � b

1

) � Do(Y; b

2

) is not equivalent to Do(X; b

1

) � Do(Y; b

2

).

9.5.3 Causal Cy
les

We have just seen that Do(X;true) � Do(Y;true) may often be read as `X 
auses Y '.

As pointed out by Sandewall and Gustafsson & Doherty [66, 134℄, we do not always

want to reason in the `
ausal dire
tion' that is implied by the above; for example,


onsider the swit
hes domain (Example 9.9) again: if we know that the light has been

put o�, we may want to 
on
lude that (at least) one of the two swit
hes has been put

o� too. We model this as follows:

Example 9.10 Let T

sw;2

be as T

sw

but with the following axioms added to 
ons:

Do(Light(t); false) � [ Swi

1

(t) � Do(Swi

2

(t); false) ℄ (9.15)

Do(Light(t); false) � [ Swi

2

(t) � Do(Swi

1

(t); false) ℄ (9.16)

Do(Light(t);true) � Do(Swi

1

(t);true) (9.17)

Do(Light(t);true) � Do(Swi

2

(t);true) (9.18)
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We show �rst that if we take 
ons as above and do not add anything else, then we get

persisten
e: one easily 
he
ks that for any interpretation M with M j= 
ons, there

is an interpretationM

0

that interprets all variables in V [U the same way but whi
h

has M

0

j= :Do(X

i

; b) for all X

i

and b. So the minimization of Do in the de�nition of


ausal models will make sure that all models have :Do(X

i

; b) for all X

i

and b. Hen
e

eq

0

= eq for all models and all 
uents in our domain must persist.

Now suppose we turn on the light in an initial state with both swit
hes o�, i.e. we

further add the following axiom to 
ons:

Do(Light(1);true) ^ :Swi

1

(0) ^ :Swi

2

(0) (9.19)

Axioms (9.17) and (9.18) ensure that we haveDo(F (1);true) for F 2 fSwi

1

;Swi

2

;Lightg

in all models; so eq

0

be
omes F (1) � true for all these F in all models, and all models

get �nal state fSwi

1

;Swi

2

;Lightg; it is easy to see that models with su
h a �nal state

indeed exist, so we get exa
tly the result we wanted. What happens if we turn o� the

light will be dis
ussed in Example 9.12.

The example above leads to a problem for some of the earlier 
ausal approa
hes (i.e.

those of Gustafsson & Doherty and M
Cain & Turner; see [66℄ for the details). The

reason is that in these approa
hes, 
onstru
tions similar to X � Do(Y;true) are used

at pla
es where one should use Do(X;true) � Do(Y;true); see the remark at the

end of Se
tion 9.5.2. Had we 
hosen the �rst possibility, axioms (9.8) and (9.9) would

have been repla
ed by the single axiom

[ Swi

1

(t) ^ Swi

2

(t) ℄ � Do(Light(t);true) (9.20)

while axioms (9.17) and (9.18) would have be
ome:

Light(t) � [ Do(Swi

1

(t);true) ^Do(Swi

2

(t);true)℄ (9.21)

and axioms (9.15) and (9.16) would have be
ome:

:Light(t) �

[ [Swi

1

(t) � Do(Swi

2

(t); false)℄ ^ [Swi

2

(t) � Do(Swi

1

(t); false)℄ ℄ (9.22)

By axioms (9.20) and (9.21) we would then get that ea
h model with �nal state S =

fLight ; Swi

1

; Swi

2

g also has Do(F (1);true) for F equal to any of the three 
uents.

Sin
e (a) there is nothing in our axioms 
ontradi
ting models with �nal state S and

(b) the minimization of Do 
annot rule out parti
ular interpretations of V [U, su
h

models exist and are not ruled out by 
ondition (1) of De�nition 9.7. Therefore, for

su
h models the set eq

0

in 
ondition (2) of De�nition 9.7 would be
ome F � true for

all three F and all three persisten
e relations would be broken: there is an `automati
'

intervention that sets their value to true. It follows that no matter what the initial

state is, there is always a model with the �nal state above: there is a 
y
le involved in

that the fa
t that the light is on implies an intervention that puts both swit
hes on,

while the fa
t that the swit
hes are on implies an intervention that puts the light on.

We have already seen that in our own formalization (the one using axioms (9.8)-(9.12)

and (9.15)-(9.18)) this 
annot happen.
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Thiels
her ([151℄, page 329) solves the problem in a way similar to ours, but sin
e

his equivalent of Do is 
alled 
auses, the 
orresponding rules look somewhat strange:

he obtains rules like `Light 
auses Swi

1

', while, intuitively, turning on the light does

not `
ause' turning on the swit
h. Related observations have led some authors to


laim that there is more to rami�
ation than mere 
ausal relationships { as stated in

Gustafsson & Doherty, `physi
al 
ausality is simply one of several reasons one might

set up dependen
ies between 
uents' [66℄.

We think that our `Pearlian' approa
h sheds some new light on this issue: we de�ne


ausal relations (i.e. relations involving interventions) fully in non-
ausal terms; this is

re
e
ted in 
hoosing the name Do rather than Causes for our interventions. Formulas

of the form Do(A;true) � Do(B;true) may or may not 
orrespond to the 
olloquial

statement `A 
auses B' or to any notion of `physi
al' 
ausality. The only thing we


are about is how the world works at the level of detail at whi
h we want to formalize

it - and if at that level of detail, we have Do(A;true) � Do(B;true), then we may

say that A 
auses B within the 
onstraints of our domain { but if you do not like the

word `
auses', you do not have to use it - the important thing about our theory is the

semanti
s that it gives to interventions.

9.5.4 Disjun
tive E�e
ts and Nondeterminism

Example 9.10 raises the interesting question of how to formalize a
tions whose e�e
t

is a disjun
tion of 
uents. Re
ently, some authors have, either expli
itly or impli
itly,

begun to take up this question [105, 151℄. A spe
ial 
ase of this question 
on
erns

the more well-known issue of representing a
tions with non-deterministi
 e�e
ts [11,

105, 135℄. If an event o

urs that sets the value of a proposition X to true, where

X � Y _Z, it is not immediately 
lear what should happen: should we exempt both Y

and Z from persisten
e, or should we keep as mu
h persisten
e as is logi
ally 
onsistent?

In Example 9.10 we impli
itly 
hose the latter option: setting Light to false in an

initial situation with both swit
hes on will always keep one swit
h in the on-position:

as will be shown below, there will be no �nal states with both :Swi

1

and :Swi

2

. But

is this 
orre
t, i.e. is it what we intuitively expe
t? A small poll 
ondu
ted by the

present author reveals that people have di�ering intuitions about this: some think

that the position of both swit
hes should be exempted from persisten
e, while others

prefer the `inert models' where there are as few 
hanges as possible. We think that

this 
lash of intuitions is not so surprising in light of Pearl's theory: if we intervene

to set the value of a variable X that 
an be regarded as a disjun
tion of variables Y

and Z, then we simply have an in
omplete spe
i�
ation of our problem: it is not 
lear

what should happen to the stru
tural equations for Y and Z { should they both be

removed from the set eq, or should we remove as few equations as possible? In our

view, this may 
hange from domain to domain and should therefore be re
e
ted in

the domain axioms. We will therefore not attempt to extend the semanti
s of Do to


onstru
tions of the form Do(Y _ Z; b), but rather always make expli
it what should

happen to the stru
tural equations of Y and Z if an intervention takes pla
e. We 
an

do so in our 
ausal theories by using the assumption symbols in U (see De�nition 9.1).
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We illustrate their use by 
onsidering a domain

2

whi
h 
learly asks for eliminating all

stru
tural equations involved in the disjun
tion.

Example 9.11 We drop a pen
il on a table with a pie
e of paper on it. As a re-

sult, the pen
il may either lie fully on the paper, or tou
h both part of the pa-

per and part of the table's surfa
e, or tou
h only the table's surfa
e. We write

Tou
hes table(t) (Tou
hes paper(t)) i� the pen
il tou
hes the surfa
e of the table

(the paper) at time t. We 
an model this using a 
ausal theory with E = fDropg,

F = fTou
hes table;Tou
hes paperg, U = fU

1

; U

2

g, V = V

E

[V

F

, eq as in De�ni-

tion 9.6 and 
ons as follows:

:Tou
hes table(0) ^ :Tou
hes paper(0) (9.23)

Drop � [ ( Do(Tou
hes table(1);true) ^ U

1

) _

( Do(Tou
hes paper(1);true) ^ U

2

) ℄ (9.24)

In this 
ase, among the models with Drop, there will be three sub
lasses, 
orresponding

to the three extensions of (U

1

; U

2

) that are 
onsistent with (9.24). By the minimization

of Do in De�nition 9.7 and by axiom (9.24), we get the following interpretation for

ea
h 
lass of models:


lass 
orresponding interpretation of Do

U

1

^ U

2

Do(Tou
hes table(1);true) ^ Do(Tou
hes paper(1);true)

U

1

^ :U

2

Do(Tou
hes table(1);true) ^ :Do(Tou
hes paper(1);true)

:U

1

^ U

2

:Do(Tou
hes table(1);true) ^ Do(Tou
hes paper(1);true)

(9.25)

It follows that there will be both models where only the persisten
e of Tou
hes table

or Tou
hes paper is broken and models in whi
h the persisten
e of both is broken.

Example 9.12 Let us now 
onsider a 
ase in whi
h we want `as mu
h persisten
e

as possible'. Let us say there is an intervention whi
h sets the value of variable X

where X � Y _ Z. If we let X � :Light, Y � :Swi

1

and Z � :Swi

2

, then we 
an

see that we have already impli
itly treated this 
ase in the extended swit
hes domain,

Example

3

9.10. Consider a s
enario in the 
ontext of that example with an intervention

setting Light to false, i.e. we add the following axiom to the set 
ons of T

sw;2

:

Do(Light(1); false) ^ Light(0)

We see that for the sub
lass of models with Swi

1

(1) and :Swi

2

(1) we have Do(Swi

2

(1);

false) (by axiom (9.15)) and :Do(Swi

1

(1); false) (by the minimization of Do). For

these models eq

0


ontains Swi

2

(1) � false and Swi

1

(1) � Swi

1

(0). It is now easy

2

Example 9.11 is an adaptation of a s
enario that, a

ording to M. Shanahan [139℄, is due to R.

Reiter.

3

We would like to stress that we do not say that the swit
hes domain should be formalized so as

to keep `as mu
h persisten
e as possible' { we formalized it this way just for illustrative purposes, and

we feel that one may equally well de
ide to formalize it along the lines of Example 9.11.
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to see that we obtain a model with �nal state f:Light; Swi

1

; :Swi

2

g. Similarly, we


an show there is a �nal state with :Swi

1

and Swi

2

. But now suppose there is a

model M

0

with �nal state 
ontaining :Swi

1

and :Swi

2

. It is easy to 
he
k that by

the minimization of Do, we must have :Do(Swi

1

(1); false) and :Do(Swi

2

(1); false)

in su
h a model. This means the set eq

0

will 
ontain persisten
e relations for both

Swi

1

and Swi

2

. Sin
e Swi

1

(0) and Swi

2

(0) must hold in all models, we must have

M

0

j= Swi

1

(1) ^ Swi

2

(1) too and we have a 
ontradi
tion. So indeed only one of the

swit
hes will 
hange position.

Example 9.13 [Ex
lusive Non-Deterministi
 E�e
ts℄ The 
lassi
 example of

an a
tion with a non-deterministi
 e�e
t is the tossing of a 
oin: if we toss a 
oin, it

will 
ome up either heads (Heads) or tails, but we do not know whi
h. However, we

do know that whether or not we have Heads after tossing is independent of the fa
t

whether or not we had Heads before tossing, thus there is no persisten
e. In light of

the previous examples, this 
an 
learly be modeled by a 
ausal theory 
ontaining the

following 
ons:

Toss � [ Do(Heads(1);true) � :Do(Heads(1); false) ℄

In this way, in the models for our 
ausal theory in whi
h a Toss-event takes pla
e, we

either have an intervention that sets the value of Heads to true or an intervention

that sets its value to false, but not both.

9.6 Handling many Time-points, Events & and Sur-

prises

In this se
tion we extend our 2-point 
ausal theories to handle arbitrarily many points

in time. This means we will have to move to a �rst-order language. In the subse
tions to


ome, we �rst (Se
tion 9.6.1) show how �rst-order theories arise as a natural extension

of 2-point theories. In Se
tion 9.6.2 we introdu
e `basi
' �rst-order 
ausal theories. We

then instantiate these theories in more and more 
ompli
ated ways: in Se
tion 9.6.3,

we start with simple instantiations for handling domains in whi
h exa
tly one event

happens at a time. Se
tion 9.6.4 extends our theories to handle `dependent 
uents'

whi
h form yet another instan
e of the rami�
ation problem. Then (Se
tion 9.6.5) we

move over to domains in whi
h more than one event may happen at the same time

and (Se
tion 9.6.6) we show how this allows us to formalize 
ausal 
hains of events.

Finally, we extend our domains to handle 
omplete surprises (Se
tion 9.6.7).

9.6.1 From Propositional to First-Order Causal Theories

We want to extend propositional 
ausal theories to handle 
ountably many points in

time. It seems that we would get an in�nite number of stru
tural equations `F

i

(t+1) =

F

i

(t)', one for ea
h 
uent F

i

2 F and one for ea
h t. This suggests using predi
ate logi


and universally quantifying our stru
tural equations over time points. However, in that


ase Pearl's semanti
s gets unde�ned: it is not immediately 
lear how to perform a

repla
ement of stru
tural equations if the stru
tural equations are quanti�ed over. But
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it turns out that, by 
hanging our formalism slightly, we 
an mimi
 the repla
ement

of equations within 
ausal theories. On
e we have done this, the generalization to

the �rst order 
ase is 
ompletely straightforward. The general idea of this mimi
king

operation is based on the following translation:

For any propositional 
ausal theory T = hV;U; eq;
onsi de�ned a

ording to

De�nition 9.1, let T

0

be the propositional theory over variables U [ V [ A(V ) su
h

that T

0

= 
ons [ eq

new

. Here eq

new

results from eq by repla
ing any stru
tural

equation X

i

� � in eq by the following three axioms:

[ :Do(X

i

;true) ^ :Do(X

i

; false) ℄ � (X

i

� �) (9.26)

Do(X

i

;true) � X

i

(9.27)

Do(X

i

; false) � :X

i

(9.28)

Here the �rst axiom represents the original stru
tural equation: if no interventions

take pla
e, then X

i

should still be equivalent to � (and hen
e the stru
tural equation

applies). The se
ond and third axioms represent the e�e
t of a
tions. To give an

example, if M j= Do(X

i

;true) (and hen
e `X

i

is set to true in M'), then the left-

hand side of (9.26) does not hold in M, and M automati
ally satis�es (9.26). On

the other hand, the left hand side of (9.27) does hold in M, hen
e M must satisfy

M j= X

i

.

The following theorem shows that the notion of `
ausal model' for theories T =

hV;U; eq;
onsi is simply equivalent to the notion of 
lassi
al model for theories

T

0

= 
ons [ eq

new

.

Theorem 9.14 For any 
ausal theory T and propositional theory T

0

obtained from T

as des
ribed above, we have

M is a model for 
ausal theory T ,M j= T

0

The proof (whi
h is almost trivial) 
an be found in [64℄.

The theorem shows that propositional 
ausal theories 
an be equivalently modeled

as `plain' propositional theories. But these 
an be extended in a straightforward way

to �rst-order theories:

Quantifying over Stru
tural Equations

Let us suppose for the moment that we want to use 
ausal theories for persisten
e

involving n+1 points in time. Theorem 9.14 shows that in this 
ase, all axioms in eq


an equivalently be represented by a set eq

new

whi
h 
ontains:

:Do(F

i

(1);true) ^ :Do(F

i

(1); false) � (F

i

(1) � F

i

(0))

:Do(F

i

(2);true) ^ :Do(F

i

(2); false) � (F

i

(2) � F

i

(1))

.

.

.

:Do(F

i

(n);true) ^ :Do(F

i

(n); false) � (F

i

(n) � F

i

(n� 1))

(9.29)
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for all F

i

2 F, with 
orresponding axioms

Do(F

i

(t); b) � (F

i

(t) � b)

for all F

i

2 F; b 2 B and t 2 f0; 1; : : : ; ng.

It is now evident that this s
heme of axioms 
an be extended to a 
ountably in�nite

number of time points by universally quantifying over both groups of axioms and

letting Do(F

i

(t); b) denote a predi
ate involving obje
ts F

i

(t) and b rather than an

atomi
 propositional variable. We thus end up with two 
lasses of axioms. First,

8t > 0 : [:Do(F

i

(t);true) ^ :Do(F

i

(t); false)℄ � (F

i

(t) = F

i

(t� 1)) (9.30)

for all F

i

2 F and se
ond

8t : Do(F

i

(t);true) � (F

i

(t) = true) (9.31)

8t : Do(F

i

(t); false) � (F

i

(t) = false) (9.32)

Axioms of form (9.30) will be 
alled stru
tural equation axioms. Noti
e that they

really 
ontain an in�nitude of stru
tural equations. Axioms of form (9.32) will be


alled intervention axioms.

We will want to quantify not only over time points but also over 
uents. This


an easily be a

omplished by introdu
ing a new predi
ate Ho and writing Ho(F

i

; t)

instead of F

i

(t), a 
ommon pra
ti
e in 
ommon-sense temporal reasoning. This �nal

extension immediately leads to the formal de�nitions of �rst-order theories that we

will present in the next subse
tion.

9.6.2 First-Order Causal Theories

Preliminaries We use a many-sorted �rst-order language L. Stru
tures, interpreta-

tions, truth in a model and entailment are de�ned as usual; see Chapter 8, page 187.

Spe
i�
ally, from now on `j=' stands for �rst-order rather than propositional entail-

ment. For a sort X indi
ated by the letter X , we write jMj

x

to denote the universe

of the sort X . The language L in turn depends on the sets E and F. We therefore

sometimes write L(E;F). L(E;F) 
ontains three sorts: Booleans (variables of the sort

will be denoted by b); time points (t) and observables (x). There are two `subsorts' to

observables: 
uents (variables of the sort denoted by f) and events (e). We explain

what we mean by `subsort' below. The set B of Boolean 
onstants 
ontains two ele-

ments: B = ftrue; falseg. The set of time-point 
onstants is N

0

= f0; 1; 2; : : :g, i.e.

the set of nonnegative integers. The set of 
uent 
onstants 
oin
ides with F; the set

of event 
onstants is identi�ed with E. L(E;F) 
ontains the following fun
tions and

predi
ates:

� Ho: Ho(x; t) will denote that observable x Holds at time t.

� Do: Do(x; b; t) will denote that the value of observable x at time t has been set

to value b by some (unspe
i�ed) a
tion.

� `=,<,+' whi
h will re
eive their usual interpretation.
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� Ab

1

, Ab

2

: Ab

2

(f; t) and Ab

1

(e; t) will stand for abnormalities. They will be used

and explained only in Se
tion 9.6.5.

By a `subsort' we mean the following: events and 
uents are really two di�erent sorts.

Whenever a predi
ate is de�ned for the sort of observables, it is really de�ned both

for the sort events and the sort 
uents. Whenever in a formula we quantify over

x, for example, we have the axiom 8x�(x), we impli
itly quantify over elements of

both 
onstituent sorts (i.e. the axiom should be read as 8e�(e) ^ 8f�(f)). In what

follows, we impli
itly assume all those formulas that are listed without quanti�ers to

be universally quanti�ed.

General First-Order Causal Theories

We are now ready to de�ne �rst-order 
ausal theories. In the appendix to this 
hapter

(page 235), we show formally that the de�nitions below are indeed a straightforward

extension of the propositional 
ausal theories de�ned earlier.

De�nition 9.15 A �rst-order 
ausal theory for a language L(E;F) is a tuple heq;
onsi

where

1. eq is a set of senten
es for L(E;F) 
ontaining the `intervention axioms'

8x; t: Do(x;true; t) � Ho(x; t) (9.33)

8x; t: Do(x; false; t) � :Ho(x; t) (9.34)

and, in addition, one or more axioms of the form

8 x; t : [ :Do(x;true; t) ^ :Do(x; false; t) ℄ �

[ Ho(x; t) � �(x; t) ℄ (9.35)

Here x is a variable of sort events or 
uents; t is of sort time-points. We 
all

the expression `Ho(x; t) � �(x; t)' a `stru
tural equation'.

2. 
ons is a set of senten
es for L(E;F) 
ontaining at least uniqueness-of-names

(UNA) and domain 
losure (DC) axioms

4

for the sets B;E and F.

We will refer to the uniqueness-of-names axioms in 
ons as the `UNA-axioms' and to

the domain 
losure axioms as the `DC'-axioms.

We now give the de�nition of models for 
ausal theories. Remember that in the

propositional 
ase, we were looking for the minimal interpretations of the set of Do-

variables within ea
h 
ontext, i.e. ea
h interpretation of all other propositional vari-

ables of the theory. We will now do exa
tly the same thing in a �rst-order setting:

now, we want the minimal interpretations of the Do-predi
ate for ea
h 
ontext. Now,

a 
ontext is any interpretation of all other predi
ates of the theory.

This `minimization within a 
ontext' 
an be 
onveniently implemented using 
ir-


ums
ription [94, 106℄. For details about 
ir
ums
ription, we refer to [94℄. In an

4

A uniqueness-of-names (UNA) axiom for a �nite set of 
onstants X = fX

1

; : : : ;X

n

g is the formula

V

i6=j

X

i

6= X

j

. A domain 
losure axiom for the set X is the axiom 8x x = X

1

_ : : : _ x = X

n

.
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appendix to this 
hapter (page 234) we give Lifs
hitz' 
hara
terization of 
ir
ums
rip-

tion in model-theoreti
 terms. From that de�nition, it 
an be seen immediately that


ir
ums
ribing Do in 
ons with all other fun
tions and predi
ates �xed will give us

exa
tly the models we want: if a predi
ate is kept �xed while 
ir
ums
ribing Do, ea
h

interpretation of the predi
ate will serve as a 
ontext within whi
h Do is minimized.

Also, just as in the propositional 
ase, we have to minimize Do in 
ons before we

add the set of stru
tural equations eq to it { 
f. the remark in Se
tion 9.4.1. This is

re
e
ted in the following de�nition. The expression Cir
um(
ons;Do) stands for the


ir
ums
ription of Do in 
ons with all other fun
tions and predi
ates kept �xed.

De�nition 9.16 A stru
ture M for the language L is a model for the �rst-order


ausal theory T (written as M j=




T ) i�

1. M j= eq ^ Cir
um(
ons;Do).

2. Time-points in L are interpreted as the integers; `+' and `<' are interpreted

a

ordingly.

Note that for any 
ausal theory T = heq;
onsi and any M we have that if M j=




T ,

then also M j= 
ons. Sin
e by De�nition 9.15 above 
ons 
ontains both UNA- and

DC-axioms for B, E and F, we easily see that the following proposition holds:

Proposition 9.17 We may assume without loss of generality that for any model M

for a 
ausal theory T , we have

1. jMj

b

= B and jMj

e

= E and jMj

f

= F.

2. M interprets all elements in B, E and F as themselves.

We now turn to the exa
t kind of rules of form (9.35) that we will need in order to

model persisten
e. Fluents are supposed to behave as before: if no intervention takes

pla
e, they persist. This is modeled by the following axiom in eq whi
h we 
all our

persisten
e axiom:

8f; t :(t > 0) �

[ :Do(f;true; t) ^ :Do(f; false; t) ℄ � [ Ho(f; t) � Ho(f; t� 1) ℄

(9.36)

whi
h 
an easily be rewritten into the form pres
ribed by the de�nition of �rst-order


ausal theories above. Con
erning events, we 
an opt for either one of two possibilities,

The �rst is reminis
ent of the way a
tions are treated in the standard situation 
al
ulus

[107℄: between ea
h two `time points', exa
tly one a
tion happens. We 
an formalize

this by adding an extra axiom to 
ons (`9!' stands for `there exists exa
tly one'):

8t9!e: Ho(e; t) (9.37)

The formula Ho(e; t) is to be interpreted as saying that event e takes pla
e between

time t and time t+1. The se
ond, more 
ompli
ated possibility is to allow for multiple

a
tions happening at the same time; this is similar to what happens in the works of

Morgenstern & Stein and Baral, Gelfond & Provetti [12, 147℄. We �rst dis
uss the

former possibility, delaying treatment of the latter until Se
tion 9.6.5.
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9.6.3 Handling Events like in the Situation Cal
ulus

We �rst extend our de�nition of 
ausal theories to in
orporate axioms (9.36) and (9.37).

De�nition 9.18 A �rst-order 
ausal theory with persisten
e for the tuple hE;Fi is a

tuple heq;
onsi where eq and 
ons are sets of senten
es for the language L(E;F), eq


onsists of intervention axioms (9.33),(9.34) and the persisten
e axiom (9.36) while


ons 
ontains at least UNA- and DC-axioms for B;E and F and axiom (9.37).

Example 9.19 [Yale Shooting Problem℄ Armed with this de�nition, we are able

to handle most standard reasoning domains involving more than two time points. As

an example, 
onsider the Yale Shooting domain as des
ribed on page 190, where it was

modeled in a `naive' way. To model it instead as a 
ausal theory, let T

ysp

be a 
ausal

theory with persisten
e for sets E = fLoad;Wait;Shootg, F = fAlive;Loadedg. Apart

from the axioms mentioned above, the set 
ons further 
ontains the following axioms:

Ho(Load; t) � Do(Loaded;true; t+ 1) (9.38)

Ho(Loaded; t) ^ Ho(Shoot; t) � Do(Alive; false; t+ 1) (9.39)

Ho(Alive; 0) ^ :Ho(Loaded; 0) (9.40)

Ho(Load; 0) ^ Ho(Wait; 1) ^ Ho(Shoot; 2) (9.41)

It is instru
tive to 
ompare these axioms with the original axioms on page 190. Re
all

that with the original formulation, we obtained an unintended model in whi
h Fred

remained alive after the shooting. We will show that we now only get intended models.

To see this, noti
e �rst that by axiom (9.37) we have that the only events taking pla
e

in any model at times 0; 1 and 2 are those introdu
ed in axiom (9.41). The 
ir
ums
rip-

tion of Do in the de�nition of 
ausal models then makes sure that in all models of T

ysp

we have :Do(Loaded; b; t) for all b and t 2 f0; 2g. On the other hand, by axioms (9.41)

and (9.38) we have Do(Loaded;true; 1) in all models, too. It follows by axiom (9.33)

that we have Ho(Loaded; 1) in all models and by the persisten
e axiom (9.36) that we

have Ho(Loaded; 2) in all models. Sin
e by axiom (9.41) we have Ho(Shoot; 2) in all

models, the ante
edent of axiom (9.39) holds in all models for t instantiated to 2 and

we have Do(Alive; false; 3) in all models. By axiom (9.36) we then have :Ho(Alive; 3)

in all models for T

ysp

. It is easy to show that su
h models indeed exist.

We state without proof that we also handle the related `Stanford Murder Mystery'

[8℄. The 
urrent version still has a problem if the s
hedule of a
tions that take pla
e

in the domain is in
ompletely spe
i�ed. This problem will be dis
ussed and solved in

Se
tion 9.6.5, where we show how to extend our theories for domains where arbitrarily

many events may happen at the same time. First, we will dis
uss another well-known

reasoning domain that we 
an already express with our 
urrent restri
tions on the

o

urren
e of events.

9.6.4 Rami�
ations Again: Dependent Fluents

Giun
higlia and Lifs
hitz [57℄ argue that we sometimes want to express dependen
ies

between 
uents where these dependen
ies may be partially unknown. Let us 
onsider
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Giun
higlia and Lifs
hitz' [57℄ motivating example: suppose we are in a room with a

baby, an obje
t and a table. The obje
t may be dangerous to the baby (for example,

it might be a hammer) but we are not sure about that. We do know however that if

the obje
t is pla
ed on the table, it is out of rea
h of the baby, and hen
e it is safe.

In other words, the safeness of an obje
t depends on whether or not it is on the table,

but we do not know exa
tly in what way: we know it is safe if it is on the table; if

it is not on the table, we just know that this fa
t determines whether it is safe or

not (see [57℄ for details). This implies that if we put an obje
t on the table and then

remove it again, we want there to be only two possibilities: either the obje
t was safe

both before and after it lay on the table or it was unsafe both before and after it lay

on the table. Giun
higlia and Lifs
hitz introdu
e what they 
all the `high-level a
tion

languageARD' in order to deal with this kind of dependen
ies. It turns out that 
ausal

theories 
an be instantiated for `dependent 
uents' in a straightforward manner, the

reason being that we are allowed the use of assumption symbols (unobserved variables)

in 
ausal theories.

We �rst extend our formalism by introdu
ing the new subsort of dependent 
uents ;

we will assume there are a �nite number of them, listed in the set D. Variables of the

subsort will be indi
ated by d. Like regular 
uents, dependent 
uents may or may not

persist. But unlike the situation for regular 
uents, the behaviour of dependent 
uents

is fully de�ned in terms of other (regular) 
uents and assumption symbols. We �rst

extend our de�nitions of 
ausal theories to deal with the subsort of dependent 
uents.

The language L(D;E;F) is as the language L(E;F) but now with dependent 
uents as

a new subsort of observables and with D indi
ating the 
onstants of this new subsort.

De�nition 9.20 A �rst-order 
ausal theory with persisten
e and dependent 
uents

for the tuple hD;E;Fi is a tuple heq;
onsi where eq and 
ons are sets of sen-

ten
es for the language L(D;E;F), eq 
onsists of intervention axioms (9.33),(9.34)

and the persisten
e axiom (9.36) while 
ons 
ontains at least UNA- and DC-axioms

for B;D;E and F and axiom (9.37).

Note that the only di�eren
e between 
ausal theories as de�ned here and those de�ned

as in the previous se
tion (De�nition 9.18) is the addition of UNA- and DC-axioms for

dependent 
uents. The new de�nition allows us to formalize the example des
ribed

above:

Example 9.21 Let T

df

be a �rst-order 
ausal theory with persisten
e for the lan-

guage L(D;E;F) 
ontaining the additional 0-ary predi
ate U

Safe

. Here D = fSafeg,

E = fPut On Table;Remove From Tableg and F = fOn Tableg and 
ons 
ontains the

following additional axioms:

Ho(Put On Table; t) � Do(On Table;true; t+ 1) (9.42)

Ho(Remove From Table; t) � Do(On Table; false; t+ 1) (9.43)

Ho(Safe; t) � [ Ho(On Table; t) _ (:Ho(On Table; t) ^ U

Safe

) ℄ (9.44)

U

Safe

is 
alled an assumption symbol. It determines the a
tual (but unknown) relation-

ship between :On Table and Safe. Suppose further that 
ons 
ontains the following
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observations:

:Ho(On Table; 0) ^ Ho(Put On Table; 0) ^ Ho(Remove From Table; 1) (9.45)

Noti
e that (9.45) together with (9.42) and (9.43) make sure that we haveDo(On Table;

true; 1) and Do(On Table; false; 2) in all models. The 
ir
ums
ription of Do in the

de�nition of models for 
ausal theories makes sure that we have :Do(x; b; t) for all

other x; b and t 2 f0; 1g. It follows that all models for T

df

have

:Ho(On Table; 0) ^Ho(On Table; 1) ^ :Ho(On Table; 2) (9.46)

Now in any model either U

Safe

holds or it does not. For the 
lass of models M with

:U

Safe

, we have by (9.44) and (9.46) that M j= :Ho(Safe; 0) ^ :Ho(Safe; 2). For the


lass M

0

with U

Safe

, we have M

0

j= Ho(Safe; 0) ^ Ho(Safe; 2). It immediately follows

that there 
an be no models with Ho(Safe; 0) � :Ho(Safe; 2). It remains to be shown

that there do exist models for T

df

with U

Safe

and models with :U

Safe

; su
h models


an indeed easily be 
onstru
ted; we omit the details. Summarizing:

Proposition 9.22 There exists a modelM for T

df

withM j= Ho(Safe; 0)^Ho(Safe; 1)

^ Ho(Safe; 2). There is a model M

0

for T

df

with M j= :Ho(Safe; 0) ^ Ho(Safe; 1)

^:Ho(Safe; 2). There are no models for T

df

with any other interpretation of Ho(Safe; t)

for t 2 f0; 1; 2g.

We remark that this allows us to spe
ify what Giun
higlia and Lifs
hitz 
all `non-

Markovian' theories: the value of a 
uent at time t may depend on its `long-term'

history, and not only on the situation in the world at time t� 1.

9.6.5 Minimizing O

urren
e of Events

We have seen how to deal with domains in whi
h we allow one event at a time to

happen. Following Morgenstern & Stein [112, 147℄, Baral, Gelfond and Provetti [11, 12℄

and several other authors, we would like to extend this to the 
ase where more than one

event may happen at a time. We want our domains to be subje
t to the assumption

that normally, events don't happen unless there is a spe
i�
 reason for them to happen.

This is easy to model with our Pearlian theories: it turns out that we 
an properly

model events, just like 
uents, using stru
tural equations. The advantage of using

stru
tural equations instead of axioms in 
ons will be
ome 
lear in Se
tion 9.6.6. The

new stru
tural equations will say that `if no intervention takes pla
e that makes an

event happen, and if nothing abnormal is the 
ase, then the event will not happen'.

The 
orresponding axiom in eq will look as follows (the notation has been 
hosen to


onform to (9.35)) :

8e; t : [ :Do(e;true; t) ^ :Do(e; false; t) ℄ � [ Ho(e; t) � Ab

1

(e; t) ℄ (9.47)

This uses an `abnormality predi
ate' Ab

1

(e; t) de�ned for all event-time pairs. An

instantiated abnormality predi
ate plays a role similar to the `assumption symbols'

we have seen before. But unlike these, whi
h represented things we were 
ompletely
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ignorant about, the abnormalities stand for things we 
onsider abnormal, or, in other

words, unlikely. For this, we extend the notion of 
ausal model to `preferred 
ausal

model'. We always prefer those models of our theory that are the least `abnormal'.

Sin
e in the next subse
tion we will en
ounter domains involving both rather and highly

abnormal eventualities, we need to introdu
e two abnormality predi
ates Ab

1

and Ab

2

in the de�nition below. Ab

1

, standing for the `weak' abnormality, is de�ned over

event-time pairs (e; t). Ab

2

, standing for `strong' abnormality, over 
uent-time pairs

(f; t) (we will see how to use Ab

2

in the next se
tion). The de�nition below says that

the models with the smallest interpretations of the strong abnormality predi
ate Ab

2

should be preferred, and, among the remaining models, the models with the smallest

interpretations of the weak abnormality predi
ate Ab

1

.

De�nition 9.23 A model M is a preferred 
ausal model for 
ausal theory T if

1. M j=




T and

2. There is no other M

0

j=




T with M

0

[[Ab

2

℄℄ $M[[Ab

2

℄℄ and

3. There is no other M

00

j=




T with M

00

[[Ab

2

℄℄ =M[[Ab

2

℄℄ and M

00

[[Ab

1

℄℄ $M[[Ab

1

℄℄

In the Epilogue to part III of this thesis (page 269) we show how the notion of `preferred

models' is 
onne
ted to probability theory, and as su
h is already impli
itly present

in Pearl's original (probabilisti
) theories. Having de�ned preferred models, we are in

a position to give the de�nition of 
ausal theories with 
on
urrent events. The only

di�eren
e to the previous de�nition (De�nition 9.20) is that eq must now also 
ontain

the `no events'-axiom (9.47) while 
ons does not 
ontain the `one-event-at-a-time'

axiom (9.37) any more.

De�nition 9.24 A �rst-order 
ausal theory with persisten
e, dependent 
uents and


on
urrent events for the tuple hD;E;Fi is a tuple heq;
onsi where eq and 
ons

are sets of senten
es for the language L(D;E;F), eq 
onsists of intervention axioms

(9.33),(9.34), persisten
e axiom (9.36) and no-events axiom (9.47) while 
ons 
on-

tains at least UNA- and DC-axioms for B;D;E and F.

Note �rst that with this de�nition, we still handle standard reasoning domains like

the Yale Shooting Problem:

Example 9.25 [YSP, 
ontinued℄ Let us 
onsider the theory T

ysp;2

whi
h is as T

ysp

but adapted to De�nition 9.24: eq now 
ontains axioms (9.33), (9.34), (9.36) and

(9.47), while 
ons 
ontains UNA- and DC-axioms and additionally axioms (9.38){

(9.41). One sees that the 
ir
ums
ription of 
ons rules out all models with Do(e; b; t)

for any e, b and t. It follows by axioms (9.47) and (9.41) that all models for T

ysp;2

have the abnormalities

Ab

1

(Load; 0);Ab

1

(Wait; 1);Ab

1

(Shoot; 2) (9.48)

Clearly, there will be no models with even more abnormalities: no more events will

happen than those we spe
i�ed to happen. It is easy to 
he
k that this means that in

all preferred models for T

ysp;2

, Fred is not alive any more at t = 3. We 
an now also
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handle the 
ase where at some points in time, no a
tions at all need to take pla
e. If

we repla
e (9.41) by the following axiom,

Ho(Load; 0) ^ 9t

1

; t

2

: [ Ho(Wait; t

1

) ^ Ho(Shoot; t

2

) ^ t

1

> 0 ^ t

2

> t

1

℄ (9.49)

then we will still only prefer models M with, for some t

1

and t

2

> t

1

> 0:

M j= Ho(Wait; t

1

) ^ Ho(Alive; t

2

) ^ Ho(Shoot; t

2

) ^ :Ho(Alive; t

2

+ 1):

9.6.6 Causal Chains of Events

To see why it makes sense to put the axiom expressing the non-o

urren
e of events

in eq rather than 
ons, we now turn to `
ausal 
hains of events'. The idea here is

very simple: suppose an event A `
auses' another event B, i.e. the event A is always

a

ompanied by an intervention that triggers event B. Then, if the event A happens,

we do not 
onsider the event B `abnormal' any more. The stru
tural equation whi
h

says that `event B o

urring at time t is abnormal' is repla
ed by another equation

that says `event B does o

ur at time t' - just like stru
tural equations 
on
erning the

persisten
e of regular 
uents get repla
ed if an intervention takes pla
e.

Example 9.26 Imagine a domain where, if you push somebody, he or she falls down a

moment later. We 
an formalize this using a 
ausal theory a

ording to De�nition 9.24

su
h that 
ons 
ontains the axiom

Ho(Push; t) � Do(Fall;true; t+ 1)

Now suppose 
ons further 
ontains axiom Ho(Push; 0). From inspe
tion of ax-

iom (9.47) and the intervention axioms (9.33) and (9.34), we see that all preferred

models for this theory will have Ho(Push; 0) ^ Ho(Fall; 1). But if 
ons had not 
on-

tained Ho(Push; 0), then the preferred models would be those in whi
h no events at

all take pla
e.

9.6.7 Surprise, Surprise

What if a 
uent 
hanges value while we have no event in our domain whi
h 
an a

ount

for that? This is the kind of situation that Sandewall and Shoham [135℄ 
all a `surprise';

Lifs
hitz and Rabinov [98℄ 
all it a `mira
le'. In order to deal with it, we have to weaken

our stru
tural equations 
on
erning regular 
uents: persisten
e may now be broken not

only by some intervention, but also by some `abnormal' (unlikely) external in
uen
e.

For su
h abnormalities, we will use our se
ond abnormality predi
ate Ab

2

. We 
hange

axiom (9.36) into the following weakened persisten
e axiom:

8f; t : (t > 0) � [ (:Do(f;true; t) ^ :Do(f; false; t)) �

[ Ho(f; t) � [ (Ho(f; t� 1) ^ :Ab

2

(f; t)) _ (:Ho(f; t� 1) ^ Ab

2

(f; t)) ℄ ℄ ℄

(9.50)

The notation (9.50) has been 
hosen so as to 
onform to the synta
ti
 form we used

in (9.36). An equivalent, perhaps more intuitive way of stating it is by the following
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two axioms, whose 
onjun
tion is equivalent to (9.50):

[ (t > 0) ^ :Do(f;true; t) ^ :Do(f; false; t) ^ :Ab

2

(f; t) ℄ �

[ Ho(f; t) � Ho(f; t� 1) ℄

[ (t > 0) ^ :Do(f;true; t) ^ :Do(f; false; t) ^ Ab

2

(f; t) ℄ �

:[ Ho(f; t) � Ho(f; t� 1) ℄

In other words, if no interventions and no abnormalities take pla
e, then the value of

a 
uent persists. If no interventions take pla
e and the value of the 
uent does not

persist, then something abnormal is the 
ase. Here is our updated de�nition:

De�nition 9.27 A �rst-order 
ausal theory with persisten
e, dependent 
uents, 
on-


urrent events and surprises for the tuple hD;E;Fi is a tuple heq;
onsi where eq and


ons are sets of senten
es for the language L(D;E;F), eq 
onsists of intervention

axioms (9.33),(9.34), weakened persisten
e axiom (9.50) and no-events axiom (9.47)

while 
ons 
ontains at least UNA- and DC-axioms for B;D;E and F.

We see that the only di�eren
e to the previous De�nition 9.24 is that persisten
e

axiom (9.36) has been repla
ed by its weakened version (9.50). We illustrate the use

of `surprises' by Kautz' Stolen Car Domain whi
h we introdu
ed on page 191.

Example 9.28 [stolen 
ar problems℄ Here we 
onsider two variations of this do-

main, modeled by theories T

s
;1

= heq;
ons

1

i and T

s
;2

= heq;
ons

2

i. Both are


ausal theories a

ording to De�nition 9.27 for the tuple hD;E;Fi with D = ;,

E = fSteal Carg, F = fCar In Lotg. On top of the UNA- and DC-axioms, 
ons

1

and 
ons

2

both 
ontain observations:

Ho(Car In Lot; 0) ^ :Ho(Car In Lot; 10)


ons

2


ontains no further axioms, while 
ons

1

additionally 
ontains:

Ho(Steal Car; t) � Do(Car In Lot; false; t+ 1)

Now let t

�

be some element of f0; : : : ; 9g and 
onsider a model M with

1. M j= Ho(Steal Car; t

�

).

2. M j= Do(Car In Lot; false; t

�

+ 1) and M 6j= Do(x; b; t) for any other x; b; t.

3. M j= 8f; t : :Ab

2

(f; t)

4. M j= Ho(Car In Lot; t+ 1) � Ho(Car In Lot; t) for all t ex
ept t = t

�

.

Clearly, M j= Cir
um(
ons

1

;Do). It 
an be easily 
he
ked that M j= eq too, so

M j=




T

s
;1

. Sin
e M has no abnormalities of the Ab

2

-kind, it follows that M will

be preferred over any model whi
h does have these. On the other hand, we have

M j= Ab

1

(Steal Car; t

�

) but sin
e there is no model whi
h has neither Ab

1

- nor Ab

2

-

abnormalities it 
learly follows that M is a preferred model for T

s
;1

.
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In T

s
;2

things look di�erent: there is no event whi
h 
an a

ount for the disap-

pearan
e of the 
ar. By arguments similar to those above, we �nd that all preferred

models for T

s
;2

do have Ab

2

(Car In Lot; t) for some t 2 f1; : : : ; 10g.

So we see that in domains where a 
hange of 
uents happens for whi
h there is

an a
tion in the domain that a

ounts for it, it will preferably be assumed that this

a
tion takes pla
e than that some external `mira
le' or `surprise' happens.

9.7 Con
lusion

We have shown that by extending Pearl's 
ausal theories we arrive at a powerful

approa
h to 
ommon sense reasoning about a
tion and 
hange. We had to extend

Pearl's theory at several pla
es; however, the basi
 idea behind Pearl's theory, i.e.

the suÆ
ient 
ause prin
iple, remained un
hanged. The main ingredient of our 
ausal

theories is the Do-operator, whi
h allows us to express any propositional 
ombinations

of observations (in the propositional 
ase, these are elements of V; in the �rst-order


ase, instan
es of Ho) and interventions (instan
es of Do).

In the introdu
tion to this 
hapter we set ourselves three goals. We said that some

of them would be dealt with in the present 
hapter and some in the next. Let us see

what we have a
hieved this far:

Our �rst goal was to gain a better understanding of the rôle of 
ausality in NMTR.

Our 
ontribution towards this goal was given mainly in Se
tion 9.5. There we showed

in detail that, while

Do(F

1

;true) � Do(F

2

;true) (9.51)


an often be read as `F

1


auses F

2

', it has a semanti
s that 
an be understood fully

in non-
ausal terms. We showed that this makes it possible to use axioms like (9.51)

even in 
ontexts where they do not 
orrespond to the 
olloquial usage of `
auses'. We

also showed how other approa
hes to NMTR, whi
h use a predi
ate 
alled Caused

(or similarly) with a semanti
s very similar to Do, express relationships like (9.51)

in a di�erent way, sometimes leading to unintended results (Se
tion 9.5.3). Finally,

in Se
tion 9.6.5 we showed that the Do-predi
ate with its `suÆ
ient 
ause prin
iple'

semanti
s 
an be used to model 
ausal 
hains of events in a natural way.

The se
ond goal was to provide a theory that 
ould deal with a wide 
lass of rea-

soning domains. Towards this goal, we have given many spe
i�
 examples of reasoning

domains that are problemati
 for many other approa
hes, and we have shown that our

theory deals with them in an intuitive way. However, as we stressed in Chapter 8,

Se
tion 8.3.1, this does not give mu
h 
on�den
e that our 
ausal theories will work

well on any full 
lass of reasoning domains. Providing eviden
e that they do work well

for full 
lasses too is one of the two main goals of the next 
hapter.

The third goal, whi
h is to show how existing approa
hes are interrelated and to

explain some of their su

esses and failures, will be the se
ond of the two main goals

of the next 
hapter.

The Overall Resear
h Goal To end this 
hapter, we indi
ate how our 
ausal

theories �t in the general `alternative resear
h goal' we set ourselves in Chapter 8,
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Se
tion 8.4. Let us 
on
entrate on the most sophisti
ated version of our theories,

i.e. De�nition 9.27 on page 232. Re
all that the alternative resear
h goal 
on
erned

a fundamental distin
tion between �nding a good Model of a domain and �nding a


on
ise representation of that Model (`Model', when written with 
apital M, is used

in the general sense; not in the logi
ian's { see page 198). In the present 
ausal

theories, this distin
tion is adhered to as follows. We spe
ify our 
ausal theories by

two sets of axioms: eq and 
ons. eq 
ontains axioms embodying persisten
e and the

suÆ
ient 
ause prin
iple, 
ons 
ontains axioms standing for state 
onstraints and for

e�e
ts of events (e.g. Ho(Shoot; t) � Do(Alive; false; t+1)) and of interventions (e.g.

Do(Alive; false; t) � Do(Walking; false; t)). Nowhere do we mention any senten
es

about the non-e�e
ts of events; nevertheless there are many of these whi
h we want

to hold in all our models. For example, in the YSP domain (page 227) as modeled by

theory T

ysp

, we surely want the following to hold in all models:

:Ho(Shoot; t) � :Do(Alive; false; t+ 1)

Yet this is neither enfor
ed by 
ons nor by eq. Hen
e, T

ysp

is an in
omplete spe
i�-


ation (in the sense of page 199) of the Model we want to spe
ify by the theory T

ysp

.

T

ysp

is turned into a 
omplete spe
i�
ation in the �rst step of the de�nition of 
ausal

models (De�nition 9.16), by 
ir
ums
ribing Do in 
ons and then adding eq. This

�rst step performs the `
ompletion mapping' we de�ned on page 200. The set M of

(logi
ian's) models of Cir
um(
ons;Do) ^ eq 
orresponds to our intended Model of

the Yale Shooting domain. The minimization of abnormalities was done with respe
t

to this set of models M. It only served to sele
t the set of least surprising models

within M; all models in the set M stand for possible realizations of the domain we

want to model. We see that both uses of nonmonotoni
ity are stri
tly separated, as

required by our alternative resear
h goal: the 
ir
ums
ription of Do 
orresponds to the


ompletion mapping, the preferen
e order of abnormalities to the internal preferen
e

stru
ture (page 200) of M.

9.8 Appendix: The Model-Theoreti
 Chara
teriza-

tion of Cir
ums
ription

The following is all taken from [94℄.

Let T be a �rst-order theory for some language L; let P be a tuple of predi
ate


onstants for L and let Z be a tuple of fun
tion and/or predi
ate 
onstants for L

disjoint with P . For any two stru
tures M

1

and M

2

for the language L, we write

M

1

�

P ;Z

M

2

if

(i) jM

1

j = jM

2

j

(ii) M

1

[[K℄℄ =M

2

[[K℄℄ for every 
onstant K not in P;Z

(iii) M

1

[[P

i

℄℄ �M

2

[[P

i

℄℄ for every P

i

in P .

IfM

1

�

P ;Z

M

2

but notM

2

�

P ;Z

M

1

we writeM

1

<

P ;Z

M

2

. We 
all a stru
ture

M minimal in a 
lass M of stru
tures if M 2 M and there is no stru
ture M

0

2 M

su
h that M

0

<

P ;Z

M .
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The `
ir
ums
ription of P in T with Z varied', written as Cir
um(T ;P ;Z) is de�ned

as a formula in se
ond-order logi
 (we will not repeat this formula here, see [106, 94℄).

However, we may also 
hara
terize 
ir
ums
ription as follows:

Proposition 9.29 (Lifs
hitz 1985) A stru
ture M is a model of

Cir
um(T ;P ;Z) i� M is minimal in the 
lass of models of T with respe
t to <

P ;Z

.

9.9 Appendix: Pearl's Causal Theories

We 
laimed at various pla
es that our theories are simple extensions of Pearl's. How-

ever, none of our de�nitions appear anywhere in Pearl's arti
les. Hen
e, in order to


onvin
e the s
epti
al reader we will establish a formal relationship between Pearl's

original theories and ours. Both our propositional and �rst-order 
ausal theories for

dealing with persisten
e have their roots in de�nitions 9.1 and 9.3, so it is enough if we


an show how these de�nitions are formally related to Pearl's original de�nitions. That

is what we will do in this appendix: we show in detail how exa
tly to extend Pearl's


ausal theories in order to arrive at de�nitions 9.1 and 9.3. We use the version of

Pearl's theories introdu
ed in [119, 120℄. We �rst give Pearl's original de�nitions. We

then show how a set of global 
onstraints 
ons is introdu
ed; this gives us a new kind

of 
ausal theories that are more powerful than Pearl's. We then show that these are

equivalent to the propositional 
ausal theories introdu
ed in Se
tion 9.3. We end the

appendix by saying something about the probabilisti
 ingredient in Pearl's theories,

whi
h is ignored in our analysis.

Propositional Causal Theories

Here is the de�nition of 
ausal theories as given by Pearl [119, 120℄:

De�nition 9.30 A 
ausal theory T is a 4-tuple T = hV;U; P (u); ff

i

gi where

1. V = fX

1

; : : : ; X

n

g is a set of observed variables

2. U = fU

1

; : : : ; U

m

g is a set of unobserved variables whi
h represent disturban
es,

abnormalities or assumptions.

3. P (u) is a distribution over U

1

; : : : ; U

m

, and

4. ff

i

g is a set of n deterministi
 fun
tions, ea
h of the form

X

i

= f

i

(X

1

; : : : ; X

n

; U

1

; : : : ; U

m

) (9.52)

Equations of the form (9.52) are 
alled stru
tural equations.

Usually, 
ausal theories 
ome together with one or more a
tions of the form Do(X

i

; x).

In the following, we assume that fX

i

1

; : : : ; X

i

l

g is an arbitrary subset of the variables

V and that for all 1 � k � l, x

k

is a value in the domain of X

i

k

. Here is how Pearl

de�nes the e�e
t of a
tions [119, 120℄:
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De�nition 9.31 (E�e
t of a
tions) The e�e
t of the set of a
tions

A = fDo(X

i

1

; x

1

);Do(X

i

2

; x

2

); : : : ;Do(X

i

l

; x

l

)g

on a 
ausal theory T is given by a subtheory T (A) of T , where T (A) obtains by

deleting from T all equations 
orresponding to the X

i

k

o

urring in A and substituting

the equations X

i

k

= x

k

instead.

The de�nition of models for 
ausal theories is straightforward:

De�nition 9.32 A valuation M for the variables in V [ U belonging to a 
ausal

theory T is 
alled a model of T i� all of the equations (9.52) asso
iated with T hold

in M. A valuation M is 
alled a model for the 
ausal theory T and the set of a
tions

A i� M is a model for T (A), where T (A) is de�ned as in De�nition 9.31.

It is often assumed [120℄ that the set of equations (9.52) has a unique solution for

X

i

; : : : ; X

n

, given any value of the disturban
es U

1

; : : : ; U

m

; in other words, ea
h

set of values for the disturban
es determines a unique model for T . Therefore the

distribution P (u) indu
es a unique distribution on the set of variables U [ V, or,

equivalently, on the set of models : a model M su
h that U

1

= u

1

; : : : ; U

m

= u

m

will

re
eive probability PfMg = PfU

1

= u

1

; : : : ; U

m

= u

m

g. We 
an de�ne the notion of

preferred model in terms of its probability:

De�nition 9.33 For any 
ausal theory T , any valuation M of the variables in V[U

with maximum probability PfMg will be 
alled a preferred model for the 
ausal theory.

For the time being we just look at plain models for 
ausal theories, i.e. we do not


are about the distribution P (u). In that 
ase, the assumption that the set of equa-

tions (9.52) has a unique solution for X

i

; : : : ; X

n

, given any value of the disturban
es

U

1

; : : : ; U

m

is not needed. We return to the use of P (u) and to `preferred models' at

the end of this appendix (page 238).

We refer to 
ausal theories as de�ned above as Pearlian or basi
 
ausal theories.

Causal theories whi
h are su
h that all the variables in V and U are propositional will

be 
alled propositional. For simpli
ity, we will fo
us on these propositional theories

when de�ning our extension. Here it is:

De�nition 9.34 An extended propositional 
ausal theory T

EP

is a 5-tuple

T

EP

= hV;U; P (u); ff

i

g;
onsi

su
h that

1. hV;U; P (u); ff

i

gi is a propositional basi
 
ausal theory as de�ned in De�ni-

tion 9.30.

2. 
ons, the set of 
onstraints, is a �nite set of propositional formulas over variables

V [U [ A(V). Here A(V) is de�ned as the set of propositional variables

fDo(X

i

;true);Do(X

i

; false) j X

i

2 Vg
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For any extended propositional 
ausal theory T

EP

= hV;U; P (u); ff

i

g;
onsi, the

asso
iated basi
 
ausal theory will be 
alled T

�

EP

. If all the 
onstraints in 
ons hold

for a valuation M of the variables in V [U [A(V) we will write M j= 
ons. Noti
e

that a T

EP

is just a 
ausal theory together with a set of formulas that may dire
tly

involve interventions. For su
h theories, we also need to extend the de�nition of models.

The idea here is that we want to make sure that the axioms in 
ons hold for all models

of 
ausal theories while still, the suÆ
ient 
ause prin
iple di
tates how interventions

should be handled.

De�nition 9.35 A model for an extended 
ausal theory T

EP

= hV;U; P (u); ff

i

g ;


onsi is a valuation M for the variables in V [U [A(V) su
h that

1. M j= 
ons

2. The restri
tion of M to the variables in V [ U is a model of the basi
 
ausal

theory T

�

EP

(A). Here T

�

EP

(A) is the e�e
t of the set of a
tions A on the basi



ausal theory T

�

EP

, where

A = fDo(X

i

; x) j M j= Do(X

i

; x); X

i

2 V; x 2 Bg

A preferred model for T

EP

is de�ned as a valuation M for variables in V[U[A(V)

su
h that (1) M j= 
ons and (2) the restri
tion of M to V [U is a preferred model

of T

�

EP

(A).

Note that the set A in item 2 of this de�nition depends on the model M, i.e. it 
an

be di�erent for di�erent M.

We would like to show that the de�nitions of T

EP

and its models are equivalent to

the de�nitions of 
ausal theories and their models used in the main text (de�nitions 9.1

and 9.3). However, there are still a few small di�eren
es, the most important one being

that, in 
ontrast to the theories of the main text, theories T

EP

must have one stru
tural

equation with X

i

on the left hand side for every X

i

in V. But this di�eren
e is not


ru
ial, as we pro
eed to show:

For any extended 
ausal theory T

EP

= hV;U; P (u); ff

i

g;
onsi, let T

0

EP

be the

theory that results from deleting from T

EP

all fun
tions f

i

in ff

i

g of the form X

i

= U

where U is some element of U. It is easy to see the following:

Proposition 9.36 M is a model for T

EP

i� M is a model for T

0

EP

.

Hen
e when working with extended propositional theories T

EP

, we do not have to

worry about spe
ifying fun
tions f

i

for all the X

i

2 X { if an f

i

is left out, it just

means that we are indi�erent about the 
orresponding X

i

. But now noti
e that, sin
e

we are working with propositional variables, we 
an repla
e the equality sign `=' in

the stru
tural equations (9.52) by logi
al equivalen
e `�' without 
hanging their mean-

ing. From this, together with the Proposition 9.36 above and the de�nition of e�e
ts

(De�nition 9.31) it immediately follows that the de�nitions of extended propositional


ausal theories T

EP

and their models (de�nitions 9.34 and 9.35, resp.) are 
ompletely

equivalent to the de�nitions of 
ausal theories and models given in Se
tion 9.3 (de�-

nitions 9.1 and 9.3, resp.). We have thus shown how these de�nitions arise as natural

extensions of Pearl's de�nitions, whi
h was our goal in this appendix.
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9.9.1 Con
lusion; the use of P (u)

We have seen how our propositional 
ausal theories 
an be viewed as extensions of

Pearl's theories. In Se
tion 9.6, we lifted these theories to the �rst-order 
ase. In the

end this led to De�nition 9.27 (page 232), the most sophisti
ated version of our 
ausal

theories. These were given a non-monotoni
 semanti
s in De�nition 9.23: we prefer

(roughly speaking) the models of su
h theories with the least number of abnormalities.

This minimization of abnormalities is also already impli
it in Pearl's original theories,

where it 
an be handled by the probability distribution P (u) that is impli
it in 
ausal

theories but that we negle
ted thus far (see the remark below De�nition 9.33). One 
an

show that, if one assumes the probability distribution P (u) to satisfy 
ertain natural

requirements, then the `preferred models' of a 
ausal theory (De�nition 9.33) 
oin
ide

with the models with the least abnormalities. We shall return to this issue in the

Epilogue to part III of this thesis, where we show the relation between abnormality

and probability.



Chapter 10

Causal Theories and Other

Approa
hes

In the previous 
hapter we introdu
ed `
ausal theories'. In this 
hapter we give a de-

tailed 
omparison of 
ausal theories to three existing `state-of-the-art' approa
hes to

reasoning about a
tion: those of M
Cain & Turner (Se
tion 10.2), Lin (Se
tion 10.3)

and Baral, Gelfond & Provetti (Se
tion 10.4). We brie
y mention similarities to some

other approa
hes (Se
tion 10.5) and we end with some 
on
lusions. The 
hapter is fol-

lowed by two appendi
es 
ontaining proofs of the theorems and propositions presented

throughout the 
hapter.

10.1 Introdu
tion

In this 
hapter we give detailed 
omparisons of 
ausal theories to other, existing ap-

proa
hes. This will serve two goals:

1. Provide eviden
e that our approa
h 
an truly handle a large 
lass of reasoning

domains.

2. Understand how existing approa
hes are inter-related; understand their su

esses

and failures.

Both goals will be dealt with using a `pragmati
' variation of the `systemati
 method-

ology' introdu
ed in Chapter 8, Se
tion 8.3.1: in order to 
ompare our approa
h to

some alternative approa
h A we will show formally that it yields the same inferen
es

as A on a large 
lass of reasoning domains. In some 
ases we will also provide a domain

that falls outside this 
lass, and for whi
h our approa
h gives more intuitive results

than approa
h A. Su
h a result provides eviden
e (but not proof of 
ourse) that our

approa
h gives intuitive results for a superset of the domains for whi
h approa
h A

gives intuitive results. In this way, goal (1) above will be a
hieved. The 
omparisons

and formal 
orresponden
es will 
onne
t alternative approa
hes not only to our ap-

proa
h, but also to Pearl's `suÆ
ient 
ause prin
iple'. This will shed a new light on

their treatment of 
ausality, and as su
h, goal (2) will be a
hieved.

239
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10.1.1 How The Comparisons Will Be Done

We will 
onsider three approa
hes in detail: those of M
Cain & Turner (Se
tion 10.2),

Lin (Se
tion 10.3) and Baral, Gelfond & Provetti (Se
tion 10.4). Ea
h of these will be


ompared to the instantiation of our theory that is 
on
eptually 
losest to it. Hen
e

M
Cain & Turner's approa
h, whi
h has been spe
i�
ally designed to handle the rami-

�
ation problem, will be 
ompared to our 2-point 
ausal theories (page 214) whi
h are


omplex enough to deal with rami�
ations but whi
h 
ontain no additional features

that would only serve to 
ompli
ate the 
omparison. In the same vein, Lin's approa
h

will be 
ompared to �rst-order theories for persisten
e in whi
h only one event may

happen at a time (page 225), and Baral, Gelfond & Provetti's method will be 
om-

pared to the version of our theory that minimizes o

urren
es of events but that does

not handle surprises (page 229).

In the 
ase of M
Cain & Turner and Baral, Gelfond and Provetti we give and

prove `equivalen
e theorems' stating that for large 
lasses of reasoning domains these

approa
hes give the same results as our 
ausal theories do. We will also give examples

of reasoning domains that fall outside these 
lasses for whi
h, we 
laim, our approa
h

works better than the one we are 
omparing it to.

In order to state our equivalen
e theorems we have to de�ne `
orresponden
e rela-

tions' whi
h we denote by �. We write T

A

� T

B

i� domain des
riptions T

A

of approa
h

A and T

B

of approa
h B intuitively en
ode the same domain knowledge. T

A

� T

B

should be pronoun
ed as `theory T

A

synta
ti
ally 
orresponds to theory T

B

'. We will

de�ne two 
orresponden
e relations. In the �rst 
orresponden
e relation, A will be

our two-point 
ausal theories while B will be M
Cain & Turner's approa
h. In the

se
ond relation, A will be our �rst-order 
ausal theories while B will be Baral, Gelfond

& Provetti's approa
h. All approa
hes we 
onsider have as their basi
 obje
ts 
uents

and events; proving that A and B are equivalent then amounts to showing that for all


orresponding theories T

A

and T

B

(i.e. T

A

� T

B

) we have that approa
h A sele
ts a

modelM

A

with a parti
ular history of what 
uents and events hold at what time i� B

sele
ts a model M

B

with the same interpretation of event/
uent-time pairs. We will

say that su
h models semanti
ally 
orrespond, written as M

A

�

=

M

B

. Sin
e for many

well-formed theories of both approa
hes, � will not be de�ned, � impli
itly imposes


onstraints on the 
lass of reasoning domains for whi
h the equivalen
e holds.

The importan
e of the equivalen
e theorems is that they show that some approa
hes

whi
h at �rst glan
e look rather di�erent from ours are a
tually quite similar; therefore

they are also 
onne
ted to Pearl's suÆ
ient 
ause prin
iple, albeit impli
itly. In our


omparison to Lin's [99, 100℄ approa
h, we have not bothered to try and prove an

equivalen
e theorem, sin
e it is easy to see, just by looking at the de�nitions, that his

approa
h is almost equivalent to ours.

10.2 M
Cain & Turner's Theory of Rami�
ations

and Quali�
ations

Re
ently, M
Cain & Turner (MT) have introdu
ed a `
ausal theory' that fo
uses on

handling rami�
ation 
onstraints [103, 105, 104℄. We will now 
ompare their approa
h
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to our two-point 
ausal theories as de�ned by De�nition 9.6 and 9.7 on page 214.

MT 
onsider theories that are triplets (S;E;C), de�ned for a propositional language

where ea
h atom stands for a 
uent. The `state of the world' S is an interpretation

for all 
uents. An interpretation is denoted by the set of literals true in it. E is a set

of `expli
it e�e
ts', i.e. propositional 
ombinations of 
uents. Intuitively, they are the

formulas that are expli
itly 
aused to hold by some (unspe
i�ed) a
tion. C is a set

of `
ausal laws' that determine the rami�
ations of e�e
ts. MT de�ne the fun
tion

1

�

1

(S;E;C) su
h that it gives the set of possible states of the world after an a
tion

with e�e
ts E has taken pla
e in state S. The exa
t de�nition of �

1

(S;E;C) 
an be

found in Appendix 10.7.1; here we just give an example of its use:

S = fAlive;Walkingg

E = f:Aliveg

C = f:Alive) :Walkingg (10.1)

In this 
ase, �

1

(S;E;C) = ff:Alive;:Walkinggg i.e. the 
hange of Alive brought

about a 
hange of Walking. However, if we had had

S

0

= f:Alive;:Walkingg; E

0

= fWalkingg; C

0

= C;

then �

1

(S

0

; E

0

; C

0

) would have been empty: `)' has a fun
tion similar to our `Do',

enabling 
hanges of right-hand side 
uent values given 
hanges of left-hand side values,

but not the other way around (
ompare this to Example 9.8 of Chapter 9). There is

one sort of domain 
onstraint that 
an be expressed in MT's approa
h but not in ours:

MT allow e�e
ts to be any propositional 
ombination of 
uents, and thus an e�e
t

may be a disjun
tion of two 
uents. This 
annot be expressed by our 2-point 
ausal

theories (we have no 
onstru
t of the form Do(X _ Y; b)). But it is exa
tly here that

MT 
an give 
ounterintuitive results; to see this, 
onsider the general 
ase where there

is an e�e
t X that further 
auses Y _ Z, and an initial state with :X;:Y and :Z:

S = f:X;:Y;:Zg

E = fXg

C = fX ) (Y _ Z)g

Proposition 10.1 �

1

(S;E;C) = ffX;Y;:Zg; fX;:Y; Zgg

The proof of this proposition 
an be found in Appendix 10.7.2. We have seen in

Example 9.11 (Chapter 9, Se
tion 9.5.4) that this seems too strong in general.

Another di�eren
e between MT's approa
h and ours has already been pointed out

in Se
tion 9.5.2 of the previous 
hapter: there are domain 
onstraints that would be

modeled as a single axiom A ) B in MT's approa
h, while we prefer to model them

using two separate axioms:

Do(A(t);true) � Do(B(t);true)

A(t) � B(t) (10.2)

1

�

1

(S;E;C) is the fun
tion M
Cain & Turner use in their re
ent paper [105℄; it stands at the

basis of their `Causal Theory of A
tion and Change' [104℄. It is a slight modi�
ation of their earlier

next-state fun
tion Res

4

C

(E; S) [103℄. For the pre
ise relation between �

1

(S;E;C) and Res

4

C

(E;S) ,

see [105℄.
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M
Cain & Turner's semanti
s treats `A) B' just as we would treat the single axiom:

A(t) � Do(B(t);true) (10.3)

We have seen in Chapter 9, Se
tion 9.5.3 that this is in general not the same as (10.2).

But if we translate 
onstraints like A ) B indeed as (10.3), and we restri
t our-

selves to domains without disjun
tive e�e
ts, then it turns out that MT and our

approa
h agree on all problem domains that 
an be represented in the languages of

both approa
hes. In De�nitions 10.2 and 10.3 (page 243) synta
ti
 (�) and semanti
al

(

�

=

) 
orresponden
e for 2-point 
ausal theories and MT's theories are de�ned. � has

been de�ned su
h that disjun
tive e�e
ts 
annot o

ur in 
orresponding theories and

su
h that rules of the form `A) B' are translated into senten
es of the form (10.3).

�

=

is de�ned su
h thatM

�

=

(S; S

0

) i� the 
uents that hold in S hold inM at time 0 and

the 
uents that hold in S

0

hold in M at time 1. As an example of how De�nition 10.2

works, we 
onsider the 
ausal theory (S;E;C) de�ned by (10.1) at the beginning of

this se
tion. The theory des
ribed there 
orresponds to a 2-point 
ausal theory T




(the subs
ript 
 stands for `Causal') su
h that 
ons 
ontains the axioms:

Alive(0) ^Walking(0)

Do(Alive(1); false)

:Alive(1) � Do(Walking(1); false)

whi
h 
an be seen to stem from items 3,4 and 5 of De�nition 10.9, respe
tively. eq


ontains

Alive(1) � Alive(0) ; Walking(1) �Walking(0)

whi
h 
an be seen from item 1 of the de�nition.

We are now ready to state our equivalen
e theorem, the proof of whi
h 
an be

found in Appendix 10.7.3. In the theorem, j=




is de�ned as in De�nition 9.7.

Theorem 10.4 For any 2-point 
ausal theory T




and any domain des
ription T

mt

=

(S;E;C) su
h that T




� T

mt

, we have:

S

0

2 �

1

(S;E;C)) there exists an M j=




T




with M

�

=

(S; S

0

)

M j=




T




) �

1

(S;E;C) 
ontains an S

0

with M

�

=

(S; S

0

)

10.3 Lin's Embra
e of Causality

Lin [99, 100℄ has re
ently introdu
ed a new method for reasoning about a
tion that

is based on a version of the situation 
al
ulus [107℄. In the situation 
al
ulus, time is

modeled by situations s rather than time points. The sort a
tions 
orresponds to our

events ; however, in Lin's approa
h symbols of the sort are not ne
essarily 
onstants

(they 
an be n-ary fun
tion symbols rather than only 0-ary). Similarly, 
uents in

situation 
al
ulus 
orrespond to our 
uents, and again, Lin allows 
uent symbols to
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For F

i

2 F we will sometimes write F

true

i

to denote F

i

and F

false

i

to denote

:F

i

.

De�nition 10.2 For any 2-point 
ausal theory T




= hV;U; eq;
onsi for sets

E and F and any T

mt

= (S;E;C) of MT's approa
h we de�ne T




� T

mt

(`T





orresponds to T

mt

') to be true i� all of the following hold:

1. E = ;; F = fF

1

; : : : ; F

n

g; F

i

2 F i� F

i

is an atom in the propositional

language for whi
h T

mt

is de�ned; U = ;; eq is de�ned as required by

De�nition 9.6, page 214.

2. Ea
h senten
e in 
ons 
orresponds either to S or to a senten
e in E or to

a senten
e in C. The set S and the senten
es in E and C all 
orrespond to

a senten
e in 
ons. Here `
orresponden
e' is de�ned as in items 3-5 below:

3. the senten
e �




in 
ons 
orresponds to S (and vi
e versa) i� �




is of

the form F

b

1

1

(0) ^ : : : F

b

n

n

(0) and S = (F

b

1

1

; : : : ; F

b

n

n

).

Here b

i

2 B for all 1 � i � n. .

4. A senten
e �




in 
ons 
orresponds to a senten
e �

mt

in E i� �




is of

the form Do(F

i

(1); b) and �

mt

is of the form F

b

i

. Here b 2 B.

5. A senten
e �




in 
ons 
orresponds to a senten
e �

mt

in C i� �




is of

the form (m � 1)

� � Do(F

i

1

(1); b

1

) ^ : : : ^ Do(F

i

m

(1); b

m

) (10.4)

and �

mt

is of the form

�

0

) F

b

1

i

1

^ : : : ^ F

b

m

i

m

(10.5)

Here � is a propositional 
ombination of atoms of the form F (1) where F

is any element of F. �

0

is the result of repla
ing all o

urren
es of F (1) by

F . For all j, 1 � i

j

� n and b

j

2 B.

De�nition 10.3 Given a model M

C

for a 
ausal theory T




and a pair of states

(S; S

0

) for a T

mt

with T




� T

mt

we say that M

C


orresponds to (S; S

0

) i� for

all F

i

2 F we have

M

C

j= F

i

(0), F

i

2 S and M

C

j= F

i

(1), F

i

2 S

0
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Lin's Pro
edure Start with a theory T

lin

that 
onsists of (1) unique names

axioms for all a
tions and 
uents (2) unique names and domain 
losure-axioms

for truth-values and (3) all domain-spe
i�
 axioms. Then:

1. Add the following basi
 axioms for the predi
ate Caused to T

lin

:

Caused(f;true; s) � Ho(f; s) (10.6)

Caused(f; false; s) � :Ho(f; s) (10.7)

2. Cir
ums
ribe Caused in T

lin

with all other predi
ates �xed. Let T

0

lin

be

the resulting theory.

3. Add to T

0

lin

the following `frame axiom' and let T

00

lin

be the resulting theory.

Poss(a; s) �

f(:Caused(f;true;Result(a; s)) ^ :Caused(f; false;Result(a; s)))

� [Ho(f;Result(a; s)) � Ho(f; s)℄g (10.8)

4. Maximize Poss in T

00

lin

to obtain the �nal theory T

000

lin

.

be n-ary. For any a
tion e and situation s, the fun
tion

2

Result(e; s) stands for the

situation that results when performing e in s. Ordinary situation 
al
ulus 
ontains

only the fun
tions des
ribed above and the predi
ate Ho, de�ned on 
uent-situation

pairs. In addition to this, Lin uses two additional predi
ates Caused and Poss.

It turns out that Lin's method is very similar to ours. We will 
ompare it to

the instantiation of 
ausal theories in whi
h only one event is allowed to happen at a

time (Chapter 9, De�nition 9.18), sin
e this instantiation is 
on
eptually 
losest to the

situation 
al
ulus. Like us, Lin uses an additional sort truth values ; a variable of the

sort 
an be either true or false. Lin's Caused-predi
ate is ternary: Caused(f; v; s)

is true if the 
uent f is 
aused to have the truth value v in situation s. On page 244

we give a (somewhat extended) quote of [99℄ whi
h des
ribes the method. The last

step of Lin's method is meant to deal with the quali�
ation problem whi
h we do not

address in our work, so it will be of no 
on
ern to us. We �rst need the following:

Proposition 10.5 If we ex
hange step 1 and step 2 in Lin's pro
edure we will arrive

at an equivalent �nal theory T

000

lin

.

Proof: If we rewrite (10.6) and (10.7) as disjun
tions, then Caused appears only in

negated form in them. It then easily follows from the model-theoreti
 
hara
teriza-

tion of 
ir
ums
ription (see Appendix 9.8) that the theory obtained by adding (10.6)

and (10.7) before the 
ir
ums
ription has the same models as the theory obtained by

adding them after the 
ir
ums
ription. 2

2

The a
tual name for the fun
tion used by Lin is `Do' in stead of Result; we use the name Result

in order to avoid 
onfusion with our own Do-predi
ate.
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Let us write eq

lin

= f(10.6) [ (10.7) [ (10.8)g. With this notation, step 1 and step 2

inter
hanged and step 4 left out, Lin's approa
h 
an be rephrased as follows:

T

00

lin

= eq

lin

[ Cir
um(T

lin

;Caused) (10.9)

Now if we 
ompare eq

lin

to the set of axioms eq in our de�nition of 
ausal theories

(De�nition 9.18, page 227), we see that they are strikingly similar: On
e we rename

Caused to Do, (10.6) and (10.7) a
tually be
ome equivalent to our intervention axioms

(9.33) and (9.34)! If we furthermore realize that Result(a; s) refers to the �rst time

point 
onsidered after the time point 
orresponding to situation s, we see that also

(10.8) is almost the same as our persisten
e axiom (9.36). And most importantly, if we


ompare the 
hara
terization of Lin's approa
h (10.9) to the de�nition of models for


ausal theories (De�nition 9.16, page 226), we see that, if eq is as in De�nition 9.18,

then (10.9) above is nearly equivalent to De�nition 9.16, item 1. The di�eren
es are

that our approa
h uses integer time while Lin's uses situations and that our approa
h

does not handle the quali�
ation problem and in�nite numbers of 
uents and events

(
ons 
ontains a domain 
losure axiom while T

lin

does not). On the other hand, Lin's

approa
h does not handle the extensions to our approa
h introdu
ed in se
tions 9.6.4-

9.6.7 of the previous 
hapter. Otherwise, as is hopefully 
lear from just looking at the

respe
tive de�nitions, Lin's approa
h is almost identi
al to ours. Though we have not

proven it formally, we 
onje
ture the two approa
hes to be equivalent on the set of

reasoning domains for whi
h both are de�ned.

Interestingly, in Lin's papers neither the 
hoi
e to keep Ho �xed during 
ir
um-

s
ription of Caused, nor the 
hoi
e to add the persisten
e axiom only after this �rst


ir
ums
ription is motivated in terms mu
h other than `if you do not do it, you get


ounterintuitive results'. Our work thus provides an external motivation for these


hoi
es, 
f. the remarks in Chapter 9, Se
tion 9.4: the axioms (10.6)-(10.8) 
an be in-

terpreted as mimi
king the repla
ement of stru
tural equations. This repla
ement 
an

only be done properly if the right interpretations of Do have been obtained already for

ea
h parti
ular interpretation of Ho. Note that, for the `repla
ement' to happen 
or-

re
tly, it is not 
ru
ial that the intervention axioms are added after the 
ir
ums
ription

of 
ons (whi
h is why Lin 
an add his version of them to T

lin

before 
ir
ums
ribing).

It is however 
ru
ial that the persisten
e axiom is only added after the 
ir
ums
rip-

tion. Otherwise, as 
an be easily seen from the persisten
e axiom (9.36), we would

infer that in ea
h model with :[Ho(F; t � 1) � Ho(F; t)℄ for some 
uent F , we would

have Do(F; b; t) for some b. Thus any 
hange would automati
ally be a

ompanied by

an intervention, and we would sele
t models with spurious 
hanges.

10.4 Baral and Gelfond

We now undertake the most diÆ
ult and extensive 
omparison: we 
ompare our ap-

proa
h to Baral and Gelfond's (BG) approa
h based on the a
tion des
ription language

L

3

[11℄. L

3

is an extension of Baral, Gelfond and Provetti's language L

1

[12℄ whi
h

in turn is an extension of Lifs
hitz' language A [54, 135℄. L

3

extends A to deal with
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on
urrent a
tions, a
tions with non-deterministi
 e�e
ts and observations of the a
-

tions that take pla
e and the 
uents that hold in arbitrary situations. On the other

hand, it 
annot at all deal with rami�
ations. The way it treats 
on
urrent a
tions

is similar to the way we treat events: BG always prefer the models of a domain in

whi
h as few a
tions as possible take pla
e. Otherwise, at least on the surfa
e, BG's

approa
h looks quite di�erent from ours. It is de�nitely not based on Pearl's ideas.

Still, it turns out to be equivalent to our approa
h on most reasoning domains for

whi
h both approa
hes are de�ned.

We will 
ompare BG's approa
h to our instantiation of 
ausal theories in whi
h


on
urrent events are allowed to happen but surprises are not, that is, we use Def-

inition 9.24 (Chapter 9, page 230). The 
omparison will follow the same pattern as

the 
omparison to MT's approa
h did: we �rst give an example of a reasoning domain

where our approa
h gives better results than BG's does. We will then de�ne synta
ti
al

and semanti
al 
orresponden
e relations and provide a theorem stating that, for the

subset of possible reasoning domains for whi
h the synta
ti
al 
orresponden
e relation

is de�ned, 
orresponding theories have 
orresponding models. We �rst have to explain

the basi
s of BG's approa
h though. For more details we refer to [11℄ and to the mu
h

more extended [12℄. Stri
tly speaking, the latter referen
e is about L

1

and not L

3

,

but L

3

is only a minor extension of L

1

.

Review of L

3

BG's approa
h 
onsists of domain des
riptions D written in a language L

3

. If a

domain des
riptionD is 
onsistent, then it hasmodels M whi
h determine what 
uents

hold at what time and what a
tions happen when. L

3


onsists of the sets of symbols

F (
orresponding to our 
uents), A (`unit a
tions', 
orresponding to our events) and S

(`situations', 
orresponding to states of the world at spe
i�
 points in time). S 
ontains

two spe
ial situations s

0

and s

N

: the initial and 
urrent situation. A 
uent literal is

a 
uent possibly pre
eded by :. By a generalized a
tion a, BG mean a disjun
tion

of arbitrary sets of unit a
tions: a = a

1

j : : : ja

m

(m � 1); a

i

= fa

i1

; : : : ; a

in

g for

1 � i � n. Ea
h a

i

is 
alled a 
ompound a
tion and interpreted as a set of a
tions

whi
h are performed 
on
urrently and whi
h start and stop 
ontemporaneously. If

a generalized a
tion is performed, this means that one of the 
onstituent 
ompound

a
tions is performed and it is not known whi
h.

Domain des
riptions D in L

3

may 
ontain several kinds of rules. First, there are

e�e
t laws of the form

a 
auses f if p

1

; : : : ; p

n

where a is a 
ompound a
tion and f; p

1

; : : : ; p

n

(n � 0) are 
uent literals. This should

be read as `f is guaranteed to be true after the exe
ution of an a
tion a in any state

of the world in whi
h p

1

; : : : ; p

n

are true'.

Se
ond, there are 
uent fa
ts of the form f at s where f is a 
uent literal and s is

a situation. This should be read as `f is observed to be true in situation s'.

Third, there are o

urren
e fa
ts whi
h are expressions of the form

� o

urs at s
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where � is a sequen
e of generalized a
tions and s is a situation. This says that `the

sequen
e � of a
tions was observed to have o

urred in situation s'.

Fourth, there are pre
eden
e fa
ts of the form s

1

pre
edes s

2

. This states that

situation s

1

o

urred before s

2

.

The three kinds of fa
ts introdu
ed above are 
alled atomi
. A fa
t is a proposi-

tional 
ombination of atomi
 fa
ts

3

.

An interpretation M = (	;�) for a domain des
ription D 
ontains a `situation

assignment' � and a `
ausal interpretation' 	.

A situation assignment is a mapping from S to sequen
es of a
tions, su
h that (1)

�(s

0

) = [℄ ([℄ denotes the empty sequen
e) and (2) for every s

i

2 S, �(s

i

) is a pre�x

of �(s

N

). Intuitively, � de�nes an `a
tion s
hedule': it says whi
h a
tions happen

in between whi
h situations. A 
ausal interpretation 	 maps sequen
es of a
tions to

`states'. A state � is an interpretation of all 
uents, denoted by the set of 
uents that

are interpreted to be true. Hen
e �(s) denotes the sequen
e of a
tions that have led

to situation s, and 	(�(s)) denotes the set of 
uents that hold in situation s.

If all the rules of a domain des
ription D are true in an interpretation M , we 
all

M a model of D. The de�nition of a rule `being true in interpretation M ' is relatively

straightforward. The pre
ise de�nition of `truth in a model' and of modelhood 
an be

found in Appendix 10.8.1.

A Distinguishing Example We will see that for most of the domains expressible

in both formalisms, BG and our 
ausal theories give the same results. However, in

domains involving spe
i�
ity, BG and our approa
h give di�erent results, and we 
laim

that for these domains, BG gives the less intuitive ones. The default assumption of

spe
i�
ity says that `more spe
i�
 information about a
tions overrides less spe
i�


information'. We illustrate this using a standard example [150℄: suppose that if you

lift a bowl of soup with either your left or your right hand, but not both, then you

will spill the soup and the table will get wet. If you lift the bowl with both hands

however, then you will not spill the soup. BG formalize this using the following domain

des
ription D, 
ontaining only two situations s

0

and s

N

:

fLift leftg 
auses Wet (10.10)

fLift rightg 
auses Wet (10.11)

fLift left;Lift rightg 
auses :Wet if :Wet (10.12)

BG now formalize the assumption of spe
i�
ity as follows: if the pre
onditions of

(10.12) hold, then rules (10.10) and (10.11) are ignored when determining the e�e
ts

of Lift left and Lift right { see the paragraph on `
ausal models' in Appendix 10.8.1

for details on how this is a
hieved.

Now in this simple example BG's approa
h works well. However, suppose your

table is pla
ed in your garden, where there is also a sprinkler very near to your table,

obeying the following additional rule:

Turn on sprinkler 
auses Wet (10.13)

3

There is one extra kind of rule in L

3

, the hypothesis. Hypotheses however 
annot o

ur in domain

des
riptions D and will therefore be of no 
on
ern to us.
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Now 
onsider a situation in whi
h your table is dry. Suppose in this situation you lift

the soup bowl with both hands while somebody else turns on the sprinkler. While you

would intuitively expe
t the table to get wet, a

ording to BG's approa
h, this is an

in
onsistent domain des
ription! More formally, suppose we have the additional fa
ts

s

0

pre
edes s

N

^ :Wet at s

0

^

[fTurn on sprinkler;Lift left;Lift rightg℄ o

urs at s

0

(10.14)

Proposition 10.6 There exists no model M for domain des
ription

D = f(10.10) { (10.14)g.

The proof of this proposition 
an be found in Appendix 10.8.2.

One should stress that there is nothing wrong with `spe
i�
ity' in itself! From our

point of view, spe
i�
ity just says that, just as you assume that `no events happen

in general' when determining your set of models, you may already assume it in your

spe
i�
ation of e�e
t axioms; in the present example, `spe
i�
ity' amounts to the

default assumption that if only Lift left is known to take pla
e, then Lift right is

assumed not to take pla
e (and vi
e versa). We did not build in su
h a feature in

our 
ausal theories. While this somewhat restri
ts the appli
ability of our approa
h,

it is unrelated to the problem with BG's approa
h mentioned above. That problem is


aused by the inappropriate use of 
auses in (10.12): there is de�nitely no suÆ
ient


ause for not getting wet if you lift the soup bowl with two hands: no intervention

that sets the value of Wet is performed. However, 
auses does re
eive a semanti
s in

BG's approa
h as if it would always represent an intervention. From a Pearlian point

of view, it 
omes as no surprise that this may lead to 
ounterintuitive results.

Be
ause we do not feature spe
i�
ity, we would have to formalize (10.10) as

Ho(Lift left; t) ^ :Ho(Lift right; t) � Do(Wet;true; t+ 1) (10.15)

and (10.11) a

ordingly. (10.12) would then simply disappear. If the sprinkler were

turned on, then a

ording to the de�nition of models for 
ausal theories (De�ni-

tion 9.16, page 226), the table would de�nitely get Wet.

Corresponden
e and Equivalen
e

We will see that BG's approa
h and ours are equivalent on all domains for whi
h

both are de�ned ex
ept those involving spe
i�
ity. Below we de�ne synta
ti
 (�) and

semanti
 (

�

=

) 
orresponden
e, and we provide a theorem stating that synta
ti
ally


orresponding theorems yield semanti
ally 
orresponding models. However, before we


an do all this, we have to take 
are of three te
hni
al problems that arise. We 
onsider

ea
h of these in turn:

� First, we have to rule out domain des
riptions D su
h as the above whi
h may

involve spe
i�
ity and whi
h thus may be handled di�erently by the two ap-

proa
hes. These are the ambiguous D:

De�nition 10.7 If a domain des
ription D in the language L

3


ontains two

e�e
t laws
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a 
auses f if p

1

; : : : ; p

n

and a

0


auses :f if p

0

1

; : : : ; p

0

m

(10.16)

where (1) a \ a

0

6= ; or a = ; or a

0

= ; and (2) fp

1

; : : : ; p

n

g \ f:p

0

1

; : : : ;:p

0

m

g

= ; then D is said to be ambiguous.

The ex
lusion of ambiguous domain des
riptions will be e
hoed in 
ondition (b)

of Theorem 10.11 below.

� The se
ond problem is that the de�nition of modelhood 
omes in two versions

in BG's papers [12℄. In one of the two versions, logi
ally 
onsistent initial states

are never ruled out, even if this would lead to models in whi
h more a
tions

o

ur than is stri
tly ne
essary. In the other version only the models with a

minimal number of a
tions are sele
ted. Sin
e in our approa
h we always prefer

the models with the least number of events (i.e. the smallest, in the subset

sense, interpretations of Ab

1

), our approa
h should 
learly be 
ompared to the

se
ond version. We therefore assume, in the following, that whenever we speak

of a model of BG's approa
h, we mean a model a

ording to the se
ond version

of the de�nition of modelhood { this se
ond version is the de�nition given in

Appendix 10.8.1.

� The third problem is that BG use names for situations. In order to 
reate


orresponding theories, we need names for our time points, too. The way we

de�ne of our language L(D;E;F) does not allow for this. We therefore have to

extend De�nition 9.24 of page 230 in the following straightforward way:

De�nition 10.8 A �rst-order 
ausal theory T




= heq;
onsi for a language

L(D;E;F;T) (where T is a �nite set of 
onstants) is a �rst-order 
ausal theory

with persisten
e, dependent 
uents and 
on
urrent events (i.e. a theory a

ording

to De�nition 9.24, page 230) for the tuple hD;E;Fi extended with the 
onstants

in T). These 
onstants are all of sort time points.

The de�nition of models for 
ausal theories (De�nition 9.16, page 226) ensures

that the 
onstants in T, whi
h we will 
all time names, will always be interpreted

as nonnegative integers. Whenever in the following we speak of T




, we mean a

theory T




de�ned a

ording to De�nition 10.8 above.

Having taken 
are of these problems, we are ready to de�ne synta
ti
 
orresponden
e.

This is done in De�nition 10.9 on page 250. As an example of how that de�nition

works, we will give a simple domain des
ription and a 
ausal theory that 
orresponds

to it. For this, let D be the domain des
ription 
onsisting of (10.10), (10.11),(10.13)

and (10.14). This is just the soup-bowl domain we 
onsidered before but without the

malfun
tioning spe
i�
ity axiom (10.12). A

ording to De�nition 10.9, this domain is

equivalent to a 
ausal theory T




with an eq 
ontaining the standard two intervention

axioms and our persisten
e and no-events axiom (9.47), and a 
ons 
ontaining UNA-
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For 
uents F

i

2 F we use the following notation: when o

urring in a formula of

L

3

, F

true

i

should be read as F

i

; F

false

i

should be read as :F

i

. When o

urring

in a senten
e of 
ons, Ho(F

true

i

; t) should be read as Ho(F

i

; t); Ho(F

false

i

)

should be read as :Ho(F

i

; t).

De�nition 10.9 For any theory T




for a language L(D;E;F;T) and domain

des
ription D for a language L

3

= (F ;A;S), we de�ne T




� D

(`T





orresponds to D') to hold i� all of the following hold:

1. 
onstants 1) D = ;, 2) E = A; 3) F = F = fF

1

; : : : ; F

n

F

g; 4) T = S; and

4) s

0

; s

N

2 S.

2. general axioms eq is as required by De�nition 10.8. 
ons 
ontains UNA-

and DC- axioms for E;F and B and the additional axiom s

0

= 0.

3. senten
es Ea
h senten
e in 
ons that is not equal to one of the senten
es

mentioned under item 2 above, 
orresponds to either an e�e
t law or a fa
t

in D. Ea
h e�e
t law and ea
h fa
t in D 
orresponds to a senten
e in 
ons.

Here `
orresponden
e' is de�ned as follows:

4. e�e
t laws A senten
e �





orresponds to an e�e
t law L in D i� �




is of

the form

8t:[ Ho(F

b

1

j

1

; t) ^ : : : ^ Ho(F

b

m

j

m

; t) ^ Ho(a

1

; t) ^ : : : ^ Ho(a

n

; t) ℄ �

Do(F

i

; b; t+ 1) (10.17)

while L is of the form: fa

1

; : : : ; a

n

g 
auses F

b

i

if F

b

1

j

1

; : : : ; F

b

m

j

m

(10.18)

5. 
uent fa
ts A senten
e �





orresponds to a 
uent fa
t F in D i� �




is of

the form `Ho(f; s)' while F is of the form `f at s'.

6. o

urren
e fa
ts A senten
e �





orresponds to an o

urren
e fa
t O in D

i� O is of the form `[a

1

; : : : ; a

n

℄ o

urs at s', where n > 0, a

i

= a

i1

j : : : j

a

im

i

, a

ij

= fa

1

ij

; : : : ; a

k(i;j)

ij

g, a

k(i;j)

ij

2 A, while �




is of the form:

[ H(a

11

; s) _ : : : _ H(a

1m

1

; s) ℄ ^

[ H(a

21

; s+ 1) _ : : : _ H(a

2m

2

; s+ 1) ℄ ^

.

.

.

^ [ H(a

n1

; s+ n� 1) _ : : : _ H(a

nm

n

; s+ n� 1) ℄ (10.19)

where H(a

ij

; s) is short for Ho(a

1

ij

; s) ^ : : : ^Ho(a

k(i;j)

ij

; s).

7. pre
eden
e fa
ts A senten
e �





orresponds to a pre
eden
e fa
t P in D i�

�




is of the form `s

1

< s

2

' while P is of the form `s

1

pre
edes s

2

'.

8. non-atomi
 fa
ts A senten
e �





orresponds to a fa
t F i� �




is a propo-

sitional 
ombination of 
onstituents that ea
h 
orrespond to an atomi
 fa
t

and F is the same propositional 
ombination of the 
orresponding atomi


fa
ts.
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Consider an interpretation M = (	;�) of a domain des
ription D in L

3

=

(F ;A;S). �(s

N

) 
an be written as a (possibly empty) sequen
e of 
ompound

a
tions (here last 2 N

0

):

�(s

N

) = [a

0

; a

1

; : : : ; a

last

℄

Similarly, we 
an write for all s 2 S: �(s) = [a

0

; : : : ; a

t

℄ with t � last. For

t > last we de�ne a

t

to be the empty set. We de�ne [a

�1

℄ to be equal to the

empty sequen
e [℄. Using this 
onvention, for 0 � t � last+ 1, we de�ne �

t

as an

abbreviation for 	([a

0

; : : : ; a

t�1

℄). For t > last + 1, �

t

is de�ned to be equal to

�

last+1

.

De�nition 10.10 For any T




for a language L(D;E;F;T) and any non-

ambiguous domain des
ription D for a language L

3

= (F ;A;S) su
h that

T




� D, letM = (	;�) be any interpretation of (F ;A;S) andM be any interpre-

tation of our language. We say that M 
orresponds to M (written as `M

�

=

M')

i� (a) M interprets all time points as integers and `+' and `<' a

ordingly; and

(b) for all f 2 F ; a 2 A and s 2 S and all t 2 N

0

:

1. a 2 a

t

,M j= Ho(a; t)

2. f 2 �

t

,M j= Ho(f; t)

3. �(s) 
ontains exa
tly t elements ,M j= s = t

and DC-axioms and on top of that the axioms:

s

0

= 0

Ho(Lift left; t) � Do(Wet;true; t+ 1)

Ho(Lift right; t) � Do(Wet;true; t+ 1)

Ho(Turn on sprinkler; t) � Do(Wet;true; t+ 1)

(s

0

< s

N

) ^ :Ho(Wet; s

0

)^

[ Ho(Turn on sprinkler; s

0

) ^ Ho(Lift left; s

0

) ^ Ho(Lift right; s

0

) ℄ (10.20)

Here the �rst axiom is introdu
ed by item 2 of the de�nition; the se
ond, third and

fourth axioms are introdu
ed by items 3 and 4 of the de�nition and the �fth axiom

is introdu
ed by item 8 of the de�nition. Item 6 of de�nition 10.9 deserves spe
ial

attention: it translates any rule in D of the form `[a

1

; : : : ; a

n

℄ o

urs at s' into an

axiom in 
ons whi
h expresses that a

1

should hold at time point s, a

2

at time point

s+1 et
. In other words, if, in BG's formalism, several a
tions [a

1

; : : : ; a

n

℄ take pla
e

sequentially in a situation s, we interpret this as saying, in our formalism, that the �rst

of them happens at the point in time t 
orresponding to s, the se
ond to the point in

time dire
tly thereafter et
. Any situation s

0

su
h that s pre
edes s

0

in BG's formalism

will therefore be mapped to a point in time t

0

that is suÆ
iently larger than t so as to

allow for all the a
tions [a

1

; : : : ; a

n

℄ to happen in between t and t

0

.
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The semanti
al 
orresponden
e relation `

�

=

' is introdu
ed in De�nition 10.10 on

page 251. Just above that de�nition, we introdu
e the notation a

t

to stand for the

(t+ 1)-th 
ompound a
tion taking pla
e in an interpretation M . Similarly, �

t

stands

for the state of the world (i.e. the set of all 
uents that hold) just before the (t+1)-th


ompound a
tion takes pla
e. In the de�nition itself, it is 
he
ked whether for any set

of a
tions denoted by a

t

, the same a
tions take pla
e in M at time t; �

t

is treated

similarly.

Having dis
ussed both synta
ti
 and semanti
al 
orresponden
e, we are now ready to

state our theorem. The proof 
an be found in Appendix 10.8.3.

Theorem 10.11 For any theory T




for a language L(D;E;F;T) and any domain

des
ription D for a language L

3

of Baral and Gelfond's su
h that a) T




� D and b)

D is not ambiguous, we have:

M = (	;�) is a model for D )

there exists an M with M

�

=

M su
h that M is a preferred model of T




and we further have

M is a preferred model of T




) there exists a model M for D su
h that M

�

=

M

10.5 A Brief Note on Other Approa
hes based on

Pearl's ideas

There have been several earlier papers on 
ommon-sense reasoning about a
tion that

were (partially) based on Pearl's ideas; we mention the papers of Darwi
he and Pearl

[33, 34℄, Boutilier and Goldszmidt [19℄ and Ge�ner [52℄. However, in the works of Dar-

wi
he, Pearl, Boutilier and Goldszmidt a
tions are not dire
tly treated as interventions,

but rather 
ompiled into nodes in a 
ausal graph (in Darwi
he and Pearl's 
ase) or

a Bayesian Network (in Boutilier and Goldszmidt's 
ase). The resulting theories are

quite di�erent from ours in that they la
k the Do-operator, whi
h is fundamental to

our solution of the rami�
ation problem. Only the approa
h of Ge�ner is able to

handle 
omparable instan
es of the rami�
ation problem. We plan a more in-depth


omparison to Ge�ner's approa
h in future work.

Earlier, the present author has introdu
ed the two model sele
tion 
riteria S

0

and

I

0

[62, 63℄ whi
h were 
laimed to be based on Pearl's 
ausal graphs. However, the


onne
tion was not investigated in detail. The work reported here 
an be seen as an

extension of this original work, but now with the 
onne
tion worked out in full detail

(see the appendix to Chapter 9). Putting the theory in a form that makes as expli
it

as possible the 
onne
tion to Pearl's work has 
aused the 
ausal theories dis
ussed in

this thesis to look { super�
ially { quite di�erent from S

0

and I

0

.
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10.6 Con
lusion

In this 
hapter we have 
ompared our 
ausal theories to existing (
ausal) approa
hes

to NMTR. We have seen that our theories permit the same inferen
es as these existing

approa
hes for large 
lasses of reasoning domains, while showing (in the 
ase of M
-

Cain and Turner and Baral, Gelfond and Provetti) that our approa
h sometimes gives

better results on domains falling outside these 
lasses. In this way, the two goals we

set ourselves at the beginning of the 
hapter have been a
hieved: we provided eviden
e

that our approa
h `truely works well', and we gained insight in how the treatment of


ausality in existing approa
hes is related to Pearl's `suÆ
ient 
ause prin
iple': both

the 
ounterexamples we referred to above (given by proposition 10.1 and 10.6, respe
-

tively) 
an be interpreted as stemming from not following this prin
iple. In 
ontrast,

Lin's persisten
e and 
ausation axioms (axioms (10.6)-(10.8)) are almost equivalent to

our persisten
e and intervention axioms, whi
h (as explained in the previous 
hapter,

Se
tion 9.6.1) are dire
tly based on the suÆ
ient 
ause prin
iple.

Future Work In future work, we would like to make a more extensive 
omparison

between our approa
h and that of Thiels
her [151℄. Apart from Pearl, Thiels
her is

one of the few authors in the �eld who tries to make 
ompletely 
lear what he means

by a 
ausal law, i.e. he attempts to give a semanti
s to statements of the form `A


auses B' in non-
ausal terms. Interestingly, Thiels
her's is also the only approa
h we

are aware of that 
an 
orre
tly handle reasoning domains for whi
h our approa
h fails

([151℄, Example 18). On the other hand, our use of Do is mu
h less restri
tive than

Thiels
her's use of 
auses. We plan to study the exa
t di�eren
es between Thiels
her's

and our approa
h in the near future.

Another approa
h that deserves further attention is the one based on Sandewall's

and Doherty's o

lusion 
on
ept [135, 134, 66℄. The underlying idea behind o

lusion

is similar to Pearl's ideas about interventions: in Sandewall, Gustafsson and Doherty's

work, if a 
uent is a�e
ted by some a
tion, then it be
omes o

luded for the duration of

the a
tion, whi
h means that its value be
omes independent of the value it had dire
tly

before the a
tion started. Compare this to the suÆ
ient 
ause prin
iple: if an a
tion

takes pla
e that sets the value of some 
uent, then the 
uent be
omes independent

of the values of any variables in the domain whi
h normally in
uen
e it. We see that

the two 
on
epts are 
loser than their names suggest and we think that they should

be 
ompared in detail.

This brings us on
e again to what may be the most interesting aspe
t of our ap-

proa
h: it partially bridges the 
on
eptual gaps that exist between di�erent paradigms

in the �eld of reasoning about a
tion. First, within the logi
al (nonmonotoni
 reason-

ing) paradigm, it relates the 
ausal approa
hes to the non-
ausal approa
hes. Se
ond

and more generally, it establishes a 
onne
tion between formalizations of 
ausal knowl-

edge that have been developed within this logi
al paradigm (su
h as Lin's and M
Cain

and Turner's) and those that have their roots in the probabilisti
/ Bayesian network

tradition (i.e. Pearl's 
ausal networks).
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10.7 Appendix: M
Cain & Turner vs. 2-point


ausal theories

10.7.1 Formal De�nition of MT's Next-State Fun
tion

The de�nitions in this se
tion have all been 
opied from [105, 104℄. MT start with a

propositional language whi
h in
ludes the 0-ary logi
al 
onne
tives true and false.

true and :false are tautologies in whi
h no atoms o

ur. Ea
h interpretation is

identi�ed with the set of literals true in it. A 
ausal law is de�ned to be an expression

of the from �)  where � and  are formulas of the propositional language. A set of


ausal laws is 
alled a 
ausal theory. Now for every 
ausal theory D and interpretation

I , we let

D

I

= f : for some �, �)  2 D and I j= �g :

That is, D

I

is the set of 
onsequents of all 
ausal laws in D whose ante
edents are true

in I .

De�nition 10.12 Let D be a 
ausal theory and I be an interpretation. We say that

I is 
ausally explained a

ording to D if I is the unique model of D

I

.

We now de�ne �

1

(S;E;C). It is a fun
tion on initial states S, expli
it e�e
ts E and

ba
kground knowledge C. A state is just an interpretation; an expli
it e�e
t is a set of

formulas; the ba
kground knowledge is a set of 
ausal laws.

De�nition 10.13 For any interpretation S, set of propositional formulas E and set

of 
ausal laws C, �

1

(S;E;C) is de�ned to be the set 
onsisting of all states that are


ausally explained a

ording to the 
ausal theory

fL) L : L 2 Sg [ ftrue) � : � 2 Eg [ C

We will repeatedly use the following lemma whi
h gives a pre
ise 
hara
terization of

�

1

(S;E;C). It was �rst presented by M
Cain & Turner [105℄ but without proof. The

proof however is not diÆ
ult; we provide one elsewhere.

Lemma 10.14 (M
Cain & Turner) For any interpretation S, set of propositional

formulas E and set of 
ausal laws C, a state S

0

belongs to �

1

(S;E;C) if and only if

� S

0

j= E [ C

S

0

� S

0

n S � f� : � is a literal and (S \ S

0

) [ E [ C

S

0

j= �g

The proof 
an be found in [64℄.

10.7.2 Proof of Proposition 10.1

Take S, E and C as in the statement of the proposition. Let S

0

be any member

of �

1

(S;E;C). By Lemma 10.14 in Appendix 10.7.1 it follows that S

0

j= E and

hen
e X 2 S

0

. This means C

S

0

must 
ontain Y _ Z. Applying Lemma 10.14 again,

we �nd S

0

j= Y _ Z. So there are three possibilities left for S

0

: S

0

2 fS

1

; S

2

; S

3

g

where S

1

= fX;Y; Zg, S

2

= fX;Y;:Zg, S

1

= fX;:Y; Zg. Now the se
ond part of

Lemma 10.14 does not hold for S

0

= S

1

while it does hold for S

0

= S

2

and S

0

= S

3

. The

�rst part of the lemma also holds for S

0

= S

2

and S

0

= S

3

, so �

1

(S;E;C) = fS

2

; S

3

g.
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10.7.3 Proof of Theorem 10.4

Our proof makes repeated use of Lemma 10.14 of Appendix 10.7.1. We �rst prove the

�rst part of Theorem 10.4, whi
h is restated below. We use the notation introdu
ed

in De�nition 10.2, i.e. we will sometimes write F

true

i

to denote F

i

and F

false

i

to

denote :F

i

.

Theorem 10.4 (part I) For any theory T




and any domain des
ription T

mt

=

(S;E;C) su
h that T




� T

mt

, we have:

S

0

2 �

1

(S;E;C)) there exists an M with M j=




T




and M

�

=

(S; S

0

)

Proof: For any given S;E;C;S

0

2 �

1

(S;E;C) and T




we will �rst 
onstru
t a model

M with M

�

=

(S; S

0

). We then show M j=




T




.

Constru
tion of M We 
onstru
t a 
ausal model M a

ording to the following

de�nition, in whi
h we identify sets 
ontaining 
onjun
tions of literals with the sets


ontaining just the 
onstituting literals:

1. The initial state ofM is S; the �nal state ofM is S

0

. In other words: F

i

2 S ,

M j= F

i

(0); F

i

2 S

0

,M j= F

i

(1).

2. F

b

i

2 E [ C

S

0

,M j= Do(F

i

(1); b).

It is 
lear that a modelM satisfying all the 
onditions above 
an indeed be 
onstru
ted.

It follows immediately from the de�nition of `

�

=

' (De�nition 10.3) and item 1 in the


onstru
tion of M that M

�

=

(S; S

0

). We now prove that M j=




T




in three stages.

In stage 1, we show M j= 
ons. We use this to show in stage 2 that M is a minimal

model for 
ons ofA(V) within 
ontextM


V[U

. This shows thatM satis�es 
ondition

(1) of De�nition 9.7. In stage 3, we show that M also satis�es 
ondition (2) of that

de�nition.

Stage 1 We have to show that M j= � for all axioms � 
ontained in 
ons. From

De�nition 10.2, item 2, it follows that it is suÆ
ient to show that M j= � for all

senten
es in 
ons that 
orrespond to either S or to the senten
es in E and C. By

items 3 and 4 of the same de�nition and the 
onstru
tion of M above, it follows

immediately that indeed M j= � for the senten
es � that 
orrespond to S and E.

Con
erning C, let � be any senten
e in 
ons of the form (10.4). We will showM j=

�. Let us write � � � � 	 with 	 of the form Do(F

i

1

(1); b

1

) ^ : : : ^ Do(F

i

m

(1); b

m

).

If M 6j= � we are done, so let us suppose M j= �. By 
onstru
tion of M, we have

S

0

j= �

0

where �

0

is obtained from � by repla
ing all o

urren
es of F

i

(1) in � by F

i

.

By item 5 of De�nition 10.2, C must 
ontain a rule of form �

0

) F

b

1

i

1

^ : : :^F

b

m

i

m

and,

sin
e S

0

j= �

0

, we 
on
lude that F

b

j

i

j

2 C

S

0

for all 1 � j � m. Hen
e by item 2 of the


onstru
tion of M, M j= 	 and hen
e M j= �.
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Stage 2 We have to show that M is a minimal element for 
ons of A(V) within

the set

M(M) = fM

0

j M

0

and M have the same interpretation of V [Ug

For this, let M

0

2 M(M) be a model for 
ons. Suppose, by way of 
ontradi
tion,

that f� 2 A(V) j M

0

j= �g is a proper subset of f� 2 A(V) j M j= �g. Then there is

a pair (F

i

; b) su
h that M

0

6j= Do(F

i

; b) while M j= Do(F

i

; b). M is 
onstru
ted su
h

that F

b

i

2 E [ C

S

0

. Now if F

b

i

2 E, then, by De�nition 10.2, item 4, M

0

6j= 
ons and

we arrive at a 
ontradi
tion. So suppose F

b

i

2 C

S

0

. It follows from the de�nition of

C

S

0

that S

0

j= �

0

for a �

0

su
h that C 
ontains some senten
e of form �

0

) 	

0

and

F

b

i

2 	

0

. Hen
e by De�nition 10.2, item 5, 
ons 
ontains the senten
e � � 	 where

�;	 stand to �

0

;	

0

as required in that item of the de�nition. Sin
e S

0

j= �

0

, by the


onstru
tion of M, we haveM j= �. Sin
eM

0

andM share the same interpretations

of the variables in V, we also haveM

0

j= �. We assumedM

0

j= 
ons so alsoM

0

j= 	

and in parti
ularM

0

j= Do(F

i

; b). But we assumed the 
ontrary so we have arrived at

a 
ontradi
tion.

Stage 3 We have to show that M j= eq

0

where eq

0

is the updated set of stru
tural

equations referred to in 
ondition (2) of De�nition 9.7. By 
onstru
tion of M, there

are two 
ases for ea
h F

i

: either eq

0


ontains F

i

(1) � b for some b or eq

0


ontains

F

i

(1) � F

i

(0).

The �rst 
ase happens if M j= Do(F

i

(1); b). By 
onstru
tion of M, it follows that

in this 
ase F

b

i

2 E[C

S

0

. By Lemma 10.14 and the fa
t that S

0

2 �

1

(S;E;C) we have

S

0

j= E [ C

S

0

and thus S

0

j= F

b

i

. Then by 
onstru
tion of M, indeed M j= F

i

(1) � b

and we are done.

The se
ond 
ase happens if M 6j= Do(F

i

; b) for any b 2 B. It follows from the


onstru
tion of M that in this 
ase there is no b su
h that F

b

i

2 E [ C

S

0

. Suppose,

by way of 
ontradi
tion, that M 6j= F

i

(1) � F

i

(0). Then (by 
onstru
tion of M),

F

b

i

2 S

0

nS for some b. By Lemma 10.14, (S\S

0

)[E[C

S

0

j= F

b

i

. Clearly, F

b

i

62 S\S

0

.

We have already shown that F

b

i


annot be in E [ C

S

0

either. Sin
e both S \ S

0

and

E [ C

S

0

only 
ontain 
onjun
tions of literals, it follows that (S \ S

0

) [ E [ C

S

0

6j= F

b

i

and we have rea
hed a 
ontradi
tion. 2

We now restate and prove the se
ond part of Theorem 10.4.

Theorem 10.4 (part II) If we have a theory T




and a T

mt

= (S;E;C) su
h that

T




� T

mt

, then

M j=




T




) �

1

(S;E;C) 
ontains an S

0

with M

�

=

(S; S

0

)

Proof: We will de�ne S

0

in terms of a given modelM withM j=




T




, as follows: for

all F

i

: F

i

2 S

0

, M j= F

i

(1). We will show that this S

0

is 
ontained in �

1

(S;E;C)

and that M

�

=

(S; S

0

).

Sin
e M j=




T




and thus M j= 
ons we know by items 2 and 3 of De�nition 10.2

that for all F

i

: F

i

2 S , M j= F

i

(0). From this and the de�nition of S

0

above it

follows M

�

=

(S; S

0

). It remains to be shown that S

0

2 �

1

(S;E;C). By Lemma 10.14

it is suÆ
ient to prove 
laims 1 and 2 below.
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Claim 1 S

0

j= E [ C

S

0

.

To prove this, we show that for all F

b

i

with F

b

i

2 E and for all F

b

i

with F

b

i

2 C

S

0

we have S

0

j= F

b

i

. In the �rst 
ase (F

b

i

2 E), as M j= 
ons and by De�nition 10.2,

item 4, we have M j= Do(F

i

(1); b). Sin
e M j= eq

0

this means M j= F

b

i

(1). From

the de�nition of S

0

, we now have S

0

j= F

b

i

and we are done. In the se
ond 
ase, i.e.

F

b

i

2 C

S

0

, C must 
ontain a law of form �

0

) 	

0

su
h that S

0

j= �

0

and one of

the 
onjun
ts in 	

0

is F

b

i

. By de�nition of S

0

and De�nition 10.2, item 5, we also

have M j= � where � � 	 is the senten
e in 
ons that 
orresponds to �

0

� 	

0

. As

M j= 
ons, we have M j= 	 and in parti
ular M j= Do(F

i

(1); b). As M j= eq

0

, it

follows M j= F

b

i

(1) and hen
e, by de�nition of S

0

, S

0

j= F

b

i

.

Claim 2 S

0

n S � f� : (S \ S

0

) [ E [ C

S

0

j= �g.

To prove this, we show that for any F

b

i

, if F

b

i

2 S

0

n S, then we must also have

F

b

i

2 (S \ S

0

) [ E [ C

S

0

. So suppose F

b

i

2 S

0

n S. By de�nition of S

0

, we have

for su
h an F

b

i

that M j= F

b

i

(1) ^ :F

b

i

(0). Sin
e M j= eq

0

, the stru
tural equation

F

i

(1) � F

i

(0) 
annot be in eq

0

and thus there must have been an intervention: we

must have M j= Do(F

i

(1); b). Now as M j=




T




, there 
an be no other M

0

j=


ons with the same interpretations of V and U but with a smaller (in the subset

sense) interpretation of the `Do' variables. This means that 
ons must 
ontain an

axiom somehow mentioning Do(F

i

(1); b). From De�nition 10.2 we see there are two

possibilities: The �rst possibility is that 
ons 
ontains the axiom Do(F

i

(1); b), i.e. an

axiom of the form given in item 4 of De�nition 10.2. In this 
ase, it follows F

b

i

2 E so

F

b

i

2 (S \ S

0

) [ E [ C

S

0

and we are done.

The se
ond possibility is that 
ons 
ontains an axiom of form (10.4) whileM j= �

where � is as in (10.4) and one of the 
onjun
ts on the right-hand side of the axiom

is Do(F

i

(1); b). In that 
ase, C 
ontains the 
orresponding rule �

0

) 	

0

with F

b

i

2 	

0

and, by de�nition of S

0

, �

0

2 S

0

. Therefore, F

b

i

2 C

S

0

and hen
e F

b

i

2 (S\S

0

)[E[C

S

0

and we are done. 2

10.8 Appendix: L

3

and First-Order Causal Theories

10.8.1 Formal De�nition of Modelhood

The de�nitions in this se
tion have all been 
opied from [11℄. In order to formally

de�ne the notion of `model', we �rst need to introdu
e a menagerie of other 
on
epts.

For detailed explanation of these 
on
epts and 
larifying examples, we refer to [11℄.

Roughly, the de�nition of `model' for BG's domain des
riptions D (De�nition 10.19)

makes use of two other, more basi
 notions: the notion of a 
ausal model and the

notion of `a fa
t being true in an interpretation M '. Both 
on
epts will be introdu
ed

below.

In all that follows, Æ stands for 
on
atenation: For a given sequen
e of obje
ts

� and an obje
t a, the `
on
atenation of � and a', written as � Æ a, stands for the

sequen
e of � followed by a.
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Causal Models A state is a set of 
uent names. A 
ausal interpretation is a partial

fun
tion 	 from sequen
es of a
tions to states su
h that (1) the empty sequen
e [℄

belongs to the domain of 	 and (2) 	 is pre�x-
losed, i.e. for any sequen
e of a
tions

� and any a
tion a, if � Æ a is in the domain of 	 then so is �.

Given a 
uent f and a state �, we say that f is true in � if f 2 �; :f is true in

� if f 62 �. The truth of a propositional 
ombination of 
uents with respe
t to � is

de�ned as usual.

A 
uent f is an immediate e�e
t of (exe
uting) a in � if there is an e�e
t law

`a 
auses f if p

1

; : : : ; p

n

' in D whose pre
onditions p

1

; : : : p

n

hold in �.

A 
uent f is an inherited e�e
t of (exe
uting) a in � if there is b � a su
h that (1)

f is an immediate e�e
t of b in �; (2) there is no a
tion 
 su
h that b � 
 � a and :f

is an immediate e�e
t of 
 in �.

f is an e�e
t of (exe
uting) a in � if either f is an immediate e�e
t of a in � or f

is an inherited e�e
t of a in �.

Now let

E

+

a

(�) = ff : f is an e�e
t of a in �g ; E

�

a

(�) = ff : :f is an e�e
t of a in �g

and Res(a; �) = � [ E

+

a

(�) nE

�

a

(�).

De�nition 10.15 A 
ausal interpretation 	 satis�es e�e
t laws of D if for any se-

quen
e � Æ a from the language of D:

	(� Æ a) = Res(a;	(a)) if E

+

a

(	(�)) \ E

�

a

(	(�)) = ;

and unde�ned otherwise.

We say that 	 is a 
ausal model of D if it satis�es all the e�e
t laws of D.

Truth of Fa
ts We already de�ned a situation assignment on page 246. To introdu
e

the notion of `truth of fa
ts in an interpretation', we �rst need to make our de�nition

of `interpretation' (also page 246) more pre
ise:

De�nition 10.16 For any domain des
ription D and any 
ausal interpretation 	 that

is a 
ausal model of D, an interpretationM of L

3

is a pair (	;�) where 	 is a 
ausal

model of D, � is a situation assignment of S and �(s

N

) belongs to the domain of 	.

De�nition 10.17 For any interpretation M = (	;�),

1. (f at s) is true in M (or satis�ed by M) if f is true in 	(�(s)).

2. Atomi
 fa
t ([a

1

; : : : ; a

n

℄ o

urs at s) is true in M if there is a sequen
e � =

[b

1

; : : : ; b

n

℄ of a
tions su
h that (1) The sequen
e �(s)Æ� is a pre�x of the a
tual

path of M , and (2) for any i; 1 � i � n, a

�

i

� b

i

. Here a

�

i

is an instan
e

4

of a

i

.

3. (s

1

pre
edes s

2

) is true in M if �(s

1

) is a proper pre�x of �(s

2

).

4. Truth of non-atomi
 fa
ts in M is de�ned as usual.

A set of fa
ts is true in interpretation M if all its members are true in M .

4

For any 
ompound a
tion a

�

and any generalized a
tion a, we say a

�

is an instan
e of a if

a = a

1

j : : : ja

m

and for some 1 � i � m, a

i

= a

�

.



10.8. APPENDIX: L

3

AND FIRST-ORDER CAUSAL THEORIES 259

Models of domain des
riptions D First, we need to introdu
e one more 
on
ept:

De�nition 10.18 Let � = [a

1

; : : : ; a

n

℄ and � = [b

1

; : : : ; b

m

℄ be sequen
es of a
tions.

We say that � � � if there exists a subsequen
e

5

[b

i

1

; : : : ; b

i

n

℄ of � su
h that for every

a

k

2 �; a

k

� b

i

k

.

We 
an now �nally de�ne what it means to be a model:

De�nition 10.19 [11℄ An interpretation M = (	;�) is 
alled a model of a domain

des
ription D in L

3

if the following 
onditions are satis�ed:

C1. 	 is a 
ausal model of D

C2. fa
ts of D are true in M

C3. there is no other interpretation N = (	

0

;�

0

) su
h that N satis�es the 
onditions

C1. and C2. and �

0

(s

N

) � �(s

N

) and �

0

(s

N

) 6= �(s

N

).

The de�nition given above is slightly di�erent from the one given in [11, 12℄. This is

be
ause we opt for the version of BG's approa
h in whi
h the models with the least

number of a
tions are always preferred (see page 249). At page 10 of [12℄, it is 
laimed

that in this 
ase, the de�nition should be with C1 and C2 as above, but C3 repla
ed

by

C3'. there is no other interpretation N = (	

0

;�

0

) su
h that N satis�es the 
onditions

C1. and C2. and �

0

(s

N

) � �(s

N

).

However, we must assume that BG have made a mistake here: it is easy to show that if

one used C3' instead of C3, then there will be no models for any domain des
ription

D whatsoever. We therefore opt for the unproblemati
 version of C3 given above.

10.8.2 Proof of Proposition 10.6

We abbreviate all 
uent and a
tion names in the obvious way.

We have F = fWg;A = fLL;LR; Tg;S = fs

0

; s

N

g. Suppose, by means of 
ontra-

di
tion, that a model M = (	;�) of D exists. We then have by De�nition 10.19, C2

and (10.14) that :W at s

0

must hold inM . By De�nition 10.17, item 2 it follows that

	([℄) = ; (i.e. :W is true in 	([℄)). Also, 	 must be a 
ausal model ofD. It is straight-

forward to verify that for a = fT; LL;LRg we have E

+

a

(	(�)) \ E

�

a

(	(�)) = fWg.

De�nition 10.15 now tells us that 	([fT; LL;LRg℄) is unde�ned. Sin
e by De�ni-

tion 10.17, item 2, we have for any model M = (	;�) of D that [fT; LL;LRg℄ is

a pre�x of �(s

N

), it follows that 	(�(s

N

)) is unde�ned too. But then, by De�ni-

tion 10.16, M is not an interpretation of D. Therefore it is not a model of D either

and we have rea
hed the desired 
ontradi
tion. 2

5

Given a sequen
e X = x

1

; : : : ; x

m

, another sequen
e Z = z

1

; : : : ; z

n

is a subsequen
e of X if

there exists a stri
tly in
reasing sequen
e i

1

; : : : ; i

n

of indi
es of X su
h that for all j = 1; 2; : : : ; n,

we have x

i

j

= z

j

.
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10.8.3 Proof of Theorem 10.11

The proof of Theorem 10.11 is ne
essarily quite involved, the reason being that both our

de�nition of `preferred models' and BG's de�nition of models 
ontain a self-referen
e:

a model M j=




T




is preferred if there is no other model M

0

j=




T




with a smaller

interpretation of Ab

1

. Similarly,M is a model of D if there is no other model satisfying


onditions C1 and C2 of De�nition 10.19 in whi
h fewer a
tions happen. For this

reason, we will �rst show that for 
orresponding M and M, we have that the same


uents and events hold at the same time (Lemma 10.20). We use this result to show

that for 
orresponding M and M, we have M j=




T




i� 
onditions C1 and C2 hold

for M (this is essentially what happens in lemmas 10.22, 10.23 and 10.24). Only then

will we be in a position to prove the theorem itself. We start by proving the four

lemmas mentioned.

Corresponden
e of Fa
ts

In the following, whenever we mention T




, we mean a 
ausal theory T




de�ned for a

language L(D;E;F;T) a

ording to De�nition 10.8.

Lemma 10.20 For any T




for an instan
e of our language and any non-ambiguous

domain des
ription D for a language L

3

= (F ;A;S) su
h that T




� D, let M =

(	;�) be any interpretation of (F ;A;S) and M be any interpretation of our language

su
h that M

�

=

M. Let F be any fa
t in D and � be any axiom in 
ons su
h that F

and � are 
orresponding fa
ts (where 
orresponden
e is de�ned as in De�nition 10.9,

items 5-8). We have:

F is true in M ,M j= � (10.21)

Proof of Lemma 10.20: The fa
t F mentioned in the lemma 
an either be atomi
 or

non-atomi
. We �rst 
onsider atomi
 fa
ts. They 
an be of three kinds: 
uent fa
ts,

o

urren
e fa
ts and pre
eden
e fa
ts. We only give the proof for 
uent fa
ts. The

proofs for the other two 
ases follow the same s
heme as the one for 
uent fa
ts so we

omit them.

So suppose that F is a 
uent fa
t `f at s'. We show that if F is true in M , then

the 
orresponding 
uent fa
t � holds in M. Noti
e � equals `Ho(f; s)'.

So suppose F is true in M . It follows that f is true in 	(�(s)), so f 2 �

t

for the

t that is equal to the length of the sequen
e �(s). Now sin
e M

�

=

M, it follows from

De�nition 10.10 that M j= Ho(f; t) and M j= s = t, so M j= Ho(f; s), so M j= �.

If � holds inM, then it follows that F is true inD by an analogous line of reasoning,

but in the other dire
tion. We omit the details.

We now 
onsider non-atomi
 fa
ts. The truth of non-atomi
 fa
ts F in an interpretation

M is de�ned in terms of its 
onstituent atomi
 fa
ts in exa
tly the same manner as

the truth of non-atomi
 senten
es for a model M is de�ned in terms of its 
onstituent

atoms. Sin
e we have already proven that the lemma holds for all atomi
 fa
ts, it

follows that it still holds for non-atomi
 fa
ts. 2
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Causal Consisten
y and its Lemma's

De�nition 10.21 (Causally Consistent) For any T




for an instan
e of our lan-

guage and any non-ambiguous domain des
ription D for a language L

3

= (F ;A;S)

su
h that T




� D, let M = (	;�) be any interpretation of (F ;A;S) and M be any

interpretation of our language. We say that M and M are 
ausally 
onsistent i�

1. M

�

=

M.

2. M j= 8e; b; t: :Do(e; b; t)

3. For all F

b

i

: a)M j= :Do(F

i

; b; 0). b) for all t 2 f1; 2; : : :g: M j= Do(F

i

; b; t) i�


ons 
ontains an axiom � of form (10.17) su
h that (1) the F

i

and b mentioned

in the right-hand side of � are equal to the F

i

and b mentioned here and (2) the

left-hand side of � holds in M.

4. M j= 8e; t : Ab

1

(e; t) � Ho(e; t).

5. jMj

b

= B; jMj

e

= E; jMj

f

= F; M interprets all 
onstants in B, E and F as

themselves.

6. 	 is a 
ausal model of D.

Lemma 10.22 For any T




for an instan
e of our language and any non-ambiguous

domain des
ription D for a language L

3

= (F ;A;S) su
h that T




� D, let M =

(	;�) be any interpretation of (F ;A;S) and M be any interpretation of our language

su
h that M

�

=

M. We have:

M j=




T




) All fa
ts of D are true in M (10.22)

and furthermore

All fa
ts of D are true in M & M and M are 
ausally 
onsistent (10.23)

)

M j=




T




Lemma 10.23 For any T




for an instan
e of our language and any domain des
rip-

tion D for a language L

3

= (F ;A;S) su
h that T




� D, let M = (	;�) be any

interpretation of D su
h that M satis�es 
onditions C1 and C2 of De�nition 10.19.

Then there exists an interpretationM of our language su
h thatM andM are 
ausally


onsistent.

Lemma 10.24 For any T




for an instan
e of our language and any non-ambiguous

domain des
ription D for a language L

3

= (F ;A;S) su
h that T




� D, letM j=




T




.

Then there exists an interpretationM = (	;�) of L

3

su
h thatM andM are 
ausally


onsistent.

Proofs of lemmas 10.22-10.24

Proof of Lemma 10.22 (�rst part) We prove the 
ontrapositive of (10.22). Suppose

not all fa
ts of D hold inM . By Lemma 10.20, the fa
t thatM

�

=

M and the de�nition
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of 
orresponding theories (De�nition 10.9) it follows that M 6j= 
ons and therefore

M j=




T




. 2

Proof of Lemma 10.22 (se
ond part) Suppose we have an M and M su
h that

M

�

=

M and (10.23) holds. We show in three stages that M j=




T




: in stage 1, we

show M j= 
ons. We use this to show in stage 2 that M j= Cir
um(
ons;Do). In

stage 3, we show that M j= eq. Stage 1{3 together show that M satis�es 
ondition

(1) of the de�nition of models for 
ausal theories (De�nition 9.16, page 226). That

M satis�es 
ondition (2) of that de�nition follows already from the de�nition of `

�

=

'

(De�nition 10.10, item (a)).

Stage 1 We show that M j= � for all axioms � 
ontained in 
ons. From De�ni-

tion 10.9, item 2, it follows that 
ons 
ontains UNA- and DC-axioms for B, E and

F. It follows dire
tly from the fa
t that M and M are 
ausally 
onsistent that these

axioms hold for M too. We now 
onsider the axioms of form (10.17) in 
ons (Def-

inition 10.9 item 4). Let us denote by � any of these axioms. � 
an be written as

8t:H(t) � Do(F

b

i

; t+1) where H is some 
onjun
tion of instan
es of Ho. We now show

that for all t � 0, M j= H(t) � Do(F

i

; b; t + 1). Sin
e we assume that time points

are interpreted as the nonnegative integers, this is suÆ
ient to show M j= �. So take

any t � 0. For this t, either M 6j= H(t) and we are done. If M j= H(t) then by the

de�nition of 
ausal 
onsisten
y, we have M j= Do(F

i

; b; t+ 1) and we are done again.

It follows from Lemma 10.20 and the fa
t that all fa
ts of D are true in M that

M j= � for all axioms � in T




mentioned in items 5{8 of De�nition 10.9 (all these

axioms 
orrespond to some fa
t in D). From item 3 of De�nition 10.9, we 
on
lude

that 
ons 
ontains no more axioms than those for whi
h we already 
he
ked that they

hold in M. This 
ompletes stage 1.

Stage 2 We show thatM j= Cir
um(
ons;Do). Noti
e �rst that by Proposition 9.17

all models share the same universes for 
ons. From this and the 
hara
terization of


ir
ums
ription given in Proposition 9.29 it follows that it is suÆ
ient to show that

among all the models for 
ons with the same interpretation of Ho, there is no M

0

whose interpretation of Do is a proper subset of that of M. Suppose, by means

of 
ontradi
tion, that su
h an M

0

exists, i.e. M

0

j= 
ons, M[[Ho℄℄ = M

0

[[Ho℄℄ but

M

0

[[Do℄℄ $M[[Do℄℄. By the de�nition of 
ausal 
onsisten
y, item 2, M and therefore

also M

0

have :Do(e; b; t) for any e; b; t. It follows there is a pair (F

b

�

i

�

; t

�

) with M

0

j=

:Do(F

i

�

; b

�

; t

�

+ 1) while M j= Do(F

i

�

; b

�

; t

�

+ 1). It follows from the de�nition of


ausal 
onsisten
y, item 3 that T





ontains an axiom � of form (10.17) where (1) the

F

i

,b and t mentioned in the right-hand side of � are equal to F

i

�

,b

�

and t

�

and (2)

the left-hand side of � holds in M, and therefore also in M

0

. But alsoM

0

j= 
ons so

M

0

j= Do(F

i

�

; b

�

; t

�

) and we arrive at a 
ontradi
tion.

Stage 3 We show that M j= eq by showing that axioms (9.33) and (9.34), (9.36)

and (9.47) hold in M. By items 2 and 4 of the de�nition of 
ausal 
onsisten
y and

the fa
t that M and M are 
ausally 
onsistent it follows that (9.47) holds in M.

Con
erning (9.33) and (9.34), we must show that for all x 2 E [ F; t 2 N

0

, if M j=

Do(x;true; t) then we also have M j= Ho(x; t) and similarly, if M j= Do(x; false; t)
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then we also have M j= :Ho(x; t). Let us thus assume M j= Do(x; b; t) for some

x 2 E [ F, t 2 N

0

and b 2 B. Sin
e M j= :Do(e; b; t) for any e; b and t (see the

de�nition of 
ausal 
onsisten
y), we may assume x = F

b

i

for some F

i

2 F. From

the same de�nition, it follows t � 1 and that 
ons must 
ontain an axiom � of form

(10.17) su
h that the right-hand side of � is equal to Do(F

i

; b; t) and the left-hand

side holds in M. It follows D 
ontains an e�e
t law of form (10.18), i.e. of form

fa

1

; : : : ; a

n

g 
auses F

b

i

if F

b

1

j

1

; : : : ; F

b

m

j

m

. Sin
e M = (	;�) 
orresponds to M we

have that fa

1

; : : : ; a

n

g � a

t�1

and F

b

1

j

1

; : : : ; F

b

m

j

m

all hold in �

t�1

. By the following


laim we have that F

b

i

is an e�e
t of a

t�1

in �

t�1

.

Sublemma 10.25 Let � be a state for a non-ambiguous domain des
ription D. Let

f be a 
uent literal and a be a 
ompound a
tion. Now suppose there is b � a su
h that

f is an immediate e�e
t of b in �. Then f is an (ordinary) e�e
t of a in �.

Proof: follows almost dire
tly from the de�nitions of immediate e�e
t, inherited e�e
t

(Se
tion 10.8.1 and ambiguity (De�nition 10.7) . We omit the details. 2

By the de�nition of 
ausal 
onsisten
y 	 is a 
ausal model of D and M

�

=

M. Sin
e

M

�

=

M, 	(�(s

N

)) is de�ned. We now have by the 
laim below that �

t

is de�ned.

Claim Let 	 be a 
ausal model and � be a situation assignment for some domain

des
ription D. If 	(�(s

N

)) is de�ned, then for all t � 0, �

t

is de�ned.

Proof: is immediate from the de�nition of �

t

in De�nition 10.10. 2

Sin
e �

t

is de�ned, it follows by De�nition 10.15 that �

t

= Res(a

t�1

; �

t�1

). Sin
e F

b

i

is an e�e
t of a

t�1

in �

t�1

, this means F

b

i

is 
ontained in �

t

. Sin
e M

�

=

M, we have

M j= Ho(F

b

i

; t), whi
h is what we had to prove.

We will now show thatM j= (9.36). For this, supposeM j= :Ho(F

b

i

; t�1)^Ho(F

b

i

; t)

for some F

b

i

and t. One 
an show M j= Do(F

i

; b; t) in a manner analogous to (but

simpler than) the reasoning in the �rst part of stage 3, above. We omit the details

of this part of the proof. Sin
e we 
an show this for any t > 0, any b and any F

i

, it

follows by Proposition 9.17 that the following axiom holds for M:

8f; t :(t > 0) �

:[ Ho(f; t) � Ho(f; t� 1) ℄ � [ Do(f;true; t) _ Do(f; false; t) ℄

whi
h is 
learly equivalent to (9.36). This ends the proof of Lemma 10.22. 2

Proof of Lemma 10.23 M is an interpretation of (	;�) so, by De�nition 10.16,

	(�(s

N

)) is de�ned; this means De�nition 10.10 applies. Items 1 and 2 of that def-

inition determine the interpretation of Ho(x; t) for all x 2 E [ F and all t � 0 in a

way that 
learly 
annot lead to any 
ontradi
tion. Also, it is 
lear that item 3 in the

de�nition 
annot lead to any 
ontradi
tory assignment in M of time name symbols to

time points. Hen
e an interpretationM

�

=

M exists. Now items 2 to 5 of the de�nition

of 
ausal 
onsisten
y determine the interpretations of all atoms inM other than those

of the form Ho(x; t), again in a way that 
annot give rise to any 
ontradi
tion. 2
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Proof of Lemma 10.24 It follows immediately from the fa
t that M j=




T




and

the form that 
ons must have a

ording to De�nition 10.9, that 
onditions 2 and

3 of the de�nition of 
ausal 
onsisten
y hold for M. Sin
e 
ondition 2 holds and

M j=




T




and so, in parti
ular, M j= Cir
um(
ons;Do), 
ondition 4 holds too.

By Proposition 9.17 
ondition 5 holds too. Hen
e it only remains to prove that an

interpretation M = (	;�) exists with M

�

=

M su
h that 	 is a 
ausal model for D.

Using De�nition 10.10 we 
an 
onstru
t su
h an M as follows:

1. We set �(s

N

) = [a

0

; : : : ; a

last

℄ where a

i

is de�ned as in De�nition 10.10, item 1.

We de�ne, for any s 2 S, �(s) to be the pre�x of �(s

N

) of length t for the t for

whi
h M j= s = t. This 
ompletes the de�nition of �.

2. We now de�ne 	: we set for all t � 0, 	([a

0

; : : : ; a

t�1

℄) = �

t

(we use the


onvention that [a

�1

℄ = [℄, so 	([℄) = �

0

), where the a

i

's are de�ned as above

and �

t

is de�ned as in De�nition 10.10, item 2. Let us denote by the �-sequen
es

those sequen
es that start with a pre�x of �(s

N

) (note this in
ludes the empty

sequen
e). Now for any sequen
e of 
ompound a
tions � that is not a �-sequen
e

we de�ne 	(�) to be su
h that it satis�es De�nition 10.15. Note that this is

always possible, sin
e a

ording to that de�nition 	(�) is allowed to be unde�ned

for some �. It 
an be seen from the de�nition that, sin
e 	([℄) has already been

de�ned above, this uniquely de�nes the fun
tion 	 for any sequen
e that does

not start with a pre�x of �(s

N

). This 
ompletes the de�nition of 	.

For any sequen
e of 
ompound a
tions ex
ept possibly the �-sequen
es, we know (from

the way we de�ned 	) that 	 satis�es all the e�e
t laws of D. If we 
an prove that

the �-sequen
es, too, satisfy all the e�e
t laws of D, we have by De�nition 10.15 that

	 is a 
ausal model of D and we are done.

We now show that indeed for any �-sequen
e �, 	(�) satis�es all e�e
t laws of D.

We start with the following 
laim:

Claim For any �-sequen
e �Æa

t

= [a

0

; : : : a

t�1

; a

t

℄, we haveE

+

a

t

(	(�))\E

�

a

t

(	(�)) 6=

;.

Proof: Easy and omitted; see [64℄. 2

From the 
laim, it follows that we must prove that for any �-sequen
e � Æ a

t

=

[a

0

; : : : a

t�1

; a

t

℄, for any t � 0, we have 	(� Æ a

t

) = Res(a

t

;	(�)). From the de�nition

of �

t

and De�nition 10.15, we know that this is equivalent to showing that for all

F

i

2 F , for all t � 0,

F

i

2 �

t+1

, F

i

2 [�

t

[ E

+

a

t

(�

t

)℄ nE

�

a

t

(�

t

)℄ (10.24)

We will prove (10.24) using the following

Claim Let either b = true and b = false or vi
e versa. For anyM withM j=




T




and any t and F

i

we have

M j= Ho(F

b

i

; t+ 1),M j= [Ho(F

b

i

; t) _ Do(F

i

; b; t+ 1)℄ ^ :Do(F

i

; b; t+ 1)
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Proof: trivial & omitted. 2

We show the if-dire
tion of (10.24). Suppose F

i

2 �

t+1

. Then M j= Ho(F

i

; t+ 1) and

by the 
laim above, M j= :Do(F

i

; false; t+ 1). This means 
ons 
ontains no axiom

of form (10.17) with right-hand side Do(F

i

; false; t+ 1) and left-hand side su
h that

it holds at time t. As T




� D and M

�

=

M, there is no rule in D of form (10.18)

su
h that fa

1

; : : : ; a

n

g � a

t

and F

b

1

j

1

; : : : ; F

b

m

j

m

all hold in �

t

. This means :F

i

is not

an e�e
t of a

t

in �

t

so F

i

62 E

�

a

t

(�

t

).

From our assumption F

i

2 �

t+1

it also follows that either M j= Ho(F

i

; t) or

M j= Do(F

i

;true; t+1). In the �rst 
ase, F

i

2 �

t

and we are done; in the se
ond 
ase,

sin
e M j=




T




and thus M j= Cir
um(
ons;Do), using Propositions 9.29 and 9.17,

there are no modelsM

0

for 
ons withM

0

[[Ho℄℄ =M[[Ho℄℄ andM

0

6j= Do(F

i

;true; t+1).

This means that for some t, 
onsmust mention Do(F

i

;true; t+1) in one of its axioms.

This 
an only be an axiom � of form (10.17) and it follows that the left-hand side of

this axiom, instantiated to time t, holds inM and hen
e that D 
ontains an e�e
t law

of form (10.18) 
orresponding to � su
h that fa

1

; : : : ; a

m

g � a

t

and F

b

1

j

1

; : : : ; F

b

m

j

m

all

hold in �

t

. From Sublemma 10.25 on page 263 it follows that F

i

is an e�e
t of a

t

in

�

t

, so F

i

2 E

+

a

t

(�

t

). 2

The only-if dire
tion of (10.24) 
an be proven in a manner 
ompletely analogously

to the if-dire
tion, again using the 
laim above. We omit the details.

This �nishes the proof of Lemma 10.24. 2

The A
tual Proof

Before a
tually giving the proof, we have to introdu
e yet one more proposition whi
h

says that the set of event-time pairs holding in a model always 
orresponds to the set

of abnormalities in the model.

Proposition 10.26 For any T




for an instan
e of our language and any domain

des
ription D for a language L

3

su
h that T




� D, let M be any model with M j=




T




. For su
h an M we have:

M[[Ab

1

℄℄ = f(e; t) j M j= Ho(e; t); e 2 E; t 2 N

0

g

Proof: Easy and omitted. 2

We now �rst prove the �rst part of Theorem 10.11, whi
h is restated below.

Theorem 10.11 (part I) For any theory T




for our language and any domain

des
ription D for a language L

3

of Baral and Gelfond's su
h that (a) T




� D and

(b) D is not ambiguous, we have:

M = (	;�) is a model for D )

there exists an M with M

�

=

M su
h that M is a preferred model of T
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Proof: By Lemma 10.22 and Lemma 10.23 together we have that there exists an

M with M j=




T




that is 
ausally 
onsistent to M . Clearly M

�

=

M . Suppose

that M is not preferred, i.e. that there is an M

�

j=




T




with M

�

[[Ab

1

℄℄ $M[[Ab

1

℄℄.

By Lemma 10.24, this means that there is an M

�

= (	

�

;�

�

) su
h that M

�

and

M

�

are 
ausally 
onsistent and hen
e 
ondition C1 of the de�nition of modelhood

(De�nition 10.19) is satis�ed for M

�

. Applying Lemma 10.22 (�rst part) we �nd that

for su
h an M

�

, 
ondition C2 of that de�nition is satis�ed too. Sin
e M

�

[[Ab

1

℄℄ 6=

M[[Ab

1

℄℄, we have by Proposition 10.26 and the fa
t that M

�

=

M and M

�

�

=

M

�

that

�

�

(s

N

) 6= �(s

N

). We are assumingM is a model of D, so we have by 
ondition C3 in

De�nition 10.19 that it is not the 
ase that �

�

(s

N

) � �(s

N

). Then it is not the 
ase

either that a

�

t

� a

t

for all t (where a

t

is de�ned as in De�nition 10.10, and a

�

t

stands for

the a

t

belonging to �

�

). Sin
e M

�

=

M and M

�

�

=

M

�

, it follows by De�nition 10.10

and Proposition 10.26 that it is not the 
ase that M

�

[[Ab

1

℄℄ $ M[[Ab

1

℄℄ and we have

arrived at a 
ontradi
tion. 2

We now restate and prove the se
ond part of Theorem 10.11.

Theorem 10.11 (part II) For any theory T




for our language and any domain

des
ription D for a language L

3

of Baral and Gelfond's su
h that (a) T




� D and

(b) D is not ambiguous, we have, for all M:

M is a preferred model of T




)

there exists a model M for D su
h that M

�

=

M

Proof: Clearly, ifM is a preferred model of T




then alsoM j=




T




. By Lemma 10.24

we have that there exists an M that is 
ausally 
onsistent to M and that therefore

satis�es 
ondition C1 of the de�nition of modelhood (De�nition 10.19). Clearly, M

�

=

M. By Lemma 10.22 (�rst part) we further have that M also satis�es 
ondition C2

of De�nition 10.19. We now prove that M is a model of D by showing that assuming

that 
ondition C3 of De�nition 10.19 does not hold for M leads to a 
ontradi
tion.

So assume this 
ondition does not hold forM . Then there existsM

0

= (	

0

;�

0

) that

satis�es C1 and C2 of De�nition 10.19 with �

0

(s

N

) 6= �(s

N

) and �

0

(s

N

) � �(s

N

)

and 	

0

(�

0

(s

N

)) is de�ned. By Lemma 10.23 and Lemma 10.22 (se
ond part) together

we have that there is an M

0

j=




T




with M

0

�

=

M

0

. We will now `stret
h' M

0

into

another M

00

j=




T




whi
h will have the property that M

00

[[Ab

1

℄℄ $ M[[Ab

1

℄℄. In M

00

exa
tly the same events and 
hanges take pla
e as inM

0

, but the time in between two

events/
hanges may be larger. We now prepare the 
onstru
tion of M

00

:

Let �(s

N

) = [a

0

; : : : ; a

last

℄ and �

0

(s

N

) = [a

0

0

; : : : ; a

0

last

℄. Noti
e �rst that, sin
e

�

0

(s

N

) 6= �(s

N

) and �

0

(s

N

) � �(s

N

), there is a stri
tly in
reasing sequen
e of time

points x

0

; : : : ; x

last

0

su
h that for all 0 � t � last

0

we have fe :M

0

j= Ho(e; t)g � fe :

M j= Ho(e; x

t

)g where for at least one t, the in
lusion is proper. Also, for all t > last

0

,

fe :M

0

j= Ho(e; t)g is empty.
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Now de�ne M

00

as follows: for all 0 � t � last

0

, the extension in M

00

of Ho, Ab

1

and Do at time x

t

is de�ned to be equal to its extension in M

0

at time t; i.e. for all x:

M

0

j= Ho(x; t) ,M

00

j= Ho(x; x

t

) and analogously for Do and Ab

1

. We now have to

`�ll up the gaps' inM

00

, i.e. de�ne the interpretations of Ho and Do for the time points

in M

00

that are not equal to any of the x

0

; : : : ; x

last

0

. For this, we set x

�1

:= �1. For

all 0 � t � last

0

, for all x

t�1

< t

0

< x

t

and t

0

> x

last

0

, de�ne:

� for all e 2 E: M

00

j= :Ho(e; t

0

) ^ :Ab

1

(e; t

0

).

� for all x 2 E [ F: M

00

j= :Do(x;true; t

0

) ^ :Do(x; false; t

0

).

� for all f 2 F: M

00

j= Ho(f; t

0

),

�

M

0

j= Ho(f; t) if t

0

< x

t

M

0

j= Ho(f; last

0

+ 1) if t

0

> x

last

0

Clearly, all predi
ates in the language forM

00

have now been de�ned for all t; f; e; b (no-

ti
e that Ab

1

only exists for event-time pairs, not for 
uent-time pairs, see Chapter 9,

Se
tion 9.6.5).

One easily veri�es that an M

00

as de�ned above indeed exists, and that from the

fa
t that M

0

j=




T




, it follows that also M

00

j=




T




(simply 
he
k all the axioms in


ons and eq; we omit the details). We see that f(e; t)jM

00

j= Ho(e; t)g � f(e; t)jM j=

Ho(e; t)g and hen
e by Proposition 10.26M

00

[[Ab

1

℄℄ �M[[Ab

1

℄℄. Sin
e �

0

(s

N

) 6= �(s

N

),

by 
onstru
tion of M

00

and Proposition 10.26 we also have M

00

[[Ab

1

℄℄ 6=M[[Ab

1

℄℄. This

means M

00

is preferred over M and hen
e M is not a preferred model of T




, in


ontradi
tion with our assumption. 2
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Epilogue: Nonmonotoni
ity

and Probability

In Chapter 9, Se
tion 9.6.5, we extended our 
ausal theories with a nonmonotoni



omponent so as to be able to handle 
ausal 
hains of events and `surprises'. We used

the simplest form of preferential semanti
s - simply pi
king the models of a theory with

a minimal interpretation of the Ab-predi
ate. In this Epilogue, we show how this form

of nonmonotoni
ity 
an be given a probabilisti
 interpretation, and we shall argue that

there is advantage in taking a probabilisti
 point of view. However, we stress at the

outset that we do not 
laim that `all uses of nonmonotoni
ity 
an (or should) be dealt

with probabilisti
ally'; more about this below.

To establish the 
onne
tion between minimizing abnormality and probability the-

ory, we need to invoke two 
ontroversial ideas: the `Prin
iple of InsuÆ
ient Reason'

(page xi) (or equivalently, the Maximum Entropy Prin
iple, Chapter 3) and the idea of

viewing `abnormalities' as `events with small probability'. Both ideas have been used

before to endow non-monotoni
 logi
s with probabilisti
 semanti
s [116, 58, 59, 114, 5℄;

however, their use remains 
ontroversial [114℄.

Some logi
ians feel that a probabilisti
 treatment of un
ertainty, whi
h ne
essarily

involves su
h 
ontroversial steps, may lead to the inferen
e of unwarranted 
on
lusions.

We will see that, the way they are used here, both the prin
iple of insuÆ
ient reason

and the probabilisti
 view on abnormalities 
an be understood from a point of view

inspired by MDL. We shall argue that, if this MDL interpretation is taken seriously,

then no unwarranted 
on
lusions 
an be drawn. On the 
ontrary, we shall show that

the probabilisti
/MDL interpretation for
es one to expli
itly state 
ertain assumptions

that remain hidden in the non-probabilisti
 approa
h. By establishing a 
onne
tion

between minimizing abnormality and the MDL Prin
iple, we relate the present (third)

part of the thesis to the �rst two parts.

Before We Start: Non-Probabilisti
 Nonmonotoni
ity Exists!

Before we start we emphasize that we do not 
laim all forms of nonmonotoni
 reasoning

to be related to probability theory. In Chapter 8, Se
tion 8.4 we presented an `alter-

native resear
h goal' in whi
h we distinguished between the use of nonmonotoni
ity

for theory 
ompletion (implemented by a nonmonotoni
 entailment relation j� whi
h

we 
alled 
ompletion mapping) and the use of nonmonotoni
ity to impose a prefer-

269
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en
e ordering over the set of possible realizations of a domain. In our `
ausal theories'

of 
hapters 9 and 10 the distin
tion returned: the minimization of Do 
orresponded

to a 
ompletion mapping, the minimization of Ab

1

and Ab

2


orresponded to �nding

the most preferred (least surprising) models of our (already 
ompletely spe
i�ed) do-

mains. Here, we shall only be 
on
erned about the latter use of nonmonotoni
ity, the

minimization of abnormality in order to �nd the most preferred models of a `
om-

pletely spe
i�ed' domain. We do not 
laim that the use of nonmonotoni
ity for theory


ompletion is in any way related to probability theory.

1 Minimizing Abnormality and Maximizing Proba-

bility

Preliminaries

For simpli
ity, we will only 
onsider the propositional 
ase (we say something about the

�rst-order 
ase later). We start by assuming the notation and terminology introdu
ed

in Chapter 9, page 210. We introdu
e some additional notation 
on
erning probability

distributions over sets of models. LetX = fX

1

; : : : ; X

m

g be a �nite set of propositional

variables. By a probability distribution overX we mean a probability distribution over

the sample spa
e E 
onsisting of all interpretations of X. We write P (M) to denote

the probability of interpretation M. Let M be some set of interpretations over X.

By P (M) we denote the probability of the `event' that the a
tual interpretation is


ontained in M. Hen
e P (M) =

P

M2M

P (M).

For a propositional formula �, we de�ne P (�) = P (M) where M is the set of M

with M j= �. Hen
e P (�) =

P

Mj=�

P (M). Conditional probability is de�ned as

usual: P (�

1

j�

2

) = P (�

1

^�

2

)=P (�

2

). We freely write P (X

i

= true) to denote P (X

i

)

and P (X

i

= false) to denote P (:X

i

). Note that P is de�ned both over sets of models

(as in P (M)) and over propositions (as in P (�)).

For now we shall assume that there are only two kinds of elements in X: those

whose value we are ignorant about (or, more properly, about whi
h we want to make

no assumptions) and those whose truth is 
onsidered `abnormal' or `unusual'. We 
an

therefore partition X as follows: X = Ind [Ab. (Ind being short for `indi�erent').

Ind 
ontains the atoms we want to make no assumptions about while Ab 
ontains the

atoms that represent abnormalities.

Preferred Models A

ording to the simple form of nonmonotoni
 reasoning intro-

du
ed on page 184 and used in Chapter 9, Se
tion 9.6.5, we should prefer the models

of a theory T with the smallest interpretation of the elements in Ab; here we 
all the

models that are sele
ted in this way the L-preferred models:

De�nition E.1 We 
all a model M for a propositional theory T an L-preferred model

of T i� there is no model M

0

for T with

fAb j Ab 2 Ab;M

0

j= Abg $ fAb j Ab 2 Ab;M j= Abg (E.1)
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(note that Ab is used as a meta-variable here whose value 
an be any of the variables

X

i

that are 
ontained in Ab).

From the probabilisti
 point of view, our `preferen
e ordering' over models should

be expressed by a probability distribution P over the spa
e of models and we should

prefer the models with maximum probability

6

. We will now show that the minimization

of abnormality 
orresponds to pi
king the most probable model when a 
ertain 
lass

of probability distributions is used. We 
all these distributions simple:

De�nition E.2 Let P be a distribution over X = Ind [Ab. We 
all P simple i�

1. All variables in X are independent: for all (b

1

; : : : ; b

m

) 2 B

m

and 1 � i � m,

P (X

i

= b

i

jX

1

= b

1

; : : : ; X

i�1

= b

i�1

; X

i+1

= b

i+1

; X

m

= b

m

) = P (X

i

= b

i

):

2. for all Ind 2 Ind, P (Ind = true) = P (Ind = false) = 1=2.

3. for all Ab 2 Ab, P (Ab = true) = �

Ab

. Here 0 < �

Ab

< 1=2.

A pre
ise interpretation and dis
ussion of De�nition E.2 will be given in Se
tion 2.

Brie
y, item (1) is an assumption that is impli
it in the use of abnormalities. Item

(2) expresses our ignoran
e about the variables in Ind. Item (3) expresses that :Ab is

preferred over Ab. We will be interested in the following 
ase: our preferen
e ordering

over models 
an be modeled by some simple P , but it is not known whi
h. Hen
e the

spe
i�
 values of P (Ab = true) = �

Ab

are unknown.

We 
all M a probabilisti
ally preferred model for theory T under P if M is one

of the models that maximize P (MjT ) (`the probability of M given that the set of

propositions T holds'). We 
all M a potentially probabilisti
ally preferred model for

T if there exists a simple P over X under whi
h M is a preferred model for T : if we

are given theory T but the only thing we know about P is that it is simple, then it

seems reasonable to 
onsider every model that is potentially preferred. We write PP -

preferred as short for `potentially probabilisti
ally preferred'. The proposition below

shows that pi
king the PP -preferred models is equivalent to pi
king the models whi
h

are minimal in the usual sense of nonmonotoni
 logi
:

Proposition E.3 M is a PP -preferred model for theory T i� M is an L-preferred

model for theory T .

Proof: (only-if) SupposeM is a PP -preferred model for T . Let us assume, by means

of 
ontradi
tion, that M is not L-preferred. Then by de�nition there exists a model

M

0

j= T su
h that (E.1) holds forM

0

and M. We will show that, for every simple P ,

P (M

0

jT ) must be larger than P (MjT ). This implies that M is not a PP -preferred

model of T and hen
e gives the desired 
ontradi
tion.

6

Some people think it strange that preferred models should 
oin
ide with `the most probable'

models. From both a Bayesian (subje
tive) and an MDL-point of view this makes perfe
t sense as we

shall dis
uss further on.
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To show this, note �rst that, sin
e bothM j= T andM

0

j= T , we have P (M

0

jT ) >

P (MjT ), P (M

0

) > P (M). De�ne M[X

i

℄ to be the b

i

2 B for whi
h M j= X

i

� b

i

.

Sin
e P is simple, we have by De�nition E.2:

P (M

0

) =

Y

1�i�m

PfX

i

=M

0

[X

i

℄g = P (M) �

Y

Ab2D

1� P (Ab)

P (Ab)

= P (M) �

Y

Ab2D

1� �

Ab

�

Ab

where D is the non-empty set fAb 2 Ab j M j= Ab and M

0

6j= Abg. Sin
e all

�

Ab

< 1=2, this shows that PfM

0

g > PfMg.

(if) Assume thatM is an L-preferred model. Let P be su
h that for all Ab 2 Ab with

M j= Ab, P (Ab) = 1=2� � where � > 0 is some small number, while P (Ab

0

) = � for all

Ab

0

2 Ab withM 6j= Ab

0

. Clearly, P is simple. We are assuming thatM is L-preferred

so there is no modelM

0

for T su
h that (E.1) holds. This means that allM

0

6=M with

M

0

j= T and P (M

0

) 6= P (M) satisfy M

0

j= Ab

0

for some Ab

0

2 Ab with M 6j= Ab

0

.

This implies that by pi
king � > 0 small enough, we 
an get P (M) > P (M

0

) and,

sin
e M j= T and M

0

j= T , also P (MjT ) > P (M

0

jT ). This implies that M is a

PP -preferred model. 2

Summarizing, if we are willing to assume that P is simple but otherwise unknown,

then the two approa
hes to handling abnormalities 
an be re
on
iled. We will dis
uss

how exa
tly P should be interpreted and whether or not the assumption that P is

simple 
an be justi�ed in the next se
tion. First, we show how to extend the de�nition

of `simple' P to domains involving several levels of abnormalities and to the �rst-order

setting we 
onsidered in Chapter 9.

1.1 Extension to Several Levels of Abnormalities

We may extend our 
on
ept of `simple probability distributions' to several `levels' of

abnormality by further partitioning X. For example, if we need two levels, we may set

X = Ind [ Ab

1

[ Ab

2

. In this new setting, a `simple' distribution P be
omes a P

su
h that all variables in X are still independent, while

for all Ab

1

2 Ab

1

: P (Ab

1

) < 1=2 ;

for all Ab

2

2 Ab

2

: 0 < P (Ab

2

) < min

Ab

1

2Ab

1

(P (Ab

1

))

k

: (E.2)

where k is the number of propositional variables in Ab

1

. One easily veri�es that

in this way, models without abnormalities in Ab

2

will always be PP -preferred over

models with abnormalities in Ab

2

, no matter the number of abnormalities in Ab

1

.

Su
h a two-step hierar
hy of abnormalities is often needed in nonmonotoni
 reason-

ing; for example, in Chapter 9, Se
tion 9.6.5 we needed one level of abnormality to

model surprises and another level to model the o

urren
e of unexpe
ted events, sin
e

`surprises' where 
onsidered more `abnormal' than unexpe
ted events (re
all that a

surprise was de�ned as a 
hange of 
uent value without an event a

ording for the
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hange). Clearly, if needed we 
an also introdu
e a set Ab

3

of abnormalities asso
i-

ated with even smaller probabilities, and in the same way a set Ab

4

, Ab

5

et
. In this

way we 
an probabilisti
ally represent every �nite hierar
hy of abnormalities.

The First-Order Case Thus far, our analysis has only been for propositional do-

mains. In general, it is not 
lear how to extend the present mapping of preferen
e

orderings to probability distributions to the full �rst-order 
ase (for an attempt to

establish a 
onne
tion between probability theory and �rst-order logi
, see [5℄). Nev-

ertheless, as soon as a domain is essentially �nite (and hen
e 
ould in prin
iple be

modeled by a propositional theory), an appropriate version of `simple' probability dis-

tributions 
an be de�ned and the mapping holds again.

Therefore, if we restri
t the �rst-order theories that we 
onsidered in Chapter 9 to

domains 
ontaining only a �nite number of 
uents, events and time points, the mini-

mization of abnormality introdu
ed in Se
tion 9.6.5 
an on
e more be interpreted prob-

abilisti
ally. In fa
t, the minimization pro
edure given by De�nition 9.23 of page 230


an be given a probabilisti
 interpretation 
ompletely analogously to the minimization

pro
edure de�ned in De�nition E.1 of this Epilogue. We will not show this in full

detail; instead, we will only roughly indi
ate how it may be a
hieved. Let T be a


ausal theory de�ned as in De�nition 9.27, page 232. By restri
ting ourselves to a

�nite number of time points and a �nite set of 
uents, we 
an treat the whole domain

by propositional logi
 and regard ea
h instantiation of ea
h predi
ate as a separate

atom. We 
an then regard ea
h instantiation of Ab

1

as a separate weak abnormality

and ea
h instantiation of Ab

2

as a separate strong abnormality. De�nition 9.23 then

redu
es to the following preferen
e s
heme: sele
t the 
ausal models for T with the

smallest (in the subset sense) number of abnormalities Ab

2

2 Ab

2

and, among these,

further sele
t the models with the smallest (in the subset sense) number of Ab

1

2 Ab

1

.

It is easy to show (analogously to Proposition E.3) that this is equivalent to sele
t-

ing the potentially preferred 
ausal models for T , if we assume a `simple' probability

distribution where `simple' is now de�ned also for Ab

2

2 Ab

2

(as in Equation E.2).

2 Interpretation in the Spirit of MDL

2.1 Bayesian interpretation

From the Bayesian (subje
tivist) view on probability theory, probabilities 
an be used

to represent degrees of belief. If an agent assigns a high probability to proposition A,

this means that he (it) has a high degree of belief in A. The notion of `degree of belief'


an be given a 
on
rete interpretation in terms of betting games: the probability P (A)

that an agent assigns to A determines at what odds the agent would a

ept the bet

`A is true': if P (A) = p, then the agent should a

ept a bet at odds 1-to-q if q < p

and he should refuse su
h a bet if q > p (this interpretation has been emphasized by

De Finetti; see [38, 114℄).

From the point of view of the MDL Prin
iple, the 
onne
tion between probabilities

and betting is somewhat di�erent and more dire
t: the MDL Prin
iple allows us to

identify probability distributions with betting strategies. This turns the probabilisti
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interpretation of default reasoning into a mu
h less abstra
t `gambling' interpretation,

as we will now show.

2.2 MDL Interpretation

As we dis
ussed in Chapter 2, Se
tion 2.2, the probability distributions that MDL is


on
erned with are to be interpreted as models of data, not to be 
onfused with the

traditional notion of a probability distribution `a

ording to whi
h data are drawn'.

We saw that ea
h su
h a `modeling' distribution P 
an be interpreted as a 
ode with


odeword lengths L(D) = � logP (D) for all D; the better P �ts D, the shorter

the 
odelength L(D) (and 
onversely, ea
h 
ode 
an be interpreted as a probability

distribution). We also saw (Chapter 2, Se
tion 2.7) that every `modeling' probability

distribution P may be interpreted as de�ning a betting strategy. We will now explain

what this means in a logi
al framework.

Betting Strategies in a Logi
al Framework In a logi
al framework, P is de�ned

over the models of a logi
al theory T . The betting strategy 
on
erns situations in

whi
h the agent does not know the true model M and it 
an express its beliefs about

the a
tual situation by a probability distribution P over the set of possible models M.

The phrase `an agent adopts distribution P ' means the following: imagine the agent

is asked to take part in a game in whi
h it would have to pla
e bets on the di�erent

models at equal odds (i.e. it has to divide its 
apital over all modelsM; then, the true

model M is revealed and an amount of 
 times the bet pla
ed on M is paid to the

agent, where 
 is equal for all M). In su
h a game, the agent would divide its 
apital

over the set of possible models su
h that the 
apital put on model M is proportional

to P (M). If the agent is rational, then P (M

1

) > P (M

2

) i� the agent thinks thatM

1

is more likely than M

2

. We will hen
eforth assume that an agent always adopts the

betting strategy that it 
onsiders optimal.

It is important to note that the agent invests some of its 
apital in ea
h x with

P (x) > 0. This MDL-way of asso
iating bets with probabilities is di�erent from the

Bayesian way we des
ribed above. To see this, let E = f1; 2g. In the Bayesian (De

Finetti's) view, if an agent's belief is expressed by P (X = 1) = 1=2, this means it is

willing to invest every fra
tion q < 1=2 of its 
apital in the game with pay-o� 1 if X

turns out to be 1 and pay-o� 0 otherwise. From the MDL point of view (at least in our

interpretation of MDL), P (X = 1) = 1=2 is primarily identi�ed only with a willingness

to invest 50 % of one's 
apital on out
ome 1 and 50 % on out
ome 2, where both bets

are pla
ed at odds 1-to-2 (see Chapter 2, Se
tion 2.7). Under this bet the total amount

of 
apital will not 
hange whatever the a
tual out
ome. It thus 
onstitutes an `empty'

bet, that 
an be properly used to express 
omplete ignoran
e about whi
h of the two

out
omes will a
tually take pla
e.

Armed with our interpretation of probability distributions as gambling strategies,

we will now interpret the de�nition of `simple' probability distributions (De�nition E.2)

in gambling terms. Using Proposition E.3 this will also give us an interpretation of

the models `with the least abnormalities' in gambling terms.
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De�nition E.2 Revisited Assume an agent uses a `simple' distribution P (De�ni-

tion E.2) to express its knowledge about a domain involving (1) abnormalities (vari-

ables in Ab) and (2) atoms about whi
h it does not want to make any assumptions

(variables in Ind). The question is whether P , viewed as a betting strategy, 
orre
tly

represents the agent's qualitative knowledge about the domain.

Simple distributions P were de�ned in three steps. In the �rst step, all variables

in X were assumed to be independent. In betting terms, this says that the agent's

bets on the out
ome of variable X

i

are not in
uen
ed by knowledge of the out
omes of

(any 
ombination of) the other variables X

1

; : : : ; X

i�1

; X

i+1

; : : : ; X

m

. Whether this

`subje
tive independen
e' assumption 
an be justi�ed or not will be dis
ussed below.

The se
ond step in the de�nition of simple P assigns the uniform distribution over

the variables the agent wants to make no assumptions about. It is a form of the

Prin
iple of InsuÆ
ient Reason (and as su
h, a spe
ial 
ase of Maximum Entropy, and

as su
h, a version of MDL; see Chapter 3). It says that the agent should pla
e an

`empty' bet (see above) on the variables it wants to make no assumptions about: it

pla
es half of its 
apital on Ind = true and at the same time half of its 
apital on

Ind = false at odds 1-to-2. This is 
learly the best it 
an do if it wants to make no

assumptions about Ind, sin
e every other assignment of probabilities (bets) leads to a

potentially higher loss in betting.

The third item in De�nition E.2 says that the agent is prepared to bet a larger

per
entage of its 
apital on out
ome :Ab than on out
ome Ab; sin
e �

Ab

is not spe
i�ed,

the item says nothing about the exa
t per
entage. This item merely translates the

agent's qualitative beliefs about a domain in terms of betting strategies. Items 1 and

2 need more explanation whi
h follows below. We start with item 1.

Independen
e Assumption Item 1 expresses that our `degree of belief' in propo-

sition X

i

= b

i

is not in
uen
ed by variables di�erent from X

i

. This will of 
ourse not

be justi�ed in all domains. In domains where it is not, it will lead to `stupid' bets. But

Proposition E.3 tells us that in su
h domains, minimization of abnormalities will also

lead to a preferen
e of `stupid' models. A good example is the Yale Shooting domain

in its original formulation (page 190), where the `law of persisten
e' was formalized as

follows:

8f; t : :Ab(f; t) � [Ho(f; t) � Ho(f; t+ 1)℄

If we use a probability distribution P

0

over the atoms in the language that 
orresponds

to our intuitive beliefs about the domain, then the following holds: while Ab(f; t)

(denoting that 
uent f 
hanges value) has a very small probability a priori, if no

observations are available, it 
an nevertheless re
eive a very high probability on
e

additional information be
omes available. For example, if it is given that Ho(Shoot; 2)^

Ho(Loaded; 2) (Shoot takes pla
e with a loaded gun) then Ab(Alive; 2) suddenly re
eives

a very high probability: 
onditioned on Ho(Shoot; 2) ^ Ho(Loaded; 2), our degree of

belief in Ab(Alive; 2) be
omes mu
h higher. Hen
e the per
entage of our 
apital we

would be prepared to put on Ab(Alive; 2) is not independent of additional knowledge

we may have about the domain: the distribution P

0

whi
h 
orresponds to our intuitive

beliefs does not render the abnormalities Ab(f; t) probabilisti
ally independent of the
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out
omes of the other atoms in the domain. Su
h a situation 
annot be modeled by a

simple minimization of abnormality.

Two Mistakes In the early days of nonmonotoni
 reasoning, it was believed that a

single me
hanism (like minimizing abnormality) 
ould be used to handle most if not

all kinds of di�erent defaults. The probabilisti
 interpretation of abnormalities shows

that minimizing abnormality only works under strong independen
e assumptions. The

advantage of the probabilisti
 formulation is that it makes these assumptions expli
it.

As su
h, it `explains' why the basi
 kind of default reasoning { based on minimizing

abnormality { turned out to be so problemati
 and brittle.

While the original mistake in the nonmonotoni
 reasoning 
ommunity had been

to use the me
hanism of minimizing abnormality in domains where it 
annot be ap-

plied, the resulting diÆ
ulties led some resear
hers to make (what we view as) the

opposite mistake: they started to distinguish between 
on
epts whi
h, from the prob-

abilisti
/betting strategy point of view, are identi
al. We give a little example. In

Ge�ner [51℄ we �nd two kinds of abnormalities: `explained' and `unexplained' abnor-

malities. For example, the abnormality that Alive be
omes :Alive when a loaded gun

is �red is `explained' while the abnormality of a gun unloading itself is `unexplained'.

In the probabilisti
 view, an abnormality stands for a proposition whi
h is assigned low

probability a

ording to some distribution P . In Chapter 2, Se
tion 2.2, we dis
ussed

the MDL interpretation of probability distributions as models (not in the logi
al sense

of a mathemati
al stru
ture): a probability distribution P assigns to ea
h possible

realization of data (in this 
ase, to ea
h stru
ture M) a number that indi
ates how

well that data (stru
ture) is explained by the model P . As su
h, an `abnormality'

is by de�nition `something that is not well-explained'. In a more proper terminology,

what was 
alled an `explained' abnormality above would then be no abnormality at all.

More generally, in the MDL view of probabilities as models, the expression P (X jY )


an be informally regarded as measuring `how well Y explains X under the model P ',

or, equivalently, `how expe
ted X is given Y under model P ' or yet equivalently, `how

surprising :X is given Y under model P '. Note that the `event' Y itself may represent

a probabilisti
 model, not ne
essarily a set of out
omes (logi
al models). If there is no


onditioning event Y , then P (X) 
an be regarded as expressing how well the model P

itself explains X .

Dangerous Use of Probabilities This view of probability distributions as `ex-

planation measurers' has been 
riti
ized by logi
ians and philosophers [25℄. Whereas

we just advo
ated the use of probabilisti
 semanti
s on the grounds that it makes

expli
it some assumptions (about independen
e) whi
h remain hidden in the ab-

normality approa
h, these resear
hers fear the 
ontrary e�e
t: they argue that by

adopting a probability distribution over a set of models one impli
itly makes addi-

tional, unwarranted assumptions about the domain under 
onsideration. Their ob-

je
tions are often related to the `Ex Nihilo Nihil' 
riti
ism 
on
erning the Maximum

Entropy Prin
iple and its spe
ial 
ase, the Prin
iple of InsuÆ
ient Reason (Chap-

ter 3, Se
tion 3.6.2): it is feared that, by using P (Ind = true) = 1=2 to express

our ignoran
e about Ind, we are `getting something (knowledge) out of nothing (igno-
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ran
e)'. For example, if Ind

1

; Ind

2

2 Ind, then a simple probability distribution assigns

P (Ind

1

= true) = P (Ind

2

= true) = 1=2 and renders Ind

1

and Ind

2

independent. It

seems that one 
an then infer that

P ((Ind

1

_ Ind

2

) = true) = 3=4:

Hen
e the degree of belief in Ind

1

_ Ind

2

would be higher than the degree of belief in

:(Ind

1

_ Ind

2

) and mere ignoran
e about Ind

1

and Ind

2

, together with the knowledge

that they are independent, would give us a kind of `knowledge' about the proposition

Ind

1

_ Ind

2

. However, we used P only to determine whi
h models lead to the smallest

loss in proportional betting, where the bets where pla
ed sequentially on the out
omes

of the variables in X. We did not use it to pla
e bets on (or make predi
tions about)

propositions like Ind

1

_ Ind

2

. The bets we did pla
e on the variables in Ind where

`empty', neither de
reasing nor in
reasing our total 
apital whatever the a
tual out-


ome. Therefore, as long as we only use P to infer what model would have given the

minimal loss in proportional betting (and do not use it to infer anything else), the

assignment P (Ind

1

= true) = 1=2 is 
ompletely harmless. The assignment is, in fa
t,

an example of the `safe' version of Maximum Entropy we introdu
ed in Chapter 4

(Figure 4.1): whatever the a
tual out
omes of the variables in Ind, our expe
tation

a

ording to P of the logarithm of our loss in proportional betting on the variables

in Ind will be equal to the logarithm of the loss we will a
tually make; hen
e, if only

used for proportional betting, P truely satis�es Leslie Ellis' Ex Nihilo Nihil di
tum.

This is explained at length in Chapter 4, Se
tion 4.2.3; see also page 76.

3 Con
lusion: Use Probability Theory, but not Al-

ways

We think that many of the domains 
onsidered in the nonmonotoni
 reasoning 
ommu-

nity 
an be appropriately modeled by a probabilisti
 semanti
s: as soon as the models

of a domain are to be ordered in terms of `how surprising they are', a probabilisti


semanti
s seems appropriate; as should be 
lear from our `betting strategy interpre-

tation', su
h a semanti
s remains appli
able in many 
ases where probabilities (su
h

as P (Ind = true) = 1=2) 
annot be related to frequen
ies, as long as we are 
areful

about what inferen
es to make based on these probabilities. Even when defaults stand

for 
onventions (see the example on page 186) they often indu
e an ordering on the

models of a domain in terms of how `surprising' they are. In su
h a 
ase, it seems to

us, a probabilisti
 semanti
s is appropriate. Above we showed that it 
an make ex-

pli
it 
ertain (independen
e) assumptions underlying the reasoning; many additional

reasons 
an be found in [116℄ (for a general dis
ussion and 
riti
ism, see [25℄).

However, we disagree with those who think that there is no fundamental rôle for

nonmonotoni
 formalisms whatsoever. As we pointed out at the beginning of this

Epilogue, nonmonotoni
 me
hanisms 
an also be used for theory 
ompletion: instead

of writing down the full set of laws to whi
h we want our domain to be subje
t, we

only spe
ify a subset of them and we use a nonmonotoni
 
ompletion mapping to make

these theories `
omplete'. In fa
t, in the �rst-order version of our theory formulated in
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Se
tion 9.6.5, we �rst used the minimization of Do to do this theory 
ompletion; this,

it seems to us, had nothing to do with probability theory. We then pro
eeded to sele
t

the least surprising models of the 
ompleted theory; here a probabilisti
 semanti
s is

appropriate.
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List of Symbols

A(V): intervention variables, 211, 215

A;A

n

;A

+

;A

�

: (sets made up of)

data alphabet(s), 7

Ab: set of atoms representing

abnormalities, 270

Ab;Ab

1

;Ab

2

: abnormalities, 184, 225

arg: argument of fun
tion, 16

B: B = f0; 1g (parts I and II), 7

B: B = ftrue; falseg (part III), 210

C: 
ode, 7

C

2-p

: two-part 
ode, 29

C

s


: sto
hasti
 
omplexity 
ode, 36

C

uni

: uniform 
ode, 164


ov: 
ovarian
e, 57

C: set of 
onstraints over a probability

distribution, 50

C

n

(�; t): set of data for whi
h

�(x)

n

= t, 53

C

e

: set of 
onstraints over data, 53

Cir
um: 
ir
ums
ription, 226


ons: set of 
onstraints in 
ausal

theories, 210, 225

D: set of dependent 
uents, 228

D: de
ision spa
e, 70

D(�jj�): relative entropy, 52

D: data sequen
e, 7

d: pre
ision, 7

DC: Domain-Closure-Axioms, 225

Di: Diri
hlet distribution, 140

Do: synta
ti
 
onstru
t or predi
ate

representing an intervention,

211

Do: synta
ti
 
onstru
t or predi
ate

representing an intervention,

224

E

P

[�(X)℄: expe
tation of �(X) under

distribution P , 51

E: sample spa
e (parts I and II), 12

E: set of events (part III), 212

eq: set of stru
tural equations, 210,

225

er: error fun
tion, 31

er

01

: 0/1-error fun
tion, 31

er

lg

: logarithmi
 error, 90

er

sq

: squared error fun
tion, 21

f

er: minimum expe
ted error, 99

F: set of 
uents, 212

F : normalizing sum, 37

f : density fun
tion, 12

G: Bayesian network stru
ture, 137

G

n

(
): set of sequen
es with

frequen
ies 
, 58

H: entropy, 52

H : hypothesis (model), 10

H

mdl

, see 


mdl

b

H , see 
̂

e

H , see ~


H

�

, see 


�

�

H , see �


Ho: `holds', 188, 224

b

H(D; �): maximum likelihood H for

�xed �;91

I(�); I(x

n

; �): Fisher information

matrix; observed information

matrix, 40, 163

I: indi
ator fun
tion, 51

Ind: set of atoms one is ignorant

about, 270

int: interior of a set, 55

k

i

: number of elements in sub-sample

spa
e E

i

, 130

K

s


: model 
ost, 36

L: �rst-order language, 188

L: 
ode length fun
tion, 12

L

2-p

: two-part 
ode length, 17

L

av;w

: mixture approximation to

sto
hasti
 
omplexity, 40
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e

L: minimum expe
ted 
odelength, 96

L

s


: sto
hasti
 
omplexity, 36

ln: logarithm to base e, 12

log: logarithm to base 2, 12

loss: loss fun
tion, 32, 70

loss

lg

: logarithmi
 loss, 44

M: model 
lass (parts I and II), 10, 17

M: stru
ture, interpretation or model

of a logi
al theory (part III),

189, 210

M: 
lass of models for a logi
al

theory, 212

M

nb

: Naive Bayes model 
lass, 146

M

me

: maximum entropy model 
lass,

55

M(�; t): set of P satisfying E

P

[�(X)℄

= t, 53

N

0

: the nonnegative integers, 188, 224

o(1): asymptoti
s notation, 40

P

�

: `true' distribution, 26, 34

P : predi
tive distribution, 131

P : probability distribution,

probabilisti
 model, 12, 13

Pa

i

: set of parents of node i in a

Bayesian network stru
ture,

137

P

av

: eviden
e predi
tive distribution,

132

P

av

: marginal distribution (Bayesian

eviden
e), 39

P

jef

: Je�rey's eviden
e predi
tive

distribution, 136

P

jef

: marginal distribution based on

Je�rey's prior, 134

P

map

: MAP predi
tive distribution,

132

P

me

: maximum entropy distribution,

53

P

s


: sto
hasti
 
omplexity predi
tive

distribution, 133

P

s


: sto
hasti
 
omplexity

distribution, 37

R: Re
tangle, 114

R: the real numbers, 12

R: regret, 36

s: width between adja
ent parameter

values, 166

s
ore: s
ore (predi
tive a

ura
y),

148

T : transpose, 53

T : logi
al theory / 
ausal theory, 210

T




: Two-point or �rst-order 
ausal

theory of our approa
h, 242,

252

T

df

: 
ausal theory for the

baby-and-the-table s
enario,

228

T

h-m

: naive theory for Yale Shooting

S
enario, 190

T

lin

: logi
al theory in Lin's approa
h,

244

T

mt

: domain des
ription of M
Cain

and Turner's approa
h, 242

T

sw

: 
ausal theory for basi


two-swit
hes s
enario, 217

T

sw;2

: 
ausal theory for advan
ed

swit
hes s
enario, 218

T

wt

: 
ausal theory for walking turkey

s
enario, 216

T

ysp

: 
ausal theory for Yale Shooting

S
enario, 227

T: set of names for time points, 249

U: range of a fun
tion appearing in a

maximum entropy
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Nederlandse Samenvatting

Centraal in dit proefs
hrift staat het Beginsel van de Minimale Bes
hrijvingslengte

(in het Engels `Minimum Des
ription Length Prin
iple'; vanaf nu `MDL Prin
ipe' ge-

noemd). Het MDL Prin
ipe stelt `leren' gelijk aan `
omprimeren'. In zijn eenvoudigste

vorm ziet het er als volgt uit:

MDL Prin
ipe De beste hypothese om een verzameling gegevens te verklaren is de

hypothese H die de som van : : :

� de bes
hrijvingslengte van de hypothese H en

� de bes
hrijvingslengte van de gegevens, wanneer de gegevens bes
hreven worden

met behulp van hypothese H ,

: : : minimaliseert.

In deze vorm zorgt het MDL Prin
ipe voor een afweging tussen 
omplexiteit van de

hypothese en de fout die de hypothese maakt op de gegevens. Het MDL Prin
ipe kan

worden toegepast op alle vormen van indu
tieve inferentie. Met `indu
tieve inferentie'

wordt bedoeld het postuleren van algemene wetmatigheden op grond van een beperkte

hoeveelheid gegevens. In dit proefs
hrift ri
hten we ons met name op het gebruik

van MDL in de statistiek en in het vakgebied genaamd `ma
hinaal leren' (ma
hine

learning). Dit is het deelgebied van de Kunstmatige Intelligentie dat zi
h bezighoudt

met het leren door 
omputers.

Het proefs
hrift bestaat uit drie delen. Deel I bevat een introdu
tie tot het MDL

Prin
ipe (hoofdstuk 1{3) en een bijdrage aan de theorievorming rond MDL (hoofdstuk

4{5). Hoofdstuk 1 geeft een algemene introdu
tie en kan gelezen worden zonder kennis

van statistiek of informatietheorie. Hoofdstuk 2 en 3 geven een voortgezette introdu
-

tie, met de nadruk op drie zaken: ten eerste, de tamelijk ongebruikelijke interpretatie

die MDL aan kansverdelingen toekent: volgens MDL dient men een empiris
h bepaalde

kansverdeling in eerste instantie te bes
houwen als een 
ode (pre
iezer, 
ode-lengte

fun
tie). Ten tweede, het begrip `sto
hastis
he 
omplexiteit'. Dit is de 
entrale notie

in de theorievorming rond MDL. Ten derde, het verband tussen MDL en het Beginsel

van de Maximale Entropie, een prin
ipe dat oorspronkelijk bedoeld was als methode

voor het `redeneren met onzekerheid'. De theorie die wordt ontwikkeld in hoofdstuk 4

en 5 geeft een eerste aanzet tot het beantwoorden van de volgende vraag: hoe kan het

dat simplistis
he modellen voor ingewikkelde pro
essen vaak to
h bruikbaar zijn? Het

volgende geldt voor vrijwel alle praktis
he toepassingen van de statistiek: de uitkomst

van de statistis
he analyse van de gegevens is een model dat in feite onjuist is, vaak

zelfs een grove simpli�
atie. To
h worden `simplistis
he' modellen die op deze manier

verkregen zijn met su

es gebruikt voor het voorspellen en 
lassi�
eren van toekom-

stige gegevens. De 
entrale vraag in deel I van dit proefs
hrift is: wanneer kan men

een `simplistis
h' model zonder problemen gebruiken? De hoofd
on
lusie luidt dat een

simplistis
h model op twee manieren gebruikt kan worden: een `riskante' en een `vei-

lige'. Als het op de veilige manier gebruikt wordt, dan zal het simplistis
he model in

het algemeen `betrouwbaar' zijn. Dat wil zeggen dat het model zelf een 
orre
te indruk
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geeft van de voorspellingsfout die men zal maken als men het gebruikt om toekomstige

data mee te voorspellen { zelfs als het model een grove simpli�
atie is van het pro
es

dat daadwerkelijk aan de gegevens ten grondslag ligt. Deze `betrouwbaarheid' van een

in
orre
t model kan in veel gevallen zelfs formeel bewezen worden (Hoofdstuk 5, Se
tie

5.3, Stellingen 5.16-5.19).

Deel II (hoofdstuk 6 en 7) gaat over praktis
he toepassingen van het MDL Prin-


ipe. Centrale vraag is hier: werkt het MDL Prin
ipe in de praktijk beter, even goed

of minder goed dan andere statistis
he prin
ipes? De gevonden empiris
he vers
hillen

kunnen voor een groot deel uit de bestaande theorie verklaard worden. Hoofdstuk 6

vergelijkt MDL met methoden uit de Bayesiaanse en klassieke statistiek. Hoofdstuk 7

vergelijkt MDL met het nauw verwante MML (Minimum Message Length): in tegen-

stelling tot wat vaak geda
ht wordt, zijn er kleine theoretis
he vers
hillen tussen deze

twee aanpakken. Deze leiden tot vers
hillend gedrag in praktis
he leerproblemen. De

hoofd
on
lusie van Deel II is dat geavan
eerde vormen van zowel MDL als Bayesiaanse

inferentie vaak verrassend goed presteren wanneer sle
hts zeer weinig data gegeven is.

MDL lijkt beter te presteren dan MML als weinig data gegeven is, zij het dat het

vers
hil vrijwel verwaarloosbaar is.

Deel III gaat over een onderwerp dat sle
hts indire
t aan MDL gerelateerd is: het

ontwikkelen van een theorie over gezond-verstand redeneren (`
ommon-sense reaso-

ning') over gebeurtenissen en veranderingen. Dit soort theorie

�

en wordt bestudeerd in

het `logi
istis
he' paradigma van de Kunstmatige Intelligentie. In dit paradigma pro-

beert men op wiskundige logi
a gebaseerde automatis
he redeneersystemen te ontwik-

kelen. Zulke systemen kunnen vervolgens worden toegepast in, bijvoorbeeld, robots.

Hoofdstuk 8 geeft een inleidend overzi
ht van dit soort redeneersystemen. Centrale vra-

gen in deel III zijn: hoe kunnen de sterke eigens
happen van bestaande redeneersyste-

men ge
ombineerd worden? Wat is de rol van 
ausaliteit in dit soort redeneersystemen?

En, hoe is de manier waarop deze systemen met onzekerheid omgaan gerelateerd aan

kansrekening en de MDL-interpretatie van kansverdelingen? Ter beantwoording van

deze vragen stellen wij (in hoofdstuk 9) een nieuw redeneersysteem voor, dat geba-

seerd is op het Beginsel van de Voldoende Oorzaak (`suÆ
ient 
ause prin
iple'). Dit

is onderdeel van een theorie over 
ausaliteit die is ontwikkeld voor statistis
he toe-

passingen, dus buiten het vakgebied van de kunstmatige intelligentie. We bewijzen

formeel (in hoofdstuk 10) dat ons redeneersysteem gezien kan worden als een gene-

ralisatie van enkele bestaande redeneersystemen (met name de systemen voorgesteld

door (1) M
Cain en Turner, (2) Lin en (3) Baral, Gelfond en Provetti). We laten zien

dat deze bestaande redeneersystemen vaak impli
iet gebruik maken van het suÆ
ient


ause prin
ipe. We laten ook zien dat zij problematis
h gedrag kunnen vertonen zodra

zij ervan afwijken. Hoofd
on
lusie van deel III is dat het suÆ
ient 
ause prin
ipe ons

toestaat om een groot deel van zowel de su

essen als de mislukkingen van bestaande

redeneersystemen te verklaren.

Het voorgestelde redeneersysteem maakt gebruik van niet-monotone logi
a. Deel

III eindigt met een Epiloog waarin een formeel verband gelegd wordt tussen aan de

ene kant deze niet-monotone logi
a en aan de andere kant probabilistis
he redeneer-

methoden. Er wordt een probabilistis
he semantiek voor eenvoudige vormen van niet-

monotoon redeneren gegeven. Er wordt betoogd dat de `kansen' die in deze semantiek

optreden volgens het MDL Prin
ipe ge

�

�nterpreteerd dienen te worden.
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