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Abstract

Quantum state preparation (QSP) plays a pivotal role in quantum computing, enabling quantum algorithms
to process classical data efficiently. Determining the complexity of QSP is crucial for understanding whether
quantum algorithms can offer exponential speed-ups over their classical counterparts. Recent advances
in adaptive quantum circuits — circuits that are augmented with mid-circuit measurements and classical
feedback — suggest potential advantages in reducing circuit depth, which is especially relevant given the
high error rates of current quantum hardware. Previous work has demonstrated that adaptive circuits
can have an exponentially higher success probability over non-adaptive counterparts in preparing specific
quantum states, such as the GHZ-state and the W-state. However, it remains an open question whether
these advantages extend to general QSP algorithms, and, in particular, to sparse QSP, where only a small
subset of amplitudes are non-zero.

This thesis systematically examines the trade-offs between adaptive and non-adaptive circuits for both
general and sparse QSP. We analyse two QSP approaches: (1) UCG-based QSP, which utilizes uniformly
controlled gates, and (2) unary-based QSP, which encodes data in a unary representation before transfor-
mation. By leveraging known speed-ups for adaptive implementations of important multi-qubit gates, such
as the Fanout-gate and the OR-gate, we assess the conditions under which adaptive circuits provide an ex-
ponential advantage. Our results indicate that adaptive circuits significantly improve success probabilities
for both general and sparse QSP, particularly in regimes where qubit idling errors dominate.

Using empirical error rates from current quantum processors, we derive lower bounds on the number of qubits
required to observe an adaptive advantage. While non-adaptive circuits assuming all-to-all connectivity
generally perform well for preparing quantum states with less than 1000 qubits, adaptive circuits demonstrate
substantial improvements when compared to non-adaptive circuits constrained to a 2D grid topology. These
findings suggest that adaptivity could help in enabling efficient quantum state preparation, particularly for
near-term quantum devices with limited connectivity.



Chapter 1

Introduction

1.1 General introduction

Quantum computing promises to revolutionize problem solving in ways classical computers cannot. Richard
Feynman’s seminal lecture Simulating physics with computers [Fey82] laid the foundations for quantum
computing as a research field, leading to a surge in algorithms promising speed-ups over classical methods.
The epitome of this is undoubtedly Shor’s algorithm [Sho97], which can find the prime factors of an integer
much faster than a classical computer can, and which could break current cryptographic schemes once large
quantum computers are realised. Other notable examples include: Grover’s algorithm [Gro96], algorithms
for Hamiltonian simulation [Ber+15; LC19; Chi+18], the HHL algorithm [HHL09], and other quantum linear
algebra algorithms [LMR14; Reb+18; Ker+18; KL21].

To process classical data — as is needed in many linear algebra tasks — the first step is usually to encode this
data into a quantum state. This task of producing a specific quantum state given some classical description
of the state is often called quantum state preparation, or QSP. A computationally inefficient preparation step
may offset the promised speed-ups of the algorithm. In fact, for many quantum linear algebra algorithms, it
has been shown that promised exponential speed-ups only exist because of the assumption of efficient QSP
[Tan23].

Partially due to this mitigating result, understanding the complexity of QSP is a subject of ongoing study.
Early algorithms were described in [Zal98; GR02; KMO04]. These essentially used the same basic idea, based
on sequences of uniformly controlled gates. Later works improved upon these algorithms [Mot+04; YZ23;
ZLY22; Sun+23]. Since a quantum state of n qubits can encode a maximum of 2" distinct data points, any
algorithm for preparing a general n-qubit quantum state unvoidably incurs a scaling that is exponential in
n, which either manifests itself in the number of qubits it uses, or in the time it takes to run the algorithm.

On today’s quantum computers, this time is still limited. Since the reported error rates for current hardware
are above the rates required by the Threshold Theorem [NC10, Section 10.6.4] to enable error correction
and fault-tolerant quantum computing, researches will have to deal with errors that accumulate during the
computation of a quantum circuit. In this context, it is natural to reduce the time needed to execute all the
gates in a quantum circuit, or, in other words, to look for circuits that are low-depth or shallow.

On the topic of finding shallow quantum circuits, much advantage has recently been booked by the use
of adaptive circuits [Buh+23; PSC24; Fos+23; PSC21; Biau+24; Smi+24; Smi+23]. Adaptive circuits are
regular quantum circuits that are augmented with the power of a classical controller. This classical controller
can obtain the outcome of mid-circuit measurement, perform some classical computation on it, and, based
on the outcome of this computation, control future quantum gates. In recent years, adaptive circuits have
been shown to prepare structured, long-range entangled quantum states using circuits of constant depth',
wheras the best-known non-adaptive methods require at least logarithmic depth (in the number of qubits).

! An asterisk should be attached, since ‘depth’ is defined differently for adaptive circuits. Formally, the circuits consist of a
constantly many alternations of constant-depth quantum circuits and logarithmic depth classical circuits. See Section 3.3 for
details.
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Examples of these include the GHZ-state, the W-state [Buh+23], some Dicke-states [Buh+23], and specific
classes of matrix product states [Smi+23; Smi+24].

Due to their asymptotically reduced depth, adaptive circuits usually incur fewer errors on idling qubits,
primarily because these qubits are not idle for a very long time. At the same time, the circuits usually have
a more elaborate structure, and require more quantum gates and more qubits than non-adaptive approaches.
These, and more prominently the intermediate classical computations, may also form a potential source of
error.

Intuitively, assuming quantum hardware supports adaptive circuits, if the error rates for applying quantum
gates are relatively low and the probability of an error occurring while a qubit is idling is relatively high,
we would expect the adaptive circuit to perform better than the non-adaptive circuit. Conversely, if gate
errors are relatively high, and the probability of an error occuring while a qubit is idling is relatively low,
then the non-adaptive circuit may be preferable.

To weigh this trade-off, Neumann [Neu25] compared the success probability of adaptive and non-adaptive
circuits for the GHZ-state and W-state, in terms of the success probabilities of the individual components
that make up each circuit. To determine these probabilities, he defined a worst-case error model describing
the behavior of the quantum circuit in case operations are performed incorrectly or in case qubits decohere.

For preparing the n-qubit GHZ-state, he found that the adaptive circuit can have an exponentially higher
success probability than a standard approach using all-to-all connectivity. A condition for this is that the
probability of a CNOT-gate introducing an error is at most the probability that an error is introduced while
a qubit is idling during Q(logn) CNOT-gates. Compared to a standard approach using a 1D grid qubit
connectivity, he found that this advantage exists already if the error rate of a CNOT-gate is at most the
probability of an error introduced while a qubit is idling during (n) CNOT-gates. Similarly, for the W-
state, he found that the adaptive approach had an exponentially greater success probability than a standard
approach using a 1D grid connectivity, if the error rate of a CNOT-gate is at most the probability of an
error introduced while a qubit is idling during Q(n log(n) loglog(n)) CNOT-gates. This was expected based
on the respective circuit sizes.

An open question stemming from this research, is whether these adaptive advantages extend to general
quantum state preparation schemes, i.e. to algorithms that prepare an arbitrary quantum state based on
some classical description of it.

1.2 This thesis

The present thesis aims to answer this question. Specifically, our main research question will be the following:

‘under which conditions can we expect an advantage in using adaptive circuits over non-adaptive circuits
for quantum state preparation?’

To tackle this question, we adopt the same error model as [Neu25], and determine the success probability
of two types of QSP algorithms. The first type, which we will call UCG-based, originates from the earlier
results in quantum state preparation and use uniformly controlled gates (UCGs) to sequentially prepare a
quantum state. We will look at two implementations of these UCGs: a sequential and a parallelized one.
The second type, which we will call unary-based, prepares the required state in unary encoding [Joh+20],
and then transform it into the required (binary-encoded) quantum state.

Both types of algorithms make considerable use of gates that see a theoretic speed-up in the adaptive setting,
such as the Fanout-gate and the OR-gate. Our analysis will therefore start by comparing the adaptive and
non-adaptive implementations of these gates. Specifically, we will compare the adaptive circuit to a non-
adaptive approach using an all-to-all qubit connectivity, and a standard approach using 2D grid qubit
connectivity.

These results will then be used in the analyses of the QSP algorithms. Additionally, we will discuss a version
of QSP, called sparse QQSP, which concerns the preparation of quantum states that have only d non-zero
amplitudes, where d is ideally smaller than the maximum sparsity N.
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Just as in [Neu25], we observe an exponentially higher success probability for the adaptive approach com-
pared to the non-adaptive approach, conditioned on the success probability of a CNOT-gate being at least
the probability that a qubit that is idling during «(n) CNOT-gates does not introduce an error, where y(n)
is a function depending on the circuit and on the number of qubits the circuit acts on. Using reported gate
error and idling error probabilities for current quantum hardware, we will make an estimate of vy for these
devices. This allows us to get an intuition when we can expect this adaptive advantage to materialize: if
the observed ~ exceeds the v of one of the QPUs, we will say there is a ‘possible adaptive advantage’.

Table 1.1 summarizes our results. Our results indicate that adaptive circuits offer an advantage primarily
when qubit connectivity is limited to a 2D grid, with increasing advantage as the number of qubits grows.
Especially for preparing dense states, the advantage seems very clear. Compared to non-adaptive circuits
that assume all-to-all connectivity, we see no adaptive advantage for preparing quantum states of less than
1000 qubits, with the exception of the UCG-based QSP method using the parallelized UCG implementation.

possible all-to-all connectivity 2D grid connectivity
adapti‘;i;éfantage d=10 |d=n|d=n®|d="n é;j:) d=10 | d=n | d=n> |d=n (‘é;f:)
kil -
U Zgi;i‘;;eeliggp - - - ~ w2600 | n 2700 | 2700 | n 2600 0290 5> 10
unary-based QSP - n 2> 17

Table 1.1: Summary of our results. The cells contain lower bounds on the number of qubits n needed to see
a possible advantage for an adaptive circuit over a non-adaptive circuit, when performing (sparse) quantum
state preparation. The adaptive circuits we considered are constrained to a grid topology, and are compared
against non-adaptive circuits with either all-to-all connectivity or 2D grid connectivity. A ‘-’ indicates that
we expect no adaptive advantage for preparing quantum states of < 1000 qubits.

1.3 Outline

After this introduction, we start in Chapter 2 with a review of some preliminary knowledge on quantum
computing and computational complexity. We will then discuss implementations of multi-qubit gates that
play a role in later QSP algorithms, such as the aforementioned Fanout-gate and OR-gate, the AND-gate,
the Permutation-gate. We will also shortly introduce the concept of uniformly controlled gates. We will see
that the efficiency of any of these multi-qubit gate implementations strongly depends on the assumed qubit
connectivity.

In Chapter 3, we introduce the concept of adaptive quantum circuits through their relation with quantum
teleportation. We then describe a formalization of these, the LAQCC model [Buh+23], and discuss how
it relates to other such formalizations. We then show that every Clifford circuit is accessible in a specific
instance of this model. Next, we review the main constructions providing a speed-up in this setting, namely
the GHZ-state preparation scheme, and the Fanout-gate. The chapter is concluded by discussing how the
LAQCC class instance relates to other classical and quantum circuit complexity classes.

In Chapter 4, we formally define quantum state preparation and discuss the circuits for both UCG-based
and unary-based algorithms, and the variants catered to sparse states. For both variants, we obtain an
asymptotic expression for the circuit depth and circuit width of these circuits, both in the adaptive and
non-adaptive case.

In Chapter 5, we compute the success probability of the (sparse) QSP algorithms, using the error model
introduced in [Neu25]. We obtain expressions for the conditions under which the adaptive circuit performs
better than its non-adaptive counterparts assuming either all-to-all qubit connectivity or a 2D grid topology.

In Chapter 6, we conclude and sketch directions for future research.



Chapter 2

Preliminaries

This chapter functions as a brief introduction to the material discussed in this thesis. In Section 2.1, we fix
some notation and definitions. In Section 2.2, 2.3, and 2.4, we will introduce the field of quantum computing,
and define its most common model of computation: the quantum circuit model. Section 2.5 defines terms
describing circuit complexity — quantum and classical. Some multi-qubit gates, such as the Fanout-gate,
OR-gate, and the class of uniformly controlled gates, play a pivotal role in this thesis; they are discussed in
Section 2.7.

2.1 Fixing some notation and definitions

In this thesis, we typically start counting from 0. Given any natural number n, we use [n] to denote the set
{0,...,n —1}. We use log(-) to denote the base-2 logarithm log,(-), and & to denote addition modulo 2.
Capital letters such as IV usually refer to powers of 2, where the exponent is denoted by the respective lower
case n. Given two n-bit strings z,y, we define x; to be the i-th element of x, where i € [n], and let = ® y
denote the string z of length n such that z; = x; ® y;. For a string z, set z := = ® 1™, where 1" is the n-bit
string consisting only of ones. We use |z| to denote the Hamming weight of z. The bit-wise inner product

between x and y is defined as x -y := Zie[n] x;y; mod 2. We use el(-n) to denote an n-bit string in which all
bits are zero except for the i-th bit (a ‘one-hot’ encoding). For any predicate p, the indicator function 1, is
a variable that takes on value 1 if the predicate is true, and 0 otherwise. For example, 1., is 1 iff x > y.

If z = a+bi is a complex number, then z* := a—bi denotes its complex conjugate. The norm or amplitude of
a complex number, denoted |z|, is defined as |z| := y/zz*. Any complex number z can be written as z = re®,

where r = |z| and 6 € [0,27) is the phase of z, denoted arg(z). We will also write exp(z) := €¢*. The norm

of an n-dimensional vector v is defined as ||v|| := \/|v0|2 + |v1]* + -+ + |zn_1]>. The inner product of two

n-dimensional complex vectors x and y is defined as (x,y) := > ic[n) % Yi- Given a matrix M, we use M to
denote its conjugate transpose.

A classical circuit is a finite, directed, acyclic graph consisting of AND, OR and NOT-gates. The single-bit
NOT-gate is defined as NOT(z;) = z;. They are defined as follows:

NOT(z) =%  OR™(z) =1y  AND™(2) = L. (2.1)

Another multi-qubit gate is the Parity-gate PA, defined as PA(™ (x) = 1z.4n=1. A circuit has n input nodes,
containing the n input bits. The internal nodes consist of gates, and there are some designated output
nodes, that eventually take on some value. The fan-in of a gate is defined as the number of input bits to
that gate.

Lastly, a permutation on 2" elements is a bijective function o : {0,1}" — {0,1}". The size of o, denoted
|o|, is defined as |o| := |[{z € {0,1}" | o(x) # x}|. The set of all permutation on m elements is denoted Sp,.
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2.2 Quantum computing

We will now give a concise overview of quantum computing. For a more thorough introduction, we refer to
the book by Nielsen and Chuang [NC10] or the lecture notes by de Wolf [Wol23], on which the following
sections are based.

Consider some physical system that can be in N different, mutually exclusive classical states. For example,
a transistor manipulates two states: 0 and 1. We will call these N states [0),]1),...,|N — 1). Roughly, by a
‘classical’ state we mean a state in which the system can be found when we observe it. Although intuitively
this might seem true for any state in any system, we do not presume this property for quantum states.
Rather, a (pure) quantum state (often just called state) |¢) is a superposition of classical states, written

V) =ag|0) + a1 [1) +---+an_1 [N —1). (2.2)

Here, «; is a complex number that is called the amplitude of |i) in |¢)). Mathematically, the states
|0),...,|IN — 1) form an orthonormal basis of an N-dimensional Hilbert space, i.e., an N-dimensional vector
space equipped with an inner product. A quantum state |¢) is a unit vector in this space which can be
written as a IN-dimensional column vector of its amplitudes:

) = | (2.3)
aN-—1

Such a vector [¢)) is called a ket. Its conjugate transpose its called a bra, and corresponds to the row vector
(Wl =[a5 of ... ek (2.4)

Thus (| = [¢)'. This notation is called Dirac notation, after Paul Dirac, and is the standard notation used
in quantum mechanics. Among other things, it allows for a convenient representation of the inner product
as (Y] - |¢) = (¥|p) — a braket —, and the outer product as [) (p|.

In classical computing, the smallest system used is a 2-level system, called a bit. The analogous notion for
quantum computing is aptly named qubit (or quantum bit). Using the notation above, we can write a qubit
as a 2-dimensional vector v with

aq

) = ao |0) +ax [1) = H , (2.5)

with ag,a; € C and \040]2 + |a1\2 = 1. In Equation (2.3) and (2.5), we have explicitly picked a basis in
which the vector is represented, namely

m>F.B] yn;_lﬂ. (2.6)

This basis is called the computational basis. Upon observing or measuring a quantum system, the quantum
state collapses to one of its classical states. In the case of measuring a qubit in the computational basis, it
will collapse to either |0) or |1), with probability |ag|? and |a;|? respectively. This concept, known as Born’s
rule, is one of the fundamental postulates of quantum mechanics.

Commonly, quantum algorithms possess computations involving many qubits. We can create quantum states
with more qubits by considering their tensor product, which for two states |¢)) and |¢) is denoted [1) ® |p).!
For the n-fold tensor product [¢) ® - - - ® [) we use the short-hand [))®". In vector form, the tensor of two
qubits can be written as

apfBo

ag Bo| _ |aofr

o © Bl |eafBo 27)
a1

! Alternatively, we will write |) |), |1, @) or 1), where the tensor product is understood.
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Name Number of qubits |ket)
GHZ-state neN, n>2 |GHZ(™) = %(!O)‘gn +[1)®™)
W-state neN W)y = ﬁ Dic) €i)
1
= > ze{o}m |2)
V@) i

Table 2.1: Some well-known quantum states.

Dicke-state | n,ke N, k<n |Dl(€n)> _

For a single qubit, there are two computational basis states. For multiple qubits, the computational basis
states are all possible combinations of single-qubit basis states. That means that for two qubits, there are
four basis states, and for general n, there are 2". Depending on the context, we will either represent these
using their binary expansion (e.g. [00101)) or as a decimal integer (e.g. |5)). Two n-qubit basis states satisfy
(x|y) = 1y—y, a fact that follows from the properties of the tensor product and the fact that |0) and |1) are
orthonormal.

A central phenomenon in quantum mechanics is entanglement, which occurs when groups of particles exhibit
behaviour, such that the quantum state of individual particles cannot be described independently of the
state of the other particles in the group. Mathematically, an n-qubit entangled state [¢) is a multi-qubit
state that cannot be written as a tensor product of smaller states, i.e., [¢)) # |[¢1) ® -+ ® |[¢b,). The simplest
such states are the Bell-states:

Wo0) = = (00) + 1) [¥or) = —=(00) = [11) (2
Wio) = =(00) +110))  [¥11) = —=(101) — [10)). (29

V2 V2

For a,b € {0,1}, we have |¥,;) = X?Z? |Wg). The Bell-states form an orthonormal basis of the space of all
2-qubit states, the Bell basis. Measuring in this basis gives outcome ab € {0,1}2 and lets the state collapse
to |Wap), or equivalently, projects the two qubits on

> il (22X 1), (2.10)

1€{0,1}

Table 2.1 lists some other well-known and -used entangled quantum states.

2.3 Quantum operations

In quantum mechanics, the Schrédinger equation implies that only linear operations can be applied to
quantum states. Since quantum states are nothing more (or less) than complex unit vectors, matrices can
be used to operate on them. To make sure that the outcome of an operation on an n-qubit quantum state is
still a valid n-qubit quantum state, these matrices must be square and norm-preserving, i.e. map unit vectors
to unit vectors of the same dimension. It is easy to show that unitary matrices, for which Uut =1, form
the class of matrices that satisfy these constraints. The restriction of quantum operations to unitaries also
means that some operations cannot be performed on a quantum computer. For example, by the No-Cloning
Theorem, there is no quantum operation that copies an arbitrary qubit, i.e., that maps |[¢) |0) — [¢) |¢¥).
Unitaries are often called gates, in analogy to classical logic gates like AND, OR, and NOT. The set of all
n-qubit gates — that is, the set of all 2" x 2"-dimensional unitaries — is denoted U(n). The arity of a gate is
the number of qubits it acts upon, which we may emphasize using a superscript when necessary: U™, Two
gates U™ and V(™) can be composed using the tensor product U ® V to become a gate with arity n + m.

We will now list some elementary quantum gates used in quantum computing. They are used on their own,
and also serve as building blocks for some of the more elaborate gates later on in this thesis. Perhaps the
most important unitary is the Hadamard-gate

R e
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which can be used to create uniform superpositions:

H[0) = \}5(!0) +) =1+, H)= (\0> 1) =1-)- (2.12)

%\

For n qubits, applying H®" to \O>®n yields

H®™ |0)® (2.13)

\ﬁ xe{zO:l}" \F zez[f:\f .

which is the uniform superposition over all n-bit strings. On computational basis state |i), it acts as follows:

=

e
77 ;

where i - j is the bit-wise inner product between ¢ and j (see Section 2.1). The Identity-gate |

H®n| ) = ( 1)i'j 15), (2.14)

HM

1 0]
'::[o ! (2.15)

leaves the state unaltered. Other often-used gates include the Pauli matrices

01 0 —i 1 0
X = ll O] Y = L 0_ Z:= [0 _1] . (2.16)

On the (computational basis) states |0) and [1), X acts as a quantum version of a NOT-gate, mapping |0)
to |1) and vice-versa, while Z adds a phase of —1 to |1). The gate Y, which can be written as Y = iXZ,
combines the two gates while adding a global phase of 7. Together, the Pauli matrices generate a group P
— the Pauli group — that spans the space of all one-qubit unitaries. For one qubit, it consists of all Pauli
matrices together with the factors +1 and +i:

P = {&l, +il, £X, +iX, £Y, +iY, +Z, +iZ}. (2.17)

The n-qubit Pauli group P, is the set of all n-fold tensor products of matrices from P, with a global phase
of £1 or +i.

The non-identity Pauli gates have a rotational version, defined for any angle 6 € [0, 27):

0 .0 9 .0 _i8
| cosg  —ising __|cosg —sing etz 0
Rx(0) := [—z’ sing cosg ] Ry(0) = [sing cosg ] Rz(0) := l 0 eigl (2.18)

Note that the Pauli gates correspond (up to a global phase) to their rotational counterparts if § = w. Other
rotation gates that go by their own names are the gates S := Rz(w/4), T := Rz(7/8), and

1+7 1—2

VX = 1—i 1474

X Rx(ﬂ'/2) (2.19)

1
2

As for two-qubit unitaries, the most common one is the controlled X-gate (or CNOT-gate). It is defined as

O O =

CNOT := , (2.20)

O O = O
_ o O O
o= O O

0

which acts on two qubits by flipping the second qubit if and only if the first qubit is |[1). Generally, an
n-qubit unitary U that is controlled by m qubits defines the (m + n)-qubit controlled unitary CU:

|&m 01

0 U (2.21)

o|
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m {
=
] a
n U \V%
O S
n < U
L | (c) a SWAP-gate
mapping

L computational basis

" l(la) ag g-qubit unitary L’:; " states to each other
ollowe a measurement o
Y (e.g. |a,b) — |b,a)).

the first qubit. (b) an n-qubit unitary U

controlled by m other
qubits.

Figure 2.1: Some gate visualizations in the quantum circuit model.

where we note that 1% is the Identity-gate on m qubits. The set of gates C := {CNOT,H,S} generate
the n-qubit Clifford group C,,. This is a well-known and -studied group, for two main reasons. Firstly, the
class of n-qubit circuits that are constructed using only elements of this group correspond precisely to the
set of quantum operations that normalize the n-qubit Pauli group. That is, we have U € C,, iff for every
P € P, we have UPU' € P,,. For example, the commutation relations of the CNQT-gate and the Pauli gates
are given in Table 2.2. The second reason is that any computation using Clifford gates can be efficiently
simulated on a classical computer, a result known in literature as the Gottesman-Knill Theorem [Got98].

P P’ = CNOT -P-CNOT
X | X®X
l® X l® X
ZR| Z |
l®Z YA WA

Table 2.2: Commutation relations of the CNOT-gate and Pauli gates.

2.4 Quantum circuits

The discussion in Section 2.3 naturally leads to a model of quantum computation. Suppose we are given
n+m qubits such that the first n qubits (the working register) are in the state [¢)) (the input state), and the
last m qubits (the ancilla register) are in the state |0)*™. Then we can apply any number of quantum gates
to (some of) the qubits, with any amount of measurements of (some of) the qubits in between. This results
in an n-qubit output state |¢)'), which can either be left as is or acted upon by measuring a subset of its
qubits and returning the result. Operations can be applied to the ancilla register too, however, by the end
of the circuit they need either to be measured or to be restored to the all-zeroes state. These configurations
of quantum operations and measurements are called quantum circuits, and thus this model of computation
is called the quantum circuit model.

Figure 2.1 shows visual examples of some simple quantum circuits. If the unitary that is controlled is an
X-gate, we use the symbol @ instead of X. For example, a circuit implementing the SWAP-gate (which
interchanges two qubits) is pictured in Figure 2.1c. For clarity of presentation, we will sometimes label some
of the qubits, or group them together into registers. As an example, we can group the m control qubits
in Figure 2.1b into register C, and the n target qubits into register T; this is denoted |0), |0); We denote a
unitary controlled by register A and applied to another register B as C,U_,g, whenever we want to explicitly
specify this.

In the classical circuit model, the AND and NOT-gate serve as a universal gate set: a set of gates from which
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any classical circuit can be constructed. This immediately begs the question: can we find a universal gate
set in the quantum circuit model, that is, a set of unitaries from which every unitary can be implemented?

Since there are uncountably many unitary operators, a simple counting argument shows that defining such
universal gate set requires uncountably many unitary operators. The simplest example of this is the set of
all single-qubit gates together with the CNOT-gate [NC10]. However, since we can not expect that whoever
is building a quantum computer will be able to implement every single-qubit gate to infinite precision, it
may be a bit unreasonable to assume access to such a gate set. As such, our second-best option is to find a
(finite) set of gates that approzimate all unitaries well enough. Fortunately, given a finite set of gates such
as {CNOT,H,S, T} (Clifford+T), or another finite universal gate set, we can approximate other quantum
circuits arbitrarily well with only little overhead. In particular, a quantum circuit consisting of k gates of
constant arity can be approximated to error € using a quantum circuit with O(klog.(k/¢)) gates of such
gate set. This result is known as the Solovay-Kitaev Theorem [NC10].

2.5 Circuit complexity classes

For our purposes, we will consider the set of all single-qubit unitary operations, together with the CNOT-
gate and measurements in the computational basis as our elementary operations, unless specified otherwise.
Relative to this set of operations, we will now define some complexity notions concerning decision problems
and their quantum circuits.

Definition 1. Let Q be a quantum circuit. We define

o the depth of Q, denoted depth(Q), as the number of layers in a circuit, where each layer consists of
gates that act on disjoint sets of qubits.

o the width of Q as the total number of qubits involved in the circuit.
o the size of Q, denoted size(Q), as size(Q) = depth(Q) - width(Q).

If quantum computers have the ability to perform gates on disjoint sets of qubits simultaneously — which
we will assume —, circuit depth can be used as a proxy for the computation time of running the quantum
circuit. The following notation will be useful when expressing complexities.

Definition 2 (Bachmann-Landau (or ‘big-Oh’) notation). Let f,g: N — R be non-decreasing. We say that
g(n) is in the set

o O(f(n)) if there exists a ¢ € R>g and ng € N such that 0 < g(n) < c- f(n) for all n > ny;

e o(f(n)), if for all c € R>q there exists ng € N such that 0 < g(n) < c- f(n) for all n > ny;
o Q(f(n)), if there exists a ¢ € R>g and ng € N such that g(n) > c¢- f(n) for alln > ng;

e w(f(n)), if for all c € R>g there exists ng € N such that g(n) > c- f(n) for all n > ng; and
o O(f(n)) is both in O(f(n)) and Q(f(n)).

A circuit family {C), },en (where C), accepts inputs of size n) has polynomial size if its size can be bounded
by a polynomial, i.e. size(C),) = O(n) for some constant c¢. The circuit class QPoly(n) consists of all
polynomial-size (in n) quantum circuit families that use one- and two-qubit gates.

We now define some classical and quantum complexity classes that will appear in later chapters. Usually,
these are defined as classes of decision problems solvable by some kind of circuit. In the following definitions,
having access to bounded-fan-in OR-gates means that we can implement an OR(-gate for n up to some
fixed constant ¢. Having unbounded-fan-in OR-gates means that OR(™ can be implemented for any n.

Definition 3 (Complexity classes). A decision problem is in the class
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o NC! if it is solvable by a circuit family of polynomial size, O((logn)?) depth, and consisting of bounded-
fan-in OR-gates, and NOT-gates;

o AC! if it is solvable by a circuit family of polynomial size, O((logn)?) depth, and consisting of unbounded-
fan-in OR-gates, and NOT-gates;

o TC'ifitis solvable by a circuit family of polynomial size, O((logn)?) depth, and consisting of unbounded-
fan-in OR-gates, NOT-gates, and Threshold;-gates®.

o QNC' if it is solvable by a quantum circuit that is in QPoly(n), and has O((logn)?) depth.
Lemma 1. NC!' C QNC!.

Proof. For fixed input size n, let C' be the Boolean circuit of depth O(logn), containing OR- and NOT-gates
of bounded fan-in, that decides on a decision problem in NC*. Using ancilla qubits, we can replace all gates
with their quantum equivalents: after substituting the OR-gate for AND- and NOT-gates, we replace the
AND-gates with Toffoli-gates and the NOT-gates with X-gates, giving us a quantum circuit. The outputs of
the AND-gates are stored in fresh ancilla qubits, and can be used as input qubits further in the circuit. In
total, there are polynomially many quantum gates and ancilla qubits, since there were polynomially many
gates in the classical circuit. The depth of the new quantum circuit remains logarithmic, hence we can
conclude that the decision problem is in QNC!, O

The logarithmic-depth circuits in the class NC! also allows us to implement a Parity-gate.

Lemma 2. [AB09, Example 6.26] For any n, PA™ € NC!.

In the remainder of this thesis, we will slightly abuse notation and say that a circuit is an X-circuit if that
circuit corresponds to a decision problem in the class X.

2.6 Qubit topology

On most current quantum hardware, gates cannot be applied between arbitrary pairs of qubits. Rather,
qubits are arranged in a specific topology that describes how they can interact with each other. For example,
qubits can be arranged in a 2D grid pattern, where each qubit can only interact with its nearest (vertical
or horizontal) neighbor. See Figure 2.2. Arbitrary qubit connectivity can be naturally modelled using a

o O O O
O O —@
o O O O
EOOOO
o O O O O

Figure 2.2: Qubits arranged in a 2D grid. Two blue-colored, connected qubits indicate that a gate is applied
on those qubits.

connected constraint graph G = (V, E), where the vertices V represent the qubits and the edges E specify
the pairs of qubits on which two-qubit gates can act. If & =V x V, then all qubits are connected to each
other. We refer to this as all-to-all qubit connectivity.

In general, to apply a gate to an arbitrary pair of qubits under some constraint constraint, a simple method
is to insert SWAP-gates to bring the qubits together, apply the gates, and swapping them back. The depth

2A Thresholdg-gate outputs one iff the sum of the inputs is at least k
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overhead that this induces can be defined, for some circuit C, as

depth(C")
doh(G,C) := min ————~ 2.22
(G,€) ¢’ depth(C)’ (2:22)
where the minimum is over all C’ that are equivalent to C' and that respect the constraint graph G. The
depth overhead of a constraint graph G is defined as the maximum of the depth overhead over all possible cir-
cuits C, that is, it characterizes the maximum extra depth factor that a certain constraint graph induces. By
a very recent result, this depth overhead is fully characterized by the routing number of the constraint graph.

Theorem 1 (Theorem 3 and 4 from [YZ24]). Let G be any constraint graph. Then it holds that

doh(G) = max doh(G,C) = O(rt(Q)). (2.23)

This routing number rt(G) of a graph G is a well-studied complexity measure, and is defined by the following
game[ACGI4; YZ24]. Given a connected graph G with n vertices, a pebble is placed at each vertex v € V.
The pebbles are then moved in rounds. In each round, a matching M; C FE is selected, and the pebbles
are swapped between u and v for every (u,v) € M;. Given some permutation o of the vertices, the routing
number of o, denoted rt(G, o), is the minimum number of rounds needed to move all pebbles according to
the permutation o, that is, from initial position v to o(v). For a graph G, the routing number rt(G) is
defined as the maximum routing numbers over all permutations of its vertices:

rt(G) = max rt(G, o). (2.24)

O'ESn

2.7 Multi-qubit gate implementations

In this section, we show the quantum circuits that implement some commonly used multi-qubit gates and
their complexity.

2.7.1 Controlled gates

Firstly, using single-qubit and CNOT-gates, the following lemma shows that we can make any single-qubit
unitary controlled.

Lemma 3. Let U be an arbitrary single-qubit unitary. We can implement CU, that acts as

1b) |) ifb=0

b) (Ulz)) ifb=1" (2.25)

CU ) |z) — {

using only single-qubit and CNOT -gates.

Proof. In [NC10, Corollary 4.2] it is shown that for every single-qubit unitary U there exist one-qubit gates
A, B and C such that ABC =1 and AXBXC = U. Then it is easy to see that the circuit

)

implements Operation (2.25). O

For single-qubit unitaries controlled by two qubits, we have another result.



2.7. MULTI-QUBIT GATE IMPLEMENTATIONS 12

Lemma 4. Let U be an arbitrary one-qubit unitary. We can implement CC(U?), that acts as

b}
[b)

c)|z) ifbAc=0

o) (U |z)) ifbAc=1" (2.26)

CCU2|b) [e) |z) — { :
using only single-qubit and CNOT -gates.

Proof. 1t can be easily verified that the following circuit corresponds to the desired transformation:

D
Ay

B B

S~ ~——

o
an
A\

By the previous lemma, the controlled U and Uf-gates can be implemented using only single-qubit and
CNOT-gates, and so the result follows. O

2.7.2 Fanout-gate

In this thesis, a large focus will be on the implementation of multi-qubit gates using low-depth (or shallow)
circuits. To construct such circuits, it is often important to copy (‘fan-out’) one of the inputs into multiple
copies. In classical circuits, we mostly assume that we get this operation ‘for free’, by simply splitting the
input wires as many times as we like. In quantum circuits, this is difficult, since copying arbitrary quantum
states is forbidden by the No-cloning Theorem. However, we can copy classical information to multiple
quantum states. The n-qubit quantum Fanout-gate (denoted FO(")) is the operation that does this, i.e. it

acts as
FOM™ [b) [z1) ... |wp_1) := |b) |1 BB ... |Tp_1 B D). (2.27)

This seemingly benign operation turns out to be pretty powerful. For starters, it allows us to implement
the Parity-gate PA™  which acts as

n—1
PAM |zg. .. 2 1) [b) i= |20 ... @no1) [b® P 24) (2.28)
=0

by noting that

This duality has no classical counterpart [GM24; Ajt83]. Furthermore, Figure 2.3 shows how the |GHZ(®))-
state can be prepared using two Fanout-gates. The Fanout-gate entangles many qubits at once, allowing

0) <>

0) S

0) —{H] HGHZ®))
0) <5

0) &

Figure 2.3: Circuit to prepare the state |GHZ®)) = %(|0>®5 + [1)%?), using two FO®)-gates.

multiple operations to be performed on each of them separately at the same time. The first such paralleliza-
tion techniques were constructed in [MN98a; MN98b; Moo99]. They also defined circuit classes in which
Fanout-gates is assumed to be an elementary operation, i.e., where Fanout-gates are counted as a single gate,
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n
|0> / T TT —
yiki D D D
7 \u 0 \u
n
. &— D1 —6
0y
n
7 D— Do P
n
7 O— Dr—1 D

Figure 2.4: This circuit shows the parallelization construction using Fanout-gates. The diagonal unitaries
can be made controlled (not shown here; see [Hv05] for the full circuit).

just like a single-qubit gate or a CNOT-gate. The class of decision problems solvable by polynomial-size,
constant-depth quantum circuits with Fanout-gates is called QNC(}.

We will now review one of the parallelization constructions.

Lemma 5 (Theorem 1.3.19 from [HJ17]). For every set of pairwise commuting unitary gates, there exists
an orthonormal basis in which all these gates are diagonal.

Theorem 2 (Proposition 3 from [MN98a]). Let {U;};icx) be a pairwise commuting set of gates on n qubits,
and let T be a unitary that mutually diagonalizes all U;. Let a; be the register of the qubit controlling U;.
Then there exists a quantum circuit, using Fanout-gates, that computes U = Hz‘e[k] Ca,U;. It has depth
max;c(y) depth(U;) +4 - depth(T) + 2, size 3= ¢y size(U;) + (2k + 2) - size(T) + 2k, and uses (k — 1)n ancilla
qubits.

In particular, if all commuting gates can be implemented in constant depth, then the circuit is in QNC(}.

Proof. Consider a quantum circuit that applies all C,,U; sequentially. Let U; := TTD;T for every i, where
{Di}ie[k] are the simultaneously diagonalized matrices guaranteed to exist by Lemma 5, and the columns of

T are the orthonormal basis vectors of this diagonalizing basis. Then since TTT = I, we have that

[[ Cali=T (H CaiDZ-) T (2.30)

1€[k] 1€[k]

Since the D-matrices are diagonal, they merely impose some phase shifts on the qubits. Since multiple phase
shifts on entangled qubits multiply, all D; can be applied in parallel. To do this, we first use a total of n
FO(k)—gates to create k entangled copies of the n target qubits; we then apply gate D; to the i-th entangled
copy, and then use another n FO(k)—gates to uncompute the copies. See the circuit in Figure 2.4. O

Implementations of Fanout-gates

Figure 2.5a shows a simple sequential implementation of a Fanout-gate of arity 8, using a ladder of CNOT-
gates. For arbitrary n, this yields a circuit of depth O(n) and size O(n?). If the underlying qubit topology
is a 1D grid, this circuit is optimal. When assuming all-to-all connectivity, we can reduce this depth by
parallelizing some of the CNOT-gates. For arbitrary n, this circuit consists of [log(n)] layers. The i-th layer
(for 0 < i < [logn] — 2) consists of 2! parallel CNOT-gates, while the last layer consists of n — 2/lognl—1
gates. In total, this gives precisely n — 1, the same as for the CNOT-ladder implementation. When the
qubits adhere to a k-dimensional grid topology, Rosenbaum [Ros13] showed that the Fanout-gate can be
implemented in depth ©(/n), using O(n) gates and O(n) ancilla qubits. He also showed that this depth is
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to U1 ta t3 la ts te U7 to 1 t2 i3
Pan Pan
\V % \\%
Pan Pan
\\% \N%
Pan Pany
\V % \\%
Pan Pan
\\% \v%
Pan Pan
\V \V %
Pan Pan
\V % \\%
Pan Pan
\\% \N%
(a) A sequential implementation using a (b) The log-depth implementation. Layers are
CNOT-ladder. Layers are separated by red separated by red dashed lines. Gates within a
dashed lines. single layer can be applied in parallel since the

qubits they operate on do not overlap.

Figure 2.5: Two implementations of the FO(B)—gate.

asymptotically optimal when constrained to said topology. If we assume all-to-all connectivity, the log-depth
implementation from Figure 2.5b is optimal, as the next lemma shows.

Lemma 6. Any quantum circuit that implements the Fanout-gate must have a depth d > log(n). In
particular, no QNCY circuit can compute the Fanout-gate.

Proof. Consider any quantum circuit C' of depth d that acts on n qubits and uses m ancilla qubits. Define
a directed graph G = (V, E) with d + 1 layers of nodes Vj,..., Vg, each corresponding to one time step of
the circuit, separated by d layers Uy, ...,Ugz_1 of quantum gates. Every layer consists of n 4+ m nodes. Two
nodes in adjacent layers V; and Vj;1 have an edge (v;, vi11) € F between them if the corresponding qubits
are involved in the same gate. For any node in v € Vj, we define its light cone as the set of nodes it can
affect, i.e., the set of nodes in v’ € V; such that there is a path from v to v’. The light cone of a qubit in
the circuit is the light cone of the corresponding node. Considering a gate set consisting only of single-qubit
and two-qubit gates, it is easy to see that the light cone of any qubit is at most 2¢.

After applying a FO(")-gate, the n — 1 target qubits are all fully entangled with the control qubit. In
particular, the control qubit must affect all n qubits in the circuit (including itself), meaning the light cone
must be at least n. It follows that 2¢ > n, so d > log(n). O

2.7.3 OR-gate

We can use Fanout-gates to construct other useful gates, such as the OR(")—gate, which acts as the logical
OR of the input qubits:

n—1

OR™ |21, ...,z 1) [b) = |21, .., zpo1) D\ ). (2.31)
=0

Hgyer and Spalek first showed how to reduce the problem of computing OR on n qubits to computing it on
log(n) qubits. Later, Takahashi and Tani [TT12] discovered a circuit for computing OR that is ‘almost’ in
QNC(} — not fully, since it has exponential size! Combined with the OR-reduction, however, the circuit size
becomes polynomial in n.
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Lemma 7 (‘OR-reduction’, Lemma 5.1 from [Hv05]). The OR™ Y _gate can be reduced to OR™*Y | where
m = [log(n + 1)], using 2n[log(n + 1)] ancilla qubits and 2n + 2[log(n + 1)| Fanout-gates of arity at most
n. That is, there is a family of quantum circuits in QNCJQ that acts as

) [0)%"™ = |) [0 (2.32)
for every x € {0,1}", where |13) is an m-qubit quantum state such that (0™|1,) =1 — OR(z).

||

Proof. For 6 € [—1,1], we define the state |p,"') := 3(1-+exp(imf|z|)) |0) + 2 (1 —exp(im@ |z[)) |1). To prepare
this state, we apply a Hadamard-gate to the qubit in state |0), followed by a FO(”)—gate copying this qubit
onto n — 1 ancilla qubits. This yields the state

0)°" + |1)*"
pa

Next, we apply a Rz(6z;)-gate, controlled by |z;), to the i-th qubit of %(IO)QM +11)®™), for all i € [n],
resulting in the state

|) (2.33)

0)°" + exp (im0 Xiepyg i) [1)°"
V2

Finally, uncomputing the first step leads to |z) | ,ulexb, as we desired. The OR-reduction works by computing

10Y2™ + exp(imf |z]) |1)®"
7 .

) = |x) (2.34)

the states [¢g) = | /L‘;;;l% with @, = 1/2F in parallel for all £ € [m]. This requires copying and un-copying
the input |z) a total of m — 1 times, using Fanout-gates of arity m. We are left to show that the resulting
state [1) = [10) |¥1) ... |¥hm—1) behaves precisely as |1,). Indeed, if |x| = 0, then |¢) = |0) for each k € [m]
(see Equation (2.34)). If |z| > 0, then we have (1|¢y) = 1 with certainty for at least one k € [m]. Indeed,
considering the unique prime factorization of |x| as |x| = 2%(2b+ 1), for integers a € [p] and b > 0, it follows
that

1 1
[the) = 5(1 +exp(im(2b+1)))|0) + 5(1 —exp(im(20+1))) |1) = [1). (2.35)
This proves the correctness of the OR-reduction. The reduction uses a total of n(m — 1) +m(n — 1) ancilla
qubits, 2n Fanout-gates of arity m, and 2m Fanout-gates of arity n. O
to 1 12 t3 ta s
o) o)
1) 1)
|Tn—1) ‘$n—1>
—H Rz (61) H = 11ay)
D Rz () D
0)°" |
|O>®(n71)
D Rz(6k)

Figure 2.6: Circuit for preparing the state |u|(f|>. Note that the indicated slices here do not necessarily
represent a single time step.
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Figure 2.7: The circuit in Figure 2.6, applied to qubits arranged in a 2D grid. The qubits colored gray
are the input qubits (in this case, five of them). The dark gray qubit in t5 is in the output state | u‘(f|>. A
Hadamard-gate is denoted by a blue-colored qubit, while red and green qubits denote the control and target
qubit respectively of a two-qubit controlled gate.

A nice property of the OR-reduction (and the OR-gate discussed shortly) is that it easily adheres to 2D
grid topology. Figure 2.7 exemplifies this by showing how the circuit for preparing the state |ug,) can be
performed on a 2D grid, with no depth overhead.

The exponential-size circuit for the OR-gate uses the Fourier expansion of the OR-function, in particular, it
uses the following result:

Lemma 8 (Theorem 1 from [TT12]). For any x € {0,1}", OR(z) = %Zae{o,l}n\{on} PAq(z). Here,
PA,(x) = @?;Olaixi is the parity of =, weighted by the non-zero binary vector a.

The exponential-sized circuit for the OR-gate consists of the following steps:
1. Do the following at the same time:

(a) Copy the input state |z) and apply a PAg")—gate in parallel for every non-zero n-bit string a (i.e.
2" — 1 times);

(b) Prepare a (2" — 1)-qubit GHZ state;
2. Apply controlled Rz-gates in parallel, controlled by the qubits holding the results of the weighted
Parity-gates and targeting the qubits of the GHZ-state. By Lemma 8, this prepares the state
0"+ exp (i 77 Lo,y (o) PA (@) [1)2C"

V2
®(@2"-1) ; (n) ®(2"-1) (2.36)
|0) + exp(imOR\™ (z) ) |1)

V2

3. Again apply a FO2"~D and a Hadamard-gate to the first of these qubits, such that in the end it holds
the result |OR(™(z)).

4. Finally, uncompute the results of the weighted Parity-gates and the copies of the input state |z).

Note that the size of the circuit is dominated by the first step, and is thus O(n2"). The depth of the circuit
is constant, modulo the implementation of the FO(Qn_l)—gate. Combining this circuit with the OR-reduction
of Lemma 7 gives a circuit implementing the OR(™-gate with O(nlog(n)) ancilla qubits, and — assuming
all-to-all connectivity — a circuit depth of O(log(n)).
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2.7.4 AND-gate

We now shift our attention to another important gate, namely the AND-gate (or Toffoli-gate), which acts
as

n—1
AND™ [z, ..., 2p_1) |b) := |20, .., zpe1) [b® N\ @) (2.37)
=0

Figure 2.8 shows the standard implementation of an AN D(3)—gate. To construct the AN D(”)-gate forn=4

o) [T lz0)

|z1) Tt

0) —{H o Tt —o—{T}—<

Figure 2.8: Standard implementation of an AND®)-gate (Toffoli-gate).

a
A\

T

o
WV
T
)
—
~

T —— Tt { H] |AND (z, 1))

A

and n = 5, observe the circuits in Figure 2.9. For general n, this yields a circuit of depth O(n). A simple

|z0) o)

o) o)
|$1> |1:1>

’$1> ‘x1>
[22) [z2)

22) [2)
|z3) [73)

a ran
0) Vant |AND(z9, z1,22))
) 0) ran |AND(x0, 21, 2, 3))

(a) An AND™_gate (using one ancilla).
(b) An AND®-gate (using two ancillas, one of which
‘hidden’ in the implementation of the AND®)-gate).

Figure 2.9: An AN D(4)—gate and AN D(5)—gate. A gate with m controls and a single target drawn represents
an AND™1)_gate.

way to implement the AND™-gate in depth O(log(n)) is to use the OR™-gate implementation from the
previous section, together with the observation that AN D™ = X®nOR(™, Just like the OR-gate, this uses
O(nlog(n)) ancilla qubits. A very recent paper by Nie et al. [NZS24] shows that this logarithmic depth can
be attained even when few ancilla qubits are available.

Lemma 9 (Theorem 1 and 6 from [NZS24], logarithmic-depth AND). There exists a quantum circuit that
implements the AND(”)—gate, which has a circuit depth O(logn), and uses one ancilla qubit. If no ancilla
qubits are available, the depth increases to O(log®n).

An implementation of the AN D(”)—gate automatically gives an implementation for the EQ,E:n)—gate, which
acts as

EQ [0, - 2no1) D) = |20, @0mt) 0 L) (2.38)
by noting that EQgcn) = X(Anlg_l)AND(n)xgllé_l)‘

2.7.5 Permutation-gate

(n)

o, which permutes n-qubit computational basis

Another gate we will use is the Permutation-gate PERM
states according to a permutation o:
PERM{™D |2} := |o(x)) . (2.39)
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For a permutation o on n-bit strings with o] = d, let {x4}1¢c[q be the non-identity elements in the domain.
The circuit implementing PERME,"’d) starts by applying Fanout-gates to make d copies of the input. Then
a EQ,,-gate is applied to the i-th copy as well as to the i-th fresh ancilla qubit. Then, we uncopy the input
register. The result of these first steps is a one-hot encoding of the domain of o, i.e. the k-th ancilla qubit
is in the state |1) if the input state is |xg):

|xk) |ek) - (2.40)

To perform the permutation, we need to apply a X

Arkeag(xk)-gate controlled by the k-th ancilla qubit, to

Xl ) (k)
Do (Tk
are mutually diagonalized by the Z®"-gate. After permuting, the one-hot encoding needs to be uncomputed.

This can be done in the same way as the computing step, though this time using EQg,,)-gates.

transform the state |x) to |o(zx)). To do this, we can invoke Theorem 2, by noting that all X -gates

2.7.6 Uniformly controlled gates

The last class of multi-qubit gates we will consider in this chapter are the so called uniformly controlled
gates. For any function f : {0,1}"~! — U(2) from the set of (n — 1)-bit strings to the set of single-qubit
unitaries, the f-uniformly controlled gate of arity n (f-UCG™) is defined as

JUCE™W o= 37 ) (e @ f(2)
ze{0,1}—1

= ). ) =l®U,,

ze{0,1}—1

(2.41)

where in the second line we have equated U, := f(x). In other words, a uniformly controlled gate applies
a different single-qubit gate to the target qubit for every distinct n-qubit computational basis state of the
control qubits. A simple way to visualize an f—UCG(”)—gate is shown in Figure 2.10, where each gate U, is
applied sequentially controlled on the state |z).

- —O—O0—O0—O0
¢ —O0—O——0—9
¢+ —O—O0——0

[

1 VU2 U |—-- — Ugn-1_1 |— U |b)
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< l—0

Figure 2.10: A sequential implementation of the f—UCG(”)—gate. Here, the filled control dots are activated
when the qubit is in state |1), while unfilled dots are activated when the qubit is in state |0).

We may write UCG instead of f-UCG when this does not cause confusion. Uniformly controlled gates have
been studied extensively in the context of quantum memory circuits [All4+23], recommendation systems
[KP16] and linear system solving [HHL09]. In Chapter 4, we will use these gates as a subroutine for
quantum state preparation, and explore multiple implementations of them.



Chapter 3

Adaptive quantum circuits

Considering the surprising parallelizing power that the quantum Fanout-gate provides, researchers have been
on a quest to find scalable, constant-depth implementations for this gate. In [BKP09], it is shown that the
one-way quantum computation model, which works by generating an entangled multi-qubit state, followed
by a sequence of adaptive measurements, is equivalent to the standard quantum circuit model augmented
with unbounded Fanout-gates. ‘Adaptive’ in this context means that the choice for a particular operation
can depend in some way on the outcome of previous measurements. The proof in [BKP09] makes use of an
important connection between Clifford circuits and measurement-based quantum computing. In particular,
it has been known that Clifford circuits can be parallelized — to constant depth — by allowing intermediate
measurements, classical processing of the measurement outcomes and quantum gates that depend on the
outcome of this processing [GC99]. Given that the Fanout-gate is a Clifford circuit, this provides a pathway
towards perhaps more efficient and more easily implementable quantum computations.

In Section 3.1 and 3.2, we will shortly review quantum teleportation and show how Clifford circuits can
be implemented in constant-depth when adaptive gates are allowed. In Section 3.3, we define the Local
Alternating Quantum Classical Computations (LAQCC) circuit class, that formalizes these ‘adaptive circuits’,
and adds constraints on the allowed qubit topology. The LAQCC model first appeared in [Buh+23], where
it was used to construct shallow circuits for some entangled and structured states. In Section 3.4, we
will present some of these subroutines and state preparation schemes, which are of later use in the general
quantum state preparation algorithms. We end the chapter in Section 3.5 by discussing the relation between
LAQCC and other complexity classes, and between it and other, similar adaptive quantum computation
schemes.

3.1 Quantum teleportation

Quantum teleportation is a technique for transferring quantum information between two parties that share
an entangled quantum state and can communicate classically. First discussed in [Ben+93], it has been
a quintessential tool in many quantum information processing protocols. Since its advent, it has been
experimentally tested plenty of times, for example through sending information across the Danube river and
between two Canary Islands [Urs+04; Ma+12].

Formally, the input to the standard teleportation scheme is a single qubit (say, in register a) in some
state |¢), = «|0) + B|1), and two qubits (say, in register b and c) that together are in a Bell-state
Wo0)p. = %(|00> + |11)). Now, by performing a Bell measurement on registers a and b, we get (using

the projection from Equation (2.10)):

> (G @X @) ), lid)ee) = 2 G1Z7X™ [0) i)

1,j€{0,1} %,
=" i) (i 29X |v), (3.1)
= ZmX™ |, .
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That means that after this measurement, register ¢ now holds the state that originally was in register a,
modulo some Pauli errors. If we know the measurement outcomes and are allowed to apply quantum gates
that depend on these, we can correct these errors and succesfully transport [¢) from register a to register
c. This is called teleportation, since we can — in theory — take registers b and b and move them to different
locations far away from each other, after creation of the Bell-state. Performing a measurement on one of
the two entangled qubits together with the qubit in register a, and subsequently sending the measurement
outcomes over some classical communication channel, moves the data of register a to the other qubit in the
entangled pair.

Figure 3.1: The quantum state teleportation protocol for transferring the state U|y). The thick wires
represent classical communication.

Note that there are no requirements on the amplitudes of the state |1)),, and in particular we could have
applied a single-qubit gate U before the teleportation protocol, thereby teleporting the state U|[y),; see
Figure 3.1.

Suppose that after two of these teleportation protocols, we have ended up with two qubits in some registers
c and c’, to which we want to apply a CNOT-gate. Then we can choose to apply the CNOT-gate after
the Pauli corrections of these previous protocols. However, as Gottesman and Chuang [GC99] noticed, the
commutation relations of the CNOT-gate with the Pauli-gates (see Table 2.2) also allows us to move the
CNOQOT-gate to the beginning of the circuit, before the error corrections:

CNOT(Z9X? @ 2% XYY [, [1) = (Z9X*HY @ 20+a'XY)CNOT |y),, - (3.2)

See also Figure 3.2. Instead of waiting to apply the CNOT-gate until after the corrections of the preceding
gates, we can apply it directly, and then perform the Pauli corrections. Equation (3.2) shows that the Pauli
corrections that need to be applied on ¢ now also depend on the measurement outcomes in the protocol for
c’, and vice-versa.

9)a —

fan)
A\

[¥00) e

H(CNOT [¢)) cer

|¢>a/ H H/ﬂ
b/

[«

17

D
A\

[W00) e

a
A\

7z x

Figure 3.2: Implementing a CNOT-gate using the teleportation protocol.
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3.2 Teleporting Clifford circuits

In principle, the protocols above allow us to perform any number of quantum gates on disjoint qubits in
constant depth using adaptive measurements. How does this extend to circuits containing multiple layers?

Suppose we want to apply a polynomial-size n-qubit quantum circuit consisting of layers Uy, ..., Ug_1 using
the teleportation protocols from the last section. In principle, this can be done by applying all gates from Ug
using the teleportation protocols, then use the resulting registers (registers c and ¢’ in Figure 3.2) as input
for the protocols for Uy, and so forth. Importantly, however, we can not perform the measurements for the
different layers at the same time; in general, the Pauli errors caused by the teleportation scheme for Uy must
be corrected before we can start applying U;. As a result, using this teleportation-based implementation
does not result in lower-depth circuits compared to the generic circuit model.

If we instead choose not to perform the Pauli corrections after every layer, then we can decrease the depth.
In fact, since the different circuit layers do not interact with each other except for these corrections, we can
perform all teleportation protocols in parallel, achieving a circuit of constant depth. The catch is of course,
that the output register of the last circuit layer will no longer contain the state Ug_q...Ug |¥), but will
instead be interspersed with accumulated Pauli errors:

(H Zad 1lxbgl 1,) Uy s (H Zad zlxbd 21> (H Za()szm> Uo [¥) (3.3)

where a; and b ; for 0 <¢ <n—1and 0 <k < d— 1 denote either a measurement outcome or, in the case
of a CNOT-gate, the sum of two measurement outcomes. For general quantum circuits, it is unclear how to
retrieve the desired output state Uy_1 ... Uq|¢) from [¢'). If the circuit is Clifford, however, we can use the
fact that all gates commute with the Pauli group to move all errors to the end of the circuit. For example,
for just two layers we get

(H Xalzzb1z> (H Zaolxbm) ’¢> _ (H Zauxbu) (H Zamx ) U;Ug W}> (3'4)
_ (H Za1 IZao ;01 b1 ZX Oz> U1U0 ’w> (35)

n—1
) (H <Z““‘@“°’i@1>%<X"“‘@”°’iH’) Uilo|e),  (36)

=0

where the new coefficients @’ and b’ are sums of elements of a and b, and we can write @ instead of + since
X2 = 7?2 = |. By iterating the procedure above — commuting and then combining the coefficients — the
output state of the full circuit can be written as

n—1 .
v') = (H(Z&ixbipi) 1Y), (3.7)

=0

where the elements of n-bit strings @ and b result from calculating the parity of some of the measurement
outcomes. Using an NC!-circuit, we can determine these elements. This circuit consists of a layer of classical
Fanout-gates — one for each measurement outcome — followed by a layer of classical Parity-gates based on
the gates applied. The outcome of this classical circuit can be used to apply the actual Pauli corrections,
obtaining the state |1/’) in constant depth.'

3.3 The LAQCC model

We will proceed to formally define the LAQCC model, and discuss some gates and tools that are accessible
within this model. The definition for this model stems from [Buh+23], on which much of this section is also

!Determining which Parity-gates to apply is not in NC*, but it does follow directly from the quantum circuit. A logspace
(L) precomputation gives this circuit [Buh+23].



3.4. GATES, STATES, AND SUBROUTINES IN LAQCC 22

based.

Definition 4 (Local Alternating Quantum-Classical Computations). LAQCC(Q,C)? is the class of circuits
such that:

o every quantum layer implements a quantum circuit Q € Q, constrained to a grid topology;

o cvery classical layer implements a classical circuit C' € C;

e there are d alternating layers of quantum and classical circuits;

o after every quantum layer a subset of the qubits is measured;

e the classical circuit receives the measurement outcomes of previous quantum layers as its input; and
e the output of the classical circuits control quantum operations in future layers.

We set LAQCC := LAQCC(QNCO, NCl)O(l), that is, a constant number of alternating layers of constant-depth
quantum circuits and classical NC!-circuits.

Each layer in an LAQCC circuit consists of three steps: a quantum circuit (that may depend on the outcome
of the previous classical circuit), a measurement, and a classical circuit. Compared to other adaptive circuit
models in the literature, the CCNTC model of Pham and Svore [PS13] was the first protocol to formalize these
three steps in the layout of the LAQCC model. It already included qubit topology constraints, specifically a
two-dimensional grid. This is generalized in the LAQCC model to also include grids of higher dimensions.
Furthermore, extra constraints are added to the intermediate classical computations in the definition of
LAQCC, allowing to upper bound its power.

The LAQCC model seems very similar to an instantiation of Jozsa’s Class, defined in [CM20]. Specifically,
LAQCC is equivalent to the (n,O(1),O(log(n)), O(1), O(poly(N)))-jozsa-quantum circuit class, with the
exception of the grid constraints.

3.4 Gates, states, and subroutines in LAQCC

The teleportation gadgets from Section 3.2 can be used to implement any Clifford circuit in constant depth
using an adaptive circuit. To adhere to the grid constraint imposed by the LAQCC model, we use the fact
that any Clifford unitary can be mapped to a linear-depth circuit that adheres to a 1D grid constraint
[MR18; BM21].

A general form of such circuits are so-called Clifford-grid circuits.

Definition 5. Let {Uij}ie[d],je[n/Q] be Clifford unitaries. A Clifford-grid circuit of depth d is a circuit of the

form
=11 ® s (33)

i€[d] j€n/2]
where U;; acts on qubits 25 and 2j + 1 if i is even, and 25 + 1 and 2j + 2 if i is odd.

Theorem 3. Any Clifford-grid circuit C' of depth O(n) has an LAQCC implementation that uses O(n?)
ancilla qubits.

Theorem 3 gives rise to plethora of useful routines accessible in LAQCC. For starters, any SWAP-circuit
that is needed to perform a 2-qubit gate between non-adjacent qubits is a Clifford-grid circuit and thus
in LAQCC, which in a sense removes the locality constraint imposed by the grid topology for applying a
two-qubit gate on non-adjacent qubits. In particular, it can be seen from the teleportation protocols that
implementing a single-qubit gate uses two ancilla qubits, while a CNOT-gate uses four. A gate of particular
interest is — unsurprisingly — the Fanout-gate, which is also available by Theorem 3. However, there is a
slightly more efficient circuit, which we will show in this section. This uses an LAQCC preparation scheme
of the GHZ-state.
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3.4.1 GHZ-state

There is a simple LAQCC-circuit to prepare a GHZ-state, based on parity measurements. It is shown in
Figure 3.3 for n = 3.
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Figure 3.3: An LAQCC-circuit to prepare the 3-qubit GHZ-state. Again, the thick wires indicate classical
information and processing.
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At time step to, the qubits are in the state

1
% Z |{L‘()l'11‘2>s (|$0 & ZL'1> |ZL‘1 SY) l’2>)a, (3.9)
z€{0,1}3

with s being the state register (which will end up in the state |GHZ(®))) and a the ancilla register. Measuring
register a yields two measurement results (mg and my), and register s collapses to

1 1
7 Z |zoz129), = 7 Z (|z) |x & mo) |z & mo & mi))s. (3.10)
z€{0,1}3 z€{0,1}
rodri=a
1 Pro=b

By flipping the qubits according to mg and mi, we can prepare the GHZ-state. This procedure can be
generalized to prepare the n-qubit GHZ-state: given measurement outcomes my, ..., my_o an NC!-circuit
can determine the parities 7v; := @;¢[;;mi for 0 < j < n — 2 and flip the j-th qubit of register s if 7; = 1.
This procedure uses n — 1 ancilla qubits.

Lemma 10. For any n > 3, the GHZ™ -state can be prepared using an LAQCC-circuit with n — 1 ancilla
qubits.

If the parity corrections are skipped, the n qubits in register s are of the form %(|x> + |z)) for some

z € {0,1}" that is determined by the measurement outcomes. The resulting circuit is in QNCY, since there
is no adaptivity in play. These so-called poor man’s cat states are used in [Wat+19] to show separations
between the class QNCY and the classical circuit class AC°.

3.4.2 Fanout-gate

Figure 3.4 shows the LAQCC implementation of the FO(4)-gate when given an 4-qubit GHZ-state as input.
Combined with the state preparation protocol discussed in the previous section, we obtain a LAQCC-circuit
for a general FO(”)—gate that uses 2n — 1 ancilla qubits.

The circuit starts with entangling the control qubit (in register c) with the first qubit of the GHZ-state (in
ancilla register a), measuring the first qubit, and then appling an X-gate to all other qubits in the GHZ-state
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if the measurement outcome is 1. The total quantum state is then

) [2)E"  bg . . by_a), - (3.11)

a

Hereafter, we can entangle the n — 1 target qubits in one layer via CNOT-gates controlled by the qubits in
register a and targeting the qubits in target register t. Applying a Hadamard-gate to all qubits in register
a and then measuring it induces a phase-flip on the control qubit if the parity of all measurement outcomes
is 1. After correcting this, we end up with the implemented Fanout-gate.

to 1 ty 13 th o ts to tr 1y
%) Z |=)
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Figure 3.4: LAQCC-circuit implementing the FO®)-gate when given an |GHZ(™)-state as input.

Following the implementations in Section 2.7 using Fanout-gates, we immediately obtain a LAQCC imple-
mentation for the gates OR™ AND™ and EQ,™. Asymptotically, these use O(nlogn) ancilla qubits,
which is the same as the non-adaptive circuits. However, the constant hiding underneath these asymptotics
are higher for the LAQCC-circuit.

3.4.3 Other states preparable in LAQCC

In [Buh+23], Buhrman et al. use combinations of Fanout-gates and EQ-gates to prepare the W-state in
LAQCC, using O(nlog(n)loglog(n)) ancilla qubits. A similar method prepares the Dicke-state |D§€n)> in
LAQCC as long as k = O(y/n). For larger k, a LAQCC(QNC?, NC')®Uog™)_circuit is presented, which uses
mappings between two different number representation methods, and needs O(n?log(n)) ancilla qubits.
More recently [Yu+24], procedures have been shown that prepare the Dicke-state using an adaptive circuit
of polylogarithmic depth that uses less ancillas (only polylogarithmically many).

Another recent paper by Smith et al. [Smi+24] encompassed a method for preparing certain translationally-
invariant matriz product states (TT MPS), which are superpositions of qudits with amplitudes that can be
expressed by a set of matrices. In particular, such an n-qudit state |1)) can be written as

W)> = Z Tr[AmoAml e Amn—lB] |m0 s mn—1> ) (312)

mo,...,Mp—1€[d]

where {Ap, }re[qg are D x D-dimensional matrices and the matrix B specifies its boundary conditions. The
number D is called the bond dimension of a matrix product state. In [Smi+24], it is shown that TI MPS can
be prepared in LAQCC if D = O(1) and a suitable correction mechanism — in the form of measurement basis
and adaptive correction gates — can be found. In most cases, there is yet no clear algorithmic way known
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to find these. An exception to this is the class of states correctable via measurement in the (generalized)
D-dimensional Bell basis, generated by applying the following gates to ]GHZ(D )>:

Xp= Skt )k, Zp= Y exp<i2ﬂ'§) k) (k] (3.13)

ke[D] ke[D]

as shown in [ZGS24]. As an example: the AKLT states, which are n-qutrit (so d = 3) states with a bond
dimension of two, described by the matrices

20 1 21 o 20 0
AOZ\/;[O 01’ Alz\/glo —11’ AZZ_\/;L o]’ (3.14)

and any choice of boundary conditions, can be prepared using this method [Smi+23].

In other recent work, this time by Raveh and Nepomechie [RN24], new MPS representations of the (n, k)-
Dicke-state have been found. However, they are not translationally invariant and no suitable correction
mechanism for applying the method from [Smi+24] for these representations are known. In general, finding
a ‘nice’ MPS representation for these states seems hard: even for the n-qubit W-state, it is conjectured that
any TT MPS representation with periodic boundary conditions (i.e., with B = I) will have a bond dimension
of at least O(n'/?) [Per+07]. A weaker version of this hypothesis was proved in [MS18], namely that for all

0 > 0, the bond dimension for a TT MPS representation the W-state is lower bounded by O(n'o‘%é) The best
known minimum bond dimension for a TT MPS representation known with periodic boundary conditions is
| 5]+ 1, shown in [KSB23].

Even if suitable correction mechanisms are found for these smaller representations, a constant-depth prepa-
ration scheme for all Dicke-states remains elusive, both in the adaptive and non-adaptive case.

3.5 Complexity of LAQCC

We end this chapter by briefly discussing how LAQCC relates to other circuit complexity classes.

Any LAQCC-circuit can be written as a composition of unitary layers, measurements and classical compu-
tation layers. Specifically, for some constant d, unitaries {Uy}1eq (each of them in QNCY), measurements
{ M} }rejq) and classical circuits {C }rejq) (each of them in NC!), a LAQCC-circuit L can be written as

L=Mz 1Ug 1Cy_1... MgUoCyp. (3.15)
Using this, we get the following lemma.

Lemma 11. For any LAQCC-circuit L there exists a QNC!-circuit Q that outputs the same state as L and
does not use intermediate measurements.

Proof. Consider the decomposition of L as in Equation (3.15). By the deferred measurement principle, we
can postpone the measurement layers until the end of the circuit using CNOT-gates to fresh ancilla qubits.
These quantum wires can be used in place of the classical output wires. By Lemma 1 and since @ ¢ NC!,
a QNC! circuit V}, can take on the role of the classical circuits Cj. Since there are only constantly many
layers of quantum and classical circuits, the resulting circuit L', which can be written as

L" = Ug_1V4_1 ... UgVo, (3.16)
is in QNC". O
Furthermore, since Fanout-gates are constructible in LAQCC, we immediately have the following result.

Lemma 12. QNC} C LAQCC.
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in [GS19], it is conjectured that
NC!  QNCY. (3.17)

This is an extension of the widely assumed conjecture that NC! ¢ TCP, since it was shown in [Hv05; TT12]
that Majority-gates, and therefore TC-circuits, can be implemented in QNC?.2 Obviously, NC! C LAQCC,
and so if the conjectured separation from [GS19] indeed holds, then this would mean that the inclusion in
Lemma 12 is strict, i.e. that QNC? C LAQCC.

In [Buh-+23], it is shown that all Instantaneous Quantum Polynomial-time 1QP-circuits, which are circuits
consisting of ‘temporally unstructured’ (i.e., commuting) quantum gates [SB09], have an LAQCC implemen-
tation.

Definition 6 (Definition 1 from [NM14]). An IQP-circuit on n qubits is a polynomial-size quantum circuit
with the following structure:

e the input state is |+>®n;

e cach gate in the circuit is diagonal in the computational basis; and

e the output is the result of a measurement in the Hadamard basis on a specified set of qubits in the
output register.

Lemma 13 (Lemma 3.16 from [Buh+23]). Every IQP-circuit has an LAQCC implementation.

Proof. Note that all steps comprising an IQP-circuit are accessible in the LAQCC class. Firstly, the input
state can be created by a single layer of Hadamard-gates on all qubits. Since in this basis, all gates in
the computational basis commute, we can apply the parallelization lemma (see Lemma 2) to achieve a
constant-depth LAQCC-circuit. Finally, applying another layer of Hadamard-gates and measuring in the
computational basis gives the same result as an original IQP-circuit. O

Earlier in 2010, Bremner, Jozsa and Shepherd [BJS11] had shown that efficient weak classical simulation® of
all IQP-circuits would imply a collapse of the polynomial hierarchy to the third level, which is not believed
to be true. By Lemma 13, the same statement holds in LAQCC.

2This proof uses the OR-gate implementation from Section 2.7.3 to implement quantum Threshold-gates.
3A circuit family is weakly simulatable if, given the description of the circuit family, its output distribution can be sampled
classically in polynomial time, up to small multiplicative error.



Chapter 4

Quantum State Preparation

In this chapter, we will dive into the problem of Quantum State Preparation (QSP). For starters, we will
define the problem of QSP formally, and fix some notation.

Definition 7. Quantum State Preparation (QSP) is the problem defined by the following input and output:
e Input: a classical vector ) = (Yo, ..., n_1) € CV with f\;al |1/),\2 =1 and N =2" for somen € N.

o Output: a unitary Uy such that Uy |0) = |¢), where |) is the n-qubit state defined as
W)= 3" vl (4.1)

The restriction of IV to powers of two can be ‘bypassed’ by padding v with zeroes at the end. This definition
of QSP is also known as general QQSP, since no structural features on the quantum state to be prepared are
assumed.

We call a vector ¥ d-sparse if ¢ has exactly d non-zero coefficients. We define the set
U= {(], )l €C,0<g <N-1,0<i<d-1} (4.2)

consisting of pairs (¢, ¢;) where 97 is the value of the i-th non-zero entry of 1, and ¢; its location. Then
) = > ili) = > U |ai) - (4.3)
i€[N] i€[d]

For the general QSP procedures, we will see that there will always be a comparable procedure with circuit
complexity depending on the sparsity d of the input vector, rather than the maximum sparsity N. If d is
sufficiently small (for example, polynomial in n), this can speed up the preparation process considerably.

The QSP algorithms discussed in this chapter can be divided into two categories. The first category, which
we will call UCG-based QSP, goes back to the idea by Grover and Rudolph [GR02] to use uniformly controlled
gates (see Section 2.7.6) for preparing quantum states. This idea is described in Theorem 6, which we will
prove in Section 4.2.

Theorem 6. QSP can be solved by n UCGs of growing sizes

U, = uccm™ucc...ucc@uce®. (4.4)

In the second category, which we will call unary-based QQSP, quantum states are prepared by first preparing
an N-qubit unary encoding of the entries of :

N-1
|7;Z)unary> = Z Y |€z> , (4.5)
1=0

27
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method based on depth depth width width
all-to-all LAQCC | all-to-all LAQCC
sequential [GRO2],[RLR23], O(Nnlog(n)) O(N) O(n) O(nlog(n))
d [Mot+04] O(dloglog(d) + log(n)) log(d) O(dn) O(dnlog(n))
. [All423] O(n?) O(n) O(Nn) | O(Nnlog(n))
UCG-based | Parallelized O(log2(d) + log(n)) | Olog(d)) | O(dn) | O(dnlog(n))
Yuan ot al [Sun+23],[YZ23], O(n+ mim) - n+m -
' [Ros23] - - - -
data loader [Joh+20; Buh+23] O(n) O(N) O(Nn) | O(Nnlog(n))
unary-based O(log(dn)) O(d) O(dn) O(dnlog(n))
. [LL24] ; _ _ _
Luo and Li
O(log(dn)) - O( 102?(1) ) -

Table 4.1: Some QSP algorithms along with their complexity in terms of circuit depth and width, both
for non-adaptive, all-to-all connectivity and for the LAQCC setting. The algorithms in bold are discussed
in this chapter, and used in the analyses of Chapter 5. The complexities are given both for preparing a
fully dense n-qubit state and for a d-sparse n-qubit state. For the method from Yuan et al. (resp. Luo and
Li), only the preparation of dense (resp. sparse) quantum states using non-adaptive circuits are considered
(hence, the ‘-’ in some of the cells). The circuit by Yuan et al. gives a QSP circuit for any specified amount
of ancilla qubits m.

and then transforming this into the state |¢)) required in Definition 7. The best known algorithm for
preparing [Yunary) is by Johri et al. [Joh+-20].

Recent studies [LLL24; Sun+23; Z1LY22; YZ23] have explored QSP algorithms that achieve optimal circuit
depth, both in the general and in the sparse setting. The following two results give a lower bound on the
depth needed to prepare arbitrary (d-sparse) quantum states.

Theorem 4 (Theorem 3 from [Sun+23]). Given m ancilla qubits, the minimum circuit depth of preparing

an arbitrary quantum state is Q(max(n, mL_i_n)), even if the circuit uses arbitrary one- and two-qubit gates.

Theorem 5 (Lemma 3 from [ZLY?22]). Given an arbitrary amount of ancilla qubits, the minimum circuit
depth of preparing all arbitrary d-sparse quantum state is (log(dn)).

Theorem 5 also bounds the power of constant-depth LAQCC-circuits, in the following sense.

Corollary 1. When d € Q(nlog(")), not every d-sparse quantum state can be prepared using an
LAQCC(QNC?, NCHOW _¢ircuit.

Proof. By Theorem 5, the minimum circuit depth of preparing all arbitrary d-sparse quantum states is
Q(log(dn)). Let d € Q(n'°8™), say d > ¢-n'°8(") for some constant c. Let 1 be a d-sparse vector for which
this circuit depth is achieved. Then the minimum circuit depth of preparing |¢) is at least ¢ - log(dn) >
' log <cnlog(”)n) = ' log(c) + c(log(n) + 1) log(n) € Q(log?(n)). In particular, |¢) can not be prepared by a
QNC! circuit. Since LAQCC(QNCO, NCI)O(D C QNC! (by Theorem 11), we conclude that not every d-sparse
quantum state can be prepared using a LAQCC(QNCO, NCl)O(l)—circuit. O

In recent papers [Sun+23; All423; LL24], QSP algorithms have been proposed that achieve these lower
bounds. We summarize some of them in Table 4.1, along with their complexities in terms of circuit depth
and width. Of course, besides these general or sparse QSP algorithms, there is a plethora of procedures
catering towards more structured states, often using much simpler and more efficient circuits. We have
already seen examples of these, in the form of GHZ-state and the W-state preparation protocols.

We end this introduction to QSP by listing the content of the rest of the chapter. In Section 4.1, we sketch
the classical pre-processing steps that lie at the start of all discussed QSP algorithms. In Section 4.2, we
discuss UCG-based QSP, and describe two UCG implementations. In Section 4.3, we discuss unary-based

QSP.
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4.1 Classical pre-processing using a binary tree

Since we are given the vector 1 as a classical input, all QSP algorithms start with some classical pre-
processing of . A simple way of doing this is by representing its entries in a binary tree. One such tree is
given in Example 1.

For an N-dimensional vector v, this concerns a tree of depth log(/N) + 1 = n + 1, with each node (k,j) in
the tree (k € [n], j € [2¥]) consisting of two numbers: a real number t; ; and an angle ¢y ; € [0,27). The
leaf nodes are defined by the amplitude and phase of the entries of :

tny = 05, onj = arg(y;). (4.6)

For internal nodes, the values at parent nodes are defined by the values of its children:

thyj = \/(sz+1,2j)2 + (te+1,2541)% Pk = Ph+1,2j41 — Ph+1,2)- (4.7)

The number 5 ; contains the total amplitude in the state [¢) of all n-qubit computational basis states of
which the first k£ qubits are in the state |j). In other words: upon measuring the first k& qubits, we expect
to measure |j) with probability (t;;)?. For every internal node (k,j), the angle 6 ; quantifies the relative
contribution of the two child nodes to the total amplitude ¢y ;.

t .

Ok,; = arccos an A (4.8)
g,

Using this definition, we indeed see that the cosine and sine,

tk11,25 tht1,25
cos(fy ;) = A = 12

kj \/<tk+1’2j)2 + (trt1,2j41)2

sin(fy,;) = /1 — cos?(by ;) = \/1 1

denote the relative contribution to the total parent amplitude of the left and right child respectively.

thy1,25)? Tkt1,25+1 _ tkt1,2541

(
tit1,2))? + (Br1,2j1)? \/(tk+1,2j)2 + (tr41,2j41)3 thj

(4.9)

Example 1 (Binary tree for a simple vector). Below we draw the binary tree for the vector

11 1 11T
v=|% % % v (4.10)
If we measure the first I qubits (where | € {1,2} in this case) of the corresponding state |¢) = %; |00) +

$101) + % 110) + % |11), the probability of measuring |j) is given by (t; ;).

too =1

cosbpo=+/1/8+1/4

t170:\/1/8—|—1/4 t1,1:\/1/8—|—1/2
. 1/8 _ \1/8
cosbh o = 7\/@ cos b o = 7\/@

to=Jg| [ti1=13 trae =Tz ||t23 = 5

For each layer in the tree, the values in the tree can be calculated in parallel. Thus, this entire pre-processing
step can be executed using a classical circuit of depth O(n).



4.2. UCG-BASED QSP 30

4.2 UCG-based QSP

Using the notation from the tree constructed in the pre-processing circuit, we are ready to prove Theorem
6. This theorem is stated implicitly in [GRO02].

Theorem 6. QSP can be solved by n UCGs of growing sizes
Uy = uccWuccb...ycc@uce®. (4.11)

Proof. The circuit consists of n UCGs Uy, ..., U,_1. Each unitary Uy involves the first k + 1 qubits and is
controlled by the first k qubits, see Figure 4.1. Uy is not controlled and consists of two single-qubit rotations
on the first qubit:

Uo = (Rz(¢0,0)Rv(200,0)) - (4.12)

These bring the n qubits to the state

(Rz(0,0)Ry(200,0)) _,0 [0)*" = Rz(tp11 — p1.0) =0 (t1,00) + 1.1 1)) [0)F"
= (ewl’otLo ’0> + ewl’ltLl ’1>> |0>®n71 .

(4.13)

For 1 <k <n —1, the UCGs are defined similarly, though now controlled on the previous k qubits as

2k_1

U= > 13) Uloo.k1 ® (Rz(pr )Ry (20k5)) - (4.14)
=0

We claim that, after applying U,,_1, the constructed state is precisely |¢). To see this, let

2k 1
|Yr) = (Ze“"“tk )\0> (4.15)

and assume that after the unitary Ug_q, the qubits are in the state |¢;). Note that this certainly holds after
Up, since the state in Equation (4.13) is equal to [¢1). Applying Uy then gives

(Zewwk )\o> :(Zw (15051 ® (Rz(pr)Ry (2615))_, )(Ztk )!O>®”

JE[2F] JE[2¥]

= Z eiPk, ity ; ( 1Pk41,25 brt1,25 0) + eiPr+1,2j41 tht1,2j+1 it )) ‘O>®nfk71
JE[2*] bk, th.j

= ( Z ew’f“’”“tk“,zj 127) + ei(2‘Pk+1,2j+1_Wk+1,2j)tk+172j+1 12j + 1>) ‘0>®n—k—1
JE[2F]

= ( Z ei@k+1,2jt/§+1,2j 125) + eiWk+1,2j+1tk+172j+1 127 + 1)) |0>®n—k_1
JE[2V]

= D Pt [7) 10T

J€[2¥]
= [tr+1) -
(4.16)
By induction, this means that after U,,_1, the qubits are in the state
‘¢n> = Z eiwn’jtn,j |] Z ¢J ‘] (4'17)

JE€2m] Jj€[2m]



4.2. UCG-BASED QSP 31

ucG®

Uy = ucG™

Figure 4.1: UCG-based QSP, the correctness of which is proved in Theorem 6.

To prepare a d-sparse quantum state using uniformly controlled gates, Ramaciotti et al. [RLR23] presented
a permutation-based solution. For this, let oy be the permutation defined as oy (i) := ¢;, where ¢; are the
locations of the non-zero entries of ¢ (see Equation (4.2)). Then, the following procedure prepares |1):

(i) First, a dense state [tgense) 1S prepared, with amplitudes given by the entries of 1):

|¢dense> = Z w: ’Z> y (418)

i€(d]

using Theorem 6 on only [log(d)] qubits.

(ii) Then, a PERM(-gate on the [log(d)] ‘dense’ qubits and n — [log(d)] fresh qubits permutes the
computatoinal basis states, preparing |v):

S Wi 1002 DT S S g (4.19)

ield] i€[d]

The rest of this section instantiates Theorem 6 by discussing two circuits implementing a UCG: a sequential
and a parallelized circuit.

4.2.1 Sequential UCG

Perhaps the most obvious way to implement a UCG is by quite literally following the circuit in Figure 2.10.
To control a gate by an arbitrary (n — 1)-qubit computational basis state |k), an EQ,(gn)—gate can be applied
to the n — 1 input qubits and an ancilla qubit. This ancilla qubit then controls the gate U, which is the
unitary applied to the target register and controlled by |k). See Figure 4.2.

Dividing the qubits into an (n — 1)-qubit input register i, target register t and ancilla register a, the full
sequence of gates shown in Figure 4.2 is given by

UCG™ =X5a T CalUn)—e(EQYY) 10, (4.20)
ke[2n—1]

where by ia we mean the combined registers i and a. The final X-gate restores the ancilla register to |0).

Complexity

Given all-to-all qubit connectivity, the circuit depth of an EQ,(Cn)—gate is O(log(n)), and so the circuit depth
of one instance of Equation (4.20) is O(N log(n)). For the full QSP protocol, we use the circuit in Figure
4.1 and Theorem 6 to get

O(2%1log(k)) € O(N log(n)). (4.21)

NE

depth(QSP, seq. UCG, all-to-all) =

k=1

Meanwhile, the best obtainable circuit width is O(n).
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to 11 to t3 ty ton_y ton_3 ton_o ton_q ton  Tonyq

), | 1K),
’0>a L () (IL () {zl_ ’O>a
|b>t UO U1 e U2n—1_2 Ugnfl_l EEEEEEE—— Uk ’b>t

Figure 4.2: A sequential implementation of a UCG, using EQ-gates onto an ancilla qubit and controlling
the gates on it being in the |1)-state.

In the LAQCC setting, all gates used in Equation (4.20) can be performed in constant depth, giving a
total circuit depth of O(N) both for a single UCG as for the full QSP protocol. Since the EQ(")—gate
implementation uses O(log(n)) extra ancilla qubits per input qubit, the total circuit width in the LAQCC
setting becomes O(nlog(n)).

As for preparing a d-sparse quantum state in this manner, we use the fact that the circuit depth of the
Permutation-gate is O(log(n)) with all-to-all connectivity, and O(1) in the LAQCC setting. Similarly, the
circuit widths of this gate are O(dn) and O(dnlog(n)) respectively. Together, this gives circuit depths of
O(dloglog(d) +log(n)) and O(d) + O(1) € O(d) respectively, and circuit widths of O(log(d) 4+ dn) € O(dn)
and O(log(d)loglog(d) + dnlog(n)) € O(dnlog(n)) respectively.

4.2.2 Parallelized UCG

Using extra ancilla qubits, we can lower the depth of the UCG implementation. This so-called parallelized
method starts off by obtaining a one-hot encoding of all input strings in the domain of f. If it is defined for
all n — 1-bit strings, this can be done by the following gates:

k3 [0} 0D 0) 22 ), — RS [0)2 T [b)

la

= [B)22" [er)e [B), (4.22)

la

= k), [0) 2T DO oy b

t

(N-1)

Here, the first and third step copy and uncopy the input register k using n FO -gates, and the second

step applies EQ,(Cn)-gates in parallel to the k-th copy of the input register and the k-th qubit in the encoding
register e. To implement the rest of the circuit, we decompose all unitaries in the image of f using its
so-called Z-decomposition.

Theorem 7 (Theorem 4.1 from [NC10]). Let f : {0,1}" — U(2) be a function onto single-qubit gates. Then
there are functions o, 3,v,9 : {0,1}" — [—1,1] such that

f(@) = €™ IRz (B(x))HRz (y(2) HRz (8(x) ). (4.23)
We say that the tuple («, 8,7,0) is the Z-decomposition of f.

Using the Z-decomposition of f and the one-hot encoding created in Equation (4.22), a simple sequential
way of implementing the UCG would be to apply the gates

[ Cole)oe= II Ceo (™ @Re(B@)HRz((2)HR(5())) . (4.24)

—t
$6[271,71] $6[277,71]
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ts 1y ts tg tr tg ty  tio tin ti2 tiz tia

lex)e

=

(@) 5 (@) } & & [RZ(8(x)) &

o
3|
2
o
o
o

[Rz(5(x))

Figure 4.3: The main part of the parallelized UCG implementation. The input registers and the
(un)computation of the one-hot encoding are not shown. Note that time step ¢y up to to are not shown
(they are part of the encoding step).

This just applies the gate U, controlled by the qubit in the register ey (that is, the z-th qubit of register
e). Now, since e contains a one-hot encoding of the 2"~ ! possible input states of the UCG, there is always
at most one qubit in the register e that is set to |1) at this point in the circuit. Therefore, only one of
the control wires will actually fire during this procedure. That means we can rearrange the gates in the
Z-decomposition, and group together the Z-operators as follows:

H CexUz—w:( H RZ<04($))—>ex)( H CexRZ(ﬁ(m’))—m) H—>t( H CexRZ(’Y<$))—>tx)

ze[2n—1] ze[2n—1] ze[2n—1] ze[2n—1]

H—>t( H CexRZ(é(ﬂf))—ﬂx)'

xze2n—1]
(4.25)
Since the Rz-gates are all diagonal (in the computational basis), we can parallelize the sequences of Rz-gates
in Equation (4.25) using Fanout-gates, in a similar way to the circuit from Theorem 2. Figure 4.3 shows
the result of this parallelization step. Note that the phase-gates parameterized by the function « are now
applied to the register e in order to reduce the circuit depth. If this circuit is combined with the computation
and uncomputation of the one-hot encoding, this gives an implementation of the full UCG.

Complexity

Given all-to-all qubit connectivity, the circuit depth of the full parallelized UCG circuit is

depth(parallelized UCG™, all-to-all) = 2 - O(log(N)) + O(log(n)) (encoding step)
+6- O(log(N)) (tsts,t7,t9, 111, t13)
+5-0(1) (ts,t6, 18,10, t12)
€ O(n), (4.26)

where the time steps ¢; mentioned correspond to the time steps of the circuit in Figure 4.3, and the gates
that are used in this time step. The circuit width is dominated by the encoding step, since this uses 277!
copies of an (n — 1)-qubit input state, necessitating a circuit width of O(nN). For the full QSP protocol,
we invoke the circuit in Figure 4.1 to get a circuit depth of O(n?), and a circuit width of again O(nN).

In the LAQCC setting, all gates used in the UCG can be performed in constant depth, giving a circuit of
constant depth performing the full UCG. By Theorem 6, this yields a QSP circuit of depth O(n). The
total number of qubits used is again dominated by the encoding step, and since the EQ(”)—gates use an extra
O(log(n)) ancilla qubits per input qubit, the total circuit width in the LAQCC setting becomes O(nN log(n)).

As for preparing a d-sparse quantum state in this manner, we note that the circuit depth of the Permutation-
gate is O(log(n)) with all-to-all connectivity, and O(1) in the LAQCC setting. Furthermore, the circuit widths
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for this gate are O(dn) and O(dnlog(n)) respectively. Together, this gives circuit depths of
depth(sparse QSP, parall. UCG, all-to-all) € O(log?(d) + log(n)), (4.27)
and similarly
depth(sparse QSP, parall. UCG, LAQCC) = O(log(d)) + O(1) € O(log(d)), (4.28)

and circuit widths of O(dlog(d) +dn) € O(dn) and O(dlog(d) loglog(d) + dnlog(n)) € O(dnlog(n)) respec-
tively.

4.3 Unary-based QSP

4.3.1 Data loader

In this section, we will describe the data loader circuit from Johri et al. [Joh+20]. Given an N-dimensional
vector v, this procedure prepares the N-qubit state

|wunary> = Z p; |67,> . (429)

1€[N]

A central role in this circuit is played by the so-called Reconfigurable BeamSplitter-gate, RBS, which for any
angle 0 is defined as
0 0
cos(f) sin(6)
sin(0) cos(6)
0 0

RBS(6) = , (4.30)

o O O =
— o O O

and acts as a rotation by an angle 6 on the subspace spanned by the 2-qubit states |10) and |01). Figure 4.4
shows the decomposition of the RBS-gate into single-qubit and CNOT-gates. Assuming an all-to-all qubit

— L —{RBS(0) —
RBS(6)| = I =
— - —RBS(0) — Ry (/2 — )

Fan)
A\
4D
\'

Ry(e - 7T/2)

D
A\

Figure 4.4: Circuit to implement an RBS(f)-gate. In the second image, wires help indicate which gates are
connected when applying the RBS-gate to qubits that are not adjacent.

topology, the data loader can be implemented using the circuit that is depicted in Figure 4.5 for N = 8. It
has a circuit depth of O(log(N)) = O(n).
Note that for any node (k, 7) in the binary tree induced by the vector ¢ (see Section 4.1), we have
1
RBS(0r,;) [10) = e (th+1,2j [10) + tt1,241 [01)) (4.31)
7]
After the last layer of RBS-gates in Figure 4.5, the d qubits are in the state
Y tniled) = D [l les) (4.32)
i€[d] i€(d]
Finally, the last layer of Rz-gates adds the right phases to each amplitude, giving the state |[tunqary)-

If instead of an all-to-all topology, we have access only to a grid topology (for example, in the LAQCC
model), we need to slightly change the circuit and take into account a significantly larger circuit depth,
namely O(N). See Figure 4.6.
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to t1 to t3 t4 ts

RBS(o,0) - RBS(61.0) F— 1 Rz(¢n0) H—
RBS(62,0)

T RZ(‘Pn,l) T

RBS(61,0) — Rz(¢n2) F—
RBS(0s.1)

— RZ(‘Pn,i’)) —

| Punary)

L IRBS(o,0) - RBS(61.1) — Rz(¢n4) F—
RBS(62.2)

— Rz(¢n,5) F—

RBS(01,1) — Rz(¢n6) F—
RBS(62.3)

— Rz(¢n,7) F—

Figure 4.5: The data loader procedure preparing |ynary) for d = 8, assuming all-to-all qubit connectivity.

to ty to t3 14 ts tg

—— Rz(¢no0)

RBS(03 )
B — Rz(#n1) [—

RBS(05,)
] RZ(SDn,Q) .

RBS(61,0)
. 7] RZ(‘PTL,Z&) T
RBS(06,O) ( ’¢unary>

—— — Rz(ena)
RBS(01,1)

1 RZ(SOn,EJ) —
RBS(63,1)

e e RZ(‘Pn,6) T
RBS(%,I)

— Rz(en7) -

Figure 4.6: The data loader procedure preparing |[tynary) for d = 8, assuming 1D grid qubit connectivity.
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To implement this circuit, we slightly adapt the parameters of the RBS-gates to be in line with the structure
of the adapted circuit. In particular, we let 7" be a tree of depth N/2+ 1, where each non-root layer consists
of 2 nodes.

The value at the root node is defined as t, , = 1; the values for the other #; ; are defined as follows:

t/N/2,0 = [tol , t;v/2,1 = |Yn_1] (4.33)

2 2

o=t + [onaals  thrm G 2+ o G <k<N2oD @3
The corresponding angles 0;@ ;» two for each layer in the tree, are defined similar to the regular 6:

00,0 := 00,0 = arccos (t1,0) (4.35)

t . t .
0}, 0 = arcsin <];jr1]> , 0}, = arccos ( ];jrl’]> (4.36)
k,j kg

4.3.2 Converting to a binary encoding
The next lemma shows how to transform the state [1)ynary) into the state |¢).

Lemma 14 (Adapted from Lemma 4.3 and 4.4 from [Buh+23]). There exists a procedure that performs the
transformation

[Yunary) = Y Gilea) 100" = D7 10)Y i las) = [) - (4.37)

i€[N] i€[N]

Proof. We organize the qubits into an N-qubit unary register u and an n-qubit binary register b. The circuit
implementing Equation (4.37) consists of two parts. The first part implements the transformation

S ile 05" = D ey i lai)y - (4.38)

i€[N] i€[N]

In particular, we would like to transform the binary register from |0) into |¢;), conditioned on the i-th qubit
in the unary register being in the |1)-state. The Fanout-gates needed to implement these gates all pairwise
commute, and they are mutually diagonalized by the n-qubit Hadamard-gate. We can thus implement the
Transformation (4.38) by applying Theorem 2, with T = H®" and D being a single layer with Z-gates on
the qubits corresponding to ones in the binary representation of g;.

The second part of the transformation uncomputes the unary register, i.e., implements the transformation

o lea wila) = Y 10) ¥ilgi) = |¥) (4.39)

1€[N] 1€[N]

It consists of the following operations:

S wiles) a) (00N = ST e Jan) @Y

i€[N] i€[N]

= 3 i |0)*V g (4.40)
1€[N]

= 3 i |0)2N ;) [0)FN I = [y

1€[N]

The first step uses Fanout-gates to copy the binary register N — 1 times using an ancilla register a. The

second step applies EQ((I’ZH)—gates on the i-th qubit in the unary register and the i-th copy of the binary

register. The last step uncopies the binary register, leaving us with the state |¢), as desired. O
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Complexity

Given all-to-all connectivity, the circuit depth of the data loader procedure is O(n), while the depth of
implementing Lemma 14 is dominated by that of the Fanout-gates and EQ-gates, giving a circuit depth of
O(log(N)+log(n)) = O(n). As such, the total circuit depth for the unary-based QSP protocol is O(n). The
circuit also requires a circuit width of O(Nn). When constrained to a grid topology (for example, in the
LAQCC setting), we see a total circuit depth of O(N), following the data loader procedure shown in Figure
4.6. The circuit width in this case is O(Nnlog(n)).

Both the data loader procedure and Lemma 14 can be easily transformed into a sparse version. Given
all-to-all connectivity, the data loader procedure can be done in O(log(d)) depth, while Lemma 14 requires
a circuit depth of O(log(n)) + O(log(d)) € O(log(dn)). This brings the total circuit depth to O(log(dn)),
and the total circuit width to O(dn). Note that this circuit depth is optimal by Theorem 5. In the LAQCC
setting, due to the grid topology, we obtain a possibly worse circuit depth of O(d), and a circuit width of
O(dnlog(n)).



Chapter 5

Assessing adaptive advantage in QSP
protocols

The main reason for considering shallow-depth quantum circuits is to minimize the number of idling qubits,
thereby reducing the likelihood of decoherence during computation. As we have seen in the previous chapters,
LAQCC circuits can reduce the depth of circuits significantly by performing part of the computation on a
classical computer. This off-loading usually comes at the cost of extra quantum gates and extra ancilla
qubits.

An example of this is the implementation of the Fanout-gate. The standard approach with all-to-all con-
nectivity (see Figure 2.5b) has a circuit depth of O(log(n)), while the LAQCC approach (see Figure 3.4)
has constant depth, making for a total circuit size of O(nlog(n)) and O(n) respectively. At the same time,
the circuit using all-to-all connectivity contains n — 1 CNOT-gates, while the LAQCC circuit uses 3n — 2
CNOT-gates, as well as single-qubit gates, measurements, and extra classical computations. In other words,
there exists a trade-off between having a smaller circuit size and using less qubits and quantum gates. A
natural question to ask is then: how should we weigh this trade-off?

In [Neu25], Neumann compared the theoretical success probabilities of state preparation schemes for the
GHZ-state and the W-state in the LAQCC setting, and compared it to established state preparation ap-
proaches assuming all-to-all qubit connectivity or linear nearest-neighbor connectivity. He found that,
relative to a worst-case error model and conditioned on some assumptions, the LAQCC protocols can have
an exponentially higher success probability these standard state preparation approaches.

In this chapter, we will expand on this line of research by exploring the theoretical success probability of the
QSP protocols discussed in Chapter 4, and determining the conditions under which the LAQCC protocols
outperform the non-adaptive protocols. In Section 5.1 we discuss the error model from [Neu25|, show
how it applies to the success probability of some simple gates, and how it can be used to compare gate
implementations. In Sections 5.2 and 5.3, we calculate the success probabilities for the FO-gate and the
OR-gate, and compare the LAQCC approach to an all-to-all, 1D grid and 2D grid approach. In Section
5.4, we calculate the success probabilities of the AND-, EQ-, and PERM-gates. In Section 5.5 and 5.5.4, we
calculate the success probabilities for the UCG-based and for the unary-based QSP protocols, and determine
under which conditions the LAQCC approach performs best.

5.1 Analysis

5.1.1 Error model

We proceed to describe the error model from [Neu25]. It is an error model in which every error corresponds
to an independent uniformly random gate being applied to the qubit(s). An error can happen both while
a qubit is idling, while a gate is applied to the qubit, and when measuring a qubit. Since every error
corresponds to an independent uniformly random gate, the probability that two errors cancel each other

38
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is 0. Naturally, if we know the probability that an error occurs during some event is p, then a success
probability for the same event is given by 1 — p. We define the success probability of a quantum circuit as
the probability that no error occurs during any part of the circuit, that is, the probability that there are no
gate errors, no measurement errors, and no idling errors.

We determine this success probability by multiplying the success probabilities of all elementary operations
used in the circuit. The elementary operations are one-qubit gates, CNOT-gates, measurements and inter-
mediate computations (used in the LAQCC circuits). We also determine the idling terms for qubits to which
no operation is applied during one of the layers of the circuit.

Notation. We use the following abbreviations to denote probabilities of elementary operations:
e ps : the probability that a single-qubit gate succeeds
e pgq : the probability that a CNOT -gate succeeds
o D : the probability that a measurement succeeds (i.e. returns the correct value)
o pc : the probability that an intermediate classical computation succeeds (i.e. returns the correct value)
o p;, : the probability that a qubit remains coherent, while idling during a single-qubit gate.
o Di, : the probability that a qubit remains coherent, while idling during a two-qubit gate.
e i, - the probability that a qubit remains coherent, while idling during a measurement.

o ;. : the probability that a qubit remains coherent, while idling during an intermediate classical com-
putation.

We denote the success probability of a circuit C by P(C), and the success probability of a qubit staying
coherent while idling during the same circuit by P;(C). If necessary, the qubit topology or type of implemen-
tation used is added for clarity. For example, P(FO("), LAQCCQ) refers to the LAQCC implementation of the
FO™ _gate.

To express the total number of gates, measurements, and idling terms in some circuit C', we will use the
notation |C|,, where x € {s,d,m,is,iq,im,ic} refers to the type of operations or idling terms. Similarly,
i, C|; refers to the number of idling terms for a qubit that is idling during circuit C.

In the following, we will always assume that p. = 1, i.e., that intermediate classical computations will always
return the same answer given the same measurement outcomes.

Using this error model and corresponding notation, we can start to obtain success probabilities of some
simple gates. For example, a controlled single-qubit gate CU, that is implemented via the circuit in Lemma
3, has a success probability of

P(CU) = (ps)*(pa)*(pi.)’- (5.1)
In the |C|,-notation, we have |CU|; = 3, |CU|; = 2, and |CU|;, = 3. At the same time, the success probability
of a single qubit staying coherent while idling during this circuit is

P,(CU) = (pi,)*(pi.)°. (5:2)

In the remainder of this chapter, we will determine success probabilities for state preparation schemes, that
will depend on the input size n and at most seven probability variables. To get a first-order estimate of the
difference in success probability between the different settings, we adopt the assumptions of [Neu25] on the
magnitude of said variables.

Firstly, in current quantum hardware, the gate times and error rates for one-qubit gates are significantly
lower than for two-qubit gates and measurements. Thus, we will assume that the errors occurring during
single-qubit gates negligibly influence the total success probability. In practice, this means that we assume
that ps = p;, = 1.

Secondly, we assume that p; ~ p, and p;, = p;, =~ pi., which is supported by the error rates of these
operations observed in current quantum hardware, for example by IBM [Ibm].
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When comparing success probabilities, we use approximate equality (/) and inequality (2 and <) signs to
indicate that these assumptions on the success probability are applied.

5.1.2 Example comparison

We will now describe how we use this error model and the added assumptions to derive an expression
comparing LAQCC circuits with non-adaptive counterparts, by means of an example. Suppose we want to
determine whether

P(U,LAQCC) > P(U, non-adaptive), (5.3)

for some gate U with both a LAQCC implementation and a non-adaptive implementation. Suppose that

P(U,LAQCC) = (ps)™ (pa)™ (pm)** (pi,)* (Pig)** (Pic)*® (i )*°

. . . (5.4)
P(U, non-adaptive) = (ps)" (pa)" (pm)" (pi,)" (pi)™ (9i.)" (Pin)"*
Applying the assumptions from the previous section reduces this inequality to
<pd)a1+a2 <pid)a4+a5+a6 > (pd)b1+b2 (pid)b4+b5+b6_ (5.5)
Note that there are only two success probability terms left. After bundling similar terms, we have
(pd)a1+a2*(b1+b2) Z (pid)b4+b5+b67(a4+a5+a6)’ (56)

If the circuit on the left-hand side of Equation (5.3) is an LAQCC-circuit, then it will usually have at least
as many two-qubit gates and measurements as the non-adaptive circuit on the right-hand side. In that case,
aj + ag — (by + by) > 0, and we get that Equation (5.5) holds precisely when

(pa) 2 (pig) /2. (5.7)

where
Y1 := b + b5 + b — (a4 + a5 + ag), N2 = a1+ az = (b + b).

Let v := 71 /72. We conclude that

P(U,LAQCC) 2z P(U,non-adaptive) <= (pq) 2 (pi,)”- (5.8)

In the |C|;-notation, v can be written as

_ m _ |U,non-adaptiveli, + i,, +4i. — |U, LAQCCli, + iy + . (5.9)
Y2 |U, LAQCC|4 4 s — |U, non-adaptive|q 1 ' '
Note that ;1 expresses the difference in idling terms between the two circuits, while 5 expresses the difference
in gates. Dividing the two thus expresses how much larger the difference in idling terms is compared to the
difference in gates. Intuitively, as this fraction  increases, then a comparison between a LAQCC circuit and
a non-adaptive circuit should increasingly work in favor of the LAQCC circuit.

Well, this is precisely what Equation (5.8) implies! Namely, it states that the success probability of the
LAQCC circuit is greater than that of the non-adaptive circuit if the probability that a two-qubit gate
succeeds (i.e., pg) is higher than the probability that a qubit that idles during v two-qubit gates stays
coherent (i.e., (p;,)”). As ~y increases, (p;,)” becomes smaller, hence the condition on p; becomes less strict,
and we can be more confident that the LAQCC prevails over its non-adaptive counterpart. In this sense, ~y
is a measure of adaptive advantage.

When considering gates that may affect a variable number of qubits n, the resulting ~+ is a function that
depends on n. In case of sparse QSP, it may also depend on the sparsity d of the vector we are trying to
prepare. In this case, we may call v the adaptive advantage function.
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Figure 5.1: Converting a CNOT-gate (up to a global phase of 7) into an ECR-gate surrounded by single-qubit
rotations.

Note that, if Equation (5.7) holds, then in fact, the difference in success probability increases ezponentially
in n. To see this, we can rewrite Equation (5. r) to get

P(U,LAQCC) > (pg)"™ (pi,) 2™ P(U, non-adaptive). (5.10)
For any ¢ > 0, filling in pg = (1 +¢)(p;,)"™ into Equation (5.10) gives
P(U,LAQCC) > ((1 +¢)(ps,)” <n>)w<n>( i) "1 P(U, non-adaptive)
= (1 +¢)(ps, )vm )2 (p; )~ (") P(U, non-adaptive) (5.11)
= (14 €)™ P(U, non-adaptive).

So, indeed, if Equation (5.7) holds, then the LAQCC circuit performs exponentially better than its non-
adaptive counterpart.

Note that if 0 < v < 1, then the difference in idling time is equal to or smaller than the difference in gate
and measurement operations. In order for Equation (5.7) to hold then, it would be necessary that pg > p;,,
i.e. that letting qubits idle during a two-qubit gate leads to more errors than manipulating it using the same
gate. In this case, adaptive advantage seems unlikely. Furthermore, v < 0 corresponds to the condition that
pg > 1, which is, of course, impossible.

5.1.3 Estimating v for current QPUs

To get a taste for which order of magnitude v may have, we estimate this value for some current quantum
hardware. For starters, Table 5.1 lists some QPUs from IBM, the success probability of single-qubit gates,
the double-qubit gate that is native to the specific hardware, and double-qubit gate and decoherence times.

QPU Processor type Ps Dd,native T T gate time
IBM Brisbane Eagle r3 1—2608-107% | 1—8.166-10"2 | 231.16 pus | 149.51 us 660 ns
IBM Fez Heron 12 1-2270-107% | 1—-3.792-1073 | 145.91 ps | 80.31 ps 68 ns
IBM Strasbourg Eagle r3 1—-2241-107% | 1 —8.886-1072 | 303.18 us | 159.47 us 660 ns
IBM Torino Heron r1 1—-3.189-107% | 1—-3.954-1072 | 189.9 us | 140.82 us 84 ns

Table 5.1: Median success probability data for some current QPUs, obtained from the IBM Quantum
Platform [Ibm] (on February 19, 2025, 17:25). For the Eagle-type processors, the native two-qubit gate is
the ECR-gate, while for the Heron-type processors, it is the CZ-gate. We assume a single-qubit gate time of
30 ns. The two-qubit gate times correspond to their native gates.

The Eagle-type processors (used in IBM Brisbane and IBM Strasbourg) have the ECR-gate as their native
double-qubit gate. It relates to a CNOT-gate by the circuit in Figure 5.1. Both Eagle processors can apply
Rz-gates with zero error [Abu24], and thus we estimate the success probability of a CNOT-gate using this
circuit as

Pd,Eagle = (pd,native)(ps)2<pis)3' (512)

The Heron-type processors (used in IBM Fez and IBM Torino) have the CZ-gate as their native double-
qubit gate. It relates to a CNOT-gate by conjugating the target qubit with Hadamard-gates. This gives an
estimate of the success probability of a CNOT-gate of

(5.13)

Pd,Heron = (pd,native) (ps)2 (pis )2-
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To estimate the idling terms, we use the decoherence times 77 and 75, combined with the gate times of
a CNOT-gate. 171 and T are both decay constants describing how long a quantum state will stay intact.
Specifically, T} refers to the expected time it takes for a qubit that is initially in the |1)-state to evolve into
an equal classical probabilistic mixture of states |1) and |0), while T5 refers to the time it takes for a qubit
that is initially in the |+)-state to evolve into an equal classical probabilistic mixture of states |+) and |—).
The probability that a qubit will stay in state |1) (resp. |+)) after some time ¢ is given by the formula e~/
(resp. et/ 12). Since T3 is usually lower than Ty, we will use T5 to get a lower bound on the idling success
probabilities.

Finally, we estimate v by the fraction v = log(pq) / log(pi,), corresponding to pg = (p;,)?. Table 5.2
lists the results of these estimations. In the following analyses, we will obtain asymptotic expressions for ~y

QPU Pd = Pd,CNOT Diy o
IBM Brisbane | 1—9.280-10"3 | 1 —4.804-1073 | 1.936
IBM Fez 1-4988-1073 | 1 —1.965-1073 | 2.542

IBM Strasbourg | 1 —9.889-1073 | 1 —4.505- 1072 | 2.201
IBM Torino 1-5.013-1073 | 1 —1.235-103 | 4.067

Table 5.2: Estimated values for v for some QPUs.

when comparing gate implementations across topologies. These give an idea for how quickly the adaptive
advantage grows as the number of qubits increases. Additionally, plotting the same function — including the
reference values in Table 5.2 — allows us to inspect when an adaptive advantage is likely.

5.2 Fanout-gate

In this section, we will discuss the success probability of four implementations of the Fanout-gate:
(i) a non-adaptive protocol assuming all-to-all connectivity;
(ii) a non-adaptive protocol assuming 1D grid connectivity;

(iii) a (simplified) non-adaptive protocol with 2D grid connectivity; and

(iv) a LAQCC protocol.

After obtaining the success probabilities, we proceed by giving estimates on when the LAQCC protocol
(exponentially) outperforms the standard approaches, by rewriting the obtained expressions for the success
probability using the simplifications discussed in Section 5.1, and finding appropriate values for v(n).

5.2.1 All-to-all approach

Having all-to-all qubit connectivity allows us to implement the Fanout-gate as in Figure 2.5b. As per the
discussion in Section 2.7.2, the circuit consists of [log(n)] layers. The i-th layer, where 0 < i < [log(n)] — 2,
consists of 2 parallel CNOT-gates, and the last layer consists of n — 2[°8(")1=1 gates. That means that in
the first [log(n)] — 1 layers, there are n — 2i*! qubits that should stay coherent while idling during the
execution of the CNOT-gates, while in the last layer there are 21981 — » qubits idling. As such, the total
number qubits idling during these CNOT-gates is

[log(n)]—2

|FO™) all-to-all|;, = ( > on-2 21) + (2“°g<"ﬂ - n)

- (5.14)
= (n(ﬂog(nﬂ —1) — (2[log(n)1 _ 2)) + (2[1og(nﬂ “n)
— n[log(n)] — 2n +2.

Furthermore, the number of two-qubit gates is precisely

IFO™) all-to-alllq = n — 1. (5.15)
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Since there are no single-qubit gates and measurements, the success probability of this Fanout-gate imple-
mentation is

P(FO™ all-to-all) = (pg)"~!(p;, )" /1081 =2n+2 (5.16)
At the same time, a qubit that must stay idle during this Fanout-gate has an idling term count of
i, FO™ 2D grid|;, = [log(n)], (5.17)
and so a success probability of staying coherent of

P;(FO™ all-to-all) = (p;,) 105 (5.18)

5.2.2 1D grid approach

When assuming that qubits are connected via a 1D grid, we can implement a Fanout-gate as in Figure 2.5a.
The circuit consists of n — 1 layers, and the gate and idling term count are simply

IFO™ 1D grid|g =n —1 (5.19)
and
IFO™ 1D grid|;, = (n — 1)(n — 2) = n® — 3n + 2. (5.20)
This gives a success probability of
P(FO™, 1D grid) = (pa)" " (pi,)" " (5.21)
and a success probability for idling of
P;(FO™ 1D grid) = (p;,)" (5.22)

5.2.3 2D grid approach

In [Ros13], Rosenbaum constructed circuits for multi-qubit Fanout and Toffoli-gates under a kD grid topol-
ogy, where k > 1. He also proved that these have asymptotically optimal depth, namely, ©(y/n) for a
Fanout-gate of arity n.

For k = 2, his Fanout-gate circuit works by assigning one qubit as a ‘center’ qubit (namely, the control
qubit of the Fanout-gate), and then fanning out that qubit to the ring of qubits surrounding it. The qubits
in this ring can then be used as control qubits for the Fanout-gates to apply to the next ring, and so on,
until the number of desired target qubits is reached. For a gate of arity n, this protocol requires a grid of
size m x m where m = O(y/n), and similar circuit depth, since the fanning out from one ring to the next
can be done in constant depth.

Inspired by this approach, we will analyse a simpler version of this circuit, that fans out the control qubit
directly to the closest grid of qubits surrounding it, without leaving open spaces with ancillas.! See Figure
5.2 for an example of a FO(25)—gate, applied to 5 x 5 qubits organized in a 2D grid.

A Fanout-gate of arity n implemented in this manner requires a grid size of at least m xm, where m > y/n. It
consists of (m —1)/2 ‘steps’ The first step of the circuit consists of 8 CNOT-gates, which fan out the control
qubit in the center to all qubits of the ring directly surrounding it. These can be partially parallelized,

giving a gate count of
IFO™ 2D grid, step 0|g = 8 (5.23)

and an idling term count of

IFO™) 2D grid, step 0;, = (n — 2) + (n — 4) 4+ (n — 6) + (n — 4) = 4n — 16. (5.24)

!These extra spaces were necessary in Rosenbaum’s implementation of the AND-gate, but not in the implementation of the
Fanout-gate.
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Figure 5.2: An implementation of an FO(")—gate where n = 25, constrained to a 2D grid qubit topology.
The arrows indicate CNOT-gates; the qubits colored red and green represent control and target qubits
respectively, while a light gray color indicates the qubit has already been targeted in previous layers. Figure
(a)-(d) visualize ‘step 0’ in the circuit, consisting 8 CNOT-gates to fan out the initial control qubit (in the
middle of the grid) to the qubits in the ring immediately surrounding it — see Equation (5.23) and (5.24).
Figure (e)-(f) consist of ‘step 1’ — see Equations (5.25) and (5.26). The circuit is based on [Ros13].
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The newly targeted qubits are used as control qubits in the next step. In this step, the qubits are fanned
out to the ring surrounding the current control ring, by first applying a CNOT-gate to all control qubits and
one of their direct neighbors in the next ring, and then using another 8 CNOT-gates to reach the remaining
qubits in the corners.”

The k-th step uses the ring of size (1+2k) x (1+2k) as its control qubits and fans out to the next ring, which
is of size (1+2(k+1)) x (1+2(k+1)) = (3+2k) x (3+ 2k). During step k > 1, there are 4(1+2k) —4 = 8k
control qubits, and so the gate count becomes

IFO™ 2D grid, step k|g = 8k + 8, (5.25)
while the idling term count becomes

||:0(n), 2D grid, step k|;, = (n — 8k) + (n — 2 - 8) = 2n + 8k — 16. (5.26)

This procedure is continued until the number of desired targets is reached. Given k steps of this circuit, a
Fanout-gate with arity at most (1 + 2k)? can be constructed.

If n is not a perfectly square integer, not all qubits in the outermost ring have to be targeted. Rather, the
number of qubits that still need to be targeted during the last iteration is n — (m — 2)2. During these last
CNOT-gates, n — 2(n — (m — 2)?) qubits are idling. The total gate count for the circuit becomes

IFO™ 2D grid|q = n — 1, (5.27)
and the idling term count becomes
mel_g
IFO™ 2D grid|;, = [FO™, 2D grid, step 0|;, + Z IFO™ 2D grid, step ks,
. k=1
= 4n — 16 + ];1 (2n + 8k — 16) (5.28)

e () (5

=m?+mn—12m+n+ 11
> nyn 4 2n — 12y/n + 11,

where in the third line we used the identity
zn: n(n + nin+1) (5.29)

and in the fifth line we used m > /n. Equation (5.27) and (5.28) yield a success probability for the 2D grid
Fanout-gate:
P(FO™ 2D grid) < (pa)" ! (p;,) V- 12vntil, (5.30)
At the same time, a qubit that must stay idle during this Fanout-gate has an idling term count of
—1
i, FO™ 2D grid];, = 4 + 2 (m2 - 1) =4+ (m—1)—2>Vn+1, (5.31)
and so a success probability of staying coherent of

P;(FO™ 2D grid) < (p;,)V"*. (5.32)

2In practice, this circuit can be optimized further by letting loose of the requirement for a grid, and leaving the target qubits
in a ‘diamond’ shape, by skipping the second layer of each step that targets the corner qubits.
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Asymptotically, the depth of this Fanout-gate implementation is optimal under a 2D grid topology constraint,
as proven by [Rosl3]. However, the final topology of the qubits is suboptimal, in fact, the target qubits
in the inner grids are not directly accessible to qubits that were not part of the Fanout-gate. Subsequent
procedures that use these gates, such as the OR-reduction or the parallelized UCG, assume that, after this
gate implementation, the output qubits are placed on a line starting from the control qubits.

To achieve this with a 2D grid topology, a SWAP-circuit can put the qubits in the right place. An alternative
would be to relax the 2D grid topology constraint to a quasi-2D grid topology, which is a three-dimensional
grid in which the third dimension is of constant length (independent of n). The qubits in the third dimension
can then directly interact with all qubits resulting from the Fanout-gate, and move them to the appropriate
places.

For the purposes of our analysis, we use the success probability in Equation (5.30), and treat it as an upper
bound on the success probability of a Fanout-gate under a 2D grid topology that places the target qubits on
a line that starts from the control qubit. This way, when we later compare this version of the Fanout-gate
to the LAQCC approach, we are actually comparing it to a ‘steelmanned’ version of the 2D grid topology. If
the LAQCC approach comes out best in the approach, this gives more confidence to this result.

5.2.4 LAQCC approach

For the LAQCC implementation of the Fanout-gate, we use the circuit discussed in Section 3.4.2, which is
shown in Figure 3.4 for n = 4. To implement a Fanout-gate for general n, this method uses a total of 3n — 1
qubits, of which 2n — 1 are needed for the preparation of the GHZ-state. After the parity measurements,
at most (”T_IW qubits must be corrected. For these calculations, we assume that this maximum is always
reached. Since pgs < p;_, this yields a lower bound on the success probability of the circuit. This also means
that the other | %1 | qubits that form the GHZ-state are assumed to be idling during these corrections. How

2
this affects the single-qubit gate and idling terms can be seen in Table A.1.

The total two-qubit gate count for this implementation is

IFO™ LAQCC|q = 3n — 2, (5.33)
and the number of measurements is

IFOU™ LAQCC|q = 2n — 1. (5.34)

The number of qubits idling during two-qubit gates, during the measurements and during the intermediate
classical computations are

IFO™ LAQCC|;, =2n+1,  |FO™ LAQCC|;,, = |[FO™ LAQCC|;, =3n —1 (5.35)

We obtain a success probability of
P(Fo(n)’ LAQCC) > (ps)2n+ [(n—1)/2] (pd)Sn—Q (pm)Qn—l (pis )5n+ [(n—1)/2]-2 (pid)Qn—&-l (pim)?m—l (pic)?m—l (5.36)
and a success probability of a qubit staying coherent while idling during this procedure of

Pi(FO™, LAQCC) = (pi,)" (pi)® (9 )* (pi.)*. (5.37)

5.2.5 Comparison of Fanout-gate implementations

In this subsection we compare the success probabilities for the different implementations of the Fanout gate,
and see under which circumstances the LAQCC protocol outperforms the non-adaptive protocols.

For these analyses, we apply the reductions specified in Section 5.1. In Table 5.3, we have summed the two-
qubit gate and measurement count (corresponding to the assumption pgy = p,,), and combined the idling
term count of qubits idling during a two-qubit gate, measurement or classical intermediate computation
(corresponding to the assumption p;, =~ pi,, = pi,,)-

The results from this section are summarized in Theorem 8.
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d+m id + tm + T
All-to-all | n—1 nllog(n)] —2n + 2
IDgrid | n—1 n? —3n+2
2D grid | n—1 | nyn+2n—12y/n+11
LAQCC 5n—3 8n —1

Table 5.3: Gate and idling term counts for different FO(”)—gate implementations, after applying the simpli-
fying assumptions from Section 5.1.

Theorem 8. For any constant € > 0, the following hold:
(i) if (pa) 2 (1 + 8)(pid)71(n)/72("), where

~1(n) _ nflog(n)] — 10n + 3

72(n) n 2 € O(log(n)), (5.38)

then
P(FO™ LAQCC) = (1 + )™ P(FO™ all-to-all).

(ii) if (pa) = (1 + &) (ps,) " (M/72(M)  where

y1(n)  nyn—>5n—16y/n+ 15 c O(n),

~Y2(n) - dn — 2 (5-39)
then
P(FO™ LAQCC) > (1 + &)™ P(FO™ 2D grid).
(iii) if (pa) = (14 €)(pi,)*M/2() where
21
nin) T =lnts g0 (5.40)

~Y2(n) dn — 2

then
P(FO™ LAQCC) > (1 + &)™ P(FO™ 1D grid).

When looking at Table 5.3, wee see that the LAQCC approach has asymptotically the same scaling when it
comes to the gate terms, and better scaling when it comes to the idling terms, compared to the non-adaptive
approaches. However, the constants associated with the highest-order terms are a bit higher for the LAQCC
approach, owing to the more elaborate structure of the used circuit in terms of gates and number of qubits.
As an illustration, the number of idling terms in the LAQCC approach falls below that of the all-to-all
approach when

8n — 1 < nllog(n)] — 2n + 2. (5.41)

This happens when
n(10 — [log(n)]) < 1. (5.42)

Since n > 0, this happens when [log(n)] > 10, that is, when n > 2! = 1024. Even then, this slight
advantage in idling terms comes at the cost of significantly more gate and measurement terms, meaning
it might take many more qubits before an adaptive advantage can be expected. In the remainder of this
section, we will see when this advantage occurs, and derive the results from Theorem 8.

Part (i): all-to-all approach versus LAQCC approach

Comparing the success probability of the all-to-all approach with the LAQCC approach and applying the
assumptions on the success probabilities, we see that

P(FO™ LAQCC) > P(FO™, all-to-all) (5.43)
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precisely when
(pd)5n—3(pid>8n—l Z (pd)n—l(pid)nﬂog(n)]—Qn—&-Q.

Rearranging Equation (5.44), we get that Equation (5.43) holds when

(pd)w(n) > (pid)m(n)’

where
Y2(n) = 4n — 2 € O(n), y(n) = nflog(n)] —10n + 3 € O(nlog(n))

From Equation (5.46), we see that

~v1(n) _ n[log(n)] — 10n + 3
Y2(n) dn — 2

V(n) = € O(log(n))

By the same method as in the example in Section 5.1, we can rewrite Equation (5.44) as
P(FO™ LAQCC) = (pg)2™ (p;,) ™ P(FO™ all-to-all).
For any € > 0, setting (pg) = (1 + €)(ps, )" M/72(7) yields
P(FO™ LAQCC) > (1 + &)™ P(FO™ all-to-all),

proving part (i) of Theorem 8.
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Figure 5.3 shows this ratio plotted for different values of n. We see that, as expected from Equation (5.42),
adaptive advantage becomes possible when around 2'° qubits are involved. This adaptive advantage grows

logarithmically in n (as Theorem 8 states).
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Figure 5.3: Comparison of the LAQCC and the non-adaptive all-to-all implementation of the FO(”)—gate in
terms of the function v as defined in Equation (5.47). Note that the z-axis has logarithmic scale. For any n,
the LAQCC approach outperforms the all-to-all approach if (pg) > (pi, )" (n)/72(n) " The smallest and greatest

value for « in Table 5.2 are plotted for reference.
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Part (ii): 2D grid approach versus LAQCC approach

Comparing the 2D grid approach with the LAQCC approach and applying the assumptions on the success
probabilities, we see that
P(FO™, LAQCC) = P(FO™ 2D grid) (5.50)

precisely when
(pd)5n73(pid)8nfl > (pd)nfl(pid)n\/ﬁ+2n712\/ﬁ+11' (5.51)

Similar to the previous section, we can rearrange this expression, and get that Equation (5.57) holds when

(pa) ™ 2 (pi, )", (5.52)
where
11(n) =nyn —6n —12¢/n+ 12 € O(ny/n), Y2(n) =4n —2 € O(n). (5.53)
From Equation (5.53) we see that
m(n)  nyn—6n—12y/n+12
pu— = . . 4
o) = 200 no VT Coym) (5:54)

Figure 5.4 shows this ratio plotted for different values of n. Compared to the all-to-all implementation, the
advantage for the 2D grid implementation already occurs for much smaller arities.
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Figure 5.4: Comparison of the LAQCC and the non-adaptive 2D grid implementation of the FO™-gate in
terms of the function ~, as defined in Equation (5.54). For any n, the LAQCC approach outperforms the 2D
grid approach if (pg) > (ps d)“(”)/ 72(") " The smallest and greatest value for v in Table 5.2 are plotted for
reference.

=

Rewriting Equation (5.51), we get
P(FO™ LAQCC) > (pg)"2™ (p;,) "™ P(FO™ 2D grid), (5.55)
and thus, for any & > 0 filling in (pg) = (1 + &) (p;,) "™/ 72() gives
P(FO™ LAQCC) > (1 + &)™ P(FO™ 2D grid). (5.56)

This proves part (ii) of Theorem 8.
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Part (iii): 1D grid approach versus LAQCC approach

Comparing the 2D grid approach with the LAQCC approach and applying the assumptions on the success
probabilities, we see that
P(FO™, LAQCC) > P(FO™ 2D grid) (5.57)

precisely when

(pd)5n73 (pid)Snfl z (pd)nfl (pid)n273n+2_ (558)

Similar to the previous section, we can rearrange this expression, and get that Equation (5.58) holds when
()™ Z (pi,) ", (5.59)

where
y1(n) =n? —11n + 3 € O(n?), v2(n) =4n —2 € O(n), (5.60)

and so )
- 11 3
= n(n) == nt € O(n). (5.61)
Y2(n) dn — 2
Figure 5.5 shows this ratio plotted for different values of n. Compared to the 1D grid approach, we see that
adaptive advantage indeed increases rapidly. Rewriting Equation (5.58), we get
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Figure 5.5: Comparison of the LAQCC and the non-adaptive 1D grid implementation of the FO(”)—gate in
terms of the function ~, as defined in Equation (5.61). For any n, the LAQCC approach outperforms the 2D
grid approach if (pg) > (p; d)“(")/ 72(n)  The smallest and greatest value for  in Table 5.2 are plotted for
reference.

P(FO™ LAQCC) = (pg)"*™ (p;,) "™ P(FO™, 1D grid), (5.62)
and thus, for any & > 0 filling in (pg) = (1 + &) (p;,) "™/ 72() gives
P(FO™ LAQCC) > (1 + &)™ P(FO™ 1D grid). (5.63)

This proves part (iii) of Theorem 8.
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5.3 OR-gate

We proceed by determining the success probability of the OR-reduction protocol from Lemma 7 and the
exponential-size OR-gate from Section 2.7.3. Together, these provide a polynomial-size implementation of
the OR-gate. Then, we will compare the OR-gate implementations across different topologies.

Since both the OR-reduction and the OR-gate protocols are well-suited for a 2D-grid topology — as can
be seen from their circuits discussed in Section 2.7.3 — no extra gates are required for correctly executing
the protocol when constrained to such topology.® As such, the differences in success probability between
different topologies are fully determined by the differences between the implementations of the underlying
operations. which are Fanout-gates, GHZ-states and Parity-gates.

In particular, we will discuss the success probability of the OR-gate in three settings:
(i) the non-adaptive setting assuming all-to-all connectivity;
(ii) the non-adaptive setting assuming 2D grid connectivity; and

(iii) a LAQCC protocol.

Counting the gates and idling terms for all of these implementations yield expressions that are quite involved.
The full expressions can be obtained from [Bra25].

The 2D grid connectivity approach uses the simplified 2D grid implementation of the Fanout-gate discussed
in Section 5.2.3. The 1D grid implementation is not separately analyzed here, since the analysis for the
Fanout-gate showed that its implementation is clearly inferior compared to the LAQCC approach, even for
small n. Results for this approach can be obtained in [Bra25].

5.3.1 OR-reduction

We give the success probability of the circuit reducing an n-qubit input to an OR-gate to an m-qubit
input, where m = [log(n + 1)|. The OR-reduction works by computing ‘reduced’ states |¢;) = | :L‘Iei‘% with
0r = 1/2F, in parallel for all k € [m]. The circuit for one such reduced state can be seen in Figure 2.6.

Preparing these reduced states in parallel requires copying and uncopying the register |x) m —1 times, using
n Fanout-gates of arity m. These Fanout-gates can be applied in parallel with the m Fanout-gates of arity
n — 1 that are shown in Figure 2.6. This means that full success probability of the OR-reduction can be

expressed as
P(OR™_reduction) = (P(FO™)(ps))?™ (pi,)™™ 2™ P(FO™)?" p(CU)™™. (5.64)

In the LAQCC setting, we can make a small reduction when it comes to single-qubit idling terms, namely
by incorporating the 2m (ps) terms (corresponding to the Hadamard-gates in the circuit in Figure 2.6) into
the circuit of the Fanout-gates:

FO(™ LAQCC
(i)

2m
P(OR™-_reduction, LAQCC) = (P ( )(ps)> P(FO™ LAQCC)?" P(CU)™™. (5.65)

5.3.2 OR-gate

We continue our discussion with the success probability of the exponential-size circuit for the OR(”)—gate
from Section 2.7.3. For clarity, we repeat the steps:

(i) Do the following:

(a) Copy the input state |z) and apply a PA((I”)—gate in parallel for every non-zero (n — 1)-bit string a
(i.e. 271 — 1 times);

(b) Prepare a 2"~ ! — 1-qubit GHZ-state;

3Recall that in procedures such as the OR-reduction, we assume that the Fanout-gate implementation under a 2D grid
constraint places all target qubits on a line. See Section 5.2.3.
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(ii) Apply controlled-Rz(7/2" 1)-gates in parallel, controlled by the qubits that hold the results of the
PAg")—gates and targetting the qubits of the GHZ-state;

(iii) Apply an FO(Qnilfl)—gate to the GHZ-state, followed by a Hadamard-gate, which prepares a qubit
holding the OR of the input;

(iv) Finally, uncompute the results of the weighted Parity-gates and the copies of the input state |x).

We refer to Section 2.7.3 for correctness. The weighted Parity-gates are simply Parity-gates that target
precisely the qubits placed at the non-zero entries of a. For a lower bound on the success probabilities of
these gates, we will assume that they target all n — 1 input qubits, giving a total of 2(2"~! — 1) Parity-gates
of arity n. By Equation (2.29), the success probability of a Parity-gate is

P(PAM™)) = P(FO™)(ps)?". (5.66)

The success probability of the OR™-gate combined with the OR-reduction can now be expressed as

P(OR™) = P(OR™ D_reduction)? P(FOZ" ~1))2m p(PA(m+1))22"=1) p(Guz (2" ~1) p(FOZ" 1)
P(CU*" 1 R(CU)™ @™ (py)
(OR(n 1) reductlon) (FO (2m— 1))2m+1(p8)4(m+1)(2m71)+1P(FO(m+1))2(2m71)P(GHZ(2m71))

P(CU)*"~1p,(cuym™ =D
(5.67)
Note that for an OR™-gate, the input to the OR-reduction is of arity n — 1, hence m = [log(n)]. The
success probability for preparing the GHZ-state is induced by the circuit in Figure 2.3 for the non-adaptive
topologies:
P(GHZ™  non-adaptive) = (p,)(ps, )"~ P(FOW/2D)y p(FO(m/21)) (5.68)

In the LAQCC setting, its success probability follows from the circuit in Figure 3.3:
P(GHZ™ LAQCC) = (ps)" 1"/ (pa)* = (p)" " (pi)" 1217 (pi) (D))" (Pi)" (5.69)

Note that the LAQCC circuit was already partially utilized in determining the success probability of the
Fanout-gates.

5.3.3 Comparison of OR-gate implementations

In this section, we compare the success probabilities of implementing an OR-gate in an LAQCC setting, and
see under which circumstances the LAQCC protocol outperforms the non-adaptive protocols. The results
are summarized in Theorem 9.

Theorem 9. For any constant ¢ > 0, the following hold:

(i) if (pa) 2 ()(pz‘d)%(n)/”(”), where
1) ¢ 0(log(n)), (5.70)

then
P(OR™ LAQCC) > (1 + )2 P(OR™, all-to-all).

(it) if (pa) 2 (1 —i—E)(pz'd)'“(")/W("), where
nln) o O(vn), (5.71)

then
P(OR™ LAQCC) > (1 + &)™ P(OR™ 2D grid).
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Part (i): all-to-all approach versus LAQCC approach

We apply the success probability assumptions of Section 5.1, fill in the appropriate expressions for the
Fanout-gates, GHZ-state preparation and controlled U-gates. From the full gate counts (see [Bra25]), we
can infer that

|OR™, all-to-all|q =~ 18nlog(n) + n — 24log(n) — 3 € O(nlog(n)), (5.72)

and
|OR™), all-to-all|;, ~ (4n — 4) log(n)log(log(n)) + (4n — 1) log(n)log(n — 1) — 16nlog(n) + 4n
— (2n — 36) log(n) log(log(n) + 1) + (2n — 2) log(n)* + (2n — 2) log(log(n) + 1) — 1
€ O(nlog?(n)).

For the LAQCC approach, the gate counts are (5.73)
|OR™ LAQCC|g 4 m = 36nlog(n) + 4n — 421og(n) — 5 € O(nlog(n)), (5.74)

and there is an idling qubit count of
|OR™ LAQCC|;, 1 iy, + 4, ~ 98nlog(n) + 16n — 60log(n) — 16 € O(nlog(n)). (5.75)

Comparing the success probabilities of the all-to-all topology and the LAQCC approach for the OR-gate
implementation, we see that

P(OR™ LAQCC) > P(OR™ All-to-all) (5.76)

holds when
(pd)w(n) > (pid)m(n)’ (5.77)

where

~v1(n) = JOR™ all-to-all|;, — |OR™ LAQCCl;, 1 i, + . (578)
v2(n) = [OR™ LAQCC|4 — [OR™) all-to-alll,. '

By inspecting the obtained gate and idling term counts (Equations (5.72)-(5.75)), we see v1(n)/v2(n) €
O(log(n)) and part (i) of Theorem 9 follows.

Figure 5.6 shows 71(n)/v2(n) plotted for different values of n.

Part (ii): 2D grid approach versus LAQCC approach

We apply the success probability assumptions of Section 5.1, fill in the appropriate expressions for the
Fanout-gates, GHZ-state preparation and Controlled-U-gates. From the full gate counts (again, see [Bra25]),
we can infer that

|OR™ 2D grid|q = |OR™, all-to-all|; &~ 18nlog(n) + n — 24log(n) — 3 € O(nlog(n)). (5.79)

and
|OR™ 2D grid|;, ~ (6nlog(n) + (1 + v/2)n — 102log(n ( +17) ) vn —1+n(4log(n) — 64)y/log(n)

+ (2nlog(n) — 30n — 2log(n) + 30)/log(n) + 1 + 38nlog(n) + 97n

— (4log(n) — 64)4/log(n) + 48log(n) — 58 € (’)(n\/ﬁlog(n) .
(5.80)

Comparing the success probabilities of the 2D grid topology and the LAQCC approach for the OR-gate
implementation, we see that
P(OR™ LAQCC) > P(OR™ 2D grid) (5.81)
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Figure 5.6: Comparison of the LAQCC and the non-adaptive all-to-all implementation of the OR(")-gate in
terms of the function 7 := 71 /2, with 1 and 2 as defined in Equation (5.78). For any n, the LAQCC
approach outperforms the all-to-all approach if (pg) > (pi, )" ()/72(n) " The smallest and greatest value for ~
in Table 5.2 are plotted for reference.

holds when
(pa)">™ Z (ps,)" ", (5.82)

where

v1(n) = |OR™ LAQCC|4 — [OR™, 2D grid|; € O(ny/nlog(n))

(5.83)
v2(n) = JOR™, 2D grid|;,|OR™, LAQCCl;, + i, + 4. € O(nlog(n)).

vi(n) _ |OR™ . 2D grid|;, — |OR™, LAQCCls, 4 i, + 1.
Y2(n) |OR™ LAQCC|q — [OR™ 2D grid|y;

(5.84)

By inspecting the gate and idling term counts, we see that v1(n)/v2(n) € O(y/n) and part (ii) of Theorem
9 follows.

Figure 5.7 shows 71(n)/v2(n) plotted for different values of n.
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Figure 5.7: Comparison of the LAQCC and the non-adaptive 2D grid implementation of the OR(")-gate in
terms of the v := 71 /72, with 41 and ;2 as defined in Equation (5.78). For any n, the LAQCC approach
outperforms the 2D grid approach if (pg) > (p; d)““(”)/ 72(n)  The smallest and greatest value for ~ in Table
5.2 are plotted for reference.

5.4 OR-based gates

5.4.1 AND-gates

Table 5.4 lists the gate and idling term counts for AND™ where 3 < n < 5. The numbers for n = 3 are
based on Figure 2.8, while the numbers for n = 4 and n = 5 are based on the circuits in Figure 2.9.

gate | idling? | s | d | is iq
AND® | no [10] 6] 12 | 5
AND® | yes | O|O| 7 | 6
ANDW | no [30] 18| 78 | 51
AND@® | yes | 0 | 0 | 28 | 24
AND®) | no | 70 | 42 | 238 | 167
AND® | yes | 0 | 0 | 63 | 51

Table 5.4: Gate and idling term count for the AND™-gate where 3 < n < 5.

For larger n, we can use the implementation using OR-gates discussed in Section 2.7.3. This yields success

probabilities of
P(AND™) = (p,)"P(OR™) (5.85)

and
P;(AND™) = (p;,)P;(OR™), (5.86)

In Appendix B, we compare this implementation using OR-gates with a new recursive circuit by Nie et al.
which implements the AND-gate in logarithmic depth [NZS24] without ancilla qubits. This circuit assumes
all-to-all qubit connectivity. For large n, we find that the OR-gate implementation uses less gates and has
less idling terms than the recursive implementation. Therefore, we will use the OR-gate implementation in
subsequent results using the AND-gate.
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5.4.2 EQ-gate

An EQg-gate can be implemented via an OR-gate surrounded by X-gates on the input qubits which are ones
in the binary representation of k, and an X-gate on the output qubit. This gives success probabilities of

P(EQ") = ((p)?* (pi,)2" ' =2)2(p,) P(OR™). (5.87)

and

Pi(EQ") = P,(OR™) (p;,)*. (5.88)

5.4.3 PERM-gate

In this section, we bound the success probability of a PERM("’d)—gate, which permutes computational basis
states according to a permutation ¢ : {0,1}" — {0,1}" with d := |o|. We follow the circuit described
in Section 2.7.5. The circuit starts by applying d FO(")-gates and parallel EQ(+1) gates to get a one-hot
encoding of the input domain. The success probability of this first part is given by

P(FO@)2n p(EQ+1)d, (5.89)

We then apply an n-qubit Hadamard-gate to change the input state into the Hadamard basis, fan out the
input state, and apply, in parallel, controlled Z-gates with multiple targets. This effectively permutes the
state |i) to the state |o(i)) — albeit in the Hadamard basis. Another Fanout-gate followed by an n-qubit
Hadamard-gate puts this state back into the computational basis. The success probability of this middle
part of the operation is given by

(ps)*" (i, )"V p(FOU (H P(C ) (5.90)

i€[d]

We can implement a controlled Z-gate with multiple targets using a Fanout-gate conjugated by Hadamard-
gates, targeting the qubits corresponding to ones in the binary representation of ¢;. For a lower bound on
its success probability of these gates, we assume that we need a Fanout-gate of arity n for each ¢;, giving

P(CZ{V) = (ps)?M (ps,)?* D P(FOUM) > P(FO™) (py)*". (5.91)
Equation (5.90) then reduces to
(p )Qn(d—l-l)(pi )2(n(d—1)+d)P(Fo(d))ZHP(Fo(n))d (592)

Finally, we apply another round of Fanout-gates and parallel EQ(+Y) gates to uncompute the one-hot
register. In total, we get

P(PERM™DY = (p, )27 (p;,)?d=D+d) p(o(@)in p(EQ(M+1))2d p(FO(M))4, (5.93)
The following theorem is shown in Appendix C.1.
Theorem 10. For any constant € > 0, the following hold:
(i) if (pa) Z (1 + €)(pi,) D200 where

71(n7d>
nd) € Ollog(n)) (5.94)

then
P(PERM™9 L AQCC) > (1 + )29 p(PERM™  all-to-all).

(it) if (pa) 2 (1 +¢€)(pi, )71("’d)/72("’d), where

nnd) <\/ﬁ+ (5.95)

)
72(n> d)

log(n)

then
P(PERM™9 LAQCC) > (1 + )2 p(PERM™D 2D grid).
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5.5 UCG-based QSP

In this section, we assess the adaptive advantage of the UCG-based QSP algorithms introduced in Section
4.2. After bounding the success probability of both the sequential and parallelized UCG implementation, we
will compare the success probability of general UCG-based QSP in the LAQCC setting to the non-adaptive
setting (with all-to-all connectivity or 2D grid connectivity). We then determine the success probability of
the sparse UCG-based QSP algorithms, and compare the LAQCC approach to non-adaptive approach for
different sparsities d € poly(n).

5.5.1 Sequential UCG

We revisit the procedure discussed in Section 4.2.1. The implementation of an n-qubit UCG requires 27!
layers consisting of an EQ(”)—gate and a controlled single-qubit gate, and finishes with an X-gate to reset
the ancilla register. The EQ(”)—gates consist of OR™-gates surrounded by X-gates on the appropriate input
qubits, and preceded by an X-gate on the output qubit. The first layer of the circuit contains an EQ((]n)—gate,
in which case the OR(™-gate is preceded by a total of n X-gates.

For bounding the success probability of the circuit, we save some idling terms by incorporating the second
layer of X-gates in the implementation of the EQ-gates into the first layer of the next EQ-gate. We can cycle
through all (n — 1)-qubit basis states using a Gray code, which means that we can start with the basis state
corresponding to 0, and then use only one X-gate to map one state to the next. We can also incorporate
the controlled single-qubit gates into this layer, since they do not interact with the X-gates. This yields a
success probability of

P(UCG™, sequential) = (p;) ] (P(EQ{”)R(EQL”)P(CU)P;(CU) D)
ke[2n—1]

< @)™ TI () (pi)" > POR™)P(OR™) P(CV)).
ke[2n—1]

(5.96)

At the same time, the success probability of a qubit staying coherent while idling during this circuit is

P,(UCG™  sequential) = (p;.)*" T1P,(OR™)¥" ™" p,(CU) (5.97)

2n—1

5.5.2 Parallelized UCG

We revisit the procedure discussed in Section 4.2.2. The implementation of an n-qubit UCG requires the
circuit in Figure 4.3, as well as computing and uncomputing the one-hot encoding shown in Equation (4.22).
The (un)computation step requires 2n FO(2"_1)—gates, as well as 27! EQ(”)—gates. Including idling terms,
this yields a success probability of

P(FOZ")2n p(EQUM)2" ™ py(FOR™ )2 (EQ™). (5.98)

The circuit in Figure 4.3 uses 6 FO(2n_1+1)—gates, 3-2"~1 controlled single-qubit gates, and 2"~ + 2 uncon-
trolled single-qubit gates. Including idling terms, this yields a success probability of

P(FO(2”4+1))GPi(FO(THH))6-(n+2”*1)P(CU)3-2n*1Pi(CU)3n(pS)2"*1+2(pis)2n+3-2n*1_ (5.99)

We can incorporate the first and last Fanout-gates in the implementation of the Z-decomposition into the
one-hot encoding procedure, which saves some idling terms.

In total, we get a success probability of
P(UCG™  parallelized) = P(FO®@"™ )4 p(EQ™)2" Py(FOZ" )2 p,(EQ(™)?

P(FOR D)0 By (FO™ D) 602" p(CU)Y* 2™ By (CUY™ (pe) ™™ 2 (g, )52
(5.100)
and a success probability of staying coherent while idling during this circuit of

P,(UCG™, parallelized) = P;(FO®" ))2P,(EQ™)2 B (FOZ" D) P, (CU)3 (py, ). (5.101)
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5.5.3 Adaptive advantage for general UCG-based QSP

By Theorem 6, the success probability of preparing an n-qubit quantum state using UCGs can be expressed

as
n

P(QSP™, UCG-based) = [[ P(UCG®) P, (UCGH)"—. (5.102)

i=1
This expression obviously depends on whether we use the sequential or the parallel UCG implementation.
In both cases, we can infer functions = that give a condition for when the success probability of the LAQCC
approach is higher than one of the non-adaptive approaches. Interestingly, these functions turn out to be
asymptotically equal. The precise asymptotics are summarized in Theorem 11, which is proved in Appendix

C.
Theorem 11. For any constant € > 0, the following hold:
(i) if (pa) 2 (1 + E)(pid)“(")/W(”), where

v(n) = 71(n) € O(log(n)), (5.103)

~ 72(n)

then
P(QSP™ UCG-based, LAQCC) > (1 4 &)™ P(QSP™, UCG-based, all-to-all).

(ii) if (pa) Z (1 +€)(pi,) /200, where

1) = 2 ¢ o), (5.104)

then
P(QSP™ UCG-based, LAQCC) > (1 4 ¢)2(" P(QSP™, UCG-based, 2D grid).

In practice, however, we do see significant differences between the actual adaptive advantage functions of
the two UCG implementations. Figure 5.8 shows these functions plotted for the sequential UCG. As can be
expected from the structure of its circuit, the lines are very similar to those of the OR™-gate (cf. Figures 5.6
and 5.7). Assuming all-to-all connectivity, we do not expect an adaptive advantage over the non-adaptive
protocol for preparing quantum states up to < 1000 qubits. Assuming 2D grid connectivity, we see a slight
(and increasing) adaptive advantage for preparing quantum states of > 700 qubits using this method.

For the parallelized UCG, the results are shown in Figure 5.9. In this setting, the adaptive advantage
is much clearer. Assuming all-to-all connectivity, we see an increasing adaptive advantage for preparing
quantum states of > 600 qubits using this method. For 2D grid connectivity, the results are very clear:
even for preparing quantum states of 20 qubits, we see an adaptive advantage already if pg ~ (p; d)12. These
results too can be explained from the structure of its circuit: for preparing an n-qubit state, the parallelized
UCG circuit uses Fanout-gates of arity 2. The growth of the functions in Figure 5.9 resemble the results
obtained for Fanout-gates of similar arities (cf. Figures 5.3 and 5.4).
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Figure 5.8: Comparison of the LAQCC approach of general UCG-based QSP using the sequential UCG
implementation, to non-adaptive approaches for the same protocol assuming all-to-all and 2D grid qubit
connectivity. This comparison is based on the functions v, and 2 as defined in Equations (C.21) and (C.22)
(in this case, assuming a sequential UCG). For any n, the LAQCC approach outperforms the non-adaptive
approach if (pg) > (pi,)™" (m)/72(n) - The smallest and greatest value for 4 in Table 5.2 are plotted for reference.
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Figure 5.9: Comparison of the LAQCC approach of general UCG-based QSP using the parallelized UCG
implementation, to non-adaptive approaches for the same protocol assuming all-to-all and 2D grid qubit
connectivity. This comparison is based on the functions ; and -, as defined in Equations (C.21) and (C.22)
(in this case, assuming a parallelized UCG). For any n, the LAQCC approach outperforms the non-adaptive
approach if (pg) > (pi,)" (m)/72(n) - The smallest and greatest value for 4 in Table 5.2 are plotted for reference.
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5.5.4 Adaptive advantage for sparse UCG-based QSP

The permutation-based procedure discussed in Section 4.2 gives the following success probability for prepar-
ing a d-sparse n-qubit state:

P(QSP™% UCG-based) = P(QSP*5@1) UCG-based) P(PERM[Y). (5.105)

Asymptotically, the functions v quantifying the conditions for adaptive advantage are still the same for both
UCG implementations. This is to be expected, since we saw in the previous section that these functions are
asymptotically the same in the dense setting. Moreover, the Permutation-gate that is added in the sparse
setting does not use any UCG.

The precise asymptotics are summarized in Theorem 12, which is proved in Appendix C.
Theorem 12. For any constant € > 0, the following hold:
(i) if (pa) 2 (1 + &)(pi,) =D/ (D) where

n(n,d) log?(d) log®(log(d))
~va(n, d) €0 ( nlog(n)

v(n,d) = + log(n)> , (5.106)

then
P(sparse QSP™9) UCG-based, LAQCC) = (1 + 5)72("’d)P(sparse QSP(™9) UCG-based, all-to-all).
(ii) if (pa) 2 (1 + 5)(?1@)%(“"1)/”(""1), where

~ n(n,d) log®(d)y/log(d) loglog(d) =~ Vd —
= €0 ( log(n) + Tog(1) + f) (5.107)

v(n,d)

then

P(sparse QSP™% UCG-based, 2D grid) > (1 4 €)% P(sparse QSP™% UCG-based, 2D grid).

Figure 5.10 shows the functions « for all-to-all connectivity and different values of d, when implementing
UCGs via the sequential method. For d € poly(n), the gate and idling counts are dominated by the
Permutation-gate, which uses Fanout-gates of arity d and EQ-gates of arity n. When n < 1000 and d €
poly(n), we do not expect an adaptive advantage over the non-adaptive protocols for these gates (cf. Figure
5.3 and 5.6). The lines for this sparse UCG-based QSP are thus as can be expected, and we do not see an
adaptive advantage for preparing sparse quantum states using this method.

Figure 5.11 shows the functions  for the same implementation and sparsities, though now assuming 2D grid
connectivity. In this setting, we see that the function does differ significantly based on the chosen sparsity,
which is line with the asymptotic growth of the function v shown in Thoerem 12. For d = 21() and d = n,
this is O (%), while for d = n? it is O (m), and for d = n3 it is O (m). For
d = n3, we see an adaptive advantage for preparing quantum states already for > 50 qubits. For d = n?,
we see this for > 500 qubits, while for d € {10,n}, we see a slight (and increasing) adaptive advantage from

about > 700 qubits.

Since 7 is dominated by the complexity of the Permutation-gate, we do not see substantial differences
between the sequential and parallelized implementation of the UCG. Therefore, we omit the results of the
parallelized version.
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Figure 5.10: Comparison of the LAQCC approach of sparse UCG-based QSP using the sequential UCG
implementation, to the non-adaptive approach for the same protocol assuming all-to-all qubit connectivity.
This comparison is based on the functions 3 and 9 as defined in Equation (C.26), and is plotted for
d € {10,n,n% n3}. By Theorem 12, v(n,d) € O(log(n)loglog(n)) for all inspected values of d. For any n,
the LAQCC approach outperforms the non-adaptive approach if (pg) > (pi,)"*™/72("). The smallest and
greatest value for v in Table 5.2 are plotted for reference.
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Figure 5.11: Comparison of the LAQCC approach of sparse UCG-based QSP using the sequential UCG
implementation, to the non-adaptive approach for the same protocol assuming 2D grid qubit connectivity.
This comparison is based on the functions v; and -, as defined in Equation (C.27), and is plotted for
d € {10,n,n% n3}. The asymptotic growth of functions pictured can be obtained from Theorem 12 part
(ii). For any n, the LAQCC approach outperforms the non-adaptive approach if (pg) > (pi,)"* (m)/72(n) " The
smallest and greatest value for v in Table 5.2 are plotted for reference.
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5.6 Unary-based QSP

In this section, we assess the adaptive advantage of the unary-based QSP algorithms introduced in Section
4.3. After bounding the success probability of the data loader procedure and the unary-to-binary trans-
form, we compare the success probability of both general and sparse unary-based QSP, and assess adaptive
advantage.

5.6.1 Data loading

We revisit the data loader procedure discussed in Section 4.3.1. Firstly, by the circuit in Figure 4.4, we
observe that the success probability of the RBS-gate and the probability of a qubit staying coherent while
idling during this gate are

P(RBS) = (ps)*(pa)*(pi.)? (5.108)

and
Pi(RBS) = (pi,)*(pi,)*, (5.109)

respectively. Assuming all-to-all qubit connectivity, the data loader requires a circuit consisting of [log(d)]+2
layers to encode a total of d entries. See Figure 4.5 for an example when d = 8. The first layer contains a
single X-gate. This is followed by [log(d)] layers that encode the amplitudes of the entries using RBS-gates.
These are structured in a similar way to the Fanout-gate implementation with all-to-all connectivity. The
last layer consists of d single-qubit phase-gates. The total success probability of this circuit is

P(data loading?, all-to-all) = P(RBS)?~! P;(RBS)?1oe(d)1=2d+2 (), yd+1(p, yd—1 (5.110)

For determining the value of the exponent, we refer to the calculations made for the Fanout-gate in Section
5.2.1.

Assuming 2D grid connectivity, the data loader requires a circuit consisting of [%1 + 2 layers to encode d
entries. See Figure 4.6 for an example when d = 8. This circuit is used in the non-adaptive setting assuming
2D grid connectivity, as well as in the LAQCC setting. We obtain a success probability of

P(data loading, 2D grid) = P(data loading®, LAQCC) = P(RBS)*!P,(RBS)&1-2(d=1)(; yd+1(p, a1,
(5.111)

5.6.2 Unary-to-binary transform

The success probability of the transformation from unary to binary encoding (Lemma 14) is made up of the
success probabilities of the transformations described in Equations (4.38) and (4.39). In fact, we observe
that the circuit implementing these transformation is the same circuit implementing a Permutation-gate,
except for the first step computing the one-hot encoding, which is already done by the data loader circuit.
In particular, applying Lemma 14 to prepare a binary encoding of a d-sparse n-qubit state corresponds
to applying a PERI\/IE_”)—gate where |o| = d (except for the computation of the one-hot encoding). Using
Equation (5.89) and (5.92), we get

P(unary-to-binary™®) = (p,)2"(p;, ) 2("d=D+d) p(FO(D))2n p(EQ+1)d p(FOM))d (5.112)

5.6.3 Adaptive advantage for general unary-based QSP

The success probability of general unary-based QSP is given by simply combining the data loader procedure
and the unary-to-binary transformation

P(QSP™ unary-based) = P(data loading*")) P(unary-to-binary(™2")). (5.113)
Based on the two transformations that make up the unary-based QSP approach, we do not expect an adaptive

advantage when assuming all-to-all connectivity. This is due to the data loading procedure, which incurs
exponentially more idling terms for the LAQCC approach than for the all-to-all approach (cf. Equations
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(5.110) and (5.111)). For implementing the unary-to-binary transform, we expect an adaptive advantage
only for very large n, based on the analyses for the gates comprising this procedure, and based on the
results of the sparse UCG-based QSP protocol, which uses the (very similar) Permutation-gate (cf. Figure
5.10). Even for really large n, the adaptive advantage for the LAQCC protocol in the implementation of the
unary-to-binary transform grows too slowly to offset the rapidly growing disadvantage it has in the data
loader procedure. Figure 5.12 shows that this expectation indeed holds.

In comparison with the 2D grid approach, the situation looks very different. Since both protocols use the
same variant of the data loader procedure, the adaptive advantage depends solely on the implementation of
the unary-to-binary transform. For the (again, very similar) Permutation-gate, we already saw significant
adaptive advantage over the 2D grid protocol for implementation permutations of size n* (see Figure 5.11).
In this dense unary-based QSP setting, the unary-to-binary transform resembles the implementation of a
permutation of size 2. Thus, we expect the adaptive advantage to be even more spectacular. Figure 5.13
shows the function « plotted for small values of n, which shows that this expectation indeed holds.
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Figure 5.12: Comparison of the LAQCC approach of dense, unary-based QSP, to the non-adaptive approach
for the same protocol assuming all-to-all qubit connectivity, in terms of the function ~ associated with this
protocol. Clearly, no adaptive advantage is to be expected.
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Figure 5.13: Comparison of the LAQCC approach of dense, unary-based QSP, to the non-adaptive approach
for the same protocol assuming 2D grid qubit connectivity, in terms of the function v associated with this
protocol. Adaptive advantage is expected even for small values of n.

5.6.4 Adaptive advantage for sparse unary-based QSP

The success probability of sparse unary-based is similar to the general case, except for swapping 2" for some
sparsity d:

P(sparse QSP™% unary-based) = P(data loading!®?) P(unary-to-binary(™®). (5.114)
The asymptotics of the adaptive advantage functions are summarized in Theorem 13, which is shown in
Appendix C.4
Theorem 13. For any constant € > 0, the following hold:
(i) if d € O(nlog®(n)), and (pa) Z (1 + €)(ps,) /20D where

" (nv d)
~v2(n,d)

€ O(log(n)), (5.115)
then
P(sparse QSP"™® unary-based, LAQCC) = (1 + &) P(sparse QSP(™9 UCG-based, all-to-all).
(i) if (pa) Z (1 + &) (pi,) "™/ 2" where

v (n,d)
va(n, d)

e O(d + ny/nlog(n) +nVd), (5.116)
then

P(sparse QSP"™% unary-based, LAQCC) 2 (1 + &) P(sparse QSP™% UCG-based, 2D grid).

Figure 5.14 shows the functions v for all-to-all connectivity, different values of d, when implementing sparse
unary-based QSP. As expected by Theorem 13, we see that for d € O(1) and d € O(n), the adaptive
advantage increases slightly as n increases. However, comparable to results for sparse UCG-based QSP, it
grows too slowly to get an actual adaptive advantage for preparing quantum states of < 1000 qubits.
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Figure 5.15 shows the functions ~ for 2D grid connectivity and the same values of d. Similar to the results
of sparse UCG-based QSP, the main gate and idling term counts are dominated by the unary-to-binary
transform. Since this procedure is very similar to the Permutation-gate used in sparse UCG-based QSP, the
resulting functions are very similar to Figure 5.11.
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Figure 5.14: Comparison of the LAQCC approach of sparse, unary-based QSP, to the non-adaptive approach

for the same protocol assuming all-to-all qubit connectivity, in terms of the function « as defined in Equation
(C.33), for d € {10,n,n% n?}.
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Figure 5.15: Comparison of the LAQCC approach of sparse, unary-based QSP, to the non-adaptive approach
for the same protocol assuming 2D grid qubit connectivity, in terms of the function v as defined in Equation
(C.34), for d € {10,n,n?,n3}.



Chapter 6

Conclusion and future research

6.1 Conclusion

In this thesis, we have analysed the success probability of multiple approaches to quantum state preparation
and investigated whether adaptive circuits can offer an advantage over non-adaptive approaches. Given
the importance of efficient quantum state preparation for quantum algorithms, our results contribute to
understanding when adaptive strategies may yield meaningful improvements.

We adopted an error model where each error corresponds to a uniformly random gate being applied to
the qubits. Under this model, we introduced the adaptive advantage function v to quantify when adaptive
circuits outperform non-adaptive circuits. Specifically, we compared adaptive and non-adaptive QSP ap-
proaches for preparing quantum states up to 1000 qubits under different qubit connectivity assumptions,
using both theoretical bounds and empirical error rate estimates based on quantum processing units from
IBM.

For general UCG-based QSP, we found that the adaptive approach performed exponentially better than
a non-adaptive approach under certain conditions. Specifically, adaptive circuits performed better than
non-adaptive circuits with all-to-all qubit connectivity if v(n) € Q(log(n)), and better than a non-adaptive
approach with 2D grid connectivity if y(n) € Q(y/n) (see Theorem 11). This can be interpreted as follows:
for preparing an n-qubit quantum state, there is an adaptive advantage if the success probability of a
two-qubit gate is at least the success probability of a qubit staying idle during v(n) two-qubit gates. The
obtained resutls were the same both for a sequential and a parallelized implementation. In practice, we
saw a possible adaptive advantage for preparing quantum states over the 2D grid approach, and for the
parallelized UCG implementation, an advantage was seen even for the all-to-all approach.

For sparse UCG-based QSP, we saw similar trends, but with different growth factors: we found that
the adaptive approach performed exponentially better than a non-adaptive all-to-all approach if v(n,d) €

Q (M + log(n)), and better than a non-adaptive 2D grid approach if

nlog(n)
2 /
v(n,d) € Q <log () ;?fg(?i)loglog(d) + lo\g/(gn) + \/ﬁ> (see Theorem 12). In practice, we saw an adaptive ad-

vantage for preparing d-sparse quantum states (with d € {10,n,n2,n3}) over the 2D grid approach, but no
clear advantage over all-to-all connectivity. Table 1.1 lists the more precise estimations.

Next, we performed similar analyses for unary-based QSP. Here, the results were more nuanced. For general
unary-based QSP, the adaptive approach does not outperform the non-adaptive all-to-all approach; it does
exponentially outperform the 2D grid approach, already for preparing states consisting of few qubits. For
sparse unary-based QSP, we found that, for d € O(nlog?(n)), the adaptive approach performed exponentially
better than a non-adaptive all-to-all approach if y(n, d) € (log(n)). It performed exponentially better (with
no restriction on d) than a 2D grid approach if y(n,d) € Q(d+n/nlog(n)+nv/d) (see Theorem 13). Again,
see Table 1.1 for more precise estimations when adaptive advantage could materialize.

Let us now come back to our original research question:

66
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‘under which conditions can we expect an advantage in using adaptive circuits over non-adaptive circuits
for quantum state preparation?’

Our results indicate that grid-constrained adaptive quantum circuits can significantly improve the success
probability of QSP algorithms, particularly in settings where qubit connectivity is constrained (e.g., in a 2D
grid). The advantage is most pronounced when idling errors are relatively large compared to gate errors,
as adaptive circuits reduce the time qubits spend idle. However, these benefits come with trade-offs: adap-
tive circuits introduce classical processing overhead, and require real-time feedback based on intermediate
measurements. These may limit scalability. Furthermore, while adaptive circuits show clear advantage over
2D grid connnectivity, the benefits over all-to-all connectivity are less pronounced. Ultimately, whether
adaptive circuits offer a practical advantage over non-adaptive circuits, will depend on the relative weight
between error rates, qubit connectivity, and the cost of implementing adaptivity on a given quantum system.

6.2 Future research

A multitude of possible research directions exist. The following is a (non-exhaustive) list of them.

6.2.1 More realistic error model
An interesting follow-up to this research is to perform the same analysis using a more realistic error model.

For starters, we can lessen some of the assumptions of the current model, and include reported single-qubit
gate and measurement errors. It is well-known that some single-qubit gates are much easier to implement
than others, the T-gate being a prime example of the latter category. Instead of assuming that all single-
qubit gates have the same success probability, we can take these differences into account. Similarly, we see
that two-qubit gate error rates and measurement errors can also differ somewhat across devices. Taking this
too into account may also give a more realistic view of possible adaptive advantage. At the same time, we
expect that it will be harder to give closed-form asymptotic growth rates for adaptive advantage functions,
since they will rely on more parameters.

Secondly, we may consider error models in which errors do not affect qubits independently. Rather, we can
take into account correlations between errors on different qubits. In his paper called The Argument against
Quantum Computers [Kall9], Kalai argues that entangled qubits are subject to positively correlated noise.
Therefore, an error model with independent errors may be too simple to predict the behavior of complicated
states and evolutions. In its most general form, an error model A is completely described by some Kraus
operators {A;}, which act as

A1) (01) = DA 1) (Wl Al (6.1)
Well-known examples of these are depolarizing channels, dephasing channels, and Pauli channels [Will6].

6.2.2 Advantage in actual hardware

In this thesis, we assessed adaptive advantage by comparing obtained ratios between gate errors and idling
errors to the ratio between median gate and idling errors on some current quantum hardware. In and of
itself, this does not mean that that these advantages are actually attainable on these devices. The number
of available qubits and the variance in error between different qubits constitute some of the barriers. Taking
more of these hardware considerations into account is imperative for research into adaptive speed-ups.

Relatedly, it would be interesting to see whether predicted adaptive advantages persist when we constrain
ourselves to qubit topologies used in current quantum hardware, like IBMs brick-wall or Rigetti’s cycle-grid
[Mac-+24]. It has been shown in [YZ24] that compilation of quantum circuits under both of these topologies
induces only a constant factor of depth overhead over circuits assuming 2D grid connectivity. The precise
adaptive advantage will depend on the magnitude of this constant.
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6.2.3 Different QSP algorithms

For the purposes of this analysis, we have chosen (variants of) QSP algorithms that make extensive use of
gates for which an adaptive depth reduction has been observed. Recent methods (such as the ones mentioned
in Table 4.1) achieve similar asymptotic scaling of circuit depth and width using careful analyses of Gray
codes and CNOT-ladders, and can sometimes be applied to any pre-specified number of ancilla qubits.

Note that we have only considered QSP algorithms that output the target state |¢)) exactly. Unavoidably,
any such algorithm incurs a scaling that is exponential in the number of qubits, which either manifests
itself in the width or the depth of the circuit implementing it. It has been suggested that this scaling issue
can be addressed by employing variational methods [Nak+22] or quantum adversarial networks [ZLW19]
with trained quantum circuits of low depth and width. In turn, this brought about the introduction of
algorithms for approximate QSP with no exponential scaling. For example, in [ZD23] it is shown that one
can approximate a quantum state up to error £ > 0 using only one ancilla qubit and a quantum circuit of
depth O(1/4/¢) and size O(n + 1/4/e).

6.2.4 Characterize states preparable in constant adaptive depth

Theorem 1 showed that for d € Q(nlog(”)), there are d-sparse n-qubit quantum states that are not preparable
exactly using an LAQCC-circuit. An interesting direction for further research is to fully characterize the
states that are contained within this class. For example, we can define an (d, d’)-sparse vector as a d-sparse
vector, of which d' are distinct (that is, there are d’ distinct non-zero values, that can each occur multiple
times, and together occur d times). We can then say a quantum state is (d, d’)-sparse if it corresponds to
a (d,d')-sparse input vector. By employing the data loader procedure from Section 4.3.1, and using the
obtained unary encoding to control the W-state preparation scheme of [Buh+23], it is easy to show that any
(poly(n), O(1))-sparse quantum state is exactly preparable using an LAQCC-circuit.

Additionally, it would be interesting to explore how this characterization changes if we allow an LAQCC-
circuit to prepare a state that approximates the target state with inner product at least 1 — ¢, rather than
requiring exact preparation.

6.2.5 The power of adaptiveness

More generally, much is still unknown about the precise power of the LAQCC class. In Section 3.5, we
discussed that a conjectured separation from [GS19] implies that QNC? € LAQCC. Proving or disproving
this separation will provide insights into the improvements in computational power provided by adding
adaptivity.

One way to tackle this is by finding more use cases for the added intermediate measurements and classical
computations. As far as we know, these have been mainly used to do two things: (1) determining and
correcting measurement errors, and (2) imposing an ordering on a qubit register'. Finding more applications
may help us better grasp what these models have to offer. Insights from the previous section may also
contribute; distinguishing the capabilities of QNCY or LAQCC in preparing states could shed a light on the
separation of the two circuit classes.

A related and pressing question is whether we can improve the adaptive circuits we already know. If we can
find implementations that are more efficient, for example in terms of number of gates or ancilla use, this
may lower the barrier for adaptive advantage.

!This is used, e.g., in the ‘ordering’ step of the constant-depth Dicke-state preparation scheme in [Buh-+23].
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Appendix A

Gate and idling term count table for

Fanout-gate
S d m
All-to-all 0 n—1 0
All-to-all (idle) 0 0 0
1D grid 0 n—1 0
1D grid (idle) 0 0 0
2D grid 0 n—1 0
2D grid (idle) 0 0 0
LAQCC 2n+[(n—1)/2] | 3n—2 | 2n—1
LAQCC (idle) 0 0 0
is id Im ic
All-to-all 0 n[log(n)] — 2n + 2 0 0.
All-to-all (idle) 0 [log(n)] 0 0
1D grid 0 n? —3n+2 0 0
1D grid (idle) 0 n—1 0 0
2D grid 0 nyn+2n—12n+11] 0 0
2D grid (idle) 0 vn+1 0 0
LAQCC Sn+[(n—1)/2] —2 2n+1 3n—1{3n—-1
LAQCC (idle) 4 3 2 2

Table A.1: Gate and idling term count for FO-gate implementations.
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Appendix B

Comparing AND-gate implementations

Recently, Nie et al. [NZS24] published a recursive, logarithmic-depth circuit for implementing the AND(-
gate. In this section, we will compare the gate and idling term counts (see Section 5.1 for an explanation) of
this recursive circuit, to the gate and idling term counts of implementing the AN D )—gate using an OR(™)-
gate. Since the circuit in [NZS24] assumes all-to-all qubit connectivity, we will compare it to the OR-gate
implementation assuming the same connectivity.

We will start by determining the success probability of this recursive circuit, which is shown in Figure B.1.
The circuit works by recursively cutting down the input size n of the AND-gates in halves, until the resulting
AND-gates have a small enough arity (n < 5) such that they can be implemented directly. The circuits
shown in red on the left-hand side of the circuit, between step ¢y and t3, recursively implements the left-hand
side of the circuit (up to step t4). At step t4, the output qubit stores the AND of the input qubits. The
circuits shown in red on the right-hand side recursively implements the right-hand side, which uncomputes
the (borrowed) ancilla qubits and restores the input qubits to their input state.

The success probability of the left half of the circuit can be written as

P(AND™ recursive, left) = P(AND®)) P,(AND®))™~4(p,)4(p;, )" *P(AND™®) P,(AND®)) 27 2

(B.1)
(P(AND™/2+Y) yecursive, left) P;(AND™/ 21 recursive, left))?,

where possible floor and ceiling functions are omitted for ease of analysis. After k recursive steps, the arity
of the AND-gate in the recursive term is n/2"*1 4-1. To determine when a base case (3 < n < 5) is reached,

we solve
n

9k+1
which holds when &k = log(n) — 3. Thus, setting k := |log(n)] — 2 ensures that 3 < 537 +1 < 5. Filling this
into Equation (B.1) yields
P(AND™  recursive, left) = P(AND® ) (AND( N4 (pe)(ps, )" > P(AND™) P;(AND ) )3
(P(AND(Z*) recursive, left) P,(AND(Z ) recursive, left))?

+1="5, (B.2)

= [I (PanD® P(AND“M%—?’@SV@@-S>%‘2P<AND<4>>P<AND<4>>“2)2

Jjelk]
- (P(AND®)) P,(AND®))% (P(AND™) P,(AND®))b4(P(AND®)) P,(AND®)))?5

27 . . .
<(P AND 5) ( S)4P(AND(4))> Pi(AND(5))n—3~2J (pi )n—3.QJH(AND(4))n—2-2J>

s

Jjelk]
- (P(AND®)) P,(AND®))? (P(AND™) P;,(AND®))b4(P(AND®)) P;(AND®)))?s

k_
= ((p)*P(AND®) P(AND®))™ " P (AND)™4=32 1 (B (AND) (p;, )22

- (P(AND®) P,(AND®))? (P(AND™) P,(AND®))b+(P(AND®)) P,(AND®)))?5
(B.3)
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|24) |z4)
|J"n/2> ’.’Il'n/2>
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|$n/2+2> ’xn/2+2>
|.Tn_2> ’H?n_2>
|"En,1> ’l’n,1>
0), — o— |0,
10)s - |AND (o, . . ., Zn_1)),

Figure B.1: Recursive implementation of an AN D(”)—gate using one ancilla qubit, following the circuit in
Figure 3 in [NZS24]. Boxed gates indicate AND-gates that are applied recursively. In particular, the red-
colored boxes indicate that the AND-gate is implemented up to step ¢4 (before the green boxes), while the
green-colored boxes indicate the AND-gate is implemented from ¢4 onwards. A ‘{)’ indicates that the qubit
is used as an ancilla qubit in this recursive gate. We refer to [NZS24] for correctness.

Here, bs, by, bs are integers such that bs + by + bs = 2¥. For the right half of the circuit, the analysis is the
same, except for the P(AND™) and P;(AND™) terms that are only part of the left half:

k_

P(AND™ recursive, right) = ((p5)4P(AND(5)))2 " P (AND®))rh=225 1) yrk=2(2F-1)
(P(AND®) P,(AND®))’s (P(AND™) P,(AND®))b1(P(AND®)) P;(AND®)) )b,

(B.4)
Together, this gives a success probability of
P(AND™ recursive) = P(AND™), recursive, left) P(AND™, recursive, right)
2k—1 k—3(2k-1
— ((p) P(AND®) P(AND®)2)” " (P, (AND®)2(p, )2)" (B5)

- P;(AND™)% 22" 1) (p(AND®)) P,(AND3)))2bs
(P(AND™) P;(AND™®))2b4(P(AND®)) P;(AND®)) )25

For each n, the OR-gate implementation uses more gates than the recursive implementation. Therefore, it
makes sense to compare the two implementations in a similar to the comparison of non-adaptive approaches.

In that sense, for € > 0, if (pg) = (14 ¢)(pi,)"™/72(") we have
P(AND™ OR) > (1 + &)P(AND™, recursive). (B.6)

Figure B.2 shows v1(n)/v2(n) plotted for n < 1000. A clear advantage for one of the two methods is not
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observed. In line with the other topologies, we will use the OR-gate implementation in subsequent analyses.

ibm_torino

ibm_brisbane

y1(n) / y2(n)
N

-11 Impossible
Unrealistic

200 400 600 800 1000
n

Figure B.2: Comparison of the OR-gate implementation and recursive implementation of the AND™-gate,
both assuming a non-adaptive all-to-all topology. For n < 1000, no clear advantage for one of the two
methods is observed.



Appendix C

Some deferred proofs from Chapter 5

C.1 Theorem 10

Theorem 10. For any constant € > 0, the following hold:
(i) if (pa) 2 (Pz‘d)%(n’d)/'m("’d), where

71(n7 d)
Ya(n.d) © O(log(n)),

then
P(PERM™D) L AQCC) > (1 4 ¢)2(D) P(PERM™Y)  all-to-all).

(ii) if (pa) 2 (pid)“(n’d)/wm’d), where

Vd
log(n)

),

then
P(PERM™Y L AQCC) > (1 4 ¢)2(D) p(PERM™Y 2D grid).

Asymptotically, the gate counts for the LAQCC approach are

IPERM™Y LAQCC|y 1 m = 4n - O(JFOD, LAQCC|4 4 )
+2d - O(JEQ"™Y  LAQCC|4 1 m)
+d-O(FO™ LAQCC|g 4 m)
=4n-0O(d) +2d- O(nlog(n)) +d - O(n)
€ O(dnlog(n))

and the idling counts are

IPERM™D LAQCCl;, 44, 44, = 4n - O(JFOD LAQCC];, 44, +4.)
+2d - O(|EQ™ Y LAQCC|i, 44, + i)
+d- O([FO™, LAQCCli, 14y, +i.)
=4n-O(d) 4+ 2d - O(nlog(n)) + d- O(n)
€ O(dnlog(n)).
Similarly, for an all-to-all topology, we have

IPERM™% all-to-alllg 4 m € O(dnlog(n))

and
IPERM™) all-to-alll;, 44, 14, € O(dnlog?(n)).

78

(C.2)

(C.3)

(C.4)
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For a 2D grid topology, we have
IPERM™® 2D grid|q 4 m € O(dnlog(n)) (C.7)

and
IPERM™D 9D grid|;, 1, +4, € O(dny/nlog(n) + dnVd). (C.8)

Comparing the success probabilities of the all-to-all topology and the LAQCC approach for the PERM-gate
implementation, we see that

P(PERM™9 LAQCC) > P(PERM™%) | All-to-all) (C.9)

holds when
(pa) Z (ps,) /22000, (C.10)

where
yi(n,d)  |PERM™® all-to-all];, — [PERM™® LAQCCl;, 44, + 4.

Y2(n, d) IPERM™D) LAQCC|44 »m — |PERM™D all-to-all|y

(C.11)

From the terms in Equation (C.11), we see that % € O(log(n)) and the first claim of Theorem 10
follows.

Comparing the success probabilities of the 2D grid topology and the LAQCC approach for the PERM-gate
implementation, we see that

P(PERM™_LAQCC) > P(PERM™ 2D grid) (C.12)

holds when
(pa) 2 (pig) "D, (C.13)

where

PERM™ 2D grid|;, — |PERM™ LAQCC|;, 44, 4
— d d m c.

n,d) = C.14
7. d) IPERM™) LAQCC|4 4 — |PERM™ 2D grid|, (G14)

From the terms in Equation (C.11), we see that v(n,d) € O(y/n + ; o;;/(i)) and the second claim of Theorem
10 follows.

C.2 Theorem 11

Theorem 11. For any constant € > 0, the following hold:
(i) if (pa) 2 (pid)%(n)/”("), where

7(n) € O(log(n)), (C.15)

then
P(QSP™ UCG-based, LAQCC) > (14 ¢)2(" P(QSP™, UCG-based, all-to-all).

(ii) if (pa) 2 (pid)%(n)/”(”), where

1) ¢ om, (C.16)

then
P(QSP™ UCG-based, LAQCC) > (14 ¢)2(" P(QSP™, UCG-based, 2D grid).
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From adding the gate counts of both UCG implementations, we can infer that they are asymptotically the
same across all considered topologies:

|UCG™, parallelized|y 4 = |UCG™, sequential|g 4 m € O(2"nlog(n)) (C.17)

This equality stems from the fact that the gate term count is dominated by the gate counts of the 2" EQ(-
gates present in both implementations. For the same reason, the idling terms of the two UCG implementation
do not differ either:

|UCG™ | parallelized, LAQCC|i, 44, + i, = IUCG™ sequential, LAQCC|i, + i, + 4. € O(2"nlog(n))
IUCG™ | parallelized, all-to-alll;, 4 4, + 4, = |UCG™, sequential, all-to-all|;, 4 5, + 4, € O(2"nlog?(n))

IUCG™ ), parallelized, 2D grid|;, 4 i, + 4, = |UCG"™, sequential, 2D grid|;, 4 i, + 4, € O(2"ny/nlog(n))
(C.18)
For the full UCG-based QSP protocol, we thus get'

|QSP™, UCG-based|q 4 m = |QSP™, UCG-based|q 4 m € O(2"n*log(n)) (C.19)

and
|QSP™, UCG-based, LAQCCl;, +4,, +i. € O(2"n*log(n))

|QSP™, UCG-based, all-to-alll;, 4, 14, € O(2"nlog?(n)) (C.20)
|QSP™, UCG-based, 2D grid|i, +i,, +4, € O(2"n*y/nlog(n))

Part (i) of Theorem 11 now follows since

nn) _ |QSP™, UCG-based, all-to-alll;, 4 4, +4, — |QSP™, UCG-based, LAQCC|;, 4, + . € O(log(n).

Y2 (n) IQSP™  UCG-based, LAQCC|g 1 m — |QSP™, UCG-based, all-to-all|g 4
(C.21)
and part (ii) of Theorem 11 follows since
yi(n)  |QSP™, UCG-based, 2D grid|;, + 4, + i, — |QSP™, UCG-based, LAQCC|;, 1 i, + i € O(yi)
Y2(n) |QSP™, UCG-based, LAQCC|4 4 m — |QSP™, UCG-based, 2D grid|q 4 m '
(C.22)
C.3 Theorem 12
Theorem 12. For any constant € > 0, the following hold:
(’l) Zf (pd) z (pid)71(n7d)/72(n7d); whefr'e
v (n,d) log? (d) log? (log(d))
eO + log(n) | , C.23
Y2(n, d) ( nlog(n) &) (€.23)

then

P(sparse QSP(™9 UCG-based, LAQCC) = (1 + )72 P(sparse QSP™% UCG-based, all-to-all).

(i) if (pa) 2 (pid)%(n’d)/wm’d), where

n(n,d) log®(d)/log(d) loglog(d) =~ Vd
vy2(n, d) €0 < nlog(n) * log(n) + ﬁ) (C.24)

then

P(sparse QSP™9) UCG-based, 2D grid) 2 (1 + 6)72("’d)P(sparse QSP™%) UCG-based, 2D grid).

!To determine the asymptotic growth of the idling term counts for the full UCG-based QSP protocol, we actually also need
to infer the idling term count of a qubit staying idle during one UCG implementation. Due to the difference in circuit depth
between the two implementations, we do see a difference here. However, this does not influence the total asymptotic upper
bound. We omit the calculation.
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By Equation (5.105), the gate and idling term counts for the sparse UCG-based QSP protocol can be
determined as follows:

sparse QSP(™% UCG-based| = |sparse QSP@, UCG-based| + |[PERM™9)]. (C.25)

Theorem 12 now follows from the results from the Section C.1 and C.2 on the gate and idling term counts
for the general UCG-based QSP protocol and the Permutation-gate. In particular, part (i) follows since

yi(n,d)  |sparse QSP™9) UCG-based, all-to-all|;, +4,, +i. — |sparse QSP™9) UCG-based, LAQCCli, + i, + ic

Y2(n, d) |sparse QSP(™%) UCG-based, LAQCC|q4 m — |sparse QSP™® UCG-based, all-to-all|g 4
2 2 2 2 2
co dlog*(d)log*(log(d)) + dnlog*(n) _ 0 log®(d) log” (log(d)) +log(n) |,
dnlog(n) nlog(n)
(C.26)

and part (ii) since

y1(n,d)  |sparse QSP(™49) UCG-based, 2D gridli, + i, +i. — |sparse QSP(™4) UCG-based, LAQCC|i, + iy + e
Yo(n,d) |sparse QSP™% UCG-based, LAQCC|g 4+ 1 — |sparse QSP™9 UCG-based, 2D grid|g 4 m
dlog?(d)+/log(d) loglog(d) + dn/d + dn/nlog(n)
dnlog(n) )
0 <log2(d)\/mlog log(d) . _vd \/ﬁ> '
nlog(n) log(n)

€ O(

(C.27)

C.4 Theorem 13

Theorem 14. For any constant € > 0, the following hold:
(i) if d € O(nlog®(n)), and (pg) = (pid)”“(”’d)/W(”’d), where

Vl(nvd)
Yo(n,d) € O(log(n)), (C.28)

then

P(sparse QSP™% unary-based, LAQCC) > (1 + £)72(") P(sparse QSP(™% UCG-based, all-to-all).
(7,7,) Zf (pd) z (pid)’YI(n)/’YQ(n)} whe/)"e

1) ¢ o+ nylog(n) + nvd), (C.29)
Y2(n)

then
P(sparse QSP™9 unary-based, LAQCC) = (1 + 5)72(")P(sparse QSP™9) UCG-based, 2D grid).
Using the idling term counts of the data loading procedure (Equation (5.110) and (5.111)) and of Lemma
14 (Equation (4.37)), we see that

sparse QSP(™%) unary-based, LAQCC|;, 1, +i, € O(d?) + O(dnlog(n)), (C.30)
sparse QSP(™%) unary-based, all-to-all|;, 4 i, 4. € O(dlog(d)) + O(dnlog?(n)) (C.31)
|sparse QSP™%) unary-based, 2D grid|;, 1 i, +i, € O(d?) + O(dnv/nlog(n) + dnVd). (C.32)
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Comparing Equation (C.30) and (C.31), we see that, asymptotically, the idling term count of the LAQCC
approach grows faster asymptotically when d € w(nlog?(n)). For d € O(nlog?(n)), we get

y1(n,d)  |sparse QSP™% ynary-based, all-to-all|;, +4,, +i. — |sparse QSP™? ynary-based, LAQCCi, + iy, + ic
Y2(n, d) |sparse QSP™9 unary-based, LAQCC|g 4 1 — |sparse QSP™9) unary-based, all-to-all|g 4

dnlog?(n)
© < dnlog(n) ) ’

proving part (i) of Theorem 13. Similarly, for 2D grid connectivity we get

(C.33)

y1(n,d)  |sparse QSP™9 unary-based, 2D grid|i, + i, +i. — |Sparse QSP™9 unary-based, LAQCC|i, + i, + e

Y2(n,d) |sparse QSP™? ynary-based, LAQCC|4 4+ m — |sparse QSP™? ynary-based, 2D grid|q + m
€ O (log(n)),

(C.34)
proving part (ii) of Theorem 13.
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