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Abstract

In this work, I analyze how AI was implemented by Davies et al. (2021) in a
mathematical proof. The authors claim that they used AI to guide mathematical
intuition. First, I analyze the existing accounts of mathematical intuition and
mathematical insight and distinguish these two notions. Then, I discuss the way
Davies et al. implemented AI into their work and compare it to the classical,
non-AI-based computer assistants. Finally, I discuss whether the notions of
mathematical intuition and mathematical insight can be used to describe the
work AI performs in the discussed proofs. As a main result, I conclude that the
discussed AI cannot, as suggested by Davies et al., guide mathematical intuition,
and the role it plays can only be described as assisting a mathematician in
obtaining mathematical insight.
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Introduction

In 2021, Davies et al., a group of researchers consisting of software engineers and
mathematicians, published a paper “Advancing Mathematics by Guiding Hu-
man Intuition With AI”. In the paper, the authors describe how they obtained
two mathematical proofs with the help of AI. The usage of AI in mathematics
is not new: it was previously used to solve differential equations (Lample &
Charton, 2019), speed up time-consuming calculations (Peifer et al. 2020), and
find counterexamples to conjectures (Wagner 2021). However, in all the pre-
vious examples, AI functioned as a tool for deriving a proof the framework of
which was already established by a human mathematician. Even if AI was used
to detect patterns in data that could help a mathematician define the strategy
of the proof, the decision of what conjecture to prove was always done exclu-
sively by a mathematician. Davies et al. claim that their implementation of
AI into mathematical practice is essentially different from the previous cases,
as it demonstrates a novel approach to AI assistance in mathematics: it shows
that AI can not only assist in obtaining a proof but also guide mathematical
intuition in choosing what to prove (Davies et al., 71).

The debates around the use of computer assistants in mathematical proofs
emerged in 1977, with the publication of the first proof that was obtained with
the help of a computer program (Appel & Haken 1977). With the continued use
of computer assistants in mathematics, several arguments were raised against
the equal acceptance of computer-based and fully human-performed proofs in
mathematical practice1. One of the arguments, described by J. D. Barrow
(1995) and W. P. Thurston (1994), focuses on the fact that proofs obtained
with the help of computer assistants are not insightful, which means that they
do not demonstrate any new methods, patterns, or connections that could lead
to new discoveries in mathematics. Thurston insisted that computer software
cannot reproduce mathematical intuition, which is human by nature (Thurston
1994, 5). The implementation of AI presented by Davies et al. can be used
as a counter-argument against the described position: it can be used to argue
that mathematical intuition and mathematical insight are not essentially human
since one can use a computer assistant to guide and discover them. If the authors
indeed show that a mathematician’s intuition can be directed and assisted by

1The arguments against the equal acceptance of computer-based and human-based proofs
are described by several authors, for example, T. Tymoczko (1979), J. D. Barrow (1995), J.
R. Brown (2010), C. W. H. Lam (1990).
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AI, it means that computer software can be used to discover new methods and
connections, contrary to the presented arguments. If computer software can be
used to discover new methods and connections, we can argue that insightfulness
and intuition in mathematics are not necessarily purely human phenomena.

Davies et al.’s case can be distinguished not only from the previous imple-
mentations of various computer assistants in mathematics but also from the
general implementation of AI in scientific research. AI is used for data analy-
sis and classification in various domains, including but not limited to biology
(Webb 2019), chemistry (de Almeida et al. 2019), and physics (Melnikov et al.
2018, Liu et al. 2023). However, the researchers of AI implementation in science
openly state that so far, despite providing significant help to human scientists
in revealing patterns that would be otherwise hard to discover, AI cannot ful-
fill the function of an agent in scientific discovery (Melnikov et al. 2018, 1224;
Krenn et al. 2022, 761). Davies et al. do not state that in their work, AI took
on the role of a scientific researcher. However, the authors state that they used
AI to guide the researcher’s exploratory creativity, which could represent the
first step of sharing or transferring the agency in scientific discovery from fully
human to partly artificial. The article was perceived as a breakthrough in the
use of AI in scientific discovery: the headlines describing it were formulated as
“DeepMind AI collaborates with humans on two mathematical breakthroughs”
(Sparkes 2021) and “AI is discovering patterns in pure mathematics that have
never been seen before” (Nelid 2021). The paradigm in which the paper by
Davies et al. has been discussed suggests that the authors have programmed
AI to independently prove theorems in mathematics (Davis 2021). That is, of
course, not the case, as we will show in the next chapters. However, the authors
claim that they used AI to guide the intuition of a mathematician, which, as I
will show in this thesis, is also a big deal.

Davies et al. do not give a definition for the term ‘mathematical intuition’
they use in their work. Moreover, they do not clarify the exact role mathematical
intuition plays in the discovery and proving process in mathematical practice.
Hence, their statement about the possibility of guiding mathematical intuition
is not yet supported by sufficient grounds: is it really mathematical intuition
that they are guiding with AI? The goal of this thesis is to determine whether
it is admissible to describe the role of AI in the proofs obtained by Davies et
al. as ‘guiding mathematical intuition’. If it is determined that the process
can be described as AI guidance of mathematical intuition, we would obtain an
argument against some critique of computer assistants: it would mean that they
can help us develop new methods and strategies and, what is more, they can
guide mathematicians in choosing what they are going to prove, not merely how
they are going to prove it. Hence, it would be possible for computer assistants to
possess some sort of mathematical creativity. If, however, we determine that the
AI Davies et al. use does not guide mathematical intuition but rather provides
help close to the function of a classical, non-AI computer assistant, we would
not be able to ascribe it any sort of exploratory creativity.

The structure of my work is the following. In the first chapter, I briefly de-
scribe the classification of non-AI computer proofs and their critique, focusing
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on the critical approach to the ‘insightfulness’ of computer-based proofs. In the
second chapter, I describe the existing philosophical accounts of mathematical
intuition and mathematical insight2. I explain which accounts I am going to
use to describe the role of AI in mathematical proofs and why. I also discuss
some philosophical implications of these accounts that may allow or restrict
their application in the context of AI. In the third chapter, I describe the imple-
mentation of AI in mathematics. In section 3.1, I describe how exactly Davies
et al. implemented AI into their work and what results they achieved with it.
In section 3.2, I compare the usage of classical computer assistants and the AI
assistant mathematical practice: I focus on how the implementation of AI by
Davies et al. is different from the implementation of non-AI assistants described
in Chapter 1. In the last chapter, I approach the role of AI described in Chapter
3 with the notions of mathematical intuition and insight described in Chapter
2. I discuss whether it is possible to explain the work of AI in the case of Davies
et al. in terms of intuition and insight and the philosophical implications of the
answer to this question.

2The notions of mathematical intuition and mathematical insight are both used in philos-
ophy of mathematics while talking about different kinds of exploratory creativity. I describe
the differences between these notions in Chapter 2.
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Chapter 1

Classical computer-assisted
proofs

1.1 What are computer-assisted proofs?

To understand the novelty of AI-assisted proof introduced by Davies et al., we
need to understand the general classification of computer-assisted proofs. That
is why, in this section, I will describe the general framework of computer-based
proofs as it existed before the introduction of the AI assistant by Davies et al.
(e.g., before 2021) In the next section, I am going to explore the existing critique
of the computer proofs, including the critique of their insightfulness – the side
of criticism which we will try to apply later to the AI-assisted proofs.

There are several types of computer-assisted proofs. What vaguely defines a
computer-assisted mathematical proof is that a computer was used in order to
get to some (sometimes crucial) step of the proof. There are, however, different
methods to use a computer in gaining mathematical results: that is one way
to build a taxonomy within the computer use. I use the taxonomy outlined in
Parshina (2023). There are computer-assisted proofs that:

1. Use a computer to find a counterexample. If a mathematician finds a
counterexample, they can simply use it in their proof, sometimes without
even mentioning that the result was obtained with the use of a computer.

2. Use a computer to prove the lack of counterexamples. There are at least
two ways in which that can be done:

(a) Non-formalized (or not fully formalized) proof. Computer software
is engaged at the step where a large set of cases needs to be checked
for the existence of counterexamples. A mathematician formulated
the initial proof and uses a computer assistant to do that.

(b) Fully formalized proof. The mathematician uses a proof assistant
(for example, Coq, Metamath, Isabelle) or a similar software tool as
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a framework for their proof. One needs to formalize the theorem
for a proof assistant, which derives the proof itself, according to the
encoded inference rules.

Now, I provide some examples for each case of the described taxonomy in
chronological order. Proofs of type 2(a) are the so-called ‘old’1 examples of
computer-assisted proofs: the most classical example for this type is the proof
of the four-colour theorem by K. Appel & W. Haken (1977). The theorem is
formulated as follows:

Theorem 1 (Four-colour theorem) Every map (whether it is located on a
plane or a sphere) can be colored with no more than four colors in such a way
that regions sharing a common boundary are never colored alike.

The theorem was initially introduced by F. Guthrie in 1852 (MacKenzie
2004, 103) and was only proven in 1977 in the article “The solution of the
four-colour map problem” by Appel & Haken. The authors reduced the general
case to a triangulated graph (i.e. all its faces are triangles). Then, the authors
proved that the minimal vertex degree m of such a graph can be either 3, 4, or
5. Cases m = 3 and m = 4 are easily proved (Whitney & Tutte, 1992). The
problematic case is m = 5. The authors decide to prove it based on the notion
of reducible configuration (first implemented by Birkhoff, 1913). The notion of
reducible configuration is defined as follows:

Definition 1 (Reducible configuration) A graph S is called the reducible
configuration if the 4-colorability of any planar graph containing S as a subgraph
is deducible from the 4-colorability of any planar graph with fewer vertices.

From the definition, it follows that the minimal counterexample of Theorem
1 cannot contain a reducible configuration. Appel and Haken used a computer
program to produce an unavoidable list U of 1834 configurations (i.e. any
planar graph contains at least one of these configurations) and used a computer
program to prove that every configuration in U is reducible2.

Appel and Haken did most of the proof by themselves, without the use of a
computer. The computer was needed for going through a large set of configu-
rations at the final step of the proof and stating their reducibility. Therefore,
Appel and Haken’s proof is of type 2(a).

The proof of the four-colour theorem initially presented by Appel and Haken
contained several mistakes (Wilson 2003, 225), therefore, it was corrected and
partly formalized by Robertson et al. (1996), and fully formalized in 2005 by
Gonthier. Gonthier’s and Robertson et al.’s proofs are examples of type 2(b).
Both of them are formalized but to different scales. Robertson et al. reduced

1I call these proofs ‘old’ because they were introduced the earliest, therefore they were the
center of the discussion on the validity of computer-assisted proofs in the period of 1970-1990.

2The authors could have proved the unavoidability of U by hand, but writing the proof
down would have take 2 months. Therefore, Appel and Haken decided to use a computer to
prove it, as well as for proof of reducibility.
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the list U to 633 configurations and proved its reducibility with the use of a
computer program. While the authors did not formalize the whole proof (i.e.
the first part of the proof was still done by hand, even though its complexity
was reduced), they were able to formalize the last part of it - they present the
reader with a link to a computer program where they can check the reducibility
of the list by themself.

Gonthier’s proof of the four-colour theorem is fully formalized. The author
worked with Robertson et al.’s version of the proof and formulated Theorem 1
in the calculus of inductive constructions, CiC (Gonthier 2005, 3-5). After that,
he was able to present the theorem as an input to Coq, an interactive theorem
prover3, and get the fully-formal proof.

It is harder to present clear cases of the proofs of type 1, but a possible
example is the proof of the Boolean Pythagorean triples theorem presented by
M. Heule, O. Kullmann, and V. Marek (2016). The Boolean Pythagorean triples
theorem is formulated as follows:

Theorem 2 (Boolean Pythagorean triples theorem) Set N = {1, 2, . . .}
can be divided into two parts such that no part contains Pythagorean triples.

Definition 2 (Pythagorean triple) A Pythagorean triple is a triple of inte-
gers (a, b, c) s.t. a2 + b2 = c2.

In 2016, the authors proved that it is possible for positive integers to be
colored in such a way, but only up to the number 7824. They found the number
by using a Boolean SAT solver to go through a set of cases and find the first
counterexample. Since the authors used a computer assistant, their proof is
partly of type 1. However, it is arguable that the authors could have come up
with the counterexample themselves since the counterexample was produced by
an exhaustive computer search.

All the presented examples of computer-assisted proofs were done with the
help of either an ‘old-fashioned’ extensive search through a set of cases or an
interactive theorem prover. However, these are not the only types of computer-
assisted proofs existing at the moment. In 2021, Davies et al. published an
article where they explain how they proved two mathematical theorems by us-
ing an AI assistant. We are going to discuss the differences between classical
computer-assisted proofs and AI-assisted proofs in Chapter 3. Now, we will see
the main points of critique of the classical computer-assisted proofs, in order
to understand, in the following chapters, whether AI-assisted proofs could be
subject to the same criticism.

3An interactive theorem prover is different from the computer programs used by Robertson
et al. or by Appel and Haken since it does not simply go over a given set of cases with the
given algorithm. An interactive prover relies on logical inference rules and checks the proof
of mathematical statements typed into it, or helps to find the proof.
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1.2 Approaches to the critique

In this section, we will describe three main points of approach to the criticism
of classical computer-based proofs. We will mainly focus on the position dis-
cussing the lack of originality and insightfulness in computer-based proofs, as
this position can be argued against by finding an example of mathematical proof
that, even though it was achieved with the help of computer software, presents
novel approaches to the topic, – and AI-assisted proof by Davies et al. could be
this example.

There exists a lot of critique aimed at computer-assisted proofs. Several
philosophers and mathematicians refuse to give them the same level of trust as
to human-based proofs for different reasons. Following the points of criticism
underlined in Parshina (2023), we can distinguish three main approaches to the
critique:

1. There is a high possibility of a mistake in computer-assisted proofs, and
there is a good chance that, if the computer software produced a mistake,
it will never be found.

This position is supported by J. R. Brown, C. W. H. Lam, and T. Tymoczko4.
Brown (2010) talks about the fallibility5 of computer proof assistants. In proofs
like Appel and Haken’s or Robertson et al., various software pieces are used: the
operating system, the programming language, a compiler, special computation
software, etc. We may theoretically understand how each of these pieces works,
but when we combine them, we rely heavily on practical matters in understand-
ing how these things work altogether. Brown suggests an example of applying
Newton’s classical mechanics to extremely massive objects: just like this ap-
plication was wrong, our hypothesis about the inner structure of the software
we use may be wrong. Even if we have some theories, we cannot go and verify
them with some sort of experiment, like Newton could not check if his mechanics
describe the world ‘correctly’. We can run a computer program several times,
but we will never obtain the full reliability of the software we use.

2. Computer-assisted proofs bring empirical truths into mathematical
practice.

That objection is strongly connected to the previous one, as the fallibility of
computer proofs is the reason why mathematics, for some authors, can become
quasi-empirical. The reason why computer-assisted proofs make mathematics
(at least partly) empirical is connected to the reliability of the software. If we
are unable to trace every step of the reasoning behind the proof, we rely on the
computer’s output in a different way than we rely on a highly-skilled mathemati-
cian’s results. If the software we use is unsurveyable, there is a possibility of the

4Here I should note that despite Tymoczko stating that there is an increased chance of
producing a software error, he does support the implementation of computer-assisted proofs
into mathematical practice (Tymoczko 1979, 72).

5Brown defines fallibility as the possibility of a proof containing a mistake.
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existence of mistakes we will never be able to notice. We rely on the computing
program, the compiler, and other software or hardware pieces that produce a
proof - but there does not exist a way for us to check that they all indeed work
as we wanted them to. Therefore, every time we use them to produce a certain
output, we need to recognize its (partly) empirical nature - we use the output
only because we conditionally believe that our program works as we theorize it
to work.

Tymoczko equally accepts human-based and computer-based proofs into
mathematics, which, according to him, leads to a big change in our understand-
ing of mathematics (from purely rational to the partly-empirical site). Brown
and Lam, however, do not support the change and insist on the problem of the
software’s unsurveyability.

3. Computer-assisted proofs do not bring any new ‘insightful’ methods
into mathematics.

That is the position supported by J. D. Barrow (1995) and W. P. Thurston
(1994). According to Barrow, mathematical practice does not consist of col-
lecting all possible truths (Barrow 1995, 232-233). It is rather centered around
demonstrating new methods, patterns, and links that can provide some insights
and intuitions about objects, notions, and relations in mathematics. According
to Barrow and Thurston, the result of the proof is not as important as the new
methods that were demonstrated to the mathematical community. One may ar-
gue that Appel and Haken indeed demonstrated a new method in mathematics:
after all, they proved a theorem by writing and running a computer program - a
method that was never used before them in mathematics. To that, the authors
supporting Barrow and Thurston’s position could answer that the proof that
Appel and Haken demonstrated did not provide us with any new connections
between mathematical notions since all the computations were produced inside
of a computer program. When a human mathematician produces a new proof,
even if no important connections between mathematical objects are described in
it, the (skilled enough) reader is still able to trace the line of thought that is in-
tended by the author. In a computer-assisted proof, even if a part of the proof is
explained by a human mathematician, the computer-assisted part still provides
only the result, not the reasoning behind it. For some, the mathematical result
would be valuable by itself. However, several discussions about the disinterest
of mathematicians in Appel and Haken’s proof show that it did not provide the
information the mathematical community was expecting it to provide. Several
mathematicians, when they discovered that the four-colour theorem was proved,
experienced some sort of disappointment when it was revealed to them that the
proof included a supercomputer. Mathematician P. Halmos writes, discussing
the value of Appel and Haken’s proof: “I want to ask: what did we learn from
the proof? What do we know now that we didn’t know before? I do not find
that an easy question to answer. [...] We may still be far from finding a new
“good” proof for the four-color theorem” (Halmos 1990, 18). Barrow provides
an excerpt from a mathematician M. Davies: “[...] I expected some brilliant new
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insight, a proof that had in its kernel an idea whose beauty would transform
my day. But when I received the answer [...], I felt disheartened. My reaction
was: “So it just goes to show, it wasn’t a good problem after all””(Barrow
1995, 323). The fact of the confirmation of the conjecture to be true does not
concern the named mathematicians. What concerns them is the fact that the
potential human-based proof of the theorem could have demonstrated some deep
mathematical connections, but it did not.

For Thurston, the problem with computer-assisted proofs is the lack of
‘human-like’ mathematical thinking. Thurston states that one of the main
features of mathematical practice is its form: it is concentrated on human
language, vision, hearing, deduction, intuition, stimulus-response, etc. We do
not only communicate mathematical results in human language (as in, articles,
books, lectures), we think in human language when we think about mathemat-
ics (Thurston 1994, 169). For example, when we use the equation sign “=”, we
think about it as of verb, and we use it as a verb. What is more, Thurston sup-
ports the ‘human-language’ approach to mathematical thinking because it leaves
room for the phenomena like intuition, association, metaphor, etc. Some math-
ematicians, according to Thurston, make use of mathematical intuition even
without a specific understanding of where this intuition comes from (Thurston
1994, 165). Thurston states that all knowledge transfer in mathematics should
be human-based, and we should distinguish between a computer-assisted proof
(as relying on the capabilities of a computer) and a human-based proof (as
relying on human thought and information intake).

According to the authors like Barrow, Thurston, and Halmos, computer-
assisted proofs cannot provide the mathematical community with any new in-
sights that could advance our understanding of mathematics. Computers can
be used to go through some important steps of the proof, and we would ob-
tain some new information, but the resulting proofs would not demonstrate any
methods or perspectives we could use to expand our toolkit for mathematical
practice. And for authors like Barrow and Thurston, the non-computer proofs
that demonstrate some insight into a studied entity are the core of mathematical
practice, – that is what mathematics is ‘about’. In the following chapters, we
are going to explore the proof method presented by Davies et al., including the
step where a mathematician interacts with AI to obtain a better understanding
of the studied topic. This case could be used as an example showing that proofs
obtained with the use of computer software can be insightful – or, at least,
that computer assistants do not always make mathematical proofs uninsightful.
Moreover, if the authors indeed do what they state they do, which is, guiding
mathematical intuition with AI, the example of Davies et al. can demonstrate
that it is not only possible to use a computer assistant and obtain an insightful
proof, but it is also possible to use a computer assistant specifically to find, or
improve, the novel and insightful approaches to the studied topic. That way,
we could not only answer the critique of the insightfulness of computer-based
proofs but also show that it may be the computer that brings insightfulness to
the proof. We will discuss Davies et al.’s case and compare it to the classical
use of computer assistants in Chapter 3. Before that, we should clarify all the
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concepts we are going to use during the discussion of mathematical insightful-
ness and intuition of Davies et al.’s AI, and that is exactly what we do in the
next chapter.

11



Chapter 2

Intuition and Insight In
Mathematical Practice

2.1 Mathematical intuition and mathematical
insight

In this chapter, I am going to discuss the most well-established accounts of math-
ematical intuition and mathematical insight, so that later we could understand
whether these notions are eligible to apply to the role of AI in mathemati-
cal proofs. Specifically, I plan to establish whether we can describe the work
completed by Davies et al.’s AI as guiding mathematical intuition or guiding
mathematical insight. To understand whether AI has anything to do with math-
ematical intuition and insight, we need to understand these notions first. Even
though Davies et al. only mention mathematical intuition, I add the notion
of mathematical insight to the discussion because these phenomena are closely
related and sometimes even confused, or used interchangeably. Further in this
chapter, I will elaborate on the connections and differences between mathemat-
ical insight and mathematical intuition. In Chapter 4, I will discuss which of
these notions is more suitable to describe the work of AI in Davies et al. (2021).

All the accounts I am going to cover characterize mathematical intuition or
insight from within different domains. Very few of the authors I discuss provide
a precise definition of the concepts they use. Most of them compare the notions
of mathematical intuition and insight to some other notions - for example, to
sensory perception. However, the authors list several essential characteristics
of the two notions which reflect the positions of different communities on the
matter: E. Chudnoff (2018) and C. Parsons (1979) provide the philosophical
perspective on the notion of mathematical intuition1; I. D. MacDonald (1979)

1In sections 3.2 and 3.3, I explain why I chose to base the philosophical perspective on
mathematical intuition on Parsons’ and Chudnoff’s accounts and did not choose other authors.
I will also justify the choice of all the other listed authors.
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and H. B. Griffiths (1971) frame the discussion of mathematical insight and
present a perspective on the topic from the community of professional math-
ematicians; J. A. Carter (2017) analyzes the famous cases of mathematicians
publicly discussing their ‘moments of insight’ to describe the essential human-
related features of this phenomenon; Nathan and Walkington (2017) research
the extent to which the process of obtaining mathematical insight is connected to
the human body and gestures. The chosen set of authors allows us to approach
the topic of mathematical insight and intuition from different paradigms: phi-
losophy of mathematics, mathematical practice, and cognitive and behavioral
science. I do not suggest that the chosen accounts and studies are the only
correct way of approaching the topic of mathematical intuition and insight. My
motivation was to present the most thoroughly-described theories with a strong
theoretical and/or empirical framework so that we could have a strong base for
the notions we are going to apply to AI.

Parsons and Chudnoff describe the perceptual account: an account that uses
human perception as an analogy for the description of the role of mathematical
intuition. The authors generalize some of the characteristics of human percep-
tion to describe mathematical intuition. Specifically, Parsons talks about the
human ability to perceive abstract mathematical objects based on our previ-
ous experience with some specific examples of these objects in practice. He
compares it to our ability to perceive and identify empirical objects in real life
based on all our previous experiences with the empirical world. There are,
however, several features that make perception different from mathematical in-
tuition. For example, mathematical intuition about an object is not connected
to the possibility of the actual existence of the object (Parsons 1979, 151). The
differences and similarities between sensory perception and mathematical intu-
ition can make it either easier or harder for us to transfer the characteristics of
classical accounts of mathematical intuition to the discussion of AI in mathe-
matics: if mathematical intuition, like human perception, is necessarily closely
associated with a human subject processing the internal experience similar to
qualia2, it makes it harder to attribute this feature to AI. If, on the other hand,
mathematical intuition is an ability more independent, up to some point, from
a unique inner experience than perception, it makes it easier to attribute the
capacity of mathematical intuition to AI. I discuss why I chose the perceptual
approach to mathematical intuition in section 2.2, and the approach itself and
its implications for a mathematician’s agency and subjectivity in section 2.3.

MacDonald and Griffiths, whose approaches to mathematical insight I de-
scribe in section 3.4, were practicing mathematicians, unlike the other chosen
authors. Both of the authors’ articles I discuss were published in the 1970s,
which is more than 50 years ago, therefore one might suggest that there is no
need to discuss the authors’ approaches since we already have some discus-
sion of the historical perspective on mathematical intuition from Chudnoff and
Parsons. However, there are no recent publications on the notions of mathe-
matical intuition and insight that are authored by practicing mathematicians.

2Qualia is an introspectively accessible experience of a person (Chumley & Harkness, 2013).
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The discussion on the matter in the mathematical community was active in
the 1970-1990s. Since then, there exist two active communities that discuss
mathematical intuition, insight, and their origin: philosophy and epistemology
of mathematics (Chudnoff 2018, 2-3) and cognitive studies (Dehaene 2009, 234-
235; Nathan and Walkington 2017, 2-4). The works written by MacDonald and
Griffiths are, of course, a part of the heritage of philosophy of mathematics.
However, their work also reflects the attitude of the mathematical community
towards the notion of mathematical insight3. That is why their accounts are
essential in this research: they allow us to look at this notion from within the
mathematical community and, therefore, obtain a first-hand description of the
studied phenomena.

There are some accounts that associate intuition and insightfulness in re-
search with certain human virtues: for example, H. Battaly (2008) states the
motivation for truth is a core characteristic of a successful scientist. For B. G.
Charlton (2009), all scientific discoveries depend on the explicit pursuit of truth
by the researcher. Such characteristics may be the reason why the concepts
of intuition and insight cannot be applied to the AI system used by Davies
et al. since we would be left with the problem of ascribing human virtue to
an artificial agent. While there are some studies that allow attributing some
level of agency to AI (Legaspi et al. 2019, Andrada et al. 2022), there are no
well-established philosophical accounts that allow ascribing human virtues to
AI systems in their current state of development (Gill 2020, 293-294). There-
fore, it is crucial to understand how human virtues are connected to insight and
intuition in mathematics before trying to apply these notions to AI. That is
why we are going to discuss the connections between mathematical insight and
human virtues in section 2.5, following the approach of Carter (2017).

The discussion of mathematical intuition in the paradigm of cognitive science
is also an essential part of our research: Nathan and Walkington (2017), Nathan
et al. (2014), and Uttal et al. (2012) are some examples of papers that present
case studies of obtaining mathematical insight and intuition in mathematical
practice. The authors mostly study cases with children or college students as
participants while researching the transfer of mathematical knowledge. That al-
lows us to look at mathematical intuition in a simpler and more comprehensible
environment than by analyzing the cases of mathematical insightfulness in suc-
cessful adult mathematicians as Carter (2017) suggests. Cognitive approaches
to mathematical insight and intuition allow us to start the discussion on the
characteristics of agents obtaining the insights and using the intuition: in what
circumstances is it possible for an agent to experience an insight, what could
stimulate it, what cognitive processes are occurring during the obtaining of the

3Griffiths provides several examples of the discussion of mathematical insight by math-
ematicians. MacDonald critiques some aspects of Griffiths’ approach, but generally agrees
with him on the general framework of mathematical insights, and analyzes some examples
from mathematical practice. Even if the authors do not represent the general attitude of all
mathematicians towards mathematical insight, they represent a significant percentage of the
mathematical community by grounding their approach in various examples from the commu-
nity.
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insight? If we discuss these notions from the cognitive point of view, we most
certainly would be talking about human beings as the agents in whose minds
these processes are occurring. Since, in this work, I talk about the possibility of
describing the work of AI by the notions of mathematical intuition or insight,
the approaches that connect these notions to human cognitive states are one of
the possible critical accounts against this enterprise. Hence, in section 2.6, we
discuss the possible problems that cognitive science approaches may bring into
the discussion of the agency and subjectivity behind mathematical insights.

I should note that while mathematical insight and mathematical intuition
are related notions, they cannot be used interchangeably. There are different
suggestions on how the notions of insight and intuition can be distinguished, for
instance: insights only appear in consciousness, while intuition is an unconscious
process (Volz & Von Cramon 2006); intuition is a continuous process and insight
is an intermittent process, appearing and establishing within several seconds
(Bowers et al., 1990). Zhang et al. (2016) distinguish intuition and insight as
two different approaches to knowledge and information processing. The authors
state that intuition is mainly involved in processing judgments on questions
with ‘yes/no’ responses – in such cases, we are not interested in the particular
solution of the problem we are engaged with, but rather just want to know
whether there exists a solution. In the case of insight, we are interested in
the particular solution for the problem we are working with – when we obtain
insight while looking for a solution to a mathematical problem, we obtain the
information on the solution itself, not just on the fact that it exists/does not
exist (Zhang et al. 2016, 2). Also, the kind of obtained knowledge is different in
intuition and insight: while we can obtain tacit knowledge4 with mathematical
intuition (we know whether some fact is true, but we do not know why), we
can only obtain insight about an explicit knowledge5 (we know specifically why
some fact is true). This distinction between insight and intuition is a result of
theoretical and empirical cognitive studies of mathematical practice. The are no
authors who discuss the differences between insight and intuition in the domain
of philosophy of mathematics. However, as we will see in sections 2.4 and 2.6,
the separate discussions of insight and intuition in mathematics generally follow
the distinction drawn by Zhang et al. We will come back to this distinction in
section 2.6.

2.2 Different approaches to intuition

There exist several approaches to mathematical intuition. They can be dis-
tinguished by the description of the method one obtains the intuition and the

4While we do not know the specific solution to the problem, we may feel a subjective
closeness to the solution, as Reber et al. (2007) describe it. That is what Zhang et al. call
‘tacit knowledge’.

5Explicit knowledge is factual knowledge that can be easily communicated. Of course,
we cannot always correctly define the knowledge we obtained – there is a harmful possibility
of mistaking tacit knowledge for explicit knowledge while obtaining mathematical insight
(Knoblich et al. 1999).

15



conceptual content of the intuition. In this section, we talk about the account
of intuition we have chosen to discuss and why.

Chudnoff (2018) has attempted to classify the approaches to mathematical
intuition in philosophy of mathematics. He suggests distinguishing three main
accounts:

1. Concrete illustration approach

2. Spontaneous impression approach

3. Perceptual approach

The concrete illustrative approach is based on the view suggested by C. F.
Klein (described in Ewald 1996, 959). Klein states that when we are to imagine
an abstract mathematical object, we do not, in reality, imagine a fully ‘abstract’
object lacking any certain characteristics. When we are asked to imagine a line,
we always imagine a line of a certain width and length, therefore endowing our
object with some fixed characteristics. We imagine a concrete illustration of an
abstract object, not the abstract object directly. Therefore, the object we are
intuiting is never abstract.

The spontaneous impression approach is represented by S. Dehaene (2009).
According to Dehaene, to have an intuition that p is to have a spontaneous
impression that p: an impression that is “fast, automatic, and inaccessible to
introspection” (Dehaene 2009, 233). The type of intuition Dehaene describes is
based on the high level of familiarity with symbolic representations of numbers:
specifically, intuition appears when we are able to understand the connections
between the symbols so fast that the whole process becomes automatic and
unconscious.

The perceptual approach is represented by several authors, for example, by
Parsons (1979) and Chudnoff (2018). According to the perceptual approach,
mathematical intuition can be compared to sensory perception in several as-
pects. Mainly, the comparison is based on the assumption that mathematical
intuition allows us to experience the abstract mathematical object like it is
present in our immediate environment. Chudnoff calls this process a “non-
inferential access” (Chudnoff 2018, 2).

While I agree with Chudnoff on distinguishing the presented accounts of
mathematical intuition, I do not agree with the classification he suggests. Chud-
noff lists these three accounts as different approaches within philosophy of math-
ematics and bases his analysis of these accounts purely on the philosophical
background – he starts with the discussion of the role of I. Kant, R. Descartes,
and K. Gödel in the formation of the notion of intuition. However, while the
concrete illustrative and perceptual approaches are described in the paradigm
of philosophy of mathematics (and the authors of these approaches are either
mathematicians or philosophers), the spontaneous impression approach is sug-
gested by Dehaene as a case study of the concepts of knowledge associated with
specialized cerebral subsystems. Dehaene does not define a specific account of
mathematical intuition in philosophy of mathematics; what he suggests is to use
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the teaching of elementary arithmetic in school as a case study to research some
specific neurocognitive functions in children. Therefore, while Klein and Par-
sons talk about the cases of human intuition in adults who consistently work in
a professional mathematical community, Dehaene talks about the development
of understanding of arithmetic in children (Dehaene 2009, 235). What is more,
Dehaene limits the notion of mathematical intuition to “the sense of number”
(Dehaene 2009, 233), hence only discussing mathematical intuition applied in
elementary arithmetic. Since Dehaene’s account of mathematical intuition is
limited to intuition in children and only studies a specific area of mathematics,
I am not going to regard it as a complete account of mathematical intuition, as
it is unclear how we can extend it to the use of mathematical intuition in pro-
fessional mathematical practice. I agree, however, that the concrete illustrative
approach and perceptual approach are the two main directions the notion of
mathematical intuition can take in the paradigm of philosophy of mathematics.

Chudnoff (2018) critiques the illustrative approach because it is only able
to describe partial aspects of mathematical intuition, “namely the use of visual
imagination as a means to awareness of the abstract subject matter of mathe-
matical propositions” (Chudnoff 2018, 6). We may go even further and argue
against the concrete illustrative approach as it does not provide a basis for sus-
tainable mathematical knowledge. If abstract mathematical objects are only
accessible to our intuition in the form of illustrations of specific cases, how are
we able to incorporate our knowledge of mathematical entities into mathemat-
ical practice? Even if we have an intuition about a specific object with strictly
defined characteristics, we need to understand how we can generalize the fea-
tures of this object to work further in the chosen area of mathematics. To find
new patterns in the area of mathematics one is working with, or even to con-
nect two initially distinct areas, a mathematician should often come to a certain
level of abstraction. Otherwise, one would only be able to conclude statements
within the scope of specific examples, which would not allow the achievement
of any significant novel results in mathematics. Some mathematicians argue
that a certain level of decontextualization should always be allowed in math-
ematics: it allows mathematicians to introduce new objects, present complex
processes, and, generally, learn new information (Ferrari 2003, Mitchelmore &
White 1995). For example, when a mathematician works in abstract group the-
ory, they do not refer to the properties of any specific groups (Ferrari 2003,
1226), and if they did, such an approach would not lead to any important re-
sults that can be applied to the abstract group theory directly. According to
the illustrative approach, mathematical intuition is responsible for producing
a specific illustrative example, based on which a person could obtain a better
understanding of the subject matter they are studying. The approach does not
explain mathematical intuition as an experience of an abstract object (relation,
structure, etc.), even though the agent of the intuition somehow obtains the
representation of the object in general, not only the specific example they came
up with. Hence, the illustrative approach does not include abstraction and gen-
eralization as methods that can help one obtain knowledge, awareness, or some
sort of experience in mathematics. One may argue that the proponents of the
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concrete illustration approach simply do not describe abstraction as a method of
obtaining intuition, but they include it into the general mathematical practice.
However, Klein does not explain how one can obtain knowledge or at least some
awareness about the area you study from merely a specific example from this
topic. To understand a mathematical entity, one needs to make some inferences,
conclusions, and abstractions based on previous experience: awareness of the
topic, let alone knowledge of it, cannot be produced based solely on one specific
illustration (Tieszen 1989). If the knowledge is not obtained by abstraction, one
should suggest another mental process as a base. Klein does not. Therefore, the
concrete illustrative approach does not successfully describe the main processes
behind mathematical intuition and, consequently, cannot be used to talk about
all the nuances of this phenomenon6.

The perceptual approach to mathematical intuition is defended by several
authors (Parsons 1979, Maddy 1980, Chudnoff 2018). The comparison of the
two mental processes is based on the ability to access an object directly - either
to approach a material object through the sensory perception or to approach
an abstract object through mathematical intuition. The perceptual approach
does not fall under the critique aimed at the concrete illustrative approach:
the proponents of the account define the objects of mathematical intuition as
abstract mathematical entities which may lack specific characteristics. Gener-
ally, the perceptual approach to mathematical intuition has stronger support
than the concrete illustrative or spontaneous impression approaches: Parsons
and Chudnoff provide several arguments in its favor. According to Chudnoff,
mathematical intuition should be compared to sensory perception because both
are examples of non-inferential knowledge (Chudnoff 2017, 5): in both cases, we
obtain knowledge by direct access to the object available to us (but in different
ways). Chudnoff also points out that the perceptual approach is advantageous
because it covers not a specific case of mathematical intuition but its general use
– unlike Klein’s account, which is limited to specific cases of illustrative intuition,
and Dehaene’s approach, which only covers the area of mathematical education
in children. Parsons’ arguments in favor of the perceptual approach consist of
the observations and examples that are aimed to illustrate the manifestations of
mathematical intuition: the author describes the experiences of mathematical
intuition that we may possibly have, and suggests that the best way to describe
this experience is to compare it to sensory perception. We will further discuss
these observations in the next section. Since, in this research, we are discussing
the ability to use the notion of mathematical intuition to describe an AI-based
system, it is of the great matter for us to understand what the discussed account
of mathematical intuition implies about the human agency. In the next section,
we are going to analyze the main characteristics of the perceptual approach and
its implications that concern the human agency of a mathematician.

6Moreover, there are not many authors who argue for the concrete illustrative approach.
Other than Klein’s position accessible in Ewald (1996), I was not able to find authors defending
this account.
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2.3 Perceptual approach: intuition of

In this section, we are going to discuss the perceptual approach to mathematical
intuition. The description of the approach presented here is mainly based on
Parsons’ presentation of the theory, hence, I will mainly refer to Parsons. I will
also use Chudnoff (2017) to comment on the comparison of sensory perception
to mathematical intuition. After the description of the approach, I am going to
discuss its implications for the agency of a mathematician.

According to Parsons (1979), some of the first authors to comment on the no-
tion of mathematical intuition were Kant, Husserl, Decartes, and Gödel. These
authors did not provide a detailed account of mathematical intuition, but they
either commented on mathematical intuition as a part of general human intu-
ition or briefly touched on the concept of mathematical intuition in their works.
For Kant and Gödel, mathematical intuition was not separated from general hu-
man intuition. In “Critique of Pure Reason”, Kant states that we, as humans,
possess sensibility - a capacity to acquire representations. By the means of sen-
sibility, we can have intuitions about objects. For Kant, the notion of intuition
is strictly defined as the intuition of something, which means that intuition is
always directed to an object – more specifically, to the representation of an ob-
ject (Jankowiak 2014, 3). Husserl used the notion of ‘categorical intuition’ as
analogous to perception, also directed to a specific object and not a proposition
(Lohmar 2002, 125). Gödel specifically defined the notion of mathematical intu-
ition as the perception of the objects of set theory (Gödel 1947, 520). Descartes
considered the notion of intuition to be connected to perception as well. He,
however, defined intuition as a clear and distinct perception of propositions,
not objects (Slezak 2010, 401-402). Parsons reviews the listed accounts to show
that intuition often was compared, in its nature, to perception. Therefore, the
novelty of Parsons’ approach consists in defining this comparison exclusively for
mathematical intuition7.

Parsons develops Gödel’s account of intuition in set theory into the general
account of mathematical intuition. First, Parsons distinguishes two possible fo-
cuses of mathematical intuition: intuition that and intuition of. Intuition that is
what Parsons calls “the traditional understanding of intuition” (Parsons 1979,
146): it denotes an intuition of certain statements, or propositions, to be true.
Intuition that is not based on habit, convention, or previous practice and expe-
rience, – it is considered to support propositions based on the self-evidence of
the statements. Descartes’ account of intuition is an example of intuition that.
For him, the objects of intuition are self-evident elementary truths, obtained
not by experience but by systematic reasoning (Beck 1954, 50). Intuition of,
on the other side, is not an intuition about a specific proposition being true; it
is rather a clear representation of a mathematical object. Parsons uses Gödel’s
description of mathematical intuition to define intuition of. For Gödel, math-
ematical intuition is a direct relation between a person and a mathematical

7While Kant indeed writes about mathematical intuition, he mainly focuses on intuition in
geometry and does not develop it into the general account of mathematical intuition (Parsons
1979, 145-147).
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object. He writes: “[...] we do have something like a perception of the objects
of set theory, as is seen from the fact that the axioms force themselves upon
us as being true” (Benacerraf et al. 1983, 271). For Gödel, intuition of [the
objects of set theory] leads to intuition that [certain statements in set theory
are true]. If we have an intuition that certain axioms are true, we must have
an intuition of the objects that are used to define those axioms. Parsons argues
that the modality in which mathematical objects are given to us is very similar
to the manner in which we perceive physical objects. He also suggests that the
perceptual account of intuition of is the most suited to describe intuition in
mathematics, because, as Parsons notices, a considerable amount of arithmetic
is given to us in a more direct way than propositional reasoning (Parsons 1979,
152). Hence, Parsons develops the perceptual account of intuition of.

Parsons bases his explanation of how intuition of works on the following
example. Suppose, we introduce a stroke “|” as a basic symbol of the syntax
of a given language. The well-formed expressions of the language are arbitrary
strings |, ||, |||, ... and the presented sequence of strings is isomorphic to natural
numbers. Two strings are of the same type if their strokes can be placed in a
one-to-one correspondence (Parsons 1979, 153). Now, according to Parsons, we
have an understanding of types which makes them less abstract to a listener and
is close to our experience of words and sentences in natural language. Now, we
have an intuition about what a type is, even if we do not fully understand all
the nuances of type theory. We understand the concept of a type and can apply
it. We have some background knowledge to start to think about this concept
and to intuitively understand what is a type and what is not: mathematical
intuition, according to Parsons, is always based on our previous experience in
mathematics. Our basic mathematical intuition is token-oriented, or object-
oriented – it can only be about an abstract object. Intuition of can give rise to
intuition that : the former would postulate the existence of certain objects, and
the latter would postulate the existence of some relations between these objects.
For instance, if we have an intuition of || and the subsequent intuition of |||, we
have an intuition that ||| is the successor of ||.

Parsons notes that by acquiring the understanding that it is possible to
extend every string of strokes, we do not acquire an understanding that it is
physically possible to do so. Neither mathematical possibility is connected to
the capabilities of a human mind and body. Here, mathematical intuition can
be distinguished from sensory perception. As Parsons formulates it, “ What
is intuited depends on the concept brought to the situation by the subject”
(Parsons 1979, 162), even if the concepts we use have developed spontaneously.
According to Parsons’ Kantian view, we cannot have an intuition of an object
falling under a concept we do not grasp yet. While with ordinary perception,
the perceivable object is not restricted by any concepts the intuiting subject
should understand. For instance, I can perceive heat without realizing that a
specific movement of molecules is involved in this experience.

Chudnoff (2018) is another author who argues for the perceptual approach
to mathematical intuition. Chudnoff defines sensory perception as a “way of
gaining information from one’s immediate environment” (Chudnoff 2018, 7).
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According to Chudnoff, mathematical intuition has the same phenomenological
connotation as sensory perception, which means that these two processes provide
a similar internal experience to a subject. Both mathematical intuition and
sensory perception provide a direct experience of an object. When we directly
perceive a physical object, for example, visually, we are not provided with any
kind of additional support for its existence: we are not guessing, not receiving
a testimony, not using clairvoyance, etc. We simply perceive the object. When
we experience mathematical intuition, according to Chudnoff, we also perceive
the abstract object directly, without additional proof or inference about the
reasons for its existence. Chudnoff calls this experience the ‘presentational feel
of a phenomenon’ because we are directly presented with the object.

Chudnoff’s theory of mathematical intuition is closely related to Parsons’
theory. Both accounts connect mathematical intuition to sensory perception by
describing both processes as direct experiences of objects, physical or mathe-
matical. We have seen that, for Parsons, the main difference between the two
notions is that mathematical intuition has nothing to do with the possibility of
the existence of experienced objects in the real world, unlike sensory perception.
Parsons does not explain this difference in more detail: he does not clarify the
ontological status of the objects of mathematical intuition any further, as well
as he does not explain how the possibility of the existence of physical objects is
connected to human perception. Chudnoff partly closes that gap by explaining
what enables us to find the abstract objects we experience with mathemati-
cal intuition reliable in mathematical practice: the previous experience of a
mathematician. The more previous contact with a chosen area of mathematics
a person had, the more reliable their mathematical intuition is. We are able
to use our mathematical intuition to think about abstract objects because of
our previous experiences with still abstract, but more detailed and specified
mathematical objects.

I must add that the concept of mathematical intuition introduced by Parsons
and Chudnoff may not correspond to the notion of mathematical intuition used
by mathematicians in their day-to-day life. As I have stated earlier, I was not
able to find a thoroughly defined account of mathematical intuition authored
by a professional mathematician. MacDonald and Griffiths, the mathemati-
cians whose work we are going to discuss in the next section, have only built an
account of mathematical insight, while sometimes briefly mentioning the intu-
ition. Some mathematicians, like Gödel, only describe some particular cases of
mathematical intuition, like the intuition of the axioms of set theory, and do not
present an account that would help us understand this concept in full (Gödel
1947, 518). Some other mathematicians choose to not define the concept of in-
tuition specifically for mathematics, and use the general notion of intuition: for
example, D. Hilbert approached the notion of intuition applied to finitary math-
ematics through the Kantian conception of pure intuition (Kitcher 1976, 110;
Parsons 1979, 147). Hence, we cannot explore a detailed and established account
of mathematical intuition formulated by a mathematician – not a philosopher
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of mathematics, – as it does not exist8. What mathematicians and teachers of
mathematics usually call ‘mathematical intuition’ does not correspond to the
philosophical accounts of mathematical intuition we discussed in the present
and previous sections. For example, authors who research mathematical educa-
tion often use the notion of intuition to describe the process of problem-solving,
therefore connecting the notion of intuition to the process of gaining mathemat-
ical knowledge, not to experiencing an abstract mathematical entity (Arwanto
et al. 2018, Baiduri et al. 2022). The authors of self-educational literature
who claim that the reader can improve their mathematical skills also describe
problem-solving and similar analytical skills as mathematical intuition9. S. Fe-
ferman examines several examples of the use of the words ‘mathematical intu-
ition’ in mathematical practice and concludes that, on the everyday level, the
notion is used to describe the sudden realization of the solution to a studied
problem: “[...] Erlebnis of a flash of insight or illumination on the road to
the solution of a problem” (Feferman 2000, 1). As we can see, the notion of
mathematical intuition in the mathematicians’ day-to-day life denotes the skills
or experience that allow a mathematician to naturally find the solution to a
given problem. This notion does not correspond to the perceptual account of
mathematical intuition described earlier in the section: the latter describes the
experience of an abstract mathematical entity that may not lead to a specific
solution or proof, while the former, as described, is an ability or phenomenon
that allows an agent to find the said solutions, proofs, or understand a particular
mathematical structure. As we will show in the next chapter, the so-called day-
to-day notion of mathematical intuition is closer to the notion of mathematical
insight, as it is discussed in philosophy of mathematics. Now, we come back to
the discussion of the perceptual account of intuition.

Parsons states that the mathematical possibility of the abstract objects we
contemplate using mathematical intuition is not connected to the capabilities of
our mind and body (Parsons 1979, 158). What Parsons means by that is that
it does not matter whether we can or cannot construct the intuited entity with
our mind – the possibility of the existence of such an entity is based solely on
theoretical mathematical definitions. It does not matter if the mathematician
fully understands how to construct a string and what structure the resulting
strike will have. They just have an intuition about a possible further string.
The mathematician’s intuition is centered on abstract objects but does not
define the possibility of the existence of these objects in the actual world: the

8I made this assumption based on my research of the topic. I extensively searched through
online libraries and archives but was not able to find an account of mathematical intuition
formulated by a professional mathematician, e.g. a person whose job is directly related to the
research of pure mathematics. This task may include more than online libraries search since
the potential author’s occupation should be recognized. This task, I believe, is too big of a
project to make it a part of this thesis. However, I hope to investigate it further in the future.

9Example: Azad K. (2013) Math Better Explained: Learn to Unlock Your Math Intuition.
Amazon Press. For other examples, I suggest to google ‘mathematical intuition’ and read
numerous online discussions from users who aim to improve their mathematical intuition.
Often, if not always, the discussions consist of tips on how to improve one’s problem-solving
skills, as well as in the book mentioned earlier.

22



object a mathematician experiences may not match all the nuances of the actual
object in mathematics. However, Parsons writes that an object of mathematical
intuition is formed based on what is brought to the attention by the subject.
Parsons’ theory connects mathematical intuition to the previous experience of
the intuiting mathematician. Therefore, Parsons’ account strongly connects
mathematical intuition to the previous experience of the agent. It follows from
this assumption that the subject is eligible to have an intuition about an object
based on the experience they had before: for example, whether it is possible to
add one more stroke to a string without breaking the rules of syntax. Parsons’
theory of mathematical intuition connects fully theoretical abstract objects with
the subjective experience of the intuiting agent. However, how strong is this
connection?

According to Parsons, we are able to have intuitions of mathematical objects
because, among other things, we had previous experience in the related field of
mathematical practice. By ‘previous experience’ Parsons understands the his-
tory of interacting with specific examples and problems in mathematics that are
connected to the abstract object we are intuiting of. Interaction, in that case,
is a direct work with examples - describing their characteristics, substituting
different variables in formulas, modeling a specific mathematical structure, etc.
But what if I did not have any experience with specific objects, but was given
detailed instructions on how to decide if there exists a certain object? Consider
the following example: I never had any experience with strings and strokes,
but was given an instruction “If there is a string, you can construct another
string by adding it to itself”10. I still do not have any experience with specific
examples of strings and strokes, but if I was asked “Is there a string that follows
the string |?” I would answer ‘yes’ because I know I can add a string to itself.
As in the cases of mathematical intuition presented by Parsons, I would not
have a specific understanding of the structure of the object I suggest there is.
However, I do not base it on previous experience with specific mathematical
cases. One may argue that in that case, it is not mathematical intuition, but
a simple case of following the rule. To decide whether the presented example
would be a case of mathematical intuition, we would need to analyze a specific
definition of mathematical intuition given by Parsons. However, Parsons does
not give a specific definition of mathematical intuition but rather lists some
characteristics of the phenomenon: first, it is an intuition of an abstract object.
In the presented case, it is – we are given a rule that helps us to identify if there
is an object with a certain characteristic, and, when asked if there is such an
object, we are able to answer. Second, we are able to think about the abstract
object in what Parsons calls the ‘non-factual way’ - we do not have an intuition
that this object is connected to some other structure in a particular way, we are
only able to have an intuition about whether such an object exists in mathe-
matics. In the presented example, I can say that I have an intuition about such
an object existing - the rule told me so, hence, I intuit, this is right. The third

10Even though strings and strokes are not mathematical objects, I use them as an example
based on Parsons’ explanation of intuition.
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characteristic of mathematical intuition presented by Parsons is connected to
the object of intuition - mathematicians are able to perceive it, in a restricted
sense. In this case, I believe, my example would fail, - if I only had a rule
stating how to decide whether a specific abstract object exists, I would not be
able to experience the token directly – only when presented with an example.
We can see that an essential characteristic of Parsons’ account of mathemati-
cal intuition is its connection to the experience of a mathematical object which
builds on our previous interactions with similar cases in mathematical practice.
The experience of a mathematical object implies the existence of an agent with
certain mental states that allow them to access the intuited entity. These men-
tal states combine the previous experience of a mathematician into an intuition
about a mathematical entity. To conclude, it is not possible to imitate math-
ematical intuition by merely following the pre-defined rules: in such cases, the
agent would not be able to experience the object based on previous interactions
with similar entities, and the intuition, presumably, would not appear. This
is a characteristic of the perceptual account of intuition we will come back to
in section 4.2, to show how it affects the possibility of (partially) reproducing
mathematical intuition with AI or any other kind of computer software.

Parsons and Chudnoff connect mathematical intuition to specific mental
states of the agent. Parsons suggests that intuition is not an ’act’ of mind, but
rather the state of it, in which an abstract object is placed ‘before our mind’
(Parsons 1979, 150). So, mathematical intuition is a state of the immediate
presence of the object, and it is directly connected to a specific state of mind,
which is, experiencing the said object. Chudnoff relates mathematical intuition
to demonstrative thoughts and defines demonstrative thoughts as mental ac-
tivity. According to Chudnoff, mathematical intuition is a process where the
subject becomes aware of the object through demonstrative thoughts (Chudnoff
2014, 27). Hence, Chudnoff also connects mathematical intuition to the men-
tal state of awareness of the object. Both authors representing the perceptual
account of mathematical intuition describe it through mental states: the state
of direct experience of the object for Parsons and the state of awareness about
the object for Chudnoff. Essentially, these two descriptions indicate the same
state of mind – the ‘perception’ of an abstract mathematical object, as if it was
presented to them in their immediate surroundings.

2.4 Insight and mathematical models

Now, we discuss the notion of mathematical insight and its connection to math-
ematical intuition. One way to distinguish these two notions in philosophy of
mathematics was suggested by MacDonald (1978), who uses the notion of a
mathematical model initially presented in Griffiths (1971) to describe the core
feature of mathematical insight. In this section, we consider several examples
of mathematical models Griffiths provides and try to describe the main char-
acteristics of a model, according to the author. Then, we compare it to the
account of mathematical insight presented by MacDonald, which is also based

24



on mathematical models, but differently defined. We conclude by discussing the
role of a model in mathematical insight and its differences from the notion of
mathematical intuition as described by Parsons.

Griffiths argues for the connection of mathematical insight to mathematical
models. The author does not give a precise definition of a model but gives several
examples of how models can be used in mathematical reasoning, producing
mathematical insight. Here are some of the Griffiths’ examples of mathematical
insight:

(1) “If a student takes a course in transfinite arithmetic, and cannot even
begin to see how the theory might help him to explain why 3 + 5 = 8,
then his course has given him no real insight”.

(3) “[...] A Ph.D. student was well versed in the spectral theorem for normal
operators and Hilbert Space, but could not simplify it to diagonalize a
Hermitian form. That student lacked insight”.

(5) “A course on homology groups which concludes by merely stating that
“cohomology groups are just the same except that you reverse all arrows”
is unlikely to yield insight; a course on groups, which includes topological
proofs of certain theorems, might well yield more insight than if a purely
algebraic approach were given”.

(12) “It is intuitively obvious that the two equations f(x, y) = 0 = g(x, y), of
the second degree, have no more than four common roots”.

(16) “A continuous function on a real interval is differentiable at each point,
with at most a countable number of exceptional points”.

All the examples present mathematical insight in different forms. Griffiths
writes that all the examples he presents have a common feature – they are all
connected to the realization that a studied theory has a model in an accessi-
ble part of mathematics, for example, geometry. Under the “accessible part
of mathematics,” Griffiths understands the areas that allow the possibility of
representation of a theory through generalizations or examples. In example
(1), the student should have obtained an insight about elementary arithmetic
because of the generalized knowledge they obtained during the course on trans-
finite geometry. This generalized knowledge can be considered as a model for
the understanding of elementary examples in mathematics, like ‘3 + 5 = 8’. In
the case of (3), the student was not able to come up with examples to check
the general theory, which identifies their inability to understand the structure
of the theory. If one is not able to derive some representative examples from
the general theory, one does not have an insight about the theory. In case (5),
the purely algebraic approach to the course does not give any visual approaches
to the content of the course, therefore not providing a possibility to obtain an
insightful understanding of the topic. When, however, we are given several vi-
sual examples (models) and we have seen the theorems’ topological proofs, we
might be able to capture the structural content of the theory. All the examples
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so far have the common feature Griffiths suggests: a connection to some visual
representation in mathematics, either it is a specific illustrated example or an
abstract model of the mathematical theory. Griffiths even mentions that com-
puter programs that check all the steps of formal proofs are not able to show
insight since they do not have the ability to process illustrative representations
of the mathematical models (Griffiths 1971, 156). The author connects insight
into a mathematical theory with finding an abstract model in physics, geome-
try, or some other accessible and/or practical part of mathematics. MacDonald
(1978) calls this statement ‘Griffiths’ suggestion’.

Griffiths does not clearly distinguish mathematical insight and mathemat-
ical intuition. In his work, he starts to talk about mathematical insight and
states that he will provide examples of mathematical insight. However, when
discussing example (12), he uses the phrase “intuitively obvious”, again, without
a strict definition. Griffiths recognizes statement (12) to be correct, but only on
the condition that “the model is known to be a good one” (Griffiths 1971, 156).
Griffiths does not give a definition for a ‘good’ model. MacDonald suggests his
understanding of what it means for a model to be good. Suppose, MacDonald
writes, one becomes familiar with basic arithmetic and learns some foundational
properties of integers. The learned list of properties later becomes the list of
axioms for the said person, containing commutative law, distributive law, etc.
Suppose, the said person uses the set of axioms to their knowledge. However,
how can they be sure that that list contains all the existing properties of the
integers? MacDonald states that our confidence in the use of the axioms comes
from the lack of evidence that the axiom list is wrong. We trust it as we do not
encounter cases that would contradict the laws. However, we would never have
a proof that the integers we are working with (that we are familiar with, use as
examples, etc.) are defined by a strict list of axioms. MacDonald suggests defin-
ing integers in the formal theory according to the axioms but using ‘familiar’
integers as models. Therefore, we would have a formal definition of an integer
that satisfies the list of axioms we have, and a less formal concept of an integer
that we can use to describe our intuitive understanding of the object. That ‘less
formal’ concept of an integer is what Griffiths calls a good mathematical model
- it represents the key features we need to understand the mathematical theory
we are working with. A model is good when it is representative. According to
Griffiths, a mathematical statement is intuitively obvious when there exists a
good model representing it. However, as was already stated before, Griffiths
does not give a detailed account of mathematical intuition and its connection
to mathematical insight.

Griffiths uses the characteristic of “intuitively obvious” to describe math-
ematical statements that appear to be true, or mental pictures that somehow
represent a good mathematical model. MacDonald (1978) tries to give a strict
definition to the notion of mathematical insight, and therefore clarifies the re-
lations between insightfulness and mathematical models. The author defines
insight as a trivially true suggestion, making the notion more primitive com-
pared to what Griffiths tried to describe (MacDonald 1978, 417). The author’s
definition of insight is connected to visual input - we obtain it by understanding
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a theory represented by some model (either in physics, geometry, or some visu-
ally accessible part of mathematics). MacDonald also notes that some models in
Griffiths’ examples are mathematical, and some are not. Mathematical models
are less problematic to define since they can be regarded as a representative
selection of examples. Cases (1) and (3) are mathematical, and (4) is not a
model, according to MacDonald’s definition, since it does not contain a visual
example. (16) contains a model that can either be regarded as mathematical or
physical. Physical models are less definable for MacDonald: they cannot serve
as representative examples. Therefore, while operating with physical models,
one needs to choose some specific properties one is interested in and reject the
rest, therefore working not with a strict example but with an abstraction.

For MacDonald, mathematical insight has a strict connection to models,
given that we define insight as a trivially true statement. Mathematical models
that play a role of a representative selection of examples can be used to obtain
mathematical insight. However, some models in physics and geometry cannot
be defined as representative examples, and to use them, we need to work with an
abstract model, leaving some essential characteristics of a formal theory behind.
Therefore, according to MacDonald, models can serve as a base for mathemat-
ical insights only when they are mathematical models that are constructed in
geometry, topology, or other part of mathematics that allows the construction
of visual examples.

As I already noted, despite a detailed discussion of specific examples of
mathematical insight, Griffiths does not formulate a complete account of it.
The author gives several examples of what he considers to be mathematical
insights, but he does not strictly distinguish it from intuition. Hence, while
we are able to describe the role of models in mathematical insights, we cannot
accept or reject the role of models, as Griffiths defines them, in mathematical
intuition. MacDonald applies the notion of a model to only mathematical in-
sight, restricting Griffiths’ account. In this section, we are only going to discuss
the notion of mathematical insight and its connection to mathematical models.
Therefore, while comparing mathematical insight and mathematical intuition, I
will focus my attention on MacDonald’s account and some details of Griffiths’
account that do not contradict it.

Now, as we have described both the notion of mathematical intuition and
the notion of mathematical insight, we can compare the two concepts as they
are discussed in the field of philosophy of mathematics. We have seen that
Parsons’ account of mathematical intuition includes the existence of a subject
who has an experience of an abstract mathematical object. The subject does
not necessarily have an understanding of all the object’s characteristics, they
do not necessarily understand how to prove that this object can be defined in
mathematics, they may not fully understand all the nuances of the definition of
the object: they merely have an intuition that there is such an object. Math-
ematical insight, on the other hand, as described by MacDonald and Griffiths,
includes a significant level of understanding of the internal structure of an ob-
ject – the representation of its constitution and properties provided to us by
a mathematical model. Mathematical intuition, as it is described by Parsons
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and Chudnoff, is an experience, close to perceptual, of a mathematical entity,
and mathematical insight, as it is described by MacDonald and Griffiths, is an
understanding of why and how this entity exists in mathematics: how it is con-
structed, what conjectures can be used to prove a statement about it, and how
the object is connected to other mathematical entities. This understanding may
not imply the grasp of all the nuances, especially if it is based on an abstract
model, but it allows the mathematician to catch the core of the statement or
object they are studying. To have a mathematical intuition, we do not need a
model that would represent the structure of the theory we are studying: our
attention is concentrated on a specific mathematical entity. In the case of math-
ematical insight, we need to understand the connection of a specific object to
the general theoretical framework we are working with.

We can see that the experience of mathematical insight is closely connected
to the knowledge of specific information. When one obtains mathematical in-
sight, they obtain something close to the solution to a problem they have been
studying. I say ‘something close to a solution’ because mathematical insights
may come in different forms, as we have seen from the examples Griffiths lists.
For example, as described in case (5), I can obtain insight about what coho-
mology groups are based on the information on homology groups I studied in a
related course. In that case, I would not obtain a solution plan for some specific
problem but rather understand how one piece of theory follows from another. I
can also obtain an insight that a certain equation has only a restricted number
of roots, as described in the example (12). In that case, I would obtain knowl-
edge that is qualified as something closer to the solution plan than the previous
example. We can see that, unlike mathematical intuition, mathematical insight
allows one to obtain some sort of explicit, structural knowledge related to the
problem one is studying - it may be the connection between the two theories, so-
lution of an equation, proof of a conjecture, etc. Mathematical intuition, on the
other hand, does not help one to achieve explicit knowledge directly: it allows
an agent to assess what direction is worth pursuing, but the solution strategy
needs to be chosen unrelatedly. One may object that mathematical intuition
that described by Parsons or intuition about the axioms of set theory described
by Gödel provides explicit knowledge: we get to know that some statements are
true. However, when one intuits a mathematical proposition, they do not get
the knowledge of how this proposition can be verified. For Gödel, the axioms
that one can intuit do not come with a strategy to justify them – they “force
themselves upon us”. Even if we omit axioms as something not requiring for-
mal proof to justify it, Parsons’ intuition that also does not come with a proof
strategy for the intuited proposition. The intuited proposition is not a formally
justified knowledge, as it is composed merely based on intuitions about abstract
objects one previously had. It is possible to approach the result of intuition that
as some sort of knowledge – after all, we obtain a piece of information about
mathematical objects, – but it would be knowledge that is not yet supported
by a formal proof. Intuiting a proposition does not imply intuiting the way it
can be proved. That is how mathematical insight is different from mathemat-
ical intuition: the former comes with the knowledge of how to formally verify
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a proposition, and the latter does not. Here and further, I will refer to the
verifiable knowledge obtained with insight as specific, or explicit knowledge.

One may notice that the discussion of mathematical insight in philosophy of
mathematics is somewhat resembling the discussion of mathematical intuition
in ordinary life that we have introduced in the previous section. I would agree,
to some extent. The so-called ‘day-to-day’ notion of mathematical intuition is a
skill allowing one to easily and quickly find solutions to the required problems,
hence, the notion is connected to a specific kind of explicit knowledge - the
knowledge of a solution to a problem. Mathematical insight, as we have just
established, may lead to several kinds of explicit knowledge - proof strategy,
connections of two or more theories, the formulation of a conjecture. We may
consider the ordinary concept of mathematical intuition to be a specific case of
mathematical insight11. However, as the day-to-day mathematical intuition is
not formed into any specific account and the description of this concept varies
from author to author (Feferman 2000, 2-3), we cannot place this notion into a
specific place in our theoretical framework. We established that the ‘ordinary’
concept of intuition is closer to the notion of mathematical insight, as it is
described by MacDonald and Griffiths, than to the notion of mathematical
intuition, as it is described by Parsons and Chudnoff. That is all we can conclude
so far about the so-called ordinary understanding of mathematical intuition.

We have seen that the definition of mathematical intuition, as given by
Parsons, is strongly connected to a mathematician as a human agent capable of
having intentional mental states. MacDonald and Griffiths, however, base their
description of mathematical insight on the ability to construct a representative
model of a theory. Now, we should characterize the connection between human
agency and the ability to connect a theory to a model. Under the term ‘model’
we should understand MacDonald’s definition of a mathematical model, which
is a representative selection of examples. We follow MacDonald’s reasoning
and do not consider physical models representative examples as they are only
helpful in studying specific features of a theory, not the general structure behind
it. Therefore, we will only talk about mathematical models as representative
examples.

A representative example in mathematics is an example of a mathemati-
cal structure (object, pattern, etc.) that is helpful to understand the general
structure of the studied theory. There exist several types of representations in
mathematics (Mainali 2021, 1-2), but MacDonald and Griffiths talk specifically
about visual representation when they talk about models. A representative
model is not always a visible drawing or a diagram: for instance, in example
(1) by Griffiths, the student has a representative model of transfinite arithmetic
in their mind12 that helps them understand the connection between the theory

11The are several ways practicing mathematicians, educators, and authors choose to de-
scribe the notion of day-to-day intuition. It may be described as a skill, experience, feeling,
intellectual capacity, etc. In this thesis, we do not research the ordinary notion of intuition,
hence, we are not able to establish which form of this notion is the most reliable.

12In this case, I use the term ‘mind’ very vaguely with an intention to say that the student
obtained an understanding of the general structure of transfinite algebra based on the examples
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they studied and a specific example. However, representative models can as
well exist as a selection of visually accessible examples, for example, as graphic
illustrations for a course in algebra. If a model, i.e. a representative structure
of a theory, can exist as an illustration or a study case for a specific area of
mathematics, then a model can exist independently of a human mathemati-
cian13. Hence, the existence of a model, as it is defined by MacDonald, is not
connected directly to the subjective experience of a human mathematician.

However, even while the model itself is not connected to human agency, the
production of a mathematical insight is always described by MacDonald and
Griffiths as done exclusively by a human mathematician. Griffiths even directly
comments on the exclusive human ability to produce insight: “A computer
cannot show insight in this sense when it checks the steps of a formal proof for
correctness [...]” (Griffiths 1971, 156). To obtain mathematical insight is to
extract a representative model from the studied area of mathematics and to be
able to use this model to explain how structures and objects are connected to
this area of mathematics. While a representative model can be obtained with
the use of a computer program (Hege & Polthier, 1997), the explanation of how
this model is connected to specific examples in related areas of mathematics
is problematic to obtain with a computer, as it involves such mental processes
as generalization and abstraction. In Chapter 4, we will discuss whether AI
systems used in mathematical proofs can engage with mathematical models.

2.5 Insightfulness and intellectual virtues

In this section, we discuss the notion of insightfulness and its connection to
intellectual virtues that are normally attributed to human beings. First, we are
going to discuss the account of mathematical insightfulness that connects this
notion to intellectual virtues. Then, we are going to discuss how strong this
account is and what are its philosophical implications. We will mostly focus on
the account of mathematical insightfulness presented by J. A. Carter. While
there are other authors who try to define insightfulness through intellectual
virtues (which we will mention here), Carter’s approach is focused on the domain
of mathematics specifically. Hence, it is the most applicable to our research
topic.

Carter (2017) analyzes the connection of mathematical insight to the no-
tion of intellectual virtue. According to Carter, there exist two approaches to
insight. First, in the general sense, an act of insight is an episode in which
one grasps X (object, property, or relation) and its relatedness to something
F (object, property, or relation). Carter calls this act “grasping under general
mode” (Carter 2017, 540). Second, insight can also be defined as a result of the

they study.
13Here, I will not go into the debates about ontological commitments in mathematics as

this topic is too big to discuss additionally. I talk about the independent existence of a model
merely in the sense that the illustration is drawn in a book and it does not only exist as an
object of the human mind.
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cognitive act of grasping the relatedness of the objects. However, the notion
Carter mainly prefers to discuss in the paper is insightfulness: not a process or
the result of insight, but a characteristic of an individual that is expressed in
the ability to achieve mathematical insights.

According to Carter, insightfulness is not simply a property of having many
insights. The author points out four relational modes that constitute an indi-
vidual’s ability to produce insights: depth, non-triviality, originality, and fre-
quency. Depth describes the ability to connect an abstract entity X with an
abstract entity F unexpectedly, for example, to connect two theories in physics
in a surprising way. Carter illustrates this characteristic with James Maxwell’s
discovery of electromagnetic force (meaning that before the discovery electricity
and magnetism were regarded as two separate forces). The non-triviality mode
describes the property of being meaningful and somehow spontaneous, revealing
the connections that are not so easily noticed by non-professionals. The origi-
nality mode simply states that if a lot of individuals have the same insight as
you do, your insightfulness is less valuable. Frequency is defined in a formula
‘the more insights you have, the better’.

There are several approaches that define insightfulness as an intellectual
virtue. For instance, virtue responsibilism proponents (Montmarquet 1993,
Battaly 2008) consider insightfulness an intellectual virtue because they believe
insightful individuals to have a motivation for truth. Carter argues that moti-
vation for truth is not yet enough to call insightfulness an intellectual virtue:
an individual might have a certain motivation that they believe to be truthful,
but still not achieve the needed level of reliability in issuing true beliefs. What
is more, Carter gives an example: suppose, there are two agents, and both of
them have absolutely zero motivation for truth. While the first one fails in
obtaining any results or achievements in mathematics, the second one succeeds
in it: they produce several deep mathematical results, prove some theorems,
etc. According to Carter, this situation is not impossible: nothing really stops
a person not motivated by truth, but, say, motivated by the strict use of rules,
from obtaining mathematical insights (Carter 2017, 544). Therefore, Carter
concludes, aiming for truth is not a basis for mathematical insight. Another
option is virtue reliabilism (Sosa 1991, 2011; Greco 1999, 2012), according to
which insightfulness can be measured by the ability to produce more truthful
insights and less false ones. Carter rejects this approach as merely statistical
- there are several individuals, he states, who are certainly considered to be
insightful people, but who still produce a lot of false insights (Carter sets Elon
Mask as an example).

Instead, Carter suggests his own definition of insightfulness. The author
bases it on the connection between the structure of insights and our epistemic
goals. There are two main episodes in the structure of an insight that Carter
highlights: the first he calls eureka moments - a sudden moment of realizing the
connection between certain theories/properties/etc; and a stage that precedes an
eureka moment, incubation - a break of attention from the task which stimulates
the solution process. It is the basic structure of insight – first, an incubation
stage where we take our attention from the task we are working on; then, an

31



eureka moment - a sudden realization of the solution structure for the problem
we are working with. In this structure, however, it is unclear how we distinguish
correct and incorrect insights. For Carter, correct insights are related to the
factual understanding of a problem, which is a process of gaining knowledge
that is related to the real, non-subjective world. Incorrect insights, on the
other hand, are not related to the factual world, even though for the individuals
obtaining them, they can seem to be true. However, if a mathematical insight
is a process (or event) obtained by an individual agent, how we can distinguish
subjective and non-subjective truths within it? Carter tries to answer this
question by including intellectual virtue in the definition of a correct insight.

Carter solves the problem of distinguishing correct and incorrect insights
by pointing out the connection between the cultivation stage of insight (eureka
and incubation moments) and the management stage of insight (verification,
epistemic conclusions). The success of the management stage is based on the
insightfulness of the mathematician. For Carter, the insightfulness of a mathe-
matician is directly connected to their mathematical abilities and it can be mea-
sured by a given mathematician being more successful than the mean. When a
mathematician is better at skills of preparation and incubation (which are the
features that usually can be historically traced for every given mathematician)
which preceded his breakthrough, they obtain an indirect control over their in-
sights. Hence, even though eureka moments are not directly controlled by an
individual (who can receive them spontaneously), they can be attributed to the
level of their previous performance. The more successful the previous math-
ematical performance of an individual is, the more reliable their insights are.
Carter also directly connects the success of the previous performance to the
skills of a mathematician: if, in the past, they could successfully process their
insights into mathematical results by moving from emotional eureka episodes to
correct epistemic judgments, they have proven themselves to be able to distin-
guish between epistemically valuable and invaluable insights. That ability – to
distinguish valuable insights from false ones, – is an intellectual virtue that an
insightful mathematician always has. “[...] The virtuously insightful individual
is appropriately cautious in moving from emotional experience to endorsement,”
- writes Carter (2017, 552). Therefore, for Carter, insightfulness is an intellec-
tual virtue that is measured by the individual’s ability to perform at different
stages of achieving and processing an insight, and that ability is defined by the
skillset of a mathematician.

We have seen that Carter, while connecting the ability to produce mathe-
matical insight to human virtues, does not directly connect it to an individual
motivation for truth. The author connects it to the ability of a mathematician
to process eureka moments into epistemically reliable judgments. For Carter,
this ability is defined by the skillset of a mathematician, and the skillset can be
measured by the mathematician’s previous achievements. One can notice that
Carter’s definition seems to be circular: a mathematician is insightful if they
have previously shown that they are insightful. It is unclear how one can enter
this definition without a significant, already existing and recognized background
in mathematical practice. If the definition of insightfulness worked how Carter
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described it, which is, purely based on the already demonstrated skills, there
would be no possibility for new mathematicians to enter the field and achieve
insightfulness in mathematics. One may suggest that we should understand
Carter’s position on mathematical skills as measured in degrees: for example,
a mathematician can build up their experience and start by producing a little
number of mathematical insights (for example, by obtaining mathematical re-
sults that are not that essential in their area of expertise) and gradually develop
their work so that at some point they can be called insightful in the mathemat-
ical community. This interpretation is more feasible than a strict separation of
insightful and non-insightful mathematicians once and forever, but it can be met
with obvious critique: how do we understand that one’s experience is enough to
be called insightful? For example, suppose, a mathematician obtained 3 differ-
ent results in mathematics, all of them - not very significant, but they have some
value. We can say that these results contain some non-essential insights. Now,
suppose, the same mathematician proves a significant theorem by obtaining a
presumably essential mathematical insight. We try to understand whether the
insight the mathematician obtained can be trusted and we look at their previ-
ous work. There, we see three non-essential proofs. Is this background enough
for us to call the mathematician insightful? If it is, how have we measured it?
What if they had two results? One? If such a background is not enough to
call the mathematician insightful, will it ever be? To raise the level of insight-
fulness of a mathematician, there should be a significant mathematical insight
in their experience. For there to be a significant mathematical insight in their
experience, we need to raise their accumulated level of insightfulness. We enter
a vicious circle by trying to interpret Carter’s theory into real-life mathematical
practice.

Despite an unclear explanation of the connection between mathematical in-
sightfulness and previously documented mathematical ability, Carter’s account
establishes a strong connection between the previous mathematical experience
of an individual and their ability to produce mathematical insights. We have
already seen this connection in MacDonald’s and Griffiths’ definitions of math-
ematical insight: the authors state that insight is always connected to a model,
which can be defined as a representative example of the theory one is working
with. For MacDonald, a good selection of representative examples is a basis
for insights in mathematics. The selection of examples can serve as a basis for
mathematical insight only when it is processed by an individual – a mathemati-
cian – in their previous experience. During the processing of the examples, an
individual gains an understanding of the main structural features of the studied
theory, which allows them to obtain an insight – the understanding of the basic
structure of the theory and how it is related to the studied examples. We have
discussed that the models, as MacDonald and Griffiths define them, can be, in
theory, generated by some other source than a human agent. However, when
it comes to the production of insight, a human mathematician is an essential
variable. A human agent uses selective models as content for generalization and
abstraction to obtain insight about a specific topic in mathematics. To use the
models as content for mental processing, mathematician, obviously, needs to
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encounter the models in their practice. Therefore, for Griffiths and MacDonald,
as well as for Carter, a mathematician’s experience also plays a significant role
in mathematical insight.

There is, however, a difference between how MacDonald and Griffiths dis-
cuss a mathematician’s experience and how Carter discusses it. For Carter, the
previous experience of a mathematician is based on their previous performance
in mathematical practice. That ‘performance’ includes not only the ability to
understand various mathematical structures, patterns, definitions and use them
in practice: for Carter, a level of mathematician’s experience is mainly based
on the mathematician’s previous achievements: if you have not yet obtained
any significant results in mathematics, you have an essentially low possibility of
obtaining mathematical insights. For MacDonald and Carter, however, it does
not matter whether you are an independent mathematician with a publication
history or you are a student who just tries to understand a new topic in class.
If you have a good understanding of a model of the theory you study, or you are
able to comprehend a selection of representative examples which illustrate the
main features of the studied theory, you are eligible to obtain a mathematical
insight. What is more, if you understand a mathematical model of a theory, you
are already halfway in to obtaining an insight – what is left is to understand
the connections this model has with other models in mathematics. Therefore,
according to Carter, mathematical insight is based on previous recognition in
the mathematical community, while for MacDonald and Griffiths, insight can
be obtained by any potential individual who understands the studied subject.
Carter’s account of mathematical insight is much less stable than MacDon-
ald’s and Griffiths’. What is more, Carter discusses only a specific subset of
mathematical insight – mathematical insight in successful, widely-recognized
mathematicians. Hence, Carter’s account does not provide strong support for
the definition of mathematical insight based on the mathematician’s previous
recognition, even though Carter strengthens the connection between mathemati-
cians’ experience and their ability to produce insights.

Nevertheless, Carter’s account is valuable because of its particular focus
on the property of insightfulness. MacDonald and Griffiths have built a stable
account of mathematical insight, but they barely discussed the property of being
insightful. We have established that for a mathematician to be insightful is to
be cautious in transferring their previous experience into new insights, and be
successful in doing so. Hence, mathematical insightfulness is based on one’s
intellectual virtue, specifically, cautiousness, and their previous experience in
mathematics. In Chapter 4, we will try to apply the notion of insightfulness to
AI in mathematical proofs.

2.6 Insight, knowledge, and human body

In this section, I want to talk about the connections between mathematical in-
sight and the human body of a mathematician. This discussion unfolds in a
paradigm different from the pure philosophy of mathematics: the field we will
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be discussing is closer to cognitive and behavioral science. The discussion will
be concentrated on the experimental studies conducted by M. J. Nathan and
C. Walkington, as their research is specifically concentrated on mathematical
reasoning and mathematical insight. While there are several studies in cognitive
science that discuss mathematical cognition, Nathan and Walkington developed
a concluded theory of mathematical cognition that thoroughly describes math-
ematical insight and the role of the human body in it. Since, in this paper, it
is crucial for us to understand the nature of the connection between the hu-
man body and mathematical insight, we will discuss the authors’ theory in this
section.

Nathan and Walkington (2017) introduce the theory of grounded and em-
bodied mathematical cognition (GEMC) which explains how the human body is
connected to mathematical reasoning. The authors suggest that human-based
mathematical communication shapes cognition states that allow us to obtain
mathematical insight. Nathan and Walkington state that, combined with hu-
man speech, gesture use in mathematics provides a basis for the emergence of
mathematical insight.

Non-specified for mathematics, grounded cognition is a theory stating that
human intellectual behavior can be analyzed based on different external factors:
states of the body, actions, and gestures (Barsalou, 2008, p. 619). When we
concentrate our attention on the role of the body in human intellectual behavior,
we are talking about the theory of embodied cognition (Nathan & Walkington
2017, 3). With GEMC, the embodied cognition theory applied to mathemati-
cal practice, Nathan and Walkington research the effects of direct actions used
in mathematical reasoning. The authors specifically use the word “gestures”
to distinguish directed actions from spontaneous body movements (Nathan &
Walkington 2017, 3-4). There exist several experiments that show the connec-
tion between the improvement of the mathematical ability in students and the
use of dynamic ‘depictive gestures’ in teaching and learning - actions in which
people represent an object or an idea with their own body (Donovan et al., 2014).
In some other studies, the researchers improved primary school children’s math-
ematical understanding by manipulating the students’ hands to achieve a certain
representation of a mathematical object (Abrahamson and Trninic 2015; Abra-
hamson 2015). In the study by C. Petrick and T. Martin (2012), high-school
students were enabled to engage in dynamic geometric constructions which im-
proved the learning process significantly compared to the group that was only
able to visually interact with geometrical objects. All these and multiple other
studies14 show that mathematical reasoning and mathematical learning are sig-
nificantly influenced by body gestures. Nathan and Walkington suggest that the
ability to produce mathematical insight is strongly connected to human body
movements.

Within GEMC, Nathan and Walkington distinguish mathematical intuition
and mathematical insight. Based on the studies by Zander, Öllinger, & Volz

14For a more detailed description of the experiments supporting the GEMC theory, see
Nathan & Walkington (2017), 2-6.
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(2016), the authors define mathematical insight as a partial understanding of
the underlying ideas of a given mathematical system. Intuition is different from
insight in the following: the former is based on unconscious knowledge and
does not provide a specific description of the decision-making process, while
the latter is based on both conscious and unconscious knowledge and provides
a traceable solution to a problem. Under ‘traceable solution’ the authors un-
derstand the ability of an individual to formally prove the result they obtained
with a mathematical insight. For example, if I obtained an insight that two
mathematical structures are inherently connected, I should be able to provide
proof of why is it so. The knowledge I obtain with insight should be explicit.
In the case of mathematical intuition, one usually cannot provide the specifics
of the decision-making process which led them to the intuition. The distinction
between mathematical intuition and mathematical insight in cognitive science
is closely related to the distinction between intuition and insight in philoso-
phy of mathematics. In both areas, intuition is not connected to the full and
nuanced understanding of a certain mathematical structure, while insight is a
deep and thorough understanding of a given mathematical structure, or of the
relations between two mathematical structures. Mathematical insight can serve
as a basis for mathematical proof as it provides an explicit understanding of a
given theory (area, problem. etc.), while mathematical intuition can only be
used to research a certain topic further, in search of reinforcement for a formal
proof. However, the authors who presented a completed account of mathemat-
ical intuition in philosophy of mathematics do not describe it as ‘unconscious’
knowledge. Neither Chudnoff nor Parsons uses the division of conscious and
unconscious to describe the knowledge obtained with the use of mathematical
intuition. MacDonald, Griffiths, and Carter state that insight can only be ob-
tained by an individual in the case of a deep structural understanding of the
area of mathematics they research: MacDonald and Griffiths connect this un-
derstanding with the existence of a model describing a studied theory. Nathan
and Walkington go further than MacDonald and Griffiths in defining the knowl-
edge an agent obtains with mathematical insight – they say that it should not
only be precise but also traceable. That characteristic allows us to make sure
that the knowledge one obtained with an insight is explicit: it can be formally
organized and included into the theory we are working with. The traceability
of the decision-making process specifies the nature of insight-produced knowl-
edge, making it more reliable. That characteristic described by the authors
researching GEMC allows us to make a strict distinction between the result of
mathematical intuition and mathematical insight.

Based on several experiments (Nathan & Walkington, 2017, 64-65), Nathan
and Walkington provide a description of the processes taking place during math-
ematical reasoning, according to GEMC. Students who study a mathematical
topic use gestures to illustrate the used mathematical notions and patterns - the
gestural illustration can either be initiated by students themselves or by their
mentors who guide the students’ thought process. There are various kinds of
gestures the students can use: a dynamic illustration of the sides of a triangle
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to prove the triangle conjecture15, hand movements that illustrate proportional
reasoning, dynamic gestures that illustrate a change in an angle’s degree, etc.
The actions of students directed by mentors stimulate the activation of the mo-
tor system of the human body which induces spatiotemporal processing (Nathan
& Walkington, 2017, 6). The spatiotemporal processing alone can lead to an
insight, but it would be an insight without proof, or formal explanation, as it is
not supported by the appropriate language system. However, if the mentoring
system includes the appropriate language as well (familiarity with the basic con-
cepts and relations in the discussed mathematical theory), a language system
is activated, which leads to speech processing, which results in allowing a stu-
dent to support their insight with a formal explanation. Combined, speech and
spatiotemporal processing allow dynamic gestures and transformational speech
to work as the mediators of mathematical thinking, which can lead to a math-
ematical insight supported with proof. Nathan and Walkington claim that the
combined coordination of human speech and actions is essential to perform sim-
ulated actions on abstract mathematical objects: human language and actions
serve as mediators for mathematical thinking, allowing students to grasp new
mathematical knowledge, including mathematical insights. To support the au-
thors’ theory, there exist several studies that show that mentors’ interventions
directing students’ arm and eye movements have led to better performance of
the students in mathematics (Nathan et al. 2014; Novack et al. 2014; Thomas
& Lleras, 2007).

According to Nathan and Walkington’s account, human gestures play a sig-
nificant role in producing mathematical insights. However, we should note two
important points here. First, the authors do not state that bodily gestures
are the only possible resource that can induce mathematical insight. They
do not reject any other stimuli that can help in insight-producing. Therefore,
their account does not contradict MacDonald’s theory of mathematical insight.
It is possible for a mathematician to understand a mathematical model, use
gestures to describe how it works, and, subsequently, obtain a mathematical
insight about a connection of this model to some other mathematical struc-
ture. For MacDonald and Griffiths, understanding of a mathematical model
is an essential and indispensable step in obtaining insight. For Nathan, Walk-
ington, and other researchers working with GEMC, guided gestures are only
one of all the ways of obtaining insights - it may be one of the most successful
ones, but it is not an irreplaceable step of the process. The second important
point we should keep in mind while talking about the GEMC account is that
it mainly describes insights obtained by students, not by practicing mathemati-
cians. The authors concentrate their research not on mathematical practice in
general, but on mathematical education, mainly high-school level. It is expected
that in mathematical education, the teacher’s explanatory techniques play an
important role in the level of mathematical understanding their students have.
However, in more general mathematical practice, explanatory techniques do not

15Triangle conjecture is the following theorem: the sum of the lengths of any two sides of a
triangle must be greater than the length of the remaining side.
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play such a major role: it is more important how a mathematician thinks and
describes the theory they are working with, as it is given that they already
understand the model and structure of the chosen mathematical area. I do
not reject the assumption that gestural illustration can provide a strong basis
for obtaining insights into non-educational mathematical practice. However,
to make a strong connection between gestural illustration and the production
of mathematical insights in general mathematical practice, we would need to
support it with research that does not exclusively include educational practice
as case studies. Therefore, while Nathan and Walkington’s research strongly
connects human gestural explanation to mathematical insights, this connection
is limited to the area of mathematical education.

However, Nathan and Walkington, as well as other authors researching the
notion of mathematical insight from the perspective of cognitive science, add
some important points to our understanding of this notion. MacDonald and
Griffiths connect the notion of insight to some specific knowledge that the math-
ematician obtains from it, but they do not define the type of knowledge specif-
ically. Griffiths provides many examples of mathematical insight and the infor-
mation an agent obtains with it can be very different: a connection between two
theories, a solution for a mathematical problem, a precise formulation or proof
of a conjecture, etc. Nathan, Walkington, and Zander give more specificity to
the type of information one obtains with insight: according to their definition,
when an agent has a mathematical insight, they obtain a solution for a problem
they studied. And, if it is indeed mathematical insight, the solution is always
traceable: a mathematician should be able to formally verify the information
they claim to obtain. Even though Nathan and Walkington use this characteris-
tic of insight to describe the educational practice specifically, I believe that this
description can be expanded to the type of explicit knowledge that is generally
obtained in mathematical insight. It gives us a criterion according to which we
can distinguish mathematical insight from mathematical intuition: if an agent
can provide a verifiable traceable solution to their insight, we accept it as such.

We have discussed various approaches to mathematical intuition and math-
ematical insight in this chapter. We have established the perceptual approach
to mathematical intuition represented by Parsons and Chudnoff as the most
well-established in philosophy of mathematics: it provides a clear explanation
of the phenomenon and is applicable to all areas of mathematical practice. We
discussed three approaches to mathematical insight: in connection to math-
ematical models (MacDonald, Griffiths), in connection to intellectual virtues
(Carter), and in connection to human gestures (Nathan and Walkington). We
established that MacDonald and Griffiths’ approach to mathematical insight
allows for models, or representative examples, to be produced by a computer.
That is a promising path for us to describe the role of AI in Davies et al.’s proof.
We found some flaws in Carter’s discussion of mathematical insight, particu-
larly, the opacity of the connection between the ability to produce insights and
a particularly recognizable background of a mathematician. However, Carter’s
account is valuable to us since he, unlike MacDonald and Griffiths, particularly
describes the property of mathematical insightfulness. The authors studying
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GEMC (Nathan & Walkington, Zander et al.), even though their domain of
research is restricted, focus on the explicitness of knowledge one obtains with
mathematical insight – that is a feature that allows us clearly distinguish intu-
ition and insight in mathematics, and we will discuss it (as well as all the above)
further in Chapter 4. Since MacDonald and Griffiths’s account of mathematical
insight is the most well-established, we will base our discussion of mathematical
insight in AI on their approach. We will discuss the insightfulness of AI based
on Carter’s account, and we will use GEMC to formulate the main differences
between the notion of insight and intuition. Now, to describe the role of AI in
mathematical proofs, we need to discuss how exactly Davies et al. used it, and
how is it different from other computer assistants. That is what we do in the
next chapter.

39



Chapter 3

AI in Mathematical Proofs

3.1 The case of Davies et al.

We have seen various approaches to mathematical intuition and insight. To
understand how they can be applied to describe the role of AI, we, obviously,
need to know how AI was implemented by Davies et al. into their proofs. That
is exactly what we are going to discuss in this section. First, we describe the
framework the authors developed: we describe the role of AI in this framework
and how it is combined with the role of a human mathematician. Then, we
discuss the authors’ evaluation of the role AI plays in their proof and try to
define the notion of AI they use in their work. Based on the description of the
role AI plays in Davies et al.’s proof that we provide in this chapter, we discuss
the possibility of application of the notions of intuition and insightfulness to
AI-based systems in chapter 4.

In 2021, Davies et al. published a paper “Advancing mathematics by guiding
human intuition with AI”, where they proposed a new sort of computer-based
mathematical proof: AI-assisted proof. Part of the paper’s authors are math-
ematicians: András Juhász, Marc Lackenby, and Geordie Williamson, and the
other part of authors consist of researchers from DeepMind, artificial intelligence
research laboratory1. Together, the authors developed a method of using ma-
chine learning (ML) algorithms to provide assistance to a human mathematician
in theorem proving. They used ML to discover patterns and relations between
mathematical objects that can provide a mathematician with observations that
can be potentially helpful in proving a related theorem. Davies et al. call this
technique “guiding human intuition with AI” (Davies et al. 2021, 70-71) and
suggest that their model for human-AI collaboration can achieve significant re-
sults by engaging with the respective strengths of machine learning and human
mathematicians.

1The researchers from DeepMind are: Alex Davies, Petar Veličković, Lars Buesing, Sam
Blackwell, Daniel Zheng, Nenad Tomašev, Richard Tanburn, Peter Battaglia, Charles Blundell
Demis Hassabis, Pushmeet Kohli.
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In the introduction to their article, the authors talk about the importance of
a mathematician’s intuition. They cite a mathematician T. Tao: “It is only with
a combination of both rigorous formalism and good intuition that one can tackle
complex mathematical problems” (Davies et al. 2021, 70). The authors do not
specify if they use a pre-existing account of mathematical intuition or define
mathematical intuition by themselves. The authors only specify some features
of mathematical intuition when they describe the aspects of theorem-proving
that can be guided by ML algorithms, for example, the ability to intuit the
existence of relations between two mathematical objects (Davies et al. 2021, 71).
Davies et al. state that the AI-based framework they present helps to guide a
mathematician’s intuition in two different aspects: first, by closely investigating
the patterns hypothetically suggested by a mathematician as an input; second,
by helping them to understand these patterns. Based on the activity that the
authors discuss as the object of guidance for AI, we may suggest that they
consider the process of researching different mathematical patterns and objects
with the goal of discovering new connections between them as one of the tasks
that mathematical intuition is (or should be) occupied with. However, the exact
nature of a mathematician’s intuition is not defined by the authors.

Since Davies et al. define the presumed connection between two or more
mathematical entities to be the object of mathematical intuition, we can assume
that the approach the authors adopt is related to the perceptual account of
intuition described by Parsons. In section 3.3, we established that Parsons
distinguishes two types of mathematical intuition: the first-stage intuition about
the possibility of the existence of mathematical objects (intuition of ), and the
second-stage intuition about statements concerning the relations between these
objects (intuition that). The second stage can only be built upon the first one:
we can have intuition that only about the relations between objects about which
we have intuition of. Despite the absence of a specific definition, Davies et al.
describe an approach to intuition in mathematics that is close to the intuition
that in Parsons’ perceptual account. For Davies et al., the goal of an agent
making use of mathematical intuition is to reveal new relations between pre-
defined mathematical objects. In this case, these relations, or patterns, are the
objects of mathematical intuition: an intuition that this variable is connected
to this variable by some means that are normally not strictly defined or even
known in advance by a mathematician. This description fits the definition of
intuition that presented by Parsons, even if Davies et al. did not choose any
specific account of mathematical intuition. The authors emphasize the concept
of intuition in their article to state that in their project, a mathematician’s
intuition is guided by AI. Now, we look more closely at the process of obtaining
mathematical proof with the use of AI, and see what role intuition plays in it,
according to the authors.

The authors suggest the following framework describing the process of AI
guidance of a mathematician’s intuition (Fig.1).
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Hypothesize
(X(z), Y (z))z∼Pz

Generate data
(X(z), Y (z))z∼Pz

Training of the
supervised model
f̂(X(z)) ≈ Y (z)

Find patterns
via attribution
Interrogate f̂

Conjecture
candidate f ′

Prove theorem

Figure 3.1: Flowchart of the Davies et al.’s framework.

Purple boxes represent the steps that a mathematician undertakes by
themself, yellow boxes represent the steps at which the mathematician uses a
computer program or machine learning algorithms. Black arrows represent the
main core of the algorithm, the blue arrow - altering the distribution sample,

the red arrow - reformulating the hypothesis.

As one can see from the chart, there are six stages to the process of guiding
mathematical intuition with AI to obtain a proof. The lilac boxes are steps
that a human mathematician performs by themself, without the help of AI; the
orange boxes are the stages that AI system performs under a mathematician’s
supervision. The process presented in the framework is interactive and iterative,
which means that it cannot be reduced to a fixed series of steps: it is designed
to be repeated several times in different directions until the mathematician can
approach the final part, formulating and proving a theorem.

The framework in Figure 1 describes the following process. First, a mathe-
matician formulates a hypothesis: suppose, it is “there exists some relationship
between X(z) and Y (z)”, where X(z) and Y (z) are some mathematical ob-
jects. Then, the authors generate a dataset Pz of pairs X(z) and Y(z) and use

supervised ML algorithms to train a function f̂ that uses X(z) as an input and
predicts Y(z) based on it. By using ML in such a way, we can analyze a dataset

that is too big to be approached by a human mathematician: if f̂ turns out to
be more accurate than we would expect it to be, it may be an indication of an
existence of a nonlinear function connecting X(z) and Y (z). “More accurate

42



than we expect it to be” means, for the authors, that if the accuracy of f̂ is
above the chance compared to further examples from Pz (on which the function
was not trained), then a relation between X(z) and Y (z) is considered to be

found. If f̂ shows patterns that may indicate such connections, we go to the
next step: applying attribution techniques that may help to explain the pat-
terns. Generally, what Davies et al. call “attribution techniques” is any kind
of system that can help with the explanation of the patterns found in the pre-
vious stage2. The specific attribution technique that Davies et al. use in their
work is gradient saliency - a technique that calculates the derivative of the f̂ ’s
outputs (with respect to the inputs). The application of the gradient saliency
technique implies, in most cases, repetition: it is an iterative process that we
may need to repeat several times before we settle on a conjecture f ′ that char-
acterizes the relations between X(z) and Y (z). However, even after we settle
on a specific conjecture, we can continue to work within the cyclic framework:
as you can see in Figure 1, we can continue using ML techniques to generate
a dataset based on our potential conjecture’s inputs and outputs and continue
testing the conjecture. In case we are dissatisfied with the conjecture f ′ we can
continue re-formulating the initial hypothesis about the relations between X(z)
and Y (z), generating new datasets and training a supervised model on them.
When, at some point, a successful3 conjecture would be found, a mathematician
can proceed to formulate and conclude the formal proof of the conjecture.

Davies et al. call this framework “a test bed for intuition” (Davies et al.
2021, 71): the designed system is supposed to help mathematicians quickly check
whether the intuition they have about a connection between two mathematical
entities is worth to be developing, and understand the path of this development.
Hence, the help from ML algorithms comes at an early stage of the supposed
proof, or, arguably, precedes the stage of the proof. In the next paragraph, we
are going to see how exactly ML is used by Davies et al. to do what they call
‘guiding human intuition’.

When Davies et al. say that they used AI to guide a mathematician’s intu-
ition, they mean two main steps of the framework that they constructed: the
step where they train a supervised model to find relations between the intro-
duced mathematical entities and the step where we use the integrated gradient
techniques to explain the found relations. The supervised learning stage follows
the proposition of a hypothesis. For the purposes of an easier demonstration,
the authors suppose that there are no known functions that map X(z) to Y (z)
(Davies et al. 2021, 75). The introduced framework, as the authors write, may
still be valuable if there are some fixed relations already existing between X(z)
to Y (z), but in their work, they only formulate how to work with two mathe-
matical entities with yet not established relations. So, we generate a dataset of

2Attribution techniques applied in ML help to identify the patterns and relations we need
to explore further to reveal the reason behind the found connections between X(z) and Y (z).

3In this case, a “successful” candidate for a conjecture is a conjecture that correctly de-
scribes the patterns relating X(z) and Y (z) that were discovered on a previous step of the
algorithm.
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pairs X(z), Y (z), sampling Z from a distribution Pz
4. To see if our hypothesis

holds, we use supervised machine learning to train it to receive X(z) as an input
and produce a mapped Y (z) as an output. Davies et al. use the approach pre-
sented by Bronstein et al. (2021) called “geometric deep learning”. Geometric
deep learning is an approach to geometry based on using the domain of deep
learning to study the connections between various geometries under symmetry
transformations5. Bronstein et al. explore neural networks that are used for
the analysis of unstructured sets, graphs, and manifolds, and show that these
networks can be used to unify unstructured mathematical entities and present
them with respect to the symmetry in their domain. Davies et al. chose the
geometric deep learning as a basis for their supervised learning stage because
the approach allows them to work with several different geometrical formats
of X(z) and Y (z) (with different approaches to invariances and symmetries),
which meant that the format of input data X(z) could be easily processed by

the network. As was already said, if the accuracy of f̂ prevails over chance on
the samples of Pz that were not used as an input, we consider there to be a
relation between X(z) and Y (z).

The next step of the framework is to explain the found patterns, i.e., to find
what exact structures are responsible for the predictions made by f̂ . Davies
et al. used the integrated gradients method introduced by Sundararajan et
al. (2017). Sundararajan et al. suggest using the gradient method in ma-
chine learning because, as the authors show, this technique satisfies the two
most important characteristics of attribution techniques: sensitivity and im-
plementation invariance. Experts who work with machine learning algorithms
are required to constantly inspect the model coefficients and their products to
obtain more correct predictions. Model coefficients are the variables that are
responsible for the direction in which predictor and response variables are con-
nected. The integrated gradients method, as Sundararajan et al. present it, is
an analog to model coefficients for a deep network: it allows us to control the
relations between the input and the output of the deep networks. Sensitivity
is a characteristic according to which, if the function used in machine learning
does not depend on a certain variable, the attribution to that variable is always
0. In that way, the integrated gradient technique focuses only on the features
relevant to the input and desired output. Implementation invariance is a char-
acteristic that makes sure that if two networks are functionally equivalent (i.e.
their outputs are equal for all their inputs), the attributions of these networks
are identical. By applying the implementation invariance axiom, we make sure
that if two networks produce identical output based on identical input, we assign
credit to the same algorithms. Sundararajan et al. state that the integrated
gradients method allows us to incorporate the sensitivity axiom and the imple-

4The authors note that the results obtained within the proposed framework, i.e., a formu-
lated conjecture and possibly its proof, will only hold for the chosen sample of distribution
Pz , not the whole Z.

5In geometry, symmetries are the properties that are unchanged under some class of trans-
formations. This approach to invariants was introduced by F. Klein in 1872 (Tobies 2019,
6-7.).
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mentation invariance axiom into the attribution algorithms, therefore allowing
us to: 1) conduct a precise analysis of the connections between the input and
output of the machine learning algorithms, and 2) change the correct features
of the input with the goal to obtain the desired output. Davies et al. state that
they decided to choose the integrated gradient technique because it gives the
biggest importance to the elements of X(z) and helps to understand how even
small changes in X(z) affect Y (z). The information extracted with the gradient
technique, which connects the changes in X(z) to changes in Y (z), is analyzed
by a human mathematician who may choose some candidates for f ′ based on
the observed patterns (or continue to change the hypothesis or the sampling
distribution).

It is important to note that ‘artificial intelligence’ (AI) is a versatile term
and can be defined and understood differently (Russell & Norvig 2010, 1-2).
Davies et al. use the term ‘AI’ to refer to a collection of different techniques
that can help with effective and fast data analysis, in this case, in the area of
mathematics. The helpful techniques behind the notion of AI in mathematics
include finding counterexamples (Wagner 2021), surveying complex mathemat-
ical structures (Lample 2019), accelerating calculations (He, 2021), etc. The
authors name themselves the first people who used AI to assist in the discovery
and formulating of theorems. Specifically, what the authors call ‘AI’ in their
research are two specific methods of ML that they used: supervised learning
and attribution techniques. Therefore, the authors use the notion of artificial
intelligence to refer to the two specific machine learning algorithms and the
framework in which they are implemented. However, ML algorithms and AI are
not interchangeable notions. While machine learning techniques can be used
by AI, they are simply a method of analyzing and extracting data (Jordan &
Mitchell, 2015); AI, however, is a broader notion – there are different ways to
define it, but, generally, it is a machine that can somehow simulate human or
rational intelligence (Russell & Norvig 2010, Zhang & Lu, 2021). What Davies
et al. call ‘AI’ is the yellow part of the flowchart depicted in Figure 1. There,
AI is the complex system that generates a dataset of X(z) and (Y (z) as defined

in the input, allows to train a supervised model defining f̂ that connects the
required variables, and finds patterns and connections that could provide an
explanation for f̂ . A human mathematician should be in close communication
with the system on almost every step of the algorithm: they should provide and
formulate the hypothesis, supervise the model training process, look through
possible restrictions for f̂ , and, often, redefine the initial hypothesis and change
the conjecture. In the end, it is the mathematician who proves the found con-
jecture.

Davies et al. do not give a precise definition of the notion of AI they use
in their paper. Since they use the term ‘AI’ to talk about the stages in their
flowchart that involve ML algorithms that analyze large datasets and make
predictions based on the conducted analysis, we can establish that the authors
do not talk about the human-modeling approach to AI: they do not use ML
to imitate or reproduce human behavior or thought process. The usage of the
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term ‘AI’ in Davies et al.’s paper is closer to the rationalist approach. The
rationalist approach defines AI as an agent or system that is capable to think
or act rationally (Russell & Norvig 2010, 2). The rationality of the system can
be achieved through successful knowledge representation and processing. In the
case of Davies et al., the rationality of the AI system can be defined by its ability
to provide human mathematicians with data that helps them to uncover certain
patterns that connect mathematical objects. What Davies et al. call ‘AI’ is a
system that uses ML as a tool to obtain data about mathematical structures
that are suggested by a human mathematician to exist, and then explore this
data to present the found relevant regularities to a mathematician. The goal of
a mathematician here is to find and prove a connection between two variables,
the goal for AI is to present information in such a way that the connection can
be clearly identified. The authors used the framework presented in Figure 1 to
obtain two mathematical results: proving the existence of a relationship between
algebraic and geometric invariants in knot theory and solving the combinatorial
invariance conjecture for symmetric groups.

The framework suggested by Davies et al. is not a new approach to the form
or the content of a mathematical proof, but rather a novel method suggesting
where can a mathematician start when they only have a vague intuition about
the existence of some mathematical relation. The authors suggest feeding this
intuition to the AI system that would help us undercover patterns and regular-
ities that would serve as a ground for the proof of the intuited connection. In
this framework, a mathematician’s intuition is a starting point. The authors
start with the premise that we already have an intuition about the existence of a
relation between two entities: we do not yet fully understand the nature of this
relation, but we suggest that it is there. We use AI with the goal to understand
how to better pursue this relation: it indicates the patterns and entities we need
to research more precisely to establish the specifics of the intuited relation. We
start with the intuition of a human mathematician, and we use this intuition to
present some input to the AI, which will help us develop this intuition further.
Davies et al. describe this process as a mathematician’s intuition being guided
by AI. However, one may argue that the process presented by the authors is
not an example of guidance. First of all, one of the advantages of the presented
method is that it allows us to process large amounts of information that we
would be unable to process without a computer. Even if a human mathemati-
cian can briefly look through various examples of X(z) and Y (z), it would be
hard for them to find specific patterns that could play a significant role in es-
tablishing the exact function connecting X(z) and Y (z). ML helps to establish
the existence of these patterns easier and faster. However, can we talk about
these steps as ‘guiding mathematical intuition’? One can simply say that ML
allows us to reduce a large set of examples to a small set of relevant examples,
and, accordingly, reduce the studied domain. Reducing a dataset we research
can hardly be called ‘guiding’ the intuition, as it has nothing to do directly with
the intuition; it only limits the scope of our research. The second problem with
stating that AI guides a mathematician’s intuition is that the whole process
consists of constant interaction between a mathematician and an AI system.
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We start with a hypothesis, use it to generate the dataset, train the model to
predict Y (z), apply attribution techniques to understand the connection better,
select a candidate for the role of f ′, and constantly decide whether we want
to repeat the process again, and, if we do, what settings to change in it. It is
clear that the usage of AI makes our task of formulating the conjecture candi-
date easier as we find the needed connections faster, but why call it ‘guidance’?
Why can’t we say that it is a tool that assists us in some stages of the work?
Or, if its role is more than a tool, why not describe this process as a joint work
of AI and a mathematician? To discuss both of these questions, we need to es-
tablish the kind of agency the AI system possesses in Davies et al.’s framework.
To do that, we need to start by comparing the role software plays in classical
computer-assisted proofs to the role AI plays in AI-assisted proofs, which we do
in the next section. Then, in the next chapter, we discuss the agency of AI in
Davies et al.’s proof and whether it is possible for it to guide a mathematician’s
intuition.

3.2 AI-assisted proofs vs computer-assisted proofs

In this chapter, I want to compare two different types of assistance used by math-
ematicians in their work: classical computer-assisted proofs (discussed earlier
in Chapter 1) and AI-assisted proofs presented by Davies et al. and discussed
in the previous chapter.

The most basic feature that distinguishes the two types of proof is the kind
of software used in them. In all classical computer-based proofs, like Robertson
et al.’s (1996) or Gonthier’s (2005) proofs of the four colour theorem (both
based on the initial proof by Appel & Haken, 1977), the ‘computer-based’ part
of the proof is produced by a program which receives the needed conjectures and
inference rules as an input and provides the formal proof of the theorem as an
output. In Robertson et al., only a part of the proof is formalized, specifically,
the proof of the reducibility of the list of configurations U . The authors used
software that was responsible for going through U and confirming that every
configuration in it is reducible. The authors wrote a program that was checking
the reducibility by themselves, and they provide a link to the program files so
everyone is able to redo the proof they presented (Robertson et al. 1995, 18).
Robertson et al. also state that since they did not prove the correctness of the
compiler or the infallibility of the hardware they used to run the program, their
proof is not a ‘proof’ in a traditional sense (Robertson et al. 1996, 24). However,
the program’s algorithm is still presented in an open source (Robertson et al.
1996, 17). The ‘computer’ part of Gonthier’s proof of the four colour theorem is
also presented in an open source (Gonthier 2005, 1383), and a reader is able to
go through it and, in case of an expert background, understand the formal rules
used to proof the reducibility and unavoidability. However, in both of these
cases, there remains the problem of the unsurveyability of the proof itself. The
surveyability of the algorithm used to obtain the proof does not equal to the
surveyability of the proof itself. The surveyability of the algorithm in Robertson
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et al. and Gonthier gives more reliability to the proof, which distinguishes the
authors’ results from the original results of Appel and Haken (1977). In the case
of Appel & Haken’s proof, the algorithm of the exhaustive search implemented
to prove the unavoidability of U was not presented in the published paper. Even
if the algorithm was presented to the open public, readers would not be able
to run it, as one would need a supercomputer for that. Therefore, in classical
computer-assisted proofs, the content of the program that assists the proof is
often open for the reader – one can rerun it on their own computer to make
sure the program is reliable6. However, the possibility of a software mistake
is always present: according to several experts who use computer assistants in
their work (for instance, C. Lam, L. Thiel, S. Swiercz), when we rely on software
in any step of the proof, we rely on our theory of how the software works. If that
theory is wrong, for example, if the programming language is read differently by
the compiler than how we expect it to be read, we may end up with incorrect
results (Lam et al. 1989, 1122; Brown 2010, 35). Since there is no way to
check whether our theory of how the software works is correct, the output of
the program becomes, at least partly, empirical.

Davies et al. used Message Passing Neural Networks (MPNN) to implement
machine learning algorithms on graphs7. The main idea behind MPNN frame-
works is that the functions of the network are able to operate on different graph
notes. MPNN model introduced by Gilmer et al. (2020) operates specifically on
directed graphs. The authors present the code they used in the proof (MPNN
model definition, data loading functions, imported modules, etc.) openly8 and
any interested reader is able to rerun it and check its validity. Therefore, both
classical computer-assisted proofs and AI-assisted proofs include a step the algo-
rithms behind which can be surveyed by the reader. However, the surveyability
of the obtained proofs should be approached differently. The reason behind
this distinction is the functions that the algorithms perform in the proof. In
the case of classical computer-assisted proof, for example, Robertson et al.’s
work, a computer program is used to do an extensive search through a large
set of cases. The program runs, concludes no counterexamples are found, and
the mathematician uses this output as a step in their proof. The mathematical
conjecture that is being proved is formulated (or chosen) by a mathematician
personally. The output of the program is used as a necessary step without which
the chosen conjecture cannot be proved. In the case of Davies et al., the steps
including machine learning precede the proof – we start with formulating the
conjecture and finding the patterns between X(y) and Y (z) that could be useful
in a proof. We may use the patterns we found with the help of ML to prove the
chosen conjecture, but the most important implementation of ML is the help

6The notion of ‘classical’ computer-assisted proofs that I use includes all non-AI-assisted
proofs: starting from Appel & Haken’s proof and finishing with various sorts of formal and/or
interactive proof assistants: Metamath, Isabelle, Coq, etc. However, when comparing the
classical computer-assisted proofs with AI-assisted proofs, I will be mostly making examples
of more modern proof assistants that allow full formalization.

7The model Davies et al. used is based on Gilmer et al. (2020).
8The code source for the proofs in knot theory and representation theory: https://github.

com/deepmind/mathematics_conjectures.
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with the formulation of the conjecture in the first place. The surveyability of
the algorithm that was used to formulate the conjecture or to look for patterns
between two mathematical entities is important, but if we understood these
patterns with an independent mathematical insight and were able to provide
a human-based proof to support it, our proof would be perfectly surveyable.
The process of formulating the conjecture independently of AI would not be
surveyable unless the mathematician describes precisely how the idea came to
their mind, and even if they do, it is most commonly a description not relevant
to mathematical practice (Carter 2017, 539-540). The characteristic of surveya-
bility of the software used in the proof should be approached differently for
AI-based and classical computer-assisted proofs since the proof strategies differ
between the two. I am going to describe the differences in the proof strategies
more precisely in the next paragraphs.

In addition to the differences in the software itself, classical and AI-based
computer proofs use the software differently. In classical computer proofs, a
computer program can be used in two ways: 1) to perform an exhaustive search
through a large set of examples, and 2) to obtain a formalized proof of a theorem
(or a chosen conjecture that helps to prove the theorem). In both cases, the
software is used directly in the process of obtaining the proof. It is either imple-
mented to verify a specific statement (for example, to verify the unavoidability
of U in Appel & Haken 1977) or to formalize the whole proof (like in Gonthier
2005). Without that step, the proof cannot be completed at all – in several cases,
the computer-assisted step is what the novelty of the proof is based on9. The
original idea of how to pursue the proof, what conjecture to choose, and what
functions and patterns we should research to complete the proof is suggested
and chosen by the authors of the classical computer proofs. The structure of
the proofs that use software to go through a large set of examples, like Appel
& Haken’s or Robertson et al.’s proofs, is built by the authors. Even the fully
formalized proofs, like Gonthier’s proof of the four-colour theorem, are directed
by a mathematician – a mathematician should choose what formal rules and
lemmas to present as an input for the program, and what formal language to
choose so that the program will be able to process the proof correctly (Huet et
al., 1997).

In the case of AI-assisted proofs, the usage of the software is essentially
different. First, there is no specific limit to which ML can be used in the
proofs: the process Davies et al. present is cyclic, and the algorithm can be
used several times to find the conjecture the author wants to prove and the
variables and structures responsible for it. The process of finding the conjecture
and the patterns is, as in the classical computer-assisted proofs, directed by
a mathematician: they decide whether to change the dataset of examples of
X(z) and Y (z) or whether to reformulate the original hypothesis based on how

9For example, Appel & Haken based their proof of the four color theorem on the previ-
ously introduced notion of reducible configuration suggested by Birkhoff (1913). The general
structure of Appel & Hakken’s proof was based on Birkhoff’s reasoning, therefore the only
novel step that the authors introduced was to use a supercomputer to go through the set of
configurations U .
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they evaluate the performance of f̂ . However, the mathematician does not
have an initial plan for the proof when they implement ML into their work.
The mathematician uses ML to construct the plan of the proof. An agent
at the beginning of the framework presented in Figure 1 knows neither which
specific objects and patterns in mathematics they are going to implement nor
the specific formulation of the conjecture they are going to prove. They start
with an intuition about the existence of a connection between two variables and
try to use ML as a tool to understand which mathematical structures connect
these variables. At the stage of formulating and writing the proof, when the
mathematician understands the specifics of relations between X(z) and Y (z),
the author of the proof does not need to implement a computer program to verify
a lemma without which they cannot continue to the next step10. Therefore,
the formal proof itself may be independent of the computer program, but the
originality of the idea behind the proof is not. The extent to which the idea
behind AI-assisted proof is dependent on the program and the extent to which
it is dependent on the mathematician who was supervising the program is a
subject for discussion, but it is certain that ML plays a significant role: without
it, a mathematician would not be able to analyze the large dataset of examples
for f̂ , and, subsequently, would not be able to identify any specific patterns
that are worth looking closer at. We can see that the roles of software in AI-
assisted proofs and classical computer proofs are not at different places in some
hierarchy, but rather they approach the proving process from different ends: AI
allows a mathematician to plan the structure of the proof by helping to analyze
a large dataset, and non-AI proof assistant allows a mathematician to overcome
a significant step in an already-planned proof by going through a large set of
cases and verifying the absence of counterexamples.

It was already discussed in the previous paragraphs of this section, but it
is worth mentioning separately that the initial goals of the mathematicians in
AI-assisted and non-AI-assisted proofs are essentially different, which affects the
discussion that the obtained proof initiates in philosophy of mathematics. In
the classical computer-assisted proof, an initial goal of a mathematician (let us
call them mathematician A) is to prove a theorem. At one point, mathemati-
cian A decides to use a computer program to assist them, but the initial goal
is still the same: prove the chosen theorem. Now, suppose, the mathematician
successfully implemented a computer program at some step of the proof to per-
form an extensive search through a large set of examples. Once the computer
search was implemented, mathematician A was able to obtain the intended re-
sult: prove the chosen theorem. The questions the obtained proof can raise in
the mathematical community are directly connected to the result of the proof.
For instance, some authors may not consider the proof to be as reliable as reg-
ular human-based proof due to the unsurveyability of software mistakes (Lam
1990, Brown 2010). Some authors may accept the result of the proof, but not
consider it a significant progress in mathematics due to the lack of new methods

10Unless, of course, there would be a proof combining AI-guidance of a mathematician’s
intuition and a classical computer-assisted step in the proof itself.
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and patterns introduced in the proof (Barrow 1995, Thurston 1994). In both
cases, the parameter that is being evaluated is the result of the proof: either
the formal result – the theorem was proven, or the less formal, extended result
– the mathematical community learned about new connections and methods in
mathematics. In the case of AI-assisted proof, the original goal is to understand
where to start with the proof, and how to correctly formulate the theorem that
we will be proving. Suppose, mathematician B decides to use AI to help them
understand the relations between a chosen pair X(z) and X(z). Mathematician
B goes through several cycles of reformulating the hypothesis, changing the
dataset, and training the function, and finally ends up with a conjecture that
they know how to prove that connects the needed variables. Mathematician
B proves it (by using the connections revealed to them by AI assistance) and
presents the proof to the mathematical community. The questions the proof pre-
sented by mathematician B may raise are concentrated not on the final result
of the proof (the proved theorem or the reveal of new mathematical methods)
but rather on the authorship and originality of the proof. For instance, we can
reconsider the notion of scientific understanding in mathematics (Krenn et al.
2022, 765) or the subjective role of a mathematician in the process of imple-
menting mathematical intuition. To conclude, the philosophical discussion of
classical computer-assisted proofs is concentrated on the validity of the obtained
result, while the philosophical discussion of AI-assisted mathematical proofs is
concentrated on the creative participation of AI in mathematical intuition.

I should also note that several points of the expressed criticism of classi-
cal computer-assisted proofs (Parshina 2023) can be used to argue against AI-
assisted proofs as well. For instance, the unsurveyability of the algorithm used
to obtain proof is still a problem: if we use ML to help us formulate the conjec-
ture, we cannot show a specific line of thought we pursued. The problem even
becomes more significant since we use ML: there is no unified understanding
of how exactly neural networks work (Lillicrap & Kording, 2019). That means
that we use a tool that we are not fully capable to understand, and, therefore,
we are not fully capable to control it. There are still problems with the discus-
sions centering on the fact that mathematics becomes partly empirical with the
use of any kind of software in order to obtain a mathematical result.

Nevertheless, the discussion of the originality and insightfulness of a math-
ematical proof obtained with computer assistance seems to gain a new turn:
first of all, Davies et al.’s example shows that computer assistants can be used
during the planning stage of the proof and not during the proving itself. That
means that a proof can be computer-based while there is no such step in it
where a computer program does an extensive search through a large set of
cases. It leaves room for the human mathematician to introduce new methods
and approaches that, according to Barrow and Thurston, are responsible for
the insightfulness and novelty of the proof. Moreover, in the case of Davies et
al., AI software was used specifically to obtain insight to initiate a proof, or,
as Davies et al. formulate it, to “guide mathematical intuition” (Davies et al.
2021, 70). That means that computer software can be used in a mathematical
proof in such a way that the proof does bring new methods and connections into
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mathematics – in this case, it is the direct role of the software. However, the
source of this insightfulness is unclear: is it the mathematician who invents a
novel approach with the help of an AI assistant, or is it the AI assistant who is
solely responsible for the novelty of the result? To continue this discussion, we
must establish how the notion of agency can be applied to the case of Davies et
al. Specifically, we need to establish how agency is divided between the human
mathematician and the AI. Moreover, as we have seen in Chapter 2, the notions
of mathematical insight and intuition are strongly connected to the agency of
a mathematician as well. Once we establish how agency should be divided in
AI-assisted mathematical proofs, we will be able to discuss the application of
the notions of insight and intuition to the role of AI. That is what we are going
to do in the next chapter.
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Chapter 4

The Place of AI: Between
Insight and Intuition

4.1 Agency of AI

In the previous chapter, we discussed the role AI plays in Davies et al.’s proof
and how it is different from the role of software in classic computer-assisted
proofs. We established that the difference between the use of software in the two
types of proof is based on the differences in the initial goal of a mathematician
implementing it into their work. Classic computer assistants are implemented
into a pre-existing proof structure: the strategy of the proof already exists,
a mathematician uses computer software to go through a certain step in the
proof; AI assistants are used when the structure of the proof does not yet exist,
sometimes even when the statement that one wants to prove is not yet fully
established: a mathematician uses AI to precisely formulate the statement they
are going to prove and study the patterns that may be helpful to establish the
proving strategy. The differences in the ways software is used in these two types
of mathematical proof give rise to differences in the critical discussion about
the validity of these proofs. We concluded that the critical discussion about the
use of classical computer assistants in mathematical proofs is concentrated on
the validity of the obtained result, while the critical discussion of AI assistance
in mathematical proofs is concerned with questions of creativeness, authorship,
insightfulness, and other concepts connected to the notion of agency applied to
a human mathematician and AI. In this section, we are going to discuss whether
the notion of agency can be applied to the AI used in Davies et al.’s work. We
are going to compare it to the agency of a human mathematicians and establish
whether human and artificial agencies can co-exist in AI-assisted proofs. I must
notice that the question of agency in AI cannot be discussed in full in just one
section of this thesis: it is a problem deserving several books to be written about
it. Hence, I will not answer the broad question “Can AI be attributed agency?”,
but try to answer one with a smaller research scope – “Can the AI Davies et al.

53



used be attributed agency in mathematical practice?”. To answer this question,
I will discuss some literature on the agency of AI. However, since there is yet no
established literature tradition focusing specifically on AI’s agency, I will mainly
rely on the classical accounts in philosophy of action.

In section 3.3, we discussed the connection between the perceptual account of
mathematical intuition and human agency. We have established that mathemat-
ical intuition, as it is described by Parsons and Chudnoff, is directly connected
to the internal mental states of a human mathematician. It is clear that a per-
son who obtains and uses mathematical intuition to conclude a proof exhibits
some kind of agency in applying mathematical intuition and proving a theorem
(if it is not clear, however, we discuss it in the next few paragraphs). But can
we say that the AI system used in Davies et al.’s work exhibits some kind of
agency as well? Can we say that it performs an intentional act by finding con-
nections between the mathematical entities presented at the input, or does it
merely work as a useful tool for a human agent? To start this discussion, we
need to establish the definition of agency we are going to use.

First of all, we may establish that a human mathematician who comes up
with the intuition about a connection between two mathematical entities, super-
vises the training of a model, formulates and reformulates the conjecture, and,
in the end, proves the theorem, is, certainly, an agent. They act and choose how
to act, both while they are formulating the final version of a conjecture with
the use of AI and while proving the resulting conjecture. It does not matter
what theory of action we choose to define the notion of agency – the causal
theory of action, irreducible agent-causation, the teleological approach – the
mathematician could always be attributed some sort of agency. According to
the causal theory of action (Davidson 1971, Anscombe 1995), a mathematician
is supposed to have a primary reason for their action – in this case, it is the
desire to formulate the conjecture and finish the proof, or a belief that they are
able to do so, – and an instrumental belief – a belief that the actions they choose
to take will eventually lead to the proof. It would be unreasonable to suggest
that a mathematician does not have the desire to prove a conjecture they are
trying to prove or that they would not have a belief that the steps they choose
to take will lead to the correct proof. Hence, the causalists’ notion of agency
describes the role of a human mathematician successfully. We will also have no
problem if we try to define the agency of a mathematician with a descriptive
account of action (Chisholm 1964): they formulated the conjecture and found
its proof because they intended to do so – to formulate the conjecture and find
the proof, therefore, it was an intentional action. If we try another alternative
theory, for example, the teleological theory of action (Wilson 1964, Sehon 2005),
we would still be able to define a mathematician as an agent: their action is
defined by their initial goal to obtain the proof, and they acted because they
believed that their actions could lead to this goal. To conclude, we have no
problems attributing agency to a mathematician implementing AI into their
work.

It is not clear, however, whether the AI system used in Davies et al.’s proof
can possess any kind of agency: can we say that it acts independently, or is it
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simply a tool mathematicians use to get help with the proof strategy? We can
distinguish three different ways the interaction between a mathematician and
the AI can be described in the case of Davies et al.’s proof:

(1) a human mathematician and AI are two independent agents acting to-
gether;

(2) a human mathematician and AI form an epistemic group: they act as one
agent;

(3) a human mathematician is an agent and AI is a tool they use.

In the case of (1), we consider AI to act as an agent on the same level as, or at
least close to, a human mathematician. Human mathematician manifests their
agency by pursuing the relation they anticipated with mathematical intuition,
supervising the model, formulating the final conjecture, and, finally, proving
the formulated conjecture. AI, in its turn, manifests its agency by analyzing a
dataset of pairs (X(z); Y (z)), predicting the following values of Y (z), choosing
the patterns and relations that may be essential in formulating the conjecture
that establishes a connection between X(z) and Y (z). A mathematician and
AI are two independent agents: each of them is responsible for some steps in
the flowchart of Davies et al. The formulated and proved conjecture is a result
of their joint cooperative work.

Now, we should come back to the theories of action we have chosen to con-
sider in this section. The most widespread approach is represented by a number
of causal theories of action described in D. Davidson (1963, 2001), E. Anscombe
(1957, 1955), M. Bratman (1987), and K. Setiya (2011). According to the
general causal account, an intentional action is identified as such because it is
causally connected to certain mental states (Glasscock et al., 2023). The speci-
ficity of mental states varies from author to author. According to Davidson,
one of the first authors to formulate the causalist account, intentional action
has a primary reason as its cause. The primary reason consists of two sides: the
initial belief or desire driving the agent to complete the action, and the belief
that the actions the agent is going to pursue would allow them to fulfill that
desire (Davidson 1963, 686). The mental states constructing the primary reason
are the causal reasons for the behavior of the agent: an individual acts because
of the possession of these mental states.

The alternative approaches, such as the descriptive or teleological accounts,
also refer to specific mental states in their description of agency. For example,
Anscombe, who is often considered to be a non-causalist, explains the nature
of action through the notion of practical knowledge: an action is intentional
when an agent understands what they are doing (Anscombe 1957, §23). In
the descriptive account, the cause of an action is the agent’s intention to make
the action: a person is “making A happen with an end to make A happen”
(Chisholm 1964, 616-617). So, according to Chisholm, if an agent commits an
act A intentionally, they act with a mental state of ‘intending for A to happen’.
In the case of the teleological account, an individual commits an intentional act
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A with a specific goal that is intended to be the main result of A. The existence
of a specific goal or purpose also refers to a certain mental state of the agent.
All of the presented accounts describe various mental states as the reason or
explanation of the agent’s intentional actions: understanding what one is doing,
understanding why they do it in this particular way, and intending to make the
action. Hence, all the most widespread accounts of agency connect this notion
to the mental state of the agent.

We can also approach the notion of agency from a more specialized, although
less traditional background: the accounts of artificial agency (or the accounts
that allow artificial agency) described in L. Floridi & J. W. Sanders (2004),
Barandiaran et al. (2009), and E. Popa (2021). Floridi & Sanders (2004) dis-
tinguish three features of an artificial system that can be attributed agency:
interactivity, adaptability, and autonomy (Floridi & Sanders 2004, 357). Inter-
activity refers to the possibility of the system to influence its environment and
be influenced by it; adaptability describes the ability to learn from previous
interactions; autonomy amounts to the system’s ability to operate on its own,
without human intervention. Barandiaran et al.’s account of “minimal agency”
also outlines three conditions for an artificial system to be attributed agency: 1)
the system is an entity distinguished from the environment, 2) in that environ-
ment, the system is doing something by itself, and 3) it does it according to a
certain goal (Barandiaran et al. 2009, 369). For Popa (2021), the agency of AI
highly relies on human norms and morals in the first place. However, according
to Popa, even if we can attribute agency to AI, we can only do so for highly-
autonomous AI systems: “Thus, the question of agency only arises for those AI
systems possessing autonomy in the sense of high-level abilities” (Popa 2021,
1738). Popa refers to the distinction between high-level and low-level artificial
autonomy outlined by C. P. Ezenkwu and A. Starkey (2019). According to the
authors, low-level autonomy consists of perception, learning, context-awareness,
and decision-making, while high-level autonomy includes self-motivation, do-
main independence, self-recovery, and self-identification of goals. High-level
autonomous system is capable to work almost independently of a human agent:
it can identify its domain by itself, make its own decisions, and choose its own
goals. We can conclude that all the presented accounts of agency in AI are
based on the condition of autonomy – the ability of the system to work inde-
pendently of human intervention. Hence, if we consider the traditional (but
general) accounts, the necessary condition to have agency is to be able to have
mental states, and if we consider the accounts specified for AI (but not widely
established), the necessary condition for agency is to have a high level of auton-
omy. In the next part of this section, we will see whether any of these conditions
work for Davies et al.’s AI.

Here, if the current paragraph could have an infinite length, we would dis-
cuss whether it is possible for AI to possess mental states, and, therefore, some
sort of agency. However, since the topic is way too broad, we are only going to
talk about the AI used by Davies et al. and its characteristics. What the au-
thors call ‘AI’ is a group of datasets, ML models, and other algorithms that are
able to make predictions about the patterns mathematicians need to consider in
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order to research a chosen mathematical relation. The mathematician chooses
the relation they are going to pursue before implementing AI into their work.
When a mathematician uses AI to develop their understanding of that relation
and achieve a clearer formulation of the conjecture, it is the mathematician who
possesses the mental states necessary for intentional action. It is the math-
ematician who chooses the goal (formulate and prove conjecture f̂), it is the
mathematician who has the desire to pursue the proof, it is the mathematician
who believes that the action they chose will lead to the precise formulation of f ′.
It is also the mathematician who decides to use AI to assist them. Hence, the
actions of choosing the relation, obtaining its precise formulation, and proving
that this relation exists are intentional because of the various mental states of
the mathematician. Davies et al.’s AI is neither involved in making decisions
about what path to choose to formulate the final conjecture nor does it have in-
tentions or beliefs about its actions. It is yet impossible to design an AI system
that is able to self-reflect (Ng & Leung 2020, Maetschke et al. 2021), and Davies
et al.’s AI is not an exception. Even if we choose a Dennett-like approach to the
problem and say that everything that behaves as an agent can possess agency,
Davies et al.’s AI would still not fit the criteria. If we look at the framework
of mathematician-AI interaction in Davies et al.’s case, AI does not seem to
perform any actions in it by itself: it is always a human mathematician who
chooses the way of development, and AI’s actions are defined by the mathemati-
cian. Hence, Davies et al.’s AI cannot possess agency in mathematical practice,
according to the traditional theories of action.

Following the same reasoning as in the previous paragraph, we cannot at-
tribute agency to Davies et al.’s AI based on the more specified theories of
artificial agency. We have seen that high-level autonomy is a basic criterion for
an AI system to be an independent agent, and Davies et al.’s AI clearly lacks
it. It does not set its own goals (a mathematician formulated a hypothesis), it
cannot independently adapt to the domain it works with (Davies et al. had to
reprogram it for a mathematical domain), and it cannot work independently of
a human agent (during the process Davies et al. described, human interven-
tion was required on every step, often repeatedly). Even if this AI could be
attributed autonomy, it would be at most a low-level autonomy as described
in Ezenkwu & Starkey (2019). And this level is not enough to be attributed
agency, according to the accounts we considered. Therefore, the AI Davies et
al.’s used cannot be attributed agency neither based on the traditional general
accounts of agency nor based on the more specified accounts of artificial agency.

We have established that AI cannot be treated as an independent epistemic
agent interacting with a human mathematician. However, maybe, we should
not try to describe a mathematician and AI as two independent agents: we may
choose to describe them as a group agent, as in the case (2). Group agency is a
notion that describes a group of individuals that act as an agent: a group brings
a change in its environment by responding to stimuli based on the group’s beliefs,
intentions, and desires. A belief of a group is not equal to the sum of the beliefs
of all its members. K. Mathiesen (2011) gives the following example: a mother
thinks that the best age for their daughter to start dating is 18, father thinks it
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is 14. Together, they decide to set the age at 16. The final decision of the mother
and the father as a group is not equal to any of their individual positions. It
may appeal to us to use group agency to describe the work of a mathematician
and AI as it does not require AI to possess any individual agency: only to be
a part of the group one. However, there is at least one essential requirement
for the members of a group that acts like an agent: an active agreement of
every member to be a part of the grouped agent, which is, to act intentionally,
together with other members, as a group. We have already briefly discussed
what is an intentional action: it may be defined differently, but it connects the
agent’s action to their mental state (understanding why they do it, why they
do it in a particular way, etc.). According to C. List and P. Petitt (2011), most
group agents are formed through members “jointly intending to form a group
agent” (List & Petitt 2011, 57). P. French (1995) and K. Mathiesen (2011)
describe group agents as groups the members of which actively agreed to be a
part of the group (by agreeing to abide by certain collective rules). Hence, to
form not simply a group, but a group agent, every member of the group should
make at least one intentional action: agree to be a member of it. However,
as we have seen earlier, we cannot ascribe any kind of intentional action to AI
designed by Davies et al. Hence, it would not be able to have an intention to
form an epistemic group. If we tried to describe AI and mathematicians with
the notion of group agency, all the intentional action on both stages – agreeing
to be in a group and pursuing the actions as a group – would be initiated and
performed by a mathematician. We might as well attribute agency to a group
consisting of a mathematician and a calculator and insist that the formed group
possesses agency because the mathematician possesses agency. AI would not be
able to add or reform any intentions that a mathematician has, hence, it cannot
be described as a part of a group agency.

We have established that we cannot attribute agency to the AI implemented
by Davies et al., nor can we unify the AI and the mathematicians who used it
into a single group agent. What we have left now is the option to regard AI as
a tool an agent (mathematician) can use in their work. We have established in
section 3.2 that the role software plays in AI-assisted proofs is significantly dif-
ferent from the role software plays in classic computer-assisted proofs: AI helps
a mathematician to understand what functions and variables one needs to take
into consideration to formulate a conjecture they are going to prove, and clas-
sic computer assistant either helps to formalize the proof of an already existing
conjecture or to go through a crucial step in the pre-planned proof. Classic com-
puter assistant functions as a tool that helps to obtain the proof of a conjecture
already formulated by a mathematician, following a proof plan chosen solely by
a mathematician. AI assistant is also a tool, but it provides help at the stage
that requires creativity: the pre-proving stage, where a mathematician makes
use of mathematical intuition and insight to determine what relations and enti-
ties they will pursue in formulating and, subsequently, proving the conjecture.
AI-based and classical assistants both function as tools, but AI provides sup-
port in the development of an idea a mathematician chooses to pursue, not in
the implementation of that idea. Hence, we may conclude that even if we do
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not ascribe AI any agency in producing mathematical intuition and insight, its
function as a tool is essentially different from the function of classic computer
assistants. In the next section, we are going to discuss the nature of assistance
AI provides in mathematical proofs. We will establish whether we can describe
the role AI plays as assisting (in any way) in obtaining mathematical intuition
and/or insight.

4.2 Intuition and AI

In sections 2.2 and 2.3, we have established that the most comprehensive ap-
proach to mathematical intuition is the perceptual approach developed by Par-
sons and Chudnoff: it describes the entire mathematical practice (not just some
part of it, such as, for example, mathematical education) and it characterizes a
wide variety of forms of mathematical intuition (not, for example, just a sponta-
neous visual impression). We have also shown in section 2.3 that it is necessary
for an individual to possess agency and be able to obtain intentional mental
states to possess mathematical intuition. In section 4.1, we established that
we are unable to attribute agency and all the implications following this con-
cept (e.i. internal mental states, unique subjective experience, etc.) to the AI
used by Davies et al. If we cannot attribute agency to AI, we cannot make it
the subject of mathematical intuition: we cannot talk about the ability of AI
to directly possess mathematical intuition. However, this conclusion does not
yet entail the complete disconnection of AI from the framework of mathemat-
ical intuition. In the previous section, we suggested that AI can be used as a
supporting tool in obtaining intuition and/or insight in mathematics. In this
section, we will determine how exactly AI can provide assistance in obtaining
mathematical intuition.

Davies et al. describe the performance of AI in their proof as ‘guiding’
a mathematician’s intuition (Davies et al. 2021, 70). Under the term ‘guid-
ance’, the authors understand the possibility to use AI as a tool that allows
better pattern recognition and expands the interpretation methods that a hu-
man mathematician has at their disposal. AI cannot directly play the role of an
agent achieving mathematical intuition. Davies et al. write: “In mathematics,
it has been shown that AI can be used as a valuable tool by finding counterex-
amples to existing conjectures” (Davies et al. 2021, 70), which confirms that
they regard AI as a tool providing assistance to a mathematician. What this
tool does is come up with suggestions for the possible grounds of the connection
between the two chosen mathematical entities.

Now, we must return to the definition of mathematical intuition we refined
in Chapter 2. According to the perceptual approach, mathematical intuition
is a process, close to perception, during which one experiences a mathematical
object as if it was presented to them in their immediate environment. If we
have an intuition about an object, we are convinced that it can be constructed
in mathematics. It does not mean, however, that we know exactly how to do
so. Mathematical intuition cannot help us reveal any structural connections we
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need to prove a conjecture about the intuited entity, and mathematical intu-
ition cannot be used as a tool that we use to come up with a proof: generally
speaking, mathematical intuition cannot help us obtain any explicit, structural
mathematical knowledge. Mathematical intuition can answer the question “Is
there an object X in theory Z ?” based on the experience of the intuiting math-
ematician, but it cannot answer the question “How do we prove there is X ?”.
As we discussed in section 2.6, one important point in distinguishing mathe-
matical intuition from mathematical insight is that the former does not provide
any explicit knowledge concerning the object one is intuiting. Since no direct
knowledge can be obtained with the use of only mathematical intuition, intu-
ition cannot be used to justify any mathematical result. Here, we come to the
following question: how Davies et al. can use AI to guide mathematical intuition
if what AI does is assist in finding structural connections in the relation that is
intuited by a human mathematician? How can it structurally guide an object-
oriented experience that has nothing to do with the formal justification of the
object? Even if the authors used the word ‘guidance’ to describe the instrumen-
tal, tool-like work of AI that a mathematician uses to investigate the relation
they intuit, how can this work assist in obtaining mathematical intuition? Since
we already had some relation to investigate with AI, intuition was already ob-
tained. I suggest that in cases like those presented by Davies et al., AI assists
not in guiding mathematical intuition, but in formulating a clearly structured
statement concerning the object experienced with mathematical intuition.

Intuition about a mathematical object can be the first step in the process
of formulating and proving a mathematical conjecture. An intuition about two
different mathematical objects can be formed into an intuition about the rela-
tion between the two objects (the so-called intuition that described by Parsons).
The newly formed relation can also be regarded as a token to which the intuition
is directed. However, it is not the case that a mathematical intuition about a
certain object can be developed into a clear mathematical statement about the
object. Intuition can be used as a starting point. For instance, a mathematician
intuits a relation between two mathematical objects. Now, the mathematician
can try to pursue this relation by studying possible patterns that could be used
to define the relation, searching for similarities in the definitions of the ob-
jects, researching theories that could describe both objects in a similar way, etc.
The mathematician would try to approach the intuited relation from a justified
point, using the already proven theorems and conjectures. At this point, how-
ever, the mathematician would stop working with the mathematical intuition.
They would be studying the object the existence of which they suggested based
on their intuitive experience, but they would not be applying mathematical in-
tuition any further. Mathematical intuition cannot be developed into a formal
statement about the existence of the intuited object: the process of obtaining
a mathematical intuition of a certain object is finite, and it ends when a math-
ematician experiences it. It is the case that several intuitions of may be used
to compose an intuition that, but the resulting intuition would still not bring
any mathematical knowledge to the table: only the assurance of the mathemati-
cian about a certain proposition they may regard to be intuitively true. The
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mathematician can come back to the experience whenever they would like, but
they cannot solely develop this experience into a proven statement about the
object. They can use any possible scientific approach to justify the existence of
the object or the truthfulness of the proposition, but, in any case, they would
be working outside of the scope of only mathematical intuition.

One may suggest that what AI does in Davies et al.’s proof is developing, or
helping to develop several intuitions of into one intuition that : a mathemati-
cian chooses some objects they intuit to exist in mathematics as the input for
AI, and AI suggest some ways to form them into an intuition about a specific
proposition. I disagree with this explanation. First, in the authors’ example,
mathematicians do not choose random objects they intuit as input for AI, they
choose the objects that, according to their intuition, are related in some way.
So, mathematicians initially have some intuition about the proposed relation.
I believe that the intuition about an unspecified relation between two entities
would still be regarded by Parsons as intuition of, not intuition that because it
does not have a form of a specific proposition that forces itself upon us as being
true (it is not yet even a proposition). Second, according to Parsons, intuition
that describes a state when it is intuitively obvious to us that a certain proposi-
tion is true. Now, if we suggest that we use AI to form an intuition that about
some objects, it would mean that we somehow use AI to achieve the state where
it is intuitively obvious to us that f ′ is true. However, that is not the assistance
AI provides. As we have discussed in section 3.1, there are two main points
of work AI does: first, it helps to correctly define the conjecture we are going
to prove, and, second, it helps to find the specific patterns and connections we
need to prove the conjecture. Even if AI would help us to formulate a correct
proposition about two or more mathematical objects we intuit, the resulting
conjecture f ′ would not be intuitively obvious to us. Davies et al. use AI to
reveal patterns that are hardly noticeable to the human eye because of the big
amount of data that needs to be processed to find these patterns. That is why
the relations AI helps to reveal would hardly be intuitively obvious to any hu-
man mathematician. It is not the case that mathematicians cannot understand
the relations that were defined with the help of AI: they can, and they do (as
we see in Davies et al.). They just do not find them intuitively obvious: if they
did, we would not need AI to assist in the verification of these relations. So,
even if we treat mathematical intuition in Davies et al.’s proofs as intuition that,
we would still not be able to explain the role of AI as ‘assisting (or guiding)
mathematical intuition’.

Since we established that mathematical intuition cannot be guided or de-
veloped into a clearly structured definition of the intuited mathematical entity,
we cannot describe the role of AI as guiding, developing, or expanding a math-
ematician’s intuition. AI assists in searching for patterns and structures that
could be used in the formulating of a mathematical statement concerning the
intuited object. Mathematical intuition has nothing to do with the explanation
or verification of the intuited mathematical entity – it is only responsible for
the suggestion that there is such an object. Since AI assists in establishing the
exact structure of the object, we cannot describe it as a tool assisting a math-
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ematician’s intuition. AI assists a mathematician in their work of finding a
suitable formulation and justification of a conjecture about the intuited object,
but it does not assist or guide a mathematician’s intuition. Therefore, we can
conclude that despite the formulation the authors use to describe the work AI
does in Davies et al.’s proof, their AI does not help to obtain or develop mathe-
matical intuition: it helps to approach the object of mathematical intuition by
providing possible grounds for the correct formulation of a conjecture.

It is possible that AI provides assistance not to the ‘philosophical’ mathe-
matical intuition, but to the phenomenon we described in Chapter 2 as ordinary,
‘day-to-day’ mathematical intuition. However, in sections 2.3 and 2.4, we estab-
lished the two main points concerning this problem. First, the ordinary notion
of mathematical intuition does not have much to do with the philosophical ac-
count of intuition in mathematics – if something, it is closer to the philosophical
account of mathematical insight. Second, even though the day-to-day notion
is closer to the concept of mathematical insight, it cannot be defined precisely:
different mathematicians, authors, and teachers put different meanings into this
concept and use it briefly. Hence, even if it is the case that AI guides ordinary
intuition, we would not be able to establish it without the specific definition
of ordinary intuition. Since we established that AI provides assistance in the
structural design of mathematical statements and their justification, we may
suggest that it provides assistance in obtaining mathematical insight – the phe-
nomenon that allows a mathematician to obtain a structural understanding of a
mathematical entity. In the next section, we will discuss whether AI, as it was
used by Davies et al., assists in obtaining or guiding mathematical insight.

4.3 Insight and AI

In the previous section, we suggested that the assistance AI provides in math-
ematical proofs is focused on helping in obtaining mathematical insight, not
mathematical intuition. In the present section, we are going to discuss the part
AI takes in obtaining mathematical insight.

In section 2.4, we discussed MacDonald’s and Griffiths’ definitions of math-
ematical insight. The authors connect the ability to produce insights to the
existence of a mathematical model a mathematician can understand and inter-
pret. To obtain a mathematical insight is to obtain the understanding of a model
describing the basic functional core of a theory, a connection between two the-
ories, providing a representative example of a certain mathematical structure,
etc. Moreover, according to Nathan and Walkington, this understanding should
be traceable: a mathematician should be able to provide a written solution to a
problem they considered. We also discussed that, according to MacDonald and
Griffiths, the ability to produce mathematical insight can only be attributed to
a human mathematician. The authors describe the ability to obtain mathemat-
ical insights as something only humans can achieve: when an agent obtains an
insight, they obtain a deep structural understanding of a theory, which means
that an agent acquires a certain mental state. According to MacDonald and
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Griffiths, an artificial agent is unable to obtain an understanding of a model,
and, therefore, is unable to obtain mathematical insight. There are several
studies examining whether it is possible to attribute consciousness or at least
‘an ability to understand’ to AI that would support MacDonald and Griffiths’s
position. Most of the researchers agree on the fact that we cannot ascribe con-
sciousness to AI at its current level of development – it would be possible only
for strong AI, which currently does not exist (Baum et al. 2011, Adamson 2012,
Neville-Neil 2016, Armstrong et al. 2016, Ng & Leung 2022). Maetschke et al.
(2021) conducted research evaluating the ability of currently existing AI sys-
tems to understand the information they are processing. The authors suggested
that ‘AI that understands’ should be able to not only disclose statistical rela-
tions within the processed data but also form a human-like understanding of the
data, which could be expressed in different forms, for example, distinguishing
correlation from causality, possessing the ability to self-reflect on their work and
its result, ability to explain the reasoning behind the obtained result (Maetschke
et al. 2021, 2-3). According to Maetschke et al., some beginner steps in devel-
oping ‘AI that understands’ are currently being taken. For example, there exist
AI systems that are able to jointly process multi-modal data (visual, audible,
and textual). However, an AI that can obtain a human-like understanding of
the information it processes does not yet exist. Maetschke et al.’s research sup-
ports the position of MacDonald and Griffiths: AI cannot perform the role of
an active agent in obtaining mathematical insight. An agent obtaining a math-
ematical insight accesses it through the understanding of a model, which is a
certain mental state. AI that was used by Davies et al. cannot obtain this type
of human-like understanding of models, just like any other currently existing
AI.

Since MacDonald and Griffiths only discuss the notion of insight, not the
characteristic of insightfulness, we should add that AI also cannot be insight-
ful. In section 2.5, we discussed the notion of insightfulness in mathematics
defined by Carter. Even though Carter pointed out that insightfulness is not
always connected to the strive for truth, he still connects this characteristic to
an intellectual virtue. Namely, cautiousness in selecting correct insights from
incorrect ones. As we have seen in section 3.1, Davies et al.’s AI produced both
valuable and invaluable patterns to explore: that is why the process had to be
supervised and repeated several times before a final conjecture could be estab-
lished. The process of distinguishing valuable and invaluable patterns was done
by a mathematician. According to Carter, a mathematician could be called
insightful, but not the AI. However, since we critiqued Carter’s explanation
of how insightfulness is formed, we may suggest that it is not the case that
insightfulness should always be connected to a mathematician’s cautiousness.
We, nevertheless, pointed out that we agree with the attention Carter gives to
the previous experience of a mathematician: insightfulness is always based on
a significant amount of practice and experience. The insightfulness of an agent
is characterized by the agent’s ability to transfer this experience into valuable
insights. Now, even if we suggest that AI can have some sort of ‘experience’ in
mathematics, for example, if it is based on a self-learning network, it would not
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be able to produce insights, as we established in the previous sections. And,
even though insightfulness may not be defined as an ability to produce insights,
it is the most important feature of an insightful agent. Hence, AI cannot be
insightful as well.

In section 4.1, we established that AI cannot function as an independent
agent in obtaining mathematical intuition or insight. In section 4.2, we con-
cluded that AI also cannot function as an assistant in obtaining mathematical
intuition: AI provides help in structuring and formulating a conjecture that
is to be proven, and mathematical intuition does not contain any structural
or formal content. Now, we established that we cannot claim AI to possess a
human-like understanding of the data it processes. Therefore, we can conclude
that AI cannot neither obtain mathematical insights nor possess insightfulness.
However, we have seen that the assistance AI provides is aimed at making the
relation a mathematician studies more articulated, or formalized. This type
of assistance is close to the processes happening as a result of mathematical
insight, as described by MacDonald, Griffiths, Nathan, and Walkington. We
suggest that AI functions as an instrumental tool by helping a mathematician
to construct a model, and, consequently, obtain mathematical insight.

I propose to describe the role of AI in mathematical proofs (as it is pre-
sented by Davies et al.) as assisting in building a mathematical model based
on which a mathematician can obtain mathematical insight. It is not the case
that AI can build a model itself. In Davies et al.’s work, AI is used to find pat-
terns that could function as a ground for formulating f ′, but the mathematician
themself formulates the final conjecture. As discussed in section 4.1, we cannot
attribute any human-like creative agency to AI. However, there is no require-
ment for an exclusively human-like agent to be responsible for the construction.
A mathematician can obtain insight by using the tools that help them make
the information they study more representative. If we define a model, following
MacDonald, as a representative example of a theory, we are not restricted by the
internal mental capacity of the agent: a representative example can be produced
by a computer. For example, A. Baker suggests that the role computer takes in
mathematical proofs is described as computing instances – checking the valid-
ity of a set of cases within a hypothesis (Baker 2008, 338). A computer can be
used by a mathematician to find or visualize a representative example: however,
the properties of the example case should be chosen by a mathematician, who
as well evaluates the representativeness of the example (Palais 1999, 647-648).
However, AI does not ‘compute instances’ like a classical computer assistant.
It provides a different kind of help, as we have seen in section 3.2, where we
compared the functions of the two different types of computer assistants. AI
provides assistance in discovering patterns that would be helpful in formulating
and proving a final conjecture. It does not generate any specific examples that
would represent a theory in a way that would allow a mathematician to easily
grasp its main features. Therefore, AI does not help to achieve mathematical in-
sight by independently building a representative mathematical model. It rather
provides assistance to a mathematician who tries to find and understand the
model.
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In the framework described by Davies et al., a mathematician suggests the
existence of a relation between some entities X(z) and Y (z), which we may call
a manifestation of mathematical intuition. To proceed to the clear formulation
and the proof of the intuited relation, a mathematician needs to obtain a clear
understanding of the function f ′ connecting the two entities. That ‘understand-
ing’ can be described as mathematical insight. We should note that the defined
f ′ is not a mathematical model itself: it defines the relation between X(z) and
Y (z), but it does not represent it. It is possible that a mathematician who is
presented with the formula would understand how the formula works but not
capture the essential structure of the relation. That case can be illustrated by
the characteristic of traceability provided by Nathan and Walkington (which we
discussed it in section 2.5). A mathematician may be able to understand how
a given formula works, but not be able to prove that it does1. In such cases,
the mathematician would not have obtained mathematical insight: they did not
grasp any structural knowledge about the entity they studied. Hence, the final
conjecture f ′ is not an example of a model that initiates mathematical insight.
However, the clear formulation of f ′ is one of the outcomes of understanding
of a mathematical model (e.i. obtaining mathematical insight). If an agent

achieved mathematical insight about the relation f̂(X(z)) ≈ Y (z), they would
understand how the function defining the intuited relation works, and, hence,
would be able to formulate it.

AI points out the patterns that may help to define f ′ and prove it. Therefore,
we can describe the role of AI as assisting in constructing a model based on which
a mathematician aims to achieve mathematical insight. In this approach to the
construction of a mathematical model, the model is built purposefully – which
is not always the case for mathematical insight. Based on the description of
mathematical models given by MacDonald and Griffiths, models appear as a
result of a deep understanding of the studied topic(s). To obtain mathematical
insight, it is necessary to understand a model of the studied theory. However,
it is not always the case that an individual researches a theory and tries to
construct its model with the goal of obtaining a novel mathematical insight. As
we have seen from Griffiths’ examples of models presented in section 2.4, they
can serve as a ground for obtaining mathematical insight without providing any
information that would help a mathematician obtain a novel result. Sometimes,
it is the case that an individual studies a theory to gain ideas on the proof
methods they could use and sometimes, it is the case that an individual studies
a theory to merely understand it, not to prove some statement related to the
theory. In the case of Davies et al., a mathematician wants to understand the
model of the intuited relation to understand how to prove the said relation.
Hence, constructing a model is a purposeful process. In that case, we may
even describe the role AI takes as ‘guiding a mathematician in obtaining an

1Here, I talk about the proof that a given formula is correct. However, the nature of the
verification that demonstrates that an agent obtained an insight can include an explanation of
why there is a relation between X and Y, why these variables were used to define this relation
and not the other, how exactly changes in X affect changes in Y, etc. Following Nathan and
Walkington, we may call it a traceable solution to the problem.
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understanding of a model’, or, by extending to the purpose of this process,
‘guiding a mathematician in obtaining mathematical insight’. However, I must
point out that the word ‘guide’ is used here in a very weak sense: AI does not
make any decisions about the final formulation of f ′ or developing the proof
strategy. E. Davis gives a good explanation of why it would be hard to use
AI to guide mathematical intuition, or what we call mathematical intuition:
“No teacher ever tries to guide their students’ intuitions by telling them, “I
have looked at millions of examples, and I can report that there is a pattern
that works X% of the time, mostly on the basis of features A, B, C” which
is what the Deep Learning tells the mathematician, and all that the DL tells
the mathematician” (Davis 2021, 6). AI functions as a tool that suggests the
entities and patterns to study, not as a tool that is choosing the approach to
the proof. AI guides a mathematician in obtaining insight strictly in the sense
that it suggests the patterns that may be worth looking into – it is entirely up
to the mathematician whether to use them or not, and how. In the flowchart
described by Davies et al., a mathematician may change the initial dataset and
formulations of f̂ several times to achieve the final formulation of f ′: that is
exactly what happened in the proofs the authors present.

We have established that AI which is claimed by Davies et al. to guide
mathematical intuition does not, in fact, provide any help in obtaining, guid-
ing, or assisting a mathematician’s intuition. It provides assistance in achieving
mathematical insights. Specifically, it helps a mathematician understand the
structure and proof strategy for the intuited relation. It is important to distin-
guish mathematical intuition and mathematical insight: the former is a process
responsible for bringing a certain mathematical entity to attention, while the
latter is a state of understanding of the structure behind the entity (its precise
definition, connection to other entities, etc). Mathematical intuition is an expe-
rience, similar to perception, of a mathematical object. Parsons and Griffiths
tried to conceptualize it but never discussed the possible origins of intuition.
The authors stated the connection of mathematical intuition to the practical
experience of a mathematician, but they did not discuss how exactly the intu-
ition emerges – what should an individual do to obtain it?. It would be hard
to formulate what exactly one should do other than ‘a lot of mathematics’ to
obtain a mathematical intuition about any object. Since the object of intuition
should not be strictly defined but rather experienced, there is no formal way to
access the object rather than, indeed, experience it directly, alike with sensory
perception. If AI would be able to help a mathematician experience the object
with intuition, it would mean that AI is able to intervene in a mathematician’s
mental experience: the experience of mathematical objects that are not yet for-
malized or justified. In this case, the problem would lie not only in the fact that
the AI algorithms that are supposedly helping a mathematician’s intuition are
incomprehensible: AI would be involved in a creative process that should be
performed on either absent or vaguely specified data. It would be problematic
for AI to assist a process the goal of which is to experience an abstract object.
I would suggest that even a strong AI would not be able to assist a mathemati-
cian in their sensory-like experience, as it is not possible ‘assist’ in the process
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of obtaining qualia2. Experience of an object with mathematical intuition is,
as discussed in section 2.3, an internal experience, the result of which cannot
be formally described. Mathematical insight is also a subjective mental expe-
rience. However, the result of mathematical insight can be presented formally.
As Nathan & Walkington described, mathematical insight always has a formal
verification of the solution as its result. Since the result of mathematical insight
is usually a mathematical proof, it is clear how AI can help to obtain it without
interfering with human mental states: it suggests the patterns and variables
that may affect the relation a mathematician chooses to explore. A mathemati-
cian may choose to use them for the construction of the model or not – it would
be their own decision3. Unlike in the case of mathematical intuition, AI helps a
mathematician not to experience the insight directly, but to understand which
patterns can be used in the construction of the model. When a mathematician
understands a model, they obtain insight. To conclude, we have established that
AI, as presented in Davies et al., is not involved in the initial creative process of
suggesting there exists some sort of mathematical relation between two entities.
The function AI provides is assistance to a mathematician in constructing a
model and, consequently, assistance in obtaining mathematical insight. To sum
up, AI is not a creative agent. Why is it important?

Since it lacks the creative agency, mathematical AI cannot be regarded as
an independent alternative to a human mathematician. Even if Davies et al.
do not suggest it, some scientists may see it as a possible line of development
(Wang et al., 2019). One of the focuses of the discussion about the usage of
AI in science is the level of exploratory creativity of AI – creativity in search-
ing and formulating new hypotheses, finding connections between previously
unrelated domains, and, generally, the independent production of new scien-
tific discoveries (Lawrynowicz 2020, 70-71). There exist several projects where
AI was used to obtain new discoveries in science. For instance, King et al.
(2009) presented AI ‘Adam’ that was able to autonomously generate functional
hypotheses about the behavior of the yeast Saccharomyces cerevisiae and test
the formulated hypothesis4. Liu et al. (2023) proposed an algorithm called
Sparse Invariant Detector (SID) that is able to auto-discover conservation laws
in physics from differential equations. SID was able to re-discover 14 of the
already-known conservation laws as well as 3 new laws that were previously
unknown to the domain experts. Jain et al. (2023) presented an AI-based sys-
tem ‘GFlowNets’ that assists in formulating and verifying scientific hypotheses,
specifically in organic chemistry. Adam, SID, and GFlowNets are examples of
projects that research the exploratory creativity of AI. However, despite there
being several examples of AI used in scientific discoveries, it is too early to talk

2As qualia is a unique subjective experience, it is impossible for an individual to get help
in experiencing it. It is only possible to process a subjective experience independently.

3It is possible for a mathematician to make a wrong decision. That would lead to their
inability to construct a relevant model, and, therefore, obtain a mathematical insight.

4As King et al. state themselves, the autonomy of their AI may be a subject of discussion
(King et al. 2009, 88). However, we are not going to argue for or against this wording: we just
use the authors’ project as an example of existing discussion about the exploratory creativity
of AI in science.
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about an AI that can function as a fully autonomous researcher: independently
choose the theory and data they would be working with, independently collect
the required data, formulate a hypothesis based on the studied data and/or ex-
periments, and self-reflect on the quality of the finished work (Amabile 2019, 5).
Even the newest achievements in AI-driven scientific discovery, for example, SID
and GFlowNets, function as tools, not autonomous researchers. Liu et al., the
researchers who built SID, confirm this balance of power: “Note that SID does
not replace us human scientists, but rather acts as a helpful assistant: while
humans need to input basis functions (i.e., formulating hypotheses) to SID, SID
is good at computing conserved quantities (i.e., testing hypotheses) based on
the given prompt” (Liu et al. 2023, 1). The authors of GFlowNets also call
their creation a ‘valuable tool’, avoiding describing their AI as an autonomous
agent. It is a human scientist (chemist, biologist, physicist, etc.) who suggests
researching a specific topic, theory, or phenomenon. After the object or research
is suggested, AI can suggest the research methods and directions, but the initial
creative idea was produced by a scientist. The approach of Davies et al. seems
to stand out among other authors using AI in scientific research: they state,
right in the name of the article, that they are using AI to guide a mathemati-
cian’s intuition – the mental state, or process, that is presumably responsible
for the creativity and novelty of the scientific discovery. If AI would be indeed
used by Davies et al. to guide the emergence of ideas that come before the
hypothesis formulation or verification strategy, it would be inaccurate to still
regard this AI as merely a tool. However, if AI does not assist or guide intuition
but rather assists a mathematician in constructing a model of the phenomenon
they decided to research, its role can still be regarded as purely instrumental.
By concluding that AI assists a mathematician in obtaining insight and not by
guiding their intuition, we confirm the instrumental role of AI in mathematics.

Here is one line of critique the reader may have in mind: so, Davies et
al. claimed to guide mathematical intuition, but this thesis shows that the AI
they use only helps with mathematical insight. And, as it was established, the
‘ordinary’ understanding of mathematical intuition is closer to what is called
mathematical insight in philosophy of mathematics. Hence, Davies et al. were
right, they just did not use the academic definition of mathematical intuition, as
they are not required to: they are software engineers, not philosophers. To that
argument, I have to answer the following. First of all, I believe, the authors in-
deed used the ordinary notion of mathematical intuition. They did not provide
any references to the definition of the notion of intuition they were using, as
well as they did not explain how exactly a mathematician’s intuition and AI are
interacting with each other. However, Davies et al. still claimed to do a very in-
novative thing: their article prescribes a high level of exploratory agency to AI,
and, to explain this step, they use the notion of mathematical intuition. So, if
we want to understand whether it is really the case that AI can be implemented
into scientific discovery in the status of a ‘guide’, we need to explore the con-
cept of mathematical intuition, and how exactly AI interacts with it. Second,
the authors do not only claim that AI assists a mathematician’s intuition, they
claim that AI guides it, which is also a really strong assumption. As we have
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concluded in this chapter, the assistance of AI consists of providing a mathe-
matician with the suggestion of patterns that are worth pursuing. That type of
help can hardly be read as an example of guidance. It is clear that the more
practice and information a mathematician would have, the better they would
be at performing their intuition and insightfulness. However, this experience
cannot be replaced by a consult with AI predictions, as mathematical practice
trains one to perform hard mental work, and the intuition and insightfulness
one experiences are based on this mental work. As we discussed earlier in this
section, a consultation from a teacher who states that they looked through a big
set of examples would not serve as guidance to us when we try to solve a par-
ticular problem, even though it may be of help. We may conclude that Davies
et al. do not simply make minor formulation mistakes in their article by using
the word ‘intuition’ in its day-to-day sense. The authors incorrectly describe AI
assistant as a tool that is able to guide scientific exploration in mathematics,
while, in fact, they have used AI to help a mathematician to understand an
already chosen mathematical relation.

Nevertheless, Davies et al.’s proof provides a valuable counterexample to
the critique of insightfulness of computer-based proofs described in section 1.2.
Even though, as we concluded, AI itself is not a creative agent, it provides help
in such a way that leaves a place for a mathematician to produce insightful
proofs. As we concluded in section 3.2, AI provides assistance in the formu-
lation of the conjecture that is to be proved, and, consequently, assistance in
constructing the proof strategy. AI does not perform calculations necessary for
the proof to be concluded, unlike classical computer assistants. Hence, even
if Davies et al.’s proof is not as insightful as a proof could be (that is up for
the professional mathematicians to decide), it still stands as an example that
a computer assistant can be used in a proof and not jeopardize its novelty, in-
sightfulness, and originality. Moreover, since AI is used to assist with the proof
strategy, it may even be one of the indirect reasons that the resulting proof
presents an insightful new method of dealing with a certain problem. However,
the person responsible for the creative content of the proof would always be the
mathematician themself.

To conclude, in this Chapter, we have established that the role of AI in
the proofs of Davies et al. should not be described as guiding mathematical
intuition, but rather as assisting in constructing a model based on which a
mathematician can obtain an insight. That means that Davies et al.’s AI is
not involved in guiding a mathematician’s state of awareness about an abstract
mathematical relation, but it is involved in helping a mathematician to provide
a robust ground for this relation.
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Conclusion

My goal for this thesis was to establish whether we can apply the notions of
mathematical intuition and mathematical insight to describe the work of AI
in mathematical proofs. In the first chapter, we describe how computer assis-
tants were used in mathematical proofs before the implementation of AI-based
assistants into mathematical practice, and how the implementation of classic
computer assistants was argued against. As we established, one point of the
critique was focused on the lack of insightfulness coming from the resulting
proofs: no new methods or patterns were uncovered, and hence, no insights
were brought into mathematical practice.

In the second chapter, we have described different approaches to mathe-
matical intuition and mathematical insight. We concluded that the perceptual
approach to mathematical intuition is the most conclusive and strongly estab-
lished. Therefore, we based the account of mathematical intuition in philosophy
of mathematics on the perceptual approach described by Parsons and Chudnoff.
For the same reasons, we chose to ground the discussion of mathematical insight
on the accounts provided by Griffiths and McDonald. The authors base the no-
tion of insight on the agent’s understanding of a representative model describing
the related theory. We have also noticed some strong points presented by other
accounts of mathematical insight: the description of insightfulness as a property
(Carter) and the traceability of knowledge obtained with mathematical insight
(Nathan and Walkington).

In the third chapter, we discussed how the method of obtaining AI-assisted
proofs presented by Davies et al. is different from the classical computer-assisted
proofs described in Chapter 1. We concluded that the software is used differ-
ently in the two types of proofs, as well as the initial goals of the mathematicians
implementing computer assistants into their work are different in their nature.
In the case of classic computer proofs, the software is used to verify a certain
step in a pre-planned proof; in the case of the AI assistant, the software is used
to plan the mathematical statement and the proof strategy in the first place.
This implementation of software into mathematical proofs can be used to argue
against the critique of computer assistants focused on the lack of insightfulness
and novelty coming from computer-assisted proofs. Davies et al. used AI specif-
ically to unravel the patterns that would be otherwise unlikely to be detected
by a human mathematician. Hence, the authors presented a case of a computer-
assisted mathematical proof the novelty of which – the original approach to the
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proof and formulation of the conjecture – was obtained with the help of AI.
This example illustrates that it is possible to not merely obtain a non-trivial
mathematical result by using a computer assistant, but also that a computer
can assist in finding and structuring this novelty.

In Chapter 4, we established that despite Davies et al. stating that in their
proof, AI guides mathematical intuition, that is not the function it performs.
It is not possible for AI to assist a mathematician in intuiting an object: AI
cannot provide help in the process of obtaining this experience. It is also not
the case that AI can be attributed any kind of creative agency in mathematical
proofs, at least, not to the AI that was used in Davie et al.’s proofs. AI does
not provide help to a mathematician in choosing what mathematical relation
they are going to research. It, however, provides assistance on the stage where
an already chosen relation should be formulated into a precise conjecture, with
a clear indication of the patterns that a mathematician is going to pursue in the
proof. Hence, the role of AI in proofs can be described as providing assistance
in understanding the structure and proof strategy of the object one has intu-
ited. This kind of understanding is described by several authors (MacDonald,
Griffiths, Carter) as mathematical insight. Hence, AI assists not in guiding or
obtaining mathematical intuition, but in providing a ground for mathematical
insight. That role, even though it provides essential help in structuring the
conjecture one is going to prove, does not make AI responsible for the decision
of what one is going to prove. AI provides assistance during the decision of how
one is going to prove the chosen relation, but a human mathematician is still the
only agent responsible for the final formulation and strategy: as we have seen
in Chapter 3, a mathematician can reintroduce the input data and reformulate
the candidate for the final conjecture several times until they are satisfied with
it, and in this process, the agency of the mathematician plays the final role.

We have come to the conclusion that in Davis et al.’s example, AI is used
as a tool and cannot be attributed exploratory agency directly. However, the
method of implementation of AI into mathematical practice demonstrated by
the authors is significantly different from the previously used computer assis-
tants. That method shows that in mathematics, computer software can be used
not merely as a tool assisting at a step of the already pre-planned proof, but also
at the step preceding the proof, involving the planning and formulation of the
conjecture one is going to prove. This example illustrates that ‘insightful proof’
– proof revealing novel methods and approaches – can be obtained with the use
of a computer assistant. Moreover, these new approaches can be planned with
the help of a computer assistant. However, a phenomenon that can be regarded
as a starting point of many proofs – mathematical intuition – cannot be assisted
by a computer, since it lacks any structural content and only amounts to the
mathematician’s experience of an object, close to perception.

Currently, machine learning5 is widely used in mathematical practice (d’Ascoli
2022, Zhang 2022, Berglund 2021). It is possible that the framework established

5Some authors call the assistants they use ‘AI’, and some only refer to it as certain machine
learning techniques.
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by Davies et al. will be developed into a more sufficient system that requires
fewer cycles combining machine learning predictions and human supervision and
correction. However, even if the authors achieve that, the role they leave to AI
would not involve any direct interaction with mathematical intuition other than,
of course, the development of the idea suggested by it. The method Davies et
al. suggested is very innovative for mathematical practice, but it still does not
allow for AI to guide the inner creative experience constituting mathematical
intuition.
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