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Abstract

The Joyal-Tierney theorem states that morphisms into a given locale are equivalent to internal locales
of its sheaf topos. This is useful in the study of topoi and can even be used in algebraic topology.
Since arrow algebras generalize locales, we wanted to see if this theorem also holds for them. In this
thesis, we will look at different approaches of defining the internalization functor for arrow algebras,
which gives one direction of the Joyal-Tierney theorem. These approaches have varying degrees of
maturity and we will discuss their strengths and weaknesses.

On the way to these results, we will also go on a journey through categorical logic with a special
focus on our main tool: triposes. We will explore the tripos to topos construction and some charac-

terizations in it. In particular, we will look at assemblies and proto-assemblies to define the evolution
functor.
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Chapter 1

Introduction

The starting point for this thesis was to see which facts and theorems we can generalize to arrow
algebras from locales. Arrow algebras were introduced by Benno van den Berg and Marcus Briét
to capture localic and realizability triposes under one framework | ]. To do so, they weakened
the notion of an implicative algebra which was introduced by Alexandre Miquel [ ]. This way,
they also covered all partial combinatory algebras and thus also various realizability triposes. Then
Umberto Tarantino added a notion of morphisms to arrow algebras, turning them into a category
[ |. He showed that this notion is the correct one in the sense that these (geometric) morphisms
give rise to geometric morphisms between the respective arrow triposes and that we can understand
morphisms between the arrow triposes at the level of arrow algebras. Most recently, Zhaorui Hu used
arrow algebras to construct a topos for monotone modified realizability | |. Since arrow algebras
are a comparatively new structure, there is still a lot we have to understand about them. So for this
thesis, we set out to see what else we can show about arrow algebras and focused especially on the

Joyal-Tierney theorem.

Since there are multiple theorems called the “Joyal-Tierney theorem”, we want to clarify that we
are referring to the one stating that for any locale X, the slice category Loc/X is equivalent to the

category Loc(Sh(X)) of internal locales in the sheaf topos over X | ]. So our idea was to prove:

Conjecture 1.1. Let A be an arrow algebra and AT[A] its associated arrow topos. Then we have an

equivalence of categories
ArrAlg/A ~ ArrAlg(AT[A)). N

The arrow topos is the canonical construction of a topos from an arrow algebra and comparable to
the sheaf topos over a locale. Indeed, it is easy to check that if A is a locale, then AT[A] = Sh(.A). The
motivation for the idea came from the fact that similar machinery is used in proving the Gleason cover
for a topos [ ]. Originally, our goal was to prove a Gleason cover for arrow algebras, but after
realizing that its proof needs a statement similar to the Joyal-Tierney theorem, we changed direction.

Another application of the Joyal-Tierney theorem is the study of bundles, which are used in
algebraic topology. A bundle over a locale X is just a morphism p: F — X. We can also consider its
pullback along a global element x: 1 — X, giving the fibre E, := p~!(z). Since the category of locales
is complete, every F, is itself a locale and we can also view p as a family of locales F, indexed by and
varying continuously in z. The Joyal-Tierney theorem now tells us that we can identify p with a locale

internal to the sheaf topos Sh(X), notably the one whose corresponding internal frame is given by the



map V + O(p~1(V)). Since every theorem proven constructively holds with respect to the internal
logic of a topos, every constructive theorem about locales also holds inside Sh(X). This can now be
translated into a theorem of bundles over X by introducing the fibre-wise notions, e.g. products are
replaced by fibre products over X | , Thm. C1.6.3]. Since sober topological spaces are a full
subcategory of Loc, the same idea applies to parametrized spaces, which are just spaces over a base.

To prove Conjecture 1.1, we have to show the equivalence of two categories. One usually first con-
structs an internalization functor, which in our case would be a functor ArrAlg/A — ArrAlg(AT[A]).
The main concern of this thesis are different ways one could define this internalization functor and
the problems we encountered. We obtained one positive result and one negative result. Unfortunately,
the positive result is likely too restrictive for a Joyal-Tierney-like equivalence, so we also discuss a
possible modification. This also means that we cannot present a full theory of the internalization of
arrow algebras, but instead give potential approaches other people can follow, as well as warnings

which approaches are not worth pursuing.

This thesis is structured in the following way: after introducing the preliminaries and background
in Chapter 2, we will have a look at the tripos to topos construction in Chapter 3. Both of these
chapters contain mostly known results from the literature. We will give a self-contained description
of the tripos to topos construction in great detail. Besides the necessary conditions to conclude that
we indeed get a topos, we also make a few characterizations we will need in the following chapters.
Additionally, we make two observations, we have never seen before (namely the idea to avoid the
axiom of choice in the meta-logic in Section 3.2 and Proposition 3.31).

In Chapter 4, we focus on proto-assemblies. Besides their definition and the fact that they form
a category pAsm, this entire chapter contains only new results. Among these is a way to transform
proto-assemblies into assemblies, which we call the evolution functor. We also show that pAsm
has finite products and that the evolution functor preserves these. Lastly, we look into an ex/reg-
completion for proto-assemblies and discuss why this is likely not possible.

The next chapter, Chapter 5, discusses arrow algebras and the theory around them. We just state
it for future reference, since most of the results we need have already been developed. For convenience,
we make some parts of the construction of the arrow topos more explicit. We also prove equivalent
conditions for cartesian morphisms of arrow algebras.

Chapter 6 is the heart of this thesis, where we discuss the Joyal-Tierney theorem and introduce
different approaches to defining an internalization functor of arrow algebra morphisms. After an
introduction to the theorem and the construction of the internalization functor for locale morphisms,
we prove our first positive result, namely that we can internalize arrow algebra morphisms as locales
(Theorem 6.5). The remainder of the chapter is concerned with generalizations of this functor. We
pursue two directions: on the one hand, we discuss how one may internalize arrow algebra morphisms
as arrow algebras. This idea will be discussed in Section 6.2 and 6.3. On the other hand, in Section 6.4,
we will look at localic morphisms between topoi and if we can define a similar notion between arrow
algebras. This is because the functor of Theorem 6.5 is likely too restrictive to be an equivalence.

Thus we will try to restrict the arrow algebra morphisms in the domain to obtain an equivalence.

Finally, I want to add my two cents about the plural of the word topos. In what follows, I will use
the Greek plural topoi; simply because in my opinion it sounds the nicest and to keep my beverages

warm in the winter, I use my thermoi | ]. T also see the motivation for other plurals like the



English toposes or the French topos | ; |, but the main remark I want to make is something
a friend made me aware of: how “topoi” is actually pronounced. Reading it like an English word
/'top.o1/ defeats in my opinion the point of using the Greek plural. Some people may argue that they
are using the ancient Greek pronunciation | ]. After all, a lot of Greek terms in mathematics have
their origin in ancient Greece. But I would argue that the modern pronunciation has the nicest ring

to it. It would be pronounced similar to topi, /'to.p1/ | ].



Chapter 2

Preliminaries

To start, we assume basic familiarity with algebraic structures such as preorders, posets and lattices.
The first non-standard definition is that of Heyting prealgebra. Intuitively, it works like a Heyting

algebra, which we do not require to be anti-symmetric. Formally, we define:

Definition 2.1 (Heyting prealgebras). A Heyting prealgebra is a tuple (H, <, A, Y,—, T, L), where
H is a set, < is a preorder on that set, L, T € H should give the top and bottom element and
A, Y,—: Hx H — H are the meet, join and implication respectively. This means that for all

a,b,c € H, we have
e Il <aanda<xT,
e alb<aandailb=<baswellasd<aAbforallde H withd<aandd<=<b,
e aaYbandb<aYbaswellasaYb=<dforalld e H with a <dand b <d and

e cxa—biff cAa b We call — the Heyting implication and the equivalence the Heyting

adjunction. J

If additionally < is anti-symmetric, we would simply get a Heyting algebra. In that case, we could
also identify the binary operations and constants uniquely by the properties in Definition 2.1. In the

case of Heyting prealgebras, we cannot do this as one can see with the following example:

T
P A
a b
A 2
1L~1'
Diagram 2.1

We write L ~ 1’ to denote logical equivalence, i.e. that | < 1’ and I’ < L. Both L and 1’
satisfy the properties to be the meet of a and b. So we have to select one of them to be the designated
meet. We can also force anti-symmetry by quotienting a Heyting prealgebra by logical equivalence,
i.e. the equivalence relation given by a ~ b iff @ < b and b < a. We call this quotient its poset
reflection. One can easily check that this quotient yields a Heyting algebra. This also means that

there is no immediate advantage of considering a Heyting prealgebra over its poset reflection, but in



most cases, our constructions will simply result in a Heyting prealgebra and it is more elegant to keep
it rather than using the poset reflection. In a way, ~ replaces =. We will also use <+ to denote logical
equivalence.

A morphism of Heyting prealgebras is a set-function that preserves the operations and constants
given in Definition 2.1 up to logical equivalence. Together, Heyting prealgebras and their morphisms

form a category preHeyt.

Definition 2.2 (Locale). A locale is a complete poset (L, <), such that the infinite distributivity law
holds. This means that for all B C L and a € L, we have

a)\Yb:YaAb. J

beB beB

To define locale morphisms, we have to go on a slight detour as the category of locales is defined
as the opposite of the category of frames. So as objects, frames and locales are the same. A frame
morphism f: L — L' is a function that preserves finite meets and all joins. A locale morphism is then
the opposite of this. This also defines a category Loc.

Since complete Heyting algebras always satisfy the infinite distributivity law, they are also locales.

Conversely, if we define a binary operation on a locale via
a%b::Y{ceL:ckaﬁb},

we see that this is a Heyting implication. So on the object level, locales and complete Heyting algebras
are the same. But locale morphisms do not have to preserve the implication and are thus weaker.
Furthermore, locale morphisms are defined to be in the opposite direction of Heyting morphisms. For

more information on locales, we refer the interested reader to | ; ].

Lastly, we will look at the notion of a partial combinatory algebras. These will play an important
role in constructing triposes in the next section and an even more important role in constructing arrow

algebras in Chapter 5. We will follow the notion of a pca as given in | ; ]
Definition 2.3 (PCA). A partial combinatory algebra or pca is a quadruple (P, -, <, P#) where

o (P,-,X) is a partial applicative poset, meaning that (P, <) is a poset and - is a partial binary
application P x P — P which has downwards closed domain and is monotone. This means that
for all a’,a,b’,b € P, such that a’ - b’ is defined, a < @’ and b < V/, then a - b is also defined and

we have a-b < a' - b/. We will often write application as ab instead of a - b,
e P# C Pisa filter on P, i.e. it is closed upwards and under application,

o there are elements k,s € P#, such that for all a,b,c € P, we have that kab is defined and

kab < a; sab is always defined and whenever ac(be) is defined, then so is sabc and sabe < ac(be).

When writing these expressions, we assume that the application associates to the left as usual meaning
that abc should be read as (ab)e. To say that the application ab is defined, we write abl. We say a

pca is absolute if P# = P and discrete if < coincides with =. a

Sometimes pcas are also referred to as Schonfinkel algebras since Moses Schonfinkel mentions a

similar structure around 1920 | ]. However, his notions only covers the case where < is the



identity and the application is total. 50 years later, Feferman considered the generalization of only
using a partial application and proved that these are combinatory complete | ]. This means that
we can interpret A-terms in them, which is quite powerful given such a simple structure. This notion

of a pca is also extensively researched in | ] and its extension using the partial order in | -

2.1 Basic categorical notions

We assume familiarity with basic categorical notion and especially limits, subobjects and exponentials.
We refer to the standard resources for more information | ; ; ]. We will prove
special cases of these in Chapter 3, but without explicit definitions. As usual, we will assume that if a
category has limits or exponentials, there are canonical choices of these. For example, if we say that a
category has binary products, we assume that we are given an assignment, which for any two objects
gives us their product. Accordingly, if we say that a functor preserves e.g. binary products, we mean
that it does so up to isomorphism, i.e. it maps the terminal product cone to a terminal product cone
in the codomain. We do not require it to send the canonical choice of the product to the canonical
choice.

We also assume that the reader is familiar with the categories Set of sets and set-functions, Preord
of preorders and monotone maps and Poset of posets and monotone maps as we will make frequent
use of them.

In this section, we will look at some less standard definitions in category theory needed for this
thesis. We start with the notion of adjoint functors. These are in a sense a very weak notion of

inverses between two categories:

Definition 2.4 (Adjoint functors). Let C and D be two categories with functors F*: C — D and
F,: D — C. We say that they form an adjunction with F* being left adjoint to F; and symmetrically
F, being right adjoint to FT, written F* 4 F, if for all C € C and D € D, we have an isomorphism

Homp(F*C, D) = Home(C, Fy D),

which is natural in C and D. _:

The notation using * and , follows the convention of geometric morphisms, which we will see later.
We want to highlight the case where C and ID are preorders considered as categories. In that case, the
Hom-sets are either empty or contain one element, depending whether the two objects are in relation

of not. In that case, the condition above reduces to
FTC <D — C < F.D.

By choosing D = FTC, we get from reflexivity that C < F,F*C for all C. Similarly we have
FTF_.D < D. Furthermore, these two conditions together imply the equivalence above. If we have
F*C < D, then since F is monotone, we have C' < F,. FTC < F, D. The other direction is analogous.

2.1.1 Preorder-enriched categories

To define triposes, we need the notion of a pseudo-functor. These can be defined between 2-categories

in general, but we will focus on the case of preorder-enriched categories. This will suffice for our case



and makes some definitions easier since any parallel 2-cells are equal.

Definition 2.5 (Preorder-enriched category). A preorder-enriched category C is a category, where for
every X,Y € C, the collection of morphisms C(X,Y’) has the structure of a preorder, and composition
respects this order. This means that if f and ¢ are morphisms X — Y with f < g, then for all
morphisms h: Z — X and k: Y — W, we have fh < gh and kf < kg. a

Every category can be trivially preorder-enriched by taking the relation to be the identity. The
category preHeyt is also preorder-enriched by defining f < g iff for all z, we have f(z) < g(x). One
can also enrich categories over other structures, giving the general notion of 2-categories, which have
“morphisms between morphisms” (these are then called transformations). For us, preorder-enriched
categories will suffice and we refer the interested reader to | , Sec. B1.1]. There one can also find
the more general definition of a pseudo-functor and a pseudo-natural transformation, which we will

state only for preorder-enriched categories.

Definition 2.6 (Pseudo-functor). Given two preorder-enriched categories C and D, a pseudo-functor
between them F': C — D consists of a mapping on objects Fy: Cy — Dy and a mapping on morphisms
Fy: C; — Dy so that the usual functoriality laws hold up to isomorphism and F' preserves the order.

This means that
o for every element C' € C, we have F(id¢) ~ idpc,
o for every pair of morphisms f: C' — D,g: D — FE in C, we have F(go f) ~ F(g) o F(f) and
o for f,g: C — D with f < g in C, we have F(f) < F(g) in D.
Here ~ again means that both inequalities hold. a

Clearly, pseudo-functors between categories seen as preorder-enriched categories with the discrete

order on the collection of morphisms are simply functors. Similarly, we have

Definition 2.7 (Pseudo-natural transformation). Given two pseudo-functors F,G: C — D a pseudo-
natural transformation «: F' = G between them is a family of maps ac: FFC' — GC' indexed by the
objects C € C, such that for all morphisms f: C' — C’ in C, the following diagram commutes up to

isomorphism:
FC 2% GC
lFf le
FC' 2<% qor
Diagram 2.2
This means that acr o FIf ~ Gf o ao. If every a¢ is an isomorphism, we will also write F' = G. J

Similar to the case of pseudo-functors, a pseudo-natural transformation between categories seen

as preorder-enriched categories with the discrete order is just a natural transformation.

2.1.2 Topoi

Johnstone famously listed many different ways one could see a topos and all the sketches one could

make of it [ , Introduction]. For us, two viewpoints are particularly important:



(ii) “A topos is a category with finite limits and power-objects.”
(iii) “A topos is (the embodiment of) an intuitionistic higher-order theory.”

The viewpoint (ii) is what characterizes topoi as universes to do mathematics in. These two conditions
guarantee that the category is nice in a certain sense, i.e. similar to the category Set. This already
enables us to do all mathematics we are familiar with. By this definition, we have defined it via its
objects. As a by-product of this definition, we can do logic in a topos, which is always intuitionistic
in the sense that it is given by a Heyting algebra | , Lem. A1.6.3], see also | , Sec. DJ.
Condition (iii) gives another view to topoi, suggesting we can start with the logic and derive the
objects in some other way. This will become important when we talk about triposes. We use (ii) as

our definition of a topos.

Definition 2.8 (Topos). A elementary topos or just topos is a category £ that has finite limits and

power objects. a

Before concluding the categorical preliminaries, we want to mention that we can also define Heyting
prealgebras categorically. Some readers may be more comfortable with such presentations, so we want

to include it as well:

Definition 2.9 (Heyting prealgebras, categorically). A Heyting prealgebra is a preorder that is carte-
sian closed and has finite coproducts.

A morphism of Heyting prealgebras is a functor that preserves this structure. a

2.2 'Triposes

The motivating idea for a tripos is to define a mathematical universe by its logic and a way to construct
a topos (hence also the name “topos-representing indexed pre-ordered set” | ]). This is what we
hinted at in the previous section with the viewpoint (iii). This way, triposes and topoi try to achieve
the same thing with different approaches. In both cases, we want to model mathematics in some way.
With Definition 2.8 for a topos, we are going the more classical route analogous to Set: We construct
a category that has certain nice properties and get as a by-product that we can do logic in it. With
a tripos, we first define what our logic should look like and then derive the objects from that.

The original definition of a tripos is due to Hyland, Johnstone and Pitts | . We will largely
follow their paper, | ] and also refer to the development in Pitts’ Ph.D. thesis | ]

Definition 2.10 (Tripos). Let C be a category with finite products. A C-tripos is a pseudo-functor
P: C°? — preHeyt, satisfying the following conditions:

i) For every morphism f: X — Y in C, the map P(f): P(Y) — P(X) has a left adjoint 3; and a
right adjoint V; in Preord, satisfying the Beck-Chevalley condition: if Diagram 2.3 is a pullback
square in C, then in Preord, the composites V¢ o P(g) and P(h) oV}, are isomorphic, as are the

composites 3 o P(g) and P(h) o Jj.

ii) For every object X € C, there is an the object of predicates w(X) € C and a membership predicate
€x € P(X x 7(X)), such that:
For every object Y € C and every ¢ € P(X x Y), there is a morphism {¢}: Y — 7(X) in C,
such that in the Heyting prealgebra P(X x Y'), we have ¢ ~ P(idx x {¢})(€x). J



Notice that the adjoints 3¢ and V¢ of P(f) are just morphisms of preorders and not of Heyting
prealgebras in general. This means that we cannot assume them to preserve conjunction, disjunction
or implication.

The adjunctions not only have suggestive names, but serve as the universal and existential quanti-
fier once we define a tripos logic. The condition 3¢ 4 P(f) -V, guarantees that the introduction and
elimination rules of the quantifiers work as usual while the Beck-Chevalley condition is for managing
the quantified variables (cf. Subsection 2.3.4). For notational convenience, we shall often write f* for
P(f) if the tripos is clear from context.

The second condition enables us to construct exponentials and the subobject classifier in Section 3.5
and 3.6. Since condition ii) is sometimes hard to check, we often use an equivalent condition. For this,

we need C to be cartesian closed. Then we stipulate

ii’) There is a generic element ¥ € C and a generic predicate o € P(X), such that for all X € C and
all ¢ € P(X), there is a morphism [¢]: X — X in C, such that in P(X), we have ¢ ~ P([¢])(0).

Lemma 2.11. Let C be a cartesian closed category and P: C°°? — preHeyt a pseudo-functor. Then

P satisfies ii) iff it satisfies ii’).

Proof. For the only if, we notice that since C has finite products, it has a terminal object 1. We take
Y:=m(1)and 0 := €; € P(1 x 7(1)) = P(n(1)). If we have an X € C and ¢ € P(X) = P(1 x X),
there is a {¢}: X — 7(1) = X. So by taking [¢] := id; x {¢}, we have

¢ =~ P(idy x {¢})(€1) = P([¢])(0).

For the reverse direction, let 7(X) := X% and let €x := P(ev)(0) € P(X x X¥). If ¢ € P(X x Y),
there is a [¢]: X x Y — ¥ and hence by cartesian closure, there is a map [¢]: Y — X = 7(X), such

that evo (idx x [¢]) = [¢]. If we let {¢} := [¢], we get

P(idx x {¢})(€x) ~ P(idx x [¢])P(ev)(0) ~ P(ev o (idx x [¢]))(0) ~ P([¢])(0) ~ ¢
as desired. ]

Example 2.12. An easy example of triposes are the localic triposes. Given a locale (L, <), we can
define a functor Py : Set°® — preHeyt by setting P7(X) := (L¥,F), where

ok = o(z) < Y(x) for all z € L,

noting that this gives L~ the structure of a Heyting prealgebra (this follows essentially from Lemma 5.9

viewing (L, <) as an arrow algebra in the canonical sense with S = {T}). On morphisms, Py acts by

L)Y

h

i}W

NTN

Diagram 2.3



precomposition. The quantifiers are given by sending an element o € Pz (X) to

Vi(a): Y = A, y— A a(z),
f(x)=y

Ip(@): Y =4,y Y o)
f(@)=y

We can take ¥ = L and o = idy, € P1(X) = L as the generic element and generic predicate. This is

a tripos, which we call the localic tripos. J

Furthermore, the associated topos to Py, is equivalent to the sheaf topos Sh(L). This equivalence
is usually ascribed to | ], which remained unpublished. The author mentions it again in | ]
and a proof can be found in [ ].

Another class of triposes are of course the arrow triposes, which we will see in Section 5.2. Using

pcas, we can also construct the realizability triposes. We need the following proposition:

Proposition 2.13 (| , Prop. 1.2.1]). Let P be an absolute and discrete pca and X a set. Consider
the collection Pow(P)X of Pow(P)-valued predicates on X. For ¢,1 € Pow(P)¥, we set ¢ < 1 if
there is a realizer a € P, such that for all x € X and all b € p(z), we have abl and ab € 1(z). Then
(Pow(P)*X, <) is a Heyting prealgebra. O

Example 2.14. Let P be an absolute and discrete pca. Define a functor Pp: Set®® — preHeyt by
sending a set X to the Heyting prealgebra (Pow(P)X, <) and acting on morphisms by precomposition.
The quantifiers are given by sending o € Pp(X) to

Vi(@): Y = A, y—{peP:Vp e PzecX(f(z)=y=pplApp € a(x))},
Jp(a): Y - A y—={peP:Fxec X.(f(z) =yApeca(x))}

Similar to before, we take Y = Pow(P) and 0 = idpgy(p). Then Pp is a tripos, which is called the

realizability tripos on P. a

Definition 2.15 (Morphisms of triposes). Let P and Q be two triposes over the same base category
C. A cartesian morphism ®: P — Q is a pseudo-natural transformation, such that every component
O x: P(X) — Q(X) preserves finite meets.

A geometric morphism ®: P — Q is a pair of cartesian morphisms (®*: Q — P,®,: P — Q),
such that (®1)x - (®,)x for all X. To save space we will sometimes omit the X and write &+ 4 @

keeping in my that this should hold componentwise. a

We will give geometric morphisms in the direction of the right adjoint, i.e. the “spatial” direction.
This means that given a geometric morphism ® = (T, &,): P — Q, we have ®,: P — Q and
®T: Q — P. We call the right adjoint ®, the direct image functor and the left adjoint ®* the
inverse image functor. One way to remember this is to see that for the inverse image functor, the plus
(sometimes also denotes with an asterisk) is at the top, where one would usually write the ~! for the

inverse of a function.
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2.3 Logic in a tripos

To do logic in a tripos, we first need to define a language, which we will interpret. This language will
be dependent on the base category C. This C-typed relational language is a set of relation symbols
R with certain types (X1,...,X,), where the X; are objects of C. We also allow the empty type
() and shall write X for the type (X). We proceed in the usual way of defining formulas by first
defining terms of the language and then its formulas. We will follow | , Ch. 5] and also make use
of contexts, while the general structure is taken from [ ]. As usual, we assume that we have a

countable list of variables z1, zo,. ...

Definition 2.16 (Context). Let C be a category. A context is a finite list I' = (x; : Xy,..., 2, : X5,)
of distinct variables with types X; € C. a
2.3.1 Syntax

Given such a C-typed relational language £, we define the judgement I' ¢ : X. This should be read

as “t is an L-term of type X in context I'”.
i) For every x : X occurring in I'; we have I' -z : X.

ii) If we have I' - ¢t; : X1,...,I' F ¢, : X,, and a morphism f: X; X --- x X;, = Y in C, then
Fl—f(tl,...,tn)§Y.

From this, we define the sequent I' - ¢ meaning “¢ is a well-formed L£-formula in context I'”.
i)'FLland T,

ii) If R is a relation symbol of type (Xi,...,X,) and ' + ¢; : Xq,..., ' F ¢, : X, then ' -
R(t1,...,tn).

iii) fT'Fgand ', then T oA, TFOVY, ' ¢ — 1 and I' - .
iv) fI'z: X F ¢, then 'FVz: X.¢pand I'F 2z : X.¢.

Of course, negation is not explicitly needed since it is inter-definable via —¢ := ¢ — L, but it is
still nice to have it separately. We will often omit the types of variables if these are clear from the

context (that is, the text around it).

2.3.2 Semantics

Given a language £ and a tripos P (with corresponding domain), we want to interpret £ in P. We
do this inductively. First, we need an interpretation of the relation symbols. This is a map assigning
to each relation symbol R of type (Xi,...,X,) an element [R] € P(Xy,...,X,). With slight abuse
of notation, we will sometimes identify I' = (x; : Xy,..., 2, : X,) with the product X; x --- x X,.
It will always be clear from the context, which of the two we refer to. From this, we can inductively
extend this interpretation to terms in a context and then to formulas in a context. For every L-term
I'Ft: X, wedefineamap I'Ht: X]: T — X:

i) UTFax;: X, let [[F 2 X;] := m; be the i-th projection.

11



i) UTF f(t1,...,ty) : Y, where ' ¢; : Xyq,...,T'F¢,: X, and f: X3 X ... x X, = Y, we can
inductively assume that we have maps [I' - ¢; : X;]: I' = X;. Then we have

([F}—tl:Xl],...,[l—‘l—tn:XnD Xl Y e x Xn f y
Diagram 2.4
We define [I'F f(t1,...,t,) : Y] = fo([['Ft1: Xq],...,[['Ft,: X,]) to be the composite.

For a L-formulas I' - ¢, we define [[' - ¢] € P(T"):
i) Let ' L]:= L and [I'+ T] := T be the bottom and top element of P(T").

ii) For I' = R(t1,...,t,), where R is of type (X1,...,X,), we get similarly to above a map ([I" -
t1: Xq],..., Tt : Xp]): T — X1 x -+ x X, and define

[DF R(t,... t2)] == (T Ft1: X1],..., [T F t s Xa])*[R].

iii) For ¢ with x € {A,V, —}, we assume that we have interpreted I' - ¢ and I" - ). Then we set
['F¢xe] :=['F ¢]x[I' F 9], where x on the right side refers to the operation in the Heyting
prealgebra. Further we set [[' - —¢] := [ F ¢].

iv) For the quantifiers assume we have interpreted [I',z : X - ¢] € P(I' x X). Let m: I' x X — I be

the projection. Then we define
[CF3z: X9 =3 z: XF ¢ and [ FVe: X.¢| =V, z: XF ¢,

where 3, and V, are the left and right adjoint of 7*.

As usual, we will omit brackets whenever possible and assume that quantifiers bind the strongest,
followed by conjunction and disjunction and implication binding the weakest. We will not use negation,
so we need no convention for it and as usual we will also not define a conventional precedence between
conjunction and disjunction.

In what follows, we will use the m-notation quite liberally as the pairing of multiple projections.
This way, we will occasionally also include the swapping of components or the duplication (similar to
0: X — X x X) in this notation. If we have for example the product X x - - - x X5, then w3147 denotes
the morphism

3141 = <7T3,7['1,7T4,7T1>: X1 X oo XX5 —>X3 XX1 XX4 XXl.

If the context I' is clear from the context (that is, the text around it), we will omit it.

2.3.3 Validity, soundness and completeness

As usual, we call a formula ¢ a sentence if it has no free variables, i.e. ) - ¢. Since 1 is the empty

product, [¢] (that is, [0 F ¢]) is an element of P(1). For these we can define what it means to be true:

Definition 2.17 (Validity). Let P: C°? — preHeyt be a tripos, ¢ a sentence in a C-typed relational
language £ and [-] an interpretation of £ in P. Then we say that ¢ is true or valid in P relative to [-]
if [¢] ~ T in P(1). In this case, we write P F ¢. a4

12



With these definitions, we can prove soundness with respect to first order intuitionistic logic:

Theorem 2.18 (Soundness Theorem). Suppose ¢ is a sentence in a C-typed relational language L.
If ¢ is an intuitionistic tautology without equality, then we have P F ¢ for all C-triposes P and all
interpretations [-] of £ in P. O

The proof is by induction on proofs in a formal system [ ; |. A corresponding com-
pleteness result also holds, but is less interesting, since it includes a Lindenbaum-Tarski construction
where satisfaction coincides with provability | , Lem. 4.3.4], see also | ]. The nice thing about
Theorem 2.18 is that it allows us to abandon the more tedious equational way of proving statements
in the logic of triposes. Instead, we can use intuitionistically valid statements, making a lot of proofs
easier to read and shorter. In long strings containing many 3, and f*, it is hard to follow what is
going on and the idea of the proof is not understandable anymore.

We would like to use Theorem 2.18 all the time, but as we will see in Chapter 4 and 6, this will not
always be possible. In the first case, it is because we will have existentials of the form J; where f is
not a projection. This means that the expression does not correspond to a formula we can write in our
language. However, Theorem 2.18 only makes a statement about these. There is a workaround using
projections and the predicate ~1 we will see in Lemma 2.23 [ , Sec. 2.1.4.5], but this makes the
expressions even longer. Thus we will have to use the equational style in Chapter 4. In the second
case, we will be using maps between triposes and interpret predicates from one tripos in another. In
that case, we cannot always apply Theorem 2.18 because formulae containing maps between triposes
can also not be formulated in our language. In this case, we will use the interpretation of the logic in
the arrow topos, but more on that in Chapter 6. For this and the following chapter, we will use the

easier style.

2.3.4 Motivation for the adjoints

With this at hand, we can explain the idea behind f* having both adjoints. Suppose we have the
formula Vz.¢(x). This corresponds to the term Vi[¢], where !: X — 1. The adjunction property now
tell us that T < V[¢] iff T < [¢] since " T ~ T. The inequality T < V)[¢] says that Vx.¢(x) is valid
and T < [¢] tells us that ¢(x) is true for all . Thus the if and only if directions of this equivalence
are the rules for introduction and instantiation of the universal quantifier respectively. The advantage
of this is that we need no constraints on which variables are allowed to appear freely since this is
encoded in the application of !*.

The case for the existential quantifier is similar: consider the sequent ¢(z) - 1, where z is not
free in 1. This entailment corresponds to the the inequality [¢] < "[¢)], where !: X — 1. Consider
additionally the sequent Jz.¢(x) b 1, which can be written as 3i[¢] < [¢)]. Since x is not free in v,
these two sequents are equivalent by the introduction and instantiation rule of the existential quantifier.
Thus the two inequalities should also be equivalent, which is exactly what the adjunction property for
3 tells us.

2.3.5 Some useful lemmata

Lastly, we want to collect some properties for future reference. These are taken from | , Sec.
2.1.4]. We fix a C-tripos P.
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Lemma 2.19. If X € C, then we have for all ¢ € P(X) that Jiq, ¢ ~ ¢.

Proof. By reflexivity and the 3 adjunction, we have Jiq, ¢ < Jiq, ¢ and ¢ < idxFiq, ¢ =~ Fia,¢. The

other inequality follows directly from the 3 adjunction. O
Lemma 2.20. If i: U — X is mono in C, then for any ¢ € P(U), we have i*3;¢ ~ ¢.

Proof. By basic category theory, Diagram 2.5 is a pullback iff ¢ is mono, so we get
Z*Ellgf) >~ ElidUiqub ~ gf)
by the Beck-Chevalley condition and the previous lemma. O

Lemma 2.21 (Frobenius Condition). For any map f: X — Y, ¢ € P(X) and ¢ € P(Y), we have
(W A f7P) >~ Fph N .

Proof. Since 3y - f*, we have ¢ < f*341 and hence ¥ A f*¢ < f*Iph A f*¢ ~ f*(Ipp A ¢), which

gives use “<”. For the converse, we use that f* commutes with the implication and get

YN <Tp(WAN @) = T <o =T (WA fTP) <= < ffo— fF (Y A )
Y AR BTN )

The last term is clearly true since dy - f*. O

Convention 2.22 (Tripos reasoning). For readability purposes, we will refer to a combination of the

Beck-Chevalley condition and the Frobenius condition as tripos reasoning. J

Lemma 2.23. Let X € C, 6: X — X x X be the diagonal and ¢ € P(X). For ~4 := 35¢, we have
PEVZ,y.(x ~py =y ~p) and PEVZ, Y, 2.(x ~p YNY ~p 2 = T~y 2).

Proof. For the first property, we need to prove T ~ [Vz,y.(x ~g y = y ~g )] = Vi(~y — tw¥ny),
which is equivalent to just showing T < Vi(~g — tw*~g). Here tw: X x X — X x X is the twist
map. Using the V adjunction, we need to prove T < ~y — tw*~g since !I*T ~ T. By the Heyting
adjunction, this is equivalent to ~4 < tw*~4. Using the definition of ~4 and the 3 adjunction, we
need to show ¢ < 0*tw*ds¢. This is now immediate from the 3 adjunction since tw o § = 4.

For the second property we can use a similar treatment of the universal quantifier and implication

to see that it is equivalent to showing

T35 A m3335¢ < 3356

y v XxX ™2 X x X x X
[ | |- |
U—s X X —9% s XxX
Diagram 2.5 Diagram 2.6
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By tripos reasoning using Diagram 2.6 the left side becomes
WT235¢ A 77;3E|5¢ = 371’1127T>lk¢ A 75335(;5 ~ Jrps (7T>1k¢ A WT12W53E|5¢) ~ 3r (ﬂ-i(ﬁ N 35¢)

By the 3 adjunction, this is less than ni335¢ iff 77¢ A J5¢ < 7] ,m]33s¢. This is clearly true since

m3 0 m12 = idxxx. O

The previous proof may be a bit unconventional in the sense that we start with the statement we
want to prove and use equivalence transformations to find an equivalent statement that is clearly true.
Such a proof can of course easily be translated to a direct proof by essentially reading it from the
bottom up. However, we think that this way if writing better represents what is going on and how one
usually approaches such problems. It is not always clear from the beginning which tautology one has
to use to get the desired statement. Thus this way of writing also serves as an educational device to
present a way of thinking about these problems. We shall also extend this method in the following by
mentioning when something is implied by another statement, but not necessarily equivalent. This is
of course valid, but has the danger of using an antecedent that is too weak. So that extension should

be used with care.
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Chapter 3
The tripos to topos construction

When triposes were introduced in | |, the authors also proved that triposes give rise to topoi:

Theorem 3.1 (Hyland, Johnstone, Pitts). For any tripos P: C°? — preHeyt, the category C[P] is a

topos.

In this chapter, we will define the category C[P] and prove Theorem 3.1. This result is of course
standard by now [ ; ; . We will still do it explicitly for future reference and to give
more detailed proofs. Theorem 3.1 already follows from the results of Section 3.2 and 3.5. The other

sections contain characterizations we need in those proofs and in later chapters.

We start by explaining what the category C[P] is. Let P: C°® — preHeyt be a tripos. The
category C[P] of partial equivalence relations over P is defined as follows. Its objects are pairs (X, ~),
where X is an object of C and ~ € P(X x X), such that ~ is an equality predicate on X, i.e. it is

symmetric and transitive:
PEVz,y.(r ~y =y~ and PEVz,y,z.(x ~yANy~2z—x~2).

We have seen a special case of this in Lemma 2.23: The predicate ~4 = 35¢ is an equality predicate.
We will often use the case where ¢ = T. This case is particularly interesting since it gives us the least
reflexive equality predicate. An equality predicate is said to be reflexive if P EVa.x ~ x, i.e. T < §*~.
By the 3 adjunction, it is easy to see that ~7 is then the least such. We will see more advantages of

~7 after introducing the morphisms of C[P].

Now one might wonder why we do not require equality predicates to be reflexive. After all, the
usual equality is reflexive. The answer is easy: If we required this, then for C[P] to be a topos, C
would need to satisfy more conditions. For example, we do not need C to have equalizers because we
can just restrict the domain of the parallel morphisms to those elements on which the two morphisms
are equal (cf. Lemma 3.7). This way, one element of C can be turned into many elements of C[P].
It also comes in handy in other cases, when we want to exclude some variables. For example, when
constructing the power object in Section 3.5, we start with the object of predicates m(X), but restrict
to those that behave like subsets. We can make “behaving like a subset” precise using first-order logic
and exclude all elements of (X)) that do not satisfy it.

This restriction of the equality predicate is similar to the axiom of comprehension. We will usually

use an additional predicate to construct an object that only contains some of the original variables.
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This is like using a formula to define a subset of an existing set. We will make this idea more precise
in Section 3.4. So we do not require equality predicates to be reflexive so that we have more examples

of triposes.

A morphism (X,~) — (Y, ~) in C[P] is an equivalence class of functional relations in P(X x Y).
Two functional relations are equivalent iff they are as predicates in P(X xY'). A predicate F' € P(X xY)

is a functional relation if

PEVz,y.(F(z,y) 2 x~x ANy ~y) F is strict

PEVr, 2 y,v.(Flx,y) ANz ~2' Ny ~y — F(2',y)) F is relational
PEVz,y.(F(x,y) AN F(z,y) = y~1y) F is single-valued
PEVz.(z ~ 2z — Jy.F(z,y)) F is total

The identity on an object (X, ~) is then simply represented by ~ and if we have predicates F' and
G representing morphisms (X, ~) — (Y, ~) and (Y, ~) — (Z, ~) respectively, then the composition is
represented by
(G o F)(x,2)] = [By.(F(x,y) NGy, 2))]-

The motivation for totality and single-valuedness are clear if we want to represent morphisms.
Relationality is needed since we may consider more elements to be equal and this should be respected
by morphisms. Strictness on y already follows from single-valuedness and strictness on x is needed to

make sure that we get an interesting topos:

Proposition 3.2. Let P: C°? — preHeyt be a tripos, such that C[P] is a topos, but morphisms are

not required to be strict on their domain. Then all elements of C[P] are isomorphic.

Proof. In the first step, we will proof that in this case, there can be at most one morphism between
any two elements. First let (X, ~) be an arbitrary element in C[P]. Any topos is finitely cocomplete
[ , Cor. 1.36], so it especially has an initial object 0. Next, consider the element (X, L). It is
easy to check that L represents a morphism (X, 1) — 0. Thus (X, 1) is also initial since 0 is strict
[ , Prop. IV.7.4].

Let F: (X,~) — (Y,~) represent any morphism. Then especially F' € P(X x Y). Since it does
not need to be strict on its domain, F' satisfies all the conditions to be a morphism (X, 1) — (Y, ~).
Similarly, any other G: (X,~) — (Y, ~) is also a morphism (X, L) — (Y,~). Since (X, 1) is initial,
we must have F' ~ G, i.e. they are equal.

Next, we will show that we have a morphism 1 — 0. As in any topos, 0 is the pullback of true
t: 1 — Qand false f: 1 — Q by definition | , Ch. 5.1]. But since there can only be one morphism
1 — Q, we must have ¢ = f and the identity on 1 makes the pullback commute. By the universal
property of the pullback, we get a map 1 — 0.

Now by terminality of 1 and the map 1 — 0, we have a map (X, ~) — 0 for every object (X, ~)

in C[P]. Since 0 is strict, (X, ~) must be isomorphic to 0 and thus also to any other element. O

One advantage of reflexive equality predicates is that we do not need to check strictness of mor-
phisms with respect to them. Additionally, every predicate is relational with respect to ~1: Let
I € P(X). We need to show that [II(z) A z ~7 2] < [lI(2)], which is just 7;II A ~1 < w3I1. Since
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~1 = ds5 T, we can use the Frobenius condition to get
T A 35T >~ F5(8*nIIAT) >~ 311

since m 0 6 = idx by definition. This is less than 7511 by the 3 adjunction since also 3 0d =idx. A
similar argument works if I also has more free variables.

For the remainder of this chapter, we let P: C°°? — preHeyt be a fixed tripos.

3.1 Equality of morphisms

We want to find easier conditions when two morphisms in C[P] are equal, i.e. equivalent. The first
one is well-known and taken from | |, while the second one states that two morphisms are equal

if for a given input, their outputs are related, i.e. equal.

Lemma 3.3. Let F' and G represent morphisms (X, ~) — (Y, ~), such that ' < G. Then they are

equivalent.

Proof. We just have to show that in this case, we also have G < F'. By strictness of G and totality of

F', we have
(G, y)] < [Glz,y) Ao~ a] < [Ga,y) ATy Fa,y)] = By (Glx,y) A Fa,y))]-
By assumption we have F' < G, i.e. [F(z,y)] < [G(x,y)], G is single-valued and F is relational:

B (G, y) A F(x,y)] < By (G(a,y) ANF(z,y) AG(,y)] < [y (Fa,y) Ay ~ y)] < [Fla,y)]-
Thus we also have G < F. OJ
Lemma 3.4. Let F' and G represent morphisms (X, ~) — (Y, ~). They are equivalent if we have

P EVayy (F(z,y) ANG(z,y) =y ~ ).
Proof. We will use the previous lemma and only show that F' < G. We have

[F(x,y)] < [F(z,y) Az~ 2] < By (F(z,y) AG(x,9)] < By (G(z,¥) ANy ~y)] < [G(z,y)]. O

3.2 Finite Limits

We show that C[P] has finite limits by showing that it has a terminal object, binary products and
equalizers. These three are sufficient for constructing all other finite limits. At the end, we will also

mention the construction of a pullback for future reference.
Lemma 3.5. Let 1 be terminal in C. Then (1, T) is terminal in C[P].

Proof. First, note that C must have a terminal object since it has finite products by assumption.
Clearly, T is an equality predicate. For any other element (X, ~), define [!(z, )] := [x ~ z]. This is

strict, relational and single-valued. It is total since we have a morphism ¢: X — 1 by assumption so
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that [z ~ 2] < [z ~ 2] ~ [!(z, ¢(x))], because ! says nothing about the codomain. It follows directly

from Lemma 3.4 that ! is unique. O

Lemma 3.6. Let (X, ~) and (Y, ~) be elements in C[P]. Their product is given by (X x Y, ~) with

projections p1, p2, where

[(z,y) = (@, )] =[x ~ 2" Ay ~ 4],

[pl( z, )7:6/)] = [x ~ xl/\y ~ y]7

), y)] =[x ~x ANy ~y].

Proof. 1t is easy to see that ~ is an equality predicate and that pi, po represent morphisms. Now let
F:(Z,~)— (X,~)and G: (Z,~) = (Y, ~) be arbitrary morphisms. Define

[(F,G)(z (2, 9))] := [F(z,2) AG(2,9)].

Since F' and G represent morphisms, it is clear that (F, G) also represents one. By relationality of F,

we have
(P10 (F,G))(z,2)] = B2, ¢/ (x ~ 2 Ny ~ y A F(z,2") NG(2,9))] < [F(2,2)).

And similarly for G. Since they are all morphisms by Lemma 3.3 this shows that (F,G) factors as
wanted. For uniqueness, we assume that there is another morphism H: (Z,~) — (X x Y, =) that

factors F' and G. By strictness of H, we have

[H(z, (2,9))] < [H(z, (z,y)) Aw ~a Ay ~y] < 32,y (H(z, (2, ) Aa ~a Ay ~ )]
= [(p1o H)(z,2)] = [F(z,2)].

It is also easy to see that [(F,G)(z, (z,y))] < [F(z,z)], whence by single-valuedness of F,
[H(Z, (xlayl)) N <F7 G>(Z7 (x27 yQ))] < [F(Zaxl) A F(va?)] < [$1 ~ .Tg].
By a symmetric argument on gy, we can see that

[H(Z, (l'l,yl)) A <F7 G>(Z’ (l’z,yz))] < [(xl’yl) ~ (l’g,yg)].
By Lemma 3.4, this shows that H ~ (F,G), which is thus unique. O

Lemma 3.7. Let (X, ~) and (Y, ~) be elements in C[P] with morphisms F,G: (X,~) — (Y,~). The
equalizer of F' and G is given by (X,~') and ~: (X,~') = (X, ~), where

[~ 2] =[x ~ 2" AJy.(F(z,y) A G(x,9))].

/

Proof. 1t is easy to see that ~
(X,~") = (X,~). It equalizes F and G by Lemma 3.4 because

is an equality predicate and that it also represents a morphism

[(F' o ~')(@,51) A (G o ~)(x,92)]
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< [Fey, zo(Fx,y1) Ax ~ x Ay (Fz,yh) AG(x,y1)) A G(ag,y2) Aa ~ a2)]
S [El.%l,l‘g,yi.(F(l‘, yl) A F(xayi) A G(l’,yi) A G(I‘, y?))]
< By, zo,y1-(y1 ~ Ay~ y2)] < [y ~ w2l

Now assume we have another H: (Z,~) — (X, ~) that equalizes F' and G. Thus it is also strict for
X,

(X,~). Similar to the previous proof, it is also easy to
see that ~' o H ~ H. If there is an H': (Z,~) — (X,~'), such that H ~ ~' o H'| we have

~" and also represents a morphism (7, ~) —

[H'(z,2)] < [H (2,2 ) N2’ ~ 2] < [F2.(H (2,8) N2~ 2!)] = [(~ o H)(2,2")] ~ [H(2,2")].

Since both are morphisms, we have H' ~ H by Lemma 3.3 and hence uniqueness. ]

Combining Lemma 3.6 and 3.7, we can also construct pullbacks. This construction is canonical,

but still nice to have given explicitly.

Corollary 3.8. Let (X, ~), (Y, ~) and (Z, ~) be elements in C[P] with morphisms F': (X,~) — (Z,~)
and G: (Y,~) — (Z,~). The pullback is given by (X x Y, =) with projections p;, p2 where

[(z,y) = (&, 9)] =[x~ Ay ~y AN3z.(F(z,2) AG(y, 2))],
z,y),2")] = [(z,y) = (z,y) N ~ 2],
z,y),y)] = [(x,y) = (z,y) Ny ~¥]. O

In the proof of Lemma 3.7, we have secretly used the axiom of choice. The problem lies in
identifying a morphism (which is an equivalence class of functional predicates) with one of its elements.
We are just given the morphisms, but to construct ~/, we need a representative, which is a textbook
example of using the axiom of choice. So if we want to stay fully intuitionistic also in our meta-logic,
we cannot prove that C[P] has equalizers (cf. | , Rmk. 2.7]).

We propose a way to avoid this by changing the definition of objects in C[P] to be equivalence
classes of pairs (X, ~), where we say that (X,~) and (Y,~') are equivalent iff X =Y and ~ ~ ~/,
i.e. the equality predicates are logically equivalent. This does not change any of the other properties
of C[P] since if two elements are equivalent in this sense, then they are isomorphic as elements of C[P].
Furthermore, this solves the problem of using the axiom of choice in the proof of Lemma 3.7. We just
need to show that for different representatives Fy and Fy of F and G and Gy of G respectively, the

constructed equality predicates ~} and ~f, are equivalent. This is clear since
[z~ 2] = [z ~ 2" ATy.(Fi(2,y) A Gil(z,y))] < [z ~ 2" A3y.(Fa(2,y) A Ga(z,y))] = [z~ 2]

by F1 < Fy and G < (5. The other inequality follows symmetrically.

We want to emphasize that our construction does not make C[P] skeletal, since we require the
first component of the pair to be identically the same. If we consider C = Set for example, there are
isomorphic elements that are not identical. So it is not hard to transform (X, ~) into some isomorphic
(X', ~") by taking an X’ with X = X’  but X # X’ and appropriate application of the isomorphism

to ~.
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3.3 Properties of morphisms

In topoi, we can do logic and thus characterize morphisms by logical expressions. We will prove that
the characterizations of monos, isos and epis coincide with the usual conditions we know from Set for
the case of CIP].

Lemma 3.9. A morphism F': (X,~) — (Y, ~) is mono iff we have
PEVaar'y.(F(z,y) NF(2',y) =z ~ 1),

which can also be written as P F Vaa'.(Jy.(F(z,y) A F(2',y)) = x ~ 2’).

Proof. For the if direction, let G, H: (Z,~) — (X, ~) be arbitrary morphisms, such that FoG ~ FoH.

Then we have

(G(z,2) AN H(z,2")] < "(G(z,2) N F(x,y) NH(z,2') NF(2,9))]

Jy,y.
Jy,y

[ (
< By ¢ (FoG)(z,y) AN(F o H)(2,y) AF(z,y) ANF(2,y))]
~ By, ¥ .(F o G)(2,9) A (F o G)(2,y) AN F(z,y) ANF(2',y))]
< [By,y' . (y~y AF(z,y) NF(2'y))]
< By (F(z,y) AF(2',y)] < [z ~ 2],

which shows G ~ H by Lemma 3.4. For the only if direction recall that a morphism f: A — B is
mono iff the analogous diagram to Diagram 2.5 is a pullback. By Corollary 3.8, we know that the
pullback of F' along itself is given by (X x X, ) where

[(l’l,ng) ~ (-1’/1,.%'/2)] = [3?1 ~ xll Nxg ~ x/2 A Ey(F(mhy) /\F(l‘g,y))].

Now this must be isomorphic to (X, ~), so we have maps ¢: (X x X,~) — (X,~) and ¢~ 1: (X,~) —
(X x X,~) whose compositions are the respective identities. Using the description from the previous
section, one can easily check that [¢~1(z,21,72)] = [z ~ 21 Ax ~ x2]. If we assume [Fy.(F(z,y) A
F(2',y))], then we also have [(z,2') =~ (z,2)]. Thus there is a #, such that [¢(z,2’,%)]. Since
¢~ o ¢ ~ =, we have that [¢p~!(Z, x,2’)] must hold. But by the description we gave earlier, we must

have [ ~ 2 A & ~ 2] and thus [z ~ 2], giving us the claim. O

Lemma 3.10. A morphism F': (X,~) — (Y, ~) is iso iff we have
PEVrz'y.(F(z,y) NF(2',y) = x ~2) and PEVy.(y ~y— Jx.F(x,y)).

Proof. For the if direction, define [F(y, )] := [F(z,y)]. It is easy to see that F is strict and relational
since F is. Furthermore, the two conditions on F guarantee that F is single-valued and total respec-
tively. So we just need to check that the compositions are the respective identities. However, these
follow easily from single-valuedness of F' and F.

For the only if direction, assume that F is iso and let F be its inverse. We have

ly ~y] < B Fy,x)] < B,y . (F(y,z) A F(x,y)] < Ba,y'.(y ~y' A F(a,y)] < [Bz.F(x,y))
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and
[F(z,9) A F(@',y)] < 36.(F(@,5) A F(/,9) AF(y, )] < B(@ ~ 3 A2 ~ 2)] < [ ~ 2
as desired. O
Lemma 3.11. A morphism F: (X,~) — (Y, ~) is epi iff we have
PEVYy.(y ~y — Jz.F(z,y)).

Proof. Assume that F' satisfies this condition and that G, H: (Y,~) — (Z,~) are morphisms such
that Go F' = H o F. We will use Lemma 3.4 to conclude the statement:

[G(y,2) NH(y,2")] <[Gly,2) NH(y,2") Ay ~ ]

(F(z,y) NGy, 2) A H(y,2"))]

((By.F(z,y) NGy, 2)) A (Fy.F(z,y) A H(y,2")))]
((GoF)(w,2) AN(H o F)(x,2))]

(G o F)(x,2) NG o F)(z,2"))] < [z ~ 7]

Ll

8
A~ A~~~
—~~ o~

by single-valuedness.

For the only if direction let F' be epi. Consider (Y,~') with [y ~" ¢/] := [y ~ ¥/ A Jz.F(x,y)].
Since F' is relational, this is an equality predicate. It is easy to see that [’ also represents a morphism
(X,~) — (Y,~'). Furthermore, ~' is a morphism (Y,~') — (Y,~) and we have that Diagram 3.1
commutes by relationality of F' and using Lemma 3.3. Thus ~/ is epi since F is. It is also easily seen
to be mono and thus an iso since topoi are balanced | , Cor 1.22]. Let i: (Y,~) — (Y,~/) be its

inverse. First we observe that by strictness of 7 we have

[i(y, )] < [ily, ") ANy ~ Y1 < B9y, ) A g~ 9] = [(~ o) (y,y)] ~ [y ~ o],

where the last step holds because i is the inverse of ~/; so their composition is the identity on (Y, ~),
which is represented by ~. Now we can show that F' has the property in the statement of the lemma.

By totality and strictness of ¢ and relationality of F', we have

ly ~yl < By iy, o) < By iy, v ) Ay ~ )] < By (y ~ o' A Sz Fa,y')] < [Ba.F(z, y)).

It follows from the Heyting adjunction and the V adjunction that this inequality is equivalent to
PEVYy.(y ~y — Jz.F(z,y)). O

Notice that in this proof, we used that topoi are balanced and especially that C[P] is a topos. Thus

we can use this characterization only a posteriori after Section 3.5. We will not need it for any of the

F
(X7 N) ’ (Y7 N)
x %
(Y, ~)
Diagram 3.1
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proofs until after Section 3.5, but it is nice to have this characterization.

3.4 Subobjects and strict predicates

The goal of this section is to prove Theorem 3.18, i.e. that in the tripos to topos construction, subob-
jects correspond to strict predicates. A 1-to-1 correspondence is well-known and mentioned [ ;
]. The authors were undoubtedly aware of the isomorphism as well, but did not mention it

explicitly. It is an important result for us, so we will explicitly mention it and give a full proof.

Definition 3.12 (Subobject functor). Given an elementary topos &£, we can define the subobject
functor Subg: £°P — Preord, sending an object to the preorder of its subobjects. Formally we define

the mappings

X s Subg(X)
fi X—=>Ym— f*: Subg(Y) — Subg(X),

where f* maps a subobject m: Y’ — Y to m’: X xy Y’ — X, i.e. its pullback along f in Diagram
3.2. J

X xy V' >0 X
| b
y' —™ Y

Diagram 3.2

If C is well-powered, i.e. there is only a set of equivalence classes of subobjects, then Subg a
hyperdoctrine | , Ex. 5.2.5]. In most cases we will see, C is well-powered, so we can assume this.
If our topos comes from a tripos, i.e. is of the form C[P], we can also define the functor of strict

predicates:

Definition 3.13 (Strict predicate functor). The functor of strict predicates SPredcip: C[P]? —
Preord sends an object (X, E) to the preorder of its strict predicates by setting

SPredcp) (X, E) := {II € P(X) : I is strict and relational for £},
where we say

PEVe.(Il(x) —» E(x,x)) IT is strict,
PEVz,y.(Il(x) A E(z,y) — (y)) I is relational.

The order on the strict predicates is inherited from P(X). On morphisms, SPredcp) acts as
i (X,E) = (Y,F) s f*: SPredep(Y; F) — SPredep)(X, E),

where [f*I1(z)] := [Fy.(f(z,y) ATL(y))]. -

Our goal is to show that these Sub and SPred are pseudo-naturally isomorphic. We will start by
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proving that SPredcp; is indeed a functor.
Proposition 3.14. SPredcp) is a functor.

Proof. We easily see that f* is well-defined since f is a functional predicate: Since f is strict and
relational, so must be f*II. Thus we just need to check the identity and composition laws. We know

that the identity on (X, E) is represented by E. Since II is relational and strict, we get
(32’ (E(x,2") ATI(2'))] < [F2' (2)] < [II(x)] and [II(z)] < [[I(z) A E(z,2)] < [32'.(E(z,2") ATL(2"))].
This shows that E* is the identity. For f: (X, E) — (Y, F) and ¢g: (Y, F) — (Z,G), we have

(9" ()] = [By.(f(z,y) A 32.(9(y, 2) AN1L(2)))] = [Ty, 2.(f(z,y) A g(y, 2) N11(2))]

~ [32.3y.(f(z,y) A gly, 2)) AN(2))]
~ [3z.((g 0 f)(z,2) AN1I(2))]
=

(9f)*IL(z)].

12

12

This shows that composition is preserved and SPredcp) is thus a functor. ]

Now let (X, E) be an arbitrary element of C[P]. We define the maps o(x gy: SPredcpp(X, E) —
Subcpp) (X, E) and a(—)} gt Subcpp (X, E) — SPredep)(X, E) by

ox,p) (1) == (X, [ll(x1) A E(z1,22)]) and
U&7E)(X/,E/) = [32i(a, 2)],
where i: (X', E') = (X, E) is the inclusion. It is easy to see that o(x p) is well-defined: Since E is an
equality predicate and II is relational, [II(x1) A E(z1, z2)] is an equality predicate as well. Furthermore,
(X, [II(z1) AE(z1,22)]) is clearly a subobject of (X, E') with the inclusion being represented by [II(x1)A
E(z1,x2)]. Since ¢ is a functional predicate, it is strict and relational so that [Jz'.i(2, z)] is as well.
Thus both maps are indeed well-defined.
To show that they are maps in Preord, we need to check that they preserve the order. If II < IT
in P(X), we need to show that i: (X, [II(z1) A E(z1,22)]) — (X, E) is less than ¢': (X, [II'(z1) A
E(z1,x2)]) — (X, E) as subobjects. This means that we have to find a monomorphism j: (X, [II(z1)A
E(x1,292)]) — (X, [II'(z1) A E(21,22)]), such that i = i'j. Recall that i = [II(z1) A E(x1,22)] and
= [II'(x1) A E(x1,22)]. Then it is easy to see that j = i represents this morphism. It is mono
because it is mono into (X, E') and that condition makes no claim about the equality predicate in the

codomain. We need to check that ¢ = i’j. By relationality of i, we get

(7 0 )@, )] = By.(i e, y) AT'(9,2))] = By-(ie, ) AT () A By, 2)] < Byeie, 2)] < li(z, 2)].

Since both sides are morphisms, this shows that they must be equal. Thus the order is preserved.

Conversely, if we have subobjects i: (Y, F) — (X, E) and j: (Z,G) — (X, E), such that (Z,G) is
less than (Y, F'), we have a monomorphism h: (Z,G) — (Y, F), such that j = ¢h. We now need to
show that [3z.5(z, x)] < [Jy.i(y,x)]. But this is clear since

Bz.j(z,2)] = B2.(ih) (2, 2)] < By.i(y, )],
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because by totality of h, we can choose the y such that h(z,y).

Remark 3.15. Now we can explain better what we meant earlier when we said that we can create
subobjects in C[P] similarly to the axiom of comprehension. The map o tells us that we can turn strict
predicates into subobjects. In particular, this subobject will only contain those elements that satisfy
the predicate. This is similar to the axiom of comprehension since there we use a logical formula to

obtain the subset of a given set by restricting to those elements that satisfy the formula. J

Next, we want to show that the suggestive notation is justified and ¢ and o~! are each other’s

inverses. We have
Lemma 3.16. Let P be a tripos and (X, E) an object of the associated topos. Then we have

Ox.m) ©O(x,B) = ispreacp(x,m) and  0(x,5) © 0y ) = idsubep (X,5)
Proof. If we start with a strict predicate II € SPredcp)(X, E), it gets mapped to (X, [[I(z1) A
E(z1,22)]), whose inclusion into (X, FE) is represented by [II(z1) A E(x1,z2)]. Thus it then gets
mapped to [Fz'.(II(a") A E(2,z))]. Since II is relational, we get

[ (IL(2") A E(2',2))] < [32' (2)] < [II(2)],

since we can disregard quantified variables we do not use. For the other inequality note that by

strictness of II we have
[(z)] < [(z) A E(z,2)] < [32.(I(2") A B(2, 2))]

since we can choose 2’ = z. Thus [32/.(II(2") A E(2/, z))] ~ [II(x)].

To show o(x ) © U&ém = idgubC[P](X’E), let i: (Y, F) — (X, E) be a subobject of (X, F). It gets
mapped to the predicate [Jy.i(y,z)], which then gets mapped to (X, [3y.i(y,z1) A E(z1,x2)]). We
want to show that this element is isomorphic to (Y, F). To do so, we claim that i also represents
a morphism (Y, F) — (X, [3y.i(y,x1) A E(z1,x2)]), which is iso. Totality still holds since it makes
no claim about the equality predicate in the codomain. For strictness, we only have to show it for
[Fy.i(y,z) A E(x,x)] since i is strict for E by assumption. The second conjunct also follows from
strictness of i for E, so we just need to show that [i(y,z)] < [Jy.i(y/, x)], which is clear since we can
choose y = y. Relationality follows from [Jy.i(y,z1) A E(x1,22)] < [E(21,22)]. For single-valuedness,
we have to show that [i(y,z) Ai(y,2")] < [3y.i(y,z) A E(x,2’)]. The first conjunct is trivial and the
second one follows from single-valuedness of ¢ for E. Lastly, it remains to check that it is iso. By
Lemma 3.10, we need to check that [i(z,y)Ai(2',y)] < [E(x,2')] and [Fy.i(y, ) AE(x, )] < [y.i(y, x)].

The second one is trivial and the first one follows by Lemma 3.9 since ¢ is mono. O

Lemma 3.17. Let P: C°? — preHeyt be a tripos. Then the maps o form a pseudo-natural transfor-
mation Subcpp] = SPredc(p) and the o~ ! form a pseudo-natural transformation SPredcpp] = Subcp).

Proof. Since we have already seen that o and o~! are families of maps between the correct objects,
it just remains to show that they make the naturality squares commute up to isomorphism. So let

f: (X, E) — (Y, F) be an arbitrary map. We want to show that the following two diagrams commute:
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Subeypy(X, B) "5 SPredep(X, E) SPredege)(X, B) 2 Subgp(X, E)
subep ()] , sPrede (1] sredeyn (/)| subern ()]
Subgp) (Y, )~ SPredgyp (Y, F) SPredep) (Y, F) ~%% Subgp(Y, F)
Diagram 3.3 Diagram 3.4

Since we have already shown that o and o~! are component-wise isomorphisms, it suffices to check
one, so we will only show that Diagram 3.3 commutes. We start with a subobject i: (Y, F') — (Y, F).
Via the left upper path, we first go to the pullback (X, E) X (y,py (Y, F’) with the inclusion into (X, E)
represented by

(L(z,y,2)] = [E(z,2) N E(x,2) N Fy,y) A3g-f(@,9) Nily, §)] ~ [E(z, &) A3G.(f (2, 9) Aily, §))]-

Thus it gets mapped to the predicate
B2,y (2o, 2)] = 32, ¢/ (B, 2) A3g.(fF (2, 9) Ni(y',9)))]-

Via the lower right path, it first gets mapped to the predicate [Jy'.i(y/, y)] and then to [3y.(f(x,y) A
Jy'.i(y',y))]. By strictness and relationality of f and choosing ' = x, we see that these two predicates

are equivalent and thus equal. Thus Diagram 3.3 commutes and then also Diagram 3.4. O
The previous two lemmata combined give us:

Theorem 3.18. For a tripos P: C°? — preHeyt, the functors Subcp) and SPredcip; are pseudo-

naturally isomorphic. O

Since Subcp) is a hyperdoctrine if C is well-powered, this also shows that SPredcpj is one in that
case. Since we can do logic in both, this isomorphism also tells us that they have the same logic: If we
look at how we defined the interpretation of the logic in a tripos in Section 2.3, it basically just states
that certain diagrams in the associated topos commute or factor in a certain way. Since the functors

are isomorphic, we can freely move between them and a formula holds in one iff it holds in the other.

3.5 Power objects

Our next goal is to prove that C[P] has power objects. Given an element (X, E) of C[P], consider
its element of predicates 7(X) € C and the membership predicate €x € P(X x 7(X)). We define
P(X,E) := (n(X), =), where

[R=<S]:=[ReP(X,E)A\Vx.(r €Ex R+ z €x 9)],
[ReP(X,E)]:=[Va,2'.(x €Ex RAE(z,2') - 2’ €x R) AVa.(x €x R — E(z,))].

XN

We use “ReP(X, E)” simply suggestive notation. It is a unary predicate on P(X, F). It is easy to see
that =< is an equality predicate. We claim that P(X, E) acts as the power object on (X, F). So we need
to prove that Subc(p)((X, £) x —) = Homgp(—, P(X, E)). We already know that Subcp; = SPredcp),
so we just need to prove Homgcp)(—,P(X, E)) = SPredcp((X,E) x —). First we define map-
pings o(y,py: Homgep ((Y, F), P(X, E)) — SPredcp)((X, E) x (Y, F)) and a(_},{F): SPredcp((X, E) x
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(Y, F)) — Homgp)((Y, F),P(X, E)) by

o, (F)(@,y)] := [FR.(f(y, R) N w €x R)],
o6 Iy, R)] = [F(y,y) A {I1}(y) < R,

where {II} is the map Y — 7(X) we get by condition ii) of Definition 2.10. We have that (idx x
{IT1})*ex ~ II, which states [z € {II}(y) < I(z,y)]. It is easy to see that the images of o and o~!
are predicates of the correct types respectively. It also follows immediately that oy g (f) is strict
and relational for y, while strictness and relationality for = follow from the fact that f represents a
morphism (Y, F') — P(X, E), whence for the witness R we have [R e P(X, E)].

We see that 06,171:,)
of {II} and relationality of II, so we just need to check that it is total. This means showing that
[F(y,y) — 3R{I1}(y) < R], which follows if we show [{II}(y) =< {II}(y)]. Since the second conjunct
of < is clearly true in this case, we just have to check validity of [{II}(y) e P(X, E)]. We show both

conjuncts independently. The first one states [z €x {II}(y) A E(z,2") — 2’ €x {II}(y)], which follows

(IT) is strict and single-valued. Relationality follows from the defining property

from the defining property of {II} and relationality of II. Similarly, the second one [z €x {II}(y) —

E(x,z)] follows from strictness. This shows that also 06,1 r) is well-defined.

Lemma 3.19. Let P be a tripos and (Y, F') an object of the associated topos. Then we have

-1 . -1 .
T(y,p) © O(v,F) = idHomep(v,p) A0 O(v,p) © 0y oy = idspredcp (v, F)

Proof. 1f we start with a strict predicate II, it first gets mapped to [F(y,y) A {II}(y) < R| and then to
BR.(F(y,y) N{l1}(y) = RAz ex R)] =~ [F(y,y) Az ex {IT}(y)].

We know that [{II}(y) =< {II}(y)] always holds by the previous paragraph. We can transform this

term further to get

[F(y,y) Ao ex {THy)] = [F(y,y) Az, y)] =~ [[I(z,y)]

by strictness of II.

To show a(_Y%F) 0o(y,F) = idHomC[P](y,F), we start with a map f: (Y, F) — P(X, E). It gets mapped
to Iy := [R.(f(y, R) Nz €x R)| and then to [F(y,y) ANM{Il}(y) < R] ~ [F(y,y) A R < {II#}(y)]. We
switched the arguments of =< since it is symmetric and it makes the argument later easier. We will

show that this is equivalent to f by using Lemma 3.4. We need to show that
[f(y, R) A F(y,y) AR < {TI}(y)] < [R = R).
We unfold the left side:
[f(y: R) A F(y,y) AR < {TLeHy)] < [f(y, BR) AR € P(X, E) AV (z €x R 2 €x {TIf}Hy))].

Substituting [z €x {II;}(y)] ~ [H¢(z,y)] = BR".(f(y, R") Az €x R")] into the previous equation, we
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get

[f(y,R) AR e P(X,E) A\Va.(z €x R <z ex {1l }(y))]

~ [f(y, R) A R ¢ P(X,E) AVz.(z €x R IR".(f(y, R") Az €x R"))]
~ [f(y, R) AR e P(X, E) A\Va.(z €x R < 3R".(f(y, R) A f(y, R") Na €x R"))]
~[f(y, ) ANR e P(X,E)AVz.(x €x R < IR".(f(y, RAANR=<R' ANz ex R"))]
~[f(y, ) ANR e P(X,E)AVz.(xr €x R < (x €x RA f(y,R)))]
~ [f(y, R)ANR e P(X,E)AVz.(xr €x R < = €x R)]
~[f(y,R)AR' < R| < [R' < R].

This gives us the claim by Lemma 3.4. 0

Finally, we want to conclude that o and ¢! are pseudo-natural isomorphisms so that we have an
pseudo-isomorphism of functors between Subcp)((X, ) x —) and Homgp(—, P(X, E)) and not just

a 1-to-1 correspondence.
Lemma 3.20. The maps o and ¢! are pseudo-natural isomorphisms.

Proof. We have already shown that they are well-defined maps and each others inverses. Thus it
just remains to show pseudo-naturality. So let (X, E) and f: (Y,F) — (Z,G) be arbitrary. For

pseudo-naturality of o, we need to show commutativity of the following diagram:

I(v,F)

Homcp)((Y, F), P(X, E)) —— SPredcjp)((X, E) x (Y, F))
Homqp]c—,ﬂx,E))(fﬁ SPredqp]«X,E)x—)(fﬁ

9(2,G)

Homc[p}((Z, G),?(X, E)) E— SPTCde}((X,E) X (Z, G))

Diagram 3.5

We start with a g € Homcp)((Z, G), P(X, E)). Going up and then right, it first gets mapped to
go f and then to [FR.((g o f)(y,R) ANz €x R)]. First going right and then up, it first gets mapped
o [FR.(¢9(z, R) Nx €x R)] and then to [3z.(f(y,z) A IR.(9(z, R) Az €x R))]. Using the definition
of composition in the tripos to topos construction, it is not hard to see that this is equivalent to the
previous term.

Since we already showed that o and o~! are each others inverses, naturality of c~! follows auto-

matically. O
This lemma in combination with Theorem 3.18 shows:

Theorem 3.21. Let P: C°? — preHeyt be a tripos and (X, F) an object in the associated topos.
Its power object is given by P(X, E) = (7(X), <) where

[R=<S]:=[ReP(X,E)A\Vz.(r €Ex R+ z €x 5)],
[ReP(X,E)]:=Vx,2'.(x ex RANE(z,2') = 2/ €x R) AVx.(x €x R — E(x,1))]. O
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3.6 The Subobject Classifier

From | , Sec. IV.1], we know that we can recover the subobject classifier as the power object of the
terminal object. In our case, we get from Theorem 3.21 and Lemma 3.5 that Q = P(1, T) = (7 (1), x).
Although this is sufficient, we want to simplify this. First, we look at the equality predicate <. We
claim that the predicate [R e P(X, E)] is trivial, i.e. always true. Indeed, for the second component

this is trivial since £ = T in this case. For the first component, we have to show validity of
Vz,z'.(z €1 R — 2’ €1 R)].

In the equational style, this can be written as Vi, (mf3€1 — 733€1), whose validity is equivalent
to the claim 7361 < m353€; by an easy application of the ¥V and Heyting adjunction. Notice that
P(1x7(1)) 2 P(n(1)). Thus €; € P(1 x (1)) is equivalent to some €} € P(m(1)). One can check that
€} ~(,idyq))*€1 and €1 ~ m5€]. Then it is easy to see that

k * * ~/ * ~/ * ~/ * * ~/ k
T3€1 = T3My€) = M3€) < M€ = M3Ma € = M3€1.

Thus [R < S] = [Vz.(z €1 R < z €1 5)] in this case. We will suggestively write < for < in this
case so that the subobject classifier is (7(1),<). We will see the reason for this suggestive notation

in Section 5.2.

Secondly, we want to see what truth ¢: 1 — Q looks like. It is an easy exercise in topos theory
that this is the morphism corresponding to the subobject 1 — 1, which is given by the identity id;.
To transform this into the morphism 1 — ), we have to go in multiple steps. First we turn 1 — 1
into a subobject of 1 x 1. Using the result from Section 3.4, we can turn this then into a strict
predicate on 1 x 1. Finally using the Section 3.5, we can turn it into a morphism 1 — P1 = Q. In
our case, the terminal object is the pair (1, T), whose identity is T. Of course, T also represents the
morphism which makes (1, T) a subobject of (1,T) x (1, T). By the results from Section 3.4, this
corresponds to the strict predicate [3z’.T] on 1 x 1, which can be written as 3,,, T with the projection
mo3: 1 X 1 x1 — 1 x 1. Since the domain and codomain are both isomorphic to 1, this must be
an isomorphism. By a similar argument to Lemma 2.19, this shows that the predicate is logically

equivalent to T. In Section 3.5 we saw that this gets turned into the morphism 1 — € represented by
[t(x, R)] = [T (%, %) A{T}(x) < R] ~ [Vz.(x €1 {T}(*) <>z €1 R)]

Notice that the first term is [x €1 {T}(x)] =~ [T (z,%)] = T. Thus [t(x,R)] ~ Vz.(T +> =z €; R)] ~
Vz.x €1 R).

Lastly, we want to see what the classifying morphism looks like in this case. One can easily check
that the classifying morphism of a subobject m: A" — A is given via the isomorphism Sub(—)
Hom(—, Q). With our construction, we have to do this in two steps again: First recall from Section 3.4
that a subobject i: (X', E') — (X, F) corresponds to the strict predicate [II(x)] = [F2’.i(2/,x)]. The
same predicate also corresponds to (X', E’) as a subobject of (X, E') x (1, T) since there is no condition
on the elements of (1, T). By the results of the Section 3.5, this predicate corresponds to the morphism

represented by
X(x,p)(z, R)] = [E(z,2) AM{IT}(z) < R] ~ [E(z, ) AVa'.(2' €1 {I1}(z) <> 2’ €1 R)]
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~ [E(z,z) AVZ'.(II(2',x) +> 2’ €1 R)].

The second to last step follows from the discussion above that we can simplify < on P(1, T) and the

last one by the defining property of {II}.

3.7 Quotients

Using the pseudo-isomorphism Sub 22 SPred from Section 3.4, we want to show that we can identify
equivalence relations in the topos sense with internal equivalence relations in terms of predicates. We

need a few definitions:

Definition 3.22 (Relation). Let C be a topos and X € C. A relation R on X is a subobject
1: R — X x X. We say it is

reflexive if the diagonal X — X x X factors through R,
symmetric if the composition R — X x X ™ X x X factors through R,

anti-symmetric if the intersection of R and R°P as subobjects of X x X is the diagonal X — X x X,
where R°P is the subobject consisting of R and the inclusion °P := tw o 4, or in other words,
Diagram 3.6 a pullback.

This of course requires R to be reflexive, but we will only use this definition for partial orders

anyway.

transitive if the map (rgs,rt): R — X x X factors through R, where we assume that we can write

i = (rog,r1) and s,t are given by Diagram 3.7.

We call a relation an equivalence relation if it is reflexive, symmetric and transitive and a partial order

if it is relfexive, transitive and anti-symmetric. J

Definition 3.23 (Internal relation). Let P be a tripos and (X, ~) an element in its associated topos.

An internal relation on (X, ~) is a strict predicate IT on (X, ~) x (X, ~). We say it is
internally reflexive if P E Vz.(x ~ z — Il(z, x)),

internally symmetric if P F Vz,y.(II(x,y) — I(y, z)),

internally anti-symmetric if P F Vz,y.(Il(z,y) All(y,z) — = ~ y),

internally transitive if P E Vz,y, z.(Il(x,y) A ll(y, 2) — Il(x, 2)).

We call an internal relation an internal equivalence relation if it is internally reflexive, symmetric and

transitive and an internal partial order if it is internally reflexive, transitive and anti-symmetric.

X —">R R 'R
o I

R ™% X x X R—5 X
Diagram 3.6 Diagram 3.7
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Notice that the definition of internal reflexivity is weaker than the one for reflexivity. We use this

one, because this way the internal equivalence relations correspond 1-to-1 to the equivalence relations.

Lemma 3.24. The pseudo-isomorphism Sub 22 SPred preserves the properties from Definition 3.22
and Definition 3.23. This means that a relation is respectively reflexive / symmetric / anti-symmetric
/ transitive iff the corresponding internal relation is respectively internally reflexive / symmetric /

anti-symmetric / transitive.

Proof. We will prove this exemplary for reflexivity. Given a reflexive relation i: R — X x X, we know
that the diagonal factors through it, which means that as a subobject, it is larger than §: X — X x X
By the pseudo-isomorphism from Section 3.4, this means that Iy < II;, i.e. [32".6(2/, (21, 22))] <
[Fr.i(r, (z1,22))]. Since [d(a, (b,c))] ~ [a ~bAa ~ ¢], we get that

(21 ~ xo] < [32".6(2, (w1, 22))] < [Brai(r, (1, 22))],

so especially 6*~ < §*11;.

For the converse, assume 0*~ < §*II. The predicates II and ~ correspond to the subobjects (X x
X, (21, 22) A (21, 22) ~ (2], 24)]) and (X x X, [z1 ~ z2 A (z1,22) ~ (2], x4)]) respectively. We want
to show that the latter is less than the former as subobjects. We see that the inclusion (X x X, [z ~
zo A (21, 22) = (2, 24)]) — (X x X, ~) which is represented by [z1 ~ z2 A (21, z2) ~ (2], 25)] is also a
monomorphism into (X x X, [II(z1, x2) A (21, 22) = (2, x})]) since II is reflexive. Using Lemma 3.3, it
is easy to see that composed with the inclusion (X x X, [II(z1, z2) A (21, z2) = (2], 25)]) — (X x X, =),
it is again the inclusion (X x X [x1 ~ z9 A (21, 22) = (2], 25)]) — (X x X, =). O

Of course, we could also argue that the definitions in Definition 3.22 are given precisely like this
so that the corresponding definitions we gave for a tripos hold in the logic in the topos. In that case
the statement would follow immediately from Theorem 3.18. But in that case we would first have to
prove that the definitions given in terms of the topos correspond to the statements in the internal
logic of the topos. Since we are mainly concerned with the tripos logic, we will omit this. We have
shown that a relation is an equivalence relation iff the corresponding internal relation is an internal

equivalence relation, which gives us the following theorem:

Theorem 3.25. Let P be a tripos and (X, ~) an element of the associated topos. There is a 1-to-1
correspondence between the equivalence relations on (X, ~) and the internal equivalence relations on

Now we want to use this correspondence to find an easy representation of the quotient of a relation.

Definition 3.26 (Quotient). Given an equivalence relation R on an object X, the quotient X/R of
X with respect to R is the coequalizer ¢: X — X/R of ro,r1: R = X, where ; = p; oi. J

We call a quotient effective, if R is the pullback of ¢ along itself (i.e. its kernel pair). However, this
is always the case in topoi | , Prop. 1.23], so we will omit this criterion. The following result is

already mentioned in | , Thm. 3.4], so we will just elaborate on the proof.

Theorem 3.27. Let P be a tripos, (X, ~) an element of the associated topos and R an equivalence
relation on (X, ~). Then the quotient of (X, ~) with respect to R is (X, II) with the quotient map
II: (X,~) — (X,II) where II is the internal equivalence relation associated to R.
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Proof. Let i be the inclusion (R,~') — (X x X,~). We know that [[I(x,2)] ~ [Fr.i(r,z,2’)]. Let
us collect some properties of 1I. Since R is an equivalence relation, II is an internal equivalence
relation, so it is especially an equality predicate on X. Since it is internally reflexive, it is also total
as a morphism (X,~) — (X, II). Strictness, relationality and single-valuedness follow immediately,
making II a morphism (X, ~) — (X,II). It remains to check that it coequalizes ry and 1 and is the
initial such.

We will use Lemma 3.4 to conclude that II equalized rg and 1. We see

[(TTo pg o @)(r,2) A (ILopy 0d)(r, 2')]
Iy, o, 2, 5. (i(r, w1, w2) A (1o po) (w1, w9, ) Ad(r, 2y, 25) A (I o p1)(x], b, 2))]
w1, w0.(i(r, 21, 22) A (U o po)(z1, 22, 2) A (Lo p1)(x1, 72, 2))]

~ [Jz1, X9, T1, To.(i(r, 21, 12) A po(w1, 22, T1) A(T1, 2) A p1(21, 22, T2) A (T2, 2)))

=~
<[
[ )
[ (
[
<[

IN

dx1, 0, %1, To. ( (7’ 331,332) ANx1~T1 AT fl,x) N\ To ~ To /\H(fQ,.%',»]
w1, 2.(i(r, 21, x2) A (21, 2) Al (22,2))]
)

w1, wo.(U(z1, 22) Al (21, 2) A (20, 2))] < [T(Z,2)].

IN

Lastly, we need to check that (X, II) is initial with this property. It suffices to check that every other
morphism co-equalizing 7o and r; factors through (X, II) and that II is epi. By Lemma 3.11, we see
easily that it is epi. For the factoring, we assume there is a ¢: (X, ~) — (Y, ~), which also equalizes
ro and r1. We claim that ¢ also represents a morphism (X, II) — (Y, ~), which further factors ¢. It is
clearly strict, single-valued, total and relational on Y. For relationality of ¢ for II, we need to show
that [¢(x,y) AI(z,2)] < [g(2’,y)]. First we bound [II(x, )] from above. We have

H(z,2)] < [z, 2" ) ANz ~x A2’ ~ 2]~ [M(z,2") A (z,2)) = (z,2))] ~ [(z,2)) ~n (z,2)],

where =7 is the equality predicate on the subobject corresponding to II. By Theorem 3.18, we have
an isomorphism ¢: (X x X, ~p) — (R,~'). We also know that i o ¢ ~ ~5 < = since = is also the
inclusion. Furthermore, q o 79 and ¢ o 1 are also maps and thus total. Since ¢ equalizes rg and rq,

their images must be the same. Using all of these facts, we get

[(,2") ~m (2, 2")]

IN

Fr.¢(z,a’,7)]

Br,y.(¢(z,2",7) A (goro)(r,y) Agor)(r,y))]

[3r,y, 21, x2.(p(z, 2, 7) Ni(r, w1, 22) A (g0 po)(z1,22,y) A (g0 p1)(z1, 22,Y))]
[

[

Elf

IN A

IN

Jy, z1, z2.((z, 2') =i (@1, 22) A q(z1, ) A q(22,9))]

IN

Jy, x1, x2. (xNJIl/\CL' N$2AQ($17y)AQ(x27y))]
(q(z,y) A g, y))].

IN

Putting everything together, we get

lq(z,y) AND(z,2")] < 3y (q(z,y) Aalz,y') Agl’,y")] < By (y ~ v Agla!, )] < la(2,y)]

as desired. After unfolding the definition of goll, we see that goll < ¢ follows directly from relationality,
which shows that they are equal. Thus ¢ factors correctly. O
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3.8 From tripos morphisms to topos morphisms

The names for the morphisms between triposes were inspired by those between topoi, so one would
expect that cartesian and geometric morphisms between triposes become cartesian and geometric

morphisms between topoi respectively.

Definition 3.28 (Morphisms of topoi). Let £ and F be topoi. A cartesian morphism & — F is a
functor F': £ — F that preserves finite limits.

A geometric morphism €& — F is a pair of adjoint functors F* 4 F, with F™: F — £ and
F,: & — F, such that '™ preserves finite limits. We call Fy the direct image functor and F* the

inverse image functor. _:

From now on, will focus only on geometric morphisms since those are the ones of most interest
(cf. Chapter 6). So assume we have a geometric morphism of triposes (&%, ®,): P — Q and want
to construct a geometric morphism between the associated topoi (®*,®,): C[P] — C[Q]. For the
inverse image part, we can simply define it by postcomposition: On objects, we set ®*(X, ~) :=
(X, ®%, (~)). Given a morphism F: (X,~) — (Y,~), one can check that ®}_, (F) represents a
morphism (X, ®%. (~)) = (Y, @y (~)).

Unfortunately, the definition is not as easy for the direct image functor. If we were to use the same
construction as before on ¢, we would not be able to show totality of the morphisms | , Sec.

2.5]. Thus we need to look at those objects which are weakly complete:

Definition 3.29 (Weak completeness). Let P be a tripos. A partial functional relation (X, ~) — (Y, ~)
is a predicate F' € P(X x Y') that is strict, relational and single-valued, but not necessarily total.

We call an element (X, ~) weakly complete, if for any partial functional relation F': (Y,~) — (X, ~),
there is a f: Y — X in the base category C of P, such that

PE3Jz.F(y,z) < Fly, f(y)). -

The implication < is always true, so the definition is equivalent to requiring —. This definition is
the older one of weak completeness | ; ]. There is a stronger version introduced in | )
Sec. 2.5], but since Definition 3.29 will suffice for us, we will not go into this topic deeply. We just

need the following fact:

Proposition 3.30 (] , Prop. 3.3]). Let P be any tripos and (X,~) be an element of the
associated topos. Then the object of singletons (w(X),~g) is always weakly complete. Its equality

predicate is given by
[U~gV]:=[SU)AVz.(x ex U >z €x V)], [S(U)]:=[Fx(zex UANYy.(y ex U >y ~ x))].

Furthermore, (X, ~) and (7(X), ~g) are isomorphic. O

We can generalize the first part of Proposition 3.30. This proposition will only apply to quite
specific elements of C[P], but it covers all cases we will see. Besides generalizing Proposition 3.30, it
covers power objects (Section 3.5), the subobject classifier (cf. Section 3.6, Lemma 3.32) and we will

use it for the partial map classifier in Subsection 6.4.2.
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Proposition 3.31. Let P be any tripos and (7(X), ~) any element of the associated topos, such that
[U~V]=Ne(xex U< xzex V)ANOWU),

where © is any predicate on 7(X). Then (7(X),~) is weakly complete.

Proof. Let F: (Y,~) — (7(X), ~) be a partial functional relation. Define [F'(y, z)] := [3R.(F(y, R) A
x €x R)|. Clearly, F/ € P(Y x X). Then by property ii) of Definition 2.10, there is a morphism
f:Y — n(X), such that

PEF(y,z) <z ex f(y).

We claim that f is the morphism with the property of Definition 3.29. So we need to show P F
dR.F(y,R) — F(y, f(y)), which clearly follows from [F(y, R)] < [R ~ f(y)]. Since F is strict and
© only makes a claim about the first argument, we just need to check [F(y,R)] < [Vz.(x €x R
< x €x f(y))]. By the V adjunction, this is equivalent to [F(y,R)] < [x €x R <> z €x f(y)]. Since
+ is defined to be the conjunction of both implications, the claim follows from [F(y, R)] < [r €x R —
z €x f(y)] and [F(y,R)] < [z €x f(y) = = €x R]. For the first one we use the defining property of
f:
[F(y,R) Ao €x R < [3R.(F(y, R) ANw €x R)| = [F'(y, )] ~ [z €x f(y)]-

The claim follows by the Heyting adjunction. Similarly, for the second one we get
[F(y, R) A €x F() = [F(y, R) A F'(y,2)] < BR.(F(y, R) A F(y, R) Az ex R)] < [v €x R].

The last step follows from F' being single-valued and thus [Vz'.(z' €x R+ 2/ €x R’)]. By the Heyting
adjunction, we get [F(y, R)] < [z €x f(y) = = €x R] and thus also the equivalence. O

Since the problem with defining the direct image functor was that the morphisms may not be total,
we can make use of Proposition 3.30. We essentially use the same idea as for the inverse image functor,

but with (7(X),~g) instead of (X, ~), i.e. we define ®,: C[P] — C[Q] on objects by
0. (X, ~) = (m(X), @y (~5))-

On morphisms, we also use composition with ¢ but additionally apply the isomorphism from Propo-
sition 3.30. Then (®*, ®.): C[P] — C[Q] is a geometric morphism of topoi | , Thm. 2.5.8].

It is important to note here that we only need the object of singletons, because it is weakly complete.
We could also define @, using a case distinction. Then we would use the construction above only on
elements that are not weakly complete. For those that are, we can simply set @, (X, ~) = (X, P4 (~))
as for ®*. After examining the proof of | , Thm. 2.5.8], it is not hard to see that with this case
distinction we still get the desired geometric morphism of topoi. Of course, we adjust the mapping on
morphisms in a similar way using a case distinction and only using the isomorphism where necessary.
Unfortunately, this approach needs the law of the excluded middle to check which elements are weakly
complete. Nonetheless, we will make use of it where we can since it makes the representation easier.

We just have to keep in mind that all results we prove with this case distinction also work without.

This is useful for us, since we will be working a lot with the subobject classifier in Chapter 6 and

we have the following Lemma, which is a direct consequence of Proposition 3.31:
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Lemma 3.32 (] , Lem. 1.3]). Given a tripos P, the subobject classifier (7(1), <) of the associated
topos (cf. Section 3.6) is always weakly complete. O
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Chapter 4
Assemblies and proto-assemblies

To understand more complex structures, it can be useful to find simpler substructures that describe
them sufficiently well, maybe even up to equivalence. This is the idea behind assemblies. They are
a class of fairly simple objects in C[P], which in a certain sense still generate the entire topos. They
can be simplified further to proto-assemblies which are less researched. In this chapter, we will look
into what we know about assemblies and what we can extend to proto-assemblies. Our hope was that
these would help us with our goal of internalizing arrow algebra morphisms (cf. Chapter 6), because
assemblies look similar to our candidate internal arrow algebra. As we will see in Section 6.3, they did
not help that much. We decided to still include our findings in case these results are helpful to others.

For this chapter, let a tripos P: C°? — preHeyt be fixed. We will additionally assume that C has

pullbacks because we need them to define composition of morphisms between proto-assemblies.

At the heart of assemblies is the constant objects functor V: C — C[P]. It maps an object X € C
to the pair (X,35T) and a morphism f: X — Y to Jq. 5T | , Sec. 2.4]. Using this, we can
define:

Definition 4.1 (Assembly). An object of C[P] is called an assembly if it is a sub-V, i.e. a subobject
of an object (X,35T). Morphisms between assemblies are just morphisms between them in C[P]. In

other words, the category Asm of assemblies is the full category of sub-V’s in C[P]. a

The category of assemblies is regular, meaning that it is finitely complete and has nice image
factorization properties, which it inherits from C[P] | , Sec. 2.4]. However, in general it is not
exact, i.e. it does not have quotients. Via the so-called ex/reg-completion adding quotients, we can
make it exact | , Sec. 2.4]. This completion Asmygy e is then equivalent to C[P] | , Cor.
2.4.5], which means we can recover the entire category from assemblies. With proto-assemblies, we

can consider objects that are even simpler.

un U’J U Wt Uiy X
7 / N [
Ur——— X Vel .y

\/} |s
f % 7
Diagram 4.1 Diagram 4.2
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Definition 4.2 (Proto-assemblies). A proto-assembly is a pair (X, ¢), where X is a an object of C
and ¢ € P(X). A morphism of proto-assemblies (X, ¢) — (Y, ) is an equivalence class of pairs (U, f),
where i: U ~— X is a subobject and f: U — Y is a map, such that the inequality ¢ < 3;f*1 holds.
Two morphisms (U, f) and (U’, ') are equivalent, if f and f’ agree on U N U’ that is if the outer

square of Diagram 4.1 also commutes. J

The identity on a proto-assembly (X, ¢) is (X, idx) and composition is given in the following way:
Suppose we have morphisms of proto-assemblies (U, f): (X, ¢) — (Y,v) and (V,g): (Y,¥) — (Z,x)
with i: U — X and j: V — Y. Then the composition (V,g) o (U, f) is given by (W, gf’) from the
pullback in Diagram 4.2. Proto-assemblies also form a category pAsm [ , Sec. 2.1.4.6].

In the next section, we will show that there is a functor turning proto-assemblies into assemblies.
We were hoping that we could also define an ex/reg-completion for proto-assemblies, but we were not
able to do so. Our attempts did not work and we are not sure whether other attempts could possibly

work. We will discuss this further in Section 4.4.

4.1 The evolution functor

To define the evolution functor, we recall from Lemma 2.23 that ~4 := J5¢ is an equality predicate.
Then we define

Definition 4.3 (Evolution functor). The evolution functor Ev: pAsm — Asm is defined by
(X7 ¢) = (X7 N¢)7
(U, )= 3upn oA f5),
where i: U — X is the inclusion and (U, f): (X, ¢) — (Y, ). N

Of course, we can only call it a functor a posteriori after checking all the conditions. For simplicity’s

sake, we will use the name already.

Note that the assignment of (U, f) is equivalent to 3(; ryi*¢ A3 5y f*1): We see by postcomposition

with mx that Diagram 4.3 is a pullback since 7 is mono. By tripos reasoning and Lemma 2.20, we get

Fapt O N pf 0 =3 pn @SN G ) T f5Y) = 36 (@SN frP).

idy Unu' — U

Ur——U

[iad [ I |6
Ut x <y v L xxy
Diagram 4.3 Diagram 4.4

We verify that £v is a functor by first showing that it is well-defined on objects and then checking

the functoriality laws.
Lemma 4.4. The evolution functor is well-defined on objects.

Proof. We need to show that (X, ~g) is a sub-V and aim to show that ~g: (X, ~g) — (X,35T) is
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a monomorphism in C[P]. By definition, it is clear that it is an element of P(X x X). Strictness
and relationality for ~g are clear. We already saw that all predicates are relational for 35T in the
beginning of Chapter 3. Strictness for dsT as well as single-valuedness follow from ~g < 35T by
¢ < T. By Lemma 2.19 and 2.20, we have

0350 ~ ¢ ~ Fiq @ ~ Ir 60 ~ Ir, Fs59,

which gives us totality. It is mono by Lemma 3.9. Thus we have shown that (X, ~) is indeed an

assembly and the functor is well-defined on objects. O

For the morphism part, we observe that 3; ) (i*¢ A f*%) is indeed an element of P(X x Y'). So we
need to show that this assignment is Well—deﬁned, i.e. that it is a functional relation and not dependent

on the representative.
Lemma 4.5. The mapping of morphisms of the evolution functor gives us functional relations in C[P].
Proof. We need to show that the image of (U, f) is indeed a morphism, i.e. a functional relation:

Strict: We will show that 3;; 1y (i"¢ A f*¢) < 776"Js¢. The case with 357 is similar and together
they imply the statement. By Lemma 2.20, we have

CON [ <itp = (mio (i f) e~ (i, ) m10" 50
The statement follows by adjunction of 3.

Single-Valued: We want to show that
T3, p) (0 A ) AisTa ) (0 A fF) < maaTs0).

By tripos reasoning using Diagram 4.5 and Diagram 4.6, we see

T30, (O A7) AmisTi g (50 A fP)
~ 36, fyxidy TU (O A fHP) A3y (50 A f5P)
~ 34, fyxidy (T (E S A f50) A (G, f) X idy ) 71330 5y (i50 A f5))
~ 3. fyxidy (T (E O A ) A (@ x idy ) 3 5 (TP A f51)))
~ 3, fyxidy (T (EO N f50) A Biay, pyidy (5o A f51)))
~ El(',f)xidyzlﬁdy,f)«ldU?f> T (TN frD) A (@SN frYP))

G f. ) (DN fP).
Uxy ™ Xy oy« y Mol gy
_ _
lﬂ'U lwm lidy lz’xidy
v x sy v x sy
Diagram 4.5 Diagram 4.6
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To see that 3 7 ("¢ A f*b) < m33351), we use the 3 adjunction and see that
(i, f ) mas 35 = (f, [) Fob = [107Istp = [Tp 2 " p A [T
Total: By the Frobenius condition and the assumption that (U, f) is a morphism, we get
Fax i,y (TON fY) = Fi(iTQ N ) 2 ANTif Y > 9N~ ¢~ 550
Relational: We will prove that 3; ¢y (i*¢ A f*1)) is relational in two steps by showing that

336, (O N fr) AmiaTsd < ma330 1y (P70 A f*9) and
936, (O N frh) A w3335t < mig3 gy (0 A fHP).

The statement will then follow by applying these identities successively. Indeed, it suffices to
show one, since the other one will follow exactly the same way. To show the first one, we use

tripos reasoning on Diagram 4.7 to get

3305 (O A 7)) AmTaTsd = g g (50 A f5P) A Tsxiay Tx ()
>~ Jsxidy ((0 X idy ) w33, p ("0 A f5Y) A X (9))
o~ Eléxidy(a(i nl* o N frh) Ay ()
~ Jsxidy I, 1) (O A fT) A (G, [y (9))
>~ 050 ¢/\f YATP) =T (O N fY)

To see that 3 ; 1y (i*¢ A f*) < w3334, 5)(*d A f*9), we apply the 3 adjunction and note that
the right-hand side becomes

(i, f) w335 ("0 N f70) = (i f) B 5y (0 A 7).
We get the statement by Lemma 2.20 since (i, f) is mono. O

Lemma 4.6. The mapping of morphisms of the evolution functor is is independent of the representa-

tive.

Proof. Let (U, f) and (U’, f') be equivalent morphisms (X, ¢) — (Y, ). By Lemma 3.3, it suffices to

show

iy (O N ) < T (oA fY).

We start by noting that Diagram 4.4 is a pull-back since postcomposition with 7x yields the defining
pullback of U N U’, namely Diagram 4.1. Here we use the fact that (U, f) and (U, ') are equivalent,
because we need that the diagram commutes, so especially fj = f’j’. By tripos reasoning on this and

Diagram 4.1, we get

(@ ) 3 gy @O A [ ) 2 3" (SN f) = Ty (TP A f) = iGN Ty fp.
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6><ldy

Xxy 2% v o X xy XV —dxxb0 vy g

J _l
TX 12 TV Y Z

X — 9% L XxX % b.9) Y x 2

Diagram 4.7 Diagram 4.8

Since (U’, f') is a morphism, we have i*3;: f*1) > i*¢. Thus
(@ f) 3 gy (TSN f) =2 TGN TTy ff Y Z TGN = iTP = TP A Y.

This gives us the desired inequality by the 3 adjunction and the mapping of the morphism is indepen-

dent of the representative. ]

Lastly, we will check the functor laws. The unit law is easy because the identity on (X, ¢) is simply
given by (X,idx). It gets mapped to J(iq idy)(idx ¢ Aidx$) =~ 35¢, which is the identity morphism
on (X, ~g).

Lemma 4.7. The evolution functor respects the functor laws.

Proof. We just need to check composition. Recall that the composition (V, g)o(U, f) is given by (W, gf")
from the pullback using Diagram 4.2. Composition of F' and G in C[P] is given by [Jy.F(x,y) ANG(y, 2)].

To show that Ev preserves composition, we thus have to show that

Frxz (Txy 3,0 ON ) ANy 230,00 (50 A g™ X)) = Bk gy ((ER) A (9f) ),

where again < suffices by Lemma 3.3. We apply the 3 adjunction and use tripos reasoning on Diagram

4.8 to get on the left side

Txy 36, QN D) A7y 230,00 (G A g x)
~ Ty (O N fF w)/\aldxx(jg (350 AN g x)
~ Jidx x (j,g) ((Adx X (4, 9)) Txy T, 5y (0 A f5) Ay (559 A g7X))

~ Jidy x (g ((dx X ) g5 5y (@ ¢/\f V) Ay (5 A gtx))

~ Fidy x(sg) G,y K" (@S N f50) Ay (579 A g™ x))

~ Jiay x (.g) ik, fry (B (T A frab) A (ik, f') i (579 A g™x))
~ kg g ((ER) S A (FR) O A (5" A g™x))
~ kg (R O NG DA (gf) x)

In (x), we used the Beck-Chevalley condition on Diagram 4.9. Thus we need to show
Jiikgsrgp) (ER) O A G A (9f)X) < Tz Tangp) ()" S A (9.1)"X).

We can apply the 3 adjunction again. Note that Diagram 4.10 is also a pullback by postcomposition
with 7mx using the fact that ik is mono. Using the Beck-Chevalley condition on it, the right side
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becomes

(ik, 3 9f ) 7 23 gp7) (R)" S A (9f')X) = (ik, g ") Bin gy ((i5) D A (9f)X)
~ Jia,, idjy ((ik) "¢ A (9£7)"X)
~ (ik)"¢ A (9.f')"x

This is clearly greater than (ik)*¢ A (5f")* A (gf’)*x, which gives us the claim. O
w SRS (ik, f") X xV W idy W
-
I Jidxxi Jiaw [tmary
v x oy w )y vz
Diagram 4.9 Diagram 4.10
Proposition 4.8. The evolution functor is indeed a functor. O

4.2 Finite products of proto-assemblies

We want to show that the category of proto-assemblies has finite products by showing that it has a
terminal object and binary products. For the terminal object, consider (1, T), where 1 is terminal in
C. For any other proto-assembly (X, ¢) consider the morphism (X,!x) where !x: X — 1in C. We
clearly have ¢ < T ~ 3iq,. !} T, which shows that it is a morphism. Thus there is always a morphism
(X,¢) — (1, T). For uniqueness, assume we have another morphism (U, f): (X, ¢) — (1, T). Since f
must be a morphism U — 1, we must have f = !y by terminality of 1. Now it is clear that Diagram

4.11 is a pullback. The outer diagram also commutes by terminality of 1, whence (U, f) and (1,!x)

W = UﬁV>—>U
[ \

V>—>Z

\\\ TTFX
k—) Ny
Y e XxY
Y

Diagram 4.11 Diagram 4.12

are equivalent.

Proposition 4.9. The category pAsm has all finite products.

Proof. 1t just remains to check binary products. Let (X, ¢) and (Y, %) be proto-assemblies. We define
the product to be
(X XY, 7xp A7ye))

with projections (X x Y,7x) and (X x Y,7y). It is easy to see that this is also a proto-assembly, so
we check that the morphisms are valid. They are clearly of the right type and we just have to check

the additional condition, namely that

77}‘25 A Wikﬂﬁ S Elidxxyﬂ-;(¢
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and similarly for ¢). But this is clear by the definition of the meet since Jiq ,, 7% ¢ ~ 7% ¢. To confirm
that this is indeed the product, we assume that we have another proto-assembly (Z, x) and morphisms
U, f): (Z,x) = (X,¢) and (V,g): (Z,x) = (Y,v). We define an morphism (W,h): (Z,x) — (X X
Y, m5 ¢ Amyap) by first setting W := UNV. This is a subobject of Z via v := 1y ju = tvjv (cf. Diagram
4.12). We define h to be the unique morphism we get from the universal property of the product
in Diagram 4.12, i.e. h = (fju,gjv). To check that it is a morphism we need to confirm that
X < 0¥ (¢ A 7yep). We note that

iWW%WW?Wﬁﬂw%AWXM%AUWMWO93 %Awf¢Ah@¢)3idf¢A%wWHM

D3, (oA d3 g Y)

2 G 10) A Gy g™d),

where we have used the defining property of h in (1), the Frobenius condition in (2) and the Beck-
Chevalley condition on Diagram 4.12 in (3). This is clearly greater than x by assumption that (U, f)
and (V,g) are morphisms so that y is less than both conjuncts. To conclude that we have indeed
found the product, we must show that (W, h) makes the triangles in Diagram 4.13 commute and that
it is unique with this property.

y | N
LW.h)
(X xm i A Ty)

(X XY, 750 A7)

Diagram 4.13

Note that Diagram 4.14 is a pullback. This means that the composition (X x Y,7wx) o (W,h)
s (W,mxh). We want to show that this is equivalent to (U, f). We note that Diagram 4.15 is a
pullback. To show that (W, nxh) and (U, f) are equivalent, we want to show that mxh and f agree
on WNU=ZW, ie. that
fju = mxhidw,

which is true by the defining property of h. The composition with (V, g) is analogous.

Wy W gy
[ [r |
X x V2% x vy Uz
Diagram 4.14 Diagram 4.15

It remains to show uniqueness of (W, h). So we assume that we have another morphism (W’ 1)
that makes the triangles in Diagram 4.13 commute. We want to show that this is equivalent to (W, h).
This amounts to showing that the outer part of Diagram 4.16 commutes, i.e. that hk = h'k’. Tt already
suffices to show that the postcompositions with mx and 7wy are equal, because then by the universal

property of the product, there has to be a unique arrow WNW’ — X xY making everything commute,
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but we have shown that both hk and A’k make everything commute and thus have to be equal. We
will show it for wx, because the other case is symmetric. Consider Diagram 4.17: by assumption that
(W' k') makes the product diagram commute and since the pullback in Diagram 4.14 is trivial, the

lower outer diagram commutes, i.e. mxh'fy = ffy. Further, we have
VK =1k = wjuk,

where the first equality holds by Diagram 4.16 and the second one by definition of . Thus by the
universal property of the pullback, we get the indicated arrow a: W N W' — W' N U making the

triangles commute. By diagram chasing, this gives us
axh'k = rxh'ltya = flya = fjuk = mxhk,

where the last equality holds because (W, h) makes the product diagram commute. Since we can do
the same argument with postcomposition with 7y, we get that there is a unique arrow W NW' —
X x Y making everything commute. Since both hk and h'k’ make everything commute, we must have
hk = W'k’ so that (W,h) and (W', 1’) are equivalent. This finishes the proof that our construction
gives indeed the product. O

Wnw —fs w

Ik' ) I‘ h

W —Y sz

Diagram 4.16 Diagram 4.17

4.3 Preservation of products by the evolution functor

From the previous section we know what finite products of proto-assemblies look like and from Sec-
tion 3.2, we know what they look like for elements in C[P], so especially for assemblies. The terminal
proto-assembly is (1, T) and gets mapped to Ev(1,T) = (1,35T) = V1. Since 1 is terminal, the
diagonal §: 1 — 1 x 1 is an isomorphism so that 35T ~ T by an analogous argument to Lemma 2.19.
Thus £v(1, T) = (1, T), which is the terminal object in CI[P].

Given some other proto-assembly (X, ¢), its unique morphism to (1, T) is given by (X,!x). This
gets mapped to the morphism

i) A OAXT) =~ gy 109 = TX P

The last step is analogous to Lemma 2.19 since (idx,!x): X — X x 1 is an isomorphism. We saw in
Lemma 3.5 that in C[P], the unique morphism to the terminal object is given by 7% §*~, which in this
case is 5 0*35¢ ~ 75 ¢, which is the same as the image of (X,!x) under £v. Thus v preserves the

43



terminal object.
Proposition 4.10. The evolution functor preserves all finite products.

Proof. We just need to check preservation of binary products. We know from Lemma 3.6 that the

product of two assemblies (X, ~) and (Y, ~) is given by (X x Y, =) where
~ = Tig~ ATy

We aim to show that the evolution functor preserves products. To this end, we note that it does not

modify the first component of the pair, so we only need to show that

Is(mx P A Ty)) = w35 A w35t
But this follows easily by tripos reasoning on Diagram 4.18 and Diagram 4.19:

Ti33sP A T4 350 = T 01T O A Toa 357
~ 115 (T1O A T913724T5¢)
~ Treyg03 (M1 @ A T23359)
~ Fr505 (M1 A Jidy x6729)
~ Jr 15 Tidx xa ((idx X 0)* 7 A w39))
>~ 3 b so(idy x6) (M1 0 (idx X 6))" ¢ A m59)
~ J5(m1d A m3r))

as desired. To check the projections, recall that the projection in the case of proto-assemblies are
given by (X x Y, 7x) and (X x Y, 7y ). In the case of assemblies, they are given by ni33s5¢ A 750*3s51)
and 770%35¢0 A m33351. The projection to X gets mapped to

Ftidx v i) ( Loy (TP A TYY) AT ) = Blid sy ) (Tx P A T ).

To show that it is equivalent to w3350 A 756" 351, we will use Lemma 3.3 and the 3 adjunction. Then

we have to show that
Txd Ay < (idxxy, mx) (713350 A 150 I51).

This is clear since we have (idxxy,mx) 73350 ~ 750*35¢ ~ 7% ¢ by Lemma 2.20 and similarly

(idxxy,mx)*m56*35¢ ~ 75-¢. It is an analogous argument to see that the projection to Y also is

preserved. O
XxY xY 225 (X xY)x (X xY) Xxy X v oy vy
lﬂ’l - \Lﬂjg \Lﬂ'Q - \LT"QB
X i y X x X Y —% v XY
Diagram 4.18 Diagram 4.19
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4.4 An ex/reg-completion for proto-assemblies?

If we could prove an ex/reg-completion for pAsm and that this is equivalent to C[P], we would get an
even easier description of this topos. To do that, we would first need to show that pAsm is regular
and in particular that it has all finite limits. By Section 4.2, it only remains to show that it has binary
equalizers. Since C has pullbacks and finite limits, it also has binary equalizers. We think that it may
be possible to construct the equalizer of (U, f), (U’, f'): (X,¢) — (Y,4) by taking the equalizer of
the outer square in Diagram 4.1. We get a morphism e: E — U N U’ and can define two morphisms
ije,i’j'e: E — X. Let p: P — F be their equalizer. If we define ¢ := ijep = 'j'ep, then (P, 1*¢) is
a proto-assembly. Furthermore, (P,¢) is a morphism (P,t*¢) — (X, ¢). Since the pullbacks for the
composition are trivial, (P, ) equalizes (U, f) and (U’, f'). However, we did not manage to prove the
universal property of the equalizer for this object, so we are not sure if this would work. When given
another morphism (V) g): (F, x) — (X, ¢), we can pull back g along ¢ to obtain a subobject of F' with a
morphism into P. However, it lacks the inequality morphisms in pAsm need to satisfy. Furthermore,

we are not sure how to show that pAsm has nice image factorization properties.

One other, more direct attempt to prove the ex/reg-completion would be to show that pAsm and
Asm are equivalent categories. A clear candidate is the evolution functor. While essential surjectivity
is just Proposition 2.4.2 of | |, fullness and faithfulness are not so clear. For fullness the problem
is that morphisms of assemblies are functional predicates while morphisms of proto-assemblies require
actual morphisms in C and there is no clear way to obtain them from the former. Of course, for weakly
complete objects this is trivial (cf. Definition 3.29), but not all object of C[P] are weakly complete.
There is some work done researching when a functional relation arises from a function by the Italian
school around Maietti | ]. They refer to the condition that we can obtain a morphism in C from
a functional predicate in C[P] as the Aziom of Unique Choice and additionally argue why it does not
hold in general. The Axiom of Unique Choice is likely not necessary to conclude fullness, but it seems
unlikely that we can conclude fullness without a similar property.

Faithfulness is also problematic, since Ev takes morphisms from C into C[P], where we are con-
sidering their images under P. If Ev(U, f) ~ Ev(U’, f'), then we can only make statements about
them with respect to the internal logic of C[P]. To conclude faithfulness, we would need to be able to
derive a statement about the morphisms in C. We would likely need P to be faithful or have a similar
property, which triposes rarely are. Thus is it unlikely that we can prove pAsm ~ Asm; at least not
via the evolution functor.

Furthermore, the inclusion of a regular category into its ex/reg-completion is always fully faithful.
This means that if an ex/reg-completion for pAsm exists, it would not factor through v, because
otherwise £v would be faithful. Thus it is unlikely that an ex/reg-completion exists since v is the

obvious choice to define a functor pAsm — Asm.
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Chapter 5
Arrow algebras

Arrow algebras were introduced by Benno van den Berg and Marcus Briét and extended to a category
by Umberto Tarantino [ ; ]. They generalize locales to give a unified framework to capture
localic and realizability triposes. It is well-known that Heyting algebras are sufficient for doing intu-
itionistic logic. When one wants to move to first-order logic, usually triposes are used. But as it turns
out, one does not need full Heyting implication or equivalently the infinite distributivity law to be

able to do logic. Indeed, a weaker implication suffices if we make up for it in another way:

Definition 5.1 (Arrow structure). An arrow structure is a complete poset (A, <) together with a
binary operation —: A x A — A that is antitone in the first and monotone in the second argument,

ie. foralla’ <a, b<?b,wehavea -b<d — V. 2

As usual, we assume associativity to the right for —, meaning that a — b — ¢ should be read as
a — (b — ¢). Furthermore, we assume that — binds stronger than the binary meet A and the infinite
meet A.

We call < the evidential order on A. Then a < b means that b contains less evidence than a. This
can be understood via realizing: for a to be true, we need to realize all of its evidence. If b contains
less evidence than a, then everything realizing a also realizes b. For the trivial elements, we see that
we can always realize T, so it must contain the least or no information. If we can realize 1 on the
other hand, then we can realize everything. We will later also see the logical order, which is closer to
the order on a Heyting algebra in the sense that with that order, A becomes a Heyting prealgebra.

Since the implication of (complete) Heyting algebras and locales is anti-/monotone, they also carry
an arrow structure. However, this structure alone is not sufficient to be able to do logic. The top-
element alone does not suffice anymore to characterize truth. Thus we want to consider more elements
of A to be true:

Definition 5.2 (Separator). Let A = (A, <, —) be an arrow structure. A separator on A is a subset
S C A, such that the following conditions hold:

(1) (Upwards closure) If a € S and a < b, then b € S.
(2) (Closure under modus ponens) If a,a — b € S, then also b € S.

(3) S contains the combinators k, s, a, where

k.= A a—b—a,
a,be A
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s:= A (a—=b—=c)— (a—=b)— (a—c),

a,b,ceA
a:= A (Aa—>b)—>a%(kb). 3
a€A,BCIm(—) beB beB

The separator tell us, which elements we can realize. Notably, S is not a filter, i.e. not closed
under A. Just because a and b can individually be realized, this does not mean that we can realize
them at the same time. Together, they may contain too much evidence. However, S is closed under
the logical meet | ]. We will introduce the logical order and logical meet properly in the following

two sections.

The motivation of the first two requirements is clear: If a can be realized and b contains less
evidence than a, then we can also realize b. Similarly, if we can realize a and a — b, then we can also
realize b. The combinators require some more explanation.

The terms under the meet of k,s are intuitionistic tautologies, which axiomatize propositional
logic | , Thm. 5.1.10]. They enable us to do logic inside an arrow algebra. To understand the

motivation for a, we shall first consider a locale L. Given a subset L' C L and an element a € L, one

Aa—>£:a% AE.

Lel’ Lel’

can easily check that we have

Indeed, the inequality = already follows from monotonicity of — in its second argument, which we

also required for arrow structures. The other inequality is by the Heyting adjunction equivalent to

aAAa—>£< AE.

Lel’ Lel’

Since we can pull @ into the big meet, we see that this is true since we have element-wise a A (a — ¢) < £.
We want to require a similar condition for arrow algebras. Requiring the exact statement gives us
exactly implicative algebras [ , Def. 2.1], which are too restrictive for our cases as we will see
later. So we will require it to hold only with respect to — instead of <. We will see later that if a < b,
we also have a — b € S. Furthermore, we will not allow any set L', but only elements in the image of

the implication, hence B C Im(—). Together, we get

Definition 5.3 (Arrow algebra). We say a quadruple (A, <, —,S) is an arrow algebra if (A, <, —) is

an arrow structure and S is a separator on it. a

If we consider a locale as an arrow structure, then since the terms under the meet of k and s are
intuitionistic tautologies, they are both T. From the argument above, we also see that a = T. Thus
a locale is an arrow algebra with S = {T}. One can also easily check that any filter works as the
separator. However, we also get more examples. One of the motivating cases to go from implicative
algebras to arrow algebras was to cover all partial combinatory algebras. They are also one of the

main reason we know that interesting arrow algebras exist:

Example 5.4 (| , Thm. 3.9]). Let P = (P, -, <, P%) be a pca and DP the collection of downwards

closed subsets of P ordered by inclusion. We define an implication by

X =Y :={zeP:VreXzz]and zz € Y}
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and a separator by S := {X € DP : X N P# # (}}. Then (DP,C,—, S) is an arrow algebra. J

Through this example, we get many examples of arrow algebras, including realizability ones. This
example is the main motivation for generalizing from implicative algebras to arrow algebras. For the
former, this example only works if the application is total, i.e. defined on all elements of P x P | ,

Thm. 2.13]. Miquel also proves this for discrete and absolute pcas | , Def. 2.30, Fact 2.5(2)].

We will see two more examples of arrow algebras stemming form realizability in Section 5.1.

One of the motivations of defining arrow algebras was to do logic inside them. Indeed, by our

choice of the combinators, we can do intuitionistic propositional logic:

Proposition 5.5 ([ , Prop. 3.5]). Let A = (A, <, —,S) be an arrow algebra. If ¢ is an implicative
propositional formula with free variables py, ..., p,, which is also an intuitionistic tautology, then
A ¢€s O
p17"'7pneA

This proposition is very powerful and we shall make frequent use of it. In what follows, we will
often have to prove that certain meets are in the separator, which requires a lot of syntactic work. We
will not always reference it explicitly, but usually refer to Proposition 5.5 and the following proposition
by intuitionistic reasoning. The following proposition allows us to perform a modified version of Modus

Ponens in an arrow algebra.

Lemma 5.6 ([ , Prop. 3.6]). Let A = (A, %, —, S) be an arrow algebra and (x;)icr, (¥i)ier, (2i)ier
be families of elements in A. If A\;c; 2 = y; — 2 € Sand A\;c; 2 € S, thenalso A\;c;yi — 2 €S, O

5.1 Examples of arrow algebras

Since we can do A-calculus in pcas, we can especially encode finite lists of elements of P as an element
in P. Given a set A C P, we write A to denote the collection of (codes of) finite lists of elements in A.
This way, we can get more examples stemming from realizability. We will just state the motivation
and constructions here, the proofs can be found in | ]-

Since both sources for these examples assume that the underlying pcas are absolute and discrete,
we will do the same. If the pca were not discrete for example, we would not be able to extract elements
from lists again. This is because S-reduction of A-terms only gives us an element that is at least as
large, but not necessarily the same | , Prop. 2.1.24]. Thus for the remainder of this section, we

will assume that all pcas are absolute and discrete.
For the first example, we are looking at the Herbrand topos [ ]. This is constructed via the
Herbrand tripos. Given a pca P = (P,-) we define the set of truth values

Y ={(Ao, A1) : Ap, A1 TP, Ay C 1Ay, Ap is upwards closed in 14;}.

These truth values are realizers. To motivate this definition, we recall that the Herbrand topos
was introduced as a semantic point of view for Herbrand realizability | |. In this paper, the
authors introduce a quantifier 3t. To realize 3'n.p(n), it suffices to provide a finite list of elements

(n1,...,nm), such that for at least one i, we have ¢(n;). This is why the first component Ay consists
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of finite lists of elements. We call these the actual realizers. The elements of Ay are the potential
realizers. This also explains the two conditions: Actual realizers should be lists of potential realizers,
hence Ay C !A; and if a finite list contains an element that realizes the statement, then any extension
of that list still contains this realizer, hence Ag should be closed upwards in 14 | ; -

The Herbrand tripos then sends a set X to XX with a suitable order. We will not go into the
order since it is not important for this discussion. On morphisms, it acts by precomposition. Both
components are similar to an arrow tripos (which we will see in the following section), so this motivates
to take X as the underlying set. Since the Herbrand tripos is a tripos, it also gives a notion of
implication where (Cp, C1) = (Ao, A1) — (Bo, B1) is given by

C1:={ceP:YmelAj.ecm| and em € |B;},
Co := T, {(c) : c € C1 and Vm € Ag.cm € Bo}.

This should remind one of how functions in Set work: The elements in C7 turn finite lists of potential
realizers of A into potential realizers of B. By definition, Cy must be closed upwards under !Cy and
each list should contain at least one element that turns actual realizers of A into actual realizers of B.
We will also take this notion of implication on our arrow algebra.

Both of these constructions were already given in | ]. To define an arrow algebra, we need
to add an order and a separator. With the motivation of realizers, we say that one realizer is less
than another if it contains less potential and less actual realizers, i.e. is a subset in both components:
< := C x C. Similarly, a truth value should be considered true if there is an actual realizer: S :=
{(Ap, A1) € ¥ : Ay is inhabited}. With these definitions, we get

Example 5.7 (] , Sec. 2.2, 4.2]). The tuple (3, <,—,5) is an arrow algebra, which we call the
Herbrand arrow algebra. Furthermore, its arrow tripos coincides identically with the Herbrand topos

(and hence its arrow topos with the Herbrand topos). a4

Here another advantage of arrow algebras becomes apparent: They are easy to define. We did not
have to do a lot of creative work to define the Herbrand arrow algebra. The underlying set and the
implication were already given to us and we only had to define an order and a separator. Given how
the Herbrand topos is defined, these were also obvious first choices. For both of them the first try

worked. This is similar in the next example:

In this example, we want to define an arrow algebra motivated by the Diller-Nahm Dialectica

tripos [Str]. In this case, given a pca P = (P,-) we define the set of truth values to be
YpN = {(X,Y,R) € Pow(P) x Pow(P) x Pow(P x P) : RC X x Y}.

For an element p = (X,Y, R), we will also write p™ for X, p~ for Y and p(a,b) iff R(a,b). For the
motivation in this case, we need to go on a slight tangent. The motivating idea behind the Diller-Nahm
Dialectica tripos comes from the Diller-Nahm variant of Gédel’s Dialectica interpretation. Recall that
the Dialectica interpretation is a translation from intuitionistic arithmetic to X9-formulas, i.e. formulas
of the form 97.Vy.A, where A is quantifier-free. Then the Diller-Nahm Variant can be understood
via game semantics, where first the proponent argues why the statement is true, then the opponent

argues why it is false and then an arbiter checks if the argument in favour wins [Str; ; ].
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Streicher attributes the idea to “define a tripos reflecting as much as possible [of] the original idea
of the Diller-Nahm variant of Gédels Dialectica Interpretation” to Hyland, who supposedly suggested
this in a talk in the early 1980ies. As his reference for this are “handwritten notes of a talk” [Str], we

could not verify this.

Like before, the Diller-Nahm Dialectica tripos sends a set X to Y¥px** and acts on morphisms by
precomposition, motivating to take Ypy as the underlying set of our arrow algebra. Additionally, we

are also given an implication:

=" =0 "=d)x@"xq =p7)
(p—=a) =p" xq"
(p = q)((eF5e7), (a;0)) =& (Ve € e (a;b).p(a, ¢)] = q(eTa,b))

Coming from the motivation of game semantics, we understand the functions for the arguments in
favour as pre-emptive reactions by the proponent depending on what the opponent plays. This is
because in the case of the implication, the order of the moves is changed. Recall that the opponent
wants to show that the implication is false, i.e. that the antecedent is true, but the consequent is
false. So the opponent starts by choosing an argument in favour of the antecedent in p™. Then the
proponent chooses an argument in favour of the consequent in ¢+ using the function p™ — ¢*. In the
third step the opponent argues why the consequent is false by choosing some ¢~. Finally the proponent
chooses an argument why the antecedent is false using the function p* x ¢ — !p~. The finite list
of elements in p~ is just needed for technical reasons. The arbiter then says that the proponent won
in the following case: if the opponent chose a strong argument in favour of p, meaning that it wins
against the proponents argument against p (keeping in mind that the finite list is just a technicality),
then the proponent should be able to play a strong argument in favour of ¢ that wins against the
argument of the opponent.

To finish the idea behind the implication, we need to discuss two caveats: First, even though the
proponent knows the ¢ played before their second turn, the second function of the proponent does
not need this as an argument since it was chosen by them and can be calculated using the first function.
More interesting is the case of the second turn of the opponent. They know the p™ and ¢+ that were
previously chosen, yet we say their choice of ¢~ should not depend on them. For the p™ this makes
sense since they chose it. We do not need dependency on ¢* because the two cases are equivalent in

terms of the winning condition. If we let (p — ¢)~" := p* x (¢* — ¢, then one can easily check that
Va,b.([Ve € e {a;b).p(a, c)] = q(e*a,b))) < Va,7.([Vc € e {a; et a).p(a,c)] = q(eta,Teta))).

The left side says that the proponent chose a winning play using the definition (p — ¢)~ and the
second one say the same for (p — q)*’. The direction from left to right is clear since if the inner
statement holds for all b, it must also hold for Te™a. The other direction follows by setting 7(—) := b
for a given b. Thus it does not matter whether the opponent knows the previous state or not, so we
choose the representation that is easier.

The underlying set and the implication were again given for free and we just have to define an

order and a separator. We set
p=<q e p Cq,p D¢, Vacp,beq . p(a,d) = q(a,b)
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because if ¢ contains more arguments in favour, less arguments against and contains the arbiter of p
(guarded for technical reasons), then it is a stronger argument. We consider a truth value to be true,

if it contains an argument in favour that wins against all counter-arguments:
S:={peSpn:Tzecpt.Vyecp ply}

Given the definition of the Diller-Nahm Dialectica tripos, the definition of the order and the

separator were again clear. So we again had to do little creative work to get an arrow algebra:

Example 5.8 (| , Sec. 2.3, 4.3]). The tuple (Xpn, <, —,S) is an arrow algebra, which we call
the Diller-Nahm Dialectica arrow algebra. Its arrow topos coincides exactly with the Diller-Nahm

Dialectica tripos. J

In | ], more properties of these arrow algebras are investigated. We want to highlight one in
particular, namely that neither of the Herbrand and Diller-Nahm arrow algebras is an implicative
algebra. This gives us further confidence in the generalization from implicative algebras to arrow

algebras since we would miss these examples otherwise.

5.2 The arrow tripos and the arrow topos

Arrow algebras were introduced to combine realizability and localic topoi under one framework. The
arrow topos AT[A] of an arrow algebra A is actually constructed in two steps: First we construct the
arrow tripos P4 and then make use of the tripos to topos constructions we saw in Chapter 3. We will
not go into detail of the proofs and methods used to construct the arrow tripos here for space reasons

and simply state the results.

Lemma 5.9 (| , Prop. 5.9]). Let A= (A,<,—,95) be an arrow algebra and g the logical order
on A given by
atgb <= a—bes.

Then (A,Fg) is a Heyting prealgebra with — as Heyting implication. O

Lemma 5.10. Let A = (A,<,—,S) be an arrow algebra and X an arbitrary set. Then AX :=
(A%, Fgx,—,5%) is also an arrow algebra where S := {p € A% : \ . ¢(z) € S}.

Proof. This is shown in [ , Sec. 5.2]. O

If we are working with the logical order on an arrow algebra A and the separator is clear, we will
often just write Fx for Fgx.
Now the combination of these two lemmata tells us that for any set X, the pair (AX,Fx) is a

Heyting prealgebra. For future reference, it is nice to explicitly mention that the order is given by

ohkx P A o(x) = P(z) € S.
zeX

We define the arrow tripos P 4: Set®® — preHeyt to send a set X to this Heyting prealgebra and
to act on morphisms by precomposition. This already gives us a functor, but to get a tripos, we also

need adjoints and a generic element. The latter is easy as Set is cartesian closed and we can choose
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Y := Aand o :=idy € P4(A) = A4, Given a morphism f: X — Y in Set, we define the left and
right adjoints by sending an element « € P 4(X) to

Vi(a): Y = A, y— A a(z),

f(@)=y
Elf(a):Y—>A,y»—>A( A a(r) = c) — c.
¢ flz)=y
Theorem 5.11 (] , Thm. 5.10]). For an arrow algebra A, the functor P 4: Set®® — preHeyt is
a tripos, which we call the arrow tripos. ]

Given an arrow algebra A, we can construct the arrow topos AT[A] from P 4 in the canonical way.
One important detail we want to mention now already is the subobject classifier, which will become
important in Chapter 6. Following the construction in Section 3.6, we want to calculate it explicitly.

We saw there that it is given as (7(1), <) with
[R=<S|=Vz(rei R xer ).

We have defined the arrow tripos via the generic element and generic predicate and not by the object
of predicates and the membership predicate. Luckily, we saw in Lemma 2.11 how we can construct the
latter from the former. Since Set is cartesian closed, we have that 7(1) = A! and €; = P4(ev)(ids) =

id4 o ev. Thus we see

[R=< 8] = )\ ida(ev(R, %)) <> ida(ev(S, %)) = R(x) ¢> S()

since in Set, the terminal object 1 is a singleton {*}. Using the isomorphism A! = A, it is then not
hard to see that (m(1),x) is isomorphic to (A, <+), the underlying set A of A with logical equivalence
as an equality predicate. Using the same isomorphism, we can also see that the truth morphism in

this case becomes [t(x,a)] ~ [T <> a] ~ [a].

5.3 The category of arrow algebras

The theory of arrow algebras was extended by Umberto Tarantino by adding a notion of morphisms
between them [ |. With a motivation from partial combinatory algebras, he introduced implicative
and computationally dense morphisms. Since they induce cartesian and geometric morphisms between
the respective triposes and then also between the respective topoi, we shall adopt that naming for

convenience.

Definition 5.12 (Cartesian morphisms of arrow algebras). A cartesian morphism between two arrow
algebras A = (A, —,<,54) and B = (B,—, <, Sp) is a function f: A — B, such that

(i) for every a € S4, we have f(a) € Sp,
(i) we have A\, neca fla —d') = f(a) = f(a') € S5,

(iif) we have A, f(a) — f(a') € Sp. 2
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This definition differs slightly from the one given in | , Def 3.2]. There, the conditions (ii)

and (iii) are modified to
(ii’) there exists an element r € Sg, such that r < f(a — a’) — f(a) — f(d’) for all a,a’ € A,

(iii’) for all X C A x A,

if A a— a € S4, then A f(a) — f(d') € Sg..

(a,0/)eX (a,a/)eX

This discrepancy is no problem since by the definition of the meet, it is easy to see that (ii) and (ii’)

are equivalent. Assuming the other two conditions, (iii) and (iii’) are also equivalent:
Lemma 5.13. A function f: A — B satisfying conditions (i) and (ii), satisfies (iii) iff it satisfies (iii’).

Proof. For the if direction, note that since i = A\ ,c4 a — a € S4 by Proposition 5.5, we get

Aa—>a< Aa—>a'65,4

a€A a<a’

by monotonicity of — in its second argument and upwards closure of S4. Then (iii) is a direct
consequence of (iii’) by choosing X = {(a,a’) € Ax A:a < d'}.
For the only if direction, let X C A x A be arbitrary, such that

A a—a € Sa. (1)

(a,0')eX

By (iii) since X := Naayex @ = @ < a—d forall (a,a’) € X, we get by upwards closure of Sp that

A fl@) = fla)s A F(X) = fla—a) € Sp. (2)
asa’ (a,a")eX
By Proposition 5.5, we have b = A, .cp(b = ¢) = (@ = b) — (a — ¢) € Sp. By intuitionistic

reasoning on (ii) and (2), we obtain

A FX) = (fla) = f(a)) € Sp.

(a,0/)eX

Since f(X) is independent of (a,a’) € X, we have A@aex f(X) = f(X) € Sp by (i) and (1). Thus
we can apply Lemma 5.6 to get A(ma’)eX f(a) — f(d') € Sz. O

We can define an order on the collection of cartesian morphisms between two arrow algebras by
setting f F g if there is a u € Sp, such that for all a € A, we have u < f(a) — g(a) or equivalently
Aaca f(a) = g(a) € Sg. Then we get

Proposition 5.14 (] , Prop. 3.5]). Arrow algebras, cartesian morphisms and their order form a

preorder-enriched category. O

Remark 5.15. To define morphisms between arrow algebras, we have not used the evidential order.
Indeed, one can state the definition of an arrow algebra morphism purely in terms of the logical order
[ , Lem. 3.6]. 3
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If f: A — Bis a cartesian morphism of arrow algebras, then for any set X, the function f*: AX —
BX given by postcomposition is also a cartesian morphism of arrow algebras | , Lem. 5.2].
Condition (ii) then tells us that we can pull the implication out of its argument. More precisely, for
any elements @, 1) € P4(X), it tells us that

o= v) Fx fX(0) = £ ).

Similarly, condition (iii’) tells us that f* is monotone with respect to the logical order -x: Given again
@, with o Fx ¥, Le. Ayex @(z) = ¥(x) € Sa, then A ey flo(@) = f(¢(x)) € Sa, ie. fX(p) Fx
fX(v). As usual, monotonicity gives us one inequality for preservation of meets. Here it is important
to note that we are of course talking about the logical meet A, i.e. the meet with respect to the logical

order Fx. The other inequality holds as well:

Lemma 5.16 (| , Lem. 5.3]). Let f: A — B be a cartesian morphism. Then
A (F@) A f(b)) = f(aAb) € Sp. =
a,be A

Taking again some ¢, ¢, this tells us that A\ .x(f(¢(z)) A f(1(x))) = f(e(z) AY(x)) € Sp, which
states

PN W) Fx fX o Ay).
Together with monotonicity, we thus get preservation of meets fX (@) A fX () ~ fX(p A1).

Definition 5.17 (Geometric morphisms of arrow algebras). Given two arrow algebras A and B, a
geometric morphism between them is a pair of adjoint cartesian morphisms f* - f, with f*: B — A
and fi: A — B. We give give the morphism (f* - f;): A — B the direction of the right adjoint

since we view arrow algebras as generalized spaces. a

The adjunction f™ - f, is of course with respect to the preorder-enrichment of Proposition 5.14.
Composition of two geometric morphism f: A — B and g: B — C is given as as usual by (fTg™ H
g+f+): A= C.

Given the category of arrow algebras with cartesian morphisms form Proposition 5.14, the author
of | | defines the wide subcategory of arrow algebras with geometric morphisms. For the purpose
of this thesis, when we talk about the category of arrow algebras ArrAlg, we will take the morphisms

to be geometric.

Since one of the main motivations for defining arrow algebras was them giving rise to triposes,
one would expect the morphisms between arrow algebras to lift to morphisms between the arrow
triposes. As we already mentioned and the naming suggests, this is indeed the case. The family fX
of morphisms indexed by sets X constitute a cartesian morphism of arrow triposes P4 — Pg | ,
Prop. 5.4]. If f: A — B has a left adjoint f*: B — A, so that together they form a geometric
morphism of arrow algebras, we can do this on both components. For readability, we will use the

usual notation of f: A — B for the right adjoint. Then we define

(©4)x(p) = fr 0w, (@")x(p) = fTogp.
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Since in this case, we started with a geometric morphism of arrow algebras, the pair (&1, ®,) is a
geometric morphism of arrow triposes P4 — Pp [ , Thm. 5.10].

Together with the results from Section 3.8, this already tells us how the morphism between two
arrow topoi looks like, but it is nice to have an explicit description. Let (fT, f1): A — B be a geometric
morphism of arrow algebras and (®*,®,): P4 — Pp be the corresponding geometric morphism
between arrow triposes. By the description from Section 3.8, this becomes the geometric morphism
between arrow topoi (®*, ®,): AT[A] — AT[B] given by

O*: AT[B] — AT[A], (X, ~) = (X, fTon~),

F:(X,~) = (Y,~) o fToF: (X, fTo~) = (Y, [T o).
®.: AT[A] — AT[B], (X, ~) = (m(X), fy 0 ~s),

Fi(X,~) = (Y,~) = Fr (n(X), fTo~g) = (7(Y), fT o ~g).

Here F is given by
F:=fi(iyoFo 2)}1)
The composition is in the arrow topos as described in Chapter 3 and the maps ix are the isomorphisms
between (X, ~) and (7(X), ~g) (cf. Proposition 3.30).
For @, we can also do the case distinction mentioned in Section 3.8, where we use the mapping

above only for the elements that are not weakly complete and for the ones that are, we set
D, (X,~) = (X, fron~).

In that case, the action on morphisms by ®, needs four cases on whether the domain and codomain
are weakly complete or not and then applying the necessary isomorphisms or not. We trust the reader

to fill in these details and will not mention them for space reasons.

95



Chapter 6
Internalizing arrow algebra morphisms

We have finally arrived at the heart of this thesis. Initially, we set out to generalize the Joyal-Tierney
theorem to arrow algebras. It states that for any locale X, the slice category Loc/X of locales over

X is equivalent to the category of internal locales in the sheaf topos Sh(X) of X:
Theorem 6.1 ([ , Prop. VI.3.2]). For any locale X, we have Loc/X ~ Loc(Sh(X)). O

The slice category is a canonical construction in category theory, whose objects are morphisms

with codomain X and morphisms making the following triangle commute:

y — " 7

N

Diagram 6.1

The category of internal locales is more involved, but it should not be surprising with everything

we have seen so far. Since Sh(X) is a topos | , Sec. 3.2], we can do logic inside it. Thus we
can also formulate Definition 2.2 inside a topos. The notation is taken from [ , Def. 6.1.1]. We
define

Definition 6.2 (Internal locale). Let £ be a topos. An internal locale in € is a tuple (L, <), where L
is an object of £ and < is a subobject of L x L, such that the following conditions are satisfied. For
readability, we will write a < b for (a,b) € <. All lowercase variables are of type L and the uppercase
ones are of type QL. We require that with respect to the internal logic, < is a partial order in the sense
of Definition 3.22. Furthermore, it should be complete. So we require there to be a map A: QF — L,

which gives us the meet for every subobject, i.e. the largest lower bound:
FVb.(beS= \S<b)AVe(Vb.(beS=c<xb) =c< AS)
Lastly, we require (L, <) to satisfy the infinite distributivity law:
FVa,B.(a,A Y B=Y{z:3b.(be BAz=arb)}). J

Although this definition is formulated inside the logic of a topos, we will not go into how this gets
interpreted. Instead, we note that we can reduce the logic of C[P] to that of P | , Sec. 2.3]. Since
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we are only interested in arrow topoi, we will make use of this and just use the translated version of
this definition whenever necessary. We refer the interested reader to | ; ]. In most cases,

we will rely on other results as the one described below.

In our attempt to generalize Theorem 6.1, we only got so far as considering the internalization
functor Z: Loc/X — Loc(Sh(X)). To motivate our attempts, we will shortly explain the construction
of this functor, which is taken from [ , Sec. 1.6], where the interested reader can also find sources

for the claims in the following paragraph.

Given a locale morphism f: Y — X, we consider the subobject classifier Qy in Sh(Y'), which is
an internal complete Heyting algebra. The morphism f lifts to a geometric morphism of the sheaf
topoi f: Sh(Y) — Sh(X) in such a way that the right adjoint f. preserves internal Heyting structure
and complete internal posets. Thus f.y is an internal complete Heyting algebra in Sh(X). The
internalization Z f of f is then defined to be the internal locale corresponding to this internal complete

Heyting algebra (cf. the discussion in Definition 2.2).

In the remainder of this chapter, we will present and discuss different approaches for an internal-
ization functor of arrow algebras. We were able to prove one positive result, but also discuss why this
will likely not lead to a full equivalence. We could also not get an internalization from the approach
via proto-assemblies and are quite sure that it cannot work. We will still present all of our approaches

so that other people know what does and does not work and can continue with the open questions.

6.1 Internalizing arrow algebras morphisms as locales

One way to try to generalize the Joyal-Tierney theorem is to internalize morphisms between arrow
algebras as locales. As in any topos, the subobject classifier in an arrow topos is an internal Heyting
algebra, i.e. an internal locale | , Lem. A1.6.3]. Starting from there, we can follow the same
construction as Johnstone did for locale morphisms. Indeed, we can get an internalization functor

that way. But first we need two auxiliary results:

Lemma 6.3. Let the following be a commuting diagram of geometric arrow algebra morphisms:
B—" ¢
N o
A
Diagram 6.2

Furthermore, consider the elements (B, ~) and (C, ~) in AT[A], where ~ := f} 04> and ~ := g, 04>

respectively with <> being the respective logical equivalence. Then we have
b~ ] < [he(b) ~ (V)] and e~ ] < [RT(c) ~ RT()).

Proof. Since the diagram commutes, we have f. = gy o hy and we have seen in Section 5.3 that

cartesian morphisms preserve the logical meet, so by A\, a — a € S4 (cf. Proposition 5.5), we have

A Fe(b e V) = g (hy (b= V) ARy (V) = b)) € Sa.
b,b’
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Furthermore, by condition (ii) of Definition 5.12, we can always pull the implication out of the argument

for a cartesian morphism. So by intuitionistic reasoning, we get

A fa(b o ) = g1 (A (0) © hy () € Sa,
b,b!

which is exactly the first statement. For the second one, we use that h™ - hy and hence ¢ < hyh™(c)

for all ¢ € C. Since — is monotone in its second argument, we get

Ag+(c =)= grhiht(c e d) e Se.

c,c

Now using again that h™ distributes over logical meets and we can pull the implication out, we get

A gi(ce )= fr(h(e) & bt () € Sa

c,c’
since g+hy = f4. O

The following result follows by combining known results about the subobject classifier and the

arrow topos. We make it explicit for further reference.

Lemma 6.4. Let A be an arrow algebra. The order on the subobject classifier of AT[A] is given by

the implication. This means that [a < a’ +> (a — d')], where < is the order on the subobject classifier.

Proof. Let Q4 = (A,<>) be the subobject classifier of AT[A] (cf. Section 5.2). By | , Lem.
3.31], the order on 4 is given as the equalizer of A 4,p1: Q4 X Q4 — Q4. So we first need to
calculate the meet. By | , Lem. A1.6.3], the internal meet is constructed as the classifying map
of (t,t): 1 — Q x Q. We saw in Section 5.2 that truth in the arrow topos is given by [t(x,a)] = [a], so
it is easy to see that [(t,t)(*,a,a’)] = [a A a]. We want to use the description of Section 3.6 to find
the classifying morphism. Since 1 is terminal, it is easy to see that [II(a,a’)] = [a A a], where II is the

predicate we used in Section 3.6. Then the classifying morphism is given by
[Aa(al,az,a)] = [(a1,a2) = (a1,a2) AVz.(z €1 {II}(a1,a2) <> x €1 a)].

By the same argument we saw when calculating (A, <) in Section 5.2, namely using the isomorphism
Al = A the part [Vao.(z €1 {II} <> = €1 a)] can be simplified to [{II}(a1, az) <> a]. Lastly, we want to

simplify the term {II}. In the arrow tripos, this is constructed as {II} := [II]. Since Il € P4(A x A) =
AAXA the map [IT] is just II itself viewed as a map. Its exponential transpose is again itself, just

viewed as a map in two stages A — A4, Thus the above expression for the meet can be simplified to
[Aa(ar,a2,a)] = [(a1,a2) = (a1,a2) A (a1 A\ az <> a)l.
By Lemma 3.7 the equalizer of A 4,p1: Q4 X Q4 — Q4 is given by (A x A,~'), where

[(a17a2) ~! (a/l)aé)] = [(alaa?} ~ (allva’/2) A Ela'(pl(a17a27a) A )\A(a1’a2’a))]
~ [(a1,a2) =~ (a},ay) AJa.((a1 <> a) A (a1 A ag > a))]

~ [(a1,a2) = (a1, a5) A (a1 Aaz < a1)]
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~ [(a1,az) =~ (a},d5) A (a1 — a2)].

The order is then given as the pairs where [(a1,a2) &' (a1,a2)]. Since <> is reflexive, so is ~ and

[(a1,a2) &' (a1, a2)] is equivalent to [a; — as]. O

Theorem 6.5. Let A be an arrow algebra. We have an internalization functor Z: ArrAlg/A —
Loc(AT[A]).

Proof. On objects, we follow the same idea as the internalization functor for locales. Given a geometric
arrow algebra morphism f: B — A, we first consider the subobject classifier Qp = (B, <) in AT[B]
and then its image under f.: AT[B] — AT[A]. In the usual definition, this would be mapped to
f«(Qp) = (w(B), f+o <»s). However, since the subobject classifier is always weakly complete, we
can modify the definition using a case distinction, such that f.(Qg) = (B, f+o <) (cf. Section 3.8).
We know from the exposition in the previous section that this is an internal locale in AT[A]. For
morphisms, assume we have a commuting triangle in ArrAlg like in Diagram 6.2. We want to find
a locale morphism Z(f) — Z(g), so we will construct a frame morphism Z(g) — Z(f). Consider
Z(h):= 7" given by [E+(C, b)] :=[c ~ cAhT(c) ~b]. Tt is easily seen to be strict and single-valued.
Totality follows from the fact that h™ is a morphism C' — B in Set and Lemma 6.3. Relationality
on B is obvious and on C it follows from Lemma 6.3. Thus & is an morphism (C,~) — (B, ~). We
still need to check that it is also a morphism of internal locales. But first we check functoriality: It
is easy to see that for the identity on A, we have [E+(a, a)] =la~aA(ida)T(a) ~d] ~[a~d].
Thus m+ = ~, which represents the identity on (A4,~). If we have h: B — C and h': C — D with
£: D — A such that Diagram 6.3 commutes, then

(AT o W) (d,b)] ~ Be.(W (d,c) AR (¢,b))] =~ [Fe.(d ~ d AR T(d) ~cAc~eAht(c) ~b)

*

< [Bed~dAhT(WT(d) ~ht(c)Ae~cART(c)~b)]
<[d~dAhTHT(d) ~ b = [W o h(d,b)],

—
N

where (%) is by Lemma 6.3. Since both represent morphisms, they must be equal. Thus Z preserves
application and is functorial. We just need to check that Z(h) is a morphism of internal locales,
i.e. that it is monotone and preserves finite meets and arbitrary joins.

By Lemma 6.4, the order on the subobject classifier is given by the implication. Thus for mono-
tonicity, we need to show [ﬁ+(c, b) A F_(c’ W YNe— ) < [b— V] In what follows, we will omit the
conjunct [¢ ~ ¢] of 1" since we only introduced it for strictness and do not need it otherwise. It does
not change our result since Rt will only appear in the antecedent and the meet is less than both its

arguments. Then checking the inequality [EJr(c, b) A E+(C/ )N e— ] < [b— V] becomes verifying

A (T () o b) A FL () o V) Agi(c—d) = fr(b—= 1) € Sa.

/ /
c,c’,b,b

Diagram 6.3
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Since fy = g+hy and gy commutes logically with logical meets, the antecedent is logically equiva-
lent to g4 (h4(h™(c) <> b) A hy(ht(d) <> b) A (¢ = )). Then we can use the fact that h™ - hy
and monotonicity of g4 with respect to the logical order to see that this term is logically less than
g+ (hi(ht(c) > b) Ahy(hT () <> b) Ahyht(c — ). Using that hy also commutes logically with
logical meets and the fact that we can pull the implication out of a cartesian morphism, this term is
logically less than g hi ((ht(c) <> b) A(RT () <3 b) A(ht(c) = hT('))). It is now an easy application
of intuitionistic reasoning and using g1 h4 = f4 to see that this term is logically less than fi (b — V')
and thus the meet above is indeed contained in S 4.

To show preservation of meets, we need to show validity of
[E+(C, b) /\E+(Cl,b1) /\E+(62,b2) A (Cl — C2 —> C) — by — by — b]

since the other inequality follows from monotonicity. The idea is that we can instantiate ¢ with the
meet of ¢; and ¢o and then this statement gives us E+(cl Ncg) > At (c1) /\E+(CQ) since c; Acy < ¢ Acs.

(Note however that the last two expressions are informal.) This expression translates to

A f+(B(e1) < b1) A f(hT(c2) <2 b2) A f4 (R () > D) Agi(er — ca = ¢)

€1,C2,C,b1,b2,b

— f4(by — ba — b) € Sa.

Again, we use the adjunction A -+ h,, the fact that cartesian morphisms commute logically with

logical meets and we can pull the implication out to see that the antecedent is logically less than
fr((RT (1) <> b1) A (hH(c2) <> b2) A (RT(e) & b) A (hT(c1) — hT(c2) — ht(c))).

Again, we easily see using intuitionistic reasoning that the meet above is in S4.

Thus it remains to check that & preserves arbitrary joins. It suffices to show that it has an
internal right adjoint as internal preorder morphisms. For this, we turn to hy. We define [h (b, c)] :=
[b~ bAhy(b) ~ c]. One can prove that it is a morphism by the same argument as for 7. We again
omit the conjunct [b ~ b] in the following. To check that it is a morphism of preorders, we check

monotonicity. Analogous to before, we need to check

A g+ (hi(b) < ) AN g (e (V) > ) A f (b= V) = g (c = ) € Sa

/ /
c,c’\b,c

This can easily be seen to be true similar to before: We write f, = gyh, use the g, commutes
logically with logical meets, pull the implication out of h4 and use intuitionistic reasoning.

So it remains to check that A" h.. This is equivalent to checking validity of
[(hyo E+)(c, d)—=c— ] and [(ﬁ+ ohy)(b,t)) = b — bl

These are like requiring ¢ < hh™(c) and hthy (b) < b, but written with predicates and identifying the
order with validity of implication. Their validities are equivalent to the inequalities [(h oﬁ+)(c, )] <
[c = ] and [(ﬁJr ohy)(b,b)] < [0/ — b]. Starting with the first one, we notice

[(hy o B ) (e, )] ~ [Fb.(c~eAhT(e) ~mbAb~bARL(D) ~c)] < [c~cAhiht(c) ~ ],
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where the last inequality follows from Lemma 6.3 and transitivity. We will show that this is already
less than [c — ¢/]. Since externally ¢ < hyh™(c), we have A.c — hiht(c) € S¢. By intuitionistic
reasoning, this gives us

A(h+h+(c) —d)—=c— e Se.

c,c
Now the fact that g is cartesian and condition (iii) with Lemma 5.13 gives A, . g+ (hih*(c) = ¢) —
g+(c = ) € Sy, which is [hyhT(c) — ] < [¢ — ]. Using the definition of the meet, we get
[hyh™(c) ~ ] < [c— ¢], which is the inequality we wanted to show.
The second inequality [(EJr o hy)(b,b)] < [V — b] follows in a similar way: First we note that
(R o hy)(b, )] < [b~bAhthy(b) ~ V). Similarly, we get from the adjunction that Ay hThy(b) —

b € Sg, which gives us by intuitionistic reasoning

A = hThy (b)) = (b = b) € Sp.
b,b!

We can apply f. in the same way to get the statement. This shows that h, is right adjoint to EJF,

which is thus a continuous locale morphism. O

Of course, it is unlikely that this actually gives us the equivalence we want since Z is quite restrictive.
It reduces all morphisms of arrow algebras to internal locales. Furthermore, if A is a locale, then the
arrow tripos coincides with the localic tripos and hence AT[A] = Sh(A). So if this functor gave rise

to an equivalence, we could derive together with Theorem 6.1
ArrAlg/A ~ Loc(AT[A]) = Loc(Sh(A)) ~ Loc/A,

which would mean that all geometric arrow algebra morphisms into a locale A would be essentially
locale morphisms. One idea to make this work would be to restrict the morphisms allowed. We will

discuss this attempt in Section 6.4.

6.2 The subobject classifier as the quotient of the internal arrow
algebra
If we want to generalize Theorem 6.1 in a way that is closer to Conjecture 1.1, we need a notion of

internal arrow algebras. We go a similar way as for locales in Definition 6.2 and just formulate the

definitions of Chapter 5 inside a topos £.

Definition 6.6 (Internal arrow algebra). Let £ be a topos. An internal arrow algebra in £ is a tuple
(A, %,—,5), where A is an object of £, < and S are subobjects x — A x A and S — A and — is
a morphism —: A x A — A, such that the following conditions are satisfied. For readability, we will
write a < b for (a,b) € < and a — b for — (a,b). All lowercase variables are of type A, while B is of
type Q4. We require:

1. With respect to the internal logic, < is a complete partial order as stated in Definition 6.2.

2. — is antitone in its first and monotone in its second argument:
EVa,ad',b,b/.(a xanbsb)=a—b<d =V,
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3. S is a separator, i.e.

closed upwards: F Va,b.(a € SAa<xb)=bec S,
closed under MP: EVa,b.(a € SAa—beS)=be S,

contains the combinators:

F \{z: Ja,bx = ti(a,b)} € S, ti(a,b) :=a —b— a,

F A\{z: 3a,b,cx = ts(a,b,c)} € S, ts(a,b,¢):==(a = b—c) = (a—b) = (a = c),

F \{z:3a,B.(z = ta(@.B) Ap(B)} €S,  tala,B) = (A{m . 3b.(be BAz=a— b)})
—a— AB,

v (B):=Vb(be B=3z,y.b=x—y).

In Lemma 5.9, we saw that for any arrow algebra A = (4, %, —,.5), its underlying set with the
logical order (A,Fg) is a Heyting prealgebra. By Definition 2.1, this means that its quotient by logical
equivalence (A/<,Fg) is a Heyting algebra. In Section 5.2, we saw that the subobject classifier in
AT[B] is the underlying set of B together with logical equivalence Q3 = (B, <). Since this equality
predicates identifies all logically equivalent elements, i.e. makes them equal, this is reminiscent of a
quotient by logical equivalence. Furthermore, the internal locale corresponding to f: B — A in AT[A]
is (up to isomorphism) given by (B, f1 o <»). As we already discussed in the previous section, taking
this as the internalization of f is likely to restrictive. But with what we just saw, there is another
clear attempt: We would have to try to find an object (X, ~) of AT[A], whose (internal) quotient by
(internal) logical equivalence is (B, f4 o <»). Then we would have reconstructed the external quotient
inside AT[A].

Since the internal locale (B, f4 o <») should represent the quotient (B/4+,Fg) (with an additional
application of f), the equality predicate ~ should represent external equality as closely as possible
(with an additional application of fi). Thus (B, f1 0 35T) is a clear candidate: We already saw that
Js T is reflexive, which is preserved by f,, and it is the least such, so it does not identify more elements
than necessary. We thus want to check if we can view (B, f4 o «») as a quotient of (B, f1 o35T). For

this, we will use the characterization from Section 3.7 and need to show that (B x B,~') with

(b1, b) & (81, )] = [(b1,b2) ~ (B, 05) A fi (b1 > bo)

is an equivalence relation on (B, f+ o 35T). By Lemma 3.24, this is equivalent to fy o <+ being an
internal equivalence relation on (B, f1 0 3sT), which is clear since f o< is an equality predicate and
reflexive. Thus we will use (B, f+ o 35T) as the underlying element of our candidate internal arrow
algebra.

Of course, the argument why (B, f1 o 35T) is a good candidate, also works for (B,35T). Even
more, its equality predicate is less than fi o35T, i.e. it quotients by less. However, it has no connection
to f and since we are trying to define an internalization of a geometric arrow algebra morphism, this

does not seem a useful idea.

The main problem in using (B, f4 o 35T) as the candidate internal arrow algebra will be proving

completeness. Notice that (B, f+ o 35T) is the image of the underlying set B of B under the constant
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object functor V followed by the right adjoint @, of the geometric morphism induced by f. So the
direct way to try to internalize f would be to use the composition ®, 0V also on the order, implication
and separator of B. Since both V and @, preserve finite limits and we discussed in Section 2.3 that the
logic in a tripos essentially just states that certain diagrams commute and certain morphisms factor,
the composition ®, oV preserves all logical properties that can be formulated in terms of finite limits.
This includes all finitary properties of B, i.e. everything that is not concerned with the infinite meet.
So if it were not for completeness, we could easily internalize f. To preserve the properties of the
meet as well, we would need preservation of the subobject classifier, which is a property that functors
rarely have. Indeed, if V and ®, would preserve the subobject classifier, the logic in AT[.A] would be
boolean.

Miquel mentioned a similar problem when proving that all Set-triposes arise from implicative
algebras | , Rmk. 2.8]. One of the main complications in defining the implicative algebra for
an arbitrary Set-tripos is defining the complete lattice. So it is not surprising that we get a similar

problem.

6.3 Via proto-assemblies

In Chapter 4, we saw that assemblies are a useful tools in understanding C[P] and that we can get
them from even easier to understand elements, the proto-assemblies. Although we do not have a
ex/reg-completion for them (cf. Section 4.4), we wanted to try to derive our candidate internal arrow
algebra (B, f1 o 35T) from a proto-assembly. The clear candidate here is of course (B, f1). It is easy
to see that this is a P 4-proto-assembly. This approach seemed promising as we can even construct
products in pAsm and the implication of B is also a morphism:

As we saw in Proposition 4.9, we have (B, f1) X (B, f+) = (B x B, 7} f+ Am5f4). So to show that
the implication from B gives rise to a morphism (B, f1) x (B, f+) — (B, f+), we consider it as the
pair (B x B,—) and have to show that

T+ AT f+ < Fidgup—" [+

We will show that already 73 fy < —*f, which gives us the claim by Lemma 2.19 and the definition

of the meet. By the definition of the order in the arrow tripos (cf. Section 5.2), we have to show that

A fr(b) = fr(a—b) € Sa.
a,beB
This is clear from k € Sp and condition (iii’) of Definition 5.12. Thus (B x B,—): (B, f+)x (B, f4+) —
(B, f+) is a valid morphism of P _g4-proto-assemblies.
However, if we look at the image of (B, f}) under v, we notice that Ev(B, fy) = (B,35f+),
which is clearly not our candidate internal arrow algebra (B, f1 o 35T). Indeed, they evaluate quite

differently:

Fsf)(a,b) = \(\ fila) =) = e, (f+035T)(a,b) = f+(A(A T—c)— C>,

¢ a=b c a=b

since there is a «, such that §(a) = (a,b) iff @ = b, in which case « = a = b. The most prominent

difference is the range of ¢: In the first case, it ranges over all elements in A, in the second only over
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all elements of B.

So at least with our definition of the evolution functor, this attempt does not help in achieving
our goal. One could argue that a different definition of the evolution functor may help, but then there
is still the problem of the missing ex/reg-completion. The arguments of Section 4.4 still largely apply

and maybe this is a breaking problem.

6.4 Characterizing localic geometric morphisms

In Section 6.1, we presented an internalization functor and argued that it is likely too restrictive to
be turned into an equivalence. We suggested that this problem may be solved by restricting the
morphisms between arrow algebras. We suggest a restriction to localic morphisms between arrow
algebras. Of course, we first have to define what a localic morphism of arrow algebras should be,
which is going to be the goal of this section. We start by giving the definition of a localic morphism

of topoi:

Definition 6.7 (Localic morphisms). A geometric morphism f: & — F of topoi is called localic, if
every object £ is a subquotient of an element of the form f*B, where B € F. This means that for
every A € £, there exists a B € F and a C € &, such that there are maps f*B «— C — A. J

The name is inspired by the fact that locales and their sheaf topoi are closely related to localic

morphisms:
Theorem 6.8 (] , Thm. C1.4.7]). Let v: £ — Set be a topos defined over set. Then ~ is localic
iff £ is equivalent to Sh(X) for some locale X. O

This theorem also tells us that Loc/Sh(X) ~ Loc/X, where Loc/E is the slice category of
Grothendieck topoi over £, where we only consider localic morphisms. Since any sheaf topos is a
Grothendieck topos (essentially by definition), the following is a generalization of the Joyal-Tierney

theorem:

Theorem 6.9 ([ , Prop. 4.2]). For any Grothendiek topos &, we have
Loc(&) ~ Loc/E. O

Our goal is to define an appropriate notion of localic morphisms between arrow algebras. This def-
inition should ensure that localic morphisms between arrow algebras correspond to localic morphisms
between topoi. We call this hypothetical category of arrow algebras with localic morphisms ArrAlg;,..

Then our new conjecture is

Conjecture 6.10. Let A be an arrow algebra and AT[A] its associated arrow topos. Then we have
an equivalence of categories
ArrAlg;,./A ~ Loc(AT[A])

between the localic morphisms over A and the internal locales in AT[A]. 4

Our first idea was to use Theorem 6.9 and prove that ArrAlg; ./ A ~ Loc/AT[A]. But the theorem
requires £ to be Grothendieck, which arrow topoi are in general not. The easiest counter-example

is the effective topos, which arises as an arrow topos using Kleene’s first algebra in Example 5.4.
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Nonetheless it may be possible to prove Conjecture 6.10 in a different way and localic arrow algebra

morphisms add to the theory, so we will still present what we discovered.

6.4.1 Constructing the hyperconnected part in the hyperconnected-localic factor-

ization

Unfortunately, we have not found a suitable definition of what a localic arrow algebra morphism should
be. Instead, we will be presenting our progress in finding a necessary condition for when a geometric
morphism between arrow algebras induces a localic morphism between the arrow topoi. In this regard,

we need the fact that localic morphisms are part of a factorization theorem:

Theorem 6.11 (] , Thm. A4.6.5]). Every geometric morphism of topoi factors, uniquely up to

equivalence, as a hyperconnected morphism followed by a localic one. ]

We will not define hyperconnected morphisms since we only need this factorization theorem and
its explicit construction. The interested reader can find more information in | , Sec. A4.6].

This theorem also tells us that if we have a localic morphism of topoi, the hyperconnected part
will be an equivalence. This is useful for us, because Johnstone constructs it explicitly in [ , Lem.
A4.6.3]. We will give this construction to see what we can derive from it in the case where we have
a localic morphism AT[B] — AT[A] between arrow topoi which comes from a morphism of arrow
algebras.

For the construction, we need the notion of a partial map classifier:

Definition 6.12 (Partial map classifier). Let £ be a topos. A partial map X — Y consists of a
subobject X’ X and a map f: X' =Y.
A partial map classifier for X € £ is an element X € & together an inclusion n: X ~— X classifying

partial maps. This means that for any partial map (X', f): X — Y, there is a unique morphism

f Y — X, such that Diagram 6.4 is a pullback. J
Proposition 6.13 (] , Prop. A2.4.7]). Let £ be a topos. Then every X € £ has a partial map
classifier. O

Now given a geometric morphism of topoi f: &€ — F, we define the hyperconnected part G: £ — G
of its hyperconnected-localic factorization in the following way: Start with an object B € £ and
consider the map to its partial map classifier n: B — B. Since f consists of an adjunction, we have
the counit map ez5: f* f+B — B and can form the pullback in Diagram 6.5. Then we find the epi-mono
factorization of P — B and define GB to be the middle part P - GB »— B. Since all constructions
have been functorial, this also gives the action on morphisms. If F' is localic, then G is as well and
thus an equivalence | , Lem. 0.1(i), 1.1(i)]. The pseudo-inverse is the inverse image G*. From
[ , Thm. A4.6.5], we know that this the inclusion. Thus if F' is localic, the morphism GB — B
from the construction is an isomorphism. It is also easy to see that the converse also holds: if B and
GB are isomorphic for all B, then F' is localic. To see what we can derive from this equivalence, we

will make these constructions explicit for the case of the arrow topos.
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X — X P—

VT R

~ ~ £ 5 ~
vy I, % f fiB —2> B
Diagram 6.4 Diagram 6.5

6.4.2 The hyperconnected part for a morphism of arrow topoi

For readability purposes, we will give the partial map classifier in C[P] and the counit explicitly. Then
the construction as described above is easier. In [ , p- 71], it was shown that for an element
(X, ~) in CI|P], the partial map classifier is given by (X, ~) = (7(X), <), where

[U<cV]|=[UxVAVz,y(zrexUNyex U —x~y).

P

The predicate < is from the power object (cf. Section 3.5). This essentially makes elements of (X, ~)

sub-singletons. The map 7 is represented by
Mz, U)=U=xUNx~zAVy.(y Ex U+ x~y)l

To make the further construction easier, we will make use of the case distinction described in

Section 3.8. The following follows directly from Proposition 3.31:

e~

Corollary 6.14. Let P: C°? — preHeyt be a tripos and (X, ~) an element of C[P] with (X, ~) its
partial map classifier. Then (X, ~) is weakly complete. O

Next, we want to construct the counit explicitly. It is given in the proof of | , Prop. 3.5]
for the definition of ® without the case distinction. With the case distinction, we get the following

description:
e U= f+U=U) AU = U],
This can easily be checked using the isomorphism between an element and its object of singletons or

checking the triangle inequalities manually.

With all of this, we can construct the pullback in the construction of the hyperconnected part. We
will use Corollary 3.8. It tells us that the pullback of Diagram 6.5 is in this case given by (7(X) x X, =),

where

[(Ul,xl) ~ (UQ,I‘Q)] ~ [Ul Uy ANxy ~ 22 A E|U.(8(3{x’:)(U1, U) VAN 77(1‘1, U))]

~ [Ul S Us Axy ~ 29 A E|U(f+f+(U1 = Ul) AU = U/\‘v’y.(y eEx Uz~ y))]
~ [Ul = Uy ANx1 ~ 29 A f+f+(U1 = Ul) /\Vy.(y ex U <z~ y)]

Its projection to (X, ~) is given by
[p2(U,z,2")] ~ [(U,z) =~ (U,z) Nz ~ 2'].
Consider the equality predicate ~' on X given by
[z~ 2| ~ [z~ 2" AU 2" po(U, 2" 2)] ~ [z ~ 2’ ATU.p2(U, z, )]
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~ [z~ AJU(SWU)A fHf (U U)Az ex U)]
~ [z~ AJUFH (U U)AU < {z})],

where {z} suggestively written for {II} with the predicate [II(y)] := [y ~ z|. By Theorem 3.18, the
predicate ~' identifies a subobject of (X, ~), whose inclusion is given by ~’. Furthermore, po is also
a map (7(X) x X,~) — (X,~'), which is also epi. It is now clear that the epi-mono factorization of

po: (m(X) x X,~) — (X, ~) is given by

(m(X) x X, =) = r (X, ~)
(Xv Nl)
Diagram 6.6

This gives us the full description of the hyperconnected part.

So now assume we have a geometric morphism of arrow algebras f: B — A. By the discussion in
Subsection 6.4.1, we know that (X, ~) and (X, ~') are isomorphic for all objects (X, ~) in C[P]. Since

this isomorphism is given by the inclusion ~/, we know that
Va.(x ~z — U fL (U= U)AU = {z}))].

Writing this in terms of the logic of the arrow algebra, we get

Proposition 6.15. A geometric morphism of arrow algebras f: B — A is localic iff for all sets X and

all equality predicates ~ on X we have

ANz~ \ (A fTHUSU)AU < {2} > ¢) > ce Sp. (%)

zeX ceB UeBX

Proof. By the observation at the end of Subsection 6.4.1 a geometric morphism is localic iff GB = B
for all B via the inclusion GB — B. In our case, we have B = (X,~) and GB = (X, ~') with the
inclusion ~/. Since ~' is always injective and topoi are balanced, it is iso iff it is epi. Thus f is localic

iff ~ is epi for all (X, ~), which is exactly what (*) states. O

We would like to derive a condition about f from this. One attempt would be to choose X to be
a singleton so that we can better control its elements. However, none of our attempts gave us a useful
condition. Due to time constraints, we were not able to pursue this direction further. Maybe someone

can pick up this work and derive a good necessary condition from this.
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Chapter 7

Discussion and Outlook

Da steh’ ich nun, ich armer Tor,

Und bin so klug als wie zuvor!!

Faust, der Tragddie erster Teil

Johann Wolfgang von Goethe

Fortunately, we are a bit more lucky than Dr. Faust and have gotten somewhat wiser. Initially,
we set out to prove the equivalence ArrAlg/A ~ ArrAlg(AT[A]) and wanted to start by defining an
internalization functor ArrAlg/A — ArrAlg(AT[A]). The main result of the thesis is Theorem 6.5,
where we showed that we have a internalization functor ArrAlg/A — Loc(AT[A]). Since internal
locales are of course also internal arrow algebras, we could claim to have reached our goal. However,
we did not just want to define any internalization functor, but one that is part of a Joyal-Tierney-
like equivalence. As we discussed in Section 6.1, internalizing arrow algebra morphisms as locales is
unlikely to work as the equivalence would entail ArrAlg/X ~ Loc/X for any locale X. This would
mean that all arrow algebra morphisms into a locale would essentially be locale morphisms.

Thus in Section 6.4, we looked at a possibility of restricting the admissible morphisms of arrow
algebras with an inspiration from Theorem 6.9. We would not be able to use that theorem directly,
because arrow topoi are in general not Grothendieck. Instead, the inspiration is supposed to give us
a direction to look in. Localic morphisms between topoi are well-studied and we wanted to define a
notion of localic morphisms between arrow algebras, which should correspond to localic morphisms
between the arrow topoi. We derived a necessary condition at the level of arrow topoi, but did not
manage to formulate it at the level of arrow algebras. If we could do that, we could investigate whether
this condition is also sufficient for an arrow algebra morphism to become a localic morphism between
the arrow topoi. Then we would obtain a full characterization of localic morphisms between arrow
topoi at the level of arrow algebras. However, this line of reasoning would internalize (localic) arrow

algebra morphisms as locales, not arrow algebras.

We also tried to internalize arrow algebra morphisms as arrow algebras via proto-assemblies in
Section 6.3. This approach did not give us any positive result and we are quite confident that it is not
fruitful. As we discussed in Section 6.2, internal completeness is the major problem for internalization.
We can transport the finitary data (i.e. everything not concerned with the infinite meet) of the arrow

algebra B into AT[A] via the composition ®, o V. But without the infinite meet, we are not even able

L« And here, poor fool, I stand once more, No wiser than I was before.”
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to formulate the definition of an internal arrow algebra.

It is also not clear if trying to transport the external properties of B into AT[A] is the best
approach. After all, the internalization of locale morphisms works differently. The internal order
and meet are not given by the external properties, but by internal characterizations of the subobject
classifier (cf. Lemma 6.4). Thus this attempt may be flawed from the beginning. On the other hand,
we could also try to better understand the characterising morphisms of the internal meet and the

internal order so that we can mimic them for our candidate arrow algebra (B, f1 o 35T).

The directions for further research are clear: Due to time constraints, we were not able to fully
develop all of our ideas, which thus could be further researched. We think that the approach via localic
geometric morphisms in Section 6.4 is very promising as Conjecture 6.10 is close to the formulation of
the Joyal-Tierney theorem. As a first step, the characterization of localic morphisms between arrow
algebras would need to be finished. Then one would have to find a way to turn a topos with a localic
morphism into an arrow topos into a arrow algebra with a corresponding morphism.

To pursue the original Conjecture 1.1, we would first need to understand the internal arrow algebras
better. Indeed, we have only given a definition and a candidate internal arrow algebra, but done little
further research into this. One could look into how to construct morphisms for our candidate internal
arrow algebra that act similarly to the meet and order of the subobject classifier.

On the further end of further research, we still hope that after generalizing the Joyal-Tierney

theorem in some way, we can use it to construct and prove the Gleason cover for arrow algebras.

But alas, the clocks grow impatient
and we rest our steed for this night
May tomorrow someone come by

and deliver our toil to greater height.

E2
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