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Abstract

Many proof assistants are based on dependent type theories, and extend the theory with support for
defining inductive and coinductive types. For their underlying theory to remain consistent and for type
checking to be decidable, proof assistants ensure termination of recursive functions and productivity
of corecursive functions using syntactic guardedness conditions. This syntactic approach is often too
restrictive, limiting the expressiveness of the language. Sized types are a type-based alternative to
determining termination or productivity of (co)recursive functions. With sized types, (co)inductive
types can be annotated with additional size information, and a well-founded ordering on these sizes is
used to prove termination or productivity.

This work investigates the syntax and semantics of sized types. We construct a realisability model
for a dependent type theory with a type of sizes and an impredicative universe. We make use of a
form of internal parametricity via axioms, describing how sizes should be treated uniformly. These are
validated by the model, thereby also showing how realisability models allow for parametric reasoning.
Impredicativity lets us derive initial algebras and terminal coalgebras for all polynomial functors via
existential and universal quantification over suitable size-indexed (co)algebras, improving on previous
work on encoding (co)inductive types using sized types. We also discuss what is needed for a consistent
and robust implementation of sized types, and note some connections with guarded type theory, another
type-based approach to productivity checking.
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Chapter 1

Introduction

1.1 Dependent Type Theory and Totality

Dependent type theory can be viewed from different perspectives, one of which exhibits type the-
ory as an alternative foundation to set theory for formalising mathematics. By the Curry-Howard
correspondence, we interpret types as logical propositions, and terms of types as proofs of such propo-
sitions. A key desirable property of dependent type theory is that type checking, checking whether
a given term has a certain type, is decidable. This allows for a different perspective on dependent
type theory, namely as a dependently-typed programming language, where dependent types allow for
more expressivity in the typing system. Since type checking is decidable in these languages, proofs of
propositions can be automatically verified when implemented in such dependently-typed languages, as
this corresponds exactly to type checking.

Many important structures are defined as inductive types in type theory, which we may view as
types that are freely generated by a set of constructors. In dependent type theory, such inductive
types come with an elimination principle, specifying how terms of inductive types are used, and thus
how functions from an inductive type may be defined. Dependently-typed languages such as Agda and
Rocq often include more features in their language, and instead allow for functions to be defined using
recursion, from which elimination principles can be derived.

However, allowing for unrestricted recursion would lead to non-terminating functions being de-
finable in the language, which could lead to an inconsistent underlying theory and undecidable type
checking. Clearly, this would interfere with the role of such dependently-typed programming languages
as a proof assistant. Thus, to serve as a proof assistant, a dependently-typed language should be total :
all recursive functions must be terminating, where termination refers to normalisation with respect
to the reduction rules of the theory. Since it is generally undecidable whether a recursive program
terminates, termination checkers must approximate this problem. This leads to a balance between
accepting as many recursive functions as possible, without accepting any non-terminating programs.
Thus, the requirement of totality necessarily restricts the expressiveness of such languages, since there
will exist programs that are terminating but which will not be accepted by the termination checker.

More recently, support for coinductive types, which represent infinite data, has also been developed
in several proof assistants. Dually to how recursive equations are defined on inductive types, corecursive
equations are used to construct coinductive data. Such functions, constructing infinite data, are
not terminating by their nature. However, proof assistants still require a restriction on corecursive
functions, namely that they are productive: any finite prefix of the solution to the equation must
be generated in finite time. Here the same issue occurs; there will exist corecursive programs that
are productive, but which will not be accepted by the productivity checker. Thus, developing good
methods for termination- and productivity checking are important for increasing the expressiveness
of such dependently-typed languages, while ensuring that type checking remains decidable and the
theory consistent.
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In the dependently-typed language Agda, which will be our main example, both termination and
productivity are generally enforced via syntactic checks on (co)recursive equations. In the simplest
method of ensuring totality, recursive equations on inductive data must be guarded-by-destructors,
which means that recursive calls must be made on direct subterms [Gim95]. Dually, productivity is
guaranteed by enforcing that corecursive equations are guarded-by-constructors, meaning that every
corecursive call must occur directly within a data constructor. In fact, the termination checker for
Agda makes use of a variant of the size-change principle [LJB01], which allows more general structural
recursion where recursive calls may be on any structurally smaller term. This principle works by
representing function calls in size-change graphs, describing which parameters decrease according to
the subterm relation. A functional program is then represented by a possibly infinite sequence of
such graphs. If such an infinite sequence contains an infinitely descending chain, the program must
terminate, since the subterm relation is well-founded.

However, syntactic methods suffer from several issues. Programs with more complex patterns
of (co)recursion are not easily defined in a way that satisfies the guardedness condition. Moreover,
syntactic methods are sensitive to slight reformulations of programs, and do not work well with higher-
order programs. Another method worth mentioning for guaranteeing termination is via structural
recursion on user-defined well-founded orderings [Ler24], or even weaker orderings such as in [VCW12].
Although flexible, these methods pollute the program and associated proofs by requiring it to include
a certification of termination.

It is clear that having a robust method, which is also modular and compositional, for ensuring
termination and productivity is important. This work is concerned with a type-based approach to
termination checking, sized types.

1.2 Sized Types

Sized types [Abe06; AVW17; HPS96] offer an alternative approach to both termination- and pro-
ductivity checking, in which they are guaranteed through typing derivations. In this approach, both
inductive and coinductive types can be annotated with additional size information. We may think of
sizes as ordinals, which thus come with a well-founded ordering. For simple inductive types, the size
annotation given to a term can be thought of as an ordinal bounding the height of the data structure.
For coinductive types, the size can be viewed as an ordinal specifying the depth up to which a term
may be inspected, i.e. the observation depth. Sizes give the termination checker more information
for tracking descent along some well-founded ordering, and thus integrate well with the size-change
principle. We begin by giving some examples of sized types.

1.2.1 Working with Sized Types

In this section, we provide a practical perspective on sized types by giving some examples on how
they aid termination checking. This will also lead us to some of the limitations of sized types. Since
there currently only exists an implementation of sized types in Agda [Abe12], we will use an Agda-like
syntax to convey the examples informally.

A typical concrete example is the type of size-indexed lists. Recall that for any type A, we may
define an inductive type ListA with constructors nil : ListA and cons : A → ListA → ListA. Now
suppose we have some type Size of sizes together with a well-founded ordering < on Size and a successor
operation ↑ such that s < ↑s. Then we may define an Size-indexed type of lists SListAs, where s : Size.
Following the intuition that annotating an inductive type with a size s means that all terms of the
type should be of at most size s, we introduce the following constructors:

nil : SListAs

cons : ∀r < s. A→ SListAr → SListAs

3



Thus, to construct a list of size at most s, the list may be empty or we may extend a list of size r < s
by adding an element to the front of the list. In the case of lists, “size” can simply be read as length.

The benefit of annotating these types with sizes is that the ordering < on sizes is well-founded.
This allows for well-founded recursion on sizes: to show that a recursive function on a size-indexed
inductive type terminates, it suffices to show that the size decreases in each recursive call. This removes
the need for a syntactic check on terms in recursive functions and delegates the proof of termination
to the type system; the termination certificate is given by the typing derivation.

It is instructive to see an example of a recursive function on a sized inductive type. To do so, first
recall that we can define a lmap function on the ordinary list type, which maps a function f over the
elements of the list:

lmap : (A→ B) → ListA→ ListB

lmap f nil = nil

lmap f (cons a as) = cons (fa) (lmap f as)

Note that this definition is structurally recursive, because the recursive call on lmap occurs on a direct
subterm of cons a as. Thus, sized types are not needed to convince the termination checker that this
function terminates. Now let us consider a more complex inductive type, namely that of rose trees,
where nodes may have any finite number of children. The type RoseA has a single constructor

node : A→ List (RoseA) → RoseA

Intuitively, we could also define a map function for rose trees by reusing the map function for lists as
follows:

rmap : (A→ B) → RoseA→ RoseB

rmap f (node a as) = node (fa) (lmap (rmap f) as)

However, the termination checker of Agda will not accept this definition, because it is not structurally
recursive, since the recursive call of rmap is not directly on a subterm of node a as. To alleviate this
problem, we introduce a size-indexed variant of rose trees, SRose sA, with the following constructor:

node : ∀r < s. A→ List (RoseAr) → RoseAs

The intuition behind the constructor here is: if each child of a node has height at most r for some
r < s, then the node itself has height at most s. Now we can redefine the function rmap on the type
of sized rose trees as:

rmap : (s : Size) → (A→ B) → SRoseAs→ SRoseB s

rmap s f (node r a as) = node (f a) (lmap (rmap r f) as)

Informally, rmap s is well-defined and terminating because lmap is known to be terminating, and the
recursive call of rmap is now on r, where r < s. Thus, by well-foundedness of sizes, we cannot have an
infinite sequence of recursive calls.

As an example for coinductive types, we might consider the type StreamA of streams over A. To
work with size-indexed coinductive types, we will informally make use of copatterns [Abe+13], which
allow a coinductive type to be defined by specifying its destructors rather than its constructors. For
the type StreamA, the destructors are

head : StreamA→ A

tail : StreamA→ StreamA

As with lists, we may define a sized type of streams SStreamAs, with the following destructors:

head : SStreamAs→ A

tail : SStreamAs→ ∀r < s. SStreamAr
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The tail destructor may yield any stream of depth less than s, since a term of StreamAs may only be
safely inspected up to depth s. We may define a zipWith function on size-indexed streams by specifying
the destructors as follows:

zipWith : (s : Size) → (A→ B → C) →
SStreamAs→ SStreamB s→ SStreamC s

head (zipWith s f x y) = f (headx) (head y)

tail (zipWith s f x y) r = zipWith r f ((tailx) r) ((tail y) r)

We can use the type of size-indexed streams and our definition of zipWith to define the Fibonnaci
sequence:

fib : (s : Size) → SStreamN s
head (fib s) = 0

head (tail (fib s) r) = 1

tail (tail (fib s) r) t = zipWith t (+) (fib t) (tail (fib r) t)

This will accepted by the productivity checker of Agda, whereas omitting the size annotations will
cause Agda to reject the definition. This is because the definition is not guarded, and its productivity
is dependent on the productivity of zipWith. The typing of zipWith tells us that it is size-preserving,
allowing us to reuse it in the definition of fib. Note that the typing of fib tells us that the result may
be inspected up to any depth, analogously to a regular unsized stream.

Thus, sized types allow us to define functions with more complex patterns of (co)recursion with
only minor additional annotations. It also gives a more modular method of termination checking, as
the typing of functions contains information on how they affect the size of their arguments, which
works especially well with higher-order programs. More involved practical applications of sized types
have been explored, including [Dan17; FPS20].

1.2.2 Limitations of Sized Types

Although sized types have proven to be useful both when working with complex recursive functions and
when working with coinductive types, several limitations exist in both the theory and implementation
of sized types. In fact, the current implementation of sized types in Agda is inconsistent, meaning that
we can derive a term of the empty type.

The culprit of this inconsistency is the addition of a closure ordinal ∞ in the type of sizes. Such
a closure size is added as a syntactic representation of unbounded usability or a “full” (co)inductive
type, such as a list of arbitrary length or a stream of arbitrary depth. This allows the user to work with
full (co)inductive types while still using sizes, treating T∞ as the entire (co)inductive type whenever
T is a sized type. It allows for typing functions where the size of the result cannot easily be given
by the operations for sizes. An example of this is concatenation of sized lists: the concatenation of a
sized list bounded by size r with one bounded by s should be bounded by size r+ s. Since Agda does
not provide addition on sizes, this type cannot be given precisely, so instead the return type would be
SListA∞, i.e. a list with an arbitrary unspecified size.

The issue with the closure size ∞ in Agda is that it does not combine well with the intuition of
sizes as bounds on the size or observation depth of a type. In order for it to allow for terms of any size
via the constructors we gave for sized lists and sized streams, the rule ∞ <∞ needs to be introduced.
This contradicts well-foundedness of the ordering on sizes and leading to inconsistencies. Alternative
syntactic treatments of the closure size exist, but they are unsatisfactory and depend on the shape of
sized type. Thus, we may wonder whether we could do without the closure size. Yet we would still
like to reason about regular (co)inductive types using its sized variant, so we require another method
of constructing (co)inductive types from sized types.
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The intuitive insight is that a term of a full inductive type such as ListA has some size [Vez15].
Thus, we we might represent the inductive type ListA, using lists only as an example, instead as
Σ(s:Size)SListAs. Dually, the intuition for a term of a coinductive type is that it can be inspected
up to any depth. Thus, we might want to encode the coinductive type of streams StreamA as
Π(s:Size)SStreamAs.

Unfortunately, this approach does not exactly capture the right intuition. Firstly, Σ(s:Size)SListAs
is ‘larger’ than the type ListA, which we can illustrate as follows. For a size s, we also have the sizes ↑s
and ↑↑s. Thus, we may define the term nil : SListAs and so cons s a nil : SListA (↑s) for some a : A,
since s < ↑s. For the same reason, we also get a term cons s a nil : SListA (↑s). This gives two terms
((↑s), cons s a nil ) and ((↑↑s), cons s a nil ), both of type Σ(s:Size)SListAs. Semantically, these terms
should represent the same list, but they cannot be determined to be definitionally or propositionally
equal in Agda. Yet there only exists a unique term cons a nil representing this list of type ListA,
preventing us from defining a bijection between these types.

Dually, the encoding of streams as StreamA as Π(s:Size)SStreamAs is missing a certain coherence
condition. The size-indexed streams in the range of such a dependent product should agree on their
observations up to the depths on which they are defined, but this encoding does not guarantee this
condition. As has been explored in previous work [NVD17], the way to resolve these issues, which we
will investigate, is to ensure that sizes are treated parametrically, or uniformly. For inductive types,
this will be done by making use of a weak sum type instead of dependent sums. For coinductive types,
we will need to ensure that the dependent product type is suitably parametric.

Another challenge arises when working with infinitely-branching inductive types. An example of
such a type is that of sized Brouwer ordinals, Brw s, with the following constructors, assuming a type
of natural numbers:

Z : Brw s

S : ∀r < s. Brw r → Brw s

lim : ∀r < s. (N → Brw r) → Brw s

With the size algebra in Agda, which has a successor operator and a binary supremum operator, there
is no way to construct the first infinite ordinal ω, which would be the limit of the function assigning
to each natural number its corresponding finite ordinal. This is because this construction requires a
corresponding limit operation on sizes. Thus, the absence of a limit operation on sizes means that we
can define terms in the full type of Brouwer ordinals that cannot be defined in the sized variant. In
Agda, this would be remedied by using the infinite size ∞, which causes inconsistencies.

1.3 Related Work

In this section we mention an alternative approach to type-based termination which has been developed
extensively in recent years and connects to sized types and this work. We also give a brief overview of
the notion of parametricity in type theory, as this will be relevant in this work as well.

1.3.1 Guarded Type Theory

Guarded recursion is an alternative approach to recursive equations originally introduced by Nakano
[Nak00] in which there exists a guarding modality �, called “later”, that can be applied to a type A.
The intuition often given in the literature is that a term of type �A is a value that is only available
“one time step” in the future. This modality allows for the construction of guarded recursive types,
in which the recursive variable only occurs under the guarding modality. For example, the type of
guarded streams over A, which is denoted by Streamg A, should satisfy the following:

Streamg A ≃ A×�Streamg
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meaning that the head of stream is available “now”, whereas the tail is available only after one step
of computation. Recursion on the level of terms is done via a guarded fixpoint operator

fix : (�A→ A) → A

stating that recursive calls should be guarded by the later modality.
However, guarded recursive types do not yet correspond semantically to coinductive types, and the

guarding modality by itself is not sufficient to construct coinductive types. Instead, the type system
is extended with so-called clock variables [AM13], which represent different time streams and can be
used to define coinductive types. Much work has also been on the semantics of guarded type theory,
which is often given by contravariant presheaves over the preorder of the natural numbers, also called
the topos of trees [Bir+12].

We will not go further into detail on guarded recursion here, but do mention that the connection
between sized types and guarded recursion has been studied [VW19], where it was shown that guarded
recursion in a simple type theory with only one clock can be simulated using sized types. Moreover, the
approach we take to sized types, in which we use quantification over sizes to construct (co)inductive
types, is reminiscent of guarded recursion, in which coinductive types are constructed via universal
quantification. We highlight some further connections in Chapter 6.

1.3.2 Parametricity in Type Theory

As briefly mentioned, we will introduce several axioms in our type theory expressing how existential
and universal quantification over sizes commute with the type formers. One perspective on these
axioms is that they internalise certain parametricity properties that are satisfied by the realisability
model we construct for the theory. Parametricity has become a somewhat collective term for properties
of type theories that express some notion of uniformity or representation-independence.

The typical example of a theory with parametricity is the polymorphic lambda calculus, or System
F. In this calculus, we can define only one term of the polymorphic type ∀X. X → X, namely the
identity. The intuitive idea behind this is that a term of this type must compute a term of type X
given a term of type X, for any type X. Since it must be able to do so for any type X, it cannot
inspect the given term and thus can only return back the input. By a similar intuition, there are
exactly two terms of type ∀X. X → X → X.

The notion of parametricity was first formalised by Reynolds [Rey83] for System F using logical
relations: parametrically polymorphic functions should preserve all relations. His interpretation of
System F validates the consequences of the parametricity property. Since then, his approach has
been extended to the more general notion of a reflexive graph model, which have also been used to
define models for sized types [Lim19]. There also exists a realisability model for System F, making
use of partial equivalence relations, which validates consequences of parametricity [LM91]. Thus, a
realisability model will be a good candidate for expressing parametricity properties for quantification
over sizes in the theory we define in this work.

However, such parametricity statements are only proved externally, not within the theory. To
have the consequences of parametricity available in the theory, it needs to be internalised. Two main
approaches for this have been studied recently, namely the addition of parametric quantifiers to the
theory [NVD17], and the addition of axioms expressing the consequences of parametricity. The second
approach is similar to the one we take in this work: the added axioms allow us to express the fact that
quantification over sizes is parametric, meaning that sizes should be treated uniformly.

1.4 Overview

In this thesis, we define an intensional dependent type theory with a type of sizes and an impredicative
universe, and construct a semantics for the type theory and size-indexed types using assemblies and
partial equivalence relations. This thesis expands on previous work [NVD17] in which inductive and
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coinductive types may be defined by existential quantification and universal quantification respectively
over the size-indexed variant of the types. This addresses one of the main issues with the theory of
sized types, namely the addition of a closure ordinal in the type of sizes, as we can instead encode
unbounded (co)inductive types via quantification over sizes. In order to do so, we require the type
of sizes to be treated parametrically by these quantifiers. This parametricity requirement should thus
be internalised in the theory, and we do so in the form of additional equivalences, describing how
quantification over sizes commutes with other type formers. We work in an intensional setting, but
with function extensionality and uniqueness of identity proofs, although it is likely that the last is not
strictly required.

In previous work, a parametric model for type theory with sized types was defined using reflexive
graphs [Lim19]. Here, we work with a realisability model, as the impredicativity of this model allows us
to investigate the consequences of interpreting the types of sizes as a larger set of ordinals. This allows
us to show that initial algebras for all polynomial functors over the universe of types can be defined
via existential quantification over size-indexed types. Dually, terminal coalgebras for all polynomial
functors can be defined via universal quantification over size-indexed types.

The structure for the remainder of this work is as follows. In Chapter 2, we define the theory in
which we will work, explaining also the additional axioms. In Chapter 3, we give an overview of the
theory of assemblies and partial equivalence relations, and they form a model for the structure of a
dependent type theory. In Chapter 4 we interpret the types and terms of our theory in the model. In
Chapter 5, we then show how we can construct initial algebras and terminal coalgebras for polynomial
functors in the theory. Finally, in Chapter 6 we discuss some connections with guarded type theory
and reflexive graphs.
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Chapter 2

Dependent Type Theory with Sizes

In this chapter, we describe the type theory that we will be working in, and discuss some of the choices
made. The formal syntax with inference rules is described in full at the end of this chapter, in Figures
2.1-2.13.

2.1 Syntax and Rules

We use the symbol ≡ to denote definitional equality in the theory for both types and terms. The
theory is formulated using the following forms of judgements:

Γ Ctxt Γ ⊢ A Type Γ ⊢ A ≡ B Type Γ ⊢ a : A Γ ⊢ a ≡ b : A

However, we have omitted the standard rules for definitional equality of types, and the rules stating
that definitional equality is an equivalence relation and a congruence with respect to all type- and
term formers. The rules for context formation, given in Figure 2.1, are standard. We may also assume
weakening and substitution rules with respect to all judgements, which are both admissible [Hof97].

2.1.1 Type Formers and Universe

The theory features standard constructions including an empty type, a unit type and booleans, de-
scribed in Figure 2.3. The main dependent type formers are dependent products and dependent sums.
We also include an identity type, which we will use to include axioms expressing internal parametricity
of quantification over sizes. We only explicitly write out the induction principles for the dependent
sum type, but also assume such principles for the empty-, unit- and boolean types. We make use of
both β- and η-rules for Π-types and Σ-types.

For Π-types, described in Figure 2.4, we sometimes omit the typing within a lambda abstraction,
writing λx.b(x) instead of λx:A.b(x). We will use the notation A → B for simple function types, i.e.
for the dependent product type Π(x : A)B(x) where x : A does not occur in the type B(x). We will
make use of function composition g ◦ f := λx. g(f(x)) : A → C, where f : A → B and g : B → C, as
well as an identity map idA := λx.x : A→ A. The η-rule for Π-types implies that we have definitional
equalities for associativity of function composition and that identities are up to definitional equality:

f ◦ (g ◦ h) ≡ (f ◦ g) ◦ h
f ◦ id ≡ f ≡ id ◦ f

The Σ-type is described in Figure 2.5. Note that the induction principle for the Σ-type allows us
to derive the following projections:

Γ ⊢ c : Σ(x : A)B(x)

Γ ⊢ π1(c) : A
Γ ⊢ c : Σ(x : A)B(x)

Γ ⊢ π2(c) : B(π1(c))
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such that π1(⟨x, y⟩) ≡ x and π2(⟨x, y⟩) ≡ y. The rule for η-equality of Σ-types then gives us the
definitional equality c ≡ ⟨π1(c), π2(c)⟩. Note that there are two presentations of Σ-types: the positive,
where the elimination rule is defined by the constructor, and the negative, where the elimination rule
is defined by the destructors. We are mixing the positive and negative presentations of Σ-types here,
but this is only for convenience, as each can be recovered from the other.

We will also want to make use of binary sums and products. These could be added as primitive
types, but to reduce the complexity of the semantics later on we encode the type A + B as Σ(x :
Bool)C(x) and A × B as Π(x : Bool)C(x), where the type C is defined by C(tt) = A and C(ff) = B.
Note that, unlike most other work, we do not encode the type A × B as Σ(x : A)B. The reason for
this will become clear later on, and is mostly a technicality to avoid additional work and axioms.

We also include an impredicative Tarski-style universe U , in Figure 2.2, with an explicit decoder
El , that is closed under the base types and the dependent type constructors, as described in Figure
2.11. The associated definitional type equalities for the decoder El are also given in Figure 2.12. We
will often call the types in the universe U small types. A consequence of the η-rule for Π-types is
that we may identify a family of small types x : A ⊢ B(x) : U indexed by the type A with a function
B : A→ U . We will make extensive use of this in later sections.

2.1.2 Identity Type and Function Extensionality

The type theory includes a standard identity type, given in Figure 2.6, for expressing propositional
equality with elimination and β-equality rules. Given a type A and terms a1, a2 : A, we will say that
a1 and a2 are propositionally equal if the type a1 =A a2 is inhabited. With only the constructor for
reflexivity, terms witnessing the symmetry and transitivity of propositional equality can be defined in
the syntax using the elimination rule, see for example [Uni13]:

We highlight an important property of the identity type, namely the action on paths for a map
f : A→ B, which we define as the following type:

apf : Π(x, y : A). (x =A y) → (f(x) =B f(y))

To define apf , by the induction principle for the identity type it suffices to define it for the case of
reflx:

apf (x, x, reflx) := refl f(x)

The terminology of paths for identity types comes from homotopy type theory. Another useful appli-
cation of the identity type is that it gives us a transport operation between propositionally equal small
types:

tr : Π(A,B : U). (A =U B) → ElA→ ElB

Again, by the induction principle for the identity type it suffices to define it for the case of reflx:

tr(A,A, reflA) := idElA

We also assume an axiom for function extensionality, stating that for two dependent products f, g :
Π(x : A)B(x), a proof of their propositional equality is derived from a term witnessing that they are
pointwise propositionally equal. This relatively common axiom will be true in the model we construct,
and will greatly simplify the encoding of (co)inductive types.

2.1.3 Type of Sizes

The type Size, given in Figure 2.7, has a zero element and a successor operation. It also comes with a
preorder relation ≤ on the type of sizes, given in Figure 2.8. We will encode this preorder relation as a
proposition, meaning that, given any two terms p, q : s1 ≤ s2, we have a propositional equality p = q.

10



This will be necessary in order not to introduce any additional structure to the theory when making
use of the ordering on sizes, and will hold in the model. We will simply write Γ ⊢ s1 ≤ s2 when there
exists a (unique) term Γ ⊢ p : s1 ≤ s2.

We let s1 < s2 Type be notation for ↑ s1 ≤ s2 Type. We will shortly introduce existential quan-
tification over sizes in the form of a weak sum type. Similarly, we will use the dependent product
to quantify over sizes as well. Additional axioms will ensure that dependent products over sizes are
suitably parametric, so we will use the notation ∀i.A(i), similar to the polymorphic lambda calculus,
to mean either π(i : Size)A(i) when A(i) : U and Π(i : Size)A(i) when we have A Type.

An additional important notion will be bounded quantification over sizes, which we encode as
follows. We will use the notation i : Size ⊢ ∀j < i.A(j) to denote the type i : Size ⊢ ∀j.(j < i) → A(j).
Similarly i : Size ⊢ ∃j < i.A(i) will denote the type i : Size ⊢ ∃j.((j < i) × A(j)). When defining
functions in the type theory, we will often omit the inequality proofs, writing the term ⟨j, ⟨p, a⟩⟩ : ∃j <
i.A(j) as ⟨j, a⟩ instead. Similarly, if we have a term f : ∀j < i. A(j), we will simply write f j to mean
f j p where p : j < i. In lambda notation, we may also write λj < i when constructing a term of typing
∀j < i. A(j).

The type Size also comes with an elimination principle in the form of a fixpoint operator, corre-
sponding to well-founded induction on sizes. The β-rule for fix determines it to be such that for any
i : Size and f : ∀i.(∀j < i.A(j) → A(i)) the following propositional equality holds:

fix f i = f i (λj < i. fix f j) : A(i)

We may view this as the unfolding rule of the fixpoint operator. The model we construct later will in
fact support this as a definitional equality, but this would lead to a loss of decidable type checking,
if allowed to unfold indefinitely. Thus, we opt for propositional equality instead. We discuss how a
related issue is handled in the context of guarded recursion in Chapter 6

Importantly, we can prove in the theory that, up to propositional equality, fix f is the unique term
satisfying this unfolding, which we may view as its η-rule:

Proposition 2.1 (Uniqueness of fixpoints). Suppose we have a term

Γ ⊢ p : Π(i : Size). g i = f i (λj < i. g j)

witnessing for some g : ∀i.(∀j < i.A(j) → A(i)) that it behave likes the fixpoint of f . Then there exists
a term

Γ ⊢ fixη p : Π(i : Size). g i = fix f i

witnessing pointwise propositional equality of g and fix f . In particular, by function extensionality this
means that g = fix f .

Proof. We can show this by making use of the fixpoint operator itself. We consider the type Γ, i : Size ⊢
g i = fix f i Type. Using the fixpoint operator, to construct a term of type Π(i : Size). g i = fix f i, it
suffices to give a term

q : ∀i.∀j < i.(g j = fix f j) → (g i = fix f i)

So, suppose that we have an i : Size and q′ : ∀j < i.(g j = fix f j). Then we have the term p i : g i =
f i (λj < i. g j), and the term q′ j : g j = fix f j allows us to show that g i = f i (λj < i. g j) = f i (λj <
i. fix f j) = fix f i, allowing us to construct q. Thus, using the fixpoint operator, we obtain a term

Γ ⊢ fix q : Π(i : Size). g i = fix f i

and by function extensionality we get g = fix f .

Moreover, the term fixη p : Π(i : Size). g i = fix f i is itself also unique up to propositional equality,
by the same argument as in the previous proposition. Thus, we can say that fix f is the unique term
satisfying its unfolding, up to unique propositional equality.
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2.1.4 Existential Type

We also include a small type for existential quantification over sizes, often called a weak sum type. It
is similar to the dependent sum type, but the formation rule, given in Figure 2.10, tells us that we may
only quantify over small types A(i) : U , and that the resulting existentially quantified type ∃i.A(i) : U
is also small. Moreover, the elimination rule for the existential type is ‘scoped’, as it only allows us to
eliminate to small types. A consequence of this restriction is that, unlike the dependent sum type, we
cannot define a projection to the first component, since Size does not itself live in U . Thus, we may
view the existential type as a kind of dependent sum type where the first component is not allowed to
‘escape’, thus keeping the size given to the second component abstract.

2.2 Type Equivalences

Besides the syntax and rules given in the previous section, the theory will also include several type
equivalences for small types as additional axioms. These equivalences describe how universal- and
existential quantification over sizes commute with the type constructors for small types. The equiv-
alences will be justified by the model constructed in Chapter 3, and will be important for encoding
(co)inductive types in the calculus.

We thus require a definition of equivalence of types, especially small types, which has been given
for intensional type theory and in particular homotopy type theory [Uni13]. Intuitively, we might say
that a map f : A→ B is an equivalence if it has an inverse g : B → A. However, encoding this in the
theory would result in a type which is not a mere proposition, in the terminology of homotopy type
theory [Uni13]. The type of equivalences being a mere proposition is desirable, as it means that up to
propositional equality, there is a unique f : A→ B that forms an equivalence.

Thus, we add an additional condition to the definition of equivalence in order to satisfy this re-
quirement. This leads us to define type equivalence in the following way.

Definition 2.2 (Equivalence). For types A and B, a map f : A → B is a (half adjoint) equivalence
if there exist g : B → A and proofs η : g ◦ f ∼ idA and ϵ : f ◦ g ∼ idB such that we have a term τ
witnessing the following coherence condition:

τ : Π(x : ElA). apf (η x) = ϵ(fx)

This gives rise to the type isequiv(f), which is a mere proposition. We say that small types A and B
are equivalent, denoted A ≃ B, if there exists a map f : A→ B that is an equivalence. Thus, we define

A ≃ B := Σ(f : A→ B).isequiv(f)

In practice, we will not use the coherence condition, as it is only there to ensure that isequiv(f) is
a mere proposition. We will mostly be interested in the fact that the type isequiv(f) being inhabited
gives us a unique g : ElB → ElA together with proofs that g ◦ f ∼ idElA and f ◦ g ∼ idElB . By
function extensionality, this is equivalent to saying that g ◦ f = idElA and f ◦ g = idElB . If these two
conditions hold, we say that g is a quasi-inverse of f . Note that f being a half adjoint equivalence via
(g, η, ϵ) implies that g is a quasi-inverse of f . It can be shown that if g is a quasi-inverse of f , then
f is a half adjoint equivalence [Uni13], making use of g. Moreover, then g itself is also a half adjoint
equivalence via f .

Before introducing the additional axioms for the calculus, we consider three equivalences which can
be constructed in the calculus directly.

Remark. For small types A,B : U , we will say that they are equivalent if ElA ≃ ElB, and denote
this by A ≃ B.

Lemma 2.3 (Definable equivalences). The following equivalences can be constructed in the calculus:

∀i.ΠU (x : A)B(i, x) ≃ ΠU (x : A)(∀i.B(x, i)) i /∈ fv(A)

∃i.(ΣU (x : A).B(i, x)) ≃ ΣU (x : A).(∃i.B(x, i)) i /∈ fv(A)

12



Proof. It suffices to define maps in both directions and show that these are quasi-inverses, as this implies
that we have a half-adjoint equivalence as well. For the first equivalence, we define the following maps

f : ∀i.Π(x : A)B(i, x) → Π(x : A)(∀i.B(x, i))

f p := λx.λi. p i x

g : Π(x : A)(∀i.B(x, i)) → ∀i.Π(x : A)B(i, x)

g q := λi.λx. q x i

It is not difficult to see that f ◦ g ∼ idB and g ◦ f ∼ idA, which thus allows us to construct an
equivalence. For the second equivalence, we define the maps:

f : ∃i.(Σ(x : A).B(i, x)) → Σ(x : A).(∃i.B(x, i))

f ⟨i, (a, b)⟩ := (a, ⟨i, b⟩)
g : Σ(x : A).(∃i.B(x, i)) → ∃i.(Σ(x : A).B(i, x))

g (a, ⟨i, b⟩) := ⟨i, (a, b)⟩

The required equalities to show that f ◦g ∼ idB and g ◦f ∼ idA follow from the η-rule for Σ-types.

The equivalences above show how the quantifiers commute with some of the type constructors.
For the remaining type constructors, the required equivalences are not constructible in the calculus
directly. Instead, the equivalences described in Figure 2.13 are added as axioms. More precisely, for
each equivalence listed, a canonical map f can be defined from left to right. The additional axioms
thus state that for each such f , the type isequiv(f) is inhabited. Note that this gives us a unique map
g going from right to left which is thus also a half adjoint equivalence. We give the definitions of the
maps from left to right below.

Proposition 2.4 (Definable maps for the axioms). For each equivalence listed in Figure 2.13, there
exists a canonical map from left to right.

Proof. We simply list the canonical maps. The maps for universal quantification are as follows:

λa.λi. a : A→ ∀i.A
λg.λi.λj. g j : ∀i.A(i) → ∀i.∀j < i.A(j)

λ⟨x, g⟩.λi. ⟨x, g i⟩ : ΣU (x : A)(∀i.B(x, i)) → ∀i.(ΣU (x : A)B(i, x))

The maps for existential quantification are as follows:

λ⟨i, a⟩. a : ∃i.A→ A

λ⟨i, j, a⟩. ⟨j, a⟩ : ∃i.∃j < i.A(j) → ∃i.A(i)
λ⟨i, g⟩.λa. g a : ∃i.(ΠU (x : ElA). ∃j < i.B(x, j)) → ΠU (x : ElA)(∃i.B(i, x))

Note that the following equivalence

∃i.(ΠU (x : ElA). ∃j < i.B(x, j)) ≃ ΠU (x : ElA)(∃i.B(i, x))

differs in the fact that the existential quantifier does not exactly commute with the small Π-type; we
will call this weakly commuting later on. The intuitive reason is that in both cases, to go from right
to left, there must be a limit size i of all sizes in the range of the (dependent) product. However, we
cannot guarantee that the type B is monotone, or covariant, in Size, so we make use of ∃j < i.B(x, j)
instead, which is monotone in Size. This axiom thus tells us that we have a way of constructing limits
of sequences of sizes in the theory, without explicitly adding a limit operator on sizes to the syntax.
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Note also that our chosen encodings for binary sums and binary products tell us that they commute
with the universal quantifier, and (weakly) commute with the existential quantifier.

Finally, we note the similarity between our axiom A ≃ ∀i.A when i /∈ fv(A), which we may view
as a size-irrelevance principle, and the clock-irrelevance principle used in guarded type theory. The
axiom ∃i.A ≃ A when i /∈ fv(A) is its dual for existential quantification, but this does not have an
analogue in guarded type theory, which exclusively uses universal quantification over clocks.

⊢ ⋄ Ctxt

⊢ Γ Ctxt Γ ⊢ A Type

⊢ Γ, x : A Ctxt

⊢ Γ, x : A,∆ Ctxt

Γ, x : A,∆ ⊢ x : A

Figure 2.1: Rules for context formation

Γ ⊢ U Type
Γ ⊢ A : U

Γ ⊢ ElA Type

Figure 2.2: Rules for universe type

Γ ⊢ ⊤ Type Γ ⊢ ⊥ Type Γ ⊢ Bool Type

Γ ⊢ ⋆ : ⊤ Γ ⊢ tt : Bool Γ ⊢ ff : Bool

Figure 2.3: Rules for empty-, unit-, and boolean type (Their elimination principles are left out)
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Γ ⊢ A Type Γ, x : A ⊢ B(x) Type

Γ ⊢ Π(x : A)B(x) Type

Γ, x : A ⊢ b(x) : B(x)

Γ ⊢ λx:A. b(x) : Π(x : A)B(x)

Γ ⊢ f : Π(x : A)B(x) Γ ⊢ a : A

Γ ⊢ f a : B(a)

Γ, x : A ⊢ b : B(x) Γ ⊢ a : A

Γ ⊢ (λx:A. b(x)) a ≡ b(a) : B[a/x]

Γ ⊢ f : Π(x : A)B(x)

Γ ⊢ (λx:A. f x) ≡ f : Π(x : A)B(x)

Figure 2.4: Rules for Π-types with β- and η-rules

Γ ⊢ A Type Γ, x : A ⊢ B(x) Type

Γ ⊢ Σ(x : A)B(x) Type

Γ ⊢ a : A Γ ⊢ b : B(a)

Γ ⊢ (a, b) : Σ(x : A)B(x)

Γ, z : Σ(x : A)B(x) ⊢ P (z) Type
Γ, x : A, y : B ⊢ p : P ((x, y))

Γ, z : Σ(x : A)B(x) ⊢ IndΣ(z, p) : P (z)

Γ, z : Σ(x : A)B(x) ⊢ P (z) Type
Γ, x : A, y : B ⊢ p : P ((x, y))

Γ, x : A, y : B ⊢ IndΣ((x, y), p) ≡ p : P ((x, y))

Γ ⊢ c : Σ(x : A)B(x)

Γ ⊢ c ≡ (π1(c), π2(c))

Figure 2.5: Rules for Σ-types with β- and η-rules (note that π1 and π2 are the derived projections)

Γ ⊢ A Type Γ ⊢ a1, a2 : A

Γ ⊢ a1 =A a2 Type

Γ ⊢ A Type Γ ⊢ a : A

Γ ⊢ refl a : a =A a

Γ, x : A, y : A, z : x =A y ⊢ P (x, y, z) Type
Γ, x : A ⊢ p(x) : P (x, x, reflx)

Γ, x : A, y : A, z : x =A y ⊢ Ind=(x, y, z, p) : P (x, y, z)

Γ, x : A, y : A, z : x =A y ⊢ P (x, y, z) Type
Γ, x : A ⊢ p(x) : P (x, x, reflx)

Γ, x : A ⊢ Ind=(x, x, reflx, p) ≡ p(x) : P (x, x, reflx)

Γ ⊢ f, g : Π(x : A)B(x) Γ, x : A ⊢ ex : f(x) =B(x) g(x)

Γ ⊢ funext(f, g, e) : f =Π(x:A)B(x) g

Figure 2.6: Rules for Propositional Equality and Function Extensionality

Γ ⊢ Size Type

Γ ⊢ s1, s2 : Size

Γ ⊢ s1 ≤ s2 Type

Γ ⊢ 0 : Size
Γ ⊢ s : Size
Γ ⊢ ↑s : Size

Γ ⊢ s1, s2 : Size

Γ ⊢ s1 ⊔ s2 : Size

Figure 2.7: Type of Sizes
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Γ ⊢ s : Size
Γ ⊢ 0 ≤ s

Γ ⊢ s : Size
Γ ⊢ s ≤ ↑s

Γ ⊢ s : Size
Γ ⊢ s ≤ s

Γ ⊢ s1 ≤ s2 Γ ⊢ s2 ≤ s3
Γ ⊢ s1 ≤ s3

Figure 2.8: Ordering of Sizes

Γ, i : Size ⊢ A(i) Type Γ ⊢ f : ∀i.((∀j < i.A(j)) → A(i))

Γ ⊢ fix f : ∀i.A(i)

Γ ⊢ fix β f : Π(i : Size). fix f i = f i (λj < i. fix f j)

Figure 2.9: Fixpoint operator with a propositional β-rule

Γ, i : Size ⊢ A(i) : U
Γ ⊢ ∃i.A(i) : U

Γ, i : Size ⊢ A(i) : U Γ ⊢ s : Size Γ ⊢ a : ElA(i)

Γ ⊢ ⟨s, a⟩ : El (∃i.A(i))

Γ, z : El (∃i.A(i)) ⊢ P (z) : U
Γ, i : Size, x : ElA ⊢ p : ElP (⟨i, x⟩)
Γ, x : ∃i.A(i) ⊢ Ind∃(x, p) : ElP

Γ, z : El (∃i.A(i)) ⊢ P (z) : U
Γ, i : Size, x : ElA ⊢ p : ElP (⟨i, x⟩)

Γ, i : Size, x : ElA ⊢ Ind∃(⟨i, x⟩, p) ≡ p : ElP (⟨i, x⟩)

Figure 2.10: Existential Type

Γ ⊢ ⊤U : U Γ ⊢ ⊥U : U Γ ⊢ BoolU : U

Γ ⊢ A Type Γ, x : A ⊢ B(x) : U

Γ ⊢ ΠU (x : A)B(x) : U

Γ ⊢ A : U Γ, x : ElA ⊢ B(x) : U

Γ ⊢ ΣU (x : A)B(x) : U

Γ ⊢ s1, s2 : Size

Γ ⊢ s1 ≤U s2 : U

Figure 2.11: Codes for Small Types

16



El (⊥U ) ≡ ⊥
El (⊤U ) ≡ ⊤

El (BoolU ) ≡ Bool

El (ΠU (x : A)B(x)) ≡ Π(x : A)(ElB(x))

El (ΣU (x : A)B(x)) ≡ Σ(x : ElA)(ElB(x))

El (s1 ≤U s2) ≡ s1 ≤ s2

Figure 2.12: Type Equalities for the universe

A ≃ ∀i. A i /∈ fv(A)

∀i. A(i) ≃ ∀i. ∀j < i. A(j)

ΣU (x : A)(∀i.B(x, i)) ≃ ∀i.(ΣU (x : A)B(i, x)) i /∈ fv(A)

∃i. A ≃ A i /∈ fv(A)

∃i. ∃j < i. A(j) ≃ ∃i. A(i)
∃i.(ΠU (x : ElA). ∃j < i.B(x, j)) ≃ ΠU (x : ElA)(∃i.B(x, i)) i /∈ fv(A)

Figure 2.13: Type equivalences for existential and universal quantification. Note that for each equiv-
alence, the left-to-right map f is definable. The additional axiom states that isequiv(f) is inhabited.
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Chapter 3

Realisability and Categories with
Families

This chapter introduces assemblies and partial equivalence relations, and shows how they can be given
the structure of a category with families. In a realisability model for type theory, types are interpreted
as sets together with a realisability relation between the set and a set of realisers. The intuition given
by Reus [Reu99] is that realisers can be seen as “codes” in a low-level language. A code that is related
to an object in the set is said to realise it, and can be seen as a representation of that object.

3.1 Partial Combinatory Algebras

The definitions of partial equivalence relations and assemblies are parametrised by the notion of a par-
tial combinatory algebra, which we may view as an abstract model of computation. We will introduce
only the necessary characteristics of a partial combinatory algebra, before restricting ourselves to a
particular instance.

Definition 3.1 (Partial combinatory algebra). A partial combinatory algebra (pca) is a tuple (A, ·)
consisting of a set A and a partial operation · : A × A ⇀ A, such that there exist elements k, s ∈ A
satisfying the following for all a, b, c ∈ A, writing a · b ↓ when a · b is defined:

1. k · a · b ↓ and k · a · b = a;

2. s · a · b ↓

3. s · a · b · c ≃ a · c · (b · c)

Here, ≃ denotes Kleene equality, meaning that either both sides are undefined, or both sides are de-
fined and they are equal. Moreover, when omitting parentheses, we assume that the partial operation
associates to the left, so k · a · b means (k · a) · b.

This is a rather abstract definition, and it will not be very insightful for our use case. Instead, we
give a different characterisation that will prove more helpful. For this, we need the notion of a term
over a pca.

Definition 3.2 (Terms). The set of terms over a pca (A, ·) is built up from countably many variables
and elements of A via the partial binary operation. A term t is closed if it contains no variables.

We can extend the notion of being defined to closed terms, by saying that a closed term t is defined
when all applications a ·b which are subterms of t are defined. This gives us a notion of Kleene equality
t1 ≃ t2 between terms. The important point for this work is that a pca admits a notion of abstraction,
similar to λ-abstraction.
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Proposition 3.3. (A, ·) is a partial combinatory algebra iff for every polynomial t over A contain-
ing only the variables x, x1, . . . , xn and for every variable x, there exists a polynomial Λx.t over A
containing only the variables x1, . . . , xn such that

([Λx.t][a1/x1, . . . , an/xn]) ↓

and

([Λx.t][a1/x1, . . . , an/xn]) · a ≃ t[a/x, a1/x1, . . . , an/xn]

for any a, a1, . . . , an ∈ A.

The proof of this characterisation and a general overview of partial combinatory algebras can be
found in [Oos08]. In particular, this means that terms may be represented as elements of a pca by
using abstraction, which we will use extensively when constructing the model.

In this work we will restrict ourselves to a specific pca, namely the first Kleene algebra K1, con-
sisting of the set of natural numbers N together with an enumeration of the partial recursive functions
{φn}n∈N. We can define a partial operation as m ·n := φm(n) and thus write m ·n ↓ when φm(n) halts.
Note that this operation is not associative. Often, we will call the elements of N in this context codes
or realisers, viewing a natural number n as a code for the partial recursive function φn. Moreover,
we assume that a computable bijective function ⟨ , ⟩ : N2 → N is given, together with projections
pr1, pr2 : N → N. Such an enumeration of partial recursive functions and a pairing function can be
found in many treatments of recursion theory [Odi89]. Proper definitions of the combinators k and s

can be given using the s-m-n theorem.

3.2 Partial Equivalence Relations and Assemblies

With the required definitions of partial combinatory algebra, we are ready to define partial equivalence
relations and assemblies over the pca K1.

Definition 3.4 (Partial equivalence relations). A partial equivalence relation (PER) R ⊆ N×N is a
symmetric and transitive relation on the natural numbers. We define the following notations:

dom(R) := {n ∈ N | nRn}
[n]R := {m ∈ N | nRm}
N/R := {[n]R | n ∈ dom(R)}

Note that R is an equivalence relation when restricted to dom(R). Given PERs R and S, a morphism
of PERs from R to S is a function f : N/R→ N/S such that there exists some e ∈ N with the property
that for every [n]R ∈ N/R, f([n]R) = [e · n]S. We say that f is tracked by e. We denote the category
of PERs by PER.

Note that in general, the computation e·n = ϕe(n) need not be defined, since e is a partial recursive
function. Thus, when writing [e · n]S , we implicitly assume (e · n) ↓.

Example 3.5. The initial object in PER is the empty relation 0 := ∅, since there exists a unique
empty function f : N/0 → N/R to each PER R, vacuously tracked by every realiser.

The terminal object in PER is the total relation 1 := N × N, since there exists a unique function
f : N/R → N/1 from each PER R sending everything to the unique element in N/1. To see that this
is a morphism, note that it is tracked by every realiser n such that φn is total.

An intuition for PERs is that the natural numbers are codes for certain objects, and two natural
numbers are related if they code the same object. Not every natural number must code an object, so
the relation need not be reflexive.

To interpret the large types in the theory, we make use of assemblies, also called ω-sets when
working with the natural numbers as the set of realisers.
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Definition 3.6 (Assemblies). An assembly is a pair (A,⊩A) consisting of a set A and a realisability
relation ⊩A⊆ N × A such that for every a ∈ A, there exists an n ∈ N such that n ⊩A a. We say
that n realises a, or that n is a code for a. We will often use A to denote both the assembly and the
underlying set.

A morphism of assemblies (A,⊩A) → (B,⊩B) is a function f : A→ B between the underlying sets
such that there exists some e ∈ N satisfying the following:

∀n ∈ N,∀a ∈ A. n ⊩A a =⇒ e · n ⊩B f(a)

In this case, we say that f is tracked by e. Note that the realiser tracking f is not part of the data of
the morphism. We denote the category of assemblies by Asm. Here again, the notation e · n ⊩A f(a)
implicitly assumes (e · n) ↓.

Example 3.7. As with PERs, the initial object in Asm is the empty set ∅ with the empty realisability
relation, whereas the terminal object is the singleton set {∗} with the total realisability relation N×{∗}.
We will also denote these by 0 and 1 respectively, confusing notation with the initial and terminal
objects in PER. The reason for this will become clear momentarily.

Note that any set A can be lifted to an assembly (A,N×A) with the full or complete realisability
relation, which we will denote as ∇A. Moreover, the operation ∇ : Set → Asm is functorial, since
every set-theoretic function f : A → B is also an assembly morphism f : ∇A → ∇B, as is shown by
the following proposition.

Proposition 3.8. For any assembly (A,⊩A) and set X, every set-theoretic function f : A → X is
also an assembly morphism f : A→ ∇X.

Proof. It suffices to show that f is tracked by some realiser, and in fact f is tracked by every realiser
e where φe is total. Given such an e ∈ N and a ∈ A where n ⊩A a, we have (e ·n) ⊩∇X f(a) since ∇X
carries full realisability structure.

Note that there is also an obvious forgetful functor from Asm to Set, which is left adjoint to ∇.
There is a close connection between PERs and assemblies, as PERs can be given the structure of an
assembly: given a PER R, the pair (N/R,∈) is an assembly. In fact, the category PER is equivalent
to an important subcategory of assemblies, namely that of modest sets.

Definition 3.9 (Modest sets). An assembly (A,⊩A) is a modest set if every n ∈ N codes at most one
a ∈ A: ∀n ∈ N. n ⊩A a1, a2 =⇒ a1 = a2. We denote the category of modest sets by Mod, which is a
full subcategory of Asm.

Note that for a PER R, (N/R,∈) is modest, since if n ∈ [m]R and n ∈ [m′]R, then [m]R = [m′]R
since R is an equivalence relation on dom(R).

Lemma 3.10. There is an equivalence between the categories PER and Mod.

Proof. We can define the inclusion functor ι : PER → Mod as ι(R) = (N/R,∈) and for f : R → S,
ι(f) = f . This gives a morphism of assemblies since f is tracked by some e and m ∈ [n]R implies
[n]R = [m]R and thus implies that e ·m ∈ f([n]R) = [e ·m]S .

Conversely, we can define a functor E : Mod → PER where for a modest set A we have E(A) =
{(m,n) | ∃a ∈ A. m, n ⊩A a} and for f : A→ B we define E(f) : E(A) → E(B) as E(f)([n]E(A)) = f(a),
where a is the unique element such that n ⊩A a, since A is modest.

It is now easy to check that equality holds in one direction, so E(ι(R)) = R, whereas we get a
natural isomorphism in the other direction: ι(E(A)) ∼= A.

The category PER is thus a subcategory ofMod. In fact, the previous proof shows that every modest
set is isomorphic to a PER, when viewing the PERs as assemblies. We can thus view Mod as the
isomorphism-closure, or repletion, of PER, and Mod is an isomorphism-closed, or replete, subcategory
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of Asm. These relations are what will allow us to interpret our type theory using modest sets and
assemblies.

For any modest set A, we may write ∼A for the PER obtained by E(A). Thus, for any PER R,
we have that ∼ι(R)= R. We will often blur the distinction between a PER R and its corresponding
assembly (N/R,∈), treating N/R as both a PER and an assembly. Thus, we may write n ⊩N/R [m]R,
or equivalently nRm.

3.3 Assemblies as a Category with Families

To interpret the type theory using assemblies, we make use of the categories with families (CwF)
framework, which gives a general structure for interpreting type theories that follows the syntax quite
closely. There are several treatments giving the details of this framework for interpreting type theory
[Hof97; CCD21], so we will only cover what is necessary.

We make use of the definitions from Hofmann [Hof97], in which the construction of a CwF begins
with the following structure:

• A category C of semantic contexts and context morphisms;

• For each Γ ∈ C, a collection Ty(Γ) of semantic types in context Γ.

• For each Γ ∈ C and A ∈ Ty(Γ), a collection Tm(Γ, A) of semantic terms of type A in context Γ.

We will often leave out “semantic” where this does not cause confusion. For the model in assemblies,
the category Asm will be the category of contexts. Given an assembly Γ, a type A ∈ Ty(Γ) will be
a family of assemblies over Γ, so A : Γ → Asm. We will often write such a family as A = (Aγ)γ∈Γ.
Finally, a term a ∈ Tm(Γ, A) is a dependent morphism a : (γ ∈ Γ) → Aγ , often written a = (aγ)γ∈Γ,
meaning that a is tracked by some e ∈ N, i.e.

∀n ∈ N. n ⊩Γ γ =⇒ (e · n) ⊩Aγ
aγ

A CwF requires a notion of semantic substitution, given by an operation on types and one on terms.
Given a context morphism f : ∆ → Γ, there should be an operation −[f ] : Ty(Γ) → Ty(∆), and for
each A ∈ Ty(Γ) an operation −[f ] : Tm(Γ, A) → Tm(∆, A[f ]). Moreover, these operations should be
compatible with identities and composition [Hof97]. For assemblies, both operations are defined by
precomposition with f . Given an assembly morphism f : ∆ → Γ and a type A ∈ Ty(∆), we define
A[f ]δ = Af(δ). Similarly, if a ∈ Tm(Γ, A), we define (a[f ])δ = af(δ).

A CwF should be able to interpret the context formation rules of the theory. The empty context ⋄
will be modelled by the terminal object in C. In the category of assemblies, the terminal object is given
by 1 = ({∗},N × {∗}). To interpret context extension, we require for each Γ ∈ C and A ∈ Ty(Γ) an
extended context Γ.A ∈ C, together with context morphisms pA : Γ.A→ Γ and vA ∈ Tm(Γ.A,A[pA]),
corresponding to first and second projections respectively. Context extension is defined as follows for
assemblies:

Definition 3.11 (Context extension). Given an assembly Γ and A ∈ Ty(Γ), we define the context
extension Γ.A as:

Γ.A = {(γ, a) | γ ∈ Γ ∧ a ∈ Aγ}
⟨n1, n2⟩ ⊩Γ.A (γ, a) iff n1 ⊩Γ γ and n2 ⊩Aγ

a

The morphisms pA : σ(Γ, A) → Γ and vA ∈ Tm(Γ.A,A[pA]) are given by (γ, a) 7→ γ and (γ, a) 7→ a
respectively, which are assembly morphisms tracked by the first and second projections on the realisers.
It is moreover clear that in this model, A[pA](γ,a) = Aγ .
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Finally, a CwF requires an operation to extend a context morphism by a term. That is, given
a context morphism f : ∆ → Γ, a type A ∈ Ty(Γ), and a term a ∈ Tm(∆, A[f ]), there should be a
morphism ⟨f, a⟩ : ∆ → Γ.A satisfying several equations, as found in [Hof97]. In the realisability model,
this is defined as ⟨f, a⟩(δ) = (fδ, aδ). Note that if d tracks f and e tracksM , then ⟨d, e⟩ tracks ⟨f, a⟩, so
this is indeed an assembly morphism. If a ∈ Tm(Γ, A), then we trivially have that a ∈ Tm(Γ, A[idΓ]),
so we get a context morphism ⟨idΓ, a⟩ : Γ → Γ.A, where ⟨idΓ, a⟩(γ) = (γ, aγ). We will denote this
morphism by a : Γ → Γ.A, as it will be useful later.

This completes the construction of a category with families from the category of assemblies, allowing
us to interpret the structural rules of our dependent type theory in assemblies. To give an idea of the
formal interpretation that we derive from the categories with families structure, we define the formal
interpretation of the context rules given in Figure 2.1 inductively as:

J⊢ ⋄CtxtK = 1

J⊢ Γ, x : ACtxtK = J⊢ ΓCtxtK.JΓ ⊢ A TypeK
JΓ, x : A ⊢ x : AK = vJΓ⊢A TypeK

JΓ, x : A,∆, y : B ⊢ x : AK = JΓ, x : A,∆ ⊢ x : AK[pJΓ,x:A,∆⊢B TypeK]
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Chapter 4

Interpretation of the Type Theory

Now that we have given the category of assemblies the structure of a categories with families, we know
that it serves as a model for the structural rules of the dependent type theory. However, we still need
to specify how the type and term formers in the theory should be interpreted. We will only give the
interpretations of the type and term formers; the specific conditions that these interpretations must
satisfy can be found in [Hof97].

4.1 Note on the Model

Our model will ensure that the theory we defined in Chapter 2 is consistent. However, the fact that
we construct a realisability model gives us more than just consistency. Although, as will become clear,
the interpretation from the theory to the model is not computable, every function in the model itself
is tracked by a realiser, in our case a partial recursive function which is defined on all codes realising
elements in the domain of the function. Thus, the model gives us an interpretation of the theory in
terms of computable functions.

4.2 Type- and Term Formers

The formal interpretation of the theory will largely follow the structure of the categories with families
framework. Thus, the interpretation of a type judgment JΓ ⊢ A TypeK will be given by the semantic
type A ∈ Ty(Γ). Similarly, the interpretation of a term judgement JΓ ⊢ a : AK is given by the semantic
term a ∈ Tm(Γ, A) where A ∈ Ty(Γ). In a few cases, the formal interpretation will deviate from this,
in which case we will explicitly mention this. When interpreting terms, we will show that they are
tracked by some realiser in order to show that the interpretation constitutes a morphism.

4.2.1 Universe Type

We start by giving an interpretation of the universe type U containing codes for small types. This
will allow us to give simultaneous definitions for the small and large constructors for the other type
constructors afterwards. As mentioned, a code in the universe U should be interpreted by a PER,
and the corresponding type will then be the assembly that arises from the inclusion of the PER into
the category of assemblies. This suggests interpreting the universe U as the set of all PERs using the
construction ∇PER.

Definition 4.1 (Universe type). For any context Γ, there is a type U ∈ Ty(Γ) defined as Uγ = ∇PER,
viewing PER as the set of all PERs. Moreover, there exists a type El ∈ Ty(Γ.U) defined as El (γ,R) =
ι(R), where ι(R) is the PER R viewed as an assembly. Given a type A ∈ Tm(Γ, U) in the universe,
we obtain a type El [A] ∈ Ty(Γ), which we will denote by ElA, following the definitions in [AGJ14].
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Here, the formal interpretation would be JΓ ⊢ U TypeKγ = Uγ = ∇PER. Then given an interpreta-
tion JΓ ⊢ A : UK = A ∈ Tm(Γ, U), we define the interpretation JΓ ⊢ ElA TypeKγ = El [A]γ = ι(Aγ).

Note that a code for a small type A ∈ Tm(Γ, U) is thus defined as an assembly morphism A : Γ →
∇PER. By Proposition 3.8, any set-theoretic function A : Γ → PER is also an assembly morphism
A : Γ → ∇PER.

4.2.2 Dependent Product

When interpreting the dependent product type in the assembly model, we will run into an issue in
trying to satisfy the type equality El (ΠU (x : A)B(x)) ≡ Π(x : A)(ElB(x)). This stems from the fact
that the categories Mod and PER are only equivalent, not isomorphic. In particular, we will need to
make a case distinction within the interpretation. We will see the reason more clearly after we have
given the definitions, but for now it will require us to define both type- and term constructors in PER
for the dependent product. First we define the large product and its associated terms.

Definition 4.2 (Dependent product). Given types A ∈ Ty(Γ) and B ∈ Ty(Γ.A), the type Π(A,B) ∈
Ty(Γ) consists of all dependent morphisms from A to B, defined as follows:

Π(A,B)γ = {f ∈ Πa∈AγB(γ,a) | ∃e. e ⊩Π(A,B)γ f}
e ⊩Π(A,B)γ f iff ∀n ∈ N,∀a ∈ Aγ . n ⊩Aγ

a =⇒ e · n ⊩B(γ,x)
f(a)

Note that the type A→ B ∈ Ty(Γ) then consists of all non-dependent morphisms from A to B. Given
a term b ∈ Tm(Γ.A,B), we define a term absΠA,B(b) ∈ Tm(Γ,Π(A,B)) as

absΠA,B(b)(γ) = λa ∈ Aγ . b(γ,a)

Note that absΠA,B is tracked by Λm.Λz.Λn. m · ⟨z, n⟩. Conversely, given a term f ∈ Tm(Γ,Π(A,B))

and a ∈ Tm(Γ, A), we have a term appΠA,B(f, a) ∈ Tm(Γ, B[a]) defined as follows

appΠA,B(f, a)(γ) = fγ(aγ)

Note that appΠA,B(f, a) is tracked by Λe.Λn.Λz. (e · z) · (n · z).

We note a useful property of the definition given here, which will allow for impredicativity in the
model. To do so, we will call a type A ∈ Ty(Γ) modest if Aγ is modest for every γ ∈ Γ.

Proposition 4.3. For any context Γ, if B ∈ Ty(Γ.A) is modest, then Π(A,B) is modest for any
A ∈ Ty(Γ).

Proof. It suffices to show that Π(A,B)γ is modest. Suppose that we have e ∈ N such that e ⊩Π(A,B)γ

f1, f2 ∈ Πa∈AγB(γ,a). Then for any a ∈ Aγ , there is some n ∈ N such that n ⊩Aγ a and thus
e · n ⊩B(γ,x)

f1(a), f2(a), which shows that f1(a) = f2(a) since B is modest, and thus f1 = f2, which
shows that Π(A,B) is modest.

Now we give analogous definitions for the small impredicative product type.

Definition 4.4 (Small Product). Given a type A ∈ Ty(Γ) and a small type B ∈ Tm(Γ.A, U), we define
the small (impredicative) product π(A,B) ∈ Tm(Γ, U) as a Γ-indexed set of PERs, where π(A,B)γ is
the PER defined as follows:

d ∼π(A,B)γ e iff

∀a ∈ Aγ ,∀m,n ∈ N. m, n ⊩Aγ
a =⇒ (d ·m) ∼B(γ,a)

(e · n)
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Note that π(A,B)γ relates two codes if they are realisers for the same dependent morphism f : (a ∈
Aγ) → B(γ,a). In fact, it is worth noting that the definition of π(A,B) is equivalent to E(Π(A,ElB)),
noting that Π(A,ElB) is modest since ElB is modest. Since Π(A,ElB)γ ∼= ι(E(Π(A,ElB)γ)), we
can treat the equivalence classes of π(A,B)γ as such dependent morphisms, and we may define an
equivalence class of π(A,B)γ by defining a dependent morphism f : (a ∈ Aγ) → B(γ,a) and giving a
realiser for it.

The definitions of the term formers also follow from the previous observation, although we give
explicit definitions here.

Definition 4.5 (Small term formers). Given a term p : (γ ∈ Γ) → ι(π(A,B)γ) and a ∈ Tm(Γ, A) we
define a term appπ(p, a) : (γ ∈ Γ) → ι(B(γ, a)) as:

appπA,B(p, a)(γ) = {d · n | d ∈ pγ ∧ n ⊩Aγ
aγ}

It is clear from the definition of π(A,B) that appπA,B(p, a)(γ) is an equivalence class of the PER B(γ, a).
Conversely, if we are given a term t : ((γ, a) ∈ Γ.A) → ι(B(γ, a)), we define a term absπA,B(t) : (γ ∈
Γ) → π(A,B)(γ) as:

absπA,B(t)(γ) =

{e | ∀a ∈ Aγ . ∀n ∈ N. n ⊩Aγ
a =⇒ (e · n) ∈ t(γ,a)}

Equivalently, absπA,B(t)(γ) is the set of realisers for the dependent morphism defined by

a 7→ t(γ,a) : (a : A) → B(γ, a)

which is realised by Λd.Λm.Λn. d · ⟨m,n⟩.

The definition for the impredicative product is somewhat complicated to work with. However, we
will mostly be interested in working with the type π(A,B) where A is the type Size, for which we give
the interpretation in the following section. Importantly, Sizeγ will carry the full realizability structure,
meaning that it will be interpreted as ∇S for some set S. With this is mind, the following lemma will
be useful.

Lemma 4.6. Whenever Aγ carries full realisability structure, meaning that Aγ = ∇S for some set S,
then there exists an isomorphism of PERs as follows

π(A,B)γ ∼=
⋂
a∈Aγ

B(γ,a)

Proof. Since Aγ = ∇S, we have ∀a ∈ Aγ ,∀m ∈ N. m ⊩Aγ
a. Thus, the definition of π(A,B)γ reduces

to:

d ∼π(A,B)γ e iff ∀a ∈ Aγ ,∀m,n ∈ N. (d ·m) ∼B(γ,a) (e · n)

We define a PER morphism h : π(A,B)γ →
⋂
a∈Aγ

B(γ,a) as:

h([e]π(A,B)γ ) = [e · n]B(γ,a)
for an arbitrary n ∈ N and a ∈ Aγ

Note that we have e ∈ dom(π(A,B)γ) and so

∀a ∈ Aγ ,∀m,n ∈ N. (e ·m) ∼B(γ,a) (e · n)

so for each a ∈ Aγ we have [e ·m]B(γ,a) = [e · n]B(γ,a) and thus

h([e]π(A,B)γ ) ∈
⋂
a∈Aγ

B(γ,a)
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Conversely, let Λk.m be a code for the constant function returning an arbitrary m ∈ N. We define
h−1 :

⋂
a∈Aγ

B(γ,a) → π(A,B)γ as:

h−1([m]⋂
a∈Aγ

B(γ,a)) = [Λk.m]π(A,B)γ

Now to see these are mutually inverse, if we have e ∈ dom(π(A,B)γ), then we get

h−1(h([e]π(A,B)γ )) = [Λk.(e · n)]π(A,B)γ = [e]π(A,B)γ

Note that the last equality holds since e ∈ dom(π(A,B)γ). If we have m ∈ dom(
⋂
a∈Aγ

B(γ,a), then
we get the following by definition:

h(h−1([m]⋂
a∈Aγ

B(γ,a))) = [(Λk.m)⋂
a∈Aγ

B(γ,a)
· n] = [m]⋂

a∈Aγ
B(γ,a)

For h to be an isomorphism of PERs, both h and its inverse must be realisable. It is a simple check
that h−1 is realised by Λd.Λe.d and h is realised by Λe.e · n, where n ∈ N may be chosen arbitrarily.

Now that we have given the required definitions for both the large and small product, we give the
formal interpretation for the types by making a case distinction on whether the type B in Π(x : A)B
is interpreted to be modest. To see why this is necessary, consider again the type equality for small
product types:

El (ΠU (x : A)B(x)) ≡ Π(x : A)(ElB(x))

If we were to simply interpret Π(x : A)(ElB(x)) as Π(A,ElB) and ΠU (x : A)B(x) as π(A,B), then
the structure El (π(x : A)B(x)) will only be isomorphic to Π(x : A)(ElB(x)), not necessarily equal.
This is because the categories Mod and PER are only equivalent, and for a modest set X we only have
an isomorphism ι(E(X)) ∼= X. Thus, instead we are required to make a case distinction on whether
the dependent type B in Π(x : A)B(x) is small. To the best of our knowledge, their is no way around
making such a case distinction when working with Tarski universes. One alternative is instead to work
with weak Tarski universes, in which the requirement of the type equality for lifting small types is
weakened to an equivalence.

JΓ ⊢ ΠU (x : A)B(x) : UKγ = π(JΓ ⊢ A TypeK, JΓ, x : A ⊢ B : UK)γ
JΓ ⊢ Π(x : A)B(x) TypeKγ = f(JΓ ⊢ A TypeK, JΓ, x : A ⊢ B TypeK)γ

where f =

{
ι ◦ π if rng(JΓ, x : A ⊢ B : TypeK) ⊆ Mod

Π otherwise

The term formers require similar case distinctions:

JΓ ⊢ λx:A.b(x) : Π(x : A).B(x)Kγ = abskA,B(JΓ, x : A ⊢ b : B(x)K(γ)

JΓ ⊢ f a : B(a)Kγ = appkA,B(JΓ ⊢ f : Π(x : A)B(x)K, JΓ ⊢ a : AK)(γ)

where k =

{
π if rng(JΓ, x : A ⊢ B(x) TypeK) ⊆ Mod

Π otherwise

4.2.3 Dependent Sum

The interpretation of the dependent sum type will require a similar case distinction as the depen-
dent product type. We first give the definition of the large dependent sum type, which is simply a
generalisation of context extension, defined as follows.
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Definition 4.7 (Dependent sum). Given a type A ∈ Ty(Γ) and B ∈ Ty(Γ.A), the type Σ(A,B) ∈ Ty(Γ)
is defined as follows:

Σ(A,B)γ = {(a, b) | a ∈ Aγ ∧ b ∈ B(γ,a)}
⟨n1, n2⟩ ⊩Σ(A,B)γ (a, b) iff n1 ⊩Aγ a and n2 ⊩B(γ,a)

b

To interpret the pairing operation, we define a morphism

pairΣA,B : Γ.A.B → Γ.Σ(A,B)

pairΣA,B(γ, a, b) = (γ, (a, b))

This morphism is tracked by the pairing operation on the realisers. To interpret the elimination rule,
we are given a type P ∈ Ty(Γ.Σ(A,B)) and a term p ∈ Tm(Γ.A.B, P [pairΣA,B ]) and define a term
IndpΣ ∈ Tm(Γ.Σ(A,B), P ) as follows:

IndpΣ(γ, (a, b)) = p(γ,a,b)

If p is tracked by d, then this term is tracked by Λk.Λn. d · ⟨k, pr1n, pr2n⟩.

Note that here we are being somewhat informal in defining the realiser for the elimination rule,
since we only assumed a computable bijection ⟨·, ·⟩ for pairing. However, such a computable bijection
may be defined for n-tuples as well.

For the dependent sum type, it is easy to see that if A and B are modest, then Σ(A,B) is modest
too. We give an analogous definition for the type constructor in PER. Note that, unlike for the Π-type,
we do not require separate term constructors in PER.

Definition 4.8 (Small dependent sum). Given a small type A ∈ Tm(Γ, U) and B ∈ Tm(Γ.ElA,U),
we define the dependent sum σ(A,B) ∈ Tm(Γ, U) pointwise as the PER ∼σ(A,B)(γ) defined as follows:

⟨m1, n1⟩ ∼σ(A,B)γ ⟨m2, n2⟩ iff m1 ∼A(γ) m2 and n1 ∼B(γ,[m1]A(γ)) n2

Note that this definition is equivalent to σ(A,B) = E(Σ(ElA,ElB)) and thus we have σ(A,B) ∼=
Σ(ElA,ElB).

This allows us to formally interpret the Σ-type constructors as follows

JΓ ⊢ σ(x : A)B(x) : UKγ = σ(JΓ ⊢ A : UK, JΓ, x : ElA ⊢ B(x) : UK)γ
JΓ ⊢ Σ(x : A)B(x) TypeKγ = f(JΓ ⊢ A TypeK, JΓ, x : A ⊢ B(x) TypeK)γ

where f =

{
ι ◦ σ if rng(JΓ ⊢ A TypeK) ∪ rng(JΓ, x : A ⊢ B(x) TypeK) ⊆ Mod

Σ otherwise

We omit the formal interpretation for the term constructors, since they follow directly from the defi-
nitions given above without any case distinction.

4.2.4 Empty, Unit and Boolean Types

The empty-, unit-, and boolean types will be simpler to interpret in the model, since they do not require
any case distinctions. Note that for these types, we also implicitly assume an induction principle, which
is also not explicitly specified in the type theory, but is easily defined in the interpretation.

Definition 4.9 (Empty Type). The code for the empty type ⊥U ∈ Tm(Γ, U) will be interpreted as the
initial PER for each γ ∈ Γ:

⊥U (γ) = 0

This definition allows us to define the empty type as El (⊥U ), which makes the required type equality
true by definition.
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Definition 4.10 (Unit type). The small unit type ⊤U ∈ Tm(Γ, U) will be interpreted as the terminal
PER for each γ ∈ Γ:

⊤U (γ) = 1

As with the empty type, the actual unit type is interpreted as El (⊤U ), i.e. the terminal assembly for
each γ, making the required type equality true in the interpretation. The unique term ⋆ ∈ Tm(Γ,⊤) is
then the unique morphism to the terminal assembly.

Definition 4.11 (Boolean type). We define BoolU as the following PER:

∀m,n ∈ N. ⟨0,m⟩ ∼BoolUγ
⟨0, n⟩

∀m,n ∈ N. ⟨1,m⟩ ∼BoolUγ
⟨1, n⟩

Again, we define the interpretation of the type Bool as El (BoolU ). The terms ff, tt ∈ Tm(Γ,Bool) are
defined to be the constant morphisms γ 7→ {⟨0,m⟩ | m ∈ N} and γ 7→ {⟨1,m⟩ | m ∈ N}, realised by
Λk.⟨0, k⟩ and Λk.⟨1, k⟩ respectively.

As there are no case distinctions required, the explicit formal interpretations for the theory follow
directly from the definitions given here.

4.2.5 Identity Type and Function Extensionality

Definition 4.12 (Identity type). We interpret the identity type using the following definitions: for
any type A ∈ Ty(Γ) and terms a, a′ ∈ Tm(Γ, A), we have a type Id(A, a, a′) ∈ Ty(Γ) defined as

Id(A, a, a′)γ =

{
1 if a = a′

0 if a ̸= a′

For each term a ∈ Tm(Γ, A), we have a term refla ∈ Tm(Γ, Id(A, a, a)) defined by refla(γ) = ∗.
Interpreting the induction principle explicitly in the categories with families framework becomes

somewhat syntactic. Since this is not the focus of this work, we note instead that it can be shown that
it suffices to give a natural isomorphism Tm(Γ, Id(A, a, a′)) ∼= {⋆ | a = a′} for each a, a′ ∈ Tm(Γ, A)
[AG25]. Clearly, both sets are singletons if a = a′, and empty otherwise.

Informally, function extensionality holds in the realisability model since it is set-theoretic, so
(dependent) functions are equal when they are pointwise equal. Explicitly, suppose we are given
f, g ∈ Tm(Γ,Π(A,B)), together with a proof of pointwise equality

p ∈ Tm(Γ.A, Id(B[a], appA,B(f, a), appA,B(g, a)))

. Then for any γ ∈ Γ and aγ ∈ Aγ we have that fγ(aγ) = gγ(aγ), thus implying that f = g, giving us
a term reflf ∈ Tm(Γ, Id(Π(A,B), f, g)).

Note that the realisability model thus validates uniqueness of identity proofs, since the identity
types are either empty or a singleton, but we do not add this axiom to the type theory.

4.3 Type of Sizes

In other work [NVD17], the type of sizes is interpreted as the set of natural numbers. The impred-
icativity of our realisability model will allow us to interpret the type Size as a large type, while still
having products over Size with a small type as codomain live in U . Thus, given a context Γ, we define
the semantic type Size ∈ Ty(Γ) as Sizeγ = ∇ω1, where ω1 is the first uncountable ordinal. Note that
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the set ω1 is exactly the set of all countable ordinals. Giving the type a full realisability structure
encapsulates the idea that sizes should be treated parametrically.

Informally, the reason for interpreting the type of sizes as ω1 is that it will allow us to justify the
equivalence

∃i.(π(x : ElA). ∃j < i.B(x, j)) ≃ π(x : ElA)(∃i.B(x, i)) i /∈ fv(A)

Intuitively, the right-to-left direction of this equivalence states that if we are given a dependent function
that gives a pair ⟨s, b⟩ : ∃i.B(i) for each a : ElA, there should be a corresponding ‘limit’ size α such
that s < α for each ⟨s, b⟩ in the range of the dependent function. As we will see, this will require limits
of sequences of sizes to be a size as well. Note that, since ElA is interpreted as a partial equivalence
relation over N, it has countably many equivalence classes. Since countable limits of countable ordinals
are themselves countable, ω1 will suffice for this purpose.

The operators ◦ ∈ Tm(Γ,Size) and ↑ ∈ Tm(Γ.Size,Size) can be interpreted as the constant-zero
and successor functions respectively:

◦(γ) = 0

↑(γ, α) = α+ 1

Note that since Sizeγ carries a full realisability structure, these are tracked by any total realiser.
We will sometimes treat a term s ∈ Tm(Γ,Size) of type Size as a constant value in Sizeγ , since we

build up such terms from the zero, successor and supremum functions, which behave uniformly over
Γ.

The ordering on sizes ≤U is interpreted as a small type in a context with two size variables, i.e.
≤U ∈ Tm(Γ.Size.Size[pSize], U). The small type s1 ≤U s2 is either the terminal singleton PER or the
initial empty PER, depending on whether s1 ≤ s2 holds with the regular relation on natural numbers.

≤U (γ, s1, s2) =

{
1 if s1 ≤ s2

0 otherwise

The actual type ≤∈ Ty(Γ.Size.Size[pSize]) is then simply the lifting to assemblies: ≤= El (≤U ). We
will often write (s1 ≤ s2)γ instead of ≤ (γ, s1, s2) and we will blur the distinction between ≤ and ≤U ,
since the important property is that s1 ≤ s2 is pointwise either the initial or terminal object in the
category of PERs or assemblies. Note that this interpretation validates the notion that the ordering
on sizes in the theory is a proposition.

4.4 Bounded Quantification and Fixpoint Operator

Recall that the notation Γ, i : Size ⊢ ∀j < i. A(j) is shorthand for Γ, i : Size ⊢ ∀j. (j < i→ A(j)). Thus,
a term g of type ∀j < i. A(j) is interpreted as a Γ.Size-indexed collection of dependent morphisms,
where

g(γ,α) : (β ∈ Sizeγ) → ((β < α)γ → A(γ,β))

If (β < α)γ holds in the interpretation, then (β < α)γ is the terminal singleton assembly. and thus
the set of morphisms of type (β < α)γ → A(γ,β) is isomorphic to A(γ,β), allowing us to treat g(γ,α)(β)
as an element of A(γ,β). If (β < α)γ does not hold in the interpretation, then (β < α)γ is the initial
(empty) assembly and there thus exists a unique morphism of type (β < α)γ → A(γ,β), namely the
empty morphism, again given by g(γ,α)(β). This confirms the syntactic intuition that we may treat
g(γ,α) as a dependent morphism where dom(g(γ,α)) = Sizeγ ↾ α. We will thus write the type of g(γ,α)
as:

g(γ,α) : (β ∈ Size<α,γ) → A(γ,β)
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Given this intuition, we consider the interpretation of the fixpoint operator fix . Given a type A ∈
Ty(Γ.Size), and a dependent morphism of the following type

fγ : (α : Sizeγ) → ((β ∈ Size<α,γ) → A(γ,β)) → A(γ,α)

corresponding to a semantic term of the syntactic type ∀i.(∀j < i.A(j) → A(i)), we need to define a
term fix f : (γ ∈ Γ) → Π(Size, A)γ . Thus, we require that (fix f)γ is a dependent morphism from Size
to A, i.e.

(fix f)γ : (α ∈ Sizeγ) → A(γ,α)

We define this morphism by well-founded induction on Sizeγ , i.e. the ordinal ω1 and thus a well-founded
ordering:

(fix f)γ(α) = fγ(α, λβ < α. (fix f)γ(β))

Note that, in the case where α = 0, there is only the unique empty morphism with type (β ∈
Size<0,γ) → A(γ,β), since the set Size<0,γ is empty. Note furthermore that this definition mirrors
exactly the β-rule for fix. The uniqueness property for fix f also follows by well-founded induction over
Sizeγ .

To be precise, the type ∀i.A(i) may be interpreted as ι(∀(Size, A)) when A is a small type. In this
case, we can make use of the previous morphism as well, only applying the isomorphism ι(∀(Size, A)) ∼=
Π(Size,ElA).

For fix to be a term, it must be tracked by some realiser. Note that, by our definition of fix , if
we are given some f realised by fr ∈ N and γ realised by γr ∈ N, we require that a realiser F for
fix satisfying the following for every n ∈ N, where we use as convention that the partial operation
associates to the left so that we may omit parentheses:

F · fr · γr · n = fr · γr · n · (Λm. F · fr · γr ·m)

In order to define such a realiser, we make use of the fact that a fixpoint operator exists in every partial
combinatory algebra:

Proposition 4.13 (Fixpoint operator in pca). For every pca (A, ·), there exists a fix ∈ A such that

fix f ↓ and fix f a ≃ f (fix f) a

A proof of this can be found in [Oos08]. Importantly, it allows us to define a realiser for the fixpoint
operator. First, we define a code φ ∈ N by

φ := Λf.Λe.Λk.Λn. e · k · n · (Λm. f · e · k ·m)

This gives us the following:

(fixφ) · fr · γr · n ≃ φ · (fixφ) · fr · γr · n
≃ fr · γr · n · (Λm.(fixφ) · fr · γr ·m)

This shows that fixφ is a realiser for our fixpoint operator, which thus constitutes a term.

4.5 Existential Type

To interpret the existential type ∃i.A(i), we will need to quotient the corresponding Σ-type in order
for it to live inside the universe U , i.e. canonically construct a partial equivalence relation from the
assembly Σ(Size, A). Instead of creating a construction for just this type, we can do this more generally
for any type. To do so, we make use of the following lemma.
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Lemma 4.14. The inclusion functor I : Mod → Asm has a left adjoint M : Asm → Mod.

Proof. Let A ∈ Asm be an assembly, we define M(A) = (A/∼M,⊩M(A)) where ∼M is the least equiva-
lence relation such that the following holds:

∃n ∈ N. n ⊩A a1, a2 =⇒ a1 ∼M a2

The realisability relation is defined as

n ⊩M(A) [a]∼M
iff ∃a′ ∈ [a]∼M

(n ⊩A a
′)

It is clear that M(A) is indeed a modest set. We define a map ηA : A → M(A) as a 7→ [a]∼M
, which

is realised by Λx.x and is thus a morphism of assemblies. To show that M extends to a left adjoint of
I, let X ∈ Mod be a modest set and suppose there exists a morphism g : A → X. Then g uniquely
factors as f ◦ ηA, where f : M(A) → X is defined as f([a]∼M

) = g(a).
It remains to show that f is well-defined. Suppose that a1 ∼M a2; if there exists n ∈ N such that

n ⊩A a1, a2, then since g is tracked by some e ∈ N, this means that e · n ⊩X g(a1), g(a2). Thus, since
X is a modest set, g(a1) = g(a2) and so f is well-defined.

Else, there exist n1, ..., nk ∈ N and b1, ..., bk−1 ∈ A such that n1 ⊩A a1, b1, n2 ⊩A b1, b2, ..., and
nk ⊩A bk−1, a2. Then by similar reasoning via transitivity, we will get that g(a1) = g(b1) = · · · =
g(bk−1) = g(a2)

Given this construction, we can truncate any assembly A ∈ Asm to M(A) in order (almost) fit in
the universe U . However, the universe U consists of PERs rather than modest sets. Fortunately, the
categories PER and Mod are equivalent via the functor E : Mod → PER defined in Section 3.2. Thus,
we will define the truncation ∥A∥ ∈ Tm(Γ, U) of a type A ∈ Ty(Γ) as

∥A∥γ = EM(Aγ)

However, in practice it will be more intuitive to work withM(Aγ) than EM(Aγ) in the following sections.
Since M(Aγ) ∼= ι(EM(Aγ)), this does not present any theoretical issues. For a type A ∈ Ty(Γ), we
might denote an element of ∥A∥γ as [a]∼M

where a ∈ Aγ . In reality, however, there exists a unique
[n]EM(Aγ) ∈ EM(Aγ) such that n ⊩M(Aγ) [a]∼M

, where [a]∼M
∈ M(Aγ). Thus, instead of working with

the equivalence class of the corresponding PER, we will work with the equivalence class of the modest
set.

The truncation operation should also operate on the level of terms, that is, given a term a ∈
Tm(Γ, A), there should be a term |a| in the truncated type. Thus, we define a context morphism

|·| : Γ.A→ Γ.El (∥A∥)
|(γ, a)| = (γ, [a]∼M

)

which is realised by the identity Λx.x. Moreover, the existential type comes with an elimination rule
for small types. Thus, a truncated type ∥A∥ in the model should come with such a rule as well. That
is, given a small type P ∈ Tm(Γ.El ∥A∥, U) and a term t ∈ Tm(Γ.A, (ElP )[|·|]), we define the following
term

elimt ∈ Tm(Γ.El (∥A∥),ElP )
elimt(γ, [a]∼M

) = t(γ, a)

To show that elimt is well defined, we need to show that a1 ∼M a2 implies t(γ, a1) = t(γ, a2). Since
a1 ∼M a2, we can assume that there exists some k ∈ N such that k ⊩A a1, a2. Moreover, t is tracked
by some e ∈ N, meaning that the following holds:

⟨m,n⟩ ⊩Γ.A (γ, a) =⇒ e · ⟨m,n⟩ ⊩P (γ,[a]∼M
) t(γ, a)
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Then for any γ ∈ Γ, which must realised by some m ⊩Γ γ, we have that ⟨m, k⟩ ⊩Γ.A (γ, a1), (γ, a2)
and thus:

e · ⟨m, k⟩ ⊩P (γ,[a1]∼M
) t(γ, a1), t(γ, a2)

since [a1]∼M
= [a2]∼M

. Since P is a small type, P (γ, [a1]∼M
) is a modest set when viewed as an

assembly. This implies that t(γ, a1) = t(γ, a2) since any realiser codes at most one object.
Now we are ready to interpret the existential type by truncating the Σ-type.

Definition 4.15 (Existential Type). Given a small type A ∈ Tm(Γ.Size, U), the small existential type
∃i.A(i) ∈ Tm(Γ, U) is defined as

∃i.A(i) := ∥Σ(Size,ElA)∥

As with dependent sums, the pairing operation is interpreted with a morphism pair∃ : Γ.Size.A →
Γ.El (∃i.A(i)) defined as

pair∃(γ, s, a) = |pairΣ(γ, s, a)|

where pairΣ(γ, s, a) ∈ Γ.Σ(Size, A).
Finally, the elimination rule for existential types is interpreted as follows. Given the following

terms:

P ∈ Tm(Γ.El (∃i.A(i)), U)

p ∈ Tm(Γ.Size.A, (ElP ){pair∃})

we define the term Indp∃ ∈ Tm(Γ.(∃i.A(i)),ElP ) as follows:

Indp∃ = elimIndPΣ
∈ Tm(Γ.(∃i.A(i)),ElP )

where elimIndPΣ
(γ, [(s, a)]∼M

) = IndPΣ(γ, (s, a)) is well-defined since elim is well-defined.

Now that the formal definition is given, we can make an observation about the structure of the
existential type. Given a small type A ∈ Tm(Γ, U), note that for the modest set M(Σ(Size,ElA)γ),
the equivalence relation ∼M is defined exactly by

(s1, a1) ∼M (s2, a2) iff ∃⟨m,n⟩ ∈ N. ⟨m,n⟩ ⊩Σ(Size,ElA)γ (s1, a1), (s2, a2)

iff ∃n ∈ N. n ⊩ElA(γ,s1)
a1 and n ⊩ElA(γ,s2)

a2

Thus, the intuition is that two elements [(s1, a1)]∼M
and [(s2, a2)]∼M

of (∃i.A(i))γ are equal if a1 and
a2 share a realiser.

4.6 Type Equivalences in the Model

To justify the equivalences included in the type theory in Figure 2.13, we show that they hold in
the model. To show that the equivalence Γ ⊢ A ≃ B holds, we give an isomorphism A ∼= B where
A,B ∈ Tm(Γ, U) by giving an isomorphism of PERs Aγ ∼= Bγ for each γ ∈ Γ. Note that giving such an
isomorphism between PERs is stronger than the axiom added to the theory. In fact, mirroring these
results from the model, we could have stated the stronger axioms as defining inverses up to definitional
equality, as has been done in guarded recursion [Møg14]. However, this would be a external axiom,
whereas our approach is more in line with other work on internal parametricity.
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4.6.1 Universal Quantification

Recalling Lemma 4.6, we know that for any small type A : U , the type Γ ⊢ ∀i. A(i) : U is interpreted
as π(Size, A) : Γ → PER and satisfies the isomorphism

π(Size, A)γ ∼=
⋂

s∈Sizeγ

Aγ,s

since Sizeγ carries full realisability structure. Moreover, recall that the small type Γ, i : Size ⊢ ∀j <
i. A(j) : U is interpreted as the set of dependent morphisms with the following type:

((γ, s) ∈ Γ.Size) → ((r ∈ Size<s,γ) → A(γ, r))

It follows that the interpretation of Γ, i : Size ⊢ ∀j < i. A(j) : U can be characterized by the following
isomorphism:

(∀j < i. A)(γ,s) ∼=
⋂

r∈Size<s,γ

A(γ,r)

We will write the interpretation of Γ, i : Size ⊢ ∀j < i. A(j) : U as π(Size<, A).

• A(i) ≃ ∀i.A: We recall Lemma 4.6:

π(Size, A)γ ∼=
⋂

s∈Sizeγ

Aγ,s

Since i /∈ fv(A), A is not dependent on Size, so we have that Aγ,s1 = Aγ,s2 for any s1, s2 ∈ Sizeγ .
Thus we have

⋂
s∈Sizeγ

Aγ,s = Aγ and so π(Size, A)γ ∼= Aγ .

Note that if i /∈ fv(A), then an element [e] ∈ π(Size, A)γ corresponds to a unique morphism
f : Sizeγ → Aγ tracked by e ∈ N. Then for any n ∈ N and s1, s2 ∈ Sizeγ , we have n ⊩Sizeγ s1, s2
and so e · n ⊩Aγ f(s1), f(s2) =⇒ f(s1) = f(s2) since Aγ is modest. Thus, f is simply a
constant function with codomain Aγ , which also justifies the isomorphism π(Size, A)γ ∼= Aγ
when i /∈ fv(A).

• ∀i. A(i) ≃ ∀i. ∀j < i. A(j): Here we have the isomorphism

π(Size, A)γ ∼=
⋂

s∈Sizeγ

Aγ,s

by Lemma 4.6. Similarly, by our earlier reasoning in this section, we get the following isomor-
phism:

π(Size, π(Size<, A))γ ∼=
⋂

s∈Sizeγ

⋂
r∈Size<s,γ

Aγ,r

It is clear that these are isomorphic PERs, justifying the equivalence.

• ∀i.(ΣU (x : A)B(i, x)) ≃ ΣU (x : A)(∀i.B(x, i)): Recall that here we assume that i /∈ fv(A). Since
σ(A,B) ∼= Σ(ElA,ElB) and π(A,B) ∼= Π(A,ElB), it suffices to show that the following isomor-
phism holds:

Π(Size,Σ(ElA,ElB)) ∼= Σ(ElA,Π(Size,ElB))

So suppose that f ∈ Π(Size,Σ(ElA,ElB))γ is a dependent morphism tracked by e ∈ N. Then
we note the following property of f :

f(s1) = (a1, b1) ∧ f(s2)(a2, b2) =⇒ a1 = a2
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This holds because s1, s2 are tracked by any n ∈ N and so, using the fact that A does not depend
on Size, we have:

e · n ⊩Σ(A,B)(γ,s1)
(a1, b1) =⇒ pr1(e · n) ⊩Aγ

a1

e · n ⊩Σ(A,B)(γ,s2)
(a2, b2) =⇒ pr1(e · n) ⊩Aγ

a2

SinceA is modest, we thus have that a1 = a2. So, given f , we construct the element (π1(f(r)), λs. π2(f(s))) ∈
Σ(ElA,Π(Size,ElB))γ for an arbitrary r ∈ Size. This map is tracked by Λe. ⟨pr1 (e·n),Λk. pr2 (e·
k)⟩ for an arbitrary n ∈ N.
Conversely, given (a, f) ∈ Σ(ElA,Π(Size,ElB))γ , we can construct an element λs. (a, f s) ∈
Π(Size,Σ(ElA,ElB))γ . This map is tracked by Λk.Λn.⟨p1 k, (pr2 k) · n⟩. Moreover, it is easily
seen that these maps form an isomorphism.

4.6.2 Existential Quantification

• A ≃ ∃i.A: In this case we have i /∈ fv(A), so Aγ,s1 = Aγ,s2 for all s1, s2 ∈ Sizeγ , so we simply
use the notation Aγ . The equivalence relation ∼M on Σ(Size,ElA)γ can then be characterized
as follows, since Aγ is a modest set:

(s1, a1) ∼M (s2, a2) iff ∃⟨m,n⟩ ⊩Σ(Size,ElA)γ (s1, a1), (s2, a2)

iff ∃n. n ⊩Aγ,s1
a1 ∧ n ⊩Aγ,s1

a2

iff ∃n. n ⊩Aγ a1 ∧ n ⊩Aγ a2

iff a1 = a2

Thus, we get an isomorphism h : M(Σ(Size, A))γ ∼= Aγ where h([(s, a)]∼M
) = a and h−1(a) =

[(s, a)]∼M
for any s ∈ Sizeγ . Here, h is realised by the second projection, and h−1 by Λk.⟨m, k⟩

for any fixed m ∈ N.

• ∃i. A(i) ≃ ∃i. ∃j < i. A(j): We define an isomorphism

h : M(Σ(Size, A))γ ∼= M(Σ(Size,Σ(Size, A)))γ

where h([(s, a)]∼M
) = [(↑s, (s, a))]∼M

and h−1([s, (r, a)]∼M
) = [(r, a)]∼M

. It is easily checked that
these mappings are well-defined since the equivalence relation ∼M depends only on a. To show
that h is an isomorphism, it suffices to show that for any s1, s2 ∈ Sizeγ we have (s1, (s, a)) ∼M

(s2, (s, a)). This follows from the fact that in the type ∃i. ∃j < i. A(j), A depends only on j.
Thus, the same reasoning from the previous case gives the required result.

• ∃i.(ΠU (x : ElA). ∃j < i.B(x, j)) ≃ ΠU (x : ElA)(∃i.B(x, i)): Here we recall that we assume that
i /∈ fv(A). To define this equivalence, we make use of the fact that Sizeγ is interpreted as the
ordinal ω1, allowing us to take countable limits of countable sequences over Sizeγ .

Since σ(A,B) ∼= Σ(ElA,ElB) and π(A,B) ∼= Π(A,ElB), it suffices to show that the following
isomorphism holds:

M(Σ(Size,Π(ElA,M(Σ(Size<, B)))))γ ∼= Π(ElA,M(Σ(Size, B)))γ

The nested occurrences of the functor M makes this a difficult representation to work with.
Instead, it is more instructive to define a map

Σ(Size,Π(ElA,Σ(Size<, B)))γ → Π(ElA,Σ(Size, B))γ

which sends a pair (s, f) to f . Since f ∈ Π(ElA,Σ(Size<, B))γ , we have that f sends an element
a ∈ ElAγ to a pair (r, b) where r < s. In particular then, we also have that (r, b) ∈ Σ(Size, B)(γ,a).
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Conversely, to define a map

Π(ElA,Σ(Size, B))γ → Σ(Size,Π(ElA,Σ(Size<, B)))γ

we make use of the fact that we can take limits of countable sequences. Thus, we send g ∈
Π(ElA,Σ(Size, B))γ to the pair (sup(s,b)∈rng(g)⟨s⟩, g). Note that the first element of this pair
is the supremum of all sizes in the range of g, and that the range of g is countable because
(ElA)γ is interpreted as a PER, and is thus countable. Thus, for any (s, b) ∈ rng(g) we have
that s < sup(s,b)∈rng(g)⟨s⟩, making this map also well-defined.

Note that these maps do not form an isomorphism

Σ(Size,Π(ElA,Σ(Size<, B))) ∼= Π(ElA,Σ(Size, B))

However, lifting these maps to work with their quotients via M does give the required isomor-
phism.
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Chapter 5

(Co)inductive Types

Instead of defining inductive and coinductive types and their terms as primitives, we will construct
them as the fixpoints of suitable functors in the type theory. This will allow us to make the intuition
of size-indexed types as approximations of full types explicit.

5.1 (Co)inductive Types as (Co)algebras

Dependently-typed programming languages such as Agda or Rocq offer explicit methods to define in-
ductive datatypes, such as lists or finite trees, by specifying the constructors of the type. More recently,
Agda also introduced functionality to define coinductive types via copatterns, which essentially allow
the user to define a coinductive type by specifying the destructors of the type. We take an alternative
approach to explicitly including certain (co)inductive types in the syntax. Namely, we will encode
inductive types and coinductive types as initial algebras and terminal coalgebras respectively, for suit-
able functors in the category of small types. There are several good introductions to this categorical
perspective on (co)inductive datatypes, of which we refer to just one [JR97].

As mentioned before, in the type theory we would like to work with both (co)inductive types and
their size-indexed variants, which should themselves also be (co)inductive types. We can illustrate
the categorical perspective via typical examples of inductive and coinductive types: lists and streams
over a type A. In Agda, lists are intuitively defined as the ‘least’ type generated by the following two
constructors:

nil : ListA

cons : A→ ListA→ ListA

We might encode lists over a small type A : U as the initial algebra of the functor F X = ⊤+A×X,
where F : U → U . The type ListA being the initial algebra of F would imply that ListA ≃ ⊤+ A×
ListA, matching the intuition that lists are either empty (⊤) or constructed by adding an element onto
an existing list (A × ListA). The corresponding size-indexed type, SListA : Size → U , might come
with the following constructors:

nil s : SListAs

conss : ∀r < s. A→ SListAr → SListAs

Here, the constructor conss could also have been defined as

conss : A→ ∃r < s.SListAr → SList a s

This is because we have an equivalence of types ∀s. (A(s) → B) ≃ ∃s.A(s) → B when s does not
occur in B. This allows us to encode the size-indexed list type as the initial algebra for the size-
indexed functor GX s = ⊤ + ∃r < s. A ×X r where G : (Size → U) → (Size → U). We will use this
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construction of size-indexed inductive types to derive regular inductive types. A similar construction
works for coinductive types. The following sections make the notion of (size-indexed) functors and
(co)-algebras precise.

5.2 Uniqueness of Identity Proofs

In this chapter, we will need to assume an additional axiom: uniqueness of identity proofs (UIP) for
small types. This axiom states that for any A : U and a, b : ElA, any two terms of the type a =A b
are propositionally equal:

Π(A : U). Π(a, b : ElA). Π(p, q : a =A b) (p =a=Ab q)

This axiom will simplify the following development, since we don’t need to worry about the manipu-
lation of identity types. It is also true in the realisability model. However, assuming UIP means that
this development cannot be formulated in homotopy type theory, as it rejects the axiom. We have also
worked through most of the following work without UIP and strongly believe that the same results
hold. In particular, we require contractibility of the Σ-type pairing the fixpoint of a function with
its propositional unfolding to ensure that the size-indexed algebra we define in the following sections
satisfies initiality. Moreover, the adjunctions we construct require care to ensure that they work with
identity types. However, we do not have all the required details for identity proofs spelled out, so we
opt to use UIP here for simplicity.

5.3 Size-indexed Functors

In this section and the following, we will fix a context Γ, and all definitions will be parameterised by
the context. Moreover, we will make extensive implicit use of the functional extensionality axiom in
what follows. Given a fixed context Γ, we can define the category of small types, i.e. types in the
universe, as follows.

Definition 5.1 (Category of small types). The category of small types has as objects small types
A : U and as morphisms functions f : ElA → ElB. Since we will only be working with small types
in these sections, we will denote this by f : A → B. The notion of equality is propositional equality.
For an object A : U , the identity morphism is given by idA := λx.x : A → A. Given f : A → B and
g : B → C, we define their composition as g ◦ f := λx. g (f x). Note that, making use of the η-rule
for Π-types, we have associativity of composition up to definitional equality, and identities are up to
definitional equality.

We define an endofunctor on this category as a pair of terms (F0, F1) where

F0 : U → U

F1 : ΠA,B:U (A→ B) → (FA→ FB)

such that the functor laws are satisfied propositionally:

FA,A(idA) = idFA

FA,C(g ◦ f) = FB,C g ◦ FA,Bf

Note that we will write F for both F0 and F1 when there is no confusion, as is commonly done
in category theory, and will omit the subscripts for F1 when they are clear from the context. We
also define the category of size-indexed types, which we will use to develop encodings for size-indexed
(co)inductive types.
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Definition 5.2 (Category of size-indexed types). The category of size-indexed types has as objects
terms A : Size → U . Morphisms in this category are then terms of the form f : ∀s. (As) → (B s),

which we denote by f : A
s→ B. Given f : A

s→ B and g : B
s→ C, we define the composition as

g ◦ f : A
s→ C as

g ◦ f := λs.(g s) ◦ (f s) := λs.λx. g s (f s x)

where the second composition refers to the notion defined in the category of small types. Again, we
have associativity of composition up to definitional equality. Note that the identity map idA : A

s→ A
here is λs.λx. x.

An endofunctor (F0, F1) on this category, which we will often called size-indexed functors, similarly
consists of terms

F0 : (Size → U) → (Size → U)

F1 : Π(A,B:Size→U) (A
s→ B) → (FA

s→ FB)

satisfying the same requirements of identity and composition as in the category of small types:

FA,A(idA) = idFA

FA,C(g ◦ f) = FB,Cg ◦ FA,Bf

Following the notation in [Vez15; NVD17], we now give two important size-indexed functors, i.e.
endofunctors on the category of size-indexed types, for bounded existential and universal quantification.
In many of the following constructions, function extensionality is key to them being well-defined.

Proposition 5.3. The following terms constitute a size-indexed functor (♢0,♢1).

♢0 : (Size → U) → (Size → U)

♢0As := ∃r < s. A r

♢1 : Π(A,B:Size→U)(A
s→ B) → (♢0A

s→ ♢0B)

♢A,B f s ⟨r, a⟩ := ⟨r, f r a⟩

Proof. The functor laws for identity and composition follow from unfolding the definitions.

Proposition 5.4. The following terms constitute a size-indexed functor (20,21).

20 : (Size → U) → (Size → U)

20As := ∀r < s. A r

21 : Π(A,B:Size→U)(A
s→ B) → (20A

s→ 20B)

2A,B f s g r := f r (g r)

Proof. Here as well, the laws for identity and composition follow from unfolding the definitions.

We will write ♢sA for ♢As := ∃r < s. A r and similarly 2sA for 2As := ∀r < s. A r. Given a
functor F on the category of small types, we can make use of ♢ and 2 to “lift” F to the category of
size-indexed types as follows.

Proposition 5.5. Let F be a functor on the category of small types. Then the following terms
constitute a size-indexed functor.

F [♢−]0 : (Size → U) → (Size → U)

F [♢A]0 s := F (♢sA) = F (∃r < s. A r)

F [♢−]1 : Π(A,B:Size→U)(A
s→ B) → (F [♢A]

s→ F [♢B])

F [♢ f ]A,B s := F♢sA,♢sB(♢A,B f s)
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Proof. The laws for identity and composition follow from unfolding the definitions, using the fact that
F and ♢ are well-defined functors.

Given a functor F on the category of small types describing the shape of an inductive type, the
size-indexed functor F [♢−] should describe the shape of the size-indexed variant of the type. In our
previous example, we considered the functor F : U → U where F X = ⊤+A×X for some fixed A : U ,
whose initial algebra corresponds to the inductive definition for lists over A. The functor F [♢−] is
then defined on objects as

F [♢X] s := F (∃r < s. X r)

:= ⊤+A× ∃r < s.X r

which corresponds to the informal intuition for size-indexed lists described in the previous section. We
have an analogous construction for bounded universal quantification.

Proposition 5.6. Let F be a functor on the category of small types. Then the following terms
constitute a size-indexed functor.

F [2−]0 : (Size → U) → (Size → U)

F [2A]0 s := F (2sA) = F (∀r < s. A r)

F [2−]1 : ΠA,B:Size→U . (A
s→ B) → (F [2A] s→ F [2B])

F [2 f ]A,B s := F2sA,2sB(2A,B f s)

Proof. The required properties follow from the fact that F and ♢ are well-defined functors.

Dually, the functor F [2−] should lift a functor F describing the shape of a coinductive type to that
of the size-indexed variant. For example, the functor for streams over A is defined by F X = A×X,
and thus we have the functor F [2X] = F (∀r < s. X r) = A × ∀r < s. X r, describing the shape of
size-indexed streams.

5.4 Size-indexed Algebras

We now require definitions for algebras over functors, in order the define a notion of initial algebra.

Definition 5.7 (F -Algebra). Given a functor F on the category of small types, an F -algebra is a pair
(A, kA) consisting of a carrier A : U together with an algebra map kA : FA → A. Thus, explicitly an
F -algebra is a term of the type

F -Alg := Σ(A : U)(FC → C)

Given F -algebras (A, kA) and (B, kB), a morphism h : (A, kA) → (B, kB) is a term h : A → B such
that h satisfies the required equality propositionally:

ph : kB ◦ Fh = h ◦ kA

Due to the inclusion of UIP, the proof term for the equality does not need to be part of the data.

For an algebra (A, kA), there is an obvious identity map using idA. Given morphisms f : (A, kA) →
(B, kB) and g : (B, kB) → (C, kC), their composition is given by g ◦ f , where we have the following
propositional equalities:

kC ◦ F (g ◦ f) = kC ◦ Fg ◦ Ff
= g ◦ kB ◦ Ff
= (g ◦ f) ◦ kA
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We will denote the category of F -algebras by F -Alg.
An initial algebra is then the initial object in the category of F -algebras, which we will denote by

(µF, in). Concretely, this means that for any algebra (A, kA) there exists a term

foldAkA : µF → A

such that foldAkA is an algebra morphism and is moreover unique up to propositional equality.

Definition 5.8 (Size-indexed algebra). Given a functor F on the category of small types, a size-
indexed F -algebra is defined to be an algebra for the size-indexed functor F [♢−]. Explicitly, it consists

of a pair (A, kA) where A : Size → U and kA : F [♢A]
s→ A. A morphism h : (A, kA) → (B, kB) is a

term h : A
s→ B such that h satisfies the required equality propositionally:

ph : kB ◦ FA,B h = h ◦ kA

Note that here composition is defined as in the category of size-indexed types. This gives rise to a
category of size-indexed F -algebras, which we denote by F♢-Alg.

For any F -algebra on the category of small types, we can create a size-indexed F -algebra which is
‘constant’ in the sense that it ignores the size index.

Proposition 5.9. Every F -algebra (A, kA) gives rise to a F♢-algebra (TA, kTA) where the first com-
ponent is defined as TA := λi.A : Size → U . Moreover, the operation T is functorial.

Proof. Given the F -algebra (A, kA), we define TA : Size → U by TA := λi.A. To define the morphism
kTA : F [♢A] → A, we first define the following auxiliary term, noting the fact that i /∈ fv(A):

extract : Π(A:U)♢TA
s→ TA

extractA s ⟨r, a⟩ := a

This allows us to define kTA i := kA ◦ F (extractA i), which is well-typed as kA : FA → A and
F (extractA i) : F (∃j < i. TA i) → F (TA i) ≡ F (∃j < i. A) → FA. We can also write this as:
kTA := (λi.kA) ◦ F [extractA] using the definition of composition for size-indexed types

Given two F -algebras (A, kA) and (B, kB) and an algebra morphism f : (A, kA) → (B, kB), we

define Tf : TA
s→ TB by

Tf : TA
s→ TB

Tf := λi.f

By unfolding the definitions and making use of function extensionality, we can now see that extract is
natural in A, meaning that the following square commutes for any f : A→ B:

♢TA TA

♢TB TB

extractA

♢Tf Tf

extractB

It remains to show that Tf is an algebra morphism, i.e we require the following identity

Tf ◦ kTA = kTB ◦ F [♢Tf ]

This follows from unfolding the definitions, together with the observation that extract is natural in
A. We make use of function extensionality. Explicitly, we have the following, making us of the
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propositional equality f ◦ kA = kB ◦ Ff :

(Tf ◦ kTA) s ≡ Tf s (kA ◦ F (extractA s))
≡ (f ◦ kA) ◦ F (extractA s)
= (kB ◦ Ff) ◦ F (extractA s)
= (kB ◦ F (f ◦ extractA s))
= kB ◦ F (extractB s) ◦ (F [♢Tf ]s)
≡ (kTB ◦ F [♢Tf ]) s

Thus, T : F -Alg → F♢-Alg is a functor.

We will now show that we can define initial size-indexed F -algebras in the calculus using the fixpoint
operator. This will then allow us to derive initial algebras for a class of functors on the category of
small types.

Lemma 5.10. Let F be a functor on the category of small types and F [♢−] be the corresponding
size-indexed functor. Then F [♢−] has an initial algebra with first component µ♢F : Size → U where:

µ♢F s := fix (λi. λX. F (♢iX)) s

Proof. We first note that the propositional β-rule for the fixpoint operator gives us the following chain
of equalities:

µ♢F s := fix (λi. λX. F (♢iX)) s

= (λi. λX. F (♢iX)) s (λr < s. fix (. . . ) r)

= F (♢s fix (λi. λX. F (♢iX)))

=: F [♢(µ♢F )] s

Thus, we can construct a term p : ∀i.µ♢F i = F [♢(µ♢F )] i of pointwise propositional equality,

which allows us to define the (invertible) algebra map in : F [♢(µ♢F )]
s→ µ♢F using the transport

operation pointwise, which we defined in Section 2.1.2:

in s := tr((F [♢(µ♢F )] s), (µ♢F s), p s)

We denote its pointwise inverse by out : µ♢F
s→ F [♢(µ♢F )]. For any m : µ♢F and s : Size we have

(out s (in sm)). Now we require a definition for the term

fold♢ : Π(A:Size→U)(F [♢A]
s→ A) → (µ♢F

s→ A)

We define this term using fix:

fold♢AkA := fix f

f : ∀i. (∀j < i. µ♢F j → Aj) → (µ♢F i→ A i)

f s fold′m := kA s (F♢s(µ♢F ),♢sA (λ ⟨r,m′⟩. ⟨r, fold′ rm′⟩) (out sm))

Note here that we have:

F♢s(µ♢F ),♢sA : (♢s(µ
♢F ) → ♢sA) → (F [♢(µ♢F )] s→ F [♢A] s)

Thus, the definition is well-typed, noting that m : µ♢F s and that we have the propositional equality
µ♢F s = F [♢(µ♢F )] s, allowing us to transport m, such that out sm : F [♢(µ♢F )] s.
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It remains to show that fold♢ is indeed a morphism of algebras, so we need to show the following
equality holds for A : U and kA : F [♢A]

s→ A:

kA ◦ F [♢ (fold♢AkA)] = fold♢AkA ◦ in

This is verified by unfolding the definitions and the unfolding of fix. Given s : Size andm : F [♢(µ♢F )] s,
and letting f denote the term given above in the definition of fold♢, we have:

((fold♢AkA) ◦ in) sm := (fold♢AkA) s (in sm)

≡ fix f s (in sm)

= f s (λr < s. fix f r) (in sm) (β-rule for fix )

≡ kA s (F (λ⟨r,m′⟩. ⟨r, fix f rm′⟩) (out s (in sm))) (def. of f)

= kA s (F (λ⟨r,m′⟩. ⟨r, fix f rm′⟩)m) (out inverse in)

≡ kA s (F (λ⟨r,m′⟩. ⟨r, (fold♢AkA) rm′⟩)m)

≡ kA s (F [♢s (fold
♢AkA)]m) (def. of F [♢−])

≡ (kA ◦ F [♢ (fold♢AkA)]) sm

Thus, by function extensionality we get the desired equality. Finally, we require the uniqueness con-
dition for foldAkA up to propositional equality. This follows from the uniqueness condition for fix.
Suppose we have an algebra morphism h : (µF, in) → (A, kA), where h : µ♢F

s→ A is such that
kA ◦ F [♢h] = h ◦ in. Then we recall Proposition 2.1, which tells us that foldAkA := fix f is the
unique fixpoint of f up to propositional equality. By this proposition it suffices for us to show that
the following equality holds for every s : Size:

h s = f s (λr < s. h r)

Note that since kA ◦ F [♢h] = h ◦ in and in ◦ out = id, we get that h = kA ◦ F [♢h] ◦ out. Also, for
m : µ♢F s, we have:

f s (λr < s. h r)m ≡ kA s (F (λ⟨r,m′⟩. ⟨r, h rm⟩) (out sm))

= kA s (F [♢sh] (out sm))

= (kA ◦ F [♢h] ◦ out) sm
= h sm

Thus, by function extensionality we get h s = f s (λr < s. h r) and so h = fix f = foldAkA by
Proposition 2.1.

Thus, all size-indexed functors have initial algebras, which are defined using the fixpoint operator.
This allows us to encode size-indexed inductive types. Now we would like to work towards defining
initial algebras of functors by existential quantification over the corresponding size-indexed type. We
first note that the existential type constructor gives rise to a functor.

Proposition 5.11. The existential type constructor gives rise to a functor from the category of size-
indexed types to the category of small types.

Proof. This definition is similar to that of bounded existential quantification. We define the operations
on morphisms as follows:

∃A,B:Size→U : (A
s→ B) → (∃i.A i→ ∃i.B i)

∃A,B f ⟨i, a⟩ := ⟨i, f i a⟩

Using function extensionality, it is easy to check that this satisfies the required propositional equalities.
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To construct the initial algebra of a functor by existential quantification, we require the functor to
satisfy the following additional property.

Definition 5.12. Let F be a functor on the category of small types. We say that F weakly commutes
with the existential type if the following canonical map:

canA : ∃i. F [♢A] i→ F (∃i.A i)
canA⟨i, a′⟩ := F (φA i) a

′

is an equivalence for any A : Size → U , where φ is defined as

φA : ∀i. (∃j < i. A j → ∃j. A j)
φA i ⟨j, a⟩ := ⟨j, a⟩

Note that for any i : Size, the term φA i : ♢iA → ∃j. A j is natural in A, meaning that the following
diagram commutes for any f : A

s→ B:

♢iA ♢iB

∃A ∃B

♢f i

φB iφA i

∃f

For functors that satisfy this property, we can define a functor ∃ : F♢-Alg → F -Alg by lifting the
functor we previously defined to algebras.

Proposition 5.13. Given a functor F on the category of small types that weakly commutes with the
existential quantifier, every size-indexed F -algebra (A, kA) gives rise to a type ∃i.A i which is the first
component of an F -algebra. Moreover, this operation is functorial.

Proof. Let can−1
A : F (∃i.A i) → (∃i. F [♢A] i) be the equivalence obtained from F weakly commuting

with the existential type at A. Note that here we have kA : F [♢A]
s→ A. We can define the F -algebra

(∃i.A i, k∃A), where k∃A : F (∃i.A i) → ∃i.A i is defined by

k∃A := ∃ kA ◦ can−1
A

Given an algebra morphism f : (A, kA) → (B, kB), we define an algebra morphism (∃i.A i, k∃A) →
(∃i.B i, k∃B) using the existential type on maps as ∃f : ∃i.A i→ ∃i.B i. To show that this constitutes
an algebra morphism, we need to show that the following holds:

∃f ◦ k∃A = k∃B ◦ F (∃f)

First, we show that following diagram commutes, where we have bidirectional arrows to denote that
can is an equivalence:

∃i. F [♢A] i F (∃i.A i)

∃i. F [♢B] i F (∃i.B i)

canA

F (∃f)∃(F [♢f ])

canB

To show this, it suffices to show that it commutes in one direction, since can is a family of equivalences.
Thus, we have the following derivation for ⟨i, a′⟩ : ∃i. F [♢A] i:

(canB ◦ ∃(F [♢f ])) ⟨i, a′⟩ = canB⟨i, F (♢f i) a′⟩
= F (φB i) (F (♢f i) a

′)

= F (φB i ◦ ♢f i) a′

= F (∃f ◦ φA i) a′ (naturality of φB i)

= (F (∃f) ◦ canA) ⟨i, a′⟩
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This gives us a form of naturality for can. Now the fact that ∃f is an algebra morphism follows from
the identity f ◦ kA = kB ◦ F [♢f ] together with the naturality of can:

∃f ◦ k∃A := ∃f ◦ ∃kA ◦ can−1
A

= ∃(f ◦ kA) ◦ can−1
A

= ∃(kB ◦ F [♢f ]) ◦ can−1
A (f is a morphism)

= ∃kB ◦ (∃F [♢f ] ◦ can−1
A )

= ∃kB ◦ can−1
B ◦ F (∃f) (naturality of can)

=: k∃B ◦ F (∃F )

Finally, we are able to prove our desired result, namely that for functors that weakly commute
with the existential type, their initial algebra is obtained by existential quantification over the initial
size-indexed algebra.

Theorem 5.14. Let F be a functor on the category of small types that weakly commutes with the
existential type. Then F has an initial algebra with first component:

µF := ∃i.(µ♢F ) i

Proof. We show that ∃ is left adjoint to T :

F♢-Alg F -Alg

∃

T

⊣

In fact, this corresponds to the currying isomorphism. Suppose we have an F♢-algebra (A, kA) and an
F -algebra (B, kB). Let f : (∃i.A i, k∃A) → (B, kB) be a morphism of F -algebras, then we define

f⋆ : A
s→ TB

f⋆ s a := f ⟨s, a⟩

We need to show that f⋆ is an F♢-algebra morphism f⋆ : (A, kA) → (TB, kTB). Since f is an F -algebra
morphism, we have the following commuting diagram, where we expand k∃A := ∃kA ◦ can−1

A :

F (∃i.A i) FB

∃i. F [♢A] i

∃i. A i B

Ff

canA

kB

∃kA

f

We want to show that the following diagram commutes:

F [♢A] F [♢TB]

F [TB]

A TB

F [♢f⋆]

kA

F [extractB ]

λi.kB

f⋆
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where we have expanded kTB := (λi. kB) ◦ F [extractB ]. First, we note that given i : Size and
a′ : F [♢A] i, we have

(f⋆ ◦ kA) i a′ = (f ◦ ∃kA) ⟨i, a′⟩

which follows by simple unfolding of their definitions. This is the (bottom) left-hand part of both
diagrams. Since the first diagram commutes, it now suffices to show that the same holds for the (top)
right-hand part of the diagrams, so we need to show:

(kB ◦ Ff ◦ canA) ⟨i, a′⟩ = ((λi.kB) ◦ F [extractB ] ◦ F [♢f⋆]) i a′

For this, we need to make use the following equality for any i : Size, which also follows by unfolding
the definitions and making use function extensionality:

f ◦ (φA i) = extractB i ◦ ♢f⋆ i

Now we can unfold the definitions and use the previous equality to show that the diagram commutes

kB (Ff (canA ⟨i, a′⟩)) = kB (Ff (F (φA i) a
′))

= kB (F (f ◦ φA i) a′)
= kB (F ((extractB i) ◦ ♢(f⋆ i)) a′)
= ((λi.kB) ◦ F [extractB ] ◦ F [♢f⋆]) i a

This shows that f⋆ : (A, kA) → (TB, kTB) is an algebra morphism.
Conversely, if g : (A, kA) → (TB, kTB) is a morphism of F♢-algebras, then we define

g⋆ : ∃i.A i→ B

g⋆ ⟨i, a⟩ := g i a

Note first that it is clear that these operations (−)⋆ and (−)⋆ are mutual inverses. We need to show
that g⋆ is an algebra morphism from (∃i.A i, k∃A) to (B, kB). Now we may suppose that the second
diagram above commutes (replacing f⋆ by g) and we need to show that the first diagram commutes
(replacing f by g⋆). This follows from analogous reasoning to the first case: we can see by unfolding
that the following holds for any i : Size and a′ : F [♢A] i:

(g⋆ ◦ ∃kA) ⟨i, a′⟩ = (g ◦ kA) i a′

Then we get the following equality, also by function extensionality:

g⋆ ◦ (φA i) = extractB i ◦ ♢g i

which allows us to show that the first diagram commutes. Thus, we have an algebra morphism
g⋆ : (∃i.A i, k∃A) → (B, kB).

This gives the adjunction pictured above. Finally, since left adjoints preserve initial objects and
µ♢F is the first component of the initial F♢-algebra, we may conclude that ∃i.(µ♢F ) i is the first
component to the initial F -algebra.

5.5 Size-indexed Coalgebras

We can dualise the results for initial algebras of functors weakly commuting with the existential
quantifier to terminal coalgebras of functors weakly commuting with the universal quantifier. The
structure of the results in this section follows that of the previous section closely, so we will be somewhat
more concise.
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Definition 5.15 (Functor coalgebra). Given a functor F on the category of small types, an F -
coalgebra is a pair of terms (C, kC) where C : U and kC : C → FC. Given F -coalgebras (C, kC)
and (C, kC), a morphism h : (C, kC) → (D, kD) is a term h : C → D such that h satisfies the required
propositional equality:

ph : kD ◦ h = FC,D h ◦ kC

As with F -algebras, identities and composition can be defined, so these definitions give rise to a category
F -Coalg.

A terminal colagebra is the terminal object in the category F -Coalg, which we will denote as
(νF, out), if it exists. Thus, we require a term

unfold : Π(C:U)(C → FC) → (C → νF )

such that unfoldC kC is a unique morphism from (C, kC) to (νF, out) up to propositional equality.

Definition 5.16 (Size-indexed coalgebra). Given a functor F on the category of small types, a size-
indexed F -coalgebra is defined to be an F [2−]-coalgebra. Explicitly, it consists of a pair (C, kC) where

C : Size → U and kC : C
s→ F [2C]. This gives rise to a category of size-indexed F -coalgebras, which

we denote by F2-Coalg.

For any F -coalgebra on the category of small types, we can create a size-indexed F -coalgebra which
is ‘constant’ in the sense that it ignores the size index.

Proposition 5.17. Every F -coalgebra (C, kC) gives rise to a F2-coalgebra (TC, kTC) with first com-
ponent TC := λi.C. Moreover, the operation T is functorial.

Proof. This follows the same structure as for the case of F -algebras. Given C : U , define TC : Size → U
by TC = λs.C. To define the morphism kTC : TC

s→ F (2sC), we first define an auxiliary term:

insert : Π(C:U)TC
s→ 2sTC

insertC i c := λj < i. c

This allows us to define kTC i := F (insertC i) ◦ kC , which is well-typed. We can also write this as
kTC := F [insertC ] ◦ (λi. kC) using composition for size-indexed types.

Given a coalgebra morphism f : (C, kC) → (D, kD), we define Tf : (TC, kTC) → (TD, kTD) by

Tf : TC
s→ TD

Tf := λi.f

By unfolding the definitions, we can now see that insert is natural in C, meaning that the following
square commutes for any f : C → D, where C,D : U :

TC 2TC

TD 2TD

insertC

Tf 2Tf

insertD

As in the algebra case, this is sufficient to show that Tf satisfies the required equality for a coalgebra
morphism. Thus, T as defined here is a functor from F -Coalg to F2-Coalg.

As with algebras, we can obtain the terminal size-indexed coalgebra for a functor F using the
fixpoint operator, as follows.
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Lemma 5.18. Let F be a functor on the category of small types and F [2−] be the corresponding
size-indexed functor. Then F [2−] has a terminal coalgebra ν2F : Size → U where:

ν2F := fix (λi. λX. F (2iX))

Proof. As in the case of the initial algebra, the propositional β-rule for the fixpoint operator shows
that ν2F = F [2 ν2F ], so the coalgebra map out : ν2F

s→ F [2ν2F ] may also be defined using the

transport operation, and we denote its pointwise inverse by in : F [2ν2F ] s→ ν2F . The term

unfold : Π(C:Size→U)(C
s⇒ F [2C]) → (C

s⇒ ν2F )

is then defined using fix as:

unfold2 C kC := fix f

f : ∀i. (∀j < i. C j ⇒ ν2F j) → (C i⇒ ν2F i)

f i unfold′ c := in i (F2iC,2i(ν2F )(λc
′.λj < i. unfold′ j (c j))(kC i c))

Note that we have the following type for F :

F2iC,2i(ν2F ) : (2iC ⇒ 2i(ν2F )) → (F (2C) i⇒ F [2(ν2F )] i)

Thus, the fact that in i : F [2ν2F ] i → ν2F i ensures the correct typing of the term unfold2. As in
the case of size-indexed algebras, the β-equality and uniqueness of fix suffice to show that unfold2 is
a morphism of coalgebras and is unique.

We have an analogous property of commuting with the ∀ quantifier, which we first show gives rise
to a functor as well.

Proposition 5.19. The ∀ type constructor gives rise to a functor from the category of size-indexed
types to the category of small types.

Proof. We define the operations on morphisms as follows:

∀C,D:Size→U : (C
s→ D) → (∀i.C i→ ∀i.D i)

∀C,D f g := λi.f i (g i)

Using function extensionality, it is easy to check that this satisfies the required propositional equalities.

Definition 5.20. Let F be a functor on the category of small types. We say that F weakly commutes
with ∀ if the following canonical map

canC : F (∀i.C i) → (∀i. F [2C] i)
canC c

′ i := F (ψC i) c
′

is an equivalence for each C : Size → U , where we define ψC as:

ψC : ∀i. (∀j. C j → ∀j < i. C j)

ψC i c
′ j := c′j

Note that for any i : Size, the term ψA i : ∀j.C j → ∀j < i.C j is natural in C, meaning that the
following diagram commutes for any f : C

s→ D:

∀C ∀D

2iC 2iD

∀f

ψD iψC i

2f i
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For functors that satisfy this property, we can define a functor ∀ : F2-Coalg → F -Coalg extending
the action of the universal quantifier on size-indexed types as follows.

Proposition 5.21. Given a functor F on the category of small types that weakly commutes with ∀,
every F [2−]-coalgebra (C, kC) gives rise to a type ∀i.A i which is the first component of an F -coalgebra.
Moreover, this operation is functorial.

Proof. Let can−1
C : ∀i. F [2C] i → F (∀i.C i) be the isomorphism obtained from F weakly commut-

ing with ∀. For an F [2−]-coalgebra (C, kC), where kC : C
s→ F [2C], we obtain the F -coalgebra

(∀i. C i , k∀C) where we define

k∀C : ∀i. C i→ F (∀i. C i)
k∀C := can−1

C ◦ ∀kC

Given an coalgebra morphism f : (C, kC) → (D, kD), we obtain the map ∀f : ∀i.C i → ∀i.D i. To
show that this constitutes a coalgebra morphism

∀f : (∀i. C i , k∀C) → (∀i.D i , k∀D)

we need to show the following equality holds:

k∀D ◦ ∀f = F (∀f) ◦ k∀C

As in the algebra case, we first show that the following diagram commutes, where the bidirectional
arrows denote the fact that can is a family of equivalences:

F (∀i.C i) ∀i. F [2C] i

F (∀i.D i) ∀i. F [♢D] i

canC

F (∀f) ∀(F [2f ])

canD

To show this, it suffices to show that it commutes in one direction, since can is a family of equivalences.
Thus, we have the following derivation for c′ : F (∀i.C i) and i : Size:

(∀(F [2f ]) ◦ canC) c′ = ∀(F [2f ])(λi. F (ψC i) c′)
= λi. F (2f i)(F (ψC i) c′)

= λi. F (2f i ◦ ψC i) c′

= λi. F (ψD i ◦ ∀f) c′ (naturality of ψ)

= λi. F (ψD i)(F (∀f) c′)
= canD(F (∀f) c′)

This gives us a form of naturality for can. Now the fact that ∀f is an algebra morphism follows because
we have kD ◦ f = F [2f ] ◦ kC together with the naturality of can:

k∀D ◦ ∀f := can−1
D ◦ ∀kD ◦ ∀f

= can−1
D ◦ ∀(kD ◦ f)

= can−1
D ◦ ∀F [2f ] ◦ ∀kC

= F (∀f) ◦ can−1
C ◦ ∀kC

= F (∀f) ◦ k∀C
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Dually to the case for initial algebras, we are able to prove that for functors that weakly commute
with ∀, their terminal coalgebra is obtained by universal quantification over the terminal size-indexed
coalgebra.

Theorem 5.22. Let F be a functor on the category of small types that weakly commutes with the
universal quantifier. Then F has an terminal coalgebra with first component:

νF := ∀i.(ν2F ) i

Proof. We show that ∀ is right adjoint to T , as defined in this section:

F2-Coalg F -Coalg

∀

T

⊣

This is shown by swapping arguments, and follows a similar structure to the case for algebras. Suppose
that we have an F -coalgebra (C, kC) and an F [2−]-coalgebra (D, kD), so C : U and D : Size → U .
Let f : (C, kC) → (∀i.D i, k∀D) be a morphism of F -coalgebras. Then we define

f⋆ : TC
s→ D

f⋆ i c = f c i

The fact that f is a coalgebra morphism implies that the following diagram commutes, where we unfold
the definition k∀D = can−1

D ◦ ∀kD:

C ∀i.D i

∀i.F [2D] i

FC F (∀i.D i)

f

kC

∀kD

canD

Ff

To show that f⋆ is a coalgebra morphism, the following diagram should commute, where we unfold
the definition kTC := F [insertC ] ◦ (λi. kC):

TC D

F [TC]

F [2TC] F [2D]

f⋆

λi. kC

kD

F [insertC ]

F [2f⋆]

First, we note that for i : Size and c : C, we have the following, corresponding to the top-right part of
both diagrams:

(kD ◦ f⋆) i c = (∀kD ◦ f) c i

This follows from unfolding the definitions:

(kD ◦ f⋆) i c = kD i (f
⋆ i c) = kD i (f c i) = ∀kD (f c) i = (∀kD ◦ f) c i

For the left-hand side of the diagram, we need to show the following equality:

(F [2f∗] ◦ F [insertC ] ◦ (λi. kC)) i c = (canD ◦ Ff ◦ kC) c i
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As in the case of algebras, we first make use of the following characterisation:

ψC i ◦ f = 2f⋆ i ◦ insertC i

which we show by function extensionality:

(ψC i ◦ f) c j = (ψC i) (f c) j = f c j

(2f⋆ i ◦ insertC i) c j = (2f⋆ i) (insertC i) c) j = f⋆ j (insertC i c j) = f⋆ j c = f c j

With this, we can prove the previous equality:

(F [2f∗] ◦ F [insertC ] ◦ (λi. kC)) i c = (F [2f∗ ◦ insertC ] ◦ (λi. kC)) i c
= F (2f∗ i ◦ insertC i)(kC c)
= F (ψC i ◦ f) (kC c)
= F (ψC i)(Ff (kC c))

= canD (Ff (kC c)) i

= (canD ◦ Ff ◦ kC) c i

This shows that the diagram commutes, meaning that f⋆ : (TC, kTC) → (D, kD) is a coalgebra
morphism.

Conversely, if g : (TC, kTC)
s→ (D, kD) is a morphism of F2-coalgebras, then we can define

g⋆ : C → ∀i. D i

g⋆ c i := g i c

Note first that it is clear that these operations (−)⋆ and (−)⋆ are mutual inverses. We need to show
that g⋆ is an algebra morphism from (C, kC) to (∀i. D i, k∀D). Now we may suppose that the second
diagram above commutes (replacing f⋆ by g) and we need to show that the first diagram commutes
(replacing f by g⋆). This follows from analogous reasoning to the first case: we can see by unfolding
that the following holds for any i : Size and c : C:

(∀kD ◦ g⋆) c i = (kD ◦ g) i c

Then we get also have the following equality, by function extensionality:

ψC i ◦ g⋆ = 2g i ◦ insertC i

which allows us to show that the first diagram commutes. Thus, we have an algebra morphism

g⋆ : (C, kC) → (∀i. D i, k∀D)

This gives the adjunction pictured above. Finally, since right adjoints preserve terminal objects
and ν2F is the first component of the initial F2-algebra, we may conclude that ∀i.(ν2F ) i is the first
component to the initial F -algebra.

5.6 Polynomial Functors

In the previous sections, we have shown that we may obtain initial algebras via existential quantifica-
tion for functors which weakly commute with the existential quantifier. Dually, we may obtain final
coalgebras via universal quantification for functors which weakly commute with the universal quanti-
fier. Thus, the question arises for which class of functors these properties holds. The key result that
we obtain from the equivalences in our theory, is that all polynomial functors, also called containers
[AAG05], over small types satisfy these properties. First, we define what such polynomial functors are
in our theory.
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Definition 5.23. Let A : U be a small type and B : ElA → U be a family of small types depending
on A. The polynomial functor on the category of small types associated with the pair (A,B) is PA,B :
U → U , defined as:

PA,B(X) := ΣU (a : A)(B a→ X)

PA,B(f : X → Y ) := λ(a, g). (a, g ◦ f)

Note that W -types, i.e. well-founded trees, are encoded as initial algebras for polynomial func-
tors. Dually, M -types, i.e. non-well-founded trees, are encoded as terminal coalgebras for polynomial
functors. These are sufficient to represent strictly-positive (co)inductive types. In order to show that
polynomial functors weakly commute with the existential type, we make use of the additional axioms
added to the theory listed in Figure 2.13, which are justified by the realisability model we constructed.
Indeed, the fact follows directly from the type equivalences given in Lemma 2.3 and Figure 2.13.

Lemma 5.24. Let A : U be a small type and B : ElA → U be a family of small types depending on
A. Then the polynomial functor PA,B associated with (A,B) weakly commutes with the universal and
the existential quantifier.

Proof. Recall that PA,B is defined as:

PA,B(X) := ΣU (a : A)(B a→ X)

PA,B(f : X → Y ) := λ(a, g). (a, g ◦ f)

Suppose that we have a size-indexed type Γ ⊢ C : Size → U . We may equivalently view C as a
small type in the extended context Γ, i : Size ⊢ C(i) : U . Note that i /∈ fv(A) and i /∈ fv(B a) for all
a : A. Then we have the following equivalences for the existential quantifier:

PA,B(∃i.A(i)) := ΣU (a : A)(B a→ ∃i.A(i))
≃ ΣU (a : A)(∃i.(B a→ ∃j < i.A(j)))

≃ ∃i.Σ(a : A)(B a→ ∃j < i.A(j))

=: ∃i.PA,B [♢A] i

Similarly, for the universal quantifier, we have:

PA,B(∀i.A(i)) := ΣU (a : A)(B a→ ∀i.A(i))
≃ ΣU (a : A)(B a→ ∀i.∀j < i.A(j))

≃ ΣU (a : A)(∀i.(B a→ ∀j < i.A(j)))

≃ ∀i.Σ(a : A)(B a→ ∀j < i.A(j))

=: ∀i.PA,B [2A] i

Another point of view is that our equivalences allow us to show the property of weakly commuting
for all strictly positive types which are built from the constructors ⊤,⊥,+,×,→ with the restriction
that the variables may only occur on the right side of the arrow [AAG05]. This follows from the fact
that binary sums and products are special cases of dependent sums and products, and the fact that ⊤
and ⊥ are not dependent on Size. Thus, any strictly positive type resulting from these constructors
will satisfy the property of weakly commuting.

Finally, we have the following theorem, which follows immediately from our previous results and
the fact that polynomial functors weakly commute with both quantifiers:

Theorem 5.25. For any polynomial functor PA,B, we can construct the initial algebra and terminal
coalgebra for the size-indexed functors PA,B [♢−] and PA,B [2−] respectively, which we can denote by
W♢
A,B and M2

A,B. The carriers of the initial algebra and terminal coalgebra for PA,B are then defined

by WA,B := ∃i. W♢
A,B i and MA,B := ∀i. M2

A,B i, respectively.
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Chapter 6

Discussion

6.1 Assemblies and Reflexive Graphs

As mentioned in Chapter 1, reflexive graphs are another common approach to achieving parametricity
or invariance results in models of type theory [AGJ14]. Recently, (cubical) reflexive graph models
have been used for modelling parametric quantifiers as well as a simple type theory with sized types
[Lim19].

We recall that reflexive graphs may be defined as presheaves over the following category:

• •refl

tgt

src

where src ◦ refl = tgt ◦ refl = id. Spelling out this definition, a reflexive graph is a 5-tuple defined as
follows:

Γ = (ΓO,ΓR,Γrefl,Γsrc,Γtgt)

ΓO,ΓR ∈ Set

Γrefl : ΓO → ΓR

Γsrc,Γtgt : ΓR → ΓO

such that Γsrc ◦Γrefl = idΓO
= Γtgt ◦Γrefl. Intuitively, ΓO is a set of objects and ΓR a set of generalised

relations on ΓO; the function Γrefl is then a proof of reflexivity for each object in ΓO. Morphisms
between reflexive graphs are defined via their characterisation as presheaves. We will denote the
category of reflexive graphs by RG. Similarly to assemblies, reflexive graphs may be given a categories
with families structure and serve as a model for dependent type theory.

Similarly to how we interpret small types by modest sets, or more specifically partial equivalence
relations, in the model of dependent type theory with a universe given by Atkey et al. [AGJ14], types
in the universe are interpreted by discrete, proof-irrelevant reflexive graphs. A reflexive graph is said
to be discrete if the distinguished reflexive relation is isomorphic to the equality relation. In [AGJ14],
this is defined as being isomorphic to a reflexive graph generated by a set X, i.e. a reflexive graph
with the following structure:

X Xid

id

id

A reflexive graph Γ is proof-irrelevant if the pairing

⟨Γsrc(−),Γtgt(−)⟩ : ΓR → ΓO
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is injective. Intuitively, this is the case if ΓR ⊆ ΓO × ΓO up to isomorphism, meaning that any two
objects may only be uniquely related.

To relate assemblies to reflexive graphs, we might define a functor F : Asm → RG as follows:

F (X,⊩X) = (X,RX ⊆ X ×X,x 7→ (x, x), π1, π2)

defining the relation RX = {(x1, x2) | ∃n ∈ N. n ⊩X x1, x2}. On morphisms, F is defined as follows:

F ((X,⊩X)
f→ (Y,⊩Y )) = (f, fr)

where fr(x1, x2) = (f(x1), f(x2)), which clearly constitutes a reflexive graph morphism. This functor
forgets the realisers themselves, retaining only information on which elements share a realiser. For any
modest set, this induces the equality relation, and thus a discrete, proof-irrelevant reflexive graph. In
fact, for any non-modest assembly, we obtain a proof-irrelevant reflexive graph, though not necessarily
discrete. Moreover, it is readily verified that F preserves products and sums, which are defined
pointwise in both categories. However, F does not preserve exponentials in general.

Since F is forgetful in the sense that it forgets the realiser, we might attempt to define a different
functor G : Asm → RG that retains the realisers:

G(X,⊩X) = (X,EX , rX , π1, π2)

where we define EX = {(x1, x2, n) | n ⊩X x1, x2} and r(x) = (x, x, n) for the least n ∈ N such
that n ⊩X x. This results in a reflexive graph which need not be discrete or proof-irrelevant, even if
(X,⊩X) is modest. However, it does not seem that G is canonically definable on morphisms between
non-modest assemblies. We might think to define it as

G((X,⊩X)
f→ (Y,⊩Y )) = (f, fr)

where fr(x1, x2, n) = (f(x1), f(x2), e · n) where e ∈ N is such that e ⊩ f . However, to satisfy the
requirement rY (f(x)) = fr(rX(x)), the code e ∈ N to be such that, for each n ∈ N, e · n is defined
and is the least code realising both f(x1) and f(x2). Such a realiser need not be partial computable
in general. On the other hand, defining the morphism explicitly as fr(x1, x2, n) = (f(x1), f(x2),m),
where m is the least realiser for f(x1) and f(x2) would violate functoriality of G.

The realisability aspect of assemblies make it challenging to form a clear picture of the connection
between assemblies and reflexive graphs. Yet realisability models and reflexive graph models yield
many of the same properties related to parametricity for type theories. One possible development that
may relate realisability models to reflexive graphs is a generalisation of partial equivalence relations to
allow for proof-relevance.

6.2 Sized Types and Guarded Type Theory

As briefly mentioned earlier, guarded type theory is an alternative type-based approach to ensuring
productivity specifically, since it focuses on encoding coinductive types. This work brings the two
approaches closer together, as we borrow several ideas from guarded type theory in our theory.

Guarded type theory also makes use of a fixpoint operator for defining recursive functions on
guarded recursive types, similar to the one we define via well-founded induction on sizes. The unfolding
rule for their fixpoint operator is given as a definitional equality in earlier work [Møg14; Biz+16]. Since
this leads to definitional equality being undecidable, we have opted to add the β-rule for the fixpoint
operator as a propositional equality instead. In more recent work on guarded type theory, its integration
with cubical type theory [Coh+18], which gives a constructive interpretation of the univalence axiom,
has been explored [Bir+16]. In this work, the β-rule for the fixpoint operator is provable within the
calculus up to path equality, instead of definitional equality. The approach of sized types may similarly
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benefit from integration with cubical type theory, to similarly define its fixpoint operator, and to define
the ordering on sizes via propositional truncation.

In order to encode coinductive types using guarded recursive types, guarded type theory makes use
of quantification over clocks, similarly to how we use universal quantification over sizes. In earlier work
on guarded types [Møg14], similar type isomorphisms are added to the theory, describing how universal
quantification over clocks commutes with type formers, in order to prove the property of polynomial
functors commuting with universal quantification. The work on guarded type theory has presented
their required type isomorphisms as a form of parametricity as well. However, guarded type theory
has focused solely on encoding coinductive types via universal quantification over clocks, whereas our
approach allows us to encode inductive types as well.

The relation between sized types and guarded types has been studied in a simply-typed setting,
where it was shown by Veltri and Van der Weide [VW19] that sized types may be used to simulate
guarded recursion in Agda when restricting to a single clock variable. The later modality �A is
interpreted as bounded universal quantification over the type of sizes, matching the way we encode
size-indexed coinductive types. They also raise the question of whether sized types can be modelled
in the topos of trees, i.e. presheaves over the preorder on the natural numbers. In earlier work on
modelling sized types via reflexive graphs, it was suggested that this may not be possible when using
sizes for both inductive and coinductive types [Lim19]. One issue arises from the fact that size-indexed
inductive types are naturally covariant, or monotone, in their size argument, whereas size-indexed
coinductive types are naturally contravariant, or antitone, in their size argument. For example, a list
of size at most r is of course a list of size at most s when r < s. Conversely, a stream which is defined
up to at least s observations is also a stream defined up to at least r observations when r < s. Thus,
only working with covariant or contravariant presheaves will necessarily restrict how we may use sizes.
Perhaps only allowing sizes to work with coinductive types may be a suitable restriction for defining
a model of sized types in the topos of trees.

6.3 Implementation of Sized Types

The type equivalences that we have added as axioms to the theory are key to encoding (co)inductive
types in the theory. Thus, they should ideally be given a computational interpretation, i.e. be definable
within the calculus. For all the equivalences to be definable in a calculus directly, it must come with
some internal notion of parametricity. The current implementation of Agda does not have a notion of
parametric quantification and thus does not validate the equivalences presented in this work.

The approach most closely mirroring the one here is that given by Nuyts et al. [NVD17; ND18]. In
their first work, they develop a dependent type theory with parametric quantifiers. The relevant type
equivalences are provable in their calculus, and they show how (co)inductive types might be encoded
in the theory using sizes, although only for finitely-branching polynomials. They have developed an
experimental extension of Agda with internal parametricity, and it might thus be interesting to see
whether that combines well with the current implementation of sizes in Agda. However, their theory
has not been shown to be strongly normalising.

Even with an internal notion of parametric quantification, the type equivalence stating that existen-
tial quantification (weakly) commutes with dependent products, which is required to encode infinitely-
branching inductive types, will likely not be definable in the calculus. This is because it would require
us to take limits of sizes indexed by small types, which would expose the ordinal nature of sizes and
lead to the ordering on sizes being undecidable. Recent work on type-theoretic approaches to ordinals
may also be of interest for modelling sizes, or to be used for termination directly [KNX23]. It would be
interesting to study whether the inclusion of this equivalence as an axiom could allow for some form
of reasoning using sized types without explicitly including a limit operator.
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Chapter 7

Conclusion

In this work, we have studied a dependent type theory with sized types, which is a type-based ap-
proach to termination and productivity checking. In order to express that sizes should be treated
parametrically, the theory axiomatises several equivalence, describing how quantification over sizes
commutes with type constructors. We introduced the notions of partial equivalence relations and as-
semblies, in order to construct a model of the theory via the categories with families framework. The
impredicativity of the realisability model allowed us to interpret the type of sizes as a larger set of
ordinals, allowing us to justify the axioms. Finally, we showed how we may encode initial algebras and
terminal coalgebras of a class of functors over small types via quantification over sizes. In particular,
this class of functors includes all polynomial functors, allowing us to encode strictly positive inductive
and coinductive types.

Previous work on sized types has mostly been syntactic, and some recent work has been done on
models for sized types in reflexive graphs. By defining a realisability model, we offer a new perspective
on the semantics of sized types, and improve on previous results on encoding (co)inductive types via
quantification over sizes. It also exemplifies how realisability models allow for enforcing parametric
behaviour in an impredicative theory, We have highlighted also some connections between sized types
and guarded type theory, which could be explored further in future work in order to compare their
expressiveness and to see whether sized types restricted to coinductive types admits a model in the
topos of trees.

Although we work in an intensional setting, we assumed uniqueness of identity proofs for small
types in the development of (co)algebras. Homotopy type theory rejects UIP, so important future
work is to complete the same development without UIP. As mentioned, we are reasonably certain
of the sketched development without UIP. In this work, we have limited the theory to work with a
single universe of types. On the other hand, Agda has a hierarchy of universes and the type of sizes
in a separate universe, and it allows for impredicative quantification over sizes for types in any of
its universes. The realisability model in this work would not immediately support such a hierarchy,
because for quantification over sizes for a type to be suitably parametric, the type should be interpreted
as a small partial equivalence relation, which would only correspond to the lowest universe. Restricting
sized types to work with only coinductive types might help admit a model for such a hierarchy.

Finally, the main practical avenue for future work is a consistent implementation of sized types
in a language such as Agda, as the current implementation is inconsistent. In order for the axioms
expressing parametricity of sizes to be definable, it is likely that some form of internal parametricity will
need to be available in Agda as well. This would allow the closure ordinal, which causes inconsistencies
in Agda, to be removed, as (co)inductive types may be encoded via quantification over their size-
indexed variants. This would result in a robust method for termination- and productivity checking,
which would greatly improve the expressivity and usability of total dependently-typed languages.
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