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Chapter 1

Introduction

Prologue – Mathematical Conspiracies

We often picture contemporary research in mathematics as a series of basic
steps:

1. Pick a domain of analysis and a question one has about it.

2. Devise a formal tool to analyse it. Uncover the axiomatics of the tool,
leading the way to new phenomena and questions.

3. Construct a representation of the tool to make the questions easier. Turn
the representation into a tool, and iterate.

However, this process – guided as it is by analogy, simile, metaphor, and
mathematical communities’ intuitions, dreams and folklore – has a way of carv-
ing unspoken pathways between mathematical ideas: to draw a philosophical
term these form something like penumbral connections1 between different fields
of mathematics. After enough time passes, these connections gain the aspect of
a conspiracy : the mathematical ideas themselves appear to conspire to hide deep
connections, and keep certain problems outside of the reach of our conceptual
technology.

The purpose of this thesis is to study a web of problems lying at the heart
of intuitionistic logic and non-classical logic more broadly, and to bring forth a
number of plausible suspects for further interrogation. For this reason, like every
detective novel, it is bound to bring forth innocents and red herrings – though at
this point in time, we can only apologize for such narrative inconsistencies to the
future reader.

Introduction

For us, the domain of analysis of this thesis is Intuitionistic Propositional Logic
(IPC), and our foremost tool are Heyting algebras. The particular focus of the

1Specifically, this is borrowed from [113].
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2 Chapter 1. Introduction

thesis is on Free Heyting algebras, a special class of Heyting algebras which capture
faithfully most information about intuitionistic logic. The order on the algebras
coincides exactly with derivability in IPC, their elements being equivalence classes
of formula, giving us an avenue into a deeper understanding of logical properties
of the system. By employing a Stone-like-representation, namely Esakia duality,
such algebraic phenomena gain a geometric meaning, with the derivability of the
system becoming itself a geometric object.

In keeping with the above movement, in this thesis we therefore study rep-
resentations of free Heyting algebras, through algebraic and order-topological
methods. These representations allow us to ask questions about the model theory
of free Heyting algebras. Model theory means for us two things: the study of
classes of algebras as models of a formal theory, in the universal algebraic sense;
but also quite prevalently, the theory of definability, of subsets and higher-order
structures, in free Heyting algebras and more broadly in all Heyting algebras.

In this introduction, we contextualize the themes of the thesis, and give some
brief background history on intuitionistic logic, Heyting algebras, and duality
theory, from the point of view of algebraic logic. We then discuss some of the
questions that had been open in the literature, and explain how free algebras
figure at the center of all these problems. We then explain how the work of this
thesis contributes to either solving some of these problems, or advancing their
study – hopefully unraveling some of the threads of the mathematical conspiracy
that it crafts. The exposition will be informal, assuming familiarity with the basic
concepts of the field, which will be formally discussed in the subsequent chapters.

1.1 Intuitionistic logic and its semantics

The logic IPC traces its origins to Arend Heyting’s formalization [144] of L.J.
Brouwer’s philosophical understanding of mathematical truth, and of the meaning
of “constructing” mathematical objects [73]. The proposal to reject classical
logic, and embrace a more limited set of valid inferences, came from a simple
switch in priorities: whether a mathematical statement φ is metaphysically true
or not, should not be the main issue; instead we should ask, whether we can
prove that statement [99, p. 2]. Simple examples of this are abundant: for the
intuitionist, from a mathematical point of view, the Goldbach conjecture is neither
true nor false, seeing that we have neither a proof of its truth nor a proof of its
falsity; and so-called “proofs” which provide a disjunction – such as the classic

argument proving “either
?

2
?
2

is irrational or
?

2
?
2

?
2

is irrational” – are taken
to be illegitimate, since they are asserted without determining which of the two
disjuncts holds.

In an attempt to provide a solid foundation to Brouwer’s ideas, Heyting in-
troduced the intuitionistic propositional calculus, IPC, which outlined the logi-
cal principles considered valid by an intuitionist. Symbolically, the formulas in



1.1. Intuitionistic logic and its semantics 3

this system are written over propositional letters p, q, r, as well as the symbol
K (falsum or contradiction), by using the connectives ^,_,Ñ. It is common to
introduce the abbreviations ␣p for p Ñ K, and p Ø q for pp Ñ qq ^ pq Ñ pq.
The system IPC is then axiomatized in this language by imposing a few basic ax-
ioms on the connectives (see Definition 2.3.3), which essentially restrict classical
logic CPC by abandoning the law of excluded middle, and its many equivalent
forms, and giving the implication connective a dedicated role. As a consequence
of having such weaker principles, one gains several desirable logical properties:
for example, the disjunction property holds in IPC, meaning that a disjunction
φ_ ψ cannot be proven without proving either φ or ψ.

Being one of the most heavily studied propositional logics of the 20th century,
we cannot provide in this introduction a comprehensive history of the mathe-
matical analysis of IPC (see for e.g. [54, Introduction] or [82]). However, we can
identify a few important historical threads.

1.1.1 A brief history of the study of IPC

Algebraic semantics

Originally discussed in the work of Kurt Gödel [133] and Alfred Tarski [198],
and popularized by Helena Rasiowa [226], amongst others, the introduction of an
algebraic semantics allowed the tools of universal algebra to be employed in
studying superintuitionistic logics. Heyting algebras or as they are still referred in
some places in the literature “pseudo-Boolean algebras” [226, 82], were introduced
in [198, 197] as algebraic structures to study intuitionistic logic. For the reader
familiar with basic lattice theory, they can be characterized as those bounded
lattices pL,ďq where for each pair of elements a, b P L there is an element aÑ b
satisfying for each c P L,

c^ a ď b ðñ c ď aÑ b,

where c^ a is the infimum of the two elements. It is well known that they form
a variety [198], and include several subclasses of independent interest: Boolean
algebras, Gödel algebras and De Morgan Heyting algebras, for example, appear
frequently elsewhere in mathematical logic. Moreover, though Heyting algebras
arose in the context of logic, they do not appear exclusively here, but in many
other places in mathematics:

1. In topology, where lattices of open subsets of topological spaces are always
complete Heyting algebras;

2. More generally in locale theory or point-free topology, where locales are pre-
cisely complete Heyting algebras;
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3. In category theory where posetal cartesian closed categories are precisely
Heyting algebras;

4. In domain theory, where continuous distributive lattices are Heyting alge-
bras;

5. In topos theory, where all lattices of subobjects in a topos are Heyting
algebras;

6. In provability logic where Lindenbaum-Tarski algebras of intuitionistic arith-
metical theories are naturally seen as Heyting algebras;

Relational semantics

Despite their theoretical flexibility, algebraic semantics were seen as a rather
difficult tool to handle. The popularization of relational methods in the 1950s
and 1960s, especially through Kripke semantics [172, 171], allowed for a geomet-
rically intuitive semantics, closer to the usual truth-table semantics of classical
logic. This is done by considering structures M “ pP,ď, c, rq where pP,ďq is a
partially ordered set, its elements being referred to as worlds, c is a valuation,
assigning for each world x P P , a subset cpxq Ď Prop, a collection of propositional
variables which is upwards closed; and r is the root. One writes Mr1 for r1 P P
to mean the upwards closed subset Òr1, and the restriction of the structure of the
model to this subset. One then specifies the truth-condition of a formula at a
world (true at the root), denoted M , φ, by induction on the construction of
formulas:

1. If φ “ p, then M , φ holds if p P cprq.

2. M , φ^ ψ if and only if M , φ and M , ψ;

3. M , φ_ ψ if and only if M , φ or M , ψ;

4. M , φÑ ψ if and only if for all r1 ě r, Mr1 , φ implies that Mr1 , ψ.

Given a poset pP,ď, rq with a root, we say that a formula φ is valid if for any
valuation c, M “ pP,ď, c, rq , φ. It was shown by Kripke that validity in IPC
can be captured by this semantics, which became known as Kripke completeness.
It was also shown that in fact it suffices to consider finite posets – a property
known as the finite model property (FMP). Other properties which are easily seen
from this semantics include the aforementioned disjunction property.

Such a semantics marked the work of authors like Vadim Yankov2 [264] and
Dick De Jongh [160], who gave methods of extracting axiomatizations of intu-
itionistic logics through geometric means (see [37] for an extended discussion of

2Following [87], we transliterate the Russian to ‘Yankov’, though ‘Jankov’ is likewise com-
mon.
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the consequences of this). It lead to much of the development of the field, and
marked many of the core questions in the study of extensions of IPC: which ones
are Kripke complete, or which have the FMP, what are the adequate semantics
for all superintuitionistic extensions, and how can one classify the complexity of
such extensions in terms of their semantics.

Duality theory

Starting with the foundational work of Marshall Stone [246], it has become
a standard feature of algebraic analysis to correspond algebraic objects – such
as Boolean algebras – to topological structures – like compact Hausdorff zero-
dimensional spaces, so-called Stone spaces. In the context of non-classical logics,
the work of Bjarni Jónsson and Tarski [161] on Boolean algebras with operators,
and the work of Hilary Priestley [223] on distributive lattices, provided some of
the foundational work in this area. In terms of the study of intuitionistic logic,
the key contribution is due to Leo Esakia [106] (see also [102]).

To each Heyting algebra H, it associates a specific order-topological space
SpecpHq called its “dual”, which captures all the information about H. Such
spaces have become known as Esakia spaces. They can be characterised as order-
topological spaces pX,ď, τq with a compact topology, where the relation ď is
closed in XˆX, and is continuous (meaning that ÓU“ ď´1 rU s is open whenever
U is open). The theory of such spaces, and the related Priestley spaces in the
duality of distributive lattices, has been extensively developed over the last 40
years, and productively exploited in analysing intuitionistic logic and the theory
of Heyting algebras. Moreover, much like Heyting algebras, it should be pointed
out that Esakia spaces also arise curiously in other fields of mathematics: in the
theory of real algebraic geometry, the real spectrum of so-called “excellent rings”
is always definitionally equivalent to an Esakia space (see e.g. [18, Prop. 6.1]).

Having a duality means that all questions about Heyting algebras can be asked
in an equivalent form for Esakia spaces. Sometimes such questions become easier,
on a purely conceptual or intuitive level, by looking at them through the lens of
ordered spaces; other times, the opposite happens. Though it is definitional,
we stress the following: a duality is an equivalence. It is always possible to
translate any proof about Esakia spaces into a proof about Heyting algebras
making no mention of the dual spaces. In turn, most suitable statements about
Heyting algebras can be made made to talk solely about logic. However, the main
ingredient that might be lost is intuition.

Structuralization

Whilst the first three trends correspond to semantic frameworks, the last two
we wish to emphasize frame the methodological shift in the field. First, a general
trend in the study of non-classical logics, as well as in mathematics at large, is that
]properties become structure. What were once theorems about a specific system –
such as the deduction theorem, interpolation, or as above, Kripke completeness, or
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the disjunction property – become research questions on their own, and one goes
from asking whether such a property P is true, to asking how one can recognize
when the property P is true in general.

Early moves in this direction were made by Tsutomu Hosoi [148], A. Kuznetsov
[174], Kit Fine [111] and Wim Blok [68], with key contributions made by Larisa
Maksimova [184, 187] and Leo Esakia [110], Alex Citkin [86] amongst many others
(see the historical notes on [82] for an extended overview). Some examples of these
kinds of structural characterizations for superintuitionistic logics include:

1. The characterization of tabular superintuitionistic logics – those logics which
are determined by a single finite poset – in the form of identifying so-called
pre-tabular logics (due to Esakia and Grigolia [110]).

2. The classification of extensions of IPC with the Craig interpolation property
[184];

3. The result by A. Kuznetsov [175] showing that all superintuitionistic logics
are conservative over their modalized expansion by a so-called KM-modality;

4. The proof, independently due to Wim Blok [68] and Leo Esakia3 of an
isomorphism between the lattice of subvarieties of HA and the lattice of
subvarieties of Grz.

The search for general structural methods lead to the invention of methods like
Zacharyaschev’s “canonical formulas” (see [82, Ch. 9]) and the related methods
of “stable canonical formulas” (see [39]), as well as the trends we will see in the
next point.

Categorification

A categorification of the field, where the language of category theory has
become increasingly common to describe the tools and properties at play, and
progressively used not just to find universal solutions, but as inspiration for fur-
ther research questions. Elsewhere in algebraic logic, the study of coalgebraic
logic (see e.g. [253] for a good introduction) bridged the role of categories in
explaining many of the constructions which researchers had been employing for
several decades.

In the study of superintuitionistic logics, the role of category theory can be
seen from early on in the work of Andrew Pitts [217, 218], as well as the work of
Mamuka Jibladze and Dito Pataraia [108, 213], where there is a clear interplay
between questions purely about intuitionistic logic and its extensions, and the
categorical structure of the algebras corresponding to such extensions.

3It should be remarked that the contents of the original proof by Esakia of the theorem
now known as the Blok-Esakia theorem has been seemingly lost. The only traces of it are
in [102, A. 4], where the author makes reference to the use of “almost direct products” and
Feferman-Vaught theory.



1.1. Intuitionistic logic and its semantics 7

One of the most clear bodies of work exemplifying this trend lies in the work of
Silvio Ghilardi, especially in joint work with Marek Zawadowski [130, 128]. Their
work on model completions constituted a clear move in the field, towards questions
of logical definability as as they arise out of category theoretic – and implicitly,
geometrically inspired – investigations. As an illustration of the content of such
research, in the cited work the authors showed the equivalence between uniform
interpolation of a logical system, the existence of model completions for varieties
of Heyting algebras, and closure under sheaf-theoretic images. This then allowed
to contextualize the existing combinatorial properties of uniform interpolation in
terms of a definability result.

1.1.2 Open problems

After these historical threads, we now highlight some outstanding questions,
which remain open about IPC and its extensions in the year of 2026. The fol-
lowing are a small selection of the problems of the field – all chosen due to their
bearing on the research in this thesis:

• Kuznetsov hierarchy : It was originally noted by Gödel [134] that for intu-
itionistic logic, there can be no single truth-table semantics – IPC is not
tabular. As noted above, the work of Kripke showed that taking the class
of posets, and in fact finite posets, is indeed enough. The connections be-
tween intuitionistic logic and topology were also noted as early as 1930 [133],
where it was shown that topological spaces provide a complete semantics
for intuitionistic logic.

In the 1970s A. Kuznetsov, and his Chis, inău group, became interested in
the complexity of semantics of superintuitionistic logics, establishing what
is now known as the Kuznetsov hierarchy (see [50]): from tabular logics,
to locally tabular, to logics with the FMP, Kripke complete, topologically
complete, and so on. It was open for a long time whether every superin-
tuitionistic logic was Kripke complete, a question which was resolved, in
the negative, by Shehtman [241]; the problem for topological completeness,
posed by A. Kuznetsov, however, remains open, and has resisted most cur-
rent techniques (see e.g. [45, 193] for recent advances).

• Local tabularity : at the topmost part of Kuznetsov’s hierarchy, lie the tab-
ular logics which are fully understood (see [82, Ch. 12]), with a full classifi-
cation and a very thorough understanding of the logical properties of such
systems. The next class there considered are locally tabular logics. Recall
that an algebra A is locally finite when, given a finite set B Ď A , the
subalgebra xBy ď A generated by B is finite. A logic L is locally tabular if
all the algebras validating that logic are locally finite.
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Such a property is remarkably useful in semantic analysis, reducing most
universal algebraic questions to questions of finite combinatorics. It is well
understood in various settings such as modal logics [185] (see also [239] for
recent developments in this direction). Nevertheless, over IPC the prob-
lem appears to be rather involved: it was shown by Mardaev [189] that
the cardinality of pre-locally tabular logics is that of the continuum, and
several conjectured characterizations of local tabularity have been proven
to not exhaust the whole class of locally tabular logics: Maksimova’s ω-
closure criterion was shown to have counterexamples by Mardaev in [191];
Bezhanishvili and Grigolia’s [48] 2-finiteness criterion, saying that FLp2q
being finite is enough for L to be locally tabular, was shown to admit coun-
terexamples by several authors [150]. Indeed, only in very limited contexts
has local tabularity been shown to admit tame behaviour, such as when
there is global control over the structure of frames: finite depth (by the
same arguments as in the S4 case) or having width ď 2 (see [247]). The
question of whether it is algorithmically possible to decide whether a logic
is locally tabular (as it is for example with tabularity [110]) remains open.

• Higher-order definability and the Heyting-to-topos problem: a surprising re-
sult of Pitts [218], showed that the full second-order propositional logic
admits a faithful translation to IPC, implying the related property of uni-
form interpolation: whenever $ φpp, qq Ñ ψpq, rq, there are ‘largest’ and
‘least’ (with respect to the derivability order) interpolants, respectively
Aqpφq and Eqpφq. This and related properties (see [135] for a recent survey)
parametrize the relationship between IPC and its higher-order variants [104,
108], being intimately related to a question popularized by Pitts: whether
every Heyting algebra arise as the algebra of truth values of a topos. De-
spite a complex history (see [216]), such a problem has remained almost
entirely open.

• Modal Extensions and Translations : already in the work of Gödel [133], it
was noted that intuitionistic logic carried a natural modal meaning, which
made it translate into S4; later work showed that IPC could more appropri-
ately be seen to be related to Grz [141]. The work of Blok [68] and Esakia
[103] proved an isomorphism between lattices of extensions. Later work by
Kuznetsov and Muravitsky found a particular modal extension of intuition-
istic logic – nowadays known as KM-logic [206], and a similar translations
into GL, and similarly [260] found such an isomorphism with respect to
tense variants of Grz. The logic KM was moreover shown to be intimately
connected to IPC, through a general conservativity result [206, 155]. Similar
results for monadic intuitionistic logic have proven difficult [44, 43]. The
question of what extensions of IPC remain conservative over it, and which
ones allow for translations to modal systems provides thus a large open area
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of research.

The above problems, though of very different natures, havin in common that
they can be boiled down to problems about free Heyting algebras : whether free
Heyting algebras can be suitably obtained from a well-understood class of algebras
(Kuznetsov’s problem), whether they are themselves reasonably simple (local
tabularity), whether they carry higher-order structure (higher-order definability),
or whether they admit suitable homomorphisms to other free algebras (modal
extensions and translations). In the next section we explain this centrality further,
and discuss how they can be employed in mounting lines of attack on the above
problems.

1.2 Free Heyting algebras

Free algebras are natural objects from many points of view. In logical terms
they are often called Lindenbaum-Tarski algebras [82, 66, 122]. The following is
a general recipe for their construction: suppose one works with a given logical
system L, with a given class AL providing its algebraic semantics, and suppose
we are given a set Prop of proposition letters. The algebra FLpPropq can be
equivalently described as the algebra of equivalence classes of formulas rφs«L

,
where the equivalence is given by equiderivability

φ «L ψ ðñ $L φØ ψ.

Birkhoff’s theorem, one of the building blocks of universal algebra, states that
the equational theory of FLpωq, where ω is an infinite set of generators, is the
same as the equational theory of AL. This provides a deep connection between
properties shared by all algebras of L, properties of the logical system L, and
concrete special properties of FLpωq: for example, the fact that admissible rules
over $L coincide with the quasi-equations valid in FLpωq (see e.g. [235]).

On the other hand, free algebras satisfy special universal mapping properties,
which amount to saying that the class AL has a forgetful functor to Set which
has a left adjoint, constructing precisely for each set X, the algebra FLpXq. This
point of view allows us not only to understand how free algebras relate to all
others, but gives us an array of interesting constructions: coproducts, pushouts,
and other colimits in classes of algebras, all of which can be generically described
as quotients of specific free algebras.

1.2.1 Representations of free Heyting algebras

Because of this fundamental role, it has often been desirable to study special
representations of free algebras; these tend to be connected to the existence of
well-behaved normal forms of the associated logics [125], and to the existence of
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well-behaved locally finite reducts yielding “filtrations” [126, 36]. For some classes
of interest in algebraic logic – like Boolean algebras and distributive lattices – such
descriptions exist to a very satisfactory degree: for example, one can describe for
any set X the free Boolean algebra on X many generators, by looking at the Stone
space that is dual to it, which coincides with 2X , the X-fold product of copies
of 2, the two point discrete space. Such constructions have proved instrumental,
for instance, in describing many properties of theories of Boolean algebras (e.g.,
[167, Ch. 18]).

Free Heyting algebras are much less well-behaved. Already the 1-generated
free Heyting algebra – the well-known Rieger-Nishimura lattice [231, 209] (see
Section 3.1) – is infinite. To approach the n-generated free Heyting algebras,
different techniques have been introduced.

An early way of visualizing such an algebra came from the technique of color-
ings, or universal models : one constructs, recursively, from a finite set of points,
an infinite poset Upnq, which captures all the irreducible n-generated models.
This is due independently to Bellissima [30], Grigolia [138] and Shehtman [242],
though some of its key features can also be seen already in the work of De Jongh
[160] (see [82, Ch. 8.8] or [54, Sec. 3.2] for modern presentations). The resulting
representation of Fpnq is through the definable upsets of a given poset Upnq.
Whilst Upnq is highly impractical to write down – even for n “ 2 – the simple
combinatorial conditions generating each new layer have lead to it finding use
in many questions about intuitionistic logic (e.g., in [65, 234, 40, 151]). A key
peculiarity, though, is that Upnq is not the dual of Fpnq; the dual, SpecpFpnqq,
is a much larger space, where Upnq sits as a dense open upset. The precise mech-
anism of such a representation bears a resemblance to the relationship to other
dual constructions – like representations of duals of products using non-compact
topological sums. Despite the success of universal models, not much has been
studied about general representations of this kind (with a few notable exceptions,
see e.g [123]).

A different representation of Fpnq was given by Ghilardi [127], generalizing
previous work by Urquhart [251], and in turn being generalized by Butz [75].
This representation makes use of the relationship between Heyting algebras and
distributive lattices: the dual SpecpFpnqq is presented as an inverse limit of a
sequence

P n
0

r0
ÐÝ P n

1
r1
ÐÝ P n

2
r2
ÐÝ ...,

where P n
0 is the dual of the free distributive lattice on n-many generators, and

each step is obtained by a power-set-like operation which adds freely collections of
rooted subsets. Such a description allows a different stratification of Fpnq: whilst
with Upnq the completely join-irreducible elements of Fpnq gain a transparent
shape, here the plain join-irreducible elements are more easily visible. This makes
it easy to show, for instance, that free finitely generated Heyting algebras are bi-
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Heyting algebras4.
Though the step-by-step representation presents an attractive way of cap-

turing all formulas of IPC dually, the restriction of such a representation to the
finitely generated case, meant that several constructions of interest which could be
developed for Boolean algebras – like coproducts and pushouts of general Heyting
algebras – remained beyond the reach of existing methods.

1.2.2 Model theory of free algebras

As we have emphasized above, specific properties of free Heyting algebras are
often equivalent to logical properties of IPC and its extensions. General examples
of this are abundant:

1. Questions about local tabularity or tabularity boil down to problems of size,
and existence of bounds, on free algebras;

2. Questions about interpolation or Beth definability , depend on the structure
of free algebras, their lattice theory, and their category theoretic properties;

3. Questions about uniform interpolation often involve problems of the exis-
tence of adjoints to inclusion maps between free algebras;

4. Questions about the existence of translations or uniform conservativity re-
sults can be phrased as the existence of specific maps between free algebras.

Such problems can all be seen as problems about the model theory of free
Heyting algebras. Here we take model theory to mean the study of definability in
the free Heyting algebra, and consequently, definability in the logical system itself.
For instance, a natural conjecture about local tabularity is that it corresponds to a
syntactic property: the existence of a uniform bound on how complex a formula
is, in terms of having n-many nested implications and not being equivalent to
any formula with fewer nested implications. This can be seen to be equivalent to
asking whether free algebras for these systems admitting a simple representation
which is likewise parametrized by such uniform bounds.

Similarly, questions of higher-order extensions and ways of relating proposi-
tional theories to higher-order ones have been long the subject of debate and
questioning [216]. Through usual methods, they can be seen as problems of de-
finability of higher-order quantifiers in free algebras. To address such problems
it is necessary to find how one can “complete” Heyting algebras into toposes.

4We briefly remark that a complement to these two representations was likewise given by
Ghilardi and Zawadowski [130], representing Fpnq as a special sublattice of the lattice of sub-
sheaves of a sheaf topos. Such a representation will not play as central a role as the universal
model and step-by-step representations in the developments of this thesis (but see Appendix
A.3.2 for a comparison).
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1.3 Structure and contributions of this thesis

The problems outlined in the previous section form the bulk of our study in this
thesis. These are split in two parts.

Part One discusses representations of free Heyting algebras. In this part we
present some new and generalized representations, of free algebras and of several
free constructions, employing duality theory systematically. Our key contribu-
tions can be summarised as follows:

1. (Locally Esakia spaces and universal models) We contextualize the theory
of universal models through the concept of locally Esakia spaces. These
provide a more flexible method of representing a Heyting algebra H via
different ordered spaces, which are not necessarily compact. These different
duals are connected to the Esakia dual by order-compactifications. With
this level of generality, we are able to study locally Esakia representations
of products of Heyting algebras, and of so-called “Bellissima algebras”, in
relation to a question by Darnière and Juncker [91].

2. (Step-by-step constructions of Heyting algebras) We discuss a general theory
of step-by-step constructions, with the key contribution being the general-
ization of the Ghilardi construction – named here a Ghilardi complex – to
the case of arbitrary Heyting algebras. This is used to present colimits of
Heyting algebras and polynomial Heyting algebras dually. In particular,
such a step by step construction is given by specifying the left adjoint of
the inclusion of HA into DL, and manipulating such functors. As a key
application of general Ghilardi complexes, we study two interpretations of
IPC in positive logic PL (its implication-free fragment): one which acts ho-
momorphically on connectives, but is non-conservative, and another which
is conservative, yielding uniform positive approximations.

3. (Variations of the step-by-step construction) We also study several key vari-
ations of the Ghilardi construction. We present the step-by-step procedure
for subvarieties of Heyting algebras, showing how it simplifies in such cases.
We also show how a discrete Ghilardi-complex can be developed, and use
it to solve an open problem in coalgebraic intuitionistic modal logic (see
[179, Rem. 8] and [140]), concerning a coalgebraic semantics for intuition-
istic modal logics. Such work is presented here only in brief, and has been
continued in [15], where it is shown that such methods can be applied to
well-known logics, such as Fischer-Servi’s IK (see [114]).

In Part Two, we look at some questions concerning model theory and defin-
ability in free Heyting algebras. Here we make two studies on issues of definability,
both addressing concrete open problems in the field, and both being contextu-
alized in a broader set of research questions. Our main contributions are the
following:
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1. (Uniform local tabularity) To understand Kuznetsov’s hierarchy, and espe-
cially local tabularity, in a deeper way, we give a detailed study of uniform
local tabularity, first analyzed by Shehtman [240] (under the name of “finite
formula depth property”). We axiomatize the smallest extensions of intu-
itionistic logic which are uniformly locally tabular for n ď 3. This can be
seen as an explanation of the tractability of the Gödel logic LC, and pro-
vides a new hierarchy for a more fine-grained analysis of logical complexity.
We also answer a question of Shehtman concerning the existence of locally
tabular but non-uniformly locally tabular logics, showing that the logic of
“weak Peirce’s law” wPL is one such example.

2. (Topos-admissibility) To study higher-order extensions, one needs a notion
of “power-objects”, which internalise the process of forming higher-order
structures like sets of sets. For this it turns out to be useful to impose
stronger restrictions on a homomorphism, working with so called étale maps.

We provide here a systematic study of étale Heyting algebras, as introduced
in [177, 155], and employ a combination of step-by-step representations and
duals of products of algebras to describe the free 1-generated algebra for
varieties of étale-Heyting algebras. We also show how such a representation
becomes vastly easier when simplifying assumptions – such as local linearity
and boundedness – are brought in.

An especially strong assumption is étale-finiteness. As a consequence of it,
all free constructions collapse to distributive lattice free constructions. In
this class of Heyting algebras, we make progress on the Heyting-to-topos
question. In particular, we provide a construction which shows that all
étale-finite Heyting algebras arise as lattices of truth values of elementary
toposes.

We have strived to adhere to two principles in writing this thesis: (1) to
keep the thesis self-contained and streamlined wherever possible; (2) to make
the thesis serve the research community. In pursuit of (1), we have included a
long technical introduction, Chapter 2, which details many well-known, and some
less well-known results, with precise references and proofs wherever appropriate.
In pursuit of (2), we have included a dedicated Appendix A containing proofs
of several folklore results, some simplified proofs and small extensions of known
results, and some questions and connections which seem to us of interest to record
for further analysis. Attributions have been made to the best of the knowledge of
the author, sometimes to oral communications, due to the lack of written records.

To aid the reader, we include a flowchart in Figure 1.1 with the conceptual
dependencies between chapters.
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Loc.Esa Step

Var.Step

U.Loc.Tab Etale

Figure 1.1: Diagram of dependencies of chapters

1.3.1 Sources

The contents of this thesis are collected from several papers, preprints and notes,
many of which obtained in collaboration. In some cases, substantial parts of the
texts were edited to better fit in the narrative and style of the thesis; for that
reason, all mistakes found should be attributed solely to the author, and not to
any the co-authors mentioned below :

1. The contents of Chapter 2 were based and expanded from several sources:
(1) the lecture notes for Mathematical Structures in Logic, written together
with Nick Bezhanishvili [14]; (2) the preliminaries of [17], written together
with Silvio Ghilardi; (3) and the preliminaries for [11], written together
with Guram Bezhanishvili.

2. The results from Chapter 3 concerning locally Esakia spaces and their the-
ory were obtained in collaboration with N. Bezhanishvili and G. Bezhan-
ishvili. The results about locally Esakia spaces were collated in [12], whilst
the results concerning the combinatorics of the universal model, dual repre-
sentation of products, ultraproducts, and Bellissima algebras, are collected
here for the first time.

3. The results from Chapter 4 and from Chapter 5 were originally made public
in the preprint [6]. The text found in this thesis has been entirely rewrit-
ten to focus on a more uniform and more transparent presentation of the
results. Several new results concerning normal forms, relative anarchy, and
the interpretations of IPC in its positive fragment PL are also included here
for the first time.

The mentioned results concerning coalgebraic representations of intuition-
istic modal logics appeared in joint work with N. Bezhanishvili [13] as well
as N. Bezhanishvili and Sarah Dukic [15]. The results mentioned concern-
ing regular Heyting algebras are also recorded in [6], and were presented
in [8]. The results mentioned concerning interpolation of bi-Gödel algebras
were obtained in collaboration with Qian Chen, and are recorded in the
forthcoming [16].
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4. The results from Chapter 6 were obtained by the author, and were published
at AIML 2026 [9].

5. The results from Chapter 7 concerning the existence of a topos for étale-
finite Heyting algebras were obtained together with Marco Abbadini and
Igor Arrieta, and compiled in [3]. The results concerning other classes of
étale Heyting algebras are due to the author and collected here for the first
time.

6. The discussion from Chapter 8 that concerns questions and further direc-
tions in the interplay of definability and geometry, stems from ongoing re-
search jointly with Matteo De Berardinis and Lingyuan Ye.

7. The Appendix A contains several results which are the product of collabora-
tion: the proof of Lemma A.1.1 stems from joint work with G. Bezhanishvili;
the results from Section A.2.2 arose from joint work with N. Bezhanishvili
in the context of Esakia order-compactification; Sections A.2.3, A.2.4 and
A.5 come from our joint work with M. Abbadini and I. Arrieta; Sections
A.3.1 and A.3.2 were remarks obtained in discussion with Luca Carai; and
Section A.4 is joint work with M. De Berardinis.

1.3.2 Attribution and AI

For matters of ethics and transparency, we declare our usage of artificial intelli-
gence in the process of writing the present thesis:

1. At numerous points during the writing process, Anthropic’s “Claude Opus
4.6–4.8” was used to assist in searching for references;

2. In Chapter 4, the same model was asked to clean up notation and optimize
readability on the proof of Proposition 4.5.9, before the author rewrote the
proof;

3. In Chapter 7, some simplifications of the main arguments were worked
out after interaction with OpenAI’s ChatGPT5. Namely the idea of using
a simplifying lemma like Proposition 7.3.12 for simplifying power object
arguments, was made by the model.

4. The above notwithstanding, none of the text contained in the present thesis
was generated using artificial intelligence, and all authorship is retained by
the author and his co-authors as detailed above.





Chapter 2

Topology, Algebra, and Logic

In this chapter we give an overview of all necessary background material for this
thesis, and take the opportunity to fix notation and terminology for the sequel.
We assume the reader is generically familiar with a wide variety of topics: the
basics of lattice theory [137], namely the basic theory of distributive lattices
and their morphisms; the basics of category theory [182], namely the notions of
categories, functors and categorical equivalences; the basics of topology [101], in
particular the theory of continuous functions, and familiarity with some of the
more common classes of topological spaces; and the basics of universal algebra
[34]. Despite these broad assumptions, many of the core definitions are recalled
here, and basic results are stated in full, for ease of reference throughout the text.

Outline of the Chapter

1. In Section 2.1 we discuss the basics of orders, lattices and categories, with
a special focus on Heyting algebras and their classes therein, as well as on
Priestley and Esakia duality.

2. In Section 2.2 we give the basic properties of classes of algebras and logics
which we will refer to throughout the thesis.

3. In Section 2.3 we present intuitionistic logic, with its order-theoretic seman-
tics and some of the basic properties of IPC and its extensions.

2.1 Orders, Lattices and Categories

2.1.1 Posets and Categories

Partially ordered sets

By a poset we will mean a partially ordered set, often denoted by pP,ďq, that is,
a set equipped with a reflexive, transitive and antisymmetric relation ď. We will

17
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write ă for the irreflexive version of this order, We will identify a poset with its
carrier set whenever this does not cause confusion.

Definition 2.1.1 (Maximal and minimal sets). Given a poset P an element
x P P is maximal if whenever x ď y then x “ y. We denote by maxpP q the set
of maximal elements in P . Minimal elements are defined similarly and we write
minpP q for the set of minimal elements. For a subset C Ď P , maxpCq (minpCq)
will mean the set of maximal (minimal) elements of C.

A linear order is a poset pL,ďq such that for each x, y P L, x ď y or y ď x.
Note that the order duals of linear orders, pL,ěq are again linear orders, which we
denote throughout by Lop. A subset C Ď P of a poset which is a linear order as a
subposet is a chain. A collection W Ď P where no two elements are comparable,
i.e., for each a, b P W , a ę b and b ę a, is an antichain.

Definition 2.1.2 (Upset and downset). Given a poset pP,ďq, a subset U Ď P
is said to be upwards-closed (downwards-closed) or simply an upset (downset) if
whenever x P U and x ď y (y ď x) then y P U . We denote by UppP q (DownpP q)
the collection of upsets (downsets) of P .

Given a subset C, the least upset containing it always exists, and is denoted
by ÒC. We shorten Òx by Òtxu, and refer to this as the rooted upset , with x being
the root. Given a subset C Ď P , we denote by:

lďC “ tx P P : @y ě x, y P Cu,

often simply lC; given two upsets U, V we employ the following notation:

U ñ V :“ ´U Y V and U Ñ V :“ lpU ñ V q.

Category theory

Definition 2.1.3 (Adjoint functors). Given two functors F : C Ñ D and G :
D Ñ C we say that F is the left adjoint of G (resp. G is right adjoint of F ),
written F % G, if and only if: for each A P D, there is a morphism ηA : A Ñ

GF pAq such that for each object B P C, and every morphism g : A Ñ GpBq,
there is a unique morphism f : F pAq Ñ B with GpfqηA “ g (see Figure 2.1)

A GF pAq

GpBq

ηA

g Gpfq

Figure 2.1
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The map η, the unit , is associated to a natural transformation; a dual natural
transformation ε : FGÑ 1D always exists, and is referred to as the co-unit .

Example 2.1.4 (Examples of adjoint functors).

1. (Reflective subcategory) If C ď D is a full subcategory, and I is the inclu-
sion functor, a left adjoint R % I is called a reflector ; in this case C is a
reflective subcategory of D.

2. (Poset adjoint maps) If P,Q are posets, we can see them as categories. A
functor is then an order preserving map f : P Ñ Q; a map g : Q Ñ P is
then the (right) adjoint if it satisfies:

fpxq ď y ðñ x ď gpyq.

One particular structure naturally induced by adjunctions is that of a monad :

Definition 2.1.5 (Monad). A monad is a triple pT, η, µq, consisting of an endo-
functor T : CÑ C, and two natural transformations η : 1C Ñ T and µ : T 2 Ñ T
subject to the following compatibility laws (Figure 2.2) for each B P C:

T pBq T 2pBq T pBq

T pBq

ηTB

1
µ

T pηBq

1

T 3pBq T 2pBq

T 2pBq T pBq

T pµq

µT pBq µ

µ

Figure 2.2: Monad laws

Example 2.1.6 (Examples of monads).

1. (Posetal monads=Closure operators) Given c : P Ñ P , an order-preserving
map on a poset P , we have that c is a monad precisely when it is a closure
operator: for each p P P , p ď cppq, and ccppq “ cppq.

2. (Monad of an adjunction) Given an adjunction F % G where F : C Ñ D,
the composition GF : CÑ C forms a monad, when equipped with the unit
η of the adjunction, and the multiplication µ :“ GpεF pXqq.

The example 2.1.6.(2) is the key example where we will see monads in this
thesis. In particular, we will consider algebras for such monads.

Definition 2.1.7 (Algebra for a monad). An algebra for the monad T , where
pT, η, µq is a monad on the category C, is a pair pB,αq, where α is a map α : TB Ñ
B, satisfying the following compatibility laws:
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T 2pBq T pBq

T pBq B

T pαq

µB α

α

X T pBq

B

1B

ηB

α

Figure 2.3: Algebra over a monad; on the left, the multiplication, and on the
right, the unit conditions.

We assume the reader is familiar with basic limits and colimits of categories,
and associated mentions of categorical products, pullbacks , amongst other con-
cepts.

Notation 2.1.1 (Notation in categories with finite limits). Given a category C
with all finite limits, we will denote the following objects:

• The terminal object by 1C (often without the subscript);

• The categorical product by Ab A, whenever A P C;

• The categorical pullback by B bA C whenever there are f : B Ñ A and
g : C Ñ A a specified pair of morphisms.

2.1.2 Lattices and Heyting algebras

Definition 2.1.8 (Lattice). A poset pL,ďq is a lattice if it has all finite infima
and suprema. It is a complete lattice if L has all infima and suprema.

Remark 2.1.9 (All lattices are bounded). Note that in the light of the above
definition, we assume the convention throughout this thesis that all lattices are
bounded (since empty suprema and infima give us the bounds).

Given a lattice L, we denote by a^b the infimum of a, b, by a_b the supremum
of a, b, by 0 “

Ž

∅ and by 1 “
Ź

∅. Given pL,ďq a lattice, note that pL,ěq is
likewise a lattice.

Definition 2.1.10 (Distributive lattice). A lattice L is distributive if for all
a, b, c P L, a^ pb_ cq “ pa^ bq _ pa^ cq.

We view lattices implicitly in the signature containing p^,_, 0, 1q, so a lattice
homomorphism is a map preserving meets, joins and bounds. We denote by DL
the category of distributive lattices with lattice homomorphisms.

Definition 2.1.11 (Complemented element). An element a P L in a lattice is
complemented if there exists some element b P L such that a^b “ 0 and a_b “ 1.
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Remark 2.1.12 (Unique complementation). It is well-known [137, Lem. 1, pp. 57]
that in a distributive lattice, every element which is complemented is uniquely
complemented. Moreover, a distributive lattice homomorphism preserves (though
it need not reflect) complements of elements.

Definition 2.1.13 (Boolean algebra). A distributive lattice B is a Boolean alge-
bra if every element is complemented.

We write BA for the category of Boolean algebras and Boolean homomor-
phisms – lattice homomorphisms preserving and reflecting complements. As it is
well-known, this coincides with the full subcategory of DL consisting of distribu-
tive lattices where every element is complemented [137, pp. 100].

Definition 2.1.14 (Heyting algebra). A lattice pH,ďq is a Heyting algebra if for
all a, b P H there is an element aÑ b P H such that for all c P H:

c^ a ď b ðñ c ď aÑ b.

Such an element is called the Heyting implication or the relative pseudocomple-
ment of a relative to b.

Heyting algebras are always considered in the signature p^,_,Ñ 0, 1q, with
Heyting homomorphisms preserving the relative pseudocomplement. We write
HA for the category of Heyting algebras with Heyting homomorphisms.

There is a natural connection between Heyting algebras and specific distribu-
tivity assumptions on lattices:

Theorem 2.1.15. Let L be a lattice.

1. If L is a Heyting algebra, then L is distributive.

2. If L is a complete lattice, then L is a Heyting algebra if and only if it satisfies
for each a P H and paiqiPI a family of elements in H,

a^
ł

iPI

ai “
ł

iPI

a^ ai

Consequently, a lattice admits at most one Heyting algebra structure.

Proof. For (1) see [158, Lem. 1.10], and for (2) see [158, Thm. 4.2, pp.26]. ■

Remark 2.1.16 (Complete Heyting algebras are locales). Complete Heyting alge-
bras are sometimes called locales [215], and feature prevalently in the study of
constructive topology.

The following examples can easily be verified to be Heyting algebras (using
Theorem 2.1.15, for the latter two examples):
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Example 2.1.17. [Examples of Heyting algebras]

1. (Linear Heyting algebras) If L is a linear order, L is a Heyting algebra; the
meet and join are given by the binary supremum and maximum, and for
a, b P L, a Ñ b “ 1 when a ď b and a Ñ b “ b when a ę b. Such algebras
are called linear Heyting algebras .

2. (Boolean algebras) A Boolean algebra B is a Heyting algebra, where we
define aÑ b “ ␣a_ b.

3. (Lattice of upsets) Given a poset P , the lattice pUppP q,Ďq forms a Heyting
algebra; the implication operation is given by U Ñ V .

4. (Topological Heyting algebra) If pX, τq is a topological space, the lattice
pOppXq,Ďq of open subsets is a Heyting algebra, with the implication being
given by intpU ñ V q; note that the case of UppP q is a special instance,
where one considers the Alexandroff topology on P .

Definition 2.1.18 (Irreducible and prime). Let L be a lattice. An element a P L
is said to be:

1. join-irreducible (join-prime; meet-irreducible; meet-prime) if whenever a “
b _ c (a ď b _ c; a “ b ^ c; a ě b ^ c) then a “ b or a “ c (a ď b or a ď c;
a “ b or a “ c; a ě b or a ě c);

2. completely join-prime (completely join-irreducible) if whenever a ď
Ž

iPI bi
(a “

Ž

iPI bi) then for some i, a ď bi (a “ bi) ;

3. an atom if a ‰ 0 and whenever 0 ă b ď a then a “ b.

Remark 2.1.19 (Prime=Irreducible). For distributive lattices, the classes of join-
irreducible and join-prime elements coincide. Similarly, the classes of meet-
irreducible and meet-prime elements likewise coincide. This fact will be used
throughout, often implicitly.

Definition 2.1.20 (Filters, Ideals). Let L be a lattice. A subset F Ď L is a filter
if it is an upset, and whenever a, b P F then a^ b P F ; it is called proper if 0 R F ;
it is called prime if whenever a_ b P F then a P F or b P F ; it is called principal
if there is an element a P F such that for each b P F , a ď b.

A subset I Ď L is called an ideal if it is a downset and whenever a, b P I then
a_ b P I; it is called proper if 1 R I; it is called prime if whenever a^ b P I then
a P I or b P I; it is called principal if there is an element a P I such that for each
b P I, b ď a.

In some instances we will need special filters which exist most naturally on
Boolean algebras:
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Definition 2.1.21 (Ultrafilter). A filter F Ď B on a Boolean algebra is called
an ultrafilter if for each a P B either a P F or ␣a P F .

Definition 2.1.22 (Filter generated, lattice of filters). Given a lattice L, and a
subset S Ď L, we denote by FilpSq (respectively IdpSq) the filter generated by S
(respectively the ideal generated by S). Given a lattice L, we denote by FilpLq
the (complete) lattice of its filters ordered by inclusion.

In Heyting algebras, filters capture the role of algebraic congruences: given a
congruence Θ, we define a filter FΘ :“ ta : pa, 1q P Θu, and given a filter F , we
define ΘpF q :“ tpa, bq : aØ b P F u. The following is then well-known:

Proposition 2.1.23 (Filter-congruence correspondence). Given a Heyting alge-
bra H, the map Θ: FilpHq Ñ ConpHq is a lattice isomorphism, with its inverse
being given by Fp´q.

2.1.3 Classes of Heyting algebras

In this section we collect some basic classes of Heyting algebras which will appear
throughout in the thesis.

Definition 2.1.24 (Completely distributive lattice). A complete lattice is called
completely distributive if it validates the law:

ľ

iPI

ł

jPJ

ai,j ď
ł

fPJI

ľ

iPI

ai,fpiq.

Definition 2.1.25 (Compact element). An element a P L in a lattice is called
compact if for each a P L, whenever a ď

Ž

S for S Ď L there is some s P S such
that a ď s.

Definition 2.1.26 (Algebraic lattice). A lattice is called algebraic if each element
is a join of compact elements.

The following was shown by Raney [225].

Proposition 2.1.27 (Raney duality). The following are equivalent for a Heyting
algebra H:

1. H is complete, completely distributive and algebraic;

2. H is complete and completely generated by its completely join-irreducible
elements.

3. There is a poset P such that H – UppP q.
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Since as noted in Example 2.1.17, the lattices of the form UppP q are always
Heyting algebras, this gives us a lattice theoretic characterization of Heyting
algebras arising as lattices of upsets. One is sometimes also interested in special
subclasses of this:

Definition 2.1.28 (Locally finite). A poset P is called locally finite1 if for each
x P P , Òx is finite.

Definition 2.1.29 (Profinite algebra). Let A be a category of algebras. An
algebra A P A is called profinite if it is an inverse limit of finite algebras.

Definition 2.1.30 (Finite index property). An algebra A is said to have the
finite index property if whenever a, b P A and a ‰ b then there is a finite algebra
B and a surjective homomorphism f : AÑ B such that fpaq ‰ fpbq.

Theorem 2.1.31 (Profinite Heyting algebras). The following are equivalent for
a Heyting algebra H:

1. H is a profinite Heyting algebra.

2. H is complete, completely distributive and has the finite index property.

3. H – UppP q where P a locally finite poset.

Proof. This was proven in [38, Thm. 3.6]. ■

Subdirectly irreducible Heyting algebras appear very frequently in our anal-
ysis; as a consequence of Proposition 2.1.23, and usual facts about subdirectly
irreducible algebras (see [74, Thm. 8.4]) we have the following characterization:

Proposition 2.1.32 (Subdirectly irreducible Heyting algebras). A Heyting al-
gebra is subdirectly irreducible if and only if it has a second largest element2.

Proof. See [102, A.1.1]. ■

Definition 2.1.33 (Co-Heyting algebra, bi-Heyting algebra). A lattice pL,ďq is
called a co-Heyting algebra if pL,ěq is a Heyting algebra. Equivalently, there is
for each a, b P H an element a – b such that:

a – b ď c ðñ a ď b_ c.

It is called a bi-Heyting algebra if it is both a Heyting algebra and a co-Heyting
algebra.

1Such posets were named image-finite in [38]; the term locally finite was used in [33], and is
used here for consistency with analogous “local properties”: local linearity, local directedness,
etc.

2In some literature this element is called monolith or an opremum.



2.1. Orders, Lattices and Categories 25

Bi-Heyting algebras were introduced by Rauszer [227], and were studied by
Esakia [105], Wolter [258], and others. We consider them as a category biHA
with Heyting algebra homomorphisms preserving the co-implication.

Example 2.1.34 (Examples and counterexamples of bi-Heyting algebras).

1. (Linear bi-Heyting algebra) Every linear order, or lattice of upsets, is a
bi-Heyting algebra.

2. (Cofinite are not bi-Heyting) Consider the lattice Pcof,∅pωq, containing the
cofinite subsets of the natural numbers and 0. This is a complete Heyting
algebra, but not a bi-Heyting algebra. We have that ∅ “

Ź

nPω ωzr2ns “
Ź

nPωpωzr2ns Y t0uq, and so:

t0u “ t0u Y
´

ľ

nPω

ωzr2ns
¯

‰
ľ

nPω

pωzr2ns Y t0uq “ ∅;

therefore, by the dual statement Theorem 2.1.15, the algebra is not bi-
Heyting.

Definition 2.1.35 (Regular and complemented). An element a P H in a Heyting
algebra is called regular if a “ ␣␣a. It is called complemented if a _ ␣a “ 1.
We denote by RegpHq the set of regular elements of H, and CenpHq the set of
complemented elements.

The set CenpHq when equipped with the restriction of the operations from H
is a Boolean algebra. Likewise RegpHq forms a Boolean algebra when equipped
with ^,␣ and the operation _reg defined by:

a_reg b :“ ␣␣pa_ bq.

Moreover, if f : H Ñ H 1 is a Heyting algebra homomorphism, it is not difficult
to see that both fæCen and fæReg will be Boolean algebra homomorphisms. Indeed,
we have the following:

Theorem 2.1.36 (Adjunctions to forgetful HA Ñ BA). The Booleanisation
functor Reg : HA Ñ BA is left adjoint to the inclusion I : BA Ñ HA, and the
functor Cen : HAÑ BA is the right adjoint to I.

Proof. See the main results from [109]. ■

Definition 2.1.37 (Dense elements). Given two elements a, b P H, we say that
a is dense over b if either of the following equivalent conditions hold3:

1. b “ c_ pcÑ aq for some a ď c;

3See [104, Prop. 4, 5] for a proof of these equivalences.
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2. a ď b and bÑ a “ a.

3. bÑ a ď a.

We denote by Da the filter of elements dense over a4. In general this filter
may not be principal – for instance, take the algebra 1`ωop, where every element
is dense over 0, but there is no least dense element. This motivates the following:

Definition 2.1.38 (KM Heyting algebras). A Heyting algebra H is called a KM
Heyting algebra if for each a P H, Da is principal.

We can see KM-algebras as a modal Heyting algebra, by enriching them with
an operation l, satisfying the following axioms (see [104, 206]):

Definition 2.1.39 (KM-algebras). A Heyting algebra pH,ď, τq equipped with a
unary operation τ : H Ñ H is called a KM-algebra if it satisfies5:

• (Normality) τpa^ bq “ τa^ τb;

• (Inflationarity) a ď τa;

• (Cantor-Bendixson) τa ď b_ pbÑ aq;

• (Strong Löb) τaÑ a ď a.

We denote by KM the class of KM-algebras with Heyting algebra homomor-
phisms preserving the operation τ , sometimes also called the successor operation
[77, Exa. 5.1].

Example 2.1.40 (Examples of KM Heyting algebras). We give some examples
of KM Heyting algebras:

1. (Finite) Every finite Heyting algebra is KM, since every filter is principal in
a finite algebra.

2. (Boolean) Every Boolean algebra is a KM Heyting algebra, with τa :“ 1.

3. (Duals of well-founded posets) Let H – UppP q where P is a well-founded
poset, for instance if H is a profinite Heyting algebra (see Theorem 2.1.31).
Then H is a KM Heyting algebra. In fact if P is a poset, then UppP q admits
the structure of a KM-algebra if and only if P is well-founded[206, Prop. 13].

4See e.g. [155] for a proof that this forms a filter
5The terminology of “Cantor-Bendixson” comes from [179], whilst the name “Strong Löb”

comes from [132].
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4. (Scattered chain) Recall that a linear order pL,ďq is scattered if it contains
no subset C Ď L which is a dense linear order (see [233, Sec. 2.3]) 6. Then
L is a KM-Heyting algebra.

As a result of carrying a uniquely definable structure, KM Heyting algebras
have some interesting closure properties inside of the class of Heyting algebras.
The following is implicit in [77]:

Proposition 2.1.41 (Closure under products and homomorphic images). The
class of KM Heyting algebras is closed under products and homomorphic images.

Proof. It was shown in [155, Prop. 8] that for each Heyting algebra H, and a P H,
an arbitrary element sa P H is equivalent to the successor τa if and only if for
each b P H

psa Ñ bq “ paÑ bq ^ ppbÑ aq Ñ aq.

We can thus consider the first-order sentence:

@aDsa@bppsa Ñ bq “ paÑ bq ^ ppbÑ aq Ñ aqq.

This sentence is a Horn formula, and it is positive. Thus by the classical preserva-
tion theorems of Horn formulas (see e.g. [146, Sec. 9]), whereby Horn formulas are
preserved by direct products, and positive formulas (see e.g. [146, Thm. 10.3.3],
whereby positive formulas are preserved by surjective homomorphisms, it is pre-
served under homomorphic images and products. This shows the result. ■

Remark 2.1.42 (Boolean are only uniformly KM variety). We can deduce from
Proposition 2.1.41, and some results mentioned later in this chapter, that Boolean
algebras are the only variety of Heyting algebras where all algebras are KM Heyt-
ing algebras. Indeed, note that as a consequence of Proposition 2.3.39, every
non-Boolean variety V is contained in Sme. On the other hand, Sme contains
algebras which are not KM – consider for instance the algebra P∅,cofpNq (see
Chapter 7.5 and Appendix A.2.4 for further discussion).

2.1.4 Ordered Topological Spaces and Duality Theory

Having seen the main algebraic structures of interest, we now turn to their dual
representations. For that purpose we begin by recalling Hilary Priestley’s duality
[223] for distributive lattices, before turning to Esakia duality [106] for Heyting
algebras.

6By a classic result due to Hausdorf, such linear orders can be constructed from ordinals
by concatenation, order duality, and exponentiation; see [233, Ch. 4]for references. Also note
that the term scattered has topological bearing: a linear order is scattered if and only if it is a
scattered topological space when equipped with the order-topology .
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Stone and Priestley duality

Definition 2.1.43 (Ordered topological space). An ordered topological space,
often just an ordered space, is a tuple pX,ď, τq of a poset pX,ďq with a topology.

The study of ordered topological spaces was pioneered by Nachbin. His main
findings were collected in [207], to which we refer the reader throughout this
section.

Notation 2.1.2. We often write only pX,ďq, or simply X, to denote an ordered
space, whenever this causes no confusion.

We denote by UppXq the set of upsets of an ordered space X, and write
ClopUppXq for the clopen upsets of X, ClopDownpXq for the clopen downsets of
X, and CloppXq for the clopens of X.

Definition 2.1.44 (Order-homeomorphism, order-embedding). A map f : X Ñ

Y between ordered spaces is an order-homeomorphism if it is a homeomorphism
between the underlying topologies, and a poset isomorphism. An injective map
f : X Ñ Y is called an order-embedding if f : X Ñ f rXs is an order-homeomor-
phism.

Definition 2.1.45 (Priestley space). An ordered space X is called a Priestley
space if it is compact and satisfies the Priestley separation axiom: whenever
x, y P X and x ę y, then there is a clopen upset U such that x P U and y R U .

Remark 2.1.46 (Priestley implies Stone). It is clear that Priestley separation im-
plies being totally separated7 and hence, that X is a Stone space. Moreover, if
X is a Stone space, then pX,“q, the discretely ordered space, will be a Priest-
ley space, since then the Priestley separation axiom reduces to the usual clopen
separation axiom which holds of all Stone spaces.

Notation 2.1.3. Whenever C Ď X is seen as an ordered subspace, we take it to
have the induced order and topology, unless otherwise specified.

Below we collect some fundamental facts about Priestley spaces which will be
used recurringly.

Proposition 2.1.47 (Basic properties of Priestley). Let X be a Priestley space.

1. The collection ClopUppXqYClopDownpXq forms a subbasis for the topology
on X;

2. For each x P X, Òx and Óx are closed. More generally for any C a closed
subset, ÒC and ÓC are closed.

7Recall that a space X is said to be totally separated if whenever x ‰ y are points in X,
then there is a clopen W Ď X such that x P W and y R W (sometimes also unfortunately called
zero-dimensional , see [101, Thm. 6.2.1].
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3. If A is a closed upset and B is a closed downset, such that AXB “ ∅, then
there is a clopen upset U such that A Ď U and B Ď XzU .

4. If C is a closed set, then it is a Priestley space (with the induced order and
topology).

5. For any closed set C Ď X, the set maxpCq is non-empty.

Proof. See e.g. [124, Sec. 3] and the references therein contained. ■

Remark 2.1.48 (Complementation closed subbasis). We will make recurring use
of the fact that a Priestley space has a subbasis closed under complementation.
As a result of this, a map f : X Ñ Y between Priestley spaces is continuous if
and only if whenever U Ď Y is a clopen upset, f´1rU s is a clopen subset.

We denote by Pries the category of Priestley spaces with continuous and
order-preserving maps. The following is the celebrated result by H. Priestley:

Theorem 2.1.49 (Priestley duality). The category Pries is dually equivalent to
the category DL.

Proof. See [223]. ■

Priestley duality closely parallels Stone duality for Boolean algebras. We
briefly recall the two transformations involved in it.

Spaces to Algebras

From Priestley spaces to distributive lattices, we have a functor:

ClopUp : PriesÑ DL

X ÞÑ ClopUppXq

f : X Ñ Y ÞÑ f´1 : ClopUppY q Ñ ClopUppXq,

sending each Priestley space to its lattice of clopen upsets:

pClopUppXq,X,Y,H, Xq,

easily seen to be a distributive lattice, and each continuous and order-preserving
map to the distributive lattice homomorphism f´1r´s.

Algebras to Spaces

From distributive lattices to Priestley spaces, we have a functor:

Spec : DLÑ Pries

D ÞÑ SpecpDq

f : D Ñ D1 ÞÑ f´1 : SpecpD1q Ñ SpecpDq,
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where SpecpDq “ tF Ď D : F is a prime filter u (Definition 2.1.20), ordered by
inclusion, called its prime spectrum. To specify the topology, we make use of
specific subsets:

φpaq “ tF P SpecpDq : a P F u,

Having such subsets, to define a topology, either a subbasis by the following
collection:

tφpaq : a P Du Y tSpecpDqzφpbq : b P Du,

or, equivalently, a basis:

tφpaqzφpbq : a, b P Du;

the resulting topology is sometimes called the patch topology on SpecpDq. With
such a topology, the sets of the form φpaq turn out to correspond precisely to the
clopen upsets of X. For this reason we sometimes speak of an element a P D being
represented by a clopen upset. Moreover, there is a natural relationship between
the lattice connectives and their set-theoretic representation, namely, for each
a, b P D:

φp0q “ H

φp1q “ SpecpDq

φpa^ bq “ φpaq X φpbq

φpa_ bq “ φpaq Y φpbq.

Given a lattice homomorphism f : D Ñ D1 the preimage f´1r´s becomes a
continuous order-preserving map f´1 : SpecpD1q Ñ SpecpDq.

Duality ensures, for each distributive lattice D, the existence of a natural
transformation providing an isomorphism between D – ClopUppSpecpDqq, and
for each homomorphism f : D Ñ D1, an isomorphism f – pf´1q´1 and simi-
larly. Equivalent statements hold for each Priestley space and morphism between
Priestley spaces.

It is clear by Remark 2.1.46 that the category Stone of Stone spaces and
continuous order-preserving maps is, up to an equivalence of definitions, a sub-
category of Pries: each Stone space corresponds to the Priestley space pX,“q,
where the order is the identity. This inclusion is dual to the inclusion functor
I : BA ãÑ DL. This functor I has a left adjoint denoted by B : DL Ñ BA the
Boolean envelope functor. This is easily described dually:

Proposition 2.1.50 (Boolean envelope dually). The functor F : PriesÑ Stone
which assigns to a Priestley space pX,ďq the underlying Stone space, and to each
order-preserving continuous function the underlying continuous function, is dual
to the Boolean envelope functor.

Proof. See e.g. [124, Prop. 3.4]. ■
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Esakia duality

Esakia spaces were originally introduced as ordered Stone spaces pX,ďq where ď
is closed as a relation in X ˆX and continuous: whenever U Ď X is open, then
ď´1 rU s is open; note that ď´1 rAs “ ÓA by definition. Nowadays it is standard
to give their definition by specializing Priestley duality8:

Definition 2.1.51 (Esakia space). A Priestley space X is called an Esakia space
if whenever W is a clopen subset, ÓW is clopen.

Some unique properties of Esakia spaces are collected in the next proposition:

Proposition 2.1.52 (Basic properties of Esakia). Let pX,ďq be an Esakia space:

1. If C is a closed upset, then C is an Esakia space (with the induced order
and topology).

2. If W is a clopen subset, then W is an Esakia space (with the induced order
and topology).

3. If C is a closed subset, then maxpCq is closed and non-empty. Moreover, if
x P C, then x P ÓmaxpCq.

4. For each subset A, ÒA “ ÒA.

In addition to the objects being different, the morphisms between Esakia
spaces are more specialized than general continuous and order-preserving maps:

Definition 2.1.53 (p-morphism). Given two posets P,Q, an order-preserving
map f : P Ñ Q is called a p-morphism if whenever fpxq ď y where x P P and
y P Q, there is some x1 ě x such that fpx1q “ y.

Remark 2.1.54 (Different presentations of p-morphisms).

1. It is well known (see, e.g., [102, Prop. 1.4.12]) that for an order-preserving
map f : X Ñ Y , the following are equivalent:

• f is a p-morphism.

• If U is an upset of X, then f rU s is an upset of Y .

• For each x P X, Òfpxq Ď f rÒxs (the equality holds since it is order-
preserving);

• For each y P Y , f´1rÓys Ď Óf´1rys.

2. Note that while order-homeomorphisms are necessarily p-morphisms, not
every order-embedding is a p-moprhism.

8The equivalence with the above original definition was shown by Esakia, see [102, Chapter
3.1].
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We denote by Esa the category of Esakia spaces and continuous p-morphisms.

Theorem 2.1.55 (Esakia duality). The category Esa is dually equivalent to the
category HA.

Proof. See [102, Cor. 3.4.8.(2)]. ■

The duality is obtained by restricting the functors ClopUp and Spec appro-
priately. There are two crucial aspects in Esakia duality viz. Priestley duality:
the modelling of the implication connective, and the structure of the maps. Con-
cerning the first, if D is any distributive lattice, and a, b P D are such that aÑ b
exists, then:

φpaÑ bq “ SpecpDqzÓpφpaqzφpbqq “ lpφpaq ñ φpbqq “ φpaq Ñ φpbq,

that is, we model the Heyting implication in a modal way, using the order. Con-
cerning the maps, given f : H Ñ H 1 a distributive lattice homomorphism, it will
be a Heyting algebra homomorphism if and only if f´1 : SpecpH 1q Ñ SpecpHq is
a continuous p-morphism.

bi-Esakia duality

Occasionally we will also talk about duals of bi-Heyting algebras. For a detailed
account of this the reader is referred to e.g., [64].

Definition 2.1.56 (Co-Esakia, bi-Esakia). A Priestley space pX,ďq is called a
co-Esakia space if pX,ěq is an Esakia space: whenever W is a clopen subset,
ÒW is clopen. X is called a bi-Esakia space if it is both an Esakia space and a
co-Esakia space.

Definition 2.1.57 (Co-p-morphism). An order-preserving map between posets
f : pP,ďq Ñ pQ,ďq is called a co-p-morphism if f : pP,ěq Ñ pQ,ěq is a p-
morphism. It is called a bi-p-morphism if it is both a p-morphism and a co-p-
morphism.

We denote by biEsa the category of bi-Esakia spaces and continuous bi-p-
morphisms. The following is the appropriate restriction of Esakia duality to this
setting:

Theorem 2.1.58 (Duality for bi-Esakia). The category biEsa is dually equiva-
lent to the category biHA.

Proof. See e.g. [102, Prop A.11.1]. ■

The modelling of the coimplication/difference is given, in specular fashion, for
any a, b P D in a distributive lattice where a – b exists,

φpa – bq “ Òpφpaqzφpbqq.

Moreover, bi-Heyting homomorphisms correspond to bi-p-morphisms in the
expected way.
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Remark 2.1.59 (Order duality). Due to the symmetry in the definitions, when
working with bi-Esakia spaces we often take for granted the order-dual properties
of those that hold for Esakia spaces: for example a clopen subset of a bi-Esakia
space is again bi-Esakia, in light of Proposition 2.1.52.(2).

KM spaces

In this section we recall a characterization of the duals of KM Heyting algebras;
these were mentioned without proof, for example, in [104].

Definition 2.1.60 (KM spaces). We say that an Esakia space X is a KM Esakia
space if ClopUppXq is a KM Heyting algebra.

Proposition 2.1.61 (Duality for KM algebras). An Esakia space X is a KM
space if and only if one of the following equivalent conditions holds:

1. For each U Ď X a clopen upset, τpUq “ U YmaxpXzUq is a clopen (upset);

2. For each U Ď X a clopen upset, maxpXzUq is clopen;

3. For each W Ď X a clopen subset, maxpW q is clopen.

Proof. First note that the conditions ((1)–(3)) are indeed equivalent: given (1)
holds, then τpUqzU “ maxpXzUq will always be clopen, so we obtain (2); (2)ñ(1),
and (3)ñ(2) are obvious. Finally we show that (2)ñ(2). Given any clopen subset
W , we have:

maxpW q “ maxpÓW q,

and since ÓW is clopen, since X is Esakia, and it will be a downset, we have
that XzÓW will be a clopen upset. Thus by hypothesis, maxpXzpXzÓW qq “
maxpÓW q “ maxpW q will be clopen.

We now show that the conditions are equivalent to being the dual of a KM
Heyting algebra. So first assume that X is dual to a KM Heyting algebra H.
Then we will show that

φpτaq “ τpφpaqq “ φpaq YmaxpXzφpaqq;

if x P φpτaq, and x R φpaq, we will show that whenever x ă y, then y P φpaq.
So assume that x ă y, which by hypothesis means that there is some b P H
where y P φpbq and x R φpbq. Since x P φpτaq, we have by the Cantor-Bendixsson
axiom that x P φpbq Y φpb Ñ aq; since x ď y, then also y P φpb Ñ aq, which
means that y P φpaq. For the converse inclusion, by inflationarity, we have that
φpaq Ď φpτaq. So assume that we have x P maxpXzφpaqq; since x R φpaq, and by
the Strong Löb axiom we have φpτa Ñ aq Ď φpaq, we have that there must be
some y ě x such that y P φpτaqzφpaq; however by maximality, we conclude that
x “ y, meaning that x P φpτpaqq. We conclude the equality of the sets. Since the
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sets of the form φpaq are precisely the clopen upsets of X, by condition (1), we
conclude that X is a KM space.

Now assume that (1) holds. Then we can verify that this definition yields a
successor operation on the algebra ClopUppXq, by verifying the axioms of KM-
algebra:

1. (Normality) First assume that x P τpU X V q. If x P maxpXzpU X V qq,
which implies that x P maxpXzUqXmaxpXzV q, and so x P τpUqX τpV q. If
x P U X V , certainly also x P τpUq X τpV q. So we obtain that τpU X V q Ď
τpUq X τpV q.

Conversely, if x P τpUq X τpV q, note that if x P U and x P V , then x P
U X V , so x P τpU X V q. If x P U and x P maxpXzV q, then also x P
maxpXzpU X V qq, since whenever x ă y, then y P U X V because U is
a clopen upset and x P U . Similarly, if x P V X maxpXzUq. Finally
if x P maxpXzUq X maxpXzV q, then whenever x ă y, y P U X V , so
x P maxpXzpU X V qq. In all cases we conclude that x P τpU X V q, showing
that τpUq X τpV q Ď τpU X V q.

2. (Inflationarity) This is obvious, since U Ď τpUq.

3. (Cantor Bendixson) Let V be any other clopen upset. Suppose that x P
τpUq, and x R V , and let us show that x P V Ñ U . If x P U , certainly this
holds since U Ď V Ñ U . Otherwise, x P maxpXzUq. Let x ď y, and y P V .
Since x ‰ y, by assumption of maximality, y P U . Thus we conclude that
τpUq Ď V Y V Ñ U .

4. (Strong Löb) Suppose that x R U . Then x P ÓpXzUq, and so x P ÓmaxpXzUq
by Proposition 2.1.52. Let x ď y where y P maxpXzUq. Then y P τpUq,
but y R U . Thus x R τpUq Ñ U . This shows by contraposition that
τpUq Ñ U Ď U .

We thus conclude that ClopUppXq is a KM Heyting algebra, establishing the
result. ■

2.1.5 Duality and constructions

Having introduced the basic duality, we now spell out the correspondence between
several topological and algebraic constructions. We summarise all these results
with a duality dictionary in Table 2.1, to which we will refer throughout the text.

Products, quotients and factors of algebras

Notation 2.1.4 (Sums of spaces). Given two (ordered) spaces X, Y , we denote by
X \ Y the sum of spaces: the carrier set is the disjoint union, the topology is
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the sum topology, and the order is the one on each disjoint component. Given
a family pXiqiPI , we denote by

Ů

iPI Xi the sum of the topologies and the order.
Whenever relevant, this is distinguished from

À

iPI Xi, the coproduct of these
spaces.

Proposition 2.1.62 (Products are dually coproducts). Let D,D1 be two dis-
tributive lattices. Then:

SpecpD ˆD1q – SpecpDq \ SpecpD1q.

Proof. See e.g. [94, Ex. 11.8]. ■

Proposition 2.1.63 (Duality for maps). Let f : D Ñ D1 be a lattice homo-
morphism, and let f´1 : SpecpD1q Ñ SpecpDq the dual continuous and order-
preserving map. Then:

1. f is injective if and only if f´1 is surjective.

2. f is surjective if and only if f´1 is an embedding.

Proof. See e.g. [124, Prop. 3.28]. ■

Recall that given a distributive lattice D, and S Ď D ˆ D we can consider
the smallest congruence generated by S, ΘpSq (see Section 2.2). We can thus
construct D{ΘpSq in the usual manner in universal algebra [74, Sec. 2.6]. A dual
representation of this process is given as follows:

Proposition 2.1.64 (Congruences to closed subsets). IfD is a distributive lattice
and S Ď D ˆD, then, we have that

SpecpDqS :“ tx P SpecpDq : @pa, bq P S, x P φpaq ðñ x P φpbqu,

is the Priestley dual of D{ΘpSq.

Proof. See e.g. [124, Def. 4.14, Prop. 4.15]. ■

In the case of Heyting algebras, the correspondence is more precisely with
filters:

Proposition 2.1.65 (Duality between filters and closed upsets). Let H be a
Heyting algebra, and F a filter. Then

CpF q “ tx P SpecpHq : @a P F, a P xu,

is a closed upset of X “ SpecpHq. Conversely, given a closed upset C, the set
FpCq “ ta P H : C Ď φpaqu is a filter. This assignment is one-to-one and onto
and an order-isomorphism, and we have moreover that:

CpFilpSqq “
č

aPS

φpaq.
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Proof. This was proved in [102, Thm. 3.4.16]. ■

Proposition 2.1.66 ((Finitely) Subdirectly irreducible algebras). Let H be a
Heyting algebra and X “ SpecpHq. An element a P H is join irreducible if and
only if φpaq is rooted. It is completely join-irreducible if and only if φpaq is rooted
at r and tru is clopen.

Proof. See [102, Prop. A.1.1, Prop. A.1.2]. ■

Remark 2.1.67 (Strongly rooted Esakia space). An Esakia space X which is in
the stronger conditions of Proposition 2.1.66 – it is rooted, and the rooted is an
isolated point – is called strongly rooted .

As a consequence of this duality and correspondence of congruences with
spatial structures, we can prove some easy facts which are rather specific to
categories of lattices:

Proposition 2.1.68 (Binary commutativity of homomorphic images and prod-
ucts). Let A,B be distributive lattice based algebras. Then we have:

ConpAˆBq – ConpAq ˆ ConpBq.

Consequently if f : AˆB Ñ C is a surjective homomorphism, then C – fæπArAsˆ
fæπB rBs.

Proof. An algebraic proof can be found in [195, Thm. 2.70]. The dual argument
follows easily from Propositions 2.1.62 and 2.1.63, by observing that congruences,
seen equivalently as homomorphic images, will be closed subsets of each of the
two disjoint components, and hence, can be factored as congruences of each of
the two factors. ■

Products and pullbacks of spaces

Notation 2.1.5 (Cartesian products and pullbacks). Throughout, given pXiq a
family we denote by

ś

iPI Xi the cartesian product of this family. We denote by
πi :

ś

iPI Xi Ñ Xi the i-th projection . When we take a binary product XˆY , we
denote by πX , πY the projections onto each factor. We denote by XI the I-fold
product of X.

Given f : X Ñ Y and g : Z Ñ Y a pair of continuous and order-preserving
maps, we denote by X ˆY Z the set-theoretic pullback, namely

X ˆY Z “ tpx, zq P X ˆ Z : fpxq “ gpzqu.

Proposition 2.1.69 (Product of Priestley). Given pXiqiPI a family of Priest-
ley spaces,

ś

iPI Xi with the product topology and order is a Priestley space.
Moreover, if each Xi is Esakia,

ś

iPI Yi is likewise Esakia9

9We warn the reader that this is not the categorical product of Esakia spaces, in general:
while the cone X Ð X ˆY Ñ Y lives inside the category, the unique comparison function from
another cone is not in general a p-morphism. This will be the theme of Chapter 4, Section
4.4.2.
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Proof. For (1-2) about Priestley see [94, Chapter 11]. For the facts about Esakia
spaces, see [102, A.8.1] for products. ■

For pullbacks, we have that these are also computed as in Set, and satisfy
some desirable properties:

Proposition 2.1.70 (Pullback is Priestley). f : X Ñ Y and g : X Ñ Z continu-
ous and order-preserving maps, X ˆY Z, is a Priestley space. Moreover, if f is a
surjective map, then πZ will likewise be surjective.

Proof. The fact that X ˆY Z is a Priestley space follows straightforwardly from
Proposition 2.1.69, using the fact that X ˆY Z is a closed subset of X ˆ Z. The
fact that surjective maps are stable under pullback is a well-known fact, which
we prove for completeness: if z P Z is arbitrary, look at gpzq; by surjectivity of
f , there is some x P X, such that fpxq “ gpzq; then px, zq P X ˆY Z, and so
πZpx, zq “ z, as desired. ■

Directed and inverse systems

Definition 2.1.71 (Directed system, inverse system). A family pAn, ιi,jqn,i,jPω of
objects in a category C is called an (ω-indexed) directed system if for each i, j P ω,
ιi,j : Ai Ñ Aj is a morphism, subject to the conditions (1) ιi,i : Ai Ñ Ai is the
identity, and (2) for i ď j ď k, we have ιi,k “ ιj,kιi,j.

Dually, a family pXn, pi,jqn,i,jPω of objects in a category C is called an inverse
system if for each i, j P ω, pi,j : Xj Ñ Xi is a morphism subject to the dual
conditions: (1) pi,i : Xi Ñ Xi is the identity, and (2) for i ď j ď k we have
pi,k “ pi,jpj,k.

Definition 2.1.72 (Direct colimit, inverse limit). Given a directed system pAnq
in a category C, we say that an object Aω is the directed colimit if there exist
morphisms ιn : An Ñ Aω witnessing that Aω is the colimit10 in C of the directed
system.

Dually, given an inverse system pXn, pi,jq, we say that an object Xω is the
inverse limit if there exist projections πn : Xω Ñ Xn witnessing that Xω is the
limit of this diagram.

Remark 2.1.73 (Caveat on inverse systems). Note that in general, if one does
not assume that the maps ιi,j are embeddings (respectively the maps pi,j are
surjective), it well-possible that the limits are empty. This will not be a problem
for us, since in all cases at hand, the limits will be well-defined.

The following proposition is a well-known fact, holding in much greater gen-
erality:

10The reader should notice that in some literature this is called the directed limit. We use
the term directed colimit to emphasize the duality with inverse limits.
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Proposition 2.1.74 (Directed colimit is a Heyting algebra). Let pDn, ιi,jq be a
chain of distributive lattices, connected by embeddings ιi,j : Di Ñ Dj. If for each
n, Dn is a Heyting algebra (bi-Heyting algebra), and for each i, j, ιi,j is a Heyting
algebra homomorphism, then Dω is a Heyting algebra.

Proof. See e.g. [146, Thm. 2.4.4] for a proof of a more general fact concerning
universal formulas. ■

Proposition 2.1.75 (Inverse limits are (bi-)Esakia). If pXn, pi,jq be an inverse
system of Priestley spaces, connected by surjective homomorphisms pi,j : Xj Ñ

Xi. If for each n, Xn is an Esakia (bi-Esakia) space, and each pi,j is a p-morphism
(bi-p-morphism) then Xω is an Esakia space (bi-Esakia space).

Proof. This follows immediately by Proposition 2.1.74, by tracing the concepts
along duality (consulting Table 2.1). ■

Remark 2.1.76 (Explicit description of inverse limits). Since we will need to work
often with the topology of inverse limits, we recall the explicit description of the
inverse limit Xω of an inverse system pXn, pi,jq of Priestley spaces. This consists
of the set

Xω “

!

x P
ź

nPω

Xn : @n ď m, pm,nπmpxq “ πnpxq
)

.

We equip this with the pointwise order induced by
ś

nPωXn, and the subspace
topology induced on the product topology. Explicitly, this means that the clopen
upsets of Xω are of the form π´1n rU s for U Ď Xn a clopen upset.

Notation 2.1.6. Given an inverse system pXn, pi,jq of Priestley spaces, and Xω its
inverse limit, given x P Xω we will write simply xpnq to mean πnpxq, leaving the
projection maps implicit.

Adjoint maps and dual adjoints

Since we will work frequently discuss adjoint maps to Heyting homomorphisms,
especially in the context of dual spaces, we record the following fact:

Proposition 2.1.77 (Adjoint maps of Heyting algebra homomorphisms). Let
f : X Ñ Y be a p-morphism between Esakia spaces. Suppose that the dual map
f´1r´s : ClopUppY q Ñ ClopUppXq has a left adjoint Df´1r´s and a right adjoint
@f´1r´s. Then:

1. Df´1r´s is precisely the map f r´s; so f maps, through the direct image,
clopen upsets to clopen upsets;

2. @f´1r´s is precisely the map Y zÓf rXzp´qs; so the downset of a direct image
of a clopen downset is a clopen.

Proof. See [136, Sec. 2], and [229, Lem. 6.3]. ■
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Vietoris spaces

An especially useful construction on spaces that will serve us extensively through-
out the thesis, the so-called Vietoris space, due to Leopold Vietoris [256] (see also
[49]).

Definition 2.1.78 (Vietoris space). Let X be a Stone space. We denote by VpXq,
the Vietoris space over X, whose carrier is the set of non-empty closed subsets
of X. We give it the hit-or-miss topology by considering a subbasis consisting of
sets,

JUK “ tC P VpXq : C Ď Uu and xV y “ tC P VpXq : C X V ‰ Hu.

Given pX,ďq a Priestley space, we denote by pVpXq,Ěq the Vietoris space over
pX,ďq, equipped with the reverse inclusion.

Lemma 2.1.79 (Vietoris space is Priestley). Whenever X is a Stone space, the
space pVpXq,Ěq is a Priestley space.

Proof. The fact that VpXq is compact is a standard fact (see e.g. [202, Thm. 4.2]).
The Priestley separation axiom was shown in [49, Prop. 3.4]. ■

Vietoris spaces have been long used from a coalgebraic point of view: no-
tably, one of Esakia’s original definitions of an Esakia space consisted of a Stone
space with an order, such that the map Ò : X Ñ V pXq is order-preserving and
continuous:

Lemma 2.1.80 (Esakia spaces from up-arrow map). For each Priestley space X,
X is an Esakia space if and only if Ò : X Ñ VpXq is continuous.

Proof. See [106]. ■

We will see various variations of this construction in Chapters 4 and 5. For
reference, we finish with a collection of basic properties about Vietoris spaces:

Lemma 2.1.81 (Basic properties of Vietoris spaces).

1. If X is a Stone space, then the space VpXq is a Stone space.

2. If f : X Ñ Y is a continuous map between Stone spaces, then the function

f r´s : VpXq ÝÑ VpY q
C ÞÝÑ f rCs

is continuous.
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3. If W is a clopen subset of a Stone space X, then the function

rW : VpXq ÝÑ VpXq
C ÞÝÑ C XW

is continuous.

4. If X is an Esakia space, then VÒpXq is a closed subset of VpXq.

Proof. (2) This is well known (for a proof see e.g. [173, Lem. 3.9]).
(3) Let W be a clopen subset of a Stone space X. The map rW : VpXq Ñ VpXq

is well-defined since W is closed. It is moreover continuous, since, for any subbasic
clopen in VpXq of the form JW0K for a clopen W0 Ď X, we have:

r´1W rJW0Ks “ tC P VpXq : C XW Ď W0u “ JW ñ W0K,

which is clopen; moreover, it follows that the set r´1W rxW0ys “ VpXqzr´1W rJXzW0Ks
is clopen.

(4) Let X be an Esakia space. Let K P VpXqzVÒpXq; we prove that there
is a clopen subset of VpXq to which K belongs and that is disjoint from VÒpXq.
Since K is not an upset, there are x P K and y P X such that x ď y and y R K.
By zero-dimensionality, there is a clopen subset W such that K Ď W and y R W .
Then, we consider

JW KX xÓpXzW qy.

Note that ÓpXzW q is clopen because X is Esakia. Moreover, note that K belongs
to this set, since K Ď W and K Q x ď y R W . Furthermore, for every K 1 P

JW K X xÓpXzW qy, by definition we have K 1 Ď W and there are x1 P K 1 and
y1 P X such that x1 ď y1 and y1 R W , which implies that K 1 is not upwards
closed. ■

2.2 Algebras of Logic

In this section we summarise the basics of universal algebra and algebraic logic
which will be necessary throughout.

Notation 2.2.1 (Logical and algebraic notations). Whenever working with logics
or algebras we will assume that we are working in a (often finitary) functional
signature L comprising at least a constant symbol. The set of terms (also propo-
sitional formulas or just formulas) over a set Prop will be denoted by denoted by
FmLpPropq. We use the letters p, q, r, ... for variables, and compactly represent
a tuple of distinct variables as p; we use the letters φ, ψ, ... for L-formulas, and
reserve the symbols Γ,∆, ... for sets of formulas. When L is understood, we drop
the subscripts. The notation φppq means that the formula φ has free variables
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included in the tuple p. Since our tuples of variables are assumed to be formed
by distinct elements, we emphasize that when we write e.g. φpp, qq, we mean
that the tuples p, q are made of distinct variables and are also disjoint from each
other.

Notation 2.2.2. We fix some algebraic notation. Given an algebra A and S Ď A,
we denote by xSy the subalgebra of A generated by S. We often write Θ,Ξ, . . . for
congruences of algebras. Given pairs pa1, b1q, . . . , pan, bnq of elements, we denote
by Θppa1, b1q, . . . , pan, bnqq the congruence generated by these pairs. We denote
the quotient algebra A{Θ, and denote by pΘ : AÑ A{Θ the canonical projection.

2.2.1 Algebraizable logics and equivalent algebraic seman-
tics

The uniqueness of construction of formulas makes FmLpPropq into an algebra,
namely the L-algebra of formulas . This is also sometimes referred to as the
absolutely free L-algebra.

Definition 2.2.1 (Substitution). A map σ : Prop Ñ FmLpPropq is called a
substitution; equivalently this is given by an endomorphism σ : FmLpPropq Ñ
FmLpPropq.

Notation 2.2.3. Notations like φpψ{pq (or just φpψq) denote the result of sub-
stituting p by ψ inside of φ, though we will ocassionally use σpφq to emphasize
the specific substitution being used. For a set of formulas Γ, we write σΓ for
tσpψq : ψ P Γu.

Definition 2.2.2 (Finitary logic). A logic 11 in the language L, over a set of vari-
ables P , is a relation $ Ď ℘pFmLpPropqq ˆ FmLpPropq, subject to the following
rules for ΓY∆Y tφu Ď FmLpPropq:

• (Identity): For each Γ Ď FmLpPropq, and φ P Γ, Γ $ φ;

• (Monotonicity): If Γ $ φ and Γ Ď ∆, then ∆ $ φ.

• (Transitivity) If Γ $ φ and ∆ $ ψ for each ψ P Γ, then ∆ $ φ.

• (Structurality): If Γ $ φ then σΓ $ σpφq.

• (Finitarity): If Γ $ φ there is a finite set Γ0 Ď Γ such that Γ0 $ φ.

We write Γ $ ∆ to mean that Γ $ φ for each φ P ∆. Elements pΓ, φq P
℘pFmLpPropqq ˆ FmLpPropq are called rules . We often denote them as Γ{φ. We
denote by Extp$q the lattice of (axiomatic) extensions of $: the set of all logics
$1 “ $ Ytp∅, φiq : i P Iu for some formulas φi.

11All logics considered in this thesis will be finitary, so this property is taken as part of the
definition; the reader interested in more general definitions can consult [116].
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When working with specific systems, it is sometimes useful to discuss rules in
the context of Hilbert-style derivation systems.

Definition 2.2.3 (Hilbert system for logics). Let Σ be a set of rules in the
language L. A sequence pφ0, . . . , φnq of L-formulas is a Σ-derivation of φ from
Γ, if and only if:

1. For each φi one of the following holds:

(a) φi P Γ;

(b) There are a substitution σ, p∆, ψq P Σ, and such that 1 ď jn ă i,
φi “ σpψq, and σr∆s “ tφj1 , . . . , φjku.

2. φn “ φ.

We write Γ $Σ φ to mean that there exists a derivation of φ from Γ using the
rules from Σ.

Given a language L, the L-formulas can likewise be seen as terms in a first-
order language. L-equations are denoted as φ « ψ. L-algebras are universal
algebras with the functional type L, and we often denote them by A,B,C, . . . .
Throughout the thesis, logics will always refer to algebraizable logics , meaning
that there is a class A of L-algebras, and essentially inverse structural trans-
formers between L-formulas and L-equations, mapping $-rules to A-valid quasi-
equations and vice-versa (see [116, Definition 3.11] for the precise definitions).
Such a A is called the equivalent algebraic semantics of $, and denoted as Algp$q,
whilst $ is reffered to as the logic associated to A, denoted as LogpAq.

Definition 2.2.4 (Variety, lattice of subvarieties). A class A of algebras is a
variety if it is closed under homomorphic images, subalgebras and products. We
denote by VarpAq), the lattice of subvarieties of a variety A.

We denote class operators by I (isomorphisms), H (homorphic images), S
(subalgebras), P (products), PS (subdirect products) and PU (ultraproducts). It
is well-known that varieties correspond to equational classes (Birkhoff’s theorem)
and to classes of the form HSPpAq (Tarski’s theorem). We denote by V the
variety closure operator. It is moreover known that if a logic $ is algebraizable,
the class A given above is unique; we will throughout assume that it is actually
a variety.

Most of the logics we will be interested in this thesis carry additional structure
beyond being algebraizable:

Definition 2.2.5 (Implicative logic). A logic $ over a language L is implicative
if it contains a connective Ñ satisfying the following additional properties:

1. $ pÑ p;
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2. pÑ q, q Ñ r $ pÑ r;

3. For each n-ary formula λ for n ě 1, tpi Ñ qi, qi Ñ pi : 1 ď i ď nu $
λpp1, . . . , pnq Ñ λpq1, . . . , qnq;

4. p, pÑ q $ q;

5. p $ q Ñ p;

Remark 2.2.6 (Conventions on implicative logics). Implicative logics naturally
carry a connective 1, given by p Ñ p, and in all the cases of interest we will
likewise consider it to be a part of the language L. In all cases of interest the
language L will likewise have a connective ^, satisfying p, q %$ p ^ q. We
abbreviate pφÑ ψq ^ pψ Ñ φq by φØ ψ.

The structural transformers for implicative logics are very simple: one maps a
formula φ to the equation φ « 1, and an equation φ « ψ to the formula φØ ψ.
As such, we will often simply write A ( φ for φ an L-formula to mean A ( φ « 1.
Likewise A ( φ means that a class of algebras validates φ.

Remark 2.2.7 (Centrality of implicative logics). Because of the focus of the present
thesis first and foremost on intuitionistic logic and its close relatives, all results
of general nature will be stated for implicative logics with a conjunction
connective ^, and all logics treated in this thesis will be assumed to contain
such an implication.

Remark 2.2.8 (Positive logic). A singular exception to the previous remark as
regards to logics containing an implication connective, will be so-called positive
logic (PL): this corresponds to the logic of distributive lattices when enriched
with an internal sequent operation. Explicitly, it is given by the pairs φ ĺ ψ
where φ, ψ P LDLpPropq. The symbol ĺ is interpreted as the order on a dis-
tributive lattice, in such a way that all results concerning algebraic completeness
go through; the reader is referred to [56] for details on this procedure. For our
purposes it is sufficient to know the precise statement of algebraic completeness,
namely, for φppq, ψppq P LDL, we have:

$PL φppq ĺ ψppq ðñ @D P DLpD ( @xpφpxq ď ψpxqq

ðñ FDLppq ( φppq ď ψppq.

The following expresses the connection between the extensions of a logic and
the quasivarieties and varieties of its equivalent algebraic semantics:

Proposition 2.2.9 (Isomorphism of lattices of extensions and varieties). Given
a logic $ with equivalent algebraic semantics A, the lattices VarpAq and Extp$q
are complete lattices which are dually isomorphic.

Proof. See [116, pp. 82–85]. ■

In light of this we will often move between logics on one hand, and classes of
algebras on the other.
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2.2.2 Basic classes of algebras

Notation 2.2.4. Given an algebra A, we denote by ConpAq the complete lattice
of its congruences.

Definition 2.2.10 (Subdirectly irreducible algebra). Let A be an algebra. We
say that A is subdirectly irreducible if ConpAq has a second least element.

The following is a central result, due to Birkhoff:

Proposition 2.2.11 (Birkhoff’s subdirect decomposition theorem). Every alge-
bra A is isomorphic to a subdirect product of its subdirectly irreducible factors.
Consequently, for each variety A, we have A “ VpAsiq.

Proof. See e.g. [74, Thm. 8.6, Corollary 9.7] ■

A crucial class of objects which will be the subject of many of our results are
the free algebras :

Definition 2.2.12 (Free algebras). Let A be a class of algebras closed under
subdirect products, and X a set of generators. We denote by FApXq the free
A-algebra on X many generators. We denote the unique (up to isomorphism)
κ-generated A-free algebra by FApκq.

This crucial role is justified by the following:

Proposition 2.2.13. Given A a variety, we have:

A “ VpFApωqq “ VptFApnq : n P ωuq.

Proof. See e.g. [74, Exercise 11.2]. ■

In this thesis we will frequently use two essential descriptions of free algebras
in varieties algebraizing a given logic $:

• FApXq is the algebra of formulas over X up to $-provability;

• FApXq satisfies the universal mapping property with respect to A-algebras,
over the generators X, or in other words, it is the image of the left adjoint
to the forgetful functor G : AÑ Set.

As a consequence of this, arbitrary free algebras can be constructed by us-
ing the 1-generated free algebras; recall that we denote coproducts in arbitrary
categories as

Ů

iPI .

Proposition 2.2.14 (Free algebras detmined by coproducts and 1-free algebras).
Let A be a variety of algebras. Then for each X, we have:

FApXq –
à

xPX

FAptxuq.
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Proof. Since the functor Fp´q : Set Ñ A is a left adjoint, and left adjoints
preserve existing colimits, we have:

FApXq – FA

ˆ

ğ

xPX

txu

˙

“
à

xPX

FAptxuq.

■

Remark 2.2.15 (Free algebras do not become easy). The previous proposition
does not mean that free algebras become easy when one knows the 1-generated
algebras though, as it is well-known (see Chapter 4 for a longer discussion) that
colimits of algebras might be quite involved, indeed, often involving the same
complications as those of free algebras themselves.

Two classes intimately related to free algebras are those of finitely presented
and finitely generated algebras:

Definition 2.2.16 (Finitely generated, finitely presented). An algebraA is finitely
generated if there exist finitely many elements a1, . . . , an such that xa1, . . . , any “
A. It is finitely presented if A – FpXq{Θppλ1, γ1q, . . . , pλn, γnqq for X a finite set.

Notation 2.2.5 (Subclasses of algebras). Given A a class of algebras we write:

1. Afg the class of finitely generated A-algebras;

2. Afp the class of finitely presented A-algebras;

3. Asi the class of subdirectly irreducible A-algebras.

2.2.3 Properties of logics and algebras

In this section we will dive in to several properties of algebraizable logics, and
relate them to their equivalent algebraic semantics. We provide a summary of
these properties in Table 2.2. Note that throughout, logic will mean an implicative
logic with equivalent algebraic semantics given by a variety A of L-algebras.

General universal algebra

Definition 2.2.17 (Congruence-distributivity). We say that an algebra A is
congruence-distributive if ConpAq is a distributive lattice. We say that a class A of
algebras is congruence-distributive if every algebra in it is congruence-distributive.

The following lemma by Jónnson is frequently useful:

Lemma 2.2.18 (Jónnson’s Lemma). Let A be a class of algebras which is
congruence-distributive. Then A P VpAqsi if and only if A P HSPUpAq. In
particular, if A is a finite class of finite algebras, then A P VpAqsi if and only if
A P HSpAq.
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Proof. See e.g. [74, Cor. 6.9]. ■

We recall also the following well-known fact:

Proposition 2.2.19 (Lattice expansions are congruence-distributive). Let L be
a language extending the signature of lattices LLat. Assume that A is a variety
of L-algebras such that each LLat-subreduct is a lattice. Then A is a congruence-
distributive variety.

Proof. See e.g. [74, Thm. 12.3, Example pp.87]. ■

Definition 2.2.20 (Congruence Extension Property). A class A of algebras has
the congruence extension property (CEP) if whenever f : A Ñ B is an injective
homomorphism, and and g : A Ñ C is a surjective homomorphism, there is a
surjective homomorphism h1 : B Ñ E and an injective homomorphism h2 : C Ñ
E such that h1f “ h2g.

The following is an interesting consequence of the congruence extension prop-
erty:

Proposition 2.2.21 (CEP implies H and S commute). Let A be a class of
algebras with the congruence extension property. Then HSpAq “ SHpAq.

Proof. See e.g. [74, pp. 46]. ■

Tabularity and Local Tabularity

Definition 2.2.22 (Finitely generated variety). A variety A is finitely generated
if A “ VpAq for some finite A-algebra.

Definition 2.2.23 (Tabular logic). A logic $ with A “ AlgpLq is said to be
tabular if A is a finitely generated variety.

Proposition 2.2.24 (Finite generation = Finitely many subdirectly irreducibles).
Let A be a congruence-distributive variety. Then A is finitely generated if and
only Asi is finite and contains only finite algebras.

Proof. This follows immediately from Lemma 2.2.18. ■

Definition 2.2.25 (Locally finite algebras and classes). Let A be an L-algebra.
We say that A is locally finite if whenever B ď A is a finitely generated algebra,
then B is finite. We say that a class of algebras A is locally finite if every algebra
in A is locally finite.

Definition 2.2.26 (Local tabularity). A logic $ with A “ Algp$q is locally
tabular if for each p “ tp1, ..., pnu, there are only finitely many formulas over p
up to equivalence under $.
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Proposition 2.2.27 (Equivalents of local finiteness). Given a logic $ with A “

Algp$q, the following are equivalent:

1. A is locally tabular;

2. For each n, there is a k such that there are at most k many n-generated
A-algebras;

3. For each n, FApnq is finite.

Proof. See e.g. [74, Thm. 10.15]. ■

Finite Model Property

Definition 2.2.28 (Finite model property). A logic $ has the finite model prop-
erty (FMP) if A “ Algp$q, is generated by its finite algebras

Definition 2.2.29 (Finitely approximable). We say that an algebra A is finitely
approximable12 if there is a class A of finite algebras in the same type such that
A P PSpAq.

Remark 2.2.30 (Finitely approximable are closed under subalgebras). Note that
if A is a finitely approximable, and B ď A, then B is also finitely approximable:
given A ãÑ

ś

iPI Ai where Ai are finite, we can take the restriction of such an
embedding to B, and by factoring, obtain a subdirect embedding of B into a
product of finite algebras.

The following is a folklore consequence of the definitions; recall the finite-index
property (Definition 2.1.30):

Lemma 2.2.31 (Finite approximable = finite-index property). An algebra A is
finitely approximable if and only if it has the finite-index property.

Proof. If f : A Ñ
ś

iPI Bi is a subdirect embedding, then given any a ‰ b P A,
fpaq ‰ fpbq, so there is some i such that fpaqpiq ‰ fpbqpiq; thus the composition
of the projection with f witnesses the finite-index property.

For the converse, let A have the finite index property. Note that for each
a ‰ b, if f : AÑ B exists where B is finite, and fpaq ‰ fpbq, then a subdirectly
irreducible B exists (since B is a subdirect product of its subdirectly irreducible
factors all of which are finite). Hence let tAi : i P Iu be (representatives of)
all subdirectly irreducible homomorphic images of A, with πi : A Ñ Ai the
homomorphism. Then defining p : A Ñ

ś

iPI Ai by ppaqpiq “ πipaq, we have a
subdirect embedding, since whenever a ‰ b, for some i, πipaq ‰ πipbq. ■

12In the universal algebra literature, this property is sometimes called residual finiteness (see
e.g. [196]). The name given here reflects the logical nature of the same property (see [82, Ch. 5].
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The following is likewise folklore, and gives us a general criterion for the FMP
in terms of free algebras:

Proposition 2.2.32 (FMP and finite approximability). Given a logic $ with
A “ Algp$q, the following are equivalent:

1. $ has the FMP;

2. The algebra FApωq is finitely approximable.

3. For each n, FApnq is finitely approximable.

Proof. (1)ñ(2) Since A is generated by finite algebras, by [74, Thm. 11.11],
|X| ě ℵ0, then FApXq P PSpAq. By definition of finite approximability, this
means that FApωq is finitely approximable.

(2)ñ(3) As noted in Remark 2.2.30, finitely approximable algebras are closed
under subalgebras. Since FApnq always embeds into FApωq, if the latter is finitely
approximable, so is the former.

(3)ñ(1) Assume that FApnq is finitely approximable for each n. Let φ « ψ
be an equation, and assume that A * φ « ψ; then FApnq * φ « ψ for n
large enough to contain the variables in φ and ψ, and so by assumption of finite
approximability, and Lemma 2.2.31, there is a finite quotient A of FApnq such
that A * φ « ψ. This means that EqpAfinq “ EqpAq. By algebraic completeness,
A “ VpAfinq, showing that A is generated by its finite algebras. ■

Interpolation Properties

Often throughout this thesis we will refer to interpolation properties, since these
play a key role in issues of definability and in the study of free algebras:

Definition 2.2.33 (Deductive interpolation, Craig interpolation). We say that
a logic $ has the:

• deductive interpolation property (DIP) if whenever φpp, qq $ ψpq, rq there
is a formula χpqq such that φpp, qq $ χpqq and χpqq $ ψpq, rq;

• Craig interpolation property (CIP) if whenever $ φpp, qq Ñ ψpq, rq there is
a formula χpqq such that $ φpp, qq Ñ χpqq and $ χpqq Ñ ψpq, rq.

The key properties corresponding to interpolation properties are forms of the
amalgamation property :

Definition 2.2.34 (Amalgams and superamalgams). Given f : A Ñ B and
g : A Ñ C two injective homomorphisms, we call pA,B,Cq an amalgamation
triple. An algebra D is called an amalgam, if there exist maps h : C Ñ D and
h1 : B Ñ D such that h1f “ hg.

We say that D is a superamalgam if:
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1. hrCs X h1rBs “ hgrAs “ h1f rAs, and

2. whenever hpbq ď h1pcq for b P B and c P C, there is some a P A such that
b ď fpaq and gpaq ď c.

Definition 2.2.35 ((Super)Amalgamation property). A class of algebras A has
the amalgamation property (AP) if whenever pA,B,Cq is an amalgamation triple
of algebras in A, there is an amalgam D P A. We say that A has the superamal-
gamation property if there is a superamalgam D P A for any such amalgamation
triple.

A general correspondence between interpolation and amalgamation can be
easily formulated for varieties with the congruence extension property:

Proposition 2.2.36 (Deductive interpolation = Amalgamation). Let $ be a
logic such that A “ Algp$q has the CEP. Then $ has the deductive interpolation
property if and only if A has the amalgamation property.

Proof. See e.g. [200, Thm. 27] ■

For most cases of interest, we likewise have the following equivalence:

1. The logic $ has the CIP;

2. The variety A has the superamalgamation property.

For instance, this equivalence holds for superintuitionistic logics [184] and
modal logics [187], which will be enough for our purposes (see [200, Sec. 7] for a
broader discussion).

Uniform interpolation properties

We will likewise be interested in properties stronger than usual interpolation.

Definition 2.2.37 (Right-uniform deductive interpolation). We say that a logic
$ has right uniform deductive interpolation if for any finite sets p, q of proposi-
tional variables, and formula φpp, qq, there exists a formula χpqq such that for any
finite set of propositional variables r and for any formula ψpq, rq

φpp, qq $ ψpq, rq ðñ χpqq $ ψpq, rq.

Definition 2.2.38 (Coherence). A variety A is said to be coherent if whenever
A,B P A and A ď B where B is finitely presented in A, and A is finitely
generated, then A is finitely presented in A.

The following is shown in [169, Thm. 2.3]:
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Theorem 2.2.39. $ has right uniform deductive interpolation if and only if it
has the deductive interpolation property and A is coherent.

There is a specular left uniform deductive interpolation property saying that
for any finite sets q, r of propositional variables, and formula φpq, rq there exists
a formula µpqq such that for any finite set of propositional variables p and for any
formula ψpp, qq

ψpp, qq $ φpq, rq ðñ ψpp, qq $ µpqq.

The two properties are not equivalent 13. These concepts are closely related to
model-theoretic concepts, namely the existence of model companions (see [130,
135, 252] for the basic definitions), and some effectiveness assumptions on such
model companions:

Corollary 2.2.40 (Model completions from uniform interpolation). If $ is a
logic, with A “ Algp$q, and $ has both the left and right uniform deductive
interpolation properties, then the first order theory of A has a model completion.

In addition to these global properties, a special role is played by local properties
of interpolation, that is, properties involving the implication.

Definition 2.2.41 (Uniform CIP). We say that a logic $ has the right uniform
Craig interpolation property if for any finite sets p, q of propositional variables,
and formula φpp, qq, there exists a formula χpqq such that for any finite set of
propositional variables r and for any formula ψpq, rq,

$ φpp, qq Ñ ψpq, rq ðñ $ χpqq Ñ ψpq, rq.

In this case we denote χpqq by D̃pφpp, qq. We say that it has the left uniform
Craig interpolation property if for any finite sets q, r of propositional variables,
and formula φpq, rq there exists a formula µpqq such that for any finite set of
propositional variables p and for any formula ψpp, qq,

$ ψpp, qq Ñ φpq, rq ðñ $ ψpp, qq Ñ µpqq;

in this case we denote µpqq by @̃rφpq, rq.

The right and left uniform Craig interpolants, in implicative logics, typically
act like genuine. To give them a purely algebraic meaning we use the following
condition (from [125, p. 229]):

Definition 2.2.42 (Beck-Chevalley for free inclusions). Let A be a class of al-
gebras such that inclusions between finitely generated free algebras have left ad-
joints, i.e., For each p, the inclusion ip : FAppq Ñ FApp, qq has a left adjoint
Dip : FApp, qq Ñ FAppq. We say that A satisfies the Beck-Chevalley condition for
each substitution σ : FAppq Ñ FApqq, and each formula ψpp, pq we have:

Diqσpφpp, pqq “ σpDipφpp, pqq.
13Equivalence can hold in very special contexts, typically when compact congruences are

Boolean (this is the case of [55, Sec. 4] for the presence of a universal modality).
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It is known [130, pp. 57] that if A is a class of algebras having additionally right
adjoints between finitely generated algebras @ip , then in fact the Beck-Chevalley
condition entails the corresponding fact for these operators, namely

@iqσpφpp, pqq “ σp@ipφpp, pqq.

The connection to interpolation lies in the following:

Proposition 2.2.43 (Beck-Chevalley and interpolation). Let $ be a logic with
A “ Algp$q. Suppose that inclusions ip : FAppq Ñ FApp, qq have left (right)
adjoints. Then $ has the Craig interpolation property if and only if A satisfies
the Beck-Chevalley condition.

Proof. See [218, Thm. 13], see also [125]. ■

The following thus captures the essence of uniform Craig interpolation; the
proof is essentially a reworking of the categorical formulation given in [130, Ch. 4]:

Theorem 2.2.44 (Uniform Craig interpolation and adjoints). Let $ be a logic
and A “ Algp$q. Then the following are equivalent:

1. $ has the right (left) uniform Craig interpolation;

2. In A inclusions of finitely generated free algebras have left (right) adjoints
satisfying the Beck-Chevalley condition;

3. $ has the CIP and in A, inclusions of finitely generated algebras have left
(right) adjoints.

Proof. We prove this for right interpolation, since left interpolation is similar. The
implication from (1) to (2) is clear, since the formula witnessing the right uniform
Craig interpolation property is easily seen to satisfy the adjunction property,
and moreover, seen to satisfy the Beck-Chevalley condition on account of ψpq, rq
having arbitrary extra variables. The equivalence of (2) and (3) follows from
Proposition 2.2.43. We thus show that (2) implies (1). Assume that inclusions
between finitely generated free algebras have left adjoints satisfying the Beck-
Chevalley condition. Consequently, given φpp, qq, by composing the adjoints, we
obtain a formula D̃pφpp, qq P FAppq, in the equivalence class of Dipφpp, qq. Now
let ψpq, rq. Assume that $ φpp, qq Ñ ψpq, rq; this holds if and only if:

irpφpp, qqq ď ippψpq, rqq;

then by applying the adjoint forgetting p, we get

Dipirpφpp, qqq ď Dipippψpq, rqq ď ψpq, rq;

by the Beck-Chevalley condition, we have that Dipirpφpp, qqq “ irpDipφpp, qq, which

means precisely that $ D̃pφpp, qq Ñ ψpq, rq. The other direction follows by similar
arguments. ■
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The reader may wonder what connection there is between the right/left uni-
form deductive interpolation properties and their Craig-versions. As it turns out,
without additional assumptions, the notions are completely independent: the
basic modal logic K has both left and right uniform Craig interpolation [125,
Thm. 6.1], whilst it is not coherent [169, Cor. 5.5], and so by Theorem 2.2.39,
also shown by the same authors, it does not enjoy right uniform deductive inter-
polation. The following example in the converse direction appears to be known
(see e.g. [135, Exa. 14]), though we could not find an argument in the literature.
The following argument is due to M. Abbadini 14:

Example 2.2.45 (MV-algebras do not have uniform Craig interpolation). The
logic  L8f is the finitary companion of  Lukasiewicz logic; its equivalent algebraic
semantics is given by the class of MV-algebras . This logic is known to be implica-
tive, though it fails to have a deduction theorem [116, pp. 478]. As noted in [252,
Exa. 3.7], this variety has right-uniform deductive interpolation. On the other
hand the following argument shows that  L8f does not have right uniform Craig
interpolation: consider the term gpx, yq “ y _ ␣y. The interpretation on the
algebra r0, 1s is a function p : r0, 1s2 Ñ r0, 1s such that, fixing x0, the minimum of
y ÞÑ gpx0, yq is 1

2
. However, there is no term fpxq constantly equal to 1

2
. Hence

if we look at the inclusion i : FMVpxq Ñ FMVpx, yq, this cannot have a right
adjoint, since Dipgpx, yqq would precisely correspond to such a term.

Deduction theorems

Definition 2.2.46 (Deduction detachment). A logic $ has a deduction-detac-
hment theorem if there is a finite set of formulas Ipx, yq “ tλipx, yq : i ď nu, such
that for every set ΓY tφ, ψu,

Γ, φ $ ψ ðñ Γ $ Ipφ, ψq.

Given an algebra A, and elements a, b P A we denote by Θpa, bq the congruence
generated by pa, bq. Recall that we call such a congruence principal.

Definition 2.2.47 (EDPC). A variety A is said to have equationally definable
principal congruences (EDPC), or be an EDPC variety , if there is a finite set
Φpx, y, z, vq such that for every A P A, and a, b, c, d P A:

pa, bq P Θpc, dq ðñ A ( Φpa, b, c, dq.

The following was proved by Blok and Pigozzi:

Theorem 2.2.48 (Deduction bridge theorem). A logic $ has a deduction-detach-
ment theorem if and only if A is an EDPC variety.

14Private communication with Marco Abbadini (2026), reproduced here with permission.



2.2. Algebras of Logic 53

Proof. See [69, Thm. 5.5]. ■

Let us say that a logic $ has a strong deduction-detachment theorem if there
exists a term δpxq such that for each pair of formulas φ, ψ we have that:

φ $ ψ ðñ $ δpφq Ñ ψ.

The interest of this notion lies in the following connection:

Proposition 2.2.49 (Strong deduction and uniform interpolation). If $ has a
strong deduction detachment theorem and right (left) uniform Craig interpola-
tion, then it has right (left) uniform deductive interpolation.

Proof. Assume that φpp, qq $ ψpq, rq. Then $ δpφpp, qqq Ñ ψpq, rq, which by
uniform Craig interpolation means that $ D̃pδpφpp, qqq Ñ ψpq, rq, which entails
by the definition of implication that D̃pδpφpp, qqq $ ψpq, rq.Conversely assume
that D̃pδpφpp, qqq $ ψpq, rq; since $ δpφpp, qqq Ñ D̃pδpφpp, qqq, we have that
φpp, qq $ D̃pδpφpp, qqq, which means precisely that φpp, qq $ ψpq, rq. The case for
left uniform interpolation is similar but easy, since then ψ sits uniformly on the
left of the turnstile. ■

Relative anarchy and interpretations

We finish this section with an ensemble of relational properties – properties relat-
ing two distinct logical systems – which, despite having been frequently studied,
has seemingly so far gone without a name:

Definition 2.2.50 (Relative anarchy). Let A be a variety of L-algebras, and A0

a variety of L0-algebras where L Ď L0. We say that A is A0-anarchic
15 if:

1. (Inclusion) We have that AæL Ď A.

2. (Unique) For each A P A there is at most one B P A0 such that BæL – A.

3. (Anarchy) For each X where |X| ď ℵ0, the algebra FApXq is the reduct of
some algebra in A0.

15We stress that the usage of “anarchic” refers not to the colloquial use, i.e., without rules,
but rather to the collectivist, mostly Russian, tradition of anarchism, prefigured by M. Bakunin.
To somewhat loosely interpret the ideas, we can say that a system is lawless when it has the
minimum amount of laws assumed to be necessary; but it is only considered social anarchism
if these laws are capable of, organically, giving rise to important structures like collective or-
ganization or redistribution. The analogy with free algebras is thus clear: in general these
are lawless, and they will be anarchic (relative to some algebraic expansion) if the uniquely
definable structures are actually fully defined there.
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The conditions (1-2) above are connected with the context of algebraically
expandable classes studied extensively by Campercholli and Vaggione (see e.g.
[78]), as well as in non-classical logics in [77], and is likewise connected to the
theory of implicit operations [80], and the study of connectives in non-classical
logic (see e.g. [90] for a discussion in the context of orthologic). Examples of this
phenomenon are abundant:

1. Free modal algebras are tense algebras [125, Thm. 6.3].

2. Free distributive lattices are bi-Heyting algebras (a folklore fact, see Section
A.1 for a proof);

3. Free Heyting algebras are bi-Heyting algebras [127] (see also Section 4.3).

4. Every free Gödel algebra is a bi-Heyting algebra by the main results of [79].

To provide a logical interpretation of relative anarchy, we begin by recalling
the meaning of inclusion and uniqueness:

Proposition 2.2.51. Let A be a variety of L-algebras and A0 a variety of L0-
algebras where L Ď L0. Then:

1. (Inclusion) holds if and only if whenever λ « γ is an L-equation valid in A,
then A0 ( λ « γ.

2. (Unique) holds if and only if an isomorphism of A-algebras is an isomor-
phism of A0-algebras.

Equivalently, inclusion and uniqueness hold if and only if the reduct forgetful
functor æL : A0 Ñ A is faithful and injective on objects.

Proof. Both conditions are easy to verify by unfolding the definitions. ■

A categorical reading of this situation makes it quite transparent: our assump-
tions taken together, imply that there exists a free functor F : AÑ A0, which is
left adjoint to the forgetful functor G : A0 Ñ A, and the algebras for the induced
monad GF are precisely the A0-algebras – there exists for each such algebra one
monad structure, since they lie in the essential image of the forgetful functor,
and at most one by our assumptions. This puts us in the context of property-like
structures (see e.g. [162, Thm. 7.1]).

To understand the meaning of relative anarchy, we briefly introduce the idea
of a “structural interpretation”; the reader should compare such definitions with
the notion of translations discussed in [204]:

Definition 2.2.52 (Structural interpretation). Let L Ď L0 be logical languages.
Let A be a variety of L-algebras and A0 a variety of L0-algebras. We say that
an assignment T : FormL0pPropq Ñ FormLpPropq is a structural interpretation if:
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1. (Identity on formulas) For each formula φ P FormLpPropq we have A0 (

T pφq « φ;

2. (Pseudo-Homomorphism) For each symbol tpx1, . . . , xnq P L0, we have:

A0 ( T ptpp1, . . . , pnqq « T ptpT pp1q, . . . , T ppnqq.

Note that as a consequence of these conditions, T is a homomorphism on the
connectives from L, and “as close as possible” to being a homomorphism on L0.
We can then prove the following:

Proposition 2.2.53 (Logical characterization of relative anarchy). Let A be a
variety of L-algebras and A0 a variety of L0-algebras, where L Ď L0, satisyfing
(Inclusion) and (Uniqueness). Then there exists a (unique) structural interpreta-
tion of A0 in A if and only if A is A0-anarchic.

Proof. As mentioned above, the categorical assumptions at play mean that there
exists a left adjoint, free functor F : AÑ A0, left adjoint to the forgetful functor
G : A0 Ñ A, which is injective on objects. The requirement of relative anarchy
is equivalent to saying that the algebras FApXq all have a (necessarily unique)
A0-structure.

Let us unfold what such a structure must look like, in terms of the laws for
algebras over a monad (See Definition 2.1.7): the existence of an algebra structure,
corresponds to the existence of a homomorphism f : GFpFAq Ñ FA. Given an
object A P A, the unit ηA : AÑ GFpAq simply sends each a element to its image
in the free A0-generated algebra.

Let us then unfold what it means for FApωq to carry a A0-structure. Recall
that:

1. (Unit) For each object A P A, the unit η : A Ñ GFpAq takes an element
a P A and sends it to itself in the free A0-algebra generated by A;

2. (Counit) For each object A P A0, the counit εA : FGpAq Ñ A works by
“evaluation”: it takes a formula φpa1, . . . , anq, built over the elements of A,
and sends it to the interpretation in A.

3. (Multiplication) By tracing the meaning of the counit, and recalling that
the multiplication is GpεFpAqq, the multiplication µA : GFGFpAq Ñ GFpAq
works by reducing: given a formula φpx1, . . . , xnq taken in the language
FormL0pPropq, and ψ1, . . . , ψn formulas over L0 with parameters from A,
note that we can see the formula φpψ1, . . . , ψnq in two different ways: as a
formula φ˚pψ1, . . . , ψnq with ψi parameters, and as a formula φpψ1, . . . , ψnq
over a, obtained by substitution of xi ÞÑ ψi. The multiplication acts by:

µpφ˚pψ1, . . . , ψnqq “ φpψ1, . . . , ψnq,

essentially evaluating the terms.
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For simplicity of notation, letting F “ FApXq, and writing T :“ GF, we can
now work out what the meaning of the unit and multiplication conditions are
when taken for this particular adjunction, assuming that F has a A0-structure:

1. The (Unit) condition. We require that for each formula φ P FormLpPropq,
seen as an element of F 16, we require that fηF “ 1F . Given the conserva-
tivity of A0 over A, this equivalently means that:

A0 ( fpφq « φ,

for each formula φ in the language L.

2. The (Multiplication condition): For each tpx1, . . . , xnq P L0, unfolding the
multiplication condition, we obtain that A0 should prove the following
equality:

A0 ( fptpp1, . . . , pnqq « fptpfpp1q, . . . , fppnqq.

By recalling that the algebra FpFApXqq will be FA0pXq, it is clear from
the above discussion that the existence of an L0-algebra structure on FApXq is
equivalent to the existence of a structural interpretation of A0 in A. ■

2.3 Intuitionistic Logic

2.3.1 Basic Definitions and Properties

Definition 2.3.1 (Intuitionistic language). The intuitionistic language over a set
of propositions Prop, denoted by LIPCpPropq, consists of the formulas φ obtained
by the following rules:

φ ::“ p | K | J | φ^ ψ | φ_ ψ | φÑ ψ,

where p P Prop.

We make the usual abbreviations φ Ø ψ and ␣φ :“ φ Ñ K. Note that such
a language is precisely the same as LHApPropq.

Definition 2.3.2 (Implication depth). Given φ P LIPCpPropq, the depth of φ,
specifically its implication depth, is defined recursively by letting dppq “ dpKq “
dpJq “ 0, dpφ ^ ψq “ dpφ _ ψq “ maxpdpφq, dpψqq and for implication, dpφ Ñ
ψq “ maxpdpφq, dpψqq ` 1.

Definition 2.3.3 (Superintuitionistic logic). We say that a logic $, in the lan-
guage LIPCpPropq, is a superintuitionistic logic (s.i.) if it contains the sequents,

16To avoid the reader needing to pattern match concepts, we are identifying ω and Prop, and
treating them as the same.
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1. $ q Ñ ppÑ qq;

2. $ pr Ñ ppÑ qqq Ñ ppr Ñ pq Ñ pr Ñ qqq;

3. $ p^ q Ñ p and $ p^ q Ñ q;

4. $ pÑ pq Ñ pp^ qqq;

5. $ pÑ p_ q and $ q Ñ p_ q;

6. $ ppÑ qq Ñ ppr Ñ qq Ñ ppp_ rq Ñ qqq;

7. $ K Ñ p and $ pÑ J,

and is closed under the following rules:

1. Uniform substitution, i.e., φpp1, . . . , pnq P L then for each set of formulas
ψ1, . . . , ψn, φpψ1, . . . , ψnq P L;

2. Modus Ponens, i.e., $ φÑ ψ and $ φ then $ ψ.

We denote by $IPC the smallest superintuitionistic logic.

Intuitionistic logic enjoys the deduction theorem in its full strength (see [82,
Thm. 2.42]:

Theorem 2.3.4 (Deduction theorem for s.i. logics). For each φ, ψ P LIPCpPropq
we have that φ $IPC ψ if and only if $IPC φÑ ψ.

In light of the deduction theorem, it is common to identify $IPC with its set of
theorems, IPC. Consequently, we will also refer to superintuitionistic logics (s.i.)
simply as axiomatic extensions of IPC.

Notation 2.3.1 (Smallest logic generated). Given an s.i. logic L, and a set S of
formulas, we will denote by L‘ S the smallest s.i. logic containing LY S.

Throughout this thesis we will encounter several superintuitionistic logics.
The following will be recurring:

Definition 2.3.5 (Basic superintuitionistic logics).

1. CPC “ IPC‘ pp_␣pq “ IPC‘␣␣pÑ p – Classical propositional logic.

2. Sme “ IPC‘␣p_ q _ pq Ñ pq – called Smetanich logic the logic of Stone-
Heyting algebras, or LC2

17.

17The term Smetanich logic appears in [82]. The axiomatization given here is due to Hosoi
[149]. This logic is likewise known as the logic of “Here-and-there” in the logic programming
community (see e.g. [214]).
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3. LC “ IPC ‘ pp Ñ qq _ pq Ñ pq – the Gödel-Dummet logic, Gödel logic, or
linear calculus.

4. KC “ IPC‘ p␣p_␣␣pq “ IPC‘␣pa^ bq Ø p␣a_␣bq – sometimes called
DeMorgan logic, the logic of weak excluded middle or Yankov logic.

5. BDn “ IPC‘ bdn where bd1 “ p1 _␣p1 and bdn`1 “ pn`1 _ ppn`1 Ñ bdnq,
the logics of dounded depth n.

6. BWn “ IPC‘
Žn

i“0ppi Ñ
Ž

j‰i piq, the logics of bounded width n.

We say that a logic L is consistent if K R L; otherwise we say that it is
inconsistent. Note that due to Modus Ponens, there is a unique inconsistent logic
– Form. Then we have (see e.g. [82, Thm. 4.1]):

Proposition 2.3.6 (Classical logic is largest consistent). For each superintu-
itionistic logic L, if L is consistent, L Ď CPC.

The logic IPC, and all of its extensions, are algebraizable, and indeed implica-
tive. The algebras that are its equivalent algebraic semantics are the Heyting
algebras we met in Definition 2.1.14. The following is the precise, and fundamen-
tal, connection between Heyting algebras and intuitionistic logic:

Theorem 2.3.7 (Algebraic completeness). The logic IPC is algebraizable (im-
plicative) and HA is its equivalent algebraic semantics.

Proof. This goes back to at least [226]. ■

Notation 2.3.2. Given a superintuitionistic logic L, we write VL for the variety
of Heyting algebras validating L. We reserve the symbol V to denote varieties
of Heyting algebras, and write LogpVq for the logic associated to a variety of
Heyting algebras.

Some properties of superintuitionistic logic are not shared with its classical
counterpart, and are peculiar to the intuitionistic framework:

Definition 2.3.8 (Disjunction property). A superintuitionistic logic L has the
disjunction property if whenever φ_ ψ P L then either φ P L or ψ P L.

Proposition 2.3.9 (IPC has the disjunction property). The logic IPC has the
disjunction property. None of the other logics in the above list have this property.

Proof. This goes back at least to [181]. See [82, Chapter 15] for a modern proof.
■
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2.3.2 Order-theoretic Semantics

In this section we recall the basics of Kripke semantics of IPC and its exten-
sions, as well as the general semantics using Esakia spaces. This will allow us
to work throughout with correspondence between axioms valid in algebras, and
dual properties valid in spaces and posets.

Definition 2.3.10 (Kripke model). We say that a triple pM, rq “ pP,ď, c, rq
where pP,ďq is a rooted poset, with root r, and c : P Ñ Pppq is an order-
preserving function, is a (Kripke) model over the propositional letters p over P .

Definition 2.3.11 (Kripke semantics). If pM, rq “ pP,ď, c, rq is a model and φ
is a formula, we define the forcing relation pM, rq , φ by induction on formulas:

• M, r , K never;

• M, r , p if and only if p P cpxq.

• M, r , φ^ ψ if and only if M, r , φ and M, r , ψ;

• M, r , φ_ ψ if and only if M, r , φ or M, r , ψ;

• M, r , φÑ ψ if and only if whenever r ď q and M, q , φ then M, q , ψ.

Definition 2.3.12 (Kripke and Esakia validities). For a poset P , we write P , φ
and say that φ is valid over P , if every model over P forces φ. P is said to validate
a logic L if it validates all axioms in L. For an Esakia space pX,ď, τq, we similarly
write X , φ and say that X validates φ if for each model over X such that for
each p, c´1rtpus P ClopUppXq, and each x P X, pÒx,ď, c, xq , φ.

Notation 2.3.3 (Logic of posets and Esakia spaces). Given P a poset (resp. Esakia
space) we write,

LogpP q “ tφ : P , φu,

for the logic of P , which is always an element of ExtpIPCq. Indeed, it should be
clear that for an Esakia space X, LogpXq “ LogpClopUppXqq, by definition.

Definition 2.3.13 (Kripke completeness). A logic L is said to be Kripke complete
if there is a class P of posets such that L “ LogpPq.

Remark 2.3.14 (Kripke semantics of positive logic). Recall from Remark 2.2.8 the
positive logic PL. Since such a logic is a fragment of intuitionistic logic, it admits
a natural Kripke semantics obtained by restriction of the intuitionistic Kripke
semantics. This is peculiar in that the semantics, restricted to the connectives
J,K,^,_, is nevertheless entirely local; the partial order, in such a case, can
be seen as representing the possibility of worlds “gaining knowledge”, despite no
actual movement occurring as far as the logical connectives allow.
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Remark 2.3.15 (Frames=Posets+Esakia spaces). When we wish to make no dis-
tinction between posets and Esakia spaces we will refer simply to a frame.

We will now take a look at some basic properties which will recurringly appear
in our work.

Definition 2.3.16 (Properties of frames). A frame pF,ďq is said to be:

1. locally discrete if for all x, y P F , x ď y if and only if x “ y.

2. locally linear if for all x, y, z P F , whenever x ď y, z then either y ď z or
z ď y.

3. locally directed if for all x, y, z P F , if x ď y, z there is some w P F such
that y ď w and z ď w.

4. a tree if it is rooted, and for each x P F , Óx is linear.

Definition 2.3.17 (Depth in a frame). Let pF,ďq be a frame. Given x P F ,
the depth of x, denoted dppxq, is the largest n such that there exists a chain
x “ x1 ď ¨ ¨ ¨ ď xn, and there is no such chain of size n ` 1, or 8 if such an n
does not exist. We denote by dppF q “ suptdppxq : x P F u.

Definition 2.3.18 (Width in a frame). Let pF,ďq be a frame. Given x P F width
of x, denoted wppxq is the largest n such that there is an antichain of size n and
no antichain of size n` 1 in Òx, or 8 if such an n does not exist. We denote by
wppF q “ suptwppxq : x P F u.

The following correspondences are well-known [82, Ch. 2, Ch. 8]:

Proposition 2.3.19 (Correspondence for superintuitionistic logics). For F a
frame, we have:

1. F , CPC if and only if F is discrete. Moreover, LogpCPCq “ tF :
F a discrete frame with a single pointu.

2. F , Sme if and only if F is locally linear and has depth at most 2, if and
only if F , BD2W1. Moreover, LogpSmeq “ tF : F a 2-element chainu.

3. F , LC if and only if F is locally linear. Moreover, LogpLCq equals LogptF :
F a finite chainuq.

4. F , KC if and only if F is locally directed. Moreover, if F is an Esakia
space, this is likewise equivalent to maxpÒxq being a singleton for each x P F .
Moreover, LogpKCq “ tF : F a finite poset with a maximal elementu.

5. F , BDn if and only if each point in F has depth less than or equal to n.

6. F , BWn if and only if each point in F has width at most n.



2.3. Intuitionistic Logic 61

2.3.3 Bisimulations and k-bisimulations

A key technique for studying syntactic properties of superintuitionistic logics is
the notion of bisimulation and the more specialized bounded bisimulation. In this
section we recall some of their basic properties.

Definition 2.3.20 (Bisimulation). Given two models M “ pP,ď, c, xq and N “

pP 1,ď, c1, xq over p, a relation S Ď P ˆ P 1 is a bisimulation based on px, x1q if:

1. Whenever pw,w1q P S then p P cpwq if and only if p P c1pw1q;

2. Whenever pw,w1q P S and w ď t there is some t1 ě w1 such that pt, t1q P S;

3. Whenever pw,w1q P S and w1 ď t1, there is some w ď t such that pt, t1q P S.

Definition 2.3.21 (k-bisimulation). Given two models M “ pP,ď, c, xq and
N “ pP 1,ď, c1, xq over p, we say that a relation Sk Ď P ˆ P 1 is a k-bisimulation
based on px, x1q if there are relations Sk Ď ¨ ¨ ¨ Ď Sj Ď ¨ ¨ ¨ Ď S0 for each 0 ď j ď k,
such that xSkx

1 and:

1. Whenever wS0w
1 then p P cpwq ðñ p P cpw1q for each p P p;

2. For each j ă k, whenever wSj`1w
1 and w ď v there is some w1 ď v1 such

that vSjv
1.

3. For each j ă k, whenever wSj`1w
1 and w1 ď v1 there is some w ď v such

that vSjv
1.

Definition 2.3.22 (bisimilarity, k-bisimilarity). We say that pM, xq is (k-)bisi-
milar with pN, x1q if there exists a (k-)bisimulation between them. We write
pM, xq „p pN, x

1q to mean that there is a bisimulation in this language, and
pM, xq „p,k pN, x

1q to mean that there is a k-bisimulation in this language.

As described in [130, Chapter 4.1], k-bisimulations can be characterized in
game-theoretic terms: given a pair pM, xq and pN, x1q, Player I is said to win
a 0-bisimulation game if cpxq ‰ c1px1q and otherwise Player II wins; and Player
I wins a k ` 1-bisimulation game if there is z P M, such that Player II cannot
choose any w P N and win a k-bisimulation game with pMz, zq and pNw, wq. Full
bisimulations correspond to the same when the game is allowed to run for an
arbitrary number of steps, up to ω. Given this point of view, it is sometimes
convenient to consider an assymetric variant of the game:

Definition 2.3.23 (Order-bisimulations, order-k-bisimulations). Given two Kri-
pke models M and N, we write pM, xq ďp pN, x

1q, (respectively pM, xq ďp,k
pN, x1q), to mean that there is some x ď z such that pMz, zq „p pN, x

1q (respec-
tively pMz, zq „p,k pN, x

1q.
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With these game-theoretic intuitions, the following basic properties of (k-
)bisimulations are straightforward:

Proposition 2.3.24 (Basic properties of k-bisimulations). For all models pM, xq,
pN, x1q and pL, x2q, over p we have:

1. If pM, xq „p pN, x
1q „p pL, x

2q then pM, xq „p pL, x
2q, and if pM, xq „p,k

pN, x1q „p,k pL, x
2q then pM, xq „p,k pL, x

2q.

2. pM, xq ďp pN, x
1q if and only if we have the following: for each formula

φppq, pM, xq , φ implies pN, x1q , φ.

3. pM, xq ďp,k pN, x
1q if and only if we have the following: for each formula

φppq such that dpφppqq ď n, pM, xq , φ implies pN, x1q , φ.

Proof. See [130, Prop. 4.1]. ■

2.3.4 Properties of IPC and its extensions

In this final section we briefly correspond the logical and algebraic properties
mentioned throughout with the main logical systems of interest just introduced.
We begin with the general univeral algebraic ones:

Proposition 2.3.25 (Universal algebraic properties). All extensions of IPC by
theorems have a deduction theorem; all varieties V of Heyting algebras are
congruence-distributive and have the CEP.

Proof. See [82, Thm. 2.42] for the deduction theorem, which is obviously inherited
by extensions by axioms. By Proposition 2.2.19, since Heyting algebras are lattice
expansions, they are congruence-distributive. The congruence extension property
follows from the deduction theorem, which is equivalent to EDPC (Theorem
2.2.48), under the particular assumptions on HA we have established (see [224,
Thm. 8.2.(iii)] and references therein contained). ■

As far as completeness properties goes, we have the following picture:

Proposition 2.3.26 (Completeness properties). The following properties hold
of the systems outlined:

1. The logics CPC, Sme and BD2W2 are tabular.

2. The logics LC and BDn for each n ą 1 are locally tabular, but not tabular.

3. The logics IPC,KC,BWn for n ě 2 are not locally tabular, but have the
finite model property.

Proof. See [82, Ch. 4, Ch. 8]. ■
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As far as interpolation properties, the original interpolation theorem was
shown by Schütte [237], whilst the following characterization results are due to
Maksimova[184]:

Theorem 2.3.27 (Maksimova’s theorem on CIP). For L a superintuitionistic
logic, L has the CIP if and only if L has deductive interpolation, if and only if L
is one of the following logics: IPC, KC, LC, Sme, BD2, BD2W2 or CPC.

We note that the negative part of this result – showing that all other logics
fail to have interpolation – goes through the equivalence of the CIP and the
superamalgamation property discussed in Section 2.2.3, namely, by refuting the
amalgamation property for all other logics.

Maksimova’s theorem was strengthened by Pitts [218] and Ghilardi and Za-
wadowski [130]:

Theorem 2.3.28 (Characterization of UIP). For L a superintuitionistic logic,
all the logics from Theorem 2.3.27 have uniform interpolation.

Proof. See [130, Ch. 4.5–4.7] ■

It will be nice as this point to remark on the semantics of such a property,
which in intuitionistic logic become rather concrete, and are connected to a simple
definability property:

Definition 2.3.29 (Adjoint definability property). We say that a logic L Ě IPC
has the adjoint definability property if for each n, the inclusions i : FLpnq Ñ
FLpn` 1q have left and right adjoints.

Remark 2.3.30 (Adjoint definability ‰ uniform interpolation). Note that adjoint
definability is true for any locally tabular logic, and hence, has no a priori con-
nection to interpolation. As explained in [125], it is rather the Beck-Chevalley
condition from Theorem 2.2.44 which guarantees interpolation – which in the
presence of adjoint definability, becomes uniform interpolation.

Given p, q propositional letters, let L2ppq be the language of intuitionistic logic
containing propositional quantifiers @p and Dp.

Definition 2.3.31 (Bisimulation quantifiers). Given a formula φ P L2ppq we give
semantics to φ over Kripke models pM, xq by:

1. If φ is a propositional letter, K or J, or the primary connective of φ from
L, then the semantics is the usual one.

2. M, x , D̃pi φ if and only if there is a model N, y over p, such that M, x „pzpi
N, y, and N, y , φ.

3. M, x , @̃pi φ if and only if for each x ď x1, and any model N, y over p such
that M, x „pzpi N, y and N, y , φ.



64 Chapter 2. Topology, Algebra, and Logic

Such quantifiers are often known as bisimulation quantifiers. The following is
their connection to adjoint definability (for a proof, see [135, Prop. 5]):

Proposition 2.3.32 (Adjoint definability and bisimulation quantifiers). Assume
that L is a logic which has the FMP. Suppose that for each φpp, qq, there is a
formula ψpqq such that for each finite model M, x:

M, x , ψppq ðñ M, x , D̃q φpp, qq,

and a formula ψ1ppq such that for each finite model M, x:

M, x , ψ1ppq ðñ M, x , @̃q φpp, qq;

Then L has the adjoint definability property.

Remark 2.3.33 (Adjoint definability beyond intuitionistic logic). We note that
Proposition 2.3.32 holds in much greater generality, for modal logics, bi-intuiti-
onistic logics, and several other related systems. Under reasonable assumptions,
it can be turned into an equivalence – see [135, Prop. 10] for a recent discussion
of this, following the main results from [130, Ch. 4, Ch. 5].

From the bisimulation quantifiers several interesting properties of the uniform
interpolants can be extracted, the following being perhaps the most peculiar:

Proposition 2.3.34 (Join-distributivity). For each pair of formulas φ, ψ in in-
tuitionistic logic, we have:

@̃qpφpp, qq _ ψpp, qqq ” @̃qφpp, qq _ @̃qψpp, qq.

Proof. This was observed by Pitts [218, Exa. 10]; for a proof using bisimulation
quantifiers see [257, Thm. 5.4]. ■

This property can be seen as a form of internal disjunction property. In fact,
we have the following:

Proposition 2.3.35 (Join-distributivity implies disjunction property). Let L be
a consistent superintuitionistic logic with the adjoint definability property. If L
has join-distributivity of right adjoints, then L has the disjunction property.

Proof. Assume that φppq _ ψppq P L. By definition, this means that that in the
free algebra for this logic, J ďL φppq_ψppq. By the definition of the right adjoints,
then @ppφppq_ψppqq P L as well. By assumption of distributing over disjunctions,
@pφppq _ @pψppq P L. However, note that @pφppq ”L J or @pφppq ”L K and
similarly for ψ. If both were equivalent to K, then K P L, which would make
the logic inconsistent. Thus either @pφppq ”L J or @pψppq ”L J. This means,
applying the adjunction, that J ď φppq or J ď ψppq, meaning that φ P L or
ψ P L. ■
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Figure 2.4: Forbidden frames in lattice of extensions

2.3.5 Lattice of extensions of IPC

As we have remarked before, Kuznetsov’s hierarchy discussed in the introduction
stratifies certain logics as more complex than others. This intuition is reflected
in the structure of the lattice of superintuitionistic logics ExtpIPC). Since this
intuition will serve us throughout, we briefly recall some basic properties of this
lattice, and some of the basic machinery used to study it. Central to it is the
following theorem, due to Yankov (see [37] for an extensive discussion):

Theorem 2.3.36 (Yankov’s theorem). For a finite poset P and a rooted poset
Q, P . J pQq if and only if Q is a rooted subframe of a p-morphic image of P .

Proof. See e.g. [37, Thm. 3.3]. ■

A key interest of Yankov formulas lies in their possibility to axiomatize logics
purely in terms of their associated frames. This is employed systematically in
several lines of research (see e.g. [40, 192, 65]). The key insight, originating from
the work of Jónnson, and heavily exploited by Blok, is the use of splittings :

Definition 2.3.37 (Splitting logic). A pair L1, L2 P ExtpIPCq is called a splitting
of ExtpIPCq if L1 Ę L2 and we have

ExtpIPCq “ ÒL1 Y ÓL2.

The logic L1 is called a splitting logic. A logic L is called a union-splitting if there
are a family of splitting logics Li such that L “

À

iPI Li.

The connection between these concepts comes from the following theorem:

Theorem 2.3.38 (Splitting theorem). A logic L P ExtpIPCq is a splitting logic
if and only if there is a finite rooted poset Q such that L “ IPC‘ J pQq.

Proof. See e.g. [37, Thm. 3.7]. ■

We now recall the structure of the lattice of extensions of IPC, namely its
topmost part:
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...

‚ LC.BD3

‚ LC.BD4
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‚ LC

Figure 2.5: Top part of lattice ExtpIPCq.

Proposition 2.3.39 (Structure of lattice of extensions of IPC). The top part of
the lattice ExtpIPCq has the following structure:

1. CPC is the largest consistent extension of IPC;

2. The pair pCPC, Smeq is a splitting. The logic Sme “ Logp2ďq (Figure 2.4).

3. The logic LC is a union splitting, and it is J p2Fq ‘ J p2Dq.

Proof. (1) this was noted in Proposition 2.3.6.
(2) and (3) To show that CPC is split by Sme, and LC is split by the frames

2F and 2D one can argue algebraically and dually. We do this for Sme as an
illustration, with the case of LC being discussed in [82, Ch. 8], and following very
similar arguments.

We have to show that any Heyting algebra which is not Boolean is contained
in the variety Sme; by algebraic completeness, this yields the result. So assume
that H is not Boolean. By Proposition 2.3.19, then X “ SpecpHq must contain
some point x such that |Òx| ą 1. Let X0 :“ Òx.

Since maxpX0q is closed (Proposition 3.3.23), and x R maxpX0q, by basic
properties of Priestley spaces, there is a clopen upset U Ě maxpX0q such that
x R U . Then define f : X0 Ñ 2ď by sending each y P U to 1, and each y R U to
0. This is order-preserving, since U is an upset, and is a clopen upset since each
y P X0 sees a maximal element. Thus 2ď is a p-morphic image of X0, showing by
duality that H P Sme. ■
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Table 2.1: Duality dictionary

Dist. Lattices
Heyting algebras

Priestley
duality

Esakia
duality

Distributive lattice Priestley space -
Heyting algebra - Esakia space

Meets Intersection
Joins Union

Relative
pseudocomplements

lpU ñ V q

Homomorphism
Continuous Order
Preserving map

Continuous
p-morphism

Homomorphic
Image

Closed subset Closed upset

Surjective
homomorphism

Embedding
Injective p-morphism
Generated subframe

Injective
homomorphism

Surjective
cont. ord. preserving

Surjective
cont. p-morphism

Filter Closed upset
Finite Product Finite Sum of Spaces Finite Sum of spaces

Coproduct Cartesian product -
Pushout Cartesian pullback -

Directed system
Directed limit

Inverse system
Inverse limit

Element of
algebra

Clopen upset

Join irreducible
element

Rooted clopen upset

Completely join
irreducible element

Rooted clopen upset
with isolated root
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Table 2.2: Logic and algebraic properties, and equivalents.

Logic Algebra Equivalents

Tabularity
Finitely Generated

Variety
|As.i ă ω|

Local Tabularity
Locally Finite

Variety
@n, FApnq finite

Finite Model
Property

Fin. Approximable
Variety

@n, FApnq
fin. approximable

Deduction theorem EDPC variety -
Craig interpolation Superamalgamation

Maehara
Interpolation

Amalgamation + CEP

Right Uniform
D. Interpolation

Amalgamation + Coherence

Left+Right Uniform
D. Interpolation

Model Completion of A exists.

Left/Right Uniform
Craig Interpolation

-
FApnq Ñ FApn` 1q
has left/right adjoint

satisfying Beck-Chevalley
Structural

interpretation
Relative anarchy -



Part One

Representations of free Heyting algebras

In the first part of this thesis, we study two main constructions of free Heyting
algebras: through universal models, in the style of Bellissima [30], Esakia and
Grigolia [107] and Shehtman [242]; and through step-by-step constructions, in
the vein of Urquhart [251] and Ghilardi [127]. We present such results in a
contextualized way, in as much generality as we make use of them in this thesis.

1. In Chapter 3 we consider the universal model construction, and present it
in the general case of superintuitionistic logics with the FMP. The repre-
sentation of the free algebra is here given by “definable upsets”. Due to
the difficulties of providing explicit characterizations of these definable up-
sets, we look to characterizing such kind of representations, where one uses,
instead of a duality, a more general class of structures. This is done by
developing a basic theory of locally Esakia spaces. As applications of such a
theory, we study Bellissima algebras, which arise naturally out of studying
the universal model, as well as locally Esakia representations of duals of
products and ultraproducts.

2. In Chapter 4, we present the step by step construction for general Heyt-
ing algebras generated by a distributive lattice, by introducing the the-
ory of Ghilardi complexes. This allows us to describe many constructions
of interest for the theory of Heyting algebras, like coproducts, pushouts
and polynomial Heyting algebras, in a dual manner, and to obtain a finer
grasp on it. This allows us to explicitly study a an interpretation of IPC
to its implication-free fragment, shown to be structural but not conser-
vative. A study of a special property of Ghilardi complexes, called here
G-conservativity allows us in turn to describe a conservative translation
from IPC to its implication-free fragment.

3. In Chapter 5, we provide a method for generalizing the step by step con-
struction to subvarieties, and apply it in four cases of interest – CPC, Sme,
LC and KC. We use this method to provide normal forms for these logics,
and prove analogues of known results by Ghilardi [127] for them. We also
provide an analogue of the step by step construction for posets and locally-
finite posets. We finish by discussing several other applications with reach
beyond the scope of the present thesis.





Chapter 3

Universal Models and locally Esakia
spaces

In this chapter we discuss our first representation of free Heyting algebras, via so-
called “universal models”. Typically credited to Bellissima [30], as well as Esakia
and Grigolia [107], this construction was studied independently, and in various
forms found by several different people, including De Jongh [160] and Shehtman
[242]. In all these instances, such a study arose out of an attempt to generalize
the representation of the Rieger-Nishimura lattice. Despite being rather more
involved than the Rieger-Nishimura, the universal model construction and close
variations have been employed to great use in the study of admissibility [234],
structural completeness [65] and positive preservation results [62], amongst many
other settings. The construction has also been studied in its own right by several
people, most notably, in recent years, in [123, 91].

As a representation, the universal model on n-generators, Upnq is connected
to the dual of Fpnq, denoted by X pnq, via “definable subsets”. The precise
nature of this connection has been fleshed out, most notably in [123] as well as in
[136]. The perspective we adopt here is that of seeing such spaces as generalized
representations of the algebra, namely, by non-compact spaces. From this point
of view, a similar situation appears in the the dual of the product of Heyting
algebras pHiqiPI , with duals Xi “ SpecpHiq, through the topological sum of Esakia
spaces

À

iPI Xi, which will fail to be compact whenever I is infinite. In both of
these cases, we connect such generalized representations back to the Esakia dual
through order-compactifications. This presents Upnq as a special kind of locally
Esakia space, a concept introduced here. Through this we obtain a topological
description of duals of what we call Bellissima algebras, which are generated out
of the universal model, and correspond to the least Esakia order-compactification.
In the special case of logics of bounded width 2 we obtain a full description of
the duals of such algebras.

Outline of the chapter

71
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1. In Section 3.1 we present the general idea of how free algebras can be
represented using geometric refutation patterns.

2. In Section 3.2 we briefly recap the construction of universal models for
superintuitionistic logics with the FMP;

3. In Section 3.3 we introduce locally Esakia spaces. These are sought with
the goal of providing a flexible framework for duality for non-compact struc-
tures, systematically relating them to Esakia duality. We prove in particular
that locally Esakia spaces are a reflective subcategory of Esakia spaces, ex-
plicitly describing the reflector.

4. In Section 3.4, we provide two applications of locally Esakia spaces: to the
description of Bellissima algebras as least Esakia order-compactifications,
and to the dual description of products of Heyting algebras.

3.1 Free algebras: geometrically encoded refu-

tation patterns

One of the natural features of CPC from a semantic point of view is the existence
of truth-tables – single point frames over which we can vary valuations to obtain
all possible models of a given formula. This simplicity means that one can use
these truth tables to obtain a representation of all formulas, and with that, of
free Boolean algebras: by looking at the models one obtains, and knowing how
to dually represent Boolean algebras, we obtain the usual representation of free
finitely generated Boolean algebras by truth-assignments (see Section 4.1.2).

This simplicity is shared with very few other systems: it was originally shown
by Gödel [134] that intuitionistic logic IPC cannot be tabular, and neither can it
be captured by finitely many models over finitely many propositional variables.
Nevertheless as is well-known (Section 2.3.4) finite models are enough to capture
the semantics of IPC.

One may thus attempt to describe the structure of free algebras by using
these finite models as refutation patterns : starting from a given formula φppq,
consider a finite collection of model which, in an appropriate sense, are minimal
in being able to refute φppq. This is the underlying principle of the construction
of the Rieger-Nishimura ladder denoted by RN, which, when dualized, produces
the free Heyting algebra on one generator, the Rieger-Nishimura lattice [231, 209]
(see Figure 3.1).

The frame RN can be constructed recursively (see e.g. [47]) in the following
way:

Definition 3.1.1 (Rieger-Nishimura ladder). We inductively define a collection
of points. We start with a point 1, a point labelled with 0 which is incomparable
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with it, and a point labelled with 0 which has 1 as its unique immediate successor;
call this set X0. We then construct Xn`1 by picking for each antichain of points
in Xn x0, ..., xn such that there is no point y immediately below each xi; as it
turns out, one can show that Xn`1 always adds only two points. We let Up1q “
Ť

nPωXn Y t8u, placing 8 below every other point.
The poset Up1q is equipped with a topology by letting the opens be the finite

sets, and the cofinite sets containing 8. The resulting space is denoted by X p1q,
and is called the Rieger-Nishimura ladder.

From this we can recursively extract a description of the formulas in one
variable, by reading their semantics in the Esakia dual:

Definition 3.1.2 (Rieger-Nishimura polynomials). The Rieger-Nishimura poly-
nomials , are constructed by recursion, on the basis of the sets used in constructing
Up1q:

1. The formula g´1ppq “ K, corresponding to the empty set;

2. The formula g0ppq “ p corresponding to the point 1, and the formula g1ppq “
␣p corresponding to the point 0.

3. Given any n ą 0, the formula fnppq “ gn´1ppq _ gnppq, representing the
union of the points associated with gnppq and gn`1ppq; we make the purely
formal definition f´1ppq “ K.

4. Given any n ą 1, the formula gnppq “ gn´1ppq Ñ fn´3ppq, representing
the point having as its unique successors the elements in the set given by
fn´3ppq.

Each of the points represented by gnppq can be seen to be a minimal model
refuting the formula it captures, in the sense that no two nodes of it satisfy the
same formulas. The generalization of this to several variables leads to the concept
of a De Jongh formula studied by De Jongh in [160], which capture, in a fixed
number of variables, the same property as Yankov formulas (see Theorem 2.3.36).

3.2 Universal models for logics with FMP

Recall from Section 2.3.2 that for us models (over n-many variables) consist of
tuples M “ pP,ď, c, rq, where pP,ďq is a poset, with a root r, and valuations on
n many variables. It can be convenient to see such variables as functions from n
to the poset 2ď, with the pointwise order, normally referred to as colors .

Definition 3.2.1 (Total covering relation). Let P be a poset, A Ď P a subset
and x P A. We say that A totally covers x and write x ĺ̈ A if A is the set of all
immediate successors of v.



74 Chapter 3. Universal Models and locally Esakia spaces

‚
1

‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

...

‚
8 ‚

‚ ‚

‚‚

‚

‚

‚

‚

‚

...

‚
J

Figure 3.1: Rieger-Nishimura Ladder RN and its dual, the Rieger-Nishimura lat-
tice

We write x ĺ̈ y to mean x ĺ̈ tyu; note that in this notation, this means that
x is the only immediate successor of y (as opposed to the usual x ă y, which
means that there are no points strictly between the two).

Remark 3.2.2 (Specifying relations on locally finite posets). Note that if pP,ďq is
a locally finite poset, then ď is the reflexive and transitive closure of the relation
ĺ̈. Consequently, to define a locally finite poset it will suffice to specify such a
relation on P , a fact we will use below.

Definition 3.2.3 (Irreducible model). Let M “ pP,ď, c, rq be a Kripke model.
We say that M is irreducible if whenever x, y P P , and Mx and My are bisimilar,
then x “ y.

Note that on any model, the relation of being bisimilar is an equivalence.
Hence, it is always possible to go from a model to an irreducible one by quotient-
ing:

Definition 3.2.4 (Bisimulation quotient). Given a model M “ pP,ď, c, rq, the
bisimulation quotient M„ “ pP„,ď„, c„, rrsq is defined by letting P„ “ trxs„ :
y P P u, rxs ď rys if and only if Dx1 P rxs and y1 P rys such that x1 ď y1 and
c„prxsq “ cpxq.

Proposition 3.2.5 (Canonical quotient defines bisimulation). Given M “ pP,ď
, c, rq, the canonical quotient map pr : P Ñ P„ is a p-morphism, its graph defines
a bisimulation, and M„ is an irreducible model.
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Proof. This is a routine check. ■

From Proposition 3.2.5, we obtain a way to reduce any model to an irreducible
one; we now show how to enumerate them.

Notation 3.2.1 (Adjoining new root). Given P a finite poset, we denote by rP
the poset obtained by adjoining r as a new minimal element to the disjoint union
P Y tru.

Proposition 3.2.6 (Recursive enumeration of irreducible models). Given a su-
perintuitionistic logic L, and n a natural number, the class of finite irreducible
models for L over n many variables, is enumerated by the following recursive
procedure:

1. We define ILpnq0 by setting it to contain, for each f P 2m, the singleton tfu,
with cpfq “ f ;

2. Assuming that ILpnqk has been defined, we specify:

(a) For each M P ILpnqk where M “ pP,ď, c, xq is a model, and each
f ă cpxq, such that rP is a frame for L, the model Mf,P “ tyf,P uYP ,
where cpyf,P q “ f ;

(b) For every finite set S “ tN1 “ pT1,ď, c1, rT1q, . . . ,Nj “ pTj,ď, cj, rTjqu
of elements from ILpnqk, where |j| ą 1, and every color f such that
f ď cjprTjq, and r

`
Ťj
l“1 Tl

˘

is a frame for L, the model Mf,S “ tyf,SuY
Ťj
l“1 Tl where cpyf,Aq “ f ;

and ILpnqk`1 is the union of ILpnqk with the set of all Mf,w and Mf,S.

Proof. We prove by induction on height of a poset P , that for any model M “

pP,ď, c, rq, M over n many variables, M is irreducible if and only if it is generated
by the above process. If the height of P is 1, then certainly P is irreducible, and
appears in the above process. So assume that this holds for posets of height ă k,
and we show it for posets of height k. First let M “ pP,ď, c, rq be a model,
where P has height k, generated by the above procedure, and suppose towards
a contradiction that M is not irreducible. Then there exist two points x, y P P
such that Mx and My are bisimilar. Note that we cannot have that both x and y
are proper successors of r, since then by hypothesis we would have that Mx and
My would both be irreducible, and thus x “ y. So we assume, without loss of
generality that x “ r. We have two cases:

1. If x is the unique immediate successor of r, the only possibily is that Mr is
of the form Mf,P 1 with P 1 “ Òp. Since Mr and My are bisimilar, we would
have that cprq “ cpxq, which is a contradiction;
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2. Otherwise, by construction, there is some immediate successor y of r such
that x ‰ y. Since M is bisimilar to Mx, there must be some x1 ě x such
that Mx1 is bisimilar with My – which is a contradiction to the induction
hypothesis.

In all cases we get that M and Mx cannot be bisimilar, which means that M is
irreducible.

Conversely, assume that M is irreducible. Let x1, ..., xn be all of the immediate
successors of r. By assumption, Mpi are likewise irreducible, so by induction hy-
pothesis, they were all generated by the above procedure (up to an isomorphism).
Then by looking at the color of r, and the number of xi, and using irreducibility,
one obtains that M is generated by the above procedure: if there is a single xi,
by irreducibility the color of r must be strictly below that of xi; and otherwise
there are several xi, and by persistence of valuations, the color must be below
that of the immediate successors. The result follows by induction. ■

We are now ready to define universal models1 for logics with the FMP2. This
construction is independently due to Bellissima [30], Esakia and Grigolia [107]
and with inspiration of the latter authors, Shehtman [242].

Definition 3.2.7 (n-universal model). Let L be a superintuitionistic logic with
the FMP. We define the n-universal model over L, ULpnq “ pULpnq,ď, cq, re-
cursively, by setting ULpnq “

Ť

kPω ILpnqk; note that as above, this union is not
disjoint.

To obtain the correctness of this construction, one verifies the following:

Proposition 3.2.8. Let L be a superintuitionistic logic with the FMP. Given
any formula φppq over n many variables, we have that φppq P L if and only if
ULpnq , φppq.

Proof. If φppq P L, by construction, each point of ULpnq is a frame for L, so
ULpnq , φppq. Conversely if φppq R L, by the FMP, there is a model M . φppq;
by Proposition 3.2.5, we can take M to be a finite and irreducible model, and by
Proposition 3.2.6, such a model is up to isomorphism equal to a model arising in
the construction of ULpnq. ■

Having Proposition 3.2.8 we know that universal models completely capture
the validity of formulas. But that begs the question of what their relationship is
to free algebras FLpnq.

1Note that such structures are not models in the sense of Definition 2.3.10; instead each of
its rooted upsets will be one such model.

2Note that this definition makes sense for any logic L, though for logics without the FMP,
one does not have that it precisely captures derivability in the logic.
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Definition 3.2.9 (Definable upsets). Let L be a superintuitionistic logic with
the FMP. For each n, and each 1 ď i ď n, we denote by cipnq Ď Upnq the subset
of all points in Upnq validating the proposition labelled with i:

cipnq “ tx P ULpnq : cpxqpiq “ 1u.

We say that a subset A Ď Upnq is definable if it belongs to the Heyting algebra
generated by the set tcipnq : 1 ď i ď nu. We denote by DefLpnq the algebra of
definable upsets of ULpnq.

Proposition 3.2.10 (Free algebra is the algebra of definable upsets). The algebra
FLpnq is isomorphic to DefLpnq.

Proof. Given tp1, . . . , pnu we consider the map ι assigning pi to cipnq, and uni-
formly lifted by the universal mapping property. Since the algebra is gener-
ated by such subsets, this map is surjective. Assume that ιpφq “ ιpψq; then
ιpφ Ø ψq “ 1. Thus we see that ULpnq , φ Ø ψ, which by Proposition 3.2.8
means that φ Ø ψ P L, and so φ “ ψ in FLpnq. This shows that ι is an
isomorphism as desired. ■

Notation 3.2.2 (n-Henkin/n-canonical model). Throughout this chapter we will
use XLpnq “ SpecpFLpnqq – SpecpDefLpnqq to denote the dual space of the free
algebra on n many generators for L.

One might hope that Proposition 3.2.10 might be improved into showing that
UppULpnqq – the n-canonical model – is isomorphic to FLpnq – but this was dis-
proved by Bellissima [30, Lem. 4.1] (see Appendix A.2.2 for more on this). As
noted in [91, Prob. 2], all descriptions of the definable upsets of Upnq for n ą 1
seem to rely on additional combinatorial structures than those given by the uni-
versal model – namely, by relying on n-bisimulations (See Section 2.3.3), which
brings us closer to the representation discussed in Chapter 4. Such a complexity
might be unavoidable in the case of full IPC.

3.3 Locally Esakia spaces

Since Upnq is not compact, one could never expect that Upnq – X pnq, even for
n “ 1. Nevertheless, the appeal of the above representation is clear, in that it gives
us a clear access to the geometric properties of free Heyting algebras, via a simple
recursive construction. An analogous situation happens with the representation
of duals of products of Heyting algebras: whilst the dual of H1 ˆ H2 is simply
SpecpH1q \ SpecpH2q, given pHiqiPI a family of Heyting algebras we have that

ğ

iPI

SpecpHiq,
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the topological and order union of all these spaces, cannot be compact, and
therefore not the dual of

ś

iPI Hi. Nevertheless, it seems possible to encode
all the relevant information to recover the dual space from this. To help with
dealing uniformly with such situations, we describe in the following sections a
theory of Esakia order-compactifications, and of the locally Esakia spaces which
give a precise meaning to being a space for which one can provide an adequate
non-compact representation.

3.3.1 Order-compactifications

It is a classic result that a topological space X admits a compactification iff it is
completely regular, and that the Stone-Čech compactification βX is the largest
compactification of X (see, e.g., [101, Ch. 3.5]). In fact, the correspondence
X ÞÑ βX extends to a functor which is left adjoint to the inclusion of the category
of compact Hausdorff spaces into the category of completely regular spaces (see,
e.g., [158, pp.130-131]).

In the context of duality theory, as we know, a special role is played by those
compact Hausdorff spaces that are zero-dimensional as they serve as Stone duals
of Boolean algebras, and are widely known as Stone spaces. This motivates the
study of zero-dimensional compactifications, the theory of which resembles that of
all compactifications: a topological space X admits a zero-dimensional compacti-
fication iff it is a zero-dimensional (Hausdorff) space, and there exists the largest
zero-dimensional compactification β0X, which is the Stone dual of the Boolean
algebra CloppXq of all clopen susbets of X [26]. The compactification β0X is
known as the Banaschewski compactification and the correspondence X ÞÑ β0X
extends to a functor which is left adjoint to the inclusion of the category of Stone
spaces into the category of zero-dimensional spaces [26] (see also [25]).

Nachbin generalized the theory of compactifications to what is known as order-
compactifications (see, e.g., [207]), which was further developed by numerous au-
thors. In this theory, the role of zero-dimensional compactifications is played by
Priestley order-compactifications [168, 52]. Priestley spaces are of special impor-
tance in algebraic logic as they serve as Priestley duals of distributive lattices, thus
generalizing Stone duality for Boolean algebras. For ordered spaces, the analog
of zero-dimensionality is that of order-zero-dimensionality, and an ordered space
X admits a Priestley order-compactification iff it is order-zero-dimensional [52,
Cor. 3.8]. Moreover, there exists the largest Priestley order-compactification η0X,
which is the Priestley dual of the distributive lattice ClopUppXq of all clopen up-
sets of X, and the correspondence X ÞÑ η0X extends to a functor which is left
adjoint to the inclusion of the category of Priestley spaces into the category of
order-zero-dimensional spaces [52, Rem. 3.10].

Throughout we refer the reader to [207], where the main concepts of this
section were introduced.
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Definition 3.3.1 (Nachbin space). An ordered space X is a Nachbin space if X
is compact and the order ď is closed (in the product space X ˆX).

It is well known (see [207, p. 26]) that the order ď being closed is equivalent
to the following order-separation axiom (see e.g. [194]):

Definition 3.3.2 (Order-Hausdorff). An ordered space X is order-Hausdorff if
for each x, y P X, if x ę y then there exist an upset neighbourhood U of x and a
downset neighbourhood V of y such that U X V “ H.

In particular, an order-Hausdorff space is a Hausdorff space.

Remark 3.3.3 (Convention on ordered properties). As a general rule, we will refer
to order-topological properties as “order-P,” e.g., order-zero-dimensionality. Some
authors call such spaces zero-dimensional ordered spaces (see, e.g., [208]). Since
the latter could alternatively be interpreted as an ordered space that happens to
be zero-dimensional, we prefer the usage of “order-P” to avoid any unnecessary
confusion.

Definition 3.3.4. Let X be an ordered space.

1. (Priestley separation) We say that X satisfies the Priestley separation axiom
provided for each x, y P X, if x ­ď y then there is a clopen upset U such
that x P U and y R U .

2. (Order-zero-dimensionality) We call X order-zero-dimensional if

(a) X satisfies the Priestley separation axiom, and

(b) the set tU zV : U, V P ClopUppXqu is a basis for the topology.

It is clear that Priestley separation implies order-Hausdorffness. Moreover,
it is easy to see that Priestley spaces are exactly those order-zero-dimensional
spaces which are compact. We now study the natural ordered analogue of a
compactification3:

Definition 3.3.5 (Order-embedding). A map f : X Ñ Y between ordered spaces
is an order-embedding if

• f is a topological embedding;

• x ď y iff fpxq ď fpyq.

3We note that this concept has two natural generalizations to the setting of ordered spaces.
The more restrictive of the two was already studied by Nachbin [207], which we called in [12]
N-order-compactification; the more general one was later introduced by Blatter [67], and is the
one presented below
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Definition 3.3.6 (Order-compactification). Let X be an ordered space. An
order-compactification of X is a pair pY, eq, where Y is a Nachbin space and
e : X Ñ Y is an order-embedding such that erXs is dense in Y .

Remark 3.3.7. When it does not cause any confusion, we identify X with its image
erXs in Y , view X as a dense subspace of Y , and Y as an order-compactification
of X. Then, Y is an N-order-compactification of X iff the order on X is dense in
the order on Y .

It is a classic result that a topological space X has a compactification iff it
is completely regular, in which case the collection of (equivalence classes of) all
compactifications has a natural partial order and the Stone-Čech compactification
βX is the largest compactification in this partial order [101, pp.166-168]. These
results generalize to the setting of order-compactifications [67]; for this we need
the notion of complete order-regularity, originally from [207, Sec. II.1]:

Definition 3.3.8. An ordered space X is completely-order-regular if

1. For each x, y P X, if x ę y then there is a continuous order-preserving
f : X Ñ r0, 1s such that fpxq ą fpyq.

2. For each x P X and closed set F with x R F , there exist a continuous order-
preserving f : X Ñ r0, 1s and a continuous order-reversing g : X Ñ r0, 1s
such that fpxq “ 1 “ gpxq and F Ď f´1p0q Y g´1p0q.

Theorem 3.3.9 (Order-compactification = Complete-order-regularity). An or-
dered space has an order-compactification iff it is completely-order-regular.

Proof. See [67, Thm. 1.5(i)]. ■

We also have an obvious order on order-compactifications:

Definition 3.3.10 (Order on compactifications). Let pY1, e1q and pY2, e2q be
two order-compactifications of a completely-order-regular space X. We write
pY1, e1q ĺ pY2, e2q if there exists a continuous order-preserving f : Y2 Ñ Y1 such
that fe2 “ e1.

Since e1rXs is dense in Y1, such an f is always onto. Moreover, as for com-
pactifications, we have that pY1, e1q ĺ pY2, e2q and pY2, e2q ĺ pY1, e1q iff there is
an order-homeomorphism f : Y1 Ñ Y2 such that fe1 “ e2, and this defines a
partial order on the collection of (equivalence classes of) order-compactifications
[67, p. 57], which we denote by KpXq.

The largest element of this poset was constructed by Nachbin [207, App. 2]
by generalizing the construction of the Stone-Čech compactification to the set-
ting of ordered spaces. We refer to it as the Nachbin order-compactification and
denote it by ηX.4 Similar to the Stone-Čech compactification, the Nachbin order-
compactification has the following universal mapping property:

4The Nachbin order-compactification is sometimes denoted by β0X, β1X (see, e.g., [84,
230]), or nX (see, e.g., [47, 52]).



3.3. Locally Esakia spaces 81

Theorem 3.3.11 (Universal property of Nachbin order-compactification). If Z is
a Nachbin space, then each continuous order-preserving f : X Ñ Z has a unique
extension to a continuous order-preserving g : ηX Ñ Z.

Proof. See e.g. (see, e.g., [84, p. 56]). ■

For various constructions of ηX we refer to [84, pp. 56–57]. As with the Stone-
Čech compactification, the construction of ηX is involved, but things simplify if
X is order-zero-dimensional. The following was studied in [168, 52]:

Definition 3.3.12 (Priestley order-compactification). We call an order-compacti-
fication Y of X a Priestley order-compactification if Y is a Priestley space (equiv-
alently, Y is order-zero-dimensional).

We point out that X has a Priestley order-compactification iff X is order-
zero-dimensional [52, Thm. 3.5]. For such an X, let K0pXq be the subposet of
KpXq consisting of Priestley order-compactifications. Whenever X is order-zero-
dimensional, we denote by η0X the largest Priestley order-compactification of X;
this is obtained precisely by taking the Priestley dual of ClopUppXq [52, Theorem
3.5]. The order-compactification map given by

εX : X Ñ η0X

x ÞÑ tU P ClopUppXq : x P Uu;

Note also that by Priestley duality, the clopen upsets of η0X are up to iso-
morphism exactly those in ClopUppXq.

3.3.2 Heyting and Esakia order-compactifications

Having summarised the existing theory on Priestley order-compactifications, we
turn to study those Priestley order-compactifications that result in an Esakia
space, which have as far as we are aware, not been the subject of analysis. For
this we will need a few basic concepts:

Definition 3.3.13 (Continuous ordering). Let X be an ordered space. We say
that

1. the order ď on X is continuous provided

(i) Òx is closed for each x P X and (ii) U open ùñ ÓU is open;

2. X is continuously ordered provided ď is a continuous order.

Note that an order-zero-dimensional space which is continuously ordered will
therefore be compact if and only if it is an Esakia space [102, Thm. 3.1.2] (see
Section 2.1.4).

We now consider two conditions that naturally arise when considering how to
extend Priestley order-compactifications to the setting of Esakia spaces:
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Definition 3.3.14 (Heyting, Esakia ord.-comp.). Let X be order-zero-dimen-
sional. We say that a Priestley order-compactification Y of X is

1. a Heyting order-compactification if Y is an Esakia space;

2. an Esakia order-compactification if it is a Heyting order-compactification
and ÒXx is dense in ÒY x for each x P X.

Given two Heyting order-compactifications pY1, e1q and pY2, e2q, we write,

pY1, e1q ĺH pY2, e2q,

whenever there is a continuous order-preserving map f : Y2 Ñ Y1 such that
fe2 “ e1. As with order-compactifications, we have that pY1, e1q ĺH pY2, e2q
and pY2, e2q ĺH pY1, e1q if and only if there is an order-homeomorphism f :
Y1 Ñ Y2 such that fe1 “ e2, and this defines a partial order on the collection of
equivalence classes of Heyting order-compactifications. We denote this poset by
pKHpXq,ĺHq, and note that it is a subposet of the poset pK0pXq,ĺq of Priestley
order-compactifications of X.

We also let pKEpXq,ĺEq be the subposet of pKHpXq,ĺHq consisting of Esakia
order-compactifications. In other words, ĺE is the restriction of ĺH to KEpXq.
Interestingly, the order ĺE is determined by continuous p-moprhisms between
Esakia order-compactifications, as was shown in [12, Proposition 4.13]5 :

Proposition 3.3.15. Let X be an order-zero-dimensional space, and let pY1, e1q
and pY2, e2q be two Esakia order-compactifications of X. Then pY1, e1q ĺE pY2, e2q
iff there is a continuous p-morphism f : Y2 Ñ Y1 such that fe2 “ e1.

Observe that not every order-zero-dimensional space admits a Heyting or
Esakia order-compactification. Indeed, if X is a Priestley space which is not
Esakia, then X does not admit any Heyting order-compactification, and hence
it also does not admit any Esakia order-compactification. This leads us to the
following definitions:

Definition 3.3.16 (H/E-order-zero-dimensional). We call an order-zero-dimensi-
onal space X

1. H-order-zero-dimensional provided we have that X admits a Heyting order-
compactification (meaning that KHpXq ‰ H);

2. E-order-zero-dimensional provided we have that X admits an Esakia order-
compactification (meaning that KEpXq ‰ H).

5The proof provided there exploits the theory of Esakia bases. These are most interesting in
the intrinsic theory of order-compactifications. Our focus here being representations and locally
Esakia spaces, we have opted to not discuss this concept here.
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We can then show that admitting an Esakia order-compactification is equiv-
alent to the order being continuous.

Theorem 3.3.17 (Esakia order-compactifications and continuous order). For an
order-zero-dimensional space X, the following are equivalent.

1. X is continuously ordered.

2. η0X is an Esakia order-compactification.

3. X is E-order-zero-dimensional.

Proof. (2)ñ(3) is obvious. To see why (1)ñ(2) holds, assume that X is con-
tinuously ordered; then ClopUppXq is a Heyting algebra, and indeed a Heyting
subalgebra of UppXq, since if W is clopen, then ÓW is open (by pX,ďq being
continuously ordered), and closed (by it being order-Hausdorff). Moreover, as-
sume that x P X, we show that ÒXx is dense in ÒY x; let A be a clopen sub-
set of η0X and A X ÒY x ‰ H. Note that by construction A can be taken
to be of the form φpUqzφpV q for U, V Ď X clopen upsets. Then note that
by our remark on ClopUppXq being a Heyting subalgebra of UppXq, we have
ÓpφpUqzφpV qq “ η0zφpU Ñ V q, so if x ď y and y P φpUqzφpV q, x R φpU Ñ V q,
and so by definition, x R U Ñ V , which means simply that x ď x1 for x1 P UzV .
Thus x1 P ÒXxX A, showing density.

(3)ñ(1) Let Y be an Esakia order-compactification of X. It suffices to show
that U open in X implies that ÓXU is open in X. We have U “ W XX for some
open W Ď Y . Since Y is an Esakia space, ÓYW is open in Y . We show that

ÓXU “ ÓYW XX.

One inclusion is obvious. For the other, suppose that x P X and x P ÓYW . Then
ÒY xXW ‰ H. Since Y is an Esakia order-compactification, ÒXx is dense in ÒY x,
so ÒXx X W ‰ H. Therefore, there is y1 P U such that x ď y1, yielding that
x P ÓXU . Thus, ÓXU is open in X. ■

We note that H-order-zero-dimensionality is not equivalent to E-order-zero-
dimensionality:

Example 3.3.18 (H-order-zero-dimensional not E-order-zero-dimensional). Let
C be the Cantor space with the trivial order. We fix a dense subset D of C, let
D1 “ tx1 : x P Du be a copy of D, and define X to be the topological sum C YD1

with the order given by the reflexive closure of tpx, x1q : x P Du inside C YD1. In
Figure 3.2, the white circle denotes a point y1 R D1 which is omitted in our space
C YD1.

It is straightforward to check that X is order-zero-dimensional. Moreover,
since D1 is clopen in X, if X were continuously ordered, ÓD1 “ D1 YD would be
clopen in X, which would imply that D is clopen in C, a contradiction. Thus,
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‚
x1

‚
x y C

D1

Figure 3.2: H-order-zero-dimensional space that is not E-order-zero-dimensional

X is not continuously ordered, and hence it is not E-order-zero-dimensional by
Theorem 3.3.17.

We show that X is H-order-zero-dimensional. Let C 1 be a copy of C and let
Y be the topological sum C Y C 1 with the order given by the reflexive closure of
tpx, x1q : x P Cu in CYC 1. To see that Y is an Esakia space, we clearly have that
Òy is closed for each y P Y . Moreover, each clopen of Y is of the form U Y V 1,
with U, V clopen of C, so ÓpU Y V 1q “ pU Y V 1q Y V , which is clopen of Y . In
addition, X is (homeomorphic to) a dense subspace of Y . Thus, Y is a Heyting
order-compactification of X, and hence X is H-order-zero-dimensional.

3.3.3 Locally Esakia spaces and functoriality

As noted before, the classic construction of taking the Stone-Čech compactifica-
tion is left adjoint to the inclusion of the category of compact Hausdorff spaces
into that of completely regular spaces (see, e.g., [158, pp.130-131]); likewise, tak-
ing the Banaschewski compactification is left adjoint to the inclusion of the cat-
egory of Stone spaces into that of zero-dimensional (Hausdorff) spaces [26]. The
latter result extends to yield that η0 is left adjoint to the inclusion of the cate-
gory of Priestley spaces into that of order-zero-dimensional spaces (see, e.g., [52,
Rem. 3.10]).

In this section we will prove analogues of these results for the category Esa of
Esakia spaces. As we saw in Theorem 3.3.17, when X is E-order-zero-dimensional,
η0X is the largest Esakia order-compactification of X. Therefore, a natural cate-
gory to work with appears to be the category of E-order-zero-dimensional spaces.
However, the embedding X ãÑ η0X may in general not be a p-morphism. We
thus need to restrict our attention to those E-order-zero-dimensional spaces in
which the embedding X ãÑ η0X is indeed a p-morphism. The following gives a
characterization of this situation:

Lemma 3.3.19 (Upset is Esakia). Let X be an order-zero-dimensional space and
Y a Heyting order-compactification of X. If X is an upset of Y , then ÒXx is an
Esakia space for each x P X.

Proof. Since Y is an Esakia space, ÒY x is an Esakia space (Proposition 2.1.52).
But since X is an upset of Y , we have ÒXx “ ÒY x, yielding the result. ■
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Lemma 3.3.19 suggests that the following definition captures the desired class
of spaces:

Definition 3.3.20 (Locally Esakia space).

1. We call an ordered space X image-compact provided Òx is compact for each
x P X.

2. We call an ordered space X locally Esakia provided it is E-order-zero-
dimensional and image-compact.

3. We denote by LocEsa the category of locally Esakia spaces and continuous
p-morphisms.

Remark 3.3.21 (Locally Esakia spaces generalize Esakia and locally finite posets).
The above notion provides a joint generalization of locally finite posets (Definition
2.1.28) and Esakia spaces: a locally finite poset is a locally Esakia space where
the topology is discrete, whilst an Esakia space is a locally Esakia space where
the topology is compact.

The next result characterizes when X is an upset in its order-compactification
that is an Esakia space.

Proposition 3.3.22 (Esakia order-compactifications and image-compactness).
Let X be order-zero-dimensional and Y a Heyting order-compactification of X.
Then X is an upset of Y iff X is image-compact and Y is an Esakia order-
compactification of X.

Proof. First suppose that X is an upset of Y . Then X is image-compact by
Lemma 3.3.19. Moreover, since X is an upset in Y , we have ÒXx “ ÒY x for each
x P X, so ÒXx is dense in ÒY x, and hence Y is an Esakia order-compactification
of X.

Conversely, suppose that X is image-compact and Y is an Esakia order-
compactification of X. Let x P X and x ďY y. Consider the family

F “ tÒY xX U XX : y P Uu Y tÒY x z pV XXq : y R V u,

where U, V P ClopUppY q. If F does not have the finite intersection property, then

ÒY xX U1 X ...X Un XX Ď pV1 Y ...Y Vmq XX.

for some U1, ..., Un, V1, ..., Vm P ClopUppY q. Let U “ U1 X ... X Un and V “

V1 Y ...Y Vm. Then U, V P ClopUppXq and ÒY xX U XX Ď V XX. . Therefore,
ÒY x XX Ď pY zUq Y V . Since Y is an Esakia order-compactification of X, ÒXx
is dense in ÒY x, so

ÒY x “ ÒY xXX Ď pY zUq Y V.



86 Chapter 3. Universal Models and locally Esakia spaces

Thus, x P U ÑClopUppY q V , and hence y P U ÑClopUppY q V , which is a contradiction
since y P U and y R V . Consequently, F has the finite intersection property, and
because ÒY x is compact, there is

y1 P
č

tÒY xX U XX : y P Uu X
č

tÒY x z pV XXq : y R V u.

Since y and y1 are contained in the same clopen upsets of Y , it follows from the
Priestley separation axiom that y “ y1, so y P X, and hence X is an upset of
Y . ■

From this we obtain the following version of Theorem 3.3.17 for image-compact
spaces.

Theorem 3.3.23 (Locally Esakia spaces via order-compactifications). For an
order-zero-dimensional space X, the following are equivalent:

1. X is a locally Esakia space.

2. X has an Esakia order-compactification Y in which X is an upset.

3. η0X is an Esakia order-compactification in which X is an upset.

Proof. (3)ñ(2) is obvious, and (1)ñ(3) follows from Theorem 3.3.17 and Propo-
sition 3.3.22. We prove (2)ñ(1). That X is image-compact follows from Proposi-
tion 3.3.22. We show that X is continuously ordered. Let U Ď X be open. Then
U “ V XX for some open V Ď Y . Since X is an upset of Y ,

ÓXU “ ÓXpV XXq “ ÓY V XX

(because x P X, x ďY y, and y P V imply that y P V X X). Since Y is an
Esakia space, ÓY V is open. Therefore, ÓXU is open, and hence X is continuously
ordered. Thus, it is left to apply Theorem 3.3.17. ■

Let OZD be the category of order-zero-dimensional spaces and continuous
order-preserving maps. As we pointed out at the beginning of this section, η0
is left adjoint to the embedding Pries ãÑ OZD. Thus, each OZD-morphism
f : X Ñ Z, where X P OZD and Z P Pries, has a unique lift η0f : η0X Ñ Z.
We give a convenient description of the lift, generalizing [47, Lem. 3.1].

Proposition 3.3.24 (Calculation of lifting of maps). Let X P OZD, Z P Pries,
and f : X Ñ Z be continuous and order-preserving.

1. The unique lift η0f : η0X Ñ Z is given by letting pη0fqpxq be the unique
element in

Ş

Ffx X
Ş

Ifx for each x P η0X, where

Ffx “ tÒf rU s : U P ClopUppXq, U P xu and

Ifx “ tÓf rX zV s : V P ClopUppXq, V R xu.
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2. For each x P η0X and U, V P ClopUppZq,

x P pη0fq
´1
rU zV s ðñ f´1rU s P x and f´1rV s R x.

Proof. (1) Let x P η0X. First we show that
Ş

Ffx X
Ş

Ifx is a singleton. If the
intersection was empty, we would have

Òf rU1s X ...X Òf rUns X Óf rX zV1s X ...X Óf rX zVms “ H

for some U1, ..., Un, V1, ..., Vm P ClopUppXq. This implies that

f rU1 X ...X Un X pX zV1q X ...X pX zVkqs “ H,

so U1X...XUnXpX zV1qX...XpX zVkq “ H, and hence U1X...XUn Ď V1Y...YVk,
a contradiction since U1 X ...X Un P x but V1 Y ...Y Vk R x.

For the uniqueness, if the intersection contained y1 ę y2, then there would
exist W P ClopUppZq such that y1 P W and y2 R W . If f´1rW s P x, then
y2 P Òff´1rW s Ď W ; and if f´1rW s R x, then y1 P Óff´1rZ zW s Ď Z zW . The
obtained contradiction completes the proof of uniqueness.

Next we prove that η0f is continuous. Let W P ClopUppZq. We show that

pη0fq
´1
rW s “

ď

tφpUq : Òf rU s Ď W u.

If Òf rU s Ď W and x P φpUq, then pη0fqpxq P W by construction. Conversely, if
pη0fqpxq P W , then

Ş

UPx Òf rU s Ď W . By compactness, there are U1, ..., Un such

that Ui P x and
Şn
i“1 Òf rUis Ď W . Thus, letting U “ U1 X ... X Un, we obtain

Òf rU s Ď W and U P x, so x P φpUq. A similar argument shows that if W is a
clopen downset of Z, then

pη0fq
´1
rW s “

ď

!

η0XzφpV q : Óf rXzV s Ď W
)

.

Since clopens form a basis, we conclude that η0f is continuous.
It is left to show that η0f is order-preserving. Let x, y P η0X with x ď y

and let W P ClopUppZq. If η0fpxq P W , then x P pη0fq
´1rW s, which is a union

of clopen upsets, and hence is an upset. Therefore, y P pη0fq
´1rW s, and so

pη0fqpyq P W . Thus, by the Priestley separation axiom, η0fpxq ď η0fpyq.
(2) First, suppose that pη0fqpxq P U zV . If f´1rU s R x, then pη0fqpxq P

Óff´1rZ zU s by (1). But ff´1rZ zU s Ď Z zU , and since the latter is a closed
downset, we obtain that Óff´1rZ zU s Ď Z zU , implying that pη0fqpxq R U ,
a contradiction. Therefore, f´1rU s P x, and a similar argument yields that
f´1rV s R x. Conversely, suppose that f´1rU s P x and f´1rV s R x. By (1),
pη0fqpxq P Òff´1rU s Ď U and pη0fqpxq P Óff´1rZ zV s Ď Z zV , so pη0fqpxq P
U zV . ■
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We use Proposition 3.3.24 to prove that η0 is left adjoint to the full subcategory
inclusion Esa ãÑ LocEsa. For this, we will make use of the following classic
result:

Proposition 3.3.25 (Esakia’s lemma). Let X be an Esakia space and F a down-
wards directed family (with respect to inclusion) of nonempty closed subsets of
X. Then

§

đ

č

tF : F P Fu “
č

tÓF : F P Fu.

Proof. See [106]. ■

The next result generalizes [47, Lem. 4.3].

Proposition 3.3.26 (Lifting to p-morphisms). Let X be E-order-zero-dimensio-
nal. If Z is an Esakia space and f : X Ñ Z is a continuous p-morphism, then
the unique lift η0f : η0X Ñ Z is a p-morphism.

Proof. By Remark 2.1.54.1, it suffices to show that

pη0fq
´1
rÓys “ Ópη0fq

´1
rys

for each y P Z. Since each singleton of Z is the intersection of the clopen sets
containing it (given this is a Stone space), and clopens are unions of sets of the
form UzV , by Esakia’s lemma,

Ópη0fq
´1
rys “

č

tÓpη0fq
´1
rU zV s : y P U and y R V u,

where U, V range over ClopUppZq. We show that

Ópη0fq
´1
rU zV s “ pη0fq

´1
rÓpU zV qs.

Since η0f is order-preserving, Ópη0fq
´1rU zV s Ď pη0fq

´1rÓpU zV qs. For the re-
verse inclusion, if x P pη0fq

´1rÓpU zV qs, then x P pη0fq
´1rZ z pU ÑClopUppZq V qs

(see Fact 2.1.54). Therefore, by Proposition 3.3.24.2, f´1rU ÑClopUppZq V s R x.
Since f is a continuous p-moprhism, f´1 is a Heyting homomorphism (see Fact
2.1.54. Thus, f´1rU s ÑClopUppXq f

´1rV s R x, and hence

x R φpf´1rU s ÑClopUppXq f
´1
rV sq “ φpf´1rU sq ÑClopUppη0Xq φpf

´1
rV sq,

where the equality holds by ClopUppXq forming a Heyting subalgebra of UppXq.
Therefore, there is y ě x such that y P φpf´1rU sq and y R φpf´1rV sq. Thus,
there is y ě x such that f´1rU s P y and f´1rV s R y. Using Proposition 3.3.24.2
again, y P pη0fq

´1rU zV s, and so x P Ópη0fq
´1rU zV s.
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Consequently, using Esakia’s lemma again,

Ópη0fq
´1
rys “

č

␣

pη0fq
´1
rÓpU zV qs : y P U and y R V

(

“ pη0fq
´1

č

tÓpU zV q : y P U and y R V u

“ pη0fq
´1
§

đ

č

tU zV : y P U and y R V u

“ pη0fq
´1
rÓys,

and hence η0f is a p-morphism. ■

The following allows us to conclude that Esa is a reflective subcategory of
LocEsa.

Theorem 3.3.27 (Left adjoint to locally Esakia spaces). η0 : LocEsaÑ Esa is
left adjoint to the inclusion functor Esa ãÑ LocEsa.

Proof. Let X be a locally Esakia space. Since X is image-compact, the embedding
X ãÑ η0X is a continuous p-morphism. Also, since X is E-order-zero-dimensional,
a continuous p-morphism f : X Ñ Y to an Esakia space Y has a unique lift
η0f : η0X Ñ Y in Esa. Thus, η0 : LocEsaÑ Esa is left adjoint to the inclusion
functor Esa ãÑ LocEsa (see, e.g., [182, p. 91]). ■

3.4 Locally Esakia spaces in dual constructions

In this final section we provide some examples of how one can see constructions
on Heyting algebras using locally Esakia spaces, and how they can be connnected
back to Esakia duality in a systematic way through order-compactifications.

3.4.1 Products through Esakia order-compactifications

As a first application of locally Esakia spaces, we turn to the duals of products of
Heyting algebras. Such characterizations are known in the context of distributive
lattices [23, 24], and distributive-lattice based algebras [76] [168, Proposition 3.5],
generalizing some classic results about Boolean algebras [100].

Definition 3.4.1 (Topological sum of ordered spaces). Given pXiqiPI a family of
ordered spaces we denote by

Ů

iPI Xi the ordered space obtained by taking the
topological sum, and the disjoint union of the orders.

Given a subset U Ď
Ů

iPI Xi we write Ui :“ U X Xi. Note that since the
topology on

Ů

iPI Xi is the sum topology, a set U is a clopen (upset) if and only
if Ui is clopen (upset) for each i.

Lemma 3.4.2 (Properties preserved under sum). Let pXiqiPI be an ordered
spaces, and X “

Ů

iPI Xi. Then:
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1. If for each i P I Xi is order-zero-dimensional, then so is X.

2. If for each i P I, Xi is locally Esakia, then so is X.

Proof. (1) Note that tUzV : U, V P ClopUppXqu will certainly be a basis, since
UpiqzV piq is a basis for each i. Moreover if x ę y, then x, y P Xi, so there is
some Wi Ď Xi a clopen upset containing x and not y. Thus Wi will likewise be
a clopen upset in X, obtaining the result.

(2) Note that if ClopUppXiq is a Heyting algebra for each i, then certainly
we have that ClopUppXq will likewise be a Heyting algebra. Moreover, image-
compactness depends only on the order inside Xi, hence X will be image-compact
as well. ■

Notation 3.4.1 (Coproduct of Priestley spaces). Given pXiqiPI a collection of
Priestley spaces or Esakia spaces, we denote by

À

iPI Xi the coproduct of these
spaces in the category Pries (respectively Esa).

Theorem 3.4.3 (Dual representation of products). For any collection pDiqiPI of
distributive lattices, and pXiqiPI the collection of its dual Priestley spaces, we have

ź

iPI

Di – ClopUp
´

η0
`

ğ

iPI

Xi

˘

¯

–
à

iPI

Xi.

Additionally, this is also an isomorphism of Heyting algebras if each Hi is a
Heyting algebra and the product is taken with respect to that signature.

Proof. Since by Lemma 3.4.2 X “
Ů

iPI Xi is order-zero-dimensional, we know by
the theory of Priestley order-compactifications that η0pXq “ SpecpClopUppXqq.
Hence ClopUppη0pXqq – ClopUppXq, with the isomorphism being naturally in-
duced by Priestley duality. To obtain an isomorphism between

ś

iPI Di and this
set, we consider the assignment:

a ÞÑ
ğ

iPI

φpapiqq;

it is not difficult to show that this is an isomorphism of distributive lattices. This
proves the result. ■

As usual, the role of compactification points makes the understanding of such
products a highly non-trivial task, for instance, see the examples discussed in [24].
However, the fact that it corresponds to the Nachbin-like order-compactification
η0, which by Theorem 3.3.27 satisfies a universal lifting property, can be useful
when using products to parametrize specific constructions. We will see an example
of this in Section 7.4. As a simple application, in this an the next section we
present some dual proofs of well-known algebraic results. We start with a dual
proof of Birkhoff’s subdirect decomposition theorem in the context of Heyting
algebras.
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Recall that given f : AÑ
ś

iPI Bi an embedding of an algebra into a product,
f is called a subdirect embedding if for each i P I, πif is surjective [74, Chapter
2.8].The following dual representation is a direct generalization of [38, Thm. 3.1].

Proposition 3.4.4 (Dual subdirect representations). Let H be a Heyting al-
gebra, and tHi : i P Iu a family of Heyting algebras. Let X “ SpecpHq and
Xi “ SpecpHiq. Then H is a subdirect product of tHi : i P Iu if and only if
for each i P I there is an injective continuous p-morphism pi : Xi Ñ X, and
Ť

iPI prXis is dense in X.

Proof. First assume that e : H Ñ
ś

iPI Hi is a subdirect embedding. Then by
duality it is clear that pi :“ π´1i are injective maps. Moreover, if U, V are clopen
upsets of X, assume that U “ φpaq and V “ φpbq. Then if U ´ V ‰ H this
means that a ę b. Because e is an embedding, epaq ę epbq, so for some i P I,
epaqpiq ę epaqpiq. Hence by duality, Xi X U ´ V ‰ H, meaning that

Ť

iPI pirXis

is dense, as desired.
Conversely, if pi : Xi Ñ X is an injective continuous p-morphism, and

Ť

iPI prXis is dense in X, note that the map

p :
ğ

iPI

Xi Ñ X

given by ppxq “ pipxq whenever x P Xi is a continuous p-morphism, and fac-
tors through the injections. By Proposition 3.3.26, then η0p : η0p

Ů

iPI Xiq Ñ X
is a continuous p-morphism as well; we check that it is, additionally, surjec-
tive. Indeed, if not, note that pη0pqrη0p

Ů

iPI Xiqs will be a closed subset of X, so
Xzpηpqrηp

Ů

iPI Xiqs will be a non-empty open subset. Hence

ď

iPI

prXiszpη0pq
”

η0

´

ğ

iPI

Xi

¯ı

‰ H,

which is clearly a contradiction. By reductio we have that η0p is surjective, and
hence, p´1 is a subdirect embedding. ■

Recall from Proposition 2.1.66 that an Esakia space is strongly rooted – it has
a minimal element x, and txu is clopen – if and only if its dual Heyting algebra is
subdirectly irreducible. We also recall from 2.1.52.(3) the Esakia-Fine maximality
principle6, stating that in an Esakia space X, whenever C Ď X is a closed subset,
maxpCq is closed and non-empty. Then we obtain the following theorem:

Proposition 3.4.5 (Birkhoff’s Subdirect Decomposition for Heyting Algebras).
Each Heyting algebra is a subdirect product of subdirectly irreducible Heyting
algebras.

6This terminology was introduced in [11], where this principle was studied and shown to be
equivalent, under ZF, to the Axiom of Choice.
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Proof. Let tXi : i P Iu be the collection of all strongly rooted Esakia closed
subspaces of X “ SpecpHq. By Proposition 3.4.4 it suffices to show that

Ť

iPI Xi

is dense in X. Let x P UzV where U, V are clopen upsets. By the Esakia-
Fine Maximality Principle, there is some point z P maxpUzV q. Note that then
Òz X pUzV q “ tzu so tzu is isolated in Òz by UzV . So Òz “ Xi for some Xi, and
so

pUzV q XXi ‰ H;

this shows the result. ■

3.4.2 Ultraproduct decompositions

As an elaboration on our discussion on products, we provide here a proof of a little
discussed, yet quite powerful decomposition of infinite products. The authors in
[168] discussed distributive lattices, though in light of Propositions 3.3.24, 3.3.27,
we can develop a similar representation for Heyting algebras which applies with
minor modifications to Heyting algebras.

Let Xi be a family of Esakia spaces. For each i, let ti : Xi Ñ ‚i be the
terminal map to the one-element space. This family of maps lifts to a map
between ordered spaces t :

Ů

iPI Xi Ñ I, where we identify I with the discrete
space. By the description of left adjoints, this lifts to a map:

η0t :
à

iPI

Xi Ñ β0pIq.

By the formula given in Proposition 3.3.24, we have that for each x P
À

iPI Xi,
x P η0t

´1rW s for W a clopen subset of β0pIq if and only if t´1rW s P x. A clopen
subset of β0pIq can of course be identified with a subset of I, and we have that:

t´1rW s “ χW “
ď

iPW

Xi,

that is, it picks the whole component on Xi, if i P W , and otherwise is empty.

Now, given U P β0pIq an ultrafilter, denote by XU “ t´1rtUus. Note that this
presents a decomposition of

À

iPI Xi into disjoint and order-disjoint components
(since the order on β0pIq is trivial. That, is we have shown:

Proposition 3.4.6 (Koubek-Sichler decomposition). For each pXiqiPI a family
of Esakia spaces, we have an order-isomorphism:

à

iPI

Xi –
ğ

UPβ0pIq

XU ,

where XU “ t´1rtUus.
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Proposition 3.4.7 (Representation of ultraproducts). Let U be an ultrafilter on
ś

iPI Hi. Then we have:
ź

iPI

Hi{U – ClopUppXUq.

Proof. Recall that by classical model theory (see e.g. [74, Sec. 5.2]), an ultra-
product over an ultrafilter U is defined by specifying a congruence on

ś

iPI Hi,
θU as follows: for a, b P

ś

iPI Hi:

pa, bq P θU ðñ Ja “ bK P U,

where Ja “ bK “ ti P I : apiq “ bpiqu. Since we are dealing with Heyting algebras,
we can equivalently specify a filter FU :

a P FU ðñ JaK P U,

where JaK “ ti P I : apiq “ 1u. Let us write UpFUq for the closed subset of
À

iPI Xi specified in this way. Note that then for each x P
À

iPI Xi, we have that
x P UpFUq if and only if x P φpaq whenever a P FU .

On the other hand, let XU be the order-connected component which corre-
sponds to this ultrafilter under the Koubek-Sichler decomposition of Proposition
3.4.6. Then we know that x P XU if and only if the following holds: for each
S Ď I, letting χS “

Ů

iPS Xi, χS P x if and only if S P U .
Note that in light of the representation of the product in terms of clopen upsets

of the locally Esakia space
Ů

iPI Xi, given in Theorem 3.4.3, we have that for each
x P

À

iPI Xi, for a P
ś

iPI Hi, x P φpaq if and only if a P x, and a “
Ť

iPI apiq. We
use this identification tacitly below.

So first assume that x P XU , and let a P FU . Since JaK P U , letting S “ JaK, we
have by hypothesis that χS P x. But note that then, necessarily, χS Ď

Ů

iPI φpapiqq
(since on each order-component distinct from i P S, χS is empty, whilst φpapiqq
might contain some non-empty clopen). Thus x P φpaq, given our representation
of the product.

Conversely, assume that x P UpFUq. Suppose that S P U ; then note that the
clopen χS P FU by definition, and so x P φpχSq. Conversely, assume that S R U ;
then IzS P U , and so by the same argument χIzS P FU , and x P φpχIzSq; if also
χS P x, then χS X χIzS P x, which is a contradiction, since this intersection is
empty and x is a prime filter, hence, a proper filter. ■

We can use this representation to obtain some simple yet useful corollaries on
the structure of products of Heyting algebras:

Definition 3.4.8 (Order-connected space). An ordered space X is called order-
connected if for each x, y P X there is a finite sequence z1, . . . , zn such that x “ z1,
y “ zn, and: (1) for each i, either zi ď zi`1 or zi`1 ď zi and (2) whenever zi ď zi`1
then zi`1 ě zi`2.
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Corollary 3.4.9 (Products to ultraproducts). Let pHiqiPI be a family of Heyting
algebras, and let H be a Heyting algebra with an order-connected dual space. If
H is a homomorphic image of

ś

iPI Hi, then H is a homomorphic image of an
algebra H` P PUptHi : i P Iuq.

Proof. If H is a homomorphic image of
ś

iPI Hi, by duality, SpecpHq embeds via
a p-morphism into

À

iPI SpecpHiq. By Proposition 3.4.6, we know that all the XU

are independent in terms of their order. Since is order-connected, and disjoint
unions can never be order-connected, SpecpHq must embed into a single XU . The
result thus follows by duality and Proposition 3.4.7. ■

As a simple corollary of this, note that if H is a finitely subdirectly irreducible,
then each order-connected component of SpecpHIq is rooted. A different appli-
cation of such a Corollary can be found in Appendix A.5. We finish by giving a
dual proof of Jónnson’s lemma (Lemma 2.2.18):

Theorem 3.4.10 (Jónnson’s Lemma for Heyting algebras). Let K be a class of
Heyting algebras. If H P VpKq is subdirectly irreducible, then H P HSPUpKq.

Proof. First, notice that by the congruence extension property, we know that
HSP “ SHP (Proposition 2.2.21). Thus, assume that H P SHPpKq and that
H is subdirectly irreducible. Dually, we have that X “ SpecpHq is a p-morphic
image of g : Y Ñ X, where ClopUppY q P HPpKq. Let r P X be its root. Because
X is strongly rooted, g´1rtrus is a clopen subset. Because we are in a Priestley
space (Proposition 2.1.69), let r1 P maxpg´1rtrusq be some element. Then note
that gæÒr1 : Òr1 Ñ X will stil be a surjective p-morphism, and Òr1 is an Esakia
space, where ClopUppÒr1q P HpClopUppY qq Ď HPpKq. Moreover, since g´1rtrus
was clopen, and r1 is maximal, the root will be isolated. Thus, we have that
H is a homomorphic image of H0, where H0 is subdirectly irreducible and H0 P

HPpKq. By Corollary 3.4.9, we then know that H0 P HPUpKq, so we have that
H P SHPUpKq, which by the congruence-extension property again means that
H P HSPUpKq. ■

3.4.3 Least Esakia order-compactifications and Bellissima
algebras

Theorem 3.3.27, can be understood as showing that every locally Esakia space
admits the greatest order-compactification. It therefore makes sense to ask when
least order-compactifications exist – which are analogues in our setting of the
Alexandroff compactification.

Lemma 3.4.11 (Image of map in locally finite poset). Let P be a a locally
finite poset (i.e., a discrete locally Esakia space). Let e : P Ñ Y be an Esakia
order-compactification. Then for each x P P , erÒxs is a clopen upset.
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Proof. We need to show that the (clopen) upset erÒxs is always a clopen in any
Esakia order-compactification (it is always an upset by Proposition 3.3.22). It is
finite in Y since e is a p-morphism, and P is locally finite; from this we have that
it is closed, since Y is Hausdorff. Since e is a homeomorphism to the image, it
follows for each x P P , ertxus is clopen in erP s, since txu is clopen in P ; but then
it will be clopen in Y : if there is a clopen W Ď Y such that W X erP s “ txu,
since erP s is open, it is of the form

erP s “
ď

VĎerP s

V,

for V clopen upset. Thus txu “
Ť

VĎerP spW X V q, so for some V , txu “ W X V .

Since erÒxs is finite, it is a finite union of clopens, and it will be clopen, as
desired. ■

Seeing that the algebra of definable upsets DefpUpnqq is not isomorphic to
the algebra of all upsets, it is reasonable to ask whether there is a manageable
collection of upsets which captures it. A reasonable option would be to take
exactly the algebra generated by finite upsets, as studied by Bellissima:

Definition 3.4.12 (Bellissima algebra). Given a superintuitionistic logic L, for
every n, we denote by BelLpnq, the Bellissima n-algebra the smallest Heyting
algebra generated in UppULpnqq by the finite upsets tÒx : x P ULpnqu.

In [30, Theorem 4.4], the following was shown:

Proposition 3.4.13 (Bellissima algebra infinitely generated). For each n ą 1,
Belpnq is an infinitely generated algebra, with the property that for each formula
φ over n many variables, Belpnq ( φ if and only if φ P IPC.

This results extends to the case of L a logic where BelLpnq is infinite. It follows
from it being infinitely generated that BelLpnq is not isomorphic to FLpnq either,
despite capturing exactly the valid formulas in p many variables.

By general considerations, we can show that Bellissima algebras are dual to
least Esakia order-compactifications. We denote by Bn “ SpecpBelpnqq (see Sec-
tion 3.4.4).

Theorem 3.4.14 (Bellissima algebra via order-compactifications). Let n be ar-
bitrary. Then Bn is dual to the least Esakia order-compactification of Upnq.

Proof. To see that e : Upnq Ñ Bn is an Esakia order-compactificatiwe verify that
the map e : Upnq Ñ Bn sending x to tU : Òx Ď Uu is an order-embedding and
that erUpnqs is dense in this space.

Assuming that x ď y, we certainly have that epxq ď epyq; conversely if epxq ď
epyq, note that Òx P epxq, so Òx P epyq implies that Òy Ď Òx, which means that
x ď y. This also shows that e is injective.
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Note that for each x P Upnq, epxq is clopen, corresponding to φpÒxq. Thus e
is an open map to its image, and it is certainly continuous since the topology on
Upnq is discrete. Thus the map e : Upnq Ñ Bn is an order-embedding.

Let U, V P Belpnq, and look at φpUqzφpV q, a subset of Bn. If φpUqzφpV q ‰ H,
then φpUq ñ φpV q ‰ Bn, and so φpU Ñ V q ‰ Bn, and so U Ñ V ‰ Upnq. We
can then pick a point x R U Ñ V , and find that epxq P φpUqzφpV q. Thus erUpnqs
is dense in Bn.

Finally we show that Bn is the least Esakia order-compactification. For that
purpose, note that if Y is another compactification, we can compare ClopUppBnq
and ClopUppY q; by Lemma 3.4.11, we have that each upset of the form Òx for
x P Upnq is clopen in Y . Since ClopUppY q is a Heyting subalgebra of UppUpnqq
(see the proof of Theorem 3.3.17). Thus, Belpnq Ď ClopUppY q; by Esakia duality,
we get a map p : Y Ñ Bn, which commutes with the compactification maps. ■

The reader may convince themselves that such algebras and their dual spaces
will be typically quite complicated; see Appendix A.2.2 for more on this.

3.4.4 Bellissima algebras of width 2

As a final positive result, we analyze a special instance of the Bellissima algebra,
in logics of bounded width 2, i.e. for L “ BW2 (see Proposition 2.3.19). Such a
case includes several logics of interest (see [54] for all the extensions of KG, as well
as [65, 41]). They also have rather peculiar logical properties: whilst it was shown
in [150] that there exist varieties for which all n-generated algebras are finite but
there exists an infinite n ` 1-generated algebra, the same does not happen for
logics of width 2 (see [247] for an extended discussion7). In this context, it is
interesting to understand whether any combinatorial properties of the universal
model can account for this behaviour. In this line of reasoning, we provide below
a full description of the dual of the algebra BelBW2pnq for any n. This begins with
the following observation:

Lemma 3.4.15 (Finite maximum lemma). If x, y P ULpnq, then Óx X Óy has a
finite maximum.

Proof. We may assume that tx, yu is an antichain otherwise this is obvious. Let
m be a point in the maximum of Óx X Óy. Then m must have necessarily two
immediate successors, m1,m2. We must have by maximality that m1 P Óx ´ Óy
and m2 P Óy ´ Óx. Moreover, we have that rm1, xs must be a chain (otherwise,
if there were two incomparable points there, we would have together with m2 an
antichain of three elements). Since the poset is n-generated, this chain has finitely
many elements. Similarly for m2. Hence the choices for such maximal points can

7In fact, we have recently learned that T. Moraschini has proved, in currently unpublished
work, that for logics of width 2, local finiteness is equivalent with omitting the Rieger-Nishimura
ladder – that is, the logic RN is the unique pre-locally tabular logic.
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be given by taking all chains going down from x, i.e., points such that ra, xs is
linear, and all chains down from y, and picking pairs of such points. This is easily
seen to then be finite, since inside of these chains the color must consistently go
down. ■

Note that if the width is greater than 2, such a property may fail (see A.2.5.(2)).
We will likewise need some properties of the universal model, which we will prove
in slightly greater generality. We recall now the notion of depth (Definition
2.3.16):

Definition 3.4.16 (Depth of points, levels). Let P be a locallly finite poset. For
each x P P , the depth of x, denoted by dppxq, is the length of the largest chain
x “ x1 ď x2 ď ... ď xk in P . Given k P ω, we denote by:

LevkpP q “ tx P P : dppxq “ ku.

Definition 3.4.17 (Level-finite poset). A locally finite poset P is called level-
finite if for each n P ω the set LevkpP q is finite.

Lemma 3.4.18 (Key properties of level-finite posets). Let P be a level-finite
poset. Then:

1. Whenever x P P , then,

P ´ Óx :“ ÒxÑ
ď

xăy

Òy,

where x ă y denotes the immediate successor relation.

2. For each x P P , we have that there exists T a finite subset, such that:

Òx “ P ´ ÓT.

Proof. (1): suppose that y0 ę x, and y0 ď r and x ď r. If for each x ă y,
y ę r, we would conclude that r “ x, which would imply, since y0 ď r and
y0 ę x a contradiction. So for some such y, y ď r. Conversely, assume that
y0 P ÒxÑ

Ť

xăy Òy; then if y0 ď x, we would obtain a contradiction, so certainly
y0 ę x. This shows the equality.

(2) Let x P P . Consider:

T “ ty P P : dppyq ď dppxq, x ę yu Y ty P P : dppyq “ dppxq ` 1u;

since P is level-finite, this set is finite. For any r P P , if x ď r, and r ď y where
y P T , we would have that x ď y, a contradiction; conversely assume that r R ÓT .
Then dpprq ď dppxq, since otherwise, r would be below some point with depth at
least dppxq ` 1. Hence if x ę r, then r P T , a contradiction – i.e., x ď r. ■
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Corollary 3.4.19 (Characterization of Bellissima algebras for logics of width 2).
Let L Ě BW2 be a logic with the FMP. Then the Bellissima algebra BelLpnq is
given exactly by the elements of the form:

tULpnq ´ ÓS : S a finite subsetu.

Proof. Throughout the proof, let X :“ ULpnq. First we verify that elements of
the given form indeed form a Heyting subalgebra. Note that if ÓS, ÓT are two
such subsets then their union is again a subset of this form. Moreover:

pÓSq X pÓT q “
ď

sPS,tPT

ÓsX Ót,

and since by Lemma 3.4.15, this has a finite maximum, we have that it will again
be of this kind. Finally, consider:

pXzÓSq Ñ pX Ñ ÓT q;

its complement is pXzÓSq X ÓT “
Ť

tPT ÓtzpÓSq. It suffices to prove that ÓtzÓS
always has a finite maximum. Indeed, note that this is of the form:

ÓtzÓS “ ÓtX
č

sPS

XzÓs “
č

sPS

ÓtzÓs.

Now for each s, t, if t ď s, ÓtzÓs “ H; if t ę s note that t P ÓtzÓs, so the latter is
simply Ót.

Now by Lemma 3.4.18. 2, we have that every finite upset is in this algebra,
meaning that it extends the Bellissima algebra. By 3.4.18.1, every element in it
is generated from the finite upsets, entailing that it coincides with BelLpnq. ■

Let BLn “ SpecpBelLpnqq be the least Esakia order-compactification of ULpnq,
as described in Theorem 3.4.14. Then we can obtain the following concrete de-
scription of this space:

Theorem 3.4.20 (Characterization of Bellissima duals for width 2). For L Ě
BW2 a logic with the finite model property, the space BLn is isomorphic to the
subspace of SpecpDefLpUpnqqq obtained by taking only the points of depth ω, i.e.,
points with infinitely many successors such that each of its proper successors has
only finitely many.

Proof. First, let x P SpecpDefLpUpnqqq be a point of depth ω. Consider:

F “ tULpnqzÓy : x ę y, y P Upnqu and I “ tULpnqzÓz : x ď z, z P Upnqu.

It is clear that this defines a prime filter and ideal pair in BLn , which will be
disjoint, and generate a point x1, seeing all the same finite points. Conversely
if x P BLn is a prime filter, note that we can realize it in Xn “ SpecpDefpUpnqqq
by looking at XnzULpnq – which is closed – and picking the maximum above a
given prime filter in the intersection of the above sets. This map easily yields an
isomorphism. ■



Chapter 4

Step-by-Step Constructions

In the previous chapter we saw that despite its strong geometric intuition, the
universal model does not easily yield a full representation of the free Heyting alge-
bra, since the definable upsets of Upnq remain difficult to describe. In this chapter
we present a second concrete construction of free Heyting algebras, which gives
a faithful representation of free Heyting algebras, at the cost of some additional
complexity. This construction traces back to Ghilardi [127], inspired by the work
of Urquhart [251], having been subsequently studied by several authors (e.g., in
[75] and [57]). Its key idea relies on the duality between finite distributive lattices
and finite posets, and the idea of filtration of Heyting algebras via distributive
lattices (as explained in [126]).

We present such a construction, and its methodology, for arbitrary Priestley
spaces, with no finiteness assumptions. This involves some non-trivial work in
finding topological analogues of Ghilardi’s one-step extensions. In categorical
terms, this amounts to providing a dual and concrete description of the functor
which is left adjoint to the inclusion of HA, the category of Heyting algebras,
in DL. As far as we are aware, such a generalization is new, and provides the
main technical novelty of this chapter. This added level of generality leads us
to the setting of Ghilardi complexes, which we use to study several constructions
through a dual lens: coproducts of Heyting algebras, pushouts and polynomial
algebras, to name a few.

As a corollary of this analysis, we prove the existence of two rather surprising
interpretations of IPC into its positive fragment: a structural interpretation, which
fails to be conservative, and a non-recursive, but conservative, translation. The
same analysis yields a uniform positive approximation theorem.

Outline of the chapter

1. In Section 4.1 we outline the general motivation for step-by-step construc-
tions, stemming from normal form representations, and outline the general
methodology, emphasizing the functoriality of such a construction, and the

99
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precise assumptions used to obtain the step-by-step representation of left
adjoints.

2. In Section 4.2 we introduce the key algebraic and dual concepts allowing for
the construction of Ghilardi complexes. With it, we generalize Ghilardi’s
construction of the free Heyting algebra generated by a finite distributive
lattice to the general case.

3. In Section 4.3 we describe the structure of free Heyting algebras, recovering
the results of Ghilardi [127] and [251]: all free finitely generated Heyt-
ing algebras are bi-Heyting, and join-irreducibly generated. Employing the
uniform interpolation theorem, we extend this, along lines suggested by
Ghilardi, to all free Heyting algebras. We also provide explicit calculations
of the normal forms for intuitionistic logic.

4. In Section 4.5 we study the interpretation of IPC in positive logic using
Ghilardi complexes. This is shown to be non-conservative, and its logic
is characterized. We introduce the notion of G-conservative object, which
allow a specific adjoint to be definable on the basis of the Ghilardi com-
plex structure. We show that all countable locally finite Heyting algebras
are G-conservative. As a corollary, we obtain two interrelated definability
results: the existence of a different conservative translation from IPC to
positive logic PL, and the existence of uniform positive approximations for
all intuitionistic formulas.

4.1 Dual representations of free constructions

4.1.1 Free algebras: semantically organized syntax

When one considers classical propositional logic CPC from an algebraic point of
view, one of its attractive features is the wide variety of normal forms1. Dis-
junctive normal form (DNF), conjunctive normal form (CNF), negation normal
form (NNF) are some well-known examples. The special structure of such normal
forms is at the heart of the proof of some of the deepest theorems about Boolean
algebras, and often allows extending finitary structure to infinitary settings: for
example, the famous Sikorski extension theorem, concerning the injectivity of the
class of complete Boolean algebras [243, Chapter 33], makes extensive use of the
specific form of Boolean polynomials.

One particularly nice way of obtaining such normal forms is through duality
theory: one represents a free algebra using finite sets, and from this obtains the

1Throughout our mentions of normal forms, we implicitly assume an abstract term rewriting
system over our syntax, which allows us to apply some rules called reduction rules or simply
reductions, where a normal form is a formula which cannot be further reduced. This perspective
will not be further emphasized throughout this thesis.
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above normal forms as simple corollaries. In other words: a (dual) representation
of a free algebra, amounts to semantically organizing syntax. This is the core idea
which we will pursue throughout this chapter.

Normal forms have a long history in modal and superintuitionistic logics,
going back at least to [112]. As discussed in [125], in such a setting, normal forms
encode the models of a given logical system, and the reduction rules are given
by geometric operations of “gluing” or “cutting” models. Applications of this
have been abundant in the literature on non-classical logics: they provide ways of
showing completeness [112], uniform conservativity phenomena [127], as well as
proof-theoretic properties like cut-elimination [129] or bounded proof properties
for proofs [58].

Showing that each formula is L-equivalent to one in a given normal form is thus
equivalent to representing the free L-algebra – to do so via duality is nothing more
than a convenient way to give spatial intuition to this process. This equivalence
comes from the latter’s role as the Lindenbaum-Tarski algebra of L, with formulas
being the elements of the algebra, and the representation providing the normal
form. From this several consequences follow:

1. The description of a class of L-normal forms;

2. A dual description of colimits of algebras, following a similar structure to
descriptions of free algebras;

3. A proof that the variety AlgpLq is A-anarchic with respect to some suitable
variety A in an enriched language. Moreover, with due care, an explicit
structural interpretation can be extracted from such a proof.

4.1.2 Classical and positive logic

To illustrate what is meant by semantically organizing syntax, let us recall the
representation of free algebras of BA and DL.

Notation 4.1.1. We denote by 2 the two-element set with the discrete topology.
We denote by 2ď the two element poset t0 ď 1u.

Let S be a set, which we think of as a set of propositions. A classical model
consists simply of an assignment v : S Ñ 2, specifying which propositions from
X are true or false. In CPC this immediately fixes the meaning of all classical
formulas, and all models are maximal – no additional formulas can be forced
at them without a contradiction. In PL (see Remark 2.2.8), a model is likewise
specified solely by a valuation, but the lack of a negation connective means that
truth may increase, which motivates the use of partially ordered sets, rather than
sets, to represent the space of all models.

By thinking of such valuations as points, one can obtain a space, by forming
the X-fold product, either of 2 or 2ď; these coincide as spaces, differing only on
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the order: the former has discrete order, the latter, induces the pointwise order.
We thus obtain:

Proposition 4.1.1 (Duals of free BA and free DL). For each set S:

1. The algebra Clopp2Sq is the free Boolean algebra on S many generators.

2. The algebra ClopUpp2Sďq is dual to the free distributive lattice on S many
generators.

Proof. We show (2), with (1) being analogous. First, note that we have a map
i : S Ñ ClopUpp2Sďq sending s to the clopen upset π´1s rt1us. LetD be a distributive
lattice, and f : S Ñ D a function. For each s P S, φpfpsqq, is then a clopen upset
of SpecpDq, and induces a function fs : SpecpDq Ñ 2ď defined by:

x ÞÑ 1 ðñ x P φpvpsqq.

This is order-preserving and continuous since φpvpsqq is a clopen upset. Thus, by
the universal property of the product, this defines a unique map f : SpecpDq Ñ
2Sď. The dual f´1 : ClopUpp2Sďq Ñ D then gives a unique lifting of f , since
f´1pipsqq “ fpsq by construction. ■

From this representation, we proceed to extract the DNF (and CNF) repre-
sentation of all formulas:

Definition 4.1.2 (Atomic and join-irreducible formulas).

1. A formula φpp1, . . . , pnq P LCPC is said to be atomic if it is of the form
Źn

i“1 jppiq where jppiq P tpi,␣piu.

2. A formula φpp1, . . . , pnq P LPL is said to be join irreducible if it is of the
form

Źm
j“1 pij for ti1, . . . , imu Ď t1, . . . , nu; it is said to be meet-irreducible

if it is of the form
Žm

j“1 pij for ti1, . . . , imu Ď t1, . . . , nu.

The process for obtaining such normal is as follows: one takes p a set of
propositional formulas. Consider FBAppq. By Proposition 4.1.1, the dual space
(definitionally equivalent to a set) is simply

Pppq.

We can assign these elements to atoms: if S Ď p let us write χSppq for the
function:

χ˚pSqppiq “

#

pi, if pi P S

␣pi if pi R S.

Then given a set S, we obtain an atom:

AtpSq :“
n
ľ

i“1

χSppiq.
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Since by definition, the elements of FBAppq are the formulas, and by duality, they
correspond to the subsets of Pppq, they correspond to disjunctions of formulas.
That is, we have essentially shown the CPC part of the following (the PL case is
very similar):

Proposition 4.1.3 (Normal forms for CPC and PL).

1. For each formula φppq P FmLCPC
pPropq there is a unique set S of atomic

formulas over p such that φppq ”
Ž

ψPS ψppq.

2. For each φppq P FmLPL
pPropq there is a unique set S of join-irreducible

formulas over p such that φppq ”
Ž

ψPS ψppq, and a unique set T of meet-
irreducible formulas such that φppq ”

Ź

ψPT ψppq.

By inspecting our description of the free algebras for BA and DL we can
likewise study the duals of coproducts and other colimits. Indeed, by recalling
2.2.14, and noting the general description of free Boolean algebras, we can expect
the following:

Proposition 4.1.4 (Categorical products in Pries and Stone). Let pXi,ďqiPI
be a family of Priestley spaces.

1. The Priestley space p
ś

iPI Xi,ďq is the categorical product in Pries of
pXi,ďqiPI ;

2. The space
ś

iPI Xi is the categorical product of pXiqiPI in Stone.

Proof. See e.g. [124, pp. 69]. ■

Finally, one can use these normal forms to extract additional structure. To
understand how, take a formula φppq and ψppq in FmLPL

pPropq. By Proposition
4.1.3, we can assume that:

φppq “
n
ł

i“1

φippq and ψppq “
m
ľ

j“1

ψippq,

where for each 1 ď i ď n, φi is join-irreducible, and for each 1 ď j ď m, ψj is
meet-irreducible. Note that by some basic properties of relative pseudocomple-
ments (see Definition 2.3.3), we have that in any algebra:

φppq Ñ ψppq “
´

n
ł

i“1

φippq
¯

Ñ

´

m
ľ

j“1

ψippq
¯

“

n
ľ

i“1

m
ľ

j“1

φippq Ñ ψjppq.

Whenever one takes φi a join-irreducible formula, and ψj a meet-irreducible for-
mula, the relative pseudocomplement is easily seen to be expressible. As above,
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we can identify join-irreducible formulas with a unique subset S Ď p, by the as-
signment JpSq :“

Ź

tp P p : p P Su. Dually, one assigns subsets to formulas by
complement, MpSq :“

Ž

tp P p : p R Su.
With this in mind, suppose that φi “ JpSq and ψjppq “ MpT q. Then one can

make the following definition:

φi á ψj :“

#

J if SzT ‰ H

ψj otherwise.

The reader can verify that this indeed satisfies the relative pseudocomple-
ment laws (see Appendix A.1 for a proof). Thus, all relative pseudocomplements
between positive formulas are expressible, meaning we can prove the following:

Proposition 4.1.5 (Distributive lattices (bi-)Heyting anarchic). For each set X,
the free algebra FDLpXq is a (bi-)Heyting algebra. Thus, the variety DL is HA-(
biHA-)anarchic.

Proof. See Appendix A.1.1 for a proof. ■

The cases of CPC and DL provide good advertising to why a good description
of free algebras can be desirable – but they are certainly very special. Notably,
the varieties BA and DL are finitely generated (see Section 2.2.3), implying
for instance that over finitely many propositional variables there exist, up to
equivalence, only finitely many formulas. By contrast, the l-connective in modal
logic (when contrasted with the classical connectives), or the Ñ in intuitionistic
logic (when contrasted with the connectives of positive logic), can be nested
arbitrarily deep. We can broadly refer to these as non-locally tabular connectives2.
We turn to such general methodology in the next section.

4.1.3 Step-by-step building free algebras

The step-by-step method is a methodology for constructing free algebras, in situ-
ations where one may not be able to rely on local finiteness of the algebras. In this
guise, it is typically used for finitely presented algebras, and coupled with a dual
analysis, and is typically focused on describing normal forms and on analysing
the shape of free algebras (see e.g. [89] and [59] for modal contexts, as well as [57]
and [126] for modal and superintuitionistic settings). In this section, we stress
the general categorical picture associated with such a method, implicit in much
of the above literature.

To ease presentation, in this chapter we will make some simplifying assump-
tions (see Chapter 5 for some discussion). We assume throughout that:

2We advise caution when discussing this, as the concept of local tabularity for connectives
only makes sense in the context of an agreed upon reduct: as is well-known the reduct IPC^,Ñ

of intuitionistic logic is also locally tabular, by a famous theorem of Diego [98]. However,
throughout this thesis we will focus on the distributive-lattice reduct.
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1. L0 is a given finite algebraic signature, containing a subsignature L called
its base-reduct ;

2. the equational axioms of the variety A0 which involve the operations in
L0zL contain no nested applications of operations in L0zL.

These assumptions can be removed, but they would make our presentation
substantially more cumbersome3.

Notation 4.1.2 (Language reducts). Throughout, given two languages L Ď L0 we
will write AæL for the L-reduct of an L0-algebra. We will also write AæL for the
class of L-reducts of a class of L0-algebras.

For the rest of the section we fix:

• A0 a variety of L0-algebras, and

• A a variety of L-algebras,

where for every A P A0 AæL P A. We stress that for the purposes of this
construction no other requirements are needed – all developments will be purely
categorical. The two main assumptions that will be employed occasionally are
the following:

1. (Local finiteness) The variety A is locally finite;

2. (One-step injectivity) For each A P A, the inclusion into the general one-
step extension (see Definition 4.1.10) is monic.

The assumption of local finiteness corresponds to the idea that “Free algebras
and colimits for A are well-understood.”. Indeed, most descriptions of the step-
by-step assume local finiteness of the variety A. The second assumption will
figure crucially later in this chapter (see Appendix A.3.3 for discussion on this).

Suppose now that we are trying to describe free algebras for the variety A0.
From the set-up we have, rather than begin from scratch, we can take the va-
riety A as an intermediate step. This amounts to factoring the free functor
FA0p´q : SetÑ A0, by describing a functor F, as illustrated in Figure 4.1.

The construction of F is the step-by-step part of the construction: what it
does is to add freely, step-by-step, the elements which are required to make it a
A0-algebra. This one-step extension is given as follows:

3These limitations will be removed in other chapters of the thesis, where the simple modifica-
tions needed will be discussed: Chapter 5 we will have occasion to work with nested applications,
and in Chapter 7 with infinite languages. We stress that this level of generality was already
implicit in previous work [59, 63, 89] and we claim no essential originality of the present work
beyond describing this for general varieties.
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A0 Set

A
FA

FA0

F

Figure 4.1

Definition 4.1.6 (One-step extension). Let A P A be arbitrary. We define
EpA,A0q, the one-step extension of A P A into an A0-algebra, to be the algebra:

EpA,A0q :“
´

A‘A FA

´

ď

tPL0zL

Aarptq
¯¯M

Θ1,

where Θ1 is the smallest congruence containing, for each equational axiom λpxq «
γpxq of A0, and each tuple a from A, the pair pλpaq, γpaqq. We define i0 : A Ñ
EpA,A0q to be the coproduct inclusion to the first summand.

With this definition, the coproduct inclusion i0 : A Ñ EpA,A0q is an L-
homomorphism, and the latter algebra is a partial A0-algebra. It additionally
satisfies a universal property with respect to partial A0-algebras; an elegant way
to express this, due to [127], is by taking A-homomorphisms to determine which
operations must exist in the codomain:

Definition 4.1.7 (f-partial algebra). Given f : A Ñ B a A-homomorphism of
L-algebras, we say that B is f -A0 if for each tpx1, . . . , xnq P L0 and a1, . . . , an P
A, there exists an element tpfpa1q, . . . , fpanqq P B satisfying the axioms of the
operation t imposed by A0.

We can then formulate the universal property for pEpA,A0q, i0q, which follows
basically from the construction:

Proposition 4.1.8 (Univ0). Let B be a A-algebra, and f : AÑ B a A-morphism
such that B is f -A0. Then there exists a unique extension f : EpA,A0q Ñ B such
that for each tpx1, . . . , xnq P L0, and a Ď A, we have fptpi0pa1q, . . . , i0panqqq “
tpfpa1q, . . . , fpanqq, and such that fi0 “ f .

Proof. The existence and uniqueness of such a map depends solely on the ex-
istence and uniqueness of the coproduct map. The important fact is that the
homomorphism f induces, for each t P L0zL, a map f arptq : Aarptq Ñ B, obtained
by sending a to tpaq, which since B is f -A0 is assumed to exist. The universal
property of free algebras and the quotient by Θ0 then ensure that this produces
a unique map in the desired conditions. ■
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A0 A1

B
f

i0

f

We want to iterate this construction. However, on the second step an addi-
tional concern is necessary: for tpx1, . . . , xnq P L0zL and elements a1, . . . , an, we
need to ensure that when we form the algebra E2pA,A0q, the “new” elements in
the extension of t agree with the old ones. So the congruence Θ2 must additionally
contain pairs of the form:

ptpi0pa1q, . . . , i0panqq, i0ptpa1, . . . , anqqq,

for t such an operation and ai elements from A. Similar to before, this can be
easily ensured by taking homomorphisms as parameters:

Definition 4.1.9 (f -open maps). Given f : AÑ B, and g : B Ñ C, where B is f -
A0 and C is g-A0, we say that g is an f -open map, if for each tpx1, . . . , xnq P L0zL,
and a1, . . . , an P A, gptpfpa1q, . . . , fpanqqq “ tpgfpa1q, . . . , gfpanqq.

Definition 4.1.10 (General one-step extension). Given g : A0 Ñ A a map, where
A is g-A0. We define EpA,A0, gq, the g-one-step extension of A P A into an A0-
algebra, to be the algebra:

EpA,A0, gq :“
´

A‘A FA

´

ď

tPL0zL

Aarptq
¯¯M

Θ2

where Θ2 is the smallest congruence containing:

1. For each equational axiom λpxq « γpxq of A0, and each tuple a from A, the
pair pλpaq, γpaqq;

2. For each t P L0zL, a1, . . . , an P A0, the pair

ptpgpa1q, . . . , gpanqq, gptpa1, . . . , anqqq.

We define ig : AÑ EpA,A0, gq to be the coproduct inclusion to the first summand.

With this definition, the coproduct inclusion ig : A Ñ EpA,A0, gq becomes a
g-open map in addition to an L-homomorphism. The universal property becomes
the following general “one-step extension”4:

Proposition 4.1.11 (Univg). Let g : A0 Ñ A a homomorphism where A is g-A0,
and and f : AÑ B a g-open map such that B is f -A0. Then there exists a unique
extension f : EpA,A0, gq Ñ B, an ig-open map, and such that fig “ f .

4If the variety in question has initial algebras – as will always be the case for us – this
universal property includes the former, by formally defining A´1 to be the initial algebra.
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Proof. The key observation is that by imposing the extra axioms from Θ2, then
as soon as f is g-open, f becomes well-defined. The fact that this extension is
ig-open, that the diagram commutes, and that it is unique, follows exactly as in
Proposition 4.1.8, and amounts to chasing the universal properties. ■

We emphasize that Proposition 4.1.11 is the heart of the step-by-step construc-
tion: it is from it that all general categorical facts follow, once one constructs the
proper machinery.

Notation 4.1.3 (Inducing directed colimit). Throughout, when defining a di-
rected system pAn, ii,jqn,i,jPω, we will simply specify the objects An and the maps
in : An Ñ An`1. This will follow the convention, occasionally reminded through-
out, that the connecting map ii,j : Ai Ñ Aj is thus given by:

ii,j “ ij ˝ ij´1 ˝ ¨ ¨ ¨ ˝ ii.

A similar conventions will often be employed with inverse systems.

Definition 4.1.12 (Chain of extensions). Given A P A, we define a directed
chain pAn, ij,kqnPω of algebras as follows:

1. A0 “ A, and A1 “ EpA,A0q, with i0 : A0 Ñ A1 as in Definition 4.1.6.

2. For each k ą 1, Ak`1 “ EpAk,A0, ikq and ik`1 :“ iik as in Definition 4.1.10.

A0
i0
ÝÑ A1

i1
ÝÑ A2

i2
ÝÑ . . .

We define Aω :“ limnPω An, with the inclusion maps ιn : An Ñ Aω, which are
in-open maps.

It is a completely general fact that since A is a variety, the forgetful functor
A Ñ Set creates filtered colimits (see [70, p. 4.3.2], also [4, Remark 3.4.(4)]).
In other words, the elements of Aω are constructed as equivalence classes of the
disjoint union

Ů

nPω An, under the equivalence relation induced by identification
by in (i.e. pa, jq „ pb, kq, if and only if j ď k and ij,kpaq “ b, or vice-versa).
Aω is a L-algebra as a directed colimit of algebras. This assignment is in fact
functorial:

Definition 4.1.13 (Colimit maps). Suppose that A,B P A and f : A Ñ B is a
L-homomorphism. We define a sequence of maps fk : Ak Ñ Bk commuting with
the directed chains pAn, i

A
j,kqnPω and pBn, i

B
j,kqnPω, as follows:

1. f0 : A0 Ñ B0 is simply f ;

2. fk`1 : Ak`1 Ñ Bk`1 is defined to be the unique iAk -open map which is an
extension of iBk fk such that fk`1i

A
k “ iBk fk.
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We define fω : Aω Ñ Bω the colimit map induced by this sequence. Explicitly,
given ras P Aω where a P An, fωprasq “ rfnpaqs.

The given specifications ensure that colimit maps are well-defined. From all
of this, we can obtain our desired left adjoint:

Theorem 4.1.14 (Left adjoint from A to A0). Given A P A, we have:

1. The algebra Aω is an A0-algebra, when equipped with the interpretations
canonically induced by the directed chain.

2. Whenever f : A Ñ B is an L-homomorphism, the limit map fω : Aω Ñ Bω

is an L0-homomorphism. Moreover, pfgqω “ fωgω.

3. The algebra Aω has the following universal property: for each homomor-
phism f : AÑ B where B is a A0 algebra, there is a unique map f : Aω Ñ B
where f is a L0-homomorphism, and fι0 “ f .

4. The functor F : AÑ A0 is left adjoint to the forgetful functor A0 Ñ A.

Proof. (1) As noted, Aω is A-algebra by general categorical (or universal alge-
braic) facts. For each tpx1, . . . , xnq P L0zL, we define t : Anω Ñ Aω as follows:
given ra1s, . . . , rans, equivalence classes in Aω, we find k large enough that there
exist bi P rais, and bi P Ak. Then we set tpra1s, . . . , ransq “ tpikpb1q, . . . , ikpbnqq.
This is well-defined, in the sense that whenever we have a collection ci P rais of
elements in Ak1 such that tpc1, . . . , cnq is well-defined, by the fact that each ik`1
is ik-open, tpc1, . . . , cnq will be the same element (up to identification by a map
ij,k) as tpikpb1q, . . . , ikpbnqq.

The fact that Aω satisfies all the axioms in A0 follows from the fact that, by
construction, each of An validates such equations for all existing elements, and
the fact that ιn`1 : An`1 Ñ Aω is an in-open map: for each equational axiom
λpxq « γpxq, and ra1s, . . . , rans, we take b1, . . . , bn P Ak large enough, and let
cj “ ikpbjq for each j. Then by construction in Ak`1:

λpc1, . . . , cnq “ γpc1, . . . , cnq,

and since ιk`1 is in-open, we have:

λpιk`1c1, . . . , ιk`1cnq “ ιk`1pλpc1, . . . , cnqq

“ ιk`1pγpc1, . . . , cnqq

“ γpιk`1c1, . . . , ιk`1cnq;

showing that λpra1s, . . . , ransq “ γpra1s, . . . , ransq by the definition.
(2) As noted above, the fact that the assignment f ÞÑ fω is functorial, and

therefore, pfgqω “ fωgω is a general categorical fact ([4, Remark 3.4]). the addi-
tional fact that fω is an L0-homomorphism follows from the definitions given: for
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each ra1s, . . . , rans P Aω, pick representatives b1, . . . , bn P Ak for k large enough;
then:

fωptpra1s, . . . , ransqq “ rfk`1ptpi
A
k pb1q, . . . , i

A
k pbnqqqs

“ rptpfk`1i
A
k pb1q, . . . , fk`1i

A
k pbnqqqs

“ rptpiBk fkpb1q, . . . , i
B
k fkpbnqqqs

“ tprfkpb1qs, . . . , rfkpbnqsq

“ tpfωra1s, . . . , fωransq

where the first equality follows from definition of fω; the second from the fact
that fk`1 is iAk -open; the third from the assumption of commutativity on fk`1;
the fourth by the definition of t on Bω; and the final by definition of the limit
map. This shows that fω is a L0-homomorphism as desired.

(3) This follows essentially from applying iteratively Proposition 4.1.11: from
the map f : A Ñ B, applying this Proposition, we obtain a sequence of maps
fk : Ak Ñ B such that fk`1 is ik-open (noting that B, being a A0-algebra,
is always fk-A0). The map f : Aω Ñ B is the limit map, and will be a L0-
homomorphism by the exact same arguments as those given in (2). The unique-
ness of f is immediate from the uniqueness of each extension fk (granted by
Proposition 4.1.11) and the uniqueness of directed colimit maps.

(4) By (1) and (2), the assignment:

F : AÑ A0

A ÞÑ Aω

f ÞÑ fω

is a well-defined functor. For each A P A, we have an L-homomorphism ι0 : AÑ
Aω. Therefore the statement of (3) proves precisely that A0 Ñ A is the right
adjoint of F (see Definition 2.1.3). ■

Having such a left adjoint does not immediately entail a description of colimits
of A0 in terms of colimits from A – despite left adjoints preserving colimits, this
only works in the image of the functor. However, as we will see in Section 4.4,
a similar methodology to the step-by-step can be employed which achieves this
goal in great generality (see also Appendix A.3.3 for discussion on this).

4.2 Step-by-step Heyting algebras

In Section 4.1 we laid out the intended goals of representing our algebras using
duality, and the general algebraic methodology for doing so in a step-by-step
manner. Now we specialize all of this to the setting at hand.

The conditions placed on the arbitrary variety A are met by DL, including the
optional ones – every Heyting algebra is a distributive lattice (Theorem 2.1.15),
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distributive lattices are locally finite; moreover, as we will see below (Proposition
4.2.8 and 4.2.12), the maps witnessing the general one-step are dual to injec-
tive homomorphisms. We check that the axioms do not involve any nesting of
implications.

The axioms invoked in the definitions of one-step extensions can be listed in
our case, as given in [57]: given a distributive lattice D, one axiomatizes the
operation Ñ : D ˆD Ñ D by the following (see [57, Def. 5.1]:

Definition 4.2.1 (Heyting algebra axiomatization). Given D a distributive lat-
tice, an operation Ñ : D ˆD Ñ D determines a relative pseudocomplement:

1. aÑ a “ 1;

2. pa_ bq Ñ c “ paÑ cq ^ pbÑ cq;

3. aÑ pb^ cq “ paÑ bq ^ paÑ cq;

4. paÑ bq ^ pbÑ cq ď aÑ c;

5. a ď aÑ b;

6. a^ paÑ bq ď b.

Our task now boils down to finding the duals of the constructions to those of
Section 4.1.3. Since the latter are specified by universal properties, once all defi-
nitions are properly in place, it will suffice to show that our desired constructions
satisfy appropriate duals of such universal properties. The upshot will be that,
as promised, we will obtain a very general method to describe all sorts of colimit
constructions in Heyting algebras dually.

It should be noted that the general picture outlined in the following sections,
involving the Vietoris functor Vr on Priestley spaces, was mentioned without
proof in [57, Lemma 6.1].

4.2.1 g-openness

The dual to a g-partial algebra (Definition 4.1.7) – in our case, a g-Heyting algebra
– is given in an obvious way:

Definition 4.2.2 (g-Esakia). Given continuous and order preserving map be-
tween Priestley spaces g : X Ñ Y , we say that X is g-Esakia if for all clopen
upsets U, V Ď Y , Ópg´1rU szg´1rV sq is open.

Note that in light of the description of relative pseudocomplements in Priestley
spaces (see Table 2.1), we immediately get:

Lemma 4.2.3 (g-Heyting if and only if g-Esakia). A distributive lattice homo-
morphism g : D0 Ñ D is such that D is g-Heyting if and only if SpecpDq is
g´1-Esakia.
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The concept of g-openness has a more transparent dual representation, due
to Ghilardi:

Definition 4.2.4 (g-open map, g-open set). Let g : X Ñ Y be a continuous and
order-preserving map between Priestley spaces where X is g-Esakia. A continuous
and order-preserving map f : Z Ñ X, where Z is f -Esakia, is said to be g-open
if:

@x P Z, y P X, pfpxq ď y Ñ Dx1 ě x, fgpx1q “ gpyqq.

A subset C Ď X is called g-open if the inclusion is a g-open map; explicitly,

@x P C, y P X, px ď y Ñ Dx1 P C, gpx1q “ gpyqq.

The following justifies this nomenclature:

Proposition 4.2.5 (Duality for g-open). Let g : D0 Ñ D and f : D Ñ D1 be
distributive lattice homomorphisms. Then f is g-open if and only if f´1 is g´1-
open.

Proof. First first assume that f is g-open. For ease of notation, write f˚ “ f´1

and g˚ “ g´1. Throughout, we identify via duality f “ f´1˚ and g “ g´1˚ . Assume
that x P Z and y P X and f˚pxq ď y. Assume towards a contradiction that

ÒxX f´1˚ g´1˚ rÒg˚pyqs X f
´1g´1˚ rÓg˚pyqs “ H;

By Priestley duality, we have that Òg˚pyq “
Ş

g˚pyqPU
U , where U are clopen

upsets, and similarly Óg˚pyq “
Ş

g˚pyqPV
V where V are clopen downsets. So by

compactness, we have for some U a clopen upset such that gpyq P U , and V a
clopen downset such that gpyq P V , we have:

ÒxX f´1˚ g´1˚ rU s X f
´1
˚ g´1˚ rV s “ H;

it follows that Òx Ď f´1˚ g´1˚ r´UY´V s, and so x P lpf´1˚ g´1˚ r´UY´V sq. Because
f “ f´1˚ is g-open, we have that then x P f´1˚ rlpg

´1
˚ r´U Y ´V sqs, so Òf˚pxq Ď

g´1˚ r´U Y´V s – a contradiction, since f˚pxq ď y, and g˚pyq P U X V . Hence we
have that there exists a point x1 ě x such that g˚pyq ě f˚g˚pxq ě g˚pyq.

Conversely, assume that f˚ is g˚-open. Note that by order-preservation of the
maps f˚ and g˚, we always have that:

f´1˚ rg
´1
˚ rU s Ñ g´1˚ rV ss Ď f´1˚ rg

´1
˚ rU ss Ñ f´1˚ rg

´1
˚ rV ss;

we show the other inclusion holds as well. Assume that x P f´1˚ rg
´1
˚ rU ss Ñ

f´1˚ rg
´1
˚ rV ss. Suppose that f˚pxq ď y, and y P g´1˚ rU s. Because f˚ is g˚-open, let

x1 ě x such that f˚g˚px
1q “ g˚pyq; then x1 P f´1˚ g´1˚ rU s, so x1 P f´1˚ g´1˚ rV s, which

by assumption means that y P g´1˚ rV s. ■
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4.2.2 Vietoris g-spaces

Let us consider the following objects:

• g : D0 Ñ D is a distributive lattice homomorphism, where D is g-Heyting;

• the one-step extension of a distributive lattice D has the shape D ‘DL

FDLpD ˆDq{Θ, where

• Θ contains the axioms from Definition 4.2.1, together with the g-openness
axioms identifying gpaq Ñ gpbq with gpaÑ bq in FDLpD ˆDq.

Using Propositions 4.1.1 and 4.1.4 we can dualize this construction, to obtain
a space CX , for X “ SpecpDq. Explicitly, CX is the closed subspace of X ˆ 2Xď
which is determined by the congruence Θ (as explained in Proposition 2.1.64). It
is from this object that the analysis from [57, Thm. 4.2] was carried out.

We will however take a more indirect route through a Vietoris construction,
which we will show, by categorical arguments, to coincide with the above space
(see Remark 4.2.14 for the connection between the two spaces).

Definition 4.2.6 (Vietoris functor). [173, Lem. 3.9]) The Vietoris functor is
the functor V : Pries Ñ Pries which assigns to each Priestley space pX,ďq the
Priestley space pVpXq,Ěq (see Lemma 2.1.79), and sends each continuous and
order-preserving map f : X Ñ Y between Priestley spaces to:

Vpfq : VpXq Ñ VpY q
C ÞÑ f rCs.

Definition 4.2.7 (Rooted Vietoris). Let X be a Priestley space. We denote by
VrpXq the rooted Vietoris , the subspace:

VrpXq “ tC P VpXq : C is rootedu.

We see Vr as a functor by restriction of V : whenever f : X Ñ Y is a continuous
and order-preserving map, VrpfqrCs “ f rCs.

Proposition 4.2.8 (Basic properties of rooted Vietoris). Given a Priestley space
X, we have:

1. The space pVrpXq,Ěq, is a Priestley space.

2. The map r : VrpXq Ñ X sending a rooted closed subset to its root is con-
tinuous, order-preserving, and surjective.

Proof. (1) To show that VrpXq is a Priestley space, by Proposition 2.1.47.(4) it
suffices to show that VrpXq is closed. For that purpose, consider the following
two subsets of VpXq ˆX:

SubrootpXq “ tpC, xq : C Ď Òxu and QX“ tpC, xq : x P Cu.
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We will show that both subsets are closed. We begin with QX : if pC, xq is such
that r R C, then txuXC “ H. Since X is a Stone space, let W be a clopen subset
such that x P W and C Ď X´W . Then we can consider the subset JXzW KˆW ,
which by construction is a neighbourhood of pC, xq. If pD, yq P JXzW KˆW , then
certainly y R D, since y P W whilst D Ď W . So we conclude that QX is closed.

We now show SubrootpXq is closed: suppose that pC, xq R SubrootpXq. By
definition, then, C Ę Òx, so there is a point y P C such that x ę y. By the
Priestley separation axiom, there is a clopen upset U such that x P U and y R U .
So consider xXzUyˆU , which is a neighbourhood of pC, xq. If pD, yq P xXzUyˆU ,
then there is some z P D such that z R U . Since U is an upset, we must have
y ę z, thus D Ę Òy. This shows that SubrootpXq is closed.

Now note that,
VrpXq “ πVpXqrSubrootpXqX QXs.

Since π is a closed map (given it is a continuous surjection between Stone
spaces), we then have that VrpXq is a closed subspace of VpXq, as desired.

(2) To show that r is continuous, it suffices to show that the preimage of a
clopen upset is clopen (see Remark 2.1.48). But note that given U Ď X a clopen
upset, we have

r´1rU s “ tC P VrpXq : rpCq P Uu “ JUK,

where the equality follows because U is an upset. Thus r is continuous. Moreover,
it is surjective since for each x P X, the set Òx is a closed set containing x as a
root. ■

We could at this point show that pVrpXq, rq satisfies the dual property to
(Univ0) (Definition 4.1.8). We will instead obtain the relevant facts for Vr as an
edge case of a more general definition.

Definition 4.2.9 (g-open Vietoris). Let g : X Ñ Y be a continuous and order-
preserving map between Priestley spaces, where X is g-Esakia. We denote by

VgpXq “ tC P VrpXq : C is g-open u.

We moreover let rg : VgpXq Ñ X be the function assigning each rooted g-open
subset to its root.

Remark 4.2.10 (Remarks on g-open sets).

1. Note that if g : X Ñ t‚u is the terminal map to a single element Priestley
space, then VgpXq “ VrpXq.

2. Throughout, given a subset C Ď P of a poset and x P C, we write Cx “
ÒxX C. Note that if C is g-open, then Cx will again be g-open.

We will now characterize the set of g-open subsets.
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Lemma 4.2.11 (Closed characterization of g-open sets). Let g : X Ñ Y be a
continuous and order-preserving map, where X is g-Esakia. A closed subset K
of X is g-open if and only if for every clopen upset A, and all clopen upsets B,C
of Y , we have:

K P JAñ g´1rB ñ CsK ñ JAñ pg´1rBs Ñ g´1rCsqK.

Proof. Assume first that K is g-open, and K P JA ñ g´1rB ñ CsK. Suppose
that x P K X A. We want to show that x P g´1rBs Ñ g´1rCs. So let x ď x1

such that gpx1q P B; by the g-openness condition let y P C be such that x ď y,
gpx1q “ gpyq. Since A is an upset, and x P A, then y P A, and so y P g´1rBs
implies y P g´1rCs, which implies that x1 P g´1rCs.

For the converse, assume that x P K. We need to show that:

Òx Ď g´1rgrK X Òxss.

Since grKXÒxs is closed, and the space is Stone, we can write it as the intersection
of the clopen subsets of Y in which it is contained. Thus:

g´1rgrK X Òxss “
č

tg´1rB ñ Cs : grK X Òxs Ď B ñ Cu,

where B,C are clopen upsets of Y . Thus it is enough to prove that whenever
x ď y, then for every such B,C, y P g´1rB ñ Cs. Indeed, given such B ñ C,
since grK X Òxs Ď B ñ C, then K X Òx Ď g´1rB ñ Cs. Since the latter is
clopen, and Òx “

Ş

xPAA, where A is a clopen upset, we conclude that there is a
clopen upset A such that K XA Ď g´1rB ñ Cs, i.e., K Ď Añ g´1rB ñ Cs. By
hypothesis, then K Ď Añ pg´1rBs Ñ g´1rCsq.

So now, if x ď y, then note that y P A by construction, so if gpyq P B, then
because x P g´1rBs Ñ g´1rCs, then gpyq P C. This concludes the proof. ■

Proposition 4.2.12 (Basic properties of g-open Vietoris). Given g : X Ñ Y a
continuous and order-preserving map, and X a g-Esakia space, we have:

1. The space VgpXq Ď VrpXq is closed, and hence, pVgpXq,Ěq is a Priestley
space.

2. The restriction rg : VgpXq Ñ X is a surjective, continuous, order-preserving
map.

Proof. (1) Let V pgq denote the set of closed subsets of X (not necessarily rooted)
which are g-open. By Lemma 4.2.11, we have that:

V pgq “
č

APClopUppXq,B,CPClopUppY q

JAñ g´1rB ñ CsK ñ JAñ pg´1rBs Ñ g´1rCsqK.

Since all these sets are closed, we have that V pgq itself is closed.
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Now notice that VgpXq “ VrpXq X V pgq. Since by Lemma 4.2.8, VrpXq is
closed, it follows that VgpXq is a closed subspace, i.e., pVgpXq,Ěq is a Priestley
space.

(2) The fact that rg is continuous is obvious as it is the restriction of a con-
tinuous function. The fact that it is surjective is follows from Remark 4.2.10.(2),
since Òx will be a g-open rooted subset. ■

4.2.3 Dual one-step extensions and Ghilardi complexes

With the definitions of the previous section, we are ready to prove the dual of
(Univg) (Proposition 4.1.11):

Proposition 4.2.13 (Dual one-step extension). Let g : X Ñ X0 be a continuous
and order-preserving map where X is g-Esakia. Let f : Y Ñ X be a continuous
and order-preserving map where Y is f -Esakia, and f is g-open. Then there
exists a unique continuous and order-preserving map f : Y Ñ VgpXq such that f
is rg-open, and rgf “ f .

Proof. First we show existence of f . For that purpose, we define

f : Y Ñ VgpXq
y ÞÑ f rÒys.

Such a function is well-defined: because f is a continuous map between Stone
spaces, the image of a closed set is closed. Moreover, f rÒys is rooted at fpyq.
Moreover, it is g-open since f is a g-open map: whenever y ď y1 and fpy1q ď x,
then by the definition of g-openness, there is some y2 ě y1 such that gfpy2q “
gpxq. That means that fpy2q is the witness to g-openness as desired.

It is clear to see that f is order-preserving. Moreover, since fpyq is the root
of fpyq, we see that rgf “ f .

We now show that f is continuous. For that purpose, it suffices to show that
given W Ď X a clopen subset, pfq´1rJW Ks is clopen; the latter corresponds to

pfq´1rJW Ks “ ty P Y : f rÒys Ď W u “ lf´1rW s,

and the latter is clopen because Y is f -Esakia.
Next we show that f is rg-open: if f rÒys Ě C, let rgpCq “ x1; by assumption,

there is some y1 ě y such that fpy1q “ x1. Then fpyq Ě fpy1q and rgfpy
1q “ y;

this establishes that f is rg-open. From this we conclude that f in the given
conditions exists.

We now prove uniqueness. Assume that f˚ : Y Ñ VgpXq is another map
in the same conditions. We will show that then f˚pyq “ fpyq. For the right
to left inclusion, assume that y ď y1, and let us show that fpy1q P f˚pyq. Since
fpy1q P fpyq, we have that fpyqfpy1q “ fpyqXÒfpy1q is g-open by Remark 4.2.10.(2).
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Because f˚ is rg-open, there is some y2 ě y1 such that rgf
˚py2q “ rgfpyqfpy1q “

fpy1q; since f˚py1q Ě f˚py2q, this shows that fpy1q P f˚py1q, and so fpyq Ď f˚pyq.
In the opposite direction, assume that x P f˚pyq; then since f˚pyq Ě f˚pyqx

(since the latter is again a g-open and rooted subset), because f˚ is rg-open there
is some y1 ě y such that rgf

˚py1q “ rgf
˚pyqx “ x. Thus because rgf

˚py1q “ fpy1q,
we have fpy1q “ x. This shows that x P f rÒxs. We conclude that f˚pyq “ fpyq,
proving uniqueness and concluding the proof. ■

Remark 4.2.14 (Explicit isomorphism). Whilst we know that an isomorphism
between ClopUppVgpXqq and the algebra described in Definition 4.1.10 exists sim-
ply because both satisfy the same universal property, it might be interesting to
see such an explicit isomorphism, dually: given g : X Ñ X0 a continuous and
order-preserving map, we have a map

fp´q : VgpXq Ñ X ˆ 2Xď ,

which sends x to the function fC : D ˆD Ñ 2ď, defined by

fxpa, bq “ 1 ðñ x P Jφpaq ñ φpbqK.

The map fp´q, can be shown to be continuous, and yield an isomorphism when
restricted to the subspace CX , corresponding to the axioms Θ described at the
beginning of Section 4.2.2.

Having proven Proposition 4.2.13, we will now define the duals of Definition
4.1.12 and Definition 4.1.13.

Definition 4.2.15 (Ghilardi complex). Let X be a Priestley space. The Ghilardi
complex over X, denoted GpXq “ pXn, rnqnPω is the inverse system:

X0
r0
ÐÝ X1

r1
ÐÝ X2 . . . ,

where:

1. X0 “ X and X1 “ VrpXq;

2. r0 “ r is the root map from VrpXq Ñ X;

3. for k ě 1, , Xk`1 “ VrkpXkq, and rk`1 “ rrk .

We denote by VGpXq the inverse limit of this inverse system in the category of
Priestley spaces.

Notation 4.2.1 (Ghilardi complex notation). When handling Ghilardi complexes,
we fix the following notation: given X a Priestley space, and GpXq “ pXn, rnqthe
Ghilardi complex over X, we will write πn : VGpXq Ñ Xn for the projection onto
the n-coordinate. Given n ď m P ω we will let rn,m : Xm Ñ Xn be equal to the
identity on Xn if n “ m, and otherwise, be equal to rm´1 ˝ ¨ ¨ ¨ ˝ rn.
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Explicitly, elements of VGpXq will be infinite sequences pxnqnPω where xn P Xn,
subject to the condition that whenever n ď m, xn “ rm,npxmq.

Example 4.2.16 (Example Ghilardi complex). Let us calculate the first four
steps of Gp2ďq in Figure 4.2. As proven below (Theorem 4.3.1), this computes
some approximations of the dual of the Rieger-Nishimura ladder (see Figure 3.1).
Note however that the individual steps of the step-by-step construction do not in
general agree with the universal model construction provided in Chapter 3.

‚ 0

‚ 1

X0

‚
t0u

‚
t0, 1u

‚
t1u

X1

‚tt1uu

‚tt0, 1u, t1uu

‚

X2

tt0, 1u, t0u, t1uu

‚
tt0uu

‚

‚ ‚

‚

‚

X3

Figure 4.2: Four steps of the construction of the Rieger-Nishimura

Remark 4.2.17 (Intuitive meaning of Ghilardi complexes). Example 4.2.16 shows
how one may think of Ghilardi complexes intuitively, in the same lines as the
constructions described for CPC and PL from Section 4.1.2: in both cases, we
associate to free algebras all possible (irreducible) models. When doing so over
an arbitrary Priestley space X, the intended meaning is that X constitutes the
poset of valuations. In the special case where X “ 2ď we are taking such values
to be the classical valuations.

The rk-maps can be seen in a game-theoretic way: they encode the equality of
resolution under k-bisimulation games (see Section 2.3.3). Specifically, if we see
two points M,N P Xn`1 as models (as subsets of Xn), pointed at x “ rnpMq and
y “ rnpNq, then for each k ď n, pM, xq „k pN, yq if and only ir rn,kpMq “ rn,kpNq.

Definition 4.2.18 (Dual limit maps). Given X and Y two Priestley spaces, a
Ghilardi morphism between GpXq “ pXn, r

X
n q and GpY q “ pYn, rYn q is a sequence

pfnqnPω of maps, such that:

1. For each n, fn : Xn Ñ Yn is a continuous and order-preserving maps;

2. For each n, fn`1 is rYn -open;
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3. For each n, rYn fn`1 “ fnr
X
n .

Given such a morphism, we let fω : VGpXq Ñ VGpY q be the limit map.

In light of Definitions 4.2.15 and 4.2.18, we can conclude the following Theo-
rem, by dualizing Theorem 4.1.14. Recall that since we are working in a dual cate-
gory we will be describing the right adjoint to the inclusion functor EsaÑ Pries:

Theorem 4.2.19 (Right adjoint from Esa to Pries). Given X P Pries, we have:

1. The space VGpXq is an Esakia space.

2. Whenever f : X Ñ Y is a continuous and order-preserving map where Y P
Pries, then fω is a continuous p-morphism. Moreover, pfgqω “ fωgω.

3. The space VGpXq has the following universal property: for each continuous
and order-preserving map f : Y Ñ X where Y is an Esakia space, there is
a unique continuous p-morphism f : Y Ñ VGpXq such that π0f “ f .

4. The functor VG : PriesÑ Esa is left adjoint to the inclusion functor EsaÑ
Pries.

Proof. Simply trace Theorem 4.1.14 along the duality dictionary in Table 2.1,
using the dual one-step extension established in Proposition 4.2.13. ■

4.3 Free Heyting algebras, normal forms and

relative anarchy

Having established the dual of the step-by-step construction in Theorem 4.2.19,
we can now proceed to analyze intuitionistic logic in the same way we did CPC
and PL in Section 4.1.2. In this section we will ask the same questions, namely:

1. What does the dual perspective on free algebras tell us?

2. What does the dual perspective tell us about normal forms for IPC?

3. What kind of relative anarchy results hold in this context?

We begin by describing free algebras dually:

Theorem 4.3.1 (Duals of free Heyting algebras). For each set S, the algebra
FHApSq is dual to VGp2Sďq.

Proof. In Proposition 4.1.1 we showed that 2Sď is dual to the free distributive
lattice on S many generators, which gives the object part of the left adjoint to
the forgetful functor DL Ñ Set; by Theorem 4.2.19 and 4.1.14, the dual of VG
gives the left adjoint to the forgetful functor HAÑ DL. Thus by uniqueness of
adjoints, the composite functor yields the dual of FHApSq. ■
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We begin with a lemma of a more general nature, concerning adjoints between
the posets; we stress that such adjoints are not guaranteed to be continuous (see
Section 4.5):

Lemma 4.3.2 (Properties of adjoints in Ghilardi complexes). Let X be a Priest-
ley space and GpXq the Ghilardi complex over X.

1. For each n, the map

Òn : Xn Ñ Xn`1

x ÞÑ Òx

is left adjoint of the map rn : Xn`1 Ñ Xn.

2. For each n, and x P Xn, define lnpxqpkq “ rn,kpxq for k ď n, and for k ě n,
by induction, lnpxqpk`1q “ Òkplnpxqpkqq. Then lnpxq P VGpXq, and the map
ln : Xn Ñ VGpXq is the left adjoint to the projection πn : VGpXq Ñ Xn.

3. The maps rn : Xn`1 Ñ Xn are co-p-morphisms (Definition 2.1.57).

Proof. (1) We show that for each C P Xn`1, and x P Xn, we have

Ònx ď C ðñ x ď rnpCq.

Recall that the order is reverse inclusion. Now by definition of Vr (see Definition
4.2.7), if C is rooted, C Ď ÒrnpCq; so if x ď rnpCq, certainly Ònx Ě ÒnrnpCq Ě C.
Conversely if Ònx Ě C, then by definition, we must have x ď rnpCq. This
establishes the result.

(2) Note that the definition of ln as a map ensures that for each x P Xn,
lnpxq P VGpXq. To see it is the left adjoint, we show that for each y P VGpXq, we
have

lnpxq ď y ðñ x ď πnpyq.

From left to right this follows by definition of the order being pointwise and the
definition of ln. Right to left, notice that by applying (1) for each k ě n, we
obtain by induction that for each such k, lnpxqpkq ď ypkq; thus lnpxq ď y as
desired.

(3) To prove that rnpCq is a co-p-morphism, assume that x P Xn`1 and y P Xn,
and rnpxq ě y. By (1), this means that Òny ď x, and by definition, rnpÒnyq “
y. ■

Definition 4.3.3 (Join-irreducibly generated distributive lattice). A distributive
lattice D is said to be join-irreducibly generated if for each a P D, there are
join-irreducible elements b1, . . . , bn P D such that a “ b1 _ ¨ ¨ ¨ _ bn.

With this we obtain some structural results on finitely generated Heyting
algebras, including an often cited lemma from [251] and the titular result from
[127]:
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Proposition 4.3.4 (Urquhart and Ghilardi’s theorems). For each n, the following
hold:

1. The algebra FHApnq is join-irreducibly generated.

2. The algebra FHApnq is a bi-Heyting algebra.

Proof. (1) by Theorem 4.3.1, we have that VGp2nďq is dual to FHApnq. By defini-
tion of the topology on inverse systems (see Section 2.1.5), clopen upsets of this
set are of the form π´1k rV s for V a (clopen) upset of p2nďqk. Since the latter is a
finite poset, we have that V “

Ť

xPV Òx for finitely many x P V ; note that each
of the subsets Òx is join-irreducible. We show that

π´1k rÒxs is join-irreducible;

from this, we immediately obtain the result, since π´1k rV s will be a finite join of
join-irreducibles. To see this, we show that π´1k rÒxs “ Òlkpxq, where lkpxq is the
image of the adjoint map from Lemma 4.3.2.(2). Indeed, for each y P VGp2nďq,
note that:

y P π´1k rÒxs ðñ πkpyq P Òx

ðñ x ď πkpyq

ðñ lkpxq ď y;

where the equivalences follow from lk being left adjoint to the projection. This
shows the equivalence, proving that FHApnq is join-irreducibly generated.

(2) Since 2nď is finite, and consequently p2nďqk will always be finite, all of them
are bi-Esakia. By Lemma 4.3.2.(3) all the maps rn are moreover co-p-morphisms.
Hence by Proposition 2.1.74, VGp2nďq will be bi-Esakia as well. ■

Remark 4.3.5 (Not meet-irreducibly generated). Given free distributive lattices
are both join-irreducibly generated and also meet-irreducibly generated – every
element is a meet of meet-irreducibles – it is reasonable to ask whether this is true
of FHApnq. As it turns out, this follows from the fact that the Bellissima algebra
Belpnq (Definition 3.4.12) is different from the free algebra (see Proposition A.2.8
in the Appendix).

Proposition 4.3.4 can be extended further, by using the uniform interpolation
theorem: we recall from Theorem 2.3.28, and the characterization of uniform
interpolation therein discussed, that each of the inclusions in : Fpnq Ñ Fpn` 1q
has a right adjoint @i : Fpn ` 1q Ñ Fpnq. Moreover, by Proposition 2.3.34, such
an adjoint distributes over disjunctions. Moreover, we have the following fact5:

5This fact, using the slightly stronger assumption that @i distributes over disjunction, should
be credited to Silvio Ghilardi, from whom we learned this argument, and which seems to not
have appeared in print before. Also the fact that FHApωq is a bi-Heyting algebra following is
owed to Ghilardi. The minor sharpening given here will turn out useful in Chapter 5, Section
5.1.4. We also remark that for bi-Heyting algebras the converse to Proposition 4.3.6 likewise
holds, giving us a characterization of those homomorphisms with adjoints.
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Proposition 4.3.6 (Frobenius and co-Heyting). Let i : H Ñ H 1 be an injective
homomorphism of Heyting algebras, and assume that it has a right adjoint @i
which satisfies the Frobenius Reciprocity/Constant Domain axiom, @ipa_fpbqq “
@ia _ b. Then i is a co-Heyting homomorphism, i.e., it preserves all existing
coimplications.

Proof. Assuming that @i satisfies the Frobenius reciprocity axiom, taking a, b P H,
such that we have a – b P H, we show that ipa – bq “ ipaq – ipbq P H 1. Indeed,
for each c P H 1, we need to show

ipa – bq ď c ðñ ipaq ď ipbq _ c.

We focus on the harder right to left implication. Assuming that ipaq ď ipbq _ c,
then a “ @iipaq ď @ipipbq _ cq “ b _ @ic, where the first equality follows from i
being an injective homomorphism, and the second from the condition. Then it
follows that a – b ď f@ic, so ipa – bq ď i@ic ď c by the unit condition for poset
adjoints. ■

From this we obtain the following:

Theorem 4.3.7 (Free Heyting is bi-Heyting and join-irreducibly generated). The
free Heyting algebra FHApωq is a bi-Heyting algebra, and it is join-irreducibly
generated.

Proof. We know that FHApωq is the directed colimit of the maps in : Fpnq Ñ
Fpn ` 1q. By Proposition 4.3.4.(2), Fpnq is always a bi-Heyting algebra; by
Proposition 4.3.6, and Proposition 2.3.34, we know that in is a bi-Heyting homo-
morphism. Thus we can define the co-implications on the directed colimit, and
they will be well-defined.

The fact that FHApωq is join-irreducibly generated follows similarly: we show
that for each φ P Fpnq, if ιn : Fpnq Ñ Fpωq is the inclusion, then ιnpφq is still
join-irreducible; by the definition of directed colimits, this will make every element
of the directed colimit be a join of join-irreducibles.

To see that it is join-irreducible, equivalently we show that it is join-prime
in the free Heyting algebra (Remark 2.1.19). For this, it suffices to show that
inpφq P Fpn ` 1q remains join-prime. So assume that inpφq “ ψ _ χ. Applying
the right adjoint, we have:

φ “ @iinpφq “ @ipψ _ χq “ @iψ _ @iχ.

Since φ is join-prime, then φ “ @iψ or φ “ @iχ. Thus either inpφq ď inp@iψq ď ψ
or inpφq ď inp@iχq ď χ. This shows the result. ■

As an immediate consequence we have:

Corollary 4.3.8 (bi-Heyting anarchy). The variety HA is biHA-anarchic.
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We conclude by recovering the normal forms for intuitionistic logic. This will
be done by fixing the number of propositional variables:

Definition 4.3.9 (Normal forms of IPC). Let p be a set of propositional variables.
We define by induction on n the class of n-normal forms for p, by recourse to the
poset p2pďqn:

1. For n “ 0, the normal forms will be the join-irreducible formulas over p
(Definition 4.1.2). Each such formula corresponds to Òx for a unique x P 2pď,
and we denote it by χx;

2. For each n, and each x P p2pďqn`1, we define

χx :“
ľ

yRx

´

χy Ñ
ł

węy

χw

¯

.

By the way these normal forms are defined, and Theorem 4.3.1, the following
is immediate:

Proposition 4.3.10 (Intuitionistic normal form). For each formula φppq in the
language Formppq, and each implication depth n such that φppq has implication
depth at most n, there is a unique finite set S of n-normal forms such that
φppq ”

Ž

χxPS
χx.

Proof. Since the formula φppq can be seen as an element of the free algebra, and
thus, dually, as a clopen upset in VGp2pďq, we can find some V Ď p2pďqk such
that π´1k rV s is precisely the clopen upset corresponding to the formula. Thus, by
taking the minimal elements x P V , we obtain that π´1k rV s “

Ť

xPminpV q π
´1
k rÒxs.

The latter are join-irreducible, and correspond to χx. This set is unique once
we fix these parameters. Note moreover that the only difference between such
elements and considering it in higher-implication depth is that rather than Òx, one
would take its iterated adjoints via the description given in Proposition 4.3.2. ■

4.4 Duality for free constructions of Heyting al-

gebras via Ghilardi complexes

Having applied Ghilardi complexes to the study of free algebras, in this section
we show how they can yield descriptions of a number of general constructions in
universal algebra and category theory. As a first step, we need a very modest
generalization of the notion of Ghilardi complex previously employed; since this
generalization was not needed for free algebras, we opt to make a separate defini-
tion here. The added generality will be beneficial in allowing us to systematically
“change base”.
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Definition 4.4.1 (g-Ghilardi complex). Let g : X Ñ Y be a continuous and
order-preserving map between Priestley spaces, where X is g-Esakia. The g-
Ghilardi complex over X, denoted GgpXq “ pXn, rnqnPω is the inverse system:

Xg
0

r0
ÐÝ Xg

1
r1
ÐÝ Xg

2 . . . ,

where:

1. X0 “ X and X1 “ VgpXq;

2. r0 “ rg is the root map from VgpXq Ñ X;

3. for k ě 1, , we set Xk`1 “ VrkpXkq, and rk`1 “ rrk .

We denote by VgGpXq the inverse limit of this system in the category of Priestley
spaces.

Example 4.4.2 (Ghilardi complexes yield g-Ghilardi complexes). Let X be any
Priestley space, and GpXq “ pXn, rnq the Ghilardi complex over X. Then the
sequence pXn`1, rn`1qnPω is the r0-Ghilardi complex over X1.

Example 4.4.3 (All Esakia spaces). Given that g can be any map, note that
we can consider a g-Ghilardi complex containing copies of the same space. Let
g : X Ñ X be the identity map. If X is a general Priestley space, VgpXq will add
as many relative pseudocomplements as necessary; but if X is an Esakia space,
then in fact

VgpXq – X;

this is easily seen by Proposition 4.2.13: given f : Y Ñ X a map which is g-
open, if g is the identity, then f will be a p-morphism, and consequently, will be
idX-open.

The introduction of the parameter g does not affect the main results from the
previous sections:

Theorem 4.4.4 (Adjunction theorem for g-Ghilardi). Let g : X Ñ X 1 be a con-
tinuous and order-preserving map, where X,X 1 P Pries. Then:

1. The space VgGpXq is an Esakia space;

2. The space VgGpXq has the following universal property: for each continuous
and order-preserving g-open map f : Y Ñ X, where Y is an Esakia space,
there is a continuous p-morphism f : Y Ñ VgGpXq such that π0f “ f .

Proof. (1) in the proof of Theorem 4.2.19, we noted that the proof that VgGpXq is
an Esakia space followed from Theorem 4.1.14 by duality. The proof of the latter
fact – that ClopUppVGpXqq is a Heyting algebra – proceeded, when specialized to
Heyting algebras, by showing that the definition of the Heyting implication can be
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made on equivalence classes, since all maps preserve such implications from some
point onwards. It is clear to see that adding to this an additional homomorphism
g´1 : ClopUppX 1q Ñ ClopUppXq in the first step which is used to preserve some
existing Heyting implications in ClopUppXq does not change anything about the
argument.

(2) the proof of this Proposition proceeded also by duality, showing that one
can use the general one-step extension lemma to obtain a sequence of maps and
then take a limit map. Also there, the addition of the extra parameter does not
change how the extension is made. ■

The example from 4.4.2 when coupled with this Theorem gives us one of
the main interests of the construction – it allows us to “shift the level”, in the
following sense:

Lemma 4.4.5 (Shifting level in g-Ghilardi complexes). Let g : X Ñ Y be a
continuous and order-preserving map. There is a natural isomorphism:

VgGpXq – VrgG pVgpXqq.

Proof. This follows from the universal property in Theorem 4.4.4: we show that
VrgG pVgpXqq likewise has the universal property of VgGpXq. Indeed, let f : Y Ñ

X be a continuous and order-preserving g-open map. By the one-step exten-
sion (Proposition 4.2.13), there is unique continuous and order-preserving map
f : Y Ñ VgpXq which is rg-open. By the universal property of VrgG p´q, this lifts

uniquely to a continuous p-morphism f
˚

: Y Ñ VrgG pV
g
GpXqq. The uniqueness of

f
˚

as a map to this structure now follows from the uniqueness of all constructions
just mentioned. ■

Also generally useful is the fact that if the map we start with is already a
p-morphism, then this property is preserved:

Lemma 4.4.6 (Unit maps are p-morphisms). Let g : X Ñ Y be a continuous
p-morphism, where X is g-Esakia, and Y is an Esakia space. Then the unit map
gπ0 : VgGpXq Ñ Y is a p-morphism.

Proof. This is easily seen algebraically: given g´1 : H0 Ñ H a map preserving
all relative pseudocomplements, if the relative pseudocomplements from H0 are
preserved at every step of the way, then when mapping to the directed colimit,
one obtains a Heyting algebra homomorphism. We sketch the dual argument,
for the reader who may wish to avoid such dual verifications: if x P VgGpXq, and
gpxp0qq ď y, because g is a p-morphism, then there is some x1 ě xp0q such that
gpx1q “ y. Because xp1q is g-open, there is some x˚ P xp1q such that xp0q ď x˚

and gpx˚q “ gpx1q “ y. By setting px1qp1q “ xp1qx˚ “ xp1q X Òx˚, we obtain an
inductive argument which allows us to construct x˚ ě x with the property that
gpx˚q “ y. This proves the result. ■
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4.4.1 Finitely presented algebras and finitary complexes

As noted in Chapter 2, for many logical purposes one is often interested in the
category of finitely presented algebras (Definition 2.2.16), which serve as algebraic
analogues of formulas. In this section we recover the results from [75] character-
izing finitely presented Heyting algebras in terms of g-Ghilardi complexes.

On Heyting algebras finitely presented algebras can be seen as quotients of
free algebras by single formulas:

Lemma 4.4.7 (Principal filters and finitely presented algebras). A Heyting al-
gebra H is finitely presented if and only if H – FHApnq{F pφq, where F pφq “ Òφ
is the principal filter generated by this formula.

Proof. This follows immediately from the definition 2.2.16, as well as Proposition
2.1.23. ■

Corollary 4.4.8 (Finitely presented Heyting algebra and clopen upsets). A Heyt-
ing algebra H is finitely presented if and only if SpecpHq is isomorphic to a clopen
upset of SpecpFHApnqq for some n.

Proof. Immediate from Lemma 4.4.7 and Proposition 2.1.65. ■

Whilst this corollary is certainly a characterization, it does not fundamentally
simplify things. To obtain a more manageable representation, we turn to the
following:

Proposition 4.4.9 (Preservation of embeddings). Let f : X Ñ Y be a continuous
embedding map between Priestley spaces, and suppose that g1 : X Ñ Z and
g2 : Y Ñ Z is a map such that g2f “ g1. Then f : Vg1G pXq Ñ Vg2G pY q is an
injective p-morphism. Moreover, if f is an open map, then f rVg1G pXqs is a clopen
upset in Vg2G pY q.

Proof. The fact that f is injective is easy to observe inductively, since if f : X Ñ Y
is injective, then f r´s will always be injective as well, which directly yields this
fact in the limit.

To see that f rVg1G pXqs is clopen under the assumption that f is an open map,
we first show that:

f rVg1G pXqs “ π´11 rf1rVg1pXqss,

where f1p´q “ f r´s is the lifting of f . One inclusion is easy: if x P VGpXq, then
f1pxp1qq by definition belongs to Vg2pXq, and hence to f1rVg1pXqs. Conversely,
assume that xp1q “ f1py1q for some y1 P Vg1pY q. Note that if c P xp2q, then
f1py1q Ě c, and f1pyq Ď f rXs. If r is the root of c, this means that r P f rys, and
so there is some r1 P y such that fpr1q “ r; this is unique since f is injective.
Thus f´1rcs Ď y1 is a closed subset (since f is continuous) and rooted. It is
likewise g1-open: assume that d P f´1rcs and d ď d1. then fpdq ď fpd1q. Since c
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is g2-open, there is some d2 ě fpdq such that g2pd
2q “ g2fpd

1q, and d2 P c. Since
c Ď f ry1s, there is some unique d˚ such that fpd˚q “ d2. Since f is an embedding,
and fpdq ď fpd˚q, we have d ď d˚, and d˚ P f´1rcs. Moreover, we have

g1pd
˚
q “ g2fpd

˚
q “ g2pd

2
q “ g2fpd

1
q “ g1pd

1
q,

showing that f´1rcs is g1-open as desired. Injectivity and the assumption that
f ry1s Ě c guarantee that ff´1rcs “ c. Thus, define

y2 :“ tf´1rcs : c P xp2qu “ f´11 rxp2qs.

We then have that that f2py2q “ f1ry2s “ xp2q by construction, and y2 is a closed
set (as the preimage of a continuous function) and rooted at y1. Moreover, it
is r2-open: if f´1rcs Ď d for some d P V1pY q, then c Ď f rds; since c P xp2q, by
assumption, there is some c1 such that c Ď c1 such that r0pcq “ r0pc

1q. Then
f´1rcs Ď f´1rc1s, and we observe that:

r0pf
´1
rc1sq “ f´1rr0pc

1
qs “ f´1rr0pf rdsqs “ f´1fpr0pdqq “ r0pdq,

as desired. In general, assuming we have defined yk such that fkpykq “ xpkq, we
define yk`1 “ tf´1k´1rcs : c P xpk ` 1qu “ f´1k rxpk ` 1qs which follows the exact
same arguments, noting that fk will all be injective.

To conclude the proof, we check that f1rV1pXqs is a clopen subset. Let C P

f1rV1pXqs; then then there is some D P V1pXq such that f rDs “ C. Consider
the clopen subbasic set Jf rXsK, which is clopen because f is assumed to be open.
Then C P Jf rXsK. We will show that Jf rXsK Ď f1rV1pXqs which then concludes
the proof. Taking E P Jf rXsK, we have that E Ď f rXs; by considering f´1rEs,
we have that f´1rEs Ď X and it is rooted, because f is injective. This shows the
proof. ■

Using this we obtain a more general description of duals of finitely presented
Heyting algebras using g-Ghilardi complexes:

Theorem 4.4.10 (Characterization of finitely presented algebras). For a Heyting
algebra H, the following are equivalent:

1. H is finitely presented.

2. H is isomorphic to ClopUppVgGpP qq for some g : P Ñ Q an order-preserving
map between finite posets.

Proof. (1)ñ(2) Assume that U Ď VGpPpnqq is a clopen upset. Then U will be
of the form π´1k rV s for V Ď VkpPpnqq, so we can take the order-preserving map
rk : V Ñ rkrV s, and it is easy to see that V – VrkG pV q.
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(2)ñ(1) First we show that if P is any poset, then VGpP q is dual to a finitely
presented algebra. For that purpose, let Ò : P Ñ PpP q be the upset map6. This
is an order-embedding, so by Proposition 4.4.9, VGpP q sits as a clopen upset in
VGpPpP qq; by Theorem 4.3.1, noting that PpP q – 2Pď, we have that the latter is
a free algebra, so by Corollary 4.4.8, VGpP q is dual to a finitely presented algebra.

Now consider the map rg : VgpP q Ñ P , the embedding i : VgpP q Ñ VrpP q
as well as the root map r : VrpP q. Then we obtain by Proposition 4.4.9 that
VrgG pVgpP qq is a clopen upset in VrGpVrpP qq. But note that by Lemma 4.4.5 there
are natural isomorphisms:

VrgG pVgpP qq – VgGpP q and VrGpVrpP qq – VGpP q;

by what we just showed, then, VgGpP q is dual to a finitely presented algebra. ■

Remark 4.4.11 (Comparison with sheaf-theoretic duality). The reader may wish
to compare this presentation of finitely presented Heyting algebras with that given
in [130]. For an extended discussion on this, see Section A.3.2.

4.4.2 Coproducts and colimits of Heyting algebras

As alluded to in Section 4.1.3, descriptions of free algebras are closely related to
descriptions of colimits. However, the reader should not be tempted to simply
use the adjoints to compute colimits. To understand why, note that dually, this
amounts to trying to compute limits of Esakia spaces using Priestley duality. The
fact that right adjoints preserve limits, and both categories are complete, means
that given Esakia spaces X, Y , we have:

VGpXq b VGpY q – VGpX ˆ Y q,

That is, for spaces in the range of the functor, products are calculated as desired.
For spaces outside of the range, we can nevertheless adjust the situation. For
that we need a slight modification of the one-step extension lemma:

Definition 4.4.12 (Multiple g-open Vietoris). Let gi : X Ñ Xi be a collection of
continuous and order-preserving maps, such that for each i P I, X is gi-Esakia.
We denote by VIpXq the Priestley space:

VIpXq :“
č

iPI

VgipXq,

and write rI : VIpXq Ñ X for the restriction of the root map.

6The very categorically minded reader will be happy to note that this is essentially the
Yoneda embedding.



4.4. Duality for free constructions of Heyting algebras via Ghilardi complexes129

Note that we are justified in saying that VIpXq is a Priestley space: by Proposi-
tion 4.2.12 we know that VgipXq is a closed subpspace of VrpXq, which is Priestley,
and we are taking an arbitrary intersection of closed subspaces. Moreover, the
restriction rI : VIpXq Ñ X is both still continuous and surjective, since there was
a uniform witness to surjectivity from X to VgipXq.

Lemma 4.4.13 (Multiple g-step extension). Let g : X Ñ Xi be a collection
of continuous and order-preserving maps where X is gi-Esakia for each i. Let
f : Y Ñ X be a continuous and order-preserving map where Y is f -Esakia and f
is gi-open for each i. Then there exists a unique continuous and order-preserving
map f : Y Ñ VIpXq such that f is rI-open and rIf “ f .

Proof. We derive this from Proposition 4.2.13: by that result we obtain that for
each i, the map f i : Y Ñ VgipXq is given by y ÞÑ f rÒys. It follows that by setting:

f : Y Ñ VIpXq
y ÞÑ f rÒys,

this becomes a well-defined map, sending y to a set which is gi-open for each i,
and will have all desired properties as these are given pointwise. ■

Definition 4.4.14 (Product Ghilardi complex). Let pXiqiPI be a family of Esakia
spaces, and let πi :

ś

iPI Xi Ñ Xi be the projections. The product Ghilardi com-
plex is defined to be the rI-Ghilardi complex over VI

`
ś

iPI Xi

˘

, where I is the fam-
ily of projections. We write π̃i for the composed map πiπ0 : VrIG

`

VI
`
ś

iPI Xi

˘˘

Ñ

Xi.

We know that
ś

iPI Xi is πi-Esakia, in fact, an Esakia space (Proposition
2.1.69). We then obtain:

Theorem 4.4.15 (Product of Esakia spaces). Given a family pXiqiPI of Esakia
spaces, the space VrIG

`

VI
`
ś

iPI Xi

˘˘

together with the projections π̃i is the cate-
gorical product of these Esakia spaces.

Proof. We know that VrIG pVIp
ś

iPI Xiqq is an Esakia space by Theorem 4.4.4.
Moreover, by Lemma 4.4.6, since πi :

ś

iPI Xi Ñ Xi are all p-morphisms, π̃i
is likewise a p-morphism. So it suffices to check the universal property of the
product.

Given Y an Esakia space, pi : Y Ñ Xi a family of p-morphisms, note that
since

ś

iPI Xi is the product of Priestley spaces (Proposition 4.1.4), we have a
unique continuous and order-preserving map p : Y Ñ

ś

iPI Xi. Note that p is
in fact πi-open for each i P I: whenever ppyq ď z, then by the pointwise order,
for each i, ppyqpiq ď zpiq; since pi is a p-morphism, and ppyqpiq “ pipyq, we find
y1 ě y such that pipy

1q “ zpiq, and so ppy1q witnesses πi-opennesss.
Thus by Proposition 4.4.13 there is a unique extension p : Y Ñ VIpXq to an

rI-open map such that rIp “ p. In turn by Theorem 4.4.4, this induces a unique
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extension p˚ : Y Ñ VrIG pVIpXqq, with the property that π0p
˚ “ p. It follows that

for each i P I, we have

π̃ip
˚
“ πirIπ0p

˚
“ πirIp “ pi;

and so the diagram commutes. The uniqueness is a direct consequence of all the
constructions involved being universal, and can be easily verified. ■

We note that whilst the above construction can be used to construct products,
very often such a product is infinite, regardless of whether the original spaces were
infinite or not, as the next example shows:

Example 4.4.16 (Example product calculation). Consider the product 2ďb2ď.
In Figure 4.3 we display the first three steps of the product Ghilardi complex
Gπ1,π2p2ď ˆ 2ďq, where one preserves the condition of being an upset on each
coordinate, on the first level.

An inductive argument then shows that each level Vnp2ď ˆ 2ďq will have
more elements than the previous one: for each Vnp2ď ˆ 2ďq, the subset tÒx :
x P Vnp2ď ˆ 2ďqu will root at the root of Vnp2ď ˆ 2ďq, and is not identical to
ÒrnpVnp2ď ˆ 2ďqq by an easy induction.

Remark 4.4.17. It is worthy to remark that elements of the product have a
bisimulation-like flavour: given X an Esakia space, if U P V π1,π2

1 pX ˆXq, i.e., U
is a closed, rooted and π1, π2-open subset of X ˆ X, then U will likewise be a
bisimulation between px, yq “ rpUq, and any closed bisimulation between px, yq
will give rise to such a pair. We expect that such a characterization can be used
in the study of effective equivalence relations on Esakia spaces, as first studied by
Ghilardi and Zawadowski [130, pp.101]. Such constructions are intimately related
to coequivalence relations , capturing logically the concept of definable equivalence
(see Appendix A.4).
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A similar argument yields us a description of categorical pullbacks. For that
we need a preliminary verification:

Lemma 4.4.18 (Cartesian pullback is πi-Esakia). Let f : X1 Ñ X0 and h : X2 Ñ

X0 be a pair of continuous p-morphisms between Esakia spaces. Then pX1ˆX0X2q

is πi-Esakia for i P t1, 2u.

Proof. Without loss of generality, let U, V Ď X1 be clopen upsets; we will show
that Óπ´11 rUzV s is a clopen, by showing that

Óπ´11 rUzV s “ π´11 rÓpUzV qs.

One inclusion is clear: if px1, x2q ď pz1, z2q, and z1 P UzV , then certainly x1 P
ÓpUzV q. Conversely, assume that x1 ď z1 and z1 P UzV . Then we have fpx1q ď
fpz1q; since fpx1q “ gpx2q, and g is a p-morphism, there is some z2 ě x2 such
that gpz2q “ fpz1q. Thus px1, x2q ď pz1, z2q and pz1, z2q P π

´1
1 rUzV s, showing that

px1, x2q P Óπ
´1
1 rUzV s, and concluding the proof. ■

From this we can make the following definition:

Definition 4.4.19 (Pullback Ghilardi complex). Let f : X1 Ñ X0 and h : X2 Ñ

X0 be a pair of continuous p-morphisms between Esakia spaces. The pullback
Ghilardi complex for this diagram is the rπ1,π2-Ghilardi complex over Vπ1,π2pX1ˆX0

X2q.

Theorem 4.4.20 (Pullback of Esakia spaces). Given a diagram f : X1 Ñ X0

and h : X2 Ñ X0 with continuous p-morphisms between Esakia spaces, the Esakia
space Vrπ1,π2G pVπ1,π2pX1 ˆX0 X2qq together with the projections π̃1 and π̃2 is the
categorical pullback.

Proof. By Lemma 4.4.6 we know that π̃i are p-morphisms. They commute with
the diagram by construction. So we show the universal property of the pullback.
Let p1 : Y Ñ X1 and p2 : Y Ñ X2 be a pair of continuous p-morphisms such
that fp1 “ hp2. This induces a unique continuous and order-preserving map
pf ˆ hq : Y Ñ X1 ˆX0 X2 making the diagram commute, since the latter is the
pullback in the category of Priestley spaces (Proposition 2.1.70). Note that this
map is π1, π2-open: if y P Y , and pf ˆ hqpyq ď px1, x2q, then fpyq ď x1, so since
f is a p-morphism, there is some y1 ě y such that fpy1q “ x1. Thus pf ˆ hqpy1q
witnesses π1-openness. Thus by Lemma 4.4.13, we have a unique lifting to a
map to Vπ1,π2pX1 ˆX0 X2q. The rest of the argument proceeds as in the case for
products. ■

To finish this section, we show how one can use this description to “lift amalga-
mation” (see Definition 2.2.34) using duality. We note that here, the assumption
(One-step injectivity) is crucial:
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Theorem 4.4.21 (Amalgamation of Heyting algebras). The variety HA of Heyt-
ing algebras has the amalgamation property.

Proof. Let f˚ : H0 Ñ H1 and k˚ : H0 Ñ H2 be injective Heyting algebra ho-
momorphisms. Let Xi :“ SpecpHiq, which by duality (Table 2.1),yields contin-
uous and surjective p-morphisms f : X1 Ñ X0 and g : X2 Ñ X0. By Propo-
sition 2.1.70, we know that the projections πi : X1 ˆX0 X2 Ñ Xi are there-
fore both surjective as well. By Theorem 4.4.20, we obtain an Esakia space
Y :“ Vrπ1,π2G pVπ1,π2pX1 ˆX0 X2qq, with projections π̃i : Y Ñ Xi for i P t1, 2u
which are continuous surjective p-morphisms making the whole diagram com-
mute. We prove that π̃i is surjective. By definition, this is equal to π0rπ1,π2πi.
The map πi is surjective; the root map is surjective as discussed in Propo-
sition 4.2.8 and 4.2.12. The fact that all the root maps are surjective then
implies that π0 is surjective: given C P Vπ1,π2pXq, we define C0 “ C and
Cn`1 “ ÒCn P pVπ1,π2pXqqn`1 and obtain that the sequence pCnqnPω belongs to the
limit. This provides C P Vπ1,π2G pVπ1,π2pXqq such that Cp0q “ C. Consequently,
we obtain that π̃i is surjective, since it is a composition of surjective maps.

Now by duality this gives us a Heyting algebra H 1 “ ClopUppY q, and a pair
of injective maps gi : Hi Ñ H 1 making the diagram commute, proving amalgama-
tion. ■

4.4.3 Polynomial algebras

The final construction described here will be a special case of a colimit:

Definition 4.4.22 (Polynomial Heyting algebra). Let H be a Heyting algebra.
We denote by Hrxs the Heyting algebra of polynomials over H, defined as H‘HA

FHAp1q.

Polynomial Heyting algebras appear naturally in the study of uniform inter-
polation: a particular formulation similar to what was discussed in Proposition
2.2.43 is to say that the inclusion H Ñ Hrxs has a left and a right adjoint. We
will also see polynomial algebras again in Chapter 7, where we will study a spe-
cial variation of polynomial Heyting algebras, shown to be intimately related to
subobject classifiers in specific subcategories.

From Theorem 4.4.15 we immediately obtain a description of polynomial Heyt-
ing algebras. However, one can make this more economic:

Definition 4.4.23. Given an Esakia space X, the polynomial Ghilardi complex
over X, GpolpXq “ pXp

n, rnq is the πX-Ghilardi complex over X ˆ 2ď.

We know by Theorem 4.4.4 that VπXG pX ˆ 2ďq is an Esakia space. In fact we
show the following:
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Proposition 4.4.24 (Dual polynomial Heyting algebras). Given X an Esakia
space, and πX : X ˆ 2ď Ñ X, the projection map from the cartesian product,
we have an isomorphism VπXG pX ˆ 2ďq – X b RN. Thus for H “ ClopUppXq,
VπXG pX ˆ 2ďq is the dual of Hrxs.

Proof. Note that VπXG pX ˆ 2ďq certainly has a projection to X, but it is not
obvious it maps to RN. Note that by Theorem 4.3.1, the latter is given by the
inverse limit VGp2ďq.

By composing the projections π2ď
π0 we get a map VπXG pX ˆ 2ďq Ñ 2ď. By

the adjunction, this lifts uniquely to a p-morphism VπXG pX ˆ 2ďq Ñ RN. Then
we have two projections which are continuous p-morphisms. Now using the same
arguments as in Theorem 4.4.15, we can prove that this satisfies the universal
property of the product. Thus the isomorphism holds. ■

4.5 G-conservative objects and translations

In this final section, we provide several logical applications of the step-by-step
construction. These were designed to illustrate some of the potential of exploiting
the theory of Ghilardi complexes for theoretical analysis of IPC.

First, we study the general interpretation of IPC in PL, guaranteed by relative
anarchy (see 2.2.3), and show that it is not conservative.

By studying the theory of Ghilardi complexes, we find general conditions for
the existence of a second kind of map (in addition to the canonical monad-induced
algebra maps) which serve as Heyting algebra structures, shown to exist for what
we call “G-conservative objects”. In Section 4.5.2 we prove that the free algebra
FDLpωq is dual to a G-conservative Esakia space. From this, in Section 4.5.3 we
give a conservative translation between IPC and PL. We finish in Section 4.5.4 by
showing that this translation can be thought of as calculating uniform positive
approximations of intuitionistic formulas, yielding a uniform positive interpolation
theorem.

4.5.1 Structural interpretations and conservativity

Recall that in Proposition 4.1.5 we showed that DL is HA-anarchic. By the char-
acterization of Proposition 2.2.53, this corresponds to the existence of a structural
interpretation:

S : FormPLpPropq Ñ FormIPCpPropq,

that is, a map which is the identity on positive formulas and which is a pseudo-
homomorphism: it is a distributive lattice homomorphism, and satisfies the weak
homomorphism law for implication:

SpφÑ ψq “ SpSpφq Ñ Spψqq.
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A different notion of interpretation goes by requiring additionally that it reflect
truth:

Definition 4.5.1 (Conservative translation). A map T from FormIPCpPropq to
FormPLpPropq will be called a conservative translation if:

1. (Positive Homomorphism) T is a distributive lattice homomorphism;

2. (Identity on formulas) For each φ a formula in the language of PL, we have
$IPC T pφq Ø φ.

3. (Conservativity) for each formula φ in the language of IPC, we have:

$IPC φ ðñ $PL T pφq.

Having our step-by-step construction, we can obtain explicit calculations of
this map in a straightforward way: we consider the free distributive lattice
FDLpωq, and its dual, the space 2ωď. The map S is induced by the unique algebra
map on the monad FHAI, where FHA : DL Ñ HA is the free functor dual to
VG, and I is the subcategory inclusion. Such a unique map is in fact given by the
counit

εIpFDLpωqq : FIpFDLpωqq Ñ FDLpωq;

by construction, FIpFDLpωqq – FHApωq, and the counit is the “evaluation map”,
sending each formula to its interpretation in the Heyting algebra structure of the
distributive lattice. Dually, this counit becomes the unit map, the injective p-
morphism:

η2ω
ď

: 2ωď Ñ VGp2ωďq,

Calculating such a map in the Ghilardi complex Gp2ωďq, we have that this is given
by the recursive family of maps:

1. f0 : 2ωď Ñ 2ωď, the identity;

2. For each k, fk`1pxq “ fkrÒxs.

Having this description, we can ask some questions about such an interpreta-
tion. A natural such question is whether this is in fact a conservative interpre-
tation. Given how different the free algebras look, the negative answer to this
appears quite natural:

Theorem 4.5.2 (Structural interpretation not conservative). The structural in-
terpretation S is not conservative.

Proof. We show that the formula ␣p _ ␣␣p is valid under the interpretation,
that is:

FDLpωq ( Sp␣pq _Sp␣␣pq “ 1.
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To see why, it suffices to show that for any element a P FHApωq we have Sp␣aq_
Sp␣␣aq “ 1. Using the representation from Theorem 4.3.1, we let a be a clopen
upset U Ď VGp2ωďq. By construction these are of the form:

U “ π´1n rV s,

where V is a clopen upset in p2ωďqn. Note that f´1n rV s is likewise a clopen upset,
then. By definition of the translation, we have:

S´1
rπ´1n rV ss “ f´1n rV s;

We have that by construction, ␣π´1n rV s “ π´1n`1rJ´V Ks. Moreover, we can show
that:

f´1n`1rJ´V Ks “ f´11 rJf´1n rV sKs :

indeed, note that fn`1pxq P J´V K if and only if fnrÒxs P J´V K, if and only if
fnrÒxs Ď ´V , if and only if Òx P Jf´1n r´V sK; since f1pxq “ Òx, this gets us the
equality. Similarly, we show:

f´1n`2rJ´J´V KKs “ f´12 rJ´J´f´1n rV sKKs.

We can thus simply let V0 :“ f´1n rV s, and show that

2ωď “ f´11 rJ´V0Ks Y f´12 rJ´J´V0KKs.

Now we calculate these elements. Notice that f´11 rJ´V0Ks “ tx P 2ωď : Òx Ď
´V0u “ ␣V0q, with the relative pseudocomplement calculated in 2ωď. Slightly
more elaborately, we see that:

f´12 rJ´J´V0KKs “ tx P 2ωď : f1pxq Ď xV0yu.

Unfolding this, such a set defines the set of x, such that whenever x ď y, there is
some z ě y such that z P V0. But this is simply the semantic meaning of the set
␣␣V0.

Now, since 2ωď has a maximal element, this implies that 2ωď “ ␣V0 Y ␣␣V0
(see Proposition 2.3.19).

This shows that under the translation S, the principle ␣p_␣␣p is valid. ■

Remark 4.5.3 (Logic of the interpretation). The arguments of Example 4.5.2 are
completely general, in that the set of logical principles which become valid under
the interpretation S will precisely coincide with the logic of FDLpωq. For more
on this, see Appendix A.3.4.

In light of this result, we can ask whether any conservative translation can
exist between IPC and PL, on the level of theorems, which shares some of the
same properties as S; naturally no other structural interpretation can exist, but
alternative assumptions may prove equally natural. This is what we turn to next.



136 Chapter 4. Step-by-Step Constructions

4.5.2 G-conservative Priestley spaces

The abstract situation witnessed by the structural interpretation is, as discussed
in 2.2.3, the fact that each Heyting algebra carries a unique algebra structure
for the monad induced by the adjunction. The unit map ηH is then split by
the composite counit. Dually, the counit map ε : VGpXq Ñ X, which is simply
the projection π0, is split by the unique lifting of the map Ò, as described in the
previous section.

However, as we saw in Section 4.3, there is another possible way of extending
Ò : X Ñ VrpXq to a map going to the remaining elements of the Ghilardi complex:
we can consider the sequence of maps

1. Ò0 : X Ñ VrpXq, and

2. For each k, Òk`1 : X Ñ Xk`2 is defined by composing Òk : Xk Ñ Xk`1 with
Ò
k.

Such maps always exist, as far as the order is concerned, in the Ghilardi complex.
They cannot coincide with the liftings induced by the one-step extension except
in trivial cases. If X is a finite poset – as we saw in Section 4.3 – then such maps
are obviously continuous; but in general the situation is less clear. This motivates
the following definition:

Definition 4.5.4 (G-conservative object). LetX be a Priestley space and GpXq “
pXn, rnq the Ghilardi complex over X. X is called G-conservative if for each n,
the map Òn : X Ñ Xn is continuous.

Remark 4.5.5 (Remarks on G-conservativity).

1. (G-conservative are Esakia) Note that trivially, if X is G-conservative, then
it is an Esakia space: this is because then the map Ò : X Ñ VrpXq will be
continuous, and so, by composing with the continuous inclusion of VrpXq Ď
VpXq we will have one of the equivalent conditions for being an Esakia
space from Lemma 2.1.80.

2. (Existence of infinite map) If X is G-conservative, note that there is a
continuous and order-preserving map Òω : X Ñ VGpXq which is left adjoint
to the projection π0 : VGpXq Ñ X. Indeed, by Lemma 4.3.2, we have that
the maps Òk are compatible with the inverse system structure of GpXq. If
all of them are continuous, by the universal property of inverse limits, there
is a unique continuous and order-preserving map Òω : X Ñ VGpXq which
sends x to the sequence pÒkxqkPω. Such a map is then the left adjoint of π0,
since it coincides with the map l0 described in Lemma 4.3.2.

As noted every finite poset is G-conservative. However, few more conditions
seem to exist, and even fewer if we parametrize by considering g-Ghilardi com-
plexes. We provide an extended discussion about this situation in Chapter 8.
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Our goal in this section will be to extend the known class of G-conservative
Priestley spaces, from the finite posets, to include the duals of every countable and
locally finite Heyting algebra. This will allow us in the next section to construct
a conservative translation.

Definition 4.5.6 (Locally finite Heyting algebra). Let H be a Heyting algebra.
We say that H is locally finite if it is the directed union of finite Heyting algebras
via a diagram consisting of Heyting algebra homomorphisms.

Remark 4.5.7 (Equivalence with usual local finiteness). The above is equivalent
to the more usual definition of local finiteness saying that every finitely generated
subalgebra is finite (see 6): indeed, given finitely many generators, they occur
in finitely many of the algebras in the directed system, and by directedness,
in a single finite Heyting algebra H0; then the subalgebra generated will be a
subalgebra of H0, and therefore, finite.

The following lemma is a standard fact on chain constructions :

Lemma 4.5.8 (Locally finite from chain). For H a Heyting algebra, H is count-
able and locally finite if and only if H is the limit of a countable chain of finite
Heyting algebras via Heyting homomorphisms.

Proof. See e.g. [4, Lemma 1.6]. ■

We thus treat countable and locally finite Heyting algebras, as limits of chains
of the form:

H0 ãÑ H1 ãÑ H2 ãÑ ¨ ¨ ¨ ãÑ Hω

Dually, such a chain becomes the inverse limit:

P0 ↞ P1 ↞ P2 ↞ ¨ ¨ ¨↞ Xω,

where Xω is the dual of H, and Pn the finite poset dual to Hn.
At this point it seems intuitive to apply the functors Vrp´q on each element

of the chain. However, it is not obvious in general that such a functor preserves
colimits (as it forms a part of a right adjoint functor). This and several related
facts will follow from a rather intrincate combinatorial property of the step-by-
step construction purely working with finite posets, which we proceed to show.

Before the next, quite technical proof, we briefly recall for the benefit of the
reader our notational conventions:

Notation 4.5.1. Below we will work with a p-morphism f : P Ñ Q between finite
posets. We denote by Pk and Qk the k-th posets in the Ghilardi complexes
GpP q and GpQq. The order on these posets, which we will remind the reader of
throughout, is reverse inclusion. The map f0 “ f and for each k, fk`1 “ fkr´s.
We write rk : Pk`1 Ñ Pk and rk : Qk`1 Ñ Qk. We believe this causes no confusion
since the roots will always be taken in objects which will be easily identifiable as
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being inside of Pk`1 or Qk`1. We write rk,j : Pk Ñ Pj; note that this means that
under this notation rk “ rk`1,k.

For each k, we define Òk : P Ñ Pk and also Òk : Q Ñ Qk (again we do not
distinguish the posets, the location being clear from context), inductively: Ò0 is
the identity map, and for each k, Òk`1 “ Òk ˝ Ò

k, that is, we compose the adjoint
with the upset map Pk Ñ Pk`1.

The reader is encouraged to consult Figure 4.4 to understand the example at
hand. We are now ready to prove the main combinatorial argument:

Proposition 4.5.9 (Beck-Chevalley for p-morphisms). Let f : P Ñ Q be a p-
morphism between finite posets. Then for every n ě 0,

fn ˝ Ò
n
“ Ò

n
˝ f.

P P1 P2 . . . Pn´1 Pn

Q Q1 Q2 . . . Pn´1 Qn

f

Ò0

r0

f1

Ò1

r1

f2

Ò2

r2

Òn´2

fn´1

rn´2

Òn´1

fn

rn´1

Ò0

r0

Ò1

r1

Ò2

r2

Òn´2

rn´2

Òn´1

rn´1

Figure 4.4: Finite extension property

Proof. We argue by induction on n. The case n “ 0 is exactly the p-morphism
property of f (see Remark 2.1.54). Assume n ě 1 and that the equality holds at
all smaller indices. Fix p P P . Unwinding fn “ fn´1r´s, we must show

fnpÒ
npq “ fn´1rÒ

nps “ Ò
nfppq (as subsets of Qn´1).

(Ď) This inclusion follows relatively easily. Given C P Ònp, we want to show
that fn´1pCq P Ò

nfppq. Note that the hypothesis means that C Ď Ò
n´1p; thus

fn´1pCq Ď fn´1pÒ
n´1pq. By induction hypothesis, we have that fn´1pÒ

n´1pq “
Ò
n´1fppq, so we conclude fn´1pCq Ď Ò

n´1fppq. In other words, fn´1pCq P Ò
nfppq

by definition of the iterated upset.
(Ě) This inclusion is the non-trivial one, and will require some extra con-

structions. Let C P Ònfppq, so C P Qn´1 and rn´1,0pCq ě fppq. We will construct
rC P Ònp with fn´1p rCq “ C via the following recursion.

Definition 4.5.10 (Auxiliary Mkpp0, Dq construction). For each k ě
1, each p0 P P , and each D P Qk, we say that the pair pp0, Dq satisfies
the type condition if fpp0q “ rk,0pDq. Whenever pp0, Dq satisfies the
type condition, we define

M1pp0, Dq :“ Òp0 X f
´1
rDs,

Mk`1pp0, Dq :“
␣

Mkpp1, eq : e P D, p1 P P, p1 ě p0, fpp1q “ rk,0peq
(

.
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The following claim contains the main properties of the correctness of the
construction:

Claim 4.5.11 (Correctness of construction of Mkpp0, Dq). For each n´
1 ě k ě 1, p0 P P and D P Qk satisfying the type condition, we have:

1. Mkpp0, Dq is a rooted subset of Pk´1. For k “ 1, its root is
p0, and for k ě 2, its root is Mk´1pp0, rk´1pDqq. In particular,
rk,0pMkpp0, Dqq “ p0, and so Mkpp0, Dq Ě Ò

k´1p0 as subsets of
Pk´1.

2. The operation Mkp´,´q is order preserving in both coordi-
nates: if p0 ď p10 both elements in P , and D Ě D1 both el-
ements in Qk, such that pp0, Dq and pp10, D

1q satisfy the type
condition, then Mkpp0, Dq ĚMkpp

1
0, D

1q.

3. fkpMkpp0, Dqq “ fk´1rMkpp0, Dqs “ D.

4. For k ě 2, the set Mkpp0, Dq is rk´2-open,

5. For each k ě 1, Mkpp0, Dq P Pk.

Proof. We prove (1)–(4) by simultaneous induction on k.
(Base case for k “ 1) Consider p0 P P and D P Q1. such that

pp0, Dq satisfy the type condition.
For (1), note that the set M1pp0, Dq “ Òp0Xf

´1rDs contains p0 by
the type condition (since fpp0q “ r0pDq P D) and is rooted at p0. For
(2), if p0 ď p10 then Òp10 Ď Òp0; if also D Ě D1, then f´1rD1s Ď f´1rDs.
So we get Òp10 X f´1rD1s Ď Òp0 X f´1rDs, as desired. For (3), the
inclusion prM1pp0, Dqs Ď D is by definition, and conversely each d P D
satisfies d ě r0pDq “ fpp0q, so the p-morphism property produces
p1 ě p0 with fpp1q “ d P D. So we have equality. (4) is vacuous for
this case. (5) holds since for k “ 1, P1 is isomorphic to the collection
of rooted subsets of P by definition.

(Inductive case assuming k)
Fix D P Qk`1 with fpp0q “ rk`1,0pDq.
(1) The element rkpDq P D satisfies rk`1,1pr0pDqq “ rk`1,0pDq “

fpzq. Thus, the pair pp0, rkpDqq satisfies the type condition. By in-
duction hypothesis, we have that Mkpp0, rkpDqq is in Pk by induction
hypothesis. For each e P D, rkpDq Ě e, and each p1 ě p0, by induction
hypothesis, we have that Mkpp0, rkpDqq ĎMkpp1, eq, so Mkpp0, rkpDqq
is the root of Mk`1pp0, Dq. We then have rk`1,0pMk`1pp0, Dqq “
rk,0pMkpp0, rkpDqq “ p0 by induction hypothesis.

(2) This is immediate by construction: assume that p0 ď p1, and
D Ě D1. Suppose that p1 ď p2 and e1 P D1, and fpp2q “ rk,0pe

1q, such
that Mkpp2, e

1q PMk`1pp1, D
1q. Then by definition p0 ď p2 and e1 P D,
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so Mkpp2, e
1q P Mk`1pp0, Dq as well. This shows that Mk`1pp0, Dq Ě

Mk`1pp1, D
1q.

(3) Note that:

fk`1pMk`1pp0, Dqq “ fkrMk`1pp0, Dqs

“ tfkpMkpp1, eqq : e P D, p1 ě p0, rk,0peq “ fpp1qu;

For each e P D and p1 ě p0 satisfying the type condition, we have
fkpMkpp1, eqq “ e by induction hypothesis, so fk`1pMk`1pp0, Dqq Ď d.
Note that since k ď n´1, the type condition ensures that D P Ò

kfpp0q,
and by induction hypothesis on n (the global induction), this is equal
to fkrÒ

kp0s. Thus for each e P D, there is some p1 ě p0 and some F
such that fk´1pF q “ e such that rk´1,0pF q “ p1. Since fk´1 commutes
with the root maps, we have

rk,0peq “ rk,0fk´1pF q “ frk,0pF q “ fpp1q.

Thus, pp1, eq satisfies the type condition, which means by construc-
tion that Mkpp1, eq P Mk`1pp0, Dq. By induction hypothesis (this
time on k), we have that fkpMkpp1, eqq “ e. This proves that D Ď

fk`1pMk`1pp0, Dqq. The equality is thus established, proving (3).
(4) We show that Mk`1pp0, Dq is rk´1-open. So assume that we

have Mkpp1, eq Ě S where S is an element of Pk. Consider the root
rk´1pSq; since this is an element of Mkpp1, ϵq, by induction hypothesis,
this means that there is some p2 ě p1 and ϵ P e satisfying the type
condition, such that Mk´1pp2, ϵq “ rk´1pSq. Define

e1 :“ eX Òϵ.

Note that then we have, by definition, that pp2, e
1q satisfy the type

condition, since rk,0pe
1q “ rk´1rk´1,0pϵq “ fpp2q. Since D P Pk`1, it is

rk´1 open. Since e Ě e1, by hypothesis there is some e2 P D such that
rk´1pe

2q “ rk´1pe
1q “ ϵ. Thus the pair pp2, e

2q also satisfy the type
condition.

We claim that then Mkpp2, e
2q witnesses the rk´1-openness above

Mkpp1, eq. Indeed, we have:

1. Since p1 ď p2 and e Ě e2, by inductive hypothesis on mono-
tonicity ((2)), we have that Mkpp1, eq ĚMkpp2, e

2q.

2. By induction hypothesis on (4), we have that Mkpp2, e
2q is an

element of Pk.

3. By induction hypothesis on (1), we have that rk´1pMkpp2, e
2qq “

Mk´1pp2, ϵq, by construction of e2.
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This shows (4). Finally, (5) follows from (1) and (4), since we
showed that Mk`1pp0, Dq is rooted and rk´1-open. This concludes the
induction and the proof. ■

Now to prove our result, instantiate k “ n´ 1, p0 “ p, and D “ C. Then by
Claim 4.5.11 we obtain an element of Pn, rC “Mn´1pp, Cq which has the property

that rC Ě Ò
n´1p, i.e., rC P Ò

np. Moreover, by construction, pn´1p rCq “ C. Thus
we have showed that C P fn´1rÒ

nps “ fnpÒ
npq. This concludes the induction on

n, and with it, the proof. ■

One consequence of Proposition 4.5.9 is the following:

Proposition 4.5.12 (Surjectivity of induced maps). Let f : P Ñ Q be a sur-
jective p-morphism between finite posets. Then for each n, fn : Pn Ñ Qn is
surjective.

Proof. We show the following by induction: for each n, the minimal elements of
Qn`1 are of the form Òx for x P Qn a minimal element. Certainly if x P Qn is
minimal, then Òx P Qn`1 will be minimal. On the other hand, if C P Qn`1 is
minimal, consider rnpCq; let y be a minimal element below rnpCq. Then Òy ď C
because Ò is the left adjoint, so because C is minimal, C “ Òy.

With this fact at hand, we now prove the statement: let n be arbitrary. Let
C P Pn be arbitrary. By what we just showed, there is some x P Q, such that
Ò
n´1x Ě C, since the shape of minimal elements of Qn is given by applying the

adjoints iteratively. Since f is surjective, there is some y P P such that fpyq “ x.
By Proposition 4.5.9, we have:

fnpÒ
n´1yq “ Òn´1fpyq “ Òn´1x.

By assumption of C being above Òn´1x, we have C P fnpÒ
n´1y; thus there is

some D P Ò
n´1y such that fn´1rDs “ C, i.e., fnpDq “ C. This shows that fn is

surjective, as desired. ■

From this we can can extract a representation result for the duals of countable
locally finite Heyting algebras (see Figure 4.5). This result can be seen as a form
of continuity of the functors Vg which we have been using so far, with respect to
such directed colimits.

Proposition 4.5.13 (Continuity of one-step extension). Let Xω be the inverse
limit of p-morphisms fn : Pn`1 Ñ Pn between finite posets. Then:

1. For each k, pVkpPnq, pfnqkqnPω is a directed system, and moreover, for each
k, the root maps rnk : Vk`1pPnq Ñ VkpPnq are compatible with the directed
systems.
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Xω lim
ÐÝ

nPω VrpPnq lim
ÐÝ

nPω Vr0pPnq

...
...

P2 VrpP2q Vr0pP2q . . .

P1 VrpP1q Vr0pP1q . . .

P0 VrpP0q Vr0pP0q . . .

f1

r20

pf1q1 pf1q2

r21

f0

r10

pf0q1 pf0q2

r11

r00 r01

Figure 4.5

2. For each k, VkpXωq, the k-step in the Ghilardi complex is isomorphic to
lim
ÐÝ

nPω VkpPnq, and the root map rk : Vk`1pXωq Ñ VkpXωq is the unique
limit map lifting the maps rnk : Vk`1pPnq Ñ VkpPnq.

Proof. (1) The fact that pfnqk form a directed system is obvious by induction,
since the maps are simply obtained by taking the direct image, a functorial op-
eration. Moreover, the fact that the root maps is compatible with this sys-
tem is also easy to see: for k “ 0, and n ą 0, and C P VrpPnq, by definition,
pfn´1q1pCq “ fn´1rCs, which is rooted at fn´1pr

n
0 pCqq. The inductive case follows

completely similarly.
Consequently, for each k, there exists a limit map rωk : lim

ÐÝ
nPω VrpPnq Ñ Xω.

(2) We first prove that the pair plim
ÐÝ

nPω VrpPnq, rω0 q has the universal property
of the one-step extension from Proposition 4.2.13. Indeed, let Y be a Priestley
space, and let g : Y Ñ Xω be a continuous and order-preserving map, such that Y
is g-Esakia. By composing with the projections we obtain continuous and order-
preserving maps gn : Y Ñ Pn, such that Y is gn-Esakia. For each such map, we
have a unique lifting pgnq1 : Y Ñ VrpPnq to an rn0 -open map. Observe that by
definition, for each n, and y P Y we then have:

pfn`1q1pg
n`1
q1pyq “ fn`1rg

n`1
rÒyss “ gnrÒys,

which holds because of the definition of the maps gn, and the fact that Xω forms
a directed system. By the universal property of inverse limits, this induces a map
g1 : Y Ñ lim

ÐÝ
nPω VrpPnq, explicitly, such that g1pyqpnq “ pg

nq1pyq. By definition,
we have that pr0q

ωg1pyq “ gpyq. If we show that such a map is pr0q
ω-open, then it

will be unique in such conditions making the diagram commute, by the universal
property of inverse limit.
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To prove this, assume that for y P Y , g1pyq ď x. We prove that for each n,
we have:

Òy X pgnq
´1
1 rpr

n
0 q
´1
rxpnqss ‰ H;

To see this, note that for each n, by hypothesis, pgnq1pyq ď xpnq. Since pgnq1 is
rn0 -open by construction, there is some y1 ě y such that rn0 pg

nq1py
1q “ rn0 pxpnqq.

Thus, by compactness, noting that all of these are closed sets, we have that:

Òy X
č

nPω

pgnq
´1
1 rpr

n
0 q
´1
rxpnqss ‰ H.

Picking some y1 ě y in such a set, we have that by construction, for each n,
rn0 pg

nq1py
1q “ rn0 pxpnqq. But by definition of the lifting of the root map, then

rω0 g1py
1q “ rω0 pxq, which was to show.

The case for arbitrary Vk`1pPnq follows along exactly the same lines, with
the only addition being that one must show that the map rωk is rωk´1-open. But
this is shown in exactly the same way as in the case for Y an arbitrary Priestley
space. ■

We are now finally ready to show the main theorem of this section:

Theorem 4.5.14 (G-conservativity for duals of countable and locally finite). For
each Xω, the dual of a countable locally finite Heyting algebra, we have that Xω

is G-conservative.

Proof. We make use of Proposition 4.5.13. First, fix an arbitrary k. Consider for
each n, the maps

Ò
k
n : Pn Ñ VkpPnq.

Note that as noted before, such a map will be the left adjoint to rnk,0. Moreover,
by Proposition 4.5.9, such maps are compatible with the inverse system structure
of the systems pPn, fnq and pVkpPnq, pfnqkq. As such, it lifts to a limit map
pÒ
k
qω : Xω Ñ VkpPnq where we use the isomorphism guaranteed by Proposition

4.5.13. Then note that for x P Xω and C P VkpXωq we have:

pÒ
k
q
ω
pxq ď C ðñ @nppÒkqnpxpnqq ď Cpnqq

ðñ @npxpnq ď rnk,0pCqq

ðñ x ď rωk,0pCq.

This shows that as a map of posets, pÒkqω is the left adjoint of rk,0 : VkpXωq Ñ Xω.
Since adjoints are unique, this map then coincides with the iterated upset map,
Ò
k : Xω Ñ VkpXωq. But since the former was a limit map, it was continuous;

therefore Òk is continuous as well, completing the proof. ■

As a corollary, we obtain:
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Corollary 4.5.15 (Existence of continuous left adjoint). For each Xω, dual to a
countable and locally finite Heyting algebra, the projection map π0 : VGpXq Ñ X
has a continuous and order-preserving left adjoint Òω : X Ñ VGpXq which is its
retraction.

Proof. This follows from Theorem 4.5.14, by applying the observation from Re-
mark 4.5.5.(2). The fact that Òω is a retraction follows from noticing that for
each x, π0pÒ

ωxq “ x must hold by construction of the step-by-step iteration of
the map. ■

4.5.3 Conservative translation of IPC in positive logic

We now apply the tools of Section 4.5.2 to provide a conservative translation
from intuitionistic logic in positive logic (see Definition 4.5.1). To obtain such
a translation, we will first show that FDLpωq is in fact a locally finite-Heyting
algebra. This follows at once from the following lemma:

Lemma 4.5.16 (Free distributive lattices are locally finite Heyting). For each n,
the map in : FDLpnq Ñ FDLpn` 1q is a Heyting algebra homomorphism. Conse-
quently, the algebra FDLpωq is a countable and locally finite Heyting algebra.

Proof. Dually, we note that the map dual to in is the projection pn : 2n`1ď Ñ 2nď
which takes the restriction of a function to the first n many arguments. This is
easily a p-morphism: whenever pnpfq ď g then f ď g`, where g`pn` 1q “ 1.

It is a well-known fact [4, pp.143] that FDLpωq is a directed colimit of the
chain in : FDLpnq Ñ FDLpn`1q, which as shown, by duality, are injective Heyting
algebra homomorphisms. Consequently FDLpωq is countable and locally finite as
desired. ■

From this we obtain:

Corollary 4.5.17 (Existence of right adjoint to inclusion of free distributive).
The inclusion η : FDLpωq Ñ FHApωq has a right adjoint η: : FHApωq Ñ FDLpωq
which is a distributive lattice homomorphism, and such that η:η is the identity on
FDLpωq.

Proof. By Lemma 4.5.16, the algebra is countable and locally finite, so by Corol-
lary 4.5.15, there is a right adjoint to the unit map (recalling that the dual of the
unit is the projection π0). ■

We can now define our conservative translation:

Definition 4.5.18 (Adjoint translation). For each formula φ, we define the trans-
lation Apφq on equivalence classes rφs P FDLpωq as follows: we let ψ be some
positive formula in η:prφsq, and set for each χ P rφs, Apχq “ ψ.
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Note that in light of Corollary 4.5.17, we have:

Proposition 4.5.19 (Adjoint translation is conservative). The assignment A is
a well-defined conservative translation.

Proof. The map is well-defined by force. It is a positive homomorphism, since it
is defined on the basis of the homomorphism η:; it is the identity on formulas,
since for each φ in the language of positive logic, we have: η:prφsq “ η:ηpφq “ rφs.
Finally, for conservativity, one direction is obvious: if rφs “ 1, then η:prφsq “
1, which since these are free algebras, means that if $IPC φ then $PL Apφq.
Conversely, assume that Apφq “ 1. Then η:prφsq “ 1, so 1 ď η:prφsq. Since this
is the right adjoint, we obtain 1 “ ηp1q ď rφs, so rφs “ 1. In other words, if
$PL Apφq then $IPC φ. ■

Remark 4.5.20 (Non-contradictory). The reader familiar with the work of Jerabek
[153] may wonder whether the existence of a conservative translation such as A
is contradictory. Indeed, in [153, Example 3.3, Theorem 3.6] it was shown that
no conservative translation can exist between classical logic, and the logic of the
monotone fragment ( ^_,J,K). If our translation was of the kind studied by
Jerabek, then putting Pp´q together with the classical double negation translation
(e.g. [166]) would yield a contradiction. But Jerabek studies a stronger notion of
translation, namely, that from the assumption that φ $CPC ψ we have that this
holds if and only if T pφq $CPC^,_,K,J

T pψq. The fact that the entailment relation
there is global is thereby crucial.

Whilst the existence of such a translation is interesting, the above is certainly,
syntactically, deeply unsatisfying. As such, we proceed to extract a proper syn-
tactic description of this translation.

Remark 4.5.21 (Syntactic calculations). Let φ be a formula in intuitionistic logic.
Let k be its implication depth. Then by Theorem 4.3.1 φ is represented in the
algebra of clopen upsets of VGp2ωďq by π´1k rV s where V Ď Vkp2ωďq is a clopen
upset. In turn, by Proposition 4.5.13, V is of the form π´1n rW s where W Ď p2nďqk
is a clopen upset. By all the above commutations, we then have:

1. By definition of Òω, we have pÒωq´1π´1k rV s “ pÒ
k
q´1rV s.

2. By definition of Òk as a limit map of the iterated adjoints, Òkn, we get
pÒ
k
q´1rπ´1n rW ss “ π´1n rpÒ

k
nq
´1rW ss.

Note that the particular n chosen does not matter by Proposition 4.5.9: given two
distinct n, n1, and distinct W 1 such that π´1n1 rW 1s “ π´1n rW s, since the connecting
maps are always surjective, then π´1n rpÒ

k
nq
´1rW ss and π´1n1 rpÒ

k
n1q
´1rW ss will be the

same.

Using all of this, and the normal forms of IPC from Definition 4.3.9, we can
make the following syntactic construction of A:
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Definition 4.5.22 (Syntactic construction of A). Let p be a set of variables. Let
x P p2pďqn be some element, and let χx be the associated normal form. We define
Apχxq by recursion as follows:

1. If n “ 0, we define Apχxq “ χx.

2. If dpχxq “ n` 1, then χx is of the form:

ľ

yRx

´

χy Ñ
ł

węy

χw

¯

,

so we define Apχxq “
Ž

węy Apχwq.

Given any formula ψppq, where ψ ”
Žn

i“1 χxi , we set Apφq “
Žn

i“1Apχxiq.

To check the correctness of this translation, in light of Remark 4.5.21, we thus
need only the following lemma:

Lemma 4.5.23 (Correctness of A). Let U Ď p2pďqn be an upset, and write
U “

Ť

xPU Òx. If ψppq is the formula corresponding to U , that is φpψppqq “ U ,
then we have φpApψqq “ pÒnq´1rU s.

Proof. We prove this by induction. The case for n “ 0 is obvious. Assuming the
result for n, we show it for n` 1. Since the preimage commutes with disjunction,
we show this for φpχxq “ Òx. Assume that we have Òx “ φpχxq “ U , of the form

U “
č

yRx

`

JφpχyqK ñ
ď

węy

JφpχwqK
˘

.

As for U , we have φpχyq “ Òy as a subset of pPppqqn. Note that Ò´1rU s is explicitly
given by:

č

yRx

l
`

Òy ñ
ď

węy

Òw
˘

,

where l is taken with respect to the order in pPppqqn. Note that
Ť

węy Òw “

pPppqqnzÓy by an easy argument. But now observe7 that relative pseudocomple-
ments of these pairs are easy to compute: for any poset P , a, b P P , lpÒa ñ
XzÓbq “ XzÓpÒa X Óbq. But ÓpÒa X Óbq “ Ób in case a ď b, and otherwise is
empty. So we obtain:

lpÒy ñ
ď

węy

Òwq “
ď

węy

Òw,

i.e., we drop the antecedent of the implication. ■

7This was likewise noted in [11, Lemma 2.7].
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Remark 4.5.24 (Complexity considerations). The reader may wonder whether a
simpler definition of the translation Ap´q is possible. Whilst this is not universally
ruled out, we note that for complexity reasons, this seems unlikely. By a classical
result of Statman [245], validity in IPC is PSPACE-complete. By contrast, it is
well-known that the complexity of validity of CPC, and consequently of its positive
fragment, is coNP-complete. So unless PSPACE “ coNP, the translation Ap´q
must impose some form of computational blow up in complexity.

4.5.4 Uniform positive interpolants

We finish this section by noting that besides providing a conservative translation,
the map A also proves an interesting property relating positive and intuitionistic
logic: we show the existence of uniform positive approximations, as we proceed
to explain.

Definition 4.5.25 (Positive approximation). Let φ be a formula in LIPC. A
formula ψ P LPL is said to be a positive approximation of φ if $IPC ψ Ñ φ.

Every formula has a trivial positive approximation: K Ñ φ is always a theo-
rem. But some are better than others:

Definition 4.5.26 (Fineness order). Given a formula φ, and two positive ap-
proximations ψ1, ψ2, ψ1, is said to to be finer than ψ2 if $IPC ψ2 Ñ ψ1.

A consequence of our translation A corresponding to the right adjoint FDLpωq
into FHApωq, is the following:

Theorem 4.5.27 (Uniform positive approximation). For each positive formula
φ P LIPC there exists a uniform positive approximation, the finest positive ap-
proximation, Ppφq: for each positive formula ψ, $IPC ψ Ñ φ if and only if
$IPC ψ Ñ Ppφq.

Proof. By setting Ppφq “ Apφq, this is simply a restatement of the fact that η:

is the right adjoint of η. ■

Remark 4.5.28 (Uniform positive approximations and uniform interpolants). The
terminology chosen for uniform positive approximations reflects the conceptual
closeness with uniform interpolation. In fact, after deriving the above results,
we found a direct proof, invoking the uniform interpolation, of the existence of
uniform positive approximations, from which one can in fact derive the trans-
lation A. The reader may consult this in Appendix A.3.5. We note that one
advantage of the above construction is the fact that it provides a very clear and
explicit description of this translation by working with normal forms, whilst the
more direct uniform interpolation-based proof requires ranging over a collection
of positive approximations for a formula.





Chapter 5

Variations and consequences of
step-by-step constructions

Having seen in Chapter 4 how step-by-step constructions can be used to describe
free objects and colimits, we turn in this chapter to several variations on this
construction. Attending to the difference of computation of colimits and free
objects in subvarieties, we expend some effort in explaining how the step-by-step
construction can be adapted when dealing with subvarieties of HA. Following
recent work [79], it is shown that in some good cases this general recipe can be
substantially simplified, allowing us to obtain many of the same kinds of results
as in the previous chapter, often in improved manner: normal forms, reduction
principles and relative anarchy.

Whilst the construction of Ghilardi complexes on Priestley spaces presents one
possible generalization of the original construction by Silvio Ghilardi, since such
a construction was done on finite posets, an orthogonal discrete generalization
can be done by considering a step-by-step construction connecting the category
of posets and the category of locally finite posets. This construction is naturally
related to problems of coalgebraic intuitionistic modal logic.

We conclude by briefly sketching some applications which these constructions
have found in related settings. Further applications will be given in subsequent
chapters of this thesis.

Outline

1. In Section 5.1, we adapt the step-by-step construction to deal with some
notable subvarieties of HA. By specialising to BA we recover the classical
Boolean envelope functor. By looking at Sme and LC, we obtain a con-
struction which terminates in 1 or 2 steps, analogous to similar work done
by Carai [79], and use the intuitions of this construction to extract normal
forms for these logics. By using it to KC, we obtain normal forms, and
recover a relative anarchy result of KC with respect to biKC.

149
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2. In Section 5.2 we adapt the construction to deal with a topology-free reduct,
obtaining an adjunction between the categories Pos and LocFinPos.

3. In Section 5.3, we briefly describe some of the applications of this con-
struction in different, slightly tangential settings, employing both of the
constructions from Chapter 4 as well as Sections 5.1 and 5.2.

5.1 Subvarieties of Heyting algebras

Unlike products, coproducts of algebras can vary drastically when one moves from
a variety V to one of its subvarieties: whilst in the category Grp, coproducts are
calculated as free groups under quotienting, a word construction, in the category
AbGrp of abelian groups, they coincide with products. The general picture is
somewhat analogous: in general, calculating coproducts, free algebras, and other
colimits in subvarieties tends to make things easier, though certainly not always.

Let us return briefly to the general setting of step-by-step discussed in Section
4.1.3. We thus have a variety K in a language L and a variety K0 in a language
L0, where we wish to construct K0-algebras out of K. To make the presentation
slightly simpler, we made one key simplifying assumption in passing: all axioms
are assumed to contain no nested implications. However, when dealing with sub-
varieties of Heyting algebras this is more or less inevitable: consider for instance
the Yankov axiom, the law of weak excluded middle:

␣p_␣␣p.

The reason this makes step-by-step representations harder is that once we
start with our algebra A, we cannot then in the first step EpA,K0q we do not yet
have enough implications to make the quotienting which ensures the operation
Ñ will satisfy the Yankov axiom.

As noted earlier in [126, 59, 89], this is not a problem: one can wait some
steps to begin applying the quotienting. It is likewise possible to flatten some
equations to quasi-equations, though this will not be discussed in what follows.

Having this in mind, for the purposes of dual representations, and with the
same goals as in Chapter 4, we can outline our general methodology: (1) we
extract the semantic meaning of the quotienting axioms applied step-by-step; (2)
we then proceed to construct, for a given space X, the specified subspace of
VgpXq which corresponds to those quotients. Having the one-step extension, the
methods of representing free algebras of Chapter 4 become available.

5.1.1 General Heyting subvarieties step-by-step

In this section we briefly outline the general methodology at hand for varieties of
Heyting algebras. Note that for each distributive lattice D, and each variety V of
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Heyting algebras, just as for all Heyting algebras, there is a forgetful functor VÑ

DL which preserves all limits; it has a left adjoint FV : DLÑ V computing the
free V-algebra generated by a given distributive lattice. However, by uniqueness
of adjoints, we can factor this adjunction as

D
F
ÝÑ HA

Vref
ÝÝÑ V,

where Vref is the Vref-reflection (see [4, Sec. 3]). This can be calculated explicitly
for a free Heyting algebra FHApXq, by taking a and a formula φpp1, . . . , pnq, and
considering the filter:

tφpψ1, . . . , ψnq : ψi P FHApXqu.

In other words, we force all elements to be equal to 1. Such a quotienting could
also be done along the construction step-by-step. Then, in place of the one-step-
extension EpA,HAq, we would, for φpp1, . . . , pnq of implication depth n:

EnpA,HA` φq “ EnpA,HAq{Θpφ « 1q.

This amounts to forcing each element originating from A to identify φ with 1.
Note that this is simply a way of presenting the step-by-step construction of the
left adjoint, from which we obtain, amongst other results, a variant of Theorem
4.1.14, which is proven in exactly the same way:

Theorem 5.1.1 (Left adjoint in subvarieties). Let A be a distributive lattice, and
V a variety of Heyting algebras. Then:

1. The algebras EnpA,Vq together with the inclusion maps, forms a directed
system1.

2. The algebra AV
ω , the directed colimit of the above directed system, is a V-

algebra, when equipped with the interpretations canonically induced by the
directed chain.

3. The functor FV : DLÑ V, computing the colimit AV
ω , is left adjoint to the

forgetful functor VÑ HA.

Having this in mind, we now explain how this process of quotienting works on
the dual spaces:

Definition 5.1.2 (Formula interpretations). Let X be a Priestley space and let
GgpXq “ pXn, rnq be the Ghilardi complex over X. Given U1, . . . , Un Ď X, we
define the n-th level formula interpretation of φ on this sequence on the Ghilardi
complex, denoted Iφn pU1, . . . , Unq “ Iφn pUq, induction on the complexity of φ:

1We note that as an exception to our general rule, we do not force this directed system to
be injective – in general it may fail to be, though it will still have a well-defined colimit.
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1. If φ “ pi, then Iφn pUq “ r´1n,0rUis, and if φ “ J then Iφn pUq “ Xn and if

φ “ K then Iφn pUq “ ∅.

2. If φ “ ψ0 ^ ψ1 then Iφn pUq “ Iψ0
n pUq X Iψ1

n pUq;

3. If φ “ ψ0 _ ψ1 then Iφn pUq “ Iψ0
n pUq Y Iψ1

n pUq;

4. If φ “ ψ0 Ñ ψ1 and n ą 0, then

Iφn pUq “ JIψ0

n´1 ñ Iψ1

n´1K.

Remark 5.1.3 (Formula interpretation is a semantics). The above formula in-
terpretation provides a form of semantics for intuitionistic logic over Ghilardi
complexes. This intuition is carried in the developments that come, as we do a
form of “correspondence theory” for such a semantics.

Definition 5.1.4 (φ one-step extension). Let X be a Priestley space and GpXq “
pXn, rnq be the Ghilardi complex over X. Given a formula φpp1, . . . , pnq of impli-
cation depth n, we consider the subspace

Xφ
n :“ tC P Xn : p@U1, . . . , Un Ď Xq, C P Iφn pUqu.

This is called the φ-relative one-step extension at level n.

Relative one-step extensions serve precisely the same purpose as delayed quo-
tients, as we discussed in the introduction to this chapter. This leads to the
following definition:

Definition 5.1.5 (Relative Ghilardi complex). Let L be a superintuitionistic
logic, and V “ AlgpLq. Given a Priestley space X, we denote by GVpXq “
pXV

n , rnq the relativised Ghilardi complex over X, obtained as follows:

1. XV
0,´ “ X.

2. For each n ą 0, XV
n,´ “

Ş

φPL,dpφqďnX
φ
n .

We denote the V Ghilardi complex to be the set of Priestley spaces which are in
the essential image of the construction: for each n, XV

0 “
Ş

nPω rn,0rX
V
n,´s. We

denote by VV
G pXq the inverse limit of the V-Ghilardi complex, equipped with the

usual inverse limit structure of root maps.

Theorem 5.1.6 (Relative duals of free algebras). For each variety of Heyting
algebras V and Priestley space X, the space VV

G pXq is dual to the free V-algebra
generated by ClopUppXq.

Proof. This follows immediately by duality and Theorem 5.1.1. ■
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One interesting feature of this representation is that it allows us to find a
different way of understanding completeness properties. In Appendix A.3.1, this
is done to discuss the FMP. But for local tabularity and tabularity, a lot more
is true (see Section 2.2.3 for the connection between local tabularity and the
algebraic correspondents):

Theorem 5.1.7 (Local tabularity and tabularity in free algebras). Let V be a
variety of Heyting algebras. Then:

1. If V is a locally finite variety, and, then: given P be a finite poset, with
GVpP q “ pPn, rnq being the V-Ghilardi complex over P , there is some n
such that Pn – Pn`1 via the root map.

2. If V is a finitely generated variety, then: there exists an n such that for each
Priestley space X, if GVpXq “ pXn, rnq is the V-Ghilardi complex over X,
then Xn`1 – Xn via the root map.

Proof. (1). Let P be a finite poset, and embed P Ď 2Pď. Since VV
G is a right ad-

joint, as in Theorem 4.4.10 we can see that VV
G pP q Ď VV

G p2
P
ďq. Since by Theorem

5.1.6 and Theorem 4.3.1, the latter correspond to the duals of free V-algebras,
and the variety is assumed to be locally finite, then VV

G p2
P
ďq, yielding that VV

G p2
P
ďq

is finite. Since inverse limits are finite if and only if on a cofinal tail the inverse
maps are trivial (since we forced the elements appearing in the complex to be in
the surjective image), this implies the result.

(2). This is easiest to see algebraically. Consider a distributive lattice D, and
consider the chain:

D ãÑ DV
1 ãÑ DV

2 ãÑ . . . ,

where DV
i “ ClopUppXiq with Xi the i-th space in the V-Ghilardi complex over

X “ SpecpDq. Note that because V is finitely generated, it is generated by a
finite algebra H. Every distinct formula φpxq corresponds therefore to a distinct
function H Ñ H over p many variables, by tabularity. Since H is finite, there is a
maximum implication depth amongst formulas in H: every formula φpp1, . . . , pnq
corresponds to a function fpx1, . . . , xnq : H

n Ñ H by tabularity. By the pid-
geonhole principle2, if we fix n, there is a maximum implication depth in over
n many variables. By picking fi1 , fi2 , . . . a sequence of functions over k many
variables of maximum implication depth, we again by the pidgeonhole principle
obtain that there is a maximum implication depth, which will be some fixed n.
Then it follows that DV

n – DV
n`1 since each formula over elements from D will be

equivalent to one with fewer implications, and consequently, already introduced
in a previous stage. This shows the desired result. ■

To illustrate this general methodology, we will take a few select simple cases.
We will proceed along the Kuznetsov hierarchy: from the simplest logic, CPC, to
the one closest to IPC, the Yankov logic KC:

2For more precise bounds see Chapter 6.
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5.1.2 Boolean algebras

To characterize the one step-extension of Boolean algebras, take the characteristic
axiom p _ ␣p. We to define the one-step extension for this axiom by removing
from VrpXq all the closed rooted subsets which do not satisfy JUK Y J´UK for
each clopen upset U Ď X.

Lemma 5.1.8 (Boolean one-step extension). Let X be a Priestley space. Given
C P VrpXq, we have that C P JUK Y J´UK for each clopen upset U Ď X if and
only if C is a singleton.

Proof. If C “ txu is a singleton then either x P U or x R U , and so either C P JUK
or C P J´UK. Now assume that C has two points x, y. Then either x ę y or
y ę x; without loss of generality assume the former. Then x P U and y R U
for some clopen upset. So C R JUK since y R U , and C R J´UK since x P U , as
desired. ■

We denote by DiscpXq Ď VrpXq the set of singletons of X, which by Lemma
5.1.8 is a closed subspace, defining precisely the points satisfying the law of ex-
cluded middle. Then we have:

Lemma 5.1.9 (One-step termination). The space X is homeomorphic to DiscpXq
via the map s : x ÞÑ txu. Moreover the map r : VrpDiscpXqq Ñ DiscpXq is an
isomorphism.

Proof. If W is a clopen, then by construction of the map s´1rJW Ks “ W ; since the
sets JW K form a basis, and preimages commute with complement, this is enough
to show that the map is continuous. It is clear that it is bijective, and bijective
continuous functions between Stone spaces are homeomorphisms.

Note also that if Y is a discretely ordered Priestley space (definitionally
equivalent to a Stone space), then the root map r : VrpY q Ñ Y is a homeo-
morphism, being the inverse of the singleton map just described. This implies
that VrpDiscpXqq – DiscpXq, through the root map, as claimed. ■

From Theorem 5.1.6 it follows that DiscpXq is precisely the dual to the free
Boolean algebra generated by the dual distributive lattice ClopUppXq. This is
nothing more than the well-known dual representation of the Boolean envelope
construction given in Proposition 2.1.50. From this point of view, one obtains
that the results of Section 4.1.2 are subsumed under our framework: one can
construct representations of free Boolean algebras, normal forms for classical logic,
and descriptions of coproducts of Boolean algebras. We also note that in light of
Theorem 5.1.7, the fact that the construction terminates after some number of
steps is to be expected by the tabularity of CPC – though we will return later to
the question of why precisely one step is enough.
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5.1.3 Smetanich and LC-Algebras

Next we consider the case of Gödel algebras, denoted as GA, and the special
case of GA-algebras of depth 2, which we call Smetanich algebras, or Sme-
algebras3. Following the methodology outlined above, we consider the axioms
ppÑ qq_pq Ñ pq, and ␣p_q_pq Ñ pq (see Definition2.3.5), and characterize the
meaning of them when looking at elements of VgpXq, for g : X Ñ Y a continuous
and order-preserving map:

Proposition 5.1.10 (Locally linear one-step extension). Let g : X Ñ Y be a
continuous and order-preserving function. Then for each C P VgpXq, we have:

1. C P JU ñ V K Y JV ñ UK for each clopen upset U, V Ď X if and only if C
is a chain.

2. C P J´UK Y JV K Y JV ñ UK for each clopen upset U, V Ď X if and only if
C is a chain of size 2.

Proof. (1) Assume that C R JU ñ V K Y JV ñ UK. This amounts to saying that
C Ę U ñ V and C Ę V ñ U . In other words, x P C and x P UzV and y P C and
y P V zU . Since these sets are clopen upsets, this means that x ę y and y ę x.
Hence C is not a chain.

Conversely, assume that C is not a chain. Since x ę y, there is some clopen
upset U such that x P U and y R U , and since y ę x, there is some clopen
upset V such that y P V and x R V . These two subsets then witness that
C R JU ñ V KY JV ñ UK.

(2) If C R J´UK Y JV K Y JV ñ UK, this unfolds to tell us that there is an
element x P C such that x P U ; an element y R V and an element z R V ñ U . If
these elements are not comparable, then we are done, since C is then not a chain;
otherwise, note that C will be a chain of size at least 3, since these elements
cannot be equal.

For the converse, note that since the Smetanich axiom implies the Gödel-
Dummett axiom, if C fails to be a chain, then by (1) we are done. So assume that
C is a chain containing at least three elements: at least the elements rpCq ď x ď y,
for x, y distinct. Using the Priestley separation axiom we find some V such that
x P V and rpCq R V , and some U such that y P U and x R U . It folows that
C R J´UKY JV KY JV ñ UK, giving us the result. ■

Given g : X Ñ Y a continuous and order-preserving map, let us denote by
NervegpXq the subspace of X given by the φ-one step extension where φ is the
Gödel-Dummett axiom; denote by Nerve2gpXq the subspace of the Smetanich one
step extension. Again, by Theorem 5.1.6, we obtain the duals of free Gödel
algebras, respectively Smetanich algebras, over a distributive lattice, by forming

3In the literature these are also sometimes denoted as GA2, see e.g. [79].
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Ghilardi complexes and taking inverse limits. But just like in the Boolean case,
by Theorem 5.1.7 we can expect some simplifications, since Sme is tabular, and
LC is locally tabular (Proposition 2.3.26). In fact, we will show that in both cases
the construction terminates after two steps.

Notation 5.1.1 (Iterated Gödel extensions). We denote by

Nerve1pXq :“ Nerve!pXq and Nervek`1pXq :“ NerverkpNervekpXqq,

where rk is the restriction of the root map, and ! is the terminal map to a one
element poset.

Lemma 5.1.11 (Comparability in nerve space). Let C,D P Nerve2pXq. Suppose
that r1pCq “ r1pDq and that C and D are comparable. Then C “ D.

Proof. Assume that C P Nerve2pXq, and let R be its root. We want to show that
for each A P C, we have:

A “ pÒr0pAqq X r1pCq.

One inclusion is clear. For the other, assume that r0pAq ď x where x P r1pCq.
Then E “ r1pCq X Òx will be an element in C. Since A P C, and C is linearly
ordered, we have that either A Ď E or E Ď A. In the former case, since r0pAq ď x,
r0pAq P E implies that r0pAq “ x, and so x P A. Conversely, we obtain directly
that x P A. We conclude the equality.

Now take C,D P Nerve2pXq and r1pCq “ r1pDq, and D Ď C. Suppose that
A P C; then r1pCq Ě A, so r1pDq Ě A; because D is r0-open, there is some A1 P D
such that r0pA

1q “ r0pAq. Then A1 P C as well, and by what was shown:

A1 “ pÒr0pA
1
qq X r1pCq “ pÒr0pAqq X r1pCq “ A.

Hence A P D as desired. This implies that C “ D. ■

Theorem 5.1.12 (2-step convergence). For each n ě 2, NervenpXq – Nerve2pXq.
Consequently Nerve2pXq is isomorphic to the dual of the free Gödel algebra gen-
erated by ClopUppXq.

Proof. It suffices to show that the map r2 : Nerve3pXq Ñ Nerve2pXq is an isomor-
phism; if this is the case, then r2-open subsets are forced to be in 1-1 correspon-
dence with elements of Nerve3pXq, and inductively, this implies that Nerve2pXq
is isomorphic to the inverse limit.

First, note that if C P Nerve2pXq, then ÒC is an r2-open chain. It is clear
that it is r2-open (Remark 4.2.10). To see that it is a chain, we will show that
in fact whenever C Ě D, then there exists a (unique) element a P C such that
D – Òa. Indeed, note that if C Ě D, then taking CrpDq “ C X ÒrpDq, we obtain
two comparable chains with the same root; thus by Lemma 5.1.11, D “ CrpDq.
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From this, if C Ě B,B1, it easily follows that either B Ě B1 or B1 Ě B, and so
ÒC is a chain.

This map shows that Ò : Nerve2pXq Ñ Nerve3pXq is a well-defined map. As
usual, we can easily see that for each C P Nerve2pXq, r2pÒCq “ C. Given
E Ď Nerve2pXq a chain which is r1-open, we now wish to show that:

E “ Òr2pEq.

The left to right inclusion is obvious. For the right to left, assume that r2pEq Ě A.
For each B P A, consider AB “ ÒB X A; then r2pEq Ě AB, and E is r1-open,
so there exists some B1 P E such that r1pB

1q “ B. This holds in particular for
r1pAq, yielding some A1. So consider:

Er1pAq “ Òr1pAq X E.

Note that then A Ď r2pEr1pAqq: for each B P A such that B ‰ r1pAq, we have
that r1pAq Ě B; since by what we just noted, B1 P E, and E is a chain, if we
have B1 Ď Er1pAq we would obtain that B “ r1pB

1q “ r1pAq, a contradiction. But
then we have that A and Er1pAq are both r1-open chains, and r1pAq “ r1pEr1pAqq,
so by Lemma 5.1.11 we have A “ Er1pAq; it follows that A P E. This shows that
E “ Òr2pEq.

We have thus proved that Ò is, order-theoretically, an inverse of r2, meaning
that r2 is an order-isomorphism. It is therefore a continuous bijection between
Stone spaces, which makes it furthermore an order-homeomorphism, proving the
result. ■

Remark 5.1.13 (One step is not enough). Consider the poset P “ 2ď. Then
Nerve2pP q “ NervepP q, and in both cases it contains exactly three elements:
t0u, t1u, t0, 1u:

t0u t1u

t0, 1u

it is clear that such a construction is not locally linear.

Remark 5.1.14. Reading the above theorem 5.1.12 algebraically, or via the cat-
egorical adjunction, this implies that every formula over LC is equivalent to one
with implication depth at most 2. This suggests a definition, which sits interme-
diate to those of Theorem 5.1.7:

Definition 5.1.15 (Uniform local tabularity). A superintuitionistic logic L is n-
uniform if each formula φppq P LIPC is equivalent to a formula ψppq of implication
depth n, modulo L. We say that L is uniformly locally tabular if L is n-uniform
for some n.
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We will study this property, in depth, using different methods, in Chapter 6.

The added simplicity of the above representation suggests that it should be
possible to essentially “package” the whole step-by-step approach in one single
construction. This approach was pursued by Carai [79], developed independently
and in parallel with the present work4. Since we will later make use of it, we
briefly recall this construction:

Definition 5.1.16 (Carai’s construction). Given a Priestley space X, we denote
by pCCpXq,ĺq the following space:

1. CCpXq carries the same space and topology as NervepXq;

2. For each C,D, we have that C ĺ D if and only if C Ě D and D “ CXÒrpDq.

We denote by CC2pXq the subspace consisting of the elements from Nerve2pXq.

In essence, the only change relative to NervepXq is that one changes the order
relation, and with it manages to work with a single iteration of the one-step
construction. Then we have:

Theorem 5.1.17 (Duals of free Gödel algebras). Let X be a Priestley space and
D “ ClopUppXq:

1. pCCpXq,ĺq is an Esakia space, and is dual to the free Gödel algebra gener-
ated by D.

2. pCC2pXq,ĺq is an Esakia space, and is dual to the free Smetanich algebra
generated by D.

Proof. This was proven by Carai in [79, Theorem 3.19, Theorem 3.26]. ■

Normal forms and polynomial algebras for Smetanich logic

One of the interests of normal forms is in great part computational. Thus, it
is valuable to obtain from free algebra representations, not just normal forms,
but effective reduction principles – algebraic equivalences showing how to reduce
formulas to a given normal form.

Example 5.1.18 (Semilinearity reduction principles). It is well-known that in
GA-algebras (see e.g. [120]), the “semilinearity” reduction principles p Ñ pq _
rq “ ppÑ qq _ ppÑ rq and pp^ qq Ñ r “ ppÑ rq _ pq Ñ rq are valid.

4For a comparison with that approach one can check [79, Sec. 6], which discusses the rela-
tionship between Carai’s construction and ours. We also have some remarks in Appendix A.3.2,
explaining how one can see the precise connection between the two approaches from the point
of view of the sheaf theoretic duality.
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Some more reduction principles, holding generally over HA and GA-algebras,
can be summarised in the following:

Lemma 5.1.19 (Basic reductions). The following principles all hold for HA:

1. x^ py _ zq “ px^ yq _ px^ zq and xÑ py ^ zq “ pxÑ yq ^ pxÑ zq and
px_ yq Ñ z “ pxÑ zq ^ py Ñ zq;

2. 1 Ñ x “ x and xÑ 1 “ 1 and 0 Ñ x “ 1.

3. ␣pxÑ yq “ ␣␣x^␣y.

Moreover, the semilinearity principles x Ñ py _ zq “ px Ñ yq _ px Ñ zq and
px^ yq Ñ z “ pxÑ zq _ py Ñ zq hold for GA algebras.

Proof. The principles (1-2) are standard equalities of HA, and semilinearity prin-
ciples hold in GA as noted in example 5.1.18. We prove (3) for completeness.
Certainly since y ď px Ñ yq, ␣px Ñ yq ď ␣y, and since ␣x ď x Ñ y,
␣px Ñ yq ^ ␣x ď ␣px Ñ yq ^ px Ñ yq “ 0, so ␣px Ñ yq ď ␣␣x ^ ␣y.
For the converse, note that:

␣␣x^␣y ď ␣pxÑ yq ðñ ␣␣x^␣y ^ pxÑ yq ď 0.

Since it holds in any Heyting algebra that px Ñ yq ^ py Ñ zq ď x Ñ z, it
follows that px Ñ yq ^ ␣y ď ␣x; so the condition on the right holds, since
␣x^␣␣x “ 0. ■

By Theorem 5.1.12, we have that each formula over Sme must be equivalent
to one of implication depth 2. This can be partly sharpened: we can prove
that only double negations are necessary. For this purpose, we need to show
that formulas of implication depth 2 can have the last implication flattened to a
double negation. If these are formulas of the form p Ñ pq Ñ rq, this is certainly
equivalent to pp ^ qq Ñ r; so the key problem arises when the implications are
nested on the left. For that we use the following5:

Proposition 5.1.20 (Flattening). The following is valid in Smetanich algebras:

pxÑ yq Ñ z “ ppxÑ yq ^ zq _ ␣pxÑ yq _ ppy Ñ zq ^ xq (1-flat.)

Proof. First note that each of the disjuncts on the right implies pxÑ yq Ñ z, in
any Heyting algebra:

5For the mathematically-practically-minded reader, we stress the methodology: this principle
was obtained by (1) analyzing Carai’s construction over three variables, (2) calculating an
equivalent formula without nested implications, and then (3) finding a simple equivalent of it.
The algebraic proof given here is much shorter and elegant, though it obscures these underlying
intuitions.
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1. pxÑ yq ^ z “ ppxÑ yq Ñ zq ^ pxÑ yq ď ppxÑ yq Ñ zq;

2. Since 0 ď z, then ␣a ď aÑ z; hence ␣pxÑ yq ď pxÑ yq Ñ z;

3. We have py Ñ zq^x ď pxÑ yq Ñ z if and only if py Ñ zq^x^pxÑ yq ď z;
but since pxÑ yq ^ py Ñ zq ď xÑ z, this certainly holds.

We now show the converse direction, by considering evaluations in the 3-element
Heyting algebra. For that purpose, we consider the possible evaluations of x, y, z.
By linearity, we have three cases: (1) x ď y, or (2) y ă x and y “ 0, or (3) y “ a
and x “ 1.

1. In the first case, x Ñ y “ 1, so px Ñ yq Ñ z “ z “ px Ñ yq ^ z, and we
are done.

2. If 0 “ y ă x, then x Ñ y “ y “ 0, and so px Ñ yq Ñ z “ p0 Ñ zq “ 1; on
the other hand also ␣pxÑ yq “ 1, so we are done.

3. Finally if y “ a and x “ 1, then x Ñ y “ a, so px Ñ yq Ñ z “ a Ñ z. In
case a ď z, then we obtain on the left 1; then py Ñ zq ^ x “ 1 as well. In
case z “ 0, then a Ñ z “ 0, which will be trivially smaller than anything.
So we are done.

This concludes all cases, showing the validity of the principle. ■

Theorem 5.1.21 (Normal forms for Smetanich logic). Every formula φppq over
Sme is equivalent to a formula of the form:

n
ł

i“1

ˆ m
ľ

j“1

ppij Ñ qijq ^
m1
ľ

j1“1

χij1ppij1q

˙

,

where χij1ppij1q P tpij1 ,␣pij1 ,␣␣pij1u.

Proof. Considering an arbitrary formula φppq, we show that it can be placed in
this form by applying the principles from Lemma 5.1.19 and the flattening formula
from Proposition 5.1.20. For this purpose, assume that φppq has implication depth
1. By disjunctive normal form, we know it can be written as:

n
ł

i“1

m
ľ

j“1

ψij Ñ χij,

where ψij, χij are disjunctions of conjunctions of literals, J and K. Applying
the basic principles of HA and the semilinearity laws, we obtain that φppq is
equivalent to:

φppq ”
n
ł

i“1

ˆ m
ľ

j“1

pχijppijq Ñ χijpqijqq ^
m1
ľ

j1“1

χij1ppij1q

˙

;
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Note that any implication of the form p Ñ ␣q can be turned into one of the
form ␣pp ^ qq “ ␣p _ ␣q, so we can always assume that in the consequent we
have a non-negative literal. If we have ␣pÑ q, by applying (1-flattening) this is
equivalent to:

p␣p^ qq _ ␣␣p.

If we consider implications between formulas φppq in this form, then 1-flattening
guarantees that we again obtain an equivalent formula of implication depth 1.
Thus we have that every formula must be equivalent to one of the desired shape.

■

This allows us to obtain a simple description of Smetanich polynomial alge-
bras:

Definition 5.1.22 (Logic relative polynomial algebras). Let H be an L-algebra
for L a superintuitionistic logic. We denote by HrxsL “ H‘VL

FVL
, the Heyting

algebra of polynomials over L.

We note the following:

Proposition 5.1.23 (Polynomial Smetanich algebra). The elements of HrxsSme

are all of the form,

n
ł

i“1

χi where , DT Ď W χi :“
ľ

T.

for ai, bi, ci P H and W “ tpxÑ aiq, pbi Ñ xq,␣␣x, ciu.

Proof. By Theorem 5.1.21, we know that every element of this algebra can be
represented in normal form. Note that if a, b P H, then aÑ b P H, and same for
negations and conjunctions. Moreover we can simply px Ñ aq ^ px Ñ bq “ x Ñ
pa ^ bq, and same with pc Ñ xq ^ pd Ñ xq “ pc _ dq Ñ x. So by simplifying the
expression, we get that the χi are precisely all the shapes which can be formed
by conjunctions. ■

For LC, the normal forms are slightly more involved, and appeared before in
[267], where they were studied using term rewriting systems. We highlight the
most important such principle:

Proposition 5.1.24 (Unnesting principle). The following principle is valid in all
Gödel algebras:

ppÑ qq Ñ r “ pq Ñ rq ^ ppppÑ qq Ñ qq _ rq (Unn)

Proof. See [267, Table 1, C11]. ■
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Note that from the unnesting principle, it follows that iterated implications
of depth greater than 2 can be reduced: given ppp Ñ qq Ñ rq Ñ s: we begin
by applying unnesting to pp Ñ qq Ñ r inside of this formula, and obtain the
following as a valid sequence of equalities:

ppq Ñ rq ^ ppppÑ qq Ñ qq _ rqq Ñ s

“ ppq Ñ rq Ñ sq _ ppppÑ qq Ñ qq _ rqq Ñ s

“ ppq Ñ rq Ñ sq _ pppppÑ qq Ñ qq Ñ sq ^ pr Ñ sqq

“ ppq Ñ rq Ñ sq _ pppq Ñ sq ^ pppppÑ qq Ñ qq Ñ qq _ sq ^ pr Ñ sqq

“ ppq Ñ rq Ñ sq _ pppq Ñ sq ^ pppÑ qq _ sq ^ pr Ñ sqq;

The first equality follows by the semilinearity axiom px^yq Ñ z “ pxÑ zq_py Ñ
zq; the second equality by the usual axiom px_ yq Ñ z “ pxÑ zq ^ py Ñ zq; the
third applies the unnesting principle again; the fourth, which no longer contains
nested implications of depth greater than 2, follows from the fact, true in any
Heyting algebra, that ppp Ñ qq Ñ qq Ñ q “ p Ñ q 6. The upshot of this is the
following:

Theorem 5.1.25 (Normal form theorem for LC). Every formula φppq over LC
is equivalent to a formula of the form:

n
ł

i“1

ˆ m
ľ

j“1

χijpαij, βijq

˙

,

where αij, βij P tpi : i ď nu Y tJ,Ku, and χijpαij, βijq P tαij Ñ βij, pαij Ñ βijq Ñ
βiju.

Proof. This follows from Proposition 5.1.3, and our calculations above, by the
same arguments as in Theorem 5.1.21. ■

As a Corollary we get:

Corollary 5.1.26 (Polynomial Gödel algebra). The elements of HrxsLC are dis-
junctions of finite conjunctions of elements of the form:

pxÑ aiq, pbi Ñ xq, ppci Ñ xq Ñ xq, di, ppxÑ eijq Ñ eijq,

where for each type of element, except for the last, we may assume that there is
a single conjunct of that type.

Proof. Simply run the same simplifications as in Proposition 5.1.23 to obtain the
elements in this form. Note that conjunctions of elements of the form pxÑ eq Ñ e
cannot be further simplified. ■

6Note that this is simply an instance of the law of triple negation elimination when one
relativises to the Heyting algebra ra, 1s.
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5.1.4 DeMorgan Heyting algebras

We finally turn to KC. Unlike CPC, Sme and LC, and similarly to IPC KC is not
locally tabular. As such, we should not expect a fundamental simplification of the
step-by-step procedure. Nevertheless, we can follow our methodology to find a
modified Ghilardi complex representation, which we will employ to study normal
forms and relative anarchy for this variety. We begin with our correspondence
Lemma:

Lemma 5.1.27 (Locally directed one-step extension). Let g : X Ñ Y be a con-
tinuous and order-preserving map. Then for each C P VgpXq we have that the
following are equivalent:

1. For each clopen upset U, V Ď X C P J´pU X V qK if and only if C P

J´UKY J´V K;

2. C has a largest element.

Proof. (1)ñ(2) Assume that C does not have a largest element. Since C is a
closed subset, we know that maxpCq ‰ H, and this is a closed set (see Proposition
2.1.52.(3)); let x, y P maxpCq be two distinct elements, so that x ę y and y ę x.
Let x P U where y R U . Since maxpCqzU is closed, and we have that ÓpmaxpCqX
Uq X ÒpmaxpCqzUq “ H (since elements of maxpCq are pairwise incomparable),
we can find V a clopen upset such that maxpCqzU Ď V and maxpCq X U Ď ´V .
Then note that C Ď ´pU X V q: for each c P C, we can pick c ď c1, where
c1 P maxpCq; if c1 P U , then by construction, c1 R V , so c R V given this is an
upset. On the other hand C Ę ´U and C Ę ´V since x P U and y P V by
construction.

(2)ñ(1) Assume that C has a largest element. Notice that J´UK Y J´V K Ď
J´pUXV qK because the order is reverse inclusion. So assume that C P J´pUXV qK.
Let c P C the maximal element; then either c R U or c R V by hypothesis. Since
U, V are upsets, and c is the largest element, x ď c, which implies that x R U or
x R V , for whichever holds of C. Thus C Ď ´U or C Ď ´V , as desired. ■

Denote by VKC
r pXq the subspace consisting of rooted subsets with a largest

element. As noted, we can of course obtain VKC
G pXq, the limit of the modified

Ghilardi complex, to obtain the dual of free KC-algebras. However, this turns
out to not be necessary from the second step onwards:

Lemma 5.1.28 (Largest elements preserved). For each Priestley space X if
we denote by VKC

2 pXq :“ VKC
r0
pVKC

r pXqq, then we have that Vr1pVKC
2 pXqq “

VKC
r1
pVKC

2 pXqq.

Proof. First we will show that VKC
2 pXq is locally directed, i.e., each C P VKC

2 pXq
has a largest element above it. Let C Ě D be some maximal element (these exist
by Proposition 2.1.47). We claim that then D “ tcu for some c P VKC

r pXq.
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Assume not, say c ă d are two elements in D. Since d P D, look at Dd “

D X Òd; then D Ě Dd, but by our assumption, c R Dy; since D is maximal, this
is a contradiction.

We also note that the element c must itself be of the form txu for some x P X.
Otherwise, if x, y P c, say x ă y, one could look at c Ě cy, and obtain by r0-
openness of D that there is some c1, such that c Ě c1 and c1 P D, and r0pc

1q “ y,
a contradiction.

By construction, C contains a largest element, c; we then have that C Ě tcu.
Now assume that D is any maximal element above C, let us show that D “ tcu.
By what we just showed, we know that D “ ttxuu; thus txu P C and since c is
the largest, txu Ě c; but then certainly c “ txu. This shows that every maximal
element above C coincides, as desired.

Now suppose that R P Vr1pVKC
2 pXqq; we want to show that R has a largest

element, and thus, that R P VKC
r1
pVKC

2 pXqq. Let R2 “ r2pRq be the root, and let
D be the largest element such that R2 Ě D, which exists by our argument above;
note that we constructed it as D “ tzu for z the largest element in R2. Since R
is r1-open, there is some D1 P R such that r1pD

1q “ z. Since z is largest in R2,
and so there can be no element above it in D1, we must have that D1 “ D “ tzu.
Then if E P R, we can pick E Ě E 1 where E 1 is some maximal element, say
E 1 “ tcu, and by the above argument, we will obtain that c “ z, which means
that R has a largest element, as desired. ■

We thus obtain:

Corollary 5.1.29 (Duals of free KC-algebras). Given a Priestley space X, the
space V r1

G pV
KC
2 pXqq is dual to the free KC-algebra generated by ClopUppXq.

Proof. By Theorem 5.1.6 and Lemma 5.1.27, we know that V KC
G pXq is dual to

the free KC-algebra generated by ClopUppXq, namely the inverse limit of the
chain:

X
r0
ÐÝ VKC

1 pXq
r1
ÐÝ VKC

2 pXq . . . ;

This is (definitionally) isomorphic to VKC,r1
G pVKC

2 pXqq, i.e., the inverse limit of
the Ghilardi complex obtained by iterating VKC

g pXq, modifying the parameter g
along the way. But by Lemma 5.1.28, we have that iterating such construction
from that point on is the same as iterating simply VgpXq; so the latter inverse
limit is isomorphic to Vr1G pVKC

2 pXqq. ■

We can then obtain the following analogue of Proposition 4.3.4:

Proposition 5.1.30 (Lattice-theoretic properties of free KC-algebras). For each
n, the following hold:

1. The algebra FKCpnq is join-generated by join-irreducible elements.

2. The algebra FKCpnq is a bi-Heyting algebra.
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Proof. (1). Let n be fixed; then by Corollary 5.1.29 we know that FKCpnq will
be dual to the limit of the chain

Ppnq r0
ÐÝ P1

r1
ÐÝ P2 . . . ,

where P1 “ VKC
r pPpnqq, P2 “ VKC

r0
pP1q, and Pn`1 for n ą 2 is defined as in the g-

Ghilardi complex (Definition 4.4.1). Note that by Lemma 4.3.2, for every n ą 1,
rn will have an adjoint map Ò : Pn Ñ Pn`1. So similarly to Proposition 4.3.4 we
can show that for each U Ď Pn where U “ Òx, π´1n rU s will be join-irreducible in
FKCpnq.

(2). Since rn are bi-p-morphisms by Lemma 4.3.2, the result follows again by
Proposition 2.1.74, since the connecting maps are co-p-morphisms. ■

Remark 5.1.31 (Alternative derivation of properties of KC). The interested reader
may notice that there is an alternative way of establishing Proposition 5.1.30: by
Maksimova’s arguments from [186], the KC logic is axiomatized by a “conserva-
tive axiom”. This implies that in fact FKCpnq can be obtained by a quotient
FHApnq{F where F “ Filpt␣pi _ ␣␣pi : i ď nuq; such a quotient is implicitly
what we take above. From this it follows by duality that the dual space of FKCpnq
is a clopen upset in X pnq. By Proposition 2.1.52 (when dualized), clopen subsets
of a co-Esakia space will be co-Esakia. Since X pnq is bi-Esakia by duality and
Proposition 4.3.4, the result follows.

Relative anarchy in KC

In order to conclude that also FKCpωq is bi-Heyting, we will need to establish
some properties of the right adjoints of maps FKCpnq ãÑ FKCpn ` 1q. Since
these do not seem to be available in the literature, we prove this in this short
subsection, allowing us to conclude a relative anarchy result for the variety KC.
We will need the notions of bisimulation introduced in Section 2.3.3, to which we
refer the reader.

Lemma 5.1.32 (Downwards propagation of bisimulation). Let M “ pP,ď, c, rq
be a model over p, q, where P has a greatest element. Suppose that there is a
point x P P and a model N, where N “ pQ, x1,ď, v1q is a model over p, where
Q has a greatest element, and such that pM, xq „p pN, x

1q. Then there exists a
model N1 “ pQ1, r1,ď, v1q, where Q1 has a greatest element, over p, q, such that
pM, rq „p pN, r

1q and N1 ďp N.

M, x N, x1

M, r N1, r1

„p

„p,q



166 Chapter 5. Variations and consequences of step-by-step constructions

Proof. Consider the set of pairs:

BispP,Qq “ tpw,w1q : w P P,w1 P Q,w ďp w
1
u,

ordered pointwise, and for pi P p, pw,w
1q P vppiq if and only if w P vppiq, and

pw,w1q P vpqq if and only if w1 P vpqq. Note that this is rooted at pr, x1q. Note that
if tP and tQ are the greatest elements of M and N, then the pair ptP , tQq belongs
here: since x ď tP , there must be some successor x1 ď y such that tP „p y; but
then y ď tQ, and since tP is maximal, tP „p tQ.

First we claim that πQ : BispP,Qq Ñ Q is a p-morphism. The fact that the
order is preserved is clear because the order is pointwise. For the back condition,
if pw,w1q ď t, then by hypothesis, w ď k, k „p w

1; if w1 ď t, then it follows that
there is some k ď k1 such that k1 „p t. Hence by defintion pk, tq P BispP,Qq,
and certainly pw,w1q ď pk, tq, which witnesses the back condition. From this we
obtain that pBispP,Qq, pw,w1qq ďp,q pN, w

1q: for each pi P p, w P vppiq implies
w1 P vppiq, and for q, this is in fact an equivalence.

We next claim that the projection πP : BispP,Qq Ñ P is a p-morphism. The
pointwise ordering ensures that the map is order-preserving. Now assume that
πP pw,w

1q ď k. By definition, w ď„ w1 means that w ď k1 where k1 „p w
1.

Since P is directed, we have that there must be some t such that k, k1 ď t. Since
k1 „p, w

1, knowing k1 ď t implies that there is some w1 ď t1 such that t „p t
1. But

then k ď„,p t
1, and by construction, pw,w1q ď pk, t1q. From this we obtain, given

the definition of the valuation that pBispP,Qq, pw,w1qq „p pM, wq. ■

Recall the bisimulation semantics of the formulas @qφpp, qq (see Proposition
2.3.32). This takes on the following form:

Lemma 5.1.33 (Bisimulation quantifiers). For each model M “ pP, r,ď, vq over
pp, qq, and each formula φpp, qq, we have that M , @qφpp, qq if and only if for
each model N over p, q M ďp N, we have that N , φpp, qq.

Note that the quantifier @q satisfies the usual normality rules, i.e., it distributes
over conjunction and has J as a fixed point. It however satisfies more in general,
even for KC, as form of the constant domain axiom, also known as dual Frobenius
reciprocity:

Corollary 5.1.34 (Frobenius reciprocity for adjoints in KC). Assume that M “

pP, r,ď, vq is a model over p, q, where P has a largest element. Then for each
formula φpp, qq and ψppq we have:

M , @qpφpp, qq _ ψppqq Ø p@qφpp, qqq _ ψppq.

Proof. Notice that since q does not occur in p, @qψppq ” ψppq. Then if M ,

@qφpp, qq _ @qψppq, by monotonicity of the quantifier, M , @qpφpp, qq _ ψppqq.
Conversely, assume that M , @qpφpp, qq _ ψppqq, and suppose that M . ψppq.
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Suppose that M ďp N is arbitrary. By Lemma 5.1.32, let M „p,q M1 be a
model over a frame with a greatest element, where M1 ďp N. By definition of
the bisimulation quantifier, then M1 , φpp, qq _ ψppq, but by the bisimulation
invariance of formulas, and the fact that M . ψppq, we have that M1 . ψppq.
Thus M1 , φpp, qq. But then N , φpp, qq as well by preservation of truth. This
shows the equivalence. ■

Remark 5.1.35 (Join-distributivity and the disjunction property). In Proposition
2.3.34, we noted that the right adjoints of inclusions of free Heyting algebras
distribute over joins, which corresponds to @q as in Corollary 5.1.34 above dis-
tributing over disjunctions. By Proposition 2.3.35 this fails in KC: if KC algebras
had such a property, then KC would have the disjunction property, whilst neither
disjunct of the Yankov axiom ␣p_␣␣p can be valid.

Denote by biKC the extension of biIPC by the Yankov axiom ␣p_␣␣p; denote
the variety likewise by biKC. Then we have:

Corollary 5.1.36 (Relative anarchy for KC). The variety KC is biKC-anarchic.

Proof. We proceed analogously to the proof of Proposition 4.3.7. We know that
right adjoints to the inclusion maps i : FKCpnq Ñ FKCpn` 1q exist [130, pp.101],
and that FKCpnq are bi-Heyting algebras by Proposition 5.1.30. By Corollary
5.1.34, we know that these right adjoints satisfy the Frobenius reciprocity property
(since KC is complete with respect to finite posets with greatest elements by
Proposition 2.3.19). By Proposition 4.3.6 this implies that each map i is a bi-
Heyting homomorphism as well. Then FKCpωq is a bi-Heyting algebra, as a limit
of bi-Heyting algebras via bi-Heyting homomorphisms. ■

5.2 Categories of posets with p-morphisms

We now turn our attention to how the step-by-step construction can be under-
stood in a “discrete” setting – i.e., by considering posets, rather than Esakia
spaces. The expectation that analogous results should exist for such categories
as for Priestley spacess and Esakia spaces can be motivated from a categorical
point of view.

5.2.1 Ind and Pro completions

We recall the picture, outlined in [158, Chapter VI], relating categories of finite
algebras and several of their completions; we refer the reader to [193] where these
and other dualities are outlined. To start with, we have FinBA, the category of
finite Boolean algebras, and its dual, FinSet. For such categories, there are two
natural “completions”:

• The ind-completion, Indp´q, which freely adds all directed colimits;
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• The pro-completion, Prop´q, which freely adds all inverse (codirected) lim-
its.

For categories of algebras, the pro-completion can equivalently be seen as con-
sisting of the profinite algebras of the given type, whilst the ind-completion can
be seen as obtaining all the locally finite algebras of that same type – which in
the case of Boolean algebras or distributive lattices, will be all algebras. As such,
we have that:

IndpFinBAq “ BA and PropFinBAq “ CABA

where BA is the category of all Boolean algebras with Boolean algebra homo-
morphisms, and CABA is the category of complete and atomic Boolean algebras
with complete homomorphisms. Correspondingly, we have that

IndpFinSetq “ Set and PropFinSetq “ Stone.

The facts that Setop – CABA (Tarski duality) and Stoneop – BA (Stone
duality) then amount to the basic relationship between Ind and Pro-completions,
namely, for any category C:

pIndpCop
qq
op
– PropCq and pPropCop

qq
op
– IndpCq.

A similar picture can be drawn for distributive lattices: there the relevant
category of finite objects is the category FinPos of finite posets with order-
preserving maps, which is dual to FinDL, finite distributive lattices with lattice
homomorphisms, and we have that

IndpFinDLq “ DL and PropFinDLq “ C8DL

IndpFinPosq “ Pos and PropFinPosq “ Pries,

where DL is the category of all distributive lattices with lattice homomorphisms;
C8DL is the subcategory of complete and completely distributive lattices (see
Definition 2.1.24) with complete lattice homomorphisms; Pos is the category of
all posets with order-preserving maps.

If we are interested in Heyting algebras, it follows from Esakia duality that the
category of finite Heyting algebras with Heyting algebra homomorphisms is dual
to the category FinPosp of finite posets with p-morphisms. The Ind-completion
of FinHA is not necessarily HA, since not every Heyting algebra is a directed
colimit of finite Heyting algebras; however, one may use this intuition to “guess”
a discrete category which allows the generalization of the above results. Indeed,
a natural place to look is the Ind-completion of FinPosp. Such objects are those
which are directed colimits of finite posets via p-morphisms – but this means that
the finite posets must embed into the top of the object, i.e., such objects must
be locally finite posets, in other words

IndpFinPospq – LocFinPos
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where LocFinPos is the category of (the now appropriately named) locally finite
posets, with p-morphisms; this is, indeed, the main result from [38], where it
is shown that these are dual to the category of profinite Heyting algebras (see
Theorem 2.1.31). A similar picture to this one has been discussed for finite modal
algebras, and their duals, finite Kripke frames, in the recent work [33], where the
above dualities are also sketched.

As a result of this relationship, it is natural to look for an adjunction holding
between the inclusions of ProHA into C8DL, or equivalently, for a right adjoint
to the inclusion of LocFinPos into Pos. This is what we now outline.

Our constructions in this section mirror very much the key constructions from
Chapter 4:

Definition 5.2.1 (Discrete g-open rooted subsets). Let P and Q be posets and
g : P Ñ Q order-preserving maps. We denote by

PgpP q “ tC Ď P : C is rooted, g-open, and finite u.

We denote by rg : PgpP q Ñ P the root map.

We write PrpP q for the collection of rooted subsets of P . Note that regardless
of the structure of P , pPgpP q,Ěq will always be a locally finite poset.

Definition 5.2.2 (Discrete Ghilardi complex). Let P,Q be posets with g : P Ñ Q
an order-preserving map. The discrete Ghilardi complex over P , GDpP q “ pPn, rnq
is the sequence:

pP0pXq,P1pXq, ...q

connected by order-preserving maps ri : Pi`1pP q Ñ PipP q such that:

1. P0pP q “ P ;

2. r0 “ g;

3. For i ě 0, Pi`1pP q :“ PripPipP qq;

4. ri`1 :“ rri : Pi`1pP q Ñ PipP q is the root map.

We write Pg
GpP q for the locally finite part of the inverse limit of the above sequence

in the category of posets with order-preserving maps. In other words, we take

tx P lim
ÐÝ

PnpP q : Òx is finite u.

The following gives an analogous one-step lemma:

Lemma 5.2.3 (Discrete one-step lemma). Let g : P Ñ Q be an order-preserving
map between posets. Let f : R Ñ P be an order-preserving and g-open map,
where R is locally finite. Then there exists a unique order-preserving and rg-open
map such that the triangle in Figure 5.1 commutes.
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R PgpP q

P

f

f

rg

Figure 5.1: Commuting Triangle of Posets

Proof. The arguments are the same, albeit simpler, than in Proposition 4.2.13.
The crucial difference is that one needs to show that given q P Q, fpqq :“ f rÒqs
is a finite subset; this follows immediately from Òq being finite. ■

From Lemma 5.2.3, we can run the arguments showing that PG is the left
adjoint to the inclusion are entirely similar to the case of Priestley spaces and
Esakia spaces, essentially dualizing those of Theorem 4.1.14:

1. We define the notion of limit map for discrete Ghilardi complexes, using
the usual notion of limit map on inverse limits of posets, restricted to the
locally finite part.

2. We show that any order-preserving map f : Q Ñ P from a locally finite
poset to P lifts to a p-morphism f : QÑ PGpP q. This has as a consequence
that limit maps are p-morphisms, turning P into a functor.

3. From this previous point, it straightforwardly follows that PGp´q is the
right adjoint to the inclusion of LocFinPos in Pos.

However, we stress that special care is needed when applying these arguments.
Notice that before, we working with duals of categories of algebras, where com-
pactness is implicit or explicitly present all the time. When working with discrete
categories, limit constructions can fail to work as desired, namely, maps may fail
to land in the right category when they are lifted (see 5.2.7 below). In particular,
the key point where local finiteness becomes necessary is to show that given a
map f : QÑ P , the lifting f : QÑ PGpP q is indeed a p-morphism. We spell this
out in full detail:

Proposition 5.2.4 (Adjunction property for locally finite). Given a poset P ,
Pg
GpP q has the following universal property: whenever f : Q Ñ P is an order-

preserving map from a locally finite poset Q, there is a unique extension of f to
a p-morphism f : QÑ PGpP q.

Proof. Using Lemma 5.2.3 repeatedly we construct a map f : Q Ñ lim
ÐÝ

PnpP q.
Such a map is given explicitly by mapping the element q to the sequence pfnpqqqnPω,
where f0 “ f , and for each k, fk`1p´q “ fkrÒp´qs.

We will show that such a map is in fact a p-morphism; if we do that, then
since Q is locally finite, it will factor through the locally finite part of the inverse
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limit: for each q P Q, since f is a p-morphism, we have (see (Remark 2.1.54)
Òfpqq “ f rÒqs. Since the latter is finite (as the direct image of a finite set), the
former is finite as well.

We thus show that f is a p-morphism. Assume that q P Q, and suppose that

fpqq ď p

Suppose that p “ ppnqnPω. Now let n be arbitrary. Then consider pn`1. By
assumption on the order being pointwise, we have that fn`1pqq Ě pn`1, and
fn`1pqq “ fnrÒqs. Since fn`1 is rn-open by construction, there is then some q1 ě q
such that rnfn`1pq

1q “ rnppn`1q “ pn. In other words, fpq1qpkq “ ppkq for each
k ď n. Since this holds for each n, and q has only finitely many successors, by
the pidgenohole principle, there must be a successor q˚ ě q such that fpq˚q “ p.
This shows the result as desired. ■

We thus obtain the following:

Theorem 5.2.5 (Discrete adjunction). The map PG : Pos Ñ LocFinPos is a
functor; indeed it is right adjoint to the inclusion LocFinPosÑ Pos.

Remark 5.2.6 (Adjunction for categories of profinite algebras). The dual picture
of Theorem 5.2.5 shows that there exists a left adjoint to the inclusion ProHAÑ

C8DL. Following the main ideas of [33], the above describes an adjunction which
splits the adjunction between profinite Heyting algebras and the category of sets.
Moreover, as noted in [33], the construction PG given above can be thought of
as a generalization of the n-universal model from Chapter 3 – if one starts with
the dual poset of the free distributive lattice on n-generators, PG will produce
precisely this same model (see also Appendix A.3.1).

Remark 5.2.7 (Discrete adjunctions and universal models). As mentioned in pass-
ing, Theorem 5.2.5 cannot be expected to be extended to yield an adjunction be-
tween Posp – the category of posets with p-morphisms – and Pos as above. This
is because of a failure of the former category to exhibit enough nice structure:
as noted in [51], Posp does not have binary products, and if Posp Ñ Pos had a
right adjoint, all limits in Pos would have to be preserved.

Remark 5.2.8 (Connection with toposes of posets). In recent work [266], Ye
showed that LocFinPos is an infinitary extensive category failing to be Barr-
exact (see [28]). Such a category admits a regular exact completion precisely in
the sheaf topos described in [130]. The “nerve construction” [266, Section 4.1]
thereby described, corresponds precisely to the adjunction I % PG which we have
outlined here.
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5.3 Other applications of the step-by-step con-

struction

In this final section, we make a number of brief remarks concerning some other
technical uses of the step-by-step constructions outlined in this chapter as well as
chapter 4.

5.3.1 Coalgebraic semantics for intuitionistic modal logics

Coalgebraic semantics of classical modal and positive modal logics have been
thoroughly investigated [255, 211, 253, 173]. In the case of classical modal logic
this is done via the powerset coalgebras in the context of Kripke frames and by
the Vietoris coalgebras for descriptive frames (see [173, 255]). For positive modal
logic this is obtained via the convex set functor and its topological analogue [20,
63, 211, 49].

Intuitonistic modal logics, on the other hand, escaped this kind of analysis
for quite a while. Such logics are quite varied, stemming from several distinct
proposals over what is the appropriate notion of a “constructive” version of modal
logic, see, e.g., [244, 114, 115, 104, 259]. The question of how to represent such
frames as coalgebras for an appropriate functor on the category of posets with
p-morphisms or respecitively on the category of Esakia spaces and continuous
p-morphisms (which is dual to the category of Heyting algebras) was open in the
research community for a long time. It was raised explicitly by Litak [179] and
by de Groot and Pattinson7 [140], where the existence of such a representation
was left as an open question.

In [13], and more recently in [15], we tackled the question by exploiting the
step-by-step representation, as we proceed to explain:

Definition 5.3.1 (Modal intuitionistic frame). Let pP,ď, Rq be a triple where
pP,ďq is a partial order, R Ď P ˆ P . We say this is a modal intuitionistic frame
if it satisfies

R “ ď ˝R ˝ ď.

Given two modal intuitionistic frames pP,ď, Rq and pQ,ď, Rq we say that a map
f : P Ñ Q is a modal p-morphism if f is a p-morphism with respect to ď and R.
Let LocFinK be the category of locally finite modal intuitionistic frames with
modal p-morphisms.

Now, if f : P Ñ UppP q is a coalgebra for this functor, then we can think of
this map as picking for each p P P a set of modal successors; and dually, given
a modal intuitionistic frame pP,ď, Rq, the map RP : P Ñ UppP q will provide a
coalgebra. Hence we have:

7We point out that de Groot and Pattinson [140] also use the so-called dialgebraic represen-
tations in their work.
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Proposition 5.3.2 (Coalgebraic semantics for modal frames). Modal intuition-
istic frames pP,ď, Rq, are in 1-1 correspondence with order-preserving maps
RP : P Ñ UppP q defined by

p ÞÑ Rrps.

This suggests that the category of coalgebras for the endofunctor Upp´q
should be equivalent to the category of modal intuitionistic frames with modal p-
morphisms. However, following the discussion in [179], note that we are working
within the category Pos, where maps are only required to be order-preserving,
which means that there may be coalgebra morphisms which are not p-morphisms
for the ď-relation. If one tentatively restricts to Posp, then the problem of
coalgebra morphisms failing to be p-morphisms can be avoided. Indeed, Upp´q
restricts to an endofunctor on this (non-full) subcategory. However, this means
that the above assignment RP : P Ñ UppP q might no longer be a morphism in
this category, since there is no guarantee that it will be a p-morphism.

The solution we provided in is summarised in the following theorem:

Theorem 5.3.3 (Coalgebraic semantics for modal intuitionistic logic). Let pP,ďq
be a locally finite poset. Then the following are in one-to-one correspondence:

1. Modal intuitionistic frames over P ;

2. Order-preserving maps f : P Ñ UppP q;

3. P-morphisms f 1 : P Ñ PGpUppP qq.

Moreover, the categories LocFinK and the category CoAlgpPGpUpqq of coalge-
bras for the functor PG ˝ Up.

We note that the above restriction to LocFinPos is crucial in light of Re-
mark 5.2.7, since for the larger category Posp, no adjoint functor like the one
given above can be obtained. The construction PGpUpp´qq amounts to lifting the
functor Up, as seen in Figure 5.2, and amounts precisely to computing the left
Kan extension of Up : PosÑ Pos along PG8.

Pries Pries

Esa Esa

F

PG

F˚

I

Figure 5.2: Intuitionistic Lifting of functor F

This approach is quite general, and serves to provide, for any modal logic over
a positive base – that is, one whose Kripke semantics is given over tuples pP,ď

8We are indebted to Alexander Kurz for this observation.
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, R1, . . . , Rnq where Ri are relations satisfying some compatibilities with respect
to ď. This does not cover, however, several logics of interest, most notably,
Fischer-Servi’s logic IK . In [15], this was remedied by applying the technique
of quotienting along the step-by-step through axioms, as exposed in the present
chapter. With it, a similar result to Theorem 5.3.3 for Fischer-Servi logic was
obtained, though the details are quite technical.

5.3.2 Free Heyting extensions of Boolean algebras

As is well-known (see Theorem 2.1.36), there is a chain of adjunctions between
the categories HA and BA:

F % Reg % I % Center,

where I is the inclusion, Reg is the Booleanisation functor 9, and Center is the
center functor. The functor F : BAÑ HA, is guaranteed to exist by the Adjoint
Functor theorem, as the left adjoint of Reg; a description using a word construc-
tion can be derived from the work of Moraschini [203] (see also [7, Example 4.18]).
It was likewise studied in [250], where it was shown to be fully faithful.

Using the step-by-step techniques, one can likewise give a description of such
a functor, allowing a transparent proof of its categorical properties. This was
done in [6, Section 6], and the reader is referred there for the proper definitions
and all proofs of the following facts.

The first observation concerns the dual representation of the functor Reg, as
essentially shown in [35, Section 3]:

Proposition 5.3.4 (Dual of regularization functor). The functor max: Esa Ñ
Stone assigning to each Esakia space its maximum, and the restriction of a p-
morphism, is right adjoint to the inclusion I : StoneÑ Esa. Consequently, max
is the dual functor to Reg.

To obtain the dual of the functor F, one employs the following modification
of the first step in the step-by-step construction:

Lemma 5.3.5 (Max-space Vietoris). Given X be a Stone space, the space
VMaxpXq “ tC P VrpVpXqq : @D P C, @x P D, txu P Cu is a Priestley space.

Remark 5.3.6 (Team semantics and flatness). It is noteworthy that the condition
of VMaxpXq corresponds precisely to the flatness property often considered in team
semantics (see e.g. [262, 263]). The connection with team semantics follows from
other relationships noted between these functors and inquisitive logic, as studied
by Ciardelli [85].

9This terminology arose in locale theoretic literature, see [27]; the reader should not confuse
this with the Boolean envelope construction.
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Using a suitable modfication of VG, which amounts to preserving the first step
one obtains a functor M : Stone Ñ Esa which is right adjoint to max: Esa Ñ
Stone.

A very concrete connection of this construction with algebraic work on team
semantics is with the work [60], where an algebraic approach to such logics was
presented which gives them a semantics in terms of special Heyting algebras called
regularly generated Heyting algebras, or regular for short:

Definition 5.3.7 (Regular Heyting algebras). Let H be a Heyting algebra. We
say that H is regular if H “ xH␣␣y, i.e., it is generated as a Heyting algebra by
its regular elements.

In [61] and [139], these Heyting algebras and their dual Esakia spaces were
studied in connection with inquisitive logic. Such algebras were then shown to
arise out of the functor F in the following sense:

Theorem 5.3.8 (Regular Heyting algebras categorically). A Heyting algebra H
is regular if and only if the counit of the adjunction at H, εH : FpRegpHqq Ñ H,
is surjective.

The above answers, in a categorical fashion, a question left open in [139] as
to the structure of Esakia duals of regularly generated Heyting algebras. It also
opens the door to several questions concerning the relationship between the above
categories and the kind of “cohesiveness” present in certain categories of toposes
[199] – indeed, the “discrete” version of the functor F was recently described by
Ye [266], corresponding to a cohesive adjunction.

5.3.3 Interpolation for bi-intuitionistic logics

It is notable that of all the superintuitionistic logics, the one with the least direct
proof is perhaps LC: if one considers locally linear Esakia spaces 10 that is, their
cartesian product may fail to be locally linear. To fix this, one may employ
the techniques of Section 4.4, combined with the description of free products of
Section 5.1.3:

Theorem 5.3.9 (Pullbacks of locally linear Esakia). Given X, Y, Z locally lin-
ear Esakia spaces, f : X Ñ Y and g : Z Ñ Y two p-morphisms, the space
CCπ1,π2pX ˆY Zq is the categorical pullback.

The key difficulties of amalgamating frames persist when working with bi-
Gödel algebras, biGD; these consist of the extension of biHA by the Gödel-
Dummett axiom pp Ñ qq _ pq Ñ pq. Such logics have been studied for exam-
ple in [64, 192]. The difficulties are compounded in that the maps at play are

10Note that these are called Esakia root systems in [79], which is where the notation ERS,
employed in this section for consistency, comes from.
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bi-p-morphisms, and thus, involve more rigid manipulations. Nevertheless, the
following can be shown:

Theorem 5.3.10. The category biERS of locally linear bi-Esakia spaces with
continuous bi-p-morphisms has co-amalgamation; in fact, biGD has the supera-
malgamation property.

The key idea of the proof of Theorem 5.3.10 uses Theorem 5.3.9 in a crucial
way: given a triple f : X Ñ Y and g : Z Ñ Y , where f, g are bi-p-morphisms, and
X, Y, Z are bi-Esakia root systems, we consider CCπ1,π2pXˆY Zq, which will be an
Esakia root system. It may fail to be a bi-Esakia space, but this is not necessary:
knowing that it is an Esakia root system, we can consider UppCCπ1,π2pX ˆY Zqq,
and form the amalgam of the dual diagram with respect to this. For such an
approach to work, one needs in particular to show that the composite projections
pX : CCpX ˆY Zq Ñ X and pZ : CCpX ˆY Zq Ñ Z are both bi-p-morphisms,
where having a representation via chains of the pullback becomes essential.

Using such a representation, in the forthcoming work [16], a full Maksimova-
like [184] characterization of subvarieties of biGD with superamalgamation and
with amalgamation is given; this can be stated in logical terms, in the following:

Theorem 5.3.11 (Interpolation in extensions of biGD). There exist exactly six
extensions of biGD with the deductive interpolation property, and exactly four of
these have the Craig interpolation property.



Part Two

Model theory of free Heyting algebras

In the previous chapters we have seen how to construct free Heyting algebras
as well as several related universal constructions, like products and polynomial
Heyting algebras, and we have seen some of the basic consequences of this for
algebraic logic. In the second part of the thesis, we will two model-theoretic
and structure-theoretic questions concerning Heyting algebras and certain special
classes therein, which are in a crucial way connected to questions of representation
of free Heyting algebras. In particular, we will look at the following questions:

1. In Chapter 6 we look at a question of Shehtman concerning whether uni-
form local tabularity is equivalent to local tabularity. Employing bounded
bisimulations and a logical system introduced by to Mardaev [189] and
Esakia [102, A.5], we answer this question in the negative, and provide the
basic structure theory for uniformly locally tabular logics with degree of
uniformity lower than 3;

2. In Chapter 7, we will look at the problem, due to Andrew Pitts, concern-
ing whether every Heyting algebra is topos-admissible – it appears as the
lattice of truth-values of some elementary topos. We do so by exploring
the theory of étale Heyting algebras, introduced by Jibladze and Kuznetsov
[155], which is studied systematically there, in connection with their logical
calculi, deemed internal H-calculi. As a main result, we prove that every
Heyting algebra which is étale-finite is topos-admissible.

Despite their different nature, and independent interest, these problems em-
ploy the tools, intuitions and key insights we developed in the previous chapters,
and therefore show the value of having such general tools. We conclude with some
final considerations in Chapter 8.





Chapter 6

Uniform Local Tabularity

In Chapter 5 we saw that whilst in general the step by step construction of the free
algebra is highly involved, in special cases like LC, this construction terminates
in only two steps – a property called there uniform local tabularity. One can
see uniform local tabular logics as those which admit a simplified theory of free
objects. This phenomenon was previously studied by Shehtman [240] under the
name of “finite formula depth property”. There Shehtman asked the following:

Problem 6.0.1 (Shehtman’s problem on uniform local tabularity). Is every lo-
cally tabular logic uniformly locally tabular?

In this chapter we will answer this problem in the negative, confirming She-
htman’s conjecture.

Outline of the chapter

1. In Section 6.1 we give some background context on problems of local tabu-
larity in modal logics and extensions of IPC, and recall the basic definitions
used for finite posets and their bisimulation games.

2. In Section 6.2 we introduce a hierarchy of locally tabular logics based on
the concept of n-uniform logics, which are those admitting a uniform bound
of n in the nesting of implications. We show that the least n-uniform logic
always exists, and axiomatize the n-uniform logics for n ď 3, as well as
axiomatizing a natural infinite depth 4-uniform logic which is not 3-uniform.

3. In Section 6.2.3, by taking inspiration from the analysis of 3-uniformity
and the logic of “weak Peirce’s law”, introduced by Esakia [102, A.5] and
Mardaev [189], we provide a negative answer to Shehtman’s problem.

4. In Section 6.3 we further present an example of a pre-uniformly locally
tabular logic, and use this to show that amongst extensions of the system
KG, uniform local tabularity is decidable.

179



180 Chapter 6. Uniform Local Tabularity

5. We summarise the resulting hierarchy of locally tabular logics in Section
6.4.

6.1 Background

It is a classical result due to Segerberg [238] and Maksimova [185] that an exten-
sion of S4 is locally tabular if and only if it is of finite depth, if and only if it
does not extend the logic Grz.3. This provides an easy criterion and algorithm to
verify local tabularity, making it a decidable problem.

By contrast, in the system IPC, the situation is quite different. It was shown
by Mardaev [190, 189] that there is a continuum of pre-locally tabular logics,
all above KC. It is open whether every locally tabular logic is contained in a
pre-locally tabular one and whether local tabularity is decidable. In terms of
algebraic models – which correspond in algebraic logical terms to the logics – it
is thus open whether the category of locally finite Heyting algebras admits any
easy and logically insightful description (see [150] for recent discussion).

Given these difficulties it is reasonable to seek for strengthenings of local
tabularity. In [242], Shehtman observed that one can use bisimulation games to
characterize when certain logics are locally tabular, introducing a property called
“finite formula depth”. We will likewise make use of bisimulation games; for this
purpose the reader is reminded of some of the key definitions technical lemms on
bisimulations defined in Section 2.3.3.

6.1.1 Classes of finite posets

Recall that dpφq denotes the implication depth of a formula.

Definition 6.1.1 (Kripke models and classes of models). We say that a triple
pM, xq “ pP,ď, c, xq where pP,ďq is a rooted poset, with root x, and c : P Ñ Pppq
is an order-preserving function, is a model over the propositional letters p. We say
that pM, xq is a model of a logic L (over the propositional letters p) if pP,ďq is a
frame for L. Moreover, given P a class of posets, we say that pM, xq a model over
p is a p-model of P if there is some poset Q P P such that P is a p-morphic image
of a rooted upset of Q. We denote by MppPq the class of p-generated models
over P. We also denote by MPpφq “ tpM, xq PMppPq : pM, xq , φu.

Remark 6.1.2.

1. (Notation) Whenever we do not wish to emphasize the specific proposi-
tional letters used in the language,we will identify the set tp1, . . . , pnu with
the natural number n, and consider models over p to be maps c : P Ñ 2n;
the image for a point x P P will be called its color, denoted by a tuple cpxq “
xi1, . . . , iny. We will further shorten tuples of the form x1, . . . , 1, 0, . . . , 0y,
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consisting of a sequence of 1 followed by a sequence of 0, by the notation
1n´k0k. When n is given, we will often omit the order and the valuation,
and write simply pP, xq for a model. We occasionally write MnpPq for the
class of models over n from P.

2. (Models are rooted) All statements given below for posets pP, xq or models
thereof assume that P is rooted at x. This is implicit in our notion of model,
but we repeat it for the sake of the reader familiar with frame theoretic
arguments.

3. (Reductions and n-generation) Given an n, say that a model pP, xq over
n is n-generated if P does not contain distinct bisimilar points. A well-
known characterization of n-generation which we will use throughout is
through α and β-reductions (see [54, Chapter 3], compare with Chapter 3).
Namely, given a model P , we say that we can apply an alpha-reduction (α)
whenever x P P has an immediate successor x1 such that Òx “ pÒx1 Y txuq
and cpxq “ cpx1q, obtained by identifying x with x1; we say we can perform
a β-reduction (β) if x, x1 are two points, such that Òx ´ txu “ Òx1 ´ tx1u,
and cpxq “ cpx1q, obtained by identifying x and x1. A model is n-generated
precisely when there are no α or β-reductions which can be performed on
the model. A convenient fact which we will exploit throughout is that for
n-generated models, bisimulation implies isomorphism.

We will also need the notion of order-bisimulation introduced in Section 2.3.3.
The interest of this property for us will be the following, originally in [130] and
[257]:

Proposition 6.1.3 (n-Order-bisimulation and truth-preservation). For each pair
of models pP, xq and pQ, yq over p the following are equivalent:

1. pP, xq ďn pQ, yq;

2. Whenever dpφppqq ď n and pP, xq , φ then pQ, yq , φ.

It follows from this that for finite models, pP, xq ď8 pQ, yq if and only if for
every formula φ, pP, xq , φ then pQ, yq , φ. The following is completely anal-
ogous to [130, Chapter 4, Exercise 11], where we relativise to a specific subclass
of posets, to capture different equivalence in different logics:

Proposition 6.1.4 (Equivalence criterion for order-bisimulation). Let P be a
class of finite posets, L “ LogpPq and let p be a set of propositional variables.
Then we have:

1. For each φppq, ψppq, we have:

L $ φØ ψ ðñ MPpφq “MPpψq.
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2. The following are equivalent:

(a) S ĎMppPq is the class of models from MppPq satisfying a formula ψ
with dpψq ď n;

(b) S is closed under ďn-bisimulation within MppPq: whenever pP, xq P S
and and pQ, yq PMppPq and pP, xq ďn pQ, yq then pQ, yq P S

Proof. (1) is an immediate consequence of L being the logic of a class of finite
posets, and therefore, if φ Ø ψ R L, there being a model of φ which is not a
model of ψ.

(2) If S is the class of models satisfying a formula ψ with dpψq ď n, then by
Proposition 6.1.3, we have that S is closed under ďn-bisimulation. Conversely,
assume that S is closed under ďn-bisimulation, and consider:

ThnpSq “ tψppq : dpψq ď n, @pP, xq P S, pP, xq , ψu.

Since there are only finitely many formulas of implication depth at most n, ThpSq
is finite, and so we can consider χpSq “

Ź

ThpSq. We claim that S is precisely
the class of models from MppPq satisfying χpSq. It is clear that if pP, xq P S,
pP, xq , χpSq. On the other hand, assume that pQ, yq R S. Then for each pP, xq P
S, pP, xq ęn pQ, yq, which by Proposition 6.1.3 means that there is a formula
φppq of implication depth at most n such that pP, xq , φP and pQ, yq . φP . Let
µP “

Ž

PPS φP ; note that up to equivalence, µP is finite, and µP P ThnpSq. Since
pQ, yq . µP , then pQ, yq . χpSq, which concludes the proof. ■

6.1.2 Uniform local tabularity

Definition 6.1.5 (Uniform local tabularity). Let L Ě IPC be a superintuitionistic
logic. We say that L is n-uniform if each formula φ is equivalent to a formula
of implication depth n over L. We say that L is uniformly locally tabular if L is
n-uniform for some n. We denote by ULTabn the class of n-uniform logics, and
by ULTab their union, the class of all uniformly locally tabular logics.

We also denote by FinDep the class of logics of finite depth; by LTab the class
of all locally tabular logics; Tab the class of tabular logics.

Notation 6.1.1 (Least Heyting algebra). Recall that given H a Heyting algebra,
A Ď H a subset, the least Heyting subalgebra of H containing A can be con-
structed as:

xAy “ ttpa1, . . . , akq : ai P A, tpx1, . . . , xnq is a formula u.

Local finiteness implies that for each H, and A Ď H a finite subset, there is
an n such that xAy is generated by formulas of implication depth at most n. This
is where we can impose uniformity:
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Definition 6.1.6 (n-uniform algebras). Let H be a Heyting algebra. We say
that H is n-uniformly finite, or simply n-uniform, if whenever A Ď H is finite,
then:

xAy “ ttpa1, . . . , akq : ai P A, tpx1, . . . , xkq has implication depth ď nu.

In this case we say that xAy is n-uniformly generated. We say that a class of
algebras A is n-uniformly finite if every algebra in A is n-uniformly finite.

The motivation for the former definition lies in a certain modal understanding
of Heyting algebras: one sees the implications as modalities and their nesting as
a way to parametrize the complexity of a given logical system or algebra.

Proposition 6.1.7 (Algebraic characterization of n-uniformity). A superintu-
itionistic logic L is n-uniform if and only if AlgpLq is n-uniformly finite. Moreover,
the following inclusions hold between classes of Heyting algebras:

Tab Ď FDep Ď ULTab Ď LTab.

Proof. The equivalence follows essentially by definition. We concentrate on the
inclusions. Tab Ď FDep, since each finite poset P satisfies bdk where k is its
height; the fact that FDep Ď ULTab was shown by Shehtman [240], and amounts
to the fact that for posets of finite depth, there is a uniform bound for how
complex n-bisimulation can be; the fact that ULTab Ď LTab is obvious. ■

Most converses of the inclusions of Proposition 6.1.7 are known not to hold.
Namely (Definition 2.3.5), the logic BD2 is known not to be tabular, even though
it is of finite depth. The logic LC is known to be uniformly locally tabular (see
[240], and the proof given in Theorem 5.1.12) but is not of finite depth. We will
take a look at the last converse – LTab Ď ULTab in Section 6.2.

6.1.3 Basic properties and criteria for uniform local tab-
ularity

Proposition 6.1.8 (Basic criteria for uniform local tabularity). Let P be a class
of finite posets. Then L “ LogpPq is n ` 1-uniformly locally tabular if and
only if for each p, whenever pP, xq and pQ, yq are two models in MppPq and
pP, xq ďn`1 pQ, yq, then pP, xq ď8 pQ, yq. Moreover, if n-bisimilarity implies full
bisimilarity, the latter holds.

Proof. If L is n ` 1-uniformly locally tabular, then all formulas are equivalent
to formulas of implication depth ď n ` 1. Let pP, xq, pQ, yq P MppPq be two
models, and assume that pP, xq ďn`1 pQ, yq. Then whenever pP, xq , φ for any
φ, pQ, yq , φ. Thus pP, xq ď8 pQ, yq by our remark after Proposition 6.1.3.
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Conversely, let φppq be an arbitrary formula. Consider S “ tpP, xq PMppPq :
pP, xq , φu. Now assume that pP, xq ďn`1 pQ, yq. By assumption, pP, xq ď8
pQ, yq, and consequently, pQ, yq , φ as well. This means that means that S
is closed under ďn`1-bisimulation within MppPq, which by Proposition 6.1.4.(2)
that S is the class of models from MppPq satisfying a formula ψ with dpψq ď n`1.
By Proposition 6.1.4.(1), this means that L $ φ Ø ψ, i.e., φ is equivalent to a
formula of implication depth ď n` 1. Thus L is n` 1-uniformly locally tabular,
as desired.

If we assume that n-bisimilarity implies full bisimilarity instead, then if we
assume that pP, xq ďn`1 pQ, yq, by considering y ď y, we have that there is
some x ď w such that pPw, wq „n pQ, yq. Since pP, xq , φ, then pPw, wq , φ
as well; since n-bisimilarity implies full bisimilarity, by invariance of truth under
bisimilarity, pQ, yq , φ. We thus obtain the same conclusion. ■

We close this section by noting an interesting property of n-uniform Heyting
algebras. Let HAlf be the category of locally finite Heyting algebras with Heyt-
ing algebra homomorphisms, and let HAn

lf be the category of n-uniformly finite
Heyting algebras with the same maps.

Proposition 6.1.9 (n-uniform Heyting algebras form a variety). The category
HAlf is closed under subalgebras, homomorphic images and finite products. For
each n P ω, HAn

lf is a variety.

Proof. The fact about subalgebras is trivial. To see the fact about homomorphic
images, say H is locally finite (n-uniformly finite), and A is a homomorphic
image. Let tb1, . . . , bnu Ď A be finitely many elements. Then we can find finitely
many elements th1, . . . , hnu Ď H, mapping surjectively onto b1; by restricting the
homomorphism from H to A, we find that xth1, . . . , hnuy maps surjectively to
xtb1 . . . , bnuy. Thus the latter is finite (n-uniformly generated) by hypothesis.

To see the fact about products, note that if H0, H1 are locally finite, and
pa0, b0q, . . . , pan, bnq where ai P H0 and bi P H1, then

xpa0, b0q, . . . , pan, bnqy “ttppa0, b0q, . . . , pan, bnqq :

dptq is the maximum of that of xAy and xBy.

The same argument works for infinite products if we assume the algebras are
n-uniformly finite, since then, rather than taking the maximum of xAy and xBy
one can take the bound n. ■

The above Proposition entails that there is the least n-uniform logic for each
n. On the other hand, HAlf is not a variety – it contains every finite Heyting
algebra, and hence the smallest variety containing it is HA itself.
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6.2 The hierarchy of locally tabular logics

In this section we will study the hierarchy of locally tabular logics – the top of
the Kuznetsov hierarchy [50]. In 6.2.1 by characterizing the 0, 1, 2, 3-uniformly
locally tabular logics. In Section 6.2.2 we make some remarks on 3-uniform logics
of infinite depth, connecting them to recent studies of local tabularity in bi-
intuitionistic logic [192]. We then give in Section 6.2.3 an example of a locally
tabular but not uniformly locally tabular logic.

6.2.1 0-uniform, 1-uniform, 2-uniform, 3-uniform logics

The reader will notice that due to our definition, the only superintuitionistic
logic which is 0-uniform is the trivial logic. 1-uniformity turns out to be quite
a restrictive property: only CPC has it. 2-uniformity will be characteristic of
extensions of LC, whilst 3-uniformity and beyond will turn out to have a rather
complex structure.

For the next result, the reader should recall the structure of the lattice of
superintuitionistic logics from Section 2.3.5, especially Proposition 2.3.39.

Theorem 6.2.1 (0,1,2-uniform logics). For L a superintuitionistic logic, we have:

1. L is 0-uniform if and only if L is inconsistent.

2. L is 1-uniform if and only if L “ CPC;

3. L is 2-uniform if and only if L Ě LC.

Proof. As noted, the only 0-uniform logic is the inconsistent one. Note that
CPC is 1-uniform: by definition of implication depth, every formula in CPC is
equivalent to a conjunction of disjunctions of formulas p,␣p. On the other hand,
the Smetanich logic Sme is not 1-uniform: we see in Figure 6.1 models M0 and
M1, based on frames validating Sme, and M1 ď1 M0, certainly, but M1 ę8 M0,
since no point in M1 labelled with 0 is 1-bisimilar with the singleton containing
0. By Proposition 6.1.8, this means that the logic is not 1-uniform, and neither
is any logic extended by it.

As noted before, it was shown by Shehtman [240] that LC is 2-uniform; we give
a short proof: if pP, xq and pQ, yq are two linearly ordered posets rooted at x, y,
they are n-generated, and they are 1-bisimilar, then notice that by n-generation,
there cannot be successive nodes with the same color (otherwise we could identify
them). But then by an easy induction we see that the two chains Òx and Òy must
be isomorphic. It follows that if pP, xq „1 pQ, yq for n-generated models, then
pP, xq and pQ, yq are isomorphic, and consequently, fully bisimilar. We can then
appeal to the same proposition as above.

Now assume that L is some logic and LC Ę L; then L . J p2Fq or L . J pDiaq,
so either the 2-fork or the diamond are frames for L. If 2F is a frame for L, note
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that in Figure 6.1, we have the models M1 and M2, and M2 ď2 M1: if we pick
in M1 the top node labelled with 1, there is a node in M2 with the same label,
obtaining an isomorphism; and if we pick in M1 the root, node that M1 „1 M2.
However, M2 ę3 M1, since by picking the root of M1, there is no 2-bisimilar node
in M2. Similarly, the models M3 and M4 (the frame of which is a p-morphic
image of M3) have the property that M3 ď2 M4 (there is an isomorphic node in
M3 for each node but the root, and the roots are 1-bisimilar), but M2 ę3 M4.
This shows that L cannot be 2-uniformly locally tabular again by Proposition
6.1.8. ■

The case of 3-uniform logics is a fair bit more complicated and deserves further
consideration. For that purpose, recall the logic wPL, the logic of the “weak
Peirce’s law”:

wPL :“ IPC‘ pq Ñ pq _ pppÑ qq Ñ pq Ñ p.

It is known (see [102, A.9]) that a Heyting algebra H validates wPL if and only
if it is a cascade Heyting algebra. Their variety was named by Esakia CHL, and
was studied in [41] in the context of analyzing profiniteness and representability
of Heyting algebras. The finite members of such a variety are the “sums” of
Boolean algebras; we will make use of the dual posets of such algebras:

Definition 6.2.2 (Boolean sum). A finite (rooted) poset pP,ďq is called a Boolean
sum if dppP q “ n, and:

1. Whenever x ă y, i.e., y is an immediate successor of x, then dppxq “
dppyq ` 1;

2. Each point x of depth k ` 1 sees all points of depth k for each k.

When working with Boolean sums, note that the notion of depth of a point
captures precisely its level : for P a Boolean sum, LevkpP q “ tx P P : dppxq “ ku
consists of incomparable points which are all seen by the points in Levk´1pP q,
and all see the points in Levk`1pP q. The following is a consequence of Esakia’s
characterization:
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Proposition 6.2.3 (Frames of wPL are Boolean sums). A finite rooted poset P
is a frame for wPL if and only it is a Boolean sum.

Proof. See [102, A.9.2]. ■

The following axiomatization was in turn shown by Mardaev [191, Theorem
5]:

Theorem 6.2.4 (Yankov axiomatization of weak Peirce’s logic). The logic wPL
can be axiomatized as:

wPL :“ IPC‘ J pQ1q ‘ J pQ2q ‘ J pQ3q,

where J pQiq is the Yankov formula for the posets in Figure 6.2. Moreover, this
logic is locally tabular.

We will be concerned with special extensions of this logic. For that we will
need some definitions:

Definition 6.2.5 (Stack-depth). Let P be a Boolean sum of depth n. For each
n, let cn be the cardinality of the set of elements of depth n. Given xc1, . . . , cny
we say that a consecutive subsequence ci, . . . , ci`k where ci`j ą 1 for 0 ď j ď k
is a k-stack . We say that P has stack-depth k if there exists a k-stack but not a
k ` 1-stack in P .

The stack depth of a Boolean sum thus measures how many consecutive levels
there can be which contain more than one point.

Remark 6.2.6 (Diamond Heyting algebras). In [41] a subvariety of CHL was con-
sidered in connection to the problem of profinite completions, called the variety
of Diamond Heyting algebras DHL. Such algebras are of width 2, have a maximal
element, and they satisfy the Yankov formula J pQ5q. Thus, their finite rooted
posets are precisely Boolean sums of stack depth 1, width 2 having a greatest
element (see also Section 6.3, where the associated logic will be called Box).

Lemma 6.2.7 (Stack-depth 1 axiomatization). Let pP, xq be a finite poset which
is a Boolean sum. Then P , J pQiq, for i P t4, 5u in Figure 6.2, if and only if P
has stack-depth 1.

Proof. First note that both of the posets Q4, Q5 have stack depth 2. If Q4, Q5 is
a rooted subframe of Q, which is a p-morphic image of P , by pulling along the
p-morphism we will see that P has stack depth at least 2.

Conversely, assume that P has stack depth at least 2. Let x P P be a maximal
point such that Òx has stack-depth 2. We may thus assume that x has at least two
successors y0, y1, and that each of them has two successors (otherwise we could
have picked yi as our maximal point) z0, z1. Then there are two cases: either z0
and z1 have no common successor, or they do. In the first first case, we define a
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Figure 6.2: Qi posets

map to Q4 as follows: we send z0 to the left top point in Q4, z1 and all remaining
points of that depth to the right top point; y0 to the left middle point, y1 and all
remaining points of that depth to the middle right point; and x to itself. This is
a surjective p-morphism onto Q4. The case of Q5 is similar, except we send all
points above z0, z1 to the maximal point. ■

Given a rooted frame pP, xq based on a Boolean sum with stack depth 1, let
us say that a point y P P is solitary if y is the only point of depth k for some k.
Otherwise we say that y is accompanied by a point y1. The importance of stack
depth for us comes from the following result:

Lemma 6.2.8 (Boolean sums of stack-depth 1, 2-bisimulations). Let pP, xq be
an n-generated model based on a finite Boolean sum of stack depth 1. If pP, xq „1

pPy, yq for some y P Òx, then x “ y.

Proof. Assume first that x is a solitary point. Then for each y, either x ď y or
y ď x must hold. If y ď x, note that by n-generation, any predecessor of x must
have a color strictly smaller than x, and thus we cannot have pP, yq „1 pP, xq. On
the other hand, if x ď y, let Spxq be the set of immediate successors of x. If Spxq
is a singleton, we likewise have that the color of x must be strictly smaller, and
so pP, yq „1 pP, xq cannot hold. If Spxq “ tx0, x

1
0u, then since the stack depth is

1, these points must have distinct color, and either cpx0q ‰ y or cpx10q ‰ y; say
cpx0q ‰ y without loss of generality. If pP, yq „1 pP, xq, then y would have to have
a successor y ď y0 such that cpy0q “ cpx0q. However, note that if z is the unique
immediate successor of x0, x

1
0, cpx0q, cpx

1
0q ă cpzq, so y0 “ x0 or y0 “ x10. Thus if

x ‰ y, we would have a contradiction, since x ď y ď y0 would force y “ y0 (since
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y0 must be an immediate successor of x), whilst we chose cpyq ‰ cpy0q. It follows
that pP, xq „1 pP, yq can only hold if x “ y.

Next assume that x is accompanied by x1. If x ă y, then by n-generation,
cpxq ‰ cpyq. Moreover, cpxq ‰ cpx1q, so pP, xq „1 pP, x

1q cannot hold. Finally if
y ă x, then by the same arguments as in the previous case, if pP, xq „1 pP, yq, we
would obtain a contradiction. We thus obtain the result. ■

Proposition 6.2.9 (2-bisimulation implies full bisimulation for Boolean sums
with stack depth 1). Let P,Q be two finite Boolean sum frames of stack depth
1. Assume that pP, xq „2 pQ, yq are n-generated models which are 2-bisimilar.
Then they are isomorphic.

Proof. Let S2 Ď S1 Ď S0 Ď PˆQ be a 2-bisimulation. We claim that S1 defines an
isomorphism, mapping x to y. Indeed, assume that y, y1 P P and py, zq P S1 and
py1, zq P S1. Then we have that pP, yq „1 pQ, zq „1 pP, y

1q, so pP, yq „1 pP, y
1q.

By Lemma 6.2.8, we have that y “ y1. Thus S1 is injective; a similar argument
applied to Q shows that S1 is functional, and the bisimulation clauses guarantee
that it is a surjective relation. Thus S1 is an isomorphism as desired. ■

Let 3Uni be the following logic, which we refer to as the logic of 3-uniformity :

3Uni :“ IPC‘ tJ pQiq : i P t1, . . . , 5uu “ wPL‘ J pQ4q ‘ J pQ5q.

Then we have:

Theorem 6.2.10 (3Uni is logic of 3-uniformity). The logic 3Uni is the least 3-
uniform logic.

Proof. First, note that in Figure 6.3, we see that all the posets Qi for 1 ď i ď 5
admit 2-bisimilar models (obtained by p-morphic images of Qi, denoted Ql

i and
Qr
i whether they occur on the right or left) which violate our criterion. Namely,

we have that Ql
i ď3 Q

r
i , since for each node except the root in Qr

i there is a point
isomorphic to it in Ql

i, and the root of Qr
i is 2-bisimilar to Ql

i; but Ql
i ę4 Q

r
i ,

because the root in Qr
i has no 3-bisimilar point on the left models.

Hence, no logic which contains them can be 2-uniform. By our axiomatization
of the logic 2Uni, any logic which is not an extension of it will therefore contain
one of these posets by Yankov’s theorem.

On the other hand, by Lemma 6.2.7, Proposition 6.2.9 and Corollary 6.1.8,
we have that 2Uni is 3-uniform. ■

To finish this section we note that there will only be countably many logics
which are 3-uniform, we recall that we can consider an order on finite rooted
posets: Q Ĳ P if and only if Q is a p-morphic image of a rooted upset of P ;
this is known to form a partial order, which is well-founded, since the posets are
finite. Moreover the following is well-known (see [37, Section 3]):
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Figure 6.3: Models witnessing failure of 3-uniformity
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Theorem 6.2.11 (Axiomatization of locally tabular logics through finite posets).
Let L be a locally tabular logic, and pRPpLq,Ĳq the poset of rooted posets of L
ordered by Ĳ. If pRPpLq,Ĳq contains no infinite antichains, then L has only
countably many extensions, and all of them are finitely axiomatizable.

Corollary 6.2.12 (Countably many 3-uniform logics). There exist only countably
many 3-uniform logics.

Proof. Note that by Lemma 6.2.7, we have that any rooted poset P corresponds
to a pair, of a finite sequence and a natural number, ppk0, ..., kn´1q, knq where the
sequence has k0 always 1, and the numbers are alternatingly 1. We denote by
seqpP q this tuple associated to each poset. We order such pairs as:

ppk0, ..., kn´1q, knq ĺ ppj0, ..., jt´1q, jtq,

if and only if pk0, ..., kn´1q is a subsequence of pj0, ..., jt´1q, and kn ď jt. Then
note that:

Q Ĳ P ðñ seqpQq ĺ seqpP q;

indeed, first note that if Q is a rooted upset of P 1, it is in fact a p-morphic image
as well, since one can collapse all lower levels to the root of Q. Hence we have
that Q Ĳ P if and only if there is a p-morphic image from P onto Q. Now if this
happens, then what can happen to P is that the number of levels in P can get
shorter, or the number of elements in the levels may get smaller – the p-morphism
defines an inclusion of seqpQq in seqpP q, with the last element being preserved.
The converse is likewise easy to see.

We thus obtain an isomorphism of pRPpLq,Ĳq with ωăω ˆ ω ordered by the
product of the subsequence order and the natural number ordering. By Higman’s
lemma [145], the set ωăω ordered by subsequence is a well-partial order, and the
product of well-partial orders is again one by Dickson’s lemma [97]. So RPpLq
contains no infinite antichains, which by Theorem 6.2.11 means that there are only
countably many extensions of 3Uni, all of which are finitely axiomatizable. ■

Remark 6.2.13 (5-uniform will be uncountable). Corollary 6.2.12 should be con-
trasted with the fact that there are uncountably many logics of depth 3 (see [37,
Lemma 3.19, Antichain Ω2], and the fact noted by Shehtman [240], that all logics
of depth 3 are 5-uniform.

6.2.2 4-uniformity and The Logic of Finite Combs

It is clear from the aforementioned discussion that 3-uniformity is substantially
more complicated than 2-uniformity, and that it is far from exhausting all uni-
formly locally tabular logics. In this section we study a basic example of a 4-
uniform logic of infinite depth, unrelated to wPL, and which might be interesting
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in its own right. The logic provided is the intuitionistic analogue of the bi-
intuitionistic logic introduced by Martins and Moraschini [192], biLFC – the logic
of finite combs.

Definition 6.2.14 (n-combs). A poset P is called an n-comb if P “ P0 \ P1,
where P0 “ tx1, . . . , xnu and P1 “ ty1, . . . , ynu, and we have that for each x P P ,

1. yi is maximal;

2. xi ď x if and only if x “ xj and i ď j, or x “ yj and i ď j.

A subposet Q Ď P is called a broken n-comb if P0 Ď Q. We call a poset a (broken)
comb if it is a (broken) n-comb for some n.

The following is easy to verify:

Lemma 6.2.15 (p-morphic images of combs are broken). A poset is a p-morphic
image of an n-comb if and only if it is a broken m-comb.

Proof. Simply note that for n-combs, the maximal points must be identified with
each other. ■

Note that the posets in Figure 6.1 and in Figure 6.4 are all models over combs
and broken combs. The poset Q1 is likewise an example, and the depiction in
Figure 6.3 shows that 2-bisimilarity is not enough to capture full bisimilarity for
such models.

Proposition 6.2.16 (3-bisimilarity implies bisimilarity for broken n-combs). Let
P and Q be broken n-combs. Let pP, xq and pQ, x1q be n-generated models which
are 3-bisimilar. Then they are isomorphic.

Proof. Assume that the two posets are n-generated for some n. Now, if pP, xq and
pQ, x1q are 3-bisimilar, notice that they must have the same maximal elements.
Suppose that pP, xq has a largest non-maximal element which has a single imme-
diate successor, xk; if pQ, yq did not end have a similar looking point, look at x1k,
its last point in the base of the comb, which will have two immediate successors.
Then by the 3-bisimulation, there must be a point xj which is 2-bisimilar with
x1k. Such a point must see two distinct maximal elements, and hence it must be
some point xj ă xk.

First assume that xj has a different color from xk; then this forces that some
point of color xk will be above x1k, and by 3-bisimulation, we get a contradiction.
So if xj has the same color, we can assume that it sees exactly two maximal
elements, and hence, is covered by xk. By 3-bisimulation, there must be a point
x2k P Q which is 2-bisimilar with xk – but by the configuration, such an element
cannot exist. So we have that x1k must have a single maximal element.

Now let xk´1 be the immediate predecessor of the maximal point in P . We
show that Q must have a point with the exact same structure. If xk´1 has a single
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Figure 6.4: Comb and broken comb models

successor, xk, the argument is similar to the one given in Proposition 6.2.9. If
xk´1 has another immediate successor yk´1, then we proceed as in the previous
paragraph to ensure that Q has such a point in the immediate predecessor of
x1k. ■

Let LFC be the following logic:

LFC :“ LogptP : P is an n-combuq.

We have thus shown:

Theorem 6.2.17 (Logic of finite combs is uniformly locally tabular). The logic
LFC is uniformly locally tabular. Indeed it is 4-uniform, but not 3-uniform.

Proof. By Corollary 6.1.8, and Proposition 6.2.16, we have the 4-uniformity of
LFC. The fact that it is not 3-uniform follows from Theorem 6.2.10. ■

We conclude by noting that this logic admits a simple axiomatization with
Yankov formulas. For that we need the following lemma:

Theorem 6.2.18 (Axiomatization of LFC). The logic:

IPC‘ tJ pQiq : i P t2, 4, 5, 6, 7, 8uu,

is locally finite, and its finite models are the finite combs. Consequently, it coin-
cides with LFC.

Proof. For a given n we will describe the n-universal model for this logic, as
described in Chapter 3. Such a model will be shown to be finite, from which it
will follow that the logic is locally tabular.

Indeed, note that we can start with 2n many elements. Now if x has one of the
maximal elements as its cover, it can only have at most two of them, otherwise
we obtain a copy of Q8 as a rooted upset. Now let x be a point such that it is
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not covered by a maximal element; enumerate its successors, say y1, . . . , yn. Note
that if yi and yj never see the same maximal elements, then n “ 1; otherwise we
would obtain a p-morphism onto Q7.

1. Assume that yi and yj both see the same maximal element z. Suppose that
there is no other z1. Then we get a p-morphism onto Q6.

2. Assume that there is at least another maximal element z1. Identify all other
maximal elements with z1. Then either yi and yj both now see z1, or one
sees both z and z1 and the other only sees z. Then we obtain a p-morphism
either onto Q2 or Q4.

This shows that n “ 1 is the only possibility. Hence if x does not see any maximal
element, its color must be strictly smaller than that of its unique immediate
successor. This shows that P must look like a broken k-comb for some k. As
such, we get that this coincides with LFC, since it is not hard to show that
every poset of LFC validates the formulas of the above logic: otherwise, they
would contain one of the given posets as a p-morphic image of a rooted upset, in
contradiction to Lemma 6.2.15. ■

6.2.3 A Non-uniformly locally tabular logic

The analysis of 3-uniformity sheds some light on the possibilities for logics to
be n-uniform but not pn ` 1q-uniform. Namely, note that LogpQ4q will be an
extension of wPL, and it will be 4-uniform but not 3-uniform by what was just
shown. A more general fact holds which will allow us to provide an example of a
locally tabular logic which is not uniformly locally tabular.

Definition 6.2.19 (Box models). Let n ą 2 and k ` 1 ă n. Let Mk
n , Nk

n for
k ď n be the models depicted in Figure 6.6. Formally, we define:

1. Mk
n has k ` 1 many layers of two elements; if LjpM

k
nq is the j-th layer for

0 ď j ď k, then the left element in LjpM
k
nq is labelled with 1n´j0j, and the

right element with 1n´pj`1q0j`1. There is also a root element labelled with
1n´k´10k`1.

2. Nk
n has likewise k`1 many layers of two elements; if LjpN

k
nq is the j-th layer

for 0 ď j ď k, then the left element in LjpN
k
nq is labelled with 1n´j0j, and

the right element with 1n´pj`1q0j`1. There is also a root element labelled
with 1n´k´20k`2.

Thus the only difference between Mk
n and Nk

n is in the label of the root. The
order in both cases is given by stacking the layers on top of each other.
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n

Note that these models are always n-generated. Indeed, the key difference
between these models is that the root of Nk

n goes down in color, relative to its
right immediate successor, whilst in Mk

n the color is the same. Figure 6.5 shows
the cases for k “ 1, for any n ě 2

The following lemm provides the relationship between such models:

Lemma 6.2.20 (n-bisimulation separation for box models). Let n ą 2 be ar-
bitrary, and k ` 1 ă n. Then Mk

n is k-bisimilar, but not pk ` 1q-bisimilar with
Nk´1
n .

Proof. This is shown by induction. Note that for k “ 1, this is easy to verify,
since N1

n will be of depth 2: looking at Figure 6.5, we have that the two roots
have the same color, and they see points with the same colors, so they will be
1-bisimilar. However, assume that they were 2-bisimilar; let x be the point in M1

n
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with the label 1n´10 which is the successor of the root. Then by 2-bisimilarity,
there is some point in N0

n which is 1-bisimilar with it; but the only point which
could be is the maximal point, which is a contradiction.

Now, assume that this holds for k. Consider Mk`1
n and Nk

n . Note that they
have roots of the same color, labelled with 1n´k´20k`2, and indeed, if z is the
immediate successor of Mk`1

n with the same color, Òz is isomorphic to Nk
n .

To understand the bisimulation, recall the game-theoretic description of n-
bisimulations discussed in Section 2.3.3. Assume then that Player I picks the
root of Nk

n or any of its successors; then Player II has an obvious response by
choosing the element inside of Òz. Thus the only way that Player I can hope to
win the game is to pick either the root of Mk

n , or the left successor of the root. If
Player I picks the left successor of the root, say y0, note that Òy0 – Mk

n ; on the
other hand, the right successor of the root of Nk

n is isomorphic to Nk´1
n , so Player

II wins by induction hypothesis. Finally, if Player I picks the root of Mk`1
n , Player

II is forced to show that this is k-bisimilar to the root of Nk
n ; by the arguments

just shown Player I is in turn forced to play the root of Mk`1
n for all k many steps

of the game, and loses when Player II finally picks the root, given the two roots
have the same color. This shows that Mk`1

n is k-bisimilar to Nk
n as desired.

Now assume that Mk`1
n is pk ` 1q-bisimilar to Nk

n . Then Player I can pick
the left successor of the root of Mk`1

n , y0, labelled with 1n´k´10k`1, and Player
II is forced to respond with the right successor of Nk

n , y1; as noted Òy0 – Mk
n

and Òy1 – Nk´1
n . Since by induction hypothesis these models are not k-bisimilar,

Player II then loses, meaning that Mk`1
n and Nk

n are not pk ` 1q-bisimilar. ■

Hence we have the following:

Theorem 6.2.21 (Locally tabular œUniformly locally tabular). The logic wPL
is locally tabular but not uniformly locally tabular.

Proof. All the models Mk
n for each n, k are based on frames which validate wPL;

hence by Corollary 6.1.8, wPL is not uniformly locally tabular, since we notice
that Mk`1

n ďk`1 N
k
n but not Mk`1

n ďk`2 N
k
n . On the other hand, it is locally

tabular as shown by Esakia [102] and Mardaev [189]. ■

6.3 Pre-uniform local tabularity

As noted before the problem of working with locally tabular intermediate logics
presents a challenge since, as shown by Mardaev [190], there are uncountably
many such pre-locally tabular logics. By contrast, there are exactly three pretab-
ular logics [110], and every non-tabular logic is contained in one of them, and all
of them are decidable. Together, this makes the problem of deciding, given an
axiom φ, whether IPC‘ φ is tabular or not decidable.

Intrinsic in this is the idea of “pre-local tabularity”. The idea of “pre-P”-
logics, for P a property, has been extensively used by several authors (e.g., [110,
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238, 185]) to characterize certain logical properties. We can make such a definition
also in our setting:

Definition 6.3.1 (pre-uniformly locally tabular). Let L be a superintuitionistic
logic. We say that L is pre-uniformly locally tabular if L is not uniformly locally
tabular but all of its extensions are so.

We will now characterize pre-uniform local tabularity amongst extensions of
the logic KG, of Kuznetsov-Gerchiu (see next section). To work towards that,
first recall the bounded width formula,

bw2 :“ pp0 Ñ pp1 _ p2qq _ pp1 Ñ pp0 _ p2qq _ pp2 Ñ pp0 _ p1qq,

a finite frame validates this axiom if and only if they have width at most 2, i.e.,
for each point x in such a frame, Òx contains antichains of size at most 2. Recall
also the formula:

␣p_␣␣p,

the weak law of excluded middle; frames for such a formula are exactly those
containing a greatest point above each point.

Definition 6.3.2 (Box logic as an extension of wPL). The logic Box is defined
to be the extension of wPL by the Box “ wPL‘ bw2 ‘ p␣p_␣␣pq.

We will see that rooted frames for Box look very much like those from Figure
6.6, with a point in the maximum – if one thinks of four adjacent points there,
these look like stacks of boxes.

Remark 6.3.3. Note that Box, as an extension of wPL is locally tabular. For
that reason, we will assume throughout that all logics L extending it are locally
tabular, and consequently have the finite model property.

We will now show that Box is pre-uniformly locally tabular. For that purpose,
let Sn be the result of adding a maximal point to the underlying frame of Nn´2

n

(see Figure 6.6). We denote by LevjpSkq “ tx P Sk : dppxq “ ju, the j-th level.
Then first we show:

Proposition 6.3.4 (Characterization of Box models). We have that Box “ wPL‘
bw2 ‘ p␣p_␣␣pq “ LogptSn : n P ωuq.

Proof. It is clear that each Sn validates all the axioms of Box, since they have a
maximal point, have width at most 2, and are frames for wPL as noted in Theorem
6.2.21. Conversely, by the semantic characterizations given of these formulas, any
finite rooted poset P validating Box will be a Boolean sum (as it validates wPL), it
will have width at most 2 by bw2, and a maximal element by the axiom ␣p_␣␣p.
Let k be the depth of the root of P . Then for any j ď k, either there is a unique
point x such that dppxq “ j, or there are two. This defines a p-morphism from Sk
onto P . Thus, every finite rooted poset of Box can be obtained by p-morphisms
from one of the form Sn, showing the result. ■
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Recall the notion of stack depth (Definition 6.2.5); for frames with bounded
width 2, having stack depth k amounts to having a bound of k on the number of
consecutive levels with two points. Thus we obtain:

Proposition 6.3.5 (Control on stack depth). Let Box Ĺ L1 be a logic of infinite
depth. Then there is some n such that posets in L1 have stack depth n.

Proof. If we assume that there is no bound on the stack depth of posets for L1,
then for each n, let P be a frame for L1 containing a stack of at least n ` 2
many elements. Let p be one of the minimal elements of the stack, and m be an
element situated at at n many levels above p; then Òp is a frame for L1. Define
a p-morphism onto Sn by sending m, the other element in its level, and all their
successors to the top element in Sn, and all elements in the stack mapped through
an isomorphism to Sn. Thus Sn , L1. Since this holds for any n, by Proposition
6.3.4 we have that L1 “ Box. ■

We thus obtain that the extensions of Box are controlled by the depth, which
can be infinite or finite, and the stack-depth, which can be finite or infinite. We
show the following:

Proposition 6.3.6 (Uniform local tabularity from bounded stack depth). As-
sume that L Ě Box is a logic of infinite depth such that all its elements have at
most stack-depth k ě 1. Then L is pk` 2q-uniformly tabular. Consequently, Box
is pre-uniformly locally tabular.

Proof. The fact that Box is not uniformly locally tabular follows by a simple
modification of Theorem 6.2.21, adding a point on top to the models Mk

n with a
distinguished color.

Assume that L Ě Box is a logic such that its models have stack depth at most
k. Then we show the following modification of Lemma 6.2.8: if pP, xq is a Boolean
sum of stack depth at most k and pP, xq „k pPy, yq then x “ y. This proceeds
by a double induction on k and m, where m is the number of stacks above x of
size at least k. For k “ 1 and arbitrary m, this was provided by Lemma 6.2.8.
Assume that it holds for k, and we first show it for k` 1 and m “ 1; In this case,
note that since pP, xq „k`1 pPy, yq, we can pick an immediate successor of x, x1,
and by k-bisimilarity, pPx1 , x1q „k pPy1 , y1q for some sucessor of y; then the stack
above Px1 must be of size at most k, so by induction hypothesis, x1 “ y1 must
hold. Since this holds for any immediate successor of x, we conclude that x “ y.
Assuming this for arbitrary m, we then show it for m ` 1, by noting that when
we move to an immediate successor, the immediate successor will see one fewer
k ` 1-stack, and so the induction hypothesis can be carried through.

From this fact, we proceed as in Proposition 6.2.9: assuming that we have
pP, xq, pQ, yq, n-generated models based on frames for L, where L has a bound
on the stack-depth of k, such that pP, xq „k`1 pQ, yq. Then we have an Sk`1-
bisimulation, defined by a chain Sk`1 Ď Sk Ď ¨ ¨ ¨ Ď S0; then the relation Sk
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defines an isomorphism, and so pP, xq and pQ, yq are bisimilar. From this it
follows by the same arguments as in Proposition 6.2.9 that L is k ` 2-uniformly
locally tabular. ■

6.3.1 Pre-uniform local tabularity in KG

In this section, we will characterize pre-uniform local tabularity in the case of
extensions of the system KG of Kuznetsov-Gerciu [176] (for an overview of the
system see [54, Chapter 4]). Such a system has a very broad range of extensions,
and a rich semantics, which has made it useful for several purposes in the study
of superintuitionistic logic (e.g. [44]). One of its key extensions is the logic
RN “ LogpRNq – the logic of the frame of the Rieger-Nishimura ladder (see
Figure 6.7), which is dual to the Rieger-Nishimura lattice, the free 1-generated
Heyting algebra.

‚
1

‚
0

‚P1 ‚P2

‚P3 ‚P4

‚P5 ‚P6

‚P7 ‚P8

...

‚
8

Figure 6.7: Rieger-Nishimura Ladder RN

Recall from [127, 75] (see also [57] and [6]) that RN, the Rieger-Nishimura
ladder, can be constructed as the inverse limit of a sequence:

P1
r1
ÐÝ P2

r2
ÐÝ P3

r3
ÐÝ . . .

where ri is a map which is a p-morphism with respect to “sufficiently many” parts
of P3. In fact these admit an explicit description:

1. The posets Pi are precisely the upsets as labelled in Figure 6.7.

2. The map r2n`1 : P2n`2 Ñ P2n`1 sends the P2n`2-root point, and the P2n-root
point, to P2n`1, and leaves the rest untouched;
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3. The map r2n`2 sends the P2n`3 and the P2n`1-root points to P2n`2, and
leaves everything else untouched.

For our purposes we will need the following lemm, shown essentially in [54,
Chapter 4]:

Lemma 6.3.7 (Box posets from Rieger-Nishimura). For each n, the poset Sn is
an upset of a p-morphic image of P2n`1 ‘ 1.

Proof. One proceeds inductively as follows: first identify the point labelled 1 in
Figure 6.7 with the top element. This produces one top level containing the
maximum, followed by a level containing P1 and 0, seen by P3. Then to obtain
the next layer, identify P2 with its now unique successor, and we obtain a new
layer, consisting of P3 and P4, seen by P6. We thus proceed in this way recursively,
obtaining all boxes as desired. ■

To characterize uniform local tabularity, we will rely on the fact that already
local tabularity above KG is characterized. In principle this is not necessary, as
uniform local tabularity is potentially simpler; however in this simple case, it will
be convenient to rely on the following, shown in [54, Theorem 4.6.5]:

Theorem 6.3.8 (Local tabularity in KG). A logic KG Ď L is not locally tabular
if and only if L Ď RN.KC “ RN‘ p␣p_␣␣pq.

We will also need one more technical notion:

Definition 6.3.9 (Degree of uniformity). We say that a poset P has degree of
uniformity k if whenever pP, xq is an n-generated model, and pQ, yq is another
n-generated model such that Sk Ď P ˆ Q, is a k-bisimulation between x and y,
then Sk is an isomorphism.

Remark 6.3.10. The reader should notice that for a fixed poset P , a degree of
uniformity need not be minimal – for the purposes where we will use it, the notion
of a minimal degree of uniformity will not be needed.

It is well-known that any finite poset has a degree of uniformity (see e.g. [130,
Proposition 4.5]).

Definition 6.3.11 (Vertical sum). Given rooted posets P,Q, we write P ‘Q for
the vertical sum (see [54, Def. 4.1.13]) the poset based on the disjoint union of
P,Q, where for each x P P and y P Q, x ď y. We denote the repeated vertical
sum as P1 ‘ ¨ ¨ ¨ ‘ Pn.

Lemma 6.3.12 (Degree of uniformity preserved under sums). If P1, . . . , Pn is a
sequence of posets with degree of uniformity ki, then P1 ‘ ¨ ¨ ¨ ‘ Pn has degree of
uniformity k1 “ maxptki : i ď nuqq ` 1.
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Proof. Write P “ P1‘¨ ¨ ¨‘Pn. Let pQ, yq be an arbitrary n-generated model, and
assume that pP, xq „k1 pQ, yq. Let xn be the root of Pn; by k1-bisimilarity, we have
that there is some yn P Q, such that pPxn , xnq „k1´1 pQyn , ynq; since kn ď k1 ´ 1,
this relation defines an isomorphism. Note that any predecessor of xn or yn must
have a properly smaller color. Let Qn “ Òyn. By restricting the relation Sk1

to P zpPnztxnuq and QzpQnztynuq, we claim that we still have a k1-bisimulation:
for each x1 ě x, such that x1 P P zpPnztxnuq, there must be y1 ě y which is
k1 ´ 1-bisimilar, and this must lie also in QzpQnztynuq. Thus we can proceed by
induction, showing that each such restriction of Sk is an isomorphism. ■

We can thus conclude:

Theorem 6.3.13 (Characterization of pre-uniform local tabularity in KG). If
L Ě KG is any logic, then L is not uniformly locally tabular if and only if L Ď Box.

Proof. If KG Ď L, and L is not locally tabular, we thus have by Theorem 6.3.8
that L Ď RN Ď Box. Hence assume that L is locally tabular but not uniformly
locally tabular. We can assume by Theorem 6.1.7 that L is not of finite depth.
Since L is locally tabular, there must be an n which is maximal such that ÒP 1n is
a frame for the logic. Hence by [54, Corollary 4.3.9], the finitely generated frames
for L must be finite vertical sums of p-morphic images of upsets of Pn for k ď n
(not necessarily rooted).

Now as noted in Lemma 6.3.7, for large enough Pn we can obtain Sn, and for
large enough vertical sums, we can obtain all the Sn. Suppose that there is some
n such that we cannot obtain Sn as a frame for L. Then there must be a bound
on the size of the posets Q with a root and a maximal element which appear
in vertical sums in L (otherwise using the technique of Lemma 6.3.7 we could
obtain arbitrarily large Sn). Using Lemma 6.3.12 we can conclude that posets for
L will have a maximal degree of uniformity k for some k – which implies (and is
stronger than the fact that) whenever pP, xq ďk pQ, yq for pP, xq and pQ, yq two
models based on frames for L, then pP, xq ď8 pQ, yq. By Proposition 6.1.8 we
obtain that L is uniformly locally tabular – a contradiction.

So we must assume that L contains arbitrarily large vertical sums of Pn as
frames. Thus as noted, we can obtain Sn for each n. By Proposition 6.3.4 we
have that L Ď Box as desired. ■

Corollary 6.3.14 (Decidability of pre-uniform local tabularity). Above KG, uni-
form local tabularity is decidable: if L “ KG ‘ φ, it is decidable whether L is
uniformly locally tabular.

Proof. Since the logic Box is finitely axiomatized and locally finite, it is decidable.
Given L a decidable logic, one simply checks whether L Ď Box, by checking
whether Box contains the axiom φ, which is enough by Theorem 6.3.13. ■
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6.4 Summary

A visual summary of these results in terms of the hierarchy of superintuitionistic
logics is given in Figure 6.8.

LTab
wPL

Box

...LogpP4q

3-Unif

2-Unif

LogpP2q
3Uni

LC

1-Unif
CPC

Tab

ULTab

Figure 6.8: Hierarchy of Locally Tabular Superintuitionistic Logics; blue oval
covers the tabular logics.



Chapter 7

Étale Heyting algebras and Toposes

In [218], Andrew Pitts asked whether every Heyting algebra arises as the lattice
of truth-values of an elementary topos – what we call being a topos-admissible
Heyting algebra. Despite interest in the community, and a complex history, the
problem has remained largely open. In an attempt to answer this question in the
positive, and with a view to addressing several other persistent open problems
in the field, Jibladze and Evgeny Kuznetsov [177, 155] introduced the concept of
étale Heyting algebras . In this chapter we provide a basic logical and algebraic
analysis of the kind of logical calculi associated to these classes of algebras. We
then zoom in on a special class of algebras – étale-finite Heyting algebras – and
prove that all of them are topos-admissible.

Outline of the chapter

1. In Section 7.1 we provide some basic background on the Heyting-to-topos
problem, and the motivations to introduce étale-Heyting algebras, as well
as recalling some basic concepts needed moving forward.

2. In Section 7.2 we provide the basic theory of varieties of étale Heyting al-
gebras, the dual étale Esakia spaces, and also introduce their logical coun-
terpart in the form of internal H-calculi , denoted by IntH. We study dual
representations of free étale Heyting algebras in general, and their simplifi-
cations in the case of Smetanich algebras. We also present the basic theory
of étale-finite Heyting algebras.

3. In Section 7.3 we provide the main theorem of this Chapter: every étale-
finite Heyting algebra appears as the lattice of truth values of an elementary
topos.

4. In Section 7.4 we identify some key properties of the toposes produced by
our method, which we call finitely propositional toposes. We show that
every finitely propositional topos carries an étale-finite Heyting algebra as

203
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its lattice of truth-values, providing a key obstruction to extending the
methods of this chapter beyond this case.

5. We conclude in Section 7.5, by pointing to future avenues of development,
inspired by the study of étale Smetanich algebras and the locally Esakia
spaces of Chapter 3.

7.1 Heyting algebras and toposes

In [218], Andrew Pitts proved that, for each Heyting algebra H, the inclusion
i : H ãÑ Hrxs has a left and a right adjoint, establishing consequently, that IPC
has uniform interpolation (See Section 2.2.3, Theorem 2.2.44). In the introduc-
tion to that paper, the author explains how this result, which implies uniform
interpolation (see Section 2.2.3), arose out of an attempt to solve, in the negative,
the following question:

Problem 7.1.1 (Heyting-to-topos problem). Given a Heyting algebra H, is there
an elementary topos E such that the lattice SubEp1q of subobjects of the terminal
object 1 is isomorphic to H?

Such a problem can be formulated in purely logical terms: does every propo-
sitional intuitionistic theory T have a higher-order extension T 1 such that

1. T 1 is conservative over T , i.e., T 1 proves no new propositional sentences,

2. and, for every higher-order sentence φ, T 1 proves that φ is equivalent to a
propositional sentence?

The lattice SubEp1q is also known as the lattice of truth values of E . A Heyting
algebra isomorphic to SubEp1q for some elementary topos E will be called topos-
admissible. Since Pitts’ paper, two classes of Heyting algebras have been shown
to be topos-admissible:

• Complete Heyting algebras (i.e., locales), where one can take the topos of
sheaves on the given locale [183, Ch. IX.5];

• Boolean algebras, where a construction of Peter Freyd is known to produce
a topos with the desired properties (see [159, Exercise 9.11], and also [219,
Example 4.8] for a similar construction).

Some basic closure conditions are known on topos-admissible Heyting algebras:
they are closed under products and homomorphic images. With a few isolated
exceptions (see Appendix A.5.3), this constitutes at time of writing the boundary
of knowledge on topos-admissible Heyting algebras.

This problem appeared multiple times in the literature during the 1990s and
early 2000s (see e.g. [130, Introduction], [219]). In the early 2000s, Dimitri (Dito)
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Pataraia began work on this problem; part of his analysis is outlined in a lecture
given by Peter Johnstone [156] on the subject of “hochas” (see A.5.1) – higher-
order cylindric Heyting algebras – and involved adapting methods related to
the step-by-step construction of finitely generated free Heyting algebras [127] to
adding higher-order quantifiers. Though there were claims in the community of a
solution, Pataraia passed away without leaving a written proof. Over the years,
the problem kept being asked in different contexts (see e.g., [2, 1]). In recent years
there has been a renewed interest in the problem: in [178], a state of the art was
given on the problem, outlining some of the difficulties of extending it beyond the
Boolean case, and, in [216], the problem was asked once more, leading to more
attention by the research community (e.g., see [135, Question 16]). Throughout,
we will generically refer to this problem as the “Heyting-to-topos” problem1.

Pataraia’s approach with hochas—similar to Pitts’ tripos-to-topos construc-
tion [219]—amounts to an algebraic encoding of the structure of a minimal topos
(see Appendix A.5.1 for a discussion). By contrast, Freyd’s approach is strongly
geometric, and heavily reminiscent of the methods of Grothendieck topos theory:
given a Boolean algebra, one considers its Stone dual SpecpBq, and local homeo-
morphisms from Stone spaces X to SpecpBq. The fact that maps between Stone
spaces are closed, and the properties of local homeomorphisms, makes it such
that the subterminals are easily seen to form the lattice of clopens of SpecpBq,
which by Stone duality is isomorphic to B itself.

Motivated by this sheaf-theoretic intuition, E. Kuznetsov and Jibladze [177,
155] introduced étale Heyting algebras : these can be seen as pairs pH, fq where
f : H0 Ñ H is a Heyting homomorphism which additionally preserve the validity
of all equations with constants from H. Jibladze and E. Kuznetsov employed
étale Heyting algebras to solve a question related to KM algebras: they gave a
transparent algebraic proof that every variety of Heyting algebras is generated
by its KM algebras (a result originally due to A. M. Kuznetsov [175]). This is
related to the question of whether every variety of Heyting algebras is generated
by its complete Heyting algebras (see e.g. [46]).

Amongst étale Heyting algebras, An especially natural class of such algebras
are those satisfying Jibladze’s laws [164, 154], which give a generalized law of
excluded middle, and which we call étale-finite Heyting algebras . These will play
a substantial role in this chapter: we will show that every étale-finite Heyting
algebra is topos-admissible, and show that in a technical sense, these form the
largest class for which a topos can be constructed using local homeomorphisms
on categories of compact spaces.

1In private communication with Andrew Pitts, we learned that such a problem was men-
tioned to Pitts by Peter Freyd, though it is seemingly not known who originally posed the
question.
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7.2 Étale structures and internal H-calculi

In this section, we study étale Heyting algebras from an algebraic and logical
point of view. We then move on to analyzing free étale algebras in general and in
the special case of Smetanich algebras; we conclude by outlining the basic theory
of étale-finite Heyting algebras.

7.2.1 Internal H-calculi

Definition 7.2.1 (H-algebras). Given H0 a Heyting algebra, a pair pH, fq where
f : H0 Ñ H is a homomorphism is called an H0-algebra.

One may see H0-algebras alternatively as pairs pH, fq, or as Heyting algebras
H with an interpretation of the constants of H0 subject to the relationships
between them:

Definition 7.2.2 (Extended calculus). Let H0 be a Heyting algebra. We denote
by LIPCpH0q the language expanded by a fresh constant ca for each element of
a P H0. We denote by IPCpH0q the extension of IPC in the language LIPCpH0q by
the equational axioms of H0, i.e., for all a, b P H0,

1. c1 Ø J and c0 Ø K;

2. ca‹b Ø ca ‹ cb for ‹ P t^,_,Ñu.

An extension L Ě IPCpH0q is called an H0-superintuitionistic logic, if it is closed
under Modus Ponens and uniform substitution. We say that L is H0-consistent
if for each a ‰ b P H0, ca Ø cb R L.

Notation 7.2.1 (Identification of constants). Whenever it does not cause confu-
sion, we identify ca with the element a itself.

Formally, for any L Ě IPCpH0q we define $L in the manner introduced in
Section 2.2, and obtain that it is a proper algebraic logic, though in a possibly
infinitary signature. Note that $L will still be an implicative logic, and it will
enjoy the same deduction theorem (see Section 2.2.3) as IPC:

Proposition 7.2.3 (Deduction theorem). For each Heyting algebra H0, and L Ě
IPCpH0q an H0-s.i. logic, and for each φ, ψ P LIPCpH0q, we have:

φ $L ψ ðñ $L φÑ ψ.

An H0-algebra is then simply an algebraic model of IPCpH0q. The usual
algebraic completeness theorem yields that IPCpH0q is sound and complete with
respect to H0-algebras, which form a variety – homomorphisms between pH, fq
and pH 1, f 1q are homomorphisms g : H Ñ H 1 such that f 1g “ f . We will assume
throughout all the basic algebraic completeness results as discussed in Chapter 2.
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Given an H0-s.i. logic L, we denote by AlgpLq its H0-algebras. We denote by
HAH0 the variety of all H0-algebras. We will be mostly interested in a special
subvariety of it which appears to have been first explicitly considered in [177]:

Definition 7.2.4 (Étale Heyting algebras). Given a Heyting algebra H0, an H0-
algebra pH, fq is said to be H0-étale if for each finite tuple a “ pa1, . . . , anq for
ai P H0, and each formula φpa1, . . . , an, yq P LIPCpH0q:

H ( @ypφpa, yq “ 1q ùñ H 1
( @ypφpfa, yq “ 1q.

Denote by EtH0 the class of H0-étale algebras.

Definition 7.2.5 (H0-internal calculus). We denote by IntH0 , the H0-internal cal-
culus, the extension of IPCpH0q by the axioms φpca, pq such that H0 ( @yφpa, yq.

The following was noted in [177, pp.10]:

Proposition 7.2.6 (Completeness of Internal H0-calculi). For each Heyting alge-
bra H0, EtH0 “ VarpH0, idH0q, IntH0 is H0-consistent, and is sound and complete
with respect to EtH0 .

We refer to EtH0 as the variety of H0-étale algebras. A class V of the form
EtH0 for some H will be called generically a variety of étale algebras.

Example 7.2.7 (Classical logic is the 2-internal calculus). Note that by con-
struction, IPCp2q is term equivalent to IPC, since the axioms force the additional
constants to be interpreted as J and K. On the other hand, Int2 adds as axioms
the equational theory of 2, which is classical logic. Thus Int2 is equivalent to CPC.

Example 7.2.8 (KM tabular Gödel logics are chain-internal calculi). If one takes
the n-element chain rns, then IPCprnsq is a form of n-valued intuitionistic logic,
with no additional connectives. On the other hand, Intrns can be seen to be term
equivalent to the logic in the language LIPC,l axiomatized by,

KM‘ ppÑ qq _ pq Ñ pq ‘ bdn.

To see this note that the variety corresponding to this logic is VarKMprnsq. More-
over, the presence of the KM-modality makes every element in rns a definable
constant: for each k P rns, this is represented by lk´1K. Conversely, any algebra
in Varprns, idnq can be seen to be a KM-algebra (see Example A.2.4).

The situation from Example 7.2.7 is completely general: the internal H0-
calculi always correspond to the strongest superintutionistic logic, in an extended
language, containing a given Heyting algebra as a model:

Proposition 7.2.9 (Internal H0-calculi are largest H0-consistent). For each L Ě
IPCpH0q a superintuitionistic H0-logic which is H0-consistent, we have L Ď IntH0 .
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Proof. Let V be the variety of L. It suffices to show that pH0, idH0q P V. For
that purpose, let pFVpωq, fq P V be the free ω-generated algebra in this variety.
Then consider f : H0 Ñ FVpωq the witnessing map. Then f is injective: if we
had:

FVpωq ( fpaq “ fpbq,

then ca Ø cb “ 1, which would be a contradiction to L being H0-consistent. Since
f is injective, then f rH0s – H0, and since this is a variety, hence closed under
subalgebras, so we have pf rH0s, idf rH0sq P V; by closure under isomorphisms,
pH0, idH0q P V.

We have that f rH0s will be a subalgebra of H, and hence pf rH0s, fq P V. By
algebraic completeness, we conclude that L Ď IntH0 . ■

We thus obtain that IntH0 serves as a boundary. In this context, one may
wonder what is the connection between the H0-étale algebra pH, fq and some
further H-étale algebra. This was noted in [155]:

Proposition 7.2.10. [155, Corollary 2.11] Let H0 be a Heyting algebra, pH, fq
be H0-étale, and pH 1, gq is H-étale. Then we have that pH 1, gfq is H0-étale.

Remark 7.2.11 (Inductive rules and étale algebras). The Heyting homomorphisms
f : H0 Ñ H which witness the fact that pH, fq is H0-étale have a close connection
with some morphisms appearing elsewhere in the study of Heyting algebras. This
is connected with so-called Π2-rules, i.e., rules which have the first-order structure

@x
`

@zφpx, zq Ñ ψpxqq,

where φ and ψ are (conjunctions of) equations. Such formulas are special Horn
formulas, allowing for universal quantifiers in the antecedent, and therefore, gen-
eralizing quasi-equations. In [5], we discussed the model-theoretic characteriza-
tion of classes of algebras axiomatized by such formulas: they are precisely those
classes closed under the operators I, P, PU and the special operator S@ corre-
sponding to @-subalgebras :

Definition 7.2.12 (@-subalgebras). A subalgebra A ď B is a @-subalgebra if when-
ever A ( λpa, xq « γpa, xq, then B ( λpa, xq « γpa, xq. @-embeddings are defined
in the obvious corresponding way, by composing with isomorphisms.

It is clear, then, that if pH, fq is a H0-algebra, where f is injective, then f is
a @-subalgebra if and only if pH, fq is H0-étale.

In general, the characterization of when a given f is an étale homomorphism,
and relatedly, the axiomatization of IntH, may be quite complex problems, given
that the structure of H may itself be rather complex. We turn to this problem
in the manner characteristic of this thesis: by attempting to describe the free
objects of such calculi, both algebraically and dually.
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7.2.2 Free étale Heyting algebras

In this section we describe some general facts about the structure of free 1-
generated Heyting algebras.

Definition 7.2.13 (Free 1-generated algebra in internal calculus). Let H0 be a
Heyting algebra. We denote by H0xιy the free algebra in one generator in the
variety EtH0 .

The algebras H0xιy algebras played a key role in the work of Jibladze and
E. Kuznetsov in [155], where they were used to provide a one-step “enrichment”
of Heyting algebras by KM-operations.

Notation 7.2.2 (Functional notation for elements of powers). Given H a Heyting
algebra, we denote by ch : H Ñ H the constant map with value h P H, and by
d : H Ñ H the identity map.

Proposition 7.2.14 (Explicit construction of free étale). [155, Proposition 4.1]
For any Heyting algebra H0, we have that H0xιy is isomorphic to the subalgebra
of HH generated by tch : h P Hu Y tdu.

Note also the following:

Lemma 7.2.15 (Iterated description of free Heyting algebras). For each Heyting
algebra H, we have that the map ι2 : H0 Ñ pH0xιH0yqxιH0xιH0

yy, given by compo-
sition of canonical inclusions, is isomorphic to the free Heyting algebra on two
generators in EtH0 . Moreover the inclusion map ιH0xιH0

y is the canonical inclusion
between such algebras.

Proof. Note that by Proposition 7.2.10, this will be an object in EtH0 . Therefore,
one simply has to check the universal property: for each pH, fq and each pair of
elements pa, bq, we obtain from f and a a unique homorphism f : H0xιH0y Ñ H
sending ιH0 to a. Given any formula φpx, ιH0 , faq for a Ď H0, note that by the
construction of H0xιH0y given in Proposition 7.2.14, we can find an equivalent
formula ψpx, x, faq, where ιH0 is replaced by a free variable; then we have that
H ( @xφpx, fιH0 , faq, if and only if H ( @x, x ψpx, x, faq. Thus, if it holds that
H0xιH0y ( @x, x φpx, ιH0 , faq, this implies that H0 ( @x, x ψpx, x, aq. Since pH, fq
is H0-étale, H ( @x, xψpx, x, faq, which implies that H ( @x, x φpx, x, faq.

This shows that f : H0xιH0y Ñ H is such that pH, fq is H0xιH0y-étale. Thus
using the universal property of pH0xιH0yqxιH0xιH0

yy, we obtain a unique extension

f
2
: pH0xιH0yqxιH0xιH0

yy Ñ H, sending ιH0xιH0
y to b. It is straightforward to verify

that this factors through the composition ι2, and that such a map is indeed unique
as a a map of H0-algebras. ■

To obtain a better grasp of these objects, we combine the methods of the
previous chapters to describe H0xιy for a generic H0. The reader may this point
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wish to consult the description given of the coproduct of Esakia spaces given in
Section 3.4.1, and the step-by-step construction of Heyting algebras discussed
throughout Chapter 4, especially the polynomial complex from Section 4.4.3.

Definition 7.2.16 (Representable polynomial complex). Let H be a Heyting
algebra, X “ SpecpHq, and let GπX pX ˆ 2ďq “ ppX ˆ 2ďqn, rnq the polynomial
Ghilardi complex2. Let

Ů

hPH Xh be the topological and ordered sum of H many
copies of X.

1. Let f0 :
Ů

hPH Xh Ñ X ˆ 2ď be the map sending x P Xh to px, 1q if and
only if h P x. We denote by Rep0 “ f0

“
Ů

hPH Xh

‰

.

2. For each n, fn`1 :
Ů

hPH Xh Ñ pX ˆ 2ďqn is defined by sending x to fnrÒxs;
notice that this is well-defined, since for each h P H, fn is a closed map,
as it restricts to a map fh : Xh Ñ pX ˆ 2ďqn summand Xh. We denote by
Repn`1 “ fn`1

“
Ů

hPH Xh

‰

.

Points from Repk are called representable. The clear advantage of them is that
one has a very easy method of constructing them, and of checking their validity.
However, they do not often form a closed subspace. For that reason we need to
consider the following:

Definition 7.2.17 (Internal Ghilardi complex). The H0-internal Ghilardi com-
plex , is the sequence:

Rep0
r0
ÐÝ Rep1

r1
ÐÝ ...

rn
ÐÝ Repn

rn`1
ÐÝÝÝ ...

where Repk is the topological closure in pX ˆ 2ďqn of Repn, and rn are the
restrictions of the root maps.

Note that this chain is well-defined:

Lemma 7.2.18 (Internal Ghilardi complex is well-defined). The maps rn are
surjective continuous maps when restricted to the representable Ghilardi complex.
Moreover, for each n, the unique lifting fn`1 :

À

hPH Xh Ñ pX ˆ 2ďqn has its
image equal to Repn`1, and commutes with the diagram.

Proof. Note that rn : Repn`1 Ñ Repn is surjective, since if x P Repn, there is
some h P H and y P Xh such that fnpyq “ x; then by definition, rnfn`1pyq “
rnfnrÒys “ x. Since rn is a continuous map between the Stone spaces pXˆ2ďqn`1
and pX ˆ 2ďqn, it is closed. Thus:

rnrRepn`1s “ rnrRepn`1s “ Repn,

2See Proposition 4.4.24.
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which shows surjectivity. The fact that the the lifting works as desired follows by
similar considerations:

fn`1

”

η
`

ğ

hPH

Xh

˘

ı

“ fn`1

”

ğ

hPH

Xh

ı

“ fn`1

”

ğ

hPH

Xh

ı

“ fn`1

”

ğ

hPH

Xh

ı

“ Repn`1;

the fact that fn`1 commutes with the diagram follows by entirely analogous ar-
guments. ■

Notation 7.2.3 (Iterated top elements). Let X be an Esakia space. For each n,
define Jn by: (1) J0 “ X ˆ t1u, and (2) for each n ě 0, Jn`1 “ r´1n rJns.

To proceed we will need a logical interpretation for the elements of the H0-
representable Ghilardi complex. For the following, recall Definition 5.1.2, giving
the formula interpretations over Ghilardi complexes:

Lemma 7.2.19 (Invariance of truth for internal Ghilardi complexes). Let n P ω,
x P

Ů

hPH Xh, and letKh be the clopen upset representing h. For each formula φ of
depth at most n, and for each V1, . . . , Vn Ď X, if x P Xh, then x P φpV1, ..., Vk, Khq

if and only if fnpxq P IφpV1, ..., Vk,Jnq.

Proof. We show this by induction. The base case is obvious by definition of Xh,
and the map f0. Now assume that this holds for n “ 0. Now assume that φ is
of depth n ` 1; then we can assume that φ is a disjunction of conjunctions of
implications, so without loss of generality, take it to be an implication χ1 Ñ χ2.
We want to show that fn`1pxq Ď χ1pV ,Jnq Ñ χ2pV ,Jnq. Suppose that x ď y,
and fnpyq P χ1pV ,Jnq; by induction, we have that y P χ1pV ,Khq. Since x P χ1 Ñ

χ2, y P χ2pV ,Khq, which by induction shows that fnpyq P χ2pV ,Jnq. The other
direction is similar. ■

Corollary 7.2.20 (Characterization of elements of the internal Ghilardi com-
plex). Let X be an Esakia space, and let x P pX ˆ 2ďqn be an element of the
polynomial Ghilardi complex. Then the following are equivalent:

1. x P RepnpXq;

2. Whenever φ, ψ are formulas of depth at most n, and V1, . . . , Vn Ď X, if
φpV1, ..., Vn, V q Ď ψpV1, ..., Vn, V q for each V Ď X a clopen upset, then
x P IφpV1, ..., Vn,Jnq implies that x P IψpV1, ..., Vn,Jnq.
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Proof. (1)ñ(2) Assume that x P RepnpXq, and φ, ψ are formulas of depth at
most n, such that for V1, . . . , Vn Ď X, we have for each V Ď X:

φpV1, . . . , Vn, V q Ď ψpV1, . . . , Vn, V q.

Assume that x P IφpV1, ..., Vn,Jnq but x R IψpV1, ..., Vn,Jnq; then by closure,
there is some representable point x1 P RepnpXq, such that x1 P IφpV1, ..., Vn,Jnqand
x1 R IψpV1, ..., Vn,Jnq, where x1 “ fnpyq. By Lemma 7.2.19 we obtain that

y P φpV1, ..., Vn, V qzψpV1, ..., Vn, V q,

which is a contradiction to our assumption on such a formula.
(2)ñ(1) Assume that x has the designated property. We must show that each

neighbourhood of x intersects the representable points. Consider:

IφpV1, ..., Vn,JnqzIψpV1, ..., Vn,Jnq,
one such neighbourhood, consisting of interpretations of formulas of depth

at most n, over H0, which is possible by construction of the clopen upsets of
the polynomial Ghilardi complex. By the given property, there must exist some
V Ď X a clopen upset such that:

φpV1, . . . , Vn, V q Ę ψpV1, . . . , Vn, V q.

Let y be a point in this neighbourhood. Then again by Lemma 7.2.19, fnpyq
will be a point such that fnpyq P IφpV1, . . . , Vn,JnqzIψpV1, . . . , Vn,Jnq. This
concludes the proof. ■

Let VReppXq be the projective limit of the H0-representable Ghilardi. We now
show that this construction has the desired universal property. From this it will
follow that it is isomorphic to H0xιy.

Lemma 7.2.21 (Internal Vietoris limit is Esakia). The space VReppXq is an
Esakia space.

Proof. By Lemma 7.2.18, we have that the liftings fn :
À

hPH Xh Ñ pXˆ2ďqn has
its image equal to Repn and commutes with the diagram. Thus there is a unique
p-morphism f8 : :

À

hPH Xh Ñ VπXG pX ˆ 2ďq. By construction of Repn at each
stage, it is clear that whenever x P

À

iPI Xi, we have f8pxq P VReppXq. Moreover,
if x P VReppXq, then for each n, we have that xpnq P Repn “ fn

“
À

hPH Xh

‰

.
By compactness, and the universal property of limit maps, we conclude that
x P f8

“
À

hPH Xh

‰

.
Since

À

hPH Xh is an Esakia space, VReppXq is then a p-morphic image of an
Esakia space, and thus, is an Esakia space itself by duality (see Table 2.1). ■

Let p : VReppXq Ñ X be the composition of πXπ0. We will now show that this
is dual to an object in EtH0 , and the free 1-generated algebra in this variety.



7.2. Étale structures and internal H-calculi 213

Theorem 7.2.22 (Dual description of free étale Heyting algebras). For each H0

a Heyting algebra, the Esakia space pVReppSpecpH0qq, pq is dual to H0xιy.

Proof. We will show the universal property of H0xιy. Let X “ SpecpH0q. Dually,
the universal property takes the following form: let g : Y Ñ X be a p-morphism
between Esakia spaces which is dual to pClopUppY q, g´1q P EtH0 . Then for each
clopen upset U Ď Y , there is a unique extension g : Y Ñ VReppXq such that
g´1rπ´10 rX ˆ t1uss “ U .

For this purpose, first note Rep0 “ X ˆ 2ď, because for each x P X, we can
find a coordinate h where h R x. Thus we begin by defining g0 : Y Ñ X ˆ 2ď
by sending y to py, iq if and only if y P U . Note that this map is πX-open since
U is a clopen upset. Thus by the universal property of one-step extensions of
g-Ghilardi complexes (see Theorem 4.4.4), this induces in a canonical way a map
along the polynomial Ghilardi complex in a unique way: gk`1 : Y Ñ pX ˆ2ďqk`1
sends y to gkrÒys. All that is necessary is to show that such maps factor through
the internal Ghilardi complex.

Assume then that gk : Y Ñ pX ˆ 2ďqk has been defined, such that gkrY s Ď
Repn and such that g´1n rJns “ U . We want to show that gn`1pyq P Repn`1.
Indeed, suppose not. Using Corollary 7.2.20, let φ, ψ be some formula such that
gn`1pyq P φpV1, ..., Vn, Unq but gn`1pyq R ψpV1, ..., Vn, Unq. Then we have that
y P φpg´1rV1s, ..., g

´1rVns, Uq and y R ψpg´1rV1s, ..., g
´1rVns, Uq, using the fact

that g is a p-morphism, and thus its dual is a Heyting algebra homomorphism,
commuting with all connectives. But note that by assumption, we have that
pφ Ñ ψqpV1, ..., Vn, V q holds for each V Ď X a clopen upset. Hence this is an
equation that holds over H0, and by assumption, pClopUppY q, g´1q is étale – a
contradiction. Thus gn`1pyq P Repn`1, as desired. The fac that g´1n`1rJn`1s “ U
follows by the universality of the definition.

By taking the unique extension g : Y Ñ VπXG pX ˆ 2ďq, we thus obtain that
this factors through VReppXq, which proves the result. ■

One can see Theorem 7.2.22 as presenting the general recipe for constructing
étale Heyting algebras. However, just like in Chapter 5, we can hope to extract
more information about these algebras, and develop further intuition about their
fundamental properties, by studying some simpler cases. We turn to this in the
next section.

7.2.3 Étale Smetanich algebras

We now move to a much simpler, yet non-trivial, case of étale Heyting algebras:
Étale Smetanich algebras. For this we exploit the normal form theory developed
in Section 5.1.3, and consider a variation of Carai’s construction (see Definition
5.1.16).
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Definition 7.2.23 (Polynomial Smetanich space). Let X be a Sme-space. We
denote by:

CCpol
2 pXq “ tC P CC2pX ˆ 2ďq : @px, iq P C, x ď y ñ Dj ě i, py, jq P Cu,

where we have C ĺ D if and only if C Ě D and D “ CXÒrpDq. We write simply
r for the composite map πXr sending each C, with root px, iq, to x.

Notation 7.2.4. Throughout when working with CCpol
pXq, we write J :“ Xˆt1u,

and write simply A,B, . . . for Aˆ t0, 1u.

Proposition 7.2.24 (Dual representation of Smetanich polynomial algebras).
Let H be a Smetanich algebra, and X “ SpecpHq. The polynomial Smetanich
algebra HrxsSme is dual to the polynomial Smetanich space CCpol

2 pXq, and the
inclusion map is dual to r : CCpol

2 pXq Ñ X.

Proof. It is easy to see, by the way the order is defined, that CCpol
2 pXq is an upset

in CC2pX ˆ 2ďq. We show that it is closed in this space. Let C R CCpol
2 pXq. By

definition, we have that px, iq P C and x ď y but py, jq R C for j ě i. Thus either
i “ 0, and py, jq R C for any j, or i “ 1 and py, 1q R C. We may take x ‰ y, and
so y ę x; let U be a clopen upset such that y P U and x R U . Note that then
x P ␣␣U , since X is dual to a Smetanich algebra, and since x ă y, y must be the
unique point immediately above x. Thus consider the following neighbourhood:

px␣␣U ˆ t0uy X J´UKq Y ppx␣␣U ˆ t1uyq X JJ ñ ´UKq.

By the assumption on C, this is a neighbourhood of C. Now assume that D is any
set in this neighbourhood. Let z “ rpDq. Then either pz, 0q P ␣␣U ˆ t0u, and
D Ď J´UK, meaning that z ď z1 where pz1, iq R D for any i; or pz, 1q P D where
z P ␣␣U , meaning that z ď z1 for a unique immediate predecessor where z1 P U ,
but similarly pz1, 1q R D. In all cases we see that then D R CCpol

2 pXq, which proves
that the above is a neighbourhood of C entirely outside of this subset.

We conclude that CCpol
2 pXq is a closed upset, and thus an Esakia space (Propo-

sition 2.1.52). To show that it is dual to HrxsSme, we show the dual universal
property, i.e., for any Y a Sme-space, and f : Y Ñ X a p-morphism, there
is a unique p-morphism f : Y Ñ CCpol

2 pXq such that rf “ f , and such that

f
´1
rJJKs “ U .

Let Y be any Sme-space, f : Y Ñ X is a p-morphism, and U Ď Y is a clopen
upset. Define a map f : Y Ñ CCpol

2 pXq by sending y to χy “ tpfpzq, iq : y ď
z, pi “ 1 ðñ z P Uqu. Note that this is a subset with at most two elements,
since Y is a Sme-space, and such an assignment makes the diagram commute.
If y P U , fpyq Ď X ˆ t1u, and conversely, if fpyq Ď X ˆ t1u, then by definition,
y P U .
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We show that f is a continuous map: a subbasis for the space CCpol
2 pXq is

given by the sets JW ˆ tiuK for W clopen and i P t0, 1u, and their complements.
But then note:

f
´1
rJW ˆ tiuKs “ ty P Y : χy Ď W ˆ tiuu.

If i “ 0, this is precisely the set lW X ␣U ; if i “ 1, this is the set lW X U ,
where lW is calculated in the Esakia topology on Y . In both cases it is clopen,
meaning that the preimage is clopen, which immediately entails continuity. The
definition easily entails that f is order-preserving. Notice moreover that f is a
p-morphism: if fpyq ĺ C, note that whenever fpyq ‰ C, then C “ tpfpzq, iqu
(recalling that C Ď fpyq), where by construction, there is some y ď z, and i “ 1
if and only if z P U ; thus fpzq “ C must happen.

We now prove that f is unique. Note that if g : Y Ñ CCpol
2 pXq is another

map, then first note that if y is maximal making the diagrams commute, then if
y P U , gpyq P JJK, so gpyq “ tpy, 1qu “ fpyq. Similarly if y R U and y is maximal,
then gpyq “ tpy, 0qu “ fpyq. Thus on maximal elements, g and f agree. This
forces non-maximal elements to agree, since both of the maps are p-morphisms,
yielding full equality of the maps. ■

It is easy to see that even for a finite Smetanich algebra, HrxsSme need not be
isomorphic to Hxιy, though the latter is, by general arguments, a quotient of the
former:

Example 7.2.25 (Polynomial does not coincide with étale free). Consider H0 “

r3s; its dual is isomorphic to the poset 2ď “ ta ă bu (letters added for clarity
of notation). Running the construction from Proposition 7.2.24, we have that
the dual space is isomorphic to the poset Y of Figure 7.1, with the root map
r : Y Ñ 2ď, assigning each point to its left label. The preimages corresponding
to the elements from H0 are precisely Y , ∅, and Va “ tpa, 0ql, pa, 0qr, pa, 1qu. Now,
consider the upset U “ tpb, 0qr, pa, 1qu. Note that over r3s “ pK ă 1 ă Jq we
have:

r3s ( pxØ Jq _ pxØ Kq _ pxØ 1q.

Thus, in order for UppY q to be the dual of H0xιy, we must have that:

Y “ pU Ø Y q Y pU Ø ∅q Y pU Ø Vaq;

this simplifies to Y “ U Y␣U Y pVa Ø Uaq; note that ␣U “ tpa, 0ql, pb, 0qlu, and
Va Ø U “ tpa, 1q, pb, 1qu. Notably, the point pa, 0qr does not appear in any of
them.

On the other hand, it is not difficult to see that Y ztpa, 0qru does satisfy this
principle – and as we will see below, is dual to H0xιy.

Example 7.2.25 suggests that the problem lies in including points with p01q-
“color” which are not witnessed by the poset or Esakia space – in the terminology
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‚
pa, 0ql

‚
pb, 0ql

‚
pa, 1q

‚
pa, 0qr

‚
pb, 1q

‚
pb, 0qr

Figure 7.1

of Section 7.2.2, such points are not representable. Thus, this suggests the fol-
lowing definition:

Definition 7.2.26 (Separable upset). Given X a Sme-space, we denote by
Sep2pXq Ď CCpol

2 pXq the space containing all C such that either C is a sin-
gleton, or C “ tpx, 0q, py, 1qu and there exists some U Ď X a clopen upset such
that y P U and x R U . Let CC˚2pXq :“ Sep2pXq.

We give an illustrative example, which will moreover show that taking the
closure is necessary.

Example 7.2.27 (Separable upset for Smetanich). Consider the space αN with
8 as top, and its dual algebra P∅,cofpNq. The Esakia space X “ αN has the
accumulation point 8 as its top element and N discretely ordered.

‚ ‚ ‚

‚

‚ ‚ . . .

8

Let Ω be the space given by three copies of αN, Ai “ tpn, iq : n P ωuYtp8, iqu,
ordered as follows:

1. A1 and A2 are ordered by letting pn, 1q ď p8, 1q;

2. For each x P A, px, 3q ď p8, 2q.

A depiction of Ω is given in Figure 7.2; blue full points represent the space A1.
The reader can check that by taking the blue points as labelled with 1, and the red

‚

‚˝‚ ˝ ‚ ˝ . . . ˝
8

˝ ˝ ˝

˝

˝ ˝ . . .

Figure 7.2: The space Ω.

points labelled with 0, one has that Ω is precisely Sep2pXq for pX,ďq the Esakia
space from Example 7.2.41.(3). The red point labelled with 8 corresponds to the
chain tp8, 0q, p8, 1qu, which is not in Sep2pXq, but which compactifies the set of
chains ttpn, 0q, p8, 1qu : n P ωu.
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With all of this we can give our dual representation of free, one-generated,
étale Smetanich algebras:

Proposition 7.2.28 (Closure of separable is Esakia). If H is a Sme-algebra,
and X “ SpecpHq, the space CC˚2pXq is an Esakia space, and the restriction
r : CC˚2pXq Ñ X is surjective.

Proof. Note that Sep2pXq is an upset by definition. By definition, CC2 is closed,
and in Esakia spaces closure of an upset is an upset (see Proposition 2.1.52), and
so CC˚2pXq is a closed upset. Since closed upsets of Esakia spaces are Esakia by
the same Proposition, we obtain that it is an Esakia space. To see the surjectivity
of r, note that for each x P X, Òxˆ t0u will be a chain rooting back at x. ■

Theorem 7.2.29 (Smetanich étale algebras). Whenever H is a Sme-algebra,
and X “ SpecpHq we have that ClopUppCC˚2pXqq – H0xιy.

Proof. By Proposition 7.2.28 we know that CC˚2pXq is an Esakia space, and r
is surjective. We verify that r´1 witnesses the étale condition. Consider the
following three subsets of CC˚2pXq:

1. U1 “ JJK;

2. U2 “ JX ˆ t0uK;

3. U3 “ xJyzJJK.

Note that all these sets are clopen in CC˚2pXq. They are disjoint, by definition,
and they are exhaustive: for each C P CCpol

2 pXq, either all of its (at most two)
elements are of the form py, 1q, or all of the form py, 0q, or C is of depth exactly
2, and its maximal element is of the form py, 1q, and its minimal element of the
form pz, 0q for z ď y. Such “types” identify C: if C,D are of the same type, and
they have the same root, then they must be the same.

Now assume that φpx, aq is a formula in the language LH0 . Note that up to
a substitution, when evaluating this formula in ClopUppCC˚2pXqq, we can assume
that φ is of the form φpx, aq for a P H0

3. By Proposition 5.1.23, giving us the
normal forms for Smetanich logic, we can take it to be a disjunction of χi, where
Wi “ tJJ ñ AiK, JBi ñ JK, xJy, JDiKu and DT Ď W such that χi “

Ş

T . Now
assume that there exists some x R

Ťn
i“1 χi. Then for each i, there is some Zi such

that C R Zi. Note that if Zi “ JJ ñ AiK and Zj “ JJ ñ AjK, we have

Zi Y Zj “ JJ ñ pAi Y AjqK,

so since we assume that C R ZiYZj, we may assume that there is a single element
of this type, i.e., we may assume that there are A,B,D such that W “ tJJ ñ

3More precisely, if the original formula was valid in H, then the modified formula would
be as well by uniform substitution, and the refutation of the latter allows us to conclude the
desired result.
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AK, JB ñ JK, xJy, JDKu, and some T Ď W , such that C R
Ť

T . Note that
Ť

T
is clopen, so if C exists in these conditions, by the definition of closure, we may
assume C P Sep2pXq.

We divide the analysis in three cases:

1. C P JJK: then T cannot contain xJy or JB ñ JK. If C R JJ ñ AK, so
we pick U a clopen upset such that C X pUzAq ‰ H. Then we have that
H * φpx, aqrU{xs, with the element from C serving as a witness.

2. C P J´JK: then T cannot contain JJ ñ AK. Similarly, let U be a clopen
upset such that C X pBzUq ‰ H, and notice that H * φpx, aqrU{xs.

3. C P xJyzJJK: in this case, we can assume that xJy does not appear, all
other disjuncts are present, since all other cases are simplifications. We
may assume that C “ tpx, 0q, py, 1qu, and by assumption of separability,
x ‰ y. Since C R JJ ñ AK, we have that y R A, and since C R JB ñ JK,
x R B, tx, yu Ď ´D. By assumption of separability, let U be a clopen upset
such that y P U and x R U ; then H * φpx, aqrU{xs.

This shows that if H ( @xφpx, aq, then ClopUppCC˚2pXqq ( @xφpx, ιaq, which
shows the algebra belongs to the variety.

Let g : Y Ñ X be such that pClopUppY q, g´1q P EtH0 , and let U Ď Y a
clopen upset. By Proposition 7.2.24, there is a unique continuous p-morphism
g : Y Ñ CCpol

2 pXq, such that g´1rJJKs “ U . The argument showing that g factors
through CC˚2pXq is then exactly the same as that given above to show that CC˚2pXq
is dual to an algebra in EtH0 . ■

Remark 7.2.30 (Root map properties). Note that in some cases, the root map
r : CC˚2pXq Ñ X can satisfy special properties: if one takes the Example 7.2.27,
the root map r : Ω Ñ αN is in fact a local homeomorphism. However, in general
this need not hold: see Section 7.5 for discussion on this.

7.2.4 Étale-finite Heyting algebras

We now move finally to the most special case of étale Heyting algebras, for which
we have a vastly more developed theory: étale-finite Heyting algebras.

Definition 7.2.31 (Étale-finite Heyting algebra). Let H0 be a finite Heyting al-
gebra. A Heyting algebra homomorphism f : H0 Ñ H is said to satisfy Jibladze’s
law 4 if, for every x P H,

ł

x0PH0

`

xØ fpx0q
˘

“ 1.

4The terminology “Jibladze’s law” is introduced here. Frame-theoretic analogues of this law
seem to have first appeared in print in [164], where they are attributed to Jibladze (March
1990); they have been studied more systematically by Jibladze in [154].
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Given an arbitrary Heyting algebra H and a finite Heyting algebra H0, we say
that H is H0-étale if there is a homomorphism f : H0 Ñ H satisfying Jibladze’s
law. We say that H is étale-finite if there is a finite Heyting algebra H0 such that
H is H0-étale.

Remark 7.2.32.

1. (Jibladze’s law generalises the excluded middle) Jibladze’s law can be seen
as a generalisation of the law of excluded middle: taking H0 “ 2 and
f : 2 Ñ H to be the unique Heyting homomorphism, the equation defining
Jibladze’s law becomes

pxØ 1q _ pxØ 0q “ 1,

i.e.,
x_␣x “ 1,

which is the law of excluded middle. Similar generalisations of the law of
excluded middle are already present in the frame-theoretic literature [164]
(see also [154]). From this perspective, étale-finiteness may be regarded as
a finitary analogue of such relative principles.

2. (Étale-finite Ø finite subalgebra) Replacing H0 by the image f rH0s, we
observe that a Heyting algebra H is étale-finite if and only if there is a
finite Heyting subalgebra H0 of H such that, for every x P H, in H we have

ł

x0PH0

pxØ x0q “ 1.

In Proposition 7.4.6 we will show that it suffices that H0 is a finite subset
of H, not necessarily a subalgebra.

The following was shown in [177, pp. 11–12]:

Proposition 7.2.33 (Étale-maps and reducts). For H0 a finite Heyting algebra
and H an arbitrary Heyting algebra, the following are equivalent:

1. H is an H0-étale Heyting algebra;

2. H is the Heyting reduct of some algebra in EtH0 .

Remark 7.2.34 (Étale-finite ñ locally finite). Every étale-finite Heyting algebra
is locally finite. Indeed, by Proposition 7.2.33, an étale-finite Heyting algebra H
is the Heyting reduct of some algebra in EtH0 for H0 a finite Heyting algebra;
thus H P VarpH0q as well. Since every finitely generated variety is locally finite,
every algebra in EtH0 is locally finite. Thus, the Heyting algebra H is locally
finite.
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We will be especially concerned with the duals of homomorphisms f : H0 Ñ H
satisfying Jibladze’s law. We recall from [177] the following notion of a strict p-
morphism:

Definition 7.2.35 (Strict p-morphism). Let f : Y Ñ X be an order-preserving
map between posets. We say that f is a strict p-morphism if, for all y P Y and
x P X with fpyq ď x, there is a unique y1 ě y such that fpy1q “ x.

y

D!y1

fpyq

x

The following is an equivalent formulation of the same concept:

Remark 7.2.36 (Strict p-morphism on principal upsets, [177, Lem. 2.10]). An
order-preserving map f : Y Ñ X is a strict p-morphism if and only if, for each
y P Y , f restricts to an order-isomorphism between Òy and Òfpyq.

Definition 7.2.37 (Étale-finite Esakia space). We say that an Esakia space X
is étale-finite if there is a continuous strict p-morphism from X to a finite Esakia
space X0.

Theorem 7.2.38 (Strictness is dual to Jibladze’s law, [177, Cor. 4.7]). Let
é : X Ñ X0 be a continuous p-morphism from an Esakia space X to a finite
Esakia space X0, and let f : H0 Ñ H be the dual Heyting algebra homomorphism.
The p-morphism é is strict if and only if f satisfies Jibladze’s law.

Corollary 7.2.39 (Étale-finite Esakia spaces Ø étale-finite Heyting algebras).
An Esakia space is étale-finite if and only if its dual Heyting algebra is étale-finite.

Although we defined étale-finite Esakia spaces, we note that these are the
same as “étale-finite Priestley spaces”:

Lemma 7.2.40 (Priestley étale-finite is Esakia). If é : X Ñ X0 is a continuous
strict p-morphism with X a Priestley space and X0 a finite poset, then X is an
Esakia space.

Proof. Since é is a continuous strict p-morphism, for each x0 P X0 the fibre
Sx0 “ é´1rtx0us is clopen.

Let x0 ď y0 in X0. By strictness of the p-morphism, for every x P Sx0 there is
a unique point y P Sy0 such that x ď y. We denote it by px0,y0pxq, thus obtaining
a map px0,y0 : Sx0 Ñ Sy0 . For every A Ď Sy0 , we have

p´1x0,y0rAs “ Sx0 X ÓA. (7.1)
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Indeed, x P Sx0 is sent into A precisely when the unique point of Sy0 above x
belongs to A; equivalently, when x ď a for some a P A. In particular, if A Ď Sy0
is closed, then ÓA is closed in X (since the downward closure of a closed set
is closed in a Priestley space, see e.g. [124, Exercise 3.2.7.b]); hence, the set
p´1x0,y0rAs “ Sx0 X ÓA is closed. Thus, px0,y0 is continuous.

Now let W Ď X be clopen. Since the fibres Sy0 partition X, we have

W “
ď

y0PX0

pW X Sy0q. (7.2)

Using (7.2) and (7.1), we obtain

ÓW “
ď

y0PX0

ÓpW X Sy0q “
ď

y0PX0

ď

x0ďy0

pSx0 X ÓpW X Sy0qq

“
ď

y0PX0

ď

x0ďy0

p´1x0,y0rW X Sy0s.

For each y0, the set W XSy0 is clopen in Sy0 . Since px0,y0 is continuous, its inverse
image is clopen in Sx0 , and hence clopen in X, because Sx0 is clopen in X. Since
X0 is finite, ÓW is a finite union of clopen subsets of X. ■

Example 7.2.41 (Examples of étale-finite Heyting algebras and Esakia spaces).

1. (Finite Heyting algebras, finite Esakia spaces) All finite Heyting algebras
and, dually, all finite posets are clearly étale-finite.

2. (Boolean algebras, Stone spaces) If X is a Stone space, seen as an Esakia
space with the discrete order, then the function ! : X Ñ ‚ to the one-element
space ‚ is a continuous strict p-morphism. Therefore, every Stone space is
étale-finite, and every Boolean algebra is étale-finite.

3. (The space αN with a new isolated top, the algebra Pfin,cofpNq with a new
bottom) Now consider the Alexandroff compactification αN “ N \ t8u of
the set of natural numbers. It is well known (see, e.g., [167, Example 1.9])
that the dual of this space is the Boolean algebra Pfin,cofpNq of all subsets of
N that are finite or cofinite. Let pαNqJ “ pαNq Y tJu, where tJu is added
as a clopen, and order the space by declaring every point in αN to be below
J (see Figure 7.3). Then pαNqJ is an Esakia space; its dual Heyting algebra
adds a new bottom element to Pfin,cofpNq.
Let 2 “ 0 ă 1 be the discrete two-element chain. Consider the map
é : pαNqJ Ñ 2 that sends J to 1 and every other point to 0. Then é is
a continuous strict p-morphism. Therefore, pαNqJ is an étale-finite Esakia
space.



222 Chapter 7. Étale Heyting algebras and Toposes

‚
J

‚‚‚ ‚ ‚ ‚ . . . ‚
8

Pfin,cofpNq

‚

‚
0

‚
1

K

Figure 7.3: The space pαNqJ and its dual Heyting algebra.

4. More generally, let X be an étale-finite Esakia space, say with é : X Ñ X0 a
continuous strict p-morphism, and let Y0 be a finite poset. We can consider
X‘Y0, whose underlying topological space is the disjoint union X\Y0 of X
and the discrete space Y0, and whose partial order is defined by letting every
point of X be below every point of Y0 (see e.g., [54, Def. 4.1.12]). Then,
X‘Y0 is an étale-finite Esakia space. Indeed, the map éY0 : X‘Y0 Ñ X0‘Y0
sending x P X to épxq and y0 to y0 is a continuous strict p-morphism.

Dually, given an étale-finite Heyting algebra H and a finite Heyting algebra
H0, their vertical sum H0 ‘H defined by taking the union of the algebras
and identifying 1H0 with 0H (see [54, Def. 4.1.13]), is an étale-finite Heyting
algebra; see Figure 7.4.

X

Y0
H

H0

‚

‚

‚

Figure 7.4: The space X ‘ Y0 and its dual Heyting algebra H0 ‘H.

5. (Discrete version) Suppose that é : P Ñ P0 is a strict p-morphism from
a poset P to a finite poset P0. We show that the inverse-image function
é´1r´s : UppP0q Ñ UppP q satisfies Jibladze’s law, and hence that UppP q is
étale-finite.

First, notice that every point p P P has only finitely many successors, i.e.,
Òp is finite. For each upset U P UppP q, we show that, for each p P P , there
is an upset U0 Ď P0 such that

p P pU Ø é´1rU0sq,
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where Ø is the biimplication in the Heyting algebra UppP q. Set

U0 :“ érÒpX U s;

this is an upset because Òp X U is an upset and é is a p-morphism. Then
we show that p P pU Ø é´1rU0sq. To prove p P pU Ñ é´1rU0sq, let p1 ě p
be such that p1 P U ; then p1 P ÒpXU , and so p1 P é´1rérÒpXU ss “ é´1rU0s.
To prove p P pé´1rU0s Ñ Uq, let p1 ě p be such that p1 P é´1rU0s “

é´1rérÒp X U ss; then, there is p0 P Òp X U such that épp1q “ épp0q; because
é is a strict p-morphism, p1 “ p0 and so p1 P U . Since p was arbitrary, we
have

1UppP q “
ď

U0PUppP0q

U Ø é´1rU0s.

This shows Jibladze’s law for the map é´1r´s.

6. (Gödel KM Heyting algebras of bounded depth) It can be shown that all
étale-finite Heyting algebras are KM Heyting algebras. Moreover, the KM
Gödel algebras of finite depth provide a natural class of examples of étale-
finite Heyting algebras. For details, see Appendix A.2.4.

Remark 7.2.42 (tétale-finiteu Ę HPptBooleanuY tcompleteuq). We show that the
étale-finite Heyting algebra H from Example 7.2.41(3)

Pfin,cofpNq

‚

‚
0

‚
1

K

is not the product of a Boolean algebra and a homomorphic image of a complete
Heyting algebra. This will show that our main result (Theorem 7.3.39 below,
which produces a topos for each étale-finite Heyting algebra) strictly extends the
class of algebras known to be topos-admissible.

Towards a contradiction, suppose that there is an isomorphism p : BˆC Ñ H,
where B is a Boolean algebra, and C is a quotient of a complete Heyting algebra.
Since the elements p1, 0q, p0, 1q P BˆC are complements, their images pp1, 0q and
pp0, 1q are complements. Since the only complemented elements of H are K and
1, either pp1, 0q “ 1 and pp0, 1q “ K, or pp1, 0q “ K and pp0, 1q “ 1; i.e., H is
isomorphic to either B or C.

Since H is not Boolean, it is not isomorphic to B.
Then, H must be isomorphic to C. It is known that, if π : L ↠ M is a

surjective lattice homomorphism between lattices and M is countable, then π has
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a section as posets, i.e., there is an order-preserving function i : M ãÑ L such

that the composite M
i
ÝÑ L

π
ÝÑM is the identity (see the “weaving map” in [232,

p. 98], which goes back to [95, Thm. 3, p. 35]); it follows that, if L is complete,
then M is complete as well. So, since C is a quotient of a complete Heyting
algebra and H is countable, H must be complete. However, H is not complete,
a contradiction.

This concludes the proof that H is not a product of a Boolean algebra and a
quotient of a complete Heyting algebra.

More generally, the same proof shows that the vertical sum H0‘H of a finite
bounded distributive lattice H0 with at least two elements and a non-complete
countable étale-finite algebra H (for example, the free Boolean algebra on count-
ably many generators) is not the product of a Boolean algebra and a quotient of
a complete Heyting algebra.

H

H0

‚

‚

‚

Remark 7.2.43 (Closure properties of étale-finite Heyting algebras / Esakia spaces).

1. It follows from Proposition 7.2.33 that, for a fixed finite Heyting algebra
H0, H0-étale Heyting algebras are closed under arbitrary products and ho-
momorphic images, as well as under subalgebras containing the image of
H0. Dually, a closed upset of an étale-finite Esakia space is an étale-finite
Esakia space, and, for X0 a fixed finite poset, an arbitrary coproduct (in
Esa, which is computed as in Pries) of X0-étale Esakia spaces is X0-étale.

2. Given two étale-finite Esakia spaces X and Y , their topological and order-
theoretic disjoint union X \ Y is étale-finite. Indeed, if é : X Ñ X0 and
é1 : Y Ñ Y0 are continuous strict p-morphisms to finite Esakia spaces, then
the sum é\ é1 : X\Y Ñ X0\Y0 is a continuous strict p-morphism. Dually,
this shows that the finite product of étale-finite Heyting algebras is étale-
finite.

3. Given two étale-finite Esakia spaces X and Y , their product X ˆ Y com-
puted in Pries is étale-finite. Indeed, let é : X Ñ X0 and é1 : Y Ñ Y0 be con-
tinuous strict p-morphisms to finite Esakia spaces. First, XˆY is an Esakia
space (see Proposition 2.1.69). Second, the map péˆ é1q : X ˆY Ñ X0ˆY0
is continuous and order-preserving by general facts. Finally, we note that
it is a strict p-morphism: if pé ˆ é1qpx, yq ď px0, y0q then épxq ď x0, and so
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there is a unique x1 ě x such that épx1q “ x0, and similarly a unique y1 ě y
such that é1py1q “ y0. Then px1, y1q ě px, yq is the unique pair such that
péˆ é1qpx1, y1q “ px0, y0q.

In general, an infinite product of étale-finite Heyting algebras need not be
étale-finite. To see this, we first record the following facts.

Lemma 7.2.44 (Jibladze’s law + join-irreducible top ñ finite). Let H be a
Heyting algebra whose top element 1 is finitely join-irreducible. Let S be a finite
subset of H such that, for every x P H,

ł

x0PS

pxØ x0q “ 1. (7.3)

Then, S “ H (and hence H is finite).

Proof. The inclusion S Ď H is obvious, so let us prove H Ď S. Let x P H. Since
1 is finitely join-irreducible, from (7.3) we deduce that there is x0 P S such that
xØ x0 “ 1, i.e., such that x “ x0. Then, x “ x0 P S. ■

Corollary 7.2.45 (Étale-finite + join-irreducible top ñ finite). Every finitely
subdirectly irreducible étale-finite Heyting algebra is finite.

Proof. This follows immediately from Remark 7.2.32(2) and Lemma 7.2.44. ■

We can now prove the claim made before Lemma 7.2.44.

Remark 7.2.46 (Infinite product of étale-finite Heyting algebras need not be
étale-finite). The following provides an example of an infinite product of étale-
finite Heyting algebras that is not étale-finite. For each n P Nzt0u, let rns :“ 1 ă
¨ ¨ ¨ ă n be the n-element linearly ordered Heyting algebra, and let

ś

nPNzt0urns be
the product of these chains. Towards a contradiction, suppose that H0 is a finite
Heyting algebra and f : H0 Ñ

ś

nPNzt0urns a homomorphism satisfying Jibladze’s

law. Note that, for each n P Nzt0u, letting πn :
ś

nPNzt0urns Ñ rns denote the

projection, for each x P rns we have

ł

hPH0

pxØ πnfphqq “ 1.

For every n ě 2, the chain rns has a finitely join-irreducible top element and so,
by Lemma 7.2.44,

n “ |rns| ď |πnf rH0s| ď |H0|.

Since this holds for every n ě 2, we have a contradiction. Thus,
ś

nPNzt0urns is
not étale-finite.

We provide some non-examples of étale-finite Heyting algebras and Esakia
spaces.
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Example 7.2.47 (Non-examples of étale-finite Heyting algebras and Esakia
spaces).

1. (Infinite bounded chains) Every infinite bounded chain (such as ω ` 1, 1`
ωop, or ω ` ωop) is not étale-finite; this follows immediately from Corollary
7.2.45, since the top element of an infinite bounded chain is finitely join-
irreducible.

‚
¨
¨
¨
‚
‚
‚

‚
‚
‚
¨
¨
¨
‚

‚
‚
‚
¨
¨
¨
¨
¨
¨
‚
‚
‚

ω ` 1 1` ωop ω ` ωop

Dually, every infinite linearly ordered Esakia space (such as 1` ωop, ω ` 1,
or ω ` 1` ωop) is not étale-finite.

‚
‚
‚
¨
¨
¨
‚

‚
¨
¨
¨
‚
‚
‚

‚
‚
‚
¨
¨
¨
‚
¨
¨
¨
‚
‚
‚

1` ωop ω ` 1 ω ` 1` ωop

2. (Infinite Heyting algebras with greatest non-top element) Every infinite
Heyting algebra with a greatest non-top element is not étale-finite. This
follows immediately from Corollary 7.2.45. So, for every infinite Heyting
algebra H, the Heyting algebra obtained by adjoining a new top element
above the original top element of H is not étale-finite.

infinite

Heyt. alg.

‚

‚

‚
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It follows that any infinite subdirectly irreducible Heyting algebra is not
étale-finite (Proposition 2.1.32).

3. (The space αN with 8 as top, and its dual algebra P∅,cofpNq) The Esakia
space X “ αN, with the accumulation point 8 as its top element and N
discretely ordered, is not étale-finite.

‚ ‚ ‚

‚

‚ ‚ . . .

8

Indeed, there is no continuous strict p-morphism to a finite poset, since
otherwise t8u would be the preimage of the set of maximal elements of the
finite poset and hence t8u would be clopen, a contradiction. Dually, the
Heyting algebra P∅,cofpNq is not étale-finite.

4. (Free Heyting algebras over nonempty sets) The free Heyting algebra over
a nonempty set is not étale-finite. To prove this, it suffices to show that the
free Heyting algebra FHAp1q on one generator is not étale-finite, because, by
Remark 7.2.43(1), étale-finite Heyting algebras are closed under surjective
homomorphisms. By Remark 7.2.34, if FHAp1q were étale-finite, it would
be locally finite—a contradiction since it is 1-generated, yet infinite.

For the interested reader, in Appendix A.2.3 we characterise étale-finite Esakia
spaces as those Esakia spaces where principal upsets are finite and locally con-
stant; see Proposition A.2.9.

7.3 A topos for étale-finite Heyting algebras

In this section we develop the theory of étale-finite Esakia spaces with a view
towards showing that every étale-finite Heyting algebra is topos-admissible. For
the reader less familiar with topos theory, we recall the basic definition here:

Definition 7.3.1 (Power object). Let C be a category with finite limits, and
A P C. The power object of A is a triple pP pAq, PA, iq such that P pAq and PA are
objects, i : PA ãÑ Aˆ P pAq is a monomorphism, and:

• Whenever B is an object, and f : C ãÑ AˆB is a monomorphism, there is
a unique morphism f̃ : B Ñ P pAq such that there is a morphism C Ñ PA

making the square in Figure 7.5 a pullback.

Definition 7.3.2 ([157, Corollary A.2.3.4]). An elementary topos is a category
that has all finite limits and power objects.

Remark 7.3.3. An alternative, equivalent definition of an elementary topos is that
it is a finitely complete, Cartesian closed category with a subobject classifier.
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C PA

AˆB Aˆ P pAq

f i

idAˆf̃

Figure 7.5: Power Object Base Diagram

7.3.1 Spectral local homeomorphisms

Definition 7.3.4 (Spectral topology). The spectral topology on a Priestley space
is the topology of all open upsets.

The clopen upsets of a Priestley space form a basis for its spectral topology
[88, Lem. 2.1]. We stress that by default, continuity refers to continuity in the
Priestley topology.

Recall that a function f : Y Ñ X between topological spaces is said to be a lo-
cal homeomorphism if, for each y P Y , there is an open neighbourhood A of y such
that f rAs is open, and the restriction fæA : AÑ f rAs of f is a homeomorphism.
It is well known that this is equivalent to being a continuous open map that is
locally injective, i.e., such that for each y P Y there is an open neighbourhood A
of y on which f is injective.

Definition 7.3.5 (Spectral local homeomorphism). A spectral local homeomor-
phism f : Y Ñ X between Priestley spaces is a local homeomorphism with respect
to the spectral topologies.

In Theorem 7.3.10 below, we will characterise spectral local homeomorphisms
purely in terms of the Priestley orders and topologies.

For convenience, we recall the following well-known fact.

Lemma 7.3.6 (Spectral continuity ñ order-preservation). A function between
Priestley spaces that is continuous with respect to the spectral topologies (in
particular, any spectral local homeomorphism) is order-preserving.

Proof. Let f : Y Ñ X be one such map. Let y, y1 P Y be such that fpyq ę fpy1q,
and let us prove y ę y1. By the Priestley separation axiom, there is a clopen
upset U such that fpyq P U and fpy1q R U . Since f is continuous with respect to
the spectral topology, f´1rU s is an open upset. Combining the facts that f´1rU s
is an upset and that y P f´1rU s and y1 R f´1rU s, we obtain y ę y1. ■

It is likewise known that the clopen upsets in a Priestley space are exactly
the compact opens in its spectral topology [88, Lem. 2.1]. Moreover, a function
between Priestley spaces is continuous and order-preserving (i.e., a morphism in
Pries) if and only if it is a spectral map (i.e., a continuous map f : X Ñ Y with
respect to the spectral topologies such that, for every spectral compact open U of
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Y , f´1rU s is spectral compact open). As an immediate consequence, we obtain
the following characterisation of homeomorphisms.

Lemma 7.3.7 (Spectral homeomorphisms ô Priestley order-homeomorphisms).
The following are equivalent for a function f : Y Ñ X between Priestley spaces.

1. f is an order-homeomorphism (with respect to the Priestley orders and
topologies);

2. f is a homeomorphism with respect to the spectral topologies.

Recall from Proposition 2.1.69 that a closed set of a Priestley space is again
a Priestley space in the induced order and topology.

Lemma 7.3.8 (Spectral topology on closed subspaces). Let C be a closed sub-
space of a Priestley space X. The spectral topology of C coincides with the
subspace topology obtained by restricting to C the spectral topology of X.

Proof. Clearly, the restriction to C of a spectral open of X is a spectral open of
C. Let us show the reverse inclusion. Let U be a clopen upset of C. For each
x P U and y P CzU , we have x ę y and, by the Priestley separation property in
X, there is a clopen upset Uxy of X such that x P Uxy and y R Uxy. Then, for each
y P CzU , we have U Ď

Ť

xPU Uxy; by compactness of U , there is a finite subcover
U Ď

Ťny

i“1 Uxiy. We set Vy :“
Ťny

i“1 Uxiy; then CzU Ď
Ť

yPCzUpCzVyq. Since each

CzVy is open in C, by compactness there is a finite cover CzU Ď
Ťm
j“1pCzVyjq.

Let W :“
Şm
j“1 Vyj . Then W is a clopen upset of X such that W X C “ U . ■

Lemma 7.3.9 (Local injectivity near a closed set). Let f : Y Ñ X be a local
homeomorphism, where Y is compact Hausdorff and X is Hausdorff. Let K Ď Y
be closed. If fæK is injective, then there is an open neighbourhood U Ě K such
that fæU is injective.

Proof. Set

R :“ tpy1, y2q P Y ˆ Y : fpy1q “ fpy2qu “ pf ˆ fq
´1
p∆Xq.

Since X is Hausdorff, ∆X is closed, and hence R is closed in Y ˆ Y . Let

E :“ Rz∆Y “ tpy1, y2q P Y ˆ Y : fpy1q “ fpy2q, y1 ‰ y2u.

Because f is a local homeomorphism, it is locally injective. Hence ∆Y is open in
R: for every y P Y there is an open neighbourhood Wy of y such that

R X pWy ˆWyq “ ∆Y X pWy ˆWyq.

Therefore, E “ Rz∆Y is closed in R, and hence closed in Y ˆ Y .
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Since fæK is injective, we have

E X pK ˆKq “ ∅.

By Wallace’s theorem, also known as the “Tube Lemma” [205, Lem. 26.8]
(see also [Stacks, Tag 005N]), we have open neighbourhoods U1 and U2 of K such
that U1 ˆ U2 Ď pY ˆ Y qzE; thus, by taking U :“ U1 X U2, we obtain an open
neighbourhood U of K such that pU ˆ Uq X E “ ∅.

Now if u, v P U and fpuq “ fpvq, then pu, vq P R. Since pu, vq R E, it follows
that u “ v. Thus fæU is injective. ■

The following characterises spectral local homeomorphisms purely in terms of
Priestley topology and order.

Theorem 7.3.10 (Characterisations of spectral local homeomorphisms). Let
f : Y Ñ X be a function between Priestley spaces. The following are equivalent:

1. f is a spectral local homeomorphism;

2. for every y P Y , there is a clopen upset V Ď Y with y P V such that f rV s
is a clopen upset of X and

fæV : V ÝÑ f rV s

is an order-homeomorphism (with respect to the Priestley order and topol-
ogy);

3. there are n P N and clopen upsets U1, . . . , Un of Y such that Y “ U1Y¨ ¨ ¨YUn
and, for each i P t1, . . . , nu, f rUis is a clopen upset and fæUi

: Ui Ñ f rUis
is an order-homeomorphism;

4. f is a strict p-morphism with respect to the Priestley orders and a local
homeomorphism with respect to the Priestley topologies.

Proof. (1)ñ(2) Let y P Y . By (1), there is an open upset A Ď Y with y P A
such that f rAs is an open upset in X and fæA : A Ñ f rAs is a homeomorphism
with respect to the spectral topologies. Since clopen upsets form a basis for the
spectral topology, there is a clopen upset V with y P V Ď A. Then, V is compact
and open in the spectral topology on Y , and so f rV s is compact by continuity of
f with respect to the spectral topologies; since V is open in the subspace A, the
set f rV s is open in f rAs, and hence spectral open in X. Thus f rV s is compact
and open in the spectral topology of X, and hence a clopen upset. Moreover,
the restriction fæV : V Ñ f rV s is a homeomorphism with respect to the spectral
topologies. Now, since V and f rV s are clopen, they are closed Priestley subspaces,
and so (2) follows easily from Lemma 7.3.7.

https://stacks.math.columbia.edu/tag/005N
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(2)ñ(3) By (2), for each y P Y there is a clopen upset Uy containing y such
that f rUys is a clopen upset and f restricts to an order-homeomorphism on Uy.
Then, Y “

Ť

yPY Uy. By compactness, we get a finite cover, which shows (3).
(3)ñ(4) The fact that f is a local homeomorphism with respect to the Priest-

ley topologies is immediate. Let us prove that f is a strict p-morphism. If y P Ui
and fpyq ď x, then x P f rUis because f rUis is an upset; the unique preimage of x
under fæUi

is the candidate y1 ě y; the uniqueness follows from the fact that Ui
is an upset, and so every z ě y is still in Ui.

(4)ñ(1) Fix y P Y . Since Y is a Priestley space, the principal upset Òy is
closed in Y [222, Prop. 2.6]. Since f is a strict p-morphism, by Remark 7.2.36,
the restriction

fæÒy : Òy ÝÑ Òfpyq

is an order-isomorphism; in particular, it is injective. By Lemma 7.3.9, there is
an open neighbourhood U of Òy such that fæU is injective.

Using a standard fact for Priestley spaces [94, Lem. 11.21], choose an open
upward-closed neighbourhood V of y such that

Òy Ď V Ď U.

Then fæV is still injective. Since f is a local homeomorphism for the Priestley
topologies, it is an open map. Hence, f rV s is open in X, and

fæV : V ÝÑ f rV s

is a homeomorphism.
Since V is upwards closed and f is a p-morphism, the set f rV s is an upset (see

Remark 2.1.54.(1)). We show that f moreover reflects the order. Let v, w P V ,
and assume that fpvq ď fpwq. Since fpwq P Òfpvq and

fæÒv : Òv ÝÑ Òfpvq

is surjective, there is u P Òv such that fpuq “ fpwq. As V is upward closed and
v P V , we get u P V . Since fæV is injective, it follows that u “ w, and hence
v ď w.

Thus, for all v, w P V ,

v ď w ðñ fpvq ď fpwq,

and so fæV is an order-homeomorphism onto the open upset f rV s. Since y P Y
was arbitrary, f is a spectral local homeomorphism. ■

Corollary 7.3.11 (Uniform finite fibres over principal upsets). Let f : Y Ñ X be
a spectral local homeomorphism between Priestley spaces. If X is an étale-finite
Esakia space, then there is m P N such that, for each x P X, f´1rÒxs is a finite
set of cardinality at most m.



232 Chapter 7. Étale Heyting algebras and Toposes

Proof. Choose a continuous strict p-morphism é : X Ñ X0 with X0 finite. By
the implication (1)ñ(3) in Theorem 7.3.10, there are n P N and clopen upsets
U1, . . . , Un of Y such that Y “ U1 Y ¨ ¨ ¨ Y Un and, for each i P t1, . . . , nu, f rUis
is a clopen upset and fæUi

: Ui Ñ f rUis is an order-homeomorphism. Then, for
each x P X, the set f´1rÒxs has at most n|X0| elements. ■

The following corollary shows that the existence of a spectral local homeo-
morphism to an Esakia space forces the domain to be Esakia.

Proposition 7.3.12 (Étale over Esakia is Esakia). Let f : Y Ñ X be a spectral
local homeomorphism, where Y is a Priestley space and X is an Esakia space.
Then Y is also an Esakia space.

Proof. By Theorem 7.3.10(3), there are n P N and clopen upsets U1, . . . , Un of Y
such that Y “ U1 Y ¨ ¨ ¨ Y Un and, for each i P t1, . . . , nu, f rUis is a clopen upset
and fæUi

: Ui Ñ f rUis is an order-homeomorphism. Since a closed upset of an
Esakia space is an Esakia space, f rUis is an Esakia space; therefore, Ui is also an
Esakia space. Let U1 \ ¨ ¨ ¨ \ Un be the coproduct of the Ui, whose elements are
of the form px, iq for x P Ui. We thus have a natural map

q : U1 \ ¨ ¨ ¨ \ Un ↠ Y,

which sends px, iq to x. For each clopen W Ď Y , we have q´1rW s “ tpx, iq :
x P W u “

Ůn
i“1pW X Uiq, which is clopen; thus q is continuous. Moreover, q is

obviously surjective and a p-morphism. Thus Y is an Esakia space. ■

To conclude this section, recall that the category v of topological spaces and
local homeomorphisms has an interesting property with respect to the ambi-
ent category Top of topological spaces and continuous functions (see e.g. [72,
Lem. 6.4.5]):

Definition 7.3.13 (Triangle property). Let C be a category. We say that a
(not necessarily full) subcategory L of C has the triangle property if, for all C-

morphisms Z
f
ÝÑ Y

g
ÝÑ X between objects of L, if g and gf are L-morphisms then

f is an L-morphism.

Z Y

X
gf

f

g

By the implication (1)ñ(4) in Theorem 7.3.10, every spectral local homeo-
morphism between Priestley spaces is continuous and order-preserving; hence, we
may regard the category of Priestley spaces and spectral local homeomorphisms
between them as a subcategory of Pries. We now have:
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Proposition 7.3.14 (Triangle property for spectral local homeomorphisms). The
category of Priestley spaces and spectral local homeomorphisms has the triangle
property in Pries.

Proof. Let f : Z Ñ Y and g : Y Ñ X be continuous order-preserving maps be-
tween Priestley spaces, and suppose that g and gf are spectral local homeo-
morphisms. The function f is continuous in the spectral topology because it is
continuous and order-preserving. Since local homeomorphisms satisfy the trian-
gle property in the category of topological spaces and continuous maps (see e.g.
[72, Lem. 6.4.5]), f is a spectral local homeomorphism. ■

7.3.2 Esakia étale spaces

Let EsaSLH be the category of Esakia spaces with spectral local homeomorphisms
between them.

Definition 7.3.15 (Esakia étale space). Let X be an Esakia space. We denote
by EsaÉtpXq the slice category EsaSLH{X, which we refer to as the category of
Esakia étale spaces over X.

Concretely,

1. An object of EsaÉtpXq is a spectral local homeomorphism Y Ñ X, where
Y is an Esakia space,

2. A morphism from Y1 Ñ X to Y2 Ñ X is a spectral local homeomorphism
Y1 Ñ Y2 such that the following diagram commutes.

Y1 Y2

X

Our goal is to prove that, for every étale-finite Esakia space X,

EsaÉtpXq

is a topos whose lattice of truth values is isomorphic to ClopUppXq.
First, we will prove that, for every Esakia space X, the category EsaÉtpXq

is finitely complete; then, we will show that, if X is étale-finite, then EsaÉtpXq
is a topos. In the next section, we will also prove the converse: if EsaÉtpXq is a
topos, then the Esakia space X is étale-finite (Theorem 7.4.7).

Example 7.3.16 (The Boolean/Freyd case). Let X be a Stone space. Then
EsaÉtpXq is isomorphic to the slice category StoneLH{X, where StoneLH is the
category of Stone spaces and local homeomorphisms between them. Indeed, given
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an object of EsaÉtpXq, i.e., a spectral local homeomorphism f : Y Ñ X with Y
an Esakia space, if the order on X is discrete, then so must be Y (because any
spectral local homeomorphism is a strict p-morphism). It was shown by Freyd
(see [159, Exercise 9.11]) that this category is a topos.

7.3.3 Finite limits

We note that, while calculations of limits will turn out to be easy in slice cate-
gories, the same need not be true in the ambient category EsaSLH:

Example 7.3.17 (Lack of finite limits in the ambient category). EsaSLH is easily
seen not to have a terminal object. Indeed, suppose there is a terminal object T ,
and let us derive a contradiction. Then, there is a unique morphism !V : V Ñ T ,
where V is the V-shaped three-element poset below.

‚ ‚

‚

Since a strict p-morphism is injective on principal upsets, !V is injective. Let
σ : V Ñ V be the function that swaps the two maximal elements of V . Then, !V σ
and !V are two different morphisms from V to T , a contradiction.

We next show that, unlike TopLH,5 EsaSLH does not have equalisers, either.
To see this, let X be the following Stone space:

8
N0

00 10 20 30
¨ ¨ ¨

¨ ¨ ¨
31 21 11 01

N1

¨ ¨ ¨
32 22 12 02

N2

It consists of three copies of the discrete space N, which we call Ni :“ tni : n P Nu
for i P t0, 1, 2u, together with a limit point 8. That is, X is the Alexandroff
compactification of the discrete set N0 \ N1 \ N2. The Stone space X is an
Esakia space when considered with equality as a partial order. The identity
idX is moreover easily seen to be a spectral local homeomorphism, and the map
f : X Ñ X that permutes the two copies N1 and N2 (by mapping n1 to n2 and
vice versa) is likewise a spectral local homeomorphism. Assume that EsaSLH had
an equaliser i : Eqpf, idXq Ñ X of f and idX , and let us reach a contradiction.
We denote the image of i by U ; the set U is contained in N0 Y t8u since the
equaliser equalises. Moreover, for every n P N, the inclusion tn0u ãÑ X is a

5The equaliser in TopLH is well known to be the interior of the usual equaliser (see [157,
Example A.1.2.7]).
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morphism, since it is an injective spectral local homeomorphism that equalises f
and idX , and so it factors through i. Hence, n0 P U and therefore N0 Ď U . Thus,
N0 Ď U Ď N0 Y t8u. Note that U is a clopen subset of X (because the map i is
closed and, by the implication (1)ñ(4) in Theorem 7.3.10, open). However, no
subset S of X satisfying N0 Ď S Ď N0 Y t8u is clopen.

We now study how limits behave in slice categories. For this, we use the
following category-theoretic fact:

Theorem 7.3.18 (Finite limits in the slice under the triangle property). Let C
be a category and L a (not necessarily full) subcategory with the triangle property.
Suppose that C has pullbacks and that the pullback cone in C of a cospan belonging
to L belongs to L. Then,

1. L has pullbacks, which are computed as in C; that is, the inclusion L ãÑ C
creates pullbacks6.

2. For every X P L, the category L{X is finitely complete:

(a) A pullback of two objects of L{X is computed as the pullback in C,
i.e., the composite

L{X ÝÑ L ãÝÑ C

creates pullbacks.

(b) A terminal object of L{X is the identity idX : X Ñ X.

(c) A product of two objects of L{X is computed as the pullback in C.

(d) Whenever a : Y Ñ X and b : Z Ñ X are two objects in L{X, and
f, g : Y Ñ Z two parallel morphisms between them, the equaliser of f
and g in C exists and is also the equaliser in L{X.

Proof. (1) Let f : Y Ñ X and g : Z Ñ X be morphisms in L and let

Y ˆX Z Z

Y X

{

πZ

πY g

f

be the pullback diagram in C. By assumption, Y ˆX Z is an object of L, and πY
and πZ are L-morphisms. In order to conclude that the diagram is also a pullback

6A functor F : C Ñ D is said to create limits of shape J if, whenever D : J Ñ C is a diagram
and tβj : M Ñ FDpjq : j P Ju is a limit cone for FD, there is a cone tαj : L Ñ Dpjq : j P Ju

over D whose image under F is isomorphic to tβj : M Ñ FDpjq : j P Ju, and any such cone is
a limit for D. It is well known that if F : C Ñ D creates limits of shape J and D has limits of
shape J, then F preserves and reflects limits of shape J.
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in L, we need to show that, given another cone in L, the induced morphism also
belongs to L; this clearly follows from the triangle property.

(2) Pullbacks in L{X are computed as in L, and the identity idX : X Ñ X
is a terminal object of L{X. Since L{X has pullbacks and a terminal object, it
is finitely complete. Moreover, it is easy to check that products in L{X are the
same thing as pullbacks in L. Finally, we prove the assertion about equalisers.
The composite functor

L{X ÝÑ L ãÝÑ C

preserves pullbacks. By [157, Lem. A.1.2.9] (see also [212, p. 742]), any pullback-
preserving functor whose domain is finitely complete preserves equalisers. Since
L{X is finitely complete, the composite functor above preserves equalisers; thus,
the equaliser in L{X, which exists because L{X is finitely complete, is also the
equaliser in C. ■

From this, we can deduce the following description of limits in EsaÉtpXq;
similar facts were proved, with the base category being Esa, in [177, Cor. 4.14].

Remark 7.3.19 (Limits in Pries). Recall that the category Pries has limits, which
are computed as in the category Set of sets and functions (see e.g. [124, p. 69]),
as well as in the categories Top of topological spaces and continuous functions,
and Pos of posets and order-preserving maps. In fact, the forgetful functors in
the following commutative diagram preserve limits.

Pries

Top Pos

Set

Lemma 7.3.20 (Pullbacks of Esakia spaces and spectral local homeomorphisms).
The pullback cone in Pries of a cospan in EsaSLH is in EsaSLH. That is, given a
pullback in Pries

Y ˆX Z Z

Y X

{

πZ

πY g

f

with X, Y and Z Esakia spaces and f : Y Ñ X and g : Z Ñ X spectral local
homeomorphisms, we have that Y ˆX Z is an Esakia space and πY and πZ are
spectral local homeomorphisms.

Proof. The pullback is also a pullback in Top. Note that πY and πZ are local
homeomorphisms because local homeomorphisms are stable under pullback in
Top (see [157, Example A.1.2.7]).
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We now prove that πY is a strict p-morphism. Assume that πY py, zq ď y1;
then y ď y1, and so fpyq ď fpy1q, and so gpzq ď fpy1q; by the strict p-morphism
condition there is a unique z1 ě z such that gpz1q “ fpy1q. Hence, py, zq ď py1, z1q,
and this element is unique as well. So, πY is a strict p-morphism. Similarly, πZ
is a strict p-morphism. Hence πY and πZ are spectral local homeomorphisms by
the implication (4)ñ(1) in Theorem 7.3.10.

Since πY is a spectral local homeomorphism, and Y is an Esakia space, we
can therefore conclude that Y ˆX Z is an Esakia space by Proposition 7.3.12. ■

Theorem 7.3.21 (Finite limits in EsaÉtpXq). For every Esakia space X, the
category EsaÉtpXq is finitely complete:

1. (Terminal object) The identity idX : X Ñ X is the terminal object in
EsaÉtpXq.

2. (Binary product) If f : Y Ñ X and g : Z Ñ X are two objects in EsaÉtpXq,
then the pullback Y ˆX Z as ordered spaces with the two projection maps is
the product in EsaÉtpXq.

3. (Equaliser) If f : Y Ñ X and g : Z Ñ X are two objects of EsaÉtpXq,
and p1, p2 : Y Ñ Z are two spectral local homeomorphisms making the two
triangles in the diagram commute,

Y Z

X

p1

p2

f g

then
Eqpp1, p2q “ ty P Y : p1pyq “ p2pyqu,

together with the inclusion into Y , is the equaliser of p1 and p2 in EsaÉtpXq.

4. (Pullbacks) The forgetful functor EsaÉtpXq Ñ Pries (i.e., the domain
functor) creates pullbacks.

Proof. First, it clearly follows from Proposition 7.3.14 that the category EsaSLH

satisfies the triangle property in Pries. Moreover, Pries has limits (see Remark
7.3.19). By Remark 7.3.20, the pullback cone in Pries of a cospan in EsaSLH is
in EsaSLH. The result now follows from Theorem 7.3.18. ■

Corollary 7.3.22 (Mono ô injective). Let X be an Esakia space. A morphism
in EsaÉtpXq is a monomorphism if and only if it is injective.

Proof. By Theorem 7.3.21(4), the forgetful functor EsaÉtpXq Ñ Pries preserves
pullbacks. Moreover, the forgetful functor Pries Ñ Set preserves limits and
hence the composite EsaÉtpXq Ñ PriesÑ Set preserves pullbacks. Therefore,
the forgetful functor EsaÉtpXq Ñ Set preserves monomorphisms, and it also
reflects them because it is faithful. ■
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Corollary 7.3.23 (Subobject = clopen upset). Let X be an Esakia space and
f : Y Ñ X an object of EsaÉtpXq. The posets ClopUppY q and SubEsaÉtpXqpfq
are order-isomorphic, via the map sending V P ClopUppY q to the subobject of f
represented by

V Y

X.
fæV f

Proof. If V P ClopUppY q, then V is an Esakia space and the inclusion V ãÑ Y is
an injective spectral local homeomorphism, hence a subobject of f .

Conversely, let m : pZ
g
ÝÑ Xq Ñ pY

f
ÝÑ Xq represent a subobject of f . By

Lemma 7.3.22, m is injective. Its image mrZs is closed because Z is compact and
Y is Hausdorff, open because m is a local homeomorphism, and an upset because
m is a p-morphism. Thus mrZs P ClopUppY q. Moreover, m : Z Ñ mrZs is an
isomorphism in EsaÉtpXq: it is a homeomorphism onto its image and reflects
the order by strictness and injectivity. Hence, m represents the same subobject
as mrZs ãÑ Y .

These two assignments are inverse of each other and preserve inclusions. ■

Corollary 7.3.24 (Truth value = clopen upset of the base). Let X be an Esakia
space. Then

SubEsaÉtpXqp1q – ClopUppXq.

Proof. By Theorem 7.3.21(1), the terminal object of EsaÉtpXq is idX : X Ñ X.
Apply Proposition 7.3.23 to f “ idX . ■

Remark 7.3.25 (Priestley spectral local homeomorphisms). The results of this
subsection hold already at the level of Priestley spaces, with a straightforward
adaptation of the proofs. Indeed, let PriesSLH be the category of Priestley spaces
and spectral local homeomorphisms. Then, for every Priestley space X, the slice
category PriesSLH{X is finitely complete, the monomorphisms are precisely the
injective morphisms, and SubPriesSLH{Xp1q – ClopUppXq. Note that, by Propo-
sition 7.3.12, whenever X is an Esakia space, PriesSLH{X coincides with the
category of our interest EsaÉtpXq.

7.3.4 Power objects

We now describe power objects, which require a more intricate construction. Here,
we will need to assume étale-finiteness.

Definition 7.3.26 (The candidate power object). Let f : Y Ñ X be a spectral
local homeomorphism between Esakia spaces, with X étale-finite. We define the
set

Pf pY q :“ tpx,Kq : x P X, K an upset of Y with K Ď f´1rÒxsu.
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On Pf pY q, we define the partial order ĺ by setting

px,Kq ĺ px1, K 1
q ðñ x ď x1 and K 1

“ K X f´1rÒx1s.

Note that f´1rÒxs is finite, and hence, for every px,Kq P Pf pY q, K is closed.
Then, by the definition of the Vietoris space,

Pf pY q Ď X ˆ VpY q.

We equip Pf pY q with two topologies, which we will show coincide.

• (The topology τViet) We denote by τViet the subspace topology on Pf pY q
inherited from X ˆ VpY q.

• (The topology τΠ,Λ) For every clopen W Ď X, we define

ΠpW q :“ tpx,Kq P Pf pY q : x P W u.

For every clopen upset V Ď Y , we define

ΛpV q :“ tpx,Kq P Pf pY q : K “ V X f´1rÒxsu.

We define τΠ,Λ as the topology on Pf pY q with subbasis consisting of the
sets of the form ΛpV q and Pf pY qzΛpV q for a clopen upset V Ď Y , as well
as the sets of the form ΠpW q for a clopen W Ď X.7

Finally, we define the (restriction of the) projection map

p : Pf pY q ÝÑ X

px,Kq ÞÝÑ x.

To develop some intuition about these constructions, we give some basic ex-
amples of power objects:

Example 7.3.27 (Examples of power objects).

1. (Subobject classifier) Let X be an étale-finite Esakia space, and let é : X Ñ

X0 be a continuous strict p-morphism, where X0 is finite. The object
PidX pXq is simply

tpx,Kq : x P X,K Ď Òx, K an upsetu.

The intuition for this is that the pair px,Kq is interpreted as saying that
K consists of the points in Òx that are “true”. Note that, since é is a strict
p-morphism, the only possible truth values are, up to isomorphism, the
upsets in X0.

The topology τΠ,Λ on PidX pXq can be motivated from this point of view:

7Mnemonics: Π should be reminiscent of the projection px,Kq ÞÑ x, while the symbol Λ is
similar to the intersection symbol X appearing in V X f´1rÒxs.
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• Since we want pPidX pXq, pq to be an object in EsaÉtpXq, we need
ΠpW q to be clopen, for each clopen W Ď X;

• Since we want the possible “truth values” to form clopen subsets, we
need to add, for each x0 P X0, the upset

Λpé´1rÒx0sq “ tpx,Kq P PidX pXq : K “ é´1rÒx0s X Òxu

“ tpx,Kq P PidX pXq : érKs “ Òépxq X Òx0u;

a natural generalisation of this is to take any clopen upset V Ď X.

On the other hand, we want PidX pXq to be an Esakia space, which is easiest
to achieve by seeing it as a subspace of XˆVpXq, since the latter is always
compact. This motivates the introduction of the topology τViet.

2. (Boolean subobject classifier) As a special case of item (1), if X is a Stone
space, then the space PidX pXq can equivalently be described as

tpx, 1q : x P Xu \ tpx, 0q : x P Xu,

with the disjoint union topology and disjoint union partial order, where we
identify 1 “ txu and 0 “ ∅; each summand is order-homeomorphic to X.
It follows that PidX pXq – X \X.

In this section, we prove that, if f : Y Ñ X is a spectral local homeomorphism
between Esakia spaces and X is étale-finite, then

τΠ,Λ “ τViet.

The two topologies are useful for different purposes: τΠ,Λ makes Priestley separa-
tion transparent, while τViet makes compactness transparent. Their coincidence
then allows us to show that Pf pY q is a Priestley space, and that the projection
p : Pf pY q Ñ X is a spectral local homeomorphism, and hence that Pf pY q is an

Esakia space. We will then prove that p is the power object of f in EsaÉtpXq.

Lemma 7.3.28 (In principal fibres: upset = restriction of clopen). Let f : Y Ñ X
be a spectral local homeomorphism between Esakia spaces, with X étale-finite.
For each px,Kq P Pf pY q, there is a clopen upset V Ď Y such that K “ V X
f´1rÒxs.

Proof. Let px,Kq P Pf pY q. The set K is a closed upset of Y contained in f´1rÒxs.
The set f´1rÒxs is finite by Corollary 7.3.11. Therefore, f´1rÒxszK is finite
and hence closed in Y . Since f´1rÒxszK is disjoint from the upset K, also its
down-closure Ópf´1rÒxszKq is disjoint from K. By standard facts on Priestley
spaces [94, Lem. 11.21], there is a clopen upset V of Y such that K Ď V and
V X pÓpf´1rÒxszKqq “ ∅. Therefore, K “ V X f´1rÒxs. ■
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Remark 7.3.29 (Π and Λ of clopen upsets are clopen upsets). If W Ď X is a clopen
upset, then ΠpW q is clearly a clopen upset. If V Ď Y is a clopen upset, then
ΛpV q is clearly clopen by definition of the topology on Pf pY q, and we show that
it is an upset. Let px,Kq, px1, K 1q P Pf pY q be such that px1, K 1q ľ px,Kq P ΛpV q.
Then, by definition, K “ V Xf´1rÒxs, x ď x1, and K 1 “ KXf´1rÒx1s. Therefore,

K 1
“ K X f´1rÒx1s “ V X f´1rÒxs X f´1rÒx1s “ V X f´1rÒx1s,

i.e., K 1 P ΛpV q.

From these results, we can deduce the following:

Lemma 7.3.30 (Priestley separation for Pf pY q). Let f : Y Ñ X be a spec-
tral local homeomorphism between Esakia spaces, with X étale-finite. Then,
pPf pY q,ĺ, τΠ,Λq satisfies the Priestley separation axiom.

Proof. Assume that px,Kq ł px1, K 1q. If x ę x1, then there is a clopen upset V
of X such that x P V and x1 R V , and thus

px,Kq P ΠpV q and px1, K 1
q R ΠpV q;

note that ΠpV q is a clopen upset by Remark 7.3.29. Otherwise, x ď x1, and so
K 1 ‰ K X f´1rÒx1s. By Lemma 7.3.28, there is a clopen upset V Ď Y such that
V X f´1rÒxs “ K. Then, px,Kq P ΛpV q and px1, K 1q R ΛpV q (since, otherwise,
K 1 “ V X f´1rÒx1s “ V X f´1rÒxs X f´1rÒx1s “ K X f´1rÒx1s, a contradiction);
note that ΛpV q is a clopen upset by Remark 7.3.29. ■

Lemma 7.3.31 (Compactness of Pf pY q). Let f : Y Ñ X be a spectral local
homeomorphism between Esakia spaces, with X étale-finite. Then the space
pPf pY q, τVietq is a closed subspace of X ˆ VpY q, and hence it is compact.

Proof. First, note that, by definition, Pf pY q Ď X ˆ VÒpY q; that is, for each
px,Kq P Pf pY q, the set K is assumed to be an upset. Because Y is an Esakia
space, by Lemma 2.1.81(4) we have that VÒpY q is a closed subset of VpY q. Thus,
it suffices to show that for every px,Kq P pX ˆ VÒpY qqzPf pY q there is a neigh-
bourhood containing px,Kq entirely outside of Pf pY q.

Let px,Kq P pX ˆ VÒpY qqzPf pY q. Then, K Ę f´1rÒxs, i.e., there is y P K
such that x ę fpyq. Let V Ď X be a clopen upset such that x P V and fpyq R V .
Consider the set

V ˆ xf´1rXzV sy,

which is open since it is the product of basic opens. Certainly, px,Kq belongs to
this set; moreover, whenever pz,K 1q belongs to it, we cannot have K 1 Ď f´1rÒzs.
This shows the result. ■
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For the following two statements, we fix:

Y
İ

§

Esakia
space

f
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

İ

§

spectral
local
homeomorphism

X
İ

§

étale-finite
Esakia
space

é
ÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÝÑ

İ

§

continuous
strict
p-morphism

X0
İ

§

finite
poset

Moreover, by the implication (1)ñ(3) in Theorem 7.3.10, we fix a decomposition

Y “ U1 Y . . .Y Un

of Y , where, for each i P t1, . . . , nu, Ui is a clopen upset of Y , and fæUi
: Ui Ñ

f rUis is an order-homeomorphism.
For each n-tuple pT1, . . . , Tnq of upsets of X0 such that there is x0 P X0 with

Ti Ď Òx0 for all i P t1, . . . , nu, consider the following subsets of Pf pY q:

TyppT1, . . . , Tnq “ tpx,Kq P Pf pY q : éf rK X Uis “ Ti for all i P t1, . . . , nuu.

Lemma 7.3.32 (Typ is clopen). Let f : Y Ñ X be a spectral local homeomor-
phism between Esakia spaces, with X étale-finite. For each n-tuple pT1, . . . , Tnq
of upsets as above, the set TyppT1, . . . , Tnq is clopen in pPf pY q, τVietq.

Proof. Since éf : Y Ñ X0 is a continuous p-morphism, by Lemma 2.1.81 we have
a continuous map:

éf r´s : VpY q ÝÑ VpX0q

C ÞÝÑ péfqrCs.

Moreover, by Lemma 2.1.81(3), for each i P t1, . . . , nu the map rUi
: VpY q Ñ VpY q

sending C to C X Ui is continuous.
For each i P t1, . . . , nu, let αi be defined by

αi : Pf pY q ÝÑ VpX0q

px,Kq ÞÝÑ éf rK X Uis;

note that αi is continuous, since it can be factored as the composite of the fol-
lowing morphisms:

Pf pY q
πVpY q

ÝÝÝÑ VpY q
rUi
ÝÝÑ VpY q éf r´s

ÝÝÝÑ VpX0q

Moreover, note that

TyppT1, . . . , Tnq “
n
č

i“1

α´1i rtTius;

indeed, given any px,Kq P Pf pY q, we have αipx,Kq “ péf r´sqrUi
πVpY qpx,Kq “

éf rK XUis. This coincides with the definition of TyppT1, . . . , Tnq, and, since tTiu
is clopen in VpX0q (since the latter is discrete), we have that TyppT1, . . . , Tnq is
clopen, as desired. ■
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Using this lemma, we can prove the equality of the topologies:

Theorem 7.3.33 (The two topologies on Pf pY q coincide). τΠ,Λ “ τViet.

Proof. First note that by Lemma 7.3.31 the topology τViet is compact, and by
Lemma 7.3.30 the topology τΠ,Λ is Hausdorff. Therefore, if the inclusion τΠ,Λ Ď
τViet holds, then the identity map id: pPf pY q, τVietq Ñ pPf pY q, τΠ,Λq is a contin-
uous bijection from a compact space to a Hausdorff space, and so it is a homeo-
morphism. Thus, it suffices to establish this inclusion.

To show τΠ,Λ Ď τViet, we will show (i) that every set of the form ΠpW q for
W a clopen of X is clopen in the topology τViet, and (ii) that every set of the
form ΛpV q for V a clopen upset of Y is clopen in the topology τViet (and so is its
complement Pf pY qzΛpV q, too).

For every clopen W of X, we have

ΠpW q “ tpx,Kq P Pf pY q : x P W u “ Pf pY q X pW ˆ VpY qq,

which is clearly clopen in τViet.
Now fix a clopen upset V Ď Y and, for each i P t1, . . . , nu, set Vi :“ V X Ui.

Consider:

TypespV q :“ tpT1, . . . , Tnq : Dx P X, @i ď n, Ti Ď Òépxq, éf rVi X f
´1
rÒxss “ Tiu.

Note also that, for all subsets W and W 1 of Y , we have

W X f´1rÒxs Ď W 1 iff f´1rÒxs Ď pW ñ W 1
q iff x P l@f rW ñ W 1

s. (7.4)

Now, letting π : Pf pY q Ñ VpY q denote the restriction of the projection func-
tion X ˆ VpY q Ñ VpY q, we show:

ΛpV q “
ď

pT1,...,TnqPTypespV q

TyppT1, . . . , TnqXπ
´1
rJV KsX

n
č

i“1

Πpl@f rVi ñ f´1é´1rTissq.

(7.5)
By Lemma 7.3.32, the sets of the form TyppT1, . . . , Tnq appearing in this finite
union are clopen in τViet. Moreover, the sets of the form @f rVi ñ f´1é´1rTiss
are clopen because f is closed and open; since X is Esakia, it follows that also
l@f rVi ñ f´1é´1rTiss is clopen. Therefore, the set on the right-hand side of (7.5)
is clopen in τViet.

To prove (7.5), we first prove the inclusion Ě. Let pT1, . . . , Tnq P TypespV q
and let px,Kq P TyppT1, . . . , TnqXπ

´1rJV KsX
Şn
i“1 Πpl@f rVi ñ f´1é´1rTissq. We

need to show that
K “ V X f´1rÒxs.

Since Y “ U1 Y ¨ ¨ ¨ Y Un, for this it suffices to show that, for each i P t1, . . . , nu,
upon setting Ki :“ K X Ui, we have Ki “ Vi X f´1rÒxs. Let i P t1, . . . , nu.
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The inclusion Ki Ď Vi X f´1rÒxs is immediate because px,Kq P π´1rJV Ks, Ki “

K X Ui Ď Ui and Ki Ď f´1rÒxs. To prove the inclusion Vi X f´1rÒxs Ď Ki,
let w P Vi X f´1rÒxs. Since x P l@f prVi ñ f´1é´1rTissq, by (7.4) we have
ViX f

´1rÒxs Ď f´1é´1rTis, and so éf rViX f
´1rÒxss Ď Ti “ éf rKis (since px,Kq P

TyppT1, . . . , Tnq). Hence, there is w1 P Ki such that éfpwq “ éfpw1q. Since
w,w1 P V Xf´1rÒxs, it follows that x ď fpwq, fpw1q; since é is a strict p-morphism
and fpwq, fpw1q P Òx, from éfpwq “ éfpw1q we deduce fpwq “ fpw1q. Since
w,w1 P Ui, and f is an order-homeomorphism on this component, we have w “ w1,
i.e., w P Ki, as desired.

Conversely, assume that px,Kq P ΛpV q, i.e., K “ V X f´1rÒxs. For each
i P t1, . . . , nu, set Ki :“ K XUi and Ti :“ éf rKis. Then, pT1, . . . , Tnq P TypespV q.
Clearly, px,Kq P TyppT1, . . . , Tnq and px,Kq P π´1rJV Ks. Moreover, for every
i P t1, . . . , nu,

Vi X f
´1
rÒxs “ Ui X V X f

´1
rÒxs “

İ

§

px,Kq P ΛpV q

Ui XK “ Ki Ď
İ

§

éf rKis “ Ti

f´1é´1rTis,

and so, by (7.4), x P l@f rVi ñ f´1é´1rTiss. ■

In light of Theorem 7.3.33, we will simply write pPf pY q,ĺ, τq to refer to the
topology on Pf pY q. We conclude with the following:

Theorem 7.3.34 (Pf pY q is an Esakia étale space). Let f : Y Ñ X be a spectral
local homeomorphism between Esakia spaces, with X étale-finite. Then pPf pY q,ĺ
, τq is an Esakia space, and the map p : Pf pY q Ñ X is a spectral local homeomor-
phism.

Proof. Because of Lemma 7.3.30 we know that pPf pY q,ĺ, τΠ,Λq satisfies the Priest-
ley separation axiom, and by Lemma 7.3.31, that pPf pY q, τVietq is compact. By
Theorem 7.3.33, we know that τΠ,Λ “ τViet, and so pPf pY q,ĺ, τq is a Priestley
space.

We now show that p is a spectral local homeomorphism. From this and
Proposition 7.3.12 it will follow that pPf pY q,ĺq is an Esakia space.

By definition, p is order-preserving, and it is continuous, since it is the restric-
tion of the projection πX : X ˆ VpY q Ñ X, which is continuous.

Let px,Kq P Pf pY q be arbitrary. By Lemma 7.3.28, let V be a clopen upset
such that V X f´1rÒxs “ K. The set ΛpV q is a clopen upset by Remark 7.3.29.
Then px,Kq P ΛpV q, and note that prΛpV qs “ X because for each x1 P X
the element px1, V X f´1rÒx1sq is mapped to x1 by p. Moreover, pæΛpV q is order-
reflecting: if ppx,Kq ď ppx1, K 1q then x ď x1 and

K 1
“ V X f´1rÒx1s “ V X f´1rÒxs X f´1rÒx1s “ K X f´1rÒx1s,

and so by definition, px,Kq ĺ px1, K 1q. Thus, the function pæΛpV q : ΛpV q Ñ
X is a continuous bijection between compact Hausdorff spaces, and hence a



7.3. A topos for étale-finite Heyting algebras 245

homeomorphism; since it is order-preserving and order-reflecting, it is an order-
homeomorphism.

We thus conclude that the set prΛpV qs “ X is a clopen upset, and pæΛpV q is
an order-homeomorphism. By the implication (2)ñ(1) in Theorem 7.3.10, the
map p is a spectral local homeomorphism as desired. ■

In light of Theorem 7.3.34, we have that, for X an étale-finite Esakia space and
f : Y Ñ X a spectral local homeomorphism, pPf pY q, pq is an object in EsaÉtpXq.
We now show that it is indeed the power object of f : Y Ñ X.

Definition 7.3.35 (PY ). By Theorem 7.3.21(2), we can compute the product of
pY, fq and pPf pY q, pq in EsaÉtpXq, which is

Y ˆX Pf pY q “ tpy, px,Kqq P Y ˆ Pf pY q : fpyq “ xu,

together with the composite Y ˆX Pf pY q
πY
ÝÑ Y

f
ÝÑ X. We define its subset

PY :“ tpy, px,Kqq P Y ˆX Pf pY q : y P Ku.

Lemma 7.3.36 (PY is a clopen upset). Let f : Y Ñ X be a spectral local home-
omorphism between Esakia spaces, with X étale-finite. The set PY is a clopen
upset of Y ˆX Pf pY q.

Proof. We first show that PY is an upset. Let py, px,Kqq be an element of PY ,
and let py1, px1, K 1qq P Y ˆX Pf pY q be such that py, px,Kqq ď py1, px1, K 1qq. Then
y ď y1 and px,Kq ĺ px1, K 1q; since K is an upset and y P K, it follows that
y1 P K. Since

K 1
“ K X f´1rÒx1s,

and fpy1q “ x1, we have y1 P K X f´1rÒx1s, and so y1 P K 1.
Let us now prove that PY is open. Let py, px,Kqq be an element of PY , and let

us find an open neighbourhood (in Y ˆX Pf pY q) of py, px,Kqq contained in PY .
By Lemma 7.3.28, there is a clopen upset V of Y such that K “ V X f´1rÒxs.
We claim that the open set

V ˆX ΛpV q

contains the element py, px,Kqq and is a subset of PY . Since y P K “ V X
f´1rÒxs, we have y P V . Moreover, px,Kq belongs to ΛpV q by definition of
ΛpV q. Therefore, py, px,Kqq P V ˆX ΛpV q. We now prove that V ˆX ΛpV q is
a subset of PY . Let py1, px1, K 1qq P V ˆX ΛpV q. Since fpy1q “ x1 (and hence
y1 P f´1rx1s Ď f´1rÒx1s) and y1 P V , we have y1 P V X f´1rÒx1s “ K 1. Therefore,
py1, px1, K 1qq belongs to PY . This proves that V ˆX ΛpV q is a subset of PY .

It remains to show that PY is closed. So, let

py, px,Kqq P pY ˆX Pf pY qqzPY ,
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and let us find an open neighbourhood (in Y ˆX Pf pY q) of py, px,Kqq disjoint
from PY . By Lemma 7.3.28, there is a clopen upset V of Y such that

K “ V X f´1rÒxs.

We claim that the open set
pY zV q ˆX ΛpV q

contains py, px,Kqq and is disjoint from PY . Let us first prove that it contains
py, px,Kqq. Recall that K “ V X f´1rÒxs, that fpyq “ x (and hence y P f´1rxs Ď
f´1rÒxs) and that y R K. Thus, y R V . Moreover, px,Kq belongs to ΛpV q by
definition of ΛpV q. Therefore, py, px,Kqq P pY zV q ˆX ΛpV q. Let us now prove
that pY zV qˆXΛpV q is disjoint from PY . Let py1, px1, K 1qq P pY zV qˆXΛpV q. Since
fpy1q “ x1 (and hence y1 P f´1rx1s Ď f´1rÒx1s), we have y1 R V X f´1rÒx1s “ K 1.
Therefore, py1, px1, K 1qq does not belong to PY . This proves that pY zV q ˆX ΛpV q
is disjoint from PY . This proves our claim, and hence PY is closed.

So, PY is clopen, as desired. ■

Consequently, PY (with the composite map PY ãÑ Y ˆX Pf pY q
πY
ÝÑ Y

f
ÝÑ X)

is an object of EsaÉtpXq. To verify that it is the power object, we make use of
the following lemma.

Lemma 7.3.37 (Subobject pullbacks as inverse images). Let g : S Ñ T be a
morphism in Pries, and let A and B be closed subsets of S and T , respectively
(and so Priestley spaces). There is a morphism i : A Ñ B making the following
square a pullback

A B

S T

i

g

if and only if g´1rBs “ A. The same holds when Pries is replaced by EsaÉtpXq
and A and B are assumed to be clopen upsets.

Proof. Let g : S Ñ T be a morphism in Pries, and let A and B be closed subsets
of S and T , respectively. Suppose first that there is a morphism i : AÑ B making
the square in the statement a pullback. Since the functor PriesÑ Set preserves
limits, the square is also a pullback in Set. Since pullbacks along inclusions in
Set are given by inverse image, the conclusion follows.

Conversely, assume that g´1rBs “ A. Then, the morphism g restricts to a map
i :“ gæA : AÑ B. Since A carries the subspace topology and induced order from
S, and B carries the subspace topology and induced order from T , the restriction
i is continuous and order-preserving, and hence a morphism in Pries making the
square in the statement commute. Moreover, this square is a pullback in Set.
To prove that the square is a pullback in Pries, let C be a Priestley space, and
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let h : C Ñ S and k : C Ñ B be continuous order-preserving maps such that
gh “ iBk. Then, there is a unique map p : C Ñ A in Set such that ip “ k and
iAp “ h, as in the following diagram:

C

A B

S T

p

k

h

i

iA iB

g

It remains to check that p is a morphism in Pries. The subspace topology on
A is the initial topology with respect to the inclusion iA : A ãÑ S. Therefore, the
map p is continuous because iAp “ h is continuous. Similarly, since the order on
A is induced from the order on S, the inclusion iA is an order-embedding. Hence,
for c, c1 P C with c ď c1, we have

iAppcq “ hpcq ď hpc1q “ iAppc
1
q,

and therefore ppcq ď ppc1q in A. Thus p is order-preserving, and so p is a morphism
in Pries.

The uniqueness of p as a morphism in Pries follows from its uniqueness as a
map in Set. Hence, the square is a pullback in Pries.

Finally, let us prove the statement for EsaÉtpXq. Let g : S Ñ T be a mor-
phism in EsaÉtpXq, and let A Ď S and B Ď T be clopen upsets, equipped with
the induced structure maps to X. By the first part, the corresponding square is
a pullback in Pries if and only if g´1rBs “ A. Since the forgetful functor

EsaÉtpXq ÝÑ Pries

creates pullbacks by Theorem 7.3.21(4), the square is a pullback in EsaÉtpXq
if and only if its image is a pullback in Pries. Therefore, the same equivalence
holds in EsaÉtpXq. ■

Theorem 7.3.38 (Pf pY q is the power object). Let f : Y Ñ X be a spectral local

homeomorphism between Esakia spaces, with X étale-finite. In EsaÉtpXq, the
object p : Pf pY q Ñ X is the power object of f : Y Ñ X.

Proof. Let m : Z Ñ X be an object in EsaÉtpXq. By Proposition 7.3.23, the
subobjects of Y ˆX Z Ñ X are the clopen upsets of Y ˆX Z. So, let R Ď Y ˆX Z
be a clopen upset. We shall show that there is a unique morphism k : Z Ñ Pf pY q
such that there is a morphism RÑ PY making the following square a pullback.

R PY

Y ˆX Z Y ˆX Pf pY qidY ˆk



248 Chapter 7. Étale Heyting algebras and Toposes

By Lemma 7.3.37, this amounts to showing that there is a unique morphism
k : Z Ñ Pf pY q such that pidY ˆ kq´1rPY s “ R, where idY ˆ k is the product
function Y ˆX Z Ñ Y ˆX Pf pY q. In turn, pidY ˆ kq´1rPY s “ R means: for all
py, zq P Y ˆX Z, setting pxz, Kzq :“ kpzq,

y P Kz ðñ py, zq P R. (7.6)

We first prove the uniqueness of k. Let k : Z Ñ Pf pY q be a morphism such
that pidY ˆ kq´1rPY s “ R. For each z P Z, we write pxz, Kzq :“ kpzq. Since k is
a morphism, the following diagram commutes.

Z Pf pY q

X

m

k

p

Therefore, xz “ ppxz, Kzq “ pkpzq “ mpzq. This shows that we have at most one
possible value for xz. We are left to show that there is at most one possible value
for Kz. Recall that, since pxz, Kzq P Pf pY q, we have Kz Ď f´1rÒxzs “ f´1rÒmpzqs
(the equality following from what was just shown). Therefore, we shall determine
which elements of f´1rÒmpzqs belong to Kz. If we take y1 P f´1rÒmpzqs, we
have fpy1q ě mpzq. Then, by the strictness of m, there is a unique z1 P Òz such
that mpz1q “ fpy1q, which means that py1, z1q P Y ˆX Z. By (7.6), y1 P Kz1

if and only if py1, z1q P R. Since k is order-preserving and z ď z1, we have
kpzq ĺ kpz1q. Therefore, by the definition of the partial order ĺ on Pf pY q, we
have Kz1 “ Kz X f

´1rÒmpz1qs. Since y1 P f´1rÒmpz1qs, we have

y1 P Kz ðñ y1 P Kz1 ðñ py1, z1q P R.

In conclusion, for every z P Z, xz “ mpzq, and Kz is the set of y1 P f´1rÒmpzqs
such that, for the unique z1 P Òz with fpy1q “ mpz1q, we have py1, z1q P R. This
proves the uniqueness of k.

Having shown that there is at most one possible candidate, let us prove the
existence of the morphism k with the desired properties.

For each z, set xz :“ mpzq, and defineKz as the set of elements y1 P f´1rÒmpzqs
such that, for the unique z1 P Òz with py1, z1q P Y ˆX Z, we have py1, z1q P R. In
other words:

Kz “ f´1rÒmpzqs X πY rR X π
´1
Z rÒzss.

We show that the function

k : Z ÝÑ Pf pY q

z ÞÝÑ pxz, Kzq

is well-defined. This is done by showing that, for each z P Z, kpzq is indeed an
element of Pf pY q, i.e., that Kz Ď f´1rÒxzs and that Kz is an upset of Y . Clearly,
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Kz Ď f´1rÒmpzqs “ f´1rÒxzs; we prove that Kz is an upset of Y . Let y1 P Kz and
y1 ď y2. Let z1, resp. z2, be the unique element in Òz such that fpy1q “ mpz1q,
resp. fpy2q “ mpz2q. Since y1 P Kz, we have py1, z1q P R. Moreover, since mæÒz
is an order-isomorphism and mpz1q “ fpy1q ď fpy2q “ mpz2q, we have z1 ď z2.
Since R is an upset of Y ˆX Z and py2, z2q ě py1, z1q P R, we have py2, z2q P R,
and hence y2 P Kz. This shows that Kz is an upset. Thus, k is a well-defined
function.

It is immediate that the following diagram of functions commutes.

Z Pf pY q

X

m

k

p

To prove that k is a morphism in EsaÉtpXq, by the triangle property of
EsaSLH in Pries (Proposition 7.3.14) it suffices to show that k is order-preserving
and continuous.

Let us prove that k is order-preserving. Let z, z1 P Z with z ď z1, and let us
prove that kpzq ĺ kpz1q, i.e., that pmpzq, Kzq ĺ pmpz1q, Kz1q, where ĺ is the order
on Pf pY q. By monotonicity of m, we have mpzq ď mpz1q. We prove the equality
Kz1 “ Kz X f´1rÒmpz1qs. The inclusion Kz1 Ď Kz X f´1rÒmpz1qs holds because
z ď z1: indeed, if y P Kz1 , the unique point of Òz1 mapping to fpyq is also the
unique point of Òz mapping to fpyq. Conversely, let y P Kz X f

´1rÒmpz1qs. Let z̄
be the unique point in Òz such that mpz̄q “ fpyq. Since z1 P Òz, z̄ P Òz, and

mpz1q ď fpyq “ mpz̄q,

the restriction m : Òz Ñ Òmpzq reflects the order by strictness of m. Hence z1 ď z̄.
Therefore, z̄ P Òz1, and so z̄ is also the unique point of Òz1 mapping to fpyq. Since
y P Kz, we have py, z̄q P R, and hence y P Kz1 . Thus

Kz1 “ Kz X f
´1
rÒmpz1qs,

as required. Therefore, k is order-preserving.
Next, we prove continuity of k by showing that preimages of subbasic clopens

for the topology τViet are clopen; by Theorem 7.3.33, this establishes continuity.
Consider first a clopen W Ď X; then,

k´1rΠpW qs “ tz P Z : mpzq P W u “ m´1
rW s,

which is clopen. Now let V be a clopen subset of Y ; then

k´1rJV Ks “ tz P Z : Kz Ď V u.

Let πY : Y ˆX Z Ñ Y and πZ : Y ˆX Z Ñ Z denote the projections. To show
that k´1rJV Ks is clopen, we claim

k´1rJV Ks “ l@πZ rRñ π´1Y rV ss.
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(Note that l@πZ rRñ π´1Y rV ss is clopen because R is clopen, πZ is an open map
and Z is Esakia.) We prove the claim. Let z P Z. Then z P l@πZ rR ñ π´1Y rV ss
if and only if, for every z1 ě z and every y P Y such that fpyq “ mpz1q, we have

py, z1q P R implies y P V.

We show that this is equivalent to Kz Ď V . Suppose first that z P l@πZ rR ñ

π´1Y rV ss, and let y1 P Kz. Let z1 be the unique point in Òz such that mpz1q “ fpy1q.
By definition of Kz, we have py1, z1q P R. Since z1 ě z, the assumption gives
y1 P V . Thus Kz Ď V . Conversely, suppose that Kz Ď V . Let z1 ě z, and let
y1 P Y be such that fpy1q “ mpz1q. Assume that py1, z1q P R. Since z1 ě z, we
have fpy1q “ mpz1q ě mpzq, and so y1 P f´1rÒmpzqs. Moreover, by strictness of
m, the point z1 is the unique element of Òz mapped by m to fpy1q. Hence, by
definition of Kz, from py1, z1q P R we get y1 P Kz. Since Kz Ď V , it follows that
y1 P V . Therefore

z P l@πZ rRñ π´1Y rV ss.

This proves
k´1rJV Ks “ l@πZ rRñ π´1Y rV ss.

This proves that k´1rJV Ks is clopen. Clearly, also the set k´1rxV ys, equal to
Zzk´1rJY zV Ks, is clopen. We thus have that the preimage of subbasic clopens in
Pf pY q is clopen, and hence k is continuous.

Since pk “ m and k is continuous and order-preserving, by the triangle prop-
erty (Proposition 7.3.14) k is a spectral local homeomorphism.

Finally, let py, zq P Y ˆX Z. We prove that

y P Kz ðñ py, zq P R.

Suppose first that py, zq P R. Since z P Òz and mpzq “ fpyq, the point z is the
unique element of Òz mapped by m to fpyq. Hence, by the definition of Kz, we
have y P Kz. Conversely, suppose that y P Kz. By definition of Kz, if z̄ is the
unique point in Òz such that mpz̄q “ fpyq, then py, z̄q P R. But py, zq P Y ˆX Z,
so mpzq “ fpyq; hence z is also an element of Òz mapped by m to fpyq. By
uniqueness, z̄ “ z. Therefore, py, zq P R. ■

We arrive at the main result of this chapter:

Theorem 7.3.39 (Étale-finite ñ topos-admissible). For every étale-finite Heyt-
ing algebra H, there is an elementary topos E, namely

E :“ EsaÉtpSpecpHqq,

such that SubEp1q – H.

Proof. Set E :“ EsaÉtpSpecpHqq. By Theorem 7.3.21, this category has all finite
limits, and, by Theorem 7.3.38, every object has a power object. Thus, it is an
elementary topos. By Proposition 7.3.24, SubEp1q – ClopUppSpecpHqq, and, by
Esakia duality, this is isomorphic to H. ■
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7.4 Finitely propositional toposes

In this section, we exhibit an obstruction to extending our use of compact étale
spaces beyond the étale-finite case. For this purpose, we introduce the notion of
a finitely propositional topos and show that the étale-finite Heyting algebras are
precisely those Heyting algebras that arise as the lattice of truth values of such
toposes.

Definition 7.4.1 ((Finitely) propositional). We say that a category with a ter-
minal object is (finitely) propositional if every object admits a jointly epimorphic
(finite) family of morphisms from subterminal objects; that is, for every object
Y there is a jointly epimorphic (finite) family

tVi ÝÑ Y uiPI

with each Vi subterminal.

Our interest in (finite) propositionality is, roughly speaking, that it is a prop-
erty of categories of (compact) étale spaces.

Remark 7.4.2 (Propositionality for toposes). Note that a category with a terminal
object is propositional precisely when its subterminal objects form a separating
family (see [157, p. 12]). For Grothendieck toposes, propositionality is charac-
terised geometrically: it holds precisely for those Grothendieck toposes that are
localic (i.e., equivalent to the topos of sheaves on a locale), see [157, Thm. C1.4.7].
Thus, for instance, the presheaf topos rCp,Sets is non-propositional whenever C
is not a preorder (see [81, Cor. 3.2]).

Outside the Grothendieck setting, the notion of propositionality for elemen-
tary toposes has been studied in [163].

Remark 7.4.3 (Propositional œ Fin. Propositional). The conditions of proposi-
tionality and finite propositionality do not coincide: an example of a propositional
topos that is not finitely propositional is the category E :“ Shpω ` 1q of sheaves
on the locale ω` 1. Indeed, since SubEp1q – ω` 1 and the Heyting algebra ω` 1
is not étale-finite, it will follow from Corollary 7.4.9 below that E is not finitely
propositional.

Theorem 7.4.4 (Esakia étale spaces are finitely propositional). For every Heyt-
ing algebra H, the category EsaÉtpSpecpHqq is finitely propositional.

Proof. Let X :“ SpecpHq and let f : Y Ñ X be an object of EsaÉtpXq. By
the implication (1)ñ(3) in Theorem 7.3.10, there are clopen upsets U1, . . . , Un
of Y such that Y “ U1 Y ¨ ¨ ¨ Y Un and, for each i P t1, . . . , nu, the restriction
fæUi

: Ui Ñ f rUis is an order-homeomorphism. Set Vi :“ f rUis. Then, each Vi
is a clopen upset of X, and hence determines a subterminal object Vi ↣ X of
EsaÉtpXq. Let

gi : Vi ÝÑ Y
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be the composite of pfæUi
q´1 with the inclusion Ui ãÑ Y . Since fgi is the inclusion

Vi ãÑ X, each gi is a morphism in the slice category EsaÉtpXq.
The family tgi : i P t1, . . . , nuu is jointly epimorphic. Indeed, any faithful

functor reflects jointly epimorphic families, and so, by considering the composite

EsaÉtpSpecpHqq ÝÑ EsaSLH ÝÑ Set,

it suffices to check that tgi : i P t1, . . . , nuu is jointly surjective. But this follows
immediately from Y “ U1 Y ¨ ¨ ¨ Y Un. ■

It is reasonable to ask whether one could extend our approach to Heyting
algebras that are not étale-finite—such as the chains ω ` 1 or ω ` ωop. We
will now show that, for every finitely propositional topos E , the Heyting algebra
SubEp1q is étale-finite.

Proposition 7.4.5 (Finitely propositional ñ Jibladze’s law over a finite subset).
Let E be a finitely propositional elementary topos, and set H :“ SubEp1q. There
is a finite subset S Ď H such that, for every a P H,

ł

sPS

paØ sq “ 1.

Proof. By finite propositionality applied to the subobject classifier Ω, let V1, . . . , Vn
in SubEp1q be such that the family ai : Vi Ñ Ω is jointly epimorphic. Consider
the subobject Ui ↣ Vi classified by ai, i.e., appearing in the following pullback
diagram

Ui 1

Vi Ω.

{
t

ai

(7.7)

For each i P t1, . . . , nu, the composite Ui ↣ Vi ↣ 1 of monomorphisms shows
that Ui is also a subterminal object. We claim that S “ tU1, . . . , Unu works.

Let W ↣ 1 be any subterminal and let p : 1 Ñ Ω be its classifying morphism,
i.e., the morphism for which there is a pullback diagram as follows.

W 1

1 Ω

{
t

p

(7.8)

For each i P t1, . . . , nu, let p˚pViq denote the pullback of ai : Vi Ñ Ω along p : 1 Ñ
Ω.

p˚pViq 1

Vi Ω

{ p

ai

(7.9)
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We now construct the following two diagrams:

p˚pViq ^ Ui Ui 1

p˚pViq Vi Ω

p˚pViq ^W W 1

p˚pViq 1 Ω

{ {

{ {

t

ai

t

p

Both left squares are pullback squares by the definition of the meet in subob-
ject lattices. The right squares are pullback squares because of (7.7) and (7.8),
respectively. Hence, both outer squares are pullbacks. But note that the lower
composites of both lower squares are equal by (7.9). Hence, both subobjects
p˚pViq ^ Ui and p˚pViq ^W of p˚pViq are classified by the same morphism—i.e.,
p˚pViq ^ Ui “ p˚pViq ^W . It follows that

p˚pViq ď Ui Ø W.

Finally, construct the pullback

p˚pV1 \ ¨ ¨ ¨ \ Vnq 1

V1 \ ¨ ¨ ¨ \ Vn Ω

{ p

Since in a topos (regular) epimorphisms are pullback-stable, the morphism p˚pV1\
¨ ¨ ¨\Vnq Ñ 1 in the diagram is an epimorphism. Moreover, recall that also coprod-
ucts are pullback-stable (see [159, Lem. 1.51]), and so we have an epimorphism
p˚pV1q\¨ ¨ ¨\p

˚pVnq↠ 1. But joins in subobject lattices in a topos are computed
by taking the monomorphic part of the image factorisation of the map from the
coproduct (see [157, p. 31]); since this map is already an epimorphism, it follows
that p˚pV1q _ ¨ ¨ ¨ _ p

˚pVnq is the top element of H. Hence,

1 “
n
ł

i“1

p˚pViq ď
n
ł

i“1

Ui Ø W.

■

Proposition 7.4.6 (Jibladze’s law over a finite subset ñ étale-finite). Let H be
a Heyting algebra and S Ď H a finite set such that, for all x P H,

ł

sPS

pxØ sq “ 1.
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Then H is locally finite, and so the Heyting subalgebra generated by S is finite.
Therefore, H is étale-finite.

Proof. Let n be the cardinality of S. The first-order sentence

Ds1 . . . Dsn @x
´

n
ł

i“1

pxØ siq “ 1
¯

(7.10)

holds in H. Moreover, note that this sentence is positive (in the first-order sense:
it is built from atomic formulas without use of negation) and hence, by [83,
Prop. 5.2.12], it is preserved under surjective homomorphisms. Recall that the top
element of a subdirectly irreducible Heyting algebra is completely join-irreducible
[102, Prop. A.1.1]; thus, by Lemma 7.2.44, every subdirectly irreducible Heyting
algebra satisfying (7.10) has at most n elements. Therefore, every subdirectly
irreducible homomorphic image of H has cardinality at most n. Therefore, H has,
up to isomorphism, finitely many subdirectly irreducible homomorphic images.
By Birkhoff’s subdirect representation theorem, H embeds into a product of its
subdirectly irreducible homomorphic images. Therefore:

VarpHq “ VarptH0 : H ↠ H0, H0 is s.i.uq,

and we conclude that VarpHq is finitely generated, i.e., generated by a finite family
of finite algebras.

It is a classical result [74, Theorem 10.16] that finitely generated varieties are
locally finite. Therefore, the Heyting subalgebra xSy of H generated by the finite
set S is finite, as well. But note that, for all x P H,

ł

sPxSy

pxØ sq “ 1,

since the join is taken over a set that extends S. So, by Remark 7.2.32(2), the
inclusion xSy ãÑ H satisfies Jibladze’s law, and so H is étale-finite. ■

We can now conclude the following:

Theorem 7.4.7 (Finitely propositional Ø étale-finite). For a Heyting algebra
H, the following are equivalent:

1. EsaÉtpSpecpHqq is a topos;

2. H is isomorphic to the lattice of truth values of some finitely propositional
topos;

3. H is étale-finite.
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Proof. (1)ñ(2) By Theorem 7.4.4, the category EsaÉtpSpecpHqq is finitely propo-
sitional. By (1), it is also a topos. By Proposition 7.3.24, SubEsaÉtpSpecpHqqp1q –
ClopUppSpecpHqq. By Esakia duality, ClopUppSpecpHqq – H. Thus, H is isomor-
phic to the lattice of truth values of a finitely propositional topos.

(2)ñ(3) This follows from Proposition 7.4.5 and 7.4.6.
(3)ñ(1) If H is étale-finite, then by Theorem 7.3.39 EsaÉtpSpecpHqq is an

elementary topos. ■

Remark 7.4.8 (Functoriality?). We have shown that étale-finite Heyting algebras
give rise to finitely propositional toposes, and, conversely, the Heyting algebra of
truth values of every finitely propositional topos is étale-finite. We leave open
whether these assignments can be made functorial, and what categorical relation-
ship, if any, they induce.

From Theorem 7.4.7 we can deduce the following:

Corollary 7.4.9 (Heyting algebras with no finitely propositional topos). None of
the following algebras arises as the lattice of truth values of a finitely propositional
topos.

1. Any infinite bounded chain (such as ω ` 1 or ω ` ωp).

2. The free Heyting algebra FHApXq over any nonempty set X.

3. The dual of the following Esakia space:

‚ ‚ ‚ ‚ . . .

‚
8

. . . ‚ ‚ ‚ ‚

that is, the subalgebra of P∅,cofpNq ˆ Pfin,cofpNq given by the subset

tpA,Bq : A “ ∅ô B is finiteu.

Proof. By Example 7.2.47, all infinite bounded chains and all free Heyting al-
gebras over a nonempty set are not étale-finite. Therefore, by Theorem 7.4.7,
they cannot arise as the lattices of truth values of a finitely propositional topos.
The algebra H in item (3) is not étale-finite, since the projection onto the first
coordinate is a surjective homomorphism to P∅,cofpNq, which is not étale-finite;
since étale-finite Heyting algebras are closed under quotients (Remark 7.2.43(1)),
it follows that H is not étale-finite. ■

The examples in Corollary 7.4.9 are quite different in nature:

1. The chain ω` 1 is complete, which implies that there is a (localic) topos E
such that SubEp1q – ω ` 1. For any non-complete bounded chain C (such
as ω ` ωp), we do not know whether C arises as the lattice of truth values
of some elementary topos.
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2. A solution for all free algebras would imply a solution for all algebras (be-
cause of the filter-quotient construction and the fact that every Heyting
algebra is the quotient of a free Heyting algebra).

3. The algebra P∅,cofpNq ˆ Pfin,cofpNq is not étale-finite; however, since it is
the product of a complete Heyting algebra and a Boolean algebra, we know
that it is topos-admissible.8 On the other hand, we do not know whether its
subalgebra tpA,Bq : A “ ∅ ô B is finiteu is topos-admissible, although it
is similar to the examples studied in this paper (for example, every principal
upset in the dual space is finite).

7.5 Étale Heyting algebras and topos-admissible

beyond étale-finite

Given the strong results obtained in the previous section, and the limitations
outlined in Section 7.4, the reader might want to know what alternative directions
can be pursued in studying the Heyting-to-topos problem, and what limitations
lie ahead.

We return here to the setting of Section 7.2.3. There we provided a character-
ization of duals of free algebras, which as we have seen in Example 7.3.27, can be
thought of as corresponding to subobject classifiers. On the other hand, Theorem
7.2.29 opens the door for several counterexamples.

Proposition 7.5.1 (Negative results on free étale-Heyting algebras). There exist
Heyting algebras H, such that:

1. The dual of the map ι : H0 Ñ H0xιy is a local homeomorphism but not a
strict p-morphism;

2. The dual of the map ι : H0 Ñ H0xιy is not an open map. Indeed, it fails to
have a right adjoint.

Proof. (1). Consider again the space from Example 7.2.27.

‚

‚˝‚ ˝ ‚ ˝ . . . ˝
8

˝ ˝ ˝

˝

˝ ˝ . . .

Figure 7.6: The space Ω.

8Note that, given two toposes E0 and E1, the lattice of truth values of E0 ˆ E1 is isomorphic
to SubE0

p1q ˆ SubE1
p1q (since the terminal object is simply the pair p1E0

, 1E1
q and subobjects

are computed pointwise).
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‚
0t

‚
1t

‚
2t . . . ‚

8

‚
0b

‚
1b

‚
2b

. . .

Figure 7.7: Space Y

By Theorem 7.2.29 we know that this is the dual of pPcofpωqqxιy. The root
map is obviously a local homeomorphism, since one sees that it carries JJK, J´JK
and xJyzJJK homeomorphically. However it is not a strict p-morphism, since the
red point 8 is not mapped strictly.

(2). Consider the space Y from Figure 7.7. The topology is the finite and
cofinite topology, where cofinite subsets include8, and the order is that displayed:
points in tnt : n P ωu have no successors, whilst points in tnb : n P ωu have 8 as
their only successor. Note that Y is a Sme-space, since each point has height at
most 2.

Computing CC˚2pY q, we have that all chains Cnb
“ tpnb, 0q, p8, 1qu will be in

Sep2pY q, and the chain C˚ “ tp8, 0q, p8, 1qu will be their limit, so C˚ P CC
˚
2pY q,

and moreover, C˚ P xJyzJJK. Note that xJyzJJK is a clopen downset. Note that
also:

rrxJyzJJKs “ t8u Y tnb : n P ωu,

since none of the points nt can be in this image. However this set is certainly
not clopen, given it is cofinite. Moreover, this image set is a downset, and so we
obtain:

Y zÓrrxJyzJJKs “ tnt : t P ωu,

which is not a clopen set. Recalling the definition of right adjoints to Heyting
homomorphisms (Proposition 2.1.77), we obtain the result. ■

Should Proposition 7.5.1 be taken as spelling doom for continuing the analysis
of étale Heyting algebras, and of the Heyting-to-topos problem through them, in
geometric terms? The situation appears to be slightly more subtle. As a final
note we present two potential lines of analysis which are influenced by the studies
done in this thesis.

7.5.1 Identifying rich spaces

Noticing that the algebra ClopUppY q is not known to be topos admissible (see
Appendix A.5.3), we may wonder whether this could provide a counterexample
to the Heyting-to-topos question. However, this does not seem, at first sight, very
easy to achieve, for the following reason: even if the algebra ClopUppY q may fail
to admit an obvious transformation in a topos.



258 Chapter 7. Étale Heyting algebras and Toposes

Taking the space Y as a base, one can construct a larger space Y ` as depicted
in Figure 7.8; this space contains infinitely many copies of the space X, with
ω2 compactifying the points ω ¨ n on top, and the points 8n compactifying the
sequences pω ¨ kq ` n. Such a space is still an Esakia space, indeed, a Sme-space,
and Y is a closed upset of Y ` (as can be seen by the discussion of convergence
above). Unlike with the case for Y , r : CC˚2pY

`q Ñ Y ` is a local homeomorphism;
this follows essentially from the fact that the three subsets JJK, J´JK and xJy
form a partition of CC˚2pY

`q, such that r is injective inside of each of them, and
it is always easy to verify that r is surjective on the first two subsets. For the
third, note that each chain of the form tpω ¨n, 0q, pω ¨n, 1qu will be the limit of the
chains tpω¨n´1`k, 0q, pω ¨ n, 1qu, and hence will appear in the closure of Sep2pY

`q.
Thus rrxJyzJJKs is the whole space, and hence, clearly open.

The upshot of this is the following: perhaps the most natural construction
does not allow us to obtain a topos containing ClopUppY q as its lattice of truth-
values; however, if the same construction works for ClopUppY `q, then by the
filter-quotient construction [183, pp.256], we can obtain a topos E which is still
well-understandable geometrically such that SubEp1q – ClopUppY q.

The precise connection between Y and Y `, in the form of a more general
result, may therefore be an interesting line of further analysis.

‚
ω

‚
1

‚
2

‚
3

. . .

‚
pω ¨ 2q

‚ω`1
‚ω`2

‚ω`3
. . .

‚
pω ¨ 3q

‚ω¨2`1
‚ω¨2`2

‚ω¨2`3
. . .

. . . ‚ω
2

‚
81

‚
82

‚
83

. . .

Figure 7.8: Space Y `

7.5.2 Locally Esakia spaces

In a different line of analysis, note that considering the space pX,ďq of Example
7.2.41.(3), with the identity map 1X : X Ñ X, the construction of Definition
7.3.26 can be formulated in exactly the same way, regardless of whether X is
étale-finite: namely pP1X pXq,ĺ, τq, still forms an ordered topological space and
by a similar argument to that given in Lemma 7.3.30 it satisfies the Priestley
separation axiom. More holds:

Proposition 7.5.2 (Power object is locally Esakia). The space pP1X pXq,ĺ, τq
is a locally Esakia space.

Proof. By definition the sets of the form UzV for U, V clopen upsets, form a basis
for the topology, so P1X pXq is an order-zero-dimensional space. It is continuously
ordered: to see this, consider the map t : P1X pXq Ñ CC˚2pXq defined as follows:

1. If K “ H, tpx,Kq “ Òxˆ t0u;



7.5. Étale Heyting algebras and topos-admissible beyond étale-finite 259

2. If K “ Òx, tpx,Kq “ Òxˆ t1u;

3. If K is a singleton element y above x, tpx,Kq “ tpx, 0q, py, 1qu.

Then t defines an homeomorphism onto its image, which is Sep2pXq (see Def-
inition 7.2.26). To see why, first partition P1X pXq into three subsets ΞpXq,
Ξp∅q and P1X pXqzpΞpXq Y Ξp∅qq, which are obviously disjoint and exhaustive.
Their images correspond, respectively, to the subsets JJK, J´JK and xJyzJJK,
and are therefore open in Sep2pXq. The map t is moreover easily seen to be
injective, and surjective onto Sep2pXq. Finally, given a clopen upset of the form
JpJ XW q Y p´J X V qK for W,V Ď X clopens, t´1rJpJ XW q Y p´J X V qKs “
pΞpXq X ΘpW qq Y pΞp∅q X ΘpV qq, which is clopen. Since every clopen upset of
CC˚pXq can be written in this form, and the preimage is a clopen subset, we have
that t is continuous. The map preserves the order: whenever px,Kq ĺ px1, K 1q,
then K 1 “ Òx1 X K; if K is empty, then so is K 1, so tpx,Kq ď tpx1, K 1q; if
K “ Òx, then K 1 “ Òx1 as well, and again tpx,Kq ď tpx1, K 1q; and if K is
a singleton element y above x, then K 1 “ tyu necessarily, and so tpx,Kq “
tpx, 0q, py, 1qu Ě tpy, 1qu “ tpx1, K 1q, and the order is restricted in the appropriate
way. The order-reflection follows by exactly the same arguments. Thus t is an
order-homeomorphism onto Sep2pXq, which is a dense subset of CC˚2pXq.

We conclude that CC˚2pXq is a Priestley order-compactification of P1X pXq
(Definition 3.3.12).

Now note that t is moreover a p-morphism: by the arguments given for order-
preservation, if tpx,Kq ĺ px1, K 1q, we can determine the shape of px1, K 1q purely
on the basis of px,Kq, and force it to be in the image of t. Thus pCC˚2pXq, tq is
in fact an Esakia order-compactification. It follows from [12, Theorem 4.17] that
P1X pXq is continuously ordered, and it is obvious that it is image-compact , since
each upset is finite. Thus it is a locally Esakia space as desired. ■

In light of this fact, and the results of Section 7.4, another possible avenue of
study would thus be to drop compactness, working instead with locally Esakia
spaces, and to find a suitable strengthening of spectral local homeomorphisms –
since in the absence of compactness, these are no longer closed or proper maps,
and in fact properness [157, pp. C. 3.2] would be too strong, as it would force
compactness on the domain of the local homeomorphism. We leave such questions
for further research.





Chapter 8

Conclusions and Further Work

The center of the analysis of this thesis has been the study of free Heyting alge-
bras, their representations, and model theoretic questions which follow from such
representations. Though in this thesis we have strived to advance the research
into such representations and their model theoretic consequences. Throughout,
we have shown how free algebras feature prominently, both directly and indirectly,
in many questions of definability in intuitionistic logic.

The work of the previous chapters has outlined many potential “suspects” in
our presumed conspiracy: locally Esakia spaces (Chapter 3), Ghilardi complexes
(Chapter 4) and étale Heyting algebras (Chapter 7) being the most extensively
discussed. Through their analysis, we may say that some smaller level offend-
ers have been cleared from the streets: in Chapters 6 we answered Shehtman’s
problem on uniform local tabularity, and reframed Kuznetsov’s problem on local
tabularity in these terms, and in 7 we expanded the class of Heyting algebras
known to be topos-admissible.

Nevertheless, it is clear we have not gathered enough to take down the upper-
echelons of such a conspiracy – the open problems on general completeness, topos-
admissibility, and local tabularity, outlined in the Introduction, stand unsolved.

Throughout the rest of this chapter, we proceed to summarise concrete prob-
lems in this area, and make several remarks on the possible questions and direc-
tions taken, as well as potential lines of research following from this.

8.1 Free Heyting algebra

Ghilardi complex constructions

In Chapter 4 the theory of Ghilardi complexes was introduced for several pur-
poses: describing free Heyting algebras; representing other free constructions du-
ally, like products of Esakia spaces and duals of polynomial Heyting algebras; and
to define a structural interpretation and an adjoint translation from intuitionistic

261
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logic to its Ñ-free fragment. However, we noted that many basic questions about
such structures are both unknown and have quite far-reaching consequences.

The following to us is one of the most basic questions in this line of research:

Problem 8.1.1. Given g : X Ñ Y a continuous and order-preserving map, when
is VgpXq an Esakia space? For instance, is this the case assuming that X is an
Esakia space?

We note that if the answer to this problem was positive, a simple proof of
uniform interpolation of IPC could be carried out by showing that the dual map
to the inclusion i : H Ñ Hrxs has a right adjoint (see Appendix A.3.1). This
motivated just as well the interest of the following, broader question:

Problem 8.1.2. Give more general sufficient conditions for an Esakia space X
to be G-conservative, or for a pair g : X Ñ Y of an Esakia space and an order-
preserving continuous map to be Gg-conservative.

8.1.1 Free constructions in other varieties

In Section 5.1.3 we saw how Carai’s construction manages to simplify the general
construction of free algebras quite substantially. It would therefore be reason-
able to ask whether the general representation problem can be improved for any
other varieties, and which ones admit such simplifications1. This appears to be
a difficult problem, since even for arbitrary finitely generated varieties it is not
clear how one can give this simplified presentation (see Chapter 7 for more discus-
sion on this). This problem can be seen as a form of generalized correspondence
problem:

Problem 8.1.3. Does every finitely generated variety admit a simplified repre-
sentation of free algebras, as in the case of LC and its subvarieties? What if we
assume that the logic L corresponding to the variety is axiomatized by Sahlqvist
equations?

Problem 8.1.4. Can such a representation moreover be done for n-uniform vari-
eties? If not, are there reasonable conditions ensuring that these representations
are possible?

A more theoretical question on this nature would be to try to explain the
nature of these representations through some general theory. One direction worth
pursuing here lies in the following observation: in the representation of free objects
over S5 due to Bass [29] and Horn [147], the representation boils down to a
Grothendieck fibration, namely the classical family fibration, over the category of
finite sets and surjective maps (see [72, Ch. 5] for general discussion, and [10] for

1In unpublished work (personal communication), Carai has represented the algebras for BD2

and its subvarieties.
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specific discussion of the S5 case). The case of LC shares some, but not all, of
these properties, through the construction of “unraveling” of chains. Thus we are
tempted to pose the following:

Problem 8.1.5. Provide a theoretical construction which explains the calculation
of limits in subvarieties of Heyting algebras, analogous to Grothendieck fibrations.

8.1.2 Coequivalence relations

One domain where Ghilardi complexes could be of especial use is the study of co-
equivalence relations . As laid out in [130, pp. 101], for a given superintuitionistic
logic L, these correspond to formulas ρpp1, p2q which L can prove to be equiva-
lences (possibly in a context τppq). Typical examples of such formulas are the
formulas of the form θpp1q Ø θpp2q, which are called separating , in that they
allow defining explicitly the equivalence. In CPC, all coequivalence relations are
separating. It was shown by Ghilardi and Zawadowski that there exist in IPC co-
equivalence relations which are not separating, which corresponds, categorically,
to the fact that HAop

fp is not a Barr-exact category.

Problem 8.1.6. Characterize the coequivalence relations over IPC which are
separating. Categorically, characterize the effective equivalence relations over
HAop

fp .

Beyond the interest of studying coequivalence relations more generally in su-
perintuitionistic logics (see Appendix A.4 for some remarks and basic results) a
study of what Ghilardi and Zawadowski called “regular`” – the condition that
all epimorphisms are of effective descent type – is likewise open. Recent work
in this direction [10] in the context of modal logic employed a representation
of irreducible S5-frames to establish this property. Key to this is the fact that
using such representations with irreducible elements, the conditions for effective-
ness of equivalence relations coincide with some natural closure conditions on
the representation: closure under non-empty unions and downward closure of
bisimulations. Thus the following seems like a natural question:

Problem 8.1.7. Is every (regular) epimorphism in HAop
fp of effective descent

type? If not, what is a characterization of this class of epimorphisms?

We expect that the representations of Ghilardi complexes can be useful in
deriving the necessary and sufficient conditions for effectiveness, along the lines
of closure under a union-like condition, and might be paired with the flexible
sheaf-theoretic representation to prove positive results.
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8.2 First-order theory of free Heyting algebras

In this thesis we did not touch on much of the existing theory studying the first-
order theory of free Heyting algebras. Nevertheless, we point here to several
interesting open questions, and their connections to the questions of this thesis.

Admissibility and Unification

As noted in the introduction, it has been known since the work of Grzegorczyk
[142] and Rybakov [236] that the full first-order theory of the free Heyting algebras
is undecidable. Nevertheless, over the years fragments of such a theory have been
shown to be decidable: the essential result of [234] is that the universal Horn
theory is decidable, as well as an extension to to the full universal theory [152].
Typically this kind of problem manifests logically in the study of “admissible
rules”, which through the work of Rybakov correspond to the quasi-equations or
universal formulas valid in the free algebra (see [235] for a general discussion).

In [17], the author and Silvio Ghilardi studied a unification problem closely
related to the admissibility of so-called Π2-rules; such rules trace their origin to
the work of Gabbay [121] in axiomatizing classes of Kripke models, and Takeuti-
Titani [248] in axiomatizing classes of Gödel algebras, and were subsequently
extended as a framework by several authors [254, 42, 55, 5]. The main result of
[17] reduces the problem of decidability of the formulas associated to a Π2-rule to
the problem of decidability of usual rules, exploiting the uniform interpolation of
IPC. In the context of that work, the problem of unification that arose turned out
to be a special instance of the general problem of unification with linear constant
restrictions (see e.g. [19]). It would therefore be interesting to understand whether
the full first-order positive Horn theory of the algebra FHApωq can be described,
whether it is decidable, and to formulate it as a unification problem with linear
constant restrictions.

Problem 8.2.1. Is the first-order positive Horn theory of FHApωq decidable?

We note that such questions concerning Π2-rules have connection to the theory
of étale Heyting algebras of Chapter 7: as noted there, the natural closure con-
ditions on classes of Heyting algebras axiomatized by Π2-rules correspond closely
to @-homomorphisms. Thus the following appears as a related problem:

Problem 8.2.2. Give general conditions for a homomorphism f : H Ñ H 1 to
preserve the @-theory (or the Πn-theory more broadly) of the Heyting algebra H.

8.2.1 First-order completions

In a different direction it would be interesting to study how the first-order theory
of free Heyting algebras can be characterized amongst the first-order theories of
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Heyting algebras. It is well-known that the theory of atomless Boolean algebras
corresponds to the theory of the model completion of Boolean algebras. In [130,
Ch. 7], Ghilardi and Zawadowski studied the model completion of Heyting alge-
bras, proving the surprising result that such a theory has two countable, locally
finite and finitely subdirectly irreducible models2. Darnière and Junker [93] and
Darnière [92] have provided axiomatizations of the model-completions of all va-
rieties of Heyting algebras which have such a model completion – however, these
are still somewhat unexplored. The following seems to us a basic problem in this
direction:

Problem 8.2.3. Characterize the ω-categorical theories of Heyting algebras (or
locally finite Heyting algebras). Contrast them with the complete theories in the
same varieties.

8.3 Uniform local tabularity

In Chapter 6, we introduced the study of uniform local tabularity, and remarked
its connections to the study of local tabularity, a longstanding open problem in
intuitionistic logic. One natural line of research here would be to try to under-
stand the extent to which uniform local tabularity is a simpler concept than local
tabularity. In particular, it is interesting in this respect to study the relationship
between this and Maksimova’s ω-operation studied in [189]. It might be informa-
tive to try to axiomatize the n-uniform logics for n ą 3, and the example of LFC
can serve for this as a guiding light, though we expect that such a task might
be combinatorially quite challenging. In a structural sense, the most interesting
problem would be to analyze pre-uniform local tabularity above logics larger than
KG – for example, BW2, the logic of bounded width 2:

Problem 8.3.1. Is uniform local tabularity above BW2 decidable? What about
over IPC? Is the logic Box the unique pre-uniformly locally tabular extension of
IPC?

8.4 Étale algebras and toposes

The connection between Heyting algebras and toposes has been at the heart of
the logical uses of toposes, since the constructive nature of Heyting algebras leads
to toposes allowing general models of mathematics beyond set theoretic ones (see
e.g. [183, Sec. 7.8, Ch. 10]). Nevertheless, the Heyting-to-topos question reveals
that, in many ways, this connection is less well-understood than we would hope.

2The authors use the term “prime” to refer to subdirectly irreducible algebras, but this
unfortunately clashes with the notion of a prime model in model theory.
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The Heyting-to-topos question remaining wide open, it would be interesting to
obtain more general results concerning topos-admissible Heyting algebras along
the lines of those obtained in Chapter 7: to understand what are the precise
conditions necessary to have a Heyting algebra arise as the lattice of truth-values
of a topos. A potentially valuable avenue of research in this sense would be to
study the model-theoretic content of topos-admissibility:

Problem 8.4.1. Following the known positive answers, find model-theoretic con-
ditions (similar to the existence of model-completions or uniform elimination of
imaginaries) which are necessary and sufficient for a Heyting algebra H in gen-
eral, or a free Heyting algebra FLpωq for L a superintuitionistic logic to be topos-
admissible.

In this context, we expect that the framework of étale Heyting algebras in
general, and internal H-calculi can prove to be a useful context to discuss such
problems, especially when dealing with general Heyting algebras.

8.5 Definability and Geometry

A running thread throughout the present thesis is that intrinsic to Heyting alge-
bras and to non-classical logical systems more broadly, there is a form of geometry
which corresponds to definability. Duality theory is one way in which we can ex-
plore such a geometry, and its tradition witnesses the way in which one can give
precise geometric meaning to algebraic axioms, using ordered structures. But the
questions which we answered in this thesis, and those which remain open above,
reveal that the nature of this geometry is much finer. The exact nature of this
geometry, and the way in which can be fleshed out logically, is to us the heart of
the “conspiracy” which we alluded to in the prologue of this thesis.

In this final section, we outline some broader and more speculative directions,
drawn from ongoing work with Matteo de Berardinis and Lingyuan Ye. We hope
the reader may be inspired to pursue some of these ideas, and to try to develop
a solid theory with which one can advance the study of superintuitionistic logics
and non-classical logics more broadly.

At the heart of the question of definability and geometry, in our view, lie a
few mysteries, which we briefly outline:

1. Spectral coincidences : It is not clear why distributive lattices and commu-
tative rings should both be so intimately related to spectral spaces(see e.g.
[96]); and consequently, why Heyting algebras, which are deeply asymmet-
ric structures, should carry such a wealth of geometric structure inherent in
them, which often bridges logical meaning with spatial intuition. This was
discussed at length in [96], and some research seeking to precisely untangle
the nature of the connections has been initiated by Guram Bezhanishvili
and Marcus Tressl [53].
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2. Overlapping combinatorics : consider (1) the definability of second-order
quantifiers as in uniform interpolation, (2) Beth definability, (3) the de-
finability of bi-Heyting structure on Heyting algebras, (4) the definability
of KM-structures, and (5) the conservativity of infinitary connectives over
finitary ones. All of these have some claim to being issues of definability,
yet to our knowledge no framework exists which would explain in what way
they are all definable. The work of Ghilardi and Zawadowski [130] on one
hand, Esakia, Pataraia and Jibladze [108], as well as many others, point in
the direction of studying such definability questions using deeper methods
borrowed from algebraic geometry and K-theory.

3. Geometry and topology out of sight : in addition to the above points, it is
an empirical observation that a number of methods pursued in the study of
superintuitionistic logics coincide with techniques appearing in the algebraic
topology of posets [170]: beat points reductions are exactly α-reductions,
the class of Boolean sums and the notion of “stack” studied in Chapter 6
appear verbatim [170, Def. 10.7], and the natural classes of posets considered
for intuitionistic logic, such as locally linear posets, appear naturally also
in such settings (as face posets of simplicial complexes, for instance).

In our view, understanding which of these are mathematical accidents and
which are deep connections, leads us to two natural and interrelated directions.

The first, seeks to flesh out a way of explaining the overlapping combinatorics
as part of a central phenomenon, integral to the Grothendieck analysis of com-
mutative rings, and contemporary algebraic geometry and algebraic topology:
placing homotopical, homological and cohomological invariants at the heart of
the meaning of definable. We thus phrase the following problem:

Problem 8.5.1. Develop a theory of definability which equates definability with
a homological, cohomological or homotopical criterion.

Note that developing such a theory is not a trivial task, since Heyting algebras
are quite far from the usual homological categories [71], lacking anything like a
zero object, and most crucially, being strongly non-abelian; it also lacks enough
injectives in as strong terms as possible [22]. The failures of exactness showed by
[130] also point to the need for careful adaptation of such techniques from abelian
settings. In related settings, recent work by Reggio [228] has shown that there is
promise in considering homotopical methods in modal logic.

Ultimately, we believe that such theories could provide a unifying explanation
for many phenomena discussed in this thesis – like uniform interpolation, inter-
polation, or topos-admissibility – as well as others which have not been discussed,
such as Ruitenburg’s theorem of fixed point elimination, or construction of solu-
tions for unification problems. All of thse rely on special normal forms of IPC,
and on cleverly chosen combinatorics of k-bisimulations, which from the point of
view of this thesis coincide.
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In place of chain complexes indexed by simplices, constructions like Ghilardi
complexes – though ideally with reasonable simplifications – which carry both
a strong geometric and a strong game-theoretic nature, can hopefully serve the
role of the fundamental invariants out of which one builds structures analogous to
fundamental groups. A concrete avenus for this research is to take a Grothendieck
approach3, identifying formulas with “affine varieties” or “affine schemes”, and
find criteria analogous to Serre’s affineness criteria [143, Thm. 3.7] out of the sheaf
cohomology present in such Grothendieck toposes. In a logical framework, that
would provide a general set of conditions that characterize definability. Note also
that in this setting, hypotheses like uniform local tabularity become analogous
to Noetherianity assumptions. Such a setting also has the interest of allowing
us to uniformly discuss undefinability results – including failures of uniform in-
terpolation [131], fixed-point elimination [180], or undefinability of higher-order
connectives [249, 221, 165].

Such a study is closely related to the context of the categorical Galois theory
of Heyting algebras [72]. Thus we pose the following problem:

Problem 8.5.2. Develop the Galois theory of finite posets with p-morphisms,
and construct Galois-theoretic invariants for the study of intuitionistic logic.

This relates to the question raised above in Section 8.1.2, about effective de-
scent morphisms, since for such a study, the effective descent epimorphisms con-
stitute the basic class for which a Galois theoretic analysis can be pursued. The
interest of such a study would be in providing new powerful invariants for study-
ing varieties, quasivarieties and other classes of algebras: similarly to how Galois
theory characterizes the existence of closed-form solutions by radicals in terms
of certain purely group-theoretic properties, one could hope that it should be
possible to characterize the existence of logical solutions to formulas in extended
languages (such as with quantifiers, fixed points, or additional operations) by way
of characterizing the Galois groupoids of the algebras at hand.

The hope would be that making precise these geometric meanings, in what-
ever form they may assume, can bring to light enough data to ultimately solve the
problems which we discussed in this thesis: most notably, the Heyting-to-topos
problem, and Kuznetsov’s problem on the general completeness of complete Heyt-
ing algebras.

3We should disclaim for the expert reader that whilst in [130, Ch. 7] Ghilardi and Zawadowski
remarked that the usual covering Grothendieck topology on the site HAop

fp is not subcanonical
[130, Ex. 8], if one restricts to finite covers, this forms a subcanonical topology, as remarked in
the same exercise. Moreover, the spectral local homeomorphisms discussed in Chapter 7, and
the usual open immersion maps typical of the Zariski topology all form natural Grothendieck
topologies which can be studied on this site.
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Appendix

In this appendix we collect a number of results, observations and remarks. Many
of these results collected are of a folklore nature, despite seemingly never having
appeared in print. Some are small results which whilst interesting would distract
a bit from the nature of the main discussion. Others are simplified proofs of
known results, which we include here to make such results more widely known
and accessible.

A.1 Free distributive lattices

It is a folklore fact that free distributive lattices are bi-Heyting algebras. The
following algebraic proof originally appeared in [11, Lem. 2.7]:

Proposition A.1.1 (Free distributive lattices are bi-Heyting). FDLpXq is a (bi-
)Heyting algebra for each set X. Thus, the variety DL is HA-( biHA-)anarchic.

Proof. Let P,Q P FDLpXq. We show that the implication P Ñ Q exists in
FDLpXq. By [21, p. 89, Thm. 7], P “

Žn
i“1 Si, where each Si is join-irreducible

, and Q “
Źm

j“1 Ti, where each Tj is meet-irreducible (see Definition 2.1.18). It
is sufficient to show that each Si Ñ Tj exists in FDLpXq since then by basic
properties of the relative pseudocomplement, we have:

P Ñ Q “ p
Žn

i“1 Siq Ñ
´

Źm
j“1 Ti

¯

“
Źn

i“1

´

Si Ñ
Źm

j“1 Ti

¯

“
Źn

i“1

Źm
j“1 pSi Ñ Tjq .

We show that

Si Ñ Tj “

#

1 if Si ď Tj;

Tj otherwise.

269
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Note that if Si ď Tj certainly Si Ñ Tj “ 1. So assume that Si ę Tj. We need to
show that for each R P FDLpXq, Si^R ď Tj if and only if R ď Tj. One direction
is obvious: if R ď Tj then Si ^ R ď Tj. So assume that Si ^ R ď Tj. Since Tj
is meet-irreducible, and we assume that Si ę Tj, this implies that R ď Tj. Thus,
Si Ñ Tj “ Tj, showing that FDLpXq is a Heyting algebra.

To see that DL is HA (even biHA) anarchic, we recall that all Heyting
algebras are distributive lattices (Theorem 2.1.15), and distributive lattices admit
unique Heyting algebra structures (by uniqueness of adjoints). The facts for bi-
Heyting algebras follows by dualizing all statements with respect to the order. ■

A.2 Topological and combinatorial structures

A.2.1 Vietoris spaces

The following lemma shows that beyond being Priestley spaces, the Vietoris
spaces carry an additional Esakia structure. Such a lemma was used in [8] to
prove some key facts about the functor VMax, constructing the dual representa-
tion of the adjoint to the Booleanisation functor, as was described in Section
5.3.2.

Lemma A.2.1 (Vietoris is Esakia). Let pX,ďq be a Priestley space. Then
pVpXq,Ěq is an Esakia space.

Proof. Given a clopen subset of VpXq, note that because of the subbasis of this
space, we can write such a clopen as a union of sets of the form:

W “ JUKX xV0y X ¨ ¨ ¨ X xVny,

where U, Vi are clopen subsets of X. To show that VpXq is an Esakia space, it
thus suffices to show that ÓW is clopen for any W in the above shape (since Ó
commutes with unions). Supposing that W is as given, we consider the following
subset:

W0 :“
n
č

i“1

xU X Viy.

If C P VpXq belongs to W0, then it contains a subset D “ tx1, . . . , xnu, where
each xi P Vi X U ; so D Ď U , it is a closed subset, and intersects each of the sets,
and so C P ÓW . Conversely, if C P ÓW , then there exists some C Ě D, where
D Ď U , and D P xViy. This means that for each i there is some xi P D, which by
the assumption will be in U X Vi. Thus C P W0.

Since xU X Viy are subbasic clopen subsets of X, we get that ÓW is a clopen,
as desired. ■
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A.2.2 Combinatorics of the universal model

It was observed by Bellissima [30] that the combinatorial structure of the n-
universal model for n ą 1 is quite involved. Most of these difficulties seem to
arise out of the existence of infinite antichains. We give an example of constructing
such antichains, with a slightly different argument to that given in [30, Lemma
4.1].

Notation A.2.1 (Right combinatorial properties). To simplify the following state-
ments we will simply write the right combinatorial properties for a logic L which
is closed under the kinds of frames employed by the proof. This is always met by
IPC, but often is much more general.

Lemma A.2.2 (Infinite antichain in universal model). Let n ą 1. Let L be a
logic with the FMP with the right combinatorial properties. Then the poset Upnq
contains an infinite antichain.

Proof. Let x, y be two maximal points such that cpxq “ 1n and cpyq “ 1n´10.
Then we can recursively construct a poset isomorphic to the Rieger-Nishimura
ladder such that x, y are the two maximal points, and each point has color equal
to cpyq. Note that in ULpnq, the points in such a recursive construction are
precisely those which validate the formula

Źn´1
i“1 pi, and hence this upset, call it

P is definable.
For each level k, let ak, bk be the two elements in P . Since n ą 1, for each k,

there exists wk which has ak as its only immediate successor (note that cpakq ą
0n). Then we can consider the set:

twk : k P ωu.

This is an antichain, since each of the wk has as its immediate successors elements
which never see wi for any i. Moreover, it is infinite because P itself is infinite. ■

The following pair of lemmas is specific to IPC:

Lemma A.2.3 (Completely meet-irreducible are definable and join-irreducible).
For each n ą 1, and x P Upnq, the set X pnqzÓx is a rooted clopen upset.

Proof. By [30, Corollary 2.8], the subsets UpnqzÓx are definable, and are com-
pletely meet-irreducible. Thus the same formula defines in X pnq the subset
X pnqzÓx.

The fact that completely meet-irreducible elements are join-irreducible was
observed in [30, Thm. 3.1]. By Proposition 2.1.66, such a join-irreducible element
corresponds to a rooted clopen upset in X pnq. ■

We will need the following lemma originally due to Urquhart [251]; this can
be proved easily by employing the results of Chapter 4:
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Lemma A.2.4 (Finite minimum lemma). Let U be a clopen upset in X pnq. Then
minpUq is finite.

Proof. Note that by Proposition 4.3.4, the algebra FHApnq is generated by join-
irreducible elements. Hence, given a clopen upset U Ď X pnq, we have that
U “ V1 Y ¨ ¨ ¨ Y Vn where Vi is a clopen upset which is join-irreducible. By
Proposition 2.1.66, Vi is rooted. Thus, minpUq corresponds to the roots of the
clopen upsets Vi, and is finite. ■

Proposition A.2.5 (Wicked combinatorics). If n ą 1 and L is a logic with the
FMP with the right combinatorial properties, we have:

1. The algebra UppULpnqq is uncountable, thus FLpnq fl UppULpnqq.

2. There exist two elements a, b P Upnq such that ÓaX Ób has infinitely many
maximal elements.

3. The free algebra FLpnq has an infinite descending chain.

4. The n-universal model UIPCpnq contains an infinite ascending chain.

Proof. In light of Lemma A.2.2, fix W “ twn : n P ωu an infinite antichain, as
constructed there.

(1) This it follows easily: given S Ď W , we can consider ÒS, and obtain that
for S ‰ S 1 Ď W , ÒS ‰ ÒS 1. Since W is infinite, there are uncountably many
upsets, whilst FLpnq is countable.

For (2), look at S0 “ Ów0 and S1 “ Ów1. We claim that S0 X S1 has infinitely
many elements in the maximum. To see this, note that by construction of ULpnq,
for each i ą 1, there is at least one point vi such that vi ă tw0, w1, wiu. Now note
that vi P S0 X S1 for each i. Moreover, for each successor m of vi, m R S0 X S1,
and vi ę vj whenever i ‰ j ą 1.

(3) is [30, Corollary 4.3]; we prove it for completeness. Consider the following
sequence: S0 “ X pnq, and Sn`1 “ SnzÓwn. Then S0 Ě S1 Ě S2 Ě . . . is an
infinite descending chain, since wn`1 P Sn ´ Sn`1 for each n.

(4). Consider the sequence S0 Ě S1 Ě S2 Ě . . . . It is well-known that
X pnq “ S0 is rooted, and moreover, that Sn are all rooted by Lemma A.2.3. Now
consider

M “
ď

iPI

minpSiq;

Note that since the chain is proper, and by Lemma A.2.4, minpSiq is finite, M
must be infinite: otherwise, if M was finite, for some k onwards, minpSkq “
minpSk`1q, which would be a contradiction, since then Sk “ Sk`1.

Since S0 is rooted, in particular, we must have that r0, the root, cannot be in
minpS1q, which is finite. Since M Ě ÒminpS1q, and the latter is finite, there must
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be some element x1 which sees infinitely many elements from M . Note that Òx1
is clopen as well, so we can consider:

S 1n “ ÒxX Sn;

and we will obtain that this is still an infinite descending chain, all the elements
are rooted and clopen. Hence we can proceed with the construction as just
outlined, constructing an infinite ascending chain. ■

As a simple corollary of these structural results, we obtain the following result
by Esakia (announced without proof in [104]):

Proposition A.2.6 (Free algebras for n ą 1 are not KM). For each n ą 1, the
algebra FHApnq is not a KM Heyting algebra.

Proof. By Proposition 2.1.61, it suffices to show that there is a clopen upset U in
X pnq such that UYmaxpX pnqzUq is not clopen. Consider the upset P constructed
in Lemma A.2.2, which is definable (by the formula

Źn´1
i“1 pi). Thus, the clopen

upset representing the same formula in X pnq contains P . If X pnq was a KM-space
(Definition 2.1.60), we would have that

τpP q “ P YmaxpX pnqzP q,

would be a definable upset; however, note that:

twk : k P ωu Ď minpτpP qq,

since each point wk has no predecessors which lie in the same set. This means that
minpτpP qq is infinite; by the finite minimum Lemma A.2.4, this is a contradiction
to τpP q being clopen. ■

Remark A.2.7 (bi-Heyting and KM). For a locally finite variety V, all the free
n-generated algebras will be KM Heyting (since they are finite, Example 2.1.40).
Except for L “ CPC. the algebra FLpωq is never a KM Heyting algebra: other-
wise, since all countable L-algebras are homomorphic images of it, by Proposition
2.1.41, all countable L-algebras would be KM Heyting algebras, which we noted
only holds for CPC (see Remark 2.1.42).

By contrast, we have seen in Section 4.3 that even ω-generated Heyting al-
gebras are bi-Heyting algebras. It was shown by Carai [79, Sec. 5] that despite
all n-generated Gödel algebras of bounded depth k being bi-Heyting (as they are
finite), for k ą 1, the free Gödel algebras of depth k on ω-many generators are
not bi-Heyting.

It would be interesting to understand for which superintuitionistic logics L the
algebras FLpnq are KM, for which they are bi-Heyting, and what is the general
structure of such properties.
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We finish with a different, lattice-theoretic, negative result:

Proposition A.2.8 (Free algebra for n ą 1 is not meet-irreducibly generated).
For n ą 1 the algebra FHApnq is not meet-irreducibly generated.

Proof. Assume towards a contradiction that every element of FHApnq is equiva-
lent to a meet of meet-irreducible elements. Then:

FHApnq Ď xtUpnqzÓx : x P Upnquy Ď DefpUpnqq,

that is the free algebra is generated by the meet-irreducible elements. By Lemma
3.4.18.(1) we have that UpnqzÓx can be generated, by one layer of implications,
from principal upsets of the n-universal model. Consequently:

xtUpnqzÓx : x P Upnquy Ď Belpnq;

however, this contradicts the fact that the Bellissima algebra does not coincide
with FHApnq (Proposition 3.4.13). ■

A.2.3 A characterisation of étale-finite Esakia spaces

We provide here a general characterization of étale-finite Esakia spaces which
does not rely on the existence of strict p-morphisms, and hence, can be verified
directly on the spaces themselves.

Proposition A.2.9 (Characterisation of étale-finite Esakia spaces). An Esakia
space X is étale-finite if and only if the following conditions hold:

1. (Locally finite) for every x P X, the principal upset Òx is finite.

2. (Types are clopen) for every finite poset P , the set

XP :“ tx P X : Òx – P u

is clopen.

Proof. (ñ) Suppose é : X Ñ X0 is a continuous strict p-morphism with X0 finite.
For each x P X, the restriction of é gives Òx – Òépxq; hence, each principal upset
is finite. Moreover, for a finite poset P ,

XP “
ď

tx0PX0:Òx0–P u

é´1rtx0us,

which is clopen because X0 is finite (and hence discrete) and é is continuous.
(ð) For each n P N∖ t0u, set

Xn :“ tx P X : |Òx| “ nu.

EachXn is clopen: indeed, it is the finite union of the setsXP , with P ranging over
representatives of the finitely many isomorphism classes of posets of cardinality
n.
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Claim A.2.10. There is a finite clopen partition

B1, . . . , Br

of X such that, for every x P X, distinct points of Òx lie in distinct blocks of the
partition.

Proof of the claim. Let x P X, and write n :“ |Òx|. Since the underlying topolog-
ical space of a Priestley space is a Stone space, we may choose pairwise disjoint
clopen neighbourhoods

Ux
y py P Òxq

such that y P Ux
y for each y P Òx. Define

Ox :“ Xn Xl

˜

ď

yPÒx

Ux
y

¸

X
č

yPÒx

ÓUx
y .

Then Ox is clopen. Indeed, Xn is clopen, the set
Ť

yPÒx U
x
y is clopen, and both

lW and ÓW are clopen whenever W is clopen in an Esakia space.
Moreover, x P Ox. Thus the family pOxqxPX covers X, and hence, by com-

pactness, there are x1, . . . , xm P X such that

X “ Ox1 Y ¨ ¨ ¨ YOxm .

Collect the finitely many clopen subsets

Uxa

y p1 ď a ď m, y P Òxaq,

and let B1, . . . , Br be the finite clopen partition of X generated by them.
We show that this partition has the desired property. Let z P X, and choose

a such that z P Oxa . Set
n :“ |Òxa|.

Since z P Xn, we have |Òz| “ n. Moreover, by the definition of Oxa , the set Òz is
contained in

ď

yPÒxa

Uxa

y

and meets each of the pairwise disjoint clopens Uxa

y . Since both Òz and Òxa have
cardinality n, the set Òz meets each Uxa

y in exactly one point. Hence, any two
distinct points of Òz are separated by one of the chosen clopens, and therefore lie
in distinct blocks of the generated partition. This proves the claim. ■

We now construct the finite target poset. For x P X, define

Sx :“ ti P t1, . . . , ru : ÒxXBi ‰ ∅u.
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By Claim A.2.10, for each i P Sx there is a unique point

xi P ÒxXBi.

Define a partial order on Sx by

i ďx j ðñ xi ď xj.

Let
qx :“ pSx,ďxq.

Thus, qx is a finite poset, and the map

Òx ÝÑ qx

y ÞÝÑ the unique i such that y P Bi

is an order-isomorphism.
Let

Q :“ tqx : x P Xu.

This is finite, since there are only finitely many partial orders on subsets of
t1, . . . , ru.

If q “ pS,ďqq P Q and i P S, write

qěi :“ tj P S : i ďq ju,

with the induced order. Notice that qěi P Q: indeed, if q “ qx and y P Òx is the
unique point lying in Bi, then

qy “ pqxqěi.

Define an order on Q by declaring, for q “ pS,ďqq,

q ďQ q
1
ðñ q1 “ qěi for some i P S.

This is a partial order. Reflexivity follows because each qx has a least element,
namely the block containing x. Transitivity is immediate. For antisymmetry, if
q ďQ q

1 and q1 ďQ q, then the underlying set of q1 is contained in the underlying
set of q, and conversely. Hence, the two underlying sets are equal; since principal
upsets carry the induced order, it follows that q “ q1.

We regard Q as a finite Esakia space with the discrete topology. Define

é : X ÝÑ Q,

x ÞÝÑ qx.

We prove that é is continuous. Since Q is finite and discrete, it suffices to
show that each fibre of é is clopen. For i P t1, . . . , ru, put

Di :“ tx P X : ÒxXBi ‰ ∅u “ ÓBi.
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This is clopen because X is Esakia. For i, j P t1, . . . , ru, put

Eij :“ tx P X : there are y P ÒxXBi and z P ÒxXBj with y ď zu.

Equivalently,
Eij “ ÓpBi X ÓBjq.

Hence Eij is clopen, since Bj is clopen, ÓBj is clopen, and X is Esakia.
Fix q “ pS,ďqq P Q. Then

é´1rtqus “
č

iPS

Di X
č

iRS

pX ∖Diq X
č

i,jPS
iďqj

Eij X
č

i,jPS
ięqj

pX ∖ Eijq.

Indeed, the first two intersections express exactly that the set of colours appearing
above a point is S, while the last two intersections express exactly that the order
between those colours is ďq. Therefore, each fibre of é is clopen, and so é is
continuous.

It remains to show that é is a strict p-morphism. Let x P X, and set q :“ épxq.
Consider the map

αx : Òx ÝÑ q

y ÞÝÑ the unique i such that y P Bi.

By construction, αx is an order-isomorphism. Also, the map

βq : q ÝÑ ÒQq

i ÞÝÑ qěi

is an order-isomorphism. It is surjective by the definition of ďQ. It is injective
because, if qěi “ qěj, then i P qěj and j P qěi, hence j ďq i and i ďq j, and
therefore i “ j.

We now check that βq preserves and reflects the order. If i ďq j, then qěj “
pqěiqěj, and hence qěi ďQ qěj. Conversely, if qěi ďQ qěj, then

qěj “ pqěiqěk

for some k P qěi. Thus qěj “ qěk, and by injectivity j “ k. Since k P qěi, it
follows that i ďq j.

For every y P Òx we have

épyq “ βqpαxpyqq.

Hence
éæÒx : Òx ÝÑ ÒQépxq

is an order-isomorphism.
By Remark 7.2.36, é is a strict p-morphism. Thus é : X Ñ Q is a continuous

strict p-morphism to a finite Esakia space. Therefore, X is étale-finite. ■
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Remark A.2.11 (Étale-finite ô principal upsets are finite and locally constant).
The characterisation in Proposition A.2.9 immediately entails the following sim-
ilar characterisation:

An Esakia space X is étale-finite if and only if, for every x P X,
Òx is finite and there is an open neighbourhood U of x such that, for
every y P U , the posets Òx and Òy are isomorphic.

Indeed, it is clear that the condition in Proposition A.2.9 implies that principal
upsets are finite and locally constant. Conversely, if principal upsets are finite
and locally constant, then all the sets of the form XP (P a finite poset) are open
and, since they partition X, also closed.

A.2.4 KM Heyting algebras and étale-finiteness

In Section 7.2.4 we gave a number of examples of étale-finite Heyting algebras. In
this appendix we show how KM Heyting algebras appear naturally in this setting.
In particular, we will show that those KM Heyting algebras that satisfy linearity
and bounded-depth axioms (see e.g. [179]) are in fact étale-finite.

We begin with the following:

Proposition A.2.12 (Étale-finiteñ KM). For every étale-finite Esakia space X,
if W Ď X is clopen, then maxpW q is clopen. Dually, every étale-finite Heyting
algebra is a KM Heyting algebra.

Proof. Let é : X Ñ X0 be a continuous strict p-morphism. By Proposition 2.1.61,
it suffices to show that, for each clopen subset W of X, maxpW q is clopen.

Let W be a clopen subset of X, and x P maxpW q. Then, W X lpW ñ

é´1répxqsq is a clopen subset (since X0 is discrete, é is continuous and X is an
Esakia space), and x P W X lpW ñ é´1répxqsq since x is maximal. Moreover,
W XlpW ñ é´1répxqsq is contained in maxpW q: if y P W XlpW ñ é´1répxqsq
and y ď y1 P W , then, by definition, épyq “ épy1q “ épxq, and, since y ď y1, we
have y “ y1. Thus, maxpW q is open. It is also closed because X is an Esakia
space: by [102, Thm. 3.2.6], W is an Esakia space with the induced topology and
order, and so, by [102, Thm. 3.2.3], maxpW q is closed in the subspace topology;
sinceW is clopen, maxpW q is closed inX. Thus maxpW q is clopen, as desired. ■

We can prove a converse to this, when we restrict to tabular Gödel algebras ,
in the following sense:

Definition A.2.13 (KM-tabular Gödel algebra). A KM-tabular Gödel algebra is
a KM Heyting algebra for which there is a finite chain rks :“ 1 ă ¨ ¨ ¨ ă k for
k ě 1 such that H P VarHAprksq.

Every KM-tabular Gödel algebra is in particular a Gödel algebra. We will
now show that all such algebras are étale-finite:
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Proposition A.2.14 (For Gödel algebras, étale-finite ô KM-tabular). For every
Heyting algebra H, the following are equivalent:

1. H is a Gödel algebra and is étale-finite;

2. H is a KM-tabular Gödel algebra.

Proof. By Proposition 2.3.19, we know that a Heyting algebra H is a Gödel
algebra if and only if SpecpHq is locally linear, and it validates the bounded
depth k axiom – equivalently, belongs to the variety Varprksq – if and only if
SpecpHq has depth less than or equal to k. Set X :“ SpecpHq.

(1)ñ(2) Since H is a Gödel algebra, every principal upset in X is a chain. If H
is étale-finite, then there is a finite poset X0 and a strict p-morphism é : X Ñ X0.
Let X 1

0 be the quotient of X0 obtained by identifying points of the same depth.
Since all principal upsets of X0 are finite chains, the quotient π : X0 ↠ X 1

0 is a

strict p-morphism, and so the composite X
é
ÝÑ X0

π
ÝÑ X 1

0 is a continuous strict p-
morphism. Then, by Proposition 7.2.33, H is the Heyting reduct of an algebra in
VarpH0qhPH0 , where H0 “ ClopUppX 1

0q; thus, H belongs to the variety generated
by a finite chain. Moreover, H is a KM Heyting algebra by Proposition A.2.12.
Thus H is a KM-tabular Gödel algebra as desired.

(2)ñ(1) As noted above, there is k ě 0 such that every principal upset in
X is a chain of cardinality at most k. We show that X is étale-finite. For this
purpose, note that to each point x P X we can assign its depth dpxq :“ |Òx|. Let
k˚ “ k ă ¨ ¨ ¨ ă 1 be the k-element chain with the reverse of the natural order.
Then the map

d : X ÝÑ k˚

x ÞÝÑ dpxq

is a continuous strict p-morphism. The fact that it is a strict p-morphism follows
from simple cardinality considerations, since, for each y P Òx, one has |Òy| “
|Òx|´ |rx, yq| where rx, yq “ tz P X : x ď z ă yu.

We finally show that the map d is continuous: for each j P t1, . . . , ku, consider
the set Lj :“ tx P X : dpxq “ ju. Note that L1 “ maxpXq, since maximal
elements are exactly the elements such that their upset is a singleton. Since X
is a clopen subset of itself, Proposition 2.1.61 gives that maxpXq is clopen. For
each 1 ď j ă k we have Lj`1 “ maxpX ∖

Ťj
i“1 Liq; so, by induction, all such

subsets are clopen. This shows that d is continuous and concludes the proof. ■

A.3 Ghilardi complexes

A.3.1 Adjoints in Ghilardi complexes

In Section 4.4.1 we provided a representation of finitely presented Heyting alge-
bras using Ghilardi complexes of the form VgGpP q. In this appendix, we make
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remarks on this structure.

Adjoints and uniform interpolation

In this brief section, we provide a sketch of the claim made in Chapter 8 – that
a general theory of G-conservative objects is connected to uniform interpolation.

Recall that uniform interpolation follows, for IPC, from the adjoint definabil-
ity property (Definition 2.3.29). To show this, it is sufficient to show that the
inclusion i : H Ñ Hrxs from a Heyting algebra H to the Heyting algebra of
polynomials (Definition 4.4.22) has a right adjoint.

So given an arbitrary Esakia space X, look at X ˆ2ď, and the map πX : X ˆ
2ď Ñ X. By what was shown in Section 4.4.3, the inverse limit of the polynomial
Ghilardi complex GπX pX ˆ 2ďq, VπXG pX ˆ 2ďq, is dual to Hrxs. The following is
moreover easy to observe:

Lemma A.3.1 (Projection dual to inclusion). The projection map πXπ0 : VπXG pXˆ
2ďq Ñ X is dual to the inclusion i : H Ñ Hrxs.

Note that since the projection πX is an open map, by the characterization
of adjoints of Heyting algebra homomorphisms (Proposition 2.1.77), it has a left
adjoint. In this case, however, such a left adjoint is a map in the dual Esakia
space. It is the map

l : X Ñ X ˆ 2ď

x ÞÑ px, 0q.

This is the left adjoint of πX , since lpxq ď py, iq if and only if x ď πXpy, iq.
Now assume that one fo the following holds:

1. Each pX ˆ 2ďqn is an Esakia space;

2. For each n, the iterated adjoint map Òn : pX ˆ 2ďq Ñ pX ˆ 2ďqn is contin-
uous.

Note that the first hypothesis implies the following by Lemma 2.1.80, since
each of these spaces being Esakia would imply that the local adjoint Ò : pX ˆ

2ďqn Ñ pX ˆ 2ďqn`1 would be continuous.
In either case, we would have that the the map Òω : X ˆ2ď Ñ VπXG pX ˆ2ďq –

which is order-theoretically the left adjoint of the projection π0 : VπXG pX ˆ2ďq Ñ
X ˆ 2ď – would be continuous (see Remark 4.5.5).

In this situation, we would have, by composition:

lÒω % πXπ0,

and such an adjunction would be true on the level of continuous maps. This
would then prove that the map i has a right adjoint by duality. It would also
explain immediately the join-distributivity property (Proposition 2.3.34), as a
simple corollary of such an adjoint being the dual of a Priestley morphism.
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Stability maps

In addition to having, for each n, up-set maps Ò : Pn Ñ Pn`1 which are definable
(i.e., continuous) there are stability maps δn : Pn Ñ Pn`2 which are injective
p-morphisms:

δnpxq :“ tÒy : x ď yu.

The name is connected to the following, which was observed by Butz [75], as
well as by D. Pataraia, in unpublished work:

Proposition A.3.2 (Stability in g-Ghilardi complex). Let g : X Ñ Y , be a
continuous and order-preserving map, and GgpXq “ pXn, rnq be the g-Ghilardi
complex. Then δn : Xn Ñ Xn`2 defined by δnpxq “ tÒy : y P Òxu “ ÒrÒpxqs is an
injective p-morphism. Moreover, δn is continuous if and only if Ò : Xn Ñ Xn`1 is
continuous.

Proof. To see that it is injective, note that if x ‰ y, then either x ę y or y ę x,
so either Òx R δnpyq or Òy R δnpxq. To see that it is a p-morphism, assume that
δnpxq Ě C for some C P Xn`2; by construction, C is rooted at some element Òy
for x ď y. If y ď z, then Òy Ě Òz, so because C is rn-open, there is some D Ď Òy
such that D P C, and rnpDq “ z; but since C Ď δnpxq, it follows that the root of
D must be Òz. It follows that C “ δnpyq, which shows that δn is a p-morphism,
as desired.

Note that if Ò : Xn Ñ Xn`1 is continuous, then we have that Xn is actually
an Esakia space; consequently no concern over Xn being g-Esakia for any g is
necessary. Moreover, Ò : X Ñ Xn`1 is rn-open: whenever Òx Ě C, then by taking
rnpCq, we have that Òx Ě ÒrnpCq. So the map δn is in fact the unique, and
therefore continuous, lifting of Ò to Xn`1. Conversely, if δn is continuous, we note
that for each x P Xn, rn`1δnpxq “ Òx, and since rn`1 is always continuous, we
have that Ò : Xn Ñ Xn`1 will be continuous. ■

The above Proposition shows that in most cases we cannot expect the δn maps
to be continuous. But for complexes over finite posets, this is of course never an
issue, and the maps δn serve a very natural purpose: they connect the universal
models Upnq with the Ghilardi complexes.

Definition A.3.3 (Stable points). Let g : P Ñ Q be an order-preserving map
between finite posets, and GgpP q “ pPn, rnq the g-Ghilardi complex over P . We
say that a point x P Pn is stable if r´1n`2rxs is a singleton for each y P Òx.

Proposition A.3.4 (Stable points from stability maps). For each x P Pn δnpxq
is stable. Moreover, if x P Pn is stable, then Òx is likewise stable, and Òx P Pn`1
is the unique point mapping to x.

Proof. The fact that δnpxq is stable follows from Proposition A.3.2: assume that
δnpxq Ě C; by what was observed, this is of the form δnpyq for a unique y ě x.
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Now assume that D0, D1 P Pn`3 are such that rn`2pD0q “ rn`2pD1q “ δnpyq. Let
us show that then D0 “ D1. Suppose that F P D0; then by construction, we have
that F “ δnpzq for some z ě y. Since D1 is rn`1-open, and δnpyq Ě δnpzq, there
is some F 1 P D1 such that rn`1pF

1q “ rn`1pδnpzqq “ Òz. But then δnpyq Ě F 1, so
there is some z1 ě y such that δnpz

1q “ F 1; thus Òz1 “ rn`1pδnpz
1qq “ rn`1pF

1q “

Òz. By injectivity of δn, we get that z “ z1, and so F 1 “ F . This shows that
D0 Ď D1, with the converse inclusion being exactly the same.

The fact that Òx is stable whenever x is stable is clear: certainly Òx has x
as a root, so if x is stable, it is the unique such point. Moreover, if Òx Ě C, we
show that C is stable: indeed, since then x ď rnpCq, then rnpCq is also stable,
meaning that C “ ÒrnpCq; it follows that if D0, D1 are arbitrary in Pn`2, and
rnpD0q “ rnpD1q “ C, then by the same arguments as above, we can show that
D0 “ D1, using that all the extensions of C are precisely upsets above x. ■

A consequence of Proposition A.3.4 we can connect our Ghilardi complex con-
struction VG, the discrete Ghilardi complex from Section 5.2, and the n-universal
model from Chapter 3:

Proposition A.3.5 (Finite approximability from step by step). Let g : P Ñ Q
be an order-preserving map, and GgpP q the g-Ghilardi complex over P . Then:

1. For each n, Pn is an upset of VgGpP q.

2. If x P VgGpP q is a point of finite depth, then there exists some n such that
Òx – Òxpnq.

3. The points of finite depth (precisely Pg
GpP q) are dense in VgGpP q.

Proof. (1) Let p P Pn be a minimal element. By Proposition A.3.4, δnppq is a
stable point, and by Proposition A.3.2, we have that Òp – Òδnppq, given this is an
injective p-morphism. Note moreover that then considering the point ln`2pδnppqq,
where lk : Pk Ñ VgGpP q is the adjoint to the projection from 4.3.2, namely, by
defining ln`2ppqpn` 2q “ δnppq and for each k ě n` 2, ln`2ppqpkq “ Òln`2ppqpkq.
It follows from Proposition A.3.4 that then ln : Òδnppq is an injective p-morphism.
Since this holds for each minimal p P Pn, we obtain that Pn is an upset of VgGpP q.

(2) We prove this by induction on the depth of x. If x is maximal, then note
that we can take n “ 1: if xp1q had any successors other than itself, say xp1q Ě C,
since xp2q is r0-open, we could take C 1 P xp2q such that r0pCq “ r0pCq, and
proceeding recursively construct C ě x, which cannot be equal, since C ‰ xp1q.

Now assume that x has depth k ` 1. Let n be large enough that each point
of depth k has Òy – Òypnq, and such that for each successor y of x, xpnq ‰ ypnq.
Then we claim that xpn` 1q works. Indeed, we consider the map:

πn`1 : ÒxÑ Òxpn` 1q;
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Such a map is order-preserving. It is moreover order reflecting: if xpn ` 1q ď
ypn ` 1q, then we show that xpn ` 2q ď ypn ` 2q. Indeed, if x “ y we are done.
Otherwise if C P ypn ` 2q, by assumption, C “ zpn ` 1q for some unique z ě y,
by induction hypothesis (recalling that we assume the roots to be distinct, and
Òy – Òypnq, which is preserved at each further step). Then x ď z as well, so
xpn` 2q ď zpn` 2q, and so zpn` 1q P xpn` 2q. Inductively we then prove that
x ď y. This shows that πn`1 is order-reflecting.

Finally, assume that xpn` 1q ď C. Since xpn` 2q is rn`1-open, there is some
C 1 P xpn ` 2q such that xpn ` 1q ď C 1, and rn`1pCq “ rn`1pC

1q. Recursively we
can again construct C ě x. This shows that πn`1 is moreover surjective above x.
We thus have that the induction hypothesis is preserved.

(3) Given any clopen upset of VgGpP q, this will be of the form π´1n rU s for
U Ď Pn. By (1), we have that there is some x such that Òx will be isomorphic to
Òxpnq, and xpnq P U . Thus π´1n rU s contains a point of finite depth. This shows
such points to be dense. ■

The above yields an independent (if perhaps overly elaborated) proof of the
FMP of IPC, and it connects the step-by-step construction with the universal
model: by taking P “ 2nď, one can define a coloring on the points of finite depth
of VGpP q, and this coloring will yield unique irreducible models.

Remark A.3.6 (Normal forms and De Jongh formulas). As an upshot of the above
Proposition, we can explain the seeming similarity between the normal forms from
Proposition 4.3.10 and the De Jongh formulas characterizing the points of Upnq
(see e.g. [54, Ch. 3]) associated with the point x P Upnq: they coincide, up to
equivalence, whenever one takes x to be a stable point.

A.3.2 Connections with the sheaf duality

For the reader familiar with [130, Chapter 4], we briefly outline here the construc-
tion of the Ghilardi complex, and the the sheaf-theoretic representation of finitely
presented Heyting algebras. The precise connection is the following: denoting by

hP pQq “ tv : QÑ P : v order preserving mapu

where Q is finite and rooted, we get a (contravariant) functor from the category
FinPosr of finite rooted posets to the category of sets, in fact a sheaf. For each
Q, pQ, vq P hP pQq is a “general model” over P . Such models are subject to a
bisimulation game played with labels in P , in complete analogy to that described
in Section 2.3.3.

By imposing a natural subcanonical topology, each hP becomes a sheaf, and
its subsheaves will correspond exactly to the collections of models closed under
bisimulation. These correspond to “infinitary formulas” as recently studied in
[32]. If one asks for classes furthermore closed under n-bisimulation for P – looks
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for sheaves of finite index , denoted Subf.iphP q, then these such sheaves are is in
1-1 correspondence with ClopUppVGpP qq, that is, with the “formulas over P”.
More concretely, the class π´1n rU s for U a finite subset will correspond to the
subsheaf specified by all the models which are n-bisimilar (in the P -game) with
elements of U . In the special case where P is the free distributive lattice on
n-many generators, we obtain a representation of free Heyting algebras.

In that sense, the convenience of the Ghilardi complex representation lies in
the fact that all elements considered are precisely the irreducible models (in the
sense of Definition 3.2.3). This allows the presence of additional structure which
the existence of bisimulations might make less visible. On the other hand, the
advantage of the sheaf theoretic representations are clear in settings like the study
of uniform interpolation, see [130, Chapter 4.5]: one has more flexibility in doing
constructions.

From such a perspective one can also clarify the difference between Carai’s
construction for duals of Gödel algebras and the one we presented in Section
5.1.3. Given a finite poset P , let us consider the following classes of P -models
over chains, that is, maps f : C Ñ P from a chain to a poset P :

1. ChainpP q is the class of all P -models which are chains.

2. IrrCainpP q is the class of all P -models which are irreducible: whenever
x ă y then fpxq ă fpyq.

These structures can be in turn equipped with several orders:

1. Given two chain models pC, fq and pC 1, f 1q we write pC, fq ď8 pC
1, f 1q if

there is a world x P C such that pCx, fq „8 pC
1, f 1q, the full bisimulation

for the P -game;

2. Given two chain models pC, fq and pC 1, f 1q we write pC, fq ď0 pC
1, f 1q if

fprpCqq ď fprpC 1qq, and for each k, we write pC, fq ďk`1 pC
1, f 1q if there

is a world x P C such that pCx, fq „n pC
1, f 1q, the full bisimulation for the

P -game.

From this point of view, by taking P a finite poset, the structure pVLC
n pP q,Ěq

can be identified with the structure pIrrChainpP q,ďnq, that is, equipping the ir-
reducible chain models with the ďn-order. By contrast, Carai’s order on this
structure is pIrrChainpP q,ď8q. We can then see that Theorem 5.1.12 truly con-
nects to the framework of uniform local tabularity discussed in Chapter 5.1.12:
such a result is simply showing that the order ď2 already coincides with ď8.

A.3.3 General theory of Ghilardi complexes

In Section 4.1.3 we described the step-by-step procedure for general varieties
K Ď K0. Here we track our main assumptions on this construction, returning
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to the setting of varieties K and K0 from Section 4.1.3. Note that the algebraic
equivalent of g-Ghilardi complexes is entirely reasonable: one considers chains of
algebras parametrized by one initial homomorphism. Then our assumptions can
be listed as follows:

1. (Finitely presented objects of K0) To obtain the fact that finitely presented
algebras can be constructed by applying the left adjoint to finite algebras,
local finiteneess is employed. Having local finiteness, one can ensure that the
construction at each step is always finite. To obtain the fact that quotients
correspond to formulas, the filter-congruence correspondence is used, which
corresponds to a form of congruence extension property (see [201, Section
5]).

2. (Coproducts and colimits of K0) Very little was assumed of the relationship
between the two varieties. The key facts seem to be: if f : A Ñ A1 is
an L0-homomorphism and so is g : A Ñ A2, then the pushout inclusions
iAi

: Ai Ñ A1 ‘A0 A2 have the property that the pushout is iAi
-K0.

3. (Amalgamation lifting) The amalgamation lifting proof (Theorem 4.4.21)
seems to be quite general, assuming crucially the property (One-step inclu-
sion is injective), together with the fact that K is closed under amalgama-
tion, to obtain amalgamation in K0. This can be seen as a categorical basis
for the fact that amalgamation is typically proven by “basing it” on a pre-
viously known to be amalgamable class. It also gives a different lens from
which to look at the scarcity of classes of amalgamation, from the point of
view of which varieties admit a step-by-step construction of left adjoints.
Since the latter has a strongly syntactic structure, this may provide a new
line of attack for the general theory of amalgamation.

4. (Polynomial algebras) to obtain the fact that polynomial algebras can be
constructed out of the finite generating objects in K, we use local finiteness.

As a further remark on the one-step inclusion being injective, note that in
light of Theorem 4.4.21, such an assumption must be rather strong: after all, by
Maksimova’s theorem on interpolation (Theorem 2.3.27), there are only varieties
of Heyting algebras with amalgamation. In light of all of this, one can also ask for
the converse: whether amalgamation of a variety K0 always imply the property
that one-step inclusions are injective. At present we do not have any general
result on this front.

A.3.4 Logic of the structural interpretation

Here we characterize the logic of the interpretation S, discussed in Section 4.5.1.
As explained in Example 4.5.2, the logic of such interpretation corresponds pre-
cisely to the logic of FDLpωq seen as a Heyting algebra. Hence it suffices to
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characterize what such a logic is, which will be precisely the logic associated to
the variety generated by this algebra.

Proposition A.3.7 (Logic of free distributive lattice). The superintuitionistic
logic corresponding to VpFDLpωqq is precisely KC.

Proof. As noted in Example 4.5.2, the algebra FDLpωq validates the Yankov ax-
iom. We will show that such an algebra generates the variety of KC-algebras.

First, as shown in Lemma 4.5.16, FDLpωq embeds all the finite free distributive
lattices as Heyting subalgebras, and it is their limit. Since every variety is closed
under directed colimits and subalgebras, it suffices then to characterize the logic
of tFDLpnq : n P ωu. For this, we use duality. So first, recall by Proposition 4.1.1,
that the dual of FDLpnq is precisely Ppnq.

From the results of [188] (see also [117, Claim 9]) that each finite rooted
poset P with a greatest element is a p-morphic image of some frame of the form
Ppnq ´ trnsu, where we remove the maximal node, say via p : Ppnq ´ trnsu Ñ P .
We can then define a p-morphism p˚ : Ppnq Ñ P by extending p, sending rns to
the top node in P . Thus, every finite rooted poset with a maximal element can be
obtained as a p-morphic image of Ppnq for some n. By duality, this means that
each finite KC-algebra is obtained from tFDLpnq : n P ωu. Since by Proposition
2.3.26, KC has the finite model property, we conclude that all KC-algebras are
generated from these ones, obtaining the result. ■

The reader may compare the above result with Yankov’s theorem concerning
KC [265], which shows one can eliminate negations obtaining “implicative-positive
formulas”, and proves that KC is the strongest extension of IPC that is conserva-
tive over implicative positive formulas. The above interpretation gives a sharper
reduction, since it removes all implications; on the other hand, Yankov’s reuslt
stands as a more general fact about conservativity of formulas over superintu-
itionistic logics.

A.3.5 Conservative translations and uniform interpolation

In Section 4.5, we showed that every locally finite Heyting algebra is dual to a
G-conservative object – that is, there exists a naturally defined right adjoint to
the unit ηH . As an application of this categorical fact, we provided an explicit
conservative translation between intuitionistic logic and positive logic, using the
fact that free distributive lattices are locally finite Heyting algebras.

In this section we show how one can derive the existence of this translation
from the existence of uniform interpolants in intuitionistic logic, and some of their
special properties. It is not clear to us at the moment whether such methods can
be extended to prove the G-conservativeness of countable locally finite Heyting
algebras.

One key observation we need on uniform interpolation is the following folklore
fact:
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Lemma A.3.8 (Uniform interpolants of positive formulas). Let φpp, qq be a
formula in the language of PL. Then the uniform interpolant D̃qφpp, qq is a positive
formula; it is simply equivalent to:

φpp,Jq.

Proof. Note that since φpp, qq is a strictly positive formula, it can be written as
a disjunction of join-irreducible formulas over p, q (Proposition 4.1.3). Thus by
applying distributivity, we can write it as pq ^ χppqq _ µppq, where χppq, µppq are
joins of join-irreducible formulas over p.

Thus consider the formula χppq _ µppq. First notice that certainly φpp, qq
implies this formula. Moreover, assume that φpp, qq ď ψppq. Then we can prove
that pq^χppqq_µppq ď ψppq. By uniform substitution on q, replacing it by J, we
obtain χppq _ µppq. This shows that χppq _ µppq ď ψppq, proving the result. ■

With this in hand, we first can show a uniform positive interpolation theorem:

Proposition A.3.9 (Uniform positive interpolation). Whenever $IPC ψpp, qq Ñ
φpq, rq and ψ is a a positive formula, there exists some positive formula χpqq such
that $IPC ψpp, qq Ñ χpqq and $IPC χpqq Ñ φpq, rq.

Proof. Assuming that $IPC ψpp, qq Ñ φpq, rq, and ψpp, qq is a positive formula,
we have by uniform interpolation that $IPC D̃pψpp, qq Ñ φpq, rq. Since by Lemma
A.3.8, the uniform interpolant is a positive formula, we are done. ■

From this we can deduce the following, in a different way from Theorem 4.5.27:

Theorem A.3.10 (Uniform positive approximation). For each positive formula
φ P LIPC there exists a uniform positive approximation Ppφq: for each positive
formula ψ, $IPC ψ Ñ φ if and only if $IPC ψ Ñ Ppφq.

Proof. For each formula φppq, we define:

Ppφq :“
ł

tψppq : ψppq P LPL,$IPC ψppq Ñ φppqu,

that is, we take the join over all positive approximations of φ in the same language.
Note that since the language is finite, this join is finite, and hence definable. It is
clear that Ppφq is itself a positive approximation, since it is the join of formulas
implying φ. Hence if $IPC ψ Ñ Ppφq, then $IPC ψ Ñ φ. Conversely, assume
that ψpp, qq is a positive approximation of φ. By Proposition A.3.9, there is
some positive approximation of φ, χppq such that $IPC ψpp, qq Ñ χppq. Hence
$IPC ψpp, pq Ñ Ppφq. This shows the result. ■

By exploiting further properties of uniform interpolation we can obtain that
Pp´q is actually a distributive lattice homomorphism:
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Lemma A.3.11 (Join-irreducibility of formulas). Let φppq P LIPC be a formula
which is join-irreducible over p. Then whenever $IPC φppq Ñ pµ0 _ µ1q, either
$IPC φppq Ñ µ0 or $IPC φppq Ñ µ1.

Proof. This was shown in Theorem 4.3.7. ■

Proposition A.3.12 (Positive approximations induce translation). The assign-
ment Pp´q sends J to J, K to K, and commutes with conjunction and disjunction.

Proof. The facts for J and K are obvious. For conjunction, note that $IPC ψ Ñ
pφ1^φ2q if and only if $IPC ψ Ñ φ1 and $IPC ψ Ñ φ2. This immediately implies
that the construction commutes with conjunction.

Finally, for disjunctions, note that Ppφ _ ψq ď Ppφq _ Ppψq, directly by the
definitions. Conversely, assume that $IPC χÑ pφ_ ψq, for χ a positive formula.
Then χ is a join of join-irreducible formulas. For each µi, a join-irreducible
positive formula such that $IPC µi Ñ χ, we have then that $IPC µi Ñ pφ_ψq. By
Lemma A.3.11, we have that then $IPC µi Ñ φ or $IPC µi Ñ ψ. Thus, either $IPC

µi Ñ Ppφq or $IPC µi Ñ Ppψq. In both cases we obtain $IPC µi Ñ Ppφq _ Ppψq.
Since this holds for any such µi, we conclude that $IPC χÑ Ppφq _ Ppχq. ■

Jointly, all of these facts show that Pp´q indeed specifies the conservative
translation studied in Section 4.5.3.

A.4 Coequivalence relations

In this appendix, we include some basic results concerning coequivalence relations
in IPC, including a self-contained proof that not every coequivalence relation in
IPC separates variables . This was shown in [130] through a complex argument
involving sheaves. We provide a more elementary proof, using Kripke models, in
hope of making the result by Ghilardi and Zawadowski more widely accessible.
We also provide a similar proof for KC. Together with the previous work of De
Berardinis [31], we conclude that there are exactly two superintuitionistic logics
amongst having both interpolation and CoSP.

The results of this appendix were obtained with Matteo De Berardinis, and
some of the basic discussion was contained in [10], though the characterization of
exactness is new.

A.4.1 Coequivalence separation property

Definition A.4.1 (Coequivalence relation). Let L be a superintuitionistic logic.
Given a tuple p, and a formula τppq, we say that a formula ρpp1, p2q (where
|pi| “ |p|) is a coequivalence relation over τ if in the context τppq, ρpp1, p2q defines
an equivalence relation, that is:



A.4. Coequivalence relations 289

1. (Domain) ρpp1, p2q $L τpp1q ^ τpp2q;

2. (Reflexivity) τppq $L ρpp, pq;

3. (Symmetry) ρpp1, p2q $L ρpp2, p1q;

4. (Transitivity) ρpp1, p2q ^ ρpp2, p3q $L ρpp1, p3q.

Example A.4.2 (Example of coequivalence relation). For each set φ1ppq, ..., φnppq
of formulas, the formula,

n
ľ

i“1

φipp1q Ø φipp2q

is a coequivalence relation. This follows easily from the properties of the equiva-
lence Ø.

Definition A.4.3 (Coequivalence separation). We say that a coequivalence rela-
tion ρpp1, p2q over τppq separates variables or simply that it is separating if there
exists a sequence of formulas pθ1ppq, . . . , θmppqq such that:

ρpp1, p2q %$L

´

τpp1q ^ τpp2q ^
m
ľ

i“1

θipp1q Ø θipp2q
¯

.

We say that a superintuitionistic logic L has the coequivalence separation property
(CoSP) if every coequivalence relation over L if for each τppq, and each ρpp1, p2q
a coequivalence relation over τppq, ρ is separating.

Remark A.4.4 (Categorical equivalence relations). For the reader familiar with
the notion of an equivalence relation over an arbitrary category (with pullbacks),
note that the notion of a coequivalence relation corresponds precisely with the
notion of an equivalence relation over a finitely presented algebra. The notion
of a separating coequivalence relation is then nothing more than an effective
equivalence relation. We refer the reader to [130, pp.100] (see also [10, Sec. 3])
for a detailed discussion of this connection.

The reader is possibly wondering what are examples of non-trivial coequiva-
lence relations, and how one shows to be separating. The following example is
instructive:

Example A.4.5 (Example coequivalence relation). Over p1, p2 we can consider
the coequivalence relation:

ρpp1, p2q “ ␣␣pp1 ^ p2q _ pp1 Ø p2q;

it is not difficult to verify algebraically that this is a coequivalence relation (over
J) for IPC. Over KC, it is a separating coequivalence relation. First one notices
that in IPC, by distributing the double negation and disjunction, we obtain:

p␣␣p1 _ pp1 Ø p2qq ^ p␣␣p2 _ pp1 Ø p2qq;
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we claim that this implies:

p␣p1 Ø ␣p2q.

Certainly p1 Ø p2 implies ␣p1 Ø ␣p2. On the other hand, if ␣␣pp1 ^ p2q “ 1,
then ␣␣p1 “ 1 and ␣␣p2 “ 1, so ␣p1 “ ␣p2.

On the other hand, if one takes H a finite, subdirectly irreducible Heyting
algebra for KC, it has both a second greatest and a second least element. Assume
that ␣a “ ␣b holds, we will derive ρpa, bq. Note that for each a P H, either a “ 0,
and then ␣a “ 1, or since ␣a_␣␣a “ 1, and there is a second largest element,
␣␣a “ 1, so ␣a “ 0; thus if ␣a “ ␣b, either a “ b “ 0 or ␣␣a “ ␣␣b “ 1.

A.4.2 Coequivalence relations and elimination of imagi-
naries

To have some more intuition about exact logics, it will be interesting to briefly
remark on some of their model theoretic content. There is a clear connection
between the above notion of coequivalence separation, and the framework of
elimination of imaginaries [220]. This was introduced by Bruno Poizat as a
generalization of classical Galois theory, with the intention of providing a model-
theoretic framework which allows the fundamental theorem of Galois theory to
hold –namely, that intermediate field extensions L{K correspond to subgroups of
the Galois group rL : Ks. We follow the presentation as given in [146, p. 4.4]:

Definition A.4.6 (Imaginary elements). Let M be an L-structure. An equiva-
lence formula is a first-order formula θpx1, x2q such that the relation

tpa, cq : M ( θpa, cqu,

is a non-empty (partial) equivalence relation Eθ. The domain Dθ “ ta : M (

θpa, aqu. We write a{θ for the Eθ-equivalence class of the tuple a P Dθ. The
element a{θ is called an imaginary element .

In this language, our coequivalence relations can be seen as follows:

Proposition A.4.7 (Coequivalence relations and equivalence formulas). Let L
be a logic. Then ρpp1, p2q is a coequivalence relation over τppq for L, if and only
if for each A P AlgpLq, the first-order formula,

ρpx1, x2q “ 1

is an equivalence formula for A, with domain τpAq “ ta P An : A , τpaqu.

Definition A.4.8 (Elimination of imaginaries). Given a first-order theory T , a
model M of T has elimination of imaginaries if for every equivalence formula
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θpx1, x2q of M and every tuple a P An, and formula φpx1, zq, there exists a unique
tuple b such that:

a{θ “ tc : M ( φpc, bqu.

We say that M uniformly eliminates the imaginary a{θ if the formula φ can be
chosen independently of a. We say that T has uniform elimination of imaginaries
if every model M of T uniformly eliminates imaginaries.

The following is the connection between our setting and elimination of imag-
inaries:

Proposition A.4.9 (CoSP implies special uniform elimination of imaginaries).
Let L be a logic, and let ρpp1, p2q be a coequivalence relation for L. Assume
that ρ separates variables, and ψ1ppq, . . . ψmppq witnesses this. Then for each
A P AlgpLq, and any imaginary element a{ρ, A uniformly eliminates a{ρ.

Proof. Consider the formula in variables z1, . . . , zn

m
ľ

i“1

ψipxq Ø yi “ 1.

Given any imaginary element a{ρ, by definition of separating variables, we have

a{ρ “ tc : A ( ρpa, cq “ 1u “ tc : A (
m
ľ

i“1

ψipcq Ø ψipaq “ 1u;

so the tuple ψipaq provides the elimination. Now supposing that pb1, ..., bmq is any
other tuple, note that certainly, by definition bi Ø ψipaq “ 1, so bi “ ψipaq. ■

Remark A.4.10 (Full elimination of imaginaries fails). In light of Proposition
A.4.9, the property CoSP can thus be seen as a special instance of uniform elim-
ination of imaginaries. Full elimination of imaginaries cannot hold for any first-
order theory of a variety of Heyting algebras in its usual language: it is well-known
(see [220]) that a theory which eliminates imaginaries and interprets at least two
constants must interpret infinitely many constants, whilst the first-order theory
of any variety of Heyting algebras can only interpret J and K. The situation
may be different with extensions of KM, since this theory does interpret infinitely
many constants, namely lnK.

A.4.3 Coequivalences and exact logics

We take a look at a special kind of logic with the CoSP:

Definition A.4.11 (Exact logics). A superintuitionistic logic L is said to be an
exact logic if L has the Craig interpolation property and the CoSP.
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To understand the flavour of this property, we can give an explicit proof of it
for classical logic:

Proposition A.4.12 (Classical logic is exact). The logic CPC is an exact logic.

Proof. We know (Theorem 2.3.27) that CPC has interpolation. We will show
that every coequivalence relation over CPC is separating, through elementary
methods to illustrate the logical flavour of the property (in Proposition A.4.15 a
more general result will encompass this one).

Assume that ρpp1, p2q is a coequivalence relation (over J). The conditions of
being a coequivalence relation means three things:

• (reflexivity) for any truth-assignment v : p1, p2 Ñ t0, 1u where for each p P p,
vpp1q “ vpp2q, then v makes ρpp1, p2q true;

• (symmetry) if v makes ρpp1, p2q true, then if v: is defined by setting, for
each p P p, v:pp1q “ vpp2q and v:pp2q “ vpp1q, we have that v: also makes
ρpp1, p2q true;

• (transitivity) if v makes ρpp1, p2q true and v1 : p2, p3 Ñ t0, 1u is another
valuation which makes ρpp2, p3q true, and such that for each p P p, vpp2q “
v1pp2q, then the valuation v2 “ v Y v1 makes ρpp1, p3q true.

Given such a coequivalence relation, define an equivalence relation on the set
Valppq of valuations v over p as follows: v ” v1 if and only if there is a valuation
v0 over p1, p2 such that v0æp1 “ v and v0æp2 “ v1 and v0 validates ρpp1, p2q. This
is an equivalence relation by the properties just listed. For each equivalence class
Ci, let ψi be the formula given by the disjunction of the (atoms corresponding
to the) valuations in Ci, so that a valuation v over p validates ψi if and only if
v P Ci. Then we claim that:

ρpp1, p2q %$
m
ľ

i“1

ψipp1q Ø ψipp2q.

Notice that a valuation v on p1 and p2 validating the conjunction means
that “væp1 P Ci if and only if væp2 P Ci” for all i; this is equivalent to say
that væp1 ” væp2 , since væp1 must belong to some Ci. Then, by construction any
valuation that validates ρ validates the conjunction. Vice versa, if v is a valuation
validating the conjunction, then væp1 ” væp2 . This means by assumption that
there is some v0 satisfying ρ, such that v0æp1 “ væp1 and v0æp2 “ væp2 . This forces
v “ v0, hence v validates ρ. ■

Remark A.4.13 (Exactness is a sheaf condition). The proof of Proposition A.4.12
is instructive: one can understand exactness for a logic as corresponding to a
sheaf-like condition. Indeed, by interpolation, corresponding to amalgamation,
one can form amalgamations of models; the CoSP forces such amalgamations to
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be unique. We do not pursue this connection further here, though we signal it
for further work.

As noted before, Ghilardi and Zawadowski [130, pp.100] showed that IPC is
not exact. This was done by exhibiting a specific sheaf in their sheaf-theoretic
duality, and proving that a given equivalence relation for it is not effective. This
has the slight disadvantage of being rather indirect. To make such a result more
well-known, we provide the following, more direct proof; we also prove a similar
result for KC, for completeness:

Proposition A.4.14 (Failure of CoSP for IPC and KC). The logics IPC and KC
do not have the CoSP.

Proof. First we do this for (IPC). For that purpose, recall the coequivalence
relation from Example A.4.5:

ρpp1, p2q “ ␣␣pp1 ^ p2q _ pp1 Ø p2q;

As shown in the example, this is a coequivalence relation over IPC. Now
assume that θ1ppq, . . . , θnppq are a sequence of formulas, such that:

$IPC ρpp1, p2q Ø
n
ľ

i“1

θipp1q Ø θipp2q.

Note that then any model of ρ will satisfy this equivalence relation. So consider
the model M from Figure A.1, with valuations as labelled, taking values over p1
and p2. Note that by computing its irreducible quotient (Definition 3.2.4) , when
projecting to p1 and p2, we obtain the same model : this is so for distinct reasons,
namely because upon projecting to the first coordinate the left point labelled
with 10 disappears being identified with the top one, forming a diamond, whilst
when projecting on the right, the same point gets identified with its immediate
predecessor labelled with 00.

We then claim that M ,
Źn

i“1 θipp1q Ø θipp2q. By the Kripke semantics, this
holds if and only if at the root of M, denoted r, it can be forced. By definition
this holds if at each successor r ď x1, x1 , θipp1q if and only if x1 , θipp2q. Now,
note that for each proper successor r ă x PM, the model Mx is actually a model
of ρpp1, p2q: on the left pentagon, the root of the pentagon satisfies this because
it satisfies ␣␣pp1 ^ p2q, whilst the right point labelled with 00 satisfies p1 Ø p2.
For the root r, assume that M, r , θipp1q. Note that since Mp1 – Mp2 (their
restrictions to these variables are isomorphic as far as the root is concerned), then
by switching p1 by p2, the two models must satisfy exactly the same formulas –
they are the same model. Moreover, M, r , θipp1q if and only if pMqp1 , r , θpp1q.
But by what we just discussed, then also M, r , θipp2q. The converse, assuming
that M, r , θipp2q, goes exactly the same way.

We thus have that M ,
Źn

i“1 θipp1q Ø θipp2q. But we can see that M .

ρpp1, p2q: it does not validate ␣␣pp1 ^ p2q, since it sees the right node labelled
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with 00, which is maximal, and it does not validate p1 Ø p2, since it sees a node
labelled with 01. Since pθ1ppq, . . . , θnppqq was a generic sequence of formulas, we
conclude that ρpp1, p2q is not a separating coequivalence relation.

Now we move on to KC. The essence of the proof is exactly the same, however,
one cannot use the same coequivalence relation, since ρ as above is separating
over KC. For that purpose, we take the following formula

χpp1, q1, p2, q2q “ ppp1 Ø p2q ^ pq1 Ø q2qq _ ppp1 Ø q2q ^ pp2 Ø q1qq.

It is easy to see that χ defines a reflexive and symmetric relation. One can also
check that it is transitive, by verifying the composition table in Table A.1: indeed,
given a model pP, xq over ppqq1,2,3, satisfying χ, we can ask which particular
configuration of the disjuncts it satisfies – whether the pi-match and the qi-match,
or whether it is the extremal points in the four tuple of colors which match. When
put in this table form, such verification is straightforward.

Table A.1: Composition table for χ

ppqq1,2 ppqq2,3 1111 1010 1001 0110 0101 0000
1111 1111 - - - - -
1010 - 1010 1001 - - -
1001 - - - 1010 1001 -
0110 - 0110 0101 - - -
0101 - - - 0110 0101 -
0000 - - - - - 0000

So now consider the model N0 from Figure A.2. Note again that for each node
except for the root, it is a model of χ, but M itself is not a model of χ. Moreover,
the two projections – to p1, q1 and to p2, q2 – yield isomorphic models. Thus, by
the exact same arguments as in the case for IPC, we conclude that there can be
no tuple of formulas which are consequences of χ which also prove χ. ■

To conclude, we turn to the locally tabular logics with interpolation. For this
we rely on the work from [31]. There, De Berardinis characterized exactness in the
locally finite frames for some natural extensions of normal modal logic, discussed
also in [32]. Explicitly, one considers a system L8 (see [32]): replace the category
of finitely presented L-algebras with the category Pro-AlgpLqf of profinite L-
algebras, whose dual is the category LFrl.f of locally finite posets that validate L.
The results in [31] concerning the CoSP for L8 can be transferred to the finitary
fragment for locally tabular logics1. The proof assumes the reader to be familiar
with this work, and the notion of equivalence relation therein discussed.

1We note that the setting considered in [32] was normal modal logic; however, as far as the
frames considered, there is no difference: in both cases they are posets, and the maps between
them are p-morphisms.
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Proposition A.4.15 (Failure of CoSP for some locally tabular logics). Let L be
a locally tabular superintuitionistic logic. The following hold:

1. If L8 has the CoSP, then L has it, too.

2. A sufficient condition for L not to have the CoSP is that it be contained in
the logic of one of the following Kripke frames:

3. If L has the CIP, then it has the CoSP if and only if L “ CPC or L “ Sme.

Proof. (1) Since L is locally tabular, we have that AlgpLqf “ AlgpLqfp. Moreover,
AlgpLqf is a full subcategory of Pro-AlgpLqf and the embedding preserves finite
limits (by [158, Chapter VI, Theorem 1.6]) and all existing colimits (by (ii) of
[158, Chapter VI, Proposition 1.7]), among which we have all finite colimits, since
AlgpLqf “ AlgpLqfp. As a consequence, an r-equivalence relation in AlgpLqopfp , is
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an r-equivalence relation in Pro-AlgpLqopf , too. The vice versa holds, provided
that the r-equivalence relation in Pro-AlgpLqopf is based on the dual of a finite
(=finitely presented) L-algebra. Moreover, an r-equivalence relation in AlgpLqopfp
is effective in AlgpLqopfp if and only if it is so in Pro-AlgpLqopf (to be effective means
to be the kernel pair of one’s own quotient).

(2) Using the arguments from (1), in combination with [31, Proposition 5.6]
– where examples of failure of effectiveness for equivalence relations were given
which used the finite frames discussed – proves the claim.

(3) It is well-known that there are only six superintuitionistic logics with
interpolations which are locally tabular; those excluding the frames from (2) are
just CPC and Sme. The fact that these logics have the CoSP follows from (1),
and [31, Thm. 6.10], where it was shown that the infinitary extensions of CPC
and Sme have the CoSP: indeed, their locally finite frames form a topos: these
are respectively, up to equivalence, the topos Set, and the topos BZ2 of M -sets
of the two element multiplicative monoid pZ2,ˆq. ■

Theorem A.4.16 (Exact superintuitionistic logics). A superintuitionistic logic
L with the CIP is exact if and only if L “ CPC or L “ Sme.

Proof. By Proposition A.4.15.(3), if L is locally tabular and has the CIP, it is
exact if and only if it is one of the two logics. The only other two superintuition-
istic logics with CIP are IPC and KC, which by Proposition A.4.14 fail to have
the CoSP. ■

A.5 Toposes and first-order model theory

In this appendix, we briefly discuss two questions on topos-admissible Heyting
algebras. First, we discuss a key part of Pataraia’s approach to solving the Pitts-
Pataraia problem, which is public, yet folklore, knowledge. This consists of a
presentation of a first-order theory of algebras which encodes the structure of
an elementary topos. We do not present this specific axiomatization, but discuss
how it relates to Freyd’s classical elementary presentation of the theory of toposes
[119]. We then elaborate on the closure conditions on topos-admissible Heyting
algebras discussed in Chapter 7.

A.5.1 First-order elementary toposes

The key idea of Pataraia, as it is known, is that he intended to solve the problem
in the positive through using two ingredients:

1. An algebraic presentation of toposes, using so-called “Higher-order cylindric
Heyting algebras”;
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2. And a step-by-step procedure, inspired by the work of Ghilardi [127], namely,
the construction of the free Heyting algebra as given in Chapter 4, to add
quantifiers to such an algebra.

Whilst the details of the second step are entirely lost2, the first step has been
studied extensively: in a different setting, Andrew Pitts proved that all toposes
arise out of “first-order hyperdoctrines with comprehension”, as described in [219],
and Peter Johnstone, in unpublished work, showed that Pataraia’s hochas (whose
definitions did survive) do provide a representation of so called “minimal toposes”
3.

Pataraia’s hochas are generally seen, like many cylindric algebras, as quite
complex objects. In this sense, it is worthwhile to look at them in connection with
Freyd’s [119] elementary axiomatization of toposes: such an axiomatization makes
use of two sorts, one for morphisms and one for maps, and essentially encodes
all of the basic axioms of elementary toposes using their natural definitions in
category theory. We briefly summarise this here:

Definition A.5.1 (First-order language of categories). The first-order language
of categories LCat is specified as follows:

1. Two sorts: Ob, the objects of the category, and Mor, the morphisms;

2. Three unary operations: dom: Mor Ñ Ob and cod: Mor Ñ Ob and an
identity operation Id: Ob Ñ Mor.

3. A ternary relation C Ď MorˆMorˆMor.

We extend this with several additional symbols according to the needs of the
theories; we refer to some of these as operations, though it is clear they are
only defined when objects satisfy some conditions (such as being in the range of
another operation):

1. (Terminal objects) Add a constant 1 togther with a unary operation t : Ob Ñ
Mor.

2. (Products) Add four binary (partial) operations: ˆOb : Ob ˆ Ob Ñ Ob,
proji : Ob Ñ Mor for i P t1, 2u and ˆMor : MorˆMor Ñ Mor.

3. (Equalizers) Add a binary operation Eq: MorˆMor Ñ Ob and EqMor : Morˆ
Mor Ñ Mor.

2We do point the reader to the recent work [118], where a step-by-step construction of
toposes is given by adding power objects. Crucially, in the case of the construction presented
there, the power objects are added to generate a free topos, and no requirements are made of
the lattice of subterminals. It is not clear to us whether such a construction could be employed
to solve the problem, or whether this is connected to the intended solution by Pataraia.

3Slides of a presentation by Johnstone can found in[156]
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4. (Power objects) Add an operation PowOb : Ob Ñ Ob, and PowP : Ob Ñ
Mor.

The axioms for categories are all the obvious first-order translations of their
usual specification:

1. The operations dom and cod specify the domain and codomain of mor-
phisms, which are unique objects. Hence we simply write f : A Ñ B for a
morphism.

2. The operation of Id picks the identity map, which is likewise unique. We
simply write IdA for the identity on an object.

3. The binary relation C identifies composition, and is a functional operation
whenever the domain and codomain match appropriately. We write fg for
the composition of g with f , when the domains match appropriately.

4. The terminal object map t picks a unique map from any object to the
terminal object, denoted tA for A an object, such that t1 “ Id1, and such
that if f : AÑ B is a morphism, the composition ft is equal to tA.

For all other operations, the encoding procedure is entirely similar, and the
reader is referred to Freyd for a detailed outline of the equations involved. The
upshot is the following:

Theorem A.5.2 (Freyd’s axiomatization of elementary toposes). There is a first-
order theory Topos whose models are elementary toposes, and whose homomor-
phisms are logical functors between elementary toposes.

Usually, size issues, and consistency issues, lead to difficulties in seeing toposes
in this way – the category of sheaves over any category is always a proper class.
Pataraia’s hochas do not suffer from this limitation, by correctly identifying the
precise algebraic core of a topos; similarly, first-order hyperdoctrines [219] can
be used to solve this issue. The reader who is more happy of accepting large
cardinal axioms, Grothendieck universes, or countable models, can work up to
their favourite formalism. In any of these cases, we do obtain a way of translating
elementary toposes into models of Freyd’s first-order theory.

Now in this language, one can define a predicate Sub1, which picks out exactly
the subobjects of the terminal object. Given a topos E , seen as a first-order
model, we then have definable operations p^,_,Ñ, 0, 1q on Sub1 which make it
a Heyting algebra. Since all of these operations are first-order definable, we may
then consider Topos to carry such operations as primitive symbols, yielding a
definable expansion of the language. Using this the following is easily shown:

Proposition A.5.3 (Elementary embeddings of toposes give elementary em-
beddings of Heyting algebras). Let F : E0 Ñ E1 be an elementary embedding of
elementary toposes, seen in the first-order language of categories. Then the map
FæSub1 : Sub1pE0q Ñ Sub1pE1q is an elementary embedding of Heyting algebras.
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Proof. Since all Heyting operations are definable, and Sub1pE0q is a Heyting alge-
bra under these operations, the induced map will be a homomorphism of Heyting
algebras, and an embedding since it is an embedding on the whole topos. It will be
elementary since any first-order sentence can be relativized to the definable subset
of the subterminals, and will therefore be preserved under the embedding. ■

A.5.2 Closure conditions on topos-admissible Heyting al-
gebras

As we remarked at the opening of Chapter 7, topos-admissible Heyting algebras
are closed under the operations of products and homomorphic images. For less
familiar reader, we give a short proof of this fact:

Proposition A.5.4 (Product and Homomorphic closure). The class of topos-
admissible Heyting algebras is closed under products and homomorphic images.

Proof. For products, note that if pHiqiPI is a family of Heyting algebras, and Ei
is a family of elementary toposes, such that SubEip1q – Hi, then if we denote by
E “

ś

iPI Ei, the product of the toposes, we have:

SubEp1q –
ź

iPI

Hi,

which follows simply because subobjects in product categories are calculated co-
ordinatewise.

For homomorphic images, this follows from the filter-quotient construction
(see e.g. [183, Sec. 4.9]): given an elementary topos E , and F a filter of subobjects
of SubEp1q, there is an elementary topos E{F whose lattice of subterminal objects
is precisely SubEp1q{F . ■

A consequence of this is for instance that the class of topos admissible Heyting
algebras is closed under ultraproducts. Whether it is closed under ultraroots –
and therefore, forms an elementary class – is not clear at this point. Nevertheless,
such elementary considerations can obtain us one more closure condition for topos
admissibility of Heyting algebras, albeit in a very restrictive setting:

Definition A.5.5 (ω-categorical Heyting algebra). A Heyting algebra H is said
to be ω-categorical, if it’s first-order theory is ω-categorical: it’s first-order theory
contains exactly one countable model up to isomorphism.

The study of ω-categorical theories is of course a classical topic of model
theory; the reader can consult for example [146, Ch. 7]. Several intrinsic charac-
terizations of ω-categoricity exist, in terms of type-spaces, oligomorphic groups,
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or the existence of prime and saturated models. In the setting of Heyting alge-
bras, to the best of our knowledge, the examples of ω-categorical Heyting algebras
are very sparse4:

1. In his work on linear orders, Rosenstein categorized all ω-categorical linear
orders [233, Thm. 13.91], as assembled from finite linear orders and Q-like
structures by sums and “shuffles”. Linear orders with endpoints can all be
given the structure of Heyting algebras, in a definable way depending only
on their order. So their first-order theory as Heyting algebras and as linear
orders is the same, meaning that all of these are ω-categorical linear orders.

2. An analysis of ω-categorical Heyting algebras in a collection of special
classes Cn was studied by Pal’chunov and Touraille [210]. In our terms,
the algebras in Cn ([210, Def. III, pp. 9]) are dual to the following Esakia
spaces:

(a) Locally directed;

(b) Each level Levk of the dual Esakia space is clopen, and each point has
depth at most n;

(c) Whenever Levk Ď U Ď Levk`1 where U is a clopen upset, there is a
clopen regular upset V such that U “ pV X Levk`1q Y Levk.

It is not hard to see that in fact such Esakia spaces force the spaces to
be étale-finite, in fact, to be dual to KM-tabular Gödel algebras (Defini-
tion A.2.13). The only missing condition is local linearity, which is easily
established5.

Thus, of studied classes of ω-categorical Heyting algebras, the only ones which
present new examples for topos-admissibility are the ω-categorical chains. Our el-
ementarity arguments allow us to conclude that they are in fact topos-admissible,
as proved by the following, the key idea of which comes from the proof of [119,
Prop 2.71]:

Proposition A.5.6 (Omega-categorical topos-admissible). Let H be such that:

1. H is ω-categorical

4It was noted in [130, Ch. 7] (see also [261]) that existentially closed Heyting algebras do
not provide.

5If local linearity fails, given we have local directedness, we can find two points at the
same depth which both see the same final point, since if two such points do not exist, any
two points seeing the same final point must be comparable. Assuming we have x, y P Levk
in these condition, let U be a clopen upset such that x P U and y R U ; we can assume that
Levk Ď U , given the depth of y. By assumption, there is some regular clopen upset V such that
U “ pV X Levkq Y Levk´1. Since x has depth k, x P V X Levk. Since V is regular, it contains all
points which eventually see something there, and thus must contain y – a contradiction
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2. There is a complete Heyting algebra H0 such that H embeds elementarily
into a complete Heyting algebra

Then H is topos-admissible.

Proof. Let H be an ω-categorical Heyting algebra, and let H0 be the complete
Heyting algebra into which it embeds elementarily. Let E0 be an elementary
topos such that SubE0p1q – H0, seen as a first-order model. By the Downwards
Löwenheim-Skölem theorem, there is a countable elementary submodel E Ď E0.
By Proposition A.5.3, we know that the elementary embedding of toposes restricts
to an elementary embedding of the Heyting algebras of subterminal objects. Since
E is countable, then SubEp1q is countable, embedding elementarily in H0; but since
H by assumption was ω-categorical, we obtain that H – SubEp1q. ■

As a Corollary we get:

Corollary A.5.7 (Rationals are topos-admissible). The algebra 1 ` Q ` 1 is
topos-admissible.

Proof. It is well-known (see e.g. [233, Ch. 2]) that 1`Q`1 is up to isomorphism
the unique countable dense linear order with endpoints. Moreover, it embeds into
1` R` 1 – r0, 1s, which is a complete dense linear order, and the embedding is
elementary. ■

A.5.3 Boundaries of topos-admissible Heyting algebras

In Chapter 7 we noted that the class of étale-finite Heyting algebras is not con-
tained in the class of products of a homomorphic image of a complete Heyting
algebra and a Boolean algebra. If one introduces chains, which are certainly not
closed under products, hypothetically, the proof could fall through. We show that
this is not the case:

Proposition A.5.8 (Étale-finite not contained in class extended with chains).
The algebra 2 ‘ Pfin,cofpNq is not in the class:

HPptcomplete,Boolean, t.a. chainsuq,

where “t.a. chains” denotes the topos-admissible chains.

Proof. Similar to the argument of Remark 7.2.42, we can show that if H “

2 ‘ Pfin,cofpNq was in this class, it would have to be a homomorphic image of
BˆC ˆPL, where B is a Boolean algebra, C is a complete Heyting algebra, and
PL is a product of chains which are topos admissible. Note that by Proposition
2.1.68, this would imply H to be a product of homomorphic images. Dually, this
would imply it is a disjoint union of components from each of these algebras – and
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since there is a single connected component in SpecpHq, it must be a homomorphic
image of one of B, C and PL.

As argued in Remark 7.2.42, it cannot be a homomorphic image of B or C.
For PL, we employ Corollary 3.4.9. Assume that H is a homomorphic image
of PL by the Corollary, since H is dual to an order-connected space, then H P

PUptLi : i P Iuq, where Li are topos-admissible chains. However, the ultraproduct
of chains must be a chain, and H is certainly not a chain – a contradiction. ■

We also remarked towards the end of the chapter that the present class, con-
taining the HP-closure of étale-finite Heyting algebras and complete Heyting al-
gebras, does not exhaust all Heyting algebras, and delegated the proof to this
Appendix. Even if we add to it the topos-admissible chains, we show that this
does not exhaust all Heyting algebras:

Proposition A.5.9 (Still some Heyting algebras to go). Let K be the following
class of Heyting algebras:

HPptcomplete, étale-finite, t.a. chainsuq,

where “t.a. chains” denotes the topos-admissible chains. Then the following
algebras do not belong to K:

1. The algebra FHApnq for n ą 1;

2. The algebra H0, dual of the following Esakia space:

‚ ‚ ‚ ‚ . . .

‚
8

. . . ‚ ‚ ‚ ‚

that is, the subalgebra of P∅,cofpNq ˆ Pfin,cofpNq given by the subset

tpA,Bq : A “ ∅ô B is finiteu.

Proof. The argument is similar for both of the algebras, and similar to Proposition
A.5.8: if we assume that H is a homomorphic image of C ˆ PE ˆ PL where C is
complete, PE is a product of étale-finite Heyting algebras, and PL is a product
of topos-admissible chains, then since H has no complemented elements, it must
be a homomorphic image of one of them.

For both algebras, they cannot be homomorphic images of a complete algebra,
since they are countable, but not complete: this is obvious for the subalgebra H0

of P∅,cofpNqˆPfin,cofpNq, and for FHApnq was shown by Bellissima [30, Thm. 4.2].
For both of them they cannot be homomorphic images of PL: for H0, if it

was, then also P∅,cofpNq would be a homomorphic image of PL. P∅,cofpNq is dual
to an order-connected space, and so again by Corollary 3.4.9, we have that H0
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would need to be a chain. Similarly, FHApnq is finitely subdirectly irreducible (as
follows easily from Proposition 4.3.4, and corresponds to the disjunction property
of IPC), and is not a chain.

Finally, both of them cannot be homomorphic images of PE: whilst we showed
that products of étale-finite Esakia spaces may fail to be étale-finite (see Remark
7.2.46), we showed in Proposition A.2.12 that all étale-finite Heyting algebras
are KM Heyting algebras . The fact that KM Heyting algebras are closed under
products and homomorphic image 2.1.41 implies however that then H0 or FHApnq
would have to be a KM Heyting algebra. By Proposition 2.1.61, noting that the
maximum of SpecpH0q is certainly not clopen, we get that H0 cannot be a KM
Heyting algebra. The fact that for n ą 1, FHApnq is not a KM-algebra follows
from Proposition A.2.6. ■





Bibliography

[1] safsom (Mathematics Stack Exchange user). Is every Heyting algebra
the subobject classifier of some topos? Mathematics Stack Exchange.
https://math.stackexchange.com/q/4942332. 2024.

[2] user102845 (MathOverflow user). Constructing a topos from a Heyting
algebra. MathOverflow. https://mathoverflow.net/q/258831. 2017.

[3] M. Abbadini, R. N. Almeida, and I. Arrieta. A topos for étale-finite
Heyting algebras. Available at https://arxiv.org/abs/2606.03861. 2026.

[4] J. Adamek and J. Rosicky. “Locally Presentable Categories”. In: Locally
Presentable and Accessible Categories. London Mathematical Society
Lecture Note Series. Cambridge University Press, 1994, pp. 7–66.

[5] R. N. Almeida. “Π2-Rule Systems and Inductive Classes of Gödel Al-
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[109] L. Esakia and B. Löwe. “Fatal Heyting Algebras and Forcing Persistent
Sentences”. In: Studia Logica: An International Journal for Symbolic
Logic 100.1/2 (2012), pp. 163–173. (Visited on 03/02/2026).

[110] L. Esakia and V. Meshki. “Five critical modal systems”. In: Theoria
43.1 (1977), pp. 52–60.

[111] K. Fine. “Logics containing K4. Part I”. In: Journal of Symbolic Logic
39.1 (1974), pp. 31–42.

[112] K. Fine. “Normal forms in modal logic.” In: Notre Dame Journal of
Formal Logic 16.2 (1975).



Bibliography 313

[113] K. Fine. “Vagueness, Truth and Logic”. In: Synthese 30.3/4 (1975),
pp. 265–300. (Visited on 06/17/2026).

[114] G. Fischer-Servi. “On modal logic with an intuitionistic base”. In: Stu-
dia Logica 36.3 (1977), pp. 141–149.

[115] G. Fischer-Servi. “Semantics for a Class of Intuitionistic Modal Cal-
culi”. In: Boston Studies in the Philosophy of Science. Springer Nether-
lands, 1980, pp. 59–72. isbn: 9789400989375.

[116] J. M. Font. Abstract algebraic logic – An introductory textbook. London:
College Publications, 2016.

[117] G. Fontaine. “Axiomatization of ML and Cheq”. MA thesis. Amster-
dam: University of Amsterdam, 2006.

[118] H. Forssell, P. LeFanu Lumsdaine, and A. W. Swan. Makkai’s lost proof
of projectivity of N in the free topos. Available at https://arxiv.org/
abs/2604.01139. 2026.

[119] P. Freyd. “Aspects of topoi”. In: Bulletin of the Australian Mathemat-
ical Society 7.1 (1972), pp. 1–76.

[120] W. Fussner and P. Jipsen. “Distributive laws in residuated binars”. In:
Algebra universalis 80.4 (2019).

[121] D. M. Gabbay. “An Irreflexivity Lemma with Applications to Axioma-
tizations of Conditions on Tense Frames”. In: Aspects of Philosophical
Logic. Springer Netherlands, 1981, pp. 67–89.

[122] N. Galatos, P. Jipsen, T. Kowalski, and H. Ono. Residuated lattices: An
algebraic glimpse at substructural logics: Volume 151. 151st ed. Studies
in logic and the foundations of mathematics. London, England: Elsevier
Science, 2007.

[123] M. Gehrke. “Canonical extensions, Esakia spaces, and universal mod-
els”. In: Leo Esakia on Duality in Modal and Intuitionistic Logics. Ed.
by G. Bezhanishvili. Dordrecht: Springer Netherlands, 2014, pp. 9–41.

[124] M. Gehrke and S. van Gool. Topological Duality for Distributive Lat-
tices: Theory and Applications. Cambridge University Press, 2024. isbn:
9781009349697.

[125] S. Ghilardi. “An algebraic theory of normal forms”. In: Annals of Pure
and Applied Logic 71.3 (1995), pp. 189–245.

[126] S. Ghilardi. “Continuity, freeness, and filtrations”. In: Journal of Ap-
plied Non-Classical Logics 20.3 (2010), pp. 193–217.

[127] S. Ghilardi. “Free Heyting algebras as bi-Heyting algebras”. In: C. R.
Math. Rep. Acad. Sci. Canada 14.6 (1992), pp. 240–244.

https://arxiv.org/abs/2604.01139
https://arxiv.org/abs/2604.01139


314 Bibliography

[128] S. Ghilardi. “Investigating Definability in Propositional Logic via Sheaves
on Grothendieck Topologies”. In: The Mathematical and Philosophi-
cal Legacy of Alexander Grothendieck. Ed. by Marco Panza, Daniele
C. Struppa, and Jean-Jacques Szczeciniarz. Cham: Springer Nature
Switzerland, 2025, pp. 433–452.

[129] S. Ghilardi and G. Mints. “The logic of transitive and dense frames:
from the step-frame analysis to full cut-elimination”. In: Logic Journal
of IGPL 22.4 (2014), pp. 585–596.

[130] S. Ghilardi and M. Zawadowski. Sheaves, games, and model comple-
tions. A categorical approach to nonclassical propositional logics. En-
glish. Vol. 14. Trends Log. Stud. Log. Libr. Dordrecht: Kluwer Aca-
demic Publishers, 2002. isbn: 1-4020-0660-8.

[131] S. Ghilardi and M. Zawadowski. “Undefinability of propositional quan-
tifiers in the modal system S4”. In: Studia Logica 55.2 (1995), pp. 259–
271.

[132] I. van der Giessen. “Uniform Interpolation and Admissible Rules: Proof-
theoretic investigations into (intuitionistic) modal logics”. PhD thesis.
Utrecht University Library, 2022.
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Birkhäuser/Springer Basel AG, Basel, 2012, pp. xx+398.

[216] A. Pitts. “Heyting Algebras and Higher-Order Logic”. In: Slides at
https://www.cl.cam.ac.uk/„amp12/talks/Heyting2025.pdf. 2025.

https://www.cl.cam.ac.uk/~amp12/talks/Heyting2025.pdf


320 Bibliography

[217] A. M. Pitts. “Amalgamation and interpolation in the category of Heyt-
ing algebras”. In: Journal of Pure and Applied Algebra 29.2 (1983),
pp. 155–165.

[218] A. M. Pitts. “On an interpretation of second order quantification in first
order intuitionistic propositional logic”. In: Journal of Symbolic Logic
57.1 (1992), pp. 33–52.

[219] A. M. Pitts. “Tripos theory in retrospect”. In: Mathematical Structures
in Computer Science 12.3 (2002), pp. 265–279.

[220] B. Poizat. “Une Theorie de Galois Imaginaire”. In: The Journal of Sym-
bolic Logic 48.4 (1983), pp. 1151–1170.

[221] T. Po lacik. “Pitts’ quantifiers are not topological quantification”. In:
Notre Dame Journal of Formal Logic 39.4 (1998), pp. 531–544.

[222] H. A. Priestley. “Ordered sets and duality for distributive lattices”. In:
Orders: Description and Roles. Elsevier, 1984, pp. 39–60.

[223] H. A. Priestley. “Representation of distributive lattices by means of
ordered Stone spaces”. In: Bull. London Math. Soc. 2 (1970), pp. 186–
190.

[224] J. G. Raftery. “Universal Algebraic Methods for Non-classical Logics”.
In: Hiroakira Ono on Substructural Logics. Springer International Pub-
lishing, 2021, pp. 27–70. isbn: 9783030769208.

[225] G.N. Raney. “Completely distributive complete lattices”. In: Proceed-
ings of the American Mathematical Society 3.5 (1952), pp. 677–680.

[226] H. Rasiowa and R. Sikorski. The mathematics of metamathematics.
Vol. 41. Mathematical Monographs. Warsaw, 1963.

[227] C. Rauszer. “Semi-Boolean algebras and their applications to intuition-
istic logic with dual operations”. In: Fund. Math. 83.3 (1974), pp. 219–
249.

[228] L. Reggio. A model category for modal logic. Available at https://arxiv.
org/abs/2310.12068. 2023.

[229] L. Reggio. “Quantifiers and duality”. Available at https://theses.hal.
science/tel-02459132. PhD thesis. Université Sorbonne Paris Cité, 2018.
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Ed. by Sergei N. Artëmov, Howard Barringer, Artur S. d’Avila Garcez,
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forgetful, 108

Galois groupoid, 268
Ghilardi complex, 117, 261, 268, 279

discrete, 169
finitary complex, 126
formula interpretation, 151
g-Ghilardi, 124
Ghilardi morphism, 118
internal Ghilardi complex, 210
polynomial complex, 132, 210

representable point, 210
product Ghilardi complex, 129
relativisised to a formula, 152
stability map, 281
stable point, 281

Grothendieck fibration, 263
Grothendieck universe, 298

Heyting algebra, 21
bi-Heyting, 121, 164, 267, 269
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Löwenheim-Skölem, 301

maximum, 174
modal algebra, 54

tense algebra, 54
model companion, 50

model completion, 50, 265
monad, 19

algebra for a monad, 19

MV-algebra, 52

n-bisimulation, 118
n-canonical model, 77
n-universal model, 76, 118, 271
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Samenvatting

In dit proefschrift bestuderen we representaties en de algemene modeltheorie van
vrije Heyting-algebra’s, vrije producten van Heyting-algebra’s en verscheidene
verwante constructies en concepten. In het bijzonder gebruiken we systematisch
de dualiteitstheorie om de geometrische structuur van deze eigenschappen te on-
thullen, met een focus op de logische analyse van de intüıtionistische logica en haar
uitbreidingen. De meest directe resultaten van een dergelijk onderzoek betreffen
de theorie van normale vormen en haar toepassingen, de studie van vertalin-
gen tussen intüıtionistische logica en haar fragmenten, en de ontwikkeling van
instrumenten voor andere verwante systemen zoals bi-intüıtionistische logica of
intüıtionistische modale logica. Dit vindt verdere toepassingen in de theoretische
analyse van deze eigenschappen zoals interpolatie, of in de uniforme ontwikkeling
van co-algebräısche semantiek.

De in het eerste deel van het proefschrift ontwikkelde representaties worden
vervolgens gebruikt om enkele openstaande problemen in het vakgebied op te
lossen, met betrekking tot de modeltheorie van vrije Heyting-algebra’s. Deze
zijn tweeledig: de studie van uniforme grenzen aan de complexiteit van vrije al-
gebra’s leidt ons tot het concept van uniforme lokale tabulariteit, waar we een
vraag van Shehtman over de equivalentie tussen dit concept en lokale tabular-
iteit beslechten. Aan de andere kant leidt de studie van hogere-ordeuitbreidingen
van de intüıtionistische logica ons naar een vraag van Andrew Pitts over welke
Heyting-algebra’s optreden als tralies van waarheidswaarden van elementaire topo-
sen, waarbij we de klasse van algebra’s waarvoor een oplossing bekend is, uitbrei-
den.
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Abstract

In this thesis we study representations and general model theory of free Heyting
algebras, free products of Heyting algebras, and several related constructions and
concepts. In particular, we systematically employ duality theory to uncover the
geometric structure of those properties, with a focus on the logical analysis of
intuitionistic logic, and its extensions. The most direct outcomes of such a study
concern the theory of normal forms and its applications, the study of translations
between intuitionistic logic and its fragments, and the development of tools for
other related systems such as bi-intuitionistic logic, or intuitionistic modal logic.
This finds further uses in the theoretical analysis of properties like interpolation,
or in the uniform development of coalgebraic semantics.

The representations developed in the first part of the thesis are then used to
settle some open problems in the field, concerning the model theory of free Heyting
algebras. These are twofold: the study of uniform bounds on the complexity of
free algebras leads us to the concept of uniform local tabularity, where we settle
a question by Shehtman over the equivalence between this concept and local
tabularity. On the other hand, in studying higher-order extensions of intuitionistic
logic, we are lead to a question of Andrew Pitts about which Heyting algebras
arise as lattices of truth-values of elementary toposes, where we extend the class
of algebras for which a solution is known.
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