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Abstract

In this thesis, we study complexity reduction problems that originate from the analysis of definable com-
binatorial objects. We make significant progress in lifting a family of complexity reduction results to
higher point classes. Specifically, we isolate a property we call Functional Projection that makes the com-
plexity reduction proofs lift, and we establish that Functional Projection holds for all projective levels in
the model L and L[U]. As a consequence, we derive the existence of combinatorial objects in L[U] at

the optimal projective level TT}.



Acknowledgements

First, I would like to thank my supervisor Yurii. Since I arrived at Amsterdam, you have provided
me great support in my pursuit of set theory. From the projects we did to the supervision of this thesis, |
deeply appreciate the insightful discussions we had and the kind encouragements you gave to me. Finally,
in working towards this thesis, you have always been a source of inspiration for me.

Besides, I wish to thank Vera. Thank you for hosting me in Vienna, and working with me on the
project that eventually led to this thesis. I held worries when I arrived at the unfamiliar city of Vienna,
but you welcomed me with warmth, helped me discover the excitement of research in set theory and
made my stay in Vienna a cherish-able and fruitful experience.

I’'m also thankful towards the committee for carefully reading my thesis, as well as the brilliant
young logician community I met in both Amsterdam and Vienna. I would like to thank Julia, for work-
ing with me on the project; I thank Tenyo, Spyros and Orestis for studying descriptive set theory with me;
and I thank Sebastian, Jonathan and William for the discussions we had and the support you provided
me.

Moreover, I would like to thank all the friends I made in Amsterdam. May our friendships never
fade. T hold special appreciation to — & and 15 9. Together with you, I discovered how joyful and
fruicful life could be.

Finally, to my Mom and Dad: Thank you for your support and understanding all along. And to

#, thank you for everything in these tough but wonderful years.



Contents

1 Introduction
1.1 Background on Combinatorial Set Theory . . . . ... ... .. .. ... ... ..
1.2 Complexity ReductionResults . . . .. ... ... .. o 0 o o o

1.3 Main Contributions and Structure of the Thesis . . . . . . .. .. .. . ... ....

2 Preliminaries
2.1 Codingsand Conventions . . . . . . .. .. .. .. ... ..
2.2 DescriptiveSet Theory . . . . . .. ... .. .. L L
2.2.1  Some Classical Results in Descriptive Set Theory . . . . .. ... ... .. ..
2.2.2  The Uniformization Problem . . . . . . . .. ... ... ... ... ... ..
2.3 Combinatorial Set Theory . . . . . . . ... ... .. .. .. o
2.3.1  Ramsey Property and other Regularities . . . . ... ... ... .. ... ..
24 TheTheoryof Land L[U| . . . . . . .. .. i
2.4.1 TheConstructible Universe L . . . . . . .. .. ... ... ... ... ...
242 Measurable Cardinal . . . . . ... Lo
2.4.3  The Canonical Model with One Measurable Cardinal L[U] . . . . . ... ..

3 Recursion Along Good Projective Well-orderings

4 Functional Projection Property
4.1 Functional ProjectioninInnerModels . . . . . ... ... ... ... ... .. ...
4.2 Functional Projection vs Uniformization . . . . .. .. .. ... ... ... ......
4.3 Determinacy and Functional Projection . . . . . . ... ... ... ... ... ...

44 FurtherQuestions . . . . . . . . . .

5 Functional Projection and Complexity Reduction
5.1 Lifting Complexity ReductionResults . . . ... .. .. .. .............
5.1.1  PerfectSetProperty . . . . . . .. ... Lo

5.1.2  Maximal Almost Disjoint Families . . . . .. ... ... ... .. ......

11
11
12
16
17
20
23
25
26
27
28

30

36
38
44
45
48



5.1.3 Maximalindependentfamily . . . .. .. ... o 0000000

5.1.4  Maximal Ideal Independent Family . . . . . ... ... ... ... ...

5.1.5  Van Douwen Family

5.1.6 Maximal Tower and Maximal Linear Tower . . . . . . . . . .. . ... ...

5.2 Combinatorial familiesin L[U] . . . . . . ... .. .

6 Other Results

6.1 Tower Number and IT} Combinatorics . . . . . . . ... ... oot

6.1.1 Continuous Relation

6.1.2 Tower Numberand Eg transversals . . . . . . ... ... ... .......

6.2 Graph Comparison and Maximal IndependentSet . . . . .. .. ... ... ... ..

7 Conclusions and Questions

Bibliography

64
64
64
69
70

75

76



Chapter 1
Introduction

A guiding theme of set theory is how definability of mathematical structures rules out pathological
behaviors. In the study of descriptive set theory, projective hierarchy is a powerful notion that allows us to
reason about and classify the definability and complexity of subsets of the real numbers. In this hierarchy,
the complexity of a set is measured by the complexity of the formula in the language of second-order
arithmetic that defines it. By classical results of Suslin and others, being “low” on the projective hierarchy
leads to desirable properties such as being Lebesgue Measurable. On the other hand, combinatorial set
theory studies a variety of combinatorial families on the real line, whose origin often come from other
branches of mathematics. A canonical example is the so-called maximal almost disjoint family (MAD
family). A family A C [w]* is said to be “almost disjoint” if for any x # y € A, x Ny is finite. An
almost disjoint family is maximal (thus MAD) if it is not properly contained in any other almost disjoint
family. Recent years, there has been a lot of works studying at which level of projective hierarchy these
combinatorial sets lie. The study sheds light on the innate complexity and pathological behavior of the
notion of maximal almost disjointness, and many other combinatorial properties.

Asa consequence of the attempt to derive the optimal complexity of certain combinatorial families,
a series of complexity reduction results have been discovered for various combinatorial families in the
last decade. These results share the following structure: if there is a definable A C R satisfying certain
combinatorial property, then there will be B C R satistying the combinatorial property, yet simpler in
complexity of definability. These results allow us to reduce the projective complexity of combinatorial
families, thus we call them “complexity reduction results”.

One notable feature of these complexity reduction results (with few exceptions) is that they are
restricted to a low projective level: the 33, TT} level. In this thesis, we aim to lift these complexity reduc-
tion results to higher pointclasses. We make significant progress by isolating a property called Functional
Projection, and show that it is sufficient for the complexity reductions to go through. Our contribution
circumvents a key difficulty in lifting these results. Proofs of complexity reduction results in the litera-

ture rely on the “uniformization property”, which is known to fail for higher projective levels. On the



other hand, we show that Functional Projection holds for all projective levels in certain inner models of
set theory, thus lifting the complexity reduction results to higher levels.

To motivate our study, let us start by introducing some background in combinatorial set theory.

1.1 Background on Combinatorial Set Theory

The study of combinatorial properties of the real line has always been a central theme of set theory.
George Cantor, whose work gave birth to the study of set theory, considered the problem of whether
every uncountable subset of the real line must contain a nonempty perfect set, i.c. a closed set without
isolated points. This property was known as the perfect set property: A set A C R has the perfect set
property if it is either countable or contains a nonempty perfect set. Cantor’s interests in this property
was part of his endeavor to establish the continuum hypothesis (CH). If a set has the perfect set property,
then it has to be either countable or in bijection with the continuum. Cantor attempted to establish CH
by showing that all subsets of the real have this property.

But of course nowadays we know Cantor’s endeavor is bound to fail, for Paul Cohen showed in
1963 ([Coh63]) that the continuum hypothesis was independent of the axiomatic system of Zermelo-
Fraenkel with choice (ZFC), the standard axiomatic system of mathematics. But even prior to that, Felix
Bernstein was able to construct a combinatorial set that does not have the perfect set property, indeed he
constructed what is now known as the Berstein set: an uncountable set that both its complement and
itself intersect every perfect set on the real line.

However, there are many legacies to be collected from Cantor’s study of the perfect set property,
and they are closely related to the definability aspect of the real line. By the Cantor-Bendixson theorem,
all closed sets have the perfect set property. Suslin ([Sus17]) greatly improved this result and showed that
all 2% sets, also known as analytic sets, have the perfect set property. Along this line, we see that for sets
of reals, how being definable (being of low complexity as measured by the projective hierarchy) leads to
good behavior.

On the other hand, whether sets of reals have the perfect set property beyond the ] level turns
out to be independent of ZFC. On one side, starting from the assumption that there is an inaccessible
cardinal, Solovay ([Sol70]) forced a model where all projective sets have the perfect set property. On the
other side of the story, in Gédel’s Constructible Universe L ([G6d40]) it is easy to build a 1 witness to
the failure of the perfect set property by recursion along the 33-good well-order of the reals. Moreover,
we are able to reduce the complexity of this >4 instance and obtain a TT} witness to the failure of the
perfect set property. Thus in conclusion, the problem of whether the very next projective level beyond
321 has the perfect set property is independent of ZFC.

Recent decades have witnessed extensive studies of various other combinatorial sets on the real line,
such as mazimal almost disjoint (MAD) families, mazimal independent families or ultrafilters.

Take MAD families as an example. By Mathias’ well-known result [Mat77], there are no 2% in-



finite MAD families. On the other hand, in Gédel’s Constructible Universe L it is easy to build a 33
witness to a infinite MAD family, by recursion along the 33-good well-order of the reals. In [Mil89],
Miller developed a sophisticated coding technique to produce a I} infinite MAD family in L. This is
consistently the optimal complexity of an infinite MAD family.

The same story is true for many other maximal combinatorial families: in [Mil89] Miller showed
that there are no analytic maximal independent family by showing that a maximal independent family
leads to a set without the property of Baire; while his coding method also produced a TI} maximal inde-
pendent family in L. In [FS22] Fischer and Schilhan showed that there are no analytic maximal towers
while a coanalytic maximal tower exists in L.

We clearly see a pattern in these results: For a large class of combinatorial families (including the set
without perfect set property, infinite MAD family, maximal independent family etc.), while they cannot

exist on the ] level, there is consistently an instance of them on the TT} level.

Consistent for an instance to exist

No instance

A picture of the appearance of the combinatorial families we discussed on the projective hierarchy.

1.2 Complexity Reduction Results

Let us focusing our attention on obtaining a IT} instance of certain combinatorial family (say MAD
family) in L. By our discussion this is indeed the optimal level consistent with ZFC. One way is to ap-
peal to Miller’s coding method in [Mil89]. See also the paper [Vid12] by Vidny4nszky for an abstract
discussion of Miller’s method.

Yet it turned out that this sophisticated technique can be circumvented when Tornquist [T6r09]

provided a direct combinatorial proof in ZFC! of the statement:

If there is a £3 MAD family then there is a TI} MAD family.

ndeed in his proof the use of choice is very minimal, so the theorem follows from certain weak forms of choice, say the
principle Dependent Choice.



Thus starting from a £} infinite MAD family, which can be easily constructed along the well-order
of L, we apply the result and immediately get a TT} instance of an infinite MAD family in L. But Térn-
quist’s theorem is much stronger. As a ZFC result, the argument allows us to reduce the complexity of
an optimal witness of infinite MAD family from X3 to I} in any model of set theory, thus it is very
powerful in the study of optimal complexity of infinite MAD families.

Inspired by this result, various researchers established similar results for a variety of other combina-
torial families, specifically for maximal independent families [BFK19], Maximal towers [FS22], Ultrafil-
ter Bases [Sch22a], Maximal Ideal Independent Families [MS26], Maximal Orthogonal Families [FT10]
and Hausdorft Gaps [Mil25] (the same statement for counterexamples of the Perfect Set Property was
already well-known, see for instance the proof of Corollary 25.37 in Jech [Jec03]). They showed that for

X ranging over the combinatorial families we discussed:
If there is a X3 combinatorial family X, then there is a II1 combinatorial family X.

We call results of this type complexity reduction theorems. For a detailed survey that includes
almost all currently known complexity reduction, the reader may refer to [Mil25, Chapter 2].

However, with the notable exception of Schilhan’s result for Ultrafilter Bases ([Sch22a]), all of these
results are restricted to the 323 and TT{ level. Thus a natural question mightbe asked whether these results
can be lifted to higher pointclasses. Scholars including Térnquist, Schrittesser, Khomskii and Millhouse

have raised the following question:

Question 1. s it the case that if there is a E}H_l combinatorial family X, then there is a

1. instance, forn > 17

It turns out that a central barrier to lifting the complexity reduction results is that they rely on
Kondo’s TI{ Uniformization Theorem, which informally states that IT7 relations admits a choice
function that is H% definable, see Subsection 2.2.2 for a discussion. However, it is a ZFC result that
I} uniformization fails. Thus, if we rely on this strong property of uniformization, we cannot lift the

complexity reduction results to 33 and T} levels.

1.3 Main Contributions and Structure of the Thesis

The main contribution of this thesis is the isolation of a property we call Functional Projection
property. Itis a weakened version of the uniformization property. Let I be a point class in the projective
hierarchy, a point class I" satisfies Functional Projection (written as I'-FP) if for every relation A C
w¥ x w* inT, there is a partial function F' C w* x w* that has the same projection as A, and the graph

of FlisinT".



Functional Projection

In the thesis, we show that (1) Functional Projection suffices for the complexity reduction results
to lift to higher point classes, and (2) contrary to the strong property of uniformization, which is known
not generalizable to certain higher point classes, we show that we can establish Function Projection for
higher point classes in certain models.

It turns out that Functional Projection was studied by Kanovei and Lyubetsky [KL.24] and [KL.25]
under a different name.> Among other things, in our terminology, they showed that IT}-FP holds in
for all levelsn > 1, and that forn > 2, H}L—FP isindependent of ZF'C.

In Chapter 2, we introduce the background knowledge in descriptive set theory, combinatorial set
theory and the theory of L and L[U] on which our thesis is built on. In Chapter 3, we write out in detail
aformal account of doing recursion along a projective good well-ordering. This is known to set theoriets,
but for which it is not easy to find a written reference. This formal treatment will be important for our
analysis of combinatorial objects in inner models like L and L[U].

In Chapter 4, we define the Functional Projection property and then establish several elementary
results about it. Moreover, we show that contrary to the uniformization property, Function Projection
turns out to be genuinely weaker and can be established for higher point classes. Specifically, we establish

Functional Projection for all projective levels in the inner model L and L[U].?
Theorem 1 (Kanovei, Lyubetsky, Theorem 59 in Chapter 4). In L, II}-FP holds for all n > 1.
Theorem 2 (Theorem 62 in Chapter 4). In L[U], II},-FP holds for alln > 1.

Moreover, we show that Functional Projection is a robust phenomenon for models with good defin-

able well-orderings. This shows that Functional Projection is true in a wide range of models far beyond

Land L[U].

Theorem 3 (Theorem 58 in Chapter 4). Let < be a well-order of the reals of order type wy s.t.
< is AL and it is =1 good (n > 2). Then IIL -FP holds for all m > n + 1.

2They called it ‘uniform projection problem’, but we chose to stick to our name as we think it better conveys the idea behind
the concept.

3For the case for L, our proof is different and simpler from the proof if [KL.25], and it was discovered by the author inde-
pendently before he was aware of that paper.



Also, we determine the behavior of Functional Projection under the Axiom of Projective Determi-

nacy (PD). This is an axiom that gives a detailed structural theory of projective sets.

Theorem 4 (Theorem 71 in Chapter 4). Under Projective Determinacy, I, -FP fails while
H%n_,_l—FP holds for alln € w.

The following picture summerizes the behavior of Functional Projection under different assump-

tions:

PD m| moo..ojm, | I,

V=~LotV=L[U|I| |} .. |IO},_,| |13,

The boxed point classes have the Functional Projection Property.

In Chapter S, we show that Functional Projection suffices for the complexity reduction results to

lift to higher point classes. Thus we make significant progress in addressing Question 1. We show that:

Theorem 5 (Theorem 72, 73, 85, 87, 93, 94 in Chapter 5). Assume H}L-FP, then the complexity

reduction results lifts for all of the following objects:
1. Counterexample to perfect set property.
2. Infinite MAD family.
3. Mazimal independent family.
4. Mazimal (linear) towers.
5. Mazximal Ideal independent family.
6. Van Douwen family.

We are also interested in complexity reduction results of some strengthening of the combinatorial
notions. These notions are often motivated by the study of forcing indestructibility of maximal combi-
natorial families. Among others, we are interested in tight MAD families (see Definition 76), we show

that:

Theorem 6 (Corollary 82 in Chapter 5). Assume that H}L—FP holds, further assume that Cohen
forcing is 2711+1 absolute. Then if there is a E}H_l tight MAD family, then there is a H,ll
tight MAD family.



Having established Functional Projection for inner models, we are thus able to do complexity re-
duction proofs in these models and thus analyze optimal projective complexity of certain combinatorial

families. In particular, we show that a wide range of combinatorial families admit a TT} witness in L[U]:

Theorem 7 (Theorem 97 in Chapter 5). In L[U], all the combinatorial families mentioned in

Theorem 5 admit a TI3 witness.

The fact that there is a IT} counterexample to the perfect set property in L[U] was already known to
Silver and Solovay (see [Kan03]), but all the rest are new results. Moreover, the conclusion of Theorem
S is indeed optimal in L[U] for all the combinatorial families mentioned, except the maximal ideal inde-
pendent family. That is because there can be no 33 instances of the combinatorial families mentioned

above in L[U]. Whether there could be =} instances of maximal ideal independent family remains open.

In L[U], no instance lies in these levels

I,
The optimal level in L[U]

Finally, in Chapter 6, we collect other results the author obtained in his master period that do not
perfectly fit into the main story of the thesis, but are nevertheless interesting.

In [BK13], Brendle and Khomskii observed that if the tower number t (see Definition 23) is greater
than wq, then there could not be 2% infinite MAD families, establishing an interesting link between
cardinal invariants and definability of combinatorial families. Their proof leverages the fact that all 33
sets are N; unions of Borel sets.

We investigate the relation between the tower number and IT} combinatorial families. Using re-

sources from Ramsey theory, we show that increasing the tower number t kills H% Vitali sets.

Theorem 8 (Theorem 110 and Corollary 115 in Chapter 6). If t > wy, then there is no Il E

transversal nor a TIY Vitali set.

Next, we investigate the combinatorial families under the general frame work of viewing them as
independent sets of certain Borel graphs or hyper graphs, see [Sch20] for an overview. We develop a graph
comparison notion called p-relation thatallows us to transform a maximal independent set of one graph

to that of another in a way that preserves definability.



Theorem 9 (Theorem 113 in Chapter 6). Let R be a Borel p-relation between Gy and Gj.

Then if I is a maximal independent set of G1, R™[I] is a mazimal independent set of Gy.
Moreover, if I is ), then R™'[I] is X}.

As an example of applying this notion, we reprove the folklore equivalence between the existence

of a Vilati set and the existence of an Fy transversal by revealing the p-relation between their underlying
Borel graphs.

10



Chapter 2
Preliminaries

In this chapter, we develop the preliminary materials. Starting with an introduction to the coding
functions and conventions we use, we review some basic facts about Descriptive Set Theory, Combinato-
rial Set Theory and Inner Models in Section 2.2, 2.3 and 2.4 respectively. All the material in this Chapter
is standard and can be found in set theoretic textbooks such as [Mos09], [Jec03] and [Sch14].

2.1 Codings and Conventions

Before turning to the set-theoretic material, we introduce some coding conventions used through-

out the thesis. Natural numbers are able to code pairs of natural numbers, let

(L) rwXw—=w
(m+n)(m+n+1)
2

(m,n) —

This is the Cantor pairing function, it is bijective. By nesting this pairing function, we are able to develop

a coding of w" for arbitrary n. Inductively, we define

()W s w

(no,n1,n2) = ((no,n1),na2)
and with (... ) : W™ — w defined,

T S L

(ngy...ynpn) = ((no ... Np—1),1n)

These are coding functions of strings of natural numbers of a fixed size.

Moreover, we can code finite strings of natural number uniformly as natural numbers. Let {pn |

11



n € w} enumerate the prime numbers increasingly, let f : w<“ — N7 be the function

code,, : w<¥ — NT
5 H pf(i)Jrl

1<| dom(s)]

This is a bijective function by the fundamental Fundamental Theorem of Arithmetic.
Given any element n € w, as the function (-, -) is bijective, there is unique (mg,m1) € w?s.t.

(mo, m1) = n, wewrite (n)g := mgand (n); := m;. These are decoder of a pair of natural numbers.

We can also code a pair of functions from natural number to natural number as a single such func-

tion. With an abuse of notation, we define,

()t w xw¥ = w”
x(k) ifn =2k
y(k) ifn=2k+1

(z,y) = (z,y) s

This is also a bijective coding. Aslong as we are clear with the type of the object we are coding, we would
not confuse it with the coding with natural numbers. Similarly, this coding can be extended to code
strings of elements in w* of a fixed size (-, ..., ) : (W¥)" — w®.

Finally, a single element in w® is able to code countably many elements in w®.

codeyw (W)Y — w?

(z0,71,...) = codeye ((Tn)new) 1 M T, ((M)1)

This is also a bijective coder. Forany = € w®, there is unique (2, n € w) s.t. codeyw (Tn,n € W) = .
We define the decoder function by (z),, = @, for n € w. The explicit form of this decoder is given by

(2)n : m = x((n,m)).

Given an element x in 2%, we identify it with a subset of w whose characteristic function is coded
by z.

<w

By []* we mean the set of countably infinite subsets of x; [2]<“ is the set of finite subsets of x.

Given z € [w]¥, we write 2* for the function enumerating x increasingly.

2.2 Descriptive Set Theory

In this section we sketch the basics of Descriptive Set Theory. The reader may refer to [Mos09]

for a detailed account. In descriptive set theory, we study Polish spaces, which is a generalization of the

12



concept of the real line.

Definition 1 (Polish Space). A Polish Space is a topological space that has a countable dense
subset and admits a complete metric.

We say a Polish space is perfect if it contains no isolated points.
Canonical examples of Polish spaces are as follows:

* w equipped with the discrete topology. This is not a perfect Polish spaces.

R, R™ The real line and its products.

* The Baire space: w* equipped with the product topology. The metric on the Baire space is defined
by
0 ifx=y

d(xa y) =
27k ifx # y, k= min{n | z(n) # y(n)}

* The Cantor space: 2 equipped with the product topology. The Cantor space can be considered

as a closed subspace of the Baire space.

[w]¥ := {& C w | xisinfinite}, considered as a G5 subspace of the Cantor space. It turns out

that [w]* is homeomorphic to the Baire space via the following map:
T w? = W]

e {n+> 2(i) | new}
=0

In this thesis, In this thesis, we adopt the common set-theoretic convention of referring to elements

of arbitrary Polish spaces, and in particular elements of Baire space, as “reals.

Upon a Polish space X, we define the following hierarchy, called the Projective Hierarchy. The
idea behind this hierarchy is that it measures the complexity and definability of subsets of real number.
Foraset A C X:

Ais 21, or analytic, if there is a closed O € X x w¥st. A = p[C] := {z € X | Ty €
w?, (z,y) € C}. Analytic sets are projections of closed sets. A is II}, or coanalytic, if X \ A is
analytic.

Inductively, A is 31, if thereis B C X x w® thatis [T} s.. A =p[B] :={zr € X | Jy €
w¥, (z,y) € B}. X} sets are projections of IT} sets. Ais I}, if X \ Ais X, . Ais A} ifitis
both X! and TT..

13



A=p[B]: E}zﬂ X

Projections of IT! sets are 31, | sets.
J n n+1
A fundamental fact is that A{ sets are precisely the Borel sets.

Theorem 2 (Suslin, see 2E.2 in [Mos09]). Upon a Polish space, a set is Borel iff it is in A%.

The inclusion relation of projective point classes is given by the following map, where point class
on the right hand side of a link properly include point class on the let hand side of the link. Point classes

that are not linked are incomparable.

%1 %3 %,
1/ \ 1 / 1 /
Borel = Ay A e A
\ 1 / \ 1 - \ 1
1_'[1 ]'_'[2 Hn

On the other hand, we are also interested in the Kleene point classes, they are the effective version
of the projective point class.

Fix an enumeration (s,,n € w) of w<* according to code,, ie. code,(sy) = n, we write
[s] := {z € w¥ | s C z}. For the sake of introducing of Kleene point classes, we identify w* x w*
with w® via the pairing map (-, -) : w¥ X WY — wW*.

Aset A C w is recursively open if A = [J;c [S¢(s)] for some recursive € € w®. A setis
recursively closed if its complement is recursively open.

A C w¥ is %21 if there is recursively closed C' C w® x w* s.t. A = p[C]. Inductively, A C w* is
YL ifthereis ITL set C C w® x w¥s.t. A = p[C]. AisII} | if its complementis X}, ;.

Finally, there is the parametrized version of the Kleene point class. Fora € w*, A C w* is X1 (a)
(or IT} (a)) if there is C' C w® x w® thatis X! (or II})st. A = {x | (z,a) € C}. Al(a) =
¥L(a) NI} (a). It turns out that ) = (J, o0 Sk (a) and IT}, = e 0 1L ().

Similarly, the Kleene hierarchy can also be defined on subsets of w.Let * : w X w” — w® be the

14



following bijective coding function:

n ifi=20
*(n, z)(i) =
2(i—1) ifi>0

Then wesay a C wis 3 if thereis C' C w X w® s.t. x[C] is recursively closed in w* and s.t. a = p[C].
Inductively, a C wis X}, ; if thereis C' C w* x w® s.t. x[C] us 1L}, and @ = p[C]. AisII}; ifits
complement s 3}, | ;. Paramatrized version is similarly defined.

The projective point classes are also called boldface point classes and the Kleene point classes are
their lightface counterparts. For simplicity, our main focus in this thesis will be on boldface point classes,
but we notice that most of the results we developed can easily be adapted to work for the more restrictive
light face version, and we will explicitly discuss its failure if a result does not admit a light face version. We
introduce the lightface point classes because they are necessary for introducing the absoluteness results

in the later part of this chapter and they are necessary for Section 4.3.

By our way of defining the projective hierarchy, each projective set would correspond to a formula.

For instance a [T} (a) set A C w® can be written as
A(r) <= B(z,a) <= Yy €w”,C(z,y,a) <= Yy € w,3i(x,y,a) € [s¢3)]

Here B C w® x w¥is H%, C C w¥ X w¥ x w" is recursively open and € is a recursive real. Let us write
%, v® to indicate that they range over the Baire space (thus a real number quantifier), and 3%,V to

indicate that they range over w. An inductive analysis immediately gives the following correspondence:

Aset A C X is X1 (a) iff there is € recursive s.t.
reA = Py . Q% 1y 1Q%i, (x,y0.. . Yn_1,0) € [Se(i)] for a recursive €
Aset A C X isTI) () iff there is € recursive s.t.

R . . *
reA = Yyo.. . Qnyn-1Q ni1i, (T, Y0 - Yn_1,0a) € [Se(i)] for a recursive € )

Here Q; is V if 7 is odd and T if 4 is even. Q) is Jif 7 is odd and V if i is even.

It is worth discussing how the interpretations of projective sets vary across models of set theory.
For a projective A C w®, it corresponds to a formula ¢(x) in the form of (*). The formula could
have different interpretations in different models, depending on the interpretation of the basic open
neighbourhood [s] and the interpretation of the quantification over w*.

Here we give an example to indicate how a projective predicate could have different interpretations

across models:

Example 3. Let X be a perfect Polish space and U C X be some nonempty recursively open
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set, corresponding to U(x) <= 3i € w, T € [s¢y] for a recurive e. Let M be a countable
transitive model. Then the interpretation of p(x) := Ji € w,x € [s.y] is necessarily
different in M from V. In'V, o(x) being a nonempty open set, has to be uncountable. Yet
M (
the interpretation of ¢ is different in M from that in V.

x), as a subset of M, is a countable set evaluated in V', as M itself is countable. Thus

As open sets are Borel, this is a A} set whose interpretation depends on models.

In this thesis, we adopt a convention in the literature. For a projective A and a model M, by AM
we mean the evaluation of the formula () in M, where () is the formula defining A as in (¥). i.e.
AM = {z e RN M | M = ¢(x)}. When A is evaluated in V, we usually drop the superscript and

simply write A instead of AV,

2.2.1 Some Classical Results in Descriptive Set Theory

For X, Y Polish spaces, amap f : X — Y is called Borel if for any openset U C Y, f~ U] is
Borel.

Lemma 4 (Lusin-Suslin, [Mos09, 1G.1 and 2E.4]). f : X — Y is Borel iff its graph is Borel in
X xY.

It is immediate from this Lemma that if a Borel map is both injective and surjective, then its inverse
would also be Borel. We call such map Borel isomorphism. It turns out that up to Borel isomorphism,

there is only one perfect Polish space.
Theorem 5 ([Mos09, 1G.4]). Perfect Polish spaces are Borel isomorphic to each other.
The injective images of Borel sets by Borel functions are Borel:

Theorem 6 (Lusin-Suslin, [Mo0s09, 1G.5and 2E.7]). If f: X = Y is a Borel map and B C X

is a Borel set s.t. f is one-to-one on B, then f[B] is Borel.
As a consequence, TT), sets are closed under Borel injections.
Lemma?7. If f : X — Y is a Borel injection and A C X is a TIL, then f[A] is TIL.

Proof. We may assume A # X as otherwise f[A] is Borel thus IT} by Theorem 6. Fix 29 ¢ A and
extend f~! toafunctiong: Y — X, by

[y ifye fIX]
xo ity ¢ fX]

9(y) =

By Theorem 6, f[X] is Borel and thus Graph(g) = Graph(f=1) U (Y — f[X]) x {z0}) is Borel.
So g is a Borel function by Lemma 4. Thus f[A] = g~ '[A] is IT} as TI), sets are closed under Borel

pre-images. O
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Notice there is a difference between the assumption on f in Theorem 6 and Lemma 7. In Theorem
6, f is assumed to be one-to-one on B while in Lemma 7 f has to be one-to-one on the whole space.

The requirement in the later Lemma is stronger, and indeed we cannot weaken this assumption to f is

one-to-one on A in that lemma.!

Theorem 8 (Sierpinski, [Jec03, Theorem 25.19]). 31 sets are Ny unions of Borel sets.

Finally, we collect the absoluteness results for low pointclasses:

Theorem 9 (Mostowski, [Jec03, Theorem 25.4]). Let P C w® be a 21 predicate, say P is ¥1(a).

Let M be any transitive model of ZFC without the powerset axiom containing a. Then
PM=PnM

On the other hand, 2% absoluteness requires more, in particular, the model has to contain w;.

Theorem 10 (Shoenfield, [Jec03, Theorem 25.20]). Let P C w® be a X3 predicate, say P is

Yi(a). Let M be any transitive model of set theory containing a and wy. Then
P =pnM

2.2.2 The Uniformization Problem

Definition 11 (Uniformization). For X,Y Polish spaces and A C X X Y, we say that F C
X xY uniformizes A if the following holds:

« [ C A.
s Foranyx € X, yeY,(r,y) € A < Ty ey, (z,y) €F.

* F is a partial function from X to Y, i.e, for any x € dom(F), there is unique y s.t.
(z,y) € F.

We can give an example where A C X x Y is II},p : X x Y — X is continuous and one-to-one on A yet p[A] is no
longer IT1. We need resources from the next subsection: Let C' C X be a 33 set that is not I, lec C(z) < yA(z,y)
where A C X x Y isII}. Let F be IT} uniformize A, then the projection map p : X X Y — X is one-to-one on F', yet
p[F] = p[A] = C which is not I13.
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Uniformization

Itis clear that under Axiom of Choice, every relation can be uniformized. But it is a rule of thumb
that whenever we apply AC, the object we get is hard to describe. In descriptive set theory we are inter-
ested in uniformizing a relation in a definable way.

A pointclass I' is said to have the uniformization property if for any Polish spaces X, Y and A C
X xY thatisT', thereis F in I' that uniformizes it. We write I'-Unif if " has the uniformization property.

Inasense, I'-Unif can be understood as I" relations admit a ‘definable choice function, of complexity
I,

By a celebrated result of Kondo, IT{ and X} sets have the uniformization property.

Theorem 12 (Kondo, [Mos09, 4E.4]). TI}-Unif and 33-Unif holds.

Kondo’s uniformization theorem is an essential resource on which most of the complexity reduc-
tion results we mentioned were built. (see [Tor09], [BFK19], [MS26], [FT10], [Mil25], [FS22])

On the other hand, the uniformization property fails for £} and TT} sets, This follows from the
general observation that projective pointclass and its dual point classes cannot both have uniformization

property. For I, write —I as its dual pointclass, ie. A € T'iff X \ A € =" for A C X.
Theorem 13 (Folklore). Let T' be one of X1 or IIL, then T and —T' cannot both have the
uniformization property.

Proof. Assume for contradiction that both I' and —I" have the uniformization property.

Let G C w* X w" be a universal I set, meaning for any I' set P in w®, P = G, 1= {z € w" |
(y,z) € G} for some y. For existence of such set, see 1D.2 in [Mos09]. For z,y € w* and z = (z, y),
let’s write (z)g = x and (z)1 = .

Write

P(y,z) <= G({y)o, ) Qy,z) <= G({yh,z)

Since I has uniformization property, consider M C w® X w® x w where
M(y,z,n) <= (n=0AP(y,z))V(n=1AQ(y,))

Uniformize it by M* thatis I". Thus P*(y,z) < M(y,z,0), Q*(y,x) < M(y,x,1) are disjoint
from each other, satisfies P* C P, Q* C Qand P*UQ* = PUQ.
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Consider N C w® x w® X w where
N(y,z,n) <= (n=0A-P*(y,z))V(n=1A-Q*(y,z))

Thisisa—I setand thus it can be uniformized by some N* thatis —I". Let S(y, ) < N*(y, z,0),
T(y,z) & N*(y,x,1), they are disjoint from each other and satisfies S C = P* and T' C =Q* and
SUT =-P*U-Q" =w” X w¥. Thus S = =T and both of them are I'.

Now consider the set
D(z) < S(z,x) E(z) <= —S(z,2)
These are I" and therefore by universality of G, there is u, v s.t.

S(z,x) <= D(z) <= (u,z) € G <= ((v,u),x) € Q (2.1)

-S(z,z) <= Er) < (v,2) € G <= ((v,u),z) € P (2.2)

Now consider whether ((v, u), (v,u)) € S, we will show that both options lead to a contradiction. If
((v,u), (v,u)) € S,then ((v,u), (v,u)) € Qby(2.1). If ((v, u), (v,u)) € P,then ((v,u), (v,u)) €
=S by (2.2), a contradiction. If ((v, u), (v, u)) & P,by @\ P C Q* C .S, thisisalso a contradiction.
The other case where ((v,u), (v, u)) € =S is similar.

This concludes the proof. O
Corollary 14 (Folklore). 31-Unif and TI}-Unif fails.

Proof. Immediate by Theorem 12 and 13. O

We remark that the above argument is quite general?. The result for 1 pointclass can indeed
be greatly improved, indeed there is a closed set that is not uniformizable by any E% set, see 4D.11 in
[Mos09].

Thus, we see an innate difficulty in establishing uniformization property to higher point classes: TI}
uniformization is known to fail. Thus relying solely on the uniformization property, there is a difficulty
lifting complexity reduction results to the 33, TI} level.

Moreover, we remark that these results are the best possible under ZFC. Uniformization property
for higher pointclasses would depend on stronger assumptions beyond ZFC. In particular, IT}, uni-
formization for even n seems to be a very unnatural assumption. In both the model L and models of
projective determinacy, uniformization for all even IT! levels fail, see SA.2 and 6C.8 in [Mos09]. Hoffel-

ner recently developed a technique of forcing uniformization for even II levels, but his technique relies

*What we are really showing is that uniformization property of I' leads to reduction property of I' and separation
property of the dual point class of I, and then we argue that no projective point class can satisfy reduction and separation at
the same time. For what these property are and a reference of the proof presented above, see exercise 25.7 - 25.11 in [Jec03].
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on large cardinal assumptions in the ground model, see [Hof22]. Thus, there is also tremendous difficul-
ties in lifting complexity reduction results to the 3., ;, TI}, level for even n, if we are only considering

uniformization property.

2.3 Combinatorial Set Theory
In this section, we introduce several combinatorial families that we aim to analyze in the thesis.

Definition 15 (Maximal almost disjoint family). A family A C [w]* is said to be almost disjoint
if forany x £y € A, x Ny is finite.
An almost disjoint family is maximal (thus MAD) if it is not properly contained in

any other almost disjoint family.

Equivalently, an almost disjoint family A is maximal iff thereisnox & As.t. foranyy € A,z Ny
is finite.

Finite MAD family exists trivially, for instance {w} isa MAD family. So we are interested in infinite
MAD families. Henceforth unless otherwise specified, MAD families will refer to infinite MAD families.

Definition 16 (Maximal independent family). A family A C [w]* is independent if for all
k,l <w and distinct xg... T, Yo ...y € A, the set ()< Ti \ Uj<l yj 1s infinite.
An independent family is maximal (mif) if it is not properly contained in any other

independent family.

Similarly, we have that an independent family is maximal iff thereisno = € [w]% s.t. for any distinct

xo.. Tk, Yo ...y € A,both (ﬂzgk x; \ Ujgl y;j) \zandz N (ﬂzgk xi \ Ujgl y;) is infinite.

Definition 17 (Maximal ideal independent family). A family I C [w]¥ is ideal independent if
forall F e [I|<¥ anda € I\ F,a Z*|JF.
An ideal independent family is mazimal if it is not properly contained in any other

ideal independent family.

Equivalently, an ideal independent family [ is maximal iff for every b € [w]* there is finite F' C [

s.t. either
1. bC*|JFor
2. thereisa € I\ F'st.a C*bU|JF.

Similar to MAD families, finite Maximal ideal independent family trivially exists, for instance {w}

is such a family. We are interested in infinite ones.
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Definition 18 (Maximal eventually different family). A family E C w® is eventually different
if for allx #y € E, there isn € w s.t. for all m >n x(m) # y(m).
An eventually different family is maximal if it is not properly contained in any other

eventually different family.

Similarly, an eventually different family F is maximal iff for every € w®, thereisy € E's.t. there
are infinitely many m s.t. (m) = y(m).

It turns out that all of the combinatorial families discussed above can be put under a very general
framework, allowing many general theorems about them to be proved.

Let X be a Polish space, then X<* := J,, ., X™ admits a Polish space structure, considered as
the disjoint union of X™, n € w. Wesay E C X <“ isaset of hyper-edges if membership in E depends
only on the finite set of entries, not on their order or repetition. Formally, F is a set of hypergraph if
whenever two finite sequences (;)i<p, and (Y;);j<m enumerate the same finite subset of X, we have
(@i)icn € E <= (yj)j<m € E.If Eis aset of hyper-edges, we abuse the notation and simply
assume its argument is a finite set of elements from X.

Incase E C X2, then we say it is a set of binary edges. We say G = (X, E) is a Borel hyper-graph
if F is Borel. In the case that E is binary edges, we simply say G = (X, E) is a binary Borel graph.?

We say I C G is an independent set if for any distinct zg . . . 2, € G, “E{xq...xy}. i.e. none
of the elements are connected. An independent set is maximal if it is not a proper subset of any other
independent set.

Now, all of the maximal combinatorial families can be viewed as maximal independent sets of cer-
tain Borel hyper-graph. As examples, we give the graph behind MAD family and maximal independent

families. Finding the graphs behind the other two families is routine.

Example 19. MAD family corresponds to mazimal independent set of the following binary
graph ([w]¥, Exrap) where

xEyapy <= |zNy| =00

Notice that finite MAD families are also maximal independent sets in this graph, so we

are interested in infinite maximal independent sets in this graph.

Example 20. Mazimal independent families corresponds to maximal independent set of the
following hyper-graph ([w]“, Exrrr) where

EM[F(.%'Q. . $n) < 38,75 < n,ﬂ’io...is,jo...jt <n,

(Tig - - - ®iy, Tjy - . . x4, are pairwise different A ﬂ i, \ U xj,, 1s finite.)
m<s m<t

*Our definition of binary Borel graph is different from the standard definition of graph in the literature. In the literature,
binary edges of graphs have to be irreflexive, but this properties turn out not to be essential for our purpose. Notice by our
definition of hyper-edges, binary edges are still symmetric.
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It is clear that Eyrr is a set of Borel hyper-edges.

The study of maximal combinatorial families under the perspective of hyper-graphs has been a
quickly evolving field. See [Sch20] for an overview and [Sch22b], [Sch26] for pioneering results under
this perspective. However, for our purpose, we are satisfied with some simple observations.

Sayaset [ C G isspanningif forany x ¢ I, thereare distinctzg ...z, € Is.t. E{xq...zp,x}.

Proposition 21. For an independent set I C G, it is a mazimal independent set iff it is

spanning.

Proof. =: Ifthereisx & I, s.t. there is no distinct g . .. ¢, € Is.t. E{xg...xp,x}, then I U {zx}
is independent. Thus I is not maximal.
<=: If I is not maximal, then thereis I’ independents.t. I’ D I, takez € I"\ I, then by assumption

of independence of I, there is no distinct g . . . 2, € I s.t. E{xq ... 2y, x}. ]

This result explains the equivalent characterization of maximality we introduced before for almost

disjoint families, independent families etc.

Proposition 22. Let G be a Borel hyper-graph, if I is a Z}L mazximal independent set of G,
then I is Al.

Proof. Consider the formula
x gl < InIxg...xn(x0... 2y € INX, 20 ... 1T, aredistinct from each other AE{zg ...z, 2})

This gives a 3. definition of X \ I, thus making I A}. To see this equivalence hold, = follows

from the fact that I is spanning, and < follows from the fact that [ is independent. ]

There are other combinatorial families we are interested in, and they don’t fall under the framework
justintroduced, so we introduce them separately. For z,y € 2% we say x is almost included in y, written

x C* y,ifx \ yis finite.

Definition 23 (Maximal (Linear) Tower). A collection A C [w]* is said to be a tower if it is
wellordered by the relation D*. If A is only linearly ordered by D* we say it is a linear
tower.

A (linear) tower is mazimal if it cannot be extended, i.e. there is no z € [w]|* \ A s.t.

forallz e A, x OF 2.
The tower is connected to the so called tower number.

Definition 24 (Tower Number). The tower number t is the least cardinal k s.t. there is a

mazimal tower of size K.
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We are interested in combinatorial properties that are preserved under certain forcings. Let A be a
maximal almost disjoint family, let P be arbitrary forcing notion and G be a P generic filter over V, then
in V[G] A would still be an almost disjoint family purely because the property of being almost disjoint
is Borel, thus absolute by Theorem 9. The same can be said for independent families, ideal indepen-
dent families and towers etc. However, whether A remains maximal in the forcing extension is a more

interesting question.

Definition 25 (Forcing indestructibility). Let A be a mazimal almost disjoint family (indepen-
dent family, ideal independent family, eventually different family, tower), we say that A is
P indestructible for a forcing notion P if for any G that is P generic over V., A remains

maximal in V[G].

2.3.1 Ramsey Property and other Regularities

Regularity properties are desirable properties of sets of reals. One property that plays an important
role in combinatorial set theory is the Ramsey property. For x C w, we write [z]* := {y C x |
y is infinite. }. For s € w<¥, we identify it with its range. Then for z € [w]* s.t. min(z) > maz(s),

we write [s,z] := {y C sUxz | s C yand y is infinite. }

Definition 26 (Ramsey Property). On [w]*, we say A C [w]¥ has the Ramsey Property if
there is x € [w]¥ s.t. either AN [z]* =0 or A D [z]“.

We say A C [w]¥ is completely Ramsey if for any [s,x] there is infinite y C = s.t.
s,y NA=0 or AD [s,y].

We are also interested in the following properties:

Definition 27 (Regularity Properties). 1. Upon a Polish space X, A C X has the Perfect
Set Property if it is either countable or contains a homeomorphic copy of the Cantor

space 2%.
2. A set A C X has the Baire Property if there is a Borel set B s.t. AAB is meager.
3. A set A C X is Lebesgue Measurable if there is a Borel set B s.t. AAB is null.

We care about whether sets in a pointclass satisfy a certain property. In the case all sets in a point
class I" have the Ramsey property, perfect set property, the Baire property, Lebesgue Measurability, we
write RP(I"), PSP(I"), BP(I"), LM(I") respectively.

ZFC proves that all analytic sets have the regularity properties listed above. The results for PSP, BP
and LM were proved by Suslin. The result for Ramsey property was proved by Mathias.

Theorem 28 (Suslin, Mathias). RP(21), PSP(X1),BP(21), LM(Z1).
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Proof. For the result for PSP, see Theorem 11.18 in [Jec03]. For the rest, see Proposition 2.2.3 in
[Kho12]. O

An important feature of the study of combinatorial properties of the real line is that regularity
properties often forbid the existence of pathological combinatorial families. In the following, we collect
several such results that we will use.

By a new result in [HLZ26], Ramsey regularity kills a series of pathological sets at the same 33 level.
Theorem 29 (He, Luo and Zhang, in [HLZ26]). Assume RP(X1), then
1. There is no . MAD family.*
2. There is no X} mazimal independent family.

On the other hand, in [FS22], Fischer and Schilhan observed that if a tower contains an uncount-
able perfect set, then C* well-orders that the perfect set as a subspace. This is impossible as there cannot

be Borel well-order of Polish spaces. Thus perfect set property kills maximal towers:

Theorem 30 (Fischer and Schilhan, [FS22, Theorem 2.2]). Let T be a tower, then T cannot

contain a perfect set. In particular, mazximal towers do not have perfect set property.

As a corollary of these results and Theorem 28, infinite MAD families, maximal independent fam-

ilies and maximal towers cannot appear at the 3} level.

On the other hand, it seems that the status of maximal eventually different family is quite different
from the combinatorial families discussed above. In [HS24], Horowitz and Shelah constructed a Borel
maximal eventually different family without appealing to Axiom of Choice. Schrittesser further observed
that in fact there is a closed one in [Sch17].

Given the existence of a simple instance of maximal eventually different family in the sense of pro-
jective complexity, this hints that the combinatorial notion of being maximally eventually different is not
pathological at all, as it is able to coexist with every regularity notion we introduced. Thus, they stand in
stark contrast to the other combinatorial families.

However, However, we are still interested in certain strengthenings of the notion of a maximal
eventually different family- -, for instance Van Douwen families studied in [MS26]. These concepts will

be introduced in subsection 5.1.5.

“We note that He, Luo and Zhang’s result on MAD family does not yield the corresponding statement for lightface =
point class, as they relied on extra real parameters. In the lightface language, their result can be stated as: If there isa »1 MAD
family, then there is a real @ and a £}, (@) set that does not have Ramsey property.
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2.4 The Theory of L and L[U]

In this section we sketch the basic theory of L and L[U]. Since the study of these two inner models
is a complicated and deep subject, we will be satisfied with collecting the results we need instead of a
systematic theory. The reader may refer to Chapter 13 and 19 in [Jec03] for a detailed theory.

Real numbers are able to code countable models. For our purpose, we care about models with a
binary relation and a unary predicate. Thus for ¥ € w®, we associate a model M, = (w, EQ, PO)
coded by it where

(n,m) € EY <= z(2 x (n,m)) =0

and

neP) < 2(2n+1)=0

i.e. the even coordinates of x code the binary relation, and the odd coordinates code the unary predicate.
In the case that P is empty, we simply write M, = (w, E?).
We desire to interpret EY as the set membership relation, notice EY is a well-founded relation can

be expressed by the following formula, which is TT}:

VfewVnew, (f(n+ 1)E2f(n))

In this case we say that & codes a well-founded structure. We write tr(M,,) = (tr(M,), €, Py) as the
transitive collapse of My, the collapsing map is denoted as 7. From now on we stop distinguishing the
domain of tr(M,) and the model itself.

A key feature of real codes for countable model is that any quantifiers over that model becomes
natural number quantifiers. Thus satisfaction relation on that model is simple in complexity. This is a

feature we will exploit in the following chapters.

Lemma 31 (See also [Jec03, Lemma 25.25]). Let ¢ code a well-founded structure. For any
formula o(v,aq...an, Py) where a,...ay € tr(M.), for any x € w*, the statement x €

tr(M.) AN tr(M.) = @(x,aq . .. an, P.) is A} (Indeed arithmetical) in z,aq . .. an,c.

Proof. Thestatement x € tr(M.) Atr(M.) = ¢(z, a0 ... an, P.) is equivalent to:
di,mg . ..mn(:r =7e(i) N ag = me(mo) A=+ A ap = me(mp) AN M = (i, mo . ..mn,PcO))y

That M. = (i, mq . .. my, PY) is Al in ¢ can be shown by an induction on the complexity of .

It suffice to analyze the complexity of © = 7. (i) where x € w*, 7 € w. First we notice if k € w, then

(i) =k < Trg...1p € w(i = 1AM, = (ro = 0AT1 = 1oU{ro}A- - Ak = rjg_1U{rg_1}))
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Thusifxr C w,

Te(i) = v <= Yn(nEli > m.(n) € 7)
A similar formula would define 7. (i) = z forz € w®.
This completes the proof. ]
2.4.1 The Constructible Universe L

For the theory of L, the constructible universe, real numbers are able to code countable initial seg-
ments of L. In case M, = (w, EY) = V = L, then tr(M,) = L, for some a < wy.

Upon L, we have the canonical well-order <7,. A remarkable fact about <, is that initial seg-
ments of L agrees with L on <y, for elements already in L. Let o~ (z,y) be the formulas.t. L =

p<(z,y) <= z <Ly
Lemma 32 (see [Jec03, Lemma 13.19]). For any real x € w* and ordinal o s.t. x € L,

1. ForallycwYNL s.t. y<px,y € Lgy.

2. LEpo(z,y) < Lo o<(2,9)

As a consequence, the canonical well-order restricted on the reals becomes AJ, and moreover be-

comes good in the following sense:

Definition 33 (I' good well-ordering, see also [Mo0s09, SA]). Let < be a well-ordering for a Polish
space X, we say < s Z}L good if for Polish space Z and P C Z x X in XL where m > n,

the following relations are both in 2,171:

Q(z,z) <= Jy <, P(z,y)
R(z,x) <= Vy <z,P(2,y)
i.e. <is good if doing bounded quantification under < preserves X} ness.
In the literature, there is another definition of goodness, see for instance [Jec03, Lemma 25.27].

Which states that < is 2711 good if the relation ‘z codes the initial segments before ” is a 2,11 relation.

The next proposition shows that they are equivalent:

Proposition 34. Let < be a A}l well-order of the reals of order type w1, then < is 2711 good

iff there is a relation R on w* that is X} s.t.

R(z,2) <= {(2)n [ncw}={y|y <z}
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Proof. <«: Under the assumption, let P C w* x w* bea E}n relation for m > n, then

' <y, P(z,y) < F2(R(z,y) AInP(z,(2)n))
Vy <y, P(x,y) < 3z(R(z,y) AVnP(x,(2),))

Showing that they are both 3}, The case for arbitrary Polish space follows from Theorem 5.
=: Write R(z,2) <= Yn(z), <z AVz' <z,3n,(2), =2 O

Theorem 35 (Godel, see [Jec03, Lemma 25.27]). In L, the canonical well-ordering <p, restricted

to the reals is a A} relation and is a B3 good well-ordering of order type w{:.

2.4.2 Measurable Cardinal

A cardinal k is a measurable cardinal is a cardinal with a non-principal < k-complete ultrafilter
on it.

In the presence of a measurable cardinal, the assumption that V' = L fails badly.

Lla]

Theorem 36 ([Kan03, 9.1(a)]). If there is a measurable cardinal, then for any a € w*, w"™" <

wi. Indeed wy is inaccessible in Lla].
Assuming there is a measurable cardinal, all E% sets have the regularity properties listed above.

Theorem 37 (Solovay, Silver). Assume that there is a measurable cardinal, then all of the

following holds: RP(£1), PSP(21), BP(X}), LM(Z)).

Proof. Forthe part for Ramsey, Baire property and Lebesgue measurability, by Corollary 2.2.7in [Kho12],

[a]

ifforalla € w®, wf < wj then all 33 have the above properties. Apply Theorem 36 and we are done.

For the perfect set property part, use Theorem 14.10 in [Kan03] and Theorem 36. O

Moreover, it turns out that 33 sets are absolute between the ground model and extensions by small

forcings. Compare this with Theorem 9 and 10.

Theorem 38 (Martin, Solovay). Let k be a measurable cardinal and P be a forcing poset with

P| < k. Let G be P generic over V, let P be a X3 predicate, then
| 3
PVlElny = pv

More abstractly, we have the following definition:

Definition 39 (Generic Absoluteness). We say that a forcing P is . generic absolute if for
any G that is P generic over V., A that is 3},

AVEl Ay =AY
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Put in this language, what Theorem 38 showed is that if there is measurable cardinal, then every

forcing of size less than that cardinal is 33 absolute.

2.4.3 The Canonical Model with One Measurable Cardinal L[U|

Let x be the first measurable cardinal and U be a normal < x complete ultrafilter on &, ie. U is
closed under diagonal intersection, see Chapter 10 in [Jec03]. Then the model L[U] would satisfy & is
the unique measurable cardinal. This is the canonical model with one measurable cardinal.

A detailed theory of L[U] is beyond the scope of the thesis and also unnecessary for our purpose.
We merely recall some facts that will be used:

As U is a subset of P(k), this means that when ¢ < &, the initial segment of L[U], Ls[U] receives
no information from U. Thus in contrast to L, initial segments of L[U] would not agree with it on
the canonical order. This time, the models that plays the role of L, in the case of L are called iterable

premice.

Definition 40 (see also page 264 in [Kan03]). A structure (M, € V') is a premouse if
1. (M,e V) =V is a normal ultrafilter on k.
2. M |= ZFC-.
3. M = L¢[V] for some &.

(M,e,V) is called iterable if there is a system (May,Va,jop | @ < B € Ord) of

transitive well-founded models s.t.
1. (Mo, Vo) = (M, V).
2. Jap : Mo — Mg are elementary embeddings that commute.
3. If B=a+1 is a successor, Mg = Ult(My, V) and jop is the ultrapower map.

4. If v is a limit, then (M,,V,) is the transitive collapse of direct limit of ((Ma, €
Vo) Japg | o < B < 7). jJay are given by the direct limit map composed with the

collapsing map.

The key fact of iterable premice is that they agree with L[U] on initial segments of the constructible
order. Let o (z,y, P) be the formulas.t. L[P] = ¢<(v,y,P) <= =z <p[p] y. Compare the

following Theorem with Theorem 35.

Lemma 41 (sce page 271 on [Kan03]). For any iterable premouse (M, €,V), x € L[U] Nw¥, if
x e M,
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1. For any y € LIUNw® st. y <gpu) =, y € M and (M,€,V) | o<(y,2,V) i.e.

Yy <gv] -
2. y<pumr = (M,&,V)EFo<(y,z,V) &= y<pyvz
A consequence is that < ,(;) restricted to the reals is a X3 good well ordering.
Theorem 42 (Silver, see page 272 in [Kan03]). Assume V = L[U],

1.z codes a model (w, EY, PY) whose transitive collapse (tr(M,), €, Py) is an iterable

premouse’ is a II3 relation for x.
2. < low is a Aé well-order of the reals of order type wy, and it is 2:1,, good.

There is a natural well ordering on (Lq, @ < w1), namely we compare them by their height a.
The following notion gives a well-ordering of iterable premice, but of course it is considerably more
complicated. Define the following ordering on iterable premice:

(M,e,U) <ip (N,e,W)iff thereis F's.t. (L¢[F], €, F N L¢[F]) is an iterate of (M, €,U),
(Ly[F], €, F N Ly[FY)) is an iterate of (IV, €, W) and £ < 7. By the comparison Lemma, this order is
well-defined, see Lemma 20.8 in [Kan03].

Lemma 43 (see page 273 in [Kan03]). <;, is a well-ordering on iterable set premice.

Lemma 44 ([Kan03, Theorem 20.21]). Fory € L{U]Nw®, the relation ‘tr(My) is the <;, least

countable iterable premouse containing y’ is a TI3 relation for x,y.
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Chapter 3

Recursion Along Good Projective

Well-orderings

In this chapter, we work out in detail the analysis of transfinite recursion on the reals along a good
projective well-ordering. The analysis is known to set theorists, but for which it is not easy to find a
written reference. The analysis would be important in our analysis of combinatorial objects in models
with a good projective well-ordering, for instance L. The framework we are using here for transfinite

recursion is from [Vid12].

First, we recall that real numbers are able to code countable ordinals. For z € w®, we associate a
relation on w by

n =<, m < z({n,m)) =0

Let

x€LO <= Vn,mew,(nmVm=,n)
AN € w, (n <, n)
AVn,m e w,(n JzmAm 3z n—n=m)

AVn,m,l € w,(n 2z mAmM 21 —n=<;1)

Clearly x € LO ift <, is a linear order.

The following predicate defines reals coding a well order:
r € WO <= z € LOA-3f €wVn, (f(n+1) <, f(n))

This is a TT} predicate. Indeed this is a TI} complete predicate, in the sense that for any TI} A C X there
iscontinuous f : X — w¥s.t.x € A <= f(x) € WO. See for instance Theorem 25.12 in [Jec03].
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Let X be a Polish space, then there is a natural Polish space structure on X< := |J a<w X%
considered as the disjoint union of the spaces X", n € w and X*. Let B be an uncountable subset of
any Polish space, this will be the set of codes of requirements each step of recursion has to respect. Recall
that foraset S € X x Y X Z, the section of S along (x,y) € X x Y isdefinedas S, := {z €
Z | (z,y,2) € S}. Fix a Borel operation @ : X=% x X=¥ — X=% such that ran(A @ B) =
ran(A) Uran(B).

Definition 45. Let F C X=¥ x Bx X and BC € X=%. Then we say Y C X is compatible
with F' from base case BC if there is an enumeration of B = {ps | @ < w1}, Y = {z, |
a < wi} and for every a < wy a sequence A, € X=¥ that enumerates {z5 | B < a} of

order type < w without repetition s.t. Va < w1, (vo € FagBCp,) holds.

The definition says that at each step a, the element in Y is picked from Fagpc,p,, depending on
the set of previous choices A, the base case BC and a special requirement at this step pq,.

There are two notable features about this definition: Firstly, the definition is supposed to be used
in models of CH, outside models of CH, B need not be enumerated by a set of order type wi. While
this is sufficient for our purpose, this is still a significant restriction. Secondly, by this definition every set
compatible with F' is uncountable, thus we are not considering the recursion processes that halts after
finite or countable steps. For our purpose, these restrictions does not matter, for in our study of recur-
sion process producing a definable maximal combinatorial families, we are always interested in doing
recursion in model of CH with a projective good well-ordering to produce an uncountable set.

Let’s illustrate this definition with some examples, from now on until end of the section, we work

in models of CH:

Example 46. Consider arbitrary Borel hyper-graph G = (X, E), we show that there is a
Fqg C XS x X x X s.t. any I compatible with Fg from base case () will be a mazimal

independent set for G.

Proof. Define Fg(A, p, x) holds iff EITHER:

all of the following are truc:
1. ran(A) is independent.
2. ran(A) U {p} is independent.
3. Thereiszg ...z, € ran(A) s.t. E{p,x,x¢ ...z}, and ran(A) U {2} is independent.

OR 1is true and 2 is false and ran(A) U {x} is independent.
OR 1 is false.
We show that if  is compatible with Fiz. Let X = {po | @ < w1}, I = {zq | @ < w1} and

{Aq | @ < wy} witness that I is compatible with Fg. Then by an induction, A, is independent for
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al < wy. Thus I =
ran(A)U{p} isindependent or 3 holds, either way, thereisxg . . . &, € F's.t. E{p, z,z¢ ... 2xp}. Thus

a<w; Aa is independent. Moreover, I is spanning as for any p, € X, either

by Proposition 21, I is a maximal independent set. L]

Thus, we see that MAD families, maximal independent families, maximal ideal independent fam-
ilies and maximal eventually different families all fall under this framework: There are some recursion
process F's.t. these combinatorial objects can be viewed as compatible sets of the recursion.

We have to be a bit cautious in the case of MAD family, finite MAD family are also maximal inde-
pendent in the graph behind MAD family. To solve this we may start our recursion from some base case
which code some fixed infinite partition of w. The same is true for infinite maximal ideal independent

family. We write it out explicitly:

Example 47 (MAD family). Let G = (X, Exrap), where Eyap is defined as example 19, let
{an | n € w} be an infinite partition of w, then for any I compatible with Fg from base

case Ag :n — ap, I U{a, | n € w} will be an infinite MAD family.

Let’s see another example that is not a maximal independent set, we construct a maximal tower

along recursion.

Example 48. Let Fr C ([w]¥)S¥ x [w]¥ x [w]* be defined by

Fr(A,p,z) < {Ely € WO Vn,m € dom(A)(n =, m <> A(n) 2* A(m))}

N (’p\x| =00 AVn € dom(A4)(x C* A(n)))

Then compatible sets of Fr are mazximal towers. Moreover, such compatible set exists.

Finally, a simple complexity analysis gives that Fr is 2%.

Proof. Let X = {pa | @ < w1}, T = {zq | @ < w1} and {4, | @ < wy} witness that T'is
compatible with Frr. Then we can prove by induction that x3 O* z iff 8 < « as z, is a pseudo
intersection of A, = {xg | f < a}. Itis maximal as any p € [w] is enumerated as some p,, and thus
Pa \ Zq is infinite, witnessing p, is not a pseudo intersection of 7.

To show existence of such compatible set, it suffice to show that for any countable tower A = {bg |
B < a < w;} and infinite p C w, there is always a pseudo intersection x of A s.t. p \ z is infinite. Let

A = {a, | n € w}, recursively pick m, s.t.
1. mp €agN---Nay.

2. My, > my_1and p N (My_1,my) # 0.
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Such m,, can be found as ag . . . ay, is linearly ordered by C*, one of them is least by C*, thus they have
infinite intersection. And it is clear that {m,, | n € w} C* ay forallnandp \ {m, | n € w}is

infinite. O

Now we show that doing recursion along a good projective well-order does produce a projective

set.

Theorem 49 (Folklore). Let < be a Al well-ordering of the reals that is £ good (n > 2)
and is of order type wi. Let B be a A}l subset of Polish space M and is uncountable, this
is the set of requirements.

Then for any A}I FCXxBxX, BC € XS, st foranyAc X% pe X,
Fagpoyp \ (ran(BC) U ran(A)) # 0, then there is a 3}, set Y compatible with F' from base
case BC.

The requirement that Fagpcp \ (ran(BC') U ran(A)) # () makes sure that we always have an
element to choose in each recursion step. The proof idea is to look for the < least element that satisfies

the requirement at each recursion step, and use real numbers to code recursion processes up to o < wy.

Proof of Theorem 49. Consider the following predicate Rec C w®” x X=¥ x X x M=% x M:
Rec(w, A, a, P, p) holds iff EITHER:

It is the base case, i.e. all of the following holds:
1.1 dom(A) = dom(P) = ).
1.2 pisthe < least element of B. Vp' < p, (p' € B — p=p')..

1.3 ais the < least element not in ran(A & BC) s.t. F(A @ BC,p),ie. a ¢ ran(A @ BC) and
F(A® BC,p)andVd' < a,(a’ € ran(A® BC) — ~F(A® BC,p)).

OR it s the recursion step, i.e. all of the following holds:
2.1 we WO,dom(A) = dom(P) > 0.

2.2 A, P, as ordered by the order coded by w, is a recursion process that picks the < least element:
Foralln € dom(A) thereis A’ € X% P' € M<¥s.t.

e ran(A") = {A(m) | m <y n} Aran(P") = {P(m) | m =, n}.
* F(A® BC,P(n),A(n))andVa’' < A(n), ~F(A' ® BC, P(n),d).

""This is a bizarre way to write Vp' € B(p < p’), but we have to write it this way for the complexity analysis to go through.
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2.3 aisthe < least element not in ran(A @ BC') that satisfies F'(A & BC,p,a): a & ran(A & BC)
and F(A @ BC,p,a)andVa' < a,da’ & ran(A @ BC) — —-F(A® BC,p,d)

2.4 ran(P) U {p} is an initial segment of B along the well order <. i.e. Vn(P(n) < p)and Vp' <
p(p' € B — p' € ran(P)).

2.5 P asordered by <, agrees with <: Vn,m € dom(P), (P(n) < P(m) <= n <, m).

We show that this is a 3}, predicate.

Itis easy to see that clause 1.1 and 2.1 are 3. Observe thatp’ € ran(P) < 3n, P, = p/, thus 2.4
is 31, by the goodness of <. That 1.2, 1.3, 2.3 are X, also follows from the goodness of <. Finally for
22,

ran(A') = {A(m) | m = n} < Vidj <, n(A'(i) = A(j)) AV = nFi(A'(i) = A()))
Thus it is also =, by the goodness of <.

Finally let
Y(a) = Jwecw’ Ac X% Pec M= pe M,Rec(w,A,a, P,p)

Thus Y is ). We show Y is compatible with F. For that purpose, we have to find enumeration of Y,
B and a sequence A, € X =% that enumerates {z5 | 8 < a} of order type < ws.t. Var < wy, (x4 €
FA,0BC; Pa)-

The enumeration of B is easy to find, simply let {p,, | & < w; } enumerates B according to <. i.c.
Pa < pgiff o < B. We recursively define an injection 7 from wq to Y.

For the base case o = 0, let (0) be the < least elementin Fyg pe p, \ran(BC), such element exists
by assumption, then 7(0) € Y as for arbitrary w, 1.1, 1.2, 1.3 holds and thus Rec(w, ), 7(0), 0, po),
thus7(0) € Y.

Given (/3) defined for all 5 < o < wy, let A be a function that enumerates {7(3) | § < «)},
P enumerates {pg | B < a}, then let () be the least element in Fag pc p,, \ (ran(BC') Uran(A)),
such element exists by assumption. Let w € WO code the order type avs.t. 7~ 1(A(n)) < 71 (A(m))
iff n <y, m, then 2.1, 2.2, 2.3 and 2.4 holds and thus Rec(w, A, w(«), P, py), therefore m(a) € Y.

Now we show that 7 isactually surjective. Supposez € Y, thusthereisw, A, P, ps.t. Rec(w, A, z, P, p).
In the case that A is infinite, P is also infinite by clause 2.1. By clause 2.4, P is of the form {pg | # < o}
and p = pq, thus the order type of <, is & by clause 2.5. Let A = {z3 | 8 < a} be an enumeration
of A by the order induced by <, i.e. A(n) = zgiff 3 = || < |»||. By an induction on 8 < « using
2.2, we show thatzg = 7(3). Thus A = {7 () | 5 < a}, thus by clause 2.3 we have z = 7(a).
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In the case that A is finite, say dom(A) = n, if n = 0, then we are in the base case and by 1.2
1.3,z = w(0). If n > 0, then dom(P) = nby2.1. P = {p; | i < n}andp = p,. By clause
25| <w || > n,let A = {z; | i < n} be an enumeration of A by the order induced by <, i.e. if
z; = A(j) and zyy = A(j'), theni < ' iff j <, j’. Then by an induction 7(i) = z;, thusz = 7w(n)
by clause 2.3. This finishes the proof of surjectivity.

Thus the function 7 enumerates Y, let Y = {z, | @ < wi} best. x4 = m(a). Let A,
enumerate {xg | f < a} of order type < w. This enumeration satisfies Voo < wizo € Fa,eBC p, by

our recursive definition of 7(a). O

We can also start our recursion from any countable set that satisfies the recursion requirement, in

the following sense:

Corollary 50. In L, for any Al set of requirements B and any AL recursion F C X< x
Bx X, s.t. forany A€ X=%, p € B, Fa, \ ram(A) is non-empty. There is a £} set Y
compatible with F.

Proof. Immediate from Theorem 49 and Theorem 35. O

Corollary 51. In L, there is 1 instance of each of the following objects:
Infinite MAD family, mazimal independent family, infinite maximal ideal independent
family, mazimal tower.

Indeed for all but mazimal tower, there is A} instance of them.

Proof. By the above corollary and the examples 46 and 48. For the second result, apply proposition
22. ]

Under the framework for transfinite induction we just introduced, Vidnydnszky was able to abstract
from Miller’s construction of TI} objects in L, and obtain a general theorem stating a sufficient condition
for transfinite recursion to produce a coanalytic object. Informally, his theorem states that if at every
recursion step our options are flexible enough (cofinal in Turing degree), then we are able to produce a

coanalytic object. We state his theorem here:

Theorem 52 (Vidnydnszky, see [Vid12]). In L, if B is an uncountable Borel set, F C (w*”)=% x
B x (w¥) is a coanalytic set s.t. for anyp € B, A € (w¥)=¥, the section Fa, is cofinal in
Turing degrees, i.e. Vo € w¥,3y € Fa,,x <1y, then there is a coanalytic X compatible
with F.

35



Chapter 4
Functional Projection Property

In this Chapter, we introduce what we call the Functional Projection Property for pointclasses. We
establish that it holds in L and L[U] in Section 4.1; compare it with Uniformization in Section 4.2 and
show it is a genuinely weaker property than Uniformization; and finally we determine the behavior of
Functional Projection under determinacy hypotheses in Section 4.3. Most results in this chapter are

original.

Definition 53 (Functional Projection). For a pointclass I', we say that I'- Functional Projec-
tion (abbreviated by I'-FP) holds if for any perfect Polish space X,Y and A C X xY of
complexity I, there exists F C X XY in I', such that

1. Forallz € X, 3y (z,y) € A & Fy(x,y) € F.

2. F is a partial function from X toY. i.e. for all x € dom(F) there is unique y s.t.
(z,y) € F.

Itis clear from definition that the difference between I'-FP and I'-Unif is that we no longer require
F to be a subset of A. Thus, I'-Unif is a stronger property and entails I'-FP. The following picture

shows the difference:

Y Y A
A
F
X X
Uniformization Functional Projection
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It is clear that for projective pointclasses closed under continuous images, Functional Projection
property holds. That’s because if I is a pointclass closed under continuous images, and A C X x Y
is in I, then p[A] is also in I". Then fixy € Y and p[A] x {y} would satisfy the requirements. In
particular, Functional Projection holds for Z,ll foralln > 1.

Whether Functional Projection holds for TI), pointclasses is the more interesting question, and
will be the primary question we will investigate. But first, we notice that by Lusin-Suslin’s theorem 6,

Functional Projection property fails for closed sets:

Proposition 54. There is a closed relation C' C w® x w*“ s.t. it is not a projection of any
Borel partial function B from w® to w*. As a consequence, Functional Projection property

fails for closed sets and Borel sets.

Proof. Let A C w* be any analytic set which is not Borel. Thus thereis C' C w*” x w¥ s.t. A = p[C].
By Theorem 6, the projection of any Borel partial function B C w® x w® isa Borel set. Thus there

is no Borel partial function B s.t. p[B] = p[C], as otherwise A would be Borel. O

On the other hand, Kondo’s uniformization theorem 12 entails that Functional Projection holds

for T} sets.
Proposition 55. II}-FP holds.

Proof. By Theorem 12, and the fact that uniformization property for a pointclass entails Functional

Projection property. UJ

Finally, we make the observation that for 1_[,11 sets, as they are closed under Borel reflections, es-

tablishing Functional Projection for specific spaces suffices for establishing the Functional Projection

property.

Lemma 56. Let X, Y be fized perfect Polish spaces. For any n > 1, the following are

equivalent:
1. TI.-FP.

2. For any A C X xY in II}, there exists a partial function F C X x Y with graph in
1. such that:
Jy(z,y) €A & Jy(z,y) €F

Proof. 1to 2is true by definition. 2 to 1: Let X”, Y be arbitrary perfect Polish spaces, fix Borel isomor-
phism7; : X — X' andme: Y — Y.
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For AC X' x Y/, A" = {(z7 (), 75 (v)) | (z,y) € A} € X x YV and is TT}, as TT}, is closed

under Borel reflections, thus thereis F/ C X X Y in H}l s.t. F'is a partial function from X to Y and
Jw e Y, F(v,w) < JweY,A(v,w)

Thus {(m1(v), m2(w)) | (v,w) € F} is a partial function from X’ to Y’ in II}, and has the same

projection as A. O

As mentioned in the introduction, Kanovei and Lyubetsky in [KL24] and [KL25] proved that

Functional Projection for IT}, where n > 2 is independent of ZFC.

Theorem 57 (Kanovei, Lyubetsky). For all n > 2, H,IL—FP 1s independent of ZFC.

4.1 Functional Projection in Inner Models

In this sections, we show that Functional Projection holds for all TT}, pointclasses in the inner model
L and L[U]. First, we show that a projective good well-ordering of the reals necessarily leads to Func-
tional Projection on high projective levels. Recall the definition of a I'-good well-order in Definition

33.

Theorem 58. Let <js be a well-ordering of the reals of order type wy s.t. <pr is A,ll and it
is BL-good (n >2). Then M |=TI. -FP for all m >n + 1.

Proof. By Lemma 56, it suffice to show foranym > n 4 1,any Q C w® x w® thatisa I—I}n relation,
there is partial function C' C w® x w® in IT;, that has the same projection as Q.

Let P C w® X w¥ x w* be 21, _; such that
Qz,w) <= Yuecw”, P(z,w,u)

We consider the following relation where C'(z, (w, w)) iff all the following holds:
1. Q(z,w)
2. V' <ppw,Fi € w,~P(x,w, (u);)
3. V' <ppou, Fw’ <ppw, Vi€ w, Plx,w, (u);)

First we show that C'is TT} : clause 2is TIL, _; in 2, w, was it is
V' € w’(w' <y w — Ji € w, Pz, v, (u);))
Clause 3is ! | in x, w, u by goodness of <.
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Now we show that
Jw € wQ(z,w) <— Jw,u € WC(x, (w,u))

<=: trivial by clause 1.

=:Letwbethe <jsleastws.t. Q(x, w), thenforevery w’ <, w, thereissome ty s.t. " P(x, W', Uy ).
5 Yy ; 5

As{w' | w' <pr w} is countable, there will be a w s.t. V' <jr w, 3i € w, ~P(z,w’, (u);). Let u be
the <j7 least such element. i.e. V' <pr w, I’ <pr w,Vi € w, P(z,w’, (u');). Then C(x, (w,u))

holds by construction.

Finally, we show if C'(z, (w, u)), such w, u has to be unique.

Suchw, wis unique as we are taking the < 57 least such element: If C(x, (w, u)) and C'(z, (w’, u'))
holds, assume for contradiction that w < s w’, then by clause 1 of C'(z, (w, u)), Q(x, w) holds. Yet by
clause20f C'(z, (w', '), 3i € w=P(x, w, (u);), entailing ~Q (2, w), a contradiction. Thusw = w'.
To establish u = w’, assume for contradiction that u <j; «’, then clause 2 of C'(z, (w, u)) contradicts
clause 3 of C'(z, (w, u')).

This completes the proof. O]

Next, Functional Projection holds for all levels in L:
Theorem 59 (Kanovei Lyubetsky, in [KL25]). L = H}l-FP for allm > 1.

This result was proved in [KL25]. Our proof is different and it generalizes to other models beyond

It is clear that by Proposition 55 and applying Theorem 58 on the canonical well-ordering <r,, we
have established TI:-FP for all levels except IT}. And indeed IT3-FP is the hard part. We sketch our
proof idea first:

Let R(z,w) C w* x w* be a I} relation. We wish to find TI} C's.t. JwR(z,w) <=
JwQ(z,w) <= FwlC(x,w).

The naive idea is just to look for the <, least element w s.t. R(x,w). This is in itself not a TI}
process, but it is H% to say of some ¢ € w* N L s.t. the model N, coded by cg is some L, and is the
least such model containing w and moreover, N, thinks w is the least element s.t. R(x, w). Again in
looking for the <, least element ¢y coding such a structure, we look at some N, that think it to be so,
and continue this process. Then the pair w, (co, ¢ € w) would be a unique code for x.

It turns out one more complication is needed. The statement that = R(x, w’) is a £ formula and

since we cannot use Shoenfield absoluteness for countable initial segments of L, the statement = R(x, w’)
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does not pass down to L, for w’ <y w, here w is our desired <y, least witness to R(z,w). So w
being the <, least element s.t. R(x,w) does not necessarily mean that the premouse think this to be
true. The trick to save this is the following: Assume R(z,w) <= VuP(z,w,u), P being 1.
Since {w’ € 2¥ | w' <y w} is countable, there is a single u € 2“ coding enough elements from
{z | =P(z,w’, z),w <r, w} formodels with access to u to realize that " R(z, w’). Thus for countable
model V., containing both w and u, we could successfully pass the statement ‘w is the <, least element

s.t. R(z,w)’ to countable models by Mostowski absoluteness.

Proof of Theorem 59. We work in L. By Theorem 35, the canonical well-order <, restricted to the
reals is a A} relation that’s X3 good and is of order type w¥. Thus by Theorem 58, L = TI.-FP for all
n > 3. Thus, given Proposition 55, we are only left with the case n = 2.

For simplicity of notation we only prove the result for light face II3, parametrization is easy.

Let R(7,w) C w¥ x w® beaIl} relation. Assume P C w” X w* x w* be ¥.1 such that
R(z,w) <= YuP(z,w,u)

We consider the following relation: C'(x, (w, u, ¢)) iff all of the following holds:
1. R(xz,w).
2. (¢)p codes some L, and «v is the least ordinal s.t. L,, contains z, w, u.
3. M), satisfies the following:

3.1 Vo' <p w,3i € w,~P(z,w', (u);).

3.2 Vo' <p u,Jw <p w,Vi € w, P(z,w, (u);)
4. Foralln, (¢)pn41 codes some L, and « is the least ordinal s.t. L,, contains (c)y,.

5. Forall n, M), thinks (¢)p is the <, least code of the structure it codes. ie. V¢’ <p (¢)p,
My % M,

C)n*

Claim 60. C is II}

Proof. Clause1is H% by assumption, clause 2 is H% inx, w, u, casitcan be expressed by the conjunction

by the two sentences,

1~M(c)0 EV=LAz,wuc M(c)g
2.Vc’(MC/ FV =LAz, wu€ Ms— Mg, isan initial segment ofMC/)
—=Vd(My =V =LAz, wue My —3f €wVn,m € wnEy,m— f(n)Eyf(m)))
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Thisis I} as My =V = L Az,w,u € My is A inz,w,u, .
Clause 4 is similar.

Finally, clause 3 and clause 5 are arithmetical in , w, u, ¢ by Lemma 31. ]

Claim 61.
JwR(z,w) < Jlw,Iu,Ile, C(x, (w,u,c))

Proof. Right to left is easy as by conjunct 1 of the definition of C'.

Left to Right: Assume A(z) and let w be the <7, least element such that R(z, w). Hence for all
w' <r w, thereis z s.t. 7P (z,w’,2). Since {w’ € 2 | w' < w} is countable, there is u s.t. for
allw' < w, In=P(z,w', (u),). Let u be the <y, least such element. i.e. if u’ <j wu then there is
w' <p ws.t. YnP(z,w', (u')y).

Let ap be least s.t. x,w,u € Lg,. Let co be the <y, least element s.t. tr(M,) = (Lo, €).
Then recursively pick i, 11 to be the least ordinal s.t. s.t. ¢, € Ly, ., and ¢, 1 to be the <, least
element coding a model whose collapse is (Lq,,, ,, €). Let ¢ be such that (c),, = ¢,. We verify that
C(z, (w,u,c)).

Clause 1, 2, 4 of C are true by construction. For clause 3 of C, let L, be the collapse of the model
coded by (¢)o.

For the conjunct 3.1, for arbitrary w’, suppose w' <, w, then by Theorem 32, w’ € L, and
hence by assumption In—P(z,w’, (u)y), this is I11. By Mostowski absoluteness Theorem 9, L, =
In—P(z,w', (u),). Hence 3.1 is verified.

For the conjunct 3.2, for any v’ s.t. v/ < w, again v/ € L,. We need to find w' s.t. Ly =
VnP(z,w', (u'),) and w’ <1 w. Again by Lemma 32, v/ <j, w and thus by minimality assumption
of u, there is w’ <, wand VnP(z,w’, (u'),). But by Lemma 32, w" € L, moreover by Mostowski
absoluteness Theorem 9, Vn.P(x,w’, (u'),,) passes down to L. This verifies conjunct 3.2.

Finally we are left with cluase S of C'. This is a similar argument as clause 3 after observing that

My % M), is the following I1} statement, thus absolute between M, (¢)nis and L:

—3f € w*|[f is bijective AVn,m € w(nEym < f(n)E(C)nf(m))]

Now we argue that such w, u, ¢ is unique. Assume C'(z,w, u,c) and C'(z,w’, v, c’). Suppose
for contradiction that w # w’', without loss of generality, w <y w'. Let Lo = tr(Myy,). Then
w € Lyand Ly | w <y w' by Lemma 32, but since R(x, w) holds in L by point 1 of C' and by
downward absoluteness for I13 predicates, L, also thinks R(x, w), this is a contradiction to point 3 in
C: asby point 3in C'and w <, ', Ly = In—P(x,w, (u'),) and hence =R (x, w). This concludes

that w = w'. The argument that u = v/, ¢ = ¢ are similar minimality arguments. O
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This completes the proof. O

Using a similar proof idea, we show that Functional Projection also holds for all levels in L[U].
Theorem 62. L[U] = IT.-FP for all n > 1.

Proof. We work in L[U]. By Theorem 42, the canonical well-order < (/) restricted to the reals is a Al

relation that’s 34 good and is of order type wlL[U]. Thus by Theorem 58, L[U] |= TIL-FP foralln > 4.

Thus, given Proposition 55, we are only left with the case n = 2 and n = 3. Again we only deal with

lightface pointclasses.

The case for n = 2 is entirely parallel to the case of n = 2 in the proof of Theorem 59. With the
order <r,y] playing the role of <y, iterable premice playing the role of L, and <;;, playing the role of
the initial segment order on L, o < wy. For sake of completeness, we include a sketch of the proof.

Let R(z,w) C w¥ X w* be a I} relation. Assume P C w*” X w*” X w* be ¥} such that
R(z,w) <= YuP(x,w,u)

We consider the following relation: C'(x, (w, u, c)) iff all of the following holds:
1. R(xz,w).

2. tr(Mc),) is the <;;, least countable iterable premouse containing z, w, u.

3. tr(Me),) = (tr(Mg),), €, V) satisties:

s V' <ppw, 3 € w, 2Pz, 0, (u);).

s VU <ppvpu, ' <gyyw, Vi€ w, P(z,w', (u);).
4. Foralln,tr(M, ) is the <;p least countable iterable premouse containing (c)s,.

5. Foralln, tT(M(c) = (tT(M(C)n+1 ), <, Vn+1) satisfies V¢ <L[Vig1] (C)n, My % M(c)n

n+l)

Claim 63. C is II3.
Proof. Clause 1is IT3 by assumption. Clause 3 and 5 are Al by 31. 2 and 4 are 11} by Lemma 44. [

The argument that C is a partial function and has the same projection as R is entirely parallel to

the proof of Theorem 59.

The case for n = 3. Let R C w® X w" be the H:l,) relation. Assume
R(z,w) <= YuS(z,w,u) <= YuvT(z,w,u,v)
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Where S C w¥ x w¥ X w“’isE% and T C w¥ x w¥ X w”isH%.
Consider the following relation: C'(z, (w, u, v, ¢)) iff all of the following holds:

L R(z,w)and Vo' <pj w,3i € w, =S(x,w', (u);).

2. tr(Mc),) is the <, least countable iterable premouse containing z, w, u, v.

3. tr(Me),) = (tr(M),), €, V) satisties:

3.1 Vu' <py)w, 3 € w, =S (x,w, (u);)
3.2 Yu' <ppyy u, 3w’ <ppyyw, Vi, 35, T (@, w', (W), (v)).

3.3 Vo' <ppp v, 3 <ppy u, Vo' <pygw, 34,5, T (2w, (u)i, (V1) 5)

4. Foralln, tr(M, ) is the <;p least countable iterable premouse containing ().

wn

. For all n, tr(M(), ) thinks (c)p is the least code of the structure it codes, as ordered by its

canonical order.

ThatC'isa Hzl)) predicate is the same argument as Claim 63, with the only exception of the sentence
V' <pp w,3i € w, =S (xz, w', (u);) in clause 1, which is easily seen to be IT3.

Now we show that JwR(x, w) iff there is unique w, u, v, ¢ s.t. C(x, (w,u, v, ¢)). Right to Left
is simply by clause 1. In case JwR(z, w), let w be the <[y such w, let u be the <] least element
satisfying 3.1, let v be the <] least element satisfying 3.2. Let ¢y be the <7, least element satisfying
2 for the chosen w, w, v and recursively find ¢,y 1 satisfying 4 for ¢,,. Let ¢ be such that (¢),, = ¢,.

Thus 1,2,4 will be true by construction. That clause 5 is true is the exact same argument as before.
We verity clause 3, notice all three sub-statements 3.1, 3.2, 3.3 are true in the ground model by construc-
tion, with <ry) replaced by the ground model canonical order <p;}. And the ground model truth
passes down successfully to the premouse ¢r(Mc),) as by Lemma 41, tr(M(.),) and L[U] agrees on
the reals we care about and their order, and all three predicates 5, T, =T, being I13, II}, ¥4 are down-
ward absolute by Theorem 9.

Finally, the w, u, v, ¢ we found are unique. If both C(z, (w, u,v,¢)) and C(z, (w', v/, v/, ')
holds, we argue that (w, u, v, ¢) = (w', v, v', ¢'). Suppose without loss of generality that w' <y w,
ifw’ <pp w,3i, S (x,w', (u);) by clause 1, but we also have R(z, w') by clause 1 of C' (i, (w', ', v', '),
thus w’ = w. The minimality argument for u, v works as premice agrees on the reals we care about and
their order and the predicate T, =" are absolute between them. That ¢ is unique is the same argument

as before.

This completes the proof. O

A detailed proof would go along the line of the proof of that Claim 61.
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4.2 Functional Projection vs Uniformization

Having established Functional Projection for various models, we would like to discuss its relation
with uniformization.

Given that TT3 Uniformization is known to fail by Theorem 13, the fact that Functional Projection
holds for that level in L and L[U] already shows the difference. We will see that the result leads to many
consequences in the next chapter.

Moreover, what we have established is that Functional Projection is a genuinely weaker property
than uniformization. First, it is well-known that L is a model where all uniformization on the IT! side

fails forn > 2.

Theorem 64 (Folklore). In L, 3L -Unif holds for all n > 2, as a consequence, II.-Unif fails
for allm > 2.

Proof. Forn = 2, this is just Kondo’s uniformization theorem 12. For n > 2, for arbitrary P that is

6 thereis Q thatis TI._; s.t.
P(z,y) <= 3z €, Qz,y,2)
Consider the following predicate P*, Q* by:

Q" (x,y,2) <= Qlz,y,2) A\Ve=(y,2) <r (y,2), Q(z,y',2")
P (z,y) < 3z,Q*(x,y,2)

By goodness of <1, Q" is of the form TT} | A 2! | and P*is =)

Moreover, P* C P is clear. We show that if P*(x,y) and P*(x,y’), then y = y’. Assume
without loss of generality that y # 3’/ We have that there is z, 2’ s.t. Q*(z,y,2) and Q*(z,v/, ),
sincey # v/, (y,z) # (¥, 2'), assume without loss of generality that (y, z) < (y/, 2’), this yields a
contradiction as Q*(x, y, z) requires Q(z, y, z) yet Q*(x, v, 2’) requires ~Q(z, y, 2).

Finally, the second statement follows from Theorem 13. ]

Therefore, we know that Functional Projection is genuinely weaker:

Corollary 65. For all n > 2, it is consistent with ZFC' that TIL-FP holds while TI.-Unif
fails.

Proof. Immediate by Theorem 59 and 64. 0

In hindsight, it is not surprising that even though Functional Projection and uniformization prop-

erty are seemingly similar, they turn out to be genuinely different. What Functional Projection lacks, i.c.
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the requirement that the function has to be a subset of the original relation, carries significant impor-

tance.
Y Y A
A
F
X X
Uniformization Functional Projection

While uniformization can be viewed as a definable choice principle, allowing one to choose specific
elements of a relation in a definable way, Functional Projection loses this power. In descriptive set theory,
Uniformization has a rich variety of consequences, for instance, it implies the reduction property, sepa-
ration property for the dual point class and often leads to some version of a Basis Theorem (See [Mos09]
for a reference). Yet Functional Projection, being different from choice principle, retains no such power.
However, we will see that Functional Projection is powerful enough to imply many complexity reduction

results in the next chapter.

4.3 Determinacy and Functional Projection

Besides the assumption that there is a projective well-ordering on the reals, the axiom of Projective
Determinacy is another powerful assumption that leads to a clear structure of the projective hierarchy.
In this section we investigate the behavior of the Functional Projection property under determinacy hy-
pothesis. In particular, we show that under projective determinacy, Function Projection property fails
for all even IT levels; while for odd IT levels, Function Projection property holds due to uniformization.

The key of our argument is the observation that Im! 1 pointclass being normed allows us to lift
Lusin-Suslin theorem 6 to higher pointclasses, in particular, this would imply that Hrll does not satisfy
the Functional Projection. Let us first recall the definition of Norm and some facts about it, We need to

make essential use of Kleene pointclasses in this section.

Definition 66 (Norm). For a Polish space X and a set A C X, a norm on A is a function
p: A — X\ where X\ is an ordinal.
Let T' be a point class, we say ¢ is a I' norm if there are relations <{.,<?.. in T and

=1 respectively s.t. for every vy,
P(y) = Va[(P(z) Ap(x) < ply) <= 2 <fy = =<y
A pointclass T' is normed if every set in I' has a I'-norm.
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For a Kleene point class I', if I" is normed, then any parametrization I'(2) is also normed.

Let A = I' N =L, we say that areal € w® is A-recursive if {code,(s) | s € w<¥,s C z}is
in A, i.e. the set of codes of basic open sets  in is A as a subset of w. If € w* is a A-recursive real, we
also write x € A.

Animportant resultis thatif I' is normed, then itis closed under restricted existential quantification.

This generalizes the Spector-Gandy Theorem on the Af level.

Theorem 67 ([Mos09, page 4D.3]). Let X be a Polish space, if 11} (a) is normed, then for any
Q C X xwY, the set P C X x w¥ defined by

P(z,z) <= 3y € Ay(2,a)Q(x,y)

is also 11} (a).

As a result, we may lift one side of Lusin-Suslin theorem 6 under the assumption that higher point

classes are normed.
Theorem 68. If 11} | is normed, then II}-FP fails.

Proof. Let A C w¥bea 27114—1 set that is not H,lﬂ_lz. Then thereis B C w® x w¥ s.t.
A(z) < FyB(z,y)

Assume for contradiction that thereisa ' C w® X w thatis a partial function with graph in H}l
s.t. it has the same projection as B. Assume that F' has graph in IT} (a). Then if (x,y) € F, we have for

arbitrary s € w=Y,

sCy < Y ((z,y) e F > sCy)

<~ W ((z,y)e FAsCY)

Showing that the {code,,(s) | s € w<“ A's C y}isin AL (2, a), thusyis A} (z, a) recursive.

‘We thus obtain that
A(z) <= Fy, F(z,y) < Fyc Al (z,a),F(z,y)

and thus by Theorem 67 we have that A is IT}, | ; (a), contrary to our assumption. O

Now, we are ready to determine the picture of Functional Projection under determinacy hypothe-

ses. Let us recall the relevant definitions and results.

*Existence of such set follows from Hierarchy Theorem of Kleene point class, see for instance [Mos09, 3E.8].
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For A C w", we associate the real number game on A, denoted by G(A) as follows: player
I and Player II take turns playing natural numbers as their respective move, with I playing the even
moves 19, n2 . .. and II playing the odd moves 71,73 . ... I wins the game iff the resulting real x =

(ng,ny...)isin A, and I wins otherwise.

I no no Ty
1I niy ns
x = (ng,n1,n2,M3,...) € W, Iwins < x € A.

We say o is a strategy for player I if it is a function with domain all finite sequences of w of
even length and values in w. We say I follows o in a run of game G(A) if the resulting play z =
(no,n1,n2,ns, ... )satisfiesng = () and nay, = o(ng . .. nam—1) forallm > 1.

Dually, we define the strategy for player II as a function with domain all finite sequences of w of
odd length and values in w.

When player I follows o and II follows 7, then the resulting play is uniquely determined where
ny = o(0),n1 = 7(no) and recursively na,, = o(ng...N2m—1),N2m+1 = 7(No ... N2m). We

denote the resulting play as o * 7.

Definition 69 (Determinacy). ¢ is a winning strategy for I in G(A) if for any strategy T
for II, o x T € A. i.e. no matter what II plays, I wins.
Dually, T is a winning strategy for II in G(A) if for any strategy o for I, oxT & A.
A set A C w¥” is said to be determined if either player I or player II has a winning
strategy in the game G(A). A point class T' is said to be determined if every set in it is

determined.

The axiom Projective Determinacy states that all projective sets are determined. For a detailed
theory of Projective Determinacy and the property of determinacy in general, the reader may refer to
[Mos09, Chapter 6] and [Sch14, Chapter 12 and 13].

Martin and Moschovakis proved that under Projective Determinacy, normed point classes appear
on the projective hierarchy periodically, oscillating between the ¥ and II side. And the same is true for

uniformization property

Theorem 70 (The First and the Second Periodicity Theorem, Martin and Moschovakis [Mos09, 6B.1,
6B.2, 6C.3,6C.5]). Assume that AL sets are determined. Then for all k < n, E%k+2 and

I3, are normed, and X3, ,,-Unif, 1L}, -Unif hold.

The following diagram dipicts the behavior of norm and Uniformization property under Projective
Determinacy, with the underlined point classes exactly those that are normed and have the Uniformiza-

tion property.
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> P ., =i
Hi m ... 1, , I,

Underlined point classes are normed and have the Uniformization property.

As a consequence, we prove that PD determines the behavior of Functional Projection in the fol-

lowing way:

Theorem 71. Assume that A%n sets are determined. Then for all m < n, H%m-FP fails,
while 113, . -FP hold.
In particular, under Projective Determinacy, TIs -FP fails while H%nH—FP hold for

alln € w.

Proof. For the even level IT3,, by the periodicity theorem, IT3,, 1 isnormed and thus by Theorem 68
I1},,-FP fails.
For odd level, this follows from the periodicity theorem and the fact that Uniformization implies

Functional Projection. O

Thus, the following picture completely settles the behavior of Function Projection property under
the assumption of Projective Determinacy (PD). The boxed point classes are exactly those that satisfy

Function Projection. We compare this to the picture we got from the assumption V- = Lor V' = L[U].

PD | o .. |1, | II,

V=LotV=L[Ul|I| |} .. |0, ;| |II},

Boxed point classes have Functional Projection property.

4.4 Further Questions

We conclude with a few questions. All of the models we see in this chapter that separates Functional
Projection from Uniformization has short continuum: they are of continuum wy. We are interested in

models of long continuum where we can separate uniformization property and Functional Projection
property.
Question 2. Find a model of ~CH on which TI.-FP 4 —TII.-Unif holds for n > 2.

During a seminar discussion, Philipp Liicke raised the question whether IT'-FP + =TI} -Unif

should be viewed as a pathological behavior. Discussions in this chapter hints that it is truly pathological:
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proof of separation of Functional Projection from Uniformization in L and L[U] uses the well-ordering
of the reals in a non-trivial way, while the strong regularity assumption of determinacy rules out such
possibility.

But to truly settle whether IT},-FP 4+ —TI}-Unifis a consquence of the Axiom of Choice, it is worth

looking at whether it holds in the Solovay model.

Question 3. Determine the behavior of IIL-FP in the Solovay model for n > 2. More

generally, is there an interesting point class I' s.t. in the Solovay model, I'-FP 4 —=I"-Unif
holds?
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Chapter 5

Functional Projection and Complexity

Reduction

In this chapter, we show that under the assumption of Functional Projection, complexity reduction
results in the literature lift to higher pointclasses in Section 5.1. And finally we apply the lifting and
obtain TT} instances of combinatorial families in L[U] in Section 5.2. Most results in this chapter are

original.

5.1 Lifting Complexity Reduction Results

5.1.1 Perfect Set Property

First we show that under the assumption of Functional Projection, if there is a 3, 1 set without

the perfect set property, then there is a I}, set without the perfect set property.

Theorem 72. Assume II.-FP. Then all E}H_l sets have the PSP iff all TI) sets have the
PSP.

Proof. For the non-trivial direction, suppose all TI} sets have the Perfect Set Property. Let A C X
be an uncountable X}, ; set. By IT}-FP, there is a function F' : A — w® with a IT} graph and
with dom(F') = A. Then F (identified with its graph) is also an uncountable set, so by assumption it
contains a perfect subset C' C F'. Then the projection p[C] is an analytic uncountable subset of A4, so

there is a perfect set P C p[C] C A by the Perfect Set Theorem for analytic sets. O]

5.1.2 Maximal Almost Disjoint Families

The following theorem lifts Térnquist’s result in [T6r09], which is on the >3 TI4 level. The proof

follows the same line as Térnquist’s original result.
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Theorem 73. Assume II,,-FP. Then there is a £}, MAD family iff there is a II} MAD
family.

Proof. Let Abea X} .| MAD family. By IT}-FP there is a partial function @ C [w] x 2% witha IT},
graph such that
A(zr) —= FwQ(z,w)

Define the following maps go, g1 : ([w]*)? — P(3 x w):

go:xz,w— ({0} x ) U ({2} x {z*(n) | n € w})
g1 :z,we ({1 x2) U ({2} x {2%(n) [ n & w})

Let A" = go[Q] U g1][Q)]. To see that A’ is almost disjoint, pick z # 2’ € A’, there are two cases:

1. z = gi(z,w),? = gi(z',w’). Without loss of generality assume ¢ = 0. We notice that it can’t
bes.t. @ = 2/, since if so then by the fact that @ is a function, w = w’ and thus z = 2. Thus

x#2. 2Nz C ({0} x (zNa’))U ({2} x (xNa’)), which is finite since A isa MAD family.

2. z = gi(z,w), 2" = gi—i(2’,w’). Without loss of generality assume i = 0. If z = 2/, then
w = w' and hence by construction of gg, g1, 2N 2 = 0. Ifx # o', 2Nz C {2} x zNa'is

finite.

To seeitis maximal, fory € [3xw|*,i € {0,1,2} writey; = {n € w | (i,n) € y}. Itsufficeto
show thatany y € [3 X w]“, thereis z € A’s.t. yNzisinfinite. Asy € [3 X w]“, one of Yo, Y1, Y2
is infinite. If yo is infinite, then by the fact that A is MAD, thereis z € As.t. |z Nyo| = oo.
There is ws.t. Q(x, w) and thus go(x,w) € A" and y N go(z, w) D {0} X (yo N z) is infinite.
The case for y; is similar. For the case that y9 is infinite, thereisz € As.t. |z N y2| = coand
there is w s.t. Q(z, w). Then y3 intersects one of {z*(n) | n € w}, {z*(n) | n & w} infinitely,

hence y intersects one of go(x, w), g1 (x, w) infinitely.

This finishes the proof that A’ is an infinite MAD family.

Next we show that A’ is in TI.. This is because g1, g are Borel injections from ([w]*)? — P (3 x

w), thus by Lemma 7, A’ = ¢1[Q] U g2[Q] is IT} as T}, point class is closed under finite union. O]

It is worth noticing that based on an observation by Fischer and Schrittesser in [FS21], with a suf-
ficient absoluteness assumption, the above construction actually yields a forcing indistructible MAD

family if we start from one. Recall the definition of ), generic absoluteness from Definition 39.

Corollary 74. Let P be a Z}Hrl generic absolute forcing notion, assume that II.-FP holds.
Then if there is a E,ILH MAD family that is P indestructible, then there is a H}z MAD
family that is P indestructible.
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Proof. We continue the proof in the above theorem. Let A be such a 3, ; MAD that is P indestruc-

tible, @ C [w]¥ x 2 a partial function with graph in IT}, s.t.
A(r) — FNwQ(x,w)

let A" = ¢1[Q]Ug2[Q)]. We've shown thatitisa MAD family. It suffice to show thatitis P indestructible.
Let A* = (p[Q])"1%), the statement that “p[Q] is an almost disjoint family’ is

p:=Vr#y, [3z21,2((x,21) € QA (y,22) € Q) = |z Nyl < +00]

This is a TT), 1 statement that is true in V/, thus true in V'[G] by sl 1 absoluteness. (To see this,
we may assume add a vacuous argument ¢ (2) := (¢ A z = z), then ¢ <= Fz)(2) <= Vz)(2),
apply absoluteness on this ¢(z).) Hence A* is an almost disjoint family in V[G].

By P indestructibility of A, A is MAD in V'[G]. Moreover, A C A* by absoluteness for (). Thus
A= A%

Now we show that QV = QV[G}. C is by H}L absoluteness. For O side, first by absoluteness
QY1 is a graph of a function. If (z,w) € QVIE, then x € A* thusz € A. Hence thereisw’ € V
st (z,w') € QY thus (z,w') € QVEl, By functionality of QVI6) w = w'. Thus (z,w) € QV.

Finally, (¢1[Q] U g2[Q])V¢! = ¢1[Q] U g2[Q] holds since Q@ = Q") and Borel functions are
absolute on ground model reals.

Thus, the argument in the above theorem that A’ is a MAD family can be run in V[G]. This

concludes the proof. O

Notice that starting from a TI}, P indestructible MAD family A, the set AV is a MAD family by
forcing indestructibility. But it may not remain TT} in the forcing extension, as the interpretation of
A in V[G] might change. But we make the following observation, which states that enough generic
absoluteness guarantees that the definition persists. In particular, by Theorem 10, the following theorem
entails that there is still a IT} MAD family in the forcing extension if there is a IT{ P indestructible MAD

family in the ground model.

Proposition 75. Let P be a Z}LH generic absolute forcing notion, let A be a Z,llﬂ MAD
family that is P indestructible. Then AV = AVIG],

Proof. The following IT}, 1 sentence states that A is an almost disjoint family:
Vo #y(z,y € A —|zNyl < o0)

Thus AV is an almost disjoint family. Moreover by generic absoluteness, AV C AVIGl by the
fact that A" remains MAD in V[G], AV = AVI¢), O
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We give some interesting examples of Corollary 74. For an almost disjoint family A, we associate
anideal I(A) := {z € [w]¥ | InTag...an, € A,x C* ap U --- Uay}. Itis clear that if A is infinite,
then I (A) has to be proper. The following notion was first considered by Malykhin [Mal90].

Definition 76. We say an almost disjoint family is tight if for any (x,,n € w) C [w]Y\I(A),

there is a a € A s.t. laNxy| = oo for alln € w.

Tight almost disjoint family is automatically MAD. It is a famous result that we can construct a
tight MAD family along a well-order of the reals and tight MAD families are Cohen indestructible. For

completeness, we collect these results here:

Lemma 77. Let {a, | n € w} be a countable almost disjoint family, let {z, | n € w} be a

w

set of elements not in I({a, | n € w}), then there is a € [w]¥ almost disjoint from each

element of {a, | n € w} and a Ny, is infinite for all n € w.

Proof. Lete : w — w be a surjection s.t. for eachn € w, e~!(n) is infinite.
Recursively, let my, be the least element in z(,,) \ (ag U- - - Uay,) thatis greater than m,,_1. Such
My, exists as we assumed T () € I({an | n € w}). Letw = {m,, | n € w}, then x N ay, is finite as

My & ay, foralln’ > n by construction. Nz, 2 {ms | e(s) = n} and is thus infinite. O

Theorem 78 (Folklore). Let < be a AL well ordering of the reals that’s £} good. Then there
is a ZTIL infinite tight MAD family.

Proof. Consider the following recursion scheme F' C ([w]*)=% x ([w]¥)* x [w]¥ as: F((A, p, x) holds
ift EITHER: all of the following are true:

1. ran(A) is almost disjoint.
2. Vn, (p)n & I(ran(A)).
3. xis almost disjoint from every element in ran(A) and « N (p)y, is infinite for every n € w.

OR 1is true and 2 is false and  is almost disjoint from every element in ran(A).

OR 1 is false.

Let B code an infinite partition of w, then clearly A compatible with F' from base case B is a tight
MAD family as for every sequence (2, n € w) s.t. z,, & I(A) for all n, suppose it is enumerated as
Pa- By o € Fa, p.,ran(Aq) is an almost disjoint family by an induction on o, ,, & I(ran(Aa))
asran(Aq) C A, thus both 1 and 2 holds and thus 2, € A intersects every element z;, infinitely.

Thus by applying Lemma 77 and Theorem 49 on F' we obtain the conclusion. O

Indeed, it was shown by Hrus$dk and Garcia-Ferreira in [HF03] that tight MAD families exists as
long as b = 2%°, where b is the unbounded number. Moreover, they showed in the same paper that

tight MAD families are Cohen indestructible.
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Theorem 79 (Hrus$dk and Garcia-Ferreira, [HF03]). Tight MAD families are Cohen indestruc-
tible.

Proof. Let Abe a tight MAD family, let C be Cohen’s forcing, & a name of a subset of w, assume that
p IF & is infinite. We want to show thattheset D := {qg € C | ¢ IF Ja € A, |2 Na| = oo} is dense
below p.

For arbitrary ¢ < p, we want to find 7 < g s.t. 7 € D. May assume that g I+ & & I(A) as
otherwise thereisr < gs,t,r I Jag...a, € A, C* ag U - - - U ay, which entails that » € D by an
infinite pigeon hole principle.

Enumerate {r € C | r < g} as{r, | n € w},writex,, = {m € w | Ir < rp,r IFm € &}
Firstnotice x,, & I(A),asotherwiser, IF & € I(A),acontradiction forassumption. Thus by tightness
thereisa € As.t. aNx,, is infinite for all n € w. We show that ¢ I- & N a is infinite. Suppose not, then
thereisk € wandr, IF (aN )\ k = 0, but as x,, N a is infinite, there is k' € x, Na, k < k" and
r <rps.trlFk €z a. Thisisa contradiction.

This completes the proof. O
Thus we obtain the following results:
Corollary 80 (Folklore). In L there is a IT{ Cohen indestructible MAD family.

Proof. We apply Theorem 78 on the canonical well ordering of L, see Theorem 35, thus there is a 33
tight MAD family in L. By Theorem 79, it is Cohen indestructible and thus by Corollary 74, there is a
H% Cohen indestructible MAD family in L. ]

On the otherhand, we have a partial converse to Theorem 79, proved by Kurili¢ in [Kur01]. For
an almost disjoint family A C [w]“, we let the restriction of A on z € [w]*, denoted A|x be the set
{anz|aeA lanz| = oo} Wesay A|z is a tight MAD family on [z]* if for any {y,, | n € w} €
[2]“ \ I(Alx), thereis z € Alx s.t. y, N z is infinite for all n.

Theorem 81 (Kurili¢). If A is a Cohen indestructible MAD family then there is x € [w]“ s.t.
Alz is a tight MAD family on [x]“.

Proof. Assume for contradiction that there is no such € [w]*. Then starting from zyp = w, we

recursively build (25 | s € w<*) satisfying the following:
1.z € WY\ I(A).

2. {zs~n | n € w} witnesses x5 is not tight, i.e. thereisno a € Alzys.t. a N x5~y is infinite for

all n.

Let ¢ be a Cohen real, let i be a pseudo-intersection of (7,7 € w), we show that y witnesses

that A is not MAD in the forcing extension, a contradiction to the assumption.
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Tosee Vic] = Va € A, |aNy| < oo, we notice for any a € A, the following set is dense by
construction:

D, :={s€w¥|lanzs| < o}

Thus forany a € A, thereisn s.t. ¢|, € Dg, and y being the pseudo-intersection of ($C|n, n e w),we

have |[a Ny| < oo. O
Thus, we obtain the following fact, allowing us to reduce the complexity of a tight MAD family.

Corollary 82. Assume that H%L-FP holds, further assume that Cohen forcing is E,IZH abso-
lute. Then if there is a Z}LH tight MAD family, then there is a II. tight MAD family.

Proof. Ifthereisa X7, , 1 tight MAD family, then by Theorem 79, it is Cohen indestructible. By Corol-
lary 74 there is a IT;, MAD family A that is Cohen indestructible, thus there is ' s.t. A|z is a tight MAD
family on [z]. Let f : © — w increasingly enumerate x, then { f[y] | y € A|z} isa IT}, tight MAD
family. O

This result is curious as Térnquist’s construction as presented in Theorem 73 does not automat-
ically preserve tightness. To see this, let A be the original X;, | ; MAD family and A’ be defined as in
the proof. Let {z,, | n € w} C [w]¥ \ I(A), then there is no element in A’ hitting all elements in
{{0} x zp, | n € w} U{{1} X &y, | n € w} infinitely.

We also remark that all the above complexity results except Corollary 82 can be established for light-
face point classes. For instance, the light face version of Theorem 73 holds: If II}-FP holds and there
isa ¥} ; MAD family, then there is a II; MAD family. But Corollary 82 is different as we relied on
the extra parameter z € [w]“ on which the restriction A|z is tight. Thus the best lightface version of

Corollary 82 we can get is the following statement:

Corollary 83. Assume that I1},-FP holds, further assume that Cohen forcing is 2711+1 absolute.
Then if there is a E}Hl tight MAD family, then there is a real a € w* and a 11} (a) tight
MAD family.

Finally, we make the observation that even though the construction in Theorem 73 does not pre-
serve tightness, it does preserve a weaker property called weakly tightness. We say an almost disjoint
family A is weakly tight if for any (z,,,n € w) C [w]* \ I(A), thereisaa € As.t. [a N zp| = oo for
infinitely many n € w. Similar to tight almost disjoint families, weakly tight almost disjoint families are

automatically MAD. This concept was proposed by Hrusdk and Garcfa-Ferreira in [HF03].

Proposition 84. Assume I1.-FP. Then there is a E}LH weakly tight MAD family iff there
is a TIL weakly tight MAD family.
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Proof. Let Abea X}, | weakly tight MAD family. By IT} -FP there s a partial function @ C [w]” x 2%
with a IT}, graph such that
Ala) = FwQ(a,w)

For sake of convenience we recall the following maps go, g1 : ([w]*)? — P(3 x w):

g0 = a,w = ({0} x a) U ({2} x {a”(n) | n € w})
g1 a,w = ({1} xa) U ({2} x {a”(n) | n & w})

Let A’ = go[Q] U ¢1[Q)]. In the proof of Theorem 73, we have that A’ is a TI, MAD family. We
show that it is weakly tight, assuming A is.

Fory € [3 x w]¥,i € {0,1,2} writey; = {n € w | (i,n) € y}.

Let {z" | n € w} C [3 x w]* \ I(A’). Notice for each n, thereis ¢ € {0,1, 2} s.t. z]* & I(A),
as otherwise say 2 C* aQ U...a, 2 C* aQU...aM™ and 2} C* aJ U ... aJ"2 forsome al € A,
then

2" < | goad,wp) v | gr(al,w])u | golad, wi) U gi(as, wh)
J<mo Jj<ma J<ma

contradicting ™ ¢ I(A’). Here w{ is the witness s.t. Q(ag ,w)).

Thus thereis ¢ € {0, 1,2} s.t. for infinitely many n, 2 & I(A). Enumerate them as {2 | m €
w}.

Case 1: ¢ = 0 or 1, these two are symmetrical, we may assume ¢ = 0. Since 2" & I(A), by weak
tightness, there is a € A s.t. a N z{" is infinite for infinitely many m. Let w be s.t. Q(a,w). Thus
go(a,w) N 2™ is infinite for infinitely many m, witnesses the weak tightness of A’.

Case 2: © = 2. Since 25" ¢ I(A), by weak tightness, thereis a € As.t. a N 23" is infinite for
infinitely many m. Let w be s.t. Q(a,w). Thus for one of go(a, w), g1(a, w), it intersects infinitely

many z"" infinitely, witnesses the weakly tightness of A’. ]

Comparing Corollary 82 and Proposition 84, we observe that reducing the complexity of tight
MAD family need the assumption of generic absoluteness of Cohen forcing. We may ask whether this

assumption is necessary, whether we can find a construction that preserves tightness directly:
Question 4. Is it the case that under II},-FP, there is a i, tight MAD family iff there is
a TIL tight MAD family?

5.1.3 Maximal independent family

The following theorem lifts Brendle, Fischer and Khomskii’s result in [BFK19]. The proof follows

the same line as their original proof.

56



Theorem 85. Assume ITI}-FP holds. Then there is a £}, maximal independent family iff

there is a H,ll mazimal independent family.

Proof. Let Abea ¥, MIF and write A(z) <= 3w € 2¥F(x,w) where F'is a IT}, function.

We consider w U 2<% as the disjoint union of w and PACS

Define

g: W x2¥ = PlwU2<¥)

(x,w) = zU{w|, | n € w}
Let A" = g[FY, then by the argument as in [BFK19] it follows that A" is a MIF.
Finally, g is clearly Borel and injective. Thus g[F] is a IT}, MIF. O
By an analogous argument as in Corollary 74, we obtain that:

Corollary 86. Let P be a E}LH generic absolute forcing motion, assume that H}L-FP holds.
Then if there is a 2711+1 mazimal independent family that is P indestructible, then there is

a TIL mazimal independent family that is P indestructible.

A famous example of forcing indestructible maximal independent family is the Sacks indestructible
maximal independent family. See [Fis18] for a construction of a coanalytic such family in L.
5.1.4 Maximal Ideal Independent Family

The following theorem lifts Millhouse and Schembecker’s result in [MS26].

Theorem 87. Assume IIL-FP. Then there is a II. mazimal ideal independent family iff

there is a ELH mazximal ideal independent family.

Proof. Let I bea X} 1 ideal independent family and assume
I(z) — 3w € w]“G(z,w)

where G is a TT., function.

We define the following function

X W] X W] = [w]”

(x,w) = {3n|nexU{3n+1|necw}

Letz={3n+1,3n+2|ne€w}l Welet I' = x[I| U{z}.

The argument that it is a maximal ideal independent family is the same as [MS26].
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Finally the function x is clearly a Borel injection. Thus I’ is a TI}, maximal ideal independent

family. O
By an analogous argument as in Corollary 74, we obtain that:

Corollary 88. Let P be a E}LJA generic absolute forcing notion, assume that II.-FP holds.
Then if there is a E}Hl maximal ideal independent family that is P indestructible, then

there is a H,ll maximal ideal independent family that is P indestructible.

5.1.5 Van Douwen Family
Van Douwen Family is a strengthened version of maximal eventually different family.

Definition 89 (Van Douwen Family). An eventually different family A C w* is called a Van
Douwen family if for any infinite partial function f :w — w, there is h € A s.t. there are

infinitely many n s.t. f(n) is defined and equals h(n).

Thus, a maximal eventually different family is Van Douwen if it also agrees with partial functions

infinitely often.

Proposition 90. There is a Borel recursion scheme F' s.t. a'Y compatible with F' is a Van

Douwen family. As a consequence, there are Ay Van Douwen family in L.

Proof. Let f € Biff f is a partial function from w to w.
Let Fyp C (w¥)=¥ x B x w* be defined by Fyyp (A, £, g) iff EITHER all of the following holds:
1. ran(A) is an eventually different family
2. Thereisno h € ran(A) s.t. Vm3n > m, f(n) is defined. A h(n) = f(n)
3.Ym3n > m, f(n)isdefined. A g(n) = f(n)
OR 1is true and 2 is false OR 1 is false.
Then Y compatible with £ would be a Van Douwen family.
For the second statement, apply Corollary S1. ]

In [Ragl0], Raghavan showed that Van Douwen families cannot be analytic. This is a contrast to
the weaker notion of maximal eventually different family, which admits a Borel instance by the result in
[HS24]. Atits core, what he showed is that the existence of a Van Douwen family leads to the existence
of an infinite MAD family.

Theorem 91 (Raghavan, [Ragl0, Corollary 2]). If there is a E,ll Van Douwen family, then there
is a B infinite MAD family.

Proof. Let A be such a Van Douwen family, by identifying each of its element with its graph, A is an
almost disjoint family in [w x w]“. Notice A is necessarily infinite as no finite eventually different families

can be maximal.
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Letag, a; . .. beasequence of different elements from A, let { B, | n € w} bean infinite partition
of w. Define a new function f : w — wby f(n) = a;(n) if n € B;. We show that f & I(A), thisis
because forany by . . . b, € A, there is a; not equal to any of them, thus a; N b; is finite for every j < n,
thus a;|g, €* bo U - - U by, thus f D a;|p, isnotin I(A).

Now consider the following family B C [w X w]“:
beB < JacAlb=fnNna)A|b] =00

We show that B is an infinite MAD family on f in the sense that for any by, b1 € B, they intersect
finitely and for any g € [f]*, thereis b € Bs.t. bN g is infinite.

B is almost disjoint on f as A is eventually different, and for any g € [f]*, it is an infinite partial
function from w to w and thus we can find a € As.t. a N gisinfinite, thusa N f € BandaN fNgis
infinite.

Finally, to show that B is indeed infinite, suppose for contradiction that B is finite, of size n. Sup-
pose B = {apNf,...,an—1Nf},whereag...a,—1 € A,butas f € I(A),g:= f\agU---Uap_1
is an infinite partial function from w — w, thus thereis a € As.t. a N g isinfinite, thusa N f € B yet
an f#a;N fforalli < n,thus|B| > n + 1, acontradiction to our assumption.

Finally, it is easy to turn B in to a ! infinite MAD family on w via a bijection between f and
w. O

We remark that this theorem does not admit a lightface version, as we are relying on extra real pa-
rameters.

As a corollary, Ramsey property forbids the existence of Van Douwen families.
Corollary 92. If L sets have the Ramsey property, then there is no 31 Van Douwen family.
Proof. By Theorem 29 and Theorem 91. O

In [MS26], the complexity reduction result was established for Van Douwen families. We lift the

result under Functional Projection property.

Theorem 93. Assume IIL-FP, then if there is a 2711-5-1 Van Douwen family, then there is a

I1} Van Douwen family.

Proof. Define functions xo, X1 : “w x 2 — “w by
xo(f,¢)(n) :==2f(n) + c(n),

x1(f;e)(n) :=2f(n) +1—c(n).
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Now, assume that F'isa 2711 1 Van Douwen family, and let H C “w x“2bea l_[,ll partial function

such that F' is the projection of H to the first component. Let
G = xo[H] U x1[H].

That G is a Van Douwen family is the same proof as in [MS26].

As for the definability of G, clearly both x and X are injective Borel functions, thus by Lemma 7,
Gis H%L. O
5.1.6 Maximal Tower and Maximal Linear Tower

The following theorem lifts Fischer and Schilhan’s result in [FS22].

Theorem 94. Assume FP(ITL), then if there is a 2711+1 mazimal linear tower, then there
exists a II} mazimal linear tower. Moreover, if we start from a 2711+1 maximal tower, then

we get a H}L mazimal tower.

Proof. Let Abea X}, maximal linear tower, and let F' C [w]* x 2% be IT}, such that
reA = Jwe2¥(z,w)eF.

Forz € [w]“, let z(n) be the n-th element of z. Define g : [w]¥ X 2¥ — [w X w]* by letting

g(z,w) = ({0} x z) U [U {n+1} x (m\m(n—l—w(n)))]

new

We show that g is a Borel injection. That it is Borel is obvious. For z € [w X w]“, let 2, be the nth
section of z. For (z,w) # (2',w), may assume & = 2’ as otherwise g(z, w)o # g(a’, w’)o. Let s be

the largest common initial segment of w, w’, may assume w = s~ 0" yand w’ = s~ 17y, then

g(@, w)sr1 = (@ \ z(|s])) # (2 \ z(|s| + 1)) = g(a,w)j511

Thus g is injective.
The argument that g[F] is a maximal linear Tower is the same as that in [FS$22]. Thus g[F] is a TI}

maximal linear Tower by Lemma 7.

The second part of the statement follows by observing that the injection preserves order: for (z, w), (z/,w') €
F,

rC' = g(z,w) C* g(a’,w)
Hence if A is well-ordered by D%, so is g[F]. O

However, we notice that in this case, the complexity reduction proofs for forcing indestructible
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instances (the parallel statement to Corollary 74) does not seem to easily generalize to the maximal tower
case. The reason is that in the proof of Corollary 74, we used that if A, A" are both MAD families and

A C A’,then A = A’. But this is not the case for maximal towers.

5.2 Combinatorial families in L[U]

As a consequence of what we have established, we are able to show that in L[U] the combinatorial
families discussed in this chapter all admit a TT} instance.
First, by the fact that the canonical well-ordering on L[U] is £3 good when restrcted to the reals, it

is immediate that recursion in L[U] can obtain a £} object.

Proposition 95. In L{U], for any Azl)) set of requirements B, base case BC € X=* and any
A:l)) recursion condition F C X=¥ x B x X, s.t. for any A € X=%, p € B, F<BC,A>7P\
(ran(BC) U ran(A)) is non-empty, there is a 3 set Y compatible with F.

Proof. Immediate from Theorem 49 and Theorem 42. O

Corollary 96. In L{U], there is 1 instance of each of the following objects: Infinite MAD
family, maximal independent family, infinite maximal ideal independent family, mazimal
tower, Van Douwen family. Indeed for all but maximal tower, there is Azl)) instance of

them.
Proof. Same as Corollary 51. For Van Douwen family, apply Proposition 90. O

Theorem 97. In L[U], all of the following combinatorial families admit a TIS instance.

1. Counterexample to perfect set property.
2. Infinite MAD family.

3. Mazimal independent family.

4. Maximal (linear) towers.

5. Maximal Ideal independent family.

6. Van Douwen family.

Proof. We work in L[U]. By Corollary , we get E:l)) instances of the objects. Moreover by Theorem 62,
H%-FP holds. Thus we may apply Theorems 72, 73, 85, 87, 93, 94 respectively to arrive at H% instances
of the desired objects. O
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We remark that for most of the combinatorial families listed above, we know that TI} is the optimal
complexity level at where they may exist in L[U]. Hence the instance we obtained in Theorem 97 is

optimal in projective complexity:

In L[U], no instance lies in these levels

I1;
The optimal level in L[U]

Proposition 98. For all but the mazimal ideal independent family mentioned in Theorem

97, there is no 33 instance of it in L[U].

Proof. Asthereisameasurable cardinal in L[U], Theorem 37 entails that all 3 sets are regular (have the
perfect set property, Ramsey property, Lebesgue Measurability and Baire Property), thus by Theorem
29, there can’t be 33 instance of infinite MAD family and maximal independent family; by Theorem 30
there can’t be 33 instance of maximal tower; by Theorem 91 there can’t be X3 instance of Van Douwen
Family.

By Theorem 7.1 in [FS22], there is a maximal linear tower of complexity 33 iff there is a maximal

tower of complexity 23, thus there is no maximal linear tower in L[U] also. O

However, it remains open whether there can be a regularity property that forbids the existence of a

maximal ideal independent family.

Question 5. Is there a regularity property that forbids the existence of mazximal ideal inde-

pendent family? In particular, are there analytic maximal ideal independent families?

Finally, we mention that Miller was able to show that thereisa T} Hamel basis in L in [Mil89], thus
it is natural to ask the status of Hamel basis in L[U]. On one hand, it is a folklore result that existence of a
323 Hamel basis leads to the existence of a 33 Vitali set (see for instance example 2? in Chapter 6), which
cannot exist in L[U], thus there is no 34 Hamel basis in L[U]. On the other hand, an easy application of
transfinite recursion in L[U] produces a 33 instance, appealing to Theorem 49 and Theorem 42. Thus,

it remains to decide whether there is a TI3 Hamel basis in L[U].
Question 6. Is there a TI3 Hamel basis in L[U]?

One approach to answer this question affirmatively is to find a complexity reduction result similar

to those discussed in this chapter, however, this seems hard due to the combinatorics of Hamel bases:
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Question 7. Is it the case that under IL,-FP, the existence of a X, Hamel basis entails

the existence of a TI. one?
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Chapter 6

Other Results

In this chapter, we collect some other results the author obtained during his Master period. In
Section 6.1, we develop the theory of continuous relations and prove an interesting connection between
the cardinal characteristics and definable combinatorics. In Section 6.2, we develop a graph comparision

notion between Borel graphs and hypergraphs that is relevant for the study of maximal independent sets.

6.1 Tower Number and IT; Combinatorics

Recall the definition of the tower number in Definition 24, we show that if the tower number t is

increased beyond wy, then certain combinatorial families cannot have H% instances.

6.1.1 Continuous Relation

The idea of continuous relation developed in this subsection comes from an unpublished exposi-
tion by William Chan on an early version of He, Luo and Zhang’s paper [HLZ26].

Continuous relation is a generalizaiton of the concept of continuous function.

Definition 99 (Continuous Relation). Let X, Y be two topological spaces, let R be a relation
on X XY from X toY, we say R is continuous if for each open U CY, R7U] := {z |
Jy € U,R(x,y)} is open in X.

Clearly if R happen to be a function, then the notion of a continuous relation coincides with the
concept of continuous functions.

We are mainly interested in relations from one Polish space to another Polish space. So without
explicit mention, in the following we discuss continuous relations on Polish spaces.

First let’s notice that when considering the notion of continuity of relations, the following fact
breaks down. For functions f : X — Y, if f is continuous, then f considered as a subset of X x Y

is closed. For the = side, for {(zy,, f(z,)) | n € w} C f that converges to (z, y), by continuity of f,

f(zyn) = f(x)andthus (z,y) = (z, f(z)) € f.
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But for relations, the nice fact breaks down:

Proposition 100. There is R C X x Y s.t. R is continuous but not projective.

And there is R that is closed but not continuous.

Proof. For the first part, first notice by a cardinality argument, a non-projective set exists. It is clear that
since 37 sets are projections of closed sets and every closed set is 31, 3] sets on a fixed Polish space X
has cardinality 2%, which is the number of closed sets on a Polish space. By an induction, for every n, 2,11
sets on a fixed Polish space X has cardinality 2. Thus there are only 2“ projective sets on a fixed Polish
space, but there are ouw* many subsets of X.

Thus let S C R be some set that is not projective, consider R = [R x (R \ {0})] U [S x {0}],
which is continuous. It is continuous as for any nonempty U C R open, thereis 0 # x € U and thus
R71[U]is R, thus open. Yet R cannot be projective as otherwise S := {z € R | (z,0) € R} would
be projective.

For the second part, let A C X be a 2% set that is not open, then thereis R C X X Y closed and
R71[Y] = p[R] = A which is not open. O

We remark that by the first counter example, another good characterization of continuity is lost:
Remember functions f is continuous iff f reflects closed sets: f~1[C] is closed for C closed. But in the
case S is not closed, R clearly does not reflect closed set.

. w . . .
Also, a corollary of the first example is that there are 2" many different continuous relations:

Corollary 101. There are 24 many different continuous relations on perfect Polish spaces
X, Y.

Proof. Ononehand, thereare 24 different subsets of X x Y in total. On the other hand, each different

subset of X yields a unique continuous relation by the construction in the first example of 100. O

For the second counter example, we are working with a relation that is not fully defined on its do-
main. But even requiring R to have full domain X won’t save us here. For that, we need some more

theory on Polish space.

Lemma 102 (See [Gao08, Proposition 1.1.2]). Let X be a Polish space, if U C X is open, then
U with the subspace topology is Polish.

Proof. Let d be the complete metric on X, let F' = X \ U, define d(z, F') = inf{d(z,y) | y € F}.

Consider the following metric e on U, for z,y € U:

L1
d(z, F) — d(y, F)

e(z,y) = d(z,y) +
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It is easy to check that e and d generates the same topology on U. Moreover, if xg, 1 . .. cauchies
converges under e, then xg, 1 ... cauchies converges to some x ¢ F under d. Thus e is a complete

metric on U. Thus U is Polish. O]

Proposition 103. There is R C X XY s.t. dom(R):={x e X |Jy €Y, (x,y) € R} = X,

and is closed but not continuous.

Proof. Let U C Y be an open set that is not Y. Thus X x U with the subspace topology is Polish,
and we can find closed C' C X x U s.t. p[C] is analytic but not open. C being closed in the subspace
topology, there is C’ closed in X x Y s.t. C'= C" N (X x U) Consider the following relation

R=CU[X x (Y \U)]
=[(X xU)NCTU[X x (Y \U)]
— (X xU)UX x (Y\U)N[C'UX x (Y \U)]
=(XxY)Nn[C'"UX x (Y \U)]

which is closed. But R~ [U] = p[R N (X x U)] = p[C], is not open. O

Perhaps the analysis thus far shows that continuous relation in general can be weird. But we will see
that for given projective (Borel) relation, considering its continuity will be a powerful tool of analysis.
First let’s start by an important merit of relations. With relations, in contrast to functions, it makes

sense to ask whether the union and intersection of continuous relations is still continuous.

Proposition 104. Let (R;,i € I) be a family of continuous relations on X XY, then R =

Uicr Ri is continuous.

Proof. ForU C Y open, R [U] = J,; R; ' [U], which is open. O

i
Theorem 105. For X,Y Polish spaces, (R, < w1) a decreasing sequence of continuous

relations, decreasing in the sense that if « < B then R, 2 Rg. Then R = ﬂa<wl R, is

continuous.

Proof. It suffice to show that for any basicopen V' C Y, forany z € X andy € V s.t. R(x, y), there
is basicopen U C X s.t.z € U R7YHV] D U.

foranyz’ € U, R[z'] NV # 0. Here R[z'] :={y € Y | R(z,y)}.

Let {Ny;, | m € w} enumerate the basic open set of X.

Define

Me = min{m | Vo € NyyAx' € Ny, ' €V, (Ra(2,9))} = min{m | R;'[V] D N,z € N}
We observe that for v < 8 < Wy, as Ry 2 Rg, ma < mg.
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Thus there is some m s.t. my, < m forall « < w1, as otherwise

U{a|ma§m}:w1

mew
Which is absurd as under the assumption {m, | @ < w;} is unbounded in w, each {a | mqy < m}is
countable.

Thus this [V,,, satisfies the requirement. O

The argument clearly produces a more general statement for spaces that are not Polish. Recall that
B is a local basis of X at x if for any open U with x € U, thereis B € Bs.t. x € B C U. Thelocal
weight of a space X at x, denoted w(X, x), is the least size of a local basis of . The character of X,

denoted x (X) is supgexw (X, ).

Theorem 106. For X,Y arbitrary topological spaces, if x(X) =X and c¢f(k) > A\, (Ra,a <
K) is a decreasing sequence of continuous relations, decreasing in the sense thatif o < < k

then R, 2 Rz. Then R =)

a<w Ba 18 continuous.

Proof. By the same argument as above. O

We remark that in the above theorem, both ¢ f(£) > A and the fact that the relations are decreasing

171y % R, this example shows

are important. Consider the following example: {0} x R = [ (==, =

that countable intersections of continuous relation may cease to be continuous.
On the other hand, if we drop the assumption of decreasing in the statement, then clearly the state-
ment would imply that countable intersections of continuous relation is still continuous by making the

tail constant to total relation. This is absurd by the counterexample we just provided.

For application to combinatorial set theory, we are interested in continuous relations on [w]“ x 2%.

For R C X xY,and X’ C X, we say that R is continuous on X’ if RN (X’ x Y') is continuous
as arelation from X’ to Y, where X’ inherits the subspace topology.

Mathias proved that if a function is Ramsey measurable, in the sense that the reflection of any open
set has the Ramsey property, then the function is continuous on a Ramsey large set. He, Luo, Zhang
observed that this also holds for relations. We state this fact for analytic relations.

Foran element y € [z]*, let y* be the function that increasingly enumerates y.

Theorem 107 (He, Luo, Zhang). Assume R C [w]* X 2¥ is an analytic relation, then for any

infinite x, there is y € [x]* s.t. R is continuous on [y]*.

Proof. Let By = and Cy = z,t = D and £ = 0, p = (13, £3) = (0, 0). Define PP C [Cy]* by:

ge PR — 3he2(h]0=IIA Rt g,h))

67



This is an analytic relation, thus is completely Ramsey by Theorem 28. Pick an infinite oL C Cy
which is homogeneous for P¥G, meaning that [CP]w C PPb or [CPO) N PPO = ).

Let By = By U {min CP} and C} = CP0 \ B,.

Suppose By, and C,, have been defined. Let pfy, . . ., pf  enumerate [B,,]<“ x 2", Foreach k <
Ky, lett? € [B,]<“ and [} € "2 be such that p} = (¢}, I}). Define PP6 C [C),]* by

ge P « Fne2(hin="> AR g,h)

This is an analytic relation, thus is completely Ramsey by Theorem 28. Pick an infinite CPo C C,, which
is homogeneous for PPo

Suppose that for some k < K, CPF has been defined. Define PPk+1 clcr Z]w by
gE P+ = Fhe2?(hIn=1 ARt g, h))

This is an analytic relation, thus is completely Ramsey by Theorem 28. Pick an infinite CP*+1 C CPk
which is homogeneous for P? kL,

After completing this finite construction, let By, 41 = By, U {min C” Tfl(n} and Cy, 11 = CPkn \
By,

Lety = J,,c., Bn- We claim that R is a continuous relation on [y]*.

Let f € [y]“,n € w,and h € 2¥ be such that R(f, h). Choose k < K, such thath [ n = {}
and t}! is such that f = ¢} g forsome g € [Cp41]”. Since [ = h [ nand g € [Crq1]®, it follows
that Cp, 11 C CPk must satisfy [C41] C PPk, as witnessed by h.

Let m/ = |t}| and letm = m/ + 1. Suppose w € [y]“ issuch thatw [ m = f | m. Write
w = (w [ m')"uforsomeu € [y]*. Since u(0) = w(m’) = f(m’) € Cpy1, wehave u € [Cy11]%
by the construction of y. Thusu € PPk. Therefore, there is some h € “2 such that R(t} " u, h) and
hln= . =nhln.

Butsincew [ m = f | m,m =m'+1,m' = |t}|,and f =t} g, we have ({7 "u) = ((f |
m')"u) = ((w | m')"u) = w. Hence R(w,h) and h | n = h | n. This establishes that R is a

continuous relation on [y]|*. O

Lemma 108. Let R C [w]* x 2¥ be a relation that’s Ey invariant on the first argument. i.e.
For all x,y € [w]|* and g € 2, if R(x,g) and |xAy| < oo then R(y,g).

If R is continuous on [z]¥ and y C* x, then R is continuous on [y]“.

Proof. Assume z € [y]* and R(z, g). For arbitrary n € w, we want to find m € w s.t. whenever
2% I'm=2z* | mforz € [y]“, thereisg’s.t. ¢ | n =g | nand R(2/,¢’).
Lets =y \ @, thusz\ s Cy\ s € [z]¥. By Ey invariance R(z \ s, g). By the assumption there

ism € ws.t. whenever 2’* | m = (2 \ s)* [ mforz’ € [z], thereisg'st. ¢ | n =g | nand
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R(Z,q").

We show that m+|s| satisfies the assumption. For z” € [y|“s.t. 2”* | (m+]s|) = z* [ (m+]s|),
2"\ s € [z]“and (2" \ $)* | m = (z\s)* | m. Thusthereis¢'s.t. ¢/ [ n =g [ nand R(z"\ s,¢’).
Finally by Ey invariance R(z", ¢'). O

6.1.2 Tower Number and E), transversals

Definition 109. V C 2% is called a Ey transversal if:
1. Forallz #y €V, |[xAy| = cc.
2. For all x € 2% there isy € V, |zAy| < co.

Again, the perspective of Borel graph kicks in, we can view E transversal as a maximal independent

set of the following Borel graph: (2%, E') where zEy < xAy is finite..

Theorem 110. If t > w then there is no Ty Ey transversal.' (And no X3 Ey transversal,

as every 33 Ey transversal is automatically TI3.)

Proof. We prove the converse. Assume V' is a I—I% E) transversal, then there is Borel By, @ < N s.t.
V=N, <r, Ba by Theorem 8. We may assume B, is decreasing as countable intersections of Borel
sets are again Borel.

For a < wy, define R, C [w]¥ x 2% by
Ry(z,a) <= a € By A |zlAal < o0

This is a Borel relation.
We build a tower of elements z, 7o C* g iff o < Bs.t. R, is cont. on o4 1.
On successor step we apply Theorem 107 to [24] and R,

On limit step A we take the pseudo-intersection of o, o < A.

Now we argue that this tower (24, @ < X1 ) cannot have a pseudo-intersection, witnessing t = wy.
Assume for contradiction that it does, x is a pseudo-intersection of it. We observe that for each o < wy,
the relation R, is Ey invariant on the first coordinate and thus by Lemma 108, we obtain that R, is
continuous on [x]“.

Let Ry C [w]¥ x 2¥bes.t.

Ry(z,a) <= a €V A|zrAa| < o0

Tna personal communication, Jialiang He was able to improve this result to if h > w1, then there is no H% FEy transversal.
His method also uses the idea of continuous relation.
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Thus Ry = (<, Ra is continuous on [z]* by Theorem 105.

We obtain a contradiction from there: choosey, v € [x]“s.t. [yAy/| = oo, thus Ry (y, a), Ry (v, ')

forsomea # a’ € V. Letnbes.t. a(n — 1) # a/(n — 1). By continuity there is m s.t. whenever
y"* I m =y | mfory” € [x]¥, thereisa” s.t. a” [ n = a [ nand (y”,d”) € Ry. Consider 3"

given by

y*(4) ifi <m

y™*(i+ k) ifi > m, where k is the least number satisfying y/'*(m + k) > y*(m — 1).

Thus thereis a” s.t. @’ | n = a | nand (y’,a”) € Ry. Specifically, a” # a' asa’(n — 1) =
a(n—1) # a/(n—1). Also notice y”” Ay is finite as they agree on the tail. We thus have |y Aa”| < oo,

|y’ Ad’| < 0o and thus |a” Aa/| < oo which is absurd as they are distinct elements from V. O

6.2 Graph Comparison and Maximal Independent Set

Recall the definition of Borel graphs in the section 2.3. Let’s first focus our attention on binary

graphs. For a detailed theory of Borel graph, the reader may refer to [KM20].

Definition 111 (Borel Graph). Let X be a Polish space and E C X2 be symmetric. We say
G = (X,E) is a Borel graph if E is Borel.

I C G is called an independent set if for any xg # x1 € I, ~xoEx1. An independent
set is maximal if it is not a proper subset of any other independent set.

I C G is called a spanning set if for any x € G\ I, there isy € I s.t. zEy.

Recall by Proposition 21, an independent set is maximal iff it is spanning.
This section is motivated by the following question, we try to look for a graph comparison notion

that is useful for the study of maximal independent set:

Question: Is there a comparison notion for Borel graphs that allows one to transform
a mazimal independent set of one Borel graph to a mazximal independent set of the another,

preferably in a way that preserves definability?

Of course under AC, all Borel graphs have a maximal independent set simply by an application of
Zorn’s Lemma, thus the definability side of the question is the more interesting one.

The following is a satisfying notion:

Definition 112 (p-Relation). Let Gy = (Xo, Eo) and G = (X1, E1) be two Borel graphs. We
say that R C Xy X X7 is a p-relation if
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1. For each y € X1, R™'[y] is independent.
2. xEpx’ and xRy, x' Ry’ entails yE1y'.

3. For each x € X there is y € X1 s.t. xRy and y satisfies whenever y € X1 satisfies
yE1y' then there is ' € Xg s.t. 2’ Ry’ and xEyx’.

A p-relation is called Borel if its graph is Borel.

The notion is a generalization of the famous notion of p-morphism (or bounded morphism) in

modal logic. See for instance [BRVO01].

Theorem 113. Let R be a Borel p-relation between Gog and Gi, then if I is a maximal
independent set of Gy, then R™[I] is a maximal independent set of Go. Moreover, if I is
> then R7UI] is ZL.

Proof. Let J = R7[I], forz # 2’ € J,if xEpa/, then in particular there is no single y s.t. xRy
and 2’ Ry, say y # ' s.t. xRy, 2’ Ry, thus y E1y/, a contradiction to the independence of I. Thus .J
is independent.

To show J is spanning, pick x € X \ J, thereisy € X satisfying 3 of the definition. As [ is
spanning, thereis y' € I s.t. yE14y/, thus there is 2/ Egx and 2’ € R™1[y'] C R[], witnessing that
J is spanning. O

To see that p-relation is indeed a powerful notion, consider the following example:

Let G = (2%, Ey), where 2 Egy iff Ay is finite, i.c. they are eventually the same. A maximal
independent set of this graph is a F transversal.

LetG, = (R, Ey), wherez By iff £ —y € Q. A maximal independent set of this graph is known

as the Vitali set.

Example 114. There is a Borel p-relation R from G to G, thus if there is a 2711 Vitali set,

then there is a 3L Eq transversal.

Proof. Consider the following relation x Ry iff:

3i € w, Iy - - - Ty » (Vj < i, (x(my) = 0)

x(m) ifm & {mg...m;}

— k
Ny = Z 7m), where k, =
m=0 (m +1)! T, itm = m;

In case v Epx’ and xRy, ' Ry', y — y' € Q as they are different on finite bits.
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For each y € R, first notice it admits a unique expansion into the form

0o . .
y:a0+m§::1(m+1)! ™)

where for m > 0, a,, < m. This expansion can be done by taking agp = |y | and recursively taking

ai Am—1
o = Ly = a0 — - O

)(m + 1)!]

Thus R~ [y] is either empty or a singleton, as xRy iff there are only finite bits in (@, m € w) thatis
not 0 and 1, and  is obtained by turning these bits into 0.

Finally, for any € 2“, consider the real
_x #(m)
v= mz::() (m + 1)!
This is clearly a converging sequence, thus well-defined. Forany ¢ € Rs.t. y — ¢/ = r € Q, take least

m s.t. there is some k s.t. 7 = #—s—l)" thus taking (an,n € w) as the expansion of ¢/ into the form of

(*), itis clear that @ : n + a,, and x agrees on elements beyond m. And thus 2’ given by

2 (n) = a(n) ifa(n) <1
0 ifa(n) >1

satisfies ' Ry’ and 2/ Egx. O

We further make the observation that this relation R is the example is a union of countably many
Borel functions: Let A = |J{w® | sisafinite set of natural numbers}, thus A is contable, for each

p € A, define fp, : 2 — Ras

S km xr\m ifm g dom
o) = D gy where ki = (m) ()

m=0

p(m) ifm € dom(p) ANx(m) =0

Then R = UpE A fp- Given that observation, we conclude that given a Vitali set V' C G, the reflection
R™[V] preserves the place in the projective hierarchy: If V is TT}, then R™1[V] is also TT..

Thus we obtain that Theorem 110 leads to the following result for Vitali set:
Corollary 115. If t > wy then there is no I1} Vitali set.

The reverse is also true, for that we need some theory from invariant descriptiove set theory.
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Lemma 116 (See also [Gao08, Proposition 6.1.2and 6.1.4]). There is a Borel injection f : R — 2%
s.t. xoFyx1 & f(.%'o)Eof(m‘l).z

Proof. Define fo : R — w” be determined by:

r= ) + 3

m=1

where fo(r)(m) < m form > 0. This is an injective map s.t. zoEyz1 < {n | fo(zo)(n) #

fo(x1)(n)} is finite.
Then let f1 : w* — 2% be given by

fi(z)((n, k)) = the k + 1-th least significant digit of the binary expansion of z(n)
This is an injective map s.t. {n | yo(n) # yi(n)} is finite < f1(yo)Eof1(y1).
Composing f = f1 - fo gives the desired map. O

Example 117. There is a Borel p-relation R from G, to G, thus if there is a LA N

transversal, then there is a X1 Vitali set.

Proof. Fix an ordering < f;,, on [w]<* in type w. Let f be the function given by Lemma 116.

Let R be given by

TRy <= |f(z)Ay| <ooAVq € Q, ((f(x)Ay) <fin (f(z+ q)Ay))

ie. xRy if f(x) and y are different by finite changes, and within the coset « + Q, the finite changes f(x)

makes to reach y is the least. It is easy to verify that R is a Borel p-relation. O
Corollary 118 (ZF+DC). There is a Vitali set iff there is an Ep-transversal.

Thus we see that p-relation is indeed a powerful notion, being behind many implication results of
combinatorial families. It allows us to transform one maximal independent set into another via compar-

ing the graphs behind them. We are interested in finding more examples of the kind:

Question 8. Are there other natural ezamples of the following kind: If there is a T' maximal
independent set of G, then there is a I' mawzimal independent set of G'? And are they
induced by p-relation between G and G'?

Finally, we have seen many examples of hypergraph whose maximal independent set leads to failure
of certain regularities. But what about the converse? We are interested in finding graphs whose maximal

independent sets detect failure of regularity properties:

2This is known as a faithful Borel reduction from E,, to Eo.
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Question 9. Is there a Borel (hyper) graph G s.t. it has a mazimal independent set iff a
certain regularity property (Baire property, Ramsey property etc.) fails?
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Chapter 7

Conclusions and Questions

In this thesis, we studied the problem of lifting complexity reduction results for combinatorial fam-
ilies. We isolated the Functional Projection property which allows us to lift the complexity reduction
results to higher point classes. Moreover, we established IT;,-FP for both the model L and the model
L[U]. This is in sharp contrast with the behavior of the uniformization property the behavior of the
uniformization property, which fails at certain higher projective levels, such as IT3. Our result allowed
us to derive the optimal projective complexity of the combinatorial objects in the model L[U].

We believe that the property of Functional Projection we isolated in this thesis is of great interest
in itself. As we have discussed in chapter 4, it weakens uniformization in a significant way, losing its
power as a definable choice principle. On the other hand, it retains enough strength to support many
complexity reduction arguments.

Coming back to the question of lifting complexity reduction results to higher pointclasses, even
though we have isolated a sufficient condition for the lifting, namely the Functional Projection property,

it remains open whether we can do complexity reductions without this assumption.

Question 10. Can we lift these complexity reduction results to higher pointclasses without
assuming Functional Projection? More precisely, is it the case that ZFC alone proves that

if there is a E}LH combinatorial family X, then there is a H,ll instance, forn > 27

At this point, the author expects the answer to be negative. I believe that for combinatorial family
such as infinite MAD family, there are models where there are 3}, | instances of it but no IT;, of it

(n > 2). In particular, we conjecture that:

Conjecture 1. There is a model of ZFC where there is a ¥} infinite MAD family but no TI}
infinite MAD family.
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