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0.0,  Practically immediately after the creation of the
intuitionistic logic {nd (Heyting, 1930 Godel [1933] noted that
it has fthe disjunction property: & formula AVB is provable in g

iff

V,.;

at least onpe of the formulas 4 or B is provable in Ini. (Godel
teft his statement withoul a proof; later it was proved by Genifzen
11934--51 with the help of his famous cut elimination theorem, then
hy Waisherg [1938] and next by McKinsey and Tarski [1948] who used
algebraic methods.)

This property will really be sensible if we remember that the
intuitionistic logic is an endeavour to describe effeciive logical
connectives.  Moreover, it is  reasonable {fo  require thal every
logic, claiming to be & f{ormalization ol effective, constructive
way of reasoning, has the disjunction property., On ihe contrary,
the classical logic O accepting the Law of the Excluded Middie
Avnd, does not have the disjunction property.

In this connection & gquestion naturally arises on existence
fand description, if any} of logics with the disjunction property
that are stronger than  Ind. I we take into  account the
relationship between the disjunction property and the existence

property (see, for instance, Friedman [1978]1 and Friedman and

f——



Sheard [19891 and an  increasing interest in constructive proofs
as an instrument for program development (we mean the concept of
exiraction of programs from constructive proofs) then  this
academic question may acquire a practical importance,

0.1, The problem of characterizing logics having the
disiunctionn properiy furns out fto be rather complicated even in
the propositional case, and just for this case the most
interesting resulis were obtained. S0, in this survey we confine
ourselves to consideration of  only  propositional  indermediaie
fogics, amd the reader whose interesis lie in the sphere of
first-order logics is referred to Ono [1987]

Y

The abbreviation DP {(as well as some others bhelow) is used in

»

two ways: for denoling the disjunction properiy itself and for

denoting the class of infermediate logics having this property.
.2, The guestion concerning the existence of intermediate

togics having DP whichk are different from [ni drew atfeniion of
fogicians in  {fhe eariy fifties, when  Lukasiewicz [1952] put
forward the conjecture that this question has a negative solution.
In those days only a couniable set of extensions of ni was known:
the logics thal are obtained by adding to Ini the formulas which
Godel  wsed  for proving that [nd has no  finite characteristic
matriz, the logic of Kleene's realizability (see Kileene [1945],
Rose [19637) and mayvbe few others. It was known quite a liftle
about the realizabilily logic (not much more we know about it
today), in any case il was not clear whether it has DP. The logics
axiomatizable by Gbdel’s formulas do not have DP because these
formulas  are disjunctions, with each disjunct being classically
invalid. Thus, from the peint of view oif available information

tukasiewicz s conjeciure seems to be justified.

Do
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0.3, However, in 1957 the rukasiewicz conjecture was refuted.

Kreisel and Puinam [19587] consiructed the logic which is

]

proper
extension of fai and has DP (now it is often referred {o as the

Kreisel-Putnam logick

KB = [ni + {(=p > ger) 2 {op 2 gidopg o).

Fa S

A prooi of the disjunction property and the finife model property
of this logic using Kripke semantics can be found in Qabbay
[19701.7 Another example of a logic with the same properiies,

givert in this paper, is the logic SE which is due {o 5cotf:
SE = Int + {{vp = p) 2 peip) o TP

Such were the ¥first steps in the history of studies of the
disjunciion property.

G.4. In ihis paper we would like {o present a picture of
results, obiained up fo date {and known to us), which concern the
disjunction yproperly of intermediate logics. Though this picture
iz ot completed yel, since many important problems are waiting {o
he solved, nevertheless, in our opinion, there are rather large
completed fragments, and we already have cerfain comprehension of

the structure of the class DP.

1.0, Afler Kreisel and Putpnam [19871 a number of various
exampies  of intermediafte logics with and withou!t DP  were
construcied.

L1, First, i1 turned out that the existing “constructive”
logics, i.e. logics with constructive semantics in one sense or
another, viz. the logic of Kleene's realizability and Medvedev's
logic of finite problems, have DP {Varpakhovski [1865], Medvedev
{19637,



1.2, Gabbay and de Jongh [1969, 1974] constructed the

diate logics

i

infinite sequence of Tfinitely axiomatizable inferm

having the {inite meode! preperty and DP, viz. the logics

it it
T = fnt + & {p. o5 3 AN AT . iash
f = ind * & ({p; 2 V Pl 1 ) pz} {n ¥ {r-1}
et [EN : ;ff H =y

it

Aot p
i-lgh
ey

of all finite p-ary trees {i.e. a formula is provable in Tﬁ

valid in every Kripke frame which has the form of a f{inile

e
o

n-ary treel, These logics are related by the proper inclusions

Foid o U - - - T
17 S G S S S A
£ i ?3 i ,}

AE

and

Mote t{hat Jfnf is determined by the class of all (infinite) np-ary
trees, {or each n22, (Kirk [18797.

Proving DP of 7 . Gabbay and de Jongh used actually the
foliowing semantic criteriorn: if a logic is determined by a class

K of frames with the least elements and, for each {33*?, itf?e; K, there

is a frame & ¢ K containing a disjoint union of the frames ®, and

4y as its generated subframe (see Fig. 1) then the logic has DP.

2
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indeed. if formulas 4 and B are refuled at the least elemenis of
the frames @, and *i’i}gze respectively, then, according to the
heredity property of formula fruth-values with respect fo partial
orderings in frames, bolh formulas A and B are refuied at the
least element of @, and so the disjunction AVEB is also refuled.
This criterion may lead to the idea that ?”? is the maximal logic
in the class DP (see Sect. L7}

1.3, One [1872] construcied anpother infinifte sequence of

finitely axiomatizable logics having D

. 7 it

£ = fab g i, = Voo~ Voo,

By = dnt v & (w2 Vopp > Vb
={ i#i i=0

The relationship between the Ono logics and the Gabbay and de

Jongh logics can be represented as follows:

U T aad o 3 -2
¥ 3 U U
< B, <8B,c... cBgc By
{ali the inclusions here are proper).
f4, We remind the reader of the definitions of logics of

finifte slice and finite widih., An intermediate logic |

PRy
&
fhy
(e
=
ot
-~
s

be a2 logic of n-th slive {¢i. Hosoi [1967)) if L « F, where F?»- L,
Pt & PPy @ Fppby Loeo any Irame for L has no chains with

n+l elements;, L is a logic of widih »n (ci. Fine [1974], Sobolev

FIOT 7T ¢ " vl i+t
877h i Lo ,‘vi{ﬁg Do oopg), doe. any rooted frame for L has
i N i

g Py

g <

F
{7
ng anti-chains with Al eiemen%&.

Ono [19721 noted that the logics

o
ity

firmite slices do not have

DP. As Kuznelsov [1974] showed, there are a continuum of logics in

Ty
o

rth  slice, for each n23. is easy to see that all logics of

4



finite width do not possess DP either, and the cardipality of the
family of such logics (even of width 2} is of continvum too.

1.5, Anderson [1972] studied DP of the inlermediale logics
which can be axiomalized by the formulas F, of {he Nishimura

(19607 seguence:

:1! pe ;} v ;'35 f{} s P&‘i{ 9 F % oo ”‘gg} 5 FE o ﬁ .
fPnal T 21 Fon Fonan Foni v F on M L2,

(Here we present a variant of these formulas which was suggested
by Anderson.y Each formula containing one variable is equivalent
in fnt to some of F&, whereas Nishimura's formulas themselves are
pairwise non-equivalent in /nf. Using a method due {to Harrop
[1956], Anderson showed that all logics of the form JIni + Fo, 4,
for no4, o8, have DB, moreover, it is  evident that the logics
Int + Fy 9 for n2l, Ini + Fy and Ini + F, do not possess this
property. The only formuls which was not covered by Anderson
(19721 ts {of course} Fya. However, in  spite of the unlucky
number, Sazaki [19801, using s Genizen-type fechnique (simiiar o
that of Kreisel and Puotoam [I9E7]), proved that Tnf + Fii% has DP.

Drugush [1978] and Bellissima [1989] considered a possibility
for refulting DP with {he help of Tormulas containing only one
variable,

L& The question on the quantity of intermediate logics
having DP was fimally solved by Wronski [1973]. Using propertiies
of the Jankov [19631 characteristic formulas, he proved that the
cardinality of the class DP ié of comtinuum.

1.7, Maksimova [19868] showed that the logic 'F) {of all finite
binary irees; see Sect. L2} is nol maximal in DP because it has a

proper  exiension with DP, viz, the logic LI consisting of all



formulas thal are valid in all frames [7, for n<w, shown in Fig.
2, in the same paper the fcollowing new logics with DF  were
constructed:

N 5= fnt & (=p o iy “v“”zé’i;z’} oo *E}gg’f TP D ) {kR=2),

i ois clear that

NDo o Ny = ... o NBD_ < ... ¢ NOy ¢ KPP,
R

&,

Fig. 2. Fig. 3.

Fal

2.0, The results stated above show that both the class DP and

—
s

its complement DP are very large. Is it possible to describe in

S

s

some way the structure of these classes?

fod

A0 T the survey by Hosel and One [18731 i1 was noted that
DF is not closed under intersections and unions {sums, fo be more
exacty of logics., As far as  infersections are  concerned, the
following statement is evidenl: if a logic is represenied as an
intersection of {wo incomparable (by the inclusion) logics then it
does not have DP. The fact that DP is not closed under unions
follows, for instance, from Sect. 2.2.

The complement of DP i{s closed under infersections of logics.
We do pot kpnow whether it {5 closed under unions. (We conjecture

that it is noth

g



2.2, Te survey somehow the class DP one might try to find iis
boundaries. Using Zorn's lemma, it is not difficult fo see that
each intermediate logic with DP is confained in some maximal
infermediate logic having DP. What is the sel of these maximal
fogics? The most pleasant solulion te ihis question would be, of
course, the discovery of the unique maximal (that s, {he
greatesty logic in the class DP. Unfortunately, this proved te be
not {he caser Kirk [1982] showed that the greatest logic in DPF
does not exist; more exactly, there are at least {two maximal
togics having DP. So, how many maximal logics are there? Maksimova
(19841 showed {hat {fhe set of these logics is infinite, and
afterwards Chagrov [19911 obiains the fipal result: there are a
continuum of maximal logics in DP. In spite of ithis abundance,
only one concrete example of maximal logic having DP is known - it
is Medvedev's legic of {inite problems (see also Sect. 2.2.1.
Thiz fact was Tirst proved by Levin [i969]; ancother proofs were
tater found by Maksimova [1886] (aciually, she proved that

Medvedev's logic is the greatest among those logics with DP which

S

contain NIN and recenlly by Miglinli et al [1989].

I the last paper a pgeneral characterization of maximal
logics in DP was given by means of noastandard maximal
intermediate {ogics with DP {in which only negated formulas are
allowed {o  be substituted for variables when the rule of
substitution is applied 1o {he additional axioms), and {hese
nonstandard logics are delermined by maximal sets with DP of so
called negatively saiurated formulas {i.e. formulas in which all
variables are within ihe scope of ).

Another preienders {0 the role of maximal logics in DP, as

one may sugegest, are LIT and the logic determined by all finite



frames of the form shown in Fig 3
It iz pot known whether {here exists a finitely axiomatizable

maximal logic in DP. (This question was asked by Maksimova

2.2.1.  Quife ypecepily Galanfer [1990]1 have consfrucied 3
continunm of infermediate logics which are maximal in DP. Each of

Galanter's logics is characterized by the class of frames of the

i

form <X X < {i,....nYy, X # @, X & N} Z where o = L2, and
e fixed infinite set of natursl nombers. Note that we

obitain a semantic definition of Medvedev's logic by laking ¥ = @.

2.3, How dense do the logics having DP lie in the class of
intermediate logics? MNear Ind the picture is rather diverse: if

g

L # Int then between In/ and L there are a conlinoum of logics

with DF and as many withoul DP. Bellissima [19859] consiructed a

s

chain of logics L, »n < w, such that tf,-ﬁ does not have DP and, for

@

any formula A of al most n variables, E,n

What about intervals near aximal  logics i DP? In

A implies Tnd » A
particular, how big intervals of logics having DP do there exist?

2.4, Maksimova [1986] noted that each logic with DP is an
intersection of a8 decreasing sequence of logics and has no

i

coverings in the lattice of all intermediate fogics.

3.0, For the puwpose of studying the disjunction property it
is important io understand the struciure of classes of frames or
algebras  which  characterize  logics having DP, ie to find a
semantic equivalent of DP,

3.0 A sufficient condition, viz. the criterion of Gabbay and

de Jongh, was presenfed in Seci. 1.2, Having reformulated it in

algebraic terms {(in order fo escape the effect of incomplefeness

2]



with respect to Kripke semantics), aksimova [I986] proved that

the resultant algebraic criterion is equivalent {o DP. Thus, the

problem from Sect. 3.0 may be considered as successfully solved.

4.0, The  problem  of syntactical characterization of

x

intermediate logics having DP  turned out {c be much more
difficult. Given axioms of & logic, how to determine whether it
has DP or not?

4.1 In ihe list of open problems in the survey of Hosol and
Ono {19731 a question was propounded whether the disjunclionless
fragments of logics having DP are equal to the disjunctionless
fragment  of  mi. Minari  [19861 and  Zakharvashchev  [1987]
independently gave a  positive answer fo  this question, {U sing
Maksimova's algebraic criterion for DF (reformulated in terxﬂﬂ:@ of

|

geperal frames)  and  a description  of  the siruc*tur# of

countermodels  for disjunctionless formulas from Zakharyashchev
(19831, Zakharvashchev [1990] found a briefer and moere elegant
proof  than  those in  the papers mentioned above.} Earlier
Szatkowski {19811 noted that {he implicationless iragmeni of each
~ the

implicationiess fragment of Int either. Thus, if a disjunctionless

intermediate  logic  with  DP  does not  differ from

or implicationless formula is provable in a logic L {in
f

particular, {s an axiom of I} and is not provable in Ini %!‘%&m
cannot have DP, Of course, the converse is not true ({(see %56{'.?,.
2.3}, This is only a oecessary syntactical condition for GPJ The
class  of  infermediate logics having the same disjunctionless
fragment as ni we denote, following Minari [19861, by D", |
4.2, MNow, it is patural {o try te supplement the necessary

.

condition from Sect. 4.1 with sufficient syntactical conditions

10




for DP. The problem here is that it is difficult to {ind any
synfactical parameters which induce DP just as, for instance, the
ahsenice of the disjunciion al least in one of additional axioms of
a logic results in that the logic does not have DP. That is why
the existing sufficient conditions are restricted only to lormulas

of some special form connected in one way or another with frames

-

or algebras. Wronski [1973] obtained a sufficient condition for DPF
acting in  the case when axioms of a logic are Jankov's
characteristic formulas (the condition {s imposed on the form of
pseudo-Boolean algebras from which they are constructed). However,
these formulas cannot axiomatize all intermediate logics,

4.3, The Jankov characteristic formulas are in  eiffect a
spacial case  of the  canonical formulas introduced by
Zakharyashchev [1983, 1984, 19891, They are defined as follows,

Let @ be a finite rooted frame, with Gpeeennlly, being ifs all
distinet points and &g being the origin. A pair § = (a,b) of non-
empty anti-chains in & is called a disjunctive domain {(d-domain,
for short) in @ if
{i} a has al least two points;
iy yao ¢ a ywb € b ~ash;
iy ve (ya e a ¢Sa 2 9b ¢ b oesh).

Mow, take some (possibly emptly) sel D of d-domains in €. With

L oand I we associate the following canonical formulo

X@D1) = & 4, & & B; & C3opp

".“":*’;‘ Ge b3

where

A= & ppopd o opg,
L ":g.su..a}% k- d



o 1
C= &( & pgopl ol

i fF -y A
é g 5«33 {:&i%

and if § = {4,b) then

B = & i & 14 k T pg} = v f}f'
b = z’} ié’.%; u"f‘: &;f f 1 1
“'“‘g e 4 g» S

By XDy we denote the positive canonical formule which s
ohiained from X{(@, 0, 1) by deleting the conjunct O

Zakharyashchey [1983, 19891 gave a necessary and sufficient
condition for the refutability of canonical formulas in general

frames and proved that there is an algorithm which, for any

formula A, constructs canonical formulas AX{Q}F,{}F.&},.,.,X{@ E;'}W,L}\

'

such {hat

Int + A= Int + X(@,D0p1) + .. + X(®,, D, 1.

For a positive A4 (containing neither L nor - one can use only the
positive canonical formulas. 1 is important that if A has no
disjunctions fthen ﬁg = @, for all i=1,....n.

For a frame @, we may in general define a number of varicus
canonical  formulas: X{@,@g;);.,,,Xiﬁb,if,i} where D5 contains all
d-domains in ®© H is worlh noting that if 4 is Jankov's formula
associated with @ then Int + 4 = Int + X’(m,iﬁi}_

According to the result of Minari [1986] and Zakharyashchev
9871 {see Secl. 4.1y, il a logic L has DP and L + X{&$, D, 1} then
O 7 @ Thus, to construct a logic with DPF we have to choose
canonical axioms having non-empty sefs of d-domains,

4.4. Though this necessary condition is nol a sufficient one
{see Sect. 2,3}, the following question is open: whether it is
true that L = Int + X(&,D1) (with only one cancnical axiom) has

DB, for any @ and D', L + X(&, 0D, 1) implies ' # 8. Another

,__.
W



gquestion: whether it is frue that L = [Ini + X{d [3 1) has an
extension with DP iff £ has DP. In the case of positive solufion
to  Minari’s problem {see Seci. &.1) {these two questions are
equivalent.

oinl 2 is said fo be a focus for an anti-chain a,...q,

{(n22) in a frame @ i {ﬁ;gwwgéz is the sel of all immediate

0
successors of o in @, Bellissima [1889] calls @ a deigiled [rame
if each anti-chain in @ has a focus. He gives a description of all
detailed frames, shows {using formulas of one variable} that if @
is detaiied i{hen Jai 4 }é'{(i},ﬁ'f.i.} does not have DP and conjeclures
that the converse Is also frue. Since, Jor a detailed frame @,
Ini + X{ﬁ%.{}ﬁli} = It X{®,9,1), the first qguestion above is a
generalization of Bellissima's conjeciure,

4.5, Chagrovy and Zakharvashchey {1988, 1590a] found 1{wo
sufficient conditions for DP which are imposed on the canonical
axioms of intermediate logics. We give slightly simplified
versions of {hese conditions.

{iy Let an intermediate logic L be axiomatized by canonical
formulas X(&, D10 (or X{(P, 09 such that the set 5 of the immediate
successors  of  the origin in @ has at least three points and
a,by{cy) = O, for all different a,b,ceS8. Then L has DP.

{ii} Let 7 be axiomatized by canonical Tormulas X{&,0,1) such
that the “height” of € is greater than or equal fto 3 and D
contains a d-domain (@,b) where & has no focus in @ and consists
of some maximal points in @©. Then L has DP.

The Tirst condition covers the Gabbay and de Jongh [1974]

7, = Int + X(®,,D)

i
5]



where @, is the frame shown io Fig. 4 and D, contains all
d-domains of the form if{aé,.,fﬂz;},{&;g,}},, it also covers the Ono

[1972] logics

B = Int + X(®

n PRRLPES

(& and D are the same as for 7.} and all logics constructed by

?e:}

Fig. 4. Fig. §.

The second condifion is clearly salisfied by the Scott logic
SE o= Int v X(9 D, 1)

where @ is depicied in Fig. 5 and I} has only one d-domain {{a,b},

These condifions, of course, cannot he applied to all known

togics with DP, for instance, {o KP and Nﬁf,o
v

4.6, The difficulties, arising when the disjunciion property
of intermediate logics given by their axioms is investigated,
turned ouf fo be of principal nature. Chagrov and Zakharyashchey
(1989, 1990a] proved thai the disjunction property of intermediate
calculi is algorithmically undecidable, i.e. no algorithm exisis

which is capable of deciding, given formulas ,4.3,,.”,44 whether or

'



not the logic [nd + Ay + .. + ,éﬂ_ has DP. This resuli gives a

snlution to the problem 100 a) raised by Maksimova in
Motebook™ [1986]

Many related problems turn out 1o be undecidable {co. For

"y

Logic

instance, Chagrov proved that there are no algorithms which are
capable of deciding, given axioms of an inftermediate calculus,
whether it helongs {o the class D° (see Sect. 4.1), whelher it is
axiomatizable by disiunctionless formulas or by canonical formulas
satisiving the supfficient condition (ii) in Sect. 4.5 {a <canonical
axiomatization of a logic is not unicues)., The property "o have
the same implicationless fragment as ni™ is also undecidable
Some of these resulls can be found in Chagrov and Zakharyashchey
(1989, 1990a].

4.7. The result of Anderson [1972] (see Sect. 1.BY makes it
possible 1o prove the existence of a polynomial time algorithm
deciding, given a formula A4 containing one varigble, whether {he

fogic [md +« A has DP, Sasaki [1990] makes {his existential

&3\‘

statement constructive
What about DP {the Tinite model property, decidability and
ogther properties) of intermediate jogics with additional axioms

containing {wo variables?

5.0, How is DP related 1to other standard properties of
intermediate logics?

51 It follows from Sect. 1.2 and .3 that the class DP
coptains  decidable logics and logics having the finite model
properiy.  Wrofiski {19731 gave examples of logics with DF  and
without the Jinite model property, proved that there are a

confinuwm of such logics and noted ithat {here exist undecidable

15



logics with DP (which are not finitely axiomatlizable).

Using the sufficient condition (ii) mentiomed in Sect. 4.5
and  the existence of undecidable (positively axiomatizable)
intermediate  logics  (see, for  instance, Shekhtman  [1978]},
Zakharvashchev  {in  Chagrov and Zakharyashchev [1989]} gave &
method for constructing undecidable finitely axiomatizable logics
{i.e. calculi} having DP.

5.2, Minari [1986] asked whether there exist incomplete (with
respect {o Kripke semantics) intermediate logics with DP. Using
again the sufficient condition (ii} above and known incomplete
{positiveiy axiomatizable} logics (see Shekhtman {19771,
Zakharyvashchey {in Chagrov and Zakharyashchev [1988]) constructed
incomplete intermediate calculi having DP.

53, Among the logics without DP there are also logics (and
cven  calepliy with  dhe finite model property and without it
decidable and undecidable, complete and incompleie with respect {o
Kripke semantics.

5.4, Since DPF o I (see Seci. 4.1, no logic with DP has the
poiynomial Tinite model property, i.e. the number of elements in
refuiation Kripke frames for a logic cannot be bounded by a
polynomial  of  the length of 2 refoted formula., This is  a
consequence of fhe fact that the disjunctionless fragment of [nt
does  npot  have the polynomial finite model property (see
Zakharyashchev and Popov [1980] and Chagrov [1985]).

hau

H ois worth noling that the Kreisel-Putnam logic KP does nof
have ithe exponential finite model property, but has the double-
expontential {inite model property (see Chagrov and Zakharyashchev
[1990h, 199Gc]). Since ithe implicative fragment of [nté is PSPACE

complele  {Chagrov [1888]), each intermediate logic with DP is



PSPACE-hard.

5.5. Maksimova [1877] noted that /Inf is the unique
intermediate logic with DP for which the Craig interpolation
theorem holds (it states that if a formula A > B is provable in L
thenr there is a formula € such that both formulas 4 » € and € > B
are provable z'm‘zi and all the variables in € are common variahles
in A and B). As Maksimova showed, there are seven inftermediate
logics having Craig's interpolation property and all of them

excepl fnt do not belong fo B

£.06. We say that a logic I admiis DP il L is coniained in

some logic with DP. The properly “to admit DP” and the class of
togice having this property are denoted by ADP.

H follows from the éefé’:ﬁ,i"iés:::ﬂ that a logic haz ADP i il is
contained in some maximal logic with DP.

6.1, According to Sect. 4.1, ADP ¢ D' Whether the inverse

inclusion holds? In other words, whether it is true that ADP = D7

oy

his problem was raised by Minari [I986]. In case of ifs positive

-

solulion we would oblain 2 syntactical characterization of ADP.

~.}

For the present no such characierization is known
8.2, One can obisin s sementic characterization of ADP

i fr

proceeding {rom Maksimova's algebraic criterion of DP {see Sect.
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as the
property  “te belong to D77 (see Sect. 4.6} turns out to be
algorithmically undecidable.
6.4, One can show {see Chagrov [1991]) that there are a
o

continopum of maximal logics in D,

Galanter and Muoravitski [1988] assert that Medvedev's logic

17



of finite problems is maximal in the class [ (cf. Sect. 2.2).

This gives some hope for the positive solution to Minari’s problem

.5 Galanter [1990] claims that all logics defined in Sect.

9.2.1 are maximal in 0.

511 and McKinsey [1953] introduced 2 nofion

constructive inferprefation of logical connectives, As a matter of

asen

fact, they propesed to consider “reasonable” or, as il is said

’ z 3 > " ~_. - .
nowadays, Huallden-complete, those logics in which, for any

formulas A and A having no variables in common, from the
provability of a disjunction AwB it foliows {he provability of at

feast one of {ts disjuncts A or B, (In his original definition,
Halldén called "unreasonable” only those logics L for which there
are formulas A4 and B, each conlaining one variable, say, p and g,
such that p#g, L + AvB, but neither £ + 4 nor L + B, In this case
we say that L is sirongly H&éfda’}@~-—irwampéeg’"e.}

For infermediate logics, DP implies Halldén-completeness: the
converse is pot frue as the example of ihe classical logic Cf
shows. The property of Halldén-completeness and the c¢lass of
logics having this property we will denote by HC. The existence of
Halldén-incomplele intermediate logics was pointed out by Halldén
(19511

7.5 Lemmon [1966] showed that (intermediate or modal) logic
is Halldén-inc omplete {ff it i{s represented as an intersection of
two  incomparable  {(by inclusion) Jogics (cf. Seci. 2.1, In
particular, the class HC iz net closed under intersections of

togics. The fact that HC is nol closed under unions was proved by



Galanter [1988],

7.2, Wronski [19761 found an algebraic characterization of
HC: an intermediale logic is Hallden-complete {ff it is the logic
of  some  subdirectly  irredocible  pseudo-Boolean  algebra  {ie
pseudo-Boolean algebra with the second greatest elemnent).

7.3, In parallel with the proof of the undecidability of DP
{see Sect, 4.6 Chagrov and Zakharyashchev [19889, 1980a] gproved
{he undecidability of  Halldén-completeness for  intermediate
logics.

7.4, Minari’s problem in Sect. 6.1 can be formulated as
foliows: whether the maximal logics in the class B have DP? On
the way of solving this problem Galanter and Muraviiski [1988]
proved that each maximal logic in [ is Halldén-complete,

7.5, ANl intermediate Jogics having Craig’'s interpolation
property  (see Maksimova [19771) are Halldén-complete. This fact
can be  esiablished by a straightforward inspection of these
togics. Anolher proof was found by Zachorowski [1978] {(we are
grateful {o N.-Y. Suzuki for pointing out this papern).

7.6, (ralanter [19881 showed that each H?ﬁ§iiéﬂ~~~iﬁﬂ€}ﬂ‘l§‘:!$'§ﬁt
logic is {:aﬁ‘i.:ezinéd in some maximal Halldén-incomplete logic and
there are ondy fwe such maximal logics, viz. the logics of the

pairs of the frames shown in Fig. 6 and Fig 7, respectively

i




Though 1he notion of Halldésn- precompleteness is useless for the
proof  of the decidability of HC {(unlike, say, the notion of
pretabularity, with the help of which the decidability of the
{abuiarity is proved), since neither HC por the absence of this
property are hereditary, the description ol Halldén-precomplete
logics shows  the  {ypical  situations of the origin of
Halldén-incompleteness,

b +%

.
7.7, Conjec

hu..

ures AN logics axiomatizable by  formulas

containing only one variable are Hailde én-complete.

As & confirmation for this conjecture one may quole ihe

ult of Anderson (see Seci. L5} and the fact that egach logic of

P

e - A “ « 3 ¢ . ~
the form fnt « F_, for 05r210, is Hallden-complete

n’&“
7.8, Galanter [1988] proved that there are a continuum of

« f P . a s ¥ a K N
Hallden-incomplete  intermediate logics {which are not strongly

ES

"4 N . N ¥ / s
Hallden-incomplete) and as many of Hallden—complete intermediate

logics without DP.

2.0, Mow, we note some facls on DP and HC of modal companions
of  intermediate logics, confining ourselves only to ihe normal
esxtensions of the Lewis system 54, Remind that a modal iogic M is
called o modal companion of an intermediate logic £ i7 a formula A
i provable in L {11 iis O8del’s translation 7{4) (prefixing 0 io
211 subformulas of A} is provable in M, in this case the logic L
is called a superiniuitionisiic [Jragmeni of M. The sel of all
modal compagions of an intermediate logic L = Ind + {Ai}if—si is
infinite and has the least and the greatest elements, viz. the
fogics +L = 34 + {T{A. ; jel and ol = 7L + D{p > O0p) 2 pY o op,

respectively  {see Makmmmw and Rybakov [1974], Blok [19768] and

i,

Fsakia [19791). More information  about modal companions of



intermediate logics can be found in Chagrov and Zakharyashcheyv
[19911

We say that a8 modal logic M has the (modal) disjunction
property i from the provability of a disjunction DAVDB in M it
Tollows that ai least one of the formulas nA or 1A is provable in
M: the definition of Halidén-completeness remains the same.

%1 14 is evident that DP and HC are preserved while passing
from 2 modal  logic  to its  superinfuitionistic  fragment.
Transierring in  {the opposiie direction is more problematical  as
far as the preservation of these properties is concerned.

8.2. Gudovshchikoy and  Rybakov [i582]1 noted that DF  is
preserved  while passing from an infermediate logic {o its greatlest
modat companion. Using this facl and the undecidability of DP of
intermediate logics (see Sect. 4.8}, one can easily prove the
andecidability of DP of modal logics.

Zakharyashchey [1988a] proved the preservalion of DP  {and
some other properfies as welll when passing to {he least modal
CoOpanion.

Oue can show  that each indermediale logic with DP  has
infinttely many modal companions without DP; we conjecture ihat
there are a continuum of such companions.

g3, A Tew resulfs on DP of modal logics whose axioms are
modal  canonical formuplas (see Zakharyashchev [1984, 19887 were
obtained in Zakharyashchev [1987].

The modal caoonical formulas V(9,0 1) are defined &imi!ariy

o

to the intuitionistic canonical formulas; the only difference is

that they are associaled with gquasi-ordered frames @ = <W R»

A
2k



whern

;Z.i{l* - 3’(’3,&’95 g ﬁ;)s
53. = TH&T, o Pyl ;r;g’},.
= 2 BP0 Rag;
F, Py, 0P B#i, - gé?:,wg;?
7
‘57 = E:f{ ‘&; _E:}Pg’ o4
f=fi °

and if & = {a,b) then

Sy = 3 & op: o i‘"}mr}p;&'}'"
€ a.ca '
j i
Here ag...,4, are all the distinct points in W and a,

©. By

prigin in

Yids, I

ned from YD, D 1) by deleting the conjunct €.

we denoie the positive canorical

which is obi

3 an

formuia

Zakharyvashchey [1984, 1988] gave a necessary and sufficient
condition for ihe refutability of the modal canonical formulas in
peneral frames and proved that each normal extension of 84 can be
axiomatized by these formulas. A modal logic M is a3 modal

companion of an infermediate logic L = [nt + {X{fiké,l}i,_i.}}ig Ji

can be represented in the form

M = 54+ [V, ., 1) + V(@ D i,
A1 pPrpitjad

where cach ol the frames &, for je/, contains a proper cluster;

$4 + {Y(®,D; Ve g

E. f + y{{ar",m

where € is the cluster with two elements.

in contrast {o intermediate

fogics, modal

the

logics of the

sS4+ {}”(i.i*g-_,é?}g.i_sggc [ may have DP, witnesses are S4Grz =

’%;:‘;
alls

iff M

form

54 +
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84 4 Y{ngﬁ?.},}, Zakharyashchev [1987] proved
ithat =5 logic 54 + {é"{f@?i,@gi}'}@{ with independent additional
axioms does not have DP i{f, {or some {ef, the first cluster and
at least one of the last clusfers in ﬁ.};; are singietons. One can
prove that this result gives an algorithm for recognizing DP of
logics of the form 54 + J%f o fin where i’.{g‘; for i=1,...,n, 1is
a fermula of Sahlgvist 119731 or a subframe formula of Fige

1985].

oy

8.4, Chagrov  and  Zakharvashchev  [199G1  showed  that

4 - ) ®
Hallden-completeness, unlike DP, may be nol preserved even while
passing {o the least and to the grestest modal companions of an

te 1o

= 4

intermedis

ric. As an example one can take the intermediate

b
sy

togic L of fthe frame @ shown in Fig. 8 I is evident that [ is
. / 5 - \
Hallden-compleie. However, the formula 4B, where
3 3
A= AL -4 BEH & A, & HAG),
fo 1 i=1 ;:{ , ;:#g i '

e

Ay = Dipkg), Aq = Kp&g), Az = O(-p&g),
B = A{r&or{rr&s&Tro0s)),
is provable in every modal companion M of L, but neither 4 nor B

are provable in M, since A is refuted at the point g in the frame

D (but oot st &1 and B is refuled at the point b

,‘
it
L



it is not difficelt to show that there are a continuoum of
Halldén-complete intermediate logics having no Haiidénwcmﬂpiﬁ"{?
modal companions (see Chagrov and Zakharyashchev [1990a], Chagrov
[1991].

MNote alse that the modsal logic of the frame @ being Halldén-
incomplete, is nol represented, nevertheless, as an  intersectic

of two incomparable normal modal logics, though, according io

Lemmon  [1986], is  represenfed a3  an infersection  of  iw

&

incomparable logics which are not normal.

Confeciure: The least modal companion of an  infermediate
logic is Halldén-complete iff ihe greatest companion is,

2.5 For modal é::;giﬁ:&;g HC does not {ollow from DP. Moreover,
Chagrov and Zakharvashchey (18390, 1980s] and Chagrov [19911 proved
that there are & confinuum of modal logics in each of the classes
DPnHG, DPRHC, DPRHC, DPRHC

8.6 Hallden-completeness of modal logics, as was shown by
Chagrov and Zakharyashchey [1990, 19902}, is undecidable. To prove
thiz fact (which, according {o Sect. 8.4, is not an immediale
consequence  of ithe wvndecidability of HC of intermediaie logics),
iwo  synfactical sufficient condiftions for HC were found. These
conditions are of the same {ype as the suificient conditions of DP

> =

in Seci. 4.5,

{i} Let 2 modal logic M containing S54Grz be axiomatized by
canonical formulas Y, D, 1) {or Vi M) such that the set S of the
immediate specessors of the origin inm @ has at least three points
and ({a, b}, {e3) ¢ Dy for all different a,be & 85 Then M is
Halldén-complete.

w

iiy Let a modal logic M containing S4Grz be Kripke compleie

~':) 4
oAk



and axiomatized by canonical formulas Y{®, D1} {or YD) such
thai the origin in @ has only one immediate successor. Then M is
Halldén-¢ fh’;ﬁt‘* £

8.7, Van Benthem and Humberstone [1983] gave the following
semantic sufficient condition for HC which is satisfiad by all
tnown Hallden-compleie modal logics. let a modal logic M be
determined by a2 class ¥ of frames in which for any €b§,€1}3 ¢ K and
any points Wy, Wy in ﬁii}; and i!léfz, respectively, theres exist a frame
e K owith 2 poinl w and fwo p-morphisms -f‘i and fg from ¢ to e‘l:s}v

and @, such  that ,if"g{zw} =Wy, 52(19.!} = Wy Then M s

For the present, i1 is not koown whether this condifion
rames, of course} is necessary.
)

i
However, for infermediate logics, the sufficient condition of van

Benthem-Humbersione is nol necessary, as the logic L in Seci. 8.4

b

shows, Note that the condition is undecidable for both modal and
intermediate logics

8.8. Lepunon [1966] mentioned a question on the relationship
hetween Ha'ﬁ3dén»inz;‘.mr}piﬂmes& and strong Hallden-incompleleness.
For intermediasie logics, as we have seen in Sect. 7.8, the former
does nol imply the latter. For modal logics, the question is still
DT,

3.9. I{ is worth, probably, to unote that the Gbodel-Lob
provability logic GL (= G of Solovay [1976]) and all iis normal
extensions, with the exception of inconsistent and {he maximal

-

consistent, are Hallden-incomplete, since the formula DL s
provable in all of them buit npeither 0¢ nor -0OL are. On the
contrary, 5Solovay's logic S (= & obtained hy adding to @L the
axiom Op o p without tfaking the closure under the rule of

g

[



necessitalion) is Hzafé‘i(iea’zz”i:sxmﬁai{e and this properly in  iis
extensions, as Chagrov [19907 shows, is undecidable.

810, The {ollowing property - so called varigble separaiion
principle - was considered by Maksimova [1876, 18781 for relevant
and imtermediate logies: 1 L v AR - OD, with 4 > C and B » D
having no varizbles in commen, then L ¢+ 4 » € or L + B =» D, This
property is clearly related {o Hzﬂidéﬁwmmmeie&mﬁs&g and we will
call it Maksimova-completeness (MO}

For modal logics, MO is equivaleni f{o HC. Fig. 9 illusirates
the relationship between the classes DP, HC and MT in the case of
intermediate  logics. Chagrov  and  Zakharvashchev [1990a]  proved
that the cardinalily of each set of logics shown in Fig. 8 is of
contirnuum, The intermediate logic of the frame depicied in Fig. B

eomp—
gives an example of a logic from the class HOOMC. Indeed,
A = i{r:g T {ii%,«'f“:%} ¥ {‘{g? o gv{.‘fg_ & {{:2 s rifi"f?i,

- R A I R NP
% i . «wg“s ?a ks ﬁa s E»afi, 3 P :‘Zw i ?;y

i

put peither L+ A » & nov B v B » I

P

HC

HC

Fig. 9.

Chagrov and Zakharvashchey [1980a] noted that the sufficient

conditions for Halldén-completeness from Sect. 8.6, reformulated

e Foig
s



in ferms of the intuitionistic canonical formulas, are sufficient
conditions for Maksimova-completeness of intermediate logics. They
proved also the undecidability of MC.

Conjecture. For any intermediate logic [, L is MC iff 7L is

MC i1 oL is MC.

e n
T

The sufficient condition of van Benthem and Humberstone from
Sect. 8.7 is a suificient condition for MC of intermediate logics

as weil. Is it a necessary one?

G The disjunction property, as we have seen, is not a

property for {né. However, Jné can be characterized
by some properiieos (hal are similar 1o DR

Fleene [1862] defined a notion [} ;A Tor any sequence T of
formulas, any formula 4 and any logic L, irom the provability
clation g in L

ri 1 it I’";«i‘g;y for any variable p;

[}, A&B if I'| A and T, B

i
Pl AVB 3T Ty 4 or T s~;P
T4 o BT 1] br A implies T i-&
E"‘éé A i Ty 41 implies Ivm& i,
where T %?}ui means "T 51‘4 and Ty 1 A 47,

Kleene  proved that, for any 4, B, £, if A} Imf’i and
. F T ~ I ) ) A e p Y S 1 fbiad Pl
Frgd o BC then by A 5 B oor by, 4 o € and conjeciured that this
property s wwracteristic  for  Int. De  Jongh [1968, 1970]
confirmed  the conjecture, having proved that if L is an

infermediate logic for which A] pA and i A o BeC imply &-E;@i > B or

o

oA O othen o= Ind. Mote also that de Jongh pointed out another

L

characteristic property of Jmt: i 4} 5;‘3 and %'Lifé o B&(E - A) then

BipB. (We are grafeful to Pref. DUH.J. de Jongh for giving us his

Iy
B



dissertation.}

One more characterization of fni was found by Skura [1988]
who proved that Int is the unique intermediate logic having the
following generalized disjunction property (GDPL 8 logic L has

By, ..., B,

GDP i, for any n22 and any lormulas "4'5,’ ceey A n

£
" ,Agv.. ,'v'.fi?.g implies

s
s
P

J

oA o BY & R{A o B
£ kr“i; o Si, & ... N by - ﬁ%}

£ov {.,411 E:Z‘T.E} & ... & (AH i !_,g} ) Ag, for some {, ISizZn.

0.1, MNakesmura [19831 infroduced for first-order logics the
notion of Harrop disjunction property: a logic L has this property

e e

it o F oo AGB implies L v F o> Aor L+ F o B, where F is a Harrop
formula, if.e. every occurrence of « and A in F is either in the
scope of & - or in the antecedent of a > Minari and Wronski
[19881 proved that, for any intermediate logic L and any Harrop
formmula A4, iF L + A » BO then L v {4 o BWA » ) H follows
immediately that in the propositional case the Harrop disjunction
property is eguivalent {o DP,

Minari and Wrofiski asked if the properly “for any £, B and €

ByAA = & implies that A4 is

>,
sobu

if L v A4 BOC them L v
equivalent in fnd to some Harrop lormula.

1.2, Komori [1978] noted {hat every intermediate logic L has
the property that, for any formulas A and B having no variables in
commorn, L v+ A 2 B implies L v -4 or L v B Suzuki [1980]
considered  this  and other similar properties {or intermediate
predicate logics and showed thal they are not so irivial as in the
propositional case.

0.3, One more property related {o DP naturally arises from
an  attempt of characlerizing the iniermediate logics which have

extensions with DP, One might suggest that a logic L does noi have

Ry

fed



such an extension {i.e. does nol belong {to the class ADP;, see
Sact, 6.0) if there are formulas 4 and B such that L + 4.8, but
toth A and B arve classically invalid, that is, by thes Glivenko
Theorem, neither £+ 4 nor L ¢ B, We say L has DP* if, for any
Aand B, L v AV implies L v 4 or L + -8,

11 is easy 1o prove that an intermediate logic L has DPEY i
not £ v -pwrp T L is contained in the logic LV of the {rame
showrn in Fig. 10, (Mote that

EV o= Ind + pdp 2 gegh + (p 2 gl o pidlp > &g o —ph.

Hoois  one  of  ilhe seven intermediate logics  having the

interpolation property; see Maksimova [19771)

Fig. 10,

Thus, we obtain the following picture:

e

okt
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The cardinality of all classes depicted in Fig. 1 is of

. 3 . e W,
continuum. The property DP is readily decidable.
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