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Abstract

In this paper, the theory of generic structures is put in a general, unified
framework. The framework is applied to Hrushovski’s [8] universal domains and
Poizat’s [11] bicoloured fields. Of particular interest will be the conditions under
which generic structures are saturated.

Introduction

Generic structures have found wide application in contemporary research in model
theory. Most of it stems from two seminal papers by Hrushovski [6, 7] in which he adapts
Fraissé’s [4] generic construction to refute conjectures by Lachlan and Zil’ber. More
recently, Hrushovski’s techniques have been adapted by Poizat [11, 12], Baudisch [3],
Baldwin [1], and Baldwin and Holland [2] among others to construct a variety of w-
stable generic structures.

Fraissé’s original notion of a generic structure in [4] is that of a countable universal-
homogeneous structure with respect to a class K of finite relational structures.
Hrushovski and his followers replace the substructure relation by stronger relations
(usually denoted by <) and adapt the definitions of universality and homogeneity ac-
cordingly.

Keuker and Laskowski [9] investigate the theory of generic structures in this context.
Wagner [14] looks at the relation between generic structures and notions of closure,
dimension and independence which are related to the relation <. In both cases (and
in all cases I've come across) attention is restricted to classes of finite structures.

In this paper, the theory of generics is put in a general, unified framework. The
class K is no longer required to contain only finite structures and generic structures
may be uncountable. As the definitions will make clear, genericity will be regarded as
a weaker form of saturation. Unsurprisingly, the conditions under which generics are
actually saturated will be of particular interest.

*This was a Master’s thesis written at the University of Amsterdam.
T am hugely indebted to my supervisor Domenico Zambella who spent many hours of his valuable
time discussing problems with me and whose guidance has been invaluable.



A general notion of morphism is taken as primitive rather than the more restrictive
relation < which is treated as derived. In part I, an axiomatisation for morphisms is
provided and many of the standard results regarding generics are generalised to higher
cardinalities. In part II, the nice case of morphisms as A-elementary maps for a certain
class of formulas A is considered. It is shown that Hrushovski’s [8] universal domains
are examples of generic structures and conditions for their saturation are investigated.

Part III applies the framework of this paper to a sample of recent research in the
construction of w-stable structures, viz. Poizat’s [11] bicoloured fields (or - negligibly
more general - bicoloured strongly minimal structures). Constructions of this type yield
very interesting and important results and it is therefore important that our framework
is applicable to them. Aside from this fact, Poizat’s construction is of interest also
purely in the context of this paper, for it provides an example of morphisms which
are not A-elementary for some A.! As will become evident, proving the saturation of
generic structures in this context can be far from trivial.

I General theory of generics

After defining the central notions of this paper - that of a morphism and that of a
generic structure - we prove some essential results and give some examples.
Throughout, L will denote a fixed countable language. We also fix a class of L-
structures K closed under isomorphism and elementary substructure. Henceforth, by
‘structure’ - or ‘model’ if K is elementary - we shall mean an element of K.

81 Morphisms

For each pair M, N € K we associate a set of morphisms Morg(M,N) (we shall
usually omit the subscript). The sets Mor(M, N) satisfy the following axioms.

M1 Mor(M,N) # 0.

M2 Every f € Mor(M,N) is a partial isomorphism f: M — N.

M3 If f: M — N is a partial elementary map, then f € Mor(M,N).

M4 If f € Mor(M,, M;) and g € Mor(My, Ms), then gf € Mor(M,, My).
M5 If f € Mor(M,N), then f~! € Mor(N, M).

M6 If f € Mor(M,N), then for any set A, the restriction map f [4€
Mor(M, N).

We write M < N if M C N and idy; € Mor(M, N).

LOr are they? See the concluding remarks.



REMARKS
1. M3 and M4 ensure that < is reflexive and transitive.
2. The addition of M5 and M6 gives us the following useful properties.

o If f € Mor(M,N), M <M and N < N, then f € Mor(M',N").

e If f € Mor(M,N), dom f C M < M and im f C N’ < N, then

f € Mor(M',N").

e f MCN CN and M <N, then M < N if and only if N < N,
3. M1 and M6 ensure that idg € Mor(M,N).
We say f € Mor(M,N) is an embedding if dom f = M. That is, an embedding is a

total morphism. We shall write f : M — N for a morphism and f : M < N for an
embedding. Note that f: M — N if and only if f: M = M’ < N for M’ =im f.

82 Genericity
An infinite structure G is said to be generic if it satisfies the following conditions.

G1 (Homogeneity) Every morphism f : G — G with |dom f| < |G| extends
to an automorphism of G.

G2  (Universality) If M is a structure with |M| < |G|, then there is an
embedding f: M — G.

We isolate the following useful property which will turn out to be equivalent to gener-
icity.
(1.1)  If M is a structure with |[M| < |G| and f : M — G is a morphism

with |[dom f| < |G|, then f extends to an embedding F': M — G.

83 Uniqueness

We will show that two generics of the same cardinality are isomorphic.

Lemma 1.1 If M and N are two structures of the same cardinality satisfying (1.1)
and f: M — N is a morphism with |dom f| < |M|, then f extends to an isomorphism
F:M=N.

Proof. First assume that M and N are countable. Let {a;};<, and {b;};<, be enumer-
ations of M \ dom f and N \ im f respectively. We will construct the isomorphism F
as the limit of a chain of morphisms (f; : ¢ < w) where |[dom f;] is finite for each i. We
put fo = f. Assume that a chain (f; : i < n) as above has already been constructed.

Suppose n is even. By (1.1), we can extend f, : M — N to an embedding F, :
M — N. Let a be the element with least index in M \ dom f,,. We define f,;1 : M —
N as F, dom f,ufa}- By M6, f,11 is a morphism. Clearly |dom f,11] is finite.
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Now suppose n is odd. Again, by (1.1), we can extend f,' : NN — M to an
embedding F : N < M. Let b be the element with least index in N \ im f,. Define
fos1 = (), T pougey) ™

Define F' = J,_, fi which is clearly an isomorphism between M and N.

Now assume that |M| = |N| = k where £ is an uncountable cardinal. Let {a;};<
and {b;},<, be enumerations of M \ dom f and N \ im f respectively. We will need to
construct a chain of morphisms (f; : ¢ < k) and a family of morphisms {F; : i < k} in
parallel.

We define

fo=Fo=Ff
Let @ < k be an ordinal and assume that the chain (f; : ¢ < «) and the family
{F; : i < a} of morphisms have already been constructed satisfying

o [ C Fj;,y for each i.
e |dom f;;1 \ dom f;| = 1 and |dom F;| < k for each i.
o fi C I} for each i and F; = f5; = J,_; fi at limits d.

e dom Fj is the universe of an elementary substructure of M when [ is an
odd successor.

e im Fj is the universe of an elementary substructure of N when [ is an even
SUCCEeSSOr.

Suppose that « is even. Extend F, to an embedding F!, : M < N by (1.1). Let
a be the element with least index in M \ dom f, and let A D dom F, U {a} be the
universe of an elementary substructure of M of cardinality < k. Define

Fa+1 = Folé fA and fa—i—l = F(; rdomfau{a}

Now suppose « is odd. Extend F! to an embedding F” : N' < M. Let b be the
element with least index from N \ im f,, and let B D im F,, U {b} be the universe of an
elementary substructure of A/ of cardinality < x. Put

Forr=(F)1p)7" and  far1 = (FY lmsavpy) "

Finally, let § < x be a limit ordinal and assume that the chain (f; : ¢ < J) and
family {F; : i < 0} satisfy all the conditions above. We define F, = J,_; F;. Clearly
F, is a partial elementary map which is a morphism by M3. Put

F=fs=Jf

<9

Then Fj, being the restriction of F) is also a partial elementary map, hence a morphism.
Moreover, |dom Fs| < k.

By putting F = J,_, f; we get an isomorphism between M and N as required. [J

1<K
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REMARK 4. The above proof would have been much simpler if we had assumed that
| M| was regular or that the union of a chain of morphisms was a morphism. However,
as our proof shows, these assumptions are in fact redundant.

Lemma 1.2 A structure G is generic if and only if it satisfies (1.1).

Proof. (=) Assume G is generic. Let M be a structure with cardinality < |G| and let
f: M — G be a morphism with |[dom f| < |G|. By universality, there is an embedding
g: M — G. Sog!:G — M isa morphism with domain img. Consider the
composition morphism fg~': G — G. |dom fg~!| = |dom f| < |G|, so by homogeneity
fg~! extends to an automorphism o : G = G. Clearly F' = og is the desired embedding.

(<) Assume G satisfies (1.1). By putting G = M = N in Lemma 1.1, we see that
G is homogeneous. To see that it’s universal, let M be a structure with |M| < |G| and
extend idp : M — G to an embedding. O

Corollary 1.3 Two generics of the same cardinality are isomorphic.

Proof. Let G and G’ be generic structures of the same cardinality. By Lemma 1.2, they
both satisfy (1.1) and by Lemma 1.1, we can extend idy : G — G’ to an isomorphism.
O

84 Elementary equivalence

We will show that any two generics are elementarily equivalent. Here we use the
assumption that K is closed under elementary substructure.

Proposition 1.4 Let M and N be generic structures with |M| < |N|. If f : M —
N is a morphism with |[dom f| < |M]|, then f extends to an elementary embedding

F:MSN. In particular, any morphism between generic structures is a partial
elementary map.

Proof. First assume M is countable. Let {a;};<, be an enumeration of M \ dom f. Let
odd(w) be the set of odd numbers in w and let 7 : odd(w) X w — odd(w) be a bijection
such that (i, j) > 1.

We will construct an elementary embedding as the union of a chain of morphisms
(fi : M — N);<, with |dom f;| finite. We put fo = f. Assume that a chain (f; : i < n)
as above has already been constructed.

Suppose n is even. Extend f, to an embedding F,, : M — N. Let a be the element
with least index from M \ dom f,, and define

fn+1 = I, rdomfnu{a}

Now suppose n is odd. Let (1,; : i < w) be an enumeration of all formulas of

the form Jxp(z,b) true in N where b C im f,. We consider the formula 1, where



n = 7(j,k). If this formula has a witness in im f,, then we simply proceed as in the
even case. However, if ¢, doesn’t already have a witness in im f,,, let b be any witness
for ¢ in N\ im f,,. By Lowenheim-Skolem downward, there is an N’ with |N’| < |M|
s.t. im f,, U{b} € N’ < N. Since K is closed under elementary substructure, N’ € K.
So by genericity, we can extend f,! to an embedding F! : N’ < M which can be
written as a morphism F) : N'— M. Define

fos1 = (F, fimfnu{b})_1

Define F' = |J,_, fi- F is an elementary embedding of M into N since the even
stages ensure totality and the odd stages ensure elementariness.

Now assume M has uncountable cardinality x and fix an enumeration {a;};<. of
M \ dom f. The argument is now similar to that in the proof of Lemma 1.1. Assume
the chain (f; : ¢ < a) and associated family {F} : i < a} as in Lemma 1.1 have already
been constructed.

If v is even, let a be the element with least index in M \ dom f, and let M’ € K
be an elementary substructure of M containing dom F,, U{a} with |M'| < k. Let F,1;
be an embedding of M’ into A/ extending F,, and put

fa+1 = Fa+1 [domfau{a}

If a is odd and im F,, < N, simply define F,,; = F, and for1 = fo. If im F, is
not elementary in NV, let N/ € K be an elementary substructure of A containing im F,
with |N'| < k and let F, | be an extension of F,;! to an embedding of N into M. Put
Foy1=(F. ;) " and

Jat+1 = Fot1 dom fauib)

where b is any element of dom F,,;; \ dom f,.
At the limit stage 6 < k we define

Fs=f=J#r

<9

Then we get a partial elementary map Fs : M — N with |dom Fs| < k. At stage &,
we get the required elementary embedding.

For the ‘in particular’ part, let f : M — AN be any morphism between generic
structures M and N. Then, by above, for each finite subset A, f [4: M — N is
partial elementary. Hence f itself must be partial elementary. 0

Corollary 1.5 If G and G’ are generic structures, then one is elementarily embeddable
in the other. In particular, they are elementarily equivalent.

Proof. By universality, we can always embed one generic into another. By Proposi-
tion 1.4 this embedding must be elementary. 0



85 Saturation

We say that a structure M is weakly saturated if it realises all types p(Z) over () where
is an infinite tuple of length < |M|. The following two results are true of homogeneous
structures and hence also of generic structures.

Lemma 1.6 Let M be a weakly saturated, homogeneous structure. Then M is satu-
rated.

Proof. Let p(z) be a complete type over @ C M where £(a) < |M|. Define

q(z,9) = {o(z,9) : p(z,a) € p(z)}
Clearly g(z,7) is a type of M over () with £(z"g) < [M]. By the weak saturation of M,
q(z,7) is realised in M by a tuple (¢,b). The map f : b — a defines a partial elementary
map f: M — M. By the homogeneity of M, f extends to an automorphism F': M =
M. Hence F(c) realises p(z) in M. O

Corollary 1.7 Let M be a homogeneous structure. If Th M is |M|-categorical, then
M is saturated.

Proof. Suppose Th M is |M|-categorical. Let p(Z) be a type over () with ¢(z) <
|M|. Then p(z) is realised in a structure N' = M with |N| = |M|. Hence, by |M]|-
categoricity, N' = M and p(Z) is also realised in M. So M is weakly saturated and by
Lemma 1.6, M must be saturated. O

The following lemmas show that if one generic structure is k-saturated, then they all
are.

Lemma 1.8 Let G be a k-saturated generic. If G' is generic with |G'| < k, then G is
saturated.

Proof. Let p(x) be a type of G" over a set A C G’ with |A| < |G'|. By Corollary 1.5,
we may assume that G’ < G. By the s-saturation of G, p(z) is realised in G by an
element b. By Lowenheim-Skolem downward, there is an M with |M| < |G| satisfying
AU{b} C M < G. By the genericity of G, there is an embedding f : M — G’ fixing A.
We can write f as a morphism f : G — G’. By Proposition 1.4, f is partial elementary.
Hence f(b) realises p(x) in G'. Le., G’ is saturated. O

Lemma 1.9 Let G be a k-saturated generic. If G' is generic with |G'| > k, then G is
also k-saturated.

Proof. Let p(x) be a type of G’ over a set A C G’ with |A| < k. By Léwenheim-Skolem
downward, there is a structure M with |M| < k s.t. A C M < G’. By the universality
of G, there is an embedding f : M < G which we can write as f : G — G. By
Proposition 1.4, f is partial elementary. By the xk-saturation of G, the conjugate type
f(p) is realised in G by an element b. By Léwenheim-Skolem downward, there is an
N with |[N| < & satisfying f[A] U {b} C N < G. By the genericity of G’, we can
extend f~! [y4) to an embedding g : N < G’ which we can write as g : G — G'. By
Proposition 1.4, g is partial elementary, hence g(b) realises p(x) in G'. O



§6 Amalgamation & existence

A subclass Ky C K is said to be an amalgamation class if the following amalgamation
property holds.

AP It M\N € Kg and f : M — N is a morphism, then there is an
N’ € K, with N/ < N’ and there is an embedding F' : M — N’
extending f.

K is inductive (in K) if it satisfies the following condition.

IND If M; € K; and M; < M; for each i < j < &, then |J
and M; < J,_,, M; for each j < k.

K, is said to be initial if whenever M € Ky and N' € K s.t. [N| < |M|, also
N € Kq. K is bounded if there is a cardinal k (an upper bound) s.t. for every M € Ko,
M| < k. An upper bound & is a strict upper bound if it is an upper bound but no
structure M € K satisfies |M| = k. K is strictly bounded if it is bounded and its
least upper bound is strict. Ky is inductively bounded if it is bounded and whenever
M € K has cardinality equal to the least upper bound of K, M is embedded in the
union of a <-chain in Ky. Finally, we write I(Ky) for the number of isomorphism types
in K.

The following theorem is a generalisation of a construction due to Fraissé [4].

MZ'GK

<K

Theorem 1.10 Let Ky C K be a bounded, initial, inductive amalgamation class. As-
sume the least upper bound of Kq is a regular cardinal k which is a strict bound if k
is uncountable and an inductive bound if k is countable. Assume further that for all
M,N € Kq, [Mor(M,N)| < k and I(Ko) < k. Then there is a generic structure
G € K of cardinality k.

Proof. We will construct a <-chain (M, : i < k) in Kj satisfying

(1.2) IfAeKpand f: A— M, then there is a j > i and an embedding
F: A< M; extending f.

Let m : kK X Kk — K be a bijection such that 7(i,7) > i and let P be a set containing
exactly one representative for each isomorphism type in Ky. We construct the chain
by induction as follows. Let M, be an arbitrary structure from K,. Assume the
continuous <-chain (M; : i < «) in Ky has already been constructed. Enumerate as
((Anis fai) 11 < k) all pairs (A, f) st. AePand f: A — M, If a=mn(8,7), we
choose M1 = M, by AP using the morphism [z, : Ag, — M,.

At limit ordinals § < x we simply put Ms = [J,_s M;. By inductiveness, M; € K
and for each i < 0, M; < M;. As k is regular and is a strict bound, |Ms| < k. As & is
the least upper bound of Kq and K| is initial, we must have M; € K.

By induction we get a <-chain (M; : i < k) with M; € K for each ¢ satisfying
(1.2). So if we put G = |J,_, M,, inductiveness yields G € K and M; < G for each
i < k. Obviously |G| = k.

1<K



We claim G is generic. To see this, let M be a structure with |M| < x and let
f: M — G be a morphism with |dom f| < k. If M € K, then, by (1.2), we have
taken care to extend f to an embedding of M into G at some stage of the construction.
So we may suppose that M ¢ K,. This implies |M| = & since Ky is initial.

First assume x = ®y. Since 8y is an inductive bound, M < A = |J,_,, Ai where each
A e Kpand A, < A; < Afori < j <w. We'll construct an embedding F': A — G
as the limit of a chain of morphisms. F' [, will then be the required embedding of
M into G. Note that dom f C A, for some k. So let f; be the extension of f to an
embedding of A into G. Assume that the chain (f; : £ < ¢ < n) has already been
constructed where dom f; = A; for each i. By (1.2), we have already extended f, to an
embedding F, : Ay — G. Put fopn = F, : M — G. By putting F = {J,_,, fi we get
an embedding of A into G as required.

Now assume # > ®y. Then we can write M = |J,_. A; where each A; € Ko,
A; < Aj for i < j, and dom f C Ay. We can now simply proceed as above, taking
unions at limit stages. ]

Corollary 1.11 IfK is an elementary, inductive amalgamation class and k is a strongly
inaccessible cardinal, then there exists a generic structure of cardinality k.

Proof. Put Ko = {M € K : |M| < k}. Then clearly K, is an initial, inductive
amalgamation class strictly bounded by k. So we need only establish that I(Kj) < &
and [Mor(M,N)| < k.

To see that I(Ky) < k, note that on any set M of cardinality o < k, there are at
most 2¢ ways of choosing an interpretation for any nonlogical symbol from L. As L
is countable, there can be at most countably many nonlogical symbols. So there are
at most 2% = 2% jsomorphism types of structure of cardinality o. As & is strongly
inaccessible, this number is smaller than . So there are at most k X K = k isomorphism
types in K.

Now for [Mor(M,N)| < k. Let [M| = a and |[N| = 3. Then |Mor(M,N)|
20 x 28 = gma{af} i This proves the corollary.

LI IA

87 Examples
— An unsaturated generic

Let L be the language with a unary function symbol f. Let K be the class of L-
structures M s.t.

For every a € M, there exists an n < w s.t. f*(a) =a

So every element of M generates a finite cycle

a— f(a) = f*(a)-- — [""Ha) = f"(a) = a



Define Morg (M, N) as the set of partial isomorphisms f : M — N. Then idy €
Mor(M, N) since there are no quantifier-free sentences. Define

Ko={MeK:|M| <R}

K is easily seen to satisfy the hypothesis of Theorem 1.10. We therefore get a countable
generic structure G € K. However, G is not saturated. To see this, put

O(z) = {f"(x) # 2 :n <w}

®(z) is easily seen to be a type of G which is omitted.

If we replace Ny by a strongly inaccessible cardinal x in the definition of K, we see
that we get a generic structure & € K of cardinality x. By Lemma 1.8, U is not even
No-saturated. In fact, U also omits ®(x).

— A generic countable discrete linear ordering
Let T be the theory of linear orderings and define
K, = {finite models of T'}

Let A be the boolean closure of the set of quantifier free formulas union the set of
formulas
{Fuz(z<zANz<y):n<w}

Note that this includes the case n = 0 which says that there are no points between x
and y. Let K be the closure of Ky under unions of a-chains and define

Mork (M, N) = {partial A-elementary maps f: M — N}

It is relatively straightforward to verify that K is as in the hypothesis of Theorem 1.10.
Hence, there is a countable generic linear ordering U € K.

We claim that I/ is discrete and has no end points. Let a € U and let M be the
linear ordering with universe {a,b} s.t. a < b. Then id(y : M — U is a morphism and
hence, by the genericity of U, extends to an embedding F' : M — U. Clearly a < F(b)
and there is no z € U s.t. a < z < F(b). Similarly, there is a ¢ € U s.t. ¢ < a and for
no z do we have ¢ < z < a. So U is indeed discrete and has no end points.

We now show that there are only finitely many points between any two points in
U. Let a,b € Us.t. a <b Since U € K, we can write Y = (J,_, M; where the M,
form a <a-chain in K. Let & be the minimum index such that a,b € M). Since M,
is a finite linear ordering, there must be an n s.t. My = 3,2(a < z A z < b). Hence,
My <a U impliesU = J,2(a < z Az < b). That is, there are only finitely many points
between a and b.

All this means that U = Z. So obviously U is not saturated. Explicitly: U omits
the type

O(x,y) ={Isnz(z <2zANz<y):n<w}

So this is yet another example of an unsaturated generic. We will see examples of
saturated generic structures in II and III.
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I Universal domains

In the last example of part I, we considered a class of morphisms that were A-elementary
for some A. The generic structure that was obtained - the linear ordering of the integers
- was not saturated. In fact, it omitted a A-type. In this part, we examine the case of
morphisms as A-elementary maps in more detail, restricting our class K to the model
class of a universal theory. In this context, generic structures realise all A-types and
we'll call them universal domains after Hrushovski [8].

It will turn out that there is a natural property - called quantifier separation - which
determines a necessary and sufficient condition on K for the existence of a universal
domain. The conditions for a universal domain to be saturated will also turn out to be
quite natural. We conclude this section by giving some simple examples.

§1 Basic formulas

Throughout this section we let L be a countable language. We fix a set A C L of basic
formulas closed under subformulas, substitution of variables and boolean combinations.
We assume further that A contains all quantifier-free formulas. We shall write A(A)
for the set of basic formulas with parameters from a set A. II will denote the set of
universal formulas. l.e., formulas of the form Vzy where ¢ € A. Similarly, ¥ will
denote the set of ezistential formulas. All standard notation (such as Ty, tpg(a), =s,
<3 etc.) is interpreted in this context. That is, V always refers to the set II and 3 to
the set 2.

A set defined in some L-structure M by a formula from a set © over A C M is a
O-set over A. When © = A the corresponding sets will be called basic sets. A subset
A of M is called small if |[A] < |M|. A collection ® of formulas from © with parameter
set A will be called small if A is small. A collection of ©-sets defined by a small set of
formulas will also be called small.

We will write z for a single variable, Z for a finite tuple and Z for an infinite
tuple. We will write x; for element ¢ of the tuple Z or . Let @ be a tuple in an
L-structure M. By the (open) diagram of a, written diagsa, we shall mean the set
{p() € A : M = p(a)}. If a enumerates M we will also sometimes write simply
diaga\ M. If a structure N satisfies diag, @ at a tuple b, then the partial function
f: M — N defined by f(a;) = b; is clearly a partial A-elementary map from M to N.

There will be times when we need to consider the full diagram of a tuple a. This is
simply the set of L(a) sentences {¢(a) € A(a) : M = p(a)}. We will denote this set
by Diaga or Diag\ M when a enumerates M.

82 Morphisms
We fix a theory T deciding all basic sentences. We define

K = Mod Ty

11



Morg (M, N) = {partial A—elementary maps from M to N'}

Axioms M1-M6 are easily seen to hold noting that nonemptiness is guaranteed by the
fact that idg : M — N is partial A-elementary since T decides all basic sentences.
Trivially, for all M, N € K,

83 Morleyisation

Let T be an L-theory deciding all basic sentences. Let A; be the set of formulas in A
with at least one free variable (i.e., all formulas that are not sentences). If ¢ € Ay has
n free variables, we let R, be an n-ary relation symbol and define

LA =LU{R,: ¢ €A}

T =T U{VT(R,T « ¢(T)) : ¢ € A1}

Then it is clear that any basic formula is equivalent modulo T2 to a quantifier-free
LA-formula. Obviously, any L-model of T' has a unique expansion to an L“-model
of T®. The process of expanding the language and theory in this way is known as
Morleyisation.

There is no loss of generality if the discussion of this section is assumed to take
place in an expanded language and expanded theory of this type: Le., K = Mod (Ty)*.
We may therefore safely assume that A is the set of quantifier-free formulas, that
morphisms are partial isomorphisms, and that < is simply C. KEssential uses of this
assumption (e.g. in §8 when discussing existential closure and model completeness) will
always receive explicit mention.

84 Universal domains

Following Hrushovski [8], we define a universal domain U as an infinite structure sat-
isfying the following properties.

U1l Th\ﬂ/{ - Tv.
U2 U is homogeneous.

U3 (Compactness) Every small collection of basic subsets of U™ (for finite
n) with the finite intersection property has nonempty intersection.

Clearly compactness is equivalent to the following statement.
(2.1) U realises all basic types over a small set of parameters.

We make some useful remarks about homogeneity and prove a lemma on compactness.
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REMARKS

1. If an L-structure M is homogeneous, then for any tuples b,¢ C M and any small
set of parameters A, if tp,(b/A) = tpa(¢/A) then tp(b/A) = tp(c/A).

2. Let M be a homogeneous structure. For any definable set X over a, if p(z) is a
complete A-type over a, then either p(M) C X or p(M) C —=X. This is an easy
consequence of the previous remark: If p(M) € —X then there is a b C M s.t. b €
p(M) N X. Now take any ¢ € p(M). This implies p(Z) = tpa(b/a) = tpa(¢/a). The
homogeneity of M implies that tp(b/a) = tp(¢/a). Hence ¢ € X.

Lemma 2.1 Let U be a compact structure. Y-sets in U are compact. ILe., any small
basic covering of an YX-set has a finite subcover.

Proof. Let X be the set defined by the existential formula 371 (Z,y). Let € be a small
basic covering of X so that X C JC. Put ®(z) = {—¢(Z) : ¢(U) € C}. Suppose
O(z) U {¢(z,y)} is finitely satisfied in ¢. Then by compactness, ®(z) U {¢(z,7)} is
realised in U. Le. X N{—¢(U) : (U) € C} # ( which is a contradiction. So there are
finitely many formulas —¢o(Z), ..., 7¢,—1(Z) € ®(Z) such that {A,_, ~¢i(7),¥(Z,7)}
is not satisfied in U. Le., U |=VZ(Iyy(z,y) — V,., vi(Z)). Hence X C J,_, »i(U). O

85 Genericity

We’ll show that the universal domains are precisely the generic structures. But first a
lemma.

Lemma 2.2 Let U be a universal domain. Let & be an infinite tuple of length < |U]|
and ®(&) a small set of existential formulas finitely satisfied inU. Then ®(T) is realised

mU.

Proof. 1t is enough to prove the lemma for a small set of basic formulas ®(Z). For
suppose that ®(Z) is a small set of existential formulas as in the hypothesis. Then we
can replace all existentially quantified variables with new free variables, resulting in a
set O(Z, ) finitely satisfied in Y with |g| < |U|. Let Z be a tuple well-ordering & U .
Then |Z| < |U] and we have reduced the problem to a small set of basic formulas ©(2).

So let ®(Z) be a small set of basic formulas with parameters from A. Put x = ((Z).
Let ®(a,) be the result of replacing the first a variables in ®(Z) with a sequence a,
of length «.. Suppose a sequence a, = (a; : ¢ < ) (where a < k) of parameters have
already been chosen such that ®(a,,) is finitely satisfiable in U. Let x, be the next free
variable in the tuple . The set

U(zy) ={p(xa) € A(A, ) : Thy(U, A, G0) U P(an) F o(x4)}

is small. Each ¢(z,) € V(z,) is a consequence of finitely many formulas in Thy(U, A, @)U
®(a,). As ®(a,) is finitely satisfied in ¢ (by hypothesis) each ¢(z,) must be satisfied
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in Y. This implies W(z,) is finitely satisfied in U as it is closed under conjunctions. By
compactness, ¥(z,) is realised in & by some a, € U.

Let ©(x4,7,a) be a basic formula with a C AU a, s.t. ®(a,) F ¥(x.,y,a) and
suppose that U | Vy—(as,y,a). By Remark 2 the complete A-type p(z,) of a,
over a satisfies p(U) C Vy—(U,y,a). So by Lemma 2.1 there is a basic formula
0(z4,a) € p(x,) such that Iyp(U,g,a) C =0(U,a). Le.,

U ): anﬂ(i/f(%a Y, C_L) - _'e(xow C_l))

As ®(aq) F (24,7, a) this means Thy(U, A, d,) U P(a,) F —0(z4,a). Le., =0(z,,a) €
U(z,) and so U = —0(aq,a). But this contradicts that 0(x,,a) € p(xy) = tpa(aa/a).
Hence if ®(a,) b ¥(z4,7,a) then 1(as,y,a) is satisfied in U. But this means that
®(a, ) remains finitely satisfied in U if we replace x,, with a,.

Let 6 < k be a limit ordinal and suppose that ®(a,) is finitely satisfied in U for
each o < 0. Then obviously ®(as) is finitely satisfied in &. By induction, we get a
realisation a, of ®(7). O

Proposition 2.3 U is a universal domain if and only if U is generic.

Proof. (=) Assume U is a universal domain. We need to establish universality. To
this end, let M € K be s.t. |[M| < |U|. Suppose there is a ¢(Z) € diagaM such that
U = VZ—p(Z). Then also M = Vi—¢(z) as M = ThyU. But this is a contradiction.
So diag, M is finitely satisfied in «. By Lemma 2.2 diag\ M is realised in &. Hence
M—=U.

(«<=) Assume U is generic. We first prove Ul. Obviously Ty C ThyU since U € K.
So we need only establish ThyY C Ty. To this end, Let M = Ty. Then there is an
elementary substructure N' < M with |N| < |U| s.t. N — U. So U =y M. Hence
ThyU C Ty as required.

It now suffices to establish compactness. To this end, let ®(z) be a small collection
of basic formulas over A finitely satisfied in ¢/. There is an elementary extension M = U
of cardinality |U| realising ®(z). Le., M = ®(a) for some a C M. By the universality
of U, there is an embedding f : M — U. Hence f(a) € U realises the conjugate type
f(®) over f[A]. Sinceld K M, f [a: U — U is a morphism. By the homogeneity of U,
there is a 0 € AutU extending f [4. SoU = ®(c~! f(a)). O

86 Quantifier separation

Following Hrushovski [8], we say T admits quantifier separation if, whenever (Z) is
existential and (%) universal such that

TFVE(p(z) — ¢(T))
there is a basic formula 6(Z) s.t.

T FVz(p(z) — 0(z)) and T+ VZ(0(x) — (T))
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Note that the formulas on the right hand side of the above turnstiles are all universal
formulas. The following lemma is immediate from the definitions.

Lemma 2.4 Let U be a universal domain. Then T admits quantifier separation if and

only if whenever X and'Y are disjoint Y-sets of U over (), there is a basic set Z over
0 such that X CZ and Y NZ = . d

Proposition 2.5 Let U be a universal domain. Then

(a) FEvery X-set of U over a is the intersection of a collection of basic sets over a (which
is therefore small).

(b) T admits quantifier separation.

Proof. (a) Let X be an Y-set over a. Let b € =X and put p(Z) = tpa(b/a). By
Remark 2 we must have pz(i/) C —X. So X C J{—old) : o(Z) € ps(Z)}. By
Lemma 2.1 there is a basic formula 6;(Z) € pz(Z) (as ps(Z) is complete) such that

X C —6;(UU). So we have X = ({—0;(U) : b € =X }.

(b) Let X and Y be disjoint X-sets of i over (). Then by (a) X =(CandY =D
where € and D are collections of basic sets over (). As({C, D} = ), compactness implies
that there are basic sets X’ O (€ and Y’ D (D such that X’ NY’ = (. So X C X’
and X'NY = (. By Lemma 2.4 this means T admits quantifier separation. 0

REMARK 3. Clearly, we also have that Thi/ admits quantifier separation.

87 Amalgamation & existence

The property IND from I, §6 is immediately verified on K. We now verify AP.

Lemma 2.6 Assume T admits quantifier separation. Then K is an amalgamation
class.

Proof. Let M, N € K and let f : M — N be a morphism. Let a, b and ¢ be tuples
enumerating dom f, M \ dom f, and N \ im f respectively. Bear in mind that a could
be empty. Let

p(@.9) = {p(@,9) € A M= ¢(a,b)}
and
0(#,2) ={p(@,2) € A: N = o(f(a),0)}
Suppose that T'U p(Z,7) U q(Z, 2) is unsatisfiable. Then, by compactness, there are
formulas ¢(z,y) € p(z,7) and ¥(z,2) € q(&,2) such that T U {¢(Z,y),¢¥(z, 2)} is
unsatisfiable. le., T+ Vz(3ye(z,y) — Vz—)(Z,2)}). By quantifier separation this
implies that

T EVZ(3ye(z,y) — 0(z)) and T FVZ(0(T) — VZ(T, 2))

for some basic formula 6(z). Let a be the tuple from dom f such that M | Jye(a, y)
and N |= 32¢(f(a), z). Then we have M |=6(a) and N |= =6(f(a)). But this means
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that M = 6(a) and M = —6(a) which is a contradiction. So there is a structure
N satisfying T'U p(Z,7) U q(%,2). So N € K and N |= p(d,7) U ¢(d, 8) for some
d, 7,5 C N'. Now define the map ¢g : M — N’ by g(a;)) = d; and g(b;) = r;. Define the
map h: N — N’ by h(f(a;)) = d; and h(c;) = s;. Then g : M — N’ h: N — N’ and
g ldom f/= hf. By isomorphic correction we can ensure that N' < N”. O

REMARK 4. Note that the proof goes through just as well for K = ModT'. By Remark
3, we have that Thif (or rather, its model class) has the amalgamation property. This
fact will be used in the proof of Proposition 2.10.

By Corollary 1.11 there exists a universal domain of strongly inaccessible cardinality
provided T admits quantifier separation. By Proposition 2.5(b), we get the following
equivalence.

Proposition 2.7 T admits quantifier separation if and only if there exists a universal
domain. 0

88 Model completeness

In the following results we make explicit reference to the process of Morleyisation from
§3.

Proposition 2.8 A universal domain is an ezistentially closed L*-model of (Ty)*.

Proof. Let U be a universal domain and M any other model of Ty such that U < M.
Then, by Lowenheim-Skolem downward, there is an N’ x M s.t. [N| = |[U| and U < N.
By universality, there is an embedding f : N — U.

If ¢(7) is a basic formula, then ¢ = 1 (a) if and only if N |= ¢(a) if and only if
U E ¥(f(a)). So for any a C U, tpa(a) = tpa(f(a)) and hence, by the homogeneity
of U (and Remark 1), tp(a) = tp(f(a)).

Let a C U and ¢(Z) be an existential formula s.t. M = p(a). Then N | ¢(a) and
soU | o(f(a)). This implies, by above, that U = ¢(a).

So we’ve established that U < M implies U <35 M as required. O

The following theorem is due to A. Robinson and will be useful in §9. Its proof can be
found in any introductory text such as [13].

Theorem 2.9 The following are equivalent for any L-theory T.

(i) T4 is a model complete L™ -theory.

(ii) If M =T then T UDiag\M is a complete L(M)-theory.

(iii) fMN ET and M <N, then M <3 N.

(iv) fMN ET and M <N, then M g N.

v) fFMNETand f: M — N, then f: M = N. O
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89 Elimination & saturation

The following results show how smooth the theory is when morphisms are A-elementary
maps.

Proposition 2.10 A uniwversal domain is saturated if and only if ThUd admits A-
elimination.

Proof. (=) We first show that (Thi/)® is a model complete L2-theory. Let M, N |=
Thid s.t. M < N. Let ¢(Z) be an existential formula. By Proposition 2.5(a), ¢(Z)
is U-equivalent to a set of basic formulas ®(z). So if a C M s.t. N = ¢(a), then
N |= ®(a). But this means that M = ®(a) since M < N. Let M’ x M s.t. a C M’

and |M’| < |U|. By the saturation of U, there is an elementary embedding f : M’ <= U.
SoU = ®(f(a)). But this means U = ¢(f(a)). Hence M |= ¢(a). So we've established
M <3 N. By Theorem 2.9, (Thi/)? is model complete.

We now show that Thif admits A-elimination. We need to show that for any
M = Thid and any a C M, Thi/ U Diagpa is a complete L(a)-theory. Suppose it
is incomplete. Then there is a formula ¢(a) such that both Thi/ U Diagaa U {p(a)}
and Thi/ UDiagaaU {—p(a)} are satisfiable. This means there are N, N = Thi{ and
morphisms e : M — N and f: M — N’ with dome = dom f = a s.t. N = p(e(a))
and N = —p(f(a)). Put g = fe' : N — N’. As Thl has the amalgamation
property, there is an M’ = Thi s.t. NV < M’ and g extends to an embedding
F : N — M. By Theorem 2.9, the model completeness of (Thi/)® implies that
N g M and F : N < M'’. But this implies M’ = o(f(a)) A ~¢(f(a)) which is a
contradiction.

(<) Assume ThY/ admits A-elimination. Since U realises all A-types, it must
realise all types. So U is saturated. OJ

Proposition 2.11 Let U be a universal domain and assume ThU has a saturated
model of cardinality |U|. Then the following are equivalent.

(1) U is saturated.

(ii) All universal domains are saturated.

(iii) All saturated models of ThU are universal domains.

Proof. (i)=-(ii) Suppose U is saturated. Then Thif admits A-elimination. Let V be
any other universal domain. Then V = U. As V realises all A-types it therefore realises
all types.

(ii)=(i) Trivial.

(i)=(iii) Let M be a saturated model of Thi/. We need to establish homogeneity.
To this end, let f : M — M be a morphism with small domain. Once again i saturated
implies Thi/ admits A-elimination. Hence f : M — M is partial elementary. By the
saturation of M, f extends to an automorphism of M.

(iii))=(i) By hypothesis, Thif has a saturated model V of cardinality |U|. By
assumption V is a universal domain. Hence, by uniqueness & = V and U must also be
saturated. 0J
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8§10 Examples
— The countable random graph

Let L be a language with just one binary relation symbol R. Let 7" be the universal set
of axioms stating that R is irreflexive and symmetric. Models of T are called graphs.
Put K = Mod T and Mork (M, N') = {partial isomorphisms f : M — N}. Define

K, = {finite models of T'}

Then K is easily seen to satisfy the hypothesis of Theorem 1.10. This gives us a unique
countable generic graph G. G is called the random graph. By Proposition 2.5(b), T
admits quantifier separation.

Seeing as our signature is finite, the open diagram of any finite model of T is logically
equivalent to a single formula. So for each M € Ky, we let ¢ (Z) denote the open
diagram of M. Let T, be the set of sentences

VI(pm(Z) — 3w (Z,7))

for all M C N € K. It is not hard to see that G = T,, and any countable M = T,
is generic. Hence Th G is Ny-categorical. By Corollary 1.7 and Proposition 2.10, G is
saturated and Th G admits quantifier elimination.

The random graph G is characterisable by a nice property: A countable graph M
is the random graph if and only if it satisfies

For any disjoint finite sets of vertices X,Y C M, there is an element
a ¢ X UY adjacent to all vertices in X and no vertex in Y.

For a proof of this fact see [5].

— The countable generic partial ordering

Let L be the language with a single binary relation symbol < and let 7" be the universal
theory of partial orderings: I.e., T states that < is irreflexive and transitive. Define
K, Morg (M, N) and K, as above. Reasoning analogously to the above example, we
get a countable generic partial ordering U s.t. Thi is Ng-categorical. Hence T" admits
quantifier separation, i/ is saturated and Thi/ admits quantifier elimination.

For any subsets X, Y of a partial ordering M, we define

X<Y & foreveryze XandyeVY,z <y
XY < foreveryre XandyeY,z Ly
X|Y & X£YandY £ X

When X = {z} we omit the braces and write simply < Y (or Y < z). The same
goes for £ and |.

We claim that a countable partial ordering M is the generic partial ordering if and
only if it has the following property.
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. or any disjoint finite sets X, Y, Z C M, satistying <Y,
2.2 F disjoint fini XY, Z C M isfying X <Y,Y £ 7
and Z £ X, thereisapoint a ¢ XUYUZst. X <a<Y anda| Z.

To see this, first assume M is the countable generic partial ordering U. Let X, Y, Z
be finite subsets of M as in (2.2). Let a be a point disjoint from X UY U Z and let N
be the partial ordering with universe X UY UZ U {a} and s.t. X <a <Y and a | Z.
It is easily verified that N, so defined, is indeed a partial ordering. By the genericity
of M, idyyuyuz : N — M extends to an embedding F' : N — M. Hence F(a) satisfies
the conditions in (2.2).

Now for the other direction. Let M be a countable partial ordering satisfying (2.2).
We need to show that M is the generic . To this end, let N be a finite partial ordering
and f : N — M a partial isomorphism with dom f = A. We need to extend f to an
embedding F' : N < M. It is enough if we consider the case |N \ A| = 1; the rest is
by induction.

So suppose N \ A = {a}. Define

X={reA:xz<a}
Y={zxeA:a<uz}
Z={zveA:z|a}

Then X UY U Z forms a partition of A. By transitivity, we must have X < Y)Y £ Z
and Z £ X. So also f[X] < f[Y], fIY]| £ f|Z] and f[Z] £ f[X]. By (2.2), there is a
be M\ flA] st. f[X] <b< f]Y]and b | f[Z]. Obviously F = f U (a,b) is the desired
embedding.

The property (2.2) implies some further nice properties. Here are a few examples.

e For any finite X C M, there are a,b € M\ X s.t. a < X < b.

e For any finite set X C M, there is an infinite set Y C M which is totally
disconnected from X. Le., X | Y.

We leave the verifications to the reader.

— The countable dense linear ordering without end points

Let L be the language with a single binary relation symbol < and let T be the (universal)
theory of linear orderings. Define K, Morkg (M, N') and Kj as above. Again, it is easy
to see that K satisfies the hypothesis of Theorem 1.10. Hence we get a countable
generic linear ordering U. So T admits quantifier separation.

We claim that U/ is a dense linear ordering without end points. We first establish
density. Let aj,a3 € U s.t. a3 < az. Let M be a model with universe {b;,bs, b3} s.t.
by < by < bg. The map [ : (by,b3) — (a1, as3) defines a partial isomorphism f: M — U.
By genericity f extends to an embedding F': M — U. Hence a; < F(by) < as.

We now show that U has no end points. Let a; € U and let M be a model with
universe {by,ba} s.t. by < by. The map f : by +— a; defines a partial isomorphism
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f: M — U which extends to an embedding F': M <— U. Hence a; < F(bg). So U has
no right end point. A similar argument shows that ¢ has no left end point either.

By Cantor’s theorem U = Q. Hence Thi/f is Ny-categorical. So U is saturated and
Thi admits quantifier elimination.

— The countable dense linear ordering with a left but no right end point

Let L, T, K and K be as above. Let ¢ be the formula
Vy(r =y Va<y)

and define A to be the smallest set of formulas containing ¢ and all quantifier-free
formulas which is closed under boolean combinations and substitution of variables.
Put

Morg (M, N) = {partial A-elementary maps f: M — N}

It is easy to see that if a morphism f : M — N has the minimal element of M in
its domain, then it maps this element to the minimal element of A/. Conversely, any
partial isomorphism which maps minimal elements to minimal elements is a morphism.
Given these facts, it is easy to verify the amalgamation property for Ky. (The reader
should also check that Kj is inductively bounded.) As usual, this yields a countable
generic linear ordering U.

We first show that U has a left end point. For let M be the linear ordering consisting
of the single point a. Then by universality there is an embedding f : M — U. Clearly
f(a) is the left end point of U.

We claim that U is dense. Let aq,a3 € U s.t. a; < az. Let M be the linear ordering
with universe {bg, b1, b2, b3} s.t. by < by < by < bs. If a; is a minimal element of U, then
the map fy : (b, bs) — (a1, a3) defines a morphism fy : M — U. If on the other hand
a; is no minimal element of U, then the map f; : (b, b3) — (a1, as) defines a morphism
f: M — U. In each case we get an extension to an embedding F; : M — U. Hence
a; < E(bg) < as.

Similar reasoning shows that U has no right end point. Hence Thi/f is the complete
theory of dense linear orderings with a left but no right end point. So Thi/f is Ny-
categorical. Hence U is saturated and Thi/ admits A-elimination.

IIT Bicoloured strongly minimal structures

We now turn to our main application: bicoloured strongly minimal structures. The
morphisms that we shall need to work with will not have a simple definition in terms
of A-elementary maps. Our definition of a morphism will require three other notions
which we’ll need to define and study first: predimension, closure and self-sufficiency.
Once our definition of a morphism has been laid down, we will prove the existence of
both a countable and a strongly inaccessible generic structure. We finish by proving
that all generic models are saturated.
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Throughout, we let 7" be a strongly minimal theory with quantifier elimination in
a countable language L. We assume moreover that models of 7" have the following
natural algebraic closure property.

ACP acl(X U{a})\ acl X is either empty or infinite.

This property is satisfied by algebraically closed fields of any characteristic as well as
any structure in which acl() is infinite. ACP of course implies that 7' has models of
dimension n for each n > 1.

81 Predimension

Define Ly = L U {P} where P is a new unary predicate. Let Ty be the Lg-theory
axiomatised by 7" and all sentences of the form

(31) vyl .- ym(anxgp(xayla s 7ym) - Elggm{lf(PZL' N 90(5177?41, s 7ym))

where 0 < n,m < w and ¢ € L,4;. See Lemma 3.1 for the significance of these
sentences. Following Poizat [11], a model M of T will be called a bicoloured strongly
minimal structure and the set P(M) will be its set of black points and —P(M) its set
of white points.

Henceforth, M, N, etc. will refer to Lg-structures that model 7. However, all talk
of algebraic closure (acl) and dimension (dim) will be relative to the language L. So
given a structure M, we define a predimension function § mapping finite dimensional
subsets X of M to the integers by

Sa(X) = 2dimp X — |P(M) N X]|

I'll omit the subscript if the ambient model is clear (this goes for all subsequent defini-
tions). The following lemma links & with Tj.

Lemma 3.1 M [ Ty if and only if for all finite dimensional X C M, §(X) > 0.

Proof. (=) Suppose M =Ty and let X C M s.t. dim X = m. Let A be a basis for X.
Suppose §(X) < 0. Then |P(M)NX| > 2m+1. Let B = {by,...,bans1} € P(IM)NX.
B C aclA so for each 1 < i < 2m + 1 there is an algebraic formula ¢;(x) over
A st by € gi(M). Let o(z) = 7™ ¢i(x). Then ¢(z) is algebraic over A but
|P(M) N p(M)| > 2m contradicting (3.1).

(<) Let p(z) be algebraic over an m-tuple a. Let X = o(M). Then §(X) > 0
implies |[P(M) N X| <2dim X < 2m. O

If X and Y are finite dimensional subsets in M, we put

Sm(X/Y) =dm(XUY) = dm(Y)
REMARK 1. Note that 6(X/Y) = 2(dim(XUY)—dimY)—|P(M)NX| = 2dim(X/Y)—
|[PIM)NX]|. Soif Z CY, then dim(X/Y) < dim(X/Z) and hence §(X/Y) < 6(X/Z).
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§2 Closure
Let M = Tp. For a finite dimensional X C M we define

This is the d-rank of X. The following defines the closure of X.
ApX =({aclyY : X CY C M, dimyY < Ro, 6(Y) = dp(X)}

REMARKS

2. Note that if §(Y) = d(X) then also d(aclY) = d(X). For dimY = dim(aclY’)
implies that d(aclY’) < 6(Y'). So by minimality d(aclY’) = §(Y') = d(X). In particular,
aclY \'Y C =P(M).

3. If P(M) =10, then §(X) = d(X) and so cl X = acl X.
4. If X CY then d(X) < d(Y).
5. acl(cl X) =cl X, X CaclX CclX, and cl(X) = cl(acl X).

6. If X is an infinite but finite dimensional set, then there is a finite A C X s.t.
d(X) = d(A). Just take A to be (P(M)NX)U X, where X is a basis for X. Similarly
if Y C X then there is a finite A C X \ Y s.t. (Y UA) =§(X).

Lemma 3.2 Let M =Ty and X be a finite dimensional subset of M. Then §(cl X) =
d(X).

Proof. Let clX = (,.; X; where 6(X;) = d(X) for each ¢ € I. Fix j € I and let
B be a finite subset of X \ ¢l X. Obviously there must be a k € I s.t. B is disjoint
from Xj. By minimality, 6(B U X;) > 6(Xy). That is, §(B/X)) > 0. By Remark 1,
d(B/clX) > §(B/Xy) > 0. Hence 6(BUclX) > 6(clX). As B is arbitrary, by
Remark 6, 0(X;) > d(cl X). By minimality, d(cl X) = §(X;) = d(X). O

We shall write A Cy X for ‘A is a finite subset of X.

Lemma 3.3 Let M = Ty. For any finite dimensional X, Y C M, the following hold.
(a) (Reflexivity) X C cl X.

(b) (Idempotence) cl(cl X) = cl X.

(¢) (Monotonicity) If X C Y, then c1 X CclY.

(d) (Finite Nature) c1 X = |J{clA: A Cy X}.

Proof. (a) Obvious.

(b) By Remark 5, cl X is algebraically closed. So we need only check that §(cl X) =
d(cl X). That is, that d(X) = d(cl X). But this is trivial.

(c) Let X CY and suppose cl X € clY. Then cl X \clY # 0. Put Xy =cl X \clY
and Yo = clY \ X (Y5 could be empty). Then §(XoUYyU X) = d(cl X) = d(X). Since
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XoNacl(X UYy) =0, we have §(Xo U X UY)) < 0(X UYp). Hence 0(Xo/X UYp) <0
and so also 0(Xo/clY’) < 0. But this is a contradiction.

(d) As X is finite dimensional, there is an A Cy X with aclA = acl X. So
clA = cl(aclA) = cl(acl X) = c1 X. For the other direction, let A Cy X. Then, by
monotonicity cl A C ¢l X. This proves the statement. OJ

Let M = Ty. By Lemma 3.3(d) we can consistently make the following definition for
any infinite set X C M.

CIMX = U{ClMA cA go X}
Lemma 3.3 now generalises to infinite (particularly infinite dimensional) sets.

Lemma 3.4 Let M = Ty and suppose X, Y are infinite subsets of M. Then
(a) (Reflexivity) X C cl X.

(b) (Idempotence) cl(cl X) = cl X .

(¢) (Monotonicity) If X CY, then cl X CclY.

(d) (Algebraic Closure) acl(cl X) = cl X.

Proof. (a) X =U,cx{a} € U,ex cl{a} C cl X.

(b) Let a € cl(clX). Then a € clA for some A Cy clX. This implies A C
cl ByU---Ucl B, for B; Cy X. By monotonicity and idempotence for finite dimensional
sets, A Ccl(ByU---UB,)and clA Ccl(ByU---UB,) CclX. Soa € clX as required.

(¢c) Let X CY. Thencl X = J{clA: ATy X} C|J{clA: A Y} =clY.

(d) Let a € acl(cl X). Then a € acl Xy for some Xy Cp clX. So a € cl Xy C
cl(cl X) = cl X. O

REMARK 7. Note that cl X is always a substructure since it’s algebraically closed.

83 Self-sufficiency
Let NV |= Ty. We write A < N (A is self-sufficient in N') if A C N and clyA = A.

REMARKS

8. If M\N & Ty and M C N then M <y N. In general, if M <, N, then for
any subset X C M, aclyy X = acly X and dimy X = dimpyX. So in such cases we
will be able to omit subscripts when talking about algebraic closure or dimension. In
particular, we can usually omit the subscript from ¢ without risk of confusion.

9. f M,N E T and cly X € M C N, then cly X = clyX. Hence, if AC M CN
and A <,, NV, then also A <, M.

10. If A <4 N and B <, N, then cl(ANB) C cl ANcl B = ANB and so ANB <, N

23



Lemma 3.5 Let M, N =Ty and let f : M — N be a partial map with dom f finite.
If f is elementary w.r.t. existential formulas, then f extends to an isomorphism F' :

clp(dom f) = cly(im f).

Proof. Put X = dom f and Y = im f. Clearly §(X) = 6(Y). We claim that d(X) =
d(Y). To see this, suppose that d(X) # d(Y). Without loss, we may assume that
d(X) <d(Y). Then d(X) < d(Y) < d(Y) = 6(X). So there is a tuple of distinct black
points @ = (c1 X \ X) N P(M) so that c] X = acl(X Ua). In particular, we must have
d(a/X) < 0. Le., dim(a/X) < |a|/2. Note that we also have that for any non-trivial
partition of @ into two disjoint subsets a' and a?, 6(a* U X) > d(X) = §(aU X). That
is, d(a'/a* U X) < 0.

Put n = |a] and m = dim(a/X). Without loss, we may assume that the first m
elements of a form a basis for a over X. Let ¢ be an enumeration of X and define
©(Z,7y) to be a formula s.t. M = ¢(a, ¢) which expresses the following.

® /\?:1 P.Il
e The z;’s are distinct from each other and every y;

o N Grathi(z, e, 21, §) Abi(2i, @1, ..., 251, 7)) where 1); is an al-
gebraic formula isolating the L-type of a; over {ay,...,a;—1} U X.

e For any non-trivial partition z = z' U z?, dim(z' /22 U y) < £(x')/2.

As f preserves existential formulas, N |= 3z¢(z, f(¢)). So there is a tuple of distinct
black points b C N disjoint from Y s.t. dim(b/Y) < dim(a/X) < |a|/2 = |b|/2. This
implies that §(bUY) < §(aU X) = d(X) since 6(Y) = §(X). Le. d(Y) < d(X) which
is a contradiction. So we indeed have d(X) = d(Y).

If 6(X) = d(X), then c1 X = acl X and cl X \ X is white. Since d(X) = d(Y) and
d(X) =0(Y), we must have clY = aclY and clY \ Y is also white. Hence, obviously
f extends to an isomorphism F' :cl X =clY.

Assume now that d(X) < 6(X). Then as above, there is a tuple of distinct black
points @ € M\ X s.t. cl X = acl{X Ua} and a tuple b of distinct black points in N\ Y
of the same length s.t. 5(bUY) < §(aU X) = d(X). As d(X) = d(Y), we must have
S(bUY) =d@u X) and so §(bUY) = d(Y). This means that acl(bUY’) can contain
no other black point.

Since dim(a/X) = dim(b/Y), b has a basis over Y of cardinality m. The third
condition on ¢ says that the last n —m elements of b are algebraic over the first m. So
we can take the set {b,...,b,} to be a basis. So by putting f(a;) = b; for 1 <i <m,
we can extend f to a partial isomorphism f : X U {ay,...,an} — Y U{b,... by}
Since we have taken the 1; to isolate the types of the a; over {a;...,a;_1}, we can
extend f even further to a partial isomorphism f: X Ua — Y Ub. It follows that we
can extend f to an isomorphism F : cl X = acl(Y Ub). We now only need to show that
acl(Y Ub) = clY and we're done.
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This is where the remaining condition on ¢ comes into play. Whenever we split b
into two disjoint subsets b' and b%, we have §(b' UY) > d(Y). Since d(Y) < §(Y), no
tuple of black points d outside acl(bUY") can satisfy §(dUY) = d(Y). So we must have
that clY = acl(bUY). This establishes the result. O

Corollary 3.6 If M <3 N | Ty, then also M <, N.

Proof. We need to show that for every finite A Cy M, clyyA C M. So let A be any
such finite subset. Since id4 : M — N is partial 3-elementary, Lemma 3.5 implies that
there is an isomorphism f : clyA =4 clyA. Since dimpr(clyA) = dimp(clpA), we
must have dy(A) = d(clyA) = 0(clpA). Hence clyA = clyA C M. O

84 Morphisms

We define
K = Mod T,

Morg (M, ') = { partial maps f : M — N which extend to }

an isomorphism F : cly(dom f) = cly(im f)

We now verify axioms M1 -M6.

M1: Note that M, N € K implies that M =, N. Since () = 0, cly@ and cly @ must
both be white and equal to their algebraic closures. Hence there is an isomorphism
f ey = cly. That is, idy € Mor(M, N).

M2: This is immediate from the definition.

M3: Let f : M — N be a partial elementary map. We may assume that f is idy :
M — N for some set A. By elementary amalgamation, M and N are both elementary
substructures of a larger structure M*. By Corollary 3.6, M <,, M* and N <, M*.

Hence cly+ A = cly A = clyyA. So the required extension of f is simply the identity on
CIMA

M4: Let f : My — My and g : My — Mjy be morphisms and put im f = X,
dom g =Y. Without loss, we may assume that dom f, X, Y, im g are all self-sufficient.
We have domgf = f~}X NY]and imgf = g[X NY]. Since X NY < s My, we must
have dom gf <,s Mg and im gf <,s My as required.

M5: Immediate.
M6: This is also immediate.
Clearly, for all M, N € K,

MS/\/' -~ Mgss./\/’

To simplify notation, we shall henceforth only ever write M < N, even when M is a
self-sufficient substructure which isn’t necessarily in K.
The following lemma gives a useful characterisation of types in a generic model.
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Lemma 3.7 Let G be a generic model. For any set A of cardinality < |G| and any
tuples a,b € G", tp(a/A) = tp(b/A) if and only if there is an isomorphism f : cl(AU
a) 2 cl(AUb) s.t. f(a) =0 and f [4=id.

Proof. (=) Iftp(a/A) = tp(b/A), then the map f : aUA — bU A fixing A and taking @
to b is partial elementary. Hence f extends to an isomorphism F : cl(AUa) = cl(AUD).

(<) Let f be as in the hypothesis. Then, by homogeneity, f extends to an auto-
morphism of G. Hence tp(a/A) = tp(b/A). O

85 Amalgamation & existence

We first verify the property IND.

Lemma 3.8 If M; € K and M; < M; fori < j <&, then for each k < &, Mj, <
Uice Mi = To.

Proof. Define M = J;_ M;. Clearly M |= Tj since M |= T and every finite subset
X Cyp M is contained in some M;, yielding 6(X) > 0.

Fix a k <& Let A Cy Mj,. Since clyA is finite dimensional, clyyA C M; for some
J > k. Hence clyA = cly, A. But this means clyA C M, since My, < M;. O

We define
KOI{MEKIdimM<N0}

For convenience, we define K; = K. We now verify AP for K, (o =0,1).
Let M,N € K, and let 4 = M NN. Suppose further that A < M and A < N.
We construct the free amalgam of M and N over A in three steps.

Step 1: Let M be a large saturated (or, equivalently, large infinite dimensional) model
of T' containing M. Let C' C N\ A be independent over A s.t. N = acl(CUA). Choose
a set C" C M\ M independent over M with |C’| = |C|. Put N’ = acl(C" U A).

It is easy to see that N’ N M = A. For suppose that b € (NN M)\ A. Let C, be
a minimal subset of C” s.t. b € acl(AU C,). Then if c € C,, b ¢ acl(AU C, \ {c}). By
exchange, ¢ € acl(AU{b}UC,\ {c}) which contradicts that C’ was chosen independently
of M.

It is clear that our choice of N’ ensures that for any X C N'\ Aand Y C M \ A,
dim(X/A) = dim(X/AUY') and (by exchange) dim(Y/A) = dim(Y/A U X).
Step 2: As N’ is an infinite algebraically closed subset of M, we must have N/ <; M.
In particular, N7 = T. As dim(N'/A) = dim(N/A), it follows that there is an L-
isomorphism f : NV = N’ fixing A. By putting P(N’) = f[P(N)] we make N’ a
bicolored strongly minimal structure isomorphic to /. So in particular, A < N’.
Step 3: Let M* = acly(M U N’). Then M* is the universe of an L-elementary sub-
structure M* of M. So M* |= T. By painting M* \ (M U N') white, we make M*
an Lo-structure. This is the free amalgam of M and N over A. Clearly M* is finite
dimensional if M and N are.
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Lemma 3.9 Let M\N € K, s.t. MNN = A, A<M and A < N. Then there is
an M* €K, and N" 2y N st. A= MNN', AKN', M < M* and N < M*. In

a picture:

< M
>\\N//<V

Proof. Take M* to be the free amalgam of M and N over A and take N’ to be as in
the above construction. We first need to verify that M* is indeed a model of Tj. That
is, we need to check that §(X) > 0 when X Cy M*.

As M*\ (M UN'") C ~P(M*), we have §(X) > §(X N (M UN")) for all X Cy M*.
So we need only consider finite subsets of M U N’. Let X be such a finite set. Then
X =X, UX,,UX, where X, C A, X,, CM\Aand X,, C N\ A. A < M implies
that §(clyXa) < 0(clyX, U X,,). That is, 6(X,,/clyX,) > 0. By the choice of N7,
0(Xm/clmXa) = 0( X/l X, U X,). So 0(X, /XU X,) > 6(X,,/cly X, UX,) > 0.
Hence 6(X, U X,, UX,,) > 6(X,U X,,) > 0 since N | Tj.

We now need to show that M < M* (and N < M*, but this case is similar). That
is, we need to verify

For every X Co M, clps X C M

So fix an X Cy M and put X, = X N A. Let B be a finite set of black points in
N’\ B. Then 6(clyy X, U B) > 6(clpX,) since A < N'. Le., §(B/clyX,) > 0 and
so 0(B/clpyX) = 6(B/clmX,) > 0. But this means that cly=X = clyX C M as
required. 0

Lemma 3.10 K, s an amalgamation class.

Proof. Let M,N € K, and let f: M — N be a morphism. We need to extend f to
an embedding F : M — N’ > N where N/ € K,.

Put X = dom f and Y = im f. Then, f extends to a partial isomorphism f; :
clu X = clyY. Put A = cly Y. By isomorphic correction, we can find an Fy : M =& M’
extending fo s.t. A < M’ and M' NN = A. By Lemma 3.9, there is an M” an
isomorphism £} : M’ =24 M” and an N/ € K, s.t. M” < N and N < N'. The
morphism F' = F| Fy : M — N is the required embedding. 0

Proposition 3.11
(a) There exists a strongly inaccessible generic model.
(b) There exists a countable generic model.

Proof. (a) By Lemma 3.10, K is an inductive amalgamation class. By Corollary 1.11,
there exists a generic model of strongly inaccessible cardinality.
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(b) Again, by Lemma 3.10, K is an inductive amalgamation class. Kj is also
obviously initial. So we need only establish that K, is inductively bounded, that
I(Ko) < Ry and that for all M, N € Ky, [Mor(M,N)| < N,.

We first show Kj is inductively bounded. That is, we need to show that every
countable M € K can be written as the union of a <-chain of finite dimensional models.
To this end, fix an enumeration {a;};<, of M. Let A be any independent subset of M
os size (T') and put My = cl A. Suppose the chain My < M; < --- < M,, has already
been chosen. If M, = M we can stop. If M, # M, let a be the element with least
index from M \ M,, and put M, 11 = cl(M, U{a}).

Now for the number of isomorphism types. For each natural number n > (7)),
T has (up to isomorphism) exactly one model of dimension n which necessarily has
cardinality Ng. Each of these can be made into a model of Tj in at most Xy ways since
the interpretation of P must be finite. Hence Ty has (up to isomorphism) at most X
finite dimensional models.

Finally, we show that |[Mor(M,N) < X,. Let M, N be finite dimensional models
of Ty. Since every substructure of M is generated by a finite set, there are at most
Ng substructures in M. Similarly, there are at most ¥, substructures in A/. Since
morphisms are partial isomorphisms, |[Mor(M,N)| = the number of morphisms [ :

M — N with dom f and im f substructures. Hence [Mor(M,N)| < ¥ as required. [

§6 Saturation

We will show that all generic models of T} are saturated. In order to prepare the way,
we first need to analyse minimal extensions.

Define M < N as M < N but M # N. Further, define M <, N if M < N and
there is no My s.t. M < My < N. If M and N are finite dimensional s.t. M < N,
then there is a finite tower M = Mgy <pin M1 <min "+ <min My = N (for if this
tower was infinite, then A would have to have infinite dimension).

We distinguish three types of minimal extension M <, N.

Type 1: N\ M C —=P(N). Take any a € N\ M and put My = acl(M U {a}). As
N\ M is white, we have §(My) = dp(My). Le., My < N which implies that My = N
since M <pin N. So dim(N/M) = 1 and §(N/M) = 2. This type of extension is called
the white generic extension.

Type 2: (N\M)NP(N) # () and §(N/M) # 0. This implies §(N/M) > 0as M < N.
Let a € (N\M)NP(N) and put My = acl(MU{a}). Then 6(M) < 6(My) < 6(M)+1.
d(My) = 6(M) implies that My < N and hence My = N by minimality. But this
implies 6(N/M) = 0 which is a contradiction. So we must have 6(My) = 6(M) + 1.

Suppose My # N. Then there is an X C N \ M, s.t. (X U My) = 6(M) since
My £ N. So, by putting M; = acl(X U M) we obtain 6(M;) = 6(M) and M; < N
By minimality, M; = A. But this implies 6(N/M) = 0 which is a contradiction.

So we have My = N. Hence §(N/M) = dim(N/M) = 1 and N\ M contains exactly
one black point. This extension is the black generic extension.
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Type 3: (N\M)NPN)#0and 6(N/M)=0. Let X = (N \ M)N P(N). We must
have N = acl(M UX) since M <y N. Hence dim(X/M) = dim(N/M) = | X|/2 since
O(N/M) = 0. So we also have 0(X/M) = 0.

Partition X into two nonempty disjoint subsets Xy and X;. Suppose 6(XoU M) =
d0(M). Then, if we put My = acl(Xo U M), also §(My) = 6(M). But this means
Mo < N. As X; C N\ My we have Mg # N which contradicts M <,i, M. So we must
have 6(XoUM) > 6(M). Le., 8(Xo/M) > 0. As (M) = §(X UM) = §(Xo U X, UM),
we also have §(X;/XoU M) < 0.

Let M <uin N be a minimal extension of the third type. (We shall implicitly work
in some monster model of T".) Let a be the set of black points in N \ M with |a| = 2n.

Let b be a tuple containing a basis for M and all its black points. Define ¢(7,7) as a
formula s.t. ¢(a,b) which expresses the following.

e The z;’s are distinct from each other and every y;
o dim(z/y) <n'
e For any non-trivial partition 7 = z' U z%, dim(z'/z? U y) < (z')/2.
Now let ¥(y) be a formula which defines the set
{¢: RM(p(z,¢)) = n}

where RM stands for Rang de Morley. That this set is indeed definable in a strongly
minimal structure is explained in [10]. It is also explained there that in strongly min-
imal structures we have RM(tp(¢/A)) = dim(¢/A). Since dim(a/b) = n, we have
RM(p(z,b)) > RM(tp(a/b)) = dim(a/b) = n. So we certainly have 1 (b). Conversely,
if ¢ C C is a tuple s.t. ¥(c), then there is a complete type p(Z) over C' containing
©(z,¢) s.t. RM(p) > n. Hence there is a tuple g s.t. ¢(g,¢) and dim(g/C) > n. But
dim(g/C) < dim(g/¢) < n. So dim(g/C) = n. We call g the generic realisation of
o(z,¢) over C.
Let T, be the set of sentences

Va(e(y) — 32(e(@,5) A \ Pxi))

for every pair of formulas (¢, ) as above.
The proof of the following lemma is essentially that of Poizat [11].

Lemma 3.12 [f G is a generic model, then G |= T,. In particular, T, is consistent.

1Specifically, we need

2n

/\ (T, wpi(x, 21, .. w1, §) Abi(@i, @1, .0, 221, 7))
i=n—+1

where 9; is an algebraic formula isolating the L-type of a; over {a1,...,a;—1} UM as in Lemma 3.5.
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Proof. Let ¢ be a tuple in G satisfying ¢(¢) and put M = clg(¢). Let g be the
generic realisation of ¢(Z,¢) over M. Assume without loss that g is outside G and let
N =acl(MUg). We add colour to N by painting g black and all points in N\ (M U g)
white. Clearly M <, N |E Tp is a minimal extension of type 3 since dim(g/M) = n
and whenever we split g up into g* U g%, §(g'/M) > 0. By the genericity of G, there is
an embedding f : N'— G over M. Obviously f(g) is black and G = ¢(f(g),c¢). That
is, G = T.. O

Proposition 3.13 Let U be a strongly inaccessible generic. Let M = U be an Ng-
saturated model satisfying M <U. Then M < U.

Proof. We need to establish the Tarski-Vaught test. To this end, let x(z) be a formula
over A Co M s.t. U = x(a) where a € U\ M. Put My = clyA and N = cly(MyU{a}).
Since M < U, we have My C M. We will try to find an isomorphic copy N’ of N over
My s.t. N C M and N’ < U. By the homogeneity of U, it will then follow that there
is an automorphism o € Auty, U s.t. o(a) € M.

Note that we need only consider the case where My <n N. For suppose that
Mo <min M1 <pin N and we have found an M} € M and an isomorphism f : M; =,
M < U. Then there is a 0 € Auty, U extending f. Hence we get My <pmin M} <min
o|N] and can continue our argument with the minimal extension M} <p, o[N].

So let’s assume first of all that My <mim N is of type 3. Let b be a tuple containing
a basis for M, and all its black points. Let a be the tuple of black points in N\ M. Let
(¢, %) be the tuple from T, corresponding to this situation. We clearly have M = 1(b).
Since M = T, there must be a tuple of black points d in M \ My s.t. ¢(d,b). This
implies that §(d/My) < 0. However, since My < U, we must have §(d/M,) = 0 and
acl(d U My) can contain no other black point. Hence, if we put A’ = acl(d U M), there
is an isomorphism f : N = N’ C M s.t. f(a) = d. We also have N7 < U since
My <U and 6(N'/M,) = 0.

Now let’s consider the black generic extension. M has an isomorphic copy of the
black generic extension over My if and only if there is a black point b € M \ My s.t.
acl(MoU{b})\ (Mo U {b}) is white and no tuple of black points d outside acl(MyU {b})
satisfies 6(d/My U {b}) < 0.

Let ¢ be a tuple containing a basis for M, and all its black points. We will define a
set of sentences ®(z) over ¢ s.t. M = ®(b) if and only if Mg <uyim N/ = acl(My U {b})
is of type 2.

Let Q(x,y,¢) be the formula

/\PyiA/\yi7éyjA/\yi7éch/\yi7éx

i#] 0,]

If g is an n-tuple, we define

?7/2:{5) forn=1,2

Y1y Ymny21-1) forn >3
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Now define I'; ,(z) to be the formula

Vg(Q(x,9,0) A Fzo(z,2,5/2,0) =\ —p(y,2,5/2,0))
yEY\Y/2

The case n = 1 says that acl(My U {z}) \ (Mo U {x}) is white. Clearly

O(x) ={Px A \z# i} U{Thp(z) @ € L, k <w}

is the desired set of sentences. We need to prove that ®(z) is a type of M. The
No-saturation of M will then imply that ®(z) is realised in M.

By ACP, we may assume that N \ M, is infinite. Fix a ¥(z) Cy ®(z). Let b be
the black point in N \ M and paint another point & in N \ M, black. We now get
a minimal extension of the third type. So for any tuple g disjoint from N, I'y ,(b) is
satisfied. That is, if y is a counter-example to one of the I'y ,(b)’s in ¥(b), then y must
include the point b'.

We'll show that the set of & € N\ My which are included in a tuple g contradicting
some I'y ,(b) in W(b) is finite.

Assume /(y) = 1. Then y = b'. Obviously the algebraic closure of M U{b} restricted
to the formulas in W(b) is finite. So this case is clear.

If ¢(y) = 2, then we may assume without loss that y = (b, y) for some black point
y ¢ N. Hence y is not in the algebraic closure of ¢ U {b} and 3 cannot be a counter-
example to any I'y ,(b).

Now assume £(y) = n > 3. Suppose that ¥ € /2 and that ¢(z,b,5/2,¢) is the
relevant algebraic counter-example. Le., ¢ algebraises 7 \ §/2 over /2 U {b} U¢. Note
that we can immediately rule out the case b’ = /2. So we may assume that n > 5.
Let ¥’ be the result of removing b’ from 3. Then it is easy to see that there must be a
formula ¢ algebraising ¢ \ ¥'/2 over ¢'/2 U {b} U ¢. But this is a contradiction.

Suppose now that b' € g\ /2 and that 7 is a counter-example to some I'y (). If
y/2 is not independent over ¢ U {b}, then dim(y/c U {b}) < |y|/2 — 1. Again we let ¢/’
be the result of removing ¢’ from 3. Then

9] yi+1

o R 7'l -1
dim(y' /e U {b}) = dim(y/cU {b}) < N 1= 5 1= 5

But this implies that §(y'/N) < —1 which is a contradiction. So we may assume that
y/2 is independent over ¢ U {b}. Note that any two such sets have the same L-type
over acl(¢ U {b}). Hence, if y' and y* are two tuples of black points with 7'/2 and
y*/2 independent over ¢U {b}, and p(z,b,y'/2,¢) is algebraic, then so is ¢(z,b, 5%/2, C)
and for all ¥’ € N \ My, p(b',b,5'/2,¢) iff o(V',b,5?/2,¢). Hence there are only finitely
many b"’s s.t. o(V',b,4/2,¢). So this confirms that there can be only finitely many
counter-examples in N \ My to U(b).

Now, since we are assuming that N\ My is infinite, we can paint a i’ € N\ M black
without contradicting any of the formulas in W(b). As our minimal extension is now
of type 3, M = T, implies that there is an isomorphism f : N 2y, N’ < M. Since
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f extends to an automorphism of & we have U = V(f(b)). But W(f(b)) is universal,
hence also M = U(f(b)). So every finite subset of ®(x) is satisfied in M. By the
Ng-saturation of M, ®(x) is realised in M as required.

Finally, let us consider the white generic extension. Clearly we need to realise the
set

Q' (z) = {-Pzr} U{Fpzp(z,¢) = —p(x,8) :p € L, k <w}U{Tko(x): €L, k<w}

in M. Fix a white point a € N \ M, and fix a finite subset ¥(z) of ®'(z). As with the
black generic extension, we can paint a point ¥ € N \ M, black without contradicting
any of the formulas in W(a). As we now have a black generic extension, we get an
isomorphism f : N =, N < M. Hence M |= U(f(a)) and ®'(x) is finitely satisfied
in M. O

Corollary 3.14 All generic models are saturated.

Proof. Let U be a strongly inaccessible generic. By Lemma 1.8, it suffices to show that
U is saturated. To this end, let p(x) be a type of U over a set of parameters A s.t.
|A| < |U|. Then there is an Ny-saturated model M = U with |M| < |U|s.t. A C M
and M = p(a) for some a € M. By the genericity of U, we may assume that M < U.
Hence, by Proposition 3.13, M g U. So U = p(a). O

Concluding remarks

The existence of a saturated strongly inaccessible generic U provides a useful tool for
establishing the stability of Thi/: We need only count the types of U.
Poizat [11] proves the following crucial lemma.

Lemma 4.1 Ifa C U and M < U with |M| < |U|, then cl(M Ua) has finite dimension
over M and contains just finitely many black points. 0

Let M be as in the hypothesis of the above lemma. In order to show that Thi/f is

w-stable, we need to establish
[Sn(M)] = [M|

Given Lemma 3.7, |S,(M)| = |M| + the number of isomorphism types over M of
substructures cl(M Ua) where @ is an n-tuple. So our task boils down to counting these
isomorphism types.

For each m = dim(cl(M Ua)/M) there is one L-isomorphism type over M. So there
are Ny L-isomorphism types over M in total. As each of these can contain only finitely
many black points in cl(M Ua) \ M, the number of full isomorphism types over M is
lcl(MUa)\ M|-RXy=|M|-Ry = |M|. Hence |S,,(M)| = |M|+|M|=|M| and Thif is
w-stable.

Poizat [11] verifies that his generic structures have Morley rank w - 2. Similar
techniques can be applied to construct structures of Morley rank w - k£ for arbitrary k.
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It is also possible to construct an w-stable structure of Morley rank 2 (see [2]) but this
is significantly trickier.

A study which is more in the spirit of this paper is that of identifying the general
conditions under which a generic structure is w-stable. This is an interesting and useful
question. For more on this, I refer the reader to Wagner’s [14].

There is one obvious question which emerges unanswered from part III.

Is it possible to characterise the morphisms of part 111 as A-elementary
maps for some set A? If so what does A look like?

A positive answer to this question would imply that the theory of the generics admits
A-elimination since all generics are saturated. It would also mean that every saturated
model of the generic theory is a generic model. I leave this question open.
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