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Abstract

The Raisonnier filter is a combinatorial object isolated by Jean Raisonnier in [18] in order
to simplify Shelah’s proof that if all X3 sets are Lebesgue-measurable then there is an inner
model with an inaccessible cardinal. In this paper, we study the combinatorics of a general
version of the Raisonnier filter, with an eye to potential applications in descriptive set theory.
We prove various results about the Raisonnier Filter generated by simple sets, and we study
the ideals associated to the Raisonnier Filter being rapid and/or unbounded, connecting it to
the null-additive and meagre-additive ideals studied by Pawlikowski and Shelah. Among the
more interesting results is a converse to Raisonnier’s theorem which indicates that Raisonnier’s
technique is unlikely to lead to similar results for other regularity properties. We also draw
some conclusions regarding the Borel and dual Borel Conjectures.

1 Introduction

The Solovay Model, obtained by collapsing an inaccessible cardinal to w; using the Lévy collapse,
is a well-known model of set theory in which all projective sets of reals are Lebesgue measurable,
have the Baire property, and satisfy almost all other known regularity properties. This construction
from 1970 was a celebrated early achievement showing what the recently-discovered forcing method
was capable of [21]. However, it left the question open whether the inaccessible cardinal was really
needed to produce a model with this property. This was settled by Shelah in 1984 when he proved—
contrary to expectations—that an inaccessible cardinal was not needed for the Baire property, but
it was needed for Lebesgue measurability [19)].

Shelah’s proof of the latter result was simplified by Jean Raisonnier [18] using purely combi-
natorial techniques, and this is the preferred exposition of Shelah’s theorem to modern audiences.
Raisonnier’s argument can be outlined as follows:
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1. Assume that all X} sets of reals are Lebesgue measurable, but Nf ' = N, for at least one

parameter a € w®.

arxiv

2. Define a special filter F on w using the reals of L[a], and show that it is X3.

3. Use the assumption that there are Nj-many reals in L[a] to show that F is a non-trivial
(proper) filter.

4. Use the weaker assumption that all E% sets of reals are Lebesgue measurable to show that
F is a rapid filter.
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5. By a classical result of Talagrand [22], a non-trivial rapid filter cannot be Lebesgue-measurable.
This contradicts the assumptions.

6. We conclude that if all £} sets are Lebesgue measurable, then Va € w‘“(NIL[a] < Ny), which
is known to imply that ¥; is an inaccessible cardinal in L.

The filter F from above is often referred to as the Raisonnier Filter. In spite of the importance
and elegance of this construction, the Raisonnier Filter itself has received relatively little attention
in the literature outside the context of this proof. The only application we are aware of is a minor
result on the separation of regularity properties for A}- and Aj-levels in [9].

This paper is motivated by the need to understand the combinatorics of this filter better,
with an eye on potential applications to other problems in descriptive set theory. Indeed, some
of our more interesting results provide new connections between the Raisonnier Filter and the
null-additive and meagre-additive ideals, with some implications about the Borel and Dual Borel
Conjecture.

We note that many questions about the consistency strength of projective regularity properties
are still open. The most famous and long-standing of these is probably the question asked by
Mathias [14] and many others: what is the consistency strength of the assumption that all projective
sets have the Ramsey property? It is tempting to try to use the Raisonnier filter to solve this
problem; however, one of our results (Theorem 6.2) provides a partial converse to point 4 in the
argument above, indicating that the Raisonnier filter is intimately tied to Lebesgue-measurability
and is unlikely to apply to other regularity properties in this way.

This paper is structured as follows: we provide the necessary definitions, notation and context
in Section 2, and in Section 3 we look at properties of the Raisonnier filter Fx generated by simple
subsets X of the Cantor Space.

In Section 4 we look at the question whether the Raisonnier Filter can be unbounded (non-
meagre) and consider a corresponding o-ideal on the Cantor space. Section 5 contains one of the
more important results, Theorem 5.11, characterizing those X that generate a rapid Raisonnier
filter as precisely the null-additive sets. This characterization is used in Section 6 to obtain a
converse to Raisonnier’s theorem, Theorem 6.2. Section 7 is devoted to various observations related
to the Borel and Dual Borel Conjectures, and the isolation of new and potentially interesting
conjectures, and 8 ends with some problems.

The work in this paper was carried out by the first author in the context of his Master’s Thesis
[8]. Some details omitted here for readability can be found in the thesis.
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2 Definitions and Basic Context

Our notation and conventions follow the standard in modern set theory. We will often identify
subsets of w and elements of 2¢ via characteristic functions, and we will take it for granted that
subsets of #(w), such as filters on w, can be viewed as sets of reals and have a descriptive com-
plexity. Q denotes the “rationals” in the Cantor Space, i.e., those elements of 2% whose values
are eventually 0. The notation x =* y denotes the statement that x and y are eventually equal,
x <* y that y eventually dominates x, and x C* y that z is a subset of y except for finitely many
members.

The term filter always refers to filters on w. We call a filter trivial if it contains every subset
of w and Fréchet if it contains exactly the co-finite subsets.

Note 2.1. Deviating slightly from common usage, the trivial filter & (w) will by default be included
in our subsequent definitions. For example, the trivial filter will be considered both a rapid and
an unbounded filter, and we will explicitly mention when this is not desired.

In this paper we will often use partitions of w into non-empty finite intervals, and we will use
the following notation:

Definition 2.2. A real d € w* is called a partitioning real if it is strictly increasing and d(0) = 0.
Let P denote the set of partitioning reals. We will use the notation I¢ to abbreviate the interval
[dn),din+1))={kcwl|dn) <k<dn+1)}

Mokobodzki, Talagrand and others have considered rapid and unbounded filters, and the fol-
lowing definitions and characterizations are well-known.

Definition 2.3. A filter F on w is an unbounded filter (also called non-meagre filter) if the
increasing enumerations of its elements form an unbounded family.

Theorem 2.4 (Talagrand, 1980 [22], see also [2, pp. 205-206]). The following are equivalent for a
filter F on w:

1. F is unbounded,
2. F does not satisfy the property of Baire,

3. for every increasing f € 2% there exists a € F so that a N [n, f(n)] = @ for infinitely many
n € w, and

4. for every d € P there exists an a € F such that aN I¢ = & for infinitely many n € w.

Definition 2.5 (Mokobodzki [16]). A filter F on w is a rapid filter if for every increasing f € w*
there exists a € F such that |a N f(n)| < n for all n.

It is easy to see that F is rapid if and only if the set of increasing enumerations of its members
forms a dominating family in w*. The precise bound in the definition is also not relevant, with
some very weak restrictions, as is seen below.

Lemma 2.6. Let F be a filter and let ¢ : w — w be an increasing, unbounded function such that
©(0) = 0. Then the following are equivalent:

1. F is rapid, and

2. for every f € P there exists a € F such that |a N f(n)| < ¢(n) for all n.



Proof. The direction (2) = (1) easily follows from [2, Lemma 4.6.2]. For the other direction,
assume that F is rapid, and let ¢ € w“ have the properties defined above. Given an m € w,
let Np, = {k € w| p(k) < m}. Let f € P and define the function g € w® such that g(m) =
f(max N,,). For every m € w, since ¢(0) = 0 < m, the set N,,, is nonempty. Moreover, because
¢ is increasing and unbounded, there exists n € w such that ¢(k) > m for all k£ > n. Therefore,
N,, is finite and max N,, is well defined. As a result, the function ¢ is also well defined. By
assumption then, there exists an a € F such that |[a N g(m)| < m for all m € w. Let n € w.
By definition, n € N, and so n < max N,,). Since f is strictly increasing by assumption,
f(n) < f(max Ny(,)) = g((n)), and, as a result, |a N f(n)| < |aNg(e(n))] < @(n). O

The ideal of countable sets is denoted by Z.,;. We assume that the reader is familiar with
Lebesque measurability and the property of Baire, as well as the ideals N and M of null and
meagre subsets of 2, respectively.

Given z,y € 2¥, we write x + y € 2¢ for the real such that (x 4+ y)(n) = z(n) + y(n) mod 2.
For X, Y C2¥ we write X +Y ={z+y|ze X,y Y}
Definition 2.7. A set X C 2% is called

1. null-additive if X +Y € N for every Y € N/, and

2. meagre-additive if X +Y € M for every Y € M.

We use NA and MA to denote the collections of null-additive and meagre-additive sets, respec-
tively.

It is easy to see that A and MA form o-ideals and that Zeg, € NA C N and Ze, € MA C
M. A result of Shelah [20] shows that N A C MA. We also recall the well-known ideal SN of
strong-measure-zero sets, and the Galvin-Mycielski-Solovay characterization:

Theorem 2.8 (Galvin, Mycielski, Solovay [10]). X € SN if and only if for every meagre Y C 2%,
X+Y #£2v.

By analogy, the dual collection SM of strongly meagre sets can be defined as follows:
Definition 2.9. A set X C 2% is strongly meagre if for every null Y C 2¢ X +Y # 2%,

It is easy to see that NA C SM and MA C SN. The statements SN = T and SM = Loy
are known as the Borel Conjecture (BC) and Dual Borel Conjecture (dBC), respectively.

Finally we introduce the main combinatorial object of our interest: the Raisonnier filter. We
will use the following definition given below; a number of alternative definitions is available, see [2,
Theorem 4.6.13].

Definition 2.10. Let z,y € 2“ be such that x # y. The splitting point of =,y is defined as
h(z,y) = min{n € w | z(n) # y(n)}. Given a set X C 2¢, we define the set of splitting points of X
as H(X) = {h(z,y) | v,y € X, z #y}.

Definition 2.11 (The Raisonnier Filter). Let X C 2¢. Then Fx C 2¢ is defined as the set of
all @ € 2%, such that there exists a countable collection {Y;, | n < w} with X C |J Y, and
H(Y,) C a for all n.

n<w

It is easily seen that this defines a filter on w extending the Fréchet filter.



Lemma 2.12. Fx is trivial (i.e., contains all sets) if and only if X is countable.

Proof. If X is countable then it can be covered by singletons of the form {z}, and by definition
H({z}) = @, hence @ € Fx. Conversely, suppose & € Fx. Then X can be covered by J,, ¥, with
H(Y,) = @. But this means that each Y, is a singleton, since any set Y;, that contains two reals
must have H(Y,) # @. O

The essential feature of the Raisonnier Filter in descriptive set theory comes from the observa-
tion that if X C 2¢ is a 3}, set, then Fx is X} (see [2, p. 247]). In Raisonnier’s original proof,
the role of this filter is in the form of the following theorem.

Theorem 2.13 (Raisonnier, [18]). If every X3 set is Lebesgue measurable and NlL[a} = Ny, then
FaenLla) 18 a non-trivial rapid filter. In particular, Foenp(q) s @ E% non-trivial rapid filter, hence
not all $3 sets are Lebesgue Measurable.

3 The Raisonnier filter generated by simple sets

The elements of the Raisonnier filter Fx contain the splitting points of all countable covers of a
set X C 2¥. As X is a cover of itself, we have that H(X) € Fx. However, since Fx extends
the Fréchet filter, it also contains the sets {k € H(X) | k > n} for every n € w. Furthermore,
countable partitions of X are also countable covers of it. Because of this, if it is possible to define
a partition {X,, | n < w} of X that avoids some splitting points K C H(X) in the sense that
KUy, HX,) = 2, then H(X) \ K € Fx as well.

Therefore, the Raisonnier filter of a set X C 2% can give us an indication of its size, specifically
in regard to its splitting points. The intuition is the following: for “large” sets of reals, it is not
possible to avoid many of their splitting points by using countable partitions. As a result, Fx will
contain only “dense” sets of naturals, and will be closer to the Fréchet filter. On the other hand,
if a set X is “small” and there are countable partitions of it avoiding many of its splitting points,
then Fx will be large and contain many “sparse” sets of naturals.

The purpose of this section is to look more closely at basic properties of Fx and how they
depend on properties of X, confirming the intuition mentioned above.

Lemma 3.1. If X C Y, then Fy C Fx.

Proof. A countable cover of a set is also a countable cover of its subsets. O

Next, we observe the following: suppose we are given a countable collection of sets and their
countable covers. To obtain a countable cover of their union, it is enough to take the union of the
covers. The splitting points of the new cover will naturally be the union of the splitting points of
the individual covers. Therefore, the Raisonnier filter of a countable union can be generated as
given below.

Proposition 3.2. Let X =J,, ., Xn. Then
Fx = { U an | an € Fx, for alln}.
n<w

Proof. Consider an arbitrary collection {a,, € Fx, | n < w}. For every n there exists a countable
cover { X, m | m < w} of X, such that a, 2 U, .., H(Xn,m). Let a =, an. We have that

n<w

X:UX"QU UXmm and azUanQU UH(Xn,m)a

n<w n<w m<w n<w n<w m<w



meaning that a« € Fx. On the other hand, let @ € Fx. For any n < w we have that a € Fx C Fx,,

so letting a,, = a for all n, we get a,, € Fx, and a = Un<w Ay, OJ

It is easy to see that any finite number of splitting points can be avoided when covering a subset
of 2¢. Thus, one expects Fx to be insensitive to finite modifications of the reals of X. This is
confirmed by the following property.

Proposition 3.3. For every X C 2%, Fx = Fx4qQ-

Proof. Let X C 2. We have that Fxig € Fx and it suffices to prove the other direction. Let
a € Fx such that a 2 U, ., H(Y»), where X C (J, ., Yn. Consider the following collection of
sets: for n < w and s,t € 2<% we define

Znsy={x €2 |z els],yeY,N[t]¥m > |t| (x(m) =y(m))}.

Let x € X 4+ Q, in which case there exists a y € X such that x =* y. Since y € X, there exists an
n < w such that y € Y;,. Moreover, because x =* y, there exists an N € w such that z(m) = y(m)
for all m > N. Let s = [N and ¢t = y|N. By definition, = € [s], y € Y, N[¢], |s| = |¢| = N and
x € Zp, s+ Therefore,

X+QcC U{Zn,s’t |n <w, s te2<¥ |s| = |t|}.

Let now n,s,t € 2<% be such that |s| = [t| = N and k € H(Z, s). By definition, there exist
Z,Y € Zn,st with x # y and h(z,y) = k. Because z,y € [s], it must be that k > |s|. By definition,
there exist 2,y € Y, N [t] such that z(m) = 2'(m) and y(m) = y'(m) for all m > N. Since ',y
share the same initial segment ¢ up to N and are equal to x and y respectively from N onward,
whose splitting point comes after N, we have that k = h(x,y) = h(z',y") € H(Y,). Therefore,
H(Z,s:) C H(Y,). As aresult,

a2 |JHY,) 2 JHZnsp) In<w, st €2, |s| =t}

n<w

and thus a € Fx4q. O

Another intuitive property of the Raisonnier filter concerns shifting reals to the right in the
sense of subsets of w. It is clear that appending the same finite sequence in front of all reals of
a set X C 2¢ would shift their splitting points by the length of that sequence. As a result, the
Raisonnier filter of this new set would simply consist of the elements in the original filter shifted
accordingly.

Definition 3.4. If a« C w and n € w we will write a +n for the set {k+n | k € a}. If X C 2% and
s € 2<% we will write s X for the set {s"z |z € X}.

Proposition 3.5. If X C 2* and s € 2<%, then Fs~x 1is generated by the set {a + |s| | a € Fx}.

Proof. If a € Fx is witnessed by the countable cover | J, Y, 2 X with a O UJ,,., H(Y,), then
it is easy to see that |J, ., (s7Y,) 257X and a + [s| D U, ., H(s7Y,).

On the other hand, let b € F,~x such that b 2 |, ,, H(Y,), where s~ X C |, ., Y, For
every n < w, let Z, = {x € X | s7x € Y,,}. If z € X, then s~z € Y, for some n < w
and z € Z,. Therefore, X C (J,., Zn and J,,., H(Z,) € Fx. If now k € H(Z,), then
there exist xz,y € X such that s™z,s7y € Y,,, * # y and h(z,y) = k. We then have that
k+|s| =h(s"z,s7y) € H(Y,). As aresult, (U,., H(Zn)) +|s| Cb. O

n<w



To find Raisonnier filters with more concrete characterizations, we can turn to closed sets. The
splitting points of a closed set correspond exactly to the splitting points of the tree defining it.
Moreover, (uncountable) closed sets are so large that any countable cover must eventually contain
all the splitting points of the corresponding tree.

Definition 3.6. If T C 2<% is a tree and s € T, then let T, = {t € T | s Ctort C s} and
H(T)={h(s,t) | s,t €T, s #t}.

Lemma 3.7. Let T' C 2<% be a tree and let a € Fip). Then, for every s € T there exists at € T
with s C t such that a 2 H(T}).

Proof. Let a € Fir) and suppose towards contradiction that there exists an s € T' such that for
every t € T with s C t we have H(T;) € a. By assumption, there exists a countable cover
{Xn | n < w} of [T] such that a D |J, ., H(X,). We can then inductively define a sequence
s0 € 1 C ... in T such that X,, N [s,11] = & for every n, as follows:

First, let so = s. Then, assume that we have defined s, € T. Since s, 2 s, there exists
k € H(T,,) \ a by assumption. As k € H(T,,) is a splitting point, we have that k > |s,]|.
Moreover, there exist z,y € [T, | such that h(z,y) = k. Assume without loss of generality that
z(k) =0 and y(k) = 1, and let t = x[k = y[k. Because k ¢ a O H(X,,), we have two cases:

1. For every z € X,, with t C z, z(k) = 0. In that case, we can define s,,11 = y[(k + 1), giving
us that sp,41 € T and s,, C $p41. Moreover, for any w € [s,41] we have w(k) = y(k) = 1 and
sow ¢ X,,.

2. For every z € X,, with t C z, z(k) = 1. In that case we can similarly define s,,11 = z[(k+1).

Let w =, $n- Then by construction w € [Ty] but w ¢ X,, for any n, contradicting our

n<w °N
initial assumption. O

When the tree in question is uniform in the sense that whether a node is splitting depends only
on its length, we can obtain a precise description of its Raisonnier filter.

Definition 3.8. A tree T' C 2<% is called uniform if for all s,¢ € T with |s| = |¢|, we have that
s is splitting if and only if ¢ is splitting. Note that this is equivalent to stating that the splitting
nodes t of T' are precisely those with [t| € H(T).!

Proposition 3.9. For any uniform tree T C 2<%, Fip) ={a Cw | H(T) C* a}.

Proof. First, observe that H(T') € Fiy and that, because Fr) extends the Fréchet filter, {a C
w | H(T) C* a} C Fipy. For the other direction, if a € Firy, by Lemma 3.7 there exists an s € T'
such that H(Ts) C a. Since the tree is uniform, H(T) C* H(Ts) C a. O

Corollary 3.10. For every a Cw, Fopq) = {bCw|a C* b}.
Corollary 3.11. Fyw is the Fréchet filter.

Proposition 3.9 also has immediate consequences concerning open subsets of the Cantor space.
Corollary 3.12. The following hold:

1. For every s € 2<%, Fiq is the Fréchet filter.

2. For every nonempty open set X C 2%, Fx is the Fréchet filter.

IThese are not necessarily “uniform perfect trees” in the sense of Silver forcing.



3. For every X C 2“ with non-empty interior, Fx is the Fréchet filter.

Proof. The first statement follows from the fact that [s] = s72%, using Corollary 3.11 and Propo-
sition 3.5. The other two statements follow directly from Proposition 3.1. O

We note that the converse of the above Corollary does not hold. For example, if a = {2n | n €
wland b= {2n+1 | n € w}, the set X = F(a) U Z(b) has empty interior. By Propositions 3.2,
3.1 and Corollary 3.10, Fx is a subset of both {¢ C 2% | a C* ¢} and {¢ C 2% | b C* ¢}. Asa
result, it can only contain cofinite sets and is thus equal to the Fréchet filter.

A more interesting application of Lemma 3.7 leads to the following conclusion about the notion
of an unbounded filter from Definition 2.3.

Theorem 3.13. If T is a perfect tree, then Fir) is a bounded filter.

Proof. We will use condition (4) of Theorem 2.4 and define a partitioning real d € P bounding the
elements of F7y.

For s € T, let n(s) denote the first splitting node of T extending s. Let Sy = {@} and d(0) = 0.
Having defined S,, and d(n), inductively define

® Snp1={n(s) |s €T, |s| =d(n)}, and
e din+1)=max{|s|| s € Spt1}+ 1.

Clearly each S, is a finite set, so this construction is well-defined.

Now let a € Fr) be given. We want to show that a N I¢ # @ for all except finitely many
n. By Lemma 3.7, there exists s € T such that « O H(Ts). Let k € w be smallest such that
d(k) < |s| < d(k+1). For any n > k, there exists an ' € T with s’ O s and |s/| = d(n).
By definition, n(s’) € S,4+1 and therefore d(n) < |s'| < n(s’) < d(n + 1). Furthermore, for
to =n(s')"0and t; =n(s")"1 we have tg,t1 € Ts. As a result, h(tg,t1) = |n(s’)] € H(Ts) C a and
anlIl+#g. O

This theorem has interesting descriptive-theoretic consequences.

Corollary 3.14. The following hold:
1. If X C 2% has the perfect set property, then Fx is either trivial or bounded.
2. For every analytic X C 2%, Fx is either trivial or bounded.

3. (ZF) If all sets of reals have the perfect set property then all Raisonnier filters are trivial or
bounded.

In the next section we will investigate unbounded Raisonnier filters more closely. This section
is concluded with a curious observation regarding the Raisonnier filter of the constructible reals.

Proposition 3.15. Ifb € Founqr and n € w, then b+ n € Founp,.

Proof. Let X =2“N L. It is easy to see that for any n € w we can write X = [J{s™X | s € 2"}.
By Proposition 3.2, we then have that

fX:{Ubs

se2n

Vs € 2™ (bs € ]—"SAX)}.




By Proposition 3.5, for every s € 2", Fs~ x is the filter G generated by {b+n | b € Fx}. Therefore,

we can write Fx as
Fx = { U o

se2n

Vs € 2" (bs eg)}.

As a result, if b € Fx, then b+n € G and thus b+ n € Fx. O

In the case that |2¢ N L| = Xy and thus Fawnqy is not the Fréchet filter, it follows that Fownr, will
contain some increasingly “sparse” elements. This is because, for every a € Founr, a +n € Founy
as well and so their intersection a N (a +n) = {k € a | kK +n € a} must also be in Fownr.

4 Unbounded Raisonnier Filters

In the previous section, it was shown that sets containing perfect sets are large enough to have
bounded Raisonnier filters. On the other hand, we can expect that sets whose Raisonnier filter is
unbounded are small. In fact, they form a o-ideal.

Definition 4.1. Let R, = {X C 2¥ | Fx is unbounded}.
Theorem 4.2. The collection R, forms a o-ideal.

Proof. First, @ € R, holds trivially, and closure under subsets follows directly from Proposition
3.1. In order to prove closure under countable unions, let {X; [ i < w} € R, and X = J,, X;.
We will show that Fx is unbounded using condition (3) of Theorem 2.4. For this, we will need the
following lemma.

Lemma. For every increasing f € w¥ there exists a sequence {a; € Fx, | i < w} such that for
every n € w

kew: [[Ja|nlk fk)]=2. (%)

i<n

Proof of lemma. Let f € w” be increasing. We will define the sequence inductively. First, because
Fx, is unbounded, there exists ag € Fx, satisfying () for n = 0.
Assume now that we have defined aq, ..., a, so that (x) is satisfied for some n € w. Let

b= kew|[Ja|nkfk)]=27,

i<n

which is infinite by the inductive hypothesis, and let IA)A be its increasing enumeration. Let g = fo 137
which is an increasing function, since both f and b are increasing. By assumption, Fx is
unbounded and there exists an a,+1 € Fx such that

n+41
n+1

C:{kew | an+1m[kvg(k)] :,@}

is infinite. R .
Let now k € b[c|. Because k € b, we have that (U<, ai) N [k, f(k)] = @. Moreover, k = b(1)
for some [ € ¢, for which we know that anq N [1,g(1)] = @. As b is strictly increasing however,

1 < b(l) = k, and therefore A
[k, F(R)] S 1L, F(6(D)] = 1, 9(D)]
which gives us an+1 N[k, f(k)] = @. As aresult, (U,<,, 1, @) N[k, f(k)] = @ as well. Since |c[ = Ng

and b is injective, l;[c] is infinite and ay, . . . , ap+1 satisfy (x), which completes the inductive step. O



Returning to the main proof, let f € w® be an increasing function and let {a; € Fx, | i < w} be
the sequence given by the Lemma. We inductively define the following strictly increasing sequence
N={ny, cw|m<w}

e First, let ng be the minimum & € w such that ag N [k, f(k)] = &, and then,

e having defined n,,, let n,,.1 be the minimum k € w such that k& > n,,, k& > f(n,) and
(Uicmyr @) N[k, f(k)] = @, which exists by the Lemma.

Finally, define ¢ = ag and for every i < w define ¢;11 = {k € a;41 | K > f(nm)}. Because each
Fx, extends the Fréchet filter, ¢; € Fx, for every i < w and so ¢ = |J ¢; € Fx by Proposition
3.2. Let m < w and let

i<w

K= U ¢ | N [nm, f(nm)] and K' = (U c,») O [Py [ ()] -

i<m i>m

By construction, we have that K C (|J
that N is an increasing sequence,
¢i N [, f(nm)] C{E €w [ k> f(nm)} N[0, f(nm)] =2

meaning that K’ = @ as well. Therefore, ¢ N [Ny, f(nm)] = KUK’ = @. As a result, we get
c¢Nn, f(n)] = @ for every n € N and the proof is complete. O

a;) N [P, f(nm)] = @ and, for every i > n, by the fact

i<m

When a set X C 2% has an unbounded Raisonnier filter, given some partition of w into intervals,
we can find a countable cover of X without splitting points in infinitely many intervals of that
partition. Because of this, we can eventually predict the values of any x € X on those intervals,
given the initial segment of x. We recall that there is a very similar characterization of the meagre-
additive ideal M.A due to Shelah [20], see also [2, Theorem 2.7.17].

Theorem 4.3 (Shelah, 1995). The following are equivalent for every X C 2%:
1. X e MA, and
2. for every f € P there exists a g € P and a real y € 2 such that

Vre XVnewdkew (I CIY and xI] =ylI]).

In this statement, condition (2) can be understood as stating that, given any f € P we can
find a real y that “predicts” the values of any x € X in infinitely many f-intervals. Moreover, we
have a bound, in the form of g € P, as to how far apart those intervals can at most be located
(except for finitely many initial places). This intuition leads to the following result.

Theorem 4.4. R, C MA

Proof. Let X € R,,. Let f € P be given. We will find g and y satisfying condition (2) in Theorem
4.3.

First, let d be an increasing sequence defined inductively by
e d(0) =0,
e if d(n) has been defined, let d(n + 1) be the least such that
d(n) < f(k) < f(k+n-29M) <d(n+1)

where k is least such that d(n) < f(k).
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The purpose of this definition is to ensure the following:

() there are n - 24(")_many intervals of the type I contained in each IZ.

Using one of the properties of an unbounded filter, let a € Fx be such that 3%°n (a N I = ).
This means we can find ng < n1 < ng < ... and a countable cover {X; | j < w}, such that
X CU,.,X;, and

J<w
ViVi (H(X )ﬂld = 9)
We also define g(0) = 0 and g(i) = d(n;) for every i > 0, that is, the beginning of the interval I? .

To construct the predicting real y € 2, proceed as follows: on intervals I? for n # n;, the value is
irrelevant. Within an interval Id note that since H(X;) N Id = @, for each ¢ € 24" there can

be at most one 7 € 2¢(ni+1) extendmg o such that 7 € X [2‘1(” i+ Call it T(ony) if it exists.

By condition (x) there are n; - 24(ni)_many intervals of the form I ,{ inside Iﬁi so, by going over all
the relevant 7, ¢y, we can define a predicting real y so that for every o € 20(ni) and every £ < n;

we have
ylIf = 701

for some k. This completes the construction.

Now we check that this works. Let € X, let j be such that z € X, and let K be large enough

so that j < nx. We claim that for i > K there is k such that I;j C I? and 33[],{ = y[Ilf7 which
will complete the proof. So for ¢ > K, look at the interval Iffi, and let 0 = z[n;. Since x € X, it
follows that z[d(n + 1) is precisely 7(, ;) as defined in the above construction. Since also j < n;,
our construction guarantees that for some k we have

oI = I =y,
and also I,f - Iffi C I?. This completes the proof. O
Corollary 4.5. If the Borel Conjecture holds, then Ry = Zeip.

Proof. This follows from R, C MA C SN. O

Since Raisonnier filters generated by countable sets are trivial, it follows that under BC all
Raisonnier filters are either trivial or bounded.

5 Rapid Raisonnier Filters

In this section, we return to Raisonnier’s original proof and provide a natural generalization of it
in terms of binary slaloms. As it turns out, the crucial step in the proof can be reversed, providing
a characterization of the rapidity of the filter Fx in terms of X being captured by such binary
slaloms. This in turn tells us that sets that generate a rapid Raisonnier filters are precisely the
null-additive sets. We will introduce the following definition in analogy to the previous section:

Definition 5.1. Let R, = {X C 2% | Fx is rapid}.

We first recall some notion related to Bartoszynski’s characterization of additivity and cofinality
of the null ideal in terms of slaloms (see [1] or [2, pp. 50-53]).

11



Definition 5.2 (Bartoszyniski). Let ¢ : w — w be any unbounded function. A function S : w —
[w]<¥ is called a w-slalom if |S(n)| < ¢(n) for all n. When ¢(n) = n, we refer to p-slaloms simply
as slaloms. If © € w¥ is a real, then we say that x goes through S, denoted by z €* S, if f(n) € S(n)
for all but finitely many n. If X C w* is a set of reals, then we say that X goes through S, or that
S captures X, if x €* S for every x € X.

In [1] Bartoszytiski proved that add(N) is the least cardinality of a set X C w* that does not
go through any slalom, and cof (N) is the least number of slaloms necessary for every real in w* to
go through at least one of them. This combinatorial argument also has a descriptive set theoretic
component.

Theorem 5.3 (Solovay/Bartoszynski). The following are equivalent:
1. All E% sets of reals are Lebesque measurable.
2. For all a € w¥ there are measure-one-many random reals over L{a].
3. For all a € w¥ there exists a slalom S such that w* N Lla] goes through S.

Proof. The equivalence between (a) and (b) is Solovay’s well-known characterization theorem im-
plicit in [21]; see [2, Theorem 9.3.1] for a clear proof. The equivalence between (b) and (c) is a
direct adaptation of the combinatorial principles used to prove the characterization of add(N) in
terms of slaloms. See also [2, Theorem 2.3.11(1)]. O

We can define an analogous notion of slaloms for the Cantor space.

Definition 5.4 (Binary Slaloms). Let d € P and ¢ € w*. A function B : w — [2<¢]~“ is called a
d-binary p-slalom if for every n:

1. |B(n)| < ¢(n), and
2. B(n) C {0, 1}/,
When ¢(n) = n we will simply call them d-binary slaloms.

If B is a d-binary (¢-)slalom and x € 2¢ then we say that x goes through B, and write  €* B, if
x[I¢ € B(n) for all but finitely many n € w. Likewise we say that a set X C 2% goes through B,
or that B captures X, if z €* B for every z € X.

We let Bi denote the set of all d-binary -slaloms. When ¢(n) = n, we will simply write B.

Binary slaloms place restrictions on the possible segments of reals in the Cantor space, in the
same way that slaloms place restrictions on the digits of reals in the Baire space. With this in
mind, we can consider a natural translation mapping from 2“ to w* which allows us to translate
between the two types of slaloms.

Definition 5.5.

1. Let nat : 2<% — w be the function mapping a finite sequence in 2<“ to the natural number
represented by the sequence in the binary system.

2. Given a partitioning real d € P, let naty : 2 — w* be the function defined as natq(x)(n) =
nat(x[I%) for all z € 2 and n € w.

3. Let ], abbreviate [, ., 211 C w* | ie., the set of all z € w* such that z(n) < 24+ —dm)
for all n.

12



x| I x| I¢ x| 1§ o] I¢ o[I¢ x|l

r=[1 1 0 0J0 1J0o 0 1]1

NV &

natg(z) = [12 [1[1[23]0]2]...

Figure 1: A real z € 2“ translated into naty(z) € w*, using the partitioning real d =
(0,4,6,9,14,15,18,...).

It is clear that for any partitioning real d, natq is a bijection between 2¢ and [], (a compact
subset of w”). The reverse function nat;' is well-defined on [], and can be naturally interpreted
as the map that sends every = € [], to the concatenation of binary representations of the values
x(n) (with additional 0’s if necessary), written in sequence. See Figure 1 for an example.

The mapping naty translates d-binary slaloms to regular slaloms. With a slight abuse of
notation, we will write the following:

Definition 5.6. If B is a d-binary slalom then naty[B] denotes the slalom S defined by S(n) =
{nat(c) | o € B(n)}. Conversely, if S is any slalom,then nat;'[S] denotes the d-binary slalom B

defined by B(n) = nat~![S(n)] = {o € {0,1}/%] | nat(o) € S(n)}.
The following lemma then follows immediately:

Lemma 5.7.

1. If d € P and B is a d-binary slalom, then for all x € 2¥:
x € B < natg(x) € naty[B].
2. If S is a slalom, then for all d € P and all x € 2¥:
x € nat;'[S] < naty(z) €* S
A less familiar theorem of Shelah connects the null-additive ideal N'A to binary slaloms in the
following way:
Theorem 5.8 (Shelah, 1995 [20], see also [2, Th. 2.7.18]). The following are equivalent:
1. X e NA, and

2. for every d € P there exists a d-binary slalom B such that X goes through B.

We now return to Raisonnier’s original proof showing that if all X sets are measurable then
Fawnr[q) is rapid, and note that a simplified version of this proof, presented, e.g., in [2, pp.474-475]
proceeds directly via Theorem 5.3 and the existence of slaloms capturing the reals of L]a]. So the
following theorem is implicitly proven.

Theorem 5.9 (Raisonnier/Bartoszyniski/Shelah). Let X C 2“. If for every partitioning real
d e P, X goes through a d-binary slalom, then Fx is rapid. In particular NA C R,.

13



Proof. Let d € P. By our assumption, there exists a B € B¢ such that
Vr € X V°n € w (z[I¢ € B(n)).

From this, we obtain an a € Fx exactly as in the proof presented in [2, pp. 474-475], so that
land(n)| < n® for all n € w, proving that Fx is rapid by Lemma 2.6. O

The above proposition essentially works because a restriction on the possible segments of reals
x € X directly leads to a restriction on the eventual splitting points necessary in covers of X.
This implication can be reversed: restricting the possible splitting points of a set also leads to a
restriction of the possible segments of its elements. This is the main idea in our next result.

Theorem 5.10. Let X C 2¥. If Fx is rapid and d € P, then X goes through a d-binary slalom.
In particular R, C NA.

Proof. Let X C 2“ be such that Fx is rapid and let d € P. By the rapidity of Fyx, there must
exist an a € Fx such that |[a Nd(n)| < x(n) for all n € w, where

() = {0, ifn<1
= [logs([v/n — 1])], otherwise .

By definition then, there exists a countable cover {X,, | n < w} of X such that a D |, H(Xy).
We define a collection {B,, | n < w} of d-binary ¢-slaloms, where p(m) = |/m] for all m € w.
For any n < w let B, (0) = @ and, for m € w with m > 0, let

This is the set of all possible finite sequences of length |IZ | that can occur as the I%-sections of
reals in X,,. Any two z,y € X,, can only diverge at a splitting point k € H(X,,). This means that
the set {z[[0,d(m +1)) | z € X,,}, and so B,,(m), can have a cardinality of at most 2¥, where k is
the number of splitting points of X, below d(m + 1). As a result, we have that

| B, (m)| < oH(Xn)Nd(m+1)| < gland(m+1)| < ollogs (LVm])] < vm

for all n,m € w with m > 0.
Let now B : w — [2<“]* such that for every m € w, B(m) = Un< s Bn(m). We have that

Bm)| < Y [Bum)| < Y vm<ym'=m
n<y/m n<y/m

Moreover, if s € B(m), then there exists some n < /m such that s € B,(m), in which case, by

construction, s € {0, l}mln'. Therefore, B is a d-binary slalom. Finally, if x € X, then there exists
an n < w such that z € X,,. Then, for every m € w with m > 0, z[I% € B, (m) by definition and
so, for every m > n?, x[I% € B,(m) C B(m). This means that 2 €* B and we have thus shown
that X goes through the d-binary slalom B. O

Theorem 5.11. The following are equivalent for every X C 2“:
1. Fx is rapid,
2. for every d € P, X goes through a d-binary slalom,

3. for every d € P, naty[X] goes through a slalom, and
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4. X e NA.

Proof. For the equivalence between (2) and (3), note that if B is a d-binary slalom so that X goes
through B, then by Lemma 5.7 (1), naty[X] goes through naty[B]. Conversely, if naty[X] goes
through a slalom S, then by Lemma 5.7 (2), X goes through nat;l[S]. O

Corollary 5.12. R, = NA.

Corollary 5.13. If either the Borel Conjecture or the Dual Borel Conjecture hold then R, = L.
In particular, the only rapid Raisonnier filters are the trivial ones.

Proof. This follows because NA C MA C SN and NA C SM. O

Corollary 5.14. If there exists an uncountable X € NA, then there exists a non-trivial rapid
filter. Moreover, if there is a 2, uncountable X € N'A, then there exists a 3}, non-trivial rapid

filter.

Corollary 5.15. Suppose 2* N L{a] € NA and 2% N L[a] is uncountable. Then there is a X3 rapid
filter.

We also obtain an alternative proof of the following result from [11, Theorem 4.1], which was
shown by a different argument.

Corollary 5.16. BC + “cvery X3 set is Lebesgue measurable” — Va(wlL[a] <wi).

Proof. If every E; set is Lebesgue measurable, then using Theorem 5.3, for all @ € w* and d € P
there is a slalom capturing w* N L[a, d], which in particular implies point (3) of Theorem 5.11, and
therefore 2¥ N L[a] € NA C SN = L4, O

Finally, we note that Shelah’s result [20] about the inclusion NA C MA now also has an
alternative proof, namely via the following chain of inclusions,
NA=R, CR,CMA

where the middle inclusion is because rapid filters are unbounded.

6 A converse to Raisonnier’s theorem

Since Theorem 5.11 equates a subset of 2 having a rapid Raisonnier filter to its going through a
slalom for every d € P, it is natural to ask whether a converse to Raisonnier’s Theorem 2.13 can
be obtained. We can indeed establish a partial converse with an additional assumption.

In the proof of Raisonnier’s theorem, reals in 2% N L[a] are essentially encoded by elements of
w® N Lla,d] for some d € P. Here, we would conversely like to encode the reals in w* N L[a] by
reals in 2¥ N L[a, d]. However, for this to work, we need a preliminary upper bound on the values
f(z) for an arbitrary f € w® N L[a], so that a suitable partitioning real d € P may be chosen so
that f € [[, and so that the inverse value nat;*(f) is well-defined. This is possible if there exists
a dominating real over w* N L[a] for all a.

Lemma 6.1. Assume that
1. for every a € w¥, Founra] 18 Tapid, and

2. for every a € w” there exists a dominating real over w* N Lla].
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Then, for every a € w* there exists a slalom S such that w* N L[a] goes through S.

Proof. Let a € w”. Let d be a real dominating w® N L[a]. Without loss of generality we may
assume that d(n) > 0 for all n € w. Let d € P be defined by

d(n):= Y _ d(m).

m<n

Then d is a partitioning real, and by assumption Fownr(a,q is rapid, so by Theorem 5.11 there
exists a slalom S such that nat;[2* N L[a, d]] goes through S. We claim that also w* N La] goes
through S.

To see this, let f € w* N L[a]. There exists g € w* such that f =* g and g(n) < d(n) for
all n € w. Since f and g differ in only finitely many values, g € L[a] C L[a,d] as well. Because
g(n) < d(n), we can write g(n) in the binary system using at most d(n) digits. In other words, we
have i

g(n) < d(n) < 24" = 2l

for all n € w. Therefore g is contained in II; and so natgl(g) is well-defined. Moreover, since

d € Lla,d] we also have nathl(g) € Lla,d]. In particular, g = natg(natgl(g)) €* S. Because
f =*g, it must be that f €* S as well. 0

Combining the above with the Solovay/Bartoszyniski characterization from Theorem 5.3 gives
rise to the following characterization:

Theorem 6.2. The following are equivalent.
1. Every X1 set is Lebesgue measurable.
2. For every a € w* there exists a dominating real over Lla] and FownLla) 15 Tapid.

Proof. Assuming (1) immediately leads to w* N L[a] being dominated by some real for every
parameter a € w®. It also leads to Faown(e) being rapid for every a € w*” by Raisonnier’s Theorem
2.13. The other direction is Lemma 6.1. O

Because of the equivalence between X C 2“ having a rapid Raisonnier filter and it being null-
additive, this theorem can be seen as a descriptive set-theoretic version of Pawlikowski’s result
that add(N) = min{b,non(NMA)} [17, Lemma 2.3], which is proven in a similar fashion.

Theorem 6.2 is particularly interesting in view of the general study of transcendence properties
and reqularity properties. Recall that a Laver tree is a tree in w<“ where every node extending a
stem is w-splitting. A set A C w is said to be Laver measurable if for every Laver tree T there
is a Laver subtree S such that [S] C A or [S]N A = @. In [4] Brendle and Léwe prove that the
transcendence property “Va € w* there is a dominating real over w* N L[a]” is equivalent to the
statement “all 33 sets are Laver measurable”, so we obtain an immediate corollary.

Corollary 6.3. The following are equivalent:
1. Every X3 set is Lebesque measurable.
2. Bvery 3% set is Laver measurable and Ya € w® (FawnLlq) 18 Tapid).

Alternatively, point 2 above can also be phrased as follows “Every ¥} set is Laver measurable
and Ya(2* N L]a] € NA)” or as follows

Va(2¥ N Lla] € K, NNA)

where K, refers to the ideal of o-compact subsets of w®.
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7 Some consequences related to the Borel Conjecture

In this paper we have come across several ideals with the following inclusion relations:

Tty € R, =NA C R, € MA C SN
N
SM

These ideals are related to the Borel and dual Borel Conjectures and are consistently equal to the
countable ideal. We can introduce the following notation:

Definition 7.1. Let BC(Z) denote the statement Z = Z(p,).2

Several mathematicians have looked at the relationship between statements BC(Z) and whether
they can be separated. It is known that BC(M.A) is equivalent to BC = BC(SN), see [5, Corollary
4.3]. In [13], a model is produced for BC+—-dBC, while the Cohen model satisfies dBC + -BC(M.A)
(see [6]). In a recent preprint, Cieslak [7] shows that BC(MA) + —~dBC + -BC(M.A) holds in the
model obtained by iterating Miller and Random forcing, and also that BC(NV.A) +—-BC(M.A) holds
in the iterated Miller model. Thus, all statements in the diagram below, except BC(R,), can
consistently be separated.

BC = BC(SN) = BC(MA) = BC(R,) = BC(NA)=BC(R,)
f
dBC = BC(SM)

We do not know how to separate BC(R,) from the other BC-statements, nor whether it holds
or fails, e.g., in the Cohen or Miller models.
However, we have several new observations that follow from R, = NA.

Lemma 7.2. Suppose there are no non-trivial rapid filters. Then BC(NA) holds.

Proof. If X € NA = R, then Fx is a rapid filter. This must be the trivial filter, so X is
countable. O

For example, the result from [7] that BC(NV.A) holds in the Miller model can alternatively be
proved using Lemma 7.2 and the fact from [15] that there are no (non-trivial) rapid filters in the
Miller model.

The converse of Lemma 7.2 is not true. For example, in the Cohen model dBC and thus BC(NA)
are true by [6], but also rapid filters exist by [2, Lemma 4.6.3.(2)].

Recall that in Corollary 5.16 we mentioned that the statement “all E% sets are Lebesgue
measurable” together with BC leads to an inaccessible. The same holds for any of the BC-statements
mentioned above, specifically:

Corollary 7.3. BC(NVA) + “all 3 sets are Lebesgue measurable” — Va(wf[a] < wiy).

Proof. If all £} sets are measurable and Ela(wlL ) = w1), then 2 N L[a] is an uncountable set in
R, by Raisonnier’s proof, hence BC(NA) fails. O

2 Although this is not a “conjecture” but a statement known to be independent of ZFC, we still choose to use the
abbreviation “BC” to emphasize the connection with the Borel Conjecture. Also, note that Z does not need to be
an ideal, e.g., SM is consistently not an ideal by [3].
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Another question indirectly answered by our results relates to Martin’s Axiom: in [2, Theorem
4.6.16] the authors prove that MA(o-centered) implies that Fx is unbounded for |X| < 2% and
MA(o-linked) implies that Fx is rapid for |X| < 2%0. It is asked as an open question whether
MA(o-centered) implies that Fx is rapid. However, MA(o-centered) is known to be consistent with
dBC by [12], which we now know to imply BC(R,) and therefore that the only rapid Raisonnier
filters are the trivial ones, making the answer to the question negative.

Finally, in view of results like Corollary 3.14, it seems interesting to explore definable versions of
Borel Conjecture-type statements. We are not aware of previous such studies, but we can consider
the following definition:

Definition 7.4. For a projective pointclass T', let I'(BC(Z)) denote the following statement: if X
is a I'-set in Z, then it is countable.

The statement I'(BC(NA)) is equivalent to saying that for all X in ', the Raisonnier filter Fx
is either trivial or not rapid; the same with I'(BC(R,,)) and “unbounded”.

Lemma 7.5. We have the following:
1. T'(Perfect Set Property) = T'(BC(R,)) = T'(BC(NA)).
2. If there is no ), rapid filter then X,,(BC(N.A))

3. If there is no X, | unbounded filter then X, (BC(R,)) and hence X, (BC(NA)).

Thus in particular, 31(BC(R,)) and X1(BC(N.A)) are true in ZFC. If Va(wf[a] < wy), then
»3(BC(R,)) and Z3(BC(N-A)) are true. In the Solovay model and Shelah’s model for projective
Baire property without inaccessibles, X! (BC(R,,)) and X! (BC(N.A)) hold for all n.

8 Open Questions

The investigations in this paper have shed light on the combinatorics of the Raisonnier filter, its
relation to binary slaloms, Lebesgue measurability, and the the ideals N.A and M.A.

While most ideals encountered here have been investigated before, we do not know much about
R, so some natural questions are the following:

Question 8.1.

(a) Is there a combinatorial characterization of R, that does not involve the Raisonnier filter? For
example, is it equivalent to a property using Slaloms, or to an ideal similar to N A and MA?

(b) What can be said about its cardinal invariants such as add(R,,), cov(R,), etc.?

This question is closely related to the Borel Conjecture with respect to the ideal R,,, so we can
ask the following questions:

Question 8.2.
(a) Can BC(R,) be separated from BC(M.A) and BC(N.A)?
(b) Does BC(R,) hold in the Cohen, Hechler and Miller models?
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Recall that Corollary 6.3 provides an interesting equivalence between two projective regularity
properties, and a third “transcendence” property “Va (2¥ N L[a]) € NA”. Tt would be interesting
to find a regularity property that could replace the above statement and give rise to a theorem
exclusively about regularity properties on the second level.

Question 8.3. Does there exist a regularity property P such that the statement “all E; sets have
P”, or “all Aj sets have P”, is equivalent to the statement “Va (2 N L[a]) € NA”?
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