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Chapter 1

Introduction

In everyday life, we are confronted with visual information provided by

the environment. This visual information may originate from the scenes of

cities or forests, but also from television images, computer interfaces, and

many other natural or arti�cial sources. In general, we have no di�culties in

recognizing meaningful entities in the visual information we receive, and in

organizing it coherently. For example, when we look at an urban neighbor-

hood which we have never seen before, we perceive individual buildings and

separate them from each other even when they are continuously bounded

to each other. Also, in a natural environment, we easily perceive individual


owers, plants, or trees and discriminate them from each other even when

one is partially hidden by the other. Although this ability seems to be ef-

fortless and direct, it is far from trivial to understand, describe, and model

it.

An understanding of the human visual system would have a great impact

in various scienti�c and technological �elds. Besides its importance in the-

oretical study of the human mind, there is a growing practical interest in

computational models of the visual system. Such models are, for example,

essential for autonomous robots which receive visual information from the

environment via a camera and have to analyze real world situations, con-

struct hypotheses about objects in those situations, and interact with these

objects. Also, with the upcoming multimedia systems and image databases,

there is a great need for automatic systems that can analyze, classify, and

annotate images according to the way that humans perceive them.

A model of the human visual system is not only useful for analyzing im-

1



2 Chapter 1. Introduction

ages, but it can also be of great interest for graphical design and generation

of images for human use. In the �elds of information design and informa-

tion visualization the goal is to generate images that represent information

such that a human viewer can understand and extract this information by

looking at the images. This can only be the case when the image gener-

ator, either a human designer or an automatic image design system, has

an understanding of the human visual system to ensure that the generated

images will be perceived as intended.

In order to understand and model the human visual system, one should an-

alyze visual information as it is presented to human visual sensors (human

eyes) and describe how this information can be mapped into meaningful

entities for which we have names and which we can place in a conceptual

framework. We assume two steps in mapping visual information into mean-

ingful entities. The �rst step concerns the low-level structuring of visual

information. This step provides the constituent structure of visual infor-

mation, i.e. it determines: A) constituents of visual information and B)

how they are composed to build up larger wholes. In the second step, the

visual constituents resulting from the �rst step should then be interpreted

in some conceptual framework. The interpretation of visual constituents is

based on many factors such as reasoning and past experiences. It should be

noted that these two steps interact with each other: when the structured

visual information from the �rst step cannot be placed into a conceptual

framework coherently, the low-level structuring step should provide an al-

ternative constituent structure for the visual input.

In this thesis, we will concentrate on the �rst step of structuring visual

information and investigate the principles on the basis of which visual con-

stituents are composed to form larger wholes. However, we do not discuss

how primitive visual constituents are determined. In an ultimate theory,

these should probably be pixels, line-segments, and/or edges between con-

trastive areas. But for the moment we will avoid commitments about this

issue, by focusing on classes of pictures for which a particular type of higher-

level units may be assumed as primitives. What we focus on in this thesis is

the problem of gestalt perception: assuming a set of primitive elements, we

try to account for the phenomena that pictures built up of these elements are

perceived by humans as having a particular hierarchical constituent struc-

ture. In the study of gestalt perception primitive elements are assumed to

be composed and structured unconsciously and directly according to some
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innate principles that are believed to underlie the human visual system.

During the last century, there have been several formulations for these sug-

gested innate principles. We start with a recent formulation of the innate

principles of the human visual system and develop a mathematical model

for gestalt perception. We discuss various aspects of gestalt perception and

work out an application in which a model of human visual system is indis-

pensable.

The organization of this thesis is as follows. In chapter 2, we brie
y explain

the gestalt approach as originally formulated by Wertheimer and discuss the

construction rules that have been claimed to be based on the innate princi-

ples of the human visual system. Since Wertheimer, more fundamental and

general principles have been proposed. An overview of the development of

the gestalt tradition will be given. In particular, we will focus on the ap-

proach which was developed by Leeuwenberg. Leeuwenberg has proposed

a theory, called Structural Information Theory, where the notions of regu-

larity and complexity play essential roles. According to this theory, visual

information can be perceived as having di�erent structures, but the actually

perceived structure is the most regular one. The regularity of perceptual

structures is measured by the complexity of their descriptions: the more

regularities are captured by a description, the less complex it is. In this

way, Structural Information Theory claims that the preferred perceptual

structure of visual information is the simplest structure. Leeuwenberg and

Van der Helm have de�ned the notions of regularity and complexity in a

formally precise way. Based on these notions, they have proposed a coding

system to represent visual patterns and their perceptual structures. We

will criticize this coding system by showing that it is not powerful enough

to represent certain classes of visual information.

In chapter 3, we introduce formal coding languages consisting of expres-

sions which represent the perceptual structures of one- and two-dimensional

visual information. First, we consider one-dimensional string patterns. Ex-

amples of these patterns are aaabbb; abba; abcklm; rzkw; etc. Looking

at these string patterns, one can describe them in various ways. However,

people usually describe the �rst pattern as consisting of some a's followed

by some b's, the second pattern as consisting of ab followed by its mirror

image, the third pattern as consisting of abc and klm, and the last pattern

as consisting of the individual letters r; z; k; and w. Although the �rst

three string patterns can be described in the same way as the last string
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pattern, they are usually described in terms of larger chunks of subpatterns.

In order to represent these string patterns and their perceptual structures

in a formally precise way, an algebraic coding language is speci�ed. The

expressions of this coding language are quite similar to those proposed by

Leeuwenberg and Van der Helm. The di�erence is that we consider these

expressions as terms of an algebra while Leeuwenberg and Van der Helm

do not use such an algebraic framework.

We then continue by extending this algebraic coding language. The exten-

sion of this coding language is based on our intuition that the knowledge

and accessibility of some relations de�ned on constituents of perceptual pat-

terns in general, and string patterns in particular, in
uences the perceptual

structures of string patterns. For example, the fact that in the western

alphabet c is the successor of b which is in turn the successor of a and the

fact that m is the successor of l which is in turn the successor of k e�ects

the perception of the string pattern abcklm. As a result, the string pattern

abcklm is perceived as consisting of abc and klm.

Once a coding language for one-dimensional string patterns is speci�ed,

we proceed with studying two-dimensional visual patterns and discuss how

these patterns and their perceptual structures can be represented. In par-

ticular, we consider two-dimensional visual patterns in terms of visual at-

tribute values and claim that their perceptual structures can be described in

terms of regularities in visual attribute values. Subsequently, a coding lan-

guage for two-dimensional visual patterns is introduced. The expressions of

this coding language represent the perceptual structure of two-dimensional

visual patterns. The contribution of this chapter can be summarized as

the development of the algebraic framework and, more importantly, the

speci�cation of the coding language for a large class of two-dimensional vi-

sual patterns that could not be covered by the coding system proposed by

Leeuwenberg and Van der Helm.

In chapter 4, it is explained how the perceptual structure of two-dimensional

visual patterns as represented by the expressions of our coding language can

be computed. The computation of perceptual structures of two-dimensional

visual patterns is considered as a parsing process. We use the speci�cation

of the coding language to de�ne a set of parsing rules by means of which

possible structures of visual patterns can be analyzed. Following the termi-

nology of Leeuwenberg and Van der Helm, these parsing rules will be called

coding rules. In order to parse a two-dimensional visual pattern, we start

out with the unstructured representation of that visual pattern and proceed
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with applying the coding rules to it repeatedly. The repeated application of

coding rules to the unstructured representation of a two-dimensional visual

pattern results in structured representations of that visual pattern which

express possible perceptual structures of the parsed visual pattern. The

preferred perceptual structure of a two-dimensional visual pattern is deter-

mined by selecting the simplest of these structures.

Later in chapter 4, the computational complexity of the parsing process is

discussed. We show that the parsing process is deterministic but exponen-

tial in the size of the unstructured representation of the input patterns.

Finally, we discuss the proximity structure of two-dimensional visual pat-

terns. The proximity structure of two-dimensional visual patterns is a per-

ceptual grouping of visual elements such that relatively close visual elements

form one proximity cluster. In the coding system proposed by Leeuwenberg

and Van der Helm the proximity structure of visual patterns is disregarded.

In order to integrate the factor of proximity in our approach, existing cluster

methods can be used to determine the proximity clusters that are involved

in a two-dimensional visual pattern. The proximity clusters involved in

a pattern are then integrated in the initial representation of that pattern

which is the subject of the parsing process. Since the parsing process starts

with the proximity-based representation of a pattern, the resulting percep-

tual structures will express this proximity structure as well.

In most cases, visual patterns are perceived within a certain context. The

context may be other simultaneously present visual patterns, an application

in which visual patterns are used in a certain way, or the past experience

of the human viewer. In chapter 5, the possible e�ects of context on the

perceived structure of visual patterns will be discussed. We argue that a

visual pattern presented in a certain context may be perceived di�erently

than when the same pattern is perceived in isolation or in another context.

The context e�ect will be discussed for both one- and two-dimensional vi-

sual patterns. To illustrate this e�ect, we consider proportional analogies

containing one- and two-dimensional visual patterns. A proportional anal-

ogy consists of four perceptual patterns (elements) and follows the scheme

that can be represented as: A is to B as C is to D, where A;B;C; and

D are perceptual patterns. In particular, we consider proportional analogy

as the context for the perceptual patterns involved. This context requires

that A is related to B in the same way as C is related to D.

An example of proportional analogy that consists of one-dimensional string

patterns is \abccba is to ppqrpp as abccccba is to ppqrqrpp". The analogical



6 Chapter 1. Introduction

relation posited between the string patterns is a context which e�ects the

perceptual structures of these string patterns. In this example, the �rst

string pattern in isolation may be perceived as consisting of two mirroring

string patterns: abc and cba. However, because of the context e�ect which

is created by the analogical relation, the string pattern abccba will be per-

ceived as consisting of three string patterns: ab, cc, and ba; other perceptual

structures do not satisfy the requirement imposed by the context of pro-

portional analogy. We elaborate on proportional analogies and propose an

algebraic model for them. In this model, the preferred perceptual structure

of visual patterns in the context of proportional analogy can be determined.

As we have noticed at the beginning of this introduction, a model of the hu-

man visual system is not only interesting for analyzing visual input (images)

to determine their perceptual structures, but it is also essential in generat-

ing visual output (images) for human use. For example, visual images like

bar-charts, pie-charts, graphs, maps, etc. are used to represent and com-

municate information. In generating images for this purpose, one should in

fact design them in such a way that the desired information can easily be

perceived by human viewers. In order to guarantee that the human viewer

correctly perceives the represented information, a model of the human vi-

sual system is necessary. In chapter 6, we concentrate on data visualization

and de�ne it as the inverse of the interpretation of visual patterns. Since

the interpretation process of visual patterns includes the process of visual

perception, data visualization should involve the inverse process of visual

perception. In this way, the model of the human visual system is used to

generate images instead of parsing them.

In visualizing data, quantitative and qualitative relations can be repre-

sented by means of di�erent visual attributes like position, color, size, shape,

texture, etc. These attributes may induce quantitative and qualitative per-

ceivable relations among visual elements. For example, visual elements that

have di�erent saturation values but the same hue value, like di�erent satu-

rations of blue, are perceived as being in an ordinal relation (a qualitative

relation), i.e. one perceives that a visual element is more saturated than

another one. This ordinal relation can be used to represent a data relation

like the older-than relation. In fact, the core idea of data visualization is to

use these perceivable relations to represent data relations. We will study

various visual attributes and discuss the perceivable relations that they may

induce on visual elements. These visual relations di�er from constituent re-

lations (gestalts) since they do not represent grouping of visual elements,
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but some quantitative or qualitative visual relations among them. In this

way, this chapter covers a broader class of perceptual relations than it was

covered in previous chapters.

Furthermore, it will be shown that certain data may be represented in

various ways by di�erent images, but only some of these images represent

the data e�ectively. We argue that the e�ectivity of visual representations

is partially related to the structural matching between data structure on

the one hand and perceptual structure of representing images on the other

hand. This view of e�ective data visualization will then be modeled in an

algebraic framework.





Chapter 2

Gestalt Perception and Structural

Information Theory

Human sensory systems acquire information from the surrounding envi-

ronment and transform it into experiences and understanding of the en-

vironment. This process of transforming sensory inputs into structured

experiences is called perception. In particular, perception can be consid-

ered as a parsing process by which a stimulus pattern is transformed into a

structured representation of that pattern. In the following chapters of this

thesis, we develop a formal model of visual gestalt perception which takes

its point of departure in Leeuwenberg's Structural Information Theory. In

this chapter, we brie
y explain this theory and its background.

2.1 Gestalt Tradition

The gestalt tradition was initiated by Wertheimer. He observed that, al-

though our environment can theoretically be interpreted as being composed

of arbitrary elements, we experience it usually as being composed of cer-

tain elements within certain arrangements: "When we are presented with a

number of stimuli we do not as a rule experience "a number" of individual

things, this one and that and that. Instead larger wholes separated from

and related to one another are given in experience; their arrangement and

division are concrete and de�nite" [Wer23]. Wertheimer demonstrated his

idea by an experiment in which subjects look at two light spots which are


ashed on and o� alternately. For a certain time-interval between 
ashes,

a motion is perceived which is in fact not there. The factual or physical

9



10 Chapter 2. Gestalt Perception and Structural Information Theory

constituents, which are two light spots, are not perceived.

Another example is illustrated by the visual pattern in Figure 2.1-A.

BA C

Figure 2.1: Pattern A may have di�erent organizations like those given in

B and C.

This pattern can be described as having di�erent organizations as shown

in Figure 2.1-B and 2.1-C. However, the perceived organization and there-

fore the preferred perceptual description of the pattern is the one shown in

2.1-B which implies that the pattern 2.1-A is perceived as consisting of two

squares rather than two L-formed shapes.

The idea of Wertheimer has led to a psychological school, known as the

Gestalt school, with the well-known slogan: the whole is more than the sum

of its parts. An important agenda of the Gestalt research was to de�ne

the laws that explain the relation between patterns and their perceptual

organizations. Wertheimer [Wer23] proposed a number of laws, known as

proximity, similarity, constant direction (or continuity), closure and habit

(or past experience).

The law of proximity states that elements which are positioned close to-

gether tend to be perceived as members of one perceptual group. For ex-

ample, in Figure 2.2 the spatial distribution of the dots results in three

perceptual groups of dots.

Figure 2.2: The law of Proximity.
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The law of similarity states that similar elements tend to be perceived as

forming one perceptual group. For example, in Figure 2.3 the pairs of cir-

cles and the pairs of black dots are perceived as perceptual groups.

Figure 2.3: The law of Similarity.

The law of constant direction or continuity states that a line or a linear

arrangement of elements is supposed to change its direction in a continuous

fashion. In the dot-based pattern in Figure 2.4-A, the continuous change

of direction, which is induced by the position of successive dots from left to

right, is schematically illustrated.

A B

Figure 2.4: The law of Constant Direction.

The continuous change of direction between dots from left to right results

in two groups of dots each of which forms a curve. One other example of

the continuity law is illustrated by the pattern in Figure 2.4-B. In this

pattern, theoretically four curves meet at one point. Although there may

be four basic curves in this �gure, only two speci�c intersecting curves are

perceived. Each of these two intersecting curves consists of two basic curves

that follow each other continuously.

The law of closure implies that self-enclosed subpatterns, like closed curves,

determine which elements are grouped or related to each other. For exam-

ple, in Figure 2.5 the three enclosed shapes, shown in 2.5-B, determine the

perceptual organization of the pattern shown in 2.5-A.
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A B C

Figure 2.5: The law of Closure.

In contrast, the alternative grouping structure, shown in 2.5-C, is not the

perceived organization of the pattern shown in 2.5-A.

Finally, the last law is concerned with the in
uence of habits and past ex-

periences. This law implies that patterns are interpreted as consisting of a

certain set of elements which have occurred in the past and thus are well

known to the human perceiver. For example, the experience with a written

language, like Arabic script, in
uences the perception of character groups

that form the words of that script. For a person who is not familiar with

such a script the grouping of characters is not de�nite such that di�erent

perceptual groupings of characters can be perceived.

When we want to analyze a particular pattern, the di�erent gestalt laws

may either support each other by predicting the same perceptual organiza-

tion of a pattern, or they may be in con
ict with each other in the sense

that di�erent laws predict di�erent perceptual organizations of a pattern.

For example, for the pattern shown in Figure 2.3 di�erent gestalt laws such

as proximity and similarity predict di�erent perceptual organizations. For

this pattern, the law of similarity clearly has a stronger e�ect than the law

of proximity: the similarity-based grouping wins over the proximity-based

grouping. One might think that there would be a strength ordering rela-

tion among di�erent gestalt laws such that the perceptual organization of

patterns can be determined unambiguously by the gestalt laws and their

mutual strength ordering. However, such a simple ordering cannot be de-

�ned. For example, consider the pattern shown in Figure 2.6.

In this pattern, the similarity law loses its dominance from the proximity

law since the spatial distance of non-similar elements is small enough. Al-

though Wertheimer emphasizes the interaction between the various laws,

he does not propose a model that may describe it.
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Figure 2.6: The proximity law, and not the similarity law, dominates the

perceptual grouping.

Ko�ka [Kof35] tried to account for the interaction between the various

gestalt laws. He claimed that the gestalt laws introduced by Wertheimer,

do not re
ect the basic principles of human perception. Instead, he postu-

lates only one principle Pr�agnanz : simplicity or regularity. When di�erent

prioritizations of the gestalt laws assign di�erent structures to a pattern,

the law of Pr�agnanz predicts that the simplest or the most regular of these

structures is the one that is actually perceived.

However, as Van der Helm and Leeuwenberg [VdHL91] have noticed, the

formulation of the Pr�agnanz law neither states what kind of pattern descrip-

tions should be generated, nor does it provide a measure which determines

the simplicity or the regularity of pattern descriptions. Leeuwenberg and

Van der Helm have attempted to answer these questions by proposing a

coding language together with a complexity measure. The coding language

is supposed to generate all possible structural descriptions of patterns. A

pattern may then have various structural descriptions, each of which re
ects

a possible organization of that pattern. The complexity measure is then

used to select the preferred perceptual organization of a pattern among all

its possible organizations.

2.2 Structural Information Theory

The language and the complexity measure proposed by Leeuwenberg and

Van der Helm [Lee71, VdHL91] is based on a theory of pattern perception

called Structural Information Theory, henceforth SIT. The aim of SIT is

to explain why patterns are perceived as they are, i.e. why a pattern is

perceived as having a certain structure and not a di�erent one. The ex-

planation is based on the assumption that the human perceptual system is

sensitive to certain kinds of structural regularities of patterns. A structural
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regularity of a pattern is a certain hierarchical arrangement of identical

pattern parts. For example, the regularity of the string pattern abab may

be de�ned in terms of the identity of the �rst and the third a's, the second

and the fourth b's, and the identity of the �rst and the second substrings

ab's. Note that these identities are in a hierarchical structure such that the

identities of the substrings ab's at a higher hierarchical level implies the

identities of the a's and the b's at a lower hierarchical level.

According to SIT, only certain kinds of structural regularities are perceptu-

ally relevant. These structural regularities, which determine the perceptual

organizations or gestalts of patterns, can be speci�ed by means of a set

of operators, which are conjectured to re
ect innate principles of mental

representation. These operators are called ISA operators which stands for

Iteration, Symmetry and Alternation operators.

A pattern can be parsed or encoded into di�erent descriptions by means of

ISA operators. The resulting descriptions express di�erent gestalts of the

encoded pattern. In order to disambiguate the set of alternative gestalts

and to decide on the preferred perceptual description of the pattern, a

complexity measure is introduced. The complexity measure is de�ned on

pattern descriptions and it indicates the lack of perceptual regularity within

a pattern: the lowest complexity value corresponds to the largest number

of perceptually motivated regularities. It is claimed that the description

of a pattern with the minimum complexity value describes the pattern in

the most simple and cognitively economical way, i.e. the description with

the minimum complexity value captures the maximum amount of regularity

within the pattern and therefore expresses the preferred perceptual struc-

ture of the pattern. The idea that the simplest description of a pattern

expresses the preferred perceptual structure of that pattern is called the

simplicity principle.

In this way, SIT relates descriptive simplicity (i.e. simplicity of pattern

descriptions) to phenomenal simplicity (i.e. simplicity of perceptual orga-

nizations). This distinguishes SIT from some description coding theories

where any kind of pattern regularity is potentially used to encode patterns

in the most compact way without claiming that the resulting codes express

any phenomenal simplicity of the encoded patterns. For example, in com-

puter technology compression systems reduce the amount of bits needed to

store or memorize binary data. These compression systems employ various

kinds of regularities of the binary data, but do not involve a claim that the
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simpler or the more compressed codes re
ect meaningful structures of the

encoded data. SIT di�ers from these kinds of description coding theories

in that it is de�ned on the basis of empirically motivated compression op-

erators (ISA operators) and a speci�c complexity measure.

The set of ISA operators and the complexity measure, originally proposed

in [Lee71], has undergone several revisions until [VdHL91] where Van der

Helm and Leeuwenberg put the ISA operators and the complexity measure

on a formal and psychological basis. They introduced a criterion called ac-

cessibility which implies that the regularity and hierarchy induced by ISA

operators in the preferred description of patterns correspond directly to the

perceived regularity and hierarchy of patterns. The accessibility criterion

is based on a formal analysis of regularity and hierarchy and it is used to

justify the complexity measure and the perceptual relevance of regularities

that are speci�ed by the ISA operators.

During the last 20 years, Leeuwenberg and his co-workers have reported

on a number of experiments that tested predictions based on the simplicity

principle. These experiments were concerned with the disambiguation of

ambiguous patterns. The predictions of the simplicity principle were, on

the whole, con�rmed by these experiments [Bos88, BW89, BLR81, VLB89,

VLBVdV88].

2.2.1 A Coding System for SIT

Although Structural Information Theory is intended as a general theory of

pattern perception, the coding system which is introduced to represent pat-

terns and their perceptual structures is in fact designed for one-dimensional

sequential patterns such as character strings. For this class of patterns, the

coding system speci�es a set of coding rules that are motivated by the ISA

operators. These coding rules are used to parse one-dimensional patterns

and generate their perceptual descriptions. These rules are called Iteration,

Symmetry, Right-Alternation and Left-Alternation and they are de�ned in

the following way.
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Let X be a symbol sequence and n be an integer. The �rst coding rule is

based on the iteration operator and it is speci�ed as:

XX : : :X ! n ? (X),

i.e. a sequence XX : : :X consisting of n occurrences of a symbol sequence

X can be replaced by n � (X).

Let Y;X

1

; : : : ; X

n

be symbol sequences. The second coding rule is based on

the symmetry operator and it is speci�ed as:

X

1

X

2

: : :X

n

Y X

n

: : :X

2

X

1

! S[(X

1

)(X

2

) : : : (X

n

); (Y )],

i.e. a sequence X

1

X

2

: : :X

n

Y X

n

: : :X

2

X

1

in which symbol sequences

X

1

X

2

: : :X

n

and X

n

: : :X

2

X

1

on both sides of the symbol sequence Y are

re
ections of each other, is replaced by S[(X

1

)(X

2

) : : : (X

n

); (Y )].

Let X; Y

1

; : : : ; Y

n

be symbol sequences. The third coding rule is based

on the right alternation operator and it is speci�ed as:

XY

1

XY

2

: : :XY

n

!< (X) > = < (Y

1

)(Y

2

) : : : (Y

n

) >,

i.e. a sequence in which a symbol sequence X (the left-most symbol se-

quence) is alternated by the symbol sequences Y

1

; : : : ; Y

n

is replaced by

< (X) > = < (Y

1

)(Y

2

) : : : (Y

n

) >.

Let X; Y

1

; : : : ; Y

n

be symbol sequences. The fourth coding rule is based

on the left alternation operator and it is speci�ed as:

Y

1

XY

2

X : : : Y

n

X !< (Y

1

)(Y

2

) : : : (Y

n

) > = < (X) >,

i.e. a sequence in which a symbol sequence X (the right-most symbol se-

quence) is alternated by the symbol sequences Y

1

; : : : ; Y

n

is replaced by

< (Y

1

)(Y

2

) : : : (Y

n

) > = < (X) >.

The following examples illustrate the application of these rules to sequential

patterns.

Iteration rules: aaa ! 3 ? (a)

Symmetry rule: abcbca ! S[(a)(bc); ()]

Right-Alternation rule: abacdaefg ! < (a) > = < (b)(cd)(efg) >

In a symmetrical pattern, there may be a pivot element (odd symmetry) or

not (even symmetry). These two cases are covered by the symmetry rule,

because the second argument of the symmetry operator, which stands for

a pivot element, may be an empty or a non-empty element. For example,

S[(a); (b)] corresponds with the pattern aba in which b is the pivot element
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while S[(a)(b); ()] corresponds with the pattern abba where a pivot element

is absent.

The parentheses that occur in the arguments of ISA operators express the

constituents, called units, of ISA arguments. In fact, the ISA operators are

de�ned in terms of constituents of patterns, which are not necessarily prim-

itive elements. For example, in S[(a)(bc); ()] the elements b and c together

are considered as one constituent of the �rst argument of the symmetry op-

erator. Therefore, S[(a)(bc); ()] and S[(a)(b)(c); ()] correspond respectively

to abcbca and abccba which are two di�erent symmetrical patterns. In the

�rst symmetry (non-mirror symmetry), two primitive elements are consid-

ered as one unit while in the second symmetry (mirror symmetry) each

primitive element is considered as one unit. In the following, parentheses

are not used when units are only primitive elements. So, for example we

will write S[abc; ()] instead of S[(a)(b)(c); ()].

The expressions resulting from applications of ISA rules to patterns are

called ISA forms. When an ISA coding rule is not applicable to a pattern

as a whole, that pattern can be divided into several subpatterns such that

coding rules can be applied to the resulted subpatterns. These subpatterns

will be called chunks. For example, the pattern abcbcaefef may be ana-

lyzed as S[(a)(bc); ()] 2 � (ef) which means that the pattern is divided into

two chunks, i.e. S[(a)(bc); ()] and 2 � (ef).

Furthermore, the ISA rules can be applied recursively to patterns; the argu-

ments of an ISA operator are themselves patterns. The recursive application

of coding rules to patterns results in an embedding structure of patterns.

The embedding structure of a pattern is claimed to represent the perceived

hierarchical organization of that pattern. For example, a possible chunking

and an embedding structure of the pattern aabbccccbbaa may be speci�ed

in the following way. At the �rst hierarchical level, the whole pattern can

be analyzed by the symmetry rule and thus it can be considered as one

chunk:

aabbccccbbaa! S[aabbcc; ()].

The argument of the symmetry operator (i.e. aabbcc) is itself a pattern

which can be analyzed further. The structure of this argument determines

the chunks at the next lower embedding level. Because the pattern aabbcc



18 Chapter 2. Gestalt Perception and Structural Information Theory

cannot be analyzed by one ISA operator, it is divided into three chunks.

Thus, at the second embedding level the pattern can be analyzed as three

chunks, i.e.

aabbcc! 2 � (a) 2 � (b) 2 � (c).

Consequently, the complete embedded description of the pattern

aabbccccbbaa is as follows:

S[2 � (a) 2 � (b) 2 � (c); ()]

The recursive application of ISA rules to patterns encodes pattern regular-

ities and therefore it reduces the number of primitive elements in pattern

descriptions. When no ISA rule is applicable to a pattern, i.e. when no

further reduction is possible, the resulted pattern description is assumed

to possess no regularity anymore. The resulting structured code is called a

�nal code. Because of the application of di�erent sequences of ISA rules to

a pattern, di�erent �nal codes for that pattern may result. These di�erent

�nal codes express di�erent gestalts of the encoded pattern. For example,

abS[ab; ()] and 2 � (ab)ba express di�erent gestalts of the pattern ababba.

In order to decide on the preferred gestalts of patterns, a complexity mea-

sure, called information load (I), is introduced. Information load is de�ned

on �nal codes of patterns and it measures the complexity of �nal codes by

computing and adding two quantities. The �rst quantity is the number of

occurrences of primitive elements in the �nal code, and the second quantity

is the number of occurrences of units that contain more than one primi-

tive element in the �nal code. For example, the pattern abcddcab may be

described as S[(ab)(c)(d); ()]; this �nal code contains 4 primitive elements

a; b; c and d and there is one unit (ab) that contains more than one ele-

ment. Therefore, the information load of the description S[(ab)(c)(d); ()] is

4+1 = 5. Similarly, the pattern abcdcdabmay be described as S[(ab)(cd); ()]

which has four primitive elements and two units that contain more than

one element: (ab) and (cd). The information load of this description is 6.

Note that the united elements need not be primitive elements. For example,

the pattern fabccabeabccabef may be analyzed as

S[(f)(S[(ab)(c); ()](e)); ()]

in which the non-primitive element S[(ab)(c); ()] forms one unit together

with (e). In this description, there are �ve primitive elements and two
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units that contain more than one element: (ab) and (S[(ab)(c); ()](e)). The

information load for this description is then 7. The detailed de�nition and

the calculation of this complexity measure is explained in [VdH94].

The information load provides a measure for ordering the �nal codes of

a pattern. A �nal code of a pattern which has the lowest information load

is called a minimum code of that pattern. If there exists a unique minimum

code for a pattern, the minimum code is considered as the preferred per-

ceptual description of that pattern. For example, aS[(b); (a)] and 2 � (ab),

which are two possible �nal codes of the pattern abab, have information

loads 3 and 2, respectively. Therefore, the �nal code 2 � (ab) is preferred

over the �nal code aS[(b); (a)].

A pattern may lead to di�erent �nal codes that have the same informa-

tion load; i.e. there may be more than one minimum code for a pattern.

In that case, there is no unique preferred description that can be assigned

to such a pattern. A pattern that has di�erent �nal codes with the same

information load is an ambiguous pattern: the pattern has no de�nite per-

ceptual structure. The following example illustrates an ambiguous pattern:

ababba $ 2 � (ab)ba with I = 4

ababba $ abS[ab; ()] with I = 4

In summary, the explicit claim of SIT is that the preferred description of a

pattern is the simplest. In this way, Structural Information Theory formal-

izes one aspect of the Pr�agnanz notion of gestalt psychology, viz. descriptive

economy; the information load of what is actually perceived is lower than

the information load of what could have been perceived alternatively.

2.2.2 A Partial Computational Model of SIT

One problem with Structural Information Theory has been the claim that

SIT is computational intractable. Algorithms for calculating the simplest

structural descriptions were thought to involve a combinatorial explosion.

However, Van der Helm and Leeuwenberg [VdHL86] present a polynomial

algorithm which computes the preferred perceptual description of sequen-

tial patterns.

Starting with a sequential pattern, the �rst step in this algorithm is the



20 Chapter 2. Gestalt Perception and Structural Information Theory

construction of a directed acyclic graph for that pattern. The nodes in

this graph are the positions between elements in the pattern. Two special

nodes, the Start-node and the Final-node, represent the beginning and the

end of the pattern, respectively. A link in the graph that points from node

A to node B corresponds to a contiguous subpattern starting at position

A and ending at position B of the pattern. Note that such a constructed

graph for a sequential pattern represents all possible subpatterns of that

pattern.

Subsequently, for each subpattern which corresponds to a link of the graph,

the best way to describe that subpattern by just one ISA operator is recur-

sively determined. This results a new graph in which each link is labeled

with an ISA code describing the preferred organization of the subpattern

associated with that link. Moreover, each link has a length which is equal

to the information load of its corresponding ISA code.

For example, the acyclic graph illustrated in Figure 2.7-A represents all pos-

sible subpatterns of string pattern abab. The determination of ISA codes

for each subpattern results in the graph illustrated in Figure 2.7-B.
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Figure 2.7: The graph represents all possible subpatterns of pattern abab

(A). The graph in which all subpatterns are described by one ISA code (B).

In the graph, several paths start at the Start-node and end at the Final-

node. These paths represent all possible �nal codes, i.e. di�erent perceptual

chunkings of the original pattern. Each path has a length which is the sum

of the lengths of the links that constitute that path.

The second step in this algorithm simpli�es the graph. This is done by

removing the links that represent a subpattern with a length longer than

1 that cannot be analyzed by the ISA rules, i.e. the links that contain
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more than one element and are not covered by one ISA code. Those links

can be disregarded because equivalent paths with shorter or equal length

remain. Notice that links corresponding to only one element (length 1) are

not removed such that reduced graphs contain always paths which have the

maximum complexities.

The reduced and the original graphs of a pattern are then equivalent with

respect to the set of alternative organizations that can be generated for

that pattern, i.e. all structurally non-identical paths of the original graph

(non-identical organizations of the pattern) will occur in the reduced graph

as well. For example, the original and the reduced graphs corresponding to

pattern abab are given in Figure 2.8-A and Figure 2.8-B, respectively. Each

path starting from the Start-node and ending in the Final-node corresponds

to a di�erent �nal code.
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Figure 2.8: The graph representation for pattern abab (A) and its reduced

version (B).

The problem of calculating the minimum code can now be replaced by cal-

culating the shortest path in the graph, using the shortest path algorithm

introduced by Dijkstra [Dij59]. Notice that a shorter path does not mean

a path with a smaller number of links. For example, consider the pattern

abaccefe. Among others, there are two paths representing two di�erent

organizations of that pattern as they are shown in Figure 2.9.

The path with three links has the shortest length, equal to 5, while the

path with two links has a length equal to 6. Therefore the path with three

links indicates the preferred organization of the pattern.
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<(c)(f)>/<(e)><(a)>/<(b)(c)>

2*(c)

S[(a),(b)] S[(e
),(f

)]

Figure 2.9: The shortest path does not have the lowest number of links.

A graph corresponding to a �nal code speci�es a chunking at the highest

organizational level. Therefore, the approach envisages a recursive struc-

ture between graphs. For example, the preferable path corresponding to

aabbccaabbcc will be one single link representing one chunk, i.e. 2� (aabbcc)

while the preferable path corresponding to aabbcc will be a path containing

three links representing three chunks 2 � (a), 2 � (b) and 2 � (c), respec-

tively. The recursive structure of graphs is thought to represent all possible

hierarchical organizations of the represented patterns.

2.3 Limitations of SIT

A fundamental assumption of SIT is what may be called the encoding hy-

pothesis. According to this hypothesis, perceptual patterns can be encoded

as one-dimensional string patterns such that the regularities of the encod-

ing string patterns re
ect the perceptual regularities of their corresponding

encoded patterns. The perceptual structure of patterns is thus assumed to

be invariant under the encoding process. The encoding string patterns are

called primitive codes. The perceptual regularities of these encoding string

patterns are determined as we explained in the previous section.

SIT is presented as a general theory of pattern perception and it is ap-

plied to various domains of perceptual patterns [Lee71]. In each of these

domains the perceptual patterns are encoded as sequences of discrete sym-

bols. For example, monophonic music consisting of an uninterrupted se-

quence of tones of equal durations is encoded as a sequence of numbers rep-

resenting pitches; an uninterrupted two-dimensional line pattern consisting

of connected line segments is encoded as a sequence of letters representing

lengths of line segments and the angles between them. When line segments

are interrupted and thus are not connected to each other, an \invisibility

operator" is applied to generate invisible line segments between them. For
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three-dimensional line patterns the angles are enriched with three dimen-

sional directions.

However, SIT is mainly applied to uninterrupted two-dimensional line pat-

terns consisting of straight-line segments (turtle graphics). A primitive

code for such a visual line pattern is constructed by choosing an appropri-

ate starting point and tracing the line segments and concatenating symbols

that are assigned to the successive lengths and their relative angles. An

example of such an encoding is illustrated in Figure 2.10.
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Figure 2.10: Encoding of a line pattern into a string pattern.

We have our doubts about the encoding hypotheses of SIT. In Structural

Information Theory and in its �rst computational model [VdHL86], where

the ISA reduction process is partially implemented, the subjects of anal-

ysis are primitive codes (string patterns) instead of visual line patterns.

However, the step needed to encode an arbitrary visual line pattern into a

primitive code is not a trivial step. In fact, given an arbitrary visual line

pattern, several primitive codes may be possible. Each of these primitive

codes may result in a di�erent set of gestalts. For example, a visual line

pattern in which lines cross each other can be considered as a graph such

that each possible path in that graph represents a possible primitive code.

In Figure 2.11, tracing line segments along di�erent paths results in two

di�erent primitive codes.

It is important to note that di�erent primitive codes of a visual line pat-

tern do not necessarily provide the same set of gestalts of that pattern. For

this reason, a primitive code of a visual line pattern may not provide the

actual perceived gestalt of the pattern, i.e. the minimum code computed

from a primitive code of a visual line pattern represents a gestalt which is
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not the preferred gestalt of that pattern. This implies that a wrong choice

of primitive code results in a wrong prediction of preferred gestalt. In or-

der to illustrate this phenomenon, consider again the two primitive codes

in Figures 2.11-A and 2.11-B. The primitive code in Figure 2.11-A does

not provide the preferred gestalt that describes the visual line pattern as

consisting of one straight-line and one triangle, while the second primitive

code in Figure 2.11-B does provide such a gestalt.
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Figure 2.11: Two possible encodings of one line pattern.

Thus, the process of �nding an appropriate primitive code for an arbitrary

visual line pattern is not a trivial process. The fact that this process is done

by hand in the Leeuwenberg tradition and is not included in the algorithm

is an essential limitation.

One other related problem concerns the de�nition and the computation

of perceptual regularities. Perceptual regularities are de�ned on and ap-

plied to primitive codes, which are one-dimensional string patterns. For

example, the alternation regularity is de�ned as di�erent occurrences of a

substring that are alternated by other substrings within a sequential order.

It is however by no means clear how this theory can be applied to visual

patterns that consist of unconnected visual elements utilizing all kinds of

visual attributes.
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Because of these two problems (i.e. the problem that patterns have no

unique primitive code and the problem that regularities are only for one-

dimensional patterns), the domain of visual patterns that can be properly

analyzed by SIT is limited to those line patterns for which only one prim-

itive code is plausible. These restrictions result in a class of line patterns

which we will call linear line patterns. Linear line patterns are turtle line

drawings for which the turtle starts somewhere and moves in such a way

that the line segments are connected and do not cross each other. In Figure

2.12, some examples of such patterns are shown.

Figure 2.12: Examples of linear line patterns.

Finally, a serious shortcoming of SIT concerns the limited range of per-

ceptual structures that it covers. In particular, there are two important

sorts of perceptual structures that are not covered by SIT. The �rst sort

of structures can be characterized as those that are based on regularity of

di�erent visual or spatial attributes of visual elements, and the second sort

of structures are those that constitute the proximity gestalts.

In SIT, the perceptual grouping of pattern elements is determined by the

ISA reduction rules that are de�ned in terms of the equality of pattern ele-

ments. However, in SIT the equality of visual elements is de�ned in terms

of equality of all attribute values except the position value: two visual ele-

ments are equal if and only if they are equal in all attribute values except

the position value. Thus, two visual elements that di�er from each other

according to an attribute value, other than the position value, cannot be

considered as equal and therefore they cannot form one perceptual group.

It may be clear that this is a serious limitation since visual elements in

Figure 2.13 with di�erent shapes but equal texture values form de�nitely

one perceptual group. Therefore, a proper coding system should allow per-

ceptual grouping based on di�erent attributes.
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Figure 2.13: Visual elements with di�erent shape values but equal texture

value form one group.

Moreover, SIT covers only structural regularities like symmetry and iter-

ation in terms of which some gestalt phenomena like good continuation,

foreground/background, etc. can be explained. However, the in
uence

of proximity is not covered. The proximity-based gestalt of a pattern is

a perceptual grouping of its constitutive pattern elements which is deter-

mined based on relative distances between those pattern elements: rela-

tively close elements tend to be perceptually grouped. Thus, according to

the proximity-based gestalt the neighboring elements can be grouped such

that the local organizations will be detected before the global ones are con-

structed. For example, consider the pattern shown in Figure 2.14.
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Figure 2.14: Relatively close visual elements form one group.

This pattern consists of a number of visual elements that do not constitute

any structural regularity by means of any attribute. Although the involved

visual elements do not constitute any structural regularity, the pattern is

not perceived as having a random structure, but it is perceived as having

a certain grouping structure.

Proximity-based gestalts di�er from structural gestalts since they cannot

be selected by means of reduction of information complexity. In other

words, proximity-based gestalts do not reduce information needed to de-

scribe patterns. Therefore, the information complexity resulting from the

proximity-based gestalt of a pattern may be equal to the information com-
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plexity resulting from a structural gestalt which describes that pattern as

having a random grouping structure. In fact, none of these two gestalts

reduce the amount of information needed to describe that pattern.

Thus, it may be the case that the proximity-based gestalt of a pattern wins

from its preferred structural gestalt while the �rst gestalt has a higher in-

formation complexity than the second gestalt. In order to illustrate this

point, consider the pattern in Figure 2.15-A. This pattern shows a situa-

tion in which the proximity-based analysis (3 pairs of circles and two single

circles, Figure 2.15-B) wins from the structural-based analysis (4 pairs of

circles, Figure 2.15-C) while the �rst analysis results a higher complexity

value (complexity = 2) than the second analysis does (complexity = 1).

Therefore, the preferred gestalt of patterns, among all possible structural-

and proximity-based gestalts, cannot be determined by measuring only the

information complexity.

C

B

A

Figure 2.15: The proximity (B) and the structural (A) analysis of the pat-

tern (A).

One may think that the structural regularities must either occur within

one proximity group or between two or more proximity groups. For exam-

ple, consider the patterns in Figure 2.16. In these patterns, the structural

regularities are either within a proximity group or between two or more

proximity groups.

Unfortunately, this heuristic is not quite valid since there are patterns which

tend to be perceived as having structural gestalts constituted by proper sub-

sets of elements from di�erent proximity groups. However, the perceptual



28 Chapter 2. Gestalt Perception and Structural Information Theory

Figure 2.16: The interaction between proximity and structural analyses.

preference of these structural gestalts depends on the relative number of el-

ements from the involved proximity groups that constitute these structural

gestalts. In fact, if the number of elements from proximity groups that con-

stitute a structural regularity becomes lower than the number of elements

(from the same proximity groups) that do not constitute that structural

regularity, then the structural regularity loses its perceptual preference.

This phenomena is sometimes called the goodness of structural regularities

or the goodness of gestalts. For example, consider the patterns illustrated

in Figure 2.17.

The patterns in Figures 2.17-A and 2.17-C have symmetry and iteration reg-

ularities, respectively. However, although the patterns illustrated in Figure

2.17-B and 2.17-D can be perceived as having similar structural regulari-

ties as those illustrated in 2.17-A and 2.17-C respectively, the perception of

their regularities are not as good as in 2.17-A and 2.17-C.

Notice that in these patterns the proximity e�ect is responsible for the good-

ness of structural regularities. For example, consider the in
uence of the

proximity e�ect in the pattern 2.17-D. The perception of the two groups of

four dots, which have the form of two rectangles say X and Y , is disturbed

by the proximity e�ect that is caused by the two closely positioned dots.

In order to perceive either X or Y , one need to perceive only one of these



2.3. Limitations of SIT 29

A B

DC

Figure 2.17: The proximity factor e�ects the goodness of patterns.

two dots. However, to perceive X or Y , the proximity e�ect enforces the

perception of the second dot as well. This means that X or Y must be per-

ceived from a group of �ve dots such that the goodness of their perceptions

is decreased. We will not focus on the goodness of structural regularities

but we note that any disturbance in regularities oppresses the goodness of

perception of those regularities.

Although Structural Information Theory neither discusses the proximity

gestalt nor claims to cover it, one may suggest that the proximity gestalt,

like structural gestalts, can be explained by means of the minimum prin-

ciple. According to this suggestion, proximity gestalts are pattern descrip-

tions which describe patterns in terms of groups of pattern elements rather

than in terms of individual pattern elements. In this way, it is assumed

that human perceiver does not perceive individual elements of patterns but

only groups of them. The information needed to describe a pattern is then

the information of groups of elements of that pattern rather than the in-

formation of its individual elements. Since there are always fewer groups

of elements than individual elements in a pattern, proximity gestalts can

be considered as pattern descriptions which reduce the amount of informa-

tion needed to describe patterns. However, this suggestion implies some

abstraction of pattern descriptions to which the minimum principle should

be applied. Without proposing an abstraction of pattern descriptions, we

will introduce in chapter 4 a method which accounts for the interaction of

structural and proximity gestalts.
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In the next chapter, various coding systems are presented. First, we intro-

duce coding systems that are designed to represent one-dimensional string

patterns and their possible gestalts. Then, we introduce coding systems

that are designed to represent two-dimensional visual patterns and their

possible gestalts. The gestalts of two-dimensional visual patterns are de-

�ned in terms of visual and spatial attributes. In this coding system, there

is no need to translate visual patterns �rst into one-dimensional string pat-

terns and then compute their gestalts.



Chapter 3

Coding Languages for Gestalts of

Patterns

In the previous chapter, we discussed the Structural Information Theory

(SIT) which is a general predictive theory of pattern perception, i.e. a the-

ory that predicts the preferred gestalts of perceptual patterns. We argued

that the proposed coding system of SIT [VdHL91], which was designed to

represent possible gestalts of perceptual patterns, can only represent the

gestalts of string patterns and the gestalts of a small subclass of line pat-

terns. In particular, we showed that the proposed coding system is not

powerful enough to represent the gestalts of important classes of percep-

tual patterns like the class of two-dimensional visual patterns.

In this chapter, we introduce various algebraic coding languages. Each

coding language consists of algebraic expressions that represent possible

gestalts of a certain class of perceptual patterns. In order to specify the

coding language for a certain class of perceptual patterns, we consider the

class of perceptual patterns as the universe of an algebra for which the set

of operators are motivated by the structural operators of SIT (i.e. ISA

operators). Then, the set of algebraic terms (expressions) that are gener-

ated by such an algebra de�nes the coding language for the given class of

perceptual patterns.

In section 1, we specify the coding language for one-dimensional string

patterns. This coding language is an algebraic reformulation of the original

version of the coding system proposed by Van der Helm and Leeuwenberg

[VdHL91]. This coding language is speci�ed by considering the class of

31
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one-dimensional string patterns as the universe of an algebra. The gestalts

of these patterns are then de�ned as the structure of algebraic terms that

represent the patterns.

In section 2, we generalize the notion of gestalt. This generalization is

based on the assumption that the acquaintance and accessibility of certain

operators, de�ned on patterns from a certain domain, in
uence the gestalts

of those patterns. We elaborate on one-dimensional string patterns and

illustrate the in
uence of string operators such as \successor" and \prede-

cessor" on their gestalts.

In section 3, two-dimensional visual patterns and their gestalts are dis-

cussed. Two-dimensional visual patterns are de�ned in terms of values of

visual attributes such as position, color, size, shape, orientation, texture,

etc. The gestalts of two-dimensional visual patterns are then de�ned in

terms of structures of their visual attribute values.

In section 4, this view of two-dimensional visual patterns and their gestalts

is formalized by specifying an algebraic coding language for two-dimensional

visual patterns. This coding language consists of algebraic expressions that

represent possible gestalts of two-dimensional visual patterns. These ex-

pressions are the terms of an algebra for which the universe consists of

n-tuples of visual attribute values, i.e. the universe consists of representa-

tions of two-dimensional visual patterns. We then show that this coding

language does not cover some gestalts of two-dimensional visual patterns.

In order to cover a broader range of gestalts of two-dimensional visual pat-

terns, the coding language will be extended.

3.1 A Coding Language for String Patterns

In this section, an algebraic coding language for one-dimensional string

patterns is introduced. This coding language consists of algebraic expres-

sions that represent gestalts of one-dimensional string patterns. In order to

specify the coding language, we introduce an algebra < U ;F >, henceforth

String-algebra. The universe of objects for the String-algebra is U = D[N ,

where D is the domain of one-dimensional string patterns and N is the set

of natural numbers; F is the set of ISA operators. The domain D of one-

dimensional string patterns is de�ned as follows:
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1. Definition. The domain D of one-dimensional string patterns is the

set of all �nite strings generated by the grammar G = (V; T; P ) where:

V = fS;Ag is the set of non-terminal symbols,

T = fa; : : : ; zg is the set of terminal symbols,

S is the start symbol, and

P is the following set of rewrite rules:

f S ! A,

A! AA,

A! a j : : : j z g.

In order to represent the gestalts of patterns, the original coding system of

SIT introduces four operators called Iteration, Symmetry, Right-alternation

and Left-alternation. The original coding system of SIT does not contain

an explicit operator to express pattern concatenation: the concatenation

of patterns is expressed by the concatenation of their representations. In

the algebraic version of the coding system of SIT all structures will be ex-

pressed explicitly by an operator. Therefore, an additional operator, called

Concatenation operator (Con), is included in the algebraic version of the

coding system.

Moreover, in the original coding system of SIT only one symmetry operator

is introduced. This symmetry operator has two arguments: the �rst argu-

ment stands for the symmetrical part and the second argument stands for

a possible pivot element. The symmetry operator generates symmetrical

patterns with or without a pivot element by assuming an empty element:

when the second argument of the symmetry operator is an empty element,

the generated symmetrical pattern does not contain a pivot element, oth-

erwise it does. Alternatively, for the algebraic version of the coding system

we do not assume an empty element since an empty element has no per-

ceptual relevance. Instead, we introduce two distinct symmetry operators,

called Even-symmetry (Sym

e

) and Odd-symmetry (Sym

o

): The �rst gen-

erates symmetrical patterns that do not contain a pivot element and the

second generates symmetrical patterns that do contain a pivot element.
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2. Definition. Let X = x

1

� � �x

k

be a string pattern, with x

i

2 fa; : : : ; zg;

Y

1

; : : : ; Y

m

belong to the domain D of string patterns; and n 2 N . The set

F of ISA operators is de�ned as follows:

Iter(X; n) ! X � � �X (n times X);

Sym

e

(X) ! x

1

� � �x

k

x

k

� � �x

1

;

Sym

o

(X; Y

i

) ! x

1

� � �x

k

Y

i

x

k

� � �x

1

;

Alt

r

(X;< Y

1

; : : : ; Y

m

>) ! Y

1

XY

2

X � � �Y

m

X;

Alt

l

(X;< Y

1

; : : : ; Y

m

>) ! XY

1

XY

2

� � �XY

m

;

Con(Y

1

; : : : ; Y

m

) ! Y

1

� � �Y

m

:

The following derivations illustrate some algebraic expressions (gestalts)

and the string patterns that are represented by them.

Iter(Con(a; b; c); 2)!

Iter(abc; 2)!

abcabc.

Sym

e

(Con(Iter(a; 2); b))!

Sym

e

(Con(aa; b))!

Sym

e

(aab)!

aabbaa:

Alt

r

(Sym

o

(a; b); < p; s; w >)!

Alt

r

(aba;< p; s; w >)!

abapabasabaw:

The above set of ISA operators is not powerful enough to generate all

gestalts that have been covered by the original coding system of SIT. This

limitation is related to the symmetry operator. In the original coding

system the symmetry operator is not only de�ned on primitive elements

fa; : : : ; zg, but it is also de�ned on groups of elements considered as units.

The symmetry operator is then supposed to preserve the sequential order

of the united elements. For example, the pattern abccab is a symmetrical

pattern in which elements a and b are considered as one unit. In order to

express this kind of symmetry structures the original coding system of SIT

employs parentheses to indicate the united elements. Thus, in the original

coding system of SIT the structure of the pattern abccab is expressed as

S[(ab)(c); ()].

In order to extend the algebraic version of the coding system and cover
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unit-based symmetry structures, one may de�ne the symmetry operators

not only on string patterns from D, which are constituted by merely prim-

itive elements, but also on some (pre-structured) string patterns in which

the units of elements are explicitly expressed. Therefore, the domain D of

one-dimensional string patterns should be extended with the set of unit-

structured one-dimensional string patterns. This extended domain can sim-

ply be speci�ed by introducing parentheses as additional terminal symbols

in the above grammar G and adding an extra production rule that gener-

ates units of elements. This rule can be de�ned as follows:

A! (A)

As a consequence of including units, the above set of ISA operators should

be extended. In fact, the ISA operators should be de�ned on either prim-

itive elements or united elements. Note in the above de�nition that the

ISA operators were de�ned on string patterns that are constituted by ter-

minal symbols fa; : : : ; zg. In order to rede�ne the ISA operators we �rst

de�ne the notion of string objects as encompassing the terminal symbols

fa; : : : ; zg, and the units of elements.

3. Definition. Let D be the set of one-dimensional string patterns speci-

�ed by the (extended) grammar G. The set D

0

of string objects is a subset

of D de�ned as follows:

1) If x 2 fa; : : : ; zg, then x 2 D

0

,

2) If x

1

; : : : ; x

n

2 D

0

, then (x

1

� � �x

n

) 2 D

0

.

The ISA operators should then be de�ned on string patterns that consist of

string objects. Thus, in the above de�nition of ISA operators the element

x

i

(1 � x

i

� k) in the string pattern X = x

1

� � �x

k

is a string object (i.e.

x

i

2 D

0

) rather than a primitive element (i.e. x

i

2 fa; : : : ; zg).

Finally, in order to express the unit structure of patterns explicitly, a

new operator, called Unit operator, is added to the set of algebraic opera-

tors F . Since the unit structure of string patterns is already expressed by

the parentheses, the Unit operator may seem to be super
uous. However,

the introduction of the Unit operator has the advantage that all pattern

structures are expressed by explicit operators. Given the string objects

x

1

; : : : ; x

m

2 D

0

, the unit operator may be de�ned as follows:

Unit(x

1

� � �x

m

)! (x

1

� � �x

m

)
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Based on this version of the String-algebra, the following two derivations

illustrate two algebraic expressions (gestalts) and the string patterns they

represent.

Sym

e

(Con(Unit(Con(a; b)); c; d))!

Sym

e

(Con(Unit(ab); c; d))!

Sym

e

(Con((ab); c; d))!

Sym

e

((ab)cd)!

(ab)cddc(ab).

Sym

e

(Con(d; Unit(Con(Sym

e

(Con(unit(Con(a; b)); c)); e))))!

Sym

e

(Con(d; Unit(Con(Sym

e

(Con(unit(ab); c)); e))))!

Sym

e

(Con(d; Unit(Con(Sym

e

(Con((ab); c)); e))))!

Sym

e

(Con(d; Unit(Con(Sym

e

((ab)c); e))))!

Sym

e

(Con(d; Unit(Con((ab)cc(ab); e))))!

Sym

e

(Con(d; Unit((ab)cc(ab)e))) !

Sym

e

(Con(d; ((ab)cc(ab)e)))!

Sym

e

(d((ab)cc(ab)e))!

d((ab)cc(ab)e)((ab)cc(ab)e)d.

A structural description of a pattern, or one of its gestalts, shows how

the pattern is built out of other patterns. This corresponds to what is

called a term of an algebra.

4. Definition. The class of structural descriptions over the String-algebra

< U ;F >, denoted by G

<U ;F>

, where U = D[N , can be recursively de�ned

as follows:

1) For all t 2 D, t 2 G

<U ;F>

, and

2) If f 2 F(n) and t

1

; : : : ; t

n

2 G

<U ;F>

, then f [t

1

; : : : ; t

n

] 2 G

<U ;F>

.

In order to allow abstract descriptions of classes of patterns, rather than

descriptions of individual patterns, one may introduce variables standing

for terms. In this way, gestalts are considered as templates, i.e. structures

that di�erent individual patterns have in common. To do this, we extend

the universe U of the String-algebra with a denumerably in�nite set of vari-

ables X , i.e. U = D [ N [ X . The above recursive de�nition of algebraic

terms G

<U ;F>

is then extended by the following clause:
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� If x 2 X , then x 2 G

<U ;F>

.

The terms of the String-algebra are either primitive or complex.

5. Definition. A primitive term is a single element from the set

fa; : : : ; zg [ X . An ISA operator applied to a �nite number of terms builds

up a complex term.

3.1.1 SL: A Language for Gestalts of String Patterns

Based on the de�nition of String-algebra < U ;F > and the de�nition

of algebraic terms, we de�ne the algebraic coding language for the one-

dimensional string patterns, henceforth String-language (SL), as the class

of all terms of the String-algebra, i.e. SL = G

<U ;F>

.

6. Definition. The String-langugae SL, speci�ed by the String-algebra

< U ;F >, where U = D [N [ X is thus recursively de�ned as follows:

� For all t 2 D [ X , t 2 SL

� If t 2 SL and n 2 N , then Iter[t; n] 2 SL

� If t 2 SL, then Sym

e

[t] 2 SL

� If t

1

; t

2

2 SL, then Sym

o

[t

1

; t

2

] 2 SL,

� If t; t

1

; : : : ; t

n

2 SL, then

Alt

r

[t; < t

1

; : : : ; t

n

>] 2 SL, and

Alt

l

[t; < t

1

; : : : ; t

n

>] 2 SL,

� If t

1

; : : : ; t

n

2 SL, then Con[t

1

; : : : ; t

n

] 2 SL, and

� If t

1

; : : : ; t

n

2 SL, then Unit[t

1

� � � t

n

] 2 SL.

The SL expressions refer to elements from the set of string patterns D.

Since SL expressions may contain variables and because variables stand

for elements from D, we de�ne an assignment function g : X ! D to assign

elements from D to variables from X . Now, the interpretation function (I)

for the SL expressions can be de�ned.
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7. Definition. Let < U ; F > be the String-algebra where U = D[N[X ,

D

0

� D be the set of string objects, and g be an assignment function as de-

�ned above. The denotation of the SL expressions can then be de�ned by

the interpretation function I in a bottom-up fashion as follows:

� if t 2 D, then I(t) = t,

� if t 2 X , then I(t) = g(t),

� if t is of the form Iter[X; n] where X 2 D,

then I(t) = X � � �X (n times X),

� if t is of the form Sym

e

[X

1

� � �X

n

] where X

i

2 D

0

,

then I(t) = X

1

� � �X

n

X

n

� � �X

1

,

� if t is of the form Sym

0

[X

1

� � �X

n

; Y ] where X

i

2 D

0

and Y 2 D,

then I(t) = X

1

� � �X

n

Y X

n

� � �X

1

,

� if t is of the form Alt

r

[X;< Y

1

; : : : ; Y

n

>] where X; Y

i

2 D,

then I(t) = Y

1

XY

2

X � � �Y

n

X,

� if t is of the form Alt

l

[X;< Y

1

; : : : ; Y

n

>] where X; Y

i

2 D,

then I(t) = XY

1

XY

2

� � �XY

n

,

� if t is of the form Con[X

1

; : : : ; X

n

] where X

i

2 D,

then I(t) = X

1

� � �X

n

,

� if t is of the form Unit[X] where X 2 D,

then I(t) = (X).

Based on the interpretation function, the extensional equality (which is not

the structural identity) of SL expressions is de�ned. Two SL expressions

are extensionally equal if and only if they both are interpreted as the same

string pattern.

The variable-free SL expressions represent the gestalts of one-dimensional

patterns. Consequently, extensionally equal expressions may constitute dif-

ferent gestalts of one pattern.

As a result, structural information theory can be described in terms of

the SL language together with a complexity function, C, which assigns a

natural number to each SL expression, i.e. C(t) 2 N, where t 2 SL.
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8. Definition. Let t be a primitive SL expression, T

1

; : : : ; T

n

be arbitrary

SL expressions and f be any ISA operator except the Unit operator. Then,

based on the empirically motivated suggestion proposed by Leeuwenberg and

Van der Helm, the complexity function C can be de�ned as follows:

C(t) = 1

C(f(T

1

; : : : ; T

n

)) =

P

n

i=1

C(T

i

)

C(Unit(T

1

: : : T

n

)) =

P

n

i=1

C(T

i

) + 1

The minimum principle states that the preferable gestalt of a pattern t 2 D

is the SL expression, among all extensionally equal SL expressions to which

the pattern t is assigned by the interpretation function, that has the lowest

complexity value.

Thus, the being-a-gestalt-of can be considered as a relation between on the

one hand the set of one-dimensional string patterns D and on the other

hand, the set of SL expressions. This relation indicates the alternative

gestalts that may be assigned to string patterns. For each pattern the min-

imum principle selects algebraic SL expressions that represent its preferred

gestalts.

3.2 Extending String-algebra with Domain

Relations

The perceptual structures of patterns covered by SIT are based on certain

kinds of regularities. These regularities are de�ned in terms of the identities

of pattern constituents. For example, the regularity of the string pattern

abccab is de�ned in terms of the identity relations between the �rst and

the second occurences of ab and the �rst and the second occurences of c.

These identity relations are re
ected by the description of the pattern, i.e.

Sym

e

(Unit(a; b); c).

However, given a certain domain of perceptual patterns other relations may

be applicable to the pattern constituents as well. For instance, in the do-

main of string patterns the order of alphabet characters relates them to each

other by means of relations such as successor, predecessor, etc. We claim

that, like the identity relation, domain speci�c relations may induce percep-

tually motivated pattern regularities as well. In particular, we claim that

the pattern regularity (descriptive simplicity), which is de�ned in terms of
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domain speci�c relations, can be related to the perceptual regularity (phe-

nomenal simplicity).

This issue is explicitly addressed in Van der Helm and Leeuwenberg [VdHL91].

They argue that such operators are cognitive and not perceptual, and there-

fore should not be incorporated in the perceptual coding principles. In this

way, they suggest a strict seperation between perception and cognition.

But, we do not follow the idea of a strict seperation between perception

and cognition and feel that while operators requiring addition or otherwise

complex operations may be left out, simple operators like successor and

predecessor do end up playing a critical role in perception, and ought to be

included in the gestalts.

This idea is based on the observation that in the domain of string patterns,

patterns like abc or zyx have di�erent perceptual status than a pattern like

kbr. The �rst two patterns have special perceptual status since the pattern

abczyx will be preferably perceived as consisting of two substrings abc and

zyx instead of arbitrary substrings. The special status of these patterns

can be explained in terms of their regular structures, which are de�ned in

terms of domain relations. In this case, the string pattern abc has a regular

structure since c is the successor of b which is in turn the successor of a.

In other words, the regularity of the pattern abc is based on the domain

speci�c successor relation which holds between the �rst and the second ele-

ments and between the second and the third elements. Similarly, the string

pattern zyx is perceived as a regular pattern since x is the predecessor of

y which is in turn the predecessor of z. These kinds of regularities will

be called domain speci�c regularities. Thus, our conjecture is that the ac-

quaintance with domain relations may in
uence the perception of patterns

since these relations may reveal regularity.

Moreover, in the coding system proposed by Leeuwenberg and Van der

Helm there is no account for the role that visual attributes like size, color,

texture, etc. play in the gestalts of perceptual patterns. This is important

since the constituents of perceptual patterns may be related to each other

according to various visual attributes. For example, in the string pattern

aktns pg the individual non-identical letters are related to each other ac-

cording to their size values such that the size relation between individual

letters e�ects the gestalt of this pattern. Although we believe that visual

attributes play an important role in the gestalts of perceptual patterns, we

ignore the e�ect of these attributes on the gestalts of string patterns and

will discuss this issue in more detail when we study the gestalts of two-
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dimensional visual patterns.

Thus, at this point we do not follow Van der Helm and Leeuwenberg

[VdHL91] who claim that the perceptually motivated structures are only

identity structures that can be described by the ISA operators and will

suggest an extension of perceptually motivated structures. For instance, in

the above example the structure of the pattern abc should be analysed as

the iteration of the successor relation among the three pattern elements.

Consequently, we will extend the String-algebra to cover domain speci�c

regularities by modifying the iteration and the alternation operator. The

modi�ed version of the ISA operators will generate perceptually motivated

regularities with respect to a certain prede�ned and empirically selected

set of domain speci�c relations which we will call the set of admissible re-

lations. We assume that these domain speci�c relations can be speci�ed as

one-place functions. Therefore, we use the term admissible function instead

of admissible relation.

To modify the iteration operator such that it covers domain speci�c regular-

ities, we rede�ne this operator to take an admissible function as additional

argument. In order to modify the left and right alternation operators, we

follow the original idea of these operators as proposed in SIT. According to

SIT, the alternation operators express structures that comprise two inter-

spersed structures such that one of them is an iteration structure. In fact,

the regularity of an alternation structure is the regularity of the iteration

structure involved. Since we modify the iteration operator by including an

admissible function as one of its arguments, we modify the alternation op-

erators in the same way by including an admissible function as one of their

arguments. This additional argument will extend the domain of the embed-

ded iteration structure and therefore the domain of alternation structures.

Thus, to incorporate domain speci�c regularities into our algebraic frame-

work, we let F

d

be the set of admissible one-place domain speci�c functions

that may play a role in the construction of gestalts, and augment the itera-

tion and alternation operators with an extra argument that is an element of

F

d

. Note that the ISA operators are second-order operators now. Before we

de�ne the extended version of the String-algebra, we should de�ne admis-

sible functions. Although we have argued that admissible functions should

be selected by empirical studies, we believe that identity (id), successor

(succ), and predecessor (pred) have to be included in the set of admissible
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functions. These admissible functions are de�ned as follows:

id(a) = a; id(z) = z; id(x(yz)) = x(yz); etc:

succ(a) = b; succ(z) = a; succ((xy)z) = (yz)a; etc:

pred(a) = z; pred(z) = y; pred((axt)) = (zws); etc:

The extended String-algebra < U ;F >, called Extended-string-algebra con-

sists of the universe U = D [ X [ N as de�ned above and the set

F = F

ISA

[ F

d

which are de�ned as follows.

9. Definition. Let X = x

1

� � �x

k

be a string pattern from D, where x

i

is

a string object; Y

1

; : : : ; Y

m

be arbitrary string patterns from D;

f 2 F

d

= fid; succ; pred; : : :g; and n 2 N . We write f

n

(X) to indicate

that the one-place function f is applied n times to X. The set of extended

algebraic ISA operators, namely F , on U is de�ned to contain the following

operators:

Iter(X; f; n) ! X f(X) � � �f

n�1

(X);

Sym

e

(X) ! x

1

� � �x

k

x

k

� � �x

1

;

Sym

o

(X; Y

i

) ! x

1

� � �x

k

Y

i

x

k

� � �x

1

;

Alt

r

(X; f;< Y

1

; : : : ; Y

m

>) ! Y

1

X Y

2

f(X) � � �Y

m

f

m�1

(X);

Alt

l

(X; f;< Y

1

; : : : ; Y

m

>) ! X Y

1

f(X) Y

2

� � � f

m�1

(X) Y

m

;

Con(Y

1

; : : : ; Y

m

) ! Y

1

� � �Y

m

;

Unit(Y

1

� � �Y

m

) ! (Y

1

� � �Y

m

);

f(X) As defined above:

For example, the extended ISA-algebra can generate the following descrip-

tions for the string patterns aaa, abc, ccbbaa, abccba, a(bc)d(bc)a, afbkct,

and kbr.

aaa = Iter(a; id; 3)

abc = Iter(a; succ; 3)

ccbbaa = Iter(Iter(c; id; 2); pred; 3)

abccba = Sym

e

(Iter(a; succ; 3))

a(bc)d(bc)a = Sym

o

(Con(a; Unit(Con(b; c))); d)

afbkct = Alt

l

(a; succ; < f; k; t >)

kbr = Con(k; b; r)

The expressions of the Extended-string-algebra specify perceptual chunk-

ings of string patterns. Thus, according to the modi�ed version of ISA
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operators the string abc has an iteration regularity such that abc is consid-

ered as one single chunk. Note that the modi�ed version of the iteration

operator does not specify any regularity in the pattern kbr; therefore its

perceptual chunking consists of three subchunks, i.e. k, b, and r.

Note that the symmetry operators can be considered as a special case of

the modi�ed iteration operator since they can be considered as two times

iteration of one symmetry half with respect to the re
ection function. Al-

though the modi�cation of the ISA operators makes the symmetry operator

super
uous, we do not exclude it from the Extended-string-algebra. The

reason not to describe the symmetry operator in terms of the iteration op-

erator is to avoid the generation of algebraic terms which have the form

of iteration of three or more times with respect to the re
ection relation,

i.e. the Extended-string-algebra should not generate algebraic terms of the

form Iter(X; reflection; 3). These algebraic terms should then violate the

claim of SIT, which states that the descriptive regularities are related to

the phenomenal regularities.

The extension of the String-algebra with admissible functions changes the

structure of algebraic terms and therefore their structural complexities. We

assume that admissible functions increase the complexity of algebraic terms

since patterns will be preferably perceived in terms of identical parts. In

general, we assume that di�erent admissible functions have di�erent per-

ceptual relevance. In this way, di�erent admissible functions increase the

complexity value of the expressions of the Extended-string-algebra di�er-

ently. This assumption re
ects the prediction that there is a preference

ordering among admissible functions in terms of which string patterns are

described.

Moreover, we assume that the application of admissible functions to com-

plex expressions should increase the information complexity more than their

applications to primitive expressions. This idea is based on the observation

that the string pattern bcdabc is preferably perceived as

Con(Iter(b; succ; 3); Iter(a; succ; 3)) rather than Iter(Iter(b; succ; 3); pred; 2).

However, the exact order and the complexity values of admissible functions

and their applications should be established by empirical research.

Finally, the computational model of SIT can be modi�ed in order to com-

pute the domain speci�c regularities as well. In the original version of

the computational model (see chapter 2 section 2.1.2) a graph is gener-
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ated which represents all possible substrings of a given string pattern. In

fact, each edge of the generated graph represents a possible substring of

the given string pattern. Then, for each substring (edge of the graph) it

is tested whether that substring can be described in terms of the ISA op-

erators. Recall that this test examines whether various constituents of a

substring are identical.

In order to modify this computational model to cover the domain speci�c

regularities of string patterns, we should test whether a substring, repre-

sented by a graph edge, can be described in terms of the modi�ed version

of the ISA operators. As the only di�erence between the original and the

modi�ed versions of the ISA operators consists in the iteration and the al-

ternation operators, the computational complexity is only in
uenced by the

complexity of these operators. The di�erence between the original and the

modi�ed version of these operators is the additional tests according to do-

main speci�c functions. Thus, to describe a substring in terms of these two

operators one should not only test whether various constituents of the sub-

string are identical, but it should also be tested whether those constituents

(that are tested for the identity relation) are in domain speci�c relations.

This e�ects the computational complexity linearly with the number of do-

main speci�c relations, which means that the order of complexity remains

the same.

3.3 Gestalts of Two-dimensional Visual Pat-

terns

We follow the SIT idea that a pattern may have several potential structures

and that its perceptual structure can be selected by applying the simplic-

ity principle. However, we believe that the encoding system introduced

by SIT is not satisfactory because it covers only the small subclass of line

patterns that can be represented unambiguously as linear one-dimensional

strings. In order to de�ne a system for analyzing and computing the gestalt

of visual patterns such that SIT's problems and limitations can be avoided

and a larger class of visual patterns can be covered, we describe gestalts in

terms of regularities of attribute values of two-dimensional primitive visual

elements.

We emphasize primitive visual elements since gestalts of two-dimensional

visual patterns may also be based on the regularities of values of the char-

acteristic attributes of compound visual elements (i.e. a group of primitive
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visual elements). A characteristic attribute of a compound visual element

indicates a property of that element which is not a property of the consti-

tutive primitive visual elements. In this thesis, we will ignore those gestalts

that are based on the regularities of values of the characteristic attributes

of compound visual elements.

Attributes of two-dimensional primitive visual elements are often divided

into visual and spatial attributes. For example, color and texture are often

classi�ed as visual attributes while position and orientation are classi�ed

as spatial attributes. In the following, we do not use the classi�cation of

attributes into visual and spatial since it is not clear whether attributes

such as shape or size should be classi�ed as visual or spatial. Therefore,

we will write visual attribute to indicate any attribute of two-dimensional

primitive visual elements.

3.3.1 Attribute-based Structure

In this section, primitive visual elements such as points, lines, circles, etc.

are considered in terms of their visual attributes. The perceptual grouping

of visual patterns will then be de�ned in terms of certain kinds of reg-

ularities that may exist among the values of di�erent attributes of their

constitutive primitive visual elements. A perceptual grouping which is de-

�ned in terms of regularities of values of one or more attributes is said to

be induced by those attributes. For example, in Figure 3.1 primitive visual

elements are randomly positioned (no regularity in position values) and

have di�erent shapes and sizes, but may have the same texture value. The

equality of texture values results in similarity of primitive visual elements

and thereby induces a grouping among them. This grouping is said to be

induced by the texture attribute. Similarly, in Figure 3.2 primitive visual

elements are randomly positioned and have di�erent sizes, but have either

circle or square shapes and may have the same texture value. The shape

equality and the texture equality result in two possible perceptual group-

ings. The perceptual grouping induced by the shape attribute results in

two perceptual groups: one consists of primitive visual elements that have

circle shapes and the other consists of primitive visual elements that have

square shapes. The perceptual grouping induced by the texture attribute

results also in two perceptual groups each of which consists of primitive

visual elements that have the same texture value. Finally, for an example

of perceptual grouping induced by the position attribute, consider the vi-

sual pattern illustrated in Figure 3.3. In this visual pattern, the L-shape
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elements 1, 3 and 6 may be perceived as one perceptual group.
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Figure 3.1: An example of Texture

based grouping.
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Figure 3.2: An example of Shape

and Texture based grouping.
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75

Figure 3.3: The L-shape element 1, 3 and 6 form one perceptual group.

Visual attributes may perceptually interact with each other. The interac-

tions between di�erent visual attributes in
uence the perceptual grouping

of visual elements [Gar74, She91]. In order to study the interaction of

attributes two psychological notions called separability and integrality of

stimuli dimensions are used. Two dimensions are called separable when

the perceptual grouping of elements is induced along one or the other di-

mension. For example, considering the shape and the texture attributes

of primitive visual elements, a perceptual grouping may be induced by

the shape attribute, by the texture attribute, or by both of them. In the

last case, each attribute supports that perceptual grouping separately. In

contrast, two dimensions are called non-separable (i.e. integral) when the

perceptual grouping is not induced along one or the other dimension sep-

arately, but rather by the overall similarities of primitive visual elements
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caused by the combination of the integral dimensions. For example, using

the hue, the saturation, and the brightness attributes of primitive visual

elements, the induced grouping is not along one of these three attributes,

but it is induced by the overall similarities of elements which is caused by

the hue, the saturation, and the brightness attributes together. Similarly,

in a two-dimensional space the horizontal and the vertical dimensions are

non-separable since positional gestalts, constituted by primitive visual ele-

ments that di�er in both x- and y-positions, are supported neither by only

the horizontal dimension nor by only the vertical dimension. In order to

illustrate the integrality of the horizontal and the vertical dimension con-

sider the visual patterns in Figure 3.4-A and 3.4-B.

1 2 3 4

3

4

2

1

1 2 3 4

3

4

2

1

A B

Figure 3.4: The integrality of the horizontal and the vertical dimensions:

A) black dots are perceptually grouped due to the regularity among x- and

y-positions, B) black dots are not perceptually grouped due to the regularity

among x-positions (y-positions are not regular).

The regularities of the x- and the y-position values induce a perceptual

grouping among elements in the visual pattern illustrated in Figure 3.4-A,

while the regularity of only the x-position values does not induce a percep-

tual grouping among elements in the visual pattern illustrated in Figure

3.4-B. In general, it can be concluded that two or more integral attributes

do not induce a perceptual grouping when there exists regularity among

values of only some, but not all, of those integral attributes.

In the following, we assume that the combination of non-separable dimen-

sions de�nes a complex space the elements of which are determined by the

combined values of these dimensions. The perceptual grouping can then

be based on the regularity of elements from such a complex space, i.e. the
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regularity of a certain combination of values of non-separable dimensions.

The resulting perceptual groupings are then induced by combinations of

non-separable attributes. These combinations of non-separable attributes

may be considered as additional complex attributes. So, in order to cover

grouping e�ects induced by combinations of non-separable dimensions, one

should identify these combinations by introducing additional complex at-

tributes and determine how the perceptual grouping is induced by them.

In the rest of this chapter, we mainly focus on perceptual groupings that are

induced by the horizontal and the vertical dimensions (integral dimensions)

of the two-dimensional space and assume that other integral dimensions can

be analyzed in a similar way.

3.3.2 Attribute-based Regularity

In the visual patterns illustrated in Figure 3.1 and 3.2, two or more primi-

tive visual elements are claimed to be in one perceptual group because they

have identical values for one or more attributes. However, consider the

visual pattern illustrated in Figure 3.3. The perceptual grouping in this

visual pattern is induced by the position attribute. Although the position

values of the L-shape primitive elements 1,3, and 6 in this visual pattern

are not identical, they form one perceptual group.

In this section, we argue that primitive visual elements may form perceptual

groups because some regularities may exist among their attribute values.

We consider the regularity of attribute values in terms of their functional

dependencies. The functional dependency among attribute values can be

characterized in terms of certain admissible transformations. An admis-

sible transformation may then transform a subset of attribute values into

another subset of values of the same attribute. Accordingly, one subset of

attribute values can be described in terms of the second subset of attribute

values and an admissible transformation. Thus, a set of attribute values

may be represented in terms of a subset of those values and an admissible

transformation. In this way, it can be explained that the L-shape elements

1, 3 and 6 in Figure 3.3 form one perceptual group because the position of

the L-shape element 3 results from applying a translation transformation

to the position of the L-shape element 1 and the position of the L-shape

element 6 results from applying the same translation transformation to the

position of the L-shape element 3.
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We distinguish parameterized and non-parameterized transformations. A

parameterized transformation transforms a subset of values of one attribute

to another subset of values of the same attribute based on its parameter

value. Consequently, di�erent parameter values can be used to transform

a subset of values of one attribute to di�erent subsets of values of the same

attribute. In contrast, a non-parameterized transformation does not de-

pend on parameter values and therefore transforms one subset of values of

an attribute to another subset of values of that attribute.

For example, the parameterized transformation !

(i)

att

transforms a value x

of the attribute att by adding the parameter value to x, i.e.

!

(i)

att

(x) = x+ i.

The applications of !

(1)

att

and !

(2)

att

to the value v of the attribute att re-

sult two di�erent values v + 1 and v + 2 of the attribute att, respectively.

On the other hand, the non-parameterized transformation  

att

transforms

the value x of the attribute att by multiplying a constant value to it, i.e.

 

att

(x) = x� c.

The application of this transformation to the value v of the attribute att

results always in value v � c of the attribute att.

In order to illustrate the use of transformations, consider the visual pattern

in Figure 3.4-A. The x- and the y-positions of the primitive visual elements

(black dots) involved in this pattern can be described in terms of the x-

and the y-position of the left-most black dot which is (1; 1). In fact, the

positions of the three right-most black dots can be described in terms of the

position of the left-most black dot and the parameterized position transfor-

mations

!

(i)

xpos

(x) = x + i, and

!

(i)

ypos

(y) = y + i.

Note that the x- and the y-positions of the three right-most black dots

result by applying these transformations to the position (1,1) and based on

the parameter values 1,2, and 3.

In the following, we will use the three basic Euclidean transformations called

Translation, Rotation and Re
ection for the two-dimensional position at-
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tribute. Moreover, we distinguish two kinds of rotation transformations.

The rotation transformations of the �rst kind, called p-rotate transforma-

tions, rotate primitive visual elements only with respect to their center

positions and do not rotate the shape of primitive visual elements. The ro-

tation transformations of the second kind, called s-rotate transformations,

rotate primitive visual elements with respect to their positions and shapes.

For example, visual patterns illustrated in Figure 3.5-A and 3.5-B result

from p-rotate and s-rotate transformations, respectively.
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Figure 3.5: Examples of p-rotation (A) and s-rotation (B) transformations.

Finally, besides the distinction between parameterized and non-parameterized

transformations, we introduce a second distinction between transformations

which is orthogonal to the �rst one. According to the second distinction,

the admissible transformations can be divided into two kinds: abstract and

concrete transformations. An abstract transformation is an intensional de-

scription of functional dependencies between values of an attribute, while a

concrete transformation is an extensional description of functional depen-

dencies between values of an attribute. An abstract transformation can

thus be represented by a formal expression which expresses the functional

dependencies between attribute values in terms of abstract mathematical

operations and relations, while a concrete transformation can only be rep-

resented by a set of tuples each of which relates attribute values to each

other and thereby expresses their functional dependencies.

For example, the above mentioned parameterized transformation !

(i)

att

and

the non-parameterized transformation  

att

are abstract transformations

which are represented by the formal expressions x + i and x � c, respec-

tively. An example of a non-parameterized concrete shape transformation

is the set f(rectangle; circle); (square; triangle); (triangle; line)g, and an

example of a parameterized concrete shape transformation is the set
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f(1; circle; rectangle); (2; circle; circle); (3; circle; square)g. The distinction

between abstract and concrete transformations will be used for several rea-

sons as we will explain in the rest of this chapter.

Note also that we speak of admissible transformations without discussing

the criteria that will determine when a transformation is admissible. In

general, we assume that admissible transformations should be empirically

selected and thus should be known beforehand.

3.4 A Coding System for Visual Patterns

In the previous section, we considered two-dimensional visual patterns as

consisting of primitive visual elements like points, lines, circles, etc. It is

explained that primitive visual elements can be de�ned in terms of their vi-

sual attribute values. Then, the regularity of visual patterns was analyzed

in terms of regularity of attribute values of their constitutive primitive vi-

sual elements. The regularity of attribute values is considered in terms of

functional dependencies among them. These functional dependencies can

be characterized by admissible transformations.

In this section, we represent a visual pattern as a set of n-tuples. Each

n-tuple consists of values of n di�erent visual attributes and represents a

primitive visual element. For example, considering only the position and

the shape attribute, a primitive visual element which has circle shape and

is placed at the position (1; 1) is represented as << 1; 1 >; circle >. The

<> brackets around the x- and the y-position indicate the integrality of

these attribute values.

The perceptual regularity of two-dimensional visual patterns will be de�ned

in terms of functional dependencies among values of identical attributes of

the n-tuples that represent the primitive visual elements of that pattern.

These functional dependencies are characterized by admissible transforma-

tions that transform values of identical attributes to each other. Since

primitive visual elements are represented by means of values of n attributes,

the functional dependencies between n-tuples can be characterized by an

n-tuple of admissible transformations. Each transformation in the n-tuple

is de�ned on values of one attribute.

For example, let the non-parameterized abstract x-position transformation

 

xpos

, the non-parameterized abstract y-position transformation  

ypos

, and

the non-parameterized concrete shape transformation  

shape

, be respec-

tively de�ned as follow:
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xpos

(x) = x + 1,

 

ypos

(y) = y + 1, and

 

shape

(circle) = f(circle; square)g.

Then, the non-parameterized transformation  is a 3-tuple, de�ned as

 =<<  

xpos

;  

ypos

>; 

shape

>.

Now, the transformation  characterizes the functional dependencies be-

tween two primitive visual elements that are represented by n-tuples

<< 1; 1 >; circle > and << 2; 2 >; square > since the second n-tuple re-

sults by applying  to the �rst n-tuple, i.e.

<<  

xpos

;  

ypos

>; 

shape

> (<< 1; 1 >; circle >) =

<<  

xpos

(1);  

ypos

(1) >; 

shape

(circle) >=<< 2; 2 >; square >.

Note the application of the 3-tuple of transformations ( ) to a 3-tuple of

attribute values. In general, given v

att

1

; : : : ; v

att

n

as values of att

1

; : : : ; att

n

,

respectively, and given transformations �

att

1

; : : : ; �

att

n

de�ned on the same

attributes, the application of < �

att

1

; : : : ; �

att

n

> to < v

att

1

; : : : ; v

att

n

> is

de�ned as follows:

< �

att

1

; : : : ; �

att

n

> (< v

att

1

; : : : ; v

att

n

>) =< �

att

1

(v

att

1

); : : : ; �

att

n

(v

att

1

) >.

In the following, we de�ne perceptual regularities of two-dimensional visual

patterns as functional dependencies among visual attribute values that can

be described in terms of ISA operators. We discuss di�erent classes of reg-

ularities of two-dimensional visual patterns. Each class of regularities gives

rise to a certain structure which is described by a speci�c ISA operator.

3.4.1 Iteration Structure

The �rst kind of perceptual structures of visual patterns covers iteration

structures. A visual pattern has the iteration structure if its representation

consists of k subsets of n-tuples such that they can be described in terms of

k successive applications of an admissible parameterized transformation to

the n-tuples contained in one of the subsets. An admissible parameterized

transformation is de�ned on a natural number (its parameter value) and its
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successive applications to the n-tuples that are contained in one subset gen-

erate all subsets of n-tuples. The idea is that the order of successive natural

numbers, used as the parameter values in the successive applications of an

admissible transformation, imposes an ordering on the generated subsets

of n-tuples. For example, consider the pattern in Figure 3.6 in which only

position and shape attributes are taken into account.

1 2 5 6 9 10 13 14

1

2

Figure 3.6: Position based iteration structure.

This pattern has an iteration structure. The x- and the y-positions of all

pairs of similar primitive elements can be generated by four successive ap-

plications of two abstract parameterized transformations to the x- and the

y-positions of the square pair: one translation transformation !

(i)

xpos

for the

x-position attribute and one identity transformation !

(i)

ypos

for the y-position

attribute. Moreover, the shape transformation !

(i)

shape

is a concrete param-

eterized transformation. These transformations are respectively de�ned as

follows:

!

(i)

xpos

(x) = x + (i� 1),

!

(i)

ypos

(y) = y, and

!

(i)

shape

(square) = f (1; square; square); (2; square; circle);

(3; square; triangle); (4; square; oval) g:

Let << 1; 1 >; square > and << 2; 2 >; square > be two 3-tuples that

represent the two squares illustrated in Figure 3.6, and !

(i)

xpos

; !

(i)

ypos

; and

!

(i)

shape

as de�ned above. Then, the whole visual pattern illustrated in Fig-

ure 3.6 can be represented as the following set:

f << !

(i)

xpos

; !

(i)

ypos

>; !

(i)

shape

> (<< 1; 1 >; square >);

<< !

(i)

xpos

; !

(i)

ypos

>; !

(i)

shape

> (<< 2; 2 >; square >) j i = 1; : : : 4g:
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In general, given visual attributes att

1

; : : : ; att

n

, an n-tuple of admissi-

ble parameterized transformations !

(i)

=< !

(i)

att

1

; : : : ; !

(i)

att

n

> consisting of

parameterized transformations de�ned on attributes att

1

; : : : ; att

n

, and n-

tuples e

1

; : : : ; e

p

where e

j

=< v

j

att

1

; : : : ; v

j

att

n

> consisting of n values of

attributes att

1

; : : : ; att

n

, the following set represents a visual pattern which

has iteration structure:

f!

(i)

(e

1

); : : : ; !

(i)

(e

p

) j i = 1; : : : ; kg.

The application of transformation !

(i)

to an n-tuple (e

j

) is de�ned above.

3.4.2 Symmetry Structure

The second kind of perceptual structures of visual patterns covers symme-

try structures. A visual pattern has a symmetry structure if its represen-

tation consists of two subsets of n-tuples such that the position values of

the n-tuples contained in one subset are re
ections of the position values

of the n-tuples contained in the second subset relative to a re
ection axis.

The values of non-positional attributes of the n-tuples contained in one

subset are identical to the values of the same attributes of the re
ected

n-tuples contained in the second subset. In this way, one subset of n-tuples

can be described in terms of the second subset and an n-tuple of trans-

formations. The position transformations are non-parameterized Euclidean

re
ection transformations and all other non-positional transformations are

non-parameterized identity transformations.

For example, the visual pattern shown in �gure 3.7 is a pattern with sym-

metry structure. Note that in this symmetrical pattern primitive visual

elements that are re
ection of each other are identical in all attribute val-

ues except the position value. The structure of this kind of two-dimensional

symmetrical patterns will be called strict symmetry.

The concept of the symmetry structure can be generalized to cover a larger

class of symmetrical patterns. This generalization is based on the idea

that the symmetry structure of two-dimensional visual patterns can still

be perceived even when the values of non-positional attributes of re
ected

primitive visual elements are not identical (the positions of the primitive

visual elements have to be re
ections of each other).

Like visual patterns that have the strict symmetry structure, visual pat-
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Figure 3.7: A visual pattern with strict symmetry structure.

terns with the general case of symmetry structure can be represented in

terms of two subsets of n-tuples such that the position values of the n-

tuples contained in one subset are re
ections of the position values of the

n-tuples contained in the second subset relative to a re
ection axis. But,

unlike visual patterns that have the strict symmetry structure, the values

of non-positional attributes of the n-tuples contained in one subset may

di�er from the values of identical non-positional attributes of the re
ected

n-tuples contained in the second subset. In this way, one subset of n-tuples

can be described in terms of the second subset and an n-tuple of transfor-

mations including Euclidean re
ection transformation. In the following, we

consider the strict symmetry as a special case of symmetry structure.

For an example of the general case of symmetry structure consider the vi-

sual pattern illustrated in Figure 3.8. In this visual pattern, the size

1

of

each primitive visual element from the right-side symmetry half is twice the

size of its re
ected visual element from the left-side symmetry half.

Considering only the x-position, the y-position, the shape, and the size at-

tribute, this pattern can be represented as two subsets, each consisting of

three 4-tuples. The x- and the y-position values of the 4-tuples contained

in one subset can be determined by applying the Euclidean re
ection trans-

formation relative to the re
ection axis x = 5 to the x- and the y-position

values of the 4-tuples contained in the second subset. This implies two ab-

stract non-parameterized transformations  

xpos

and  

ypos

(for respectively

the x- and the y-position) de�ned as follows:

 

xpos

(x) = 10� x

 

xpos

(y) = y

1

The sizes of di�erent primitive visual elements can be compared to each other by

comparing the sizes of the rectangles that contain those primitive visual elements.
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1 43 5 6 7 9

1

3

2

R

Figure 3.8: A visual pattern with symmetry structure.

Moreover, the shape values of the 4-tuples contained in one subset (the

subset that represents the right-side symmetry half) can be determined by

applying a non-parameterized concrete transformation  

shape

to the shape

values of the 4-tuples contained in the second subset. The shape transfor-

mation  

shape

is de�ned as follows:

 

shape

(S) = f(hexagon; triangle); (circle; parallelogram); (square; oval)g.

Finally, the size values of the 4-tuples contained in one subset (the subset

that represent the right-side symmetry half) can be determined by applying

a non-parameterized abstract transformation  

size

to the size values of the

4-tuples contained in the second subset. The size transformation  

size

is

de�ned as follows:

 

size

(S) = 2� S.

Let<< 1; 1 >; square; 1 >;<< 3; 3 >; circle; 1 >; and<< 4; 2 >; hexagon; 1 >

be 4-tuples that represent the three primitive visual elements from the

left-side symmetry half of the visual pattern illustrated in Figure 3.8, and

non-parameterized transformations  

xpos

;  

ypos

;  

shape

; and  

size

as de�ned

above. Then, the whole visual pattern illustrated in Figure 3.8 can be rep-

resented as the following set:
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f << 1; 1 >; square; 1 >;

<< 3; 3 >; circle; 1 >;

<< 4; 2 >; hexagon; 1 >;

<<  

xpos

;  

ypos

>; 

shape

;  

size

> ( << 1; 1 >; square; 1 > );

<<  

xpos

;  

ypos

>; 

shape

;  

size

> ( << 3; 3 >; circle; 1 > );

<<  

xpos

;  

ypos

>; 

shape

;  

size

> ( << 4; 2 >; hexagon; 1 > ) g:

In general, given visual attributes att

1

; : : : ; att

n

, an n-tuple of admissible

non-parameterized transformations  =<  

att

1

; : : : ;  

att

n

> consisting of

non-parameterized transformations de�ned on attributes att

1

; : : : ; att

n

, and

n-tuples e

1

; : : : ; e

k=2

where e

j

=< v

j

att

1

; : : : ; v

j

att

n

> consisting of n values of

attributes att

1

; : : : ; att

n

. Then, the following set represents a visual pattern

which has the symmetry structure:

fe

1

; : : : ; e

k=2

; : : : ;  (e

1

); : : : ;  (e

k=2

)g.

3.4.3 Unit Structure

The notion of unit is introduced to de�ne a special kind of symmetrical

patterns in which not individual primitive elements but units of primitive

elements are re
ected. The re
ection of a unit of primitive visual elements

preserves the spatial relation between united elements such that the re
ec-

tion of a unit of elements is similar to a translation of the united elements

relative to the re
ection axis. For example, the two L-shape elements in

Figure 3.9 are united elements such that their mutual spatial relation is

preserved under the re
ection transformation. Note that in graphics pro-

grams, such as superpaint, this kind of grouping operation is common.

��
��
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��
��
��

�
�
�

�
�
�

Figure 3.9: The spatial relation between united L-shape elements is pre-

served in the symmetrical halves.

The notion of unit makes sense not only in these arti�cially constructed
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symmetrical patterns, but also in visual patterns in which some parts or

primitive visual elements in symmetrical halves are intended not to be mir-

ror images of each other. These parts or primitive visual elements may be

text objects, a human face, or any other natural pictures. In Figure 3.10,

a symmetrical pattern is illustrated in which the text object is considered

as a unit and therefore not re
ected.

1 2 3 4 5 6 7

1

2

Text Text

R

Figure 3.10: A symmetrical pattern in which the text object is considered as

a unit element.

In the following, we assume that units of primitive visual elements are given

beforehand by placing their representing n-tuples within h i brackets.

Note the di�erence between these brackets and those that are used for n-

tuples. Thus, considering only the x-position, the y-position, and the shape

attribute, and given << 1; 1 >; circle > , << 2; 2 >; square >,

<< 3; 1 >; Text > , << 5; 1 >; Text > , << 6; 2 >; square >, and

<< 7; 1 >; circle > as n-tuples that represent primitive visual elements in

the visual pattern illustrated in Figure 3.10, the following set of n-tuples

represents a visual pattern in which text elements are unit elements:

f << 1; 1 >; circle >; << 2; 2 >; square >; h<< 3; 1 >; Text >i;

<< 6; 2 >; square >; << 7; 1 >; circle >; h<< 5; 1 >; Text >i; g:

3.4.4 Alternation Structure

In the original version of SIT, where the domain of patterns is restricted to

the domain of sequential string patterns, there is an additional perceptually

motivated structure called alternation structure. We have explained that

the alternation structure is based on a sequence of string elements in which

one string element is alternating with other string elements. For example,

the string pattern akpacsgaq would be considered as having an alternation

structure which can be represented by the expression Alt

l

(a;< kp; csg; q >).
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It is important to note that the alternation structure of patterns can only

be perceived if there is a sequence order among constitutive elements. In

the case of string patterns the neighborhood of string elements (each ele-

ment has two neighbors) imposes a sequence order among them.

However, since in the case of two-dimensional visual patterns there is no

pre-de�ned sequence order among constitutive primitive visual elements,

one may think that the alternation structure cannot be de�ned on two-

dimensional visual patterns. In order to show that this suggestion is not

valid, consider the visual pattern illustrated in Figure 3.11.

2 5 63 41

1

Figure 3.11: An example of two-dimensional visual pattern which may be

considered as having alternation structure.

In this visual pattern, the iteration regularity which is de�ned on position

values imposes a sequence order among primitive visual elements. Given

this sequence order, the shape values can be considered as inducing an al-

ternation structure on primitive visual elements.

Consequently, the reformulation of perceptual structures in terms of regu-

larities of values of di�erent attributes suggests that the alternation regu-

larity is a special case of iteration regularity where the position values can

be described by an abstract parameterized Euclidean transformation and

the values of one or more other non-positional attributes can be described

by alternation transformations. An alternation transformation is a param-

eterized transformation which uses the sequential order of parameter values

and speci�es the transformation values such that one subset of values of an

attribute is alternated with other subsets of values of the same attribute.

Following the left and the right alternation operators in the original version

of SIT and given A as the subset of attribute values that are alternated with

subsets of attribute values A

i

, we de�ne even and odd alternation transfor-

mations as follows:
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Even� alternation = f(2k � 1; A; A

2k�1

); (2k; A;A) j k = 1; : : : ; ig

Odd� alternation = f(2k; A;A

2k

); (2k � 1; A; A) j k = 1; : : : ; ig

Considering only the x-position, the y-position, and the shape attribute

and based on the even and the odd alternation transformations, the visual

pattern illustrated in Figure 3.11 can be represented in the same way as vi-

sual patterns with iteration structures are represented. The only di�erence

is that the parameterized transformations for non-positional attributes can

be alternation transformations. In the case of the visual pattern illustrated

in Figure 3.11 the alternation transformation for the shape attribute !

(i)

shape

is de�ned as follows:

!

(i)

shape

(S) =

f(2; S; triangle); (4; S; circle); (6; S; oval); (2k� 1; S; S) j k = 1; : : : ; 3g.

3.4.5 Composition Structure

Primitive visual elements for which there is no regularity of the above kinds

among their attribute values are assumed to have a composition structure.

The composition structure corresponds with the concatenation structure of

the original version of SIT. A visual pattern has a composition structure if

it consists of unrelated primitive visual elements. For example, the visual

pattern illustrated in Figure 3.12 has a composition structure. Note that

every arbitrary set of primitive visual elements can be considered as having

a composition structure. A visual pattern that has the composition struc-

ture is represented as a set of n-tuples of visual attribute values.
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Figure 3.12: An example of two-dimensional visual pattern which should be

described as having the composition structure.

It is important to note that this visual pattern can also be described as
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having an iteration structure where the transformations of all attributes,

inclusive positional attributes, are concrete transformations. However, as

we will explain later in this chapter (when we discuss the information com-

plexity of expressions that represent gestalts of two-dimensional visual pat-

terns) the description of such a visual pattern in terms of iteration structure

with only concrete transformations results in higher information complex-

ity than its alternative description in terms of composition structure. In

general, we claim that the information complexity will disambiguate all

possible descriptions of a visual pattern and select those which represent

the preferred gestalts of that visual pattern.

3.4.6 VREG : A Language for Visual REGularities

In the previous sections, we explained that two-dimensional visual patterns

can be represented as a set of n-tuples each of which represents a primi-

tive visual element by means of n values of di�erent visual attributes. It

is argued that the regularities of values of identical attributes among n-

tuples can be described by speci�c ISA operators. These regularities give

rise to perceptually motivated structures and determine the gestalts of two-

dimensional visual patterns.

In this section, the proposed view of regularities of two-dimensional vi-

sual patterns are used to de�ne a formal coding language the expressions

of which represent gestalts of two-dimensional visual patterns. This coding

language is de�ned in terms of a set of n-tuples that represent primitive

visual elements and a set of structural rules that speci�es the gestalts of

two-dimensional visual patterns. Let Att

1

; : : : ; Att

n

be the domains of val-

ues of n di�erent visual attributes. Then, the set E of representations of

possible primitive visual elements is determined by the Cartesian product

of these n domains of attribute values, i.e.

E = Att

1

�; : : : ;�Att

n

=

fe

j

=< a

j

1

; : : : ; a

j

n

>j 8a

j

1

2 Att

1

; : : : ; 8a

j

n

2 Att

n

g.

Since regularities of attribute values for iteration structures are charac-

terized by admissible parameterized transformations, we de�ne for each

attribute a set of admissible parameterized transformations. In general, we

assume 


Att

1

; : : : ;


Att

n

to be the sets of typed parameterized admissible

transformations. The type Att

j

indicates the domain of attribute values to
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which parameterized transformations !

(i)

Att

j

2 


Att

j

are applicable.

Since primitive visual elements are represented as n-tuples of values of mu-

tually distinct visual attributes, the parameterized transformations that are

applied to them are n-tuples of admissible parameterized transformations

having the same mutually distinct types. Thus, the set 
 of possible n-

tuples of admissible parameterized transformations is the Cartesian product

of n mutually distinct typed sets of admissible parameterized transforma-

tions, i.e. 
 = 


Att

1

� : : :� 


Att

n

.

Finally, we de�ne an additional set 	 = 	

Att

1

� : : :� 	

Att

n

to be a set of

possible admissible non-parameterized transformations in which the posi-

tional transformations are admissible re
ection transformations. This set

is specially de�ned for the symmetry structures.

In the following, we de�ne a formal language called the VREG language

(Visual REGularity language) which generates expressions that represent

gestalts of two-dimensional visual patterns. We will call these expressions

the VREG expressions.

10. Definition. The language VREG is de�ned over the primitives

< E;
;	; Iter; Sym;Comp; Unit >, where:

� E is the set of primitive visual elements,

� 
 is the set of admissible parameterized transformations, i.e.


 = f!

(i)

j !

(i)

=< !

(i)

pos

; !

(i)

size

; ; : : : > & !

(i)

Att

j

2 


Att

j

g,

where !

(i)

pos

is a parameterized 2D Euclidean transformation,

� 	 is the set of admissible re
ection transformations, i.e.

	 = f j  =<  

pos

;  

size

; : : : > &  

Att

j

2 	

Att

j

g,

 

pos

is an 2D Euclidean re
ection transformation,

� Iter; Sym;Comp; Unit are four functor names, corresponding with

iteration, symmetry, compose and unit of visual patterns, respectively,

The VREG expressions are de�ned on the basis of the above primitives as

follows:

1) If e

j

2 E, then e

j

is a VREG expression,

2) If A;A

1

; : : : ; A

m

are VREG expressions, n 2 N, !

(i)

2 
,  2 	, and

t 2 
 [	, then the following expressions are VREG expressions:
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Iter(A; !

(i)

; n);

Sym(A;  );

Unit(A);

Comp(A

1

; : : : ; A

m

);

t(A):

Note that we did not specify a speci�c set of visual attributes. In this way,

one may consider a set of VREG languages that di�er from each other by

their visual attributes and thus by their primitive visual elements. Each

VREG language generates then the gestalt expressions of visual patterns

characterized by a certain set of attributes.

The expressions of a VREG language refer to visual patterns in R

2

. We

may de�ne the semantics for the VREG language in a model theoretic sense

with the set of possible visual patterns in R

2

as the domain and the set

of all admissible transformations from domain elements (visual patterns)

to domain elements. A visual pattern in R

2

is considered to be a set of

primitive visual elements in R

2

. Therefore, the domain of visual patterns

in R

2

is considered to be the set of sets of primitive visual elements in

R

2

. Moreover, since we want to allow unit-based symmetry structures, vi-

sual patterns may include unit-based visual elements as well. We assume

that the domain of visual patterns in R

2

is pre-structured according to the

united primitive visual elements. This is done by assuming that the united

primitive visual elements in visual patterns are indicated by being within

h i brackets.

11. Definition. A model M for a VREG language consists of a domain

D = D

e

[ D

t

(where D

e

is a domain of visual patterns in R

2

and D

t

is a domain of admissible transformations from D

e

to D

e

) and an inter-

pretation function I de�ned on n-tuples of attribute values (that represent

primitive visual elements) and n-tuples of transformations. We assume a

�xed coordinate system for the model M such that the positional values of

constitutive primitive visual elements in D

e

are de�ned in that coordinate

system and all Euclidean transformations in D

t

are de�ned with respect to

the origin of that coordinate system. Given t 2 
 [ 	, the interpretation

function has the following property:

If e

j

2 E, then I(e

j

) 2 D

e

,

If t =< t

1

; : : : ; t

n

> is a tuple of admissible transformations, then I(t) 2 D

t

.
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Given the interpretation function I, the semantics of the VREG expressions

can be recursively de�ned as follows:

12. Definition. Let M =< D; I > be a model for the VREG language,

A;A

1

; : : : ; A

m

be VREG expressions, and � indicate the application of trans-

formations to domain elements. Then, given e

j

2 E; !

(i)

2 
,  2 	,

t 2 
[	, and n 2 N, the semantic interpretation j[ ]j

M

for VREG expres-

sions is de�ned as follows:

j[t]j

M

= I(t),

j[e

j

]j

M

= I(e

j

),

j[Iter(A; !

(i)

; n)]j

M

= [

n

i=1

j[!

(i)

]j

M

� ( j[A]j

M

),

j[Sym(A;  )]j

M

= j[A]j

M

[ j[ ]j

M

� ( j[A]j

M

),

j[Comp(A

1

; : : : ; A

m

)]j

M

= [

m

j=1

j[A

j

]j

M

,

j[Unit(A)]j

M

= h j[A]j

M

i,

j[t(A)]j

M

= j[t]j

M

� (j[A]j

M

).

Note that the semantics of VREG expressions indicates how a visual pat-

tern in model M is constituted by other visual patterns, i.e. it indicates

the constituent structures of visual patterns. The constituent structure of

visual patterns is expressed by the union relation between visual patterns.

As we have noticed, the application of a re
ection transformation to a

unit of primitive visual elements is not trivial. In fact, the spatial relations

between united primitive visual elements are invariant under the re
ection

transformation. In order to preserve the spatial relations between united

primitive visual elements under the re
ection transformation, we de�ne the

application of the re
ection transformation to united elements as a dou-

ble re
ection: the united elements should �rst be re
ected according to

the actual re
ection axis and, subsequently, the resulting united elements

should be re
ected according to a re
ection axis which is parallel to the

actual re
ection axis and goes through the center of united elements. This
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double re
ection guarantees that the spatial relations between the united

primitive visual elements will be preserved. The double re
ection process

is illustrated in Figure 3.13.
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Figure 3.13: The process of re
ecting patterns containing united elements.

In Figure 3.13-A, the pattern consists of two united L-shape elements. This

pattern is re
ected in Figure 3.13-B according to the actual re
ection axis

R. Finally, in Figure 3.13-C the re
ected united elements are re
ected again

according to the re
ection axis S which is parallel to the actual re
ection

axis R and goes through the center of united elements. In general, the

application of transformations to united elements can be de�ned as follows:

13. Definition. Let Mid-re
ect( 

pos

,A) generates a re
ection transfor-

mation that re
ects the visual pattern "A" according to a re
ection axis

which is parallel to the axis used by the re
ection transformation  

pos

and

goes through the center of "A". Let also  

pos

and !

(j)

pos

be respectively a po-

sitional re
ection transformation and a positional parameterized transfor-

mation (translation, rotation, but not a re
ection). Then, the application

of the transformations to united elements, indicated by the � operator, is

de�ned as follows:

- j[<  

pos

;  

size

; : : : >]j

M

� ( hj[A]j

M

i ) =

h j[<  

pos

;  

size

; : : : >]j

M

� ( Mid-re
ect ( 

pos

; j[A]j

M

) � ( j[A]j

M

) )i

- j[< !

(i)

pos

; !

(i)

size

; : : : >]j

M

� ( hj[A]j

M

i ) =

hj[< !

(i)

pos

; !

(i)

size

; : : : >]j

M

� ( j[A]j

M

)i.

Note in the �rst clause of this de�nition that the visual pattern hj[A]j

M

i

which is considered as a unit is re
ected twice. This results in a visual
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pattern that is similar to a translation of hj[A]j

M

i. This is exactly what

we wished to achieve with the re
ection of the units of primitive visual

elements.

Finally, it is important to note that for a transformation t the expression

j[t]j

M

� (j[A]j

M

[ j[B]j

M

) obeys the distribution law, i.e.

j[t]j

M

� (j[A]j

M

[ j[B]j

M

) = (j[t]j

M

� j[A]j

M

) [ (j[t]j

M

� j[B]j

M

).

3.4.7 An Example of VREG Expressions

As an example of a gestalt and its corresponding VREG expression consider

the two-dimensional visual pattern in Figure 3.14 which consists of arrows

as primitive visual elements. In this visual pattern, the letters e

1

; : : : ; e

9

that are attached to the individual arrows are considered to be the repre-

sentations of these arrows, i.e. e

1

; : : : ; e

9

are n-tuples of attribute values.

These letters are thus not visual elements, but they are included in the

visual pattern in order to indicate the primitive visual elements that they

represent. These letters will be used in the VREG expressions that describe

a gestalt of this visual pattern.

e4

e5

e6e2

e3

e1
e8e7 e9

Figure 3.14: A visual pattern having iteration structure.

The visual pattern illustrated in Figure 3.14 can be described as consisting

of three chunks. Each of these chunks contains three arrows. The second

chunk of arrows represented by e

4

; e

5

; and e

6

results from applying a trans-

formation (consisting of a translation in the direction of x-axis, translate

(i)

x

,

and a 45-degree s-rotation, s � rotate

(i)

45

) to the �rst chunk of arrows rep-

resented by e

1

; e

2

; and e

3

. The third chunk of arrows represented by e

7

; e

8

;

and e

9

is then resulted by applying the same transformation twice to the

�rst chunk. This gestalt (which is the preferred perceptual structure) can

be represented by the following VREG expression:
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Iter(Iter(e

1

; translate

(j)

y

; 3); translate

(i)

x

� s� rotate

(i)

45

; 3)

In this expression, � is the transformation composition operator. Following

the semantics of the VREG language, the semantics of this expression can

be determined as follows:

j[Iter(Iter(e

1

; translate

(j)

y

; 3); translate

(i)

x

� s� rotate

(i)

45

; 3)]j

M

=

S

3

i=1

j[translate

(i)

x

� s� rotate

(i)

45

]j

M

� (j[Iter(e

1

; translate

(j)

y

; 3)]j

M

) =

S

3

i=1

j[translate

(i)

x

� s� rotate

(i)

45

]j

M

� (

S

3

j=1

j[translate

(j)

y

]j

M

� (j[e

1

]j

M

)) =

S

3

i=1

j[translate

(i)

x

� s� rotate

(i)

45

]j

M

� (

j[translate

(1)

y

]j

M

� (j[e

1

]j

M

)

S

j[translate

(2)

y

]j

M

� (j[e

1

]j

M

)

S

j[translate

(3)

y

]j

M

� (j[e

1

]j

M

)) =

j[translate

(1)

x

� s� rotate

(1)

45

]j

M

� (j[translate

(1)

y

]j

M

� (j[e

1

]j

M

))

S

j[translate

(1)

x

� s� rotate

(1)

45

]j

M

� (j[translate

(2)

y

]j

M

� (j[e

1

]j

M

))

S

j[translate

(1)

x

� s� rotate

(1)

45

]j

M

� (j[translate

(3)

y

]j

M

� (j[e

1

]j

M

))

S
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(2)

x

� s� rotate

(2)

45

]j

M
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(1)

y

]j

M

� (j[e

1

]j

M

))

S
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(2)

x

� s� rotate

(2)

45

]j

M
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(2)

y

]j

M

� (j[e

1

]j

M

))

S

j[translate

(2)

x

� s� rotate

(2)

45

]j

M

� (j[translate

(3)

y

]j

M

� (j[e

1

]j

M

))

S

j[translate

(3)

x

� s� rotate

(3)

45

]j

M

� (j[translate

(1)

y

]j

M

� (j[e

1

]j

M

))

S

j[translate

(3)

x

� s� rotate

(3)

45

]j

M
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(2)

y

]j

M

� (j[e

1

]j

M

))

S
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x

� s� rotate

(3)

45

]j

M

� (j[translate

(3)

y

]j

M

� (j[e

1

]j

M

)).

In the above expression, all transformations are de�ned with respect to the

origin of an assumed coordinate system. The above semantic description

indicates how the whole visual pattern is regularly constructed by means of

the arrow represented by e

1

. All arrows involved in the visual pattern are

determined by di�erent compound transformations that are de�ned with

respect to the origin of one and the same coordinate system.
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3.5 An Extension of the Coding Language

The VREG language is supposed to generate expressions that represent

perceptually motivated structures of two-dimensional visual patterns. How-

ever, there are perceptually motivated pattern structures that cannot be

represented by the expressions of the VREG language. In this section, we

consider a new class of perceptually motivated structures of two-dimensional

visual patterns and propose an extension of the VREG language that can

cover these pattern structures.

In the VREG language, pattern structures are represented by embedded

expressions. In particular, the iteration expression is de�ned in terms of an

embedded expression A, an admissible parameterized transformation !

(i)

,

and an index n. The semantics of the iteration expression is de�ned in

terms of the application of the sequence of transformations !

(1)

; : : : ; !

(n)

to

the expression A, i.e. j[Iter(A; !

(i)

; n)]j

M

=

S

n

i=1

j[!

(i)

]j

M

� (j[A]j

M

).

Following the semantic de�nition of the iteration expression, the pattern

represented by the expression A is considered as one single organized struc-

ture which will be successively transformed by the sequence of admissible

transformations. In this way, the internal organization (structure) of the

pattern represented by A is preserved under the applied transformations

such that di�erent occurrences of the transformed A have identical internal

organizations. For example, in the above example the visual pattern repre-

sented by the embedded expression Iter(e

1

; translate

(j)

y

; 3) consists of three

arrows along one straight line. This pattern is transformed successively by

the parameterized transformation translate

(i)

x

� s � rotate

(i)

45

such that the

resulting patterns under the successive transformations still consist of three

arrows along one straight line, i.e. the internal organization of the pattern

Iter(e

1

; translate

(j)

y

; 3) is preserved.

However, there is a class of visual patterns for which the (regular) per-

ceptual structure can be considered as a general case of iteration structure

in contrast with the special case of iteration structure as it is proposed so

far. Henceforth, we call patterns with the general case of iteration structure

G-structure patterns and those with the special case of iteration structure S-

structure patterns. Like the S-structure patterns, the G-structure patterns

can be described in terms of a subpattern and a sequence of admissible

parameterized transformations. But, unlike the S-structure patterns, the

internal organization of the subpattern in the G-structure patterns will not
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be preserved under the successive transformations.

For example, consider the visual pattern in Figure 3.15 consisting of arrows

as primitive visual elements.

e1

e2

e3

e5

e4

e6
e7

e8

e9

Figure 3.15: An example of the general case of iteration structure.

Like the visual pattern in Figure 3.14, in this visual pattern the most left

vertical subpattern is translated in the direction of the x-axis, but unlike the

pattern in Figure 3.14, the internal organization of the subpattern (three

arrows along one straight line), is not preserved. In fact, the individual

arrows in each vertical chunk are locally s-rotated. Thus, one cannot con-

sider the left-most subpattern as one single object, which is translated in

the direction of the x-axis.

The G-structure patterns can be considered as consisting of a subpattern

which is successively transformed by two kinds of parameterized transfor-

mations: local and global transformations. The local transformations are

successively applied to some (embedded) parts of the subpattern while the

global transformation is successively applied to the whole subpattern. The

local transformations are thus responsible for the internal changes among

di�erent occurrences of the subpattern.

For example, in the visual pattern illustrated in Figure 3.15 the left verti-

cal subpattern (consisting of three arrows) is successively transformed by a

global translation transformation and its individual arrows are successively

transformed by a local s-rotation transformation. Another example of a

G-structure pattern is illustrated in Figure 3.16.

In this pattern, one rectangle with one circle is considered as the subpat-

tern that is transformed three times. The subpattern is translated in the

horizontal direction by means of a global transformation, i.e. a translation

transformation in the direction of the x-axis is applied to the circle and the

rectangle. Moreover, beside the application of the global transformation, a

local transformation is applied to the circle of the subpattern which trans-
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Figure 3.16: A G-structure pattern.

lates the circle in the direction of the y-axis. Note that this translation

transformation is not applied to the rectangle of the subpattern.

The global transformation is responsible for the perception of the iterating

subpattern. In fact, if the global transformation is an identity transforma-

tion such that the structure of patterns is merely determined in terms of

the local transformations, then one cannot guarantee the perception of one

subpattern which is successively transformed. For example, consider the

visual pattern shown in Figure 3.17.

Figure 3.17: The absence of a global transformation suppresses the percep-

tion of the subpattern that consists of one circle and one rectangle.

In this visual pattern, one does not perceive a rectangle and a circle as form-

ing one perceptual subpattern which is successively transformed. Neverthe-

less, this visual pattern can be described as having a G-structure which is

based on a subpattern consisting of one rectangle and one circle. According

to this G-structure description, the circle is transformed by a local diagonal

translation, the rectangle is transformed by a local horizontal translation,

but they are not transformed by any global transformation (or one may con-

sider that the global transformation is the identity transformation). There-

fore, in order to avoid these descriptions which do not re
ect the perceptual

structure of visual patterns, we exclude G-structure descriptions in which
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the global transformation is either absent or is the identity transformation.

The above examples of G-structure visual patterns are de�ned on one sin-

gle local transformation. However, G-structure patterns can be de�ned on

two or more local transformations as well. For example, consider the visual

pattern illustrated in Figure 3.18.

Figure 3.18: A G-structure visual pattern de�ned on two local transforma-

tions.

This visual pattern has a G-structure since it can be described in terms

of the left subpattern, consisting of two vertical groups of three triangles,

which is iteratively transformed by a global horizontal translation transfor-

mation and two local transformations. One local transformation is a 90

�

left s-rotate transformation applied to the individual triangles of the most

left subpattern (the vertical group of three triangles) and the second local

transformation is a 90

�

right s-rotate transformation applied to the individ-

ual triangles of the second left subpattern (the second vertical group of three

triangles). In general, G-structure patterns are de�ned as those that can

be described in terms of one or more local transformations. Although we

believe that the G-structure of visual patterns de�ned on one or two local

transformations are perceptually relevant (descriptive simplicity is related

to the phenomenal simplicity), we do not claim the perceptual relevance of

G-structure patterns de�ned on arbitrary number of local transformations.

This issue should be the subject of empirical studies.

The expressions that represent G-structure visual patterns can be de�ned

in terms of an iteration expression consisting of an embedded expression A,

an index n, a global transformation and one or more local transformations.

Since local transformations have to be applied to particular parts of the

embedded expression A (at some level of embedding) we assume A to be

an expression which contains transformation variables at lower embedding
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levels. These transformation variables stand for the local parameterized

transformations. Moreover, since the parameter of local transformations

are de�ned on the index n of the iteration expression, we use the lambda

operator to change an iteration expression into a function that should be

applied to parameterized local transformations. The parameter of these

transformations will then be determined by the index of the embedding

iteration expression and the resulting transformations will be assigned to

the transformation variables that occur in the embedded expression A.

The VREG language can thus be extended to cover the general case of

iteration regularities by adding a set of transformation variables V AR

t

to

its set of primitive elements. Subsequently, the de�nition of the VREG

expressions is extended to cover the general case of iteration by using the

lambda operator and the transformation variables. In particular, we may

introduce a clause that employs the lambda operator to change an iteration

expression into a functional expression, and a clause that introduces func-

tion application. Function application speci�es the application of an func-

tional expression to a parameterized local transformation. The extended

version of the VREG language will be called E-VREG language (Extended

VREG language). The E-VREG language can be de�ned by adding the

following two additional clauses to the de�nition of the VREG language

(De�nition 10). The VREG language covers the general case of iteration

structures when we introduce the following two clauses.

14. Definition. Let A[x

1

; : : : ; x

n

] be a VREG expression that contains

transformation variables x

1

; : : : ; x

n

. Then, the following expressions are

VREG expressions:

3) If Iter(A[x

1

; : : : ; x

n

]; !

(i)

; n) is a VREG expression and

x

1

; : : : ; x

n

2 V AR

t

are transformation variables occurring in the expres-

sion A, then �x

1

; : : : ; x

n

Iter(A[x

1

; : : : ; x

n

]; !

(i)

; n) is a functional VREG

expression,

4) If E is a functional VREG expression of the from

�x

1

; : : : ; x

n

Iter(A[x

1

; : : : ; x

n

]; !

(i)

; n) and �

(i)

1

; : : : ; �

(i)

n

are parameterized

transformations, then E(�

(i)

1

; : : : ; �

(i)

n

) is a VREG expression.

Let M be a model for the VREG language consisting of a domain

D = D

e

[ D

t

, where D

e

is the domain of visual patterns in R

2

and D

t

is
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the domain of all transformations from D

e

to D

e

. Then, the semantics of

the clauses 3) and 4) are de�ned in the standard way using an assignment

function, g, which assigns transformations to transformation variables, i.e.

g : V AR

t

! D

t

.

15. Definition. Given the model M of the VREG language and using the

assignment function, g, the semantics of the above two VREG expressions

are de�ned by the following two rules:

- j[�x

1

; : : : ; x

n

Iter(A[x

1

; : : : ; x

n

]; !

(i)

; n)]j

M;g

is that function

h : D

t

; : : : ; D

t

�! D

e

which maps parameterized transformations from

D

t

to an element from D

e

such that for all �

(i)

1

; : : : ; �

(i)

n

2 D

t

:

h(�

(i)
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; : : : ; �
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n

) =

S

n

i=1
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1
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n

] ]j

M;g[x

1

=�

(i)

1

;:::;x

n

=�

(i)

n

]

),

- If E is a functional expression of the from

�x

1

; : : : ; x

n

Iter(A[x

1

; : : : ; x

n

]; !

(i)

; n) and �

(i)

1

; : : : ; �

(i)

n

are parameterized

transformations, then

j[E(�

(i)

1

; : : : ; �

(i)

n

)]j

M;g

= j[E]j

M;g

(j[�

(i)

1

]j

M;g

; : : : ; j[�

(i)

1

]j

M;g

).

Following the expressions for the general case of iteration, the visual pat-

tern in Figure 3.15 can be represented as the following function application

expression.

�x Iter(Iter(e

1

; translate

(j)

y

� x; 3); translate

(i)

x

; 3) (s� rotate

45

).

The semantics of this lambda expression is a function h which maps param-

eterized transformations to visual patterns. This function can be speci�ed

as follows:

j[�x Iter(Iter(e

1

; translate

(j)

y

� x; 3); translate

(i)

x

; 3)]j

M;g
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This function can now be applied to the parameterized local transforma-

tion s� rotate

45

. The semantic of the function application is then de�ned

by assigning the transformation s� rotate

45

to the variable x in the above

expression.

3.6 The Information Complexity of E-VREG

Expressions

In this chapter, we have introduced a coding language, called E-VREG

language, for the two-dimensional visual patterns. The expressions of this

coding language, called E-VREG expressions, are de�ned on n-tuples of

attribute values (representing primitive visual elements) and n-tuples of

transformations that are applicable to them.

The E-VREG expressions represent gestalts of two-dimensional visual pat-

terns. A visual pattern may have several gestalts each of which is repre-

sented by an E-VREG expression. In order to disambiguate the gestalts

of a visual pattern and select the preferred gestalts of that visual pattern,

we follow the gestalt disambiguation idea of SIT by considering the infor-

mation complexity of E-VREG expressions. The reformulation of gestalts

in terms of E-VREG expressions suggests that the information complexity

should be de�ned in terms of the information complexities of n-tuples of
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attribute values and n-tuples of transformations.

The information complexity of n-tuples of attribute values depends on per-

ceptual dominance ordering of visual attribute values. The perceptual dom-

inance ordering among di�erent attributes is studied in [Kub81]. According

to this empirical study, the position and orientation attributes have a more

important perceptual status than other attributes like the color and the

shape attributes. In the same way, the color attribute has a more important

perceptual status than the shape or the size attributes, etc. To illustrate

the perceptual dominance ordering consider the patterns in Figures 3.19

and 3.20. In Figure 3.19 the perceptual grouping which is induced by the

position attribute dominates the grouping which is induced by the shape,

the size, and the texture attributes. Similarly, in Figure 3.20 the grouping

which is based on the color attribute dominates the grouping which is based

on the shape attribute.

��
��
��
��
������

����
�
�
�
��
�
�
���
����
��
��
��
��
������������
����

��
��
��
����

�
�
�
�

��
��
��
��
����

�
�
�
�

��
��
��
��
��
��
��
���
�
�
�

����
�
�
�
�

��������

��

������
��
��
��

����

Figure 3.19: The position attribute

dominates the grouping structure.

Figure 3.20: The color attribute

dominates the grouping structure.

In order to integrate the e�ect of the dominance ordering of attributes into

the de�nition of information complexity, we follow the original de�nition of

information complexity: the number of occurrences of primitive elements

(and units) in the gestalt description of patterns. Since in our approach

the primitive elements are represented in terms of attribute values, the in-

formation complexity should be based on the number of attribute values

in the gestalt description of visual patterns. In the original de�nition of

the information complexity in SIT, each primitive element is assumed to

have the same information complexity. However, attribute values do not

have the same information complexity since di�erent attributes have dif-

ferent dominance e�ect. In this way, it is assumed that a reduction in the

number of position values decreases the information complexity more than
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the same reduction of shape values. The information complexity of val-

ues of each attribute should then be determined relative to each other and

through empirical studies.

The information complexity of n-tuples of transformations depends on the

information complexities of individual transformations. In order to de-

�ne the information complexity of individual transformations, we consider

abstract and concrete transformations separately. In the case of concrete

transformations, it is reasonable to assume that the information complexity

is determined by the number of attribute values that constitute a transfor-

mation. For example, suppose that the perceptual dominance ordering of

visual attributes implies that the information complexity of a shape at-

tribute value is 1. Then, the information complexity of the concrete non-

parameterized shape transformation

f(rectangle; circle); (square; triangle); (triangle; line)g

would be 6 and the information complexity of the concrete parameterized

shape transformation

f(1; rectangle; rectangle); (2; rectangle; circle); (3; rectangle; square)g

would be 4 (the second argument is a constant value and thus counted only

once). Of course, this way of measuring information complexity is based

on our intuition and should be veri�ed by empirical studies.

However, it is not trivial to determine the information complexity of ab-

stract transformations. Although for some classes of abstract transforma-

tions, like those for which the relation between attribute values is expressed

by polynomials, it may be intuitive to de�ne the information complexity on

the basis of the lengths and the degrees of the polynomials, we believe that

a perceptually motivated information complexity for abstract transforma-

tions should be established through empirical studies.

Following the original de�nition of the information complexity and consid-

ering the additional complexities of attribute values and transformations

for the E-VREG expressions, the information complexity of E-VREG ex-

pressions can be de�ned as follows.

16. Definition. Let v

att

j

be a value of attribute att

j

, t

att

j

be a transforma-

tion de�ned on values of attribute att

j

, A and A

j

be E-VREG expressions,

A[x

1

; : : : ; x

m

] be an E-VREG expression that contains transformation vari-

ables x

1

; : : : ; x

m

, !

(i)

; �

(i)

1

; : : : ; �

(i)

m

2 
;  2 	;, and t 2 
 [ 	, then the

information complexity C of the E-VREG expressions can recursively be

de�ned as follows:
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C( < v

att

1

; : : : ; v

att

m

> ) =

P

m

j=1

C(v

att

j

)

C( < t

att

1

; : : : ; t

att

m

> ) =

P

m

j=1

C(t

att

j

)

C( t(A) ) = C(A) + C(t)

C( Unit(A) ) = C(A) + 1

C( Comp(A

1

; : : : ; A

m

) ) =

P

m

j=1

C(A

j

)

C( Sym(A;  ) ) = C(A) + C( )

C( Iter(A; !

(i)

; n) ) = C(A) + C(!

(i)

)

C( �x

1

; : : : ; x
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1

; : : : ; x
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m
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m

j=1

C(�

(i)

j

)

Finally, it is often claimed that there is a tendency to prefer a perceptual

grouping which consists of a small number of perceptual groups [Ima66].

We claim that this aspect of perceptual preference will be automatically

achieved by applying the simplicity principle to all possible perceptual

groupings, i.e. the preferred perceptual grouping is the one that has the

lowest information complexity. To argue our claim note that a lower num-

ber of perceptual groups means placing more elements into each perceptual

group and vice versa. Since placing more elements in one perceptual group

implies more reduction of information complexity, the lowest number of

perceptual groups implies the lowest information complexity and vice versa.

In this chapter, we have introduced formal languages the expressions of

which represent gestalts of two-dimensional visual patterns. In the next

chapter, we will discuss how the preferred gestalts of two-dimensional vi-

sual patterns can be computed.





Chapter 4

Computing Gestalts of Visual

Patterns

In the previous chapter, we have introduced various languages: some of

these languages consist of expressions that represent the gestalts of one-

dimensional string patterns while other languages consist of expressions

that represent the gestalts of two-dimensional visual patterns. For each lan-

guage, we have de�ned the denoting relation between its expressions and

the perceptual patterns they refer to, i.e. the denoting relation between

perceptual patterns and their gestalts. We explained how the gestalts of

string patterns can be computed by using the computational model intro-

duced by Van der Helm and Leeuwenberg [VdHL86].

In this chapter, we investigate how the gestalts of a two-dimensional vi-

sual pattern can be computed. In order to compute the gestalts of a two-

dimensional visual pattern, we start with the unstructured (initial) repre-

sentation of that visual pattern and proceed with analyzing and structuring

that representation in successive steps. The unstructured representation of

a visual pattern is taken to be the set of representations of primitive visual

elements that constitute that visual pattern. At each successive step, an

unstructured part (a subset) of the pattern representation is coded in terms

of one (E-)VREG (i.e. VREG or E-VERG) expression. The resulting (E-

)VREG expression is a perceptually motivated structured representation

of the coded pattern part. A gestalt of a visual pattern is then gener-

ated when the representation of the whole visual pattern is coded by one

single (E-)VREG expression. The process of analyzing an unstructured

representation of a visual pattern as a perceptually motivated structured

79
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representation is a parsing process. Thus, the parsing process consists of

successive steps each of which replaces the unstructured representation of

a pattern part by a structured representation of it. A partially structured

representation of a visual pattern is called a parse state. A parse state is

transformed into the next parse state by means of a coding rule. When

a parse state contains only one (E-)VREG expression the parsing process

terminates. The resulting (E-)VREG expression represents a gestalt of the

visual pattern that was parsed.

In the next section, we de�ne a parse state as a set of (E-)VREG expres-

sions. Then, we introduce coding rules that are motivated by the (E-)VREG

expressions and explain their application to parse states. The computa-

tional complexity of the parsing process is brie
y discussed.

In section 2, hierarchical sets are introduced to represent parse states such

that the hierarchical unit structure of visual patterns is re
ected by the

hierarchical structure of their parse states. An additional coding rule is

proposed that can be applied to the hierarchical parse states. The applica-

tion of this rule to hierarchical parse states generates the unit expression

which is necessary to cover non-mirror symmetrical patterns.

In previous chapters, we explained that the (E-)VREG expressions ignore

the proximity factor. In section 3 of this chapter, the notion of a hierarchi-

cal set is extended to integrate the proximity structure of visual patterns

into their initial parse states. To do this, we �rst compute the proximity

structure of unstructured visual patterns. The proximity structure of a vi-

sual pattern is a hierarchical clustering of its constitutive visual elements.

Based on the hierarchical clustering of a visual pattern, its initial hierarchi-

cal parse state is constructed such that the hierarchical proximity structure

of the visual pattern is re
ected by the hierarchical structure of its initial

parse state. Then, an additional coding rule is introduced to cover the ef-

fects of the hierarchical proximity structure of parse states. This and other

coding rules can then be applied to hierarchical parse states in a bottom-

up fashion. The resulting parse states provide (E-)VREG expressions that

represent gestalts of visual patterns such that the in
uence of simplicity as

well as proximity is taken into account.

4.1 Coding Rules for (E-)VREG Expressions

A two-dimensional visual pattern is represented as a set of tuples of visual

attribute values. Each tuple of visual attribute values represents a primitive
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visual element

1

.

e1 e2 e3

3

2

1

1 2 3 4 5 6 87

r1

Figure 4.1: A visual pattern consisting of three arrows and an oval.

Thus, given < a

i

pos

; a

i

shape

; : : : > as the representation of a primitive visual

element e

i

, a visual pattern can be represented as the set fe

i

j e

i

=<

a

i

pos

; a

i

shape

; : : : >g. The set of representations of primitive visual elements

that constitute a visual pattern is the unstructured representation of that

visual pattern. It is an unstructured representation since the constituent

relation between constitutive visual elements (gestalt structure) are not

represented.

For example, consider the two-dimensional visual pattern illustrated in Fig-

ure 4.1. This pattern consists of four primitive visual elements, i.e. three

arrows and one oval. In this visual pattern, the labels attached to prim-

itive visual elements (i.e. e

1

; e

2

; e

3

; r

1

) are just used to refer to them and

they are not parts or elements of the visual pattern. Assuming a canonical

way to represent primitive visual elements uniquely (i.e. an arrow by start

and end points, an oval by left-middle and lower-middle points, etc.) and

considering only the position and the shape attributes, the unstructured

representation of this visual pattern is the following set:

f < < < 2; 2 >;< 3; 2 > > ; arrow > ;

< < < 4; 2 >;< 5; 2 > > ; arrow > ;

< < < 6; 2 >;< 7; 2 > > ; arrow > ;

< < < 1; 2 >;< 4:5; 1 > > ; oval > g:

In order to parse a visual pattern and compute its gestalts, we consider

1

There is no pre-de�ned set of primitive visual elements assumed. In fact, primitive

visual elements can be de�ned with respect to application domains. For example, one

may de�ne line segments as primitive elements or one may de�ne points as primitive

elements.
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the representation of that visual pattern as its initial parse state. In gen-

eral, we consider a parse state as a set of (E-)VREG expressions. Note that

an initial parse state is a set of primitive (E-)VREG expressions, each of

which represents a primitive visual element. An initial parse state is a state

that does not represent any structure of the pattern that is to be parsed, i.e.

a set of tuples of visual attribute values. In contrast, the �nal parse state

is a state that represents a gestalt of the visual pattern that was parsed,

i.e. a set that contains one (E-)VREG expression. The intermediate parse

states are then partially structured representations of visual patterns, i.e.

a set of (E-)VREG expressions each of which represents a pattern part.

A parse state is transformed into a subsequent parse state by coding (rep-

resenting) a subset of (E-)VREG expressions from the �rst parse state by

one single (E-)VREG expression. The transformation of one parse state

into another is accomplished by a coding rule. Thus, each coding rule is

designed to replace a subset of (E-)VREG expressions of a parse state,

which represents a non-structured subset of visual elements, with a struc-

tured representation of that subset which provides a structured description

of that pattern part.

Di�erent coding rules may be applied to each parse state. The application

of di�erent coding rules to parse states results in di�erent �nal parse states

which consequently assign di�erent gestalts to the visual pattern. The pre-

ferred gestalt is selected by applying the minimum principle to the set of

�nal states.

There are constraints associated with each coding rule. These constraints

determine the applicability of the coding rule to a particular subset of the

(E-)VREG expressions of a parse state. A coding rule can be applied to a

subset of (E-)VREG expressions if the constraints associated with that rule

are satis�ed by the (E-)VREG expressions contained in that subset. The

application of a coding rule to a subset of (E-)VREG expressions generates

one (E-)VREG expression which represents the same pattern part as the

original subset of (E-)VREG expressions does. Note that the application of

coding rules to successive parse states results in a hierarchical structuring

of (E-)VREG expressions.
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4.1.1 Coding Rules for VREG Expressions

We introduce three coding rules that construct the coding of the structures

covered by the VREG language, i.e. three coding rules that generate the

expressions of the VREG language. These expressions represent the special

case of iteration, the symmetry, and the composition structures. Then, in

the next subsection we discuss the coding rules for the E-VREG (Extended

VREG) language. Since the E-VREG language is the same as the VREG

language except that it covers the additional general case of iteration struc-

ture, we will introduce only one additional coding rule that constructs the

coding of the general case of iteration structure. In these two subsections,

we do not account for the unit structure such that the symmetry rule can

cover only the mirror symmetry structure. In section 2 of this chapter,

we will discuss how the non-mirror symmetry structures can be covered by

integrating the unit structure of visual patterns into their representations.

17. Definition. Let A be a parse state, a

1

; : : : ; a

n

be VREG expressions,

M be a model for the VREG expressions, 	 be the set of re
ection trans-

formations, 
 be the set of parameterized transformations, and n 2 N. The

coding rules are de�ned as follows:

1) Iteration Rule:

For any a

1

; : : : ; a

n

2 A & ! 2 


IF

8

i=1;:::;n

j[a

i

]j

M

= j[!

(i)

(a

1

)]j

M

THEN

A �! A n fa

1

; : : : ; a

n

g [ fIter(a

1

; !; n)g

2) Symmetry Rule:

For any a

1

; a

2

2 A &  2 	

IF

j[a

1

]j

M

= j[ (a

2

)]j

M

THEN

A �! A n fa

1

; a

2

g [ fSym(a

1

;  )g
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3) Composition Rule:

For any a

1

; a

2

2 A

A �! A n fa

1

; a

2

g [ fComp(a

1

; a

2

)g

Each of these coding rules transforms the parse state A, which contains a

certain subset of VREG expressions, into another state in which that subset

is replaced by one VREG expression. Therefore, the application of these

coding rules to a parse state reduces the number of VREG expressions such

that successive parse states contain fewer VREG expressions.

4.1.2 Coding Rule for E-VREG Expressions

In the above de�nition, the �rst coding rule constructs the coding of iter-

ation structures. This iteration rule is applicable to a sequence (ordered

subset) of VREG expressions (i.e. < a

1

; : : : ; a

n

>) if the visual patterns

represented by these VREG expressions (i.e. j[a

1

]j

M

; : : : ; j[a

n

]j

M

) can be

described in terms of the visual pattern which is represented by a

1

and

a parameterized transformation ! (i.e. j[!

(i)

(a

1

)]j

M

). The transformation

! is used to transform a visual pattern as a whole such that its internal

structure is not changed at iterative steps. Therefore, this iteration rule

constructs only the coding of the special case of iteration structures (S-

structure patterns), as they are introduced in the previous chapter.

In this section, we consider the general case of iteration structure (G-

structures), and introduce a coding rule for constructing them. The con-

structed coding rule for the general case of iteration structure together with

the coding rules for the VREG expressions, as introduced in previous sub-

section, can be considered as the coding rules for the expressions of the

E-VREG language. Accordingly, we will use the term E-VREG expres-

sions to mean VREG expressions plus the expression that represents the

G-structure visual patterns.

A visual pattern with the G-structure can be described as a subpattern

which is successively transformed by local and global parameterized trans-

formations. The local transformations are then applied only to some parts

of the subpattern such that the internal structure of the successive trans-

formed subpatterns changes. A visual pattern that has the general case of

iteration structure is illustrated in Figure 4.2.
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Consequently, a sequence of visual patterns p

1

; : : : ; p

n

forms a G-structure

pattern when they can be described in terms of p

1

, a global transformation,

and one or more local transformations. The global transformation should

be applied to p

1

as it was the case with the S-structure patterns, i.e. the

transformation should be applied to p

1

as a whole. Unlike the global trans-

formation, the local transformations should be applied to some parts of p

1

.

Since the representation of a visual pattern is a hierarchical E-VREG ex-

pression, the local transformations are applied to some of its embedded

sub-expressions.

For example, consider a visual pattern with the G-structure as illustrated

in Figure 4.2. The initial parse state of this visual pattern is a set that

contains twelve primitive E-VREG expressions each of which represents ei-

ther an arrow or an oval. The initial parse state can then be parsed by the

proposed coding rules through which successive parse states result. One

possible parse results in a parse state that contains three E-VREG expres-

sions. Each of these E-VREG expressions represents a vertical chunk of

three arrows and an oval.

e3

e2

e1

r1 e6

e5

e4

r2

e9

e8

e7

r3

Figure 4.2: A G-structure pattern.

This parse state, called D, may be represented as the following set:

D = f Comp(r

1

; Iter(e

1

; translate

y

; 3));

Comp(r

2

; Iter(e

4

; translate

y

; 3));

Comp(r

3

; Iter(e

7

; translate

y

; 3)) g

Note that r

i

and e

i

are n-tuples of attribute values that represent primitive

visual elements. These three E-VREG expressions represent three visual

patterns that together form a G-structure pattern since they can be rep-

resented in terms of the �rst E-VREG expression, a global parameterized
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translation in the direction of the x-axis (! transformation), and a local

parameterized 90

�

s-rotation (� transformation). The local transformation

� should be applied to an embedded E-VREG expression within the �rst

E-VREG expression. The three successive applications of the local and the

global transformations to the �rst E-VREG expression are as follows:

!

(1)

(Comp(r

1

; Iter(�

(1)

(e

1

); translate

y

; 3))),

!

(2)

(Comp(r

1

; Iter(�

(2)

(e

1

); translate

y

; 3))),

!

(3)

(Comp(r

1

; Iter(�

(3)

(e

1

); translate

y

; 3))).

These E-VREG expressions represent visual patterns that are identical to

those represented by the three E-VREG expressions in the parse state D.

In order to determine whether a sequence of E-VREG expressions a

1

; : : : ; a

n

represents a G-structure visual pattern, the E-VREG expression a

1

should

be modi�ed by inserting one or more transformation variables in it. These

transformation variables are applied to some embedded expressions of a

1

and stand for the local parameterized transformations. A modi�cation of

an E-VREG expression by inserting transformation variables in it results

in an abstract E-VREG expression. We de�ne the Insert function which

maps a E-VREG expression to a set of abstract E-VREG expressions.

18. Definition. Given a hierarchical E-VREG expression \a" consisting

of k embedded expressions, the insert function generates a set of abstract

E-VREG expressions. Each generated abstract E-VREG expression is iden-

tical to the E-VREG expression \a" except that l (1 � l � k) embedded E-

VREG expressions e

1

; : : : ; e

l

in \a" are replaced by x

1

(e

1

); : : : ; x

l

(e

l

), where

x

1

; : : : ; x

l

are transformation variables that are applied to the arguments

e

1

; : : : ; e

l

. An embedded E-VREG expression can be replaced only once and

become the argument of only one transformation variable.

Note that an embedded E-VREG expression e

i

can be embedded in another

embedded E-VREG expression e

j

.

Another way to look at the insert function is by considering the tree struc-

ture of the E-VREG expressions. Given the tree structure of a E-VREG

expression \a", the insert function may add a node to the root of a subtree

of the tree structure of \a". A node represents a transformation variable

that is applied to the subtree below it.

The above de�nition of the insert function implies that the maximum num-

ber of embedded E-VREG expressions in \a" determines the maximum
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number of transformation variables that can be inserted in the E-VREG

expression \a". Therefore, for a E-VREG expression \a", the number of

non-trivially distinct abstract E-VREG expressions that are generated by

the insert function (i.e. the cardinality of the output set of the Insert

function) depends on the number of embedded E-VREG expressions that

can be identi�ed in \a". In particular, for a set of k embedded E-VREG

expressions the number of non-trivially distinct abstract E-VREG expres-

sions that are resulted by applying l (l � k) transformation variables to l

di�erent embedded expressions is the same as the number of di�erent sets

that contain l embedded E-VREG expressions. Thus, given k embedded

expressions, the insert function generates

P

k

l=1

�

k

l

�

=

P

k

l=1

k!

l!(k�l)!

non-

trivially distinct abstract E-VREG expressions. Each component of this

sum determines the number of distinct abstract E-VREG expressions that

are resulted by inserting l transformation variables.

For instance, given the E-VREG expression

a = Comp(r

1

; Iter(e

1

; translate

y

; 3)), consisting of three embedded E-VREG

expressions (i.e. r

1

; Iter(e

1

; translate

y

; 3); and e

1

), the insert function gen-

erates

P

3

l=1

�

3

l

�

=

P

3

l=1

3!

l!(3�l)!

= 7 abstract E-VREG expressions. The

following are possible abstract E-VREG expressions that contain one trans-

formation variable x.

a

0

1

[x] = Comp(x(r

1

); Iter(e

1

; translate

y

; 3))

a

0

2

[x] = Comp(r

1

; x(Iter(e

1

; translate

y

; 3)))

a

0

3

[x] = Comp(r

1

; Iter(x(e

1

); translate

y

; 3))

Following the coding rule for the special case of iteration structures as

de�ned above, we introduce a rule that constructs the coding for the gen-

eral case of iteration structures.

19. Definition. Let A be a parse state, a

1

; : : : ; a

n

be E-VREG expressions

each consists of k embedded expressions, M be a model for the E-VREG

expressions, g : V AR

t

! D

t

be an assignment function that assigns trans-

formations from D

t

to transformation variables from V AR

t

, 
 be the set

of parameterized transformations, n 2 N, and

Insert(a

1

) = fa

0

[x

1

; : : : ; x

l

] j 1 � l � kg as de�ned above. The rule that

constructs the coding for the general case of iteration structures is de�ned

as follows:
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G-iteration Rule:

For any a

1

; : : : ; a

n

2 A & a

0

[x

1

; : : : ; x

l

] 2 Insert(a

1

) & !; �

1

; : : : ; �

l
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i=1;:::;n
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i

]j

M
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(i)
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1
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=�

(i)

1

;:::;x

l

=�

(i)

l

]

THEN

A �! Anfa

1

; : : : ; a

n

g [ f(�x

1

; : : : ; x

l

Iter(a

0

[x

1

; : : : ; x

l

]; !; n)) (�

1

; : : : ; �

l

) g

In summary, the representation of a visual pattern, considered as its initial

parse state, may be parsed according to the coding rules proposed. During

each step of the parsing process, a single E-VREG expression will replace

a subset of E-VREG expressions. The single E-VREG expression speci�es

a perceptual structure for the pattern part that it covers. When a parse

state is achieved which contains only one E-VREG expression, a perceptual

structure of the whole pattern has been generated. Of course, given a

pattern, there may be several parses for that pattern. The parse that

provides the preferred perceptual structure of the original pattern is selected

by applying the simplicity principle to all parses of that pattern, i.e. the

parse with the minimum information load provides the preferred perceptual

structure of the pattern.

4.1.3 The Complexity of the Parsing Process

Unlike most linguistic grammars, the proposed coding rules do not involve

a speci�c non-terminal, like the Start symbol, that determines the success

of a parse process. A successful parse process is one that ends up with a

parse state that contains one single E-VREG expression. The application

of the coding rules to an initial parse state provides always a parse since

it is always possible to apply repeatedly the compose rule and construct a

parse.

A gestalt of a visual pattern is represented by the E-VREG expression that

is constructed out of its initial parse state by applying the coding rules to

that parse state. The preferred gestalt of a visual pattern is determined by

�rst constructing all proper

2

parses from its initial parse state and then

applying the minimum principle to these parses.

2

As we will see in a short while, we will not construct all possible parses, but only

those that result in reasonable information complexities.
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The computational complexity of the process which determines the pre-

ferred gestalt of a visual pattern is therefore the computational complexity

of constructing all proper parses from the initial parse state of that visual

pattern plus the computational complexity of selecting the preferred one.

The computational complexity of selecting the preferred parse is linear in

the number of all proper parses since we have to check the information

complexities of proper parses and select the one which has the lowest in-

formation complexity. However, the number of proper parses for a parse

state depends on the number of proper codings at successive parse steps.

Subsequently, the number of proper codings for a parse state is determined

by the number of possible subsets of E-VREG expressions of that parse

state and the number of coding rules that can be applied to them. In the

following, we will consider the computational complexity for each coding

rule separately.

S-Iteration Rule

The iteration rule for the special case of iteration structure can be applied

to all sequences (ordered sets) that consist of 2 or more E-VREG expres-

sions. Given a parse state that contains n E-VREG expressions, there exists

P

n

m=2

n!

(n�m)!

possible sequences of E-VREG expressions to which the itera-

tion rule can be applied.

In order to apply the iteration rule to a sequence ofm E-VREG expressions,

a parameterized transformation must be chosen that transforms the �rst E-

VREG expression of the sequence to all otherm�1 E-VREG expressions of

that sequence. Given t pre-de�ned parameterized transformations, there is

in principle an in�nite number of compound parameterized transformations

possible. However, not every compound parameterized transformation is a

proper candidate since we are not interested in those transformations for

which the information complexity is higher than a concrete transformation,

i.e. a set of pairs that assign attribute values to parameter values.

For example, consider the visual pattern illustrated in Figure 4.3. Let the

primitive visual elements be represented by the position (middle point po-

sition with a �xed orientation) and the shape values.

A possible parse state for this visual pattern contains three E-VREG ex-

pressions:

f Comp(e

1

; e

2

); Comp(e

3

; e

4

); Comp(e

5

; e

6

) g.
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e6e2 e4

e1 e3 e5

3 4 5 61 2
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1

Figure 4.3: A visual pattern with the iteration structure.

Suppose that we have the sequence < comp(e

1

; e

2

); comp(e

3

; e

4

); comp(e

5

; e

6

) >

to which the iteration rule should be applied. Then, we should decide on

a parameterized transformation that transforms the visual pattern repre-

sented by the �rst E-VREG expression to the visual patterns represented

by the second and the third E-VREG expressions. The following concrete

parameterized transformation is a possible transformation for the iteration

rule:

f (1; < 1; 1 >;< 1; 1 >); (1; < 1; 2 >;< 1; 2 >);

(2; < 1; 1 >;< 3; 1 >); (2; < 1; 2 >;< 3; 2 >);

(3; < 1; 1 >;< 5; 1 >); (3; < 1; 2 >;< 5; 2 >) g

Since the iteration rule can always be applied to every sequence of E-VREG

expressions by means of a concrete transformation, the information com-

plexity of the concrete transformation for the iteration rule determines the

maximum (upper-bound) information complexity that an alternative trans-

formation may have. Given a sequence < a

1

; : : : ; a

n

> to which the itera-

tion rule should be applied, the information complexity S of such a concrete

transformation depends on the information complexities of a

1

; : : : ; a

n

, i.e.

the upper-bound information complexity S for an alternative transforma-

tion would be de�ned as:

S �

P

n

i=1

C(a

i

), where C(a

i

) is the information complexity of a

i

.

Moreover, we will use the fact that the information complexity of a com-

pound transformation is greater than the information complexity of the

constitutive transformations, i.e. C(t

1

� t

2

) � C(t

1

) + C(t

2

) for any trans-
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formations t

1

and t

2

.

Finally, we assume that each pre-de�ned transformation except the identity

transformation should have an information complexity greater than zero.

The identity transformation does not play a role in the construction of com-

pound transformations since for any transformation t : id � t = t � id = t.

Now, let t

1

; : : : ; t

p

be the pre-de�ned transformations where C(t

i

) � 0 for

any t

i

6= id and S be the upper-bound information complexity for a se-

quence of E-VREG expressions. Then, given � as the lowest information

complexity that a pre-de�ned transformation may have, any composition

of r = S=� transformations have an information complexity greater than

S (the maximum information complexity that a compound transformation

may have). This implies that for p pre-de�ned transformations a compound

transformation can be constructed from a combination of at most r trans-

formations. Therefore, given p pre-de�ned transformations t

1

; : : : ; t

p

, there

exists at most T =

P

r

i=1

p

i

possible transformation compositions that pro-

vide compound transformations with information complexities lower than

S. This implies that for a �nite number of pre-de�ned parameterized trans-

formations the application of the iteration rule to a sequence of E-VREG

expressions can be decided in a deterministic way.

Let t

1

; : : : ; t

p

be pre-de�ned transformations, Then, given a parse state that

contains n E-VREG expressions a

1

; : : : ; a

n

and given T number of possible

(pre-de�ned and compound) parameterized transformations as determined

above, the computational complexity of the iteration rule for the special

case of iteration structure is determined as follows:

O(

P

n

m=2

n!

(n�m)!

� T )

Symmetry Rule

Given a parse state that contains n E-VREG expressions, the symmetry

rule can be applied to all its subsets that have cardinality 2. This results

in

�

n

2

�

possible pairs of E-VREG expressions to which the symmetry rule

can be applied.

In order to apply the symmetry rule to a pair of E-VREG expressions, a

re
ection transformation should be chosen. The re
ection transformation

for the position attribute can be decided by computing a re
ection axis. A

re
ection axis can be easily computed by taking the positions of mirroring
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primitive visual elements that are represented by the pair of E-VREG ex-

pressions and decide the middle line between them. The mirroring visual

elements can easily be found by assuming that two E-VREG expressions

form a symmetry structure if they are structurally similar expressions. The

structural similarity of E-VREG expressions determines which primitive vi-

sual elements should be mirror images of each other such that it is easy to

compute the re
ection axis for the given two E-VREG expressions.

The transformation for non-positional attributes may be either from a pre-

de�ned set of transformations or a composition of them. However, for a

�nite set of pre-de�ned transformations there is an in�nite number of com-

pound transformations possible. But, not every transformation is a proper

candidate since we are not interested in those transformations for which

the information complexity is higher than a concrete transformation, i.e.

a transformation that assigns attribute values of visual elements from one

symmetry half to values of the same attributes of visual elements from

the second symmetry half. Following the same argumentation as for the

S-Iteration coding rule, the number of proper transformations depends on

the pair of E-VREG expressions and will be a �nite number.

Let T be the maximum number of proper transformations that may ex-

ists among possible pairs of E-VREG expressions taken from a

1

; : : : ; a

n

and

p pre-de�ned transformations as determined for the S-Iteration coding rule.

The computational complexity of the symmetry rule is determined as fol-

lows:

O

��

n

2

�

� T

�

Composition Rule

Given a parse state that contains n E-VREG expressions, the compose rule

can be applied to all its subsets that have cardinality 2 to n. Therefore, the

computational complexity of the composition rule is determined as follows:

O

�

P

n

m=2

�

n

k

��

G-iteration Rule

Like the iteration rule for the special case of iteration structure, the iter-

ation rule for the general case of iteration structure can be applied to all

sequences that consist of 2 or more E-VREG expressions. Thus, given a
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parse state that contains n E-VREG expressions, there are

P

n

m=2

n!

(n�m)!

possible sequences of E-VREG expressions to which the iteration rule for

the general case of iteration structures can be applied. In order to apply

the general case of iteration rule to a sequence E-VREG expressions, one

global parameterized transformation and one or more local parameterized

transformations should be decided on.

The computational complexity of deciding on the global transformation de-

pends, like for the special case of iteration rule, on the maximum number of

proper transformations T which is determined by the E-VREG expressions

a

1

; : : : ; a

n

of a given parse state and p pre-de�ned parameterized transfor-

mations t

1

; : : : ; t

p

.

Before we consider the computational complexity of deciding on local trans-

formations, note that the visual patterns represented by the sequence of E-

VREG expressions a

1

; : : : ; a

n

di�er from each other in terms of their internal

organizations. The successive insertion of local transformations in certain

embedded expressions in a

1

is supposed to generate E-VREG expressions

that represent visual patterns which are identical to those represented by

a

1

; : : : ; a

n

.

The computational complexity of deciding on local transformations depends

on two factors. Given a sequence < a

1

; : : : ; a

n

> of E-VREG expressions,

the �rst factor depends on the number of local transformations and the

determination of the embedded expressions in a

1

to which the local trans-

formations must be applied. The second factor depends on the number of

local transformations that can be decided.

As noted in the previous section, the insert function generates for a E-

VREG expression a

i

all possible abstract E-VREG expressions each of

which applies a number of local transformations to the same number of

embedded expressions in a

i

. Thus, given a sequence < a

1

; : : : ; a

n

> the

�rst factor of computational complexity for deciding local transformations

is determined by the number of abstract E-VREG expressions that the

insert function generates for the E-VREG expression a

1

. Given k as the

maximum number of embedded expressions in a

1

, we argued in the previous

section that the number of possible non-trivially distinct abstract E-VREG

expressions for a

1

is determined as follows:

P

k

l=1

�

k

l

�

=

P

k

l=1

k!

l!(k�l)!
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Thus, for a given sequence < a

1

; : : : ; a

n

> the �rst factor of computa-

tional complexity for deciding local transformations is determined by this

formula.

The second factor of computational complexity for deciding local trans-

formations is determined by the number of local transformations that can

be decided. Given an abstract E-VREG expression containing v transfor-

mation variables, we need to decide v local parameterized transformations

each of which should be assigned to one transformation variable. Note that

all variables are transformation variables (and not variables standing for

elements) such that the assignment of any arbitrary local transformations

result in E-VREG expressions that represent visual patterns with the same

number of constitutive primitive visual elements. This implies that there is

always a concrete transformation possible which transforms one E-VREG

expression into another one by assigning attribute values of the involved

visual elements to parameter values.

Like the transformations for the special case of iteration rule, we consider

the information complexity of concrete local transformations for n E-VREG

expressions as the maximum information complexity that alternative lo-

cal transformations may have. Since the information complexities of com-

pound parameterized transformations depends on the information complex-

ities of the composed pre-de�ned parameterized transformations and for t

pre-de�ned parameterized transformations, there are a �nite number of

compound transformations for which the information complexity is lower

than the maximum information complexity.

Let GT be the maximum number of local parameterized transformations

(pre-de�ned or compound) for n E-VREG expressions a

1

; : : : ; a

n

and p pre-

de�ned parameterized transformations. Then, given a parse state that con-

tains n E-VREG expressions a

1

; : : : ; a

n

and given k as the maximum num-

ber of embedded expressions in one of the E-VREG expressions a

1

; : : : ; a

n

,

the computational complexity of the iteration rule for the general case of

iteration structure is determined as follows:

O

�

P

n

m=2

n!

(n�m)!

� T �

P

k

l=1

�

k

l

�

�GT

�

Note that for a �nite number of pre-de�ned transformations the application

of all coding rules can be decided in a deterministic way.
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4.2 Computing Unit-based Gestalts

The proposed coding rule for symmetry structure can only be applied to

two E-VREG expressions which represent visual patterns that are mirror

images of each other. In other words, the proposed approach does not

account for non-mirror symmetrical patterns. An example of non-mirror

symmetrical pattern is illustrated in Figure 4.4.

In order to cover non-mirror symmetrical patterns we introduce the notion

of units of visual elements into this approach. A unit of visual elements is

either a primitive visual element or a group of primitive visual elements for

which the internal position structure should be preserved under the re
ec-

tion transformation. Recall that the unit structure of visual patterns is a

hierarchical structure.

In order to construct the coding of the unit structure of visual patterns

we modify the notion of parse states such that units of visual elements can

be explicitly represented. (This modi�cation may be compared to the pre-

processing where parenthesis are introduced to indicate the units of pattern

constituents, as de�ned in section 1 of chapter 3).

The modi�ed parse states are hierarchical sets. In hierarchical sets, each

element may be either a E-VREG expression or a hierarchical set. An ele-

ment which is a E-VREG expression will be called a terminal element. An

element which is a hierarchical set is then called a non-terminal element.

In this way, a parse state, which is a hierarchical set, is itself considered as

a non-terminal element.

Thus, the unit-based initial parse state of a visual pattern is a hierarchical

set in which the hierarchical unit structure of the visual pattern is re
ected

by the hierarchical structure of the set. In the initial hierarchical parse

state, a non-terminal element at a certain hierarchical level corresponds

with a unit of visual elements at the corresponding level of the hierarchical

unit structure of the visual pattern. It is important to note that the unit

structure of visual patterns is assumed to be given, i.e. the parsing process

starts with pre-structured initial parse states in which the hierarchical unit

structure is re
ected by the hierarchical structure of the initial parse state.

For example, consider the visual pattern illustrated in Figure 4.4. In this

visual pattern the dashed boxes indicate the units of visual elements. The

initial parse state for this visual pattern is therefore the hierarchical set

fa; b; fc; dg; fe; fg; g; hg. Note that the embedded sets like fc; dg and fe; fg

contain elements which represent united visual elements.
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e
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Figure 4.4: A unit-based visual pattern.

4.2.1 Parsing Unit-based hierarchical Representations

In order to compute the unit-based gestalts of a two-dimensional visual pat-

tern its initial hierarchical parse state should be parsed. Since non-terminal

elements are sets (not E-VREG expressions), the proposed coding rules

should be applied to the lowest level embedded sets that contain merely

terminal elements (E-VREG expressions). This suggests a bottom-up pars-

ing process such that the embedded sets that contain E-VREG expressions

are parsed before higher level sets that contain non-terminal elements are

parsed.

The result of parsing the E-VREG expressions of an embedded set which

represent the visual elements that belong to one unit is a single E-VREG

expression. This single E-VREG expression represents a gestalt of the vi-

sual elements that belong to that unit. The embedded set containing one

E-VREG expression is a singleton set which represents a unit structure. In

order to construct the coding for the unit structure, we introduce a coding

rule which replaces the singleton set by a unit expression the argument of

which is the E-VREG expression that is contained in the singleton set.

20. Definition. Let A be an embedded set (at a certain hierarchical level

of a parse state) and \a" be a E-VREG expression. The coding rule which

constructs the coding of the unit structure is then de�ned as follows:

Unit Rule:

For any fag 2 A

A �! A n ffagg [ fUnit(a)g
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The unit rule together with the proposed coding rules for E-VREG ex-

pressions can be used to parse a hierarchical unit-based representation in a

bottom-up fashion.

For example, consider again the visual pattern illustrated in Figure 4.4 for

which the initial (hierarchical) parse state is fa; b; fc; dg; fe; fg; g; hg. One

possible gestalt of this visual pattern is provided by �rst applying the com-

pose rule to the lowest level embedded sets, i.e. fc; dg and fe; fg. This re-

sults in two singleton sets fComp(c; d)g and fComp(e; f)g. Then, the unit

rule can be applied to the resulting singleton sets which generates the E-

VREG expressions Unit(Comp(c; d)) and Unit(Comp(e; f)). Subsequently,

the compose rule can be applied twice which generates two E-VREG expres-

sions Comp(a; b; Unit(Comp(c; d))) and Comp(g; h; Unit(Comp(e; f))). Fi-

nally, the symmetry rule can be applied to these E-VREG expressions which

generates a gestalt of the visual pattern, i.e.

Sym(Comp(a; b; Unit(Comp(c; d)));  

R

).

Note that this E-VREG expression represents a gestalt of the visual pattern

that has non-mirror symmetry structure.

Since the unit structure of visual elements are explicitly represented by

embedded structure of the representing sets, the parser can check at each

level whether an element is a singleton set. If so, the unit rule can be

applied. Therefore, given the embedded representation of a visual pattern

consisting of n primitive visual elements and m embedded sets, the com-

putational complexity of the unit rule is linear in the number of primitive

visual elements and the number of embedded sets, i.e. O( n +m ).

4.3 Computing Proximity-based Gestalts

The proposed coding rules are designed to compute the gestalts of two-

dimensional visual patterns. These gestalts are constituted by perceptually

motivated structural regularities that are involved in visual patterns. In

fact, each coding rule detects a certain kind of structural regularities in vi-

sual patterns. Each gestalt has an information complexity which indicates

the amount of its structural irregularity: the more regularity the less infor-

mation complexity. Di�erent gestalts of a visual pattern compete with each

other according to the amount of structural regularities that they cover and

thus according to their information complexities.
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In chapter 2, however, we introduced the proximity structure of visual pat-

terns, and explained that it cannot compete with structural regularity by

means of information complexity. Recall that the proximity structure of a

visual pattern is a cluster hierarchy of its constitutive visual elements. In

order to integrate structural regularities and proximity factors, we assumed

that structural gestalts are always de�ned within one proximity cluster, i.e.

structural gestalts cannot be de�ned in terms of proper subsets of elements

from di�erent proximity clusters. We showed that a violation of this as-

sumption results in gestalts with a low degree of perceptual goodness (see

Figure 2.17 in chapter 1). The assumption that structural gestalts may only

be de�ned within a proximity cluster excludes gestalts with a low degree of

goodness.

The in
uence of the proximity factor on the gestalts of visual patterns

can be integrated in our approach by introducing the proximity-based parse

state of visual patterns. The proximity-based parse state of a visual pattern

is a hierarchical set such that the hierarchical structure of the set re
ects

the hierarchical proximity structure of the visual pattern. The bottom-up

application of the coding rules to the proximity-based parse state of visual

patterns will then generate structural gestalts within one proximity cluster.

In the following, we �rst introduce a method to compute the hierarchical

proximity structure of visual patterns. Then, we de�ne proximity-based

parse state and explain how the initial parse state of a visual pattern can

be represented based on the proximity structure of that pattern. Finally,

we explain the application of the coding rules to the proximity-based parse

states and show that the generated gestalts cover structural regularities as

well as proximity structures. In these gestalts, the structural regularities

occur within one proximity cluster.

4.3.1 Methods for Computing Proximity Structures

There are various methods to compute the proximity structure of visual

patterns [JD88, Dub93]. Examples of these methods are partitioning (k-

means), hierarchical clustering, (divisive and agglomerative), clique opti-

mization, additive similarity trees, etc. In general, these methods are de-

signed to compute clusters of elements (not necessarily visual elements) on

the basis of some proximity measure. These methods can be used to com-

pute the proximity structure of visual patterns by considering the spatial
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distances between visual elements in the Euclidean space as the proximity

measure.

In this section, we brie
y explain the agglomerative hierarchical clustering

method. The reason to elaborate on this method is its simplicity and clear

mathematical de�nition. It should be noted that all mentioned clustering

methods can be used to compute the proximity structure of visual patterns

and that there is no evidence for preferring one above the other as a psy-

chological model.

The agglomerative clustering method starts by assuming each single prim-

itive element of a visual pattern as one cluster, and iteratively generates

compound clusters (i.e. clusters that contain more than one primitive el-

ement) by merging two existing clusters. The process of clustering ter-

minates when only one compound cluster remains. In the agglomerative

clustering method, clusters are merged according to various strategies that

use distance matrices. The columns and the rows of a distance matrix in-

dicate clusters and the value of each matrix entry indicates the distance

between clusters that specify that entry.

For example, consider the visual pattern illustrated in Figure 4.5. This

visual pattern consists of six primitive visual elements that form three clus-

ters.

21 3 4 5 6 7 8 90

a
b

f
d

e

2
3
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6

5

7
8

9
10

1

10

c

Figure 4.5: Visual elements pro-

vide three proximity clusters.

a b c d e f

a 0 1.4 5 7.2 8.4 8.6

b 1.4 0 4.1 5.8 7 7.2

c 5 4.1 0 6 6 7

d 7.2 5.8 6 0 2 1.4

e 8.4 7 6 2 0 1.4

f 8.6 7.2 7 1.4 1.4 0

Figure 4.6: The distance matrix

for the visual pattern in Figure 4.5.

The distance matrix for this visual pattern is then illustrated in Figure 4.6.

Note the symmetrical structure of the values relative to the diagonal axis

which consists of zero distances. This symmetrical structure is due to the

fact that the distance between two clusters x and y is the same as the dis-

tance between y and x.

Given the distance matrix of a visual pattern, the agglomerative clustering
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method merges at each step two clusters that have the smallest distance

from each other. For instance, given the distance matrix illustrated in Fig-

ure 4.6, this clustering method merges the primitive elements a and b and

generates a new compound cluster (ab). Note that in this matrix the small-

est distance is not unique, i.e. the distance between primitive elements e

and f and the distance between primitive elements d and f are also the

smallest distance. When more than one pair of clusters have the smallest

distance, one of them is chosen randomly.

Based on the existing distance matrix, the agglomerative clustering method

proceeds with generating a new distance matrix in which the distances be-

tween the newly constructed cluster (in this case (ab)) and all other ex-

isting clusters are computed. There are various strategies to compute the

distance between the newly constructed cluster and all other existing clus-

ters. Examples of these strategies are single-linkage, complete-linkage, and

average-linkage strategies.

Let x and y be the clusters that are merged and z be an existing clus-

ter. Then, the three mentioned strategies compute the distance between

clusters (xy) and z on the basis of the distance between x and z and the

distance between y and z. The single-linkage strategy takes the minimum

of these two distances, the complete-linkage strategy takes the maximum

of these two distances, and the average-linkage strategy takes the average

of these two distances, i.e.

single� linkage :

distance((xy); z) = minimum(distance(x; z); distance(y; z))

complete� linkage :

distance((xy); z) = maximum(distance(x; z); distance(y; z))

average� linkage :

distance((xy); z) =

distance(x;z)+distance(y;z)

2

For instance, based on the distance matrix illustrated in Figure 4.6 and

given the newly constructed cluster (ab) the single-linkage, the complete-

linkage, and the average-linkage strategies result in three new distance ma-

trices which are illustrated in Figures 4.7, 4.8, and 4.9, respectively. Because

of the symmetrical structure of values in the distance matrix, we only men-

tion the values of one symmetrical halves. In these distance matrices, the
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distance between cluster (ab) and all other existing clusters are represented.

The distances between existing clusters remain the same.

(ab) c d e f

(ab) 0 - - - -

c 4.1 0 - - -

d 5.8 6 0 - -

e 7 6 2 0 -

f 7.2 7 1.4 1.4 0

Figure 4.7: The single-linkage

strategy.

(ab) c d e f

(ab) 0 - - - -

c 5 0 - - -

d 7.2 6 0 - -

e 8.4 6 2 0 -

f 8.6 7 1.4 1.4 0

Figure 4.8: The complete-linkage

strategy.

(ab) c d e f

(ab) 0 - - - -

c 4.5 0 - - -

d 6.5 6 0 - -

e 7.7 6 2 0 -

f 7.9 7 1.4 1.4 0

Figure 4.9: The average-linkage

strategy.

Note that the average-linkage strategy is not associative, i.e. given three

elements a; b; and c, the distance between clusters (ab) and c is not necessar-

ily the same as the distance between clusters a and (bc). This implies that

the order of clustering of elements may result in di�erent cluster structures.

Given a newly generated distance matrix, the agglomerative clustering

method reiterates the previous steps, i.e. it proceeds with merging the

clusters with the smallest distance. At the next step in the example, the

smallest distance is between clusters d and f (but also between e and f).

Assuming the single-linkage strategy, the merge of d and f results in a new

distance matrix illustrated in Figure 4.10. The smallest distance is now

between clusters (df) and e. The merge of these clusters results in the dis-

tance matrix illustrated in Figure 4.11. Subsequently, the distance between

(ab) and c is the smallest distance. The merge of (ab) and c results in

the distance matrix illustrated in Figure 4.12. Finally, the remaining two

clusters ((ab)c) and ((df)e) are merged which results in one single cluster
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(((ab)c)((df)e)).

(ab) c (df) e

(ab) 0 - - -

c 4.1 0 - -

(df) 5.8 6 0 -

e 7 6 1.4 0

Figure 4.10: Distances with respect

to the cluster (df).

(ab) c ((df)e)

(ab) 0 - -

c 5 0 -

((df)e) 5.8 6 0

Figure 4.11: Distances with respect

to the cluster ((df)e).

((ab)c) ((df)e)

((ab)c) 0 -

((df)e) 5.8 0

Figure 4.12: Distances with respect

to the cluster ((ab)c).

It is important to note that at each clustering step two clusters are merged

between which the distance was the smallest distance at that step. The

hierarchical structure of clusters and the distances on the basis of which

the clusters are merged can be represented by a dendrogram. For example,

the dendrogram illustrated in Figure 4.13 represents the cluster hierarchy

(((ab)c)((df)e)) where the length of each subhierarchy indicates the distance

on the basis of which the two clusters of that subhierarchy are merged.

The hierarchical agglomerative clustering method results always in one sin-

gle cluster. In order to decide on perceptually motivated proximity clusters,

one needs to specify a criterion to cut the dendrogram at a certain hierar-

chical level. In this way, a cluster contains all elements that belong to one

of the resulting subhierarchies.

There are various measures to determine the level that provides perceptu-

ally motivated proximity clusters. The basic idea of such a measure is to

determine the signi�cant increase of distances on the basis of which clusters

are merged. For instance, in the above example, the clusters are merged

on the basis of distances 1:4; 1:4; 1:4; 5; and 5:8. The signi�cant increase

of the distances in this example is from 1:4 to 5. This signi�cant increase

determines the level that provides three clusters, i.e. (ab), c, and ((df)e).

Note that such a measure can be applied to subclusters to determine their



4.3. Computing Proximity-based Gestalts 103
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Figure 4.13: The dendrogram representing the cluster hierarchy of the visual

pattern illustrated in Figure 4.5. The assigned numbers indicate distances

on the basis of which clusters are merged.

perceptually motivated subclusters. In the rest of this chapter, we assume

such a perceptually motivated measure that determines the perceptually

motivated hierarchical proximity structure of visual patterns.

4.3.2 Proximity-based Representation of Visual Pat-

terns

In order to integrate the proximity factor in our approach, we use an

existing cluster method, for example the agglomerative method with the

single-method strategy, to generate the hierarchical cluster structure of

two-dimensional visual patterns. Given the hierarchical cluster structure

of a visual pattern, we consider its initial proximity-based parse state as

a hierarchical set where the hierarchical structure of the set re
ects the

hierarchical cluster structure of that visual pattern. The construction of

the initial proximity-based parse state for a visual pattern is accomplished

by processing the hierarchical cluster structure of that visual pattern in a

bottom-up fashion. At each level of the cluster hierarchy, the direct chil-

dren of each non-terminal node form the elements of a set. This process

results in an hierarchical set. In this way, non-terminal elements at di�erent

hierarchical levels of a parse state represent the parse state of clusters at

di�erent hierarchical levels of proximity structure.

However, non-terminal elements are already used to represent units of visual
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elements. In order to represent the unit structure as well as the proximity

structure of visual elements by the hierarchical structure of parse states, we

consider units of visual elements as special clusters. In fact, the common

idea behind units and proximity clusters is that proper subsets of elements

from di�erent units or from di�erent proximity clusters cannot be grouped

together to constitute a structural gestalt.

Non-terminal elements can be used to represent unit clusters as well as

proximity clusters by adding a label to non-terminal elements. In this way,

the label of a non-terminal element indicates whether the non-terminal el-

ement represents a unit cluster or a proximity cluster. For this reason, we

introduce two labels U and P to indicate unit and proximity clusters, re-

spectively. Moreover, we write fa

1

; : : : ; a

n

g

U

and fa

1

; : : : ; a

n

g

P

to represent

a unit cluster and a proximity cluster each of which contains n elements.

Given the hierarchical unit structure

3

and the hierarchical cluster struc-

ture of a visual pattern, we determine the initial unit- and proximity-based

parse state of that visual pattern by the following method.

First, the initial proximity-based parse state is computed as a hierarchi-

cal set such that the hierarchical proximity structure is represented by the

hierarchical structure of the set. Then, each embedded set (non-terminal

element) is labeled by assigning the P label to it. Once the hierarchical

proximity structure is generated, we determine the units of elements at each

hierarchical level. This can be done by selecting at each hierarchical level

those elements that correspond to united visual elements. Subsequently,

a non-terminal element is introduced at that level to contain the selected

elements. The introduced non-terminal elements are labeled by assigning

the U label to them. In this way, the proximity-based hierarchical set is

extended with the unit structure. Note that this method correctly implies

that the united elements belong to one proximity cluster.

As an example of generating the initial unit- and proximity-based parse

state of a visual pattern consider the visual pattern shown in Figure 4.14-

A.

For this visual pattern the clustering method will provide the cluster hier-

archy shown in Figure 4.14-B. Finally, based on this cluster hierarchy and

given the unit structure of visual elements (indicated by dashed boxes) the

3

We explained that the hierarchical unit structure of two-dimensional visual patterns

are given beforehand.
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b

e
f

a

c
d

g

h

A

B

c d e fba hg

Figure 4.14: A) A visual pattern, B) its cluster hierarchy.

initial parse state is generated as the following set:

ffa; b; fc; dg

U

; fe; fg

U

g

P

; fg; hg

P

g.

4.3.3 Parsing Unit- and Proximity-based Represen-

tations

The initial parse state of a visual pattern, which is constructed on the basis

of its unit and proximity structures, is a hierarchical set in which termi-

nal elements are E-VREG expressions. Like for the hierarchical unit-based

parse states, we propose a bottom-up parsing method for the unit- and

proximity-based parse states such that the lowest level embedded sets are

parsed before higher level sets are parsed.

In unit- and proximity-based parse states, each non-terminal element has

a label that determines whether it represents a unit or a proximity clus-

ter. Therefore, we modify the proposed unit coding rule and introduce an

additional coding rule to construct the coding of the proximity structure.
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Since the parsing process is a bottom-up process, a non-terminal element

that represents a unit will contain only one E-VREG expression at a certain

stage of the parsing process. In this case, the non-terminal element should

be replaced by a unit expression for which the argument is the E-VREG

expression that is contained in that non-terminal element. Similarly, a

non-terminal element that represents a proximity cluster will contain only

one E-VREG expression at a certain stage of the bottom-up parsing pro-

cess. This non-terminal element should then be replaced by the E-VREG

expression that is contained in it. In section 2.1 of this chapter, we in-

troduced a coding rule for the unit structure. This coding rule should be

replaced by the unit coding rule that is proposed in the following de�nition.

21. Definition. Let A be an embedded set (at a certain hierarchical level

of a parse state), \a" be a E-VREG expression, fg

U

and fg

P

indicate the

non-terminal elements that represent a unit and a proximity cluster, respec-

tively. Then, the unit and the proximity rules which construct the codings

of the unit and the proximity structures of visual patterns are de�ned as

follows:

Unit Rule:

For any fag

U

2 A

A �! A n ffag

U

g [ fUnit(a)g

Proximity Rule:

For any fag

P

2 A

A �! A n ffag

P

g [ fag

Recall that the function of non-terminal elements that represent proximity

clusters is to avoid the construction of gestalts between proper subsets of

elements from di�erent proximity clusters. When a non-terminal element

contains only one E-VREG expression, its function is ful�lled such that it

can be replaced by the terminal element that is contained in it.

Note also that a structural regularity of the elements of one cluster (i.e. a

structural regularity within one cluster) can constitute a gestalt since in the

parse states the elements of one cluster are contained in one set. Similarly,

a structural regularity among clusters can also constitute a gestalt since
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in the parse states non-terminal elements that represent the parse state of

(higher-order) clusters are contained in one set as well.

In order to illustrate the bottom-up application of the coding rules to a

unit- and proximity-based parse state consider the initial parse state of the

visual pattern illustrated in Figure 4.14-A, i.e.

ffa; b; fc; dg

U

; fe; fg

U

g

P

; fg; hg

P

g.

At the �rst parse step the embedded set that contains terminal elements

(E-VREG expressions) c and d is parsed. This parse results the E-VREG

expression Comp(c; d). At the second parse step, the set that contains

terminal elements e and f is parsed which results the E-VREG expres-

sion Comp(e; f). Then, the unit rule is applied to the non-terminal el-

ements that contain the derived E-VREG expressions. The application

of the unit rule to these non-terminals results two E-VREG expressions

Unit(Comp(c; d)) and Unit(Comp(e; f)). Subsequently, the compose and

the symmetry rules are successively applied to the set that contains the

above derived E-VREG expressions together with the terminal elements a

and b. The result is the single E-VREG expression

Sym(Comp(a; Unit(Comp(c; d)));  ). Similarly, the non-terminal element

that contains the E-VREG expressions g and h is parsed by applying the

compose rule. The E-VREG expression Comp(g; h) results. The result-

ing E-VREG expressions are contained in two non-terminals that have the

proximity label. At the next parse step, the applications of the proximity

rule to these non-terminals generate E-VREG expressions that have been

contained in these non-terminals. Finally, the two remained E-VREG ex-

pressions Sym(Comp(a; Unit(Comp(c; d)));  ) and Comp(g; h) are parsed

by applying the compose rule to them. This generates a E-VREG expres-

sion that provides a gestalt of the parsed visual pattern, i.e.

Comp(Sym(Comp(a; Unit(Comp(c; d)));  ); Comp(g; h)).

The above mentioned parse steps can be illustrated as follows:

ffa; b; fc; dg

U

; fe; fg

U

g

P

; fg; hg

P

g �!

ffa; b; fComp(c; d)g

U

; fe; fg

U

g

P

; fg; hg

P

g �!

ffa; b; fComp(c; d)g

U

; fComp(e; f)g

U

g

P

; fg; hg

P

g �!

ffa; b; Unit(Comp(c; d)); Unit(Comp(e; f))g

P

; fg; hg

P

g �!

ffSym(Comp(a; Unit(Comp(c; d)));  )g

P

; fg; hg

P

g �!

ffSym(Comp(a; Unit(Comp(c; d)));  )g

P

; fComp(g; h)g

P

g �!
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fSym(Comp(a; Unit(Comp(c; d)));  ); Comp(g; h)g �!

fComp(Sym(Comp(a; Unit(Comp(c; d)));  ); Comp(g; h))g:

Note that this E-VREG expression describes the gestalt of the parsed visual

pattern such that structural regularities as well as proximity factor is taken

into account, i.e. it covers structural gestalts within proximity clusters.

Since the unit and the proximity structure of visual elements are explic-

itly represented by embedded structure of the representing sets, the parser

can check at each level whether an element is a singleton set. If so, the unit

or the proximity rule can be applied based on the label of that singleton set.

Therefore, given the embedded representation of a visual pattern consist-

ing of n primitive visual elements and m embedded sets, the computational

complexities of the unit and the proximity rules are linear in the number

of primitive visual elements and the number of embedded sets, i.e. for each

coding rule the computational complexity is O( n +m ).

Representing visual patterns as hierarchical sets implies that the compu-

tational complexity of the coding rules for E-VREG expressions are not

de�ned in the number of all primitive elements that constitute a visual pat-

tern. The reason is that the coding rules can now be applied only to the

elements that are included in one embedded set and not to the elements of

di�erent embedded sets. This means that the computational complexities

of the coding rules remain the same, but they should be de�ned in the

maximum number of visual elements (for the worst case) that are included

in one of the embedded sets.

Until now, we have concentrated on gestalts of perceptual patterns with-

out considering any context e�ect. In fact, we have assumed that a visual

pattern is perceived in isolation. In the next chapter, we will consider the

in
uence of context factors on the gestalts of perceptual patterns.



Chapter 5

The Context-E�ect in Perception

Gestalt psychologists since Wertheimer have noted that any sensory stimu-

lus allows many gestalts, and have attempted to explain why certain gestalts

are preferred over others. In the previous chapters various languages were

introduced that provide possible gestalts of various classes of perceptual

patterns. We also showed how the preferred gestalt of a perceptual pat-

tern, among all its possible gestalts, can be selected by means of a per-

ceptually motivated complexity measure which is called information load:

the preferred gestalt of a perceptual pattern is the one that has the lowest

information load. In this approach, one can determine the preferred gestalt

of isolated perceptual patterns.

However, when our perceptual processes encounter a new stimulus pat-

tern, they integrate it into a larger whole, which involves other simul-

taneously present input patterns, internal representations of past experi-

ences, and what might be called the intentional setting of the perceiver

[VLBVdV88, SVL93]. The factor of past experiences was �rst emphasized

by Helmholtz [VH62] and later formulated as a perceptual principle by

Wertheimer. The intentional setting of a perceiver is a conscious intention

of the perceiver to perceive an input pattern in a certain way. For instance,

the intentional setting may be the use of a perceptual pattern for a certain

purpose.

These three factors that in
uence the perception of input patterns are called

context factors. Thus, what structure our cognitive system in fact assigns

to a particular input pattern is largely dependent on what context it takes

into consideration: an input pattern in a certain context may be perceived

109
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di�erently in a di�erent context. In integrating the new input pattern,

our cognitive system may (either deliberately or unconsciously) analyze

the components of the stimulus as structurally analogous to components

of the context. This capability of analogical projection plays a crucial role

in perception. In particular, metaphor and cognitive analogy exercise this

capability at a more abstract level.

A well-de�ned class of problems that involves analogical projection in in-

teraction with perception is constituted by proportional analogy problems

about perceptual patterns. We will focus on these problems in this chapter

to show how we model this particular context e�ect in our approach. This

chapter is organized as follows.

In section 1, we introduce proportional analogy problems and show that

the gestalts of patterns change when they are perceived in the context of

proportional analogy problems. In fact, solving proportional analogy prob-

lems about perceptual patterns consists in modeling the interaction between

analogical projection and perception.

In section 2, we use the algebraic systems that were introduced in chapters 3

and 4 to model proportional analogy problems about perceptual patterns.

In fact, the proportional analogy problem is modeled by considering the

gestalts of patterns as terms of two algebras and de�ne the analogical pro-

jection between those gestalts by means of a correspondence between the

two algebras.

For a given proportional analogy problem, there are many correspondences

possible. Di�erent correspondences may de�ne di�erent analogical relations

and therefore may relate di�erent gestalts to each other. In order to de�ne

a proper correspondence for a proportional analogy problem, we introduce

in section 3 various constraints on possible correspondences. These con-

straints are motivated by the perceptual preference ordering among related

gestalts and the complexity of analogical relations.

In section 4, we use the algebraic framework and introduce a computa-

tional model for solving proportional analogy problems about perceptual

patterns. For a given proportional analogy problem, we use the perceptual

preference ordering among gestalts of the involved patterns and attempt to

compute a proper correspondence which speci�es an analogical projection

between those gestalts. If a proper correspondence is computed, then the

given proportional analogy problem is solved. If no proper correspondence

can be computed, then it is attempted to compute a proper correspondence

for the less preferred gestalts of the involved perceptual patterns, etc.
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Finally, in section 5 we consider two alternative computational systems that

are designed to solve proportional analogy problems about perceptual pat-

terns. These systems are ANALOGY [Eva68] and Copycat [HM88]. We

compare these systems with our approach and discuss their shortcomings.

5.1 Interaction between Perception and Anal-

ogy

Analogies between perceptual patterns demonstrate a complexity in gestalt

disambiguation: namely how the perceived structure of one pattern in
u-

ences the perceived structure of another pattern by making an analogy

between them. In particular, the requirement to make an analogy between

two perceptual patterns implies that the structure of the patterns have to

be analogous to each other. For example, consider the two visual patterns

illustrated in Figure 5.1.

:

A B

Figure 5.1: The analogy context in
uences gestalts of line patterns.

In this example, making analogy between line patterns A and B implies that

the preferred gestalts of these line patterns consist of two concave shapes

(L-shapes), while without such a requirement (context e�ect) the preferred

gestalt of the line pattern A consists of two convex shapes (squares). It

is important to note that the convex/concave property of these shapes

expresses the perceptual grouping of the constitutive line segments and

thereby the gestalts of these line patterns. The analogical relation that

characterizes this analogy is that the line pattern A consists of two con-

nected concave shapes which are disconnected in the line pattern B.

In this chapter, we will study and model the interaction between anal-

ogy making, as a context factor, and perception of patterns in proportional
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analogies. Proportional analogies follow a scheme that can be represented

as \A is to B as C is to D", abbreviated as A : B = C : D. The elements

A;B;C and D can be verbal descriptions of concepts, as in \gills are to �sh

as lungs are to humans"; but they can also be perceptual patterns, such as

the letter strings of Hofstadter's Copycat domain [Hof84], as illustrated in

Figure 5.2; or line-drawings, as illustrated in Figure 5.3. In fact, a propor-

tional analogy consists of two identical analogies: one between A and B and

the second between C and D. For example, consider the �rst proportional

analogy illustrated in Figure 5.3. The characterizing analogical relation be-

tween patterns A and B is that the two connected concave shapes in A are

disconnected in B. The same characterizing analogical relation exists be-

tween patterns C and D as well. The identity sign \=" in the proportional

analogy scheme expresses that the two analogies are identical.

:        

:        

=        

=        

:        

:        abba abab pqrrqp pqrpqr

abba      abbbbba      pqrrpq      pqrrrrrpq      

Figure 5.2: Examples of proportional analogies de�ned on letter strings.

: = :

=: :

Figure 5.3: Examples of proportional analogies de�ned on line-drawings.

It is worth noticing that the arithmetical metaphor suggested by this no-

tation can be taken almost literally. For instance, it is indeed the case that

the elements B and D in this scheme can be interchanged with the ele-

ments A and C respectively, without changing the validity of the analogy.
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Similarly, one may interchange the elements B and C. For example, given

the proportional analogies \abc is to abd as ijk is to ijl", the proportional

analogies \abd is to abc as ijl is to ijk" and \abc is to ijk as abd is to ijl"

are also valid analogies.

A proportional analogy problem is constructed by omitting one element

in a proportional analogy relation. We write A : B = C : X; the task is

to �nd an X which is related to C in the same way as B is related to A.

Solving a proportional analogy problem requires 1) perceptually preferred

gestalts of A, B, and C, 2) construction of a mapping between the gestalts

of A and B which generalizes to a broader domain that includes C, and

3) applying the mapping to the gestalt of C. In particular, the structures

of A and B are to be construed as analogous to each other; and the struc-

ture of C must be construed in such a way that it is in the domain of the

function that articulates that analogy. Proportional analogy problems are

thus fairly complex: there are three patterns whose perceived structures

mutually in
uence each other through analogical mappings.

This interaction between perception and analogy making in proportional

analogies occur even in very simple domains, as has been demonstrated by

Hofstadter [Hof84]. For example, the �rst term in the two proportional

analogies shown in Figure 5.2 is the same. Yet the context in
uence caused

by the terms B and C forces di�erent gestalt decompositions of the term

A in each case.

In our view, similar interaction between analogy making and possible de-

scriptions of elements, as exempli�ed by the proportional analogies illus-

trated in Figure 5.2 and 5.3, is also responsible for conceptual proportional

analogies as illustrated in Figure 5.4, and the metaphors derived from it.

life  progress  death  stagnation   : = :

life  day death  night: = :

Figure 5.4: Examples of proportional analogies de�ned on concepts.
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5.2 Formalizing Proportional Analogy in SIT

In chapter 3 and 4, we proposed an algebraic framework for the Structural

Information Theory and de�ned the gestalts of patterns as algebraic terms.

Given that gestalts are formalized as algebraic terms, we can now turn to

the problem of how to characterize analogies between di�erent gestalts.

One obvious approach is to use the notion of structural identity between

gestalts. For example, Iter(a; succ; 3) has the same structure as

Iter(p; pred; 3). This can be formalized using term uni�cation [Sie89] be-

tween algebraic terms (gestalts). There are two ways to do this. One is

to de�ne a notion of structural template which is essentially a term con-

taining variables (abstract algebraic terms), and then say that two gestalts

g

1

and g

2

(i.e. two algebraic terms) are analogous if there exists a struc-

tural template g

st

, and substitutions �

1

and �

2

such that �

1

� g

st

= g

1

and

�

2

� g

st

= g

2

. An equivalent de�nition is to allow inverse substitutions |

so that if � is a substitution replacing certain variables with terms, �

�1

would replace the terms with the corresponding variables | and say that

two gestalts g

1

and g

2

are analogous if there exist substitutions �

1

and �

2

such that �

�1

1

� g

1

= �

�1

2

� g

2

.

A di�erent approach to characterize analogies between gestalts is to use

the algebraic framework presented in [Ind91, Ind92]. If the source domain

and the target domain are formalized as algebras, analogical relations be-

tween terms may be characterized as correspondences over algebras. Since

gestalts of patterns are generated by algebraic systems, we can easily adopt

this algebraic framework to characterize proportional analogy relations and

model the interaction between gestalts and proportional analogy relations.

In the rest of this chapter, we work out this approach in more detail.

22. Definition. A correspondence over two algebras is a relation between

them that preserves the algebraic structures. In other words, given two

algebras < D

1

; F

1

> and < D

2

; F

2

> and given F

1

(n) and F

2

(n) as sets

of n-ary operators from F

1

and F

2

respectively, a correspondence between

them is a pair < �;
 > where:

1) � � D

1

�D

2

,

2) 
(n) � (F

1

(n)� F

2

(n)) for all n, and

3) if < a

1

; b

1

>; : : : ; < a

n

; b

n

>2 � and < !; � >2 
(n) then

< !(a

1

: : : a

n

); �(b

1

: : : b

n

) >2 �
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A correspondence is itself an algebra. The elements of this algebra are pairs

of elements, one from each initiating algebra, and the operators of this al-

gebra are pairs of operators, also one from each initiating algebra.

This algebraic framework can be applied directly to the algebras that gener-

ate the gestalts of perceptual patterns. In chapter 3, we introduced several

algebras that generate the gestalts of string patterns (String-algebra and

Extended-string-algebra) and the gestalts of two-dimensional visual pat-

terns (VREG-algebra and E-VREG-algebra). In the rest of this chapter,

we abstract over a speci�c algebra and use the term gestalt-algebra to indi-

cate any algebra that generates the gestalts of a certain class of perceptual

patterns.

A gestalt-algebra generates a very large class of structural descriptions or

gestalts, many of which are too detailed and complex. In any given context,

we may want to restrict ourselves to only a small subset of the universe, and

to a small class of operators. For this, we need the notion of a subalgebra.

23. Definition. An algebra < E;G > is a subalgebra of an algebra

< D;F > if E � D, G(n) � F (n) for all n 2 N.

We also require that all subalgebras are �nitely generated. This means

that the set of operators is �nite, and all the objects in the domain can be

generated from a �nite subset of the domain (by repeated application of

operators). We call such a �nitely generated subalgebra a representation

algebra.

We need one more concept, namely that of an isomorphic correspondence,

before we can show how to model proportional analogies.

24. Definition. Let < D

1

;F

1

> and < D

2

;F

2

> be two algebras. A

correspondence < �;
 > over < D

1

;F

1

> and < D

2

;F

2

> is isomorphic

if and only if 
 is a one-to-one function on F

1

, and � is a one-to-one and

onto function on D

1

.

Using these de�nitions, we model proportional analogies of the form \A

is to B as C is to D" as consisting of two subalgebras of a gestalt-algebra

(i.e. two representation algebras), one generating the terms A and C, and

the other generating the terms B and D, and an isomorphic correspondence

between the two subalgebras.

For example, consider the proportional analogy \abc : ijk = abd : ijl".

The subalgebra < fab; cg; fCon; succg > generates some descriptions for
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both \abc" and \abd". These descriptions might be \Con(ab; c)" and

\Con(ab; succ(c))", respectively. Similarly, the subalgebra

< fij; kg; fCon; succg > generates (among others) the descriptions

\Con(ij; k)" and \Con(ij; succ(k))", respectively, for \ijk" and \ijl". The

proportional analogy is then represented by the following isomorphic cor-

respondence between the two subalgebras:

< f(ab; ij); (c; k)g ; f(Con; Con); (succ; succ)g >.

5.3 Introducing Constraints on Correspon-

dences

Given a gestalt-algebra, there are many possible representation algebras

(subalgebras); given any representation algebra, there are many possible

structural descriptions; and given any two representation algebras, there

may be many possible isomorphic correspondences between them. In this

section, we present context factors that constrain the generation of gestalts

for proportional analogy problems.

In Structural Information Theory, a complexity measure called informa-

tion load (IL, henceforth) is assigned to each gestalt description. In chapter

3 and 4, we discussed how the information load of the gestalt descrip-

tions for di�erent classes of perceptual patterns can be computed. For

example, for the gestalt descriptions of string patterns that are gener-

ated by the Extended-string-algebra we do not count the ISA operators,

but do count any embedded domain-speci�c operators, except the iden-

tity operator. Hence, given the string pattern abccba, its gestalt g

1

=

Sym

e

(Iter(a; succ; 3)) has an IL of 2, and gestalt g

2

= Sym

o

(ab; Iter(c; id; 2))

has an IL of 3. Applying the minimality principle | which states that the

preferable gestalt for a given pattern P , among all extensionally equivalent

terms evaluating to P , is the one with the lowest complexity value | pre-

dicts that g

1

would be chosen over g

2

.

However, the minimality principle ignores the mutual contextualization

e�ect in proportional analogies. This is because the lowest complexity

gestalts, taken in isolation, of two individual patterns may not always re-

sult in the lowest complexity when the two patterns are presented together.

This e�ect can be seen in the analogy abccba : ccabbacc = pqrrqp : rrpqqprr.

We just saw above that the �rst pattern, namely abccba, considered out of
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context has the preferred gestalt g

1

of an even symmetry structure, but

within the context of the analogy, it would be preferable to see it as an odd

symmetry structure g

2

, even though g

2

has a higher information load. The

reason is that g

2

shares common substructures with the preferred gestalt

g

3

= Sym

o

(Iter(c; id; 2); Sym

e

(ab)) of ccabbacc.

For the domain of geometric patterns, the contextualization e�ect is illus-

trated in Figure 5.5.

B
A

Figure 5.5: The context in
uence for geometric patterns.

The gestalt of Figure 5.5-A consists of two squares, one in front of the other

providing the foreground/background interpretation, while the gestalt of

Figure 5.5-B consists of a square with four L-shaped visual objects provid-

ing the mosaic interpretation. Although Figure 5.5-A is a part of Figure

5.5-B, the gestalt of the �rst is not a part of the gestalt of the second.

In order to incorporate this feature, what we would like is that when two

patterns are present together, any common substructure between them adds

to the IL only once. This e�ect can also be achieved by de�ning a complex-

ity ordering on representation algebras, which is determined by the number

of elements in it: the more elements in it, the higher the complexity. The

underlying idea here is that when two patterns have gestalts that over-

lap, the representation algebra that generates these two gestalts will have

a lower complexity.

For instance, the minimal representation algebra that generates the gestalts

g

1

and g

3

for the �rst two patterns of the proportional analogy relation men-
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tioned above is < fa; ab; cg; fsuccg >, which has four elements. (Notice

that we do not mention or count the ISA operators). But if we consider the

gestalt g

2

for abccba, then g

2

and g

3

can be generated by the representation

algebra < fab; cg; ;g > with only two elements.

Moreover, a perceptually preferred representation algebra may not be the

proper one since the length of all generated gestalt descriptions are too

long. Note that the information load as the complexity measure does not

depend on the length of descriptions but on the number of elements in the

descriptions. However, a description constituted by a small number of ele-

ments can still be a long description because it has a rich structure, i.e. it

uses a large number of operators. Thus, perceptual models for proportional

analogies should also consider this constraint by imposing an (empirically

established) maximum length for descriptions. Obviously, such a maximum

length implies a sharp distinction between appropriate and inappropriate

pattern descriptions; we do not claim the existence of such a sharp dis-

tinction, however, and consider the maximum length only as an arti�cial

and gross approximation. These perceptually motivated constraints will be

called simplicity criteria.

For proportional analogy, there is an additional constraint, which we re-

fer to as the projectibility criterion, namely that it must be possible to

construct an analogical mapping between the corresponding terms of the

analogy relation. The lowest complexity gestalts of two patterns may not

be appropriate for constructing analogical relations between them.

For example, consider the analogy relation abccba : ppqrpp = abccccba :

ppqrqrpp. The �rst term, the same as in the example above, has a pre-

ferred gestalt Sym

e

(Iter(a; succ; 3)) (IL = 2), but this does not form any

analogical mapping with the preferred gestalt for the second term (ppqrpp),

namely, Sym

o

(pp; qr) (IL = 4). To discover the mapping underlying this

analogy, we must consider a higher information load gestalt for the �rst

term, namely Sym

o

(ab; cc) (IL = 4).

Moreover, the existence of an analogical mapping between the preferred

gestalts of patterns of proportional analogy problems is not enough. In

fact, a mapping between two preferred gestalts may be more complex than

another mapping, or even more complex than a mapping between two less

preferred gestalts. Recall that an analogical mapping between two gestalts

is represented as an algebraic correspondence over initiating representation
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algebras that generate those gestalts. An algebraic correspondence con-

sists of a set of domain elements and a set of operators: the set of domain

elements relates (maps) domain elements of the initiating representation

algebras and the set of operators relates (maps) operators of the initiat-

ing algebras. Therefore, an analogical mapping consists of two mappings:

a mapping which relates perceptual components (domain elements of the

correspondence) and a mapping which relates operators (operators of the

correspondence).

We de�ne the complexity of an analogical relation as the complexity of the

algebraic correspondence that represents it. A correspondence is then as-

sumed to be simpler to the extent that more of the mappings that constitute

it are identity mappings. Although the number of mappings (identity and

non-identity mappings) that constitute a correspondence may also in
uence

the complexity of the correspondence, we assume that identical mappings

do not increase the complexity of the correspondence. In this way, we may

de�ne the complexity of a correspondence as the number of non-identical

mappings that constitute it. Note that this complexity measure is based on

intuition and need to be tested, or perhaps adjusted, by empirical research.

Based on this suggested complexity measure, the correspondence

< f(a; a); (b; b)g; f(succ; succ); (pred; pred)g > is considered to be simpler

than the correspondence < f(a; b); (b; a)g; f(succ; pred); (pred; succ)g >.

This complexity measure can then be used to order all possible correspon-

dences over two given representation algebras.

It may be the case that all possible correspondences over two initiating

representation algebras are too complex. Thus, perceptual models for pro-

portional analogy should also take this constraint into the consideration.

In order to account for this complexity issue, one may introduce an em-

pirically established maximum complexity value which should indicate the

plausibility of a correspondence. Again, although such a maximum com-

plexity value implies a sharp distinction between plausible and implausible

correspondences, we do not claim the existence of such a sharp distinction

and consider the maximum complexity value as indicating an arti�cial and

gross approximation for the plausibility of correspondences.

In summary, the preferred gestalts for patterns occurring in a proportional

analogy relation ought to have a low complexity, ought to be generated by a

simpler representation algebra, and ought to satisfy the projectibility con-

dition. Notice that we are saying `ought to' because these three constraints

interfere with each other. We will now see one heuristic approach that tries

to �nd an optimal balance between them.
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5.4 A Computational Model of Proportional

Analogy

In the previous section, we de�ned preference orderings on gestalts, on the

representation algebras that generate them, and on the analogical relations

between them. In this section, we de�ne a preference ordering on combi-

nations of gestalts and analogical relations in the context of proportional

analogy problems. Subsequently, we de�ne a computational model which

�nds the preferred gestalt of the fourth pattern of proportional analogy

problems in an e�cient way.

The �rst step in solving proportional analogy problems about perceptual

patterns is the computation of gestalts of the involved patterns. In chapter

3 and 4, we introduced computational models for generating the gestalts of

string patterns and the gestalts for two-dimensional visual patterns. There-

fore, we assume here three sets of algebraic terms provided by those com-

putational models. Each set contains possible gestalts of one of the three

patterns involved in proportional analogy problem.

Once we have computed the three sets of algebraic terms we turn to the

actual task, i.e. to select one term for each pattern in order to de�ne the

preferable representation algebras and their correspondence. The second

step in solving proportional analogy problems can therefore be understood

as determining two representation algebras and a correspondence over them

on the basis of perceptually ordered descriptions of the patterns involved

in proportional analogy problems. As noted, there are two criteria for de-

ciding on appropriate representation algebras: the projectibility and the

simplicity criterion.

The projectibility criterion states that for the two selected representation

algebras there must be a correspondence over them which generates pairs

of patterns, among which, one consists of the �rst and the third pattern

(or the �rst and the second pattern) and one consists of the second and the

fourth pattern (or the third and the fourth pattern).

As noticed in the previous section, it may be the case that all possible

correspondences over two selected representation algebras are complex cor-

respondences. These correspondences indicate complex analogical relations

that may not be appropriate. Therefore, it should be reasonable to in-

troduce an experimentally established upper bound complexity value for

analogical relations. Thus, two representation algebras for which all possi-
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ble correspondences are complex are considered as representation algebras

for which there is no proper correspondence. This means that these repre-

sentation algebras do not satisfy the projectibility criterion.

The second criterion follows Leeuwenberg's perceptual preference principle.

The preferred representation algebras are those which in addition to satis-

fying the projectibility criterion, result in the lowest collective complexity.

This second criterion is the reformulation of the gestalt interaction.

Let us assume that the perceptual patterns A, B, and C of the propor-

tional analogy problem A : B = C : X are given, and the goal is to �nd

the pattern X. We will utilize the above two criteria in order to direct

the search process among possible gestalts of the given patterns, determine

the appropriate representation algebras, and �nally decide the fourth pat-

tern X. The top-level structure of our algorithm for solving proportional

analogy problems is as follows:

1. For each of the perceptual patterns A , B, and C separately, generate

the set of possible gestalts (algebraic terms).

2. Order triples of gestalts for A, B, and C according to their collective

information load.

3. Iterate through the sequence of triples in the order of increasing in-

formation load until two minimal representation algebras are founded

such that:

(a) One representation algebra S can generate the gestalts for A and

C.

(b) One representation algebra T can generate the gestalt for B.

(c) An isomorphic correspondence between S and T exists which

maps A to B.

4. Choose the simplest representation of C in the representation algebra

S.

5. Compute X: apply the correspondence to the representation of C.

In particular, three sets S

1

; S

2

; and S

3

that contain possible algebraic terms

for perceptual patterns A;B; and C are generated. Then, from these three

sets the subset of triples, Set-of-triples, that have the same and the low-

est collective information load, Curr-min-load, is computed. Note that the
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subset of triples is a subset of the Cartesian product of the sets S

1

; S

2

;

and S

3

. A triple is then selected randomly from the computed subset.

The projectability criterion is checked for the selected triple. This is done

by constructing two minimal representation algebras on the basis of the

selected triple of gestalts such that an appropriate isomorphic correspon-

dence between them is speci�ed. The appropriateness of the isomorphic

correspondences is related to their complexities as it is discussed above.

The fourth term can then be generated on the basis of this speci�ed cor-

respondence. In fact, the correspondence generates a term that consists of

the preferred gestalt of pattern C and a second gestalt. This second gestalt

is assumed to be the preferred gestalt of the fourth pattern X. The fourth

pattern can directly be generated on the basis of its gestalt. However, If

the selected triple of gestalts does not satisfy the projectability criterion,

another triple of gestalts from Set-of-triples is checked. When the Set-of-

triple is empty, a new subset of triples is computed. The triples of the new

subset have the next lowest collective information load.

In this way, we examine the triples of gestalts in the order of increasing col-

lective information load. Thus, we order the search space according to the

perceptual preference of the involved gestalts. This approach is represented

by the 
ow chart illustrated in Figure 5.6. How a correspondence is speci-

�ed on the basis of three gestalts will be discussed in the next subsection.

Notice that we select the possible triples �rst according to the simplicity

criterion and then according to the projectibility criterion. Obviously, the

inverse order of applying these criteria is also possible. However, we take

the �rst ordering of applying these criteria because we assume that those

descriptions that represent the most salient features of patterns have the

best chance of being the intended descriptions within the context of the

proportional analogy. This is a heuristic that enhances the e�ciency of the

process.

Note that if the descriptions of the patterns outside the proportional anal-

ogy context are not the appropriate descriptions, the descriptions will be

changed in order to create a similarity which will constitute the analogical

relation. Therefore, our model constructs creative as well as non-creative

analogies, as Indurkhya [Ind92] calls them.
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S1 = Set of algebraic terms for pattern A

S2 = Set of algebraic terms for pattern B

S3 = Set of algebraic terms for pattern C

Compute D

Curr-min-load = 

yes

no yes

no

Set-of-triples = Get-triples(S1,S2,S3,Curr-min-load)

Increment(S1,S2,S3,Curr-min-load)

Curr-min-load = Add(Min-load(S1),Min-load(S2),Min-load(S3))

Remove(Triple(a,b,c),Set-of-triples)

Triple(a,b,c) = Select-triple(Set-of-triples)

Empty(Set-of-triples)Projectable(a,b,c)

Figure 5.6: The main process of solving proportional analogy problems.

5.4.1 The Computation of the Perceptually Motivated

Correspondence

In this section, we explain how the perceptual descriptions of patterns in-

volved in a proportional analogy can be used in order to de�ne the cor-

respondence over their generating representation algebras. As noted, the

perceptual description of patterns is a hierarchical description. We assume

that analogical relations relate perceptual entities (elements and operators)

at similar positions within the perceptual hierarchies with each other. This

assumption implies that two identical elements (or identical operators) at

two di�erent positions in a hierarchy will be considered as di�erent elements

(or operators). This means that in proportional analogies the occurrence

of elements in the hierarchy determines the identity of them.

In order to distinguish perceptual entities at di�erent positions within the
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perceptual hierarchies, we assign to each perceptual entity an index. Each

index consists of two integers. The �rst integer indicates the depth level of

the entity and corresponds with the level of embeddedness of that entity.

The second integer indicates the latitude position of that entity at a certain

level of the hierarchy and corresponds with its sequential order. Assigning

indices to perceptual entities, the description Con(Iter(Con(a; b); id; 2); a)

will be represented as Con

1;1

(Iter

2;1

(Con

3;1

(a

4;1

; b

4;2

); id; 2); a

2;2

). In this

way, the elements a

4;1

and a

2;2

will be considered as two di�erent elements.

The indexing of hierarchical descriptions can be illustrated by drawing them

as trees and assigning to each node its horizontal and vertical position. For

example, the indexing of the above hierarchical description is illustrated in

Figure 5.7.

Con

Iter

Con

a b

a

Con

Iter

Con

a b

a

1,1

2,1 2,2

3,1

4,1 4,2

Figure 5.7: An example of indexing hierarchical descriptions.

Notice that the index of entities can be used as a criterion for the well-

formedness of the descriptions generated by the correspondence. For ex-

ample, the generated description Con

2;1

(a

4;2

; a

3;1

) may be considered as an

ill-formed description while Con

1;1

(a

2;1

; a

2;2

) may be considered as a well-

formed description.

The indices encode the position of elements in sequential patterns. The

position of elements may be needed to identify them. The identi�cation of

elements is subsequently necessary for the speci�cation and the application

of analogical relations. However, in some proportional analogies the indices

are not needed, or even, have to be avoided in order to solve proportional

analogy problems. In these cases, the position of elements in the sequential

patterns does not play any role in analogical relations.

For example, in the proportional analogy abc : ijk = bbacbaacc : X the

use of indices in the description of the involved string patterns makes the
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analogical relation between abc and ijk not applicable to bbacbaacc. This

is because the indexed element a

1;1

will be mapped to the indexed element

i

1;1

(the speci�cation of the analogical relation), but there is no indexed

element a

1;1

in the third element to which the analogical relation can be

applied. The indices can thus be used in the cases where the positions have

to disambiguate di�erent occurrences of one element in a sequential pattern.

In order to cover both cases of proportional analogies, we should spec-

ify criteria that decide on the assignment of indices to the descriptions of

the involved patterns. In general, analogical relations are functions which

map entities of one pattern description to entities of a second pattern de-

scription. Given two pattern descriptions, if the analogical relation between

them can be speci�ed as a function, then we need not to assign indices to

the descriptions. Otherwise, when analogical relation can only be speci�ed

as a relation rather than a function, then di�erent occurrences of similar

elements must be distinguished by assigning indices to them. Then, the

indices make it possible to specify an analogical relation as a function.

In order to specify a correspondence < �;
 >, which de�nes the ana-

logical relation between hierarchical descriptions, we specify � � D

1

�D

2

and 
 � F

1

(n)� F

2

(n) recursively on the basis of three given hierarchical

descriptions which express the gestalts of the three patterns (A;B;C) in-

volved in the proportional analogy problem. Initially, � and 
 are empty

sets. In specifying the correspondence, we distinguish four cases: three ba-

sic cases and one recursive case.

The �rst case applies when the description of the pattern A and the de-

scription of the pattern B are identical. In this case, the induced analogical

relation is the identity relation which relates every description to itself.

The second case applies when the description of the pattern A and the de-

scription of the pattern B are distinct while the description of the pattern A

and the description of the pattern C are identical. In this case, the induced

analogical relation is this particular relation, i.e. a particular description A

is related to another particular description B.

The third case applies when the description of the pattern A and the de-

scription of the pattern B have distinct outermost operators, but the de-

scription of the pattern A and the description of the pattern C have the

same outermost operator. In this case, the induced relation is the relation

between outermost operators of the description of patterns A and B. The

arguments of three descriptions are then assumed to be identical.
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Finally, the fourth case applies when the description of the pattern A and

the description of the pattern B have identical outermost operators. In this

case, the induced relation consists of an identity relation between operators

and a relation between the argument of the description of the pattern A

and the argument of the description of the pattern B. The relation between

these arguments can be recursively speci�ed by applying the above cases to

them.

25. Definition. Let G

<U ;F>

be the class of algebraic terms generated by a

gestalt algebra < U ;F > (String-algebra or VREG-algebra).

Let r; r

i

; s; s

i

; t; t

i

2 G

<U ;F>

(i 2 N), and f; g 2 F . We write [r; s; t] 7! �

to state that the three algebraic descriptions r; s and t induce the correspon-

dence �. The correspondence induced by a given triple of descriptions can

be speci�ed as follows:

� [s

i;j

; s

i;j

; t

i;j

] 7! < f(p

i;j

; p

i;j

) j 8p

i;j

2 G

<U ;F>

g ; ; > :

� [s

i;j

; t

i;j

; s

i;j

] 7! < f(s

i;j

; t

i;j

)g ; ; > :

� [f

i;x

(t

i+1;j

1

; : : : ; t

i+1;j+n�1

n

); g

i;x

(t

i+1;j

1

; : : : ; t

i+1;j+n�1

n

); f

i;x

(s

i+1;j

1

; : : : ; s

i+1;j+n�1

n

)] 7!

< f(p

i+1;j+k�1

k

; p

i+1;j+k�1

k

) j 8p

i+1;j+k�1

k

2 G

<U ;F>

& k = 1; : : : ; ng ;

f(f

i;x

; g

i;x

)g > :

� [f

i;x

(r

i+1;j

1

; : : : ; r

i+1;j+n�1

n

); f

i;x

(s

i+1;j

1

; : : : ; s

i+1;j+n�1

n

); g

i;x

(t

i+1;j

1

; : : : ; t

i+1;j+n�1

n

)] 7!

<

S

n

k=1

�

i+1;j+k�1

; f(q

i;x

; q

i;x

) j 8q

i;x

2 Fg > where,

[r

i+1;j+k�1

k

; s

i+1;j+k�1

k

; t

i+1;j+k�1

k

] 7! �

i+1;j+k�1

.

When the descriptions do not involve indices, the above de�nition without

indices can be used to specify the correspondence between those descrip-

tions.

5.4.2 Examples of Solving Proportional Analogy Prob-

lems about String Patterns

In this section, we work out two examples of proportional analogy prob-

lems by specifying an analogical relation based on the algebraic descriptions

that denote the involved patterns. Consider the proportional analogy prob-

lem \abc : abd = iijjkk : X". Let the selected preferred descriptions be

\Con

1;1

(ab

2;1

; id

2;2

(c

3;1

))", \Con

1;1

(ab

2;1

; succ

2;2

(c

3;1

))", and

\Con

1;1

(iijj

2;1

; id

2;2

(kk

3;1

))", respectively. The correspondence that is in-

duced by the descriptions for A;B and C is recursively speci�ed as follows:
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1- [Con

1;1

(ab

2;1

; Id

2;2

(c

3;1

)) ; Con

1;1

(ab

2;1

; succ

2;2

(c

3;1

)) ;

Con

1;1

(iijj

2;1

; Id

2;2

(kk

3;1

))] 7!

� =< �

1

[�

2

; f(Con

1;1

; Con

1;1

)g >

2- [ab

2;1

; ab

2;1

; iijj

2;1

] 7! �

1

=< f(iijj

2;1

; iijj

2;1

)g ; ; >

3- [Id

2;2

(c

3;1

); succ

2;2

(c

3;1

); Id

2;2

(kk

3;1

)] 7! �

2

=< �

3

; f(Id

2;2

; succ

2;2

)g >

4- [c

3;1

; c

3;1

; kk

3;1

] 7! �

3

=< f(kk

3;1

; kk

3;1

)g ; ; >

�

2

=< f(kk

3;1

; kk

3;1

)g ; f(Id

2;2

; succ

2;2

)g >

� =< f(kk

3;1

; kk

3;1

); (iijj

2;1

; iijj

2;1

)g ;

f(Con

1;1

; Con

1;1

); (Id

2;2

; Succ

2;2

)g >

Note that the application of the rules (the �rst, the third, and the fourth

rules) from de�nition 4 suggests that the induced correspondences include

all possible pairs of identical terms (the �rst and the third terms) or all

possible pairs of identical operators (the fourth term). This is expressed by

the universal quanti�er in those de�nitions. However, in the above example

(and also in the next example) we did not include all identical pairs of terms

or operators for simplicity reason. In fact, we use the information from the

given three expressions and specify the correspondences in so far that they

can generate the fourth term.

The correspondence � generates, among others, a pair consisting of the

third and the fourth descriptions as follows:

\(Con

1;1

(iijj

2;1

; id

2;2

(kk

3;1

))" , \Con

1;1

(iijj

2;1

; succ

2;2

(kk

3;1

)))".

This pair of descriptions denotes the pair (iijjkk; iijjll) consisting of the

third and the fourth patterns, respectively.

As a second example, consider the proportional analogy problem \ababab :

cdcdab = ababef : X". The preferred triple of descriptions will be as follows:

\Iter

1;1

(ab

2;1

; id; 3)",

\Con

1;1

(Iter

2;1

(cd

3;1

; id; 2); ab

2;2

)", and

\Con

1;1

(Iter

2;1

(ab

3;1

; id; 2); ef

2;2

)".

Given these three descriptions and following the recursive procedure in-

troduced in the previous section, there is no correspondence inducible. So,

we should examine a less preferred triple of perceptual descriptions, for

example, the following triple:
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Con

1;1

(Iter

2;1

(ab

3;1

; id; 2); ab

2;2

),

Con

1;1

(Iter

2;1

(cd

3;1

; id; 2); ab

2;2

),

Con

1;1

(Iter

2;1

(ab

3;1

; id; 2); ef

2;2

).

The correspondence that is induced by these descriptions can be recur-

sively speci�ed as follows:

1- [Con

1;1

(Iter

2;1

(ab

3;1

; id; 2); ab

2;2

) ; Con

1;1

(Iter

2;1

(cd

3;1

; id; 2); ab

2;2

) ;

Con

1;1

(Iter

2;1

(ab

3;1

; id; 2); ef

2;2

)] 7!

� =< �

1

[�

2

; f(Con

1;1

; Con

1;1

)g >

2- [Iter

2;1

(ab

3;1

; id; 2); Iter

2;1

(cd

3;1

; id; 2); Iter

2;1

(ab

3;1

; id; 2)] 7!

�

1

=< f(Iter

2;1

(ab

3;1

; id; 2); Iter

2;1

(cd

3;1

; id; 2))g ; ; >

3- [ab

2;2

; ab

2;2

; ef

2;2

] 7! �

2

=< f(ef

2;2

; ef

2;2

)g ; ; >

� =< f(Iter

2;1

(ab

3;1

; id; 2); Iter

2;1

(cd

3;1

; id; 2)); (ef

2;2

; ef

2;2

)g ;

f(Con

1;1

; Con

1;1

)g >

The correspondence � generates, among others, a pair consisting of the

third and the fourth descriptions as follows:

\(Con

1;1

(Iter

2;1

(ab

3;1

; id; 2); ef

2;2

) ; Con

1;1

(Iter

2;1

(cd

3;1

; id; 2); ef

2;2

))".

This pair of descriptions denotes the pair (ababef; cdcdef) consisting of the

third and the fourth patterns, respectively.

5.5 A Comparison with other Approaches

We would like to make some remarks comparing our approach to other

existing approaches for solving proportional analogy problems. Two note-

worthy computational systems that solve proportional analogy problems

about perceptual patterns are ANALOGY [Eva68] and Copycat [HM88].

We brie
y introduce these systems and then discuss their shortcomings.

5.5.1 ANALOGY

ANALOGY is designed to solve so-called \geometric analogy" problems:

proportional analogy problems that concern geometric �gures. The system

works with a \multiple choice" version of the problem that employs eight

�gures, A,B,C,1,2,3,4 and 5. The problem is formulated as: �nd the rule

by which �gure A has been changed to make �gure B; apply the rule to �g-

ure C, and indicate which of the �gures 1 through 5 results from this process.
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The class of geometric �gures that ANALOGY deals with is limited to

line drawings that can be generated by applying two operators to a set

of primitive visual elements consisting of dots, straight-line segments, and

circle segments. These two operators are connect and compose operators:

connect operator will literally connect visual elements to each other by let-

ting them share one or more points; the compose operator collects the visual

elements in one list.

In ANALOGY, two kinds of �gures are distinguished: connected and non-

connected �gures. Connected �gures are either primitive visual elements

or generated by applying the connect operator to connected �gures. Non-

connected �gures are generated by applying the compose operator to other

(connected or non-connected) �gures.

Furthermore, three classes of connected �gures are distinguished: dots

(DOT), simple closed curves (SCC), and all other connected �gures (REG-

ular). The distinction between SCC and REG is based on the connectivity

of their line segments. In order to make this distinction, the notion of vertex

is introduced. A vertex is either an endpoint of a curve or a point where

three or more line segments meet. Now, a connected �gure is a SCC if and

only if it does not contain any vertex; it is a REG if it does contain at

least one vertex. Furthermore, the �gures may have properties like small,

shaded, thin, etc. and they may be in some spatial relation like in, left,

above, etc.

Note that the expressions of the VREG language, introduced in chapter

3 and 4, can describe the �gures that are covered by ANALOGY. In fact,

the VREG language includes the compose operator such that the composi-

tion structure of �gures can be described and represented by the compose

expressions of the VREG language. However, although the VREG language

does not include a connect operator, the connect structure of �gures can be

described and represented by using the single-linkage strategy to compute

the proximity structure (introduced in chapter 4 section 3) and demand

that two visual elements are in one proximity cluster if and only if their

closest distance is zero, i.e. two visual elements are in one proximity group

if they share at least one point. In this way, a proximity group is considered

as a connected �gure.

ANALOGY consists of two parts. The input of part 1 is the primitive

descriptions of the eight given �gures. For example, a triangle and a point

within it (i.e. a non-connected �gure) is represented as :
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((DOT (0.4 , 0.8)) ((SCC ((0.3 , 0.2) (0.7 , 0.2) (0.5 , 0.7) (0.3 , 0.2)))))

The primitive description of �gures is then the subject of a decomposition

process. The decomposition process will divide a connected �gure into its

connected parts; non-connected �gures are already represented as divided

elements. Note that the decomposition process can only be applied mean-

ingfully to REG �gures; the DOT and SCC �gures are not decomposable.

The decomposition process is able to �nd all occurrences of an arbitrary sim-

ple closed �gure x in an arbitrary connected �gure y and will divide �gure

y into occurrences of x and the rest of y. At the next step, a set of proper-

ties and relations of the objects that are resulted from the decomposition

process is computed. For example, the inside relation between a dot and a

polygon is expressed as INSIDE(DOT(x; y),SCC((x

1

; y

1

),: : :,(x

n

; y

n

))).

The important step of part 1 is a set of \similarity" calculations. Given

a certain class of transformations like change-size, change-texture, rotate,

etc. the similarity calculations determine for each pair of objects those

transformations that map one object of the pair to the second object of the

pair.

The decomposition of �gures into objects together with the computed prop-

erties, relations and the similarity transformations form the input of part

2 of ANALOGY. The �rst step of part 2 generates a transformation rule

which transforms Figure A onto Figure B. A transformation rule, which is

based on similarity transformations from part 1, speci�es how the objects of

Figure A are removed, added to, or altered in their properties and relations

to other objects to generate Figure B. Subsequently, the transformation

rules are generalized such that in addition to transforming �gure A onto

�gure B, they will transform �gure C onto exactly one of the solution �g-

ures. The rules must be general enough to choose at least one of the answer

�gures and speci�c enough to choose not more than one. The generalized

rule must have the property such that \The numbers of parts added, re-

moved and matched in taking A onto B and in taking C onto the answer

�gure are the same".

If there is more than one possibility, the best rule is selected according

to a so-called strength function. This function assigns a value to each

rule and thereby it sorts all possible transformation rules. The \best"

or \strongest" rule is the one that is achieved by the least alteration in

the original A ! B rule that still maps C onto exactly one answer �gure.
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The notion of \strongest" rule is then understood as how little alteration

is needed to extend the theory of A! B to a new situation, i.e. C ! X.

5.5.2 Copycat

Copycat solves proportional analogy problems about strings of letters. A

string of letters is either an individual letter from the western alphabet

or generated by concatenating two or more strings of letters. In Copycat,

string patterns may be related to each other by means of a number of prede-

�ned relation (called concepts) like left-of, right-of, successor, predecessor,

etc. Note that the terms of the Extended-String-algebra, introduced in

chapter 3, are descriptions of these strings.

In dealing with a proportional analogy problem of the form \A : B =

C : X", Copycat conducts a non-deterministic parallel search for structur-

ing of the letter strings and �nds mappings between them in order to solve

the analogy. The structures that Copycat builds are descriptions of bonds

between substrings within a string (only between neighboring substrings),

groups of substrings within a string, correspondences between substrings in

di�erent strings, a rule specifying the transformation between the string A

and the string B, and a translated rule which transforms the string C into

an answer string.

The structural description of strings and the analogical mapping between

them are constructed on the basis of concept-related system parameters.

These parameters are for instance the strength of various relations (\con-

ceptual depth") or the strength of transformations between relations (\slip-

page"). The values of these parameters determine the appropriateness of

descriptions and analogical mappings. For instance, an activation value

that is assigned to a relation indicates the importance of that relation for

a generated structural description of a string. The system parameters have

some pre-assigned values at the beginning of the process of solving propor-

tional analogy problems. These values may change during the process.

The Copycat descriptions of strings are built out of the highly activated

relations. When the (partially) constructed descriptions do not provide a

proper analogical relation, the activation values may change in order to

create di�erent descriptions of strings. The appropriateness of analogical

relations is based on a notion called the slippage of concepts.
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In Copycat, prede�ned relations are conceptually close or far from each

other. The conceptual distance between pairs of relations, called concep-

tual proximity, are determined beforehand. The idea is that the closer

relations are more likely to be slipped into each other than the farther re-

lations. For example, the \successor" relation may slip more likely into

the \predecessor" relation than into the \re
ect" relation. Since analogical

relations are de�ned in terms of transformations between relations and be-

cause transformations between conceptually close relations are more likely

than transformations between conceptually far relations, those analogical

relations that are based on more likely transformations are considered as

being more appropriate.

In general, the system attempts to integrate the most important relations

in order to build the proper description of the strings such that an appropri-

ate analogical relation between them can be constructed. At any point, the

computed description of strings, mappings and other structures may change

again in order to create a more stable state of the system. The stability of

the system is measured by a global parameter called \temperature" which

in turn is computed by the values of other system parameters.

Note that the temperature parameter in Copycat is not used as an indepen-

dent parameter on the basis of which the change of the activation values of

other system parameters and thus the amount of change in the system can

be determined. In fact, the temperature parameter in Copycat is used the

other way around, i.e. the activation values of system parameters (except

the temperature value) are used to determine the activation value of the

temperature parameter and thus the stability of the system state.

One state of the system is more stable than another when the temperature

value of the �rst is lower than the temperature value of the second. The

system stops by a probabilistic decision using the value of the temperature

parameter. The state in which the system stops provides the description of

strings and the mapping between them.

In Copycat, some activation values are assigned at the beginning of a run

and will change during the run. Some other activation values are �xed.

The values that are pre-assigned at the beginning of a run are chosen by

a combination of intuition, trial and error, and some arbitrariness. These

activation values will be changed by the mutual in
uence in a probabilistic

way causing a change in description of strings or in mapping between them.
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5.5.3 Limitations of ANALOGY and Copycat

In both ANALOGY and Copycat, there are some shortcomings that we

have tried to overcome. These shortcomings are related to the methods

that are used to decompose perceptual patterns into subpatterns. As noted

in this chapter, a proper decomposition is crucial since the description of the

involved perceptual patterns and the analogical relation between them are

de�ned in terms of the resulting subpatterns. In particular, we assume that

the decomposition of perceptual patterns involved in proportional analogy

problem is appropriate when the interaction between perception and con-

text e�ects are modeled properly.

ANALOGY computes the decomposition of �gures (and thereby their de-

scriptions) in a separate initial module. Once these descriptions are com-

puted, ANALOGY generates an analogical relation between them. Al-

though Evans was aware of both context-sensitivity and gestalt phenom-

ena in generating the description of the involved �gures and an analogi-

cal relation between them, his system dealt with them in a very limited

way [Ind92] (pp. 378-384). The only gestalt phenomenon he deals with is

connectivity: a REG �gure must be decomposed into simple-closed-curves

as much as possible. Other gestalt phenomena like good continuity, fore-

ground/background, proximity, embeddedness, symmetry, etc. are ignored.

In decomposing REG �gures, ANALOGY deals with the context-e�ect also

in a limited way. The modeling of the context-e�ect is related to the fact

that ANALOGY is able to �nd all occurrences of an arbitrary simple closed-

curve (SCC) in an arbitrary REG �gure and can divide the REG �gure into

occurrences of that simple closed-curve and the rest. This ability is used

to decompose one REG �gure based on other �gures involved in propor-

tional analogy problem. Although it is not explicitly mentioned, it seems

that the context-e�ect is modeled by assuming only one REG �gure in the

proportional analogy problem; other involved �gures should unambiguously

consist of simple closed-curves. This implies that the mutual contextualiza-

tion e�ects is not modeled in ANALOGY properly, i.e. �gure x can be used

to decompose �gure y, but �gure y cannot be used to decompose �gure x.

Thus, in ANALOGY only one of the involved �gures may have gestalt ambi-

guity. In order to demonstrate the mutual contextualization e�ect, consider

the proportional analogy problem illustrated in Figure 5.8.

In this proportional analogy problem, the three �gures have gestalt ambi-

guity such that the decomposition method used in ANALOGY cannot use
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=: : X

Figure 5.8: Mutual contextualization e�ect between involved line patterns.

the unambiguous gestalt of one �gure to decompose the other �gures. In

fact, to solve the proportional analogy problem illustrated in Figure 5.8,

there is no way to determine the proper decomposition of �gures at once

and in an initial module. The possible decompositions (and thus the possi-

ble descriptions) of �gures should be disambiguated by trying to construct

an analogical relation between them.

The fact that ANALOGY computes the description of �gures in an initial

module makes ANALOGY a system which is not capable of solving creative

analogies [Ind92]. In non-creative analogies, the descriptions of the source

and the target elements are given or computed once, and it is assumed that

these descriptions already contain the similarity that will constitute the

basis of the analogical relation. However, in creative analogies, the (con-

ventional) descriptions of the source and the target may not provide the

needed similarities. In fact, the similarity has to be created by building

these descriptions.

In our system, on the other hand, our main goal has been to model the

contextualization e�ect, and also because our system is based on the struc-

tural information theory, for which a considerable empirical support has

been found, we feel that it is much less ad hoc.

The Copycat system was expressly designed to model the creativity phe-

nomenon in proportional analogies. Consequently, in Copycat, representa-

tions of the terms are constructed hand in hand with the mappings, and

thus the mutual contextualization e�ect is fully taken into account. How-

ever, many of the features of Copycat are not clearly, or formally, speci�ed.

Neither it is clear how the Copycat approach can be applied to other do-

mains like the domain of visual patterns.

For example, consider the concept of temperature, that plays a key role in

the Copycat architecture. Intuitively, the idea is that the `deeper' or more
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cognitively appealing an analogy, the lower its temperature (which is based

on an analogy with thermodynamics). However, nowhere in the Copycat

architecture, or in its discussion, one �nds any principles or rules or any

explicit description for computing the temperature of an analogy relation.

In fact, as the concept of information load in the Structural Information

Theory can be considered analogous to Copycat's temperature, this reveals

starkly the contrast between our two approaches, for the focus of our re-

search has been on explicating the principles that constrain the gestalts of

a pattern, both in isolation and in context.

Another point to emphasize is that our algebraic model is aimed at modeling

only the input-output functionality of the human perceptual process. That

is, we do not claim that people carry algebraic descriptions in their heads,

or that the algorithm presented in the previous section mirrors in anyway

how humans solve proportional analogy. By contrast, Copycat implicitly

claims to model the human perceptual processes. However, no scienti�c

reason or evidence to support this claim is o�ered besides the authors' in-

tuitions that it must be so.

In this and all previous chapters, we have concentrated on modeling gestalt

perception to determine the gestalts of perceptual patterns. However, as

we noted in the �rst chapter, we may use a model of the human visual per-

ception to generate visual patterns as well. In this way, one can guarantee

that the generated visual patterns will have certain perceptual structures.

In the next chapter, we will discuss the role of such a model in data visu-

alization where visual patterns with certain perceptual structures have to

be generated.





Chapter 6

The Role of Perception in Data

Visualization

In this chapter, we discuss an application domain in which perception plays

an important role. This application domain is often called data visualiza-

tion [Twy79, Ber81, Tuf83, Tuf90]. The aim of data visualization is to

generate visual patterns that represent data. These visual representations

denote data relations by means of perceivable relations that exist among

their constitutive visual elements. For example, the number of cars pro-

duced by di�erent factories can be visualized by a bar-chart. Each bar

represents a car factory and its length represents the number of produced

cars by that factory. The perceivable length relation between bars denotes

then the relation between numbers of cars produced by di�erent factories.

Data can of course also be represented in many other ways, for instance

by means of natural language expressions or �rst-order predicate sentences;

the advantage of representing data by visual patterns is often claimed to

be the e�ectiveness of this mode of representation. However, it has not yet

been attempted to articulate the e�ectiveness property in a formally pre-

cise way. We argue that the e�ectiveness of visual representations is related

to the perceptual structures that represent the structure of data. In fact,

we argue that data is e�ectively represented if the intended structure of

the represented data and the perceived structure of the representing visual

pattern coincide.

In the previous chapters, we have focused on the gestalts of visual patterns,

i.e. the perceived constituent structure of visual patterns which determines

137
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how compound visual elements are built out of primitive visual elements.

We argued that a gestalt of a visual pattern is constructed based on either

the regularity of perceivable relations among its constitutive visual elements

or the relative closeness of those elements (proximity). It is explained that

the perceivable relations on visual elements are induced by the involved

visual attributes.

In this chapter, we consider a broader class of perceptual structures of

visual patterns which includes, besides the perceived constituent structure

of visual patterns (gestalts), some additional perceived structures. These

additional perceived structures determine how the involved visual elements

are related (e.g. qualitatively, quantitatively, topologically, etc.) to each

other. In particular, we study, besides the part-whole relation, some other

perceivable relations (e.g. qualitative, quantitative, topological, etc.) that

are induced by visual attributes of primitive visual elements. We emphasize

primitive visual elements since we will ignore the perceivable relations that

are induced by the characteristic visual attributes of the compound visual

elements. A characteristic attribute of a compound visual element indicates

a property of that compound visual element which is not a property of the

constitutive primitive visual elements. In fact, we admit, but ignore, the

characteristic visual attributes for compound visual elements.

In this chapter, we will use the term domain structures for all perceptual

structures of visual patterns except the perceived constituent structure for

which we use the term gestalt. Thus, while a gestalt is de�ned as a set of

visual elements that are related to each other by the part-whole relation, a

domain structure is de�ned as a set of visual elements that are related to

each other by a set of relations except the part-whole relation.

The purpose of this chapter is twofold. On the one hand, we study some

important domain structures by analyzing di�erent classes of perceivable

relations that can be induced on visual elements by visual attributes. On

the other hand, we examine a practical application for which a model of

perception is indispensable. This application is data visualization. We

show that the e�ectiveness of visual representations can be guaranteed if

the perceptual structure of visual representations is modeled appropriately.

In section 1, we concentrate on data visualization by de�ning the class of

data structures that we want to visualize, the projection of data structures

to perceptual structures, the layout of visual patterns based on perceptual

structures, and �nally the e�ectiveness criterion.
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This approach to data visualization will be formalized in sections 2 and 3

of this chapter. In section 2, we formally de�ne (data and visual) attributes

and the relations that an attribute may induce on (data and visual) ele-

ments. Some general types of attributes that are important in data visual-

ization are introduced. The type of a visual attribute indicates the class of

perceivable relations that it induces on visual elements.

In section 3, we introduce a formal framework for e�ective data visual-

ization. In this framework, data and visual patterns are de�ned as rela-

tional structures. The relation between these structures is then de�ned

by means of a formal mapping between data and visual relational struc-

tures. In e�ective data visualization, the mapping between represented

data and representing visual patterns is a structure-preserving mapping.

The structure-preserving condition guarantees that the structural proper-

ties of data relations and the structural properties of perceivable relations

coincide. This condition guarantees also that whenever there exists regular-

ity among relations on the data side, there will exist an identical regularity

among corresponding perceivable relations on the visual side and vice versa.

This property is important when visualizations are used for data mining.

Finally, we elaborate on data visualization and consider various visualiza-

tion systems as visual languages. In this way, we consider various types

of maps, diagrams, graphs, 
ow-charts, etc. as di�erent visual languages.

A visual pattern such as a map or a diagram is then considered as an

expression of a visual language.

6.1 Automatic Data Visualization

In this section, we focus on an application in which domain structures as

well as gestalts of visual patterns play essential roles. In this application,

called automatic data visualization, visual patterns are generated that ef-

fectively represent data [Mac86, Kam97, RKG95, Mit93, PG93]. We de�ne

the e�ectiveness of visual representation as follows: a visual pattern repre-

sents data e�ectively if the intended structure of the represented data and

the perceptual structure of the representing visual pattern coincide.

In particular, we consider the process of data visualization as the inverse

of the interpretation process, i.e. given the data to be represented, the

visualization process generates a visual pattern the interpretation of which

results in the original data. Based on this view, we assume a process model

for data visualization which consists of a number of components and the

mapping between them. This model is schematically illustrated in Figure
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6.1. In the rest of this section, we will brie
y explain these components and

the mappings between them.

Analysis
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Figure 6.1: A model for data visualization.

In this model, the input data is a nested relational database. We will present

a nested relational database as a table of attribute values. According to

this model, the table of attribute values should be analyzed to determine

its (intended) structure. The process of data analysis results in structured

data. In this way, data is considered in terms of data elements (i.e. n-tuples

of attribute values) that are related to each other by means of a number of

relations. Thus, the process of data analysis determines how the n-tuples

of attribute values from the data table should be related to each other by

means of explicitly represented relations. In most visualization systems,

this process is avoided by assuming these relations, i.e. the starting point

is an annotated table of attribute values rather than a plain table. An

annotated table is a table of attribute values in which the structure of the

domain of values of each attribute is explicitly given by specifying the re-

lations applicable to that domain.

Given the structured data presented as an annotated table, the visualization

process proceeds with specifying a visual attribute for each data attribute
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and specifying a one-to-one mapping between data elements and abstract

visual elements. An abstract visual element is an n-tuple of variables each

of which stands for a value of one of the speci�ed visual attributes. In

fact, the one-to-one mapping between data elements and abstract visual

elements consists of a number of one-to-one mappings each of which maps

values of one data attribute to a set of variables that stands for values of

one speci�c visual attribute. We assume that the speci�cation of visual

attributes together with the speci�cation of the one-to-one mapping results

in a set of related abstract visual elements. The relations between abstract

visual elements are determined by selecting visual attributes since each se-

lected visual attribute will induce some relations on visual elements.

Thus, at this stage of the visualization process the perceptual structure of

the to-be-generated visual pattern is known, while the actual values of vi-

sual attributes that are needed to draw the visual pattern are not known.

In the case of e�ective data visualization, this perceptual structure must

coincide with the data structure. For this reason, we claim that this stage

of e�ective data visualization process results in a structure preserving map-

ping between the structured data and the perceptual structure.

In order to generate a visual pattern that has the speci�ed perceptual

structure, the variables that stand for visual attribute values should be

instantiated with concrete attribute values. This process is therefore a con-

straint satisfaction process since the generating visual attribute values, and

thus the generating visual elements, should be in accordance with the per-

ceptual structure which is imposed on visual elements at the previous step.

It is important to note that a visual element can be drawn if and only

if the values of certain visual attributes are speci�ed. We explained that

each data attribute is mapped to one visual attribute. But, it may be the

case that some visual attributes, the values of which are necessary to draw

visual elements, are not used in the constructed mapping. For instance, if

the position attribute is not used in the mapping then the visual elements

should receive position values in order to become drawable. These unused

visual attributes will be called undecided attributes in contrast to the de-

cided attributes to which data attributes are mapped.

The determination of values for both decided and undecided visual at-

tributes will be called the layout process. It should be noted that the

instantiation of values for the decided visual attributes is usually not con-

sidered as a part of the layout process since these values are determined by

the data. However, we have two reasons for considering the determination
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of decided and undecided visual attributes values as two functions of the

same (layout) process.

The �rst reason is based on the fact that the instantiation of the actual

values for both kinds of (decided and undecided) visual attributes are con-

strained by the speci�ed perceptual structure. In particular, the values for

the undecided visual attributes cannot be chosen randomly since the ran-

dom choice for these visual attribute values may induce perceptual struc-

tures that do not represent any data structure. This phenomenon is some-

times called unwanted visual implicatures [MR90, BS93].

The second reason is that the speci�ed perceptual structure leaves still

a spectrum of possible values for both decided and undecided visual at-

tributes. In particular, the constraints that are imposed by the percep-

tual structure do not determine the values for the decided visual attributes

uniquely. For example, when the color hue attribute is decided on for a

data attribute, the choice for the actual color hue values for visual elements

is still an open choice. Thus, given four visual elements such that two of

them should have identical color hue values and the other two should have

di�erent color hue values (the constraint imposed by the speci�ed percep-

tual structure), one may decide on red, green, and yellow color hue values,

while someone else may decide on brown, orange, and black color hue val-

ues. Based on these two reasons, we will consider the determination of

both decided and undecided attribute values as two functions of the same

(layout) process.

The decisions that determine a visual attribute for each data attribute and

a one-to-one mapping between data elements and visual elements from the

previous step together with the instantiation of values for variables at this

step result in what is called the interpretation function or the legende of

visual representations.

As noted, we consider the process of e�ective data visualization as the in-

verse of the interpretation process. In particular, the interpretation process

starts with a given visual pattern and an interpretation function (legende).

Since the object of the interpretation process is a visual pattern and be-

cause the visual pattern must be perceived before it can be understood as

denoting data, the �rst step in interpreting a visual pattern is its perception.

The process of perception determines the perceivable relations among visual

elements on the basis of their visual attribute values. Since visual attribute

values are assigned to visual elements by the layout process, one may con-

clude that perception is the inverse of the layout process. Subsequently,
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visual elements that are related to each other by perceivable relations are

mapped to related data elements. This mapping is accomplished by means

of the given interpretation function (legende) which determines the cor-

respondence between visual and data attributes and the correspondence

between visual and data values. In the case of e�ective data visualization,

the relation between data elements are structurally identical with the per-

ceivable relations between their representing visual elements. Finally, given

the structured data, the table of attribute values can be trivially gener-

ated. This process is called data generation. In the rest of this section, we

elaborate on di�erent stages of the data visualization process.

6.1.1 Input Data

In this section, we focus on one important class of input data: (nested)

relational data bases. Such input data can be presented by a (nested) table

which is constructed by means of n data attributes. A column of such a

table consists of values of one data attribute and a row of it consists of

n values each of which belongs to one data attribute (i.e. a row forms a

n-tuple of attribute values). In nested tables, the values of an attribute

may be a row of another nested table which is constructed by means of m

data attributes. Thus, the rows of a nested table may consist of n data

attribute values each of which may consists of m data attribute values, etc.

An attribute value which is a single value rather than consisting of m at-

tribute values is called an atomic value.

A row of a table (i.e. a n-tuple of attribute values) at a certain nesting

level is called a data entry. An attribute value is assigned to a data entry

by means of one of the involved data attributes. Consequently, in nested

tables the values that are assigned to data entries by an attribute may be

data entries from a nested table. For example, consider the Car-state data

table which is illustrated in Figure 6.2.

This data table describes the co-operation degree between pairs of car com-

panies. In this data table, Co-operating, Co-operated, and Co-operation-

degree are three data attributes. The values that the Co-operating and the

Co-operated attribute assign to each data entry are rows of one nested data

table. These nested rows are indicated by the key values of the nested data

table. This nested data table is constructed by three data attributes and

is called the Company-state data table. The Company-state data table is

illustrated in Figure 6.3. This table describes the number of sold-cars of
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Figure 6.2: The Car-state data ta-

ble.
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Figure 6.3: The nested Company-

state data table.

a certain type that are produced in a certain country. In this nested data

table, Car-type, Sold-numbers, and Production-country are three data at-

tributes. The values that these attributes assign to each nested data entry

are atomic values.

We distinguish two kinds of data structures that are important in data

visualization. The structures of the �rst kind are constituted by relations

that are de�ned on values of individual data attributes, i.e. relations that

are de�ned on the set of values from one column of a data table. The struc-

tures of the second kind are constituted by binary relations that are de�ned

on values of two di�erent attributes with the same range, i.e. relations that

are de�ned by two columns of a data table that contain values from one

and the same set.

In order to cover the �rst kind of data structures, we assume that the set

of possible values of each data attribute is a structured set. Moreover, we

assume that the structure of a set of attribute values is given by assigning

the constitutive relations of that structure to that attribute. For instance,

values of the Sold-number attribute are from the domain of integers where

integers are related to each other by arithmetical relations. These arith-

metical relations are assigned to the Sold-number attribute.

The set of relations that exist among values of an attribute is called the

type of that attribute. A data attribute together with its type is called a

typed attribute. Finally, a data table that is de�ned on typed attributes is

called a typed data table.

In a data table, relations that are de�ned on values of individual attributes

(the type of attributes) are induced on data entries. In this way, two data

entries are related since the values of their individual attributes are re-
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lated. These induced relations on data entries constitute structures of the

�rst kind. Relations on data entries may be induced by di�erent data at-

tributes. For instance, data entries in the Company-state data table may

be considered as equivalent or non-equivalent depending on the value of the

Car-type attribute, while they may be quantitatively related to each other

according to the Sold-number attribute (e.g. the number of sold VW 's is

twice the number of sold Mazda's, or the number of sold Toyota's is equal

to the number of sold Mazda's and Opel's together).

In a data table, binary relations that are de�ned on values of two attributes

with the same range relate data entries as well. The resulting relations on

data entries constitute structures of the second kind. For instance, the bi-

nary relation de�ned on the values of the Co-operating and the Co-operated

attributes (which have the same range) can be represented as:

f(d

0

1

; d

0

2
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0
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This binary relation relates data entries of the Car-state data table.

Binary relations can be characterized by their structural properties like

functional (injective, surjective, bijective), transitive, symmetric, re
exive,

etc. For example, in the Car-state data table the values of the Co-operating

and the Co-operated attribute de�ne such a binary relation which is non-

functional, symmetric, non-re
exive, and non-transitive.

6.1.2 Projecting Data to Visual Patterns

The main step in visualizing data is the projection of the structured data

(i.e. presented by typed nested tables), derived from the data analysis step,

into a perceptual structure. A perceptual structure is presented by a typed

nested table which is constituted by means of typed visual attributes. The

type of a visual attribute is determined by the relations that can be per-

ceived among values of that attribute. A typed table which is constructed

by typed visual attributes is called typed visual table. The rows of a visual

table will then be called visual entries.

The projection of the structured data into a perceptual structure consists

in de�ning a map from the typed data attributes to typed visual attributes

and another map from rows of the data table (i.e. data entries) to the rows

of the visual table (i.e. visual entries). In this way, the number of visual

attributes and the number of visual entries are the same as the number of

data attributes and the number of data entries, respectively.
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We assume that this projection does not specify the actual attribute values

of visual entries, but it only speci�es visual entries by means of variables

that stand for visual attribute values. Thus, this projection speci�es ab-

stract visual entries that are related to each other by perceptual relations.

In fact, a resulting typed visual table represents an abstract perceptual

structure that can be drawn by deciding on the actual values for the vari-

ables involved.

For example, given the Car-state data table, one may decide on the Con-

necting visual attribute for the Co-operating data attribute, Connected for

Co-operated, Size for Co-operation-degree, X-pos for Car-type, Y-pos for

Sold-number , and the Color-hue visual attribute for the Production-country

data attribute. Moreover, six abstract visual entries are speci�ed for the

six data entries. This projection of typed data attributes and data entries

to typed visual attributes and abstract visual entries results in the typed

visual table which is illustrated in Figure 6.4 and 6.5.
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Figure 6.4: The visual table for

Car-state data table.
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Figure 6.5: The visual table for the

nested Company-state data table.

Di�erent typed visual attributes can be decided for a typed data attribute.

Similarly, di�erent visual entries can be speci�ed for each data entry. These

di�erent ways of deciding visual attributes and specifying visual entries re-

sult in di�erent visualizations of data. The set of decisions on the basis of

which visual attributes (entries) are related to data attributes (entries) is

often called the interpretation function. The interpretation functions are

usually expressed by either legends which are attached to visual patterns

or they are integrated in visual patterns by inserting textual information.
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6.1.3 The Layout of Visual Patterns

In the previous section, we explained that the typed data table is projected

to a typed abstract visual table in which visual entries are constituted by

variables. The generation of the actual attribute values for visual entries

is accomplished by the layout process. Moreover, since the number of vi-

sual attributes is determined by the number of data attributes, the layout

process should not only generate values for the decided visual attributes,

but it should also generate values for the undecided visual attributes. In

fact, undecided visual attributes do not represent any data, but their values

should be speci�ed in order to draw visual patterns. For example, consider

visual patterns illustrated in Figure 6.6.
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Figure 6.6: Visualizations of the Car-state data table.

In the visualization illustrated in Figure 6.6-A, the shape and the size of vi-

sual elements are undecided attributes, i.e. the shape and the size of visual

elements do not represent any data attributes. Similarly, in the visualiza-

tion illustrated in Figure 6.6-B the position and the shape attributes are

undecided visual attributes. Finally, in the visualization in Figure 6.6-C

the position attribute is a undecided visual attribute. In this visualiza-

tion, the label attribute is decided for the Car-type, Sold-number, and the

production-country attributes.

Note that the textual information that is inserted in these visualizations

may either be values of a visual label attribute or it may be a part of the

interpretation function. In order to distinguish these two kinds of textual

information, we use only capital letters to indicate that a textual infor-

mation is a value of the visual label attribute rather than a part of the
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interpretation function.

For example, in the visualization illustrated in Figure 6.6-A the interpre-

tation function is partially expressed by the legend that is attached to the

upper-right corner of the visualization, but it is also partially expressed

by inserting textual information into it. In this way, the textual infor-

mation like VW; Toyota; Opel; and Mazda are the interpretation values of

di�erent segment values. Similarly, the textual information like Car-type,

Sold-number, and the numbers attached to the vertical axis are the inter-

pretations of the horizontal axis, the vertical axis, and the positions of the

vertical axis, respectively.

6.1.4 E�ective Data Visualization

A nested data table can be visualized in many di�erent ways by deciding

di�erent visual attributes for each data attribute and by specifying di�erent

visual entries for each data entry. In Figure 6.7, two di�erent visualizations

for the Car-state data table are illustrated.
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Figure 6.7: Alternative visualizations of the Car-state data.

In the visualization illustrated in Figure 6.7-A, the horizontal axis visu-

alizes the Car-type attribute, the vertical axis visualizes the Sold-number

attribute, and the Color-hue attribute visualizes the Production-country

attribute. Moreover, the links between visual elements de�ned by the Con-

necting and the connected attribute visualize the Car-company attributes.

Finally, the thickness of the links visualizes the degree of co-operations.

In the visualization illustrated in Figure 6.7-B, the shape attribute visu-

alizes the Sold-number attribute, the Color-hue attribute visualizes the

Production-country attribute, and the label attribute visualizes the Car-

type attribute. Like the visualization illustrated in Figure 6.7-A, the links
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and their thickness visualize the co-operations and their degrees between

car companies, respectively. Note that in this visualization the inserted

numbers are the interpretation values.

Although these two visualizations illustrated in Figure 6.7 represent the

same data, the visualization illustrated in Figure 6.7-B is not an e�ective

visualization. The notion of e�ective visualization is studied in [Ber81,

Mac86]. In these studies, a visual pattern is claimed to represent an in-

formation state e�ectively if human perceiver can easily and without much

cognitive e�ort extract the represented information by means of its inter-

pretation function.

We consider the e�ectiveness of visualizations of data as being related to

the intended relations of the data that should be visualized. The pragmatic

issues of visualizations [Cas91] such as the use or the purpose of visualiza-

tions are then considered as the speci�cation and the importance ordering

of the intended data relations that should be visualized. Accordingly, a

visualization of a data will be considered e�ective if the intended data re-

lations are visualized by structurally identical perceivable relations. For

instance, if one intends to visualize the number of sold-cars such that not

only the exact number of sold-cars, but also their proportional relations

or absolute di�erence relations can be perceived, then one should decide

for the Sold-number attribute a visual attribute which induces structurally

similar perceivable relations. In the visualization illustrated in Figure 6.7-

B, the shape attribute is decided for the Sold-number attribute. However,

the perceivable relation induced by the shape attribute is an identity rela-

tion. This implies that one may perceive that the numbers of sold-cars are

equal or not. Since the intention is to visualize the quantitative relations

between data entries, the visualization in Figure 6.7-B is considered as a

non-e�ective visualization, i.e. the intended quantitative relations between

data entries are not visualized by structurally similar perceivable relations

between corresponding visual elements.

It is important to note that one may deduce the intended quantitative

relations indirectly by means of the interpretation values that are inserted

into the visualization in Figure 6.7-B. For example, one may use the in-

terpretation values 20000 and 40000 that are attached to visual elements

and deduce that the second is twice the �rst. However, this reasoning is

based on the knowledge of the perceiver about the structure of real num-

bers rather than being based on perceivable relations. The e�ectiveness of
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visualization is the ability to perceive data relations directly by structurally

similar perceivable relations. In order to illustrate the direct perception of

relations, consider the visualizations in Figure 6.8.
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Figure 6.8: Visualizations without any interpretation values.

These visualizations are the same as visualizations in Figure 6.7 except that

in these visualizations the interpretation values are left out. Knowing that

the shape attribute visualizes the Sold-number attribute in Figure 6.8-B, it

is impossible to perceive any quantitative relation between visual elements

and therefore it is impossible to conclude any quantitative data relation.

However, knowing that the vertical axis visualizes the Sold-number attribute

in Figure 6.8-A, it is easy to perceive quantitative relations between visual

elements and therefore easy to conclude quantitative data relations. In

the rest of this chapter, whenever we refer to the perceptual structure of

visualizations we mean the structure of visualizations without using any

interpretation information.

In the above examples, we discussed how the e�ectiveness of data visu-

alizations could be in
uenced by deciding di�erent visual attributes for

data attributes. However, the speci�cations of visual entries by the layout

process may in
uence the e�ectiveness of visualizations as well. As noted,

the layout process should specify values for both decided and undecided

visual attributes.

In the context of e�ective data visualization, the generation of values for

the decided attributes of visual elements is constrained by the perceivable

relations. In fact, the values for the decided attributes of visual elements

should induce perceptual relations that are structurally similar to the in-

tended data relations.
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For example, in the visualization illustrated in the Figure 6.7-A the Color-

hue attribute is decided for the Production-country attribute and four circle

shaped visual elements are speci�ed for the Company-state data entries.

The values of the Production-country attribute induce a classi�cation rela-

tion on the data entries of the Company-state relation. Therefore, the layout

process has generated the values of the Color-hue attribute of circle shaped

visual elements such that they have identical Color-hue values whenever

their corresponding data entries have identical Production-country values.

Like the values of the decided visual attributes, the values of the undecided

attributes for visual elements can not be chosen arbitrarily since otherwise

the e�ectiveness of visualization is not guaranteed anymore. For example,

consider the visualization in Figure 6.6-A. Although this visualization rep-

resents the same information as the visualization in Figures 6.7-A it can not

be claimed that the diagram in Figure 6.6 represents the same information

e�ectively. The reason is that a human perceiver may perceive a classi�-

cation relation between visual elements that is induced by the undecided

Shape attribute and thereby conclude that this classi�cation relation may

represent a data relation. As noted, this phenomena is called unwanted

visual implicatures.

Since in drawing visual patterns the values of decided and undecided vi-

sual attributes must be speci�ed and in order to avoid unwanted visual

implicatures, the values of undecided visual attributes should be speci�ed

in such a way that they induce an identity relation on visual elements. In

other words, one may avoid unwanted visual implicatures by grouping the

involved visual elements according to the undecided visual attributes into

one perceptual group. In this way, visual elements will be classi�ed by the

undecided visual attributes as belonging to the same perceptual group.

In chapter 3, we argued that the gestalts of visual patterns determine the

perceptual groupings of visual patterns. Accordingly, the layout process

should generate the values of the undecided visual attributes such that

the gestalts of visual patterns according to the undecided visual attributes

re
ect only one perceptual group. Note that the gestalts of the diagram

illustrated in Figure 6.7-A re
ects one perceptual group according to the

shape attribute (i.e. a undecided attribute).
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6.2 A Formal Classi�cation of Domain Struc-

tures

In this section, we study perceivable relations that are induced on prim-

itive visual elements by means of their visual attribute values. As noted

in the introduction of this chapter, we admit but ignore the perceivable

relations that are induced by means of values of the characteristic visual

attributes of the compound visual elements. The values of the character-

istic visual attributes of compound visual elements are not the values of

their constitutive primitive visual elements. For example, di�erent groups

of visual elements (i.e. a compound visual element) may each have a label.

These labels induce an equivalence relation on compound visual elements

such that compound visual elements with identical labels are considered as

equivalent while those with di�erent labels are considered as non-equivalent.

The perceivable relations that are induced by means of visual attributes of

primitive visual elements constitute domain structures of visual patterns.

For example, color saturation values (of one color hue value) induce an

ordering relation on primitive visual elements such that a primitive visual

element with a certain saturated color value is perceived as less/equal/more

saturated than another primitive visual element.

Di�erent visual attributes may induce di�erent perceivable relations on

primitive visual elements. This implies that di�erent visual attributes may

result in di�erent domain structures.

Domain structures can be subdivided into di�erent types. In order to study

these di�erent types of domain structures, we de�ne attributes (visual or

non-visual) formally and introduce four general types of attributes. The

type of an attribute is de�ned in terms of relations that may be induced on

the involved primitive elements by that attribute.

Then, visual attributes are classi�ed according to the introduced attribute

types. In this way, the relations that de�ne the type of a visual attribute

characterize the perceptual relations that the visual attribute may induce

on primitive visual elements.

In order to de�ne attributes in a formal way, we use some notions from

measurement theory. The theory of measurement provides both a clas-

si�cation of attributes and their mathematical de�nitions by introducing

di�erent types of measurement scales [Ste46, Pfa68]. In fact, a measure-

ment scale is a map from a structured set of elements to a structured set of
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values like the set of real numbers, the set of integers, a set of strings, etc.

In measurement theory, relational systems are used to represent structured

sets.

26. Definition. A relational system is a pair < A ; R

1

; : : : ; R

n

> where

A is a set of elements, and R

1

; : : : ; R

n

are relations de�ned on A.

In this chapter, we consider attributes as measurement scales; i.e. an at-

tribute maps a structured set of primitive elements into a structured set of

values, called the set of attribute values.

27. Definition. An attribute is a homomorphismm from a relational sys-

tem < A ; R

1

; : : : ; R

n

> into a relational system < B ; S

1

; : : : ; S

n

>. The

set A is the set of primitive elements and the set B is the set of attribute

values which may be the set of real numbers, the set of integers, a set of

strings, etc.

In the case of a visual attribute, A is a set of primitive visual elements,

R

1

; : : : ; R

n

are perceptual relations that are induced on primitive visual el-

ements in A by that visual attribute, B is a set of values, and S

1

; : : : ; S

n

are characterizing relations de�ned on B. These characterizing relations

are abstract mathematical relations like =;�; etc.

The homomorphism guarantees that the perceivable relations that an at-

tribute induces on primitive visual elements have identical structural prop-

erties as the characterizing relations that exist among its attribute values.

Therefore, the characterizing relations abstract over particular perceivable

relations like darker-than, smaller-than, left-of, etc. and de�ne the types

of relations and thereby the type of perceptual structures that visual at-

tributes induce on primitive visual elements.

In the rest of this chapter, two types of attributes are distinguished: quali-

tative and quantitative. The qualitative attributes are then subdivided into

nominal and ordinal attributes. The quantitative attributes are de�ned by

considering di�erent sets of arithmetical relations. We introduce two types

of quantitative attributes that are important in data visualization: interval

and ratio.

Nominal Attributes A nominal attribute is a homomorphic map m from

a relational system < A ; �> into a relational system < B ; =>.

Note that the homomorphic map assigns a real number, a string, etc.

to elements of A.
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Ordinal Attributes An ordinal attribute is a homomorphic map m from

a relational system < A ; �> into the relational system < B ; �>.

The homomorphic map matches the ordinal relation among attribute

values with the ordinal relation among elements of A.

Interval Attributes An interval attribute is a homomorphic map m from

a relational system < A ; �; � > into the relational system

< R

k

; � ; � >, where � is a quaternary metrical relation de�ned

on real numbers. Note that the interval attribute is a quantitative

attribute such that the set of attribute values are from R

k

. In the

context of visual representations, we may use the quaternary metrical

relation � de�ned by: ab� cd , ja� bj � jc� dj. This attribute is

often called the absolute interval attribute because we are interested

in the absolute di�erence between pairs of elements.

Ratio Attributes A ratio attribute is a homomorphic map m from a re-

lational system < A ; �; � ; Null > into the relational system

< (R

�0

)

k

; � ; � ; 0 >, where � is a binary metric operator de�ned

on real numbers and 0 is a zero-place operator identifying the zero

element from the real numbers. Note that the zero element has the

following property: 8e 2 (R

>0

)

k

0� e = 0.

This zero-place operator identi�es an absolute origin element. The ra-

tio attribute is a quantitative attribute such that the set of attribute

values are from (R

�0

)

k

. In the context of visual representations, we

may use the binary metrical operator � de�ned by: a � b , a=b

where a 2 (R

�0

)

k

and b 2 (R

>0

)

k

, i.e. b is not the absolute origin

element 0 (b 6= 0).

Although only interval and ratio attributes are introduced here, there may

be many quantitative attributes, each of which uses di�erent sets of arith-

metical relations and properties of real numbers.

6.2.1 Perceptual Classi�cation of Visual Attributes

We de�ne a visual attribute as an attribute which maps a relational system

< A ; R

1

; : : : ; R

n

>, where A is a set of primitive visual elements, into a

relational system < B ; S

1

; : : : ; S

n

>, where B is a set of values. For ex-

ample, given the color saturation attribute, B is the set of color saturation

values for one color hue (e.g. the color hue red) and the set of relations

consists of the ordering relation "�".
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The elements of the set B are objects of the human visual system. Because

we are interested in the perceptual characteristics of visual attributes, the

relations S

1

; : : : ; S

n

should re
ect these characteristics. For example, the

human visual system can identify the equality of shape values and perceives

that a red square and a green square have the same shapes, while it can-

not identify an ordering among a red circle and a red square. In contrast,

the human visual system can identify the order among di�erent color sat-

urations, or among sizes. In this way, one can perceive that a red square

is bigger than a green square. These perceptual characteristics constitute

the basis on which the type of visual attributes is de�ned. In the rest of

this section, we study some important visual attributes from the percep-

tual point of view and classify them by the types of attributes that we have

introduced. We claim that other visual attributes can be analyzed in the

same way.

We will not study all visual attributes in one subsection and will divide

them in four successive subsections: non-spatial, spatial, topological, and

nested segmentation. These subsections are not meant to classify visual

attributes in a systematic or meaningful way. Although it may not be

intuitive, we will study the size and the shape attributes as non-spatial

attributes.

A) Non-spatial Visual Attributes

The non-spatial visual attributes are studied by Bertin

1

[Ber81]. These

attributes include hue, saturation, brightness, size, shape, label, texture,

etc.

The color hue attribute can be de�ned as a homomorphic map from a

relational system, consisting of a set of primitive visual elements and an

equivalence relation, into a relational system consisting of a set of color hue

values and the equality relation. In this way, only the equality of color hue

values matters such that the primitive visual elements that have the same

color hue value are considered to belong to the same equivalence class.

Note that this de�nition of the color hue attribute assumes that the human

visual system can only identify the equality of the color hue values, but

1

In his book, Graphics and Graphic Information Processing, he uses the term \visual

variables" rather than \visual attributes".
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cannot order them. Of course, this is a narrow characterization of the color

hue attribute. In fact, the color hue values can in some cases be perceived

as being ordered. For example, the rainbow colors (a certain sequence of

the color hue values) are perceived as being in an ordering structure. This

ordering structure can be characterized as a ring structure that is consti-

tuted by an abstract mathematical relation like modulo relation.

The characterization of the color hue attribute becomes even more di�cult

when we consider the fact that people (especially visual artists) can know

that the purple hue value is between blue and red, orange between red and

yellow, but have no awareness of what may be between orange and blue.

Nevertheless, we assume that the properties of the color hue attribute can

be speci�ed by mathematical relations, so that we can de�ne this attribute

as a homomorphic map between relational systems. In the rest of this

section, we de�ne various visual attributes by considering minimal charac-

terizations which may ignore some of their more complex properties.

The color saturation attribute is a homomorphic map from a relational

system, consisting of a set of primitive visual elements and an ordered

equivalence relation, into a relational system consisting of the set of color

saturation values and the ordering relation �. The set of color saturation

values is assumed to be the set of color saturation values of one single color

hue value such that di�erent color saturation values are in less/equal/more-

saturated relations with each other. It is then assumed that both the iden-

tity and the ordering among color saturation values matters.

The color brightness attribute is a homomorphic map from a relational

system, consisting of a set of primitive visual elements and an ordered

equivalence relation, into a relational system consisting of the set of color

brightness values and the ordering relation �. The set of color brightness

values is assumed to be the set of color brightness values of one single

color hue value such that di�erent color brightness values are in lighter-

than/equal/darker-than relations with each other. It is then assumed that

both the identity and the ordering among color brightness values matters.

The shape attribute can be de�ned in a similar way as the color hue at-

tribute. The range of the shape attribute is then a pair consisting of a set

of shape values and an equality relation de�ned on it. It is then assumed

that one can perceive the equality of shapes but can not perceive how one

shape is related to another one. Note that if we consider only a speci�c set
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of shapes, sometimes we can perceive orderings. For instance, in the case

of polygons, the shapes can be ordered according to the number of edges

(nodes) involved.

In the same way, the range of the size attribute can be de�ned as a pair

consisting of a set of possible size values and an order relation de�ned on it.

However, the equality of size values can be perceived by the human visual

system only in special cases where the set of size values is a small �nite set.

One can also argue that the size attribute is a quantitative attribute such

that one can perceive that one square is twice as big as a second square.

In this case, the domain and the range of the size attribute should con-

tain some metric relation that de�nes a quantitative structure on the set of

primitive visual elements and the set of attribute values, respectively.

The label and the texture attribute are de�ned as homomorphic maps where

their ranges consist of a set of label and texture values, respectively. The

relation for these relational systems is the equality relation.

In this section, we have studied the type of perceivable relations that each

non-spatial attribute may induce on primitive visual elements separately.

However, as we explained in section 3, some non-spatial attributes (e.g.

color hue, color saturation, and color brightness attributes) are integral

(i.e. non-separable) attributes. This implies that these attributes together

may constitute a complex attribute (e.g. the color attribute) which may

induce additional perceptual structures on primitive visual elements. We

will not work out these complex attributes and leave their speci�cations

and the structures that they induce for the future research.

B) Spatially-Based Visual Attributes

A rather di�erent kind of visual attributes concerns various uses of the

properties of space [EBJS96]. These properties depend on the dimensions

of the space. The spatial attributes which employ the properties of multidi-

mensional spaces are integral attributes. This implies that spatial attributes

for multidimensional spaces may employ complex properties of those spaces

which cannot be de�ned as properties of individual one-dimensional spaces.

We will consider only those spatial attributes of multidimensional spaces

which employ the properties of individual one-dimensional spaces and leave

the speci�cation of complex attributes and the perceivable relations that

they may induce for the future research.
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In this way, we consider multidimensional spaces as being de�ned in terms of

one-dimensional spaces by considering only those properties of multidimen-

sional spaces that can be de�ned as properties of (identical) one-dimensional

spaces. Therefore, we study di�erent spatial attributes for one-dimensional

space, henceforth 1D-space, and consider only those spatial attributes of

the 2D-space or the 3D-space that can be de�ned by two or three spatial

attributes of the 1D-space.

The use of 1D-space by dividing it into subspaces will be called segmenta-

tion. In this way, the total space is divided into a �nite number of segments.

The segmentation attribute can then be de�ned as a homomorphic map from

a relational system, consisting of a set of primitive visual elements and the

equivalence relation, into a relational system consisting of a set of real num-

bers or names, each of which identi�es a certain segment, and the equality

relation de�ned on it. It is then assumed that the human visual system can

perceive the space as consisting of a number of perceptually distinguishable

segments.

One can also use the ordinal property of 1D-space and consider the space

as an ordered set of subspaces. This consideration results in the ordered

segmentation attribute which can be de�ned as a homomorphic map from

a relational system, consisting of a set of primitive visual elements and an

ordered equivalence relation, into a relational system consisting of a set of

real numbers or names, each of which identi�es a certain segment, and an

order relation de�ned on this set.

The space can also be viewed in terms of its quantitative properties. The

quantitative properties of the 1D-space can be used in two di�erent ways:

The �rst use of the quantitative properties of the 1D-space is by consid-

ering the space as a relative 1D-space consisting of positions in which no

origin is de�ned. In this case, the space between two positions (interval)

is a quantity that can be perceived and meaningfully used. The resulting

visual attribute will be called relative space attribute. This attribute can

be de�ned as a homomorphic map from a relational system consisting of

a set of primitive visual elements, which does not necessarily include an

element at the origin position, and a set of relations consisting of an equiv-

alence relation, an ordering relation, and a metrical relation (for example

the absolute distances between primitive visual elements). The range of

the map is a relational system consisting of the set of real numbers, each
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of which identi�es a position, on which the equality relation, the ordering

relation and the absolute di�erence relation between pairs of real numbers

are de�ned.

The second use of the quantitative properties of the space is by consid-

ering the space as an absolute space in which one position is (explicitly or

implicitly) de�ned to be the origin of the space. In this case, each position

in the space is a quantity such that the proportionality between positions

can be perceived and meaningfully used. The resulting visual attribute will

be called absolute space attribute. This visual attribute can be de�ned as a

homomorphic map from a relational system consisting of a set of primitive

visual elements, one of which may be placed at the origin of the space, and

a set of relations consisting of an equivalence relation, an ordering relation,

and a metrical relation (for example the proportion of distances among

primitive visual elements). The range of the map is a relational system

consisting of the set of real numbers, each of which identi�es a position, on

which the equality relation, the ordering relation and the proportionality

relation are de�ned on real numbers.

The separate analysis of one-dimensional spatial attributes implies that

some spatial attributes for two- and three-dimensional spaces can be de�ned

as consisting of two and three one-dimensional spatial attributes. Given the

above four spatial attributes as they are de�ned for 1D-space, there are six-

teen possibilities for two-dimensional spatial attributes. But of course, some

of those combinations may yield identical results. For example, the two-

dimensional spatial attribute consisting of the absolute space attribute and

the ordered segmentation attribute may be the same as the two-dimensional

spatial attribute consisting of the ordered segmentation attribute and the

absolute space attribute. However, in some cases the order of combination

of 1D spatial attributes may result in ergonomical di�erences such that the

two orders of combination should be considered as di�erent.

The perceptual structure of most visual patterns is induced by a combina-

tion of visual attributes. An example of the combination of visual attributes

is the two-dimensional bar-chart as illustrated in Figure 6.9.

In this bar-chart, one 1D-space (the x-axis) is structured by dividing it

into three segments while the second 1D-space (the y-axis) is structured by

its metrical quantities. The color hue of primitive visual elements (bars)

within this two-dimensional space re
ects a nominal structuring.
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X-axis

Y-axis

Figure 6.9: The perceptual structure of the visual pattern is induced by a

combination of visual attributes.

C) Topological Attributes

A special type of domain structures concerns various uses of topological

properties of the space. These domain structures are constituted by per-

ceivable topological relations like inside, outside, overlap, connectedness,

etc. Topological relations are often used in visual patterns like family trees,


ow charts, network diagrams, path diagrams, subway maps, and Venn

diagrams. In these visual patterns, the perceivable topological relations

are either explicitly represented by primitive visual elements like line- and

arrow-connections, shaded areas, etc. or implicitly represented by placing

primitive visual elements in relations such as inclusion, exclusion, overlap,

etc.

For example, in the graph illustrated in Figure 6.10-A the arrow connections

represent explicitly a topological relation between circles, in the diagram

illustrated in Figure 6.10-B the shaded areas represent explicitly a topolog-

ical relation between closed-curves, and in the Euler diagram illustrated in

Figure 6.10-C the overlap between disks represents implicitly a topological

relation.

In the rest of this section, we consider a topological relation as a binary

relation which is de�ned as a subset of the Cartesian product between a set

of primitive visual elements with itself. An n-ary topological relation can

then be described in terms of binary topological relations.

Domain structures that are constituted by topological relations are called

topological structures. Unlike domain structures (proposed in previous sub-

sections) where the constitutive perceivable relations between primitive vi-

sual elements are de�ned by means of structurally similar relations between

their attribute values, topological structures are constituted by topological
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A B C

Figure 6.10: Examples of explicitly (A & B) and implicitly (C) represented

topological relations.

relations between primitive visual elements.

Binary topological relations are assumed to be induced on primitive vi-

sual elements by means of two topological attributes the values of which

are from one set of primitive visual elements. When topological relations

are explicitly represented by primitive visual elements, like line- and arrow-

connections or shaded areas, the topological attributes are considered to

be attributes of these primitive visual elements. These primitive visual el-

ements may have other attributes like size, color, texture, etc. In the case

of implicitly represented topological relations, the two attributes generate

a set of binary tuples, each of which relates a primitive visual element to

another one. These binary tuples do not represent any visual elements.

For example, in the graph illustrated in Figure 6.10-A the arrow connec-

tions (primitive visual elements) are de�ned on the basis of two topological

attributes Start� link and End� link which assign two circles (primitive

visual elements) to each arrow connection and therefore relate two circles to

each other. Similarly, in the diagram illustrated in Figure 6.10-B the shaded

areas are de�ned on the basis of two topological attributes included-in-1st-

element and included-in-2th-element. In this way, a shaded area relates two

closed-curves to each other. Finally, in the Euler diagram illustrated in Fig-

ure 6.10-C, two attributes �rst-overlap-element and second-overlap-element

generate a set of binary tuples relating one disk with another one. This set

of binary tuples represents the overlap relation between disks.

Primitive visual elements that explicitly represent topological relations are

related to each other in terms of relations that are de�ned on the primitive

visual elements which are the values of the topological attributes involved.

For example, the arrows in the visual pattern illustrated in Figure 6.10-A
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are also related to each other by means of relations that exist between the

circles they connect. Considering the positional relation between connected

circles in this visual pattern, one arrow is related to another arrow by con-

necting those circles that are on the left side of the circles connected by

the second arrow. Also, in the visual pattern illustrated in Figure 6.10-B,

one shaded area is related to another one by being included in those closed-

curves that are higher than the closed-curves in which the second shaded

area is included.

Consequently, we de�ne a topological attribute as a homomorphic map

from a relational system, consisting of a set of primitive visual elements

(i.e. those that explicitly represent topological relations) and a set of re-

lations R

0

1

; : : : ; R

0

n

, into a relational system consisting of a set of primitive

visual elements (i.e. those that are values of topological attributes) and

a set of relations R

1

; : : : ; R

n

. The relation R

0

i

is de�ned in terms of the

relation R

i

. Thus, primitive visual elements that explicitly represent topo-

logical relations are related to each other by means of R

0

1

; : : : ; R

0

n

which are

de�ned in terms of R

1

; : : : ; R

n

that are de�ned on primitive visual elements

that are values of the topological attributes involved.

Note that explicitly represented relations by lines, arrows, or shaded ar-

eas are themselves primitive visual elements that are also de�ned by means

of non-topological visual attribute values like color, shape, size, texture,

etc. These attribute values may induce additional perceivable relations on

explicitly represented relations. For example, the arrow connections be-

tween circles in the graph illustrated in Figure 6.10-A are primitive visual

elements that have di�erent sizes (thickness). The size values of these ar-

rows induce an ordinal relation on them such that one perceives one arrow

as thicker or thinner than another arrow.

The situation is quite di�erent with topological relations that are not ex-

plicitly represented by primitive visual elements. We explained that these

relations are sets of binary tuples each of which consists of two primitive

visual elements. It is argued that this set is generated by two topologi-

cal attributes. We will call topological attributes which induce implicitly

represented topological relations implicit attributes in contrast to explicit

attributes which induce topological relations that are explicitly represented

by primitive visual elements. In order to deal with implicit attributes in

the same way as with explicit attributes, we consider the set of binary tu-
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ples as the domain of a relational system on which an equivalence relation

is de�ned. In other words, we consider each binary tuple as an invisible

element de�ned in terms of values of two topological attributes. In the case

of implicit attributes, we assume that primitive visual elements as values

of implicit topological attributes do not induce any relations, except the

equivalence relation, on the invisible elements, i.e. invisible elements are

related to each other by an equivalence relation.

Thus, we de�ne an implicit topological attribute as a homomorphic map

from a relational system, consisting of a set of invisible elements (tuples

of primitive visual elements) and an equivalence relation, into a relational

system consisting of a set of primitive visual elements and an equivalence

relation. Although this treatment of implicit topological attributes is not

intuitive, it has the advantage of modeling all visual attributes uniformly,

i.e. visual attributes induce perceivable relations that are de�ned on their

domain values on primitive visual elements.

Topological relations may have various structural properties like being func-

tional (injective, surjective, bijective), transitive, re
exive, symmetry, etc.

Topological structures can be further subdivided into tree-structures, cyclic

and acyclic graph-structures, etc. A detailed classi�cation of topological re-

lations and structures is presented in [Kam97].

D) Nested Segmentation Attribute

A special use of the space is the recursive division of the space into nested

subspaces. The nested subspaces will be called nested segments. In fact,

the recursive division of the space provides a nesting structure of segments.

An example of a nested segmentation of the space is illustrated in Figure

6.11. In this visual pattern, the space is divided into two segments, each of

which is again subdivided into two nested segments. Subsequently, in these

nested segments the space is used to represent two-dimensional bar-charts.

The nesting structure of segments is assumed to be induced by nested seg-

mentation attribute. The nested segmentation attribute can then be de-

�ned as a homomorphic map from a relational system, consisting of a set

of perceptually distinguishable subspaces (segments) and the equivalence

relation, into a relational system consisting of a set of nested elements on

which the equality relation is de�ned. Note that the nested elements in

the range of this attribute may be again segments on which another nested

segmentation attribute is de�ned.
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X1 Y1

NY1 NY2NX2NX1

Figure 6.11: An example of nested segmentation of the two-dimensional

space.

6.2.2 A Hierarchy of Domain Structures

In the previous subsections, di�erent types of domain structures are in-

troduced. Each type of domain structure is subdivided into more speci�c

types. The subdivision of domain structures provides a hierarchical scheme

as illustrated in Figure 6.12.

Tree 

Structures

Graph

Structures

Toplogical

Structures

Acyclic

StructuresStructures

Cyclic

Quantitative

Structures

Interval

Structures

Ratio

Structures

Nested

segment

structures

Nominal

Structures Structures

Ordinal

Qualitative

Structures

 Structures

Domain

Structures
Spatial/Non-Spatial

Figure 6.12: A type hierarchy of domain structures.

In this hierarchical scheme, the links between structure types are ISA links

which indicate that a lower level structure type is a speci�c type of the

higher level and connected structure type.

This hierarchical scheme can be extended by including more speci�c types

of domain structures. For example, more speci�c spatial structures can be

speci�ed by considering di�erent quantitative or arithmetic relations. Sim-
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ilarly, one may extend this hierarchy by adding more speci�c topological

structures. For example, topological structures can be classi�ed further ac-

cording to the structural properties of their constituting relations. A more

elaborate classi�cation of relations according to their structural properties

is discussed in [Kam97].

6.3 A Formal Framework For Data Visual-

ization

In section 1 of this chapter, a process model for e�ective data visualiza-

tion was described. It was argued that in e�ective data visualization the

intended structure of data and the perceptual structure of the representing

visual pattern should structurally coincide. The intended structure of data

and the perceptual structure of visual patterns are constituted by data re-

lations and perceivable relations, respectively. The data relations and the

perceivable relations are induced on data and primitive visual elements by

means of the involved data and visual attributes, respectively.

In section 2 of this chapter, we formally de�ned (data and visual) attributes

and introduced a classi�cation of them. The classi�cation of attributes is

based on the type of relations (and thereby structures) that they induce on

(data and visual) elements.

In this section, we build on the de�nitions of section 2 to provide a formal

description of the model of e�ective data visualization which was outlined

in section 1. In particular, we de�ne two relational systems that are con-

structed based on the data attributes and visual attributes, respectively.

One relational system speci�es the structure of data and the second re-

lational system speci�es the perceptual structure of visual patterns. The

e�ectiveness condition of data visualization is then modeled by demand-

ing a structure preserving mapping between these two relational systems.

We will explain the role of gestalt in data visualization and conclude this

section by de�ning the notion of a visual language.

6.3.1 The Structures of Data and Visual Patterns

In section 1, a nested table of data attribute values (which presents a nested

relational database) was considered as a set of data entries each of which

is a n-tuple of data attribute values. A data attribute value can be either

an atomic data value or a nested data entry. Similarly, a visual pattern
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is represented as a nested visual table. The nested visual table is a set of

visual entries each of which is a n-tuple of visual attribute values. A visual

attribute value can be either an atomic visual attribute value or a nested

visual entry.

For example, in the Car-state data table the tuple < d

0

1

; Good; d

0

3

> is a data

entry, where d

0

1

and d

0

3

are the nested data entries < VW; 40000; Germany >

and < Toyota; 50000; Japan >, respectively. Thus, there are three data en-

tries involved where the �rst is de�ned in terms of the second and the third.

Similarly, in visual data table the tuple < v

0

1

; Size

2

; v

0

3

> is a visual entry

(representing a link) where v

0

1

and v

0

3

are the nested visual entries (repre-

senting circles) < seg

1

; pos

4

; hue

1

> and < seg

2

; pos

5

; hue

2

>, respectively.

Data entries or visual entries are related to each other by means of their

attribute values. Since data (or visual) entries at di�erent nesting levels

are de�ned in terms of di�erent tuples of attribute values, the relations be-

tween data (or visual) entries at di�erent nesting levels may be disjoint, i.e.

a relation which is de�ned on data (or visual) entries at a certain nesting

level need not to be de�ned on data (or visual) entries at a di�erent nesting

level.

In the previous sections, we argued that a visualization of a nested data

table is e�ective if the intended structure of the represented data and the

perceptual structure of the representing visual pattern coincide. In order to

de�ne this structural correspondence, we de�ne annotated data tables and

annotated visual tables as relational systems consisting of a set of entries

and a set of relations de�ned on the set of entries. As noted, these relations

are de�ned on entries that are from one certain nesting level. Therefore,

these relations are partial relations which means that they are de�ned on

entries from one certain nesting level and unde�ned on entries from other

nesting levels. De�ning data and visual tables as relational systems ex-

presses the relations that data and visual attributes induce on data and

visual entries explicitly.

28. Definition. Let DE be a set of data entries (n-tuples of data attribute

values), DR

1

; : : : ; DR

m

be partial relations that are de�ned on DE by means

of the data attributes involved. Then, an annotated data table is de�ned as

a relational system < DE ; DR

1

; : : : ; DR

m

>. Such a relational system

will be called data system.

Similarly, let V E be a set of visual entries (n-tuples of visual attribute

values), V R

1

; : : : ; V R

m

be partial perceivable relations that are de�ned on

V E by means of the visual attributes involved. Then, an annotated visual
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table is de�ned as a relational system < V E ; V R

1

; : : : ; V R

m

>. Such a

relational system will be called visual system.

For example, consider data tables illustrated in Figures 6.13 and 6.14.

Year Student

d

1

1970 d

0

1

d

2

1970 d

0

2

d

3

1970 d

0

3

d

4

1980 d

0

4

d

5

1980 d

0

5

d

6

1980 d

0

6

d

7

1990 d

0

7

d

8

1990 d

0

8

d

9

1990 d

0

9

Figure 6.13: The Study-state data

table.

Subject NR-of-Stud

d

0

1

Mathematics 200

d

0

2

Physics 100

d

0

3

Computer 300

d

0

4

Mathematics 250

d

0

5

Physics 150

d

0

6

Computer 250

d

0

7

Mathematics 150

d

0

8

Physics 200

d

0

9

Computer 300

Figure 6.14: The nested Student-

state data table.

These data tables indicate the number of students (Nr-of-stud) that study

a certain subject (Subject) in three di�erent years (Year). In particular, the

Study-state data table is de�ned by two attributes: Year and Student. The

values of the Student attribute are nested tuples the set of which de�nes

the nested data table as illustrated in Figure 6.14. The nested data table,

which is called Student-state, is de�ned by two attributes: Subject and Nr-

of-stud.

Let DE be the set of data entries consisting of values of the Year and the

Student attribute, NDE be the set of nested data entries consisting of values

of the Subject and the Nr-of-stud attribute, S

NDE

be the same-subject re-

lation de�ned on NDE, LOW

NDE

be the lower-number relation de�ned on

NDE, PROP

NDE

be a quantitative relation de�ned on NDE (PROP

NDE

expresses the proportional relation between data entities), NULL

NDE

be a

zero-place operator which identi�es a data entry from NDE which repre-

sents an absolute origin element, E

DE

be the earlier-than relation de�ned

on DE, and SS

DE

be the same-state relation de�ned on DE. Then, the

attributes of the Study-state data table and the attributes of the nested

Student-state data table can be de�ned as the following homomorphic maps:
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Subject : < NDE ; S

NDE

> !

< fMathematics; Physics; Computer; : : :g ; = >

Nr � of � stud : < NDE ; LOW

NDE

; PROP

NDE

; NULL

NDE

> !

< R

+

; �;�; 0 >

where 8a; b 2 R

+

if b 6= 0 then a� b = a=b:

Y ear : < DE ; E

DE

> !

< f1900; : : : ; 2000g ; � >

Student� state : < DE ; SS

DE

> !

< NDE ; = >

These data attributes constitute the following data system:

< DE [NDE ; S

NDE

; LOW

NDE

; PROP

NDE

; NULL

NDE

; E

DE

; SS

DE

>

This relational system expresses the structure of the data represented by

the Study-state data table explicitly.

Given this relational system the above data attributes may also assign

di�erent attribute values to the elements (data entries) of this relational

system. Di�erent assignments of attribute values to the elements of a re-

lational system are considered as di�erent instantiations of that relational

system. Note that di�erent instantiations of a relational system result in

structurally identical data tables.

In a similar way, we may de�ne a relational system on the basis of a visual

data table. For example, consider visual data tables illustrated in Figures

6.15 and 6.16.

Let V E be the set of visual entries consisting of visual values of the hori-

zontal segmentation attribute X-pos and the topological attribute Include,

NV E be the set of nested visual entries consisting of visual values of the

nested horizontal segmentation attribute NX-pos and the nested vertical

segmentation attribute NY-pos. Let also SP

NVE

be the same-position re-

lation de�ned on NV E, SH

NV E

be the shorter-than relation de�ned on

NV E, LEN

NV E

be a quantitative length relation de�ned on NV E (one

can perceive that the length of one visual element is two times shorter than

the length of a second visual element), BP

NV E

be a zero-place operator

which identi�es a visual element the length of which can not be perceived,
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X-pos Include

v

1

seg

1

v

0

1

v

2

seg

1

v

0

2

v

3

seg

1

v

0

3

v

4

seg

2

v

0

4

v

5

seg

2

v

0

5

v

6

seg

2

v

0

6

v

7

seg

3

v

0

7

v

8

seg

3

v

0

8

v

9

seg

3

v

0

9

Figure 6.15: A visual data table.

NX-pos NY-pos

v

0

1

n� seg

1

pos

3

v

0

2

n� seg

2

pos

1

v

0

3

n� seg

3

pos

5

v

0

4

n� seg

1

pos

4

v

0

5

n� seg

2

pos

2

v

0

6

n� seg

3

pos

4

v

0

7

n� seg

1

pos

2

v

0

8

n� seg

2

pos

3

v

0

9

n� seg

3

pos

5

Figure 6.16: A nested visual table.

L

V E

be the left-of relation de�ned on V E, and SI

V E

be the same-inclusion

relation de�ned on V E. Then, the involved visual attributes of the visual

data illustrated in Figures 6.15 and 6.16 can be de�ned as the following

homomorphic maps:

NX � pos : < NV E ; SP

NVE

> !

< fx j x is a segment of the x� axis g ; = >

NY � pos : < NV E ; SH

NVE

; LEN

NV E

; BP

NVE

> !

< fy j y 2 R

+

& y is a position on the y � axis g ; �;�; 0 >

where 8a; b 2 R

+

if b 6= 0 then a� b = a=b:

X � pos : < V E ; L

V E

> !

< fx j x 2 R & x is a position on x� axis g ; � >

Include : < V E ; SI

V E

> !

< NV E ; = >

These visual attributes constitute the following visual system:

< V E [NV E ; SP

NVE

; SH

NVE

; LEN

NV E

; BP

NV E

; L

V E

; SI

V E

>

Given this relational system, the above visual attributes may assign dif-

ferent attribute values to the elements (visual entries) of this relational

system. This results in di�erent instantiations of the relational system.

In the case of visual data, di�erent instantiations of a relational system

provide di�erent visual patterns. Two di�erent instantiations of the above
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relational system are illustrated in Figure 6.17.
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Figure 6.17: Two di�erent instantiations of a relational system.

Note that the second visualization is generated in a smaller format. More-

over, as the nested x-positions are determined by a (non-ordered) segmen-

tation attribute (i.e. NX-pos), the order of bars in these two visualizations

are di�erent.

In the second visualization two design errors has been made. These de-

sign errors result in unwanted visual implicatures. The �rst design error is

related to the instantiation of the nested x-position values which are deter-

mined by the decided NX-pos attribute. Although the nested x-positions

of the bars identify di�erent segments, their random choices cause di�erent

distances between bars. These di�erent distances between bars may suggest

that the x-positions are not determined by a nominal attribute (in this case

the segmentation attribute), but by an ordinal, an interval, or even a ratio

type attribute.

The second design error is related to the instantiation of the texture values

which are determined by the undecided texture attribute. Like the random

choices for the nested x-positions, the random choices for the texture val-

ues may suggest that di�erences in texture values of di�erent bars express

semantic di�erences.

As noted in section 1 of this chapter, the instantiation of values for decided

and undecided visual attributes are considered to be the function of the

layout process. In subsection 3.3 of this chapter, we will use the idea of
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perceptual grouping (gestalt) to formulate conditions for the instantiation

of visual values by the layout process such that above mentioned design

errors can be avoided. But �rst, we will formulate the structure preserving

condition between data system and visual system.

6.3.2 Structure Preserving Mapping

It has been explained that visual patterns and data can be de�ned as visual

and data systems, respectively. The interpretation or the visualization re-

lation between visual patterns and data can then be de�ned as a mapping

between their relational systems. A mapping between two relational sys-

tems consists of a mapping between the domain elements of the relational

systems and a one-to-one mapping between their relations.

Although any mapping between a visual system and a data system will

provide a visualization, only a subset of them can be claimed to guarantee

e�ective visualizations. The e�ectiveness of visualizations will be achieved

by demanding a structure preserving mapping between the intended struc-

ture of data and the perceptual structure of the representing visual pat-

terns.

In order to de�ne an e�ective mapping between the structure of a data

and the perceptual structure of a visual pattern such that the structure

of the data coincides with the perceptual structure of the visual pattern,

we require an isomorphism (structure preserving map) between their cor-

responding data and visual systems, where the domain of elements of the

visual system is constituted by the values of the decided visual attributes.

29. Definition. An isomorphism between two relational systems

< �

1

;R

1

; : : : ; R

n

> and < �

2

;S

1

; : : : ; S

n

> is a one-to-one and onto map-

ping between �

1

and �

2

and a one-to-one mapping between relations R

i

and S

i

(for i = 1; : : : ; n) which satis�es the following condition:

If a relation R

i

holds between two elements of �

1

, the corresponding rela-

tion S

i

holds between the corresponding elements of �

2

, and if R

i

does not

hold between two elements of �

1

, S

i

does not hold between the corresponding

elements of �

2

.

The isomorphic mapping guarantees that each data entry corresponds (is

represented by) a visual entry, and whenever there exists an (intended)

relation between two data entries their corresponding visual entries are

related to each other by a structurally identical relation.
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The necessary (but not su�cient

2

) isomorphism requires a correspondence

between data relations and visual relations that have the same types. This

condition is a partial reformulation of the e�ectiveness criteria, i.e. in an

e�ective visualization data attributes are visualized by visual attributes that

have the same attribute types.

6.3.3 The Role of Gestalts in Data Visualization

Until now, we have mainly discussed the domain structures of visual pat-

terns that can be used to represent information structures. In this section,

we explain the role of gestalts of visual patterns in visualizing information.

The gestalts of visual patterns are either the proximity structure of the in-

volved visual elements or de�ned as the regularity of perceivable relations.

These gestalts represent the perceptual grouping of visual elements.
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Figure 6.18: Visual elements are perceptually grouped based on structural

regularity in A Visual elements are perceptually grouped based on proximity

in B.

For example, as it is illustrated in Figure 6.18-A, a number of visual el-

ements that are positioned at the circumference of a circle at equidistant

positions are perceived as belonging to one perceptual group. Similarly, in

Figure 6.18-B visual elements that are positioned relatively close to each

other are perceived as belonging to one perceptual group (proximity e�ect).

Thus, a perceptual grouping of visual elements can be considered as a clas-

si�cation structure providing perceptually motivated equivalence classes of

visual elements. In this way, two visual elements that belong to one per-

ceptual group are considered as perceptually equivalent and two visual ele-

2

The isomorphic mapping is not a su�cient condition since other design factors such

as cultural conventions play also a role in the e�ectiveness of visualizations.
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ments that belong to di�erent perceptual groups are considered as percep-

tually non-equivalent. This implies that the perceptual grouping of visual

elements imposes a nominal structure on visual elements. In data visu-

alization, these gestalt-based nominal structures can be used to represent

nominal data structures.

As explained, di�erent decided visual attributes like color, size, segmen-

tation, etc. may induce a nominal type structure on visual elements. For

instance, the segmentation attribute is considered as a nominal type at-

tribute by de�ning the equality relation on the perceptually equivalent po-

sitions of visual elements. However, we did not explain yet under which

conditions the actual attribute values of visual elements are perceptually

equivalent. In order to determine perceptually equivalent attribute values,

we use the gestalt idea of regularity and proximity of attribute values, as

explained in chapter 3 and 4. In these chapters, we explained that regular-

ity and proximity of attribute values result in visual elements that belong

to one perceptual group. We may use this idea to de�ne perceptually equiv-

alent attribute values. In particular, we consider a subset of values of one

visual attribute as perceptually equivalent if based on the instantiation of

these attribute values a subset of visual elements are resulted that belong

to one perceptual group.

30. Definition. Let B be the set of values of the visual attribute � and

=

SIT

be an equivalence relation de�ned on B. The equivalence relation

=

SIT

is de�ned on the basis of regularity and proximity (gestalt analysis)

of attributes values from B such that 8b

1

; b

2

b

1

=

SIT

b

2

i� based on the

instantiation of b

1

and b

2

two visual elements are resulted that belong to

one perceptual group. Then, the visual attribute � is a nominal attribute

which is de�ned as a homomorphic map from a relational system < A ; �>,

where A is a set of visual elements, into a relational system < B ; =

SIT

>.

In this way, gestalts are used as nominal structures that can be induced

on visual elements by di�erent decided visual attributes. Note that this

is essential for inducing nominal structure on the basis of position values.

Since di�erent visual elements have always di�erent position values, the

perceptual equivalence of visual elements based on position values should

be de�ned on perceptually equivalent positions rather than actual equiv-

alent positions. Similarly, the fact that di�erent colors, shapes, sizes, etc.

may be perceived as equivalent can also be treated in similar way.
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It may be the case that one or more visual attributes are not used to

represent data attributes, i.e. one or more undecided attributes may be

involved. In previous sections, we explained that an arbitrary assignment

of values of the undecided attributes to visual elements might result in un-

wanted visual implicatures. In order to avoid unwanted visual implicatures,

undecided attributes should assign attribute values to visual elements such

that the gestalt induced by undecided attributes represents only one per-

ceptual group, i.e. a perceptual group that contains all visual elements

involved. For example, in the node-link diagrams illustrated in Figure 6.19,

the positions do not represent any information.

A

1
2

3 4

B

1 2 3 4

Figure 6.19: The nodes in diagram A cause unwanted implicature while the

nodes in diagram B do not.

However, in the diagram illustrated in Figure 6.19-A one perceives the po-

sitional irregularity of nodes 1; : : : ; 4 and may conclude that there should

be a semantic di�erence between node 2 on the one hand and nodes 1,3,

and 4 on the other hand. This unwanted visual implicature is avoided in

diagram B by using the position-based gestalt of the nodes: the nodes

1; : : : ; 4 are perceived as being in one perceptual group and therefore as

being semantically equivalent with respect to their positions.

6.3.4 Visualization Systems as Visual Languages

A representation system consisting of two relational systems, a data sys-

tem and a visual system, and a mapping between them speci�es a visual

language. The mapping between these relational systems represents the

denoting relation between visual patterns and data. Di�erent pairs of rela-

tional systems specify di�erent visual languages. Moreover, for each pair of
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relational systems, there are many mappings possible, each of which results

in a di�erent visual language.

31. Definition. Let D =< �

1

;R

1

; : : : ; R

n

> and V =< �

2

;S

1

; : : : ; S

n

>

be a data system and a visual system, respectively, and let 	 be a mapping

between them. Then, the triple V L =< D; V;	 > speci�es a visual lan-

guage. A visual language for which the mapping is isomorphic is called an

e�ective visual language.

Note that a visual language may generate di�erent visual patterns (i.e. ex-

pressions of a visual language) by using a di�erent number of elements from

the visual systems involved or by using di�erent range values (attribute val-

ues) for their visual attributes. This means that the visual expressions of

a visual language employ identical relations and thus have the same struc-

ture since a change in the signature (the set of relations involved) implies

a change in the identity of the language.

In this way, various kinds of maps, diagrams, graphs, 
ow-charts, etc. can

be considered as di�erent visual languages. Two di�erent bar-charts that

di�er from each other in the number of bars or their visual attribute val-

ues are then considered as di�erent expressions of one and the same visual

language, namely the same bar-chart language.

This observation implies that there is a partial order among visual lan-

guages where the order is determined by the signatures of these languages.

This partial order determines the expressive power of visual languages in

terms of the richness of their signatures. Assuming a �nite number of visual

attributes, the partial ordering can be represented by a lattice that deter-

mines the expressiveness hierarchy of visual languages. Note that each vi-

sualization system characterizes a certain visual language such that formal

analysis of the visualization systems can be applied to visual languages.





Chapter 7

Conclusion and Future Research

We are far from a precise all-encompassing model of human visual cogni-

tion. Any model must either be limited to a small subset of phenomena or

a speci�c mechanism, or it must sacri�ce preciseness. Or it has to do what

we have done here: address a very stylized caricature of the actual phenom-

ena. In choosing for the `caricature' approach, we have been inspired by

the competence/performance-distinction in linguistics, which is completely

arti�cial but which has been very fruitful.

There is a certain complexity about the status of the model that we have

proposed. The model is schematic. We discussed the plausibility of certain

instantiations of it, but we hope that the structures that we have conjec-

tured for these cases are much more generally applicable. To some extent,

the model as speci�ed is open-ended. We should now go on to investigate

how various domains of perceptual patterns may be represented in terms of

the input structures that the VREG-system presupposes, what the `admis-

sible functions' are that may be invoked, and how the complexity measure

is de�ned.

In this thesis, we have developed various formal languages each of which rep-

resents a certain class of regularity-based gestalts for a certain class of per-

ceptual patterns. Some of these languages are designed for one-dimensional

string patterns while others are designed for two-dimensional visual pat-

terns. We feel that other languages need to be developed to cover di�erent

classes of regularity-based gestalts for various other perceptual patterns.

Moreover, we have considered only those gestalts that are based on reg-

ularity of relations among subsets of attribute values of primitive visual

177
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elements. We argued that gestalts of visual patterns could also be based on

regularity of relations among subsets of attribute values of compound visual

elements which are not the attribute values of their constitutive primitive

visual elements. These kinds of regularity-based gestalts were not elabo-

rated here and are left for future research.

The VREG-language deals with visual structures that can be character-

ized by partial mappings from the Euclidean plane into �nite sets of non-

recursive feature structures. It can be shown that this subsumes the Leeuwen-

berg languages that only analyze the structure of �nite sequences of discrete

symbols. We have emphasized that open and closed line patterns in the Eu-

clidean plane are not adequately represented by �nite sequences of discrete

symbols, and for this reason their perceptual structure cannot always be

correctly analyzed in terms of the existing Leeuwenberg-style coding lan-

guages. We must now admit, however, that it is also not completely clear

whether the VREG-language as it stands allows an adequate treatment of

two-dimensional line patterns. If we follow Leeuwenberg in focusing on the

relatively simple and arti�cial case of line pattern consisting exclusively of

straight line segments, it is relatively straightforward to represent line pat-

tern as a set of length/direction pairs positioned on the plane, or as a set

of pairs of positions. But, as in the case of the Leeuwenberg languages, the

question is whether the observations of regularities in this representation

allows us to derive a high-level description of the pattern that captures the

gestalt structures that people actually perceive.

We have also not demonstrated that the algorithm which computes sim-

plest codes on the basis of the regularities in this representation, takes the

continuity of the lines into account in the proper way. Though we may

not get `good continuation' for free from the most general version of the

VREG-encoding algorithm, we can certainly imagine a version of this algo-

rithm which acknowledges the notion of a `line segment' as a special kind

of object, and which prefers gestalts without unnecessary line breaks and

shifts of direction. But this remains to be worked out.

The next, more di�cult issue, would be to design a proper �nite repre-

sentation for curved lines. In computer generation of visual forms this is

commonly done by means of n-th order polynomials which are character-

ized, for instance, by certain points they pass through, and by the angles

at which they do that. It is not clear whether this kind of representation

has any value from a cognitive perspective.
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It is clear that we have not been concerned with the experimental assess-

ment of the predictions of our models. Again, linguistics has served as a

role model here: for the time being, accounting for rather obvious uncon-

troversial intuitions that the researcher may have about his own perception,

has constituted enough of a challenge. To the extent that we have come

up with notions that have some initial plausibility, it would be desirable to

complement this work with more systematic experimentation.

For example, we argued that the class of admissible transformations is a

certain subclass of mathematical transformations that are perceptually rel-

evant. However, this subclass of mathematical transformations was not

identi�ed. The identi�cation of perceptually relevant admissible transfor-

mations is remained open for future experimentation.

One other aspect of our model which is based on our intuition and needs to

be veri�ed by future experimentation is the de�nition of information load.

In fact, since we have developed new formal languages to express gestalts

of perceptual patterns and because the information load is de�ned on ex-

pressions of these languages, we had to rede�ne the notion of information

load for these languages. Although we have tried to stay as close as possible

to the latest and experimentally veri�ed de�nition of information load, we

think that our proposed de�nition of information load for the newly devel-

oped languages should be veri�ed by future experimentation.

It should also be noted that in the system we described, two-dimensional

patterns are analyzed in terms of two-dimensional regularities. But humans

tend to project three-dimensional interpretations on their input patterns.

Several phenomena which are related to this tendency are therefore ignored

by the current algorithm. These include not only the projection of 3D-

perspective, but also the �gure/ground ambiguity.

Moreover, we have described gestalts as being determined solely by proxim-

ity and regularity, ignoring the role of recognizing previously experienced

patterns. It is clear that this must be factored in. This may be done by in-

terpreting our complexity-measure in an information-theoretic fashion. We

allow complex patterns to be treated as `units', but to get a lower complex-

ity value than their full description anyway: recurring patterns receive a

lower complexity value because they are `expected'.

Finally, analyzing gestalts as static codes is only a preliminary step in the

direction of a cognitively realistic description. A gestalt is not character-

ized by one code, but by a stable group of transformations which map codes

onto alternative but compatible codes.
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Samenvatting

Visuele informatie vormt een belangrijke bron van menselijke kennis. Hoewel

mensen visuele informatie vrijwel moeiteloos tot kennis verwerken, is het

niet eenvoudig te beschrijven hoe deze informatie in kennis omgezet wordt.

Het begrijpen van visuele informatie veronderstelt een constituentenstruc-

tuur of wel het bepalen van elementen en hun samenstelling tot grote gehe-

len. Deze constituentenstructuur wordt ook wel Gestalt genoemd. Het

moge duidelijk zijn dat vrijwel ieder visueel patroon, of het nu gaat om

een stadsgezicht of een arti�cieel geconstrueerde landkaart, verschillende

constituentenstructuren kan hebben. Toch nemen we in veel gevallen �e�en

speci�eke constituentenstructuur van een visueel patroon waar: bepaalde

structuren worden blijkbaar geprefereerd boven andere. Het bepalen van de

geprefereerde en dus de feitelijk waargenomen constituentenstructuur van

visuele patronen, kan gezien worden als een desambigueringsmechanisme.

Wij nemen aan dat zo'n desambigueringsmechanisme ten grondslag ligt aan

het menselijke visuele systeem.

In dit proefschrift staat Gestaltdesambiguering van visuele patronen cen-

traal, waarbij de empirisch getoetste structurele informatie theorie (SIT)

het uitgangspunt vormt. De kerngedachte van SIT is dat het menselijke

visuele systeem de meest eenvoudige Gestalt van een visueel patroon pref-

ereert boven andere mogelijke Gestalten van dat patroon. In SIT is de notie

van eenvoud gede�nieerd in termen van speci�eke en perceptueel relevante

regelmatigheden van visuele patronen. Een Gestalt van een visueel patroon

is eenvoudiger dan een andere Gestalt van datzelfde patroon wanneer de

eerste meer perceptueel relevante regelmatigheden beschrijft dan de tweede.
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Om de eenvoud van structuren te bepalen, is een empirisch gemotiveerde

complexiteitsmaat ge��ntroduceerd. Een Gestalt is eenvoudiger dan een an-

dere Gestalt wanneer de complexiteit van de eerste lager is dan die van de

tweede.

We bespreken het bestaande model van SIT. In dit model wordt een visueel

patroon middels een symbolenreeks gecodeerd. De fundamentele aanname

is, dat de perceptueel gemotiveerde regelmatigheden van het visuele patroon

in de symbolenreeks weerspiegeld worden. Deze symbolenreeks wordt ver-

volgens geanalyseerd en beschreven in termen van deze regelmatigheden.

Een symbolenreeks kan op verschillende wijzen beschreven worden. Elke

beschrijving geeft een mogelijke constituentenstructuur van de symbolen-

reeks en daarmee een Gestalt van het gecodeerde visuele patroon weer.

De geprefereerde Gestalt van het visuele patroon wordt bepaald door de

complexiteit van deze beschrijvingen te berekenen. De beschrijving die de

laagste complexiteit heeft geeft de geprefereerde Gestalt van dat patroon

weer.

We laten zien dat dit model van SIT niet toereikend is om de geprefer-

eerde Gestalten van een brede klasse van tweedimensionale visuele patro-

nen te bepalen. Daarom wordt een ver�jnder model ontwikkeld waarin de

visuele patronen van deze klasse gerepresenteerd (gecodeerd) kunnen wor-

den. Binnen dit model worden visuele patronen gerepresenteerd in termen

van visuele attributen zoals positie, kleur, vorm en textuur. De perceptueel

gemotiveerde regelmatigheden van tweedimensionale visuele patronen wor-

den dan gede�nieerd in termen van regelmatigheden van de visuele attribu-

utwaarden. Een verzameling van attribuutwaarden wordt als regelmatig

beschouwd wanneer deze gegenereerd kan worden door het toepassen van

een transformatie op een van de deelverzamelingen van die verzameling. De

transformaties voor de tweedimensionale positiewaarden zijn Euclidische

transformaties. Om de Gestalten van tweedimensionale visuele patronen te

kunnen uitdrukken, is een taal ontwikkeld. Deze taal wordt in het Engels

"Visual REGularity language (VREG)" genoemd. De syntaxis en de se-

mantiek van VREG worden formeel gespeci�ceerd. Voor de uitdrukkingen

van deze taal wordt een complexiteitsmaat voorgesteld. Deze complexiteits-

maat is gemotiveerd door de complexiteitsmaat van SIT.

Vervolgens wordt een rekenmodel besproken waarmee de geprefereerde Ge-

stalt van tweedimensionale visuele patronen berekend kan worden. In dit

rekenmodel wordt een visueel patroon gerepresenteerd door een verzamel-
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ing van visuele attribuutwaarden. Deze representatie wordt dan geparseerd

door een aantal codeerregels waaruit de uitdrukkingen van VREG gegener-

eerd kunnen worden. Voor een visueel patroon kunnen verschillende uit-

drukkingen gegenereerd worden. De complexiteitsmaat wordt dan gebruikt

om de geprefereerde uitdrukking, en daarmee de geprefereerde Gestalt van

het geanalyseerde visuele patroon, te kunnen selecteren. We laten zien dat

de rekencomplexiteit van dit model deterministisch is maar exponentieel in

de grote van het invoerpatroon.

De waarneming van de constituentenstructuur van visuele patronen is context-

afhankelijk. Eerdere ervaringen met visuele patronen, het gebruik van vi-

suele patronen voor een speci�ek doeleinde, of de aanwezigheid van an-

dere visuele patronen, kunnen de waarneming van een gegeven patroon

be��nvloeden. De rol van contextfactoren in visuele waarneming wordt be-

studeerd aan de hand van een speci�eke context, namelijk de context van

proportionele analogie�en. In deze context staan vier visuele patronen in

de volgende relatie tot elkaar: het eerste patroon staat in een relatie tot

het tweede patroon en het derde patroon staat in dezelfde relatie tot het

vierde patroon. We laten zien dat de Gestalten van deze patronen binnen

en buiten de proportionele analogie context verschillend kunnen zijn.

De analogie wordt gemodelleerd door een algebra��sche correspondentie tussen

de Gestalten van de betrokken visuele patronen te eisen. Tussen twee

Gestalten kunnen verschillende algebra��sche correspondenties bestaan. We

bespreken de plausibiliteit van correspondenties door het eenvoudscriterium

op deze correspondenties toe te passen. Binnen de context van de propor-

tionele analogie�en worden de geprefereerde Gestalten van visuele patro-

nen gezien als de eenvoudigste Gestalten waartussen een eenvoudige alge-

bra��sche correspondentie bestaat. De voorgestelde methode wordt aan hand

van verschillende voorbeelden ge��llustreerd.

Tenslotte wordt een toepassing besproken waarin visuele waarneming een

essenti�ele rol speelt. In deze toepassing, vaak informatie-visualisatie ge-

noemd, worden visuele patronen gegenereerd om relationele informatie vi-

sueel te presenteren. Het bestuderen van deze applicatie is interessant om-

dat, naast de constituentenstructuur die de Gestalt van visuele patronen

bepaalt, andere visuele relaties die kwalitatief en kwantitatief van aard zijn,

gebruikt worden om relaties uit het informatiedomein uit te drukken. Deze

visuele relaties komen tot stand op basis van attribuutwaarden van visuele

elementen. Bijvoorbeeld, een lichtrood vierkant en een donkerrood vierkant
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zijn identiek met betrekking tot het attribuut vorm terwijl hun relatie met

betrekking tot het illuminatie-attribuut ordinaal van aard is. De ordinale

relatie tussen deze vierkanten kan gebruikt worden om een ordinale relatie

uit het informatiedomein, zoals ouder-dan of warmer-dan, uit te drukken.

Hoewel relationele informatie op verschillende wijzen gevisualiseerd kan

worden, zijn niet alle visualisaties even e�ectief. Wij beargumenteren dat de

e�ectiviteit van visualisatie gerelateerd is aan de waarnemingseigenschap-

pen van visuele relaties. Wij beschouwen een visualisatie e�ectief, wan-

neer relaties uit het informatiedomein uitgedrukt worden middels visuele

relaties die dezelfde structurele eigenschappen hebben. Gebaseerd op dit

e�ectiviteitscriterium, introduceren we een formeel model voor e�ectieve

informatie-visualisatie. In dit model worden zowel relationele informatie als

visuele patronen beschreven als relationele structuren. Het e�ectiviteitscri-

terium wordt gemodelleerd door een structurele correspondentie tussen deze

relationele systemen te eisen.

Dit proefschrift wordt afgesloten met een discussie en evaluatie van het on-

derzoek. Tevens worden open problemen en toekomstige onderzoeksrichtin-

gen ge��denti�ceerd en geformuleerd.
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