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Abstract

In this thesis we study ill-founded proof systems from a coalgebraic perspective. We present proofs
as coalgebras, where correctness is enforced solely by path conditions on infinite branches, with no
requirements of tree-like structure or rootedness. We apply this framework to the Gödel-Löb provability
logic (GL) and the alternation-free µ-calculus (AFMC), and pursue three lines of investigation: finitization,
interpolation, and formalization. For finitization, we establish exponential upper bounds on proof size
in terms of closure size for both GL and AFMC. For interpolation, we obtain Lyndon interpolation for
GL and syntactic Lyndon interpolation for AFMC; for the latter we additionally show that interpolant
size is bounded exponentially by closure size. For formalization, we present a fully machine-verified
proof of Craig interpolation for GL in Lean 4.
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Chapter 1

Introduction

Our first introduction to proof theory, whether it be proof calculi or analytic tableaux, is likely one in
which the mathematical object that constitutes a proof, typically a tree or a list, is inductively defined.
These objects are easy to work with due to their well-founded structure. However, well-foundedness
in proof systems is not inherently necessary, and not every logic has a well-founded proof system. In
particular, logics with fixpoints introduce circular reasoning, and proof theorists have used ill-founded
proofs to reason about this circularity [NW96; Bro06].

In practice, proofs for these systems are often still tree-like. The standard approaches are (1) using
trees with infinite branches to represent proofs, referred to here as infinite-tree proofs. Or, (2) using
finite trees, but allowing for certain leaves to be identified with an ancestor node labeled by the same
sequent, referred to here as cyclic proofs. There is a third type of infinite proof, where proofs are finite
trees with infinitely many premises, but since we are interested in ill-founded proof systems we do not
explore this further.

an infinite tree proof a cyclic proof

Figure 1.1: The structures of infinite tree proofs and cyclic proofs. Inspired by [Klo26].

At first glance, a cycle or an infinite branch within a proof may seem problematic. In case of a
cyclic proof, how can one claim to have proven φ by referring to the same proof of φ? And in case of
an infinite tree, how can one verify a branch that never terminates? To answer both questions, one
imposes conditions on infinite paths needed for soundness and completeness. These conditions may
directly relate to the semantics of the logic, but can often be abstracted via annotations on nodes or
formulas [Sti14; Jun10]. These annotations serve as visually verifiable witnesses of proof correctness.

The approach we will take in this thesis is to use path conditions as our sole structural requirement,
discarding all underlying well-foundedness or tree-like structure, and viewing proofs as arbitrary graphs
subject only to those conditions. Specifically, we will view proofs as coalgebras (X,α : X → T X) for
some endofunctor T . Taking a coalgebraic approach toward proofs was first explored by B. Sierra
Miranda et al. in [SSZ24]. This work views proofs coalgebraically as a collection of finite trees stitched
together. By contrast, our coalgebras will look at proofs step-by-step: an element x ∈ X will be a node
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of the proof and α(x) will encode the principal formulas, the non-principal formulas, and the rule label,
as well as the premises of x.

This approach is deliberately unconstrained: in constructing a proof we have greater freedom in
connecting nodes, as we need not maintain a tree-like structure or even rootedness. We test this
approach along three axes: finitization, interpolation, and formalization, using coalgebraic proof systems
for the Gödel-Löb provability logic (GL) and the alternation-free µ-calculus (AFMC) as case studies.

Transforming infinite mathematical objects into equivalent finite ones arises in model theory, modal
logic, and even proof theory. Indeed, to find interpolants or to machine-verify proofs, we need a finite
proof to work with, and as such, proof theorists often define transformations from infinite tree proof
systems into cyclic ones. In our case, we will show that we can transform infinite coalgebras (X,α)

which we deem to be proofs, into finite coalgebras (Y, β) which still meet our path conditions for being a
proof. The core difficulty in finitizing proofs will revolve around preserving these infinite path conditions.
To do so, we use filtration, a coalgebraic concept used to show finitization in modal-logic, and take
inspiration from D. Kozen’s proof of the finite model property for the modal µ-calculus [Koz88]. We
also obtain stronger results by bounding the size of the resulting proofs by closure size rather than
formula length, which is often the best-case scenario for cyclic proof systems.

We also want to show interpolation using our finitization results. In cyclic proof theory for fixpoint
logics, interpolants are constructed inductively using Maehara’s method, with fixpoints taken at non-
axiomatic leaves or their companions. Since our proofs lack an underlying inductive structure, we take
a different approach. For each of the aforementioned logics, we find interpolants by solving a system of
equations, in which we relate each node in a proof to the form of its interpolant [Bor88; Sha14; AL19;
MV21]. We will prove the correctness of the interpolants syntactically. Using our finitization results,
we will be able to give bounds on the size of our interpolants and the syntactic interpolation results.

Finally, we test the feasibility of this approach in the functional programming language and interactive
theorem prover Lean 4. Proof systems wherein proofs are inductively defined are straightforward to
formalize in functional programming languages as inductive definitions are central to the underlying
theory. However, formalizing ill-founded proofs is not as straightforward. To the best of our knowledge,
the only formalization of an ill-founded proof system in Lean 4 to date is the ongoing work formalizing
a cyclic proof system for PDL by M. Gattinger et al. [Bor+25]. Using our coalgebraic methodology and
our approaches toward finitization and interpolation, we formalize a proof of Craig interpolation for GL,
and evaluate the coalgebraic approach as a methodology for formalizing ill-founded proof systems.

The structure of this thesis is as follows: in Chapter 3 we introduce our coalgebraic notion of
proof. In Chapter 4 we apply this coalgebraic methodology to the case study of GL, specifically for
the ill-founded proof systems by D. Shamkanov in [Sha14], to obtain bounded finitization results via
filtration in Section 4.1 and Lyndon interpolation in Section 4.2. Similarly, in Chapter 5 we treat the
case study of AFMC using the ill-founded proof systems by J. Marti and Y. Venema in [MV21]. In
Section 5.1 we achieve bounded finitization of the proof system, and in Section 5.2 we achieve syntactic
Lyndon interpolation with an exponential upper bound on interpolant size for guarded formulas. Finally,
in Chapter 6 we discuss formalization of the coalgebraic methodology in Lean 4 and present our
formalization of Craig interpolation via this method for GL.

The work we do in Lean will be specific to GL but will follow the approach of this thesis directly.
We use labels such as “interpolation ✓” next to a theorem and “Proof” next to a definition to link
to the corresponding work in Lean.
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Chapter 2

Preliminaries

2.1 Relations

Given a binary relation R ⊆ X ×X, we let R+ and R∗ denote the transitive and reflexive-transitive
closure of R. We let Rn denote the n-fold relational composition of R, defined inductively by R0 :=

{(x, x) | x ∈ X} and Rn+1 := {(x, z) | ∃y, xRy and yRnz}. Given Y ⊆ X, we let RY denote the
restriction of R to Y and R[Y ] denote {x | ∃y ∈ Y, yRx}. Given x, y ∈ X, if xRy, we say y is a premise
of x and if xR∗y we say y is a successor of x. We denote the set of all successors of x by ↑x, i.e.
↑x := {y ∈ X | xR∗y}. A finite path of length n is a finite sequence (xi)i<n such that for all i+ 1 < n,
xiRxi+1. An infinite R-path is a sequence (xi)i<ω such that for all i < ω, xiRxi+1. A R-cluster C of
X refers to an equivalence class of the relation

x ∼ y ⇐⇒ xR∗y and yR∗x.

We call a cluster C trivial if C = {x} for some x such that xR+x does not hold. Given two clusters C
and D we will let ≺ denote the relation given by

C ≺ D ⇐⇒ C ̸= D and ∃x ∈ C,∃y ∈ D,xR+y.

It is well known that this relation is well-founded if X is finite.

2.2 Fixpoint Logics

Within this thesis, we will explore proof systems for two fixpoint logics. These logics are the Gödel-Löb
provability logic (GL) and the alternation-free µ-calculus (AFMC). To discuss the AFMC, we will first
have to discuss the full modal µ-calculus (MC).

2.2.1 The Gödel-Löb Provability Logic

The Gödel-Löb Provability Logic is a modal logic which is the result of research from the 1930s to
the 1960s exploring the notion of provability as an operator. At its core is the provability predicate in
Peano arithmetic (PA), denoted Prov(⌜φ⌝) for which M. Löb proved in [Löb55] that

PA ⊢ Prov(⌜Prov(⌜φ⌝) → φ⌝) → Prov(⌜φ⌝).
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Viewing Prov(⌜·⌝) as a modal operator leads us to what is known today as Löb’s axiom (L) □(□φ→
φ) → □φ. The logic GL is basic modal logic BML with Löb’s axiom added.

Definition 2.1 (Formula). The language of the basic modal logic L□ is defined in negation-normal
form as follows.

L□ ∋ φ := ⊥ | ⊤ | p | p | φ ∨ φ | φ ∧ φ | ♢φ | □φ

for p ∈ Prop.

Definition 2.2 (Axiomatization of GL [Boo94]). GL is axiomatized by the following axioms

• All propositional tautologies,

• (K) □(φ→ ψ) → □φ→ □ψ,

• (L) □(□φ→ φ) → □φ,

and the inference rules

• Modus Ponens: If ⊢GL φ and ⊢GL φ→ ψ then ⊢GL ψ,

• Necessitation: If ⊢GL φ then ⊢GL □φ,

along with substitution.

It is well known that GL is modally sound and complete with respect to the class of transitive and
conversely well-founded Kripke frames [Boo94].

Key Definitions

We provide some key definitions and lemmas here that we will refer to throughout the text.

Definition 2.3 (single, partial_). Given a formula φ, a set Y ⊆ Prop and a set of formulas ψy for
each y ∈ Y the simultaneous substitution φ[ψy/y | y ∈ Y ] is defined as follows:

δ[ψy/y | y ∈ Y ] := δ for δ ∈ {⊥,⊤}

p[ψy/y | y ∈ Y ] := p for p /∈ Y

z[ψy/y | y ∈ Y ] := ψz for z ∈ Y

p[ψy/y | y ∈ Y ] := p for p /∈ Y

z[ψy/y | y ∈ Y ] := ψz for z ∈ Y

(φ ◦ ψ)[ψy/y | y ∈ Y ] := φ[ψy/y | y ∈ Y ] ◦ ψ[ψy/y | y ∈ Y ] for ◦ ∈ {∨,∧}

(△φ)[ψy/y | y ∈ Y ] := △(φ[ψy/y | y ∈ Y ]) for △ ∈ {♢,□}

When Y is a singleton, i.e. Y = {y}, we write this as φ[ψy/y] or φ(ψy) when y is understood. We also
will denote simultaneous substitutions by maps σ : Y → L□ which extend to maps σ̂ : L□ → L□ by

σ̂(φ) := φ[σ(y)/y | y ∈ Y ].

For readability, we will remove the hat superscript. Moreover, to avoid confusion, σ will never be used
to denote a formula.
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Definition 2.4 (Formula.vocab, Sequent.vocab). Given φ ∈ L□, the vocabulary of φ, denoted
Voc(φ), is defined inductively as follows:

Voc(⊥) := ∅ Voc(⊤) := ∅
Voc(p) := {p} Voc(p) := {p}
Voc(φ ∨ ψ) := Voc(φ) ∪ Voc(ψ) Voc(φ ∧ ψ) := Voc(φ) ∪ Voc(ψ)

Voc(♢φ) := Voc(φ) Voc(□φ) := Voc(φ)

Given a sequent ∆, we define the vocabulary of ∆ by Voc(∆) :=
⋃

φ∈∆ Voc(φ).

Definition 2.5 (Formula.lit, Sequent.lit). Given φ ∈ L□, the literals of φ, denoted Lit(φ), are
defined inductively as follows:

Lit(⊥) := ∅ Lit(⊤) := ∅
Lit(p) := {p} Lit(p) := {p}
Lit(φ ∨ ψ) := Lit(φ) ∪ Lit(ψ) Lit(φ ∧ ψ) := Lit(φ) ∪ Lit(ψ)

Lit(♢φ) := Lit(φ) Lit(□φ) := Lit(φ)

Given a sequent ∆, we define the literals of ∆ by Lit(∆) :=
⋃

φ∈∆ Lit(φ).

Definition 2.6 (Formula.neg, Sequent.neg). Given φ ∈ L□, the negation of φ, denoted φ, is defined
inductively as follows:

⊥ := ⊤ ⊤ := ⊥
p := p p := p

φ ∨ ψ := φ ∧ ψ φ ∧ ψ := φ ∨ ψ
♢φ := □φ □φ := ♢φ

Given a sequent ∆, we define the negation of ∆ by ∆ := {φ | φ ∈ ∆}.

Definition 2.7 (Formula.FL, Sequent.FL). Given φ ∈ L□, the (Fischer-Ladner) closure of φ, denoted
Clos(φ), is defined inductively as follows:

Clos(⊥) := {⊥} Clos(⊤) := {⊤}
Clos(p) := {p} Clos(p) := {p}
Clos(φ ∨ ψ) := {φ ∨ ψ} ∪ Clos(φ) ∪ Clos(ψ) Clos(φ ∧ ψ) := {φ ∧ ψ} ∪ Clos(φ) ∪ Clos(ψ)
Clos(♢φ) := {♢φ} ∪ Clos(φ) Clos(□φ) := {□φ} ∪ Clos(φ)

Given a sequent ∆, the closure of ∆ is given by Clos(∆) :=
⋃

φ∈∆ Clos(φ).

Since L□ does not have explicit fixpoints, Clos(φ) coincides with the subformulas of φ. We
nonetheless use the term closure to stay uniform with the µ-calculus, which we will discuss later.

Definition 2.8. Given φ ∈ L□, the (closure) size of φ, denoted |φ|Cl, is |Clos(φ)| and given a sequent
∆ ∈ Pω(L□), the size of ∆, denoted |∆|Cl, is |Clos(∆)|.

Lemma 2.9. Given L□ formulas φ,ψ and p ∈ Prop, it holds that |φ[ψ/p]|Cl ≤ |φ|Cl + |ψ|Cl.

Proof. This follows by proving Clos(φ[ψ/p]) ⊆ {χ[ψ/p] | χ ∈ Clos(φ)} ∪ Clos(ψ) which follows by
induction on φ.
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The Fixpoint Theorem

A key theorem about GL that we will use in this thesis is the De Jongh-Sambin Fixpoint Theorem.
This is a result proven independently in 1975 by D. de Jongh (unpublished, see [vBe24]) and G. Sambin
in 1976 [Sam76]. In general, a fixpoint of a formula φ(q) is a formula ψ such that ψ ≡ φ(ψ), where
≡ denotes semantic equivalence. For GL, the fixpoint theorem restricts the formulas it considers to
formulas φ(p) where all occurrences of p in φ are in the scope of a modal operator.

Theorem 2.10 (The De Jongh-Sambin Fixpoint Theorem [vBe24; Sam76; Rei89]). For every formula
φ(p), such that all occurrences of p in φ are in the scope of a modal operator, there exists a formula ψ
such that

ψ ≡ φ(ψ)

where Voc(ψ) ⊆ Voc(φ) and p /∈ Voc(ψ).

Our work will use a simplified version of this result specific to modal formulas, i.e. formulas of the
form △φ(p) for △ ∈ {□,♢}. This means that we can drop the condition that all occurrences of p in
△φ(p) are in the scope of a modal operator, since this is immediate.

Lemma 2.11 (fixed_point_theorem_modal ✓). For every formula φ(p) it holds that

1. □φ(⊤) ≡ □φ(□φ(⊤)),

2. ♢φ(⊥) ≡ ♢φ(♢φ(⊥)).

Proof. This is found by following the construction given by L. Reidhaar-Olson in [Rei89].

2.2.2 The Modal µ-Calculus

The modal µ-calculus (MC) was introduced by D. Kozen, building on foundational work of D. Scott
and J. de Bakker, to reason about fixpoint properties of programs and transition systems. It is an
extension of modal logic with two added operators, µ and ν, which will be interpreted to denote the
least and greatest fixpoint of a formula respectively. The language is defined inductively as follows.

Lµ ∋ φ := ⊥ | ⊤ | p | p | φ ∨ φ | φ ∧ φ | ♢φ | □φ | µx.ψ | νx.ψ

for p, x ∈ Prop with x only occurring positively in ψ.

Key Definitions

There are some standard notions present in the literature on the modal µ-calculus that we do not define
in detail. For a full exploration of the modal µ-calculus, we refer the reader to [BS07].

Definition 2.12. Given φ ∈ Lµ, the free variables of φ, denoted FV (φ), are defined inductively as
follows:

FV (⊥) := ∅ FV (⊤) := ∅
FV (p) := {p} FV (p) := {p}
FV (φ ∨ ψ) := FV (φ) ∪ FV (ψ) FV (φ ∧ ψ) := FV (φ) ∪ FV (ψ)

FV (♢φ) := FV (φ) FV (□φ) := FV (φ)

FV (µx.φ) := FV (φ) \ {x} FV (νx.φ) := FV (φ) \ {x}

8

https://mgignoux.github.io/lean4-gl-coalgebras/docs/find/?pattern=fixed_point_theorem_modal#doc


Given a sequent ∆, we define the free variables of ∆ by FV (∆) :=
⋃

φ∈∆ FV (φ).

Definition 2.13. Given φ ∈ Lµ, the bound variables of φ, denoted BV (φ), are defined inductively as
follows:

BV (⊥) := ∅ BV (⊤) := ∅
BV (p) := ∅ BV (p) := ∅
BV (φ ∨ ψ) := BV (φ) ∪BV (ψ) BV (φ ∧ ψ) := BV (φ) ∪BV (ψ)

BV (♢φ) := BV (φ) BV (□φ) := BV (φ)

BV (µx.φ) := BV (φ) ∪ {x} BV (νx.φ) := BV (φ) ∪ {x}

Given a sequent ∆, we define the bound variables of ∆ by BV (∆) :=
⋃

φ∈∆BV (φ).

Definition 2.14. Given φ ∈ Lµ, the literals of φ, denoted Lit(φ), are defined inductively as follows:

Lit(⊥) := ∅ Lit(⊤) := ∅
Lit(p) := {p} Lit(p) := {p}
Lit(φ ∨ ψ) := Lit(φ) ∪ Lit(ψ) Lit(φ ∧ ψ) := Lit(φ) ∪ Lit(ψ)

Lit(♢φ) := Lit(φ) Lit(□φ) := Lit(φ)

Lit(µx.φ) := Lit(φ) \ {x} Lit(νx.φ) := Lit(φ) \ {x}

Given a sequent ∆, we define the literals of ∆ by Lit(∆) :=
⋃

φ∈∆ Lit(φ).

Definition 2.15. Given φ ∈ Lµ, the negation of φ is defined by first defining the boolean dual, denoted
φ∂ , defined inductively as follows:

⊥∂ := ⊤ ⊤∂ := ⊥
p∂ := p p∂ := p

(φ ∨ ψ)∂ := φ∂ ∧ ψ∂ (φ ∧ ψ)∂ := φ∂ ∨ ψ∂

(♢φ)∂ := □φ∂ (□φ)∂ := ♢φ∂

(µx.φ)∂ := νx.φ∂ (νx.φ)∂ := µx.φ∂

Then the negation of φ, denoted φ is defined by φ∂ [p⇄ p | p ∈ FV (φ)], i.e. the formula φ∂ with all
free occurrences of p replaced with p and vice versa. Given a sequent ∆, we define the negation of ∆ by
∆ := {φ | φ ∈ ∆}.

We say φ is tidy if BV (φ) ∩ FV (φ) = ∅ and guarded if every subformula ηx.ψ of φ is such that all
free occurrences of x in ψ are in the scope of a modality. We will assume all formulas are tidy.

To prevent variable capture, we are only allowed to substitute ψ in the place of x in φ when two
conditions are met:

1. x only occurs positively in φ,

2. FV (φ) ∩BV (ψ) = ∅.

We say ψ is free for x in φ if these conditions are met.
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Definition 2.16 (Simultaneous Substitution [KMV20]). Given a formula φ, a set Y ⊆ Prop and a
set of formulas ψy for each y ∈ Y such that each ψy is free for y in φ, the simultaneous substitution
φ[ψy/y | y ∈ Y ] is defined inductively as follows:

δ[ψy/y | y ∈ Y ] := δ for δ ∈ {⊥,⊤}

p[ψy/y | y ∈ Y ] := p for p /∈ Y

z[ψy/y | y ∈ Y ] := ψz for z ∈ Y

p[ψy/y | y ∈ Y ] := p for p /∈ Y

(φ ◦ ψ)[ψy/y | y ∈ Y ] := φ[ψy/y | y ∈ Y ] ◦ ψ[ψy/y | y ∈ Y ] for ◦ ∈ {∨,∧}

(△φ)[ψy/y | y ∈ Y ] := △(φ[ψy/y | y ∈ Y ]) for △ ∈ {♢,□}

(ηx.φ)[ψy/y | y ∈ Y ] := ηx.(φ[ψy/y | y ∈ Y \ {x}]) for η ∈ {µ, ν}

When Y is a singleton, i.e. Y = {y}, we write this as φ[ψy/y]. We also will denote a simultaneous
substitution by σ : Y → Lµ which extends to a partial map σ̂ : Lµ → Lµ by

σ̂(φ) := φ[σ(y)/y | y ∈ Y ]

for formulas φ such that ψy is free for y in φ for all y ∈ Y . For readability, we will remove the hat
superscript. Moreover, to avoid confusion, σ will never be used to denote a formula.

Definition 2.17. The unfolding of a fixpoint formula ηx.φ for η ∈ {µ, ν} is defined to be φ[ηx.φ/x],
denoted unf(ηx.φ).

Lemma 2.18. Let Y ⊆ Prop, let φ, χ, ψy ∈ Lµ for y ∈ Y , and let x ∈ Prop with x /∈ Y . Suppose x
is free in φ but not in any ψy, that χ is free for x in φ, and that ψy is free for y in φ[χ/x] for each
y ∈ Y . Then

φ[χ/x][ψy/y | y ∈ Y ] = φ[ψy/y | y ∈ Y ][(χ[ψy/y | y ∈ Y ])/x].

Proof. Follows by induction on φ.

Lemma 2.19. Let Y ⊆ Prop, let φ,ψy ∈ Lµ for y ∈ Y , and suppose ψy is free for y in φ and y occurs
only positively in φ, for all y ∈ Y . Then

Lit(φ[ψy/y | y ∈ Y ]) = (Lit(φ) \ (Y ∩ FV (φ))) ∪
⋃

y∈Y ∩FV (φ)

Lit(ψy).

Proof. Follows by induction on φ.

Definition 2.20. The (Fischer-Ladner) closure of a formula φ, denoted Clos(φ) is as defined in
Definition 3.15 of [KMV20]. The closure of a sequent ∆ is given by

Clos(∆) :=
⋃
φ∈∆

Clos(φ).

Lemma 2.21. For all tidy formulas φ,ψ, the following statements hold:

1. Clos(φ ◦ ψ) = {φ ◦ ψ} ∪ Clos(φ) ∪ Clos(ψ) for ◦ ∈ {∨,∧}.

2. Clos(△φ) = {△φ} ∪ Clos(φ) for △ ∈ {♢,□}.
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3. Clos(ηx.φ) = {ηx.φ} ∪ {χ[ηx.φ/x] | χ ∈ Clos(φ)} for η ∈ {µ, ν}.

4. Given ψ and p ∈ Prop such that p ∈ FV (φ) and ψ is free for p in φ then

Clos(φ[ψ/p]) = {χ[ψ/p] | χ ∈ Clos(φ)} ∪ Clos(ψ).

Proof. Proposition 3.22 in [KMV20].

Lemma 2.22. For all formulas φ,ψ, χ ∈ Lµ and p ∈ Prop, if Clos(φ) ⊆ Clos(ψ) then Clos(φ[χ/p]) ⊆
Clos(ψ[χ/p]).

Proof. Follows from Lemma 2.21.

Definition 2.23. The (closure) size of a formula φ, denoted |φ|Cl, is |Clos(φ)|, and the (closure) size
of a sequent ∆, denoted |∆|Cl is |Clos(∆)|.

Lemma 2.24. For all φ,ψ ∈ Lµ and p ∈ Prop, |φ[ψ/p]|Cl ≤ |φ|Cl + |ψ|Cl.

Proof. Proposition 3.32 in [KMV20].

Least Ordinals

The notion of least ordinals for the modal µ-calculus formulas will be useful when we use the modal
µ-calculus as a meta-language on proofs in Section 5.1.

As semantics are not our primary concern in this proof-theoretic work, the semantics we give here
will be for the transfinite µ-calculus, an extension that gives rise to least ordinals. This extension adds
the formula µαx.φ and ναx.φ for each ordinal α and φ positive in x. We interpret formulas on states s
in Kripke models M = (M,R, V ) as follows:

s ⊨ ⊥ never s ⊨ ⊤ always
s ⊨ p iff s ∈ V (p) s ⊨ p iff s /∈ V (p)

s ⊨ φ ∨ ψ iff s ⊨ φ or s ⊨ ψ s ⊨ φ ∧ ψ iff s ⊨ φ and s ⊨ ψ
s ⊨ ♢φ iff t ⊨ φ for some t ∈ R[s] s ⊨ □φ iff t ⊨ φ for all t ∈ R[s]

s ⊨ µ0x.φ never s ⊨ ν0x.φ always
s ⊨ µα+1x.φ iff s ⊨ φ[µαx.φ/x] s ⊨ να+1x.φ iff s ⊨ φ[ναx.φ/x]

s ⊨ µλx.φ iff s ⊨ µβx.φ for some β < λ s ⊨ νλx.φ iff s ⊨ νβx.φ for all β < λ

s ⊨ µx.φ iff s ⊨ µαx.φ for some α s ⊨ νx.φ iff s ⊨ ναx.φ for all α

where λ is a limit ordinal.
Since ordinals are well-ordered, given a formula µx.φ such that s ⊨ µx.φ, we call the least ordinal

of µx.φ at s the least α such that s ⊨ µαx.φ. Given a µ-formula φ (i.e. φ = µx.ψ), we let φα denote
the formula µαx.ψ.

2.2.3 The Alternation-Free µ-Calculus

The alternation-free µ-calculus (AFMC) is a fragment of the modal µ-calculus which restricts the
interaction between µ and ν operators in a given formula. We can phrase this as a condition on MC

formulas, but because proving that formulas are alternation-free under this restriction is difficult, we
use the following mutually-inductive definition of AFMC formulas.
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Definition 2.25 (AFMC formulas [MV21]). The formulas of the alternation-free µ-calculus are given
by the following mutually-inductive definition.

Laf
µ ∋ φ := ⊥ | ⊤ | p | p | φ ∨ φ | φ ∧ φ | ♢φ | □φ | µp.φµ

{p} | νp.φν
{p} |

N µ
Q ∋ φ := ⊥ | ⊤ | q | | φ ∨ φ | φ ∧ φ | ♢φ | □φ | µp.φµ

Q∪{p} | | ψ

N ν
Q ∋ φ := ⊥ | ⊤ | q | | φ ∨ φ | φ ∧ φ | ♢φ | □φ | | νp.φν

Q∪{p} | ψ

where p ∈ Prop, q ∈ Q, φη
P ∈ N η

P for P ⊆ Prop, and ψ ∈ Laf
µ such that FV (ψ) ∩Q = ∅. The set N µ

Q is
referred to as the noetherian segment over Q, and N ν

Q is referred to as the co-noetherian segment over
Q.

Key Properties

We define literals (Lit), negation ( · ), and closure (Clos) the same way as we do for MC. The properties
of these operators that we introduced earlier will also remain. Still, there are some more key properties
specific to AFMC formulas that we will now present.

Lemma 2.26. Let Q,Q′ ⊆ Prop such that Q ⊆ Q′. Then for η ∈ {µ, ν},

1. N η
Q′ ⊆ N η

Q.

2. N η
∅ = Laf

µ .

Proof. Proposition 2.4 in [MV21].

Lemma 2.27. Let Q ⊆ Prop, p ∈ Prop and suppose φ ∈ N η
Q∪{p} and ψ ∈ N η

Q. The following hold:

1. If p /∈ FV (ψ) then ψ ∈ N η
Q∪{p},

2. If ψ is free for p in φ then φ[ψ/p] ∈ N η
Q.

Proof. Proposition 2.5 in [MV21].

Lemma 2.28. Let Q ⊆ Prop. If φ ∈ Laf
µ is not constructed using any fixpoint operators and no q ∈ Q

occurs negatively in φ, then φ ∈ N η
Q for any η ∈ {µ, ν}.

Proof. Follows from induction on φ.

Lemma 2.29. Let Q,Y ⊆ Prop and suppose φ ∈ N η
Q and ψy ∈ Laf

µ for each y ∈ Y , with ψy free for y
in φ. If FV (ψy) ∩Q = ∅ for each y ∈ Y then φ[ψy/y | y ∈ Y ] ∈ N η

Q.

Proof. We proceed by induction on φ. We will list the interesting cases. If φ is z for z ∈ Y then
φ[ψy/y | y ∈ Y ] = ψz and ψz ∈ Laf

µ so ψz ∈ N η
Q since FV (ψz) ∩ Q = ∅. If φ is ηp.χ where

χ ∈ N η
Q∪{p} then (ηp.χ)[ψy/y | y ∈ Y ] = ηp.χ[ψy/y | y ∈ Y \ {p}]. By the induction hypothesis we have

χ[ψy/y | y ∈ Y \ {p}] ∈ N η
Q∪{p}, so (ηp.χ)[ψy/y | y ∈ Y ] ∈ N η

Q. Finally if φ ∈ Laf
µ and FV (φ) ∩Q = ∅

then by our induction hypothesis φ[ψy/y | y ∈ Y ] ∈ Laf
µ and since FV (φ[ψy/y | y ∈ Y ]) ∩ Q = ∅ we

have φ[ψy/y | y ∈ Y ] ∈ N η
Q.

12



Chapter 3

Coalgebras

Coalgebras will be the central mathematical object of this thesis. We will begin by introducing the
basics of coalgebras, and then discuss the specific types of coalgebra we will use in this thesis and some
useful properties we will refer to later. We will assume basic knowledge of category theory.

Definition 3.1 (Coalgebra). Given a category C and an endofunctor T : C → C, a T -coalgebra (X,α)

is a pair consisting of X in ob(C) and a morphism α : X → T X in mor(C).

For our purposes from now on, all coalgebras discussed will be for Set endofunctors. Given a
T -coalgebra (X,α), we refer to X as the base set, and α as the structure morphism.

Coalgebras have many nice category theoretic properties and also give rise to the coalgebraic modal
logic. See [Ven19; Jac16] for more on coalgebras and category theoretic properties. For this thesis, we
will only need one property: filtration. Filtrations will appear as a useful tool for finitization of proofs
in the coalgebraic proof systems we discuss. To start, we define the notion of filtration that we will use.

Definition 3.2 (Filtration). Let (X,α) be a T -coalgebra and let ∼ ⊆ X×X be an equivalence relation
on X. Fix a set X̂ to be the set of representatives of the equivalence classes of X chosen by the choice
function q : X → X̂. The filtration of (X,α) for the choice function q is the T -coalgebra (X̂, β) where
β := T q ◦ α ◦ i and i is the embedding X̂ ↪→ X.

X X̂

T X T X̂

α

q

β
i

T q

Figure 3.1: Explanatory diagram

Remark 3.3. For readers familiar with category theory and specifically coalgebras, our definition of
filtration is different from the standard definition of filtration, which uses equivalence classes rather
than their representatives.

Recall that we use coalgebras to define a general notion of a sequent-style proof. From our perspective,
proofs will be coalgebras (X,α) where X is the set of nodes in the proof, and α assigns each node its
rule label, formulas, and premises. The coalgebras we consider in this thesis will be coalgebras for the
following endofunctor.
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Definition 3.4. Given a language L and set of rule labels R we define the Set-endofunctor T L
R as

follows:

ob(Set) ∋ X 7→ R × Pω(L)× Pω(L)× Pω(X)

mor(Set) ∋ f 7→ IR × IPω(L) × IPω(L) × Pω(f)

where IA is the identity morphism for A in Set and Pω is the finite powerset functor.

We will give an example of how this relates to proofs now.

Definition 3.5. Given a T L
R -coalgebra (X,α) we refer to an element x ∈ X as a node. Letting

(rα, fαp , f
α
n , p

α) denote the respective projections of α (i.e. α = (rα, fαp , f
α
n , p

α)), we refer to rα as the
rule, fαp as the principal formulas, fαn as the non-principal formulas, and pα as the premises of a node.

We also define fα := fαn ∪ fαp which we refer to as the sequent of a node. We will drop the α
superscript when the context is clear.

Example 3.6. A rule application often found in disjunctive-style sequent calculi is an and rule explaining
how to handle formulas of the form φ∧ψ. These rule applications look like the following figure to some
degree.

(y) Γ, φ (z) Γ, ψ
and(x) Γ, φ ∧ ψ

Figure 3.2: Example and rule application.

Let us assume this is one step in a larger proof whose information we are not privy to. This is
common in proof theory, and from our coalgebraic perspective we still have all the information about
the node x that we need. Let us discuss what α(x) should be.

The first, second, and third projection of α(x) into R, Pω(L), and Pω(L) respectively should
label the node x with the rule, principal formula, and non-principal formulas. Therefore, this will be
(and, {φ ∧ ψ},Γ). Lastly, the fourth projection of α into Pω(X) should explain how x fits into the
larger proof by connecting it to its premise nodes. In this case pα(x) would be {y, z}. Putting this all
together, we get α(x) = (and, {φ ∧ ψ},Γ, {y, z}).

There is a natural edge relation on T L
R -coalgebras given as follows.

Definition 3.7. Given a T L
R -coalgebra (X,α), let the relation ◁α ⊆ X ×X be the relation given by

x◁α y if and only if y ∈ pα(x).

We will drop the α superscript when the context is clear.

Of course, the coalgebraic approach does not give us any assertion that rules are applied correctly,
meaning that not every coalgebra is a proof.

Definition 3.8. Given a logic with language L and a rule set R, a T L
R (coalgebraic) proof system A is

the class of T L
R -coalgebras (X,α) such that for each x ∈ X a set of node, step, and path conditions

about x are satisfied.
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In Chapter 4 and Chapter 5 we will have concrete proof systems to work with. For now, we will
denote arbitrary coalgebraic proof systems using the variables A and B.

Example 3.9. Let us return to the example and rule application from Figure 3.2 before and discuss
what conditions arise. Node conditions will be conditions about a node itself, therefore they must be
conditions about the rule label and the principal and non-principal formulas. For instance, in Figure
3.2, a node condition that arises will be that the principal formula must be a conjunction if the rule
label at x is and.

For an example of step conditions, we have to look one step ahead and ask ourselves: if the rule
application is and, what do we know about our premises? Indeed, it tells us that x must have (at most)
two premise nodes whose sequents are Γ, φ and Γ, ψ.

Lastly, there are path conditions, which are conditions about infinite paths in a coalgebra (X,α).
Unlike node and step conditions, these are conditions not encoded directly in the rule applications of
the system. For example, a path condition in ill-founded proof theory that we will encounter later in
this thesis is the stipulation that on every infinite path, a modal rule is applied infinitely many times.
These will make a small appearance in Chapter 4, but will get discussed in greater detail in Chapter 5.

We define some important terminology for arbitrary proofs, such as what it means for a sequent
∆ ∈ Pω(L) for some language L to be provable.

Definition 3.10 (Proves). Given an arbitrary proof system A for the endofunctor T L
R and a proof

(X,α) in A, we say (X,α) proves a sequent ∆ ∈ Pω(L) in A if there exists x ∈ X such that f(x) = ∆.
In shorthand we write (X,α) ⊢A ∆. Moreover, we say ∆ is provable (notation: ⊢A ∆) if there exists a
proof (X,α) of ∆.

We are interested in finitizing proofs, i.e. given a proof of a sequent ∆, finding a proof of ∆ such
that the underlying set of the coalgebra is finite. Let us make clear what we mean by a finite proof.

Definition 3.11. A proof (X,α) in system A is finite if X is finite.

Our goal will be as follows: given an A-proof of a sequent ∆, we want to show that a finite proof of
∆ exists. To approach finitization, we start by showing a weaker result for which we need the following
definition.

Definition 3.12. A proof (X,α) in system A is f -finite if f [X] is finite.

This is indeed a weaker result since every finite proof is f -finite. However, proving this intermediate
result will help us prove the stronger result we desire. This approach will be explored with the case
studies of coalgebraic proof systems for GL and AFMC in Section 4.1 and Section 5.1 respectively.

Given a proof (X,α) of a sequent ∆ witnessed by x in system A, we will find f -finite proofs by
restricting our focus to the part of the proof used in proving ∆, or in other words, we will only look at
successors of x. This will help us to achieve f -finiteness as we will see in practice in Theorem 4.7 and
Theorem 5.8.

Definition 3.13. Given a T L
R -coalgebra (X,α) and a node x ∈ X, let αx : ↑x → T L

R (↑x) (where
↑x := {y | x◁∗y}) be the map given by y 7→ α(y). We call the T L

R -coalgebra (↑x, αx) the point-generated
coalgebra around x.
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We note that the map αx : ↑x → T L
R (↑x) given by y 7→ α(y) is well-defined since if z ∈ p(y) for

y ∈ ↑x then z ∈ ↑x.
Of course, showing that given a proof (X,α) in system A and a node x ∈ X, the point-generated

coalgebra around x is still a proof, and is in fact f -finite, is not guaranteed. This is something that
must be verified individually for each system.

3.1 Sets of Equations

In this thesis, we will define interpolants by solving a system of equations. We include this section here
to clarify what we mean by a system of equations and a solution, and refer back to it later.

The standard method for finding interpolants in a well-founded proof system is Maehara’s method
[Mae61]. In short, given a proof of ¬φ,ψ for which we are trying to find interpolants, the sequent at
the root is split into the partition ¬φ | ψ, and these partitions are defined for all nodes in the proof
upward. Next, via downward induction on the proof structure: one assumes an interpolant exists for
each premise node and defines the interpolant from there. In cyclic proof systems, where there is an
underlying well-founded tree structure, this process becomes trickier and requires care when handling
back edges.

We aim to find interpolants by solving a system of equations. To begin with, we assume that we
can assign for each node x in a coalgebra (X,α) a fresh atomic variable qx. We will let ΛX denote the
set of all free variables for the nodes in X (i.e. ΛX := {qx | x ∈ X}).

Definition 3.14 (Set of Equations). A set of equations on a coalgebra (X,α) is a function χ : X → L.

For shorthand and clarity we will always write χ(x) as χx. The terminology “set” refers to the fact
that we view the set of equations χ as the set {qx ≈ χx | x ∈ X} where ≈ is a meaningless symbol.
As an example, given the rule application in Figure 3.3, we view qx as a variable standing for the
interpolant for x, and the equation for the interpolant for this rule application would be qx ≈ qy ∨ qz
(i.e. x 7→ qy ∨ qz). In a well-founded system, we would define the interpolant at each node x, denoted ιx
directly by the shape of the rule, setting ιx = ιy ∨ ιz, but in ill-founded proof systems repeats prevent
this: the interpolant at a node may depend on itself, so we settle for ιx ≡ ιy ∨ ιz. Rather than imposing
an explicit priority for the order in which we solve these equations, we instead prove that a solution
exists by constructing partial solutions for each Y ⊆ X. We now clarify what we mean by a solution.

Definition 3.15. Given a coalgebra (X,α) and a set of equations χ : X → L, a solution to χ is a
substitution σ : ΛX → L such that the following conditions are met:

1. For all x ∈ X, σ(qx) ≡ σ(χx) (where ≡ denotes semantic equivalence),

2. For all x ∈ X, FV (σ(qx)) ∩ ΛX = ∅.

3.2 Partial Proofs

A standard notion in (cyclic and non-cyclic) sequent calculi is that of a partial proof. This is a “snippet”
of a proof for which some assumptions are left open.
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(z) Γ, φ | ∆ (y) Γ, ψ | ∆
and

(x) Γ, φ ∧ ψ | ∆

Γ, φ | ιy
wk

Γ, φ | ιy, ιz
Γ, ψ | ιz

wk
Γ, ψ | ιy, ιz

and
Γ, φ ∧ ψ | ιy, ιz or
Γ, φ ∧ ψ | ιy ∨ ιz

Figure 3.3: Interpolant correctness partial proof (right) for and rule application (left).

In practice, in well-founded proof systems these snippets are not always explicitly connected. Instead,
by induction on the proof structure, one assumes interpolants exist for the premises and constructs
each partial proof downward, constructing the entire proof by induction.

Our approach does not have structural induction to benefit from. Yet, induction is not necessary:
as seen in Figure 3.3, we can define each snippet separately and later reconnect them. This is exactly
the approach we take. These snippets will be part of a proof system with an added rule as allowing for
non-axiomatic leaf nodes called assumptions.

Definition 3.16. Given a rule set R, we define Ras to be R∪ {as}.

Definition 3.17. Let A be an arbitrary proof system. An Apar-proof is a T L
Ras

-coalgebra (X,α) such
that the following node, step, and path conditions are met for each x ∈ X.

(node) One of the following conditions hold:

1. (r × fp)(x) is of the form (as, ∅),

2. The node conditions of A hold for x.

(step) The following conditions hold:

1. if (r × fp)(x) = (as, ∅) then p(x) = ∅,

2. The step conditions of A hold for x.

(path) The path conditions of A hold at x.

Our goal is to combine a collection of partial proofs to eliminate assumptions. We will accomplish
this by connecting the open assumptions of the partial proofs to nodes in other partial proofs. To do
so, we will replace the rule as with the rule skip as follows.

Γ skip
Γ

Figure 3.4: The skip rule application.

Remark 3.18. We will add the aforementioned skip rule shown in Figure 3.4 to an arbitrary proof
system. The main advantage of skip is that it provides a simple means to connect partial proofs. There
are pros and cons to adding this rule to an arbitrary proof system. It is locally sound, and a complete
proof system extended with the skip rule remains complete. However, for soundness we must add a
path condition to ensure that skip is not applied cofinitely many times on an infinite path, as illustrated
in Figure 3.5 below. The rule is clearly admissible, and if it cannot be used cofinitely often, it is also
eliminable.
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⊥ skip⊥

Figure 3.5: A dangerous “proof” using skip.

Definition 3.19. Given a set of rules R, define Rskip by R∪ {skip}.

Definition 3.20. Let A be an arbitrary proof system for the endofunctor T L
R . A T L

Rskip
-coalgebra (X,α)

is an Askip-proof if for each x ∈ X the following node, step, and path conditions are met.

(node) One of the following conditions hold:

1. (r × fp)(x) = (skip, ∅),

2. The node conditions of A hold for x.

(step) The following conditions hold:

1. if (r × fp)(x) = (skip, ∅) then f [p(x)] = f(x) and |p(x)| = 1,

2. The step conditions of A hold for x.

(path) The following conditions hold:

1. On every infinite ◁α-path from x, skip does not occur cofinitely many times,

2. The path conditions of A hold for x.

We now explain how to assemble a collection of partial proofs into a T L
Rskip

-coalgebra. To do so, we
first need a compatibility condition on the collection that ensures that there exists a way to connect
these partial proofs.

Definition 3.21. A collection of partial T L
R -coalgebras {(Pi, βi)}i∈I , for some index set I, is called

structured if

• For all i ∈ I there is a node pi ∈ Pi which we refer to as the root node.

• For all i ∈ I and z ∈ Pi, if rβi(z) = as then there is a chosen j ∈ I such that fβi(z) = fβj (pj).

Definition 3.22 (Proof Transformation). Given a structured collection of partial T L
R -coalgebras {Pi}i∈I

for some arbitrary index I, we define the proof transformation of this collection to be the T L
Rskip

-coalgebra
(Y, β) defined as follows.

Y :=
⊎
i∈I

Pi = {(i, z) | i ∈ I, z ∈ Pi}

β(i, z) :=

(skip, fβi
p (z), fβi

n (z), {(j, pj)}) if rβi(z) = as,

(rβi(z), fβi
p (z), fβi

n (z), {i} × pβi(z)) else.

where pj denotes the root of (Pj , βj) and j is the index guaranteed by Definition 3.21.
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Chapter 4

The Gödel-Löb Provability Logic

We want to test the feasibility of our coalgebraic notion of proof as a generalization of what it means
to be a proof. To do so, we unify existing cyclic and ill-founded proof systems via our coalgebraic
definition of proof, and test two processes central to proof theory: finitizing proofs, and proving the
logic has interpolation via the proof system.

The first logic we will explore is GL. For a full introduction to the logic GL, we recommend [Boo94],
but for our purposes, we will rely on the preliminaries outlined in Section 2.2 and some easily derivable
properties. We formalized a majority of the results for GL from this section in the interactive theorem
prover and functional programming language Lean 4. The formalization we developed as part of this
thesis is discussed in Chapter 6.

There are multiple sequent calculi that are sound and complete with respect to GL. Perhaps the
most well-known is the system GLSC (“GL Sequent Calculus”) introduced by G. Sambin and S. Valentini
in a two-sided form in [SV80]. A single sequent form of the aforementioned system called GLSseq is
presented by D. Shamkanov in [Sha14] and is shown in Figure 4.1.

top
⊤,Γ ax

p, p,Γ
φ,ψ,Γ

or
φ ∨ ψ,Γ

φ,Γ ψ,Γ
and

φ ∧ ψ,Γ
φ,♢φ,♢Γ,Γ

box∗□φ,♢Γ,Σ

Figure 4.1: Rule applications of the system GLSseq.

Proofs in this system are finite trees, but, as noted by D. Shamkanov, there is seemingly no known
method for finding Lyndon interpolants from proofs in this system due to the negation in the box∗ rule
application [Sha14], although it is well known that GL has Lyndon interpolation [Sha11]. To remedy
this, D. Shamkanov augmented the aforementioned system GLSseq into a circular and ill-founded system
in [Sha14] by replacing the rule box∗ in Figure 4.1 with the rule box as follows.

top
⊤,Γ ax

p, p,Γ
φ,ψ,Γ

or
φ ∨ ψ,Γ

φ,Γ ψ,Γ
and

φ ∧ ψ,Γ
φ,♢Γ,Γ

box□φ,♢Γ,Σ

Figure 4.2: Rule applications of the system GLinf and GLcyc.

For those familiar with proof theory, the rule box as shown above is locally sound for logics which
satisfy the (4) axiom (logics with transitive Kripke frames such as GL [BRV01]).

Definition 4.1 (RuleApp). We define the rule set RGL = {top, ax, or, and, box}.
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The notion of being a proof will now become a condition on T L□
RGL

-coalgebras (see Definition 3.4). In
particular, we make all implicit node and step conditions represented in Figure 4.2, explicit. This leads
to our following definition of proof.

Definition 4.2 (Proof). A T L□
RGL

-coalgebra (X,α) is called a Ggen-proof if

(node) for all x ∈ X, (r × fp)(x) is of one of the following forms:

1. (top, {⊤}) 2. (ax, {q, q}) 3. (or, {φ ∨ ψ}) 4. (and, {φ ∧ ψ}) 5. (box, {□φ})

where q ∈ Prop and φ,ψ ∈ L□.

(step) for all x ∈ X, the following statements hold:

1. If fp(x) = {⊤} then p(x) = ∅.

2. If fp(x) = {q, q} then p(x) = ∅.

3. If fp(x) = {φ ∨ ψ} then |p(x)| = 1 and f [p(x)] = {(fn(x) \ fp(x)) ∪ {φ,ψ}}.

4. If fp(x) = {φ ∧ ψ} then |p(x)| ≤ 2 and

f [p(x)] =
{
{(fn(x) \ fp(x)) ∪ {φ}}, {(fn(x) \ fp(x)) ∪ {ψ}}

}
.

5. If fp(x) = {□φ} then |p(x)| = 1 and f [p(x)] = {□−1
4 (fn(x)) ∪ {φ}} where

□−1
4 (Θ) = {φ | ♢φ ∈ Θ} ∪ {♢φ | ♢φ ∈ Θ}.

In the case of Ggen-proofs, we can completely forget the rule projection r, by looking at fp to
determine which rule is applied. As a result, we could completely remove the rule set RGL from our
endofunctor. This is not possible in the future proof systems we discuss, so for the sake of uniformity,
we leave it here. We now justify why this system, which is a generalized form of D. Shamkanov’s two
systems GLcyc and GLinf, is modally sound and complete.

Theorem 4.3 (soundness ✓, completeness ✓). For all sequents ∆,

⊢Ggen ∆ if and only if ⊨
∨

∆

where ⊢Ggen is as defined in Definition 3.10 and ⊨ denotes semantic validity on transitive and converse
well-founded Kripke models.

Proof. The work in [Sha14] establishes soundness and completeness for the ill-founded proof system GLinf

by transforming proofs in GLinf to and from proofs in GLSseq using ultrametric spaces. Soundness and
completeness then come as a corollary since GLSseq is sound and complete. Soundness and completeness
for the coalgebraic notion of proof Ggen can be seen by observing that every GLinf-proof is a Ggen-proof,
and every Ggen-proof can be turned into a GLinf-proof via unraveling, giving our desired result.

However, we want to avoid this detour via the GLSseq system and ultrametric spaces in our
formalization work in Lean. For soundness, we will use the same reasoning as the soundness proof by
G. Menéndez Turata in [Men24, Prop. 2.2.8], and for completeness we will prove the result ourselves by
taking a game-theoretic approach. This will be discussed in more detail in Chapter 6.
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A necessary property of the system, which is used for proving soundness, is the stipulation that
on every infinite ◁-path (xi)i<ω there are infinitely many i such that r(xi) = box. This is an example
of a path condition, a condition about infinite paths within the proof, although for Ggen-proofs, this
property is implicit.

Lemma 4.4 (inf_path_has_inf_boxes ✓). Given a Ggen-proof (X,α), on every infinite ◁-path
(xi)i<ω, there are infinitely many i such that r(xi) = box.

Proof. Let (xi)i<ω be an infinite ◁-path. Suppose to the opposite that there are only finitely many
i < ω such that r(xi) = box. Take the maximal such i, let this be n. Then observe that in all rule
applications shown in Figure 4.2, the size of the premises of a sequent is smaller than the size of
the sequent itself unless the rule application is box. Thus |f(xm+1)|Cl < |f(xm)|Cl for all m ≥ n, a
contradiction.

4.1 Finitization

We want to show that our system Ggen exhibits a finite proof property in the sense that we can turn a
Ggen-proof of a sequent ∆ into a Ggen-proof of ∆ with a finite number of nodes. Even better, we will
show a stronger version of this property, a small proof property, where we give bounds on the size of the
resultant finite proofs. This will be necessary in future sections since we will need finiteness for our
interpolation results, and the bound on the size of the proof will give us a bound on the size of our
interpolants.

4.1.1 Point-Generated Proofs

To show that every proof of a sequent ∆ can be turned into an f -finite proof of ∆, we begin by relating
our proofs to something well-known to be finite: the (Fischer-Ladner) closure of ∆.

A common property of many cut-free sequent calculi is that all formulas are contained in the closure
of the root node. Of course, in our coalgebraic setting we have no underlying tree structure and therefore
no root of our proofs. However, for similar reasons we do have the following nice property about finite
paths in our proofs.

Lemma 4.5 (path_in_FL ✓). Let (X,α) be a Ggen-proof and x, y ∈ X. If x◁∗y then f(y) ⊆ Clos(f(x)).

Proof. Fix a Ggen-proof (X,α) and x, y ∈ X such that x◁∗ y. Since x◁∗ y, we know there is some n
such that x◁n y. We proceed by induction on n. If n = 0 then clearly f(x) ⊆ Clos(f(x)). If n = k + 1

then there is some z ∈ X such that x ◁k z and z ◁ y. We know by our induction hypothesis that
f(z) ⊆ Clos(f(x)) and since Clos is monotone and idempotent, we have Clos(f(z)) ⊆ Clos(f(x)). To
get our desired result it suffices to show f(y) ⊆ Clos(f(z)). We do so by checking cases on r(z).

1. If r(z) is top we have a contradiction since y ∈ p(z), and by (step) 1. we know if r(z) is top then
p(z) = ∅.

2. If r(z) is ax we have the same contradiction as in (1).

3. If r(z) is or then there are φ,ψ ∈ L□ such that fp(z) = {φ ∨ ψ} and by (step) 3. we know that
f(y) = (fn(z) \ {φ ∨ ψ}) ∪ {φ,ψ} and recalling that f(z) = fp(z) ∪ fn(z) by definition of f , we
know that f(z) = fn(z) ∪ {φ ∨ ψ}. All that remains is to show that (fn(z) \ {φ ∨ ψ}) ∪ {φ,ψ} ⊆
Clos(fn(z) ∪ {φ ∨ ψ}) which follows from the definition of Clos.
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4. If r(z) is and then by an analogous argument to (3) we get our desired result.

5. If r(z) is box then there is φ ∈ L□ such that fp(z) = {□φ} and by (step) 5. we know that
f(y) = □−1

4 (fn(z)) ∪ {φ} where we recall that □−1
4 (∆) = {♢φ | ♢φ ∈ ∆} ∪ {φ | ♢φ ∈ ∆}. Thus

it remains to show that □−1
4 (fn(z))∪{φ} ⊆ Clos(fn(z)∪{□φ}) which follows from the definition

of Clos.

As seen in the above lemma, by only looking forward in a proof, we have a nice property that relates
to the Fischer-Ladner closure. Likewise, our notion of proof only looks forward in the sense that the
node conditions can be checked on the node itself regardless of the edge relation induced by α, and
the step conditions are checked by looking forward one step in the proof, hence the name. Therefore,
intuitively fixing a point x in an arbitrary Ggen-proof, the point-generated coalgebra around x should
still be a proof. This is what we will assert now for Ggen-proofs.

Lemma 4.6 (pointGeneratedProof ✓). Given a Ggen-proof (X,α) and some node x ∈ X, the point-
generated T L□

RGL
-coalgebra around x (see Definition 3.13) given by (↑x, αx) is a Ggen-proof.

Proof. We must check that the (node) and (step) conditions given in Definition 4.2 are satisfied. To
begin with, observe that for all y ∈ ↑x it holds that αx(y) = α(y).

(node) Take y ∈ ↑x. Since (rαx × fαx
p )(y) = (rα × fαp )(y) and (X,α) is a Ggen-proof, one of the forms

listed in the (node) conditions of Definition 4.2 will be satisfied.

(step) Take y ∈ ↑x. Since fαx
p (z) = fαp (z) for all z ∈ ↑x and (X,α) satisfies (step) in Definition 4.2,

we have our desired result.

We end this section with its main theorem.

Theorem 4.7. For any sequent ∆, if there is a Ggen-proof (X,α) of ∆ then there is an f -finite proof
of ∆ where |f [X]| is bounded by 2|∆|Cl.

Proof. Let (X,α) be a Ggen-proof of ∆ witnessed by x. Take the point-generated coalgebra around x
given by (↑x, αx). By Lemma 4.6 this is a Ggen-proof. Moreover, by definition of αx (see Definition
3.13) fα(y) = fαx(y) for all y ∈ ↑x, so we have that (↑x, αx) is a Ggen-proof of ∆ (witnessed by
x). Finally, take y ∈ ↑x, then by Lemma 4.5, fα(y) ⊆ Clos(∆), so fαx [↑x] ⊆ Pω(Clos(∆)) thus
|fαx [↑x]| ≤ 2|∆|Cl .

4.1.2 Filtration

The ultimate goal of this subsection will be to show that we can transform any f -finite proof of a
sequent ∆ into a finite proof of ∆. The method we will employ will use filtrations of coalgebras as
defined in Definition 3.2.

Definition 4.8 (f_eq_equi_rel). Given a Ggen-proof (X,α) define the relation ∼α on X by

x ∼α y if and only if fα(x) = fα(y).

The relation ∼α for any proof (X,α) is clearly an equivalence relation. We will drop the α superscript
when α is clear from the context.
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Lemma 4.9 (filtration ✓). If (X̂, α̂) is a filtration of a Ggen-proof (X,α) through the equivalence
relation ∼α then (X̂, α̂) is a Ggen-proof.

Proof. Recall from Definition 3.2 that X̂ is the set of representatives of the equivalence classes of
X determined by the choice function q : X → X̂ and β := (T L□

RGL
q) ◦ α ◦ i where i : X̂ → X is the

embedding.
We check the (node) and (step) conditions given in Definition 4.2. To begin with, observe that for

all y ∈ X̂,
(rβ(y), fβp (y), f

β
n (y), p

β(y)) = (rα(y), fαp (y), f
α
n (y), q[p

α(y)]). (4.1)

(node) Take y ∈ X̂. Since (rβ × fβp )(y) = (rα × fαp )(y) and (X,α) is a Ggen-proof, one of the forms
listed in the (node) conditions of Definition 4.2 will be satisfied.

(step) Take y ∈ X̂. To begin with, we show that for any y ∈ X̂,

fβ[pβ(y)] = fα[pα(y)]. (4.2)

Rewriting the left-hand side using (4.1) gives us fβ [pβ(y)] = fα[q[pα(y)]] = (fα ◦ q)[pα(y)]. Since
fα(x) = fα ◦ q(x) for all x ∈ X, we get fβ[pβ(y)] = fα[pα(y)]. We now check conditions (1)-(5).

1. If fβp (y) = {⊤}, then fαp (y) = {⊤} and pα(y) = ∅, thus pβ(y) = q[pα(y)] = ∅.

2. Follows analogously from (1)

3. If fβp (y) = {φ∨ψ} for φ,ψ ∈ L□, then fαp (y) = {φ∨ψ} and fα[pα(y)] = {(fαn (y) \ fαp (y))∪
{φ,ψ}}. Thus by (4.1) and (4.2) we have fβ[pβ(y)] = {(fβn (y) \ fβp (y)) ∪ {φ,ψ}}. Finally,
|pα(y)| = 1 so |q[pα(y)]| = 1.

4. If fβp (y) = {φ∧ψ} then by the same reasoning as (3) we know fβ [pβ(y)] = {(fβn (y)\fβp (y))∪
{φ}, (fβn (y) \ fβp (y)) ∪ {ψ}}. Moreover |pα(y)| ≤ 2 so |q[pα(y)]| ≤ 2.

5. Follows analogously from (3).

Theorem 4.10. For all sequents ∆, if there is a f -finite proof (X,α) of ∆ then there is a finite proof
(Y, β) of ∆ such that |Y | = |fβ[Y ]|.

Proof. Let (X,α) be a f -finite proof of ∆, i.e. |f [X]| is finite. Let (X̂, α̂) be a filtration of (X,α)
through the equivalence relation ∼α. Observe there is a bijection X̂ → f α̂[X̂] given by y 7→ f α̂(y).
This map is injective since if two representatives y1 and y2 of different equivalence classes satisfy
f α̂(y1) = f α̂(y2), then fα(y1) = fα(y2) so y1 ∼α y2, a contradiction. Thus |X̂| = |f α̂[X̂]|. Finally, let
x witness the proof of ∆ in (X,α). Let x̂ denote the representative of the equivalence class x is in
(i.e. x̂ = q(x)). Then f α̂(x̂) = fα(x) and fα(x) = ∆ so (X̂, α̂) proves ∆, witnessed by x̂.

We can now combine Theorem 4.7 and Theorem 4.10 to prove the main result of the section.

Theorem 4.11. For all sequents ∆, if there is a Ggen-proof of ∆ then there is a finite proof of ∆ whose
size is bounded by 2|∆|Cl .

Proof. This follows from Theorem 4.7 and Theorem 4.10.
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4.2 Interpolation

4.2.1 The Split Proof System

In his work in [Sha14], D. Shamkanov introduces a cyclic split sequent variant of his system GLcyc,
and shows a transformation from GLcyc-proofs to the cyclic split sequent system. He then defines
interpolants inductively on the structure of proofs in this split sequent system and proves the correctness
of these interpolants semantically.

To approach interpolation from a coalgebraic perspective we start by defining a coalgebraic notion
of proof mimicking the split sequent system given by D. Shamkanov. Formulas in the split sequent
system will occur on the left- or right-hand side of a split sequent. For this reason, elements of the
split sequent will be elements of sL□ := L□ × {l, r}, where l denotes left and r denotes right. For
shorthand, we let φl denote (φ, l) and φr denote (φ, r). Moreover, for i ∈ {l, r} and ∆ ∈ Pω(L□), we
define ∆i := {φ | (φ, i) ∈ ∆}. We may denote a split sequent ∆ using the notation ∆l | ∆r.

top
⊤i,Γ

ax
pi, pj ,Γ

φi, ψi,Γ or
(φ ∨ ψ)i,Γ

φi,Γ ψi,Γ
and

(φ ∧ ψ)i,Γ
φi,♢Γ,Γ

box
(□φ)i,♢Γ,Σ

Figure 4.3: Rule applications of the Gsplit system.

This is not the last time we will annotate formulas φ with extra information. To keep notation
clean, given an annotated sequent ∆ of formulas annotated with extra information, let the operators
Lit(∆), Clos(∆), and ∆ denote the literals, closure, and negation of the underlying formulas in the
sequent ∆ respectively.

Making these conditions explicit we get the following notion of proof.

Definition 4.12 (Split.Proof). A T sL□
RGL

-coalgebra (X,α) is called a Gsplit-proof if the following
statements hold:

(node) for all x ∈ X, (r × fp)(x) is of one of the following forms:

1. (top, {⊤i}) 2. (ax, {qi, qj}) 3. (or, {(φ ∨ ψ)i}) 4. (and, {(φ ∧ ψ)i}) 5. (box, {(□φ)i})

where i, j ∈ {l, r}, q ∈ Prop and φ,ψ ∈ L□.

(step) For all x ∈ X, the following statements hold:

1. If fp(x) = {⊤i} then p(x) = ∅.

2. If fp(x) = {qi, qj} then p(x) = ∅.

3. If fp(x) = {(φ ∨ ψ)i} then |p(x)| = 1 and f [p(x)] = {(fn(x) \ fp(x)) ∪ {φi, ψi}}.

4. If fp(x) = {(φ ∧ ψ)i} then |p(x)| ≤ 2 and

f [p(x)] =
{
{(fn(x) \ fp(x)) ∪ {φi}}, {(fn(x) \ fp(x)) ∪ {ψi}}

}
.

5. If fp(x) = {(□φ)i} then |p(x)| = 1 and f [p(x)] = {□−1
4,split(fn(x)) ∪ {φi}} where

□−1
4,split(Θ) = {(φ, i) | (♢φ, i) ∈ Θ} ∪ {(♢φ, i) | (♢φ, i) ∈ Θ}.

We should note that the same finitization result about Ggen-proofs applies to Gsplit-proofs using the
same technique of point generation and filtration.
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Theorem 4.13 (Split.finite_proof_of_proof ✓). Given a Gsplit-proof (X,α) of ∆, there exists a
finite Gsplit-proof (Y, β) of ∆ such that |Y | ≤ 2|∆|Cl+1.

Proof. Following the same method of finitization for Ggen-proofs in Section 4.1, we get our result by
the same method of proving f -finitization via point generation and finitization via filtration of f -finite
proofs using the same equivalence relation. We get a bound of 2|∆|Cl+1 rather than 2|∆|Cl since we have
to account for formulas showing up on both the left- and right-hand side of a split sequent.

Moreover, this system is modally sound and complete by the same argument as for the Ggen-proof
system.

Theorem 4.14 (Split.soundness ✓, Split.completeness ✓). For all split sequents ∆,Γ,

⊢Gsplit ∆ | Γ if and only if ⊨
∨

(∆ ∪ Γ)

where ⊢Gsplit is as defined in Definition 3.10 and ⊨ denotes semantic validity on transitive and converse
well-founded Kripke models.

Proof. Soundness follows from an equivalent argument to the one given by G. Menéndez Turata in
[Men24, Prop. 2.2.8]. Completeness for the Gsplit system follows from the game-theoretic approach we
discuss in Section 6.3.

The implicit infinite path condition stated in Lemma 4.4 for Ggen-proofs is also true for Gsplit-proofs,
and will be useful later.

Lemma 4.15 (Split.inf_path_has_inf_boxes ✓). Given a Gsplit-proof (X,α), on every infinite
◁-path (xi)i<ω, there are infinitely many i such that r(xi) = box.

Proof. Follows from Lemma 4.4.

We will need the following property about literals in Gsplit-proofs to prove that the interpolants we
compute satisfy the vocabulary condition for Lyndon interpolants.

Lemma 4.16. Given a Gsplit-proof (X,α) and x, y ∈ X such that x◁∗ y,

Lit(f(y)l) ∩ Lit(f(y)r) ⊆ Lit(f(x)l) ∩ Lit(f(x)r)

Proof. Let (X,α) and x, y be as specified. Suppose q ∈ Lit(f(y)l)∩Lit(f(y)r) and proceed by induction
on x◁∗ y. If x = y we immediately have our result. So suppose x◁ z and z ◁∗ y. By the induction
hypothesis we know q ∈ Lit(f(z)l) ∩ Lit(f(z)r) so it remains to show that q ∈ Lit(f(x)l) ∩ Lit(f(x)r).
This can be seen by checking cases on (r × fp)(x) as this determines f(z). From the (step) conditions
it can be observed that no new formulas are introduced when making a forward step within the proof
and the rule applications of the Gsplit-proof system do not negate any formulas, giving us our desired
result.

4.2.2 Finding Interpolants

The standard technique for finding interpolants from a sequent calculus is to use the well-founded
tree-like structure of the proof system to define interpolants from the leaves downward. This means
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special care has to be taken in cyclic proof systems to handle the repeats. However, as previously
noted, the edge relation induced by our proof system is not necessarily well-founded. We will follow the
approach towards interpolation laid out in Section 3.1.

Definition 4.17 (encodeVar). Let (X,α) be a finite Gsplit-proof. For every x ∈ X, let qx be a unique
atom such that qx does not appear in

⋃
x∈X FV (f(x)) (i.e. qx does not appear in any of the sequents

of (X,α)).

We note that since (X,α) is finite, there will only be a finite number of atoms in the entirety of the
proof, so our set of free variables is well-defined.

Definition 4.18 (equation). Given a Gsplit-proof (X,α) we define a set of equations for interpolation
(see Definition 3.14) χ : X → L□ such that χ is defined as follows

1. if fp(x) = {⊤l} then χx := ⊥;

2. if fp(x) = {⊤r} then χx := ⊤;

3. if fp(x) = {ql, ql} then χx := ⊥;

4. if fp(x) = {ql, qr} then χx := q;

5. if fp(x) = {qr, ql} then χx := q;

6. if fp(x) = {qr, qr} then χx := ⊤;

7. if fp(x) = {(φ ∨ ψ)l} then χx := qy where y is the single element in p(x);

8. if fp(x) = {(φ ∨ ψ)r} then χx := qy where y is the single element in p(x);

9. if fp(x) = {(φ ∧ ψ)l} then χx :=
∨

y∈p(x) qy;

10. if fp(x) = {(φ ∧ ψ)r} then χx :=
∧

y∈p(x) qy;

11. if fp(x) = {(□φ)l} then χx := ♢qy where y is the single element in p(x);

12. if fp(x) = {(□φ)r} then χx := □qy where y is the single element in p(x).

We should note that χ is well-defined since all of the aforementioned cases are unique and cover all
possibilities for fp(x) in a Gsplit-proof.

Lemma 4.19 (var_in_equation ✓). Let (X,α) be a Gsplit-proof and take x ∈ X and q ∈ Lit. If
q ∈ Lit(χx) then one of the following statements holds:

1. q ∈ Lit(f(x)l) ∩ Lit(f(x)r),

2. q = qy for some y ∈ X such that x◁ y.

Proof. Let (X,α) be a Gsplit-proof and let x ∈ X and q ∈ Prop be as specified. By taking cases on
(r × fp)(x) we get our desired result from the definition of χ and f .
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Our approach to interpolation is to view an interpolant for a node x in a Ggen-proof (X,α) as a
solution σ to the set of equations {qx ≈ χx | x ∈ X} applied to qx. In fact, Lyndon interpolants require
a stronger vocabulary condition, which says

Lit(σ(qx)) ⊆ Lit(f(x)l) ∩ Lit(f(x)r)

By solving a set of equations in the form defined in Definition 4.18, we find the interpolant not for
just one node but for all nodes in a finite proof. Our method to prove that such a solution exists is to
prove the following stronger claim which enforces the stronger vocabulary condition as well as a size
condition.

Lemma 4.20 (interpolant_strong_prop ✓). Given a finite Gsplit-proof (X,α) and a set of equations
for interpolation χ as defined above, for every Y ⊆ X there is a map σY : ΛY → L□ such that for all
x ∈ Y , the following conditions are met.

1. One of the following statements hold:

(a) σY (qx) = σY (χx),

(b) σY (qx) ≡ σY (χx), r(x) = box, and x◁+
Y x.

2. For all z ∈ X, if qz ∈ Voc(σY (qx)) then x◁+ z.

3. Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ ΛX\Y .

4. |σY (qx)|Cl ≤ 3× 2|Y |.

Proof. We will prove the existence of σY by induction on the size of Y . Proving that this substitution
satisfies conditions (1) through (4) requires many small checks, and we provide the full proof in the
appendix in Lemma A.1.

The base case is immediate. Suppose Y ≠ ∅, we inspect the structure of (Y,◁Y ) where ◁Y is the
restriction of ◁ to Y . We distinguish cases depending on whether there is a node y ∈ Y such that
y ◁+

Y y, i.e. whether there is a cycle within Y .

• Suppose that no loops occur in Y . Then since the graph (Y,◁Y ) is finite there must exist a leaf
y with respect to ◁Y . Let Z = Y \ {y}. Then, by the induction hypothesis we know that there
must be σZ : ΛZ → L□ with the properties listed above. We define σY : ΛY → L□ by

σY (qx) = σZ(qx)[χy/qy].

• Now suppose that a loop does occur in Y . By Lemma 4.15 there must be a box node on this
cycle, let it be y. Then χy = △qy′ where y′ is the unique premise of y and △ ∈ {□,♢}. Let
Z = Y \ {y}, by the induction hypothesis we know that there must be σZ : ΛZ → L□ satisfying
all of the properties specified above. Let δ ∈ {⊤,⊥} be ⊤ if △ = □ and ⊥ if △ = ♢. Recall from
Lemma 2.11 that we know σZ(χy)[(σZ(χy)[δ/qy])/qy] ≡ σZ(χy)[δ/qy]. We define σY : ΛY → L□

by
σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy].

The following result is a corollary of the above lemma.
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Theorem 4.21 (interpolant_prop ✓). Given a finite Gsplit-proof (X,α) and a set of equations for
interpolation χ as defined above, there is a map σ : ΛX → L□ such that for all x ∈ X, the following
conditions are met.

1. One of the following hold:

(a) σ(qx) = σ(χx),

(b) σ(qx) ≡ σ(χx) and r(x) = box.

2. Lit(σ(qx)) ⊆ Lit(f(x)l) ∩ Lit(f(x)r).

3. |σ(qx)|Cl ≤ 3× 2|X|.

Proof. Follows from Lemma 4.20.

Definition 4.22 (interpolant). Given a finite Gsplit-proof (X,α), choose a solution σ to a set of
equations for interpolation as guaranteed by Theorem 4.21. We define the interpolant for a node x ∈ X,
denoted ιx, to be σ(qx).

4.2.3 Partial Interpolation Proofs

In the last section we showed how to take a finite Gsplit-proof (X,α) and find formulas ιx for each
x ∈ X which we referred to as the interpolants. We want to show that we are justified in calling these
formulas interpolants by proving the split sequents f(x)l | ιx and ιx | f(x)r for each x ∈ X. The work
by D. Shamkanov in [Sha14] proves this semantically using the underlying well-founded structure of
GLcyc. We do not have this well-foundedness to fall back on, but we will show that it is not necessary.
The proof method we will employ will also be different.

Instead of a semantic argument, we will create proofs of the aforementioned sequents f(x)l | ιx and
ιx | f(x)r in a coalgebraic proof system by creating partial proofs and combining them. The proof
system we base these partial proofs on will be an extension of D. Shamkanov’s split sequent system
with an added cut and weakening rule.

top
⊤i,Γ

ax
pi, pj ,Γ

φi, ψi,Γ or
(φ ∨ ψ)i,Γ

φi,Γ ψi,Γ
and

(φ ∧ ψ)i,Γ
φi,♢Γ,Γ

box
(□φ)i,♢Γ,Σ

Γ wk
φi,Γ

Γl | φ φ | Γr

cut
Γ

Figure 4.4: Rule applications for the Gext system.

The set of rules for our extended system will therefore be given by Rext := RGL ∪ {wk, cut}.

Definition 4.23. A T sL□
Rext

-coalgebra (X,α) is a Gext-proof if for all x ∈ X, the following conditions
hold

(node) One of the following holds

1. (r × fp)(x) = (wk, {φi}),

2. (r × fp)(x) = (cut, {φi}),

3. The (node) conditions of Gsplit hold for x.
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(step) The following conditions hold

1. If (r × fp)(x) = (wk, {φi}) then f [p(x)] = {fn(x)} and |p(x)| = 1.

2. If (r × fp)(x) = (cut, {φi}) then

f [p(x)] = {(f(x)l × {l}) ∪ {φr}, (f(x)r × {r}) ∪ {φl}} and |p(x)| ≤ 2.

(path) On every infinite ◁-path (xi)i<ω from x there are infinitely many i such that r(xi) = box.

Some systems require the use of analytic cut to prove interpolation. We do not have this restriction
since we only use the extended split system to prove the correctness of interpolants. However, our use
of cut in our interpolation correctness proofs will be analytic and restricted to the use of cut to cut
fixpoint formulas of the very specific form given in Lemma 2.11.

Lemma 4.24 (partialInterpolationLeft, partialInterpolationRight). Given a Gsplit-proof
(X,α) and x ∈ X there exists Gext

par-proofs (Lx, βx) and (Rx, γx) such that the following properties hold:

1. There exists a node lx ∈ Lx (rx ∈ Rx) such that fβx(lx) = f(x)l | ιx (fγx(rx) = ιx | f(x)r).

2. For all z ∈ Lx (z ∈ Rx), if r(z) = as then there exists y ∈ pα(x) such that fβx(z) = fα(y)l | ιy
(fγx(z) = ιy | fα(y)r).

3. If rα(x) = box then (Lx, βx) ((Rx, γx)) has a box rule application on every path from lx (rx) to a
non-axiomatic leaf.

Proof. The interesting cases are when x is a box node, and ιx ̸= △ιy where y is the unique premise of
x. Table 4.1 covers the other cases for the choice of χ made clear by the “χx” column of the table. The
three aforementioned properties can be checked via a direct inspection.

The principal formula occurs on the left side of the proof. If the principal formula occurs
on the left side of the proof then ιx ≡ ♢ιy and fp(x) = □φl for some formula φ by Theorem 4.21.
By completeness of the split system, this means that there exists a Gsplit-proof D1 of ♢ιy | ιx and a
Gsplit-proof D2 of ιx | ♢ιy. The Gext

par-proofs (Lx, βx) and (Rx, γx) are given as follows:

φ,□−1
4 (Γl) | ιy

wk
φ,□−1

4 (Γl) | ♢ιy, ιy
box

□φ,Γl | ♢ιy

D1

♢ιy | ιx
cut

□φ,Γl | ιx

ιy | □−1
4 Γr

box
□ιy | Γr

D2

ιx | ♢ιy
cut

ιx | Γr

The principal formula occurs on the right side of the proof. If the principal formula occurs on
the right side of the proof then ιx ≡ □ιy and fp(x) = □φr by Theorem 4.21. By completeness of the
split system, this means that there exists a Gsplit-proof D1 of □ιy | ιx and a Gsplit-proof D2 of ιx | □ιy.
The Gext

par-proofs (Lx, βx) and (Rx, γx) are given as follows:

□−1
4 (Γl) | ιy

box
Γl | □ιy

D1

□ιy | ιx
cut

Γl | ιx

ιy | φ,□−1
4 Γr

wk
ιy,♢ιy | φ,□−1

4 Γr

box
♢ιy | □φ,Γr

D2

ιx | □ιy
cut

ιx | □φ,Γr
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Representation of α(x) χx Left Proof (Lx, βx) Right Proof (Rx, γx)

⊤,Γl | Γr χx = ⊥ ⊤,Γl | ιx ιx | Γr

Γl | ⊤,Γr χx = ⊤ Γl | ιx ιx | ⊤,Γr

q, q,Γl | Γr χx = ⊥ q, q,Γl | ιx ιx | Γr

q,Γl | q,Γr χx = q q,Γl | ιx ιx | q,Γr

q,Γl | q,Γr χx = q q,Γl | ιx ιx | q,Γr

Γl | q, q,Γr χx = ⊤ Γl | ιx ιx | q, q,Γr

φ,ψ,Γl | Γr

or
φ ∨ ψ,Γl | Γr

χx = χy
φ,ψ,Γl | ιy or
φ ∨ ψ,Γl | ιx

ιx | Γr

Γl | φ,ψ,Γr

or
Γl | φ ∨ ψ,Γr

χx = χy Γl | ιx
ιy | φ,ψ,Γr

or
ιx | φ ∨ ψ,Γr

φ,Γl | Γr ψ,Γl | Γr

and
φ ∧ ψ,Γl | Γr

χx = χy ∨ χz

φ,Γl | ιy
wk

φ,Γl | ιy, ιz
ψ,Γl | ιz

wk
ψ,Γl | ιy, ιz

and
φ ∧ ψ,Γl | ιy, ιz or
φ ∧ ψ,Γl | ιx

ιy | Γr ιz | Γr

and
ιx | Γr

Γl | φ,Γr Γl | ψ,Γr

and
Γl | φ ∧ ψ,Γr

χx = χy ∧ χz
Γl | ιy Γl | ιz

and
Γl | ιx

ιy | φ,Γr

wk
ιy, ιz | φ,Γr

ιz | ψ,Γr

wk
ιy, ιz | ψ,Γr

and
ιy, ιz | φ ∧ ψ,Γr

or
ιx | φ ∧ ψ,Γr

φ,□−1
4 (Γl) | □−1

4 (Γr)
box

□φ,Γl | Γr
χx = ♢χy

φ,□−1
4 (Γl) | ιy

wk
φ,□−1

4 (Γl) | ♢ιy, ιy
box

□φ,Γl | ιx

ιy | □−1
4 (Γr)

box
ιx | Γr

□−1
4 (Γl) | φ,□−1

4 (Γr)
box

Γl | □φ,Γr
χx = □χy

□−1
4 (Γl) | ιy

box
Γl | ιx

ιy | φ,□−1
4 (Γr)

wk
♢ιy, ιy | φ,□−1

4 (Γr)
box

ιx | □φ,Γr

Table 4.1: Partial Interpolation Proofs
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Lemma 4.25. Given a finite Gsplit-proof (X,α), the collection of Gext
par-proofs {(Lx, βx)}x∈X given in

Lemma 4.24 is structured.

Proof. This essentially follows from Lemma 4.24. To show that the collection of partial proofs is
structured we have to show:

1. For every x ∈ X there is a node lx ∈ Lx which we refer to as the root node,

2. For all x ∈ X and z ∈ Lx, if rβx(z) = as then there is y ∈ X such that fβx(z) = fβy(ly).

For (1) we define lx to be a node guaranteed by Lemma 4.24 (1), and then (2) follows since given
x ∈ X and z ∈ Lx such that rβx(z) = as by Lemma 4.24 (2) we know fβx(z) = fα(y)l | ιy for y ∈ pα(x).
Finally, by Lemma 4.24 (1) we know that fβy(ly) = fα(y)l | ιy.

Lemma 4.26. Given a finite Gsplit-proof (X,α), the collection of Gext
par-proofs {(Rx, γx)}x∈X given in

Lemma 4.24 is structured.

Proof. Analogous to Lemma 4.25.

4.2.4 Proof Transformations

Theorem 4.27 (proofTransformation ✓). Given a Gsplit-proof (X,α), and a structured collection
of Gext

par-proofs {(Px, βx)}x∈X , let the root of Px be denoted by px; a proof transformation (Y, β) (see
Definition 3.22) is a Gext

skip-proof if for all x ∈ X, the following conditions hold:

1. If rα(x) = box then Px has a box rule application on every path from px to the non-axiomatic
leaves.

2. For all z ∈ Px such that rβx(z) = as, the chosen y ∈ X such that fβx(z) = fβy(py) is in pα(x).

Proof. To begin with, recall by definition of (Y, β) in Definition 3.22 that

(fβp (x, z), f
β
n (x, z)) = (fβx

p (z), fβx
n (z)) (4.3)

and by condition (2) we know that

(x, z)◁β (x′, z′) if and only if x◁α x′ or, x = x′ and z ◁βx z′

We check that the (node), (step), and (path) conditions for the Gext
skip system are met.

(node) Take (x, z) ∈ Y . We split cases depending on whether rβx(z) = as. If so, then (rβ × fβp )(x, z) =

(skip, ∅) by Definition 3.22, so we have our desired result. If rβx(z) ̸= as then by Definition 3.17,
the (node) condition of Gext holds, our desired result.

(step) Take (x, z) ∈ Y . We split cases depending on whether rβx(z) = as. If so, we know fβx
p (z) = ∅

by Definition 3.17 and (rβ × fβp )(x, z) = (skip, ∅) by Definition 3.22. By Definition 3.20 we must
show fβ[pβ(x, z)] = fβ(x, z) and |pβ(x)| = 1. This follows since the unique premise of (x, z) is
(y, py) by Definition 3.22 and

fβ[pβ(x, z)] = fβ(y, py) = fβy(py) = fβx(z) = fβ(x, z).
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The second and fourth equalities follow from (4.3) and the third equality follows from the structure
condition. If rβx(z) ̸= as then by Definition 3.17, the (step) condition of A holds, our desired
result.

(path) Recall that the path conditions of the Gext
skip system are the following:

1. On every infinite ◁β-path (xi, zi)i<ω there are infinitely many i such that rβ(xi, zi) = box,

2. On every infinite ◁β-path (xi, zi)i<ω there are not cofinitely many i such that rβ(xi, zi) = skip.

Recall that Y = {(x, z) | x ∈ X, z ∈ Px}. We will show (1) as (1) will imply (2). This follows
since if there are infinitely many i such that rβ(xi, zi) = box then there cannot be cofinitely many
i such that rβ(xi, zi) = skip. To show (1), let (xi, zi)i<ω be an infinite path in (Y, β). We split
cases depending on whether there exists n such that for all i ≥ n, xi = xn.

• If this is the case, then we can find an infinite ◁βxn -path in Pxn given by (zj)j≥n. Since
Pxn is a Gext

par-proof, we know there are infinitely many j such that rβxj (zj) = box. By (4.3)
we know rβxj (zj) = rβ(xj , zj), so on this path there are infinitely many nodes such that
rβ(xj , zj) = box.

• If this is not the case, then observe that (xi, zi)i<ω induces an infinite path in (X,α). In
other words, we can write our path as

(x0, z0,0), . . . , (x0, z0,m0), (x1, z1,0), . . . , (x1, z1,m1), . . .

where xi ◁α xi+1 for all i, zi,mi is a non-axiomatic leaf for all i, and zi,0 is the root node of
Pxi for all i ̸= 0. Since (xi)i<ω is an infinite ◁α-path in (X,α), we know by Lemma 4.15
that there are infinitely many i such that rα(xi) is a box node. Therefore, for all of these i
such that i ̸= 0, by condition (1) there will be j ≤ mi such that rβxi (zi,j) = box, giving us
our desired result.

Our Lyndon interpolation result follows. We first state the syntactic result for finite Gsplit-proofs,
and then state the main result.

Theorem 4.28 (syntactic_interpolation ✓). Given a finite Gsplit-proof (X,α), there are Gext
skip-

proofs (Y, β) and (Z, γ) which prove f(x)l | ιx and ιx | f(x)r for each x ∈ X.

Proof. We will prove there is a Gext
skip-proofs (Y, β) of f(x)l | ιx for each x ∈ X. The right interpolation

correctness proof follows analogously. By Lemma 4.25 there is a structured collection of Gext
par-proofs

{(Lx, βx)}x∈X . By Theorem 4.27 the proof transformation (Y, β) of this collection is a Gext
skip-proof. Take

x ∈ X, it remains to show (Y, β) ⊢Gext
skip

f(x)l | ιx. This is witnessed by (x, lx) ∈ Y since by Lemma
4.24, fβx(lx) = f(x)l | ιx, so fβ(x, lx) = f(x)l | ιx.

Theorem 4.29 (interpolation ✓1). Given φ,ψ ∈ L□ such that ⊨ φ ∨ ψ, there is a formula χ such
that the following two properties hold:

1. Lit(χ) ⊆ Lit(φ) ∩ Lit(ψ),

2. ⊨ φ ∨ χ and ⊨ χ ∨ ψ.
1In our Lean formalization we prove Craig interpolation not Lyndon interpolation. See Chapter 6 for details.
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Proof. Take φ,ψ such that ⊨ φ ∨ ψ. By Theorem 4.3 we know ⊢Gsplit φ | ψ, i.e. there is (X,α) and
x ∈ X such that f(x) = φ | ψ. By Theorem 4.13 we can assume that X is finite. By Theorem 4.28 we
know there exists χ such that

1. Lit(χ) ⊆ Lit(φ) ∩ Lit(ψ),

2. ⊢Gext
skip

φ | χ and ⊢Gext
skip

χ | ψ.

If Gext
skip is sound, we have ⊨ φ ∨ χ and ⊨ χ ∨ ψ. The fact that this system is sound follows by the same

argumentation in [Men24, Prop. 2.2.8] that Shamkanov’s system is sound and the fact that the rule
skip is not used cofinitely often on any infinite path.
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Chapter 5

The Alternation-Free µ-Calculus

We now move to a more complex example, a proof system for the alternation-free µ-calculus (AFMC).
The systems we use as a basis for our coalgebraic notion of proof are the cyclic and infinite tree proof
systems created by J. Marti and Y. Venema called Focus and Focus∞ respectively [MV21]. This system
restricts to guarded formulas, for which it is known that all alternation-free formulas are semantically
equivalent to guarded alternation-free formulas. Let Laf

□ denote the set of all guarded formulas of the
alternation-free µ-calculus.

Cyclic proof systems for fixpoint logics with fixpoint operators have appeared in multiple works.
Key systems for the modal µ-calculus were introduced by C. Stirling in [Sti14] and N. Jungteerapanich
in [Jun10], and relied on annotating formulas within the system with added strings of information used
to show soundness and completeness of the systems. A natural starting point to discuss these systems
is how they handle fixpoint formulas. Since ηx.φ ≡ φ[ηx.φ/x], fixpoints could be handled as follows.

Γ, φ[µx.φ/x]

Γ, µx.φ

Γ, φ[νx.φ/x]

Γ, νx.φ

Of course, adding these rules makes the proof system ill-founded because we can indefinitely unfold
formulas. The flaw of such a system becomes clear when considering the following proof of µx.□x,
which is well-known to be semantically equivalent to ⊥.

□µx.□x
µx.□x

To remedy this, added pieces of information, called annotations, are added to the proof. In the
alternation-free case, the work in [MV21] posits that we need only a single bit of data to be added to
each formula in the proof. This bit will be an element of the set {u, f}, and we will refer to the set of
annotated formulas as aLaf

□ := Laf
□ × {u, f}. Given φ ∈ Laf

□ , we let φi = (φ, i) and we call φi unfocused
if i = u and focused if i = f . The rules of the system are given in Figure 5.1.

top
⊤a

ax
pa, pb

φa, ψa,Γ
or

(φ ∨ ψ)a,Γ
φa,Γ ψa,Γ

and
(φ ∧ ψ)a,Γ

φa,Γ
box□φa,♢Γ

φ[µx.φ/x]u,Γ
mu

µx.φa,Γ

φ[νx.φ/x]a,Γ
nu

νx.φa,Γ
Γ wk

φa,Γ
φf ,Γ

f
φu,Γ

φu,Γ
u

φf ,Γ

Figure 5.1: Rule applications of the systems Focus and Focus∞ [MV21].
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Focus and Focus∞-proofs have two added conditions about infinite paths that are needed to prove
the system is sound and complete. The first (much like GL’s implicit path condition) states that
every infinite path must have infinitely many box rule applications, and the second states that every
infinite path must have cofinitely many nodes which contain a formula in focus, and are not u or f rule
applications. With these added path conditions, one can check that proving µx.□xa for any a ∈ {u, f}
becomes impossible. We now unify these two systems using our coalgebraic approach.

Definition 5.1. We define the set of rules RAFMC to be the set {top, ax, or, and, box,mu, nu,wk, f, u}.

Definition 5.2. Given a T aLaf
□

RAFMC
-coalgebra (X,α) and x ∈ X, we say that x is annotated if r(x) ̸= u,

r(x) ̸= f, and f(x) contains a formula in focus, i.e. there is φ such that φf ∈ f(x).

Definition 5.3. A T aLaf
□

RAFMC
-coalgebra (X,α) is called an Agen-proof if the following node, step, and path

conditions are met:

(node) For all x ∈ X, (r × fp)(x) has one of the following forms:

1. (top, {⊤a}) 2. (ax, {qa, qb}) 3. (or, {(φ ∨ ψ)a}) 4. (and, {(φ ∧ ψ)a}) 5. (box, {□φa})
6. (mu, {µx.φa}) 7. (nu, {νx.φa}) 8. (wk, {φa}) 9. (f, {φu}) 10. (u, {φf})

where q ∈ Prop, a, b ∈ {u, f}, φ,ψ ∈ Laf
□ .

(step) The step conditions represented in Figure 5.1 are satisfied.

(path) The following path conditions are satisfied:

1. On every infinite ◁-path (xi)i<ω there are cofinitely many i such that xi is annotated.

2. On every infinite ◁-path (xi)i<ω there are infinitely many i such that r(xi) = box.

Remark 5.4. From now on, we will not write out each step condition using our structure morphism α

for a given coalgebra (X,α). Instead we will refer to a figure of the rule applications. The definitions of
the Ggen, Gsplit, and Gext-proof systems in Chapter 4 (Definition 4.2, Definition 4.12, and Definition
4.23 respectively) should sufficiently demonstrate how to codify step conditions.

Theorem 5.5 (Soundness and Completeness). Given a sequent ∆ ∈ Pω(Laf
□),

⊢Agen {φf | φ ∈ ∆} if and only if ⊨
∨

∆.

where ⊢Agen is as defined in Definition 3.10 and ⊨ denotes semantic validity on Kripke models.

Proof. The work in [MV21] establishes soundness and completeness for the ill-founded proof system
Focus∞. Observing that every ill-founded proof in Focus∞ is an Agen-proof, and that every Agen-proof
can be turned into an ill-founded Focus∞-proof via unraveling, soundness and completeness follows.

5.1 Finitization

As in Chapter 4, we need to finitize our proofs. We will begin by showing that point generation yields
an f -finite proof. We get this result using the same argumentation as Section 4.1.

35



Lemma 5.6. Given an Agen-proof (X,α) and x, y ∈ X. If x◁∗ y, then f(y) ⊆ Clos(f(x))× {u, f}.

Proof. Analogous to Lemma 4.5.

Lemma 5.7. Given an Agen-proof (X,α) and some node x ∈ X, the point-generated T aLaf
□

RAFMC
-coalgebra

around x (see Definition 3.13) given by (↑x, αx) is an Agen-proof.

Proof. The fact that the (node) and (step) conditions are satisfied is analogous to Lemma 4.6.

(path) Take an infinite ◁αx-path (xi)i<ω in (↑x, αx). This is also an infinite ◁α-path (xi)i<ω in (X,α),
which satisfies the (path) condition. Thus, since rαx(y) = rα(y) and fαx(y) = fα(y) for any
y ∈ ↑x, we have our desired result.

Theorem 5.8. For any annotated sequent ∆, if there is an Agen-proof (X,α) of ∆ then there is an
f -finite proof of ∆ where |f [X]| is bounded by 2|∆|Cl+1.

Proof. Let (X,α) be an Agen-proof of ∆ witnessed by x. Take the point-generated coalgebra around
x given by (↑x, αx). By Lemma 5.7 this is an Agen-proof. Moreover, since fα(x) = fαx(x), we
know that (↑x, αx) is an Agen-proof of ∆. Finally, for all y ∈ ↑x, by Lemma 5.6 we know that
f(y) ⊆ Clos(∆)× {u, f}, so |f [↑x]| ≤ 2|∆|Cl+1.

Thus our system Agen has f -finite proofs. If we were to continue following the methodology of
Section 4.1, we would take an arbitrary filtration for the equivalence relation given by

x ∼α y if and only if f(x) = f(y).

Figure 5.2 shows why taking arbitrary filtrations is not feasible. In short, filtrations preserve the node
and step conditions, but may fail to preserve the path conditions.

...
νx.□xf

□νx.□xf

νx.□xf

νx.□xu

νx.□xf

box

nu

f

u

□νx.□xf

νx.□xf

νx.□xu

f

nubox

□νx.□xf

νx.□xf

νx.□xu

box

uf

Figure 5.2: An Agen-proof of νx.□xf (left), a filtration of the left proof which is an Agen-proof (middle),
and a filtration of the left proof which is not an Agen-proof (right).

Our path conditions are recurrence and persistence statements expressible in the modal µ-calculus.
It is a well-known property of the modal µ-calculus that filtrations do not preserve satisfaction [BS07].
In Figure 5.2, we give an example specific to our proof system. On the left we present a proof of
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νx.□xf , and two filtrations of this proof. The filtration shown in the middle is a valid proof, since one
can check via direct inspection that all infinite paths use the box-rule application infinitely many times,
and the u and f rules cofinitely many times as well as having cofinitely many sequents with a formula in
focus. The filtration on the right does not satisfy either of these path conditions and is not a valid
proof. Thus we must proceed via a different method.

We fix a f -finite proof (X,α) of ∆ for the rest of this section, and give our construction of a finite
proof proving the same sequents shown in (X,α). We are inspired by the construction of D. Kozen in
[Koz88], but heavily simplify things. The contents of [Koz88] prove the finite model property of the
modal µ-calculus by using a well-quasi-ordering on sets of formulas of the transfinite modal µ-calculus.

The key observation is that the (node), (step), and (path) conditions in Definition 5.3 can to some
degree1 be rewritten in the modal µ-calculus. Therefore one approach towards proving finitization
could be to use the modal µ-calculus as a meta-language, write all of our (node), (step), and (path)
conditions in the modal µ-calculus, view our Agen-proof (X,α) as a Kripke frame (X,◁α), give the
necessary interpretation, finitize it using Kozen’s well-quasi-order construction, turn the finite model
into a finite T aLaf

□
RAFMC

-coalgebra, and prove that said T aLaf
□

RAFMC
-coalgebra is still an Agen-proof which in fact

proves ∆.
However, inspection of Kozen’s method grants us a simpler and clearer construction. This con-

struction will focus solely on the two path conditions as modal µ-calculus formulas and assign weights
(ordinals) to each node in X that quantify how efficient the node is at proving the two path conditions
in the scope of the entire proof. The main idea will be to use these weights to create an intuitive order
≺ on X, from which we will show there is a finite set Y ⊆ X of nodes of minimal weights which we will
then use as the base set of our finite Agen-proof. To begin with, we define two weight functions we use
to construct this ordering.

5.1.1 Weighing Nodes

Recall that we call x an annotated node if r(x) is not u or f and f(x) contains a formula in focus. We
assign a valuation V to X given by pann 7→ {x | x annotated} and pbox 7→ {x | r(x) = box}. By the
path condition, we know that for every node x ∈ X, the following formulas are satisfied:

µz.pbox ∨ (pbox ∧□z) “every infinite path has a box node”

µz1.νz2.(pann ∧□z1) ∨ (pann ∧□z2) “every infinite path has cofinitely many annotated nodes”

Thus every node x has a least ordinal for both of these formulas.

Definition 5.9. We define the box weight of a node x ∈ X, denoted wbox(x), to be the least ordinal of
µz.pbox ∨ (pbox ∧□z) at x.

We state some properties about wbox that will be useful later.

Lemma 5.10. For all x ∈ X, if r(x) = box then wbox(x) = 1.

Proof. This follows from the semantics of the transfinite µ-calculus. Since x ⊨ pbox it follows that
x ⊨ µ1z.pbox ∨ (pbox ∧□z). Thus wbox(x) ≤ 1 if r(x) = box. To conclude the proof, we can observe that
wbox(x) ̸= 0 since x ⊭ µ0z.pbox ∨ (pbox ∧□z).

1To properly express the conditions of being an Agen-proof, the restriction on the number of premises each rule
application has needs a graded modal logic to express, although for finitization via Kozen’s method, this is not necessary.
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Lemma 5.11. If x◁ y and r(x) ̸= box then wbox(y) < wbox(x).

Proof. Let β = wbox(x) and θ = µz.pbox ∨ (pbox ∧□z). Observe the following sequence of deductions.

x ⊨ µβz.pbox ∨ (pbox ∧□z)

x ⊨ pbox ∨ (pbox ∧□θγ) where γ < β

x ⊨ pbox ∧□θγ since r(x) ̸= box

y ⊨ µγz.pbox ∨ (pbox ∧□z)

Thus wbox(y) ≤ γ < wbox(x).

Definition 5.12. We define the annotation weight of a node x, denoted wann(x), to be the least ordinal
of µz1.νz2.(pann ∧□z1) ∨ (pann ∧□z2).

We observe that wann behaves differently from wbox with respect to ◁. The difference will be made
clear by the following lemmas.

Lemma 5.13. For all x, y ∈ X such that x◁ y, if x is not annotated then wann(y) < wann(x).

Proof. Let β = wann(x) and θ = µz1.νz2.(pann ∧□z1) ∨ (pann ∧□z2). Observe the following sequence of
deductions.
x ⊨ µβz1.νz2.(pann ∧□z1) ∨ (pann ∧□z2)

x ⊨ νz2.(pann ∧□θγ) ∨ (pann ∧□z2) where γ < β

x ⊨ (pann ∧□θγ) ∨ (pann ∧□ unf(θγ))

x ⊨ pann ∧□θγ since x ⊭ pann

y ⊨ µγz1.νz2.(pann ∧□z1) ∨ (pann ∧□z2)

So wann(y) ≤ γ < wann(x).

Lemma 5.14. For all x, y ∈ X such that x◁ y, if x is annotated then wann(y) ≤ wann(x).

Proof. Let β = wann(x) and θ = µz1.νz2.(pann ∧□z1) ∨ (pann ∧□z2). Observe the following sequence of
deductions.
x ⊨ µβz1.νz2.(pann ∧□z1) ∨ (pann ∧□z2)

x ⊨ νz2.(pann ∧□θγ) ∨ (pann ∧□z2) where γ < β

x ⊨ (pann ∧□θγ) ∨ (pann ∧□ unf(θγ))

x ⊨ pann ∧□ unf(θγ) since x ⊨ pann

y ⊨ unf(θγ)

y ⊨ θγ+1

So wann(y) ≤ γ + 1 ≤ wann(x).

Definition 5.15. Let w : X → Ord2 be given by wann × wbox. We will refer to w(x) as the weight of a
node x.

Let <l denote the lexicographical order on Ord2 with preference given to the first projection, in
other words

w(x) <l w(y) if and only if wann(x) < wann(y), or wann(x) = wann(y) and wbox(x) < wbox(y).
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We now introduce the following order ≺ ⊆ X ×X on nodes as follows.

x ≺ y ⇐⇒ f(x) = f(y) and w(x) <l w(y).

If x ≺ y we say x is better than y. The reason for calling one node better than another is that if x ≺ y,
we know that f(x) = f(y), so the nodes are proving the same sequent. However wann(x) or wbox(x)

are equal to or smaller than their counterparts in y, so x is essentially capable of proving the path
conditions with less µ-unfoldings than y in the game-theoretic semantics of the modal µ-calculus. This
comes with the stipulation that we give preference to the condition (path) 2. over (path) 1. as we will
later use (path) 2. to prove (path) 1.

Lemma 5.16. There is a set Y ⊆ X such that for all x ∈ X, there exists y ∈ Y , such that y ⪯ x and
|Y | = |f [X]|.

Proof. Take the equivalence relation ∼α given by

x ∼α y if and only if f(x) = f(y).

Given an equivalence class [x], take y ∈ [x] such that w(y) ⪯ w(z) for all z ∈ [x]. Since (Ord2, <l) is
well-ordered, there will always be such a y. Let q : X → X be a choice function which chooses for each
x ∈ X, the choice of node y ∈ [x] such that w(y) ⪯ w(z) for all z ∈ [x]. Let Y := q[X], it remains to
show |Y | = |f [X]|. This can be seen by observing that there is a bijection Y → f [X] by y 7→ f(y).

Let q and Y be as defined above. Thus q(x) ⪯ x for all x. Moreover, let i : Y ↪→ X be the inclusion
map. By definition of q it is a choice function for the equivalence relation given by ∼α defined above.
Let β := (T aLaf

□
RAFMC

q) ◦ α ◦ i.

Remark 5.17. Recalling Figure 5.2, we saw that for the example proof we gave, there was a filtration
through ◁α that is a proof, shown in the middle of the figure. It turns out this was not a coincidence,
and we can now show that for every proof there always is a filtration that is also a proof.

5.1.2 Filtration

Lemma 5.18. If y ◁β z and y is not annotated then wann(z) < wann(y).

Proof. Suppose y ◁β z and y is not annotated, then z ∈ q[pα(y)] so there exists x ∈ pα(y) such that
q(x) = z. Since x ∈ pα(y) we know y ◁α x and since y is not annotated we know wann(x) < wann(y).
Moreover, since q(x) = z we know that z ⪯ x, so wann(z) ≤ wann(x). Putting this together, we get
wann(z) < wann(y).

Lemma 5.19. If y ◁β z and y is annotated then wann(z) ≤ wann(y).

Proof. Suppose y ◁β z and y is annotated, then z ∈ q[pα(y)] so there exists x ∈ pα(y) such that
q(x) = z. Since x ∈ pα(y) we know y ◁α x and since y is annotated we know wann(x) ≤ wann(y).
Moreover, since q(x) = z we know that z ⪯ x, so wann(z) ≤ wann(x). Putting this together, we get
wann(z) ≤ wann(y).

Lemma 5.20. If y ◁β z and y is not a box node then w(z) <l w(y).
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Proof. Suppose y ◁β z and y is not a box node. If y is not annotated then by Lemma 5.18 we
have wann(z) < wann(y) so w(z) <l w(y) so we are done. Otherwise, suppose y is annotated. Since
z ∈ q[pα(y)] there is x ∈ pα(y) such that y ◁α x and z = q(x). Since y is annotated we know
wann(x) ≤ wann(y) and since it is not a box node we know wbox(x) < wbox(y) so w(x) < w(y). Moreover,
since q(x) = z we know that z ⪯ x so w(z) ≤ w(x) < w(y), giving our desired result.

Theorem 5.21. The coalgebra (Y, β) as defined above is an Agen-proof.

Proof. We show that the (node), (step), and (path) conditions are met. To begin with, observe that for
all y ∈ Y ,

(T aLaf
□

RAFMC
q) ◦ α ◦ i(y) = (rα(y), fαp (y), f

α
n (y), q[p

α(y)])

(node) Take y ∈ Y . Since (rβ × fβp (y)) = (rα × fαp (y)), and (rα × fαp (y)) has one of the forms listed in
the node condition, we know that (rβ × fβp (y)) will have one of the necessary forms.

(step) Take y ∈ Y . Similar to above, since (rβ×fβp ×fβn )(y) = (rα×fαp ×fαn )(y) all necessary conditions
will clearly be met besides the ones about |pβ(y)|. Moreover, observe that pβ(y) = q[pα(y)] so
|pβ(y)| = |pα(y)| if |pα(y)| is 0 or 1, and |pβ(y)| ≤ |pα(y)| if |pα(y)| = 2. It can be checked that
this meets the necessary condition by checking each case individually.

(path) We now prove the (path) conditions.

1. Let (yi)i<ω be an infinite ◁β-path. To begin with, observe that by Lemma 5.18 and Lemma
5.19 that wann(yi+1) ≤ wann(yi) so we have an infinite non-increasing chain of ordinals.
Suppose for every i < ω we can find j ≥ i such that the node yj is not annotated. Thus by
Lemma 5.18 for each of these yj we have wann(yj+1) < wann(yj). Thus we have an infinite
non-increasing chain with an infinitely many decreasing steps, a contradiction.

2. Let (yi)i<ω be an infinite ◁β-path. By (1) we know there must be some j such that for
all i ≥ j, the node yi is annotated. We must show that infinitely many of these yi are box
nodes. Suppose only finitely many of them are, and let n ≥ j be the maximal index such
that yn is a box node (if there are none, let n = j). Then for all k < ω, it follows from
Lemma 5.20 that w(yn+k+1) <l w(yn+k) so we have found an infinite decreasing chain, a
contradiction.

Recall for the entirety of this section we fixed an Agen-proof (X,α). We unfix this and combine the
work of this section to get our bounded finitization result.

Theorem 5.22. Given an f -finite Agen-proof (X,α) of ∆, there exists a finite Agen-proof (Y, β) of ∆
whose size is |fα[X]|.

Proof. Let (X,α) be a f -finite proof of ∆, i.e. |f [X]| is finite. Let (X̂, α̂) be the filtration of (X,α)
through the equivalence relation ∼α for the choice function q which chooses for every x ∈ X an element
of the equivalence class which has minimal weight. By Theorem 5.21, this is an Agen-proof. Observe
there is a bijection X̂ → f α̂[X̂] given by y 7→ f α̂(y). This map is injective since if two representatives
y1 and y2 of different equivalence classes satisfy f α̂(y1) = f α̂(y2), then fα(y1) = fα(y2) so y1 ∼α y2, a
contradiction. Thus |X̂| = |f α̂[X̂]|. Finally, let x witness the proof of ∆ in (X,α). Let x̂ denote the
representative of the equivalence class x is in. Then f α̂(x̂) = fα(x) and fα(x) = ∆ so (X̂, α̂) proves ∆,
witnessed by x̂.
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We combine Theorem 5.8 and Theorem 5.22 to prove the main result of this section.

Theorem 5.23. For all annotated sequents ∆, if there is an Agen-proof of ∆ then there is a finite
Agen-proof of ∆ whose size is bounded by 2|∆|Cl+1.

Proof. This follows from Theorem 5.8 and Theorem 5.22.

5.2 Interpolation

We follow the same approach toward interpolation as we did in Section 4.2. In this case, we will not
need to extend our system with a cut rule, making our result more straightforward. We begin by
introducing a split version of the Agen-proof system.

5.2.1 The Split Proof System

Let l and r be two more annotations denoting left and right respectively. Let asLaf
□ be the set

aLaf
□ ×{l, r}. We refer to formulas in this set as annotated formulas. We call (φ, a, i) ∈ asLaf

□ a formula
in focus if a = f and a formula unfocused if a = u. Moreover, given a ∈ {u, f} and i ∈ {l, r}, let φa

i

denote (φ, a, i) ∈ asLaf
□ . Also, for i ∈ {l, r} and ∆ ∈ Pω(asLaf

□), define ∆i := {(φ, a) | (φ, a, i) ∈ ∆}.
We may denote a split annotated sequent ∆ using the notation ∆l | ∆r.

top
⊤a

i

ax
pai , p

b
j

φa
i , ψ

a
i ,Γ or

(φ ∨ ψ)ai ,Γ
φa
i ,Γ ψa

i ,Γ and
(φ ∧ ψ)ai ,Γ

φa
i ,Γ box□φa
i ,♢Γ

φ[µx.φ/x]ui ,Γ mu
µx.φa

i ,Γ

φ[νx.φ/x]ai ,Γ nu
νx.φa

i ,Γ

Γ wk
φa
i ,Γ

φf
i ,Γ f

φu
i ,Γ

φu
i ,Γ u

φf
i ,Γ

Figure 5.3: Rule applications for the Asplit system.

Definition 5.24. A T aLaf
□

RAFMC
-coalgebra (X,α) is called an Asplit-proof if for all x ∈ X the following node,

step, and path conditions are met.

(node) (rα × fαp )(x) has one of the following forms:

1. (top, {⊤a
i }) 2. (ax, {qai , qbj}) 3. (or, {(φ ∨ ψ)ai }) 4. (and, {(φ ∧ ψ)ai }) 5. (box, {□φa

i })
6. (mu, {µx.φa

i }) 7. (nu, {νx.φa
i }) 8. (wk, {φa

i }) 9. (f, {φu
i }) 10. (u, {φf

i })

for q ∈ Prop, φ,ψ ∈ Laf
□ , a, b ∈ {u, f}, and i, j ∈ {l, r}.

(step) The step conditions represented in Figure 5.3 are satisfied.

(path) The following path conditions are satisfied:

1. On every infinite ◁-path (xi)i<ω from x there are infinitely many i such that r(xi) = box,

2. On every infinite ◁-path (xi)i<ω from x there are cofinitely many i such that r(xi) is not u
or f and f(xi) contains a formula in focus.

Rather than proving soundness and completeness of this system, we will assume it. Since this is
a thesis focused on syntactical proofs, we did not verify this result. We are certain that the proof
method by J. Marti and Y. Venema in [MV21] can be applied to this system to achieve soundness and
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completeness. This means that the interpolation results we achieve will be a syntactic interpolation
result rather than a semantic one.

Assumption 5.25 (Soundness and Completeness). Given sequents Γ,∆ ∈ Pω(Laf
□),

⊢Asplit {φf
l | φ ∈ Γ} ∪ {φf

r | φ ∈ ∆} if and only if ⊨
∨

(Γ ∪∆)

where ⊢Asplit is as defined in Definition 3.10 and ⊨ denotes semantic validity on Kripke models.

Theorem 5.26. Given an Asplit-proof (X,α) of ∆, there exists an Asplit-proof (Y, β) of ∆ such that
|Y | ≤ 2|∆|Cl+2.

Proof. Following the same method of finitization for Agen-proofs in Section 5.1, we get our result. We
get a bound of 2|∆|Cl+2 rather than 2|∆|Cl+1 since we have to account for formulas appearing on both
the left and right side of a node simultaneously.

We end this section with the following theorem about split proofs, which will help us when
constructing interpolants.

Lemma 5.27. Given an Asplit-proof (X,α) and x, y ∈ X such that x◁∗ y,

Lit(f(y)l) ∩ Lit(f(y)r) ⊆ Lit(f(x)l) ∩ Lit(f(x)r)

Proof. Let (X,α) and x, y be as specified. Suppose q ∈ Lit(f(y)l)∩Lit(f(y)r) and proceed by induction
on x ◁∗ y. If x = y we immediately have our result. Suppose x ◁ z and z ◁∗ y. By the induction
hypothesis we know q ∈ Lit(f(z)l) ∩ Lit(f(z)r) so it remains to show that q ∈ Lit(f(x)l) ∩ Lit(f(x)r).
This can be accomplished by checking cases on (r × fp)(x) as this determines f(z). From the different
step conditions it can be seen that no new free variables are introduced when a forward step is made in
the proof and that the rule applications of the Asplit system do not negate any formulas.

5.2.2 Coloring Clusters

Recall Chapter 2 for preliminaries on clusters.

Definition 5.28. Given a proof (X,α) let the clusters of (X,α) refer to the clusters of (X,◁). In
other words x is in the same cluster as y if x◁∗ y and y ◁∗ x.

Lemma 5.29. Given a cluster C ⊆ X, x, y ∈ C and j ∈ {l, r}, if f(x)j has no formula in focus then
f(y)j has no formula in focus.

Proof. Fix a cluster C, and take x, y ∈ C and j ∈ {l, r}. Suppose f(x)j has no formula in focus. We
proceed by induction on the n such that x◁n y. If n = 0 we are immediately done as y = x. Suppose
n = k + 1 and x◁k z ◁ y. Then by the induction hypothesis f(z)j has no formula in focus. Checking
node and step conditions it is clear that the only case of interest (the only way a formula could be in
focus in f(y)j) is if r(z) = f. However, this is not the case since z is on the loop x◁k z ◁ y ◁∗ x so by
path (b) it cannot be that r(z) = f.

Lemma 5.30. Given a non-trivial cluster C ⊆ X, there is a formula in focus in f(x)l for all x ∈ C or
there is a formula in focus in f(x)r for all x ∈ C.
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Proof. To begin with, observe that every element in C must have a formula in focus. This follows since
if there were x ∈ C without a formula in focus, then since x◁+ x there is an infinite path with infinitely
many points with a sequent with no formulas in focus, a contradiction to path (b).

Now, if every x ∈ C has a formula in focus in f(x)l and in f(x)r we are done. So suppose the
opposite, without loss of generality this means there is some x ∈ C with no formula in focus in f(x)l.
Thus it follows by Lemma 5.29 that for every y ∈ C, f(y)l has no formulas in focus, so there must be a
formula in focus in f(y)r for every y ∈ C.

Definition 5.31. Given a ◁-cluster C, we say that C is magenta if there is a formula in focus in f(x)l

for every x in C and we say that C is navy otherwise. We refer to this as the color of the cluster.
Furthermore, let ηC be µ if C is magenta, and ν if C is navy. Likewise given any x ∈ X, let the color
of x refer to the color of C(x), and let ηx be ηC(x).

5.2.3 Finding Interpolants

Definition 5.32 (Free Variables). Let (X,α) be a finite Asplit-proof. For every x ∈ X let qx ∈ Prop

be a unique atom such that qx does not appear in FV (
⋃

x∈X f(x)) ∪ BV (
⋃

x∈X f(x)) (i.e. qx does
not appear in any of the sequents of (X,α)). Moreover, for every Y ⊆ X, let ΛY denote the set
{qx | x ∈ Y }.

Note that since (X,α) is finite, we know that (X,α) only has finitely many propositional variables
in its sequents, so we can always find countably many atoms not appearing in (X,α).

Definition 5.33. Given an Asplit-proof (X,α) we define a set of equations for interpolation (see
Definition 3.14) χ : X → Laf

□ such that χ is defined as follows

1. if (r × fp)(x) = (top, {⊤a
l }) then χx := ⊥;

2. if (r × fp)(x) = (top, {⊤a
r}) then χx := ⊤;

3. if (r × fp)(x) = (ax, {qal , qbl}) then χx := ⊥;

4. if (r × fp)(x) = (ax, {qal , qbr}) then χx := q;

5. if (r × fp)(x) = (ax, {qar , qbl}) then χx := q;

6. if (r × fp)(x) = (ax, {qar , qbr}) then χx := ⊤;

7. if (r × fp)(x) = (and, {(φ ∧ ψ)al }) then χx :=
∨

y∈pα(x) qy;

8. if (r × fp)(x) = (and, {(φ ∧ ψ)ar}) then χx :=
∧

y∈pα(x) qy;

9. if (r × fp)(x) = (box, {(□φ)al }) then χx := ♢qy where y is the single element in pα(x);

10. if (r × fp)(x) = (box, {(□φ)ar}) then χx := □qy where y is the single element in pα(x);

11. for all other cases, χx := qy where y is the single element in pα(x).

We note that χ is well-defined since each of the aforementioned cases on (r × fp)(x) are unique and
covers all possible cases allowed in an Asplit-proof.
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The following lemmas will be useful later to prove that our interpolants have the properties we
desire.

Lemma 5.34. Let (X,α) be an Asplit-proof. Given any Y ⊆ X and any x ∈ X and η ∈ {µ, ν}, it
follows that χx ∈ N η

ΛY
.

Proof. This follows from Lemma 2.28 since χx does not contain any fixpoint formulas for any x ∈ X,
and qy does not occur negatively in χx for any y ∈ X.

Lemma 5.35. Let (X,α) be an Asplit-proof and take x ∈ X and q ∈ Lit. If q ∈ Lit(χx) then one of the
following holds

1. q ∈ Lit(f(x)l) ∩ Lit(f(x)r),

2. q = qy for some y ∈ X such that x◁ y.

Proof. Let (X,α) be an Asplit-proof and let x ∈ X and q ∈ Prop be as specified. By taking cases on
(r × fp)(x) we get our desired result from the definition of χ and f .

Lemma 5.36. Let (X,α) be an Asplit-proof, given x, y ∈ X, qy ∈ FV (χx) if and only if x◁ y.

Proof. Let (X,α) be an Asplit-proof and let x ∈ X and q ∈ Prop be as specified. By taking cases on
(r × fp)(x) we get our desired result from the definition of χ.

Recall that our approach to interpolation is to view the interpolant for a node x in an Asplit-proof
(X,α) as σ(qx) where σ is a solution to the aforementioned set of equations. In fact, interpolants require
a stronger vocabulary condition than the one given in Definition 3.15, which says

Lit(σ(qx)) ⊆ Lit(f(x)l) ∩ Lit(f(x)r)

We begin by showing in Lemma 5.37 that for each cluster of a finite Asplit-proof, there is something
close to a solution for said cluster, and then in Theorem 5.38 we will show how to combine the solutions
for each cluster into an overall solution.

Lemma 5.37. Given a proof (X,α) and a set of equations for interpolation χ as defined above and
a cluster C ⊆ X, for every Y ⊆ C there is a partial map σY : ΛY → Laf

□ such that for all x ∈ Y the
following six statements hold:

1. Exactly one of the following hold:

(a) σY (qx) = σY (χx),

(b) A loop occurs in (Y,◁Y ) and there is a formula φ such that

σY (qx) = ηCqx.φ and σY (χx) = unf(ηCqx.φ).

2. Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\Y .

3. σY (qx) ∈ N ηC
ΛC\Y

.

4. For all z ∈ X, qz ∈ FV (σY (qx)) iff z /∈ Y and there exists u ∈ Y such that x◁∗
Y u and u◁ z.
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5. For all z ∈ X, if x◁∗
Y z then Clos(σY (qz)) ⊆ Clos(σY (qx)).

6. |σY (qx)|Cl ≤ 3|Y |.

Proof. We will prove the existence of σY by induction on the size of Y . Proving that this substitution
satisfies conditions (1) through (6) requires a lot of small checks, and we provide the proof in the
appendix in Lemma A.2.

The base case is immediate. Suppose Y ≠ ∅, we inspect the structure of (Y,◁Y ) where ◁Y is the
restriction of ◁ to Y . We distinguish cases depending on whether there is a node y ∈ Y such that
y ◁+

Y y, i.e. whether there is a cycle within Y .

• Suppose that no loops occur in Y . Then since the graph (Y,◁Y ) is finite there must exist a leaf
y with respect to ◁Y . Let Z = Y \ {y}. Then, by the induction hypothesis we know that there
must be σZ : ΛZ → Laf

□ with the properties listed above. We define σY : ΛY → Laf
□ by

σY (qx) = σZ(qx)[χy/qy].

• Suppose now that a loop occurs. By our path condition, there must be a box node on this cycle;
let it be y. We define σY : ΛY → Laf

□ by

σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy].

Knowing that we can find something close to a solution to the set of equations for each cluster, we
can use this to find the overall solution to the set of equations as follows.

Theorem 5.38. Given a finite Asplit-proof (X,α) and x ∈ X, there is σ : ΛX → Laf
□ such that for all

x ∈ X, the following hold.

1. Exactly one of the following hold:

(a) σ(qx) = σ(χx),

(b) There is a formula φ such that σ(qx) = ηxqx.φ and σ(χx) = unf(ηxqx.φ).

2. Lit(σ(qx)) ⊆ Lit(f(x)l) ∩ Lit(f(x)r).

3. σ(qx) ∈ Laf
□ .

4. |σ(qx)|Cl ≤ 3|X|.

Proof. Take x ∈ X, we want to define σ(qx), we prove this map satisfies the above conditions in Theorem
A.3. We know x ∈ C for some cluster C. We proceed by well-founded induction on (Clus(X),≺) where
≺ denotes the ordering on clusters defined in Section 2.1

• If C is a leaf in (Clus(X),≺), we define

σ(qx) := σC(qx)

where σC(qx) is guaranteed by Lemma 5.37.
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• If C is not a leaf then inductively we can assume that σ(qy) is defined and meets the above
properties for all y in a higher cluster than x. We define

σ(qx) := σC(qx)[σ(qy)/qy | y ∈ ◁[C] \ C]

where σC(qx) is guaranteed by Lemma 5.37.

Definition 5.39 (Interpolant). Given a finite Asplit-proof (X,α), choose a solution σ to a set of
equations for interpolation as guaranteed by Theorem 5.38. We define the interpolant for a node x ∈ X,
denoted ιx, to be σ(qx).

5.2.4 Partial Interpolation Proofs

We will now show syntactic interpolation in the Asplit
skip system. We start by determining how we will

annotate our interpolants.

Definition 5.40. Given a coalgebra (X,α), let a : X → {u, f} be such that a(x) = u if x is magenta
and a(x) = f otherwise. Moreover, let a : X → {u, f} be such that a(x) = f if x is magenta and
a(x) = u otherwise.

In the last section we showed how to take a finite Asplit-proof (X,α) and find formulas ιx for each
x ∈ X which we referred to as the interpolants. We want to show that we are justified in calling these
formulas interpolants by constructing left and right interpolation proofs of f(x)l | ιa(x)x and ιxa(x) | f(x)r

respectively.

Lemma 5.41. Given a finite Asplit-proof, it holds that for every x ∈ X there is an Asplit
par -proof (Lx, βx)

such that the following conditions hold

1. There is a node lx in Lx such that fβx(lx) = f(x)l | ιa(x)x .

2. Every non-axiomatic leaf node in Lx is annotated with a sequent of the form f(y)l | ιa(y)y for some
y ∈ pα(x).

3. If rα(x) = box then Lx has a box rule application on every path from lx to a non-axiomatic leaf.

4. If x is an annotated node then for all y ∈ pα(x)∩C(x) and all nodes z ∈ Lx such that rβx(z) = as,
on every path from lx to z every node on said path is annotated.

5. The relation ◁βx is well-founded.

Proof. Take x ∈ X. We will only write out the cases where (rα × fαp )(x) = (box,□φa
l ) for a ∈ {u, f}.

These partial proofs will be trees and the root will be the root of the tree. Since x is a box node, x will
have one unique premise node y such that χx = ♢qy. Theorem 5.38 (1) tells us that exactly one of the
following will hold: (1) ιx = ♢ιy, (2) x is a magenta node in a loop and there is a formula ψ such that:
ιx = µqx.ψ and ♢ιy = unf(µqx.ψ), or (3) x is a navy node in a loop and there is a formula ψ such that:
ιx = νqx.ψ and ♢ιy = unf(νqx.ψ). We split cases on this.

1. If ιx = ♢ιy then we now consider cases on a(x) and a(y).

(a) If a(x) = u and a(y) = u then let the proof be given by
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□−1(fn(x)
l), φa | ιuy

box
fn(x)

l,□φa|(♢ιy)u

Condition 1 and 3 are clearly met. For Condition 2 suppose x is an annotated node and
y ∈ C(x). Since a(x) = u and a(y) = u we know that both f(x) and f(y) have a formula in
focus on the left and no focus or un-focus rules are applied so we have our desired result.

(b) If a(x) = u and a(y) = f then let the proof be given by

□−1(fn(x)
l), φa | ιfy

f
□−1(fn(x)

l), φa | ιuy
box

fn(x)
l,□φa | (♢ιy)u

Condition 1 and 3 are clearly met. Condition 2 holds vacuously since pα(x) ∩ C(x) = ∅ as
a(x) ̸= a(y).

(c) If a(x) = f and a(y) = u then let the proof be given by

□−1(fn(x)
l), φa | ιuy u

□−1(fn(x)
l), φa | ιfy

box
fn(x)

l,□φa | (♢ιy)f

Condition 1 and 3 are clearly met. Condition 2 holds vacuously since pα(x) ∩ C(x) = ∅ as
a(x) ̸= a(y).

(d) If a(x) = f and a(y) = f then let the proof be given by

□−1(fn(x)
l), φa | ιfy

box
fn(x)

l,□φa | (♢ιy)f

Condition 1 and 3 are clearly met. Condition 2 is also vacuously met as the antecedent is
always true; there is a formula in focus at every node in the partial proof, and the rule u
and f are never applied.

2. If x is magenta and in a loop and there is a formula ψ such that ιx = µqx.ψ and ♢ιy = unf(µqx.ψ).
Then a(x) = u and also a(y) = u since y must also occur in this loop as it is the unique premise
of x and therefore also be in the same cluster as x. The proof will look as follows:

□−1(fn(x)
l), φa | ιuy

box
fn(x)

l,□φa | (♢ιy)u
mu

fn(x)
l,□φa | ιux

Condition 1 and 3 are clearly met, and Condition 2 will also be met since by assumption there
will always be a formula in focus on the left side of f(x) and f(y).

3. If x is navy and in a loop and there is a formula ψ such that: ιx = νqx.ψ and ♢ιy = unf(νqx.ψ)
then a(x) = f and also a(y) = f since y must also occur in this loop and therefore also be in the
same cluster as x. The proof will look as follows:

□−1(fn(x)
l), φa | ιfy

box
fn(x)

l,□φa | (♢ιy)f
nu

fn(x)
l,□φa | ιfx
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Condition 1 and 3 are clearly met, and Condition 2 will also be met since there is always a formula
in focus on the right side of the sequent.

Lemma 5.42. Given a finite Asplit-proof (X,α), it holds that for every x ∈ X there is an Asplit
par -proof

(Rx, γx) such that the following conditions hold

1. There is a node rx in Rx such that fγx(rx) = ιx
a(x) | f(x)r.

2. Every non-axiomatic leaf node in (Rx, γx) is annotated with a sequent of the form ιy
a(y) | f(y)r

for some y ∈ pα(x).

3. If rα(x) = box then (Rx, γx) has a box rule application on every path from rx to a non-axiomatic
leaf.

4. If x is an annotated node then for all y ∈ pα(x)∩C(x) and all nodes z ∈ Rx such that rγx(z) = as,
on every path from rx to z every node on said path is annotated.

5. The relation ◁γx is well-founded.

Proof. Dual to Lemma 5.41.

5.2.5 Proof Transformations

Given a split coalgebra (X,α) it is easy to check that proof transformation of the aforementioned left
and right partial interpolation proofs for x satisfy the node and step conditions for Asplit

skip -proofs (see
Theorem 4.27 for the GL variant of this claim). We still need to show that the path condition is satisfied.
To do this, we need more requirements on our partial proofs. We start with the following lemma about
infinite paths in proof transformations which will be useful later.

Lemma 5.43. Given a finite Asplit-proof (X,α), and a structured collection of partial Asplit-proofs
{(Px, βx)x∈X} then an infinite path in the proof transformation (Y, β) (see Definition 3.22) induces an
infinite path in (X,α) if for every x ∈ X, the following conditions are met:

1. The relation ◁βx is well-founded,

2. For all z ∈ Px such that rβx(z) = as, the chosen y ∈ X such that fβx(z) = fβy(py) is in pα(x).

Proof. Suppose there is an infinite path in (Y, β). This will be a path (x1, z1), (x2, z2), . . . such that
either (1) xi ◁α xi+1 or (2) xi = xi+1 and zi ◁βx zi+1. If there are infinitely many i such that
xi ◁α xi+1 we are done. So suppose not, then there is some n such that for all m ≥ n, xm = xn and
zm ◁βxn zm+1. Thus we have an infinite increasing sequence in (Pxn ,◁βxn

), which is not possible since
◁βxn is well-founded.

As a result, we will write infinite paths in a partial proof (Y, β) as

(x0, z0,0), . . . , (x0, z0,m0), (x1, z1,0), . . . , (x1, z1,m1), . . .

where the induced infinite path in (X,α) is given by (xi)i<ω. Moreover, note that zi,0 for all i ≠ 0 must
be pxi since partial proofs are specifically connected through the nodes px for x ∈ X.
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Theorem 5.44. Given a finite Asplit-proof (X,α), and a structured collection of partial Asplit-proof
(Px, βx), let the root of Px be denoted by px; the proof transformation (Y, β) (see Definition 3.22) is an
Asplit

skip -proof if the following four conditions hold for each x ∈ X:

1. If rα(x) = box then (Px, βx) has a box rule application on every path from px to the non-axiomatic
leaves,

2. If x is an annotated node then for all y ∈ pα(x)∩C(x) and all nodes z ∈ Px such that rβx(z) = as,
on every path from px to z every node on said path is annotated,

3. The relation ◁βx is well-founded,

4. For all z ∈ Px such that rβx(z) = as, the chosen y ∈ X such that fβx(z) = fβy(py) is in pα(x).

Proof. By the same argumentation as Theorem 4.27 we know that (node) and (step) conditions are
met. Take (x, z) ∈ Y , we will show that the (path) conditions are met.

1. Take an infinite path

(x0, z0,0), . . . , (x0, z0,m0), (x1, z1,0), . . . , (x1, z1,m1), . . .

in (Y, β) which induces an infinite path x1 ◁α x2 ◁α . . . in (X,α). We want to show there are
infinitely many box nodes. This infinite path in (X,α) will have infinitely many i such that xi is
a box node, so by condition (1) each of these Pxi will have a box rule application somewhere on
every path from px to the non-axiomatic leaves. Recall that zi,0 for i ≠ 0 must be pxi meaning by
condition (1) that there must exist j ≤ mi such that rβ(xi, zi,j) = box. Thus we can conclude
that there are infinitely many box rule applications on this path, giving us our desired result.

2. Take an infinite path

(x0, z0,0), . . . , (x0, z0,m0), (x1, z1,0), . . . , (x1, z1,m1), . . .

in (Y, β) which induces an infinite path x1 ◁α x2 ◁α . . . in (X,α). We want to show there are
cofinitely many annotated nodes. Since Y is finite there must be some minimal (i, j) such that
(xi, zi,j) repeats infinitely many times along the aforementioned path. This means in particular
that xi repeats infinitely many times on the path in (X,α) so xn for all n > i (we use > so
n ≠ 0) must be annotated and xn ∈ C(xi). Now we claim that (xn, zn,k) for all n > i and k ≤ mn

must be annotated. This will give us our desired result. This follows from Condition (2) by
showing that xn+1 ∈ pα(xn) ∩ C(xn) which follows since xn ◁ xn+1 and as previously mentioned
xn, xn+1 ∈ C(xi) so xn+1 ∈ C(xn).

3. Lastly, we want to show that on every infinite path, the rule skip is not used cofinitely many
times. This holds since the rule box is used infinitely many times as shown in (1).

Our syntactic interpolation result now comes as a corollary.

Theorem 5.45 (Syntactic Interpolation). Given a finite Asplit-proof (X,α), there are Asplit
skip -proofs

(Y, β) and (Z, γ) which prove f(x)l | ιa(x)x and ιxa(x) | f(x)r for each x ∈ X.
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Proof. We will prove there is a Asplit
skip -proof (Y, β) of f(x)l | ιa(x)x for each x ∈ X. The right syntactic

interpolation proof follows analogously. By Lemma 5.41 there is a structured collection of Asplit
par -proofs

{(Lx, βx)}x∈X . By Theorem 5.44 there is a proof transformation (Y, β) which is an Asplit
skip -proof. Take

x ∈ X, it remains to show (Y, β) ⊢
Asplit

skip
f(x)l | ιx. This is witnessed by (x, lx) ∈ Y since by Lemma

5.41, fβx(lx) = f(x)l | ιa(x)x , so fβ(x, lx) = f(x)l | ιa(x)x .

Combining Theorem 5.45 with a proof of Assumption 5.25 results in Lyndon interpolation for
the entire alternation-free µ-calculus. This follows by observing that every alternation-free formula is
semantically equivalent to a guarded alternation-free formula [MV21]. In particular, by Theorem 5.38
the guarded fragment would have interpolants whose size is bounded exponentially.
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Chapter 6

Formalization in Lean

This chapter presents our formalization of the theoretical results of Chapter 4 in the functional
programming language and interactive theorem prover Lean 4.

• The code is available on GitHub at: github.com/mgignoux/lean4-gl-coalgebras

• The documentation is available at: mgignoux.github.io/lean4-gl-coalgebras/docs

As mathematical proofs grow in complexity, interactive theorem provers have grown in popularity
as a tool for ensuring correctness. Lean is particularly well-suited to proof theory: as a functional
programming language it provides a natural means for defining proof systems and their properties; and
as a theorem prover it enables fully machine-verified reasoning about them.

Formalizing non-cyclic proof systems in functional programming languages has been explored in
[Li20; MP21; BMP26]. Such well-founded systems are naturally expressible using Lean’s inductive
definitions. However, our focus is on ill-founded proof systems, for which, as previously mentioned,
the literature normally distinguishes two kinds of ill-founded proofs: cyclic proofs and infinite tree
proofs. To our knowledge, the only existing formalization of an ill-founded proof system in Lean is
by M. Gattinger et al. (in forthcoming work) for a cyclic proof system for PDL, which follows the
work in [Bor+25]. If we expand our scope outside of Lean, the work by H. Férée et al. in [Fér+24]
formalizes a cyclic proof system in Rocq for GL (amongst other modal logics) to compute uniform
interpolants as well as their syntactic correctness proofs. This work does not formalize soundness and
completeness for the proof systems, but rather syntactic interpolation. In our literature review, we
found no formalization of infinite tree proof systems.

Our work brings the coalgebraic approach to proofs into Lean, replicating the results of Chapter 4
within the theorem prover. This is interesting for two reasons. First, the coalgebraic framework unifies
cyclic and infinite tree proofs into a single notion. Second, there is no standardized methodology for
representing ill-founded proofs in Lean, making this an open design problem.

We formalize the interpolation results for GL developed in Chapter 4 using this coalgebraic approach.
This encompasses soundness and completeness of the GL-proof systems Ggen, Gsplit, and Gext

skip, finitization
for proofs in Ggen and Gsplit, the set of equations for interpolation, the proof that a solution exists, and
lastly partial proofs for interpolation and combining them into Gext

skip-proofs of interpolant correctness.
The import tree of our work in Lean is shown in Figure 6.1.
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Soundness ✓

Proof ✓

Completeness ✓

Game ✓

Semantics ✓

Syntax ✓

FixedPointTheorem ✓

CutProof ✓

Soundness ✓

Proof ✓

ProofTransformations ✓

Completeness ✓

Game ✓

Interpolation ✓Interpolants ✓ PartialInterpolation ✓

General Logic Split

Interpolation

Figure 6.1: Structure and module dependency of our formalization work.

The import tree in Figure 6.1 reflects the logical dependency structure of our formalization. The
foundation is the group Logic, which defines the syntax and semantics of GL together with the fixpoint
theorem. On top of this base, the group General establishes the core results for Ggen: finitization,
soundness, and completeness. The module group Split then introduces the split sequent systems
Gsplit and Gext, along with their partial and skip proof variants Gext

skip and Gext
par. Finally, the group

Interpolation assembles these components to define interpolants, construct partial interpolation proofs,
and prove the interpolation theorem.

The structure of this chapter is as follows. In Section 6.1 we give an introduction to Lean with
examples from our formalization. In the next three sections we discuss key design choices we made in
Lean, which differ from or are not discussed in the mathematical contents of this thesis. In Section 6.2
we discuss how we defined proofs as coalgebras in Lean, in Section 6.3 we discuss the completeness
proof, and in Section 6.4 we discuss partial proofs. Finally, in Section 6.5 we evaluate our formalization
and in Section 6.6 we discuss future work.

6.1 Introduction to Lean

We give a brief introduction to Lean 4 below; for a thorough treatment, see [Mac24; Baa+25]. Lean
4 is an interactive theorem prover and functional programming language developed by Leonardo de
Moura and others, with its internal logic grounded in the calculus of constructions.

Lean 4 uses several keywords to construct types, define functions, and state theorems. We briefly
discuss the most important ones. Lean comes with a collection of built-in libraries defining basic notions
such as natural numbers, lists, and strings. It also has a large community library, mathlib, which
contains a broad base of formalized mathematics including the theory of functors and coalgebras that
we need [Mat20].

In a fresh project, we import mathlib and begin by defining the objects we need, which in Lean’s
type-based system means defining new types. For instance, we need to define the type of BML formulas
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to be able to reason about formulas. To define new types, the keywords inductive and structure are
used. The keyword inductive allows new types to be defined via inductive clauses. An appropriate
first example is defining L□ from Definition 2.1.

inductive Formula : Type
| bottom : Formula
| top : Formula
| atom : Nat → Formula
| neg_atom : Nat → Formula
| and : Formula → Formula → Formula
| or : Formula → Formula → Formula
| box : Formula → Formula
| diamond : Formula → Formula

We also add some notation to make our constructors easier to read.

prefix:70 "at" => atom
prefix:70 "na" => neg_atom
prefix:70 "□" => box
prefix:70 "♢" => diamond
infixr:6 "&" => and
infixr:6 "v" => or
@[simp] instance instBot : Bot Formula where bot := Formula.bottom
@[simp] instance instTop : Top Formula where top := Formula.top

The keywords prefix, infixr, infixl allow us to define custom syntax for functions, which in this
case we use for the different constructors for Formula. This allows us to write φ v ψ in our code rather
than Formula.or φ ψ, improving readability.

The keyword instance allows us to register type class instances. Specifically, Bot Formula and
Top Formula allow us to use the unicode characters ⊥ and ⊤ in place of writing Formula.bottom and
Formula.top respectively. The marker @[simp] is referred to as an attribute, and will be explained in
more detail later.

For types with a single constructor bundling multiple fields, the keyword structure is used instead.
For instance, consider defining a endofunctor F on a category C. Those familiar with category theory
know this is a four-part definition requiring the object map, the morphism map, and proofs that the
endofunctor preserves the structure of the identity map and composition. A possible definition using
structure looks as follows.

structure Endofunctor (C : Type) [Category C] where
obj : C → C
map : ∀ {X Y : C}, (X −→ Y) → ((obj X) −→ (obj Y))
map_id : ∀ X : C, map (1 X) = 1 (obj X)
map_comp : ∀ {X Y Z : C} (f : X −→ Y) (g : Y −→ Z), map (f ≫ g) = map f ≫ map g

Remark 6.1. This example is a rewrite of Mathlib’s definition of a functor. It uses some notation we
will not discuss or use, but those familiar with category theory may see a relation to the mathematical
definition of an endofunctor. This definition also ignores type universes: in Lean 4, types are partitioned
into universes Type 0, Type 1, and so on to avoid paradoxes, and Mathlib’s definition functor works at
any universe level. Since all types we use in our thesis live in Type 0 (also written as Type), we simply
write Type throughout.
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Functions are defined using the keywords def or abbrev: def is the standard keyword, whereas abbrev

is used for definitions that should unfold automatically. For instance, we use the abbreviation abbrev

Sequent := Finset Formula. An important function that we will need to define for our type Formula is
its negation neg:

@[simp] def neg : Formula → Formula
| ⊥ => ⊤
| ⊤ => ⊥
| at n => na n
| na n => at n
| φ & ψ => (neg φ) v (neg ψ)
| φ v ψ => (neg φ) & (neg ψ)
| □ φ => ♢ (neg φ)
| ♢ φ => □ (neg φ)

prefix:50 "~" => Formula.neg

So far we have looked at the functional programming capabilities of Lean, but now, we combine this
with Lean’s theorem proving capabilities using the keywords theorem and lemma. An example proof of
the statement φ = φ for all φ ∈ L□ follows.

lemma neg_neg_eq (φ : Formula) : (~~φ) = φ := by
induction φ

all_goals
simp
try grind

In Lean 4, proofs may be constructed in two distinct modes: term mode and tactic mode. In both
modes, Lean constructs proofs as functions. Term mode precisely specifies the function constituting
the proof, which is more direct, but can be harder to work with in practice. Tactic mode on the other
hand, invoked by the keyword by as seen above, provides access to Lean’s extensive collection of tactics
for simplifying and closing goals.

The proof above proceeds in tactic mode as follows: the tactic induction splits φ into its different
constructors and supplies the standard induction hypotheses, with each case becoming a new goal;
all_goals instructs Lean to handle all open goals at once; simp simplifies each goal using a collection of
lemmas marked @[simp] appearing previously in the file and from the libraries imported into the project;
and finally the grind tactic successfully closes the remaining goals using a multitude of techniques
found in SMT solvers [Chr+26, 16. The grind tactic].

6.2 Proofs as Coalgebras in Lean

Having defined formulas, our next step is to give a coalgebraic definition of proof in Lean. In Chapter 4
we encountered four different proof systems for GL. For now, we focus on the most basic system Ggen;
the others follow the same pattern, with the exception of Gext

par, which we discuss later. Here we had to
make a key design choice to define our endofunctor T L□

RGL
. Recall the definition of the endofunctor used
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for Ggen-proofs was given by

ob(Set) ∋ X 7→ RGL × Pω(L□)× Pω(L□)× Pω(X)

mor(Set) ∋ f 7→ IRGL
× IPω(L□) × IPω(L□) × Pω(f)

In Lean, we could recreate this endofunctor directly using Lean’s built-in notion of finite sets Finset α

(finite sets with elements of type α) as follows:

import Mathlib.CategoryTheory.Endofunctor.Algebra

@[simp] def T : CategoryTheory.Functor Type Type where
obj := fun X 7→ String × Finset Formula × Finset Formula × Finset X
map := fun f ⟨r, f_prin, f_non, A⟩ 7→ ⟨r, f_prin, f_non, A.map f⟩
map_id := by aesop_cat
map_comp := by aesop_cat

This is a direct parallel of our definition of the endofunctor given in Definition 3.4, albeit applied
directly to L□ rather than arbitrary formula types. This approach uses String to identify the rule
labels “and”, “or”, etc. This definition is not as easy to work with in Lean as it is to reason about on
paper. For example, suppose that on paper we know that the rule label for a node x in some proof is
and, i.e. r(x) = and. On paper we know from our node conditions that the principal formula will have
the form φ ∧ ψ for some unique φ and ψ and we can immediately begin reasoning using these formulas.
In Lean this reasoning is cumbersome although still valid. To demonstrate this, consider formalizing
the condition for when the rule application is and. The node condition in Definition 4.2 would read
something like the following.

(node) If r(x) = and then ∃φ,ψ s.t. fp(x) = {φ ∧ ψ}.

Suppose one knows r(x) = and; then all one knows is the existential statement ∃φ,ψ s.t. fp(x) = {φ∧ψ},
but, without choice, this statement does not contain the data of said φ and ψ, nor does it tell us that
φ and ψ are the unique formulas such that fp(x) = {φ ∧ ψ} (even though they provably are). Thus
working with this definition in practice would mean using choice whenever we want to extract the
principal formula and it would mean dealing with issues of uniqueness. Overall, this undermines the
simplicity that our notion of a rule application should have. Similarly, defining rules as strings or other
tokens is unnatural in Lean, since it makes case-splitting on the rule label inconvenient.

Fortunately, Lean’s inductive definitions resolve this issue, making rule applications extremely
natural to work with. These allow us to encode all node conditions directly into an inductive type,
which we call RuleApp:

inductive RuleApp
| top : (∆ : Sequent) → ⊤ ∈ ∆ → RuleApp
| ax : (∆ : Sequent) → (n : Nat) → (at n ∈ ∆ ∧ na n ∈ ∆) → RuleApp
| and : (∆ : Sequent) → (φ : Formula) → (ψ : Formula) → (φ & ψ) ∈ ∆ → RuleApp
| or : (∆ : Sequent) → (φ : Formula) → (ψ : Formula) → (φ v ψ) ∈ ∆ → RuleApp
| box : (∆ : Sequent) → (φ : Formula) → (□ φ) ∈ ∆ → RuleApp

RuleApp is a new type with five constructors, each corresponding to a rule application shown in Figure 4.2.
These are very straightforward to work with, as given r : RuleApp we can use cases r in tactic mode
(or match r in term mode) to distinguish rule applications and get the data of the principal formulas.
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As a slight adaptation, we now must define our maps f , fp, and fn as maps from RuleApp → Sequent,
rather than projections of the structure morphism of a given coalgebra.

Similarly, for the on-paper work in this thesis we viewed the premises of a node x as a finite subset
of the base set X of a coalgebra. For the same reason that we want to computably extract the data
of the premise nodes, we here use List X instead of Finset X for the type of our collection of premise
nodes. This allows for operations such as the set of equations in Definition 4.18 to remain computable
in Lean. Thus we define our endofunctor T as follows:

@[simp] def T : CategoryTheory.Functor Type Type where
obj := fun X 7→ (RuleApp × List X)
map := fun f ⟨r, A⟩ 7→ ⟨r, A.map f⟩
map_id := by aesop_cat
map_comp := by aesop_cat

This endofunctor behaves exactly as in Definition 3.4, except that the principal and non-principal
formulas are now contained in the first projection (the RuleApp). Now, given a map α : X → T.obj X,
we can define projections r : X → RuleApp := fun x 7→ (α x).1 and p : X → RuleApp := fun x 7→
(α x).2, telling us how to label the rule application of a node using r and the premises of the node

using p. We also define our □−1
4 operator in Lean and call it D. Using these, we define our Lean version

of Ggen-proofs given in Definition 4.2 as follows:

structure Proof where
X : Type
α : X → T.obj X
step : ∀ (x : X), match r α x with

| RuleApp.top _ _ => p α x = []
| RuleApp.ax _ _ _ => p α x = []
| RuleApp.and _ φ ψ _

=> (p α x).map (fun x 7→ f (r α x)) = [(fn (r α x)) ∪ {φ}, (fn (r α x)) ∪ {ψ}]
| RuleApp.or _ φ ψ _ => (p α x).map (fun x 7→ f (r α x)) = [(fn (r α x)) ∪ {φ, ψ}]
| RuleApp.box _ φ _ => (p α x).map (fun x 7→ f (r α x)) = [D (fn (r α x)) ∪ {φ}]

This definition of Proof is convenient to work with: one can split cases on the rule application to
extract all necessary information about which rule was applied and the data of the principal formulas.
Moreover, the node condition of Definition 4.2 becomes unnecessary, as it is built into the type RuleApp.
What remains are the step and path conditions. The step conditions are encoded in step and mirror
those given in Definition 4.2. Since the system Ggen carries no path conditions, none appear here,
although for systems that do, such as Gext

par and Gext
skip, we add these conditions as a separate field in the

definition of those systems.
Furthermore, as noted in Lemma 4.4, the system Ggen implicitly enforces the infinite path condition

that the box rule is applied infinitely often on every infinite path. This condition is embedded in the
proof system itself, and establishing it is needed for soundness. This is an example of one of many
theorems we can and need to prove in Lean. Formalized as a statement in Lean, this condition reads as
follows:

theorem inf_path_has_inf_boxes {X : Proof} (g : N → X.X)
(h : ∀ n, edge X.α (g n) (g (n + 1))) : ∀ n, ∃ m, (r X.α (g (n + m))).isBox := . . .

Translating this back into mathematical language, this condition says: For every Ggen-proof X = (X,α)

and function g : N → X, given the hypothesis h which says “for all n, g(n)◁ g(n+ 1)”, then for all n
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there exists m such that rα(g(n+m)) = box.

This is exactly what we mean when we say “on every infinite ◁-path (xi)i<ω there are infinitely
many i such that r(xi) = box”. In Lean’s formalism, we use functions g : N → X such that for all n,
R(g(n), g(n+ 1)) to represent infinite R-chains. There are also multiple ways to express that there are
infinitely many i < ω such that r(xi) = box. For instance, we could instead say there is A ⊆ N such that
A is infinite and for all n ∈ A, we have rα(g(n)) = box. Since Lean is built on inductively defined types
such as N, it is easier to use the property “for all n, there exists m ≥ n such that rα(g(n+m)) = box”,
as this is a statement about N rather than about an infinite set A.

6.3 Completeness

Beyond formalizing the GL material discussed in this thesis, several results from the literature required
formalization, as no existing Lean formalizations were available. Notable examples include the special
cases of the fixpoint theorem stated in Lemma 2.11, as well as soundness and completeness for the
various coalgebraic proof systems for GL that we formalized. To prove the modal cases of the fixpoint
theorem, we followed the construction in [Rei89] and to achieve soundness results we formalized the
proof of the soundness of D. Shamkanov’s system by G. Menéndez Turata in [Men24, Prop. 2.2.8]. For
these two theorems, the main ideas of the existing proofs translated cleanly to our coalgebraic setting
in Lean. The completeness theorem, however, required a different approach.

D. Shamkanov’s completeness proof for the cyclic proof system for GLcyc employs ultrametric spaces
as a means to translate proofs in GLcyc into proofs in the finite-tree proof system GLSC shown in Figure
4.1. Although we believe the coalgebraic notion of proof may work well with the ultrametric space
transformation, as ultrametric spaces are themselves a coalgebraic concept, this still would require
defining the finite system GLSC in Lean and proving its completeness. This runs counter to the goals of
this thesis, which is to explore what is directly achievable with our coalgebraic notion of proof. Therefore,
rather than following this approach, we adopt a game-theoretic argument for completeness similar to
that for PDL in [Bor+25], and alternation-Free µ-calculus in [MV21]. This establishes completeness in
a direct manner, without requiring an intermediate step of translating the proof into a finite system.

The game-theoretic approach explored in [Bor+25; MV21] uses builder-prover games to show
completeness. Game theory is not formalized in Lean’s community library mathlib, but multiple
attempts at formalizing game-theoretic results in Lean 4 can be found on GitHub. Specifically,
N. Cohen formalized terminating two-player games and proved Zermelo’s theorem. This formalization
was developed for the PDL interpolation project by M. Gattinger et al. [Bor+25]. Since it is sufficiently
general, we reuse it for our own work.

The game works as follows: two players Prover (she/her) and Builder (he/him) take turns playing
moves. Prover plays a move of RuleApp and Builder plays a move of type Sequent. Specifically, Prover
receives a sequent and returns a valid rule application in her attempt to construct the proof, and Builder
responds by choosing a sequent matching the premises of that rule application in his attempt to build a
countermodel. The game G is initialized at a sequent ∆, denoted G@∆. The available moves of the
game look as follows:
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Position Player Available Moves
Γ with ⊤ ∈ Γ Prover (top, {⊤},Γ)
Γ with q, q ∈ Γ Prover (ax, {q, q},Γ)
Γ with φ ∨ ψ ∈ Γ Prover (or, {φ ∨ ψ},Γ)
Γ with φ ∧ ψ ∈ Γ Prover (and, {φ ∧ ψ},Γ)
Γ with □φ ∈ Γ Prover (box, {□φ},Γ)
(top, {⊤},Γ) Builder ∅
(ax, {q, q},Γ) Builder ∅
(or, {φ ∨ ψ},Γ) Builder (Γ \ {φ ∨ ψ}) ∪ {φ,ψ}
(and, {φ ∧ ψ},Γ) Builder (Γ \ {φ ∧ ψ}) ∪ {φ}, (Γ \ {φ ∧ ψ}) ∪ {ψ}
(box, {□φ},Γ) Builder □−1

4 (Γ) ∪ {φ}

We present these results in mathematical notation rather than Lean’s syntax. The underlying
approach is identical but the latter may be harder to parse for those unfamiliar with Lean. The main
difference, as discussed in the previous section, is that labels of a proof are denoted RuleApp.and φ ψ Γ

in_Γ rather than (and, φ ∧ ψ,Γ). Additionally, since the formalization by N. Cohen does not include
history, we augment each move with a list of all prior moves. These are the only changes we make.

There are three conditions for the game ending:

• Prover has no available moves: Builder wins,

• Builder has no available moves: Prover wins,

• A sequent repeats itself: Prover wins.

Zermelo’s theorem tells us that if the move relation, denoted ⋖ is well-founded, the game is determined,
i.e. from any game position, one player will always have a winning strategy. Thus we show (1) the game
is well-founded, (2) if Prover has a winning strategy then there exists a proof of Γ, and (3) if Builder
has a winning strategy then there exists a model refuting Γ. Completeness then comes as a corollary.

The first result follows from the observation that any infinite run of the game would contain a
sequent repeating infinitely often, which is impossible since Prover wins immediately upon any repeat.
We will provide a sketch of the results (2) and (3).

Theorem 6.2 (prover_win_builds_proof ✓). If Prover has a winning strategy S in the game G@∆,
then there exists a proof of ∆.

Proof. (Sketch.) We follow a four-step process: (1) define the set of nodes of the proof (in Lean,
the type of nodes), (2) label each node with a rule and principal/non-principal formulas (i.e. define
(r × fp × fn)(x)), (3) specify the premises of each node (i.e. define p(x)), and (4) verify that these
connections satisfy the step condition. To begin with, for (1) let the set X of nodes of the proof be the
set of all moves made by Prover in the cone S. These nodes will be rule applications that tell us exactly
how to label the node, answering (2). For (3), we define the set of premise nodes to be as follows. Take
x ∈ X, this will be a triple (r,Γ,∆). We check cases on r, and give two demonstrative cases:

case If r = top, then x should be an axiomatic node in the proof, so define p(x) = ∅.

case If r = or, then Γ will be of the form φ ∨ ψ. Check if the move (Γ \ {φ ∨ ψ}) ∪ {φ,ψ} has been
played before in the run of the game. If it has, then since Prover has a winning strategy, we know

58

https://mgignoux.github.io/lean4-gl-coalgebras/docs/find/?pattern=prover_win_builds_proof#doc


Prover will have responded to this move with a rule application y, so we set p(x) = {y}. If it has
not, then Builder will have played (Γ \ {φ ∨ ψ}) ∪ {φ,ψ} in response since it is the only available
move, and since Prover has a winning strategy, it will have responded with a rule application y,
so set p(x) = {y}.

Finally, for (4) it remains to show that these connections satisfy the step condition, which is inherent in
the design of the game.

Theorem 6.3 (builder_win_builds_model ✓). If Builder has a winning strategy S in the game G@∆,
then there exists a model which falsifies ∆.

Proof. (Sketch.) We say a path π in S is maximal if the first node in the path is the starting move ∆

or a sequent Γ such that the prior move before Γ was a box rule application, and if any other move
were to be made, then that move would be a box rule application. Since the game is well-founded these
paths will always be finite.

Define the model M = (M,R, V ) as follows: let M be the set of maximal paths in the game, let R
be the transitive closure of the relation given by

πRτ if and only if last(π)⋖2 first(τ)

and let V be the valuation given by V (p) = {π | p /∈ Voc(last(π))}.
To prove that the model falsifies ∆ we show the following statement: If φ ∈ πi then M,π ̸⊨ φ. The

proof requires an outer induction on φ and an inner induction on length(π)− i. We will cover some
interesting cases:

case If p ∈ πi, then p /∈ πi. If i < length(π) then p ∈ πi+1 and we can apply our inner induction
hypothesis. If i = length(π) then p ∈ Voc(last(π)), our desired result.

case If φ ∨ ψ ∈ πi then if i < length(π) then φ,ψ ∈ πi+1 or φ ∨ ψ ∈ πi+1, either way, we apply our
inner induction hypothesis. If i = length(π) then we have a contradiction, as π is not maximal.

case If □φ ∈ πi then if i < length(π) then □φ ∈ πi+1 so we proceed by our inner induction hypothesis.
If i = length(π) then define τ to be a maximal path from □−1

4 (πi) ∪ {φ}. (The fact that such an
R successor always exists is a corollary of the fact that Builder has a winning strategy). Then
πRτ and since φ ∈ τ0 by our outer inductive hypothesis we know M, τ ̸⊨ φ, our desired result.

case If ♢φ ∈ πi then ♢φ ∈ last(π). Moreover, given any τ such that πRτ , one can verify that φ ∈ τ0

so M, τ ̸⊨ φ, our desired result.

6.4 Partial Proofs

Another design choice we made that diverged from our mathematical approach was how to handle partial
proofs. In our mathematical setting, partial proofs (see Definition 3.17) are open-ended coalgebras in
which any node may be declared an assumption, leaving it as a non-axiomatic leaf. Then, in Definition
3.21, given a Gsplit-proof (X,α) we added the requirement that for each x ∈ X there is a partial proof
Px and that the collection of these are structured in a way that allows us to connect them when we
eventually do the proof transformation as defined in Definition 3.22. This condition states the following:

59

https://mgignoux.github.io/lean4-gl-coalgebras/docs/find/?pattern=builder_win_builds_model#doc


• For all x ∈ X there is a node px ∈ Px which we refer to as the root node,

• For all x ∈ X and z ∈ Px, if rβx(z) = as then there is y ∈ pα(x) such that fβx(z) = fβy(py).

However, this condition only tells us that such a node exists but does not carry the data of which node
to use for the attachment. Moreover, it misses a key property which says that not only is there another
partial proof we can attach to, but we actually know what the formulas should be; precisely the fact
that all root nodes have the form τ(x) for some τ : X → Pω(L□) and all non-axiomatic leaf nodes have
the form τ(y) for some y ∈ pα(x). As an example, in the case of the left interpolation correctness proof,
the function τ is given by x 7→ f(x)l | ιx.

We employ two techniques: first, we combine the data of the aforementioned node y into the rule
application itself, much like we do for the principal formulas in the or, and and box rule applications.
Additionally, instead of creating the rule application by providing the sequent ∆, we use a function
τ : X → SplitSequent which we use to define what the sequent at a as rule application should be
(since as is a reserved keyword in Lean, we call the constructor for the as rule application pre in Lean).
In Lean, this is expressed as follows.

inductive RuleApp {X : Split.Proof} (x : X.X) (τ : X.X → SplitSequent)
| pre : (y : X.X) → (y ∈ Split.p X.α x) → RuleApp x τ

| ... (other cases)

def f {X : Split.Proof} {x : X.X} {τ : X.X → SplitSequent} : RuleApp x τ → SplitSequent
| RuleApp.pre y _ => τ y
| ... (other cases)

This allows us to define the proof transformation directly: the information about how to connect the
partial proof is stored directly inside RuleApp.pre rather than supplied via added structural conditions.
We also need not store a sequent inside RuleApp.pre, since the principal and non-principal formulas are
already determined. In other words, all structure needed for the proof transformation is baked directly
into the definition of partial proofs, making the transformation computable.

This allows us to define the type of X in our proof transformation as (y : X.X) × (PartialProof

y).X. A key difficulty arises here: definitional equality of dependent sum types. Two terms ⟨x_1, z_1⟩
and ⟨x_2, z_2⟩ of type (y : X.X) × (PartialProof y).X are equal if and only if x_1 = x_2 and z_1

and z_2 are heterogeneously equal. Heterogeneous equality (HEq) is a weaker form of equality that allows
comparing terms of different types; in our case, z_1 : PartialProof x_1 and z_2 : PartialProof x_2

have different types. Thus instead of being able to state z_1 = z_2, we must use heterogenous equality
z_1 HEq z_2.

Mathlib’s documentation of HEq explicitly warns us not to use heterogeneous equality, “you should
avoid using this type if you can” [Chr+26, 19.4.2. Heterogeneous Equality]. The impact becomes clear
when checking the step and path conditions: whenever a step to a premise is made, the heterogeneous
equality must be supplied with an explicit proof. Heterogeneous equality proofs are individually simple
but verbose, often spanning multiple lines, and difficult to interpret. They ultimately constitute the
majority of the code in the proof of proofTransformation and its helper lemmas. In contrast to
pen-and-paper mathematics, where this reasoning is immediate, a significant amount of effort is spent
solely to prove these equalities.
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6.5 Evaluation

We now evaluate our Lean formalization and identify directions for future improvement. The main
points of critique fall into two categories: critique of the methodology and critique of the results
themselves, with the former impacting the latter.

6.5.1 Evaluation of the Method

The guiding methodology of this thesis is to treat proofs as general, not necessarily well-founded,
structures. In the literature, however, proof systems commonly carry some structure, be it an underlying
finite tree structure in the case of cyclic proofs, or a tree structure in the case of infinite-tree proofs. As
previously mentioned, approaches toward cyclic proofs in Lean have been explored by M. Gattinger et
al. for [Bor+25]. The project for PDL is considerably larger and concerns a more complex logic and
system, but shares several similarities with ours. For instance, the core techniques — the soundness
proof, builder-prover games, and using fixpoints to define interpolants — appear in both projects.
However, the key difference is that the PDL project often uses well-founded induction on the proof
structure to prove these properties, something which is unavailable to us. Another difference is that
interpolant correctness is proved semantically rather than syntactically.

Working on this project has highlighted one significant advantage of inductive proof structures: they
come equipped with induction hypotheses which are extremely useful. The calculus of constructions
is central to Lean’s type theory, making Lean a powerful tool for managing the complex inductive
hypotheses that arise from cyclic proof structures. This is also a significant difference from on-paper
work: in a complex proof system with many rules and annotations it can be hard to keep track of what
the inductive hypotheses are. This is a major benefit of Lean, where we can use the induction tactic
to directly get our hypothesis, and can change a statement about a proof x into one with supplied
hypothesis, something which our coalgebraic methodology lacks.

In short, Lean is the perfect medium for presenting the user with a transparent set of assumptions
and a clear goal. Suppose we need to prove a statement about all nodes within a proof, such as the
statement that we can find interpolants for all nodes. Using induction on the proof structure, the proof
obligation reduces to a step-by-step analysis of each rule application together with the corresponding
induction hypotheses, which Lean tracks and presents to the user automatically. Our method affords
no such luxury. While we can look at which rule was applied, we have no induction hypothesis and
often must figure out how to define everything at once.

6.5.2 Evaluation of the Results

We now summarize the significant results achieved in the formalization.

• Modal soundness of our systems Ggen, Gsplit, and Gext
skip (soundness ✓, Split.soundness ✓, and

ExtSkip.soundness ✓)

• Modal completeness of our systems GL and Gsplit (completeness ✓ and Split.completeness ✓)

• Given a finite split-proof

– (Noncomputable) function defining the interpolant of each node (interpolant)

– Syntactic interpolation (syntactic_interpolation ✓)
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• Craig Interpolation (interpolation)

Further supporting results, more specific to our system but potentially valuable for future work, include:

• The definition of our proof systems Ggen, Gsplit, and Gext
skip (Proof, Split.Proof, and ExtSkip.Proof)

• The GL fixpoint theorem for modal formulas (fixed_point_theorem_modal ✓)

• Finitization for Ggen and Gsplit (finite_proof_of_proof ✓ and Split.finite_proof_of_proof ✓)

• Proof transformations (proofTransformation)

All of our work is sorry-free (fully verified) and culminates in the final theorem Interpolation,
which states

def isInterpolant (φ ψ χ : Formula) :=
χ.vocab ⊆ φ.vocab ∩ ψ.vocab ∧ ⊨ (φ ↣ χ) ∧ ⊨ (χ ↣ ψ)

theorem interpolation (φ ψ : Formula) : ⊨ (φ ↣ ψ) → ∃ χ, isInterpolant φ ψ χ

This proves the correctness of our interpolant via our (coalgebraic) proof theoretic method and transfers
back and forth between validity and provability using soundness and completeness. Our work builds on
Lean’s built-in libraries and the community library mathlib, as well as the finite game formalization by
N. Cohen imported from the PDL project.

We now turn to the shortcomings of the project. We begin with those specific to the GL results. First,
although Lean is a programming language, our function for defining the interpolant is noncomputable.
This result should not surprise us as it is also noncomputable in our on-paper work; even the set of
formulas for interpolation is noncomputable. In Lean, the set of equations itself is computable because
we made the to rule applications and premises discussed in 6.2. However, to define the interpolant, we
proceed by induction on the subsets of nodes of the proof Y , and without a linear ordering on the type
of our nodes to pick a minimal node z to work with, or decidable equality for nodes to take Y \ {z}, we
cannot achieve computability. Decidable equality for nodes of a proof is a reasonable assumption to
add, but stipulating that the nodes of a proof are linearly ordered seems too arbitrary an addition.

By contrast, in a system that defines proof inductively using history like PDL does, as discussed
above, we can expect that the interpolant could be defined recursively in a computable manner. This
idea has not yet been explored in Lean since the PDL interpolant definition is also noncomputable. In
[Fér+24], computable uniform interpolation for several modal logics including GL was proven in the
proof assistant Rocq using a similar approach to PDL that recursively defines proofs using history.

A further shortcoming is that the general notion of proof introduced in Definition 3.8 is not present
in our Lean development: each type of proof system, when defined in Lean, constitutes its own structure.
This arose for two reasons. First, the general notion of proof was not fully crystallized until late in the
thesis, whereas the GL-specific definition of proof was established early on. As a result, the methods
used in Lean could in principle be adapted to other proof systems, but no general framework for doing
so exists within the codebase.

With these limitations in mind, this project stands as a self-contained formalization of interpolation
for GL. Any logic project requiring this result could import it to obtain the theorem per its licensing.
However, the result is unlikely to be incorporated into an existing Lean library, as Lean currently has
few logic libraries, and those that exist impose standardized methodologies and code conventions.
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6.6 Future Work

There are three suggestions for future work that we consider feasible, listed in increasing order of
difficulty, followed by a discussion of more ambitious directions.

The two results not formalized in the Lean work were the size bound and the Lyndon interpolation
result. Recall that given a Gsplit-proof (X,α) and x ∈ X, Theorem 4.21 establishes the following
properties about an interpolant ιx:

1. Lit(ιx) ⊆ Lit(f(x)l) ∩ Lit(f(x)r),

2. |ιx| ≤ 3× 2|X|.

In Lean, we only prove Craig interpolation and do not prove the size result, meaning we instead show:

1. Voc(ιx) ⊆ Voc(f(x)l) ∩ Voc(f(x)r).

The reason for this discrepancy is that we looked into the size and Lyndon interpolation results relatively
late in the thesis and did not have time to formalize them within Lean. The significance of the size
result is limited, since it states the size of an interpolant ιx is bounded by a double exponential (as
|X| ≤ 2|∆|Cl+1), whereas in the literature there are (non-formalized) results proving interpolants which
have single exponential size bounds exist for GL [CKW25]. We believe both the Lyndon interpolation
result and the size result could easily be formalized in Lean, with the Lyndon interpolation result being
the more interesting result to add.

A second direction, particularly relevant if formalization via the coalgebraic method is to be
developed further, would be to formulate a carefully designed general definition of proof along with
generalized notions of logics. As noted, our focus was proof-of-concept of the coalgebraic method in
formalizing interpolation for GL rather than developing generalized notions of proof applicable to other
proof systems. Indeed, the systems Ggen, Gsplit, Gext

par, and Gext
skip were defined separately, rather than

using type class instances for more generic notions of proof. The same goes for the endofunctors of the
aforementioned proof systems.

Third, other proof systems could be formalized. Natural candidates include simple fixpoint modal
logics with similar proof systems whose finitization and interpolation could be handled via the methods
discussed in this thesis, such as S4Grz and K4Grz, along with intuitionistic variants of these systems
and of GL. We believe many of these could be formalized in a fairly straightforward manner, given that,
via our work for GL, we have now established how to formalize the necessary proof techniques in Lean.
Moreover, if this were combined with generalizing the notion of (coalgebraic) proof, large portions of
the work could be automated, such as notions of filtration or proof transformation.

Finally, a more ambitious goal would be the formalization of the results of Chapter 5. Formalization
of this system presents additional challenges. The first one would be determining the best definition of
an alternation-free formula. The mutually inductive definition of AFMC formulas given in Definition
2.25 is self-referential, and it is not obvious how to encode it in Lean. Defining AFMC formulas as a
subtype of MC formulas is one option, but this is also not easy to work with when it comes to showing
that substitutions of formulas stay alternation-free. Second, µ-calculus semantics must be formalized in
Lean to address soundness and completeness, or equivalent game-theoretic semantics must be used.
This would require formalizing the necessary infinite game theory or locating an existing formalization.
Additionally, µ- and ν-traces, which we have avoided entirely in this thesis, would need to be formalized

63



for the game-theoretic semantics. Finally, the finitization methodology uses least and greatest fixpoint
ordinals. The community library mathlib does appear to contain the relevant formalization of ordinals
and the Knaster-Tarski theorem, making us believe this approach to finitization may be feasible in
Lean.
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Chapter 7

Conclusion

Infinite proofs are often necessary to handle fixpoint logics. In this thesis, we developed a coalgebraic
framework for ill-founded proof systems and applied it to the Gödel-Löb provability logic (GL) and the
alternation-free µ-calculus (AFMC), pursuing three lines of investigation: finitization, interpolation, and
formalization.

7.1 Evaluation

Finitization. Finite objects are necessary for computability, such as computing interpolants. To
finitize proofs in our coalgebraic proof systems, we used the well-known finitization method of filtration
and took inspiration from D. Kozen’s proof of the finite model property for the modal µ-calculus.
This approach integrated well with our coalgebraic framework as filtration is a coalgebraic concept.
Specifically, the approach gave us an upper bound on the size of proofs for GL and AFMC, where we
showed that given a proof of ∆, there exists a proof of ∆ whose size is bounded exponentially by |∆|Cl.
In contrast, finitization bounds for cyclic proof systems are often bounded by formula length, which
can be exponentially larger than closure size in the case of the µ-calculus [KMV20] and basic modal logic.

Interpolation. We found interpolants for the logics GL and AFMC by solving a system of equations and
proved interpolation syntactically within a proof system with an added skip rule with the stipulation
that skip is not used cofinitely often along infinite paths. We saw that an advantage this approach has
over the standard approach to cyclic proofs was that it gave us better control over where in the proof
our interpolant was defined, without first normalizing our proof; while still being able to relate our
interpolant to closure size. Specifically, in the case of guarded AFMC, we got an exponential upper
bound on the size of our Lyndon interpolant. While exponential size bounds for Lyndon interpolants
are common in the literature, to the best of our knowledge, neither Lyndon interpolation nor the upper
bound have previously appeared in the literature for the guarded alternation-free µ-calculus.

Formalization. We were able to formalize the majority of our results about the logic GL in the functional
programming language and theorem prover Lean 4, resulting in a formalized proof of Craig interpolation
for GL. We provided an analysis of this work in Section 6.5.
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As part of this thesis we also made an attempt to apply our coalgebraic approach to a proof system
for the modal µ-calculus. To this end, we examined a coalgebraic representation of the proof system
Stir, introduced by B. Afshari and G. E. Leigh in [AL16]. This system annotates formulas with
control words taken from an infinite set, and uses a complex path condition relating to these control
words. The resulting complexity reveals two weaknesses of our methodologies for finitization and
interpolation laid out in this thesis when applied to proof systems with more complex path conditions.
First, point-generated proofs for Stir do not have a finite number of distinct annotated sequents, so an
additional proof step, perhaps using proof transformations to restrict which annotations appear, would
be required before filtration could be applied. Second, the complex path condition of Stir prevents
filtration as a means for achieving finitization. However, the path condition for this proof system is
expressible in the modal µ-calculus meaning D. Kozen’s finitization result could be used to achieve
finitization (without an upper bound). The path condition also creates difficulties when it comes to
interpolation: to this end, B. Afshari and G. E. Leigh in [AL19] do in fact normalize the Stir system
first to approach interpolation.

These observations identify where our methodology falls short, and also motivate future work. To
obtain proof-size bounds, our approach favors “simpler” path conditions, although we did not look into
qualifying what “simpler” by identifying a class of path conditions which do yield finite proofs. In our
work for AFMC our method shows how to finitize systems whose path condition requires a designated
property to hold infinitely often on every infinite path (recurrence), or cofinitely often on every infinite
path (persistence), or both. These are common conditions on proofs in the literature, and we therefore
believe the method we supplied could be used in those cases to give size-bounded results for other
proof systems. Of course, our finitization result is always limited to systems that have path conditions
expressible in the modal µ-calculus. At the far end, systems such as µMALL∞ in [Bae+22], whose path
condition involves backtracking and “bouncing” between premises, would likely require a logic with a
backward-looking modality to express, which lies further beyond the reach of the method pursued in
this thesis.

7.2 Future Work

Alternation-free µ-calculus. The most immediate open problem is extending the interpolation results of
Chapter 5 to the full alternation-free µ-calculus. The focus-style proof system of J. Marti and Y. Venema
covers only the guarded fragment, so a natural next step would be to identify an ill-founded proof
system for the full AFMC with a similar focus and unfocus mechanism. We believe the finitization and
equation-solving approach developed in this thesis would then yield Lyndon interpolation with an expo-
nential bound in interpolant size for the full AFMC — a result that has not yet appeared in the literature.

Modal µ-calculus. A further development of the work would be to apply the methods of this thesis to
the full modal µ-calculus. As we discussed previously, we would need to work through the difficulties
imposed by the Stir system, which we believe to be possible, or another option would be to base our
notion of proof on another system for the modal µ-calculus, for which there are several candidates [AL16].

Uniform interpolation. A direction we did not explore in this thesis but nonetheless believe is applicable
to our coalgebraic methodology is uniform interpolation. Cyclic proof systems have been used to
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establish uniform interpolation for several modal logics [ALM21; HSS25], and it remains an open
question whether the coalgebraic methodology could be applied in this setting, and whether it could be
used to give bounds on interpolant size.

Cut-elimination. Finally, we consider cut-elimination. In [SSZ24], B. Sierra Miranda et al. achieve
cut-elimination for an ill-founded proof system for Grz co-recursively by forcing the cut upward in
infinite-tree proofs, using a different underlying endofunctor from the one employed here. In [AK25],
B. Afshari and J. Kloibhofer establish cut-elimination in a cyclic variant of the focus proof system for
AFMC. These results raise the question of whether either approach could be generalized to yield a
coalgebraic approach toward cut-elimination, and in particular whether a co-inductive strategy inspired
by [SSZ24] can be developed within our general framework.
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Appendix A

Interpolant Correctness Proofs

We provide the proofs that our interpolants which we define in Section 4.2 and Section 5.2 meet the
necessary properties which we claim. We provide proofs of Lemma 4.20, Lemma 5.37, and Theorem
5.38. So that this appendix remains self-contained and does not refer back to previous chapters for the
definition of the interpolant, we restate the definition of the interpolant as well as supply the proofs of
the claims.

A.1 The Gödel-Löb Provability Logic

Lemma A.1. Given a finite Gsplit-proof (X,α) and a set of equations for interpolation χ as defined
above, for every Y ⊆ X there is a map σY : ΛY → L□ such that for all x ∈ Y , the following statements
hold:

1. One of the following hold:

(a) σY (qx) = σY (χx),

(b) σY (qx) ≡ σY (χx), r(x) = box, and x◁+
Y x.

2. For all z ∈ X, if qz ∈ Voc(σY (qx)) then x◁+ z.

3. Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ ΛX\Y .

4. |σY (qx)|Cl ≤ 3× 2|Y |.

Proof. We proceed by induction on the size of Y . The case where Y = ∅ is vacuously true. Suppose
Y ̸= ∅. We now inspect the structure of (Y,◁Y ) where ◁Y is the restriction of ◁ to Y . We distinguish
cases depending on whether there is a node y ∈ Y such that y ◁+

Y y.
Suppose that no loops occur in Y . Then since the graph (Y,◁Y ) is finite there must exist a leaf y

with respect to ◁Y . Let Z = Y \ {y}. Then, by the induction hypothesis we know that there must be
σZ : ΛZ → L□ with the properties listed above. Let σY : ΛY → L□ be the map given by

σY (qx) = σZ(qx)[χy/qy]

for all x ∈ Y . Take an arbitrary x ∈ Y , we will prove this map satisfies condition (1) through (4).

1. We want to show that (1a) or (1b) holds. We split cases depending on whether x = y.
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(a) If x = y then observe the following equalities

σY (qy) = σZ(qy)[χy/qy] by definition of σY

= qy[χy/qy] since y /∈ Z

= χy Definition 2.3

Moreover

σY (χy) = σZ(χy)[χy/qy] by definition of σY

= χy[χy/qy] since Voc(χy) ∩ ΛY = ∅

= χy since qy /∈ Voc(χy)

So we have our desired result.

(b) If x ≠ y then by the induction hypothesis, we know that σZ(qx) is σZ(χx) as there are no
loops within (Y,◁Y ) so there are no loops within (Z,◁Z). Observe the following equalities

σY (qx) = σZ(qx)[χy/qy] by definition of σY

= σZ(χx)[χy/qy] σZ(qx) = σZ(χx)

= σY (χx) by definition of σY

2. Take an arbitrary z ∈ X and suppose that qz ∈ Voc(σY (qx)). Again, we split cases depending on
whether x = y.

(a) If x = y then σY (qx) = χy so qz ∈ Voc(χy). By Lemma 4.19 we know y ◁ z.

(b) If x ̸= y then σY (qx) = σZ(qx)[χy/qy] so either (i) qz ∈ Voc(σZ(qx)) and qz ̸= qy or (ii)
qy ∈ Voc(σZ(qx)) and qz ∈ Voc(χy). In (i) by the induction hypothesis we know x◁+ z so we
are done. In (ii) since qz ∈ Voc(χy) we know y◁z by Lemma 4.19 and since qy ∈ Voc(σZ(qx))

we know by the induction hypothesis that x◁+ y so combining these results we get x◁+ z,
our desired result.

3. We want to show that

Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ ΛX\Y .

We proceed by splitting cases depending on whether x = y.

(a) If x = y then σY (qx) = χy. Take q ∈ Lit(χy), by Lemma 4.19 we know that either (i)
q ∈ Lit(f(x)l) ∩ Lit(f(x)r) or (ii) q = qz for some z such that y ◁ z. In (i) we immediately
have our result. In (ii), we can conclude that z /∈ Y as y was chosen to be a leaf in (Y,◁Y ),
so q ∈ ΛX\Y .

(b) If x ̸= y then σY (qx) = σZ(qx)[χy/qy]. By the induction hypothesis we know that

Lit(σZ(qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ ΛX\Z , (A.1)

since x ∈ Z. Take q ∈ Lit(σZ(qx)[χy/qy]). Then (i) q ∈ Lit(σZ(qx)) and q ̸= qy or (ii)

73



qy ∈ Lit(σZ(qx)) and q ∈ Lit(χy). In (i), we get our desired result via (A.1) and basic set
theory. In (ii) since qy ∈ Lit(σZ(qx)) we get x◁+ y and since q ∈ Lit(χy) by Lemma 4.19 we
get (A) q ∈ Lit(f(y)l) ∩ Lit(f(y)r) or (B) q = qz for some z such that y ◁ z. In (A) we get
our desired result since q ∈ Lit(f(y)l) ∩ Lit(f(y)r) and x◁+ y so by Lemma 4.16 we have
q ∈ Lit(f(x)l) ∩ Lit(f(x)r). In (B) we can conclude that z /∈ Y since y was chosen to be a
leaf in (Y,◁Y ) so qz ∈ ΛX\Y .

4. We want to show that |σY (qx)|Cl ≤ 3× 2|Y |. We split cases depending on whether x = y.

(a) If x = y then σY (qy) = χy, and by the definition of χy given in Definition 4.18 we know
|χy|Cl ≤ 3 so clearly |χy|Cl ≤ 3× 2|Y | for |Y | ≥ 1.

(b) If x ̸= y then σY (qx) = σZ(qx)[χy/qy], thus

|σY (qx)|Cl = |σZ(qx)[χy/qy]|Cl

≤ |σZ(qx)|Cl + |χy|Cl Lemma 2.9

≤ 3× 2|Z| + 3 (IH), |χy|Cl ≤ 3

≤ 3× 2|Y | |Y | ≥ 1, |Y | = |Z|+ 1

Suppose now that a loop occurs. By Lemma 4.15 there must be a box node on this cycle, let it be
y. Then χy = △qy′ where y′ is the unique premise of y and △ ∈ {□,♢}. We note for later that
y′ must be in Y since it is the unique premise of y and we know y ◁+ y. Let Z = Y \ {y}, by the
induction hypothesis we know that there must be σZ : ΛZ → L□ that satisfies all properties listed
above. Let δ ∈ {⊤,⊥} be ⊤ if △ = □ and ⊥ if △ = ♢. Recall from Lemma 2.11 that we know
σZ(χy)[(σZ(χy)[δ/qy])/qy] ≡ σZ(χy)[δ/qy]. Let σY : ΛY → L□ be the map given by

σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy].

for all x ∈ Y . Take an arbitrary x ∈ Y , we will prove this map satisfies all of the listed conditions.

1. We want to show that either (1a) or (1b) holds. We split cases depending on whether x = y.

(a) If x = y then observe the following equalities

σY (qy) = σZ(qy)[(σZ(χy)[δ/qy])/qy] definition of σY

= qy[(σZ(χy)[δ/qy])/qy] since y /∈ Z

= σZ(χy)[δ/qy] Definition 2.3

≡ σZ(χy)[(σZ(χy)[δ/qy])/qy] Lemma 2.11

= σY (χy) definition of σY

(b) If x ≠ y then σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy]. By the induction hypothesis, we know
that (i) σZ(qx) = σZ(χx) or (ii) x is a box node on a loop in (Y,◁Y ) and σZ(qx) ≡ σZ(χx).
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In (i) we get our desired result since

σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy] definition of σY

= σZ(χx)[(σZ(χy)[δ/qy])/qy] σZ(qx) = σZ(χx)

= σY (χx) definition of σY

In (ii), we use the fact that substitution preserves equivalence to get our desired result.

σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy] definition of σY

≡ σZ(χx)[(σZ(χy)[δ/qy])/qy] σZ(qx) ≡ σZ(χx)

= σY (χx) definition of σY

2. Take an arbitrary z ∈ X and suppose that qz ∈ Lit(σY (qx)). We split cases depending on whether
x = y.

(a) If x = y then σY (qx) = σZ(χy)[δ/qy], so qz ∈ Lit(σZ(χy)) and z ≠ y. Recall that χy = △qy′
where y′ is the unique premise of y. Therefore qz ∈ Lit(σZ(qy′)). By the induction hypothesis
we know that y′ ◁+ z as y′ ∈ Z and since y ◁ y′ we have our desired result that y ◁+ z.

(b) If x ≠ y then σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy], thus if qz ∈ Lit(σZ(qx)[(σZ(χy)[δ/qy])/qy])

then (i) qz ∈ Lit(σZ(qx)) and z ̸= y or (ii) qy ∈ Lit(σZ(qx)) and qz ∈ Lit(σZ(χy)) and z ̸= y.
In (i) since z ≠ y we can apply the induction hypothesis to qz ∈ Lit(σZ(qx)) to get x◁+ z,
our desired result. In (ii) we know by applying the induction hypothesis to qy ∈ Lit(σZ(qx))

that x◁+ y and since qz ∈ Lit(σZ(χy)) we know by the reasoning in (2a) that y ◁+ z, so we
have x◁+ z.

3. We want to show that

Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ ΛX\Y .

We begin by splitting cases depending on whether x = y.

(a) If x = y then σY (qy) = σZ(χy)[δ/qy]. Take q ∈ Lit(σZ(χy)[δ/qy]). As previously mentioned
this means q ∈ Lit(σZ(qy′)) and q ̸= qy. By the induction hypothesis we have

Lit(σZ(qy′)) ⊆ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ ΛX\Z .

so q ∈ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ ΛX\Z . We get two cases: (i) q ∈ Lit(f(y′)l) ∩ Lit(f(y′)r)

or (ii) q ∈ ΛX\Z . In (i) q ∈ Lit(f(y′)l) ∩ Lit(f(y′)r) and y ◁ y′ so q ∈ Lit(f(y)l) ∩ Lit(f(y)r),
our desired result. In (ii) since q ∈ ΛX\Z and q ̸= qy we get our desired result.

(b) If x ≠ y then σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy]. By the induction hypothesis we know
that

Lit(σZ(qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ ΛX\Z ,

since x ∈ Z. Suppose q ∈ Lit(σZ(qx)[(σZ(χy)[δ/qy])/qy]), as usual, either (i) q ∈ Lit(σZ(qx))

and q ≠ qy or (ii) qy ∈ Lit(σZ(qx)) and q ∈ Lit(σZ(χy)) and q ≠ qy. In (i) using the induction
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hypothesis we get q ∈ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ ΛX\Z and since q ≠ qy we get our desired
result from basic set theory manipulations. In (ii) since qy ∈ Lit(σZ(qx)) we get x◁+ y and
since q ∈ Lit(σZ(χy)) we get by the same reasoning as (3a) that

Lit(σZ(qy′)) ⊆ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ ΛX\Z

so q ∈ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ ΛX\Z . Therefore (A) q ∈ Lit(f(y′)l) ∩ Lit(f(y′)r) or (B)
q ∈ ΛX\Z . In (A) we get our desired result since x◁+y and y◁y′ so q ∈ Lit(f(x)l)∩Lit(f(x)r).
In (B) we get our desired result since q ∈ ΛX\Z and q ̸= qy.

4. We want to show that |σY (qx)|Cl ≤ 3× 2|Y |. We split cases depending on whether x = y.

(a) If x = y then σY (qy) = σZ(χy)[δ/qy], and we know χy = △qy′ where y′ is the unique premise
of y and △ ∈ {□,♢} as well as y′ ∈ Z. Putting this all together we have

|σY (qx)|Cl = |σZ(χy)[δ/qy]|Cl definition of σY

≤ |σZ(qy′)|Cl

≤ 3× 2|Z| (IH)

≤ 3× 2|Y | |Y | = |Z|+ 1

(b) If x ̸= y then σY (qx) = σZ(qx)[(σZ(χy)[δ/qy])/qy]

|σY (qx)|Cl = |σZ(qx)[(σZ(χy)[δ/qy])/qy]|Cl definition of σY

≤ |σZ(qx)|Cl + |σZ(χy)[δ/qy]|Cl Lemma 2.9

≤ 3× 2|Z| + 3× 2|Z| (IH)

= 3× 2|Y | |Y | = |Z|+ 1

A.2 The Alternation-Free µ-Calculus

Lemma A.2. Given a proof (X,α) and a set of equations for interpolation χ as defined above and
a cluster C ⊆ X, for every Y ⊆ C there is a partial map σY : ΛY → Laf

□ such that for all x ∈ Y the
following six statements hold:

1. Exactly one of the following hold:

(a) σY (qx) = σY (χx),

(b) A loop occurs in (Y,◁Y ) and there is a formula φ such that

σY (qx) = ηCqx.φ and σY (χx) = unf(ηCqx.φ).

2. Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\Y .

3. σY (qx) ∈ N ηC
ΛC\Y

.

4. For all z ∈ X, qz ∈ FV (σY (qx)) iff z /∈ Y and there exists u ∈ Y such that x◁∗
Y u and u◁ z.
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5. For all z ∈ X, if x◁∗
Y z then Clos(σY (qz)) ⊆ Clos(σY (qx)).

6. |σY (qx)|Cl ≤ 3|Y |.

Proof. We proceed by induction on the size of Y . The case where Y = ∅ is vacuously true. Suppose
Y ̸= ∅. We now inspect the structure of (Y,◁Y ) where ◁Y is the restriction of ◁ to Y . We distinguish
cases depending on whether there is a node y ∈ Y such that y ◁+

Y y, i.e. whether there is a loop within
Y .

• Suppose that no loops occur. Since the graph is finite there must be a leaf y with respect to ◁Y .
Let Z = Y \ {y}, then by the induction hypothesis we know that there must be σZ : ΛZ → Laf

□

with the properties listed above. Let σY : ΛY → Laf
□ be the map given by

σY (qx) = σZ(qx)[χy/qy]

for all x ∈ Y . Take an arbitrary x ∈ Y , we will prove this map satisfies all of the desired
conditions.

1. We want to show that either 1(a) or 1(b) holds. Observe that these conditions are unique.
We split cases depending on whether x = y.

(a) If x = y then observe the following equalities

σY (qy) = σZ(qy)[χy/qy] by definition of σY

= qy[χy/qy] since y /∈ Z

= χy Definition 2.16

Moreover

σY (χy) = σZ(χy)[χy/qy] by definition of σY

= χy[χy/qy] since FV (χy) ∩ ΛY = ∅

= χy since qy /∈ FV (χy)

So we have our desired result.

(b) If x ≠ y then by the induction hypothesis, we know that σZ(qx) is σZ(χx) as there are
no loops within (Y,◁Y ) so there are no loops within (Z,◁Z). Observe the following
equalities

σY (qx) = σZ(qx)[χy/qy] by definition of σY

= σZ(χx)[χy/qy] σZ(qx) = σZ(χx)

= σY (χx) by definition of σY

2. We want to show that

Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\Y .

We begin by splitting cases depending on whether x = y.
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(a) If x = y then σY (qx) = χy. Take q ∈ Lit(χx), by Lemma 5.35 we know that (i)
q ∈ Lit(f(x)l)∩Lit(f(x)r) or (ii) q = qz for some z such that y◁z. In (i) we immediately
have our result. In (ii), we can conclude that z ∈ ◁[C] since y ∈ C and y ◁ z, and that
z /∈ Y since y was chosen to be a leaf in (Y,◁Y ).

(b) If x ̸= y then σY (qx) = σZ(qx)[χy/qy]. By the induction hypothesis we know that

Lit(σZ(qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\Z , (A.2)

since x ∈ Z. Take q ∈ Lit(σZ(qx)[χy/qy]). Then (i) q ∈ Lit(σZ(qx)) and q ̸= qy or
(ii) qy ∈ FV (σZ(qx)) and q ∈ Lit(χy). In (i), we get our desired result via (A.2) and
basic set theory manipulations. In (ii) since q ∈ Lit(χy) by Lemma 5.35 we get (1)
q ∈ Lit(f(y)l) ∩ Lit(f(y)r) or (2) q = qz for some z such that y ◁ z. In (1) we get our
desired result since q ∈ Lit(f(y)l) ∩ Lit(f(y)r) and x◁+ y since x, y ∈ C so by Lemma
5.27 we have q ∈ Lit(f(x)l)∩ Lit(f(x)r). In (2) we can conclude that z ∈ ◁[C] \ Y since
y ∈ C and y ◁ z, and that z /∈ Y since y was chosen to be a leaf in (Y,◁Y ).

3. We want to show that σY (qx) ∈ N ηC
ΛC\Y

. We split cases depending on whether x = y.

(a) If x = y then σY (qy) = χy. Since χy is a basic formula we know by Lemma 5.34 that
χy ∈ N ηC

C\Y .

(b) If x ≠ y then σY (qx) = σZ(qx)[χy/qy]. By the induction hypothesis we know σZ(qx) ∈
N ηC

C\Z and as mentioned in (a) we know that χy ∈ N ηC
C\Y . Thus since C\Z = (C\Y )∪{y}

we know σZ(qx)[χy/qy] ∈ N ηC
C\Y by Lemma 2.27.

4. Take z ∈ X, we want to show that qz ∈ FV (σY (qx)) if and only if there is u such that
x◁∗

Y u and u◁ z. We split cases depending on whether x = y.

(a) If x = y then σY (qx) = χy. Suppose qz ∈ FV (χy), then by Lemma 5.35 we know y ◁ z

and z /∈ Y since y is a leaf in (Y,◁Y ). Thus we have y ◁∗
Y y and y ◁ z. Now suppose

z /∈ Y and there is u such that y ◁∗
Y u and u◁ z. Then since y is a leaf in Y it follows

that u = y so y ◁ z. Then by Lemma 5.36, qz ∈ FV (χy), so qz ∈ FV (σY (qy)), our
desired result.

(b) If x ̸= y then σY (qx) = σZ(qx)[χy/qy]. Suppose qz ∈ FV (σZ(qx)[χy/qy]), then (i)
qz ∈ FV (σZ(qx)) and z ̸= y or (ii) qz ∈ FV (χy) and qy ∈ FV (σZ(qx)). In (i) we know
by the induction hypothesis that z /∈ Z and there is u such that x ◁∗

Z u and u ◁ z.
Therefore x◁∗

Y u and u◁ z and z /∈ Y since z /∈ Z and z ≠ y. In (ii) we know by the
induction hypothesis that there is u such that x◁∗

Z u and u◁ y and by Lemma 5.36
that y ◁ z. It follows that z /∈ Y since y is a leaf in Y and y ◁ z. Moreover, x◁∗

Y y and
y ◁ z, so we have our desired result.
Now suppose in the opposite direction that z /∈ Y and there is u such that x ◁∗

Y u

and u◁ z. We check cases depending on whether x◁∗
Z u. If x◁∗

Z u then since z /∈ Y

we know z /∈ Z so by the induction hypothesis we have qz ∈ FV (σZ(qx)). Therefore
qz ∈ FV (σZ(qx)[χy/qy]) since z ̸= y as z /∈ Y . If it does not hold that x◁∗

Z u then it
must be that there exists v such that x◁∗

Z v and v ◁Y y and y ◁ z since y is a leaf in
Y . So by induction hypothesis we know qy ∈ FV (σZ(qx)) and since y ◁ z we know by
Lemma 5.36 that qz ∈ FV (χy), so qz ∈ FV (σZ(qx)[χy/qy]), our desired result.
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5. Suppose x◁∗
Y z, we want to show that Clos(σY (qz)) ⊆ Clos(σY (qx)). We split cases depending

on whether x = y.

(a) Suppose x = y, then since y is a leaf in (Y,◁Y ) we know that z = y, so our result follows
immediately.

(b) Suppose x ≠ y, since y is a leaf in (Y,◁Y ) we can conclude that either (i) z = y or (ii)
x◁∗

Z z . In (i) we can conclude that since z = y and y is a leaf in (Y,◁Y ) that there
exists u such that x ◁∗

Z u and u ◁ y, so by our induction hypothesis, we know that
qy ∈ FV (σY (qx)). Thus we have

Clos(σY (qx)) = Clos(σZ(qx)[χy/qy]) by definition of σY

= Clos(σZ(qx)) ∪ Clos(χy) Lemma 2.21

⊇ Clos(χy)

= Clos(σY (qy)) by definition of σY

In (ii), we know by our induction hypothesis that Clos(σZ(qz)) ⊆ Clos(σZ(qx)). Using
Lemma 2.22, we know that Clos(σZ(qz)[χy/qy]) ⊆ Clos(σZ(qx)[χy/qy]), our desired
result.

6. We want to show that |σY (qx)|Cl ≤ 3|Y |. We split cases depending on whether x = y.

(a) If x = y then σY (qy) = χy, and by inspection on the definition of χy given in Definition
5.33 we know |χy|Cl ≤ 3 so |χy|Cl ≤ 3|Y | for |Y | > 0.

(b) If x ̸= y then σY (qx) = σZ(qx)[χy/qy], thus

|σY (qx)|Cl = |σZ(qx)[χy/qy]|Cl

≤ |σZ(qx)|Cl + |χy|Cl Lemma 2.24

≤ 3|Z|+ 3 (IH), |χy|Cl ≤ 3

= 3|Y | since |Y | = |Z|+ 1

• Suppose that a loop occurs. There must be a box node on this cycle; let it be y. Then χy = △qy′
where y′ is the unique premise of y and △ ∈ {□,♢}. We note for later that y′ will be in the
same cluster as y, and must also be in Y since it is the unique premise of y and y ◁+ y. Let
Z = Y \{y}, by the induction hypothesis we know that there must be σZ : ΛZ → Laf

□ that satisfies
all properties listed above. Let σY : ΛY → Laf

□ be the map given by

σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy].

for all x ∈ Y . Take an arbitrary x ∈ Y , we will prove this map satisfies all of the listed conditions.

1. We want to show that either 1(a) or 1(b) holds. We split cases depending on whether x = y.

(a) If x = y then observe the following equalities

σY (qy) = σZ(qy)[ηCqy.σZ(χy)/qy] by definition of σY

= qy[ηCqy.σZ(χy)/qy] since y /∈ Z

= ηCqy.σZ(χy) Definition 2.16
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Therefore σY (qy) = ηCqy.φ where φ = σZ(χy). It remains to show that σY (χy) =

unf(ηCqy.σZ(χy)). To see this, observe that

unf(ηqy.σZ(χy)) = σZ(χy)[ηqy.σZ(χy)/qy] Definition 2.16

= σY (χy) by definition of σY

So we have our desired result.

(b) If x ̸= y then σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy]. By the induction hypothesis, we know
that (1) σZ(qx) = σZ(χx) or (2) there is a formula φ such that σZ(qx) = ηCqx.φ and
σZ(χx) = unf(ηCqx.φ). In (1) we get our desired result since

σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy] by definition of σY

= σZ(χx)[ηCqy.σZ(χy)/qy] since σZ(qx) = σZ(χx)

= σY (χx) by definition of σY

Case (2) requires more work. Putting everything we know so far together, we get

σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy] by definition of σY

= (ηCqx.φ)[ηCqy.σZ(χy)/qy] since σZ(qx) = ηCqx.φ

= ηCqx.φ[ηCqy.σZ(χy)/qy] Definition 2.16

therefore σY (qx) has the form ηCqx.ψ where ψ is φ[ηCqy.σZ(χy)/qy]. It remains to show
that unf(ηCqx.φ[ηCqy.σZ(χy)/qy]) = σY (χx). Taking the unfolding, we get

unf(ηCqx.φ[ηCqy.σZ(χy)/qy])

= φ[ηCqy.σZ(χy)/qy][(ηCqx.φ[ηCqy.σZ(χy)/qy])/qx] Definition 2.17

= φ[ηCqx.φ/qx][ηCqy.σZ(χy)/qy] Lemma 2.18

= unf(ηCqx.φ)[ηCqy.σZ(χy)/qy] Definition 2.17

= σZ(χx)[ηCqy.σZ(χy)/qy] since σZ(χx) = unf(ηCqx.φ)

= σY (χx) by definition of σY

Thus we have our desired result.

2. We want to show that

Lit(σY (qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\Y .

We begin by splitting cases depending on whether x = y.

(a) If x = y then σY (qx) = ηCqy.σZ(χy). Take q ∈ Lit(ηCqy.σZ(χy)). As previously
mentioned this means q ∈ Lit(σZ(qy′)) and q ≠ qy. By the induction hypothesis we have

Lit(σZ(qy′)) ⊆ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ Λ◁[C]\Z .

so q ∈ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ Λ◁[C]\Z . We get two cases: (1) q ∈ Lit(f(y′)l) ∩
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Lit(f(y′)r) or (2) q ∈ Λ◁[C]\Z . In (1) q ∈ Lit(f(y′)l) ∩ Lit(f(y′)r) and y ◁ y′ so q ∈
Lit(f(y)l) ∩ Lit(f(y)r) by Lemma 5.27. In (2) since q ∈ Λ◁[C]\Z and q ≠ qy we get our
desired result.

(b) If x ≠ y then σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy]. By the induction hypothesis we know
that

Lit(σZ(qx)) ⊆ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\Z , (A.3)

since x ∈ Z. Suppose q ∈ Lit(σZ(qx)[ηCqy.σZ(χy)/qy]), then either (1) q ∈ Lit(σZ(qx))

and q ≠ qy or (2) qy ∈ FV (σZ(qx)) and q ∈ Lit(ηCqy.σZ(χy)). In (1) by (A.3) we get
q ∈ (Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\Z and since q ≠ qy we get our desired result from
basic set theory manipulations. In (2) since qy ∈ FV (σZ(qx)) we get x◁+ y and since
q ∈ Lit(ηCqy.σZ(χy)) we get q ∈ Lit(σZ(qy′)) and q ≠ qy. By the induction hypothesis
we know

Lit(σZ(qy′)) ⊆ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ Λ◁[C]\Z

so q ∈ (Lit(f(y′)l) ∩ Lit(f(y′)r)) ∪ Λ◁[C]\Z . Therefore (i) q ∈ Lit(f(y′)l) ∩ Lit(f(y′)r)

or (ii) q ∈ Λ◁[C]\Z . In (i) we get our desired result since x ◁+ y and y ◁ y′ so
q ∈ Lit(f(x)l) ∩ Lit(f(x)r) by Lemma 5.27. In (ii) we get our desired result since
q ∈ Λ◁[C]\Z and q ̸= qy.

3. We want to show that σY (qx) ∈ N ηC
ΛC\Y

. We split cases depending on whether x = y.

(a) If x = y then σY (qx) = ηCqy.σZ(χy). Recall that σZ(χy) = △σZ(qy′) where y′ ∈ Z is
the unique premise of y. By the induction hypothesis we know σZ(qy′) ∈ N ηC

ΛC\Z
and

moreover we know C \ Z = (C \ Y ) ∪ {y}. Thus ηCqy.σZ(χy) ∈ N ηC
ΛC\Y

by Definition
2.25, our desired result.

(b) If x ≠ y then σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy]. By the induction hypothesis we know
that σZ(qx) ∈ N ηC

ΛC\Z
and as mentioned previously we know ηCqy.σZ(χy) ∈ N ηC

ΛC\Y
. Thus

by Lemma 2.26 we know σZ(qx)[ηCqy.σZ(χy)/qy] ∈ N ηC
ΛC\Y

since C \ Z = (C \ Y ) ∪ {y}.

4. Take z ∈ X, we want to show that qz ∈ FV (σY (qx)) if and only if there is u such that
x◁∗

Y u and u◁ z. We proceed by splitting cases depending on whether x = y.

(a) If x = y then σY (qx) = ηCqy.σZ(χy). Suppose qz ∈ FV (ηCqy.σZ(χy)), then recall
χy = △qy′ where y′ is the unique premise of y and △ ∈ {□,♢}. Thus qz ∈ FV (σZ(qy′))

and z ≠ y by definition of FV . Thus by the induction hypothesis we know there exists
u such that y′ ◁∗

Z u and u◁ z and z /∈ Z. Thus we know since y ◁Y y
′ that y ◁∗

Y u and
u◁ z as well as z /∈ Y since z /∈ Z and z ̸= y, giving us our desired result.
In the opposite direction suppose z /∈ Y and there is u such that y◁∗

Y u and u◁ z. Then
since y ◁∗

Y u and y′ is the unique premise of y, we can conclude either y = u or y′ ◁∗
Z u.

If y = u then y ◁ z so z = y′ since y′ is the unique premise of y and qy′ ∈ FV (σY (qy))

follows by the induction hypothesis since y /∈ Z and y′ ◁∗
Z y

′ and y′ ◁ y. Otherwise, if
y′ ◁∗

Z u then by the induction hypothesis we know qz ∈ FV (σZ(qy′)) and z ̸= y since
z /∈ Y . Thus qz ∈ FV (ηCqy.△σZ(qy′)), our desired result.

(b) If x ≠ y then σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy]. Let qz ∈ FV (σZ(qx)[ηCqy.σZ(χy)/qy]),
then (i) qz ∈ FV (σZ(qx)) and z ≠ y or (ii) qz ∈ FV (ηCqy.σZ(χy)) and qy ∈ FV (σZ(qx)).
In (i) we know by the induction hypothesis that there is u such that x◁∗

Z u and u◁ z

as well as z /∈ Z. Since z ≠ y we can conclude z /∈ Y and x◁∗
Y u and u◁ z, our desired
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result. In (ii) we know from qz ∈ FV (ηCqy.σZ(χy)) that there is u such that y ◁∗
Y u

and u ◁ z and z /∈ Y by the same reasoning used in (a). Moreover, by the induction
hypothesis and qy ∈ FV (σZ(qx)) we know that there is v such that x◁∗

Z v and v ◁ y.
Thus, combining everything we have x◁∗

Y u and u◁ z, our desired result.
In the opposite direction suppose that z /∈ Y and there is u such that x ◁∗

Y u and
u◁ z. Two cases follow, depending on whether x◁∗

Z u. If x◁∗
Z u then by the induction

hypothesis we know since z /∈ Z that qz ∈ FV (σZ(qx)). Since z /∈ Y we know z ≠ x

so we can conclude that qz ∈ FV (σZ(qx)[ηCqy.σZ(χy)/qy]). If it does not hold that
x ◁∗

Z u then it follows from basic reasoning about graphs that either u = y or there
exists v such that x ◁∗

Z v and v ◁ y and y′ ◁∗
Z u. Thus by the induction hypothesis

we get qy ∈ FV (σZ(qx)) and qz ∈ FV (σZ(qy′)), which we can put together to get
qz ∈ FV (σZ(qx)[ηCqy.σZ(χy)/qy]), our desired result.

5. Take z ∈ Y and suppose that x◁∗
Y z. We want to show that Clos(σY (qz)) ⊆ Clos(σY (qx)).

We split cases depending on whether x = y.

(a) If x = y then σY (qx) = ηCqy.σZ(χy). Since y ◁∗
Y z we know by some simple graph

theory that either y = z or y′ ◁∗
Z z where we recall that y′ is the unique premise of y. In

the first case, we instantly get our result since x = z. So we suppose y′ ◁∗
Z z. Then by

the induction hypothesis we know that Clos(σZ(qz)) ⊆ Clos(σZ(q′y)). From this, since
χy = △qy′ we can deduce that

Clos(σZ(qz)) ⊆ Clos(σZ(q′y)) ⊆ Clos(△σZ(q′y)) = Clos(σZ(χy)) (A.4)

Now, observe the following

Clos(ηCqy.σZ(χy)) = {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(χy))}

∪ Clos(ηCqy.σZ(χy)) Lemma 2.21

⊇ {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(qz))}

∪ Clos(ηCqy.σZ(χy)) (A.4)

⊇ Clos(σY (qz)[ηCqy.σZ(χy)/qy]) Lemma 2.21

= Clos(σY (qz)) by definition of σY

(b) If x ̸= y then we know either (i) x ◁∗
Z z or (ii) x ◁+

Y y and y ◁∗
Y z. In (i) we know

by our induction hypothesis that Clos(σZ(qz)) ⊆ Clos(σZ(qx)). Using Lemma 2.22, we
know that Clos(σZ(qz)[χy/qy]) ⊆ Clos(σZ(qx)[χy/qy]), our desired result. In (ii) we
know from that work of (a) that if y ◁∗

Y z then Clos(σY (qz)) ⊆ Clos(σY (qy)). Thus it
remains to show that Clos(σY (qy)) ⊆ Clos(σY (qx)). From x ◁+ y we may assume by
cutting out loops that there is u such that x◁∗

Z u and u◁ y. From this, it follows that
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qy ∈ FV (σZ(qx)). Therefore we get our desired result as follows:

Clos(σY (qx)) = Clos(σZ(qx)[ηCqy.σZ(χy)/qy]) by definition of σY

= {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(qx))}

∪ Clos(ηCqy.σZ(χy)) Lemma 2.21

⊇ Clos(ηCqy.σZ(χy))

= Clos(σY (qy)) by definition of σY

6. We want to show that |σY (qx)|Cl ≤ 3|Y |. We split cases depending on whether x = y.

(a) If x = y then σY (qx) = ηCqy.σZ(χy), and we know χy = △qy′ where y′ is the unique
premise of y and △ ∈ {□,♢} as well as y′ ∈ Z. Putting this all together we have

|σY (qx)|Cl = |ηCqy.△σZ(qy′)|Cl by definition of σY

≤ 2 + |σZ(qy′)|Cl Definition 2.23

≤ 2 + 3|Z| (IH)

< 3|Y | |Y | = |Z|+ 1

(b) If x ̸= y then σY (qx) = σZ(qx)[ηCqy.σZ(χy)/qy]. To begin with, if qy /∈ FV (σZ(qx))

then σY (qx) = σZ(qx) so by the induction hypothesis we easily get

|σY (qx)|Cl = |σZ(qx)|Cl ≤ 3|Z| < 3|Y |.

Otherwise, if qy ∈ FV (σZ(qx)) we will actually unfold the definition of closure, and use
our results about closure. To begin with, note the following:

Clos(σY (qx)) = Clos(σZ(qx)[ηCqy.σZ(χy)/qy])

= {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(qx))} ∪ Clos(ηCqy.σZ(χy))

This follows from Lemma 2.22. Now observe the following

Clos(ηCqy.σZ(χy)) = {ηCqy.σZ(χy)} ∪ {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(χy))} (A.5)

which follows from Lemma 2.21. Now, recall that χy = △qy′ where y′ is the unique
premise of y. Moreover, since qy ∈ FV (σZ(qx)) we know that x◁+

Y y
′ so by our induction

hypothesis we know Clos(σZ(qy′)) ⊆ Clos(σZ(qx)). Applying this to (A.5) we get

Clos(ηCqy.σZ(χy))

= {ηCqy.σZ(χy)} ∪ {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(△σZ(qy′))} (A.5)

= {ηCqy.σZ(χy), σZ(χy)[ηCqy.σZ(χy)/qy]}

∪ {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(qy′))} Lemma 2.21

⊆ {ηCqy.σZ(χy), σZ(χy)[ηCqy.σZ(χy)/qy]}

∪ {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(qx))} (IH)
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Combining everything we get

Clos(σY (qx)) = {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(qx))} ∪ Clos(ηCqy.σZ(χy))

⊆ {φ[ηCqy.σZ(χy)/qy] | φ ∈ Clos(σZ(qx))}

∪ {ηCqy.σZ(χy), σZ(χy)[ηCqy.σZ(χy)/qy]}

Therefore |σY (qx)|Cl ≤ |σZ(qx)|Cl + 2, so by our induction hypothesis we get

|σY (qx)|Cl ≤ |σZ(qx)|Cl + 2 ≤ 3|Z| < 3|Y |.

Theorem A.3. Given a finite Asplit-proof (X,α) and x ∈ X, there is σ : ΛX → Laf
□ such that for all

x ∈ X, the following hold.

1. Exactly one of the following hold:

(a) σ(qx) = σ(χx),

(b) There is a formula φ such that σ(qx) = ηxqx.φ and σ(χx) = unf(ηxqx.φ).

2. Lit(σ(qx)) ⊆ Lit(f(x)l) ∩ Lit(f(x)r).

3. σ(qx) ∈ Laf
□ .

4. |σ(qx)|Cl ≤ 3|X|.

Proof. Take x ∈ X, we want to define σ(qx). We know x ∈ C for some cluster C. We proceed by
well-founded induction on (Clus(X),◁).

• If C is a leaf in (Clus(X),≺), we define

σ(qx) := σC(qx)

where σC(qx) is as defined in Lemma 5.37. We prove this map meets the above properties. For
this case, these properties follow directly from Lemma 5.37.

• If C is not a leaf then inductively we can assume that σ(qy) is defined and meets the above
properties for all y in a higher cluster than x. We define

σ(qx) := σC(qx)[σ(qy)/qy | y ∈ ◁[C] \ C]

We prove this map satisfies the above conditions. To do this we will need the following observations
which we will refer to.

qy ∈ FV (σC(qx)) if and only if y ∈ ◁[C] \ C (A.6)

This follows since by Lemma 5.37 we know that qy ∈ FV (σC(qx)) if and only if there exists u such
that x◁+

C u and u◁ y and y /∈ C, and it can be checked that the latter condition is equivalent to
the condition y ∈ ◁[C] \ C. Another important property is

σ(χx) = σC(χx)[σ(qy)/qy | y ∈ ◁[C] \ C] (A.7)
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This follows from induction on χx, recalling that it is a modal formula which only contains qy
such that y is in C or a higher cluster. We now show that x satisfies the necessary properties.

1. We want to show that 1(a) or 1(b) holds. We know from Lemma 5.37 that (a) σC(qx) = σC(χx)

or (b) σC(qx) = ηCqx.φ and unf(ηCqx.φ) = σC(χx).

(a) If σC(qx) = σC(χx) then observe the following equalities.

σ(qx) = σC(qx)[σ(qy)/qy | y ∈ ◁[C] \ C] by definition of σ

= σC(χx)[σ(qy)/qy | y ∈ ◁[C] \ C] since σC(qx) = σC(χx)

= σ(χx) by (A.7)

Thus we have our desired result.

(b) Now suppose σC(qx) = ηCqx.φ and unf(ηCqx.φ) = σC(χx). Then since C is the cluster
x resides in, we know x ∈ C and ηC = ηx. Observe the following equalities.

σ(qx) = σC(qx)[σ(qy)/qy | y ∈ ◁[C] \ C] by definition of σ

= (ηxqx.φ)[σ(qy)/qy | y ∈ ◁[C] \ C] since σC(qx) = ηCqx.φ

= ηxqx.φ[σ(qy)/qy | y ∈ ◁[C] \ C] Definition 2.16, x ∈ C

Thus σ(qx) is an ηx-formula. It remains to show that the unfolding is equal to σ(χx).

unf(ηxqx.φ[σ(qy)/qy | y ∈ ◁[C] \ C])

= φ[σ(qy)/qy | y ∈ ◁[C] \ C][(ηxqx.φ[σ(qy)/qy | y ∈ ◁[C] \ C])/qx] Definition 2.16

= φ[ηxqx.φ/qx][σ(qy)/qy | y ∈ ◁[C] \ C] Lemma 2.18

= unf(ηxqx.φ)[σ(qy)/qy | y ∈ ◁[C] \ C] Definition 2.17

= σC(χx)[σ(qy)/qy | y ∈ ◁[C] \ C] since unf(ηCqx.φ) = σC(χx)

= σ(χx) by (A.7)

Thus we have our desired result.

2. We now want to show the vocabulary condition. By the induction hypothesis we know that
for all y ∈ ◁[C] \ C we have Lit(σ(qy)) ⊆ Lit(f(y)l) ∩ Lit(f(y)r) and since y ∈ ◁[C] \ C we
know x◁+ y so by Lemma 5.27 we know

Lit(σ(qy)) ⊆ Lit(f(x)l) ∩ Lit(f(x)r) (A.8)
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Observe the following

Lit(σ(qx))

= Lit(σC(qx)[σ(qy)/qy | y ∈ ◁[C] \ C]) by definition of σ

⊆ (Lit(σC(qx)) \ Λ◁[C]\C) ∪
⋃

y∈◁[C]\C

Lit(σ(qy)) by (A.6), Lemma 2.19

⊆ (((Lit(f(x)l) ∩ Lit(f(x)r)) ∪ Λ◁[C]\C) \ Λ◁[C]\C) ∪
⋃

y∈◁[C]\C

Lit(σ(qy)) Lemma 5.37

⊆ Lit(f(x)l) ∩ Lit(f(x)r) by (A.8)

3. We want to show that σC(qx)[σ(qy)/qy | y ∈ ◁[C] \ C] ∈ Laf
□ . By Lemma 5.37 we know that

σC(qx) ∈ Laf
□ and by our induction hypothesis we know that σ(qy) ∈ Laf

□ for each y ∈ ◁[C]\C.
By Lemma 2.29, we know that since σ(qy) ∈ Laf

□ and FV (σC(qx)) ∩ FV (σC(qy)) = ∅ for
each y ∈ ◁[C] \ C, we have our desired result.

4. To prove that σ(qx) ≤ 3|X| we prove the following stronger claim. Let the height h(D)

of a cluster D ∈ Clus(X) be defined by h(D) = 0 if D is a leaf in (Clus(X),≺), and
h(D) = 1 +max{h(D′) | D ≺ D′} otherwise. Let Clusn := {D ∈ Clus(X) | h(D) ≤ n}. We
claim that for all n, ∣∣∣∣∣∣∣

⋃
D∈Clusn

z∈D

Clos(σ(qz))

∣∣∣∣∣∣∣
Cl

≤ 3×

∣∣∣∣∣ ⋃
D∈Clusn

D

∣∣∣∣∣ .
If we prove this claim, we have our desired result. To see so, observe the following:

|σ(qx)|Cl = |Clos(σ(qx))|Cl ≤

∣∣∣∣∣∣∣∣
⋃

D∈Clush(C)

z∈D

Clos(σ(qz))

∣∣∣∣∣∣∣∣ ≤ 3×

∣∣∣∣∣∣
⋃

D∈Clush(C)

D

∣∣∣∣∣∣
Cl

≤ 3|X|.

Thus it suffices to prove the claim. To do so, we proceed by induction on n, we refer to the
induction hypothesis as the inner induction hypothesis. If n = 0 we want to show∣∣∣∣∣∣∣

⋃
D∈Clus0

z∈D

Clos(σ(qz))

∣∣∣∣∣∣∣
Cl

≤ 3×

∣∣∣∣∣∣
⋃

D∈Clus0

D

∣∣∣∣∣∣ .
Choose a representative for each cluster D, we will denote this by zD. We know by Lemma
5.37 that for all z ∈ D we have

Clos(σD(qz)) = Clos(σD(qzD)) (A.9)
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By definition of σ(qz) for z ∈ D where h(D) = 0 (i.e. D is a leaf in (Clus(X),≺)) we know∣∣∣∣∣∣∣
⋃

D∈Clus0
z∈D

Clos(σ(qz))

∣∣∣∣∣∣∣
Cl

=

∣∣∣∣∣∣∣
⋃

D∈Clus0
z∈D

Clos(σD(qz))

∣∣∣∣∣∣∣
Cl

=

∣∣∣∣∣∣
⋃

D∈Clus0

Clos(σD(qzD))

∣∣∣∣∣∣
Cl

by (A.9)

≤
∑

D∈Clus0

|σD(qzD)|Cl

≤
∑

D∈Clus0

3|D| Lemma 5.37

= 3×

∣∣∣∣∣∣
⋃

D∈Clus0

D

∣∣∣∣∣∣
Now suppose n = k + 1, we want to show that∣∣∣∣∣∣∣∣

⋃
D∈Clusk+1

z∈D

Clos(σ(qy))

∣∣∣∣∣∣∣∣
Cl

≤ 3×

∣∣∣∣∣∣
⋃

D∈Clusk+1

D

∣∣∣∣∣∣
Observe: ⋃

D∈Clusk+1
z∈D

Clos(σ(qz))

=
⋃

D∈Clus(X)
h(D)=k+1

z∈D

Clos(σ(qz)) ∪
⋃

D∈Clusk
z∈D

Clos(σ(qz))

=
⋃

D∈Clus(X)
h(D)=k+1

z∈D

Clos(σD(qz))[σ(qy)/qy | y ∈ ◁[D] \D] ∪
⋃

D∈Clusk
z∈D

Clos(σ(qz))

=
⋃

D∈Clus(X)
h(D)=k+1

z∈D

Clos(σD(qz))[σ(qy)/qy | y ∈ ◁[D] \D] ∪
⋃

y∈◁D\D

Clos(σ(qy))


∪

⋃
D∈Clusk

z∈D

Clos(σ(qz))

=
⋃

D∈Clus(X)
h(D)=k+1

z∈D

Clos(σD(qz))[σ(qy)/qy | y ∈ ◁[D] \D] ∪
⋃

D∈Clusk
z∈D

Clos(σ(qz))

=
⋃

D∈Clus(X)
h(D)=k+1

Clos(σD(qzD))[σ(qy)/qy | y ∈ ◁[D] \D] ∪
⋃

D∈Clusk
z∈D

Clos(σ(qz)) by (A.9)
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Taking the cardinality and applying some basic set theory we get∣∣∣∣∣∣∣∣
⋃

D∈Clusk+1
z∈D

Clos(σ(qz))

∣∣∣∣∣∣∣∣
Cl

≤
∑

D∈Clus(X)
h(D)=k+1

|σD(qzD)|Cl +

∣∣∣∣∣∣∣∣
⋃

D∈Clusk
z∈D

Clos(σ(qy))

∣∣∣∣∣∣∣∣
Cl

≤
∑

D∈Clus(X)
h(D)=k+1

|σD(qzD)|Cl + 3×

∣∣∣∣∣∣
⋃

D∈Clusk

D

∣∣∣∣∣∣ inner IH

≤ 3
∑

D∈Clus(X)
h(D)=k+1

|D|+ 3×

∣∣∣∣∣∣
⋃

D∈Clusk

D

∣∣∣∣∣∣ Lemma 5.37

= 3×

∣∣∣∣∣∣
⋃

D∈Clusk+1

D

∣∣∣∣∣∣
Thus we have finished the proof of our claim.
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