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Chapter 1

Introduction

In early 2021, GameStop, a slowly dying gaming retail company, rose sharply
in price: its stock that cost $20 skyrocketed up to $400 at its peak. There
was no financial stimulus for people to begin investing in GameStop: such be-
haviour was mostly driven by ironic discussions and jokes on the Reddit com-
munity r/WallStreetBets. The question arose: was it a market manipulation or
just an instance of simultaneous economically irrational behaviour of individuals?
The U.S. Securities and Exchange Commission had a hard time investigating this
case and did not find any evidence of an organised illegal collusion [Man21].

In 2023, Russia’s Supreme Court recognised the “international LGBT movement”
as an “extremist organization”. Participating in such extremist organizations, as
well as collaborating with them, is severely punishable: according to Russian
criminal law, one can get up to 12 years in prison for such offenses. However,
the organization that the government outlawed, the “international LGBT Move-
ment”, simply has never existed! The Supreme Court decision allowed persecution
of arbitrary LGBT people and their advocates [Hum23].

These two cases demonstrate that the difference between random sets of agents
and groups is very important, especially when we try to hold someone responsible
as a group member. Much ink has been spilled across various disciplines to define
what makes sets of agents social groups. Nevertheless, logicians seem to mostly
overlook the problem. Several group notions are studied logically: group forms
of knowledge and belief [Fag+04], group strategic abilities and actions over time
[AHK02], collective preference [ÅHW11], collective obligation and responsibility
[Gro+04], and the list goes on. Strikingly, in most of such formalisms, a group
is defined as nothing but an arbitrary set of agents. Using the most popular
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4 Chapter 1. Introduction

formalisms, we must treat all Russian LGBT people, all buyers of GameStop
stocks, all left-handed people, the king of the Netherlands, together with the
reader of this text, and the union of all aforementioned people as groups. We
have the formal tools to reason about such groups’ common knowledge, their
strategic abilities, collective preferences, or even attribute collective responsibility
to them. As we will show, not only is it conceptually questionable, but it also
creates unnecessary mathematical complexity in the mentioned formal systems
and related decision procedures. Briefly, given that you have α many agents and
every set of agents is a group, you have 2α-many groups. As the old Cantorian
wisdom teaches us, 2α is a lot.

These simple concerns create a starting point of the thesis. We face two main
tasks: come up with a plausible definition of a group and group agency, and
properly introduce it to the formal logics of different group notions. It may
sound innocent, but (as we hope the reader will see throughout the text) these
tasks are far from being trivial.

What follows is an overview of each chapter of the thesis.

Chapter 2 introduces the philosophical background we rely upon throughout the
thesis. Namely, we provide a birds-eye view on philosophical theories of group
agency. After making a distinction between methodologically individualistic and
holistic theories, we closely examine a representative of each camp: Michael Brat-
man’s theory of shared intention in Section 2.1 and Michael Bacharach’s theory
of team reasoning in Section 2.2.

Chapter 3 introduces the logical background: multi-agent modal logics. There
are two aims of this chapter. Firstly, we introduce the kind of formalisms with
which we work throughout the thesis, fixing the notation and terminology. Sec-
ondly, we demonstrate how groups are defined in them (spoiler: as any set of
agents) and to what kind of both conceptual and formal problems this definition
leads.

In the next two chapters, we develop logics of collective intention, a key notion for
us to distinguish groups from random sets of agents. We do not take sides in the
philosophical debate of methodological individualism versus holism, developing
two logics of collective intention, both having different philosophical assumptions
behind them. So Chapter 4 and Chapter 5 are dedicated to formalisation of
one of the philosophical theories of collective intention – individualistic theory
by Bratman and holistic theory by Bacharach, respectively. In Section 4.1, we
set the stage by developing a logic of conditional intention. In Section 4.2, we
extend this logic to the multi-agent case and formalise Bratmanian theory in
it. Namely, we formally prove key results about ontological, conceptual and
normative conservativity of the theory of shared intention over the theory of
individual (conditional) intention. Chapter 5 has a similar structure: we start
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by developing a single-agent theory of problem-sensitive intention in Section 5.1,
extending it to the multi-agent case with groups in Section 5.2.

In Chapter 6, we make use of a more elaborate definition of groups: a set of
agents is a group iff their actions are guided by a shared motivational attitude.
We show how this definition may be integrated in group STIT logic, and which
conceptual and formal advantages it brings. First, we delve into the negative
results about group STIT logic’s axiomatisability and decidability. Then, in Sec-
tion 6.2, we develop plan-restricted grup STIT logic, where standard group STIT
is enhanced with a refined definition of groups. We show what conceptual ad-
vantages it brings via the use-case of collective responsibility attribution. Section
6.3 is devoted to positive metalogical results about (fragments of) plan-restricted
group STIT logic. Section 6.4 is dedicated to how agents may coordinate on
their agreed-upon joint plans via communication, and what are the minimal re-
quirements on communication channels that will make such coordination possible.
Finally, we conclude and contemplate over future work directions in Chapter 7.

Sources used in the thesis

Section 4.1 is based on:

Daniil Khaitovich. “Logic of conditional intention”. To appear in
Studia Logica (accepted pending minor revisions).

Section 5.1 is based on:

Daniil Khaitovich and Aybüke Özgün. “Hyperintensional Intention”.
Proceedings of TARK 2025. Edited by Adam Bjorndahl. EPTCS.
Waterloo, Australia: Open Publishing Association, 2025, pages 44–60.

Daniil Khaitovich developed the idea for the paper and initiated the project.
Then, the idea was refined in discussion with Aybüke Özgün. Both authors
contributed to writing and revising the paper.

Sections 6.2 and 6.3.3 of Chapter 6 are based on:

Daniil Khaitovich. Plan-restricted group STIT logic. Under review.

Section 6.4 is based on the extended abstract of:

Daniil Khaitovich, Hein Duijf, Jan Broersen. Solving coordination
games with minimal communication.

which was peer-reviewed and accepted for presentation at the 16th Conference
on Logic and the Foundations of Game and Decision Theory. The project was
initiated by Daniil Khaitovich during the research visit at Utrecht University.
Hein Duijf and Jan Broersen participated in discussing the conceptual grounds
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for the paper. The paper was written and finalised by Daniil Khaitovich, after
implementing coauthors’ comments.

Authorship orders of the co-authored papers are decided according to the contri-
butions of the authors. Daniil Khaitovich is the first author in all co-authored
articles that are presented in this dissertation. The rest of the thesis is based on
the unpublished work by Daniil Khaitovich.



Chapter 2

Philosophical background

In this chapter, we map the main philosophical positions with respect to the
nature of social groups and their agency. The aim of this chapter is twofold:
we want to familiarise the reader with several philosophical notions about group
agency that we constantly evoke further in the thesis, and show the variety of
plausible ways how social groups can be defined.

The questions about the nature of social phenomena puzzling us are in no way
novel: see the discussion on political nature of humans in the first book of Aris-
totle’s “Politics” [Ari13] and on the nature of language in Plato’s “Cratylus”
[Ree97]. For a concise historical overview of the philosophical inquiry about the
nature of sociality, see the corresponding supplement to [Eps16].

To understand when we can attribute agency to a set of individuals, we need a
working definition of agency in the first place. Following [LP11, p.20], we regard
any system with the following features as an agent:

1. The system has representational states that depict how things are in the
environment;

2. The system has motivational states that specify how it requires things to
be in the environment;

3. It has the capacity to process its representational and motivational states,
leading it to intervene suitably in the environment whenever that environ-
ment fails to match a motivating specification.

For example, humans are agents, since we have mental states: knowledge and
belief are representational, whereas intentions and desires are motivational. These

7



8 Chapter 2. Philosophical background

mental states guide our actions (or at least that is what the classical causal theory
of agency claims [Dav01]). Consequently, we can attribute agency to some group
of people if their behaviour is caused by some collective forms of representational
and motivational states. Now our task is clearer: we need to define collective
forms of representational and motivational states and explain how they can cause
group actions.

Before ascribing any representational and motivational states to groups, we need
to understand groups’ ontological status. Should we postulate the existence of
groups, at least partly autonomous from the existence of individuals that consti-
tute them? E.g., does the kingdom of the Netherlands even exist, or are there
only ∼18 million of Dutch citizens? There are two opposing positions regarding
that question. The most common position is ontological individualism. Accord-
ing to ontological individualists, groups as such do not exist separate from their
members. Only individual agents are first-class citizens. The opposite view, on-
tological holism, postulates that a group as a whole may be more than a sum of
the individuals as its parts. Therefore, groups do exist “over and above” their
members. In the most radical forms, ontological holism may even claim groups as
first-class citizens: first, there exist civilizations, classes, objective spirit, and so
forth, where the individuals are byproducts of such group entities. In the modern
social sciences, ontological individualism is widely accepted.1

On top of the ontological question about the status of groups (which is considered
mostly settled by modern-day scholars), there is a methodological one. Even if
groups lack autonomous existence, should we explain group agency in terms of
the actions and minds of their members? E.g., even if the kingdom of the Nether-
lands is nothing but ∼18 million people with Dutch passports, when we say “the
kingdom of the Netherlands wants to prevent North Sea floods”, can we rephrase
this claim in terms of Dutch citizens’ properties without significant alteration
in meaning? According to methodological individualism, every meaningful claim
about groups – including ascription of representational or motivational states –
is an acronym for a claim about the group’s members, so such rephrasings are
indeed possible:

We do, of course, speak freely of the mental properties and acts of
a group in the way we do of individual people. Groups are said to
have beliefs, emotions, and attitudes and to take decisions and make
promises. But these ways of speaking are plainly metaphorical. To
ascribe mental predicates to a group is always an indirect way of as-
cribing such predicates to its members. [Qui75, p.17]

1For a detailed overview of ontological individualism, see, e.g., [Eps14, Chapter 1]. A good
overview of ontological holism can be found in, e.g., [She03]. A detailed, engaging introduction
into the field of social ontology and its relation to social science can be found in [Tol02].
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Methodological holists, on the other hand, argue that at least some group phe-
nomena cannot be explained in individualistic terms. Proper explanations will
require some irreducible collectivity. For example, as it was argued, some ascrip-
tions of collective preferences, beliefs, and obligations cannot be translated into
the language of the corresponding attitudes of individuals [LP02; DTP21; Lac21;
Arr63]. We will encounter some of these impossibility results in the later sections.

An answer to the ontological question does not determine the answer to the
methodological one. While the vast majority of modern scholars are ontological
individualists – it is nowadays rare to encounter ideas à la Hegelian universal spirit
– some of them are still methodological holists. The gap between what objects
constitute our social life and in what terms we explain social phenomena seems
counterintuitive. If nothing but individuals exist, why do we need collective terms
to explain social phenomena? Methodological holists often compare the relation
between individual agents and groups with the one between cognitive processes
and human physiology. It is a common ground that humans consist of nothing
but biological cells. Yet it is doubtful that, e.g., psychological claims about
human behaviour or philological claims about the interpretations of texts written
by humans are nothing but metaphors for claims about the cells that constitute
involved human bodies.

We list some notable representatives of both individualistic and holistic camps,
and we start with the former. Max Weber’s theory of social action is widely
considered a starting point of methodological individualism in the social sciences
[Web13]. Karl Popper [Pop02], together with his student John Watkins [Wat52],
also explicitly defended individualism, which allowed them to argue in favour of
the unity of method across both natural and social sciences. Individualism is
at home in the orthodox rational choice theory, where only individual agents,
their preferences, and beliefs are first-class citizens [Opp20]. Among the modern-
day philosophers of group agency, Michael Bratman’s theory of modest sociality
[Bra13] is one of the most prominent individualistic accounts.

As for holism, the canonical legacy reference point is Emile Durkheim, who stated
his methodological position as follows:

[...]determining cause of a social fact should be sought among the social
facts preceding it and not among the states of the individual conscious-
ness. [Dur95, p.110]

Among the modern-day authors, the holistic explanations in social epistemol-
ogy are defended, among others, by Margaret Gilbert [Gil13], Raimo Tuomela
[Tuo13], John Searle [Sea95], and Deborah Tollefsen [Tol02]. In decision the-
ory, a respectable heterodoxy emerged – team reasoning – which challenges the
mainstream individualistic assumptions of the field [Bac06]. This framework has
a strong connection with the aforementioned holistic philosophical approaches,
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and, as argued in [GS07], is generally compatible with them.

The body of literature on the nature of sociality is enormous and keeps growing,
so we cannot address all the existing theories of group agency. We pick one repre-
sentative for both individualistic and holistic camps: Michael Bratman’s theory
of modest sociality [Bra13] and Michael Bacharach’s theory of team reasoning
[Bac06], respectively. This choice is not completely arbitrary. Both authors share
the same first name, but this is not the main grounding of our choice. As we are
to show, the theories are mostly compatible with other representatives of their
camps.

2.1 Group agency: Bratman’s account

Bratman is concerned with the shared activity of small groups without any in-
ternal hierarchy and with the stable set of members: think of singing duos, small
friend groups, coauthors of research papers, and such. The joint intentional activ-
ity of such groups constitutes what Bratman calls modest sociality. The theory
does not aim to explain more complex instances of group agency, such as ac-
tions of hierarchically organised corporations, whose set of members can change
over time. For example, a development company working on the construction of a
building is not involved in modest sociality, while two friends building a treehouse
are.

The theory of modest sociality is conceptually, metaphysically, and normatively
conservative over theories of individual agency. Neither should we use anything
but concepts of individual agency and practical reasoning, nor should we postulate
the existence of new, irreducible entities, nor should we impose additional new
norms of “collective” practical reasoning to build the theory of modest sociality.
Therefore, Bratman’s proposal is methodologically individualistic.

Since Bratman is concerned with joint intentional actions of groups, the main task
is to explain what a shared intention is. In Bratman’s theory, shared intentions are
groups’ motivational states, while common knowledge, standardly understood,2

fulfills the role of a representational state. Following the conservativity principle,
the definition of shared intention is given in terms of individual attitudes of the
group’s members. Bratman’s account of a shared intention can be presented as
follows.

2.1.1. Definition (Shared intention). Without loss of generality, we take a group
of two agents: A and B. According to Bratman [Bra13, Chapter 2], A and B
intend to φ together iff:

2It is commonly known that φ iff everybody knows that φ, everybody knows that everybody
knows that φ, and so on. This standard definition was independently given by David Lewis
[Lew08] and Robert Aumann [Aum76]. We address common knowledge in detail in Section 3.1.
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1. A intends that they φ and B intends that they φ;

2. A and B each intend that they φ by way of the intentions of each that they
φ;

3. A and B each intend that they φ by way of meshing sub-plans of each of
their intentions in favour of φing ;

4. It is commonly known among A and B that (1-3).

From now on, we will call the individual intentions of A and B that constitute
their shared intention participatory.

We unpack some vague spots in this definition. A and B’s intending that they φ
is an instance of intention that. In other words, the object of such an intention is
not an action of the intender, but rather a proposition about the world; it is an
intention that the world would be a certain way, namely, such that they will φ.

A and B’s intending that they φ by way of the intentions of the other means that
both A and B regard one another as necessary co-participants in their intended
shared activity. It presupposes certain beliefs about the intentions and actions
of one another and, as we are to show later, the conditionality of A’s intentions
on the intentions of B and vice versa. By subplans of A and B we mean A and
B’s individual intentions connected with doing their parts of φing. The subplans
mesh iff they are mutually consistent with their φing.

We borrow Bratman’s example to clarify this definition [Bra13, p.41]. Assume
A and B share the intention to go to New York together. First of all, both A
and B intend that they go to New York together, as in (1). It is not sufficient:
e.g., two criminals may each intend to kidnap the other and forcefully drag her
to New York – so, each of the criminals intends that they will go to New York
– which is obviously not an instance of joint intentional activity. A and B need
to recognise one another as intentional companions in their trip to New York.
Therefore, as in (2), A intends that they go, because B intends likewise, and vice
versa. Finally, A and B should have some derivable intentions about doing their
parts of the trip: to buy tickets, to pack their belongings, to get to the train,
etc. Such intentions cannot be inconsistent with their joint trip. For example,
it should not be so that A intends to get on a train, while B intends to take
a bus. Therefore, as in (3), each A and B should intend that they go to New
York by way of their meshing sub-plans to go to New York. Finally, all of the
above-mentioned should be commonly known to A and B, as stated in 4. Assume
otherwise. For instance, A has a secret intention to go to New York with B. A
intends to accept B’s invitation to go to New York in case B will invite her. At
the same time, B has the mirroring secret intention to go to New York with A.
B intends to invite A, in case she will accept Bs invitation. Unless A and B
establish common knowledge about their secret longings, they cannot share the
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intention to go to New York.

Bratman’s account faces two major criticisms. According to the first one, the
definition appears to be circular. We explain what it means for A and B to
perform a shared intentional action of φing together by the individual intentions
of A and B that they φ. But does not the object of their intentions – them φing –
already presuppose that they do so as a shared intentional action? Note that the
object of the participatory intentions is nothing but a proposition about the joint
action. The proposition “A and B will φ” is only about A and B’s actions, not
mental states. That proposition by itself does not entail that A and B share the
intention to φ together. For example, the building blocks of the shared intention
of A and B to go to New York together consist of A and B’s individual intentions
that they go to New York together. Therefore, the object of their intention is the
following proposition: we will go to New York together. From this proposition
itself, it does not follow that they will go to New York together intentionally.
There is nothing said about A and B’s mental states or attitudes at all; we only
talk about A and B’s actions ontically. Therefore, there is no circularity in the
definition of the shared intention so far.

According to the second line of criticism, Bratman’s account breaks the control
constraint : if one intends that φ, then one should (believe to) have control over
whether φ holds. Therefore, A and B cannot simultaneously intend that they φ
without breaking norms of rationality [Vel97]. For example, assume that A and
B intend to dance together. Then, A intends that A and B will dance together.
By the control constraint, A should be able to settle whether A and B will dance
together or not. This might be true: maybe A has control over B’s will. But B
intends that A and B dance together as well! Hence, B should have control over
whether they will dance or not, which contradicts A’s ability to settle whether
they will dance or not. This seems to be inconsistent.

Bratman responds to this worry by highlighting interdependence of participatory
intentions that follow from (2). By interdependence of A and B’s intentions, we
mean that A intends that they φ as long as B intends that they φ, and vice
versa. Norms of rationality will force both A and B to act in accordance with
their intentions. Therefore, as long as both of them intend that they φ, each of
them is rationally pressured to do her part of φing. Given that these intentions
are commonly known among A and B, each of them believes that the other one
will do her part of φing; therefore, each believes that it is totally in her control
to settle whether they will φ or not by either reciprocating or not:

[T]hese intentions of each are interdependent: other things equal, each
will continue so to intend if, but only if the other continues so to in-
tend. Suppose, more precisely, that there is this interdependence be-
cause each will know whether or not the other continues so to intend,
and each will adjust to this knowledge in a way that involves respon-
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siveness to norms of individual plan-theoretic rationality. Call this
persistence interdependence. [Bra13, p.66]

To conclude, Bratman responds to the concern around the control constraint
as follows. Participatory intentions of A and B that they φ do not contradict
the control constraint, since neither A nor B intends that they φ no matter
what. A can settle whether they will φ or not, given that it is known that
B cooperates, and analogously for B. Therefore, given that their participatory
intentions are interdependent and commonly known, they do not contradict the
control constraint. The interdependence of participatory intentions appears to be
problematic, since we simultaneously conditionalise the intentions of agents on
one another. To demonstrate it, consider the next example.

Two generals prepare for a coordinated attack on the common enemy. In case only
one army attacks, it is doomed to be defeated: the joint, simultaneous effort is
necessary to win the battle. The generals can communicate to establish common
knowledge about their intentions. Neither generals ever fall under the weakness
of will: given that they have a conditional intention3 and they know the condition
of their intention is satisfied, they act upon this intention. Moreover, they are
cautious: unless the condition of their intention is satisfied, they will never act
upon it.

They come to commonly know the following:

1. The first general intends that they jointly attack, given that the second
intends that they jointly attack.

2. The second general intends that they jointly attack, given that the first
general intends that they jointly attack.

For convenience, we will rewrite these statements in a pseudo-language as follows:

α := Int
(Int2attack)
1 attack

β := Int
(Int1attack)
2 attack

where for every i ∈ {1, 2}, Intiattack reads as “The ith general intends that they
attack, and Intψi φ reads as “ith general intends that φ conditional on ψ”.

It seems that α ∧ β will not force the generals to attack. The condition of the
intention of the first general is not satisfied: by α, it is required that Int2attack,
but the second general does not intend that they attack: he only intends that
conditionally, as in β. Analogously, the second general will not attack, since
the first general has only a conditional intention to attack. Therefore, it seems

3For now, we rely on the everyday, pre-theoretical understanding of what conditional inten-
tion is. An elaborate theory of conditional intention will be developed in Section 4.1.
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that they need to reformulate their intentions and conditionalise them on the
conditional intentions of one another. The next day, they establish common
knowledge about the following:

α′ := Intβ1attack

β′ := Intα2attack

They still will not attack, since they face the same problem. The first general
does not attack, since the condition of α′ requires the second one to intend to
attack conditionally on his intention, i.e. α′ := Intβ1attack, while in reality, the
second general intends to attack only conditionally on his conditional intention,
i.e. β′ := Intα2attack, and vice versa. Obviously, this could go on forever: neither
α′′ ∧ β′′ would work, nor α′′′ ∧ β′′′, etc. It seems that we might solve the problem
by adopting asymmetrical conditional intentions. For example, one may consider
the following:

Int1attack ∧ (Int
(Int1attack)
2 attack)

Then, the antecedent of the second general’s conditional intention is exactly the
intention of the first general. But then the intention of the first general is not
conditional and genuinely breaks the control constraint. Analogous arguments
can be made about α′∧β, α′∧β′′, α′′∧β′, etc.: if the depth of conditionalization
of one general is one or more levels higher than the other, the intention of one of
them will break the control constraint.

So it seems that interdependence presupposes the vicious cycle: I intend that we
φ, if you intend that we φ, while you intend that we φ, if I intend that we φ, but
neither of us can simply intend that we φ, so the conditions of our interdependent
intentions are never satisfied.

Bratman briefly addresses this issue, defending the point that participatory in-
tentions in question do not have to be conditional at all. Namely, both generals
may simply intend that they attack: such intentions will not break the control
constraint, since both generals have as a background of their reasoning that the
other intends that they attack. Then, another question arises: given that each
may rationally have such an intention if and only if the other has the mirroring
one, how can they simultaneously come up with them?

Bratman argues that there might be public events that provoke such participatory
intentions:

For example, at the end of a wonderful concert each of us might in-
tend that we applaud together. That this was a wonderful concert is,
among us, what Robert Stalnaker calls a “manifest event”: it is an
event “that, when it occurs, is mutually recognised to have occurred.”
This supports my confidence, given our common knowledge about the
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kind of people who attend such concerts, that you also intend that we
applaud together. And similarly for you. Each of us arrives at his in-
tention that we applaud primarily in response to the performance and
its manifest quality, together with relevant prior common knowledge
about the kind of person who attends such concerts. [Bra13, p.68]

There are two ways to interpret such manifest events. The stronger interpretation
is to view them as public announcements.4 E.g., when the wonderful concert hap-
pens, it is publicly announced that the wonderful concert has happened. There-
fore, after the concert, it will be commonly known that the concert is wonderful.
It seems natural to interpret the “common knowledge about the kind of people
who attend such concerts” as common knowledge that if the concert is wonderful,
each attendee will intend to applaud. The weaker interpretation, following Stal-
naker’s original account of manifest events, will not lead to common knowledge,
but rather to common belief that the event has happened.5

The stronger interpretation leads to the inconsistency of Bratman’s story. If,
as a result of the manifest event, it is publicly announced that the concert was
wonderful, then, given the common knowledge about the nature of attendees, it
is commonly known that everyone intends that they all applaud. But then each
agent cannot really arrive at her intention in response to such an event, since
after the event, it is already commonly known what she intends! If we assume
that some agent, in response to the manifest event, can form the intention to
refuse to applaud, then such an announcement cannot be truthful. For example,
assume that the wonderful concert happens, and it is publicly announced that the
concert was wonderful. Hence, everyone gets to know that everyone else intends
to applaud. As a response to that event, someone decides not to applaud. Then,
the knowledge others have gained after the announcement – everyone, including
the attendee who decided not to applaud – intends that they all applaud, which
is false! So either the manifest event may not be a truthful public announcement,
or the attendees do not have a choice but to arrive at their intentions to applaud
as a response to that event, which seems to contradict the very idea of intentional
agency.

4By public announcement, we understand a true message that is sent to everyone publicly,
i.e., everyone gets the message and knows it to be true, knows that everyone got the message
and knows it to be true, knows that everyone knows that everyone got the message and knows it
to be true, etc. “A public communication can be imagined as a statement made in a conference
room in which all agents are present. If at a moment t agent i starts a public communication
with a message α, then at moment t + 1 it becomes common knowledge of all agents that i
knew that α was true at t” [Pla07, p.170].

5In [Sta02], Stalnaker argues that manifest events result in establishing common belief that
the event happened. By the common belief of a and b that φ Stalnaker means that a believes
that φ and b believes that φ; a believes that b believes that φ and b believes that a believes
that φ, and so on. In the same paper, Stalnaker clarifies that by the belief that φ he means not
necessarily true, but consistent, positively and negatively introspective attitude.
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Apparently, the problem might not be in the manifest event itself, but in our
interpretation of the common knowledge about the kind of people who attend
the concert. Namely, we interpret it as the knowledge about what everyone will
intend under the condition of the external event. We can relax this interpreta-
tion so that agents will not definitely know what others will intend. E.g., it is
commonly known that everyone most likely will intend to applaud the wonderful
concert. But these interpretations will conflict with the condition (4). To share
the intention to applaud, attendees need to commonly know that each intends
that all applaud, not that everyone is most likely so to intend.

If we take the weaker interpretation of manifest events as grounds for only com-
mon belief, then Bratman’s story is consistent, but the kind of information ev-
eryone receives from the manifest event is not enough to form a shared intention.
Again, by (4), common knowledge about the participatory intentions of everyone
is required. But manifest events result only in common belief, which is weaker
than common knowledge. For example, assume once again that there are two
attendees of the concert: Ags = {a, b}. For simplicity, assume it is commonly
known that everyone will applaud the concert if the concert is wonderful. Then,
the wonderful concert happens, which results in the common belief that the con-
cert was wonderful. In other words, both a and b believe that the concert was
wonderful. Both a and b consider it highly unlikely but possible that the concert
was not that wonderful after all. a believes that b believes that the concert was
wonderful; a also considers it highly unlikely but possible that b does not believe
that the concert was wonderful. Analogously, b believes that a believes that the
concert was wonderful, and so on. Given that a considers it possible that b does
not believe that the concert is wonderful, she does not know whether b intends
to applaud, but only considers it most plausible that b does. Hence, there is no
common knowledge among a and b that everyone intends that they all applaud.

So the stronger interpretation of the manifest is inconsistent with the attendees
being intentional agents, while the weaker interpretation is inconsistent with the
common knowledge condition. Therefore, we proceed to interpret participatory
intentions as conditional. The interpretation is not ad hoc. Even Bratman admits
that in some cases, the participatory intentions might be conditional:

Some such interactions may also involve a prior stage-setting. You
might set the stage by forming and announcing a conditional intention
that we J if I nonconditionally intend that we J. And I might recognise
this and so form and announce my nonconditional intention that we
J, fully confident that this will lead you also to such a nonconditional
intention. [Bra13, p.75]

Moreover, the way Bratman talks about interdependent unconditional intentions
basically coincides with how other authors define conditional intentions. For
example, one of the forms of interdependence Bratman talks about is feasibility-
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based interdependence:

Consider, for example, two gang members, Alex and Ben. Each thinks
that their going together to NYC would be desirable, and each intends
that they do indeed go together to NYC. Each recognises that given
the complexities, and given the limits on the power of each, this joint
activity is not going to happen, other things equal, unless both of them
so intend, though it will indeed happen if each does so intend. [...]
Each sees the other’s intention as only a feasibility condition – and
not a desirability condition – for what he intends, namely that the two
of them go to NYC together. [...] Call this feasibility-based interde-
pendence. [Bra99, p.71]

The formulation virtually corresponds to the definition of preconditional inten-
tion in [Fer09]. Oftentimes, Bratman describes the participatory intention as
unconditional, given that the knowledge about others intending likewise is in
the background of the reasoning of the intender. Such cases are also defined as
conditional in their “deep structure” by Ferrero:

The condition C is not erased from the content of the intention; it is
rather pushed in what might be called the ‘cognitive background’ of the
agent’s plans and projects. This ’cognitive background’ is comprised
of the set of all the circumstances relevant to the possibility and rea-
sonability of an agent’s intentions that the agent takes to obtain either
now or at any time prior to the completion of her plans. Once a con-
dition C is moved into the cognitive background, there is usually no
longer a need for the agent to entertain the condition explicitly in his
practical reasoning. The agent might thus proceed to reason as if the
intention were unconditional. In a similar fashion, there is often no
need to make the condition explicit in the expression of one’s inten-
tion, at least in so far as one’s audience is expected to believe that C
obtains as well. [Fer09, p.709]

When taking participatory intentions to be conditional, we are not alone in our
interpretation. David Velleman, commenting on the earlier version of Bratman’s
theory and formulating the worry about the control constraint in [Vel97], also
proposes to view participatory intentions as conditional. Velleman reduces con-
ditions of participatory intentions to the form “if the others intend likewise”:

I suggest that the statement ‘I will if you will’ should be understood
in this sense. It means, ‘I hereby frame an effective intention that’s
conditional on your framing an effective intention as well’ – that is,
‘I hereby will it, conditional on your willing likewise’. [Vel97, p.45]

The same line of thought is continued in [Rac24], where it is clearly proposed
to redefine a shared intention as an aggregation of interdependent conditional
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intentions:

And it has been suggested, although not widely accepted, that we can
construct collective intentions by way of combinations of individual
conditional intentions towards an action of the same kind. [...] My
aim here is to defend the coherence of this important kind of collective
intention by developing that construal and response. [Rac24, p.272]

Both [Vel97] and [Rac24] acknowledge the problem of the vicious circle in the
conditions of participatory intentions and respond in a similar way. Namely,
Velleman and Rachar formulate the participatory intentions in the indeterminate,
gappy form of “I intend that φ, in case you intend likewise”. This move leads
to the indeterminacy of the participatory intentions’ content. Namely, suppose
that the first general intends to jointly attack, if the second intends likewise; the
second general intends to jointly attack, if the first intends likewise. If we look
at the intention of the first general, to compositionally determine the meaning of
his intention, we need to evaluate the condition, i.e., whether the second general
intends likewise, which refers us to the intention of the second general. But
when we try to evaluate the meaning of the second general’s intention, we will
be referred back to the first general’s intention by the condition of his intending
likewise.

To simplify, such participatory intentions may be formalised in our pseudo-language
as follows:

α := Intβ1attack

β := Intα2attack

To determine what α means, we need to determine the meaning of β, which will
refer us to back to α, without any termination. In [Vel97, p.45] and [Rac24], the
arguments are presented as to why agents may hold intentions with such indeter-
minate content, appealing to the similarity between the undetermined content of
both intentions or to the theory of gappy propositions:

Each person is aiming to frame intentions similar to the other per-
son’s, and if we take ‘likewise’ to mean ‘determinate and indetermi-
nate in the same way, if any’, when they frame participatory inten-
tions as proposed here, they succeed. They succeed since ‘it is perfectly
determinate whether either person’s intention has the same potential
indeterminacies as the other’s’ [Vel97, fn.26]. That is, the intentions
in our case do have the same determinacy and indeterminacy. The
determinate part of the content is the collective behaviour, which is
the same in both, and the indeterminate part is the self-referentiality
in the antecedent, which is the same in both. [Rac24, p.282]
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Such a solution, although by itself might be coherent, is inconsistent with the
core of Bratman’s theory. The intentions should not only be interdependent,
but, following (3), they should also be consistent with the connected individual
subplans. How can one track the consistency of their individual subplans with the
interdependent intentions, if the meaning of the latter is partly indeterminate?
On top of that, to support Velleman and Rachar’s proposal, we need to develop
or onboard a theory of propositions with indeterminate content, which strikes as
an ad hoc solution.

So far, we have spotted a principal problem in the theory of shared agency that
concerns the logical form of participatory intentions. If the participatory inten-
tions are unconditional – I intend that we φ and you intend that we φ – than such
intentions go against the control constraint. If the participatory intentions are
conditional, as Velleman and Rashar argue, then they do not break the control
constraint, but create a vicious circle of interdependence.

We think that the second option, i.e., the conditional account, is still salvageable.
The problem of the vicious circle appears, since agents cannot intend that they φ
unconditionally, so we conditionalise one’s intention that they φ on the intention
of other(s) that they φ, which, in its turn, also begs for conditionalization. To
break out of this circle, at least one agent should intend something uncondition-
ally, and this intention should not break the control constraint, hence, should be
about her own, not their joint action. In what follows, we propose exactly such
a solution.

We argue that in a lot of cases, the participatory intentions in question may not
be completely symmetric, i.e., they may not simultaneously conditionalise on one
another in a similar way. Namely, that happens in cases where at least some
members – we will call them initiators – intend to do their parts of the joint
activity no matter what, even if others will not reciprocate. In such cases, the
vicious circle of conditionalization is broken, since it terminates on the uncon-
ditional intention of initiators to do their share no matter what. The presence
of initiators does not entail hierarchy: one may initiate a joint activity by invit-
ing others to participate (unconditionally, even if no one will reciprocate), which
does not automatically give the initiator power over others or lead to any other
hierarchical imbalance in the group.

To clarify it, let us look at two real-world examples. In Argentinian tango culture,
potential dance partners sit on opposite sides of a dance hall. According to the
custom, if someone wants to dance together with the other, one is to make eye
contact with this person. If they, in their turn, do not look away and nod or
smile, one is to approach and offer a dance. Otherwise, if the potential dance
partner looks away or acts as if they have not noticed the gaze, it is a signal of
a polite refusal, i.e., the initiator is better not to approach with an offer, since it
will not be accepted. The whole point of the eye contact protocol is to avoid the
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awkwardness of the explicit public rejection of the dance partners. Therefore, for
the outside observer, it will seem like the harmony is pre-established, and every
time someone invites the other for a dance, they agree, as if the dancers can read
each other’s minds or if manifest events happen. In reality, in every pair there
should be at least one initiator, who intends to invite their peer by establishing
eye contact, regardless of whether their potential partner will reciprocate or not.
The fact that one has initiated the dance does not entail that one gets any degree
of control over their dance partner.

Another illustrative example is the practice of solo protests. Often activists
demonstrate alone in public places. Clearly, a single person is not enough for
a protest to be successful. Some passersby may share the activists’ views, but
intend to join the protest only if a significant number of other citizens will partic-
ipate as well. Therefore, by doing solo protests, activists express their intention
to keep protesting regardless of whether others will join or not. Consequently, if
like-minded passersby encounter solo protests often enough, they might get the
reason to believe that the movement is popular enough, so it makes sense to join.
For some, it may be sufficient to see at least dozens of solo protests or stickers
in the city. For others, it might be necessary to be sure that the qualified ma-
jority of residents of their city are ready to join. Therefore, expressions of the
initiators’ intentions to protest no matter what may cause protest cascades, which
sometimes result in mass protest movements [Pea18].

To generalise, given that there are initiators who, on top of their participatory
intentions, intend to do their share no matter what, others can conditionalise
their intentions towards the joint activity exactly on those unconditional inten-
tions of the initiators. In such a case, neither will they face the vicious circle of
interdependence, nor will anyone break the control constraint, since the initiator
intends to do her share, and others intend their joint activity only conditionally.
We do not claim that the initiators are necessary to share intentions. We only
claim that in case there are initiators, a shared intention may be established via
interdependent conditional intentions without facing the vicious circles.

So far, our discussion has been informal, while the main problem is the logical
form of participatory intentions. Later in the thesis (Chapter 4), we are going to
develop a logic to prove the following formally:

1. Bratman’s unconditional account, taken literally – I intend that we φ and
you intend that we φ – inevitably breaks the control constraint;

2. Our account with initiators is consistent with the control constraint and
can be specified by means of the compositional semantics, hence, it is not
self-referential. Moreover, it has the desired property of conservativity over
individual practical reasoning. We will explicitly demonstrate that, given
that individuals’ participatory intentions obey some norms of individual
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practical reasoning, their shared intention satisfies the very same norms.

This is all we have to say about Bratman’s theory as a characteristic representative
of methodologically individualistic accounts of group agency. Next, we wove into
the theory of team reasoning, which represents a methodologically holistic camp.

2.2 Team reasoning

In this section, we address a holistic account of group agency: the theory of team
reasoning. In this framework, we do not postulate the autonomous existence of
groups, but ascribe individuals a specific mode of reasoning, where they think of
groups as autonomous agents. Our main source will be a book “Beyond Individual
Choice” by Michael Bacharach [Bac06]. In this work, the core arguments and
concepts of team reasoning are introduced. We will also rely on the articles by
Bacharach’s fellow thinkers to show how team reasoning is comparable with other,
more philosophically inclined holistic accounts.

Throughout the section, we are going to talk about games.

2.2.1. Definition (Games). A game is a tuple G = (N, {Ai, ui}i∈N), where:

1. N ̸= ∅ is a finite set of agents;

2. For each i ∈ N , Ai ̸= ∅ is a finite set of actions available for i. Possible
combinations of agents’ actions,

∏
i∈N Ai, are called action profiles. We

associate each action profile with the unique outcome it yields. Since there
is a one-to-one correspondence between action profiles and outcomes, both
terms are to be used interchangeably.

3. For each i ∈ N , ui :
∏

i∈N Ai → R is a utility function, ascribing a numerical
utility value of every possible outcome for i.

Bacharach starts with presenting some puzzling games to demonstrate the limita-
tions of orthodox game theory as both a normative and descriptive tool. In these
games, either agents will be better off by not following the rationality norms of
the orthodox game theory, or intuitively should distinguish between options that
the orthodox game theory regard equivalent. Moreover, as experiments show,
agents do tend to play those games differently than the standard game-theoretic
solution concepts predict.

By the game theory’s orthodoxy, Bacharach means the attempt to explain agents’
choices of action by modeling the specific mode of practical reasoning: “[The]
rational approach, which is that of classical game theory, sets out to explain be-
haviour as the outcome of the agent’s reasoning or reasons” [Bac06, p.7]. Ac-
cording to the orthodox assumption, agents choose their actions to maximise
their own payoffs, given what they know and believe about other agents. “The
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agent is modeled as deliberating over seeking the optimum value of what she her-
self controls — her own act. So she must take what she does not control, but
is controlled by the other, as parametric, and make a hypothesis about the value
of this parameter” [Bac06, p.61]. Bacharach calls it best-reply reasoning : every
agent chooses her best action to reply on how she believes other agents are going
to act. Typically, best-reply reasoning operate under the assumption of the com-
mon knowledge about everyone’s rationality: it is commonly known that everyone
also chooses their actions to maximise their payoffs, implementing the very same
best-reply reasoning.

As a result, the orthodox game theory uses pure Nash equilibrium as its solution
concept. In other words, we predict that rational agents are going to choose their
actions in games in a way that will result in Nash equilibrium.

2.2.2. Definition (Nash Equilibrium). Given a game G = (N, {Ai, ui}i∈N), an
action profile α ∈

∏
i∈N Ai is a Nash equilibrium iff for every agent i ∈ N ,

ui(α) ≥ ui(α
∗) for any α∗ ∈

∏
i∈N Ai, such that ∀j ∈ N \ {i} : α∗(j) = α(j).

Informally, an action profile is a Nash equilibrium iff no agent can improve her
payoff by choosing a different action, given that everyone else chooses the same
actions.

To show the limitations of orthodox game theory, Bacharach presents games in
which either the Nash equilibrium is not what agents intuitively should choose, or
there are multiple Nash equilibria, one of which stands out as preferable, although
orthodox game theory cannot distinguish them.

One of the puzzles is probably the most well-known game, the Prisoner’s Dilemma.

2.2.3. Example (Prisoner’s Dilemma). Two prisoners are being separately in-
terrogated about the crime they have committed together. They can either ac-
cuse their partner (defect) or not (cooperate). If both accuse one another, they
will get jailed. If both stay silent, both will get just a fine. If one accuses the
other, while the other stays silent, the first will be let free, while the accused one
will get jailed for a longer term. See its classic version depicted on Figure 2.1
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Figure 2.1: Prisoner’s Dilemma: normal-form.

There is a unique Nash equilibrium in this game: (defect, defect). Hence, the
orthodox game theory predicts (and, if taken to be normative, advices) both
players to defect. When presented with the Prisoner’s Dilemma, about a half of
real-world players choose (cooperate, cooperate) [Sal95]. Real people often play
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this game by not following the rationality norms imposed by orthodox game
theory, and are better off than if they had followed them. This puzzle questions
orthodox game theory as both an explanatory and normative tool.

Another puzzle is the Hi-Lo game.

2.2.4. Example (Hi-Lo game). Both players have two actions available: hi and
lo. If both choose hi, each gets some reward. If both choose lo, each gets half of
the reward they would have gotten for simultaneously choosing hi. If they choose
different actions, no one gets anything. See Figure 2.2 for the illustration.
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Figure 2.2: Hi-Lo game: normal-form.

In Hi-Lo game, there are two pure Nash equilibria: (hi, hi) and (lo, lo). One of
these equilibria, (hi, hi), yields higher payoffs for both players. So it seems trivial
which of the two equilibria should be chosen. Moreover, experimental data shows
that real people choose (hi, hi) regularly, in about 96% of cases, as if the problem
is indeed trivial for our pre-theoretic reasoning [Bar+10]. Yet there are no way
to explain this in orthodox game theory! Following the best-reply reasoning, it
is rational for every player to choose hi only if the opponent is going to choose
hi, while for the best-reply reasoning opponent, it is again rational to choose hi,
only if her opponent is choosing hi. Yet there are no reasons to believe that any
of the players will choose hi unconditionally. In other words, best-reply reasoning
under the common knowledge about everyone’s rationality traps the players in
the familiar vicious circle of conditionality. So how do real-world players get out
of this vicious circle?

Bacharach conjectures that they step out of the best-reply reasoning. Instead of
driving their choice of action by answering the question “What should I do?”,
they entertain the question “What should we do?” first:

I suggest that (Conjecture 1) a typical person facing any game may
have an inclination to reason about what to do in it in a certain way,
which for the moment I will label reasoning in mode-P. [..] Mode-P
reasoning has two features:

1. The player ranks all act-profiles, using a Paretian criterion (see
Definition 2.2.5).

2. She takes herself to have a reason to enact her component in the
highest-ranked act-profile. [Bac06, p.59]
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2.2.5. Definition (Paretian criterion). Given two action profiles α, α′ ∈
∏

i∈N Ai,
α Pareto-dominates α′ iff for every player i ∈ N , ui(α) ≥ ui(α

′), and for at least
one player j ∈ N , uj(α) > uj(α

′). An action profile α is a Pareto-optimum iff
there is no other action profile α′ that Pareto-dominates α.

Consequently, by the Paretian criterion, we understand the ranking of action
profiles in accordance with Pareto-dominance: given that α Pareto-dominates α′,
then α should be ranked higher than α′.

In other words, if the agent reasons in the P-mode (or, as Bacharach baptises
it later in the book, team-reasons), then she first chooses among the group’s
joint actions, ranking them in terms of common good, asking herself: which joint
action of ours is the best? Then, she chooses her part in the highest-ranked joint
action she has chosen. Clearly, team reasoning is incompatible with the best-reply
reasoning: a team-reasoner chooses her action not as the best-reply to what all
others are expected to do, but as a component of the joint action that is the best
for everyone.

Going back to the Hi-Lo game, there is a single Pareto-optimal action profile,
(hi, hi). If both players “P-reason” about the game, then both should choose
their own component of the Pareto-optimum, i.e., hi. Although the conjecture
successfully predicts the intuitively appealing outcome of (hi, hi) in the Hi-Lo
game, we are yet to explain why agents would team-reason in this situation. It is
not clear why they should use the Paretian criterion. And even if we accept the
Paretian ranking, given that (hi, hi) is Pareto-optimal, how does it ground each
player’s choice of hi? Even if (hi, hi) is “the best” option, the choice of hi still
does not dominate the choice of lo: in case the other player chooses lo, one would
be better off choosing lo instead of hi. On the surface, it seems like P-reasoning
just instructs agents to ignore the vicious circle of conditionality that is still there.

Bacharach argues that group identification fosters team reasoning. If one per-
ceives herself as a member of a group, she is inclined to team-reason: when
someone thinks of herself as a part of the group, it is natural for such an agent to
wonder what the group’s best joint action is. But why or when do agents group-
identify? Bacharach refers to the experimental data from psychology and social
sciences that show agents are likely to group-identify in a variety of situations:
starting from being labeled as an ad hoc group by outsiders and ending with
sharing an experience or common fate [Bac06, Chapter 2]. One specific criterion
allows agents to simultaneously group-identify in a strategic interaction, based
on nothing but the payoff-structure of the game: having a common interest that
can only be achieved together.

For example, if agents have their individual goals, and everyone can reach her
goal independently of everyone else, there is no sense for the agents to identify
as a group. If agents’ goals are incompatible – e.g., agents play a zero-sum
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game – there seems to be no reason to group-identify as well. On the contrary,
if all agents have compatible goals that they can achieve simultaneously, while
everyone’s success in achieving her goal depends on what everyone else is going to
do, group identification seems intuitively natural. Moreover, in such situations,
agents can do better by implementing team- rather than best-reply reasoning.
Bacharach’s formal definition of common interest and interdependence reflects
these intuitions.

2.2.6. Definition (Common interest, copowers). Let G = {N, {Ai, ui}i∈N} be
a game, where C ⊆ N is a set of agents and S, S ′ ⊆

∏
i∈N Ai are the sets of

outcomes. Then, there is a common interest among C in S over S ′ iff every
outcome s ∈ S Pareto-dominates any outcome s′ ∈ S ′.

C has a copower to S iff there exists a joint strategy aC ∈
∏

i∈C Ai, such that,
for any joint strategy aC ∈

∏
j∈C Aj, (aC , aC) ∈ S.

2.2.7. Definition (Interdependence). LetG = {N, {Ai, ui}i∈N} be a game, where
C ⊆ N is a set of agents. Let sol(G) ⊆

∏
i∈N Ai be a solution set of G in standard

game theory, e.g., the set of all pure Nash equilibria in G.

Then, C is interdependent iff for some S, S ′ ⊆
∏

i∈N Ai, C has copower for S and
S ′, and common interest in S over S ′, while S ⊆ sol(G).

Informally, if members of C are interdependent, then they can do better for every-
one by not choosing some Nash equilibrium. For example, in the standard pris-
oners’ dilemma game, sol(G) = {(defect, defect)}. Both players have a common
interest in {(cooperate, cooperate)} over sol(G). Since it is a two-player game,
they trivially have copowers for both sets. Hence, players are interdependent. In
the Hi-Lo game, players are interdependent as well, given that they have a com-
mon interest in (hi, hi) over (lo, lo), while (lo, lo) ∈ sol(G) = {(hi, hi), (lo, lo)}.

Interdependence promotes group identification among agents, since reasoning
about themselves as a team and choosing their best joint action might do better
for everyone than coming to one of the Nash equilibria as individual best-reply
reasoners:

The fact that some games have [interdependent set of players] is the
same as the fact that individual rationality can be collectively ineffi-
cient or group irrational. [Bac06, p.86]

Next, we put team reasoning in the context of our philosophical inquiry. Note
that we do not postulate the existence of groups, but we do postulate groups as a
concept that is crucial for agents’ practical reasoning and, consequently, for our
explanation of their behaviour. “Whether or not groups are a fact of life they
are certainly a fact of theory” [Bac06, p.73]. As we have shown, some choices are
“group rational”, but “individually irrational” (e.g., to choose cooperate in the
Prisoner’s Dilemma), while other choices are “individually rational” but “group
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irrational” (e.g., to choose defect in the Prisoner’s Dilemma). It is impossible
to reduce the rational norms of team reasoning to the aggregation of individual,
best-reply rationality norms that are imposed on every member of the team.
So the theory of team-reasoning is methodologically holistic, but ontologically
individualistic.

Team reasoning can be reframed as a theory of shared, or collective intention:

An intention is interposed between reasoning and action, so it is natu-
ral to treat the intentions that result from team reasoning as collective
intentions [. . .] So, if the distinctive feature of collective intentions is
to be found in the reasoning by which they were formed, then an anal-
ysis that focuses on the intentions themselves will miss the feature that
makes collective intentions collective. [GS07, p.111]

Then, what distinguishes group members from independent individuals is not the
content of their motivational attitudes, but the mode of practical reasoning by
which they come to their motivational attitudes. For instance, a team-reasoner
unconditionally intends to choose hi in the Hi-Lo game, just like some best-reply
reasoners might do. The main difference is not in what they intend, but why : the
team-reasoner intends to choose hi to enable her group to satisfy their common
interest, while the best-reply reasoner intends to choose hi to satisfy nothing but
her own interest, given what she believes about what others are about to do.

Viewed as a theory of shared intention, Bacharach’s account provides a strong
argument against Bratman’s theory. Namely, Bratman’s definition of modest
sociality is not strict enough: best-reply reasoners choosing Nash equilibrium
fall under Definition 2.1.1. For instance, assume two prisoners in the Prisoner’s
Dilemma are rational best-reply reasoners who adhere to the norms of orthodox
game theory. Then, each prisoner intends that both of them defect: it is rational
for both of them to expect the other to defect, and the best reply to such an
action is to defect as well. We might say that each intends that they both defect
by means of the intention of the other that they defect: it is not solely up to
any of them whether they will defect or not, they only have a copower to ensure
that both defect. Each prisoner has a subplan – to defect – and their subplans
obviously mesh. Finally, since it is commonly known that they are individu-
ally rational and reason in such ways, it should also be commonly known among
them that they so intend. Intuitively, defecting prisoners act in the most indi-
vidualistic way possible, there is nothing social in their behaviour. Analogously,
egoistically motivated bargaining individuals who reach equilibrium on the free
market should be perceived as a group, or even state leaders who simultaneously
ignore international law, commonly knowing that everyone is going to ignore it.
Although Bratman tries to distinguish modest sociality from the choices of Nash
equilibrium under the common knowledge of individual rationality, proponents of
team reasoning find his explanations vague:
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However, the core analyses provided by [among others] Bratman seem
to imply that all Nash equilibrium situations are instances of collective
intentions. Cases in which Nash equilibria are not joint actions are
excluded only by stipulation or by the addition of further conditions
which are just as problematic as the original concept of collective in-
tention. [...] Bratman adds conditions which require each agent to
be responsive to the behavior of the other as the joint action proceeds
and if unexpected problems occur, but these conditions are stated only
informally, and rely on a pre-analytic understanding of the nature of
cooperative activity. [GS07, p.110]

The theory of team reasoning has another advantage over Bratman’s view. Nei-
ther do team-reasoners fall into the vicious circle of conditionalization, nor do they
break the control constraint. A team-reasoner first chooses the Pareto-optimal
joint action, then unconditionally intends to do her share of the chosen joint
action. Neither does she intend that her team reaches Pareto-optimal outcome,
nor does she condition her intention on the intentions of others (at least it does
not follow from the theory itself). Yet there is a core problem. According to
Bacharach, group identification is psychological rather than instrumentally ratio-
nal. Whether one group-identifies or not is not up to her rational choice, but
rather up to one’s idiosyncratic psychological features. As Bacharach’s argument
goes, aspects such as common faith or recognizing interdependence do not nec-
essarily provide rational agents with the justification to team-reason; agents are
only inclined to team-reason in such situations. Bacharach writes about salient
features like interdependence as “promoting” or “favouring” group-identification
[Bac06, p.76]; he does not speak about them as providing justifications or grounds
for agents to choose to group-dentify. In Sugden’s development of Bacharach’s
theory, one can choose whether to group-identify, and should do so if there is a
common reason to believe that everyone group-identifies [Sug00; Sug03].

For example, idealised rational agents should commonly know that everyone will
be better off if they team-reason in the Hi-Lo game. Therefore, they have a com-
mon reason to believe that everyone indeed group-identifies and team-reasons.
The manifest events, weakly interpreted, can also provide a common reason for
group identification. But what if there is no common reason to believe in mem-
bers’ group identification? We might end up in the same vicious circle, but not
about the choice of action, but rather the choice of mode of reasoning. For in-
stance, assume one finds herself in the Prisoner’s Dilemma. The interdependence
between the prisoners is commonly known among them, but each prisoner consid-
ers it equally possible that the other will take it to be the reason to group-identify.
One wonders whether she should group-identify. It makes sense to group-identify
iff the other prisoner group-identifies, while for the other prisoner, it also makes
sense to group-identify iff the first one group-identifies. Unless it is commonly
believed among the prisoners that at least one of them unconditionally group-
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identifies, the prisoners are trapped in the vicious circle of conditionalization.

The other core problem of team reasoning is the very concept of common interest.
In simple cases like the Hi-Lo game, the common interest is clear. Yet there
might be no unique meaningful way to aggregate individual preferences into the
collective preference [LP02]. Bacharach acknowledged the problem and provides
the only minimal requirement: given agents’ individual preferences specified by
utility functions {ui}i∈N , their group preference UN should be Paretian: given two
outcomes α, α′, if α strictly Pareto-dominates α′, then UN(α) > UN(α′) [Bac06,
p.88]. It remains unclear what a team reasoner should do in case she faces, e.g.,
the Condorcet paradox.6

2.3 Envoi

In this chapter, we have non-exhaustively reviewed the literature on the philos-
ophy of group agency. We derived the following insights: for sets of agents to
be regarded as a group, they should share some informational and motivational
attitudes that cause their actions. Most of the authors regard common knowledge
or belief as groups’ informational attitudes, while shared intention – as their mo-
tivational attitude. While there exist consensual (although not uncontroversial)
definitions of common knowledge and belief, what shared intention is remains de-
bated. We have reviewed two groups of theories: methodologically individualistic
and holistic. The former reduces shared intention to an aggregation of individuals’
interdependent intentions; the latter argues that whether individuals’ intentions
constitute a shared intention depends on whether they group-identify and reason
accordingly. The group-identification requires agents to think of their group as a
single irreducible unit of agency. Individualistic theories do not presuppose the
existence of groups as either real entities or irreducible concepts, while the holistic
theories postulate that groups lack autonomous existence ontologically speaking,
but do exist over and above their members in the agents’ reasoning.

Despite significant differences between the theories of group action we have touched
upon, one remains clear: not any set of agents is a group, and not any aggregation
of individuals’ actions is a group action. To understand whether the set of agents
is a group, we should check what agents know, believe, and intend. Consequently,
to understand whether an action profile is a group action, we need to look into
individuals’ reasons to act. In the following chapter, we will review some multi-
agent modal logics of knowledge and action to see how groups are defined there.
Via use-cases, we will show how treating random sets of agents as groups affects

6A classical formulation of the Condorcet paradox goes as follows. There are three agents –
{a, b, c} – each of which has three options: {1, 2, 3}. Agents’ preferences are such that uA(1) >
uA(2) > uA(3); uB(2) > uB(3) > uB(1); uC(3) > uC(1) > uC(2). In such a situation, no pair of
alternatives satisfies Pareto dominance; hence, any total ordering on {1, 2, 3} will be Paretian.
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the practical reasoning these logics model.





Chapter 3

Logical background: multi-agent modal
logics (MAMLs)

In this chapter, we review a family of different formalisms that we call multi-agent
modal logics (MAMLs). Typically, MAMLs formalise agents’ practical reasoning
in interactive scenarios. For example, in multi-agent epistemic and doxastic log-
ics, we deal with agents’ (higher-order) knowledge and belief, as well as different
notions of group epistemic attitudes, such as common and distributed knowl-
edge/belief [Hin62; Fag+04]; In a variety of multi-agent modal logics of actions,
we formalise reasoning about the existence of agents’ and groups’ (joint) actions
and long-term strategies that are effective to achieve their goals [Pau02; AHK02;
BPX01]. MAMLs widely differ in their fundamental assumptions about agents
and about the environment in which they act. MAMLs also differ in their met-
alogical properties, such as finite axiomatizability, decidability and complexity
of the satisfiability problem, expressive power, etc.1 This chapter has two main
aims: 1) to introduce the logical background upon which we will rely further; 2)
to demonstrate how the most well-known MAMLs overlook the difference between
arbitrary sets of agents and groups, and how it leads to conceptual problems.

First, we outline some common notions and concepts about MAMLs. All MAMLs
have similar syntaxes. Let us fix a finite set of agents Ags = {1, . . . , n} and
a countable set of propositional variables V ar = {p1, p2, . . .}. Then, a formal
language L(Ags, V ar) is recursively defined as follows:

L(Ags, V ar) ∋ φ ::= p | ¬φ | (φ ∨ φ) |2iφ |2Gφ

1We take the standard definitions of all the mentioned metalogical properties of modal logics,
as defined in, e.g., [BRV01].

31
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where p ∈ V ar is a propositional variable, i ∈ Ags is an agent and G ⊆ Ags is a
set of agents, or a group. We use standard acronyms for Boolean connectives and
constants: φ∧ψ = ¬(¬φ∨¬ψ), φ→ ψ = ¬φ∨ψ, φ↔ ψ = (φ→ ψ)∧ (ψ → φ);
⊤ = (p∨¬p); ⊥ = ¬⊤. We also use standard abbreviations for modalities’ duals:
3Gφ = ¬2G¬φ. 2iφ typically expresses either agent’s propositional attitude
or some fact about the agent’s actions. Depending on the exact MAML we are
working with, 2iφ may be read as, e.g., i knows/believes/intends/prefers that φ or
i sees to it/can ensure/has a long-term strategy to ensure that φ. 2Gφ expresses
the group’s analogue of the corresponding propositional attitude or fact about the
group’s joint action. Depending on the MAML, 2Gφ may be read as G commonly
knows/commonly believes/share an intention/commonly prefers that φ [Fag+04;
ÅHW11; DV02] or G jointly sees to it/has a copower to ensure/has a joint long-
term strategy to ensure that φ [BPX01; Pau02; AHK02], respectively. Given any
set {1, . . . , j} ⊆ Ags, we use the following acronym: 21,...,jφ = 2{1,...,j}φ.

Note that the group notions are defined for every subset of agents whatsoever,
including the empty set ∅ and all the singletons {{i}}i∈Ags. Usually, singleton
group notions are identical to the individual notions. Hence, 2iφ is redundant in
the syntax and can be redefined as an acronym 2iφ = 2{i}φ. As for the empty
group, it is either explicitly excluded from the syntax (as in, e.g., [WÅ13b]) or
perceived as nature or the environment (as in ,e.g., [Pau02]). MAMLs typically
use standard Kripke semantics:

3.0.1. Definition. A Kripke frame is a tuple F = (W, {Ri}i∈Ags), where W ̸= ∅
is a set of possible worlds; for each i ∈ Ags, Ri ⊆ W ×W is a binary relation on
the set of possible worlds. For every group G ⊆ Ags, RG is defined as

⊕
i∈GRi,

where ⊕ is some, typically idempotent, associative and commutative, algebraic
operation on binary relations.2 Any Kripke frame F = (W, {Ri}i∈Ags) can be
extended to a model M = (F, V ) by a valuation function V : V ar → 2W that
takes a propositional variable and returns a set of possible worlds, where this
proposition is true. Given any Kripke model M = (W, {Ri}i∈Ags, V ) and a world
w ∈W , we call the pair (M,w) a pointed model.

As we will often use operations on binary relations, we list some of the most
common ones to fix the notation.

2We do not specify which algebraic operation is used, since it varies across MAMLs. Most
importantly, RG should be functionally dependent on {Ri}i∈G. For the variety of different
algebraic operations on binary relations, see [Tar41].
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3.0.2. Definition. For any binary relations R,R1, R2 ⊆ W ×W :

R1 ∪R2 = {(w, v) | (w, v) ∈ R1 or (w, v) ∈ R2}
R1 ∩R2 = {(w, v) | (w, v) ∈ R1 and (w, v) ∈ R2}
R1 ◦R2 = {(w, v) | ∃u ∈ W : (w, u) ∈ R1, (u, v) ∈ R2}
R−1 = {(w, v) | (v, w) ∈ R}

Rn =


{(w,w) | w ∈W} if n = 0

R if n = 1

R ◦Rn−1 otherwise

R∗ =
⋃
n∈N+

Rn, where N+ := N \ {0}

For brevity, we use the following acronym wRv := (w, v) ∈ R. For any world
w ∈W , by R(w) = {v ∈W |wRv} we denote the set of worlds that are accessible
from w via R.

3.0.3. Definition (Semantic clauses for L(Ags, V ar)). Given any Kriple model
M = (W, {Ri}i∈Ags, V ) and any state w ∈W , we recursively define |= relation as
follows:

M,w |= p ⇔ w ∈ V (p)

M,w |= ¬φ ⇔ M,w ̸|= φ

M,w |= φ ∨ ψ ⇔ M,w |= φ or M,w |= ψ

M,w |= 2iφ ⇔ ∀v ∈ W (wRiv ⇒M, v |= φ)

M,w |= 2Gφ ⇔ ∀v ∈ W (wRGv ⇒M, v |= φ)

We can reformulate this definition by inductively defining the truth-set, or inten-
sion, of any formula as follows:

JpKM = V (p)

J¬φKM = W \ JφKM
Jφ ∨ ψKM = JφKM ∪ JψKM
J2iφKM = {v ∈W |Ri(v) ⊆ JφKM}
J2GφKM = {v ∈W |RG(v) ⊆ JφKM}

Consequently, M,w |= φ iff w ∈ JφKM .

By M |= φ we mean that M,w |= φ for every world w ∈ W . By F,w |= φ we

mean that (F, V ), w |= φ for every valuation function V ∈ 2W
V ar

. By F |= φ we
mean that F,w |= φ for every w ∈ W . By |= φ we mean that F |= φ for any
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Kripke frame F . Given some class of Kripke frames F, F |= φ means that F |= φ
for any F ∈ F. Given a class of frames F, a set of formulae Γ and a formula
φ, Γ |=F φ means that for any F ∈ F, if F |= ψ for all ψ ∈ Γ, then F |= φ.
Consequently, F |= φ iff ∅ |=F φ. The latter will be abbreviated simply as |=F φ.

Depending on the intended interpretation, the relation {Ri}i∈Ags may have ad-
ditional properties. For some MAMLs, instead of binary relations, there might
be neighborhood functions Ni : W → 22W (as in, e.g., [Pac17; Che80]) or subset
spaces τi ⊆ 22W (as in, e.g., [PMS07; WÅ13a; Özg17]). What is common to most
MAMLs known to us: any set of agents is a group, and the semantic component
for any group RG/NG/τG is functionally dependent on the semantic components
of the group members {Ri/Ni/τi}i∈G, respectively. Yet, there are some outliers.

In some MAMLs, the definition of group is syntactically restricted: the collection
of subsets G ⊆ 2Ags is introduced, and 2Gφ is a well-formed formula iff G ∈ G;
oftentimes, G = {Ags}, i.e., only the set of all agents is regarded as a group
[Sch12; Lor13]. This restriction is introduced for purely technical reasons. With
the full language, where G = 2Ags, it is often difficult (or even impossible) to find
a finite axiomatization or decision procedure for the satisfiability problem, so one
hopes to find as expressive fragments as possible with better metalogical and
computational behaviour. Another interesting exception is a logic of intensional
groups [BS23], where the group is associated with agents’ dynamic property,
not a fixed set of members. Think of, e.g., a group of British MPs. The set
of agents that constitute this group changes once every five years. Therefore,
which individuals are members of the group varies across possible worlds. One
exception that is conceptually closer to our line of work is the modal logic of non-
reductionist group belief [Gau+15]: while we still can reason about group belief
of any set of agents, group belief is not functionally dependent on the beliefs of
group members.

Throughout the thesis, we use the following notation and terminology, unless
stated otherwise. For any MAML, by L we denote its formal language. By F we
denote the class of frames, over which we interpret L. By L we denote the logic,
understood as the following set: L = {(Γ, φ) ∈ 2L×L |Γ |=F φ}. When possible,
we will define L as an axiomatic system: a set of axioms and derivation rules.
In such cases, by Γ ⊢L φ we will denote the fact that there exists a derivation of
φ from Γ in L. The notion of derivation is defined standardly for modal logics
[BRV01]. We will say that an axiomatic system L is strongly sound w.r.t. F iff
Γ ⊢L φ entails Γ |=F φ; and it is strongly complete w.r.t. F iff Γ |=F φ entails
Γ ⊢L φ. L is weakly sound and complete w.r.t. F iff ⊢L φ entails |=F φ and |=F φ
entails ⊢L φ, respectively. To distinguish different MAMLs, we are going to use
sub- and supersripts: i.e., LCL, LEL, LtSTIT , etc.

In what follows, we address two kinds of MAMLs. The first is multi-agent epis-
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temic logics : formalisms to reason about agents’ (higher-order) knowledge. The
second is the modal logics of agency: formalisms to reason about agents’ abilities
and actions.

3.1 Multi-agent epistemic logics

In this section, we will interpret L(Ags, V ar) in the following way. 2iφ reads as i
knows that φ. Its dual, 3iφ, reads as i considers it possible that φ. 2Gφ reads as it
is commonly known among G that φ. The resulting formalism is called multi-agent
epistemic logic. The epistemic logic was baptised as such and initially studied for
a single agent by Jaako Hintikka [Hin62], after which it was further developed to
the multi-agent settings and popularised beyond philosophical logicians by, among
many others, Daniel Lehman, Ronald Fagin, Joseph Halpern, Yoram Moses, and
Moshe Vardi [Leh84; Fag+04].

To distinguish epistemic logic from other MAMLs, we introduce the following
notation:

LEL ∋ φ ::= p | ¬φ | (φ ∨ φ) |Kiφ | CGφ

where p ∈ V ar, i ∈ Ags and G ∈ 2Ags \ {∅}. Kiφ corresponds to 2iφ, and CGφ
– to 2Gφ of L(Ags, V ar). Following [Fag+04], we use the following acronym: for
any non-empty G ⊆ Ags, EGφ =

∧
i∈GKiφ. EGφ reads as everyone in G knows

that φ. For any modality 2 ∈ {Ki, CG, EG} and any positive natural number
n ∈ N+, we inductively define 2nφ as follows:

21φ = 2φ

2nφ = 2(2n−1φ)

As for semantics, we interpret Ri as an indistinguishability relation: wRiv means
that at w, agent i considers it possible that the real world is v. We require that
every indistinguishability relation Ri is an equivalence relation, i.e, it is reflexive,
symmetric, and transitive. We define these properties as follows, together with
their intuitive epistemic meanings:

1. Seriality: for every w ∈ W , there exists a world v ∈ W , such that wRiv.
Every agent considers at least some state of affairs possible;

2. Reflexivity: for every w ∈ W , wRiw. All agents consider the real world to
be possible;

3. Symmetry: for every w, v ∈ W , if wRiv, then vRiw. Any agent either
distinguishes two possible worlds or not, independently of which is the real
one;
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4. Transitivity : for every w, v, u ∈ W , if wRiv and vRiu, then wRiu. If
any agent does not distinguish w from v and v from u, then she does not
distinguish w and u.

As for common knowledge, it is semantically defined in terms of the transitive
closure of the union of relations. Formally, for any non-empty G ⊆ Ags:

RG = {(w, v) | wRi1w1, . . . , wnRnv for some w1, . . . , wn ∈ W, {i1, . . . , in} ⊆ G}

In other words, wRGv iff there exists a finite path from w to v, such that every
step of the path is via

⋃
i∈GRi. This semantics corresponds to the classical

iterative definition of common knowledge, proposed independently in [Lew08] and
[Aum76], as formally stated in Proposition 3.1.1 below. Namely, it is commonly
known among G that φ iff everyone knows that φ, everyone knows that everyone
knows that φ, and so on.3

3.1.1. Proposition. Given any pointed Kripke model (M,w), the following holds:

M,w |= En
Gφ for any n ∈ N+ iff M,w |= CGφ

Proof:
See [LM94, p.89] 2

By dropping reflexivity of accessibility relations (and hence factivity of knowl-
edge), we get the simplified semantics for doxastic logic, where 2iφ is interpreted
as “i believes that φ”, and 2Gφ is interpreted as “it is commonly believed among
G that φ” [LM94].

The notion of common knowledge is crucial to us, since it often serves as the
group’s representational state. Common knowledge allows agents to coordinate
their actions and act simultaneously without preceding communication. For in-
stance, assume a non-speaking Dutch logician goes to Bulgaria (I promise, this
example will start to make sense). In the Netherlands, like in most European
countries, nodding your head as a response to a binary question means “yes”,
while in Bulgaria, it means “no”. The Dutch logician knows that. He goes to a
grocery store. At the register, the cashier asks the logician if he wants a receipt.
The logician does not need it and, knowing the local custom, nods in reply. The
cashier notices that her customer is a foreigner, so she expects him not to know
that his nodding means no. Hence, she thinks that he wants the receipt and gives

3Alternatively, common knowledge among G that φ may be characterised in two other
ways: as the greatest fixpoint of the equation CGφ = νX.(EGX ∧EGφ) or as “shared epistemic
situation” in situation semantics [BK88]. On Kripke models, however, all three characterizations
coincide. For a detailed overview of the relationship between different notions of common
knowledge, see, e.g., [Alb02, Chapter 8].
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it to the logician, and he throws it away immediately. The next day, someone tells
the cashier that the Dutchman knows that nodding means no. The logician visits
the store again, and the cashier asks if he wants a receipt. This time, he needs
the receipt, and he still nods in reply. The Dutchman does not know that the
cashier knows that he knows the custom. After yesterday’s confusion, he expects
the cashier to interpret his nodding as affirmative. The cashier, knowing that
the Dutchman knows that the nodding means “no”, sees him nodding and does
not give him the receipt while he waits for it. If someone tells the Dutch logician
that the cashier knows that he knows the custom, the story will repeat itself the
next day, since the cashier will not know the Dutchman knows that she knows
that he knows the custom. The story can go on forever, and every time there
will be confusion, since either the cashier or the Dutch logician will lack some
higher-order knowledge about the custom. Yet such confusions never happens
between locals, since they commonly know that nodding means “no”.

The axiomatic system LEL, as defined in Table 3.1, was proven to be weakly sound
and complete for the class of Kripke frames with equivalence accessibility relations
[HM90]. Axiom (K), together with the rule of necessitation (RN), express that
agents are logically omniscient: they know all of the tautologies, and whenever φ
logically entails ψ, if they know φ, then know ψ as well. Axiom (T) corresponds to
factivity of knowledge: whenever it is (commonly) known that φ, φ is true. Axiom
(D) expresses the consistency of knowledge: if it is (commonly) known that φ,
then it is not (commonly) known that ¬φ.4 Axioms (4) and (5) express positive
and negative introspection, respectively: whenever it is (commonly) known that
φ, it is (commonly) known that it is (commonly) known; and whenever it is not
(commonly) known that φ, it is (commonly) known that it is not (commonly)
known. In other words, agents’ and groups’ knowledge is fully transparent for
themselves. The fixpoint axiom (FP) and the induction axiom (IN) capture the
meaning of iterative definition of common knowledge.

As similar axioms will reoccur for other logics as well, we will fix some terminol-
ogy and notation here. A minimal modal logic that satisfies (CPL), (K), (RN)
and (MP) is called a minimal normal modal logic. We will denote the minimal
extension of minimal normal modal logic with some axioms by K followed by the
name of the axioms we extend it with. E.g., KD is the minimal extension of
a normal modal logic with the axiom D. By S5 we will denote KT45, i.e., the
minimal extension of the minimal normal logic that contains axiom (T), (4) and
(5).

3.1.2. Example (Common knowledge in the Hi-Lo game). Assume that two per-

4Axiom (D) is redundant here, as it can be derived from (T). By (T), 2φ → φ; by (CPL),
φ→ ¬¬φ. By contraposition of (T), ¬¬φ→ ¬2¬φ. Then, by transitivity of →, 2φ→ ¬2¬φ.
We still mention (D) here, as it is going to reoccur throughout the thesis, so it is handy to
introduce it.
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(CPL) Tautologies of classical propositional logic
For any 2 ∈ {Ki}i∈Ags ∪ {CG}∅̸=G⊆Ags:

(K) 2(φ→ ψ) → (2φ→ 2ψ)
(T) 2φ→ φ
(D) 2φ→ ¬2¬φ
(4) 2φ→ 22φ
(5) ¬2φ→ 2¬2φ
(FP) CGφ↔ EG(φ ∧ CGφ)
(IN) If ⊢ φ→ EG(φ ∧ ψ), then ⊢ φ→ Cψ
(RN) If ⊢ φ, then ⊢ 2φ
(MP) If ⊢ φ and ⊢ φ→ ψ, then ψ

Table 3.1: Logic LEL

fect logicians, a and b, play the Hi-Lo game. The rules are commonly known. The
first logician, a, has decided to play hi. Her opponent, b, has not decided upon
her strategy yet. After her decision was made, a has publicly announced that she
knows what strategy she is going to play, yet she has not disclosed which one.
Afterwards, b has publicly announced that she has not decided yet what to do.

What do players know about the game and each other’s knowledge after their
announcements? What is commonly known?

We represent agents’ knowledge with the following Kripke model, illustrated in
Figure 3.1. Let W = {w(hi,hi), . . . , w(lo,lo)} be the set of possible worlds that
represent all the possible outcomes of the Hi-Lo game. Since a knows her startegy
and does not know b’s, she cannot distinguish between two worlds iff she plays the
same strategy in these worlds: Ra = {(wσa,σb , wσ′

a,σ
′
b
)|σa = σ′

a}. On the contrary, b
knows neither her own nor a’s choice of actions, so she cannot distinguish between
any worlds: Rb = W ×W .

For any i ∈ {a, b}, let hii and loi be propositional variables that read as “i’s
strategy is hi” an “i’s strategy is lo”, respectively. Then, V (hia) = {w(hi,σb) | σb ∈
{hi, lo}}, V (hib) = {w(σa,hi)|σa ∈ {hi, lo}}. V (loi) = W \V (hii) for any i ∈ {a, b}.

Assume the real world is w(hi,lo). In this world, a knows that she will choose hi and
does not know what b will choose: M,w(hi,lo) |= Kahia∧¬(Kahib∨Kalob); b knows
neither her own nor a’s choice: M,w(hi,lo) |= ¬(Kbhia∨Kbloa)∧¬(Kbhib∨Kblob).
Since a has announced that she has made her decision, b knows that a knows her
strategy:

M,w(hi,lo) |= Kb(Kahia ∨Kaloa)

Since b has announced that she is yet to decide upon her strategy, a knows that
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w(hi,hi)

w(hi,lo)

w(lo,hi)

w(lo,lo)

a, b

b

b

a, b

Figure 3.1: Kripke model for Example 3.1.2. Nodes represent possible worlds,
and edges – the indistinguishibility relations. The reflexive and transitive arrows
are omitted.

b does not know her strategy:

M,w(hi,lo) |= Ka(¬Kbhib ∧ ¬Kblob)

Moreover, since both announcements were public, it is commonly known that a
knows her strategy and b does not:

M,w(hi,lo) |= Ca,b
(
¬Kbhib ∧ ¬Kblob ∧ (Kahia ∨Kaloa)

)
Note that, characteristically for MAMLs, we can reason about common knowledge
among any non-empty finite set of agents. Conceptually, there is nothing wrong
with that: postulating common knowledge among the arbitrary set of agents G
does not entail that G should be a group. For instance, let G be the set of all
readers of this text, including the author. By no means is G a group (at least
in the sense in which philosophers talk about group agency). Yet we can claim
that it is commonly known among members of G that every member has at least
some command of English: otherwise, neither the author could write this text,
nor the readers could read it.

Although reasoning about common knowledge of any set of agents is semantically
coherent, it might be pragmatically redundant. Typically, we are interested in
what is commonly known among G when members of G interact in any way,
or at least have higher-order beliefs about one another. Standard multi-agent
epistemic logic takes agents’ interaction for granted. For instance, in standard
epistemic logic, we cannot model situations where one agent is unaware of the
other’s existence. Consider any Kripke model with two agents: the king of the
Netherlands (k) and the author of this text (i). While the author knows the
king of the Netherlands exists and can reason about what he knows, the king
of the Netherlands has no concept of the author whatsoever. Yet in standard
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multi-agent epistemic logic, we can say that at least they commonly know tau-
tologies: |= Ci,k⊤. This common knowledge attribution is not false (at least given
idealizations of standard epistemic logic about agents’ logical omniscience), but
pragmatically, it is not that meaningful.5

In what follows, we will still utilise the standard notion of common knowledge, as
presented here. Since we will model strategically interacting agents, we will not
stumble upon pragmatically questionable common knowledge attributions.

3.2 Multi-agent modal logics of agency

In this section, we will look into two interpretations of L(Ags, V ar): a modal
logic of coalitional power in games [Pau02] and a modal logic of seeing to it that
[Hor01]. Both languages are closely related: the latter is more expressive than
the former [BHT06]. Both formalisms deal with group actions, where the group
is taken to be nothing but a set of agents.

3.2.1 Coalition logic

We start with the logic of coalitional power in games, or, for short, Coalition
logic (CL). In CL, 2Gφ is interpreted as coalition G can ensure that φ holds in
the outcome of the game (following [Pau02], we call groups coalitions in CL). We
define the formal language LCL of CL as follows:

LCL ∋ φ ::= p | ¬φ | (φ ∨ φ) | [G]φ

where p ∈ V ar, G ⊆ Ags. For every i ∈ Ags, [{i}]φ corresponds to 2iφ, and
for any non-singleton group G ⊆ Ags, [G]φ corresponds to 2Gφ of L(Ags, V ar).
We will use C,G,C1, C2, . . . , G1, G2, . . . as placeholders for coalitions. Note that
[∅]φ is a well-formed formula of LCL. We interpret the empty coalition as the
environment. Namely, [∅]φ reads as φ will be true in any outcome of the game,
independently of how agents act. Semantically, we interpret LCL over the class of
game models.

3.2.1. Definition (Game models). Given the finite set of agentsAgs = {1, . . . , n}
and a countable set of propositional variables V ar = {p1, p2, . . .}, a game model

5There are some non-standard ways to avoid the problem. First, we can introduce awareness
functions to distinguish between agents’ explicit and implicit knowledge, syntactically restricting
with formulae agents are aware of [FH87]. Then, we can represent the fact that the king of the
Netherlands is not aware of the author by excluding any formulae with Kiφ as its subformulae
from the king’s awareness set. A more recent alternative allows for modeling agents’ uncertainty
about whether other agents exist (or, using authors’ terminology, whether others are dead or
alive) in non-Kripkean semantics of simplicial complexes [DK25].



3.2. Multi-agent modal logics of agency 41

is a tuple of the following form:

M = (S, {Σi}i∈Ags, g, V )

1. S ̸= ∅ is a set of states;

2. For every i ∈ Ags, Σi ̸= ∅ is a set of i’s possible actions;

3. g is a function that maps each state w ∈ S to a game:

g(w) 7→ (Sw, {Σw
i }i∈Ags, ow)

, where Sw ⊆ S is a set of possible outcomes, Σw
i ⊆ Σi is a set of actions

available for i at w and ow :
∏

i∈Ags Σw
i → Sw is a surjective outcome

function, mapping each action profile to the outcome state;

4. V : V ar → 2W is a standard evaluation function.

For any coalition C ⊆ Ags, the set of C’s joint actions is ΣC =
∏

i∈C Σi. By ΣAgs,
consequently, we denote the set of action profiles {(σ1, . . . , σn) |σ1 ∈ Σ1, . . . , σn ∈
Σn}. As for the empty coalition ∅, by Σ∅ = {σ∅} we denote a singleton set of
the “action” of the empty coalition: to do nothing. For any state w ∈ S and any
joint action σC ∈ ΣC , the set of possible outcomes of σC in w is defined as:

out(w, σC) = {v ∈ Sw | ∃σAgs ∈ ΣAgs : σAgs|C = σC and ow(σAgs) = v}

where σAgs|C is σAgs’s projection on C.6 In other words, if C does the joint action
σC at w, then the outcome of the game g(w) will be in out(w, σC), no matter
what everyone else does. Note that out(w, σ∅) = Sw, since for any action profile
σAgs ∈ ΣAgs, σAgs|∅ = σ∅. Therefore, out(w, σ∅) is just a set of possible outcomes
of the game g(w).

For any coalitionsX, Y ⊆ Ags and any joint actions σX ∈ ΣX , σY ∈ ΣY , σX∪σY ∈
ΣX∪Y is a joint action, such that σX ∪ σY |X = σX and σX ∪ σY |X\Y = σY |Y \X .
In other words, σX ∪ σY is a X ∪ Y ’s joint action that agrees on X’s action with
σX , and with Y \X’s actions – with σY .

Given a game model M = (S, {Σi}i∈Ags, g, V ), a play is an infinite sequence of
the form:

(w0, σ0, w1, σ1, . . .),

where, for any i ∈ N, wi ∈ W , σi ∈ Σwi
Ags and wi+1 ∈ out(wi, σi). Let us denote the

set of all plays inM as PlM . A partial play is a finite prefix (w0, σ0, . . . , σn−1, wn)

6Let σ⃗ = (σ1, . . . , σn) ∈
∏
i∈Ags Σi be an action profile and C ⊆ Ags be a subset of agents.

Assume members of C are enumerated in the increasing order, i.e. C = {j1, . . . , jk}, where j1 <
. . . < jk and |C| = k. Then, the projection of σ⃗ on C is the joint action σ⃗|C = (σj1 , . . . , σjk) ∈∏
i∈C Σi, where ∀i ∈ C : σ⃗(i) = σ⃗|C(i).
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of some play (w0, σ0, . . .) ∈ PlM . Let us denote the set of all partial plays in M
as PartP lM .

Each play can be represented as a pair of functions τ = (τS, τA), where τA : N →
ΣAgs and τS : N → S; consequently, τS(i + 1) ∈ out(τS(i), τA(i)) for every i ∈ N.
Two plays τ, τ ′ are state-equivalent, denoted as τ ≃S τ ′, iff τS(0) = τ ′S(0).
For any coalition C ⊆ Ags, two plays τ, τ ′ are action-equivalent w.r.t. C,
denoted as τ ≃C τ

′, iff τ ≃S τ
′ and τA(0) = σ, τA(0) = σ′, such that σ|C = σ′|C .

Informally, τ and τ ’ are state-equivalent iff they start from the same state. τ and
τ ’ are action-equivalent w.r.t. C iff they start with the same action of C in the
same state. By [τ ]S = {τ ′ ∈ PlM | τ ′ ≃S τ} and [τ ]C = {τ ′ ∈ PlM | τ ≃C τ

′}, we
denote the state- and C-action equivalence classes of τ , respectively.

Tree-like game models are of technical interest. In tree-like models, there is a
unique initial state, and every state has a unique predecessor. Tree-like models
help to build connections between coalition logic and the logic of branching time,
which will be important for us in the next section.

3.2.2. Definition (Tree-like game models). A model M is tree-like iff the fol-
lowing two conditions hold:

1. Rootedness: there exists a unique state w0 ∈ S, such that for every other
state v ∈ S, there is a partial play (w0, σ0, . . . , σn, v) ∈ PartP lM ;

2. No cycles: for every play (τS, τA) ∈ PlM and any i, j ∈ N: τS(i) = τS(j)
iff i = j;

3. Unique predecessors: for any worlds w, u, v ∈ S, if u ∈ out(w, σ∅) and
u ∈ out(v, σ∅), then w = v.

As it was proven in [GD06], Coalition Logic (as well as its more expressive coun-
terpart, Alternating-time Temporal Logic) cannot distinguish between arbitrary
and tree-like game models: for every pointed game model (M,w), there exists a
tree-like pointed game model (M ′, v) that satisfies the same LCL-formulae.

3.2.3. Definition. Given any game model M = (S, {Σi}i∈Ags, g, V ) and any
state w ∈ S, we recursively define |= relation as follows (clauses for atomic propo-
sitions and Boolean connectives are standard, as in Def. 3.0.3):

M,w |= [G]φ⇔ ∃σG ∈ ΣG(out(w, σG) ⊆ JφKM).

The axiomatic system LCL, as defined in Table 3.2, was shown to be strongly
sound and complete w.r.t. the class of game models [Pau02; GJT13]. (⊥) and
(⊤) express that no coalition can ensure ⊥ and any coalition can trivially ensure
⊤, respectively. (N) corresponds to the fact that an outcome of each game is
determined by nothing but agents’ choices of actions: if there is an outcome of
the game, than the grand coalition Ags can ensure that outcome. (M) expresses
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(CPL) Tautologies of classical propositional logic
(⊥) ¬[G]⊥
(⊤) [G]⊤
(N) ¬[∅]¬φ→ [Ags]φ
(M) [G](φ ∧ ψ) → [G]φ
(S) ([G1]φ ∧ [G2]ψ) → [G1 ∪G2](φ ∧ ψ)
(MP) If ⊢ φ and ⊢ φ→ ψ, then ⊢ ψ
(RE) If ⊢ φ↔ ψ, then ⊢ [G]φ↔ [G]ψ

Table 3.2: Logic LCL

outcome monotonicity: if the coalition G can guarantee φ ∧ ψ, then G can also
guarantee a logically weaker condition φ. (S) corresponds to additivity (to be
explained in detail later).

Although the semantics for LCL appears to be way more convoluted than the gen-
eral scheme we have presented in Def. 3.0.3, it follows the very same principles.
Namely, every set of agents C ⊆ Ags is treated as a group (or, following the ter-
minology of a seminal paper [Pau02], a coalition). Coalitional power functionally
depends on the members’ powers, since coalitions’ joint actions are nothing but
aggregations of members’ actions. It is not hard to see that for every coalition
C ⊆ Ags, every joint acion σC ∈ ΣC in every pointed model (M,w):

out(w, σC) =
⋂
i∈C

out(w, σC |{i})

Such a reductive approach to coalitions accounts for serious conceptual problems.
First, note that coalitional powers are additive:

3.2.4. Proposition (Additivity in LCL). For any disjoint coalitions C1, C2 ⊆
Ags, the following axiom schema is valid on the class of game models:

|= ([C1]φ ∧ [C2]ψ) → [C1 ∪ C2](φ ∧ ψ)

Proof:
Let (M,w) be an arbitrary pointed game model, such that M,w |= [C1]φ∧ [C2]ψ.
Then, by Def.3.2.3, there exist joint actions σC1 ∈ ΣC1 and σC2 ∈ ΣC2 , such
that out(w, σC1) ⊆ JφKM and out(w, σC2) ⊆ JψKM . Let σC1∪C2 ∈ ΣC1∪C2 be a
C1 ∪ C2’s joint action, such that σC1∪C2|C1 = σC1 and σC1∪C2|C2 = σC2 . Then,
for every action profile σAgs ∈ ΣAgs, σAgs|C1∪C2 = σC1∪C2 iff σAgs|C1 = σC1 and
σAgs|C2 = σC2 . Consequently,

out(w, σC1∪C2) =

{v ∈ Sw | ∃σAgs ∈ ΣAgs : σAgs|C1 = σC1 , σAgs|C2 = σC2 , o
w(σAgs) = v}
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from which it follows that out(w, σC1∪C2) = out(w, σC1) ∩ out(w, σC2). Since
out(w, σC1) ⊆ JφKM and out(w, σC2) ⊆ JψKM , out(w, σC1∪C2) ⊆ JφKM ∩ JψKM =
Jφ ∧ ψKM . Hence, there exists a joint action σC1∪C2 ∈ ΣC1∪C2 , such that:

out(w, σC1∪C2) ⊆ Jφ ∧ ψKM .

Then, by Def. 3.2.3, M,w |= [C1∪C2](φ∧ψ). Since (M,w) was chosen arbitrarily,
we can conclude that |= ([C1]φ ∧ [C2]ψ) → [C1 ∪ C2](φ ∧ ψ). 2

Additivity leads us to the pragmatically questionable attributions of coalitional
abilities. For example, in a possible world, where the Netherlands has not become
a constitutional monarchy, the king of the Netherlands has the legal power to
declare war: [king]war. The author of this text (being a non-Dutch citizen, thus
not being eligible to conscription) has the legal power to flee the Netherlands in
case of war: [i](war → fled). Then, the coalition of the king and the author
(legally speaking) can ensure that the war is declared, and the author has fled:
[king, i](war ∧ fled). It is not wrong, but pragmatically, should we even think of
the king and the author as a coalition, given that we speak about the author’s
ability to flee the war that the king can declare?

Unfortunately, additivity leads us not only to pragmatically questionable, but
also to conceptually wrong attribution of coalitions’ abilities, especially when it
comes to the ability to coordinate.

3.2.5. Example. Let i and j be two flatmates who never talk to one another.
They should pay the water and electricity bills. Each of them has enough data and
money to pay either of the bills, but neither of them can pay both bills. Unless i
and j cooperate and communicate, they cannot coordinate their actions to ensure
that both bills are paid. For instance, i can pay either of the bills. Which one
should i pay? She should pay for water iff j pays for electricity, and should pay
for electricity iff j pays for water. Yet there is no way for i to know which bill
j pays. The situation is analogous for j. Even if they do their best to pay both
bills, there is a chance that they will end up paying one bill twice without paying
the other. So i and j cannot ensure that both bills are paid, given that they
do not cooperate and coordinate. If they do cooperate and coordinate (hence,
act as a coalition in the common sense of this word), this ability attribution is
unproblematic.

Let us model the situation where i and j do not communicate and cooperate via
a game model illustrated in Figure 3.2. Let M = (S,Σi,Σj, g, V ), be a game
model, where:

• W = {s, s1, . . . , s4} is the set of states. s is the initial state, where i and j
deliberate what to do with the bills;
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• Σi = Σj = {w, e, ϵ}, where w is the action of paying the water bill, e –
paying the electricity bill, ϵ – doing nothing;

• g(s) = {Ss,Σs
i ,Σ

s
j , o

s}, where Ss = {s1, . . . , s4}, Σs
i = Σs

j = {w, e} and
os((w,w)) = s1. os((w, e)) = s2, o

s((e, w)) = s3, o
s((e, e)) = s4. For

any other state v ∈ S \ {w}, g(v) is a trivial game, where Sv = {v},
Σv
j = Σv

i = {ϵ} and ov((ϵ, ϵ)) = v. In other words, in all states, except for
s, both agents can only do nothing, and nothing will happen.7

• Let V ar = {water, electr}, where water and electr are the propositions
meaning that the water bill is paid and the electricity bill is paid, respec-
tively. Consequently, V (water) = {s1, s2, s3}, V (electr) = {s2, s3, s4}

s

s1

s2

s3 s4

(w,w)

(w, e)

(e, w)
(e, e)

Figure 3.2: Game model M . Arrows represent transitions from the states to
outcomes, labeled by the corresponding tuples (σi, σj), where the first coordinate
is i’s action, and the second – j’s action. In the “final” states s1, . . . , s4, every
agent has only one action – to do nothing – which leads to transition to the very
same state. We omit arrows for those transitions.

First, note that in (M, s), i can ensure that the water bill is paid. Since w ∈ Σi

and out(s, w) = {s1, s2} ⊆ JwaterKM , M, s |= [i]water. Analogously, j can ensure
that the electricity bill is paid: M, s |= [j]electr. By additivity, solely from i’s
ability to pay the water bill and j’s ability to pay the electricity bill, it follows
that the coalition of {i, j} can ensure that both bills are paid:

|= ([i]water ∧ [j]electr) → [i, j](water ∧ electr)

Therefore, we should attribute the coalition of i and j the ability to ensure that
both bills are paid: M,w |= [i, j](water ∧ electr). But as we have argued, this is

7“Heaven is a place, a place where nothing, nothing ever happens”.
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conceptually wrong: since i and j do not communicate, they cannot coordinate
properly to ensure that both bills are paid!

To conclude, reasoning about coalitions in games via the standard scheme of
MAMLs results not only in pragmatically questionable but also in conceptually
wrong attributions of coalitions’ abilities. To fix it, we should stop treating non-
cooperating sets of agents as coalitions.

3.2.2 Group STIT logic

Next, we move to the more expressive framework, in which we can reason not only
about what agents and groups can do, but also what they in fact do. We work
with STIT logic. STIT (seeing to it that) logic is a multi-agent logic of agency
that originates from a series of articles by Belnap, Perloff and Xu [BPX01]. A
richer version of STIT logic with groups was introduced in [Hor01]. The formalism
accounts for agents’ choices of action under indeterministic time, where multiple
futures are possible, depending on how agents and the environment behave. For
a detailed overview of STIT logics and their history, see [SMK09].

As usual, we first fix the notation we are to use, as well as the new reading of 2G-
modalities. The syntax of discrete temporal STIT logic is defined by the following
grammar:

LtSTIT ∋ φ ::= p | ¬φ | (φ ∨ φ) |Xφ | Y φ |Gφ |Hφ |2φ | [stit]Cφ

where p ∈ V ar, C ⊆ Ags. Xφ reads as “in the next moment in time, φ”; Y φ
– “in the previous moment in time, φ”; Gφ reads as “φ will always be true
in the future”, Hφ – “φ was always true in the past”. 2φ stands for “it is
historically necessary that φ”. By historic necessity, we understand that φ is
true, independently of how agents and the environment behave now and in the
future.

[stit]Cφ stands for “group C sees to it that φ holds”. By seeing to it that φ,
we understand the behaviour which forces φ to be true no matter what all other
agents do. We use standard abbreviations for duals of the modalities: 3 := ¬2¬,
⟨stit⟩C := ¬[stit]C¬, P := ¬H¬, F := ¬G¬, where 3φ reads as “it is historically
possible that φ”; ⟨stit⟩Cφ – “ C’s choice of action does not rule out φ”, Pφ –“φ
was true at some moment in past”, Fφ – “φ will be true at some point in future”.
As in LCL, we treat the empty group as the environment: [stit]∅φ corresponds to
the historic necessity. In other words, 2 is redundant and can be expressed as
follows 2φ := [stit]∅φ.

We use some widely accepted acronyms in STIT logic. A group C deliberately
sees to it that φ iff C sees to it that φ and φ is not necessary: [dstit]Cφ :=
[stit]Cφ∧¬2φ. [dstit]Cφ is a useful acronym, since 2φ entails [stit]Cφ. Naturally,
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if φ is historically necessary (i.e., φ is true no matter what all agents will do), then
whatever C does, they behave in a way that φ is true, no matter what Ags \ C
does. Via using [dstit]C as an acronym, we can distinguish between necessities
and propositions at least partially caused by C. Next, we can express the groups’
abilities. Namely, a group C can ensure φ iff 3[stit]Cφ, i.e., C can see to it that φ.
So we can express [C]-modality of LCL in LtSTIT as follows: [C]φ := 3[stit]CXφ
[BHT06].

The fragment of LtSTIT without [stit]C-modalities is discrete Ockhamist branching
time temporal logic, denoted as LOBTL [Rey02]. The fragment of LtSTIT without
H- and G-modalities is called next time STIT logic, denoted as LXSTIT [Bro11b].
LtSTIT without any temporal modalities, denoted as LSTIT , is called atemporal
STIT logic [HS08]. We use LOBTL to reason about the temporal behaviour of the
environment, independently of the agents. LXSTIT is useful to reason about the
consequences of agents’ actions that are observable in finite time. LSTIT is handy
to reason about agents’ actions just at one time point, e.g., about one-shot or
normal form games.

Standard STIT logic models agents’ choices of action in indeterministic environ-
ments, branching time structures.

3.2.6. Definition (BT + AC frames). A branching time structure is a tuple of
the form (T,<), where T ̸= ∅ is a non-empty set of moments and <⊆ T × T is
an irreflexive, transitive, discrete8 and backward-linear9 relation on T , ordering
moments by precedence/succession. In other words, m1 < m2 means that m1

precedes m2. For every moment m, m′ is an immediate successor of m,
denoted as m′ ∈ succ(m) iff m < m′, and there is no moment m′′, such that
m < m′′ < m′. Histories are maximal <-ordered chains of moments: h ⊆ T is
a history iff for any m ∈ h, if m′ < m or m < m′, then m′ ∈ h, and for any two
moments m,m′ ∈ h, either m < m′ or m′ < m or m = m′. The set of all histories
is denoted as H. For any moment m ∈ T , the set of histories passing through m
is defined as follows: Hm = {h ∈ H |m ∈ h}. Indices are moment/history pairs,
such that the history passes through the moment. Formally, the set of indices is:
Index = {(m,h) ∈ T × H | m ∈ h}. Given two histories h1, h2 and a moment
m ∈ T , h1 and h2 are undivided in m iff 1) m ∈ h1 ∩ h2; 2) there exists a
moment m′, such that m < m′ and m′ ∈ h1 ∩ h2.

8By discreteness we mean that for any moment m ∈ T there exists another moment m′ ∈ T ,
such that m < m′, and there is no moment m′′ ∈ T , such that m < m′′ < m′. In the general
case, discreteness is not assumed. We take this assumption throughout the thesis to stay in line
with the discrete semantics of Coalition Logic. Since we are not concerned with the metaphysics
of time, this assumption is conceptually harmless for our work.

9By backward linearity we mean that for any m1,m2,m3 ∈ T , if m3 < m1 and m2 < m1,
then either m2 < m3 or m3 < m2 or m3 = m2.
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A BT + AC frame10 is a tuple F = (T,<,Choice), where (T,<) is a branching
time structure, and Choice : (Ags×T ) → 22H is a choice function, mapping each
agent and each moment in time to a partition of Hm. For brevity, if two histories
h1, h2 are in the same partition cell of Choice(m, i), we denote it as h1 ∼m

i h2.

1. Independence of agents.For any moment m, let sm : Ags → 2H be an
action selection function, such that sm(i) ∈ Choice(m, i) for any i ∈ Ags.
Then, for any action selection function sm,

⋂
i∈Ags sm(i) ̸= ∅.

2. No choice between undivided histories. For any agent i ∈ Ags and
any moment m ∈ T , if h1, h2 ∈ Hm are undivided in m, then h1 ∼m

i h2.

As usual, every BT +AC frame F can be extended to a model M = (F, V ) by a
valuation function V : V ar → 2T .

In BT + AC models, actions are idealised as choices between sets of possible
futures. Intuitively, Choice(m, i) represents the set of actions available for i at
m (it may be seen as an analogue to Σm

i in game models of Def. 3.2.1). For
each equivalence class X ∈ Choice(m, i), there is an action available for i at
m, such that, if performed, it guarantees that the outcome history will be in
X ⊆ Hm. Then, independence of agents ensures that any choice of any agent is
compatible with any other choice of everyone else. No choice between undivided
histories guarantees that agents can only choose between histories that are about
to branch: if they are to divide later in time, then no agent can distinguish them
by her current choice of action.

 THE DELIBERATIVE STIT 589

 hi h2 h3 h4 hs h6

 mi Choice:"'

 Fig. 2. An agent's choices.

 must require that any two histories in H(m) that have not yet divided
 at m must lie within the same possible choice; the choices available to
 an agent at m should not allow a distinction between two histories that
 do not divide until some later moment.

 The information represented through these choice functions can be

 illustrated as in Figure 2, which depicts a frame containing six his-
 tories, and in which the actions available to the agent a at three mo-
 ments are highlighted. The cells at the highlighted moments represent
 the possible choices or actions available to a at those moments. For

 example, a has three possible choices at mi - Choicem' = {{hi, h2},
 {h3}, {h4, h5, h6}} - and two at m2. Because h and h2 are still undi-
 vided at ml, they must fall within the same partition there, and like-
 wise for h4 and hs. At m3 the agent a effectively has no choice: his-
 tories divide, but there is nothing a can do to constrain the outcome.

 (It may be that the outcome can be influenced by some other agent
 whose choices are not depicted here; or perhaps it is something that
 just happens, one of nature's choices.) At such a moment, it would be
 possible to treat the choice function as undefined for a; but it is eas-
 ier to treat it as defined but vacuous, placing the entire set of histories
 through the moment in a single equivalence class.
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Figure 3.3: Example of a single-agent BT + AC frame [HB95, Figure 2, p.589].

3.2.7. Definition (Semantic clauses for LtSTIT over BT + AC). Given anyBT+
AC-model M = (T,<,Choice, V ) and any index (m,h) ∈ Index, we recursively

10BT +AC stands for “Branching Time + Action Choice”.
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define |= relation as follows:

M, (m,h) |= p ⇔ m ∈ V (p)

M, (m,h) |= ¬φ ⇔ M, (m,h) ̸|= φ

M, (m,h) |= φ ∨ ψ ⇔ M, (m,h) |= φ or M, (m,h) |= ψ

M, (m,h) |= Xφ ⇔ ∀m′ ∈ h : m′ ∈ succ(m) ⇒M, (m′, h) |= φ

M, (m,h) |= Y φ ⇔ ∀m′ ∈ h : m ∈ succ(m′) ⇒M, (m′, h) |= φ

M, (m,h) |= Gφ ⇔ ∀m′ ∈ h(m < m′ ⇒M, (m′, h) |= φ)

M, (m,h) |= Hφ ⇔ ∀m′ ∈ h(m′ < m⇒M, (m′, h) |= φ)

M, (m,h) |= 2φ ⇔ ∀h′ ∈ Hm(M, (m,h′) |= φ)

M, (m,h) |= [stit]Cφ ⇔ ∀h′ ∈ Hm(∀i ∈ C(h ∼m
i h′ ⇒M, (m,h′) |= φ)

The semantics for LtSTIT we give in Definition 3.2.7, disregarding some arbitrary
notational choices and discreteness assumption, corresponds to the one proposed
in the seminal work [BPX01].

Interestingly, tree-like game models, as in Def. 3.2.2, are a special case of BT+AC
models. Let M = (S, {Σi}i∈Ags, g, V ) be a tree-like game model, whose root is
w0 ∈ S. Let <⊆ S × S be a relation, such that w < v iff there exists a partial
play (w, σ0, . . . , σn−1, v) ∈ PartP lM . Let H = {(τS, τA) ∈ PlM | τS(0) = w0} be
the set of plays in M that start with the root state w0. Then, given two histories
τ = (τS, τA) ∈ H, τ ′ = (τ ′S, τ

′
A) ∈ H and a natural number n ∈ N, τ ∼n

i τ
′ iff

τS(n) = τ ′S(n) and τA(n) = σ, τ ′A(n) = σ′, such that σ(i) = σ′(i). Or, informally,
two histories τ, τ ′ ∈ H are equivalent w.r.t. i’s choice at the nth moment iff τ and
τ ’ are equal up to the nth moment, and i does the same action in both τ and τ ′ at
the nth moment. Let [τ ]∼n

i
= {τ ′ ∈ H |τ ∼n

i τ
′}. Then, Choice : (Ags×S) → 22H

may be defined as a follows:

Choice(w, i) = {[τ ]∼n
i
| τ ∈ H, τS(n) = w for some n ∈ N}

A tuple (S,<,Choice) is a BT +AC-model. For a detailed proof of this fact, see
[BL18, Lemma 5.6, p.387].

The branching time structures provide us with both technical and philosophical
complications. [Nis79; Pet95] argued against branching time structures from
the philosophical point of view. Since the metaphysics of tense is not in the
main scope of our inquiry, we omit the details of this critique, giving only one
semi-formal counter-example, relevant to agency. As was shown in [Rey02], the
following LOBTL-formula is valid on branching time (hence, also on BT + AC)
models:

|= 2G(p→ 3Fp) → 3G(p→ Fp)
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To show why this validity is undesirable, we provide an informal example that
falsifies it. Think of an agent that writes an arbitrary formula of propositional
logic, built of a single propositional variable q. As we know, such propositional
formulae are finite, but are not bounded in length. Let p be a proposition that
reads as “the agent is not finished writing a formula”. Then, 2G(p → 3Fp)
holds. In all possible future moments (2G), as soon as the agent has not yet
written the formula (i.e., if p holds), she can choose to continue writing it by,
e.g., adding ∧q as a suffix to the string she already has; so it is historically
possible that she will not be done in the future (then, 3Fp holds). Yet it is
historically impossible for her to keep writing the formula forever, given that the
formula is finite, so it is historically necessary that she will have to write down
the last symbol of the formula once: 2F (p ∧ ¬Fp). In BT + AC structures, we
cannot model this scenario: we will be forced to have a “limit history”, where
p is always true.11 On top of such conceptual issues, branching time structures
are problematic metalogically: the axiomatization of Ockhamist branching time
temporal logic interpreted over branching time models remains an open problem.

To avoid both conceptual and technical problems around branching time struc-
tures, we use the alternative semantics for STIT, first introduced in [Lor13]. It is
closer to the standard Kripke semantics of modal logic. In terms of the temporal
component, it uses Kamp frames for LOBTL, which are known to avoid several
problems with branching time structures.12

3.2.8. Definition (Kripke STIT frames). A Kripke STIT frame is a tuple F =
(W,R≺, R2, {Ri}i∈Ags), where:

1. W ̸= ∅ is a set of time points. For brevity, “(time) points” and “(possible)
worlds” are to be used interchangeably;

2. R2, {Ri}i∈Ags are equivalence relations on W . wR2v represents historical
equivalence. wRiv represents equivalence w.r.t. the current choice of action
by agent i. R2, {Ri}i∈Ags have the next additional properties:

(a) Ri ⊆ R2 for every i ∈ Ags: agent’s choice of actions only distinguishes
between historically equivalent alternatives;

(b) Independence of agents: if Card(Ags) = n, then for any sequence of
R2-connected time points (w1, . . . , wn),

⋂
i∈Ags

Ri(wi) ̸= ∅;

3. R≺ is a serial relation on W . wR≺v iff time point v is a successor of w. By
R< we denote the transitive closure of R≺. R≺ has the next properties:

11In [Nis79, p.471], a counter-example, similar in spirit, is given.
12Kamp frames were introduced, to our knowledge, in [Tho84]. For a comparison between

the two semantic frameworks for Ockhamist branching time temporal logic, see [Rey02, Section
8].
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Figure 3.4: A branching time structure (on the left) and its representations as a
Kamp frame (on the right). Moment/history pairs on the left correspond to time
points on the right: e.g., m1/h1 corresponds to w1

1, w1
2 corresponds to m1/h2,

etc. Arrowed lines represent < and R< relations, respectively, and dotted lines
represent R2.

(a) No branching backwards : if vR≺w and uR≺w, then v = u;

(b) No branching forwards : if wR≺v and wR≺u, then v = u;

(c) Irreflexivity of R<: For all w, v ∈ W : if wR2v, then (w, v) ̸∈ Rn
≺ and

(v, w) ̸∈ Rn
≺ for any n ∈ N. Equivalently, wR2v entails that neither

wR<v nor vR<w. If time points w and v are historically equivalent,
then neither of them succeeds the other in any number of steps;

(d) No choice between undivided histories : R≺ ◦R2 ⊆
⋂
i∈AgsRi ◦R≺;

4. Group actions : for every G ⊆ Ags, RG =
⋂
i∈GRi;

Given a frame F = (W,R≺, R2, {Ri}i∈Ags), we denote the domain W of F as
Dom(F ). Every Kripke STIT frame F standardly extends to a model M =
(F, V ), where V : V ar → 2W is a valuation function.

From 3c together with reflexivity of R2 it follows that R< is irreflexive. For every
w ∈W , Hw = {w}∪R<(w)∪R−1

< (w) is the history of w, i.e., the set of time points
that are temporally related to w, either as predecessors or as successors in any
number of steps. From 3a and 3b together with irreflexivity and transitivity of R<

it follows that for every history Hw, (Hw, R<) is a strict linear order. From this
fact, it follows that every time point w has a unique history passing through it.
wR2v means that w and v are time points that represent the same moment in time
in different histories. In other words, a tuple (W,R2, R<) represents a branching
time structure, where moments are represented as R2-equivalence classes. Given
two moments R2(w) and R2(v), R2(w) precedes R2(v) iff there exist time points
x ∈ R2(w), y ∈ R2(v), such that xR<y. For a graphic representation of the
relation between branching time structures and their representation in Kripke
STIT frames, see Figure 3.4.
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Ri relation models how agent i can choose among her possible actions. Her
choice of action determines which set of histories remains possible. Condition
3d guarantees that agents cannot choose between histories that do not branch
yet. By 2b, individuals’ choice of actions is independent. By 4, a group action
is nothing but the simultaneous actions of group members. See Figure 3.5 for an
example of a Kripke STIT frame.

3.2.9. Definition. Given a Kripke STIT model M = (W,R≺, R2, {Ri}i∈Ags, V )
and w ∈ W , the truth of a formula φ ∈ LtSTIT is defined recursively as follows:

M,w |= p ⇔ w ∈ V (p)

M,w |= ¬φ ⇔ M,w ̸|= φ

M,w |= φ ∨ ψ ⇔ M,w |= φ or M,w |= ψ

M,w |= 2φ ⇔ ∀v ∈W (wR2v ⇒M, v |= φ)

M,w |= Xφ ⇔ ∀v ∈ W (wR≺v ⇒M, v |= φ)

M,w |= Y φ ⇔ ∀v ∈W (vR≺w ⇒M, v |= φ)

M,w |= Gφ ⇔ ∀v ∈ W (wR<v ⇒M, v |= φ)

M,w |= Hφ ⇔ ∀v ∈ W (vR<w ⇒M, v |= φ)

M,w |= [stit]Cφ ⇔ ∀v ∈ W (wRCv ⇒M, v |= φ)

When we work with the atemporal fragment, we can simplify the semantics by
dropping the relation R≺ from the definition of Kripke STIT frames.

3.2.10. Definition. An atemporal Kripke STIT frame (shortly, STIT-frame)
is a tuple of the form F = (W,R2, {Ri}i∈Ags), where:

1. W ̸= ∅ is a set of states;

2. R2 ⊆ W × W is an equivalence relation on W , representing historical
equivalence. For every world w ∈ W , the equivalence class [w]R2

= {v ∈
W | wR2v} represent the set of historically equivalent states.

3. For each i ∈ Ags, Ri ⊆ W × W is an equivalence relation, representing
the equivalence w.r.t. i’s choice of action. For every world w ∈ W , the
equivalence class [w]Ri

= {v ∈ W |wRiv} represents the set of states that are
compatible with some action of i. Ri has the following additional properties:

(a) For any two worlds w, v ∈W , if wRiv, then wR2v;

(b) Independence of agents: For any worlds w1, . . . , wn ∈ W , such that
w1R2 . . . R2wn,

⋂
i∈Ags[wi]Ri

̸= ∅;

(c) Group actions: for every G ⊆ Ags, RG =
⋂
i∈GRi;
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Figure 1. Example of temporal Kripke STIT model.
Note: The worldw is the actual world. Choices of agent 1 are represented by columns whereas choices
of agent 2 are represented by rows. Choices of the group {1, 2} are represented by dotted rectangles.
The temporal relation RG is represented by the arrows.

Proof. I only prove the first validity, as the second one can be proved in a similar way. I
prove its contrapositive, namely I prove that [Agt]Fϕ → F�F∗ϕ is T-STIT valid. Suppose
M, w |= [Agt]Fϕ. This means that:

(A) for all v ∈ RAgt(w) there is u ∈ RG(v) such that M, u |= ϕ.

Let

Aϕw = {
u|M, u |= ϕ and ∃v ∈ RAgt(w) such that u ∈ RG(v)

}

and let

PAϕw = {
ū ∈ RG(w)|∃u ∈ Aϕw such that (ū, u) ∈ R�

}
.

Moreover let

NBϕw = RG(w) \
⋃

ū∈PAϕw

RG(ū).

I am going to show that NBϕw �= ∅. Suppose NBϕw = ∅. Thus, there exists ū ∈ PAϕw such
that RG(w) = RG(ū). Hence, by Constraint C5, there exists ū ∈ PAϕw such that w = ū.

Figure 3.5: Example of a two-agent Kripke STIT model [Lor13, Figure 1, p.378].

As usual, a STIT-frame F can be extended to a STIT-model M = (F, V )
with a valuation function V : V ar → 2W . Any equivalence relation R ∈
{R2, R1, . . . , Rn} yields the partition [R] = {[w]R | w ∈ W} of W . Often, we
define partitions instead of equivalence relations for the sake of brevity. Such
definitions are equivalent.

Group STIT logic is often used for formal models of responsibility attribution
(see, e.g., [BCS20; AB22; HB95]). To hold someone morally or legally account-
able for her actions, it is crucial to understand not only what she has done, but
also whether she could have done otherwise [Fra18]. The expressivity of LSTIT
allows us to reason about what actions the agents choose and what alternative
choices they have. This expressive power was utilised to formalise the responsi-
bility attribution to and within groups as well [Ser21; CM09]. Characteristically
for MAMLs, group STIT logic treats any set of agents as a group, while any
aggregation of these set members’ actions is a group action. In what follows, we
show which problems it creates specifically for capturing group responsibility.

In [Ser21], it is argued that the group G is causally responsible13 for the outcome
φ iff 1) G deliberately sees to it that φ, and 2) there is no proper subgroup J ⊂ G,
such that J sees to it that φ. In other words, actions of all members of G is a

13An agent or a group of agents is held causally responsible for an outcome iff their actions
have caused that outcome, regardless of intent or awareness [Hor01].



54 Chapter 3. Logical background: multi-agent modal logics (MAMLs)

minimal sufficient condition to force φ. Formally, it is expressed in LSTIT as
follows:

∆min
G φ := [dstit]Gφ ∧

∧
J⊂G

¬[stit]Jφ

where, from now on, ∆min
G φ reads as the group G is causally responsible for φ. The

definition is in line with NESS-tests, prevalent in legal literature.14 To challenge
this definition, consider the next example.

3.2.11. Example. Consider three agents: a killer, a lookout, and a passerby (we
denote them as a, b, and c, respectively). The killer and the lookout cooperate,
while the passerby has no ties to any of them. The killer commits murder. The
lookout guards the area to cover the crime in case someone happens to pass by.
The passerby, being the only person who can witness the murder, takes a different
route, by chance not walking past the location where the murder takes place.

Among the three agents and the groups formed by them, who is responsible for
the covered-up murder?

It seems clear that the murderer and the lookout are responsible for the covered-up
murder as a group. It might be plausible to attribute some form of responsibility
(e.g., complicity15) for the murder to the lookout, and for the cover-up – to the
murderer. Holding the passerby responsible for either the murder or the cover-up
seems highly implausible, as well as attributing any responsibility for a “group”
of, e.g., the passerby and the murderer, given that they have not cooperated.

Let us build a STIT-model for that case. For simplicity, we assume that each
agent had the binary choice: the killer could have killed or not, the lookout
could have guarded the area or not, and the passerby could have passed by or
not. Each aggregation of agents’ possible choices yields a unique outcome. Let
V ar = {k, l, p} be a set of propositions, meaning someone was killed, the area was
guarded by the lookout, and someone has passed by the area, respectively. As an
acronym, we introduce the following proposition: witness = k ∧ ¬l ∧ p, meaning
that the murder was witnessed (i.e., the murder has happened, someone passed
by, but no one has guarded the area to cover the murder up). The resulting
STIT-model is a tuple M = (W,R2, Ra, Rb, Rc, V ), where:

1. W = {w1, . . . , w8};

2. R2 = W ×W ;

14NESS stands for “necessary element of a sufficient set”[Wri13]. In our context, the agent
i passes NESS-test and has caused φ iff she is in a set of agents C, whose actions are sufficient
for φ, but without i’s contribution, C would not have ensured φ.

15An agent is complicit in bringing about that φ iff they have merely participated in a group
action that has resulted in φ, even if their actions were neither necessary nor sufficient to achieve
φ [Baz13; Kut00].
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3. [Ra] = {{w1, w2, w3, w4}, {w5, w6, w7, w8}};

4. [Rb] = {{w1, w2, w6, w7}, {w3, w4, w5, w8}};

5. [Rc] = {{w1, w3, w5, w7}, {w2, w4, w6, w8}};

6. V (k) = {w1, w2, w3, w4}, V (l) = {w1, w2, w6, w7} and V (p) = {w1, w3, w5, w7}.

The real state of the Example 3.2.11 is w2: a has k illed, b has looked out, and c
has not passed by. See Figure 3.6 for the illustration of the model.

w1, {k, l, p}

w2, {k, l,¬p}

w3, {k,¬l, p}

w4, {k,¬l,¬p}

w5, {¬k,¬l, p}w7, {¬k, l, p}

w6, {¬k, l,¬p} w8, {¬k,¬l,¬p}

Figure 3.6: Atemporal Kripke STIT model for Example 3.2.11. Front-back faces
of the cube represent [Ra]; left-right faces represent [Rb]; top-bottom faces repre-
sent [Rc]. We omit reflexive and transitive edges in our representation of equiv-
alence relations. E.g., w1Raw1, but we omit the reflexive edge; w2Raw3, but we
only draw the edges w2Raw1 and w1Raw3.

First, we note which propositions are true and false in the actual world. M,w2 |=
k ∧ l ∧ ¬p ∧ ¬witness: the murder has happened, the area was guarded, and
no one passed by, so the murder was not witnessed. Second, we check what was
deliberately seen to it by every agent. M,w2 |= [dstit]ak ∧ [dstit]bl ∧ [dstit]c¬p,
i.e., a has killed, b has guarded the area and c has not passed by. Neither of the
three agents has seen to it that the unwitnessed murder has happened (i.e., k ∧
¬witness): M,w2 ̸|= [stit]a(k ∧ ¬witness), since w2Raw3 and M,w3 |= witness.
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M,w2 ̸|= [stit]b(k∧witness), since w2Rbw7 and M,w6 |= ¬k. M,w2 ̸|= [stit]c(k∧
¬witness), since w2Rcw6 and M,w6 |= ¬k. Informally, the killer has not seen to
it that no one witnessed the murder, while neither the lookout nor the passerby
has seen to it that the murder happened.

Moving to groups, three groups have seen to it that k ∧ ¬witness. Unsurpris-
ingly, M,w2 |= [stit]Ags(k ∧ ¬witness). Since the group of all three agents has
uniquely determined how the world is ([w2]RAgs

= {w2}), they all have seen
to it that the unwitnessed murder has happened. As no surprise, M,w2 |=
[stit]a,b(k ∧ ¬witness): the killer and the lookout have seen to it that the un-
witnessed murder has happened. Since the killer had killed and the lookout had
guarded the area, the murder was guaranteed to happen and remain unwitnessed,
no matter what the passerby did. Ceteris paribus, had the c passed by the area
(which is the case in w1 ∈ [w2]Ra,b

), the murder would still have happened and re-
mained unwitnessed, given that the lookout was guarding the area and would have
covered it up. The killer and the passerby have also seen to it that k∧¬witness:
M,w2 |= [stit]a,c(k ∧ ¬witness). Ceteris paribus, had the b not guarded the area
(which is the case in w4 ∈ [w2]Ra,c), the murder would still have happened and
remained unwitnessed, given that c did not pass the area, so there was no one to
witness the murder even in the absence of the lookout.

So who is responsible for the covered-up murder? A group G is causally responsi-
ble for k ∧¬witness iff G has deliberately seen to it that k ∧¬witness and none
of its proper subgroups has seen to it that k∧¬witness. Obviously, k∧¬witness
is not necessary, so at least someone is causally responsible for it. As we have
shown:

M,w2 |= [stit]a,b(k ∧¬witness)∧ [stit]a,c(k ∧¬witness)∧ [stit]Ags(k ∧¬witness)

Since {a, b}, {a, c} ⊂ Ags and both of these groups have seen to it that the
covered-up murder happened, we can exclude Ags: M,w2 ̸|= ∆min

Ags(k∧¬witness).
We have previously shown that no individual agent has seen to it that the covered-
up murder has happened. So no proper subgroup of {a, b} and {a, c} has seen to
it that k ∧¬witness. We conclude that M,w2 |= ∆min

a,b (k ∧¬witness)∧∆min
a,c (k ∧

¬witness). So, surprisingly, two groups are casually responsible for the covered-
up murder: the killer with the lookout and the killer with the passerby. If the
former comes as no surprise, the latter is highly implausible: the passerby has no
ties with the killer whatsoever!

In defense of the definition given in [Ser21], one may argue that it is still plausible
to hold the killer and the passerby causally responsible for the covered-up murder
(and the definition explicitly states to concern causal responsibility only). This
attribution strikes as counterintuitive, because it ignores agents’ knowledge and
intention about what they have done. If we take knowledge into account, then
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we can easily distinguish the killer and the lookout as the only responsible group.
The story seems to imply that the killer and the lookout had common knowledge
that they were causing the covered-up murder, unlike the passerby, who was
clueless about what was going on. Therefore, two groups, {a, b} and {a, c}, have
caused the cover-up murder, but only the former has done it knowingly.

In reply, we say that there is still a difference between a group that unknow-
ingly or unintentionally does something together and just a set of independent,
simultaneously acting agents. It is not the case that the group {a, c} lacks some
knowledge about their group action: they lack group agency as such! To clarify
the difference, we can compare it with clueless agents and non-agential indeter-
ministic processes. For instance, think of a child who plays with a lighter in their
parents’ house, and it starts a fire. We hold the child causally responsible, since
his actions have caused the fire. We will not hold him responsible in general,
since the child was clueless about what he was doing. Compare it with a natu-
ral stochastic phenomenon such as lightning. The lightning strikes the roof of a
house and, just like the child, causes a fire. Yet it seems meaningless to attribute
the lightning even causal responsibility for the fire, since the lightning is not an
agent at all. We argue that, in the sense of group agency, a set of independent
agents relates to the unknowingly acting group in the same way that the lightning
relates to the child with a lighter. The latter is an agent with a lack of knowledge
about its own actions; the former is not an agent at all.

3.3 Envoi

In this chapter, we have described three different MAMLs. All three have the
same characteristic feature: every set of agents is a group, while the group notion –
common knowledge, coalitional power, or group action – is semantically reducible
to the individual notions. In some formalisms, this feature is harmless, while
in others it causes serious conceptual problems. In LEL, we get harmless yet
pragmatically questionable common knowledge attributions. In LCL, we get both
pragmatically questionable and conceptually wrong attributions of the coalitional
abilities, especially when it comes to coordination. LSTIT , being strictly more
expressive, inherits the issues of LCL, but it gets further. Treating any set of
agents as a group leads to conceptually wrong responsibility attributions, while
modeling responsibility is one of the main use-cases of the STIT logic (if not the
main one).

It is common to combine the MAMLs we have seen. Epistemic CL allows us to
reason about what agents know about their own and other abilities, and what they
can get to know [ÅA12]. Epistemic STIT logic provides us with tools to reason
not only about what agents have and could have done, but also what they know
about their own actions and actions of others [Kun+25]. With such combinations,
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we get a lot of new expressivity and themes to explore: for instance, we can show
the difference between having an ability ([i]φ), knowing about having the ability
(Ki[i]φ), and being able to knowingly realise this ability (3Ki[stit]iφ). On the
other side, we get all the conceptual issues combined.

Treating any set of agents as a group is not only conceptually problematic. It
also makes the formalisms computationally costly. Specifically for group STIT,
the logic was proven to be finitely unaxiomatizable in cases we have at least
three agents; the satisfiability problem in the same cases is undecidable [HS08].
Surprisingly, if we syntactically restrict the language LSTIT in a way, such that
for some sets of agents G ⊆ Ags there is no corresponding modality [stit]G, we
get finitely axiomatizable and decidable fragments [Sch12]. So we have a twofold
motivation to “fix” the overly simplistic definition of groups in MAML: on the one
hand, we will obtain conceptually better motivated formalisms; on the other hand,
there is a promise that our formalisms will be computationally and metalogically
better behaved.

In the next chapter, we develop logical theories of collective intention that will
allow us to refine the group notions in MAMLs.



Chapter 4

Logics of collective intention:
Bratmanian version1

As we have shown in the previous chapter, MAMLs suffer from both metalogical
and conceptual shortcomings because of an overly simplistic definition of groups.
As we have argued in Chapter 2, a set of agents can be treated as a group iff
these agents share representational and motivational states, and act based on
them. As for group representational states, we have treated common knowledge
and common belief as such. We have not encountered any significant problems
(or at least have abstracted away from them) in the classic formalization of these
notions in Section 3.1. In the following two chapters, we focus on developing a
logic of collective intention that will serve as a formal theory of group motivational
states.

Conceptually, we have two conflicting theories of collective intentions. One argues
that collective intention is nothing but an aggregation of individual conditional
intentions that are intertwined in a specific way. The other, on the contrary,
argues that collective intentions are irreducible: they are not completely inde-
pendent from the individual intentions of group members, but cannot be reduced
to them. We have seen sufficiently many examples of particular collective in-
tentions being plausibly explained as either the aggregation of interdependent
conditional intentions or as a holistic intention of a group. Moreover, this debate
is definitely extra-logical. As Arthur Prior once beautifully said about temporal
logic:

1Section 4.1 of this chapter is based on the paper Daniil Khaitovich. Logic of Conditional
Intention, which is currently under review [Kha26a].
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The logician must be rather like a lawyer [...] in the sense that he
is there to give the metaphysician, perhaps even the physicist, the
tense-logic that he wants, provided it be consistent. He must tell his
client what the consequences of a given choice will be [...] and what
alternatives are open to him; but doubt whether he can, qua logician,
do more. [Pri67, p.59]

We agree and share the same sentiment about logics of group agency. As logicians,
we are not in a position to tell social ontologists what to believe about social
ontology. So instead of arguing in favour of one of the theories, we suspend our
philosophical judgment here and formalise both.

We begin in this chapter by formalising the theory of shared intention à la Brat-
man. First, we develop a general theory of conditional intentions, as they play
a central role in our story (Section 4.1). Then, we extend the framework to a
multi-agent modal logic and narrow our focus to agents’ intentions conditional
on one another’s actions (Section 4.2). In this logic, we define groups’ shared
intentions as agglomerations of interdependent conditional intentions. Since we
reduce shared intention to the aggregation of individuals’ propositional attitudes,
without postulating any group notions, neither semantically nor syntactically,
our formalism is ontologically and conceptually conservative. Then, we prove
that our postulation of rationality constraints on individuals’ conditional inten-
tions suffices to ensure that the shared intentions of these agents satisfy analogous
constraints, which makes the formalism normatively conservative (Section 4.2.1).

4.1 Setting the stage: the logic of conditional

intention

This section is based on [Kha26a].

Since the foundational paper of [CL90a], logicians are developing models of prac-
tical reasoning that incorporate intention as a separate, irreducible propositional
attitude.2 Philosophers of action and legal theorists lately emphasise the primary
role of conditional intentions.3 Broadly, conditional intention is a contingent
commitment to a course of actions, which depends on a certain condition. For
example, if someone unconditionally intends to go for a walk, then they are com-
mitted to do so no matter what; but if they intend to go for a walk in case of
good weather, then they are committed to go for a walk as soon as they are sure
that the weather is nice. Some philosophers argue that most real world intentions
are conditional in nature: “Often even an emphatic unconditional profession of
intention such as ‘I intend to φ at all costs’ or ‘I will φ no matter what’ is not

2See the introduction in [LH08] for a brief overview of logics of intention.
3See the introduction to [Lud15] for an overview of conditional intention research.
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to be taken literally given that one is not really willing to φ at the price of losing
one’s life or making Heavens fall. Most intentions appear to be conditional in
their ’deep structure’ even when the conditions are not explicitly stated” [Fer09,
p.700].

The neglect of conditional intention may have drastic consequences. For instance,
in several legal systems, mens rea4 was defined in terms of unconditional intention
alone. This narrow formulation created a loophole: defendants could evade re-
sponsibility by claiming their actions were guided only by conditional intentions,
which did not qualify as sufficient for mens rea.

Irwin grabbed a woman visiting another prisoner and held a knife to
her throat, threatening to kill her if he was not released. A jury con-
victed him of assault with intent to kill and he appealed on the grounds
that he did not intend to kill the woman but intended only to kill her
if his demands were not met. The Court of Appeals reduced his charge
to one of assault without the requisite intention [Yaf04, p.275].5

Modal logics of propositional attitudes, including unconditional intention, are
used to characterise mens rea in normative reasoning [Bro11a; LLM14; AB22].
As the mentioned legal cases indicate, conditional intentions are crucial if we
want to account for mens rea. On top of our interest to conditional intentions as
participatory, the concern around mens rea further motivates the need to develop
a logical theory of conditional intentions, which, to our knowledge, has not been
done yet.

4.1.1 Philosophical theories of conditional intention

We adopt the general view on intention simpliciter à la Bratman [Bra87]: inten-
tion is a commitment to a plan of action. Following [CL90a], the view can be
sloganised as “intention is a choice with commitment”.6 As for conditional in-
tention, we rely on theories of [Fer09; Lud15] that also inherit Bratmanian ideas.
Conditional intention is a commitment to a contingent plan of action. When one
says “I intend to φ if ψ”7, one expresses a commitment to φ upon learning that
ψ holds.

4Mens rea is a legal term meaning “the mental element necessary to convict for any
crime”[Say32].

5Similar cases happened in the U.S. and Great Britain, where analogous arguments were
successfully used by defendants that were suspected of attempted theft, car hijacking, and
some other crimes. A brief overview of these cases can be found in [Yaf04; Cam82].

6For the detailed overview of Bratman’s views on intention in practical reasoning and their
expansion in other fields, the reader may consult [Bra87; CL90b; BG23].

7Throughout the text, we use one intends to φ as an abbreviation for one intends to bring
about that φ.
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While searching for a suitable theory of conditional intention, one may try to re-
duce the conditional intentions to the unconditional ones via material implication
for the sake of parsimony. Unfortunately, such a reduction cannot be done. To
clarify why it is impossible, we look into the next example borrowed from [Fer09,
p.703]:

A nurse intends to change the patient’s dressing, in case he is still
alive.

Let us try to explain what does this sentence mean using only unconditional
intention. At the first glance, we have at least two possible interpretations: de
re and de dicto. De re interpretation is “the nurse intends that if she knows that
the patient is alive, then she changes his dressing” (Int(K alive → change)), de
dicto is “if the nurse knows that the patient is alive, then she intends to change
his dressing” (K alive → Int change).8 If we take the de re variant, then it
suffices for the bearer of intention to falsify the antecedent to vacuously satisfy the
intention. In this context, the nurse can kill the patient to make the implication
Kalive→ change vacuously true, which seems not to be what she really intends.
In case of de dicto, if the bearer of the intention does not know whether the
antecedent holds, nothing can be derived about her intentions from the de dicto
statement. In our example, if the nurse does not know the patient is still alive, it
does not follow that she has any intention, hence she might not be committed to
any actions. On the contrary, it seems that even before the nurse gets to know
that the patient is alive, she has a certain motivation to do some actions: be
prepared to change the patient’s dressing, make sure that it will be possible to do
so, etc. In other words, even if an agent is unaware whether the antecedent holds,
the proposition about the conditional intention still tells us something about the
motivational state of this agent.

Therefore, neither de re nor de dicto interpretations account for the conditional
intention in question, since by falsifying the antecedent of both formulations,
we can trivialise the intention in undesirable ways. Since we need to distinguish
between conditional intention and (necessary) material implications, from now on
we will use different grammatical constructions for them. Namely, for conditional
intention we will use “one intends that φ in case of ψ”, while if-then will be
reserved for material implication.

Two more plausible interpretations of conditional intention go beyond de re and
de dicto reductions. We adopt the terminology of [Fer09] and call them precon-
ditional and restrictive conditional intention:

1. Preconditional intention: one preconditionally intends to φ in case of ψ iff ψ
is a necessary means of bringing about that φ. Several examples: I intend to

8Here we use pseudo-language, where Intφ stands for “the nurse intends that φ”, Kφ stands
for “the nurse knows that φ” and → is interpreted as material implication.
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take a bus, in case the bus is coming; I intend to pay, in case I have money.
In all these cases, one cannot do what is intended unless the condition of
the intention holds. Obviously, it is not enough to falsify the precondition
to satisfy the preconditional intention: the bearer of the intention usually
wants the precondition to hold, since it is necessary to satisfy the intention.

2. Restrictive conditional intention: one has a restrictive conditional intention
to φ in case of ψ iff one is committed to φ only when one is sure that ψ
obtains, otherwise, one lacks reasons to φ. In other words, the condition
of one’s intention restricts the scope of situations under which the agent is
committed to a certain course of action. Some examples: I intend to take
a walk in case it does not rain; I intend to go to a library in case it is noisy
at my office. In all the listed cases, the condition motivates one to fulfil
the intention, while it is not a necessary means of doing so: one can go to
a library even if it is perfectly quiet in one’s office or go for a walk in the
rain, but may not be motivated to do so. The nurse of our example has a
restrictive conditional intention as well. She intends to change the patient’s
dressing in case he is still alive; otherwise, she still can do that, but there
is no reason to do so.

Note that those are not two rival interpretations of the same phenomena, but
rather two closely related concepts: conditional intention is an umbrella term for
both of them.

Following [Lud15], we state that conditional intention can indeed be reduced9

to an intention simpliciter in two cases. Namely, if a (pre)condition is intended
or known. For example, if I intend to be at the train station on time with a
precondition that I get up early, and I intend to get up early, then I simply
intend to wake up early and be at the train station on time. The same applies
to the restrictive conditional intention: going back to the nurse example, if she
intends to assist the patient in case she is sure that he is alive, while having full
control over his life and intending to save him, then she simply intends to save him
and assist him after. As for known conditions, it seems natural to assume that
there is no need to conditionalise our intentions on propositions that we know are
true: “If one knows that a condition obtains, it is not a contingency, but simply
part of the background of planning. A condition is therefore a candidate for being
a conditional intention’s antecedent (in brief, can be an antecedent) only if one
does not take oneself to know it obtains.” [Lud15, p.38].10

Taking it all together, we understand the conditional intention to φ in case of ψ

9By reducibility of a conditional intention to the unconditional one we mean bi-conditional
of the form Intψφ↔ Intφ, where Intφ denotes an unconditional intention to φ. We will clarify
and formally define the grounds for such a reduction in the following sections.

10In [Fer09], it is argued that one may have an intention conditional on a known proposition.
For a discussion between the two authors on that topic, see [Lud15; Fer15].
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as a contingent commitment of its bearer to φ in case she gets to know that ψ
obtains. ψ may be a reason or a means for the agent to φ. The notion is equivalent
neither to de re nor to de dicto interpretations via unconditional intention and
material implication. In irreducibly conditional intention, the condition should
neither be intended nor known.

4.1.2 Logical challenges

We proceed by deriving logical challenges from the philosophical theories of con-
ditional intention. This way, we state the plausibility criteria that the modal logic
of conditional intention should satisfy. First, we define a formal language we are
to work with, so that it is easier to talk about logical properties we are interested
in. Given some countable set of propositional variables V ar = {p1, p2, . . .}, we
define the formal language L of conditional intention logic:

L ∋ φ ::= p | ¬φ | (φ ∨ φ) |2φ | Intφφ

where p ∈ V ar. The reading of negation, disjunction, and all the derived Boolean
connectives and constants (⊥, ⊤, ∧, →, ↔) is standard. 2φ reads as “it is
necessary that φ” or “φ is a priori true”. We use the following standard acronym
for the a priori possibility: 3φ := ¬2¬φ.

Intφψ stands for “the agent implicitly intends that ψ in case of φ”. By implicit
intention, we mean that ψ a priori follows from what the agent intends in case
of φ. It might be either an intended consequence or just a side-effect. For now,
every time we write “the agent intends that φ conditional on ψ”, we mean the
implicit intention, unless stated otherwise. We write simply Intφ instead of Int⊤φ
and read it as “the agent intends that φ”. Our language does not distinguish
between preconditional and restrictive conditional intentions: both are formalised
as Intψφ.

We list some desirable and undesirable logical principles that follow from philo-
sophical literature on (conditional) intention and the stances we have outlined.
According to a generally accepted rationality constraint [Bra87; BG23; KP93;
RG97], agents’ intentions should be consistent. Analogously, agents’ conditional
intentions should be consistent w.r.t. the condition, i.e. if one intends to φ in
case of ψ, then φ and ψ should be mutually consistent [Fer09; Lud15]:

|= Intψφ→ 3(ψ ∧ φ) (4.1)

It is widely acknowledged that two intentions should also be consistent w.r.t. one
another: if one intends that φ and ψ (under the same condition), then it should
be possible that φ ∧ ψ (under that condition) [Bra87; CL90a]:

|= (Intψφ1 ∧ Intψφ2) → 3(ψ ∧ φ1 ∧ φ2) (4.2)
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Some authors, including Bratman [Bra87], go even further and argue that inten-
tions should not only be agglomerateable, but should in fact agglomerate:

|= (Intφψ1 ∧ Intφψ2) → Intφ(ψ1 ∧ ψ2) (4.3)

The agglomeration principle for intention is debatable. For instance, [Sve96]
contends that the unqualified version of this principle compels agents to form
“one enormous compound intention” [p. 517] to guide their actions, which may
undermine their ability to reason about such intention, given their boundedness
in cognitive resources. Nonetheless, there are ways to defend the agglomeration
of intentions against such a criticism; see, for example, [Zhu10] for a detailed
discussion. Since we interpret Intφψ as “ the agent implicitly intends that
ψ conditional on φ”, then agglomeration is natural: the “enormous compound
intention” is a logical consequence of what the agent intends, but may not be
explicitly present in her motivational attitude.

As we have pointed out in the previous section, if a condition of a conditional
intention is known or intended, the conditional intention should be reducible to
the unconditional one:

|= 2φ→ (Intφψ → Intψ) (4.4)

|= Intφ→ (Intφψ → Intψ) (4.5)

Next, we move to the undesirable principles. Following insights from the pre-
vious section, the condition of a conditional intention should be either a reason
or a means for an agent to commit to a certain action. Obviously, not every
proposition of our language expresses a reason or a means to act. Some proposi-
tions are completely irrelevant to the agent’s practical reasoning; hence, they are
not rationally pressured to form a contingent commitment for every proposition.
Formally speaking, the following set of formulae should be satisfiable for some
φ: {¬Intφψ | ψ ∈ L} (i.e., the agent does not intend anything conditional on
φ). Therefore, the success axiom, which is commonly accepted in logics of condi-
tional propositional attitudes [Che75; BS06], should be falsifiable in the logic of
conditional intention:

̸|= Intφφ (4.6)

For example, one may intend avoiding driving the wrong lane: Int¬wrong lane.
It implies that in case one ends up driving the wrong lane, it will be done un-
intentionally. So it seems strange to say that such an agent is rationally pres-
sured to intend that she drives the wrong lane in case she ends up doing so:
¬Intwrong lanewrong lane.

Next, we face the issue of monotonicity. By unrestricted monotonicity we mean
the following:

Intφψ → Int(φ∧θ)ψ (Mon)
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i.e., conditional intention is safe under logically stronger conditions. We reject
unrestricted monotonicity, since agents can accept “plan-B intentions” without
breaking any rationality constraints. For example, an agent may intend to go
for a walk in case it is sunny and, as a plan-B, intend to stay home in case it
is sunny but she has not gone for a walk for whatever reason. Since the second
intention explicitly specifies what to do in case the first one has failed, the bearer
of such intentions will never find herself in a situation where mutually inconsistent
conditions of both contingent commitments in question hold. Formally:

Int(sunny∧¬walk)home, Intsunnywalk ̸; Int(sunny∧¬walk)walk

where ; is a symbol to denote an intuitive notion of entailment in the ordinary
language. On the other hand, monotonicity seems plausible when we do not deal
with plan-A and plan-B intentions. For instance, if someone deliberates about
what to do when it is sunny or windy, and intends to stay home in case it is
windy, it is reasonable to assume she also intends to stay home in case it is both
windy and sunny:

Intwindyhome; Int(sunny∧windy)home

As these examples indicate, unrestricted monotonicity is too limiting because it
prevents agents from having rational plan-B intentions.

Intφψ ̸|= Int(φ∧ϑ)ψ (4.7)

Some weaker forms of monotonicity should also fail. Even if what is intended
conditional on φ is consistent with the stronger condition φ∧ϑ – and even if it is
consistent with the intentions under that stronger condition – it is not sufficient
to ensure that the intention is safe under that stronger condition:

Intφψ ∧3(φ ∧ ϑ ∧ ψ) ̸|= Int(φ∧ϑ)ψ (Mon1)

Intφψ ∧ ¬Int(φ∧ϑ)¬ψ ̸|= Int(φ∧ϑ)ψ (Mon2)

For instance, assume an agent plans to go for a run in case of good weather. As
part of that plan, she intends to wear running clothes in case the weather is good.
She also has a backup plan: if the weather is good, but she has failed to go for a
run, she intends to stay home instead. Obviously, she can wear running clothes
even if she does not go running. Her backup plan does not specify what to wear,
so she does not intend not to wear the running clothes in case she fails to go for a
run on good weather. Still, the agent is not rationally pressured to intend to put
on the sportswear in case the weather is good, but she does not go for a run. To
wear the running clothes is a part of the agent’s primary plan – to go for a run
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conditionally on good weather – that happens to be consistent with her backup
plan – to stay home conditionally on the good weather and the failure to go for
a run. However, within the context of the backup plan, this part of the primary
plan (to put on the sportswear) serves no purpose.

Formally, let φ, ϑ, and ψ be formulae denoting “the weather is good”, “one is
not going for a run”, and “one puts on the running clothes”, respectively. Then,
the story we have just presented constitutes a counterexample for the two weaker
forms of monotonicity described above.

So to adequately capture the failure of monotonicity, we should track which inten-
tions are parts of which plans. Given two conditions φ and φ ∧ ϑ, if one intends
that ψ conditional on φ, whether one is rationally pressured to intend that ψ
conditionally on φ ∧ ϑ depends on whether φ ∧ ϑ contradicts the whole plan the
agent has conditional on φ, not just the separate conditional intention that ψ.

We can look at a closely related logic in search of parallels: the logic of conditional
obligations. In normative systems, we often face requirements of the form “in case
of φ, it is obligatory that ψ”. We constantly face contrary-to-duty obligations
that specify what we are obliged to do in case we have failed to act upon other
obligations [PS96]. This sounds very similar to plan-B intentions. Contrary-to-
duty obligations cause the logics of conditional obligations to falsify monotonicity,
but they are not the only reason. Consider the following example:

You ought not to act aggressively no matter what. (A)

In case you meet your worst rival, you ought to act aggressively. (B)

For A and B to be consistent, unrestricted monotonicity should fail. Such cases
are sorted out via the principle lex specialis derogat legi generali11: obligations
with more specific conditions override those with less specific ones [Tor94; Hor94].
Here, A has no condition whatsoever (or a trivial condition ⊤), while B has the
condition, which is why in case of a conflict we should follow B, not A.

The difference between obligations and intentions in this regard is that the former
may be exo- and heterogeneous. Obligations may come from different sources,
some of which are external forces, and this causes collisions [Owe16]. A number of
examples: one may be obliged not to be rude due to general etiquette and ought
to be rude to a specific person due to a custom in the given social context; one may
have an obligation not to restrict anyone’s freedom of speech, which yields from
Universal Declaration of Human Rights, and ought to actively suppress certain
kind of expressions due to domestic law of a certain country; one ought to avoid
unnecessary spending due to economic rationality and ought to spend money
on a specific unnecessary present as a sign of generosity due to a social norm.

11The specific law overrides the general law.
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Unlike obligations, intentions are indo- and homogenous. They only come from
the practical reasoning of the bearer of the intention, and no external force can
put an intention in someone’s mind [Bra87]. Therefore, collisions, analogous A-B,
can be avoided for intentions. Using the very same example, it seems irrational to
simultaneously intend not to be aggressive to anyone and intend to be aggressive
to one’s rival. One’s intention is only up to oneself, so even if one is confronted
with two contradictory requirements from two different sources, one needs to
choose which (if any) to follow and formulate the intention accordingly.

We take an intermediate position between unrestricted monotonicity, which is
too strong, and lex specialis derogat legi generali, which is too weak. Namely, our
principle is antecedent-consequent consistency. Given two conditions φ and φ∧ϑ,
as soon as everything the agent intends in case of φ is consistent with φ ∧ ϑ,
the agent should intend it in case of φ ∧ ϑ as well. In other words, if one has an
intention conditional on φ, one must save that intention under a logically stronger
condition φ∧ϑ, as soon as that stronger condition does not contradict one’s plan
for what to do in case of φ. Such a solution still allows agents to have plan-A
and plan-B intentions: the condition of plan-B contradicts what is intended in
plan-A, therefore, our principle will not pressure agents to merge such plans into
one contradictory plan.

To motivate our principle, we provide a number of examples. Let us go back to
the following pair of statements, which expresses plan-A and plan-B intentions
and intuitively should be consistent:

In case it is sunny, Inne intends to go for a walk. (C)

In case it is sunny, but Inne is not going for a walk, Inne intends to stay home.
(D)

Obviously, from C it does not follow that Inne intends to go for a walk in case it is
sunny and she is not going for a walk: the condition sunny∧¬walk contradicts her
intention to go for a walk, so monotonicity may fail here. Therefore, C and D do
not lead us into inconsistency. On the contrary, the following pair of statements
should rightfully lead us to inconsistency:

In case it is sunny, Inne intends to go for a walk. (E)

In case it is windy, Inne intends to stay home. (F)

Intuitively, E-F should not be consistent. Let us assume that it is sunny and
windy. Should Inne still follow E or F? In case it is sunny and windy, Inne still
can go for a walk or stay home; nothing rationally pressures her to abandon any
of her conditional commitments, but it is impossible to fulfill them both.

E-F are indeed inconsistent, following our monotonicity principle. Everything
Inne intends in case it is sunny – to go for a walk – is still possible to do in case
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it is sunny and windy, therefore Inne must intend to go for a walk in case it is
sunny and windy. Analogously, Inne is also required to intend to stay home in
case it is sunny and windy, but it is impossible to simultaneously stay home and
go for a walk. Therefore, if we adopt the proposed monotonicity principle, E-F
together with 4.1 and 4.3 lead us to inconsistency, as we would intuitively expect.

To conclude this section, we have outlined two major challenges for the logic of
conditional intention: cautious selection of conditions and restricted monotonic-
ity. Both challenges pose specific requirements that are caused by our conceptual
view on conditional intention, therefore, we cannot simply borrow solutions from
“neighboring” logics, such as logics of conditional belief or conditional obligation.
As for the selection of conditions, we will use the modification of formalisms pro-
posed in [Che75]. Namely, as we are to see in the following section, we can make
set-selection functions partial to avoid the conditionalization of intentions on any
proposition whatsoever. As for restriction on monotonicity, we have argued for a
principle that is stronger than lex specialis derogat legi generali : according to our
principle, conditional intention should be monotonic, as soon as strengthening of
the condition does not contradict the primary intention. In the following section,
we will give a formally precise definition of this principle and show with examples
why it works better than lex specialis derogat legi generali.

4.1.3 Formal semantics

Having pointed out the logical challenges and our views on them in Section 4.1.2,
we present formal semantics for L. We implement models with set-selection
functions à la [Che75].

4.1.1. Definition (C-frames and models). A class of conditional frames C con-
sists of tuples of the form F = (W, f), where:

1. W ̸= ∅ is a set of practically possible worlds. By practical possibility, we
mean that worlds of W are possible with respect to actions that the agent
can perform. If a world is logically possible but would not be real no matter
what the agent does, it is not practically possible. For example, whilst it is
logically possible that the agent in question has never been born, it is not
practically possible;

2. f : (W × 2W ) → 2W is a partial set selection function, which takes a
possible world, a proposition P ⊆ W 12 and in case the agent conditionalises
her intentions on P in w, returns a set of conative P -alternatives of w, i.e.
a set of possible worlds, where agent’s intention in case of P is satisfied. f
function has the following additional properties:

12Following Chellas, we will call sets of possible worlds P ⊆ W propositions [Che75]. The
reader should not confuse propositions in this sense with propositional variables, i.e. p1, p2, . . . ∈
V ar.
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(a) If f(w,P ) is defined, then f(w,P ) ∩ P ̸= ∅: agent’s intentions in case
of P are consistent with P ;

(b) If f(w,P ) and f(w,Q) are defined, while P ∩Q ̸= ∅, then f(w,P ∩Q)
is defined: if P and Q are mutually consistent reasons or means for
agent’s actions, then P ∩Q is one as well;

(c) If f(w,P ) and f(w,P ∩Q) are defined and f(w,P )∩P ∩Q ̸= ∅, then
f(w,P ∩ Q) ⊆ f(w,P ): in case everything the agent intends in case
of P is possible to realise in case of P ∩Q, her P ∩Q-intention should
include her P -intention;

(d) Given that f(w,P ) is defined, if f(w,P ) ⊆ Q and f(w,P ∩ Q) is
defined, then f(w,P ) = f(w,P ∩ Q): if agent intends that Q in case
of P , then P -intention and P ∩Q-intention are the same.

As usual, every frame F = (W, f) ∈ C can be extended to a model M = (F, V )
with a valuation function V : V ar → 2W .

4.1.2. Definition (Semantic clauses for L). Given a model M = (W, f, V ) and
a possible world w ∈ W , where JφKM := {w ∈ W |M,w |= φ}, the satisfiability
relation |= is inductively defined as follows:

M,w |= p⇔ w ∈ V (p)

M,w |= ¬φ⇔M,w ̸|= φ

M,w |= φ ∨ ψ ⇔M,w |= φ or M,w |= ψ

M,w |= 2φ⇔ ∀v ∈W : M, v |= φ

M,w |= Intφψ ⇔ f(w, JφKM) is defined and f(w, JφKM) ⊆ JψKM

M |= φ means that M,w |= φ for every w ∈ W . F,w |= φ means that (F, V ), w |=
φ for every valuation function V . F |= φ means that F,w |= φ for every w ∈ W .
C |= φ means that F |= φ for every F ∈ C. When the class of frames is clear
from the context, we write |= φ. In that case, we say that φ is valid.

We introduce a useful acronym: [C]φ := Intφ⊤. Intuitively, [C]φ means that the
agent conditionalises her intentions on φ. Formally, M,w |= [C]φ iff f(w, JφKM)
is defined.

Although we are using the standard set-selection functions for conditionals, there
are two critical differences with the semantics proposed in [Che75]. The first
difference is our interpretation of the set W . Namely, we take W to be a set
of practically rather than logically possible worlds. We take the agent to be
reasoning about some practically feasible options she chooses, so she is free not
to take into account some purely logical possibilities that are irrelevant to her
practical matters. The second difference is that the set-selection function f is
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partial: for some proposition P and some possible world w, f(w,P ) may be
undefined, which means that P is not a reason or a precondition for any action
the agent deliberates over in w.

Despite the partiality of f , there are no truth-value gaps. From Def. 4.1.2 it fol-
lows that if f(w, JφKM) is undefined, then M,w |= ¬Intφψ for any ψ. If the agent
does not conditionalise her intention on φ, then the agent does not intend anything
at all conditional on φ. E.g., f(w, JφKM) is undefined iff M,w |= ¬Intφ⊤. This is
an iff-statement, since if f(w, JφKM) is defined, then f(w, JφKM) ⊆ J⊤KM = W by
definition. This feature of partiality grounds our interpretation of the acronym
[C]φ. If the agent has some intentions conditional on φ, then whatever is intended
in case of φ, ⊤ is an a priori consequence of such an intention. [C]φ := Intφ⊤
says nothing informative about what is intended in case of φ, but expresses that
at least something is intended in case of φ, i.e., φ is a condition.

Since there exists a pointed model (M,w), where the agent does not intend any-
thing whatsoever conditional on φ, including tautologies, Intφ-modality is not
normal. Namely, the rule of necessitation fails for Intφ: from |= ψ it does not
follow that |= Intφψ. For instance, take any pointed model (M,w), such that
f(w, V (p)) is not defined. Then, M,w ̸|= Intp⊤, while |= ⊤.

To demonstrate how the conditional models handle non-monotonicity, we proceed
with an example.

4.1.3. Example. Imagine a self-driving car Dosen with two sensors: the first
detects other cars around Dosen and the second detects pedestrians who happen
to be on the road. Dosen unconditionally intends to avoid road accidents no
matter what: Int¬crash. It is the strongest unconditional intention of Dosen. If
the first sensor reports that there are no cars in the traffic on the left side, then
Dosen intends to turn to merge in: Intfreeturn.

Dosen has the following true statements in its’ knowledge base. If it tries to
take a turn while there is a pedestrian on the road on the same side, it will
inevitably lead to an accident: 2((turn ∧ human) → crash). There may be no
cars, but a pedestrian on the same side of the road: 3(free ∧ human). Dozen
can avoid the accident when there is a pedestrian and no cars on the same side:
3(free ∧ human ∧ ¬crash).

Dosen tries to form an intention of what to do in case there are no cars but a
pedestrian on the left side of the road. If he had adopted lex specialis derogat
legi generali, then the more specific intention to merge in case there is a space
free of cars would override the unconditional intention not to crash. In other
words, if there was free space and a pedestrian on the road, Dosen would intend
to merge even though it would lead to a road accident. Obviously, we do not
want Dosen to reason in such fashion. Using our logic, can Dosen figure out what
to do in case there are no cars on the left side, but there is also a pedestrian (i.e.



72 Chapter 4. Logics of collective intention: Bratmanian version

free ∧ human)?

Assume a model M = (W, f, V ) for this case, where w ∈ W is the real world. For
the sake of brevity, we will not fully specify the whole model. Assume that Dosen’s
intentions are specified for three conditions: no matter what, i.e. f(w,W ), there
are no cars on the left, i.e. f(w, JfreeK), and there are no cars but a pedestrian,
i.e. f(w, Jfree ∧ humanK). We know Dosen’s strongest unconditional intention,
to avoid crashes, i.e. f(w,W ) = J¬crashK; In case of free space, Dosen intends
to take a turn, i.e. f(w, JfreeK) ⊆ JturnK. Since f(w, Jfree ∧ humanK) is de-
fined, Dosen has specified some intention what to do in case there is a free space
and a pedestrian on the left. We argue that this intention is consistent with
Dosen’s unconditional intention. As stated in Dosen’s knowledge base, it is pos-
sible to avoid a crash while there is a pedestrian and free space to the left, i.e.
J¬crash ∧ free ∧ humanK ̸= ∅. In other words, everything Dosen intends uncon-
ditionally is possible to realise in case there are no cars and a pedestrian on the
left. Therefore, by 2(d) of Definition 4.1.1, f(w, Jfree ∧ humanK) ⊆ f(w,W ) ⊆
J¬crashK. Then, f(w, Jfree ∧ humanK) ⊆ J¬crashK. By definition of |=, it fol-
lows that M,w |= Intfree∧human¬crash.

We also argue that free-intention is not monotonic w.r.t. free ∧ human-intention,
i.e.:

f(w, Jfree ∧ humanK) ̸⊆ f(w, JfreeK)

To see it, recall that, as we have just shown, f(w, Jfree ∧ humanK) ⊆ J¬crashK
and, as specified by example, f(w, JfreeK) ⊆ JturnK. For the sake of con-
tradiction, assume that Dosen intends to take a turn in case there is a free
space and a pedestrian on the left, i.e. f(w, Jfree ∧ humanK) ⊆ JturnK. Since
f(w, Jfree ∧ humanK) ⊆ J¬crashK, it follows that:

f(w, Jfree ∧ humanK) ⊆ J¬crash ∧ turnK.

Then, by 2(a), it should be possible that free ∧ human ∧ turn ∧ ¬crash. As
specified in Dosen’s knowledge base, in case he turns while there is a human,
it will necessarily lead to a crash, i.e. 2((human ∧ turn) → crash). Therefore,
Jfree ∧ human ∧ turn ∧ ¬crashK = ∅, what contradicts 2(a) of Definition 4.1.1.
To conclude, in case there is a free space and a pedestrian on the left of Dosen,
he still intends to avoid crashes and therefore does not intend to take turns:

M,w |= Int(free∧human)¬crash ∧ ¬Int(free∧human)turn

We proceed with showing some interesting (in)validities on conditional models.
First, the set of conditions is restricted, since f function is partial. In other
words, given any model M = (W, f, V ), f(w, JφKM) is not necessarily defined
for any w ∈ W and any φ ∈ L, hence, ̸|= [C]φ. By the same reason, success
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axiom (4.6) fails: ̸|= Intφφ. Moreover, the success axiom can be falsified even
if the condition is defined: ̸|= [C]φ → Intφφ, since it is not necessarily so that
f(w,P ) ⊆ P .

Second, our logic indeed validates 4.1-4.5:

4.1.4. Proposition. The following principles are valid in the class of C-frames:

|= Intψφ→ 3(φ ∧ ψ) (4.8)

|= (Intφψ1 ∧ Intφψ2) → Intφ(ψ1 ∧ ψ2) (4.9)

|= 2φ→ (Intψ ↔ Intφψ) (4.10)

|= [C]φ→
(
Intφ→ (Intψ ↔ Intφψ)

)
(4.11)

Proof:
(4.8) holds, because of condition 2(a) of Definition 4.1.1; (4.9) holds, since if
f(w, JφK) ⊆ Jψ1K and f(w, JφK) ⊆ Jψ2K, then f(w, JφK) ⊆ Jψ1 ∧ψ2K. (4.10) holds,
because if M |= 2φ, then JφKM = J⊤KM , i.e. f(w, JφKM) = f(w, J⊤KM). (4.11)
holds, because of the condition 2(d) of Definition (4.1.1). 2

Note that from (4.8) it follows that an agent does not conditionalise her intentions
on a priori false propositions: |= 2¬φ → ¬Intφψ. From (4.10) it follows that
if the proposition is a priori true, then any intention conditional on it is just an
unconditional intention: |= 2φ → (Intφψ ↔ Intψ). Therefore, our logic reflects
Ludwig’s thesis about conditions of intentions being “as yet unsettled for us”
[Lud15, p.32]: in a genuine conditional intention, the condition is neither a priori
true, nor a priori false.

Third, we can deduce a restricted version of a free choice. The free choice is
a common inference pattern, where conjunctive meanings are derived from dis-
junctive modal sentences, which goes against the prescriptions of classical logic
[Alo22]. We will demonstrate it with a deontic case. In the ordinary language,
the expression “one may smoke on the balcony or outside” entails that one may
smoke on the balcony and one may smoke outside (here, Pφ reads as ”it is
permitted that φ”):

P (φ ∨ ψ) ; (Pφ ∧ Pψ) (4.12)

It is not hard to find the analogous cases for conditional intention. For example,
“I intend to buy some apples in case they are tasty or cheap” seems to entail that
I intend to buy apples in case they are tasty and I intend to buy them in case
they are cheap:

Int(φ∨ψ)θ ; (Intφθ ∧ Intψθ)

In our logic, free choice inference is possible under two reasonable restrictions.
First, such inference is possible if the agent conditionalises her intention on φ∨ψ,
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φ and ψ. Second, the inference is possible if there are no contradictions between
φ, ψ and what is intended in case of φ ∨ ψ. For example, assume that one
strongly prefers walking by foot to driving a car. Therefore, in case one is either
to drive or to walk, one intends to walk: Int(walk∨drive)walk. It is impossible to
simultaneously drive and walk: ¬3(walk∧drive). From this it seems implausible
to infer that one intends to walk in case one is driving (and in our semantics, it
indeed does not follow due to 2(a)):

¬3(walk ∧ drive), Int(walk∨drive)walk ̸|= Intdrivewalk

In all other cases, i.e. when an agent has an intention conditional on disjunction
φ ∨ ψ and both of the disjuncts, such that the intention in case of φ ∨ ψ is
consistent with both φ and ψ, the free choice inference is valid.

4.1.5. Proposition. The following principle is valid:

|= (¬Int(φ∨ψ)¬ψ ∧ ¬Int(φ∨ψ)¬φ ∧ [C]φ ∧ [C]ψ ∧ [C](φ ∨ ψ)) →
(Int(φ∨ψ)ϑ→ (Intφϑ ∧ Intψϑ))

Proof:
See Theorem 4.1.6 of the following section. 2

4.1.4 Logic, soundness, completeness

In what follows, we define an axiomatic system L (see Table 4.1 for the definition
of L) and prove it to be sound and complete w.r.t. the class of C-models.

(CPL) Tautologies of classical propositional logic
(S5) S5 axioms and rules for 2

(C) Intφψ → [C]φ
(K) Intφ(ψ → θ) → (Intφψ → Intφθ)
(U) (2ψ ∧ [C]φ) → Intφψ
(D+) Intφψ → 3(φ ∧ ψ)
(Cut)

(
[C]α ∧ [C](α ∧ ψ)

)
→

(
Intαψ → (Intαφ↔ Int(α∧ψ)φ)

)
(R-Mon) ([C]α ∧ [C](α ∧ β)) →

(
(Intαφ ∧ ¬Intα(α→ ¬β)) → Int(α∧β)φ

)
(C-inter) ([C]φ ∧ [C]ψ ∧3(φ ∧ ψ)) → [C](φ ∧ ψ)
(MP) If ⊢ φ and ⊢ φ→ ψ, then ⊢ ψ
(RN′) If ⊢ ψ, then ⊢ [C]φ→ Intφψ
(RE) If ⊢ φ↔ ψ, then ⊢ Intφϑ↔ Intψϑ

Table 4.1: Logic L
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Axiom (C) ensures that if the agent intends anything conditional on φ, then φ
should be a condition. (C-Inter) guarantees that whenever φ and ψ are consistent
conditions, φ ∧ ψ is a condition as well; this principle allows merging intentions
with consistent conditions. Axiom (K) guarantees that intentions agglomerate
and are closed under conjuncts, i.e. Intφ(ψ1 ∧ ψ2) ↔ (Intφψ1 ∧ Intφψ2). (U)
ensures that 2 behaves as a universal modality. (D+) ensures that conditional
intention is consistent. (Cut) is a generalization of a schema ([C]φ ∧ Intφ) →
(Intψ ↔ Intφψ), i.e., if the condition of one intention is (conditionally) intended,
such a conditional intention can be reduced.13 (R-Mon) corresponds to the re-
stricted monotonicity principle that we have argued for.

4.1.6. Theorem (Theorems and admissible rules of inference). The following are
derivable in L:

1. Intφψ → 3φ

2. Intφψ → ¬Intφ¬ψ

3. If ⊢ ψ1 ↔ ψ2, then ⊢ Intφψ1 ↔ Intφψ2

4. If ⊢ α→ β, then ⊢ Intφα→ Intφβ

5. From ⊢ ([C]φ ∧ [C]ψ ∧ [C](φ ∨ ψ)) and ⊢ (¬Int(φ∨ψ)¬φ ∧ ¬Int(φ∨ψ)¬ψ) it
follows that ⊢ (Int(φ∨ψ)θ → (Intφθ ∧ Intψθ)

Proof:

We derive only the last statement, since others are either easily derivable using
D+ and K axioms or known to be derivable by standard methods in normal modal
logics.14

13We call this axiom schema (Cut) as a reference to the cut rule for the logic of conditionals:
from ⊢ α > ψ ∧ (α ∧ ψ) > φ infer ⊢ α > φ, where φ > ψ reads as “conditional on φ,
ψ” [KLM90]. If we replace > with Int, we can rewrite it as an axiom in the following way:
Intαψ → (Int(α∧ψ)φ → Intαφ), which is one of the directions of the bi-implication in the
consequent of (Cut). The other direction – Intαψ → (Intαφ → Int(α∧ψ)φ) – follows from
(R-Mon), since from Intαψ, using (D+), it follows that ¬Intα(α→ ¬ψ). Hence, we could have
written the (Cut) axiom in a weaker form, exactly as it is in the conditional logics, without loss
of deductive power. We choose to write it in that redundant form just for the sake of intuitive
understanding of what the axiom means.

14See different formulations of normal modal logics K and D in [BRV01].
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1. ¬Int(φ∨ψ)¬φ ∧ ¬Int(φ∨ψ)¬ψ
2. Int(φ∨ψ)θ Assumptions
3. [C]φ ∧ [C]ψ ∧ [C](φ ∨ ψ)
4. ((φ ∨ ψ) → ¬φ) ↔ ¬φ CPL
5. (Int(φ∨ψ)θ ∧ ¬Int(φ∨ψ)((φ ∨ ψ) → ¬ψ)) → Int((φ∨ψ)∧ψ)θ R-Mon, 4
6. (φ ∧ (φ ∨ ψ)) ↔ φ CPL
7. (Int(φ∨ψ)θ ∧ ¬Int(φ∨ψ)¬ψ) → Intψθ 4-6, RE
8. Intψθ 1,2, 7. MP
9. Intφθ Analogously to 1-8
10. Intφθ ∧ Intψθ 8,9
11. Int(φ∨ψ)θ → (Intφθ ∧ Intψθ) 2-11, CPL
2

We move to proving the completeness of L. For any formula ϕ ∈ L, we will
construct a special finitary language Lϕ and build a canonical model in a standard
way, using maximal L-consistent subsets of Lϕ as possible worlds of the canonical
model. As a consequence, the canonical model for every formula will be finite;
hence, it follows that our logic has a finite model property.

4.1.7. Definition (Restricted languages). Take any formula ϕ ∈ L. By a modal
depth of ϕ, md(ϕ), we mean the deepest degree of nesting of modalities 2 and
Int in ϕ. In other words, md(ϕ) is recursively defined as follows:

md(p) = 0

md(¬ϕ) = md(ϕ)

md(ϕ1 ∨ ϕ2) = max(md(ϕ1),md(ϕ2))

md(2ϕ) = 1 +md(ϕ)

md(Intϕ1ϕ2) = 1 +max(md(ϕ1),md(ϕ2))

By V ar(ϕ) we mean the set of propositional variables that occur in ϕ.

For every formula ϕ ∈ L, we define a special restricted language Lϕ as follows:

Lϕ = {ψ ∈ L |md(ψ) ≤ md(ϕ), V ar(ψ) ⊆ V ar(ϕ)}

Given that (RE) rule is admissible for 2 and Int modalities15 and that there are
finitely many logically non-equivalent modal-free16 formulae that contain finitely
many propositional variables, Lϕ is finite modulo L17 for any ϕ.

15If ⊢ φ↔ ψ, then ⊢ 2φ↔ 2ψ, ⊢ Intφθ ↔ Intψθ, ⊢ Intθφ↔ Intθψ.
16A formula is modal-free iff its modal depth is 0.
17A set of formulae S is finite modulo L iff there are finitely many classes of logically equivalent

formulae in S. In other words, let [ψ] = {φ ∈ S | ⊢L ψ ↔ φ}. Then, S is finite modulo L iff
the set {[ψ] | ψ ∈ S} is finite.
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4.1.8. Definition (MCSs and binary relations on them). Given any formula ϕ ∈
L, let MCSϕ ⊆ 2Lϕ be a collection of maximal L-consistent sets of formulae
(shortly, mcs) of Lϕ. Note that MCSϕ for any ϕ is finite: Lϕ is finite modulo L
and for every ∆ ∈MCSϕ and φ ∈ Lϕ, φ ∈ ∆ iff {ψ ∈ Lϕ | ⊢L φ↔ ψ} ⊆ ∆.

Given any mcs Γ ∈ MCSϕ, let 2Γ = {2ψ ∈ Lϕ | 2ψ ∈ Γ} be a 2-theory of Γ,
i.e. all the 2-formulae that are in Γ. Then, [Γ]2 = {∆ ∈ MCSϕ | 2Γ = 2∆}
be a collection of maximal L-consistent sets of formulae that agree with Γ on all
2-formulae. For any φ ∈ Lϕ and any mcs Γ, IntφΓ = {ψ ∈ Lϕ | Intφψ ∈ Γ}.

4.1.9. Definition (Canonical model). Having some Γ ∈MCSϕ fixed, we define
a canonical model MΓ = (WΓ, fΓ, VΓ), where:

• WΓ = [Γ]2;

• For any φ ∈ Lϕ, φ̂ = {∆ ∈ WΓ | φ ∈ ∆};

• fΓ(∆, φ̂) =

{
{Σ ∈ WΓ | Intφ∆ ⊆ Σ} if [C]φ ∈ ∆

undefined otherwise

• VΓ(p) = p̂ for any p ∈ V ar.

Note that, since WΓ ⊆MCSϕ is finite modulo L, every ∆ ∈ WΓ contains finitely
many logically non-equivalent formulae. Hence, every canonical world ∆ has its
corresponding unique finite set of logically non-equivalent formulae S∆. Then,

any set P ⊆ WΓ corresponds to ̂∨
∆∈P

∧
ψ∈S∆

ψ. Therefore, any subset of possible
worlds P ⊆ W may be identified with some formula φP , such that φ̂P = P .

First, we are to check that a canonical model is in C.

4.1.10. Lemma (Any canonical frame is a conditional frame). For any Γ ∈MCSϕ,
(WΓ, fΓ) ∈ C.

Proof:
Since L is consistent, WΓ ̸= ∅ for any Γ ∈ MCSϕ. It is a routine to check that
fΓ : (WΓ × 2WΓ) → 2WΓ is a well-defined partial function of the corresponding
type.

2a: Assume that fΓ(∆, P ) is defined for some ∆ ∈ WΓ, P ⊆ WΓ. Then, P = φ̂
for some φ ∈ Lϕ and [C]φ ∈ ∆. For contradiction, assume that fΓ(∆, φ̂)∩ φ̂ = ∅.
Then, there is no canonical world Σ ∈ φ̂, such that Intφ∆ ⊆ Σ. Then, {φ}∪2Γ∪
Intφ∆ ⊢ ⊥. Then, (since 2Γ is consistent) there exists some ψ1, . . . , ψn ∈ Intφ∆,
such that 2Γ ⊢ ¬(φ∧ψ1 ∧ . . .∧ψn). From S5 for 2, 2Γ ⊢ ¬3(φ∧ψ1 ∧ . . .∧ψn).
Then, since ψ1, . . . , ψn ∈ Intφ∆, Intφψ1, . . . , Int

φψn ∈ ∆. By (K) and (RN’),
Intφ(ψ1∧. . .∧ψn) ∈ ∆. Since ¬3(φ∧ψ1, . . . , ψn) ∈ 2Γ ⊆ ∆, ¬3(φ∧ψ1, . . . , ψn) ∈
∆. Hence, Intφ(ψ1 ∧ . . . ∧ ψn) ∧ ¬3(φ ∧ ψ1 ∧ . . . ∧ ψn) ∈ ∆, which contradicts
(D+) axiom, which cannot happen, given that ∆ by definition is L-consistent.
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Therefore, fΓ(∆, P ) ∩ P ̸= ∅ for any ∆ and P , s.t. fΓ(∆, P ) is defined.

2b: If fΓ(∆, P ) and fΓ(∆, Q) are defined, while P ∩ Q ̸= ∅, then fΓ(P ∩ Q) is
defined. Follows directly from (C-Inter) axiom.

2c: If fΓ(∆, P ) and fΓ(∆, P ∩ Q) are defined and fΓ(∆, P ) ∩ P ∩ Q ̸= ∅, then
fΓ(∆, P ∩ Q) ⊆ fΓ(∆, P ). Assume that fΓ(∆, P ) and fΓ(∆, P ∩ Q) are defined.
Then, P = φ̂1, P ∩Q = φ̂2 for some φ1, φ2, such that φ̂2 ⊆ φ̂1 (i.e. φ̂2 = φ̂1 ∧ φ2),
and [C]φ1, [C]φ2 ∈ ∆. Assume that fΓ(∆, φ̂1) ∩ φ̂1 ∧ φ2 ̸= ∅. It means that
there exists some Σ ∈ WΓ, such that Intφ1∆ ∪ {φ1 ∧ φ2} ⊆ Σ. We claim that
¬Intφ1(φ1 → ¬(φ1∧φ2)) ∈ ∆. For contradiction, assume otherwise. Then, since
∆ is mcs, Intφ1(φ1 → ¬(φ1∧φ2)) ∈ ∆. Then, by definition of fΓ, if Σ ∈ fΓ(∆, φ̂1),
then φ1 → ¬(φ1 ∧ φ2) ∈ Σ. Take any Σ ∈ fΓ(∆, φ̂1) ∩ φ̂1 ∧ φ2. Then, by our
assumptions, φ1 → ¬(φ1 ∧ φ2), φ1 ∧ φ2 ∈ Σ. Then, Σ ⊢ ⊥, which contradicts
the fact that Σ is mcs. Then, fΓ(∆, φ̂1) ∩ φ̂1 ∧ φ2 = ∅, which contradicts our
initial assumption. Hence, ¬Intφ1(φ1 → ¬(φ1 ∧ φ2)) ∈ ∆. Then, given that
[C]φ1, [C](φ1∧φ2) ∈ ∆, by (R-Mon) axiom we get that Intφ1ψ → Int(φ1∧φ2)ψ ∈ ∆
for any ψ ∈ Lϕ. Then, Intφ1∆ ⊆ Int(φ1∧φ2)∆, i.e. fΓ(∆, φ̂1 ∧ φ2) ⊆ fΓ(∆, φ̂1),
i.e. fΓ(∆, P ∩Q) ⊆ fΓ(∆, P ) (given that P ∩Q = φ̂2 ⊆ φ̂1 = P ).

2d: If fΓ(∆, P ) ⊆ Q and fΓ(∆, P ∩Q) is defined, then fΓ(∆, P ) = fΓ(∆, P ∩Q).
Again, assume that fΓ(∆, P ), fΓ(∆, P ∩Q) are defined and fΓ(∆, P ) ⊆ Q. Then,

P = φ̂, P ∩ Q = φ̂ ∧ ψ for some φ, ψ ∈ Lϕ, s.t. [C]φ, [C](φ ∧ ψ) ∈ ∆, where

P = φ̂, Q = ψ̂. By our assumption, fΓ(∆, φ̂) ⊆ ψ̂. In other words, if Intφ∆ ⊆ Σ,
then ψ ∈ Σ for any Σ ∈ WΓ. We claim that Intφψ ∈ ∆. Assume otherwise.
Since ∆ is mcs, ¬Intφψ ∈ ∆. The set 2Γ ∪ Intφ∆ ∪ {¬ψ} is consistent. To
prove this consistency claim, assume otherwise. Then, 2Γ ∪ Intφ∆ ⊢ ψ. In
other words, there exists ϑ1, . . . , ϑn ∈ Intφ∆, such that 2Γ ∪ {ϑ1, . . . , ϑn} ⊢ ψ.
I.e., Intφϑ1 ∧ . . . ∧ Intφϑn ∈ ∆ and 2Γ ⊢ (ϑ1 ∧ . . . ∧ ϑn) → ψ. Then, by (K),
Intφ(ϑ1 ∧ . . . ∧ ϑn) ∈ ∆ and 2Γ ⊢ (ϑ1 ∧ . . . ∧ ϑn) → ψ. Since 2Γ ⊆ ∆, by
the derivable rule ⊢ (ϑ1 ∧ . . . ∧ ϑn) → ψ ⇒⊢ Intφ(ϑ1 ∧ . . . ∧ ϑn) → Intφψ,
Intφψ ∈ ∆, contradicting the fact that ¬Intφψ ∈ ∆ and ∆ is consistent. Hence,
2Γ∪Intφ∆∪{¬ψ} is consistent. Then, there exists some mcs Σ ∈WΓ, such that
2Γ ∪ Intφ∆ ∪ {¬ψ} ⊆ Σ. Then, since Intφ∆ ⊆ Σ, Σ ∈ fΓ(∆, φ̂). But ¬ψ ∈ Σ,

while by our initial assumption fΓ(∆, φ̂) ⊆ ψ̂. Contradiction. So we conclude that
Intφψ ∈ ∆, from which it follows that [C]φ ∈ ∆. By (Cut) axiom, [C](φ∧ ψ) →
(Intφθ ↔ Int(φ∧ψ)θ) ∈ ∆. Since [C](φ ∧ ψ) ∈ ∆, Intφθ ↔ Int(φ∧ψ)θ ∈ ∆ for any

θ ∈ Lϕ, from which it follows that fΓ(∆, φ̂) = fΓ(∆, φ̂ ∧ ψ). 2

4.1.11. Lemma (Existence). For any ∆ ∈WΓ, if ¬Intφψ ∈ ∆, then there exists
Σ ∈ fΓ(∆, φ̂), s.t. ¬ψ ∈ Σ.

Proof:
Assume that ¬Intφψ ∈ ∆. Then, as we have shown in Lemma 4.1.10, 2Γ ∪
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Intφ∆ ∪ {¬ψ} is consistent. In this case, there exists a mcs Σ ∈ WΓ, such that
2Γ ∪ Intφ∆ ∪ {¬ψ} ⊆ Σ. Since Intφ∆ ⊆ Σ, Σ ∈ fΓ(∆, φ̂) and ¬ψ ∈ Σ. 2

4.1.12. Lemma (Truth lemma). Given any canonical model MΓ = (WΓ, fΓ, VΓ),
∆ ∈WΓ and φ ∈ Lϕ, MΓ,∆ |= φ iff φ ∈ ∆.

Proof:
By induction on the complexity of φ. Cases of φ being atomic or modal-free are
trivial. Let φ := 2ψ.

(⇒) Assume MΓ,∆ |= 2ψ. Then, WΓ = JψKMΓ
, i.e. by IH WΓ = ψ̂. Then,

2Γ ⊢ ψ, from which it follows that 2ψ ∈ ∆, since 2Γ = 2∆.

(⇐) Assume 2ψ ∈ ∆. Then, since 2∆ = 2Γ = 2Σ for any Σ ∈ WΓ, 2̂ψ = WΓ.

Then, by axiom T for 2, ψ̂ = WΓ, i.e. by IH JψKMΓ
= WΓ, i.e. MΓ,∆ |= 2ψ.

Let φ := Intαψ.

(⇒) Assume MΓ,∆ |= Intαψ. Then, fΓ(∆, JαKMΓ
) ⊆ JψKMΓ

. By IH, fΓ(∆, α̂) ⊆
ψ̂. For contradiction, assume that Intαψ ̸∈ ∆. Then, ¬Intαψ ∈ ∆. By Lemma
4.1.11, there exists Σ ∈ fΓ(∆, α̂), such that ¬ψ ∈ Σ, which contradicts that

fΓ(∆, α̂) ⊆ ψ̂. Hence, Intαψ ∈ ∆.

(⇐) Assume that Intαψ ∈ ∆. Then, fΓ(∆, α̂) ⊆ ψ̂. By IH, fΓ(∆, JαKMΓ
) ⊆

JψKMΓ
, i.e. MΓ,∆ |= Intαψ. 2

4.1.13. Theorem (Soundness and completeness). Given any formula φ ∈ L,
the following holds:

C |= φ⇔ L ⊢ φ

Proof:

(⇐) By the routine check of axioms’ validity.

(⇒) By contraposition. Assume that L ̸⊢ φ. Then, {¬φ} is L-consistent. Take a
language L¬φ, pick a mcs Γ ∋ ¬φ and build a model MΓ = (WΓ, fΓ, VΓ). Then,
¬φ ∈ Γ ∈ WΓ, from which by Lemma 4.1.12 it follows that MΓ,Γ |= ¬φ. By
Lemma 4.1.10, (WΓ, fΓ) ∈ C, hence, C ̸|= φ. 2

4.1.5 Time, action, and and side-effects

We have developed a formalism that captures key logical properties of conditional
intention: restricted monotonicity and free choice inferences together with a lim-
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ited set of conditions. In this section, we briefly discuss ways to refine our analysis
with respect to other aspects: temporality, actions, and the side-effects problem.
We have not addressed these aspects from the start, since they may be redundant
depending on the goals of the logic’s user analysis and the varying philosophical
stances she might hold.

Explicit time and actions

So far, we have implicitly treated the object of intention as a proposition about
outcomes of an action the agent ruminates on doing. Such a view presupposes a
certain connection with actions and time. E.g., one cannot intend to change the
past or to see to it that the future will be in a certain way if it is out of one’s
control. In this subsection, we will make the temporal structure and the agent’s
actions explicit, both in the language and semantics.

We analyse conditional intentions as present-directed : by intending that ψ condi-
tional on φ, the agent contingently commits herself to a currently available action
that brings about that ψ in case of φ. We do not deal with the future-directed
conditional intentions, by which agents contingently commit themselves to some
distant future action. For example, the author’s intention to finish typing this
sentence in case their laptop keeps working is in the scope of our inquiry, while
the future parents’ intention to pay for their children’s education in case they
have children is not.

We concentrate on present-directed intention because of its connection to group
agency and mens rea. Present-directed intentions are intentions with which agents
act, and exactly present-directed intentions are important when we want to un-
derstand the mental component of the agents’ responsibility for their actions, or
whether the agent acted as a member of a group. Future-directed intentions,
on the other hand, may or may not bind agents to any actions whatsoever at
the moment of deliberation. As Cohen and Levesque concisely put it, “[future-
directed intentions] guide agents’ planning and constrain their adoption of other
intentions, whereas [present-directed intentions] function causally in producing
behavior” [CL90a, p.216].

For instance, it is important to understand which present-directed intentions Irvin
had when he grabbed a woman and held a knife to her throat. Did he intend
to kill her, conditional on not being released? Or did he intend to make an
empty threat? It seems irrelevant whether he had malicious or merciful future-
directed intentions towards what to do when and if he is released, since those
did not bind him to assaulting the woman at the moment (at least not directly,
but via the dependent present-directed intention). Analogously, to understand
whether two agents have done something together, we need to determine whether
their actions were caused by some shared motivational state composed of their
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conditional intentions; whether they were planning to do something together in
the distant future is irrelevant.

Present-directedness distinguishes our analysis from that of Cohen and Levesque.
In their seminal work, they explicitly state that they analyse future-directed inten-
tion and every time they use the word “intention”, they mean the future-directed
one [CL90a, p.216]. Therefore, some Cohen and Levesque’s core issues – e.g.,
persistence of intention over time – are irrelevant to us. Yet the principles that
are non-specific to future-directed intention are to be satisfied: rational present-
directed intentions should still be consistent; a rational intender should (believe
to) be able to satisfy her intention; and rational agents may not intend all the
expected side-effects of their intention.

Having clarified the essential relation between intention, actions, and time that
we have in mind, we continue with the refinement of our formalism to make these
points explicit. First, we extend the language L to Lt in the following manner:

Lt ∋ φ ::= p | ¬φ | (φ ∨ φ) |2φ |Xφ | φUφ | [stit]φ | IntφXφ

where Xφ reads as in the next moment in time, φ will hold. φUψ reads as ψ
is true now or will be true at some moment in the future, and φ holds until ψ.
We will use the widely accepted acronyms: Fφ := X(⊤Uφ) (in some moment in
future, φ holds); Gφ := ¬F¬φ (from now on, it will always be true that φ).

[stit]φ reads as the agent sees to it that φ holds. 2φ reads as at the given moment,
it is practically necessary that φ. We still have the same understanding of practical
necessity: φ is practically necessary iff φ is true independently of how all agents
and the environment behave. As we are to see later, practical necessity coincides
with historical necessity.

IntφXψ reads as the agent intends that in the next moment in time ψ will
hold, conditional on φ. We adopt the acronym from Section 4.1.2: [C]φ :=
IntφX⊤. We explicitly take the object of one’s intention to be a proposition
about the immediate consequences of one’s currently available actions she com-
mits herself to. Our language does not allow meaningless expressions about inten-
tions towards propositions in the past (e.g., I intend that I have finished writing
this subsection yesterday) or in the moment of deliberation (e.g., I intend that
this subsection is already written now, as I am writing it). No matter what the
agent is going to do, propositions about the past or present are either true or
false independently of her or anyone’s choice of action; so propositions about the
past and present are either practically necessary (if they are true) or practically
impossible (if they are false).

We still can express the intention towards the long-term consequences of one’s
current actions: e.g., IntφX(Fψ) reads as the agent intends that ψ will hold even-
tually after the next moment, conditional on φ. Yet this statement should not be
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confused with the expression of the future-directed intention! IntφX(Fψ) means
that the agent intends to do some currently available action, such that, condi-
tional on φ, the action has as its immediate consequence that ψ will eventually
be true. It does not mean that the agent intends to do some action in the future
that guarantees ψ conditional on φ. For instance, I might have a present-directed
intention that my colleague will eventually die from poisoning, conditional on her
drinking her coffee. This intention causes me to poison her coffee. Given that
my colleague drinks the poisoned coffee, she will survive the next couple of hours
or even days, but will inevitably die sooner or later. Her inevitable death in the
future is an immediate consequence of the action I am deliberating upon now.
On the contrary, I may have a future-directed intention to poison my colleague.
In that case, I still intend that my colleague will eventually die from poisoning,
but my future-directed intention does not necessarily cause any action of mine at
the given moment: I might commit to the act of poisoning in, e.g., the next year.

As for the semantics, we will adapt game models (as in Def. 3.2.1) to interpret a
single-agent STIT logic over them, and add the set-selection functions as in Def.
4.1.1.

4.1.14. Definition (Game models with intentions). Let Ags = {i, e} be a set
of agents, where i is the agent whose intentions we model, and e is the environ-
ment. Then, a tuple M = (S,Σi,Σe, g, f, V ) is a game model with intentions
iff:

1. (S,Σi,Σe, g, V ) is a game model, as in Def. 3.2.1. To remind the reader, by
PlM we denote the set of infinite plays (w0, σ0, . . .) in the game model. Two
plays τ = (w0, σ0, . . .) ∈ PlM , κ = (v0, σ

′
o, . . .) ∈ PlM are state equivalent,

τ ≃S κ iff they begin with the same state: w0 = v0. τ and κ are action-
equivalent w.r.t. i, τ ≃{i} κ, iff τ ≃S κ and τ agree on the first action of i:
σ0(i) = σ′

0(i);

2. f : PlM → (2PlM → 2PlM ) is a partial set-selection function with the
following properties:

(a) If f(τ, P ) is defined, then [τ ]S ∩ f(τ, P ) ∩ P ̸= ∅: agent’s intentions in
case of P are consistent with P at the given moment;

(b) If f(τ, P ) is defined, then f(τ, P ) ⊆ [τ ]S: the object of the agent’s
present-directed conditional intention is a proposition about what the
agent can bring about now, conditional on her and the environment’s
behaviour;

(c) If f(τ, P ) and f(τ,Q) are defined, while P ∩Q∩ [τ ]S ̸= ∅, then f(τ, P ∩
Q) is defined;

(d) If f(τ, P ) and f(τ, P ∩ Q) are defined and f(τ, P ) ∩ P ∩ Q ̸= ∅, then
f(τ, P ∩Q) ⊆ f(τ, P );
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(e) Given that f(τ, P ) is defined, if f(τ, P ) ⊆ Q and f(τ, P ∩Q) is defined,
then f(τ, P ) = f(τ, P ∩Q);

(f) Control constraint : if f(τ, P ) = Q, then there exists an action σ ∈ Σi,
such that: there is a play κ ∈ P , such that κ ≡S τ and κA(0)(i) = σi,
and for any play λ ∈ [κ]{i}, if λ ∈ P , then λ ∈ Q;

(g) Intentions are up to the agent : if τ ≡{i} κ, then f(τ, P ) = f(κ, P ).

As we see, f function has all the properties as in Def. 4.1.1. Additionally, we
require (2a) to treat state-equivalent plays as practically possible worlds and
(2b) to make sure we model present-directed (conditional) intention. Control
constraint expressed in (2f) requires that if the agent intends Q conditional on
P , then the agent must be able to bring about Q conditional on P . To be more
precise, if f(τ, P ) = Q, then there exists an action σi ∈ Σi, which is compatible
with P and which guarantees that Q in case of P . We require this action to
be compatible with the condition to avoid the situations where the agent has a
conditional intention, but can “satisfy” it only by preventing the condition from
happening. Condition (2g) expresses that the agent performs her atomic actions
with the same intention, independently of its outcome.

4.1.15. Definition (Semantics for Lt). Given a model M = (W,Σi,Σe, g, f, V )
and a play τ = (w0, σ0, . . .) ∈ PlM , the satisfiability relation |= is inductively
defined as follows:

M, τ |= p ⇔ w0 ∈ V (p)

M, τ |= ¬φ ⇔ M, τ ̸|= φ

M, τ |= φ ∨ ψ ⇔ M, τ |= φ or M, τ |= ψ

M, τ |= 2φ ⇔ ∀κ ∈ PlM : τ ≃S κ⇒M,κ |= φ

M, τ |= Xφ ⇔ M, (w1, σ1, . . .) |= φ

M, τ |= φUψ ⇔ ∃n ∈ N : M, (wn, σn, . . . , ) |= ψ and

∀m ∈ N(0 ≤ m ≤ n⇒M, (wm, σm, . . .) |= φ)

M, τ |= [stit]φ ⇔ ∀κ ∈ PlM : τ ≃{i} κ⇒M,κ |= φ

M, τ |= IntφXψ ⇔ f(τ, JφKM) is defined and f(τ, JφKM) ⊆ JXψKM

where JφKM = {κ ∈ PlM |M,κ |= φ}.

4.1.16. Example (The rent contract). Anne is homeless and looking for a place
to rent in Amsterdam. Since she struggles to find anything long-term, she con-
siders antikraak.18 Anne gets a proposition via antikraak to rent a place from a

18Antikraak is a property-management practice in the Netherlands where people rent spaces
in temporally vacant buildings to prevent squatting. The rent is typically cheap and the contract
is easier to get, but the tenant has to move out on a short notice as soon as the owner needs to
use the building again, so renting via antikraak presupposes unpredictability of terms.
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house owner who has temporarily left Amsterdam for Brussels. If Anne agrees,
as soon as the house owner gets bored in Brussels and wants to come back to
Amsterdam, Anne will have to leave the house.

Anne constantly gets information about the housing market from the insiders,
so she can act conditionally on the updates she might receive. Anne intends to
agree to rent via antikraak, in case no indefinite-term lease offers are coming on
the market for the next month. Anne also intends to deny the antikraak proposal
and wait for a lease for an indefinite term, if such an offer appears on the market
in the next month.

Let V ar = {m,h, p}, where m stands for Anne has to move out, h – Anne has
a house to stay in, p – renting property for an indefinite term appears on the
market.

We construct the following model for Example 4.1.16. Let Σi = {wait, accept, ϵ}
be the agent’s actions, where wait is to reject the antikraak and wait for the
indefinite term proposal; accept – to accept the antikraak, ϵ – to do nothing.
Σe = {contr, no, prolong, back, ϵ} are the possible behaviours of the environment,
where: contr – the indefinite-term contract appears on the market, no – no such
contract appears on the market, prolong – the owner of the antikraak property
stays in Brussel for one more month, back – the owner gets back to Amsterdam,
ϵ – do nothing.

Let w0 be a world, where Anne receives the antikraak proposal and may either
accept it or reject it and wait for the indefinite term proposal; w1 – the world where
Anne accepts antikraak, while no indefinite term proposals arrive the market; w2

– the world where Anne rejected antikraak and kept waiting for the indefinite
term proposal, and the proposal appears on the market; w3 – the world were
Anne has to move out, because the home owner got bored in Brussel; w4 – the
world where Anne accepts antikraak, while the indefinite term proposal arrives
on the market. The game model for the example is as in Fig. 4.1.

Let τ be any play, such that τS(0) = w0. Let P = JXpKM , and Q = JX¬pKM .
Then, f(τ, P ) = {κ ∈ PlM | κ ≡S τ, κS(1) = w2}; f(τ,Q) = {κ ∈ PlM | κ ≡S

τ ;κS(1) = w1}. Then, Anne intends to rent the house indefinitely in case she
gets an undetermined offer, and she intends to accept the antikraak proposal and
stay there until she has to move out in case there is no indefinite term offer:
M, τ |= IntXpX(Gh) ∧ IntX¬pX(hUXm).

Note that because of the control constraint, Anne cannot, e.g., unconditionally
intend to rent a house for the next 6 months – IntX(X6h), where X1φ := Xφ,
Xn+1φ := X(Xnφ) ∧Xnφ – since there is no action of Anne to guarantee that.
Anne has two actions at w0: accept and wait. If Anne chooses accept at w0,
depending on how long the homeowner will stay in Brussels, she will or will
not have a house for 6 months. If she chooses wait at w0, she might or might
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w0, ∅

w1, {h} w2, {h, p}

w3, {m}

w4, {h, p}

(accept, contr)

(ϵ, back) (ϵ, prolong)

(ϵ, ϵ)

(ϵ, ϵ)

(accept, no)

(ϵ, back)

(ϵ, ϵ)

(wait, contr)

(wait, no)

Figure 4.1: Game model for Example 4.1.16.
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not get a house at all, depending on whether there will be an undetermined
offer on the market. Moreover, Anne cannot intend to rent a house for the
next 6 months, even conditionally on her getting an undetermined offer or the
homeowner staying in Brussels for 6 months. Let the condition be expressed as
follows: φ := X7(¬m) ∨ Xp, i.e. either the homeowner is not going back to
Amsterdam for the next 7 months, or a permanent contract becomes available
during this month. Still, IntφX(X6h) cannot be satisfied on the game model in
Figure 4.1 with any well-defined function f . No single action of Anne guarantees
X(X6h) in case of φ. If there will be no permanent contract but the homeowner
is not going back to Amsterdam, then Anne should choose accept; if a permanent
contract becomes available but the homeowner is coming back to Amsterdam,
Anne should choose wait. Yet no action will guarantee X(X6h) in any case
where φ holds.

Next, we list some interesting (in)validities on the class of game models with
intentions. First, note that axioms and rules of L, adequately translated from L
to Lt, are still valid:

4.1.17. Proposition. The following formulae are valid in the class of concur-
rent game structures with intentions:

|= IntφXψ → [C]φ

|= IntφX(ψ → θ) → (IntφXψ → IntφXθ)

|= (2Xψ ∧ [C]φ) → IntφXψ

|= IntφXψ → 3(φ ∧Xψ)

|= ([C]Xα ∧ [C](Xα ∧Xψ)) → (IntXαXψ → (IntXαXφ↔ Int(Xα∧Xψ)Xφ))

|= ([C]Xα ∧ [C](Xα ∧Xβ)) →
(
(IntXαXφ ∧ ¬IntXαX(α→ ¬β)) →

Int(Xα∧Xβ)Xφ
)

|=
(
[C]φ ∧ [C]ψ ∧3(φ ∧ ψ)

)
→ [C](φ ∧ ψ)

Proof:
Follows from (2a-2e) of Def. 4.1.14, analogously to the proof of L’s soundness in
Theorem 4.1.13. 2

The following validities concern the interaction between agents’ intentions, ac-
tions, and abilities:

4.1.18. Proposition. The following formulae are valid in the class of concur-
rent game structures with intentions:

|= IntφXψ ↔ [stit]IntφXψ (4.13)

|= IntφXψ → 3
(
[stit](φ→ Xψ) ∧ ⟨stit⟩φ

)
(4.14)
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Proof:
(4.13) corresponds to (2g), and (4.14) – to (2f) of Def. 4.1.14. 2

Informally, (4.14) expresses the control constraint: if the agent intends that Xψ
conditional on φ, then she has an action to guarantee that Xψ if φ that is
compatible with φ. (4.13) expresses the fact that intentions are up to the agent:
she intends something iff she sees to it that she so intends.

In our formalism, we do not presuppose the persistence of intentions, since they
are understood as present-directed. For instance, in [CL90a], it is argued that
if the idealised rational agent intends that φ, then she must continue to intend
so until she reaches the state where either φ is true or no longer possible for her
to achieve. In Lt, this can be expressed by the following formula: IntX(Fφ) →
(IntX(Fφ))U(φ ∨ 2G¬φ). However, this formula is not valid in the class of
CGSs with intentions. Given that we interpret IntX(Fφ) as a present-directed
intention, this is intuitively plausible. For example, assume I have a present-
directed intention that my colleague will eventually die from poisoning. Then,
according to (4.14), I should have an available action that would immediately
satisfy my intention, e.g., I can poison her coffee. After I poisoned her coffee, I
would have known that she would eventually die from poisoning, so there would
be no need for me to keep my intention until she actually died. I would have
achieved what I aimed for, but I would not have seen the desired consequences
yet. If I, despite my intention, failed to poison my colleague’s coffee, I still might
drop that intention: it could be that I had reasons to poison my colleague only at
that past moment, but in the present, there is no reason for me to do so. On the
contrary, if I have a future-directed intention that my colleague will eventually
die from poisoning, then my intention should persist until I either reach my goal
or realise that the goal is no longer possible to reach.

We proceed with showing which important notions and distinctions can be ex-
pressed in Lt as opposed to L. In Lt, we can track whether the agent has control
over the conditions of her intentions. This is important, since, as Ludwig ar-
gues, whenever the agent has control over the condition and exercises it, the
corresponding conditional intention should be reducible to the unconditional one:

“If conditions are in an agent’s control, they can be antecedents only
if the agent has sufficient reason not to exercise control (negative or
positive as the case may be) over their obtaining” [Lud15, p.43].

The positive control over φ means the ability to ensure that φ holds: 3[stit]φ;
the negative control over φ means the ability to prevent φ: 3[stit]¬φ.

Often it makes sense to have an intention conditional on φ, while having only
negative or only positive control over φ and refusing to exercise it. For instance,
a nurse has only positive control over her patient’s death and only negative control
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over his survival (i.e., she can kill him, but cannot ensure that he will survive).
She may, e.g., intend to change his dressing in case he survives and intend to notify
the doctor in case he dies. In both cases, whether the patient dies or survives
is a contingency for her, given that she does not intend to kill the patient. If
the nurse has both positive and negative control over the patient’s life, it seems
rational for her to have such conditional intentions if she refuses to exercise her
control over the patient’s life, i.e., if she intends neither to kill nor to save him.
If there are no reasons not to decide the patient’s fate, intentions conditional on
the decision she intends to make are reducible to her unconditional intentions via
the (Cut) axiom.

Notably, we can distinguish preconditional intentions in Lt. IntφXψ∧¬3[stit]Xψ
stands for “the agent intends that ψ conditional on φ and is unable to ensure
ψ unconditionally”. As we have noted before, IntφXψ entails 3

(
[stit](φ →

Xψ) ∧ ⟨stit⟩φ
)
. Hence, the agent intends that ψ conditional on φ, can ensure ψ

conditionally on φ, but cannot ensure it unconditionally. So φ entails a necessary
precondition for that agent to ensure ψ. Moreover, sometimes we can separate
reasons from preconditions when they are mixed. For instance, assume one in-
tends to go to a movie theatre, in case a good film is screened, and she has enough
money to buy a ticket. Then, the condition contains a reason (the good film is
screened) and a precondition (one has enough money to get a ticket) at the same
time. In Lt, we can express the difference. Let φ, ϑ and ψ stand for “the good film
is screened”, “one has enough money to get a ticket” and “one watches the film
in the movie theatre”, respectively. Then, the intention in question is expressible
as follows: Int(φ∧ϑ)Xψ. One can watch a movie in the movie theatre in case she
has enough money, regardless of whether the film is good or not:

3
(
[stit](ϑ→ Xψ) ∧ ⟨stit⟩ϑ

)
Yet she cannot watch a film unconditionally, since she needs money to buy a
ticket: ¬3[stit]Xψ. Hence, in the condition (φ ∧ ϑ), φ is a reason, while ϑ is a
precondition.

To conclude this subsection, we have provided a richer formalism with the ex-
plicit treatment of action and time, where we understand conditional intention
as present-directed. In this formalism, we can clearly see with which conditional
intention the agent acts, which is exactly what we need to capture participatory
intentions. By taking intentions to be present-directed, we have parted ways with
the seminal Cohen and Levesque’s work. We can potentially develop a similar
formalism for future-directed intentions: we would need to drop the constraint
(2b); in the formulation of control constraint ((2f) of Def. 4.1.14), we would need
to replace the existence of an atomic action with the existence of a long-term
strategy, as well as add new constraints to account for persistence of conditional
intentions. We leave this investigation for future work.
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Side-effects problem

The logic L suffers from the problem of logical omniscience: conditional intention
is closed under necessary entailment.

Intφψ ∧2(ψ → ϑ) |= Intφϑ (4.15)

Hence, our formalism cannot handle the problem of side-effects. By a side effect,
we mean an outcome of the intended action, which the agent does not intend to
achieve. As philosophical [Bra87; Fin88], psychological and experimental [Kno06;
Kno03] investigations show, agents do not intend all the consequences of their
intended actions. They are not rationally pressured to do so, while the difference
between intended and unintended consequences of intentional actions is crucial,
especially in normative reasoning.

In general, an agent can fail to intend some a priori consequence of her intention
for two reasons [KÖ25]:

1. She lacks cognitive resources to grasp the consequence or compute the proof
that the consequence indeed follows from what she intends. For instance,
one may intend to write down Peano axioms without intending to write
down an axiomatic system in which the theorem of prime numbers is prov-
able, given that one does not know how to derive the theorem from Peano
axioms.

2. The consequence in question is irrelevant to the agent’s practical matters.
For instance, while on a trip to France, one might intend to buy a bottle
of wine in a legally operating store to avoid buying uncertified products.
Buying goods from a legally operating store in France practically entails
paying some VAT in the budget of France. Even knowing that entailment,
one still might not intend to pay some money to the French budget, simply
because it is completely irrelevant to her practical matters.

We can abstract away from the first kind of failures of the closure under nec-
essary entailment by assuming that the agent whose intentions we model is a
perfect logician: she is unbounded in her cognitive capacities when it comes to
logical reasoning. The second kind of closure’s failures is more interesting. We
can demonstrate how our logic suffers from the inability to model them by refor-
mulating the famous gentle murder paradox [For84] in terms of intention. The
following statements seem to be consistent with one another:

I intend not to kill anyone. (S1)

It is not true that I intend to kill in case I am killing. (S2)

In case I am killing someone, I intend to do it gently. (S3)

If I kill someone gently, it necessarily follows that I kill. (S4)
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If we formalise (S1)-(S4) in our logic, we will get the next set of formulae:

{Int¬kill,¬Intkillkill, Intkillgentle,2(gentle→ kill)}

By (4.15), Intkillgentle,2(gentle→ kill) |= Intkillkill, hence,

{Int¬kill,¬Intkillkill, Intkillgentle,2(gentle→ kill)} |= ¬Intkillkill ∧ Intkillkill

Therefore, in our logic we cannot handle the gentle murder paradox: we can-
not model situations where one is unintentionally committing a murder, while
intentionally doing it as gently as possible.

Since the problem of side effects is not the primary concern of this section, we
have abstracted away from it to keep our framework simple. We can alleviate the
problem by either implementing some raw syntactical restrictions of the closure,
using machinery of awareness functions [FH87] as it was done in [RG97; LHM96],
or taking a more subtle solution, using a question-sensitive framework [BG23;
KÖ25].19 To keep things simple, we show a toy solution in the spirit of [FH87].
Namely, we do not explicitly model why some consequences of one’s intentions
are unintended and simply restrict the closure via the analogue of awareness
functions.

First, we expand our language with explicit intention modality:

LI ∋ φ ::= p | ¬φ | (φ ∨ φ) |2φ | Intφψ | Iφψ

where Intφψ reads as “ψ is entailed by what the agent intends in case of φ”
(from now on, will be abbreviated to “agent implicitly intends that ψ in case of
φ”), Iφψ – “agent explicitly intends that ψ in case of φ”. Explicit unconditional
intentions are expressible via conditional ones standardly: Iφ := I⊤φ.

As for the semantics, we will extend conditional frames with availability functions.

4.1.19. Definition (Hyperintensional conditional models). A class of hyperin-
tensional conditional frames H consists of tuples of the form F = (W, f, a), where:

1. (W, f) is a conditional frame as in Definition 4.1.1;

2. a : W × 2W → 2LI is a partial availability function20 that takes a world w,
a proposition P and maps it to the set of formulae that are available for
the agent in w to intend in case of P . a has the following properties:

19The hyperintensional framework of [KÖ25] is presented in detail in Section 5.1.
20In [FH87], such functions are called awareness functions, and φ ∈ a(w) is supposed to

indicate that the agent is aware of φ in w. Here, we purposefully avoid this name, since an
agent being aware of the proposition is not enough for that proposition to be available for the
agent to intend. See discussions around cases of foreseeing without intending, where agents
foresee (and hence are aware of) some consequences of their intentions, but still do not intend
them [Bra87; BG23; Gil99].
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(a) Definedness: a(w,P ) is defined iff f(w,P ) is defined;

(b) Restricted monotonicity: given that a(w,P ) and a(w,P ∩ Q) are de-
fined, if f(w,P ) ∩ P ∩Q ̸= ∅, then a(w,P ) ⊆ a(w,P ∩Q);

(c) Cut: given that a(w,P ) and a(w,P ∩Q) are defined, if f(w,P ) ⊆ Q,
a(w,P ) = a(w,P ∩Q).

As usual, any frame F = (W, f, a) can be extended to a model M = (F, V ), where
V is a standard valuation function.

Availability function a specifies what formulae the agent can conditionally intend.
It takes a world and a proposition P ⊆ W , since the very same formulae may or
may not be available, depending on the condition of the intention. For example,
it is irrational to unconditionally intend to win the lottery, since it is out of the
player’s control, but one can intend to win the lottery in case one gets to know
which lottery ticket is the winning one. Property 2a means that one can intend
something conditional on the proposition P ⊆ W iff P is a condition for one’s
intention. Properties 2b and 2c ensure that the monotonicity principles we have
argued for in the previous sections are valid for explicit intentions.

4.1.20. Definition (Semantic clauses for LI). For any hyperintensional condi-
tional model M = (W, f, a, V ) and any world w ∈ W , |= relation inductively
defined as follows (all cases, except of Iφψ, are identical to Def. 4.1.2):

M,w |= Iφψ ⇔M,w |= Intφψ and ψ ∈ a(w, JφK)

The notions of M |= φ, F,w |= φ, F |= φ and H |= φ are defined standardly.

Using hyperintensional models, we can easily avoid the closure under entailment
and hence alleviate the side-effects problem. Going back to the gentle murderer
paradox, it is simple to handle. Take a model M = (W, f, a, V ), where:

• W = {w1, w2, w3}, where in w1 one is not killing anyone, in w2 one is
murdering someone gently and in w3 one is murdering someone cruelly.
Consequently, V (kill) = {w2, w3}, V (gentle) = {w2}. Let the real world be
w1.

• f(w1,W ) = {w1}, i.e. one intends not to kill anyone no matter what.

• f(w1, {w2, w3}) = {w2}, i.e. in case one is killing someone, one intends to
do it gently.

• a(w1,W ) = {¬kill, kill}, a(w1, {w2, w3}) = {gentle,¬gentle} i.e. the agent
can unconditionally intend either to kill or not to kill, but in case he kills,
he can only intend either to do it gently or not: given that f(w1,W ) ⊆
W \ {w2, w3}, the intention in case he kills is a plan-B intention, hence, the
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agent finds himself in a situation of unintentional killing, and committing
a murder is not his choice and cannot be intended.

Clearly, M,w1 |= I ¬kill ∧ Ikillgentle ∧ ¬Ikillkill, despite the fact that M,w1 |=
2(gentle→ kill), since kill ̸∈ a(w1, JkillK). Interestingly, if we changed the story
and imagined that the agent in question unconditionally intends to kill, then he
would intend to kill in case he kills as well: I kill, [C]kill |= Ikillkill. This would
happen due to the properties of availability functions we have established. This is
desirable, since then the plan for the case he commits a murder is not a plan-B for
him, but the very same plan as the unconditional one, hence, he should explicitly
intend the same things.

Since we are abstracting away from the exact reasons why some formulae cannot
be explicitly intended by the agent, we do not impose any further conditions on
availability functions. Here we list what conditions should be added to satisfy
apparently plausible closure principles. The closure principles are on the right,
while the conditions of availability functions are on the left.21 In what follows,
◦ ∈ {∧,∨}:

ψ1 ◦ ψ2 ∈ a(w, JφK) ⇔ ψ2 ◦ ψ1 ∈ a(w, JφK) iff Iφ(ψ1 ◦ ψ2) ↔ Iφ(ψ2 ◦ ψ1)

ψ1 ∧ ψ2 ∈ a(w, JφK) ⇔ ψ1, ψ2 ∈ a(w, JφK) iff Iφ(ψ1 ∧ ψ2) ↔ (Iφψ1 ∧ Iφψ2)

ψ1, ψ2 ∈ a(w, JφK) ⇒ ψ1 ∨ ψ2 ∈ a(w, JφK) iff (Iφψ1 ∧ Iφψ2) → Iφ(ψ1 ∨ ψ2)

¬¬ψ ∈ a(w, JφK) ⇔ ψ ∈ a(w, JφK) iff Iφ¬¬ψ ↔ Iφψ
If |= ψ, then ψ ̸∈ a(w, JφK) iff If ⊢ ψ, then ⊢ ¬Iφψ

Using availability functions, we can also adjust our logic for an opponent of
propositionalism about intention. Namely, assume we have a set of propositions
V ar = {p1, p2, . . .} with a distinguished subset of agentives Ag ⊆ V ar, i.e. propo-
sitions about the agent’s actions. Restricting the range of a function to modal-free
formulae built from agentives, we can avoid situations where the object of the
agent’s intention is a proposition about anything but her own actions.

If we do not impose any of those additional properties on a, the logic LI = {φ ∈
LI | H |= φ} of hyperintensional conditional frames H can be axiomatised as
follows: see Table 4.2.

The proof of the fact that LI is sound and complete w.r.t. H strongly resem-
bles the proof of Theorem 4.1.13 with the slight modification of canonical model

21We emphasise the meaning of the last condition on the availability functions. Namely,
it prevents the agent from explicitly intending logical truths. This condition was advocated,
among others, by Cohen and Levesque, who viewed intentions as a certain kind of achievement
goals that are believed to be currently false [CL90a, Def.3.24]. A rational agent should not
perceive logical truths as false and aim at making them true.
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(L) Axioms and rules of L
(Inc) Iφψ → Intφψ
(Ex-Cut) ([C]φ ∧ [C](φ ∧ ψ)) → (Intφψ → (Iφθ ↔ I(φ∧ψ)θ))
(R-ExMon) ([C]α ∧ [C](α ∧ β)) → (¬Intα(α→ ¬β) → (Iαφ→ I(α∧β)φ))
(RE) If ⊢ φ↔ ψ, then ⊢ Iφθ ↔ Iψθ

Table 4.2: Logic LI

construction. From that point, by following the steps of completeness proof of L
w.r.t. C, one may get the analogous result for LI and H.

We still want to construct a finite canonical model for every formula ϕ, but we
cannot use the same strategy with restricted languages anymore, since I modality
does not validate the rule of equivalence. From ⊢ φ ↔ ψ it does not follow that
⊢ Iθφ ↔ Iθψ, therefore, if we construct the restricted language for ϕ the same
way we did it in Section 4.1.4, we will have infinite mcs in that language. Hence,
we will redefine the restricted language to avoid it.

4.1.21. Definition (Restricted sub-languages of LI). Given any formula ϕ ∈
LI , let sub(ϕ) denote the set of subformulae of ϕ. Then, the set of formulae
Σϕ
I is defined as follows:

Σϕ
I ∋ ψ ::= π | ¬ψ | (ψ ∨ ψ) |2ψ | Intψψ | Iψπ

where π ∈ sub(ϕ). Note that for any ψ ∈ Σϕ
I , V ar(ψ) ⊆ V ar(ϕ) and for any

ψ ∈ Σϕ
I there are finitely many Iψ-formulae. Then, we define a restricted language

LϕI as follows:

LϕI = {ψ ∈ Σϕ
I |md(ψ) ≤ md(ϕ)}

where md function is defined analogously to Def. 4.1.7, i.e. all the induction
steps for Boolean connectives, 2 and Int are the same and

md(Iφ1φ2) = 1 +max(md(φ1),md(φ2))

4.1.22. Definition (Canonical model for LI). Let MCSϕ ⊆ 2Lϕ
I be a collection

of mcs of the restricted language LϕI . Then, given any Γ ⊆ MCS, a canonical
model is a tuple M c

Γ = (W c
Γ, f

c
Γ, a

c
Γ, V

c
Γ ), where:

• (W c
Γ, f

c
Γ, V

c
Γ ) are defined just like in Def. 4.1.9;

• acΓ(∆, P ) =

{
{ψ ∈ L | Iφψ ∈ ∆} if P = φ̂, [C]φ ∈ ∆

undefined otherwise
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4.1.23. Lemma (Truth lemma for M c). Given any restricted language LϕI and a
canonical model M c

Γ = (W c
Γ, f

c
Γ, a

c
Γ, V

c
Γ ), where Γ ∈MCSϕ, any mcs ∆ ∈ WΓ and

any formula φ ∈ LϕI , M c
Γ,∆ |= φ iff φ ∈ ∆.

Proof:
By induction on the complexity of φ. All cases, except of I-formulae, were proven
in Lemma 4.1.12. Assume that φ := Iψ1ψ2. Left-to-right. M c

Γ,∆ |= Iψ1ψ2. I.e.

f cΓ(∆, Jψ1K) ⊆ Jψ2K and ψ2 ∈ acΓ(∆, Jψ1K). By induction hypothesis, f cΓ(∆, ψ̂1) ⊆
ψ̂2 and ψ2 ∈ acΓ(∆, ψ̂1). Then, there exists some formula θ, such that ψ̂1 = θ̂ (i.e.
2Γ ⊢ ψ1 ↔ θ), and [C]θ, Iθψ2 ∈ ∆. By (RE) it follows that Iψ1ψ2 ∈ ∆. Right-to-

left: Assume that Iψ1ψ2 ∈ ∆. Then, by definition of acΓ, ψ2 ∈ acΓ(∆, ψ̂1), i.e., by
induction hypothesis, ψ2 ∈ acΓ(∆, Jψ1K). Since Iψ1ψ2 ∈ ∆, by (Inc), Intψ1ψ2 ∈ ∆,
from which by Lemma 4.1.12 it follows that f cΓ(∆, Jψ1K) ⊆ Jψ2K. Taking it all
together, M c

Γ,∆ |= Iψ1ψ2. 2

4.1.24. Lemma. Take any formula ϕ ∈ LI . Let M c
Γ = (W c

Γ, f
c
Γ, a

c
Γ, V

c
Γ ) be a

canonical model for some Γ ∈MCSLϕ
I
. Then, M c

Γ is a H-model.

Proof:

From Lemma 4.1.10 we know that (W c
Γ, f

c
Γ, V

c
Γ ) is a C-model. Hence, it is left for

us to prove that acΓ : WΓ × 2WΓ → 2Lϕ
I is a partial availability function with the

listed properties in Def. 4.1.19. It is a routine to check that aΓ is a well-defined
partial function of the corresponding type. As for properties:

1. acΓ(∆, P ) is defined iff f cΓ(∆, P ) is defined. Follows directly from definitions
of f cΓ and acΓ.

2. Given that acΓ(∆, P ) and acΓ(∆, P ∩Q) are defined, if f cΓ(∆, P )∩P ∩Q ̸= ∅,
then acΓ(∆, P ) ⊆ acΓ(∆, P ∩Q). Assume that acΓ(∆, P ) and acΓ(∆, P ∩Q) are
defined and f cΓ(∆, P )∩P∩Q ̸= ∅. Then, by definition of acΓ, P = φ̂, P∩Q =

φ̂ ∧ ψ for some formulae φ, ψ ∈ LφI , such that [C]ϕ ∈ ∆ and [C](ϕ∧ψ) ∈ ∆.
Then, f cΓ(∆, P )∩P ∩Q ̸= ∅ means that f cΓ(∆, JφK)∩Jφ∧ψK ̸= ∅, from which
it follows that M c

Γ,∆ |= [C]φ ∧ [C](φ ∧ ψ) ∧ ¬Intφ(φ→ ¬(φ ∧ ¬ψ)). From
Lemma 4.1.23 it follows that [C]φ∧[C](φ∧ψ)∧¬Intφ(φ→ ¬(φ∧¬ψ)) ∈ ∆.
Then, by (R-ExMon) axiom, Iφϑ → I(φ∧ψ)ϑ ∈ ∆ for any ϑ, from which it

directly follows that acΓ(∆, φ̂) ⊆ acΓ(∆, φ̂ ∧ ψ).

3. Given that acΓ(∆, φ̂) and acΓ(∆, φ̂ ∧ ψ) are defined, if f cΓ(∆, φ̂) ⊆ ψ̂, then

acΓ(∆, φ̂) = acΓ(∆, φ̂). Assume that acΓ(∆, φ̂) and acΓ(∆, φ̂ ∧ ψ) are defined

and f cΓ(∆, φ̂) ⊆ ψ̂. Then, by Definition 4.1.22, M c
Γ,∆ |= [C]φ∧ [C](φ∧ψ)∧

Intφψ. From Lemma 4.1.12 it follows that [C]φ ∧ [C](φ ∧ ψ) ∧ Intφψ ∈ ∆.
Then, by (Ex-Cut) axiom, Iφθ ↔ I(φ∧ψ)θ for any θ ∈ LϕI , from which it
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directly follows that acΓ(∆, φ̂) = acΓ(∆, φ̂ ∧ ψ).

2

4.1.25. Theorem. Given any φ ∈ LI , the following holds:

H |= φ⇔ LI ⊢ φ

Proof:
(⇐) By a routine check of the validity of axioms and the validity preservation of
rules of inference.

(⇒) By contraposition. Assume that LI ̸⊢ φ. Then, {¬φ} is LI-consistent.
Take a language L¬φ

I and take any mcs Γ ∋ ¬φ. Construct a canonical model
M c

Γ = (W c
Γ, f

c
Γ, a

c
Γ, V

c
Γ ). Then, by Lemma 4.1.23, M c

Γ,Γ |= ¬φ, while M c
Γ is a

H-model, as we know from Lemma 4.1.24. Hence, H ̸|= φ. 2

4.2 Simpler multi-agent framework

In the previous section, we developed a general theory of conditional intention.
For our purposes, we can significantly simplify it. We only need individual agents’
intentions conditionalised on the actions of others. So there is no need to deal with
the plan-B intentions and related monotonicity issues anymore. Consequently, the
kind of conditional ability we need to account for the control constraint is also
somewhat simpler, so that we will only need (an extension of) Coalition Logic
instead of STIT logic.

Generally, we will keep working with game models. We heavily rely on [GJ22],
where the logic ConStR is presented. ConStR extends LCL with three different
kinds of conditional modalities.22 Namely, given two arbitrary sets of agents
A,B ⊆ Ags:

• [A]c(φ; ⟨B⟩ψ) reads as A has a joint action σA which, when applied, guaran-
tees the truth of φ and enables B to apply a joint action σB that is consistent
with σA and guarantees ψ when additionally applied by B.

• [A]α(φ; ⟨B⟩ψ) reads as the coalition B \A has an action σB\A such that if
A applies any action that guarantees the truth of φ, then B \ A can guar-
antee the truth of ψ by applying additionally the action σB\A. Informally,
[A]α(φ; ⟨B⟩ψ) means that B \ A has a proactive ability to ensure ψ condi-
tional on A acting towards φ.

22Authors denote both the logic and the formal language as ConStR, so we follow their
notation.
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• [A]β(φ; ⟨B⟩ψ) read as for any joint action σA of A that guarantees the truth
of φ, when applied by A, there is an action σB that is consistent with σA
and guarantees ψ when additionally applied by B.. Informally, [A]β(φ; ⟨B⟩ψ)
means that B \A has a reactive ability to ensure ψ conditional on A acting
towards φ.

The first kind of conditional ability is required to satisfy the control constraint
in the general case. When i intends that ψ conditional on φ, independently of
whether i or someone else has control over φ, i should be able to ensure that ψ if φ,
without preventing φ: [i]c(φ→ ψ; ⟨Ags\{i}⟩φ). For the case when the condition
is someone else’s action, we can concentrate on proactive abilities. Assume that
an agent i ∈ Ags intends that φ, conditional on the other agent, j ∈ Ags, acting
towards ψ. Then, i contingently commits herself to an action that guarantees φ
in case j acts towards ψ. The commitment is contingent on i making sure that j
acts towards ψ. Hence, it should suffice for i to get to know that j acts towards
ψ, without knowing the j’s exact strategy by which she ensures ψ, to satisfy her
conditional intention. So i should be able to ensure φ conditional on j ensuring ψ
without knowing j’s strategy to do so, which is a proactive rather than reactive
ability.

For instance, assume i plays the rock-paper-scissors game against j and intends
to win, conditional on j choosing either the rock or the scissors. i has a reactive
ability to do so. For every action of j that is consistent with the condition, i
has an action to guarantee the win: i can reply with paper for j’s rock and with
rock – to j’s scissors. Assume that i is assured that j is going to choose either
rock or scissors. Then, the condition of i’s contingent commitment is satisfied,
and i should choose an action to satisfy her conditional intention. Which one
should i choose? There is still no action to guarantee the winning, i needs to
know j’s exact move to choose accordingly. On the contrary, assume that they
play a rock-paper-scissors-well: the game is exactly like the rock-paper-scissors,
but each player has an additional move, to choose a well. The well wins against
the rock and the scissors (since both can fall into it), but loses against the paper
(since you can cover the well with the paper sheet). In such a scenario, i can
rationally intend to win, conditional on j choosing either the rock or the well. i
has a proactive ability to win in such a case: if i is sure that j is choosing the rock
or the well, i can reply with the paper, and no matter which of the two figures j
chooses, i will win.

In what follows, we combine the coalition logic with proactive abilities with a
simplified multi-agent version of the formalism for conditional intentions we have
developed in Section 4.1.5.

Having a finite set of agents Ags = {1, . . . , n} and a countable set of propositional
variables V ar = {p1, p2, . . .} fixed, we recursively define a language of conditional
intentions and abilities LICLα

as follows:
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φ ::= p | ¬φ | (φ ∨ φ) | [A](φ |B φ) | Inti(φ |B φ)

where i ∈ Ags. A,B ⊆ Ags. [A](φ |B ψ) reads as “A has a proactive ability
to ensure φ conditional on B ensuring ψ. Inti(φ |B ψ) reads as “i intends that
φ conditional on B ensuring ψ”. We abbreviate unconditional intention of i as
follows: Intiφ := Inti(φ |Ags\{i} ⊤). Analogously, unconditional ability of C to
ensure that φ is abbreviated as [C]φ := [C](φ |Ags\C⊤). [∅]φ stands for “φ is true
in all possible outcomes of the current game”. ⟨∅⟩φ – “there is an outcome of the
current game, in which φ is true”.

We have conditional intention operators only for individual agents, i.e., IntA(φ|Bγ)
is not a well-formed formula if Card(A) ̸= 1. Following the conservativity of
shared intentions over individual ones, we do not need group intentions in our
language, since we should be able to express them via the individual intentions
of group members.

Semantically, we extend game models with a set-selection function f that has all
the good properties we have argued for in Section 4.1.

4.2.1. Definition (Intentional game models). An intentional game model is a
tuple of the form:

M = (S, {Σi}i∈Ags, g, f, V )

1. (S, {Σi}i∈Ags, g, V ) is a game model;

2. f is a function that takes an agent i ∈ Ags, a possible world w ∈ W and
returns a partial function f iw : P(Σw

i
) → P(Σw

i ), such that:

(a) If f iw(P ) is defined, then f iw(P ) ̸= ∅ ;

(b) If f iw(P ) is defined, then P ̸= ∅;

(c) If f iw(P ) and f iw(Q) are defined and P ∩ Q ̸= ∅, then f iw(P ∩ Q) is
defined;

(d) If f iw(P ) and f iw(P ∩Q) are defined, f iw(P ∩Q) ⊆ f iw(P );

f iw function takes a condition – a set of i = Ags\{i}’s joint actions – and returns
a set of actions to which i restricts her choice in case i does any of the joint
actions in the condition. In other words, the conditional intention is modelled
as a commitment to a partial choice of action, conditional on the way others are
going to behave. The unconditional intention of the agent i then is represented as
f iw(Σw

i
), i.e., actions that i commits to no matter what everyone else does. We will

abbreviate f iw(Σw
i

) simply as f iw(⊤). Condition (2a) expresses that the agent’s
intentions are consistent with at least one of her available actions. (2b) expresses
that agents conditionalise their intentions only on consistent conditions. (2c)
expresses that conditions are closed under non-empty intersections. (2d) expresses
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monotonicity. Here, we model only intentions that are conditionalised on what
others do. We abstract away from agents’ plan-B intentions, since participatory
intentions, as we have argued, are either unconditional or conditional on actions
of others. So we can safely impose (2d) in such a strong form, without running
into counterexamples we have discussed in Section 4.1.

For every state w ∈ S, set of states X ⊆ S and coalition C ⊆ Ags, let ∥X∥Cw be
a set of C’s joint actions that ensure that the outcome of the game played in w
will be in X:

∥X∥Cw = {σC ∈ Σw
C | out(w, σC) ⊆ X}

For any sets X,Y ⊆ S and coalitions A,B ⊆ Ags, let ∥X |B Y ∥Aw be a set of A’s
actions to guarantee X, conditional on B ensuring Y at w:

∥X |B Y ∥Aw = {σA ∈ Σw
A | ∀σB ∈ ∥Y ∥Bw : σB ∪ σA ∈ ∥X∥A∪Bw }

For every A ⊆ B ⊆ Ags, let ∥X∥B|A
w = {σB ∈ Σw

B | σB|A ∈ ∥X∥Aw}. In other

words, ∥X∥B|A
w is a set of all B’s joint actions in which A guarantees X, without

any restrictions on B \A’s joint actions. Alternatively, for every σA ∈ ∥X∥Aw and

every σB\A ∈ Σw
B\A, σA ∪ σB\A ∈ ∥X∥B|A

w .

4.2.2. Definition (Semantic clauses for LICLα
). Given any formula φ ∈ LICLα

,
any intentional game model M = (S, {Σi}i∈Ags, g, f, V ) and any state w ∈ S, we
recursively define |= relation as follows:

M,w |= [A](φ |B ψ) ⇔ ∥φ |B ψ∥Aw ̸= ∅
M,w |= Inti(φ |B ψ) ⇔ f iw(∥ψ∥Ags\{i}|Bw ) is defined and

f iw(∥ψ∥Ags\{i}|Bw ) ⊆ ∥φ |B ψ∥iw

where:

∥φ∥Aw = ∥ JφKM∥Aw = {σA ∈ Σw
A | out(w, σA) ⊆ JφKM}

∥φ |B ψ∥Aw = {σA ∈ Σw
A | ∀σB ∈ ∥ψ∥Bw : σB ∪ σA ∈ ∥φ∥A∪Bw }

JφKM = {s ∈ S |M, s |= φ}

And the rest of the cases are standard.

According to Def. 4.2.2, i intends that φ conditional on B seeing to it that ψ iff
i contingently commits herself to actions that will lead to φ in case B sees to it
that ψ, conditional on B actually seeing to it that ψ.

To clarify the machinery of the formalism, let us formalise a toy example of a
protest cascade from Section 2.1.
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4.2.3. Example (Protest cascade). There are three agents: Anne, Boris, and
Chloe. All of them share the same political goals but differ in their beliefs about
the most effective means of achieving them. Anne believes that solo protests
make sense, so she is ready to join a protest no matter what. Boris believes that
only protests of at least two participants make sense. Chloe is even more sceptical
than Boris: she believes that a protest is pointless unless at least three people
participate in it. Everyone is also aware of others’ views. So Anne unconditionally
intends to go on a protest to ensure that there is at least someone protesting. Boris
intends that there will be at least two protesters, in case Anne joins the protest.
Chloe intends that there will be at least three protesters, conditional on Boris
and Anne joining the protest.

To rationally hold such intentions, agents should have the corresponding abilities.
Anne should be able to go on a protest no matter what; Boris should be able to
ensure that there are at least two protesters in case Anne is protesting; Chloe
should be able to ensure that there are at least three protesters, conditional on
Anne and Boris joining the protest. As the story goes, it seems to be the case.

Let Ags = {a, b, c}, standing for Anne, Boris, and Chloe, respectively. Let
V ar = {pn | n ∈ N}, where pn denotes the proposition “there are at least n-
many protesters participating”.

We start with a pointed game model M = (S, {Σi}i∈Ags, g, f, V ). Let s0 ∈ S be a
state, where Anne, Boris, and Chloe deliberate whether to go on the protest. For
any i ∈ Ags, let Σi = Σs0

i = {1i, 0i}, where 1i is to go and 0i – not to go. Then,
the game form at s0 is as follows:

g(s0) = {{s1, . . . , s8},Σa,Σb,Σc, o
s0}

,

where, in the lexicographical order:

os0((0a, 0b, 0c)) = s1

. . .

os0((1a, 1b, 1c)) = s8

Consequently, V (p0) = S, V (p1) = {s2, . . . , s8}, V (p2) = {s4, s6, s7, s8} and
V (p3) = {s8}. See Figure 4.2 for an illustration of g(s0).

Clearly, each agent has the unconditional ability to ensure that at least 1 protester
will be present – she can go to the protest. Formally, M, s0 |=

∧
i∈Ags[i]p1, since

∥p1∥is0 = {1i} ̸= ∅. Moreover, each agent can ensure that there will be at least
two protesters, conditional on someone else ensuring that there will be at least
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0b 1b
0a s1 : p0 s3 : p0, p1
1a s5 : p0, p1 s7 : p0, p1, p2

0c

0b 1b
0a s2 : p0, p1 s4 : p0, p1, p2
1a s6 : p0, p1, p2 s8 : p0, . . . , p3

1c

Figure 4.2: Normal game form for g(s0)

someone: M, s0 |=
∧i̸=j
i,j∈Ags[i](p2 |j p1), since:

∥p2 |j p1∥is0
= {σi ∈ Σi | ∀σj ∈ ∥p1∥js0 : out(s0, σi ∪ σj) ⊆ V (p2)}
= {σi ∈ Σi | out(s0, σi ∪ 1j) ⊆ V (p2)}
= {1i}

Analogously, everyone can ensure that there are at least three protesters, condi-
tional on everyone else joining:

∥p3 |{j,k} p2∥is0
= {σi ∈ Σi | ∀σ{j,k} ∈ ∥p2∥{j,k}s0

: out(s0, σi ∪ σ{j,k}) ⊆ V (p3)}
= {σi ∈ Σi | out

(
s0, σi ∪ (1j, 1k)

)
⊆ V (p3)}

= {1i}

Then, let us specify agents’ conditional intentions. Anne unconditionally commits
herself to going: fas0(⊤) = {1a} = ∥p1∥as0 . Boris is committed to go, conditional

on Anne going: f bs0(∥p1∥
b|a
s0 ) = {1b} = ∥p2 |a p1∥bs0 . Finally, Chloe is committed to

go, conditionally on Boris and Anne going:

f cs0(∥p2∥
{a,b}
s0

) = ∥p3 |{a,b} p2∥cs0 = {1c}

Then, by Def. 4.2.2: M, s0 |= Intap1 ∧ Intb(p2 |a p1) ∧ Intc(p3 |{a,b} p2).

So in our model, every agent’s intention satisfies the control constraint: if i intends
that φ, conditional on j seeing to it that ψ, then i can ensure that φ, conditional
on j ensuring ψ. In general, our formalism imposes this rationality constraint on
all agents in all models:

4.2.4. Proposition. The following is valid in the class of intentional game mod-
els:

|= Inti(φ |A ψ) → [i](φ |A ψ)
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Proof:
Assume thatM,w |= Inti(φ|Aψ) for some pointed intentional game model (M,w).
For contradiction, assume that M,w ̸|= [i](φ |A ψ). By Def. 4.2.2, M,w |=
Inti(φ |Aψ) iff f iw(∥ψ∥i|Aw ) ⊆ ∥(φ |Aψ)∥iw. Then, by (2a-2b) of Def. 4.2.2, ∥ψ∥i|Aw ̸=
∅ (and consequently ∥ψ∥Aw ̸= ∅) and ∥φ |A ψ∥iw ̸= ∅. But from M,w ̸|= [i](φ |A ψ)
it follows that ∥φ |A ψ∥iw = ∅. Contradiction. Hence, M,w |= [i](φ |A ψ). 2

4.2.1 Formalizing participatory intentions in LICLα
In this subsection, we approximate participatory intentions in our language LICLα

.
Throughout the section, we make some idealizations about the agents’ knowledge
and behaviour. First, we assume that agents are ex-ante omniscient : at each
state, they commonly know which actions are available to them and to others, as
well as which outcomes are yielded by every action profile. Agents are uncertain
only about their own and others’ choice of action. For instance, two players
of the rock-paper-scissors game are ex-ante omniscient before they play. They
commonly know that each player has three available moves – rock, paper, or
scissors – as well as what outcome is yielded by every action profile. The only
thing the agents do not know is who is going to choose which figure. Second,
we assume that individual agents always act intentionally and never fall under
the weakness of will. Namely, if any agent sees to it that φ, then she does so
intentionally; if the agent intends that φ, then she will see to it that φ. From the
last assumption, it follows that there is no difference between, e.g., the intention
of j, conditional on the intention of i that φ, and the intention of j, conditional
on i seeing to it that φ.

Having these idealizations in mind, we proceed with formalizing shared intention
à la Bratman in LICLα

. Since shared intention has several possible realizations, we
cannot simply define a translation function that maps the expression “the group
G shares the intention that φ” to some well-formed formula in LICLα

. In what
follows, we show which formulations of the shared intention are plausible and
which are not. For intuitive clarity, we will use the following simple two-agent
example.

Let φi, φj, φ ∈ LICLα
be formulae, such that φ stands for i and j have met at

the library at 2 o’clock, φi – i went to the library at 2 o’clock, φj – j went to the
library at 2 o’clock. The fact that {i, j}’s joint action consists of i and j doing
their parts can be expressed via the formula [∅]((φi∧φj) → φ) (i.e., in all possible
outcomes, if i and j both go to the library at 2 o’clock, then they will meet one
another). See Figure 4.3 for the illustration of the corresponding game model.

Let (M,w0) be a pointed intentional game model depicted in Figure 4.3. First, we
start with formulations of participatory intentions that we do not find plausible
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w0

w1, {φi, φj, φ} w2, {φi}

w3, {φj} w4, ∅

(i1, j1) (i1, j2)

(i2, j1) (i2, j2)

Figure 4.3: The game model M = (S,Σi,Σj, g, V ). S = {w0, . . . , w4}. Ai =
{i1, i2}, Aj = {j1, j2}. Arrows represent ow0 function. For any other state s ∈
S \ {w0}, os(σAgs) = s for any σAgs ∈ ΣAgs. JφiK = {w1, w2}, JφjK = {w1, w3},
JφK = Jφi ∧ φjK. f function will be defined later in the text.
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and explain why. Agents may simply intend to do their parts: Intiφi ∧ Intjφj.
The formula is satisfiable at (M,w0): if f iw0

(⊤) = {i1} and f jw0
(⊤) = {j1}, then

M,w0 |= Intiφi ∧ Intjφj. If i acts towards φi and implements i1, while j acts
towards φj and implements j1, then the outcome will be w1 = ow0((i1, j1)), and
M,w1 |= φ. The problem with such an approach is that φ – i.e., joint action – is
absent in the content of both i and j’s intentions. To hold such intentions, there is
no need for i and j to recognise one another as co-participants of the joint action.
For example, i may intend to visit a library and j may intend to visit the library
at the same time. If they follow their intentions, they will meet one another at
the library, while neither of them thought of the other as a co-participant; maybe
both of them would rather avoid this encounter. It might even be commonly
known among i and j that they both intend to go to the library at the same
time. For instance, i and j might be publicly invited to visit the library at the
same time, while it is commonly known among them that they always accept
invitations and act accordingly. Both i and j may despise one another and prefer
to avoid the encounters, but still both intend to do actions that will result in
them stumbling upon one another. Obviously, in such a case, i and j do not
share the intention to meet one another in the library: their meeting is rather an
undesirable side-effect of what each of them intends by their own.

We can blatantly read Bratman’s proposal and presuppose that both i and j
simply intend that φ: Intiφ ∧ Intjφ. But this cannot be satisfied at (M,w0),
since the control constraint is broken! Clearly, M,w0 ̸|= [i]φ ∨ [j]φ: neither
i nor j has a strategy to ensure that φ. As we have proven in Prop. 4.2.4,
|= Inti(φ |j γ) → [i](φ|jγ), i.e, by contraposition, |= ¬[i]φ → ¬Intiφ. Since
M,w0 |= ¬[i]φ∧¬[j]φ, we can conclude that M,w0 |= ¬Intiφ∧¬Intjφ, whatever
the definition of f is. Moreover, neither i nor j can intend that φ conditional
on the other ensuring that φ: since ∥φ∥iw0

= ∥φ∥jw0
= ∅, by (2b) of Def. 4.2.2,

fi(∥φ∥jw0
) and fj(∥φ∥iw0

) are undefined, hence, M,w0 ̸|= Inti(φ |j φ)∨ Intj(φ |iφ).

In what follows, we list plausible formulations. We start with a case where both
i and j are initiators:

Intiφi ∧ Inti(φ |j φj) (α)

Intjφj ∧ Intj(φ |i φi) (β)

Informally, α means that i intends to do her part – to go to the library – no
matter what, and i also intends that i and j will meet there, conditional on j
going to the library. β expresses the mirroring intention for j. First of all, α∧β is
satisfiable: given that f iw0

(⊤) = f iw0
({j1}) = {i1} and f jw0

(⊤) = f jw0
({i1}) = {j1},

M,w0 |= α ∧ β. This time, φ is in the content of both i and j’s intention. Yet it
apparently might not be enough. Namely, i and j conditionalise their intention
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that φ only on the other doing her part, maybe not having their joint activity
in mind. To clarify our concern and how we deal with it, we can look into the
following example:

Suppose I have as an end that we dig a tunnel under the English
Channel. You are in France and will dig from Calais, and I am in
England and will dig from Dover. The tunnels will connect in the
middle of the English Channel. I don’t care whether you have as an
end that we dig the tunnel, or whether you are simply digging a tunnel
from Calais to the middle of the English Channel for a bet. [...] Your
sentiments mirror mine. [Mil01, p.75]

In this example, both agents intend that they dig the tunnel, conditional on the
other digging their half of the tunnel. Neither of them cares if the other does
her part to jointly dig the tunnel under the English Channel, or just to dig the
tunnel to the middle of the channel alone, for whatever reason. Do such agents
share the intention to dig the tunnel together in that case?

If we add the assumption that it is commonly known among i and j that both
of them “have as an end” that they dig the tunnel under the English Channel,
neither of them even considers it possible that the other does not have their
joint action as an object of intention. Therefore, under the common knowledge
assumption, the question boils down to the preference. “I don’t care whether
you have as an end that we dig the tunnel” cannot be read epistemically, since
I know that you do intend that we dig the tunnel. I just would not care if you
did your part for whatever reason other than having the participatory intention.
As highlighted by Bratman in response to this example, such preferences are
irrelevant to the shared intention:

After all, I am not on the lookout for ways to ensure that you instead
participate because of an alternative intention to win a bet by dig-
ging halfway. Interlocking is a relation between our actual intentions,
and is compatible with the absence of a preference that favours the
intention of the other over other possible intentions that might suffice
for achieving the joint activity. So Miller’s example need not pose a
problem for [(2) of the definition]. [Bra13, p.52]

To conclude with the case of initiators only, α∧ β is a satisfiable formalisation of
the participatory intentions to constitute a shared intention of i and j to φ. We
can generalise this formulation beyond the two-agent case:

4.2.5. Definition (Shared intention, the strongest formulation). A set of agents
G ⊆ Ags, each of whom is an initiator, share the intention that φ iff for some
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{ψi}i∈G ⊆ LICLα
:∧

i∈G

(
Intiψi ∧ Inti(φ |G\{i}

∧
j∈G\{i}

ψj)
)
∧ [∅]((

∧
i∈G

ψi) → φ)

Or, informally, iff every group member unconditionally intends to do her part of
some joint action that entails φ and intends that this joint action will be done,
conditionally on all the other members doing their parts.

The shared intention as specified in Def. 4.2.5 is satisfiable.

4.2.6. Proposition. There exists a game model with intentions:

M = (S, {Σi}i∈Ags, g, f, V )

and a state w ∈ S, such that, for some {ψi}i∈Ags, φ ⊆ LICLα
:

M,w |=
∧
i∈G

(
Intiψi ∧ Inti(φ |G\{i}

∧
j∈G\{i}

ψj)
)
∧ [∅]((

∧
i∈G

ψi) → φ)

Proof:
Let G = {1, . . . , k} ⊆ Ags. Take any pointed game model with intentions (M,w),
such that Σw

i = {σi, σ′
i} for any i ∈ Ags. Let JφKM = out(w, (σ1, . . . , σk)) and

JψiKM = out(w, σi) for any i ∈ {1, . . . , k}. For any i ∈ {1, . . . , k}, f iw(⊤) = {σi}
and:

f iw(∥
∧

j∈G\{i}

ψj∥i|G\{i}) = f iw({σi ∈ Σi|σi|G\{i} = (σ1, . . . , σi−1, σi+1, . . . , σk)}) = {σi}

Then, M,w |=
∧
i∈G

(
Intiψi ∧ Inti(φ |G\{i}

∧
j∈G\{i} ψj)

)
∧ [∅]((

∧
i∈G ψi) → φ),

which can be seen by a tedious but straightforward model-checking. 2

This way of sharing intentions, however, is not unique and quite demanding: it
requires all agents to intend to do their parts no matter what. E.g., both i and
j intend to show up at the library even if the other will not. Such a strong
commitment from all agents is not necessary to share the intention. To be more
precise, at least some members may have only restrictive conditional intentions
to do their parts. Although everyone can do her part regardless of what others
do, some members may have a reason to do so only if at least someone initiates
and does their part no matter what. E.g., i, as an initiator, may intend to go to
the library no matter what (even if j will not show up) and intend to meet with
j there, conditional on j showing up; then, j may intend to go to the library and
meet i there conditionally on i initiating by going there no matter what. Since at
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least one of them initiates, this should be sufficient for the successful formation of
a shared intention to meet at the library. Formally, this is expressible as follows:

Intiφi ∧ Inti(φ |j φj) (α′)

Intj(φj |i φi) ∧ Intj(φ |i φi) (β′)

α′ ∧ β′ is satisfiable: given that f jw0
({i1}) = f jw0

(∥φi∥iw0
) = {j1} = ∥φj |i φi∥jw0

=
∥φ |i φi∥jw0

and f iw0
(⊤) = {i1} = ∥φi∥iw0

, f iw0
({j1}) = f iw0

(∥φj∥jw0
) = {i1} =

∥φ |j φj∥iw0
, M,w0 |= α′ ∧ β′.

Generalizing beyond the two-agent case, there is a variety of ways the group G can
implicitly share the intention that φ in weaker forms rather than having everyone
as initiators. Namely, for every subset ∅ ̸= J ⊆ G, there is at least one way in
which only members of J are initiators.

4.2.7. Definition (Shared intention in LICLα
, general scheme). Given a set of agents

G = {1, . . . , k} ⊆ Ags, of which {1, . . . ,m} ⊆ G are initiators, G shares the im-
plicit intention that φ iff:∧

i∈{1,...m}

(
Intiψi ∧ Inti(φ |G\{i}

∧
j∈G\{i}

ψj)
)
∧

∧
j∈{m+1,...,k}

(
Intj(ψj |{1,...,m} ψ1 ∧ . . . ∧ ψm) ∧ Intj(φ |G\{j}

∧
l∈G\{j}

ψl)
)
∧

[∅]((
∧
i∈G

ψi) → φ)

or, informally, iff every member intends that the joint action that entails φ will
be done, conditional on others doing their parts of the joint action. The initiators
intend to do their parts no matter what, and the rest intend to do their parts
conditionally on the initiators.

4.2.8. Proposition. There exists a game model with intentions

M = (S, {Σi}i∈Ags, g, f, V )

and a state w ∈ S, such that, for some {ψi}i∈G, φ ∈ Ags:

M,w |=
∧

i∈{1,...m}

(
Intiψi ∧ Inti(φ |G\{i}

∧
j∈G\{i}

ψj)
)
∧

∧
j∈{m+1,...,k}

(
Intj(ψj |{1,...,m} ψ1 ∧ . . . ψm) ∧ Intj(φ |G\{j}

∧
l∈G\{j}

ψl)
)
∧

[∅]((
∧
i∈G

ψi) → φ)



4.2. Simpler multi-agent framework 107

Proof:
Let G = {1, . . . , k} ⊆ Ags and m ≤ k. Take any pointed game model with
intentions (M,w), such that Σw

i = {σi, σ′
i} for any i ∈ Ags. Let JφKM =

out(w, (σ1, . . . , σk)) and JψiKM = out(w, σi) for any i ∈ {1, . . . , k}. For any
i ∈ {1, . . . ,m}, f iw(⊤) = {σi} and for any i ∈ {1, . . . , k}:

f iw(∥
∧

j∈G\{i}

ψj∥i|G\{i}) = f iw({σi ∈ Σi|σi|G\{i} = (σ1, . . . , σi−1, σi+1, . . . , σk)}) = {σi}

For any j ∈ {m+1, . . . , k}, f jw(∥ψ1∧. . .∧ψm∥i|{1,...,m}
w ) = f jw({σi ∈ Σi |σi|{1,...,m} =

(σ1, . . . , σm)}) = {σj}

Then, by a tedious but straightforward model-checking:

M,w |=
∧

i∈{1,...m}

(
Intiψi ∧ Inti(φ |G\{i}

∧
j∈G\{i}

ψj)
)
∧

∧
j∈{m+1,...,k}

(
Intj(ψj |{1,...,m} ψ1 ∧ . . . ∧ ψm) ∧ Intj(φ |G\{j}

∧
l∈G\{j}

ψl)
)
∧

[∅]((
∧
i∈G

ψi) → φ)

2

Note that in both Def. 4.2.5 and 4.2.7, there is no vicious circle: the condition of
non-initiators’ intentions coincides with the unconditional intentions of initiators.

So far, we have proven that: 1) the accounts of shared intention that we have
informally argued against in Section 2.1 are unsatisfiable in our formalism; 2) our
own account with initiators is satisfiable: agents who satisfy all the rationality
constraints we have argued for in Sec. 4.1 may have the corresponding partici-
patory intentions, without breaking the control constraint or falling into vicious
circle of conditionalisation. Moreover, our account is ontologically individualis-
tic: we have not postulated the existence of anything but individuals and their
mental states. It is left for us to show that shared intentions are normatively
conservative. Namely, given that members’ participatory intentions are rational,
so is their shared intention. In [Bra13], the following norms guiding intentions
are given:

(Cons) Consistency: intentions should be consistent;

(Aggl) Agglomeration: it should be possible to agglomerate one’s intentions into a
larger intention;

(ME) Means-ends coherence: if one intends that φ and believes ψ to be a necessary
means to bring about that φ, then one should intend that ψ;
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(Stable) Stability: although intentions can be revised, one should keep one’s in-
tention as long as there is no reason to abandon it (i.e., one should keep
intending that φ as long as φ is not achieved yet, but it is still possible to
achieve).

We abstract away from the stability and means-ends coherence. As for the former,
it concerns future-directed intentions and plans, whereas our formalisation so far
deals only with agents’ present-directed intentions, i.e., what they are to do in
the given state. As for the latter, LICLα

contains only expressions about implicit
intentions, so any consequence of implicit intention is implicitly intended, whether
it is a necessary means or a side-effect, trivially satisfying (ME). We will address
the problem of side effects for group intention in detail in the following Chapter.
As for the rest, we demonstrate that Bratman’s thesis about conservativity holds
for (Cons) and (Aggl). If individuals’ conditional intentions do not break any
rationality constraints, the intentions they share (if any) are consistent, and they
agglomerate.

For simplicity, we limit ourselves to the two-agent case, where both agents are
initiators. All proofs for more agents and weaker forms of shared intentions are
analogous. So we abbreviate a shared intention of {i, j} that φ as follows:

Inti,jφ := Intiφi ∧ Inti(φ |j φj) ∧ Intjφj ∧ Intj(φ |i φi) ∧ [∅]((φi ∧ φj) → φ)

for some φi, φj.

There are natural formulations of consistency and agglomeration norms in LICLα
:

Inti,jφ→ ⟨∅⟩φ (Cons)

(Inti,jφ ∧ Inti,jψ) → Inti,j(φ ∧ ψ) (Aggl)

Moving to the proofs of validity, we show that the principle that is stronger than
(Cons) holds for shared intention: namely, the group analogue of the control
constraint. If i and j share the intention to φ, not only φ is possible, but i and
j have a joint strategy to ensure that φ:

4.2.9. Proposition. For any φ, φi, φj ∈ LICLα
, the following holds: |= Inti,jφ→

[{i, j}]φ

Proof:
Assume that M,w |= Inti,jφ for some intentional game model M and some state
w. In other words:

M,w |= Intiφi ∧ Inti(φ |j φj) ∧ Intjφj ∧ Intj(φ |i φi) ∧ [∅]((φi ∧ φj) → φ)

Then, from M,w |= Intiφi ∧ Intjφj it follows that f iw(⊤) ⊆ ∥φi∥iw and f jw(⊤) ⊆
∥φj∥jw. Then, there exist some strategy σi ∈ Σi, such that out(σi, w) ⊆ JφiK, and
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there exists some strategy σj ∈ Σj, such that out(w, σj) ⊆ JφjK. Then, by def. of
out, out(w, σi ∪ σj) ⊆ Jφi ∧ φjK.

From M,w |= [∅]((φi ∧ φj) → φ) it follows that there exists a strategy σ∅ ∈ Σ∅,
such that out(w, σ∅) ⊆ J(φi∧φj) → φK. Since Σ∅ = {σ∅} for any game modelM , it
simply means that for any outcome state s ∈ Sw of w, M, s |= (φi∧φj) → φ. Take
any outcome state s ∈ Sw, such that s ∈ out(w, σi∪σj). As we have shown before,
M, s |= φi ∧ φj. Then, since s is an outcome state for w, M, s |= (φi ∧ φj) → φ.
Therefore, M, s |= φ. Therefore, there exists a state s ∈ out(w, σ∅), such that
M, s |= φ, hence, M,w |= ⟨∅⟩φ.

Since s was chosen arbitrary, for any s ∈ out(w, σi ∪ σj), M, s |= φ. Then,

out(w, σi ∪ σj) ⊆ JφK, i.e., (σi ∪ σj) ∈ ∥φ∥{i,j}w . Hence, ∥φ∥{i,j}w ̸= ∅, from which it
follows that M,w |= [{i, j}]φ. 2

Before moving to the proof of agglomeration, we demonstrate a lemma that is
interesting in its own right. Given that we do not deal with plan-B intentions and
the associated restrictions on monotonicity, we can agglomerate agents’ intentions
with consistent conditions.

4.2.10. Lemma (Agglomeration of conditional intentions). Given any two-agent
game-model with intentions M = (S,Σi,Σj, g, f, V ) and any state w ∈ S, the
following holds:

M,w |= (Inti(φ |j φj) ∧ Inti(ψ |j ψj)) →
(
[j](φj ∧ ψj) → Inti(φ ∧ ψ |j φj ∧ ψj)

Proof:
Assume M,w |= Inti(φ |j φj) ∧ Inti(ψ |j ψj) ∧ [j](φj ∧ ψj). Then, f iw(∥φj∥jw) ⊆
∥φ |jφj∥iw and f iw(∥ψj∥jw) ⊆ ∥ψ |jψj∥iw. Since M,w |= [j](φj∧ψj), ∥φj∧ψj∥jw ̸= ∅.
Obviously, for any strategy σj ∈ Σw

j , σj ∈ ∥φj∥jw ∩ ∥ψj∥jw iff σj ∈ ∥φ ∧ ψ∥jw.
Hence, ∥φj∥jw ∩ ∥ψj∥jw ̸= ∅. Then, by (2c) of Def. 4.2.1, f iw(∥φj∥jw ∩ ∥ψj∥jw) =
f iw(∥φj ∧ ψj∥jw) is defined. Then, by (2d), f iw(∥φj ∧ ψj∥jw) ⊆ f iw(∥φj∥jw) and
f iw(∥φj ∧ ψj∥jw) ⊆ f iw(∥ψj∥jw). Then, f iw(∥φj ∧ ψj∥jw) ⊆ ∥φ |j φj∥iw ∩ ∥ψ |j ψj∥iw.

Take any σi ∈ ∥φ |jφj∥iw∩∥ψ |jψj∥iw. Take any σj ∈ ∥φj∧ψj∥jw. Since σj ∈ ∥φj∥jw
and σi ∈ ∥φ |jφj∥iw, out(w, σi∪σj) ⊆ JφKM . Since σj ∈ ∥ψj∥jw and σi ∈ ∥ψ |jψj∥iw,
out(w, σi ∪ σj) ⊆ JψKM . So for any σj ∈ ∥φj ∧ ψj∥jw, out(w, σi ∪ σj) ⊆ Jφ ∧ ψKM .
Then, it follows that σi ∈ ∥φ∧ψ |jφj∧ψj∥iw. Since σi ∈ ∥φ |jφj∥iw∩∥ψ |jψj∥iw was
chosen arbitrarily, we conclude that ∥φ |j φj∥iw ∩∥ψ |j ψj∥iw ⊆ ∥φ∧ψ |j φj ∧ψj∥jw.

So we have that f iw(∥φi ∧ ψj∥jw) ⊆ ∥φ |j φj∥iw ∩ ∥ψ |j ψj∥iw ⊆ ∥φ ∧ ψ |j φj ∧ ψj∥jw,
from which it follows that M,w |= Inti(φ ∧ ψ |j φj ∧ ψj). 2
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4.2.11. Proposition (Shared intentions agglomerate). For any φi, φj, ψi, ψj, φ, ψ ∈
LICLα

, the following holds:

|= (Inti,jφ ∧ Inti,jψ) → Inti,j(φ ∧ ψ)

Proof:
Assume that M,w |= Inti,jφ ∧ Inti,jψ, where:

Inti,jφ := Intiφi ∧ Inti(φ|jφj) ∧ Intjφj ∧ Intj(φ|iφi) ∧ [∅]((φi ∧ φj) → φ)

Inti,jψ := Intiψi ∧ Inti(ψ |j ψj) ∧ Intjψj ∧ Intj(ψ |i ψi) ∧ [∅]((ψi ∧ ψj) → ψ)

for some φi, φj, ψi, ψj. We show that M,w |= Inti,j(φ ∧ ψ), i.e.:

M,w |= Inti(φi∧ψj)∧Inti(φ∧ψ |jφj∧ψj)∧Intj(φj∧ψj)∧Intj(φ∧ψ |iφi∧ψi)∧
[∅]((φi ∧ ψi ∧ φj ∧ ψj) → (φ ∧ ψ))

By Lemma 4.2.10, from M,w |= Intiφi ∧ Intiψi it follows that M,w |= Inti(φi ∧
ψi). Analogously, from M,w |= Intjφj ∧ Intjψj it follows that M,w |= Intj(φj ∧
ψj). Then, by (2a) of Def. 4.2.1, we also have that M,w |= [i](φi ∧ ψi) and
[j](φj ∧ ψj). By Lemma 4.2.10, from M,w |= Inti(φ |j φj) ∧ Inti(ψ |j ψj) and
M,w |= [j](φj ∧ ψj) it follows that M,w |= Inti(φ ∧ ψ |j φj ∧ ψj). Analogously,
M,w |= Intj(φ∧ψ |iφi∧ψi). From M,w |= [∅]((φi∧φj) → φ)∧ [∅]((ψi∧ψj) → ψ)
it follows that M,w |= [∅]((φi ∧ φj ∧ ψi ∧ ψj) → (φ ∧ ψ)). Taking it all together,
M,w |= Inti,j(φ ∧ ψ). 2

4.2.2 Envoi

We have introduced a formal language LICLα
, in which we have formalised our

reading of Bratman’s theory of shared intention. We have demonstrated that our
reading is consistent (Proposition 4.2.8), as well as ontologically, conceptually, and
normatively conservative (Propositions 4.2.9, 4.2.11) over the theory of individual
conditional intention. So if we share Bratman’s philosophical stance on group
agency, we can distinguish random sets of agents from groups in LICLα

: the latter
should share some non-trivial intentions, unlike the former.

Our work here can be continued, both conceptually and formally. From the
conceptual side, we have only addressed present-directed shared intentions, such
as to dance together, to meet at the library, to applaud the concert, etc. Present-
directed intentions suffice to distinguish who acts as a group at any given moment.
So we have ignored the future-directed intentions: commitments to long-term
strategies. The examples of a shared future-directed intention we abstracted away
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from are: to dance together whenever the opportunity presents itself; to regularly
meet at the library every Sunday for the next year; to love and to cherish one
another till death do us part. Although future-directed shared intentions are not
necessary for our line of work, they are worth exploring in their own right.

Formally, we have not explored any meta-logical properties of the formalisms
we have introduced beyond the single-agent logic of conditional intention. To
axiomatise the set of validities {φ ∈ LICLα

| |= φ}, we will need to axiomatise the
fragment of ConStR with [ . ]α( . ; ⟨ .⟩ . )-modality, which is still an open problem. It
might be easier to embed the corresponding fragment of ConStR in some fragment
of Strategy Logic [Mog13] or First-Order Coalition Logic [CGM25] first, which
we reserve for future work.





Chapter 5

Collective intentions and decision
problems1

In this chapter, we formally approximate team reasoning as a theory of collec-
tive intention. In short, the main take-home message from Bacharach’s work,
discussed in Section 2.2 is as follows. The object of a collective intention is a
(proposition about) a solution to the group’s decision problem. The solutions to
group decision problems are joint actions, understood as aggregations of group
members’ actions. The group decision problems, on the contrary, cannot be re-
duced to the aggregations of group members’ individual decision problems: the
group problem might be guided by scarcer, irreducible distinctions, such as com-
mon interest, collective obligation, etc. So we have the following desiderata for
the formalism to model the theory: it should have an explicit representation of
individual and group decision problems, in the context of which intentions are
formulated. The difference between individual and collective decision problems
should ground the irreducibility of collective intention to the aggregation of indi-
vidual ones. As we are to see, making the intention problem-sensitive also helps
us to alleviate the problem of side-effects. Given that intentions exist in the con-
text of a decision problem, whenever the agent intends that φ and φ entails ψ,
whether the agent is rationally pressured to intend ψ depends on whether ψ has
something to do with her decision problem.

The chapter is organised as follows. In Section 5.1, we introduce a single-agent
problem-sensitive logic of intention. In this formalism, an agent’s intention de-

1Section 5.1 of this chapter is based on the paper Daniil Khaitovich and Aybüke Özgun. Hy-
perintensional Intention. In: Proceedings of TARK 2025. Edited by Adam Bjorndahl. EPTCS.
Waterloo, Australia: Open Publishing Association, 2025, pages 44–60. [KÖ25].
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pends on the decision problem the agent has. Introducing decision problems al-
lows to distinguish between practically relevant and irrelevant propositions, which
provides us with a more precise solution to the side-effects problem, addressed in
Section 4.1.5. In Section 5.2, we extend out framework to multi-agent case with
groups, holistically defining groups’ decision problems as irreducible.

5.1 Problem-sensitive intention: single-agent case

Intentions do not obey many of the closure principles logicians bake in their for-
malisms. While we are rationally committed to intend some of the consequences
of what we intend, we are not rationally committed to intend, e.g., all logical,
known, or believed consequences of our intentions. To cite a classic example
[CL90a, p. 218], one intends to go to the dentists to get one’s tooth filled, believ-
ing or knowing that filling tooth will lead to being in pain (maybe because the
agent doesn’t know about anesthetics or they have high tolerance to anesthetics
or they cannot take much anesthetics due to other health issues), while not in-
tending to be in pain. Agents not only do not intend the unforeseen side-effects of
their actions, but they also do not intend all of their foreseen side-effects [Bra87;
CL90a].

This has already been well documented in the literature on logics of intentions
[CL90a; KP93], and much ink has been spilled to meet the challenge of finding a
logical formalism for intentions that neither over- nor undergenerates the intended
consequences of one’s intentions such that the overgeneration problem is solved
in a principled, well-motivated way [CL99; BG23; Roy08].

The concept of the so-called issue-relevance [Ber18; Kro24] or question-sensitivity
[Min11; Yal18; Hoe22; BBS18] of propositional mental states may be helpful to
achieve this goal. Question-sensitivity of epistemic/doxastic attitudes can explain
the failure of some closure principles by modeling these attitudes as dependent
on inquiry relevant to an agent’s epistemic/doxastic agenda, alleviating the infa-
mous problem of logical omniscience [Sta91; Var86; HÖB20] or accounting for the
effects of inquiry on a rational, idealised agent’s knowledge and belief [BBS18;
Kro24]. In a similar vein, observing the parallel between the problems of logical
omniscience and side-effects, recent work [BG23] developed a question-sensitive
theory of rational intentions, modeling intentions as dependent on the agent’s
practical question what to do?, namely, their decision problem. We take our cue
from this theory but argue that it still overgenerates validities: it is still subject
to the problem of side-effects. To briefly explain (and to be further elaborated be-
low), the purely possible-worlds, partition-based mechanism employed in [BG23]
avoids closure under logical, necessary or known/believed entailments but still
validates closure under (undesired instances of) logical and necessary equivalents
for intentions. We provide compelling examples that challenge closure under log-
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ical, necessary, and known/believed equivalents and, in turn, argue that a logic of
intentions should also avoid these closure principles of equivalents. In particular,
it should be hyperintesional.

Our proposal employs tools from topic- or subject matter-sensitive semantics for
knowledge and belief [ÖB21; Ber22; HÖB20] and use them to model decision
problems in a finer, hyperintensional way. We fully develop this formalism based
on a bi-modal language with a global and an intention modality, and provide a
sound and strongly complete axiomatization for the proposed hyperintensional
logic of intention.

5.1.1 Logics of Intension and The Problem of Side-Effects

Formal epistemologists and philosophical logicians often turn to Kripke seman-
tics to model propositional mental attitudes such as knowledge, belief and, of
particular interest for us, intention. As well known, however, this mainstream
approach validates certain closure principles for these attitudes that are fit to
model only highly idealised knowers and believers. As also emphasised, e.g., in
[KP93], these closure principles are a more serious treat for intention, as they
cannot be defended for intentions even as idealizations. In this paper, we will
focus on the following closure principles, formulated for intentions via operator
I:

1. Closure under logical entailment: |= φ→ ψ then |= Intφ→ Intψ

2. Necessary entailment: |= 2(φ→ ψ) → (Intφ→ Intψ)

3. Closure under logical equivalence: |= φ↔ ψ then Intφ↔ Intψ

4. Necessary equivalence: |= 2(φ↔ ψ) → (Intφ↔ Intψ)

A few notes on notation is warranted. In the formulation of principles 1-4, |=
represents the logical consequence relation of the relevant logic, Intφ is read as
“the agent intends that φ”. 2φ is read as “it is apriori that φ” or ”the agents
knows that φ”, depending on the context and examples we target. The reason
why we do not introduce distinct operators for knowledge and apriori necessity
is merely practical and the lack of such distinct operators does not bear on any
substantive conceptual points we want to make in this work. In our formalism,
we interpret 2 as the global modality, closer to the standard interpretation of
apriori necessity. Introducing an additional knowledge operator K interpreted on
a subset of the logical space, representing epistemically accessible worlds of the
agent (as in, e.g., the Kripke semantics of epistemic logic) does not make any
difference for the kinds of logical principles we focus on in this work.2 This much

2This claim assumes that the set of so-called conative alternatives wrt which the operator
Int is interpreted is a subset of the epistemically accessible worlds. Moreover, one can also read
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formalism should be sufficient for our exposition. All these notions and notation
will be properly introduced later.

We say that a logic suffers from the problem of side-effects if it validates at
least one of 1-4 (even when φ and ψ are propositional variables). Just as an
epistemic agent can be non-omniscient for diverse reasons [Ber22; HÖB20], the
problem of side-effects can be explained by different factors. Since the early stages
of intention logic research, principles 1 and 2 have been considered undesirably
strong [KP93; CL99]. There are at least two factors explaining the failure of these
principles:

1. Epistemic flaws : One can intend that φ only if one has the epistemic
resources to reason about φ. Agents cannot derive and do not always
know/believe all the consequences of what they intend, thus, they do not
always intend all necessary or logical consequences of what they intend.

For example, one may intend to maintain a vegan diet without intending not eat-
ing anything that contains cysteine simply because one has no idea what cysteine
is or does not know that it is made out of animal products.3

2. Control constraint : One can intend that φ only if one believes that one has
control over φ. So that, if one intends that φ, φ entails ψ, but one lacks
control over ψ, one will not intend ψ. [BG23, p.357].

Epistemic flaws are not specific to intention and are widely studied in formal
theories of knowledge and belief (see, e.g., [Var86; Sta84; HÖB20]). On the con-
trary, control constraint is a unique feature of intention and similar motivational
attitudes. Cases of the failure of closure under entailment due to control con-
straint have been discussed in the existing literature [Roy08; BG23]. Authors
often point to foreseeing without intending : one may intend to do some action,
foresee some necessary consequences of that action (hence know that the intended
action entails such consequences), yet still not intend these consequences [Aun66].
We focus on the less discussed cases, where even the weaker principle of closure
under equivalence fails.4

Below we present a few examples motivating the failure of 3-4 exactly due to
control constraint. In all such cases, the bearers of intention intends that φ,
knows that φ is (necessarily or materially) equivalent to ψ, but does not intend

2 as belief. In this section, we often refer to knowledge to keep the presentation more concise.
3This example is inspired by Stalnaker’s famous William III example for belief [Sta84], also

used in [BG23] for intention to make a similar point.
4A single paper known to us that addresses the closure under equivalence as well is [CL99].

Authors approach the issue from the perspective of resource-bounded agents. As we are to
see in the following sections, the presented semantics there is overly simplistic to capture the
control constraint and too syntactic, relying solely on how the formulas are built from the
atomic propositions in order to evaluate which side-effects they force.
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that ψ. Since the equivalences are known by the agents in question, such failures
cannot be explained by epistemic flaws.

5.1.1. Example. Imagine a patient who suffers from a severe dental disease.
The doctor tells the patient that without any treatment, he will certainly lose his
teeth, but the treatment decreases the chance only by 50%. By agreeing to the
treatment, the patient intends to save his teeth with 50% chance, but he doesn’t
intend to lose his teeth with 50% chance.5

5.1.2. Example. In some monarchy, it is obligatory to pay taxes. A citizen of
the monarchy does not want to face any legal consequences of tax avoidance,
hence, she intends to pay taxes. The monarch necessarily spends tax money
on official ceremonies. In this context, the propositions “one’s taxes are paid”
and “one’s paid taxes are spent on official ceremonies” are necessarily equivalent
(in all the worlds that comply with the customs of the monarchy): if one pays
taxes, then the monarch spend them on ceremonies, while the spending one’s paid
taxes on ceremonies entails that one’s taxes are paid. Being familiar with the
customs of the monarch, this equivalence is known by the citizen. Nevertheless,
the citizen may not intend that her paid taxes are spent on official ceremonies,
despite intending to pay taxes.

We cannot explain these failures of the closure under equivalence by epistemic
flaws. Instead, they can be explained via control constraint.6 Intuitively, the
patient has control over the decrease of the chance of teeth loss by 50%, since
there is an option to take the treatment, but has no control over the fact that
there still will be 50% chance of losing the teeth. The taxpayer controls whether
her taxes are paid or not, but it is not in her control to prevent the monarch from
spending her tax money not to her liking.

Therefore, the control constraint poses a challenge not only to the principles of
closure under entailment (1 & 2), but also to the principles of closure under

5Similar examples can be found in the literature on framing effects [KT84].
6We can give a stronger philosophical explanation as to why one may have control over some

proposition, but lack control over the equivalent one. While the early theories of agency [Chi64]
define control strictly in terms of causation – the agent has control over φ iff she can force
φ by her actions – the more recent accounts refine these definitions, connecting control with
explanatory relations. In [Kelng], it is argued that an agent has control over φ only if the agent
can act in a way that will lead to φ and the explanation why φ will obtain is centered around the
actions of the agent. This leads to the failure of the closure under equivalents: it is possible that
φ holds iff so does ψ, but explanations why those propositions are true differ. Explanation is
often seen as an example of hyperintensional phenomena. All mathematical truths are necessary
true and hence logically and apriori equivalent, nevertheless, they have different explanations.
Such phenomena occur with contingent propositions as well: “it is true that grass is green”
is explained by “the grass is green”, but not vise versa, while two propositions are obviously
necessarily equivalent. Since the metaphysics and logic of explanation are out of the scope of
the present paper, we do not elaborate further on this argument. See, e.g., [Nol14, p.157] and
[Sch11] for the further discussion.
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equivalences (3-4). A logic of rational intention should avoid them. Yet, there
are a number of simple and intuitive logical principles that rational intention
should validate; that is, a logic of intention is still possible. For example, the
restricted versions of the above mentioned closure principles, constrained to the
cases where the agent has control over both propositions in question and there are
no epistemic obstacles, should be validated. Moreover, as we have argued before,
rational intentions are consistent (if one intends that φ, one doesn’t intend that
¬φ) [CL90a; KP93; CL99; Roy08] and they agglomerate (if one intends that φ
and one intends that ψ, then one intends that φ ∧ ψ) [Zhu10; BG23].

5.1.2 Formalising decision problems as partitions

One of the recent solutions to the problem of side-effects borrows another tool
from formal epistemology – question-sensitivity. Some have argued that our
knowledge and beliefs exist in the context of questions [Sta84; Yal18; BBS18;
Kro24]. Likewise, one can argue that our intentions exist in the context of deci-
sion problems. Just like any belief we hold is an answer to some question, any
intention we have is a solution to a problem “what to do?” [BG23]. Question-
sensivity explains why we may not intend some consequences of our intentions,
even when we know what follows from them: some propositions might be unde-
fined in the context of our decision problems; they might not constitute (partial)
solutions to them.

How to formally model a decision problem? So far, authors take a decision
problem to be a question and formalise it in terms of a partition of a logical
space [BG23; Hoe22; BBS18; BM12; Min11]:

5.1.3. Definition (Decision problem as partition). Given a non-empty set of
possible worlds W , a decision problem Π is a partition of W .7

5.1.4. Definition (Complete and partial solutions). Every cell X ∈ Π is a com-
plete solution to the decision problem Π. A union of any set of cells A =

⋃
i∈I Xi

for some {Xi}i∈I ⊆ Π is a partial solution to Π.

It is easy to see that every complete solution X ∈ Π is a partial solution to Π:
X =

⋃
{X} with {X} ⊆ Π.

Intuitively, we associate a decision problem with a set of its mutually exhaustive
complete solutions that the agent considers implementing. Partial solutions may
be viewed as indeterministic choices between a set of complete solutions: agents
may intend only to partially solve their decision problem, given that sometimes
the difference between some complete solutions is of no importance to them. For
example, one may be dealing with the quest of getting to the railway station and

7A partition Π of W is a subset Π ⊆ 2W such that ∅ ̸∈ Π,
⋃

Π = W , and for any X,Y ∈ Π
such that X ̸= Y , X ∩ Y = ∅.
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consider three possible ways to do that: by bus, by tram or by foot. Both the
bus and the tram depart from the same place and take roughly equal amount of
time to get to the destination point, so that, one may intend to simply go to the
bus/tram station and take a bus or a tram without settling upon any of these
two complete solutions.

A decision problem restricts what propositions the agent can intend. Namely,
if one intends that φ, then φ should be defined on the agent’s decision problem.
Beddor & Goldstein [BG23] has two proposals to formalise the latter notion of
definedness on a decision problem. To recap briefly, the first one takes it that
φ is defined on the agent’s decision problem Π iff φ is a partial solution to Π
(in the sense described in Definition 5.1.4). The corresponding logic of intention
invalidate closure under entailment and validate agglomeration, but still forces
closure under equivalents in full generality. The second proposal is closer to what
we aim at, so we introduce its formal components in more detail and argue that
it still overgenerates validities. Below, we assume that the object of intention is a
sentence of a language of classical propositional logic, i.e., a formula that is built
from atomic propositions using classical Boolean connectives (¬,∧,∨. etc). The
semantics for such expressions is the standard possible worlds semantics, where
JφK denotes the set of possible worlds that make φ true.

The second proposal (see [BG23, Section 6]) takes it that a proposition φ is
defined on a decision problem iff the subject matter of φ is included in the decision
problem, where the notion of subject matter is also defined as partitions, in line
with Lewisian theory of subject matters [Lew88a; Lew88b].8 Here, we briefly
restate the relevant definitions in [BG23].

5.1.5. Definition (Subject matters). Given a logical space W and any formula
φ, sm(φ) ⊆ 22W is the subject matter of φ, defined recursively as follows (where
p is atomic):

sm(⊤) = {W}
sm(¬φ) = sm(φ)

sm(p) = {JpK,W \ JpK} \ {∅}
sm(φ ∧ ψ) = sm(φ ∨ ψ) = {X ∩ Y |X ∈ sm(φ), Y ∈ sm(ψ)} \ {∅}

Note that for any formula φ, sm(φ) is a partition on W 9; Moreover, ∃P ⊆ sm(φ) :⋃
P = JφK and ∃N ⊆ sm(φ) :

⋃
N = J¬φK.

8A detailed presentation of theories of subject matter is beyond the scope of this work. We
refer the reader to [Lew88b; Haw18; PS21; Lew88a].

9Our definition of sm function differs from the one given in [BG23]. The only differences
are that we define sm(⊤) as a primitive notion and make sure that for any φ ∈ L, ∅ ̸∈
sm(φ). It affects the framework neither conceptually nor technically; and is done for the sake
of consistency with our notation and definitions.
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5.1.6. Definition (Parthood on subject matter). Given a logical space W and
two propositions φ, ψ, a subject matter of φ is a part of subject matter of ψ,
sm(φ) ⊑ sm(ψ), iff for any X ∈ sm(φ) there exists a subset S ⊆ sm(ψ), such
that

⋃
S = X.

We are now set up to define the formal framework. Given some logical space
W , we can represent intention via (1) the set of conative alternatives, i.e. the
non-empty set of possible worlds Con ⊆ W , such that the agent’s intention is
satisfied in Con-worlds; (2) the decision problem Π , which is a partition of the
logical space W .

5.1.7. Definition (Question-sensitive intention). Given a logical space W , a set
of conative alternatives Con and a decision problem Π, an agent intends that φ
iff (1) Con ⊆ JφK and (2) sm(φ) ⊑ Π, i.e. for any X ∈ sm(φ) there exists a
partial solution S ⊆ Π, s.t. X =

⋃
S.

The intuition behind Definition 5.1.7 is the following: agent intends that φ iff (1)
the agent intends to solve her decision problem in a way that will force φ and (2)
φ is defined on the agent’s decision problem. Agent has control over φ, since φing
is considered a partial solution to her decision problem. By the very same reason,
agent is aware that she brings about that φ by the solution she is committed to
implement. Hence, both control constraint and epistemic flaws are accounted for
in this semantics.

Definition 5.1.7 validates consistency and agglomeration for intention. The clo-
sure under apriori entailment (2) and equivalence (4) fail, since the scope of the
intention is restricted by the decision problem. Nevertheless, the usage of sub-
ject matters does not rule out all cases when the closure under apriori or known
equivalences may fail. The closure cannot be falsified for atomic propositions: it
not hard to see that under Definition 5.1.7, for any atomic propositions p, q, if
JpK = JqK, then sm(p) = sm(q) and hence one intends that p iff one intends that
q. Examples 5.1.1 and 5.1.2 falsify this principle.

Yet another, more conceptual, argument against formalizing decision problems
as partitions comes from the way the notion of parthood on questions is defined.
Intuitively, one decision problem is a part of another iff every complete solution
to the former is a partial solution to the latter (a complete solution to a coarser
problem is a partial solution to a finer problem). More formally, Π1 is a part
of Π2, denoted by Π1 ⊑ Π2, iff for all A ∈ Π1 there is {Xi}i∈I ⊆ Π2 such that
A =

⋃
i∈I Xi. We refer to ⊑ relation as intensional parthood, i.e. Π1 ⊑ Π2 reads

as “Π1 is an intensional part of Π2”. Another useful acronym: Π1 ≃ Π2 := Π1 ⊑
Π2&Π2 ⊑ Π1, referred to as intensional equivalence (Π1 is intensionally equivalent
to Π2). The claim according to which there is nothing more to parthood than
an intensional parthood, is going to be referred as intensional parthood claim.
Modeling decision problems as partitions supports the intensional parthood claim,
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affecting both proposal of question-sensitivity in [BG23]. On the contrary, we
reject the intensional parthood claim, since there are decision problems Π1,Π2,
where Π1 ⊑ Π2, but the agent can intentionally solve Π2 without any intention
to solve Π1. Consider the next example.

5.1.8. Example. Ticket office clerk works at a train station with two platforms.
At every platform, a train arrives once in an hour, at j:00 sharp. Every train
has its unique code of the form (i; j): the train (i; j) arrives at the ith platform
at j:00 sharp. Let rij be a proposition “someone has a ticket to a train service
number (i; j)”, tj – “someone has a ticket to a train service at j:00 sharp”, pi –
“someone has a ticket to a train service that departs from ith platform”. Note
that every atomic proposition rij is equivalent to the corresponding conjunction
pi ∧ tj: every service has its unique pair of departure platform and time.

Someone comes to the train station and asks the clerk to sell him a ticket for a
train number (2; 13): the customer only knows the train service number, since he
was asked to buy that ticket with no further details provided. The clerk knows
the system well and is aware that the train service (2; 13) departs from platform 2
at 13:00 sharp. There is a pile of 48 tickets to every train: (1; 1), (1; 2), . . . , (2; 24).
The clerk needs to choose which ticket he should take from the pile and intends
that the customer gets the ticket to (2; 13). The clerk intends neither that the
customer gets a ticket for a train that departs from the second platform nor that
the customer gets a ticket for a train that departs at 13:00, since this is just out
of the focus of the clerk.

Intuitively, Example 5.1.8 is just another instance of foreseeing without intending.
The clerk intends to give the customer the ticket the customer has asked for. The
clerk also foresees that as a consequence of that, the customer will receive a ticket
for a train that departs at 13:00 from platform number 2. Nevertheless, the clerk
does not intend to give the customer a ticket for a train with a specific departure
time or place, since it is just irrelevant to the decision problem the clerk is facing.
Unfortunately, formalization via subject matters of solutions cannot capture this
nuance. The clerk needs to choose the ticket from the pile, i.e., he considers
all the tickets, and his decision problem is Π = {JrijK | i ∈ {1, 2}, 0 ≤ j ≤

24} ∪ {W \
i∈{1,2}⋃
0≤j≤24

JrijK}. In other words, Π = sm(
i∈{1,2}∨
0≤j≤24

rij). Under Definition

5.1.6, sm(
i∈{1,2}∨
0≤j≤24

rij) = sm(
i∈{1,2}∨
0≤j≤24

(pi ∧ tj)). So that, rij is defined on Π iff pi ∧ tj

is defined on Π. Under Definition 5.1.7, the clerk cannot intend that rij without
intending that pi and that tj.

We may come up with a number of similar examples: one may look for an exact
building without minding the street and the house number of that building or
wonder about one’s age without thinking about neither the day nor the month
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nor the year one was born, etc.: in all such cases, an agent solves a problem
without minding the intensional parts of the problem.

Summarizing, modeling decision problems as partitions does not seem to be suf-
ficiently fine-grained, since it endorses intensional parthood claim and, as a con-
sequence, the closure under equivalence 4 is satisfied in contexts where it should
fail.

5.1.3 Hyperintensional logic of intention

As we have just seen, modeling decision problems as partitions overgenerates va-
lidities: it validates undesired, atomic instaces of 4. Luckily, there is a concurrent
way to represent decision problems: as atomic objects. Namely, we can simply
state that there is a set P of problems, where no problem a ∈ P has internal
structure. Then, we can define a solution function s, which maps every formula
of our language φ to a set of problems: if a ∈ s(φ), then bringing it about that
φ is a partial solution to a. Definedness on a decision problem and control con-
straint are expressible via s. If the agent is solving a decision problem a ∈ P
and a ∈ s(φ), then bringing about that φ is a partial solution to a the agent
considers. Hence, φ is defined on a, which means that the agent has control over
φ and is aware that some solution to the decision problem forces φ. To have an
adequate notion of parthood on decision problems, we define the corresponding
partial order ≤ on P . Then, following our intuition about parthood, s function
should be ≤-upward closed: if a ≤ b, then for any φ, a ∈ s(φ) entails b ∈ s(φ).
Informally, if a is a part of b, then any partial solution to a is a partial solution
to b. As we are to see, this approach steps on the hyperintensional terrain, where
the closure under logical and necessary equivalences fail. Moreover, it will allow
us to differentiate even between the necessarily equivalent atomic propositions
and adequately model cases such as Examples 5.1.1-5.1.8.

Formalizing decision problems as atomic objects

First, we define the formal language we are to work with. Let LCPL be the lan-
guage of classical propositional logic with a countable set of atomic propositions
Prop, defined recursively as follows:

α := ⊤ | p | ¬α | (α ∨ α) | (α ∧ α)

where p ∈ Prop. Note that we have ⊤, ¬, ∨ and ∧ as primitives and do not define
one in terms of another. We use the interdefinability of ¬, ∨,⊥ and ∧ in terms of
each other as our language cannot discern, e.g. φ∧ψ from ¬φ∨¬ψ. However, we
have specifically defined ⊤ as a primitive: it is pure tautology without non-logical
context. The reader should not confuse ⊤ with another tautology expressed using
the elements of Prop, such as p∨¬p and p→ p. They will be logically equivalent
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but they won’t be substitutable with each other under the scope of our intention
modality. For ⊥, we set ⊥ := ¬⊤. Based on LCPL, the well-formed formulas of
the language LI of our logic of intention are given by the following grammar:

α | ¬φ | (φ ∨ φ) | (φ ∧ φ) |2φ | Intα

where α ∈ LCPL. Intα reads as “agent intends that α”. Notice that the maximum
modal depth of a formula wrt Int is one, that is, I takes only the elements
of LCPL in its scope. It is done so to exclude expressions about higher order
intentions, such as intention to intend. The reason for that restriction is to be
discussed later. 2φ read as “it is necessarily true that φ”. We employ the usual
abbreviations for propositional connectives → and ↔ as φ → ψ := ¬φ ∨ ψ, and
φ ↔ ψ := (φ → ψ) ∧ (ψ → φ). We interpret this language on the so-called
problem-sensitive Kripke models, obtained by endowing Kripke models with a
join-semilattice that represents decision problems and their parthood relation.
The former is familiar in modal logic and requires no elaboration [BBW06]. The
component for the representation of decision problems, called problems model, is
a variation of topic-sensitive models [Ber22] and warrants further explanation.

5.1.9. Definition (Problems model). A problems model P is a tuple (P,⊕, s),
where:

1. P ̸= ∅ is a non-empty set of decision problems;

2. ⊕ : P×P → P is a binary idempotent, commutative, associative operation:
problem fusion. We assume the unrestricted fusion, that is, ⊕ is always
defined on P : ∀A ⊆ P∃a ∈ P :

⊕
A = a. The parthood relation ≤ is

defined in terms of ⊕: ∀a, b ∈ P : a ≤ b iff a⊕ b = b;

3. s : Prop → 2P is a function assigning a set of decision problems to each
element in Prop. Namely, if a ∈ s(p), then bringing it about that p is
a suitable (partial) solution to a. s extends to the whole propositional
language LCPL as follows:

s(⊤) = P s(φ ∨ ψ) = s(φ) ∩ s(ψ)
s(¬φ) = s(φ) s(φ ∧ ψ) = {a⊕ b | a ∈ s(φ), b ∈ s(ψ)}

Given any p ∈ Prop, s(p) is upward closed: a ≤ b⇒ (a ∈ s(p) ⇒ b ∈ s(p)).

The extension of s to the whole propositional language is motivated as follows.
Given any problem a ∈ P , forcing φ is a partial solution to the problem iff to
decide if φ or not to φ is a part of a, hence, s(φ) = s(¬φ). φ∨ ψ partially solves
a iff both disjuncts – to bring about that φ, to bring about that ψ – solve a:
this corresponds to our intuition about partial solutions as indeterministic choice
between a set of solutions. Finally, φ ∧ ψ is a partial solution to a iff a can be
splitted into two problems, i.e. a = a1 ⊕ a2, such that φing partially solve a1 and
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ψing partially solve a2. The following lemma shows that s is upward closed over
the whole language LCPL.

5.1.10. Lemma. Given a problem model P = (P,⊕, s), a, b ∈ P and φ ∈ LCPL,
the following holds:

a ≤ b⇒ (a ∈ s(φ) ⇒ b ∈ s(φ)).

Proof:
The proof follows by induction on the structure of φ. The case for atomic
propositions holds by the definition of s. Case φ := ⊤ is trivial as s(T ) = P
and case φ := ¬ψ follows from by induction hypothesis (IH) and the fact that
s(¬ψ) = s(ψ).

Case φ := ψ ∨ χ: Suppose that a ≤ b and a ∈ s(ψ ∨ χ). By the defn. of s,
this means that a ∈ s(ψ) and a ∈ s(χ). Then, by the IH, we have b ∈ s(ψ) and
b ∈ s(χ), thus, b ∈ s(ψ) ∩ s(χ) = s(ψ ∨ χ).

Case φ := ψ ∧ χ: Suppose that a ≤ b and a ∈ s(ψ ∧ χ). By the defn. of s, this
means that a = d ⊕ c for some d ∈ s(ψ) and c ∈ s(χ). Observe that a = d ⊕ c
implies that d ≤ a and c ≤ a, and, in turn, d ≤ b and c ≤ b. Then, by IH, we
have b ∈ s(ψ) and b ∈ s(χ). As b = b⊕ b, by defn. of s, we have b ∈ s(ψ ∧ χ). 2

Semantics, axiomatization, and completeness

5.1.11. Definition (Problem-sensitive frames and models). A problem-sensitive
frame is a tuple F = (W,R,P , f), where:

• W ̸= ∅ is a non-empty set of possible worlds;

• R ⊆ W ×W is a serial binary relation on W , such that R(w) is the set of
conative alternatives to w, i.e. possible worlds, where agent’s intention in
w is satisfied;

• P = (P,⊕, s) is a problems model;

• f : W → P is a function, which takes a world and returns a decision
problem that the agent is solving in the given world;

As usual, any frame F may be extended to a model M = (F, V ), where V :
Prop → 2W is a standardly defined valuation function.

5.1.12. Lemma. Given a problems model P = (P,⊕, s), a decision problem a ∈
P , and formulas φ, ψ ∈ LCPL, a ∈ s(φ ∨ ψ) iff a ∈ s(φ ∧ ψ).

Proof:
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(⇒) Assume a ∈ s(φ ∨ ψ). By Defn. 5.1.9, this means that a ∈ s(φ) ∩ s(ψ), i.e.
a ∈ s(φ) and a ∈ s(ψ). Then, since a = a⊕ a, we obtain that a ∈ s(φ ∧ ψ).

(⇐) Assume a ∈ s(φ∧ψ). By Defn. 5.1.9, this means that there is b, c ∈ P such
that a = b⊕ c, b ∈ s(φ), a ∈ s(ψ). The fact that a = b⊕ c implies that b ≤ a and
c ≤ a. Then, by Lemma 5.1.10, we obtain that a ∈ s(φ) and a ∈ s(ψ), that is,
a ∈ s(φ) ∩ t(ψ). By Defn. 5.1.9, we conclude a ∈ s(φ ∨ ψ). 2

We show the connection between the decision problems as atomic objects and as
partitions. Namely, given a problem-sensitive model M, every atomic decision
problem a ∈ P , as it is given in Definition 5.1.9, can be transformed into a
partition ⌈a⌉M. Intuitively, ⌈a⌉M is an intensional representation of a: if we
accepted the intensional parthood claim, then ⌈a⌉M would be identified with a
and treated as in Definition 5.1.7. Moreover, we can show that if a ≤ b, then
⌈a⌉M ⊑ ⌈b⌉M. In other words, ≤ relation is not arbitrary, but meaningful w.r.t
solutions: if a ≤ b, then every partial solution to a is a partial solution to b, hence,
a ⊑ b. Nevertheless, the converse does not hold: we may have decision problems
a, b ∈ P , such that ⌈a⌉M ⊑ ⌈b⌉M, but a ̸≤ b. This corresponds to our denial of
the intensional parthood claim: intensional parthood does not entail parthood in
general.

5.1.13. Definition. Given a problem-sensitive model M = (W,R,P , f, V ) and
a problem a ∈ P , let s−1(a) = {φ ∈ LCPL | a ∈ s(φ)}; that is, φ ∈ s−1(a) iff
bringing it about that φ partially solves a. Let S−1(a) be a collection of maximal
satisfiable subsets (shortly, mss) of s−1(a), i.e. Γ ∈ S−1(a) iff 1) Γ ⊆ s−1(a); 2)
there exists a world w ∈ W , such that M, w |= φ for all φ ∈ Γ (from now on,
abbreviated as M, w |= Γ) and 3) for any ∆ ⊆ s−1(a), such that Γ ⊂ ∆, there is
no world w ∈ W , such that M, w |= ∆.

For every Γ ∈ S−1(a) we define a set JΓK = {w ∈ W | M, w |= φ for all φ ∈ Γ}.
Then, clearly, the set ⌈a⌉M = {JΓK|Γ ∈ S−1(a)} is a partition of W . We call ⌈a⌉M
an intensional representation of a. When the model is clear from the context, we
omit the subscript and write simply ⌈a⌉.

5.1.14. Proposition (Intensional representation preserves solutions). Given any
problem-sensitive model M = (W,R,P , f, V ) and any decision problem a ∈ P , if
a ∈ s(φ), then φ is defined on ⌈a⌉, i.e. sm(φ) ⊑ ⌈a⌉.

Proof:
We show that for any φ ∈ LCPL, if a ∈ s(φ) then φ is defined on ⌈a⌉.

By induction on φ. Let φ := p. Assume a ∈ s(p) for some proposition p ∈
Prop. W.l.o.g., let JpK ̸= W . By Definition 5.1.5, sm(p) = {JpK,W \ JpK}. Let
p = {

⋃
JΓK | Γ ∈ S−1(a), p ∈ Γ}. Clearly, p = JpK: since p ∈ s−1(a), for every

Γ ∈ S−1(a) either p ∈ Γ or ¬p ∈ Γ. Hence, for any possible world w ∈ W , if
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M, w |= p, then there exists Γ ∈ S−1(a), such that M, w |= Γ, from which it
follows that w ∈ p. On the other hand, if w ∈ p, then there exists a maximal
satisfiable set Γ ∈ S−1(a), such that p ∈ Γ. Since M, w |= Γ, M, w |= p,
from which by definition it follows that w ∈ JpK. Then, JpK =

⋃
i∈I Xi for some

{Xi}i∈I ⊆ ⌈a⌉, and W \ JpK =
⋃
j∈J Xj, where {Xj}j∈J = ⌈a⌉ \ {Xi}i∈I i.e.

sm(p) ⊑ ⌈a⌉, i.e. p is defined on ⌈a⌉.

Let φ := ¬ψ. By IH, if a ∈ sm(ψ), then ψ is defined on ⌈a⌉. Since sm(ψ) =
sm(¬ψ) = sm(φ), if a ∈ sm(φ), then sm(φ) ⊑ ⌈a⌉.

Let φ := ψ1 ∨ ψ2 and a ∈ s(ψ1 ∨ ψ2). Since s(ψ1 ∨ ψ2) = s(ψ1) ∩ s(ψ2), a ∈
s(ψ1) and a ∈ s(ψ2). By IH, if a ∈ s(ψ1), s(ψ2), then ψ1 and ψ2 are defined on
⌈a⌉, i.e. sm(ψ1) ⊑ ⌈a⌉ and sm(ψ2) ⊑ ⌈a⌉. By Definition 5.1.6, it means that
∀A ∈ sm(ψ1)∃{Xi}i∈I ⊆ ⌈a⌉ :

⋃
i∈I Xi = A and ∀B ∈ sm(ψ1)∃{Xj}j∈J ⊆ ⌈a⌉ :⋃

i∈J Xj = B. By Definition 5.1.5, sm(ψ1 ∨ ψ2) = {A ∩ B | A ∈ sm(ψ1), B ∈
sm(ψ2)} \ {∅}. Take any A ∩ B ∈ sm(ψ1 ∨ ψ2). As we have shown before,
A =

⋃
i∈I Xi and B =

⋃
j∈J Xj for some {Xk}k∈I∪J ⊆ ⌈a⌉. Hence, given that all

Xi’s and Xj’s are disjoint10, A ∩ B =
⋃
l∈I∩J Xl. Since A ∩ B was an arbitrary

element of sm(ψ1∨ψ2), we can conclude that ∀O ∈ sm(ψ1∨ψ2)∃{Xl}l∈L ⊆ ⌈a⌉ :⋃
l∈LXl = O, so that, sm(ψ1 ∨ ψ2) ⊑ ⌈a⌉, which means that ψ1 ∨ ψ2 is defined

on ⌈a⌉.

Let φ := ψ1 ∧ ψ2. Analogously to the previous case (cases are analogous in the
light of Lemma 5.1.12). 2

5.1.15. Proposition. Given any problem-sensitive model M and any two prob-
lems a, b, if a ≤ b, then ⌈a⌉ ⊑ ⌈b⌉.

Proof:
Let a ≤ b for some arbitrary decision problems a, b ∈ P . Then, by Lemma 5.1.10,
if a ∈ s(φ), then b ∈ s(φ) for any φ ∈ LCPL. In other words, s−1(a) ⊆ s−1(b).

Let X ∈ ⌈a⌉ be an arbitrary complete solution to ⌈a⌉. By the definition of ⌈a⌉,
X = JΓK, where Γ is a maximal satisfiable subset of s−1(a). Since s−1(a) ⊆ s−1(b),
there exists some maximal satisfiable subsets Σ ⊆ s−1(b) such that Γ ⊆ Σ. Let
[Γ]b = {Σ ∈ S−1(b) | Γ ⊆ Σ} be a collection of such maximal satisfiable subsets.
As we have just shown, [Γ]b ̸= ∅. Moreover, as we are to show,

⋃
Σ∈[Γ]bJΣK = JΓK.

From left-to-right: assume w ∈
⋃

Σ∈[Γ]bJΣK. Then, w ∈ JΣiK for some Σi ∈ [Γb].

Then, M, w |= Σi. Since Γ ⊆ Σi, M, w |= Γ, i.e. w ∈ JΓK. Right-to-left: assume
w ∈ JΓK. Then, there exists some Σi ∈ [Γb], such that M, w |= Σi.

11 Then,

10For the contradiction, assume they are not disjoint. Then, there exists Xi = JΓiK, Xj =
JΓjK, such that Xi ∩Xi ̸= ∅. Let w ∈ Xi ∩Xj . Then, M, w |= Γi ∪ Γj , which contradicts the
fact that Γi and Γj are maximal satisfiable subsets of s−1(a).

11In order to see why it holds, note that for any problem x ∈ P , s−1(x) is closed under
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w ∈ JΣiK and since JΣiK ⊆
⋃

Σ∈[Γ]bJΣK, w ∈
⋃

Σ∈[Γ]bJΣK.

Moreover, by definition of ⌈b⌉, {JΣK | Σ ∈ [Γ]b} ⊆ ⌈b⌉. Hence, X, a complete
solution to ⌈a⌉, is a partial solution to ⌈b⌉. Since X was arbitrary, we can conclude
that any complete solution to ⌈a⌉ is a partial solution to ⌈b⌉, from which by
Definition 5.1.6 it follows that ⌈a⌉ ⊑ ⌈b⌉. 2

5.1.16. Proposition (⌈a⌉ ⊑ ⌈b⌉ ̸⇒ a ≤ b). Given any problem-sensitive model
M = (W,R,P , f, V ) and two problems a, b ∈ P , the fact that ⌈a⌉ ⊑ ⌈b⌉ does not
entail a ≤ b.

Proof:
We prove this statement by counterexample. Let M = (W,R,P , f, V ) be a
problem-sensitive model, such that for two propositions p, q ∈ Prop, V (p) = V (q).
Then, let a be a problem, such that a ∈ s(p) and for any formula ψ ∈ LCPL, if
ψ contains any propositions other that p, then a ̸∈ s(ψ). Consequently, a ̸∈ s(q).
Let b be a decision problem, such that b ∈ s(q) and for any formula ψ ∈ LCPL, if
ψ contains any propositions other that q, then b ̸∈ s(ψ). Consequently, b ̸∈ s(p).
Obviously, ⌈a⌉ = ⌈b⌉, hence, ⌈a⌉ ⊑ ⌈b⌉. At the same time, a ̸≤ b, since it is not
the case that for any φ ∈ LCPL, if a ∈ s(φ), then b ∈ s(φ): a ∈ s(p), b ̸∈ s(p). 2

We interpret LI on problem-sensitive models as in the following definition.

5.1.17. Definition (Semantic for LI). Given a problem-sensitive model M =
(W,R,P , f, V ) and a possible world w ∈ W , the satisfiability relation |= is defined
as follows:

M, w |= p ⇔ w ∈ V (p)
M, w |= ¬φ ⇔ M, w ̸|= φ
M, w |= φ ∨ ψ ⇔ M, w |= φ or M, w |= ψ
M, w |= 2φ ⇔ ∀v ∈ W : M, v |= φ
M, w |= Intα ⇔ R(w) ⊆ [[α]]M and f(w) ∈ s(α)

where [[α]]M = {w ∈ W | M, w |= φ}.

The notions of logical consequence and validity are defined standardly, as in
Def. 3.0.3. While the semantic clauses for the Booleans and 2 are standard,
the intention operator Intφ is interpreted in a problem-sensitive way: the agent
intends that α at w iff (1) α is true in all conative alternatives at w and (2) α
is a partial solution to the agent’s decision problem at w. (2) is what invalidates
1-4, making the resulting logic hyperintensional.

negation, i.e.for any formula φ ∈ LCPL, φ ∈ s−1(x) iff ¬φ ∈ s−1(x) (since s(φ) = s(¬φ)). Given
that and the fact that s−1(a) ⊆ s−1(b), we can complete any maximal satisfiable set Γ ∈ S−1(a)
to some maximal satisfiable set Σ ∈ S−1(b) by the analogue of Lindenbaum construction.
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5.1.18. Theorem. Principles 1-4 are invalid (also for atomic propositions).

Proof:
We provide a counterexample against 4. The same counterexample can be used
to prove the invalidity of the others. Consider the problem-sensitive model M =
({w}, {(w,w)}, ({a, b, c},⊕, s), f, V ) such that a ⊕ b = c, a ̸≤ b and b ̸≤ a,
s(p) = {a, c}, s(q) = {b, c}, f(w) = a, and V (p) = V (q) = {w}. We then
have that M |= 2(p↔ q) ∧ Intp, but M, w ̸|= Intq, since f(w) = a ̸∈ s(q). 2

To state some of the axioms and other relevant principles in the complete system,
we use the abbreviation ‘φ’ to denote the tautology

∧
p∈V ar(φ)(p∨¬p)12, following

a similar idea in [Gio19]. It is easy to see that Intφ simply expresses that φ is a
partial solution to the agent’s decision problem (M, w |= Intφ iff f(w) ∈ s(φ)).
We list the axioms and rules of the logic of problem-sensitive models in Table 5.1.

(CPL)all classical propositional tautologies and Modus Ponens
(S52) S5 axioms and rules for 2

(Ax1) Int⊤
(Ax2) Intφ→ Intφ
(Ax3) Intφ→ ¬I¬φ
(Ax4) (Intφ ∧ Intψ) ↔ Int(φ ∧ ψ)
(Ax5) 2(ψ → φ) → ((Intψ ∧ Intφ) → Intφ)

Table 5.1: Axiomatization Log for the logic of problem-sensitive models.

We briefly comment on the axioms for the intention operator. Ax1 means that
one always has at least the weakest intention possible: to bring it about that
⊤. Ax2 states that one intends that φ only if φ is a partial solution to the
one’s decision problem, reflecting problem-sensitivity of intention. Ax3 says that
intentions are consistent and Ax4 states that intentions agglomerate. Finally Ax5
is our restricted closure principle: one intends those a priori consequences of one’s
intensions which also constitute partial solutions to one’s decision problem. We
conclude the section by stating our main technical result.13

5.1.19. Theorem. Log is a sound and strongly complete axiomatization of LI
with respect to the class of all problem-sensitive models.

Proof:

12In order to have a unique definition of each φ, we set the convention that elements of
V ar(φ) occur in

∧
p∈V ar(φ)(p ∨ ¬p) from left-to-right in the order they are enumerated in

Prop = {p1, p2, . . . }, as in, e.g., [ÖB21].
13Unsurprisingly, the axiomatization is similar to the axiomatization of the logic of simple

hyperintensional belief in [ÖB21]. We do not have an intention counterpart of their axiom
Bφ→ 2Bφ, since the semantics of I depends on the actual world.
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For the detailed completeness proof, see Appendix 5.2.3. 2

5.2 Problem-sensitive collective intentions

We proceed by modeling many agents’ intentions. There are multiple agents,
each having her own decision problem and intention. Some of these agents form
groups and share intentions. We treat collective decision problems in line with
the theory of team reasoning, presented in Section 2.2.

We begin with a motivating example of a stag hunt game.

5.2.1. Example. Two hunters are going for a hunt and face a dilemma. Each
of them can either chase a hare or go for a stag. Hunting the stag is way more
beneficial, since the stag is more valuable. Nevertheless, as it is commonly known
among the hunters, they can only hunt a stag if both of them are chasing it: if
one of the hunters went for a stag, while the other did not, the former would be
left with nothing. On the other hand, each of the hunters can hunt a hare by
themselves, but will not benefit as much. The hunters cannot communicate with
one another to deliberate on the choice of actions, and cannot get to know what
their peer has decided. Intuitively, both hunters will be better off if they just go
for a stag.

The stag hunt game poses a challenge for standard game theory. Despite it being
intuitively clear that the best option for both hunters is to go for a stag, standard
solution concepts do not advise doing so. Let us formalise the scenario as a
normal form game (as in Def. 2.2.1), in the following way. G = (N, {Ai, ui}i∈N)
is a game, where:

• N = {a, b} is the set of agents, i.e. two hunters;

• For any i ∈ N , Ai = {si, hi}, i.e. both hunters have two strategies: to go
for a stag, si, or for a hare, hi;

• ui :
∏

i∈N Ai → R is a utility function that ascribes i’s payoff for every
outcome. See Figure 5.1.

sb hb
sa 3, 3 0, 1
ha 1, 0 1, 1

Figure 5.1: Stag hunt game.

A classically rational agent should frame her decision problem as the choice be-
tween two strategies characterised solely in terms of expected utility. Hence, if
both players are best-reply reasoners, each should have a decision problem with



130 Chapter 5. Collective intentions and decision problems

two complete solutions: to go for a stag or to go for a hare. Since neither of
these two strategies dominates the other, individual decision problems cannot be
framed as a choice between a dominating and a dominated strategy.

A team-reasoner should first choose the solution to the collective decision problem:
what should we do? If a team-reasoner thinks about the collective decision prob-
lem in terms of payoff-structure, she can distinguish the unique Pareto-optimal
outcome (sa, sb) from all the others. Hence, the group decision problem, where
at least one joint action is distinguished from all the others as dominating, is not
a fusion of individual decision problems, where nothing can be said about the
dominance in terms of payoffs at all.

Generalizing this and other examples we have seen in Section 2.2, we want to
outline the interesting relation between the collective and individual decision
problems. Intensionally, solutions to the former are reducible to the aggregations
of solutions to the latter for all members: joint actions are nothing but tuples of
individual actions. Hyperintensionally, we use the irreducible concepts of group
agency to describe a collective decision problem. In Example 5.2.1, the irreducible
notion in the collective decision problem is payoff-dominance: we cannot redefine
the payoff-dominance of the action profile (sa, sb) in terms of strategic dominance
of sa over ha and sb over hb. Moving from quantitative to qualitative notions, we
have a variety of impossibility results, showing that collective obligations [TH20],
collective responsibility [HIH22], collective belief [HZ79], judgment [LP02], and
preference [Arr63] cannot be reduced by any plausible forms of aggregation.

For individual intention, we have clearly distinguished its intensional component
– a set of conative alternatives – from its hyperintensional component – the deci-
sion problem. In what follows, we use the same idea to model collective decision
problems as intensionally additive and hyperintensionally super-additive. To con-
centrate on this primary goal, we abstract away from several irrelevant nuances
via the following idealizations. First, we assume that members of all groups
group-identify accordingly, and it is commonly known among group members.
In other words, we assume there is no uncertainty about which members have
which group identities. The group members commonly know their group decision
problem. In that sense, our notion of collective intention is thick 14: we do not
tackle collective intentions of loose groups, whose communication channels are
too unreliable to establish the common knowledge about group decision problems
and the chosen (partial) solutions to them.

We move to the formalization of the outlined conceptual notions. To reason about
the intentions of multiple agents and groups, we need to extend L to its multi-

14In [RS19], the distinction between thin and thick shared intention is made: “Let us call
‘thick’ an account of shared intentions that makes use of a common knowledge condition, and
call the account ‘thin’ otherwise.” The reader should avoid the confusion with the distinction
of thick and thin propositions in the realm of aboutness [Yab14].
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agent version. Given a finite set of agents Ags = {1, . . . , n} and countable set of
propositional variables Prop, we recursively define LG as follows:

α ::= ⊤ | p | ¬α | (α ∨ α) | (α ∧ α)

LG ∋ φ ::= α | ¬φ | (φ ∨ φ) |2φ | IntGα

where p ∈ Prop, G ⊆ Ags. The meaning of Boolean connectives and 2 modality
is the same as in L. IntGφ reads as “group G collectively intends that φ”. For
every agent i ∈ Ags, we will abbreviate Int{i}φ to Ii.

We need to introduce some minor changes in our definition of problems models
in order to capture the absence of decision problems for some groups. So far, the
problems models are atomless Boolean algebras (i.e., they might lack minimal
elements). Here we introduce such a minimal element, representing the “empty”
problem. Such a problem will be assigned to sets of agents that do not constitute
a group.

5.2.2. Definition (Problems model, revised). A problems model is a tuple P =
(P, ϵ,⊕, s), where (P,⊕) is as in Def. 5.1.9. ϵ ∈ P is a problem, such that
∀a ∈ P \ {ϵ} : ϵ < a (i.e. a⊕ ϵ = a, but ϵ⊕ a ̸= ϵ). s : Prop → 2P\{ϵ} is a solution
function assigning a set of decision problems to each element of Prop. a ∈ s(p)
still means that bringing about that p partially solves a. s extends to the whole
propositional language LCPL as follows:

s(⊤) = P \ {ϵ} s(φ ∨ ψ) = s(φ) ∩ s(ψ)
s(¬φ) = s(φ) s(φ ∧ ψ) = {a⊕ b | a ∈ s(φ), b ∈ s(ψ)}

Given any p ∈ Prop, s(p) is upward closed: a ≤ b⇒ (a ∈ s(p) ⇒ b ∈ s(p)).

Note that from Def. 5.2.2 it follows that for any φ ∈ LCPL, ϵ ̸∈ s(φ): there are
no solutions to the non-existent problem.

5.2.3. Definition (Multi-agent problem-sensitive frames and models). Given a
finite set of agents Ags = {1, . . . , n}, a multi-agent problem-sensitive model is a
tuple M = (W, {Ri}i∈Ags,P , f, V ), where:

• W ̸= ∅ is a set of possible worlds;

• Ri ⊆ W ×W is a serial binary relation on W , representing conative alter-
natives of agent i;

• P = (P, ϵ,⊕, s) is a problems model, where ϵ ∈ P is an empty problem:
s−1(ϵ) = ∅;
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• f : (2Ags×W ) → P is a function that takes a group, a world and returns a
decision problem that the group is solving in the given world. For the sake
of brevity, fG(w) := f(G)(w), fi(w) := f{i}(w). f has the next additional
properties. For every w ∈W and for any G ⊆ Ags, such that Card(G) ≥ 2:

fi(w) ̸= ϵ for any i ∈ Ags (Ags)

fG(w) = ϵ or
⊕
i∈G

fi(w) ≤ fG(w) (Super-Add)

If
⋂
i∈G

Ri(w) = ∅, then fG(w) = ϵ (Triv)

If fG1(w) ̸= ϵ, . . . , fGn(w) ̸= ϵ and
⋂

1≤i≤n

Gi ̸= ∅, then
⋂

i∈G1∪...∪Gn

Ri(w) ̸= ∅

(G-Cons)

If fG(w) ̸= ϵ, then ⌈fG(w)⌉ = ⌈
⊕
i∈G

fi(w)⌉ (Add)

• V : V ar → 2W is a standard valuation function.

The class of multi-agent problem-sensitive models is denoted as MG.

The idea behind this semantics is the following. If a set of agents does not con-
stitute a group and does not have any collective intention, then their “collective
decision problem” is empty, i.e. ϵ. Property (Ags) means that individuals have
agency, hence non-trivial decision problems. (Super-Add) corresponds to super-
additivity of group decision problems: a group problem (if non-trivial) may be
bigger than the fusion of members’ decision problems. (Triv) corresponds to the
fact that agents with contradictory intentions do not form a group. (G-Cons)
expresses the consistency of collective intentions among groups with common
members. Informally, if G1, . . . , Gn ⊆ Ags constitute groups and share some
common members, then the collective intentions of G1, . . . , Gn are consistent.
Since we idealise group members as commonly knowing group decision problems
and goals, we do not model situations where one agent is a member of a num-
ber of groups with contradictory goals. (Add) means that a nontrivial group
problem, intensionally represented, is nothing but the fusion of individual deci-
sion problems. E.g., joint actions, intensionally speaking, are just aggregations
of individuals’ actions.

Our model allows agents to have contradictory intentions: there is a pointed
model (M, w), such that two agents i, j ∈ Ags have inconsistent sets of conative
alternatives, i.e. Ri(w) ∩ Rj(w) = ∅. One may object against it on the grounds
of control constraint: if one agent intends that φ and other intends that ¬φ,
then the one has control over φ and can bring about that φ, while the other can
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bring about that ¬φ, which is contradictory, since they cannot bring about φ and
¬φ simultaneously. For that matter, it is common for logics of group agency to
impose independence of agents constraint: if one agent can bring about that φ
and the other can bring about that ψ, then φ and ψ should be consistent [Hor01].

As a reply, we can point out that the control constraint is formulated in terms
of agents’ beliefs about control. Simply saying, if one agent intends that φ and
another intends that ¬φ, then at least one of them has false belief about her
abilities. For example, two athletes may compete against one another, while both
of them have the intention to win, given that both athletes believe that a certain
strategy of hers will secure her a decisive advantage. Nevertheless, we do not allow
contradictory intentions among members of groups: group members communicate
with one another in order to plan and coordinate their joint actions, hence they
can revise their false beliefs about their abilities, in case some contradictions
about members’ abilities manifest themselves in the process of deliberation. For
example, if the same two athletes are involved in match-fixing and were bribed
to show the predetermined result of a competition, in the process of deliberating
how they are to stage the match, they will resolve their false beliefs about their
abilities to deal with certain moves or strategies of one another.

We distinguish individual decision problems from the group ones, which might
seem to contradict the very idea of team reasoning. Shouldn’t group members
just share the very same decision problem, given that each deliberates what they
should do? The group decision problem provides group members with reasons to
choose solutions to their own decision problems: first, the team reasoner selects
the best solution to the group decision problem; then, she chooses her own share
as the solution to her individual decision problem, and commits to it. A group
member can grasp the group decision problem, but cannot adopt it as her own,
since that would break the control constraint. The solutions to group decision
problems are up to all members, so each individual, lacking control over the
actions of others, cannot commit to those solutions. Nevertheless, the solution to
the group decision problem grounds the choice of their own actions.

Having explained our motivations behind Def. 5.2.3, we move to define semantics
clauses for LG.

5.2.4. Definition. Given a multi-agent problem-sensitive model

M = (W, {Ri}i∈Ags,P , f, V )
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and any world w ∈ W , |= relation is inductively defined as follows:

M, w |= p ⇔ w ∈ V (p)

M, w |= ¬φ ⇔ M, w ̸|= φ

M, w |= φ ∨ ψ ⇔ M, w |= φ or M, w |= ψ

M, w |= 2φ ⇔ ∀v ∈ W : M, v |= φ

M, w |= IntGα ⇔ ∀v ∈ W ((w, v) ∈
⋂
i∈G

Ri ⇒ M, v |= α) and fG(w) ∈ s(α)

The satisfiability in a model (M |= φ), a (pointed) frame (F,w |= φ, F |= φ) and
the whole class of frames (FG |= φ) are defined as usual.

The intuition behind the semantic clause for IGφ reflects our ideas about the rela-
tion between intensional and hyperintensional characterizations of group actions.
Intensionally, joint action is an aggregation of individual actions; therefore, the
set of groups’ conative alternatives is nothing but the intersection of members’
sets of conative alternatives. Hyperintensionally, a group’s decision problem may
properly include the fusion of individual decision problems. Note that if some
set of agents G ⊆ Ags do not constitute a group, i.e. fG(w) = ϵ, then for any
α ∈ LCPL, M, w ̸|= IntGα, since ϵ ̸∈ s(α) for any formula.

Having the formal tools to model superadditive collective intentions, we proceed
with the practical use-case. The many hands problem refers to the situation
where we struggle to hold any individual responsible for a negative outcome that
was reached as a consequence of the actions of multiple agents. The problem is
easy to solve if we deal with the group who share the intention, rather than with
independent individuals who happen to simultaneously act in a certain way. In
the following example, we model the situation where group members’ individual
intentions and actions are insufficient to hold them responsible for the negative
outcome, while their collective intention provides a solid justification to ascribe
them some form of collective responsibility.

5.2.5. Example (Toxic waste and many hands). A company needs to cut its op-
erating costs. It has two operating plants. Both plants utilise their toxic waste
in a specialised disposal, which is very expensive. The most effective cost-cutting
option involves switching to utilizing the toxic waste in a cheaper but environ-
mentally dangerous way. If only one of the plants starts utilizing the waste in
such a way, then there is no danger, but if both of them start doing it, then the
ecological damage is almost inevitable, which is commonly known. Switching to
that questionable practice is the only easy way to cut the company’s operating
costs by 50%: there are other possible reorganizations to optimise the production,
but they are extremely hard to develop and implement.

After negotiating about it, the company’s plant managers and the CEO agree
that it is in the company’s best interest to intentionally take the ecological risk
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for the sake of economic prosperity. So they proceed with the new policy. Namely,
the CEO approves the 50% budget cut for the operating costs. Managers of both
plants instruct their workers to utilise the toxic waste in the same unregulated
location. As a result, an ecological disaster happens. The investigation reveals
that the incident would not have happened had the waste of at least one of the two
plants been utilised elsewhere. Being accused of causing the disaster, the CEO
argues that he only intended to cut the operating costs and has never directly
instructed plant managers on implementing dangerous policies to reach the goal.
Each of the plant managers, being confronted about causing the disaster, argues
that he only intended to utilise his share of the toxic waste, which is relatively
insignificant and could not have caused the incident by itself.

Let Ags = {ceo,m1,m2} be the set of agents, representing the CEO and the
two managers, respectively. Let Prop = {t1, t2, c, d}, where t1 and t2 mean that
the toxic waste from the first resp. the second plant is utilised in a risky way; c
means that the aggressive cost cuts are approved, and d means that the high risk
of ecological disaster is created. We represent the scenario of Example 5.2.5 as a
pointed model M = (W,Rceo, Rm1 , Rm2 ,P , f, V ), where:

• W = {w1, . . . , w4} is a set of possible worlds. V (c) = {w1, w2, w3}, V (t1) =
{w1, w2}, V (t2) = {w1, w3}, V (d) = {w1}. The real world is w1;

• Rceo(w1) = {w1, w2, w3} = V (c), Rm1 = {w1, w2} = V (t1), Rm2 = {w1, w3} =
V (t2);

• P = (P, ϵ,⊕, s). (P,⊕) is as illustrated in Figure 5.2. Informally, pceo, pm1

and pm2 are the decision problems of the CEO, the first and the second
manager, respectively. pAgs is a collective decision problem of the company.
s−1(pceo) = {φ ∈ LCPL | V ar(φ) ⊆ {c}}, s−1(pm1) = {φ ∈ LCPL | V ar(φ) ⊆
{t1}}, s−1(pm2) = {φ ∈ LCPL | V ar(φ) ⊆ {t2}}, s−1(pAgs) = LCPL.

• fceo(w1) = pceo, fm1(w1) = pm1 , fm2(w1) = pm2 , fAgs(w1) = pAgs.

It is not hard to see that no one has intended to cause the disaster individually
and was not even anticipating it in their decision problems:

M,w1 |= Intceoc ∧ Intm1t1 ∧ Intm2t2 ∧
∧
i∈Ags

¬Intid

As a group, they collectively intend to take the environmental risk: M, w |=
IntAgsd. Given that the story is consistent with our idealizations, the group’s
decision problem, as well as the adopted solution, was commonly known among
the group members, and their actions were perfectly consistent with the solution.
Hence, one may argue that at least each of them is complicit in causing the
ecological disaster.



136 Chapter 5. Collective intentions and decision problems

pm1 ⊕ pm2 pm1 ⊕ pceo pm2 ⊕ pceo

pm1 pm2 pceo

∅

pAgs

Figure 5.2: Haase diagram for a problems-model P , where elements of P are
partially ordered by ≤.

5.2.1 Logic

Here, we provide a sound and complete axiomatization for the logic of MG. We
work with a fragment of LG, where Prop is finite. Assume that Card(Prop) = n
for some n ∈ N. Let LkG be a fragment of LG, built from such a finite set of
propositional variables Prop. Then, let LkCPL be a set of all logically inequivalent
propositional formulae of LkG. Note that LkCPL is finite: Card(LkCPL) = 22n = k
for the corresponding k ∈ N.

Throughout the section, we use the following acronym: ⃝G := IntG⊤. M,w |=
⃝G ⇔ fG(w) ̸= ϵ. Intuitively, ⃝G means that the set of agents G constitutes a
group and has a non-trivial collective decision problem.

We show that the logic LogG (on Table 5.2) is a sound and complete axiomatiza-
tion of the set of validities {φ ∈ LkG |MG |= φ}.

Axioms Ax1 − Ax5 bear the same meaning as in Log, expressing the very same
properties of collective intentions. Triv means that unless G ⊆ Ags constitutes
a group, G does not collectively intend anything at all. Formally, Triv ensures
that the set of formulae {¬IntGφ |φ ∈ LkG} is LogG-consistent. s− Add expresses
the super-additivity of collective intentions. Namely, if a group G intends that φ,
then its supergroup G′ intends that φ as well. Given our understanding of groups
as thick – i.e., groups are capable of establishing common knowledge – it seems
natural that a subgroup’s intentions are included in a supergroup’s intention.
Con expresses the consistency of groups’ intentions that share common members.
AxAdd corresponds to the intensional additivity of the group’s decision problems.
If α is a partial solution to the group’s decision problem, then, intensionally,
α is nothing but an indeterministic choice (syntactically, disjunction) between
aggregations (syntactically, conjunctions) of solutions to the members’ decision
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(CPL) All classical propositional tautologies and Modus Ponens
(S52) S5 axioms and rules for 2

(Ax1) Inti⊤ for any i ∈ Ags
(Ax2) IntGφ→ IntGφ
(Ax3) IntGφ→ ¬IntG¬φ
(Ax4) (IntGφ ∧ IntGψ) ↔ IntG(φ ∧ ψ)
(Ax5) 2(ψ → φ) → ((IntGψ ∧ IntGφ) → IntGφ)
(Triv) ¬⃝G → ¬IntGφ
(s− Add) (⃝G ∧⃝G′) → (IntGφ→ IntG′φ) for any G ⊆ G′ ⊆ Ags
(Con) (⃝G1 ∧ . . . ∧⃝Gn) →

((IntG1φ1 ∧ . . . ∧ IntGnφn) → ¬2¬(φ1 ∧ . . . ∧ φn))
if G1 ∩ . . . ∩Gn ̸= ∅

(AxAdd) IntGα→∨
{αi

j}
i∈G
1≤j≤k⊆Lk

CPL

( ∧
i∈G

(Intiαi1 ∧ . . . ∧ Intiαik) ∧2(α ↔ (
∨

1≤j≤k

∧
i∈G

αij))
)

Table 5.2: Axiomatization LogG for the logic of multi-agent problem-sensitive
models

problems. Given that,e.g., G = {1, . . . , n}, if Int1α
j
1, . . . , Intnα

j
n (i.e., αj1 is the

solution of 1 ∈ G, . . ., αjn is the solution of n ∈ G), then, αj1 ∧ . . . ∧ αjn is
the aggregation of members’ solutions. Given the restriction of our language,
there might be at most k such aggregations. Consequently,

∨
1≤j≤k

∧
i∈G α

i
j is an

indeterministic choice between k-many (not necessarily unique) aggregations of
individual solutions.

Note that, analogously to Lemma 5.2.7, ⊢ (IntGφ ∧ IntGψ) → IntG(φ ∨ ψ).
Informally, it means that the groups are able to coordinate. If φ and ψ are
solutions to the group’s decision problem (e.g., (stag, stag) and (hare, hare) in
Example 5.2.1), then φ ∨ ψ is also a partial solution that the group considers,
hence, has control over it. This theorem aligns with our understanding of groups
as thick: given that the group members can communicate to establish common
knowledge among themselves, coordination puzzles, such as the stag hunt game,
should not be puzzling for them.

Our proof strategy for completeness is as follows. First, we define a class of
pseudo-models (Def. 5.2.20) and show it to be LG-invariant to MG (Lemma
5.2.21). Then, we show that every LogG-consistent set of LkG-formulae is satisfiable
on a pseudo-model, implementing the standard canonical model construction,
analogous to the one we have implemented for Log.

5.2.6. Theorem (Soundness and completeness). Given any set of formulae ∆ ⊆
LkG and any formula φ ∈ LkG, the following holds:

Γ ⊢LogG φ⇔ Γ |=MG
φ
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Proof:
See Section 5.2.4 in Appendices. 2

5.2.2 Envoi

In this section, we have developed a hyperintensional logic of collective intention.
The problem-sensivity accounts for the failure of closure under logical and neces-
sary equivalence and entailment, alleviating the side-effects problem. Any group
decision problem is intensionally equivalent to the fusion of group members’ indi-
vidual problems, while there might be hyperintensional differences that make the
group problem irreducible. Our analysis is again incomplete: unlike in Chapter
4, we have abstracted away from agents’ actions and abilities, although they are
implicitly present in our framework as solutions to individual decision problems.
Explicit representation of agents’ actions, as in, e.g., game models, would do a
better job in expressing the intensional side of the control constraint.

Another interesting extension of our framework is conditional intentions. Namely,
we would need to account for hyperintensional differences not only between propo-
sitions that are intended, but also between those that express conditions. The
differences get especially subtle in the case of restrictive conditional intentions.
The condition of a restrictive conditional intention is a reason for the intender to
act. We can find two necessary equivalent propositions, such that one constitutes
a reason for the agent to act, while the other is not. For instance, assume a
gambling mathematician believes even numbers to be luck-promoting. She can
bet on either 4 or 7 in some numbers game. The gambler might bet on 4 for
the reason that 4 is an even number. “4 is an even number” is a mathematical,
hence a priori truth, so it is logically equivalent to any other mathematical truth,
e.g., the Knaster-Tarski theorem. The gambling mathematician is aware of the
theorem, as well as the fact that all mathematical truths are necessarily equiva-
lent. Yet, the Knaster-Tarski theorem is not the reason why the gambler bets on
4. It seems like the difference also lies in the relation of the propositions to the
gambler’s decision problem, but the propositions in question are not solutions!
What it means for a condition to be relevant to the agent’s decision problem is
an interesting question we leave for further investigations.

5.2.3 Appendix: soundness and completeness of Log

We prove completeness via a canonical model construction. Our proof closely
resembles the completeness proof in [Gio19] except for the construction of the
problem-sensitive components. We follow [Sie21] for the construction of P c and
⊕c, and the construction of f c is similar to the construction of awareness sets in
awareness logics [FH87].
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Consistency, maximal consistency, and derivability for Log are defined standardly
[BRV01].

5.2.7. Lemma. The following are derivable in Log:

1. Intφ↔ Int(
∧
p∈V ar(φ) p)

2. Intφ→ Intψ, if V ar(ψ) ⊆ V ar(φ)

3. (Intφ ∧ Intψ) → Int(φ ∨ ψ)

Proof:

(1): Follows from Ax4. (2): Follows from Theorem 5.2.7.1. (3): 2

1. 2(φ→ (φ ∨ ψ)) → ((Intφ ∧ Int(φ ∨ ψ)) → Int(φ ∨ ψ)) Ax5
2. φ→ (φ ∨ ψ) CPL
3. 2((φ ∧ ψ) → (φ ∨ ψ)) CPL, S52
4. (Intφ ∧ Intψ) → Int(φ ∧ ψ) Ax4
5. Int(φ ∧ ψ) → Int(φ ∨ ψ) Ax2
6. (Intφ ∧ Intψ) → Int(φ ∨ ψ) 4, 5, MP
7. (Intφ ∧ Intψ) → Intφ CPL

8. (Intφ ∧ Intψ) → (2(φ→ (φ ∨ ψ)) ∧ Intφ ∧ Int(φ ∨ ψ)) (3, 6, 8, CPL)
9. (Intφ ∧ Intψ) → Int(φ ∨ ψ) 1, 8, MP

5.2.8. Lemma. For every maximally consistent set (mcs) Γ of Log and φ, ψ ∈ LI ,
the following hold:

1. Γ ⊢ φ iff φ ∈ Γ,

2. if φ ∈ Γ and φ→ ψ ∈ Γ then ψ ∈ Γ,

3. if ⊢ φ then φ ∈ Γ,

4. φ ∈ Γ and ψ ∈ Γ iff φ ∧ ψ ∈ Γ,

5. φ ∈ Γ iff ¬φ ̸∈ Γ.

Proof:
Standard. 2

We sometimes use Lemma 5.2.8 without explicitly mentioning it.

5.2.9. Lemma (Lindenbaum’s Lemma). Every Log-consistent set can be extended
to a maximally Log-consistent one.
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Proof:
Standard. 2

Let W c be the set of all maximally Log-consistent sets. For each Γ ∈W c, define

Γ[2] := {φ ∈ L : 2φ ∈ Γ},
Γ[I] := {φ ∈ LI : Iψ ∧2(ψ → φ) ∈ Γ for some ψ ∈ LCPL}

Moreover, we define ∼2 and →c on W c, respectively, as

Γ ∼2 ∆ iff Γ[2] ⊆ ∆,

Γ →c ∆ iff Γ[Int] ⊆ ∆.

Since 2 is an S5 modality, ∼2 is an equivalence relation [BRV01]. For any
maximally Log-consistent set Γ, we denote by [Γ]2 the equivalence class of Γ
induced by ∼2, i.e., [Γ]2 = {∆ ∈ W c : Γ ∼2 ∆}.

The following lemma shows that →c⊆∼2.

5.2.10. Lemma. For all Γ,∆ ∈ W c, if Γ →c ∆ , then Γ ∼2 ∆.

Proof:
Let Γ,∆ ∈ W c such that Γ →c ∆, i.e., that Γ[Int] ⊆ ∆. Let φ ∈ Γ[2]. This
means that 2φ ∈ Γ. Then, by S52 (since ⊢ 2φ ↔ 2(⊤ → φ)) and Lemma
5.2.8, we have that 2(⊤ → φ) ∈ Γ. Moreover, by Ax1, we have that Int⊤ ∈ Γ.
Then, by the definition of Γ[Int], we conclude that φ ∈ Γ[Int]. Then, by the first
assumption that Γ[Int] ⊆ ∆, we obtain φ ∈ ∆. Therefore, Γ ∼2 ∆. 2

5.2.11. Lemma. Given a mcs Γ, for all finite Φ ⊆ Γ[Int], we have
∧

Φ ∈ Γ[Int].

Proof:
Let Φ = {φ1, . . . , φn} ⊆ Γ[Int]. This means that, for each φj with 1 ≤ j ≤ n,
there is a ψj ∈ LCPL such that Intψj ∧ 2(ψj → φj) ∈ Γ. Thus,

∧
1≤j≤n Intψj ∧∧

1≤j≤n2(ψj → φj) ∈ Γ. Then, by Ax4, we obtain that Int(
∧
j≤n ψj) ∈ Γ. By

S52, we also have 2(
∧
j≤n ψj →

∧
j≤n φj) ∈ Γ. Therefore,

∧
Φ ∈ Γ[Int]. 2

5.2.12. Lemma. Given a mcs Γ of Log, Γ[I] is consistent.

Proof:
Assume, toward contradiction, that Γ[I] is not consistent, i.e., Γ[I] ⊢ ⊥. This
means that there is a finite subset Φ = {φ1, . . . , φn} ⊆ Γ[I] such that ⊢

∧
Φ ⊃

¬φj for some j ≤ n. By Lemma 5.2.11, we have that
∧

Φ ∈ Γ[I], thus, there is a
ψ ∈ LCPL such that Intψ ∈ Γ and 2(ψ →

∧
Φ) ∈ Γ. Since ⊢

∧
Φ → ¬φj, by S52,

we also have 2(ψ → ¬φj) ∈ Γ. Hence, ¬φj ∈ Γ[Int] too. As φj ∈ Γ[Int], we also
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have a ψ′ ∈ LCPL with Intψ′ ∈ Γ and 2(ψ′ → φj) ∈ Γ. From 2(ψ → ¬φj) ∈ Γ
and 2(ψ′ → φj) ∈ Γ, by S52, we obtain that 2(ψ → ¬ψ′) ∈ Γ. As Intψ′ ∈ Γ,
by Ax2 and Lemma 5.2.7.2, Int¬ψ′ ∈ Γ. Therefore, Int¬ψ′ ∈ Γ, 2(ψ ⊃ ¬ψ′) ∈
Γ, Iψ ∈ Γ, by Ax5, imply that Int¬ψ′ ∈ Γ, contradicting the consistency of
Γ: Intψ′ ∈ Γ implies ¬Int¬ψ′ ∈ Γ, by Lemmma 5.2.7.1. Therefore, Γ[Int] is
consistent. 2

Given a mcs Γ0 of Log, the canonical model for Γ0 is a tuple Mc = ⟨[Γ0]2, R
c,Pc, f c, V c⟩

where

• [Γ0]2 is as described above.

• Rc =→c ∩([Γ0]2 × [Γ0]2)

• Pc = (P c,⊕c, sc), where

– P c = P(Prop)

– ⊕c : P c×P c → P c such that for all A,B ∈ P(Prop), A⊕cB = A∪B.

– sc : L → P(P c) such that sc(p) = {A ∈ P c | p ∈ A} for all p ∈ Prop.
s extends to the language LCPL as in Definition 5.1.9.

• f c : [Γ0]2 → P c such that f c(Γ) = {p ∈ Prop | Ip ∈ Γ}.

• V c : Prop → P([Γ0]2) such that V c(p) = {Γ ∈ [Γ0]2 : p ∈ Γ}.

5.2.13. Lemma. For all φ ∈ LCPL, sc(φ) = {A ⊆ Prop | V ar(φ) ⊆ A}.

Proof:
The proof follows by induction on the structure of φ. The case of constant
⊤ is trivial: V ar(⊤) = ∅, hence, V ar(⊤) ⊆ A for any A ∈ P c, i.e. {A ⊆
Prop | V ar(⊤) ⊆ A} = P(Prop) = P c, which by Definition 5.1.9 is equal to
sc(⊤). The case for atomic propositions follows directly by the defn. of sc. Case
φ := ¬ψ follows from induction hypothesis (IH) and the fact that sc(¬ψ) = sc(ψ)
and V ar(¬ψ) = V ar(ψ).

Case: φ := ψ ∨ χ:

sc(ψ ∨ χ) = sc(ψ) ∩ sc(χ) (by the defn. of sc)

= {A ⊆ Prop | V ar(ψ) ⊆ A} ∩ {A ⊆ Prop | V ar(χ) ⊆ A} (by IH)

= {A ⊆ Prop | V ar(ψ) ∪ V ar(χ) ⊆ A} (simple set theory)

= {A ⊆ Prop | V ar(ψ ∨ χ) ⊆ A} (V ar(ψ ∨ χ) = V ar(ψ) ∪ V ar(χ))
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Case: φ := ψ ∧ χ:

sc(ψ ∧ χ) = {A ∪B ⊆ Prop | A ∈ sc(ψ), B ∈ sc(χ)} (by the defn. of sc)

= {A ∪B ⊆ Prop | V ar(ψ) ⊆ A, V ar(χ) ⊆ B} (by IH)

= {A ⊆ Prop | V ar(ψ) ∪ V ar(χ) ⊆ A} (simple set theory)

= {A ⊆ Prop | V ar(ψ ∧ χ) ⊆ A} (V ar(ψ ∧ χ) = V ar(ψ) ∪ V ar(χ))

2

5.2.14. Corollary. For any A,B ∈ P c and φ ∈ LCPL, if A ⊆ B and A ∈
sc(φ), then B ∈ sc(φ).

5.2.15. Lemma. Given a mcs Γ0, the canonical modelMc = ⟨[Γ0]2, R
c,Pc, f c, V c⟩

for Γ0 is a problem-sensitive model.

Proof:
Obviously functions and operations sc,⊕c, f c are well-defined. Since ⊕c is defined
as ∪ on P(Prop), it is idempotent, commutative, associative, and it satisfies unre-
stricted fusion. By Corollary 5.2.14, we know that sc is upward closed. Seriality
of Rc follows from Lemmas 5.2.12, 5.2.9, 5.2.10.

2

5.2.16. Lemma (Existence lemma). Given a mcs Γ0, the canonical model Mc =
⟨[Γ0]2, R

c,Pc, f c, V c⟩ for Γ0, a world ∆ ∈ [Γ0]2 and a formula φ ∈ LCPL, if
¬Intφ ∈ ∆, then either Intφ ̸∈ ∆ or there exists a world Γ ∈ [Γ0]2, such that
∆RcΓ and ¬φ ∈ Γ.

Proof:
Suppose ¬Intφ, Intφ ∈ ∆. Since ∆ is maximal and consistent, Intφ ̸∈ ∆.
Then, consider the set ∆′ = {¬φ} ∪ ∆[Int]. This set is consistent. To show
this claim, assume otherwise. Then, ∆[Int] ⊢ φ. In other words, there exists a
finitely many formulae ψ1, . . . , ψn in ∆[Int] such that ψ1, . . . , ψn ⊢ φ. This implies
that 2(

∧
1≤i≤n ψi → φ) ∈ ∆. Moreover, by Lemma 5.2.11, we also have that∧

1≤i≤n ψi ∈ ∆[I]. Thus, there is χ ∈ LCPL such that Intχ∧2(χ→
∧

1≤i≤n ψi) ∈
∆. Then, by S52, we have Intχ ∧ 2(χ → φ) ∈ ∆. This, together with Intφ
and Ax5, implies that Intφ ∈ ∆, contradicting consistency of ∆. Therefore,
∆′ = {¬φ} ∪ ∆[Int] is consistent. By Lemma 5.2.9, it can be extended to a msc
Γ. Obviously ¬φ ∈ Γ. Since ∆[Int] ⊆ Γ and Γ ∈ [Γ0]2 (by Lemma 5.2.10), we
also have ∆RcΓ. 2

5.2.17. Lemma. Given a mcs Γ0, the canonical modelMc = ⟨[Γ0]2, R
c,Pc, f c, V c⟩

for Γ0, a world ∆ ∈ [Γ0]2 and a formula φ ∈ LCPL, Intφ ∈ ∆ iff V ar(φ) ⊆
f c(∆).
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Proof:
Intφ ∈ ∆ iff I (

∧
p∈V ar(φ) p) ∈ ∆ (by Lemma 5.2.7.1) iff Intp ∈ ∆ for all

p ∈ V ar(φ) (by Ax4) iff p ∈ f c(∆) for all p ∈ V ar(φ) (by the defn. of f c) iff
V ar(φ) ⊆ f c(∆).

2

5.2.18. Lemma (Truth lemma). Let Γ0 be a mcs of Log andMc = ⟨[Γ0]2, R
c,Pc, f c, V c⟩

be the canonical model for Γ0. Then, for all φ ∈ LI and ∆ ∈ [Γ0]2, we have
Mc,∆ |= φ iff φ ∈ ∆.

Proof:
By induction on φ. Cases of propositional atoms, Boolean connectives and 2 are
proven as usual.

Case of φ := Intψ.

(⇐) Assume Intψ ∈ ∆. Then, by Ax2, Intψ ∈ ∆. This means, by Lemma 5.2.17
that V ar(ψ) ⊆ f c(∆). By Lemma 5.2.13, this means that f c(∆) ∈ sc(φ). Now
let Γ ∈ [Γ0]2 such that ∆RcΓ, i.e., that ∆[Int] ⊆ Γ. Observe that Intψ ∈ ∆
implies that ψ ∈ ∆[Int] (since 2(ψ → ψ) ∈ ∆, by S52). By ∆[Int] ⊆ Γ, this
implies that ψ ∈ Γ. Then, by IH, we obtain that Mc,Γ |= ψ. As Γ has been
chosen arbitrarily, we obtain that Rc(∆) ⊆ [[ψ]]Mc . Putting everything together,
we conclude Mc,∆ |= Intψ.

(⇒) Assume Mc,∆ |= Intψ. Then, by the semantics, (1) f c(∆) ∈ sc(ψ) and
(2) for all Γ ∈ [Γ0]2 such that ∆RcΓ, Mc,Γ |= ψ. By (1) and Lemma 5.2.13,
we know that V ar(ψ) ⊆ f c(∆). This implies, by Lemma 5.2.17, that Intψ ∈ ∆.
Now, toward contradiction, assume Intψ ̸∈ ∆, i.e. ¬Intψ ∈ ∆. By Lemma
5.2.16, there exists a world Γ ∈ [Γ0]2, such that ∆RcΓ and ¬ψ ∈ Γ. By IH, we
have Mc,Γ |= ¬ψ, implying that Mc,∆ ̸|= Intψ, which contradicts our initial
assumption. Hence, Intψ ∈ ∆. 2

5.2.19. Theorem (Soundness and completeness). Given any set of formulae ∆ ⊆
L and any formula φ ∈ L, the following holds:

Γ ⊢ φ iff Γ |= φ

Proof:
(⇒) By a routine check of axiom validities and validity preservation under the
rules of inference of Log.

(⇐) By contraposition. Assume Γ ̸⊢ φ. Then, Γ ∪ {¬φ} is Log-consistent. By
Lemma 5.2.9, there exists a maximal consistent set Γ0 ⊆ L, such that Γ∪{¬φ} ⊆
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Γ0. Then, we can build a canonical model Mc = ⟨[Γ0]2, R
c,Pc, f c, V c⟩. Since

Γ ∪ {¬φ} ⊆ Γ0, by Lemma 5.2.18, Mc,Γ0 |= Γ ∪ {¬φ}. By Lemma 5.2.15, Mc

is a problem-sensitive model. Hence, there exists a pointed problem-sensitive
model, where Γ is true and φ is false, i.e. Γ ̸|= φ. 2

5.2.4 Appendix: soundness and completeness of LogG

5.2.20. Definition (Pseudo-models). A pseudo-model is a tuple:

M = (W, {RG}G⊆Ags,P , f, V ),

such that:

1. W ̸= ∅ is a set of possible worlds;

2. {RG}G⊆Ags is a collection of binary relations, such that for every i ∈ Ags,
R{i} is serial and for any G ⊆ G′ ⊆ Ags, RG′ ⊆ RG;

3. P = (P, ϵ,⊕, s) is a problems model as in Def. 5.2.2;

4. f : (2Ags ×W ) → P is a function that takes a group, a world and returns
a decision problem that the group is solving in the world. f satisfies the
properties (Ags-Add) from Def. 5.2.3;

5. V : Prop → 2W is a valuation function.

LG is interpreted over pseudo-models in a slightly different manner. All clauses
are as in Def. 5.2.4, except of IntG. Namely, for any pointed pseudo-model
(M,w):

M,w |= IntGα⇔ ∀v ∈ W (wRGv ⇒M, v |= α) and fG(w) ∈ s(α)

i.e., IntG is interpreted via RG, not
⋂
i∈GRi.

In other words, the only difference between multi-agent problem-sensitive models
and pseudo-models lies in the relations between singleton relations Ri and group
relations RG. According to Def. 5.2.3, multi-agent problem sensitive models
are pseudo-models, such that RG =

⋂
i∈GRi, while in pseudo-models in general,

RG ⊆
⋂
i∈GRi. In other words, in pseudo-models group relations may be super-

additive, while in “real” models they are additive.

5.2.21. Lemma. Every pseudo-model as in Def 5.2.20 is LG-invariant to some
multi-agent problem-sensitive model as in Def 5.2.3.

Proof:
Take any pseudo-model M = (W, {RG}G⊆Ags,P , f, V ). By a path on M we mean
a finite non-empty string (potentially consisting of only one symbol) of the form
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w⃗ = (w1, G1, . . . , Gn−1, wn), such that w1, . . . , wn ∈ W , G1, . . . , Gn−1 ⊆ Ags and
for every pair wi, wi+1: (wi, wi+1) ∈ RGi

. By tail(w⃗) we denote the last world
that appears in w⃗ (i.e. tail((w1, G1, . . . , Gn−1, wn)) = wn). Note that for any
world w ∈W , (w) is also a path.

Then, we define an unraveling M = (W, {Ri}i∈Ags,P , f,V) of the pseudo-model
M , where:

• W = {w⃗ | w⃗ is a path on M};

• Ri ⊆ W×W is a binary relation, s.t. w⃗Riv⃗ iff v⃗ extends w⃗ with one i-step,
i.e., if v⃗ = (w⃗, J, v) for some J ⊆ Ags, v ∈W , such that i ∈ J ;

• P is the same problems model as in M ;

• (f : 2Ags ×W) → P is a function, such that fG(w⃗) = fG(tail(w⃗));

• V : Prop → 2W, such that for any p ∈ Prop, V(p) = {w⃗ ∈ W | tail(w⃗) ∈
V (p)};

It is straightforward to check that M is a multi-agent problem-sensitive model.

Next, we are to show that M and M are LG-invariant. Namely, for any possible
world w ∈ W , any path w⃗ ∈ W, such that tail(w⃗) = w and any formula φ ∈ LG,
M,w |= φ iff M, w⃗ |= φ. Cases for the Boolean and 2-formulae are trivial, so we
explicitly show it only for the case when φ = IntGψ.

(⇒) Assume M,w |= IntGψ. Then, RG(w) ⊆ JψKM and fG(w) ∈ s(ψ). Then,
since fG(w⃗) = fG(w), fG(w⃗) ∈ s(ψ). For contradiction, assume that

⋂
i∈GRi(w⃗) ̸⊆

JψKM. Then, there exists a path v⃗, such that w⃗Riv⃗ for every i ∈ G and M, v⃗ ̸|= ψ.
Let tail(v⃗) = v. By IH, M, v ̸|= ψ. Since w⃗Riv⃗ for al i ∈ G, from definition of
Ri it follows that v⃗ = (w⃗, J, v), where G ⊆ J ⊆ Ags. Then, from the definition
of a path, tail(w⃗)RJv, i.e., wRJv. Since G ⊆ J , by Def. 5.2.20, RJ ⊆ RG.
Then, wRGv. But M, v ̸|= ψ, while RG(w) ⊆ JψKM . Contradiction. Hence,⋂
i∈GRi(w⃗) ⊆ JψKM, and, as we have already shown, fG(w⃗) ∈ s(ψ). Then, by

Def. 5.2.4, M, w⃗ |= IntGψ.

(⇐) Assume that M, w⃗ |= IntGψ. Then,
⋂
i∈GRi(w⃗) ⊆ JψKM and fG(w⃗) ∈ s(ψ).

By def. of f, fG(w⃗) = fG(w), hence, fG(w) ∈ s(ψ). For contradiction, assume
that RG(w) ̸⊆ JψKM . Then, there exists a world v ∈ W , such that wRGv and
M, v ̸|= ψ. Then, let v⃗ be a path, such that v⃗ = (w⃗, G, v). By IH, M, v⃗ ̸|= ψ. Since
v⃗ extends w⃗ with one G-step, w⃗Riv⃗ for all i ∈ G. Therefore, (w⃗, v⃗) ∈

⋂
i∈GRi

But
⋂
i∈GRi(w⃗) ⊆ JψKM. Contradiction. Hence, RG ⊆ JψKM , and, as we have

shown, fG(w) ∈ s(ψ). Then, by Def. 5.2.4, M,w |= IntGψ. 2

Next, we proceed with the canonical model construction.
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Let W c be the set of all maximally LogG-consistent sets. For each Γ ∈W c, define

Γ[2] := {φ ∈ LkG : 2φ ∈ Γ},
Γ[IntG] := {φ ∈ LkG : IntGψ ∧2(ψ → φ) ∈ Γ for some ψ ∈ LCPL}.

Moreover, we define ∼2 and →c
G on W c, respectively, as

Γ ∼2 ∆ iff Γ[2] ⊆ ∆,

Γ →c
G ∆ iff Γ[IntG] ̸= ∅ and Γ[IntG] ⊆ ∆.

Since 2 is an S5 modality, ∼2 is an equivalence relation [BRV01]. For any
maximally LogG-consistent set Γ, we denote by [Γ]2 the equivalence class of Γ
induced by ∼2, i.e., [Γ]2 = {∆ ∈ W c : Γ ∼2 ∆}. Lemmas 5.2.10, 5.2.11 and
5.2.12 are proved analogously for ∼2 and →c

G.

Given a mcs Γ0 of LogkG, the canonical model for Γ0 is a tuple:

Mc = ([Γ0]2, {Rc
G}G⊆Ags,Pc, f c, V c),

where:

• [Γ0]2 is as described above.

• Rc
G =→c

G ∩([Γ0]2 × [Γ0]2)

• Pc = (P c, ϵ,⊕c, sc), where

– P c = {A ∪ {⊤} | A ⊆ Prop} ∪ {∅}, where ϵ = ∅;

– ⊕c : (P c × P c) → P c such that for all A,B ∈ P c, A⊕c B = A ∪B.

– sc : LkCPL → P(P c) such that sc(x) = {A | x ∈ A} for x ∈ Prop∪{⊤}.
s extends to the language LkCPL as in Definition 5.1.9.

• For any G ⊆ Ags, f cG : [Γ0]2 → P c such that f cG(Γ) = {x ∈ Prop ∪
{⊤} | IGx ∈ Γ}.

• V c : Prop → P([Γ0]2) such that V c(p) = {Γ ∈ [Γ0]2 : p ∈ Γ}.

Lemmas analogous to Lemmas 5.2.13,5.2.16, and 5.2.18 hold for this canonical
model. Their proofs are also analogous.

5.2.22. Lemma. Given a mcs Γ0, the canonical model:

Mc = ([Γ0]2, {Rc
G}G⊆Ags,Pc, f c, V c)

is a pseudo-model in accordance with Def. 5.2.20.
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Proof:
Obviously functions and operations sc,⊕c, f c, are well-defined. Since ⊕c is defined
as ∪, it is idempotent, commutative, associative, and it satisfies unrestricted
fusion. Since for every A ∈ P c \ {ϵ}, ⊤ ∈ A and as ϵ = ∅, ϵ < A for every
A ∈ P c \ {ϵ}. By Corollary 5.2.14, we know that sc is upward closed. Seriality
of Rc

i for any i ∈ Ags follows from Lemmas 5.2.9, 5.2.10, 5.2.12 and axiom Ax1.
Super-additivity of group relations, i.e. Rc

J ⊆ Rc
G for any G ⊆ J ⊆ Ags follows

from s− Add axiom and the definition of {Rc
G}G⊆Ags. Property (Ags) follows by

def. of f cG from Ax1 and the fact that ⊤ ̸∈ ϵ. (Super-Add) follows from the
following theorem:

⊢
∧
i∈G

⃝G → (Iiφ→ IGφ)

which is easily derivable as an instance of the axioms s− Add.

We show that (Triv) holds for any two-agent group {a, b}: the proof can be easily
extrapolated for a group of any cardinality. Assume that Rc

a(∆) ∩ Rc
b(∆) = ∅

for some ∆ ∈ [Γ0]2. By def. of Rc
a, R

c
b, ∆[Inta] ∪ ∆[Intb] ⊢ ⊥, while ∆[Inta]

and ∆[Intb] are non-empty. Then, there exists some Intaα1, . . . , Intaαn, Intbβ ∈
∆, such that α1 ∧ . . . ∧ αn ⊢ ¬β. For the sake of contradiction, assume that
Int{a,b}γ ∈ ∆ for some γ ∈ LkCPL. Then, by Ax1, ⃝{a,b} ∈ ∆. Given that
Intaα1, . . . , Intaαn ∈ ∆, by Ax4 Inta(α1 ∧ . . . ∧ αn) ∈ ∆. Since Intbβ ∈ ∆, by
(s− Add) we have that Int{a,b}(α1∧ . . .∧αn)∧Int{a,b}β ∈ ∆. Since α1∧ . . .∧αn ⊢
¬β, by rule of necessitation for 2 we have that 2((α1 ∧ . . . ∧ αn) → ¬β). Then,
by Ax2, Int{a,b}β ∈ ∆, which means that Int{a,b}¬β ∈ ∆. By Ax5:

2((α1∧ . . .∧αn) → ¬β) → ((Inta,b(α1∧ . . .∧αn)∧Int{a,b}¬β) → Int{a,b}¬β) ∈ ∆

Then, by Modus Ponens we get that Int{a,b}¬β ∈ ∆. But as we have shown
earlier, Int{a,b}β ∈ ∆, hence, ∆ contradicts Ax3, while ∆ by definition is LogG-
consistent. Contradiction. Hence, Int{a,b}γ ̸∈ ∆ for any γ ∈ LCPL, from which
by definition of f c follows that f c{a,b}(∆) = ∅ = ϵ.

Finally, (G-Cons) property directly follows from Con axiom. For (Add), see
Lemma 5.2.23. Therefore, we can conclude that the canonical model M c for
any mcs Γ0 is a pseudo-model. 2

5.2.23. Lemma. (Add) holds for any canonical model M c.

Proof:
Before proceeding, let us fix some acronyms to be used throughout the proof. Let
f cG(∆) = AG ⊆ Prop ∪ {⊤}, f ci (∆) = Ai ⊆ Prop ∪ {⊤} for every i ∈ G. For
brevity, we denote

⋃
i∈GAi simply as

⋃
Ai. Let LAG

CPL = {α ∈ LkCPL | V ar(α) ⊆
AG} be a fragment of propositional language, where Prop is restricted to AG.
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Then, by Lemma 5.2.13, s−1(AG) = LAG
CPL, i.e., every propositional formula

built from the variables of AG is a partial solution to AG. Then, by defini-
tion of ⌈ . ⌉, ⌈AG⌉Mc = {JΓKMc | Γ is a mcs of LAG

CPL}.15 Analogously, ⌈Ai⌉ =
{JΓKMc|Γ is a mcs of LAi

CPL}. SinceAi = f ci (∆) and ⊕c is defined as ∪,
⊕

i∈G f
c
i (∆) =⋃

Ai. Consequently, s−1(
⊕

i∈G f
c
i (∆)) = L

⋃
Ai

CPL and:

⌈
⊕

f ci (∆)⌉ = {JΓKMc | Γ is a mcs of L
⋃
Ai

CPL}.

We are now ready to proceed with the proof. Assume AG ̸= ∅. First, we show
that ⌈

⊕
f ci (∆)⌉ ⊑ ⌈f cG(∆)⌉. Note that from (s− Add) axiom it follows that

⃝G → (Intip → IntGp) ∈ ∆ for every p ∈ Prop ∪ {⊤}. By our assumption,
AG ̸= ∅. Then, at least ⊤ ∈ AG. Therefore, IntG⊤ = IntG⊤ = ⃝G ∈ ∆. So, if
Intip ∈ ∆, then IntGp ∈ ∆ for every i ∈ G and every p ∈ Prop. Therefore:

AG = {p ∈ Prop ∪ {⊤} | IntGp ∈ ∆}

⊇
⋃
i∈G

{p ∈ Prop ∪ {⊤} | Intip ∈ ∆}

=
⋃
i∈G

f ci (∆)

=
⊕
i∈G

f ci (∆)

Then, by Proposition 5.1.15, since
⊕

i∈G f
c
i (∆) ≤ f cG(∆), ⌈

⊕
i∈G f

c
i (∆)⌉ ⊑ ⌈f cG(∆)⌉.

It is left for us to prove the other direction: ⌈f cG(∆)⌉ ⊑ ⌈
⊕

f ci (∆)⌉. Note that, by
(AxAdd), if IntGα ∈ ∆, then, for some propositional formulae {αij}i∈G1≤j≤k ⊆ LkCPL:

i∈G∧
1≤j≤k

Intiαij ∧2(α↔ (
∨

1≤j≤k

∧
i∈G

αij)) ∈ ∆

Then, for every α ∈ LAG
CPL, there are some αi1, . . . , α

i
k ∈ LAi

CPL for every i ∈ G,
such that 2(α ↔

∨
1≤j≤k

∧
i∈G α

i
j) ∈ ∆. If αi1, . . . , α

i
k ∈ LAi

CPL for every i ∈ G,

then
∨

1≤j≤k
∧
i∈G α

i
j ∈ L

⋃
Ai

CPL. So we can define a translation function g : LAG
CPL →

L
⋃
Ai

CPL as follows:

g(α) =
∨

1≤j≤k

∧
i∈G

αij s.t. 2(α↔
∨

1≤j≤k

∧
i∈G

αij) ∈ ∆

15In Def. 5.1.13, ⌈a⌉ = {Γ ⊆ s−1(a)} | Γ is a maximal satisfiable subset of s−1(a)}. By the
analogue of Lemma 5.2.18 (Truth lemma), the notions of maximal satisfiable and maximal
consistent sets coincide.
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Then, by the Truth lemma, for any α ∈ LAG
CPL, JαKMc = Jg(α)KMc .

Finally, to prove that ⌈f cG(∆)⌉ ⊑ ⌈
⊕

i∈G f
c
i (∆)⌉, we need to show that for every

mcs Γ ⊆ S−1(f cG(∆)) = LAG
CPL, JΓKMc =

⋃
{J∆iKMc}i∈I for some {J∆iK}i∈I ⊆

S−1(
⊕

f ci (∆)) = L
⋃
Ai

CPL, where I is some arbitrary index-set. As we have shown,
for every propositional formula α ∈ LAG

CPL, JαKMc = Jg(α)KMc , where g(α) ∈
L

⋃
Ai

CPL. Hence, for every mcs Γ ⊆ LAG
CPL:

JΓKMc =
⋃

{J∆KMc ∈ ⌈
⊕

f ci (∆)⌉ | ∀α ∈ Γ : g(α) ∈ ∆}

To conclude, ⌈f cG(∆)⌉ ⊑ ⌈
⊕

f ci (∆)⌉ and ⌈f cG(∆)⌉ ⊒ ⌈
⊕

f ci (∆)⌉, from which it
follows that ⌈f cG(∆)⌉ = ⌈

⊕
f ci (∆)⌉. 2

5.2.24. Theorem (Soundness and completeness). Given any set of formulae ∆ ⊆
LkG and any formula φ ∈ LkG, the following holds:

Γ ⊢LogG φ⇔ Γ |=MG
φ

Proof:
(⇒) By a routine check of axiom validities and validity preservation under the
rules of inference of LogG.

(⇐) By contraposition. Assume Γ ̸⊢LogG φ. Then, Γ ∪ {¬φ} is LogG-consistent.
By Lemma 5.2.9, there exists an mcs Γ0, such that Γ ∪ {¬φ} ⊆ Γ0. Then, we
can build a canonical pseudo-model M c = ([Γ0]2, {Rc

G}G⊆Ags,Pc, f c, V c). Since
Γ∪ {¬φ} ⊆ Γ0, by Truth Lemma it follows that M c,Γ0 |= Γ∪ {¬φ}. By Lemma
5.2.22, M c is a pseudo-model. By Lemma 5.2.21, there exists a multi-agent
problem-sensitive model M, such that M c is LkG-invariant to M. In other words,
there exists a world w of M, such that M, w |= ψ iff M c,Γ0 |= ψ. Then,
M, w |= Γ ∪ {¬φ}. Hence, there exists a pointed multi-agent problem-sensitive
model, where all formulae in Γ are true and φ is false, i.e. Γ ̸|=MG

φ. 2





Chapter 6

Fixing MAMLs: the case of STIT logic1

So far, we have demonstrated that an overly simplistic definition of groups causes
both conceptual and technical problems for MAMLs (Chapter 3). We have argued
that real groups should share motivational states (Chapter 2); afterwards, we have
developed tools to formally define these states (Chapters 4, 5). In this chapter, we
show how these tools may be integrated into MAMLs to alleviate the problems.

Standard multi-agent epistemic logics do not suffer as much from the weak defini-
tion of groups. Common knowledge ascription to a random set of agents does not
imply ascribing these agents with group agency. On the contrary, in multi-agent
modal logics of agency, the distinction between groups and random sets of agents
is crucial. Therefore, we concentrate on MAMLs of actions and abilities. Specif-
ically, we will work with STIT logics, because most popular multi-agent modal
logics of agency can be embedded in variations of STIT logic [Ram23; BHT06].

The main problem we have with STIT logic is an aggregative definition of group
actions. Given any arbitrary set of agents G = {i1, . . . , in} and any actions σ1 of
i1,. . .,σn of in, the tuple (σ1, . . . , σn) is regarded as a joint action of G. Ascrib-
ing group agency to any set of agents entails holding them responsible for their
“joint actions”. This is philosophically problematic. Moreover, the aggregative
definition overgenerates joint actions, while all of them are intertwined in a so-
phisticated way, which makes it overly complicated to axiomatically capture their

1Sections 6.2, 6.3.1 and 6.3.3 are partly based on the paper Daniil Khaitovich. Plan-restricted
group STIT logic, which is currently under review [Kha26b]. Section 6.4 is based on the extended
abstract of the talk Daniil Khaitovich, Hein Duijf, Jan Broersen. Solving coordination games
with minimal communication, which was presented at the 16th Conference on Logic and the
Foundations of Game and Decision Theory [KDB26].

151



152 Chapter 6. Fixing MAMLs: the case of STIT logic

properties. So we have both philosophical and technical reasons to strengthen the
aggregative definition of group actions. To do so in a philosophically informed
way, we take our clue from the following idea, concisely put by Raimo Tuomela:

In the strongest sense of acting together we require acting on a joint,
agreed-upon plan.[...] This kind of joint action is a collective social
action in its most central sense, acting as a team. [Tuo05, p.83]

This idea – groups act upon their collective motivational states – is shared by most
of the philosophers of group agency, and may be found in slightly different terms
in other essential texts on the topic. The difference lies in the conceptualisations
of the group motivational state: for Tuomela, it is a joint, agreed-upon plan; for
Margaret Gilbert, it is a joint commitment [Gil92]; for Michael Bratman, it is an
intention in favour of joint activity [Bra92]; for John Searle, it is we-intention
[Sea95]. The landscape of such conceptualisations is rich, and we did our best in
Chapter 2 to map it.

The main goal of this chapter is to integrate the philosophically informed defini-
tion of group actions into a standard group STIT logic and show how it alleviates
both conceptual and metalogical shortcomings. We start with a detailed overview
of metalogical properties of group STIT logic, going beyond the short introduction
of Section 3.2.2. Then, we introduce our refinement of it, named plan-restricted
group STIT logic, and show what conceptual and formal advantages it brings.

6.1 Group STIT logic and its technical problems

As we have briefly mentioned in Section 3.2.2, the set of validities LtSTIT = {φ ∈
LtSTIT | |= φ} is notoriously hard (and as we are to show, actually impossible)
to axiomatise. The first problem arises from the temporal component of the
language. LtSTIT embeds LOBTL, whose axiomatization, when interpreted over
branching time structures, remains an open problem. If we use Kamp frames
as in Def. 3.2.8, the known axiomatization of LOBTL-validities over this class of
models requires us to use the non-standard irreflexivity rule [Rey02, Chapter 7]:

(p ∧H¬p) → φ
φ

, where p ̸∈ sub(φ).

Even with the atemporal fragment LSTIT interpreted over the simplified models
as in Def.3.2.10, the set LSTIT = {φ ∈ LSTIT | |= φ} still cannot be finitely
axiomatised. We proof-sketch this fact and draw connections with mathematically
similar formalisms.

First, we introduce a product universal modal logic, since it is going to play an
important role in our story. Given a final set of indices I = {1, . . . , n}, we define
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a language LS5n by a following grammar:

φ := p | ¬φ | (φ ∨ φ) |2iφ

where p ∈ V ar, i ∈ I. There are different possible readings of 2i-modalities,
depending on how we understand the index-set I. Three different interpretations
will be provided later. Next, we look into a class of universal product frames, over
which LS5n is interpreted.

6.1.1. Definition (FS5n-frames). A universal product frame is a tuple F =
(X, {Ri}i∈I), where:

1. X = X1 × . . .×Xn for some non-empty sets X1, . . . , Xn.

2. For each i ∈ I, Ri ⊆ X ×X is a binary relation, such that:

(x1, . . . , xn)Ri(y1, . . . , yn) iff xj = yj for all j ∈ I \ {i}

Standardly, every universal product frame F can be extended to a model M =
(F, V ) with a standard evaluation function V : V ar → 2X .

LS5n is interpreted over universal product models in a standard way, as in Def.
3.0.3. That is, for any pointed FS5n-model (M,w), M,w |= 2iφ iff ∀v ∈
X(wRiv ⇒M, v |= φ).

Universal product frames were shown to correspond to cylindric set algebras.

6.1.2. Definition (Cylindric set algebra). A cylindric set algebra of dimension
n is a tuple

A = (A,∪,∩, \, ∅, Xn, {ci}i∈{1,...,n}),

where:

1. (A,Xn) is the field of sets. In other words, A ⊆ 2X
n
, such that Xn ∈ A

and A is closed under taking unions and complements with respect to Xn.

2. (A,∪,∩, \, ∅, Xn) is a Boolean algebra on sets, where ∅ is 0, Xn is 1, A ⊆ 2X
n

is the domain, and ∪,∩, \ have their standard set-theoretic meaning;

3. For every i ∈ {1, . . . , n}, ci : 2X
n → 2X

n
is an unary operation, such that:

ci(U) = {(x1, . . . , xn) ∈ Xn | ∃(y1, . . . , yn) ∈ U : xj = yj

for all j ∈ {1, . . . , n} \ {i}}

Think of X in Def.6.1.1 as an n-dimensional space, where for every i ∈ I, Xi is a
set of coordinates of ith dimension. Then, every formula φ denotes some region of
this space JφKM ⊆ X. 3i then may be interpreted as the cylindrification operator
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ci: given a region JφKM , we compute J3iφKM by taking all the points of X that
differ from some point in JφKM in at most ith coordinate:

J3iφKM = {(x1, . . . , xn) ∈ X |∀j ∈ I \{i} : xj = yj for some (y1, . . . , yn) ∈ JφKM}

For an illustration of what cylindrification does, see the Figure 6.1.

w1

w2

w3

w4O1

O2

O3

JϕKM J♦xϕKM

x

y

pm1 ⊕ pm2 pm1 ⊕ pceo pm2 ⊕ pceo

pm1 pm2 pceo

∅

pAgs

1

Figure 6.1: x-cylindrification of the region JφKM of the two-dimensional space.
Doing the same operation in three-dimensional space may provide a good expla-
nation as to why it is called cylindrification.

The equational theory of cylindric set algebras is not finitely axiomatizable [Kur13].
Moreover, “cylindric algebras stand in the same relationship to first-order logic
as Boolean algebras stand to sentential logic”[Mon76, p.212]. To give an intuition
about the connection between cylindric set algebras (and hence, modal logic of
universal product frames) and first-order logic, consider a first-order language LFO
with n-many variables I = {x1, . . . , xn}. Take any standard Tarskian modelM for
it, whereD is the domain ofM . For any φ ∈ LFO, let JφKM = {x⃗ ∈ DI |M, x⃗ |= φ}
be a set of variable assignments that satisfy φ. Let A = {JφKM |φ ∈ LFO}. Then,
observe that (A,DI) is the field of sets, where for every JφKM ∈ A and any x ∈ I,
cx(JφKM) = J∃xφKM .

The connections between the modal logic of universal product frames, cylindric set
algebras, and first-order logic that we have demonstrated in a hand-wavy way have
been formally proven. The algebraization of first-order logic via cylindric algebras
was established by Henkin, Monk and Tarski [HMT71]. The correspondence
between restricted first-order logic with finitely many variables and the modal
logic of universal product frames is due to [Ven95], and between cylindric set
algebras and the modal logic of universal product frames – due to [Kur13]. Having
these correspondences at hand, one can transfer the known metatheoretical results
about cylindric set algebras and first-order logic to the modal logic of universal
product frames. Namely, we know that if Card(I) ≥ 3, neither the logic {φ ∈
LS5n | |= φ} is axiomatizable, nor the satisfiability problem of LS5n is decidable
[Kur+03].
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There are two ways in which we can mitigate the negative results for cylindric set
algebras and first-order logic. We can either generalise the semantics or restrict
the language, obtaining better-behaved fragments. Both paths were fruitfully ex-
plored [Grä99; ANB98; Ven95]. As for semantic generalisations, the technique of
relativisation allows us to recover decidability and finite axiomatisability. Namely,
instead of taking the field of sets (A,Xn) for all possible tuples Xn, we can take
an arbitrary subset of such tuples V ⊆ Xn.

6.1.3. Definition (Cylindric-relativised set algebras). Let ∅ ̸= V ⊆ Xn for
some X ̸= ∅, and let (A, V ) be a field of sets. Then, cylindric-relativised set
algebra of dimension n is the algebra

A = (A,∪,∩, \, ∅, V, {cVi }i∈{1,...,n}),

where ∪,∩, \, ∅ have their standard set-theoretical meaning, and for any i ∈
{1, . . . , n}, U ⊆ V :

cVi (U) = {(x1, . . . , xn) ∈ V |∃(y1, . . . , yn) ∈ U : xj = yj for all j ∈ {1, . . . , n}\{i}}

The equational theory of cylindric-relativised set algebras is strictly weaker than
that of cylindric set algebras. Moreover, it is finitely axiomatisable and decidable
[HMT71, Chapter 2.2]. It also has a natural connection with general assignment
models, where we restrict the set of all possible variable assignments DI to some
arbitrary non-empty subset V ⊆ DI . This allows us to model dependencies
between variables [Abr+16], as well as restrictions in quantifier domains as they
often occur in natural language [SG00]. To give an intuition about both cases,
assume we have two variables I = {x, y}, where x denotes a day and y – a month.
Possible interpretations of x and y range over the sets Day = {1, . . . , 31} and
Month = {January, . . . , December}, respectively. Not all pairs in Day×Month
make sense: e.g., 30th of February should never occur. In the natural language,
we take it as a background of our reasoning and omit explicit mentions of the
restriction: e.g., one can say “At any day of any month, I am happy to help
you”, obviously meaning only existing dates. To formalise this, we can build a
model with a restricted domain V ⊆ Day×Month. Alternatively, we can define a
relationDate ⊆ Day×Month, specifying in the definition of a language that every
quantified sentence should be guarded by Date: e.g., given an atomic formula
φ, ∀x∀y(Date(x, y) → φ) would be a well-formed formula of such a restricted
language, while ∀x∀yφ would not. For a detailed exposition of the connection
between cylindric-relativised set algebras, generalised assignment models and the
guarded fragment of first-order logic, see [Ben13].

But what does all of this have to do with STIT logic? LS5n can be embedded
into LSTIT . In [HS08], this correspondence between LS5n and LSTIT is formally
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demonstrated. From this correspondence, one can reduce decidability and axiom-
atizability of LS5n to the same notions for group STIT logic, obtaining negative
results: for Card(Ags) ≥ 3, LSTIT = {φ ∈ LSTIT | |= φ} is not finitely axioma-
tizable, and the satisfiability problem for LSTIT is undecidable [HS08, Theorems
22, 23].

The following correspondence will be the most important for us:

CSAn ≃ LS5n ≃ LSTIT

where CSAn is the variety of n-dimensional cylindric set algebras. Essentially, it
gives us a clue that some techniques applied for cylindric set algebras to obtain
a better metatheoretical behaviour may also work for group STIT logic. As we
are to show, the relativisation has a surprisingly clear connection with Tuomela’s
definition of joint action.

6.2 Plan-restricted group STIT logic

This section is based on [Kha26b].

In this chapter, we develop a plan-restricted group STIT logic – a variation of
group STIT logic in which we can explicitly distinguish between genuine group
actions and aggregations of actions by independent individuals. After introducing
its syntax and semantics, we show its conceptual advantages by revising defini-
tions of causal responsibility for individuals and groups.

For a finite set of agents Ags = {1, . . . , n}, by Gr = {G ⊆ Ags | Card(G) ≥ 2}
we denote the collection of non-empty non-singleton sets of agents. Then, we
recursively define the formal language LtpSTIT by the following grammar:

φ ::= p | ¬φ | (φ ∨ φ) |Xφ | Y φ |Gφ |Hφ |2φ | [stit]iφ | [stit]Cφ | ϱC

where p ∈ V ar, i ∈ Ags, C ∈ Gr. Propositional variables, Boolean connectives,
X, Y , G, H, 2, [stit]i and [stit]C-modalities have their standard meaning, as in
LtSTIT . ϱC reads as “C acts upon their plan”. We use the following acronyms.
[pstit]Cφ := ϱC ∧ [stit]Cφ. [pstit]Cφ reads as “C acts upon their plan and sees to
it that φ”, or, for brevity, “C jointly sees to it that φ”. Jointly seeing to it that
φ corresponds to Tuomela’s understanding of seeing to it that φ as a “collective
social action in its most central sense”. As with LtSTIT , the atemporal fragment
of LtpSTIT is denoted as LpSTIT .

Semantically, to interpret LtpSTIT , we need to equip temporal Kripke STIT frames
with some representation of group plans. We understand plans in line with the
following idea of Bratman:
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[Plans] constrain solutions to [group decision] problems, providing a
filter of admissibility for options. [...] They narrow the scope of the
deliberation to a limited set of options. [Bra87, p.33]

To provide a “filter of admissibility”, a group plan should limit the group’s choice
of present and future joint actions. Therefore, for any non-empty non-singleton
set of agents C ∈ Gr, we can abstractly represent C’s plan as a subset of C’s
possible current and future actions that adhere to that plan. In case this set is
empty, C has no plan and does not constitute a group.2

To introduce this idea in STIT framework, we will associate every non-singleton
subset of agents C ∈ Gr with some possibly empty set of time points UC ⊆ W ,
where members of C act in accordance with their joint, agreed-upon plan. If
members of C are not a group, i.e., they do not coordinate their actions in any way,
then the corresponding set of worlds will be empty. In this case, any behaviour of
C’s members is just the simultaneous acting of individuals rather than the acting
of a group.

We will impose a number of constraints on these sets of points. First, UC should
be

⋂
i∈C Ri-closed: if w ∈ UC , wRiv for all i ∈ C, then v ∈ UC . Informally, the

group plan is a subset of members’ available actions: whether a group’s plan will
be fulfilled is only up to the group members’ choice of actions. Second, as in
Section 5.2, we assume that groups with shared members have non-contradictory
plans.

6.2.1. Definition (pSTIT-models). A tuple F = (W,R≺, R2, {Ri}i∈Ags, {UC}C∈Gr)
is a pSTIT-frame iff:

1. (W,R≺, R2, {Ri}i∈Ags) is a Kripke STIT frame in accordance with Definition
3.2.8. Standardly, RG =

⋂
i∈GRi for every ∅ ̸= G ⊆ Ags;

2. For every C ∈ Gr, UC ⊆ W is a possibly empty set of time points, where
C acts in accordance with their plan. {UC}C∈Gr have the next properties:

(a) Every UC is a RC-closed subset of worlds.3

(b) For any collection of non-empty non-singleton sets C1, . . . , Cn ∈ Gr,
such that C1 ∩ . . .∩Cn ̸= ∅, if R2(w)∩UC1 ̸= ∅, . . . , R2(w)∩UCn ̸= ∅,
then R2(w) ∩ UC1 ∩ . . . ∩ UCn ̸= ∅.

As usual, a pSTIT-frame F is extended to a model M = (F, V ) with a standard
evaluation function V : V ar → 2W .

Condition 2a expresses that C’s plan is a subset of C’s shared actions. Condition

2A similar way to formalise group plans in a game-theoretic setting was used in [Dui+21].
3The subset of worlds UC ⊆ W is RC-closed iff the following holds: ∀w ∈ UC∀v ∈

W (wRCv ⇒ v ∈ UC).
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2b expresses that groups with shared members have consistent plans. As with
LtSTIT , when working with the atemporal fragment LpSTIT , we can simplify the
model by dropping the relation R≺.

A natural question arises: why do we have the definition of UC ⊆ W only for
non-empty non-singleton sets C ∈ Gr? Individual agents can also have plans
and act either in accordance with or against them. The key difference lies in the
relation between causal agency and plans for individuals and groups. If the agent
acts against her plan, e.g., as an instance of her weak will, it is still her action.
On the contrary, when at least some members of a group act against the plan
of the group, it undermines the group agency. For example, think of two friends
who decided to organise a running club and agreed to go on weekly runs every
Sunday at 10:00 at a local park. Every time they show up at the given time and
place and go for a run, we can count it as a group action of the running club. But
if they do not show up for a run and stay home without notifying one another,
it seems strange to regard it as a group action of their club: at this point, those
are just two individuals who defy their mutual agreement. On the contrary, if a
single agent planned to go for a run but ended up staying home, it is still the
action of that agent.

Another way to look at the difference between individual and group agency is
through independence. Individual agents are indeed independent: for every agent
i ∈ Ags and every available action of this agent σi, no matter what others are
going to do, σi is still available for i. As group members, agents are not necessarily
independent: restricting group members’ choices by plan may force dependence.
For example, the members of the running club may agree that everyone should
show up, unless the organizer notifies about the cancellation of the event. Each
member as an individual can either show up for a run or not, independently of
what organizer is going to do. But to act as a group, everyone should show up
for a run unless the organizer chooses to cancel the event.

6.2.2. Definition. For a pSTIT-modelM = (W,R≺, R2, {Ri}i∈Ags, {UC}C∈Gr, V )
and a point w ∈W , we recursively define |= relation for LtpSTIT as follows:

M,w |= ϱC ⇔ w ∈ UC

and all other clauses are the same as in Def. 3.2.9.

From Def. 6.2.2 it follows that M,w |= [pstit]Cφ iff M,w |= [stit]Cφ and w ∈ UC .
Consequently, if UC = ∅, then M |= ¬[pstit]Cφ for any φ ∈ LtpSTIT . If C does not
constitute a group, then C does not perform group actions and does not jointly
see to it that anything holds whatsoever.

To show what we gain conceptually by distinguishing group actions from aggre-
gations of individual actions, we revise the definition of causal responsibility. For
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individuals, the definition of causal responsibility stays the same as in [Ser21]: an
agent i ∈ Ags is causally responsible for φ iff [stit]iφ ∧ ¬2φ. Or, following the
previously accepted acronym, the agent is causally responsible for φ iff the agent
deliberately sees to it that φ:

[dstit]iφ := ¬2φ ∧ [stit]iφ

For non-empty non-singleton sets, the definition is strengthened. To hold a set
of agents C ∈ Gr causally responsible for φ, we require not only that actions of
C is a minimal sufficient condition for φ to obtain, but also that members of C
act upon some common group plan. For every C ∈ Gr, let Σmin

C φ stand for “ C
is causally responsible for φ”. Then, formally:

Σmin
C φ := ¬2φ ∧ [stit]Cφ ∧

∧
C′⊂C

¬[stit]C′φ ∧
∨
C⊆C′

ϱC′

Or, informally: Σmin
C φ iff φ is not necessary, C sees to it that φ, no proper

subgroup of C sees to it that φ, and agents in C act upon some joint agreed-upon
plan, hence, coordinate their actions.

Consequently, the agent i bears collective causal responsibility for φ iff i is a
member of some set C that is causally responsible for φ. In other words, i acts as
a member of some group that ensures φ, while actions of i are part of the minimal
sufficient condition for that group to ensure φ. Let colrespiφ stands for “i bears
collective responsibility for φ”. Then, formally:

colrespiφ :=
∨

C∈↑{i}

Σmin
C φ

.

where ↑ {i} = {C ⊆ Ags | i ∈ C}. By such a strengthening of causal collective
responsibility’s definition, we get one obvious improvement: to bear collective
responsibility for φ, an agent should be a member of a group that jointly sees to
it that φ.

Further, we define the weaker form of collective responsibility: complicity. In line
with [Baz13], the agent is complicit in bringing about that φ iff the agent acts as
a member of a group that jointly sees to it that φ, regardless of whether actions
of that agent are necessary to ensure φ. For every agent i ∈ Ags, let compliφ
stands for “i is complicit in φ”. Then:

compliφ := ¬2φ ∧
∨

C∈↑{i}

[pstit]Cφ

It is not hard to see that if i bears collective causal responsibility for φ, then i
is complicit in φ, but not the other way around. To distinguish between those
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who bear collective causal responsibility and those who are only complicit, we say
that the agent is merely complicit in φ, denoted as mcompliφ, iff she is complicit
in φ, but does not bear collective responsibility for it:

mcompliφ := compliφ ∧ ¬colrespiφ

In the existing literature on STIT-based models of responsibility, complicity is
overlooked, as merely participating agents are labeled as free-riders and escape
any form of responsibility [Ben12, Chapter 5], [Ser21]. This comes as no surprise,
given that the authors rely on the aggregative definition of group actions. In
standard group STIT logic, the following is valid: |= [stit]C1φ → [stit]C1∪C2φ for
any C1, C2 ⊆ Ags. If some set of agents sees to it that φ, then any of its supersets
sees to it that φ as well. Then, as soon as at least someone forces φ, everybody
else merely participates in the aggregative “joint action” that forces φ, and we
cannot distinguish whether there is even a real joint action to participate in.

Finally, the agent is not responsible for φ, denoted as notrespiφ, iff she is neither
causally responsible for φ, nor bears collective responsibility for φ, nor merely
complicit in φ:

notrespiφ := ¬[dstit]iφ ∧ ¬colrespiφ ∧ ¬mcompliφ

For brevity, while talking about different forms of causal responsibility, we will
omit “causal” in the corresponding terms, since we do not talk about any non-
causal forms of responsibility so far.

To see these definitions at work, let us go back to Example 3.2.11 and build an
atemporal pSTIT-model for it. Let Ags = {a, b, c} be the same set of agents:
the killer, the lookout, and the passerby, respectively. Consequently, we have four
non-empty non-singleton sets of agents: Gr = {{a, b}, {a, c}, {b, c}, Ags}. We use
the same set of propositional variables: V ar = {k, l, p}, meaning someone was
killed, the area was guarded by the lookout, and someone has passed by the area,
respectively. Then, let M = (W,R2, Ra, Rb, Rc, {UC}C∈Gr, V ), be an atemporal
pSTIT-model, where:

1. W = {w1, . . . , w8};

2. R2 = W ×W ;

3. [Ra] = {{w1, w2, w3, w4}, {w5, w6, w7, w8}};

4. [Rb] = {{w1, w2, w6, w7}, {w3, w4, w5, w8}};

5. [Rc] = {{w1, w3, w5, w7}, {w2, w4, w6, w8}};

6. V (k) = {w1, w2, w3, w4}, V (l) = {w1, w2, w6, w7} and V (p) = {w1, w3, w5, w7}.
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7. U{a,b} = V (k) ∩ V (l) = {w1, w2}. For any other C ∈ Gr, UC = ∅.

In this model, as the story of Example 3.2.11 goes, the killer and the lookout
constitute a group. According to their plan, the killer is to kill, and the lookout
is to guard the area. The passerby does not share any motivational states with
either the killer or the lookout. As before, the real state of the Example 3.2.11
is w2: a has k illed, b has looked out, and c has not passed by. See Figure 6.2 for
the illustration of the model.

w1, {k, l, p}, ϱa,b

w2, {k, l,¬p}, ϱa,b

w3, {k,¬l, p}

w4, {k,¬l,¬p}

w5, {¬k,¬l, p}w7, {¬k, l, p}

w6, {¬k, l,¬p} w8, {¬k,¬l,¬p}

Figure 6.2: Atemporal Kripke pSTIT-model for Example 3.2.11. Front-back
faces of the cube represent [Ra]; left-right faces represent [Rb]; top-bottom faces
represent [Rc]. We omit reflexive and transitive edges in our representation of
equivalence relations. E.g., w1Raw1, but we omit the reflexive edge; w2Raw3, but
we only draw the edges w2Raw1 and w1Raw3. Worlds in U{a,b} are labeled with
ϱa,b.

Let φ := k∧ (l∨¬p) be a formula, standing for “the unwitnessed murder has hap-
pened” (i.e., the killer has murdered someone, and either the lookout has covered
it or the only possible witness has not passed by the murder scene). According
to our definitions, the killer and the passerby are not causally responsible for
the covered-up murder, since they have not acted upon any common group plan:
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M,w2 |= ¬Σmin
a,c φ, since M,w2 |=

∧
C⊇{a,c} ¬ϱC . Moreover, the passerby is not

responsible for the covered-up murder at all, since she neither deliberately sees to
it, nor acts as a member of any group that jointly sees to it: M,w2 |= norespcφ.

On the contrary, the group of the killer and the lookout are causally responsible
for the covered-up murder: M,w |= Σmin

a,b φ, since M,w |= ¬2φ ∧ [stit]a,bφ ∧∧
C⊂{a,b} ¬[stit]Cφ ∧

∨
C⊇{a,b} ϱC . Therefore, both the killer and the lookout

bear collective responsibility for the covered-up murder: M,w2 |= colrespkφ ∧
colresplφ. As for the responsibility for the murder alone, independently of its
cover-up, the killer is causally responsible for it, while the lookout is merely com-
plicit: M,w2 |= [dstit]ak ∧mcomplbk.

Such responsibility attributions are intuitively plausible and stand in line with
the philosophical ideas around collective responsibility in [Baz13; Kut00]. On the
one hand, we attribute collective responsibility only to members of groups, not
random sets of agents. On the other hand, we hold agents complicit in group
action if they participate in the group action, even if their contribution is not
necessary.

To conclude, introducing plans as shared motivational states in group STIT logic
allows us to strengthen the aggregative definition of joint actions in the standard
STIT logic. As a result, we alleviate conceptual problems around it and improve
models of causal responsibility attribution. Not only do we avoid holding random
sets of agents collectively responsible, but we also capture subtler notions, such as
complicity. In the following section, we will investigate the technical advantages
we obtain.

6.3 Metalogical results

In this section, we investigate two metalogical properties of plan-restricted group
STIT logic and its fragments: decidability and finite axiomatizability. LtpSTIT
contains LtSTIT as its fragment. LtSTIT , as we know, is not finitely axiomatizable,
and its satisfiability problem has no decision procedure. Therefore, these negative
results also hold for LtpSTIT . So we have two paths to take. We can either
generalise the semantics for LtpSTIT or restrict its language in search of well-
behaved fragments. In this section, we will do both.

So our contributions here are twofold. First, we show how results about rela-
tivisations in cylindric algebras can be translated to STIT logic, and why hav-
ing an explicit representation of plans makes relativisation conceptually justified.
Second, we show that several fragments of LtSTIT are finitely axiomatisable and
decidable, going beyond the known results of [Sch12; Lor13]. These results easily
transfer to the analogous fragments of LtpSTIT .
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6.3.1 Relativisations and plans

For atemporal pSTIT-models, we can weaken the semantic definitions without
unjustifiably abstracting away from the crucial properties of what we model.
The important property of most multi-modal logics of agency, including STIT,
is the independence of agents. As we have discussed before, independence is
not necessary if we assume that agents cooperate and act in accordance with
their group plans. We often make such an assumption in our everyday practical
reasoning.

For example, assume I have agreed to meet my friend at Amsterdam Centraal in
two hours, unless he notifies me that he is not going to come. Even if I am notified
that he is going and waiting for me, I am still causally able to refrain from going.
In my everyday practical reasoning, I will be inclined to ignore this ability, as it
is purely metaphysical: even though I potentially can do that, I have no reason
to ever actualise this ability. So I might say in this situation: “I cannot refrain
from going to Amsterdam Centraal, unless my friend declines our meeting, as I
have promised to show up”.

So in natural language, we seem to quantify over our abilities in a way that is
surprisingly similar to how general assignment models work! We often say that we
can or cannot do something, while we have these (in)abilities only conditional on
following some plan. We take such restrictions on our own and others’ behaviour
as a background for our reasoning. Such restrictions can be naturally modelled
in plan-restricted group STIT logic, via plan-based submodels.

6.3.1. Definition (Plan-based subframes of pSTIT). Given an atemporal pSTIT-
model

M = (W,R2, {Ri}i∈Ags, {UC}C∈Gr, V )

and a group G ∈ Gr, a UG-based submodel of M is a tuple:

MG = (W ,R2, {Ri}i∈Ags, {UC}C∈Gr,V),

such that:

• W = UG;

• R2 = R2 ∩ (UG × UG);

• For any i ∈ Ags: Ri = Ri ∩ (UG × UG). Consequently, RC =
⋂
i∈C Ri for

any C ⊆ Ags;

• For all C ∈ Gr: UC = UC ∩ UG;

• For any p ∈ V ar: V(p) = V (p) ∩ UG.

A notion of a UG-based subframe FG = (W ,R2, {Ri}i∈Ags, {UC}C∈Gr) is defined
accordingly. We denote a class of non-empty plan-based subframes of pSTIT as
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SF (pSTIT), i.e. F ∈ SF (pSTIT) iff F is a non-empty plan-based subframe of
some pSTIT-frame for some group G ∈ Gr. For every non-empty non-singleton
setG ∈ Gr, by SFG(pSTIT) we denote a class of non-empty UG-based subframes.

Intuitively, given some pSTIT-model and a non-empty non-singleton group G ∈
Gr, a UG-submodel of M simulates agents’ possible choices of action under the
assumption that members of G will behave as a group and follow their plan.
Such models are especially fruitful for reasoning the point of view of G’s mem-
bers: group members naturally expect themselves and their peers to follow the
mutually agreed-upon plan, so they might not take into account possible actions
of themselves and their peers that go against the plan.

In this subsection, we will work with the atemporal language LpSTIT . The satis-
fiability relation on plan-based subframes is defined standardly:

6.3.2. Definition. Given any plan-based model:

MG = (W ,R2, {Ri}i∈Ags, {UC}C∈Gr,V)

and any formula φ ∈ LpSTIT , we recursively define |= relation as follows:

MG, w |= p ⇔ w ∈ V(p)

MG, w |= ¬φ ⇔ not MG, w |= φ

MG, w |= φ ∨ ψ ⇔ MG, w |= φ or MG, v |= ψ

MG, w |= 2φ ⇔ ∀v ∈ W(wR2v ⇒MG, v |= φ)

MG, w |= [stit]Cφ ⇔ ∀v ∈ W(wRCv ⇒MG, v |= φ)

MG, w |= ϱC ⇔ w ∈ UC

Alternatively, if we want to take it for granted that members of some fixed group
C ∈ Gr always act in accordance with their plan, we could have restricted the
language, using ϱC as a guard:

φ ::= p | ¬φ | (φ ∨ φ) |2(ϱC → φ) | [stit]J(ϱC → φ) | ϱC′

where J ⊆ Ags, C ′ ∈ Gr. This approach brings nothing conceptually new to
the table in comparison with plan-based submodels, and choosing between the
two is in a sense a matter of taste: whether we prefer to restrict the language or
generalise the semantics. We are more inclined to proceed with the plan-based
submodels, not to multiply formal language definitions.

Interestingly, the logic of the UAgs-based subframes can be finitely axiomatised.
See the definition of LpG in Table 6.1.
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(PL) Axioms for classical propositional logic
(S5) S5 axioms and rules for 2, [stit]i, [stit]C
(Incl) 2φ→ [stit]iφ for any i ∈ Ags
(S-Add) [stit]Cφ→ [stit]C′φ for every C ⊆ C ′ ⊆ Ags
(Contr) ϱC ↔ [stit]CϱC for every C ⊆ Ags
(Pl) 2ϱAgs
(Cons) (3ϱC1 ∧ . . . ∧3ϱCj

) → 3(ϱC1 ∧ . . . ∧ ϱCj
) for every C1, . . . , Cj ∈ Gr,

s.t.
⋂

1≤i≤j Ci ̸= ∅
(MP) If ⊢ φ→ ψ and ⊢ φ, then ⊢ ψ

Table 6.1: Logic LpG

(S5) expresses that R2, {RG}G⊆Ags are equivalence relations. (Incl) corresponds
to Ri ⊆ R2 for any i ∈ Ags. (S-Add) expresses that RC ⊆ RC′ for any C ′ ⊆
C ⊆ Ags. (Contr) axiomatically expresses that each UC is RC-closed ( (2a) of
Def. 6.2.1), and (Cons) corresponds to the consistency of group plans whenever
groups share some members ((2b) of Def. 2a). The axiom (Pl) expresses that, in
UAgs-based subframes, Ags necessarily acts in accordance with its plan.

We proceed with proving that LpG is sound and strongly complete w.r.t SFAgs(pSTIT)-
models. First, we show that LpG is sound and strongly complete w.r.t. a class of
Kripke frames C2. Then we define a subclass of C1 ⊆ C2 and show that every
C1-frame is a bounded morphic image of some C2-frame, which guarantees that
C2 |= φ iff C1 |= φ for any φ ∈ LpSTIT . After that, we show that every C1-frame
is a UAgs-based subframe of some pSTIT-frame.

6.3.3. Definition (C2-frames). A C2-frame is a tuple of the form:

F = (W,R2, {RG}G⊆Ags, {UG}G∈Gr)

1. {Ri}i∈Ags, R2 are equivalence relations;

2. Ri ⊆ R2 for every i ∈ Ags;

3. {RG}G⊆Ags are equivalence relations, such that RG′ ⊆ RG for every G ⊆
G′ ⊆ Ags;

4. For every G ∈ Gr, UG ⊆ W is a possibly empty subset of worlds that is
RG-closed.

5. For every world w ∈ W , R2(w) ⊆ UAgs.

6. For every world w ∈ W and every C1, . . . , Cj ∈ Gr, such that C1 ∩ . . . ∩
Cj ̸= ∅: if wR2v1, . . . , wR2vj and v1 ∈ UC1 , . . . , vj ∈ UCj

, then there exists
u ∈W , such that wR2u and u ∈ UC1 ∩ . . . ∩ UCj

.
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6.3.4. Definition (C1-frames). A tuple F = (W,R2, {RG}G⊆Ags, {UG}G∈Gr) is
a C1-frame iff F is a C2-frame, such that for any group G ⊆ Ags, RG =

⋂
i∈GRi.

From Definitions 6.3.4 and 6.3.3 it follows that C1 ⊆ C2. The difference is only
in the definition of {RG}G⊆Ags relations: C1 requires further that RG =

⋂
i∈GRi.

6.3.5. Lemma. LpG is sound and strongly complete w.r.t. C2-frames, i.e. for any
set of formulae Γ ⊆ LpSTIT and any formula φ ∈ LpSTIT :

Γ ⊢Lp
G
φ⇔ Γ |=C2 φ.

Proof:
All LpG axioms are Sahlqvist formulae whose first-order translations directly cor-
respond to (1)-(6) of Definition 6.3.3. By the Sahlqvist theorem [Sah75], LpG is
canonical and hence sound and strongly complete w.r.t. C2. 2

Next, we show that LpSTIT cannot distinguish between C2 and C1-frames. We
do it by a fairly standard unravelling technique first introduced (to the best of
our knowledge) in [FHV92] and later simplified in [WÅ20].

6.3.6. Definition (Paths, initial segments). Take any C2-frame:

F = (W,R2, {RG}G⊆Ags, {UC}C∈Gr)

By a path on F we mean a finite, non-empty sequence w⃗ = (w1, G1, . . . , Gn−1, wn),
such that w1, . . . , wn ∈ W , G1, . . . , Gn−1 ⊆ Ags and for every pair wi, wi+1:
(wi, wi+1) ∈ RGi

. If for some i, Gi = ∅, then (wi, wi+1) ∈ R2. By head(w⃗) we
mean the first world that appears in the sequence (i.e. head((w1, G1, . . . , Gn−1, wn)) =
w1); tail(w⃗) is the last world that appears in w⃗ (i.e. tail((w1, G1, . . . , Gn−1, wn)) =
wn). Note that for any world w ∈ W , (w) is also a path.

Given two paths w⃗ = (w1, G1, . . . , Gn−1, wn), v⃗ = (v1, J1, . . . , Jk−1, vk), we say
that w⃗ is an initial segment of v⃗ (w⃗ ⊑ v⃗) iff n ≤ k, wi = vi for any 1 ≤ i ≤ n and
Gi = Ji for any 1 ≤ i ≤ n− 1. Then, v⃗ \ w⃗ = (wnJn, . . . , Jk−1, vk). If v⃗ = w⃗, then
v⃗ \ w⃗ = (tail(v⃗)).

Given a path w⃗ = (w1, G1, . . . , Gn−1, wn) and a group J ⊆ Ags, we say that w⃗ is
a J-path iff J ⊆

⋂
1≤i≤n−1Gi. Note that paths of the length 1, i.e. paths of the

form (w), are vacuously J-path for any J ⊆ Ags.

6.3.7. Definition (Unraveling). For any C2-frame:

F = (W,R2, {RG}G⊆Ags, {UC}C∈Gr).
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We define its unraveling as:

F = (W,R2, {RG}G⊆Ags, {UC}C∈Gr)

1. W = {w⃗ | w⃗ is a path on F};

2. w⃗R2v⃗ iff 1) w⃗ and v⃗ have a common initial segment, i.e. ∃g⃗ : g⃗ ⊑ w⃗ and
g⃗ ⊑ v⃗;

3. w⃗RGv⃗ iff 1) w⃗ and v⃗ have some common initial segment g⃗; 2) w⃗ \ g⃗ and v⃗ \ g⃗
are G-paths;

4. w⃗ ∈ UC iff tail(w⃗) ∈ UC ;

6.3.8. Proposition. Given any C2-frame F = (W,R2, {RG}G⊆Ags, {UC}C∈Gr),
its unraveling F = (W,R2, {RG}G⊆Ags, {UC}C∈Gr) is a C1-frame.

Proof:
It is a routine to check that Ri, R2,RG are equivalence relations, s.t. Ri ⊆ R2.

UC is RC-closed. To see that, assume w⃗ ∈ UC and w⃗RC v⃗. Let tail(w⃗) = w
and tail(v⃗) = v. Then, w⃗ and v⃗ have some common initial segment g⃗, and v⃗ \ g⃗
and w⃗ \ g⃗ are C-paths. Let tail(g⃗) = g. Then, g = w0RC1 . . . RCn−1wn = w
and g = v0RG1 . . . RGm−1vm = v for some w0, . . . , wn ∈ W , v0, . . . , vm ∈ W and
C1, . . . , Cn, G1, . . . , Gm ⊆ Ags, such that C ⊆ C1 ∩ . . . ∩ Cn ∩G1 ∩ . . . ∩Gm. By
(3) of Def. 6.3.3 and transitivity of RC , gRCw and gRCv, hence, wRCv. Then,
as UC is RC-closed, v ∈ UC . Since v = tail(v⃗), v⃗ ∈ UC .

Property (5) of Def. 6.3.3 holds for F: for every world w⃗ ∈ W, R2(w⃗) ⊆ UAgs.
To see why, take any path w⃗ ∈ W, such that tail(w⃗) = w. Since F ∈ C2,
by Definition 6.3.3, R2(w) ⊆ UAgs. Take any v⃗ ∈ R2(w⃗). Let tail(v⃗) =
v. By definition of R2, w⃗ and v⃗ have some common initial segment g⃗. Let
tail(g⃗) = g. Then, there exist paths (g,G1, . . . , Gn, w) and (g, J1, . . . , Jk, v).
Since RG1 , . . . , RGn , RJ1 , . . . , RJk ⊆ R2, gR2 . . . R2w and gR2, . . . , R2v, and by
transitivity of R2, wR2v. Since, by (5) of Def. 6.3.3 ∀v ∈W (wR2v → v ∈ UAgs),
v ∈ UAgs. As tail(v⃗) = v and v ∈ UAgs, v⃗ ∈ UAgs.

Property (6) of Def. 6.3.3 holds for F. Let w⃗R2v⃗1, . . . , w⃗R2v⃗j, v⃗1 ∈ UC1 , . . . , v⃗j ∈
UCj

and C1 ∩ . . . ∩ Cj ̸= ∅. Let tail(w⃗) = w, tail(v⃗i) = vi for i ∈ {1, . . . , j}.
Then, analogously to the proof of the previous property, wR2v1, . . . , wR2vj and
v1 ∈ UC1 , . . . , vj ∈ UCj

. Therefore, there exists u ∈ W , such that wR2u and
u ∈ UC1∩. . .∩UCj

. Take a path u⃗ = (w⃗, ∅, u). Then, w⃗R2u⃗ and u⃗ ∈ UC1∩. . .∩UCj
.

So it is left for us to show that w⃗RGv⃗ iff (w⃗, v⃗) ∈
⋂
i∈GRi. Left-to-right direction.

Assume w⃗RGv⃗. It means that v⃗, w⃗ share some initial segment g⃗ and w⃗ \ g⃗, v⃗ \ g⃗
are G-paths. By definition of a G-path, for every i ∈ G, every G-path is a i-
path. Hence, v⃗, w⃗ share some initial segment g⃗ and w⃗ \ g⃗, v⃗ \ g⃗ are i-paths for
every i ∈ G. By definition of Ri, it means that (w⃗, v⃗) ∈

⋂
i∈GRi. Right-to-left
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direction. Assume (w⃗, v⃗) ∈
⋂
i∈GRi. By definition of Ri, (w⃗, v⃗) ∈

⋂
i∈GRi means

that for every i ∈ G, w⃗ and v⃗ have some initial segment g⃗i and w⃗ \ g⃗i, v⃗ \ g⃗i
are i-paths. By definition of a path, w⃗, v⃗ are finite. Hence, given a set of such
common initial segments {g⃗i}i∈G, there is the longest path g⃗ ∈ {g⃗i}i∈G, i.e. for
every t⃗ ∈ {g⃗i}i∈G, g⃗ \ t⃗ is defined. Moreover, w⃗ \ g⃗, v⃗ \ g⃗ are i-paths for every
i ∈ G. Hence, w⃗, v⃗ have an initial segment g⃗, such that w⃗ \ g⃗, v⃗ \ g⃗ are G-paths.
Then, by definition of RG, w⃗RGv⃗. Taking it all together, we have shown that
F ∈ C1. 2

6.3.9. Lemma. Given a C2-frame

F = (W,R2, {RG}G⊆Ags, {UG}G⊆Ags)

and its unraveling

F = (W,R2, {RG}G⊆Ags, {UG}G∈Gr),

the function f : W → W , such that f(w⃗) = tail(w⃗), is a bounded morphism.

Proof:
The function f is obviously surjective, since every world w ∈ W is a tail of at
least one path (w). We claim that f is a bounded morphism. That is, for every
relation R and R, we are to prove the following properties. Zig: w⃗Rv⃗ entails
f(w⃗)Rf(v⃗); Zag: f(w⃗)Rv entails that there exists v⃗, such that f(v⃗) = v and
w⃗Rv⃗.

(Zig for R2 and R2) Assume w⃗R2v⃗. Then, w⃗ and v⃗ share some initial segment g⃗,
which means that there exists a world tail(g⃗) = g, such that there is a path from g
to f(w⃗) and from g to f(v⃗), where every step of these paths is some of {RG}G⊆Ags
relations. Since every RG-relation is a subset of R2, those paths are R2-paths.
And since R2 is transitive, gR2f(w⃗) and gR2f(v⃗). Since R2 is Euclidean and
symmetric, f(w⃗)R2f(v⃗).

(Zag for R2 and R2) Assume f(w⃗)R2v. Let tail(w⃗) = wn. Then, wnR2v. Then,
let v⃗ be a path that extends w⃗ with (wn, ∅, v), i.e. v⃗ \ w⃗ = (wn, ∅, v). w⃗ and v⃗
share an initial segment, namely, w⃗. Hence, w⃗R2v⃗. Moreover, since tail(v⃗) = v,
f(v⃗) = v.

(Zig for RG and RG) Assume w⃗RGv⃗. Then, w⃗, v⃗ share some initial segment g⃗,
such that w⃗ \ g⃗,v⃗ \ g⃗ are G-paths. Let tail(w⃗) = w, tail(v⃗) = v, tail(g⃗) = g.
Given that RG is transitive and the definition of a path, it means that gRGw and
gRGv. Since RG is symmetric, wRGg and gRGv. Using transitivity again, wRGv,
i.e. f(w⃗)RGf(v⃗).

(Zag for RG and RG) Assume f(w⃗)RGv. Let tail(w⃗) = w. Then, wRGv. There
exists a path v⃗ = (w⃗, G, v), i.e. v⃗ \ w⃗ = (w,G, v). Note that w⃗, v⃗ have the initial
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segment w⃗ and w⃗ \ v⃗ is a G-path (w⃗ \ w⃗ is vacuously a G-path). Hence, w⃗RGv⃗
and f(v⃗) = v.

Case of UC and UC is trivial, since w⃗ ∈ UC iff f(w⃗) ∈ UC .

So that, f is a bounded morphism from F onto F . Since F was arbitrary, we can
conclude that for every C2-frame there exists a C1-frame, such that the former
is a bounded morphic image of the latter. 2

6.3.10. Theorem (C1 ⊆ SFAgs(pSTIT)). Every C1-frame is a UAgs-based sub-
frame of some pSTIT-frame.

Proof:
Take any C1-frame F = (W,R2, {RG}G⊆Ags, {UC}C∈Gr) for some set of agents
Ags = {1, . . . , n}. W.l.o.g., we assume that F is point-generated (otherwise, the
procedure we are to present should be done for every point-generated subframe of
F , after which we should take their disjoint union). Note that in a point-generated
frame, R2 is a universal relation, since for any other relation RG, RG ⊆ R2. Then,
by (5) of Definition 6.3.3, W = UAgs. We are to construct a pSTIT-frame F ,
such that F is its UAgs-generated subframe.

To come up with an atemporal pSTIT-frame, we need to construct an atemporal
Kripke STIT frame and a RC-closed set UC for every C ∈ Gr. We begin with an
atemporal Kripke STIT frame. Take the tuple (W,R2, {Ri}i∈Ags) from F . The
only thing that differentiates it from a Kripke STIT frame is that it may not
satisfy the independence of agents constraint. We will reformulate the constraint
for technical reasons.

Every Ri is an equivalence relation, so Ri yields a partition [Ri] = {Ri(w)|w ∈W}
of W . We can index elements of each partition as [Ri] = {X i

1, . . . , X
i
Card([Ri])

}. In

such a case, the independence of agents constraint is satisfied iff X1
i1
∩. . .∩Xn

in ̸= ∅
for every i1 ≤ Card([R1]), . . . , in ≤ Card([Rn]).4

Since we are not sure if independence of agents holds for F , there might be
elements X1

i1
∈ [R1], . . . , X

n
in ∈ [Rn], such that X1

i1
∩ . . . ∩Xn

in = ∅. To fix it, we
need to make all such intersections non-empty. So we extend W to a larger set of
possible worlds – W – by putting a new world for every such empty intersection.
As a result, we will get an extension of the set of possible worlds W to a new set
W , and every relation Ri defined on W will be extended to Ri defined on W .

First, we create a skeleton of a STIT-frame. For every agent i ∈ Ags, let
[Ri] = {Ei

1, . . . , E
i
Card([Ri])

} be a collection of sets of possible worlds, which are to
serve as Ri-equivalence classes. Our task is to describe elements of all these sets

4Note that this reformulation is valid only for point-generated frames, where all worlds are
R2-related.
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w(1,2)

sa sb

hb ha

sa,b

(2a, 2b)

(0a, 1b) (1a, 0b)

(1a, 1b)

1

Figure 6.3: Example of constructing an atemporal STIT-frame (on the right)
from a C1-frame (on the left) for two agents. In the initial C1-frame, the in-
dependence of agents fails, since Xa

2 ∩ Xb
1 = ∅. In a constructed STIT-frame,

Ea
2 ∩ Eb

1 = w(1,2), where w(1,2) is fresh.

in a manner such that for every E1 ∈ [Ri], . . . , En ∈ [Rn], E1 ∩ . . . ∩En ̸= ∅. We
do it as follows. For every E1

j1
∈ [R1], . . . , E

n
jn ∈ [Rn]:

E1
j1
∩ . . . ∩ En

jn =

{
X1
j1
∩ . . . ∩Xn

jn if X1
j1
∩ . . . ∩Xn

jn ̸= ∅
{w(j1,...,jn)} otherwise

where every w(j1,...,jn) is just a unique “fresh” possible world, i.e. w(j1,...,jn) ̸∈ W .

Knowing the elements of every intersection of the form E1∩ . . .∩En, we know the
elements of every equivalence class Ei: w ∈ Ei iff there exists E1 ∈ [R1], . . . , Ei−1 ∈
[Ri−1], Ei+1 ∈ [Ri+1], . . . , En ∈ [Rn], such that w ∈ E1 ∩ . . . ∩ Ei ∩ . . . ∩ En.

So we define a tuple (W ,R2, {Ri}i∈Ags), where:

• W = {w ∈ E1 ∩ . . . ∩ En | E1 ∈ [R1], . . . , En ∈ [Rn]}, i.e. W consists of W
and all the added “fresh” worlds;

• R2 = W ×W ;

• For any w, v ∈ W , wRiv iff there exists E ∈ [Ri] such that w, v ∈ E;

See Figure 6.3 for the example of the construction. (W ,R2, {Ri}i∈Ags) is a an
atemporal Kripke STIT frame. Every [Ri] is a partition of W , hence, Ri is an
equivalence relation on W . Since R2 is a total relation, Ri ⊆ R2. Since for
every E1 ∈ [R1], . . . , En ∈ [Rn]: E1 ∩ . . .∩En ̸= ∅, independence of agents holds.
Standardly, RC =

⋂
i∈C Ri for every C ⊆ Ags. Note that W ⊆ W and for any

w, v ∈ W , wRiv iff wRiv.

To finish our construction, we need to define group plans, i.e., a collection of sets
{UC}C∈Gr. We do it in the following manner:
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• UAgs = W ;

• UG = {w ∈ W | ∃v ∈ W : v ∈ UC and wRCv}

According to Definition 6.2.1, F = {W ,R2, {Ri}i∈Ags, {UC}C∈Gr} is an atempo-
ral pSTIT-frame. As we have already shown, {W ,R2, {Ri}i∈Ags} is a Kripke
STIT frame. By definition, for every C ∈ Gr \ {Ags}, UC is a RC-closed set.

UAgs is RAgs-closed as well. To see it, assume w ∈ UAgs and wRAgsv. As w ∈ UAgs,
w ∈ W . As wRAgsv, wRiv for any i ∈ Ags. Then, w ∈ E1 ∩ . . . ∩ En iff
v ∈ E1 ∩ . . . ∩En for any E1 ∈ [R1], . . . , En ∈ [Rn]. As w ∈ W , it is not “fresh”,
i.e., it is a member of some X1 ∈ [R1], . . . , Xn ∈ [Rn], where X1, . . . , Xn ⊆ W .
Then, v ∈ X1, . . . , Xn. Hence, v ∈ W . By definition, UAgs = W , so v ∈ UAgs. As
v was an arbitrary RAgs-successor of an arbitrary w ∈ UAgs, UAgs is RAgs-closed.

Finally, (2b) of Def. 6.2.1 holds. To see it, let C1 ∩ . . . ∩ Ck ̸= ∅ for some
C1, . . . .Cn ∈ Gr. Assume that UC1 ̸= ∅, . . . ,UCk

̸= ∅. Then, by our construction,
UC1 , . . . , UCk

̸= ∅. As the frame F satisfies (2b) of Def. 6.2.1, there is a world
v ∈ W , such that w ∈ UC1 ∩ . . . ∩ UCk

. As UC1 ⊆ UC1 , . . . , UCk
⊆ UCk

, w ∈
UC1 ∩ . . . ∩ UCk

. Hence, UC1 ∩ . . . ∩ UCk
̸= ∅.

Note that UAgs-based subframe of F is equal to the initial C1-frame F . UAgs = W ;
for every relation R ∈ {R2,RG}, R ∩ (UAgs × UAgs) = R and for every C ∈ Gr:
UC ∩ UAgs = UC ∩W = UC .

In other words, F is a UAgs-generated subframe of an atemporal pSTIT-frame,
F .

Since F was an arbitrarily chosen C1-frame, we can conclude that every C1-frame
is a UAgs-generated subframe of some pSTIT-frame. 2

6.3.11. Theorem (Soundness and completeness). Given any set of formulae Γ ⊆
LpSTIT and any formula φ ∈ LpSTIT , the following holds:

Γ ⊢Lp
G
φ⇔ Γ |=SFAgs(pSTIT) φ.

Proof:
(⇒) By a routine check of the axioms’ validity.

(⇐) For contradiction, assume Γ ̸⊢Lp
G
φ. Then, Γ ∪ {¬φ} is LpG-consistent. By

Lemmas 6.3.5, 6.3.9, there exists a pointed C1-model (M,w), such that M,w |=
Γ ∪ {¬φ}. By Theorem 6.3.10, there is an atemporal pSTIT-model M, such
that MAgs, w |= Γ ∪ {¬φ}, where MAgs is the UAgs-based submodel of M. As a
consequence, Γ ̸|=SFAgs(pSTIT) φ. 2
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As we have established that any formula is satisfiable on SFAgs(pSTIT)-frames
iff it is satisfiable on C2-frames iff it is LpG-consistent, we can establish decidability
by a standard fmp-via-filtration argument.

6.3.12. Theorem. If a formula φ ∈ LpSTIT is satisfiable, then it is satisfiable
on a C2-model of size at most 23|sub(φ)|.

Proof:
Assume φ ∈ LpSTIT is SFAgs(pSTIT)-satisfiable. Then, it is satisfiable on some
C2-model:

M = (W,R2, {RC}C⊆Ags, {UC}C∈Gr, V )

Let Cl(φ) ⊆ LpSTIT be a minimal set of formulae, such that:

1. Cl(φ) is subformulae-closed;

2. {ϱC}C∈Gr ⊆ Cl(φ);

3. If ϱC ∈ Cl(φ) then [stit]CϱC ,3ϱC ,2ϱC ∈ Cl(φ) for any C ∈ Gr.

If |sub(φ)| = m and |Gr| = n, then |Cl(φ)| ≤ m+4n: φ has m-many subformulae,
|{ϱC}C∈Gr| = |Gr| = n. We add at most three new formulae [stit]CϱC ,3ϱC ,2ϱC
to any subformulae ϱC ∈ sub(φ).

Let ∼ be an equivalence relation on W , such that w ∼ v iff M,w |= ψ iff M, v |= ψ
for all ψ ∈ Cl(φ). Let [w] = {v ∈ W | v ∼ w} denote the equivalence class of
w w.r.t. ∼. Then, we define filtration of M through Cl(φ), denoted as M ′, as
follows:

M ′ = (W ′, R′
2, {R′

C}C⊆Ags, {U ′
C}C∈Gr, V

′)

1. W ′ = {[w] | w ∈ W}. Note that |W ′| ≤ 2|Cl(φ)| ≤ 2(|sub(φ)|+4|Gr|;

2. [u]R′
2[v] iff for any 2ψ ∈ Cl(φ), M,u |= 2ψ iff M, v |= 2ψ;

3. For any C ⊆ Ags, [u]R′
C [v] iff:

(a) [u]R′
2[v];

(b) [u]R′
C′ [v] for any C ′ ⊆ C;

(c) for any [stit]Cψ ∈ Cl(φ), M,u |= [stit]Cψ iff M, v |= [stit]Cψ;

4. For any C ∈ Gr, [u] ∈ U ′
C iff M,u |= ϱC ;

5. For any p ∈ V ar, V ′(p) = {[v] ∈ W ′ | v ∈ V (p)}.

By a standard filtration lemma [BBW06, p.268], M,w |= ψ iff M ′, [w] |= ψ for
any ψ ∈ Cl(φ). To complete the proof, we need to prove that M ′ is a C2-model.

It is straightforward that R′
2, {R′

C}C⊆Ags are equivalence relations, such that
R′
C1

⊆ R′
C2

⊆ R′
2 for any C2 ⊆ C1 ⊆ Ags.
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(5) of Def. 6.3.3 holds for M ′. Take any world [w] ∈ W ′. As M is a C2-model,
v ∈ UAgs for any v ∈ R2(w). Since wR2w, w ∈ UAgs. Take any [v] ∈ W ′, such that
[w]R′

2[v]. Since w ∈ UAgs, M,w |= ϱAgs. Since R2(w) ⊆ UAgs, M,w |= 2ϱAgs By
Def. of Cl(φ), ϱAgs,2ϱAgs ∈ Cl(φ). Take any [u] ∈ W ′, such that [w]R′

2[u]. Then,
w and u agree on all 2-formulae in Cl(φ), so M,u |= 2ϱAgs, and consequently,
M,u |= ϱAgs. Therefore, [u] ∈ U ′

Ags. As [u] was an arbitrary R′
2-successor of [w],

R′
2([w]) ⊆ U ′

Ags. Since [w] ∈ W ′ is an arbitrary world, for every world [w] ∈ W ′,
R′

2([w]) ⊆ U ′
Ags.

It is left for us to show that each U ′
C is R′

C-closed, and (6) of Def. 6.3.3 holds.

As for R′
C-closure of every U ′

C , assume [w] ∈ U ′
C and [w]R′

C [v]. Then, ϱC ∈
Cl(φ) and M,w |= ϱC . Consequently, M,w |= [stit]CϱC . From ϱC ∈ Cl(φ)
it follows that [stit]CϱC ∈ Cl(φ). [w]R′

C [v] entails that M,w |= [stit]CϱC iff
M, v |= [stit]CϱC . So M, v |= [stit]CϱC . By reflexivity of RC , M, v |= ϱC . Then,
[v] ∈ U ′

C .

As for (6) of Def. 6.3.3, we are to prove that R′
2([w]) ∩ U ′

C1
̸= ∅, . . . , R′

2([w]) ∩
U ′
Cj

̸= ∅ entails R′
2([w]) ∩ U ′

C1
∩ . . . ∩ U ′

Cj
̸= ∅ for every C1, . . . , Cj ⊆ Ags,

such that C1 ∩ . . . ∩ Cj ̸= ∅. Assume that [w]R′
2[v1], . . . , [w]R′

2[vj] and [v1] ∈
U ′
C1
, . . . , [vj] ∈ U ′

Cj
. Then, M, v1 |= ϱC1 , . . . ,M, vj |= ϱCj

; therefore, M, v1 |=
3ϱC1 , . . . ,M, vj |= 3ϱCj

. ϱC1 , . . . , ϱCj
∈ Cl(φ) entails 3ϱC1 , . . . ,3ϱCj

∈ Cl(φ).
As [w]R′

2[v1], . . . , [w]R′
2[vj], w agrees with v1, . . . , vj on all 2 (hence, 3)-formulae

in Cl(φ). Hence, M,w |= 3ϱC1 ∧ . . . ∧3ϱCj
. Then, as M satisfies 6 of Def.6.3.3,

there should be a world u ∈ W , such that wR2u and M,u |= ϱC1 ∧ . . . ∧ ϱCj
.

Take [u] ∈ W ′. As wR2u, w and u agree on all 2-formulae, so [w]R′
2[u]. Since

M,u |= ϱC1 ∧ . . . ∧ ϱCj
, [u] ∈ U ′

C1
∩ . . . ∩ U ′

Cj
. 2

6.3.13. Theorem. The satisfiability problem of a given formula φ ∈ LpSTIT in
SFAgs(pSTIT) is decidable.

Proof:
Take any formula φ ∈ LpSTIT . By Theorems 6.3.9, 6.3.10 and 6.3.12, if φ is satisfi-
able in SFAgs(pSTIT), it is satisfiable in a C2-model of size at most 2|sub(φ)|+4|Gr|.
So, we can nondeterministically guess the pointed C2-model (M,w) and check
whether M,w |= φ in polynomial time [BRV01]. 2

6.3.2 Temporal group STIT logic with disjoint groups

In this subsection, we return to the standard group STIT logic and show that a
family of its fragments is finitely axiomatisable and decidable. Our results will
easily be transferable to the analogous fragments of plan-restricted group STIT
logic. First, let us review the results about well-behaved group STIT fragments
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we already have in the literature.

Two kinds of fragments are usually studied: temporal and atemporal. The latter
received slightly more attention, since dropping the temporal modalities from the
language significantly reduces the complexity of the formalism, in both the every-
day and computational sense of the word “complexity”. In [Sch12], Schwarzen-
truber studied the fragments of atemporal STIT logic, where group modalities are
restricted. Namely, assume we have an arbitrary collection of subsets G ⊆ Ags.
Then, we define the corresponding fragment of LSTIT as follows:

φ ::= p | ¬φ | (φ ∨ φ) |2φ | [stit]Cφ

where C ∈ G. In other words, we lack modalities for some sets of agents. As
Schwarzentruber showed, such fragments may be decidable and axiomatisable,
depending on the structure of G. Assume that Ags = {1, . . . , k×m+m−1}, where
k and m are integers, s.t. k ≥ 0 and m ≥ 2. Then, the corresponding fragment
is decidable and axiomatisable, if G is the subset of the lattice Lat ⊆ 2Ags, as
depicted on the Haase diagram in Figure 6.4.

To the best of our knowledge, this family of atemporal fragments in the richest
we know of so far. It is rather expressive: for instance, we can reason about
individual agents and the grand coalition (i.e., G = {{i} | i ∈ Ags} ∪ {Ags}) or
chains of coalitions (i.e., G = {J1, . . . , Jn}, such that J1 ⊆ . . . ⊆ Jn). Yet it suffers
from one important limitation: we cannot handle disjoint non-singleton groups.
Think of opposing voting coalitions, sports teams, etc. Such groups are pairwise
disjoint, and cannot be embedded in Lat, as every non-empty non-singleton group
in Lat contains {1, . . . ,m− 1}.

As for temporal fragments, we have the results for next-time STIT logics, often
referred to as XSTIT logics. The grammar of the corresponding fragments is
defined as follows:

φ ::= p | ¬φ | (φ ∨ φ) |2φ | [stit]CXφ

where C ⊆ Ags. Here, we get to reason about time only in scope of [stit]C-
modality, and only about the immediate successors. In [Pay14], a finite sound
and complete axiom system for this fragment is established, and decidability is
proven. Notably, the semantics in this paper is generalised: instead of Kripke
STIT models, a broader class (which we will later define as pre-models in Def.
6.3.16) is used. As for axioms for validities in Kripke STIT models, the richest
temporal fragment we know of is due to [Lor13], where the only non-singleton
group of the language is Ags:

φ ::= p | ¬φ | (φ ∨ φ) |2φ |Gφ |Hφ | [stit]iφ | [stit]Agsφ
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∅

{1}

{1, . . . , m − 1}

{1, . . . , m}

{1, . . . , m} ∪ {m + 1} {1, . . . , m} ∪ {m + m − 1}

{1, . . . , m + m − 1}

{1, . . . , km}
{1, . . . , km} ∪ {km + 1} {1, . . . , km} ∪ {km + m − 1}

{1, . . . , km + m − 1}

...

type k

type 1

type 0{m − 1}

Figure 11. The lattice of coalitions

Theorem 6. A formula ϕ of L[{i}],[AGT] is L[{i}],[AGT]-valid iff ϕ is provable
from the schemas S5([∅]), S5([i]), (∅→i), and (AIAn), S5([AGT]), (i→AGT)
and by the rules of modus ponens and [∅]-necessitation.

4.2. A generalisation of individual coalitions

In this subsection, we investigate the complexity of the satisfiability problem
of a richer fragment of STIT without time. We only authorize coalitions of
the lattice Lat (or Hasse diagram) presented in Figure 11.

More precisely, in this subsection we suppose that
AGT = {1, . . . , k × m + m − 1} where k and m are integers such that k ≥ 0
and m ≥ 2. We are interested in the following fragment of the whole lan-
guage, denoted as Llat, defined by the following rule:

ϕ ::= ⊥ | p | (ϕ ∨ ϕ) | ¬ϕ | [J ]ϕ

where p ∈ ATM and J is a coalition of the lattice Lat of Figure 11.

Definition 11 (Llat-super-additive-Kripke model).
A Llat-super-additive-Kripke model M = (W, {RJ}J∈Lat, V ) is a triple
where:

Figure 6.4: The lattice of Ags’s subsets. The figure is from [Sch12, Figure 11,
p.1016].

where i ∈ Ags. In Lorini’s paper, X and Y are lacking, since discreteness of time
is not assumed. The axiomatisation has a non-standard, infinite inference rule,
which prevents us from establishing decidability of the logic. In what follows,
we present the metalogical results for a richer temporal fragment, where we have
[stit]-modalities for disjoint groups, as well as X and Y .

Given the finite set of agents Ags = {1, . . . , n}, let G = {C1, . . . , Ck} ⊆ 2Ags be a
partition of Ags. Intuitively, elements of G are proper groups that we assume to
be pairwise disjoint. Then, we recursively define the fragment LtGSTIT of LtSTIT as
follows:

φ ::= p | ¬φ | (φ ∨ φ) |2φ |Xφ | Y φ |Gφ |Hφ | [stit]iφ | [stit]Cφ

where i ∈ Ags, C ∈ G. Note that for any set of agents C ∈ Gr \ G, [stit]Cφ is
not a well-formed formula of LtGSTIT . It is handy to denote the set of agents and
groups that have their [stit]-modalities in LtGSTIT as Mod = Ags ∪ G.

LtGSTIT is interpreted over Kripke STIT frames (as in Def. 3.2.8) in a standard
way. It makes sense to slightly rewrite Def. 3.2.8 for purely technical reasons.

6.3.14. Definition (Kripke STIT frames F). A Kripke STIT frame is a tuple
of the form:

F = (W,R≺, R2, {Ri}i∈Ags, {RC}C∈G)

1. W ̸= ∅ is a set of time points;

2. R2, {Ri}i∈Ags, {RC}C∈G are equivalence relations on W , such that:
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(a) Ri ⊆ R2 for every i ∈ Ags ;

(b) Group actions : for every C ∈ G, RC =
⋂
i∈C Ri ;

(c) Independence of agents (IoA): for any sequence of R2-connected
time points (w1, . . . , wn) and any pairwise disjoint indices I1, . . . , In
∈Mod,

⋂
i∈{1,...,n}

RIi(wi) ̸= ∅;

3. R≺ is a serial relation on W . R< is the transitive closure of R≺. R≺ has
the following properties:

(a) No branching backwards : if vR≺w and uR≺w, then u = v;

(b) No branching forwards : if wR≺u and wR≺v, then u = v;

(c) No choice between undivided histories (NCBUH): for every
C ∈ G: R≺ ◦R2 ⊆ RC ◦R≺;

(d) Irreflexivity of R<: If wR2v, then (w, v) ̸∈ R< and (v, w) ̸∈ R<.

Abbreviations: for every w ∈ W , Hw = {v ∈ W | wR<v or vR<w or w = v} is
the history to which w belongs.

Two definitions of F-frames (Def. 3.2.8 and Def. 6.3.14) are equivalent. They
differ only in the formulations of the Independence of agents (IoA) and No choice
between undivided histories (NCBUH) conditions. As for the former, in Def.
3.2.8, unlike in Def. 6.3.14, (IoA) is written just in terms of individual agents,
not disjoint indices from Mod. Yet, the equivalence of two formulations follows
directly from (2b) of Def. 6.3.14. As for the latter, in Def. 6.3.14, we have
rewritten (NCBUH) in terms of groups in G rather than the grand coalition Ags.
The two formulations, however, are equivalent.

6.3.15. Proposition. Given any Kripke STIT frame F = (W,R≺, R2, {Ri}i∈Ags,
{RC}C∈G), the following two conditions are equivalent:

1. R≺ ◦R2 ⊆
⋂
Ri∈Ags ◦R≺.

2. ∀C ∈ G : R≺ ◦R2 ⊆ RC ⊆ R≺.

Proof:
(⇒) Assume that R≺ ◦ R2 ⊆

⋂
Ri∈Ags ◦ R≺. Let (w, v) ∈ R≺ ◦ R2 for some

w, v ∈ W . By our assumption, it follows that (w, v) ∈
⋂
i∈AgsRi ◦ R≺. Then,

there exists some u ∈ W , such that (w, u) ∈
⋂
i∈AgsRi and uR≺v. For any C ∈ G,⋂

i∈AgsRi ⊆ RC . Therefore, wRCu for any C ∈ G. Consequently, for any C ∈ G,
there exists a world u, such that wRCu and uR≺v, i.e., (w, v) ∈ RC ◦R≺.

(⇐) Assume that for any C ∈ G, R≺ ◦ R2 ⊆ RC ◦ R≺. Let (w, v) ∈ R≺ ◦ R2 for
some w, v ∈ W . Then, by our assumption, (w, v) ∈ RC ◦ R≺ for any C ∈ G. In
other words, there exists worlds {uCi

}Ci∈G ⊆ W , such that wRCi
uCi

and uCi
R≺v
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for every Ci ∈ G. Take any uCi
, uCj

∈ {uCi
}Ci∈G. As we have shown, uCi

R≺v
and uCj

R≺v. Then, by (3a), uCi
= uCj

. Therefore, for every Ci ∈ G, uCi
= u

for some u ∈ W . Since wRCi
uCi

= u for every Ci ∈ G, (w, u) ∈
⋂
Ci∈G RCi

. By
(2b) of Def. 6.3.14, (w, u) ∈

⋂
i∈C1

Ri ∩ . . . ∩
⋂
Ri∈Ck

Ri. Since G = {C1, . . . , Ck}
partitions Ags, (w, u) ∈

⋂
i∈AgsRi. So there exists a world u ∈ W , such that

(w, u) ∈
⋂
i∈AgsRi and uR≺v, i.e., (w, v) ∈

⋂
i∈AgsRi ◦R≺. 2

Next, we define a finite axiom system LtGSTIT , as in Table 6.2, and proceed with
proving it to be sound and complete w.r.t. the set of validities {φ ∈ LtGSTIT |F |=
φ}. First, let us provide some intuitive explanations for axioms and their con-
nections with semantics of LtGSTIT .

(CPL) Tautologies of classical propositional logic
(S5) S5 axioms and rules of inference for 2, [stit]i, [stit]C
(KDX) KD axioms and rules for X
(KY ) K axiomss and rules for Y,G,H
(Det) ¬Q¬φ→ Qφ for Q ∈ {X, Y }
(Reverse1) XY φ↔ φ
(Reverse2) Y Xφ↔ φ
(Loop) Xφ→ X¬Y⊥
(FPG) Gφ↔ (Xφ ∧XGφ)
(ING) G(φ→ Xφ) → (Xφ→ Gφ)
(FPH) Hφ↔ (Y φ ∧ Y Hφ)
(INH) H(φ→ Y φ) → (Y φ→ Hφ)
(Incl) 2φ→ [stit]iφ for every i ∈ Ags
(i− C) [stit]iφ→ [stit]Cφ for every i ∈ C ∈ G
(Ind) (3[stit]I1φ1 ∧ . . . ∧3[stit]Inφn) → 3([stit]I1φ1 ∧ . . . ∧ [stit]Inφn)

for any disjoint I1, . . . , In ∈Mod
(NCBUHX) [stit]CXφ→ X2φ for any C ∈ G
(NCBUHY ) Y [stit]Cφ→ 2Y φ for any C ∈ G
(MP) If ⊢ φ and ⊢ φ→ ψ, then ⊢ ψ

Table 6.2: Logic LtGSTIT .

(S5) axioms guarantee that R2, Ri and RC are equivalence relations. (KDX) and
(KY ) ensure that R≺ is a serial relation, and R−1

≺ is well-defined. (Det) ensures
that both X and Y are functional: if the world has an immediate successor (which
is always true), then there is at most one immediate successor; if the world has
an immediate predecessor, then there is at most one immediate predecessor. In
other words, (Det) ensures that R≺ branches neither forwards, nor backwards.
(Reverse1) and (Reverse2) axiomatically express that wR≺v and vR−1

≺ u entail
w = u. (Loop) ensures that whenever wR≺v, there is a world u, such that
vR−1

≺ u. (KDX), (KY ), (Det), (Reverse1), (Reverse2), and (Loop) together express
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that R≺ and R−1
≺ are functional relations that are reverse w.r.t. one another.

(FPH), (FPG) express that R< and R−1
< contain the transitive closures of R≺

and R−1
≺ , respectively. (Nec) axiomatically expresses that Ri ⊆ R2 for every

i ∈ Ags. (i − C) corresponds to the fact that RC ⊆
⋂
i∈C Ri (but not the

other way around!). (Ind) ensures the independence of agents. (NCBUHX) and
(NCBUHY ) express the no choice between undivided histories: R≺◦R2 ⊆ RC◦R≺
and R2 ◦ R−1

≺ ⊆ R−1
≺ ◦ RC , respectively.5 All these correspondences between

axioms and properties of Kripke frames may be established via the Sahlqvist-van
Benthem algorithm [Sah75; Ben14]. The curious reader may automatically verify
them via, e.g., SQEMA [Vak10].

Some properties of Kripke STIT frames are left axiomatically unexpressed. As
we will show later, LtGSTIT is not expressive enough to capture these conditions.

We proceed with showing that LtGSTIT is sound and weakly complete w.r.t. the
class of Kripke STIT frames. Our proof strategy is the following:

1. Define a class of pre-frames : the broader class of structures that satisfy
RC ⊆

⋂
i∈C Ri of of (2b) in Def. 6.3.14, but not necessarily that

⋂
i∈C Ri ⊆

RC ;

2. Build a canonical model M c for LtGSTIT in a specific way to ensure that M c

is a pre-frame, thereby proving that LtGSTIT is sound and complete w.r.t. the
class of pre-frames;

3. Finally, show that every pre-frame may be transformed to a LtGSTIT -invariant
Kripke STIT frame via a variation of the taking isomorphic copies construc-
tion.

6.3.16. Definition (Pre-frames Fpre). F = (W,R≺, R2, {Ri}i∈Ags, {RC}C∈G) ∈
Fpre is a pre-frame iff it satisfies all the conditions of Def. 6.3.14, with one
exception. (2b) is weakened: for every C ∈ G, RC is an equivalence relation, such
that RC ⊆

⋂
i∈AgsRi.

LtGSTIT is sound and weakly complete w.r.t. the class of pre-frames. Here is how
we prove it. First, we will define a canonical model M c for LtGSTIT in a standard
way. Then, we will take a filtration of the canonical model to ensure that R< and
R−1
< are equal to the transitive closures of R≺ and R−1

≺ , respectively. Then, we

5(NCBUHY ) is redundant, as its correspondent follows from the correspondent of
(NCBUHX). For the contradiction, assume that R≺◦R2 ⊆ RC ◦R≺, but R2◦R−1

≺ ̸⊆ R−1
≺ ◦RC .

Then, from the latter, there exist x2, y2, y1, such that x2R2y2 and y2R
−1
≺ y1, but for no x1 it holds

that x2R
−1
≺ x1 and x1RCy1. Observe that y1R≺y2 and y2R2x2. Then, by R≺ ◦R2 ⊆ RC ◦R≺,

there should exist x1, such that y1RCx1 and x1R≺x2. By the symmetry of RC and the fact that
R−1

≺ is the reverse of R≺, x2R
−1
≺ x1 and x1RCy1. Contradiction. Hence, R2 ◦R−1

≺ ⊆ R−1
≺ ◦RC .

We still add both axioms, since the axiomatic derivation of (NCBUHY ) from (NCBUHX) via
(Det), (Reverse) and (Loop) is quite convoluted. We will automatically get the syntactic deriv-
ability from the semantic entailment by establishing soundness and completeness results.
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unravel the resulting filtration in a non-standard way to obtain a pre-model. Some
steps of our proof are fairly standard or repeat the technique for the “until-free”
fragment of Linear Time Temporal Logic [Bar25]. Such standard or “copy-paste”
steps will be omitted, and the references to the lemmas in the original paper will
be given instead.6

6.3.17. Definition (Canonical model). A canonical model for LtGSTIT is the fol-
lowing tuple:

M c = (W c, Rc
≺, R

c
<, R

c
2, {Rc

i}i∈Ags, {Rc
C}C∈G, V

c), where:

1. W c = {Γ ⊆ LtGSTIT | Γ is a mcs of LtGSTIT};

2. For Rc ∈ {Rc
≺, (R

c
≺)−1, Rc

<, (R
c
<)−1, Rc

2, R
c
i , R

c
C} and Z ∈ {X, Y,G,H,2,

[stit]i, [stit]C}, resp.: ΓRc∆ iff for all φ ∈ LtGSTIT , Zφ ∈ Γ entails φ ∈ ∆;

3. V c(p) = {Γ ∈ W c | p ∈ Γ}.

Importantly, using (Det), (Reverse1), (Reverse2) and (Loop) axioms, one can
show that ΓRc

≺∆ iff ∆(Rc
≺)−1Γ iff ∆ = {φ | Xφ ∈ Γ} and Γ = {φ | Y φ ∈ ∆}.

Truth lemma, i.e., M c,Γ |= φ iff φ ∈ Γ, holds, and the proof of this fact is
standard [BRV01].

One can show (e.g., by Sahlqvist correspondence theorems) that M c is almost an
Fpre-model. The only conditions that lack their canonical axiomatic correspon-
dents and may fail, are:

1. Irreflexivity of Rc
< (3d of Def. 6.3.14): There might be Γ,∆ ∈ W c, such

that ΓRc
<∆ and ΓRc

2∆;

2. The transitive closure: (Rc
≺)∗ ⊆ Rc

<, but the converse does not hold.

To ensure that Rc
< = (Rc

≺)∗, we take a filtration of the canonical model. Take any
consistent formula φ. Then, let Σ be the minimal set of formulae that satisfies
the following conditions:

Σ1) φ ∈ Σ;

Σ2) Σ is subformula-closed;

Σ3) If Gψ ∈ Σ, then Xψ ∈ Σ and XGψ ∈ Σ;

Σ4) If Hψ ∈ Σ, then Y ψ and Y Hψ ∈ Σ;

Σ5) Xψ ∈ Σ iff Y ψ in Σ;

Σ6) If Xψ ∈ Σ, then X¬ψ ∈ Σ;

6To the best of our knowledge, the proof originally appeared in [Gab+80], in a relatively
sketchy form. [Bar25] provides additional details of the same proof.
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Σ7) If ψ ∈ Σ, then 2ψ ∈ Σ;

Σ8) Σ is closed under Boolean connectives;

Σ9) If [stit]Iψ1, . . . , [stit]Iψn ∈ Σ, then [stit]I(ψ1 ∧ . . . ∧ ψn) ∈ Σ.

Σ10) If ⟨stit⟩Iψ ∈ Σ, then [stit]I⟨stit⟩Iψ ∈ Σ and Y ⟨stit⟩Iψ ∈ Σ;

Σ11) If 2ψ ∈ Σ or [stit]iψ ∈ Σ, then [stit]Cψ ∈ Σ for C ∈ G, s.t. i ∈ G.

We call such Σ a closure set of φ. Note that Σ is finite, up to the logical equiva-
lence. In other words, we can define a finite set Σ = {ψ1, . . . , ψn} ⊆ Σ, such that
any ψ ∈ Σ has its corresponding formula ψ ∈ Σ, such that ⊢LtG

STIT
(ψ ↔ ψ).7

Next, we define the filtration of M c through Σ as follows:

M f = (W f , Rf
≺, R

f
2, {R

f
i }i∈Ags, {R

f
C}C∈G, V

f )

1. W f = {Γ ∩ Σ | Γ ∈ W c}. We denote elements of W c as s, r, t, x, y, z, etc.

For every s ∈ W f , let [s] = {Γ ∈ W c | Γ ∩ Σ = s}. Note that |W f | ≤ 2|Σ|,
so it is finite.

2. s1R
f
≺s2 iff ∃Γ ∈ [s1]∃∆ ∈ [s2](ΓR

c
≺∆);

3. s1R
f
<s2 iff ∃Γ ∈ [s1]∃∆ ∈ [s2](ΓR

c
<∆);

4. s1R
f
2s2 iff for any 2ψ ∈ Σ and any Γ ∈ [s1],∆ ∈ [s2], M

c,Γ |= 2ψ iff
M f ,∆ |= 2ψ;

5. s1R
f
i s2 iff:

(a) s1R
f
2s2;

(b) For any [stit]iψ ∈ Σ and any Γ ∈ [s1],∆ ∈ [s2], M
f ,Γ |= [stit]iψ iff

M f ,∆ |= [stit]iψ

6. s1R
f
Cs2 iff:

(a) s1R
f
i s2 for any i ∈ C;

(b) For any [stit]Cψ ∈ Σ, Γ ∈ [s1], ∆ ∈ [s2]: M
c,Γ |= [stit]Cψ iff M f ,∆ |=

[stit]Cψ;

7. V f (p) = {s ∈ W f | ∀Γ ∈ [s] : p ∈ Γ}.

7(Σ8) preserves finiteness up to the logical equivalence, since for any n logically non-
equivalent formulae there are at most 22

n

-many logically non-equivalent Boolean combinations
of them. (Σ9) preserves finiteness up to the logical equivalence, since ⊢ ([stit]Iψ1 ∧ . . . ∧
[stit]Iψn) ↔ [stit]I(ψ1 ∧ . . .∧ψn). (Σ7) preserves finiteness up to the logical equivalence, since
by (S5) for 2, ⊢ 22φ ↔ 2φ, ⊢ 32φ ↔ 2φ, ⊢ 33φ ↔ 3φ and ⊢ 23φ ↔ 3φ. Other
conditions do not infinitely multiply formulae in Σ.
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By the standard filtration lemma, for every ψ ∈ Σ, M f , s |= ψ iff ∀Γ ∈ [s] :
M c,Γ |= ψ [BBW06, p.268]. From the Truth lemma, ∀ψ ∈ Σ, M f , s |= ψ iff
∀Γ ∈ [s] : ψ ∈ Γ.

Next, we show that (IoA) and (NCBUH) hold for M f .

6.3.18. Lemma ((IoA) holds for M f ). For every Rf
2-connected s1, . . . , sn ∈ W f

and for every pairwise disjoint I1, . . . , In ∈ Mod, there exists t ∈ W f , such that
s1R

f
I1
t, . . . , snR

f
In
t.

Proof:
Assume that s1, . . . , sn ∈ W f , such that s1R

f
2 . . . R

f
2sn. Let I1, . . . , In ∈ Mod be

pairwise disjoint. For every si, let 2si = {2ψ,3χ ∈ Σ |2ψ,3χ ∈ si}, and

γsi :=
∧

{ψ ∈ Σ | [stit]Iiψ ∈ si}

νsi =
∧

{⟨stit⟩Iiψ | ψ ∈ Σ, ⟨stit⟩Iiψ ∈ si}

2si is the 2-theory of si; γsi is logically equivalent to the set {ψ ∈ Σ|[stit]iψ ∈ si},
while νsi is equivalent to {⟨stit⟩Iiψ | ⟨stit⟩Iiψ ∈ si}. The formula [stit]Ii(γsi ∧ νsi)
encodes [stit]Ii-theory of si. Moreover, by (Σ9) and (Σ10), [stit]Ii(γi ∧ νi) ∈ Σ,
so [stit]Ii(γsi ∧ νsi) ∈ si for every si. Since [stit]Ii(γsi ∧ νsi) ⊢ 3[stit]Ii(γsi ∧
νsi) and, by (Σ7), 3[stit]Ii(γsi ∧ νsi) ∈ Σ, 3[stit]Ii(γsi ∧ νsi) ∈ si. For any
x ∈ W f , if [stit]Ii(γsi ∧ νsi) ∈ x, then x and si agree on all [stit]Ii-formulae in
Σ. Since s1R

f
2 . . . R

f
2sn, 2s1 = . . . = 2sn. Let us denote the 2-theory of all

these worlds as 2si. Since every 3[stit]Ii(γsi ∧ νsi) ∈ Σ is a 2-formula of si,
3[stit]I1γs1 , . . . ,3[stit]Inγsn ∈ 2si. By the axiom (Ind), 2si ⊢ 3([stit]I1(γs1 ∧
νs1) ∧ . . . ∧ [stit]In(γsn ∧ νsn)). So, [stit]I1(γs1 ∧ νs1) ∧ . . . ∧ [stit]In(γsn ∧ νsn) is
consistent with 2si. Otherwise, if 2si ⊢ ¬([stit]I1(γs1∧νs1)∧. . .∧[stit]In(γsn∧νsn))
by (RN) for 2, 2si ⊢ 2¬([stit]I1(γs1 ∧νs1)∧ . . .∧ [stit]In(γsn ∧νsn)), contradicting
2si ⊢ 3([stit]I1(γs1 ∧ νs1)∧ . . .∧ [stit]In(γsn ∧ νsn)). Then, there exists some mcs
Γ ∈ W c, such that

2si ∪ {([stit]I1(γs1 ∧ νs1) ∧ . . . ∧ [stit]In(γsn ∧ νsn))} ⊆ Γ

Take t = Γ ∩ Σ. By definition, siR
f
2t, and t agree on [stit]Ii-formulae with si for

every i ∈ {1, . . . , i}. Therefore, s1R
f
I1
t, . . . , snR

f
In
t. 2

6.3.19. Lemma ((NCBUH) holds for M f ). For any C ∈ G, xRf
≺y and yRf

2z,
then there exists w ∈W f , such that xRf

Cw and wRf
≺z

Proof:
Let xRf

≺y and yRf
2z for some x, y, z ∈ W f . We define the characteristic formula

for z as follows:
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ψz =
∧

ψ∈z∩Σ

ψ ∧
∧

ϕ∈Σ\z

¬ϕ

Note that, by (Σ8), ψz ∈ Σ, so ψz ∈ z. It is straightforward that for every
Γ ∈ W f , ψz ∈ Γ iff Γ ∈ [z]. Since ψz ∈ z and ψz ⊢ 3ψz, and, by (Σ7), 3ψz ∈ Σ,
we conclude that 3ψz ∈ z. Since yRf

2z, y and z agree on all 3-formulae in Σ, so
3ψz ∈ y. Therefore, for every ∆′ ∈ [y], 3ψz ∈ ∆′. Since xRf

≺z, by definition of
Rf

≺, there exists Γ ∈ [x] and ∆ ∈ [y], such that ΓRc
≺∆. Since 3ψz ∈ ∆ (as for

any ∆′ ∈ [y]), X3ψz ∈ Γ. Therefore, by the axiom (NCBUHX), Γ ⊢ ⟨stit⟩CXψz.
Then, there exists an mcs Λ ∈ W c, such that ΓRc

CΛ and Xψz ∈ Λ. Since ΓRc
CΛ,

ΓRc
2Λ, so Γ and Λ agree on all 2-formulae. As Xψz ∈ Λ, there should be some

Θ ∈ W f , such that ΛRf
≺Θ and ψz ∈ Θ. Hence, Θ ∈ [z]. Let w = Λ ∩ Σ. Then,

∃Λ ∈ [w]∃Θ ∈ [z] : ΛRc
≺Θ. Therefore, wRf

≺z. Since Λ ∈ [w], Γ ∈ [x] and Γ and

Λ agree on all 2- and [stit]C-formulae, xRf
Cw. So xRf

CwR
f
≺z. 2

Analogously, we can prove that the following property holds:

∀x, y, z ∈ W f (xRf
2y ∧ y(Rf

≺)−1z) → ∃w ∈W f (x(Rf
≺)−1w ∧ wRf

Cz)))
(NCBUHY )

We just have to use the axiom (NCBUHY ) instead of (NCBUHX). Note that the
weaker property, NY, follows from NCBUHY , as Rf

C ⊆ Rf
2:

∀x, y, z ∈ W f (xRf
2y ∧ y(Rf

≺)−1z) → ∃w ∈W f (x(Rf
≺)−1w ∧ wRf

2z))) (NY)

6.3.20. Corollary. In M f , properties NY and NCBUHY hold.

6.3.21. Lemma. In the filtrated model M f , Rf
< = (Rf

≺)∗.

Proof:
See [Bar25, Proposition 4.1]. 2

Note that Rf
≺ is not necessarily functional. There might be Γ,∆ ∈ W c, such that

Γ∩Σ = ∆∩Σ = s1, ΓRf
≺Γ′, ∆Rf

≺∆′ and s2 = Γ′∩Σ ̸= ∆′∩Σ = s3. Then, s1R
f
≺s2

and s1R
f
≺s3, while s2 ̸= s3. To fix this, we will show how every filtration can be

unravelled into a proper pre-model. Our technique is inspired by [Gab+80].

The construction we are to present is quite convoluted, so we will work through
a simple example. Assume M f is the filtration of an one-agent canonical model
(as in Fig.6.5), where:

1. W f = {k, s, t, r};
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2. Rf
≺ = {(k, s), (s, t), (s, r), (t, s), (t, s)} (note that it is not functional);

3. Rf
2 = Rf

i are equivalence relations, such that [Rf
2] = [Rf

i ] = {{k}, {s}, {r, t}};

4. V f (p) = ∅ for every p ∈ V ar.

k

s

tr

Figure 6.5: Filtration M f . Rf
≺ is represented by solid arrows, Rf

2, Rf
i – by dashed

lines. Reflexive arrows for Rf
2 and Rf

i are omitted.

Let succ(s) = {x ∈ W f | sRf
≺x} and pre(s) = {y ∈ W f | yRf

≺s} denote the set
of immediate successors and predecessors of s ∈ W f , respectively. Note that
succ(s) is finite and pre(s) is either empty or finite for every s ∈ W f . Let ϵ be
a placeholder to denote the absence of immediate predecessors of some worlds.
So instead of pre(s) = ∅, we write pre(s) = {ϵ}, meaning the same thing. By
convention, pre(ϵ) = {ϵ} and succ(ϵ) = {ϵ} ∪ {s ∈ W f | pre(s) = {ϵ}}.

For each s ∈ W f , we construct infinite strings Λs ⊆ (W f ∪ {ϵ})Z, such that for
every (si)i∈Z ∈ Λs:

1. s0 = s;

2. For every non-negative n ∈ N, sn+1 ∈ succ(sn);

3. For every non-negative n ∈ N, if sn = t occurs infinitely many times in
(si)i∈N, then so does every x ∈ succ(t);

4. For every non-positive i ∈ Z, si−1 ∈ pre(si);

5. For every non-positive n ∈ Z, if sn = t occurs infinitely many times in
(si)i∈Z\N+ , then so does every x ∈ pre(t).8

8By N+ we denote the set of positive natural numbers, i.e., N+ = N \ {0}.
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We know that such sequences exist for every world: Λs ̸= ∅. For example, for
every x ∈ W f , as it has finitely many immediate successors and predecessors, we
can define functions fx : N → succ(x) and gx : N → pre(x), such that f−1

x (y) and
g−1
x (z) for every y ∈ succ(x) and z ∈ pre(x) are infinite. More concrete examples

of such functions would be cyclic or connected periodic orderings9 of suc(x) and
pre(x). Then, we construct a sequence σ = (si)i∈Z for an arbitrary s ∈ W f as
follows:

1. s0 = s;

2. For every non-negative n, i ∈ N, if sn = x is the ith occurrence of x in σ,
then sn+1 = fx(i).

3. For every non-positive n, i ∈ Z, if sn = x is the ith occurrence of x in σ,
then sn−1 = gx(−i).

Clearly, if any world t ∈ W f occurs infinitely many times in the non-negative
suffix of σ, then so does every immediate successor of t. Analogously, if t occurs
infinitely many times in the non-positive prefix of σ, so does every immediate
predecessor of t. Also note that ϵ can occur only in the negative prefix of every
sequence, and it is always preceded by (ϵ)ω.

Let us construct two sequences for the world s ∈ W f from our Example in Fig.
6.5. Note that succ(s) = {t, r} and pre(s) = {t, k, r}. Let fs : N → succ(s) such
that fs(0) = t, fs(1) = r, fs(2) = t, fs(3) = r, etc. Let gs : N → pre(s), such that
gs(0) = t, gs(1) = k, gs(2) = r, gs(3) = t, etc. As any other world has a unique
successor and predecessor, we omit defining analogous functions for them. Then:

σs = (. . . , ϵ, ϵ, k, s, t, s0 = s, t, s, r, s, t, s, r, . . .)

If we take the same function gs : N → pre(s) and another enumeration f ′
s : N →

succ(s), such that f ′
s(0) = r, f ′

s(1) = t, f ′
s(2) = r, etc., we will get the following

sequence:

σ′
s = (. . . , ϵ, k, s, t, s′0 = s, r, s, t, s, r, s, t, . . .)

In both sequences, if a world occurs infinitely many times in the non-negative
suffix, so does all of its successors: s, t and r occur infinitely many times in
the non-negative suffixes of both sequences, while succ(s) = {t, r}, succ(t) =

9By cyclic ordering of a finite set X we intuitively mean arranging elements of X in a circle,
and defining the function f : N → X clockwise. By connected periodic ordering of X we
mean that a function f : N → X is such that the sequence ⟨f(i)⟩i∈N is an infinite string sω,
where s contains all elements of X. For example, if X = {a, b}, then f : N → X, such that
⟨f(i)⟩i∈N = (aab)ω is a connected periodic ordering of X.
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succ(r) = {s}. The only “world” that occurs infinitely many times in the non-
positive prefixes of both sequences is ϵ, being the only predecessor of itself.

For every s ∈ W f , by Λs we denote the set of all such sequences σs. For every
sequence σs and any i ∈ Z, by σs(i) we denote the world that occupies on the ith
position of the sequence.

Finally, we define the pre-model to satisfy φ.

6.3.22. Definition. For every filtration M f , we define the pre-model M as fol-
lows:

M = (W,R≺, R2, {Ri}i∈Ags, {RC}C∈G, V )

1. W = {(σs, i) | s ∈ W f , σs ∈ Λs, i ∈ Z, σs(i) ̸= ϵ};

2. (σs, i)R≺(σt, j) iff σs = σt, j = i+ 1;

3. (σs, i)R<(σt, j) iff σs = σt, j > i;

4. (σs, i)R2(σt, j) iff i = j, σs(i)R
f
2σt(j);

5. (σs, i)Ri(σt, j) iff i = j and σs(i)R
f
i σt(j);

6. (σs, i)RC(σt, j) iff i = j and σs(i)R
f
Cσt(j);

7. V (p) = {(σs, i) | σs(i) ∈ V f (p)}.

For the illustration of pre-model construction for our working example, see Figure
6.6.

We show that M is a pre-frame. Directly from definitions, R2, Ri and RC are
equivalence relations, such that Ri ⊆ R2, RC ⊆

⋂
i∈C Ri. It is also straight-

forward that R≺ branches neither forwards nor backwards. Obviously, R< is a
transitive closure of R≺, and if (σs, i)R2(σt, j), then neither (σs, i)R<(σt, j) nor
(σt, j)R<(σs, i). So it is left for us to prove that the independence of agents and
no choice between undivided histories hold. First, we prove one handy lemma.

6.3.23. Lemma. For every (σs, i) ∈ W , t ∈ W f : if σs(i)R
f
2t, then there exists a

sequence σx, such that (σs, i)R2(σx, i) and σx(i) = t.

Proof:
By induction on i ∈ N. Base-case: i = 0. Then, σs(i) = σs(0) = s. So sRf

2t.
Take any sequence σt ∈ Λt. By definition, σt(0) = t. Hence, (σs, 0)R2(σx, 0).

Induction hypothesis in the positive direction: for n ∈ N, if σs(n)Rf
2t, then there

exists a sequence σx, such that (σs, n)R2(σx, n) and σx(n) = t.

Induction step: Assume σs(n+ 1)Rf
2t. Let σs(n+ 1) = r for some r ∈ W f . Then,

rRf
2t. By definition of the sequence, there exists some x = σs(n) and xRf

≺r.
Therefore, (x, t) ∈ Rf

≺ ◦ Rf
2. Since M f satisfies (NCBUH), there exists y ∈ W f ,

such that xRf
Cy and yRf

≺t. Since Rf
C ⊆ Rf

2, xRf
2y. Then, σs(n)Rf

2y. By (IH),
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k

s

t

s

. . .

k

s

r

s

. . .

Figure 6.6: Fragment of the pre-model M for M f in Fig. 6.5. Since the model is
infinite, we portray its fragment, with two of the possible sequences σk, σ

′
k ∈ Λk

for k.
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there exists a sequence σz, such that σz(n) = y. Take any sequence σ′
z ∈ Λz, such

that for all i ≤ n, σz(i) = σ′
z(i), and σ′

z(n+ 1) = t. The sequence σ′
z is such that

σ′
z(n+1) = t, and since rRf

2t, (σs, n+1)R2(σ′
z, n+1), which witnesses our claim,

thereby completing the inductive proof for the positive direction.

Induction hypothesis in the negative direction: for n ∈ Z \ N ∪ {0}, if σs(n)Rf
2t,

then there exists a sequence σx, such that (σs, n)R2(σx, n) and σx(n) = t.

Induction step: Assume σs(n−1)Rf
2t. Let σs(n−1) = r for some r ∈ W f . Then,

rRf
2t. By definition of the sequence, there exists some x = σs(n) and rRf

≺x.
Therefore, tRf

2r, r(R
f
≺)−1x. Since M f satisfies NY, there exists y ∈ W f , such

that tRf
2y and yRf

≺x. Then, σs(n)Rf
2y. By (IH), there exists a sequence σz, such

that σz(n) = y. Take any sequence σ′
z ∈ Λz, such that for all i ≥ n, σz(i) = σ′

z(i),
and σ′

z(n − 1) = t. Then, σ′
z is the sequence, such that (σ′

z, n − 1)R2(σs, n − 1)
and σ′

z(n − 1) = t, which witnesses our claim, thereby completing the inductive
proof for the negative direction, and the whole proof in general. 2

6.3.24. Lemma (IoA holds for M). For any R2-connected (σt1 , j), . . . , (σtn , j) ∈
W and for every pairwise disjoint I1, . . . , In ∈Mod there exists (σz, j) ∈W , such
that (σt1 , j)RI1(σz, i), . . . , (σtn , j)RIn(σz, j).

Proof:
Take any R2-connected (σt1 , j), . . . , (σtn,j) ∈ W . By definition, there exists
s1 = σt1(i), . . . , sn = σtn(i), such that s1R

f
2 . . . R

f
2sn. Then, since the filtrated

model M f satisfies independence of agents, there exists x ∈ W f , such that
s1R

f
I1
x, . . . , snR

f
In
x. Since Rf

I1
, . . . , Rf

In
⊆ Rf

2, xRf
2s1R

f
2 . . . R

f
2sn. Since s1 =

σt1(i) and s1R
f
2x, by Lemma 6.3.23, there exists a sequence σz, such that σz(j) =

x. Then, (σz, j) ∈ W , while σz(j)R
f
Ii
σti(j) for every i ∈ {1, . . . , n}. Hence,

(σz, j) ∈
⋂

1≤i≤nRIi((σti , j)) ̸= ∅. 2

6.3.25. Lemma ((NCBUH) holds for M). If (σs, i)R≺(σs, i+1) and (σs, i+1)R2

(σt, i+ 1), then for every C ∈ G there exists (σt, i), such that (σs, i)RC(σt, i) and
(σt, i)R≺(σt, i+ 1).

Proof:
Assume that (σs, i)R≺(σs, i + 1) and (σs, i + 1)R2(σt, i + 1). Let σs(i) = x,
σs(i + 1) = y and σt(i + 1) = z, where x, y, z ∈ W f . Then, by definition of R≺
and R2, xRf

≺y and yRf
2z. Since M f satisfies (NCBUH), there exists w, such that

xRf
Cw and wRf

≺z. From xRf
Cw it follows that xRf

2w. Since x = σs(i)R
f
2w, by

Lemma 6.3.23, there exists some sequence σ′
r, such that σ′

r(i) = w. Given that
wRf

≺z, we know that there exists a sequence σr, such that σr(j) = σ′
r(j) for every

j ≤ i and σr(i+1) = z. Then, (σs, i)RC(σr, i). If we prove that (σr, i)RC(σt, i), we
will demonstrate that (σs, i)RC(σt, i) and (σt, i)R≺(σt, i+1), thereby terminating
the proof.
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For contradiction, assume it is not the case that (σr, i)RC(σt, i). Let σt(i) = u ∈
W f . Then, it should be the case that (u,w) ̸∈ Rf

C . By def. of Rf
C then, either u

and w disagree on some [stit]C-formula, or on some [stit]i-formula, where i ∈ C,
or on some 2-formula in Σ. We show that all three cases are impossible. First,
assume there is a formula ⟨stit⟩Cψ, such that ⟨stit⟩Cψ ∈ w and ⟨stit⟩Cψ ̸∈ u,
or the other way around. W.l.o.g., assume ⟨stit⟩Cψ ∈ w and ⟨stit⟩Cψ ̸∈ u. As
wRf

≺z, by def. of Rf
≺ and (Σ10), Y ⟨stit⟩Cψ ∈ z. As σt(i) = uRf

≺z = σt(i + 1),
Y ⟨stit⟩Cψ ∈ z entails that ⟨stit⟩Cψ ∈ u. Hence, ⟨stit⟩Cψ ∈ w entails ⟨stit⟩Cψ ∈ u
for any ⟨stit⟩Cψ ∈ Σ. The other direction is completely analogous. Hence,
⟨stit⟩Cψ ∈ u iff ⟨stit⟩Cψ ∈ w for any ⟨stit⟩Cψ ∈ Σ. Then, w and u agree on all
[stit]C-formulae in Σ. For the sake of contradiction, assume that w and u disagree
on some 2- or [stit]i-formula in Σ. Note that 2ψ ⊢ [stit]iψ and [stit]iψ ⊢ [stit]Cψ
by axioms (Incl) and (i-C), respectively. Then, by (Σ11), there would have been a
[stit]C-formula in Σ, on which w and u would disagree, which we have shown to be
impossible. So w and u agree on all 2-, [stit]i- (where i ∈ C) and [stit]C-formulae.
Hence, uRf

Cw, and by definition of RC , (σt, i)RC(σr, i). By the transitivity of RC

then, (σs, i)RC(σt, i). Consequently, (σs, i)RC ◦R≺(σt, i+ 1). 2

6.3.26. Lemma. For every ψ ∈ Σ, s ∈ W f , σx ∈ Λs and any i ∈ N, such that
σx(i) = s, the following holds:

M, (σx, i) |= ψ ⇔M f , s |= ψ.

Proof:
Cases of propositional variables and Boolean connectives are trivial.

(2ψ). Left-to-right. Assume σx(i) = s and M, (σx, i) |= 2ψ for some 2ψ ∈ Σ.
Take any r ∈ W f , such that sRf

2r. By Lemma 6.3.23, we know that there exists
a sequence σy, such that σy(i) = r, hence, (σx, i)R2(σy, i). From M, (σx, i) |= 2ψ
it follows that M, (σy, i) |= ψ. By (IH), M f , r |= ψ. Since r was an arbitrary
Rf

2-successor of r, all r-successors are ψ-worlds, i.e., M f , s |= 2ψ. Right-to-left.
Assume M f , s |= 2ψ. Take any (σx, i) ∈ W f , such that σx(i) = s. Take any
(σy, i), such that (σx, i)R2(σy, i). From the definition of Rf

2, σs(i) = sRf
2σy(i).

Then, M f , σy(i) |= ψ. By (IH), M, (σy, i) |= ψ. Since (σy, i) was an arbitrary
R2-successor of (σx, i), M, (σx, i) |= 2ψ.

([stit]iψ, [stit]Cψ). Analogously to the previous case.

(Xψ). Left-to-right. Assume σx(i) = s and M, (σx, i) |= Xψ for some Xψ ∈ Σ.
Then, M, (σx, i + 1) |= ψ. Let σx(i + 1) = r for some r ∈ W f . Then, sRf

≺r.
By (IH), M f , r |= ψ. Since Xψ ∈ Σ, ψ ∈ Σ. Then, for any ∆ ∈ [r], ψ ∈ ∆.
Since sRf

≺r, there should exist Γ ∈ [s] and ∆ ∈ [r], such that ΓRc
≺∆. Then,

ψ ∈ ∆ iff Xψ ∈ Γ. Since Xψ ∈ Σ, Xψ ∈ Γ′ for every Γ′ ∈ [s]. So, by the
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standard filtration lemma, M f , s |= Xψ. Right-to-left. Assume M f , s |= Xψ.
Then, for any r ∈ W f , such that sRf

≺r, M
f , r |= ψ. Take any (σx, i), such that

σx(i) = s. Then, (σx, i)R≺(σx, i+1) and s = σx(i)R
f
≺σx(i+1). Since M f , s |= Xψ,

M f , σx(i+ 1) |= ψ. By (IH), M, (σx, i+ 1) |= ψ. Hence, M, (σx, i) |= Xψ.

(Y ψ). Analogously to the previous case.

(Gψ). Left-to-right. Assume σx(i) = s and M, (σx, i) |= Gψ for some Gψ ∈ Σ.
Note that if Gψ ∈ Σ, then XGψ,ψ,¬ψ,¬Gψ,X¬ψ ∈ Σ. Let m ∈ N be the least
non-negative number, such that σx(m) occurs infinitely many times in the positive
direction of σx. We know that such m exists by definition of σx. We fix σx(m) as
t ∈ W f . Then, we claim that M f , t |= Gψ. For the contradiction, assume that
M f , t ̸|= Gψ. Then, M f , t |= ¬Gψ. Since ¬Gψ ∈ Σ, ¬Gψ ∈ Γ for any Γ ∈ [t].
Take any Γ ∈ [t]. Since ¬Gψ ∈ Γ, by the truth lemma, M c,Γ |= ¬Gψ, so there
exists ∆ ∈ W c, such that ΓRc

<∆ and ¬ψ ∈ ∆. Let r = ∆∩Σ. Since ¬ψ ∈ ∆∩Σ,

¬ψ ∈ ∆′ for every ∆′ ∈ [r]. Therefore, M f , r |= ¬ψ. By definition of Rf
<, since

Γ ∈ [t], ∆ ∈ [r] and ΓRc
<∆, tRf

<r. Since Rf
< = (Rf

≺)∗, tRf
≺t1R

f
≺ . . . R

f
≺tn = r for

some n ∈ N. By construction of σx, since σx(m) = t occurs infinitely many times
in the non-negative direction of σx, so does each ti, including tn = r. Hence, r
appears infinitely many times in the positive direction in σx. Then, there exists
a number j > i, such that σx(j) = r. Take the world (σx, j). As M f , r |= ¬ψ, by
(IH), M, (σx, j) |= ¬ψ, while j > i. So M, (σx, i) ̸|= Gψ. Contradiction.

So, we have shown that M f , σx(m) |= Gψ for the least non-negative m, such
that σx(m) occurs infinitely many times in the positive direction of σx. Then,
by transitivity of R<, we get that M f , σx(k) |= Gψ for any k ≥ m. If i ≥ m,
then M f , σx(i) |= Gψ, and we are done. Otherwise, k < m. Let h = m − k.
For the contradiction, assume M f , σx(i) |= ¬Gψ. Then, there exists Γ ∈ [σx(i)],
such that Gψ ̸∈ Γ. Take any such Γ. If Gψ ̸∈ Γ, then, by maximal consistency
of Γ, ¬Gψ ∈ Γ. Then, either X¬ψ ∈ Γ or X¬Gψ ∈ Γ, as it follows from (FPG)
axiom. Note that X¬ψ,X¬Gψ ∈ Σ. It cannot be so that X¬ψ ∈ Γ, since then
M f , σx(i) |= X¬ψ, so by (IH), M, (σx, i) |= X¬ψ, contradicting M, (σx, i) |= Gψ.
Then, M f , σx(i) |= X¬Gψ, so by (IH), M, (σx, i) |= X¬Gψ. From M, (σx, i) |=
X¬Gψ it follows that M, (σx, i + 1) |= ¬Gψ. Then we can repeat the previous
argument h times, when we get to M, (σx,m) |= ¬Gψ, reaching the contradiction.
So, we conclude that M f , σx(i) |= Gψ.

Right-to-left. Assume σx(i) = s and M f , s |= Gψ. Take any (σx, j), such that
j > i. By definition of the pre-model, σx(i) = sRf

<σx(j). Let σx(j) = t ∈ W f .
Then, as by assumption, M f , s |= Gψ, for any t ∈ W f , if sRf

<t, then M f , t |= ψ.
Hence, M f , σx(j) |= ψ. By (IH), M, (σx, j) |= ψ. As (σx, j) was an arbitrary
R<-successor of (σx, i), M, (σx, i) |= Gψ.

(Hψ). If (σx, i) has infinitely many predecessors, than the proof is analogous
to the previous case. We only need to substitute H for G, Y for X and take



190 Chapter 6. Fixing MAMLs: the case of STIT logic

the greatest non-positive number m ∈ Z, such that σx(m) occurs infinitely many
times in the negative direction of σx, instead of the least non-negative one, which
yields infinitely many occurrences in the positive direction. If (σx, i) has no
predecessors, then σx(i− 1) = ϵ. By definition of sequences, it is only possible if
σx(i) has no predecessors. Hence, M, (σx, i) |= Hψ and M f , σx(i) |= Hψ holds
vacuously for any ψ. So the only case left for us to prove is when (σx, i) has
finitely many predecessors.

Left-to-right. Assume (σx, i) has finitely many predecessors and M, (σx, i) |= Hψ.
Take the least number m < i, such that σx(m) ̸= ϵ. As σx(m−1) = ϵ, (σx,m) has
no predecessors, so M, (σx,m) |= Hψ holds vacuously. We fix σx(m) as t ∈ W f .
By definition of sequences, as σs(m−1) = ϵ, t has no predecessors, so M f , t |= Hψ
vacuously. Let h = |m|−|i|. For the contradiction, assume that M f , σx(i) ̸|= Hψ.
Then, there exists Γ ∈ [σx(i)], such that Hψ ̸∈ Γ, i.e., ¬Hψ ∈ Γ. Then, by
(FPH) axiom, either Y ¬ψ ∈ Γ or Y ¬Hψ ∈ Γ. Note that Y ¬ψ, Y ¬Hψ ∈ Σ.
In cannot be so that Y ¬ψ ∈ Γ, since then, M f , σx(i) |= Y ¬ψ, and by (IH),
M, (σx, i) |= Y ¬ψ, contradicting M, (σx, i) |= Hψ. Then, M f , σx(i) |= Y ¬Hψ,
i.e., M f , σx(i − 1) |= ¬Hψ. If we repeat this argument h times, we will get to
M, (σx,m) |= ¬Hψ, reaching the contradiction. Hence, M f , σx(m) |= Hψ.

Right-to-left. Assume σx(i) = s and M f , s |= Hψ. Take any world (σx, j) ∈ W ,
such that j < i (if such world does not exist, then (σx, i) has no predeces-
sors, so vacuously M, (σx, i) |= Hψ, and we are done). By construction of σx,
σx(j)R

f
<σx(i) = s. As M f , s |= Hψ, M f , σx(j) |= ψ. By (IH), M, (σx, j) |= ψ. As

(σx, j) was an arbitrary R<-predecessor of (σx, i), we conclude that M, (σx, i) |=
Hψ.

2

6.3.27. Theorem (LtGSTIT is weakly complete w.r.t. Fpre). For any φ ∈ LtGSTIT ,
the following holds:

|=Fpre φ⇔⊢LtG
STIT

φ.

Proof:
(⇐) By the routine validity check.

(⇒) By contraposition. Assume that ̸⊢LtG
STIT

φ. Then, ¬φ is LtGSTIT -consistent.
Build a canonical model M c as in Def. 6.3.17. There exists a mcs Γ ∈ W c, such
that ¬φ ∈ Γ. Compute the closure set Σ for ¬φ, build a filtration M f of M c

through Σ. Let s ∈ W f be a world, such that s = Γ ∩ Σ. Construct a pre-model
M as in Def. 6.3.22. Take any sequence σs ∈ Λs. Finally, by Lemma 6.3.26,
M, (σs, 0) |= ¬φ, witnessing that ̸|=Fpre φ. 2
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There is the last step to prove that LtGSTIT is sound and weakly complete w.r.t.
Kripke STIT frames: demonstrating that the validity on pre-frames and Kripke
STIT frames are the same. Since every Kripke STIT frame by definition is a pre-
frame, |=Fpre φ entails |=F φ. For the converse, we establish that any Fpre-frame
is a bounded morphic image of some F-frame:

6.3.28. Lemma. For every pre-frame F1 ∈ Fpre, there exists a Kripke STIT
frame F2 ∈ F, such that there is a bounded morphism f : F2 → F1.

To prove this lemma, we will show how to transform every pre-frame F1 into a
larger F2-frame of the same signature by taking infinitely many isomorphic copies
of every possible world of F1. This technique was pioneered for a similar proof
for arrow logics in [Vak92]. For temporal STIT logic, it was implemented for
a fragment with only the grand coalition Ags in [Lor13]. Our proof technique
closely resembles the one of [Lor13, Lemma 9].

The construction is again quite tedious, so to make it clearer, we will work through
a simple example, depicted on Figure 6.7. Consider a two-agent case, where
Ags = {1, 2}, and G = {Ags}. Then, let F = (W,R≺, R2, R1, R2, RAgs) be a
pre-frame, such that:

1. W = {wi, vi | i ∈ N};

2. R≺ = {(wi, wj) | j = i+ 1} ∪ {(vi, vj) | j = i+ 1};

3. R2 = R1 = R2 are equivalence relations, such that [R2] = [R1] = [R2] =
{{w0, v0}} ∪ {{wi}, {vi} | i ≥ 1};

4. RAgs = idW , i.e., for every w, v ∈ W , wRAgsv iff w = v.

F is a pre-frame, but not a Kripke STIT frame, since RAgs ⊆ R1 ∩ R2, but
R1 ∩R2 ̸⊆ RAgs: (w0, v0) ∈ R1 ∩R2, but (w0, v0) ̸∈ RAgs.

Let F1 = (W,R≺, R2, {Ri}i∈Ags, {RC}C∈G) be an arbitrary pre-frame. For every
i ∈ Ags, let ∆i = {Ri(w) | w ∈ W} be a collection of Ri-equivalence classes of
F1. Then, we define the set ∆ that corresponds to the collection of

⋂
i∈AgsRi-

equivalence classes as follows:

∆ = {δ ∈
∏
i∈Ags

∆i |
⋂
i∈Ags

δi ̸= ∅}

where for every δ ∈
∏

i∈Ags ∆i, δi is the ith projection of δ. For brevity, let w ∈ δ
mean that w ∈

⋂
i∈Ags δi. There is a one-to-one correspondence between ∆ and

the set of
⋂
i∈AgsRi-equivalence classes. By convention, let δw denote a unique

element δw ∈ ∆, such that w ∈ δw.

For every δ ∈ ∆ and any C ∈ G, let δ|C be the Cth projection of δ. For example, if
G = {{1, . . . , k}, {k+ 1, . . . , n}} and δ = (δ1, . . . , δn), then δ|{1,...,k} = (δ1, . . . , δk).
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w0 v0

w1 v1

. . . . . .

1, 2

Figure 6.7: Example of a pre-frame that is not a Kripke STIT frame. As usual,
bold arrows represent R≺, reflexive arrows for R2, R1 and R2 are omitted.

Informally, every δ|C corresponds to some
⋂
i∈C Ri-equivalence class of F1. For

brevity, by w ∈ δ|C we mean that w ∈
⋂
i∈C δi.

For every δ ∈ ∆ and C ∈ G:

ΓCδ = {RC(w) | w ∈ δ|C}

I.e., ΓCδ is a collection of RC-equivalence classes that are included into the
⋂
i∈C Ri-

equivalence class that corresponds to δ|C . For instance, δ = R1(w0) ∩ R2(w0) =
{w0, v0} is an

⋂
i∈{1,2}Ri-equivalence class of our toy example. It contains two

R{1,2}-equivalence classes: {w0} and {v0}. Then, ΓAgsδ = {{w0}, {v0}}.

W.l.o.g., we assume that |ΓCδ | ≤ 2ω = |R|.10 Then, for every δ, γ ∈ ∆ and any
C ∈ G, let kCδ be a total surjective function kCδ : R → ΓCδ , such that δ|C = γ|C
entails kCδ = kCγ .

In example in Figure 6.7, ∆1 = ∆2 = {{w0, v0}, {w1}, {v1}, . . .}. Consequently,
∆ = {(X,Y ) ∈ ∆1 × ∆2 |X = Y }. Let δ = δw0 , corresponding to the R1 ∩ R2-
equivalence class {w0, v0}. δ contains two RAgs-equivalence classes: {w0} and

{v0}. Therefore, ΓAgsδ = {{w0}, {v0}}. So, we can define kAgsδ : R → ΓAgsδ , such
that for every rational i ∈ Q, kAgsδ (i) = {w0}, and for every irrational j ∈ R \Q,
kAgsδ (j) = {v0}. For any other γ ∈ ∆ in the example, γ contains only one RAgs-
equivalence class, so for any γ ̸= δ, kAgsγ (i) = kAgsγ (j) for any i, j ∈ R.

10We are safe to make this assumption, since LtGSTIT is a countable language, so there are
at most 2ω-many worlds in a canonical model M c. As we have shown by the canonical model
construction, its filtration and unraveling, every formula that has a pre-model can be satisfied
on a pre-model with at most 2ω-many worlds, hence at most 2ω-many RC-equivalence classes
for any C ∈ G.
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For every w ∈W , let

TCw = {δ ∈ ∆ | ∃v ∈ δ : wR<v or vR<w or w = v}
PCw = {δ ∈ ∆ | ∃v ∈ δ : vR<w}
FCw = {δ ∈ ∆ | ∃v ∈ δ : wR<v}

Intuitively, TCw are the elements of ∆ that are temporarily connected with w;
PCw and FCw are δ’s that are connected to w via R−1

< and R<, respectively. For
instance, TCw0 = {δwi ∈ ∆ | i ∈ N}.

Note that:

If wR<v or vR<w or w = v, then TCw = TCv (6.1)

If wR2v, then PCw = PCv (6.2)

(6.1) holds, since R< linearly orders Hw. (6.2) holds because of 3c of Def. 6.3.14.

For every world w ∈W , let Λw be a set of all total functions f : TCw → Rn such
that, if f(δ) = x⃗, then there exists a world v ∈ Hw, such that:

v ∈ kCδ
(∑
i∈C

x⃗(i)
)

for any C ∈ G.

Intuitively, for every
⋂
i∈AgsRi-equivalence class δ ∈ TCw, f picks the equivalence

classes

{XC1 , . . . , XCk
|XC1 ∈ ΓC1

δ , . . . , XCk
∈ ΓCk

δ }

such that for some v ∈ Hw, v ∈ XC1 ∩ . . . ∩ XCk
. f does that picking via the

tuple of reals x⃗ = (r1, . . . , rn), choosing a real ri for every agent i ∈ Ags. The
RC-equivalence class f picks for δ is kCδ (

∑
i∈C x⃗(i)).

For every function f ∈ Λw, every element δ ∈ TCw, every agent i ∈ Ags and every
vector f(δ) ∈ Rn, let fi(δ) be the ith projection of the corresponding vector. That
is, e.g., if f(δ) = (r1, . . . , rn), then fi(δ) = ri for every i ∈ {1, . . . , n}. Intuitively,
fi(δ) is the real f picks for i at δ.

For instance, let f : TCw0 → R2 be a function, such that f(δ) = (0, 0) for any
δ ∈ TCw0 . As 0+0 = 0 and 0 is rational, w0 ∈ {w0} = kAgsδw0 (0). And for any other
δwi ∈ TCw0 , k

Ags
δwi (0) = {wi}, while wi ∈ Hw0 . Therefore, f ∈ Λw0 . Analogously,

a constant function g : TCv0 → {(0, π)} is in Λv0 : δ
w0 = δv0 , so kAgsδw0 = kAgsδv0 . As

0 + π = π is irrational, kAgsδv0 (0 + π) = {v0} ∋ v0.

Next, we prove some useful propositions about such functions.
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6.3.29. Proposition. For any r ∈ R, if v ∈ Hw and v ∈ kCδw(r), then v = w.

Proof:
If v ∈ kCδw(r), then there exists an RC-equivalence class XC ⊆ δw|C , such that
v ∈ XC . In other words, there is a world u, such that (w, u) ∈

⋂
i∈C Ri and uRCv.

As RC ⊆
⋂
i∈C Ri and

⋂
i∈C Ri is transitive, (w, v) ∈

⋂
i∈C Ri. Hence, by (2a) of

Def.6.3.14, wR2v. Then, by (3d), neither wR<v nor vR<v. Since v ∈ Hw and
neither wR<v nor vR<w, we obtain that v = w. 2

6.3.30. Proposition. For any r ∈ R and any w, v ∈ W , such that wR2v: there
exists u1R≺w, such that u1 ∈ kCδu1 (r) iff there exists u2R≺v, such that u2 ∈ kCδu2 (r)
and δu1 = δu2.

Proof:
Assume wR2v. Let u1R≺w. Then, (u1, v) ∈ R≺ ◦ R2. By 3c of Def. 6.3.14,
(u1, v) ∈ RC ◦ R≺ for every C ∈ G. In other words, for every C ∈ G, there exists
uC , such that u1RCuC and uCR≺v. Analogously to the proof of Proposition
6.3.15, we can show that for all uCi

, uCj
∈ {uC}C∈G: uCi

= uCj
= u2 for some

u2 ∈ W . In other words, there exists some world u2 ∈ W , such that (u1, u2) ∈⋂
C∈G RC and u2R≺v. Since G partitions Ags and RC ⊆

⋂
i∈C Ri for every C ∈ G,

(u1, u2) ∈
⋂
i∈AgsRi. Then, by definition, δu1 = δu2 .

So u1, u2 ∈ δu1 = δu2 and u1RCu2 for every C ∈ G. Let RC(u1) = kCδu1 (r) for
some r ∈ R (we know that such r exists, since kCδ is total and surjective). Then,
since u2RCu1, u1 ∈ kCδu1 (r) iff u2 ∈ kCδu2 (r) (as δu1 = δu2). 2

6.3.31. Corollary. For any r ∈ R and any w, v ∈ W , such that wR2v: there
exists u1R<w, such that u1 ∈ kCδu1 (r) iff there exists u2R<v, such that u2 ∈ kCδu2 (r)
and δu1 = δu2.

6.3.32. Proposition. If f ∈ Λw and vR2w, then there exists f ′ ∈ Λv, such that
for all δ ∈ PCw, f(δ) = f ′(δ).

Proof:
Let f ∈ Λw and wR2v. By (6.2), PCw = PCv. By Corollary 6.3.31, for every
u ∈ R−1

< (w) there exists u′ ∈ R−1
< (v), such that δu = δu

′
and uRCu

′ for any
C ∈ G. Take any g ∈ Λv. Let f ′ : TCv → Rn be a function, such that:

f ′(δ) =

{
f(δ) if δ ∈ PCv = PCw

g(δ) otherwise

Trivially, f(δ) = f ′(δ) for every δ ∈ PCw. Since f ∈ Λw, we know that for every
δ ∈ PCw = PCv there exists a world u, such that uR<w and u ∈ kCδ (

∑
i∈C fi(δ))

for every C ∈ G. Then, by Corollary. 6.3.31, for every u ∈ R−1
< (w), there is
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u′ ∈ R−1
< (v), such that uRCu

′ for every C ∈ G. Since f ′(δ) = f(δ) for every
δ ∈ PCw = PCv, k

C
δ (

∑
i∈C fi(δ)) = kCδ (

∑
i∈C f

′
i(δ)) for any C ∈ G for any

δ ∈ PCw = PCv. Then, for every δ ∈ PCv, there is a world u′ ∈ Hv, such
that u′ ∈ kCδ (

∑
i∈C f

′
i(δ)) for every C ∈ G. If δ ∈ TCv \ PCv, then, since

f(δ) = g(δ) and g ∈ Λv, we know that there is a world u ∈ {v} ∪ FCv, such that
u ∈ kCδ (

∑
i∈C f

′
i(δ)) for every C ∈ G. Hence, f ′ ∈ Λv. 2

6.3.33. Proposition. If v ∈ Hw, then Λw = Λv.

Proof:
(⊆) Assume v ∈ Hw. That is, either wR<v or vR<w or w = v. Then, Hw = Hv

and TCw = TCv. Take any f ∈ Λw. We are to show that f ∈ Λv. That is, for
every δ ∈ TCv, if f(δ) = x⃗, then there exists a world u ∈ Hv, such that for any
C ∈ G:

u ∈ kCδ (
∑
i∈C

x⃗(i))

We know that f ∈ Λw. Take any δ ∈ TCw. Let f(δ) = x⃗. Since f ∈ Λw, there
exists a world u ∈ Hw, such that for for any C ∈ G: u ∈ kCδ (

∑
i∈C x⃗(i)). Since

Hw = Hv, u ∈ Hw iff u ∈ Hv. Consequently, f ∈ Λw iff f ∈ Λv.

(⊇) Analogously to the other direction. 2

Finally, we are all set up to define the construction of our Kripke STIT frame.

6.3.34. Definition. Given any Fpre-frame F = (W,R≺, R2, {Ri}i∈Ags, {RC}C∈G),
we define a frame F as follows:

F = (W,R≺,R<,R2, {Ri}i∈Ags, {RC}C∈G)

• W = {(w, f) |w ∈ W, f ∈ Λw}. We often write simply wf instead of (w, f),
meaning the same thing;

• wfR2vg iff wR2v and f(δ) = g(δ) for all δ ∈ PCw;

• for any i ∈ Ags, wfRivg iff wRiv (or, equivalently, δwi = δvi ), fi(δ
w) = gi(δ

v)
and f(δ) = g(δ) for all δ ∈ PCw;

• for any C ∈ G, wfRCvg iff (w, v) ∈
⋂
i∈C Ri (or, equivalently, δw|C = δv|C),

fC(δw) = gC(δv) and f(δ) = g(δ) for all δ ∈ PCw;

• wfR≺vg iff wR≺v and f = g;

• wfR<vg iff wR<v and f = g;

F can be extended to a model M = (F,V) by a valuation function V : V ar → 2W,
such that for any p ∈ V ar, V(p) = {wf ∈ W | w ∈ V (p)}.
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w0, (0, 0) v0, (π, 0)

v0, (0, π) v0, (π, π)

. . . . . .

. . .

. . .

. . .

2

2 2

2

2 2

1

1

1

1
1

1

Figure 6.8: Constructed Kripke frame F for the pre-frame F in Figure 6.7. As
the frame is infinite, we show only the fragment of one R2-equivalence class of
(w0, f). Let δw0 = δ, and f ∈ Λw0 , such that f(δ) = (0, 0). We portray each
world ul ∈ W as a pair ⟨u, l(δ)⟩. Note that RAgs = R1 ∩R2 = idW.

It is left for us to prove two claims: 1) F is a Kripke STIT frame; 2) there exists
a bounded morphism f : F → F .

6.3.35. Lemma. For every Fpre-frame F , the corresponding constructed frame F
is a Kripke STIT frame in accordance with Definition 3.2.8.

Proof:
We are going to follow Def. 3.2.8 step-wise, showing that every property holds.

1. W ̸= ∅. Note that W ̸= ∅. The functions {kCδ }C∈G
δ∈∆ are total and surjective.

Therefore, Λw ̸= ∅ for every w ∈ W . Hence, W = {wf | f ∈ Λw} ̸= ∅.

2. R2, {Ri}i∈Ags, {RC}C∈G are equivalence relations. It follows directly from
their definitions and the fact that R2, {Ri}i∈Ags, {RC}C∈G, = are equiva-
lence relations.

(a) For any i ∈ Ags, Ri ⊆ R2. If wfRivg, then wRiv, fi(δ
w) = gi(δ

v) and
f(δ) = g(δ) for all δ ∈ PCw. From wRiv it follows that wR2v by (2a).
Then, wR2v and f(δ) = g(δ) for all δ ∈ PCw. Hence, by definition,
wfR2vg.

(b) Group actions: for any C ∈ G, RC =
⋂
i∈C Ri. Follows directly from

definitions of RC and Ri.

(c) Independence of agents holds. See Lemma 6.3.36.
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3. R≺ is serial. Take any wf ∈ W. Since R≺ is serial, there exists v ∈W , such
that wR≺v. Then, v ∈ Hw. By Lemma 6.3.33, Λw = Λv. Hence, f ∈ Λv,
and vf ∈ W. Then, wfR≺vf . Since wf was chosen arbitrarily, every world
wf ∈ W has a R≺-successor, i.e., R≺ is serial.

4. R≺ does not branch backwards. Assume vfR≺wf and ufR≺wf . Then,
vR≺w and uR≺w. By (3a), u = v. Then, uf = vf . Hence, R≺ does not
branch backwards.

5. R≺ does not branch forwards. Analogously to the previous condition.

6. No choice between undivided histories. See Lemma 6.3.37;

7. If wfR2vg, then neither wfR<vg nor vgR<wf . If wfR2vg, then wR2v. By
(3d) of Def. 6.3.14 (which by definition holds for every pre-frame), neither
wR<v nor vR<w. In other words, for no positive natural n ∈ N, wRn

≺v or
vRn

≺w. Hence, neither wfR
n
≺vg nor vgR

n
≺wf .

2

6.3.36. Lemma ((IoA) for F). For every (w1, f1), . . . , (wn, fn) ∈ W, if (w1, f1)R2

. . .R2(wn, fn), then there exists a world (v, g) ∈ W, such that (w1, f1)R1(v, g),

. . ., (wn, fn)Rn(v, g).

Proof:
Let (w1, f1), . . . , (wn, fn) ∈ W, such that (w1, f1)R2 . . .R2(wn, fn). By definition
of R2, it follows that w1R2 . . . R2wn and f1(δ) = . . . = fn(δ) for every δ ∈ PCw1 .
By (6.2), PCw1 = . . . = PCwn .

Since w1R2 . . . R2wn, by (2c), there exists a world u, such that w1R1u, . . ., wnRnu.
Or, equivalently, δui = δwi

i for every i ∈ {1, . . . , n}. Now, let x⃗ ∈ Rn be a tuple
of reals, such that x⃗ agrees on ith coordinate with fi(δ

wi) for any i ∈ {1, . . . , n}.
Then, for every C ∈ G, since kCδu is surjective, there exists an RC-equivalence
class XC = kCδu(

∑
i∈C x⃗(i)). By (2c),

⋂
C∈G XC ̸= ∅. So there exists some world

v ∈
⋂
C∈G XC . Fix such a world as v.

Since v ∈ kCδu(
∑

i∈C x⃗(i)) for every C ∈ G, there exists some wC ∈ δu|C , such
that wCRCv for every C ∈ G. In other words, (u,wC) ∈

⋂
i∈C Ri and wCRCv.

Since RC ⊆
⋂
i∈C Ri, (wC , v) ∈

⋂
i∈C Ri. Since

⋂
i∈C Ri is an equivalence relation

(hence, transitive), (u, v) ∈
⋂
i∈C Ri. Since G is a partition of Ags, (u, v) ∈⋂

i∈AgsRi. In other words, δv = δu. It is also straightforward that vR2wi for any
i ∈ Ags (since vRCu, uRiwi for every i ∈ {1, . . . , n} and RC , R1, . . . , Rn ⊆ R2).

Now, take any function g ∈ Λv, such that: g(δ) = f1(δ) = . . . = fn(δ) for every
δ ∈ PCw1 ; g(δv) = x⃗. We know that such g exists, since vR2wi, so PCv = PCwi

for every i ∈ {1, . . . , n}; and v ∈ kCδv(
∑

i∈C x⃗(i)) for every C ∈ G. Finally,
it is left for us to show that (wi, fi)Ri(v, g) for every i ∈ {1, . . . , n}. Since
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δv = δu, δvi = δwi
i for every i ∈ {1, . . . , n}. By construction of g, gi(δ

v) agrees
with fi(δ

wi) on ith coordinate for every i ∈ {1, . . . , n}. Then, (w1, f1)R1(v, g),
. . ., (wn, fn)Rn(v, g). Since (w1, f1), . . . , (wn, fn) were chosen arbitrarily, we can
conclude that independence of agents holds in the whole frame F. 2

6.3.37. Lemma ((NCBUH) for F). If wfR≺vf and vfR2ug, then, for every C ∈
G, there exists xg ∈ W, such that wfRCxg and xgR≺ug.

Proof:
Assume that wfR<vf and vfR2ug. Note that, by def. of R2, f(δ) = g(δ) for all
δ ∈ PCv = PCu, and δw ∈ PCv.

From wfR<vf and vfR2ug it follows that wR<v and vR2u. By (3c), for every
C ∈ G there exists xC ∈ W , such that wRCxC and xCR<u. As we have shown
in Prop 6.3.15, xC1 = xC2 for every C1, C2 ∈ G. Then, there exists a single world
x ∈ W , such that ∀C ∈ G: wRCx and xR≺u. Note that, since xR≺u, x ∈ Hu.
And since ug ∈ W (i.e., g ∈ Λu), by Prop. 6.3.33, g ∈ Λx. Then, xg ∈ W. Also
note that, since wRCx for any C ∈ G, while RC ⊆

⋂
i∈C Ri and G partitions Ags,

(w, x) ∈
⋂
i∈AgsRi, i.e., δw = δx.

It is left for us to show that, for every C ∈ G, wfRCxg and xgR≺ug. First, note
that, as we have shown, wRCx for every C ∈ G. In other words, for any i ∈ R,
w ∈ kCδw(i) iff x ∈ kCδw(i), or, given that δw = δx, w ∈ kCδw(i) iff x ∈ kCδx(i). Since
f(δ) = g(δ) for every δ ∈ PCv = PCu and δw = δx ∈ PCv, fC(δw) = gC(δx)
for every C ∈ G. Since δw = δx, δw|C = δx|C for every C ∈ G. Since vfR2ug,
f(δ) = g(δ) for every δ ∈ PCv = PCu, while PCw ⊆ PCu. Hence, f(δ) = g(δ)
for every δ ∈ PCw. To conclude, for every C ∈ G, wfRCxg, and, since xR≺u,
xgR≺ug. 2

It is left for us to prove that there is a bounded morphism from F onto F1. Let
f : W → W be a function, such that f(wf ) = w for every w ∈ W . Obviously, f
is surjective. Next, we show that it is a bounded morphism. We do it only for
the case of RC/RC . Proofs for other cases are straightforward and identical to
[Lor13, p.384].

(Zig) Assume wfRCvg. By definition, fC(δw) = gC(δv) and δw|C = δv|C . By defi-
nition of kCδw and kCδv , kCδw = δCδv . Then, w ∈ kCδw(

∑
i∈C fi(δ

w)) = kCδv(
∑

i∈C gi(δ
v))

∋ v. Hence, w and v are in the same RC-equivalence class, i.e., wRCv.

(Zag) Assume f(wf )RCv. Then, wRCv. Since wRCv, wR2v, hence, PCw = PCv.
Also, since RC ⊆

⋂
i∈C Ri, from wRCv it follows that δw|C = δv|C . Let g ∈ Λv

be any function, such that g(δ) = f(δ) if δ ∈ PCw and gC(δw) = fC(δv). We
know that such g ∈ Λv, exists, because of Proposition 6.3.32 and the fact that
v ∈ kCδw(

∑
i∈C fi(δ

w)). Then, it is straightforward that wfRCvg and f(vg) = v.
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This step completes our proof of Lemma 6.3.28. Now we can establish that logics
of pre-frames and Kripke STIT frames coincide.

6.3.38. Lemma. For any φ ∈ LtGSTIT , |=F φ iff |=Fpre φ.

Proof:
Left-to-right. By Def. 6.3.14 and 6.3.16, F ⊆ Fpre, i.e., every Kripke STIT frame
is a pre-frame. Therefore, |=Fpre φ entails |=F φ. Right-to-left. As Lemma 6.3.28
shows, Fpre is a bounded morphic image of F. Then, by the standard preservation
results [BRV01], |=F φ entails |=Fpre φ. 2

6.3.39. Theorem (LtGSTIT is sound and complete w.r.t. Kripke STIT frames). For
any φ ∈ LtGSTIT , the following holds:

⊢LtG
STIT

φ⇔|=F φ.

Proof:
Follows directly from Theorem 6.3.27 and Lemma 6.3.38. 2

Interestingly, LtGSTIT , being sound and complete, lacks the non-standard irreflex-
ivity rule that is used for axiomatisation in, e.g., [Lor13]:

If ⊢ (2¬p ∧2(Gp ∧Hp)) → φ, then ⊢ φ, given that p ̸∈ sub(φ)

This positive trait of our axiom system gives us hope that LtGSTIT might be decid-
able. Unfortunately, we cannot establish this via the standard fmp-via-filtration
argument, since canonical pre-models (Def.6.3.22) we construct after the filtration
are tree-like, hence infinite. Moreover, the sequences we use in the construction of
the canonical pre-models are not necessarily periodic, which makes things more
complicated. Yet we might be able to reduce the satisfiability of LtGSTIT -formulae
to the non-emptiness problem for finite state automata on infinite trees, as in
[EJ99]. We leave this investigation for future work.

In the next subsection, we turn to the atemporal fragments of group STIT logic
with disjoint groups. As atemporal STIT models are not tree-like, the complete-
ness and decidability are easier to establish.

6.3.3 Atemporal STIT with disjoint groups

The results from the previous subsection are easily translatable to a smaller frag-
ment, atemporal STIT with disjoint groups, whose formal language LG

STIT is
recursively defined as follows:

φ ::= p | ¬φ | (φ ∨ φ) |2φ | [stit]iφ | [stit]Cφ
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For LG
STIT , not only can we finitely axiomatise it, but also prove that the corre-

sponding logic is decidable. First, we prove that the logic LG
STIT (see Table 6.3)

is sound and strongly complete w.r.t. atemporal STIT frames as in Def. 3.2.10.
The proof is just a simplified version of Theorem 6.3.39, so we skip most of the
details. Then, we show that the satisfiability problem for LG

STIT is decidable.

(CPL) Tautologies of classical propositional logic
(S5) S5 axioms and rules of inference for 2, [stit]i, [stit]C
(Nec) 2φ→ [stit]iφ for every i ∈ Ags
(i− C) [stit]iφ→ [stit]Cφ for every i ∈ C ∈ G
(Ind) (3[stit]I1φ1 ∧ . . . ∧3[stit]Inφn) → 3([stit]I1φ1 ∧ . . . ∧ [stit]Inφn)

for any disjoint I1, . . . , In ∈Mod
(MP) If ⊢ φ and ⊢ φ→ ψ, then ⊢ ψ

Table 6.3: Logic LG
STIT

As for the completeness proof, we repeat our steps from the previous section:

1. Define a class of atemporal pre-frames Fa
pre;

2. Prove that LG
STIT is sound and strongly complete w.r.t. Fa

pre;

3. Prove that LG
STIT does not distinguish between atemporal pre-frames and

atemporal Kripke STIT frames.

Once again, we will first reformulate the definition of atemporal Kripke STIT
frames in an equivalent way (this time, only rewriting (IoA)), to simplify our
work.

6.3.40. Definition (Atemporal Kripke STIT frames Fa). A tuple:

F = (W,R2, {Ri}i∈Ags, {RC}C∈G) ∈ Fa

is an atemporal Kripke STIT frame, where:

1. W ̸= ∅;

2. R2, R2, {Ri}i∈Ags, {RC}C∈G are equivalence relations on W , such that:

(a) For any i ∈ Ags: Ri ⊆ R2;

(b) Group actions: for any C ∈ G, RC =
⋂
i∈C Ri ;

(c) Independence of agents: for any disjoint I1, . . . , In ∈Mod, if w1R2 . . .
R2wn, then RI1(w1) ∩ . . . ∩RIn(wn);

6.3.41. Definition (Atemporal pre-frames Fa
pre). A tuple

F = (W,R2, {Ri}i∈Ags, {RC}C∈G)
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is an atemporal pre-frame iff F satisfies all the properties of the atemporal Kripke
STIT frame from Def.6.3.40, except of the condition (2b), which is weakened: for
every C ∈ G, RC ⊆

⋂
Ri.

6.3.42. Theorem (LG
STIT is sound and complete w.r.t. Fa

pre). For any set of for-

mulae Γ ⊆ LG
STIT and a formula φ ∈ LG

STIT , the following holds:

Γ ⊢LG
STIT

φ⇔ Γ |=Fa
pre

φ.

Proof:
Each condition in Def. 6.3.41 is the first-order correspondent of the axiom of
LG
STIT , which is Sahlqvist formula (see the correspondence in the proof of Theorem

6.3.27). Therefore, soundness and strong completeness automatically follows by
Sahlqvist correspondence theorems [Sah75]. 2

6.3.43. Lemma. For every atemporal pre-frame F = (W,R2, {Ri}i∈Ags, {RC}C∈G)
there exists an atemporal Kripke STIT frame F = (W,R2, {Ri}i∈Ags, {RC}C∈G),
such that F is a bounded morphic image of F.

Proof:
Analogously to Lemma 6.3.28. We just simplify the construction of the Kripke
STIT frame by postulating Λw as the set of functions f : {δw} → Rn, such that
if f(δw) = x⃗, then for any C ∈ G:

w ∈ kCδw(
∑
i∈C

x⃗(i))

All other steps are just as in Lemma 6.3.28. 2

6.3.44. Theorem (LG
STIT is sound and complete). For any set of formulae Γ ⊆

LG
STIT and a formula φ ∈ LG

STIT , the following holdS:

Γ ⊢LG
STIT

φ⇔ Γ |=Fa φ.

Proof:
(⇒) By a straightforward validity check.

(⇐) By contraposition. Assume Γ ̸⊢LG
STIT

φ. Then, Γ∪{¬φ} is LG
STIT -consistent.

By Theorem ]6.3.42, there exists an atemporal pointed pre-model (M,w), such
that M,w |= Γ ∪ {¬φ}. By Lemma 6.3.43, there exists a pointed atemporal
Kripke STIT model (M, wf ), such that M, wf |= Γ ∪ {¬φ}. Hence, Γ ̸|=Fa φ. 2
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As for satisfiability, having Theorem 6.3.39 at hand, we know that a formula is
satisfiable in a class of atemporal Kripke STIT frames iff it is LG

STIT -consistent iff
it is satisfiable in Fa

pre. Next, we show that every formula φ ∈ LG
STIT is satisfiable

in Fa
pre iff it is satisfiable on some frame with at most 2|sub(φ)| worlds.

6.3.45. Theorem (LG
STIT has a strong finite model property). Any φ ∈ LG

STIT

is satisfiable in Fa
pre iff it is satisfiable on some pre-frame with at most 2|sub(φ)|

worlds.

Proof:
Let M = (W,R2, {Ri}i∈Ags, {RC}C∈Ags, V ) be a pre-model, such that, for some
w ∈W , M,w |= φ. Let

Mw = (Ww, Rw
2, {Rw

i }i∈Ags, {Rw
C}C∈G, V

w)

be a point-generated submodel of M : Ww = R2(w), and for every relation R,
Rw = R∩ (Ww×Ww). By a standard preservation results [BRV01], Mw, w |= φ.

Let sub(φ) be a set of subformulae of φ. Let ∼ be an equivalence relation on Ww,
such that w1 ∼ w2 iff for any ψ ∈ sub(φ), Mw, w1 |= ψ iff Mw, w2 |= ψ. For any
u ∈Ww, let [u] = {v ∈ Ww | u ∼ v}. Then, we define a filtration of Mw through
sub(φ) as follows:

M ′ = (W ′, R′
2, {R′

i}i∈Ags, {R′
C}C∈G, V

′)

1. W ′ = {[v] | v ∈ Ww}. Note that W ′ is finite, and its cardinality is at most
2|sub(φ|);

2. [u]R′
2[v] iff for any 2ψ ∈ sub(φ), Mw, u |= 2ψ iff Mw, v |= 2ψ;

3. For any i ∈ Ags, [u]R′
i[v] iff [u]R′

2[v] and for any [stit]iψ ∈ sub(φ), Mw, u |=
[stit]iψ iff Mw, v |= [stit]iψ;

4. For any C ∈ G, [u]R′
C [v] iff [u]R′

i[v] for any i ∈ C and for any [stit]Cψ ∈
sub(φ), Mw, u |= [stit]Cψ iff Mw, v |= [stit]Cψ;

5. For any p ∈ V ar, V ′(p) = {[v] ∈ W ′ | v ∈ V w(p)}.

First, we prove that M ′ is a pre-model. Directly from the definition of M ′, it
follows that R′

2, {R′
i}i∈Ags, {R′

C}C∈G are equivalence relations, such that ∀i ∈
Ags : R′

i ⊆ R′
2, ∀C ∈ G : R′

C ⊆
⋂
i∈C Ri. It is left for us to prove that M ′ satisfies

the independence of agents constraint.

Let [u1], . . . , [un] ∈ W ′, such that [u1]R
′
2 . . . R

′
2[un]. Since Ww = R2(w), u1R2

. . . R2un. Since Mw is the pre-model, it satisfies independence of agents. Hence,
there exists v ∈ Ww, such that u1R

w
1 v, . . . , unR

w
n v. Since Rw

i ⊆ Rw
2 for any

i ∈ Ags, vRw
2u1R

w
2 . . . R

w
2un. So, by semantics of 2, Mw, v |= 2ψ iff M,ui |= 2ψ
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for any i ∈ Ags and for any formula ψ. Therefore, [u1]R
′
2[v], . . . , [un]R′

2[v].
Since u1R

w
1 v, . . . , unR

w
n v, by semantics of [stit]i, for any i ∈ {1, . . . , n}, Mw, ui |=

[stit]iψ iffMw, v |= [stit]iψ for any [stit]iψ ∈ sub(φ). Then, [u1]R
′
1[v],. . .,[un]R′

n[v].
Hence, R′

1([u1]) ∩ . . . ∩R′
n([un]) ̸= ∅.

It is left for us to show that for any ψ ∈ sub(φ), Mw, w |= ψ iff M ′, [w] |= ψ. We
do it by induction on ψ. Cases of atomic propositions and Boolean connectives
are trivial. For each of the remaining cases, the proofs are analogous, so we
explicitly show it only for [stit]iψ.

(⇒) Assume Mw, w |= [stit]iψ for some [stit]iψ ∈ sub(φ). Then, by def. of
R′
i, [w]R′

i[v] iff Mw, w |= [stit]iγ ⇔ Mw, v |= [stit]iγ for any [stit]iγ ∈ sub(φ).
Since [stit]iψ ∈ sub(φ), Mw, v |= [stit]iψ. By reflexivity of Ri, M

w, v |= ψ. By
induction hypothesis, M ′, [v] |= ψ. Since [v] was chosen arbitrarily, for every
[v] ∈W ′, such that [w]R′

i[v], M ′, [v] |= ψ. Then, M ′, [w] |= [stit]iψ.

(⇐) Assume M ′, [w] |= [stit]iψ for some [stit]iψ ∈ sub(φ). For a contradiction,
assume wRw

i v and Mw, v ̸|= ψ. By induction hypothesis, M ′, [v] ̸|= φ. Since
wRw

i v, Mw, w |= [stit]iγ iff Mw, v |= [stit]iγ for any γ ∈ LG
STIT . Then, [w]R′

i[v].
But then M ′, [w] ̸|= [stit]iψ. Contradiction. Hence, for every v ∈ Ww, if wRw

i v,
then Mw, v |= ψ, i.e., Mw, w |= [stit]iψ. 2

6.3.46. Theorem. The satisfiability problem of a given formula φ ∈ LG
STIT is

decidable.

Proof:
Take any formula φ ∈ LG

STIT . By Theorem 6.3.45, if φ is satisfiable, it is satisfiable
on a pre-model of the size at most 2|sub(φ)|. So, we can nondeterministically guess
the pre-model M = (W,R2, {Ri}i∈Ags, {RC}C∈G, V ) and check whether M,w |= φ
for some w ∈ W in polynomial time [BRV01]. 2

To conclude, we have demonstrated that the fragment of standard group STIT
logic with disjoint groups has some desirable metalogical properties. As for plan-
restricted group STIT logic, our results are easy to transfer to the analogous
fragment of LtpSTIT . All we have to do is add the following axiom for {ϱC}C∈G:

[stit]CϱC ↔ ϱC

If we perceive ϱC as a 0-ary modality, the axiom is a Sahlqvist formula, whose
first-order correspondent expresses the fact that UC is RC-closed:

∀w ∈W (w ∈ UC ↔ ∀v ∈ W (vRCw → v ∈ UC))

which is essentially the condition (2a) of Def. 6.2.1. As for (2b) of Def. 6.2.1, it is
automatically satisfied for our fragments, given that all groups in G are pairwise
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disjoint. Moreover, the choice of language restriction can be justified in LtpSTIT
semantically: we can work with the class of pSTIT-frames, where UC ̸= ∅ iff
C ∈ G. In other words, only those sets of agents constitute groups for which we
have the corresponding modalities in our language.

6.3.4 Discussion: is our definition of plans too weak?

Strengthening the definition of a group via explicit introduction of joint agreed-
upon plans gives us not only conceptual but also some technical advantages. Our
representation of a plan is quite general: it is any subset of group members’ avail-
able actions. Such a representation might appear to be too weak. For instance, it
allows non-interchangeable plans. Informally, a group’s plan is interchangeable iff
members of the group can fulfil the plan by acting independently of one another,
without any need to coordinate their actions. Consequently, non-interchangeable
plans require coordination between group members.

The notion of interchangeability was initially introduced in [Nas50] and adopted
in [TD17] in the context of group plans. The interchangeability of a plan closely
resembles the independence of agents constraint, since both require independence
of action choices. Given a group G = {1, . . . , g}, G’s plan UG is interchangeable
iff for any worlds w1, . . . , wg ∈ W , such that w1R2 . . . R2wg and w1, . . . , wg ∈ UG,
the following holds:

R1(w1) ∩ . . . ∩Rg(wg) ⊆ UG

i.e., any aggregation of members’ actions that are consistent with the plan is a
group action. If a plan is interchangeable, group members can independently
choose any actions of their own that are consistent with the plan and be sure
that the plan will be fulfilled, without any need to communicate and coordinate
their choice of actions. In [TD17], it is argued that only interchangeable plans
are plausible, given that the agents cannot communicate to act conditionally on
the choice of others. We allowed non-interchangeable plans, since we reasoned
about individual and group actions causally: we have made no assumptions about
agents’ knowledge and abilities to communicate. Therefore, groups may have non-
interchangeable plans if they have sufficient communication sources to coordinate
their actions accordingly. In the following section, we explicitly show what com-
munication sources are necessary and sufficient.

6.4 Solving coordination problems via commu-

nication

This section is based on [KDB26].
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Coordination problems have received significant attention in the fields of theo-
retical economics and philosophy [Sch58; HS88b; Bac06; Sug03]. Unlike in most
of these publications,11 we will study coordination problems where agents can
communicate with one another. Namely, our goal is to identify the necessary and
sufficient conditions of communication to avoid coordination failures. Given an
arbitrary coordination problem, who must inform whom about their actions to
prevent coordination failures? We present an epistemic game-theoretical frame-
work for addressing these questions. In this framework, we semantically prove
our main theorem: the coordination problem can be solved via communication if
and only if every subset of agents whose actions are interdependent can engage
in semi-private communication within that set.

The section is organised as follows: in Section 6.4.1, we recall basic definitions and
results on coordination games and fix the terminology and notation. We slightly
restate the result of [TD17]: if we assume that agents can communicate publicly,
then any coordination problem can be solved by adopting an optimal, inter-
changeable plan. In Section 6.4.2, we weaken the assumption regarding who can
communicate and show that the necessary and sufficient communication channels
depend on the plan: agents must be able to communicate to avoid coordination
failures iff their actions are interdependent. After introducing the formal lan-
guage and semantics in Section 6.4.3, we formally state and semantically prove
our main theorem about the necessity and sufficiency of semi-private commu-
nication in critical sets (Section 6.4.4). In Section 6.4.4, we discuss whether
semi-private communication is indeed necessary, emphasising why fully private
communication – some agents sharing information, while outsiders do not know
that this happens – is not sufficient. We conclude and outline directions for future
work in Section 6.4.5.

6.4.1 Coordination in deontic games: preliminaries

Throughout the section, we will work with a class of deontic games. In deontic
games, agents share a common interest and must align their actions to serve
that interest [TH20].12 Such common interest may be, e.g., to fulfil their jointly
agreed-upon plan, or to maximise their utility. For our purposes, the nature of
agents’ common interest is inessential. Since multiple joint actions may meet
everybody’s interest, agents need to coordinate accordingly.

6.4.1. Definition (Deontic games). A deontic game is a tuple:

G = (Ags, {Ai}, d),

11A notable exception is a paper of [TD17], where it is assumed that group members are
capable of pre-play public communication to establish common knowledge about the adoption
of the plan.

12In deontic games introduced by [TH20], agents have a shared moral code rather than a
common interest. This difference in interpretations is not essential for our purposes.
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where Ags is a nonempty finite set of agents; for every i ∈ Ags, Ai is a nonempty
finite set of actions available for i; d :

∏
Ai → {0, 1} is a function that partitions

action profiles into deontically ideal ones d−1(1) and deontically non-ideal ones
d−1(0). There exists at least one action profile α ∈

∏
i∈AgsAi, such that d(α) =

1. Intuitively, an action profile is deontically ideal iff it promotes the common
interest of all agents. We suppose that there is at least one such action profile.

Given any game G = (Ags, {Ai}i∈Ags, d), we use the following notational conven-
tions. Dom(G) :=

∏
i∈AgsAi, the set of all action profiles will be referred to as a

domain of the game. If Ags = {1, . . . , n} and α = ⟨a1, . . . , an⟩ ∈ Dom(G), then
for any i ∈ Ags: α(i) := ai. Analogously, for any C ⊆ Ags and any α ∈ Dom(G),
α(C) ∈

∏
i∈C Ai is a projection of α to C, e.g. ⟨a1, a2, a3⟩({1, 3}) := ⟨a1, a3⟩. For

any α, β ∈ Dom(G), C ⊆ Ags, α ≡C β iff α(C) = β(C).

6.4.2. Example. Three friends, Anne, Boris and Chloe, live between two train
stations: Right and Left. Chloe has severe conflicts with both Anne and Boris. In
case she meets either of the two alone, she cannot avoid an argument. Neverthe-
less, if she meets both Anne and Boris, she will not start an argument, because
she knows the third party will interfere.

Every day, Anne, Boris and Chloe have to take a train to the nearest city, which
they can do at either of the two train stations. Neither of them prefers either of
the two stations to the other. The common interest of Anne, Boris and Chloe
is to prevent public arguments, since they damage their reputation as a friend
group.

We formalise Example 6.4.2 as a deontic game G = (Ags, {Ai}i∈Ags, d), where:
Ags = {a, b, c} is the set of players, Anne, Boris and Chloe, respectively. For
every i ∈ Ags, Ai = {ri, li}: ri is i’s action to go to Reft, li – to go to Light; d is a
deontic ideality function, such that d(⟨ra, rb, lc⟩) = d(⟨la, lb, rc⟩) = d(⟨ra, rb, rc⟩) =
d(⟨la, la, lc⟩) = 1, and for any other action profile α, d(α) = 0. In other words, it is
deontically ideal for Ags that Chloe does not meet either Anne or Boris without
a third party.

la ra
lb 1 0
rb 0 1

lc

la ra
lb 1 0
rb 0 1

rc

Figure 6.9: Coordination game for Example 6.4.2

Anne may go to either of the two stations only if Boris goes there as well. Anal-
ogously, Boris can go to either of the two stations only if Anne comes along. If
Boris and Anne cannot agree upon the station they should go to, there is no way
to knowingly avoid the undesirable outcome.
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There are two generally acknowledged ways to prevent coordination failures in
similar cases, when agents cannot communicate: introducing focal points and
revising the solution concept. A focal point (or Schelling point) is a solution to
a coordination problem that agents tend to choose by default. Thomas Schelling
showed the existence of focal points experimentally [Sch58]. Schelling asked his
students where and when they would go in case they needed to meet a person in
New York City without having a chance to agree on time and place in advance.
The most common answer was noon at the Grand Central Terminal. There is
no clear reason why this time and place is preferred. This choice is grounded
in nothing but the custom of New Yorkers to use Grand Central Terminal as
a meeting place. When and how exactly the focal points form is still an open
question.

Given that the focal points do not necessarily exist in every case, they do not
entirely solve our problem. Sometimes, coordination problems can be solved
by revised solution concepts. For example, if deontically ideal action profiles
somehow differ in terms of payoffs, e.g. one Pareto-dominates others, or one of
them is less risky,13 it is reasonable to say that agents are rationally pressured to
take this difference into account as well [HS88a]. Another approach is switching
to team reasoning : first, agents think about what is best for all of them as
a group, and then individually deliberate on how they should act in order to
fulfil their share of the best group behaviour [Bac06]. Both approaches are really
powerful tools that can solve a wide range of coordination problems, e.g., the stag
hunt game and the like. [Dui18] amends team reasoning with a more elaborate
participatory-reasoning schema, which can be applied to typical collective action
problems. Nonetheless, [Dui18] argues that participatory reasoning may still fail
to solve cooperation problems because of external or coordination uncertainty.

If we assume that agents have sources of pre-play communication that allow
them to adopt or revise their plan and make it commonly known, then they can
agree to narrow their choice between the otherwise equally preferred joint actions
[TD17]. Technically speaking, plan adoption is modelled by updating the ideality
function: in the updated game, group actions that go against the plan are no
longer deontically ideal.

6.4.3. Definition (Plan updates). Given a deontic gameG = (Ags, {Ai}i∈Ags, d),
a plan P ⊆ Dom(G) is an arbitrary set of group actions. The update of G with
P , denoted as G ↑ P , is the deontic game G ↑ P = (Ags, {Ai}i∈Ags, d↑), where
d↑(α) = d(α) if α ∈ P ; otherwise, d↑(α) = 0.

As it was shown in [TD17], agents should adopt optimal and interchangeable

13Informally, given two action profiles α, β, α risk-dominates β iff when each player assigns
some probability to the possibility that the other players might not chose their joint strategy,
choosing α yields a higher expected payoff than choosing β.
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plans, i.e., the set of the group’s chosen joint actions should contain only deonti-
cally ideal joint actions and presuppose independence between agents’ individual
actions.

6.4.4. Definition. Given a deontic game G = (Ags, {Ai}i∈Ags, d), an individual
action ai ∈ Ai of agent i is called acceptable iff it is compatible with some
deontically ideal action profile, i.e., for some α ∈ Dom(G), d(α) = 1 and α(i) =
ai. Analogously, given any subgroup C ⊆ Ags, a subgroup action aC ∈

∏
i∈C Ai

is acceptable iff there exists an action profile α ∈ Dom(G), such that d(α) = 1
and α(C) = aC .

A plan P ⊆ Dom(G) is optimal iff for every α ∈ P , d(α) = 1. A plan P ⊆
Dom(G) is interchangeable iff for any α1, α2 ∈ P , for any disjoint A,B ⊆ Ags,
there exists an action profile α3 ∈ P , such that α1 ≡A α3 and α2 ≡B α3. See
Figure 6.10 for an example of an interchangeable plan.

1a 2a 3a
1b 1 1 0
2b 0 0 0
3b 1 1 0

Figure 6.10: Example of a two-player coordination game with an interchangeable
plan. Aa = {1a, 2a, 3a}, Ab = {1b, 2b, 3b}, P = {⟨1a, 1b⟩, ⟨1a, 3b⟩, ⟨2a, 1b⟩, ⟨2a, 3b⟩},
Note that P = {1a, 2a}×{1b, 3b}, where {1a, 2a} are acceptable for a and {1b, 3b}
are acceptable for b.

As it was shown in [TD17], given a set of agents Ags = {1, . . . , n}, a deontic game
G = (Ags, {Ai}i∈Ags, d) and an optimal and interchangeable plan P , individual
actions a1 ∈ A1, . . . , an ∈ An are acceptable in G ↑ P iff ⟨a1, . . . , an⟩ ∈ P . In other
words, the optimal and interchangeable plan narrows the set of acceptable actions
for every agent in such a way that every aggregation of members’ acceptable
actions is in the plan and deontically ideal. That way, every agent can choose
any of her acceptable actions without knowing what others are doing, and the
deontically ideal outcome will be reached.

The set of deontically ideal actions in Example 6.4.2 is not interchangeable:
d(⟨ra, rb, rc⟩) = d(⟨la, lb, lc⟩) = 1 and ⟨la, lb, lc⟩ ≡{b,c} ⟨ra, lb, lc⟩ ≡{a} ⟨ra, rb, rc⟩,
but d(⟨ra, lb, lc⟩) = 0. If Anne, Boris and Chloe have sufficient sources of pre-
play communication to establish common knowledge among them, then they can
adopt an interchangeable plan to narrow their choice and avoid coordination
failures. For example, they can agree that Anne and Boris should go to Left:
P = (α ∈ Dom(G) | α({a, b}) = ⟨la, lb⟩). P is optimal and interchangeable. In
that case, both Anne and Boris know they should go to Left, while Chloe knows
that she can go to any station, and as long as everyone follows the plan, Chloe
will not meet Anne or Bob without a third party.
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The solution of [TD17] underlines the key point: if agents can establish common
knowledge among them via pre-play communication, any coordination problem
can be solved. For every coordination game G, there exists at least one optimal
and interchangeable plan P . Take any action profile α ∈ Dom(G), such that
d(α) = 1 (by Definition 6.4.1, such an action profile exists). Trivially, the single-
ton plan P = {α} is optimal and interchangeable. The solution of [TD17] requires
a very strong assumption about agents’ ability to communicate. Namely, [TD17]
consider the adoption of the group’s plan to be public, which results in the plan
being commonly known among all members. As they note, “[t]hese idealizing
assumptions [about public adoption of the plan] are similar to those that underlie
the logic of public announcements” [TD17, Footnote 14]. Therefore, for a group
of agents to adopt the plan, they should be able to communicate publicly : agents’
messages should simultaneously reach everyone, everyone gets notified that the
message has reached anyone, and so on.

6.4.2 Weakening the announcements

So far, we have explored solving coordination problems under two assumptions
about agents’ ability for pre-play communication. If we assume that agents cannot
communicate at all, the coordination problem can be solved if there exists a
focal point [Sch58] or if deontically ideal outcomes differ in terms of pay-offs
or riskiness [HS88a; Bac06]. On the contrary, if we assume that agents can
communicate publicly, they can solve any coordination problem by adopting an
optimal interchangeable plan [TD17]. The first assumption seems too weak: most
of the time, group members can share at least some information with at least some
of their peers. On the contrary, the second assumption is too strong: rarely can
agents publicly announce what strategies they have decided to follow. Often,
only some agents have sources of communication, and their messages can reach
only some subset of group members. In this subsection, we relax the assumption
of public communication. We show in which cases only private communication
inside some subgroups is enough to prevent coordination failures.

As it is shown by [TD17], there is no need for agents to communicate iff the set
of deontically ideal outcomes is interchangeable, or, in other words, if they can
achieve deontically ideal states by acting independently from one another. We
show that, given any deontic game, it is necessary and sufficient that only agents
whose actions are dependent on one another can sequentially let one another
know what they are about to do.

To illustrate our point, we go back to Example 6.4.2. Intuitively, the actions
of Anne and Boris are interdependent: to achieve a deontically ideal outcome,
whatever station Anne chooses, Boris should choose the same station as well, and
vice versa. On the contrary, Chloe’s actions are independent of the joint actions
of Anne and Boris. Chloe’s choice of action does not restrict Anne and Boris in
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their choices, and vice versa. Therefore, it suffices, e.g, for Anne to let Boris know
which station she will go to. Suppose Anne privately tells Boris she will go to Left.
Then, Boris will know that he should choose Left as well, otherwise, either Anne
or he will meet Chloe without a third party. Chloe can safely choose any station
she prefers, and since both Anne and Boris will be at Left, Chloe will either meet
neither or both of them. Then, the plan of three agents is not interchangeable,
but coordination failure can be avoided via private communication. The example
indicates that public communication may not always be necessary.

We want to formally verify our intuition about the necessity and sufficiency of
private communication between interdependent agents. Therefore, we need to
reason about not only (in)dependence between all agents and their common
knowledge, as in the case of publicly adopted interchangeable plans, but also
about (in)dependence and common knowledge inside subgroups as well. There-
fore, first, we define a formal language that is rich enough to express these notions.
Then, we define a semantical framework – ex-ante epistemic game models – to
interpret that formal language. Finally, we prove the theorem about the necessity
and sufficiency of private communication between interdependent agents in that
language.

6.4.3 Formal language, semantics

We fix a finite set of agents Ags = {1, . . . , n} and finite sets of the corresponding
action names, e.g. for any i ∈ Ags, Ai = {1i, . . . , ji} for some j ∈ N. We
recursively define the language LGEL as follows:

π := ai | ¬π | (π ∨ π)

LGEL ∋ φ := δ | π | ¬φ | (φ ∨ φ) |2φ |Kiφ | | CXφ | [π]Xφ

where ai ∈ Ai, i ∈ Ags, X ⊆ Ags. δ stands for “a deontically ideal outcome
is reached”. ai means that agent i has done the action ai. 2φ means that it is
necessarily true that φ. Kiφ reads as “agent i knows that φ”. CXφ reads as “it is
commonly known in X that φ” (we will abbreviate CAgs as just C). [π]Xφ reads
as “if it is semi-privately announced to the members of X that π, then φ holds”.
By semi-private announcement of π to X we mean the following: all members of
X establish common knowledge among them that π, while other agents only get
to know that members of X have reached common knowledge whether π.14

14To the best of our knowledge, the concept of semi-private (or semi-public) announcement
first appears in [BMS23].
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Note that [Kiaj]Xφ, [CXφ]Xψ, [[φ]Xψ]Y θ etc. are not well-formed formulas:
we only allow announcements about actions, not about other announcements
or agents’ knowledge. Notational conventions: we abbreviate ∧,→,↔ via ¬,∨
in a standard way, as well as modalities’ duals: K̂i := ¬Ki¬, ĈX := ¬CX¬,
⟨π⟩Xψ := ¬[π]X¬ψ. K̂iφ reads as “i considers it possible that φ”, ĈXφ – “it
is commonly considered possible among X that φ”, ⟨π⟩Xφ – “π is semi-privately
announced to X, and after the announcement, φ is true”.

In order to interpret this language, we will use epistemic game models [Aum76].

6.4.5. Definition (Epistemic game models). Given a deontic game G, an epis-
temic game model is a tuple M = (G,W, {∼i}i∈Ags, σ), where:

• G is a deontic game;

• W is a non-empty set of possible worlds;

• ∼i⊆ W × W is an equivalence relation on possible worlds, representing
agent’s knowledge:

• σ : W → Dom(G) is a function that takes a world and returns its corre-
sponding outcome of the game.

For brevity, ∆ := {w ∈ W | d(σ(w)) = 1}, i.e., worlds in ∆ correspond to the
deontically ideal outcomes.

Semi-private communication on epistemic game models is modeled via semi-
private updates :

6.4.6. Definition (Semi-private updates). For any epistemic game model M =
(G,W, {∼i}i∈Ags, σ), a set of worlds W ′ ⊆ W and a group X ⊆ Ags, MX

W ′ =

(G,W, {∼(X,W ′)
i }i∈Ags, σ) is an updated model, where:

• G,W, σ are defined just like in M ;

• ∼(X,W ′)
i =

{
∼i ∩(W ′ ×W ′) if i ∈ X

∼i otherwise

MX
W ′ models the state of affairs after it was semi-privately announced to members

of X that the outcome of the game lies in W ′.

We will work with a certain subclass of epistemic game models, which we call ex
ante models. Namely, ex ante models depict the knowledge of agents in games
of complete information that they have before any of them has decided upon
their action. In other words, every agent in the ex ante model knows neither her
own action nor the action of any other player, and it is commonly known which
strategies every agent has, what outcomes are deontically ideal, and who knows
and does not know what.
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6.4.7. Definition (Ex ante models). Given any deontic game G, an ex ante
model for this game is an epistemic game model M = (G,W, {∼i}i∈Ags, σ), such
that:

1. There is a one-to-one correspondence between the domain of the game and
the set of possible worlds, i.e. σ is a bijective function;

2. For any agent i ∈ Ags, ∼i= W ×W .

From now on, we denote the class of ex-ante models as E.

6.4.8. Definition (Semantics for LGEL). For any epistemic game model M =
(G,W, {∼i}i∈Ags, σ), let ∼X=

(⋃
i∈X ∼i

)∗
be a transitive closure of

⋃
i∈X ∼i.

Then, for every model M and a world w ∈ W , we inductively define |= relation
as follows:

M,w |= δ ⇔ w ∈ ∆

M,w |= ai ⇔ σ(w)(i) = ai

M,w |= ¬φ ⇔ M,w ̸|= φ

M,w |= φ ∨ ψ ⇔ M,w |= φ or M,w |= ψ

M,w |= 2φ ⇔ ∀v ∈ W : M, v |= φ

M,w |= Kiφ ⇔ ∀v ∈ W (w ∼i v ⇒M, v |= φ)

M,w |= CXφ ⇔ ∀v ∈ W
(
w ∼X v ⇒M, v |= φ

)
M,w |= [π]Xφ ⇔ M,w ̸|= π or MX

JπK, w |= φ

where JπK = {w ∈ W |M,w |= π}. From now on, we denote the updated models
as follows: MX

π := MX
JπK = (G,W, {∼X,π

i }i∈Ags, σ). M |= φ iff M,w |= φ for all

w ∈W . E |= φ iff M |= φ for any ex-ante model M .

After we have defined the semantics for LGEL, we proceed with expressing some
crucial notions that we need to formally define necessary and sufficient conditions
for communication channels to avoid coordination failures. Given a set of agents
X ⊆ Ags, let A⃗X = {

∧
i∈X ai | ∀i ∈ X : ai ∈ Ai} be a set of conjunctions of

X-members’ actions names. Informally, every formula φ ∈ A⃗X is a name of some
joint action of X. We can express the acceptability of (joint) actions. Namely,
given a deontic game G and its ex ante model M , an action ai is acceptable
iff M |= 3(ai ∧ δ), i.e., there exists a deontically ideal world where ai is done.

The acceptability of any joint action φX ∈ A⃗X is expressed analogously: M |=
3(φX ∧ δ).

On ex-ante models, we can express independence between actions of some sub-
groups via acceptability. Given any A,B ⊆ Ags, actions of A and B are inde-
pendent, A || B, iff an aggregation of any acceptable joint actions of A and B
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constitute an acceptable joint action of A ∪B:

A ||B :=
∧

φB∈A⃗B

∧
φA∈A⃗A

(3(φA ∧ δ) ∧3(φB ∧ δ)) → 3(φA ∧ φB ∧ δ) (6.3)

Consequently, we can define interchangeability of the set of deontically ideal ac-
tion profiles as independence of all disjoint subgroups:

||Ags :=
∧

A∩B=∅

A ||B

Alternatively, given Ags = {1, . . . , n},

||Ags :=
∧

a1∈A1

. . .
∧

an∈An

(3(a1∧δ)∧ . . .∧3(an∧δ)) → 2((a1∧ . . .∧an) → δ) (6.4)

It is a routine to check that both definitions of ||Ags are equivalent. Note that
on ex-ante models (or any models, where σ is bijective), there is an equivalent
definition of ||Ags:

E |= ||Ags ↔
( ∧
a1∈A1

. . .
∧

an∈An

(3(a1 ∧ δ) ∧ . . . ∧3(an ∧ δ)) → 3(a1 ∧ . . . ∧ an ∧ δ)
)

since there is a single world, where a1 ∧ . . . ∧ an is true.

We can express agents’ knowledge about the acceptability of their actions. Namely,
given a pointed model (M,w), M,w |= K̂i(ai ∧ δ) iff i considers ai acceptable.
Consequently, M,w |= Ki(ai → ¬δ) means that i knows that her action ai is
unacceptable. Agents’ actions may not be independent in general, but if we look
only at actions that agents themselves consider acceptable, they might well be
independent.

Given a pointed epistemic game model (M,w) of a deontic game G, we say that
G is epistemically interchangeable at (M,w) iff every agent considers it possible
to fulfil the plan and the agglomeration of any actions that agents themselves
consider acceptable is acceptable. Formally:

||∼Ags :=
∧
i∈Ags

K̂iδ∧
∧

a1∈A1

. . .
∧

an∈An

(K̂1(a1∧δ)∧. . .∧K̂n(an∧δ)) → 2((a1∧. . .∧an) → δ)

(6.5)

In the case of epistemic interchangeability, a deontically ideal outcome will be
reached without additional communication, given that no one will do an action
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that she knows to be unacceptable. If the agents have achieved epistemic inter-
changeability, even if the set of deontically ideal outcomes is not interchangeable,
they can use their knowledge to act as if that set were interchangeable. They can
just avoid doing actions that they know to be unacceptable, and some deontically
ideal outcome will inevitably be reached. Note that on ex-ante models, just like
on any other models with bijective σ, ||∼Ags has an equivalent definition:

E |= ||∼Ags ↔( ∧
i∈Ags

K̂iδ∧
∧

a1∈A1

. . .
∧

an∈An

(K̂1(a1∧ δ)∧ . . .∧ K̂n(an∧ δ)) → 3(a1∧ . . .∧an∧ δ)
)

since there is a unique world, where a1 ∧ . . . ∧ an is true.

It is straightforward that from M,w ̸|= A||B it follows that M,w ̸|= (A∪X)||(B∪
Y ) for any X, Y ⊆ Ags. In other words, dependence is monotonic: as soon as ac-
tions of two subgroups depend on one another, actions of any of their supergroups
are dependent as well. If we want to capture the genuine, irreducible dependence
between subgroups, we need the notion of a critical set.15 Informally, X ⊆ Ags
is a critical set iff there is a dependence that involves all members of X.

6.4.9. Definition (Critical sets in deontic games). Given an ex-ante model of
some deontic game M , a set X ⊆ Ags is called critical iff there is a critical
partition of X onto X1 and X2, i.e. a partition such that:

1. M ̸|= X1||X2, i.e., X1 and X2 are not independent;

2. M |= (X1 ∩B)||(X2 ∩B) for any B ⊂ X, i.e., dependence between X1 and
X2 cannot be reduced to the dependence between their proper subgroups.

Actions of a critical set’s members are interdependent: a good choice of strategy
of any member is restricted by the choices of all other members.

As for semi-private announcements, we say that an announcement [π]X is inter-
nal iff π is a formula that is built only from action names {Ai}i∈X . In other
words, [π]X is an internal semi-private announcement iff only information about
strategies of some members of X is announced in X. An announcement [π]X is
individual iff π is built only from action names Ai of some single agent i ∈ Ags
and Boolean connectives, i.e., [π]X is individual iff only information about actions
of one agent is announced. Assume i ∈ X ⊆ Ags and π is a formula built from Ai
and Boolean connectives. Then, [π]X is an internal individual semi-private an-
nouncement. Such announcements model semi-private messages of i to X about

15[NN13] introduces the notions of critical sets and critical partitions for purely technical
reasons, to establish a completeness proof for their logic.
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i’s choice of strategy: it might be the exact choice of i’s strategy or some partial
solution.

By semi-private disclosure of i’s action to X we mean the announcement, after
which i’s action is commonly known in X, while outsiders only get to know that
agents in X get to know the exact action of i, whatever this action is. Such
disclosures are also expressible in our language:

6.4.10. Definition (Semi-private disclosure of action). For a deontic gameG =
(Ags, {Ai}i∈Ags, d), its ex ante model M = (G,W, {∼i}i∈Ags, σ) and a world
w ∈W , the semi-private disclosure of i’s action toX is the semi-private announce-
ment of i’s action to X, i.e. [σ(w)(i)]X , followed by semi-private announcements
of negations of all other i’s actions to X, i.e. [¬ij]X for any ij ∈ Ai \ {σ(w)(i)}.
For example, if Ai = {i1, i2, i3} and σ(w)(i) = i1, i.e. i does i1 in w, then the
semi-private disclosure of i’s action to X in w is the following announcement:
⟨i1⟩X⟨¬i2⟩X⟨¬i3⟩X . It is a routine to check that this announcement indeed works
as a semi-private disclosure of i’s action to X, i.e., that:

M,w |= ⟨i1⟩X⟨¬i2⟩X⟨¬i3⟩XC(
∧
ij∈Ai

ij → CXij)

From now on, we will use the abbreviation M,w |= [i]Xφ for a semi-private
disclosure of i’s action σ(w)(i) to X.

Returning to Example 6.4.2, we can now formally demonstrate how pre-play semi-
private communication can solve the coordination problem. Let M = (G,W, {∼
}i∈Ags, σ) be the ex-ante model for the deontic game for Example 6.4.2, presented
in Section 6.4.1. Note that the set {a, b} is critical: M ̸|= a||b, while trivially
M |= a||∅ and M |= ∅||b.

Without loss of generality, we can assume that Anne goes to Right, while Boris
and Chloe go to Left. Could they have avoided this undesirable outcome by
pre-play communication?

Let σ(⟨r, l, l⟩) = w be the real world. Suppose Anne had semi-privately disclosed
her action to Boris. Then, Anne would still consider going Right acceptable and
no longer consider it possible to go left:

M,w |= [a]{a,b}
(
Ka¬la ∧ K̂a(ra ∧ δ)

)
Then, Boris will consider the only strategy of his acceptable, to go to the same
station as Anne, i.e., Right. Knowing where Anne will go, Boris knows that if
he does not go to the same station, either he or Anne will meet Chloe without a
third party, which is deontically non-ideal:

M,w |= [a]{a,b}(Kb(lb → ¬δ) ∧ K̂b(rb ∧ δ))
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As a result, after the semi-private disclosure, both Anne and Boris will consider
only a single action of each of them acceptable – to go to Right – while Chloe
will still consider both of her actions acceptable. Any combination of Anne,
Boris and Chloe’s actions that they consider acceptable is acceptable, i.e., after
the announcement, they will reach the epistemic interchangeability: M,w |=
[a]{a,b}||∼Ags.

As insiders of communication, Anne and Boris will know that they have reached
epistemic interchangeability. As an outsider, Chloe will not know what action
Anne has disclosed to Boris, but since the disclosure was semi-private, she will
learn that Anne and Boris know enough to choose the same train station. There-
fore, Chloe will also get to know that they have reached epistemic interchange-
ability. Moreover, after the semi-private disclosure of Anne’s strategy, it will be
commonly known: M,w |= [a]{a,b}C(||∼Ags). So it will be commonly known that
everyone knows enough to act as if the set of deontically ideal outcomes were in-
terchangeable. In other words, it will be commonly known that agents can avoid
coordination failure by choosing strategies they consider acceptable, so no further
communication is needed.

6.4.4 When semi-private communication is enough: for-
mal proof

In this subsection, we prove our main theorem: semi-private communication via
internal individual announcements in critical sets is a necessary and sufficient
condition for solving any coordination problem. We limit communication to in-
ternal individual semi-private announcements to exclude vicious circles in our
explanation. If we had not restricted ourselves to individual announcements and
allowed groups to announce their choice of actions, we would need to explain how
these groups solve coordination problems to make such truthful announcements.
The announcements should be internal to exclude cases of mind-reading: only
the agent herself can announce what she has chosen to do. First, we show the
necessity of such communication. In other words, we show that the common
knowledge of epistemic interchangeability cannot be reached by a sequence of
announcements if such announcements do not include at least one member of at
least one critical set as an insider.

6.4.11. Theorem (Communication in critical sets is necessary). Take any game
G = (Ags, {Ai}i∈Ags, d) with its ex ante game modelM = (G,W, {∼i}i∈Ags, σ) and
any possible world w ∈W . Take any sequence of individual internal semi-private
announcements [α1]X1 . . . [αn]Xn, such thatM,w |= α1∧. . .∧αn and there is a crit-
ical set X ⊆ Ags, s.t. X ̸⊆

⋃
1≤i≤nXi. Then, M,w ̸|= ⟨α1⟩X1 . . . ⟨αn⟩XnC(||∼Ags).

Proof:
See Theorem 6.4.19 in Appendix (Sec. 6.4.6). 2
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Now we will show that communication inside only critical sets is sufficient. To
make our formulation precise and justify it, we point out that epistemic inter-
changeability presupposes that everyone considers it possible to reach a deon-
tically ideal state. Therefore, to reach the common knowledge of epistemic in-
terchangeability, agents should announce they are about to do actions that they
consider acceptable, given what they know. Going back to Example 6.4.2: if Anne
announces that she is to go Left, Boris cannot announce that he goes to Right to
solve the coordination problem: if such announcements are truthful, then Anne
and Boris will know they will not reach a deontically ideal state. Having this in
mind, we formulate the sufficiency condition as follows:

6.4.12. Theorem (Communication in critical sets is sufficient). For a deontic
game G = (Ags, {Ai}i∈Ags, d), take its ex-ante epistemic game model M = (G,W,
{∼i}i∈Ags, σ). Let X = {X1, . . . , Xn} be the collection of all critical sets of G.
Then, there exists a sequence of individual internal semi-private announcements
[α1]X1 . . . [αq]Xn such that:

1. For any set Y , if Y ̸∈ X , then there is no announcement [α]Y . In other
words, communication happens only inside critical sets.

2. At every mth step of the sequence [α1]X1 . . . [αm]Xj
, if αm+1 is an expression

about actions of i ∈ Ags, then M |= [α1]X1 . . . [αm]Xj
K̂i(αm+1 ∧ δ), i.e. at

every step the announced action of the agent is considered acceptable by that
agent after all the announcements that were already made.

3. M |= [α1]X1 . . . [αn]XnC(||∼Ags), i.e., after the sequence of announcements,
the common knowledge about epistemic interchangeability is established.

Proof:
See Theorem 6.4.20 in Appendix (Sec.6.4.6). 2

Interestingly, the result of [TD17] follows from Theorems 6.4.19,6.4.20. If the
commonly known plan is already interchangeable, then the only critical set is ∅,
therefore, the absence of communication between agents is sufficient to solve the
coordination problem and there is no necessity for any agents to communicate.

Discussion: would full privacy be sufficient?

Why is it necessary to achieve common knowledge that everyone has enough
information? Why is it not enough to achieve a state where everyone actually
has enough information, even if unknown to others? For example, what would
be different in the scenario of Example 6.4.2 if Anne had communicated privately
to Boris, unbeknownst to Chloe? Chloe still could have done her share – just
come to any station – without knowing that others had enough information to
independently do their shares.
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We can find good arguments in favour of the necessity of common knowledge
and hence semi-private communication in the literature on group identification.
As we have argued in Section 2.2, agents can reason either individualistically,
i.e. ask themselves “what should I do?” or engage in team reasoning, i.e. ask
themselves “what we as a group should do?” In the second scenario, the individual
choices of group members’ strategies should follow from the choice of the optimal
joint strategy of the group. Nevertheless, it is not always obvious which mode
of practical reasoning one should employ. As pointed out by [Sug03], often one
should engage in team reasoning only if one is sure that others identify themselves
as group members and reason “socially” as well. In case one lacks reasons to
believe that other group members are engaged in team reasoning, one may lose
the commitment to act towards the common good.

We can make a similar point with respect to (absence of) sufficient communi-
cation. Some deontic games require agents to communicate; ergo, if one lacks
reasons to believe that others communicate in the way that the game requires
them to do, one may lose their commitment to promote common interest and
choose some unacceptable action that promotes one’s own interest.

6.4.5 Envoi

In this section, we have explored the solutions to coordination problems via pre-
play communication. Namely, we have specified the necessary and sufficient con-
ditions of communication, via which group members can prevent coordination
failures: it is semi-private communication inside the critical sets. We have left
some questions untouched, inviting further research.

We have figured out who should be able to communicate to solve the coordination
problem, but we have not specified what should be communicated. So far, we have
allowed any individual internal semi-private announcements: agents are free to
disclose any truthful information about their own actions. This freedom follows
from the idealization that every agent is omniscient with respect to her own
actions: every agent can freely decide what she is to do and disclose it to anyone
she can communicate with. This idealization should be relaxed. We adopt partial
plans exactly because sometimes it is impossible or too costly for us to settle upon
the exact action we are to take. Some plans may pressure agents to disclose their
exact strategy to avoid coordination failures, while these agents may lack the
resources to decide upon their exact strategy. Such restrictions should also be
taken into account.

Finally, we have ignored the order of announcements, while the first agent to
announce her strategy restricts the acceptable choices of others, which may result
in some advantage to her. This obstacle points out that we need to explore priority
orders among group members that often takes place in such scenarios.
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6.4.6 Appendix: proofs for Section 6.4

6.4.13. Lemma. For an ex-ante modelM = (G,W, {∼i}i∈Ags, σ) and two disjoint
subsets A,B ⊆ Ags, if M ̸|= A||B, then there is a critical partition C1, C2, such
that C1 ⊆ A and C2 ⊆ B.

Proof:
See proof of Lemma 3 in [NN13]. 2

6.4.14. Lemma. For any ex-ante model M = (G,W, {∼i}i∈Ags, σ), M ̸|= A || B
for any non-trivial (but not necessarily critical) partition A,B of a critical set C.

Proof:
See Lemma 2 in [NN13, p.67]. 2

6.4.15. Lemma. Given a coordination game G = (Ags, {Ai}i∈Ags, d), it ex-ante
model M = (G,W, {∼i}i∈Ags, σ) and any agent i ∈ Ags, either M |= i||i or there
exists a critical set C, such that i ∈ C and {i}, C \ {i} is a critical partition.

Proof:

Take any agent i ∈ Ags and assume that M ̸|= i||i. Since Ags is finite, so i
is. Note that trivially M |= i||∅. Hence, there exists a (not necessarily unique)
⊆-minimal non-empty set B ⊆ i, such that M ̸|= i||B. Fix such B ⊆ i. We claim
that B ∪{i} is a critical set and B, {i} is a critical partition. By our assumption,
M ̸|= i||B. Moreover, since B is a ⊆-minimal subset of i which is not independent
from i, for any proper subset C ⊂ B, M |= i||C. Take any subset D ⊂ B ∪ {i}.
If i ∈ D, then {i} ∩ D = {i} and D ∩ B = C for some C ⊂ B. In such a case,
M |= {i} ∩D||B ∩D, since it is equivalent to M |= i||C, where C is some proper
subset of B, and B is a ⊆-minimal set, which is not independent from i. If i ̸∈ D,
then M |= {i} ∩D||B ∩D, since it is equivalent to M |= ∅||B ∩D, which holds
trivially. 2

6.4.16. Lemma. For any X ⊆ Ags, let ||∼X :=
(∧

i∈X
∧
ai∈Ai

K̂i(ai ∧ δ)
)

→
3
(∧

i∈X
∧
ai∈Ai

ai∧δ
)
. Given any ex ante epistemic game model M = (G,W, {∼i

}i∈Ags, σ), any world w ∈ W and any sequence of individual announcements
[π1]X1 , . . . , [πn]Xn, if M,w |= ||∼X for some X ⊆ Ags, then:

M,w |= [π1]X1 . . . [πn]Xn(||∼X).
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Proof:
W.l.o.g., let X = {1, . . . , n} for some n ∈ N. Assume that M,w |= ||∼X , i.e. for any

a1 ∈ A1, . . . , an ∈ An, M,w |=
(
K̂1(a1∧δ)∧. . .∧K̂n(an∧δ)

)
→ 3(a1∧. . .∧an∧δ).

For brevity, let M! = (G,W, {∼!
i}i∈Ags, σ) be a model that we get after the an-

nouncements [π1]X1 , . . . , [πn]Xn in M . Let !Ai = {ai ∈ Ai | ∃v ∈ W : w ∼!
i

v and M, v |= ai ∧ δ} be a set of actions that i still considers acceptable after
the announcements. Note that for every agent i ∈ Ags, !Ai ⊆ Ai. Take any
b1 ∈!A1, . . . , bn ∈!An. By definition, M!, w |= K̂1(b1 ∧ δ) ∧ . . . ∧ K̂n(bn ∧ δ). Since
b1 ∈!A1, . . . , bn ∈!An and !A1 ⊆ A1, . . . , !An ⊆ An, b1 ∈ A1, . . . , bn ∈ An. Then,
by our initial assumption, M,w |= 3(b1∧ . . .∧ bn∧ δ). Then, there exists a world
v ∈ W , such that v ∈ ∆ and σ(v)(i) = bi for every i ∈ {1, . . . , n}. Since the
set of possible worlds W and the function σ in the updated model M! are the
same, M! |= 3(b1 ∧ . . . ∧ bn ∧ δ). Hence, M!, w |= 3(b1 ∧ . . . ∧ bn ∧ δ). Given
our assumption that bi is an arbitrary member of !Ai for every i ∈ X, M!, w |=
(K̂1(b1∧δ)∧ . . .∧K̂n(bn∧δ)) → 3(b1∧ . . . bn∧δ) for every b1 ∈ A1, . . . , bn ∈ An (if
bi ̸∈!Ai for some i ∈ X, then the implication is vacuously true). In other words,
M!, w |= ||∼X Then, by Def. 6.4.8, M,w |= [π1]X1 . . . [πn]Xn(||∼X). 2

6.4.17. Corollary. If M,w ̸|= [α1]X1 , . . . , [αn]Xn(||∼X), then M,w ̸|= ||∼X .

6.4.18. Lemma. Given any ex ante model M = (G,W, {∼i}i∈Ags, σ), if M,w |=
K̂i(K̂1(a1 ∧ δ) ∧ . . . ∧ K̂j(aj ∧ δ)) for some i ∈ Ags, {1, . . . , j} ⊆ Ags, s.t.
i ̸∈ {1, . . . , j}, then for any internal semi-private announcement [π]{1,...,j}:

M,w |= [π]{1,...,j}K̂i(K̂1(a1 ∧ δ) ∧ . . . ∧ K̂j(aj ∧ δ))

Proof:
Assume that M,w |= K̂i(K̂1(a1 ∧ δ) ∧ . . . ∧ K̂j(aj ∧ δ)). If M,w ̸|= π, then

vacuously M,w |= [π]{1,...,j}K̂i(K̂1(a1 ∧ δ) ∧ . . . ∧ K̂j(aj ∧ δ)).

Let M,w |= π. Then, since M,w |= K̂i(K̂1(a1 ∧ δ) ∧ . . . ∧ K̂j(aj ∧ δ)), there
exists w1, . . . , wn and v1, . . . , vj ∈ W , such that w ∼i w1, . . . , w ∼i wj, w1 ∼1

v1, . . . , wn ∼j vj and and M, v1 |= δ ∧ a1, . . . ,M, vj |= δ ∧ aj. Obviously, ∼(X,π)
l is

reflexive for any l ∈ Ags. Then, w ∼(X,π)
l w, v1 ∼(X,π)

l v1, . . . , vj ∼(X,π)
l vj for any

l ∈ Ags. Then, MX
π , v1 |= K̂1(a1 ∧ δ), . . . ,MX

π , vj |= K̂j(aj ∧ δ).

Since i ̸∈ {1, . . . , j}, ∼(X,π)
i =∼i= W ×W . Therefore, w ∼(X,π)

i v1, . . . , w ∼(X,π)
i

vn. Consequently, MX
π , w |= K̂i(K̂1(a1 ∧ δ) ∧ . . . ∧ K̂j(aj ∧ δ)), i.e. M,w |=

[π]XK̂i(K̂1(a1 ∧ δ) ∧ . . . ∧ K̂j(aj ∧ δ)). 2

6.4.19. Theorem (Communication in critical sets is necessary). For any ex ante
epistemic game model M = (G,W, {∼i}i∈Ags, σ), any possible world w ∈ W and
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any sequence of individual internal semi-private announcements [π1]X1 . . . [πn]Xn,
such that M,w |= π1 ∧ . . . ∧ πn and there is a critical set X ⊆ Ags, s.t. X ̸⊆⋃

1≤i≤nXi: M,w ̸|= ⟨π1⟩X1 . . . ⟨πn⟩XnC(||∼Ags).

Proof:
Take any deontic game G = (Ags, {Ai}i∈Ags, d) and its ex ante game model
M = (G,W, {∼i}i∈Ags, σ). Take any world w ∈ W and any critical set X ⊆
Ags. Assume any sequence of individual internal semi-private announcements
[π1]X1 . . . [πn]Xn , such that M,w |= π1 ∧ . . . ∧ πn and X ̸⊆

⋃
1≤i≤nXi. In other

words, [π1]X1 . . . [αn]Xn is a sequence of truthful announcements in subgroups
that does not cover X, i.e. at least some agents in X are outsiders for all the
announcements in the sequence. For brevity, let X = {1, . . . , l}, X∩

⋃
1≤i≤nXi =

Y = {1, . . . , k} for some k < l. Agents {i ∈ Ags|k+1 ≤ i ≤ l} are members of the
critical set X that are outsiders for all the announcements that were made. Since
outsiders do not learn any new factual information, for every j ∈ X \ Y , M,w |=
K̂j(aj ∧ δ) ↔ ⟨π1⟩X1 . . . ⟨πn⟩XnK̂j(aj ∧ δ). Since X is a critical set, from Lemma
6.4.14 it follows thatM ̸|= Y ||X\Y , i.e. there exist some joint strategies

∧
i∈Y ai ∈

A⃗Y ,
∧
j∈X\Y aj ∈ A⃗X\Y , such that M,w |= 3(

∧
i∈Y ai ∧ δ) ∧ 3(

∧
j∈X\Y aj ∧ δ) ∧

2((
∧
i∈Y ai ∧

∧
j∈X\Y aj) → ¬δ), i.e. there is some acceptable joint action of Y

and some acceptable joint action of X \ Y , such that the aggregation of these
two joint actions is unacceptable. Agents outside Y do not know what exactly
agents inside Y have learned, and consider it possible that agents inside Y still
consider

∧
1≤i≤k ai acceptable. In other words, by Lemma 6.4.18 it follows that

M,w |= ⟨α1⟩X1 . . . ⟨αn⟩XnK̂j(K̂1(a1∧p)∧ . . .∧K̂k(ak∧p)) for every j ∈ X \Y . As
they, as outsiders, still consider the same actions of themselves acceptable, every
outsider considers

∧
k+1≤j≤l aj acceptable. Therefore, for every j ∈ X \Y , we get

the next picture:

M,w |= ⟨π1⟩X1 . . . ⟨πn⟩XnK̂j

(
K̂1(a1 ∧ δ) ∧ . . .∧ K̂l(al ∧ δ) ∧¬3(a1 ∧ . . .∧ al ∧ δ)

)
which means thatM,w |= ⟨π1⟩X1 . . . ⟨πn⟩XnK̂j(¬||∼Ags), therefore, M,w ̸|= C(||∼Ags).
We can conclude that after any sequence of individual internal semi-private an-
nouncements that do not cover all critical sets, we will not reach the state where
it is commonly known that the set of deontically ideal outcomes is epistemically
interchangeable. Hence, communication that covers critical sets is a necessary
condition of reaching such a state. 2

6.4.20. Theorem (Communication in critical sets is sufficient). Take any deon-
tic game G with its ex ante epistemic game model M . Let X = (X1, . . . , Xn) be
a collection of all critical sets of G. Then, there exists a sequence of individual
internal semi-private announcements [π1]X1 . . . [πq]Xn such that:
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1. For every critical set Xi ∈ X , there is at least one corresponding announce-
ment [πi]Xi

, and for any set Y that is not critical there is no announcement
[π]Y ;

2. At every mth step of the sequence [π1]X1 . . . [πm]Xj
, if πm+1 is an expression

about actions of i ∈ Ags, M,w |= [π1]X1 . . . [πm]Xj
K̂i(πm+1∧δ), i.e. at every

step the announced action of the agent is considered acceptable by that agent
after all the announcements that were already made.

3. For every world w ∈ W , M,w |= [π1]X1 . . . [πq]XnC(||∼Ags).

Proof:

W.l.o.g., assume X = {X1, . . . , Xn} and Xi = {x1i , . . . , x1ji} ⊆ Ags for every
i ∈ {1, . . . , n}, and Ai = {0, 1} for every i ∈ Ags.16 Take any deontically ideal
world, i.e., w ∈ W , such that M,w |= δ. For brevity, for any j ∈ Ags let
wj := σ(w)(j) be the j’s action in w. Then, we construct a sequence, where
for every critical set Xi ∈ X , every member of Xi semi-privately discloses her
strategy at w to all members of Xi :

[X ] := [wx11 ]X1 . . . [wxnjn ]Xn

For brevity, let M! = (G,W, {∼!
i}i∈Ags, σ) be a model that we get after performing

the sequence of announcements [X ] in M .

We claim that [X ] satisfies all three requirements. (1) is trivially satisfied, given
that X = {X1, . . . , Xn}. (2) is satisfied as well. Take and any world v ∈ W
and the mth step of the sequence [X ] for some arbitrary m ∈ N that is less or
equal to the length of [X ]. Assume that mth step of the sequence is [wxml ]Xm

and j + 1th step is [wxml+1
]Xm . If M, v ̸|= wx11 ∧ . . . ∧ wxml , then vacuously M, v |=

[wx11 ]X1 . . . [wxml ]XmK̂xml+1
(wxml+1

∧ p). Assume that M, v |= wx11 ∧ . . . ∧ wxml . Then,
note that M,w |= wx11 ∧ . . . ∧ wxml , i.e. in both w and v all the propositions that
are announced so far are true. Hence, in the updated model

(w, v) ∈∼!
j

for every j ∈ Ags, while M!, w |= (wxml+1
∧ δ). Hence:

M, v |= [wx11 ]X1 . . . [wxml ]XmK̂xml+1
(wxml+1

∧ δ)
16These assumptions will not lead to loss of generality, since the construction of the sequence

of announcements we are about to present can be easily generalised. Our assumption that there
are non-empty critical sets is harmless, since if the only critical set is ∅, then the set of deontically
ideal outcomes is already interchangeable, and it is commonly known, hence, no communication
is required. Our assumption that every agent has just two strategies is harmless, since, as the
reader will see further in the proof, we will construct the needed sequence of announcements
from disclosures of agents’ strategies. For generalization, we should replace any announcement
of an agent’s strategy with its semi-private disclosure.
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It is left for us to prove that M |= [X ]C(||∼Ags). We do it by proving that M, v |=
[X ](||∼Ags) for any v ∈ W . Take any world v ∈ W . If M, v ̸|= wx11 ∧ . . . ∧ wxnjn ,

then M, v |= [X ](||∼Ags) holds vacuously. For contradiction, assume that M, v |=
wx11 ∧ . . . ∧ wxnjn and M!, v ̸|= ||∼Ags. Then, by Corollary 6.4.17, M, v ̸|= ||∼Ags.
Since M is an ex ante model, K̂iφ ↔ 3φ for any φ ∈ L. Then, from M,w ̸|=
||∼Ags it follows there exists acceptable actions a1 ∈ A1, . . . , an ∈ An, such that
(a1, . . . , an) is unacceptable. Then, the set of deontically ideal outcomes in G is
not interchangeable. From this, it follows that there exists at least one non-empty
critical set X ⊆ Ags.

Let C = X1 ∪ . . . ∪ Xn be a union of all critical sets in G. By construction of
[X ], every agent in C semi-privately discloses her strategy to all members of her
critical set, including herself. Then, for every j ∈ C, for any t ∈ W , v ∼!

j t
iff σ(t)(j) = wj. In other words, after the sequence of announcements, every
member of C considers a single action of herself possible: the one that she does
in w (and given that M,w |= δ, those actions are acceptable). Then, trivially

M!, v |= (
∧
j∈C K̂j(aj ∧ p)) → 3(

∧
j∈C aj ∧ δ). But since M!, v ̸|= ||∼Ags, there exists

some action bj ∈ Aj for every j ∈ Ags\C, such that M!, v |=
∧
j∈Ags\C K̂j(bj∧δ)∧

¬3(
∧
j∈Ags\C bj ∧

∧
k∈C wk ∧ δ). In other words, there should exist some actions of

members of Ags \ C, such that the members consider that actions of themselves
acceptable, but the aggregation of these actions with σ(w)(C) is unacceptable.
Then, there exists an acceptable joint action of C, i.e. σ(w)(C), and an acceptable
joint action of Ags \ C, i.e.

∏
j∈Ags\C{bj}, such that the composition of these two

joint actions is unacceptable. Then, M ̸|= C||Ags \ {C}. Then, by Lemma 6.4.13,
there should exist a critical partition C1, C2, such that C1 ⊆ C and C2 ⊆ Ags \ C.
Obviously, C1 ̸= ∅ and C2 ̸= ∅. But by our assumption, Ags \ C is a set of agents
that are not members of any critical set, i.e. for any critical set C, C∩(Ags\C) =
∅. Contradiction. Hence, the only possibility left is that Ags = C. But then every
agent should have disclosed her own strategy to herself, i.e. for every agent there is
a single strategy that she considers possible: her acceptable strategy at w. Then,
given that M!, w |= δ, trivially M!, v |=

∧
j∈Ags K̂j(wj ∧ δ) → 3(

∧
j∈Agswj ∧ δ).

But it contradicts our initial assumption that M!, v ̸|= ||∼Ags. Hence, M!, v |= ||∼Ags.
Since v ∈ W was arbitrarily chosen, M! |= ||∼Ags. Then, since ∼!

Ags (w) ⊆ W for
any w ∈ W , M! |= C(||∼Ags), i.e. M |= [X ]C(||∼Ags). 2





Chapter 7

Conclusion

To briefly summarise what we have done in this thesis. We have contributed to
the development of multi-agent modal logics (MAMLs) by making a first step
towards refining the formal treatment of groups.

Most of MAMLs, from the well-known and developed [Fag+04; AHK02; Pau02]
to the recent ones [Mog13; GJ22; Gor23], treat any set of agents as a group. In
Chapter 2, we have presented philosophical arguments against such a view. Our
main take-home message from this chapter is as follows: for a set of agents to be a
group, they should share some motivational states; further, their actions should be
guided by these states. There are different philosophical positions as to what the
shared motivational states are and how they should be explained. Methodological
individualists argue that the shared motivational states are reducible to the ag-
gregation of members’ individual motivational states. Methodological holists, on
the contrary, argue that such shared states are irreducible, although they do not
presuppose the autonomous existence of groups over and above their members. In
Sections 2.1 and 2.2, we have presented the representative theories of both camps.
Specifically, in Section 2.1, we have given our own take on Bratman’s theory of
shared intention, arguing for the need for initiators. A group’s shared intention
may exist in the form of participatory intentions of the group’s members, if at
least some of the group members unconditionally intend to do their part of the
joint action, even if others will not join. In Section 2.2, we showed how Michael
Bacharach’s understanding of team reasoning may be seen as a holistic theory of
collective intention. Namely, intentions are sensitive to the decision problems in
the context of which they are formulated. Collective decision problems cannot be
reduced to the aggregation of individual decision problems, as some irreducible
distinctions emerge in them.

225
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In Chapter 3, we have looked into multi-agent epistemic logics, as well as multi-
agent modal logics of agency, and shown that the weak, aggregative definition of
groups brings both conceptual and technical problems. Namely, if we take any set
of agents to be a group, we allow ourselves to ascribe common knowledge, joint
abilities and actions to them. In the most innocent case, we will get pragmati-
cally strange ascriptions of common knowledge to agents who might not even be
aware of one another’s existence: e.g., the reader of this text and the king of the
Netherlands commonly know that p ∨ ¬p. In the worst case, we get completely
ungrounded collective responsibility attributions: whenever simultaneous actions
of agents have caused some outcome, we can take these agents to be collectively
responsible for that outcome. For instance, if the killer has murdered someone
and the only potential witness happened not to pass by the crime scene, prevent-
ing the crime from being witnessed, both of them are collectively responsible for
the covered-up murder. There is no difference between them and the organised
group of a murderer and a lookout. Moreover, given that any set of agents is
a group, whenever we have n agents, there are 2n-many groups. This obstacle
creates redundant metalogical and computational complexity. In case of group
STIT logic, it even leads to undecidability and unaxiomatisibility.

In the following two chapters, we have developed formal tools to model shared
motivational states, namely, two logics of collective intention. The formalisms
differ in their philosophical assumptions: the former is individualistic, while the
latter is holistic. We have suspended our philosophical judgment on the individ-
ualism versus holism debate. In Chapter 4, we have first developed a single-agent
logic of conditional intention, then extended it to a multi-agent case, resulting
in a formal language LICLα

. In LICLα
, we have formalised the view, according to

which a shared intention may be reduced to an aggregation of group members’
interdependent intentions. We have demonstrated this view to be consistent, as
well as normatively, ontologically and conceptually individualistic. To obtain a
theory of a rational shared intention, it suffices to postulate individuals who have
conditional intentions that obey certain rationality norms. Chapter 5 presents
a holistic version of the logic of collective intention. In this formalism, agents’
intentions exist in the context of their decision problems. Some of them share
collective decision problems that are irreducible to fusions of individual problems.
Besides being suitable for formalising the methodologically holistic view on col-
lective intentionality, the formalism we obtained contributes to solving the side-
effects problem: we can distinguish between expected side-effects and intended
consequences of agents’ intentional actions.

In Chapter 6, we have shown how the introduction of shared motivational states
brings conceptual and technical advantages to MAMLs. We have done so for the
case of group STIT logic, as it is one of the most expressive formalisms to reason
about actions and abilities in multi-agent systems. Namely, we have explicitly
introduced shared motivational states of agents in the form of joint, agreed-upon
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plans. Consequently, we ascribed group agency only to sets of agents who share
some plan and act upon it. We demonstrated how this distinction allows for better
modelling of collective responsibility attribution. Then, we examined fragments
of group STIT logic, as well as semantic generalisations, based on our restriction
of what groups are. We have obtained finite axiomatisability and decision pro-
cedures for the satisfiability problem for the corresponding fragments/semantic
variants. Finally, we have defined necessary and sufficient conditions on commu-
nication channels that group members should have to avoid coordination failures
when acting upon their plans.

Of course, the work we have done in this thesis is by no means the ultimate and
final solution to the problems we have posed. Till the end of this section, we
point out some potential directions for future work.

Firstly, we have made strong idealisations about agents’ epistemic status. E.g.,
in Section 5.2, we have assumed that group members commonly know what their
collective decision problem is and what they collectively intend. In Section 6.2, a
similar assumption was implicitly made about joint, agreed-upon plans: the plans
are commonly known among agents who have adopted them. Such assumptions
are plausible when we reason about relatively small groups with simple com-
mon goals: singing duos, dancing partners, small friend groups, where everyone
knows one another. In the case of larger groups, common knowledge may be
unattainable. For instance, Dutch citizens form a social group. Obviously, not
all Dutch citizens are acquainted with one another, so they cannot establish com-
mon knowledge among them. Let us abstract away from this issue and, for the
sake of argument, assume that they actually can obtain common knowledge, e.g.,
via mass media. Is there a commonly known shared intention among all Dutch
citizens? One could arguably say that a constitution expresses what the nation
collectively intends to achieve and maintain.1 By the constitution, the Kingdom
of the Netherlands is a constitutional monarchy. Does it mean that a Dutch cit-
izen cannot be clueless about the constitution or support republicanism? These
questions indicate that our assumptions should be relaxed. We need to explore
how we can identify “loose” groups that “lack a codified organisational structure,
and where the communication channels between group members are either unreli-
able or not completely open” [RS19, p.4523]. Consequently, we may need to look
into weaker forms of groups’ informational states: not only common knowledge
and belief, but, e.g., pooled knowledge, virtual belief, majority judgment.

Secondly, we have taken groups and their motivational states to be static. In
reality, groups fall apart, and new coalitions are formed. Joint plans can be
adopted, revised, and abandoned altogether. This is true not only for collective
but also for individual (conditional) intentions. For instance, it seems rational to

1Similar arguments were made about, e.g., the European Union, in terms of joint commit-
ment as a shared motivational state, in [Gil13].
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revise a conditional intention after getting to know whether the condition holds.
Adding dynamic extensions to the formalisms developed throughout the thesis
may be an interesting endeavour.

Thirdly, we have gained some positive metalogical results only for fragments of
group STIT logic, while there are similar formalisms that are more computa-
tionally motivated. So it will be interesting to test how analogous fragments
of Strategy Logic [Mog13; CHP10], Alternating-Time Temporal Logic [AHK02]
and variations thereof behave in terms of their axiomatisation and decidabil-
ity/computational complexity.

Finally, as we have briefly mentioned, we are not completely alone in our attempt
to introduce a philosophically informed definition of groups into MAMLs. The
work on logic of social networks[Bal+19; CH15; SLG13; GPS22; PS17] and inten-
sional groups [BS23; BCR21; HS23] appear to be highly relevant to our concerns.
In the spirit of our argument about initiators in Section 2.1, this paragraph may
be regarded as a disclosure of author’s unconditional intention to do his part in
what might become a joint activity to bring these lines of research together.
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Abstract

From arbitrary sets to social groups: group agency

in multi-agent modal logic

We differentiate between arbitrary sets of agents and organised groups. The
difference is especially consequential in our strategic and moral reasoning. We
expect group members to act towards their common interest, and we tend to
hold individuals morally (and even legally) accountable for the joint actions of
the groups they are members of. The distinction between groups and arbitrary
sets of agents is mostly neglected by modal logicians who formalise reasoning
about multi-agent systems. In logics of several group notions – common knowl-
edge, coalitional powers in games, and collective seeing-to-it-that – groups are
idealised as nothing but sets of agents. Such an idealisation is conceptually ques-
tionable, and it adds unnecessary technical complexity to the formalisms. This
thesis is dedicated to filling this lacuna by introducing a philosophically informed
definition of group agency into multi-agent modal logics.

Chapter 2 is dedicated to the philosophical background. The major theories of
group agency are presented, divided into two camps: methodological individual-
ism versus holism. Representatives of each of the two camps – Michael Bratman’s
theory of shared agency and Michael Bacharach’s theory of team reasoning – are
addressed in detail. Chapter 3 contains the logical background. Some funda-
mental notions of multi-modal logics, their standard syntax and semantics, are
introduced. It is also demonstrated how the idealised definition of groups as ar-
bitrary sets of agents accounts for conceptual flaws in modal logics of common
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knowledge (Section 3.1), coalitional powers in games (Section 3.2.1) and seeing-
to-it-that (Section 3.2.2).

Chapters 4 and 5 contain two versions of the logic of collective intention, the
central notion for the refined definition of group agency. Neither of the two
theories is chosen to maintain ontological neutrality. In Chapter 4, Bratman’s
methodologically individualistic theory is formalised. Namely, it is demonstrated
how agents can share the collective intention by having interdependent conditional
intentions. For that purpose, a new logic of conditional intention is developed
(Section 4.1), as well as its simplified multi-agent version (Section 4.2). In Chapter
5, the hyperintensional logic of collective intention is presented, where intentions
are sensitive to the decision problems in the context of which they are formulated.
Reflecting the conceptual grounds of the theory of team reasoning, a decision
problem of a group (and hence, its collective intention) cannot be reduced to an
aggregation of decision problems and intentions of the group’s members.

Chapter 6 introduces the philosophically refined definition of group agency to the
logic of group seeing-to-it-that (group STIT logic). The focus is on group STIT
logic, as, on the one hand, this formalism is more expressive, and on the other
hand, it suffers the most from the weak definition of groups, both conceptually
and technically. The refinement of group STIT logic is presented, where unco-
ordinated actions of independent agents are distinguished from joint actions of
groups that act upon agreed plans. It is demonstrated how such a distinction
improves collective causal responsibility attributions and allows for formalising
the subtler notion of complicity (Section 6.2). Further, it is demonstrated how
generalised semantics (Section 6.3.1) and language fragments (Sections 6.3.2 and
6.3.3) based on the introduced restriction allow for obtaining finite axiomatis-
ability and decidability of group STIT logic that is otherwise neither decidable
nor axiomatisable. The problem of coordinating on an agreed plan via restricted
communication is addressed (Section 6.4), which grounds our definition of a group
plan as an arbitrary subset of members’ possible joint actions.



Samenvatting

Van verzamelingen naar sociale groepen: groep-

sagentschap in multi-agent modale logica

Wij maken een onderscheid tussen willekeurige verzamelingen van agenten en
sociale groepen. Dit verschil is met name van belang voor ons strategisch en
moreel redeneren. Wij verwachten dat groepsleden handelen in het gemeenschap-
pelijk belang, en wij zijn geneigd individuen moreel (en zelfs juridisch) verantwo-
ordelijk te houden voor de gezamenlijke handelingen van de groepen waarvan zij
lid zijn. Het onderscheid tussen groepen en willekeurige verzamelingen van agen-
ten wordt grotendeels veronachtzaamd door modale logici die redeneren over het
formaliseren van multi-agentsystemen. In logica’s van verschillende groepsnoties
– gemeenschappelijke kennis, coalitiemacht in spelen, en collectief ’seeing-to-it-
that’ – worden groepen gëıdealiseerd als niet meer dan verzamelingen van agen-
ten. Zo’n idealisering is conceptueel twijfelachtig en voegt onnodige technische
complexiteit toe aan de formalismen. Dit proefschrift is gewijd aan het opvullen
van deze lacune door een filosofisch onderbouwde definitie van groepsagentschap
(group agency) te introduceren in modale logica’s voor multi-agentsystemen.
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