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Abstract

We use arrow algebras to construct a topos for monotone modified realizability. We also define a
category of assemblies that characterizes the ~—-separated objects in the topos. We discuss common
logical principles, including independence of premise, the axiom of choice, and the existence of the Fan

recursor, in our topos.
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Chapter 1

Introduction

The goal of the thesis is to apply the theory of arrow algebra to construct a topos for monotone
modified realizability.

In [Gulg]|, a category related to monotone modified realizability was already introduced. The
author obtained a category of assemblies to interpret logic, discussed several logical principles, and
concluded with Fan recursors. However, a topos was not constructed in that work, and this is the
exact starting point and main goal of this thesis. We first construct a topos using arrow algebra, and
then work backwards to define a category of assemblies that resembles the one in [Gul8]. We will also
see how this category of assemblies is related to the topos. Finally, we discuss several common logical
axioms that hold in our construction.

To give some background, arrow algebras ([BB26]) are a tool for building triposes ([Pit81]), and
triposes are used to construct toposes. A topos is a category with rich structure and nice properties in
which one can interpret logic.

Realizability, on the other hand, has the general idea of assigning witnesses, or realizers, to logical
statements to give them a constructive interpretation. In its earliest forms, realizers were simply
natural numbers assigned to arithmetic formulas. Later, “modified realizability” was introduced, where
the idea is to distinguish between “potential realizers” and “actual realizers”.

Realizability can be treated in a syntactic or proof-theoretic manner, and used to prove independence
results for certain logical axioms. But the idea of realizability has also been introduced into category
theory. The general pattern is to have a “category of assemblies”, where the objects are a set X,
together with a collection of “realizers” for elements in X. One can use one’s creativity to modify the
“realizer” part to reflect various ideas of realizability.

Regarding the term “monotone modified realizability”, there are discussions of the syntactic or
proof-theoretic aspects of it in [Koh08], but here we understand it as “majorizability” as in [Bez85].
The idea is to have a model where every element is bounded by a “majorant”. Instead of requiring
every function to be continuous, this approach allows us to assume that every function has a majorant,
while still validating various important logical principles.

The structure of the thesis is simple and clear, as indicated in the abstract. In Chapter 2, we review
some known results on partial combinatory algebra and arrow algebra that are essential for the later
discussion. In Chapter 3, we discuss various arrow algebras that will eventually provide the candidate
for building the arrow topos. After that, we define a category of majorizability assemblies in Chapter
4, which is understood as a characterization of —=—-separated objects in the arrow topos. Finally, in

Chapter 5, we discuss a few common logical principles and conclude with the Fan recursor.



Chapter 2

Preliminaries

Arrow algebras ([BB26]) are a tool for building triposes, and triposes are used to build toposes. Many

examples of arrow algebras arise from partial combinatory algebras. A partial combinatory algebra

behaves similarly to the set of natural numbers, and it provides a setting for doing recursion theory.
In this chapter we review some known results on partial combinatory algebras and arrow algebras

that are essential for later discussion.

2.1 Partial combinatory algebra

The partial combinatory algebra (PCA) we will be working with is assumed to be discretely ordered
and absolute, in the sense of [Zoe22]. We still simply call them PCAs. We also refer to [Oos08] for
discussions on various PCAs. The definition of PCA below is modified in the sense that it is not

identical to the definition in the references, for practical purposes.

Definition 1 (partial combinatory algebra). A partial combinatory algebra is a tuple (P,-), where
-1 Px P — P is a partial application. We usually abbreviate a-b as ab, and we assume this application
associates to the left, i.e., we write abc to mean (ab)c. Also, there exist k,s € P such that for any
a,b,c € P, we have kab < a, sab |, and sabc < ac(bc).

Here, for an expression e representing a possible element in P, we write e | to mean that e is
actually defined, thus it is indeed an element of P. For expressions e, e’ representing possible elements
in P, we write e X €' to mean that if ¢’ |, then e | and e = €.

We know that kab and sab are always defined. sabc might be undefined, but whenever ac(bc) is
defined, we have that sabc is defined and sabc = ac(bc).

Example 2. One of our favorite examples of a partial combinatory algebra is Ky, where the underlying
set is the set of natural numbers N, and for n,m € N, the application n - m is defined as p,(m), where

pn 18 the partial recursive function with code n.

It turns out that we can perform “A-abstraction” in a PCA. This is guaranteed by an important

theorem about PCAs. We begin by formally defining terms:

Definition 3. Let P be a PCA. We define a set E(P) of terms that are purely syntactic. Fvery a € P
18 regarded as a term. Additionally, assume we have a fixed infinite set of variables, which are also

regarded as terms. Furthermore, if t and s are terms, then so is ts.



For a term t € E(P), we write t(x1,...,zy,) to mean that the variables in t are among x1, ..., Ty.
Given ay,...,a, € P, we write t(ai,...,a,) to mean the expression resulting from replacing each x;
with a; in t.

If a term t has no variables, then we identify t with the corresponding expression in P, which may
be defined or undefined.

We then define “abstraction” in a PCA, which is inductively defined as follows:

Definition 4. For every term t € E(P) and for any variable x, we define another term (x)t inductively
on the structure of t. More precisely, if t is an element in P or a variable that is not x, then (x)t = kt.

Also, (x)x := skk. Finally, (x)tity = s({x)t1)({x)t).
This definition of abstraction behaves well in the following sense:

Proposition 5 (See the comments in Definition 1.1.4 in [Oos08]). For any term t € E(P), if the
variables of t are among x,x1,...,x,, then the variables of (x)t are among x1,...,x,. Also, for any

a,ai,...,an € P, we have:

e ((x)t)(ar,...,an) .

e ((x)t)(ar,...,an)a <X t(a,ai,...,ap).

Remark 6. For a term t(z1,...,%n, ..., Tnitm), we write (x1...2Ty)t as an abbreviation for successive
abstractions (x1)({(x2)(... ((xn)t)...)).

As a corollary of the proposition above, we see that for any term t(x1,...,Tn, Tni1), if we set
a = (x1...TpTpt1)t, then a has no variables. For every ay,...,an,ant1 € P, we have aay ...ay, |,
aay ... apany1 S t(ar, ..., an, ang1).

With this useful “abstraction” and its associated application property, we can do many meaningful

constructions.

Example 7. Define i := (u)u. Then for any a € P, we have ia < a.

Define k == (uv)v. Then for any a,b € P, we have kab < b.

Define p == (zyz)zzy, po = (z)zk, and py = (x)zk. For a,b € P, we understand pab as the pairing
of a and b. Notice that pab is always defined. We have po(pab) = a, and pi(pab) = b.

In a PCA, we can define numerals and do recursion theory.

Definition 8. Define 0:=1i, and n+ 1 := B@.
One can then show that we can carry out many recursion-theoretic constructions in a PCA. For

instance, there exists S € P such that Sm < n + 1. We can also have a recursion operator to implement

primitive recursion. Indeed, all primitive recursive functions can be represented in a PCA. Later we
will merely claim that we have an element in P representing a certain primitive recursive function

without proof.

Remark 9. After defining the numerals and so on, we might wonder when our definitions become
trivial; it might be the case that all the numerals are identical. By [Zoe22], we understand that in our
case, as long as k and k are not identical, then for any n,m € N, if n # m, then n # .

A PCA where k and k are equal is said to be trivial, see Proposition 1.3.1 in [OQ0s08].



One useful property of PCAs is that we can encode finite sequences similarly to the case of natural

numbers; this will be important later when we want to discuss majorizability.

Definition 10. Define J'(a) = a, and J" ' (ay,az,...,an11) = parJ™(az, ..., ani1).

If ug, ..., un—1 is a finite sequence of elements in P, then we use [ug,...,u,,] to denote the code
of this sequence. If n =0, then it is the emptly sequence.

We define [] .= p00, and for n > 1: [ug, ..., un—1] = puJ"(uo, ..., Un—1).

Remark 11. Define Ih := pg. Then for any sequence ug, . .., un—1, we know lhfug, ..., u,—1] X 7.
If our PCA P is NOT semi-trivial, then we know that the coding of finite sequences is well-defined,

i the sense that, using lh, we can uniquely determine the length of a sequence from its code.

Remark 12. There exists ¢ in the PCA such that for any f and x in the PCA, if x = [a1, ..., ay],
and for any 1 <i<mn, fa, | and is a code of finite sequence, then cfx |, and cfx is the code of the
concatenation of fay, ..., fa,. We usually use LI to represent concatenation of finite sequences. Thus

the property of ¢ can be written as cfx = fa1 U fag U --- U fa,.

2.2 Arrow algebra

An arrow algebra is a useful tool for defining triposes. The idea is that instead of proving all the
ingredients of a tripos and verifying that the given ingredients indeed form a tripos, it suffices to
provide a somewhat simpler structure, namely an arrow algebra; the tripos structure then follows

naturally. We refer to [BB26] and [Bri23] for detailed discussions on arrow algebras.

Definition 13 (arrow algebra). An arrow algebra is a tuple (A, <, —,S) where (A, <) is a complete
poset, —: A x A — A is a function that is anti-monotone in the first argument and monotone in the
second argument. The tuple (A, <, —) is also called an arrow structure.

S C A is called a separator. S is required to be upwards closed, closed under modus ponens, i.e., if

a—>be S anda €S, then b€ S. Moreover, three special elements k, s, a should belong to S. Here,

k=Aa—b—as= A(a—b—>c)—(a—b —a—c anda:= A (ANz—yi—
ab a,b,c z,(yi)ier,(2i)ier €1
zi) > T = N\ Yi >z
el

In practice, the arrows we work with usually have the following nice property.

Definition 14 (compatible with joins). We say A is compatible with joins if for every a € A and for

every B C A we have: (Y b) >a= A b— a.
bEB beB
Indeed, to show that A is compatible with joins, it suffices to verify \ b—a=(Y b) —a
beB beB

Every arrow algebra induces a Set-indexed preorder, and the theory of arrow algebras ensures that

this Set-indexed preorder is a tripos.

Definition 15 (arrow indexed pre-order). Define an arrow Set-indexed preorder P.
For every set I, define PI := Al, the set of functions from I to A. For every set I, for every
o, I — A, define o -1 if A o(i) = (i) € S. This makes each PI into a preorder.

For every function f : 1 —> J, define Pf : PJ — PI by pre-composition: for every ¢ : J — A,

Pflp)=¢.f: 1 — A.
Notice that P is functorial: Pid; = idpy, and P(g.f) = Pf.Pg.



Theorem 16 ([BB26], Theorem 5.10). The Set-indexed preorder P defined in the above definition is a

tripos.

If the arrow algebra is nice in the sense that it is compatible with joins, which is usually the case in

practice, then we obtain a simple expression for 3f.

Definition 17. If A is compatible with joins, then in the corresponding P, for any f : I — J, define
3f : PI — PJ to be such that (3f(p))(j) = Y (i). This 3f is a left adjoint to Pf, i.e., for any
i,f(1)=J
R e PI and S € PJ, we have 3f(R) F S if and only if RF Pf(S).
A nucleus on an arrow algebra is a quick way of obtaining a new arrow algebra and the corresponding

new tripos.

Definition 18 (nucleus). Let (A,=<,—,S) be an arrow algebra. A map j : A — A is called a
nucleus if it satisfies (1) a < b implies that ja = jb for all a,b € A, (2) \a — ja is in S, and (3)
A(a— jb) = (ja — jb) isin S.

a,b

Remark 19 (Lemma 3.13, Lemma 6.4 in [BB26]). A nucleus j : A — A has the following nice properties:

the following elements all belong to the separator: (a) A\ jja — ja, (b) A(a — b) = (ja — jb), (c)
a a,b

A jla—b) = (ja— jb), (d) A\ jlaxb)— jaxjb, and (e) \ ja x jb — j(a x b).
(Z’b a,b (l,b

We are now ready to obtain a new arrow algebra from a nucleus.

Proposition 20 (Proposition 3.15 in [BB26]). Let (A, <,—,5) be an arrow algebra and let j : A — A
be a nucleus. Consider the tuple (A, =, —;,5;) where a —; b:=a — jb, and a € S; iff ja € S. Then

(A, =, —4,8;) is again an arrow algebra, which we denote by A;.

Write P for the arrow tripos of A, and write P; for the arrow tripos corresponding to the arrow
algebra A;. In practice, the expression of P; is somewhat implicit. We will consider a more explicitly
expressed Set-indexed preorder which is denoted by P7, and P; and PJ are equivalent. Therefore, given

an arrow algebra and a nucleus j, we obtain a handy expression for another tripos P7.

Definition 21. Define a Set-indexed preorder P/ as follows: For every set X, PIX = {a € PX |j.a
a}. Thus P/X is a subset of PX, and the order on P/X is defined to be the restriction of the
order on PX. For every function f : X — Y, Pif : PIY — PJX is given by pre-composition

with f. This is well-defined, because if o € PIY, then A j(a(y)) — a(y) € S, and consequently,
yey

A ila(f(x))) = a(f(z)) € X, which means that j(P/f(a)) F P/ f(a). Also, we know that PJf
zeX

preserves preorders, because Pf does. Notice that P is functorial, and we conclude that P7 is a

Set-indexed preorder.

Proposition 22 (Proposition 6.6 in [BB26]). As Set-indexed preorders, P; and P/ are equivalent.

Since P; is a Set-tripos, PJ is also a Set-tripos.

Remark 23 (Remark 6.8 in [BB26]). The logical operations on the tripos P are explicitly related to
those on P:

At each X, P/ X is a Heyting algebra. The top element, binary meet, and implication on P X are
the same as those in PX. The bottom element and binary join in P/ X are the corresponding ones in

PX after applying j.



Suppose Vf : PX — PY is the right adjoint of Pf. If « € PIX, then Yf(a) € PIY. Therefore, we
may view Vf also as a map Vf : PIX — PIY. Clearly, this map preserves preorders, and is the right
adjoint of PI f.

Suppose 3f : PX — PY s the left adjoint of Pf, then consider the map j.3f : PIX — PIY. j.3f

preserves preorders, and is the left adjoint of P7f.



Chapter 3
Majorizability arrow algebras

In this chapter, we construct the arrow algebra that we will be working with. The prototype for
majorizability is M AJ(P), which captures the idea of majorizability. Since we will be working in
a PCA and dealing with codes of functions, it is unwise to distinguish different codes of the same
function. Therefore, we add equivalence relations and make it into another arrow algebra, which
will be called EMAJ(P) (the letter E stands for equivalence relation). Moreover, in the spirit of
modified realizability, we will consider tuples consisting of “actual realizers” and “potential realizers”.
The potential realizer part is understood as an element in EM AJ(P), and the actual realizer part is
understood as a subset of the collection of potential realizers. We will make this idea precise, and get
an arrow algebra which will be called dEM AJ(P) (the letter d stands for the domain of majorizability
relations). Finally, as in [Gul8] where a maximum function on the collection of potential realizers
is required, we adopt this idea and implement this feature by considering a nucleus j on the arrow
algebra dEM AJ(P).

We will first give a recap of three known arrow algebras which are the ingredients of our own
arrow algebras in the first section. Then we consider the arrow algebras EM AJ(P) and dEM AJ(P)
respectively. Finally, we consider the nucleus j on the arrow algebra dEM AJ(P).

We fix a PCA P that is not trivial (see Remark 9).

3.1 Basic examples of arrow algebras

We review the results about three basic examples of arrow algebras related to a PCA P: Pow(P),
PER(P), and M AJ(P). They are all discussed in [Bri23].

Definition 24 (Pow(P)). Pow(P) is the collection of subsets of P, ordered by inclusion. For A,B C P,
define A — B = {r € P:Va € A(ra |,ra € B)}. Define a separator Spy,py S Pow(P) to be the

collection of all non-empty subsets of P.

Definition 25 (PER(P)). PER(P) is the collection of symmetric and transitive relations on P,
ordered by inclusion. For Ei,Fy € PER(P), define E1 — Ey == {(r,r")|V(a,d’) € Ey,ra },7'd |
,(ra,r'a’) € Ea}. Define a separator Spprpy € PER(P) to be the collection of all non-empty relations.

Definition 26 (MAJ(P)). MAJ(P) is the collection of R C P x P where R is transitive, and for
any x,y € P, if (x,y) € R, then (y,y) € R. MAJ(P) is ordered by inclusion. For R,S € MAJ(P),
define R — S = {(r,r*) : V(y,y*) € R(ry |,r*y L, r*y* |, (ry,r*y*) € S, (r*y,r*y*) € S)}. Define a
separator Syraypy = {R € MAJ(P)|3x,2" € P((x,2') € R)}.

8



Proposition 27. Pow(P), PER(P) and M AJ(P) are arrow algebras. Also, they are compatible with

joins.

Indeed, those arrow algebras are also quasi-implicative in the sense of Remark 2.2 in [Miq20],
although this observation is not needed in the later discussion.

The theory of arrow algebra ensures that for any arrow algebra A, the corresponding Set-indexed
preorder is a tripos. However, in general the construction of logical operations, for instance, binary
meets, joins, etc., is quite complicated and is not useful in practice. However, in the case of Pow(P),
PER(P), and MAJ(P), we can actually have much simpler explicit expressions of those logical
structures on the Set-indexed preorders. This is mainly due to the rich structure on PCA, where we
can do coding to achieve features like pairs and so on.

In the following, I will provide explicit expressions for logical operations related to M AJ(P). Those
for Pow(P) and PER(P) are indeed very similar to those for M AJ(P). Also, we will only provide
those logical operations on the set M AJ(P), i.e. P1, where P is the Set-tripos corresponding to the
arrow algebra M AJ(P). The explicit expressions of logical operations on each PX for arbitrary set X
can be defined in exactly the same way; this is because, in some sense, the logical operations we are

about to define are uniform, in the sense that they also have a uniform “realizer”.

Proposition 28. In M AJ(P), recall that we equip M AJ(P) with the logical order defined as follows:
RFE S if and only if R — S € Syag(p)-

e Write L for (). For any R € MAJ(P), we have . - R=P x P.
e Write T for P x P. For any R€ MAJ(P), if R# L, then R — 1 = 1.

o For R,S € MAJ(P), define R x S := {(pab,pa*b*) | (a,a*) € R, (b,b*) € S}. We have R x S €
MAJ(P).

We have (po,po) € (R x S) = R and (p1,p1) € (R x S) = S. Also, for any T € MAJ(P), if
(r,r*) €T — R and (s,s*) € T — S, then ((z)p(rz)(sz), (x)p(r*z)(s*z)) € T — (R x S). Thus

R x S is indeed the logical binary meet in MAJ(P).

e For R,S € MAJ(P), define R+ S := {(pka, pka*)| (a,a*) € R} U {(pkb, pkb*) | (b,b*) € S}. We
have R+ S € MAJ(P).
We have ((z)pkz, (z)pkz) € R — R+ S, and ((z)pkz, (z)pkz) € S — R+ S. Also, for any
T e MAJ(P), if (r,r*) € R—=T and (s,5*) € S = T, then ({(x)porrs(pix), (x)poxrr*s*(p1x)) €
R+ S —T. Thus R+ S is indeed the logical binary join in M AJ(P).

e For any R,S, T € MAJ(P): if (r,r*) € (R x S) — T, then ({uv)r(puv), (uv)r*(puv)) € R —
S — T. Also, if (r,r*) € R — S — T, then ({(x)r(por)(p1z), (x)r*(poz)(p12)) € R xS — T.
Therefore, Rx S+ T if and only if RS — T.

3.2 The arrow algebra EMAJ(P)

In this section, we aim to construct an arrow algebra where the elements are tuples of the form (R, E),
where R € MAJ(P), E € PER(P), and such that R and E are compatible. The motivation for adding

an equivalence relation E to the (domain of) the majorizability relation R is that, since we are dealing



with codes, which are elements in a PCA, it would be unwise to distinguish between different codes
representing the same function.

We will verify that this indeed yields an arrow algebra, and show that it is compatible with joins.

Definition 29 (dom(R) and R | X). Let R € MAJ(P). Define dom(R) := {a € P|3a* € P((a,a*) €
R)}. We know that (a,a*) € R implies that (a*,a*) € R.

For any X C P, define R | X = {(a,a*) € R|a,a* € X}. We know R | X € MAJ(P). Notice
that R | X is monotone in both arguments: if RC R and X C X', then R| X C R | X'.

Definition 30 (dom(E) and E [ X). Let E € PER(P). Define dom(E) :={a € P|(a,a) € E}. We
know that (a,a’) € E implies that a,a’ € dom(E).

For any set X C P, define E | X :={(a,d') € E|a,a’ € X}. We know E | X € PER(P). Notice
that E | X is monotone in both arguments: if E C E' and X C X', then E | X CE' | X'.

Definition 31 (EMAJ(P)). Let EM AJ(P) be the collection of all tuples of the form (R, E), where

e Re MAJ(P).

e Ec PER(P).

o dom(R) = dom(E).

o If (a,b) € R, (a,d),(bV/) € E, then (a',V') € R.

For (Rl,El), (RQ,EQ) S EMAJ(P), deﬁne (Rl,El) j (RQ,EQ) Zf R1 g R2 and E1 g EQ.
For (Ry1, Ev), (Re, Es) € EMAJ(P), define implication to be:

(Rl, El) — (RQ, EQ)
= ((Rl — RQ) f dom(E1 — EQ), (El — EQ) f d0m((R1 — RQ) f dom(E1 — Eg)))

Remark 32. To see that this implication is well-defined, i.e., (Ri, E1) — (Ra, E2) is in EMAJ(P),
we verify that if (r,r*) € (R1 — Rg) | dom(E1 — E»), (r,r), (r*,7™*) € (E1 — E3) | dom((R1 — R2) |
dom(E1 — Es)), then (r',7"*) € (R1 — Ra) | dom(E; — E»).

Firstly, we show that (r',r"*) € Ry — Ra. For any (a,a*) € Ry, since (r,r*) € Ry — Ra, we
know (ra,r*a*), (r*a,r*a*) € Ry. Also, we know a,a* € dom(R;) = dom(E,), thus (a,a), (a*,a*) € E;.
Since (r,r"), (r*,r"*) € E1 — Es, we know (ra,r’'a), (r*a,r*a), (r*a*,r"*a*) € Ey. Therefore, we know
(r'a,r™*a*), (r"*a,r"*a*) € Ry.

Secondly, we show that r',r"™ € dom(Ey — E3). We know (r,r'),(r*,r"*) € Ey — FEs, thus
(', "), (r"™*,r"™*) € By — Ea, i.e., ', r"™ € dom(Ey — E3).

We conclude that the implication in EMAJ(P) is well-defined.

Lemma 33. The partial order on EMAJ(P) is complete.

Proof. Suppose (R;, E;)icy is a family of elements in EM AJ(P).
We claim that A (R;, E;) = () Ri, () Ei) | dom(() R;)).

iel iel iel iel
We know (| R; € MAJ(P).
1€l
We know () E; € PER(P), thus () E;) | dom(() R;) € PER(P).
iel icl iel
We know dom(() R;) € dom([) E;), thus dom((() E;) | dom(() R;)) = dom(() R;).
iel iel iel iel iel

10



If (a,b) € N Ry, and (a,a’), (b,V') € () Es) [ dom(() R;), then for any i € I, (a,b) € R,
(a,a’), (bV)) € E{ and therefore, (a’,V') € R;.E'I]Therefore, (az',ell)’) € ﬂ R;.

We conclude that () i, () E;) | dom(() R:)) € EMAJ(P). <

Also, suppose (R’,E?% € EﬁAJ(P) suclr:etlhat for any 7 € I, we have (R', E') < (R;, E;). Then we

know R C (| R;, E' C () E;. Also, we have dom(E’) = dom(R') C dom(() R;). Thus, E' = E' |

icl iel icl
dom(( Ri) € (N Ei) | dom(() R;).
iel il il
We conclude that (R, E') X () R, () E;) | dom(( R;)). 0
el el i€l

Lemma 34. The implication in EM AJ(P) is anti-monotone in the first component and monotone in

the second component.

Proof. Suppose (R}, E}) < (R1, E1) and (R2, E2) < (RS, EY).

We know R; — Ry C R} — Rf, and Ey — Ey C E] — El.

Then, using the fact that R [ X and F | X are monotone in every argument, we see that
(R, Ev) = (R, E2) = (R, E7) — (R, E3). O

Corollary 35. EMAJ(P) is an arrow structure.

Lemma 36. Suppose (Ri,E,) € EMAJ(P). Suppose R € MAJ(P) and E € PER(P). Suppose
(R | dom(E),E | dom(R | dom(E))) is in EMAJ(P), then the following two are the same:

e (R1,E1) = (R | dom(E),E | dom(R | dom(E))).
¢ (Ri— R) | dom(E1 — E),(E1 — E) | dom((R1 — R) | dom(Ey — E)))

Proof. Write (Rg, E2) = (R1,E1) — (R | dom(E), E | dom(R | dom(FE))).
By definition of implication in EM AJ(P), we know:

e Ry=(R;y — (R | dom(E))) | dom(E; — (E | dom(R | dom(E)))).

e Ey:=(FE; — E [ dom(R | dom(FE))) | dom(Rz).
We have to show two things:

(2) By = (Ey — E) | dom((Ry — R) | dom(E; — E)).

So we now prove (1) and (2):

(1) Since R [ dom(E) C R and E [ dom(R [ dom(FE)) C E, we know Ry C (R; — R) [ dom(E; —
E). Thus it suffices to prove the converse.

Suppose (r,7*) € (R1 — R) | dom(FE; — E). We show that (r,7*) € Ra.

By assumption, we know

e (r,r*) € Ry — R.

e (r,r),(r*,r*) € By — E.
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We show that (r,7*) € Ry — R | dom(FE). For any (a,a*) € Ry, we know (ra,r*a*), (r*a,r*a*) € R.
We know (a,a), (a*,a*) € Ey, thus (ra,ra), (r*a,r*a), (r*a*,r*a*) € E. So (ra,r*a*), (r*a,r*a*) € R |
dom(E). Therefore, (r,r*) € Ry — R [ dom(E).

We show that r,7* € dom(F; — (E | dom(R | dom(F)))). For any (a,d’) € Ei, we know
(ra,ra’), (r*a,r*a’) € E. We still have to show that ra,ra’,r*a,r*a’ € dom(R | dom(FE)). Without
loss of generality, we show that ra € dom(R | dom(F)). We know a € dom(R), so there exists a* such
that (a,a*) € Ri. We have shown that (r,7*) € Ry = R | dom(E), so (ra,r*a*) € R | dom(FE), thus
ra € dom(R | dom(E)). We conclude that (r,r),(r*,7*) € E; — E | dom(R | dom(FE)), and thus
r,r* € dom(E; — E | dom(R [ dom(E))).

We conclude that (r,7*) € Re. Therefore, (R; — R) [ dom(E; — E) C Ra.

(2) Since E | dom(R | dom(FE)) C F and Ry = (R; — R) | dom(F; — E), we know Ey C (E; —
E) | dom(Ry) = (F1y — FE) | dom((R; — R) | dom(E; — E)). So it suffices to prove the converse.

Suppose (r,s) € (E1 — E) [ dom((R1 — R) | dom(E; — E)). We show that (r,s) € Ex.

By assumption, we know:
e (r,s)e By —» E.
e There exist r*, s* such that (r,r*),(s,s*) € (R1 — R) | dom(E; — E).

The second bullet above tells us that r,s € (R — R) | dom(E; — E). Since we have shown that
Ry = (R; — R) | dom(F; — E), it remains to show that (r,s) € By — FE | dom(R | dom(FE)).

For (a,d’) € Ey, we know (ra,sa’) € E. We still have to show that ra, sa’ € dom(R | dom(E)).
Without loss of generality, we show that ra € dom(R | dom(FE)). We know from the second bullet
above that there exists 7* such that (r,7*) € (R — R) | (E1 — E) = Ry. In particular, (r,7*) € Ry —
R | dom(E). We also know that there exists a* such that (a,a*) € R;. So (ra,r*a*) € R | dom(F),
and thus ra € dom(R | dom(E)).

We conclude that (r,s) € By — E | dom(R | dom(E)). Therefore, (E1 — E) | dom((R; — R) |
dom(E, — F)) C Es. O

Remark 37. The proof above does not rely on the assumption that (R | dom(E), E | dom(R | dom(E)))
is in EMAJ(P). We include it there only to ensure that we can make use of the definition of
implication in EMAJ(P). Otherwise we would have to unfold the definition of that implication if
(R | dom(E),E | dom(R | dom(E))) is not an element of EMAJ(P).

Corollary 38. Given (R1,Er),...,(Ry, E,) € EMAJ(P) (n > 2), we have:

(Rn,En) — (Rn—hEn—l) — s = (Rl,El)
(R, — - — Ry) | dom(E, — -+ — Ey)
,(Ep — - — Ey) [ dom((Ry, — -+ — Ry) | dom(E,, — --- — E1))).

Proof. By induction on n. The base case where n = 2 is by definition. For the induction step, we use

the previous lemma. O

Remark 39. It is convenient to denote tuples of the form (X | dom(Y),Y | dom(X | dom(Y))) as
N(X,Y), where X € MAJ(P) andY € PER(P).
Then we know that for (Ri, Ev), (Re, E2) € EMAJ(P), we have:

(Rl,E1) — (RQ,EQ) = N(R1 — RQ,El — EQ).
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Also, the previous lemma can be restated as: given (Ri,E1) € EMAJ(P), R € MAJ(P), and
E € PER(P), if N(R,E) € EMAJ(P), then

(R1,E1) > N(R,E)=N(Ry - R,E; — E)

So far, we have shown that EM AJ(P) is an arrow structure. We still have to show that EM AJ(P)

can be made into an arrow algebra.

Definition 40 (separator). Define a separator on EMAJ(P) by:
Spmaspy ={(R,E) € EMAJ(P)|R # 0}.

Lemma 41. Sgya5(p) i upward closed.

Proof. Suppose (R1, E1) € Sgaragpy and (Ry, E1) = (Rg, Ez). Then we know Ry # () and Ry C R».
Then Ry # (), and therefore (Rz, E2) € Sgarasp)- O

Lemma 42. Sppray(p) 15 closed under modus ponens.

Proof. Suppose (R, E1), (R1, E1) — (R, E2) € Sgymagp)- Then in particular, Ry # () and Ry —
Ry # 0. Thus Ro # 0, and (Ra, Es) € EMAJ(P). 0

Before proving that k, s, and a are all in the separator Sgys47(p), let us consider the following

lemma, which simplifies the verification that an element is in Sgysa7(p)-

Lemma 43. Suppose R € MAJ(P), and E € PER(P). Suppose N(R,E) € EMAJ(P). Then the

following two are equivalent:
o N(R,E) € Spmasp)-
e There exists (a,a*) such that:
— (a,a*) € R.
— (a,a),(a*,a*) € E.
Therefore, we may say that (a,a*) witnesses that N(R, E) € Sgaras(p)-

Proof. Unfolding the definitions, we know N (R, E) := (R | dom(F), E | dom(R [ E)).
Therefore, N(R, E) € Sgyaycp) iff R [ dom(E) is non-empty. This is equivalent to saying that
there exists (a,a*) such that (a,a*) € R [ dom(E), which is equivalent to:

e (a,a*) € R.
e (a,a),(a* a*) € E.

We may conclude that N(R, E) € Sgarasp) iff there exists (a,a*) such that (a,a*) € R, and
(a,a),(a*,a*) € E. O

Therefore, to show that some N(R,E) € EMAJ(P) is in the separator, it suffices to provide a
witness (a, a*) satisfying (a,a*) € R, and (a,a), (a*,a*) € E.
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Remark 44. Let I be an index set. Suppose for each i € I, Ry € MAJ(P) and E; € PER(P). Then

N (Ri | dom(Eq)) = () Ri) | dom([ E;).

icl iel iel
Similarly, we have:

(N (E; | dom(R; | dom(E;)))) | dom(()(R; | dom(E;)))

i€l el
= (B [ dom((V(Ri | dom(E:)

Therefore, if for any i € I, (R; | dom(E;), E; | dom(R; | dom(E;))) € EMAJ(P), then

A (R; | dom(E;), E; | dom(R; | dom(E;)))

=?Emmmmm>

(B 1 dom(R: 1 dom(E) 1 dom((1(Rs 1 dom(E:)
= (R 1 doml() )

a(l@[ Ei) 1 dom((,;g Ri) | dom(g E;)))

To summarize, let I be an index set, and suppose for any i € I, R; € MAJ(P), E; € PER(P),
and N(R;, E;) € EMAJ(P), then:

A N(R;,E;) = N(( Ri, N Ei).

el el el

Therefore, given an I-indexed collection of pairs (R;, E;) satisfying N(R;, E;) € EMAJ(P), to
show that A\ N(R;, E;) is in the separator Sgasa5(p), it suffices to provide a witness (a,a*) such that

il
(a,a*) € () Ri, and (a,a), (a*,a*) € () E;.
iel el

Lemma 45. k is in SEMAJ(P)-

Proof. We claim that (k,k) witnesses that k € Sgarasp). Indeed, for any (Ri, E1), (Ra, E2) €
EMAJ(P), we have:

(Rl,El) — (RQ,EQ) — (Rl,El) = N(Rl — R2 — Rl,El — EQ — El).
Moreover, we know that (k,k) € Ry — Ry — Ry and (k, k) € E1 — Ey — Ej. O
Lemma 46. s is in Sgaray(p)-

Proof. We claim that (s, s) witnesses that s € Sgysa(p)- Indeed, for any (Rq, E1), (Re, E2), (R3, E3) €
EMAJ(P), we have:

((R1,E1) = (Ra, E2) — (R3, E3)) = ((R1, E1) = (R2, E2)) — (R1, E1) — (R3, E3)
= N(Rl—>R2—>R3,E1—)E2—>E3)—>N(R1—>R2,E1—)Eg)—)N(R1—>R3,E1—>E3)
= N(Ri—=Re—R3)[(...)=> (R —>R2)[(...) = (R1 — R3)

,(E1—>E2—>E3) f()—)(E1—>E2) f()—)(E1—>E3))
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Notice that (Ry = Ro — R3) [ (...) > (R1 = R2) [ (...) = (R1 — R3) 2 (R1 — Rs — R3) —
(Ri = R2) » (R1 — R3),and (Ey - Ea —» E3) [ (...) > (E1 = E2) [ (...) = (B1 — E3) 2 (Eq —
Ey — E3) — (Ey — E2) — (E1 — E3).

Recall also that (s, s) is in both (R; — R2 — R3) — (R1 — R2) — (R1 — R3) and (Eqy — Ey —
Es) — (Ey — E3) — (E1 — E3). O

Lemma 47. a € Spya7(p)-

Proof. We claim that ((uvw)uvw, (uvw)uvw) witnesses that a € Sgaray(p). Indeed, for any (R, ER),
(Si, Es,)ier, and (T3, E1,)icr in EMAJ(P), we have:

(A (R, Er) = (Si, Es;) = (T, Er;)) = (R, Er) = (A (Si, Es,) = (T3, Er))

i€l i€l
= N(OWR—Si— T, () Er = Es, > E1;,) > (R,Er) - N(( Si = T;, (| Es;, = Er,)
i€l i€l i€l i€l
= NONR—=S—T,VEr—Es, > Er) > NR— S —=Ti,Er — (| Es, = ET,)
i€l i€l i€l i€l
= N(OWR—=S—=-T)I(..) > R—->NSi—-1T;
i€l i€l
7(mER_>ESi_>ETi) [()—>ER_> ﬂESi%ETi)
i€l i€l
Notice that (1 R— S;i = T;) [ (...) > R—> NS =T 2(NR—=Si—T;) > R— (S = T,
i€l el i€l i€l
and ((Er —» Es, > E1,) [ (...) > Er - (VEs;, = Er, 2 ((\ Er — Es;, — Er,) | Ep —
i€l i€l i€l
N Es, — Er,
iel
Also recall that ((vvw)uvw, (wvw)uvw) is in both (VR — S; = T;) - R — () S; — T; and
i€l iel
(ﬂ ER—>ESZ.—>ETZ.)—>ER—> ﬂESi%ETi. O]
i€l i€l

We conclude that
Corollary 48. EMAJ(P) is an arrow algebra.

We still want to show that EMAJ(P) is compatible with joins. But before doing so, let us work

out an explicit expression for supremum in EMAJ(P).

Definition 49 (Making R € M AJ(P) compatible with E € PER(P)). Suppose R € MAJ(P) and
E € PER(P), and suppose dom(R) = dom(E). Then we define

R1 E :={(a,b) € Px P|3(a1,b1),...,(an,bn) € R, s.t. (a,a1) € E,(bj,a;11) € E where 1 <i <
n—1,(by,b) € E}.

Indeed, in this definition we do not really need R to be transitive
Remark 50. The following hold for R1 E as defined in the previous definition:
e RCRIE.
e R1Ee MAJ(P).
e dom(R 1 E) = dom(R) = dom(E).
e (R1E,E)e EMAJ(P).
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e If(R1,E1) € EMAJ(P), RC Ry, and E C Eq, then (R1 E,E) 2 (Ry, E1).

Remark 51. Let I be an index set, and suppose E; € PER(P) for alli € I. We know the supremum
of the E; is Y E;, the transitive closure of |J E;.
i€l el
Similarly, for R; € MAJ(P), the supremum Y R; is the transitive closure of |J R;.
iel i€l
Lemma 52 (supremum in EMAJ(P)). Let I be an index set. Suppose that (R;, E;) € EMAJ(P) for
all i € I. Then

Y (Ri, Ei) = ((Y Ri) 1 (Y Ey), Y Ei).

iel il el iel

Proof. Notice that dom(Y R;) = |J dom(R;) = | dom(E;) = dom(Y Ej).

From a previous lemgalm, we knlgév that ((Y éf)” (Y E), Y E;) ZGEIEMAJ(P).

Also, clearly, for all i € I, (R;, E;) < ((Yl%z) 1 (YZEEIZ)7 Yl%lz)

Suppose (R',E') € EMAJ(P) and for ;EHIZ el, EEIZ, Ei)z?j[ (R, E’). Then we have Y R; C R’ and
YI E; C F’, and thus, by a previous remark, we have (( YI Ri)1 (YI E;), Y[ E;) < (R’,Zle?g). O]
ic ic ic ic

Lemma 53. Suppose R € MAJ(P), E € PER(P), and dom(R) = dom(FE). Suppose (Ry,FE;1) €
EMAJ(P). Then the following two are equal:

e (R— Ry) | dom(E — E).

Proof. Since R C R | E and implication is anti-monotone, we know R|1 F — Ry C R — R;. Thus
(R1E— Ry) |dom(E — F1) C (R — R;) | dom(E — E7). We prove the converse.

Suppose (r,r*) € (R = Ry) | dom(E — Ej). We show that (r,7*) € (R1 E — R;) [ dom(E — Ey).
It suffices to show that (r,7*) € R1 F — R;.

For any (a,b) € R | E, there exist (a1,b1),. .., (an,by) € R such that (a,a1) € E, (b;,a,1+1) € E for
all 1 <i<n-—1,and (b,,b) € E. We know (ra;,r*b;) € Ry and (r*a;,r*b;) € Ry for 1 <1i < n.

Also, since (r,r), (r*,r*) € E — E;, we know:

e (ra,ray),(r*a,r*ay) € Ey.
o (r*bj,m*a;41) € By forall1 <i<n-—1.
e (r*b,,r*b) € E.

Since (Ry, Ey) € EMAJ(P), we have (ra,r*b), (r*a,r*b) € Ry | E1 = Ry. Thus (r,r*) € R1 E —
R;. ]

Lemma 54. Suppose R € MAJ(P), E € PER(P), and dom(R) = dom(E). Suppose (R, FE1) €
EMAJ(P). Then N(R — Ry, E — Ey) € EMAJ(P), and

(R1E,E)— (R1,E1) = N(R— Ry, E — Ey).
PTOOf. We know (R1 E,E) — (Rl,El) = N(R1 F— Rl,E—>E1) = N(R—>R1,E—> El). O
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Remark 55. It may be convenient to introduce one more notation. Suppose R € MAJ(P), E €
PER(P), and dom(R) = dom(E); then define:

M(R,E) == (R1E,E).

We know that M(R,E) € EMAJ(P). Also, for any (R1,E1) € EMAJ(P), the previous lemma
states that:

M(R,E) — (Ri,B) = N(R — Ry, E — E).
Moreover, if (R;, E;)icr is an I-indexed family of elements in EM AJ(P), then we have:
iel i€l el
Proposition 56 (compatible with joins). EMAJ(P) is compatible with joins.

Proof. Let I be an index set. Suppose that (R;, E;) € EMAJ(P) for every i € I, and suppose
(R',E") € EMAJ(P). Then we have:
(Y (R, Ei)) = (R, E")
el
= M(Y R, Y E;) = (R, E)
i€l el
= N(Y R) = R, (Y Ei) = E)
iel iel
= NN = R), N(E — E))
iel iel
= AN(RZ%R/,EZ%E,)
el
= A (Ri’ El) - (Rlv E/)
i€l

We are using the fact that M AJ(P) and PER(P) are both compatible with joins. O

3.3 The arrow algebra dEM AJ(P)

In this section, we construct an arrow algebra where the elements are tuples of the form (A, R, F),
where (R, E) € EMAJ(P), A C dom(R) = dom(FE), and such that A and (R, E) are compatible in
some sense. Roughly speaking, we are adding a subset of the domain of (R, E).

We call this arrow algebra dEM AJ(P), and show that it is compatible with joins. We first provide

a brief recap of the implication for subsets of P:

Remark 57. Recall that for X, Y C P, we define:
X—=Y={reP|Vaec X,ral,racY}.

Definition 58 (dEMAJ(P)). Let dEMAJ(P) be the collection of all tuples of the form (A, R, E)

where
e (R,E)e EMAJ(P).

e ACP.

17



o AC dom(R) = dom(E).
e Ifac A and (a,d’) € E, then a' € A.

For (Al,Rl,El),(AQ,RQ,Ez) S dEMAJ(P), deﬁne (Al,Rl,El) < (AQ,RQ,E2) Zf A1 C Ay and
(R1, E1) = (R, E3).
For (A1, Ry, E1), (A2, Re, Es) € dEMAJ(P), define implication to be:

(A1, R, E1) — (A2, Ra, E»)

(A1 — Az) Ndom((Ry — Ra) | dom(Ey — E»))
,(R1 = Ry) | dom(Ey — E»)

,(El — EQ) I dOm((Rl — Rg) i dOm(El — EQ)))

Remark 59. To see that this implication is well-defined, i.e. (A1, R1,E1) — (Ag, R, E2) is in
dEMAJ(P), we verify that if r € (A1 — A2) N dom((R1 — Re) | dom(Ey — E2)) and (r,r') € (E1 —
Es) | dom((Ry — R2) | dom(Ey — E3)), then 1’ € (A1 — As2) N dom((R1 — Rg) | dom(E; — E3)).

We first show that v’ € Ay — As. For any a € Ay, we know ra € Az, and we have to show
that r'a € Ay. Since a € Ay C dom(FE1), we know (a,a) € Ey. Since (r,v') € Ey — Es, we have
(ra,r’a) € Ey. Therefore, r'a € A,.

We then show that ' € dom((R1 — Rs2) | dom(E1 — FE3)), and this follows directly from our
assumption that (r,r’") € (E1 — E2) | dom((R1 — R2) | dom(Ey — Es)).

Lemma 60. The partial order on dEM AJ(P) is complete.

Proof. Let I be an index set, and suppose (A;, R;, F;) € dEM AJ(P) for all i € I. We claim that:

A (Aiy Ry, E;) = (N Ai) ndom(( Ri), N Ri, () Ei) | dom(( R;)).

iel el el icl el el

We first need to show that ((ﬂ A;) ﬂdom(‘ﬂ R)), ﬂ R;, (ﬂ E;) | dom('ﬂ R;)) is indeed an element
of dEMAJ(P). We verify that if a ¢ (N 401 domz(%({] R and (a,a) e NE) | dom( ) R), then
a’ € ([ 4i) Ndom(( R;). It suffices téeslhow that o Z?_ﬂ A;, and this follchvlvs directly fzrf)lm the fact
that ;eel (1 A; and Z(ZI, a') € N Ei. !

Then clearly, for any i € I, we have (((] A1) 1 dom(() Re), () Res () Ei) | dom(() Ry)) <

el el el el el
(Aio ) Rioa EZ'O ) .

Suppose (A", R',E") =< (A;,R;, E;) for all i € I, then we know A" C (] 4;, R' C () R;, and
iel iel

E' C N E;. Then A’ C dom(R') C dom(() R;), and thus A" C () A;) N dom([() R;). Also,
iel iel iel iel
dom(E") = dom(R') C dom(() R;), and thus £’ = E' | dom(F’) C (( E;) [ dom([) R;). O
iel iel iel

Lemma 61. The implication in the definition of dEM AJ(P) is anti-monotone in the first component,

and monotone in the second component.
Proof. Suppose (A}, R}, E}) < (A1, R1, E1) and (Ag, Ry, Eq) < (A%, R), EY). Then we know
o A — Ay C A — Al

e Ry - Ry C R} — R),.
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o B, > Ey CE| - Eb.

The result then follows from the fact that R [ dom(E) and F | dom(R) are both monotone in

every component. O
Corollary 62. dEMAJ(P) is an arrow structure.

Lemma 63. Suppose (A1, R1,E1) € dEMAJ(P). Suppose AC P, Re€ MAJ(P), and E € PER(P).
If (Andom(R | dom(E)),R | dom(E),E | dom(R | dom(E))) is in dEMAJ(P), then the following

two are the same:

o (A,R1,E1) = (ANdom(R | dom(E)),R | dom(E),E | dom(R [ dom(E))).

e (A1 - A ndom((Ry — R) | dom(Ey — E)),(Ri — R) | dom(Ey, — E),(E1 — E) |
dom((Ry — R) | dom(E1 — E)))

Proof. From a similar result in EM AJ(P), we know it suffices to show that the following two are the

(1) (A1 > Andom(R [ dom(E))) Ndom((R; — R) | dom(E; — E)).
(2) (A1 —» A)ndom((Ry — R) | dom(E; — E)).

We know that (1) is contained in (2), since A N dom(R | dom(E)) C A. We prove the other
direction.

Suppose 7 is an element of (2). We show that r is also an element of (1). We know it suffices to
show that r € A - ANdom(R [ dom(E)).

For any a € Ay, since r is in (2), we know r € A] — A, thus ra € A.

Also, we know r € dom((R; — R) | dom(E; — E)), so there exists r* such that (r,r*) € (Ry —
R) | dom(E; — E). Since a € A; C dom(R;), we know there exists a* such that (a,a*) € Rj.
Therefore, (ra,r*a*) € R. Moreover, we know (r,r), (r*,r*) € E; — E, and (a,a), (a*,a*) € Ey, thus
(ra,ra), (r*a*,r*a*) € E. Therefore, (ra,r*a*) € R | dom(FE), so ra € dom(R [ dom(E)). O

Remark 64. As in the section about EMAJ(P), for AC P, Re MAJ(P), and E € PER(P), we
define

N(A,R,E) = (Andom(R | dom(E)),R | dom(E),E | dom(R | dom(E))).
We then know that implication in dEM AJ(P) can be rewritten as:
(Al, Rl, El) — (AQ, Rg, Eg) = N(A1 — Ag, R1 — RQ,El — Eg)

Also, the above lemma can be understood as: for A C P, R € MAJ(P), and E € PER(P), if
N(A,R,E) is in dEMAJ(P), then for any (A1, R1, Ev) € dEMAJ(P), we have:

(Al,Rl,El) — N(A,R,E) = N(Al — A,Rl — R,El — E)

Corollary 65. Given (A1, R1,E1),...,(An, Ry, En) € dAEMAJ(P) (n>2), we have:
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(AnaRnaEn) — (AnflanflaEnfl) — = (AlaRlaEl)
= N(An_>_>A1’Rn_>_>R17En_>_>E1)

We now define a separator on dEM AJ(P).

Definition 66 (separator). Define a separator on dEMAJ(P) as:
Sapmasp) = {(A R, E) € dEMAJ(P)| A # 0}.

Lemma 67. Sgparay(p) i upwards closed.

Proof. Suppose (A1, R1, Eq) € Siemag(p) and (A1, R1, E1) =2 (Ag, Ro, E5). Then we know A; # () and
Ay C Ay. Then Ay # @, and therefore (AQ, Ro, EQ) S SdEMAJ(P). ]

Lemma 68. Syrpra5(p) is closed under modus ponens.

Proof. Suppose (A1, R, E1), (A1, R1, E1) — (Az, R2, Ea) € Sqpyagp)- Then in particular, Ay # 0)
and A — Ay # 0. Thus Az # 0, and (As, Ry, Es) € dEM AJ(P). O

Again, let us list some useful facts about proving whether an element is in the separator:

Lemma 69. Suppose AC P, Re€ MAJ(P), and E € PER(P). Suppose N(A,R,E) € dEMAJ(P).

Then the following two are equivalent:
e N(A,R,E) € Sqpnmas(p)-
e There exists (a,a*) such that:

—acA.
— (a,a*) € R.
- (a,a),(a*,a*) € E.

Therefore, we may say that (a,a*) witnesses that N(A, R, E) € Sqpnai(p)-

Proof. Unfolding definitions, we know N (A, R, E) := (ANdom(R [ dom(FE)), R [ dom(E), E [ dom(R |
E)). Therefore, N(A, R, E) € Sqgpagp) iff ANdom(R [ dom(FE)) is non-empty. This is equivalent to
saying that there exists (a,a*) such that:

e ac A
e (a,a*) € R | dom(E).
which is equivalent to:
e ac A
e (a,a*) € R.
e (a,a),(a* a*) € E.
We may conclude that N(A, R, E) € Sggaras(p) iff there exists (a,a*) such that a € A, (a,a*) € R,

and (a,a), (a*,a*) € E. O
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Remark 70. Let I be an index set. Suppose for eachi € I, A; C P, R; € MAJ(P), and E; € PER(P).

From a remark in the section on EM AJ(P), we know

N (R; | dom(E;)) = () Ri) | dom( E;).

iel iel iel
Also, we have

N (A; N dom(R; | dom(E;))) N dom( () (R; | dom(E;)))

i€l iel
= (QI AN (QI dom(R; | dom(E;))) N dom( 'DI(Ri I dom(E;)))
= (QI A;) N dom( ‘QI(Ri I dom(E;)))
= (QI AN dom((QI R;) | dom( QI E;))

From this and a similar remark about EM AJ(P), we understand that if for everyi € I, N(A;, Ri, E;) €
dEMAJ(P), then

el el el el

Recall that we have k € A; — Ay — A for any A1, A2 C P, s € (A1 — Ay — A3) — (41 —
As) = (A1 — Az), and (wvw)yuvw € ((V A — B; - C;) - A — () B; — C;. Therefore, as in the
iel el
case of EM AJ(P), we understand that (k, k) witnesses that k € Sygyas(p), (5,8) witnesses that
s € Sapmas(p), and ((vvw)uvw, (uww)uvw) witnesses that a € Sgrara7(p)- We conclude that:
Corollary 71. dEMAJ(P) is an arrow algebra.

We still want to show that dEM AJ(P) is compatible with joins. But before doing so, we have to

work out an explicit expression for the supremum in dEM AJ(P).

Definition 72 (making a subset of dom(FE) compatible with E). Suppose E € PER(P) and A C
dom(E). Then we define:

AlE:={acP|3be A, (a,b) € E}
Remark 73. The set A1 E from the definition above has the following properties:
e ACA1EC dom(E).
e Iface Al E and (a,b) € E, thenbe A1 E.

e Suppose A" C dom(E') is compatible with E' € PER(P), i.e., if a € A" and (a,b) € E', then
be A

IfACA and ECE', then Al EC A’

Lemma 74 (supremum in dEMAJ(P)). Let I be an index set. Suppose that for each i € I,
(Ai,R;,E;) € dEMAJ(P). Then

Y (Ai, Riy Bi) = (U A) 1 (Y Ei), (Y Ri)1(Y Ei), Y Ei).

icl i€l i€l i€l i€l i€l
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Proof. |J A; Cdom({ E;) =dom(Y E;), hence (|J A4;) 1 (Y E;) € dom(Y E;). Note that (|J 4;) 1

i€l il iel i€l iel iel i€l
(Y E;) is compatible with Y E;. Also, (Y R;)1 (Y E;), Y E;) € EMAJ(P). Therefore, ((|J 4i) 1
il il iel el el il
(Y E), (Y Ri) 1 (Y Ei), Y Ej) isin dEMAJ(P).
iel iel iel el
Clearly, for each i € I, (A, Ri, Ei) = (U A:) 1 (Y Ei), (Y Ri) 1 (Y Eq), Y Ey).
icl i€l i€l ier el

Suppose (A', R, E") € dEMAJ(P) and that for each ¢ € I, (A;, R;, E;) < (A, R',E"). We have
UA; € A" and Y E; C E'; hence, by a previous remark, (|J 4;) 1 (Y E;) C A’. Furthermore, by a

el i€l i€l
similar result for EMAJ(P), (Y R) 1 (Y Ei), Y Ei) < (R, E'). Hence (U 45) 1 (Y Ex), (Y Ri) 1
el el el el el el
(Y El)v Y E’L) = (A/7R,aE,)' 0
el i€l

Lemma 75. Suppose AC P, Re€ MAJ(P), E € PER(P). Suppose A C dom(R) = dom(E). Suppose
(A1, Ry, E1) € dEMAJ(P). Then the following two sets are equal:

e (A1 E— Ai)Ndom((R— R1) | dom(E — En)).
o (A— Ai)Ndom((R— Ry) | dom(E — Ey)).

Proof. One inclusion is clear. We show the other direction.

Suppose 7 € (A — Aj) Ndom((R — Ri) | dom(E — Ej)). We show that r € (A ] E —
A1) Ndom((R — Ry) | dom(E — Ey)). It suffices to show that r € A1 E — Aj.

Suppose a € A | E; then there exists b € A such that (a,b) € E. Since r € A — A;, we know
rb € A;. Since r € dom((R — R;) | dom(E — Ej)), there exists r* such that (r,r*) € (R — Ry) |
dom(E — Ei); thus (r,r) € E — E;. Therefore, (ra,rb) € E1, and thus ra € A;. O

Lemma 76. Suppose AC P, R€ MAJ(P), E € PER(P). Suppose A C dom(R) = dom(FE). Suppose
(A1, Ri, B1) € dEMAJ(P). Then N(A— A1, R — Ry, E — Ey) € dEMAJ(P), and

(A1E,R1E,E) = (A1, R1,FE1) = N(A— A;,R — Ry, E — Ey).

Proof. We know (A1 E,R| E,E) — (A,R1,E))=N(A1E = A|,R1E — Ri,E — E) = N(A —
Al,R—> R, E — El). O

Remark 77. Mimicking the case of EM AJ(P), we introduce the following notation. Suppose A C P,
Re MAJ(P), E € PER(P), and A C dom(R) = dom(E). Then define:

M(A,R,E) = (A1 E,R| E,E).

We note that M(A, R, E) € dEMAJ(P). Also, for any (A1, R1,E1) € EMAJ(P), the above

lemma says that:
M(A, R,E) — (Al,Rl,El) = N(A — Al,R — Rl,E — El)
Moreover, let (A;, R;, E;)icr be an I-indexed family of elements in dEM AJ(P). We know:

el el el el

Therefore, similarly to the case of EM AJ(P), and recalling that the implication defined for subsets

of P is compatible with joins, we conclude that:

Proposition 78 (compatible with joins). dEM AJ(P) is compatible with joins.
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3.4 The nucleus j(A, R, E) = (A', R*, E*) on dEMAJ(P)

In this section we define a nucleus on the arrow algebra dEM AJ(P), and verify that it is indeed a
nucleus. We consider a nucleus because we hope to have something acting as a maximum function
on the collection of “potential” realizers. By a maximum function, we mean that given finitely many
“potential realizers”, we can calculate a “maximum” of those potential realizers. Making this idea

precise is the job of the nucleus.

Remark 79. Recall some basic notation for coding finite sequences in a PCA P:

e Suppose ai,...,an, € P. We write |ay,...,ay,] for the code of the finite sequence of a1, ..., any.

e Suppose x and y are both codes of finite sequences. Then we write x Ly for the code of the

concatenation of x and y.

e Suppose a € P, and x € P is a code of a finite sequence of elements in P, then we write a € x if

a 1s an element in that finite sequence.
Definition 80 (nucleus). Define j : dEMAJ(P) — dEMAJ(P) to be such that:
j(A,R,E) = (A, R*, E¥)
Here,

e R* CPxP. (x,y) € R* iff x and y are both codes of finite sequences of elements in dom(R),
and they satisfy Va € x U y.3a* € y.((a,a*) € R).

We have that R* € MAJ(P).

e E* CPxP. (z,2/) € E* iff v,2' € dom(R*), Va € z.3b € 2'.(a,b) € E and Va € 2/,3b €
z.(a,b) € E.

We know that E* € PER(P), and dom(E*) = dom(R").

e ALC P. xecAY iff v € dom(E*), and Ja € A.([a],z) € E*.

We know that x is not the code of the empty sequence, and if v = [ay, ..., a,], then ai, ..., a, € A.

Remark 81. We have to verify that j(A, R, E) = (A, R*, E*) is well-defined, i.e., (A, R*, E*) is in
dEMAJ(P).

Firstly, we have to show that (R*, E*) € EM AJ(P). We note that it remains to show that R* and
E* are compatible. Suppose (z,y) € R* and (x,z1), (y,y1) € E*. We have to show that (z1,y1) € R*.
But this follows from the definition of E*, and some back-and-forth argument.

Secondly, we have to show that A and E* are compatible. Suppose v € A and (x,z1) € E*. Then
we have to show that x1 € AY. But this is straightforward: there exists a € A such that ([a],z) € E*,
so (la],z1) € E*.

We conclude that for (A, R,E) € dEMAJ(P), j(A, R, E) = (A, R*, E*) is also in dEM AJ(P).

Lemma 82. If (Al,Rl,El) j (AQ,RQ,EQ), then j(Al,Rl,El) j j(AQ,RQ,EQ).
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Proof. 1f (z,y) € R}, then x,y are both codes of finite sequences of elements from dom(R;) C dom(R2),
and for any a € x Uy, there exists b € y such that (a,b) € Ry C Ry. Therefore, (z,y) € Rj, and thus
R C R3.

If (x,2") € Ef, then z,2’ C dom(R7) C dom(R3). For any a € z, there exists b € 2’ such that
(a,b) € Ey C Es. For any a € 2/, there exists b € z such that (a,b) € Ey C Ey. Therefore, (z,2') € E3,
and thus Ef C E3.

If z € A}, then there exists a € A; C Ay, such that ([a], ) € Ef C Ej. Therefore, x € AL, and
thus Al C Al

We conclude that j(A1, Ri, E1) < j(A2, Ry, E2). O

Lemma 83. A (A, R, E) = j(A, R, E) is in Sqpapasp)-
(A,R,E)edEMAJ(P)

Proof. We claim that ((u)[u], (u)[u]) witnesses that A (A,R,E) — j(A,R,E) is in
(A,R,E)edEM AJ(P)
Sagmagp)- Notice that for (A, R, E) € dEMAJ(P), we have (u)[u] € A — A, ((u)[u], (u)[u]) € R —

R*, and ((u)[u], (u)[u]) € E — E*. O
Remark 84. Suppose (A, R, E) € dEMAJ(P). The following are true:

e Suppose x1,...,Ty and yi,...,Ym are codes of finite sequences of elements in dom(R). If for
every z € {x1,...,Tn,Y1,---,Ym}, there exists z* € {y1,...,ym} such that (z,z*) € R*, then
(x1 U Uzp,y1 U Uymy) € R*.

o Suppose x1,...,xn and y1,. .., Yym are codes of finite sequences of elements in dom(E). If for every
x; there exists y; such that (x;,y;) € E*, and for every y; there exists x; such that (y;,x;) € E*,
then (zq U+ Uxp,y1 U+ Uyy) € B
Lemma 85. A ((Al,Rl,El) —)j(AQ,RQ,EQ)) — (j(Al,Rl,El) —>j(A2,R2,E2))
(A1,R1,E1),(A2,Ra,E2)€dEM AJ(P)

18 1N SdEMAJ(P)'

Proof. Recall that there is an element ¢ € P such that for any f € P and any code of a finite sequence

x=lay,...,ap) € P,if fay,..., fa, are all defined and each is a code of a finite sequence, then
cfr= farU---U fa,.
We claim that (¢, c) witnesses that A ((A1, R1, E1) — j(A2, Ro, E9)) —
(A1,R1,E1),(A2,Ra,E0)edEM AJ(P)

(j (A1, Ry, Br) — j(A2, Ro, E2)) is in Syparagcp)-
For any (A1, R1, E1), (A, Re, E9) € dEM AJ(P), we have:

(A1, Ry, B1) — j(A2, Ry, B3) = N(A; — ALY Ry — R}, By — E3).
and
j(A1, Ry, E1) — j(As2, Re, Ba) = N(A} — A3, Rf — R3, Ef — E3).
We understand that we have to verify the following three:
(1) (¢,¢) € (R1 — R3) | dom(Ey — E3) — (R} — R3).

(2) (¢c,c) € (Bh — E3) [ dom((R1 — R3) | dom(Ey — E3)) — (EY — E3).
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(3) ce (A1 — A ndom((R; — R3) | dom(E; — E3)) — (Al — Al).

(1) and (2) follow from the previous remark. For (3), suppose r € (A1 — A})Nndom((R; — R}) |
dom(E; — E3)) and x € A}. We show that crz € Al:

There exists r* such that (r,r*) € (Ry — R3) | dom(E; — E3), so (r,r) € E1 — Ej.

Since x € AL, there exists a € A; such that ([a],z) € E}.

Suppose x = [ay,...,ay] (n > 1). We know (a,a1),...,(a,a,) € E1, hence (ra,ray),...,(ra,ra,) €
E3. By the previous remark, we know (ra,ra; U---Ura,) € Ej.

Since a € Ay and r € A; — A} we know ra € A}, and thus cre =ra; U ---Ura, € AL, O

Corollary 86. j(A, R, E) = (A, R*, E*) is a nucleus on dEMAJ(P).
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Chapter 4

Assemblies

In this chapter we define a category of majorizability assemblies which corresponds to the arrow algebra
dEM AJ(P) and the nucleus j(4, R, E) = (A, R*, E*) on it.

In [Gul8], Tao Gu defined a category MType, which is similar to EM AJ(P) equipped with a nucleus;
this nucleus is intended to behave similarly to the nucleus j discussed in the Section 3.4. Objects
in MType are subsets of natural numbers equipped with an equivalence relation and a majorizability
relation, satisfying various properties. For instance, Tao Gu requires majorants to be computable,
which does not seem very necessary. Moreover, Tao Gu requires every object in MType to be equipped
with a max function, but this assumption is too strong. In our case, the nucleus j discussed in the
previous chapter captures the behavior of max: we can “majorize” a finite sequence of elements, but
we do not require that we recover the original element when using it to majorize a sequence of length 1.

Tao Gu also defined a category of assemblies MMAsm, to which our construction below is similar.
However, Tao Gu did not go further and construct a topos in which his category MMAsm is embedded.
In our setting, we start with the arrow algebra dEM AJ(P);, which automatically gives rise to a
tripos and thus a topos. We then mimic Tao Gu’s idea of defining assemblies to obtain a category of
majorizability assemblies.

We will show that the category of majorizability assemblies can be embedded into the arrow topos
RT(dEMAJ(P);), and is equivalent to the full subcategory of -—-separated objects. The embedding
and the proof of the equivalence essentially borrows idea from the Chapter 4 of [Vril7].

After that, we provide explicit expressions for finite limits, exponentials, and the natural number

object in our category of majorizability assemblies.

4.1 Some useful facts

Remark 87. Recall that for A1, Ay C P, we define Ay x Ay := {pab|a € A1,b € As}.

For Ry, Ry € MAJ(P), we define Ry x Ry = {(pab,pa*b*)|(a,a*) € Ry, (b,b*) € Ra}. Then
Ry x Ry € MAJ(P).

For E,Ey € PER(P), we define Ey x Ey = {(pab,pd't')|(a,ad’) € Ey,(b,V') € Ez}. Then
Ey x By € PER(P).

Definition 88. Suppose (Al, Ry, El), (Az, Rs, EQ) S dEMAJ(P) We define (Al, Ry, El) X (AQ, Rs, Eg)
to be:

(A1, R1, E1) x (A2, Ry, Ep) = (A1 X A2, Ry x Rg, By X Es).
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One can verify that (A1, R1, F1) X (A2, Re, Eo) € dEMAJ(P).

Remark 89. We write P for the tripos corresponding to the arrow algebra dEMAJ(P). We know
that for any set X, PX s the set of (set-theoretic) functions from X to dEMAJ(P).

Forany f: X =Y, we know Pf : PY — PX is pre-composition with f.

We usually write F(x) = (Fo(zx), Fi(z), Fa(x)). So Fy(x) C P, Fi(x) € MAJ(P), Fy(zx) €
PER(P).

For F,G € PX, we define F =G iff \ F(x) — G(z) is in Sqppmasp)- By some previous results
zeX
(see Remark 64 and Remark 70), we know that:

A F(z) = G(z) = N( () Fo(x) = Go(x), | Fi(z) = Gi(z), () Fa(x) = Ga(x))
zeX zeX zeX zeX

Therefore, N F(z) — G(x) € Sgparas(p) iff there exists (r,r*) such that:
zeX

e r € Fo(z) = Go(z).

o (r,r*) e N Fi(z) = Gi(z).

o (r,r),(r*,r*) € N Fa(x) — Ga(z).

More naturally, there exists (r,r*) such that for any x:
o 7 € Fy(z) — Go(x).

o (r,r*) € Fi(x) = Gi(z).

o (r,r),(r*,r*) € Fa(x) = Ga(x).

In this case, we say that (r,r*) witnesses that F' - G.

Remark 90. The preorder PX carries a Heyting prealgebra structure. For instance, suppose F,G € PX,
then we define F x G : X — dEMAJ(P) as follows:

FxG:z— F(z) x G(z).
We have that:

e (po,po) witnesses that F x G+ F.

e (po,po) witnesses that F' x G+ G.

o If (r,r*) witnesses that H = F, and if (s, s*) witnesses that H = G, then ({(u)p(ru)(su), (u)p(r*u)(s*u))
witnesses that H - F x G.

As in Proposition 28, we have explicit expressions for binary joins and the other operations in the

Heyting prealgebra PX, which we do not write out here.

Remark 91. We write PJ for the tripos corresponding to the nucleus j(A, R, E) = (A, R*, E*). We
know that for any set X, P7X is a subset of PX:
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PIX:={S:X - dEMAJ(P)|jS+ S}.

The preorder on PIX is induced by the order on PX. For any f : X — Y, we know Pif : PY —
Pi X is pre-composition with f. Thus PJf is the restriction of Pf to P7Y.

The Heyting prealgebra structures on PJ are also induced from those on P, in the following sense:

e T, X, andVf are the same as those from P.

e Suppose 3f : PX — PY is the left adjoint to Pf : PY — PX.
Then consider ¥ f : PIX — PIY defined by F — j.3f(F). We know 3 is the left adjoint to
Pif:PY — PIX.

e We know L in PX is such that L : x +— (0,0,0). Then the bottom element 17 for P1X is such
that 17 : 2+ j(0,0,0), i.e., x — (0,0%,0%).
Here, notice that 01 = 0. Also, 0* == {([],[])}

4.2 Defining the category of majorizability assemblies; Embedding

We define a category, called the category of majorizability assemblies. We show that we can embed

this category of majorizability assemblies into the arrow topos corresponding to the tripos P7.

Definition 92 (majorizability assembly). A majorizability assembly (or simply m-assembly) is a tuple
(X, ax(x)), where:

e X 1is a set.
e ax € PPX. Hence we require j.ax - ax.

e Forany x € X, ax(x) € Sqgpapasp)- In other words, for any x € X, axo(r) # (). Recall that
we write ax(x) = (axo(x), axi(z), axa(x)).
The set axo(x) may be understood as the set of “actual realizers” of x.

e The pair (ax1(x),axa(x)) is constant; i.e., there exists (R,~) € EMAJ(P) such that for any
€ X, (ax1(x),axs(z)) = (R,~).

We may understand dom(R) = dom(E) as the set of “potential realizers”. The set carries an

equivalence relation ~ and a majorizability relation, and the two relations are compatible.

Therefore, we usually write ax(x) = (axo(x), R, ~).

Definition 93 (morphisms of m-assemblies). Suppose (X,ax) and (Y,ay) are m-assemblies. A

morphism of m-assemblies from (X, ax) to (Y,ay) is a set-theoretic function f: X — Y such that:
ax (= ij(ay>,

or, more sloppily, ax(x) F ay(f(x)).
If ax = P f(ay) is witnessed by (r,r*), then we also say that f : (X, ax) — (Y, ay) is witnessed

by (r,r*).

Remark 94. To see that the two definitions together define a category, notice that:
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e For any m-assembly (X, ax), idx : ax(x) = ax(x) is witnessed by (i,1).

e Suppose f:(X,ax) = (Y,ay) and g : (Y,ay) — (Z,az) are morphisms of m-assemblies. We
have ax F Pif(ay) and ay F Pig(ay), thus ax = P f.Pig(az) 4+ Pi(g.f)(az). Therefore,

g.f : X — Z is also a morphism of m-assemblies.

We now try to embed the category of m-assemblies into the realizability topos RT(dEMAJ(P);)

(from now on we may simply write it as RT(P7)).

Definition 95 (embed objects). Let (X, ax) be a m-assembly. Suppose ax(x) = (axo(z), R,~) for
some (R,~) € EMAJ(P). We define Ex : X x X — dEMAJ(P) as follows:

ax(z) if v =2

(0,R,~) ifx#a

Ex(z,2') =

Suppose jax - ax is witnessed by (r,r*). Then we claim that (r,7*) also witnesses that jEx = Ex:

e If x =1, then the situation is the same as in the case jax F ax.

o If x # 1!, then notice that )* = 0, and we always have (r,r*) € O* — 0.

Also, (r,m*) € R* — R and (r,r), (r*,r*) €~*—~ follow from the fact that (r,r*) witnesses that
j.aX F ax.

We conclude that Ex € PJ(X x X).

We now verify that (X, Ex) is an object in RT(P/):
Lemma 96. Ex is symmetric.
Proof. We must show that |=, ,» Ex(x,2") — Ex(2/,x). This is witnessed by (i,1). O
Lemma 97. Ex s transitive.

Proof. We must show that =, . .+ Ex(z,2") — Ex(a2/,2") — Ex(x,2”). This is witnessed by
((uv)u, (uv)u). O

Corollary 98. (X, Ex) is an object in RT(P7).

Definition 99 (embed morphisms). Let f : (X, ax) — (Y, ay) be a morphism of m-assemblies. Suppose
ax(z) = (axo(z), Rx,~x), and ay (y) = (ayo(y), Ry,~y). We define F: X XY — dEMAJ(P) as

follows:

_ Jax(z) x ay(y) if f(x) =y
F(.ﬁ,y) - .
(0, Rx x Ry,~x x ~y) if f(x)#y

Now define Fx,Fy : X xY — dEMAJ(P) as follows:

ax (z) if f(z) =y
0, Rx,~x) if f(z) #y

Fx(l‘,y) =
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and

ay (y) if f(z) =y
0, Ry,~y) if f(z) #y

We know jFx F Fx, jFy & Fy, and F = Fx X Fy. Therefore, we have jF + jFx X jFy F
Fx xFy =F,so FeP/(X xY).

Fy(x,y) =

We verify that F' is a functional relation on (X, Fx) and (Y, Ey):
Lemma 100. F is relational.

Proof. We have to show that =5 4/, F(z,y) = Ex(z,2') = Ey(y,y') — F(2',y'). This is witnessed
by ({(vvw)u, (uvw)u). O

Lemma 101. F s strict.
Proof. We have to show that =, , F(z,y) = Ex(z,z) X Ey(y,y). This is witnessed by (i, ). O
Lemma 102. F' is single-valued.

Proof. We have to show that = , v F(z,y) = F(z,y’) = Ey(y,y'). This is witnessed by ((uv)p1u, (uv)piu).
O

Lemma 103. F is total.

Proof. We must show that =, Ex(z,z) = ¥y.F(x,y), i.e., Ex(z,z) - Fy.F(z,y).

Since F(idy, f).Pi(idx, f)(F) - F, we have ¥ry.F(idx, f).Pi(idx, f)(F) F Frx(F). We
know Frx.F (idy, f).PI(idx, f)(F) + F(xx.(idx, f)).P/(idx, f)(F) "~ Fidx.P/(idx, f)(F) -
Pi(idx, f)(F). Therefore, we have P’(idx, f)(F) F ¥nx(F), ie., F(z, f(z)) - ¥y.F(z,y).

We see that in order to show Ex(z,x) F Fy.F(z,y), it suffices to show that Ex(x,z) - F(z, f(x)).

Recall that ax € P/(X), ay € P/(Y), and ax F ay(f(z)). Also, we know F(z, f(z)) =
ax(x)xay(f(z)), and Ex(z,x) = ax(z). Therefore, we have Ex (z,x) = ax(z) F ax(z)xay(f(z)) =

F(z, f(z)). O
Corollary 104. F is a functional relation on (X, Ex) and (Y, Ey).
We still need to show that the construction is functorial:

Lemma 105. Let (X, ax) be an m-assembly. Write f foridx : (X,ax) = (X,ax). Then we have
F 4= Ex.

Proof. We show that Ex - F, i.e. Ex(z,2") - F(z,2'). This is witnessed by ((u)puu, (u)puu). O

Lemma 106. Suppose f : (X,ax) = (Y,ay) and g : (Y,ay) — (Z,az) are morphisms of m-
assemblies. Consider h == g.f. We know h: (X, ax) — (Z,az) is a morphism of m-assemblies. Then
we have H 4 Fy.(F(z,y) x G(y, 2)).
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Proof. We show that H(x,z) - Fy.(F(x,y) x G(y, 2)).

We know that F(z, f(z)) x G(f(z),2) F Fy.(F(z,y) x G(y, 2)), so it suffices to show that H(x, z) -
F(z, f(x)) x G(f(z),2), which is equivalent to showing that H(z,z) F F(z, f(x)) and H(z,z) F
G(f(x),2).

We know H(z,z) - Ex(z,z) - F(z, f(x)) (for the second -, see the proof of the fact that F' is
total).

Suppose ay (y) = (ayo(y), Ry, ~y) and az(z) = (azo(2), Rz,~z). Unfolding the definitions, we
see that

G (), 2) = ay (f(z)) x az(z) if h(z) = 2
(0,Ry X Rz,~y X ~z) if h(x) # 2

To show H(x,z) - G(f(z), 2), it suffices to show that ax(z) x az(h(z)) F ay(f(z)) x az(h(z)).

But the latter follows from the fact that ax(x) F ay (f(z)). O

To summarize:

Corollary 107. We have a functor from the category of m-assemblies to RT(P?), which is defined as

follows:

e If (X, ax) is an m-assembly, suppose ax(x) = (axo(x), Rx,~x). Define

ax () if v =1

Ex(z,2') =
0, R,~) ifx#a

Then (X, Ex) is an object in RT(P7).

o If f:(X,ax) — (Y,ay) is a morphism of m-assemblies, suppose ax(x) = (axo(x), Rx,~x)
and ay (y) = (ayo(y), Ry, ~y). Define

ax(z) x ay(y) if f(x) =

Fla,y) = . ’
(0, Rx x Ry,~x x ~y) if f(x)#vy

Then F is a functional relation on (X, Ex) and (Y, Ey).

To show that this functor is indeed an embedding, we need to show that it is faithful and full.

Lemma 108 (faithful). Suppose f,g : (X,ax) — (Y,ay) are two morphisms of m-assemblies. If
F - G, then f = g. Therefore, the functor is faithful.

Proof. By assumption, we have F(z,y) - G(x,y). Suppose it is witnessed by (r,7*). We then know
that for any = and y, we have that r € Fy(x,y) — Go(z,y). In particular, for any x, r € Fy(z, f(z)) —
Go(z, f(x)). We know Fy(z, f(x)) = ax(z) x ay(f(z)) is non-empty, so Go(z, f(x)) is also non-empty,
which implies that g(z) = f(x). O

Lemma 109 (full). Suppose (X, ax) and (Y, ay) are two m-assemblies. Suppose G(z,y) is a functional
relation on (X, Ex) and (Y, Ey). Then there exists a morphism f : (X, ax) — (Y, ay) of m-assemblies,
such that F' 4 G. Therefore, the functor is full.
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Proof. We know G is single-valued, i.e., =5, G(z,y) = G(z,y') = Ey(y,¥’). In particular, there
exists a € P such that for any z,y, ', we have that a € Go(x,y) = Go(z,y') = Eyo(y,y’). Therefore,
if Go(z,y) and Go(x,y’) are both non-empty, then Ey(y,y’) is also non-empty, which would imply
that y = /. To summarize, for any x, there is at most one y such that Go(x,y) # 0.
We know G is total, ie., =, Ex(v,2) — Fy.G(x,y). In particular, there exists b € P such
that for any z, b € Exo(z,2) — ((UGo(z,y)) 1 (Y Ga(x,y)))! (see Definition 17 and Lemma 74
y y

for explicit expression of existential quantifier, and see Definition 80 for the nucleus). For any =z,

Exo(z,z) = axo(z) # 0, so (UGo(x,y)) 1 (Y G2(z,y)))" is also non-empty; hence {J Go(z,y) # 0.
Y Y y

Thus there exists y such that Go(z,y) # 0.

We conclude from the two above observations that for any = € X, there exists a unique y such
that Go(z,y) # 0. Therefore, we obtain a set-theoretic function f : X — Y such that for any = € X,

Go(z, f(z)) # 0.

We wish to show that f is a morphism of m-assemblies: we must verify that ax F P7 f(ay).

Since G is strict, in particular we have G(x,y) F Ey(y,y). So there exists (r,r*) such that for any
x’ y?

o r € Go(z,y) = ay(y).

o (r,r*) € Gi(x,y) — Ry.

o (r,r),(r*,r*) € Ga(z,y) —~y.

Since Go(z,y) # 0 iff y = f(z), we know that for any x,y, the following also hold:
o r € Go(x,y) — ay(f(z)).

o (r,7*) € Gi(z,y) — Ry.

o (r,r), (r",r") € Ga(z,y) =~y

Therefore, (r,7*) witnesses that G(x,y) - ay (f(x)) = PInx.PJ f(ay). Therefore, by adjunction,
we have Fmx(G(x,y)) F PIf(ay), ie. Fy.G(z,y) - PIf(ay). Since G is total, we have ax(x) =
Ex(z,7) b Fy.G(z,y) F PIf(ay). We conclude that f : (X,ax) — (Y,ay) is a morphism of
m-assemblies.

It remains to show that F' 4+ G. We verify that G - F. Since G is strict, we know there exists (s, s*)
witnessing G(z,y) F Ex(z,x) X Ey(y,y). We claim that (s,s*) also witnesses that G(z,y) - F(z,y):
Notice that F'(z,y) and Ex(x,z) X aFy(y,y) differ only on actual realizers, so we only have to worry
about whether s € Go(x,y) — Fy(x,y) is true. For any x,y, if Go(z,y) = (), then the condition holds
trivially. If Go(z,y) # 0, then we know y = f(x), and thus Fy(z,y) = Exo(z,z) X Eyo(y,y). O

Corollary 110. The functor from the category of m-assemblies to RT(P7) is an embedding.

4.3 ——-separated objects

In this section, we show that the ~—-separated objects in RT(P’) are exactly the essential images
of m-assemblies.

We first show that every image of an m-assembly is =—-separated.
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Proposition 111. Let (X, ax) be an m-assembly. Then (X, Ex) is -—-separated.
Proof. We calculate:

N(@,Rxé(b*,fvx—) (Z)*) ifx=2a'
N(P,Rx — 0*,~x— 0*) ifx#a

(~7 Ex)(z,2) =

Write =/ Rx for Ry — (0* and =7 ~x for ~x— 0*, we know

(0, (<7 Rx)  dom(~/ ~x), (7 ~x) [ dom((~/Rx) | dom(~/ ~x))) if =2’

(7 Ex)(z,2") = . . . . . .
(,(~Rx) | dom(—? ~x), (7 ~x) | dom((—'Rx) | dom(—7 ~x))) ifx #a

where ! := dom((—/Rx) | dom(—/ ~)). Notice that ! is non-empty: recall that 0* = {([],[])} (see
Remark 91), so we have ((u)[], (u)[]) € Rx — 0* and ((u)[], (u)[]) €~x— 0*, so (u)[] €.

Then for (/=7 Ex)(z,2'), we are interested in the case where x # /. In this case, we know:

which follows from the fact that ! is non-empty.
As a result, we understand that =, Ex(z,2) — Ex(2/,2') = (Y~ Ex)(x,2') — Ex(z,2') is

witnessed by ((vvw)u, (uvw)u). O

We now consider the converse. We start with an arbitrary object (X, E) in RT(P7), construct an
m-assembly (Y, ay) and a surjective functional relation F' from (X, E) to (Y, Ey). Then we show that

if (X, F) is ~—-separated, then F' is also injective.

Definition 112. Let (X, E) be an object in RT(P7).

Define Xp = {x € X | Eo(x,x) # 0}.

Define a binary relation ~p on Xg: x ~g x' iff Eo(x,2') # 0. Then ~g is an equivalence relation
on Xg.

Define Y .= Xg/ ~p.

Define ~%:= Y Es(x,2). Then ~).€ PER(P).

z,x’eX
Define Ry, = ( Y Ei(z,2')) 1~%. Then (RY,~\) € EMAJ(P).
z,x'eX
For any y €Y, define ayo(y) = ( U Eo(z,2")) 1~y Then afo(y) # 0 and (a3 (y), Ry, ~) €
z,x’ €y
dEMAJ(P).

Define o (y) = (a¥o(v), Ry, ~Y). Then of € PY.

Define ay = j.af. Then ay € PIY and ayo(y) # 0 for any y € Y. Therefore, (Y,ay) is an
m-assembly.

Define F: X XY — dEMAJ(P) as follows:

E(z,z) X ay(y) ifrxey

F(z,y) = ,
(0, B1(2,7) x Ry, Es(w,2)% ~y) if v ¢y
To see that F € PI(X x Y), consider the following Fx and Fy:

E(z,z) ifrey

FX(xvy) = .
(Q’El(xvx)’EQ(xvx)) fo ¢ Yy
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and
ay (y) ifr ey
(0, Ry,~y) ifxdy

Then we know that F' = Fx X Fy, jFx F Fx, and jFy - Fy, so jF F jFx X jFy - Fx X Fy = F.
We conclude that F € P/(X xY).

Fy(z,y) =

In the following, we verify that F'is a surjective functional relation on (X, E) and (Y, Ey).
Lemma 113. F is relational.

Proof. We have to show that =, ;v F(z,y) = E(z,2') = Ey(y,y') = F(2',y).

We note that F(z,y) x E(z,2") x Ey(y,y') - E(a',2") x Ey(y',y'). Therefore, =5 v, F(x,y) —
E(z,2") = Ey(y,y') = Ex(2/,2") x Ey(y,y').

Suppose =g a0y Fx,y) = E(x,2') = Ey(y,y') = Ex(a',2") x Ey(y,y’) is witnessed by (r,r*).
Then we know that (r,7*) also witnesses =y oy F(z,y) = E(z,2") = Ey(y,y') = F(2',y'). O

Lemma 114. F' is strict.
Proof. We have to show that |=,, F'(z,y) = E(x,z) X Ey(y,y). This is witnessed by (i, ). O
Lemma 115. F' is single-valued.

Proof. We have to show that =, , . F(z,y) = F(z,y’) = Ey(y,y'). This is witnessed by ((uv)p1u, (uv)piu).

O
Lemma 116. F is total.

Proof. We have to show that =, E(x,z) — Fy.F(z,y).

If Xg =0, then 3y.F(x,y) = (0,0,0), and Fy.F(z,y) = (0,0%,0%). Then we see that ({(u)[], (u)[])
witnesses that E(z,x) - ¥y.F(z,y).

In what follows, we assume Xg # 0, so Y # (. Fix yo € Y. Define a set-theoretic function
f: X =Y as follows:

Yo if$¢XE
[z] ifzeXpg

fx) =

Here, [z] € Y is the equivalence class (with respect to the equivalence relation ~g) containing x.

We know that F(x, f(z)) = Fy.F(z,y). Therefore, to show E(z,x) - Fy.F(z,y), it suffices to
show that E(z,x) F F(z, f(z)).

Notice that by the construction of af-(y), we know that (i,7) witnesses that E(z,z) F o (f(z));
thus, B(z,2) b j.l(f(2)) = ay (f(2)).

Also, notice that F(z, f(z)) = E(z,z) X ay(f(x)). Therefore, we have F(z,z) + E(x,z) X
oy (f(2)) = F(, f(2)). =

Lemma 117. F' is surjective.
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Proof. We have to show that =, Ey (y,y) — F2.F(x,y), i.e. we have to show that ay (y) - ¥ z.F(z,y).
Since ay (y) = j.a%(y), and ¥z.F(x,y) = j.3z.F(x,y), we understand that it suffices to show that

o (y) - 32.F(z,y).
Recall from Remark 77 that for A C P, R € MAJ(P), ~¢ PER(P) satisfying A C dom(R) =

dom(~), we define
M(A,R,~) = (A1~ R1~,~).
We know

o If M(A,R,~) € dEMAJ(P), and (Ay, R1,~1) € dEMAJ(P), then
M(A, R, N) — (Al, Rl, Nl) = N(A — Al, R — Rl, N—>N1)

.a(})/(y):M( U E0($,$,), Y El(l"x,)v Y EQ(‘T’x,))
z,x’ ey z,x'eX z,x'eX

Therefore,

ag)/(y) — Jz.F(z,y)
= (( U Eo(z,2) = (Fz.F(z,y))o

z,x' €y

(Y Ei(z,2) = Fz.F(x,y)h

z,x'€X

(Y € X)Ey(z,2') = (Fx.F(x,y))2)

z,x’

Suppose (r,7*) witnesses that E(z,z') - E(a',2'), i.e. for any x, 2’ we have:

o r € Ey(x,2’) — Ep(2/, ).

o (r,r*) € Ey(z,2') = Ey (2, 2).

e (r,r),(r*,r*) € Ey(z,2') — Eo(2,2').

We claim that of-(y) b 3z.F (2, y) is witnessed by ({u)(ru)[u], (u)(r*u)[u]). For any y € Y:

e (U Eo(z,2") = (Fz.F(z,y)o = () (Eo(z,2') = (Fz.F(z,y))) = () (Eo(z,2') —
z,x’' €y z,x’' €y T,x' €y
Fo(2',y)) = N (Eo(z,2’) — Eop(2’,2") x ayo(y)). Notice that at the first “=”, we used
T,z €y
the fact that the arrow algebra dEM AJ(P) is compatible with joins.

For any x,2’ € y, and for any a € Ey(z,2'), we have ra € Ey(a',2'), a € a¥y(y), thus

[a] € (a¥4(y))' = avo(y).

e (Y Eia)) = (FF@yh = N (Ble,d) = GeF(z,y)) = () (Fiz,a) =

z,x'eX z,x'eX z,x'eX

(e, y)) = QX(EI(x’m/) = Ei(2, ) x ay1(y)).

For any x,2’ € X, and for any (a,a*) € Ey(z,2'), we know (ra,r*a*), (r*a,r*a*) € Ei(a,2"),

and (a,a*) € ay(y), thus ([a], [a*]) € (a§1(y))* = ay1(y).
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o (Y Eyx,2) = (FwF(x,y)2 = () (Ea(z,2') —» GuF(zy))) = () (Baz,2) —
z,x'eX z,x'eX r,x’'eX

Fy(2'y)) = OEX(E2($>$') — Ea(z',2") x aya(y)).

For any z,2’ € X, and for any (a,d’) € Fa(x,2'), we know (ra,rd’), (r*a,r*a’) € Es(a2’,2'), and
(a,a') € afy(y), thus ([a], [@']) € (a94(y))* = aya(y).

We conclude that of(y) - Jz.F(x,y), thus ay (y) - Fy.F(z,y). So F is surjective. O

We have proved that for any object (X, E), the corresponding F' is a surjective functional relation
on (X, E), (Y, Ey). We now show that if (X, E) is =—-separated, then F' is also injective.

Lemma 118. If (X, E) is ——-separated, then F is injective.
Proof. We calculate:

N, Ey(x,z) — 0*, Ey(z,x) — 0%) if Eg(x,2') £ 0

(VE)(z,2') =
N(P,Ey(x,x) — 0%, Ex(z,2") — 0*) if Eg(xz,2') =0

and

N(P, (< E)y(z,2') — 0*, (-7 E)a(x, 2")

. . ﬁ
(S E)(w, ") =
N, (7 E)1(z,2") = 0*, (-7 E)o(x,2")

Consider a = (u)[]. We know that for any z, z':
e (a,a) € (W~ E)(z,2);.

e (a,a) € (<~ E)(z,1')s.

o If Eg(x,2’) # 0, then a € (~/~E)(z,2')o.

We understand that ((uv)a, (uv)a) witnesses that =, ., F(z,y) = F(2',y) = (<77 E)(x,2').

Therefore, we have F(z,y), F(z',y) Fzay ("7 E)(z,2'). We also have F(z,y), F(2',y) Evay
E(x,z) and F(x,y), F(2',y) Fguy B, 2').

By assumption, (X, E) is =—-separated, so =4 .y E(z,2) = E(2/,2') = (<7~ E)(z,2") — E(z,2’).
We conclude that =5 ., F(x,y) = F(2',y) — E(x,2’), i.e. F is injective. O

We summarize what we have proved in this section in the following proposition:

Proposition 119. An object (X, E) in RT(P7) is ——-separated iff there exists an m-assembly (Y, oy )
such that (X, E) and (Y, Ey) are isomorphic.
4.4 Finite limits, exponentials, and natural numbers object

In this section we consider explicit descriptions of finite limits, exponentials, and the natural numbers

object in our category of m-assemblies.

Lemma 120 (terminal object). (1 := {x},aq : ¥ — (P, P x P,P x P)) is the terminal object in the

category of m-assemblies.
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Proof. Clearly, (1 := {*}, a1 : x — (P, P x P, P x P)) is an m-assembly. For any m-assembly (X, ax),
there is a unique set-theoretic function ! : X — %, which is a morphism of m-assemblies since it is

witnessed by (i,1). O

Lemma 121 (binary product). Suppose (X,ax) and (Y,ay) are m-assemblies. Consider axxy :
(z,y) = ax(z) X ay(y). Then (X X Y,axxy) with the projection maps 7x : X xY — X and
my : X XY =Y s the binary product of (X,ax) and (Y, ay) in the category of m-assemblies.

Proof. We note that axxy (z,y) 4 Pimx(ax) x PIry (ay). So jaxxy F j.Pirx(ax) x j.Pimy (ay) -
Pinx(j.ax) x Piry(j.ay) F Pirx(ax) x Pimy(ay) - axxy. Therefore, (X x Y,axxy) is an
m-assembly.

Also, the set-theoretic functions 7x : X XY — X and ny : X x Y — Y are both morphisms of
m-assemblies, since they are witnessed by (po,po) and (p1, p1) respectively.

To verify the universal property: suppose f : (Z,az) — (X,ax) and g : (Z,az) — (Y,ay) are
morphisms of m-assemblies. Then we have a unique set-theoretic function (f,g): Z — X x Y making
the triangles commute. It remains to show that (f, g) is a morphism of m-assemblies:

Since f and g are morphisms of m-assemblies, we know az = P7 f(ax) - P/(f,g).P/mx(ax) and
az F Piglay) 4 PI(f,g).Pimy(ay). Therefore, ay F PI(f,g).Prx(ax) x PI(f,g).Pry(ay) -
PI(f,9)(PImx(ax) x Plry (ay)) == P (f, g)(axxy). O

Lemma 122 (equalizer). Suppose f,g : (X,ax) — (Y,ay) are two morphisms of m-assemblies.
Consider X¢g = {x € X|f(z) = g(x)}, and let e : Xy; — X be the inclusion function. Define
ax,, = Ple(ax). Then (X g, ax,,) with the inclusion map e : Xyy — X is the equalizer for f and g.

Proof. Clearly, (X4, ax fg) is an m-assembly, and e is a morphism of m-assemblies.

To verify the universal property: suppose h : (Z,az) — (X, ax) is a morphism of m-assemblies
satisfying f.h = g.h. Then there exists a unique set-theoretic function & : Z — X, such that e.k = h.
It remains to show that k is a morphism of m-assemblies:

Since h is a morphism of m-assemblies, we have az - P7h(ax) -+ P/k.Ple(ax) = Pj(ozxfg). O
Remark 123. Let f : X = Y be a function, and suppose A(z), B(x) € PX, C(y) € PY. Then the

following two statements are equivalent:

(1) Cly)= A Alz) = B(z).
z:f(z)=y
(2) C(f(z)) b A(z) = B(z).
For the direction from (2) to (1), we use the fact that a € Sygpagpy- The direction from (1) to
(2) is straightforward. It may be useful to note the following equality:

A A Cly) = Alz) = B(z) = L C(f(2)) = Alz) = B(z).

Y o f(z)=y

We may view A\ A(z) — B(x) as Vf(A — B), in which case the equivalence can be understood

z:f(x)=y
as:

CHVYf(A— B) iff Pf(C)- A— B
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Lemma 124 (exponential). Suppose (X, ax) and (Y,ay) are m-assemblies.

e Define YX to be the collection of all morphisms from (X, ax) to (Y, ay).

e Consider A : (f,z) — ax(x), and B : (f,x) = ay(f(x)). Define ayx : f— A\ A(f,z) —

B(f,z). In other words, ayx(f) = A ax(x) = ay(f(z)). <
zeX

e Considerev:YX x X =Y, (f,z) — f(z).
Then (Y, ayx) with the map ev : YX x X =Y is the exponential (Y, ay )X0x),

Proof. To show (Y* ayx) is an m-assembly, we have to show that jayx F ayx. Consider the

projection map myx : YX x X — YX; we may denote ayx as Vmyx (A — B). Therefore,

We know Pmy-x.j.Vmyx (A — B) = j.Pryx.Vryx(A — B)F j(A — B) - jA — jB.

But notice that (jA — jB) x A+ jB F B: the second F follows from the fact that (Y, ay) is
an m-assembly. Therefore, we conclude that Pmyx.j.Vmyx (A — B) F A — B, so (Y, ayx) is an
m-assembly.

To see that ev: YX x X — Y is a morphism of m-assemblies, unfolding definitions we see that we

have to show:
(PTryX.v7Tyx (A — B)) xAFB

which is straightforward.

To verify the universal property: Suppose h : (Z,az) x (X,ax) — (Y,ay) is a morphism of
m-assemblies.

We define a function H : Z — YX by z + (x +— h(z,z)). We have to first verify that H(z) is
indeed in Y i.e., that H(z) is a morphism of m-assemblies.

Since h: Z x X — Y is a morphism of m-assemblies, we know az(z) x ax(z)F ay(h(z,x)), thus

az(z) F ax(x) = ay(h(z,x)). So there exists (r,7*) such that for any z, z:
e r € agy(z) = axo(x) = ayo(h(z,x)).
e (r,7*) € Ry — Rx — Ry.
o (r,7),(r*,r*) E~vg—r~x—ry.
For any z € Z, we assume that azg # 0, so we pick (a,a}) such that:
e a, € azy(z).
e (ay,a}) € Ry.
* (az,az),(al,a}) €~z.
We then see that:

e ra, € axo(r) = ayo(H(z)(x)).
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e (ra,,r*a}) € Rx — Ry.
o (ray,ray),(r*al,r*al) e~x—ry.

In other words, (ra.,r*a}) witnesses that ax(z) - ay (H(2)(x)). Thus H(z) € Y, and H : Z —
Y X is a well-defined set-theoretic function. We also note that H is the unique set-theoretic function
such that ev.(H X idx) = h. It remains to verify that H is also a morphism of m-assemblies.

We have to verify that az(z) F ayx(H(2)), i.e.

Aaz(z) = Neax (@) = ay iz, z))) is in Sipaasr).

xT

This holds if and only if
zAxaz(Z) — ax(z) = ay(h(z,2)) is in Sgerprasp)-
But this follows from the fact that h is a morphism of m-assemblies. O
Lemma 125 (natural numbers object). Consider (N, ay) where:
e apo(n) = {n}.
e Ry ={(z,m)|n <m}.
e ~n={(m,n)|n € N}.

Consider 0: 1 = N, x — 0.
Consider s :N—- N, n+—n-+1.
Then (1, aq) 9, (N, an) = (N, ay) is the natural numbers object in the category of m-assemblies.

Proof. Note that there exists max € P such that for any nq,...,n; € N, we have:

max|ni, ..., ng| = max(ni,...,ng)

We understand that (max, max) witnesses that joy - ay. Therefore, (N, ay) is an m-assembly.

0:1 — N is a morphism of m-assemblies since it is witnessed by ({u)0, (u)0).

s: N — N is a morphism of m-assemblies since it is witnessed by (S, S). Here S € P satisfies the
property that for any n € N, Sm <n + 1.

We now consider the universal property of the natural numbers object. Suppose 1 =% (X, ax) EN
(X, ax) is a diagram in the category of m-assemblies. Then there exists a unique set-theoretic function
h : N — X such that:

e h(0) = zo(x).
o h(n+1) = f(h(n)).

It remains to show that h is a morphism of m-assemblies.

There exists [ € P such that for any a,g € P, we have:
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Since axo(h(0)) # 0, we fix (b, b*) such that:
e b axo(h(0)).

e (bb*) € Ryx.

o (b,b), (b*,b*) e~x.

Since f : (X, ax) — (X, ax) is a morphism of m-assemblies, there exists (ry,r}) such that for any
reX

e 1y € axo(z) = axo(f(x)).
° (Tf,’l“;) € Rx — Rx.

o (ry,rp), (rj,r}) E~vx—rx.

Then define:
o p:=lbry.
o p*i=1b"r}.

One can prove by induction the following:

e For any n € N, pn € axo(h(n)).

e For any n € N, (pn, p*n) € Rx.

e For any n € N, (pm, pn), (p*n, p*n) €~x.
Consequently, we know:

e For any n € N, [pn] € (axo(h(n)))?!.

e For any n € N, ([pn], [p*0,...,p*n]) € RY.

e For any n <m, ([p*0,...,p*n], [p*0,...,p*m|) € R%.

e For any n € N, ([pnl, [pn]), ([p*0,...,p*nl, p*0,...,p* n]) e~%.
Suppose (r,r*) witnesses that jax F ax, i.e., for any x € X,

e 7 € (axo(®))t = axo(z).

o (r,17*) € Ry, — Rx.

o (r,r),(r*,r*) e~ —rx.

Consider t,t* € P satisfying:

e tn=r[pnl.

o t*n=r*[p*0,...,p"nl.
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From the discussion above, we see that:

e For any n € N, tn € axo(h(n)).
e For any n < m, (tu,t*m), (t'n,t*m) € Rx.
e For any n € N, (tn, tn), (t*n, t*'n) €~x.

Therefore, (t,t*) witnesses that an(n) F ax(h(n)), so h is a morphism of m-assemblies.
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Chapter 5
Logical principles

In this chapter, we verify that IP™ (Independence of Premise for negated formulas) and AC (Axiom of
Choice) are valid in the topos for finite types. We also show that the topos has the Fan recursor. The
validity of IP™ and AC is expected from the modified realizability aspect of the construction, and our
verification follows the proofs in [Vril7] and [Gul8], adapted to our notation. The existence of the Fan
recursor may follow from the majorizability aspect of the construction, which was discussed in [Gul8|.
Thus, the results in this chapter are mainly obtained by following existing ideas and unfolding them in
our setting. The verification process can be somewhat tedious, especially for IP™ and AC.

We will be working with topos logic. Since our topos is built from a tripos, there is a standard and
explicit way of describing topos logic in terms of tripos logic (Section 2.3 in [Oo0s08]). By topos logic,
we mean that we regard a topos as a model providing semantics for logical formulas. Each formula will
be interpreted as a subobject of a certain object representing the free variables in that formula.

Recall that we call our tripos P/, and we call the topos arising from the tripos RT(P/). We
understand that objects in the topos RT(P7) are tuples (X, E) where X is a set and E € P/(X x X)
is a symmetric and transitive relation (in terms of tripos logic) on X. We also know that subobjects
of (X, E) correspond to strict relations on (X, E): they are elements of P/ which are relational and
strict (in terms of tripos logic). Thus, formulas are ultimately interpreted as strict relations on certain
objects, and in this sense, topos logic is reduced to tripos logic. These results will be briefly reviewed
in Section 5.1.3.

Since the types of variables occurring in those logical principles (IP7, AC) are mainly finite
types, and we know that finite types are ——-separated, they have a simpler description in terms of
m-assemblies, as we showed in the previous chapter. Also, subobjects of —=—-separated objects are
themselves ——-separated, so one may expect a simpler description of subobjects of those m-assemblies
in the topos. This will be briefly discussed in Section 5.1.1.

One may also notice that finite types, viewed as m-assemblies, have nicer properties than general
m-assemblies. For instance, recall the natural number object discussed in Lemma 125. The natural
numbers may be identified with the set of “potential realizers” dom(Ry), which is exactly the set
{m|n € N}. Also, the set of “actual realizers” suffices to determine the natural number: we know
ano(n) = {n}, and clearly if ano(n) N ano(m) # 0 then n = m. It turns out that all finite types satisfy
similar properties, and they will be discussed in Section 5.1.2. These properties are also expected; see
Section 4.1 in [Gul8].

After discussing those useful facts, we verify that IP™ and AC are valid in the topos for finite types.

The proofs largely consist of adapting existing arguments to our setting and unfolding the relevant
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definitions. After that, we work out an explicit expression of the List object in the topos, to handle
the types of finite sequences that will appear in the discussion of the Fan recursor. Originally, we also
hoped to discuss the Bar recursor, but eventually we decided to leave it for future work and mention it

only briefly in the Conclusion chapter.

5.1 Useful facts

We discuss some simple facts about m-assemblies and finite types which will be very useful later when

verifying those logical principles.

5.1.1 Canonical representations of strict relations on m-assemblies

In a tripos topos, the collection of subobjects of any object is equivalent to the collection of strict
relations on that object. Every m-assembly (X, ax) can be embedded into the realizability topos
RT(P7). Recall that we denote the image of this embedding by (X, Ex), where

ax(x) if v =1/

Ex(z,2') =
0, Rx,~x) ifx#a

A strict relation on (X, Ex) is an element S(z) in P/X which is both relational and strict, i.e.,
o = S(z) = Ex(z,2") — S(a).
o =, S(x) = Ex(z,z).

In general, Si(z) and S2(x) are not constant: they may vary with x. But indeed, every strict
relation S(x) on (X, Ex) is equivalent to a canonically presented one. In other words, there exists
another strict relation S(z) on (X, Ex) such that S(z) - S(z), where S and ZS)Q are both constant.

Every strict relation on (X, Fx) corresponds to a subobject of (X, Ex), and since a subobject
of a ~—-separated object is again ——-separated, we know there exists an m-assembly (Y, ay) and a
morphism of m-assemblies f : (Y, ay) — (X, ax) such that F(x,y) : (Y, Ey) — (X, Ex) is a mono
in the arrow topos and defines the same subobject as S(z). We know the strict relation defined
by F(z,y), written as S(z), is ¥y.F(z,y) = j.3y.F(z,y). If Fi(z,y), Fa(z,y) are constant, then
(Fy.F(z,y))1, (Jy.F(x,y))2 are constant (see Lemma 74 and Definition 17 for an explicit expression of
the existential quantifier 3), thus (Fy.F(z,y))1, (Fy.F(z,y))s are constant (see Definition 80 for the
definition of the nucleus j).

We conclude that the strict relation S is equivalent to S(z), and §1, S, are constant.

5.1.2 Elementary properties of finite types

We prove that finite types in the category of m-assemblies satisfy some elementary and useful properties.

Y,ay)

These properties are all proved by induction. The induction step is to show that (X, « X)( satisfies

them, assuming that (X, ax) and (Y, ay) do.

We mainly focus on the following three properties of an m-assembly (X, ax):

(0) For any z,2' € X, if axo(z) Naxo(z’) # 0, then = 2.
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(1) For any a € dom(Ryx), there exists x € X such that a € axo(x).
(2) For any = € X, for any a,d’ € axo(x), (a,d’) E~x.

From now on, we may simply say property (i) to refer to the property described above. For instance,
we say (X, ay) satisfies property (0) iff for any z,2' € X, if axo(z) Naxo(z’) # 0, then x = 2'.

In the following, we first prove by induction that every finite type satisfies property (0). Then
we show that every finite type satisfies (1) and (2) by induction on finite types, where the induction
hypothesis is that (1) and (2) are both satisfied.

Recall that we have an explicit expression for the natural numbers object in the category of
m-assemblies. It is (N, an), where ano(n) = {n}, Ry = {(,m) |n < m}, and ~y= {(#, ) |n € N}.
For this explicit expression, one can verify that (N, ay) has properties (0), (1), and (2).

Remark 126. It is straightforward to see that property (0) is stable under isomorphism. However, the
following examples suggest that properties (1) and (2) may not be stable under isomorphism.
We will consider three m-assemblies where the underlying set is always a singleton, while the realizer

structures differ. They are (given in the order a0, By, N(_)):

(a) {0}, {(0,0)}, and {(0,0)}.

We note that examples (a), (b), and (c) are isomorphic. Example (a) satisfies both properties (1)
and (2). Example (b) does not satisfy property (1), since 1 is in dom(Rp) but not in apy(*). Example
(¢c) does not satisfy property (2), since (0,1) is not in ~c.

Lemma 127. Suppose (X,ax) and (Y,ay) are m-assemblies. If (Y,ay) has property (0), then
(Y, ay ) 5x) also has property (0).
Here, we take (Y, ay)(X7O‘X) to be the explicit expression discussed in Lemma 124; because those

properties are not stable under isomorphism, it is important to choose a suitable explicit expression.

Proof. Recall that the exponential (Y, ay)¥*X) is the m-assembly (Y X, ayx), where YX is the set of

all morphisms from (X, ax) to (Y,ay), and for any f: (X,ax) = (Y,ay), ayx(f) = A ax(z) —

reX
ay (f(x)).
Now, suppose f,g € YX satisfy ayxo(f)Nayxg(g) # 0. Then there exists r such that r € ay-x((f)
and r € ayxg(g). Unfolding the definitions, we know:

e re () axo(z) = ayo(f(z)).
zeX

e rc ) axo(z) = ayo(g(x)).
zeX

Therefore, for any € X, since axo(z) # 0, fix a € axo(x). Then we know ra € ayo(f(x))N

ayo(g(z)). By assumption, (Y, ay ) satisfies property (0), so f(z) = g(z). Hence f = g. O

Lemma 128. Suppose (X,ax) and (Y,ay) are m-assemblies, and suppose they both have properties
(1) and (2). Then (Y,oy)X9X) also has properties (1) and (2).

Here, we take (Y, ay)(X’O‘X) to be the explicit expression discussed in Lemma 124.
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Proof. We first show that (Y, ay)(X:#X) has property (1).
Suppose r € dom(Ryx). Then there exists r* such that (r,7*) € Ryx. Recall that ayx(f) =

N( () axo(x) = ayo(f(z)), (| Rx = Ry, [ ~x—~y). In particular, we know:
reX zeX reX

° (T,T*) S ﬂ Rx — Ry.
zeX

o (r,7),(r*,r*) € [ ~x—r~y.
reX

For any x € X and any a € axo(zr), we know there exists a* such that (a,a*) € Rx, hence
(ra,r*a*) € Ry. Therefore, ra € dom(Ry). By the assumption that (Y, ay) satisfies property (1),
there exists y, € Y such that ra € ayo(y,). Moreover, for any a’ € axo(x), by the assumption that
(X, ax) satisfies property (2), we know (a,a’) €~x, hence (ra,ra’) €~y, and thus ra’ € ayo(ya)-

This implies that there exists a set-theoretic function f : X — Y such that for all x € X and all
a € axo(x), we have ra € ayo(f(z)).

Notice that (r,r*) witnesses that f is a morphism from (X, ax) to (Y, ay), and thus r € ay-x¢(f)-
We conclude that (Y, ay )X%x) has property (1).

We now show that (Y, ay)%:2x) has property (2).

Suppose f € YX and 7,7 € ayx,(f). We must show that (r,7’) €~y x. We note that it remains

to show that (r,7’) € (| ~x—~y. For any x € X and any (a,d’) €~x, we show (ra,r'a’) e~y.
zeX
We know a € dom(Rx), and by the assumption that (X, ax) satisfies property (1), there exists

z, € X such that a € axg(z,). Since (a,a’) €~x, we know a’ € axo(z,).

Since r, 7" € ayxo(f), we know .7’ € () axo(z) = ayo(f(z)). In particular, r,r" € axo(z.) —

zeX
ayo(f(zq)). Therefore, ra,ra’,r'a,r'a’ € ayo(f(x,)). By the assumption that (Y, ay) has property
(2), we know (ra,r’a’) E~y. We conclude that (Y, ay)X:x) has property (2). O

5.1.3 Topos logic reduced to tripos logic

In this section, we give a brief overview of the reduction of topos logic to tripos logic. We refer to
Section 2.3 in [Oos08] for a more complete discussion of this topic.

Suppose (X, E) is an object in RT(P?). We know that the collection of subobjects of (X, E) is
equivalent to the collection of strict relations on (X, E). Suppose S(x) and T'(z) are two strict relations
on (X, E):

e The conjunction S(x) and T'(x) (representing the meet of the corresponding subobjects) can be

taken to be the strict relation S x T, where x denotes the binary meet in P/ X.
e The disjunction S(z) or T(z) can be taken to be SV T, where V denotes the binary join in P7.
e The implication S(z) implies T'(x) can be taken to be E(x,z) x (S(x) — T'(z)).
e The element 17 in P/ X is the bottom element in the lattice of subobjects of (X, E).
e E(x,x) is the top element in the lattice of subobjects of (X, E).

Suppose (X, Ex) and (Y, Ey) are two objects in RT(P’) (here we do not assume that they come
from m-assemblies), and F'(z,y) is a functional relation on (X, Ex), (Y, Ey). Suppose T'(y) is a strict
relation on (Y, Ey). Suppose S(z,y) is a functional relation on (X, Ex) x (Y, Ey), and suppose
px : (X, Ex) x (Y, Ey) — (X, Ex) is the projection morphism. Then
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e F*(T), as a subobject of (X, Ex), can be taken to be Jy.(F(x,y) AT (y)).

e Vpx(S(z,y)), as a subobject of (X, Fx), can be taken to be Ex(z,z) x Vy.(Ey (y,y) — S(z,y)),

which is an element in P7X.

e Ipx(S(z,y)), as a subobject of (X, Ex), can be taken to be 3y.5(z,y), which is an element in
PIX.

We then consider a useful result, which implies that when taking existential quantifiers for canonically
presented strict relations on m-assemblies, we usually only need to take 3 instead of 3, since taking 3

already ensures that the result is in P7.

Lemma 129. Suppose f : X — Y is a surjective function, and suppose S(x) € PIX. If Sy and So are
constants (i.e. there exists (R,~) € EMAJ(P) such that for all x € X, (S1(x), S2(z)) = (R, ~)), then
3f(9)(y) € PIY.

Proof. (3f(S))(y) = Y S@)=M( U Solx), Y Si(x), Y S)=M( U So(z),5,5)=

z:f (z)=y z:f (z)=y z:f (z)=y z:f (z)=y z:f (z)=u
( U Solx),S1,S2). Note that in the third equahty we used the assumption that f is surjective, and
z:f(z)=y
in the fourth equality we used the fact that |J Sp(x) and Sy are already compatible with Ss.
z:f(x)=y
We have to show that j.(3f(5)) F 3f(S).

Suppose (r,r*) witnesses that 7.5 F S, i.e. for any x € X,
o 7€ S}(x) — So(z).

o (r,r*) e ST — 5.

o (r,r),(r*,r*) € S5 — Sa.

We claim that (r,r*) also witnesses that j7.(3f(5)) F 3f(S). For any y € Y=

We show that r € ( fU So(x))t — ( fU So(x)). Notice that ( fU So(x))t = Y S (),
z:f(x)=y z:f(z)=y z:f(x)=y z:f(z)=y
so (U So(@)t — ( U 50( D= N @)= U Sz) 2 ﬂ (53 z) = So(x)),
2 f(@)=y 2:$() 2 f(2)=y 2/ (7)=y )
and we know r € .f(ﬂ)_ (SO( ) — So(z)).

Also, there exists x € X such that f(z) =y, so (r,r*) € ST — Sy, and (r,r), (r*,7*) € S5 — So. O

Corollary 130. Suppose (X, ax) and (Y,ay) are m-assemblies, where Y # (). Suppose S(x,y) is a
canonically presented strict relation on (X x Y, Exxy). Then 3y.S(z,y) € P/(X) is a strict relation on
(X, Ex), which is exactly Ipx (S(z,y)) as a subobject of (X, Ex), where px : (X XY, Exxy) — (X, Ex)

1s the projection morphism.

Proof. Since Y is non-empty, we apply the previous lemma, together with the facts about reducing

topos logic to tripos logic. O

5.2 IP ' is valid for finite types in our topos

In this section, we show that IP™ holds in our topos for objects arising from m-assemblies and satisfying

certain nice properties. In particular, IP™ holds for finite types. We first list several technical lemmas.
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Lemma 131. Suppose I is a non-empty index set, A; C P for any i € I. Suppose R € MAJ(P),
E € PER(P). If foranyi€ I, (A;,R,E) € dEMAJ(P), then

Y (A4, R, E) = (U A, R, B).
el iel

Proof. We have

) (Ai)R) E)

el

= M(UAi, YR, YE)
el i€l i€l
i€l
= (UAivRvE)
i€l

0

Lemma 132. Suppose I is a non-empty index set, A; C P for each i € I. Suppose R € MAJ(P),
E € PER(P). If for eachi € I, N(A;,R,E) € dEMAJ(P), then

Y N(4;,R,E) = N(J Ai, R, E).

i€l iel
Proof. We have

Y N(Ai R, E)
_ f\G(I(Ai A dom(R | dom(E)), R [ dom(E), E | dom(R | dom(E)))
= Z(ELIJ (A; ndom(R | dom(FE))), R | dom(E), E | dom(R | dom(E)))
~ (U A)ndom(R | dom(E)). R | dom(E), E | dom(R | dom(E))
= NZ(EEJ AR, E)

Y
We used the assumption that I is non-empty in the second equality. 0

Lemma 133. Suppose A1, B1, A, By are subsets of P, then we have:
(Al N Bl) X (AQ N Bg) = (A1 X Ag) N (Bl X Bg)

Proof. For any pab, we know pab € LHS iff a € A1 N By and b € Ay N By, iff pab € Ay x By and
BabEAz X Bo, iffBERHS. ]

Lemma 134. Suppose Ry, Ry € M AJ(P), then dom(R;) x dom(Rg) = dom(R; X R3).

Proof. For any pab, pab € LHS iff a € dom(R;) and b € dom(Ry), iff there exists a*,b* such that
(a,a*) € Ry and (b,b*) € Ry, iff there exists pa*b* such that (pab, pa*b*) € Ry x Ry, iff pab € RHS. [

Lemma 135. Suppose A1, Ay C P, Ry, Ry € MAJ(P), E1,Ey € PER(P). Then we have:

N(AlaRlaEl) X N(A27R27E2) = N(Al X A27R1 X R27E1 X E2)
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Proof. The proof is about verifying three things.

Firstly, we show that (R; [ dom(E})) x (Re | dom(Ez)) = (R1 X R2) | dom(E; x E3). For
any (pab,pa*b*), (pab,pa*b*) € LHS iff (a,a*) € Ry | dom(E1) and (b,b*) € Ry | dom(Es), iff
(a,a*) € Ry, (a,a),(a*,a*) € E1, (b,b*) € Ra, (b,b), (b*,0*) € Ey, iff (pab,pa*b*) € Ry x Ry and
(pab,pab), (pa*b*, pa*b*) € Ey x Es, iff (pab, pa*b*) € RHS.

Secondly, we show that (E; [ dom(R; | dom(E))) x (Eq [ dom(Rz | dom(E»))) = (Eq x Eg) |
dom((Ry x Ry) | dom(E; x Es)). For any (pab,pa’t’), (pab,pa’d’) € LHS iff (a,a’) € (Ey | dom(R; [
dom(FE1))) and (b,V) € (Ey | dom(Ry | dom(Ey))), iff (a,d’) € E1, a,d’ € dom(R; | dom(Ey)),
(b,0') € Ey, b,b' € dom(R; | dom(Ey)), iff (pab, pa’t') € Ey x Ey, pab,pa’t’ € dom(R; [ dom(E7)) x
dom(Ry | dom(Es3)) = dom((Ry | dom(FE7)) x (Ry [ dom(Es))) = dom((Ry x Rg) | dom(F; x E»)), iff
(pab,pa’t’) € RHS.

Finally, we show that (A; Ndom(R; | dom(E1))) x (Aa Ndom(Ry | dom(E»))) = (A1 x Ag) N
dom((R; x Rg) | dom(FE; x E3)), but this follows from the results proved above, together with the

previous two lemmas. O

Proposition 136 (IP7). Suppose (X, ax) and (Y, ay) are both m-assemblies. Suppose (Y, ay) satisfies
property (1), i.e., for any a € dom(Ry ), there exists y € Y such that a € ayo(y). Also, suppose Y # ().

Then for any strict relation S(z) on (X, Ex), for any strict relation T'(z,y) on (X, Ex) x (Y, Ey),
the following sentence is valid in RT(P7):

V. ((=5)(2) = 3y.T(2,y)) = y.(=9)(x) = T(z,9)))

Proof. We can assume S(z) and T'(x,y) are both canonically presented, i.e. the EM AJ(P)-part in
S(x) and T'(x,y) are constants.

Translate topos logic into tripos logic, write A(z) == ((S(z) — L7) — 3y.T(z,y)), and B(x) =
Jy.(BEy (y,y) x ((S(z) = 17) — T(x,y))). We understand that the goal is to show that in tripos logic,

we have:
Ex(z,z)F Ex(z,x) x (A(z) — B(z)).
This is equivalent to showing that:
F: Ex(z,x2) — A(x) — B(x).

We will show that indeed we have =, A(z) — B(x), i.e. A(x)F B(z), which suffices to prove the
proposition. Let us restate the definitions of A(z) and B(z) (this time everything is in terms of the

tripos P7):
o A(z) = (-79)(z) = 3y.T(z,y). Here /S := S — 1J.
o B(z) =3y.(Ey (y,9) x (-79)(z) = T(x,y)))-

The goal is to show A(z) - B(z). Why do we expect this to be true? Roughly speaking, we have
to transform a “realizer” of A(z) into a “realizer” of B(z). In A(x), given something in (=7 5)(x), we
obtain something in 3y.7'(z,y), but we do not know which y; in B(x), however, we have to first specify
which y it is. This seems to be a problem, but it can be addressed, because at the level of potential

realizers there is not much difference between different y, and also the actual realizers of /.S have only

48



two cases: either it is empty, or it coincides with the set of potential realizers. In this sense, things can
be resolved, and the proof is mainly about applying this intuition and unfolding definitions.

We calculate:
(ﬂjS)(x) =8S(x) = L* = N(Sp(x) — 0,51 — 0%, Sy — 0%).
We know (—75); = (S1 — 0%) | dom(S2 — 0%), and (=7S)2 = (S2 — 0*) | dom((=75)1), so

(8 () = 0, (+7S)1,(~75)2) if So(x) # 0
(dom((=75)1), (=78)1,(—78)2) if So(x) =0

Consider ¢ == (u)[]. We know that:
o (0,0) €85 — 0.

o (0,0) € Sy — 0~

Therefore, we know

e O € dom((—79)1).

¢ (0,0) € (/9.

* (0.0) € (+79).

We continue the calculation:

Jy.T(z,y)
= (U TO(l'v y)a Tla T2)

Therefore,
A(x)
= (9)(z) = Fy.T(z,y)
((-78)o — UTo(m y)) Ndom(((—/S)1 — T1) | dom((—7S)z — Tp))

((
,((—JS)l — Tl) dom((ﬂjS)g — Tg)
((-78)2 = T) I dom(((—7S)1 — T1) | dom((—7S)2 — T3)))

)
We continue:

(=75)(z) = T(z,y)
= N((—\]S)o(l') — To({L‘, y), (_,jS)l — Tl, (_‘jS)Q — Tg)

Ey(y,y) x ((-79)(z) = T(z,y))

= N(ayo(y) x ((-7S)o(z) = To(z,y))
,Ry x ((-78)1 — T1)
vy X((19)2 = Th))

Therefore,

49



B(x)
= Jy.(By(y,y) x (-79)(x) = T(z,y)))

= N(LyJ(OéYO(y) X ((=78)o(x) = To(z,y)))

Ry X (( S)l — Tl)
,~y X((F18)2 = Tn))

Suppose (ry,r3) witnesses that T'(x,y) - Ey (y,y), i.e. for any x, v,
o 1y € To(z,y) = ayo(y)-

[} (T’y,?";}) el — Ry.

o (ry,ry),(ry,ry) € To —~x.

Then we claim that (£,t*) == ((u)p(ry (u0))((v)ud), (w)p(ry (ud))({(v)ud)) witnesses that A(x)
B(x). Unfolding the definitions, we need to verify that for any = € X,

ot € ((-"S)o = UTv(x,y)) Ndom(((~/S)1 — T1) | dom((=S)2 — T3))) — Ulavo(y) x
Y Y
((=78)o(x) = To(z,)))-
o (t,t*) S (((—JS)l — Tl) [dom((—\jS)g — TQ)) — (Ry X ((—\jS)l — T1)>.

o (t.1), (t"t") € (-78)2 = T3) [ dom(((~7S)1 — T1) [ dom((=7S)2 = T3))) = (~y x((+/8)2 =
T3)).

We prove the following facts, which are sufficient to confirm our claim.

Fact 1: Suppose (r,7*) € ((=79)1 — T1) | dom((—7S)y — Tv), then (tr,t*r*), (t*r,t*r*) €
Ry x ((+78)1 — Ty).

Proof of Fact 1: Unfolding the definitions, it suffices to show that:

o (ry(r0),r3.(r*0)), (r3-(r0), ry-(r*0)) € Ry
L4 (<U>7'<>, <U>T*<>) c (“jS)l — T7.

Recall that (¢, 0) € (=75);. Since (r,r*) € (=79); — Ti, we know (7O, 7*0), (r*0,r*0) € Ty. Since
(ry,ry) € Ti = Ry, we know (ry (r0), 3 (1*0)), (13- (r0), 13- (r*0)) € Ry
(

Also, for any (a,a*) € (—75)1, we have (((v)rQ)a, ((v)r*Q)a*) = (r0,r*Q) € T, and (((v)r*0)a, ((v)r*Q)a*) =

(r*0,r*0) € Ty, thus ((v)rd, (V)r*O) € (=78); — T. This proves Fact 1.

Fact 2: Suppose (r,7') € ((-7S)2 — Tb) | dom(((—/S); — Ti1) | dom((=/S)s — T3)), then
(tr,tr), (t*r, t*1") €~y x((+79)2 — T3).

Proof of Fact 2: Unfolding the definitions, it suffices to show that:

o (ry(r0),ry(r'0)), (r3-(r0), ri-(r'0)) €~y.
o ()10, (V)r'0) € (=19)g — Tn.
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Recall that (¢, 0) € (=79)s. Since (r,7') € (=7S)y — Ts, we know (0, ') € Ty. Therefore, for any
(a,a’) € (=75)a, we have (({(v)r0)a, ((v)r'0)a’) = (1O, 7'0) € Ty, thus ((v)rd, (V)r'Q) € (=15)y — Th.
Also, since (ry,ry), (ry,ry) € To —~y, we know (ry (r0), ry (r'0)), (13- (r0), 13- (r'0)) €~y. This
proves Fact 2.
Fact 3: Suppose © € ((=/S)g — UTo(x,y)) Ndom(((=7S); — Ti) | dom((=?S)2 — T»)), then
y

tr € Lyj(ozy()(y) x ((+78)o(z) = To(z,y)))-

Proof of Fact 3: We know r € ((=7S)g — U7To(x,)), and there exists r* such that (r,7*) €
y
((—JS)l — Tl) f dom((—\]S)g — Tg).

There are two cases for Sp(z).

Case 1, So(x) # 0, then (=75)o = 0. By Fact 1, we know (tr,t*r*) € Ry x ((=7S); — T1), thus
tr = p(ry (r0))((v)r0) € dom(Ry x ((—/S); — T1)) = dom(Ry) x dom((=/S); — T1). Therefore,
ry (rQ) € dom(Ry). By assumption, the m-assembly (Y, ay ) satisfies property (1), so for ry(r) €
dom(Ry), there exists y, € Y such that 7y (rQ) € ayo(yz). At the same time, since (—79)y = 0,
we know (=79)o(z) — To(z,yz) = P, thus (v)rd € (=7S)o(x) — To(x,y.). We conclude that
tr € avo(ya) X (/8)o(x) > To(w 1)) € Ulavo(y) x (95)0(z) = To(x, )

Case 2, So(z) = 0, then (=7S)y = dzé)m((—'jS)l). Recall that ¢ € dom((—/S);). Since r €
(=78)o = UTo(z,y)), we know rO € |JTo(z,y). So there exists y, € Y such that rO € Ty(z,ys).

y u

Since ry € To(x,yz) — ayo(yz), we know 7y (r0) € ayo(yz). Also, for any a € (—79)o(z), ((v)70)a =
rO € To(z,yz), thus (v)rd € (-75)o(x) — To(z,yz). We conclude that tr € ayo(yz) x ((=29)o(x) —
To(z,92)) € Ulayo(y) x ((+/8)o(z) — To(@,y)))-

This provyes Fact 3.

We conclude that (¢,t*) witnesses that A(z) - B(x), and the proposition is proved. O

Corollary 137. Suppose (X,ax) and (Y,ay) are finite types in the category of m-assemblies.
Then for any strict relation S(z) on (X, Ex), for any strict relation T'(z,y) on (X, Ex) x (Y, Ey),
the following sentence is valid in RT(P7):

V. ((=5)(2) = 3y.T(2,y)) = y.(=9)(x) = T(z,9)))

5.3 AC is valid for finite types in our category of m-assemblies

In this section, we show that AC holds in our topos for objects arising from m-assemblies and satisfying

certain nice properties. In particular, AC holds for finite types.

Proposition 138 (AC). Suppose (X,ax),(Y,ay),(Z,az) are m-assemblies. Suppose X,Y # (.
Suppose (X, ax) satisfies property (2), i.e. for any x € X, for any a,d’ € axo(zx), (a,ad’) e~x.

Suppose S(x,y, z) is a strict relation on (X, Ex) x (Y, Ey) x (Z,Ez). Then the following sentence
is validated in the topos RT(P7):

Vz.((Vx.3y.S(x,y, 2)) = (3fVe.S(z, fx, 2))).

Proof. Translate topos logic into tripos logic, write A(z) = Va.(Ex(z,z) — Jy.S(z,y,2)), and
B(z) =3f.(Eyx(f, f) xVz.(Ex(xz,x) — S(x, f(x),z))). Then we see that it is equivalent to showing
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that Ez(z,2) F Ez(z,2) X (A(z) — B(2)), i.e., Ez(z,2) F A(z) — B(z). We know it suffices to show
that A(z) - B(z).
Let us reiterate the definition of A(z) and B(z):

e A(z) =Va.(Ex(z,x) = Jy.5(x,y, 2)).
e B(z):=3f(Eyx(f, f) xVe.(Ex(z,z) — S(z, f(x), 2))).

The goal is to show A(z) - B(z). Roughly speaking, we have to transform a realizer of A(z) into a
realizer of B(z). A realizer of A(z) already behaves like a function: given something in Ex(z, ), we
obtain something in S(z,y, z) for some y. This turns out to suffice to obtain a realizer of a function
that behaves exactly as required by B(z). The rest of the proof is about applying this intuition and
unfolding definitions.

We calculate:

Jy.S(z,y,2)
Yy

Ex(z,z) = Jy.S(z,y, 2)
= N(axo(r) — LyJSo(%y» z)

,Rx — 51
y X7 52)

Therefore,
A(z)
= Vz.(Ex(z,x) — Jy.S(x,y,2))
= ((N(axo(x) = USo(x,y,2))) Ndom((Rx — S1) | dom(~x— S2))
y

,(RX — Sl) [ dOm(wx—> 82)
,(~x— S3) [ dom((Rx — S1) | dom(~x— S2)))

We keep calculating:

Ex(l‘,l‘) - S($, f($),Z)
= N(axo(z) — So(z, f(x), 2)

,Rx — 51

,~x— S2)

Vo (Ex(z,z) = S(z, f(x),2))
= N(Q(axo(iﬂ) — 50($7f($),2)

7RX — Sl)
y VX7 SQ)

We know that for any f € Y, ayx(f) = A(ax(z) = ay(f(z))) = A N(axo(z) = ayo(f(z)), Rx —
Ry,~x—~y) = N(Naxo(z) = ayo(f(x)), Rx = Ry,~x—~y). Therefore, by a previous lemma

x
about the interaction between N-action and taking product, we know:
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EYX(fa f) X V.I‘(Ex(l',x) — S(J?, f($)>z))
= N((Q axo(x) = ayo(f(z))) x (Q axo(r) = So(x, f(x), 2))

)
,(RX — Ry) X (RX — Sl)

,(~x—y) X (x> 52))
Since X and Y are both non-empty, we know Y% is also non-empty. Therefore,

B(z)
= 3f.(Byx(f, f) x Vo.(Ex(z,z) = S(z, f(2),2)))
= N(Lf)((@ axo(z) = ayo(f(z))) x (Q axo(z) = So(z, f(x), 2)))

,(RX — Ry) X (RX — Sl)
s (vx—=y) X (vx— S2))

Suppose (ry,r}) witnesses that S(z,y, 2) F Ey(y,y). Then for any z,v, 2,

o ry € So(@,y,2) = ayo(y)-

e (ry,ry) € St — Ry.

o (ry,ry), (ry,ry) € S =~y

Then we claim that (¢,t*) = ((u)p({v)ry (uwv))u, (u)p({v)rj-(uv))u) witnesses that A(z) F B(z).

Unfolding definitions, we see that we need to verify that for any z € Z,

e t € (N(axo(z) = USo(z,y,2))) Ndom((Rx — S1) | dom(~x— S2))) — ij((oaxo(m’) —

ayo(f(z))) % (Q axo(z) = So(z, f(z), 2))).
] (t,t*) € ((RX — Sl) dem(Nx—> SQ)) — ((RX — Ry) X (RX — Sl))
o (t,t),(t*,t*) € ((~x— S2) | dom((Rx — S7) [ dom(~x— S2))) = ((~x—=~y) X (~x— S2)).

We prove the following facts, which will suffice to confirm our claim.

Fact 1: Suppose (r,r*) € (Rx — S1) | dom(~x— S2), then (tr,t*r*), (t*r,t*r*) € (Rx —
Ry) x (Rx — S7).

Proof of Fact 1: Unfolding definitions, it suffices to show that:

o ((uyry(rv), {v)r3 (rv), ((v)ry (rv), (W)ry (r*v)) € Rx — Ry
° (T‘,T*) € Rx — 51.

We know the second bullet directly from our assumption on (r,7*). For the first bullet, suppose
(a,a*) € Rx, then (ra,r*a*) € S;. Since (ry,r3) € S1 = Ry, we have (((v)ry (rv))a, (v)ry (r*v)a*) =
(ry(ra),r3-(r*a*)) € Ry, and (((v)r3 (rv))a, (v)ry (rfv)a*) = (ry(ra),r5-(r*a*)) € Ry. Therefore, we
have ((v)ry (rv), (v)ry-(r*v)), ((v)r3 (rv), (v)ry (r*v)) € Rx — Ry. This proves Fact 1.

Fact 2: Suppose (r,7') € (~x— S2) | dom((Rx — S1) | dom(~x— S3)), then (tr,tr'), (t*r,t*r') €
(~vx—~y) X (~x— S2).

Proof of Fact 2: Unfolding definitions, it suffices to show that:

o (()ry (rv), (w)ry (r'v)), (V)13 (rv), (V)15 (r'v)) E~x =y
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o (r,1") e~vx— Ss.

The second bullet follows directly from our assumption on (r,r’). For the first bullet, suppose
(a,a’) €~x, then (ra,r'a’) € Sy. Since (ry,ry), (ry,ry) € S2 —~y, we know (((v)ry (rv))a, ((v)ry (r'v))ad’) =
(ry(ra),ry(r'd’)) e~y, and (((v)ry(rv))a, ((v)ry(r'v))d’) = (ry(ra),ry(r'a’)) €~y. Therefore,
((v)ry (rv), (v)ry (r'v)), ((v)ry (rv), (V)ry (r'v)) €~x—~y. This proves Fact 2.

Fact 3: Suppose r € (((axo(z) = USo(z,y,2))) Ndom((Rx — S1) | dom(~x— S2)), then

xT

tr e L}((Daxo(:ﬂ) = avo(f(z))) x (1] axo(s) - Sol, f(z), ).

Proof of Fact 3: By assumption, there exists r* such that:
o 7 € (N(axo(z) = USo(z,y,2)))-
z Y

o (r,r*) € Rx — 5.

o (r,r),(r*,r*) e~x— So.

For any z, for any a € axo(x), ra € |J So(z,y, z), so there exists y, such that ra € Sy(x,yq4, z). By
y

the assumption on (X, ax), we know that for any o’ € axo(z’), (a,a’) €~x. Since (r,r) e~x— So,
we have (ra,ra’) € Sy, thus ra’ € So(z,yq, 2)-

This implies there exists a set-theoretic function f, : X — Y, such that for any z € X, for any
a € axola), ra € So(z, fr(x), 2).

We claim that f, € YX, i.e., f, is a morphism of m-assemblies from (X, ax) to (Y, ay). Indeed, it
is witnessed by ((v)ry (rv), (v)r3-(r*v)): for any v € X

e r € axo(x) — So(z, fr(z),2), and ry € Sp(z, fr(x),z) = ayo(fr(z)), thus, (v)ry(rv) €
axo(z) = ayo(fr(z)).

e Since (r,r*) € (Rx — S1) | dom(~x— S2), by Fact 1, we know ((v)ry(rv), (v)ry (r*v)) €
RX — Ry.

e Since (r,r), (r*,r*) € (~x— S2) [ dom((Rx — Si) [ dom(~x— S2)), by Fact 2, we know
((v)ry (rv), (v >7“Y(7“U) ()3 (rv), (0)rs (r'v)) €~ x =y
Therefore, to show tr € ij((ﬂ axo(z) = ayo(f(x))) x (Naxo(x) = So(zx, f(z),2))), it suffices to

T x

show that tr € (N axo(z) = ayo(fr(x))) x (N axo(x) = So(z, fr(z),2)).
Unfolding definitions, it suffices to show that:

o (v)ry(rv) € Naxo(z) = ayo(fr(x)).

xT

e r € Naxo(z) = So(z, fr(x),2).

T

But we already know that both bullets hold. This proves Fact 3.
We conclude that (¢,¢*) witnesses that A(z) = B(z), and the proposition is proved. O

Corollary 139. Suppose (X, ax), (Y,ay) are finite types in the category of m-assemblies. Suppose
X, Y #0. Suppose (Z,az) is an m-assembly.

Suppose S(x,y, z) is a strict relation on (X, Ex) x (Y, Ey) x (Z,Ez). Then the following sentence
is validated in the topos RT(P7):

Vz.((Vo.3y.S(x,y, 2)) = (3fVe.S(z, fx, 2))).
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5.4 Types of finite sequences

In this section, we work out an explicit expression for types of finite sequences. This will be useful in
the discussion of Fan recursors, because we need explicit expressions of finite sequences of 0 and 1.
Therefore, we will also briefly mention the type 2 =14 1 at the end of this section.

We identify these types of finite sequences as List. A general result in [Ber(06] tells us that for any
object X in the topos, if 1 + X is ~—-separated, then List(X) is ——-separated. We also understand
that if X is =—-separated, then so is 1 + X. Therefore, we conclude that for any finite type X in the
topos, List(X) is =—-separated. As a result, it suffices to verify the List universal property in the
category of m-assemblies.

The idea of providing an explicit expression of the List object, or finite sequences, is straightforward.
For example, we may expect the underlying set to be the set of finite sequences, and expect the realizers
to be codes of finite sequences. However, verifying that this is well-defined and satisfies the correct

universal property can be more complicated.

Definition 140. Let (X, ax) be an m-assembly. We define List(X) in the category of m-assemblies,

written as (X*, ax+):
o X* is the set of all finite sequences of elements from X.

e For every finite sequence s = [x1,...,%,] (n =0, then s is the empty sequence), define ax=o(s)

to be the set of codes of the form [a1, ..., ay], where for any 1 <1i <mn, we have that a; € axo(x;).

e Define Rx~ to be the collection of pairs of the form ([a1, ..., an],[b1,...,bm]) (@1,... an,b1,..., by
are in dom(Rx)), where n < m, and for any 1 < i < n, we have that (a;,b;) € Rx, and we
require that for 1 < j <m, (b;j,b;) € Rx. Notice that Rx- € MAJ(P).

e Define ~x= to be the collection of pairs of the form ([a1, ..., ayn],[a),...,a)]) (a1,...,an,d}, ..., a,

are in dom(~x)), where for any 1 < i < n, we have that (a;,a}) €~x. Notice that ~x«€
PER(P).

e Define ax«(s) = (ax~o(s), Rxx,~x~). Notice that (Rx~,~x~) € EMAJ(P), and for any finite
sequence s € X*, we know ax-(s) € dEMAJ(P), therefore, ax~ € PX*.

Remark 141. Recall that there ezists |h € P such that for any code of a finite sequence x = [a1, ..., ay],
we have that lhx < 7.
By abuse of notation, if y is a finite sequence (or a code of a finite sequence), we also write lh(y)

for the length of y, which is a natural number.

To show that the above definition indeed defines an m-assembly, it remains to show that ax« € P71 X,

ie., jax F ax-.
Lemma 142. jax+ F ax=.

Proof. We claim that there exists an element ¢ € P with the following property:

For any f € P, and for any x = [z1,...,x,] € P where x1,...,x, are codes of finite sequences:

o If x =[], then cfx < [].
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e Let z;,,...,x;, bethe collection of codes of non-empty sequences, and 1 < i3 < iy < -+ < ip, < 1,
then cfx < cfz’.

e Suppose z1, ..., T, are all codes of non-empty sequences, and suppose z; = [a;] U y;, where y; is
a code of another sequence, then cfx < [flai,...,an)] U (cfly1, .-\ yn))-
For instance, cf|[[ao], [bo, b1], [co, c1, c2]] = [f[ao, bo, col, f[b1, c1], f[cz]]. The intuition behind consid-

Y

ering this ¢ is that, in order to show jax» F ax+, we have to solve the problem of taking a “maximum’
over finitely many finite sequences. These finite sequences may have different lengths. So the idea of
¢ is to take the “maximum” component-wise (here f in the definition of ¢ is intended to represent a
“maximum” operation); but when computing the i-th maximum, some of the finite sequences may have
length smaller than ¢, so we omit those shorter sequences and only take the maximum over those that
are long enough. So ¢ implements this construction in a uniform way.

Since (X, ax) is an m-assembly, jax b ax is witnessed by some (r,7*), i.e., we have that for any
r € X:

o 7 € aty(z) = axo(z).

e (r,7*) € R% — Rx.

o (r,7),(r*,r*) enf—rx.

Then we claim that (cr, cr*) witnesses that jax« F ax«, i.e., we have to show that for any s € X*
e cr € ak.(s) = ax«(s).

o (crcr*) € Ry. — Rx~.

o (crycr), (ar*,er) en—rrxe.

We will verify each of the three statements in turn.

First bullet: To show that cr € ak.,(s) — ax«(s), suppose that s = [z1,...,2,]. For any
y € a.o(s), we want to show that cry € ax«o(s).

We understand that y is a code of a finite sequence of elements in ax+o($), say y = [y1, . .., Ym], where
y; € ax=o(s), for 1 < j < m. Also, there exists [a1,. .., a,] € ak.,(s) such that ([[a1,...,an]],y) E~%-..

We understand that for 1 < j < m, we have that ([a1,...,as],y;) E~x~+. This implies that for each
1 < j < m, y; has length n, and for each 1 < i < n, we know (a;,y;j;) €~x. Therefore, for any

1 <i < mn, we have ([ai], [Y1,is- -, Ym,i]) E~%, thus Y14, ..., Ymi) € ako(@i).

What is ¢ry? By the property of ¢ described above, we know cry < [r[y1.1, .- Um,1ls - s TWins - - Ymonl)-
Since for each 1 < i < n, we have [y1,...,Ym,| € a}m(xi), and since r € oz}(o(xi) — axo(zi), it
follows that 7[y1,. .., Ymi] € axo(zi), so cry € ax«o(s).

Second bullet: To show that (cr,cr*) € R%. — Rx=, suppose (y,z) € R%.; we show that
(cry,cr*z), (er'y,cr*z) € Rxx.

Suppose y = [y1,...,Yyn] and z = [z1,..., zp]. We understand that for any ¢ € y U z, there exists
t* € z such that (¢,t*) € Rx+. We understand that (¢,t*) € Rx~ says that the length of ¢* is greater
than or equal to the length of ¢, and for any 1 < i < Ih(t), (t,t]) € Rx, and for 1 < j < [h(t¥),
(t}k-, t;) € Rx.
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Now, to show that (cry,cr*z) € Rx«, we first have to show that the length of cry is no greater
than the length of ¢r*z, but notice that the length of cry is equal to the longest length of elements in y,
which is definitely no longer than the longest length of elements in z, which is also the length of cr*z.

Then we show that for any 1 < i < lh(ery), ((cry)i, (cr*z);) € Rx. We know (cr*y); is
Y is - 7yjNi7i]’ where yj,,..., Yjy, (N; > 0) are exactly those elements in y with length no smaller
than 4, and 1 < j; < --- < jn, <.

Similarly, (cr*z); is of the form r*[zy, ;. .., Zkai]’ where 2, , ..., 2k, (M; > 0) are exactly those
elements in z with length no smaller than 7, and 1 < ky <--- < kp;; <.

We show that ((cry)i, (cr*2)i) € Rx, ie. (F[Yjiis-- - Yjn,ils 7 [2h1sis - -+ 2y, i) € Rx. Since
(r,r*) € Ry — R, it suffices to show that ([yj, i, - Yjn, il [0 -5 2k, 1)) € R

For any w € [yjy i, - - s Yjn, i) U [Zh1 iy - -+ 2y, i) there exists £ € [y, yjn U [2ky, - -+, 2k, ] such
that t; = w. We know there exists t* € z such that (¢,t*) € Rx+. In particular, the length of ¢ is no
greater than the length of ¢*, thus we understand that t* is in [z, , ..., 2k Mi}’ Also, we understand that
(ti,t7) € Rx, ie., (w,t}) € Rx, where t] € [2k, i, ., Zhyy, i]-

We still have to show that for any 1 < j < lh(cr*z), ((er*z);, (cr*z);) € Rx. We know (cr*z);
is of the form r*[zy, j,..., Zha, ], where zp,, ..., Zha, (M; > 0) are exactly those elements in z with
length no smaller than j, and 1 < ky < .-+ < kp; < m. Since (r*,7%) € Ry — Rx, to show
((er*2)j,(cr*z);) € Rx it suffices to show that ([, ;... ’Z’“ijj]’ EREE "ZijJ]) € R%. For any
w E [z j,-- "ZijJ] U [2ky - - ’ZijJ]’ there exists t € [z, . . "Zij] such that t; = w. We know
there exists t* € z such that (¢,t*) € Rx~. In particular, then length of ¢ is no greater than the
length of ¢*, thus we understand that t* € [z, ..., Zij]' Also, we understand that (;, t;) € Ry, i.e.
(w,t7) € Rx, where t € [2g, 5, . "ZijJ]'

We conclude that (cry,cr*z) € Rx«. Similarly, we can prove that (¢r*y,cr*z) € Rx-.

We conclude that (cr, cr*) € R%.. — Rx-~.

Third bullet: To show that (cr,cr), (cr*, cr*) e~%.—~x+, we show that (cr,cr) e~%.—~x+ as
an example, since the other case is similar.

For any (y,y') €~%., we show that (cry,cry’) €~x-.

Suppose y = [y1,...,yn] and ¢y = [y}, ..., y.,]. We understand that for any ¢ € y, there exists
t' € y' such that (¢,¢') e~x+ and vice versa. We understand that (¢,t') €~x+ means that ¢ and ¢’ have
the same length, and for any 1 <14 < lh(t), we have that (¢;,t,) €~x.

Now, we want to show that (cry, cry’) €~x+. We require that cry and cry’ have the same length,
which is ensured since the lengths of the two sequences are equal to the length of the longest element
in y and ¢/, respectively, and these longest lengths are indeed the same.

We also require that for any 1 < i < Ih(cry), we have that ((cry);, (cry’);) €~x.

We understand that (cry)i is r[yji i, ..., Yjy, i, where y;,,...,y;, (N; > 0) are exactly those
elements in y with length no smaller than 7, and 1 < j; <--- < jn, < n.

Similarly, (cry’) is of the form 7[y; ;, ... ’y;wi,i]’ where y). ;... ,ngi (M; > 0) are exactly those
elements in z with length no smaller than 7, and 1 < ky <--- < kp;; <m.

To show that ((cry)i, (cry’)i) €~x, iesy (P[Yjiiv- s Yjisls T Yy i - - - ,y;MWi]), since (r,1) e~ —~x,
it suffices to show that ([yj,i,- .-, ¥jiil, Wk, 50 - - 7yll<3bli,i]) e~y

For any w € [yj, i, ..., Yj,:), there exists t € [y]-Ni, .. ,yjNi] such that ¢; = w. There exists t' € v/
such that (¢,t') €~x~+. So in particular, the length of ¢’ is the same as the length of ¢, thus we understand

that ¢’ is among y;, , ... ,y;{MZ_. We have that (t;,;) €~x, thus (w,t}) €~x where t; € [y ... ,y;Mi’i].
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The other direction in showing that ([, ;- Yjils [y 4o+ - nyMll]) €~% can be shown in a similar
way.

We conclude that (cry, cry’) €~x=.

Therefore, we conclude that (cr,cr), (cr*, cr*) e~%o—r~x-.

Then, we may finally conclude that (cr, cr*) witnesses that jax« b ax-. O

Definition 143. We can then define two morphisms that complete the definition of List(X).
The first map, which is denoted by [| : 1 — X*, sends the unique element x to [] in X*.
The second map, which is denoted by cons: X x X* — X*, sends a tuple (x,s) to [z] U s.

Remark 144. We have to show that the two maps defined above are indeed morphisms of m-assemblies.
[]:1— X* is witnessed by ((u)[], (u)]]).
To show that cons: X x X* — X* is a morphism of m-assemblies, we have to show that ax(x) X
ax+(s) b ax«([x]Us), which is equivalent to showing that ax () F ax«(s) = ax«([z] U s).
Let ¢ € P be such that for any codes of finite sequences y and z, we have that cyz < yU z.
We claim that ax(z) F ax«(s) = ax-([z] U s) is witnessed by ((uv)c[u]v, (uv)cu]v).

Now, we are ready to show that X* with the two morphisms []: 1 — X* and cons : X x X* — X*

acts as the List(X) in the category of m-assemblies. This is proved in the following proposition.

Proposition 145. X* with the two morphisms [] : 1 — X* and cons : X x X* — X* acts as the
List(X) in the category of m-assemblies. More precisely, for any other m-assembly (Y, ay), for any

morphisms F': 1 =Y and G: X XY — Y, there exists a unique morphism m : X* — Y satisfying:
e m.[]=F.
e m.cons(z,s) = G(z,m(s)), for any (z,s) € X x X*.

Proof. By set-theoretic “List” induction, we know that such an m exists as a set-theoretic function. It
remains to show that m is indeed a morphism of m-assemblies, i.e., ax«(s) F ay(m(s)).

Fix rp € ayo(F(*)), and fix (rp,75) € Ry.

G : X xY — Y is a morphism of m-assemblies, so we have that ax(z) - ay(y) — ay(G(z,y)).

Fix (rg,r{;) which witnesses this, i.e., for any x,y we have that:
e 1 € axo(z) = ayo(y) = ayo(G(z,y)).
e (rg,75) € Rx - Ry — Rx.
o (ra,ra), (15, 18) E~x =y —rx.
Now, consider r» € P to be such that:
o r[] Zrp.
e r([alUy) <X rga(ry).
Similarly, consider 7* € P to be such that:

o ] X rp.
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o r*([a] Uy) X rga(ry).
We may summarize that the tuple (r,7*) satisfies the following property:
e For any s € X*, r € ax=o(s) = ayo(m(s)).

e For any y = [a1,...,a,) and z = [by, ..., by], if for any 1 <1 < n we have that (a;,b;) € Rx, then
(ry,m*z2), (r*y,r*z) € Ry.

e For any (y,y') €~x~, we have that (ry,ry), (r*y,r*y) €~y.

Since (Y, ay) is an m-assembly, there exists (ry,r}) that witnesses that jay F ay, i.e., for any

y € Y we have:
o 7y € ayy(y) = avo(y).
e (ry,ry) € Ry — Ry.
o (ry,ry), (ry,ry) E~p—roy.
Now, consider 7 € P to be such that for any y we have:
Fy 2 ry[ryl.
Also, consider an element ¢ € P satisfying:

o o] X[

—

).
o c(yUla]) = (cy) U [r*(y U [a))].

So for instance, we have that c[ag, a1, as] = [r*[], r*[ao], 7*[ao, a1], 7*[a0, a1, az]]. The idea behind ¢
is to collect the results of applying r* to all initial segments of a sequence, so that the resulting object
is a majorant in a “monotone” sense. Roughly speaking, it is not only a majorant for finite sequences
of the same length, but also a majorant for finite sequences of shorter lengths. This idea was already
used in the construction of the explicit expression of the natural number object in Lemma 125.

Then we consider 7* € P satisfying:

Py < ri(cy).

We claim that (7, 7*) witnesses that ax«(s) F ay(m(s)). Thus we have to show that for any s € X*,

we have that:
o 7 € ax+(s) = ayo(m(s)).
(] (7:,7:*) € Rx+~ — Ry.

o (7,7),(F*,7%) E~vxs—rroy.
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First bullet: To show that 7 € ax=-o(s) = ay(m(s)), notice that for any y € ax-o(s), ry €
ayo(m(s)), thus [ry] € afq(m(s)), and then 7y = ry[ry] € ayo(m(s)).

Second bullet: To show that (7,7*) € Rx« — Ry, we show that for any (y, z) € Rx+, we have
that (7y,7*2), (Fy,7*z) € Ry.

We then understand that ([ryl, cz), (cy,cz) € Ry, thus (ry[ry],ry(cz)), (ry-(cy), ry(cz)) € Ry.

Third bullet: To show that (7, 7), (7, 7*) €~ x+—~y, we have to show that for any (y,y’) €~x=,
we have that (fy, 7y’), (Fy, 7*y') €~y.

It suffices to notice that ([ry],[ry']) €~} and (cy,cy’) €~3, thus (ry[ry],ryv[ry’]) €~y and
(ri-(cy), iy () e~y O

Remark 146. Notice that if X satisfies properties (0), (1), and (2) (they are discussed in Subsection
5.1.2), then so does X*.

Let us work out an explicit expression for 1+ 1 in the category of m-assemblies. We know 1+ 1
taken in the topos is ——-separated, thus it is also the coproduct in the category of m-assemblies. Of
course we can proceed as in the case of a general binary coproduct: first take the naive coproduct,
then apply j. But the resulting expression is somewhat heavy. For 2 =1+ 1, it turns out that we have

a much simpler description for 2.

Lemma 147. Consider 2 := ({0,1}, ag), where:

We claim that 2 is an m-assembly.

Proof. We know «30(0) and as(1) are both non-empty. Also, we know ap € P2. Moreover, we

claim that (max, max) witnesses that jas F as. Here, max € P satisfies the property that for any

ni,...,n, € N, max(ny, ..., ng| = max(ng,...,ng) O

Remark 148. Notice that 2 satisfies properties (0), (1), and (2).

Lemma 149. Consider functions vg:1 — 2,%x— 0, vy : 1 = 2, % — 1. We claim that vy and vy are
both morphisms of m-assemblies, and 2 together with vy and v1 is the binary coproduct 1 + 1 in the

category of m-assemblies.

Proof. vy is witnessed by ((u)0, (u)0), and v is witnessed by ({(u)1, (u)1). Thus they are both morphisms
of m-assemblies.

To verify the universal property: Suppose (X, ax) is an m-assembly, zg,z1 : 1 — (X, ax) are two
morphisms of m-assemblies. There is a unique set-theoretic function f :2 — X such that f(0) = xo(x)
and f(1) = x1(x). It remains to show that f is a morphism of m-assemblies.

Suppose (r,r*) witnesses that j.ax - ax: for any x:
o 1 € aky(z) = axo(z).
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o (r,r*) € Ry — Rx.
b (Ta T)? (7"*,’["*) EN;{%NX-

Pick a € axo(f(0)). Fix a* such that (a,a*) € Rx. We know that (a,a), (a*,a*) e~x.

Pick b € axo(f(1)). Fix b* such that (b,b*) € Rx. We know that (b, b), (b*,b*) €~x.

Then we claim that ((u)Zu(r[a])(r[b]), (u)r*[a*,b*]) witnesses that ao(x) - ax(f(x)). Here Z € P
is such that Z0 < k and Zn + 1 < k. O

Remark 150. Therefore, 2 = ({0,1}, ) is the coproduct in the category of m-assemblies, and we
know it is also the coproduct in the topos RT(P7).

We notice that Ry is asymmetric in the sense that we have @,D € Ry, but we do not have
(1,0) € Ry. This is somewhat unusual for the coproduct 1+ 1, since intuitively, 0 and 1 should be
symmetric in some sense. So in our situation, Ro has a mysterious “polarization”.

But probably it is the effect of the nucleus j. On the level of a(_y, there is no majorizability
and no asymmetry. Majorizability only occurs in R_, where one has some freedom in designing this
polarization, or one could just do as in the case of binary coproducts in general: first take a naive
coproduct, then apply j. If we do so for 2, then in dom(Rs), we obtain elements such as [}, 0], [1], 0, 1];
and we have ([],[0]), ([],[0]), ([], [1]), ([0], [0,1]), ([1], [0, 1]) € Ra. Thus redundancy occurs, even though

this time we do have symmetry.

5.5 Fan recursor

In this section we show that our topos has a Fan recursor. We follow the definition of Fan recursor
given in [Gul8]. We first define a morphism FR : N2’ x 2* — N. We then show that it satisfies the
defining property of a Fan recursor. The existence of such a Fan recursor ensures that the Fan Theorem
is valid in our topos as well ([Gul8], Chapter 6).

The Fan Theorem states that every decidable binary tree in which every branch is finite has a
uniform bound on the length of its branches. Here we view a decidable tree as a morphism U : 2* — 2
(2* is the object representing the collection of finite sequences of 0 and 1) satisfying the property of
being closed under initial segments. See for example [O0s08] (Theorem 3.2.25), where it is shown that

the Fan Theorem does not hold in the effective topos, due to the existence of Kleene tree.

Remark 151. In the previous section, we worked out an explicit expression for List(X) for any
m-assembly, as well as an explicit expression for 2 =1+ 1. Therefore, we understand that 2* has the

following explicit description:
o 2% is the set of finite sequences of 0 and 1.

e For any such sequence s in 2*, ag=o(s) has only one element, which is the corresponding code of

a finite sequence of 0 and 1.

e Ry« is the collection of pairs of the form (x,y), where x and y are codes of finite sequences of
0 and 1, the length of y is not smaller than the length of x, and for any 1 < i < n, we have

(74,4:) € Ra.

e ~o« is exactly the smallest equivalence relation on dom(Ra+): two codes are equivalent if and

only if they are the same.

61



Also, the m-assembly 2* (in the current explicit expression) satisfies the nice properties (0), (1),
and (2) discussed in Section 5.1.2. Indeed, all m-assemblies considered in this section (for instance, N,
2, 2N and N2") satisfy properties (0), (1), and (2).

If an m-assembly (X, ax) satisfies the nice properties (0), (1), and (2), then we may identify
the underlying set X with the set of potential realizers dom(Rx) up to ~x. We may also freely mix
the external and internal viewpoints; for instance, given an element x € X, we may simply say that
another element x* € X is a majorant of x if, for the corresponding realizers r, and ry=, we have

(rg,rex) € Rx.

Remark 152. We can construct the following morphisms of m-assemblies (we omit the proofs that

these maps are indeed morphisms of m-assemblies; they can be carried out using coding in the PCA):

o ": 2 = 2N which sends a finite sequence s of 0 and 1 to the function g : N — 2 such that for
any 0 < i <lh(s) — 1, g(i) = s;, and for i > Ih(s), we have g(i) = 0. The main reason that” is a

morphism of m-assemblies is that the constant 1 function is a majorant for every g € 2N.
e «0: 2" — 2% which sends a finite sequence s of 0 and 1 to the sequence s |[0].

e x1:2" — 2% which sends a finite sequence s of 0 and 1 to the sequence s LI [1].

Definition 153 (Fan recursor). Define a map FR: N2' x 2 5 N satisfying the property that for any
G e N and for any s € 2*:

If G(8) < Ih(s), then FR(G,s) = 0.

If G(5) > Ih(s), then FR(G,s) =1+ max(FR(G, s % 0), FR(G, s % 1)).

Remark 154. We explain how the existence of Fan recursor gives a uniform bound for a decidable
tree where every branch is finite.

Let U : 2* — 2 be a decidable tree. If every branch of U is finite, then by definition ([Oos08],
Section 3.2.7) we have Vf : N — 2,3n,[f(0),..., f(n—1)] ¢ U. By the Aziom of Choice (Section 5.3),
there exists a functional G : 28 — N such that Vf : N — 2, [f(0),..., f(G(f))] ¢ U.

We then understand that for any s : 2%, if s € U, then it must be the case that G($) > Ih(s).

We prove by induction that for any s : 2*, if s € U, then FR(G, s) + Ih(s) < FR(G,[]). The case
where s =[] is clear. In the induction step, we consider sx0 and s*1; we consider the case of sx0 as an
example. If sx0 € U, then s € U, therefore G(5) > Ih(s), so FR(G, s) = 1+max(FR(G, sx0), FR(G, sx1)).
By the induction hypothesis, we have that FR(G,s) + lh(s) < FR(G,]), thus FR(G,s*0) + lh(s*0) =
1+ FR(G,s*0)+Ih(s) < FR(G, s) + Ih(s) < FR(G,[]).

Therefore, since FR(G,s) > 0, we conclude that for any s : 2%, if s € U, then |h(s) < FR(G,[]). In
this sense, FR(G,[]) provides a uniform upper bound for the lengths of branches in U.

Remark 155. To show that FR defined above is a morphism of m-assemblies, we first have to show
that this FR is a well-defined set-theoretic function. This means that for FR to eventually obtain a
value at (G, s), we require that eventually for all extensions t of s, we have G(t) < Ih(t).

We will show that this is indeed the case.

Fiz an arbitrary G € N2'. Then there exists an element G* € N?' such that G* is a magorant of G.

In 2N, we know every element is magjorized by the constant 1 function. We write f for this constant
1 function.

Consequently, for any s € 2*, § is majorized by f, so G(8) is magjorized by G*(f), i.e., G(3) < G*(f).
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This means that the values of G : 2% — N are bounded by the value G*(f). Therefore, for any s € 2%,
if In(s) > G*(f), then Ih(s) > G(8), so FR(G,s) = 0 is defined. Then there are only finitely many
s € 2% with Ih(s) < G*(f), so by a “downwards” induction with finitely many steps, we understand
that FR(G, s) is defined for any s € 2*.

We conclude that FR: N2 x 2* = N is a well-defined set-theoretic function.

We may summarize the argument above in a more precise lemma.

Lemma 156. Suppose G € N2, If for some M >0 we have G(g) < M for all g € 2V, then for any

s € 2% we have
FR(G,s) < M + 1.

Proof. Notice that if Ih(s) > M + 1, then FR(G, s) = 0.
By induction, we can show that for any 0 <n < M + 1, if Ih(s) = M + 1 — n, then FR(G, s) < n.
Then we may conclude that for any s € 2* we have FR(G,s) < M + 1. O

We still have to show that FR is also a morphism of m-assemblies.
Proposition 157. FR: N2' x2* 3 Nisa morphism of m-assemblies.

Proof. We have to show that «
an(FR(G, s)).
So we have to find a pair (rfr, rgg) witnessing this, i.e. for any G € N2" and s € 2*:

(G) x ag+(s) F an(FR(G, s)), or equivalently a v (G) F ag«(s) —

N2N N2N

® T'ER € CENQNO(G) — a2*0(8) — O{No(FR(G7 5))
o (rFR,TfR) € Ryaw = Ro- — Ry
o (FFR,TFR), (TERs TER) €~ —™2s =N

The construction of rgr is to follow the “external” definition of FR, and we use the ingredients in
the PCA to construct rgr as an “internal” version of FR. Notice that externally FR is defined with a
“recursor” flavor; this implies that we have to achieve this in the PCA using similar ideas when dealing
with primitive recursors, for instance using the idea of fix-point operations. The construction of rgg is
more relaxed: it suffices to construct a majorant of rgr, and we notice that the constant 1 function is
a majorant of every function in 2V,

Let [ € P be a “realizer” for the <-function, i.e. for any n,m € N, we have that [nm <k if n <m
and [nm < k if n > m.

Let 7y € P be a “realizer” for the hat function: 2* — 2N, i.e. for any code of a finite sequence s
of 0 and 1 (we use s to represent both the external sequence itself and its code as an element of P),

and for any n € N, we have that:
e If 0 <n <lh(s) —1, then rgsn < 5;.
e If n > Ih(s), then rysn < 0.

Let ryo € P and ry1 € P be the “realizers” for the functions %0 : 2* — 2* and %1 : 2* — 2%, i.e. for
any code of a finite sequence s of 0 and 1 (we use s to represent both the external sequence itself and

its code as an element in P),
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e 105 < sUJ0]
e ras <X sUI[I.
Also recall some recursion theory notation in PCA:

e Let S € P be such that for any n € N, we have S7 <n + 1.

e Let max € P be such that for any n,m € N, we have maxnm < max(n,m).
Then define ¢ to be the following:

t = (ruv)l(u(rgv))(Ih) (k0) ((w) S(max(rru(r.ov)) (rru(reav))))k.

The intuition for ¢ is as follows: among the three inputs r, u, and v, r is like a placeholder for
iteration, u is supposed to represent an element in NQN, and v is supposed to represent an element
in 2*. The term [(u(rgv))(lhv) determines whether u(9) < lh(v) or not; if so, it becomes k, and if
not, it becomes k. Then it is followed by what the recursor is supposed to do in the two cases. If
u(9) < Ih(v), then it should output 0; if w(%) > Ih(v), then it should perform iteration and give results
like 1 4+ max((...,v*0),(...,v*1)).

The reason for introducing a dummy variable w in the part ((w)S(max(rru(r.ov))(rru(reav)))) is
to ensure that this term is always defined during the computation. It has no other role, and therefore
to fit this dummy w, we must introduce a dummy element, which we choose to be k here (and it could
in fact be any element in the PCA). Correspondingly, in the base case, instead of writing merely 0, we
must include k to obtain k0.

The calculation below will illustrate the role of these seemingly redundant parts. The idea is
inspired by the construction of the primitive recursor in a PCA, in Proposition 1.3.5 of [O0s08].

We define rgr to be tt. We verify that rpr has the desired property. For any G € NZN, and for any
s € 2%, we fix rg € an (G) and 15 € ag+o(s), and we show that rerrers € an(FR(G, s)).

We understand that rg(rgrs) = G(5), and lhrs < lh(s).

If G(3) < Ih(s), then l(rg(rirs))(Ihrs) = k, thus:

TERTGTs

ttrgrs
Ura(rars))(Ihrs) (k0) ((w) S(maz (ttra(riors)) (tra (rars))) )k
k(k0)((w) S(maz(ttrg (rvors)) (ttra(rars))))k

kOk

IA

IA

1=

At the same time, FR(G, s) = 0, thus we have rgrrars € ano(FR(G, s)).
If G(8) > Ih(s), then I(rg(ryrs))(Ihrs) = k, thus:

TERTGTs
= ttrgrs
= Urg(rurs))(Ihrs)(k0) ((w) S(maz(ttra (rsors)) (ttra(rars))) )k
= k(kO)((w)S(maz(ttra(rsors)) (ttra (rars))) )k
= ((w)S(maz(ttra(rors))(ttra(rars))))k
= ((w)S(maz(rerra(rsors)) (rerrG (14175)))) k.
= S(max(rerra(r+o7s)) (TFRTG(T5175)))
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Notice that we have r.rs € ag«o(s*0) and r.rs € ag«o(s* 1). As in the proof showing that FR is
total, we know there is an upper bound for the value G(3), thus for ¢t € 2* with Ih(¢) large enough, it is
always the case that G(f) < Ih(t).

Therefore, by a suitable induction we obtain the induction hypothesis that regra(reors) €
ano(FR(G, s%0)) and rerra(r417s) € anog(FR(G, s+ 1)) (which is equivalent to rg(r4rs) < FR(G, s * 0)
and rg(rears) < Ws*l))

Thus S(max(rerra(r+o7s))(rerra(rars))) = 1+ max(FR(G,s*0),FR(G,s* 1)) < FR(G,s), so
rerrars € ano(FR(G, 9)).

We conclude that rer € v (G) — az+o(s) = ano(FR(G, 5)).

We still have to provide a majorant rgg for rpr. The idea is straightforward from an external point
of view and was already discussed when showing that FR is a well-defined set-theoretic function.

Let r¢ € (u)1 be the code of the constant function f that maps everything to 1. Then define
TER = (uv)S(ury). We show that (rer,7fg) € Ryon — Ra+ — Rn.

Suppose (rg,rG+) € Ryn; we show that (rerre, TErre+ ), (TEr7G, TERTG*) € Rox — Ry. For any
(rs,rs«) € Ra+, we have that:

o rerrgrs = FR(G,s), rmigreerss = rigreers = G*(f) + 1. Since for any g € 2V, we know
G(g9) < G*(f), by the previous lemma (Lemma 156) we know FR(G, s) < G*(f)+ 1. We conclude
that (rerrars, rERTGeTs«), (TERTG*Tss TERTG*Ts*) € Ry.

o riprGeTs = rEpraers = G*(f) + 1, and rigrars € G(f) + 1. Notice that (rg,rf) € Ron, and
(rG,rG+) € Ryov; thus in particular, we have that (rgry,rg«ry) € Ry, i.e. G(f) < G*(f). We
conclude that (rEgrars, TERTG*Ts*)s (TERTG#T's, TERTG*Ts*) € RN.

We conclude that (rer,rig) € Ron — Ra« — Ry.

The last thing we have to verify is that (rer, 7eR), (TEr: TER) Ervpat —rvar—~N. But everything can
be reduced to external arguments, because everything in the domains of ~n, ~2-, and ~ corresponds
to an actual realizer of the corresponding functionals, finite sequences, and natural numbers. Also, two
such elements are equivalent if and only if they represent the same functional, finite sequence, and
natural number. So everything reduces to a calculation involving FR and FR*.

We conclude that FR: N2 x 2* — N is a morphism of m-assemblies. O

Remark 158. We still have to show that this FR : N2 x 2* — N also has the correct internal property,
but notice that the external behavior of FR already ensures the internal definition of the potential Fan
recursor.

For instance, we want to show internally that for any G € N2 and s € 2% if G(8) < Ih(s), then
FR(G,s) =0, and if G(5) > Ih(s), then FR(G,s) =1+ max(FR(G, s *0),FR(G, s x 1)). Internally, we

have to compare several subobjects of the object N2 x 2%;

e Write the subobject corresponding to G(s) < lh(s) as Si.
e Write the subobject corresponding to G(s) > lh(s) as Sa.
e Write the subobject corresponding to FR(G,s) =0 as T}.

e Write the subobject corresponding to FR(G,s) = 1+ max(FR(G, s *0),FR(G,s x 1)) as Tb.
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We want to show that as subobjects of N2 x 2*, we have

e 51 <Tj.

o Sy <Ts.

But all those four subobjects arise from equalizers of certain morphisms of m-assemblies. And we
know that those equalizers correspond to subsets of N2" % 2% (Lemma 122), and to compare subobjects
of this form (those regular monos), it suffices to compare inclusion of subsets, but the inclusion of those
subsets is determined externally, by the defining property of those morphisms, for instance, FR, and so
on.

We conclude that our topos has the Fan recursor.
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Chapter 6

Conclusion

We list several problems to be addressed in the future.

Bar induction and Bar recursor The bar induction and Bar recursor are discussed in [Bez85]. The
proof of the Bar recursor there makes use of bar induction, whose proof is by contradiction. Therefore,
at least that specific proof does not work in our topos in general (in particular, it does not hold for Ky).
However, this issue may be addressed by choosing other PCAs with the nice property of “sequentiality”,
which says that for any sequence of elements (r,),en in the PCA, there exists an element « in the
PCA such that for any n € N, we have o -7 < r,,. For example, Ko satisfies this property.

So if we start with a PCA with the property of “sequentiality”, then the bar induction issue may be
addressed externally, and then, following Bezem’s construction and proof, by translating the external

arguments there, we may also obtain a Bar recursor in our topos.

Variants of dEM AJ(P) In Chapter 3, we introduced the arrow algebra dEM AJ(P), whose elements
are tuples (A, R, E), where R C P x P (P is a fixed PCA) is a majorizability relation, £ C P x P is
an equivalence relation on dom(R) = dom(E) and is compatible with R; A is a subset of dom(R) that
is closed under the equivalence relation E. Recall that the idea is to regard dom(R) = dom(E) as a
set of potential realizers, and A C dom(R) = dom(F) as a set of actual realizers.

Then we may ask what happens if we modify these definitions; for instance, instead of using A as a
subset of dom(R), we consider A as a subset of R satisfying various compatibility properties.

The constructions in Chapter 4 seem to be quite robust, so we believe that in these possible variants
of dEM AJ(P) we may still obtain the same basic results.

MAJ and CT Since our topos believes in the Axiom of Choice, by Theorem 6.8 in [TD8§|, we know
that Church’s Thesis (CT) is not valid in the topos, even though externally every function from N to
N has a realizer; any such function would be computable if the PCA were ;.

Let MAJ be the statement saying that every functional has a majorant. We know that this holds
externally, but we do not know whether it holds internally in the topos. A similar question was also
asked in Chapter 6 of [Gul8]. We tend to believe that MAJ is not internally true.

However, one might still expect -=—CT and =——MAJ to hold internally. The reason is that adding
negations destroys constructive information and makes statements more likely to be valid. Moreover, if
this is indeed the case, then we can at least conclude that our topos is not Boolean, since otherwise

CT would be true internally as well.
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