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Abstract

In this thesis, we study complexity reduction problems that originate from the analysis of definable com-
binatorial objects. We make significant progress in lifting a family of complexity reduction results to
higher point classes. Specifically, we isolate a property we call Functional Projection that makes the com-
plexity reduction proofs lift, and we establish that Functional Projection holds for all projective levels in
the model L and L[U ]. As a consequence, we derive the existence of combinatorial objects in L[U ] at
the optimal projective levelΠ1

2.
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Chapter 1

Introduction

A guiding theme of set theory is how definability of mathematical structures rules out pathological
behaviors. In the studyof descriptive set theory, projective hierarchy is a powerful notion that allowsus to
reason about and classify the definability and complexity of subsets of the real numbers. In this hierarchy,
the complexity of a set is measured by the complexity of the formula in the language of second-order
arithmetic that defines it. By classical results of Suslin and others, being “low” on the projective hierarchy
leads to desirable properties such as being Lebesgue Measurable. On the other hand, combinatorial set
theory studies a variety of combinatorial families on the real line, whose origin often come from other
branches of mathematics. A canonical example is the so-called maximal almost disjoint family (MAD
family). A family A ⊆ [ω]ω is said to be “almost disjoint” if for any x 6= y ∈ A, x ∩ y is finite. An
almost disjoint family is maximal (thusMAD) if it is not properly contained in any other almost disjoint
family. Recent years, there has been a lot of works studying at which level of projective hierarchy these
combinatorial sets lie. The study sheds light on the innate complexity and pathological behavior of the
notion of maximal almost disjointness, and many other combinatorial properties.

As a consequence of the attempt to derive the optimal complexity of certain combinatorial families,
a series of complexity reduction results have been discovered for various combinatorial families in the
last decade. These results share the following structure: if there is a definableA ⊆ R satisfying certain
combinatorial property, then there will beB ⊆ R satisfying the combinatorial property, yet simpler in
complexity of definability. These results allow us to reduce the projective complexity of combinatorial
families, thus we call them “complexity reduction results”.

One notable feature of these complexity reduction results (with few exceptions) is that they are
restricted to a low projective level: theΣ1

2,Π1
1 level. In this thesis, we aim to lift these complexity reduc-

tion results to higher pointclasses. Wemake significant progress by isolating a property called Functional
Projection, and show that it is sufficient for the complexity reductions to go through. Our contribution
circumvents a key difficulty in lifting these results. Proofs of complexity reduction results in the litera-
ture rely on the “uniformization property”, which is known to fail for higher projective levels. On the
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other hand, we show that Functional Projection holds for all projective levels in certain inner models of
set theory, thus lifting the complexity reduction results to higher levels.

To motivate our study, let us start by introducing some background in combinatorial set theory.

1.1 Background on Combinatorial Set Theory

The study of combinatorial properties of the real line has always been a central theme of set theory.
George Cantor, whose work gave birth to the study of set theory, considered the problem of whether
every uncountable subset of the real line must contain a nonempty perfect set, i.e. a closed set without
isolated points. This property was known as the perfect set property: A setA ⊆ R has the perfect set
property if it is either countable or contains a nonempty perfect set. Cantor’s interests in this property
was part of his endeavor to establish the continuumhypothesis (CH). If a set has the perfect set property,
then it has to be either countable or in bijectionwith the continuum. Cantor attempted to establish CH
by showing that all subsets of the real have this property.

But of course nowadays we know Cantor’s endeavor is bound to fail, for Paul Cohen showed in
1963 ([Coh63]) that the continuum hypothesis was independent of the axiomatic system of Zermelo-
Fraenkel with choice (ZFC), the standard axiomatic system ofmathematics. But even prior to that, Felix
Bernstein was able to construct a combinatorial set that does not have the perfect set property, indeed he
constructed what is now known as the Berstein set: an uncountable set that both its complement and
itself intersect every perfect set on the real line.

However, there are many legacies to be collected from Cantor’s study of the perfect set property,
and they are closely related to the definability aspect of the real line. By the Cantor-Bendixson theorem,
all closed sets have the perfect set property. Suslin ([Sus17]) greatly improved this result and showed that
allΣ1

1 sets, also known as analytic sets, have the perfect set property. Along this line, we see that for sets
of reals, how being definable (being of low complexity as measured by the projective hierarchy) leads to
good behavior.

On the other hand, whether sets of reals have the perfect set property beyond the Σ1
1 level turns

out to be independent of ZFC. On one side, starting from the assumption that there is an inaccessible
cardinal, Solovay ([Sol70]) forced a model where all projective sets have the perfect set property. On the
other side of the story, in Gödel’s Constructible UniverseL ([Göd40]) it is easy to build aΣ1

2 witness to
the failure of the perfect set property by recursion along theΣ1

2-good well-order of the reals. Moreover,
we are able to reduce the complexity of this Σ1

2 instance and obtain a Π1
1 witness to the failure of the

perfect set property. Thus in conclusion, the problem of whether the very next projective level beyond
Σ1

1 has the perfect set property is independent of ZFC.
Recent decades have witnessed extensive studies of various other combinatorial sets on the real line,

such as maximal almost disjoint (MAD) families, maximal independent families or ultrafilters.
Take MAD families as an example. By Mathias’ well-known result [Mat77], there are no Σ1

1 in-
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finite MAD families. On the other hand, in Gödel’s Constructible Universe L it is easy to build aΣ1
2

witness to a infinite MAD family, by recursion along theΣ1
2-good well-order of the reals. In [Mil89],

Miller developed a sophisticated coding technique to produce aΠ1
1 infinite MAD family in L. This is

consistently the optimal complexity of an infinite MAD family.
The same story is true for many other maximal combinatorial families: in [Mil89] Miller showed

that there are no analytic maximal independent family by showing that a maximal independent family
leads to a set without the property of Baire; while his coding method also produced aΠ1

1 maximal inde-
pendent family in L. In [FS22] Fischer and Schilhan showed that there are no analytic maximal towers
while a coanalytic maximal tower exists inL.

We clearly see a pattern in these results: For a large class of combinatorial families (including the set
without perfect set property, infiniteMAD family, maximal independent family etc.), while they cannot
exist on theΣ1

1 level, there is consistently an instance of them on theΠ1
1 level.

∆1
1

Σ1
1

Π1
1

∆1
2

Σ1
2

Π1
2

· · ·

· · ·

· · ·

∆1
n

Σ1
n

Π1
n

· · ·

· · ·

· · ·

No instance

Consistent for an instance to exist

A picture of the appearance of the combinatorial families we discussed on the projective hierarchy.

1.2 Complexity Reduction Results

Let us focusing our attention onobtaining aΠ1
1 instance of certain combinatorial family (sayMAD

family) in L. By our discussion this is indeed the optimal level consistent with ZFC. One way is to ap-
peal to Miller’s coding method in [Mil89]. See also the paper [Vid12] by Vidnyánszky for an abstract
discussion of Miller’s method.

Yet it turned out that this sophisticated technique can be circumvented when Törnquist [Tör09]
provided a direct combinatorial proof in ZFC1 of the statement:

If there is a Σ1
2 MAD family then there is a Π1

1 MAD family.
1Indeed in his proof the use of choice is very minimal, so the theorem follows from certain weak forms of choice, say the

principle Dependent Choice.
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Thus starting from aΣ1
2 infiniteMAD family, which can be easily constructed along the well-order

of L, we apply the result and immediately get aΠ1
1 instance of an infinite MAD family in L. But Törn-

quist’s theorem is much stronger. As a ZFC result, the argument allows us to reduce the complexity of
an optimal witness of infinite MAD family from Σ1

2 to Π1
1 in any model of set theory, thus it is very

powerful in the study of optimal complexity of infinite MAD families.
Inspired by this result, various researchers established similar results for a variety of other combina-

torial families, specifically for maximal independent families [BFK19], Maximal towers [FS22], Ultrafil-
ter Bases [Sch22a], Maximal Ideal Independent Families [MS26],Maximal Orthogonal Families [FT10]
and Hausdorff Gaps [Mil25] (the same statement for counterexamples of the Perfect Set Property was
already well-known, see for instance the proof of Corollary 25.37 in Jech [Jec03]). They showed that for
X ranging over the combinatorial families we discussed:

If there is a Σ1
2 combinatorial family X, then there is a Π1

1 combinatorial family X.

We call results of this type complexity reduction theorems. For a detailed survey that includes
almost all currently known complexity reduction, the reader may refer to [Mil25, Chapter 2].

However, with the notable exception of Schilhan’s result forUltrafilter Bases ([Sch22a]), all of these
results are restricted to theΣ1

2 andΠ1
1 level. Thus anatural questionmight be askedwhether these results

can be lifted to higher pointclasses. Scholars including Törnquist, Schrittesser, Khomskii andMillhouse
have raised the following question:

Question 1. Is it the case that if there is a Σ1
n+1 combinatorial family X, then there is a

Π1
n instance, for n > 1?

It turns out that a central barrier to lifting the complexity reduction results is that they rely on
Kôndo’s Π1

1 Uniformization Theorem, which informally states that Π1
1 relations admits a choice

function that is Π1
1 definable, see Subsection 2.2.2 for a discussion. However, it is a ZFC result that

Π1
2 uniformization fails. Thus, if we rely on this strong property of uniformization, we cannot lift the

complexity reduction results toΣ1
3 andΠ1

2 levels.

1.3 Main Contributions and Structure of the Thesis

The main contribution of this thesis is the isolation of a property we call Functional Projection
property. It is a weakened version of the uniformization property. LetΓ be a point class in the projective
hierarchy, a point class Γ satisfies Functional Projection (written as Γ-FP) if for every relation A ⊆
ωω×ωω inΓ, there is a partial functionF ⊆ ωω×ωω that has the same projection asA, and the graph
of F is in Γ.
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ωω

ωω A

F

Functional Projection

In the thesis, we show that (1) Functional Projection suffices for the complexity reduction results
to lift to higher point classes, and (2) contrary to the strong property of uniformization, which is known
not generalizable to certain higher point classes, we show that we can establish Function Projection for
higher point classes in certain models.

It turns out that Functional Projectionwas studied by Kanovei and Lyubetsky [KL24] and [KL25]
under a different name.2 Among other things, in our terminology, they showed thatΠ1

n-FP holds inL
for all levels n ≥ 1, and that for n ≥ 2,Π1

n-FP is independent ofZFC .
In Chapter 2, we introduce the background knowledge in descriptive set theory, combinatorial set

theory and the theory ofL andL[U ] onwhich our thesis is built on. In Chapter 3, we write out in detail
a formal account of doing recursion along a projective goodwell-ordering. This is known to set theoriets,
but for which it is not easy to find a written reference. This formal treatment will be important for our
analysis of combinatorial objects in inner models likeL andL[U ].

In Chapter 4, we define the Functional Projection property and then establish several elementary
results about it. Moreover, we show that contrary to the uniformization property, Function Projection
turns out to be genuinely weaker and can be established for higher point classes. Specifically, we establish
Functional Projection for all projective levels in the inner modelL andL[U ].3

Theorem 1 (Kanovei, Lyubetsky, Theorem 59 in Chapter 4). In L, Π1
n-FP holds for all n ≥ 1.

Theorem 2 (Theorem 62 in Chapter 4). In L[U ], Π1
n-FP holds for all n ≥ 1.

Moreover, we show that Functional Projection is a robust phenomenon formodelswith gooddefin-
able well-orderings. This shows that Functional Projection is true in a wide range of models far beyond
L andL[U ].

Theorem 3 (Theorem 58 in Chapter 4). Let < be a well-order of the reals of order type ω1 s.t.
< is ∆1

n and it is Σ1
n good (n ≥ 2). Then Π1

m-FP holds for all m ≥ n+ 1.
2They called it ‘uniformprojection problem’, butwe chose to stick to our name aswe think it better conveys the idea behind

the concept.
3For the case for L, our proof is different and simpler from the proof if [KL25], and it was discovered by the author inde-

pendently before he was aware of that paper.
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Also, we determine the behavior of Functional Projection under the Axiom of Projective Determi-
nacy (PD). This is an axiom that gives a detailed structural theory of projective sets.

Theorem 4 (Theorem 71 in Chapter 4). Under Projective Determinacy, Π1
2n-FP fails while

Π1
2n+1-FP holds for all n ∈ ω.

The following picture summerizes the behavior of Functional Projection under different assump-
tions:

PD Π1
1 Π1

2 ... Π1
2n−1 Π1

2n · · ·

V = L or V = L[U ] Π1
1 Π1

2 ... Π1
2n−1 Π1

2n · · ·

The boxed point classes have the Functional Projection Property.

In Chapter 5, we show that Functional Projection suffices for the complexity reduction results to
lift to higher point classes. Thus we make significant progress in addressing Question 1. We show that:

Theorem 5 (Theorem 72, 73, 85, 87, 93, 94 in Chapter 5). Assume Π1
n-FP, then the complexity

reduction results lifts for all of the following objects:

1. Counterexample to perfect set property.

2. Infinite MAD family.

3. Maximal independent family.

4. Maximal (linear) towers.

5. Maximal Ideal independent family.

6. Van Douwen family.

We are also interested in complexity reduction results of some strengthening of the combinatorial
notions. These notions are often motivated by the study of forcing indestructibility of maximal combi-
natorial families. Among others, we are interested in tight MAD families (see Definition 76), we show
that:

Theorem 6 (Corollary 82 in Chapter 5). Assume that Π1
n-FP holds, further assume that Cohen

forcing is Σ1
n+1 absolute. Then if there is a Σ1

n+1 tight MAD family, then there is a Π1
n

tight MAD family.
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Having established Functional Projection for inner models, we are thus able to do complexity re-
duction proofs in these models and thus analyze optimal projective complexity of certain combinatorial
families. In particular, we show that a wide range of combinatorial families admit aΠ1

2 witness inL[U ]:

Theorem 7 (Theorem 97 in Chapter 5). In L[U ], all the combinatorial families mentioned in
Theorem 5 admit a Π1

2 witness.

The fact that there is aΠ1
2 counterexample to the perfect set property inL[U ]was already known to

Silver and Solovay (see [Kan03]), but all the rest are new results. Moreover, the conclusion of Theorem
5 is indeed optimal inL[U ] for all the combinatorial families mentioned, except the maximal ideal inde-
pendent family. That is because there can be noΣ1

2 instances of the combinatorial families mentioned
above inL[U ]. Whether there could beΣ1

2 instances ofmaximal ideal independent family remains open.

∆1
1

Σ1
1

Π1
1

∆1
2

Σ1
2

Π1
2

The optimal level inL[U ]

· · ·

· · ·

· · ·

∆1
n

Σ1
n

Π1
n

· · ·

· · ·

· · ·

InL[U ], no instance lies in these levels

Finally, in Chapter 6, we collect other results the author obtained in his master period that do not
perfectly fit into the main story of the thesis, but are nevertheless interesting.

In [BK13], Brendle andKhomskii observed that if the tower number t (seeDefinition 23) is greater
than ω1, then there could not be Σ1

2 infinite MAD families, establishing an interesting link between
cardinal invariants and definability of combinatorial families. Their proof leverages the fact that allΣ1

2

sets are ℵ1 unions of Borel sets.
We investigate the relation between the tower number and Π1

2 combinatorial families. Using re-
sources from Ramsey theory, we show that increasing the tower number t killsΠ1

2 Vitali sets.

Theorem 8 (Theorem 110 and Corollary 115 in Chapter 6). If t > ω1, then there is no Π1
2 E0

transversal nor a Π1
2 Vitali set.

Next, we investigate the combinatorial families under the general frame work of viewing them as
independent sets of certainBorel graphs or hyper graphs, see [Sch20] for an overview. Wedevelop a graph
comparisonnotion calledp-relation that allows us to transformamaximal independent set of one graph
to that of another in a way that preserves definability.
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Theorem 9 (Theorem 113 in Chapter 6). Let R be a Borel p-relation between G0 and G1.
Then if I is a maximal independent set of G1, R−1[I] is a maximal independent set of G0.
Moreover, if I is Σ1

n, then R−1[I] is Σ1
n.

As an example of applying this notion, we reprove the folklore equivalence between the existence
of a Vilati set and the existence of anE0 transversal by revealing the p-relation between their underlying
Borel graphs.
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Chapter 2

Preliminaries

In this chapter, we develop the preliminary materials. Starting with an introduction to the coding
functions and conventionswe use, we review some basic facts aboutDescriptive Set Theory, Combinato-
rial Set Theory and InnerModels in Section 2.2, 2.3 and 2.4 respectively. All thematerial in this Chapter
is standard and can be found in set theoretic textbooks such as [Mos09], [Jec03] and [Sch14].

2.1 Codings and Conventions

Before turning to the set-theoretic material, we introduce some coding conventions used through-
out the thesis. Natural numbers are able to code pairs of natural numbers, let

〈·, ·〉 : ω × ω → ω

(m,n) 7→ (m+ n)(m+ n+ 1)

2
+ n.

This is theCantor pairing function, it is bijective. By nesting this pairing function, we are able to develop
a coding of ωn for arbitrary n. Inductively, we define

〈·, ·, ·〉 : ω3 → ω

(n0, n1, n2) 7→ 〈〈n0, n1〉, n2〉

and with 〈·, . . . , ·〉 : ωn → ω defined,

〈·, ·, . . . , ·〉 : ωn+1 → ω

(n0, . . . , nn) 7→ 〈〈n0 . . . nn−1〉, nn〉

These are coding functions of strings of natural numbers of a fixed size.
Moreover, we can code finite strings of natural number uniformly as natural numbers. Let {pn |

11



n ∈ ω} enumerate the prime numbers increasingly, let f : ω<ω → N+ be the function

codeω : ω<ω → N+

s 7→
∏

i<| dom(s)|

p
s(i)+1
i

This is a bijective function by the fundamental Fundamental Theorem of Arithmetic.
Given any element n ∈ ω, as the function 〈·, ·〉 is bijective, there is unique (m0,m1) ∈ ω2 s.t.

〈m0,m1〉 = n, we write (n)0 := m0 and (n)1 := m1. These are decoder of a pair of natural numbers.

We can also code a pair of functions from natural number to natural number as a single such func-
tion. With an abuse of notation, we define,

〈·, ·〉 : ωω × ωω → ωω

(x, y) 7→ 〈x, y〉 : n 7→

x(k) if n = 2k

y(k) if n = 2k + 1

This is also a bijective coding. As long as we are clear with the type of the object we are coding, we would
not confuse it with the coding with natural numbers. Similarly, this coding can be extended to code
strings of elements in ωω of a fixed size 〈·, . . . , ·〉 : (ωω)n → ωω .

Finally, a single element in ωω is able to code countably many elements in ωω .

codeωω : (ωω)ω → ωω

(x0, x1, . . . ) 7→ codeωω((xn)n∈ω) : m 7→ x(m)0((m)1)

This is also a bijective coder. For any x ∈ ωω , there is unique (xn, n ∈ ω) s.t. codeωω(xn, n ∈ ω) = x.
We define the decoder function by (x)n = xn for n ∈ ω. The explicit form of this decoder is given by
(x)n : m 7→ x(〈n,m〉).

Given an element x in 2ω , we identify it with a subset of ω whose characteristic function is coded
by x.

By [x]ω we mean the set of countably infinite subsets of x; [x]<ω is the set of finite subsets of x.
Given x ∈ [ω]ω , we write x∗ for the function enumerating x increasingly.

2.2 Descriptive Set Theory

In this section we sketch the basics of Descriptive Set Theory. The reader may refer to [Mos09]
for a detailed account. In descriptive set theory, we study Polish spaces, which is a generalization of the
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concept of the real line.

Definition 1 (Polish Space). A Polish Space is a topological space that has a countable dense
subset and admits a complete metric.

We say a Polish space is perfect if it contains no isolated points.

Canonical examples of Polish spaces are as follows:

• ω equipped with the discrete topology. This is not a perfect Polish spaces.

• R,Rn The real line and its products.

• TheBaire space: ωω equippedwith the product topology. Themetric on the Baire space is defined
by

d(x, y) =

0 if x = y

2−k if x 6= y, k = min{n | x(n) 6= y(n)}

• The Cantor space: 2ω equipped with the product topology. The Cantor space can be considered
as a closed subspace of the Baire space.

• [ω]ω := {x ⊆ ω | x is infinite}, considered as aGδ subspace of the Cantor space. It turns out
that [ω]ω is homeomorphic to the Baire space via the following map:

π : ωω → [ω]ω

x 7→ {n+

n∑
i=0

x(i) | n ∈ ω}

In this thesis, In this thesis, we adopt the common set-theoretic convention of referring to elements
of arbitrary Polish spaces, and in particular elements of Baire space, as“reals.”

Upon a Polish spaceX , we define the following hierarchy, called the Projective Hierarchy. The
idea behind this hierarchy is that it measures the complexity and definability of subsets of real number.
For a setA ⊆ X :

A is Σ1
1, or analytic, if there is a closed C ⊆ X × ωω s.t. A = p[C] := {x ∈ X | ∃y ∈

ωω, (x, y) ∈ C}. Analytic sets are projections of closed sets. A is Π1
1, or coanalytic, if X \ A is

analytic.
Inductively, A isΣ1

n+1 if there is B ⊆ X × ωω that isΠ1
n s.t. A = p[B] := {x ∈ X | ∃y ∈

ωω, (x, y) ∈ B}. Σ1
n+1 sets are projections ofΠ1

n sets. A isΠ1
n+1 ifX \ A isΣ1

n+1. A is∆1
n if it is

bothΣ1
n andΠ1

n.

13



X

ωω

B : Π1
n

A = p[B] : Σ1
n+1

Projections ofΠ1
n sets areΣ1

n+1 sets.

A fundamental fact is that∆1
1 sets are precisely the Borel sets.

Theorem 2 (Suslin, see 2E.2 in [Mos09]). Upon a Polish space, a set is Borel iff it is in ∆1
1.

The inclusion relation of projective point classes is given by the following map, where point class
on the right hand side of a link properly include point class on the let hand side of the link. Point classes
that are not linked are incomparable.

Borel = ∆1
1

Σ1
1

Π1
1

∆1
2

Σ1
2

Π1
2

· · ·

· · ·

· · ·

∆1
n

Σ1
n

Π1
n

· · ·

· · ·

· · ·

On the other hand, we are also interested in theKleene point classes, they are the effective version
of the projective point class.

Fix an enumeration (sn, n ∈ ω) of ω<ω according to codeω , i.e. codeω(sn) = n, we write
[s] := {x ∈ ωω | s ⊆ x}. For the sake of introducing of Kleene point classes, we identify ωω × ωω

with ωω via the pairing map 〈·, ·〉 : ωω × ωω → ωω .
A set A ⊆ ωω is recursively open if A =

∪
i∈ω[sϵ(i)] for some recursive ϵ ∈ ωω . A set is

recursively closed if its complement is recursively open.
A ⊆ ωω isΣ1

1 if there is recursively closedC ⊆ ωω × ωω s.t. A = p[C]. Inductively,A ⊆ ωω is
Σ1
n+1 if there isΠ1

n setC ⊆ ωω × ωω s.t. A = p[C]. A isΠ1
n+1 if its complement isΣ1

n+1.
Finally, there is the parametrized version of the Kleene point class. For a ∈ ωω ,A ⊆ ωω isΣ1

n(a)

(or Π1
n(a)) if there is C ⊆ ωω × ωω that is Σ1

n (or Π1
n) s.t. A = {x | (x, a) ∈ C}. ∆1

n(a) =

Σ1
n(a) ∩Π1

n(a). It turns out thatΣ1
n =

∪
a∈ωω Σ1

n(a) andΠ1
n =

∪
a∈ωω Π1

n(a).
Similarly, the Kleene hierarchy can also be defined on subsets of ω.Let ∗ : ω × ωω → ωω be the

14



following bijective coding function:

∗(n, x)(i) =

n if i = 0

x(i− 1) if i > 0

Then we say a ⊆ ω isΣ1
1 if there isC ⊆ ω × ωω s.t. ∗[C] is recursively closed in ωω and s.t. a = p[C].

Inductively, a ⊆ ω is Σ1
n+1 if there is C ⊆ ωω × ωω s.t. ∗[C] us Π1

n and a = p[C]. A is Π1
n+1 if its

complement isΣ1
n+1. Paramatrized version is similarly defined.

The projective point classes are also called boldface point classes and the Kleene point classes are
their lightface counterparts. For simplicity, ourmain focus in this thesis will be on boldface point classes,
but we notice that most of the results we developed can easily be adapted to work for themore restrictive
light face version, andwewill explicitly discuss its failure if a result does not admit a light face version. We
introduce the lightface point classes because they are necessary for introducing the absoluteness results
in the later part of this chapter and they are necessary for Section 4.3.

By our way of defining the projective hierarchy, each projective set would correspond to a formula.
For instance aΠ1

1(a) setA ⊆ ωω can be written as

A(x) ⇐⇒ B(x, a) ⇐⇒ ∀y ∈ ωω, C(x, y, a) ⇐⇒ ∀y ∈ ωω, ∃i〈x, y, a〉 ∈ [sϵ(i)]

HereB ⊆ ωω ×ωω isΠ1
1,C ⊆ ωω ×ωω ×ωω is recursively open and ϵ is a recursive real. Let us write

∃R, ∀R to indicate that they range over the Baire space (thus a real number quantifier), and ∃ω, ∀ω to
indicate that they range over ω. An inductive analysis immediately gives the following correspondence:

A setA ⊆ X isΣ1
n(a) iff there is ϵ recursive s.t.

x ∈ A ⇐⇒ ∃Ry0 . . . QR
n−1yn−1Q

ω
ni, 〈x, y0 . . . yn−1, a〉 ∈ [sϵ(i)] for a recursive ϵ

A setA ⊆ X isΠ1
n(a) iff there is ϵ recursive s.t.

x ∈ A ⇐⇒ ∀Ry0 . . . Q′R
nyn−1Q

′ω
n+1i, 〈x, y0 . . . yn−1, a〉 ∈ [sϵ(i)] for a recursive ϵ (*)

HereQi is ∀ if i is odd and ∃ if i is even. Q′
i is ∃ if i is odd and ∀ if i is even.

It is worth discussing how the interpretations of projective sets vary across models of set theory.
For a projective A ⊆ ωω , it corresponds to a formula φ(x) in the form of (*). The formula could
have different interpretations in different models, depending on the interpretation of the basic open
neighbourhood [s] and the interpretation of the quantification over ωω .

Here we give an example to indicate how a projective predicate could have different interpretations
across models:

Example 3. Let X be a perfect Polish space and U ⊆ X be some nonempty recursively open

15



set, corresponding to U(x) ⇐⇒ ∃i ∈ ω, x ∈ [sϵ(i)] for a recurive ϵ. Let M be a countable
transitive model. Then the interpretation of φ(x) := ∃i ∈ ω, x ∈ [sϵ(i)] is necessarily
different in M from V . In V , φ(x) being a nonempty open set, has to be uncountable. Yet
φM (x), as a subset of M , is a countable set evaluated in V , as M itself is countable. Thus
the interpretation of φ is different in M from that in V .

As open sets are Borel, this is a ∆1
1 set whose interpretation depends on models.

In this thesis, we adopt a convention in the literature. For a projectiveA and a modelM , byAM

we mean the evaluation of the formula φ(x) inM , where φ(x) is the formula defining A as in (*). i.e.
AM := {x ∈ R ∩M | M |= φ(x)}. WhenA is evaluated in V , we usually drop the superscript and
simply writeA instead ofAV .

2.2.1 Some Classical Results in Descriptive Set Theory

ForX,Y Polish spaces, a map f : X → Y is called Borel if for any open set U ⊆ Y , f−1[U ] is
Borel.

Lemma 4 (Lusin-Suslin, [Mos09, 1G.1 and 2E.4]). f : X → Y is Borel iff its graph is Borel in
X × Y .

It is immediate from this Lemma that if a Borel map is both injective and surjective, then its inverse
would also be Borel. We call such map Borel isomorphism. It turns out that up to Borel isomorphism,
there is only one perfect Polish space.

Theorem 5 ([Mos09, 1G.4]). Perfect Polish spaces are Borel isomorphic to each other.

The injective images of Borel sets by Borel functions are Borel:

Theorem 6 (Lusin-Suslin, [Mos09, 1G.5 and 2E.7]). If f : X → Y is a Borel map and B ⊆ X

is a Borel set s.t. f is one-to-one on B, then f [B] is Borel.

As a consequence,Π1
n sets are closed under Borel injections.

Lemma 7. If f : X → Y is a Borel injection and A ⊆ X is a Π1
n, then f [A] is Π1

n.

Proof. We may assume A 6= X as otherwise f [A] is Borel thusΠ1
n by Theorem 6. Fix x0 6∈ A and

extend f−1 to a function g : Y → X , by

g(y) =

f−1(y) if y ∈ f [X]

x0 if y 6∈ f [X]

By Theorem 6, f [X] is Borel and thusGraph(g) = Graph(f−1) ∪ ((Y − f [X]) × {x0}) is Borel.
So g is a Borel function by Lemma 4. Thus f [A] = g−1[A] isΠ1

n asΠ1
n sets are closed under Borel

pre-images.
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Notice there is a difference between the assumption on f in Theorem 6 and Lemma 7. In Theorem
6, f is assumed to be one-to-one on B while in Lemma 7 f has to be one-to-one on the whole space.
The requirement in the later Lemma is stronger, and indeed we cannot weaken this assumption to f is
one-to-one onA in that lemma.1

Theorem 8 (Sierpinski, [Jec03, Theorem 25.19]). Σ1
2 sets are ℵ1 unions of Borel sets.

Finally, we collect the absoluteness results for low pointclasses:

Theorem 9 (Mostowski, [Jec03, Theorem 25.4]). Let P ⊆ ωω be a Σ1
1 predicate, say P is Σ1

1(a).
Let M be any transitive model of ZFC without the powerset axiom containing a. Then

PM = P ∩M

On the other hand,Σ1
2 absoluteness requires more, in particular, the model has to contain ω1.

Theorem 10 (Shoenfield, [Jec03, Theorem 25.20]). Let P ⊆ ωω be a Σ1
2 predicate, say P is

Σ1
2(a). Let M be any transitive model of set theory containing a and ω1. Then

PM = P ∩M

2.2.2 The Uniformization Problem

Definition 11 (Uniformization). For X,Y Polish spaces and A ⊆ X × Y , we say that F ⊆
X × Y uniformizes A if the following holds:

• F ⊆ A.

• For any x ∈ X, ∃y ∈ Y, (x, y) ∈ A ⇐⇒ ∃y ∈ Y, (x, y) ∈ F .

• F is a partial function from X to Y , i.e, for any x ∈ dom(F ), there is unique y s.t.
(x, y) ∈ F .

1We can give an example whereA ⊆ X × Y isΠ1
1, p : X × Y → X is continuous and one-to-one onA yet p[A] is no

longerΠ1
1. We need resources from the next subsection: LetC ⊆ X be aΣ1

2 set that is notΠ1
1, letC(x) ⇐⇒ ∃yA(x, y)

whereA ⊆ X × Y isΠ1
1. Let F beΠ1

1 uniformizeA, then the projection map p : X × Y → X is one-to-one on F , yet
p[F ] = p[A] = C which is notΠ1

1.
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X

Y
A

F

Uniformization

It is clear that under Axiom of Choice, every relation can be uniformized. But it is a rule of thumb
that whenever we apply AC, the object we get is hard to describe. In descriptive set theory we are inter-
ested in uniformizing a relation in a definable way.

A pointclass Γ is said to have the uniformization property if for any Polish spacesX,Y andA ⊆
X×Y that isΓ, there isF inΓ that uniformizes it. WewriteΓ-Unif ifΓhas the uniformization property.

In a sense,Γ-Unif canbeunderstood asΓ relations admit a ‘definable choice function, of complexity
Γ’.

By a celebrated result of Kondo,Π1
1 andΣ1

2 sets have the uniformization property.

Theorem 12 (Kondo, [Mos09, 4E.4]). Π1
1-Unif and Σ1

2-Unif holds.

Kondo’s uniformization theorem is an essential resource on which most of the complexity reduc-
tion results we mentioned were built. (see [Tör09], [BFK19], [MS26], [FT10], [Mil25], [FS22])

On the other hand, the uniformization property fails forΣ1
1 andΠ1

2 sets, This follows from the
general observation that projective pointclass and its dual point classes cannot both have uniformization
property. For Γ, write ¬Γ as its dual pointclass, i.e. A ∈ Γ iffX \A ∈ ¬Γ forA ⊆ X .

Theorem 13 (Folklore). Let Γ be one of Σ1
n or Π1

n, then Γ and ¬Γ cannot both have the
uniformization property.

Proof. Assume for contradiction that both Γ and ¬Γ have the uniformization property.
LetG ⊆ ωω × ωω be a universal Γ set, meaning for any Γ set P in ωω , P = Gy := {x ∈ ωω |

(y, x) ∈ G} for some y. For existence of such set, see 1D.2 in [Mos09]. For x, y ∈ ωω and z = 〈x, y〉,
let’s write 〈z〉0 = x and 〈z〉1 = y.

Write
P (y, x) ⇐⇒ G(〈y〉0, x) Q(y, x) ⇐⇒ G(〈y〉1, x)

Since Γ has uniformization property, considerM ⊆ ωω × ωω × ω where

M(y, x, n) ⇐⇒ (n = 0 ∧ P (y, x)) ∨ (n = 1 ∧Q(y, x))

Uniformize it byM∗ that is Γ. Thus P ∗(y, x) ⇔ M(y, x, 0), Q∗(y, x) ⇔ M(y, x, 1) are disjoint
from each other, satisfies P ∗ ⊆ P ,Q∗ ⊆ Q and P ∗ ∪Q∗ = P ∪Q.
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ConsiderN ⊆ ωω × ωω × ω where

N(y, x, n) ⇐⇒ (n = 0 ∧ ¬P ∗(y, x)) ∨ (n = 1 ∧ ¬Q∗(y, x))

This is a¬Γ set and thus it can be uniformized by someN∗ that is¬Γ. LetS(y, x) ⇔ N∗(y, x, 0),
T (y, x) ⇔ N∗(y, x, 1), they are disjoint from each other and satisfies S ⊆ ¬P ∗ and T ⊆ ¬Q∗ and
S ∪ T = ¬P ∗ ∪ ¬Q∗ = ωω × ωω . Thus S = ¬T and both of them are Γ.

Now consider the set

D(x) ⇐⇒ S(x, x) E(x) ⇐⇒ ¬S(x, x)

These are Γ and therefore by universality ofG, there is u, v s.t.

S(x, x) ⇐⇒ D(x) ⇐⇒ (u, x) ∈ G ⇐⇒ (〈v, u〉, x) ∈ Q (2.1)

¬S(x, x) ⇐⇒ E(x) ⇐⇒ (v, x) ∈ G ⇐⇒ (〈v, u〉, x) ∈ P (2.2)

Now consider whether (〈v, u〉, 〈v, u〉) ∈ S, we will show that both options lead to a contradiction. If
(〈v, u〉, 〈v, u〉) ∈ S, then (〈v, u〉, 〈v, u〉) ∈ Qby (2.1). If (〈v, u〉, 〈v, u〉) ∈ P , then (〈v, u〉, 〈v, u〉) ∈
¬S by (2.2), a contradiction. If (〈v, u〉, 〈v, u〉) 6∈ P , byQ\P ⊆ Q∗ ⊆ ¬S, this is also a contradiction.
The other case where (〈v, u〉, 〈v, u〉) ∈ ¬S is similar.

This concludes the proof.

Corollary 14 (Folklore). Σ1
1-Unif and Π1

2-Unif fails.

Proof. Immediate by Theorem 12 and 13.

We remark that the above argument is quite general2. The result for Σ1
1 pointclass can indeed

be greatly improved, indeed there is a closed set that is not uniformizable by any Σ1
1 set, see 4D.11 in

[Mos09].
Thus, we see an innate difficulty in establishinguniformizationproperty to higher point classes:Π1

2

uniformization is known to fail. Thus relying solely on the uniformization property, there is a difficulty
lifting complexity reduction results to theΣ1

3,Π1
2 level.

Moreover, we remark that these results are the best possible under ZFC. Uniformization property
for higher pointclasses would depend on stronger assumptions beyond ZFC. In particular, Π1

n uni-
formization for even n seems to be a very unnatural assumption. In both the model L and models of
projective determinacy, uniformization for all evenΠ1

n levels fail, see 5A.2 and 6C.8 in [Mos09]. Hoffel-
ner recently developed a technique of forcing uniformization for evenΠ levels, but his technique relies

2What we are really showing is that uniformization property of Γ leads to reduction property of Γ and separation
property of the dual point class of Γ, and then we argue that no projective point class can satisfy reduction and separation at
the same time. For what these property are and a reference of the proof presented above, see exercise 25.7 - 25.11 in [Jec03].
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on large cardinal assumptions in the groundmodel, see [Hof22]. Thus, there is also tremendous difficul-
ties in lifting complexity reduction results to theΣ1

n+1,Π1
n level for even n, if we are only considering

uniformization property.

2.3 Combinatorial Set Theory

In this section, we introduce several combinatorial families that we aim to analyze in the thesis.

Definition 15 (Maximal almost disjoint family). A family A ⊆ [ω]ω is said to be almost disjoint
if for any x 6= y ∈ A, x ∩ y is finite.

An almost disjoint family is maximal (thus MAD) if it is not properly contained in
any other almost disjoint family.

Equivalently, an almost disjoint familyA is maximal iff there is no x 6∈ A s.t. for any y ∈ A, x∩ y
is finite.

FiniteMAD family exists trivially, for instance {ω} is aMAD family. Sowe are interested in infinite
MAD families. Henceforth unless otherwise specified,MAD families will refer to infiniteMAD families.

Definition 16 (Maximal independent family). A family A ⊆ [ω]ω is independent if for all
k, l < ω and distinct x0 . . . xk, y0 . . . yl ∈ A, the set

∩
i≤k xi \

∪
j≤l yj is infinite.

An independent family is maximal (mif) if it is not properly contained in any other
independent family.

Similarly, we have that an independent family ismaximal iff there is nox ∈ [ω]ω s.t. for any distinct
x0 . . . xk, y0 . . . yl ∈ A, both (

∩
i≤k xi \

∪
j≤l yj) \ x and x ∩ (

∩
i≤k xi \

∪
j≤l yj) is infinite.

Definition 17 (Maximal ideal independent family). A family I ⊆ [ω]ω is ideal independent if
for all F ∈ [I]<ω and a ∈ I \ F , a 6⊆∗ ∪F .

An ideal independent family is maximal if it is not properly contained in any other
ideal independent family.

Equivalently, an ideal independent family I is maximal iff for every b ∈ [ω]ω there is finite F ⊆ I

s.t. either

1. b ⊆∗ ∪F or

2. there is a ∈ I \ F s.t. a ⊆∗ b ∪
∪
F .

Similar toMAD families, finite Maximal ideal independent family trivially exists, for instance {ω}
is such a family. We are interested in infinite ones.
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Definition 18 (Maximal eventually different family). A family E ⊆ ωω is eventually different
if for all x 6= y ∈ E, there is n ∈ ω s.t. for all m ≥ n x(m) 6= y(m).

An eventually different family is maximal if it is not properly contained in any other
eventually different family.

Similarly, an eventually different familyE is maximal iff for every x ∈ ωω , there is y ∈ E s.t. there
are infinitely manym s.t. x(m) = y(m).

It turns out that all of the combinatorial families discussed above can be put under a very general
framework, allowing many general theorems about them to be proved.

LetX be a Polish space, thenX<ω :=
∪

n<ωX
n admits a Polish space structure, considered as

the disjoint union ofXn, n ∈ ω. We sayE ⊆ X<ω is a set of hyper-edges if membership in E depends
only on the finite set of entries, not on their order or repetition. Formally, E is a set of hypergraph if
whenever two finite sequences (xi)i<n and (yj)j<m enumerate the same finite subset of X, we have
(xi)i<n ∈ E ⇐⇒ (yj)j<m ∈ E. If E is a set of hyper-edges, we abuse the notation and simply
assume its argument is a finite set of elements fromX .

In caseE ⊆ X2, then we say it is a set of binary edges. We sayG = (X,E) is a Borel hyper-graph
ifE is Borel. In the case thatE is binary edges, we simply sayG = (X,E) is a binary Borel graph.3

We say I ⊆ G is an independent set if for any distinct x0 . . . xn ∈ G, ¬E{x0 . . . xn}. i.e. none
of the elements are connected. An independent set is maximal if it is not a proper subset of any other
independent set.

Now, all of the maximal combinatorial families can be viewed as maximal independent sets of cer-
tain Borel hyper-graph. As examples, we give the graph behind MAD family and maximal independent
families. Finding the graphs behind the other two families is routine.

Example 19. MAD family corresponds to maximal independent set of the following binary
graph ([ω]ω, EMAD) where

xEMADy ⇐⇒ |x ∩ y| = ∞

Notice that finite MAD families are also maximal independent sets in this graph, so we
are interested in infinite maximal independent sets in this graph.

Example 20. Maximal independent families corresponds to maximal independent set of the
following hyper-graph ([ω]ω, EMIF ) where

EMIF (x0 . . . xn) ⇐⇒ ∃s, t ≤ n, ∃i0 . . . is, j0 . . . jt ≤ n,

(xi0 . . . xis , xj0 . . . xjt are pairwise different ∧
∩
m≤s

xim \
∪
m≤t

xjm is finite.)

3Our definition of binary Borel graph is different from the standard definition of graph in the literature. In the literature,
binary edges of graphs have to be irreflexive, but this properties turn out not to be essential for our purpose. Notice by our
definition of hyper-edges, binary edges are still symmetric.
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It is clear that EMIF is a set of Borel hyper-edges.

The study of maximal combinatorial families under the perspective of hyper-graphs has been a
quickly evolving field. See [Sch20] for an overview and [Sch22b], [Sch26] for pioneering results under
this perspective. However, for our purpose, we are satisfied with some simple observations.

Say a set I ⊆ G is spanning if for any x 6∈ I , there are distinct x0 . . . xn ∈ I s.t. E{x0 . . . xn, x}.

Proposition 21. For an independent set I ⊆ G, it is a maximal independent set iff it is
spanning.

Proof. ⇒: If there is x 6∈ I , s.t. there is no distinct x0 . . . xn ∈ I s.t. E{x0 . . . xn, x}, then I ∪ {x}
is independent. Thus I is not maximal.

⇐: If I is notmaximal, then there is I ′ independent s.t. I ′ ⊃ I , takex ∈ I ′\I , thenby assumption
of independence of I ′, there is no distinct x0 . . . xn ∈ I s.t. E{x0 . . . xn, x}.

This result explains the equivalent characterization of maximality we introduced before for almost
disjoint families, independent families etc.

Proposition 22. Let G be a Borel hyper-graph, if I is a Σ1
n maximal independent set of G,

then I is ∆1
n.

Proof. Consider the formula

x 6∈ I ⇐⇒ ∃n∃x0 . . . xn(x0 . . . xn ∈ I∧x, x0 . . . xn are distinct from each other ∧E{x0 . . . xn, x})

This gives aΣ1
n definition ofX \ I , thus making I ∆1

n. To see this equivalence hold,⇒ follows
from the fact that I is spanning, and⇐ follows from the fact that I is independent.

There are other combinatorial families we are interested in, and they don’t fall under the framework
just introduced, sowe introduce them separately. Forx, y ∈ 2ω we sayx is almost included in y, written
x ⊆∗ y, if x \ y is finite.

Definition 23 (Maximal (Linear) Tower). A collection A ⊆ [ω]ω is said to be a tower if it is
wellordered by the relation ⊇∗. If A is only linearly ordered by ⊇∗ we say it is a linear
tower.

A (linear) tower is maximal if it cannot be extended, i.e. there is no z ∈ [ω]ω \A s.t.
for all x ∈ A, x ⊇∗ z.

The tower is connected to the so called tower number.

Definition 24 (Tower Number). The tower number t is the least cardinal κ s.t. there is a
maximal tower of size κ.
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We are interested in combinatorial properties that are preserved under certain forcings. LetA be a
maximal almost disjoint family, let P be arbitrary forcing notion andG be a P generic filter over V , then
in V [G]A would still be an almost disjoint family purely because the property of being almost disjoint
is Borel, thus absolute by Theorem 9. The same can be said for independent families, ideal indepen-
dent families and towers etc. However, whether A remains maximal in the forcing extension is a more
interesting question.

Definition 25 (Forcing indestructibility). Let A be a maximal almost disjoint family (indepen-
dent family, ideal independent family, eventually different family, tower), we say that A is
P indestructible for a forcing notion P if for any G that is P generic over V , A remains
maximal in V [G].

2.3.1 Ramsey Property and other Regularities

Regularity properties are desirable properties of sets of reals. One property that plays an important
role in combinatorial set theory is the Ramsey property. For x ⊆ ω, we write [x]ω := {y ⊆ x |
y is infinite.}. For s ∈ ω<ω , we identify it with its range. Then for x ∈ [ω]ω s.t. min(x) > max(s),
we write [s, x] := {y ⊆ s ∪ x | s ⊆ y and y is infinite.}

Definition 26 (Ramsey Property). On [ω]ω, we say A ⊆ [ω]ω has the Ramsey Property if
there is x ∈ [ω]ω s.t. either A ∩ [x]ω = ∅ or A ⊇ [x]ω.

We say A ⊆ [ω]ω is completely Ramsey if for any [s, x] there is infinite y ⊆ x s.t.
[s, y] ∩A = ∅ or A ⊇ [s, y].

We are also interested in the following properties:

Definition 27 (Regularity Properties). 1. Upon a Polish space X, A ⊆ X has the Perfect
Set Property if it is either countable or contains a homeomorphic copy of the Cantor
space 2ω.

2. A set A ⊆ X has the Baire Property if there is a Borel set B s.t. A∆B is meager.

3. A set A ⊆ X is Lebesgue Measurable if there is a Borel set B s.t. A∆B is null.

We care about whether sets in a pointclass satisfy a certain property. In the case all sets in a point
class Γ have the Ramsey property, perfect set property, the Baire property, Lebesgue Measurability, we
write RP(Γ),PSP(Γ),BP(Γ), LM(Γ) respectively.

ZFC proves that all analytic sets have the regularity properties listed above. The results for PSP, BP
and LMwere proved by Suslin. The result for Ramsey property was proved byMathias.

Theorem 28 (Suslin, Mathias). RP(Σ1
1),PSP(Σ1

1),BP(Σ1
1), LM(Σ1

1).
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Proof. For the result for PSP, see Theorem 11.18 in [Jec03]. For the rest, see Proposition 2.2.3 in
[Kho12].

An important feature of the study of combinatorial properties of the real line is that regularity
properties often forbid the existence of pathological combinatorial families. In the following, we collect
several such results that we will use.

By a new result in [HLZ26], Ramsey regularity kills a series of pathological sets at the sameΣ level.

Theorem 29 (He, Luo and Zhang, in [HLZ26]). Assume RP(Σ1
n), then

1. There is no Σ1
n MAD family.4

2. There is no Σ1
n maximal independent family.

On the other hand, in [FS22], Fischer and Schilhan observed that if a tower contains an uncount-
able perfect set, then⊆∗ well-orders that the perfect set as a subspace. This is impossible as there cannot
be Borel well-order of Polish spaces. Thus perfect set property kills maximal towers:

Theorem 30 (Fischer and Schilhan, [FS22, Theorem 2.2]). Let T be a tower, then T cannot
contain a perfect set. In particular, maximal towers do not have perfect set property.

As a corollary of these results and Theorem 28, infinite MAD families, maximal independent fam-
ilies and maximal towers cannot appear at theΣ1

1 level.

On the other hand, it seems that the status of maximal eventually different family is quite different
from the combinatorial families discussed above. In [HS24], Horowitz and Shelah constructed a Borel
maximal eventually different familywithout appealing toAxiomofChoice. Schrittesser further observed
that in fact there is a closed one in [Sch17].

Given the existence of a simple instance of maximal eventually different family in the sense of pro-
jective complexity, this hints that the combinatorial notion of beingmaximally eventually different is not
pathological at all, as it is able to coexist with every regularity notion we introduced. Thus, they stand in
stark contrast to the other combinatorial families.

However, However, we are still interested in certain strengthenings of the notion of a maximal
eventually different family…, for instance VanDouwen families studied in [MS26]. These concepts will
be introduced in subsection 5.1.5.

4We note that He, Luo and Zhang’s result on MAD family does not yield the corresponding statement for lightface Σ1
n

point class, as they relied on extra real parameters. In the lightface language, their result can be stated as: If there is aΣ1
n MAD

family, then there is a real a and aΣ1
n(a) set that does not have Ramsey property.

24



2.4 The Theory of L and L[U ]

In this section we sketch the basic theory ofL andL[U ]. Since the study of these two inner models
is a complicated and deep subject, we will be satisfied with collecting the results we need instead of a
systematic theory. The reader may refer to Chapter 13 and 19 in [Jec03] for a detailed theory.

Real numbers are able to code countable models. For our purpose, we care about models with a
binary relation and a unary predicate. Thus for x ∈ ωω , we associate a modelMx := (ω,E0

x, P
0
x )

coded by it where
(n,m) ∈ E0

x ⇐⇒ x(2× 〈n,m〉) = 0

and
n ∈ P 0

x ⇐⇒ x(2n+ 1) = 0

i.e. the even coordinates of x code the binary relation, and the odd coordinates code the unary predicate.
In the case that P 0

x is empty, we simply writeMx = (ω,E0
x).

We desire to interpretE0
x as the set membership relation, noticeE0

x is a well-founded relation can
be expressed by the following formula, which isΠ1

1:

∀f ∈ ωω¬∀n ∈ ω,
(
f(n+ 1)E0

xf(n)
)

In this case we say that x codes a well-founded structure. We write tr(Mx) = (tr(Mx),∈, Px) as the
transitive collapse ofMx, the collapsing map is denoted as πx. From now on we stop distinguishing the
domain of tr(Mx) and the model itself.

A key feature of real codes for countable model is that any quantifiers over that model becomes
natural number quantifiers. Thus satisfaction relation on that model is simple in complexity. This is a
feature we will exploit in the following chapters.

Lemma 31 (See also [Jec03, Lemma 25.25]). Let c code a well-founded structure. For any
formula φ(v, a0 . . . an, Px) where ao . . . an ∈ tr(Mc), for any x ∈ ωω, the statement x ∈
tr(Mc) ∧ tr(Mc) |= φ(x, a0 . . . an, Pc) is ∆1

1 (Indeed arithmetical) in x, a0 . . . an, c.

Proof. The statement x ∈ tr(Mc) ∧ tr(Mc) |= φ(x, a0 . . . an, Pc) is equivalent to:

∃i,m0 . . .mn

(
x = πc(i) ∧ a0 = πc(m0) ∧ · · · ∧ an = πc(mn) ∧Mc |= φ(i,m0 . . .mn, P

0
c )
)
y

ThatMc |= φ(i,m0 . . .mn, P
0
c ) is∆1

1 in c can be shown by an induction on the complexity ofφ.
It suffice to analyze the complexity of x = πc(i)where x ∈ ωω, i ∈ ω. First we notice if k ∈ ω, then

πc(i) = k ⇐⇒ ∃r0 . . . rk ∈ ω(i = rk∧Mc |= (r0 = ∅∧r1 = r0∪{r0}∧· · ·∧rk = rk−1∪{rk−1}))
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Thus if x ⊆ ω,
πc(i) = x ⇐⇒ ∀n

(
nE0

c i↔ πc(n) ∈ x
)

A similar formula would define πc(i) = x for x ∈ ωω .
This completes the proof.

2.4.1 The Constructible Universe L

For the theory of L, the constructible universe, real numbers are able to code countable initial seg-
ments ofL. In caseMx = (ω,E0

x) |= V = L, then tr(Mx) ∼= Lα for some α < ω1.
Upon L, we have the canonical well-order <L. A remarkable fact about <L is that initial seg-

ments of L agrees with L on <L for elements already in L. Let φ<(x, y) be the formula s.t. L |=
φ<(x, y) ⇐⇒ x <L y.

Lemma 32 (see [Jec03, Lemma 13.19]). For any real x ∈ ωω and ordinal α s.t. x ∈ Lα,

1. For all y ∈ ωω ∩ L s.t. y <L x, y ∈ Lα.

2. L |= φ<(x, y) ⇐⇒ Lα |= φ<(x, y)

As a consequence, the canonical well-order restricted on the reals becomes∆1
2, and moreover be-

comes good in the following sense:

Definition 33 (Γ goodwell-ordering, see also [Mos09, 5A]). Let ≤ be a well-ordering for a Polish
space X, we say ≤ is Σ1

n good if for Polish space Z and P ⊆ Z ×X in Σ1
m where m ≥ n,

the following relations are both in Σ1
m:

Q(z, x) ⇐⇒ ∃y ≤ x, P (z, y)

R(z, x) ⇐⇒ ∀y ≤ x, P (z, y)

i.e. ≤ is good if doing bounded quantification under≤ preservesΣ1
m ness.

In the literature, there is another definition of goodness, see for instance [Jec03, Lemma 25.27].
Which states that ≤ is Σ1

n good if the relation ‘z codes the initial segments before x’ is a Σ1
n relation.

The next proposition shows that they are equivalent:

Proposition 34. Let ≤ be a ∆1
n well-order of the reals of order type ω1, then ≤ is Σ1

n good
iff there is a relation R on ωω that is Σ1

n s.t.

R(z, x) ⇐⇒ {(z)n | n ∈ ω} = {y | y ≤ x}
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Proof. ⇐:Under the assumption, let P ⊆ ωω × ωω be aΣ1
m relation form ≥ n, then

∃y′ ≤ y, P (x, y′) ⇐⇒ ∃z(R(z, y) ∧ ∃nP (x, (z)n))

∀y′ ≤ y, P (x, y′) ⇐⇒ ∃z(R(z, y) ∧ ∀nP (x, (z)n))

Showing that they are bothΣ1
m. The case for arbitrary Polish space follows from Theorem 5.

⇒:WriteR(z, x) ⇐⇒ ∀n(z)n ≤ x ∧ ∀x′ ≤ x, ∃n, (z)n = x′.

Theorem 35 (Godel, see [Jec03, Lemma 25.27]). In L, the canonical well-ordering <L restricted
to the reals is a ∆1

2 relation and is a Σ1
2 good well-ordering of order type ωL

1 .

2.4.2 Measurable Cardinal

A cardinal κ is a measurable cardinal is a cardinal with a non-principal < κ-complete ultrafilter
on it.

In the presence of a measurable cardinal, the assumption that V = L fails badly.

Theorem 36 ([Kan03, 9.1(a)]). If there is a measurable cardinal, then for any a ∈ ωω, ωL[a]
1 <

ω1. Indeed ω1 is inaccessible in L[a].

Assuming there is a measurable cardinal, allΣ1
2 sets have the regularity properties listed above.

Theorem 37 (Solovay, Silver). Assume that there is a measurable cardinal, then all of the
following holds: RP(Σ1

2),PSP(Σ1
2),BP(Σ1

2), LM(Σ1
2).

Proof. For thepart forRamsey, Baire property andLebesguemeasurability, byCorollary 2.2.7 in [Kho12],
if for all a ∈ ωω ,ωL[a]

1 < ω1 then allΣ1
2 have the above properties. Apply Theorem 36 andwe are done.

For the perfect set property part, use Theorem 14.10 in [Kan03] and Theorem 36.

Moreover, it turns out thatΣ1
3 sets are absolute between the groundmodel and extensions by small

forcings. Compare this with Theorem 9 and 10.

Theorem 38 (Martin, Solovay). Let κ be a measurable cardinal and P be a forcing poset with
|P| < κ. Let G be P generic over V , let P be a Σ1

3 predicate, then

P V [G] ∩ V = P V

More abstractly, we have the following definition:

Definition 39 (Generic Absoluteness). We say that a forcing P is Σ1
n generic absolute if for

any G that is P generic over V , A that is Σ1
n,

AV [G] ∩ V = AV
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Put in this language, what Theorem 38 showed is that if there is measurable cardinal, then every
forcing of size less than that cardinal isΣ1

3 absolute.

2.4.3 The Canonical Model with One Measurable Cardinal L[U ]

Let κ be the first measurable cardinal and U be a normal < κ complete ultrafilter on κ, i.e. U is
closed under diagonal intersection, see Chapter 10 in [Jec03]. Then the model L[U ] would satisfy κ is
the unique measurable cardinal. This is the canonical model with one measurable cardinal.

A detailed theory of L[U ] is beyond the scope of the thesis and also unnecessary for our purpose.
We merely recall some facts that will be used:

AsU is a subset ofP(κ), this means that when δ < κ, the initial segment ofL[U ],Lδ[U ] receives
no information from U . Thus in contrast to L, initial segments of L[U ] would not agree with it on
the canonical order. This time, the models that plays the role of Lα in the case of L are called iterable
premice.

Definition 40 (see also page 264 in [Kan03]). A structure (M,∈ V ) is a premouse if

1. (M,∈ V ) |= V is a normal ultrafilter on κ.

2. M |= ZFC−.

3. M = Lξ[V ] for some ξ.

(M,∈, V ) is called iterable if there is a system (Mα, Vα, jαβ | α ≤ β ∈ Ord) of
transitive well-founded models s.t.

1. (M0, V0) = (M,V ).

2. jαβ :Mα →Mβ are elementary embeddings that commute.

3. If β = α+ 1 is a successor, Mβ = Ult(Mα, Vα) and jαβ is the ultrapower map.

4. If γ is a limit, then (Mγ , Vγ) is the transitive collapse of direct limit of ((Mα,∈
, Vα), jα,β | α ≤ β < γ). jαγ are given by the direct limit map composed with the
collapsing map.

The key fact of iterable premice is that they agree withL[U ] on initial segments of the constructible
order. Let φ<(x, y, P ) be the formula s.t. L[P ] |= φ<(x, y, P ) ⇐⇒ x <L[P ] y. Compare the
following Theorem with Theorem 35.

Lemma 41 (see page 271 on [Kan03]). For any iterable premouse (M,∈, V ), x ∈ L[U ]∩ ωω, if
x ∈M ,
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1. For any y ∈ L[U ] ∩ ωω s.t. y <L[U ] x, y ∈ M and (M,∈, V ) |= φ<(y, x, V ) i.e.
y <L[V ] x.

2. y <L[U ] x ⇐⇒ (M,∈, V ) |= φ<(y, x, V ) ⇐⇒ y <L[V ] x

A consequence is that<L[U ] restricted to the reals is aΣ1
3 good well ordering.

Theorem 42 (Silver, see page 272 in [Kan03]). Assume V = L[U ],

1.‘x codes a model (ω,E0
x, P

0
x ) whose transitive collapse (tr(Mx),∈, Px) is an iterable

premouse’ is a Π1
2 relation for x.

2. <L[U ] |2ω is a ∆1
3 well-order of the reals of order type ω1, and it is Σ1

3 good.

There is a natural well ordering on (Lα, α < ω1), namely we compare them by their height α.
The following notion gives a well-ordering of iterable premice, but of course it is considerably more
complicated. Define the following ordering on iterable premice:

(M,∈, U) <ip (N,∈,W ) iff there is F s.t. (Lξ[F ],∈, F ∩ Lξ[F ]) is an iterate of (M,∈, U),
(Lη[F ],∈, F ∩ Lη[F ]) is an iterate of (N,∈,W ) and ξ < η. By the comparison Lemma, this order is
well-defined, see Lemma 20.8 in [Kan03].

Lemma 43 (see page 273 in [Kan03]). <ip is a well-ordering on iterable set premice.

Lemma 44 ([Kan03, Theorem 20.21]). For y ∈ L[U ]∩ωω, the relation ‘tr(Mx) is the <ip least
countable iterable premouse containing y’ is a Π1

2 relation for x, y.
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Chapter 3

Recursion Along Good Projective
Well-orderings

In this chapter, we work out in detail the analysis of transfinite recursion on the reals along a good
projective well-ordering. The analysis is known to set theorists, but for which it is not easy to find a
written reference. The analysis would be important in our analysis of combinatorial objects in models
with a good projective well-ordering, for instance L. The framework we are using here for transfinite
recursion is from [Vid12].

First, we recall that real numbers are able to code countable ordinals. For x ∈ ωω , we associate a
relation on ω by

n �x m ⇐⇒ x(〈n,m〉) = 0

Let

x ∈ LO ⇐⇒ ∀n,m ∈ ω, (n �x m ∨m �x n)

∧ ∀n ∈ ω, (n �x n)

∧ ∀n,m ∈ ω, (n �x m ∧m �x n→ n = m)

∧ ∀n,m, l ∈ ω, (n �x m ∧m �x l → n �x l)

Clearly x ∈ LO iff�x is a linear order.
The following predicate defines reals coding a well order:

x ∈WO ⇐⇒ x ∈ LO ∧ ¬∃f ∈ ωω∀n,
(
f(n+ 1) ≺x f(n)

)
This is aΠ1

1 predicate. Indeed this is aΠ1
1 complete predicate, in the sense that for anyΠ1

1A ⊆ X there
is continuous f : X → ωω s.t. x ∈ A ⇐⇒ f(x) ∈WO. See for instance Theorem 25.12 in [Jec03].
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Let X be a Polish space, then there is a natural Polish space structure on X≤ω :=
∪

α≤ωX
α,

considered as the disjoint union of the spacesXn, n ∈ ω andXω . LetB be an uncountable subset of
any Polish space, this will be the set of codes of requirements each step of recursion has to respect. Recall
that for a set S ⊆ X × Y × Z , the section of S along (x, y) ∈ X × Y is defined as Sx,y := {z ∈
Z | (x, y, z) ∈ S}. Fix a Borel operation ⊕ : X≤ω × X≤ω → X≤ω such that ran(A ⊕ B) =

ran(A) ∪ ran(B).

Definition 45. Let F ⊆ X≤ω×B×X and BC ∈ X≤ω. Then we say Y ⊆ X is compatible
with F from base case BC if there is an enumeration of B = {pα | α < ω1}, Y = {xα |
α < ω1} and for every α < ω1 a sequence Aα ∈ X≤ω that enumerates {xβ | β < α} of
order type ≤ ω without repetition s.t. ∀α < ω1, (xα ∈ FA⊕BC,pα) holds.

The definition says that at each step α, the element in Y is picked from FA⊕BC,pα , depending on
the set of previous choicesAα, the base caseBC and a special requirement at this step pα.

There are two notable features about this definition: Firstly, the definition is supposed to be used
in models of CH, outside models of CH, B need not be enumerated by a set of order type ω1. While
this is sufficient for our purpose, this is still a significant restriction. Secondly, by this definition every set
compatible with F is uncountable, thus we are not considering the recursion processes that halts after
finite or countable steps. For our purpose, these restrictions does not matter, for in our study of recur-
sion process producing a definable maximal combinatorial families, we are always interested in doing
recursion in model of CHwith a projective good well-ordering to produce an uncountable set.

Let’s illustrate this definition with some examples, from now on until end of the section, we work
in models of CH:

Example 46. Consider arbitrary Borel hyper-graph G = (X,E), we show that there is a
FG ⊆ X≤ω × X × X s.t. any I compatible with FG from base case ∅ will be a maximal
independent set for G.

Proof. Define FG(A, p, x) holds iff EITHER:
all of the following are true:

1. ran(A) is independent.

2. ran(A) ∪ {p} is independent.

3. There is x0 . . . xn ∈ ran(A) s.t. E{p, x, x0 . . . xn}, and ran(A) ∪ {x} is independent.

OR 1 is true and 2 is false and ran(A) ∪ {x} is independent.
OR 1 is false.
We show that if I is compatible with FG. LetX = {pα | α < ω1}, I = {xα | α < ω1} and

{Aα | α < ω1} witness that I is compatible with FG. Then by an induction, Aα is independent for
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all α < ω1. Thus I =
∪

α<ω1
Aα is independent. Moreover, I is spanning as for any pα ∈ X , either

ran(A)∪{p} is independent or 3 holds, eitherway, there isx0 . . . xn ∈ F s.t. E{p, x, x0 . . . xn}. Thus
by Proposition 21, I is a maximal independent set.

Thus, we see that MAD families, maximal independent families, maximal ideal independent fam-
ilies and maximal eventually different families all fall under this framework: There are some recursion
process F s.t. these combinatorial objects can be viewed as compatible sets of the recursion.

We have to be a bit cautious in the case of MAD family, finite MAD family are also maximal inde-
pendent in the graph behindMAD family. To solve this we may start our recursion from some base case
which code some fixed infinite partition of ω. The same is true for infinite maximal ideal independent
family. We write it out explicitly:

Example 47 (MAD family). Let G = (X,EMAD), where EMAD is defined as example 19, let
{an | n ∈ ω} be an infinite partition of ω, then for any I compatible with FG from base
case A0 : n 7→ an, I ∪ {an | n ∈ ω} will be an infinite MAD family.

Let’s see another example that is not a maximal independent set, we construct a maximal tower
along recursion.

Example 48. Let FT ⊆ ([ω]ω)≤ω × [ω]ω × [ω]ω be defined by

FT (A, p, x) ⇐⇒
[
∃y ∈WO ∀n,m ∈ dom(A)

(
n �y m↔ A(n) ⊇∗ A(m)

)]
→

(
|p \ x| = ∞∧ ∀n ∈ dom(A)(x ⊆∗ A(n))

)
.

Then compatible sets of FT are maximal towers. Moreover, such compatible set exists.
Finally, a simple complexity analysis gives that FT is Σ1

1.

Proof. Let X = {pα | α < ω1}, T = {xα | α < ω1} and {Aα | α < ω1} witness that T is
compatible with FT . Then we can prove by induction that xβ ⊇∗ xα iff β ≤ α as xα is a pseudo
intersection ofAα = {xβ | β < α}. It is maximal as any p ∈ [ω]ω is enumerated as some pα, and thus
pα \ xα is infinite, witnessing pα is not a pseudo intersection of T .

To show existence of such compatible set, it suffice to show that for any countable towerA = {bβ |
β ≤ α < ω1} and infinite p ⊆ ω, there is always a pseudo intersection x ofA s.t. p \ x is infinite. Let
A = {an | n ∈ ω}, recursively pickmn s.t.

1. mn ∈ a0 ∩ · · · ∩ an.

2. mn > mn−1 and p ∩ (mn−1,mn) 6= ∅.
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Suchmn can be found as a0 . . . an is linearly ordered by⊆∗, one of them is least by⊆∗, thus they have
infinite intersection. And it is clear that {mn | n ∈ ω} ⊆∗ an for all n and p \ {mn | n ∈ ω} is
infinite.

Now we show that doing recursion along a good projective well-order does produce a projective
set.

Theorem 49 (Folklore). Let < be a ∆1
n well-ordering of the reals that is Σ1

n good (n ≥ 2)
and is of order type ω1. Let B be a ∆1

n subset of Polish space M and is uncountable, this
is the set of requirements.

Then for any ∆1
n F ⊆ X≤ω × B × X, BC ∈ X≤ω, s.t. for any A ∈ X≤ω, p ∈ X,

FA⊕BC,p \ (ran(BC) ∪ ran(A)) 6= ∅, then there is a Σ1
n set Y compatible with F from base

case BC.

The requirement that FA⊕BC,p \ (ran(BC) ∪ ran(A)) 6= ∅ makes sure that we always have an
element to choose in each recursion step. The proof idea is to look for the< least element that satisfies
the requirement at each recursion step, and use real numbers to code recursion processes up to α < ω1.

Proof of Theorem 49. Consider the following predicate Rec ⊆ ωω × X≤ω × X ×M≤ω ×M :
Rec(w,A, a, P, p) holds iff EITHER:

It is the base case, i.e. all of the following holds:

1.1 dom(A) = dom(P ) = ∅.

1.2 p is the< least element ofB. ∀p′ ≤ p, (p′ ∈ B → p = p′)1.

1.3 a is the < least element not in ran(A ⊕ BC) s.t. F (A ⊕ BC, p), i.e. a 6∈ ran(A ⊕ BC) and
F (A⊕BC, p) and ∀a′ < a, (a′ 6∈ ran(A⊕BC) → ¬F (A⊕BC, p)).

OR it is the recursion step, i.e. all of the following holds:

2.1 w ∈WO, dom(A) = dom(P ) > 0.

2.2 A,P , as ordered by the order coded by w, is a recursion process that picks the < least element:
For all n ∈ dom(A) there isA′ ∈ X≤ω, P ′ ∈M≤ω s.t.

• ran(A′) = {A(m) | m �w n} ∧ ran(P ′) = {P (m) | m �w n}.

• F (A′ ⊕BC,P (n), A(n)) and ∀a′ < A(n), ¬F (A′ ⊕BC,P (n), a′).
1This is a bizarre way to write ∀p′ ∈ B(p ≤ p′), but we have to write it this way for the complexity analysis to go through.
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2.3 a is the< least element not in ran(A⊕BC) that satisfiesF (A⊕BC, p, a): a 6∈ ran(A⊕BC)

and F (A⊕BC, p, a) and ∀a′ < a, a′ 6∈ ran(A⊕BC) → ¬F (A⊕BC, p, a′)

2.4 ran(P ) ∪ {p} is an initial segment ofB along the well order<. i.e. ∀n(P (n) < p) and ∀p′ <
p(p′ ∈ B → p′ ∈ ran(P )).

2.5 P as ordered by�w agrees with<: ∀n,m ∈ dom(P ), (P (n) < P (m) ⇐⇒ n ≺w m).

We show that this is aΣ1
n predicate.

It is easy to see that clause 1.1 and 2.1 areΣ1
n. Observe that p′ ∈ ran(P ) ⇔ ∃n, Pn = p′, thus 2.4

isΣ1
n by the goodness of<. That 1.2, 1.3, 2.3 areΣ1

n also follows from the goodness of<. Finally for
2.2,

ran(A′) = {A(m) | m �w n} ⇐⇒ ∀i∃j �w n
(
A′(i) = A(j)) ∧ ∀j �w n∃i(A′(i) = A(j)

)
Thus it is alsoΣ1

n by the goodness of<.

Finally let

Y (a) ⇐⇒ ∃w ∈ ωω, A ∈ X≤ω, P ∈M≤ω, p ∈M,Rec(w,A, a, P, p)

Thus Y isΣ1
n. We show Y is compatible with F . For that purpose, we have to find enumeration of Y ,

B and a sequenceAα ∈ X≤ω that enumerates {xβ | β < α} of order type≤ ω s.t. ∀α < ω1, (xα ∈
FAα⊕BC , pα).

The enumeration ofB is easy to find, simply let {pα | α < ω1} enumeratesB according to<. i.e.
pα < pβ iff α < β. We recursively define an injection π from ω1 to Y .

For the base caseα = 0, letπ(0)be the< least element inF∅⊕BC,p0\ran(BC), such element exists
by assumption, then π(0) ∈ Y as for arbitrary w, 1.1, 1.2, 1.3 holds and thus Rec(w, ∅, π(0), ∅, p0),
thus π(0) ∈ Y .

Given π(β) defined for all β < α < ω1, letA be a function that enumerates {π(β) | β < α)},
P enumerates {pβ | β < α}, then let π(α) be the least element in FA⊕BC,pα \ (ran(BC) ∪ ran(A)),
such element exists by assumption. Letw ∈WO code the order typeα s.t. π−1(A(n)) < π−1(A(m))

iff n ≺w m, then 2.1, 2.2, 2.3 and 2.4 holds and thusRec(w,A, π(α), P, pα), therefore π(α) ∈ Y .
Nowwe showthatπ is actually surjective. Supposex ∈ Y , thus there isw,A, P, p s.t. Rec(w,A, x, P, p).

In the case thatA is infinite,P is also infinite by clause 2.1. By clause 2.4,P is of the form {pβ | β < α}
and p = pα, thus the order type of≺w is α by clause 2.5. LetA = {xβ | β < α} be an enumeration
ofA by the order induced by≺w, i.e. A(n) = xβ iff β = || ≺ |n||. By an induction on β < α using
2.2, we show that xβ = π(β). ThusA = {π(β) | β < α}, thus by clause 2.3 we have x = π(α).
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In the case that A is finite, say dom(A) = n, if n = 0, then we are in the base case and by 1.2
1.3, x = π(0). If n > 0, then dom(P ) = n by 2.1. P = {pi | i < n} and p = pn. By clause
2.5 || ≺w || ≥ n, let A = {xi | i < n} be an enumeration of A by the order induced by≺w, i.e. if
xi = A(j) and xi′ = A(j′), then i < i′ iff j ≺w j′. Then by an induction π(i) = xi, thus x = π(n)

by clause 2.3. This finishes the proof of surjectivity.
Thus the function π enumerates Y , let Y = {xα | α < ω1} be s.t. xα = π(α). Let Aα

enumerate {xβ | β < α} of order type≤ ω. This enumeration satisfies ∀α < ω1xα ∈ FAα⊕BC,pα by
our recursive definition of π(α).

We can also start our recursion from any countable set that satisfies the recursion requirement, in
the following sense:

Corollary 50. In L, for any ∆1
2 set of requirements B and any ∆1

2 recursion F ⊆ X≤ω ×
B ×X, s.t. for any A ∈ X≤ω, p ∈ B, FA,p \ ram(A) is non-empty. There is a Σ1

2 set Y
compatible with F .

Proof. Immediate from Theorem 49 and Theorem 35.

Corollary 51. In L, there is Σ1
2 instance of each of the following objects:

Infinite MAD family, maximal independent family, infinite maximal ideal independent
family, maximal tower.

Indeed for all but maximal tower, there is ∆1
2 instance of them.

Proof. By the above corollary and the examples 46 and 48. For the second result, apply proposition
22.

Under the framework for transfinite inductionwe just introduced,Vidnyánszkywas able to abstract
fromMiller’s constructionofΠ1

1 objects inL, andobtain a general theorem stating a sufficient condition
for transfinite recursion to produce a coanalytic object. Informally, his theorem states that if at every
recursion step our options are flexible enough (cofinal in Turing degree), then we are able to produce a
coanalytic object. We state his theorem here:

Theorem 52 (Vidnyánszky, see [Vid12]). In L, if B is an uncountable Borel set, F ⊆ (ωω)≤ω×
B × (ωω) is a coanalytic set s.t. for any p ∈ B, A ∈ (ωω)≤ω, the section FA,p is cofinal in
Turing degrees, i.e. ∀x ∈ ωω, ∃y ∈ FA,p, x ≤T y, then there is a coanalytic X compatible
with F .
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Chapter 4

Functional Projection Property

In this Chapter, we introduce what we call the Functional Projection Property for pointclasses. We
establish that it holds in L and L[U ] in Section 4.1; compare it with Uniformization in Section 4.2 and
show it is a genuinely weaker property than Uniformization; and finally we determine the behavior of
Functional Projection under determinacy hypotheses in Section 4.3. Most results in this chapter are
original.

Definition 53 (Functional Projection). For a pointclass Γ, we say that Γ-Functional Projec-
tion (abbreviated by Γ-FP) holds if for any perfect Polish space X,Y and A ⊆ X × Y of
complexity Γ, there exists F ⊆ X × Y in Γ, such that

1. For all x ∈ X, ∃y (x, y) ∈ A ⇔ ∃y (x, y) ∈ F .

2. F is a partial function from X to Y . i.e. for all x ∈ dom(F ) there is unique y s.t.
(x, y) ∈ F .

It is clear from definition that the difference betweenΓ-FP andΓ-Unif is that we no longer require
F to be a subset of A. Thus, Γ-Unif is a stronger property and entails Γ-FP. The following picture
shows the difference:

X

Y
A

F

Uniformization
X

Y A

F

Functional Projection
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It is clear that for projective pointclasses closed under continuous images, Functional Projection
property holds. That’s because if Γ is a pointclass closed under continuous images, and A ⊆ X × Y

is in Γ, then p[A] is also in Γ. Then fix y ∈ Y and p[A] × {y} would satisfy the requirements. In
particular, Functional Projection holds forΣ1

n for all n ≥ 1.
Whether Functional Projection holds for Π1

n pointclasses is the more interesting question, and
will be the primary question we will investigate. But first, we notice that by Lusin-Suslin’s theorem 6,
Functional Projection property fails for closed sets:

Proposition 54. There is a closed relation C ⊆ ωω × ωω s.t. it is not a projection of any
Borel partial function B from ωω to ωω. As a consequence, Functional Projection property
fails for closed sets and Borel sets.

Proof. LetA ⊆ ωω be any analytic set which is not Borel. Thus there isC ⊆ ωω × ωω s.t. A = p[C].
By Theorem 6, the projection of any Borel partial functionB ⊆ ωω×ωω is a Borel set. Thus there

is no Borel partial functionB s.t. p[B] = p[C], as otherwiseAwould be Borel.

On the other hand, Kondo’s uniformization theorem 12 entails that Functional Projection holds
forΠ1

1 sets.

Proposition 55. Π1
1-FP holds.

Proof. By Theorem 12, and the fact that uniformization property for a pointclass entails Functional
Projection property.

Finally, we make the observation that for Π1
n sets, as they are closed under Borel reflections, es-

tablishing Functional Projection for specific spaces suffices for establishing the Functional Projection
property.

Lemma 56. Let X,Y be fixed perfect Polish spaces. For any n ≥ 1, the following are
equivalent:

1. Π1
n-FP.

2. For any A ⊆ X × Y in Π1
n, there exists a partial function F ⊆ X × Y with graph in

Π1
n such that:

∃y (x, y) ∈ A ⇔ ∃y (x, y) ∈ F

Proof. 1 to 2 is true by definition. 2 to 1: LetX ′, Y ′ be arbitrary perfect Polish spaces, fix Borel isomor-
phism π1 : X → X ′ and π2 : Y → Y ′.
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ForA ⊆ X ′ × Y ′,A′ = {(π−1
1 (x), π−1

2 (y)) | (x, y) ∈ A} ⊆ X × Y and isΠ1
n asΠ1

n is closed
under Borel reflections, thus there is F ⊆ X × Y inΠ1

n s.t. F is a partial function fromX to Y and

∃w ∈ Y, F (v, w) ⇐⇒ ∃w ∈ Y,A′(v, w)

Thus {(π1(v), π2(w)) | (v, w) ∈ F} is a partial function from X ′ to Y ′ in Π1
n and has the same

projection asA.

As mentioned in the introduction, Kanovei and Lyubetsky in [KL24] and [KL25] proved that
Functional Projection forΠ1

n where n ≥ 2 is independent of ZFC.

Theorem 57 (Kanovei, Lyubetsky). For all n ≥ 2, Π1
n-FP is independent of ZFC.

4.1 Functional Projection in Inner Models

In this sections, we show that Functional Projectionholds for allΠ1
n pointclasses in the innermodel

L and L[U ]. First, we show that a projective good well-ordering of the reals necessarily leads to Func-
tional Projection on high projective levels. Recall the definition of a Γ-good well-order in Definition
33.

Theorem 58. Let <M be a well-ordering of the reals of order type ω1 s.t. <M is ∆1
n and it

is Σ1
n-good (n ≥ 2). Then M |= Π1

m-FP for all m ≥ n+ 1.

Proof. By Lemma 56, it suffice to show for anym ≥ n+ 1, anyQ ⊆ ωω × ωω that is aΠ1
m relation,

there is partial functionC ⊆ ωω × ωω inΠ1
m that has the same projection asQ.

Let P ⊆ ωω × ωω × ωω beΣ1
m−1 such that

Q(x,w) ⇐⇒ ∀u ∈ ωω, P (x,w, u)

We consider the following relation whereC(x, 〈w, u〉) iff all the following holds:

1. Q(x,w)

2. ∀w′ <M w, ∃i ∈ ω,¬P (x,w′, (u)i)

3. ∀u′ <M u, ∃w′ <M w, ∀i ∈ ω, P (x,w′, (u′)i)

First we show thatC isΠ1
m: clause 2 isΠ1

m−1 in x,w, u as it is

∀w′ ∈ ωω
(
w′ <M w → ∃i ∈ ω,¬P (x,w′, (u)i)

)
Clause 3 isΣ1

m−1 in x,w, u by goodness of<M .
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Nowwe show that

∃w ∈ ωωQ(x,w) ⇐⇒ ∃w, u ∈ ωωC(x, 〈w, u〉)

⇐: trivial by clause 1.
⇒:Letw be the<M leastw s.t. Q(x,w), then for everyw′ <L w, there is someuw′ s.t. ¬P (x,w′, uw′).

As {w′ | w′ <M w} is countable, there will be a u s.t. ∀w′ <M w, ∃i ∈ ω,¬P (x,w′, (u)i). Let u be
the<M least such element. i.e. ∀u′ <M u, ∃w′ <M w, ∀i ∈ ω, P (x,w′, (u′)i). Then C(x, 〈w, u〉)
holds by construction.

Finally, we show ifC(x, 〈w, u〉), suchw, u has to be unique.
Suchw, u is unique aswe are taking the<M least such element: IfC(x, 〈w, u〉) andC(x, 〈w′, u′〉)

holds, assume for contradiction thatw <M w′, then by clause 1 ofC(x, 〈w, u〉),Q(x,w) holds. Yet by
clause 2 ofC(x, 〈w′, u′〉),∃i ∈ ω¬P (x,w, (u′)i), entailing¬Q(x,w), a contradiction. Thusw = w′.
To establish u = u′, assume for contradiction that u <M u′, then clause 2 ofC(x, 〈w, u〉) contradicts
clause 3 ofC(x, 〈w, u′〉).

This completes the proof.

Next, Functional Projection holds for all levels inL:

Theorem 59 (Kanovei Lyubetsky, in [KL25]). L |= Π1
n-FP for all n ≥ 1.

This result was proved in [KL25]. Our proof is different and it generalizes to other models beyond
L.

It is clear that by Proposition 55 and applying Theorem 58 on the canonical well-ordering<L, we
have established Π1

n-FP for all levels except Π1
2. And indeed Π1

2-FP is the hard part. We sketch our
proof idea first:

Let R(x,w) ⊆ ωω × ωω be a Π1
2 relation. We wish to find Π1

2 C s.t. ∃wR(x,w) ⇐⇒
∃wQ(x,w) ⇐⇒ ∃!wC(x,w).

The naive idea is just to look for the <L least element w s.t. R(x,w). This is in itself not a Π1
2

process, but it isΠ1
2 to say of some c0 ∈ ωω ∩ L s.t. the modelNc0 coded by c0 is some Lα and is the

least such model containing w and moreover,Nc0 thinks w is the least element s.t. R(x,w). Again in
looking for the<L least element c0 coding such a structure, we look at someNc1 that think it to be so,
and continue this process. Then the pairw, 〈c0, i ∈ ω〉would be a unique code for x.

It turns out one more complication is needed. The statement that¬R(x,w′) is aΣ1
2 formula and

sincewe cannotuse Shoenfield absoluteness for countable initial segments ofL, the statement¬R(x,w′)
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does not pass down to Lα for w′ <L w, here w is our desired <L least witness to R(x,w). So w
being the <L least element s.t. R(x,w) does not necessarily mean that the premouse think this to be
true. The trick to save this is the following: Assume R(x,w) ⇐⇒ ∀uP (x,w, u), P being Σ1

1.
Since {w′ ∈ 2ω | w′ <L w} is countable, there is a single u ∈ 2ω coding enough elements from
{z | ¬P (x,w′, z), w′ <L w} formodelswith access tou to realize that¬R(x,w′). Thus for countable
modelNc0 containing bothw and u, we could successfully pass the statement ‘w is the<L least element
s.t. R(x,w)’ to countable models byMostowski absoluteness.

Proof of Theorem 59. We work in L. By Theorem 35, the canonical well-order<L restricted to the
reals is a∆1

2 relation that’sΣ1
2 good and is of order type ωL

1 . Thus by Theorem 58,L |= Π1
n-FP for all

n ≥ 3. Thus, given Proposition 55, we are only left with the case n = 2.
For simplicity of notation we only prove the result for light faceΠ1

2, parametrization is easy.
LetR(x,w) ⊆ ωω × ωω be aΠ1

2 relation. Assume P ⊆ ωω × ωω × ωω beΣ1
1 such that

R(x,w) ⇐⇒ ∀uP (x,w, u)

We consider the following relation: C(x, 〈w, u, c〉) iff all of the following holds:

1. R(x,w).

2. (c)0 codes someLα and α is the least ordinal s.t. Lα contains x,w, u.

3. M(c)0 satisfies the following:

3.1 ∀w′ <L w, ∃i ∈ ω,¬P (x,w′, (u)i).

3.2 ∀u′ <L u, ∃w′ <L w, ∀i ∈ ω, P (x,w′, (u′)i)

4. For all n, (c)n+1 codes someLα and α is the least ordinal s.t. Lα contains (c)n.

5. For all n,M(c)n+1
thinks (c)n is the <L least code of the structure it codes. i.e. ∀c′ <L (c)n,

Mc′ 6∼=M(c)n .

Claim 60. C is Π1
2

Proof. Clause 1 isΠ1
2 by assumption, clause 2 isΠ1

2 inx,w, u, c as it canbe expressedby the conjunction
by the two sentences,

1.M(c)0 |= V = L ∧ x,w, u ∈M(c)0

2.∀c′
(
Mc′ |= V = L ∧ x,w, u ∈Mc′ →M(c)0 is an initial segment ofMc′

)
⇐⇒ ∀c′

(
Mc′ |= V = L ∧ x,w, u ∈Mc′ → ∃f ∈ ωω∀n,m ∈ ω(nE(c)0m→ f(n)Ec′f(m))

)
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This isΠ1
2 asMc′ |= V = L ∧ x,w, u ∈Mc′ is∆1

1 in x,w, u, c′.
Clause 4 is similar.
Finally, clause 3 and clause 5 are arithmetical in x,w, u, c by Lemma 31.

Claim 61.
∃wR(x,w) ⇐⇒ ∃!w, ∃!u, ∃!c, C(x, 〈w, u, c〉)

Proof. Right to left is easy as by conjunct 1 of the definition ofC .
Left to Right: Assume A(x) and let w be the<L least element such that R(x,w). Hence for all

w′ <L w, there is z s.t. ¬P (x,w′, z). Since {w′ ∈ 2ω | w′ <L w} is countable, there is u s.t. for
all w′ <L w, ∃n¬P (x,w′, (u)n). Let u be the <L least such element. i.e. if u′ <L u then there is
w′ <L w s.t. ∀nP (x,w′, (u′)n).

Let α0 be least s.t. x,w, u ∈ Lα0 . Let c0 be the <L least element s.t. tr(Mc0) = (Lα0 ,∈).
Then recursively pick αn+1 to be the least ordinal s.t. s.t. cn ∈ Lαn+1 and cn+1 to be the <L least
element coding a model whose collapse is (Lαn+1 ,∈). Let c be such that (c)n = cn. We verify that
C(x, 〈w, u, c〉).

Clause 1, 2, 4 ofC are true by construction. For clause 3 ofC , let Lα be the collapse of the model
coded by (c)0.

For the conjunct 3.1, for arbitrary w′, suppose w′ <L w, then by Theorem 32, w′ ∈ Lα and
hence by assumption ∃n¬P (x,w′, (u)n), this is Π1

1. By Mostowski absoluteness Theorem 9, Lα |=
∃n¬P (x,w′, (u)n). Hence 3.1 is verified.

For the conjunct 3.2, for any u′ s.t. u′ < u, again u′ ∈ Lα. We need to find w′ s.t. Lα |=
∀nP (x,w′, (u′)n) and w′ <L w. Again by Lemma 32, u′ <L u and thus by minimality assumption
of u, there is w′ <L w and ∀nP (x,w′, (u′)n). But by Lemma 32, w′ ∈ Lα, moreover by Mostowski
absoluteness Theorem 9, ∀nP (x,w′, (u′)n) passes down toLα. This verifies conjunct 3.2.

Finally we are left with cluase 5 of C . This is a similar argument as clause 3 after observing that
Mc′ 6∼=M(c)n is the followingΠ1

1 statement, thus absolute betweenM(c)n+1
andL:

¬∃f ∈ ωω
[
f is bijective ∧ ∀n,m ∈ ω

(
nEc′m↔ f(n)E(c)nf(m)

)]

Now we argue that such w, u, c is unique. Assume C(x,w, u, c) and C(x,w′, u′, c′). Suppose
for contradiction that w 6= w′, without loss of generality, w <L w′. Let Lα = tr(M(c′)0). Then
w ∈ Lα and Lα |= w <L w′ by Lemma 32, but since R(x,w) holds in L by point 1 of C and by
downward absoluteness forΠ1

2 predicates, Lα also thinksR(x,w), this is a contradiction to point 3 in
C: as by point 3 inC andw <L w

′, Lα |= ∃n¬P (x,w, (u′)n) and hence ¬R(x,w). This concludes
thatw = w′. The argument that u = u′, c = c′ are similar minimality arguments.
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This completes the proof.

Using a similar proof idea, we show that Functional Projection also holds for all levels inL[U ].

Theorem 62. L[U ] |= Π1
n-FP for all n ≥ 1.

Proof. Wework inL[U ]. By Theorem 42, the canonical well-order<L[U ] restricted to the reals is a∆1
3

relation that’sΣ1
3 good and is of order typeω

L[U ]
1 . Thus by Theorem 58,L[U ] |= Π1

n-FP for alln ≥ 4.
Thus, given Proposition 55, we are only left with the case n = 2 and n = 3. Again we only deal with
lightface pointclasses.

The case for n = 2 is entirely parallel to the case of n = 2 in the proof of Theorem 59. With the
order<L[U ] playing the role of<L, iterable premice playing the role of Lα and<ip playing the role of
the initial segment order onLα, α < ω1. For sake of completeness, we include a sketch of the proof.

LetR(x,w) ⊆ ωω × ωω be aΠ1
2 relation. Assume P ⊆ ωω × ωω × ωω beΣ1

1 such that

R(x,w) ⇐⇒ ∀uP (x,w, u)

We consider the following relation: C(x, 〈w, u, c〉) iff all of the following holds:

1. R(x,w).

2. tr(M(c)0) is the<ip least countable iterable premouse containing x,w, u.

3. tr(M(c)0) = (tr(M(c)0),∈, V ) satisfies:

• ∀w′ <L[V ] w, ∃i ∈ ω,¬P (x,w′, (u)i).

• ∀u′ <L[V ] u, ∃w′ <L[V ] w, ∀i ∈ ω, P (x,w′, (u′)i).

4. For all n, tr(M(c)n+1
) is the<ip least countable iterable premouse containing (c)n.

5. For all n, tr(M(c)n+1
) = (tr(M(c)n+1

),∈, Vn+1) satisfies ∀c′ <L[Vn+1] (c)n,Mc′ 6∼=M(c)n .

Claim 63. C is Π1
2.

Proof. Clause 1 isΠ1
2 by assumption. Clause 3 and 5 are∆1

1 by 31. 2 and 4 areΠ1
2 by Lemma 44.

The argument that C is a partial function and has the same projection as R is entirely parallel to
the proof of Theorem 59.

The case for n = 3. LetR ⊆ ωω × ωω be theΠ1
3 relation. Assume

R(x,w) ⇐⇒ ∀uS(x,w, u) ⇐⇒ ∀u∃vT (x,w, u, v)

42



Where S ⊆ ωω × ωω × ωω isΣ1
2 and T ⊆ ωω × ωω × ωω isΠ1

1.
Consider the following relation: C(x, 〈w, u, v, c〉) iff all of the following holds:

1. R(x,w) and ∀w′ <L[U ] w, ∃i ∈ ω,¬S(x,w′, (u)i).

2. tr(M(c)0) is the<ip least countable iterable premouse containing x,w, u, v.

3. tr(M(c)0) = (tr(M(c)0),∈, V ) satisfies:

3.1 ∀w′ <L[V ] w, ∃i ∈ ω,¬S(x,w′, (u)i)

3.2 ∀u′ <L[V ] u, ∃w′ <L[V ] w, ∀i, ∃j, T (x,w′, (u′)i, (v)j).

3.3 ∀v′ <L[V ] v, ∃u′ <L[V ] u, ∀w′ <L[V ] w, ∃i, ∀j,¬T (x,w′, (u′)i, (v
′)j)

4. For all n, tr(M(c)n+1
) is the<ip least countable iterable premouse containing (c)n.

5. For all n, tr(M(c)n+1
) thinks (c)n is the least code of the structure it codes, as ordered by its

canonical order.

ThatC is aΠ1
3 predicate is the same argument as Claim 63, with the only exception of the sentence

∀w′ <L[U ] w, ∃i ∈ ω,¬S(x,w′, (u)i) in clause 1, which is easily seen to beΠ1
3.

Now we show that ∃wR(x,w) iff there is unique w, u, v, c s.t. C(x, 〈w, u, v, c〉). Right to Left
is simply by clause 1. In case ∃wR(x,w), let w be the <L[U ] such w, let u be the <L[U ] least element
satisfying 3.1, let v be the<L[U ] least element satisfying 3.2. Let c0 be the<L[U ] least element satisfying
2 for the chosenw, u, v and recursively find cn+1 satisfying 4 for cn. Let c be such that (c)n = cn.

Thus 1,2,4 will be true by construction. That clause 5 is true is the exact same argument as before.
We verify clause 3, notice all three sub-statements 3.1, 3.2, 3.3 are true in the ground model by construc-
tion, with <L[V ] replaced by the ground model canonical order <L[U ]. And the ground model truth
passes down successfully to the premouse tr(M(c)0) as by Lemma 41, tr(M(c)0) and L[U ] agrees on
the reals we care about and their order, and all three predicates ¬S, T,¬T , beingΠ1

2,Π
1
1,Σ

1
1 are down-

ward absolute by Theorem 9.1

Finally, the w, u, v, c we found are unique. If both C(x, 〈w, u, v, c〉) and C(x, 〈w′, u′, v′, c′〉)
holds, we argue that 〈w, u, v, c〉 = 〈w′, u′, v′, c′〉. Suppose without loss of generality thatw′ ≤L[U ] w,
ifw′ <L[U ] w,∃i,¬S(x,w′, (u)i)byclause 1, butwe alsohaveR(x,w′)byclause 1ofC(x, 〈w′, u′, v′, c′〉),
thusw′ = w. The minimality argument for u, v works as premice agrees on the reals we care about and
their order and the predicate T,¬T are absolute between them. That c is unique is the same argument
as before.

This completes the proof.
1A detailed proof would go along the line of the proof of that Claim 61.
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4.2 Functional Projection vs Uniformization

Having established Functional Projection for various models, we would like to discuss its relation
with uniformization.

Given thatΠ1
2Uniformization is known to fail by Theorem 13, the fact that Functional Projection

holds for that level inL andL[U ] already shows the difference. We will see that the result leads to many
consequences in the next chapter.

Moreover, what we have established is that Functional Projection is a genuinely weaker property
than uniformization. First, it is well-known that L is a model where all uniformization on theΠ1

n side
fails for n ≥ 2.

Theorem 64 (Folklore). In L, Σ1
n-Unif holds for all n ≥ 2, as a consequence, Π1

n-Unif fails
for all n ≥ 2.

Proof. For n = 2, this is just Kondo’s uniformization theorem 12. For n > 2, for arbitrary P that is
Σ1

n, there isQ that isΠ1
n−1 s.t.

P (x, y) ⇐⇒ ∃z ∈ ωω, Q(x, y, z)

Consider the following predicate P ∗,Q∗ by:

Q∗(x, y, z) ⇐⇒ Q(x, y, z) ∧ ∀c = 〈y′, z′〉 <L 〈y, z〉,¬Q(x, y′, z′)

P ∗(x, y) ⇐⇒ ∃z,Q∗(x, y, z)

By goodness of<L,Q∗ is of the formΠ1
n−1 ∧Σ1

n−1 and P ∗ isΣ1
n.

Moreover, P ∗ ⊆ P is clear. We show that if P ∗(x, y) and P ∗(x, y′), then y = y′. Assume
without loss of generality that y 6= y′/ We have that there is z, z′ s.t. Q∗(x, y, z) and Q∗(x, y′, z′),
since y 6= y′, 〈y, z〉 6= 〈y′, z′〉, assume without loss of generality that 〈y, z〉 < 〈y′, z′〉, this yields a
contradiction asQ∗(x, y, z) requiresQ(x, y, z) yetQ∗(x, y′, z′) requires¬Q(x, y, z).

Finally, the second statement follows from Theorem 13.

Therefore, we know that Functional Projection is genuinely weaker:

Corollary 65. For all n ≥ 2, it is consistent with ZFC that Π1
n-FP holds while Π1

n-Unif
fails.

Proof. Immediate by Theorem 59 and 64.

In hindsight, it is not surprising that even though Functional Projection and uniformization prop-
erty are seemingly similar, they turn out to be genuinely different. What Functional Projection lacks, i.e.
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the requirement that the function has to be a subset of the original relation, carries significant impor-
tance.

X

Y
A

F

Uniformization
X

Y A

F

Functional Projection

While uniformization can be viewed as a definable choice principle, allowing one to choose specific
elements of a relation in a definable way, Functional Projection loses this power. In descriptive set theory,
Uniformization has a rich variety of consequences, for instance, it implies the reduction property, sepa-
ration property for the dual point class and often leads to some version of a Basis Theorem (See [Mos09]
for a reference). Yet Functional Projection, being different from choice principle, retains no such power.
However, wewill see that Functional Projection is powerful enough to implymany complexity reduction
results in the next chapter.

4.3 Determinacy and Functional Projection

Besides the assumption that there is a projective well-ordering on the reals, the axiom of Projective
Determinacy is another powerful assumption that leads to a clear structure of the projective hierarchy.
In this section we investigate the behavior of the Functional Projection property under determinacy hy-
pothesis. In particular, we show that under projective determinacy, Function Projection property fails
for all evenΠ levels; while for oddΠ levels, Function Projection property holds due to uniformization.

The key of our argument is the observation thatΠ1
n+1 pointclass being normed allows us to lift

Lusin-Suslin theorem 6 to higher pointclasses, in particular, this would imply thatΠ1
n does not satisfy

the Functional Projection. Let us first recall the definition of Norm and some facts about it, We need to
make essential use of Kleene pointclasses in this section.

Definition 66 (Norm). For a Polish space X and a set A ⊆ X, a norm on A is a function
φ : A→ λ where λ is an ordinal.

Let Γ be a point class, we say φ is a Γ norm if there are relations ≤φ
Γ,≤

φ
¬Γ in Γ and

¬Γ respectively s.t. for every y,

P (y) ⇒ ∀x
[(
P (x) ∧ φ(x) ≤ φ(y)

)
⇐⇒ x ≤φ

Γ y ⇐⇒ x ≤φ
¬Γ y

]
A pointclass Γ is normed if every set in Γ has a Γ-norm.
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For a Kleene point class Γ, if Γ is normed, then any parametrization Γ(z) is also normed.
Let∆ = Γ ∩ ¬Γ, we say that a real x ∈ ωω is∆-recursive if {codeω(s) | s ∈ ω<ω, s ⊆ x} is

in∆, i.e. the set of codes of basic open sets x in is∆ as a subset of ω. If x ∈ ωω is a∆-recursive real, we
also write x ∈ ∆.

An important result is that ifΓ is normed, then it is closedunder restricted existential quantification.
This generalizes the Spector-Gandy Theorem on the∆1

1 level.

Theorem 67 ([Mos09, page 4D.3]). Let X be a Polish space, if Π1
n(a) is normed, then for any

Q ⊆ X × ωω, the set P ⊆ X × ωω defined by

P (x, z) ⇐⇒ ∃y ∈ ∆1
n(z, a)Q(x, y)

is also Π1
n(a).

As a result, we may lift one side of Lusin-Suslin theorem 6 under the assumption that higher point
classes are normed.

Theorem 68. If Π1
n+1 is normed, then Π1

n-FP fails.

Proof. LetA ⊆ ωω be aΣ1
n+1 set that is notΠ

1
n+1

2. Then there isB ⊆ ωω × ωω s.t.

A(x) ⇐⇒ ∃yB(x, y)

Assume for contradiction that there is aF ⊆ ωω × ωω that is a partial function with graph inΠ1
n

s.t. it has the same projection asB. Assume thatF has graph inΠ1
n(a). Then if (x, y) ∈ F , we have for

arbitrary s ∈ ω<ω ,

s ⊆ y ⇐⇒ ∀y′((x, y′) ∈ F → s ⊆ y′)

⇐⇒ ∃y′((x, y′) ∈ F ∧ s ⊆ y′)

Showing that the {codeω(s) | s ∈ ω<ω ∧ s ⊆ y} is in∆1
n+1(x, a), thus y is∆1

n+1(x, a) recursive.
We thus obtain that

A(x) ⇐⇒ ∃y, F (x, y) ⇐⇒ ∃y ∈ ∆1
n+1(x, a), F (x, y)

and thus by Theorem 67 we have thatA isΠ1
n+1(a), contrary to our assumption.

Now, we are ready to determine the picture of Functional Projection under determinacy hypothe-
ses. Let us recall the relevant definitions and results.

2Existence of such set follows fromHierarchy Theorem of Kleene point class, see for instance [Mos09, 3E.8].
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For A ⊆ ωω , we associate the real number game on A, denoted by G(A) as follows: player
I and Player II take turns playing natural numbers as their respective move, with I playing the even
moves n0, n2 . . . and II playing the odd moves n1, n3 . . . . I wins the game iff the resulting real x =

(n0, n1 . . . ) is inA, and II wins otherwise.

I n0 n2 n4 · · ·
II n1 n3 · · ·

x = (n0, n1, n2, n3, . . . ) ∈ ωω, I wins ⇐⇒ x ∈ A.

We say σ is a strategy for player I if it is a function with domain all finite sequences of ω of
even length and values in ω. We say I follows σ in a run of game G(A) if the resulting play x =

(n0, n1, n2, n3, . . . ) satisfies n0 = σ(∅) and n2m = σ(n0 . . . n2m−1) for allm ≥ 1.
Dually, we define the strategy for player II as a function with domain all finite sequences of ω of

odd length and values in ω.
When player I follows σ and II follows τ , then the resulting play is uniquely determined where

n0 = σ(∅), n1 = τ(n0) and recursively n2m = σ(n0 . . . n2m−1), n2m+1 = τ(n0 . . . n2m). We
denote the resulting play as σ ∗ τ .

Definition 69 (Determinacy). σ is a winning strategy for I in G(A) if for any strategy τ
for II, σ ∗ τ ∈ A. i.e. no matter what II plays, I wins.

Dually, τ is a winning strategy for II in G(A) if for any strategy σ for I, σ ∗τ 6∈ A.
A set A ⊆ ωω is said to be determined if either player I or player II has a winning

strategy in the game G(A). A point class Γ is said to be determined if every set in it is
determined.

The axiom Projective Determinacy states that all projective sets are determined. For a detailed
theory of Projective Determinacy and the property of determinacy in general, the reader may refer to
[Mos09, Chapter 6] and [Sch14, Chapter 12 and 13].

Martin and Moschovakis proved that under Projective Determinacy, normed point classes appear
on the projective hierarchy periodically, oscillating between the Σ andΠ side. And the same is true for
uniformization property

Theorem 70 (The First and the Second Periodicity Theorem, Martin and Moschovakis [Mos09, 6B.1,
6B.2, 6C.3, 6C.5]). Assume that ∆1

2n sets are determined. Then for all k ≤ n, Σ1
2k+2 and

Π1
2k+1 are normed, and Σ1

2k+2-Unif, Π1
2k+1-Unif hold.

The following diagramdipicts the behavior of norm andUniformization property under Projective
Determinacy, with the underlined point classes exactly those that are normed and have the Uniformiza-
tion property.
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Σ1
1 Σ1

2 ... Σ1
2n−1 Σ1

2n · · ·
Π1

1 Π1
2 ... Π1

2n−1 Π1
2n · · ·

Underlined point classes are normed and have the Uniformization property.

As a consequence, we prove that PD determines the behavior of Functional Projection in the fol-
lowing way:

Theorem 71. Assume that ∆1
2n sets are determined. Then for all m ≤ n, Π1

2m-FP fails,
while Π1

2m+1-FP hold.
In particular, under Projective Determinacy, Π1

2n-FP fails while Π1
2n+1-FP hold for

all n ∈ ω.

Proof. For the even levelΠ1
2m, by the periodicity theorem,Π1

2m+1 is normed and thus by Theorem 68
Π1

2m-FP fails.
For odd level, this follows from the periodicity theorem and the fact that Uniformization implies

Functional Projection.

Thus, the following picture completely settles the behavior of Function Projection property under
the assumption of Projective Determinacy (PD). The boxed point classes are exactly those that satisfy
Function Projection. We compare this to the picture we got from the assumption V = L or V = L[U ].

PD Π1
1 Π1

2 ... Π1
2n−1 Π1

2n · · ·

V = L or V = L[U ] Π1
1 Π1

2 ... Π1
2n−1 Π1

2n · · ·

Boxed point classes have Functional Projection property.

4.4 Further Questions

Weconcludewith a fewquestions. All of themodelswe see in this chapter that separates Functional
Projection from Uniformization has short continuum: they are of continuum ω1. We are interested in
models of long continuum where we can separate uniformization property and Functional Projection
property.

Question 2. Find a model of ¬CH on which Π1
n-FP + ¬Π1

n-Unif holds for n ≥ 2.

During a seminar discussion, Philipp Lücke raised the question whether Π1
n-FP + ¬Π1

n-Unif
should be viewed as a pathological behavior. Discussions in this chapter hints that it is truly pathological:
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proof of separation of Functional Projection fromUniformization inL andL[U ] uses the well-ordering
of the reals in a non-trivial way, while the strong regularity assumption of determinacy rules out such
possibility.

But to truly settle whetherΠ1
n-FP+¬Π1

n-Unif is a consquence of theAxiomofChoice, it is worth
looking at whether it holds in the Solovay model.

Question 3. Determine the behavior of Π1
n-FP in the Solovay model for n ≥ 2. More

generally, is there an interesting point class Γ s.t. in the Solovay model, Γ-FP + ¬Γ-Unif
holds?
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Chapter 5

Functional Projection and Complexity
Reduction

In this chapter, we show that under the assumptionof Functional Projection, complexity reduction
results in the literature lift to higher pointclasses in Section 5.1. And finally we apply the lifting and
obtainΠ1

2 instances of combinatorial families in L[U ] in Section 5.2. Most results in this chapter are
original.

5.1 Lifting Complexity Reduction Results

5.1.1 Perfect Set Property

First we show that under the assumption of Functional Projection, if there is aΣ1
n+1 set without

the perfect set property, then there is aΠ1
n set without the perfect set property.

Theorem 72. Assume Π1
n-FP. Then all Σ1

n+1 sets have the PSP iff all Π1
n sets have the

PSP.

Proof. For the non-trivial direction, suppose all Π1
n sets have the Perfect Set Property. Let A ⊆ X

be an uncountable Σ1
n+1 set. By Π1

n-FP, there is a function F : A → ωω with a Π1
n graph and

with dom(F ) = A. Then F (identified with its graph) is also an uncountable set, so by assumption it
contains a perfect subset C ⊆ F . Then the projection p[C] is an analytic uncountable subset ofA, so
there is a perfect set P ⊆ p[C] ⊆ A by the Perfect Set Theorem for analytic sets.

5.1.2 Maximal Almost Disjoint Families

The following theorem lifts Törnquist’s result in [Tör09], which is on theΣ1
2,Π1

1 level. The proof
follows the same line as Törnquist’s original result.
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Theorem 73. Assume Π1
n-FP. Then there is a Σ1

n+1 MAD family iff there is a Π1
n MAD

family.

Proof. LetA be aΣ1
n+1 MAD family. ByΠ1

n-FP there is a partial functionQ ⊆ [ω]ω×2ω with aΠ1
n

graph such that
A(x) ⇐⇒ ∃!wQ(x,w)

Define the following maps g0, g1 : ([ω]ω)2 → P(3× ω):

g0 : x,w 7→ ({0} × x) ∪ ({2} × {x∗(n) | n ∈ w})

g1 : x,w 7→ ({1} × x) ∪ ({2} × {x∗(n) | n 6∈ w})

LetA′ = g0[Q] ∪ g1[Q]. To see thatA′ is almost disjoint, pick z 6= z′ ∈ A′, there are two cases:

1. z = gi(x,w), z
′ = gi(x

′, w′). Without loss of generality assume i = 0. We notice that it can’t
be s.t. x = x′, since if so then by the fact thatQ is a function, w = w′ and thus z = z′. Thus
x 6= x′. z ∩ z′ ⊆ ({0}× (x∩ x′))∪ ({2}× (x∩ x′)), which is finite sinceA is a MAD family.

2. z = gi(x,w), z′ = g1−i(x
′, w′). Without loss of generality assume i = 0. If x = x′, then

w = w′ and hence by construction of g0, g1, z ∩ z′ = ∅. If x 6= x′, z ∩ z′ ⊆ {2} × x ∩ x′ is
finite.

To see it ismaximal, for y ∈ [3×ω]ω , i ∈ {0, 1, 2}write yi = {n ∈ ω | (i, n) ∈ y}. It suffice to
show that any y ∈ [3×ω]ω , there is z ∈ A′ s.t. y∩z is infinite. As y ∈ [3×ω]ω , one of y0, y1, y2
is infinite. If y0 is infinite, then by the fact that A is MAD, there is x ∈ A s.t. |x ∩ y0| = ∞.
There isw s.t. Q(x,w) and thus g0(x,w) ∈ A′ and y ∩ g0(x,w) ⊇ {0} × (y0 ∩ x) is infinite.
The case for y1 is similar. For the case that y2 is infinite, there is x ∈ A s.t. |x ∩ y2| = ∞ and
there isw s.t. Q(x,w). Then y2 intersects one of {x∗(n) | n ∈ w}, {x∗(n) | n 6∈ w} infinitely,
hence y intersects one of g0(x,w), g1(x,w) infinitely.

This finishes the proof thatA′ is an infinite MAD family.

Next we show thatA′ is inΠ1
n. This is because g1, g2 are Borel injections from ([ω]ω)2 → P(3×

ω), thus by Lemma 7,A′ = g1[Q] ∪ g2[Q] isΠ1
n asΠ1

n point class is closed under finite union.

It is worth noticing that based on an observation by Fischer and Schrittesser in [FS21], with a suf-
ficient absoluteness assumption, the above construction actually yields a forcing indistructible MAD
family if we start from one. Recall the definition ofΣ1

n generic absoluteness fromDefinition 39.

Corollary 74. Let P be a Σ1
n+1 generic absolute forcing notion, assume that Π1

n-FP holds.
Then if there is a Σ1

n+1 MAD family that is P indestructible, then there is a Π1
n MAD

family that is P indestructible.
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Proof. We continue the proof in the above theorem. LetA be such aΣ1
n+1 MAD that is P indestruc-

tible,Q ⊆ [ω]ω × 2ω a partial function with graph inΠ1
n s.t.

A(x) ⇐⇒ ∃!wQ(x,w)

letA′ = g1[Q]∪g2[Q]. We’ve shown that it is aMADfamily. It suffice to show that it isP indestructible.
LetA∗ = (p[Q])V [G], the statement that ‘p[Q] is an almost disjoint family’ is

φ := ∀x 6= y,
[
∃z1, z2

(
(x, z1) ∈ Q ∧ (y, z2) ∈ Q

)
→ |x ∩ y| < +∞

]
This is aΠ1

n+1 statement that is true in V , thus true in V [G] byΣ1
n+1 absoluteness. (To see this,

we may assume add a vacuous argument ψ(z) := (φ ∧ z = z), then φ ⇐⇒ ∃zψ(z) ⇐⇒ ∀zψ(z),
apply absoluteness on this ψ(z).) HenceA∗ is an almost disjoint family in V [G].

By P indestructibility ofA,A is MAD in V [G]. Moreover,A ⊆ A∗ by absoluteness forQ. Thus
A = A∗.

Now we show that QV = QV [G]. ⊆ is by Π1
n absoluteness. For ⊇ side, first by absoluteness

QV [G] is a graph of a function. If (x,w) ∈ QV [G], then x ∈ A∗ thus x ∈ A. Hence there is w′ ∈ V

s.t. (x,w′) ∈ QV , thus (x,w′) ∈ QV [G]. By functionality ofQV [G],w = w′. Thus (x,w) ∈ QV .
Finally, (g1[Q] ∪ g2[Q])V [G] = g1[Q] ∪ g2[Q] holds sinceQ = QV [G] and Borel functions are

absolute on ground model reals.
Thus, the argument in the above theorem that A′ is a MAD family can be run in V [G]. This

concludes the proof.

Notice that starting from aΠ1
n P indestructible MAD family A, the set AV is a MAD family by

forcing indestructibility. But it may not remain Π1
n in the forcing extension, as the interpretation of

A in V [G] might change. But we make the following observation, which states that enough generic
absoluteness guarantees that the definition persists. In particular, byTheorem10, the following theorem
entails that there is still aΠ1

1MAD family in the forcing extension if there is aΠ1
1 P indestructibleMAD

family in the ground model.

Proposition 75. Let P be a Σ1
n+1 generic absolute forcing notion, let A be a Σ1

n+1 MAD
family that is P indestructible. Then AV = AV [G].

Proof. The followingΠ1
n+1 sentence states thatA is an almost disjoint family:

∀x 6= y(x, y ∈ A→ |x ∩ y| <∞)

ThusAV [G] is an almost disjoint family. Moreover by generic absoluteness, AV ⊆ AV [G], by the
fact thatAV remains MAD in V [G],AV = AV [G].
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We give some interesting examples of Corollary 74. For an almost disjoint family A, we associate
an ideal I(A) := {x ∈ [ω]ω | ∃n∃a0 . . . an ∈ A, x ⊆∗ a0 ∪ · · · ∪ an}. It is clear that ifA is infinite,
then I(A) has to be proper. The following notion was first considered byMalykhin [Mal90].

Definition 76. We say an almost disjoint family is tight if for any (xn, n ∈ ω) ⊆ [ω]ω \I(A),
there is a a ∈ A s.t. |a ∩ xn| = ∞ for all n ∈ ω.

Tight almost disjoint family is automatically MAD. It is a famous result that we can construct a
tight MAD family along a well-order of the reals and tight MAD families are Cohen indestructible. For
completeness, we collect these results here:

Lemma 77. Let {an | n ∈ ω} be a countable almost disjoint family, let {xn | n ∈ ω} be a
set of elements not in I({an | n ∈ ω}), then there is a ∈ [ω]ω almost disjoint from each
element of {an | n ∈ ω} and a ∩ xn is infinite for all n ∈ ω.

Proof. Let e : ω → ω be a surjection s.t. for each n ∈ ω, e−1(n) is infinite.
Recursively, letmn be the least element in xe(n) \ (a0 ∪ · · · ∪ an) that is greater thanmn−1. Such

mn exists as we assumed xe(n) 6∈ I({an | n ∈ ω}). Let x = {mn | n ∈ ω}, then x ∩ an is finite as
mn′ 6∈ an for all n′ > n by construction. x ∩ xn ⊇ {ms | e(s) = n} and is thus infinite.

Theorem 78 (Folklore). Let < be a ∆1
n well ordering of the reals that’s Σ1

n good. Then there
is a Σ1

n infinite tight MAD family.

Proof. Consider the following recursion schemeF ⊆ ([ω]ω)≤ω×([ω]ω)ω×[ω]ω as: F (A, p, x)holds
iff EITHER: all of the following are true:

1. ran(A) is almost disjoint.

2. ∀n, (p)n 6∈ I(ran(A)).

3. x is almost disjoint from every element in ran(A) and x ∩ (p)n is infinite for every n ∈ ω.

OR 1 is true and 2 is false and x is almost disjoint from every element in ran(A).
OR 1 is false.
LetB code an infinite partition of ω, then clearlyA compatible with F from base caseB is a tight

MAD family as for every sequence (xn, n ∈ ω) s.t. xn 6∈ I(A) for all n, suppose it is enumerated as
pα. By xα ∈ FAα,pα , ran(Aα) is an almost disjoint family by an induction on α, xn 6∈ I(ran(Aα))

as ran(Aα) ⊆ A, thus both 1 and 2 holds and thus xα ∈ A intersects every element xn infinitely.
Thus by applying Lemma 77 and Theorem 49 on F we obtain the conclusion.

Indeed, it was shown by Hrušák and García-Ferreira in [HF03] that tight MAD families exists as
long as b = 2ℵ0 , where b is the unbounded number. Moreover, they showed in the same paper that
tight MAD families are Cohen indestructible.
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Theorem 79 (Hrušák and García-Ferreira, [HF03]). Tight MAD families are Cohen indestruc-
tible.

Proof. LetA be a tight MAD family, letC be Cohen’s forcing, ẋ a name of a subset of ω, assume that
p ⊩ ẋ is infinite. We want to show that the setD := {q ∈ C | q ⊩ ∃a ∈ A, |ẋ ∩ a| = ∞} is dense
below p.

For arbitrary q ≤ p, we want to find r ≤ q s.t. r ∈ D. May assume that q ⊩ ẋ 6∈ I(A) as
otherwise there is r ≤ q s,t, r ⊩ ∃a0 . . . an ∈ A, ẋ ⊆∗ a0 ∪ · · · ∪ an, which entails that r ∈ D by an
infinite pigeon hole principle.

Enumerate {r ∈ C | r ≤ q} as {rn | n ∈ ω}, write xn = {m ∈ ω | ∃r ≤ rn, r ⊩ m ∈ ẋ}.
First noticexn 6∈ I(A), as otherwise rn ⊩ ẋ ∈ I(A), a contradiction for assumption. Thus by tightness
there is a ∈ A s.t. a∩xn is infinite for all n ∈ ω. We show that q ⊩ ẋ∩ a is infinite. Suppose not, then
there is k ∈ ω and rn ⊩ (a ∩ ẋ) \ k = ∅, but as xn ∩ a is infinite, there is k′ ∈ xn ∩ a, k < k′ and
r ≤ rn s.t. r ⊩ k′ ∈ ẋ ∩ a. This is a contradiction.

This completes the proof.

Thus we obtain the following results:

Corollary 80 (Folklore). In L there is a Π1
1 Cohen indestructible MAD family.

Proof. We apply Theorem 78 on the canonical well ordering of L, see Theorem 35, thus there is aΣ1
2

tight MAD family in L. By Theorem 79, it is Cohen indestructible and thus by Corollary 74, there is a
Π1

1 Cohen indestructible MAD family inL.

On the otherhand, we have a partial converse to Theorem 79, proved by Kurilić in [Kur01]. For
an almost disjoint family A ⊆ [ω]ω , we let the restriction of A on x ∈ [ω]ω , denoted A|x be the set
{a ∩ x | a ∈ A, |a ∩ x| = ∞}. We sayA|x is a tight MAD family on [x]ω if for any {yn | n ∈ ω} ∈
[x]ω \ I(A|x), there is z ∈ A|x s.t. yn ∩ z is infinite for all n.

Theorem 81 (Kurilić). If A is a Cohen indestructible MAD family then there is x ∈ [ω]ω s.t.
A|x is a tight MAD family on [x]ω.

Proof. Assume for contradiction that there is no such x ∈ [ω]ω . Then starting from x∅ = ω, we
recursively build (xs | s ∈ ω<ω) satisfying the following:

1. xs ∈ [ω]ω \ I(A).

2. {xs⌢n | n ∈ ω} witnesses xs is not tight, i.e. there is no a ∈ A|xs s.t. a ∩ xs⌢n is infinite for
all n.

Let c be a Cohen real, let y be a pseudo-intersection of (xc|n , n ∈ ω), we show that y witnesses
thatA is not MAD in the forcing extension, a contradiction to the assumption.
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To see V [c] |= ∀a ∈ A, |a ∩ y| < ∞, we notice for any a ∈ A, the following set is dense by
construction:

Da := {s ∈ ω<ω | |a ∩ xs| <∞}

Thus for any a ∈ A, there is n s.t. c|n ∈ Da, and y being the pseudo-intersection of (xc|n , n ∈ ω), we
have |a ∩ y| <∞.

Thus, we obtain the following fact, allowing us to reduce the complexity of a tight MAD family.

Corollary 82. Assume that Π1
n-FP holds, further assume that Cohen forcing is Σ1

n+1 abso-
lute. Then if there is a Σ1

n+1 tight MAD family, then there is a Π1
n tight MAD family.

Proof. If there is aΣ1
n+1 tightMAD family, then by Theorem 79, it is Cohen indestructible. By Corol-

lary 74 there is aΠ1
n MAD familyA that is Cohen indestructible, thus there is x s.t. A|x is a tightMAD

family on [x]ω . Let f : x → ω increasingly enumerate x, then {f [y] | y ∈ A|x} is aΠ1
n tight MAD

family.

This result is curious as Törnquist’s construction as presented in Theorem 73 does not automat-
ically preserve tightness. To see this, let A be the original Σ1

n+1 MAD family and A′ be defined as in
the proof. Let {xn | n ∈ ω} ⊆ [ω]ω \ I(A), then there is no element in A′ hitting all elements in
{{0} × xn | n ∈ ω} ∪ {{1} × xn | n ∈ ω} infinitely.

We also remark that all the above complexity results except Corollary 82 can be established for light-
face point classes. For instance, the light face version of Theorem 73 holds: If Π1

n-FP holds and there
is a Σ1

n+1 MAD family, then there is a Π1
n MAD family. But Corollary 82 is different as we relied on

the extra parameter x ∈ [ω]ω on which the restriction A|x is tight. Thus the best lightface version of
Corollary 82 we can get is the following statement:

Corollary 83. Assume that Π1
n-FP holds, further assume that Cohen forcing is Σ1

n+1 absolute.
Then if there is a Σ1

n+1 tight MAD family, then there is a real a ∈ ωω and a Π1
n(a) tight

MAD family.

Finally, we make the observation that even though the construction in Theorem 73 does not pre-
serve tightness, it does preserve a weaker property called weakly tightness. We say an almost disjoint
familyA isweakly tight if for any (xn, n ∈ ω) ⊆ [ω]ω \ I(A), there is a a ∈ A s.t. |a ∩ xn| = ∞ for
infinitely many n ∈ ω. Similar to tight almost disjoint families, weakly tight almost disjoint families are
automatically MAD. This concept was proposed by Hrušák and García-Ferreira in [HF03].

Proposition 84. Assume Π1
n-FP. Then there is a Σ1

n+1 weakly tight MAD family iff there
is a Π1

n weakly tight MAD family.
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Proof. LetAbe aΣ1
n+1weakly tightMADfamily. ByΠ1

n-FP there is a partial functionQ ⊆ [ω]ω×2ω

with aΠ1
n graph such that

A(a) ⇐⇒ ∃!wQ(a,w)

For sake of convenience we recall the following maps g0, g1 : ([ω]ω)2 → P(3× ω):

g0 : a,w 7→ ({0} × a) ∪ ({2} × {a∗(n) | n ∈ w})

g1 : a,w 7→ ({1} × a) ∪ ({2} × {a∗(n) | n 6∈ w})

LetA′ = g0[Q] ∪ g1[Q]. In the proof of Theorem 73, we have thatA′ is aΠ1
n MAD family. We

show that it is weakly tight, assumingA is.
For y ∈ [3× ω]ω , i ∈ {0, 1, 2}write yi = {n ∈ ω | (i, n) ∈ y}.
Let {xn | n ∈ ω} ⊆ [3 × ω]ω \ I(A′). Notice for each n, there is i ∈ {0, 1, 2} s.t. xni 6∈ I(A),

as otherwise say xn0 ⊆∗ a00 ∪ . . . a
m0
0 , xn1 ⊆∗ a01 ∪ . . . a

m1
1 and xn2 ⊆∗ a02 ∪ . . . a

m2
2 for some aji ∈ A,

then
xn ⊆∗

∪
j≤m0

g0(a
j
0, w

j
0) ∪

∪
j≤m1

g1(a
j
1, w

j
1) ∪

∪
j≤m2

g0(a
j
2, w

j
2) ∪ g1(a

j
2, w

j
2)

contradicting xn 6∈ I(A′). Herewj
i is the witness s.t. Q(aji , w

j
i ).

Thus there is i ∈ {0, 1, 2} s.t. for infinitely many n, xni 6∈ I(A). Enumerate them as {zm | m ∈
ω}.

Case 1: i = 0 or 1, these two are symmetrical, we may assume i = 0. Since zm0 6∈ I(A), by weak
tightness, there is a ∈ A s.t. a ∩ zm0 is infinite for infinitely manym. Let w be s.t. Q(a,w). Thus
g0(a,w) ∩ zm is infinite for infinitely manym, witnesses the weak tightness ofA′.

Case 2: i = 2. Since zm2 6∈ I(A), by weak tightness, there is a ∈ A s.t. a ∩ zm2 is infinite for
infinitely manym. Let w be s.t. Q(a,w). Thus for one of g0(a,w), g1(a,w), it intersects infinitely
many zm infinitely, witnesses the weakly tightness ofA′.

Comparing Corollary 82 and Proposition 84, we observe that reducing the complexity of tight
MAD family need the assumption of generic absoluteness of Cohen forcing. We may ask whether this
assumption is necessary, whether we can find a construction that preserves tightness directly:

Question 4. Is it the case that under Π1
n-FP, there is a Σ1

n+1 tight MAD family iff there is
a Π1

n tight MAD family?

5.1.3 Maximal independent family

The following theorem lifts Brendle, Fischer and Khomskii’s result in [BFK19]. The proof follows
the same line as their original proof.
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Theorem 85. Assume Π1
n-FP holds. Then there is a Σ1

n+1 maximal independent family iff
there is a Π1

n maximal independent family.

Proof. Let A be aΣ1
n+1 MIF and write A(x) ⇐⇒ ∃!w ∈ 2ωF (x,w) where F is aΠ1

n function.
We consider ω ∪ 2<ω as the disjoint union of ω and 2<ω .

Define

g : [ω]ω × 2ω → P(ω ∪ 2<ω)

(x,w) 7→ x ∪ {w|n | n ∈ ω}

LetA′ = g[F ], then by the argument as in [BFK19] it follows thatA′ is a MIF.
Finally, g is clearly Borel and injective. Thus g[F ] is aΠ1

n MIF.

By an analogous argument as in Corollary 74, we obtain that:

Corollary 86. Let P be a Σ1
n+1 generic absolute forcing notion, assume that Π1

n-FP holds.
Then if there is a Σ1

n+1 maximal independent family that is P indestructible, then there is
a Π1

n maximal independent family that is P indestructible.

A famous example of forcing indestructiblemaximal independent family is the Sacks indestructible
maximal independent family. See [Fis18] for a construction of a coanalytic such family inL.

5.1.4 Maximal Ideal Independent Family

The following theorem lifts Millhouse and Schembecker’s result in [MS26].

Theorem 87. Assume Π1
n-FP. Then there is a Π1

n maximal ideal independent family iff
there is a Σ1

n+1 maximal ideal independent family.

Proof. Let I be aΣ1
n+1 ideal independent family and assume

I(x) ⇐⇒ ∃!w ∈ [ω]ωG(x,w)

whereG is aΠ1
n function.

We define the following function

χ : [ω]ω × [ω]ω → [ω]ω

(x,w) 7→ {3n | n ∈ x} ∪ {3n+ 1 | n ∈ w}

Let z = {3n+ 1, 3n+ 2 | n ∈ ω}. We let I ′ = χ[I] ∪ {z}.
The argument that it is a maximal ideal independent family is the same as [MS26].
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Finally the function χ is clearly a Borel injection. Thus I ′ is a Π1
n maximal ideal independent

family.

By an analogous argument as in Corollary 74, we obtain that:

Corollary 88. Let P be a Σ1
n+1 generic absolute forcing notion, assume that Π1

n-FP holds.
Then if there is a Σ1

n+1 maximal ideal independent family that is P indestructible, then
there is a Π1

n maximal ideal independent family that is P indestructible.

5.1.5 Van Douwen Family

Van Douwen Family is a strengthened version of maximal eventually different family.

Definition 89 (Van Douwen Family). An eventually different family A ⊆ ωω is called a Van
Douwen family if for any infinite partial function f : ω → ω, there is h ∈ A s.t. there are
infinitely many n s.t. f(n) is defined and equals h(n).

Thus, a maximal eventually different family is Van Douwen if it also agrees with partial functions
infinitely often.

Proposition 90. There is a Borel recursion scheme F s.t. a Y compatible with F is a Van
Douwen family. As a consequence, there are ∆1

2 Van Douwen family in L.

Proof. Let f ∈ B iff f is a partial function from ω to ω.
LetFV D ⊆ (ωω)≤ω×B×ωω be defined byFV D(A, f, g) iff EITHER all of the following holds:
1. ran(A) is an eventually different family
2. There is no h ∈ ran(A) s.t. ∀m∃n ≥ m, f(n) is defined. ∧ h(n) = f(n)

3. ∀m∃n ≥ m, f(n) is defined. ∧ g(n) = f(n)

OR 1 is true and 2 is false OR 1 is false.
Then Y compatible with F would be a Van Douwen family.
For the second statement, apply Corollary 51.

In [Rag10], Raghavan showed that Van Douwen families cannot be analytic. This is a contrast to
the weaker notion of maximal eventually different family, which admits a Borel instance by the result in
[HS24]. At its core, what he showed is that the existence of a Van Douwen family leads to the existence
of an infinite MAD family.

Theorem 91 (Raghavan, [Rag10, Corollary 2]). If there is a Σ1
n Van Douwen family, then there

is a Σ1
n infinite MAD family.

Proof. Let A be such a Van Douwen family, by identifying each of its element with its graph, A is an
almost disjoint family in [ω×ω]ω . NoticeA is necessarily infinite as no finite eventually different families
can be maximal.
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Leta0, a1 . . . be a sequence of different elements fromA, let{Bn | n ∈ ω}be an infinite partition
of ω. Define a new function f : ω → ω by f(n) = ai(n) if n ∈ Bi. We show that f 6∈ I(A), this is
because for any b0 . . . bn ∈ A, there is ai not equal to any of them, thus ai ∩ bj is finite for every j ≤ n,
thus ai|Bi 6⊆∗ b0 ∪ · · · ∪ bn, thus f ⊇ ai|Bi is not in I(A).

Now consider the following familyB ⊆ [ω × ω]ω:

b ∈ B ⇐⇒ ∃a ∈ A(b = f ∩ a) ∧ |b| = ∞

We show that B is an infinite MAD family on f in the sense that for any b0, b1 ∈ B, they intersect
finitely and for any g ∈ [f ]ω , there is b ∈ B s.t. b ∩ g is infinite.

B is almost disjoint on f asA is eventually different, and for any g ∈ [f ]ω , it is an infinite partial
function from ω to ω and thus we can find a ∈ A s.t. a∩ g is infinite, thus a∩ f ∈ B and a∩ f ∩ g is
infinite.

Finally, to show thatB is indeed infinite, suppose for contradiction thatB is finite, of size n. Sup-
poseB = {a0∩f, . . . , an−1∩f}, where a0 . . . an−1 ∈ A, but as f 6∈ I(A), g := f \a0∪· · ·∪an−1

is an infinite partial function from ω → ω, thus there is a ∈ A s.t. a ∩ g is infinite, thus a ∩ f ∈ B yet
a ∩ f 6= ai ∩ f for all i < n, thus |B| ≥ n+ 1, a contradiction to our assumption.

Finally, it is easy to turn B in to a Σ1
n infinite MAD family on ω via a bijection between f and

ω.

We remark that this theorem does not admit a lightface version, as we are relying on extra real pa-
rameters.

As a corollary, Ramsey property forbids the existence of Van Douwen families.

Corollary 92. If Σ1
n sets have the Ramsey property, then there is no Σ1

n Van Douwen family.

Proof. By Theorem 29 and Theorem 91.

In [MS26], the complexity reduction result was established for Van Douwen families. We lift the
result under Functional Projection property.

Theorem 93. Assume Π1
n-FP, then if there is a Σ1

n+1 Van Douwen family, then there is a
Π1

n Van Douwen family.

Proof. Define functions χ0, χ1 :
ωω × 2ω → ωω by

χ0(f, c)(n) := 2f(n) + c(n),

χ1(f, c)(n) := 2f(n) + 1− c(n).
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Now, assume thatF is aΣ1
n+1 VanDouwen family, and letH ⊆ ωω×ω2 be aΠ1

n partial function
such that F is the projection ofH to the first component. Let

G := χ0[H] ∪ χ1[H].

ThatG is a Van Douwen family is the same proof as in [MS26].
As for the definability of G, clearly both χ0 and χ1 are injective Borel functions, thus by Lemma 7,

G isΠ1
n.

5.1.6 Maximal Tower and Maximal Linear Tower

The following theorem lifts Fischer and Schilhan’s result in [FS22].

Theorem 94. Assume FP(Π1
n), then if there is a Σ1

n+1 maximal linear tower, then there
exists a Π1

n maximal linear tower. Moreover, if we start from a Σ1
n+1 maximal tower, then

we get a Π1
n maximal tower.

Proof. LetA be aΣ1
n+1 maximal linear tower, and let F ⊆ [ω]ω × 2ω beΠ1

n such that

x ∈ A ⇐⇒ ∃!w ∈ 2ω (x,w) ∈ F.

For x ∈ [ω]ω , let x(n) be the n-th element of x. Define g : [ω]ω × 2ω → [ω × ω]ω by letting

g(x,w) = ({0} × x) ∪
[∪
n∈ω

{n+ 1} ×
(
x \ x(n+ w(n))

)]
.

We show that g is a Borel injection. That it is Borel is obvious. For z ∈ [ω × ω]ω , let zn be the nth
section of z. For (x,w) 6= (x′, w′), may assume x = x′ as otherwise g(x,w)0 6= g(x′, w′)0. Let s be
the largest common initial segment ofw,w′, may assumew = s⌢0⌢y andw′ = s⌢1⌢y′, then

g(x,w)|s|+1 = (x \ x(|s|)) 6= (x \ x(|s|+ 1)) = g(x,w′)|s|+1

Thus g is injective.
The argument that g[F ] is a maximal linear Tower is the same as that in [FS22]. Thus g[F ] is aΠ1

n

maximal linear Tower by Lemma 7.
The secondpart of the statement followsbyobserving that the injectionpreserves order: for (x,w), (x′, w′) ∈

F ,
x ⊆∗ x′ ⇐⇒ g(x,w) ⊆∗ g(x′, w′)

Hence ifA is well-ordered by⊇∗, so is g[F ].

However, we notice that in this case, the complexity reduction proofs for forcing indestructible
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instances (the parallel statement to Corollary 74) does not seem to easily generalize to themaximal tower
case. The reason is that in the proof of Corollary 74, we used that ifA,A′ are both MAD families and
A ⊆ A′, thenA = A′. But this is not the case for maximal towers.

5.2 Combinatorial families in L[U ]

As a consequence of what we have established, we are able to show that inL[U ] the combinatorial
families discussed in this chapter all admit aΠ1

2 instance.
First, by the fact that the canonical well-ordering onL[U ] isΣ1

3 good when restrcted to the reals, it
is immediate that recursion inL[U ] can obtain aΣ1

3 object.

Proposition 95. In L[U ], for any ∆1
3 set of requirements B, base case BC ∈ X≤ω and any

∆1
3 recursion condition F ⊆ X≤ω × B × X, s.t. for any A ∈ X≤ω, p ∈ B, F⟨BC,A⟩,p \

(ran(BC) ∪ ran(A)) is non-empty, there is a Σ1
3 set Y compatible with F .

Proof. Immediate from Theorem 49 and Theorem 42.

Corollary 96. In L[U ], there is Σ1
3 instance of each of the following objects: Infinite MAD

family, maximal independent family, infinite maximal ideal independent family, maximal
tower, Van Douwen family. Indeed for all but maximal tower, there is ∆1

3 instance of
them.

Proof. Same as Corollary 51. For Van Douwen family, apply Proposition 90.

Theorem 97. In L[U ], all of the following combinatorial families admit a Π1
2 instance.

1. Counterexample to perfect set property.

2. Infinite MAD family.

3. Maximal independent family.

4. Maximal (linear) towers.

5. Maximal Ideal independent family.

6. Van Douwen family.

Proof. We work in L[U ]. By Corollary , we getΣ1
3 instances of the objects. Moreover by Theorem 62,

Π1
2-FP holds. Thus we may apply Theorems 72, 73, 85, 87, 93, 94 respectively to arrive atΠ1

2 instances
of the desired objects.
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We remark that formost of the combinatorial families listed above, we know thatΠ1
2 is the optimal

complexity level at where they may exist in L[U ]. Hence the instance we obtained in Theorem 97 is
optimal in projective complexity:

∆1
1

Σ1
1

Π1
1

∆1
2

Σ1
2

Π1
2

The optimal level inL[U ]

· · ·

· · ·

· · ·

∆1
n

Σ1
n

Π1
n

· · ·

· · ·

· · ·

InL[U ], no instance lies in these levels

Proposition 98. For all but the maximal ideal independent family mentioned in Theorem
97, there is no Σ1

2 instance of it in L[U ].

Proof. As there is ameasurable cardinal inL[U ], Theorem37 entails that allΣ1
2 sets are regular (have the

perfect set property, Ramsey property, Lebesgue Measurability and Baire Property), thus by Theorem
29, there can’t beΣ1

2 instance of infiniteMAD family andmaximal independent family; by Theorem 30
there can’t beΣ1

2 instance of maximal tower; by Theorem 91 there can’t beΣ1
2 instance of VanDouwen

Family.
By Theorem 7.1 in [FS22], there is a maximal linear tower of complexityΣ1

2 iff there is a maximal
tower of complexityΣ1

2, thus there is no maximal linear tower inL[U ] also.

However, it remains open whether there can be a regularity property that forbids the existence of a
maximal ideal independent family.

Question 5. Is there a regularity property that forbids the existence of maximal ideal inde-
pendent family? In particular, are there analytic maximal ideal independent families?

Finally, wemention thatMillerwas able to show that there is aΠ1
1Hamel basis inL in [Mil89], thus

it is natural to ask the status ofHamel basis inL[U ]. On one hand, it is a folklore result that existence of a
Σ1

2 Hamel basis leads to the existence of aΣ1
2 Vitali set (see for instance example ?? in Chapter 6), which

cannot exist inL[U ], thus there is noΣ1
2Hamel basis inL[U ]. On the other hand, an easy application of

transfinite recursion inL[U ] produces aΣ1
3 instance, appealing to Theorem 49 and Theorem 42. Thus,

it remains to decide whether there is aΠ1
2 Hamel basis inL[U ].

Question 6. Is there a Π1
2 Hamel basis in L[U ]?

One approach to answer this question affirmatively is to find a complexity reduction result similar
to those discussed in this chapter, however, this seems hard due to the combinatorics of Hamel bases:
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Question 7. Is it the case that under Π1
n-FP, the existence of a Σ1

n+1 Hamel basis entails
the existence of a Π1

n one?
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Chapter 6

Other Results

In this chapter, we collect some other results the author obtained during his Master period. In
Section 6.1, we develop the theory of continuous relations and prove an interesting connection between
the cardinal characteristics and definable combinatorics. In Section 6.2, we develop a graph comparision
notion between Borel graphs and hypergraphs that is relevant for the study ofmaximal independent sets.

6.1 Tower Number andΠ1
2 Combinatorics

Recall the definition of the tower number in Definition 24, we show that if the tower number t is
increased beyond ω1, then certain combinatorial families cannot haveΠ1

2 instances.

6.1.1 Continuous Relation

The idea of continuous relation developed in this subsection comes from an unpublished exposi-
tion byWilliam Chan on an early version of He, Luo and Zhang’s paper [HLZ26].

Continuous relation is a generalizaiton of the concept of continuous function.

Definition 99 (Continuous Relation). Let X,Y be two topological spaces, let R be a relation
on X × Y from X to Y , we say R is continuous if for each open U ⊆ Y , R−1[U ] := {x |
∃y ∈ U,R(x, y)} is open in X.

Clearly ifR happen to be a function, then the notion of a continuous relation coincides with the
concept of continuous functions.

We are mainly interested in relations from one Polish space to another Polish space. So without
explicit mention, in the following we discuss continuous relations on Polish spaces.

First let’s notice that when considering the notion of continuity of relations, the following fact
breaks down. For functions f : X → Y , if f is continuous, then f considered as a subset ofX × Y

is closed. For the⇒ side, for {(xn, f(xn)) | n ∈ ω} ⊆ f that converges to (x, y), by continuity of f ,
f(xn) → f(x) and thus (x, y) = (x, f(x)) ∈ f .
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But for relations, the nice fact breaks down:

Proposition 100. There is R ⊆ X × Y s.t. R is continuous but not projective.
And there is R that is closed but not continuous.

Proof. For the first part, first notice by a cardinality argument, a non-projective set exists. It is clear that
sinceΣ1

1 sets are projections of closed sets and every closed set isΣ1
1,Σ1

1 sets on a fixed Polish spaceX
has cardinality 2ω , which is the number of closed sets on a Polish space. By an induction, for everyn,Σ1

n

sets on a fixed Polish spaceX has cardinality 2ω . Thus there are only 2ω projective sets on a fixed Polish
space, but there are 2ωω many subsets ofX .

Thus let S ⊆ R be some set that is not projective, considerR = [R × (R \ {0})] ∪ [S × {0}],
which is continuous. It is continuous as for any nonempty U ⊆ R open, there is 0 6= x ∈ U and thus
R−1[U ] is R, thus open. YetR cannot be projective as otherwise S := {x ∈ R | (x, 0) ∈ R} would
be projective.

For the second part, letA ⊆ X be aΣ1
1 set that is not open, then there isR ⊆ X × Y closed and

R−1[Y ] = p[R] = Awhich is not open.

We remark that by the first counter example, another good characterization of continuity is lost:
Remember functions f is continuous iff f reflects closed sets: f−1[C] is closed forC closed. But in the
case S is not closed,R clearly does not reflect closed set.

Also, a corollary of the first example is that there are 2ωω many different continuous relations:

Corollary 101. There are 2ω
ω many different continuous relations on perfect Polish spaces

X,Y .

Proof. Ononehand, there are2ωω different subsets ofX×Y in total. On the other hand, each different
subset ofX yields a unique continuous relation by the construction in the first example of 100.

For the second counter example, we are working with a relation that is not fully defined on its do-
main. But even requiring R to have full domain X won’t save us here. For that, we need some more
theory on Polish space.

Lemma 102 (See [Gao08, Proposition 1.1.2]). Let X be a Polish space, if U ⊆ X is open, then
U with the subspace topology is Polish.

Proof. Let d be the complete metric onX , let F = X \ U , define d(x, F ) = inf{d(x, y) | y ∈ F}.
Consider the following metric e onU , for x, y ∈ U :

e(x, y) = d(x, y) +
1

d(x, F )
+

1

d(y, F )
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It is easy to check that e and d generates the same topology onU . Moreover, if x0, x1 . . . cauchies
converges under e, then x0, x1 . . . cauchies converges to some x 6∈ F under d. Thus e is a complete
metric onU . ThusU is Polish.

Proposition 103. There is R ⊆ X × Y s.t. dom(R) := {x ∈ X | ∃y ∈ Y, (x, y) ∈ R} = X,
and is closed but not continuous.

Proof. Let U ⊆ Y be an open set that is not Y . ThusX × U with the subspace topology is Polish,
and we can find closed C ⊆ X × U s.t. p[C] is analytic but not open. C being closed in the subspace
topology, there isC ′ closed inX × Y s.t. C = C ′ ∩ (X × U)Consider the following relation

R = C ∪ [X × (Y \ U)]

= [(X × U) ∩ C ′] ∪ [X × (Y \ U)]

= [(X × U) ∪X × (Y \ U)] ∩ [C ′ ∪X × (Y \ U)]

= (X × Y ) ∩ [C ′ ∪X × (Y \ U)]

which is closed. ButR−1[U ] = p[R ∩ (X × U)] = p[C], is not open.

Perhaps the analysis thus far shows that continuous relation in general can beweird. But wewill see
that for given projective (Borel) relation, considering its continuity will be a powerful tool of analysis.

First let’s start by an important merit of relations. With relations, in contrast to functions, it makes
sense to ask whether the union and intersection of continuous relations is still continuous.

Proposition 104. Let (Ri, i ∈ I) be a family of continuous relations on X × Y , then R =∪
i∈I Ri is continuous.

Proof. ForU ⊆ Y open,R−1[U ] =
∪

i∈I R
−1
i [U ], which is open.

Theorem 105. For X,Y Polish spaces, (Rα, α < ω1) a decreasing sequence of continuous
relations, decreasing in the sense that if α < β then Rα ⊇ Rβ. Then R =

∩
α<ω1

Rα is
continuous.

Proof. It suffice to show that for any basic open V ⊆ Y , for any x ∈ X and y ∈ V s.t. R(x, y), there
is basic openU ⊆ X s.t. x ∈ U R−1[V ] ⊇ U .

for any x′ ∈ U ,R[x′] ∩ V 6= ∅. HereR[x′] := {y ∈ Y | R(x, y)}.
Let {Nm | m ∈ ω} enumerate the basic open set ofX .
Define

mα = min{m | ∀x ∈ Nm∧x′ ∈ Nm, ∃y′ ∈ V, (Rα(x
′, y′))} = min{m | R−1

α [V ] ⊇ Nm, x ∈ Nm}

We observe that for α < β < ℵ1, asRα ⊇ Rβ ,mα ≤ mβ .
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Thus there is somem s.t. mα ≤ m for all α < ω1, as otherwise∪
m∈ω

{α | mα ≤ m} = ω1

Which is absurd as under the assumption {mα | α < ω1} is unbounded in ω, each {α | mα ≤ m} is
countable.

Thus thisNm satisfies the requirement.

The argument clearly produces a more general statement for spaces that are not Polish. Recall that
B is a local basis ofX at x if for any open U with x ∈ U , there isB ∈ B s.t. x ∈ B ⊆ U . The local
weight of a spaceX at x, denoted w(X,x), is the least size of a local basis of x. The character ofX ,
denoted χ(X) is supx∈Xw(X,x).

Theorem 106. For X,Y arbitrary topological spaces, if χ(X) = λ and cf(κ) > λ, (Rα, α <

κ) is a decreasing sequence of continuous relations, decreasing in the sense that if α < β < κ

then Rα ⊇ Rβ. Then R =
∩

α<κRα is continuous.

Proof. By the same argument as above.

We remark that in the above theorem, both cf(κ) > λ and the fact that the relations are decreasing
are important. Consider the following example: {0} × R =

∩
n∈ω(−

1
n ,

1
n) × R, this example shows

that countable intersections of continuous relation may cease to be continuous.
On the other hand, if we drop the assumption of decreasing in the statement, then clearly the state-

ment would imply that countable intersections of continuous relation is still continuous by making the
tail constant to total relation. This is absurd by the counterexample we just provided.

For application to combinatorial set theory, we are interested in continuous relations on [ω]ω×2ω .
ForR ⊆ X×Y , andX ′ ⊆ X , we say thatR is continuous onX ′ ifR∩ (X ′×Y ) is continuous

as a relation fromX ′ to Y , whereX ′ inherits the subspace topology.
Mathias proved that if a function is Ramseymeasurable, in the sense that the reflection of any open

set has the Ramsey property, then the function is continuous on a Ramsey large set. He, Luo, Zhang
observed that this also holds for relations. We state this fact for analytic relations.

For an element y ∈ [x]ω , let y∗ be the function that increasingly enumerates y.

Theorem 107 (He, Luo, Zhang). Assume R ⊆ [ω]ω × 2ω is an analytic relation, then for any
infinite x, there is y ∈ [x]ω s.t. R is continuous on [y]ω.

Proof. LetB0 = ∅ andC0 = x, t00 = ∅ and ℓ00 = ∅, p00 = (t00, ℓ
0
0) = (∅, ∅). Define P p00 ⊆ [C0]

ω by:

g ∈ P p00 ⇐⇒ ∃h ∈ 2ω
(
h ↾ 0 = ℓ00 ∧R(t00⌢g, h)

)
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This is an analytic relation, thus is completely Ramsey by Theorem 28. Pick an infiniteCp00 ⊆ C0

which is homogeneous for P p00 , meaning that [Cp00 ]ω ⊆ P p00 or [Cp00 ]ω ∩ P p00 = ∅.
LetB1 = B0 ∪ {minCp00} andC1 = Cp00 \B1.
SupposeBn andCn have been defined. Let pn0 , . . . , pnKn

enumerate [Bn]
<ω × 2n. For each k ≤

Kn, let tnk ∈ [Bn]
<ω and lnk ∈ n2 be such that pnk = (tnk , l

n
k ). Define P pn0 ⊆ [Cn]

ω by

g ∈ P pn0 ⇐⇒ ∃h ∈ 2ω
(
h ↾ n = ℓn0 ∧R(tn0⌢g, h)

)
This is an analytic relation, thus is completelyRamsey byTheorem28. Pick an infiniteCpn0 ⊆ Cnwhich
is homogeneous for P pn0 .

Suppose that for some k < Kn,Cpnk has been defined. Define P pnk+1 ⊆ [Cpnk ]ω by

g ∈ P pnk+1 ⇐⇒ ∃h ∈ 2ω
(
h ↾ n = lnk+1 ∧R(tnk+1

⌢g, h)
)

This is an analytic relation, thus is completely Ramsey by Theorem 28. Pick an infinite Cpnk+1 ⊆ Cpnk

which is homogeneous for P pnk+1 .
After completing this finite construction, letBn+1 = Bn ∪ {minCpnKn} and Cn+1 = CpnKn \

Bn+1.
Let y =

∪
n∈ω Bn. We claim thatR is a continuous relation on [y]ω .

Let f ∈ [y]ω , n ∈ ω, and h ∈ 2ω be such thatR(f, h). Choose k ≤ Kn such that h ↾ n = ℓnk

and tnk is such that f = tnk
⌢g for some g ∈ [Cn+1]

ω . Since lnk = h ↾ n and g ∈ [Cn+1]
ω , it follows

thatCn+1 ⊆ Cpnk must satisfy [Cn+1]
ω ⊆ P pnk , as witnessed by h.

Letm′ = |tnk | and letm = m′ + 1. Suppose w ∈ [y]ω is such that w ↾ m = f ↾ m. Write
w = (w ↾ m′)⌢u for some u ∈ [y]ω . Since u(0) = w(m′) = f(m′) ∈ Cn+1, we have u ∈ [Cn+1]

ω

by the construction of y. Thus u ∈ P pnk . Therefore, there is some h̄ ∈ ω2 such thatR(tnk
⌢u, h̄) and

h̄ ↾ n = ℓnk = h ↾ n.
But since w ↾ m = f ↾ m,m = m′ + 1,m′ = |tnk |, and f = tnk

⌢g, we have (tnk
⌢u) = ((f ↾

m′)⌢u) = ((w ↾ m′)⌢u) = w. Hence R(w, h̄) and h̄ ↾ n = h ↾ n. This establishes that R is a
continuous relation on [y]ω .

Lemma 108. Let R ⊆ [ω]ω × 2ω be a relation that’s E0 invariant on the first argument. i.e.
For all x, y ∈ [ω]ω and g ∈ 2ω, if R(x, g) and |x∆y| <∞ then R(y, g).

If R is continuous on [x]ω and y ⊆∗ x, then R is continuous on [y]ω.

Proof. Assume z ∈ [y]ω and R(z, g). For arbitrary n ∈ ω, we want to findm ∈ ω s.t. whenever
z′∗ ↾ m = z∗ ↾ m for z′ ∈ [y]ω , there is g′ s.t. g′ ↾ n = g ↾ n andR(z′, g′).

Let s = y \ x, thus z \ s ⊆ y \ s ∈ [x]ω . ByE0 invarianceR(z \ s, g). By the assumption there
ism ∈ ω s.t. whenever z′∗ ↾ m = (z \ s)∗ ↾ m for z′ ∈ [x]ω , there is g′ s.t. g′ ↾ n = g ↾ n and
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R(z′, g′).
We show thatm+|s| satisfies the assumption. For z′′ ∈ [y]ω s.t. z′′∗ ↾ (m+|s|) = z∗ ↾ (m+|s|),

z′′ \ s ∈ [x]ω and (z′′ \ s)∗ ↾ m = (z \ s)∗ ↾ m. Thus there is g′ s.t. g′ ↾ n = g ↾ n andR(z′′ \ s, g′).
Finally byE0 invarianceR(z′′, g′).

6.1.2 Tower Number and E0 transversals

Definition 109. V ⊆ 2ω is called a E0 transversal if:

1. For all x 6= y ∈ V , |x∆y| = ∞.

2. For all x ∈ 2ω there is y ∈ V , |x∆y| <∞.

Again, the perspective of Borel graph kicks in, we can viewE0 transversal as amaximal independent
set of the following Borel graph: (2ω, E)where xEy ⇔ x∆y is finite..

Theorem 110. If t > ω1 then there is no Π1
2 E0 transversal.1 (And no Σ1

2 E0 transversal,
as every Σ1

2 E0 transversal is automatically Π1
2.)

Proof. We prove the converse. Assume V is aΠ1
2 E0 transversal, then there is Borel Bα, α < ℵ1 s.t.

V =
∩

α<ℵ1
Bα by Theorem 8. We may assume Bα is decreasing as countable intersections of Borel

sets are again Borel.
For α < ω1, defineRα ⊆ [ω]ω × 2ω by

Rα(x, a) ⇐⇒ a ∈ Bα ∧ |x∆a| <∞

This is a Borel relation.
We build a tower of elements xα, xα ⊆∗ xβ iff α < β s.t. Rα is cont. on xα+1.
On successor step we apply Theorem 107 to [xα]ω andRα.
On limit step λwe take the pseudo-intersection of xα, α < λ.

Nowwe argue that this tower (xα, α < ℵ1) cannot have a pseudo-intersection, witnessing t = ω1.
Assume for contradiction that it does, x is a pseudo-intersection of it. We observe that for each α < ω1,
the relation Rα is E0 invariant on the first coordinate and thus by Lemma 108, we obtain that Rα is
continuous on [x]ω .

LetRV ⊆ [ω]ω × 2ω be s.t.

RV (x, a) ⇐⇒ a ∈ V ∧ |x∆a| <∞

1In a personal communication, JialiangHe was able to improve this result to if h > ω1, then there is noΠ1
2 E0 transversal.

His method also uses the idea of continuous relation.
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ThusRV =
∩

α<ℵ1
Rα is continuous on [x]ω by Theorem 105.

Weobtain a contradiction fromthere: choosey, y′ ∈ [x]ω s.t. |y∆y′| = ∞, thusRV (y, a), RV (y
′, a′)

for some a 6= a′ ∈ V . Let n be s.t. a(n − 1) 6= a′(n − 1). By continuity there ism s.t. whenever
y′′∗ ↾ m = y ↾ m for y′′ ∈ [x]ω , there is a′′ s.t. a′′ ↾ n = a ↾ n and (y′′, a′′) ∈ RV . Consider y′′

given by

y′′∗(i) =

y∗(i) if i < m

y′∗(i+ k) if i ≥ m, where k is the least number satisfying y′∗(m+ k) > y∗(m− 1).

Thus there is a′′ s.t. a′′ ↾ n = a ↾ n and (y′′, a′′) ∈ RV . Specifically, a′′ 6= a′ as a′′(n − 1) =

a(n−1) 6= a′(n−1). Also notice y′′∆y′ is finite as they agree on the tail. We thus have |y′′∆a′′| <∞,
|y′∆a′| <∞ and thus |a′′∆a′| <∞which is absurd as they are distinct elements from V .

6.2 Graph Comparison and Maximal Independent Set

Recall the definition of Borel graphs in the section 2.3. Let’s first focus our attention on binary
graphs. For a detailed theory of Borel graph, the reader may refer to [KM20].

Definition 111 (Borel Graph). Let X be a Polish space and E ⊆ X2 be symmetric. We say
G = (X,E) is a Borel graph if E is Borel.

I ⊆ G is called an independent set if for any x0 6= x1 ∈ I, ¬x0Ex1. An independent
set is maximal if it is not a proper subset of any other independent set.

I ⊆ G is called a spanning set if for any x ∈ G \ I, there is y ∈ I s.t. xEy.

Recall by Proposition 21, an independent set is maximal iff it is spanning.
This section is motivated by the following question, we try to look for a graph comparison notion

that is useful for the study of maximal independent set:

Question: Is there a comparison notion for Borel graphs that allows one to transform
a maximal independent set of one Borel graph to a maximal independent set of the another,
preferably in a way that preserves definability?

Of course under AC, all Borel graphs have a maximal independent set simply by an application of
Zorn’s Lemma, thus the definability side of the question is the more interesting one.

The following is a satisfying notion:

Definition 112 (p-Relation). Let G0 = (X0, E0) and G1 = (X1, E1) be two Borel graphs. We
say that R ⊆ X0 ×X1 is a p-relation if
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1. For each y ∈ X1, R−1[y] is independent.

2. xE0x
′ and xRy, x′Ry′ entails yE1y

′.

3. For each x ∈ X0 there is y ∈ X1 s.t. xRy and y satisfies whenever y′ ∈ X1 satisfies
yE1y

′ then there is x′ ∈ X0 s.t. x′Ry′ and xE0x
′.

A p-relation is called Borel if its graph is Borel.

The notion is a generalization of the famous notion of p-morphism (or bounded morphism) in
modal logic. See for instance [BRV01].

Theorem 113. Let R be a Borel p-relation between G0 and G1, then if I is a maximal
independent set of G1, then R−1[I] is a maximal independent set of G0. Moreover, if I is
Σ1

n, then R−1[I] is Σ1
n.

Proof. Let J = R−1[I], for x 6= x′ ∈ J , if xE0x
′, then in particular there is no single y s.t. xRy

and x′Ry, say y 6= y′ s.t. xRy, x′Ry′, thus yE1y
′, a contradiction to the independence of I . Thus J

is independent.
To show J is spanning, pick x ∈ X0 \ J , there is y ∈ X1 satisfying 3 of the definition. As I is

spanning, there is y′ ∈ I s.t. yE1y
′, thus there is x′E0x and x′ ∈ R−1[y′] ⊆ R−1[I], witnessing that

J is spanning.

To see that p-relation is indeed a powerful notion, consider the following example:
Let G = (2ω, E0), where xE0y iff x∆y is finite, i.e. they are eventually the same. A maximal

independent set of this graph is aE0 transversal.
LetGv = (R, Ev), where xEvy iff x−y ∈ Q. Amaximal independent set of this graph is known

as theVitali set.

Example 114. There is a Borel p-relation R from G to Gv, thus if there is a Σ1
n Vitali set,

then there is a Σ1
n E0 transversal.

Proof. Consider the following relation xRy iff:

∃i ∈ ω, ∃nm0 . . . nmi ,
(
∀j ≤ i, (x(mj) = 0)

∧ y =
∞∑

m=0

km
(m+ 1)!

)
, where km =

x(m) ifm 6∈ {m0 . . .mi}

nmj ifm = mj

In case xE0x
′ and xRy, x′Ry′, y − y′ ∈ Q as they are different on finite bits.
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For each y ∈ R, first notice it admits a unique expansion into the form

y = a0 +

∞∑
m=1

am
(m+ 1)!

(*)

where form > 0, am ≤ m. This expansion can be done by taking a0 = byc and recursively taking

am = b(y − a0 −
a1
2!

· · · − am−1

m!
)(m+ 1)!c

ThusR−1[y] is either empty or a singleton, as xRy iff there are only finite bits in (am,m ∈ ω) that is
not 0 and 1, and x is obtained by turning these bits into 0.

Finally, for any x ∈ 2ω , consider the real

y =
∞∑

m=0

x(m)

(m+ 1)!

This is clearly a converging sequence, thus well-defined. For any y′ ∈ R s.t. y − y′ = r ∈ Q, take least
m s.t. there is some k s.t. r = k

(m+1)! , thus taking (an, n ∈ ω) as the expansion of y′ into the form of
(*), it is clear that a : n 7→ an and x agrees on elements beyondm. And thus x′ given by

x′(n) :=

a(n) if a(n) ≤ 1

0 if a(n) > 1

satisfies x′Ry′ and x′E0x.

We further make the observation that this relationR is the example is a union of countably many
Borel functions: Let A =

∪
{ωs | s is a finite set of natural numbers}, thus A is contable, for each

p ∈ A, define fp : 2ω → R as

fp(x) =
∞∑

m=0

km
(m+ 1)!

, where km =

x(m) ifm 6∈ dom(p)

p(m) ifm ∈ dom(p) ∧ x(m) = 0

ThenR =
∪

p∈A fp. Given that observation, we conclude that given a Vitali set V ⊆ Gv , the reflection
R−1[V ] preserves the place in the projective hierarchy: If V isΠ1

n, thenR−1[V ] is alsoΠ1
n.

Thus we obtain that Theorem 110 leads to the following result for Vitali set:

Corollary 115. If t > ω1 then there is no Π1
2 Vitali set.

The reverse is also true, for that we need some theory from invariant descriptiove set theory.
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Lemma 116 (See also [Gao08, Proposition 6.1.2 and 6.1.4]). There is a Borel injection f : R → 2ω

s.t. x0Evx1 ⇔ f(x0)E0f(x1).2

Proof. Define f0 : R → ωω be determined by:

r = f0(r)(0) +

∞∑
m=1

f0(r)(m)

(m+ 1)!

where f0(r)(m) ≤ m for m > 0. This is an injective map s.t. x0Evx1 ⇔ {n | f0(x0)(n) 6=
f0(x1)(n)} is finite.

Then let f1 : ωω → 2ω be given by

f1(x)(〈n, k〉) = the k + 1-th least significant digit of the binary expansion of x(n)

This is an injective map s.t. {n | y0(n) 6= y1(n)} is finite ⇔ f1(y0)E0f1(y1).
Composing f = f1 · f0 gives the desired map.

Example 117. There is a Borel p-relation R from Gv to G, thus if there is a Σ1
n E0

transversal, then there is a Σ1
n Vitali set.

Proof. Fix an ordering<fin on [ω]<ω in type ω. Let f be the function given by Lemma 116.
LetR be given by

xRy ⇐⇒ |f(x)∆y| <∞∧ ∀q ∈ Q, ((f(x)∆y) ≤fin (f(x+ q)∆y))

i.e. xRy if f(x) and y are different by finite changes, andwithin the cosetx+Q, the finite changes f(x)
makes to reach y is the least. It is easy to verify thatR is a Borel p-relation.

Corollary 118 (ZF+DC). There is a Vitali set iff there is an E0-transversal.

Thus we see that p-relation is indeed a powerful notion, being behind many implication results of
combinatorial families. It allows us to transform one maximal independent set into another via compar-
ing the graphs behind them. We are interested in finding more examples of the kind:

Question 8. Are there other natural examples of the following kind: If there is a Γ maximal
independent set of G, then there is a Γ maximal independent set of G′? And are they
induced by p-relation between G and G′?

Finally, we have seenmany examples of hypergraph whose maximal independent set leads to failure
of certain regularities. But what about the converse? We are interested in finding graphs whose maximal
independent sets detect failure of regularity properties:

2This is known as a faithful Borel reduction fromEv toE0.
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Question 9. Is there a Borel (hyper) graph G s.t. it has a maximal independent set iff a
certain regularity property (Baire property, Ramsey property etc.) fails?
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Chapter 7

Conclusions and Questions

In this thesis, we studied the problem of lifting complexity reduction results for combinatorial fam-
ilies. We isolated the Functional Projection property which allows us to lift the complexity reduction
results to higher point classes. Moreover, we established Π1

n-FP for both the model L and the model
L[U ]. This is in sharp contrast with the behavior of the uniformization property the behavior of the
uniformization property, which fails at certain higher projective levels, such asΠ1

2. Our result allowed
us to derive the optimal projective complexity of the combinatorial objects in the modelL[U ].

We believe that the property of Functional Projection we isolated in this thesis is of great interest
in itself. As we have discussed in chapter 4, it weakens uniformization in a significant way, losing its
power as a definable choice principle. On the other hand, it retains enough strength to support many
complexity reduction arguments.

Coming back to the question of lifting complexity reduction results to higher pointclasses, even
thoughwe have isolated a sufficient condition for the lifting, namely the Functional Projection property,
it remains open whether we can do complexity reductions without this assumption.

Question 10. Can we lift these complexity reduction results to higher pointclasses without
assuming Functional Projection? More precisely, is it the case that ZFC alone proves that
if there is a Σ1

n+1 combinatorial family X, then there is a Π1
n instance, for n ≥ 2?

At this point, the author expects the answer to be negative. I believe that for combinatorial family
such as infinite MAD family, there are models where there are Σ1

n+1 instances of it but no Π1
n of it

(n ≥ 2). In particular, we conjecture that:

Conjecture 1. There is a model of ZFC where there is a Σ1
3 infinite MAD family but no Π1

2

infinite MAD family.
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