THE GENERAL INDUCTIVE ARGUMENT FOR MEASURE
ANALYSES WITH ADDITIVE ORDINAL ALGEBRAS

STEFAN BOLD, BENEDIKT LOWE

In [BoLooo] we gave a survey of measure analyses under AD, discussed the general
theory of order measures and gave a simple inductive argument for a measure
analysis with just two measures that reached the first w? cardinals after a strong
partition cardinal. In this article we show that the restriction to two measures can
be lifted under the right prerequisites. As a corollary we get a full measure analysis
for sums of order measures. This allows us to inductively reduce the measure
analysis of an additive ordinal algebra (2, ®) with a set of generators U to the
analysis of ¥. The notion of an ordinal algebra is introduced in [JaLdoo]. This
article is to be understood as a technical report, showing the progress we made
in generalizing the results from [BoLooo], so we refer the reader to that paper for
more detailed explanations and definitions of the notions and notations used in this

paper.
1. NECESSARY LEMMAS AND DEFINITIONS

Lemma 1. Let x < X be cardinals, ;4 a measure on s and cf()\) > k. Then
cf(\¥/p) = cf(N).
Proof. Cf. [BoLooo, Lemma 6]. O

Lemma 2. Let s be a strong partition cardinal and let u, n and v be order measures
on k. Then

(1) K"/p < K" /pov,

(2) k"/v < K"/u@ v, and

() K /pdv<k"/ndnoUv.

Proof. Cf. [BoLb6co, Lemma 12]. O

Lemma 3. Let x be a strong partition cardinal and let i and v be order measures,
both on k. Let A > k be a cardinal. Then

N/ (pov) < (N /v)"/u.
Proof. Cf. [BoLboo, Lemma 13]. O

Theorem 4 (Ultrapower Shifting Lemma). Let 3 and 7 be ordinals and let p be
a k-complete ultrafilter on x with x*/u = k(). If for all cardinals k < v < k(#)

e cither v is a successor and cf(v) > k,
e or v is a limit and cf(v) < &,
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then (k)" /p < KOHP),
Proof. Cf. [L602, Lemma 2.7]. O

Definition 5. If (y;; ¢ < m + 1) is a finite sequence of measures on k we write
iUlte (po, - - -, ) for the corresponding iterated Ultrapower:

iUlta(,an t 7,um) = ( .. (Oér"//im)r"/ s )K/H'O-
We write iUlt(po, - - - 5 ) for iUt (o, - -+ 5 fm)-

Definition 6. Let v < £o(= sup,,,, €,) be an ordinal and (6, ; a € ) the unique
sequence of ordinals such that 6y = 1, 6441 = 04 -w + 1 for @ < v and 0\ =
(sup,y <y Ua)+1 for limit ordinals A < . For every successor ordinal £ < sup,,¢., 0o-w
the f-Cantor normal form of £ is a decomposition of £ into a finite sum of
elements of (0, ; a € ¥), i.e., E =0n, + -+ b4, , where m € w. It is defined by

o oo :=min{a € v; { <0441} and

o g :=min{fa €y; &< bOp, +--+60a, + 0011}
By wellfoundedness of < the relativized Cantor normal form of ¢ is welldefined and
unique.

The §-Cantor normal form of a limit ordinal § <SuPpeqy b -wis oy + -+ +

O, — 1, where 6o, + - - - + 0,,, is the relativized Cantor normal form of £ 4 1.

2. THE ABSTRACT COMBINATORIAL COMPUTATION

Theorem 7. Let x be a strong partition cardinal and v < ¢y an ordinal. Let
(o ; @ € 7y) be a sequence of measures on £ and (0, ; @ € ), (Lo ; @ € ) sequences
of ordinals such that

i) K%/ pp = k(%) = kT,

i) K%/ par1 = K0et1) = gOawtD) for o < v |

i) K%/py = KO = g((WPaca 6a)F1) for limit ordinals \ < 7,

iv) (k%/v)%) < k" /v @ py for order measures v and a < v, and

v) cf(K"/1ha) = to > K for a < 7.
Then for all § < sup,, ., (04 - w) the following is true:

(1) If € > 0 is a limit ordinal and 64, + - - - 4 04, — 1 its -Cantor normal form
then, with ( =6,,, — 1,
R = iUl (Hags s Hamy) = (8))/ (Hay @ @ pra,,,)-
(2) If ¢ is a successor ordinal and 6y, +- - - +0,,, its f-Cantor normal form then
&) — UL (g -+ 5 fhay,) = K/ (fhag @ -+ - @ fhar,, )-
3)

Kk if€E=0,
cf(k®)) == w if£>0is a limit,
la, H&=0q,+ - +0,, isa successor.
Proof. By assumption x is a strong partition cardinal, thus regular. Also, for all

limit ordinals £ < sup,, ., €, the cofinality of x€) is w. So the first two parts of
(3) are trivial.
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We proceed by induction on £ > 0, using the following induction hypothesis:

[ For all 0 < 3 < ¢, the following three conditions hold:
1. If B is a limit and B+ 1 =04, + -+ 0,,,, then
KB = iUt o) (ftags * * 5 M, ) Where ¢ =0, — 1
(IHg) | 2. If B is a successor and 8 = 04, + - - + 0,,, then
KB = U (ftag, -+ s fay,) = K5/ oy @ -+ ® fhar,,

B)Y .— w if §>0is a limit,
3. cA(w) { la,, 1ifB=0q,+ -+0,, isa successor.

Obviously, if all (IHg) (for € < sup,, . (0 - w)) hold, the theorem is proven.

By assumption we have % /ug = k1 and cf (k) = ¢f (k" /po) = to, so IH; holds.

For the successor step we assume that IH¢ holds and prove IHg ;. If §+1 = 6, for
some a < 7, we have by assumption £+ = k% /u, and cf (1)) = cf (k" /1g) =

to and thus IH¢y; holds. Otherwise let 0, + - -+ + 0,, be the 6-Cantor normal
form of £ + 1. Then

Ii(f"‘l) = (K(9a0+"'+9‘17n—1))(9am)
= (H’i/:uao SRRRES ,uoszl)(enm) H
< Koy @ D phan, Assumption iv)
< (5/fton )l &+  fia_,  Lemma 3

[ IVAREEE

UL (fags -+ s Hann) Lemma 3
(iUlt(,uoz17 e ,uam)"‘/,uao
— (K(9a1+"'+‘9um))”/ua0 IH
< glagtFam) Theorem 4
= gD,

Using £¢*Y = iUlt (jtag, - - » May,_,) and Lemma 1 (repeatedly) we get

tapy = f(K°/pta,,) = - = cf(({Ul(Hay, -+, o))" Hag) = cf(sEHD),

which proves IH¢, .
Now for the limit case. We assume that IHg holds for all 3 < ¢ and prove IHg.
Let 65, + - - - + 64, — 1 be the #-Cantor normal form of &. If «,, is a successor we
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have 0,,, —1 = sup,,,, 0a,,—1 - 7 and so we get

5(5) (9Q0+“.+6‘17n71+00‘m*1‘n)

= Sup,c., (/{

=  SUPpew ("‘i /ﬂao DD lay,_1 D Loy, —1 ®n) H

S SUPycw (( K/,uam—l & n)’i/:uoéo DD :uam—l) Lemma 3
= SUPpcy ((R(eamfl.n )H//Lao DD .uam_1) IH

[: ("{(eam 1)) //.L (o) '@N’am—1 ]

< SUppe, (1Ult,€(eam71 w (B @+ D Hayy_ss Bam_,)) Lemma 3
< Sup,eq (iUltK(eamﬂ-n) (Hag, "+ - 7#am_1)) Lemma 3

[ = iUltm(eam - (Maov T ?/’l’a'm,fl) ]

< sup,e, (iUltnwam_ﬁeam_l-n) (Hags - - - ,,uamfz)> Theorem 4
< SUp)nEM (mw%"'”""@%n*l'”)) Theorem 4
= g

On the other hand, if a,,—1 is a limit we have 0,,, —1 = supg¢,, 03 and so we get

C I— SUDjea, ( (0a0+...+9am71+eﬂ))
= SUPgeaq,, ( /:Ll‘ao - :u‘Oém—l @ N’[j) IH
< Supge,,, ((# //w /uao * D fay 1) Lemma 3
= SUPgegq, ( /:uoc - Mamfl) IH
[ = (’f(eam )" /.Uao * D U, ]
< SUPgeaq,, (lUltK(gﬁ) (lu’Oto DD Mo I’La'm.fl)) Lemma 3
< SUPgeq,, (iUltH(eB) (Hag, - " ,uam_l)) Lemma 3
[ = iUltm(eam -1 (.u’ao’ T 7.UJOtm71) ]
= SUPgea,, (iUltHw“mfl*sﬁ) (ﬂaov T 7/’Lam72)> Theorem 4
< SUPgeq,, (K020t t0) Theorem 4
- (¢ '
= K

As we mentioned at the beginning of this proof, the cofinality of x&) for a limit
ordinal 0 < £ < g¢ is w, which concludes the proof. O

Corollary 8. Let x be a strong partition cardinal and v < ¢ an ordinal. If
(e ; « € 7y) is a sequence of measures on x and (6, ; « € ), a sequence of ordinals
that fulfill the requirements of Theorem 7, then for all { < sup,, . (0, -w) and finite

sequences (a; ; i < m) € Y"1 we have

K
i (OagtH0a,,+8) ULt o) (Hagy s ey ) = (H(£)> /(Pay ® -+ @ Ha, )-

Proof. If 83, + - -+ 83, is the f-Cantor normal form of Ong + -+ 04, +&, then
the §-Cantor normal form of £ is an end segment of 03, + -+ 03,, i.e. there is a
k > 0 such that 0g, +--- + 03, is the f-Cantor normal form of £. And for all i < k



INDUCTIVE MEASURE ANALYSES 5

there is a j < m such that 6, = 0,;. So by Theorem 7

a0t Hlam+8) — (Osot4080) — h /10 @ B g
using Lemma 2 we can insert the missing elements of the sequence (pq, ;i < m)
and then apply Lemma 3 to get

K" g, ® -+ © pg, < K"/llag O+ D pa,, D pp, D B pg,

< (K" g @+ ® 11p,)" oo © - D pay, = ("“(5)) [Hao @ - @ Hay, -

And finally we can use Lemma 3 and Theorem 4, both repeatedly as we did before
in the proof of Theorem 7, to reach equality:

(K(é)) Sty @ @ fla,, < UL o) (ftags -+ fay, ) < K20 F0am 6
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