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Abstract

We analyze the computational complexity of symbolic model checking for Topological Evidence Models,
where the state space is represented succinctly by BDDs. For the full language and already the
single-agent fragment without restrictions on the models we establish PSPACE-completeness. We then
identify fragments for which the complexity drops to ©F: in the single-agent setting, both restricting the
language to the [f-modality and bounding the evidence size to a constant lead to ©F-complete symbolic
model checking. Moreover, we obtain ©F-membership for the belief-only fragment by reusing the proof
scheme developed for the bounded-evidence case, indicating a reusable method for proving ©4 upper
bounds in related symbolic model-checking problems. Finally, we establish PSPACE-completeness for

symbolic model checking the knowledge fragment with unbounded evidence.
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Chapter 1

Introduction

Topological evidence models provide a mathematical framework for analysing evidence-based notions of
knowledge and belief. The aim of this thesis is to study the computational complexity of deciding, for
a given model M, a designated world w, and a formula ¢, whether M, w |= ¢. This decision problem is
known as model checking and forms a bridge from philosophically motivated models of evidence-based
knowledge and belief to applications in Al, where agents must reason about what they know or believe
based on partial information.

A major obstacle for applying topological evidence models is that their explicit state spaces grow
exponentially in the number of atomic propositions. Even models with few propositions can therefore
become too large to represent by explicitly listing all worlds and the associated evidence/observation
structure. Instead, we can represent the set of worlds and the structure on top symbolically by Boolean
functions which can describe exponentially many worlds using only polynomial space.

This succinctness makes it feasible to represent interesting models, but it also changes the com-
putational landscape: since complexity is measured in the size of the input representation, symbolic
encodings can increase the worst-case complexity of model checking. In particular, while model checking
on explicit finite models for standard epistemic languages is tractable, the corresponding symbolic
model checking problem for the full language studied in this thesis is PSPACE-complete.

This thesis asks where the high complexity of symbolic model checking comes from, and how it
depends on restrictions of the models and fragments of the language. Two complexity classes will
repeatedly appear: @5 and PSPACE. Our results draw a sharp distinction between two sources of
hardness: ©F-hardness arises from a succinct representation of the set of worlds (i.e. the Boolean
constraint describing which valuations are admissible), whereas PSPACE-hardness arises from a
succinct representation of the epistemic structure on those worlds (the evidence/observation components
that determine the modal transitions). The rise from ©1 to PSPACE and its relation to the size of
the epistemic structure will become clear in Sec. 3.2.5. While this at first might seem like some edge
case it sheds light on the sources of complexity of symbolic model checking on topological evidence
models.

Topological evidence models originate in epistemic logic. Classical epistemic logic is usually given
Kripke semantics in the style of Hintikka, where knowledge and belief are interpreted via accessibility
relations. In contrast, topological McKinsey-Tarski semantics interpret modalities via topological
operations. In the evidence-based reading adopted here, open sets represent pieces of evidence: a set
of worlds consistent with what an agent the piece of evidence. Topological closure conditions then

naturally capture how evidence can be refined or combined.



The epistemic interpretation of topological semantics has started with Moss and Parikh [MP92] and
was further developed by van Benthem and Pacuit [BP11]. The specific class of topological evidence
models studied in this thesis was introduced by Ozgiin [Ozg17] and recently extended by Gomes [San25]
with a notion of shared (group) knowledge. A key step towards this thesis is the move from explicit to
symbolic representations which was introduced to the topological setting by [San25]. Symbolic model
checking was developed in the temporal logic community and represents state spaces and transition
structure by Boolean formulas rather than explicit graphs. In epistemic logic, symbolic techniques
were brought to dynamic epistemic logic by Gattinger et al. via SMCDEL [Gat18]. Gomes follows a
very similar approach. She extends the work by Gattinger by adding a symbolic interpretation for the
evidence modality.

Complexity-theoretic aspects of symbolic model checking in dynamic epistemic logic have been
studied by Su [Su+09] and more recently by Behnke et al. [Beh+25]. We build on this line of work
to analyse symbolic model checking for topological evidence models. We consider two families of
languages: (i) an evidence-based modal language from which knowledge and belief can be defined, and
(ii) languages that take knowledge and belief as primitive operators. For the full languages, symbolic
model checking is PSPACE-complete: membership is shown via a polynomial-time alternating TM,
and PSPACE-hardness follows directly from a reduction by Su [Su+09, Prop 30].

We then refine the picture by analysing fragments of the full language and restrictions of the models
in order to isolate the origin of hardness. First, we show that merely restricting the number of agents
does not suffice to reduce complexity. Next, we study two settings in which the epistemic structure is
limited: (a) fragments that only use the observation modality, and (b) models in which the size of the
evidence vocabulary is bounded by a constant. In both cases, model checking becomes ©4’-complete. A
similar @5 -completeness phenomenon appears for the belief-only fragment, whereas adding knowledge
operators brings us back to PSPACE-completeness.

The outline of this thesis is as follows: we introduce the models, the language and the model
checking problem in Chapter 2. Chapter 3 first proves the complexity results for the evidence language
and then moves on to the knowledge and belief fragment. Table 3.1 summarizes the results established

in this thesis.



Chapter 2
Background

This thesis is largely self-contained and centers on complexity results, but it relies on a small number of
technical notions and definitions. In this chapter we introduce (symbolic) model checking, the symbolic
representation of Topo-E-models, and the basic BDD machinery used both in the implementation and
in several complexity arguments. We first explain the symbolic model checking perspective and why
symbolic representations can speed up evaluation in practice. We then define Topo-E-models and their
symbolic counterparts (STEMs), introduce the model checking problems studied in the thesis, and

provide small examples that will be useful as intuition for the proofs in Chapter 3.

2.1 Symbolic model checking and BDDs

Model checking on a possible-worlds model asks whether a formula ¢ is true at a designated world w
of a given model M, i.e. whether 9, w = ¢. This differs from satisfiability (SAT), which asks whether
there exists a model of a given class that satisfies . SAT has received more attention than model
checking in part because, on explicitly represented finite models M = (W, R, V'), model checking for
basic modal and epistemic languages is in P: one evaluates ¢ bottom-up by structural recursion, and
modal clauses can be checked by iterating over the explicitly listed successors or observation cells. A
standard dynamic programming algorithm computes, for each subformula ¥ of ¢ and each world w,
whether M, w |= v in polynomial time: we calculate the truth-sets for each non-modal sub-formulas
and each world and save the results in a table. Then we calculate truth-sets for the modal formulas
via set operations on the truth-sets. As the worlds and the relation are listed explicitly we can produce
and fill these tables in polynomial-time. The problem becomes more interesting when models are
represented symbolically, because the symbolic input can describe exponentially many worlds and
structure over them succinctly.

BDD-based symbolic model checking was introduced in [Bur+92] and mainly applied in verification
and temporal logic. In epistemic logic, symbolic techniques were introduced for dynamic epistemic logic
by Gattinger et al. via SMCDEL [Gat18], and were adapted to Topo-E-models by Gomes [San25]. In
a symbolic model one does not enumerate worlds but fixes a set of propositional variables and a state
law 0 describing which assignments count as worlds (are legal). Also the modal structure is represented
implicitly — in our case via equality on observables and inclusion on evidence variables. The central
challenge is therefore to evaluate modal formulas without explicitly generating the exponentially large

underlying state space, and BDD-based symbolic operations provide one practical way to achieve this.



2.1.1 BDDs and BDD-operations

We have already noted that we represent the state law as a BDD. Throughout, by BDD we mean
reduced, ordered binary decision diagrams. For a fixed variable ordering, reduced ordered BDDs give a
canonical representation of Boolean functions and allow efficient symbolic operations. All the results
and definitions we need for this study can be found in Bryant’s survey [Bry92]. After defining BDDs,
we introduce complexity results for the operations we need in this thesis (conjunction, disjunction, and

restriction/cofactoring, satisfiability).

Definition 1 (Ordered and reduced BDDs [Bry92, Sec. 2]). Let X = {x1,...,zm} be Boolean variables
and let < be a total order on X. An ordered binary decision diagram (OBDD) is a rooted directed
acyclic graph with:

1. exactly two terminal nodes labeled 0 and 1;

2. each non-terminal node v labeled by a variable var(v) € X and having exactly two outgoing
edges, a low-edge to low(v) (taken when var(v) = 0) and a high-edge to high(v) (taken when
var(v) =1);

3. along every path from the root to a terminal, variables appear in strictly increasing order w.r.t. <.

An OBDD is reduced if it satisfies the two standard reduction rules: (i) no node v has low(v) =
high(v) (eliminate redundant tests), and (ii) no two distinct nodes have the same variable label and the

same low- and high-successors (merge isomorphic subgraphs).

We can use the BDD to evaluate an assignment « by traversing the diagram from the root: at a
node v follow high(v) if a(var(v)) = 1 and otherwise follow low(v), until reaching 0 or 1. This is a
polynomial time operation as it would be for a standard propositional formula. We now present some

results that are essential to prove complexity bounds when building BDDs.

Fact 2 (BDD operations and complexity bounds [Bry92, Sec. 3]). Let F' and G be ROBDDs over the

same variable order <, representing Boolean functions f and g.

1. Congunction / disjunction (Apply). Bryant’s Apply algorithm constructs an ROBDD for
f op g for any binary Boolean operator op; conjunction and disjunction are instances. With
memoization, the number of distinct recursive calls is bounded by the number of argument-node

pairs, giving a worst-case time bound O(|F| - |G|).

2. Cofactoring / restriction (Restrict). Bryant’s Restrict operation computes cofactors flz :=
b] (and more generally restriction by a partial assignment) by simplifying the diagram and then

reducing it. Using memoization, restriction runs in time O(|F|) in the size of the input BDD.

While conjoining two BDDs is polynomial in the sizes of the input BDDs (Fact 2), compiling an
arbitrary Boolean formula into an ROBDD can cause exponential blow-up, and the outcome depends
on the chosen variable order.

For our reductions we use well-structured formulas and are able to freely choose a variable order.
To prove that a CNF can be constructed in polynomial-time in the number of variables, one can prove
that the Gaifman graph has bounded tree-width. Tree decomposition will also become important in

the @5 -membership proof model checking given bounded evidence.



Definition 3 (Tree decomposition and treewidth [Bod+22]). Let G = (V, E) be a graph, let T = (I, F)
be a tree, and let X; C'V be a set of vertices (called a bag) associated to i for every node i € I.

The pair (T, (Xi)ig) 15 a tree decomposition of G if it satisfies the following conditions:

LU&:W

iel

2. for all e = (v,w) € E, there is an i € I with v,w € X;;

3. for allv € V, the set of nodes
I,={iel|veX;}

is connected (that is, it induces a subtree of T).

The width of the tree decomposition is
max | X;| — 1.
i€l
The treewidth of G is the minimum width of a tree decomposition of G.

Definition 4 (Gaifman graph of a CNF [FPV05, Def. 2.2]). Let C' be a CNF formula over variables
Var(C). The Gaifman graph (or primal graph) of C is the graph Go¢ = (Var(C), Ec) where
{z,y} € Ec iff v and y occur together in some clause of C. We define the treewidth of C as
tw(C) = tw(Ge).

Theorem 5 (OBDD size bound via treewidth [FPV05, Cor. 2.1]). Let C be a CNF formula with
n = |Var(C)| variables and treewidth tw(C) = q. Then C has an OBDD of size polynomial in n and

exponential in q.

Although the theorem is stated existentially, the proof provides a construction. It gives an algorithm
that, given a width-q tree decomposition, builds an OBDD in polynomial time. In the reduction to
prove PSPACE-completeness for the one-agent fragment without restrictions, we will provide a tree
decomposition and then apply theorem.

Last but not least, an important property of BDDs is that once we have built them, we can check

unsatisfiability and satisfiability in polynomial time:

Fact 6 (BDD satisfiability / emptiness test [Bry92]). An ROBDD is satisfiable iff there exists a path
from the root to the 1 terminal; it is unsatisfiable iff it represents the constant 0 function. Thus

satisfiability /emptiness can be checked in time polynomial (indeed linear) in the BDD size.

2.2 Topo-E-Models

In the following, we give a short overview of Topo-E-Models as defined by Ozgiin [02g17] and further
developed by Gomes [San25]. For a complete treatment including proof systems and completeness
proofs see [BGG25]. We will only introduce the notions needed for the complexity analysis of symbolic
model-checking.

Topo-E-Models provide a way to model knowledge and belief based on soft and hard evidence.
The models are given as a state space, a valuation, a partition for the hard evidence and a topology

representing the soft evidence. Hard evidence (also observables) can be seen as the observations an



agent has made and is certain about. This kind of evidence is considered infallible. Soft evidence on
the other hand is fallible.

The most intuitive reading for belief then is truth in all maximally consistent pieces of evidence.
That is, an agent rationally believes a proposition in a world if all maximally refined pieces of evidence
that are inside the current observation cell are consistent with the proposition. An agent knows
a proposition if there also is a piece of evidence that supports the proposition. We can formally

characterize these definitions with topological notions. Formally, the models are defined as

Definition 7 (Topo-E-Model). A (multi-agent) Topo-E-Model for a finite set of agents I is a tuple

M = (X, {IL }ier, {7 }ier, v), where

X is a non-empty set of worlds (states)
II; CP(X) is a partition of X (hard evidence / observation cells for agent i)
7; CP(X) is a topology on X (soft evidence for agent i)

with the constraint I1; C 7; (every hard cell is i-open)

v : Prop — P(X) is a valuation for propositional atoms.

Forw € X, let II;(w) denote the unique cell of I1; containing w. We write Int;(-) and Cl;(+) for interior

and closure w.r.t. ;.
Further, we define a modal language Ly as

Definition 8 (Full language Lyn). The multi-agent full language for Topo-E-Models is defined by

puo=T [ Llpl-w|(ere) | Oe | Vg
we use () = =M— and O = -0O- as abbreviations.

The original language also contains a share operator. We omit it in this thesis. Gomes [San25]
gives reduction axioms that eliminate the share operator in polynomial time, so it does not affect the

complexity bounds considered here.

Definition 9 (Topo-E-semantics). For a Topo-E-Model 9 and an Lyo-formula ¢ we define the forcing
relation |= inductively by

MwET < always

Mw = L < never

Mwl=p < wev(p)  (pe€ Prop)

M,w = —p & Mw o

Mw = (e A ) e MwlE@ and Mw E P

M, w = [V];ip & Viell(w) MtE=ep

M, w =0 & went([¢]™) & Wen (welC [p]™)



Here [o]™ := {x € X | M,z = p} is the truth set of v in M.

We now define belief and knowledge modalities as abbreviations:

e Belief (B;p := [V];0:0ip): there is soft evidence for ¢ that is consistent with all other soft

evidence in the current observation cell. Formally, Int;([¢]) is locally dense at w:
IT;(w) € CLi(Int;([¢]))-

e Knowledge (K;p := B;p AJ;p): ¢ is believed and also has factive soft evidence at the actual
world, that is w € Int;([¢]).

We further define the language L£xp where knowledge and belief are primitives but are still interpreted

with the same semantics as their current abbreviations above.

2.3 Symbolic Topo-E-Models

With symbolic Topo-E-Models (STEM) we avoid explicit listing of worlds and relations or topologies.
Here, the model is given as a set of propositional variables together with a state law that restricts

which worlds exist and propositional variables for observables and evidence. Formally,

Definition 10 (Symbolic Topo-E-Model). A symbolic Topo-E-Model for a finite set of agents I is a
tuple
m = (V7 07 {Oi}iEI7 {E’i}iEI)a where

V ={x1,..xn} s a set of propositional variables

E, CV is the evidence set for agent i

O, CV is the observable set for agent i
0 is the state-law given as BDD.

A world w C V is a set of propositional variables consistent with 6, that is (w) = 1. We are still

working with the language Ly

Definition 11 (Symbolic semantics). For a symbolic Topo-E-Model 9 and a Lyo-formula ¢ we define
the forcing relation = inductively by

M w=p < peEw (peVv)

M, w = —p < Mw e

Mo (pAe) & Muwk o and Mw

M, w = [V];p & Vit ost. O;Nw=0;Nt andt=46, holds Mt =@

M, w = Oip SVt st wNE, CtNE,NO;Nw=0;Nt andt=0, holds Mt = ¢

Oi and (3); are defined by duality.



{e1,e2,e3}

fer ez} fez s Nodes = S4-equivalence classes

V= {pla‘”)pnvelae2ue3}
0=T
E= {61762763}7 OZ@

{617 63}

{e1}

%]

Figure 2.1: Evidence lattice with three evidence atoms and T as state law. The nodes represent all
assignments that are consistent with the state law and force the evidence atoms in its tag.

Gomes [San25, Thm. 6.11] proves that there is a truth-preserving translation between explicit and
symbolic Topo-E-Models. The translation from symbolic to explicit models is inherently exponential
as it enumerates all worlds consistent with the state law. Hence, it does not help for our complexity
investigations.

To get a more intuitive picture note that the semantics for [V]; corresponds to quantifying over an
equivalence relation:

wr;t iff wNO;,=tNO;

Now the semantics for [J; correspond to quantifying over a preorder inside the partition cells defined

by the ~; equivalence relation.
w=;t iff wNE, CtNE; and w =; t.

These relations are implicitly defined but never spelled out as explicitly listing them would amount
to spelling out the worlds which in turn leads to explicit models. Still, it is an important tool for
visualization /intuition as well as for proofs as many things are easier to prove when arguing over the
underlying relations.

It is important to note that ~; partitions the state space into observation cells, while <; defines a
preorder on the worlds within a cell by evidence extension. Two worlds are <;-equivalent exactly when
they agree on the evidence variables E;. For the trivial state law T this gives us the lattice (257, C)
inside each observation cell, as depicted in Figure 2.1. By restrictions through the state law, we can
either restrict which equivalence clusters exists and/or which worlds are in each equivalence cluster.

The preorder structure defined through C persists.

2.4 Symbolic Model checking for Topo-E-Models

We now give the formal definition of the model checking problems we are going to consider in this

work.



Definition 12 (Model checking on STEMs). We define the model checking problems on symbolic
Topo-E-Models as
STEMCS (MM, w, ) =1 — M, w = ¢

where C is a tuple of constraints on the model and L is a language. C' contains the constraints on the
number of agents, the maximal size of the evidence sets, and the maximal size of the observable sets.

The language is indexed by the modalities that appear in the modal language.

NEISE §S the problem of deciding, given a one-agent STEM 91 =

As an example, STEM CZ;;
(V,0,0,E) with |E| < k, a world w C V with w |= 6, and a formula ¢ € Ly, whether 9, w = .
Note, whenever we restrict the class of models the complexity stays equal or goes down. The same

holds for restricting the language to a fragment.

2.4.1 BDD-translation

Gomes [San25, Def. 6.6] defines translations of the symbolic semantics into Boolean formulas necessary

for the BDD implementation. Note that these translations are potentially exponential.

Definition 13 (Local Boolean Translation). Given a symbolic Topo-E-Model 9, we define the local

boolean translation
|+ [lom EMD — LBool(V)

on M as follows:

1T llom ==
[pllan =
[I=pllon := = llspllom
I Apllan == llollan A Nl

10l = ¥EL(( A (e ) = v\ oD (( A (e =€) A0 llellm))

e, €lr e, €Fkr
1M1l == Y(V\ O1) (0 = [l¢llan),

where p € V' is any propositional variable.

Theorem 14 (Correctness of the Boolean translation [San25, Thm. 6.7]). For every ¢ € Ly and
every pointed model (M, s),

O, s) = if s = el

All cases but the one for O; correspond to the work by Gattinger in [Gat18] for symbolic model
checking on S5-models. These results justify the BDD-algorithm used in the implementation.

There are two things to note about this translation. Firstly, if we were to expand the quantifiers,
the translation would be exponential and would correspond to explicitly enumerating all worlds. For
example, the quantifier VE; together with the conjunction over e; € E; yields a conjunction over 2lEi|
assignments.

Secondly, this expansion is not necessary for producing the BDD, since we apply universal abstraction

rather than explicit enumeration. Still, the BDD can blow up, even in the fragment without ;. There

10



are several possible sources for this kind of exponential blow-up, and in some cases it is unavoidable.
A simple example of a Boolean function that necessarily leads to exponential blow-up is the hidden
weighted bit function [Bol+99]. Accordingly, the symbolic model checking approach has worst-case
exponential time and space behaviour, since in the worst case the BDD construction may produce an
exponential-size BDD, and hence the algorithm is not restricted to polynomial space.

This does not contradict our PSPACE-completeness result: PSPACE-completeness guarantees the
existence of a polynomial-space decision procedure, but it does not imply that every practically useful
symbolic procedure must stay within polynomial space on all instances. However, in many cases the

translation is tame and can lead to much faster evaluation in practice.

11



Chapter 3

Complexity-results

3.1 Overview of complexity landscape

In this chapter we map out the complexity landscape for symbolic model checking on topological
evidence models. We will look at the languages Ly, Lk, 5 and fragments of both. The results we are

going to prove are summarized in table 3.1.

Table 3.1: Complexity of symbolic model checking for Topo-E-Models

Problem Setting Comments Complexity

STEM C§Z2 Multi-agent Ly and all extensions PSPACE-complete [Su+09, Prop 30]
STEMC’Z;1 One-agent  Lp and Lyn PSPACE-complete Sec. 3.2.3
STEMC’Z;1 One-agent Ly (no box) ©F-complete Sec. 3.2.4
STEM CZ;;"E‘Sk One-agent Bounded evidence ©F-complete Sec. 3.2.5
STEMC}=? Multi-agent B-only to full £  PSPACE-complete Sec. 3.3
STEMC'Z;1 One-agent K-modality PSPACE-complete Sec. 3.3.2
STEM CZ? One-agent  Belief only ©F-complete Sec. 3.3.1

The first important result presented here is that symbolic model-checking the full language is
PSPACE-complete. As the S5-models investigated by Su et al. [Su+09] are a fragment ([ only,
unbounded observables, multi-agent), we can directly conclude PSPACE-hardness. We get membership
by providing an alternating Turing machine that runs in polynomial time. Already the 2-agent case
with unrestricted observables, ST EM CZ;Q is PSPACE-complete as [Su+09, Prop. 30] shows. Thus,
we will be mainly concerned with the one-agent case.

The first technically interesting result is PSPA CE-completeness for the one-agent case ST EM C’Z;é.
We will present a reduction from TQBF that established PSPACE-hardness. The reduction works by
encoding the strategy tree from the game view of TQBF in our symbolic models by means of evidence
atoms, that is, we construct a symbolic binary tree in our model. PSPA CE-membership simply follows
by a restriction of the algorithm for the multi-agent language.

Then, we show that the symbolic model checking problem ST EM ngl is (9§D -complete. This result
is established by a reduction from the canonical ©4-complete problem MAX-MODEL-PARITY. We
establish @5 -membership by an algorithm that first reduces modal-depth and evaluates all modal

12



formulas with a polynomial number of non-adaptive NP-oracle calls.
Cn:1,|E\§k
the hardness of STEM C’Z;l. We then prove ©F-membership by providing an algorithm that runs in

For symbolic model checking with restricted evidence ST FEM , we get ©F-hardness from
polynomial-time with a tree-like NP-oracle query DAG. We bound the treewidth by an explicit tree
decomposition and invoke [GR22, Thm 2] from Gharibian et al. to conclude ©F membership.
Finally, we study variants where knowledge K and/or belief B are taken as primitives. We still
keep the same semantics. All upper bounds transfer by reusing the model checking procedures for the
evidence language. For knowledge, the one-agent PSPACE-hardness proof can be adapted from the
unbounded-evidence TQBF reduction by adding maximal worlds so that the belief component of K
becomes trivial and the reduction directly transfers. For belief, the picture changes: the special case
By with propositional ¢ falls to CONP (under the assumption that the state law is given as a BDD).
This enables a ©4 model-checking procedure for the belief-only language by an algorithm similar to
the one for bounded evidence. Beyond complexity, this suggests that the model checker implemented

by Gomes could be optimized by switching to the equivalent truth in all maximal worlds definition.

3.2 Complexity of model checking the evidence languages

3.2.1 Notation and Conventions

Throughout this chapter we work with symbolic Topo-E-models
M = (V,0,{E:}ier, {Oi}ier),

where V is a finite set of propositional atoms, 0 is the state law (given as a BDD), and E;,0; CV
are, respectively, the evidence and observable atoms of agent 7. In the one-agent cases, we drop the
indices. A world is a set w C V. We call w legal if f(w) = 1. Formulas are evaluated at pointed models

(M, w, ¢) with w legal.

Projection formulas. For any X CV and any S C X, we write

() = (A=)~ (A —2)

z€eS zeX\S

for the propositional formula that fixes exactly the valuation S on X. For a world w we abbreviate
mx(w) = mx(w N X). In particular, we use mo(w) for observation-cell constraints and wg(w) for

evidence-block constraints.

Fixed observation cell (one-agent). In the one-agent case, the observation cell never changes
along modal steps. Thus, for model checking at w we fix the observation cell by strengthening the
state law to

0 = 0 N mo(w),

and then work with 8% in all satisfiability tests below. We write 8 after this replacement to keep the

notation simple.

13



Size measure. We measure the complexity in terms of the input variables |V|, the size of the BDD

for 6, and the formula size |¢|.

3.2.2 PSPACE-completeness for the full multi-agent language

We prove the upper bound for symbolic model checking in the full multi-agent language. Together
with the hardness results proved in [Su+09], this yields PSPACE-completeness.

We prove membership via an alternating Turing machine. To avoid negative and positive occurrences
of modalities (and hence a polarity parameter), we first put the input formula into negation normal
form (NNF): negation occurs only in front of atoms. This can be done in polynomial time using the

standard dualities

-0, = 0, =0 = 0, [V = ()b, ~(J)ip = V)i

Thus, in what follows we assume ¢ is in NNF.
Our algorithm works with configurations (s, 1)) where s C V and ¢ € Lyo-. It then recurses on the
formula. Boolean cases are handled in a standard way. The only interesting cases are how the ATM

handles the modalities. The idea can be summarized as follows:

o For (s,0:v), (s, (3)i)): existentially guess t C V', check #(t) and the corresponding accessibility

condition (s <; t or s =; t); if it holds, recurse on (t, 1)), otherwise reject.

e For (s,0;4), (s,[V]i%): universally branch over all t C V; if 6(¢) and the accessibility condition

hold, recurse on (¢,1), otherwise accept immediately.

We now give a fully spelled-out version of the algorithm and prove correctness:
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Algorithm 1: ALTMC (full language, NNF)
Input: M = (V,0,{E;, O;}icr) with # as BDD, world w C V with w = 6, formula ¢
Output: true iff M,w = ¢

1 ¢ < NNF(p).
2 return MC(w, ¢).

3 Function MC(s,):

4 if v =T then
5 ‘ return ftrue
6 else if ¢y = p then
7 ‘ return (p € s)
8 else if ) = —p then
9 ‘ return (p ¢ s)
10 else if ¢ = Y1 A s then
11 ‘ universally branch to MC(s, ;1) and MC(s, ¢2);
12 else if ¢ = 91 V 92 then
13 ‘ existentially choose j € {1,2}; return MC(s, 1)
14 else if ¢ = O;x then
15 existentially guess ¢t C V;
16 if BDD-EvAL(0,t) =1 A (sNO; =tN0O;) A (sNE; CtNE;) then
17 ‘ return MC(t, x)
18 else
19 ‘ return false
20 else if ) = (3);x then
21 existentially guess t C V;
22 if BDD-EvaL(0,t) =1 A (sNO; =tN0O;) then
23 ‘ return MC(t, x)
24 else
25 ‘ return false
26 else if ¢ = [;x then
27 universally branch over all ¢ C V;
28 if BDD-EvaL(0,t) =1 A (sNO; =tN0;) AN (sNE; CtNE;) then
29 ‘ return MC(t, x)
30 else
31 ‘ return {rue
32 else if i) = [V];x then
33 universally branch over all ¢ C V;
34 if BDD-EvaL(0,t) =1 A (sNO; =tNO;) then
35 ‘ return MC(t, x)
36 else
37 ‘ return {rue

Theorem 15 (PSPACE-membership). Model checking the full language Ly, on symbolic Topo-E-
Models is in PSPACE.
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Proof. We first show correctness of MC, then the PSPACE bound.

We prove by structural induction on v that for every state s and every NNF subformula 1 of ¢,
MC(9M, s,v) accepts iff M, s = ).

Atoms: For ¢ = p and 1 = —p this holds as the semantic and the acceptance conditions coincide.

Boolean cases: For 1) = x1 A x2, MC universally branches to both children and accepts iff both
children accept. By the induction hypothesis, this is equivalent to 9, s = x1 and M, s = x2, i.e. to
M, s = x1 A xe. For v = x1 V x2 the argument is analogous with existential branching.

Modalities: We treat [V];; the cases O;, ¢; and (3); are analogous. By semantics,

M,s k= Vix < VECV [(0t) =1As~t) =Mt x|

The ATM branches universally over all ¢ C V. On each branch we have that if 8(t) # 1 or s #%; t, the
branch accepts immediately; otherwise it continues with MC(90, ¢, ). By the induction hypothesis,
this accepts iff M, ¢ = x. Thus the universal acceptance condition of the TM coincides with the
Topo-E-semantics.

For (3);x, the same reasoning applies with existential guessing and the semantic clause 3t (0(t) =
1As=; t At | x). For O; and §; replace s ~; t by s <; t.

A configuration of MC stores a state s C V', which needs O(|V|) bits, and a pointer to a subformula of
¢, which needs O(|p]) bits. As we recurse on the formulas, the recursion depth is O(|¢|). The checks
0(t)=1,sN0; =tN0O; and sN E; CtN E; can be performed in polynomial time in |V| and the size
of the BDD for #. Thus the ATM runs in polynomial time. Therefore, the problem is in APTIME.
Given the standard theorem APTIME = PSPACE, model checking is in PSPACE. [AB09, Thm
5.10] O

3.2.3 PSPACE-completeness for the one-agent fragment

In this section, we establish PSPACE-completeness for the one-agent fragment. PSPACE-membership
we get by simply restricting the algorithm 1. Hence, it is only left to prove hardness. We do this by
reducing from TQBF. The reduction works by encoding the strategy tree from the game semantics
view on TQBF in symbolic Topo-E-Models. This is inspired by [Lad77] where PSPACE-completeness
is proved for S4 satisfiability by doing a similar encoding of a tree in a Kripke model. In our reduction,
we will use the state law, and the evidence atoms to symbolically represent a binary tree. We then
construct a modal-formula that is true at the root of the tree if and only if the original QBF is
true. This is done by matching the existential and universal quantifiers by ¢-modalities, respectively
[J-modalities, guarded to the next level. Each step encoded in the modalities then corresponds to

picking a value for a variable.
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[(1,1,1)} [(1,1,0)} [(1,0,1)} [(1,0,0)] [(0,1,1)} [(0,1,0)} {(0,0,1)} [(0,0,0)}
= o* = ¢* = o* = ¢* = o* 7~ * o 7~ *

Figure 3.1: Kripke model for the TQBF instance Vz1Vzodzs (ml V (z2 A xg)) The prefix is encoded by the modal formula
p2 = O(03 A ¢*), p1 = O(02 — ¢2), po = 0(01 — ¢1). Each world is labeled with the corresponding level formula ¢; and the
evidence literals e; true there, encoding a partial assignment to x1,x2,z3. Leaves are annotated with the corresponding total

assignment (x1,z2,x3) we get after substituting et for x;, ~x;. The formulas @2, p1, o mirror the quantifier prefix.

Theorem 16 (PSPACE-hardness for one-agent fragment). For every fully quantified Boolean formula

b = lel .. .in'n ¢($1,- . .,.Tn),

we can construct in polynomial time a one-agent symbolic Topo-E-model My and an Lyg-formula oo
such that

O is true iff Ms,so E o,

where sg is the root of the binary tree represented by Me. Thus, symbolic model checking in the
one-agent case is PSPACE-hard.

Proof. We reduce from TQBF. Let

¢ = Qlwl ann¢(w177xn)

be a fully quantified Boolean formula. According to the game view on TQBF, the quantifiers induce
a two-player game (Existential vs. Universal) in which the players choose values for the variables in

order, and @ is true if and only if the existential player has a winning strategy in this game.

We work with a single agent and define:

V = {do,dl,...,dn} U {€+7€;|1§Z§n}

)

Intuitively, e;r encodes z; = 1, and e; encodes x; = 0. The atoms d; indicate that x1,...,z; have been
decided.
We take £ = V and O = ) and define the state law 0 as:

n—1 n n
0 = dy A N\(dier—di) A J\ (di & (ef v e;)) A N(=ef V=)
i=0 i=1 i=1
A world is any subset w C V with #(w) = 1. For any such world w we have:
e d; holds iff exactly one of ef, e; holds,

e from d;;; — d; we obtain the chain d,, — d,—1 — --- — dp.

Thus, w “decides” x; exactly when d; holds. For an example of how the reduction works see Figure 3.1.
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As we have set O = (), the induced preorder reduces to
w=t iff wNECtNE.
As we have set £ =V this further reduces to
w=t iff wCt

Thus, each world (corresponding to an assignment) is related to all its extensions.
To guard modal operators to minimal extensions (our model only provides the transitive closure of

the strategy tree) we define
di N —dipy, if0<i<n,

dn, if i =n,

so that w = §; expresses that w decides ezactly the variables x1, ..., z;. More precisely, for legal world

w we have:
e if w = 4;, then for every k < ¢ exactly one of e,":, e, isin w
(as Ay (di 6 (e Ver)) A Ni(oef Vmer))
e if w = §;, then for every k > i neither e; nor e, is in w (w = —~dy).

Note further, there is a root world {dp} and if w = §;—1 for some 1 < i < n, then there are exactly

two <-minimal extensions ¢ O w such that ¢ = ¢;, namely:
° tSS) with e, € tﬂ,” (encoding z; = 0),
o tW with el € £ (encoding z; = 1).

We will use these minimal extensions to mirror a player choosing the value for the next variable in the

game view on TQBF.

Now, for each world w, we define a partial assignment a,, on z1,...,T, as
1 if ej € w,
aw(zi) == 0 if e; € w,

undefined otherwise.

This is well-defined as we have ﬂ(ej Ae; ) in 0. The chain of d;’s ensures that if x;;1 is decided, then
so are x1,...,x;. We will need these partial assignments to prove by induction that each modal step in

our formula corresponds to a quantifier step in the QBF. Next we will define a formula ¢ such that
M, {do} = o < P is true.

Let ¢* be the propositional formula obtained from ¢ by replacing each x; by e:r and each —z; by

e; . We now define formulas ¢; that mirror the TQBF game choices by backward induction on i:
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and fori=mn,...,1,

PYi—1 =

Now, define pg = @g.
For the downward induction we need one further definition. For 0 < ¢ < n and any partial

assignment « to x1,...,x;, let

Qi+1xi+1 - ann ¢(Oé, Tigly--- ,.TUn), if i < n,

P(a), if i =n,

(I)z(()c) =

be the TQBF suffix starting at position 7 + 1. Note that ®¢()) = ® and ®,,(«) is ¢ evaluated under

the total assignment «.

Invariant. We prove by downward induction on ¢ an invariant that says that truth is preserved under
eliminating quantifier (J; by substituting in the values from the partial assignment «,, for the variable

z; where w = d;:

Invariant J(i). For every state w with w = 0; (i.e. w decides exactly x1, ..., x;),

Mp,w = p; iff P;(ay) is true.

Base case i = n. Let w be such that w = d,, so «,, decides all variables. Then
Pn = ¢
and, by construction of ¢*,
Mo, w = p, < ¢* is true in w < ¢(ay) is true <= D,,(,) is true.

Thus J(n) holds.
Inductive step. Assume J(i) for some 1 < i < n and consider J(i —1). Let w be such that w = §;_.
Case Q; = 3: Then

i1 = Q0 A i)
Intuitively, at a state w = ;1 the next variable to be chosen is ;. The {-step represents the existential
player selecting one of the two possible values for x;, i.e. moving to a <-successor that decides z; and

from there satisfies the continuation ;.
Formally, by the semantics of ¢ and the fact that w <t iff w C ¢,

My, w = i1 = FH 2w (t= 06 AMa,t = @i).

Now fix such a state w with w = §;—1. By the definition of §; (and the state law ), the condition
t = 0; means that ¢ extends w by deciding ezactly the next variable x; (and no later one). Hence there

are precisely two <-minimal successors ¢t O w with ¢ |= J;:

t9 = wu{eyu{d} and  t) = wu{ef}u{d},

w
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encoding the choices z; = 0 and x; = 1, respectively. Any further extension of tgf ) decides variables

Tit+1, Tit2,- .. and is therefore not <-minimal among the §;-states above w.

Therefore the existential quantification over ¢ can be restricted to these two states:

Me, w ): Pi—1 (im@tg?) = (pi) or (mT@,tS) |: 901')-

For a € {0, 1}, the partial assignment induced by tgf,l ) is exactly the extension of ay, obtained by setting

x; to a:

Ay = |z — al.
By the induction hypothesis J(i) (which applies since £ = di),
Mo, t1Y = — q)i(at,(ﬁ) is true <= O;(a[z; — al) is true.
Combining these gives us
Mo, w = i1 <= Ja € {0,1} ®;j(ay[z; — a]) is true.
This is exactly the truth condition for the QBF suffix
D1 () = Fz; i, x;),

and hence J(i — 1) holds when @; = 3.
Case Q; =V: Now
pi-1 = 00 = @i).

Intuitively, at a state w |= d;—1 the next variable to be chosen is x;. The (-step represents the universal
player choosing the value of z;; hence ¢; must hold after both possible choices. Again we guard the
universal step by §; so that we only quantify over the two immediate z;-extensions.

Formally, by the semantics of [ and the fact that w <t iff w C ¢,

Me, w ):goi_l = Viow (t )Zéi = My, 1t }Z‘p%)

Now fix such a state w with w |= §;—1. As in the existential case, the condition ¢ = §; means that ¢
extends w by deciding ezactly the next variable x;. Hence the only <-minimal successors t O w with
t = 0; are the two states

tO = wu{e;Yu{d} and  t) = wuU{efYU{d},

w

encoding the choices x; = 0 and x; = 1, respectively. The universal condition reduces to checking ¢; at

both guarded successors:

Mp, w = i1 <~ (mt¢,t§f) = (pi) and (ﬁﬁcp,tg) = (p,’).

For a € {0,1}, we again have

Qo) = aylzi > al.

w
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By the induction hypothesis J(i) (which applies since £ ): 5i),
My, t) = ¢ = @i(atg?)) is true <= ®;(ay[z; — a]) is true.
Combining these gives
My, w = i1 <= Va € {0,1} ®;(ayx; — a]) is true.
This is exactly the truth condition for the QBF suffix
D1 () = Va; @i, x;),

and hence J(i — 1) holds when Q; = V.

Now it is only left to show that the reduction runs in polynomial time:

o Model size and BDD for 6. We have that the number of variables n = |Var(¢)| < |¢|. We

introduce 3n 4 1 propositional variables,

Vo = {do,...,d,}U{el e |1<i<n},

z’z

so |Vp| = O(n). Further, E =V, O = () for the unique agent. The state law 6 is the conjunction

n—1 n n
0 = do A /\ (di+1 — dz) VAN /\ (d, > (6;'_ V 6;)) VAN /\(—\62_ V —|6i_).
i=0 =1 =1

Expanding this into CNF, we get clauses of the types:

1. (dp).

2. (ndiy1 V d;)

3. (d; Ve Voe), (mel Vv d;) and (—e; V d;).
4. (mef VvV —e)

These are O(n) clauses with a total of O(n) variables.

We now prove that this CNF admits a polynomial-size BDD. Under the ordering
do<ef <ejf <dy < <eb <e, <d,

the Gaifman graph (see Definition 4) consists of triangles {d;,e;", e; } (induced by clause types
(3) and (4)), which are linked by edges {d;,d;+1} (induced by clause type (2)). Hence, it has
constant treewidth by the obvious tree decomposition with bags {d;,e;,e; } and {d;, d;1}. By
[FPVO05, Thm 2] (see our Theorem 5), we can construct the OBDD 6 in polynomial-time.

e Translation of the formula. The formula ¢* is obtained from ¢ by replacing each occurrence of x;

by e; and each —z; by e; . This does not increase the size of the formula. Thus, |¢*| = O(|¢|).
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We set ¢, := ¢* and define for i =n,..., 1:

Qi Npi), if @y =3,
D((Sz — 801')7 if QZ = V,

Pi—1 =

where 6; is of constant size (either d; A —d;41 or d,,). Each step adds a constant amount of
symbols around ¢;, so

lpol < [¢7|+O(n) = O(|¢] +n),
which is polynomial in the size of ®.
Thus the reduction is a polynomial-time many-one reduction from TQBF to symbolic model
checking in the one-agent case. O
3.2.4 ©F-completeness for single-agent Ly fragment

In this section, we prove membership of model-checking the 1-agent [V] only fragment Ly of Ly on
symbolic Topo-E-Models. This result is also a consequence of @5 -membership of the bounded evidence
case (next section) but it can be proved easily and provides a good introduction to what follows. First
we recall a standard result: S5-formulas can syntactically be reduced to equivalent formulas with
modal depth at most 1 [CH96, Ch. 5]. Flattening a formula first allows us to model-check it with
polynomially many parallel NP-oracle queries. This corresponds to the complexity class Ph\IP = @5 .

To spell out the algorithm cleanly we use the following (polynomial-time) sub-routine:
e FLATTENS5(1)) takes a NNF Ly-formula and reduces it to one of modal depth at most 1.

For propositional ® we define the oracles:

SAT(0,®) =1 <= (0 Amo(0) A D) is satisfiable, UNSAT (0, ®) := = SAT (0, ®).

Algorithm 2: MC-Ly (1-agent [V]-only fragment, ©% membership)
Input: STEM M = (V,0,0) with  as a BDD, world w C V with BDD-EvVAL(0, w) = 1,
formula ¢ € Ly,
Output: true iff M,w =

1 9 < FLATTENS5(v))

o+~ wnOo

w N

® + { ¢ | ¢ is a modal subformula of ¢ }

N

foreach ¢ = [V]a € ® do
| b, + UNSAT(0, -a)

9]

6 foreach p = (J)a € ¢ do
7 ‘ by,  SAT (o, )

(CAE

foreach o € ¢ do

0 | v e grp e byl

11 return EVALPROP(w, ¢*)

©
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Theorem 17 (©4-membership). Given a one-agent Topo-E-Model M, a Ly-formula ¢ and a world
w C V' checking whether

M, w = 1
is in OF
Proof. We prove the results by showing that Algorithm 2 is correct and in P”

Truth-preservation under FLATTENS5(¢)) and polynomial-time of it are standard results [CH96,
Ch. 5]. Thus, after the flattening step we obtain an equivalent formula of modal depth at most 1, and
hence every modal subformula is of the form [V]a or (3)a with propositional .. Let 0 :=w N O. Then
the oracle SAT (o, -) mirrors the semantics of the depth-1 modalities:

Muw (FHa < FIsCV:i(sEI A snNO=o0 A skEa) <= SAT(o, ).
MuwVa < -IsCV:i(sEI A snNO=o0 A sk a) <= UNSAT (o, ~).
The number of modal subformulas is linear in ||, hence we only need polynomially many oracle calls.
Substituting the resulting truth-values gives us a propositional formula, which can be evaluated by

EVALPROP(w, -) in polynomial time. Therefore we have a polynomial-time algorithm with one batch

of polynomially many non-adaptive NP-oracle calls, i.e. in P” This shows membership in @5 .0

We prove hardness by a reduction from the canonical ©4'-complete problem MAX-MODEL-PARITY:

Definition 18 (MAX-MODEL-PARITY). Given a satisfiable propositional formula ¢ decide whether

max( Y «;) s odd.
afFe

%

For our reduction, we will need counting circuits to express "among the variables z1, ..., x,, at most
k are true”. These have to be constructible in polynomial-time. There are many options for this. We
will use the one defined in [Sin05].

Definition 19 (Sinz sequential counter). Fizn > 2 and k > 1. Let
X ={x1,..., 2}, S={si;j|1<i<n-—-1,1<j<k}.
Define LTSEQ as the following set (conjunction) of clauses:
LTS = {(~21 Vs11)} U {(=s1,) [2<j <k}

U U ( (=i Vsin), (msic1a1Vsin), (mz Vsi—ik)}

U ({02 V =sicj-1 Vosig), (5sio1; V Si,j)})

—-

Il
I\

U {(=zn V =sn-1x)}-

Sinz proves in [Sin05, Thm. 1] that

1. LTSE{Q is a clausal encoding of < k(z1,...,x,), i.e. among x1,...,z, at most k variables are set

to true.
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2. spelling this out requires O(n * k) clauses and O(n * k) auxiliary variables.

We do not want to express that at most but that at least j variables are true. We can do this by

using the duality defined in Lemma 2 in [Sin05]:

> j(z1,. . xn) T < (n—7)(-z1,..., @) iff LTSEQ.[xi»—)—':L“i for all i].

n7n7]

Theorem 20 (O -hardness). For every MAX-MODEL-PARITY instance ¢ over variables x1, . . ., Tp,
we can construct in polynomial time a one-agent symbolic Topo-E-Model M and an Ly -formula ¥

such that for every world w CV,

max ;) 1s odd 1 M w =,
QW(Z ) i =

i

Reduction. Given ¢, construct the symbolic Topo-E-Model MM = (V,0,0, F) as follows. Let X :=
{z1,...,2,} and let S be a set of auxiliary variables used by a sequential-counter encoding (as defined
above). Define
Vi=XUS§S, O =, E =1, 0:=T.
Thus 6 is a constant BDD and since O = ) [V] and (3) quantify over all worlds ¢t C V.
Define
Cs; = LTEQ [a:Z — —x; for all z]

n,n—j

By correctness of the Sinz encoding, for every assignment 3 to X,

f = C>; (for some extension to §) <= Zﬁi > j.

In particular, C'>; has size polynomial in n.

Now, for each 1 < j < n define the Ly-formula

¥ = (D(EAC55) A M(Csiit1y = )

Intuitively, 1; says: there exists a satisfying assignment with at least j ones, and there is no satisfying

assignment with at least j+1 ones; hence the maximum number of ones is exactly j.

U .= \/ ¢ﬁ-

1<j<n
7 odd

Finally, let

Correctness. Let OPT := maxX,p > ;. Fix any world w C V. Since O = ) and # = T, the modal

operators quantify over all worlds t C V. By Sinz results, we have

e M w = (I)(¢ A Cs;) iff there exists a satisfying assignment of ¢ with at least j ones, i.e. iff
OPT > j.

e M, w = [V](Cs(j+1) — ) iff there is no satisfying assignment of ¢ with at least j+1 ones, i.e.
ifft OPT < j.

Hence M, w = ¢; iff OPT = j, and therefore M, w |= W iff OPT is odd.
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Size bound. The model has § = T and O = (), and |V is polynomial in n. The formula ¥ contains
O(n) many 1;, each using a polynomial-size Sinz encoding. Thus, |¥| is polynomial in n and therefore

in |p|. O

3.2.5 OF-completeness for single-agent bounded evidence

Fix a one-agent symbolic Topo-E-model 9 = (V,0,0, E) and a legal world w. As in Sec. 3.2.1 we fix
the observation cell once by replacing 6 with 6 A mo(w), and write 6 thereafter. Assume |E| < k for a
fixed constant k. First note that we get hardness by simply setting evidence and observables to empty.
Then, the reduction for the [M-only case applies verbatim. We show that symbolic model checking
in this fragment is in ©F. We design a poly-time algorithm that has an NP-DAG with bounded
separator number as query structure. By theorem 2 from Gharibian et al. [GR22] this suffices to
conclude ©F membership. The theorem invoked is a strengthening of Gottlob’s classical result about
@5 completeness for NP-Trees [Got95]. We will further explain this result below and first provide an

intuitive introduction to how our algorithm works.

Algorithm 3 evaluates ¢ at w by (i) enumerating the (constant-size) domain of consistent evidence
blocks, (ii) decomposing ¢ into modal gadgets whose dependencies form a tree, and (iii) evaluating this
dependency tree bottom-up using local SAT tests on blocks. Bounded evidence restricts the modalities
to a constant-size domain L C 2F of size at most 2¥ on which they are invariant, so every modal-rooted
subformula is equivalent to a constant-size circuit X C L.

We first present the modal gadgets we will use in the algorithm.

Figure 3.2: A modal gadget

Definition 21 (modal gadgets (leaf-modal form)). Let ¢ be in NNF and let T, be its syntaz tree. A
node is modal if its label is in {O,d}. A node u is propositional if the subtree rooted at u contains no
modal nodes.

We define gadgets only for modal nodes m whose child is non-modal; let b(m) be that child.
Let Bool(b(m)) be obtained by starting from b(m) and closing under A,V -children as long as we do not
reach a modal node and do not expand below propositional nodes (maximal propositional subformulas

are treated as atoms).
Let MC(m) be the set of modal children of nodes in Bool(b(m)).
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modal leaves
= edges

Figure 3.3: From syntax tree to dependency tree; constructing the 3 gadgets mg, m1, mo.
For each m' € MC(m), let
m =mg—mg— - —m,

be the mazimal downward chain of modal nodes starting at m’ (each m; is modal and m, has a

non-modal child).

The gadget of m is

Gad(m) = {m} U Bool(b(m)) U | J {mo,...,m,}.
m/eMC(m)

Note that the leaves of these gadgets are either propositional formulas or modal gadgets (modal
rooted formula). Propositional formulas can be evaluated by an NP-oracle. The modal leaves we will
evaluate by substituting pre-computed circuits. This leads to the dependency tree shown in Figure 3.3

between the gadgets.

Definition 22 (Dependency forest). For modal node m in T, where T, is the syntaz tree of ¢ for

which there exists Gad(m), let Leaves(m) be the gadget leaves of Gad(m) and define the modal leaves
ModLeaves(m) := {f € Leaves(m) | lab(¢) € {0,0}}.
We define a directed edge between modal nodes by
m—m' < m' € ModLeaves(m).
Hence, we get a tree for each outermost modal node r. The resulting rooted directed structure

DepTree(r) := (Mod(p),—,7)

1s the dependency tree of r. It is a tree because edges always point to strict descendants in the syntax
tree, and a modal node has at most one parent gadget in the dependency forest. Let F, be the forest we

get by taking the union over the dependency trees for all maximal modal roots.
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Let
L .= {{CFE|SATO@ATE(L)=1}

be the set of consistent (that is non-empty) evidence blocks. Since |E| < k is fixed, |L| < 2% is a
constant.

We define for some X C L
RIX)={({cL|3WecX: vCl}.

which amounts to the inverse on the subset induced relation on L corresponding to the relation induced
by the wN E C v N E in the semantics clauses for 0.

Lemma 23 (Block invariance of modal roots). Let ¢ be modal-rooted and let u,v = 0 withuNE = vNE
(i.e. by ={y). Then
MukEry <<= MoEp.

Thus, for every modal-rooted o in the syntax tree of ¢ there exists a circuit X, C L with size at most
|L| < 2% such that, for all 6(u) =1,

M u = Form(a) < {4, € X,.

Proof. If uN E =vN E, then u and v have exactly the same successor blocks, because successors are
determined solely by evidence extension C at the block level. Since 1 is modal-rooted, its evaluation
only quantifies over successors all of which depend only on the current evidence block. Hence the truth
of ¢ is identical at u and v. The circuit X, is obtained by collecting those blocks ¢ € L for which

Form(a) is true at some (equivalently, at every) world in block /. O

We will freely switch between the set view X C L and the propositional formula £x over E

representing it:

¢x = \/ me(0), sothat  Ext(¢{x)={¢€L|SAT(,{x)=1}=X.
leX

This translation is constant-size under bounded evidence.

We now present the bounded evidence model checking algorithm (ALG 3) in pseudo code and
prove correctness. Figure 3.4 shows the high level scheme of the algorithm. For our algorithm, we need
two subroutines: MODALELIMINATION (ALG 4) and EVALGADGET (ALG 5). MODALELIMINATION is
used to eliminate stacked modalities using set operations on circuits. We will need it for the other two
subroutines.

EVALGADGET evaluates the gadgets. As input it takes a modal gadget and circuits for the modal
leaves. The first step then is to eliminate stacked modalities at the leaves using MODALELIMINATION.
It then proceeds by producing a propositional formula that is equivalent to the modal gadget. This
allows us to eliminate the gadget by substituting an equivalent propositional formula for it which then
allows us to solve for the blocks where it is true using 2/X SAT oracle calls. We save the result in a
table and delete the node.
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Figure 3.4: High-level scheme: SAT gives us circuits for leaves; modal elimination eliminates modalities;
substitution gives us gadget circuits; repeating this process for O(|p|) rounds gives equivalent circuits
for all modal rooted formulas.

We start by proving correctness of BOUNDEDEVIDENCEMC! given correctness of the sub-routines

and afterwards prove the correctness lemmas for the sub-routines.

Algorithm 3: BOUNDEDEVIDENCEMC

Input: M = (V,0,E,0), legal w |= 6, NNF ¢, |E| <k

Output: true iff M, w = ¢

0« 0 Nmo(w)

2y +—wnNEkE

3 L+ {{CE|SAT(OATE()) =1}

4 Build the gadget dependency forest F' (nodes = gadget roots, edges as in Def. 22)

[uny

5 Val + empty map
6 while F' nonempty do
7 foreach m € Leaves(F') do
8 ‘ Val[m] <- EVALGADGET(m, Val, L, )
9 delete all leaves from F
10 p* ¢
11 foreach maxzimal modal-root occurrence m in ¢ do
12 | ¢« @ [m e (L € Vallm])]
13 return EVALPROP(w, ¢*)

Theorem 24 (Correctness of BOUNDEDEVIDENCEMC). For every one-agent symbolic Topo-E-model
M= (V,0,0,E), every legal world w, and every NNF formula ¢ with |E| < k, BOUNDEDEVIDENCEMC (I, w, ¢)

returns true iff
M, w = .

Tt is easy to adjust the algorithm such that it only takes logn rounds by using a tree contraction scheme. After Raking
all leaves, we can compress all unary chains of modal gadgets (Caterpillar like syntax tree) by function composition: as
each modal gadget only depends on one child gadget, we can produce tables Fp,, : 2F — 2% for each gadget m; in the
chain by evaluating them for all possible input circuits. Then, we can evaluate the chain by function composition and
evaluate by taking the value for the lowest gadget as input. While this shows the spirit of parallelizing the calls, we avoid
this here as it is not necessary for the proof we provide here.
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Moreover, the algorithm terminates after O(|g|) rounds.

Proof. Let F be the gadget dependency forest built from the maximal modal roots of . For each
gadget root m, let X,,, C L denote the (unique) truth circuit of ¢y,:

by € Xy = M u k= om for all legal u = 6.

(Existence and uniqueness follow from block invariance of modal roots.)

We prove the following invariant by induction over the rounds of the algorithm:

Invariant. Whenever a gadget root m is deleted from the current forest F', the table entry Val[m] is

defined and equals X,,.

Rake step: Let m be a leaf of the current forest. Then all gadget dependencies of m have already
been deleted in earlier rounds. Then, by the induction hypothesis, the entries Val[c| are correct for
every ¢ € ModalChildren(m). By Lemma 26, EVALGADGET computes Val[m] = X,,, correctly given
the correctness of all children. Hence every leaf deleted in the rake step satisfies the invariant.

By induction we conclude correctness of the algorithm. At termination, all gadget roots have been

deleted and therefore all maximal modal-root occurrences m in ¢ satisfy
Val[m] = X,,.

The final substitution replaces each maximal modal-root m by the circuit (¢,, € Val[m]), which is
equivalent to the propositional formula x, and true when 9, w = ¢,,. Hence the resulting formula

™ is a propositional formula equivalent to ¢ at w:
wE et = MuwEp.

It remains to show that the algorithm terminates after at most |F'| rounds as it deletes all leaves of

the tree per round. ]
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Algorithm 4: MODALELIMINATION (extended)
Input: Block domain L, modal prefix P = M - -- M,, with M; € {0, 0, §, (3)}, base circuit
CCL
Output: Circuit Cpy C L

for i< nto1ldo

[uny

2 M + M;

3 if M = then

a | | ceRrYO)

5 else if M =0 then
6 | | C+L\RNL\O)
7 else if M = | then
8 if C' = L then

9 ‘ C+ L

10 else

11 ‘ C+0
12 else if M = (3) then
13 if C # () then

14 ‘ C+ L

15 else

16 ‘ C+ 10

17 return C

Lemma 25 (Correctness of MODALELIMINATION). Let P = Mj --- M, with M; € {0,0,M, (3)} be a
modal prefiz, and let 1 be a modal-rooted formula. Assume Cy, C L is the truth circuit of 1, i.e.

by, €Cy = Mul=19y for all legal u |= 6.
Then MODALELIMINATION(P, Cy) returns a circuit Cpy € L such that
b, € Cpy = Mu= Py for all legal u |= 6.

Proof. For M € {0,0, [, (3)} we define

R™Y(X), M =9,
L\R YL\ X), M=0,

Tar(X) = L, M= and X =L,
0, M =4 and X # L,
L, M = (3) and X # 0,
0, M= (3) and X =0

Then MODALELIMINATION(P, Cy,) computes
Cpy = Tor, (Tas (- - Taa, (Cp))).
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Now, for every modal-rooted formula x with truth circuit C and every legal world u = 6 we have

b, € Ty (Cy) <= Mu = My.
For M = {, we have

b, € Ty(Cy) <= £, € R7HCy)
<~ Jv.uNECvNEand/{, €C,
< FJv.uNECvNEand Mv = x
— M,u = Ox.

For M = [, we have

by € TD(CX) by ¢ R_I(L\CX)
ﬂv.uﬁEgvﬂEandﬁvgéCX
Yo.uNECuvNE = Mo Eyx

M, u = Ox.

[

For M = [, we have

b, € Ty(Cy) <= Cy =1
< WeLl YwE=EOATEW): MovEx
= YwkE0: MulE=yx
— M,u =[x

and for M = (3),

by €T3y (Cy) <= Cy #0
< el vEIATEL): MvlE=x
— JvEO: MoEyx
= Mu k= (F)x.

Thus (f) holds for all M € {0,0, M, (3)}, and repeated application gives correctness.
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Algorithm 5: EVALGADGET (extended)
Input: gadget root m, map Val, block domain L, constraint ¢
Output: circuit Vallm| C L
1 W0
V0
foreach ¢ € ModalChildren(m) do
P, + prefix of ¢
C. <~ MODALELIMINATION(L, P, Val[c])

(=21 SN M

m <— mfc— C]
B < Form(m)
foreach ¢/ € L do
if SAT(0 Amg(¢) AS) =1 then
10 ‘ W« W u{¢}
11 if SAT(0 A 7g(¢) A—=3) =0 then
12 ‘ V<« Vu{e}
13 7 < root(m)
14 if r € {0, (3)} then
15 ‘ Val[m] <~ MODALELIMINATION(L, root(m), W)
16 if r € {0, M} then
17 ‘ Val[m] <~ MODALELIMINATION(L, root(m), V')

© 00 N

18 return Valm)|

Lemma 26 (Correctness of EVALGADGET). Let m be a gadget root. Assume that for every modal leaf
¢ € ModLeaves(m), the table entry Val[c] C L is already correct:

¢, € Val[c] <= M, u = Form(c) for all legal u = 0.
Then EVALGADGET(m, Val, L, ) returns a circuit Valm] C L such that
¢, € Vallm] <= M, u = Form(m) for all legal u = 6.

Proof. Write M := lab(m) € {0,0, (3), M}. By the definition of gadgets, the formula below the root

of m has the form
Form(b(m)) = By, [gbl, ooy ¢p, PiForm(cy), ... ,PsForm(cs)},
where:
e B[ --] is a Boolean combination (using only A, V),
e cach ¢; is propositional, and

e c1,...,cs are exactly the modal leaves of the gadget of m, with P; the modal prefix above ¢;

inside the gadget (possibly empty).

The evaluation starts with eliminating the prefix using MODALELIMINATION. For each i € {1,..., s},
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the value Val[¢;] is the exact truth circuit of Form(c;) by assumption. Hence, by Lemma 25,
C; == MODALELIMINATION(P;, Val[¢;])
is the exact truth circuit of P;Form(c;):

l, € C; <= M, u = P;Form(c;) for all legal u = 0.

In the next step, we substitute the modal parts by the computed circuits: let 3,, be the formula
obtained from Form(b(m)) by replacing each subformula P;Form(c;) by the (equivalent) propositional
representation {c,. Then 3,, is modal-free, and each substitution preserves truth on legal worlds.

Therefore, for every legal world u = 6,
M u = LBy < M, u = Form(b(m)).
The SAT loop in EVALGADGET computes
W ={te L|SAT(@A7mE(l)A L) =1},

V ={fe L|SAT(OA71p(f) A—fn) = 0}

Hence,
teW «— FvEIATE{): M v = Form(b(m)),

and
(eV <= fwEIATEI): M, v = —Form(b(m)).

That is, £ € W, resp. [ € V, if and only if Form(b(m)) is satisfiable in [, resp. valid in [.

Finally, EVALGADGET applies the root modality M using MODALELIMINATION.
By the correctness of MODALELIMINATION we get

M, u = M Form(b(m)) < I, u = Form(m).

Thus,
l, € Vallm] <= M, u = Form(m).

This gives us correctness of EVALGADGET. O

Now that we have established correctness, we still have to show that our algorithm fulfills the
requirements to prove ©4'-membership. All operations are polynomial, but the dependency structure of
the oracles has to be clarified. Note that in general @5 membership is proved by algorithms that either
(1) do a polynomial number of non-adaptive NP-oracle calls or (2) do a logarithmic number of adaptive
NP-oracle calls. Our algorithm issues a linear number of oracle rounds where each round contains
a polynomial number of non-adaptive NP-oracle calls. Without the specific tree-like dependency
structure, we would land in a higher complexity class than @5 . But in our case, we have something
close to an NP-TREE in the sense of Gottlob [Got95]. Gottlob shows that whenever we have a tree

like query graph with NP-oracle nodes, we can simulate it by log n oracle queries.
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While the gadgets have tree-like dependency satisfying with fan-out 1, the results of the NP-rounds
are used by each of the 2 NP-calls for the evaluation of the next gadget. Thus, each SAT-call has
fan-out 2¥. We make use of a refinement of Gottlob’s theorem: Gharibian et al. [GR22] prove that
given a NP-DAG with a constant (balanced) separator number, we can simulate the oracle queries
with a logarithmic number of adaptive NP-oracle queries, i.e. land in ©f. Instead of proving the
constant size separator number directly, we prove that we have a constant treewidth for the underlying
undirected graph which upper bounds the separator number. Gharibian et al. prove a more general
result for a class of oracles. We will only refer to the NP-versions. They define by NP-DAG; a
NP-DAG of separator number s and write NP-DAG; for s € O(1).

Theorem 27 (Theorem 2 in [GR22]).

NP-DAG, is PNPIogl_complete.

In particular, any PNP

PNP[log]

computation whose query graph has constant separator number is decidable in

We prove an upper (constant) bound on the separator number by showing that the underlying
undirected graph has constant treewidth (see Lemma 19[GR22]).

Lemma 28 (Constant treewidth of the query graph under bounded evidence). Fiz k. Let G, be
the NP-query DAG produced by BOUNDEDEVIDENCEMC on input (MM, w, ) with |E| < k. Then the
underlying undirected graph U(Gg) has treewidth O(1) (with the constant depending only on k).

Proof. The query graph produced by BOUNDEDEVIDENCEMC can be derived from the dependency
forest F'. Whenever we evaluate a gadget m, we do |L| < 2¥ oracle calls. These oracle calls depend only
on the calls for all children m’ of m in the dependency tree. The query tree DAG G, = (Vg, E,) can
thus be constructed by substituting each gadget m for 1 < i < |L| nodes m; and connecting m; — m/,
if and only if m] is a child of m,. Intuitively, U(G,) is the result of substituting each node in the
dependency forest by a constant size cluster Q.

Let U(G,) be the corresponding undirected graph. We prove an upper-bound on the treewidth by
providing a tree decomposition.

Let @, be the set of query nodes of G, generated for gadget m. The sets @, form a partition of

the vertices of G, and we have

|Qm| <28 =b for every gadget root m.
We now define a tree decomposition (Tgec, 3) of U(Gy).

Decomposition tree. Start with the forest U(F) and subdivide every edge {m,m'} € E(F) once
by a new node @y, 5. Let ay, denote the node corresponding to gadget m. So for each edge {m,m’} in
the original forest we get a path

Um — Gmm QA -

If F contains several trees, we add one extra dummy node | and connect it to each root. This turns

the forest into a single tree Tyec.
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Bags. Define the bag map 5 by

B(am) = Qm, /B(Qm,m’) = Qm U Qs B(J-) = 0.

Verifying the three tree decomposition axioms for U(G,) is immediate as U(Gy) is already almost
a tree: Every g € V, belongs to one batch @, thus (1) is fulfilled. Further, edges exist only between

direct ancestors and children. Hence, for all connected ¢, ¢’

(0,4} € QU Qo = Blamm)-

For the third condition, fix a query vertex ¢ € V(U(Gy)), and let @y, be its batch.

The bags containing ¢ are exactly:
e the bag S(am) = Qm, and
e the bags (@, /) over neighbors m’ of m for which ¢ has a neighbor in Q.

All these bags are incident to the node ay, in Tgee. Thus (Tgec, 8) is a valid tree decomposition of
U(Gy).

Every batch has size at most b. Therefore

|B(am)| = |Qm| <, ’ﬁ(am,m’” = ‘Qm U Qm’| < ‘Qm| + ‘Qm” < 2b,

and B(L) = (). Hence every bag has size at most 2b, so the width of this decomposition is at most
2b — 1. Thus
tw(U(Gy)) <2b—1=0(1).

O

Having established the fixed treewidth of the query DAG, we can easily prove the ©4-membership:

Theorem 29 (O -membership for bounded evidence). For every fived k, symbolic model checking on

one-agent symbolic Topo-E-models with |E| < k is in

or = pNPllog]

Proof. Fix an input (9, w, ¢). The algorithm BOUNDEDEVIDENCEMC runs in deterministic polynomial
time except for SAT-oracle calls. Correctness of the algorithm follows from Theorem 24.

One run induces an NP-query DAG G,. By Lemma 28, the underlying undirected graph U(Gy)
has constant treewidth (with constant depending only on k). By [GR22, Lemma 10] (treewidth bounds
separator number), U(G,) has a constant separator number. Thus, G, is an NP-query DAG of constant
separator number (an NP-DAG; in [GR22] notation).

By [GR22, Thm. 2](our Theorem 27), NP-DAG; C PNPl°gl. Hence the oracle part of BOUND-
EDEVIDENCEMC is computable in PNPIogl and since the remaining work is deterministic polynomial

time, the whole model-checking problem lies in

PNP[log] _ ®2P
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3.3 Knowledge and Belief as primitive

The idea to define knowledge and belief based on evidence naturally leads to defining knowledge and
belief based on the evidence modalities. This is the main approach by Baltag et al. [BGG25]. From a
computational perspective it is also interesting to see what happens if we take knowledge and belief
as primitives. We already have upper bounds from the definition through evidence modalities, but,
potentially, we can get lower complexity classes for model checking with knowledge and belief as
primitives (without evidence modalities).

In the multi-agent case the PSPACEbounds cleanly translates. This is because we can set the
evidence to empty and then refer to [Su+09] which proves that the S5, two-agent case is in PSPACE.
For the one-agent knowledge case, we can adjust the reduction we have used for unbounded evidence
with one-agent to get a PSPACEbound.

In the belief case, the complexity drops notably. Instead of directly evaluating [V]OO, we can use
an alternative maximality definition to achieve a @5 lower bound without any restrictions on the
models. Making use of BDD-properties, we show that model checking a single belief formula By with ¢
propositional is CONP-complete. Hence, inside an P algorithm with NP-oracle access, we can solve it
by transforming the oracle answer. This allows us to apply a variation of the Algorithm 3 and conclude

@5 completeness. We start with the belief fragment as the proof directly builds on the last chapter.

3.3.1 @5 -completeness for one-agent Lp

We prove the @5 completeness of the belief only fragment in two steps. First, we prove that model
checking a single By with ¢ being propositional is CONP-complete. Having established cONP-
completeness for symbolic model checking By with ¢ propositional, we have established the basis to
prove ©F completeness by reusing the algorithm we have designed for model checking the bounded
evidence case. We have already noted that the algorithm does not use S4 specific properties at any
point. The only conditions for it to be correct are that (1) the modal gadgets are equivalent to constant
size circuits, (2) modalities with propositional scope can be evaluated by an NP-oracle and (3) that
stacked modalities can be eliminated. All conditions are also fulfilled in the belief case without bounded

evidence.

B¢ is coNP-complete

We first show that model checking a formulas of the form By with ¢ being propositional is CONP-
complete. The proof works by using the certificate definition of NP to show that the complement

problem, ”is there a maximal world that falsifies ¢”, is an NPproblem. Recall that we have
By = [V]0Op.

In the topological evidence literature it standard that this corresponds to maximally refined open
sets. We still give a short proof that this corresponds to truth in all <-maximal worlds in the relevant

partition cell:

Lemma 30 (Maximality Belief). Let o :=v N O. Let Max,(u) denote that u is <-mazimal among the
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legal worlds in the observation cell 0. Then
MvE=Bp <<= Yu(Max,(u) =M ul=p).

Proof. Let o :=v N O. By definition,
By = [V]OOep.

Thus M, v = By iff for every legal world z with z N O = o there is a legal world y with < y and
M, z = ¢ for all legal z with y < zand 2N O = o.
Since F is finite, every legal world in the cell o has a maximal <-extension in that cell. Thus the

above is equivalent to ¢ being true in all <-maximal legal worlds in the cell o, that is
Vu (Max,(u) = M, u = ¢).

O]

Using the BDD representation of the state law 6, we can test maximality efficiently. Fix a world

u C V. Consider the propositional formula

M(u):zGAﬂ'O(u)A</\e)/\(\/e>.

ecunk e€F\u

Here,
/\ o N /\ -0 A /\ e
ocunO 0€O0\u ecunk

fixes the partition and evidence atoms of u, while the final disjunction forces at least one additional
evidence atom from E to be true. Thus M (u) is satisfiable iff u has a strict <-extension within its
partition cell, i.e., iff w is not <-maximal in that cell.

We can represent this efficiently as a BDD in the following way:

Let p, be the partial assignment that fixes the O-atoms to match the partition cell of u and fixes

exactly the evidence atoms in u to true:

1 ifoeunao, 1 ifeecunk,
pul0) = pule) =
0 ifoeO\u, unset ifee€ E\ u.

Then the conjunction of literals that fixes the O-atoms and the evidence atoms of u is equivalently

implemented by restricting (cofactoring) the BDD for # which is a polynomial time operation:

0 AN mo(u) A ( /\ e) = O[pu).

ecunkE

Hence we can define the maximality test BDD as

M) == 0[p] A ( \/ e).

e€E\u

Since satisfiability /unsatisfiability of a BDD can be checked in time polynomial in the BDD size, this

yields a polynomial-time maximality test. We will use this to define a certificate.
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We fix the observation cell of the input world w by replacing 6 with 6 A mo(w). We therefore write
Max(u) as shorthand for maximality within this fixed cell.

Consider the complement of B:
By <= Ju (Max(u) A M, u - p).

This is an NP property via a standard certificate argument. As certificate, guess a world © C V and

verify in polynomial time that:
1. u is a legal world: O(u) =1 (evaluate 6 on u),
2. w is maximal: M (u) is unsatisfiable (BDD emptiness test),
3. u falsifies : u j= ¢ (propositional).

All three checks are polynomial in the input size (BDD sizes plus |¢|).

It only remains to prove that the BDD-construction of M (u) works in polynomial time.

Computing 6[p,] from the BDD for 6 is a restriction (cofactoring) operation: for every variable
assigned by p, we follow the corresponding low/high edges and then reduce the resulting diagram.
Bryant shows that restriction can be implemented in time linear in the size of the input BDD [Bry92,
Sec. 3.2]. Hence 0[p,] is computable in time polynomial in |§| and |p,| < |V].

We now show that building the disjunction runs in polynomial time. Let k := |E \ w| < |E|. We
construct a BDD D, for the formula

D, = \/ e

e€E\w

under the same variable order 7. This can be done by starting from the constant 0 and repeatedly

applying disjunction with the corresponding variable-literal BDDs:
Dy, ;= e1VeyV---Vep.

Using Bryant’s APPLY procedure for V [Bry92, Sec. 3.1], each step runs in time polynomial in the
sizes of the operand BDDs. Moreover, the BDD for a disjunction of k variables has size O(k) for any
fixed ordering (it can be represented as a simple chain that tests the variables until one is true), so
| Dw| = O(k) = O(|[V]).
Finally, we compute
0lpu] A Dy

using APPLY for A. The running time is O(|0[py]| - |Du|), hence polynomial in |0| and |V| because
10[pu]l < 10] and |Dy| = O(|V]).

Thus, the BDD for M (u) can be constructed in time polynomial in the input size. Combined with
the polynomial-time satisfiability test for BDDs, this completes the certificate argument and yields
model checking a single By with ¢ being propositional is in CONP.2

2Tt is important to note that not only the proof relies on the state law being a BDD, but that it is also a necessary
condition for CONP membership. If the state law is not given as a BDD it is easy to show II%-hardness by reducing from
a problem proved ITZ-complete in [EG93]. We translate the minimal model relation using evidence and then model check
over all maximal models with the belief operator. This reduction relies on using an arbitrary propositional theory as state
law. When the state law is required to be a BDD this does not work in polynomial time.
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CcONP-hardness for By is immediate: if we set the O =0, E = () and § = T, then
MwpE Bp << Vit(M,tE=o),
and propositional validity /non-validity reduces to Bep.

Adjusting the bounded-evidence algorithm to the belief fragment

In contrast to the bounded-evidence case, the modal-rooted formulas are not equivalent to block-circuits
X C L, but collapse to Booleans T, 1 because belief modalities are global over the maximality domain
of the fixed observation cell. Note that we do not have bounded evidence anymore; our L C 2/l is not
of constant size. Still the BDD representation of the state law allows us to solve the quantification
over the maximal worlds with an CONP /NP-oracle. This collapses the belief modality to the []-case.

To prove ©F-completeness, we can use a simplified version of Algorithm 3. The crucial observation

here is that belief is invariant on the partition cell:

Mwl= Be <= Yu(Max(u) =M, u = ).

Instead of saving circuits that are equivalent to a modal rooted formula in Val, we can now just
save the partition global truth-values in the table (note again that in the model checking case we can
just fix the partition cell for w). To fill the table Val, we use the NP oracle

MAXSAT(6,8) <= FuCV (ul=6 A Max(u) A Mu = B).

Belief elimination is much simpler than modal elimination in the bounded-evidence case: we
only substitute the already computed Boolean values Val[c] € {L, T} for modal children ¢. This
preserves truth as T, L are invariant under the modalities. These observations justify correctness of
EVALGADGET-BELIEF:

Algorithm 6: EVALGADGET-BELIEF
Input: gadget root m, map Val : gadgets — {L, T}, constraint ¢
Output: truth value Val[m| € {1, T}
foreach ¢ € ModalChildren(m) do

be + Val|c] // simplified modal elimination, we just cut the prefix.

w N =

m < mlc > b.]

'

B < Form(m)
r < root(m)
if r = B then
| Vallm] < MAXSAT(0, §)
else if r = B then
| Val[m] « = MaXSAT(0, =)

10 return Valm)|

© 0 g O o
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Theorem 31 (STEMCg,, is ©F-complete).

Proof. Now the only difference is that instead of 2* queries per gadget, we have exactly one oracle query
per gadget. Hence the query graph has one node per gadget and edges induced by the dependency
forest F'. Its underlying undirected graph is therefore a forest, so it has treewidth at most 1. [GR22,
Thm. 2] applies and gives us ©4'-membership.

For ©F-hardness, we observe that the L-case is a sub-case. If we set O = E' = () the maximal

worlds are the whole partition. Hence, @5 hardness carries over. ]

This treewidth=1 version of [GR22, Thm 2] is Gottlob’s classical NP-Tree result [Got95].

3.3.2 PSPACE-completeness for one-agent Ly

We close the complexity study by evaluating the complexity for the one-agent knowledge and belief
case. We reuse the reduction of Theorem 16. The only difference is that universal steps will be written
with K and existential steps with the dual of K. To justify this, we construct the model such that, for

all w and all relevant ¢,
Mow b K6 =) < MwpE0G —v), and  Mw b (K)(6AD) < Mw = OE:AY).

Then the proof from Theorem 16 applies.

Let Mg be the one-agent model from Theorem 16. We extend it by a single fresh evidence atom
dpt1, set V/:=V U{dp11}, E' := V', O := (), and strengthen the state law by the conjunct

dn+1 — dn.

Write 9, for the resulting model. Since still w <t iff w C ¢, the <-maximal (evidence-)worlds are
exactly those containing d,1, and hence they satisfy d;;;1 for every 0 < ¢ < n. Note that we defined
the guards §; such that we have for all 0 < i < n,

0; == di N diqq.

Therefore every maximal world satisfies —¢;.

Note that we have the dualities
Kx = BxAQOyx, (K)x == -K-x, so (K)x=-(B-xAUO-x)=-B-x V Ox.

By the alternative belief reading, Bn holds iff n holds in all maximal evidence worlds. Since every

maximal world satisfies =d;, we have for all :
(i) B(d; — 1) is true everywhere and (ii) B—(d; A ) is true everywhere.

Hence, for all w,
My, w = K (5 =) = Mp,w b= O — ),

and using (ii),
o w = (K) (0 Ap) = My, w = O(d; A ¢),
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because = B—(d; A1) is everywhere false and the disjunction reduces to ¢.

Now, define pg from ¢g (as in Theorem 16) by replacing each universal clause (5; — -) by K (d; — -)
and each existential clause O(0; A -) by (K)(d; A-). By the equivalences above, My, {do} = Po iff
M, {do} E ¢a, and the latter holds iff @ is true by Theorem 16. The extension adds one variable and
a constant-size conjunct, so the reduction remains polynomial-time. Thus the one-agent K-language is
PSPACE-hard. Membership follows directly as we can use the algorithm for the evidence language to

solve the model checking problem. Hence, we can conclude PSPACE-completeness.
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Chapter 4

Conclusion

4.1 Conclusion

In this work, we have mapped out most of the complexity landscape for symbolic model checking on
topological evidence models. The (unrestricted) multi-agent cases have already been treated in the
work on knowledge structures and DEL by Su [Su+09] and Behnke et al.[Beh+25]. It only remained
to show that the whole language is indeed in PSPACE which required writing down a standard
polynomial-time alternating Turing machine

The first novel result of this work is that the single-agent case is PSPACE-hard. We achieved
this result by a reduction from TQBF in which we encoded the TQBF-tree in the symbolic model —
a technique inspired by Ladner’s PSPACE-hardness proof for S4-SAT [Lad77]. We further adjusted
this reduction to prove hardness for the languages that have no evidence modalities but contain the
knowledge modality as primitive. Here, we showed that one can simulate the [-modality by trivializing
the belief part in Ko = By A Q.

In the knowledge and belief setting, we further proved ©%-completeness for the belief only fragment.
This result is based on an efficient way to represent maximality in the BDD setting and Algorithm 3
we defined earlier for the bounded evidence case.

This algorithm allows us to prove @5 model checking for a broad class of symbolic model checking
problems. The key idea is to order the NP-oracle calls we need to evaluate the modal formula in a
tree-like query structure. Then one can invoke [GR22, Thm. 2] to conclude that the original problem
is in ©F.

The algorithm applies in all symbolic model checking cases where (i) modalities over propositional
formulas can be evaluated by an NP/coNP-oracle, (ii) modal-rooted formulas are equivalent to some
finite circuit that allows for propositional representation, and (iii) modalities on these circuits can be

efficiently eliminated. This already leads us to future work.

4.1.1 Future work

First and foremost it would be interesting to properly define a class of symbolic model checking
problems that can be proved @5 -complete by this proof scheme. The central requirements are already
listed above. Many adjacent cases like using C instead of C to define relations on bounded evidence
follow immediately, but as we have seen with belief the class should be quite a bit broader.

Further, it would be interesting to develop a parametrized version of the results achieved for
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bounded evidence. We have seen that the separator number for the query graph is bounded by k = | E)|
and not the complete input size n. Gharibian et al. [GR22, Cor. 3] now seems to imply that there is
an intermediate case between constant and non-constant evidence size: when we bound evidence as
2k < logn, we land in quasi-polynomial-time with log? adaptive oracle calls. By standard complexity
assumptions this is between © and PSPACE and gives us an intermediate case worth investigating.

Regarding the Topo-E-Model language, we have left one interesting fragment open: the multi-agent
ier10i| <k and ), ; |E;| < k for some

constant. We conjecture ©5-completeness for this case. One should be able to prove this using the

fragment with bounded observable/evidence size, that is )

proof scheme we developed for bounded evidence. In this case, one could define a finite accessibility
relation based on the overlap between agents observable partitions. Given a bounded size of the
observables for all agents, this could give a relation of bounded size that can be evaluated efficiently.

From a more practical perspective, it would be interesting to implement the alternative belief
definition. Instead of calculating belief operators by evaluating the modality stack MO0 as in the
current implementation by Gomes [San25, Sec. 6.4.1], one could calculate a maximality BDD. This
would have two advantages: firstly, one would solve a CONP problem instead of the stack of modalities.
Secondly, it allows for easy precomputation of the maximality BDD. The heavy computation would
be in computing the maximality BDD. Checking a belief formula afterwards would be cheap. This
framework would allow for efficient caching and could improve the performance of the model checker

implemented by Gomes.
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